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ABSTRACT

Dual integral equations representing the mixed boundary-
value problems of the vibrations of rigid bodies on the free
surface of a semi-infinite clastic medium are developed and
solved for the first time. Four cases are ccnsidered :~
vertical translation and torsional oscillation of a rigid
circular body and the vertical translation and rocking of
an infinitely long rectangular body.

Dynamic stress distributions under the rigidé bodies - which
have hithertc been assumed - are obtained directly from the
sclutions of the above equations and are presented in graph-
ical form as three-dimensional surfaces showing the effect of
Poisson's ratic of the medium and the frequency of excitation,
Resonarce curves for motion of the rigid bodies are immediately
derived from these stress distributions and have been compared,
for the circular tody, with the experiments of Arnold, Bycroft
and Warburton (1955), Other published experimental results
have alsc been used to check the above solutions, Special
attention is focussed on the conditions at resonance and a
single graph in each casc has been prepared to show the cffect
of mass or inertia ratio and Poisson's ratio upon the rescnant
frequency factor and non-dimensicnal amplitude.

A method is suggested for the practical determination cf
the dynamic elastic constants of soil in-situ simply based on
the use of this graph and the rescnant frequencies of rigid

circular bodies in vertical translation, This method has been



successfully applied to so0il at the Imperial College Field
Station, Silwcod Park, Berkshire as shown in the last chapter.
Finally, the general nature cf the present method of solution
tc mixed boundary-value problems which are reducible teo dual
integral equations is indicated by outlining the sclution to
some problems of supersonic aercfoil theory and the diffracticr

of an electromagnetic wave.
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INTRODUCTION

l.1. Statement and scope of the problem

The object of the Present investigation is to determine
the respcnse of prescribed rigid bodies on the free surface
of an elastic medium when they are acted upon by harmonic forces
or torques.

This problem clearly has a great number of applicaticns in
practice especiallly in a modemn world continually subjected Yo
the fits and starts of nuclear bomb e¢xplosions, the tremors of
earthquakes, the trains of waves from moving vehicles axd the
shock leads from different types of impact and hammering process
The vibration of buildings, transmission of noise and vibrations
through foundations, stability and oscillations of dams, tcwers
and similar large structures are other examples of the many

applications of the problem to practical life,

l.2. Literature review

Several authors have attempted to solve the abcocve problen
and, broadly speaking, they fall into twoc mein categories. :
those who seek a mathematical solution and those who use

empirical methods,

le2else Mathematical solutions

The first attempt to solve the problem seems to have
been made by Reissner (19%6). He considered the case of the
vertical vibrations of a rigid circular body on the free surface

of a semi~infinite elastic isotropic medium. He made the
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assumption that the stress distribution under the rigid body
was uniform and derived the displacement for the rigid body
under this assumption.

An improvement over this assumption was later made by
Quinlan (1953) and Sung (1953). Both assumed that the stress
distribution under dynamic conditions was similar to the known
static stress distribution. Before rescrting to this assumed
stress distribution, Quinlan remarked : "It is hopeless to
attenpt to solve the boundary value prcecblem for a rigid basec.
However, some information may be obtained by investigating the
vibraticns produced by a lcad distribution under a static rigid
base.". In their separate scluticns, they assumed further that
the displacement of the centre of the rigid body - derived from
the assumed stress distribution - should represent the displa-
cement of the whole rigid body.

Miller and Pursey (1954) assumed a constant stress distribu-
tion fcr vertical translation and a stress proportional to
radial distance for rotation abcut an axis normal to the surfac
Realising that the linear cr angular displacement derived fronm
these assumed stress distributicns would not be constant unler
the rigid body as decmanded from physical considerations, they
took 2 simple average of the displacement under the rigid body
to represent the actual displacement of the rigid body.

Yet another improvement came from Arncld, Bycroft and
Warburton (1955) who considered vibrations of a rigid circular
body cn both 2 semi-infinite medium and an elastic stratum for

the four modes of vertical, horizontal, torsional and rocking

Voot L.l vt R

[N P



vibrations. Further work on the stratum problem for vertical
vibrations was later done by Warburton (1957). Their apprcach
was to assume a stress. distribution similar tc the static case
and to take a 'weighted' average of the resulting displacement
under the rigid body. The weighting function for displacement
is proportional to the assumed stress distribution.

Other authors who have workcd on the assumption of a stress
distribution proportional tc that cbtained frem consideration
of static loading alonc include Biot (1943) and Hsieh (1962).

The cnly work, toc the auther's knowledge, which solves one
aspect of the problem without assuming a stress distributicn
was by Reissner and Sageoci (1944) who considered the case of
the tersional oscillaticns of a circular rigid body on an
elastic half-space. Unfortunately, the use of Legendre's
functions and cblate sphercidal ccordinates which they enpleyed
is linmited only to this one-dimensional problen.

Reissner and Sagoci (1944) in this work, had remarked that,
to solve the problem otherwise would require solving an infinitc
number cf sinmnultanecous equaticns invelving Bessel's functions.
In a note correcting this false noticn, Sneddon (1947)
reformulated the problem of the dynamic stress distribution
for this torsional ncde only in terms of dual integral equaticns
which he, however, did noct sclve.

Miller and Pursey (1955) in their second paper, althcugh
adhering to the assumption of a ccnstant stress distributiocn
under the rigid body, hinted that a supericr approach weuld

have been to start from the known displacement distribution.



A single integral equaticn cf the Fredholm type and first kind
inveolving the unknown stress distribution was derived but not
solved and the hope was expressed that some future work might
achieve this,

A review of some cf these theories has recently appeared in

a FPrench publication by Dawance and Guillct (1963).

1.2.1.2. Mathematical sclution of related problems in the

diffraction of an electromagnetic wave

Dual integral equations similar to those deriwved
by Sneddon (1947) as discussed above are kncwn to occur in
the problem nf the diffraction of an electromagnetic wave
incident upon a plane slit. This problem and the related
prcblem of supersonic flow past an aerofoll are mcre fully
discussed in Appendix 2. It is only relevant here to mention
the latest reference that attemnpts the sclution of dual integral
equations. This ccncerns the paper of Schmeltzer and Lewin
(1964) who cbtained solution for the above diffraction problen
by the function theoretic method., Again, like the solution
of Reissner and Sagoci (1944), this method is nct only cumbcr-
some but also it is limited to this relatively simple pair
of equations. None of these methods - oblate spheroidal
coordinates or function thecretic methods - are applicable
fo the more complicated vibration problems which include vhe
Rayleigh function (see cequation 18 later) with its poles and

branch-pcints.
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1.,2.2. Enpirical methods

It is a matter of common experience that one main
difference between aArigid becdy resting on a medium and the
same body vibrating is that part ¢f the medium in the latter
case 1s also in motion., Therefore, it follows that a static
stress distribution can be used, to some extent, to predict
the rescnant frequency cf the rigid body if some mass of the
medium is added on to the mass of the rigid body. The questicn
that naturally follows is : "What propertion cf the mass of
the medium is to be added?"

The idea of making allowance for all parts cf a vibrating
systen taking part in the moticn is nct strange in mechanical
vibrations. For example, the Rayleigh energy method can be used
to take account of the inertia of springs cr beams partaking
in vibrations. It appears, however, that energy methods will
be very tedicus and perhaps impossible for the present problemn
since displacement functions in the medium (froem which
velocities are tc be derived) are yet unknown as these depend
on the unknown stress distribution under the rigid body.

In crder to answer this questicn of equivalent inertia cf
the medium, a2 number cf empirical and semi-empirical methods
have been evolved. Jaccbson and Ayre (1958) suggested, fcr a
rectangular base, that the mass of the medium to be addec t7
the rigid bedy is that contained in a half of the semi-
ellipscid which has twe of its semi-axes equal tc half the

length of the base and the third, half the width.



Ancther shhool of thought introduces the 'bulb of pressure'’
concept which considers the mass c¢f the medium participating
in the metion to be within a certain pressure zone subtendec
by the rigid bedy. A few prominent members of this idea are
Crockett and Hemmend (1949),Eastwood (1953) and Rac and
Nagaraj (1960).

One cther idea closely associated with the problem of the
equivalent mass is the concept of the 'subgrade reacticn' by
which the elastic effect of scil on which the rigid bedy 1is
resting is visualised in form of spring reactions or spring
rates.iThe coefficients cf subgrade reactions are defined in
terms of load per unit deflection (horizontal or vertical)
per unit area. This concept has been used, for examplc, by
Terzaghi (1942) and mcre recently by Hsieh (1962).

In 211 these attempts, it is sufficient to summarisc that,
like the questicn of the equivalent inertia cf the medium, no
one has succeeded in giving a2 satisfactcry answer to the mag-
nitude of the ccocefficients of subgrade reaction in relation
to the dimensicns of the base of the rigid body, its mcde of
vibration and the elasstic properties of the soil under dyna-
mnic ccnditions.

Finolly, there is ancother empirical method strongly favoure”
by Lorenz (e.g.1950), Tschebotarioff (e.g.1951) and Alpan
(1961) which disregards completely the mass of the partici-
pating medium but studies the motion of the machine-foundeatio
mass under the influence of the soil reaction in the form cf

restoring and dissipative forces, Also, isotrepy or homege-
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neity of scil is considered not impertant. The value cf this
approach is lost when one considers the experimental labours
involved in determining the nature of the restoring and

dissipative forces.

1.2.3., The problem of the dynamic elastic constants

It is clear that whatever method c¢f solution one adcpts,
the elastic constants under dynamic conditions areimportant
parameters whosc numerica2l values are ultimately required.
Whilst Pocisson's ratio can be assumed to be reasonably constant
it is a well-known fact that the static modulus of elasticity
for scil is generally lower than the dynamic modulus. This
has been observed, for example, by Bernhard (1953) who used
the wave propagation methed of measuring dynamic modulus tc
compare with the static value. Alsc, laboratory tests on scils
are very unreliable as the soil is in a disturbed state and,
therefore, cannot be expected to have the same propertics &s
the same scil under its natural conditions in-situ. The
demerits of wave propagaticn method are discussed in Chapterl: .

The methed of determining elastic constants from réesonance
Tests is now beginning tc gain prominence. For example, Jones
(1958) - who also used the wave propagatiocn method - and,
lately, the U:'S.Army Engineer Waterways Experiment Staticn
(1963) have performed rescnant tests with rigid circular
hodies in vertical translation. Jones used the theory of Sung
(1953)- which has been discussed abcocve - to calculate the

sBhear nmodulus on the assumpticn of a Poisson's ratic of 0.5,



There is one strong objcction to the method whereby resonant
frequency fcor these rigid bodies has been determined by the

above experimenters and indeed by almost all others. They have
carried cut the normal resonance curve procedure of measuring
amplitude at various frequencies. As more fully discussed in
Chapter 11, This method docs not make 1t possible to know the
real resonant Prequency because of the non-linear characteristics
of scil which asre indeed severe at high amplitudes which arec,

of course, closely asscciated with rescnance by the above methods
of testing. If resonant frequency is not properly cdetermincd and
therefore, not kncwn, it is cbvicusly useless tc make use of

such data to determine elastic constants especially when shear
nmodulus is proportional to the square of frequency at a giwven
resonant frequency factor. The crder of error involved by wroag
determination of resonant frequency is discussed in the compari-

son with the experiment cof Jones (see Chapter 10).

1.3, Objecct of the present investigation with some comments on

previocus golubticons

"
1

The aim has been to sclve the problenm stated in article 1.1
without assuning any fcrm of stress distribution under the rigid
body. It seems more direct and pcrhaps more logical, to use the
known displacement distribution to lcok for the unknown stress
distributicn than to destroy the Known by assuming a wrong
Unknown ahd later seek a way cf straightening the Known.

Alsc, from article 1.2.1., it is seen that there is more Shan

one way of assuming the Unknown and when the wrong displaccment
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has been derived, there is still more than one way of straigh-
tening the result. It appears feasible alsc to evade the mixed
boundary~-value préblem by assuming a displacement function
outside the rigid body, deriving the corresponding stress
function at the boundary and adjusting this stress function
until it causes the boundary stress away from the rigid body
to vanish.

Surely, in all these diversities, a unique approach will
be desirable -~ a methed that will provide a satisfactory
answer tc the questicn of the equivelent mass, suggest a reli-
able methed of determining the dynamic elastic constants of
s0il in-situ and above all, will provide such a general
sclution that will be readily applicable to related mixed
boundary-value problems in cother fields. The present work is

an attempt in that directiocn.

l.4., A brief survey of the present work

Four cases of rigid bodies vibrating on the free surface

of a semi-infinite elastic medium have been analysed
the vertical translation and the torsional oscillaticn abcut
an axis normel to the surface of a rigid circular body and
the vertical translation and rocking of an infinitely long
rigid rectangular body.

The work is conveniently divided into three parts. In Part
One, the thrce compcnents of the vector equation of motion
are derived from basic elasticity theory using cylindrical

polar cocordinates. The partial differential equstions of moticn
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are then reduced tc cordinary differential equations by the use
of Hankel transforms (for the circular bedy) and Complex
Fourier transforms (for the rectangular body). By retaining
the exact boundary conditicns, the problems are expressed

in terms of dual integral equations with the transferm of the
dynamic stress distribution as the unknown.

In Part Two, the dual integral equations are solwed first
for the static case, Then a series sclution for a first approx-
imatien cf the vibration problems is found - from this, an
answer is given to the question of equivalent inertia cf the
nedium. Finally, a conplete solution is presented based on the
ccmbined use of contour integration, extension of the dual
integral equations of Titchmarsh (1937) 2n2 s sysie wbic
scheme »f successive approximations. In this part, several
classes of dual integral equations cre solved for the first
tine.

The above sclutions are verified in Part Three by comparison
with some suitable published experimental results. Also
the dynamic elastic constants of soil arec determined from this
thecry and the results of resonance tests performed on soil
at the Imperial Ccllege Ficld Station, Silwood Park,

Berkshire and are compared with results cf wave propagation
and static tests c¢cn the same site and laboratcry tests con
samples cof the same soil. In the resonance tests, the usual
rescnance curve technique criticised in article 1l.2.5. is
replaced by one defined in terms of constant'small amplitude.

Finally, the application of the thebdry to problems of aerof~i
diffraction theories is discussed in an appendix.



PART ONE

DEVELOPVMENT OF THE DUAL INTEGRAL EQUATIONS
REPRESENTING THE MIXED BOUNDARY —YALUE PROBLEMS



CHAPTER 2

GOVERNING EQUATIONS OF MOTION

2.1 Vector equation of motion

The motion of any particle in an isotropic elastic
medium in terms of the displacement vector, &, when dampin-

is neglected is given by

3
g

O +2

where ¢y is the velocity of waves of dilatation and Co is

looioot(l)

2 2
** ¢] grad div 8 - ¢, curl curl 2 =

the velocity of waves of distortion. The volumetric
dilatation, € = div 2 and the rotation &3 =hcurl 5%

2.1.1. Rigid circular body

It is convenient %o resolve equation (1) into
cylindrical polar coordinates in which u, v, w are the
components of 2 in the directions r, 9, z.

Case (ai) Vertical translation In this case, axial
symmetry gives v = 0 and all derivatives with respeo.
to © vanish, hence :-
24
O%.b_g. + 20% é_l\ie = B Jbooooo(ga)
dr dz : at2
2
Gi é'g— - 202 é"(I‘ZA’) = B W onooo-o(gb)
3z Etz

¥* The equations of motion - the three components of

equation (1) - have been derived from first principles
in Appendix 1 using cylindrical polar coordinates.



where €& = % + Q% + f@ﬂ

and the ©-component of rotation, U3q = %(bu/éz -aw/é‘-f)
One method of separating & and WSy in equations (2)
is to perform the following differential operations :-—

%@b) L

’

G (2)
z

§ N
+ gfjcea) . .ggceb)}

after which equations (2) become

gf_g \ L&.(%ﬁf + 02¢

P Sy
M- sf!f.v’

and % [

3

il
o

olcueoo.n-nnﬂoo°(5a>

2 \
d win D | 12 2 )
B_Zé * a1 ;ﬁ(rbja)}+gzzﬂa = 0 eveenenee (3D

where it has been assumed that the oscillatione arc sim~-
harmonic with an angular frequency Q , and the notatiow

9.1 = Q— .Qg = Q__ is introduced.
1 1 Cs

E&EuEHEEEEE
Here v = w =0 and, again, all derivatives with res~»
to © -vanish. Then it can be shown that equation (1)
reduces to the one-dimensional problem expressed by

a

h)

5
’"(I‘V)S + - 'Sv O oo-.nanao(ll'>
T i

It is to be noted *thaot this mode of vibration is free
from dilatation i.e. the elastic medium is in a state of
pure cheaqr,
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Figure 1 - Ccordinate system for the rectangular bodies
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2.1.2. Infinitely long rigid rectangular body

The cartesian coordinates will be adhered to, in
which wu, v, w are now the components of g in the
directions x, y, 2z with the infinite length of the body
along the =z-axis as shown in figure 1 so that w =0
and all derivatives with respect to z vanish.

Case (bi) Vertical translation

Under the above conditions, it can be shown
that equatlon (1) reduces to

vgé + Qié O tevensa(5a)

1

2 2
K7 Eﬁé + gﬁLEZGZ

O wseneee(5Db)

32
where Y? (?&z + ——2 is the two-dimension~l

Laplace partial differential operator, the dilatation
| ¢

of rotation A

dudx + ?§v/éy‘, the z-componen?
A
%(dw/dx - du/dy) and 5)1 and' /,

are as defined in equation (3).

Case (bii) Rocking about the 2z-axis

BEquations (5a) and (5b) also apply to the
rocking mode of vibration. Therefore, until the boundary
displacements are introduced, it will be implied that ail
equations for the rigid rectangular body apply to both
cases of translabion and rocking.
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CHAPTER 3

GENERAT, SOLUTION OF THE EQUATIONS OF MOTION
BY MEANS OF HANKEL AND COMPLEX FOURIER TRANSFORMS

5.1 Definition of the transform variables

The partial differential equations (3) to (5) are
reduced to ordinary differential equations by introducing
the following dependent variables of Hankel and Complex
Fourier transforms :-

o0
In equation (3), gﬁ(p,z) = S E(r,z)rJo(pr)dr.
0
oe
3,, (p,z) = ‘ng(r,Z)rJ (pr)dr.
Dy " oo 1
o P
In equation (&), v(p) = S 'v(r)rJl(pr)dr. &...(6)
0 /
— CQ -
In equation (5), ¢(pyy) = S. € (x,y)e Prax.
..oob
—- od ivx
W, (p,y) = S oy, (x,y)e " dx.
- o5

where the'bar'notation over any variable indicates the
corresponding transform variable,

3,2, Significance of assuming a semi-infirite medium

The elastic medium is assumed to be semi-infinite
i.e. to occupy the infinite half-space below an infinitely
wide horizontal plane which forms its only boundary.
This assumption ensures that waves propagated from the
origin are not reflected and, therefore, any interference
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of waves is eliminated. Furthermore, the conditions at
infinity are such that the product of functions which
occurs in the process of integrating by parts vanishes:
the transforms of derivatives of the functions in
equations (3) to (5) can then be expressed in terms of
the dependent variables of equations‘(6) using well-known
techniques of the operational calculus.

3.3. Application of the transform variables

Eliminating r in equations (3) and (4), and x
in equation (5) by introducing the parameter p of
equations (6) leads to the following ordinary differential

equations :- 5
d°z 2-
In equation (3), —wgg - %1&% = 0 ...e...(73)
az
dg“;:& D
""“'"2""'?'1 - mgw@‘ = O c-cooun(?b)
az
2~
I +4 v 2 3
n equau_LOIl (4)7 "’"“? - ’9\2V = O aoo.on-(B/
dz
2~
I 3 ( d & -;42" —
n equation (5), —s - W = 0 ,e00.000(9a)
dy
. O
dzs e
"'“""‘2"Z" - ‘J{ 2{JYZ = O ¢ 00 e so‘(9b>
dy

where the following notation has been introduced :-

2._Q2
(X% = :og - (A‘?— dg = D - 02
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5.4, General solution of the transformed equations

-

Since all transforms must vanish as 2z or ¥y tends
to infinity, we immediately have the general solution of
the above ordinary differential equations as

%\;0 = %e-- lz ."QﬂL..lDO.(lOa)
- 0

?:".76' = Aﬁe 22 ..eooc.noa.c.(lob)
:\-7- = Pe—e\gz -oaocooa-ncoo(ll)

= Cle“dgy ccoeoucoo-noo(l2a>

g
1

- X
Ly e 2

ot 02 lonooa:oonco.(l2b)

where the cosfficients A,B,C are arbitrary functions

of the parame®ter p, to be determined from the boundary
conditions.
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CHAPTER 4

EVALUATION OF THE AREBTRARY FUNCTIONS IN THE GENERAL
SOLUTION IN TERMS OF THE REQUIRED BOUNDARY STRESSES

4,1, Expressions for the general stress components

It is required to obtain expressions for the general
state of stress in the elastic medium from which, as a
particular case, the boundary stresses can be derived.
Elasticity theory gives the following relations for the
cases under discussion :-

4,1,1, Case (ai) Rigid circular body, vertical translation

C

A )
2 Qr\ + (MN+ 2G)éz

i -g-r-(ur) (s 2G>%-VZ“-

Substituting for u and w from equations (2a) and (2b)
and remembering that for harmonic vibrations at an angular

frequency (L ) EEEQH,W) _ -(12(u,w)
D62
it is found after a few reductions that '
. - S@'%?E‘r{ 30) 31 () ﬁf-% -
2 -~ z
Similanly,?}z = G(%% + %%)

bl [ - 3 ]

where A is Lame's elastic constant and G 1s the shear modulu.

. c -
Also the ratio = @ = -l - k2 >1 has been introduced.

oh
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Case (aii) Rigid circular body, torsional oscillation

In this case, the only stress component reguired

is T - o N ¢ 1))

Z9 3z
4,1.2. Case (b) Rigid rectangular body
kéx + (A+'2G)£

°y

) du + (A+ 2G)Bv

VX

and after a few substitutions and reductlons in the same
manner as in case (ai), it is found that

2 2 4y )2
LG PR W50 X EQM(“
y 175 { éyg * Axéy ¥ F Gx~ )
Similarly, ?‘Xy - G(%l-; , %}-‘2)
26 { & 25, ¥ 2us,

= £2 -2 - co (170
QS?%—y 52~ F exayg

4,2, Transforms of the general stress components

The above expressions for the stresses can be
simplified by using the appropriate transforms analogous
to the variables defined in equations (6). The application
of the transforms leads to the following ordinary differents -7

equations :-
- ~ 4.2
. G |, ats A@? d%€o ;
- =(§§{4de a AE b -P-—z—} cierieen.(138).
'2 &
~ G 0 A,
= —-2p 1w, + 2 - 2 3‘3 veeenesaes(1l2)
rzy 0} { 0 F d dzz
- av
?’Zs = G""'"-' . . ¢ oo ° ¢ o 0 9 ® 000 ¢ @ oootnc(lS&)
- dz o Ay 5
- G d -
Gy = Q,déq'——% - Ll"lp-'_ - @ épge_ e o e (l6d)
- > %y dy
Txy 2G { d°&s, o . p2dZ .
= + w _ = e 5 0 0 8 0 a0 ¢ )
Gg P Pwy + 1pfTgs (17a)
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4.5. Transforms of the boundary stress components

The particular case of transforms of the boundary
stress components can be deduced from equations Oﬁa) to
(17a) after the general solutions given by equations (10)
to (12) have been substituted in equations (13a) to (17a),
and the depth variables z(equations (10 and (11) ) and
vy (equation (12) ) are each set to zero corresponding to
the surface of the medium. This procedure gives the
following expressions for the boundary stress transforms
in terms of the arbitrary functions :-

= ¢ 2( )\ 2 7
(UZQ)Z_O ﬁgi— 4p0!2A1 + @ (ap - fﬁ%KJAz} oas(13D)
- 2

— 2G £, 2 2
<?-rz>z=0 d—g{—wz + p)Al - ?20(11)1&2} feseeeees(14D)
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( "’:y%, = - _,,{62 pT - &pg)c ¥ 41?“202; (16D
=0 flg ‘ 1 G 1 voo J
(Fx:)ay=o = - %—%{1@2@(101 (x5 p2)02} covoeeree (17D

4,4, Representation of the unknown boundary stresses

by single stress Functions

It will now be assumed that the unknown stress
distribution at the surface can be represented by a single
function of the independent spacial variable v, for the
circular body and x, for the rectangular body. Assuming
also =2 frictionless contact between the base of the rigid
body and the surface of the semi-infinite medium,
except, of course, for the case of the torsional oscillaticn
of the circular body, then :-
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It should be noted that the <tress functions defined in
equations (17¢) to {17c) are kept to apply also to regioi.
outside the rigid body. This is an important point as

it distiinguiches betwsen a solution of the problems by
dual inbtegral equabicns and a solution by single integral
equations of The Fredtolm type and first kind - the lascer
makes use, divocsly, of the cbvious condition of zero
surfzre cbress away £rom the rizid body so that its sihiress
Tunction appiies to reglong under the rigid body alone-
The method of dual integral equations, however, makss unc
of tn's cendivion in formnlabting the second of the parr
of equations as shown in the next chapters

225. Tvelneuion of the arbitrary fuactions

The transforms of bthe single stress Iunctions i roduced
in the last zection are dsfined in the same manner as o
the functions of ecuations (&), Since these single slvern,
funciviLons apply 01"y o the boundarystresses, their
tranafolus cun be equated with ecquations (13b) to (17by
giving the following equations for the arbitrary funcuicns
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CHAPTER 5

FORMULATION OF THE DUAL INTEGRAL EQUATIONS

5.1. Transforms of the boundary components of displacement

The next step is to obtain the transforms of the
relevant components of displacement noting again that,
for harmonic oscillations at an angular frequency4f1,

¥ . 0%

342

5.1.1. Case (ai) Rigid circular body, vertical translation

From equation (2b), the vertical component, w is

given by
w o= - 1 aé(r z) 2 lé (I‘LJ) ..(19)
Q3 32 Zryr
and its transform in relation to the definitions in equations
(6) is
W o= - L de, , 2pg3
o - c 91 -.-..........e..(lc)a)

(11 dz ()S

Using the solution in equation (10) and setting z=0, we
obtain the transform of the boundary component of displacement:-

dy 2

(WO)Z=O = QL_ + Q2A2
2

ceenereeeneneeesn e (19D)

Case (aii) Rigid circular body, torsional oscillation

Since the component of displacement, v, has
been given implicitly by equaticn (11), we obbain directly
the equation correspogdipg to equation (19b) :-

| (i%=o=.}B PN (01 )
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5.1.2. Case (b) Rigid rectangular body

It can be shown that, after some simplification
of equations (5a) and (5b), the vertical component of
displacement is given by

1 )(- 2 bw
v = - "‘2"""‘ + "gy‘z' 0000009.0-.0.0..(21)
The transform of v, again using equations (6), is
- 1 .- 2ipas
\'2 = "_?g-g' + ——ZZ ocoo-ncacc-ocioﬁ(gla)
f)l dy f)z
2ip
and ( LO Q-EC + "'(‘-)EC2 010-00500000000-(2lb)
2

5.2. The inversion theorems of Hankel and Complex
Fourier transforms

The functions of the spacial variables in equations (6)
can be expressed in terms of the dependent variables which
are functions of the parameter p by means of the following
corresponding integrals obtained from the inversion theorems:-

a0 _
€ (r,2) = &éo(p,Z)pJo(pr)dp-
0
od _
l?50(1",2) = &C’;’&.(p,Z)le(pr)dp-
v (r) = gu;kp)le(pr)dp. vieesssel(6a)
0 |
1 p -ipx
& (x,y) = ep,y)e dp.
"< o0

1 fro- .
W, (x,5) ;";mez(p,y)e'lpxdp- J

~op
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5.3. 1Integral representation of the boundary displacements

The integrals analogous to those defined in equations
(6a) will now be used to obtain expressions for the
boundary displacements when use is made of equations (19Db)
to (21b).
5.3.1, Case (ai) Rigid circular body, vertical translation

w(r,0)

i

oD
yo(ﬁo)ﬁopJo(pr)dp»

%1 2p
skt A2 pJd (pr)dp.
[ - o

02 _ﬁ&r) pJ (pr)dp.  ee.en...(19)
o Z(p)

Case (aii) Rigid circular body, torsional oscillation

‘rx?G)Z=Ole(pr)dp-
j”" Bp7, (pr)dp.

‘S “i-lle(pr)dp crentasasaeed(20C)

5.3.2. Case (b) Rigid rectangular body

v(r,0)

1l

i

-ipx

v(x,0) dp.

1 ——
'2‘7—‘/ (V')y:oe
0

1 o 2i > -ipx
= —— o. + ZXPo. Ve dp.
2n¢_§§g Lo Qge

_xe [T % S(x)e™tP¥ap.  .....(21c)
21G,)_po 2(p)
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5.4, Integral representation of the boundary stresses

We shall require later the corresponding boundary
stresses which have been defined in equations (13¢c) to (17¢)
as fumctions of the single spacial variables r and X.

It is convenient here to express them in terms of their
respective transforms by using inversion formulae analogous

to those defined in equations (6a) so that
(2

§(r,0) = JO é(r)pJo(pr)dp. ceveanee19d)
~ (0'—3 .
( (r,0) = }O?(r)le(pr)dp. eresceas(20d)
ps)
O (x,0) = —l—gi(x)e‘ipxap. ceeesass(21d)
2k —-of

5:5- Derivation of the dual integral equations

With the derivation of the boundary stresses and
displacements as given in the preceding articles, we arec
now in a position to formulate the dual integral equations
representing the mixed boundary-value problems. The exact
boundary conditions to be satisfied are :-

(1) Constant linear or angular displacement

underncath the rigid body
and (ii) The vanishing of surface stresses away from
the rigid body.
These conditions are equivalent to :-

5.5.1. Case (ai) Rigid circular body, vertical translation

Using equations (1S.) and (19d), we obtain

Q5 (0 -
—= ) @Tﬁyﬁ(r)pJO(pr)dp, = W 0O<r4<R
G O ) toon(22)
1ol
§(x)pd (pridp. = 0 r>R

J o
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rigid body and is a constant with respect to r but varies

where Wy = woel ig the vertical displacement of the
harmonically with respect to time,t and R is the radius
of the body.

Case (e2ii) Rigid circular body, torsional oscillation

Using equations (20c) and (204) :-

o

1 = = _
- g dﬁPJl(Pl‘)dp. = r@o O0<r¢R
o @ .. (23)
00 =
g ((r)pJ;(pr)dp. = O r>R
0
where GO = QoeiQt is the angular displacement of the body

and is, again, independent of r. ZEquations (23) are
equivalent to those given by Sneddon (1947).

5¢5.2, Case (bi) Rigid rectangular body, verticzl translation

Using eguations (21c) and (214) :-
2 .
_ Q 2 %1 F(x)e TP¥ap, vo |xje®
onG _of’(P) ... (242)

* | >b

1

~-ipx

1
o

F(x)e dp.

-oD
where Vo = voeinx is the vertical displacement of the
body and is independent of x, and 2b 1is the width of
the body. Because of the symmetry of vibnations about the
z-axis, the imaginary exponential can be replaced by a
cosine term and the limits of integration are then taken

as zero and infinity :-

1

2 roQ
_Q?.. S M(x)cos(px)dp- vy x<DbY
"G Jo #(p) (oea(28)

il
o

o N
jo g(x)cos(px)dp. X Sb
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Case (bii) Riegid rectangular body, rocking mode

It is readily obvious that the anti-symmetry of the
vibration in this case requires the cosine term in equations
(24) to be replaced by the sine term. Remembering it is
the angular displacement which is constant here with respect
to the length coordinates, then corresponding to equations (24)
we obtain:-

2 o

Q5 5 %1 Foosin(px)ap. = x Y x<D

NG Oﬂ(p) eeas(25)
O
jOE(X)sin(pX)dp. = 0 X>b

N .
where 'W'= erlnt is the amgle of rock and is also

independent of x.

It should be noted that in equations (22) to (25)
4 and @(p) are functions of p which have already been
defined in equations (9) and (18) respectively.

5.6, The dual integral equations as an exact formulation

of the mixed boundary-value problems

It is considered noteworthy to emphasise here that
the pairs of equations (22) to (25) are the exact conditions
which the transforms of the unknown dynamic stress
distribution should satisfy in order to ensure that the
mixed boundary conditions are exactly fulfilled.

The importance of this special note is two-fold: first,
it makes it quite clear that the dynamic stress distribution
is far from being such a simple function as can be replaced
by a constant stress or static stress distribution - which
are the usually assumed stresses as have been discussed
in the introduction. Secondly, it expresses the neced for
further researches on dual integral equations by pure
mathematicians who are generally fascinated by practical
engineering problems reduced to such a conscise and neat form.

The general solution of these equations would lead to
an answer to a hitherto unsolved problem.



PART TWO

SOLUTION OF THE DUAL INTEGRAL CEQUATIONS
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CHAPTER 6

SOLUTION OF THE STATIC STRESS DISTRI BUTION
AS A TIMITING CASE OF ZERO-FREQUENCY VIBRATION

6.1. Purpose of the solution for the static case

It is found necessary to solve the main equations
(22) to (25) for the special case of static loading for

two reasons :- (a) For comparison with known stress
distributions obtained by analysis of the static conditions
alone and (b) For subsequent use in Chapter 7 as

the first term in an expansion.

6.2« The class of dual integral equations for the static case

As the frequency of excitation tends to zero, the
dual integral equations (22) to (25) reduce to the familiar
equations which have been studied by Titchmarsh (1937),
Busbridge (19%8), Tranter (1951), Gordon (1954) and several
others. The equations take the form :

)
S\Opmf(P)Jv-(pX)dp. = g(x) 0¢x<l

oo o(26)
5:" £(p)J,, (px)dp.

o) x>»1

L}

where f(p) is the required function of p and g(x) is
a known function of x. The solution of f(p) using
Titchmarsh (193%7) and Busbridge (1938), is

5 1-%/2 1 1 _
f(p) = ET-?%@;)- g o u1+0k/2J?+oy2(pu)duS (uv)vy'Fk v gvl
ceseses(262)
provided o > O ?
or —01‘/2 A pl+d/2J2vM< )X .V+1(1_y2> g(y)dyt +
£(p) 4+f&

2 ,
1 - 2 1
F(I*UVE) J u?*l(}~u / duj g(uy)(py) Xy (py)dy
0 0 y+1+ 2
) -ooo.o.(26b)
forX > -2 and -(P+1)K K~ < V4]
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6.3, Static stress distribution yuypder the rigid circular body

Case (ai) Vertical translation

Using de'l'Hospital's Fule,
2 =P
Q1im.(12°<1 ?}%5 15
~—0  F(p) >
RAIENR
oY

from which it is found that

2
im. $256 (2
lim, /27 1 8. -1 1
——me = where =z = ==l
A0 4(p) 2(83 - Dr S
Bgquations (22ﬁ>then reduce to
J P—lf(p)Jo(pr)dp. = ¢ O<r¢R
0% ‘ a.oo(27/>
[ - f(p)J (pr)dp. = 0 r> R
0 o)
where ¢ = —2G<1 "@]2.)‘”0 and f(p) = (}(r)p

It is easier to solve equations (27) by using the well-known
relations (Waggon P405)

J P_lSin(pR)Jo(pr)dp. “72 O<r<R
0

€..(27a)

§O° sin(pR)JO(pr)dp. 0 r>R
0

from which, by comparison, we find the solution

£(p) = Fesin(pR)

hence &(r) = %QEQE%EBI crocsesss(27b)

and by using the inversion theorem (article 5.2.), we
obtain immediatcly the static stress distribution :-

¢ (r) = 2o Osin(pR)JO(pr)dp. and using, again,
Watson (P405) w'4G(1 —-ﬁg)w
5(x) = - = 1_% O<r<R
= 0 h(R - r2/ I‘>Ré...(27c>

This stress distribution is identical to that found by
analysing the static condition alone, sce for example
Timoshenko (1951).
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Case (aii) Torsional oscillation

Equatigns (23) reduce to

S f(r)Jl(pr)dp. = -GBr O0O<r<R
O }-n.o(28)
\Yﬁ%(r)le(pr)dp. = 0 r7 R
0
By introducing the non-dimensional quantities T = E = PR

and inserting f(p) = p?(r) and £()/R) = F(q), we have

cr 0«<Lral

“lrmyg, E)ay. = oF T
JZ? P -

SO FCQ)chqf)dq.
where ¢ = =GRO.
Using the solution (26b)with of = -1, ¥ =1, it is found that

F() = %EF Y}l/( Ty + Je%cvp)

and from the recurrence relatlon for Bessel's functions,

() F') Ty

or p%(r) 2Gﬁj§ lé éJl%(pR) vesosess(28b)

In order to obtain the stress distributionfz(r), we require
the following discontinuous integral given in Bateman's

Tables (Vol.2.,P.48) :-
ol

m-n+1
5' D J, (pR)J (pr)dp.
0

|

Tr1

!
O

i

it

2m-n+lrm+%(R2 _ p2ynr-m-1
[m(n—m)Rn

1

L
B3
e

Again, by the inversion theor%g (article 5.2.),
,_\ -,
SEIIE SO’C(r)le(pr)dp-

Substituting for T(r) from equation(28b) and setting
n = 1% and m=1 in the above discontinuous integral, we

¢ —%
N _ _ {_‘L E e » .
C(x) nGeR[ @2} 0< r< R}“(%

= 0 r>R

finally obtain
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6.4, Static stress distribution under the rigid

rectangular body

Case (bi) Vertical translation

Equations (24) can be casily shown to reduce to

CF %Eloos(px)dp. 1 O«x4b

veeee(29)

]
o

Xx>Db

0]
oo o
J, ¢ (x)cos(px)dp.
0]
1
where z

= -2 G(BF - v, .
It is here noted that the first integral diverges
showing that the vertical deflection would become infinitely
large, Since in practical problems finite displacements
are obtained (infinitely long bodics do not cxist) we can
differentiate equation (29) under the integral sign and
so obtain :-

- - i dp. = O 0 €D
csdg(x)51n(px) o) <X L (29m)
\rﬂé(x)cos(px)dp. = 0 x2 b

0

We can now spot the solution of g(x) when use is made of
the following results in Watson (P.405) :-

i

om
S Jo(pb)sin(px)dp. 0 O¢ x4 Db
)

o
S Jo(pb)cos(px)dp. =0 x>Db
0
so that 6(x) = - %Jo(pb) eeeese(29D)
and by inversion, g(x) =fng &(X)COS(pX)dp.

) 2G(1 - 5§)Vo

O« x<b
(b2 - x2)”

from which we obtain (§(x)

ves(292)
0 x>b

which is an alternative solution of the stress distribution
first obtained by M. Sadowsky (1928).
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Case (bii) Rocking mode

Equations (25) reduce to
J;-lﬁ(x)sin(px)dp. = ¢cx O0€x<b

- cenee{30
jooo O (x)sin(px)dp. = 0 x>b§ (30)

where c = 2NG(§§ - )W

In order to express equations (30) in a form similar to
equations (26), it is convenient to replace the sine term
by its equivdlent Bessel function relation and introduce
non-dimensional variables analogous to those defined in
case (aii) i.e.

sin(px) =JBX7,(px), £(p) = SGP%, M=pb, ¥ =%
and f(%)= F(?). Then equations (30) assume the form :-

-1 v 2b >k ~
EY} ?(q )J%(Y}X)d.’}. c‘;\/_—;_ * ’ o CX(I..(BOa)
XO FC?)J%O7X)d?. 0 x>l

Applying the solution in equation (26b) with &h= -1, ¥ = ),
it is found that

it

P - cb/%,m/z(( To@) + 350D )

= cb q Jl(q)
where we have again made use of the recurrence relation.
Hence G(x) = -2§Gb(1 -@5)/3,(pb) teevnsa(30D)

. 3 w
Also, by inversion $(x) = 1 S g(x)sin(px)dp.
0

The following discontinuous integral (Watson P.405) is required

o? (pb)si - in{¥ 2 oy="%  O<x<b
0P sin(px)dp. 81nim arc 81n$52 (b= - X‘) )
© bmcos(%mﬁ){x+ X --bz)1/é)§"'lrl(xe»b2)"/2 x>b

For the present case of g(x), m=1 and, therefore,

§(x) = -26¥(1 - )521 -(5) 7; 04x<b 0
i m%“

1}
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6.5. A comment on edge stresses and on the static solution

It is to be notieced that there is an infinite dis-
continuity of stress at the edges of the rigid body for each
type of motion. These edge stresses assume finite values
in practice as they are relaxed by plastic deformation of
the medium,

Agreement of the stress distribution of the first
three cases with known solutions obtained by different routes
is a Jjustification for the assumption made in article 4.4,
that the stress distribution at the surface is a single
function of the independent spacial variable. The author is
not aware of any published information about the proof of
the stress distribution in the case of the rocking modc of the
infinitely long rectangular body. Biot (1943), however,
quoted that this form of stress distribution would yield a
constant angular displacement required under the rocking
rectangular body.
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CHAPTER 7

FIRST APPROXIMATION TO THE SOLUTION: OF THE VIERATION PROELEMS

7.1. Fundamental assumptions of the solution

We neglect for the moment all contributions to the
integrals in equations (22) to (25) from poles, branch-points
. ‘s . Lot
and any other singularities of the functions 42 and 16D

of p. We also neglect the contribution from p=0 %o p=r§;
It is readily obvious that the error involved in this :
approximation increases asSJE becomes large and also, as no ‘
imaginary terms are considered here, the amplitudes would
be infinitely large at the resonant frequency.

However, the results are useful for low frequency
factor vibrations of order less than about 0.5 which covers
the range of resonant frequency factors of bodies with

large mass or inertia ratios,

7.2. General analysis of the solution

ol
The functions ET%’ and"‘2 are first replaced by

their power series expansions which converge for all
values of p)fle.

o s M i . 1P1—28}~1 - -
: + _
g(p) }s=0 ° . A(p)

«ee(312)
¥ - b 1-2k B
= ; P = B(p)
2 k=0 k+1 .
Equations (22) to (25) then take the form :-
f(P)Jk‘(pr{dpf = g(r) O<«r«<l ,
0 alp+a2p_ e vvsesse(31D)

]

Yg £(p)J, (pridp. 0 r>1

where f(p) represents the required stress transform.
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Assume that f(p) is made up of an infinite number of

components i.e. f(p) = Ofs+l(p) esssess(3lc)
c=

where components fs+1(p) satisfy the relation:-
fo,1(p)J3 (pr)dp.

0 s+1

It is clear that each component of f(p) must satisfy the
second of equations (31b) since the domain 11 »1 is
stress-free. Henee the dual integral equations from which
fs+l(p) can be formally determined are:-

"0
fsi,(oﬁﬁy(pr)dp.
R T = g(r) 04r<l
0 aS+lp !'9.(516)
[N
J fo41(P)Iy(pr)dp. = O r>1
0

which are a special case of the equations considered irn
Chapter (6).

In order that f(p) in equation (31lc) could be regardcad
as a solution of equations (31b) when fs+1(p) has been
calculated from equations (3le), we only need to satisfy
the first of equations (31b) since the second equation is
obviously satisfied. Thercfore, we need to show that if

oD o
1 £, (p)J, (pridp, =j 2Py pridp. eene = g(1))
0 alp e agp—l
\ | co(P11)
O |
then also - fl(P) N fg(P) M Jy(PT)dP- = g(r)

. O alp + a2P_l4 [ B B IR B

It has been found from a fyrmal proof of equations (310)
that a necessary condition to be fulfilled by g(r) in
order that equations (31f) might hold is

é}BU(r){g(r)%

O Qovonco-q.o-oo(ale?}
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where gBJXr) denotes the operator occurring in Besscl's
differential equation i.e.

b 2
= 12 _Z
%(r) <~b__§ + rar ?)n-cooo.oo(Blh)

It is casily verified that the condition expressed by
equation (31lg) is satisfied by g(r) and IV in all. the four
cases considcred here so that equatlon (31c) glves a formal
solution of the problem.

7.3. Solution for the rigid circular body

7.3.1., Case (ai) Vertical translation

The expansion in equation (31la) is found to be
aip + a2p"1+ aap"3+ — 2(02 -ila)p
+ (l%ﬂg - 2Q%Q§ + I%Qg)p—l
+ (0 - pANS 4 %0NZ 4 05
| 1 172 12
+.Q.........lll;...‘(32)

Thus corresponding to s=0 in equation (3le), the first
component of stress,ﬁ](r), is given by

Q2 r’@ﬁrhﬁ%@r)dl@-

r&l(r)p%(pr)dp.
0

We notice that equations (32a) is the same as equations (27),

O« <R

i
s

G oo-ooo(52a)

rXR}

i
@)

so that, as expected, Si(r) is the static component of
stress already given by equations (27c¢).

The equations to be satisficd by the second component of
stress,0'2(r), are

2 [F
Q5 Jg(iipJo(pr)dp.

w O<Kr«&R

G &ob

i~
j §o(r)pd (prdp. 0 r> R}
O

« . (3%)
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and in terms of the non—dimeﬁsional variables defined in

equatlons (282), equations (33) can be expresscd as
Elp o ~ .
7F2(Q)J (qr)d . | W 04 r<l

i

erere(332)
0 T>1

00 .
jo FQ(Y])JO(V)r)d .

~ which are a particular casc of equations (26) with ™ =1,

1’ =0 so that the solution is given by equation (26a)
from which after a few ”eductions, we find that

822
2(f]) Q‘?R GWJ\‘ l%@l} oo-‘ooo.ooo-.(55b>

where we have madc use of Sonlne s first integral (Watscn P.37350
/2
n+l r

2n{2n+1)j

provided m>-1 and g»~-1.

. . n+l on+l, .
i.cce m+n+1( z) = sin®" O cos QJm(251n6)d@,

.0.0(550)

Reverting to the dimensional variables, equation (33b) is

equivalent to
L R T T @2(r) léG ’/2 lé l%(pR) doired G

Kﬁdvgy 1nvérsion.“" & 0
N Nl giﬁRlﬁgwaj Jug ”ﬁ %<pR)J (sr)25.

\,g,,f "

Using the”’ same dlscontlnuous 1ntegral in Bateman s Tables
(Vol. 2., P, 4é) as ih ‘article 6. 3. where for the presont

..case m=0 and n= 1%, we obtain

g;g(r) = --ZRG % (R) % O<r<R )
::‘n . Sooa(33d).
.svx..P2R _

I
O
'{‘,.

In a 51m11°r manner, 15 is found thst

- 05 (r)= —%—% 1 (ﬁ)z}l o ( T < R

=5 T r>R'f,!“‘ L
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Hence the stress distribution in the domain r<& R
can be written as

, ‘ G, () Gé(r)
g (1) 61(r) % + eeee

Gl(r) e

a
S, (x) %1 2 ger 2R 4 ...
e 2
1 aq ) aq

where (fl(r) is the static stress distributicn ~nd the
notation T = 1 - (r/R)2 is used.

The numerical coefficients —% and
contributed by the integral  *

21=2 (1 g oweyo -1
Iog = = v (;-v ) dv. from equation (26.
2
21—n
and the factor fn =
uscd in the inversion (n) for (r)
If the general term of §(r) has the factor (r) then for
odd values of %{- as in this case - it is found by inspcction
that (X and n are given by Ok = 2s=1, n = %(2s+1).
Also, for odd values of¢{, it is easily shown that

o2y - =2l

From these relations, it is found after some reductions that

-2

have been

ol

5

of the discontinuous integral

—g - — 11 3 g i -
%xfn = (2s=1)(2s=3)!! and since = will be

ebsorbed by the 5 in 6,(r), we finally obtain the resultont

fl

Es 2
Gy {1 + } ;Ei 5+1% él R> } 0<<R
1% EPS 5“‘(28 ljg
o) J1N

N € 3 =D
where 61(r) is the static stress distribution given by
equation (27c¢), and the double factorial has the meaning

s!! = s(s-2)(s-4)4e...2 when s 1is even
= s(s-2)(s=4)vevesl when s 1is odd.

stress as

Gf(r)

I

= 0
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7.%3.2. Case (aii) Torsional oscillation

Again, the first component of stress, corresponding
to k=0 in equation (31la) is the same as the static stress
distribution given by equation (28¢).

The cxpansion of in cquation (31a) is found to be
B(p) = p - 2? -1 ()2 -5 . - blp + pr“l + be'B + .. (34)
S0 that the second component of stress is given by

T-(T)
f 2 lpJ (pr)dp. = - GBr OKr4{R
o boP~ oo (3l0)
o —
5 7,(r)pd (pr)dp. = © r ¥R
0
and the solution is found to be
() = - %%eb r(R2 - 2)%  0(r<R
é.(34b)
= 0 r)R)

The continued process lcads to an infinite series for
((r) exactly as for the casc of the vertical translation.
It is found that

! 2 - {
ey = (1(x) )1+ z P2 k{l _Gé) 3 O¢T <R
L k=1 (2k+l){(2x—l)! !}2 (B
= 0 >R

N
where (l(r) is the static stress distribution given in
equation (28c).

Z.4. Solution for the rigid rectangular body
o

#(p)

of the wvertical translation of the rigid circular body,

Since the samec function occurs as in the case

the coefficients of the c¢xpansion are those given in
equation (3%2),.



TR

Ze4.1. Case (bi) Vertical translation

Again, the first component of stress corresponds
to the static stress distribution which has becn given
in equation (29c¢) and the seccond component is given by

o)
S1§ 6 (%)
;FE o 1cos(px)dp = v, 04£4x<b z (35)
CA2p o a O O
“G,(x)cos(px)ap. = O x>b
0

The solution of cquations (35) is found to be

eesa(352)

f2

0"2(}() = Gv ——-—b (b2 - XQ)A O4£x4Db }
= 0 X>b

In 2 manner similer to that of casc (ai), it is found
that, for the series cxpansion for §(x), the corresponding

-1 -1 _
product If =2 k[(25—2)!!(2s—1)!! e readily obgerved

o n
2‘%[(2s-1>£]“1

to simplify to
T
i
so that the resultant stress, (S(X) is formally given by
the series solution :- t;! 28[1 _(X\EWS
S(x) =6, )1+ 35 2, D
| <28 - U1 J o))
=0 )Bz

i

where ﬂjﬁxj is given by equation (29¢c) and the single
factorial sign has the usual meaning.

7.4.2. Casc (bii) Rocking mode

Gi(x) is the static stress distribution and (52(x)

is given by , o0
g Fo()

Q3
X G

i}

51n(px)dp. 74X 0<x<b
Oazp LI I (:4 " )

oQ
S 52(X)Sin(PX)dPa =0 Xxb/
0
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and the solution is found to be
Ga P
-~ 2 2 x
S, (x) = —= /b 1 _( O«€X<b
2 2()5)5 Bg )‘E)} €xX<

0 X »b

s e e s (362)

The resultant stress is found to be
QQ 2al x\ 2 v
- 1D as+1b [1 _(IJ :
S(x) = Cy(x) {1 + 3 0¢x<b

where (fl(x) is given by equation (30c¢).

7+5. Hguivalent inertia of the medium

The above solutions provide 2 mecans of cstimating
the resonant frequency of a rigid body resting on. an elastic
medium taking into account the mass of the medium.
A convenient form is to determine the proportion of mass
or inertia of the elastic medium to be added to the mass
of the rigid body in order to lower the natural frequency
if this has been calculated on the assumption of a static
stress distribution. This has been suggested by Jacobson
and Ayre (1958) and others - z2s already discussed in the
introduction - who, however, used only empirical formulac
to obtain the required proportion of the elastic medium.
The prescnt article shows that the second component of
the resultaont stress in each of the preceding solutions is
essentinlly the 'inertia' component and the other components
above the second are higher order negligible quantities
for low-frequency factor vibrations under discussion in
this chapter.
7.5.1e Rigid circular body

Case (ai) Vertical translation

The equation of free vibration of a rigid body of

mass m is -



3

R A |
S G‘Agrzznrdr. — ng = O ......e...-(57)
0o Yo

where the integral represents the force contributed by
the resultant stress distribution given by equation (33e).

Provided the frequency factor, defined by the non-
dimensional quantity.

M. - Bl _ o
2 7 cp T X

is less than unity, where ‘AE is ghear wavelength, the
series for'(S(r) converges very rapidly and the first two
terms need only be used. Equation (37), after simplifying,
reduces to :-

2k
R2|ok, + —2| - n2 - o
3
2G'a1 2Ga2R
where k I and k =
1 rQ2 e n2

2 2
37 - 4B + 3

8G‘R<1-6§)— gm + %F(’HB( X ) 02 =0
ceedeee (37D)

where we have substituted for 249 and a5 from equation (32)
and we recall that
Q2. & Q%
5 = =
c5 G
It is evident from equation (37b) that a 'correction' mass

of the medium to be added to the mass of the rigid body
if the natural frequency were celculated on the assumption

or

of & static stress distributicn is
LI
)4

and in terms of the hemispherc of the medium subtended by

n, = %foB

the rigid body,

— - 1 4 — 2 i =)
m, = ;ymHS where fy_- ﬁ(5?1 4@1 + 5) is =
function of Poisson's ratio,V, alonec.
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Also Mpe = neRB is the mass of the hemisphere of the
medium of density f and radius R.

Equation (37b) finally reduces to a simple expression for
the natural frequency of the body :-

2
8GR(1 - B
E)g = ( \l) R € 74<D.

m+4+ m

and in non-dimensioncol var%ables

81 -
‘qg = ——— pl) aocu:o:oncnuna.(B?f)
m o+ gHT
3 Yy
~s m
where m = — is the mess ratio,

N

Cr

Case (2ii) Torsional oscillation

Adopting & procedure similar to the above
leads to the following results for the frequency equation: -

, 1663
Q

where J is the polar inertia of the rigid body, and the

It

ceeesessesenses(38)
J + JC

correction medium inertia Jo = fVJHS A & 1<1=9.

where JHS = EE:JRB is the polar inertia of the hemispherc
15

of the medium and £, = £;~ which is independent of

Poisson's ratio since the5 medium is frcee from dilataticm.

for this mode of vibration. o

In terms of the non-dimensional inertia J = - s
cquation (38) reduces to QRB
Y}z = _“-1-"6"—— ooonoventoo--aaan(BSb)
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7.5.2. Rigid rectangular body
Case (bi) Vertical translation

In this case it is found, in a manner similar to
that of casc (ai) that the natural frequency is given by:--

2
2 -
0° - e -€1) .. (39)

- © 808050880 0ace

m -+ m
C

where m_ = %;mSC ;nd f y = lﬁﬁl - 2§1 + 1% ..(392)

1l

and e gebg is the macc per unit Jcngth of" the seml
cylinder of the medium of radius equal to half the width
of the rigid body; m is the mass of the rigid body per
unit length.

In non-dimensional form, cquation (39) recduces to

2;“{(1—{5]2) .
72 = p \f nonaov‘no'vo--o(aglb)
m + =T
27y
where H = _E? is:the .mass ratio.

¢

Cose (bii) Rocking modc

The results corresponding to those in cese (bi) arec:-

v 2 2
i~ Gb<(1 - A _
g)- ) T-\j-—\—--~<-—-—- \1> .n-otao'l‘*°°“"(4o>
Wh
J 4+ J_. +
c ' (E
where J = f Jqy ond f, = %@i - %ﬁ? + 3% .ol (4007

and JSC = g€b4 is the polar incrtia per unit length of
the semi-cylinder of the medium about the axis cf rock,
having 2 rodius equal o half the width of the rigid bodr.
Furthermore, J is the inertia, per unit lenghh, of the
rigid body about the samec axis of rock; W isg the weight
per unit length and h is the distance of the centre o
gravity from the axis of rock.
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~ 7 4+ wn/N°

In terms of the non-dimensional inertia J it .
equation (40) becomes Cb
2
_')g = “ 1“1-]:1 .0.'.'....0.....0..0.(4Ob)
s T
¥ + T
"

7.6. Graphical presentation and use of the solution

The effect of Poisson's ratio, }, of the elastic
medium upon the natural frequency can be estimated fronm
this analysis, This is shown in figure 2 for the four
cases, as grephs of the correction factor fy against
Poisson's ratio. The effect is most marked for meotion in
translation as was to be e¢xpected.

Although these results have been derived from a
first approximation solution, the graphs of figure 2
together with cguations (37f), (38b), (39b) and (40Db)
form a convenient and perfectly adequate means for calculating
the natural frequencies of vibration for the modes considcred.
This solution is found, by checking with the complete
solution given later, to be accurate when the resonant
frequency factor is small ( less than about 0.5 ) which
is the case for rigid bodies of large mass or inertia ratios
(greater than about 20).

The solution in this chapter is also verified in
Chapter 10 by comparison with the experimental results
of Arnold et al (1955).
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CHAPTER 8

CONTOUR _INTEGRATTON ANATLYSTIS OF CERTAIN INFINITE
INTEGRALS REQUIRED IN THE COMPLETE SOLUTION .

8.1, The integrals for the rigid circular body,

vertical translation

It will be seen in the next chapter that we require
the solution of the general class of infinite integrals

of
R )

¢C?)

which is 2 sum of the two integrals:

¥ (Psind .
I, = . where M%(q) is an even function
0 QS(’}) (Ofy‘l
¥ (Meos
and I, = 1c q ndq. where M% is an odd function of q

0 ¢(ﬂ)

so that W) = ¥ (N)sin7 + ¢ (f)cosY} is an odd function
of M. q ° q 7 Yc q q

8.1.1. Contour of integration

The integrals I and Ic can be derived from the

single 1ntcgrql .n
dellan.,
erpr\e |

taken round a suitable contour r;.

It is convenient to choose after Lamb (1904) the rectangula
contour r; shown in figure 3. However, it is of no
consequence if the infinitely distant parts of the contour
are replaced by a semi-circular arc of infinite radius
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since the contribution to the integral J along the infinitely
distant path in each case can be shown to be zero.

The singularities at the branch-points (+ql,0) (+ﬂ2,0)

and at the Rayleigh poles (+q ,0)= which are the

principal roots of the equqtlon g(ﬂ) 0 - are by-passed

by very small semi-circular indentations. Consistent signs
corresponding to the pr1n01pal values of the double-valued

functions X (q) Cq ql %
A (W "ﬂz

which occur in the Rayleigh function ﬂ(q) are shown in

il

figure 3%,

8.1.2, The contour integration

It is convenient to introducc the 'conjugate' of
Q(q) which is denoted by Z(M), i.e.

A —(q - u)g - A ’h) (’) 7)2)1/2
5 =(2% - ) 4 * ‘”?2(’1 ’1)(’] 7)2)
so that 70) )@(T])=(2q2 —HS) - 16’]@ 7]1)(7}

......(41)
Considering now the integral J taken round the above
conkour, it ccn be shown by Cauchy's residue theorem that,
in addition to the infinitely distant parts of the contour,

the contributions from each of the small semi-circles
round the branch-points is zero, Since there are no poles
within a2nd on the contour, Cauchy's first thecorem gives:

J _Q.ZI’,]df} = O ooocooa-oo¢(4‘2)
Fﬂ@)
As the only contribution to J now comes from the path

along the real oxis and the semi-circles round the Rayleigh
poles (i73’o)’ we have
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1, A, .

-“1}1@1’]@«] A Meag . M. *ZR o
o # -1, 79 , P

where the intograls are readily understood to be with
respect to the real variable and to assume their principal
values in the Cauchy sense as the radii of the small semi-
circles tend to zero.ZSR denotes the contributions from
the poles (*HB,O) Equation (43) reduccs to

00 i T‘l
PSRy X1 ¥ i X L
et et - St
0
{ j’]gnev(e o¥lay.,
LRI
_ZR ........... oo (48)

By putting M;= %% which we recall is an even function off)s
we deduc ‘

il !
l%‘
I h¢
—_—
%,::
[£)]
Q_, 3
—_— [»]
3
oY
;ﬁi

\“lﬂ.l}{’é ...j_‘}) ) 1]2]]2 Edg)‘é -'-l d %Z (45)
(}Oﬁfq) ﬂ ﬁ@])@(ﬂ) q
and putting W= y% which is an odd function of’?,
o
I = Sq?tﬁﬁégjzcoéﬂdf}
o B L
1 . ‘
j e _ll)dY]. o) CpEeR ‘ﬂ\dx %Z . (45a)
o¢<q> oy ¢<q>¢<q>

hY

]
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From a well-~known relation in the calculus of residues,
i
o am)mrpe i
Z( -
bf]{; T}] =25

where the negative sign indicates that the semi-circles

R<iq3) -

have been traversed in the clockwise direction.

Since — #(f}) is an odd function of , 1t can be readily
shown tha 1( )
VZZ(lR - = —“g ({15—)'{\7%:(,.)3)5111?5 - )”S({IB)COS?BE

If we now add the system of free Rayleigh waves given
by the residue of the integrand at the Rayleigh pole q O

e 1) Y5

ie. Ip = it 2 ... ceeveraces (45b)
2' ()

and introduce the following relations:
W(?}) =W (T])sm”'] + W (f))cosq
X(Y}) = )4’ (7))81117] X (Y])cosT'
“10)) (7)1 —r) for o<r)<’]l
Ty () = (5 =) ror 7y el
we finally have, by adding equatlons (45) to (45b) and
using the relations (46) that \S¢X <q2%(q)dﬂ

1l

o P
°<1<T\3>X(r)3 g\)&l“}ﬂ((q)d‘), +B G
O

@' (15 ﬁ(q) % gcy) U\q)
! |

. i 0(1“]3))4(‘]5 S o(l(‘) )}/(ﬂ )di} j 2 2@(%)(2)5(’] )dq.
21 o PO 1 o0 2 ¢<‘]>

oooooooooooo

from which it will be observed that the real part can be
computed from;kkq) while the imaginary part comes from
the original function #(n),






8.2. The integrals for the rigid circular body,torsional

ogeillation.

The integral corresponding to the above case is

It = K&ﬂléﬂLA which is a sum of the integrals
2_n2y
(1\ _1)2)

R
1) - %g(?)sinvd?.
0 o<2(7))

where“%% is an even function of 7

oC s an.
I = j‘ l CO])COSQ q where V% is an odd function cf q-
0 942(*])

8.2,1. Contour of integration

The contour chosen is similar to the above contour
except for the fact that there is only a pair of semi-
circular indentations corresponding to the branch;points

+ . 2 ney’
(—qa,o) of the double~valued functlon.ué = Ql—ﬂg% as

shown in figure 4,

That the medium is here free from dilatation is
marked in figure 4 by the absence of the Rayleigh poles
(iQB,o) of figure 3 and the branch-points (iql,o) associated
with the dilatational waves.

B8.2.2. The contour integration

i
By taking the integral J' = (e qdi' round the

2 2\%
contour of figure 4 r%g\ - 02)
and noting that the contribution from either the large or

small semi-circle is zero since,for the latter,

llm. % = 0
—h ’12]
we have, in the notatlon of the vertical translation
analysis, the following final result corresponding to
equation (47).-



‘)Dﬂ
o ﬂg qz‘ '
vhal. |\ XDal.  _ 5\ ¥chat. .e..(48)
(’]2—f]§)1/2 o () 0 dg(‘P

from which it is observed that the real part corresponds

to the contribution to the integral for values of from

qg to 00 while the imaginary part represents the contribution
in the range O<Iq<ﬂ2 as expected.

8.3. The integrals for the rigid rectangular body

Case (bi) Vertical translation

The required integrals take the form
| " M¥(N)T (M)ecos® x)d
IC,_gia__ﬂ_vw) )]
) g w(“)
where 'W(q)qp(q) is an even function ofq .

Case (bii) Rocking mode

In this cas
. ™ G)Dﬁﬁ])J (ﬂ)81anX)dw
° o 2
where :M(q)qv(q) is here an odd function ofq.

It should be noted that the integrands in both cases
of the rigid rectangular body are even functions ofl} while
the integral in the case of the vertical translation of
the rigid circular body is an odd function ofTL. This

difference calls for a modification of the contour of
figure % as shown below.

8.3.1. Contours of integration

Figure 5 shows the contours required for the evaluatio
of the above integrals. The upper contour -F - is, in
effect, a modification of the contour {- of flgure 3 with
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an additional semi-circular indentation at the origin.
The contourE”A in the lower half-plane is the image of
« Consistent signs of the double-valued functions
%y and<X2 are also shown.
The semi~circles at the origin ensure that the integrand
- which contains RBessel function of the second kind as
will be seen in article 8.,%.2. - is analytic throughout
the domain of integration.

B8.3.2. Contour integration

Both integrals I_. and IS can be deduced from the

c
single integral (o} ;
A WD, (e ay.
o 20
It is convenient to replace Jy(?) by its equivalent
relation :- Jy (1')) - VZ [Hi<q) + Hs({])]

where HL denotes Bessel function of the third kind or
Hankel function, It is to be noted that the introduction
of this functiom calls for the addition of the senmi-
circular indentations at the origin of figure 5 since
the function tends to infinity at the origin

ERAE VOPRERENC PR D
D = 3,0 - 15,
cQ

1

and lim. ¥ (v})
- 0 ”Y)

where ﬁy( ) is Bessel function of the second kind.
With the introduction of the Hankel functions, we can

now write I = Il + 12

S0
ok @ O¥ ()HEte el Xay. ol , (1) (1) DE= () )e ™ ¥
srere T, = % 1«;;, )(q)Hy("‘)eqaig Igs%_lé_z_)sg)_zyope’] .
o "] o’
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It can be shown that I1 and I, can be evaluated when
. i 1 inx
the integrals x B an .
erals [y Pty
s @(f})

W(1) DK (‘J])equdf]
p 1
2 J} B0))

and

are taken round the contours in the upper and lower half-
planes respectively. It will be noted that in the upper
half-plane O L arg? & ¥ and in the lower half-plane

~7{<§arg «0. Also, it can beshown that the
contributions to the above integrals come only from the
paths along the real axis and the semi-circles round the
Rayleigh poles.

Therefore, we have, after a few reductions and in a
manner similar to the case of the rigid circular body,
vertical translation, that the above centour integration

gives o) .

i 1 2 -inx
x ¥ ()T, () e *a X(A) BO(-n) + BE(=1 7| Tdn.
gww’?v“n s AL R
S0 BC1)

- 2 i
= /(—Y)H (-Ne o L )H ) ‘Jd

j%g,zlg et s st

wlg(_wqmw)wo‘) 1?’)37].
hePE) =
_Z(Rl+ R2) ollooooooc0.0-0-.0-.00010010-00(49)

whereZEKRl+ Rg) denotes the contributions from the
Rayleigh poles.

In order to simplify equation (49), we make use of the
following relations from Watson (article %.62):-

H;(zemni) _ 51ngl-m)Vqu( ) - g~VMi mn(mul\‘)]ﬁ ( )

sin(yr) ¥ sin(wi)

and H2(zemﬁi)= sin(1+m)vN (z) + ébﬁ sin(mywi) Hl(z)
sin(wrl) ” sin(pM)

which are seen to be indeterminate for integral values of V.
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However, using de 1'Hospital's rule, it is easily shown
from these relations that

Hi(‘q) = - Hy(j) for even values of J/
(ﬁ) for odd values of WV

I
=

and H%-?) - Hl(q) for even values of M
p; il

for odd walues of ¥

|
tm
—~
-3
N

8.%.,2,1. Vertical translation

When the above relations are now introduced in
equation (49) and it is remembered that for this case
W(?)J (q) is even, it is found that equation (49) reduces

toS lw(q)J (q)cos(qx)d? X u& H cos( x)dq
p) o faop
X 2&%# QW(ﬂ H?(ﬂ)cos(qx)dq
b BEEC)

- %Z(Rl+ Ra) ...... . (49a)

Noting that the contour r is traversed in the positive
(counter-clockwise) direction and (; in the negative
direction and using the relation

1 2 . _
H - H = 2i%
L) e )
we find from Cauchy's residue theorem that

USRI LT4 £ 7 ERF M EPITEIG S
;i( 1* 2> I v

and equation (49a) then reduces to 5
gwdlvcm@,m)cosqx)dq. - iﬂaﬁ:}f)w (505 (5008 (520
¢(q) g(z)
0 'Y\ 3 2
Y . d .
+&1 APAPE, (] eos()x)ag

gC )
+ 4Jn 10<2 )WPH (’)cos(qx)df]
1¢(Y})¢(Q cevoeed(49D)
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where the free Rayleigh waves have already been super-
imposed on equation (49a) in the same manner as in the
case of the rigid circular body,vertical translation.

By resolving eqguation (49b) into its real and imaginary
parts, we finally obtain:-

“’o«l)o(ﬂ )7, >cos(r)x)d7 o e )Yl 5deos (5x)

o A 7' (1)3)

- " i
| s, (eosepa. . quu%xgw(q %, CPeos(er].
EAPTED 7, 20PEE

"
~ ] |
s _j%[%}wd)a)%(?pcos(ﬂ;x) | O(;Z(l{l)Jy(Vl)cos(f]x)dq
2 0
Mo 2 oo

-4 "l “10‘2 )4(),] )Jy()))COS(q}Od{!G .....-aa-a-.’.a(BO)

lﬁ(‘f})@(f)) -

where, in a manner analogous to the case of the circular
body, the real part comes from ﬁp(ﬂ)ﬁ(‘) and the imaginary
part is obtained from the original function Jy(q)%(1).

8.%2.2.2. Case (bii) Rocking mode

If the above procedure is repeated with the
opposite condition that yK )J»(q) is am odd function
of 1, it is found that the solution for

I - A Y, (ﬂ)sin(i]x)dq,
S P

is exactly the same as in equation (50) with the crly
exception that every cosine term is replaced by the
corresponding sine term,
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8.4, FEvaluation of the finite integrals

The preceding articles show that the purpose of the
contour integrations is to reduce the infinite integrals
to a sum of finite integralls and residue terms.

The rest of the evaluation is accomplished by splittin
the finite integrals into a sufficient number of intervals
that would make the application of Simpson's rule to be
accurate to three significant figures. Also, the Bessel
functions are to be replaced by theilr equivalent power
series so that the final results are in terms of a power
series of the frequency factor ﬁe and the spacial variables
r(for the circular body) and x (for the rectangular body).
This procedure is given in fuller details in the next

chapter.
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CHAPTER 9

SUCCESSIVE APPROXTIMATIONS AND THE COMPLETE SOLUTION

9,1, The damping effect of wave dispersion in a semi-

infinite elastic medium

It was stated in article 7.l. that the first approx-
imation solution would yield infinitely large amplitudes
at the resonant frequency factors. This is, of course,
physically incorrect as with a semi-infinite medium, dis-
persion of elastic waves away from the source of the motion
will occur. The energy associated with this dispersion
will never return since there are no boundaries to reflect
the waves. |

This dispersion of waves has the same effect as damping
in limiting the motion at resonance. It will here be
referred to as dispersion damping in which no energy is
actually dissipated into heat to distinguish it from
thermal damping in which an energy conversion does occur,
This latter type of demping is not teken into account in
this analysis but is discussed in general comments later.

Dispersion damping can be allowed for by considering
the terms in quadrature (the imaginary) arising from the
poles and branch-points of the Rayleigh function. The rest
of this chapter is, therefore, devoted to the complete
analysis which includes the quadrature components of stress

and displacement,

9,2, An outline of the general procedure in the successive

approximations

In this article, a procedure will be derived for
solving the main equations (22) to (25) including the
quadrature terms taking as a starting point the solution
of the first approximation - chapter 7.
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The non-dimensional form of equations (22) to (25)
can be written as

o0
P, G0

0 @(Y]) | eeved(51)

o) /
S o FQ))qb(qr)dq.

except for the case of the torsional oscillation of the

~

g() O¢ T4l

T>1

fl
O

rigid circular body in which the function l) is
1 g(
replaced b .
b y "o W

Suppose that in equations (51)
FQW) = Fil(q) + Flg(q) esecssssesa(5la)

where Fll( ) is the solution corresponding to the first
approximation i.e. Fll(q) satisfies the pair of equations:

00
09, (Y)r)dr)' = () 0Tl
o A0 veees(51D)
o0
j 5 Fll(Y))Jy(Y]f‘/)df]. = 0 ¥>1

where ACﬂ) is the scries expansion given in equation (3la),
in its non-dimensional form.
Substituting equation (5l1a) in equation (51) leads to
the following pair of equations for the determination of Flg(q,

'oO

*1F120))7, 6 . a(F) -€,(F) 0kl

o ) e (52)

joo 1003, ¢ r)dflo

whefé éll(r =
of r.

™1

1l

)J (qr)d _
ig now a known function

ﬂ(T])
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It we put  Fo0]) = Tpp(]) + Top(h)  eeeeeena(520)

where FZZO]) is the solution of the pair of equations :-—-
£
ng(q )Jy(f??:)c}r].
A(Y’)
S ng(q)J (qr)dq

then Fga(q) can be obtained, after the substitution of
equation (52a) in equations (52), from the pair of equations:-

aD
8 1 23(Y))J (qr)d"ﬂ g(T) - €11(T) - €,5(F) 0l
o #0)) e« (53)
w ~
XO FQB(Y).)J}/(Y) r)dT].

The pattern of the procedure is now obvious and we
generalise the solutlon of F(q) by

g(T) - €11(T) 0<T<1

| .. (52b)
T>1

n
O

i
O

>1

ro) = Z P () U 115

where Fkaq) is to be determined from the pair of equations:-

(T) O<T<l
.. (54a)

o0 v

_ Fkk(ﬂJy(qr)d . . m=<1:{:l

j T(f]) 7 g(r) xﬁiémm

o

[ satepn ey

¢ @) - 0‘1 oy F iy )9, (qr)d*)
0 #0)

- “ 'J
and is a known function of .

0 Tyl

[

where

lg\m$k cesees(54D)

By evaluating equation (54b), we can solve equations (54a)
in terms of the first approximation solution.FllC?)g
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Remembering also that Fll(q) is in itself an infinite series

i.el ) w
F - > F- e & 0 & 0 00 5 s s 55

then thesolution of Fkkcq) can be expressed as a function
of FJ(Q).

The method of the above general analysis is now to be
indicated by solving completely the present problems and
it will be shown how Fkk( ), for values of k>»2 , can be
computed from a systematic scheme based on Fggo])o

9.5. Complete sclution of the rigid circular body,
vertical translation

9.3.1. Solution of FggCQ)

With k=2 in equations (54a), Fggcq) is the solution
of the pair of equations :-

D
N5\ EpI ey, = e € () ocFed

o ACq) caeess(56)

o0 . ~

SOF22(7)JO(7]I')@.{’. = 0 o r>1

| [ (qF I ).
where c¢ = GWO’ 611(35) =Ylgj‘ O(l......___ll_(ﬂ__)_ o(qlr)d?
o ¢(q)

and from the solution of chapter 7,

~.

- o) e AT Z
Flqu) = c Qgsnﬂl + ‘flgj%ﬁ Jl%Cq) + g}{z ﬁn Jg%(q) e
eerecseesa(56a)

9.3.,1.1. Usc of contour integration of Chapter 8 in

evaluating all(r)

it is readily obvious that the integral expression
for éfll(f) above belongs to the class: of integrals discussed
in article 8.1. in which
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w .
i okl)é(jl)d’f{ .
Jo ﬁO})
By comparing I with éll(’f), the latter can be evaluated

by setting > "

In order to obtain the corresponding expression for‘v(q)
of equation (46), we determine Mg and 'M%( ) of article 8.1.
from Fll(l) by replacing the Bessel functions by their

- equivalent trigonometric functions i.e.

TP 712—% iﬁl—’l - cos™)

To)) / ﬂ ’/é< s:LnTl- ?)cos ?>

As stated in article 8. 4., the finite integrals in
equation (47) have been evaluated by splitting the intervals
into sufficient number of strips to make Simpson's rule

i}

accurate to three significant figures. A preliminary
procedure is to resolve the functions into their power
series equivalents and to take the first few terms . The
following new variable is also introduced:-

Z.-

by which the non-dimensional lengths are referrcd to‘qg.
It is then found that the finite integrals of cquation (47)
take the form:

i& s»ZZ;m&:

N A s A N
I l C’i/IT—C_2<Z>2 _ ﬁi\)é de;' m=0,1,24¢00

(& - 2 A )
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These integrals have been evaluated for four values of
Poisson's ratio : 0,%,1/3 and % for which the corrésponding
values of ﬁ% are %,1/3,%and O respectively. Further
procedures for the case of zero Poisson's ratio are presented
here as specimen since the experiments of Arnold et al(1l955)
with which this theory is compared in the next chapter
were performed on foam rubber of negligible Poisson's ratio,
as the elastic medium. Hénce the integrals reduce to

NS

L Lo () O )
I RS ERS

FA(SREDWEA(ARE GER

In I1 put Z; = ls:.ne and in Iq put C;— sin®, then the

integrals Tt UCv o 1~

. ,1-1/2 "2 sin"eds.
1 | > AV T
o ©0s™® + sin 6(1 + sec28)
12 - F/Z > sindeG. .
.~ sin“é - ‘sec“Gcosec“Gcos’(28)
194

and, with this simplification, the rest of the evaluation
is accomplished by the application of Simpson's rule.

In order to evaluate the residue terms of equation (47),
we need to determine the Rayleigh pole (45,0) of the
integrand i.e. the principal root of the equation @(1])=0
which, again, for the case of zcro Poisson's ratio is:
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(2;2 - %>2 _ Z;ﬁ@:? - %>68:? - i)ﬁ = 0 ceennne. (57)

It is easily seen that a2 pair of roots is ng =%,
factorising and solving the resulting quadratic in=<:'2
the other roots are found to be Z:? = %(3 L J5) .
However, after Rayleigh (1885) it can be shown that the
only root corresponding to the principal values of the
radicals is that for which 6:321. i.e. on the contour

of figure 3, 7]57112>Aql
Accordingly, the principal roots of equation (57) are
L2 = UG+ 5 or  (p= 1.4

FPinally, taking only the first two terms of Jo(q¥), it is
found that the above analysis leads to the following
expression, for the case of zero Poisson's ratio :-

€.,(F) = 6w, [(1-0.8751]§+o.12oqg—o.015~)g)+ %(0.95973—0.10932)}
= (0.864-of4107§+o,o2247g)_
- 7(0.95475-0.4653?@%2
in which higher order quantities are negligible and therefore

not included.

9.3.1.2. Solution of 2 class of dual integral equations
related to F2253)4

When the above expression for Qll(f) is inserted
in equation (56), we notice that the solution for Fgg(r)
is of order ’13 in the real part and of order '12 in the
imaginary part as should be expected. Also, we are involved
in the solution of the pair of equations, considering
only the dominant term of the series AC?) :
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T .
.....221} OY] 7 A 04 T ¢l

2)312  venenenes(58)
|\ Foo0)IT (MDA, = 0 T>1
| =apasepay

~
where, for convenience, the coefficients of r2

only functions of WZ? have been omitted.

,which are

It is here noted that the conditions of the Busbridge
solution (equation (26b) ) are violated by equations (58).
However, these equations can be solved 1f we employ the
same technique of using the operator(&bﬂr) - equation (31b) -
to reduce equations (58) to a form amenable to solution
by means of equation (26b). As the differential operation
on equation (58) absorbs part of the solution of FSZU])
since<ﬂﬁo(r) operating on a. constant is zero, it can be
shown that the complete solution of equations (58) is :-—

gD = om0y o+ 220D L (58a)
22 1 z 2
£ q2

where Fqu) and F2 ) are the first two terms in the expansion
of Fll(q) - then, with negligible errors of order 7)2, we
can approximate FlO]) = Fll( ) - F2< R

It is found from the foregoling analyses that the solution
of F2263> is given by

ng(q) - 711F11<q) ' 311F2CW> erneeneeas(59)

where,again for the case of zero Poisson's ratio,

Y = o.8754%(}—0.412q§+o00469qg)pio.864q2(;-o.751q§+o.16};

3., -o.8754%(?.25_0.412q§+o.0297qg>+ iO.864q2(—1.26+C¢89aq§
]

i
i
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9,%2,2. Solution of FBB(T])

By putting k = % in equation (54a), we obtain the
equations for F 5( ). It is clear from the solution of
Feg(q) in equation (59) that we need to evaluate

%

€ () = ESMFE( AR
oﬁq)

which is part of the solution of éll(§) and can, therefore,

be written down by inspection. It is found that

EO-MOqg - o.o%tﬂ?g + o.ooequ)
ot + 0.0 - 0B

+4 2{(-0.25515 , o.oz7.971‘2*> + %o, 2797);#)';2]

and after some reductions, the solution of F55(1> is found
to be

F530) =<%§1 + 81/1<>F11(7]> + (\(11‘511 +%511)F2<7>
- Y22F11(7]) + SggFg(v}) eeerneeenneaa(592)
where K = O.8‘75'I§(O.252 - 0.25675 + o.o4o5q‘2*)
+ iO.86472(—O.259’]§ + o.115')g)
£ - —O.8'757§<O.530 - 0.2‘767}5 + o.o%ﬂ%)

) io.aezn(z(o.aazqg - o.oalﬂ]g)

It should be noted that equation (59a) gives explicitly
how"(22 and 622 can be calculated from Yll and Qqq.

9.%,3, Expression for the general term Fkk01)

With the debermination of K,& , {1, and 511 of
equations (59) and (59a), we can obtain directly
F44Cq), F55Cq) ...f.,ffrom the general relation:-
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P - (?ll‘_(khg,k_z . K ék-E,k—2>F11 o
* (Yll(sk—E,k-E & ‘gk—2,k—2>F2 (’]) k>2
Fll(‘f}) 7k—l,k-1 + FE(YPék—l,k—l ceee (59b)

. N and(sk can be readily
which shows that (/k-l,k—l ~1,k-1

computed from a systematic scheme based On*K7£7£11 andfil
of equations (59) and (59a).

9.3.4, FExpression for the required stress transform F(1))
. L]

Finzlly, from equation (54), the transform of the
required stress function expressed in terms of the non-
dimensional variable’q, is given by

FCP £ P (P
PO ¢ Pl

and substituting for Fkk(q) from equation (59b),
=)

7l - {1 . %1%1511101) X%lgm;}‘ﬂg(*))

. . _ 6
remembering also that Flqu) = Fl(q) + Fgéq) + FBCW) + qﬂ2>
we finally have, with very negligible errors of order'qg

Q R ‘
2 - [1 ey mm)qu) : }»l : Z&(\(mm ; émmjzvgo})
cQ
: [1 : m=l\<mm]F3(’Y?) een (60)

9.%.5, Use of cquation (60) in deriving complete solution

from first approximation solution

The interpretation of cquation (60) is obvious
when it is remembered that Fl(q), F2(1>’ FBG]) are the
first three terms of the first approximation solution. of
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chapter 7 corresponding to static or first component of
stress, the inertia or second component of stress and
the relatively small third component of stress.

In order to derive the complete solution of any expression
from the first approximation solution, it is only required
to write out the first three terms of the corresponding
expression in the first approximation solution and multiply
ther by the factors which are the coefficients of Fl,E,Bﬁ])
respectively in equation (60). This important procedure
is indicated in the next article.

9.2 .1 The complete equation of forced vibrations

The equation of forced vibrations, using the
approximate solution of chapter 7 is, correct to the third
term and for the case of zero Poisson's ratio

2 T A
[4 - ( m + 1016’7 )’r} 2 - 0.025q 2) G’RWO - F 0000(61)

A
where F is the amplitude of the hurmonlc exciting force.

We notice that the terms 4, -1, 1677 and ~0. 0257]g are
due to the first three terms of F (ﬂ) Using the: coefficients
equation (60), we readily deduce the “vector equation of

forced vibrations from equation (61>

{1;2:?1&1 ]4 - {m +[1 " Zl@mm +& le 167%"‘2 [1+m N Jo 095r4

= _E: O'..t..l...'ln....’....lll°l¢'...00)ll.l.l0(6la)
GRWO
GRY
Hence, the non-dimensional amplitude Yo o is given by:
A
pAS L 1 i
WO = —— or lwol = ———T .Tauuuoltoooc(62)

P+ 1iQ

NF @)

b3
The use of 'vector' is appropriate 51nce the coefficients

5 - r , £
mm and Cop  are complex quantities,
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and from a computation of ?ﬁm and éHMIup to m=7, it
is found, correct to three significant figures and with
higher order quantities neglected, that P and Q are given by

P =y (E + 1'167)q§ + 5.5042(00148 + 0.0547qg)

Q = 504567}2(1 + 0.05067,;) . '--(62&)

The results expressed by equations (62) and (62a) are
presented in Figure 6a for different values of the mass
ratio,'ﬁ ranging from O to 100. Also, in the next chapter,
these equations are used to derive the resonance curves
©vf specified values of o corresponding to the mass ratios
of the rigid bodies used in the experiments by Arnold et al.

9.%3.5.2 Complete solution of the dynamic stress distribution

The procedure described in article 9.3.5. has been
adopted in the same manner as in article 9.%.5.1l. to deriwve
the complete solution of the dynamic stress distribution
from the resultant stress distribution of the first approx-
imation - equation (3%e). Thus, using the first three terms
of this equation

511(1') = G'ﬂ(r) + Gz(r) + UB(T)

The complete solution is again a modification of this

relation obtained by multiplying the first three components

of stress by the corresponding factors given in equation (60).
The result of this procedure is given in graphical

form in figures 8a and 8b in which the complete solution

of the dynamic stress distribution has been resolved into

in-phase and quadrature components,

9.%3.6. Complete solutions for cases of Poisson's ratio
= 1/4,1/3 and 1/2

It is recalled here that the whecle of the preceding
complete soclutions applies to the case of zero Poisson's
ratio which has been chosen as a specimen of the computations
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involved in this analysis. However, in order to cover the
whole range of Poisson's ratio = which is O to 0.5 for
engineering materials - the preceding procedures have been
repeated for the three values of Poisscon's ratio giwen above,
For this purpose, it is only necessary to present the
different values of the coefficients a1y 25 and a3 of the
first three terms in the expansion of equation (3%Ia) ;
the roots (fq5,0) of the equationﬂﬂﬂ}) = 0 for the Rayleigh
poles of figure %3 and, finally, the corresponding values
of ﬁl for the limits of integration in ecquation (47).
These values are presented below in Teble 1.

The complete solution for all FOUR values of Poisson's
ratio are presented in graphical forms in figures 6,7 and 8.
These curves are discussed in the next chapter.

TABLE 1
T ay a5 35 '.Yl—é (3
5 I 5
v Q5 > o I P 1
0 -1 mrg | 9/32 | 1.1s4 | 172k
1/4 /31 1 s/27 | 1.088 | 1/3%
1/3 | -3s2) 35 | 77 | 1.072 | 1/2
30 | 256
1/2 %k -2 30 | 14 | 1.007 | 0
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9.4, Complete solution of the rigid circular body, torsional
oscillation

9.4.1, Solution of Fgg(q)

Similar to the case of vertical translation, Fga(q)

is to be determined from the pair of equations :—
UDRNG LY -
f” 22NNy e @ oca
BO])
O
e (63)
22(1 )J ("]I‘)d"] >l

n

1
o

where BO@) is the non-dimensional form of the expansion
in equation (31la) and k = -GRO.

Mso, € (%) - FII(Q)J:L(T]'%)@\!) .

.Q,Jiig‘ 72
where Fll(fl) = —2\}§ GR@[,]‘/ZJM({P ~ﬁv-%J2%(vl) + J
6

which is obtained from the solution of chapter 7.

9.4.1.1. Expression for 611(5)

By taking the first two terms of Jl(q‘“r') and
using equation (48) of the contour integration analysis,
it is found that

€3 =k (1+o 16’7?2-0 0575? +0.000870 6)

(o 01827’ 1-0. 005857 ) 2_]

97, [(1 0.113] 2+o 00440712>

Fad
_(p.10012—0.0119Q2+O.000276?g)§?]dj .
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O.4.1.2. Solution of a class of dual integral equations
related to Fgg(n)

~

When 611({) is substituted in equation (63), it
1s obvious that we are involved in the solution of the
pair of equations :-

LN .
-S gggﬁq)Jqur)dj~ - ¥ ofa
0 %7

- crsesesse(BH)
'b vy
go ng(n)Jlo?r)dq. 0 1

Since a direct application of equation (26b) leads to the
intrectable integral

1 _4% Naxr
\go VA PR L

we obtain a formal solution of equation (64) by =applying
the operatorcgﬁi(r) of equation (31b) from which it is
found that

FOL(D = FLO] o+ 25E,0D)
221" 1] 122“1

Finally, after some reductions, we obtain

FEEUI) = YllFll(']) + (‘(llFEC(P eeeees(B5)

il

where (1, = | -oO. 167'7]§<1—O .4527%0.04057 2‘)—‘

. 41 < 2 - 4)
+i TH2[1-0.213M54+0.0163
5T (E 12

511 - [ 0.29295 Q-o.585-3§+o.2oqg>

1

| -i-g—g-’é (]1-0.1821]%0.0102'11;‘) ]
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9.4.2. Solution of Faa(q),Fkk(Q) and the required F(q)

In a manner simiZar to that of the vertical trans-
lation, it is found that

P50 =Q§l +kd3 F1a () +<Y11c€11 £ 511>F2_(¥})
= k(22’5‘11(7(1% &QQFEU]) .....:...,...l......(65a)

where it is found that

K = 0.167q§(p¢125+o.0513f2-0.00580qg)
148 (0.05042 - 0.02a700%)
5 (;xoaoyg - 0.007073

i - -o‘?law)g(o.‘125@.0625*}5—0.0469@)

l{
§

+i:"i.’1§( 0.0527-0.00650] <40 .oooaoqg\
N ' < i
- . [ i

Now that the basic quantities {ll’ Gy K and & have

been derived, the solutions of the general Germ'Fkk( ) and
the required non-dimensional stress transform F(¥)) follow
exactly as in the case of the vertical translation.

9.4.%, Complete equation of forced vibrations

The equation of forced vibrations, Aeduced from
equation (38b) of the Tirst approximation sclution is,
correct to she first -wo terms of Fll( Y-

N €<1))

a3
3
W
>
1]
K>

>

where T ig the amplivude of the exciting harmonic torquc.
As djiscussed in articls 9.3.5., thce complete equation

of forced vibrations can de deduced from equation (66)

for the present ca%i.

The final result for the non-dimensional amplitude & = o2

using the computation of Yﬁm andémn
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is found to be given by:

~ - 1 1 -
8 P—:_;a— or \ 1551657- ceees(662)
where P = %? - (3#~§5>7 g? (1 -0. 650q oy 547? * 0. 1954
| +o.119? 5-0. 0685710+o 057279 )
“Q = __1_(1-0 560q2+o 5251]2-0 1807 0. 1057

27 o, 05247 + 0.0570] 12)

It is recalled that the result is independent of Poisson's
ratio so that there is only one family of resomance curves
for different values of the inertiz ratio E as shown in
figure 9.

The results of equation (66a) arc also compared with
the experimental results of Arnold et al(1S55) for specified
values of 3' in chapter 10,

O.4.4., Complete solution of the dvnamic stress distribution

The method of solution is, again, the same as
described in article 9.3.5.2. for the zase of vertical
translation. The results are presented in a graphical
form in figure 11.

9.5. Complete solution for the rigicd rectangular body

9,5,1, Similarity between solution for the rectangular

body and case (2i)

It is important to state that the procedure for
the case of the rigid rectangular body (both vertical
translation and rocking mode) is, in most details, the
same as for the rigid circular body,vertical translation.
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This is because the main equations (22),(24) and (25)
contain the same function 21 go that the values in

()

Table 1 for the four cases of Poisson's ratio considered
are the same in all the cases.
Also the important generalisation of F(M) in equation
(60) whereby complete solutions can be deduced from
the corresponding first approximation solutions applies here.

9.5.2. Evaluation of integrals involving ﬂ’(ﬂ)

The only point worthy of note is the computation
of é}ll(g) - the analogue of 611(f) of case (ai) - which
contains integrals involving Bessel's function of the
second kind, whenever the integrands tend to infinity
at the lower limit of integration. This is the case only
for vertical translation of the rectangular body in which,
we recall, the theoretical vertical static displacement
is infinitely large.

As & preliminary, Eﬁ(q) is replaced by its power
series

m;(?) = = J (1 {ln ?] hr.o )<y+2r§g;%Tll_

_%Q-m (WP . 5

r!(w+z)! | s=1 s=1
= lim, :££ ( ‘) Inr = 0,577216 is
where rsg| &
Euler's constant, By replacing byz;772 so that
lnl = lnhq2 - 1n 2 + lné ('"1n' denotes the

Naperian logarithm ), it is found that one part of the
solution of the integral involving E’Cq) can be deduced
from the corresponding integrals containing Jy( )} which
have been analysed for the case of the circular body.
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The remaining component of the Kqu) integrals is that
which contains the logarithmic terms and is treated in the
following manner :~
In cases where the integrand is finite at the origin, the
usual procedure of applying Simpson's rule is adopted
without any modification. However, when the integrand tends
to infinity at the origin, the integral is first split
into two thus:

I =1I,+1I
1 2

4
where I =3§ F (C):Lnédd. I, =£F(¢)ln(3é. Ig:SéF((" )1l 3.

in which ¢ is chosen to be very small compared witht;g.
It should be noted that F(0) is finite although F(/,)1ng
is taken to be unbounded at the origin.

12 can be evaluated directly by Simpsors rule and, for
I, we can replace FQ:) by FQ@) ~ its mean. value in the
very small interval O to £.

Then ﬁ(@)rl ag.

0]
é;ﬁQ;)(JIL& - 1) where use has been made of
the well-known result 1im.C;1n5; = 0 .

&0

9.5.3. The functions Fll(q)

I

il

1

It is sufficient to give the first approximation
solution which is the basis of the computations of the
complete solution.

Case (bi) Vertical translation

Py 1)) = bﬁl’-’o[aﬂ%o(ﬂ) + a2b21]"%'JT1(YP . %a5b4*/'_l1/2J2(7))+.“;}

2
2 B

Case (bii) Rocking mode

Py - —E’%’Zﬁ alf}%Jl('f]) + %agbgq"yaa!“g(f]) + %a5b4f}"1%J5(7)+<.:]?

!
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9.5.4. Resonance curves and stress surfaces

The method of deriving the complete solution F(1})
of the non-dimensional stress transform from the first
approximation solutiocon Fll( ) given in the last article
is the same as in the case Of the vertical translation
of the rigid circular body. Also, the eomplete egquaticn
of forced vibrations and the dynemic stress distribution
are derived from the corresponding first approximation
solution and the complete solution F(M) in the same
manner as described in article 9.3.5.

The results of these complete solutions are presented
as resonance curves and stress surfaces for the four valucs
of Poisson's ratio considered in figures 12 to 14 (for
vertical translation) and figures 15 tc 17 (for the rocking
mode). In figures 12 and 13, ﬁ represents the amplitude
of the harmonic exciting force per unit length of the rigid
body and: m is the same mass ratio defined in equation (39b).
In figures 15 end 16, T is the amplitude of the exciting
torque per unit length and 3 is the same inertia ratic
defined in equation (40b).

The results of this chapter are discussed in the

next chapter.
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CHAPTER 10

COMPARISON OF THE THFORY WITH EXPERIMENTAL RESULTS

10.1. Intrcduction

In this chapter, the predictions of the present theory
are justified by comparison with publishecd results of laborator
and. field tests.,

Most published results lack information on the dynamic
elastic constants on which numerical comparison can be based,
Personal correspondences in a few cases have shown that these
constants were, in fact, not determined for the medium on
which the rigid bodies were vibrating. However, any information
which includes the resonant frequencies and mass ratios for
more than one test can be used to determine these constants
when use is made of the method recommended in the nexf chapter
These constants can then be used to predict further results
on the same medium. This procedure has been adopted in the
comparison with the experiments of Eastwood (1953) as will be
seen la%er in this chapter. In some cases - Kanai (1961) and
Jones (1958) - shear modulus has been compared with their own
values obtained from the wave propagation tests.

Finally, the chapter contains discussions on difference~
between theory and experimental results, comments on the
test procedures of the authors cited and general discussions

on some of the theoretical curves.
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- 10.2. The experiments of Arnold, Bycroft and Warburton (1955)

The most reliable experiments seem to have been performed
by the above authors. This was because great care was taken
to satisfy the assumptions of the theory as nuch as possible;
Foam rubber - the elastic medium used - can be accepted as
a uniform isotropic material. The sizc of tﬁe rubber, twelve
3'x3'x1", is very large compared with 0.375 to 2.25" which
were the radii of the rigid circular discs used. Thus, with
the negligible reflection of waves from the edges as quoted
by the authors, the foam rubber is a very fair approximation
to a semi-infinite medium. Also, the exciting force was
produced electromagnetically and can, therefore, be easily
controlled,

The elastic constants for the medium are quoted in table 1
of their paper but it is unfortunate that the method whereby

thesc constants were obtained was not stated.

10.2.1. Justification of the first approximation solution

It was stated in chapter 7 that the first approx-
imation solution is perfectly adequate for estimating the
resonant frequencies for bodies with large mass or inertia
ratios since these have low reconant frequency factors.

This statement is justified by comparison with two of the
experiments of Arnold et al (1955) for the vertical trans-
lation and torsional oscillation of the rigid circular body
when use is made of equationsg (37f) and (38b). It can be
seen from Table 2 that there is perfect agreement when the

resonant frequency factor is small.
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TABLE 2
Case Mass or Inertia Resonant frequency factor f
Ratio Theory Experiment ]
(ai) | 24,5 0.395 0.395
)/= 0 11.4 0.564 0.55
7.6 0.675 0.63
(aii) 5.34 0,982 0.92
10.2.2. The complete solution

The results of the complete solution in the last

chapter have been compared with the expérimental points due
to Arnold et al (1955). These are shown in figures 18 and 19
for the two cases of vertical translation and torsional
oscillation respectively. Figure 19 also includes theoretical
curves due to Arnold et al (1955).

One point of interest is brought out clearly in the above
figures - there appears to be more thermal damping for motion
in rotation than in translation. In other words, dispersion
damping for the case of translation is very much greater than
thermal damping for the same mode and this condition is reversce
for the case of rotation., This is not unexpected when one
considers the magnitude of the quadrature components of stress
in comparison with the in-phase components for all cascs in

translation and those in rotation as shown in the stress

distribution figures,
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10.%. Laboratory and field experiments on soils

Although foam rubber serves as an ideal elastic medium,
it is obviously not the type of medium that rigid bodies
generally rest on in practical life, Therefore, it becomes
very essential to be able to interpret results of vibration
tests on soils as this is one of the main problems that confron
us. This has been realised, for example, by Warburton (1957)
who concluded his paper by stating that the theoretical
results would be used in a later publication to predict
resonant frequencies for a soil-mass system.

Notwithstanding the fact that soil is known to have non-
linear characteristics (as discussed in the next chapter),
the results of the present theory can be adapted to soil
vibration problems under some specified assumptions which are
stated in each case, |

10.3.,1, The experiments of Bastwood (1953)

Laboratory experiments on dry and inundated sand

have been performed by Eastwood (1953). The sand was containcd
in a tank 4' cubed and according to him there were no
appreciable reflections of waves from its boundaries. The
relevant experimental results give the variation of mass ratio
(expressed as dead load per unit area) with natural frcequency
for vertical translation of rigid circular and long rectangula
bocies., |

The method of determining the natural frequencyrwaé to
subject the body to a vertical blow and to measure the frecquen

of the free oscillations that followed. This is not consideres



~10L-

to be sufficiently satisfactory since it required re-compacting
the sand after each test thereby disturbing the state of the
nedium,

Poisson's ratio and shear modulus were not determined by
Eastwood as personal correspondence revealed. Also, it can bce
easily checked from his experimental points (by considering
the product of radius or semi-width and frequency at constant
mass ratio) that the shear modulus was not constant throughout
the test since the above product is found not constant. The
density was maintained (by regular compaction) at 108.1 1lb/cu.f
so that the dead load given is easily converted to mass ratio.

It will now be assumed, for the purpose of this comparison,
that shear modulus varies with frequency but rcmains constant
at the same frequency. Thus, by chgosing two experimental
points of nearly the same resonant frequenciecs as'reference
points' - these pairs are encircled in figure 20 - knowing
their mass ratios and corresponding radii, then the appropriate
Poisson's ratio curve in figure 7 is that for which the
frequency factors of the interscctions of the mass ratios
are in the same ratio as the radii. For example, the upper
encircled pair of points in figure 20(a) have mass ratios of
22,2 and 12.6 which intersect the 1/3 Poisson's ratio curve
of figure 7 at resonant frequency factors of 0.490 ancd O.314
respectively which are in the same ratio as the radii 4" anc
5" corresponding to the points. The Poisson's ratio having
been determined, experimental points for one rigid body sare

- used to determine the variation of frequency factor with
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frequency and from this the theoretical curves for the others
are derived. The whole of the comparison is shown by figures

20 and 21.

16.%.2. The experiments of Jones (1958)

Jones attempted in 1958 to determine the dynamic elastic
constants of soil in-situ by two methods : the wave propagation
nmethod and the resonance method. In the former, the velocities
of Rayleigh waves propagated from an electrodynamic vibrator
were measured and in the latter, the resonant frequencics of
several rigid circular bodies were determined for wvertical
vibrations. Jones assumed a Poisson's ratio of 0.5 for the
purposcs of calculating the shear modulus from the Rayleigh
wave velocity., He obtained 5,750 and 1,870hb/sg.in. for sites
A and B respectively (see P.16 of his peper). The resonance
data for these sites are given in Table 3 of his paper and
when use is made of figure 7 of the present theory, it is founc
that shear modulus, assuming Poisson's ratio of 0.5, varics

as shown in the following table

TABLE 3
-
Site Mass ratio Shear modulus 1b./sqg.in.
A 51 ‘ 4,410
109 4,530
| B 51 1? 1,270
80 1,430
109 1,500
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It can be seen that these values are not only much lower than
his own values but also are not the same for each site. The
explanation to these differences immediately comes from the
method which Jones used to determine his resonant frequencies -
the usual resonance method of keeping force constant and varyin
amplitude until the mexinum is atbained. As shown in. the next
chapter, this method is unreliable as far as soil is concerned
because of its non-linear characteristics which become severe
at high amplitudes.

This fact is more vividly brought out by reference to the
tests of Jones on gsites C and D as shown by the results in
Table 4 of his paper where we sce that two natural frequencles
are obtained with two different constant currents i.e. forces
(since electromagnetic force is proportional to current).

Thus, with the uncertainty of the correct resonant frequency,
it i1s not worthwhile using the present theory to determine
Poisson's ratio. Since the error involved in the calculation
of the shear modulus is proportional to the square of the
frequency, then in a case like site C,line 139with resonant
frequencies ranging from 77.5 to 67.5 for 0.5 and 1,5A. currcnt
respectively, the values of the shear modulus( for any Poisson'
ratio ) would differ by 31l.5%. Therefore, this method of
determining resonant frequency is not suitable for soils. 4n
altermative method, described in the next chapter has proved

very successful.
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10.3.3. The experiments of Bycroft (1959)

Bycroft has carried out a field test for vertical
and horizontal translation of a circular concrete block of
diameter 5% and depth 1' on soil of which he assumed a Poisson's
ratio of 0.45 and a shear modulus derived from Boussinesq's
equation and the results of his in-situ static tests. The
exciting force was produced by cut-of-balahce weights placed
on the concrete and operated by a belt drive from an electric
notor a few feet from the vibrator.

Although this method of dynamic soil test using static modulus
is not considered satisfactory (see next chapter), yet the
experiment is cited here as the only available experiment which
confirms that rigid bodies of small mass ratios (less than
about %) do not have an observable resonant frequency when
performing vertical vibrations since the theoretical peak is
too close to the static deflection. The fact that the abecve
Tigid body had a mass ratio of 2.53 and no peak appears in its
resonance curve is a justification of the doubling back of
the curves in figure 7.

This phenomenon,peculiar to vertical translation cascs and
absent in rotation cases, is a direct consequence of the high
diépersion damping in translational modes. This can be checked
mathematically by investigating the decreasing or increasiag

nature of the resonance curves near zero frequency factor,
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10.3.4. The experiments of Kanai and Yoshizawa(1l961)

Experiments on actual buildings have been carried out
by the above authors of the Earthquake Research Instute, Tokyo,
for the case of the rocking of buildings whose lenghkhs arc
nuch grecater than their widths. Also, the experiments uscd
in this section are for buildings in which the ratio, m, of
the vibration of the roof to that of the base is such that the
axis of rock is not too far from the base., It is to be recalled
that the assumptions of the theory demand that this axis should
coincide with the axis of syrmmetry of the base.

Since only one measurenent i.ec. resonant freqﬁency of rocking
was made for each building at cach site, it is not possible
to determine Poisson's ratio and shear modulus indepggﬁlyn
Therefore, shezr modulus has been calculated for Poisson's
ratio of 1/4,1/%,and 1/2 using the theoretical curves of figuru
16, The shear modulus thus calculated has been compared with
the corresponding value determined by the authors using the
wave prcpagaticn method 28 qu&ted in figure 7 of thieir paver
This comparison is shown in Tagle 4 in which m is the above

ratio of roof to base vibrations and T is the time periocd of

[

rocking. ‘
| .TABLE 4
Housg m 1 T | & (present theory)- 1b./sq.in.] G(Kanai et aifi
No t gec) for Poisson's ratio of 1b/sg.in. |
“1/4 1/3 } 1/2 :
v
z i
1 50770052} 12,200 | 10,300 ' 8,040 11,100 ‘
5 |470{0.22¢ 22,400 | 20,000 16,200 20,700
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TABLE 4 (continued)

LA * gOelB 19,000 17,100 1%,700 20,700

1% 2.5 10,108 |7, 500 | 32,700 |16,200 | 34,500
s t

T S D

Agsuming the experimental values to be correct, it is
clear thet Poisson's ratios can be obtained by plotting the
vneorevical values of G.

A goecimen calculation is given for‘the case of house 15.
Mass per unit length = 100/3tors per metre = 22,8001b/fts
I mode the above ratio of rocf to base vibration, I is the

eight and b the semi-width, it is casily shown that the squate

of “he radius of gyration about the axis of rock is given DY
~
Z . 2
SN b
o

2 2
- 9;-£; y (B and the non-dimensiocnal
3 4 [: \m-1
(00

Soertlia & of figure 16 given by its definition in equation (0%

e g -
(SR SUE I

i3 wou-d o be 5.58 after use has been made of the given
?ﬁﬁ‘ﬂbu/cuofta and the values b=3.4m = 11.135 ft.

ané  h=9.04 m. = 29.7 ft.
Wty She determination of g, the ccrresponding frequency factn
for the Poisson's ratios 1/4,1/% and 1/2 aré read from figurc

16 28 O.54, 0.58 and 0.68 respectively from which the shear

modulii 2re easily obtained.
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CHAPTER 11

APPLICATICN OF THE THEORY TO THE PRACTICAL

ETERMINATION OF THE DYNAMIC ELASTIC CONSTANTS

OF SOIL IN-SITU

11.1.Comparison of the method used here with other methods

The problem of determining the dynamic elastic
constants of soil in-situ has been briefly discussed
in the general introduction (See article 1.2.3%.)

In this chapter is described a method of deter-
mining these constants based on the complete solution
of the rigid cifcular body, vertical transletion which
is summarized by figure 7. In this figure more lines
of constant Poisson's ratio besides the four cases of
0,%, % and 4 which were accurately determined have
been added by plotting the points of interscction of
any moss rotio line and the four celculated Poisson's
ratio lines so that eny other Poisson's ratio curve can
be interpolsted fairly accurately.

The method of applying figure 7 then follows simply.
A rigid circular slab would be placed on the soilat
the su%fgce. The sleb would be loaded with a vibrator
exerting on it at the centre.a vertical sinusoidal
force. For known mess ratios, say ﬁ%and ﬁé, and
corresponding resonant frequencies (lland .522,
figupe 7 would show thet, provided the shear modulus

is constant in the two tests, there is only one line
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of constant Poisson's raiio that will satisfy the
necessary condition thet the resonant frequency factor
is proportionel to the resonant frequency% A check
can be underteken with et another mass ratio. The
shear modulus can then ve calculated from any of the
frequeﬁcy fectors and thae corresponding frequency.

Althouvh there is another way of using figure 7/
whlch anOlVeS the measurenent of force and amplitude,
tﬂlS cHapter 1«pe| shows why this method cannot be
[recommended j Indeed any method which relies on the

vubﬁryﬂent of forCe or amplitude et resonance must be

*;nuccurdte a5 there will b; some error due to thermal
'dampipg‘qnd %he non—linear characteristics of soil,
Theifreq?ency'at resonance is, ﬁowever7 herdly
affectédiby thermal demping and can be measured to 2
high qégree of accurecy by eiectronic means.

4&%80, regonanc: methods which keep the force
consﬁanf aﬁd vary ﬁﬁe smplitudes will be inaccurate
(See, for example, commentson the. results of Jones

A .

' s

* : ;ﬁ /‘-ll‘.’E‘ ] .
* It h;s beep fOLPd essential, because of the

\

non- llqear Charactnrlstlcs of 501_, to define res-
onance in terms of thp minimum force that will main-
tain the'éame‘amplituﬁe of vibreations throughout. the
frequeacy range, ﬁor rTeasons o- thﬁ non-linearity

again, ,hc amplitude uhould be kevt as small &as

pessible.,
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(1958) in the last chapter) mainly becsuse high
amplitudes will set in near rcsonance and the non-
lincar effects of soil will certainly meke the results
unrelisble,

tnalternetive method is to carry out a wave
propageation test in which meessurements: of the wave
velocitics are made. As discussed later in this chapter,
it is generally difficult with this method of test to
determine independently the Poisson's retio and the sheer
modulus because only onec wave of propagation is clearly
distinguisheble. Also, this method yields indeed 2
value of the dynemic elastic modulus as an average
for a large erea of ground and not directly under the

rigid body.

11.2. Subsidicry experinents before the field tests

11.2.1 Calibration of vibration pick-ups

The vibrction pick-up used to measure the amp-
litude of vibration of the rigid body was a Dawe's
moving coil (electrodynamic) type which generates o
voltage proportionsl to the absolute velocity. The
following'procodure was adopted to determine the
constant of proportionslity.

The greticule of a compound microscope with an
objective morgnificaticn of ten was first calibrated by

focussing it against standard micrometer scale in

&
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which dmm, is divided intc a hundred parts. It was
cbserved that ten divisions on the microscopée coincided
with 0.9 mn. on the scale thus giving the following
fector for fhe microscope :

1 division = 0.00354 in.
A check was also made using a dial gauge. An auxilicry
cirvcular scale permbtal the reading of the microscope to
a hundredlh of a division.

The pick-up was then fixed to a tzble supported
by four Leaf springs and connected to & vibrator by &
short stud as shown in figure 25. This arrangement was
port of the electronic circuit shown In figure 22.

‘he millivoltmeter in figure 22 is a mcesuring box

[

complote with diffcrentiating and integratirg circults.
It mecsures tne output voltage from the pick-up by
conpering the omplitude of the sinusoidal wave shown on
e oscilloscopc when o known moins voltage is fed into
the box with the cmplitude when the box is switched on
to the circult admittihg the pick-up voltage. It is
obvious thut 21l pre-—amplifier and oscilloscope scttings
that affecct the wave amplitude should be the smme in
both cases, The frequcncy of excitation is recd
directly Tom the decade oscillator which resds occ-
urately to CG,01 ¢c.p.8..

4 bright spot on the pick-up was focussed in order
tc measure the emplitude of vibretion. Since, for

hermeonic vibroticns,
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velocity = amplitude x angular frequency,
the velocity of the pick-up could be eesily determin.d
at any freguency while the corresponding voltage was
rcad from the milliivoltmeter as described above,

Tigure 24(a) shows the results of the calibration
from which the constant of the »ick-up was found to be

104 nV (peek voltege) &t 1 in. per sec.

Pigure 24(b) shows similar results for a Philips'
pick-up intonded to be used for measuring ground
vibrations &t the surfoce sway from the rizid body in

the ficld tests.

11.2.2 Testing the equipmerts on the collcecge site

Before taking the cquipments to the ficld, it
was thought cdviseble tc try them out in thoe college
premises, The queadrangle between the Civil, Iechanical
end Flectrical Engincering buildings wae the chosen site.
No difficultics wecre encountered and the equipments were

considercd f£fit for ficld tests.

11 3 Plcld tests at Silwood Park, dbribhire

Cu

The 51tp chosen for the ficld tests is quoted

el
»

by Jarmarn (1960) to be an unusually uniforn mediym of
a low wave vclocwty soil (actu ally sandy cley) gradually
merging to a 400 ft. depth of London clay. It corr-

o

ospbnds i} 51te 2 of his tcets t#he Impericl College
Fipld Station, §ilwood Pork, Ber KSﬂer The tests
deseribed herc Wprc pcrformed in ?hc last weelr of October

¢
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1964 during which the weether kindly remained fair,
All equipnments, with the cexcention of the vibrator, were

inside & van chout vhi LV feet from the vibrator,

A pit, eisght feet dicmcter and 3 fceet deep, was dug outb

to remcve the loosc top scoil until uniform sandy cley

By

]

was reach

C

'd.t- ‘ '

11.%.1. Resonance tests ?

\

11.5.1.1., Descripition of the sct— —up

The cloctronic cirecult waos connccted up &s shown
in figure 22, An esscmbly diegren of the vibrator,
vick-up and rigid circuler body is shown in figure 25.

The pick-up wos placed in © recess machined out in

t
jny
e
ct
O
[
b
4
O
o
ot
28]
i
[N
‘_1
w
O
N
I».J
=
ct

=8 shon he figurc. The
circular discs which sre cne foot diacmeter werce ground
flat on both fzcees. The device of two studs sticking
out from the base plate and holes in the oﬁker discs
ensdled the moss of the rigid body vo be increased with
the lcast aiegtue bence of the base plote and, therefore
of the soil. The lcast woight of the rigid body-
consisting of the bose plate, the top disc and pick-up,
the vibr:ter cnd lcad weights - was 231 1b.

An avometer was connected scross the output of the
powcr‘amplificr irn order to measurc the voltage applicd

H
H

to the vibrator., . -
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11.%.1.2. Tecst procedure

The mains switches of the electronic equipments
were put on for about hclf an hour to warm the sets.
Stray raiio waves :nd other cxternal fields which wore
detected on the oscilloscope were suppressed as much as
possible by using an earthing lead from the pick-up to
the oscilloscope anﬁby using the hunm corrector%on the
preamplifier.

Yith the first mass - corresponding to the above
least weight of 231 1b - on the soil, the E.H.T. of
the power amplifier wes switched on, the output knob
was gradually burncd from zero and the rigid body was
set into ve. icel vibrations which were chccked on the
oscilloscorp to bc sinusoidal.

From the calibration factor of the pick-up, the
amplitude of vibration wes set to 0,303 x 107240, at
the arbitrery frequency of 42c.p.s.. The milli-
voltmeter mecasuring box was then switched on to the
displacemcnt (integrating) circult and the height of
the wave form was adjusted to occupy horizcntal marks
on the grid about 3in. apart. This height was to be

maintaincd throughtout the test without touching any

adjustment on the prc-amplifier or oscilloscope that

would alter it, but only by controlling the output

from the powcr emplificr was the height to be adjusted.
The test was then performed simply by changing the

frequency (using the decade oscillator) and adjusting



~120-

the power amplifier output until the constant amplitude of
vibration was attained when the voltage applied to the
vibrator would be read on the avometer. The frequency range
should include one frequency with the minimum applied woltage.
At the end of each test, the amplitude of vibration was checked
to be unaltered,

The results of all the tests, performed with six masses
of the rigid body - 231, 295, 359, 423, 591 and 759 1b. -
at various constant amplitudes of vibration, are shown
graphically in figure 26 in which the apﬁlied voltages have
been converted to forces using the calibration curves discussed
in the next article and the above masses have been given as
mass ratios using the density 130 1b./cw.ft. determined later.
Also, the parts of the curves in the neighbourhoeod of resonance
have been enlarged as shown in figure 27 in order to determinec

more accurately the resonant frequencies.

11.3.1.3. Conversion of the applied voltage to force

Since resonance has been defined in terms of
minimum force that will maintain the same amplitude of vibration
it is necessary to determine the force corresponding to each
of the applied voltages. It is obvious that the exciting force
on the rigid body is produced by the inertia force of the
lead weights and the table to which they are fixed. Thus, by
fixing the pick-up to the lead weights and measuring the
amplitude x, say, of vibration at various frequencies, the
force is easily given by m(lgx where m, the total moving

mass was 11 1b. for the tests. The corresponding applied
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voltage was again read on the avometer.

The result of the calibration is shown in figure 28 from
which we notice the effect of the variation of thejcombined
impedance of the power amplifier and the vibrator with
frequency. This is shown by the subsidiary curve in the same
figure 28 in which, by direct projection of points as indicated
for one point, the variation of frequency with applied voltage
for a constant force of 25 1b. is given. An easier procedure
might have been to read current instead of voltage since,
theoretically, electromagnetic force is independent of frequenc
at a given current. However, the abowe procedure is seen to
throw light on the impedance characteristics of the vibrator

with the amplifier.

1l.4. HMnalysis of the results of resonance tests

1ll.4.1., Determination of the soil density

The density of the soil is required in the determinatio
of the mass ratios and in %he calculation of the shear modulus
foom the resonant frequency factor.

It was easily determined by cutting out two samples of soil
3/2 x 11/16 x % and 1% x 15/16 x % inches, directly under the
rigid base plate and weighing them immediately on a chemical
balance. The first weighed 4 gm. and the second, 26.8 gm.

The calculated densities, were admirably close - 130 and

129.5 1b./cu.ft. respectively.

1l.4.2. Shear modulus and 2oisson's ratio by the recommended

mehod

It i3 to be recai.ed that the primary object of the
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test is to solve the problem of the dynamic elastic constants
as discussed in the introduction.

From the resonant frequencies shown in figure 27 and
their correspomding mass ratios listed in figure 26, the
procedure outlined in article 11.l. immediately gives, for
any pair of mass ratios that the appropriate Poisson's ratio
curve is O,4 and the value of G, shear modulus, calculated
from the resonant frequency factor and the corresponding
resonant frequency for any of the six mass ratios is
1,550 1b./sq.in. This corresponds to a shear wave velocity
(velocity of waves of distortion) of 220 ft./sec. and a
velocity of waves of dilatation of 540 ft./sec.

The operating points are shown in figure 29 which is an
enlarged view of figure 7 in the region of mass ratios tested-
Figure %0 also shows the variation of mass ratio with resonant
frequency.

11.4.3. Unreliability of elastic constants calculated from

measured amplitude and force

It was mentioﬁed in article 11.1, that there is
more than one way of using figure 7 to determine the elastic
constants but that the only method recommended is the one used
above., The reasons given in that article are further
substantiated here by considering figure 31(a) which shows
the sub-linear charecteristics of the soil under dynamic
conditions. By comparison with the linear curve which a
perfectly elastic medium would follow under the same conditions

of loading, it is readily obvious that the error involwved
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in the ratio of measured amplitude to force increases as we
move away from the origin of the sub-linear curve. This has
been shown in the same figure as the %ge error curve in the
non-dimensional amplitude. Indeed, it has been checked that

the tangent at the origin - which is the linear curwve described
above - gives practically no error in the non-dimensional
amplitude at resonance,

The effect of this error on mass ratio as shown in figure
31(b) indicates that the error increases with decreasing mass.,
Thus, we can afford to work at higher amplitudes for larger
masses with less error in the calculated non-dimensicnal
amplitude at resonance. Also, when the error is ncgative i.e.
from the points where the curves cross the horizontal axis,
then linear elastic theory begins to take account of thermal
damping in the medium,

All these show that methods of determining dynamic clastic
constants of soil based on mecasured force and amplitudec and
assuming elastic theory arc completely unreliable unless the
sub-linear curve 1s accurately determined and the tangent at
the origin properly obtained. This requires testing at very
low amplitudes for a sufficient number of points and deter-
mining the best equation that fits the points. The differential
coefficient at the origin would then be taken as the gradient
of the linear curve of figure 31(a). The practical difficultics
of testing at very low amplitudes and the effect of thermal
damping which is not accounted for - and whose nature, in
actual fact, is not really known for soil - make this method

to be inferior to the one recommended.
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11.5. IHMeasurement of the velocity of waves of dilatation

As a check on the wvalue:r of the shear modulus determined

by the recommended method ( article 11l.4.2. ), a test was

carried out to measure the velocity of waves of dilatation.

A geophone was placed on the spot where the rigid body had
been during the resonance tests and was connected to an M.D.1
refracticn seismograph which is essentially a timing unit
with variable gain and was placed in the pit near the geophone,
A long lead from the seismograph goes to a sledge-hammer which
was used to hit on an 8'" dismeter, #%'" thick steel plate
placed in holes dug to the same depth as the geophone and at
measured distances from the geophone.

The time taken by the first pulse to reach the geophone
was recorded on the seismograph. This corresponds to the arriva
of the waves of dilatation since this is the fastest., The
slower waves - shear and Rayleigh waves - are generally
indistinguishable and, therefore, reliance is placed only
on the first pulse.

The results of the test are shown in figure %2 in which
it is to be noticed that several readings, corresponding to
various seismograph gains, were taken at each distance., The
unpainted circles are for the readings taken at about 120°
from the common direction of the other three.

The gradient of the graph gives the vclocity of waves of
dilatation as 540 ft./sec. corresponding to 1,350 1lb./sg.in.
on the assumption of 0.4 Poisson's ratio. This is in wvery

good agreement with the value predicted from the resonance
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tests results. It is, however, difficult to.determine shear
modulus and Poisson's ratio independently unless the arrivals
of shear and Rayleigh waves can be distinguished.

The author hereb#acknowledges the help and cooperaticn
of Mr. Morgenstern of the Civil Engineering department and
Dr.Kzill of the Geology dcepartment with whom this test was

performed,

11.6, Static tests

In the discussion on the problem of the dynamic elastic
constants in the introduction (see article 1l.2.), it was
mentioned that the static modulus of elasticity is much
lower than the dynamic modulus for soils. Tests on the soil
used above have confirmed this statement and show that factors
as large as ten may be involved if laboratory static modulus
is used.

11.6¢1. In-situ static determination of the shear modulus

The base plate wes placed on the same spot as it
was in the vibration tests. Two steel strips, 2ft. by 2"
by ®" were symmetrically placed at 6" apart on the base
plate and were maintained in 2 non~slip pesition by placing
on them esnother disc. Two 0.0001" dial gauges were placed,
one on each strip, diametrically opposite e¢ach other. The
gauges were supported from a net-work constructed from
handy iron angles whose ends were four feet from the discs
- a distance which would ensure that the deflection of the soi
there did not affect the rcadingss of the gauges. Two beams

were placed across the pit to form bridges on which the
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loading weights were placed and which enabled loading to
be effected without resting the feet near the lcaded arce.
The results of the tests are shown in figure 33 in which
load has been plotted against deflection as read from the
dial gauges. Figure 7 shows that at a Poisson's ratio of
O.4, the static non-diménsicnal amplitude is 0.15 - a result
which can also be derived from Boussinesqg's equation. Hence,
from the linear pcrtion of figure 3%3,.we obtain the values
of the shear modulus as 1,000 1b./sq.in. from gauge A and
790 1b./sq.in, from gauge B which are much lower (26% and
41.5%) than the dynazmic modulus of 1,350 1lb./sqg.in. «

11.6.2. Triaxizsl leboratory test

Mr. Morgensternkindly consented to conduct a
laboratory test on,éylindrioal samples of the soil taken
from the core of a lump which was dug from the spot on
which the rigid body was resting.

The stress~—strain characteristics of three samples =s
obtained from triaxial tests are shown in figure 34.
The values of Young's modulus obtained from the linear
portions of these graphs are quoted on the figure. Remember-
ing that Young's modulus is 2.8 times shear modulus for a
Poisscn's ratio of 0.4, the important conclusion to be
drawn from this test is that elastic constants derived from
laboratory static tests and applied to field vibration problens
can only lead to very wrong results becausec soil in the
laboratory, under artificial loading, does not behave as the

seme soil in-situ,
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APPENDIX 1

DERIVATION OF THE GOVERNING EQUATIONS OF MOTION

The equations of motion - the three components of equation
(1) - are generally quoted in published papers and sketchily
or inadequately derived in elasticity texﬁ—books, for example,
Timoshenko (1951) and Love (1944), The following derivation
is given for the purpose of completeness. The equations have
been derived in cylindricasl polar coordinates but it should
be remarked that they can readily be transformed to correé—
ponding equations. in other boordinate systems by well-known

techniques of orthogonal curvilinear coordinatqs.

Nomenclature
r, 8, z - cylindrical polar coordinates of P in figure Al
r', 6', z' = r+dr, 0436, z+dz. - coordinates of P'
u, v, w - components of the displacement wvector 7? of «
particle at P in the directions r, ©, 2.
—
bJr .z ~ components of the rotation vector ZJ at P.
? 9
3, € - direct stress and direct strain respectively
279.Y - shear stress and shear strain respectively

U5>\)6,G, E - Poisson's ratio, Leme's elastic constant ,
density, shear modulus and Young's moduluss

of the elastic medium respectively, where

E and G = —=

T (1ev) (12w 2(149)
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Sign convention for stresses

Tensile stresses are positive. ?;e is a shear stress on

the face r is a constant and in the direction © increasing.
It is taken positive if the tensile stress on the same face
is along the direction r increasing.

Al.l Equations of motion in terms of stresses

The element in figure Al is first considered as
a rigid body acted upon by forces arising from the stresses
shown in the figure. Resolving radially outwards along the
mid-plane €+d8 = constant, resolving perpendicular to this
plane and thirdly along the z-direction give the following
cquations of motion :-

((5,37 Lo, )dddz —Qsaﬂ‘ﬁ‘e)dfdz-‘i@ + (?z )Td")“" '*‘<( G ¥rde= C‘CN%“

(GG )zdr + (2 o0y Medz +((za G dodr 7, ) 8drdr - fdvév e

({SZ,‘ O‘Z)f‘dedrf(?r 'z.r" (rzj”) dodz '(Z' e’z“(az rJz = p dv 31 -

Noting, for example, that as P' tends to P(FZ r_( Q ( zr)dr

and that the elemental volume AdV=rdrd®dz, we find that

equations (Al) reduce to

d6 .

é—?- +
%@f@

A rs
IT

§Z}z . 6‘ 'e

T gg g%;

1 d40p (g o
T ~§-§ + -SZ 2 -—fre
1 ez 0§z /C_-;c'z
T 30 3z T

(3

2
3 (55‘5
2‘I\T

-4

.. (42)

It should be noted that the above equations are statically

indeterminate as they do not take into consideration the

deformation of the element.
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Al.2 Compatibility of stress and strain

Hooke's law gives the following expressions for

the direct strains in terms of the direct stresses :-—

§,.-V¥0g-vs, = Eg,
VG .+ Gg-X0, = B,
-G, -¥0q+ G, = BEf

By solving these simultaneous equations, we obtain the

4

direct stresses in terms of the direct strains; for example,

5 . €, ~V-y A 1 —‘?' -v i
r = A 6,@ 1 -y where (¥) =|=~-y Y
€, v 1 -y -y 1

f

(1-29)(14y)°
After some reductions, it is found that

E[&é+ (1—2V)fr3

6} = where ¢ is the dilatation i.e.
(1-2v)(1+V)
€ = & +-Ee + éz « By introducing ncw the elastic

r
constants G and ;\, we finally express @ r in the symmetric-

form 6-r = N¢ + 26G¢, \ end in a similar nanner
68 - Aé + 2@66 ® 8 & & 8 & 0 08 BB s e 0B (Aa)
G, = N + 26€

Shear stresses are directly related to corresponding shear

strains by Hooke's Ysw i.e,
e

C re ° G7}e
?ez - G’Yez ® % ¢ 5 06 8 6 0 0 08 50 00 S G e N e OO0 e (AL“)
szr = Gl
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Al.% Expressions for strains in terms of displacements

From the geometry of the deformation of the element,
it is shown by Timoshenko (Pages 65,66 & 3%05) and Love (P.56)
That the components of strain are related to the components

of displacement by the following expressions :-

N
¢ _ ou c 1 Qz u _'5
{.I‘— ér’ v:e—_r-be-*-f 9 6Z-B—; oo---oouooozo(A5>

?/ 1 éu . av' g , Yez: év _];%_VL YZI‘ gu dw vee (46

Also, the components of rotation are shown to be given by
2w=é_§.w_'flz,,2wé=§u_§_w,gw dv Y_la_um(w)
26 Jg 3z dr z ar r 18

Al.4 Expressions for the derivatives of shear strains

It is obvious from the stress equations of motion
(equations (A2) ) that, after the elimination of the stress
components by using cquations (A3) and (A4), we require
expressions for the derivatives of strains with respect to
the spacial varizbles. These arc found after some differentia.

operations on equations (A5) to (A7) to be given by :-

Wz 2% 29éz Ilro_ 2 2wy dlrg_ 20, 26‘ 246\

dz Sz T 87785 T3me Je 'i: —é_; r
%Z _ 2, 2dw, JT,, 20, 2)(rw) 2w (
dz r8g dz  Or ~§; ror T 648

\
Yy, 2, 2rd€, 2 |
— 7 r 8. J
Do do Qg dz
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Al,5 Equations of motion in terms of the components of
displacement, dilatation and rotation

Finally, we can now obbtain the equations of motion
in the forms in which they have been quoted in chapter 1
by successive substitutions of equations (A3) to (A8) in
the stress equations (A2) and by introducing the velocities
of waves of dilatation (clj and waves of distortion (02)
which are related to the elastic constants by

2 Dx 26 2 G

1 2 7 R
£
After a few réguctions the final equations of motion are

found to be

N2
2_1_5g_225wr_ 2027, 32, A
Cl rae 62 aZ + 02—5— 5"‘;2 o.ooeococ.( 9)

which are easily shown to reduce %o equations (2) and (4)
of chapter 1 for the vertical translation and torsional
oscillation of the rigid circular body respectively.

Al.6 Composition of equations (A9) into the vector equation

By using the definitions of the curl and divergence
of a vector and the gradient of a scalar (in this case, ‘he
volumetric dilatation) in cylindrical polar coordinates
as given, for example, in Pipes (1958,Pages 397 & 398),
it is readily shown that the vector eQuation.of motion -
equation (1), chapter . - is the composition of equations (49).

This completes the derivation of the governing equutlons ﬁé
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APPENDIX 2

APPLTICATTON OF THE SOLUTION TC RELATED PROEBLEMS OF SUPERSONIC

AFROFOITL THEORY AND DIFFRACTION OF ELECTROMAGNETIC WAVE

The general nature of the sclution presented here is indicate.
by quoting the above examples of other mixed boundary-value
problems which have been reduced to dual integral equations
that have not been satisfactorily sclved.

It has been shown by Gunn (1947) that the linearised super-
sonic aerofoil theory for the case of a supersonic steady flow
past a finite rectangular plate aerofoil at incidence can be

reduced to the pair of equations :=-

o0
‘yO,Ez+q2 a(q)cos(kax)adq.

o0
jﬁ a(q)cos(kqx)dq.
/0

e/pk Qex¢b

fl
C

X*b

where b is the semi-span of the aerofoil which has its leading
edge 1ying symmetrically along the x-axis, p,e and k are constsaw
and a(q) is the unknown function required in the determinaticn
of the velocity potential.

After referring to the original work of Titehmargh (19372),
Gunn's comments on these cquations are : " Its direct soluticn
does hot appear to present a simple analytical problem ". He
then went on to metheds which evaded the mixed boundary-valun
problem.

It is clear that,by a mere change of parameters,that the

above equations can be re written in the convenient form :-
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0
~%£1%——% cos(%%)dq.
Jo\G 2 )—

0 A
XO F(q)cos(qx)oq.

By expanding (Yl2+82)—%= X as a power series in ﬁ}'a where

"
Q
©)

"
»
~
}__l

]
®)
»
A\
[

a is here @& constant, a first approximation solution follows
immediately by adopting the procedure of chapter 7. It is
readily noticed that the leading term in this solution is
the same as the secomd term (inertia component) for the case
of the vertical transl=ztion of the rigid rectangular body
and successive terms can be obtained from this solution alsc.
A suitable contcur for the derivation of the ccmplete
solution is given in figure A2 ﬁnd its image in the lower-half
plane. The signs of the double-valued function& are shown and
the only pole within the contour is by-passed by the branch-
cuts and very smell circle.

The above equations are alsc known tc occur in the problens
of the diffraction cf an unsymmetrical electromagnetic wave
incident upon a slit of arbitrary width. For the case of
normal incidence, it is readily shown that the poles of the
function move to the real axis as in the casc of the
torsional oscillations of the rigid circular body. Some of
these problems have recently been discussed by Schmeltzer
and Lewin (1964) who have attempted a sclution of the problon

by what they call the function theoretic scluticn.
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INDFX OF PRINCIPAL NOTATION gsee alsc Appendix 1)

2y.2,3,, ~ coefficients in the expansion of &/p

b - semi-width of rectangular body

C1 .o - dilatationa’ and shear wave velccities
9

m — mass or mass rer unit length of rigid body

m - mass ratio, mﬁ;RB or m/eb2 where R = radius of circular
p - transform pareneter body
u,v,w — components cf displacement

G - shear modulug of the elastic medium

3’- Nen-dimensional polar inertias (equaticns 38b and 40b)
&l 5 = dcuble-vaiued functions (equaticns 9a and 9b)

?

- 3 o . Nk ic . o i
@l ratic of thz wave velccitices c:2/vl ) @:=<%A:2,/@
112 — frequency factor, R{Z/c2 or bQ/c2

é)- - angular frequency of excitation

F - exciting force

@ - Rayleigh function (equetion 18)
M — sign for non-dimensional quantities

& - sign for meximum value
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