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ABSTRACT

———— - 0t b s

This thesis is presented in two parts. The first part is con-
cerned with the development of a numerical technique to calculate
the performance of electrical machines. The experimental verific—
ation of the analysis is given in the second part considering the
case pf a slip ring induction motor. Experimental investigations
relating to the development of variable speed drives are also des-

cribed in the second part..

In the introduction the difficulty of obtaining a complete sol-
ution for the performance of electrical machines is discussed and
a short survey of the existing analytical and numerical techniques

and their restrictions is outlined.

In the subsequent three chapters the numerical technique de~
veloped to calculate the transient and steady state performance of
electrical machines and circuits is described. The procedure is
applicable to all types of electrical machinas with various asym=
metries, and the waveform of the input voltages is not restricted
to any particular shape. In some cases namely simple circuits and
ideal machines the numerical procedure is checked against exact

analytical solutions.

In chapter 5 a rigorous method of forming the system equations
in the cases of squirrel cage and sheet rotors is developed. The
assunptions made are justified by comparing computed results ob-
tained using aslternative methods and also with experimental values
obtained from a specially built machine. The criterion for con-
vergence of the equations written is established and the simpli-

fications resulting from various machine symmetries are indicated.’

In chapter 6 the method of forming system equations for a squirrel
cage machine is used to calculate the starting performance of a
reluctance-start single phase induction motor having a variable air
gaps 4n optimum variation of air gap to produce maximum starting

torque is predicted.

In chapter 7 analysis of circuits with non-linear elements is
illustrated considering the case of an impulse qé@ﬁﬁf&tédﬁznvprte;ffl
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The experimental investigations carried out are described in
chapters 8 to 11. The design of a strain gauge torque meter to
measure the transient and steady state torques acting on the stator
of a slip-ring induction motor is discussed in chapter 8. The per-
formance of the slip-ring motor is computed using the numerical pro-~
cedure and the resulis are compared with the measured values in

chapter 9.

The developuent of a variable-speed drive-scheme using a three
phase bridge inverter and a synchronous notor arrangement employ-
ing line commutation is described in chapter 10. The stability of
the system is verified experimentally and a simple analysis is

given.

In chapter 11 the development of various mechanical switching
arrangements is described. In particular the techniques are used
to provide a polyphase inverter gystem which operates as a source
of variable frequency supply with an adjustable output voltage
when operating from a constant d.c. input voltage. The arrange-
ment can also be used as a time-rat®eocontroller to vary the average
voltage applied to a d.c. machine from a fixed d.c. supply and thus
provide variable speed working without inserting resistance in the

armature circuit.

A new circuit arrangement, invented to provide a true step down
d.c. transformer by using a multi-time-ratio switching is also des-
cribed in chapter 11. This circuit can be operated with an adjust-

able amplification of d.c. current.

In chapter 12 the uses of the work described in this thesis are
summarised and further investigations, theoretical and practical,

which would improve the usefulness of the work are indicated.
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INTRODUCTION

1.1 Statement of the problem

The complete solution for the performance of electrical machines
may be defined as the calculation of currents, torque, input, output
power, speed and rotor position with respect to time following (1)
switching the supply on (2) switching it off (3) reswitching after a
disconnection or (4) a sudden change in load or any other change in
the operating conditions, until steady state is reached. The problem
is quite involved and requires various idealisations before an
analytical or numerical procedure can be applied. Progress in this
field has consisted of the reduction of the idealisations necessary
to perform the analysis with a consequent increase in the difficulty
of analysis but with an increase in the quality of the predictions.,
In this process necessary assumptions have been made according to the
availability of mathematical tools and methods in order to obtain
solutions and these approximate solutions have formed the basis for

improved machine design techniques.

In the following sections the system equations leading to a com-—
plete solution of the performance of an induction motor and a short
survey of the existing analytical and numerical procedures and their

limitations are discussed.

1.2 System equations for a slip-ring motor

If the machine has threc coils on its stator and three on its
rotor carrying independent currents, the general electrical equat-

ions for the system may be expressed in matrix form as

[v) = [T](&] + %t [(ur] creeenen (121)

with the equation for a typical pth circuit given by

V=1 a [m ; i i i
=i T _&_t[ priy F Mopiy + Mi e M i, o+ B i MPG:LG]
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where [V] y ﬁ] ’ EM] and[Rj are matrices denoting the voltages,
currents, self and mutual inductances and the resistances of the
circuits respectively. The inductances denoted by EM] are functions

of rotor position and are given by

M:f(e)

vwhere 6 is the angular position of the rotor reference from a fixed
stator reference. Ths position of rotor is a funection of time which
clearly depends on the electrical and load torques and the moment of

inertia of the rotating parts.

The electrical torque developed, Te, may be expressed as a function
of stator and rotor currents and the derivatives of the mutual in-

ductances between the stator and rotor coils as follows,

. : aM
Te = Zf ( ls, 1r, ST ) .A-o...rn(1l2)

ae

where Msr is the mutual inductance between the sth stator coil and

rth rotor coil. If the load (or braking) torque, Tb’ is given as &
function of time and speed nauely
ae )

dt

To=1f (¢,

then the instantaneous acceleration, a, is given by,

a=Te-Tb F IR IV O O N (1'3)
J

where J is the moment of inertia of the rotating parts. If uo is
the speed at time t = 0, then the speed,u , at any time,. t, is
given by

t
u =U.o+ g adt evsssenn (1.4)

and if 8 4 is the position of the rotor at time t = O, the rotor

position, 8 , at any subsequent time, t, is given by

%
r»

0 = 6+ Qudt
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Substituting for u and a in the above yields

bt o _o
e= eo+uot+ S-S _(i_ h d.t dt e (105)
o- 0 J

It may be observed that 6 can not be eliminated from the equations
(1.1) and (1.5) by substitution since it is a function of the derivative
of M with respect to 6 . Therefore (1.1) and (1.5) ars the systen

equations to be solved in order tc obtain a complete solution.

1.5 Bxisting methods of solving the system equations

Performance calculstions using analytical methods and numerical
techniques may be classified in to two main categories namely, steady
state and transient solutions. In order to obtain these solutions

several idealisations are necessary. These are,.

(1) infinite permeshility of'iron

(2) uniform air gap

(3) no saturation in the magnetic circuit

(4) +the stator and rotor windings are distributed
sinusoidally and the coupling coefficient between
them vary sinusoidally with respect to the positicon
of rotor, thus the harmonic fields produced by a
practical windings are neglected.

(5) applied voltages vary sinusoidally with time,
end are balanced

(6) the speed of the rotor is constant

1.3.1 Steady state performance

In the simplest form of analysis all the assumptions cited above
are made and the performance of a machine (with a symmetrically wound
stator and rotor) may be calculated using the sinple equivalent
circuit1 shown in figure t.1.a.. If the voltages are unbalanced, the

theory of symmetrical conponents may be applied.

To account for space harmonics produced by a practical stator winding,

the analysis may be extended by the use of the equivalent circuit shown
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in figure 1.1.b., This elininates the original assunption of
sinusoidally distributed windings. Alternatively the leakage
reactances associated with the simple equivalent ecircuit may be
adjusted to include some of the effects of the harmonic flux dis-

tributions.

If the analysis is to be further extended to the case of
asymmetrical stator windings and unbalanced sinusoidal voltages,
theory of symmetrical conponents can not2 be applied in a sinmple
manner. For this case the generalised rotating field theory
3 and illustratea’’t

described by Jhe and Brown may be used if the

rotor is symmetrical and the speed is constant.

The harmonic fields produced by the rotor currents are not
taken into account in the solutions indicated so far. However,
the equivalent circuit given by Alger1 (page 338) may be used to
calculate the performance of a symnmetrical machine under steady
state conditions when balanced sinusoidal voltages are applied and
the speed is constant, Though the effect of the rotor harmonics are
included the evaluation of the coefficients is difficult (as pointed

out in the reference) thus affecting the accuracy.

ﬁhen the applied voltages are balanced but non-sinusoidal, a
harmonic analysis may be carried out on the input voltages and the
performance of the machine supplied with each of the harmonics can
then be calculated using the methods indicated in the above cases.
The total torque developed by the machine is the sum of the torques
due to individual harmonic voltages and the current5 is the square
root of the sum of the rms value of currents due to all the

harmonics,

A particular case of non-sinusoidal voltages has been considered
by Ward6 and the performance of an induction notor at standstill
and synchronous speed conditions has been calculated assuming
idealised sinusoidally distributed windings having a sinusoidal
coupling coefficient between the stator and the rotor, and step

functions for the voltages.

The analytical solutions obtained so far do not calculate
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pulsating torque components, and in practice the presence of these
conponents due to, for example, rotor harmonics or non-sinusoidal
voltage, vitiates the original assunption of constant speed con-
ditions since the assumption that the speed is constant will not

hold good unless the nmoment of inertia of the rotor is infinite. In
practice the inertia is very small and the rotor undergoes appreciable
accelerations and decelerations. Supposing for exanple, a first com-
ponent of air gap field develops a steady torque when acting independ-
ently on the rotor and that a sccond component produces a pulsating
torque under the same conditions. Then if both of them act sinul-
taneously, the rotor has to follow the variation of torque due to

the pulsating component and therefore, the steady component can not
develop a steady torque because of the fluctuations in speed. Since
the two fields act on a common rotor, it may be said that the fields
are mechanically coupled in this way and this phenomenon is analogous
to the mutual resistance coupling in squirrel cage rotors mentioned
by Adkins?. Thus superposition of rotating nmagnetic fields is not
strictly true unless the rotor speed is constant and it is considered
that steady state conditions encountered in practice can be calculated

strictly only by a method that takes speed variations into account.
No analytical method or numerical technique exists to solve the
problen of non-sinusoidal voltages taking space harmonics, speed

variation and unsynmetrical stator and rotor into account.

1.3.2 Transient solutions

Some basic concepts for the transient analysis of alternating
current machines and circuits are outlined by Lyons. In particular
the instantaneous symmetrical conponents theory described in
chapter 3 (in Lyon's book) can be used to solve polyphase circuits
with no limitations on the waveform of the applied voltages. This
theory is then applied in chapter 4 to an idealised machine, with
sinusoidal coupling between the stator and rotor, rotating at a con-
stant speed, and equations to calculate switching transients due to
applied sinusoidal voltages are derived. Extensions to this theory
are given in chapter 8 to include speed variations with the follow-

ing additional assunmptions
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(1) the effect of the stator resistance is negligible
that is the total flux in the nachine is proportional
to the applied voltages.

(2) the variation of slip with respect to time is
known. For example, -an abrupt change or a sinu-

soidal variation of slip may be assuned,

Transient torque patterns have been calculated by Slater9 for
the case of a symmetrical machine supplied with balanced sinusoidal
voltages, assuming a sinuscidal variation of mutual inductance,
between stator and rotor and using a transformation of rotor equations
in stator terms. Evaluation of the parameters requires the presence
of a trus rotating field and the method is analogous to the sinple
equivalent circuit in figure 1.1.a used for the steady state solution
of the idealised machine. While the method has the advantage of
simplicity, the harmonic fluxes produced by the stator and the rotor
currents are neglected since the rotor is replaced by equivalent
phase coils. This is not justifiable during speed variations.
Furthermore, the equivalent phase coils are assumed to be rigidly
fized to a rotor reference when applying the mechanical equations,
this again is thought to be incorrect. 1In chapter 5 a rigorous
analysis of squirrel cage and sheet rotors is given and the effect

of replacing a cage rotor with phase coils is discussed in detail..

Tipping10 has calculated the currents in rotor coils which arse
switched on and off. The systen is represented by a set of linear
differential equations by assurming constant speed so that the in-
ductances and their derivatives are known functions of time and the

currents are calculated numerically using Runge Kutta method...

1.4 The object of the theoretical invesfigation

The object of the theoretical investigation may be stated as
follows. To develop a general numerical nethod to calculate the
conplete performance of electrical machines, - when both mechanical
and electrical asymmetries are present in the stator and rotor,
taking all the harmonic fluxes produced by the stator and rotor
into account, and without any restrictions on the machine speed or

the waveform of the applied voltages. It is also desirable that the
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analysis shall be adaptable to any type of load coupled to the
machine and it should have provision to take controlled switching
and multiple transients such as reswitching or pulsating loads into
account. The main objective given above has been accomplished in
this work by adopting a numerical technique. The systen equations
are formed with the necessary assumptions and the solutions are made
without further restrictions on the variables. The numerical
solution can not be said to be exact in the mathematical sense,
although the results can be obtained to any degree of accuracy
according to the length of computer time allocated to a given

solution.

1.5 The numerical procedure

The numerical technique which is a step-by-step procedure is
developed from basic principles. Simple circuits are solved in
steps until the case of slip ring motor is reached, this is later
extended to squirrel cage motors. The illustrations of simple
series circuits and a simple nachine are given so that the number
of variables involved is increased in each stage. Though the pro-
cedure can be used for solving the circuits illustrated, the object
is only to develop the step-by~step procedure. Hence no sinmpler
solutions available for these cases are uentioned and no advantage
of the step-by-step procedure over analytical nethods is claimed

as far as these circuits are concerned.

The accuracy of the method is established in chaptex 3 from the
computed results for a simple series circuit. An indirect
mathematical proof is also given in chapter 4 considering an ideal
machine and comparing the steady state performance calculations
using the step-by-step procedure with the values obtained from the

exact equivalent circuit,

The various stages in conputing the performance of a machine

are the following:—

1« Calculation of the self and mutual inductances of all the

coils in the machine at different rotor positions. A
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3e

4.

D7

procedure suitable for computation is described and illustrated
in Appendices 1 and 2.

Formation of a set of differential equations and reduction of
the number of equations to the number of independent variables
in the system as illustrated in chapter 2 for the cases where
the coils are independent and as shown in chapter 5 for the
case of squirrel cage windings.

Calculation of the force between the stator and the rotor of a
nachine using one of the methods outlined in Appendix 4..
Solution for currents and torque with respect to time as

described in detail in chapter 3 for the case of slip-ring

..induction motors.



FORMATION AND REDUCTION OF THE SYSTEM EQUATIONS

2.1 Introduction

If a machine having 'm' coils, grouped into 'n' phases is con-
sidered, 'm' number of differential ecquations nay be written initially.
The number of unknown currents and the known input voltages is n.

(Some of these voltages may be zero as in the case of short-circuited
secondary phases). Whilst the differential equations written are in
terms of coils, the known input voltages are in terus of phases. Hence,
in order to obtain a solution it is necessary to reduce the nunber

of equations from m to n, with n unknown currents and this is il-
lustrated firstly for the case of a two-pole two-phase machine and
secondly for the case of a four-pole two-phase machine. The differ-
ential equations are first written in terms of coil-inductances and

the number of equations is then reduced to the nunber of independent
currents in the particular case. The equations are given in both

natrix and expanded forns.

2.2 Two-pole two-phase slip-ring motor

The principal symbols are listed in table 2.1, The nachine has
8 coils as shown in figure 2,2 and there are two coils in series per
phase. The self and mutual inductances of these coils are calculated
using the procedures given in Appendices | and 2. The general differ-
ential equations are most conveniently displayed in a tabular form

in #able 2.2. The corresponding matrix form is given by

(8= (o] [s]+L (02 [6T) .eereens (221)
- - dt
In the case of the two pole winding, coils 1 and 2 are in series
to form phase { and carry the phase 1 current. The phase voltage
and resistance are given by the sum of the coil voltages and resist-
ances respcetively. Therefore the following relationships may be
written

C1 = 02 = i, v =e + e, and r, =8, + 85



TABLE 2,1

Matrix vize The elements represent
Z 8x8 The self and mutual inductances of the eight coils in
the machine.
M 4 x4 The self and mutual inductances of the four phases
c 8 Instantaneous currents in the eight coils
I 4 Ingstantaneous phase currents
E 8 Instantsneous voltages across individual coils
v 4 Instantaneous phase voltages
S 8 Coil resistances
R 4 Phase resistances

-EZ—
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Now, adding the first two cquations (corresponding to the coils in
series in phase 1) and substituting the relationships given above

the equation for phase 1 is derived as

v, = 1 M1+Mi+M1+M ceol(2.2.2)
15 % dth1 ota t Byzls 14A

"™ 12 21 22

%
Mo = Zyg + Zyy + 2y + 2y g
Mg = Zyg + Byg + Ty + Bng
M A + Z + Z + Z %

14 = “17 18 27 28

Sinilarly, the equations for the second stator phase and the two

rotor phases nay be derived as,

v, =i 'd'%[ 1, + 1, 12+1112313+M241J eeo(2.241)

vo o= igr, + 8 T Mo M+ M, i, (2.2.¢)

3 = 13% E;L“zu 3olp ¥ Mggls + Mgy eeel2a2
and

v, =iz +9 r. i, +M, i+ M i+ M i sve{2.2.4d)

4= 4% ’&'{’4“ 4272 T Fa3ts T Vyaty f

respectively.

The coefficients denoted by matrix [ﬁj are given by the sum of the
appropriate inductfances in the original natrix EZEL corresponding

to the coils in series and they appear in the squares shown in

table 2,2.For example, the sum of the inductances in the first square

gives M Equations (2.,2) forn the general electrical equations for

11°
the system considered.

2.3 Four-pole two-phase slip-ring motor

The coils are shown in fiéare 2.b. The reduction of general
equations differs from the two pole case due to the difference in
connection. In this case coils 1 and 3 are in scries to form phase 1.
Similarly coils 2 and 4, 5 and 7, and 6 and 8 form phases 2, 3 and 4

respectively. Using the same notations as in the previous case the
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following relationships nay be written,

1 1 3 1 1 3 1 1 3
Vo= eyt ey i,=¢,=¢, T, =8, +8,
v3 = Cg + e7 i3 = 05 = 07 r3 = 35 + 37
V4 = € + eg i4 = Cg = Cg T, = 8¢ + 8g

The phase 1 equation is obtained by adding equations (241.a) and
(2.{.c) and substituting the relationships given above. ' This yields
the coefficients given by

Moy o= 2yy % 205+ 2y + gy

My = Byp + By + Doy + By

Mg = Zyg + Byq + 25 + Zyy
and

Mig =26 % Zyg * %35 + Zag

Similarly, the other elements of matrix[:M:]may be found by sumning

up the relevant inductances in matrix[j%].

Since the mutual inductances between stator and rotor phases vary
with rotor position, the mutual inductances between coils on stator
and rotor in matrix:[}i] have to be calculated before each sunnation
to obtain matrix [M].

2.4 Four-pole three—phase slip-ring motor

The motor used for the experimental investigation has 36 stator
slots and 52 rotor slots carrying three-phase single-laycr windings.
There are 48 coils in all, 18 on the stator and 30 on the rotor. The
self and mutual inductances between the coils nay be calculated using
the procedure given in Appendices 1 and 2, and the coefficients for the

simultaneous differential cquations of the phases are formed by



~28.-

summation of the appropriate inductances as illustrated in
sections 2.2 and 2.3, The phase coils and the variation of mutual
inductance between then with respect to the rotor position are
shown in figures 2.c¢ and d respecctively, The sinultaneous differ-
ential equations are given bys

d

v, = i1r1 + dt M1111 + M1212 + M13i3 + M1414 + M1515 + M16¥;]

4
il
+

d . .
o = 1T, + M2111 Mopdy + Mogly + My3, + Mgy + Mzsﬂ

v3 = i3r3 + [%51 4 <+ M3212 + M 1 + M3414 <+ M351 + M36 g]

Vo = i4r4 + ___[%4111 + M42i2 + M4313 + M4414 + M4515 + M46‘é]

Vg = igTs +2 — | M1ty ¥ Mspla ¥ oty HMgaly + Hygls 4 M%ﬂ

-+

. d . . .
v6 = 16r6 + ___ 61 1 M6212 6313 + M 14 + M6515 + M66]§

This may be written in matrix form as follows

v =[] [&]+ % (!:CMj [1]}

In the above equations Va1 Vg and v6 refer to the externally

applied rotor voltages and are zero in the case of a short-circuited

y V

rotor,

2.5 Leakage Inductances

In calculating the self and outual inductances, only the fluxes,
that cross the air-gap and link both the stator and rotor coils,
are taken into account. However, in practice the phase currents
establish fluxes that do not link the coils in other phases in the
nachine. These fluxes take two different magnetic paths and are
usually named according to the path taken as slot and zig-zag leak-
age fluxes. The flux that takes paths across the slot without
crossing the air-gap is known as the slot leakage flux. The flux
that crosses the air-gap fron one side of a slot and comes to the
other side through the air-gap and toothtops, on the opposite side
of the gap, is known as the zig-zag leakage flux, These two fluxes
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do not link coils other than the ones producing them.

The leakage reactances usced in the analytical nethods depend on
the particular idealisations made. For instance, whilst using the
sinple equivalent circuit shown in figure L1.8, the flux linkage
due to the space harmonic fluxes are considered as leakage fluxes1
in addition to the actual leakoge fluxes in the machine, Sinilarly,
" whilst using the extended equivalent circuit shown in figure 1.leb,
the leakage reactances used, include the harmonic fluxzes that are
not taken into account in the circuit. These leakage reactances

are usually called differential leakage recactances,

However, in the numerical analysis developed in this thesis, the
value of the inductances used refer to the total flux linkages per
anpere, rather than their components. Therefore, only the true
leakege inductances are added to the self inductances of the coils.
That is, the differential leakage is included in the self and nmutual
inductances calculated using the methods described in Appendices
1 and 2,

Calculation of slot and zig-zag leakage inductances is found in
reference 1. The slot-leakage in the case of squirrel cage rotors
depends on the frequency of the slot current (or nore exactly on
the magnitude and rate of change of current). A general uethod of
calculating the impedance of a rotor bar at any frequency is given

in Appendix 3.
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CHAPTER 3

THE STEP-BY-STEP PROCEDURE

%.1 Introduction

In this chapter a step-by-step procedure for calculating the
performance of electrical systems using nunerical techniques is
developed from fundamental principles. A sinple circuit with a
resistance in series with an inductance is first considered to
illustrate the calculation of current with respect to tiue. This
work is then extended to the case of a sinple machine with two coils,
the differential equations of the systen being non-linear. The
general solution for the case of a practical machine and the neces-

sary conputer program are then described.

3.2 Solution of a resistance and inductance series circuit

The circuit shown in figure 3.1.a has a resistance, r, in series
with an inductance, L. The differential equation for the circuit is

dai
v=3ir 4+ L =T sssevenn (3.1)

dat
where v and i are the voltage and current at any tine 't! as shown
in figure 3.1.b. The solution for the variation of current with
tine on applying a voltage of any waveforn nay be obtained as
follows.

An incremental tine of T is considered at tine t. Let t1 and t2
be the times, i1 and 12 the currents and v1 and Vs the voltages at
the beginning and end of the increment. - The increnental tinme T
is taken to be short enough so that the voltage and current can
be considered to vary linearly during the interval. That is, the

average values of voltage and current are given by v and i where

<
]

(v1 + vz)/2

"
N

(11 + 12)/2



-2] -~

(8) A simple series circuit -

'

§

i

1

]

t, to ~time

- (b) Insteniteneous voltege and current

figure 3.1

\l/

e

N e e L A My e i v



~32—

and _d_.i = 2 1
dt T

Substituting these values in (1)

r (i, - i,)
v = (i1 + i2) 3 + L 2 - L
r L r
leCo V - (E-E) i1 = ('é'+'{-'5) 12 sacvevse (302)

Assuming the current to be zero at the moment of switching, that
is i1 = 0, the current at the end of the first increment nay be
calculated using equation (3.2). This forms the initial value for
the second increment. This procedure may be continued until steady
state conditions are achieved. When the applied voltage is d.c.
the caleulation is continued until a constant current is reached. If
an a.¢. voltage is applied, the caleculation is continued until the

current waveform repeats in consecutive cycles of the voltage.

3,3+ Incremental time T

The nain factors affecting the choice of the increnental time
are firstly the waveforn of the input voltage and secondly the time
constants of the ecircuits, A step input voltage and the transient
currents following i+, nmay be considered as an extrene case and an
increment which gives accurate results for this case is therefore
thought to be suitable for most other cases. In the following cone-
puter study to produce evidence as to the accuracy of the method and
the choice of the increnental tine, step and sinusoidal input voltages
are used, The parameters which deternine the time constant of the
circuits are chosen to have values encountered in practice. For ex~
anple, two sets of series inductance and resistance are chosen so
that the two time constants are the meximun and nininum values
calculated from the equivalent circuit of an inductance motor. In
the following pages computer outputs are shown graphically in figures
3,2, 3.3 and 3.4, and in tabular form in tables 3.1 to 3.6 with
appropriate details. The numerical values are given since the dif-
ferences are too small to be observed on graphs, The results and

salient points are discussed below,.
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The two time constants used are approximately .00625 sec,
(correSponding to the short circuit condition or slip = 1), and
.2 second (corresponding to the no load condition calculated fronm
the primary resistance and magnetising reactance of a practical
machine). As seen in table 3.1, which corresponds to a step input
voltage, the last three values of inecremental tines considered
give exactly the same numerical values of current fron the beginning,
the second value of increment gives the correct answer from the
22nd line in the print out whilst the first value of increment
gives the correct answer from the 28th line, In table 3,2 where
the time constant is .2 second all the increments result in the
same answer. The tine between lines is 1/900 second, irrespective

of the incremental time used.

When the input voltage is sinusoidal, the instantaneous value

at the middle of an interval is taken as the input voltage for that
interval. In table 3.3 and 3,4 the computer outputs for two cycles
following the application of a 50 c/s sinusoidal voltage are shown.
Though the phase of currents in all the cases are the sane, that is,
currents become negative or positive at the same instant, there is

a definite difference in the instantaneous values produced by differ-
ent incremental times. However, it will be observed from the table
that the method produces substantially the sane answer if the number
of increments in a cycle exceeds 36, with a further increase depend-

ing on the time constant and the required accuracy.

For a steady state solution which can be easily checked ‘analyt—
ically, the currents during the 29th and 30th cycles are printed
out in tables 3.5 and 3.6, -The difference in the naxirmun and
mininun values as the increment is decreased nay be noted. The
analytical and computed values of the maxinun currents are also
given in the tables., It may be concluded that using this nethod,
the transient values for the sinple circuit used nay be calculated
usging a digital computer to a required accuracy, by choosing an ap-
propriate incremental tine from the paraneters of the circuit and
the results may be checked by repeating the calculations with a
smaller increnent. Having shown the accuracy of the procedure for

simple circuits, coupled circuits are next considered.
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3.4’ Inductance vafying with tine

In this section the case of the coefficients varying with tine
is considered. A sinple machine with one coil on its stator and
a second coil on its rotor, as shown in figure 3.5.a is suitable
for this exercisesince as the rotor revolves the coupling between
the two coils varies, ' An equivalent circuit of the system is given
in figure 3.5.b, If it is further assuned that the air gap is non-.

uniforn then the self inductances also vary with rotor position.

The variation of self and mutual inductances with time may be

calculated using the procedure given in Appendix 2.
Suppose M11 and M22 denote the total inductances

the resistances

Tyy T,
i1, 12 the instantaneocus currents
v1, V2 the instantaneous voltages of the stator and
rotor coils,
and t1 and t2 the tines at the beginning and end of the

increnental time considered, then using single and double dashes

to represent the variables at tine t, and t2 respectively, the

1
general equations for the systen may be written as,

s ! " noan ! 4t ST B 1 t
I I . Migdy — My . Miis - Mol
] 7 —
> T T
51 2 1 N no_ 1 41 nosw 1 3¢
e o2t Moqig — M3 3y . Maois = Myois
2 2 2 T T

Transferring the single dashed quantities to the left hand side,

the two sinultaneous equations may be rewritten as,

r M? M! r Mt
1 11 ., 12 ., 1 11 oG
Vy = s~ ____ i + _ 1 =7 v .o + M i (3.3)
U A T2 (3 Tyt e e
r M! " T m
v, + Mé1i; - C‘E -__EE) e M21 i? + 6‘3 + 22 ) 12 (3.4)
2 T 2 _'—E— 2 T

T



Y-

1
O
ll
8. A simdle

b. A dynwiic ecuivilent circult

Tig

_____/\/f}\ L

F(8)
figure 3.5




5

The voltages applied to the stator and rotor coils will be known.
If the rotor is short circuited A is zero. The procedure to solve
for the successive steps of current from the nonent of switching
until steady state conditions are reached, is as follows: assuning
the rotor to be revolving at a known speed, the positions of rotor
and hence the inductances at the beginning and end of an ineremental
time T just after switching nay be calculated. Assuning the cur-
rents to be zero at the nonent of switching i? and ig are the only
unknowns in equations 3.3 and 3.4 therefore the currents nay be
calculated by solving the simultaneous equations. The currents at
the end of the first increment form the initial values of currents
for the second increment, thus the currents nay be calculated in
successive steps. The process is repeated until steady stote con~

ditions are achieved,

In the above solution the movement of rotor is considered to be
independent of the electrical systeun., That is, the mechanical
force due to the currents in the nachine has been neglected. How~
ever if the full transient performance of the nachine is to be
calculated then the elecironagnetic conditions must be used to
calculate the torque and therefore acceleration and speed at the end

of an increment.

Solution of a general machine problen

3.5 Bquations for the electrical systen

Considering a machine having p coils on its stator and q coils
on its rotor, the self and mutual inductances between the coils at

a particular rotor position nay be written in matrix forn as follows:—

M; .. M M M
'1’1,--......«...-. 1'P 1, p‘*‘1 sreessscers 1, p+q
M M M

p,1 AR EE RS P,p Hp,p“i‘i senes oo p,p+q
M

M M
P"’1,2 tessnvasnas MP'!‘1,P I}+1, p+1 \..nn’oloh p‘+1, }_H'q

Hesoe

il i M
PHay? ceeececenes pHq,D PHq, PH eenceess T pHa, pig
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If the machine has a uniforn air gap, the self and nutual in-
ductances between the stator coils shown in the second gquadrant are
constants. Similarly the self and nutual inductances between the
rotor coils given in the fourth quadrant are also constants. But
the mutual inductances between the stator and the rotor coils, given
in the first and third quadrants are functions of rotor position, and
nay be calculated using the procedure described in Appendix 1. If
the air gap is non-uniforn, with slotted iron surfaces on both the
stator and rotor, all the inductances are functions of the position
of rotor and may be calculated at any given position using the

method described in Appendix 2.

Assuning the input voltages and currents to be independent, that
is each coil is electrically independent and no internal connections
exist in the machine itself, the differential equations for the

electrical system may be written in matrix forn as follows

(v]=[z1[r] +% E[M—J [133 veenenns (3.6)

with the equation for & typical Sth circuit given by

. d . .
vy =1, 4 Ty [:Msi 1, +  eee + MS P 1P+é]
where [Vj ’ [Ij ’[jM] and R are the matrices denoting the ap—

plied voltages, currents, inductances and resistances of the

circuits respectively.

3«6 Solution of currents at constant speed

In equation 3.6 the elements of the voltage matrix V will be
known numerically with respect to tine. For exanple, in a slip
ring induction motor with p coils on its stator and q coils on its
rotor the first 'p' elements of matrix V are the stator input
voltages and if the rotor is short circuited or conpleted through
external impedances, then the last 'q' elencents of natrix V
are taken to be zero. However, if the rotor coils are also fed
with external voltages, the last 'q' elenents of matrix V are
given by the rotor input voltages. If the rotor position at time
t, =0 is® and the speed of the rotor is constant and uy

1 1

then 92, the position of the rotor at time t, = T is given by

2



[

92= 81 +-u1T
From the two rotor positions, the values of the inductances at
[} "
tinmes t1 and t2 ray be calculated as Eﬂ] " and [jM] respectively.
Again using single and double dashes for the voltages and currents
at the beginning and the end of the increnent considered, the matrix

equation (3.6) nay be rewritten as

OO» o+ (30 (0 +[1 " g L0 -

2 2 T
which yields

Ev] "o [VJ o [Ij 1 [R] +[M]' [IJ f =[_Ij " [RJ+EMJ" Elj"

2 2 T 2 T

cerneess (3.7)

In the above equation [;:]' s the currents at the beginning of the
increment will be given by the initial conditions for the first in-
crement. - For the subsequent increnents, [i] ' are the currents at
the end of the previous increment. Therefore, the currents denoted
by [ij " are the only unknowns in equation (3.7) and nay be cal-
culated by solving the set of simultaneous equations represented by

equation (3.7) in matrix form.

In order to calculate the currents at tine t3 = 2T, the position

of rotor at tine ¢t hence the inductances rust first be calculated.

’
The initial currenzs-for the second increment are the currents at
time T calculated previously, therefore, the currents at the end of
the second increment may be calculated by solving the new set of
equations, The calculation of the inductances and currents may be
continued until steady state conditions are reached, that is, until
repeatable wavefornms of currents are obtained, The electrical torque
developed during s particular increment may be calculated fron the
currents, inductances and the rotor positions at the beginning and

end of the increment using one of the methods given in Appendix 4.

3.7 Electromechanical transient solution

In solving for the currents, a knowledge of the rotor position at
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the end of the increment considered is essential so that it is pos-
sible to calculate[:Mt]“ in equation (3.7), thus forning a set of
linear equations in [I]'H This requires the speed to be a known
function of time. In practice the speed depends on the electrical
and load torques. and the monent of inertia of the rotating parts,
and therefore it can not be evaluated without knowing the electrical
torque developed. On the other hand the’electrical torque can not
be calculated prior to the calculation of the currents. These con-
flicting requirements make it necessary to treat the speed or rotor

position as a variable in the system equations.

In Appendix 4 it is shown that the electrical torgue, Te’

developed by a machine having p + q coils is given by

I=D n=p+q d M
TG = Z ii nn svescensy (3.8)
n=1 f=pri ® % ae

An additional equation may be written equating the electrical and

nechanical torques as follows,

du
dt T Ve

l
3

Tb + J XX (3.9)

where Tb is the braking torque, J is the nonent of inertia of the

rotating parts and u is the speed. The electgical equations nay
1

be written in a new forn (also done by Tipping) as shown below for

a nth coil,

n=p+q
v =i r + d EE M i
n nm =T m n
at Nn=1
n=p+q d i d M d e
. n . on
= 1m rm + EE Mnn + ln
n=1 dt d © dt

P,

cesssees (3.10)
where E_e is the speed of the rotor,
at
The above equations are non-linear since they contain terns given
by the products of variables, and cannot therefore be solved
analytically or numerically without further sinplifications. The

various assumptions nade to solve the equations sinultaneously for
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currents and speed using either an analytical method or a numerical
technique have been indicated in the introduction, for the case of

balanced sinusoidal applied voltages.

The Runge Kutta method may be used to solve for the currents
and speed numerically if and only if a set of linear differential
equations, at least linear within a particular increnental time cone
sidered, can be formed. But, in the present case, this is not pos-
sible unless the tern E_%gg which is the derivative of the nutual
inductance between the d gth and nth codds, and the term E_?which

is the rotor speed are assuned during a particular step.

The technique adopted to take speed variations into account in
the analysis developed here, uses an iterative process within the
incremental time considered and no further sinplifications in the

operating conditions are necessary. The nothod is described below.

Supposing at tine t1 the speed, olectrical torque, the position
of the rotor and the currents are given by u 4 Te’ 81 and[:l:]',
then the electrical torque Te is assumed to act during the incremental

tine considered. The speed of the rotor at tine t, is then given by

2
Te - Tb
u2 = u1 * (——_—-—_ ) T Seecsece (3.11)
J

Fron 61 and Uss the position of the rotor at tine t, nay be cal-

2
culated using the equation

(u, + v, )
62= 6 -+ 1 2 T ssess e (3012)
1 2

Now, the inductances at tines t1 and t2 and hence the currents

at tine t2 nay be determined. Fron the currents at tinmes t1 and t2
and the novement of the rotor from @ 1 to © X Te' the average
electrical torque developed during the interval can be found. If
this value differs fron Te, which was initially assuned to be
acting during the increnent, then the procedure is repeated ag

follows.

T; is assumed to be the torque acting during the increnent and

the rotor position and currents at the end of the increment are
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recalculated. If Tg, the new value of torque calculated, is within
a preset limit of say 0.1% to the assuned torque Té, the next increnent

is considered and the calculations are continuede.

The iterative process within the interval does not automatically
converge, For example if the nouent of inertia is very snall con~
ditions can be found where the values of torques calculated in the
process oscillate. However, in the range of inertias found in normal

practice no trouble has been experienced.

Though the general equations of the systen are not solved sinul-
taneously for the electrical and mechanical variables, repetition
within an ineremental tine results in a unique value of torque
ultinately satisfying the electrical and nechanical conditions. The
calculation of the currents torque and speed may be continued until
electromechanical steady state conditions are reached, that is until

repeatable waveforms of currents and speed are obtained.

3.8 Computer Progran for the step-by-step procedure

The flow diagram of the progran is shown in figure 3.,6. A de-
tailed description of each part of the progranm is given in this

section,

F.841 Data and initial calculations

The data for the program consists of the input voltage, dinensions
of the machine and winding details, leakage inductances of the

phases; initial conditions and control numbers.

The input voltages with respect to tinme will be known numerically
or as functions, One cycle of the supply is divided into N1 incre-
nents and the instantaneous voltages during the increnents are tab-

ulated and stored.

Fron the dimensions of the machine that is, the diameter and
length of the stator, the air-gap and the winding details, the self
and mutual inductances between the stator phases and those between

the rotor phases that is, the constant elements of the matrix are
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FLOW CHART FOR PERFORMANCE CALCULATION

data

l

self and mutual inductances
calculated

l

initial conditions read

muatual inductances for the
given rotor position
computed

l

currents - by matrix
inversion

L

torque caleulations

l

speed and rotor posificn
deternined

V'

desired quantitics gtored

v

le.logie to end prograu

:

printing

required

quantities

Machine details, voltages,
operating conditions, contreol
nunbers

Point on the voltage wave at the
nonent of switching, -speed,
currents and rotor position

Calculation of nmutual induotances
fron the stored values using
linec» approximations

Either B I § or Energy nethod
used (Energy nethod convenient
to use )

Check for currents,. speed and
nunber of cycles conputed

Figure 3.6

s 2t o o oy 2o
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calculated using the procedure given in Appendices 1 and 2, In the
case of a symmetrical machine, the nutual inductances between one of
the phases on the rotor and all the stator phases namely M

M evey M
2, pt1’ * Tp, pHi
coil inductances calculated at a suitable nunber of rotor positions,

1, p+t’
are calculated by sunning up the appropriate

These values are stored in the computer and the inductances at any

rotor position may then be found by linear interpolation,

The rest of the mutual inductances between the stator and the
rotor may be deternined by symnetry. However, if the machine is
not symnetrical, all the inductances have to be either stored or
caleulated at a required rotor position during the performance

calculations.,.

The leakage inductances of stator and rotor phases are given as
functions of the phase currents or graphically. Their values cor-
responding to a number of values of phase currents are stored.
During computation the rns value of the phase current at the end of
each voltage cycle is calculated and the corresponding inductance
found out by linear approximation. This value is used in the

following cycle,

The initial conditions to be given are (1) the instant of ap-
plication of the supply which nay be taken fronm the oseillograns in
an experinental cagse or assuned while making a theoretical study of
the phenonenon. (2) the initial currents, for exanmple, if the
nachine is reconnected after a disconnection fron the supply, the
rotor currents nmay still be present or it nay be desired to feed
particular initisl conditions namely the currgnts, speed, rotor
position and torque, corresponding to a steady state in order to
study the effect of load changes etc. In which sase the progran
need not go through the calculation of transients %o attain the
required steady sitate, (3) the speed and the rotor position at

the moment of switching must slways be given.

Control numbers are used to direct the flow of logical operations
at various points of the progranm as desired in a particular case,
for example what results are to be printed, and under what con-

ditions the program may be terninated and so on.
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3.8.2 Performance caleculation

This part may be considered as the heart of the progran and it
consists of operations executed at every incremental step and
operations carried out at the end of every cycle that is, after
every N1 increments, The various conputations are described below

as they occur in the progran.

a) An integer N whose initial value is always given in the data, is
varied during the calculations from its initial value to N1 in
gteps of unity, after which, it is re-set to unity again in the
next step and the cycle is repeated., This process nmay be said
to be a eloeck as for as the progranm is eoncerned with N1 units
per cycle. At any incremental step the input voltages are chosen
from the column corresponding to the value of N, in the voltage

- matrix stored.

b) Fronm the position and speed of the rotor and the torque acting
on it at the beginning of an increment, the position at the end
of the increment is calculated and all the mutual inductances are
determined.

c) Referring to equation (3.7) the right hand side is reduced to
[ﬁ:} [;] > by adding the row natrix [Rj and the square nmatrlx
[]H:]z to form the new natrix[:Bj using the following relation~-
ship to obtain the diagonal elements,

M T

ss
Bss - +

veeerees (3,13)

mla

whore 's' varies fron § to p + q. The other elements of natrix B
are obtained directly from the matrixEM] « The left hand side
of equation (3.7) nay be written as

v - [131 [r3+ 0g, (o, ={8], «eree (3.14)
2

T

and[:H]’2 can be calculated numerically from the initial conditions

for the first increments, Equation (3.7) has now been reduced to

[:B:I[:I:]Q = [:H:JQ
(13, = []7" (=], verreens (3.15)

the forn
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where EBJ -1 is the inverse of natrix [_Bj + Inversion of natrix

B is carried out using a standard subroutine, and the currents
are couputed by multiplying the inverse and natrix [ﬁ:}z. The
electrical torque developed, and the speed and rotor position after
an inerenent are determined. From the rotor position the induct-
ances are calculated as indicated earlier, The various stages in

the calculation are as follows.

Fron the currents [131 s torque, Te, and the rotor position,
0 1 at the beginning of the increnment, 02, the rotor position
at the end of the increment and hence currents [I] > and torque
Té are calculated. This new value of torque is used to recalculate
the rotor position eé and therefore the currents[jt] é and torque
T¢ « This process is repeated until the torques calculated in
the consecutive iterations (within the incremental tine considered)
are equal or until the difference between their values is negligible.
This completes the calculations for one increment., In order to go
to the next increment integer N is increased by unity. The natrix
CHJ 5 is transferred to matrix [H] 1 and the new values of EH] 2

are formed using the relation
Cel, = Dvl, - [, [&) + Ted, il (5at6)

instead of using equation (3.14) which is used only for the first
incremental step in the progran. The two expressions for C}L]z
given in equations (3.14) and (3.16) are shown to be equivalent in
Appendix 5 and the use of equation (3.16) reduces the nunber of

arithmetical operations.

The currents and hence the electrical torque and so on are cal-
culated once again by the iterative technique. The whole increnmental
process is continued to the end of the cycle, that is until N is
equal to N1, after which it is set at unity for the next cycle. One
cycle of the supply corresponds to N varying from {1 to N1 and the
necesgsary currents, torque,speed and rotor position at every value
of N are stored, to be printed at the end of each cycle as speci-

fied by a control statenent.

The rus values of the stator currents, total input power during
the cycle and the average torque are calculated before proceeding

to the next cycle and printed out. While conputing steady sate
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performance, one of the stator currents at the end of the cycle
is stored to be compared with that at the end of the next cycle.
If the difference is less than a specified value set by a control
number then, the steady state is said to have been achieved and

the computation is terninated.

If it is degired to continue the conputation at a later date
for the sane input voltages, from a certain condition calculated
now, the existing conditions - currents, rotor speed and position,
the value of the matrix [ﬁt]and the instantaneous torque, nay be
printed out. Hence the progran may be continued at a later date ©
from this state instead of calculating from the beginning, thus

reducing the computing time required,

3.9 Various computations carried out using the progran

The. conputations ‘correspond to the experiments carried.out and
‘' the necessary modifications to the progran to suit the operating_

conditions being computed are given below

Switching transients

Switching on the supply at a particular instant and. calculating.
the currents, torque etc. for a few cycles following switching is
achieved by giving the corresponding value for 'N' that is the -
nuuber of the increnent at which the supply is switched on. The

_Progran computes the trangsients and ecntinues until steady state ia
reaghad,’ In transient studies couputation is carried out for the

required mumber of c¢ycles using a control number, Fron the program
"the points at which the transient torque is mininunm and nmaximun nay

. be predicted.

Steady state operation at any desired speed

Referring o the speed torque characteristic shown in figure
347 it will be observed that the induction notor is not stable in
‘region A, If it is required to run the notor at any speed in this
regionad.c, machine is coupled, the speed torque characteristic of

the d,c. nachine being a straight line as shown by curve b. The slope
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and the point of intersection with 'X' axis are fixed by the armature
voltage and the field excitation respectively. The system runs at a
speed where the two characteristics meet. Therefore, by varying the
field excitation and the voltage applied to the arnature, the systen

nay be fixed to run at any speed.

The conputer progran follows the physical laws of the induction
motor and therefore is not able to conpute steady state perforumance at
a speed in the region A mentioned above. This fact has been verified
using the program written, If the load is increased so that the
operating point lies in region A of the speed torque characteristics,
the machine decelerates to zero speed. Therefore the progran is

modified to behave as the induction notor-d.c. nachine systen as follows:

Supposing it is required to conpute the performance at a speed,
Nc’ then the d.c. nachine characteristic is supplied to the progran
as the slope, P, in figure 3.,7. If the electrical torque developed
by the induction motor is Te and the torque developed by the d.c.

nmachine is Td' then the accelerating torque is given by

If the initial speed at the nonent of switching is given as Nc’ the
program follows the transient performance fron this condition with
the speed varying above and below Nc’ in a danped oscillatory nanner

until the desired steady state performance at Nc is calculated,
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CHAPTER 4

— A G G et

AN INDIRECT PROOF OF THE NUMERICAL TECHNIQUE

4.1« Comparison of the numerical technique with an exact

analytical method

In chapter 3 the solution of simple eircuits using the numerical
technique was compared with values obtained using anlaytical methods.
In this chapter an ideal machine is considered for such a comparison.
The machine has three stator phases and three rotor phases and the
mutual inductances between the stator and rotor phases vary sinusoidally
with respect to the rotor position. If the stator phases are supplied
with balanced sinusoidal voltages, the steady state solution at any
speed may be obtained on a single phase basis using the exact
equivalent cireuit in figure 1.1.2.The parameters of the machine
considered are listed below.

The self inductances of the stator and rotor phases = ,598 henry

The mutuel inductances

between the stator phases = .299 henry
between the rotor phases =,299 hemxry

between a stator and a rotor phase

(maximum value) = .598 henry
Resistances

a stator phase = 2,55 ohms

a rotor phase = 2,72 ohms
Leakage reactances at 50 ¢/s L

a stator phase = 12.2 ohms

a rotor phase = 6.6 ohms

P4

The inertia of rotating parts = .25 1lbf$
The magnetising reactance used in an equivalent circuit is 1.5 times
the self inductance of a stator phase multiplied by a constant, 2 n f,
where £ is the supply frequency,
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From these parameters the currents and torques at five different

speeds are calculated using a simple equivalent circuit. These are
shown in the fourth column in the table,
Increments Values from the Speed in
per cycle 36 72 equivalent radians
at 50 ¢/s circuit per second
Stator phase 5.20 5.18 5,18 0
current 5.10 5,09 5.1 79.84
amperes 4,92 4.92 4,93 160.9
3477 3477 377 261.6
2.22 2422 24227 291.9
+487 ~485 48 0
Torque 1 ft .628  ,632 .63 79.84
<900 =903 9 160.9
1.530 1.54 1.506 261.6
1.240 1.24 1.204 291.9
Computation
time in
minutes 3.8 Ts2

The numerical technique is used to compute the performance at

the five speeds.

described in chapter 3.

The procedure adopted for computation has been

As pointed out earlier, the shortness of

the incremental time used is a major factor as far as the accuracy

of the results is concerned, Two incremental times are used in com—

puting the performance and it may be observed from the table that the
conputed walues are closer to the analytical values as the incremental
time is decreased. The computing time for each set is shown in the

last row.

Though the comparison of results, obtained using the numerical and
analytical methods, is made considering the steady state performance
of an induction motor, the numerical technique is not limited to this
case., It can also be used to calculate the transient performance of

machines with sinusoidal or non-sinusoidal applied voltages.
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4+241s Verification of the numerical technique by calculating known

physical phenomena in machines

Two types of machine windings are considered for this exercise, an
ideal machine used in section 4.1 and a machine having a practical
winding which produces a third harmonic field in addition to the

fundamental,

4.,2.2. The case of an ideal machine

If an ideal machine is fed with 3 phase balanced sinusoidal
voltages, the instantaneous torque developed at steady state is
constant except at lower speeds as given in tables 4.1 to 4.4. (It
takes a longer time to attain steady state at lower'speeds. In
practice, the damping effect of currents in the laminations hasten
the process and steady state is attained earlier than the predicted
period.) In the case of ideal machines, the constant nature of the
instantaneous torque can be derived mathematically. Thus the
nunerical technique can be used to predict the physical phenomena in

machines,

If the ideal machine is supplied with a zZero sequence voltage
in ddition to tho balanced voltages, the steady state performance
is expected to be unaltered; zero sequence currents do not produce
any flux in the air gap if the windings are distributed sinusoidally.
This is found to be the case as shown in tables 4.5 to 4.8. It will
be observed that the rms value of the phase currents is different
because of the zero sequence current butthe instantaneous torques
are exactly the same as those shown in tables 4.1 to 4.4, where
3 prhase balanced voltages are applied to the machine. Once again
the physical phenomena is predicted accurateoly by the numerical
technique,

4,2.3. . A machine having both third. harmonic. and fundamental windiﬁé |
. . o i T

s d

~ distributions. - A

Practical machine windings produce various harmonic ficlds in the

air gap in addition to the fundamental. In this section the known
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effects due to the presence of third harmonic field are calculated
using the numerical technique. Again two cases, one, where three

phase balanced sinusoidal voltages are applied and another, where

a zero seguence voltage is applied in addition to the balanced

sinusoidal voltages, are considered.

It has been stated in the previous section that zero sequence
currents flowing in a balanced winding do not produce any magnetic
field in the air gap. The converse of this statement, namely,
balanced three phase currents, flowing in a winding which is capable
of producing a triple harmonic field (if supplied with unbalanced
currents), do not produce any magnetic field in the air gap, is con-
sidered to verify the results calculated using the numerical
technique, It is expected that under steady state conditions the
results would be identical with those obtained .in the second case
(ideal machine with zero sequence applied voltage) in section 4.2.2.
This proved to be the case as shown in tables 4.%.1te 4.12. It must
be pointed out that a true steady state is not obtained in practice
and therefore any unbalance in the stator currents results in the
formation of third harmonic field. Thvs instantaneous torque developed

can not be constant in this case as also shown in table 4.12.

With a zero sequence voltage applied to the machine in addition
to the balanced sinusoidal voltages, the instantaneous torgue will
not be constant and the speed torque characteristic will have a dip
at % the synchronous speed. The former is demonstrated by the
computed results shown in tables 4,13 to 4.16. Thus various known
physical phenomena have been predicted accurately by using the

numerical technique.

4,3. The effect of changing the frequency of the supply

An ideal machine supplied with stepped-square-wave voltages is
considered for this exercise. The frequency is varied from 5 ¢/s
to 50 ¢/s and the speed~torque charseteristic is computed in each
case for five slip speeds from .1 to .9 in steps of 0.2 The resulis
are shown in table 4, 17 and fig.4.l. The voltages are varied in

direct proportion to the frequency.
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Table showing the performance of an ideal nachine supplied

with inverter voltage which is kept proportional to frequency

Torques at various slip-speeds

Fre;uency slip .9 o7 5 o3 ol
c/s
5 606 .598 .554 444 «203
20 957 1,106 1.256 1.303 JI75
35 .T07 .885 1.121 1.428 1.214
50 <535 .688 <911 1.292 1.491

Currents at various slip-speeds

Fre;uency slips

c/s <9 7 5 3 ot

5 1.756  1.545 1.275 «925 515
20 4.374  4.131 3.721 2.243 1.36
35 5.014 4.886 4,645 4.062 2.186
50 5.220 5.146 5.003 4.616 2,876

Results show that (in a nachine with pracfical values(ieakage

and resistive paraneters) varying the applied voltage proportional
to the frequency doss not produce a constant starting torque at
various speeds, desired in a traction drive. (This is due to the
variation of leskage reactances with frequency while the

resistances remain constant).
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TRANSIENT AND STEADY STATE ANALYSIS OF SQUIRREL CAGE MACHINES USING

NON-SINUSOIDAL WINDINGS AND INPUT VOLTAGES

5.1+ Representation of squirrel cage rotors in conventional analysis

In conventional analysis squirrel cege and sheet rotors are represented
by their equivalent resistances and inductances. The calculation of
these values is based on the presence of sinusoidally distributed
rotating fields and constant rotor speed. The space harmonic fields
" produced by practical stator windings are included in the analysis by
superposition that is, the rotor reaction for each rotating ficld is
calculated independently. This is'necessary since there are no independent
electrical circuits on the rotor. The above representation is valid
only under steady state conditions assuming infinite rotor inertia as

discussed earlier in section 1,3.1.

Eor transient performance calculations, the concept of rotating
fields has been used by Slaterg. The rotor is replaced by a two phase
sinusoidally distributed winding having equivalent resistances and
leakage inductances which vary with the speed of the rotor. 4
mechanical equation for the rotor movement is written and the electrical
and mechanical equations are solved using the Runge Xutta method. Further
assunptions are necessary in order to use this techhique of nunerical
analysis although these are not stated clearly in the papers. These
necessary assumptions as mentioned.in section 3,7.are ‘that the speed.of
rotor is constant during an incremental time and changes abruptly to a
new value during the subsequent increment. Then it is possible to
calculate the rotor position at the end of the increment considered.
Lyon8 has used similar techniques in taking the movement of rotor into

account.

In representing the rotor in terms of phase quantities, the space
harmoniecs dué to stator and rotor currents in a practical machine are
neglected, and in evaluating the paraneters, steady state conditions
are assumed, This is thought to be incorrect since the objeet of the !

analysis is to calculate the transient perfornance,
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5.2. Rigorous anslysis of squirrel cage machines

5.2,1. 'Exact representation of squirrel cage rotors

The complete performance of squirrel cage machines may be calculated
using the method described in this chapter. The principles used are
similar to those used in the case of slip ring induction motors.
However, the formation of the differentinl equations is much more
involved because unlike the wound rotors there are no independent
electrical circuits on the rotor. The procedure is described in the

order in which it was developed.

5.2.2. Formation of the differential equations

The formation of a set of differential equations which may be
solved for the unknown currents is illustrated by considering the -
simple machine shown in figure 5. In this machine thersare three
coils on the stator and four rotor bars connected by end rings,

If the mesh, formed by adjacent bars and the end ring sections,
Jjoining them, is considered as an independent circuit, there are as

nany circuits ag the number of rotor bars. Assuming

i1, 12, i3 to be the stator phase currents
i4, 15’ 16, i7 rotor loop currents
c4, cs, c6, c7 rotor bar currents
V] voltage matrix denoting the instantaneous
voltages externally applied to the coils
'ijj current matriz representing i, to i7
[@:} self and mutual inductallces between stator
phases and rotor loops
[ﬁ] coefficients of the final set of differential
equations
r, resistance of each of the stator phases
r4, r5, Tgs r7 rotor bar resistances
and
r, the resistance of the end ring sections

between adjacent bars,

the relationships between loop and bar currents are given by
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figure 5.1

table 5.1 Loop currents

7

Rotor electrical cirveuit -

i, | s | i | 3.
2 5 3 0
1 -4 2 ~1
3 6 4 1
i e 5; 205 ° 5 “20 5

Bar currents are given by 2,3,-2,-3

correct set
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i

5= 1y eeeeesi(2)
c6=i6-i5 .......(3), C7=i7-—i6 n-r--oa(4), 0.0(501)

i
-
i

e, = 14 — i eeeeeao(1), @

Then using the machine inductances and these currents, the
simuiltaneous differential equations for the system nmay be written

in matrix form as

[:Y] = E‘esistive dropj + _g_t([g] [IjD eee(5.2)

The expanded form is given in table 5.2. The bar currents in
equations (5.2.4) to (5.2.7) are written in terms of the loop
currents using equations (5.1). There are now seven equations with
seven unknown currents. These equations do not produce a unique

solution for the following reasons.

In equation (5.1) the loop currents i4 to i7 can not be
determined from the bar currents c4 to 07; one of the loop currents
or a relationship between them is necessary to solve for the loop
currents when thé bar currents are given. Otherwise there are an
infinite number of sets of loop currents satisfying equations (5.1)
as illustrated numerically in table 5.1, Only one set of currents
can be correct since there is a definite set of cu&rents in the
machine., The required relatiomship is that the sun of the loop
;curreﬁts 1, to i, is zero, that is

iy +dg + ig+ 1, =0 ese(5.3)
The loop currents are the actual currents through thé end rings and
therefore, if there is no axial flux, there can be no net circulating
current in the end rings. Therefore, the sum of the currents pass-—
ing through the sections must add up to zero. Moreover, since there
is no net induced e.m.f. in the circuit formed by an end ring, the

sun of voltage drops in the sections is also zero.

The loop currents can now be calculated from the bar currents
using any three of the equations (5.1) and equation (5.3). Whe

analytical solution for the loop currents is shown below.
!
!

Adding equations (5.1.1.) and (5.1.3) yields
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=i, T +____(z11 PR R R DRI AL R S S A 17)
at
d ' .

= i,z + (221 1+ 2y, 1, + Zyg 1+ 2y, 1, + 2y 1+ Zyg 1g + By 17)
at :
a . .

= iy T, +_(z31 By 4 By Ay Zgg Ay ok By 4, + Ly 15 + By dc + By, 17)
at
d .

=y Ty ~cgTgt i, Ty (241 Ly b Zyp Ay 4 Byg g v Zyy 3y + Byp Ao 4 Byg Ao + Ty 17)
at
a

=05 Tg =g Tg+ g Ty + (z,).1 1y 4 By 1y + Zgg g + Zg, 4, + B 1+ Z5g g + Zgq 17)
dt
d

=g Tg = Cy Tq t A T, 4+ (z61 1y 4 2y 4y + Zgq iy + Boy 14 + Bgg ig + Zgo dg + Zgy 17)

. at :

d .

=c, T, ~c, T, + i :1-2+_(z.71 by o+ By by 4 Zog Ay 4 2y 1) 4 T g o+ Do B 4 Ty 17)
at

Expanded form of equation 5.2

~O -
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or i7 - i+ 04 + 05
Substituting this value of i, in equation (5.3) yields

14 + 15 + i6 + 15 - c4 - c5 =0

Substituting for i, from equation (5.1.2) gives

315 + 16 - 205 - c4 =0

or 315 + 16 = 205 + c4

Subtracting equation (5.1.3) from this yields
15=(C4+205'—c6)/4

Using equation (5.1.2) the value of i, is obtained as

i, = (c4 - 205 - c6) / 4

and from cquation (5.1.3), ig is given by

!

i (c4 + 205 + 3c6) / 4
then

17 = - 14 - 15 - 16 from equation (5.3)
The numerical example taken is solved using the above relationships and
this gives the correct set of currents in table 5.1, the other sets
differ from these values by a constant. Thus the expressions given
by equation (5.1) are satisfied by an infinite nunber of sets while
the constraint in equation (5.3) chooses the real set of currents in
the machine from these., The first set in the table 5.1, for example,
nay be obtained by adding 4.5 (which is equivalent to a circulating

current in the ring) to each current.

5.2,3 A set of differential equations for which a solution exists

The first six equations given in table 5.2 are considered, the
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terns denoting resistive drops are written in terms of loop currents,
and the current i7 is eliminated using equation (5.3),~that is,

substituting

i, ==-1i, ~di_ -1

7 4 5 6

The operations on the terms denoting resistive drops are illustrated
by considering equation (5.2.4). The resistive drop term nay be

written as,

substituting for c4 and c5 fron equations (5.1.1) and (5.1.2), the

resistive drop term is given by
+ — \ _ .
( T, + T+ T, ) iy -r5ig-1, i,

Substituting for i7 results in the expression

(2r4 + r5 + r2) I4 - (r5 - r4) i5 + T, i6
The six equations, with six unknowns, umay be written in matrix form as

[VJ: Ecesistive drolﬂ + _d_, ([MJ [I]) ees (5.4)
dt

where the elements of matrix (ﬁ]are formed by summing up the
appropriate inductances. Equé%ion (564) is the general electrical
differential equation of the system and the performance of the machine
may now be calculated using the numerical technique described in

sections 3.0 and 3,.7.

5¢2+4 An example showing the need for reducing the number of

rotor equations

The necessity for reducing the number of rotor equations to one
less than the number of rotor bars becones obvicua as the nuuber of

bars is reduced to two, that is, there is just one coil on the rotor.
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In forming the rotor differential equations in this case the rotor
circuilt may be considered either as two loops or as one coil., It
is shown below that taking loops and equating the loop currents to

zero, is equivalent to considering the two bars as one coil.

Forming loops around the rotor teeth msults in two equations for
the two bars, one for loop 2-2' and another for loop 2&2 both taken
in the clockwise direction, One of these equations may be eliminated

as follows.

Supposing (Y| is the inductance matrix for the coils 1, 2 and 3
wvhere 2 and 3 are the rotor loops;

i 1, 13 are the stator and potor loops currents,

oy 03 bar currents,

T, bar resistance

and

r'2 the rotor coil resistance,

the differential equations of the system may be written as

. a . . .
e = 11 1’1 + P Y1111 + Y1212 + Y1313.’) : moon"o(1) §
d l \
Q0 = C2r2 - C3r3 + dt 21 1 + Y i + Y23 3 n'Olo-.‘!(z) (5‘5)

i

372 272 - 3171 32 3373

O = C,Y - C, T + d Y l + Y l + Y f;] p.o;gh.(B) g
at

In these equations the end ring inductances nay be added to the

self inductances of the loops.

Writing the sum of the loop currents equals zero gives i, == 13

and Co = = Cq and since the two rotor loops occupy the same slots

the following relationships may be written.

Y = —Y .lJOI...I(5'6)

¥ 230 Yyp 13

22° ¥

The bar currents may be written in terms of loop currents as follows,

Cp+ i, -ig=21i, ceeenanss(5.7)
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then substituting equations (5.6) and (5.7) in equations (5.5.1)
and (5.5.2) yields

. a Ty . .
= i, Y
R R T, (2122} )
and dt
. a [ . .
0 = (212) (2r2) +-___\?é111 + Y22 (2125] (5.8)
dt
1 ' Y
Writing i1 = i1 ’ 2i2 = 12 , and 2r2 = r2

the equations (5.8) becone

! !
a , N
Lomy ot — [;?1111 MY 12:}

! dt T
_oat a _ ¥ .'#] (5.9
0= dy Tpv— Vg 2yt I A ] g "7

at

®
1

These two equations are identical to those which would have been
written considering the two bars as one coil having a resistance of
ré which is the sum of the bar resistances. Thus for the simple
two bar case it is easy to show the general truth, described in
section 5.2, that the number of rotor equations is one less than

the number of bars.

5¢3. Minimising the number of rotor equations

The number of rotor equations necessary to describe the behaviour
of a machine may be reduced from (N — 1) if the rotor currents perforn
repeatable patterns (repeat or reverse repeat) of a length which is
less than the whole machine periphery. The over-riding condition for
repeatable rotor current patterns is that the number of rotor bars
shall be even, since only in this case with an even nunber of poles
can the current amplitude pattern repeat the nminimum possible nuuber
of times around the periphery, which is two. It further follows in the
case of an even number of bars that the nunber of repeated patterns
must in all cases be a nmultiple of two. If the number of rotor bars
is integral in a number of pole pitches spanning less than half the
periphery, the number of repeating patterns is greater than two and
cen be found by first calculating the number of rotor bars per pole

which is N/p, where N is the total number of rotor bars and p is the
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number of poles, and then examining if any multiple of N/p below
p/2 is integral. If, for example, ( ﬁ,x k) is an integral number,
which also represents the number of bhrs in k pole pitches, the
number of repeated patterns is given by p/k. (k is the nunmber

of poles per repeated section).

Using the constraint, given by ceguation (5.3), for the solution
of rotor currents, namely that the sum of the loop currents is zero,
there are two different ways of reducing the number of rotor equations
depending on the value of k. If k is an odd number then the number
of equations is given by N x k/p, and if k is an even number, the
number of rotor eguations is given by (H x k/p) ~ 1. An illustration
of the above theory is given considering the case of a 12 pole machine.
)
The number of rotor equations depends on the total number of rotor
bars. If there are 60 rotor bars, that is 5 bars per pole, the rotor
current pattern repeats in amplitude in every pole pitch as shown
by the developed diagram in figure 5.2.a and there are only five
unknown rotor currents. The constraint fdr the solution of currents
is automatically satisfied since the five currents in one pole pitch
are equal and opp&site to the five currents in the adjacent pole piteh.
Applying the expression given above, k is unity and thc number of

equations is 5.

If the number of rotor bars is now taken as 66, then k is 2. The
11 bar currents in two pole pitches have to be equated to zero,
resulting in 10 equations, which is ths same as given by the theoretical
expression. The current pattern, repeating in every two pole pitches,

is ghown in figure 5.2.b.

Again if the number of rotor bars is taken as 56, k is 3 and the
number of rotor eguations is 14 which is the number of bars in three
pole pitches. The repeatable pattern of the rotor currents is shown
in figure 5.2.c.

The reduction in the number of rotor eguations from N - 1 is not
possible if asymmetries exist in the machine. For example, the stator
windings may not be balanced or the rotor may not be symmetrical
electrically or magnetically.
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5.4. Experimental verification of the current distribution in a

squirrel cage.

In order to check the current distribution in a squirrel cage

a special machine was constructed to pernit the neasurenent of its
bar currents. The machine has one primary coil on its rotor and 36
secondar& bars on its stator. The bars were first connected to one
of the end rings using resistance wires. Fron the bar side of the
wires connections were brought out as shown in figure 5.3.a. The
resistance.between end ring A and terminal 'X' in the figure, and
the total resistance of each War b»etween the two end rings were

neasured before the second ring was connected.

A 50 c/s voltage was applied to the rotor coil and the voltages
across the resistance wires were then nmeasured under steady state
conditions, using a valve voltmeter. The war currents were then
calculated knowing the resistances of the wires. The current

distribution found is shown in figure 5.3.b.

To compute the current distribution the differential equations
were formed using the rotor loop method described in section 5.2
and also by considering the rotor as a set of independent coils
joining diametrically opposed bars. The solution for the currents
were then obtained using the step-by-step technique described in
chapter 3. Since the two nethods are mathenatically equivalent,
the values of currents obtained should be the same and this provéél_:
to be the case. This absolute agreenent suggests the validity of

the procedure and proves the equivalence of the two nethods.

5.5. Experimental and computed results for a conventional squirrel

cage induction notor.

The 4 pole machine considered has a threc phase symmetrical stator
and 32 bars on its rotor. The rotor was chosen to have an integral
nunber of wars per pole in order to ninimise the number of systen
equations. The differential equations for the currents in the
nachine are formed using the procedure described in this chapter.

The torque and current at a few steady speeds are conputed using the
step-by~step technique described in chapter 3. The first set shown in

table 5.3 corresponds to the rotor bars having constant resistance
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TABLE 5.3

vy e R0 o gy,

Current in anperes

Speed in radians conputed
per second Experinental Rotor bar leakage as neasured Rotor bar
constant at 50 e/s resistance
corrected for
deep bar effect
39.92 6.5 6.628 6.48 6.49
80.45 5.95 6.324 6.204 6.21
130.95 3.64 4.386 4.182 4.21
145.95 2.02 : 2,406 . 2.350- 2.39
Torque in I: £t
39.92 1.845 1.876 1.80 1.78
80.45 2436 2,835 2.68 2,61
130.95 3,06 4.002 3.58 357
2.65

145.950 2.36 2,810 2.62

-Gg —
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and leakage inductances independent of speed and saturation.

The variation of rotor leakage inductance with current was
measured under steady state conditions using a 50 c/s supply and
it is shown in figure 5.4. When the leakage inductance is varied
according to the rotor current, there is considerable change in the

speed torque characteristic., This is shown by the second set.

It is well known that the rotor resistance and leakage inductance
vary with the frequency of rotor currents due to deep bar skin
effect., In the equivalent circuit shown in figure 1.1.b the para—
meters of the harmonic branches are adjusted according to the
frequency of rotor currents due to the particular stator harmonic
field, However, in the analysis described in this chapter all the
harmonic fields due to stator and rotor are taken in to account by
a single set of equuations, therefore, the variation of rotor para-
mneters can not be taken in to account separately for each harmonic
current. This difficulty can be overcome easily once it is realised
that the leakage inductance and resistance of a rotor bar depends
on the instantaneous current and the rate of change of current
rather than its frequency. (The use of a single value of resistance
end leakage inductance is not exact but results in averaging the
effect of the bar current). While using the step-by-step technique
for performance calculations, the rotor bar currents are being
calculated at every instant. Therefore, the effective resistance
and inductance of 211 the rotor bars can be calculated from the currents
and their rates of change. These values nay be used in the next step.
Though this method is more realistic, the tine of conmputation will
be increased considerably. Thus only the average effect of the
frequency of rotor currents is taken into account in the computation.
That is, the rotor bar leaknge and resistance are given constant values
at a particular rotor speed. The values are shown in the 5th column

in table 5.3,

The effects of interbar currents and the douping of higher
. . i1
frequency fluxes by the laminations investigated by Christophides

has not been included in the analysis.

The speed torque characteristic was obtained exzperimentally by

Christophides and is shown in the 2nd column in table 5.3.
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5.6. Applications of the squirrel cage rotor analysis

The principles developed (to denl with the analysis of sguirrel
cage rotors) and verified by experinental and alternative nethods
in the previous sections may be applied in the analysis of the

following casgse

{. Sheet rotors:

e 2 . B g0 e s . et

The current flow patterns in sheet rotors have been investigated
by R.C.Robinson, I. Rower and L.E.Donelan}’ employiné“a graphical
technique and by R.L.Russel and K.H.Norsworthyzo vho develoPed an
analytical method. The above works were concerned with the
calculation of losses in canned notors and a sinusoidally
distributed rotating field is assuned in both cases. Using the
principle employed in these works the perfornance of sheet rotor
machines (linear or cylindrical) nay be calculated. The rotor nay
be treated as an assemblyof‘a nunber of bars placed side by side and
connected only at the ends as shown in figure 5.5.a, and the systen
equations may be formed using the technique developed in this chapter.
The solution may be obtained using a 'jw' notation (described in
detail in the following chapter) at standstill and using the
nunerical technique described in chapter 3 when there is relative
novenent, The results may then be corrected ®y calculating the
reduction factor mentioned in the references 19 and 20. The reduction
factor represents the ratio of the actual loss in a sheet to the loss.

calculated assuming axial flow of currents in the sheet.

An alternative procedure which is nore general, but laborious, is
described below.

The sheet rotors used in c¢ylindrical or linear nachines (the
machine itseclf may be a short stator as in the case of driving
g dise or a short rotor as in the case of sone accelerators) ray be
treated as a mesh pattern shown in figure 5.5.b. The resistance
and leakage inductance between two points such as A and B in the
figure corresponds to those of the physical conductor which is
represented by the circuit A - B. The self and mutual inductances

of the loops may be calculated from the geonetry of the apparatus
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»y using the general principles described in appendix 2. .

If the (stator) excitation is symetrical then, with a symnnetrical
mesh pattern, the equalities of loop currents nay be identified. For

example, currents 14,4 and 15,4 in the figure are equal.

The next stage in the analysis is to aceess the number of
independent currents in the chosen pattern. This nay be achieved
by obéerving the boundary conditions, for example, in cylindrical
nachines the point C and D shown in the figure coincide and the sun
of the loop currents 11,4, 11,5 etc. between the points may be

equated to zero.

Again the sum of currents, flowing perpendicular to the horizontal
lines typified by P - Q shown in the figure, is zero, since the
currents passing towards the top or bottom side of the horizontal
lines have to return in order to complete the circuit. Thus,. an
expression relating the currents in the save row in the figure may
be formed and the number of such expressions depends on the number
of rows of loops chosen for the analysis. It is four in the case
shown, corresponding to the rows in one half of the rotor, since

the synmetry about the axial line has already been used.

A set of simultaneous differential equations nay be formulated
and the solution may be obtained using the 'jw! notation (described
in detail in the following chapter) at standstill and the step-by-
step technique when there is relative movenent between the stator

and rotor.

2. Synchronous nachine with danper winding

The synchronous nachine-analysis is a classical example for
using the numerical technique developed, since it has a variable
air gap, a direct current winding, a squirrel cage winding on its
rotor and a.c. windings on the stator, thus requiring severzl
idealisations to calculate the perfornance analytically. If the
nunmber of damper bars is 'N' per pole and if the poles are identiecal
then there are N -~ 1 equations for the damper winding. There is

one equation for the d.c. winding and one equation per stator phase.
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The complete performance of the nachine may be calculated by first
forming a set of sinultaneous equations and then using the step-by~

step technique.

3. Shaded pole motors

This is a special case of squirrel cage motor problen where one
of the stator winding is short-circuited. In addition to the rotor
and stator equations, an additional equation is forned for the shading
rings when the poles are identical in construction. The 'jw' notation
nay be used to obtain standstill perforuance, and the nunerical

technique may be used when the rotor is free to revolve,

4. Variable gap notors

A single phase motor having an air gap which varies along its
pole face is known to be capable of starting. The analysis of this
type of motor is described in the following chapter considering its

starting performance,
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CHAPTER 6

VARIABLE GAP SINGLE PHASE INDUCTION MOTOR

6.1, Introduction

. The machine considered has four poles, with shading rings on the
stator and 22 bars on the squirrel cage rotor. The bars are skewed
by the span of the shading rings. This chapter deals with the
optimum variation of the air gap to obtain the maximun starting

torque.

6.2. Systenm equations

The system hss one input current, due to the four series con-
nected coils around the poles and twenty two bar currents. It is
assumed that the shading rings behave as if they are connected
in series which nmeans there is one unknown current for these.

The rotor is assumed to have 22 independent loops around the teeth,
inter-connocted at the ends. The self and mutual inductances be-
tween all the coils in the systenm nay be calculated using the pro-
cedure given in appendix 2. The currents in the loops dianetrically
opposite are equal, thus reducing the number of currents on rotor

to 11. The constraint for convergence of currents nanely that the
sun of the loop currents equals zero, is applied as follows.

2(13 + i 4 eeee + i13) =0

4
or i13=—i3"‘i4 teas "i12 saevrescsens (6.1)

where 1 to i,, are the rotor loop currents,

13
113 may thus be expressed in terms of the rest of the rotor loop
currents and the number of rotor variables is reduced to 10.
There are thus two equations for the stator and ten equations for

the rotor and the coefficients are formed as follows-

A pair of poles are considered. There are 11 bars on rotor
in two pole-pitches. Supposing the self and nutual inductances

between the stator coils and the 11 rotor loops considered are given
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by [?j then the equation for the stator coil is given by

. d . .
ve=1i, v+ B1’1 i, + B1’2 i, + eve + B1'13 i1é]

dt
R (%)

where 11 and 12 are the stator and shading ring currents and

vy and r1 are the stator applied voltage and resistance

respectively. Substituting for i,, fron equation (6.1) the

13
equation (6.2) is modified to give

+% )V B i, +B i, + (B

11 y 12 1, + sea

=1, 1,3~ By,13) 13

1

+ (B1,12 et B1’13) 112] evsnpranse (603)

Similarly, the equation for the shading rings and one of the rotor

loops may be written as

d . ] .
O=V2_’12 1‘2 + B2’1 11 +322 12"‘(323—32,13) i3+..‘.
dt
+ (B2’12 - B2’13)J ([ EERENERY] (6.4)
and

d
0 = v_ =|resistive + B,i, +B_ i +(B,~-B_ )41
arop ] ——dti pt "1 7 Tp2 2T Mp3 T Tp13’ 73

+ ses + (Bp,12 - BP’12) 11; sresre (605)

where resistive drop nay be obtasined using the nethod given in
5<2.3. 7ine more rotor equations are written and current 113 is
eliminated from the terms for the resistance drops. Thus the
system equations solvable for the currents in the nachine are

formed.

6.3. Solution for currents

At standstill coefficients of all the currents are constant and
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the currents are sinusoidal and repetitive at steady state. The

rms value of currents may be calculated by forning a conmplex natrix.

For example the first stator equation nay be written as

= 11 ™1 12 *2 1,12 *1

o

. d . .
v1—11r1+___ Mo, i, + M, i, + e + 127
It is modified to

V1 = (r1 + jWM11) I1 + jWM 12 + sae

i2

Similarly all the 12 equations may be converted to complex form and

it may be given in matrix form as

(v] = [l
Gl - (" [v3 vereesnvass (6.6)

where [}{j'_1 is the inverse of matrix M

or

Thus all the currents in equation (6.6) may be calculated in com-
plex form, The 11th loop current is calculated using equation (6.1)

6.4. Torque

It is shown in appendix 4 that the torque between two coils is

2%1 12 Ef » In this case the variation of mutual inductance with

de
position pnay be determined as follows. The nutual inductances at two

adjacent rotor positions are calculated and d¥ mDay be obtained using

46
linear approximation. The average torque developed is given by

2 *
I am i I A
i, pe M T th lue of currents
va
B ae p=t,2 @0 where Ip, o 2re the rms
=3’13

»*
and Iq is the complex conjugate of Iq and it nay thereforc be
calculated,

6.5. Optimum variation of the air gap

The object of the analysis described above is to find the

necessary air gap pattern under 2 pole to obta.in maximum starting
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torque. Since the analysis can only be used to find the starting torque

for a particular known air gap pattern, a method of trial and error
has to be adopted. One pole-pitch is divided into a number of
sections, N, and the air gap in each section iz allowed to take

y values. The starting torque developed in each case is con—

puted and the gap pattern corresponding to the naximun torque is
selected. The number of calculations increases as the number of
sections in a pole pitch is increased and it is given by (N)N. A
reduction in the nunber of calculations nay be achieved by
selective computation. For exanple, the air gap shall always be
increased fron.left to right in the figure, that is away from the
shading rings. This assunption is justified by the fact that when
there is a step-change in the air gap, the torque developed is towards
the smaller gap., Thus the assunption eldninates the patterns where
negative torques are produced in any section of the pole-phase.

The number of calculations with five steps of air gap is shown in
table 6, against the nunber of sections. Initially a snmall nunber
of sections are considered and the air-gap values for the first few
sections to produce naximum starting torque are deternined. The
remaiﬁing portion of the pole is again divided in a small nunber

of sections and the procedure is repeated. The number of calculations
necegsany to predict the optinun variation of air-gap, is reduced

considerably by the use of this technique.

The variation of zig-zag or slot leakage with air-gap is also
a factor in determining the starting torque. This phenonenon is
accounted for in the progran by first calculating the average air
gap at the position occupied by a rotor bar and then recalculating
the leakage inductance of the bar. The effect of skew has not
been included but is of some inportance. The flow diagram of
the computer progran and the starting torques at various shapes
of the pole—face are shown in figures 6.1 and 6.2 respectively.

The details of the progranm are described below,

6.6. Detailed description of the progran

Data: Diameter and length of core, resistances and leakage

reactances of stator coils, shading rings and rotor bars, the span

of the shading rings and rotor loops.
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Table 6.1 and_;ts forma.tion

The technique used in the progrem 1s given in tne form
of fortran statements
DO 80 IL =1 , 5
DO 80 I2 =I1, 5
DO 80 In = (In-1), 5
Performance calculations

80 continue

Row
1o 9 8 7 6 5 4 3 2

1 220

2 165 165

3 120 120 120

4 o4 84 84 84

5 56 56 56 56 56

6 35 35 35 35 35 35

7 20 20 20 20 20 20 20

8 10 10 10 1.0 10 10 10 10

g 4 4 4 4 4 4 4 4 4
10 1 1 1 1 1 1 1 1 1
11 715 495 330 210 126 70 35 15 5
12 2002 1287 792 462 252 126 56 21 6
13 5“) 59 §3 57 55 5? 5§ 5? 55

Row number of sections considered

Rows 1 to 10 -number of individual calculations

Row 11 -—incregse in the number of calculations due to
the increase in the number of sections

Row 12 ~the total number of calculations

Row 13 -number of calculations if the sections take
all the five values of the air-gap
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Choigg of a partiecular air gap pattern using one 'do loop' per

section of the pole periphery.

Calculation of the paraneters:

Calculation of the self and mutual inductances of the stator
coils and shading rings (using a2 numerical integration. An
analytical procedure is also possible if the air gap pattern is

assuried to be a known function of position).

Calculation of the angular positions of the rotor loops for two

positions of the rotor reference.

Calculation of the mutual inductances between the rotor loops
and the coils on stator at the two positions nentioned sbove,
These two positions are 1° apart and thus the variation of the

nutual inductances with position may be calculated.
The self and mutual inductances betwecen the rotor loops are
cajculated again using a numerical integration. This conpletes the

calculation of the paraneters,

Fornation of an impedance nmatrix

First the inductance natrix for circuits is written and then
its size reduced by one, by elinminating the terns corresponding to
the 11lth rotor loop current. Similarly the 'resistance drop' terms
are forned and the 11th loop current is elininated. The leakage
inductances are added to the self inductances of the circuits.
The inductances are converted to reactances and the resistances

are introduced, thus forning a conplex impedance natrix.

Solution for currents and torgue

The voltage applied to the stator coils will be known, the
other applied voltages are zero. The currents (colunn matrix) are
calculated by multiplying the inverse of the inpedance natrix (square)
by the voltage nmatrix (colunn). The torque may be caleulated knowing -

the currents and the variation of the mutual inductances.
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CHAPTER 7

—— s s St s e g it

ANALYSIS OF CONTROLLED SWITCHING CIRCUITS

Tele Introggction

The analysis of electrical circuits containing non-linear
elenents, such as diodes and thyristors (silicon controlled
rectifiers), using the step-by-step technique is illustrated by con-
sldering the exanple of a three phase static inverter. 4 complete
solution of the inverter-load systen nay be defined as one where
the d.c. voltage, firing order of the SCRs, parancters of the in-
verter and load are known and the currents are calculated fron
the moment of switching the load on, the inverter having been switched
on earlier., The working of the inverter is first described, then
the electrieal circuits formed at each stage with corresponding dif-

ferential equations and solutions are given.

7.2. The operation of the inverter

The static inverter considered has six silicon controlled rectifiers,
shortly called SCRs, connected in the forn of a bridge as shown in
figure 7.1. These SCRs when supplied with trigger pulses at the ap-
propriate instants produce three phase a.c. voltages across the points
R, Y and B in the figure. This operation known as inversion, is
achieved by forming the six different electrical circuits during each
cycle of the a.c. voltages, shown in figure 7.2.a to 7.2.f, and requires
that the bridge SCRs shall be fturned off at the appropriate instants,
This can be achieved by using a comnutation cireuit and a free wheeling
diode bridge. The electrical circuits forned during conmmutation are
shown in figures 7.%.a to 7.3.f. The firing sequence of the SCRs

is shown in tabl. 7 .1

Various commutation systems have been investigated by Bradle¥12
and the one used here is shown in figure 7.4.a. The SCRs A and B
are given alternate pulses, shown in figure 7.4.b. Capacitors Ca
and C,_ divide the supply voltage, V, into two halves. At the noment

b
of firing SCR A capacitor C has a charge of V volts with point 02 in
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the circuit negative. Therefore the series circuit formed by the
inductance, La’ SCR 4 the comnutation supply, Sa' and the capacitor

C has a voltage of 2V inpressed on it. The resistance of the ecircuit
being low, the current rises quickly and the whole of this iupressed
voltage is dropped across the inductance, La. Looking fron the
negative supply point the positive supply point is at a potential of V
1 at (V -2V =) -V volts, that is, the voltage between
points X1 and X2 is reversed at the monent of firing SCR 4., As the

and point X

capacitor C's charge decreases and becones reversed to V volts with
point 02 positive, the potential across the inductance, La’ falls
fron 2V to zero and the current in the circuit formed by La’ A, Sa
and C increases up to this instant, The iupressed voltage in the
circuit is now zero but the current is at its maxioun value. The
inductance, La, will try to maintain this current thus charging the
capacitor, C, beyond V volts. As soon as the current decreases, the
voltage acrscss the inductance, La’ is reversed, diode, Da’ con~
ducts and the current through the SCR A becones zero thus turning it

off. The voltage across points X1 and X2 is now V volts.

After a chosen interval of tine, SCR B is fired and a sinilar
action follows on the negative corrmutation side, taking the voltage
between the points X1 and X2 fron +V to -V and back to +V. The
capacitor, C, is always charged in the correct direction for the
next conmutation. Thus the commutation circuit produces the voltage

shown in figure 7.4.c: across points X, and Xg\ﬂith the SCR and

diocde bridges connected as shown in fi;ure T«ded but without any
load; two parallel paths are provided across the inductance. The
first of these is the diode Da and the second is the series ciruit
forned by one of the SCRs fired and a diode in the bridge, therefore
SCRs carry a snall current even without any load, at the nonent
when th. diode Da or Db conducts. The sharing of current between
the circuits is governed by their respective resistances. If the
diode resistance is higher and its forward voltage for conduction
greater than that of the SCR-diode conmbination, the latter will
conduct first and thus prevent the diode conduction. This point
appears to have been neglected in the literature but of sone

importance since it affects the rating of the bridge SCRs.

One cycle of a.c. preduced corresponds to six inwverter periods,

an inverter period being the tiue between twe pulses of vcltage across
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the bridge. Point R is connected to the positive line during the
first three periods and to the negative line during the next three
periods., Sinilarly point ¥ and B are connected to cither the
positive or the negative lines during the appropriate inverter
periods to form a 3 phase supply. ho varicus voltage vavecforms

are shown in figures’7.5 ana 7.5.

The commutation or change of connection of a phase fron one
terminal to the other terminal of the supply is achieved as follows,
Considering period 3 in the table as an exawple, the phases are con-
nected as shown in figure 7.2.c during the period. At the end of
period 3, the voltage across the bridge is nade negative by the
commutation ecircuit. The load current is now transferred from the
SCRs to the diode bridge as shown in figure 7.3.¢, the current
being maintained by the inductance of the load, and the energy is
fed back to the supply. The large capacitors across the supply ensure
that the rise in voltage due to the energy flowing fron the load
inductances is not unduly large. The conducting SCRs go off and the
firing pulses during period 4 result in the circuit shown in figure
7.2.d, SCR 4 is conducting instead of SCR 1.. An inportant point
which must be nade here is, that phase R is carrying a positive
current which at the end of period 3 is transferred to diode D4
and this current is reduced steadily. Now, SCR 4 is fired but it
can not take over a positive current fron diode D4. But the current in
phase R flowing against the supply soon becones zero and then SCR 4
conducts and carries the negative current. This phenonenon shown
by dotted lines in the figure occurs whenever a phase is reconnected
fron one supply line to the other, and it is to the advantage of the
designer since the SCRs carry only the power conponents of the currents
and not any currents against the voltage of a phase., In figure 7.8 the

power conponent of a phase current carried by a SCR is shown shaded,

7.3. Analysis of the inverter-load systen

The analysis is carried out in two stages, first the counutation
side is analysed and the waveform of voltage between points X1
and X2 is calculated neglecting the effect of lcad current, and
then the bridge circuit is analysed. The comnutation circuit can

be simplified to a series circuit having resistance, inductance and
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capacitance as shown in figure 7.7.a. The charge on the capacitor

C at the moment of triggering a SCR is V volts with point 02, negative
when SCR A is fired and positive when SCR B is fired., In either case
the total voltage around the circuit is 2V in the beginning and

the current and voltage across the inductance nay be calculated using
the step~by-step technique. In the conputer progran calculations nay
be terminated when the woltage across the inductance becomes zero and
starts increasing in the reverse direction, as the diodes conduct at
this instant. The voltages at various tines can be stored in the

progran for use in the second part of the analysis.

The electrical circuits formed during each of the inverter periods
are shown in figure 7.2 and those formed during the coumutation tines
in figure 7.3. After the commutation of a phase fron the positive
side to the negative side or vice versa, it is inmaterial whether
the approprisate SCR or a parallel connected diode carries the
current provided it is assuned that the resistances of the SCR and
diode circuits are equal, since the phase point is connected to the
correct side of the supply in either case, Supposing the load is
switched on during period 1, the currents 1ay be calculated by
solving the three equations given below using the step-by-step

technique.,

. d . .#\
V= iQ'rQ + 1h T+ 1y ry + ___[il¥ 1R.+ Lb ib + Ly l,,. oo (Ta1)
dt

. . da - . s
V = 12 ri-+ ir rr + 1y ry + lﬂLfflg*-L% i, + Ly %;j ..(7.2)
dt
+ i e (743)

iQ = iy = ir i,

where iﬁfir’iy’ib ar<¢ the line and vhrse currents:

In these equations the conducting SCRs are considered as part
of the load resistance, However, the SCRs could be also represented
as a constant voltage drop in series with a snall resistance as
shown in figure 7.7.b. In solving the above equations it is desirable
to have a convention that currents flowing towards the neutral point
of the load are positive. The terminal d.c. voltage is taken to
be the common reference in all the equations and the signs of the
resistance and inductance of a phase are reversed when the phase is
connected to the negative side. If this procedure is followed for

all the invertor periods, the phase currents calculated will have
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a.c., waveforns. Thus for period 1 the signs of the resistance and
inductance of Y phase are reversed, At the end of period 1, the
d.ce voltage across the bridge is nade negative and the phase
currents flow through dicdes as shown in figure7.3. . The equations

for this state are given by,

-V = iQ rQ + 1b T+ 1y T+ E Q-+ L 1 + L 1 (7 4)
. . d . .
~V = ifrg+ i, rr+ 1y ry+*Eﬂ 1Q+ Lr ir+ Ly 1;(7.5)
at
iQ=~ir+ib= ”ly sdevadoere s (7&6)

where V is the voltage across points X, and X2, calculated earlier.

The currents are calculated fronm these1equations, the initial

currents being those at the end of periocd 1. After the conmutation
time the SCRs are fired again and the circuit fornmed during period 2
is shown in figure 7.2.b. Now,.both Y and B phases are connected to
the negative side therefore, their resistances and inductances have
their 'signs reversed. The initial currents are those calculated above
at the end of the commutation ftime. The procedure may be continued

for several cycles until steady state conditions are reached. .

T+4. Advantages in using the step-by-step technique

7.4.1. TVoltage waveforn: In the case of a statie load fed by an

inverter, currents vary exponentially and can be calculated
analytically if the waveforms of the vuvltages are known. However,.
if the conduction angle of the SCRs is less than 1800, it is
necessary to find the instant at which a phase is isolated fron the
supply. For exanple, at the end of pericd 3, R phase current is

carried by diode D, which connects the phase to the negative, . If

SCR 4 is not triggired immediately R phase is connected to the
negative, only as long as the current is positive. When this

current is reduced to zero, R phase is isolated until SCR 4 is
fired.  Thus, the waveform of a phase voltage depends upon the

current and therefore can not be known initially. .Though soue of
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the analytical nethods can be adepted to this new situation

the instant at which a phase is isolated can be deternined only

by trial and error. However, in the step~by~step technique currents
are calculated in successive steps and hence the instant at which
the current becones zero is easily identified. A typical case of

voltage and current waveforns is shown in figure 7.8.

Te4.2s Currents during commutation tine: At the end of an inverter

period, voltage across the bridge is suddenly reversed to - V volts,
During the commutation time, SCR currents are transferred to the
appropriate diodes and the voltage across the bridge rises fron

- V to V. Since the bridge voltage is varying with respect to tiue

and is not given by a simple function of tine, a step-by-step procedure
is the only possible way of obtaining a solution. If an analytical

solution is sought, further sinplifications would be nccessary.

Te4.3, Non-linear or dynanic load:

For the case of an inverter feeding a non-linear "load" such
as an induction motcr, no analytical solutions are available but
the step~by-step technique can be used to calculate the perfornance
of the systen. The differential equations for the case of a three
phase wound rotor nachine may be forued as in the case of the static
load with the following difference, that is, terms denoting changes
in flux linkages in cquations 7.1, 7.2, 7.4 and 7.5 would be sun
of the products of the appropriate inductances and all the currents
in the nachine. TFor exanple, an equation sinilar to 7.1 nay be

written as

=6
. . d . = . .
V= iQ:_r,? +i, v+ i1, +_EQ 12 + Z (M1p1p + szlp) (7.7)
dt =21
in the case of a 3 phase wound rotor nachine.

The stator currents are related hy equation 7.3. The rotor
equations nay be formed as described in earlier chapters, The
conplete performance of the system can be calculated by forming
appropriate equations for each inverter period and solving for the
currents. Thus, it is seen that in the case of systems contain-
ing elements which are switched on or off, step-by~step technique

nay e used to calculate the perfornanced
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A particular case with full conduction of SCRs and sitatie
load is considered and a couputer progran to calculate the currents
is written., The experinental and conputed results are showm in
figure 7.9 and the flow-diagran is shown in figure 7.10. The shape
of the wavefcrm as well as the instantaneous values of current

show close agreement between the conputed and neasured values.

TeSe ggnclusio§§

T e et

It has been shown in this chapter that the step-by-step can be
used to calculate the verformance of systens having non-linear
elenents, this analysis therefore, can be used to design systens
having desired characteristics. For exanple, whilst designing
an inverter-induction notor systen “leveloping a constant torque
fron zero to a particular speed", it is necessary to increase the
a.c, voltage approximately proportional to the frequency. '(The
exact variation of the applied voltage with frequency can be
calculated only by trial and error and this variation results in
a constant air gap flux and current densities, thus developing a
constant torque). The a.c. output volitage may be varied either by
changing the d.c. input voltage or by controlling the angle of con-
duction of the SCRs. The latter is more econonical since no

additional equipnoent is necessary.

From the d.c. input voltage and the paraneters of the load
cirecuit, (which is an induction notor in this case) the necessary
variation of the angle of conduction in order to obtain a constant
torque nay be calculated using the nunerical technique by making
suitable alterations in the conputer progran. This ecalculaticn
requires that the machine develops a torque, greater than the

desired constant value, with full conduction.
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d.ce. voltage, paraneters of the inverter and load circwits

the coefficients of the simultaneous equations for the six periods and
commutation tines using the circuits shown in figures 7.2 and 7.3

These values are stored to be used in the later part

with partial conduction of SCRs, the phase isolated is identified and
a modified electrical cireuit used until the phase is connected

~ The calculations nay be discontinued either after reaching steady state
conditions or after a fixed number of cycles.
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CH4APTER 8

The strain gauge apparatus

8.1, Introduction

-The strain gauge apparatus designed to neasure the instantaneous
torque acting on the stator of the induction notor is shown in figure
841. It was decided tc suprort the stator on two external bearings
and restrict its novenent by steel bars carrying strain gauges. The
torque on the stator acts on the bars and siresses the gauges pro-

ducing a change in resistance proportional to the strain.,

Now, the stator of the nnchine has inertia and the steel beam an
associated spring constant. The apparatus therefore has a natural
frequency of oscillation. It is the object of the following design
to achieve the highest possible natural frequency coupled with an
anplitude of electrical signal, for a particular torque, that can
be conveniently neasured. For exanple higher output requires long
and weak bars whereas a2 higher natural frequency requires short and
stiff bars,

In earlier torque measurements13 strain gauges have besen fixed to
the rotor shaft, thus neasuring the torque that is transferred fron
the nmoter to the loading nachine. This systen is nore conplicated
since there are inertias on either side of the gauges. Moreover,
the small output signals hnave to be collected through slip rings.

Measuring the torque on the stator has none of these difficulties.

8.2. The relationships governing the operation of the systen

As shown in figure 8,1 the rotation of the stator is restricted
at a distance R from the axis of the machine. The neutral axis of
the bars and the axis of the nachine are in the sane horizontal
plane. The bars are fixel to the base forning a cantilever with
the free end attached to the stator. If 2 torque T is applied
on the stator, the force acting at the free end of each bar is given
by

Force = F = T/2R
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The deflection of the free end is given by14
3
6: FQ& L A L I Y (8.1)
3B

where & is the deflection, che length of the bar, E the Young's
nodulus for the steel and I the wmonent of inertia of the cross—
section of the bars in the vertical plane. If the stator rotates
through an angle d6, then the vertical deflection and rotation

are related by the following equation
Rég8 = O

Subgtituting the value of & from equation (8.1) the force for a

rotation of one radian is given by

K 4 . s et (802)

If J is the nouent of inertia of the stator, the equation of notion

is given by

R

J6+K6 = O casensecessw (8.3)

and the natural frequency of the systen by

N 2-1__ 'I_{_ ooo;-ool'- (8.4’)
ox Y g ‘

The stress produced at a distance ga fron the free end of the bar

is given by

(8.5)

d
I 2
where
3
I = bd
12

and b and 4 are the breadth and depth of the bars.
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8.3. Optimum design of a strain gauge torque neter

In order to see whether true optinisation is possible, the para-
neters were varicd in sets and their effect on the natural frequency
and stress were calculated. The effect of varying the length of the
bars, on the stress, natural frequency and the bandwidth »roduct are
shown in figure 8.2.- The length corresponding to the naxinmun
bandwidth product is the true optinum value. However, this value
results in a deep and thin bar section. The section would be too
weak in the horizontal direction so that the material would be stressed
beyond its yield point. Mcrecover, the physical size of the strain
gauge nust be ccnsidered in choosing the length as sufficient space
nust be available to fix the gauge strips. Thus the true optinun
length can not be used. However, it will be observed fron figure
8.2 that the reduction in stress, and therefore the output signal
obtained is small compared with the decrease in the natural
frequency, if a length in the region 4" %o 10" is chosen. That is,
a length in the "flat portion" of the bandwidth curve is chosena.
This is because the output is proportional to the length whereas
the bandwidth product is proportional to T/&/;?A,This choice
enables to design a practical section without weakening the bars’

in the horizontal direction.

The variation of stress with respect 4o the breadth of the bar;
keeping the natural freguency constant by sinultaneously verying
the depth, is shown in figure 8.3. It may be observed that the
smallest practical value has to be used to naxinise the stress

and output signal.
Again the effect of varying the depth of the section nay be
observed from figure 8.4 and it is clear that the depth nust be

increased to its practical lipit.

82+ The strain gauge strips

If the strain gauges are bonded to the bars, they can nct be
recovered to be used with other sections. Therefore, strain
gauges are first bonded to steel strips as shown in figure 8.1.e

and f., and then the strips are screwed tightly to the bars using
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bolts, the bars having been tapped at the required places. This

technique pernits an economical experinental investigation of the

behaviour of different sections of bars.

8.5, Strain gauge bridge circuit

If a single bar with a set of strain gauges at the top of the bar
or two sets one at the top ~nd one at the botton as shown in figure
8.5.a is used, then as well as an output signal due to the torque
any nechanical vibrations of the machine in either of the directions
will give spurious outputs. These outputs are typically induced
by eccentricity and base vibrations, and appear as conponents having
frequencies proportional to speed. Even after the rotor was dynanically
balaneed these were still present. A typical response to 'z -step torque
'shcwn in figure 8.5.b illustrates the point. The spuricus outputs
-ean be elininated by the use of a nultiple bar system with gauges

fixed as shown in figures 8.1 and 8.5.a.

The electrical conncction of the eight strain gauges used is
shown in figure 8.6.b. The changes in the resistances ¢of the gauges

due to a torque on the stator are given by

19 39 4’ 5! 6? 7! - ds

where d1 is the change in the resistance of strain gauge { .and so

on. The effect of the changes is cunulative and an output proport-

dyy =dyy =g 4, -d d_, d

ional to torque is obtained, Its value is given by
the voltage across the bridge x gauge factor xz average strain

The changes in the resistances of the gauges due to net horizontal -
and vertical forces on the stator, shared equally between the two
beans (these forces tend to move the assembly in their respeetive

directions but produce no net torque on the stator) are given by

aj, at, ay, a4, af, az, ah, al, and
-ay, ay, -ag, ay, ap, -4y, an, -ag

respectively, Thus, sinceyd' anddd" are zero if the chznges are
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equal, vertical and'horizontal foreces will now produce no net output.
(This lepends to a large extent on the skill in naking a perfectly
syunetrical systenm and this was provided by Mr, C.a. Jones of the
departnental workshop). In practice, the gauge-resistances vary

by 8% ond the gauge factors by 35% approxinately, thus the desired
condition of equal changes in the resistances of the zauges, is not
realised. However, this condition was achieved by using the

technique deseribed in the following section,

8.5, Strain gauge units of equal resistances and gauge factors

The resistances and gauge factcrs of the aveilable gauges are
given in the first two columns in table 8.1. The product of the
resistance and gauge factor of each guge is calculated and the
values are shown in the third column. Sinece this product is 2
neasure of the change in resistance per unit strain, the higher
values in the third colunn have to be brought down to the lowest
value in the colunn by connceeting a resistance in parallel with

each guge., These resistances nay be calculated as follows.

The lowest value in the third column is divided by each of the
values in the colunn. The resulting values are shown in the fourth
column., If a resistance R' is connected across a gauge hayipg a
resistance of R ohns, the resistance of the parallel cirqpit‘is
given by RR'/(R + R'). If the resistance of the gauge changes
from R to R + r due to unit strain, the change in the resistance

of the parallel conmbination is given by

(R+r)R'" _ RR!

R+ r+ R! R + R!
N R' r
R + R!

That is, the change in resistance is decreased by the fraetion,
R! » Knowing this fraction from the fourth colwm and the
R+ R
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TABLE 61,

G.f R x G.f K R' Rs X
349 96 3355 877 2485 306 12
352 96 3482 «843 1890 296,.6 21,4
349 92 3215 <913 3660 318 0
312 9% 2938 1 o0 312 6
348.5 129 4485 +054 658 228 90
348,5 135 4700 .625 580 218 100
323.5 131 4320 «68 700 224 94
326.7 127 4150 707 770 231 87
326 130 4470 657 624 218 100
340.8 130 4430  .663 671 222,6 9504
R = resistance of the strain gauge
G.f = gauge factor
K = oinipun (R x G.r)
R x G.f
R' = parallelbresistance = RxK
1 ~K
R, = resistance of the parallel unit = L&
R + R
X = 8geries resistance = naximnun (Rs) - Rs



~127~-

resistance of the gauge considered fron the first colunn, the
parallel resistance, R', nay be calculateq. Their values are given
in the fifth column. The changes in the resistances of the parallel
circuits per unit strain are now approximately equal. But the
resiatances of the parallel units as seen in colunn six are not
equal, Therefore a resistance is connected in series with each unit
to make the total resistance equal to the highest value in the sixth
colurm, The strain gauge with a parallel and a series resistance

as shown in figure 8.6,¢ nmay be called the strain gauge unit. These
units have equal resisfances and gauge factors, That is, the change

in resistance of the units per chm per unit strain is the sane.

8+7~« Response of the strain gauge apparatus

The output from the strain gauge bridge is connected to an
oscilloscope. A torque is applied on the stator using a pulley and
veight arrangement as shown in figure 8.5.a. There will be a sudden
change in torque if the string supporting the weight is cut
instantaneously. Part of the string is nade of a conducting
naterial and an electrical circuit is arranged so that the
oscilloscope is triggered when the string is cut. The oscillogran
in figure 8.7.a+ shows the response of the strain gauge apparatus
to a step change in torque. The natural frequency of oscillation
which is 91 cycles has to be elininated from the signal before using
the apparatus for measuring transient torques on the stator., The

design of the filters used is given in appendix 6.

8,84 Low-pass filters used

A noteh filter in series with a low pass filter as shown in figure
8.8.a. is used. The filtered response of the apparatus to a sudden
changg in torque is shown in figure 8.7.be. The frequency response
of the filter is shown in figure 8.8.b.

An inproved frequency response as shown in figure A6.a (appendix)
can be obtained using a low pass m derived L - C filter. 4 low
gain amplifior was found to be necessary to mateh the output
inpedance of the bridge to the input inpedance of the L - C filter.
The response of the apparatus to a step change in torque is shoéwn
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in figure 8.7.c. The overshoot is approximately 15% and the rise time
is about 3 n sec.

The electrical pick up when the nachine is energised is found to
be negligibie as shown in figure 8.9. There is no current through
the gauges in the above case.

In order to detect the presence of spurious signals when the
pachine is rotating it was driven at varicus speeds in on unenergised
condition by a coupled d,c. machine., The strain gauge bridge is
energised and the output signals due to rotation at various speeds
were found to be less than 1% of the neasured signal for speeds
below 500 rpm and less than 5% at 1000 rpm as shown in figure 8.10.
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CHAPTER 9

SLIP RING INDUCTION MOTQR EXPERIMENTAL AND COMPUTED RESULTS

9.1. Introduction

The step-by-step technique deveioped is used. to conpute the
performance of a sinple series circuit in 3.2: in chapter 4
the steady state performance of an ideal machine is calculated.
These results have been conpared with values obtained analytically.
However, no such comparison is possible as far as the transient
conditions in machines are concerned, It is the object of the
experimental investigations described in this chapter to compare
the accuracy of the computed results with those obtained ex~-
perinentally. This requires both a precise determination of
nachine parametors and a reliable and accurate neasurement of the
electrical quantities and torque. The strain gauge torque de-
signed to measure both the steady state and transient torques
acting on the stator of the machine has been described in the
previous chapfer. The machine paraneters are obtained experinentally

as described below.

9.2, Machine paraveters

From the data of the machine the self and nutual inductances
of the stator and rotor windings are calculated. The above
gnductances are also measured by applying a single phase voltage to
one of the phases and observing the exciting current and the
induced voltages in the other phases. Good agreenent is found
between the calculated and measured values, Calculation of the
leakage inductances is made difficult by the presence of closed
slots on the rotor but an accurate nmeasurenent is possible. In
order to do this the rotor is taken out of the stator core. 4
copper sheet is provided to restriet the flux produced by the rotor
to the leakage paths occuring in nornal operation. The leakage
reactance of both the gtator and the rotor are then found separately
by the application of a 3 phase supply at various current levels,
The variation of the leakage reactance with current is shown in
figure 9,1.
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The resistances of the stator and rotor phases are measured
using the arrangenent shown in figure 9.2, after each reading in the
following experiments,

9.3. Steady state perfornance

The computed and experimental values of the currents and torques
at various speeds with sinusoidal and non-sinusoidal input voltages

are shown in the tables below.

Balanced sinusoidal supply 50 ¢/s 304 V 1line

Speed Current amperes Torque 1b ft

rpo Experimental Conputed BExperinmental Conputed
500 4.3 4.4A 4411 3.95
1000 3.65 3f8 4,65 4.95
1400 1.645 1.54 3.22 3¢35

The print out from the computer showing the instantaneous
values of stator and rotor currents, and instantaneous torque

are shown in table G.1.

The operating voltage of the inpulse inverter used is linited.
Hence lower frequencies arc used so that the torque developed can
be conveniently neasured.

Steady state operation with inverter supply

current anperes Torque 1t ft

Supply Speed Experinental Conputed Experinental Conmputed

10 cyCleS 0 3.2 3'1 4-72 5.05
55.7 volts

pér phase 175 2.1 1.885 4,25 4.53
5 cycles 0o 2.45 2.34 6.37 6.21
38,5 volts ‘

The stator and rotor current waveforns are shown in figures 9.3
to 9.6.
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Instanteneous values of stator and rotor currents,
and torque at 1000 rpm

I -stator current

I,~rotor current

T‘a.-instantaneous torque on stator
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It will be observed frou the table that the agreenent between
the predicted and practical rms current values is as close as is
usually obtained in machine testing where accuracy depends on the

exact deternination of the paraneters.

The correlaticn between the shapes of the stator (input) and rotor
current waveforns is extrenely good. There is absolute agreenent,
in the changing pattern of stator and rotor current waveforns during
successive cycles., Thie method therefore gives valuable and

accurate information about the % harnmonic content drawn fron a

supply.

Similarly in the case of the inverter supply the predicted and
neasured shapes of the stator current waveforns as well as their
nagnitudes show exiremely good agreenent as shown in figures'9,5
and 9.6,

9.4, Speed transionts

While computing the steady state perfornance, the presence of
rulsating torques was observed. The frequency of pulsation was found
to be six times the supply frequency nultiplied by the ratio
between the machine speed and the s ynchronous speed. It corresponds
to the speed at which the phase bands on the rotor slip past the
stator phase bands. In the case of the 4 pole nachine this frequency
is given by .2 x speed in rpn. The torque neter developed (in
chapter 8) has a restricted band width and is suitable only if the
neasured frequency is below 50 cycles. The observation is carried
out at speeds up to 150 rpn, that is up to 30 c/s torque componentse
The computed and measured waveforms of the torque are shown in
figures 9.7 to 9.10. The neasured torques have a high frequency
ripple conponent superimposed on the main conponent, this is due
to the mechanical oscillation of the apparatus. However, the
important main conponent has the sanme frequency as predicted and
it can be observed from the table given below that the anplitudes
are predicted tolerably well considering the nature of the extremely
difficult problem. Thus the program can be used to calculate the
amplitudes of the pulsating torques produced in induction notor

operation, this prediction is of great value if the nachine drives
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apparatus having natural frequencies which nust be avoided,
Moreover, since this pulsation of torque is occurring at the
practical steady state attained, the design of the nechanical con-
ponents must allow for the fatigue which decreases the allowable

stress in the material.

Sinusoidal input 230 V, 50 c¢/s

Speed rpn Anplitude of pulsating Average torgque
torque in i- ft, conputed

Computed Experiuenfal

50 2,075 2.1 3.925
5 1.75 1.84 3.75
100 1.45 1.56 3.9
150 .80 .925 4.01

In the case of the inverter supply conputed and neasured values
are conpared considering the difference between the nmaxinun and

the mininmun values of the instantanecus torques, developed during

a ecyecle.
Speed Torque pulsation in it ft
e Computed Measured
50 3.2 3.45
100 2.15 2.155

The pulsatior of torque in this case is predoninantly due to the

nature of the input voltages.

% .5, Switching transients

Computed and neasured values of transient torques acting on the

stator due to switching sinusoidal and inverter supplies at various
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speeds are shown in figures 9.11 +to 9.14, Numerieal conparisons,.
between neasured and conputed values, of the nmaxinun torques
following the application of sinusoidal and inverter supplies are

- given in the tables. -

Sinusoidal input

Speed Maximuan torque 1» ft  Average torque just after
Tpn Neasured Computed switching (during 2nd cycle)
Measured Conputed
0 20.2 23.0 8.5 11.45
1000 4.45 6 3.78 4.00

Inverter supply

Speed Maxinun torque 1b ft
rpm
Measured Conputed
0 8.80 9.40
100 7.08 8.00

The general shapes of conputed and neasured torques show close
agreenent although sharp changes and higher frequencies, present
in the computed values are not neasured accurately by the strain
gauge apparatus. Thus the analysis developed can be used to predict
the naxinum values of torques, developed due to switching or re-
closing a supply to an induction motor, considering the true wave-
form of the applied voltages and taking all the space harmonies into
account. The numerical method is far nore powerful coupared with
the existing analytical nethods which require various assunptions |

as discussed in the introduction.
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CHAPTER 10

VARTABLE SPEED SYNCHRONOUS MOTOR

10.1. Entroduction

s e o S . S . i S S

If an inpulse comnutated inverter of the type described in
Chapter 7 were used to drive a2 synchronous nmotor then the output
speeds would be exactly proportional to the set frequency. However,
the systen in the case of a synchronous notor drive nay be greatly
simplified by the use of a line conmutated inverter. This type of
inverter self-comrmtates because of the presence of an existing 3
phase systen. In the case of the synchronous notor this systen is
provided by the induced enfs in the stator windings due to the d.c.
excitation on the rotor. The inverter requires only 6 SCRs; no
commutating SCRs or conponents are required and the flywheel diodes
are not necessary. Esgsentially the systen operates in the sane
nanner as a d.c. shunt motor with one inmportant exception, the
point at which the current in a co’l reverses its direction depends
on the net field configuration (sinca this decides the phase of the
induced emfs which govern cornutation) whereas a d.c. nachine coil
is courmutated nechanically at a set rotor position. Inherently if
the pulses necessary to trigger the SCRs are derived fron the generated
enfs in the machine stator, then it clearly has no starting torque
and nust therefore be started at lecast up to a small speed by means
of n second rnachine. In practice either the technique of using the
exciter as the means of providing the initial drive to run the machine
up could be successfully employed or again the common technique of
using the damper windings as an induction notor secondary could be

used by means of a fixed frequency supply.

10.2. Principle of operation

The experimental investigations carried out to study the possibility
of running a "synchronous machine as a variable speed notor" and a
sinplified analysis of the system are described in this chapter.

The principle used is that power can be fed into an a.c. systen
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using a line-commutated SCR bridge. The SCR bridge consists of six
SCRs and a trigger unit to fire the SCRs in the correct sequence.
The circuit diagram of the system is shown in figure 10.1. The

design of the trigger unit is described in appendix 7.

10.3. The operation of a threce phase bridge

The six SCRs in the bridge are numbered as shown in figure 10.1
and, the firing sequence and the conducting SCRs are given in table
10.1., The waveform of the voltages at points R, ¥ and B are shown
in figure 10.2.a taking the star point of the a.c. system as the
reference. In one period of the a.c. voltage there are six half
waves and the trigger unit produces six pulses corresponding to these
gix half waves as shown in figure 10.2.d. Peoint A in Tigure 10.2 is
taken as the reference for the firing angle. Considering one half of
the bridge, that is SCRs 1, 3 and 5, the R phase voltage is more
positive than the B phase after point A. Therefore SCR 1 conducts
as soon as it is triggered. Similariy after 120° from point A, Y
phase is more positive and SCR 3 conducts as soon as it is triggered.
After 2400, SCR 5 will be able to conduct. On the other half of the
bridge SCRs 4, 6 and 2 conduct for 120° each in a cycle.

The theoretical waveform of the output d.c. voltage across the
bridge for three firing angles 300, 90o and 150o are shown in
figure 10.2. When the firing angle, 6 , exceeds 60° (point P in the
figure 10,2.a) the instantaneous voltage across the bridge is
negative during the transfer of current from one SCR to another
though the current is positive and this requires a large inductance
in series with the load if continuous conduction is to be maintained,
With no choke and a resistive load, conduction would be discontinuous
as shown in figure 10.3.a. In this experiment a large choke is
present and as 6 is increased, the average d.c. voltage decreases.
At © equals 90° the average d.c. voltage is zero and conduction will
stop. To induce or maintain conduction a d.c. source is connected
as the load. Now, the current is positive though the voltage across
the bridge is negative and as 6 is increased the voltage becomes
more and more negative. The measured values of the average d.c.
voltage with respect to the firing angle is shown in figure 10.3.bs
It may be observed that thc zero d.c. voltage occurs at the 85° point
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instead of 900, this is due to the errcr in the measurenent of
angle and a small voltage drop in the leakage inductance of the

phases during conmutation.

The waveforms at various firing angles are shown in figures
10.4, 10.5 and 10.6.

10.4, Power flow and notoring action

If the value of the firing angle lies between 0° and 900, power
flows from the a.c, to the d.c. side (rectification). When it lies
between 90O and 1800, power flows fron the d.c. side to the a.c.
side, that is the d.c. side is now the power source, The latter
is known as inversion and is of particular interest in this in~
vestigation. In this experinent the firing angle is increased to
approxinately 160o leaving 20° for safe transfer of current, The
input power is increased by increasing the d.c. voltage and it is
observed that the power drawn by the driving machine decreases and
reverses that is, the driving nachine is now generating and the
synchronous nachine is notoring. The nmain object of the experinental
investigation is to verify the stability of the systen, that is,
to see whether the synchronous machine will continue to run as a
notor if the d.c. driving nmachine is disconnected, This is done by
opening switch 'S' in series with the armature circuit shown in
figure 10.1, and it is found that the speed of the systen increases
until the motoring and the friction and windage torques are equal.
Thus the ability of a synchronous nachine to operate as a nmotor
from a d.c. source has been verified. In the following sections
the experimental perfcrmance of the systen is conpared with the

corputed values.

10.5. Perfornance of the variable speed synchronous notor

The parameters controlling the perfornance of the inverter-
synchronous nachine systen are the d.c. applied voltage, exciting
current of the synchronous nachine and the firing angle. The speed
torque characteristic of the systen is neasured keeping the d.c.
voltage, exciting current and the firing angle constant. The out-

put torque of the synchronous nachine is nmeasured as follows.
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With the system running at a particular speed the d.c. machine
arnature current is noted., Then, the inverter is switched off and
the excitation of the synchronous nachine is renoved. The nachine
systen is then run at the same speed and the input current to the
d.c. machine is again observed. Fron the two currents the output
power of the inverter-nmachine systen hence the torgque nay be
calculated to a good approxination. The measured speed torque

characteristics at two d.c. applied voltages are shown in figure 10.7.

The second characteristic ncasured is the variation of speed
with respect to the applied voltage, keeping the firing angle and
the exeiting current constant. The systen is taken to the rated
speed and the armature of the d.c. machine is disconnected. The
applied d.c. voltage is gradually increased and the speed of the
systen at various voltages is noted. It is seen that the output
torque is approximately constant. The neasured speed-voltage

characteristic is shown in figure 10.8.

The variation of speed with respect to the exciting current
while the d.c., voltage and firing angle renain constant is neasured

and is shown in figure 10.9.

The effect of the firing angle on speed with the applied voltage
and exciting current remaining constant is neasured and is shown in

figure 10,10,

The waveforms of the voltage across the bridge at threce values
of the firing angle are shown in figures 10.4.c, 10.5.a and 10.5.c
and the waveforms cf the voltage across a SCR corresponding to the
above three cases are shown in figures 10.4.d and 10.5.b. The rest
of the oscillograns shown in figures 10.4, 10.5 and 10.6 are the
waveforns of phase currents and line voltages. It nay be observed
that the line voltage has six negative peaks per cycle super-imposed
on the sinusoidal induced enf. It nay also be seen that the phase
currents are discontinuous though the voltages are not. This point
must be borne in mind in the anslysis, since the use of the
voltages, appearing across the machine terminals, for calculations,
neglecting the presence of non-linear (or switching) elements in

the circuits, will lead to incorrect predictions.
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The waveforn of the phase currents is sinilar to that of the
currents in the armature coils of a d.c., nachine, where the current
is interrupted nechanically, aided by interpoles., However, the
phase currents as shown in the figures are zero for 120O (electrical)
in 2 cycle whereas in the case of the d.c. nachine, this angle is

very small,

10.6. Analysis of the inverter synchronous nachine systen

The relationships between the a,c, and d.c. voltages and the
bridge current have been derived by Freris15 and are used in the

following analysis of the systen.

Supposing Vp and Vl to be the phase and line a.c. induced voltages
vdo the d.c. voltage produced by the bridge at zero firing
angle.
Vd applied d.c. voltage
V&1 d.c. voltage produced by the nachine and the bridge at
a firing angle
Id average d.c, current
rms value of the a,c¢. current
commutating or the sun of the synchronous and leakage
inductances of one phase
frequency of the a.c. voltage
exciting current

angle of overlap

z_zd&l—l"b

and speed of the synchronous nachine

the following relations may be written

vp::KIfN"IJ:I-LC A ssecsnpie (10.1)
where K is a constant which depends on the magnetic circuit of the
nachine

vdo = ﬂ VP = 2'345 Vp = 10353 Vl sssss0sa (10-2)

v
vd1 = Vdo cos 8 cesvsrance (10.3)
v, -V

Id= d d1 snedsecee (1054)

3Xc



~168~

where Xc =2 %f Land f = f for a four pole nachine,
30
The transfer of current from one SCR to another does not take place
instantanecusly due to the inductance of the a.c. circuit. Both the
SCRs are conducting during a certain angle which is known as the angle

of overlap,‘? + The rns value of the phase current is given by

I=Id _2_ - 1 seesesense (10.5)
3 3T

The output torque nay be calculated as follows,

Output power, W = Vd Id -~ losses

Also, W=2 zNT x 746
33000
where T is the torque in 3b ft
CrT=7.016 E spesesesa (10.6)
N

From the equations (1) to (4) it may be shown that the synchronous
nachine-inverter systen is analogous to a separately excited d,c.
notor where Vdo cos O is the back—enf and 3Xc produces a voltage

bis
drop and is thus analogous to armature resistance in the d.c,. case.
The perfornance characteristics of the systen nay be calculated using

equations (1) to (6).

A set of speed~torgque characteristics, calculated, for various
values of the firing angle whilst the applied voltage and field
current renmain ccnstant, are shown in figure 10.11. Sinilarly a set
of speed-~torque characteristics calculated for various values of the
field excitation whilst the applied vecltage and firing angle renain
constant are shown in figure 10.12. Perfornance of the systen under

any conditions may be obtained fron these two sets of characteristics.

The calculated values corresponding to the neasured characteristics
shown in figures 10.7, 10.8, 10.9 and 10.10 are obtained from the
sets of characteristics shown in figures 10.11 and 10.12, and are
plotted on the appropriate figures. It nay be observed that a

characteristic with a constant torque can not directly be calculated
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and has to be obtained using iterative process. An alternative
procedure is to calculate a set shown in figure 10.11 or 10.12 and
obtain the speeds corresponding to a constant torque by drawing a

straight line as shown in figure 10.12,

10.7. Systens of speed control using the inverter synchronous nmotor

schernie

Various systems of controlling the speed of the synchroncus notor
in the above schene nay be devised, The choice of a particular systenm
depends firstly on the available source of power which may be either
a d.c. Or an a,c. supply. Secondly, on the required range of speed
variation, and thirdly, on the type of load coupled to the motor.

In fan and punp drives, load torque exists from the start and depends
on the speed of the motor. In these cases off-load starting is not
possible without the use of additional mechaniecal equipment. But a
notor driving a compressor or a rolling nill can be started without
any load torque except that due to friction. . Thus the type of load

nainly affects the choice of the systen of starting.

In some applications such as driving a vehicle, variation of the
speed fron zero to a nmaxinun value nay be desired and in others
such as blowers in nuclear reeCtors a snall range of speeds nmay be
sufficient. Close control of speed nay be of iuportance in
artificial fibre and chemical plants whereas an approxinate control
of speed nay be sufficient in others. The volune and weight of the
equipnent as well as the availability and cost of particular
apparatus may also influence the systen of speed-control used,
Varicus nodes of controlling the speed and the flexibility obtained

using these modes are described below,

10.8. Modes of speed control

The parcneters, that can be adjusted to control the speed of the
synchroncus motor systen are the d.c. applied voltage, firing angle
and field gxecitation. Precise control of speed up to its maxinum
value can be obtained by adjusting the applied d.c., voltage. This

requires, of course, additional equipnent with a variable d.c. out-
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put voltage. If the source of power is an a.c. systen a controlled
rectifier bridge or a mctor generator set nay be used. An alternative
system using voltage transfornation on the a.c. side is shown in figure
10.13. In this systen the d.c. voltage is constant, resulting in an
approxinately constant a.c. voltage across the bridge, that is, at
point Pr in the figure. If the voltage at Sr is now decrecased by
changing the ratio of transfornation, then power flow increases and

the machine accelerates to a higher speed so that the induced a.c.
voltage at Sr is increased to the new setting. The sequence of

operations to s tart the systen is given in the figure.

As shown in figures 10.9 and 10.12 adjustment of speed within a
small range is possible using field control. Sinilarly fron figure
10.11 it nmay be observed that linited spced variation can be obtained
by adjusting the firing angle., Thus, knowing the requircments, a
suitable systen, of controlling the speed of the synchronous nmotor,

can be chosen,

10.9. Conclusions

Induction notors may be connected to point Sr in figure 10413
This then drives an induction motor fronm a d.c. source. (In the
figure this d.c, source is provided by the rectifier arrangenent).
Without the use of impulse commutation and if it is desired the
synchronous machine could be used rierely as an unloaded counutating
neans., Further investigations would be necessary to establish the
KVA of the induction nmotors that nay be operated fron a given KVA

rating of the synchronous nachine,.

The systen has only the disadvantages associated with fixed
speed synchronous notors. These are sonetines used as punp storage
machines using change-pole techniques but this systen is nuch nore
flexible and capable of operation at variable speed rather than
fixed speeds. Since the counutation is natural rather than forced,
high instantanecus currents and steep rise in voltages which are
common in the case of inpulse inverters, do not occur. Therefore,
the performance of the SCRs is nmore relaiable and the risk of con-
mutation failure is less. No turn-off SCRs are required. This
systen is thought to be more economical and reliable conpared with

alternative arrangenments in particular circunstances.,
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Varying the setting on
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close to the synchronous speed

-~d.c excitation is given and the
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the variac to obtain the desired speed.



CHAPTER 11

MECHANICAL INVZRTERS

11,1. Introduction

The object of the experinental investigations described in this
chapter is fto develop an inverter using nechanical switches, A
sinple switching deovice originally suggested by Dr. Easthan to
produce three phase a.c., voltages fron a d.c. supply is shown in
figure 11.1. Based on the experinental knowledge obtained fron the
above device an inproved switching arrangenent was designed and
tested. The nature of the electrical and nechanical phenonena in-
volved in mechanical switching was better understood fron the above
tests and a successful switching device with increased conmplexity
was designed, This device can be adapted for use as either an in-

verter or a time ratio controller.

11.2.1+ The mechanical arrangenent

The nechanical arrangenment developed consists of a rctating drun,
driven by a d.c. notor and a stationary frane carrying carbon
brushes. The details of the various parts and a final assembly are

shown in figure 11.2.

11.2.2. The rotating drun

There are eight copper rings fixed on a hollow cast-iron cylinder
which is mounted on a shaft using a spider arrangenent. All the
rings are insulated frcn the cylinder, Six of the rings are
formed by segments secured to the cylinder by insulated bolts. The
ends of these bclts extending inside the cylinder forn the terninals
for inter-connection of the rings. Rings 1, 2, 7 and 8 are all
alike as shown in figureir-24and they are placed so that the seg~
nents on rings 7 and 8 are dianetrically opposite to the correspond-
ing segments on rings 1 and 2. The third and fifth rings are con-

tinuous.
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Details of the mechanical inverter

l,Rotor cast iron tube

2,Bakelite tube (insulation)

3,Copper rings

L,Spider end plates

5.5haft

6.End brackets

7+Bearings

8.Moveable disc

9,Threaded steel rods and bolis to fix the moveable brushes

10.Gear wheel assembly to rotate the moveable brushes
11l,Insulating bush

12,Insulating washer

13.Locking washer

1., Nuts
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11.2.3. The_stationary frane

There are two end brackets supporting the rctor drun, The
brackets also support six brush rods and three rows of air-jets.
There is one jet per segmented ring in each row and there are
three nore brush rcds, the position of which can be varied relative
to the rest of the brush rods, These three rods are fixed between
two discs supported by external bearings situated on the axle.
There are twenty brushes in all and their positions on the various

i

rings are shown in figure 11.2.h.

11.3. Inversion of d.c. voltage to polyphase a.c. voltages

The inter-connection of the segnents and the corresponding
ceircuit diagran are shown in figures 11.2,h and 11.3 respectively.
The process of inversion from d.c. to a.c. voltage is explained
by considering one of the phases.. Reference is given to both the
brushes in the device and the switches shown in the circuit diagran,
In table 11.1 2 nunber of rotor positions during one revolution

and the swirching actions taking place in those positions are given,

At the first position, the red phase is connected by brush Ty

to the positive supply (closing of switch A) and current flows fron
1 and the load, after

a novenent of 50O brushes r1 and r2 share the lcad current for 400.

Then r1 is disconnected and r2 carries the full load current. A4t

the fifth position the red phase is disconnected from the positive

the positive to neutral through the brush r

line by brush r (opening of switch 4). The total inductance in

the circuit (thz load and supply inductances) naintains the current
through the alternative path consisting of a diode, brush Tz and
capacitance, Ca' The capaciter is charged and as soon as the
voltage exceeds the total supply voltage, the diode on the negative
side conducts and the energy stored in the load inductance flows
back tc the negative supply. L4 naximun of 350 (this can be adjusted)
is alloved for the transfer of current from the positive to the
negative side. At position sirx the capacitance, Ca’ with a charge
of 2V, where 2V is the total supply voltage, is isolated by brush

T, (0pening of A2). In the seventh position brush Ty connects the

red phase (closing.of B) to the negative line, thus relieving the



TABLE  11.1

-t ;s o, e

Position of

R phase connected to positive

r5, the capacitor connected

r3, the capacitor connected

edge A or negative or open to negative or resistor or to positive or resistor or
isolated isolated
No. degrees
i 40 positive
2 55 resistor
3 120 positive
4 165 leaving resistor positive
5 180 leaving positive, open isolated positive
6 215 open isolated leaving positive, isolated
T 220 negative isolated isolated
8 235 negative isolated resistor
9 300 negative negative resistor
10 345 negative negative leaving resistor, isolated
11 36 leaving negative, open negative isolated
12 35 open leaving negative, isolated isolated
1 40 positive isolated isolated

-8~
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diode of its current. The charged capacitor is connected by brush
r4 (closing of A1 to its second position) to the resistance at the
eighth position and is discharged during the next 1100. 7 hen, the
capacitor is isolated by brush r4 (opening of A1) at the tenth.

position. It is now ready to be used in the next cycle.

At the eleventh position the red phase is disconnected from the
negative by brush r, (opening of B) and the current is transferred
to the positive side. The sequence of actions are as follows, The
current is carried initially by capacitor, cb, on the negative side,
then by the diode on the positive side and finally by the brush Tys
The capacitor, Cb' is discharged before being used in the next cycle.

The transfer of current fron one part of a circuit to another is
usually terned comnutation, Heré, this is achieved by first inter—
rupting the current and then suppressing the tendency to spark by a
combination of diodes and capacitors. The capacitors thenselves
introduce a different kind of sparking if 'they' are permitted to
charge or discharge instantaneously.. (This was experienced in the
earlier device). Such an occurence is prevented by the auxiliary
switches which isolate the capacitors at the appropriate instants.
For example, when switch A is opened there would be heavy sparking
but for the presence of an alternative circuit forned by switch
A1, the discharged capacitor, Ca and diode, Da" Secondly, if Ca
is not isolated fron the positive line when switch B is closed,
there is a step-voltage applied to Ca resulting in sparking.
Thirdly, when switch 4 is closed, Ca will be discharged instant-
aneously, if the capacitor has nct been discharged previously and
causes sparking across the switch. Thus the possibilities of in-

ductive and capactive sparking have been elininated.

The diodes Da and Db inprove the waveforns and prevent ringing

in the capacitor circuits which otherwise nay cause sparking.

One revolution of the rotor drun corresponds to a cycle of
the a.c. voltage. Hence the frequency can be varied by adjusting

the speed of the rotor.
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11.4. Experinental observations

In the experiments carried out the d.c. input voltage was linited
by the breakdown voltage of the slots present in the segnented rings.
The currents on a.c., and d.c. sides were linited by the rating of the
diodes and the availability of the capacitors (used to suppress
sparking). In spite of slight nechanical vibrations of the brushes
the sparking was negligible and in particular there was no sparking
at a particular load current. This phenomenon is due to the high
resistance of the carbon brushes at very low currents. The initial
sparking disappeared when the current carried by the brushes was in-
creased (approximately to 2 anperes, the area of contact being %
sq. inch), Again for a given value (100 MF) of capacitors, sparking
was observed when the current was increased beyond a maximun value
(10 anperes, this depends of course, on the load and supply

inductances).

Though it is not possible to avoid the presence of supply in-
ductance, the value of the capacitors (for spark suppression) nay
be reduced considerably by using large capacitors across the supply.
This also results in a decrease of the energy lost in achieving
gparkless operation. In order to design a nechanical inverter to
feed induction nmotors further experinental and theoretical investi-
gations would be necessary to establish the relationships between
the paranmetors in the system. For exanple, the optimun value of
capacitors used actoss the supply and across the switches for a
known inductance of the supply circuit, the value of the discharge-
resistances for a given period of timé allowed for discharging the

capacitors, etc, have to be deternined.

11.5. Mechanical invertecr waveforms

The phase voltage and current waveforns with a substantially
resistive load are alike as shown in figure 11.4.a and b. The
capacitor is charged and discharged as shown by.figure i1.4.C.
and the spikes of vcltages shown in figure 11.4.d. correspond to
the discharging of the capacitor. During the tine of charging the

capacitors, Ca and Cb, diodes Dq and Db conduct &s shown by the
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step voltages shown in figure 11.4.e. Voltage across these diodes
when not conducting is zero and a high resistance has to be con-
nected in parallel to the diode while photographing the voltage
waveforn. Otherwise the zero line shown in the figure would be

a randon waveforn due to electrical pick up in the leads. (This

was observed in the experiment).

With a slightly inductive load the shape of the voltage waveforn
is changed as shown in figure 11.5.b, the voltage across the capacitor
novw exceeds half the supply voltage and its value is given by the
height of the spikes in the figure. The energy stored in the in-
ductances of the load and supply circuits is absorbed by (or trans-
ferred to) the capacitor. If the load inductance is increased, the
capacitor is charged to a voltage exceeding the value of the total
supply voltage, this results in a forward voltage across the fly wheel
diode which therefore conducts. From this noment the energy stored
in the load circuit is fed back into the supply. This situation is
shown in figure 11.5.d. The supply was provided in this case by
two d.c. machines and encrgy feed back was therefore difficult
due to the inductance of the armatures. The diode conduction is
shown by the snall length of the flat portion following the voltage
spikes. This flat portion depends on the load inductance and if the
latter is sufficiently large conduction would be continuous. These
waveforos of the voltages also illustrate the dependency of the volt-

age waveforn on the circuit paraneters, nentioned earlier in chapter 7.

11.6., Conditions for successful inversion

In common with all other inverter systems, the d.c. supply nust
be capable of receiving energy, Thus, if the d.c. supply is derived
fron a rectifier or a d.c. nachine a capacitance of sufficient size
has to be provided across the supply. The capacitances across the
switches have to have low transient resistances and nust be capable
of carrying the initial current. They 2ll have to be large enough
to absorb the energy stored in the supply inducténce. The value of
the resistances for discharging the capacitors is selected such that
at the highest operating speced the capacitors are discharged to a
low voltage during the 110 degrees novenent. The slots nust be

capable of withstanding the operative voltage and the brushes nust
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not vibrate unduly as this by itself can create undue sparking. The
successful operation of the device depended to a large extent on the

precisce construction by Mr. C.R.Johnson of the departnental workshop.

11.7. Tine-ratio controller (TRC)

The speed of a d.c, machine operating froo a constant d.c. supply
can be controlled using the modified circuit shown in figure 11.6.a.
Speed control is achieved by varying the effective voltage applied

to the armature.

If switch 4 is closed at time zero, the current through the large
inductance and armature inecreases as shown in figure 1t.6.c. Switch
A1 is subsequently closed at tiume t, this connects the eapacitor
across switch A, At tine t2 switch A is opened. The inductance in
the load circuit then naintains the load current through the fly-
wheel diode, and the current is steadily decreased. The energy
stored in the inductance of the supply is absorbed by the capacitor.
The operation of switch A is thus sparkless, since the load current
has an alternative path as does the current from the supply. The
energy stored in the capacitor is then discharged into the resistance

by connecting switch A, to its second position.

1

At tinme t3 which nay be called the end of the first cyele, switch
B is closed and the load current starts increasing. 4 sinilar switch-
ing action takes place on the B unit. Thus the two switching units
connect the positive end of the supply to the load alternately. As
shown by the waveforus in figure 11.6, the average d.c. voltage

across the load depends on the ratic of the tine of conduction to the
tine per cycle and it is independent of the nunber of cycles per
second. By varying the position of r, the time of conduction per

cycle hence the average voltage applied to the load can be varied.

11.8. Experinental results from the TRC

The experinental waveforns are shown in figure 11.7. The load
current is discontinucus as the inductance in the load circuit is
not large encugh to maintain the current and the supply is connected

to the load for approxinately one third of a cycle only. During the
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conduction of the fly wheel diode there is a snall negative voltage
across the load as shown by figure 11.7.b. The top of the voltage
waveforn is not flat due to supply regulation. Pigure 11.7.c¢. shows

the waveforn of current carried by the nain switches, A and B.

Figures 11.7.4 and e show the waveforms of current and voltage when
the flywheel diode is disconnecected fron the circuit shown in figure
11.6.a. The stored energy in the load and supply circuits is ncw
absorbed by the capacitcrs in series with the auxiliary switches,

A1 and B1. The voltage tc which the capacitors are charged depends
on the value of capacitors, inductance in the circuit and the current
interrupted. A typieal case is shown in figure 11.7.e. It nay also
be observed that the rate of decay of the current is greater and its
interruption more abrupt, compared to the case shown in figure 11.7.2,

vhere the flywheel diode is connected across the load.

Sparkless operation of the TRC up to approxinately 12 anperes was
observed., The systen can be operated with cr without flywheel dicde
as observed in the experiment. The switching can be obtained using
a rotating drum or relay type electromagnetic switches operated by a
pulsing unit. This is thought to be an econonical systen for speed-

control of d.,c. nmachines.

11,9, Increasing the average voltage of the TRC

In the circuit arrangenent shown in figure 11,5.a, the average
voltage applied to the load ean only be varied from the supply voltage
to smaller values. However, by rearranging the connections to forn
the eircuit shown in figure 11,8. the average voltage applied across
the load can be increased above the supply voltage. The operation
of the circuit which is analcgous to the SCR circuit deseribed in
reference 16, is explained considering steady state conditions. The
representation of the switching units which are sinilar to the A and
B units in figure 11.6.a is sinplified in this circuit for convenience
and the explanation for sparkless operation of the switches is not

repeated.
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A large inductance is connected in series with the load. The
switch, A, short circuits the load for a small interval of tiue in
every cycle. During this time the current in the inductance rises
quickly since the whole of the supply voltage appears across it.
Meanwhile the load current continues to flow through the diode and
the, anoothing inductance. The switch is opened after a pre-set
tine which is decided by the maxioun allowable current in the ine
ductance, after which the supply voltage and the inductance are once
again in series with the load. Since the current through the choke
can not stop instantaneously load current is equal to the value of
current through the inductance which was attained immediately be-
fcre the switch was opened. This current decreases as the energy
in the inductance is transferred to the load. The cyele of operation,

nanely closing and opening of the switeh is then repeatedas

The waveforus of currents in the load and the scries inductance
are shown in figure 11.8. The average voltage and the current
through the load are increased depending on the size of the in-
ductance and the ratio of the tine of closing the switch to one

cycle time.

11.10, Increasing the average current

In the above two arrangenents the supply carries (instantaneous)
currents considerably higher than the average current. Sonetines
a higher load current at low voltage may be required. In these
cases the instantaneous supply-current nay be unduly large. However,
using an inproved switching arrangenent, a load-current anplification
can be obtained, 4 particular circuit which nay be used to produce
a higher current at a reduced voltage is given f£igure 11.9. The
nunber of parallel switching circuits depends on the required

current anplification and the allowable maximun supply current.

The supply is connected to the load by one or more of the three
switches shown in figure 11.9. The switches are closed sequentially
and each switch conducts during part of a cycle, There are three
inductances and three free wheeling diodes. Supposing at tine zero
switch A is closed. The current increases fron I1 to 12 at tine t1

and the variation is approximately linear if the inductance is large.
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At time t1 switeh B is closed and switch A& is opened during the
subsequent % cycle. The current through the inductance, La in
figure 11.9, which is drawn for a particular case, when each switch
conducts, for ¥ cycle, decreases fron 12 to I1 during the next two
-switching periods. The current through the switech B and inductance
Lb increases fron I1 to I2 at tine t3 when the switch B is opened
and switch C closed. Similarly the current through the inductance
Lc also increases and decreases during a cycle. The waveforms of
the currents are shown in figure 11.9. The load voltage and current
are approxinately constant. The load current is given by 1.5 X (I1 + %9
thus giving a current anplification of three which is equal to the
nunber of switches. This is the nmexinun current anplification
possible and under this condition it can be called a true step down
d.c, transformer. The current waveforms in the supply and load
circuits are improved by this arrangenent, that is, they are

approximately constant.

The anplification can be smoothly adjusted to values less than
the number of switches with a consequent increase in the load volt-
age. The system has been tested and satisfactory current ampli-

fication was obtained.

11.11. Conclusions

The technique of sparkless npechanical interruption of currents
was established experinentally and sone particular applications have
been described in this chapter. This technique can be used in a
variety of applications since the cost of the systen is very much
lower compared to alternative static arrangenents. Of course, a
mechanical operaticn involves a certain anount of noise and requires
naintenance However, nany applications can be found where the lower
cost favours its use whilst the discontinuity in the use of the ap~

paratus permits ensy nmaintenance.
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CHAPTER 12
CONCLUSIONS

12.1. zntroduction

The aims of the theoretical and experimental investigations,
desceribed in this thesis, and the extent to which these ainms
have been realised are summarised and discussed in this chapter.
The work carried out by the author and presented in this thesis
forms a small part of the general problen which has been the sub-
Jjeet of intensive research work in recent years, namely the
development of a reliable and economnical variable speed drive., A
d.¢. machine and a variable voltage d.c. source form an ideal variable
speed drive as far as the speed-control of the system is concerned
but the d.c. coumutator introduces the problem of maintenance and
a variable voltage source introduces additional equipment which nay
be a static controlled-rectifier inverter or a motor-gencrator set.
The availability of high-power fast-acting seni-conductor devices
has triggered the development of a host of devices and systems for
variable speed operation using induction notors, thus aveiding the
use of commutators. The cost of most of these devices is higher
than that of a d.c, nachine systen. These systeus usually result
in non-sinusoidal applied voltages to the nuachines and the analysis
of the machines under this condition has up to this time been only G
approximate. The wain ain of the theoretical investigations carried
out by the author was to develop a numerical technique to calculate
the transient and steady state performance of induction motors
supplied with non-sinusoidal voltages considering all the harmonic
fluxes existing in the air gap of the machine. This has been realised
completely and the results have been checked with values calculated
using alternative analytical methods in some cases, and with ex-
perimental observations in others. The deductions drawn from these
comparisons have been pointed out in the relevant chapters and are

i
sunmarised below.

12,2, Comparison of results with analytical values

‘In chapter 3 the computed results obtained using the nunmerical
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technique for a simple circuit were compared with analytical values
and the accuracy of the computed results was shown to be dependent

on the incremental time used.

In chapter 4 the steady state performance of an ideal machine
(with sinusoidally distributed windings which produce a true rotating
field when supplied with balanced sinusoidal voltages) was calculated
using

a. the numerical technique
and

be the exact equivalent circuit representing the situation.

Again correlation between the results obtained using the two methods

was found to be extremely good.

In section 4.3 the performance of two types of nachines were
calculated using the numerical technique, in each case for two dif-
ferent supply conditions. The first machine (case 1) had a sinu-
soidally distributed winding and the second (case 2) a third harmonic
distribution of the winding in addition to the fundamental, The two
supplies were

a. balanced sinusoidal voltages
and

be. balenced sinusoidal voltages plus zero sequence voltages.

Thus there are four sets of results the nature of which is cited

below:

For cases (1) - (a) and (2) - (a)‘the instantanecus torque is con-
stant at a steady speed. Under transient speed conditions the case
(2) - (a) has a pulsating component of torque. For the case (1) - (b)
the result is identical to case (1) - (a) since zero sequence currents
do not produce any flux in the air gap and in the case of (2) - (b)
the speed torque characteristic has a dip at ¥rd the synchronous

speed and the instantaneous torque developed is not constant. These
conputed results are consistent with those deduced in chapter 4

from the physical properties of the systenms.

12.3. Comparison of conputed and experimental results

The comparison of results is summarised in an order different from
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the presentation of the thesis to facilitate the discussion. The

numerical technique described in the first four chapters can be ap-
plied to the case of a slip ring motor without further nodification
in the analysis. The computed and experimental results are compared

in chapter 9 considering three different operating conditions nanely,
1. steady state performnance
2. pulsating torques at steady state

and 3« switching transients

Sinusoidal and non~-sinusoidal applied voltages are considered.

o
There is absolute agreement in the nature of predictions and an e

extremely good correlation in the numerical values. An accurate
prediction of transient and pulsating torque is valuable in the
design of the system. (The nechanical parts have to withstand both
a transient maximum torque and a pulsating torque present during the
operation). In particular the speed transients are predicted only
by the numerical technique and have been verified by the experimental
results, Similarly the stator current wavefornm is predicted very
accurately thus a knowledge of the harmonic content of current drawn

from the supply is obtained.

12.4. Bxtensions of the numerical technique and comparison with

experiuental values

The numerical technique can be used only after forning a set of
simultaneous differential equations having a unique solution. In
the cases illustrated in chapters 5 (squirrel cage rotor) and 7
(presence of non-linear elements), the formation of the differentisl
equations is not as straight forward as in the case of machines having
discreet electrical circuits and containing only linear elenents. In
the case of squirrel cage and sheet rotors no individual circuits can
be identified. This difficulty is overcone using the theory pre-
sented in chapter 5 where ample proof of the validity of the nethod
is also given. The computed and experimental results have been

compared for the case of a squirrel cage induction notor.

The solution of currents in the case of circuits having non-~linear
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elements involves logical operations besides arithmetiq?éalculations
(TippiYL2'1O has alsc used a similar method for constant speed con-
ditions) and this is illustrated in chapter'w considering the case
of an impulse-conmutated inverter feeding a stafic locad. The con-
puted results show extremely good agreement with experinental wave-
forms. It has also been pointed out that the technique can be used
to calculate the perfornance of some conplicated systens where the
wavefornsof applied voltages depend on the currents (illustrated in

chapter 11) and therefcre can not be known explicitly.

Some machines may have both non-linear elenments in the stator
circuits and a squirrel cage or sheet rotor. In this case the above
two techniques, may be used together to provide a conplete solution;
the first technique (for squirrel cage rotors) nay be used to forn a
set of differential equations with a unique solution and the other to

account for the presence of non-linear elements.

The applications of the theory developed for squirrel cage machines
have been summarised in chapter 5. A particular application nanmely,
the calculation of the starting performance of a variable air-gap
single phase induction motor is described in chapter 6 and it is shown
that an optimum variation of air-gap along a pole f;;ce can be pre-
dicted.

12.5. A variable speed drive

The stability of a synchroncus notor-line—comnggzd inverter systen
was verified experimentally. The perfornance of the systen was
calculated using the analysis given in chapter 10. The conputed and
experinental values showed good agreenent (neasured paraneters were
used for computations). This systen though not self-starting can be
used with advantage in nany application, Various nodes of speed con-
trol and the fesulting systen using each node have been discussed.

Further investigations are also suggested in chapter 10.

12.6. Mechanical switching devices

Though a systen using SCR3 needs little maintenance, the cost of

the systenm and sounetines its reliability prohibit its use in many
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applications, It was the intention of the author to develop a cheap
nechanical switching (or commutating) device that can be used in a
variety of applications where it can replace costly SCR installations.
This has been achieved successfully as described in chapter 11 using
mechanical switches, diodes and capacitors. The sparking usually as-
sociated with mechanical interruption of current was reduced to a
ninimum by absorbing the energy (which is responsible for the sparking)
using alternative electrical circuits and wasting it in a harmless
nanner employing suxilliary switches. The principles used in the
design and the practical realisation of these principles are illustrated
in chapter 11 with the oseillograns of voltages and currents., The

switching arrongenment was fested as

1« an inverter with variable output voltage while
operating from a constant d.c. source-voltage

and 2, tine-ratio controller with inproved perforuance due

to the invention of nulti-time-ratio switching instead of a single

series path for the load current.

The performance was satisfactory but further experimental study
would be necessary to establish optirunm design techniques; for exanple
the optimum values of the capacitances, resistances for given load

conditions may be deduced from test results.

12.7. Measurement of transient torque

The measurement of transient tcrgues has been the subject of nany
investigations in recent years and several ingenicus schemes have been
developed. (These include the use of strain gauges on the shaft,
neasurenent of acceleration vhich is proportional to torque, the use
of dyn§£§ter etc.). A straight forward neasurenent of torque acting
on the stator of the machine is thought to be infinitely preferable
(to the indirect measurements) and this has been achieved using the
design techniques described in chapter 8. These techniques nay be
applied in designing torque neters having higher natural frequencies
by using non-uniform cross-sections or frames which have less weight

to a given stiffness.
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12,8 Non=sinusoidal currents drawn from a sinusoidal

The waveshape of the steady state currents drawn by a linear
electrical system is determined by the waveform of the applied voltaces.
In particular sinusoidal applied vollages result in sinusoidal input
currents to the system.(The currents during switching transient condi-
tion of course have super-immosed components which vary exponentially
with time, )The electrical machines represented by equivalent circuits
behave like static circuits and draw sinusoidal currents from sinusoie
dal applied voltages,This representation of machines by passive circuits
is achieved by assuming that the rotor reacts on each space harmonic
field as if the rotor has a sinusoidal copper disribution of the same
harmonic pole number.That is rotor currents do not set up any other
harmonic field.In practice the rotor produces a set of harmonic fields
which in turn induce voltages in the stator windings.Thesc voltages
have frequencies different from the source frequency.Thus a pure
sinusoidal back e.mf is not obtained and therefore the wawform
of the input currents are not sinusoidal.This introduces various

problems in the power system to which the machines are comnected,

The existing analytical and mmerical methods (with the except=
ion of the numerical technique described in this thesis) are
either very difficult %to apply or are incapable of calculating the
non=linear nature of the currents drawn by practical machines;
although  Alger has given an equivalent circuit for taking rotor
harmonics into account, he mentions that the evaluation of the
varameters is difficult and clearly a static equivalent circuit
ean not predict the non-sinusoidal currents obtained in practice.
In chapter 9 the waveform of currents computed using the numerical
technique is compared with experimental waveforms and the agreement
betwien computed and experimental vai;es is extremely good.

12.9 ZThigk_gheet rotors.
Inthe case of thick sheet rotors (with iron cores on either

sides Or one of the sides) a three dimensional mesh pattern may be
used instead of the simple mesh pattern suggested earlier in
chapter 5. The conditions for forming the set of differential
equations having a unique solution may be verified during numeri-
cal calculationspy finding out whether the matrix of coefficients
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is singular or not.If the coefficients of the currents form =
singular matrix ,then the number of simultaneous equations has

to be reduced by searching for the rclationships between the
currents whereby one of the equations may be rejected.The number of
unknown currents in the rest of the equations corresponds to the

number of equations.,

12,10 General conclusions

The theoretical processes and the experimental results
presented in this thesis are thought to have many practical app-
lications and it is hoped that the techniques will be of use in
the theoretical assessment of the many new schemes and systems

made possible by the use of thyristor speed control,
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APPENDIX 1

S e B ke B e e s

The self and rutual inductances of two ccils in a nachine with

a uniforn air-gagp.

In figure Al.a.two coils subtending angles cof 8, and e, and
having an angle of 9 between their leading sides are shown. The
flux density pattern around the air gap for iron of infinite
perwceability due to a current i1 in coil 1 is shown in figure Al.d
taking the air gap circunference as the datun and assuning that
the currents flow in line conductors which are situated in the air-
gap. Flux density is shown as positive on the right hand side of
coil 1 and as negative on the left hand side. It is uwniforn be-

tween points A and A' and its value is given by B, on the right

1
side, that is, taking clockwise direction from A to A! and 32 on

the left side.

Since the net flux round the air gap is zero, the relationship
between B1 and B2 nay be derived by equating the total fluxes on the
right and left sides as follows,

oy _ D¢
B, 8, % =B, (2 n - 9,) _
2 2

where D and Pare the air gop dianeter and axianl length

or B =B 1 Cssnsannase (A.1¢1>

Equating the anpereturns required to naintain the flux densities

B1 and B2 in the air gap, expressions for B1 and B2 nay be derived

ag follows.

Po Fo

where G is the length of the air gap and B the perneability.
0
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figure Al
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(c) coil 2 in the negative
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(d) flux density
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Substituting for B, frun equation (41.1)

2
i, T
B1 =}10 1 1 sess0esnse (A?.Z)
9
¢(1 + 1 )

2n -61

The self inductance of coil 1 is given by

2
_)loD }Z61 T1

11 ——

84

M

2¢ (1 +
g 2 - 6,
L

Sinilarly the self inductance of ccil 2 may be written as

2
=P0D /QQZTZ

9
2G él + 2 3
2 F 1 62

The mutual inductance is the flux linkage of coil 2 per anpere

M22

in eoil 1. It depends on the position of coil 2 and nmay be

calculated as described below.

In figure A1.b the coils are shown having an angle of © between
their leading sides 1 and 2. The flux linkage of coil 2 due to a

current i1 in coil 1 is given by

(31(91_6)"}32(92“ 61"'6)).1)_’2 T2
2

This equation is valid only when g, ;23 e ;23 0y = O,
That is, when point 1 lies within ccil 2, with the two ccils over-—

lapping. Substituting fcr B, and 32 and dividing by ;1, the nutual

1
inductance is given by

) Po Ty T, 08 r_e1(92-e1)“ee1 ,
12 - 84 -
x
2G(1+_________)L 2q - (l)1 271;-91,’)
271'—61

veeeeneens (A1,3)
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This equaticn shows that the mutual inductance varies linenrly with

6 within the region cunsidered above., When ¢ is greater than 640
coil 2 is in the negative flux density region as shown in figure Af.c.
In this position the flux linkage of coil 2 renains constant and

its vulue is given by

PP T T, ey

°4

I'I .'.A...‘..l (-A-1"4)

12

26 (1 + ) (2n -0,)
21 - 9

1
when point 4 is within coil 2, that is when 9 is given by
2 e esz;O 5;2“} the nutual inductance again varies linearly

with respect to © and an expression sinilar to equation (41.3)
ray be derived.

If coil 2 is within coil 1 on the right side, that is when 6
is given by

o 0<Lp, - o,

the flux linkage of coil 2, and hence its mutual inductance,

renains constant and its value is given by

The variation of nmutual inductance with respect to 8 is shown

in figure Al.e for the general case considered.
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APPENDIX 2

st . e s v s

Inductance calculations in the case of nachines having non-uniforn

A2,1. RNon-uniform air-gaps in nachines

In most electrical nmachines the air-gap is situated between two
iron surfaces which have either open or closed slots. Figure A2.d
illustrates the case of open slots and the air-gap is of course far
from being uniforn, although flux fringing and teoth saturation tend
to reduce the effective gap variations,. In the general case with
both sides slotted, the effective air-gap nay be evalunted as

described below,.

If field plotting is carried out for a particular nagneto notive
force, the effective air-gap at any point on the nean air-gap
circunference may be deternined as the length of the line of flux
passing through the point as shown in figure A2.b.. If the rotor
is now noved by a small angle and the field plotting repeated, the
effective air-gap at a nunber of peints on the nmean air-gap circum~
ference nay again be determined. Repeating the procedure for
various positions of rotor, it will be found that the air-gap
at a particular point varies periodically with rotor position as
shown in figure A2.c. If this variation is plotted for a nuaber
of points in a slct pitch it will be seen that the naxinum gaps
are in fact not symmetrical about the average a2ir gap. The reason
is that a point under a stator tcoth has nininunm air-gap when it
is oprosite tc o rotor tecoth (two teeth in series) and naxirun
when opposite to a rotor slot (one tooth and one slot in series),
whereas a point under a stator slot has naximun airegap when it
is opposite to a rotor slot (two slots in series) and ninirmun

when opposite to a rotor tooth (one slot and one tooth in series).

The effective air gaps at a nunber of points nay be plotted as
shown in figure A2,c with points on the circunference along the
g~direction, the air gap along the g-direction and the positicn of

rotor along the 8 -direction. The values nay be stored while
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carrying out numerical calculations using a digital conputer and

the air-gap pattern at a given rotor position obtained when necessary
by interpolation. For exanple, if a caleulation contains the

values of air gap =2t 360 points equally spaced around the circunference
for 360 positicns of rctor at 1° interval, then the effective air

gap at the pcints for a given rotor position may be obtaincd by
selecting approprinte values from the table and using linsar

approximation.

Inpractice it nay not be necessary to tabulate as nany values
as 360 x 360 because of the following symnetries usually present
in nachines,

(1) if all the statocr slots are identical then calculation of
the air-gaps at points in one slot pitch with respect to rotor
position will yield a pattern which will then be repeated. For
exanple, if there are 36 slots, the nunber of columns in the table
is reduced to 10 and this is true even with an unsymnetrical rotor
since all the rotor positions are still being considered in the table.

(2) if all the rotor slots are also identical, the nagnitudes of
the air-gap at rotor positions covering a nuober of rotor slot
pitches will be sufficient to define all the possible air-gap values,
where the number of rotor slot pitches necessary is given by the
nunber of rotor slots divided by the highest common factor between
the rotor and stator slct numbers. The highest comnon factor re-

presents the nunber of repeatable patterns arcund the circunference.
Having determined the air-gaps at any positiocn of rotor, the
self and mutual inductances nay be calculated using the general

procedure described.

A2.2. A general procedure to calculate inductances

The steps in calculating the self and mutual inductances are

sunnarised below.

1. Calculation of the effective air-gap at a point as a function
of its pcsition and the angular position of the rotor from an

arbitrary stator reference.
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2. Determination of the flux density pattern due to a current

in any coil.

The mmf produced by the coil is divided in a particular unknown
ratio between the gaps on the two sides of the coil. If these two
nmfs are AT1 and AT2, then the flux density profile can be calculated,
since the flux density at any position is inversely proportional
to the air-gap at that point. Therefore, the total fluxes through
the two sides may be calculated by integration, and by equating
these two fluzxes the relationship between AT1 and AT2 may be
established and thus since the sum of A’I‘1 and AT2 is equal to the
ampere~turns of the exciting coil, the magnitudes of AT1 and AT2
per ampere in the coil may be determined and the flux density at
any point in the air-gap may be calculated.

5. Calculation of the flux linkages of all the coils by evaluating
the following integral

v, -2t e ¢a

ip o
2 1

where D is the diameter

Q the length of the core,

\%&P the flux linkage of the pth coil due to the current
in coil 1,
B the flux density,
TP the number of turns in the pth coil,

61 the position of the start of the pth coil,
and © the span of the pth coil.

4, The self and mutual inductances may be calculated as the flux
linkage per ampere. The procedure is continued taking the stator
coils one by one and finding the self and mutual inductances in the
machine. Similarly, the self inductances of the rotor coils may
be determined and the whole process repeated for various rotor
positions. The results may be tabulated and at any rotor position

all the inductances can be found by interpolation.
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A2.3. An exanple of calculating the sclf and nutual inductances.

A single phase motor is lmown to be capable of starting if the
air-gap is graded along its pole face as shown in figure A2.f but,
it is less known what the optioun variation of the air-gap should
be., This forms the subject of chapter 6. In calculating the per-
fornance of the above machine, the self and mutual inductances of
the stator coils are required together with the self and mutual
inductances of the conducting loops, considered to act around the
rotor teeth, The various steps invelved in calculating these
inductances have been described in the previous section and are

illustrated in this section.

Assuning the rotor surface to be uniform and the stator shaped
as shown in figure A2.f, the air-gap ot a nunber of points around
the circunference nay be tabulated fron the data of the nmachine.
Suppousing AT1 and AT2 to be the mnnfe acting across the two lengths
ABC and CDA respectively, the flux density at a position

fron the reference point, 4, is given by

Pe AT, yed R
B1 = Whereo Q 5} \é 2 es v sves (A—201)
g(e)
d B o M h { o L an (42.2)
an 2— wnere __T_I_\} =~ ssesasssss .
g(8) 2

Thus the fluxes through the two regions are given by

~ T/a,
Y, -2 (131 ae = E_'Q B AT, %(1 46 oess (62,3)
, ) Ve(e)

¢ 0
and .g 2 n
D C 1
\1/2=__ }.10 ATZ j de Tsss s e (A2-4)
2 v g(e)
2

These definite integrals can be conputed nunerically since g (®) is

known and thus equatingﬁ$1 and‘+§ the ratio AT1 - g "y be
-
AT

2
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deternined, The magnitudes of 4T, and AT2 can then be calculated

1
as follows.

AT, + AT_=3i T where i T is the anpere turns
1 2 s s s 8
due to the sth coil.

Therefore, K T
AT, = S 4 veereeees (42.5)
1 S . o LR 2N ) * »
1 + K1
and T
s .
.[LTZ = lS cesroseven (A2¢6)
1+ K

The flux density distribution in the air gap and the flux linkage
ber anpere in the sth stator ccil, nay be calculated using equations
A2-1, A2.2 and A2.3.

To determine the mutual inductance betwecen the stator coil and the
lcops around the rotor teeth at a particular rotor position, the

flux linkages are calculated by evaluating the following definite

integral.
8, +6 8 5]
1 2 r 1+
=D_Q CBae =2% 5 AT 12 aa. (42.7)
1 —_ ,Po 1
. > o)
G| G|
1 1
where 6, refers to the position of the lcop from reference A and ©

1 2

the gpan of the lcop.

Self inductances of rctor coils

The flux density distribution per anpere in rotor coil 1 is
shown in figure A2.g and the fluxes through the regions EFG and GHE

are given by

R 01 + 62
DY
e = L p, AT Voae L. . (42.8)
t 5 8, 4 (o .



O, + 2 =«
and D'Q 1
.\f/ =_I]10 AT4 §1 d e sevsosen s s (A2.9)
g 2 0, Fo5°

where AT3 and AT4 are the n.f.f.s across the two gaps in the regions
EGF and GHE respectively and’\kk and H*é are the total fluxes thrcugh
thenm. BEvaluating the integrals and equating the two fluxes the
ratic ATQ = K2 nay be deternined. The nagnitudes of the two n.n.f.s
A
T4

and the flux density distribution nay be caleculated using the relation,

i, T . .
= T == h =
171 A’I‘3 + A 4 putting i, t and T1 1
K
AT3 = -2 and AT4 =
1 + K2 1 + K2

The flux linkage of coil 1 and hence its self inductance nay be
deternined using equation (A2.8). The mutual inductance between
the imaginary coil 1 and a second rotor coil nay be calculated by
evaluating the following relation.

9 +2%

I DQ}onT 5 1 a0 eeveenenn. (42.10)

12 4
2 9, + 0

Sinilarly “*23 ...‘**qrm 1y be calculated and repeating this procedure
for all the rotor coils at various positions of the rotor, the self and

mutual inductonces of the rotor coils nay be determined and tabulated.
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APPENDIX 3

A.3.1. Introduction

The leakage inductance and resistance of rotor bars depend
on the current through the bar and its rate of change, and have to
be treated as variables in a peneral analysis. This would nean that
the leakage inductance and resistance of the bars have to be calcul-
ated at every step while using a numerical technique for perfornance
caleculations. The computing time would be inereased enorncusly,
since the procedure for evaluating these values involves a solution
of a set of simultaneous differentizl equaticns using natrixz inversion

once for each bar in every step.

A43.2, Average values

s i St A 1 S 4 v S

The procedure adopted in general to account for deep bar effects
igs to use the average reactance and resistance of the bar to sinu-
soidal currents, In this way harnonic branches in an equivalent
circuit have different propoertions for reactances and resistances..
This is the method followed here nnd the procedure to deternine the

leakage inductance and resistance of the bars is described below.

The portion of the slot containing the conductor is divided into
'N' sections as shown in figure A3.a. The perneance of the top
portion of the actual slot is calculated and this is represented by

El in the equivalent slot. Sinilarly, the perneance of the slot

Vg
d
pertion accounodating the conductor is calculated as N __2
3W
2

The bar may be imagined to have N parallel eircuits which arc
mutually coupled. The differential equations for the N circuits

nay be written in ratrix ferm as follows.

(- 7 0+ ()

at
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!
. _ds
I ]
d

A B I

(2) an equivalent slot

7 iilm ipikb S ‘ZE:ITL
]
o ;D d
v Egi gia E%N
¢ ¢ :
v T[ f

(b) an equivalent circuit with coupling

between the branches

figure A3
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where EV]is the applied voltage
r is the resistance of a section
and {yq and [;] are the netrices representing inductances and

currents.

A typical equation for a pth circuit is given by
d
V =1ir+__ rM i, + e+ M i 4+ o + M1
P P tLp11 pp P pn 'n
d .

Under steady state conditions, the currents are sinusoidal and

the solution for the currents through the sections nay be ¢btained
by replacing the instantaneous currents with vectors and nultiplying
the induetances by j2x £ where f is the frequency of the applied
voltage. The equation for the pth coil is nodified to

= J “"!' I s e } I ses + 2 fI'I I
Vp 3211f11p1 - +(r+ j2nst Mpé) ot jenfl I

The equivalent circuit representing the situation is given in
figure A3.hb. The currents I1 to In are calculated for a known
applied voltage, say 1 volt. The vectorial sun of the currents
and hence the inpedance of the bar nay now be calculated and the
values of the reactance and resistance at the given frequency are

given by the imaginary and real parts respectively.

A%.3. Saturation of tooth --tops and teeth

The permeance of the top portion of a slot is used in calculating
the effective resistance and inductance of a rotor bar at different
frequencies assuming infinite permeability of iron. 4s the current
is increased the tooth-tops on stator and rotor get saturated due
to high slot currents and this reduces the permeance of the slot
portion- above the conductor. This happens even at low values of th~
wain flux density. DMoreover, the teeth get saturated «s the nain
flux is increased and once again the perneance of the slot is re-
duced. These nen-linearities not only affect the total valuecs of
the leakage inductance and resistances but also modify the decp

bar effects.,

While calculating the perfornance of the squirrel cage mutor
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(in chapter 5) deep bar effect is calculated for the particular
rotor speed, The saturation of rotor teeth is accounted by using

the measured values as follows,

At stendsill the voltages applied and current are measured for
varicus wvalues of currents. The stator leakage and resistance are
neasured separately by taking the rotor out. Now, the rctor
resistance and leakage reactance can be calculated at various
values of the stater current. The change in reactance is at-
tributed to saturation of rotor teeth only, since the stator has
open slots. If the nmagnetising current is neglected rotor bar
current is proportional to the stator current and a graph of bar
leskage reactance against stator current nmay be drawn as shown in
figure 5.8. While conputing the performance, the bar leakage
inductance is multiplied by a coefficient deternined frou the above
graph depending upon the rus value of the stator current. This
value pay again be multiplied by a coefficient which depends on

the frequency of the bar currents.



~218~-

APPENDIX 4

Force calculations in electrical apparatus

A 41. The basic concepts

The basic concepts used in deriving the formulae for cal-

culaticn of foreces in eleetrical apparatus are,

(1) The principle of conservation of energy
and

(2) Anpere's law of force which states that the force, acting
on a conductor carrying a current, i, in a nagnetic field of flux

density, B, is given by B i }7 where ‘;:'is the length of the con-

ductor,.

A4.2. Use of the principle of conservation of cenergy

If the two coils shown in Tigure A4.a are considered, then the

energy stored in the magnetic field is given by

1 .2 2 s s
'EM11 11 + %Mzz 12 + 11 12 M12 (RN RN X NN Y] (A4.1)

where M and M,,. are the self and nutusl inductances and,

y M
11 22 12
and 12 are the currents. Using the principle of virtual work,

i
t;e expression for the torque developed nay be derived, A small
change, d 6, in the position of coil 2, is assumed and the currents
are kept constant during this novenent. The electrical energy
input to each coil has two conponents, nanely the resistive loss
and, the produet of the current and the change in flux linkage.
The latter is equal to the work done plus the change in stored
nagnetic energy.. The change in stored energy can be obtained by
differentiating equation (A4 1) as

1 .2 1 ;2 .

T i1 d M11 +7 1, d M22 + 1, 1, dM12
or

1 1 -
5 i1 d'\.m +-§IL2 d’\f/z

where \pq and “+/é are the flux linkages of coils 1 and 2,
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(8) flux density _ (b) flux density
produced by coil 1 produced by coil 2

—“

() veriation of mutual

inductance
A
am D (e¢) resl flux density
Ef‘é“/ / M due to both coils
1Y/ ' |
B L l? >
2 2! ]

(8) mutual inductence M. and variastion of mutual
inductance dill for two grouvns of coils
ae |
figure A4
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(d) point conductor (&) position taken by
- a conductor

figure A4
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This is half of the quantity, given by the electrical input minus
the resistive loss. Therefore, the other half is equal to the
nechanical work done. The torque is obtained by dividing the work

dona by the angular movement and it is given by

d M d M d M

.2 11 2 22 o i2

1 1 :

z 11 —— T i2 —————— + 11 12 P —— ves (A4‘2)
da o d 3 d s

If the self inductances do not vary with rotor position (for exanple
in the case cof a uniform air-gap) then the first two terms vanish.
The above expression can be used to calculate the torque whilst

using the step-by-step technique.

Ab3 An alternative fornm

The work done by an electrical system due to an actual movement
of the rotor, whilst the currents vary, (as opposed to the fixzed
values of the previcus article), nay be calculated using the
principle of conservation of encrgy. Considering a pth coil in a

nulti-coil system, the stored energy due to the coil is given by

1 = . . .
- i where is the flux linkage of the pth coil
LN e ge of the y

due to the currents in the systen .... (44.3)

The change in stored energy during the movenent is given by

! d ] : d i LI BCRC R IR I B I L4
= ip \}{) + "\1/1) lp (84.4)

The input electrical energy apart from the resistive loss is given by

i d ® O 090 8000 A4.5
i, A ( )

Applying the principle of conservation of energy the work done nmay
be obtained by subtracting equation (44.4) fron the equation (A4.5).
It is given by

%(ipdrv,fp-\;fpdip) veenereeas (84.6)

The sun of the werk done by all the coils divided by the angular

movenent gives the torque. When the rotor is at standstill, the
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work done is zero and the angular novenent is also zero, resulting
in an indeterminate value of tcrque. Under this condition equation
(A4.2) nay be used though this requires increased nunber of arithmetical

operations.

A4,.4.,1 Force calculations using Anpere's law

As gtated in A44.1 the force on a conductor is given by the product
of its length, current carried and the flux density. There are two
difficulties in using Anpere's law for force calculations in nachines.
Firstly the expression B i 1 is not in a convenient form as calculation
of flux density in the air-gap is laborious and secondly the expression
does not include the sense of the force. These difficulties nay be

overcone by using superposition and Flening's rule respectively.

Ad.4.2, Super position of forces

Regarding the flux density as being set up by one of the ccils of
figure A4.a and thus producing a force on the second coil, two
identical expressions for the forces acting on the coils are derived,
Sinilar expressicns are derived considering the real flux density
(set up by all the currents). It is shown that all the four equations

for forces on the coils are identical.

Force on coil 2 due to coil i

The two coils considered and the flux density distribution around
the air-gap due to current i1 in coil {1 are shown in figure Ad.a.
SQuopesing 2 to be the nir gop Ci~neter

G the =air gap
F,, F2 the forces on the two coils due to each other
T1, T2 the nunber of turns
i1, i, the instantaneous currents
and B and B' the flux densities due to the coils 1 and 2
respectively, the flux density due to current 11 in coil 1 is

given by
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Neglecting the effect of coil 2 as far as flux density in the air

gap is concerned, the force on coil 2 is given by :

F, = 2B iZTZQ newtons
Po . . 1l
= 2 X —_ 11T112T2ﬂ tespssnees (A4.7)
2G

Force on coil 1 due to coil 2

The flux density in the air gap due to current 12 in ceoil 2 is
shown in figure A4.b. Neglecting the effeect of coil 1 on flux

density distribution, the force on coil 1 is given by

i T
F,=2B' 1,10 =2x Fo™a" 12 el (44.8)

2
2G
: PotoTy
since B' is given by .
2G

The currents are considered positive when entering through the
start of a coil. Referring to figure A4,a the start of coil 2 is
situated in the pcsitive flux density region of coil 1. On the
other hand the start of coil 1 is in the negative flux density
region of coil 2 as shown in figure A4.b. Therefore the forces
F, and F_ act in opposite directions and they are found to be

1 2
equal frou equations (44.7) and (A4.8>.

Real flux density in the air-gnp considered

When real flux densities are considered, the assunption that
currents flow along line conductors, leads to various discrepancies.
Firstly, in practice step-changes in flux density distribution do
not occur, However, line conductors result in step flux density
changes as shown in figure A4.c. Secondly, difficulty is ex-
perienced in applying the force eguation nanely, B iQ » since
the flux density, B, varies fronm one value to another at a point
conductor. The expression B i{ , applied to adjacent points, sug=

gests that the average of the flux densities on either side of the
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peint conducter must be used in calculating the ferce. This nethod
gives the correct answer when the force between coils, rather than
the force on a ccnductor is considered. For exauple, the force on a
point conductcr shown in figure A4.d is 2 B ifz, if the average flux
density at the point is used. But, in practice, a conductor free to
move, occupies a position shown in figure A4.e so that 3B 12 =B i1,
thus the force on the conductor is zero. Since the nain interest

in machine calculations is on the force between coils, average

flux density can be used.

Assuning B' in figure Ad.b to be greater than B the resultant
flux density pattern in the air gap is shown in figure A4.c. The

force on coil 1 is given by

_(-B-3'4+ (-8 4+3) .59

t
Bl = 1Th * 2
2
= =2 X B'i1T1
i T
=—2x}1022 i1T1y{ Bes OSSO RS (A4l9)

2G
whilst the force on ccil 2 is given by

Ft = ( = (B' =B) + B+ B') iszg x 2

2
4
=2 B i,y
p i, T A
=2 0 1 1 i2T2¥ s e s (A4'10)

2G
The expressions given in the equations (44.7) to (44.10) are all
identical hence all the nethods result in the sane answer, and it
follows that the forces may be calculated without any reference to

the real flux densities in the systen.

When there are n coils in a nachine, the force on one of the
coils due to the (n - 1) ccils is found out, by calculating the
force on the coil due to each of the other (n - 1) coils taken in~
dividually using equation (44.7) and finding the sum. The sense in

which these forces act nust be known in finding this sun and it



—205_

depends on the relative positions of the coils., In a static case
the expression for force for each pair of coils considered nay be
allocated a particular sign say positive when the currents are
positive., When one of the currents becone negative at any tine,
the direction of force reverses and the expression automatically
becomes negative. But in the case of a machine where the rotor
colls are revolving, it is not possible to specify a particular
sign for the force between two coils. There nust be a way of
changing the sign depending upcn its position relative to a stator
coil. This nay be achieved by storing the signs for several

positicns of the coil and finding the sign depending upon its position.

44,5, Equivalence of the energy method and Anpere's law

In this section it is shown that Anpere's law of force leads to
an expression identical to equation (A4.2) which has been derived
fron energy considerations. Referring to figure A4.a and assunming
the currents to be positive in both the coils, the force on coil 2
in the pesition shown, that is with the start of coil 2 in the
positive flux density region of coil 1, is in the clockwise
direction. It nay be noted that the derivative of the outual in-
ductance between the coils has a constant negative value as shown
in figure A4.f, When the start of coil 2 noves into the negative
flux density regiocn ¢f coil 1 the force acting on it reverses and it
is now in the anti-clockwise direction and the derivative of the
mutual inductance becones a positive comstant. Thus the sense of
the force depends on the relative position of the coils and sc does
the derivative of the nutual inductance.

!

An expression in terns of currents and the derivantive of the
nutual inductance giving the nagnitude and direotion of the force
between the coils may be derived by considering a phase group of
coils on the stator. The flux density distribution due to the

phase current i in the eoils forming the phase is shuwn by curve
dM

ds

equivalent coll 1 - 1" am a rotor phase nay sinilarly be re-

in figure 44.9. The phase nay be representad by a single

presented by the coil 2 - 2'. When the angle between the coils
is @, the flux linkage of coil 2 due to coil 1 [s given by
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n+6
Elg_ Bde
5 2
and the mutual inductance is given by
n +6
M= (’B p{  ae verraneens (84.11)
i1 -3 2

Differentiating this expression with respect to 0,

am 1 2,BD ¢
ae M 2

vessesenes (£4412)
That is, the derivative of the mutual inductance is directly pro-
portional teo the flux density per ampere in the particular position
considered. Therefore, if the variation of the mutual inductance
with respect to the angle between the coils 1 and 2 is known, the
flux density in which one of the ccils is situated (the flux
density being set up only by the second CUil) nay be calculated

using the expression,

o do
Then the force on coil 2 nay be expressed as

F=2x312‘2

-4 i3, & ceerennens (84.13)
b d ¢

A4.6. Calculation of torque in a three phase slip ring notor:

(a) Using the Energy Method

There are six coil groups carrying independent currents; three
on the stator and three on the rotor of the machine. The external

work done by the nachine nmay be calculated using the equation (A4.6) as



Wme= Z %‘(ipd%"\yp dip) 935929999939 (*"-4-14)

where ip and\+/p are the current and flux linkage of the pth
coils The net torque developed is the work done during a period

divided by the movement of the rotor during this period.

(b) Uging the force equation:

If the inductances are given as functions of 3, which denotes
the pesition of rotor from an arbitrary reference on the stator, and
if the currents at a particular position of the rotor are known,
then the tangential force on the rotor due to the stator coils

is given by

_8(; au . A M I
F=c2|i, (14 13 + ig 15 + i 16
D d o

d o d g
. dM . dM . aM
+ i, ( i, 24+ 15 25+ ig 26 )
d o d s d o
. 4. aM . abv . aM i
+ig (14 34+ ig I35 + i 36 )/!
a0 ae d s

[N NN NN RN (A4o15)
using equation (A4.13)
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Two_equivalent expressions to calculate [ﬁ] natrix

The following relationships are re-—written from section 3.8,

[1}]2=[v]n-£1]1[ﬁj ful, e (45.1)

(e],=0v3_ -[1], (e3, G, (1], ceereanes . (45.2)
2 T
where -
[Hj1 -], (1], =EM)1 - +[RJ4EI]’ .o (85.3)

T 2

fron equation (3.13)
Substituting this value of EH] 1 in equation (45.1) yields

[, -0, -0, (a LCA B g e

T 2

S 5y R LY R I PRI
2 T

which is sane as equation (45.2). The use of equation (45.1) to
caleulate [H], avoids the multiplication of matrices []
and[I] 1! since the existing value of [Hj 1 is used, along with
a sinpler multiplication given by EI:]1 {E] .
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Filter design

R.C. filter 7

- o —— — ——

The R.C. Filter used is a notch-filter cascaded with z low-pass
filter as shown in figure 8.9a. The frequency response is shown
in figure 8.9.b. The notch-filter is designed to reject the
natural frequency of oseillation, gxa , of the strain gauge

apparatus using the expression

The low-pass R.C. filter is designed using the expression for

its frequency response given by,

output v 1

=(.2) = - —
[T =&+ G2

input
P v,
i

where § = R 01 and w = 2 5 f

1

L ~C filter18

In order to obtain an inmproved frequency response as shown in
figure Ab.a a low-pass L.C. filter network was desiznede It con-
sists of a n-derived n-section and nmatching half-sections as
shown in figure 46.b. The following relationships are used in
designing a proto-type n-section which is shown in figurc ab.c

along with its frequency response.

and I
R0 = \J-— when RC is the ternminating inpedance and

fC is the cut-ogf frequency. To design an n-derived section an
' .2
additional relaticnship, fc = §;3q1 -n is used, f_, being the
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frequency at which attenuation is infinite. The value of m for

the g -section is taken to be .8 and the value of the cowponents
arc given by the expressions shown in the figure. The half-sections
are similarly designed taking the value of n as .6. (Detailed exX—

planations are found in the reference).

The inductances were chosen to be small to avoid an undue anocunt
of electrical pick up and this results in a snaller value of ter-
ninating inpedance. Therefore a matching amplifier is introduced
between the strain gauge bridge (which has a high output impedance)
and the filter. Twe filter units were used to retain the symnetry

of the circuit in order tc elininate any pick up signal.
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APPENDIX 7

N ey ey By et e it et

A sinple trigger unit

A simple trigger unit designed to fire the bridge SCRs in the
correct sequence is shown in figure A7.1. It consists of a snmall
three phase wound rotor induction motor of the nag slip type,
three snall transforners with centre tapped secondaries and
transistor circuits. The three phase a.c. is connected to the
stator of the induction notor. The phase of the rotor induced
voltages can be varied by changing the rotor position, These
voltages are fed to three delta connected prinaries of the trans-
forners. The centre points of the secondaries are connected and
there are now six sinusoidal voltages at points I, to I6 shown in

1
figure A7.1.a.

The e¢lipping circuit shown in figure A7.1.b. consists of a
single transistor producing a square pulse froo the sinusoidal
input to the base., The input voltages at points I1 to 16 are

divided by resistances R, and R, t0 suit the rated base voltage
and base current of the %ransis%or. When the input to the base is

negative, the base current flows causing saturation and the voltage
across the base is constant, that is, the sinusoidal voltage is
clipped. When the input is positive, the base does not conduct

and the voltage across the base is sinuscidal.

Point 01 in figure A7.1.c is nearly at zero voltage when the
transistor conducts and is at negative potential when the transistor
is not conductihg. Using six such units, six square waves are
obtained at points 01 to 06 corresponding to the sinusoidal volt-
ages at points I1 to I6' The 'And gate' unit shown in figure A7.1.c
consists of two diodes producing a square wave of 120O spread shown
in figure A7.2.c. by comparing two of the six square waves existing
at points C1 to 06' There are six units producing six 120° pulses
at points A1 to A6 differing in phase by 60°. These feed the cut-
put units.

The working of the 'And gate' can be explained as follows.

Considering figure A7.1.d. when transistors T1 and T4 conduct,



)

figure A7.1

S -28 Vv
‘ (a) 1, 2 (b)
- s ¢, | Clipping unit
- NV N
Phese .74 e
. = —e I,
shifting unijy L de __Lyie
I
o I,
2
‘ ~ R3 R3
(c) . Cimnt_ 28y L ° |
- AND gate unit 1. S (a) .
¢, & T ey Working of one AND gate unit
PN B _ ,
—}4"—(———"‘[\'1. 0 — A A
e , T, : (f) Tlow diagram
I | . .
Cgmr ! T, D X Phase shifting unit
Ly A : “1 Ry v
5 ] .{ 3 . v .
} Clipping units
-+l

AND ggtes

oI

SO N W Dutput units
= “‘]‘-“‘“‘l 3 urTput WMLTS
e g

C —

M " A . . .
i o Detadils of Trigger Unit
iy *

Cs 1 - r——-———'l
_:~‘L__ L__..._....‘.—L 5
e ‘

Cp (e) Ouwtput unit

—-£Ec-



—234-

points 01 and 04 are at zero potential, therefore point A1 is at

zero potential., If one of the transistors say T4 does not conduct

point C, is 2t the negative potential and diode D4 conducts

4
through R4 and Ré where R4 is large conpared to Ré. Point A1 is
now at the negative potential., Thus the 'And gate' produces a

zero potential at point A2 for 120° if points C1 and 04 are both

at zerc potential during the 120°,

The output units shown in figure AT7.1.e. consist of two
enitter followers, the first driving the base of the seconds The
voltages at points A1 to A6 are reproduced at points E1 to EG
and the output to the SCR gates are obtained using a capacitor

and a transformer in series as shown in the figure.

The circuits and the voltage waveforns at points I, C, A and E
are shown in figure A7.2. This trigger unit is more flexible and
econonical compared tc¢ the conventional types, where the variation
of phase angle is limited to 180° and tenperature affects the
accuracy of the phase angle setting, Audio frequency transforners

are used in the output stoge,
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