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ABSTRACT 

Dual integral equations representing the mixed boundary-

value problems of the vibrations of rigid bodies on the free 

surface of a semi-infinite elastic medium are developed and 

solved for the first time. Four cases are considered :-

vertical translation and torsional oscillation of a rigid 

circular body and the vertical translation and rocking of 

an infinitely long rectangular body. 

Dynamic stress distributions under the rigid bodies - which 

have hitherto been assumed - are obtained directly from the 

solutions of the above equations and are presented in graph-

ical form as three-dimensional surfaces showing the effect of 

Poisson's ratio of the medium and the frequency of excitation. 

Resonance curves for motion of the rigid bodies are immediately 

derived from these stress distributions and have been compared, 

for the circular body, with the experiments of Arnold, Bycroft 

and Warburton (1955). Other published experimental results 

have also been used to check the above solutions. Special 

attention is focussed on the conditions at resonance and a 

single graph in each case has been prepared to show the effect 

of mass or inertia ratio and Poisson's ratio upon the resonant 

frequency factor and non-dimensional amplitude. 

A method is suggested for the practical determination of 

the dynamic elastic constants of soil in-situ simply based on 

the use of this graph and the resonant frequencies of rigid 

circular bodies in vertical translation. This method has been 



successfully applied to soil at the Imperial College Field 

Station, Silwood Park, Berkshire as shown in the last chapter. 

Finally, the general nature of the present method of soluti ,  

to mixed boundary-value problems which are reducible to dual 

integral equations is indicated by outlining the solution to 

some problems of supersonic aerofoil theory and the diffraction 

of an electromagnetic wave. 
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INTRODUCTION 

1.1. Statement and scope of the problem  

The object of the present investigation is to determine 

the response of prescribed rigid bodies on the free surface 

of an elastic medium when they are acted upon by harmonic forces 

or torques. 

This problem clearly has a great number of applications in 

practice especially in a modern world continually subjected )0 

the fits and starts of nuclear bomb explosions, the tremors of 

earthquakes, the trains of waves from moving vehicles End the 

shock loads from different types of impact and hammering process 

The vibration of buildings, transmission of noise and vibrations 

through foundations, stability and oscillations of dams, towers 

and similar large structures are other examples of the many 

applications of the problem to practical life. 

1.2. Literature review 

Several authors have attempted to solve the above problem 

and, broadly speaking, they fall into two main categories,: 

those who seek a mathematical solution and those who use 

empirical methods. 

1.2.1. Mathematical solutions  

The first attempt to solve the problem seems to have 

been made by Reissner (1936). He considered the case of the 

vertical vibrations of a rigid circular body on the free surf ace 

of a semi-infinite elastic isotropic medium. Re made the 
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assumption that the stress distribution under the rigid body 

was uniform and derived the displacement for the rigid body 

under this assumption. 

An improvement over this assumption was later made by 

Quinlan (1953) and Sung (1953). Both assumed that the stress 

distribution under dynamic conditions was similar to the known 

static stress distribution. Before resorting to this assumed 

stress distribution Quinlan remarked : "It is hopeless to 

attempt to solve the boundary value problem fcr a rigid base. 

However, some information may be obtained by investigating the 

vibrations produced. by a load distribution under a static rigid 

base.". In their separate solutions, they assumed further that 

the displacement of the centre of the rigid body - derived from 

the assumed stress distribution - should represent the displa-

cement of the whole rigid body. 

Miller and Pursey (1954) assumed a constant stress distribu-

tion for vertical translation and a stress proportional to 

radial distance for rotation about an axis normal to the surfac 

Realising th.at the linear or angular displacement derived from 

these assumed stress distributions would not be constant under 

the rigid body as demanded from physical considerations, they 

took a simple average of the displacement under the rigid body 

to represent the actual displacement of the rigid body. 

Yet another improvement came from Arnold, Bycroft and 

Warburton (1955) who considered vibrations of a rigid circular 

body on both a semi-infinite medium and an elastic stratum for 

the four modes of vertical, horizontal, torsional and rocking 



vibrations. Further work on the stratum problem for vertical 

vibrations was later done by Warburton (1957). Their approach 

was to assume a stress, distribution similar to the static case 

and to take a 'weighted' average of the resulting displacement 

under the rigid body. The weighting function for displacement 

is proportional to the assumed stress distribution. 

Other authors who have worked on the assumption of a stress 

distribution proportional to that obtained from consideration 

of static loading alone include Biot (1943) and Hsieh (1962). 

The only work, to the author's knowledge,. which solves one 

aspect of the problem without assuming a stress distribution 

was by Reissner and Sagoci (1944) who considered the case of 

the torsional oscillations cf a circular rigid body on an 

elastic half-space. Unfortunately, the use of Legendre's 

functions and oblate spheroidal coordinates which they employed 

is limited only to this one-dimensional problem. 

Reissner and. Sagoci (1944) in this work, had remarked that, 

to solve the problem otherwise would require solving an. infinite 

number of simultaneous equations involving Bessel's functions. 

In a note correcting this false notion, Sneddon (1947) 

reformulated the problem of the dynamic stress distribution 

for this torsional mode only in terms of dual integral equatinns 

which he, however, did not solve. 

Miller and Pursey (1955) in their second paper, although 

adhering to the assumption of a constant stress distribution 

under the rigid body, hinted that a superior approach would 

have been to start from the known displacement distribution. 
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A single integral equation of the Fredholm type and first kind 

involving the unknown stress distribution was derived but not 

solved and the hope was expressed that some future work might 

achieve this. 

A review of some of these theories has recently appeared in 

a French publication by Dawance and Guillot (1963). 

1.2.1.2. Mathematical solution of related problems in the  

diffraction of an electromagnetic wave  

Dual integral equations similar to those derived 

by Sneddon (1947) as discussed above are known to occur in 

the problem of the diffraction of an electromagnetic wave 

incident upon a plane slit. This problem and the related 

problem of supersonic flow past an aerofoil are more fully 

discussed in Appendix 2. It is only relevant here to mention 

the latest reference that attempts the solution of dual integral 

equations. This concerns the paper of Schmeltzer and Lewin 

(1964) who obtained solution for the above diffraction problem 

by the function theoretic method. Again, like the solution 

of Reissner and. Sagoci (1944), this method is not only cumber-

some but also it is limited to this relatively simple pair 

of equations. None of these methods - oblate spheroidal 

coordinates or function theoretic methods - are applicable 

fc the more complicated vibration problems which include ,he 

Rayleigh function (see equation. 18 later) with its poles and 

branch-points. 



1.2,2. Empirical methods  

It is a matter of common experience that one main 

difference between a rigid body resting on a medium and the 

same body vibrating is that part of the medium in the latter 

case is also in motion. Therefore, it follows that a static 

stress distribution can be used, to some extent, to predict 

the resonant frequency of the rigid body if some mass of the 

medium is added on to the mass of the rigid body. The question 

that naturally follows is : "What proportion of the mass of 

the medium is to be added?" 

The idea of making allowance for all parts of a vibrating 

system taking part in the motion is not strange in mechanical 

vibrations. For example, the Rayleigh energy method can be used 

to take account of the inertia of springs or beams partaking 

in vibrations. It appears, however, that energy methods will 

be very tedious and perhaps impossible for the present problem 

since displacement functions in the medium (from which 

velocities are to be derived) are yet unknown as these depend 

on the unknown stress distribution under the rigid body. 

In order to answer this question of equivalent inertia of 

the medium, a number of empirical and semi-empirical methods 

have been evolved. Jacobson and Ayre (1958) suggested, for a 

rectangular base, that the mass of the medium to be added to 

the rigid body is that contained in a half of the semi-

ellipsoid which has two of its semi-axes equal to half the 

length of the base and the third, half the width. 
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Another shhool of thought introduces the 'bulb of pressure' 

concept which considers the mass of the medium participating 

in the motion tc be within a certain pressure zone subtended 

by the rigid body. A few prominent members of this idea are 

Crockett and Hammond (1949),Eastwood (1953) and Rao and 

Nagaraj (1960). 

One. other idea closely associated with the problem of the 

equivalent mass is the concept of the 'subgrade reaction' by 

which the elastic effect of soil on which the rigid body is 

resting is visualised in form of spring reactions or spring 

rates. The coefficients of subgrade reactions are defined in 

terms of load per unit deflection (horizontal or vertical) 

per unit area. This concept has been used, for example, by 

Terzaghi (1942) and mere recently by Hsieh (1962). 

In all these attempts, it is sufficient to summarise that 

like the question of the equivalent inertia of the medium, no 

one has succeeded in giving a satisfactory answer to the mag-

nitude of the coefficients of subgrade reaction in relation 

to the dimensions of the base of the rigid. body, its mode of 

vibration and the elastic properties of the soil under dyna-

mic conditions. 

Finally, there is another empirical method strongly favour6 

by Lorenz (e.g.1950), Tschebotarioff (e.g.1951) and Alpan 

(1961) which disregards completely the mass of the partici-

pating medium but studies the motion of the machine-fourZatin 

mass under the influence of the soil reaction in the form cf 

restoring and dissipative forces. Also, isotropy or homoge- 



neity of soil is considered not important. The value cf this 

approach is lost when one considers the experimental labours 

involved in determining the nature of the restoring and 

dissipative forces. 

1.2.3. The problem of the dynamic elastic constants  

It is clear that whatever method of solution one adopts 

the elastic constants under dynamic conditions areimportant 

parameters whose numerical values are ultimately required. 

Whilst Poisson's ratio can be assumed to be reasonably constant 

it is a well-known fact that the static modulus of elasticity 

for soil is generally lower than the dynamic modulus. This 

has been observed, for example, by Bernhard (1953) who used 

the wave propagation method of measuring dynamic modulus to 

compare with the static value. Also, laboratory tests on soils 

are. very unreliable as the soil is in a disturbed state and, 

therefore, cannot be expected to have the same properties as 

the same soil under its natural conditions in-situ. The 

demerits of wave. propagation method are discussed in Chapterli- 

The method of determining elastic constants from resonance 

tests is now beginning to gain prominence. For example, Jones 

(1958) - who also used the wave propagation method - and, 

lately, the ITeS.Army Engineer Waterways Experiment Station 

(1963) have performed resonant tests with rigid circular 

bodies in vertical translation. Jones used the theory. of Sung 

(1953)- which has been discussed above - to calculate the 

shear modulus on the assumption of a Poisson's ratio of 0.5. 
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There is one strong objection to the method whereby resonant 

frequency for these rigid bodies has been determined by the 

above experimenters and indeed by almost all others. They have 

carried out the normal resonance curve procedure of measuring 

amplitude at various frequencies. As more fully discussed in 

Chapter 11, this method does not make it possible to know the 

real resonant frequency- because of the non-linear characteristics 

of soil which are indeed severe at high amplitudes which are, 

of course, closely associated with resonance by the above methods 

of testing. If resonant frequency is not properly determined and 

therefore, not known, it is obviously useless to make use of 

suck data to determine elastic constants especially when shear 

modulus is proportional to the square of frequency at. a given 

resonant frequency factor. The order of error involved by wrong 

determination of resonant frequency is discussed in the compari-

son with the experiment of Jones (see Chapter 10). 

1-3. Object of the  present investigation with some comments on 

previous solutions  

The aim has been to solve the problem stated in article 1,1 

without assuming any form of stress distribution under the rigid 

body. It seems more direct and perhaps more logical, to use the 

known displacement distribution to look for the unknown streo-s 

distribution than to destroy the Known by assuming a wrong 

Unknown and later seek a way of straightening the Known. 

Also, from article 1.2,1., it is seen that there is more than 

one way of assuming the Unknown and when the wrong displacement 



has been derived, there is still more than one way of straigh-

tening the result. It appears feasible also to evade the mixed 

boundary-value problem by assuming a displacement function 

outside the rigid body, deriving the corresponding stress 

function at the boundary and adjusting this stress function 

until it causes the boundary stress away from the rigid body 

to vanish. 

Surely, in all these diversities, a unique approach will 

be desirable - a method that will provide a satisfactory 

answer to the question. of the equivalent mass, suggest a reli-

able method of determining the dynamic elastic constants of 

soil in-situ and above all, will provide such a general 

solution that will be readily applicable to related mixed 

boundary-value problems in other fields. The present work is 

an attempt in that direction. 

1.4. A brief survey of  the present work 

Four cases of rigid bodies vibrating on the free surface 

of a semi-infinite elastic medium have been analysed : 

the vertical translation and the torsional oscillation about 

an axis normal to the surface of a rigid circular body and 

the vertical translation and rocking of an infinitely long 

rigid rectangular body. 

The work is conveniently divided into three parts. In Part 

One, the throe components of the vector equation of motion 

are derived from basic elasticity-  theory using cylindrical 

polar coordinates. the partial differential equations of motion 



are then reduced tc ordinary differential equations by the use 

of Hankel transforms (for the circular body) and Complex 

Fourier transforms (for the rectangular body). By retaining 

the exact boundary conditions, the problems are expressed 

in terms of dual integral equations with the transform- of the 

dynamic stress distribution as the unknown. 

In Part Two, the dual integral equations are solved first 

for the static case. Then a series solution for a first approx-

imation of the vibration problems is found - from this, an 

answer is given to the question of equivalent inertia of the 

medium. Finally, a complete solution is presented based on the 

combined use of contour integration, extension of the dual 

integral equations of Titchmarsh (1937)  

scheme of successive approximations. In this part, several 

classes of dual integral equations are solved for the first 

time. 

The above solutions are verified in. Part Three by comparison 

with some suitable published experimental results. Also 

the dynamic elastic constants of soil are determined from this 

theory and the results of resonance tests performed on soil 

at the Imperial College Field Station, Silwood Park, 

Berkshire and are compared with results cf wave propagation 

and static tests cn the same site and laboratory tests on 

samples of the same soil. In the resonance tests, the usual 

resonance curve technique criticised in article 1.2.3. is 

replaced by one defined in terms of constant small amplitude. 

Finally, the application of the theiry to problems of aercfA 

diffraction theories is discussed in an appendix. 



PART ON E  

DEVELOPMENT OF THE DUAL INTEGRAL EQUATiONS 

RE PRE 5E NTiN G THE MIXED Sout-tDAR_Y-YALuE PROBLEMS 
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CHAPTER 2  

GOVERNING EQUATIONS OF MOTION 

2.1 	Vector equation of motion  

The motion of any particle in an isotropic elastic 
medium in terms of the displacement vector, g; when dampir-
is neglected is given by 

2 ** ci2  grad div 	- c2 curl curl t = t2  

where c1 is the velocity of waves of dilatation and c2 

the velocity of waves of distortion. The volumetric 
dilatation, * = div §4' and the rotation a dcurl s. 

2.1.1. Rigid circular body 

It is convenient to resolve equation (1) into 
cylindrical polar coordinates in which u, v, w are the 
components of 	in the directions r, e, z. 

Case (ai) Vertical translation 	In this case, axial 
symmetry gives v = 0 and all derivatives with respec 
to A vanish, hence :- 

2 	2 z.,a 	2u 	
(2a) 

	

cl --- 	+ 	2c2 _1 	
= 
	 .4 	 

	

al r 	
14i 6t2 

2 1 	) 2w  
2c 	- ,i)-(rLAT ) 	(2b) 

	

02 it- 	- 	 = 

	

1 6 z 	2 r  6r  0 	77 	 

* * 	The equations of motion - the three components of 
equation (1) - have been derived from first principles 
in Appendix 1 using cylindrical polar coordinates. 
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u ) bw where 	= 7 ' rI 	+ o 
and the e-component of rotation, We. 14(i)u/z - wd'-') 
One method of separating E and we  in equations (2) 

is to perform the following differential operations :- 

.11(2.02) . (2b) , ,z767, 	
-T 57 	I  r 

and 

	

) 117 + w
ri(2,a) 	+ 3(21D)')  

after which equations (2) become 

1  f r 	+ n2iE  = 4L 

	

	 0 
r 'or v 0 

 

(3a) 

 

4
1 7- 	r zzei) + 	2  TA3e, 	0 	 (:;b) 

CT ! r Or 

where it has been assumed that the oscillation: arc sirn-'- 

harmonic with an angular frequency c/ , and the notatioy._ 

- n. 	 is introduced. 1 	c1 	2 - c2 

Case (aii) Torsional oscillation about an axis normal to 

the surface 

Here 	w = 0 and, again, all derivatives with rec-

to 8 vanish. Then it can be shown that equation (1) 
reduces to -che one-dimensional problem expressed by 

\ 2 v 	 ?.) 

	

rv) < 	+ 
or 1, 	1 

0 	.........(4) 

It is to be noted ghat this mode of vibration is free 

from dilataLion i.e the elastic medium is in a state of 

pure (-110.ar. 
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Figure 1 - Coordinate system for the rectangular bodies  



2.1.2. Infinitely long rigid rectangular body 

The cartesian coordinates will be adhered to, in 

which u, v, w are now the components of s in the 
directions x, y, z with the infinite length of the body 

along the z-axis as shown in figure 1 so that w = 0 

and all derivatives with respect to z vanish. 

Case fbi) Vertical translation 

Under the above conditions, it can be shown 
that equation (1) reduces to 

 

2 
V E a12 

2 	2 

V I.Sz 	2 

= 0 	(5a) 

= 0 	(5b) 

is the two-dimension,',1 where 

 

- 2 ) 

 

Laplace partial differential operator, the dilatation 

= + /v4y , the z-componpr' 

of rotation 	645z  = 1/2()Nr-/x - 4:0 u./Y) 
	

and 1 anelo  

are as defined in equation (3)e 

Case (bii) Rockin_about the z-axis  

Equations (5a) and (5h) also apply to the 

rocking mode of vibration. Therefore, until the boundary 

displacements are introduced, it will be implied that all 

equations for the rigid rectangular body apply to both 

cases of translation arrl rocking. 
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CHAPTER  

GENERAL SOLUTION OF THE EQUATIONS OF MOTION  

BY. MEANS OF HANKEL AND COMPLEX FOURIER TRANSFORMS 

3.1 Definition of the transform variables  

The partial differential equations (3) to (5) are 

reduced to ordinary differential equations by introducing 

the following dependent variables of Hankel and Complex 
Fourier transforms :- 

In equation (3), 	jo(Plz) 

65 (p,z) el 

In equation (4), 	7(p)  

1 0:(rlz)rJo(pr)dr. 
Wr,z)rJ1(pr)dr. 
0' 

v(r)rJ,(Tr)dr. 

c5  
In equation. (5), 	(1313r) = 	E (x,y)eiPxdx. 

crA 

	

az (P,Y) . 	 (x,y)ei2xdx. 
-co 

where the'bar'notation over any variable indicates the 

corresponding transform variable. 

3.2. Significance of assuming a semi-infirite medium 

The elastic medium is assumed to be Bemi-infinite 

i.e. to occupy the infinite half-space below an infinite137 

wide horizontal plane which forms its only boundary. 

This assumption ensures that waves propagated from the 
origin are not reflected and, therefore, any interference 
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of waves is eliminated, Furthermore, the conditions at 

infinity are such that the product of functions which 

occurs in the process of integrating by parts vanishes: 

the transforms of derivatives of the functions in 

equations (3) to (5) can then be expressed in terms of 

the dependent variables of equations (6) using well-known 

techniques of the operational calculus. 

3.3. 	Application  of the transform variables 

Eliminating r in equations (3) and (4), and x 

in equation (5) by introducing the parameter p of 

equations (6) leads to the following ordinary differential 

equations :- 2- d E 0  
In equation (3), 	;;7-- 

2-rte' - -- 
dz 

2- v d 
In equation (4), 

In equation (5), 

2- d 6 

y
2 

, 2- 
z  '3-  

dy 

where the following notation has been introduced :- 

2 Ci2 01(2 
2 n2 rl2 04. 2 - P - 1 -  

2- 
t)(1€o = 0 .......(7a) 

2 ;-;* 
2 	 et = 0 . . 	. 	( 71D ) 

2 - = 0 boaseas(8) -'2v 

, 2- = 0 ,..,...(9a) 

2-- 
°' 2'cz = 0 .......(9b) 
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3.4. General solution of the transformed equations 

Since all transforms must vanish as z or y tends 

to infinity, we immediately have the general solution of 

the above ordinary differential equations as 

  

(10a) 
0 

 

C701 	Ate-°;2z 	0000oe0c 	 (10b) 

V 	 pe-1)`23 
• 00004•000•0•(11) 

C1e 2
y 	(12a) 

C2e
_0(

237 	400000: 00•G•4(12b) 

where the coefficients A,B,C are arbitrary functions 

of the parameter p, to be determined from the boundary 

conditions. 
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CHAPTER 4  

EVALUATION OF THE ARETRARY FUNCTIONS IN THE GENERAL 

SOLUTION IN TERMS OF THE REQUIRED R)UNDARY STRESSES . 

4.1. 	Expressions for the_general stress components  

It is required to obtain expressions for the general 

state of stress in the elastic medium from which, as a 

particular case, the boundary stresses can be derived. 

Elasticity theory gives the following relations for the 

cases under discussion :- 

4.1.1. Case (ai) Rigid circular body, vertical translation 

az = AEr + (N+ 2G) z 
. 	X 1  -:t-,(ur) + ( ,>t + 2G41"i'-r  

Substituting for u and w from equations (2a) and (2b) 

and remembering that for harmonic vibrations at an angular 

frequency a , 	•6 2(u,w)  . _ (12(u,w)  
-b.-2 

it is found after a few reductions that 

z 
2_  a . (") Lr SVJ 77) - GV 	TArT17 / 

Similarly1? rz = G(-351E1 . W 

2 	,24- 	12zAj 	.„ ( 14 
O = . 	r r 
G- 	 2-1- [11( rZk3 )] - 2(5 	2 --,,a ( 

	

z 	2) 

where X is Lame's elastic cons ant and G is the shear mod'ilu 

Also the ratio _  cl 	2 - . 	- c2 0-3: >1 has been introduced. 

( 1 7' \ 



-19- 

Case (aii) Rigid circular body, torsional oscillation 

case, the only stress component required 

G 6 
	(15) 

C 

In this 

is 	
Z.-211) 

4.1.2. Case (b) Rigid rectangular body 

a y  = XE:x  + (A+ 2G)&y  

A bx 
	(A+ 2G)a5 

and after a few substitutions and reductions in the same 

manner as in case (ai), it is found that 

(T Y  

G 	p4)2(,„ 
- 
a3 	r372  

4
\ 2 uz 
,0 
dxay 

54A) 2E  

G3x2  
1 ,1 

Similarly, ?-xy  Gqiyi  + 

- 
"2 

2G { )24,sz  2 
p 	..0(17) 

)c.4 

   

x2  

4.2. Transforms of the  general stress components  

The above expressions for the stresses can be 

simplified by using the appropriate transforms analogous 

to the variables defined in equations (6). The application 

of the transforms leads to the following 

equations :- 
02p2i:0 (4d1-0  

r  dz 
2 dEo 

2p Pdz 	2 dz2  

ordinary different74-1  

(13a), 

..........(14a) rzi 

tze 

Ky 

G 	dt 
= n2 4Pd 

4 
 

2 

.
a
G 
t:2p21 

dir 
G-- 
dz 

- G 2- 	dEt 
f41_1. _ 4ip--- 

2 
ci2 dy2 dy 
2G j d'

0
eOz  

C172 idY2  

2- 
P wz 

............. 	• 0 ........ 0000 
2X 
GP2 

 

ay
. 2c17.1. 
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4.3. Transforms of the boundary stress  components 

The particular case of transforms of the boundary 

stress components can be deduced from equations (13a) to 

(17a) after the general solutions given by equations (10) 

to (12) have been substituted in equations (13a) to (17a), 

and the depth variables z(equations (10 and (11) ) and 

y (equation (12) ) are each set to zero corresponding to 

the surface of the medium. 	This procedure gives the 

following expressions for the boundary stress transforms 

in terms of the arbitrary functions :- 

4pcg2A1 	2(11,p2 	[))264.23.7) 
A2 

,(13b) 

112 

2G c4.
2 

+ p2) Al  - A204 3yA2  	(14.0 f12  
2 

z 	- EGcx2 0 z=u 
0..... C 	• o 00000000 o 00000000 0 • • • 	( 151,  

2/ 2 2 
mi 	

)\ 2 -p )C 	+ 4ipcx2C-} 1 	.„(16b, 
2 

(fx3)y--.0 	

- 2G{ 2 
2.  ip Pf)(1C1 	

itx  2 4.  ,...2\c  
2 	...0 oo 0000 (17bs; 

4.4. Representation of the unknown boundary stresses  

by single stress functions 

It will now be assumed that the unknown stress 

distribution at the surface can be represented by a single 

function of the independent spacial variable r, for the 

circular body and x, for the rectangular body. Assuming 

also a frictionless contact between the base of the rigid 

body and the surface of the semi-infinite medium, 

except, of course, for the case of the torsional oscillatic-1 

of the circular body, then :- 



=0 

, 2 , 
CA  1) '1'2.  j" = c (r) 
	

, 

. 0 	.0,(i4d3 
Q2 

+ pA /. 	+ 2  

2/ 2 
C.5 

)\ -p 
0 p^c A2  v.) 

I-P'2A 

-21-- 

. 	6 (r) -) 
f 	

0. .... „ 0 . (13c) 

0 	for all r1) 0 0 , . , . , ... (14c) 

= T.(r) 1 ,o ......(15c) 

6-  (X) 	 e ......,(16c) 
for allix00 

0 	) 	0. . 0 „ .0, (17c) 

It should be noted that thr,  caress functions defined in 

equations (1Jc) to 17c) are kept to apply also to regio, 

outside the rigid body. This is an important point as 

it distinguishes betwoen a solution of the problems by 
dual integral equations and a solution by single integral 

equations of the 2.rodholm ty-pe and fir-t kind - the latte7:' 

makes use, dic ,ly, of the obvious condition of zero 

sur-ofe,-.e stress 	ay from the rigid body so that its sire:-3s 

function applies to regions under the rigid body alone 

The method of dual integral equations, however, makes 

of this condition in formulating the second. of the par 

of equations as shown in the ne;:t chapter,- 

t"cte arbitrary_1,1ctions 

The transforms of the single stress functions.1'..ro.attc..24 

in the last section are defined in the same manner as fo 

the functions of equations (6). Since these single 5C11;') 

functions apply an *7 to the boundarystrosses, their 

transfouiio c= be equated with equations (13b) to (1?b) 

gilring the fo3lo,:iin$; equations for the arbitrary functi r  
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C 0 0 0 ( 	5c1) 

" (5 ( x ) 0 0 G 0 

0 G 	0 0 0 

B G Gi= 
	13(:) 

042 2 	N, 
2AP) 0(1 -  C Pc C1 

) 	-- 14-ip4!2C2  . 

C: 
 

ip
r,
2v:4 C. 	_ ( 2 	2' C -1-- p ' - 1 2 .. 	2 	/ 2 

where it should he noted that the 'bar' over 4;(:.), ,,_., 

and 5(x) indicates that %;(r), 'i(r) and i'(x) are funciJI;.- , 
the spacial 

47(5 
•-;?- give 	2 Pc's \ 	(1') 

J_ 

2 c_. 
P)X ) cf( 
A 

C-)2Wp2) 6(x) 
Cl 	

- 9  

Cl-,r(1)) 

-*1 
(-4 

ef the parameter p and NOT functions of 

7ariables 2 and x. 

The 	sJiutions of equations (13d) ',, (l yd) immediate -. 

where A(p) 
A 2  - I 

whic,h, after some simplification p;ives 

(p) 	= 	• - • 

where 	0 (p) - (
21)2 _axi?, ) 2 _ L, 2i 2 nny27 2 n, VI , 1.) 	- ., i. j 1  T.) — 	 i4,-- t - 	1 	- \,... 	--.  

I. s the well-known function associated with ...aylei gh ElID:PaCe. 

waves. 
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CHAPTER 5 

FORMULATION OF THE  DUAL INTEGRAL EQUATIONS 

5.1. Transforms of the boundary components of displacement  

The next step is to obtain the transforms of the 

relevant components of displacement noting again that, 

for harmonic oscillations at an angular frequency fl, 

11 27 -C124 

5.1.1. Case ( i) Rigid circular body, vertical translation.  

From equation (2b), the vertical component, w is 

given by 

and its transform in relation to the definitions in equations 
(6) is 

wo =  _ lie 2261  
d 	02 01  z 

2 

 

(19a)  

 

Using the solution in'equation (10) and setting z=0, we 
obtain the transform of the boundary component of displacement:- 

(1.wz  . 41, 	22 =0 	ci2A2  
Ai 	

.L 	

2 

 

(19b)  

 

Case (aii) Rigid circular body, torsional oscillation 

Since the component of diSplacement, v, has 
been given implicitly by equation. (11), we obtain directly 
the equation corresponding to equation (19b) 

z=0- B 	 (20b) 

w 	 .1 1 .k(r1z) 

.C*15; 	
0 r  

2 	(rye) ..(119) 

• 
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5.1.2. Case (b) Rigid rectangular bow 

It can be shown that, after some simplification 

of equations (5a) and (5b), the vertical component of 
displacement is given by 

)e  
	(21) 

f57: t Y 	'n7 57.  

The transform of v, again using equations (6), is 

1 67 .4_  

1 	

2ipraz 
= -n 

c  dy  
	(21a) 

	(21b) 441 and (v7)0  = c7  C1  + 

1 

1.1. The inversion theorems of Hankel and Complex 

Fourier transforms 

The functions of the spacial variables in equations (6) 

can be expressed in terms of the dependent variables which 

are functions of the parameter p by means of the following 

corresponding integrals obtained from the inversion theorems:-
00_ 

	

t(r,z) 	0 o(plz)pJ0(pr)dp. 

	

644(r, z) 
	

11(p'z)pJ1(pr)dp. 

v (r) 	=T;(P)P3-1(Pr)dP. 
0 

41-(x 3r) Sit 

41z(x,y) 

1 °- 
_ -7 ((1)13)e-iPxdP. 

2)1' 
-010 

1 rbo- 

= 211: 	
(Ply)e-iPxdp. 

, 	z  
-00 

 

(6a) 
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Integral representation of the boundary displacements 

The integrals analogous to those defined in equations 
(6a) will now be used to obtain expressions for the 
boundary displacements when use is made of equations (19b) 
to (21b). 
5.3.1. Case (ai) Riid circular body, vertical translation 

w(r,O)=(w
° 
 ) _0P,10(Pr)dP. 

o 	z- 

aA

1 	
) - A, pti (pr)dp. () 

	

612- 2 	0 
0 1 	'2 

="2 	'410(0 pJ0(pr)dp. 	(19c) 
G 0  0(P) 

Case  (aii)  Rigid circular body, torsional oscillation 

v(r10) 	
0

(s7-) z,
0
ptypr)dp. 

BpJl(pr)dp. 
° oa
r I(r)  

2 G 0 OkPjl(Pr)dip 

  

 

(20c) 

 

5.3.2. Case (b) Rigid rectangular body 

	

v(x10) = 2A- --1- 	(v)y=0e-  iPxdp. 

-00 

1 = 	....-- 

	

2K 	
+ c) 2" 

2ipo 
 2) 

 ,-ipxdp. 

-1°' 2 
2 

 °2 	&Ka_ - 	-inx = - 	6(x)e - dp. 	(21c) 
2/(G 	0(P) 
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5.4. Integral representation of the boundary stresses  

We shall require later the corresponding boundary 

stresses which have been defined in equations (13c) to (17c) 

as functions of the single spacial variables r and x. 

It is convenient here to express them in terms of their 

respective transforms by using inversion formulae analogous 

to those defined in equations (6a) so that 

(-CO  
6-(r;0)

J 
 ..(r)pJ0(pr)dp. 	(19d) 
O 

1°95; 
( (r,O) 	c(r)pJl(pr)dp. 	(20d) 

Jo 

1 
Ci (x40) 	)e-iPxdp. 	(21d) 

21'1 
-ct? 

5.5- Derivation of the dual integral equations  

With the derivation of the boundary stresses and 

displacements as given in the preceding articles, we are 

now in a position to formulate the dual integral equations 
representing the mixed boundary-value problems. The exact 

boundary conditions to be satisfied are :- 

(i) Constant linear or angular displacement 
underneath the rigid body 

and (ii) The vanishing of surface stresses away from 

the rigid body. 
These conditions are equivalent to 

qae(ai),Rigid  circular body vertical translation 

Using equations (l9 	and (19d), we obtain 

r000ki  
7706(r)pJo(pr)dp. 	= wo 	0 < r4 

0 	 ....(22) 
6'-(r)pJ0(pr)dp. 	= 	0 	r> R 

J 0 
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where wo = wo
eAt is the vertical displacement of the 

rigid body and is a constant with respect to r but varies 

harmonically with respect to timei t and R is the radius 

of the body. 

Case (e:ii) Rigid circular body, torsional oscillation 

Using equations (20c) and (20d) :- 
c,0 

1  c f(r)PJ1(Pr)dP. = rQ. 	0‘ r4.R 

G 	2 0 (23) 
o07  
((r)pJl(pr)dp. = 0 	r>R 
0 

where f o 	' = 41o  ei(lt  is the angular displacement of the body 

and is, again, independent of r. Equations (23) are 

equivalent to those given by Sneddon (1947). 

245.2. Case (bi) Rigid rectangular body, vertical translation 

Using equations (21c) and (21d) :- 
C )2 
'42 	041 a(x)e-iPxdp. 	vo  141b 

271 G -0077 	 ...(24a) 

cT(x)e-iPxdp. 0 IXI>b 

-00 

 

where Vo  = vo°jab  is the vertical displacement of the 

body and is independent of x, and 2b is the width of 

the body. 	Because of the symmetry of vibrations about the 

z-axis, the imaginary exponential can be replaced by a 

cosine term and the limits of integration are then taken 

as zero and infinity 

c4)()C1  .0c)cos(px)d1). = 
- nG 0  0(P) 

x< b 

}...(24) 

0 

SA) 
ii(x)cos(px)dp. 	= 0 	x >b 



-28- 

Case (bii) Rigid rectangular body, rocking mode  

It is readily obvious that the anti-symmetry of the 

vibration in this case requires the cosine term in equations 

(24) to be replaced by the sine term. Remembering it is 
the angular displacement which is constant here with respect 

to the length coordinates, then corresponding to equations (24) 
we obtain:- 

2 4" r)  
142 	e41 if(x)sin(px)dp. 	= xt x <b 
N 	

} 

G 0(p) ; 0 

.f 

 .00  
0  a(x)sin(px)dp. = 	0 	x >b 	

....(25) 

where lir= lifeiflt  is the angle of rock and is also 
independent of x. 

It should be noted that in equations (22) to (25) 

cd.1  and 0(p) are functions of p which have already been 

defined in equations (9) and (18) respectively. 

5.6. The dual integral equations as an exact formulation 

of the mixed boundary-value problems  

It is considered noteworthy to emphasise here that 

the pairs of equations (22) to (25) are the exact conditions 

which the transforms of the unknown dynamic stress 

distribution should satisfy in order to ensure that the 

mixed boundary conditions are exactly fulfilled. 

The importance of this special note is two-fold: first, 

it makes it quite clear that the dynamic stress distribution 

is far from being such a simple function as can be replaced 

by a constant stress or static stress distribution - which 

are the usually assumed stresses as have been discussed 

in the introduction. Secondly, it expresses the need for 
further researches on dual integral equations by pure 

mathematicians who are generally fascinated by practical 
engineering problems reduced to such a conscise and neat form. 

The general solution of these equations would lead to 

an answer to a hitherto unsolved problem. 



PART TWO 
SOLUTION OF THE DUAL INTEGRAL EQUATIONS 
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CHAPTER 6  

SOLUTION OF THE STATIC STRESS DISTRIBUTION 
AS  A LIMITING CASE OF ZERO-FREQUENCY VIBRATION 

6.1. Purpose of the solution for the static case 

It is found necessary to solve the main equations 
(22) to (25) for the special case of static loading for 
two reasons :- 	(a) For comparison with known stress 
distributions obtained by analysis of the static conditions 
alone and 	(b) For subsequent use in Chapter 7 as 
the first term in an expansion. 

6.2. The class of dual integral equations for the static case  

As the frequency of excitation tends to zero, the 
dual integral equations (22) to (25) reduce to the familiar 
equations which have been studied by Titchmarsh (1937), 
Busbridge (1938), Tranter (1951), Gordon (1954) and several 
others. The equations take the form : 

o42 
copo f (p)Jv(px)dp 	= g(x) 	0 < x < 1 

...(26) 

SO 	
f(p)J(px)dp. = 0 	x >1 

where f(p) is the required function of p and g(x) is 
a known function of x. The solution of f(p) using 
Titchmarsh (1937) and Busbridge (1938), is 

(2p)1-DV2 1 	 1 _,,,_ 	2*/2-1 
f(p) . 	ul+e4/2 

+ 
J 	 /,,(pu)du g(uv-)v'' tl-v,  ) dv. 

1—(0,12) 	0 	li7 c- 	0 	' 	 (26a) 
provided oi.> 0 

or 	 14/2 	1 _,T ,-, 	-,/2 , 	,__I yr+,..@._t) s(y),7.  
P 	+ 

2-c4/2  p- 	°27)+00")  n  
7N ' 	4+A f(P) 	 11 -ii . ic 	2\/2 il F(1+°4/2) 	u " 1-u ) du g(uy)(py)- Jv+i+,-yi2(Py)dy 

0 	 0 	(26b) 
fora -2 and -(7)+1)< c(-1/2  <141 
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6.3. Static stress distribution under the rigid circular bodI 

Case (ai) Vertical translation 

Using de'l'Hospital's rule, 
2c4 	A c 

liM• '1-2 1 
c./-0 	= 

5-Q[0(03 0=0 

from which it is found that 

lim. "2'41 
	1 

2(.$ - 1)p 

Equations (22) then reduce to 

rp-lf(p)J0(pr)dp. 0 	
= 	c 	0< r< R ....(27)  

r0 f(P)J0(Pr)4. 	= 0 	r> R 

where c = -2GQ1 -t321.)wo 	and f(p) = 6(01) 
It is easier to solve equations (27) by using the well-knowl, 

relations (Watson P405) 
rr j 0p-lsin(pR)J0(pr)dp. = /2 0 4, rc. R 

..(27a) 

r0 sin(pR)J0(pr)dp. 0 r;)R 
from which, by comparison, we find the solution 

2 f(p) = Tcsin(pR) 

hence 1 	2 sin(0)-(r) = -c 	(27b) 

and by using the inversion theorem (article 5.2.), we 
obtain immediately the static stress distribution :- 

2 
 

((r)c - sin(pR)J0(pr)dp. tr  .0 	and using, again, 

0(r) 
01 where (;1 	

1 = - = --2< 2 

	

Watson (P405) 	4G(1 -P2)w 

	

6(r) 	
o 	

r < Ri 

	

0 if(R2  - r2,1/4 	r>Rf•'•(27c) 
This stress distribution is identical to that found by 

analysing the static condition alone, see for example 
Timoshenko (1951). 



cr 
....(28a) 

0 	r> 1 

solution (26b)with 

	

2c 	2 11  1/2  

	

F(17) = T 	Jy2() ) 

Using the 

0-21/4(1 

(4= -1,V= 1, it is found that 
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Case (aii) Torsional oscillation 

Equations (23) reduce to 

0 f-(r)J1(pr)dp. = -Ger 04 r< R 

0
"er)p,11(pr)dp. = 0 
	

R 
....(28) 

r quantities r = RI  1.  
and f(1/R) = F(1), we have 

By introducing the non-dimensional 
and inserting f(p) = p7(r) 

71-1F(1 ),11(1-f')di • 
0 

= 

(00 

)0 F(1)Ji(ii9dyl. = 
where c 	= -GR8. 

pH 

and from the recurrence relation for Bessel's functions, 
F(1) = 2c11211/2(1) 

or 	
pz(r) 	1 ,\I2 1Y2 1/2 	R, = -2Ge -R p J]pp ) 	(28b) 

In order to obtain the stress distribution ?'(r), we require 
the following discontinuous integral given in Bateman's 
Tables (Vo1.2.1P.48) :- 

oo 
m-n+1 	2m-n+lrm+1/2(R2 r2)n-m-1 
pJn(pR)Jm(pr)dp. = 	 01'rR 

pn-m)Rn 
0 	 r>R 

Again, by the inversion theorem (article 5.2.), 

((r) = c[(r)p,Ti(pr)dp. 
'N. 

0 

Substituting for '(r) from equation(28b) and setting 
n = 11/2  and m=1 in the above discontinuous integral, we 
finally obtain 

0< r< R 
(2P 

r > R 

50 

(r) - -Ge-r 
fl R 

0 
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6.4. Static stress distribution under the rigid  

rectangular body 

Case (bi) Vertical translation 

Equations (24) can be easily shown to reduce to 
cr5(x)cos(px)dp. = 1 0 4Xicb 

	(29) 0 

	

r04(x)cos(px)dp. = 0 	x >1) 

1 where E  . -2 G((312  1)v0. 

It is here noted that the first integral diverges 
showing that the vertical deflection would become infinitely 

large. Since in practical problems finite displacements 
are obtained (infinitely long bodies do not exist) we can 

differentiate equation (29) under the integral sign and 

so obtain Jo- 

-ci oi(x)sin(px)dp. 	0 	0 cx.‘ b 
0 	(29a) 

	

"d(x)cos(px)dp. = 0 	x> b 
„ 

We can now spot the solution of 6(x) when use is made of 

the following results in Watson (P.405) :- 

ra  

	

Jo(pb)sin(px)dp. = 0 	0 < xi b 
JO 

	

Jo(pb)cos(px)dp. = 0 	x>b 
0 

so that 	C(x) = 	IJ (pb) o 	(29b) 

and by inversion, 	(y(x) 2 q(x)cos(px)dp. 
A2 2G(1 -pi)v, 

from which we obtain 6(x) = 	04x4.b 
(b2  - x2  )Y2  

	

=0 	x>b 

which is an alternative solution of the stress distribution 

first obtained by M. Sadowsky (1928). 



( 3 0 ) 

reduce to 

cx 	0 fx<b 

0 	x>b 

oo 

0 
F(1)J1/40f0di. 

ih l  with elk= -1 = 

analogous to those defined in 

= 0:i(x)plh, pb 1  x = E  

(30a) 
0 <x 4T 

cAl
2b -3(-14 
if 

Case (bii> Rocking mode  

Equations (25) 
eIND 

p-1Ii(x)sin(px)dp. 
u0 

JoJ - o  d(x)sin(px)dp. 

where 	c = 2WG(fi - 1).*" 

In order to express equations (30) in a form similar to 
equations (26), it is convenient to replace the sine term 
by its equivalent Bessel function relation and introduce 
non-dimensional variables 
case (ail) i.e. 

sin(px) 	IFJ1/4(px), f(p) 

and fR)= F(1). Then equations (30) assume the form :-
rt0 
111: 1)J112(f)dll• 0 

cb 11  4tc J 0 (' ) + J 2(1) )) 
cbYJ1(9) 

where we have again made use of the recurrence relation. 

Hence T(x) = -2WGb(1 -(+T)/J1(pb) 	(30b) 

1(x) . ri(x)sin(px)dp. 
rr 0 

The following discontinuous integral (Watson P.405) is required 
aok. 
LJm(pb)sin(px)dp. = siAm arc sinM(b2  - x2)-14  °4"b  

= 	_b2)1hi-m(x2..b2)-1/4 bmcosOhmli)ix+ x 	x>b 

For the present case of a(x), m=1 and, therefore, 

6 (x) = —2mer(1 — 0120 42 i- -1/2  
= 0 	

0(,,x<b 

Applying the solution in equation (26b) 
it is found that 

Also, by inversion 

..(30 
xb 

0 	x a1 
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§42. A comment on edge stresses and on the static solution. 

It is to be noticed that there is an, infinite dis—

continuity of stress at the edges of the rigid body for each 

type of motion. These edge stresses assume finite values 

in practice as they are relaxed by plastic deformation of 

the medium. 

Agreement of the stress distribution of the first 

three cases with known solutions obtained by different routes 

is a justification for the assumption made in article 4.4. 

that the stress distribution at the surface is a single 

function of the independent spacial variable. The author is 

not aware of any published information about the proof of 
the stress distribution in the case of the rocking mode of the 

infinitely long rectangular body. Biot (1943), however, 

quoted that this form of stress distribution would yield a 

constant angular displacement required under the rocking 

rectangular body. 
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CHAPTER 7 

FIRST APPROXIMATION' TO THE SOLUTION: OF THE VIBRATION PROBLEMS 

41. Fundamental assumptions of the solution 

We neglect for the moment all contributions to the 

integrals in equations (22) to (25) from poles, branch-points 
oki 

and any other singularities of the functions ei,2  and 7.77  

of p. We also neglect the contribution from p=0 to p=C. 

It is readily obvious that the error involved in this 

approximation increases as 1)2  becomes large and also, as no 

imaginary terms are considered here, the amplitudes would 

be infinitely large at the resonant frequency. 

However, the results are useful for low frequency 

factor vibrations of order less than about 0.5 which covers 

the range of resonant frequency factors of bodies with 

large mass or inertia ratios. 

2,2. General analysis of the solution 

The functions 	 P) and 042 are first replaced by 

their power series expansions which converge for all 

values of 0412. 

i.e. 
(41. 
0(p) 

I-2s -1  
as+1p 

4C
2 

. 144 b p1-2k 
k+1 k=0 

Equations (22) to (25) then take the form :- 

i 

r

0

)f(p)4(pr)dp. 	. g(r)r) 	Oit r < 1 
alp+a2p 1+..   (31b) 

r f(p)Jy(pr)dp. = 0 
0 	

r > 1 

where f(p) represents the required stress transform. 

B 

A(p) 

1 

...(31a) 
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s4.1(P) 
	 (31c) 

where components fs+1(p) 
rooD 

fs+1(P)J. (Pr)di"  
,1-2s 

0 	as+111  

It is clear that each component of f(p) must satisfy the 

second of equations (31b) since the domain r>1 is 
stress-free. Henie the dual integral equations from which 
fs+1(p) can be formally determined are:- 

i 	''

fe+i(D).Ty(pr)dp. 
140 

0 	's+1P 	
0 4 r < 1 _  1-2s 

	= g(r) 
....(31e) 

°fs+1(P) Jy(pr)dp. 	= 0 	r> 1 

which are a special case of the equations considered in 

Chapter (6). 
In order that f(p) in equation (31c) could be regarded 

as a solution of equations (31b) when fs4.1(p) has been 

calculated from equations (31e), we only need to satisfy 
the first of equations (31b) since the second equation is 

obviously satisfied. Therefore, we need to show that if 

f

.00 	 f 
fl(p)J4i(pr)dp. 	 2(P)Jy(Pr)dp. 

0 app -1 ... 0 	a1p 
= 	- g(r) 

r-001 

then also 	fi(p) + f2(i)  + 
	 J (pr)dp. 	= g(r) 

. 0  alp + a
2p-14- 

It has been found from a f)72mal proof of equations (310 

that a necessary condition to be fulfilled by g(r) in 

order that equations (31f) might hold is 

{g(r) 	0 	(31A 

Assume that f(p) is made up of an infinite number of 
components i.e. 

f(P) = 
s =0 

satisfy the relation:- 

= 	g(r) 	0 4r(..1 	....(31d) 



where 	.1,1(r) denotes the operator occurring in. Bessel's 
differential equation i.e. 

2 

Z)(r) 	+ 	

3h 

.2) 

It is easily verified that the condition expressed 

equation (31g) is satisfied by g(r) and / in all the four 
uses considered here so that equation (31c) gives a formal 

solution of the problem. 

?.3.  Solution for the rigid circular body 
7.3.1. Case (ai) Vertical translation  

The expansion in equation (31a) is found to be 

alp  +- '2P1+  a3p-3+ 	2(C) -C*p 
+ 	- 2(192 + 1.4)p-1  

+ (11/f 	- 11/2  2 
1 2 1421)2 YC.1..6)P -3  2 	— 

+ (32) 

Thus corresponding to s=0 in equation (31e), the first 

component of stress1 6(r), is given by 

Qrall(r)pJ0(pr)dp. 
2qA? -Q2)p 

= wo 	0 f  r <R?..  

G 0 1 2 

1

1-3.(r)pJo(pr)dp. 	= 0 	r ?t R 

0 

We notice that equations (32a) is the same as equations (27), 

so that, as expected, 6*1(r) is the static component of 

stress already given by equations (27c). 
The equations to be satisfied by the second component cf 

stress, 62(r), are 

2 °a.2(r)  

	

-1PJo(Pr)ciP' 	= wo 	0 4..r‘,R 

G oa2P ...(33) 
co 

	

'2(r)p,"0(pr)dp. 	= 0 	r> R #  

0 

(32a) 
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which are a particular CBse of equations (26) with ~=l, 
1!~O so that the solution is given by equation (26a) 

from which after a few reductions1 we find that 

Q 2 2 /2-Y2 
F 2 (1) "'~R GWoJj(1 Jl~(~)"" •• '.'"'''' • (33b) 

2 /. 

where we have made use of Sonine t s first integral (WatS(!ll I). 373~' 
rU/ 2 , 

n+l ' 
Z j . m+le 2n+l~J ( . e)dw 

f 
Sln cos v ZS1fi ~19 

2' . (n+l) In 
,0 

•••• (33c) 

provided m>-l and n> ,-1. 

Reverting to the dimonsional variables, equation (33b) 18 

equi valent to, ' ',', . ,n2 lY", ",)2, -l~ ) ,5{r) =Q2R ~~o t Jl1~CpR) (' ,"'" 
, ",'... '\ ,'".,'" 2' :,. ' ~." '; ',":'~ :,', ' :~ ; 

and,by ir~erS~;~~(~)i ..• ~ .. ~Rl~w~J~.W-~~l~~:R)~o(pr)dP." 
, "Sf ' ,. t ;. < ,"'.-.' ,.' L' , 

Using t~t:(! same discontinuous integral in Bateman's Tables 
(VOl.2.~i,P~~4gj:':as~ih'\irticle~6.3:': where f9.):' ~he present 

, c:~se 

." " 



Hence the stress distribution in the domain r(„R 

can be written rs 

i(r) 
6-2(r) 	63(r) 

= '6.1(r) 	661(r) +61(r)  

(r) 1 + a2  R2r +  a3 R4()2 

12a1 	32a1  

0 • • * 

where Cr 1(r) is the static stress distribution_ -1.nd the * 
notation r = 1 - (r/R)2  is used. 

1 

	

The numerical coefficients 	and 	have been 
32 contributed by the integral 

	

I = 21-°Y2 	vv"+12r2 - 1dv. from equation. (26 r-072) 0 
21-n 

	

and the factor fn = 	of the discontinuous integral 
n) used in the inversion ( s ' for (5-2(r). * If the general ;berm of .(r) has the factor (r)s  then for 

odd values of 0(- as in this case - it is found by insp(:ctir,n 

that ((and n are given by 0( = 2s-1, n = 1/4(2s+1). 

Also, for odd values of , it is easily shown that 
t F-(/2)  

21/WX- 1) 

From these relations, it .s found after some reductions that 

	

f = q(2s-1)(2s-3)!! 2 	andsilaceill  be n lr  
absorbed by the. 2 in 11  (r), we finally obtain the resultnt 7r   

s=1 ks-31! ! (2sA 

0 	 J r)h. 
	(35e) 

	

where 	1(r) is the static 	stress distribution given by 

equation (27c), and the double factorial has the meaning 

	

s!! = s(s-2)(s-4) 	2 	when s is even 

	

= s(s-2)(s-4) 	1 	when s is odd. 

stress as 

(r) = (51(r) 

o0 
1 as+1R 1 --(42  s 1'  0432cH 
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7.3.2. Case (aii) Torsional oscillation.  

Again, the first component of stress, corresponding 

to k=0 in equation (31a) is the same as the static stress 

distribution given by equation (28c). 

The expansion of 2  in equation (31a) is found to be 
n2 	(N

2
4 

1i2 

	

B(P) = p - ---p-1 
	4 
- --P

-3  - 07* = blp + b2p
-1 + b

3
p-3 + .. (34) 

2 	8 

f

so that the second component of stress is given by 

414 T2(r)pJ (pr)d 

	

b p717 
 1 	p. 	= - Ger 	0 < r <R 

0 2 	 ....(34a) 

	

2(r)pJl(pr)dp. 	= 0 	r›R 

and the solution is found to be 

(;2(r) = - 	r(R2  37T  2 

0 

- r2)Y2 

0<r<1..(34b)  

The continued process leads to an infinite series for 

T(r) exactly as for the case of the vertical translation. 
It is found that 

(r) = Z1(r) 

2ik 
bk+IR2q1 -) • 

k=1 (2k+1)(2k-1)!Il 2  

0<r<R 
(7!1 

0 	 r)R 

where 1(r) is the static stress distribution. given in 

equation (28c). 

7.4. Solution  for the rigid rectangular body 

0(.1 Since the same function ---- occurs as in the case 
0(P) 

of the vertical translation of the rigid circular body, 

the coefficients of the expansion are those given in 

equation (32). 



7.4.1, Case (bi) Vertical translation 

Again, the first component of stress corresponds 

to the static stress distribution which has been given 

in equation (29c) and the second component is given by 

n2(x)  - 	_l cos(px)dp. 
,,0 

_
alp ' 	

= V° 	0 <x < b 
.0,0(35) 

0
g2(x)cos(px)dp. 	= 0 	x > b 

The solution of equations (35) is found to be 

a„ 
T2(x) = Gv --Eb(b2  - x2)1/2  

= o 

0-<x<b 

b 
..., (35a) 

In a manner similar to that of case (ai), it is found 

that, for the series expansion for T(x), the correspondin 
product Ic fn = 2 I(2s-2)!!(2s-1)!II-T i. readily obsczv,,,:, 

to simplify to 

fn  = 2-1/2[(2s-1) !] 

so that the resultant stress,QS-(x) is formally given by 

rr G 

the series solution :- 

0-(x) = Gi(x) 

= 0 

00 as+lb2sil -q\21s  

+ 

1 	(2s - 1)! /-wor 

where 01(x) is given by equation (29c) and the single 

factorial sign has the usual meaning. 

7.4.2. Case (bii) Rocking  mode  

0-1(x) is the static stress distribution and 
is given by 2  °-° 

Q 2 	(52(x)  	_lsin(px)dp. 	= )4x 	0<?ccb 
IrG 0a2p 

	

r0o:,(x)sin(px)dp, 	= 0 	x>b, 

6'2(x) 

CA\ 
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and the solution is found to be 
Ga x 

6-2(x) 	
b2 1 -02r 0.40c<b 

= 0 	 x>b 

 

The resultant stress is found to be 
O4 b2s ri  _Ix\ 21 

's +1 	\E) 	0<x0 
s= 	(2s)! 

= 0 

where (r 1(x) is given by equation (50c). 

= 6 ( 

x b 

.(36b) 

7. 5 . Equivalent inertia of the medium 

The above solutions provide a means of estimating 

the resonant frequency of a rigid body resting on_.an elastic 

medium taking into account the mass of the medium. 

A convenient form is to determine the proportion of mass 

or inertia of the elastic medium to be added to the mass 

of the rigid body in order to lower the natural frequency 

if this has been calculated on the assumption of a static 

stress distribution. This has been suggested by Jacobson 

and Ayre (1958) and others - as already discussed in the 

introduction - who, however, used only empirical formulae 
to obtain the required proportion of the elastic medium. 

The present article shows that the second component of 

the resultant stress in each of the preceding solutions is 

essentially the 'inertia' component and the other components 

above the second are higher order negligible quantities 

for low-frequency factor vibrations under discussion in 
this chapter. 

7.5.1. Rigid circular body 

Case (ai) Vertical translation 

The equation of free vibration of a rigid body of 
mass m is :- 
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RA 
17f(r)2nr.  r. 	mQ2 	0 	(3?) 4   

0 wo 

where the integral represents the force contributed by 

the resultant stress distribution given by equation (33e). 
Provided the frequency factor, defined by the non- 

dimensional quantity.  

'1 _ R,C1 	2AR 
2 - c2 	>2 

is less than unity, where is shear wavelength, the 

series for '(r) converges very rapidly and the first two 

terms need only be used. Equation (37), after simplifying, 

reduces to :- 

 

R2 2k1 

2Gal  

2k2 4.  

3 

and 

mQ2 = 0 

where k1 

2Ga2R k2 

   

or 	
8GR(1 

1)22
-= 
ce 

2 	
G= 

0.21e 

It is evident from equation (37b) that a 'correction' mass 

of the medium to be added to the mass of the rigid body 

if the natural frequency were calculated on the assumption 

of a static stress distribution is 

- 4(3T + 3 

-7( 
and in terms of the hemisphere of the medium subtended by 

the rigid body, 

me 	= f m 	where f  = 1 (.7 a  4 .. 12 . 7 ) is a 
v HS 	n -- ta. 	i * 2  

function of Poisson's ratio,V, alone. 

..:I....(37b) 
where we have substituted for al  and a2 from equation (32) 

and we recall that 

PT) 	
c)2 = 0  

4 	2 

+ 30 21T3 (3131 L4131. 

c 
 2 3 



Also mHS 	3  is the mass of the hemisphere of the 
medium of density C and radius R. 
Equation (37b) finally reduces to a simple expression for 

the natural frequency of the body :- 

8GR(1 - 6?) I  
M + 

and in non-dimensional variables 

712 	
- 

8(1 - OD 
- m + -/IT 

3 .11  

 

(37f) 

 

m. 
where 	m = 	is the mass ratio. 

CR3  

 

Case 	i) Torsional oscillation. 

  

Adopting a procedure similar to the above 

leads to the following results for the frequency equation-

16 --GR 3 
3  	(38) 
J Jc 

where J is the polar inertia of the rigid body, and the 

correction medium inertia 	Jc = fJHS .........(38a) 
- where JHS 4X = 	5 is the polar inertia of the hemisphere 

15 
of the medium and f,

v 
 = - 2-- which is independent of 

Poisson's ratio since the' medium is free from' dilatatic.:q. 

for this mode of vibration. 

In terms of the non-dimensional inertia J = -I- 

equation (38) reduces to 	R5  

2 
12 	

16_ 0 ....... ....(38b) 
+ —8  ) 4 5 

n2 (37e) 
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7.5.2. Rigid rectangular body 

Case (bi) Vertical translation 

In this case it is found, in a manner similar to 

that of case (ai) that the natural frequency is given by: - 

	

.2 
	

21( G (1 
	.0 2 

1) 
\ 
	 (39) 

m mc  
where m = f m 

andmSC = f)b2  is the ma: per unit length of the semi- 
c 	y SC 	and 	f 	7  1:11 	

r 
- 212 + 11/2  ..(39a) 

7r)  

cylinder  of the medium of radius equal to half the width 

of the rigid body; m is the mass of the rigid body per 

unit length. 

In non-dimensional form, equation (39) reduces to 

2 	- 2 

	

7 2 	m + 74f1)  
00.0.001 OOOOOOO (39b) 

where m m 

 

is ;the mass ratio, 

 

2 

Case (bii) Rocking mode 

The results corresponding to those in case (bi) are:- 

	

.02 	= 	 enosee OOOOO oson(40) 

J -I. J + -- c (-2 
a 

where 	Jc = 	 v f  JSC  and 	f = 	-- 1/21R2 + 3/8  ...(40r0  - 	 rl 
71 and JSC = 4Cb4  is the polar inertia per unit length of 

the semi-cylinder of the medium about the axis of rock, 

having a radius equal to half the width of the rigid body, 

Furthermore, J is the inertia, per unit len0h, of the 

rigid body about the same axis of rock; W is the weight 

per unit length and h is the distance of the centre o77 

gravity from the axis of rocks 
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11 In terms of the non-dimensional inertia J J + Wh/ 2  
(b4 

12 
2 — 
	

11 
2 

7\ 	
\ 

_ 
sif + 4f)10  
	 (40 b) 

7.6. Graphical_Rresentation and use of the solution 

The effect of Poisson's ratiol lr, of the elastic 
medium upon the natural frequency can be estimated from 

this analysis. This is shown in figure 2 for the four 

cases, as graphs of the correction factor f, against 

Poisson's ratio. The effect is most marked for motion in 

translation as was to be expected. 

Although these results have been derived from a 

first approximation solution, the graphs of figure 2 

together with equations (37f), (38b), (39b) and (40b) 

form a convenient and perfectly adequate means for calculating 

the natural frequencies of vibration for the modes considered. 

This solution is found, by checking with the complete 

solution given later, to be accurate when the resonant 

frequency factor is small ( less than about 0.5 ) which 

is the case for rigid bodies of large mass or inertia ratios 

(greater than about 20). 

The solution in this chapter is also verified in 

Chapter 10 by comparison with the experimental results 

of Arnold et al (1955). 

, 

equation (40) becomes 



- 4-7 -- 

1.5 

125 

2 
a 

as 

0.25 

0.75 

0.1 	0.2 	0.3 	0.4 
POISSON'S RATIO, .1) 

F I GURE 	EPPECT OF POISSON'S 

RATIO UPON THE CoR_R.EcTioKI  
FACTOR. FOR. mEDILitvi  
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CHAPTER 8  

CONTOUR INTEGRATION ANALYSIS OF CERTAIN INFINITE 

INTEGRALS REQUIRED IN THE COMPLETE SOLUTION .  

8.1. The integrals for the rigid circular boly, 

vertical translation 

It will be seen in the next chapter that we require 

the solution of the general class of infinite integrals 

t.11? 

)d  
	 1. 

0 01)  

which is a sum of the two integrals: 

)6(s(1)sin 
Is  = d. 	where 14rs(1) is an even function 

0 	0
( 

 ) 	 (of 

and Ic

= fl*20(1)cosl 
d1. where Wc  is an odd function of 1 

0(1) 

so that 14(1) = gfls(1)sin1+ K(1)cos11 is an odd function 

of 

8.1.1. Contour of integration 

The integrals Is  and Ic  can be derived from the 

single integral 
9(3- 0(11)eldl. 

0-101) 

taken round a suitable contour r- 1. 
It is convenient to choose after Lamb (1904) the rectanguls 

contour I 1 
 shown in figure 3. However, it is of no 

consequence if the infinitely distant parts of the contour 

are replaced by a semi-circular arc of infinite radius 



12 
• 

0(2. 

-15 11, 
• 
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the 'conjugate' of 

12(012 

41tf 

161(2  
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since the contribution to the integral J along the infinitely 

distant path in. each case can. be  shown to be zero. 
The singularities at the branch-points (+11,0), (+12,0) 

and at the Rayleigh poles (+1310)- which are the 
principal roots of the equation 0(1) = 0 - are by-passed 

by very small semi-circular indentations. Consistent signs 

corresponding to the principal values of the double-valued /  

tX1(1)  
m)  _ (12 C 

which occur 

figure 3. 
in the Rayleigh function 0(1)  are shown in 

8.1.2. The  contour integration 

functions 

It is convenient to introduce 

0(1) which is denoted by 71), i.e .  

0(1) = (212  -1)2  

k()) -(21)2 - 	

)2 

4  
0(1)0(1)=e12 12 so that 

Considering now the integral J taken round the above 

contour, it can be shown by Cauchy's residue theorem that, 

in addition to the infinitely distant parts of the contour, 

the contributions from each of the small semi-circles 
round the branch-points is zero. Since there are no poles 

within and on the contour, Cauchy's 

J = r Q(1Y(C)eildf). 
0() 

As the only contribution to 
along the real axis and the semi-circles round the Rayleigh 

poles (113,0)1 we have 

first theorem gives: 

0 	(42) 

J now comes from the path 



2 ... ]_)ne 11 d1 . 
) 

—00 • 
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• + 
T he  09 ) 

= 0 . ( 

where the integrals are readily understood to be with 
respect to the real variable and to assume their principal 
values in the Cauchy sense as the radii of the small semi—
circles tend to zero.Y4R denotes the contributions from 
the poles (.61370). Equation (43) reduces to 

r 

,00 	

) 

     

	

11V
D1*% ,—]. + 	 — IAild

q6 	

1vrcl. 

0 	
M 	 0(1) 

0 

12 2 2 ,i, '1 
71 	̀)(1(2)uel icil 

1273R 

By putting 	= Ws  which we recall is an even function off), 
we deduce  

c41Pes.(1)  Is = 	---= —sin dl. 
0 	°(11 ) 

PticA --)1 	12 2 2 
41  4....142). 	—1 = ii —e 1  Icll . + 4 	+ Is  ..(45) 11  o(ii )(1 >e 	di ' (100(1) 	, 

and putting 1/1= Vic  which is an odd function of 1, 
( 0Q 

I c -- 	C(1)4(  c(1)  cos11. 

= 	
11011)1C e  —1 d. . + 4 	12iX2Yre-1 . — 142 c..(45a) 

iii 0(1)1(1) 

(44) 
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From a well-known relation in the calculus of residues, 

R(13 ) 
	0101N(Teil  

where the negative sign indicates that the semi-circles 
have been traversed in the clockwise direction. 
Since 

shown tha 
1/2E(iRs  

09) 

Rc ) 

is an odd function of 1, it can be readily 
_7( 1(I.2 We (3 )sin3 - )rs1  3 )cos3 
013) 

If we now add the system of free Rayleigh waves given 
by the residue of the integrand at the Rayleigh pole 1= )17  

(45b) 

and introduce the following relations: 

)4() = YisTsini + Y/c(fpcos Y1 
y(1) ="Ac(1)sinri 	X((1)cosl 

= 2  - 2  )1 for 0 <71‹ 

ote.4(11 ) = 	-'12)1/ for 	lt ri<  

  

(46) 

  

   

   

we finally haver  by adding equations (45) to (45b) and 
using the relations (46) that 

' 	
°1015 )0 	

0 

3 ) 	1 (1)d1). 	1  
- it 

n 	
- 

,•9(113)(13) 	IDC11 )(1 )1_:. 121()(27.- (.1)1  . 

	

013) 	0 0(1 ) 	
11 

0(7 
 ) 7(  ) 

	

013) 	o 	0(1) 	
"Il 0(1) )  -(zN 

rC<1 (1 ).)e(1211.  
01 ) 

2.1 3(2i\(1))d . 

12 2 2- IA A 

from which it will be observed that the real part can be 
computed from 47,(1) while the imaginary part comes from 
the original function 14•(P). 

i.e. IR 
gi41(13 ) Y(13 )  

01(13) 



- 
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8.2. The integrals for  the rigid circular body,torsional 

oscillation. 

The integral corresponding to the above case is 

It 	14(1 )di .  which is a sum of the integrals 

0 (12-1D1 /4  
1'0° 

I, = 	}s(g  
0 cx2T 

I 	1.a.  (1 )cosrrl 
I . 

2() 

where )11s  is an even function of '  

where 
	is an odd function of 1. 

8.2.1. Contour of integration 

The contour chosen is similar to the above contour 

except for the fact that there is only a pair of semi-

circular indentations corresponding to the branch-points 

2 = e-112)1/4  (±12 ,0) of the double-valued function 1 12) as 

shown in figure 4. 

That the medium is here free from dilatation is 

marked in figure 4 by the absence of the Rayleigh poles 

(1
3'
0) of figure 3 and the branch-points (11,0) associated 

with the dilatational waves. 

8.2.2. The contour integration 

By taking the integral J' 

contour of figure 4 
	2 \1/2 

/ 2  

round the 

and noting that the contribution from either the large or 

small semi-circle is zero since4for the latter, 

	

lim, 	0 

	

1412 	
1 
2
12i 

_ 	11h 
01  

we have, in the notation of the vertical translation 

analysis, the following final result corresponding to 

equation (47)1_ 



co 
;KL1)dl.  

12 

0 (1 2-1D1/2 	0 '721)  

12 

* )c11.  ....(48) 

0 ''21)  

from which it is observed that the real part corresponds 

to the contribution to the integral for values of 1 from 
to 00 while the imaginary part represents the contribution 

8.3. The integrals for the rigid rectangular body 

Case (bi2 Vertical translation 

The required integrals take the form 
VO 
CA1(1)*IpJ v(1)COS()x)d1 . 

Ic 

where )M)J,p(1) is an even function of 

Case  (bill Rocking mode  

In this case 
(0),allw/(1),J,(9)sin(1x)d1. 

0 °(1))  

where )4(1),T,v(1) is here an odd function ofl. 

It should be noted that the integrands in both cases 

of the rigid rectangular body are even functions ofl while 

the integral in the case of the vertical translation of 

the rigid circular body is an odd function of. This 
11( difference calls for a modification of the con our of 

figure 3 as shown below. 

8.3.1. Contours  of intesEation 

Figure 5 shows the contours required for the evaluatio 

of the above integrals. The upper contour -V-3  - is, in 
effect, a modification of the contour I1  of figure 3 with 

'12 
in the range 0<102  as expected. 

Is 



—0(I ) — 	 011 Of) 	+ a 2 	  

1 

r; 
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"3 	12 	.11s  ce  
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an additional semi-circular indentation at the origin. 
The contour i-4 in the lower half-plane is the image of 

r-3. Consistent signs of the double-valued functions 
V'1 and CX2 are also shown. 

The semi-circles at the origin ensure that the integrand 
- which contains Bessel function of the second kind as 

will be seen in article 8.3.2. - is analytic throughout 
the domain of integration. 

8.3.2. Contour integration 

Both integrals Ic  and Is  can be deduced from the 
single integral 	00 

1( ):°-(1)J» 	)eill xdl• 
01) 

It is convenient to replace Jmy by its equivalent 
relation :- Jy  ( 	1/2  [H1(1) + H(q) ] 

v 	V 

where lI denotes Bessel function of the third kind or 
Hankel function. It is to be noted that the introduction 
of this function calls for the addition of the semi-
circular indentations at the origin of figure 5 since 
the function tends to infinity at the origin 

i.e. 	H(1) 	+ 

v(1) = J.10(1) iY11) 

and lim. 1.1)1) 

where Y el) is Bessel function of the second kind. 
With the introduction of the Hankel functions, we can 
now write 	I = I1 + I2 

where I/  cAl(1 )1*  )1111e 	ovi »41  )H2(velx,,, 
2  

-00  01) 	 01) 
-0o 
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It can be shown that I1  and I2  can be evaluated when 
the integrals 	D(1)11(1 )H-J-(1) e47 

1 
 xd1 • 

Jl 	
01) 

H2(P)eixd 1 "iY1(1)  Ji I 	l- and J2 -,4-4
0(1) 

are taken round the contours in the upper and lower half- 

planes respectively. It will be noted that in the upper 
half-plane 0 argl <,i1 	and in the lower half-plane 

- 	arg 1 4.0. Also, it can beshown that the 

contributions to the above integrals come only from the 

paths along the real axis and the semi-circles round the 
Rayleigh poles. 

Therefore, we have, after a few reduntions and in a 

manner similar to the case of the rigid circular body, 

vertical translation, that the above contour integration 

2 	
1 

gives 	oo 
(X01 ),Tid(1)eilxcl • 	04-)6(-) ) Hl(-1) 	H2(-11) 	xcli • 

0°cVoL 	0 °I)  
2 	 + X,()11()eilldl. 
(-)001) 	I V 1 
/12 2 	r 

eil
2 
 2L 14(1)111(1)  )41)Filji2eill• + 8 

110(1)M) 	
77- 

-Z(Ri+ R2) 	 (49) 

where (R1+ R2) denotes the contributions frOm the 

Rayleigh poles. 
In order to simplify equation (49), we make use of the 

following relations from Watson (article 3.62):- 

171,1  1 (z)  1 	Mlsi   - sin(1-m) 	 H  e-V/risin(mve)2 H 	 (z) 

	

sin01110 v 	sin(vrt) 

2/ m1fi 	sin(l+m)la2(z) 	a (z)  

	

sinOad) ' 	
6 1'"isin(myK) l and H ze 	)= 	H 

.11 sin(01) 	
1). 

which are seen to be indeterminate for integral values ofli. 
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However, using de l'Hospital's rule, it is easily shown 
from these relations that 

Fit 	l(l) for even values of y 
VI) for odd values of Y 

and 14-1) = - H2(1) for even values of P 
 

10) for odd values of 4/ 

8.3.2.1. Vertical translation 

When the above relations are now introduced in 
equation (49) and it is remembered that for this case 
V(1)J,p(1) is even, it is found that equation (49) reduces 
tor 1 ,I  

oc (7  Jv()cos(r)(1 	1064(1)qcos(x)dr 

o  01) 	0 0(1) 

4. 112 2, 1-1W/(1)10)cos(x)dl. 

01)11(1) 

14- (R1+  R2) 

 

(49a) 

 

Noting that the contour r is traversed in the positive 
(counter-clockwise) direction and r-3  in the negative 
direction and using the relation 

I 	
V2 - H (Y)) 	

23_1l) I 
(1) I  

we find from Cauchy's residue theorem that 

R1+ R2) = 470I(13)Y413)Y (13)cos(13x) 
013) 

and equation (49a) then reduces to 

,,,0113)).73)H213)cos(13x) rove(1 	coslx) 	i 

y
_
0

cy4ropiii,(1)cos(r)d.1. 
°( ) 

+ 41 2 2 1(X2X/01)112;(1)cos(lx)1. 
2 

11°C1)-M) 	.......(49b) 
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parts, we finally obtain: 

61X/01  ),-T,11(1 )cos( x)dl. 

0 °(1)  
1- 
011)41 )Ylii(l)cos(lx)dl. 

Jo 01) 

4a, 

041(13)W13)J,0(13)cos(1 x 

0(13) 

1  2 2 27  
1 41%2 Wil)J,(ipcos(lx)d1 

1
0(1 )0(YI) 

_01(13)X(13)03)cos13x) 

0'('13)  

(1 2 2- 

4 	
2ri okic{W1 	loos( x)dll . 

11  0 (r1 )ci(1 ) 

6(1.01 ),1))(1)cos1 x)I • 

0 (11)  

(5o) 
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where the free Rayleigh waves have already been super-

imposed on equation (49a) in the same manner as in the 

case of the rigid circular body,vertical translation.. 

By resolving equation (49b) into its real and imaginary 

where, in a manner analogous to the case of the circular 

body, the real part comes from y.,(17)*1) and the imaginary 
part is obtained from the original function Jy(1)Y(1). 

8.3.2.2.  Case (bii) Rocking mode 

If the above procedure is repeated with the 
opposite condition that 1(1)J (1) is an odd function 

it is found that the solution for 

Ts 
	. 130 

 44: iyKv,(1)sinol x,d1. 

is exactly the same as in equation (50) with the cnly 
exception that every cosine term is replaced by the 

corresponding sine term. 
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8.4. Evaluation of  the finite integrals  

The preceding articles show that the purpose of the 

contour integrations is to reduce the infinite integrals 

to a sum of finite integrally and residue terms. 

The rest of the evaluation is accomplished by splittin 

the finite integrals into a sufficient number of intervals 

that would make the application of Simpson's rule to be 

accurate to three significant figures. Also, the Bessel 

functions are to be replaced by their equivalent power 

series so that the final results are in terms of a power 

series of the frequency factor 12  and the spacial variables 

r(for the circular body) and x (for the rectangular body). 

This procedure is given in fuller details in_the next 
chapter. 
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CHAPTER 9  

SUCCESSIVE APPROXIMATIONS AND THE COMPLETE SOLUTION 

9.1. The damping effect of wave dispersion in a semi-
infinite elastic medium 

It was stated in article 7.1. that the first approx-

imation solution would yield infinitely large amplitudes 

at the resonant frequency factors. This is, of course, 

physically incorrect as with a semi-infinite medium, dis-

persion of elastic waves away from the source of the motion 

will occur. The energy associated with this dispersion 

will never return since there are no boundaries to reflect 

the waves. 

This dispersion of waves has the same effect as damping 

in limiting the motion at resonance. It will here be 

referred to as dispersion  damping in which no energy is 

actually dissipated into heat to distinguish it from 

thermal damping in which an energy conversion does occur. 

This latter type of damping is not taken into account in 
this analysis but is discussed in general comments later. 

Dispersion damping can be allowed for by considering 
the terms in quadrature (the imaginary) arising from the 

poles and branch-points of the Rayleigh function.. The rest 

of this chapter is, therefore, devoted to the complete 
analysis which includes the quadrature components of stress 

and displacement. 

9.2. An outline of the general procedure in the successive 

2p2roximations 

In this article, a procedure will be derived for 

solving the main equations (22) to (25) including the 
quadrature terms taking as a starting point the solution 

of the first approximation - chapter 7. 
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The non-dimensional form of equations (22) to (25) 
can be written as 

.., 
4. 

	

(4'1F(11)jvl7pd1 • 	= g(1.) 	0< r 1 

0 ° (1 ) 
ry') 

0 	
F(1) )3-  (1I)d1. 	= 0 	3 > 1 

except for the case of the torsional oscillation of the 
,D4  rigid circular body in which the function 	1, 	is 

replaced by 1 ' 	
0(1) 

02 

Suppose that in equations (51) 

Fel)  = F111) 	F12(1) 	(51a)  

where F11(1) is the solution corresponding to the first 

approximation i.e.  Fill) satisfies the pair of equations: 

(51) 

Ell (1 ) J)) (1-1\'‘)cl • 

0 A(1) 

Na 

J F11(1)j,p(1i')d1i 
0 

= 	g() 	0 < r 41 

= 0 	 1'..> 

(51b) 

where A(1) is the series expansion given in equation (31a), 

in its non-dimensional form. 

Substituting equation (51a) in equation (51) leads to 

the following pair of equations for the determination of 

So0 

	

(X1F12(1 )j,1) VI • 	= g()  -(11(11) 0di4.1 

0 	01 ) 	 .(52) 

r)  

	

ti) .1)  (1 r ) di . 	= 0 	"i'>1. 
0 	El2 1 

1,-(x) I 

where 4-11M  = 
°(1F11(1  ) jjj 171 ' is now a known function 

of F. 	0 °(/1 ) 

F121, 
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If we put 	F12(1)= F22(1) F25(1) 	(52a) 

where F22(1) is the solution 

F22(1  )13.)) (IP di 

O Al) 

57) F221 )tiy 111)1  

of the pair of equations :- 

4.5< 1- 
.( 52b) 

= 0 

then F23(1) can be obtained, after the substitution of 
equation (52a) in equations (52), from the pair of equations:- 

'1F23(1)̀TYY)cl'il" = g(r) - 11()  -E22(i') 04,1 

O 01) 	
•.(53) 

co0 

o 	F23(11  ) jij (1 	1.  

The pattern of the procedure is now obvious and we 

generalise the solution of F(1) by 

Fkk(71 
k=1 

 

( 54) 

 

whereFkk(/1) is to be determined from the pair of equations:- 

co0 
Fkk(11 ) jp (1-11 • 	

m=k-1 
= g(7.) - "<-' 	(5) 0j.<1 

0 A(1) 	t--1_ mm  
..(54a) 

(54b) 

and is a known function of 5. 
By evaluating equation (54b), we can solve equations (54a) 

in terms of the first approximation solution. F11()  " 

= 0 	 "1-> 

Fkk el 
r 

) JP l'I'')dil I 	= 0 
1..>1 

• ),Tv  (?)di •1 
where 	.E" 

Toymna(1 (i.,,) 
	= , .cL.c 

ram 	0(1 ) 0 



and from the solution of chapter 7, 

a R2 	i/ 
12 

a3R 	-11/4 
-7-7 I J21/21) +..1( 
3122  
	(56a) 	) 

a 1 
1111(1) = c — n 2i—snl 
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F111) 
00 

(Y) ) 
J=1  

Remembering also that 

i.e. 

then thesolution of Fkk 
of Fi(1). 

The method of the above  

is in itself an infinite series 

(55) 

can be expressed as a function 

general analysis is now to be 

indicated by solving completely the present problems and 

it will be shown how Fkk  (0), for values of k,y2 , can be 
computed from a systematic scheme based on F22(1) 

9.3. 	Complete sclution of the rigid circular 

9.3.1. 

vertical translation 

(54a), 

1(1.') 

f94-) 

cz(1E11(1 

22(1) 

04_11/-1 

r> 

) J0( 1)1 

1 

Solution of F221) 

of 

where 

the 

With 	k=2 	in equations 

pair of equations 

d) 

F22(1 )Jo(1 )di • 	c  

0 	Al) 
oo 

c = 

0 1122(1)jo(f)dl* 0 

Gwo' 	e11(1‘) . 	
2 
2 
"0 01) 

body, 

is the solution 

(56) 

• 

9.3.1.1. Use of contour integration  of Chapter 8 in 

evaluating 11("r) 

It is readily obvious that the integral expression 
for 	11(r)  above belongs to the class, of integrals discussed 

in article 8.1. in which 



0 (

1/2  e.."2 )2 4. .)21(pT. 	2 	- 2-) 

1 	2  ()2 

I 
2 

= 	Ll 	JJ  
_ 	_ T_)(c2 _ 1)  

take the form: 
1312 2 rn 

d4* m=011,2,..0 

M=0,192,4bOO 
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t0 	001 ) 

.0 

I=  

By comparing I with E 11('')' the latter can be evaluated 
by setting 2 

lif(ll)  =112F11(1)jo(f)  

In order to obtain the corresponding expression for() 
of equation (46), we determine Yrs  and It/c(1) of article 8.1. 
from F11( ) by replacing the Bessel functions by their 
equivalent trigonometric functions i.e. 

_ 1--2 -1/2  sin _ cos 

	

- IL2ill  Y2C  3 .4 	13)  j--r- (- -  .2  sinfl- -cos I ) 
A If 1 

	

1 	1 1 
As stated in article 8.4., the finite integrals in 

equation (47) have been evaluated by splitting the intervals 

into sufficient number of strips to make Simpson's rule 
accurate to. three significant figures. A preliminary 
procedure is to resolve the functions into their power 

series equivalents and to take the first few terms . The 

following new variable is also introduced:- 

_ ,1 
t2 

by which the non-dimensional lengths are referred to 1 . 2 
It is then found that the finite integrals of equation_ (47) 



These integrals have been evaluated for four values of 
Poisson's ratio : 0,A,1/3 and lh for which the corresponding 
values of (312  are lh,1/31Y4and 0 respectively. Further 

procedures for the case of zero Poisson's ratio are presented 

here as specimen since the experiments of Arnold et al(1955) 

with which this theory is compared in the next chapter 

were performed on foam rubber of negligible Poisson's ratio 

as the elastic medium. Hence the integrals reduce to : 
1 
2 

I1 
0 

rl 	 ,(1_ 	- _ 	_ 

12 
	

J 1 /72 _ .1/M _ 74t 2  _ 1A/72 _ 
2  L 	ì  i 	C2 c(-2 	/4K, 

In I1 put t., = lsine and in I0  put 	= sine, then the 
J2 

integrals istute'to :- 

I 	= 21-m/2 T/2 
	sinm9dG. 

1 / cos2 + sin2  (40_ + sec2e0Y2  

11/2 	sinmedG. 
sine 	Asececosec2Gcos3(2e) 

/4 

and, with this simplification, the rest of the evaluation 

is accomplished by the application of Simpson's rule. 
In order to evaluate the residue terms of equation (47), 

we need to determine the Rayleigh pole (13,0) of the 

integrand i.e. the principal root of the equation 0(q).0 
which, again, for the case of zero Poisson's ratio is: 

1,2 	2 

(14  _42)2 + 

) 

I2 
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(42 	1/42)2 0 	 (57) 

It is easily seen that a pair of roots is 
factorising and solving the resulting quadratic in 
the other roots are found to be a 	-±4/75) . 
However, after Rayleigh (1885) it can be shown that the 
only root corresponding to the principal values of the 
radicals is that for which 4>1 i.e. on the contour 
of figure 3, 	13'1 2 
Accordingly, the principal roots of equation (57) are 

t72  = 1/4(3 	or 	= 1.11,11  

Finally, taking only the first two terms of Joe), it is 
found that the above analysis leads to the following 
expression, for the case of zero Poisson's ratio :- 

1.(1-0.8712 2  +0.120124  -0.015,26  )+ Y4(0.95912 4 	6-0.105  

(0.864-0.410122+0.022412 

- 1/4(0.9541-0.4651V 

in which higher order quantities are negligible and therefore 
not included. 

9.3.1.2. Solution of a class of dual integral equations 
related to F (A) . 22-*-- 

When the above expression for C-11(1'')  is inserted 

in equation (56), we notice that the solution for F22(1) 

is of order 2  in the real part and of order 12  in the 

1 2 imaginary par as should be expected. Also, we are involved 
in the solution of the pair of equations, considering 
only the dominant term of the series A5) • . 

2 

11
(i-•) = Gw 
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42(11)J0(11')dl. 	r'2 r 	04 is1 

J 0 all 	(58) 

F2)2(1) (15)1. 	0 	fid'> 1 

0 
r2  ,which for convenience, the coefficients of r 1 which are 

only functions of 127  have been omitted. 

It is here noted that the conditions of the Busbridge 

solution (equation (26b) ) are violated by equations (58), 
however, these equations can be solved if we employ the 

GT 
same technique of using the op.eratordo

1/
(r) - equation (31b) 

*  
to reduce equations (58) to a form amenable to solution 

by means of equation (26b)8 As the differential operation 

on equation (58) absorbs part of the solution of F2201) 

since T (r) operating on e,constant is zero, it can be c- o 
shown that the complete solution of equations (58) is :- 

2211 	F  1 ) 
32F2(71) 
r/ 	/ 

 

(58a) 

 

where FM) and F20]) are the first two terms in the expansio'l 

- then, with negligible errors of order 

	

of F11()) 	 21 we  
can approximate F1(^) = F11(11) 	F2(.11)• 

It is found from the foregoing analyses that the solution 

of F22(1) is given by 

F22(1)  = Y115111(1)  811F2(1) 	(59) 

where,again for the case of zero Poisson's ratio, 

11 = 0.8 751-0.4121+0.04690i0.86412(1-0.7514-0.16:0:: 

	

= - 	12  o.875 2(?!.25-0.4121.o2970 io.86412( -1.26+c,s91 611 
-0.135n

4 
i 12 
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9.3.2. Solution of E41) 
,•111•106 

Ey putting k = 3 in equation (54a), we obtain the 
equations for F33(1). It is clear from the solution of 

F22(1) in equation (59) that we need to evaluate 

12 "1)  
2  sq1F2  ) J 0  (1.1'1)1 . 

0 ] 
which is part of the solution of e11(r) and can, therefore, 
be written down by inspection. It is found that 

-A(0.878122  + 0.44312
4  

+di 	(0.25312  4 0.0279124  ) 	y4(0.27912  

- 0.096124  + 0.0066'1 )

r  

2  

- 0.11512 p2 	

1.2] 

and after some reductions, the solution of F33(1) is found 

to be 

E331) =0q1 	1114_9F11(1) 	(,, 114111 -I- 11)F2(1)  

Y22F11(1) 	'22F21)  

where A( = 0.87512(0.252 

+ i0.86412(-0 

- 0.236 212  + 0.040512) 

2 .23912  + 0.113124  ) 

= -0.871(0.330 - 0.276 	+ 0.033142) 

+ i0.864/2(0.3821 	0.0812) 

It should be noted that equation (59a) gives explicitly 

how 1(22 and (c22  can be calculated from r11 
and 811* 

9.3.3. Expression for the eneral term F 01) kk  

    

    

With the determination of i‹,g ,  ll and 11 of 
equations (59) and (59a), we can obtain directly 

F441),  11551) 	
from the general relation:- 

2(r)  

‘c2(1.)  = -Gwo 0.440A
2 
12 

(59a) 
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Fkk(  ) = (Z11(k -2,k -2 	
iK

k-2,k-2)F11
()(1)  

S k> 2 0/116k-2,k-2 + k-21k-2)F2 

F11(  ) (k-11k-1 	....(59b) 

andk 	can be readily which shows that k-1,k-1 	-1,k-1 
computed from a systematic scheme based on 	and76/  9'77 11 
of equations (59) and (59a). 

9.3.4. Expression for the required stress transform F(1)  

Finally, from equation (54), the transform of the 
required stress function expressed in terms of the non-
dimensional variable -1, is given by 

ac;) 

F(1) 1 Fkk(1)000 

(In ) F 00) , 
-11'r 	k2-

-A" 
 kk''' 

and substituting for Fkk(1J) from equation (59b), 

F(1) = [1 	1Kam F11(1)  B4-1(cmiF2(1)  

F111)  = F1(1)  + F2('" 

we finally have, with very negligible errors of 
00 	00 

F(1) = [3 	mm  F1(1) + 1 + r _1((mm  + 	F2(1) 
r 

[+ 1 -I- 	 1 mmlF3(  ) 
2. 

9.3.5.  Use of equation (60) in deriving complete solution 
from first approximation solution 

The interpretation of equation (60) is obvious 

when it is remembered that F1  (1), F2(1), F3(1) are the 

first three terms of the first approximation solution_of 

remembering also that 

(60) 

+ F ( 3:1) MS') 
6 order )12 



chapter 7 corresponding to static or first component of 

stress, the inertia or second component of stress and 

the relatively small third component of stress. 
In order to derive the complete solution of any expression 

from the first approximation solution, it is only required 

to write out the first three terms of the corresponding 

expression in the first approximation solution and multiply 

by the factors which are the coefficients of F1,2,301) 

respectively in equation (60). This important procedure ' 

is indicated in the next article. 

9.35.1 The complete equation of forced vibrations 
The equation of forced vibrations, using the 

approximate solution of chapter 7. is, correct to the third 

term and for the case of zero Poisson's ratio : 

] A 	A 
( m + 1.167 )122 	4 0.0251 2  GRwo  = F ....(61) 

where F is the amplitude of the harmonic exciting force. 
2 We notice that the terms 	4, -1.167)1  2  and -0.02512 4 are 

due to the first three terms of Fli(l).Usin,s the: coefficients 
equation (60), we readily deduce the*vector equation of 

forced vibrations from equation (61;. : 

. 040  
[1+ -1-,11 	4-- 	+ 114,:knina  +441.167' m=1 md 

A 
F 

Gl4ro 
A, 

Hence, the non-dimensional amplitude GRwo is given by: 

A 	 A 	 f 
Wo  = 	

1 
o1 = P +

1 
 iQ 	or 1 w 	4(132  + Q2) 

(62) 

The use of 'vector' is appropriate since the coefficients 
mm and mm are complex quantities. 

co 

-1
1+210 025n4  m=1 mm ' 

	(61a) 
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and from a computation of 	and (, mm up to m=7, it 
is found, correct to three significant figures and with 

higher order quantities neglected, that P and Q are given by 

P = 4 - 	+ 1.1671 + 3.5012(0.148 + 0.03471) 

Q= 3.45612(1 +0.05061) . 

The results expressed by equations (62) and (62a) are 

presented in Figure 6a for different values of the mass 

ratio, m ranging from 0 to 100. Also, in the next chapter, 

these equations are used to derive the resonance curves 

of specified values of m corresponding to the mass ratios 

of the rigid bodies used in the experiments by Arnold et al. 

9.3.5.2  Complete solution of the dynamic stress distribution 

The procedure described in article 9:3:5. has been 
adopted in the same manner as in article 9.3.5.1. to derive 
the complete solution of the dynamic stress distribution 

from the resultant stress distribution. of the first approx-

imation - equation (33e). Thus, using the first three terms 

of this equation 

611(r) = Cyr) + S 2(r) 	+ 63(r) 

The complete solution is again a modification of this 
relation obtained by multiplying the first three components 

of stress by the corresponding factors given in equation (60). 

The result of this procedure is given in graphical 

form in figures 8a and 8b in. which the complete solution 

of the dynamic stress distribution has been resolved into 

in-phase and quadrature components. 

9.3..6. Complete solutions for cases of Poisson's ratio 

= 1/4,1/3 and 1/2  

It is recalled here that the whole of the preceding 

complete solutions applies to the case of zero Poisson's 
ratio which has been chosen as a specimen of the computations 

..(62a) 
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involved in this analysis. However, in order to cover the 

whole range of Poisson's ratio - which is 0 to 0.5 for 

engineering materials - the preceding procedures have been 

repeated for the three values of Poisson's ratio given above. 

For this purpose, it is only necessary to present the 

different values of the coefficients al, a2  and a3  of the 

first three terms in the expansion of equation (31a) 

the roots (±93,0) of the equation 0(1) = 0 for the Rayleigh 

poles of figure 3 and, finally, the corresponding values 

of 'P'1 for the limits of integration in equation (47). 

These values are presented below in Trlple 1. 

The complete solution for all FOUR values of Poisson's 

ratio are presented in graphical forms in figures 6,7 and 8. 

These curves are discussed in the next chapter. 

TABLR 

2) 

a1 a2 13 

2 
c4- 
1  2 12 

0 -1 7/8 9/32 1.144 1/21/2  

1/4 -4/3  1 8/27 1.088 1/31A 

1/3 -3/2 35 22 1.072  1/2 
32 256 

1/2 -2 3/2 1/4 1.047 0 
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9.4. Complete solution of the rigid circular body, torsional 

oscillation 

9.4.1. Solution of F221) 

Similar to the case of vertical translation, 

is to be determined from the pair of equations :- 

F22(1 )(11(11 1  

o 

	• 

r0 F22(1 )J1(1)dl. = 0 
where B('►1) is the non-dimensional form of the expansion 
in equation (31a) and k = -GRG. 

j1(1;)(1  • 
J12_ 

where F11(1 = -2111. GaetilhJi1/4() -12 	+ • • 
6 

which is obtained from the solution of chapter 

9.4.1.1. Expression for (.11(5) 

By taking the first two terms of J1( r)and 
using equation (48) of the contaur integration analysis, 
it is found that 

k 	(1+0 . 1671 -0 .0573742+0 .00087012) 

(0 .01821-0 .005851621i'.2  i 

_i470 

i r  

77R1-0.1131 22+0.00440442  ) 

-(o.loo   .-0.011912+0.00027602k+ ) 

F22(1)  

k2-1' 	11(1')  O<T*1 

  

....(63) 
r>1 

 

Also, 
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9.4.1.2. Solution of a class of dual integral equations 
related to F22(1) 

When E11(x') is substituted in equation (63), it 
is obvious that we are involved in the solution of the 
pair of equations :- 

c''')

b  
F22( )j1(11s)dil* = 13 	0<1::<1 

0 all 	(64) 

F22()j11 r)ci 	= 0 jl  ' 0 	1 

Since a direct application of equation (26b) leads to the 
intractable integral 

41/2  Y JierdY• 0 
we obtain a formal solution of equation (64) by applying 
the operator 	 1(r) of equation (31b) from which it is 
found that 

16 F22(1) = F11)  + 17:21)  
after some reductions, we obtain Finally, 

where 411 

4 11 

	

F221 	11F11(1) + 	11F2(1) 	 (65) 

-0.167122  (1-0.452122  +0.040V- 

4q-0.215 	4  • 1212+0 01630 2 	) _ 9n- 
2 0.292122  Q-0.3812+0.2012  

2 OL-0.18212+0.01021242) 

	

90 	- 
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9.4.2. Solution of F33(1 ) 1Fkkl ) and the required F (1 ) 

In a manner similar to that of the vertical trans-
lation, it is found that 

F33(1) .(01 	 11)5'101)  0(114C11 + cS11)F2 

= (22F11(  ) 	22F2(1) 	(65a) 

where it is found that 

= 	0.16 22  (0.125+0.0313-1i 2--0.005801142  

c0.030 22  - ,0 .0C.,170112+) 

-0 < 167122  .( 0 ;125+0.06251 -0.0469( 42) 

+111./1  0.0527-0.006507r+0.00020142  
9 rf 

Now that the basic quantities °11' ic and 	have  

been derived, the solutions of the general term Fkk(/)  and 

the required non-dimensional stress transform F(1) follow 

exactly as in the case of the vertical translatiOn. 

9.4.3. Complete equation of force vibrations  

The equation of forced vibrations, deduced from 

equation (38b) of the first approximation solution is, 

correct to ;he first two terms of F11( ):- 

„ 

	

'12 	74. 16 LT+ 8  ---- 1 	GR)e 
3 	I, 	45/ 1- 

A 
T' 

 

(66) 

 

where T 
A 

is the amplitude of the exciting harmonic torque. 

As discussed in article 	the complete equation 

of forced vibrations can. be deduced from equation (66) 

using the computation of 	andkM for the present case. 
.mm 7/\  

GR)6 
The final result for the non-dimensional amplitude 6 = 
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is found to be given by: 
A 

6 = 	1  or 1 
	

1  
\ - P + iQ 	 p2+Q2) 

 

(66a) 

 

where P 3 - Ey+  45),, 2  - ;Y(1-0.6301+0.341-0.193)0 
+0.111 2-0.068312 10 +0.03? 2 2) 

(1-0. 56071 22+0 . 3214.2-0 . 1801 S+0 .1031 82  
271 	10 	2 

-0.052411 2  + 0.0370V-  ) 

It is recalled that the result is independent of Poisson's 

ratio so that there is only one family of resonance curves 

for different values of the inertia ratio as shown in 
figure 9. 

The results of equation (66a) are also compared with 

the experimental results of Arnold et al(1955) for specified 
ti 

values of J in chapter 10. 

9.4.4. Complete solution  of the dynamic stress distribution 

The method of solution is, again, the same as 

described in article 9.3.5.2. for the 3ase of vertical 
translation, The results are presented in a graphical 

form in figure 11. 

9.5. 	Complete solution for the rigid rectangular  body 

9.5.1. Similarity  between solution for the rectangular 

body_and case (ai) 

It is important to state that the procedure for 

the case of the rigid rectangular body:(both vertical 

translation and rocking mode) is, in most details, the 

same as for the rigid circular body,vertical translation. 

6413  2 
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where 1im.i 
s= 

f"" 

.4v +r 
(-1)r 	 

r!Od+r)! 	s=1 

_ In is = 0.577216 
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because the main equations (22),(24) and (25) 

the same function - 0-11-- 	so that the values in 
0(1) 

for the four cases o Poisson!s ratio considered 

same in all the cases. 

This is 

contain 

Table 1 

are the 

Also the important generalisation of F(1) in equation 

(60) whereby complete solutions can be deduced from 

the corresponding first approximation. solutions applies here. 

9.5.2. Evaluation of integrals involving Yi,,(1) 

The only point worthy of note is the computation 

of 4.":- 11(;) - the analogue of el1(n of case (ai) - which 
contains integrals involving Bessel's function of the 

second kind, whenever the integrands tend to infinity 

at the lower limit of integration. This is the case only 

for vertical translation of the rectangular body in which, 

we recall, the theoretical vertical static displacement 

is infinitely' large. 
preliminary, Y)01) is replaced by its power 

2 	
)-V+2r()) 

) = J 	+ - 
X 	i 

r! 	 

As a 

series : 

Euler's constant. By replacing 1 by7)112  so 

In 	= lni - In 2 + 1n2; 2 	('In' 

Naperian logarithm ), it is found that one part 

solution of the integral involving 	(1) can be 

from the corresponding integrals containing Jv( 

have been analysed for the case of the circular 

deno 

that 

tes the 
of the 

deduced 

I(

) which 

ody. 



The remaining component of the 11,1) integrals is that 
which contains the logarithmic terms and is treated in the 
following manner 
In cases where the integrand is finite at the origin, the 
usual procedure of applying Simpson's rule is adopted 
without any modification. However, when the integrand tends 
to infinity at the origin, the integral is first split 
into two thus: I = I1 + I2 

2  
0 

where I = 	F ((.4)1n. 	I1  = 40FZ2)1114t1. I2=F(0 ir 

in which 	is chosen to be very small compared with (.."2. 

It should be noted that F(0) is finite n4lthough. F(ty)ln 

is taken to be unbounded at the origin:. 
I2 can be evaluated directly by Simpsorls rule and, for 

I1 we can replace F( ) by 17(4) - its mean. value in the 
very small interval 0 to E. 
Then I, = i(4)frInt4. 

0 
= 	F(4)(1nt- - 1) 	where use has been. made of 

the well-known result lim.41ne, = 0 . 

0 

9.5.3. The functions Fil
(1
) 

It is sufficient to give the first approximation 
solution which is the basis of the computations of the 
complete solution. 

Case (bi) Vertical translation 

11111)  = 
[ 

Gv 	1  + ) a2by1/411(1) 
c)r ,_, (--i1

/40-o 

Case (bii) Rocking mode  

F111) = Ge-alP (1)  + 1/2a2b21 %(1)  
_ 

1/8a3  b41 1 C 

+ 1/2a3b4-114,772(1)+  
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9.5.4. Resonance curves and stress surfaces  

The method of deriving the complete solution F(1) 

of the non-dimensional stress transform from the first 

approximation solution F11(1) given in the last article 

is the same as in:the case of the vertical translation 

of the rigid circular body. Also, the complete equation 

of forced vibrations and the dynamic stress distribution 

are derived from the corresponding first approximation 

solution and the complete solution F(1)  in. the same 

manner as described in article 9.3.5.  

The results of these complete solutions are presented 

as resonance curves and stress surfaces for the four values 

of Poisson's ratio considered in figures 12 to 14 (for 

vertical translation) and figures 15. tc 17 (for the rocking 
A 

mode). In figures 12 and 13, F represents the amplitude 

of the harmonic exciting force per unit length of the rigid 
AV 

body andl m is the same. mass ratio defined in equation (39b), 
A 

In figures 15 and 16, T is the amplitude of the exciting 

torque per unit length and Y is the same inertia ratio 

defined in equation (40b). 

The results of this chapter are discussed in the 

next chapter. 
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PART THREE  
EXPERIMENTAL VERA PICATION OF THE THEOR.. 
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PRACTICAL DETERMINATION OF TH-E DYNAMIC 

ELASTIC CONSTANTS OF SOIL IN S I TU • 
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CHAPTER 10  

COMPARISON OF THE THEORY WITH EXPERIMENTAL RESULTS  

10.1. Introduction 

In this chapter, the predictions of the present theory 

are justified by comparison with published results of laboratol_ 

and, field tests. 

Most published results lack information on the dynamic 

elastic constants on which numerical comparison ‘an be based. 

Personal correspondences in a few cases have shown that these 

constants were, in fact, not determined for the medium on 

which the rigid bodies were vibrating. However, any information 

which includes the resonant frequencies and mass ratios 	for 

more than one test can be used to determine these constants 

when use is made of the method recommended in the next chapter 

These constants can then be used to predict further results 

on the same medium. This procedure has been adopted in the 

comparison with the experiments of Eastwood (1953) as will be 

seen later in this chapter. In some cases - Kanai (1961) and 

Jones (1958) - shear modulus has been compared with their own 

values obtained from the wave propagation tests. 

Finally, the chapter contains discussions on differencP,  

between theory and experimental results, comments on the 

test procedures of the authors cited and general discussions 

on some of the theoretical curves. 
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10.2. The experiments of Arnold, Bycroft and Warburton (1955)  

The most reliable experiments seem to have been performed 

by the above authors. This was because great care was taken 

to satisfy the assumptions of the theory as much as possible: 

Foam rubber - the elastic medium used - can be accepted as 

a uniform isotropic material. The size of the rubber, twelve 

3'x3'xl", is very large compared with 0.375 to 2.25" which 

were the radii of the rigid circular discs used. Thus, with 

the negligible reflection of waves from the edges as quoted 

by the authors, the foam rubber is a very fair approximation 

to a semi-infinite medium. Also, the exciting force was 

produced electromagnetically and can, therefore, be easily 

controlled. 

The elastic constants for the medium are quoted in table 1 

of their paper but it is unfortunate that:the method whereby 

these constants were obtained was not stated; 

10.2.1. Justification of the first approximation solution 

It was stated in chapter 7 that the first approx-

imation solution is perfectly adequate for estimating the 

resonant frequencies for bodies with large mass or inertia 

ratios since these have low resonant frequency factors. 

This statement is justified by comparison with. two of the 

experiments of Arnold et al (1955) for the vertical trans-

lation and torsional oscillation of the rigid circular body 

when use is made of equations (37f) and (38b). It can be 

seen from Table 2 that there is perfect agreement when the 

resonant frequency factor is small. 
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TABLE 2 

Case 

, 4 

Mass or Inertia 

Ratio 

Resonant frequency factor 

Theory Experiment 

(ai)  
24.5 0.395 0.395 

v. 0 11.4 0.564 0.55 

7.6 0.675 0.63 
•—• 

(aii) 5.34 0.982 0.92 

10.2.2. The complete solution 

The results of the complete solution in the last 

chapter have been compared with the experimental points due 

to Arnold et al (1955). These are shown in figures 18 and 19 

for the two cases of vertical translation and torsional 

oscillation respectively. Figure 19 also includes theoretical 

curves due to Arnold et al (1955). 

One point of interest is brought out clearly in the above 

figures - there appears to be more thermal damping for motion 

in rotation than in translation. In other words, dispersion 

damping for the case of translation is very much greater than 

thermal damping for the same mode and this condition is reverse,  

for the case of rotation. This is not unexpected when one 

considers the magnitude of the quadrature components of stress 

in comparison with the in-phase components for all cases in 

translation and those in rotation as shown in the stress 

distribution figures. 
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10.3. Laboratory and field experiments on soils 

Although foam rubber serves as an ideal elastic medium, 

it is obviously not the type of medium that rigid bodies 

generally rest on in practical life, Therefore, it becomes 

very essential to be able to interpret results of vibration 

tests on soils as this is one of the main problems that confron 

us. This has been realised, for example, by Warburton (1957) 

who concluded his paper by stating that the theoretical 

results would be used in a later publication to predict 

resonant frequencies for a soil-mass system. 

Notwithstanding the fact that soil is known to have non-

linear characteristics (as discussed in the next chapter), 

the results of the present theory can be adapted to soil 

vibration problems under some specified assumptions which are 

stated in each case. 

10.3.1. The experiments of Eastwood (1953)  

Laboratory experiments on dry and inundated sand 

have been performed by.  Eastwood (1953). The sand was contained 

in a tank 4' cubed and according to him there were no 

appreciable reflections of waves from its boundaries. The 

relevant experimental results give the variation of mass ratio 

(expressed as dead load per unit area) with natural frequency 

for vertical translation of rigid circular and long rectangula 

bodies. 

The method of determining the natural frequency,  was to 

subject the body to a vertical blow and to measure the freouen 

of the free oscillations that followed. This is not consider&l 
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to be sufficiently satisfactory since it required re-compacting 

the sand after each test thereby disturbing the state of the 

medium. 

Poisson's ratio and shear modulus were not determined by 

Eastwood as personal correspondence revealed: Also, it can be 

easily checked from his experimental points (by considering 

the product of radius or semi-width, and frequency at constant 

mass ratio) that the shear modulus was not constant throughout 

the test since the above product is found not constant. The 

density was maintained (by regular compaction) at 108.1 lb/cu.f 

so that the dead load given is easily converted to mass ratio 

It will now be assumed, for the purpose of this comparison, 

that shear modulus varies with frequency but remains constant 

at the same frequency. Thus, by choosing two experimental 

points of nearly the same resonant frequencies as'reference 

points' - these pairs are encircled in figure 20 - knowing 

their mass ratios and corresponding radii, then the appropriate 

Poisson's ratio curve in figure 7 is that for which the 

frequency factors of the intersections of the mass ratios 

are in the same ratio as the radii. For example, the upper 

encircled pair of points in figure 20(a) have mass ratios of 

22,2 and 12.6 which intersect the 1/3 Poisson's ratio curve 

of figure 7 at resonant frequency factors of 0.490 and 0,514 

respectively which are in the same ratio as the radii 4" anc7. 

5" corresponding to the points. The Poisson's ratio having 

been determined, experimental points for one rigid body are 

' . used to determine the variation of frequency factor with 



La)-  1 N U 1.,t D A T.  D S AND 	V3) 

SO 
	 5" 

44:1 

200 	400 	600 	800 
DEAD LOAD (Le• PER SCi.• FT.) 

11)00 	1,200 

›-40 

z 
car 

a 2_ 

eC 

< 
z20 

O 

(b) - DRY SAN D 	0 .45) 

R So 

3" 

200 	400 	600 	800 
DEAL) LOAD (La. PER SQ• FT) 

1,000 	1,2.00 

)' U 
z 

Go - 3 

Lr 

( 
-1+0 - 

D L 

z 
2o 	 
0 

VARtATION OF NA^TuIR.Pki. FREGWENC_Y  W1T14 
DEAD LOAD PER. UNIT AREA  FOR ciRcuLA Fa_ 
RIGID et.o.DIEs IN YE R.Tf CAL -r42.ANLATION ON SANG 

® RE a. 5 c 	 5Xit - Aa-rt c 	10 • 7.,• I) 
• £ • E 	RINIENTAL POINTS ( EASTWOOD 1953) 

- PR t S ENT' r1.4E0I-Z.1 

FIGURE 20: 



200 	400 	Goo 	Boo 	1,000 
DEAD LOAD ( LS. PER SO.• FT.) 

J 

ct 60 

3 

z 40 

20 I 

-403 - 

(a) - INUNDATED SAND ( 	/3) 
.7% 
c) 60 

cZ w c. 
tn 50 - Lti 
a 
)- 
U 

4-o 

U 

z 
Lu 30 

a 

0 	200 	400 	600 	Soo 	4,00o 
EeNr..) L.e, 	(Lb. PER. $41 • FT.) 

FIGURE 21  • "ARIATION OF NATURAL PREQuENCy wiTH 
DEtto LOAD PER UN IT AR.EA FOR REcTANouLAR 
RICO D BODIES tN VE RTICAL TKAN5LATiont ON SAND 

• EAPER I N4 ENI rA L. Po 1•4-r.S ( eA sTvvOoD, 1953) 
 	PRESENT TH E P-Y 



-104— 

frequency and from this the theoretical curves for the others 

are derived. The whole of the comparison is shown by figures 

20 and 21. 

10.3.2. The experiments of Jones (1958)  

Jones attempted in 1958 to determine the dynamic elastic 

constants of soil in-situ by two methods : the wave propagation 

method and the resonance method. In the former, the velocities 

of Rayleigh waves propagated from an electrodynamic vibrator 

were measured and in the latter, the resonant frequencies of 

several rigid circular bodies were determined for vertical 

vibrations. Jones assumed a Poisson's ratio of 0.5 for the 

purposes of calculating the shear modulus from the Rayleigh 

wave velocity. He obtained 5,750 and 1,870Ib/sq.in. for sites 

A and B respectively (see P.16 of his paper). The resonance 

data for these sites are given in Table 3 of his paper and 

when use is made of figure 7 of the present theory, it is found 

that shear modulus, assuming Poisson's ratio of 0.5, varies 

as shown in the following table : 

TABLE  3 

Site Mass ratio Shear modulus lb./sq.in. 

A 
1., 

51 4,410 

109 4,530 

B 51 1,270 

80 1,430 

109 1,500 
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It can be seen that these values are not only much lower than 

his own values but also are not the same for each site. The 

explanation to these differences immediately comes from the 

method which Jones used to determine his resonant frequencies -

the usual resonance method of keeping force constant and varyin 

amplitude until the maximum is attained. As shown in_ the next 

chapter, this method is unreliable as far 

because of its non-linear characteristics 

at high amplitudes. 

This fact is more 

as soil is concerned 

which become severe 

vividly brought out by reference to the 

tests of Jones on sites C and D as shown by the results in 

Table 4 of his paper where we see that two natural frequencies 

are obtained with two different constant currents i.e. forces 

(since electromagnetic force is proportional to current). 

Thus, with the uncertainty of the correct resonant frequency, 

it is not worthwhile using the present theory to determine 

Poisson's ratio. Since the error involved in the calculation 

of the shear modulus is proportional to the square of the 

frequency, then in a case like site Cline 13,with resonant 

frequencies ranging from 77.5 to 67.5 for 0.5 and 1.5A. current 

respectively, the values of the shear modulus( for any Poisson' 

ratio ) would differ by 31.5%. Therefore, this method of 

determining resonant frequency is not suitable for soils. An 

alternative method, described in the next chapter has proved 

very successful. 
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10.3.3. The experiments of Bycroft (1959)  

Bycroft has carried out a field test for vertical 

and horizontal translation of a circular concrete block of 

diameter 5 and depth 1' on soil of which he assumed a Poisson's 

ratio of 0.45 and a shear modulus derived from Boussinesq's 

equation and the results of his in-situ static tests. The 

exciting force was produced by cut-of-balahce weights placed 

on the concrete and operated by a,. belt drive from an electric 

motor a few feet from the vibrator. 

Although this method of dynamic soil test using static modulus 

is not considered satisfactory (see next chapter), yet the 

experiment is cited here as the only available experiment which 

confirms that rigid bodies of small mass ratios (less than 

about 3) do not have an observable resonant frequency when 

performing vertical vibrations since the theoretical peak is 

too close to the static deflection. The fact that the above 

rigid body had a mass ratio of 2.53 and no peak appears in its 

resonance curve is a justification of the doubling back of 

the curves in figure 7. 

This phenomenon,peculiar to vertical translation cases and 

absent in rotation cases, is a direct consequence of the high 

dispersion damping in translational modes. This can be checked 

mathematically by investigating the decreasing or increasiiig 

nature of the resonance curves near zero frequency factor. 
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10.3.4, The experiments of Kanai and Yoshizawa(1961)  

Experiments on actual buildings have been carried out 

by the above authors of the Earthquake Research Instute, Tokyo 

for the case of the rocking of buildings whose lenghhs are 

much greater than their widths. Also, the experiments used 

in this section are for buildings in which the ratio, m, of 

the vibration of the roof to that of the base is such that the 

axis of rock is not too far from the base. It is to be recalled 

that the assumptions of the theory demand that this axis shoulc'. 

coincide with the axis of symmetry of the base. 

Since only one measurement i.e. resonant frequency of rocking 

was made for each building at each site, it is not possible 
ckn 

to determine Poisson's ratio and shear modulus indopelly, 

Therefore, shear modulus has been calculated for Poisson's 

ratio of 1/411/3,and 1/2 using the theoretical curves of figure 

The shear modulus thus calculated has been compared with 

the corresponding value determined by the authors using the 

wave propagation method as quoted in figure 7 of their paper 

This comparison is shown in Table 4 in which m is the abave 

ratio of roof to base vibrations and T is the time period. of 

rocking. 

TAME 4 
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TABLE 4 (continued)  

Assuming the experimental values to be correct, it is 

that Poisson's ratios can be obtained by plotting the 

values 'of G. 

A s:,e3imen calculation is given for the case of house 15, 

Nass -p?r unit length = 100/3tons per metre = 22,8001b/ftc 

If m 	the above ratio of roof to base vibration, h is the 

h,ight and b the semi-width, it is easily shown that the squa 

of the radius of gyration about the axis of rock is given by 

h 2 	 1 	m+1 2  

„ ( 
and the non-dimensional 

3 	4 	m-1 

6 	a 	
L: 

f.- ,1ti of figure 16 given by its definition in egalation 

is 	to be 5.58 after use has been made of the given den_i: 

and the values b=-3.4m = 11.13 ft. 

and 	h.9.04 m, = 29.7 ft, 

T1-i_ cif tile determination of a, the corresponding frequency 

for the. Poisson's ratios 1/4,1/3 and 1/2 are read from figure 

1G as 3,54, 0.58 and 0.68 respectively from which the shear 

moduli are easily obtained. 
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CHAPTER 11  

APPLICATION OF THE THEORY TO THE PRACTICAL  

DETERMINATION OF THE =NIG ELSTIC CONSTANTS 

OF SOIL IN-SITU 

11.1.Com  arison of the  method used here with other methods 

The problem of determining the dynamic elastic 

constants of soil in-situ has been briefly discussed 

in the general introduction (See article 1.2.3.) 

In this chapter is described a method of deter- 

mining these constants based on the complete solution 

of the rigid circular body, vertical translation which 

is summarized by Figure 7. 	In this figure more lines 

of constant Poisson's ratio besides the four cases of. 

O,4,  1 3  and i which were accurately determined have 

been added by plotting the points of intersection of 

any mass ratio line and the four calculated Poisson's 

ratio lines so that any other Poisson's ratio curve can 

be interpolated fairly accurately. 

The method of applying figure 7 then follows simply. 

A rigid circular slab would be placed on the soilat 

the surface. 	The slab would be loaded with a vibrator 
'iv 

exerting on it at the centre a vertical sinusoidal 

force. 	For known mass ratios, say m1and m2, and 

corresponding resonant frequencies Q1 and-04 2' 
figure 7 would show that, provided the shear modulus 

is constant in the two tests, there is only one line 
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of constant Poisson's ratio that will satisfy the 

necessary condition that the resonant frequency factor 

is proportional to the resonant frequency. 	A check 

can be undertaken with ?et another mass ratio. 	The 

shear modulus can then be calculated from any of the 

frequency factors and the corresponding frequency. 

Although there is another way of using figure 7 

which involves the measurement of force and amplitude, 

this cliapter later shows why this method cannot be 

recomMended. 	Indeed, any method which relies on the 

measurement of force or amplitude at resonance must be 

inaccurate at there will b6 some error due to thermal 

damping and the non-linear characteristics of soil. 

The frequency at resonance is, however, hardly 

affected by thermal damping and can be measured to a 

high degree of accuracy by electronic means. 

lso, resonant methods Which keep the force 

constant and vary the amplitudes will be inaccurate 

(See, for 6:ample l. commentsbn the. results of Jones 

It has been found essential, because of the 

non-linea'r characteristics of soil, to define res-

onance in terms of the minimum force that will main-

tain the same amplitude of vibrations throughout:the 

frequency range. 	Dior reasons of the non-linearity 

again, 'he amplitude should be kept as small as 

possible. 
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(1958) in the last chapter) mainly because high 

amplitudes will set in near resonance and the non-

linear effects of soil will certainly make the results 

unreliable. 

1.21Eiternative method is to carry out a wave 

propagation test in which measurements: of the wave 

velocities are made. 	Ls discussed later in this chapter, 

it is generally difficult with this method of test to 

determine independently the Poisson's ratio and the shear 

modulus because only one wave of propagation is clearly 

distinguishable. 	Also, this method yields indeed a. 

value of the dynamic elastic modulus as an average 

for a large area of ground and not directly under the 

rigid body. 

11.2. Subsidiary experiments before the field tests  

11.2.1 Calibration of vibration pick-ups 

The vibrc4ion pick-up used to measure the amp-

litude of vibration of the rigid body was a Dawe's 

moving coil (ele4,rodyn,,..mic) type which generates a 

voltage proportionl to the absolute velocity. 	The 

following procedure was adopted to determine the 

constant of proportionality. 

The graticule of a compound microscope with an 

objective m2cnificcltion of ten w,2,s first calibrated by 

focussing it against a standard micrometer scale in 
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whj.ch 'mm. is divided into a hundred parts. 	It was 

observed that ten divisions on the microscope coincided 

with 0,9 mm. on the scale thus giving the following 

factor for the microscope 

1 division = 0,00354 in. 

check was also made using a dial gauge. 	An auxiliary 

circular scale permitttethe reading of the microscope to 

a hundredth of a division. 

The pick-up was then fixed to a table supported 

by four 711of springs and connected to a vibrator by a 

short stud as shown in figure 23. 	This arrangement was 

part of the electronic circuit shown in_ figure 22. 

The millivoltmeter in figure 22 is a measuring box 

complete with differentiating and integratiTg circuits. 

It measures the output voltage from the pick-up by 

comparing the amplitude of the sinusoidal wave shown on 

;JTe oscii.losoope when a known mains voltage is fed into 

the box with the amplitude when the box is switched on 

to the circuit admittihg the pick-up voltage. 	It is 

obvious that all pro-amplifier and oscilloscope settin 

that affect the wave amplitude should be the same in 

both cases. 	The frequency of excitation is red 

directly _Thom the decade oscillator which reads acc-

urately to 0,01 c.p.s.. 

bright spot on the pick-up was focussed in order 

to measure the amplitude of vibration. 	Since, for 

harmonic vibrations, 
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velocity = amplitude x angular frequency, 

the velocity of the pick-up could be easily determin_d 

at any frequency while the corresponding voltage was 

read from the millivoltmeter as described above. 

Figure 24(a) shows the results of the calibration 

from which the constant of the pick-up was found to be 

104 mV (peak voltage) at 1 in. per sec. 

Figure 24(b) shows similar results for a Philips' 

pick-up intended to be used for measuring ground 

vibrations at the surface sway from the rigid body in 

the field tests. 

11.2.2 Testing the equipments on the college site  

Before taking the equipments to the field, it 

was thought advisable tc try them out in the college 

premises. 	The quadrangle between the Civil, Hechanical 

and Electrical Engineering buildings was the chosen site. 

No difficulties wore encountered and the equipments were 

considered fit for field tests. 

11.3 Field tests at Silwood Park, Berkshire  

Thc site chosen for the field tests is quoted 

by Jarman (1960) to be an unusually unifo= medium of 

a low wave velocity soil (actually sandy clay) gradually 

Merging to a 400 ft. depth of London clay. 	It corr-

espOnds to site 2 of his tests athe IMperial College 

F141d Station qilwood Park, Berkshire. 	The tests 

described hero voro performed in the last week of October 
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1964 during which the weather kindly remained fair. 

All equipments, with the exception of the vibrator, were 

inside a van. about thirty feet from the vibrator. 

A pit, eight feet diameter and 11- feet deep, was dug out 

to remove the loose top Soil until uniform sandy clay 

was reached. 

11.301. 	TZeson:,,,nce tests 

11.3.1.1. Description  of  the sot-up 

The electronic circuit was connected up as shown 

in figure 22. 	An assembly diagram of the vibrator, 

pick-up and rigid circular body is shown in figure 25. 

The pick-up was placed in a recess machined out in 

the top circular disc as shGT.. in the figure. 	The 

circular discs which are one foot diameter wore ground 

flat on both faces. 	The device of two studs sticking 

out from the base plate and holes in the other discs 

enabled the mass of the rigid body to be increased with 

the least distu bance of the base plate and, therefore, 

of the soil. 	The least weight of the rigid body- 

consisting of the base plate, the top disc and pick-up, 

the vibr.?,tor and load wAghts - was 231 l'o. 

An avometer was connected across the output of the 

power amplifier in order to measure the voltage applied 

to the vibrator. 
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11.3.1.2. Test procedure  

The mains switches of the electronic equipments 

were put on for about half an hour to warm the sets. 

Stray ra'?do waves ,nd other external fields which were 

detected on the oscilloscope were suppressed as much as 

possible by using an earthing lead from the pick-up to 

the oscilloscope andioy using the hum corrector ion the 

preamplifier. 

With the first mass - corresponding to the above 

least weight of 231 lb - on the soil, the E.H.T. of 

the power amplifier was switched on, the output knob 

was gradually turned from zero and the rigid body was 

sot into ve ical vibrations which were checked on the 

oscilloscop 	to be sinusoidal. 

From the calibration factor of the pick-up, the 

amplitude of vibration was set to 0.303 x 10-3in. at 

the arbitrary frequency of 42c.n.s.. 	The milli-

voltmeter measuring box was then switched on to the 

displacement (integrating) circuit and the height of 

the wave form was adjusted to occupy horizontal marks 

on the grid about 3in. apart. 	This height was to be 

maintained throushtout the test without touching any 

ad'ustment on the  pre-amplifier or oscilloscope that  

would alter it, but only by controlling the output 

from the power amplifier was the height to be adjusted. 

The test was then performed simply by changing the 

frequency (usiDg the decade oscillator) and adjusting 
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the power amplifier output until the constant amplitude of 

vibration was attained when the voltage applied to the 

vibrator would be read on the avometer. The frequency range 

should include one frequency with the minimum applied voltage. 

At the end of each test, the amplitude of vibration was checked 

to be unaltered. 

The results of all the tests, performed with six masses 

of the rigid body - 231, 295, 359, 423, 591 and 759 lb. -

at various constant amplitudes of vibration, are shown 

graphically in figure 26 in which the applied voltages have 

been converted to forces using the calibration curves discussed 

in the next article and the above masses have been given as 

mass ratios using the density 130 lb./cu-.ft. determined later. 

Also, the parts of the curves in the neighbourhood of resonance 

have been enlarged as shown in figure 27 in order to determine 

more accurately the resonant frequencies. 

11.3.1.3. Conversion of the applied voltage to force  

Since resonance has been defined in terms of 

minimum force that will maintain the same amplitude of vibration 

it is necessary to determine the force corresponding to each 

of the applied voltages. It is obvious that the exciting force 

on the rigid body is produced by the inertia force of the 

lead weights and the table to which they are fixed. Thus, by 

fixing the pick-up to the lead weights and measuring the 

amplitude x, say, of vibration at various frequenciea, the 

force is easily given by mQ2x where m, the total moving 

mass was 11 lb. for the tests. The corresponding applied 
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voltage was again read on the avometer. 

The result of the calibration is shown in figure 28 from 

which we notice the effect of the variation of thelcombined 

impedance of the power amplifier and the vibrator with 

frequency. This is shown by the subsidiary curve in the same 

figure 28 in which, by direct projection of points as indicated 

for one point, the variation. of frequency with applied voltage 

for a constant force of 25 lb. is given. An easier procedure 

might have been to read current instead of voltage since, 

theoretically, electromagnetic force is independent of frequent 

at a given current. However, the above procedure is seen to 

throw light on the impedance characteristics of the vibrator 

with the amplifier. 

11.4. Analysis of the results of resonance tests  

11.4.1.-  Determination of the soil density  

The density of the soil is required in the determinatio 

of the mass ratios and in the calculation of the shear modulus 

froom the resonant frequency factor. 

It was easily determined by cutting out two samples of soil 

3/2 x 11/16 x 5/8  and 11/8  x 15/16 x inches, directly under the 

rigid base plate and weighl:,ng them immediately on a chemical 

balance. The first weighed 7f,.4 gm. and the second, 26.8 gm. 

The calculated densities,we:.4e admirably close - 130 and 

129.5 lb./cu.ft. respective",y. 

11.4.2. Shear modulus and ?oisson's ratio by the recommended  

method  

It is to be recal_1ed that the primary object of the 
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test is to solve the problem of the dynamic elastic constants 

as discussed in the introduction. 

From the resonant frequencies shown in figure 27 and 

their correspomding mass ratios listed in figure 26, the 

procedure outlined in article 11.1. immediately gives, for 

any pair of mass ratios that the appropriate Poisson's ratio 

curve is 0.4 and the value of G, shear modulus, calculated 

from the resonant frequency factor and the corresponding 

resonant frequency for any of the six mass ratios is 

1,350 lb./sq.in. This corresponds to a shear wave velocity 

(velocity of waves of distortion) of 220 ft./sec. and a 

velocity of waves of dilatation of 540 ft./sec. 

The operating points are shown in figure 29 which is an 

enlarged view of figure 7 in the region of mass ratios tested, 

Figure30 also shows the variation of mass ratio with resonant 

frequency. 

11.4.3. Unreliability of elastic constants calculated from 

measured amplitude and force  

It was mentioned in article 11.1. that there is 

more than one way of using figure 7 to determine the elastic 

constants but that the only method recommended is the one used 

above. The reasons given in that article are further 

substantiated here by considering figure 31(a) which shows 

the sub-linear characteristics of the soil under dynamic 

conditions. By comparison with the linear curve which a 

perfectly elastic medium would follow under the same conditions 

of loading, it is readily obvious that the error involved 
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in the ratio of measured amplitude to force increases as we 

move away from the origin of the sub-linear curve. This has 

been shown in the same figure as the %ge error curve in the 

non-dimensional amplitude. Indeed, it has been checked that 

the tangent at the origin - which is the linear curve described 

above - gives practically no error in the non-dimensional 

amplitude at resonance. 

The effect of this error on bass ratio as shown in figure 

31(b) indicates that the error increases with decreasing mass. 

Thus, we can afford to work at higher amplitudes for larger 

masses with less error in the calculated non-dimensional 

amplitude at resonance. Also, when the error is negative i.e. 

from the points where the curves cross the horizontal axis, 

then linear elastic theory begins to take account of thermal 

damping in the medium. 

All these show that methods of determining dynaTic elastic 

constants of soil based on measured force and amplitude and 

assuming elastic theory are completely unreliable unless the 

sub-linear curve is accurately determined and the tangent at 

the origin properly obtained. This requires testing at very 

low amplitudes for a sufficient number of points and deter-

mining the best equation that fits the points. The differential 

coefficient at the origin would then be taken as the gradient 

of the linear curve of figure 31(a). The practical difficulties 

of testing at very low amplitudes and the effect of the=1 

damping which is not accounted for - and whose nature, in 

actual fact, is not really known for soil - make this method 

to be inferior to the one recommended. 
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11.5. M-.,,asurement of the velocity of waves of dilatation 

As a check on the valueiof the shear modulus determined 

by the recommended method ( article 11.4.2. ), a test was 

carried out to measure the velocity of waves of dilatation. 

A geophone was placed on the spot where the rigid body had 

been during the resonance tests and was connected to an M.D.1 

refraction seismograph which is essentially a timing unit 

with variable gain and was placed in the pit near the geophonc. 

A long lead from the seismograph goes to a sledge-hammer which 

was used to hit on an 8'r diameter, Wr thick steel plate 

placed in holes dug to the same depth as the geophone and at 

measured distances from the geophone. 

The time taken by the first pulse to reach the geophone 

was recorded on the seismograph. This corresponds to the arrive 

of the waves of dilatation since this is the fastest. The 

slower waves - shear and Rayleigh waves - are generally 

indistinguishable and, therefore, reliance is placed only 

on the first pulse. 

The results of the test are shown in figure 32 in which 

it is to be noticed that several readings, corresponding to 

various seismograph gains, were taken at each distance. The 

unpainted circles are for the readings taken at about 120°  

from the common direction of the other three. 

The gradient of the graph gives the velocity of waves of 

dilatation as 540 ft./sec. corresponding to 1,350 ib./sq.in. 

on the assumption of 0.4 Poisson's ratio. This is in very 

good agreement with the value predicted from the resonance 
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tests results. It is, however, difficult to.determine shear 

modulus and Poisson's ratio independently unless the arrivals 

of shear and Rayleigh waves can be distinguished. 

The author hereby,acknowledges the help and cooperation 
1 

of Mr. Morgensternof the Civil Engineering department and 

Dr.Knill of the Geology department with whom this test was 

performed. 

11.6. Static tests  

In the discussion on the problem of the dynamic elastic 

constants in the introduction (see article 1.2.), it was 

mentioned that the static modulus of elasticity is much 

lower than the dynamic modulus for soils. Tests on the soil 

used above have confirmed this statement and show that factors 

as large as ten may be involved if laboratory static modulus 

is used. 

11.6.1. In-situ static determination of the shear modulus  

The base plate was placed on the same spot as it 

was in the vibration tests. Two steel strips, 2ft. by 2" 

by 	were symmetrically placed at 6" apart on the base 

plate and were maintained in a non-slip position by placing 

on them another disc. Two 0.0001" dial gauges were placed, 

one on each strip, diametrically opposite each other. The 

gauges were supported from a net-work constructed from 

handy iron angles whose ends were four feet from the discs 

- a distance which would ensure that the deflection of the soi 

there did not affect the readings3of the gauges. Two beams 

were placed across the pit to form bridges on which the 



-155- 

loading weights were placed and which enabled loading to 

be effected without resting the feet near the loaded area. 

The results of the tests are shown in figure 33 in which 

load has been plotted against deflection as read from the 

dial gauges. Figure 7 shows that at a Poisson'-s ratio of 

0.41  the static non-dimensional amplitude is 0.15 - a result 

which can also be derived from Bbussinesq's equation. Hence, 

from the linear portion of figure 33,. we obtain the values 

of the shear modulus as 1,000 lb./sq.in. from gauge A and 

790 lb./sq.in. from gauge B which are much lower (26% and 

41.5%) than the dynamic modulus of 11 350 	. 

11.6.2. Triaxial laboratory test  

Mr. Morgenstenlkindly consented to conduct a 

laboratory test on. cylindrical samples of the soil taken 

from the core of a lump which was dug from the spot on 

which the rigid body was resting. 

The stress-strain characteristics of three samples as 

obtained from triaxial tests are shown in figure 34. 

The values of Young's modulus obtained from the linear 

portions of these-  graphs are quoted on the figure. Remember-

ing that Young's modulus is 2.8-times shear modulus for a 

Poisson's ratio of 0.41  the important conclusion to be 

drawn from this test is that elastic constants derived from 

laboratory static tests and applied to field vibration problems 

can only lead to very wrong results because soil in the 

laboratory, under artificial loading, does not behave as the 

same soil in-situ. 
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APPENDIX 1 

DERIVATION-  OF THE GOVERNING EQUATIONS OF MOTION  

The equations of motion - the three components of equation 

(1) - are generally quoted in published papers and sketchily 

or inadequately derived in elasticity text-books, for example, 

Timoshenko (1951) and Love (1944). The following derivation 

is given for the purpose of completeness. The equations have 

been derived in cylindrical polar coordinates but it should 

be remarked that they can readily be transformed to corres-

ponding equationa in other coordinate systems by well-known 

techniques of orthogonal curvilinear coordinates. 

Nomenclature  

r, e, z - cylindrical polar coordinates of P in figure Al 

r', 	z' = r+dr, 	z+dz, - coordinates of P' 

u, v, w - components of the displacement vector s 
-4 

of a 

particle at P in the directions r, el  z. 
-4 

r Q z LIS 	- components of the rotation vector 4,1 at P. 
11  

1, e 	- direct stress and direct strain respectively 
17p 	- shear stress and shear strain respectively 

1/1 X,(),G, E - Poisson's ratio, Larne's elastic constant, 

density, shear modulus and Young's modulua 

of the elastic medium respectively, where 

E 	and G - 	 
(1+V)(1-2y) 	2(14.)Y) 
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Sign convention for stresses  

Tensile stresses are positive. ?c,e, is a shear stress on 

the face r is a constant and in the direction. 6 increasing, 

It is taken positive if the tensile stress on the same face 

is along the direction r increasing. 

A1.1 Equations of motion in terms of stresses 

The element in figure Al is first considered as 

a rigid body acted upon by forces arising from the stresses 

shown in the figure. Resolving radially outwards along the 

mid-plane e+de = constant, resolving perpendicular to this 

plane and thirdly along the z-direction give the followinz 

equations of motion :- 

(6fri-effr)43ck  "ietak4lif°12-1 (1.z1f7r4r)rd'iir  +04(4-)circl Z  =CC&  -2. 
(ffeil*Cir  t (4/1;14;;)dOcil leeize)rrh)df f(tetylc)CtdrciZ =Cdeit .(Al) 

ate 
(C5zr GDrAfickit kr' -q`fir)sleciz i(ro,z-(e )Jrciz.m,-- r dv cw 

Noting, for example, that as P' tends to pez,, -(z101zr)dr 

and that the elemental volume dV.rdrdedz, we find that 

equations (Al) reduce to 

hr 	1)4e 	YCI-z Tr 	pu u \2 +
+ 

()r 	-I g 	+ -z 	r 	C. t = L7 

•Yert) 	1 )Ie + 7 	+ rez + r 
Zre 	

= 

2 
37 	tjg 	L. 
) 7 rz 	1 irez 	atz 'rz ,...

( 5-T2 
It should be noted that the above equations are statically 

indeterminate as they do not take into consideration the 

deformation of the element. 

..(A2) 
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A1.2 Compatibility of stress and strain 

Hboke's law gives the following expressions for 

the direct strains in terms of the direct stresses :- 

6  r 	6-e v6z 	= Etr, 

+ (14, -)voz  

	

-vur )1; + z 	E Ez  

By solving these simultaneous equations, we obtain the 

direct stresses in terms of the direct strains; 

e r 	-)/ 
1 -p where 4(v) = 

&z 	1  

for example, 

1 -y -y 
-) 1 -). 

-y 1 

(1-2.v)(1+y)2  

r 
6 (2/ ) 

After some reductions, it is found that 

Eb4+ (1-2V)er 

(1-2),)(1+v ) 

C 	= 	e e  Ez  . By introducing new the elastic 

constants G and j‘, we finally express eS r  in the symmetric- 

form 	6-r 	2Gtr  and in a similar manner 

	

+ 2G(.e    (A3) 

2az  

Shear stresses are directly related to corresponding shear 

r where 6.- is the dilatation i.e. 
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A1.3 Expressions for strains in terms  of displacements 

From the geometry of the deformation of the element, 

it is shown by Timoshenko (Pages 65,66 & 305) and Love (P.56) 

that the components of strain are related to the components 

of displacement by the following expressions :- 

r 
\ 
OU 

\r' 

	

1 V U 	4 - 	= 
ve 

	

r 	z z 

 

(A5) 

 

y 1 1 4 Y 

e 	 9 eZ.=. a z 	r Yzr= u 
z 

(A6) 
dr 

Also, 

2&Jr= 

the 

law 

r oe 

components of rotation are shown to be given by 

	

2tui-41 	)v v C.:)u (A?) 

' 	6- az 	car ;;-; 	r 	r.48 

A1.4 Expressions for the derivatives of shear strains  

It is obvious from the stress equations of motion 

(equations (A2) ) that, after the elimination of the stress 

components by using equations (A3) and (A4), we require 

expressions for the derivatives of strains with respect to 

the spacial variables. These are found after some differentia 

operations on equations (A5) to (A7) to be given. by :- 

	

c) ('Z1 : 2c)-ure 	2" z 	`GG 2iv 	2.c)at rre 27,4 26Er_ 2 yre\ 

	

. 	+ 
z 	z 	() r ' 5G -- -1'8 	a8 ' 5; - 	4-r8 	r 

fez 	216-z 2 almJ r  G 	/49 rzr 2o&r t'ru G) 2 
—.---- 7— 	+ - 

'JZ 	r ue 	dz 	car
_ _2 

~ 	r)r 	r 	c48 

2 2r l'„
v 	

2.6.1(3 	E-
° 
, 	611 

	

-z- 	r + 
-c) 

 

0 	t') G 	az 	3z  
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A1.5 Equations of motion in terns of the components of  

displacement, dilatation and rotation  

Finally, we can now obtain the equations of motion 

in the forms in which they have been quoted in, chapter 1 

by successive substitutions of equations (A3) to (A8) in 

the stress equations (A2) and by introducing the velocities 

of waves of dilatation (c1) and waves of distortion (c2
) 

which are related to the elastic constants by 

2 	'A+ 2G 	2 G c1 - 	c2 = 4 

After a few Jfluctions the final equations of motion are 

found to be 
2 	

- - 
2c* ,z, 4- 2c

2&-OG 	
) 

c2 	
2u — 	 — 5; 1 	 = 1 

or r ue 	42  

(A-9) 
2 1 k - Lne 2 1..ar + 	2)/4xz  _ 02 v ci ae 	c 2 3 z 	2_2

r 	dt2 
 

c2 4 2c2 2) (r/0,„ )+  2c2 )74r 	)2w  
- 	= 1 )z 	2t)r 	r  2 te 	rt2 

which are easily shown to reduce to equations (2) and (4) 

of chapter 1 for the vertical translation and torsional 

oscillation of the rigid circular body. respectively. 

A1.6 Composition of equations (A9) into the vector equation 

By using the definitions of the curl and divergence 

of a vector and the gradient of a scalar (in. this case, the 

volumetric dilatation) in cylindrical polar coordinates 

as given, for example, in Pipes (19581Pages 397 & 398), 

it is readily shown that the vector equation: of motion - 

equation (1), chapter 1 - is the composition of equations (A9). 

This completes the derivation of the governing equationgogi 
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APPENDIX a  

APPLICATION OF THE SOLUTION TO RELATED PRO PEENS OF SUPERSONIC  

AEROFOIL THEORY AND DIFFRACTION OF ELECTROMAGNETIC WAVE  

The. general nature of the solution presented here is indicate 

by quoting the above examples of other mixed boundary-value 

problems which have been reduced to dual integral equations 

that have not been satisfactorily solved. 

It has been shown by Gunn (1947) that the linearised super-

sonic aerofoil theory for the case of a supersonic steady flow 

past a finite rectangular plate aerofoil at incidence can be 

reduced. to the pair of equations :- 

JO 
00 

a(q)cos(kqx)dq,. 	= 0 	x!tb 

where. b is the semi-span of the aerofoil which has its leading 

edge lying symmetrically along the x-axis, p,e and k are constaii 

and a(q) is the unknown function required in the determination 

of the velocity potential. 

After referring to the original work of Titehmargh (1937), 

Gunn's comments on these equations are : " Its direct solution 

does hot appear to present a simple analytical problem ". He 

then went on to methods which evaded the mixed boundary-valu(-. 

problem. 

It is,  clear that)by a mere change of parameters,that the 

above equations can be rewritten in the convenient form: 

a(q)cos(kqx)dq. = e/pk 0,4x<b 
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F(71) 	cos(fc)dli . c 0(x<1 
(112.1.a2\-1  

F(1)cos(1X)01. 	0 	.3c' >1 
0 	

(12+a2)-1h...., By expanding 	4,A as a power series in 	where 

a is here cfl constant, a first approximation solution follows 

immediately by adopting the procedure of chapter 7. It is 

readily noticed that the leading term in this solution is 

the same as the second term (inertia component) for the case 

of the vertical translation of the rigid rectangular body 

and successive terms can be obtained from this solution also. 

A suitable contour for the derivation of the a:mplete 

solution is given in figure A2 and its image in the lower-half 

plane. The signs of the double-valued function04 are shown and 

the only pole within the contour is by-passed by the branch-

cuts and very small circle. 

The above equations are also known to occur in the problems 

of the diffraction of an unsymmetrical electromagnetic wave 

incident upon a slit cf arbitrary width. For the case of 

normal incidence, it is readily shown that the poles of the 

function move to the real axis as in the case of the 

torsional oscillations of the rigid circular body. Some of 

these problems have recently been discussed by Schmeltzc.L' 

and Lewin (1964) who have attempted a solution of the probl. 

by what they call the function theoretic solution. 
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INDFX OF PRINCIPAL NOTATION isee also Appendix 1) 

al 0  7, 	- coefficients in the expansion of 0/042.  

b - semi-width of rectangular body 

c1 2  - dilatationa= and shear wave velocities 

m - mass or mass Ier unit length of rigid body 

m - mass ratio, mAfR3  or m/Qb2  where R = radius of circular 
p - transform parameter 	 body 

u,v,w - components of displacement 

G - shear modulus of the elastic medium.  

J - Nan-dimensiotal polar inertias (equations 38b and 40b) 

M1,2 - double-valued functions (equations 9a and 9b) 

°I. - ratio of the wave velccities c2/ci 	= 

/12  - frequency factor, Ril/c2  or bil/c2  

- angular frequency of excitation 

- exciting farce 

0 - Rayleigh function (equation 18) 

- sign for non-dimensional quantities 

At - sign for maximum value 
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