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ABSTRACT 

This thesis is presented in two parts. The first part is con-

cerned with the development of a numerical technique to calculate 

the performance of electrical machines. The experimental verific-

ation of the analysis is given in the second part considering the 

case of a slip ring induction motor. Experimental investigations 

relating to the development of variable speed drives are also des-

cribed in the second part: 

In the introduction the difficulty of obtaining a complete sol-

ution for the performance of electrical machines is discussed and 

a short survey of the existing analytical and numerical techniques 

and their restrictions is outlined. 

In the subsequent three chapters the numerical technique de-

veloped to calculate the transient and steady state performance of 

electrical machines and circuits is described. The procedure is 

applicable to all types of electrical machines with various asym-

metries, and the waveform of the input voltages is not restricted 

to any particular shape. In some cases namely simple circuits and 

ideal machines the numerical procedure is checked against exact 

analytical solutions: 

In chapter 5 a rigorous method of forming the system equations 

in the cases of squirrel cage and sheet rotors is developed. The 

assumptions made are justified by comparing computed results ob-

tained using alternative methods and also with experimental values 

obtained from a specially built machine. The criterion for con-

vergence of the equations written is established and the simpli-

fications resulting from various machine symmetries are indicated; 

In chapter 6 the method of forming system equations for a squirrel 

cage machine is used to calculate the starting performance of a 

reluctance-start single phase induction motor having a variable air 

gap. An optimum variation of air gap to produce maximum starting 

torque is predicted. 

In chapter 7 analysis of circuits with non-linear elements is 

illustrated considering the case of an impulse commutated inverter 
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The experimental investigations carried out are described in 

chapters 8 to 11. The design of a strain gauge torque meter to 

measure the transient and steady state torques acting on the stator 

of a slip-ring induction motor is discussed in chapter 8. The per-

formance of the slip-ring motor is computed using the numerical pro-

cedure and the results are compared with the measured values in 

chapter 9. 

The development of a variable-speed drive-scheme using a three 

phase bridge inverter and a synchronous motor arrangement employ-

ing line commutation is described in chapter 10. The stability of 

the system is verified experimentally and a simple analysis is 

given. 

In chapter 11 the development of various mechanical switching 

arrangements is described. In particular the techniques are used 

to provide a polyphase inverter system which operates as a source 

of variable frequency supply with an adjustable output voltage 

when operating from a constant d.c. input voltage. The arrange-

ment can also be used as a time-ratio controller to vary the average 

voltage applied to a d.c. machine from a fixed d.c. supply and thus 

provide variable speed working without inserting resistance in the 

armature circuit. 

A new circuit arrangement, invented to provide a true step down 

d.c. transformer by using a multi-time-ratio switching is also des-

cribed in chapter 11. This circuit can be operated with an adjust-

able amplification of d.c. current. 

In chapter 12 the uses of the work described in this thesis are 

summarised and further investigations, theoretical and practical, 

which would improve the usefulness of the work are indicated. 



-5- 

INDEX 

Acknowledgements 	 2 
Abstract 	 3 
List of symbols 	 10 

PART 1 	 12 

Theoretical Investigations 

Charter Nomenclature 

1 	Introduction  

1.1 	Statement of the problem 	 13 
1.2 	System equations for a slip-ring motor 	13 

1.3 	Existing methods of solving the system equations 15 

1.3.1 	Steady state performance 	 15 

1.3.2 	Transient solutions 	 18 

1.4 	The object of the theoretical investigations 	19 

1.5 	The numerical procedure 	 20 

2 	Formation and reduction of the system equations 

2.1 	Introduction 	 22 

2.2 	Two-pole two-phase slip-ring motor 	22 

2.3 	Four-pole two-phase slip-ring motor 	26 

2.4 	Four-pole three-phase slip-ring motor 	27 

2.5 	Leakage inductances 	 28 

3 	The step-by-step procedure 

3.1 	Introduction 	 30 

3.2 	Solution of a resistance and inductance series 	30 

circuit 

3.3 	Incremental time T 	 32 

3.4 	Inductance varying with time 	43 

3.5 	Equations for the electrical system 	45 

3.6 	Solution of currents at constant speed 	46 

3,7 	Electro-mechanical transient solution 	47 
3.8 	Computer program for the step-by-step procedure 	50 



-6-- 

3.8.1 	Data and initial conditions 	 50 
3.8.2 	Performance calculation 	 .53 
3.9 	Various computations carried out using the program 	55 

4 	An indirect proof of the numerical technique 

4.1 	Comparison of the numerical technique with an 	58 
exact analytical method 

4.2.1 	Verification of the numerical technique by 	60 
calculating known physical phenomena in machines 

4.2.2 	The case of an ideal machine 	60 

4.2.3. 	A machine;. having both third harmonic an&77,1,!lundamental  60 
- 

winding distributions.: 

4.3 	The effect of changing the frequency of the supply 	65 

5 	Transient and steady state analysis of squirrel 

cage machines using non-sinusoidal windings and 

input voltages 

5.1 	Representation of squirrel cage rotors in 	72 
conventional analysis 

5.2 	Rigorous analysis of squirrel cage machines 	73 
5.2.1 	Exact representation of squirrel cage rotors 	73 
5.2.2 	Formation of the differential equations 	73 

5.2.3 	A set of differential equations for which a 	77 
solution exists 

5.2.4 	An example showing the need for reducing the 	78 
number of rotor equations 

5.3 	Minimising the number of rotor equations 	80 
5.4 	Experimental verification of the current 	83 

distribution in a squirrel cage 

5.5 	Experimental and computed results for a conventional 83 
squirrel cage induction motor 

5.6 	Applications of the squirrel cage rotor analysis 	88 



6 Variable gap single phase induction motor 

6.1 Introduction 92 
6.2 System equations 92 
6.3 Solution for currents 93 
6.4 Torque 94 
6.5 Optimum variation of the air-gap 94 
6.6 Detailed description of the program 95 

7 Analysis of controlled switching circuits 

7.1 
7.2 

7.3 
7.4 

7.4.1 
7.4.2 

7.4.3 
7.5 

Introduction 

The operation of the inverter 	• 

Analysis of the inverter-load system 	• 

Advantages in using the step-by-step technique 

Voltage waveform 

Currents during commutation tine 

Non-linear or dynamic load 

Conclusions 

99 
99 

105 

110 

111 

111 

112 
P4R1 	2 

ExurimenL;a1 	Investigations  

8 The strain gauge apparatus 

8.1 Introduction 	• 115 

8.2 The relationships governing the operation of 

the system 

115 

8.3 Optimum design of a strain gauge torque meter 118 

8.4 The strain gauge strips 118 

8.5 Strain gauge bridge circuit 122 
8.6 Strain gauge units of equal resistances and 

gauge factors 

125 

8.7 Response of the strain gauge apparatus 12 7 

8.8 Low-pass filters used 12 7 

Slip-ring induction motor experimental and 

computed results 

9.1 Introduction 133 

9.2 Machine parameters 133 

9.3 Steady state performance 135 

9.4 Speed transients 141 

9.5.  Switching transients 146 



10 Variable speed synchronous motor 

10.1 Introduction 153 
10.2 Principle of operation 153 

10.3 The operation of a three phase bridge 154 

10.4 Power flow and motoring action 158 

10.5 Performance of the variable speed synchronous 

motor 

158 

10.6 Analysis of the inverter synchronous machine 

system 

167 

10.7 Systems of speed control using the inverter 

synchronous motor scheme 

171 

10.8 Modes of speed control 171 

10.9 Conclusions 172 

11 Mechanical inverters 

11.1 Introduction 174 
11.2.1 the mechanical arrangement 174 
11.2.2 The rotating drum 174 

11.2.3 The stationary frame 180 

11.3 Inversion of d.c. voltage to polyphase a.c. 

voltages 

180 

11.4 Experimental observations 183 
11.5 Mechanical inverter waveforms 183 
11.6 Conditions for successful inversion 1 85 
11.7 Tine-ratio controller (TRC) 187 
11.8 Experimental results from the TRC 1 87 
11.9 Increasing the average voltage of the TRC 1 90 
11.10 Increasing the average current 1 92 
11.11 Conclusions 1 94 

12 Conclusions 

12.1 Introduction 1 95 
12.2 Comparison of results with analytical values 1 95 
12.3 Comparison of computed and experimental results 1 96 
12.4 Extension of the numerical technique and con- 

parison with experimental values 

1 9 7 

12.5 A variable speed drive 1 98 
12.6 Mechanical switching devices 1 98 



	

12.7 	Measurement of transient torque 	199 

	

12,L 	lion-sinusoidill currents drawn from 	200 
a sinusoidal source 

	

12.9 	Thick sheet rotors 	 2 00 

	

12.10 	General conclusions 	 2 01 

Appendices 

1 	Self and mutual inductances between two coils 	2 03 
in a machine with uniform air-gap 

2 	Inductance calculations in the case of machines 	2 07 
having non-uniform air-gaps 

3 	Calculation of leakage inductances 	214 

4 	Force calculations in electrical machines 	218 
5 	Two equivalent expressions to calculate the H 	2 28 

matrix 

6 	Filter design 	 2 29 

7 	A simple trigger unit 	 23 2 

References 	 23 7 



-10— 

LIST OF SYMBOLS 

A, B 	switches 

a 	acceleration 

[B3 	matrix formed during computation 

lr 	breadth 

[C3 	current matrix 

C 	current, capacitance (with or without subscripts) 

diode (with or without subscripts) 

d 	depth 

change in the resistance of the pth strain gauge 

EC 	matrix denoting coil voltages 

ep 	voltage across the pth coil 

F 	force 

f stress psi, frequency c/s 

air gap 

Eld 	matrix formed during computation 

current matrix 

I 	moment of inertia of a section, current 

ip 	current in a pth coil 

J moment of inertia 

K constant 

k 	number of poles per repeated section 

L inductance 

length 

inductance matrix 

m 	number of coils in a system 

N number of bars 

number of phases 

p 	number of poles 

C11.3 	resistance matrix 

R 	radius, resistance 

resistance (with a subscript) 

C s J 	matrix denoting coil resistances 

SCR 	silicon-controlled-rectifier 

T 	incremental time, torque (with a subscript) 

TRC 	time—ratio control 

t time from a reference 



-11- 

LIST OF SYMBOLS (contd.) 

u, u 	speed in radians per second 

[vJ 	voltage matrix 

vp 	voltage applied to a pth circuit 

X 	reactance 

Ey], CzJ inductance matrices 

6 	deflection 

d 0 	rotation of stator in radians 

0 	position of rotor from a fixed stator reference 

angle of overlap 
ti double and single dashes denote the values at the 

beginning and end of an increment. 

Note: 	the symbols are defined in each chapter as they 

occur. 



-12- 

PART 1 

THEORET ICA L INVEST IGAT IONS 



-13- 

CHAPTER 1 

INTRODUCTION 

1.1 Statement  of the problem 

The complete solution for the performance of electrical machines 

may be defined as the calculation of currents, torque, input, output 

power, speed and rotor position with respect to time following (1) 

switching the supply on (2) switching it off (3) reswitching after a 

disconnection or (4) a sudden change in load or any other change in 

the operating conditions, until steady state is reached. The problem 

is quite involved and requires various idealisations before an 

analytical or numerical procedure can be applied. Progress in this 

field has consisted of the reduction of the idealisations necessary 

to perform the analysis with a consequent increase in the difficulty 

of analysis but with an increase in the quality of the predictions. 

In this process necessary assumptions have been made according to the 

availability of mathematical tools and methods in order to obtain 

solutions and these approximate solutions have formed the basis for 

improved machine design techniques. 

In the following sections the system equations leading to a com-

plete solution of the performance of an induction motor and a short 

survey of the existing analytical and numerical procedures and their 

limitations are discussed. 

1.2 System equations for a slip ring motor 

If the machine has three coils on its stator and three on its 

rotor carrying independent currents, the general electrical equat-

ions for the system may be expressed in matrix form as 

C.V3 = [I] CR3 + 	rivaj 

with the equation for a typical pth circuit given by 

V
P 
 =1

P  rP 
+d pvlpl1 +Mp2 i2 +Mp3 i3 +Mp44 +Mp5 i5 +Mp6i 
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where [y:], [iJ , 	andN are matrices denoting the voltages, 

currents, self and mutual inductances and the resistances of the 

circuits respectively. The inductances denoted by [M] are functions 

of rotor position and are given by 

M = f ( e) 

where 8 is the angular position of the rotor reference from a fixed 

stator reference. The position of rotor is a function of time which 

clearly depends on the electrical and load torques and the moment of 

inertia of the rotating parts. 

The electrical torque developed, Te, may be expressed as a function 

of stator and rotor currents and the derivatives of the mutual in—

ductances between the stator and rotor coils as follows, 

T
e 	f ( 

is, 
	r, dMsr ) 	(1.2) 

d e 
where Msr is the mutual inductance between the sth stator coil and 

rth rotor coil. If the load (or braking) torque, Tb, is given as a 

function of time and speed namely 

Tb 	f (t, de 	) 

then the instantaneous acceleration, al, is given by, 

a = 
T
e 

— T
b ..... (1.3) 

 

J 

 

where J is the moment of inertia of the rotating parts. If uo  is 

the speed at time t = 0, then the speed, u , at any time, t, is 

given by 

t (- u = u 	a dt 	. (1.4) 

o 

and if 80  is the position of the rotor at time t = 0, the rotor 

positiont a , at any subsequent time, t, is given by 

0 = 
o udt 

dt 



8= 0 + uo 
 t+ 

t t 	T 	T 	dt dt 	(1.5) 
o-o) 
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Substituting for u and a in the above yields 

It may be observed that A can not be eliminated from the equations 

(1.1) and (1.5) by substitution since it is a function of the derivative 

of M with respect to 0 . Therefore (1.1) and (1.5) are the system 

equations to be solved in order to obtain a complete solution.. 

1.3 Existing methods of solving the system equations 

Performance calculations using analytical methods and numerical 

techniques may be classified in to two main categories namely, steady 

state and transient solutions.. In order to obtain these solutions 

several idealisations are necessary. These are,.  

(1) infinite permeability otiron 

(2) uniform air gap 

(3) no saturation in the magnetic circuit 

(4) the stator and rotor windings are distributed 

sinusoidally and the coupling coefficient between 

them vary sinusoidally with respect to the position 

of rotor, thus the harmonic fields produced by a 

practical windings are neglected. 

(5) applied voltages vary sinusoidally with time, 

and are balanced 

(6) the speed of the rotor is constant 

1.3.1  Steady stat2_2erformance 

In the simplest form of analysis all the assumptions cited above 

are made and the performance of a machine (with a symmetrically wound 

stator and rotor) may be calculated using the simple equivalent 

circuit1 shown in figure 1.1.a. If the voltages are unbalanced, the 

theory of symmetrical conponents may be applied. 

To account for space harmonics produced by a practical stator winding, 

the analysis may be extended by the use of the equivalent circuit shown 
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a. A, simple equivalent circuit 

V 

 

X 
inn 

 

b. An extended equivalent circuit of induction motor 

figure 1.1 
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in figure 1.1.b. This eliminates the original assumption of 

sinusoidally distributed windings. Alternatively the leakage 

reactances associated with the simple equivalent circuit may be 

adjusted to include some of the effects of the harmonic flux dis-

tributions. 

If the analysis is to be further extended to the case of 

asymmetrical stator windings and unbalanced sinusoidal voltages, 

theory of symmetrical components can not2 be applied in a simple 

manner. For this case the generalised rotating field theory 

described3 and illustrated3'4 by JhaLand Brown may be used if the 
rotor is symmetrical and the speed is constant. 

The harmonic fields produced by the rotor currents are not 

taken into account in the solutions indicated so far, However, 

the equivalent circuit given by Alger1  (page 338) may be used to 

calculate the performance of a symmetrical machine under steady 

state conditions when balanced sinusoidal voltages are applied and 

the speed is constant. Though the effect of the rotor harmonics are 

included the evaluation of the coefficients is difficult (as pointed 

out in the reference) thus affecting the accuracy. 

When the applied voltages are balanced but non-sinusoidal, a 

harmonic analysis may be carried out on the input voltages and the 

performance of the machine supplied with each of the harmonics can 

then be calculated using the methods indicated in the above cases. 

The total torque developed by the machine is the sum of the torques 

due to individual harmonic voltages and the currents  is the square 

root of the sum of the rms value of currents due to all the 

harmonics. 

A particular case of non-sinusoidal voltages has been considered 

by Ward6 and the performance of an induction motor at standstill 

and synchronous speed conditions has been calculated assuming 

idealised sinusoidally distributed windings having a sinusoidal 

coupling coefficient between the stator and the rotor, and step 

functions for the voltages. 

The analytical solutions obtained so far do not calculate 
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pulsating torque components, and in practice the presence of these 

components due to, for example, rotor harmonics or non-sinusoidal 

voltage, vitiates the original assumption of constant speed con-

ditions since the assumption that the speed is constant will not 

hold good unless the moment of inertia of the rotor is infinite. In 

practice the inertia is very small and the rotor undergoes appreciable 

accelerations and decelerations. Supposing for example, a first com-

ponent of air gap field develops a steady torque when acting independ-

ently on the rotor and that a second component produces a pulsating 

torque under the same conditions. Then if both of them act simul-

taneously, the rotor has to follow the variation of torque due to 

the pulsating component and therefore, the steady component can not 

develop a steady torque because of the fluctuations in speed. Since 

the two fields act on a common rotor, it may be said that the fields 

are mechanically coupled in this way and this phenomenon is analogous 

to the mutual resistance coupling in squirrel cage rotors mentioned 

by Adkins?. Thus superposition of rotating magnetic fields is not 

strictly true unless the rotor speed is constant and it is considered 

that steady state conditions encountered in practice can be calculated 

strictly only by a method that takes speed variations into account. 

No analytical method or numerical technique exists to solve the 

problem of non-sinusoidal voltages taking space harmonics, speed 

variation and unsymmetrical stator and rotor into account. 

1.3.2 Transient solutions 

Some basic concepts for the transient analysis of alternating 

current machines and circuits are outlined by Lyon8. In particular 

the instantaneous symmetrical components theory described in 

chapter 3 (in Lyon's book) can be used to solve polyphase circuits 
with no limitations on the waveform of the applied voltages. This 

theory is then applied in chapter 4 to an idealised machine, with 

sinusoidal coupling between the stator and retort  rotating at a con-

stant speed, and equations to calculate switching transients due to 

applied sinusoidal voltages are derived. Extensions to this theory 

are given in chapter 8 to include speed variations with the follow-

ing additional assumptions 



(1) the effect of the stator resistance is negligible 

that is the total flux in the machine is proportional 

to the applied voltages. 

(2) the variation of slip with respect to time is 

known. For example, an abrupt change or a sinu—

soidal variation of slip nay be assumed. 

Transient torque patterns have been calculated by Slater9 for 

the case of a symmetrical machine supplied with balanced sinusoidal 

voltages, assuming a sinusoidal variation of mutual inductance. 

between stator and rotor and using a transformation of rotor equations 

in stator terms. Evaluation of the parameters requires the presence 

of a true rotating field and the method is analogous to the simple 

equivalent circuit in figure 1.1.a used for the steady state solution 

of the idealised machine. While the method has the advantage of 

simplicity, the harmonic fluxes produced by the stator and the rotor 

currents are neglected since the rotor is replaced by equivalent 

phase coils. This is not justifiable during speed variations. 

Furthermore, the equivalent phase coils are assumed to be rigidly 

fixed to a rotor reference when applying the mechanical equations$  

this again is thought to be incorrect. In chapter 5 a rigorous 

analysis of squirrel cage and sheet rotors is given and the effect 

of replacing a cage rotor with phase coils is discussed in detail..  

Tipping1°  has calculated the currents in rotor coils which are 

switched on and off. The system is represented by a set of linear 

differential equations by assuming constant speed so that the in—

ductances and their derivatives are known functions of time and the 

currents are calculated numerically using Runge Kutta method.. 

1.4 The object of the theoretical investigation 

The object of the theoretical investigation may be stated as 

follows. To develop a general numerical method to calculate the 

complete performance of electrical machines, when both mechanical 

and electrical asymmetries are present in the stator and rotor, 

taking all the harmonic fluxes produced by the stator and rotor 

into account, and without any restrictions on the machine speed or 

the waveform of the applied voltages. It is also desirable that the 
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analysis shall be adaptable to any type of load coupled to the 

machine and it should have provision to tate controlled switching 

and multiple transients such as reswitching or pulsating loads into 

account. The main objective given above has been accomplished in 

this work by adopting a numerical technique.. The system equations 

are formed with the necessary assumptions and the solutions are made 

without further restrictions on the variables. The numerical 

solution can not be said to be exact in the mathematical sense, 

although the results can be obtained to any degree of accuracy 

according to the length of computer time allocated to a given 

solution. 

1.5 The numerical  Eocodure 

The numerical technique which is a step-by-step procedure is 

developed from basic principles. Simple circuits are solved in 

steps until the case of slip ring motor is reached, this is later 

extended to squirrel cage motors. The illustrations of simple 

series circuits and a simple machine are given so that the number 

of variables involved is increased in each stage. Though the pro-

cedure can be used for solving the circuits illustrated, the object 

is only to develop the stop-by-step procedure. Hence no simpler 

solutions available for these cases are mentioned and no advantage 

of the step-by-step procedure over analytical methods is claimed 

as far as these circuits are concerned. 

The accuracy of the method is established in chapter 3 from the 

computed results for a simple series circuit. An indirect 

mathematical proof is also given in chapter 4 considering an ideal 
machine and comparing the steady state performance calculations 

using the step-by-step procedure with the values obtained from the 

exact equivalent circuit. 

The various stages in computing the performance of a machine 

are the following:- 

1. Calculation of the self and mutual inductances of all the 

coils in the machine at different rotor positions. A 



--21— 

procedure suitable for computation is described and illustrated 

in Appendices 1 and 2. 

2. Formation of a set of differential equations and reduction of 

the number of equations to the number of independent variables 

in the system as illustrated in chapter 2 for the oases where 

the coils are independent and as shown in chapter 5 for the 

case of squirrel cage windings. 

3. Calculation of the force between the stator and the rotor of a 

machine using one of the methods outlined in Appendix 4.. 

4. Solution for currents and torque with respect to tine as 

described in detail in chapter 3 for the case of slip-ring 
.induction motors. 
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CHAPTER 2 

FORMATION AND REDUCTION OF THE SYSTEM EQUATIONS 

2.1 Introduction 

If a machine having 'm' coils, grouped into 'n' phases is con-

sidered, tm' number of differential equations may be written initially. 

The number of unknown currents and the known input voltages is n. 

(Some of these voltages may be zero as in the case of short-circuited 

secondary phases). Whilst the differential equations written are in 

terms of coils, the known input voltages are in terms of phases. Hence, 

in order to obtain a solution it is necessary to reduce the number 
of equations from m to n„ with n unknown currents and this is il-

lustrated firstly for the case of a two-pole two-phase machine and 

secondly for the case of a four-pole two-phase machine. The differ-

ential equations are first written in terms of coil-inductances and 

the number of equations is then reduced to the number of independent 

currents in the particular case. The equations are given in both 

matrix and expanded forms. 

2.2 Two-pole two-phase slip-ring motor 

The principal symbols are listed in table 2.1. The machine has 

8 coils as shown in figure 2,a and there are two coils in series per 

phase. The self and mutual inductances of these coils are calculated 

using the procedures given in Appendices 1 and 2. The general differ-

ential equations are most conveniently displayed in a tabular form 

in tble 2.2. The corresponding matrix form is given by 

CEO= [9_1 	EJ [Cg) 	 (2.1) 
dt 

In the case of the two pole winding, coils 1 and 2 are in series 

to form phase 1 and carry the phase 1 current. The phase voltage 

and resistance are given by the sun of the coil voltages and resist-

ances respectively., Therefore the following relationships may be 

written 

C1  = C2  = i1 ,. v1  = el  + e
2 
and ri  = si  + s

2 



TABLE 2.1 

Matrix 
	

Size 	The elements represent 
•••••••./.0110.0 

8 x 8 	The self and mutual inductances of the eight coils in 
the machine. 

4 x 4 	The self and mutual inductances of the four phases 

C 	8 	Instantaneous currents in the eight coils 

I 	4 	Instantaneous phase currents 

E 8 	Instantaneous voltages across individual coils 

✓ 4 	Instantaneous phase voltages 

S 8 	Coil resistances 

R 	4 	Phase resistances 
	 vmbmmmlwmmwwmwmmimmmpwmwpmwimPmwOmprWWWWWWMOW.O..dWmotapwemirmw ...... mOmlmsilimmftb.....mamlir+a.m....simmio.Mmmymmtommpwmmo.lmmpmwiddoqmftmmwmpp 
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(a) two pole windinL- 

(c) phase coils of a three 
phase winding 

3 
(b) four pole winding 

Figure 2 

 

   

direction of rotation 

r-- 
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3 	- 
rcbrbrb`'-' 

(d) variation of mutual inductances with rotor T_Iosition 



e
1 
=c

1 
81  + 

dt 

e2 = c2 s2 

 

at 

e3  = 03  83 
 + d 

dt 

TABLE 	2.2 

	(a) 

	(b) 

	(c) 

c
1 
+ Z

12 
0
2'
+ Z13  03  + Z

144' 

cla z21  c
1 
+ Z

22 
c2,+ Z

23 
c
3 
+ 
Z24 c41 4.  

,•••••••• 

Z31 c1 
+Z  

32 
c
2 
+ Z

33 
c
3 
+Z  

3441 

Z
15 

05  + Z16  06 1+ Z17 c
7 
 + 

Z18 

1 

Z25 c
5  + Z

26 
c6;+ Z27  07  + Z

28 
c
8 

Z
35 

c5  + Z36  06  + Z37  07  + Z38  cd 

[I 
84 = 04 84  at 	Z41 oc1 +Z42 c2

+ Z c3
43 	4' Z44 0

4,+ Z45  05  + Z46  06  + Z47  c7  + Z48  c8  

-- 1- 

1 

85 	85 $
5 dt 	

[IZ51 01  + Z52  c21 + Z53  03  + Z
54 

c
4,
+  Z

55 
c5  + Z

56
c
6+Z57 c7 

 +Ze 
58 8 

= 	
6 + a  e6 	c6 	[IZ61 c1 

+ Z
62 c2+Z63 

c
3 
+Z

04 c4l+Z65 
05  + Z66  06 1+ Z67  07  + Z68  co 

e7  = 0
7  s7 dt 	E.Z7  

+ 	1  ci  + Z72  02;+ Z73  c3  + Z74  04 + Z75  c5  + Z76  c6 +Z
77  c7 

 + Z78 
8 
71:1 

r
Z81 Cl 

 + Z82  02.+ Z83  03  + Z84  c41+ Z85  c5  + 	c+Z0 
8 
0 = 

8 8 
C S + 	 86 6! 87 7 88 8 -c-ft- 

(a) 
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Nowl.adding the first two equations (corresponding to the coils in 

series in phase 1) and substituting the relationships given above 

the equation for phase 1 is derived as 

vi  A r-r + c7t, + 
M12i2 

+ 
M13i3 

+ M
14 

...(2.2.a) 

where 

M
11 

= Z
11 

+ Z
12 

+ Z
21 

+ Z
22 

M
12 

= Z
13 

+ Z
14 

+ Z
23 

+ Z
24 

N
13 

Z
15 

+ Z
16 + 225 + Z26 

II14 = Z17 
+ Z

18 
+ Z

27 
+ Z

28 

Similarly, the equations for the second stator phase and the two 

rotor phases may be derived as, 

V
2 
 = i

2  r2  + 
	pi21  i1  + M22i2 + M23i3 + M24i4 	...(2.2,b) 

 — dt — 

d r --i 
v3  = i

3
r
3 + di LN3iil 

+ MM
32
i
2 
+ 
M33i3 + M34i4J 	

...(2.2.c) 

and 
d 	. v4  = i

4
r
4 	01  J - 1 

+
42
i
2 
+ 
M43

i
3 
+ N

44
i1.] 

dt 	
...(2.2.d) 

respectively. 

The coefficients denoted by matrix [NJ are given by the sum of the 
appropriate inductances in the original matrix EZ3, corresponding 
to the coils in series and they appear in the squares shown in 

table 2.2.Por example, the sum of the inductances in the first square 

Equations (2.2) form the general electrical equations for gives 11111.  
the system considered. 

2.3 Four—Role two-2hase sliE=Eing  motor 

The coils are shown in figure 2.b. The reduction of general 

equations differs from the two pole case due to the difference in 

connection. In this case coils 1 and 3 are in series to form phase 1. 

Similarly coils 2 and 4, 5 and 7, and 6 and 8 form phases 2, 3 and 4 

respectively. Using the same notations as in the previous case the 
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following relationships may be written, 

v1 	
e
l 
+ e

3
C
1 
 = C

3 
	r

1 	
s
1 

+s3 

v2  = e2  + e4 	i2 = e2 e4 	r2 = s2 s4 

v3 	e5  + e7 	i
3 
 = 

c5 
= 
c7 	

r3 s5  + s7 
 

v4 = e6 e8 	i4 e6 = e8 	
r4  = s6  + s8  

The phase 1 equation is obtained by adding equations (2.1.a) and 

(2.1.c) and substituting the relationships given above.. This yields 

the coefficients given by 

M
11 

= Z
11 

+ Z
13 

+ Z
31 

+ Z
33 

M12 . Z12 
+ Z

14 
+ Z

32 
+ Z

34 

M
13 

= Z
15 

+ Z
17 

+ Z
35 

+ Z
37 

and 

M
14 

. Z
16 

+ Z
18 

+ Z
36 

+ Z
38 

Similarly, the other elements of matrixEMIlmay be found by sunning 

up the relevant inductances in matrix[Z]. 

Since the mutual inductances between stator and rotor phases vary 

with rotor position, the mutual inductances between coils on stator 

and rotor in matrix Lz3 have to be calculated before each sunnation 

to obtain matrix [MI 

2.4 Four-pole  three-phase slims-ring  motor 

The motor used for the experimental investigation has 36 stator 

slots and 52 rotor slots carrying three-phase single-layer windings. 

There are 48 coils in all, 18 on the stator and 30 on the rotor. The 

self and mutual inductances between the coils nay be calculated using 

the procedure given in Appendices 1 and 2, and the coefficients for the 

simultaneous differential equations of the phases are formed by 



summation of the appropriate inductances as illustrated in 

sections 2.2 and 2.3. The phase coils and the variation of mutual 

inductance between them with respect to the rotor position are 

shown in figures 2.0 and d respectively. The simultaneous differ—

ential equations are given by: 

vi = i1r1 	dt 121 1 i 1 ▪ M12i2  + M• 13i3 ▪ 111414 M15i5 M16 i] 

7.2 i2r2 dtC2111  M22i2 M• 23i3i 
	i +M 

▪ 24 4 	25 5 	26 

v3  . i3r3  4-  all• -5111 + M32i2 + M• 33i3 + 14• 3414 + 14• 3515 + M• 561g 

• f---„, 
1r4 = i4r4 + 

dt 1241-'
4 + 
1 	144212  + M• 4313 + M• 4414 4- 14• 4515 + M• 46i 

v5  = i5r5  + • F
555 M52i2 4-  1453i5 + M54i4 + Mi + M56lig Ti L 

5"i + 
 

• r- 
v6 = 16r6 + dt 2611 + 

M62i2 M63i3 + M64i4 
+i 

M65 5 + M66g 

This nay be written in matrix form as follows 

V = [13 [RJ 	d 	[1] 3  
d.t 

In the above equations v
4
, v

5 
and v6 

refer to the externally 

applied rotor voltages and are zero in the case of a short—circuited 

rotor. 

2.5 Leakage Inductances 

In calculating the self and mutual inductances, only the fluxes, 

that cross the air—gap and link both the stator and rotor coils, 

are taken into account. However, in practice the phase currents 

establish fluxes that do not link the coils in other phases in the 

machine. These fluxes take two different magnetic paths and are 

usually named according to the path taken as slot and zig—zag leak—

age fluxes. The flux that takes paths across the slot without 

crossing the air—gap is known as the slot leakage flux. The flux 

that crosses the air—gap from one side of a slot and cones to the 

other side through the air—gap and toothtops, on the opposite side 

of the gap, is known as the zig—zag leakage flux. These two fluxes 
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do not link coils other than the ones producing them. 

The leakage reactances used in the analytical methods depend on 

the particular idealisations made. For instance, whilst using the 

simple equivalent circuit shown in figure 1.1.a, the flux linkage 

due to the space harmonic fluxes are considered as leakage fluxes
1 

in addition to the actual leakage fluxes in the machine. Similarly, 

whilst using the extended equivalent circuit shown in figure 1.1.13, 

the leakage reactances used, include the harmonic fluxes that are 

not taken into account in the circuit. These leakage reactances 

are usually called differential leakage reactances. 

However, in the numerical analysis developed in this thesis, the 

value of the inductances used refer to the total flux linkages per 

ampere, rather than their components. Therefore, only the true 

leakage inductances are added to the self inductances of the coils. 

That is, the differential leakage is included in the self and mutual 

inductances calculated using the methods described in Appendices 

1 and 2. 

Calculation of slot and zig-zag leakage inductances is found in 

reference 1. The slot-leakage in the case of squirrel cage rotors 

depends on the frequency of the slot current (or more exactly on 

the magnitude and rate of change of current). A general uethod of 

calculating the impedance of a rotor bar at any frequency is given 

in Appendix 3. 
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CHAPTER  3 

THE STEP-BY-STEP PROCEDURE 

3.1 Introduction 
••••=,=••••••••••• 410.1••• 

In this chapter a step-by-step procedure for calculating the 

performance of electrical systems using numerical techniques is 

developed from fundamental principles. A simple circuit with a 

resistance in series with an inductance is first considered to 

illustrate the calculation of current with respect to time. This 

work is then extended to the case of a simple machine with two coils, 

the differential equations of the system being non-linear. The 

general solution for the case of a practical machine and the neces-

sary computer program are then described. 

3.2 Solution of a resistance and inductance series circuit 

The circuit shown in figure 3.1.a has a resistance, r, in series 

with an inductance, L. The differential equation for the circuit is 

di 
v= ir + L — dt oikos—pos4 (3a1) 

where v and i are the voltage and current at any time 't 1  as shown 

in figure 3.1.b. The solution for the variation of current with 

time on applying a voltage of any waveform may be obtained as 

follows. 

An incremental tine of T is considered at time t. Let t1 
and t

2 
be the tines, i1  and i2  the currents and vl  and v2  the voltages at 

the beginning and end of the increment. The incremental time T 

is taken to be short enough so that the voltage and current can 

be considered to vary linearly during the interval. That is, the 

average values of voltage and current are given by v and i where 

V = (V, + v2)/2 

i = (i1  + i2)/2 
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(a) A simple series circuit 

(b) Instantaneous voltage and current 

figure 3.1  

ti 

3 
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and 
	di i2 i1 

dt 

Substituting these values in (1) 

v = (i/  + i2) 2 + L 	 
r 	(i2 i1)  

T 

i.e. 
r L 	r L 

v - ( - 1.) i1  =+ 	i 2 T 2 

 

(3.2) 

 

Assuming the current to be zero at the moment of switching, that 

is i
1 
 = 0, the current at the end of the first increment nay be 

calculated using equation (3.2). This forms the initial value for 

the second increment. This procedure may be continued until steady 

state conditions are achieved. When the applied voltage is d.c. 

the calculation is continued until a constant current is reached. If 

an a.c. voltage is applied, the calculation is continued until the 

current waveform repeats in consecutive cycles of the voltage. 

3,3. Incremental tine T 

The main factors affecting the choice of the incremental time 

are firstly the waveform of the input voltage and secondly the tine 

constants of the circuits. A step input voltage and the transient 

currents following it, may be considered as an extreme case and an 

increment which gives accurate results for this case is therefore 

thought to be suitable for most other cases. In the following com-

puter study to produce evidence as to the accuracy of the method and 

the choice of the incremental tine, step and sinusoidal input voltages 

are used. The parameters which determine the time constant of the 

circuits are chosen to have values encountered in practice. For ex-

ample, two sets of series inductance and resistance are chosen so 

that the two tine constants are the maximum and minimum values 

calculated from the equivalent circuit of an inductance motor. In 

the following pages computer outputs are shown graphically in figures 

3.2, 3.3 and 3.4, and in tabular form in tables 3.1 to 3.6 with 
appropriate details. The numerical values are given since the dif-

ferences are too small to be observed on graphs. The results and 

salient points are discussed below. 
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A  from table 3 .1 
.8_ 	 

current 
amper6s 

.6 

R=16 	L=.1 H 

Transient currents due. to 
step voltages 

1 
figure 3.2 

time 1 unit=l/900 second 

.10 	20 	-30 

.4 

0 

from table '3 . 2 

current 
4 	R=.56 	L=.112 H 

amperes 
3 

2 

1 

time 1 unit= 1/900 second 

10 	20 	30 
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r o 	e 3.3 	L=16 	Ii 1 Va 

current 
amperes 

0 
10 1. 	2 

time 1 unit.1/900 sec 

Transient currents due to sinusoidal applied voltages 

values from table 	R=. 56 

current 
amperes 

4 

time 1 unit=l/900 second 

figure 3.3 

-2 
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current 
amperes 

values from table 3-6 
calculated 

30 10\ 
time 	I ,‘ 
1 unit=1/900 se col  d 

-7,41 

maximum 

R=16 	L=.1.H 

values from table 3-G R=.56 	L=.112 H - 

	calculated 
maximum 

10 
time 	I 

1 unit=l/900 second 

figure  3.4 

Steady state currents with sinusoidal applied voltages 

(29th and 30th cycles) 

current 
amperes 
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E5FECT it:TH-1VAL 	T 
- 	- 	• 	- 	• -" 	7 	- 
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0.1365 01 0.13655 01 	0.13655 01 0.1365E 01 	0.1365E 	01 
0.1497E 01 61 	01497F 01 
0.1628E 01 0.1628E 01 	0.1628E010   9.16205 bl 	0..1628E 

-
0.1759'  U.1 -(59 01- 0.1759E 	01. 
0..1841qE 	(II 0.138.9E 01 	0.18895 „--- 01 0.18895 01 . 	0.18.99E01 
_0.201.9501_ 0.2019E 01: 03 	0.2019E 	01 
0.21485 	01 0.2413E01 	0.- 2.1 -4 8E 01 -- 0-.2i48E 01 	0.?.148E 	01 
0.2276501 0._22 760 0a 0.2276E 01 	0.7276E 01 
0.24035 01 0.24035 01 	0.2403E 01 0.24035 01 	0..24035 	01 

---0:2529E 01 0.2529E 	Ot 	-0.2529E 01 0.25295 • • 0.2529E 	01 
0.26555 01 0.26555. 01. _ 	0.26555 0.2655E 01 	0.76.5E 	01 
Q.2180 0.2780F 01 	J1.2_780E 0.2780E- 01 	0.2780E 	01-- 
0.2905E 01 0.29055 01 	0. 2905E: 01 0.2905E 01 	0.2905E 01 

3029E 01_ 0.3029f; 01 	0. 30vot: 0.-3029  01 	"--'0.30295 	01 
0.3152T.: 0.31 52F 01 	0.3/52E 0.3152E 01 	0.3152501.  
-. 3",._t_1±5.- 	Q1 0:322 E 01 	IV; 3;?. -T-4F-• --0.3274E 	01, 
0.3396E .  _003965 01 	0.3396E 0.336501. 	0.33965 	01 

-'- 0 -351 7c 01 	0 	3'.- 1 712-.-(1' 7 0-351 7= 01 0.3517E
_ 

	01 
0.3638E 0/ 	0.36385 	01 0.36385 01 	0.3638501 

0.3i5TE 01 	0 0.3757E:01 
0.381,5E 01 ----0.3876E 01 	0.3676E 01. 0.3876E 01 0 	0.3876E 01 
-0.3995E 

01- 
7,0.3495E'°0100.3995F:03.-4' ---0.39°5E 01 	0.3995E 01 

0.4113E 01  0.41135 01 	0.41135 01 0.41.13E 01. 	0.41135 
0.42305 01 y  0.42305 0), 
0.43465 01 01 	0.4346E 01 00 _0..43465 01 	0.113465 	01 

0,0.z_r.462E 01 _p:f-44,2L 

0.45(YE ol 0.45775 ol 	0.45775 OY. 	0.45775 01 	0.45775 01 

Table 3.2 
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Table 3.5  

Computed value (:prom the table) 	3.985 

Analytical value(using slide-rule) 4.00 
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Table 3.6 

Computed value(from the table) 
	

4.00 
Analytical value(using slide-rule) 4.01 
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The two time constants used are approximately .00b25 sec. 

(corresponding to the short circuit condition or slip = 1), and 

.2.second (corresponding to the no load condition calculated from 

the primary resistance and magnetising reactance of a practical 

machine). As seen in table 3.1, which corresponds to a step input 

voltage, the last three values of incremental times considered 

give exactly the same numerical values of current from the beginning, 

the second value of increment gives the correct answer from the 

22nd line in the print out whilst the first value of increment 

gives the correct answer from the 28th line. In table 3.2 where 

the time constant is .2 second all the increments result in the 

same answer. The tine between lines is 1/900 second, irrespective 

of the incremental time used. 

When the input voltage is sinusoidal, the instantaneous value 

at the middle of an interval is taken as the input voltage for that 

interval. In table 3.3 and 3.4 the computer outputs for two cycles 

following the application of a 50 c/s sinusoidal voltage are shown. 

Though the phase of currents in all the cases are the same, that is, 

currents become negative or positive at the same instant, there is 

a definite difference in the instantaneous values produced by differ—

ent incremental times. However, it will be observed from the table 

that the method produces substantially the sane answer if the number 

of increments in a cycle exceeds 36, with a further increase depend—

ing on the time constant and the required accuracy. 

For a steady state solution which can be easily checked'analyt—

ically, the currents during the 29th and 30th cycles are printed 

out in tables 3.5 and 3.6. ,The difference in the maximum and 

minimum values as the increment is decreased may be noted. The 

analytical and computed values of the maximum currents are also 

given in the tables. It may be concluded that using this method, 

the transient values for the simple circuit used may be calculated 

using a digital computer to a required accuracy, by choosing an ap—

propriate incremental tine from the parameters of the circuit and 

the results may be checked by repeating the calculations with a 

smaller increment. Having shown the accuracy of the procedure for 

simple circuits, coupled circuits are next considered. 
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3.4 Inductance varying with tine 

In this section the case of the coefficients varying with time 

is considered. A simple machine with one coil on its stator and 

a second coil on its rotor, as shown in figure 3.5.a is suitable 

for this exercise since as the rotor revolves the coupling between 

the two coils varies. An equivalent circuit of the system is given 

in figure 3.5.b. If it is further assumed that the air gap is non—

uniform then the self inductances also vary with rotor position. 

The variation of self and mutual inductances with time nay be 

calculated using the procedure given in Appendix 2. 

Suppose M
11 and M22 denote the total inductances 

r1 , r2 the resistances 

i1' i2 the instantaneous currents 

v1 , v2  the instantaneous voltages of the stator and 

rotor coils, 

	

and 	t
1 
and t

2 the tines at the beginning and end of the 

incremental time considered, then using single and double dashes 

to represent the variables at tine t1  and t2  respectively, the 

general equations for the system may be written as, 

it + i" 	Mtt itt - MI it 	M" i" 	M1  It 1 	1 

2 	

11 1 	11 1 	12 2 	12 2 

	

v
1 
= 	 rl + 	 

it + i" 	M" i" 	it 	1411 	_ Mt it 
2 	2 	21 1 	21 1 	22 2 	22 2 

	

v2 = 	
r
2 + 	 

2 

Transferring the single dashed quantities to the left hand side, 

the two simultaneous equations nay be rewritten as, 

r 	Mt 	Mt 	ri 	M" 1 	11 	.1 	12 .1 	11  ) i" + M72 	(3.3) 

	

1, 	( 

	

vl ( )11 	T 	T 	1 2 T 

r
2 

Mt 	
Mn r M" 22 	2 22 v2  + 	

‘2 
— 	1  

T I  2 — 
21 	+ (2  + T  ) i2  (3.4) 



A 	 
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figure 3.5  
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a. A simle t--:o coil machine 

b. A dyn -zlic eoll.iv,:_le-at circuit' 

4.1 
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The voltages applied to the stator and rotor coils will be known. 

If the rotor is short circuited v2 is zero. The procedure to solve 

for the successive steps of current from the moment of switching 

until steady state conditions are reached, is as follows: assuming 

the rotor to be revolving at a known speed, the positions of rotor 

and hence the inductances at the beginning and end of an incremental 

time T just after switching nay be calculated. Assuming the cur- 

rents to be zero at the moment of switching 	and i; are the only 

unknowns in equations 3.3 and 3.4 therefore the currents may be 
calculated by solving the simultaneous equations. The currents at 

the end of the first increment form the initial values of currents 

for the second increment, thus the currents nay be calculated in 

successive steps. The process is repeated until steady state con-

ditions are achieved. 

In the above solution the movement of rotor is considered to be 

independent of the electrical system. That is, the mechanical 

force due to the currents in the machine has been neglected. How-

ever if the full transient performance of the machine is to be 

calculated then the electromagnetic conditions oust be used to 

calculate the torque and therefore acceleration and speed at the end 

of an increment. 

Solution of a general  machine =bleu 

3.5 Equations  for the electrical system 

Considering a machine having p coils on its stator and q coils 

on its rotor, the self and mutual inductances between the coils at 

a particular rotor position nay be written in matrix form as follows:- 

M' 	M
1, 	M1p 	, 

p+
1 	 1;1, 1, p+q 

M
p,1 	 

	

PtI) 	PIP+1 	 p,p+q 

M104_1,2 	 MI*1,p p+1, ptl A 	 p+1, p+q 

Mp+q,1 
	Mp+q,p 	M

p+q, p+1 	.....p+q, p+q 
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If the machine has a uniform air gap, the self and mutual in-

ductances between the stator coils shown in the second quadrant are 

constants. Similarly the self and mutual inductances between the 

rotor coils given in the fourth quadrant are also constants. But 

the mutual inductances between the stator and the rotor coils, given 

in the first and third quadrants are functions of rotor position, and 

may be calculated using the procedure described in Appendix 1. If 

the air gap is non-uniform, with slotted iron surfaces on both the 

stator and rotor, all the inductances are functions of the position 

of rotor and may be calculated at any given position using the 

method described in Appendix 2. 

Assuming the input voltages and currents to be independent, that 

is each coil is electrically independent and no internal connections 

exist in the machine itself, the differential equations for the 

electrical system may be written in matrix form as follows 

[11.] =L._IJ[4]  + d
dt 	

[1.33 	 (3.6) 

with the equation for a typical Sth circuit given by 

Vs = is  rs +
d 
 FLIMsi 	+ ...+ Ms p+qp+qj dt 

where -  , 	, [1g and R are the matrices denoting the ap-
plied voltages, currents, inductances and resistances of the 

circuits respectively. 

3.6 Solution of currents at constant speed 

In equation 3.6 the elements of the voltage matrix V will be 

known numerically with respect to time. For example, in a slip 

ring induction motor with p coils on its stator and q coils on its 

rotor the first rp' elements of matrix V are the stator input 

voltages and if the rotor is short circuited or completed through 

external impedances, then the last 'q' elements of matrix V 

are taken to be zero. However, if the rotor coils are also fed 

with external voltages, the last te elements of matrix V are 

given by the rotor input voltages. If the rotor position at time 

t1  = 0 is el  and the speed of the rotor is constant and u1  
then 82, the position of the rotor at time t2  = T is given by 
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e2 = e 1  + u T 

From the two rotor positions, the values of the inductances at 
i 

times t
1 
 and t

2 may be calculated as 	• and [k 	respectively. 

Again using single and double dashes for the voltages and currents 

at the beginning and the end of the increment considered, the matrix 

equation (3.6) nay be rewritten as 

 

+ [y] r 	= EIJ + DJ  r  ER3 ,D13" [11'  -[MJI CIJi 
2 

    

which yields 

2 

  

013 " 	Dr3' _ Li) r ER3 + Cm)! [13 r . CIJ " DJ +  Eilin C.;. 
2 
	

2 	T 	2 

(3.'7) 

In the above equation [ID r  , the currents at the beginning of the 
increment will be given by the initial conditions for the first in—

crement. For the subsequent increments, [IJ r are the currents at 
the end of the previous increment. Therefore, the currents denoted 

by C17 " are the only unknowns in equation (3.7) and may be cal—
culated by solving the set of simultaneous equations represented by 

equation (3.7) in matrix form. 

In order to calculate the currents at time t
3 

= 2T , the position 

of rotor at time t3, hence the inductances must first be calculated. 

The initial currents for the second increment are the currents at 

time T calculated previously, therefore, the currents at the end of 

the second increment may be calculated by solving the new set of 

equations. The calculation of the inductances and currents may be 

continued until steady state conditions are reached, that is, until 

repeatable waveforms of currents are obtained. The electrical torque 

developed during a particular increment may be calculated from the 

currents, inductances and the rotor positions at the beginning and 

end of the increment using one of the methods given in Appendix 4. 

3,7 Electromechanical transient solution 

In solving for the currents, a knowledge of the rotor position at 



the end end of the increment considered is essential so that it is pos-

sible to calculate[M7" in equation (3.7), thus forming a set of 

linear equations in Di". This requires the speed to be a known 

function of time. In practice the speed depends on the electrical 

and load torques. and the moment of inertia of the rotating parts, 

and therefore it can not be evaluated without knowing the electrical 

torque developed. On the other hand the electrical torque can not 

be calculated prior to the calculation of the currents. These con-

flicting requirements make it necessary to treat the speed or rotor 

position as a variable in the system equations. 

In Appendix 4 it is shown that the electrical torque, T, 

developed by a machine having p + q coils is given by 

m=p 	n=p+q 	d M
mn. T

e 
= 	. • 

--"" 	 
1
m
1
n m=1 	n=p+1 	d e 

 

. (3.8) 

 

An additional equation may be written equating the electrical and 

mechanical torques as follows, 

du 
T
b 
+ J dt 	

= T
e 

 

(3.9) 

 

where T
b 
is the braking torque, J is the moment of inertia of the 

rotating parts and u is the speed. The electrical equations may 
10 

be written in a new form (also done by Tipping) as shown below for 

a nth coil, 

 

n= p+5 

n=1 

 

vm = i r'1 + m m — dt Miui 

   

  

di 
NT 	n•

nn d M d 8 --  
+ n 	 mn 

dt 	d 8 	dt 

	 (3.10) 

=r + m m 
n=p+q 

n=1 

 

where d 0 is the speed of the rotor. 
dt 

The above equations are non-linear since they contain terms given 

by the products of variables, and cannot therefore be solved 

analytically or numerically without further simplifications. The 

various assumptions made to solve the equations simultaneously for 



T 
2 

+ u ) 
2 02 = 01 + (3.12) 
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currents and speed using either an analytical method or a numerical 

technique have been indicated in the introduction, for the case of 

balanced sinusoidal applied voltages. 

The Runge Kutta method may be used to solve for the currents 

and speed numerically if and only if a set of linear differential 

equations, at least linear within a particular incremental tine con—

sidered, can be formed. But, in the present case, this is not pos—

sible unless the term 
d M

nn which is the derivative of the mutual 
6 inductance between the d 
 mth and nth colas, and the tern 

d 6
which 

is the rotor speed are assumed during a particular step. dt  

The technique adopted to take speed variations into account in 

the analysis developed here, uses an iterative process within the 
incremental time considered and no further simplifications in the 

operating conditions are necessary. The method is described below. 

Supposing at time t1  the speed, electrical torque, the position 

of the rotor and the currents are given by u 1 , To, 61  and CC', 

then the electrical torque To  is assumed to act during the incremental 

time considered. The speed of the rotor at tine t
2 is then given by 

T 	T
b u

2 
. u1  + (  e  T 

 

(3.11) 

  

J 

From 0
1 
 and u2, the position of the rotor at tine t

2 
may be cal—

culated using the equation 

Now, the inductances at times t
1 
and t

2 
and hence the currents 

at time t
2 may be determined. From the currents at times t1 

and t
2 

and the movement of the rotor from e 1  to 8 2' To' the average 
electrical torque developed during the interval can be found. If 

this value differs from T
e

p which was initially assumed to be 

acting during the increment, then the procedure is repeated as 

follows. 

T' is assumed to be the torque acting during the increment and 

the rotor position and currents at the end of the increment are 
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recalculated. If T", the new value of torque calculated, is within 

a preset limit of say 0.1% to the assumed torque T;, the next increment 

is considered and the calculations are continued. 

The iterative process within the interval does not automatically 

converge. For example if the moment of inertia is very mall con—

ditions can be found where the values of torques calculated in the 

process oscillate. However, in the range of inertias found in normal 

practice no trouble has been experienced. 

Though the general equations of the system are not solved simul—

taneously for the electrical and mechanical variables, repetition 

within an incremental tine results in a unique value of torque 

ultiriately satisfying the electrical and mechanical conditions. The 

calculation of the currents torque and speed may be continued until 

electromechanical steady state conditions are reached, that is until 

repeatable waveforms of currents and speed are obtained. 

3.8 Computer Program  for the stez:by:steE_Emcedure 

The flow diagram of the progrnn is shown in figure 3.6. A de—

tailed description of each part of the program is given in this 

section, 

3.8.1 Data and initial calculations  

The data for the progrrn consists of the input voltage, dimensions 

of the machine and winding details, leakage inductances of the 

phases, initial conditions and control numbers. 

The input voltages with respect to time will be known numerically 

or as functions. One cycle of the supply is divided into N1  incre—

ments and the instantaneous voltages during the increments are tab—

ulated and stored. 

From the dimensions of the machine that is, the diameter and 

length of the stator, the air—gap and the winding details, the self 

and mutual inductances between the stator phases and those between 

the rotor phases that is, the constant elements of the matrix are 
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FLOW CHART FOR PERFORMANCE CALCULATION 

Machine details, voltages, 
operating conditions, control 
numbers 

self and mutual inductances 
calculated 

data 

initial conditions read 

mutual inductances for the 
given rotor position 

computed 

currents — by matrix 
inversion 

1 
torque caleulations 

'11( 
speed and rotor position 

determined 

desired quantities stored 

4E-logic to end program 

printing 

required 

quantities  

Point on the voltage wave at the 
moment of switching, speed, 
currents and rotor position 

Calculation of mutual inductances 
from the stored values using 
linear approximations 

Either B IA or Energy method 
used (Energy method convenient 
to use ) 

Check for currents,.speed and 
number of cycles computed 

Figure 3.6 
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calculated using the procedure given in Appendices 1 and 2. In the 

case of a symmetrical machine, the mutual inductances between one of 

the phases on the rotor and all the stator phases namely M1, p+1' 

2, p+1' ego, 
M
pg p+1 are calculated by summing up the appropriate 

coil inductances calculated at a suitable number of rotor positions. 

These values are stored in the computer and the inductances at any 

rotor position may then be found by linear interpolation. 

The rest of the mutual inductances between the stator and the 

rotor may be determined by symmetry. However, if the machine is 

not symmetrical, all the inductances have to be either stored or 

calculated at a required rotor position during the performance 

calculations. 

The leakage inductances of stator and rotor phases are given as 

functions of the phase currents or graphically. Their values cor—

responding to a number of values of phase currents are stored. 

During computation the rms value of the phase current at the end of 

each voltage cycle is calculated and the corresponding inductance 

found out by linear approximation. This value is used in the 

following cycle. 

The initial conditions to be given are (1) the instant of ap—

plication of the supply which may be taken from the oscillograns in 

an experimental case or assumed while making a theoretical study of 

the phenomenon. (2) the initial currents, for example, if the 

machine is reconnected after a disconnection from the supply, the 

rotor currents may still be present or it nay be desired to feed 

particular initial conditions namely the currents, speed, rotor 

position and torque, corresponding to a steady state in order to 

study the effect of load changes etc. In which tiase the program 

need not go through the calculation of transients to attalu the 

required steady state. (3) the speed and the rotor position at 

the moment of switching must always be given. 

Control numbers are used to direct the flow of logical operations 

at various points of the program as desired in a particular case, 

for example what results are to be printed, and under what con—

ditions the program nay be terminated and so on. 
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3.8.2 Performance calculation 
IWII.00AW.MMMOWIOMOOPVPOIWWOW.WOINMO,N=WIOW..WMIOARIONII.Ub...... 

This part may be considered as the heart of the program and it 

consists of operations executed at every incremental step and 

operations carried out at the end of every cycle that is, after 

every Ni  increments. The various computations are described below 

as they occur in the program. 

a) An integer N whose initial value is always given in the data, is 

varied during the calculations from its initial value to N1  in 

steps of unity, after which, it is re-set to unity again in the 

next step and the cycle is repeated. This process may be said 

to be a clock as far as the program is concerned with N1  units 

per cycle. At any incremental step the input voltages are chosen 

from the column corresponding to the value of N, in the voltage 

matrix stored. 

b) From the position and speed of the rotor and the torque acting 

on it at the beginning of an increment, the position at the end 

of the increment is calculated and all the mutual inductances are 

determined. 

c) Referring to equation (3.7) the right hand side is reduced to 

DO a]2 by adding the row matrix DJ and the square matrix 
CM32  to form the new matrix [B] using the following relation-
ship to obtain the diagonal elements, 

r
s ss B 	+ — ss T 	2 

 

(3,13) 

 

whore ts' varies from 1 to p + q. The other elements of matrix 

are obtained directly from the matrix[10. The left hand side 

of equation (3.7) may be written as 

- 	J1 D.31- Do 1 ci_31 = 	- 2 

 

(3.14) 

 

2 

    

andl:H:(
2 can be calculated numerically from the initial conditions 

for the first increment.. ,Equation (3.7) has now been reduced to 

the form 

or 
	EBJ 5=72 = C:R.:3 2  
CI32 = Lk] 	DO 2    (3.15) 
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where DC) —1  is the inverse of matrix Lo 	Inversion of matrix 

B is carried out using a standard subroutine, and the currents 

are computed by multiplying the inverse and matrix [H] 2. The 

electrical torque developed, and the speed and rotor position after 

an increment are determined. From the rotor position the induct—

ances are calculated as indicated earlier. The various stages in 

the calculation are as follows. 

From the currents CI]1'  torque, Te, and the rotor position, 
0 

1,at the beginning of the increment, 02, the rotor position 

at the end of the increment and hence currents LI) 2  and torque 

T' are calculated. This new value of torque is used to recalculate 

the rotor position e2 and therefore the currents [13 
2  and torque 

. This process is repeated until the torques calculated in 

the consecutive iterations (within the incremental tine considered) 

are equal or until the difference between their values is negligible. 

This completes the calculations for one increment. In order to go 

to the next increment integer N is increased by unity. The matrix 

EID 2  is transferred to matrixDOand the new values of Da 
1 	 2 

are formed using the relation 

[113 2 	EvJ 	- [IJ ER] +   (3.16) 

instead of using equation (3.14) which is used only for the first 

incremental step in the program. The two expressions for CE02  
given in equations (3.14) and (3.16) are shown to be equivalent in 

Appendix 5 and the use of equation (3.16) reduces the number of 
arithmetical operations. 

The currents and hence the electrical torque and so on are cal—

culated once again by the iterative technique. The whole incremental 

process is continued to the end of the cycle, that is until N is 

equal to N1, after which it is set at unity for the next cycle. One 

cycle of the supply corresponds to N varying from 1 to Ni  and the 

necessary currents, torqueopeed and rotor position at every value 

of N are stored, to be printed at the end of each cycle as speci—

fied by a control statement. 

The rms values of the stator currents, total input power during 

the cycle and the average torque are calculated before proceeding 

to the next cycle and printed out. While computing steady state 
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performance, one of the stator currents at the end of the cycle 

is stored to be compared with that at the end of the next cycle. 

If the difference is less than a specified value set by a control 

number then, the steady state is said to have been achieved and 

the computation is terminated. 

If it is desired to continue the computation at a later date 

for the same input voltages, from a certain conCition calculated 

now, the existing conditions - currents, rotor speed and position, 

the value of the matrix [H7 andthe instantaneous torque, nay be 

printed out. Hence the program may be continued at a later date 

from this state instead of calculating from the beginning, thus 

reducing the computing tine required, 

3.9 Various computations carried out using the program 

The computations.correspond to the experiments carried.out and 

'the necessary modifications to the program to suit the operating 

.conditions being computed ate given below 

.Switchina transients 

Switching on the supply at a particular instant and. calculating. 

the currents, torque etc. for a few cycles following switching is 

achieved by giving the corresponding value for !Nt  that is the 

number of the increment at which the supply is switched on. The 

.program computes the transients and continues until steady state is 

reached.' In transient studies computation is carried out for the 

required number of cycles using a control number. From the program 

the points at which the transient torque is minimum and maximum may 

be predicted. 

12214.21a12222.1211222121a22211'ed  speed  

Referring to the speed torque characteristic shown in figure 

3.7 it will be observed that the induction motor is not stable in 
'region A. If it is required to run the motor at any speed in this 

regionad.c. machine is coupled, the speed torque characteristic of 

the d,c. machine being a straight line as shown by curve b. The slope 
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unstable 
	 region A. 
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figure 3.7  a-speed-torque characteristic of an indUction motor 
153-speed-torque characteristic of a doe machine 

for particular values of armature voltage and 

field current 
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and the point of intersection with 'XT  axis are fixed by the armature 

voltage and the field excitation respectively. The system runs at a 

speed where the two characteristics meet. Therefore, by varying the 

field excitation and the voltage applied to the armature, the system 

may be fixed to run at any speed. 

The computer program follows the physical laws of the induction 

motor and therefore is not able to compute steady state performance at 

a speed in the region A mentioned above. This fact has been verified 

using the program written. If the load is increased so that the 

operating point lies in region A of the speed torque characteristics, 

the machine decelerates to zero speed. Therefore the program is 

modified to behave as the induction motor—d.c. machine system as follows: 

Supposing it is required to compute the performance at a speed, 

Nc, then the d.c. machine characteristic is supplied to the program 

as the slope, P, in figure 3:7. If the electrical torque developed 

by the induction motor is Te  and the torque developed by the d.c. 

machine is Td, then the accelerating torque is given by 

Te — Td 

If the initial speed at the moment of switching is given as Nc, the 

program follows the transient performance from this condition with 

the speed varying above and below Nc, in a damped oscillatory manner 

until the desired steady state performance at Nc  is calculated. 
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CHAPTER 4 

AN INDIRECT  PROOF OF THE NUMERICAL TECHNIQUE 

4.1. Comparison of the numerical techniaue with an exact 

analytical method 

In chapter 3 the solution of simple circuits using the numerical 

technique was compared with values obtained using anlaytical methods. 

In this chapter an ideal machine is considered for such a comparison. 

The machine has three stator phases and three rotor phases and the 

mutual inductances between the stator and rotor phases vary sinusoidally 

with respect to the rotor position. If the stator phases are supplied 

with balanced sinusoidal voltages, the steady state solution at any 

speed may be obtained on a single phase basis using the exact 

equivalent circuit in figure 1.1.a•The parameters of the machine 

considered are listed below. 

The self inductances of the stator and rotor phases = .598 henry 

The mutual inductances 

between the stator phases = .299 henry 

between the rotor phases =.299 henry 

between a stator and a rotor phase 

(maximum value) = .598 henry. 

Resistances 

= 2.55 ohms a stator phase 

a rotor phase = 2.72 ohms 

Leakage reactances at  50 c/s 

= 12.2 ohms a stator phase 

a rotor phase = 6.6 ohms 

The inertia of rotating parts = .25 115112  

The magnetising reactance used in an equivalent circuit is 1.5 times 

the self inductance of a stator phase multiplied by a constant, 2 n f, 

where f is the supply frequency. 
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Prom these parameters the currents and torques at five different 

speeds are calculated using a simple equivalent circuit. These are 

shown in the fourth column in the table. 

Increments 	Values from the 	Speed in 
per cycle 	36 	72 	equivalent 	radians 
at 50 c/s 	circuit 	per second 

	

Stator phase 5.20 	5.18 	5.18 	0 

current 	5.10 	5.09 	5.11 	79.84 
amperes 	4.92 	4.92 	4.93 	160.9 

	

3.77 	3.77 	3.77 	261.6 

	

2.22 	2.22 	2.227 	291.9 

	

.487 	.485 	.48 

Torque lb ft 	.628 	.632 	.63 	79.84 

	

.900 	.903 	.9 	160.9 

	

1.530 1.54 1.506 	261.6 

	

1.240 1.24 1.204 	291.9 

Computation 
time in 
minutes . 3.8 	7.2 

The numerical technique is used to compute the performance at 

the five speeds. The procedure adopted for computation has been 

described in chapter 3. As pointed out earlier, the shortness of 

the incremental time used is a major factor as far as the accuracy 

of the results is concerned, Two incremental times are used in com—

puting the performance and it may be observed from the table that the 

computed values are closer to the analytical values as the incremental 

time is decreased. The computing time for each sot is shown in the 

last row. 

Though the comparison of results, obtained using the numerical and 

analytical methods, is made considering the steady state performance 

of an induction motor, the numerical technique is not limited to this 

case. It can also be used to calculate the transient performance of 

machines with sinusoidal or non—sinusoidal applied voltages. 
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4.2.1. Verification of the numerical technique by calculating known 

physical phenomena in machines  

Two types of machine windings are considered for this exercise, an 

ideal machine used in section 4.1 and a machine having a practical 

winding which produces a third harmonic field in addition to the 

fundamental. 

4.2.2. The case of an ideal machine 

If an ideal machine is fed with 3 phase balanced sinusoidal 
voltages, the instantaneous torque developed at steady state is 

constant except at lower speeds as given in tables 4.1 to 4.4. (It 

takes a longer time to attain steady state at lower speeds. In 

practice, the damping effect of currents in the laminations hasten 

the process and steady state is attained earlier than the predicted 

period.) In the case of ideal machines, the constant nature of the 

instantaneous torque can be derived mathematically. Thus the 

numerical technique can be used to predict the physical phenomena in 

machines. 

If the ideal machine is supplied with a zero sequence voltage 

ineddition to the balanced voltages, the steady state performance 

is expected to be unaltered; zero sequence currents do not produce 

any flux in the air gap if the windings are distributed sinusoidally. 

This is found to be the case as shown in tables 4.5 to 4.8. It will 

be observed that the rms value of the phase currents is different 

because of the zero sequence current butthe instantaneous torques 

are exactly the same as those shown in tables 4.1 to 4.4, where 

3 phase balanced voltages are applied to the machine. Once again 
the physical phenomena is predicted accurately by the numerical 

technique. 

4.2:3. A...machine having both third harmonic.and fundamental winding 
TT' 

distributions. 

Practical machine windings produce various harmonic fields in the 

air gap in addition to the fundamental. In this section the known 
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effects due to the presence of third harmonic field are calculated 

using the numerical technique. Again two cases, one, where three 

phase balanced sinusoidal voltages are applied and another, where 

a zero sequence voltage is applied in addition to the balanced 

sinusoidal voltages, are considered. 

It has been stated in the previous section that zero sequence 

currents flowing in a balanced winding do not produce any magnetic 

field in the air gap. The converse of this statement, namely, 

balanced three phase currents, flowing in a winding which is capable 

of producing a triple: harmonic field (if supplied with unbalanced 

currents), do not produce any magnetic field in the air gap, is con-

sidered to verify the results calculated using the numerical 

technique. It is expected that under steady state conditions the 

results would be identical with those obtained in the second case 

(ideal machine with zero sequence applied voltage) in section 4.2.2. 

This proved to be the case as shown in tables 4.,*to 4.12. It must 

be pointed out that a true steady state is not obtained in practice 

and therefore any unbalance in the stator currents results in the 

formation of third harmonic field. Thy::; instantaneous torque developed 

can not be constant in this case as also shown in table 4.12. 

With a zero sequence voltage applied to the machine in addition 

to the balanced sinusoidal voltages, the instantaneous torque will 

not be constant and the speed torque characteristic will have a dip 

at 	the synchronous speed. The former is demonstrated by the 

computed results shown in tables 4,13 to 4.16. Thus various known 

physical phenomena have been predicted accurately by using the 

numerical technique. 

4.3. The effect of changing the frequency of the supply 

An ideal machine supplied with stepped-square-wave voltages is 

considered for this exercise'. The frequency is varied from 5 c/s 

to 50 c/s and the speed-torque characteristic is computed in each 

case for five slip speeds from .1 to .9 in steps of 0.2 The results 

are shown in table 4,17 and 	The voltages are varied in 

direct proportion to the frequency. 
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0.526 5.150 31.467 

1-, 	.7 - 
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.66=>__ - 
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rms -rms value of one of the phase currents 

-Speed in radians per second 

t 	-instantaneous torque 
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T
q  Inns  ST  

0.883 4.936  15-/.168 

0.833 4.936 15-1.160 

0.833 4.936 15-'1.168 Table  4.11  	 
- 	 

0.883 4.936 157.163 
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2  ------ 
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t- instantp,neous torque 

- 

------ ----- 
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Sr-Speed in radians per second 
t-instantaneous torque 
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-2-. tort 	I a  
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T431,4 4,47 

Table showing the performance of an ideal machine supplied 

with inverter voltage which is kept proportional to frequency 

Torques at various slip-speeds 

Frequency slip 
c/s 

.9 	.7 .5 .3 .1 

5 .606 	.598 .554 .444 .203 

20 .957 	1.106 1.256 1.303 .775 

35 .707 	.885 1.121 1.428 1.214 
50 .535 	.688 .911 1.292 1.491 

Currents at various slip-speeds 

Frequency 	slips 
c/s .9 	.7 .5 .3 .1 

5 1.756 	1.545 1.275 .925 .515 

20 4.374 	4.131 3.721 2.243 1.36 

35 5.014 	4.886 4.645 4.062 2.186 

50 5.220 	5.146 5.003 4.616 2.876 

0+ 
Results show that (in a nachine with practical values4leakage 

and resistive parameters) varying the applied voltage proportional 

to the frequency does not produce a constant starting torque at 

various speeds, desired in a traction drive. (This is due to the 

variation of leakage reactances with frequency while the 

resistances remain constant). 
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CHAPTER 5 

TRANSIENT AND STEADY STATE ANALYSIS OF SQUIRREL CAGE MACHINES USING 

NON—SINUSOIDAL WINDINGS AND INPUT VOLTAGES 

5.1. Representation of squirrel cage rotors in conventional analysis 

In conventional analysis squirrel cage and sheet rotors are represented 

by their equivalent resistances and inductances. The calculation of 

these values is based on the presence of sinusoidally distributed 

rotating fields and constant rotor speed. The space harmonic fields 

produced by practical stator windings are included in the analysis by 

superposition that is, the rotor reaction for each rotating field is 

calculated independently. This is necessary since there are no independent 

electrical circuits on the rotor. The above representation is valid 

only under steady state conditions assuming infinite rotor inertia as 

discussed earlier in section 1,3.1. 

For transient performance calculations, the concept of rotating 

fields has been used by Slater9. The rotor is replaced by a two phase 

sinusoidally distributed winding having equivalent resistances and 

leakage inductances which vary with the speed of the rotor.' A 

mechanical equation for the rotor movement is written and the electrical 

and mechanical equations are solved using the Runge Kutta method, Further 

assumptions are necessary in order to use this technique of numerical 

analysis although these are not stated clearly in the paper8. These 

necessary assumptions as mentioned•in section 3,7.are.that the speed-of 

rotor is constant during an incremental time and changes abruptly to a 

new value during the subsequent increment. Then it is possible to 

calculate the rotor position at the end of the increment considered. 

Lyon8 has used similar techniques in taking the movement of rotor into 

account. 

In representing the rotor in terms of phase quantities, the space 

harmonics due to stator and rotor currents in a practical machine are 

neglected, and in evaluating the parameters, steady state conditions 

are assumed. This is thought to be incorrect since the object of the 

analysis is to calculate the transient performance. 
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5.2. Rigorous analysis of squirrel cage machines 

5.2.1. .Exact reEresentation of squirrel cage rotors 

The complete performance of squirrel cage machines may be calculated 

using the method described in this chapter. The principles used are 

similar to those used in the case of slip ring induction motors. 

However, the formation of the differential equations is much more 

involved because unlike the wound rotors there are no independent 

electrical circuits on the rotor. The procedure is described in the 

order in which it was developed. 

5.2.2. Formation of the differential equations ------------------------------ 

The formation of a set of differential equations which may be 

solved for the unknown currents is illustrated by considering the 

simple machine shown in figure 5.1. In this machine there are three 

coils on the stator and four rotor bars connected by end rings. 

If the mesh, formed by adjacent bars and the end ring sections, 

joining them, is considered as an independent circuit, there are as 

many circuits as the number of rotor bars. Assuming 

to be the stator phase currents 

rotor loop currents 

rotor bar currents 

voltage matrix denoting the instantaneous 

voltages externally applied to the coils 

current matrix representing i1 
to i

7 
self and mutual inductances between stator 

phases and rotor loops 

coefficients of the final set of differential 

equations 

resistance of each of the stator phases 

rotor bar resistances 

the resistance of the end ring sections 

between adjacent bars, 

the relationships between loop and bar currents are given by 
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Rotor electrical circuit  

table 5.1 Loop currents 

Dar currents are •iven by 2 —2 — 
ii: j5 

 1 
6 il 

2 5 3 0 
- 	1 - 4 2 -1 
3 6 4 1 

-.5 2.5 .5 -2.5 correct set 
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04 14 — 17 (1),  05 	i5 14 
06 i6 — 15 	 (3), c7  — i7  i6 	 

(y) 
(4), ...(5,1) 

Thert.using the machine inductances and these currents, the 

simultaneous differential equations for the system may be written 

in matrix form as 

v] = Eresistive drop + (23 [I]) 	...(5.2) 
dt 

The. expanded form is given in table 5.2. The bar currents in 

equations (5.2.4) to (5.2.7) are written in terms of the loop 

currents using equations (5.1). There are now seven equations with 

seven unknown currents. These equations do not produce a unique 

solution for the following reasons. 

In equation (5.1) the loop currents i4  to 17  can not be 

determined from the bar currents c
4 

to c
7
; one of the loop currents 

or a relationship between them is necessary to solve for the loop 

currents when the bar currents are given. Otherwise there are an 

infinite number of sets of loop currents satisfying equations (5.1) 

as illustrated numerically in table 5.1, Only one, set of currents 

can be correct since there is a definite set of currents in the 

machine. The required relationship is that the sun of the loop 

currents i
4 

to i
7 

is zero, that is 

i4 + i5 + i6 + i7 = 0 
	...(5.3) 

The loop currents are the actual currents through the end rings and 

therefore, if there is no axial flux, there can be no net circulating 

current in the end rings. Therefore, the sum of the currents pass-

ing through the sections must add up to zero. Moreover, since there 

is no net induced e.m.f. in the circuit formed by an end ring, the 

sum of voltage drops in the sections is also zero. 

The loop currents can now be calculated from the.bar cunrents 

using any throe of the equations (5.1) and equation (5.3). ';he 

analytical solution for the loop currents is shown below. 

Adding equations (5.1..1.) and (5.1.3) yields 



TABLE 5.2 

v1 + 	(211 i
1 +Z 1 	 213+ i7) 	1 =

1  r 	""" li 1 	12 2 	3 
+Z 

 14  i  4  +Z i 15 5 + 216  i 6  +2  17   
dt 

V2 = 	i2 r1 
d + 	(Z21  i1 + Z22 i2 + Z23 i3  + Z24 i4  + Z25 i5 +226  i6 + Z27 i7) 
dt 

• • • a 

v3 	. 	13  ri 
	d (z31 	

33 1
3  + 234 

i4  + Z35 i5  + 236  16  + 237  i7) 
	

• • • 3 
dt 

4 

•••• 5 

0, 4•41. 6 

••• • 7 

Expanded_form of suction 5.2 
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i5 - i7 c
4 
+ c

5 
Or 	i7 	i5 + c4 

+ c
5 

Substituting this value of i
7 

in equation (5.3) yields 

i
4 
+ i

5 
+ i

G 
+ i

5 
- c

4 
c
5 

0 

Substituting for 14 from equation (5.1.2) gives 

3i5 + i6 - 2c5 - 0 . 0 

or 	3i5 + i6 . 2c5 + 4 

Subtracting equation (5,1.3) from this yields 

i5 = (c4 205 - 06) / 4 

Using equation (5.1.2) the value of i
4 

is obtained as 

= (04 
	

2c5 
	

c
6) / 4 

and from equation (5.1.3), i
6 

is given by 

i6 = (c4 + 2c5 + 3c6) / 4 

then 

i4 - i5 - i6 from equation (5.3) 

The numerical example taken is solved using the above relationships and 

this gives the correct set of currents in table 5.1, the other sets 

differ from these values by a constant. Thus the expressions given 

by equation (5.1) are satisfied by an infinite number of sets while 

the constraint in equation (5.3) chooses the real set of currents in 

the machine from these. The first set in the table 5.1, for example, 

may be obtained by adding g,.5 (which is equivalent to a circulating 

current in the ring) to each current. 

5.2,3 A set of differential equations for which a solution exists 
••••••amarroromeno...w.m•••••• ••••••••••••••••••••••••1 	 ~..rrr..ww.r..ti 

The first six equations given in table 5.2 are considered, the 



terms denoting resistive drops are written in terms of loop currents, 

and the current i
7 

is eliminated using equation (5.3),.,  that is, 

substituting 

i
7 	

i
4 

— i
5 

— i
6 

The operations on the terms denoting resistive drops are illustrated 

by considering equation (5.2.4). The resistive drop term may be 

written as, 

04 
r
4 — c5 5 

r + i
4 
r
2 

substituting for c
4 

and c
5 
from equations (5.1.1) and (5.1.2), the 

resistive drop term is given by 

(r+r+r)i—ri 5 —r4  i7  5 	2 	4 	5 5 4 7 

Substituting for i results in the expression 
7 

(2r4  + r5  + r2) 14  — (r5  r4) i5  + r4  i6  

The six equations, with silt unknowns, may be written in matrix form as 

CvJ= Cresistive drop + 	(i[Mj 1:1]) 
	

(5.4 
dt 

where the elements of matrix rMlare formed by summing up the 

appropriate inductances. Equation (5.4) is the general electrical 

differential equation of the system and the performance of the machine 

may now be calculated using the numerical technique described in 

sections 3,G. and 3.7. 

5.2.4 An examEle showing the need for reducing the number of ----___  

rotor equations  

The necessity for reducing the number of rotor equations to one 

less than the number of rotor bars becomes obvious as the number of 

bars is reduced to two, that is, there is just one coil on the rotor. 



Y11 
i
1 
 + Y

12  i2 
 + Y.3i31 

o= c r - c r + 22  
' dt Y21i1 Y22i2 Y23i3 

d 
o = c3r2  - c2r2  + 

dt 

+ 
Y32i2 

+ Y
33
i
3 

e 	i1  r1  + d  
dt 
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In forming the rotor differential equations in this case the rotor 

circuit may be considered either as two loops or as one coil. It 

is shown below that taking loops and equating the loop currents to 

zero, is equivalent to considering the two bars as one coil. 

Forming loops around the rotor teeth insults in two equations for 

the two bars, one for loop 2-2' and another for loop 212 both taken 

in the clockwise direction. One of these equations may be eliminated 

as follows. 

r- 
Supposing ai is the inductance matrix for the coils 1, 2 and 3 

where 2 and 3 are the rotor loops; 

i1 , i2' i3 are the stator and rotor loops currents, 

02, c3  bar currents, 

r2 	bar resistance 

and 

ri
2 
	the rotor coil resistance, 

the differential equations of the system nay be written as 

In these equations the end ring inductances may be added to the 

self inductances of the loops. 

Writing the sum of the loop currents equals zero gives i2  = i
3 

and c2 m - 3 
and since the two rotor loops occupy the same slots 

the following relationships nay be written. 

Y22-.: Y
23' 

Y
12 

= y
f3 

 

(5.6) 

 

The bar currents may be written ixl terns of loop currents as follows, 

C
2 
+ i

2 i3 . 2 i2 	(5.7) 
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then substituting equations (5.6) and (5.7) in equations (5.5.1) 

and (5.5.2) yields 

and 

C-Y(2i4j i1r1 + 	L 11i +  1 	
Y12 

dt 
- o = (2i2) (2r2) + d LT

21
i1 + Y22 (2i2) 

dt 

(5.8) 

Writing i1  = i1  , 2i2  = i2  , and 2r
2 = r2 

the equations (5.8) become 

f 	 1 

d 	

II] 
e =i1  r1  + 	Y

11
i
1 +Y12 i2 

1 	dt 	1 
f 	d 	r 

o = i r + 2 2 	— 	21 i1 + Y22 i2  I] 

dt 1 

(5,9) 

These two equations are identical to those which would have been 

written considering the two bars as one coil having a resistance of 

r2 which is the sum of the bar resistances. Thus for the simple 

two bar case it is easy to show the general truth, described in 

section 5.2, that the number of rotor equations is one less than 

the number of bars, 

5.3. Minimising the number of rotor equations 

The number of rotor equations necessary to describe the behaviour 

of a machine may be reduced from (N 1) if the rotor currents perform 

repeatable patterns (repeat or reverse repeat) of a length which is 

less than the whole machine periphery. The over-riding condition for 

repeatable rotor current patterns is that the number of rotor bars 

shall be even, since only in this case with an even number of poles 

can the current amplitude pattern repeat the minimum possible number 

of times around the periphery, which is two. It further follows in the 

case of an even number of bars that the number of repeated patterns 

must in all cases be a multiple of two. If the number of rotor bars 

is integral in a number of pole pitches spanning less than half the 

periphery, the number of repeating patterns is greater than two and 

can be found by first calculating the number of rotor bars per pole 

which is N/p, where N is the total number of rotor bars and p is the 
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number of poles, and then examining if any multiple of N/p below 

/ 
p/2 is integral. If, for example, k _ x k) is an integral number, 
which also represents the number of bRrs in k pole pitches, the 

number of repeated patterns is given by p/k. (k is the number 

of poles per repeated section). 

Using the constraint, given by equation (5.3), for the solution 

of rotor currents, namely that the sum of the loop currents is zero, 

there are two different ways of reducing the number of rotor equations 

depending on the value of k. If k is an odd number then the number 

of equations is given by N x k/p, and if k is an even number, the 

number of rotor equations is given by (Ti x k/p) — 1. An illustration 

of the above theory is given considering the case of a 12 pole machine, 

The number of rotor equations depends on the total number of rotor 

bars. If there are 60 rotor bars, that is 5 bars per pole, the rotor 
current pattern repeats in amplitude in every pole pitch as shown 

by the developed diagram in figure 5.2.a and there are only five 

unknown rotor currents. The constraint for the solution of currents 

is automatically satisfied since the five currents in one pole pitch 

are equal and opposite to the five currents in the adjacent pole pitch. 

Applying the expression given above, k is unity and the number of 

equations is 5. 

It the number of rotor bars is now taken as 66, then k is 2. The 

11 bar currents in two pole pitches have to be equated to zero, 

resulting in 10 equations, which is the same as given by the theoretical 

expression. The current pattern, repeating in every two pole pitches, 

is shown in figure 5.2.b. 

Again if the number of rotor bars is taken as 56, k is 3 and the 
number of rotor equations is 14 which is the number of bars in three 

pole pitches. The repeatable pattern of the rotor currents'is shown 

in figure 5.2.c. 

The reduction in the number of rotor equations from V — 1 is not 

possible if asymmetries exist in the machine. For example, the stator 

windings may not be balanced or the rotor may not be symmetrical 

electrically or magnetically. 
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5,4. Experimental verification of the current distribution in a 

squirrel eau. 

In order to check the current distribution in a squirrel cage 

a special machine was constructed to permit the measurement of its 

bar currents. The machine has one primary coil on its rotor and 36 

secondary bars on its stator. The bars were first connected to one 

of the end rings using resistance wires. From the bar side of the 

wires connections were brought out as shown in figure 5.3.a. The 

resistance between end ring A and terminal 'X/ in the figure, and 

the total resistance of eachlrar between the two end rings were 

measured before the second ring was connected. 

A 50 c/s voltage was applied to the rotor coil an. the voltages 

across the resistance wires were then measured under steady state 

conditions, using a valve voltmeter. The bar currents were then 

calculated knowing the resistances of the wires. The current 

distribution found is shown in figure 5.3.b. 

To compute the current distribution the differential equations 

were formed using the rotor loop method described in section 5.2 

and also by considering the rotor as a set of independent coils 

joining diametrically opposed bars. The solution for the currents 

were then obtained using the step-by-step technique described in 

chapter 3. Since the two methods are mathematically equivalent, 

the values of currents obtained should be the same and this proved 

to be the case. This absolute agreement suggests the validity of 

the procedure and proves the equivalence of the two methods. 

5.5. Experimental  and computed results  for a conventional squirrel 

cage induction motor. 

The 4 pole machine considered has a three phase symmetrical stator 

and 32 bars on its rotor. The rotor was chosen to have an integral 

number of liars per polo in order to minimise the number of system 

equations. The differential equations for the currents in the 

machine are formed using the procedure described in this chapter. 

The torque and current at a few steady speeds are computed using the 

step-by-step technique described in chapter 3. The first set shown in 

table 5.3 corresponds to the rotor bars having constant resistance 
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and leakage inductances independent of speed and saturation. 

The variation of rotor leakage inductance with current was 

measured under steady state conditions using a 50 c/s supply and 

it is shown in figure 5.4. When the leakage inductance is varied 

according to the rotor current, there is considerable change in the 

speed torque characteristic. This is shown by the second set. 

It is well known that the rotor resistance and leakage inductance 

vary with the frequency of rotor currents due to deep bar skin 

effect. In the equivalent circuit shown in figure 1.1.b the para- 

meters of the harmonic branches are adjusted according to the 

frequency of rotor currents due to the particular stator harmonic 

field. However, in the analysis described in this chapter all the 

harmonic fields due to stator and rotor are taken in to account by 

a single set of equations, therefore, the variation of rotor para- 

meters can not be taken in to account separately for each harmonic 

current. This difficulty can be overcome easily once it is realised 

that the leakage inductance and resistance of a rotor bar depends 

on the instantaneous current and the rate of change of current 

rather than its frequency. (The use of a single value of resistance 

and leakage inductance is not exact but results in averaging the 

effect of the bar current). While using the step-by-step technique 

for performance calculations, the rotor bar currents are being 

calculated at every instant. Therefore, the effective resistance 

and inductance of all the rotor bars can be calculated from the currents 

and their rates of change. These values may be used in the next step. 

Though this method is more realistic, the time of computation will ' 

be increased considerably. Thus only the average effect of the 

frequency of rotor currents is taken into account in the computation. 

That is, the rotor bar leakage and resistance are given constant values 

at a particular rotor speed. The values are shown in the 5th column 

in table, 5.3. 

The effects of interbar currents and the damping of higher 

frequency fluxes by the laminations investigated by Christophides
11 

has not been included in the analysis. 

The speed torque characteristic was obtained experimentally by 

Christophides and is shown in the 2nd column in table 5.3. 
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5.i. Applications  of the squirrel cage rotor analysis 

The principles developed (to deal with the analysis of squirrel 

cage rotors) and verified by experimental and alternative methods 

in the previous sections may be applied in the analysis of the 

following cases. 

1. Sheet rotors: 

The current flow patterns in sheet rotors have been investigated 

by R.C.Robinson, 1. Rower and L.E.Donelan,
1 
 employing a graphical 

technique and by R.L.Russel and K.H.Norsworthy
20 

who developed an 

analytical method. The above works were concerned with the 

calculation of losses in canned motors and a sinusoidally 

distributed rotating field is assumed in both cases. Using the 

principle employed in these works the performance of sheet rotor 

machines (linear or cylindrical) may be calculated. The rotor may 

be treated as an assembly of a number of bars placed side by side and 

connected only at the ends as shown in figure 5.5.a, and the system 
equations may be formed using the technique developed in this chapter. 

The solution may be obtained using a 'jw' notation (described in 

detail in the following chapter) at standstill and using the 

numerical technique described in chapter 3 when there is relative 

movement. The results may then be corrected by calculatirc the 

reduction factor mentioned in the references 19 and 20. The reduction 

factor represents the ratio of the actual loss in a sheet to the loss. 

calculated assuming axial flow of currents in the sheet.. 

An alternative procedure which is more general, but laborious, is 

described below. 

The sheet rotors used in cylindrical or linear machines (the 

machine itself may be a short stator as in the case of driving 

a disc or a short rotor as in the case of some accelerators) may be 

treated as a mesh pattern shown in figure 5.5.b. The resistance 

and leakage inductance between two points such as A and B in the 

figure corresponds to those of the physical conductor which is 

represented by the circuit A — B. The self and mutual inductances 

of the loops may be calculated from the geometry of the apparatus 
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10 using the general principles described in appendix 2. 

If the (stator) excitation is symmetrical then, with a symmetrical 

mesh pattern, the equalities of loop currents may be identified. For 

example, currents i4,4 and i5,4 in the figure are equal. 

The next stage in the analysis is to access the number of 

independent currents in the chosen pattern. This nay be achieved 

by observing the boundary conditions, for example, in cylindrical 
machines the point C and D shown in the figure coincide and the sun 

of the loop currents i4,4, 5.1,5  etc. between the points may be 

equated to zero. 

Again the sum of currents, flowing perpendicular to the horizontal 

lines typified by P Q shown in the figure, is zero, since the 

currents passing towards the top or bottom side of the horizontal 

lines have to return in order to complete the circuit. Thus,, an 

expression relating the currents in the same row in the figure may 

be formed and the number of such expressions depends on the number 

of rows of loops chosen for the analysis. It is four in the case 

shown, corresponding to the rows in one half of the rotor, since 

the symmetry about the axial line has already been used. 

A set of simultaneous differential equations may be formulated 

and the solution may be obtained using the 'NI notation (described 

in detail in the following chapter) at standstill and the step—by—

step technique when there is relative movement between the stator 

and rotor. 

2.ynchronous machine with danger winding 

The synchronous machine—analysis is a classical example for 

using the numerical technique developed, since it has a variable 

air gap, a direct current winding, a squirrel cage winding on its 

rotor and a.c. windings on the stator, thus requiring several 

idealisations to calculate the performance analytically. If the 

number of damper bars is 'N' per pole and if the poles are identical 

then there are N 	equations for the damper winding. There is 

one equation for the d.c. winding and one equation per stator phase. 
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The complete performance of the machine may be calculated by first 

forming a set of simultaneous equations and then using the step-by-

step technique. 

3. Shaded pole motors 

This is a special case of squirrel cage motor problem where one 

of the stator winding is short-circuited. In addition to the rotor 

and stator equations, an additional equation is formed for the shading 

rings when the poles are identical in construction. The 'jw' notation 

nay be used to obtain standstill performance, and the numerical 

technique may be used when the rotor is free to revolve. 

4. Variable gap motors  

A single phase motor having an air gap which varies along its 

pole face is known to be capable of starting._ The analysis of this 

type of motor is described in the following chapter considering its 

starting performance. 
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CHAPTER 6  

VARIABLE GAP  SINGLE PHASE INDUCTION MOTOR 

6.1. Introduction 

. The machine considered has four poles, with shading rings on the 

stator and 22 bars on the squirrel cage rotor. The bars are skewed 

by the span of the shading rings. This chapter deals with the 

optimum variation of the air gap to obtain the maximum starting 

torque. 

6.2. Systemnuations 

The system has one input current, due to the four series con—

nected coils around the poles and twenty two bar currents. It is 

assumed that the shading rings behave as if they are connected 

in series which means there is one unknown current for these. 

The rotor is assumed to have 22 independent loops around the teeth, 

inter—connected at the ends. The self and mutual inductances be—

tween all the coils in the system nay be calculated using the pro—

cedure given in appendix 2. The currents in the loops diametrically 

opposite are equal, thus reducing the number of currents on rotor 

to 11. The constraint for convergence of currents namely that the 

sum of the loop currents equals zero, is applied as follows. 

2(13  + 14  + 	+ 5.13) = 0 

Or i13= - 13-14.... —112 

 

(6.1) 

 

where i to i13 are the rotor loop currents. 

i13  may thus be expressed in terns of the rest of the rotor loop 

currents and the number of rotor variables is reduced to 10. 

There are thus two equations for the stator and ten equations for 

the rotor and the coefficients are formed as follows• 

A pair of poles are considered. There are 11 bars on rotor 

in two pole—pitches. Supposing the self and mutual inductances 

between the stator coils and the 11 rotor loops considered are given 



-93- 

by [B] then the equation for the stator coil is given by 

v/  = i1  r1  + l
11 B

III  i1  + B1,2  i2  + ... + B1,13 i1;... 

	

dt 	

] 

(6.2) 

where i
1 
and i2 are the stator and shading ring currents and 

v1 and r1 are the stator applied voltage and resistance 

respectively. Substituting for i13  from equation (6.1) the 
equation (6.2) is modified to give 

	

v1  =ir+ 
d 	Bi+Bi+ 

(B1,3 
- 

B1413) 
 i
3 
+ 
" 1 1 	11 1 	12 2 

dt 

+ 
(B1,12 

- B
1,13) 112 

 

(6.3) 

 

Similarly, the equation for the shading rings and one of the rotor 

loops may be written as 

0 = v2  = i2  r2 — + 	[1.7,2,1 i1 + B22  i2  + (b23 - B 2,13) 13 + 11,4 
dt 

 

(B2,12 - B2,13).1] 

 

(6.4) 
and 

 

-- d 0 = v _[resistive + 	Bpi i1 + Bp2 
i
2 
+ (B

p3 
- 
Bp13) 

 i3 
drop]dt L-- 

+ 	+ (Bp,12 - Bp,12) 12 

 

(6,5) 

 

where resistive drop nay be obtained using the method given in 

5.2.3. 'nine more rotor equations are written and current 113  is 

eliminated from the terms for the resistance drops. Thus the 

system equations solvable for the currents in the machine are 

formed. 

6.3. Solution for currents 

At standstill coefficients of all the currents are constant and 
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the currents are sinusoidal and repetitive at steady state. The 

rms value of currents may be calculated by forming a complex matrix. 

For example the first stator equation nay be written as 

v1 — —11 r1 
 + 

dt [1411 
i1 +M12 i2 9" + 	+M 1,12 i121 

It is modified to 

V
1 = (r1 + jwM11  ) I + jwM I + 1 	12 2 *** 

Similarly all the 12 equations may be converted to complex form and 

it may be given in matrix form as 

[1:] 

- N-1 E0 
where LM3-1  is the inverse of matrix M 

or 

	 (6.6) 

Thus all the currents in equation (6.6) may be calculated in com—

plex form. The 11th loop current is calculated using equation (6.1) 

6.4. Torque 

It is shown in appendix 4 that the torque between two coils is 

2; i2 
dM

. In this case the variation of mutual inductance with 
d. 

position nay be determined as follows. The mutual inductances at two 

adjacent rotor positions are calculated and dM may be obtained using 
de 

linear approximation. The average torque developed is given by 

2 
I dM 	I I am 
r de q  aclq  p=1,2 

q=3,13 

where I P „ I
q 
 are the rms value of currents 

and Iq  is the complex conjugate of I and it may therefore be 

calculated. 

6.5. 02timum variation  of the air gal 

The object of the analysis described above is to find the 

necessary air gap pattern under a pole to obtain maximum starting 
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torque. Since the analysis can only be uood to find the starting torque 

for a particular known air gap pattern, a method of trial and error 

has to be adopted. One pole-pitch is divided into a number of 

sections, N, and the air gap in each section is allowed to take 

N values. The starting torque developed in each case is com- 

puted and the gap pattern corresponding to the naximun torque is 

selected. The number of calculations increases as the number of 
/ sections in a pole pitch is increased and it is given by 01) . A 

reduction in the number of calculations may be achieved by 

selective computation. For example, the air gap shall always be 

increased from. left to right in the figure, that is away from the 

shading rings. This assumption is justified by the fact that when 

there is a step-change in the air gap, the torque developed is towards 

the smaller gap. Thus the assumption eltiminates the patterns where 

negative torques are produced in any section of the pole-phase. 

The number of calculations with five steps of air gap is shown in 

table 6, against the number of sections. Initially a small number 

of sections are considered and the air-gap values for the first few 

sections to produce naximun starting torque are determined. The 

remaining portion of the pole is again divided in a small number 

of sections and the procedure is repeated. The number of calculations 

necessary to predict the optimum variation of air-gap, is reduced 

considerably by the use of this technique. 

The variation of zig-zag or slot leakage with air-gap is also 

a factor in determining the starting torque. This phenomenon is 

accounted for in the program by first calculating the average air 

gap at the position occupied by a rotor bar and then recalculating 

the leakage inductance of the bar. The effect of skew has not 

been included but is of some importance. The flow diagram of 

the computer program and the starting torques at various shapes 

of the pole-face are shown in figures 6.1 and 4.2 respectively. 

The details of the program are described below, 

6.6. 	Detailed description  of the program 

Data: Diameter and length of core, resistances and leakage 

reactances of stator coils, shading rings and rotor bars, the span 

of the shading rings and rotor loops. 
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Table 6.1 and its formation 

The technique used in the program is given in tne form 
of Fortran statements 

DO 80 11:  =1 	5 

DO 80 12 =Ill  5 

Row 

DO 80 In = (In-llf  5 

Performance calculations 

80 	continue 

10 	9 	8 	7 	6 5 4 3 2 1 

1 220 

2 165 165 

3 120 120 120 

4 04 84 84 84 

5 56 56 56 56 56 

6 35 35 35 35 35 35 

7 20 20 20 20 20 20 20 

8 10 10 10 10 10 10 10 10 

9 4 4 4 4 4 4 4 4 4 

10 1 1 1 1. 1 1 1 1 1 1 

11 715 495 330 210 126 70 35 15 5 1 

12 2002 1287 792 462 252 126 56  21 6 1 

. 	, 10 9 8 0 7 6 5 4 3 2 1 
13 5 	5 	5 	5 	5 	5 	5 	5 	5 	5 

Row 	number of sections considered 
'lows 1 to 10 -number of individual calculations 

Row 11 -increase in the number of calculations due to 

the increase in the number of sections 
Row 12 -the total number of calculations 

Row 13 -number of calculations if the sections take 

all the five values of the air-gap 
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Reading data 

Choice of a particular air-gap pattern 

Calculation of parameters (inductances) 

Formation of a complex impedence matrix 

Solution for currents and torque 

< 	Decision to continue or stop 

Figure 6.1.Flow chart 
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patterns 
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Choice of a particular air gap pattern using one 'do loop' per 

section of the pole periphery. 

Calculation of the parameters: 

Calculation of the self and mutual inductances of the stator 

coils and shading rings (using a numerical integration. An 

analytical procedure is also possible if the air gap plttern is 

assumed to be a known function of position). 

Calculation of the angular positions of the rotor loops for two 

positions of the rotor reference. 

Calculation of the mutual inductances between the rotor loops 

and the coils on stator at the two positions mentioned above*  

These two positions are 1°  apart and thus the variation of the 

mutual inductances with position may be calculated. 

The self and mutual inductances between the rotor loops are 

calculated again using a numerical integration. This completes the 

calculation of the parameters* 

Formation of an iEpedance matrix 

First the inductance matrix for circuits is written and then 

its size reduced by one, by eliminating the terms corresponding to 

the 11th rotor loop current. Similarly the 'resistance drop' terms 

are formed and the 11th loop current is eliminated. The leakage 

inductances are added to the self inductances of the circuits. 

The inductances are converted to reactances and the resistances 

are introduced, thus forming a complex impedance matrix. 

Solution for currents and torque 

The voltage applied to the stator coils will be known, the 

other applied voltages are zero. The currents (column matrix) are 

calculated by multiplying the inverse of the impedance matrix (square) 

by the voltage matrix (column). The torque may be calculated knowing - 

the currents and the variation of the mutual inductances. 
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CHAPTER 7 

ANALYSIS OF CONTROLLED SWITCHING CIRCUITS 

7.1. Introduction 

The analysis of electrical circuits containing non-linear 

elements, such as diodes and thyristors (silicon controlled 

rectifiers), using the step-by-step technique is illustrated by con-

sidering the example of a three phase static inverter. A complete 

solution of the inverter-load system nay be defined as one where 

the d.c. voltage, firing order of the SCRs, parameters of the in-

verter and load are known and the currents are calculated from 

the moment of switching the load on, the inverter having been switched 

on earlier. The working of the inverter is first described, then 

the electrical circuits formed at each stage with corresponding dif-

ferential equations and solutions are given. 

7.2. The operation of the inverter 

The static inverter considered has six silicon controlled rectifiers, 

shortly called SCRs, connected in the form of a bridge as shown in 

figure 7.1. These SCRs when supplied with trigger pulses at the ap-

propriate instants produce three phase a.c. voltages across the points 

R, Y and B in the figure. This operation known as inversion, is 

achieved by forming the six different electrical circuits during each 

cycle of the a.c. voltages, shown in figure 7.2.a to 7.2.f, and requires 

that the bridge SCRs shall be turned off at the appropriate instants. 

This can be achieved by using a commutation circuit and a free wheeling 

diode bridge. The electrical circuits formed during commutation are 

shown in figures 7.3.a to 7.3.f. The firing sequence of the SCRs 

is shown in table: 7 .1 . 

Various commutation systems have been investigated by Bradley
12 

and the one used here is shown in figure 7.4.a. The SCRs A and B 

are given alternate pulses, shown in figure 7.4.b. Capacitors Ca  

and Cb 
divide the supply voltage, V, into two halves. At the moment 

of firing SCR A capacitor C has a charge of V volts with point 02  in 
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figure 7.1  

 

Inverter bridge 

period SCRs fired 

1 5 6 

2 6 1 2 

3 1 2 3 

4 2 3 4 

5 3 4 5 

6 4 5 6 

table 7.1 
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figure  7.2 	figure  7.3  
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Various electrical circuits formed during 

one cycle of inverter cr)eration 
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the circuit negative. Therefore the series circuit formed by the 

inductance, La, SCR A the commutation supply, Sa, and the capacitor 

C has a voltage of 2V impressed on it. The resistance of the circuit 

being low, the current rises quickly and the whole of this impressed 

voltage is dropped across the inductance, L. Looking from the 

negative supply point the positive supply point is at a potential of V 

and point X1  at (V — 2 V =) —V volts, that is, the voltage between 

points X1  and X2  is reversed at the moment of firing SCR A. As the 

capacitor C's charge decreases and becomes reversed to V volts with 

point 02  positive, the potential across the inductance, La, falls 

fron 2V to zero and the current in the circuit formed by La, A, Sa  

and C increases up to this instant. The impressed voltage in the 

circuit is now zero but the current is at its maximum value. The 

inductance, Lay will try to maintain this current thus charging the 

capacitor, C, beyond V volts. As soon as the current decreases, the 

voltage acrsoss the inductance, La, is reversed; diode, Da, con—

ducts and the current through the SCR A becomes zero thus turning it 

off. The voltage across points X
1 
and X

2 
is now V volts. 

After a chosen interval of time, SCR B is fired and a similar 

action follows on the negative commutation side, taking the voltage 

between the points X
1 
and X

2 
from +V to —V and back to +V. The 

capacitor, C, is always charged in the correct direction for the 

next commutation. Thus the commutation circuit produces the voltage 

shown in figure 7.4.ci across points X1  and X2.With the SCR and 

diode bridges connected as shown in figure 7.4.d but without any 

load; two parallel paths are provided across the inductance. The 

first of these is the diode Da 
and the second is the series ciruit 

formed by one of the SCRs fired and a diode in the bridge, therefore 

SCRs carry a small current even without any load, at the moment 

when th- diode D or Db conducts. The sharing of current between a 
the circuits is governed by their respective resistances. If the 

diode resistance is higher and its forward voltage for conduction 

greater than that of the SCR—diode combination, the latter will 

conduct first and thus prevent the diode conduction. This point 

appears to have been neglected in the literature but of some 

importance since it affects the rating of the bridge SCRs. 

One cycle of a.c. produced corresponds to six inverter periods, 

an inverter period being the time between two pulses of voltage across 
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the bridge. Point R is connected to the positive line during the 

first three periods and to the negative line during the next three 

periods. Similarly point Y and B are connected to either the 

positive or the negative lines during the appropriate inverter 

periods to form a 3 phase supply. -hsa various voltage ravzfo:= 

are shown in figureS77.5 and 7.. 

The commutation or change of connection of a phase from one 

terminal to the other terminal of the supply is achieved as follows. 

Considering period 3 in the table as an example, the phases are con-

nected as shown in figure 7.2.c during the period. At the end of 

period 3, the voltage across the bridge is made negative by the 

commutation circuit. The load current is now transferred from the 

SCRs to the diode bridge as shown in figure 7.3.c, the current 

being maintained by the inductance of the load, and the energy is 

fed back to the supply. The large capacitors across the supply ensure 

that the rise in voltage due to the energy flowing from the load 

inductances is not unduly large. The conducting SCRs go off and the 

firing pulses during period 4 result in the circuit shown in figure 

7.2.d, SCR 4 is conducting instead of SCR 1. An important point 

which must be made here is, that phase R is carrying a positive 

current which at the end of period 3 is transferred to diode D4  

and this current is reduced steadily. Now, SCR 4 is fired but it 

can not take over a positive current from diode D4. But the current in 

phase R flowing against the supply soon becomes zero and then SCR 4 

conducts and carries the negative current. This phenomenon shown 

by dotted lines in the figure occurs whenever a phase is reconnected 

from one supply line to the other, and it is to the advantage of the 

designer since the SCRs carry only the power components of the currents 

and not any currents against the voltage of a phase. In figure 7.8 the 

power component of a phase current carried by a SCR is shown shaded. 

7.3. Analysis of the inverter-load system 

The analysis is carried out in two stages, first the commutation 

side is analysed and the waveform -  of voltage between points X1  

and X2 is calculated neglecting the effect of load current, and 

then the bridge circuit is analysed. The commutation circuit can 

be simplified to a series circuit having resistance, inductance and 
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(a)  

(b)  

figure. 7. 

(e) 

... 

Inverter voltar-e waveforms  

(a) voltage across an SCR in the bridge 
(b) pulsating do voltage across the bridge 

(c) voltage across the commutating capacitor 
(d) voltage across one of the inductances 
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(b) representation of a SCR as a fixed voltage drop 

- in series with a resistance or as a resistance 

figure 7.7 
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Voltage and. current waveforms with partial conduction 
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capacitance as shown in figure 7.7.a. The charge on the capacitor 

C at the moment of triggering a SCR is V volts with point 02, negative 

when SCR A is fired and positive when SCR B is fired. In either case 

the total voltage around the circuit is 2V in the beginning and 

the current and voltage across the inductance nay be calculated using 

the step-by-step technique. In the computer program calculations nay 

be terminated when the voltage across the inductance becomes zero and 

starts increasing in the reverse direction, as the diodes conduct at 

this instant. The voltages at various times can be stored in the 

program for use in the second part of the analysis. 

The electrical circuits formed during each of the inverter periods 

are shown in figure 7.2 and those formed during the commutation times 

in figure 7.3. After the commutation of a phase from the positive 

side to the negative side or vice versa, it is immaterial whether 

the appropriate SCR or a parallel connected diode carries the 

current provided it is assumed that the resistances of the SCR and 

diode circuits are equal, since the phase point is connected to the 

correct side of the supply in either case. Supposing the load is 

switched on during period 1, the currents nay be calculated by 

solving the three equations given below using the step-by-step 

technique. 

V = itrg  + iti  rb  +i
Y 
 r7  + c1 	L 	Lb ib + Ly 	..(7.1) 

dt ff 
 

V . d -- r + 	
y 
r
y + g 	i r  r  r  + i 	i + Lr  it  + Ly  i1 .. (7.2) 

dt 

i
g 	

i
y 

 i
t 
+ i 	 ..(7,3)  

where iz?ir,iy,ib  are the line and 	currents; 

In these equations the conducting SCRs are considered as part 

of the load resistance. However, the SCRs could be also represented 

as a constant voltage drop in series with a small resistance as 

shown in figure 7.7.b. In solving the above equations it is desirable 

to have a convention that currents flowing towards the neutral point 

of the load are positive. The terminal d.c. voltage is taken to 

be the common reference in all the equations and the signs of the 

resistance and inductance of a phase are reversed when the phase is 

connected to the negative side. If this procedure is followed for 

all the invertor periods, the phase currents calculated will have 
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a.c. waveforms. Thus for period 1 the signs of the resistance and 

inductance of Y phase are reversed. At the end of period 1, the 

d.c. voltage across the bridge is made negative and the phase 

currents flow through diodes as shown in figure7.:'"). . The equations 

for this state are given by, 

+ibrb+i
y
r
y
+ 	Li+L

b  ib +Li y y 
(7.4) 

-V=i r9  +i
r  rr 

 +i
y  ry  + 
	L i +L

r 
 it +L

Y Y 
7.5) 112  

dt 

it 	i
r 
+ 	-i y  

 

(7.6) 

 

where V is the voltage across points X1  and X2, calculated earlier. 

The currents are calculated fron these equations, the initial 

currents being those at the end of period 1. After the commutation 

time the SCRs are fired again and the circuit formed during period 2 

is shown in figure 7.2.b. Now,.both Y and B phases are connected to 

the negative side therefore,.their resistances and inductances have 

their'signs reversed. The initial currents are those calculated above 

at the end of the commutation time. The procedure may be continued 

for several cycles until steady state conditions are reached. . 

7.4.. Advantages in using  the step-by-step technique 

7.4.1. Voltage waveform: In the case of a static load fed by an 

   

inverter,' currents vary exponentially and can be calculated 

analytically if the waveforms of the voltages are known. Howeverr  

if the conduction angle of the SCRs is less than 180°, it is 

necessary to find the instant at which a phase is isolated from the 

supply. For example, at the end of period 3, R phase current is 

carried by diode D
4 

which connects the phase to the negative. .If 

SCR 4 is not triggered immediately R phase is connected to the 

negative, only as long as the current is positive. When this 

current is reduced to zero, R phase is isolated until SCR 4 is 

fired. Thus, the waveform of a phase voltage depends upon the 

current and therefore can not be known initially. .Though some of 

-V = 
dt 
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the analytical methods can be adapted to this new situation 

the instant at which a phase is isolated can be determined only 

by trial and error. However, in the step-by-step technique currents 

are calculated in successive steps and hence the instant at which 

the current becomes zero is easily identified. A typical case of 

voltage and current waveforms is shown in figure 7.8. 

7.4.2. Currents during commutation time: At the end of an inverter 

period, voltage across the bridge is suddenly reversed to - V volts. 

During the commutation time, SCR currents are transferred to the 

appropriate diodes and the voltage across the bridge rises from 

- V to V. Since the bridge voltage is varying with respect to time 
and is not given by a simple function of tine, a step-by-step procedure 

is the only possible way of obtaining a solution. If an analytical 

solution is sought, further simplifications would be necessary. 

7.4.3. Non-linear or dynamic load: 

For the case of an inverter feeding a non-linear "load" such 

as an induction motor, no analytical solutions are available but 

the step-by-step technique can be used to calculate the performance 

of the system. The differential equations for the case of a three 

phase wound rotor machine may be formed as in the case of the static 

load with the following difference, that is, terms denoting changes 

in flux linkages in equations 7.1, 7.2, 7.4 and 7.5 would be sum 
of the products of the appropriate inductances and all the currents 

in the machine. For example, an equation similar to 7.1 nay be 
written as 

p=6 
V = i r + i

1 	

r- 
r1  + i2  r2  + 	+ :57 (m1 pip + 	7.7) 

dt 

in the case of a 3 phase wound rotor machine. 

The stator currents are related by equation 7.3. The rotor 

equations may be formed as described in earlier chapters. The 

complete performance of the system can be calculated by forming 

appropriate equations for each inverter period and solving for the 

currents. Thus, it is seen that in the case of systems contain-

ing elements which are switched on or off, step-by-step technique 

may ire used to calculate the performance. 
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A particular case with full conduction of SCRs and static 

load is considered and a computer program to calculate the currents 

is written. The experimental and computed results are shown in 

figure 7.9 and the flow-diagram is shown in figure 7.10. The shape 
of the waveform as well as the instantaneous values of current 

show close agreement between the computed and measured values. 

7.5. Conclusions 

It has been shown in this chapter that the step-by-step can be 

used to calculate the performance of systems having non-linear 

elements, this analysis therefore, can be used to design systems 

having desired characteristics. For example, whilst designing 

an inverter-induction motor system "developing a constant torque 

from zero to a particular speed", it is necessary to increase the 

a.c. voltage approximately proportional to the frequency. "(The 

exact variation of the applied voltage with frequency can be 

calculated only by trial and error and this variation results in 

a constant air gap flux and current densities, thus developing a 

constant torque). The a.c. output voltage may be varied either by 

changing the d.c. input voltage or by controlling the angle of con-

duction of the SCRs. The latter is more economical since no 

additional equipment is necessary. . 

From the d.c. input voltage and the parameters of the load 

circuit, (which is an induction motor in this case) the necessary 

variation of the angle of conduction in order to obtain a constant 

torque may be calculated using the numerical technique by making 

suitable alterations in the computer program. This calculation 

requires that the machine develops a torque, greater than the 

desired constant value, with full conduction. 
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PART 2 

EXPERIMENTAL INVESTIGATIONS 
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CHAPTER 8 

The strain gauge apparatus 

8.1. Introduction 

The strain gauge apparatus designed to measure the instantaneous 

torque acting on the stator of the induction motor is shown in figure 

8.1. It was decided to sup),ort the stator on two external bearings 

and restrict its movement by steel bars carrying strain gauges. The 

torque on the stator acts on the bars and stresses the gauges pro—

ducing a change in resistance proportional to the strain. 

Now, the stator cf the machine has inertia and the steel beam an 

associated spring constant. The apparatus therefore has a natural 

frequency of oscillation. It is the object of the following design 

to achieve the highest possible natural frequency coupled with an 

amplitude of electrical signal, for a particular torque, that can 

be conveniently measured. For example higher output requires long 

and weak bars whereas a higher natural frequency requires short and 

stiff bars. 

In earlier torque measurements
13 

strain gauges have been fixed to 

the rotor shaft, thus measuring the torque that is transferred from 

the motor to the loading machine. This system is more complicated 

since there are inertias on either side of the gauges. Moreover, 

the small output signals have to be collected through slip rings. 

Measuring the torque on the stator has none of these difficulties. 

8.2. The relationships governing_the operation of the mstem 

As shown in figure 8.1 the rotation of the stator is restricted 

at a distance R from the axis of the machine. The neutral axis of 

the bars and the axis of the machine are in the sane horizontal 

plane. The bars are fixed to the base forming a cantilever with 

the free end attached to the stator. If a torque T is applied 

on the stator, the force acting at the free end of each bar is given 

by 

Force = F = T/2R 
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The deflection of the free end is given by14 

6= F cl3 

 

(8.1) 

 

    

 

3E1 

   

where & is the deflection, 2the length of the bar, E the Young's 
modulus for the steel and I the moment of inertia of the cross—

section of the bars in the vertical plane. If the stator rotates 

through an angle 	do, then the vertical deflection and rotation 

are related by the following equation 

R ao 	6 

Substituting the value of 6 from equation (8.1) the force for a 

rotation of one radian is given by 

K = 3 E1R 

  

(8.2) 

  

 

)Z
3 

  

If J is the moment of inertia of the stator, the equation of motion 

is given by 

J 	+ K e = 0 

 

(8.3) 

 

and the natural frequency of the system by 

N 1 

  

(8.4) 

  

    

2n 

    

The stress produced at a distance 

is given by 

from the free end of the bar 

f = FX1 x d 

  

(8.5) 

  

 

I 	2 

   

where 

. 
bd3 

12 

    

and b and d are the breadth and depth of the bars. 
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8.3. Optimum design of a strain gauge torque meter 

In order to see whether true optimisation is possible, the para-

meters were varied in sets and their effect on the natural frequency 

and stress were calculated. The effect of varying the length of the 

bars, on the stress, natural frequency and the bandwidth product are 

shown in figure 8.2.• The length corresponding to the maximum 

bandwidth product is the true optimum value. However, this value 

results in a deep and thin bar section. The section would be too 

weak in the horizontal direction so that the material would be stressed 

beyond its yield point. Moreover, the physical size of the strain 

gauge must be considered in choosing the length as sufficient space 

must be available to fix the gauge strips. Thus the true optimum 

length can not be used. However, it will be observed from figure 

8.2 that the reduction in stress, and therefore the output signal 

obtained is small compared with the decrease in the natural 

frequency, if a length in the region 4" to 10" is chosen. That is, 
a length in the "flat portion" of the bandwidth curve is chosen. 

This is because the output is proportional to the length whereas 

the bandwidth product is proportional to 1A/7 ,This choice 

enables to design a practical section without weakening the bars" 

in the horizontal direction. 

The variation of stress with respect to the breadth of the bar," 

keeping the natural frequency constant by simultaneously varying 

the depth, is shown in figure 8.3. It may be observed that the 

smallest practical value has to be used to maximise the stress 

and output signal. 

Again the effect of varying the depth of the section nay be 

observed from figure 8.4 and it is clear that the depth must be 

increased to its practical limit. 

8.4 The strain gauge strips 

If the strain gauges are bonded to the bars, they can not be 

recovered to be used with other sections. Therefore, strain 

gauges are first bonded to steel strips as shown in figure 8.1.e 

and f. and then the strips are screwed tightly to the bars using 
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bolts, the bars having been tapped at the required places. This 

technique permits an economical experimental investigation of the 

behaviour of different sections of bars. 

8.5. Strain gauge bridge circuit 

If a single bar with a set of strain gauges at the top of the bar 

or two sets one at the top and one at the bottom as shown in figure 

8.5.a is used, then as well as ;Ln output signal due to the torque 

any mechanical vibrations of the machine in either of the directions 

will give spurious outputs. These outputs are typically induced 

by eccentricity and base vibrations, and appear as components having 

frequencies proportional to speed. Even after the rotor was dynamically 

balanced these were still present. h typical response to -a-step torque 

shown in figure 8.5.b illustrates the point. The spurious outputs 

-tan be eliminated by the use of a multiple bar system with gauges 

fixed as shown in figures 8.1 and 8.O.a. 

The electrical connection of the eight strain gauges used is 

shown in figure 8.6.b. The changes in the resistances of the gauges 

due to a torque on the stator are given by 

dl , 	d2, - d3, d4, 	t15, 	a6, d7, 	d8  

where d
1 

is the change in the resistance of strain gauge i and so 

on. The effect of the changes is cumulative and an output proport-

ional to torque is obtained. Its value is given by 

the voltage across the bridge x gauge factor x average strain 

The changes in the resistances of the gauges due to net horizontal 

and vertical forces on the stator, shared equally between the two 

beams (these forces tend to move the assembly in their' respective 

directions but produce no net torque on the stator) are given by 

respectively, Thus, sinced' andld" are zero if the changes are 
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b.. Response of the single bar arrangement 

to a step torque 
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equal, vertical and horizontal forces will now produce no net output. 

(This depends to a large extent on the skill in making a perfectly 

symmetrical system and this was provided by Mr. C.A. Jones of the 
departmental workshop). In practice, the gauge—resistances vary 

by 8% and the gauge factors by 35% approximately, thus the desired 
condition of equal changes in the resistances of the gauges, is not 

realised. However, this condition was achieved by using the 

technique described in the following section. 

8.6. Strain gauge units of equal resistances and gauge factors 

The resistances and gauge factors of the available gauges are 

given in the first two columns in table 8.1. The product of the 

resistance and gauge factor of each giuge is calculated and the 

values are shown in the third column. Since this product is a 

measure of the change in resistance per unit strain, the higher 

values in the third colunn have to be brought down to the lowest 

value in the column by connecting a resistance in parallel with 

eachiAuge. These resistances may be calculated as follows. 

The lowest value in the third column is divided by each of the 

values in the column. The resulting values are shown in the fourth 

column. If a resistance R' is connected across a gauge having a 

resistance of R ohms, the resistance of the parallel circuit is 

given by RR'/(R + R'). If the resistance of the gauge changes 

from R to R + r due to unit strain, the change in the resistance 

of the parallel combination is given by 

(R + r) R' 
	

R R' 

R + r + R' 	R+ R' 

R' r 

R + R' 

That is, the change in resistance is decreased by the fraction, 

RI 	. Knowing this fraction from the fourth colunn and the 

R + R' 
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TABLE 6,1, 

Formation of strain gauge units 

G.f R x G.f K R' Rs X 
Imasom•••••••••• 

349 96 3355 .877 2485 306 12 

352 96 3482 .843 1890 296.6 21,4 

349 92 3215 .913 3660 318 0 
312 94 2938 1 00 312 6 

348.5 129 4485 .654 658 228 90 
348.5 1,5 4700 .625 580 218 100 

329.5 131 4320 .68 700 224 94 

326.7 127 4150 .707 770 231 87 
326 130 4470 .657 624 218 100 

340.8 130 4430 .663 671 222.6 95,4 

R 	resistance of the strain gauge 

G.f = gauge factor 

K .12 lainipum (R x G,4) 

R x G.f 
Ri = parallel resistance = R x K 

1 — K 
R 	= resistance of the parallel unit = R R'  

R R' 

X = series resistance = maximum (Rs) — Rs 
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resistance of the gauge considered from the first column, the 

parallel resistance, RI, may be calculated. Their values are given 

in the fifth column. The changes in the resistances of the parallel 

circuits per unit strain are now approximately equal. But the 

resistances of the parallel units as seen in column six are not 

equal, Therefore a resistance is connected in series with each unit 

to make the total resistance equal to the highest value in the sixth 

column. The strain gauge with a parallel and a series resistance 

as shown in figure 8.6.c may be called the strain gauge unit: These 
units have equal resistances and gauge factors. That is, the change 

in resistance of the units per ohm per unit strain is the sane. 

8.7. Response  of the strain gauge aEEaratus 

The output from the strain gauge bridge is connected to an 

oscilloscope. A torque is applied on the stator using a pulley and 

weight arrangement as shown in figure 8.5.a. There will be a sudden 

change in torque if the string supporting the weight is cut 

instantaneously. Part of the string is made of a conducting 

material and an electrical circuit is arranged so that the 

oscilloscope is triggered when the string is cut. The oscillogram 

in figure 8.7.a. shows the response of the strain gauge apparatus 

to a step change in torque. The natural frequency of oscillation 

which is 91 cycles has to be eliminated from the signal before using 

the apparatus for measuring transient torques on the stator. The 

design of the filters used is given in appendix 6. 

8.8%  Lowass filters used 

A notch filter in series with a low pass filter as shown in figure 

8.8.a. is used. The filtered response of the apparatus to a sudden 

change in torque is shown in figure 8.7.b. The frequency response 

of the filter is shown in figure 8.8.b. 

An improved frequency response as shown in figure A6.a (appendix) 

can be obtained using a low pass m derived L — C filter. A low 

gain amplifier was found to be necessary to match the output 

impedance of the bridge to the input impedance of the L — C filter. 
The response of the apparatus to a step change in torque is shOwn 
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in figure 8.7.c. The overshoot is approximately 15% and the rise time 
is about 3 m sec. 

The electrical pick up when the machine is energised is found to 

be negligible as shown in figure 8.9. There is no current through 

the gauges in the above case. 

In order to detect the presence of spurious signals when the 

machine is rotating it was driven at various speeds in an unenergised 
condition by a coupled d.c. machine. The strain gauge bridge is 

energised and the output signals due to rotation at various speeds 
were found to be less than 1% of the measured signal for speeds 

below 500 rpm and less than 5% at 1000 rpm as shown in figure 8.10. 
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CHAPTER 9 

SLIP RING INDUCTION MOTOR EXPERIMENTAL AND COMPUTED RESULTS 

9.1. Introduction 

The step-by-step technique developed is used, to compute the 

performance of a simple series circuit in 3.2: in chapter 4 

the steady state performance of an ideal machine is calculated. 

These results have been compared with values obtained analytically. 

However, no such comparison is possible as far as the transient 

conditions in machines are concerned. It is the object of the 

experimental investigations described in this chapter to compare 

the accuracy of the computed results with those obtained ex-

perimentally. This requires both a precise determination of 

machine parameters and a reliable and accurate measurement of the 

electrical quantities and torque. The strain gauge torque de-

signed to measure both the steady state and transient torques 

acting on the stator of the machine has been described in the 

previous chapter. The machine parameters are obtained experimentally 

as described below. 

9.2. Machine 2araneters 

From the data of the machine the self and mutual inductances 

of the stator and rotor windings are calculated. The above 

inductances are also measured by applying a single phase voltage to 

one of the phases and observing the exciting current and the 

induced voltages in the other phases. Good agreement is found 

between the calculated and measured values. Calculation of the 

leakage inductances is made difficult by the presence of closed 

slots on the rotor but an accurate measurement is possible. In 

order to do this the rotor is taken out of the stator core. A 

copper sheet is provided to restrict the flux produced by the rotor 

to the leakage paths occuring in normal operation. The leakage 

reactance of both the stator and the rotor are then found separately 

by the application of a 3 phase supply at various current levels. 
The variation of the leakage reactance with current is shown in 

figure 9.1. 
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The resistances of the stator and rotor phases are measured 

using the arrangement shown in figure 9.2, after each reading in the 

following experiments. 

9.3. Steady state performance 

The computed and experimental values of the currents and torques 

at various speeds with sinusoidal and non-sinusoidal input voltages 

are shown in the tables below. 

Balanced sinusoidal supply 50 c/s 304 V line 

Speed 	Current amperes 	Torque lb ft 

rpm 	Experimental Computed 	Experimental Computed 

500 4.3 4.4A 4.11 3.95 

1000 3.65 3.8 4.65 4.95 

1400 1.645 1.54 3.22 3.35 

The print out from the computer showing the instantaneous 

values of stator and rotor currents, and instantaneous torque 

are shown in table 9.1. 

The operating voltage of the impulse inverter used is limited. 

Hence lower frequencies are used so that the torque developed can 

be conveniently measured. 

Steady state o2eration with inverter supply 

Supply 	Speed 	current amperes 	Torque lb ft 
Experimental Computed Experimental Computed 

0.11PROWW WWWIPOWW0WOMN.O.11...01MMOIMVM.MOW.OPONI.www0 bOMM 

10 cycles 	0 3.2 3.1 4.72 5.05 
55.7 volts 
per phase 175 2.1 1.885 4.25 4.53 

5 cycles 	0 2.45 2.34 6.37 6.21 
38.5 volts 

The stator and rotor current waveforms are shown in figures 9.3 

to 9.6. 
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(b)  

(c)  

figure 9.5 Experimental waveforms of stator current 
and line voltage 

(a) at 0 rpm with 56 V,10 c/s inverter supply 
(b) at 175 rpm with 56V,lOc/s inverter supply 

(c) at 0 rpm with 39V,5c/s inverter supply 

(d) line voltage 
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It will be observed from the table that the agreement between 

the predicted and practical rns current values is as close as is 

usually obtained in machine testing where accuracy depends on the 

exact determination of the parameters. 

The correlation between the shapes of the stator (input) and rotor 

current waveforms is extremely good. There is absolute agreement, 

in the changing pattern of stator and rotor current waveforms during 

successive cycles. This method therefore gives valuable and 

accurate information about the cifo harmonic content drawn from a 

supply. 

Similarly in the case of the inverter supply the predicted and 

measured shapes of the stator current waveforms as well as their 

magnitudes show extremely good agreement as shown in figures 9.5 

and 9.6. 

9.4. Speed transients 

While computing the steady state performance, the presence of 

pulsating torques was observed. The frequency of pulsation was found 

to be six times the supply frequency multiplied by the ratio 

between the machine speed and the synchronous speed. It corresponds 

to the speed at which the phase bands on the rotor slip past the 

stator phase bands. In the case of the 4 pole machine this frequency 

is given by .2 x speed in rpm. The torque meter developed (in 

chapter 8) has a restricted band width and is suitable only if the 

measured frequency is below 50 cycles. The observation is carried 

out at speeds up to 150 rpm, that is up to 30 c/s torque components. 

The computed and measured waveforms of the torque are shown in 

figures 9.7 to 9.10. The measured torques have a high frequency 

ripple component superimposed on the main component, this is due 

to the mechanical oscillation of the apparatus. However, the 

important main component has the same frequency as predicted and 

it can be observed from the table given below that the amplitudes 

are predicted tolerably well considering the nature of the extremely 

difficult problem. Thus the program can be used to calculate the 

amplitudes of the pulsating torques produced in induction motor 

operation, this prediction is of great value if the machine drives 
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9.10 Waveforms of torque at steady state 
with a 5c/s inverter supply 
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apparatus having natural frequencies which must be avoided, 

Moreover, since this pulsation of torque is occurring at the 

practical steady state attained, the design of the mechanical com—

ponents must allow for the fatigue which decreases the allowable 

stress in the material. 

Sinusoidal input  230 V, 50 c/s 

Speed rpm 	Amplitude of pulsating 	Average torque 
torque in 3.1-.1 ft. 	computed 

•••••=•••••• 

Couuted Experimental 

50 2.075 2.1 3.925 

75 1.75 1.84 3.75 

100 1.45 1.56 3.5 
150 .80 .925 4.01 

In the case of the inverter supply computed and measured values 

are compared considering the difference between the maximum and 

the minimum values of the instantaneous torques, developed during 

a cycle. 

Speed 	Torque pulsation in lb ft 
rpm Computed 	Measured 

	

50 	3.2 	3.45 

	

100 	2.15 	2.155 

The pulsation of torque in this case is predominantly due to the 

nature of the input voltages. 

9.5, Switching transients 

Computed and measured values of transient torques acting on the 

stator due to switching sinusoidal and inverter supplies at various 
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speeds are shown in figures 9.11 to 9.14. Numerical comparisons, 

between measured and computed values, of the maximum torques 

following the application of sinusoidal and inverter supplies are 

given in the tables. 

Sinusoidal inEut 

Speed 
rpm 

Maxinum torque lb ft  Average torque just after 
switching (during 2nd cycle) Measured Computed 
Measured 	Computed 

0 20.2 23.0 9.5 11.45 
1000 4.45 6 3.78 4.00 

Inverter supply 

Speed 
rpm 

Maximum torque lb ft 

 

Measured 
	

Computed 
•••••••1•11.0.1 

	

0 
	

8.80 
	9.40 

	

100 	 7.08 	 8.00 

The general shapes of computed and measured torques show close 

agreement although sharp changes and higher frequencies, present 

in the computed values are not measured accurately by the strain 

gauge apparatus. Thus the analysis developed can be used to predict 

the maximum values of torques, developed due to switching or re—

closing a supply to an induction motor, considering the true wave—

form of the applied voltages and taking all the space harmonics into 

account. The numerical method is far more powerful compared with 

the existing analytical methods which require various assumptions 

as discussed in the introduction. 
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CHAPTER 10 

VARIABLE SPEED SYNCHRONOUS MOTOR 

10.1. Introduction 

If an impulse commutated inverter of the type described in 

Chapter 7 were used to drive a synchronous motor then the output 

speeds would be exactly proportional to the set frequency. However, 

the system in the case of a synchronous motor drive may be greatly 

simplified by the use of a line commutated inverter. This type of 

inverter self-commutates because of the presence of an existing 3 

phase system. In the case of the synchronous motor this system is 

provided by the induced emfs in the stator windings due to the d.c. 

excitation on the rotor. The inverter requires only 6 SCRs; no 

commutating SCRs or components are required and the flywheel diodes 

are not necessary. Essentially the system operates in the sane 

manner as a d.c. shunt motor with one important exception, the 

point at which the current in a con reverses its direction depends 

on the net field configuration (since this decides the phase of the 

induced emfs which govern commutation) whereas a d.c. machine coil 

is commutated mechanically at a set rotor position. Inherently if 

the pulses necessary to trigger the SCRs are derivod from the generated 

emfs in the machine stator, then it clearly has no starting torque 

and must therefore be started at loast up to a small speed by means 

of a second machine. In practice either the technique of using the 

exciter as the means of providing the initial drive to run the machine 

up could be successfully employed or again the common technique of 

using the damper windings as an induction motor secondary could be 

used by means of a fixed frequency supply. 

10.2. Principle of operation 

The experimental investigations carried out to study the possibility 

of running a "synchronous machine as a variable speed motor" and a 

simplified analysis of the system are described in this chapter. 

The principle used is that power can be fed into an a.c. system 
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using a line—commutated SCR bridge. The SCR bridge consists of six 

SCRs and a trigger unit to fire the SCRs in the correct sequence. 

The circuit diagram of the system is shown in figure 10.1. The 

design of the trigger unit is described in appendix 7. 

10.3. The operation of a three phase bridge 

The six SCRs in the bridge are numbered as shown in figure 10.1 

and, the firing sequence and the conducting SCRs are given in table 

10.1. The waveform of the voltages at points R, Y and B are shown 

in figure 10.2.a taking the star point of the a.c. system as the 

reference. In one period of the a.c. voltage there are six half 

waves and the trigger unit produces six pulses corresponding to these 

six half waves as shown in figure 10.2.d. Point A in figure 10.2 is 

taken as the reference for the firing angle. Considering one half of 

the bridge, that is SCRs 1, 3 and 5, the R phase voltage is more 

positive than the B phase after point A. Therefore SCR 1 conducts 

as soon as it is triggered. Similarly after 120°  from point A, Y 

phase is more positive and SCR 3 conducts as soon as it is triggered. 

After 240°, SCR 5 will be able to conduct. On the other half of the 

bridge SCRs 4, 6 and 2 conduct for 120°  each in a cycle. 

The theoretical waveform of the output d.c. voltage across the 

bridge for three firing angle 30°, 90°  and 150°  are shown in 

figure 10.2. When the firing angle, 0 , exceeds 60°  (point P in the 

figure 10.2.a) the instantaneous voltage across the bridge is 

negative during the transfer of current from one SCR to another 

though the current is positive and this requires a large inductance 

in series with the load if continuous conduction is to be maintained. 

With no choke and a resistive load, conduction would be discontinuous 

as shown in figure 10.3.a. In this experiment a large choke is 

present and as 0 is increased, the average d.c. voltage decreases. 

At a equals 90°  the average d.c. voltage is zero and conduction will 

stop. To induce or maintain conduction a d.c. source is connected 

as the load* Now, the current is positive though the voltage across 

the bridge is negative and as 8 is increased the voltage becomes 

more and more negative. The measured values of the average d.c. 

voltage with respect to the firing angle is shown in figure 10.3.1). 
It may be observed that the zero d.c. voltage occurs at the 85°  point 
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Table 10-i 

Time in degrees. 0 60 120 180 240 300 

Firing sequence 
1 2 4 5 6 

Conducting SCRs 6,1 1,2 	. 2,3 3,i 	4,5 5,6 

figure 10. i  Line,  commutated Inverter 
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Theoretical waveform of voltage across the bridge 

(a) Firing angle 30 degrees 
(b) 90 
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(d) Conducting SCRs 
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instead of 9001  this is clue to the error in the measurement of 

angle and a small voltage drop in the leakage inductance of the 

phases during commutation. 

The waveforms at various firing angles are shown in figures 

10.4, 10.5 and 10.6. 

10.4. Power flaw and motoring action 

If the value of the firing angle lies between 0°  and 90°, power 

flows from the a.c. to the d.c. side (rectification). When it lies 

between 90°  and 180°, power flows from the d.c. side to the a.c. 

side, that is the d.c. side is now the power source. The latter 

is known as inversion and is of particular interest in this in—

vestigation. In this experiment the firing angle is increased to 

approximately 160°  leaving 20°  for safe transfer of current. The 

input power is increased by increasing the d.c. voltage and it is 

observed that the power drawn by the driving machine decreases and 

reverses that is, the driving machine is now generating and the 

synchronous machine is motoring. The main object of the experimental 

investigation is to verify the stability of the system, that is, 

to see whether the synchronous machine will continue to run as a 

motor if the d.c. driving machine is disconnected. This is done by 

opening switch 'S' in series with the armature circuit shown in 

figure 10.1, and it is found that the speed of the system increases 

until the motoring and the friction and windage torques are equal. 

Thus the ability of a synchronous machine to operate as a motor 

from a d.c. source has been verified. In the following sections 

the experimental performance of the system is compared with the 

computed values. 

10.5.. Performance of the variable speed synchronous motor 

The parameters controlling the performance of the inverter—

synchronous machine system are the d.c. applied voltage, exciting 

current of the synchronous machine and the firing angle. The speed 

torque characteristic of the system is measured keeping the d.c. 

voltage, exciting current and the firing angle constant. The out—

put torque of the synchronous machine is measured as follows. 
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(1-) 

figure 10.4_ 

(c)  

(d)  
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Invert9r-8ynchronoas machine system  current and 
voltae waveforms 
(a) ac current at 790 rem wjth 	 angle of 135c  
(b) line voltage 
(c) voltage across the bridge at a firing angle of 0 
(d) voltage across a SCR 
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.Inverter-,,ynchronou,, m chine  system current and volt.'D.ge 
waveforms at 1500 rpm 

ea,m••••••••••*. ow. 

(a) Firing angle 135 degrees -current waveform. 
(b) Line voltages' 
(c) Firing angle 120 degrees -current waveform 
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With the system running at a particular speed the d.c. machine 

armature current is noted. Then, the inverter is switched off and 

the excitation of the synchronous machine is removed. The uachine 

system is then run at the same speed and the input current to the 

d.c. machine is again observed. From the two currents the output 

power of the inverter-machine system hence the torque nay be 

calculated to a good approximation. The measured speed torque 

characteristics at two d.c. applied voltages are shown in figure 10.7. 

The second characteristic measured is the variation of speed 

with respect to the applied voltage, keeping the firing angle and 

the exciting current constant. The system is taken to the rated 

speed and the armature of the d.c. machine is disconnected. The 

applied d.c. voltage is gradually increased and the speed of the 

system at various voltages is noted. It is seen that the output 

torque is approximately constant. The measured speed-voltage 

characteristic is shown in figure 10.8. 

The variation of speed with respect to the exciting current 

while the d.c. voltage and firing angle remain constant is measured 

and is shown in figure 10.9. 

The effect of the firing angle on speed with the applied voltage 

and exciting current remaining constant is measured and is shown in 

figure 10.10. 

The waveforms of the voltage across the bridge at three values 

of the firing angle are shown in figures 10.4.c, 10.5.a and 10.5.c 

and the waveforms of the voltage across a SCR corresponding to the 

above three cases are shown in figures 10.4.d and 10.5.b. The rest 

of the oscillograms shown in figures 10.4, 10.5 and 10.6 are the 

waveforms of phase currents and line voltages. It may be observed 

that the line voltage has six negative peaks per cycle super-taposed 

on the sinusoidal induced emf. It may also be seen that the phase 

currents are discontinuous though the voltages are not. This point 

must be borne in mind in the analysis, since the use of the 

voltages, appearing across the machine terminals, for calculations, 

neglecting the presence of non-linear (or switching) elements in 

the circuits, will lead to incorrect predictions. 
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✓ .KIf N—IX   (10,0 

where K is a constant which depends on the magnetic circuit of the 

machine 
4F  4T vdo 	

3 = 	 v
P 
 = 2.345 Vp  = 1.353 V1   (10.2) 

117  

Vdl = Vdo cos 6   (10.3) 
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The waveform of the phase currents is similar to that of the 

currents in the armature coils of a d.c. machine, where the current 

is interrupted mechanically, aided by interpoles. However, the 

0 (electrical) 

in 	

currents as shown in the figures are zero for 120  

in a cycle whereas in the case of the d.c. machine, this angle is 

very small. 

10.6. Analysis of the inverter synchronous machine system 

The relationships between the a.c. and d.c. voltages and the 

bridge current have been derived by Freris15  and are used in the 

following analysis of the system. 

Supposing Vp and V1 to be the phase and line a.c. induced voltages 

Vdo 	the d.c. voltage produced by the bridge at zero firing 

angle. 

Vd 	applied d.c. voltage 

Vdi 	d.c. voltage produced by the machine and the bridge at 

a firing angle 

Id 	average d.c. current 

I 	rms value of the a.c. current 

L commutating or the sun of the synchronous and leakage 

inductances of one phase 

f frequency of the a.c. voltage 

If 	exciting current 

4 	angle of overlap 

and N 	speed of the synchronous machine 

the following relations may be written 

Vd — Vd1 I
d 
= 	 

 

(10:4) 

 

 

3Xc 

   

     



where X
c 
= 2 itf L and f = 	for a four pole machine. 

30 

The transfer of current from one SCR to another does not take place 

instantaneously due to the inductance of the a.c. circuit. Both the 

SCRs are conducting during a certain angle which is known as the angle 

of overlap, 	The rus value of the phase current is given by 

I = I 

  

(1o.5) 
1-7r 

 

The output torque may be calculated as follows. 

Output power, W = Vd  Id  - losses 

Also, 	W = 2 NT x 746 

33000 

where T is the torque in lb ft 

or T = 7.016 W 	 op 	,. (10.6) 
N 

From the equations (1) to (4) it may be shown that the synchronous 

machine-inverter system is analogous to a separately excited d.c. 

motor where Vdo cos 6 is the back-emf and 
3Xc produces a voltage 

drop and is thus analogous to armature resistance in the d.c. case. 

The performance characteristics of the system may be calculated using 

equations (1) to (6). 

A set of speed-torque characteristics, calculated, for various 

values of the firing angle whilst the applied voltage and field 

current remain constant, are shown in figure 10.11. Similarly a set 

of speed-torque characteristics calculated for various values of the 

field excitation whilst the applied voltage and firing angle remain 

constant are shown in figure 10.12. Perfornance of the systen under 

any conditions may be obtained from these two sets of characteristics. 

The calculated values corresponding to the measured characteristics 

shown in figures 10.7, 10.8, 10.9 and 10.10 are obtained from the 

sets of characteristics shown in figures 10.11 and 10.12, and are 

plotted on the appropriate figures. It may be observed that a 

characteristic with a constant torque can not directly be calculated 
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and has to be obtained using iterative process. An alternative 

procedure is to calculate a set shown in figure 10.11 or 10.12 and 

obtain the speeds corresponding to a constant torque by drawing a 

straight line as shown in figure 10.12. 

10.7. Systems of speed control using the inverter synchronous motor 

scheme 

Various systems of controlling the speed of the synchronous motor 

in the above scheme may be devised. The choice of a particular system 

depends firstly on the available source of power which may be either 

a d.c. or an a.c. supply. Secondly, on the required range of speed 

variation, and thirdly, on the type of load coupled to the motor. 

In fan and pump drives, load torque exists from the start and depends 

on the speed of the motor. In these cases off—load starting is not 

possible without the use of additional mechanical equipment. But a 

motor driving a compressor or a rolling mill can be started without 

any load torque except that due to friction.. Thus the type of load 

mainly affects the choice of the system of starting. 

In some applications such as driving a vehicle, variation of the 

speed from zero to a maximum value nay be desired and in others 

such as blowers in nuclear reectors a small range of speeds may be 

sufficient. Close control of speed may be of importance in 

artificial fibre and chemical plants whereas an approximate control 

of speed may be sufficient in others. The volume and weight of the 

equipment as well as the availability and cost of particular 

apparatus may also influence the system of speed—control used. 

Various nodes of controlling the speed and the flexibility obtained 

using these modes are described below. 

10.8. Modes of speed control 

The parameters, that can be adjusted to control the speed of the 

synchronous motor system are the d.c. applied voltage, firing angle 

and field excitation. Precise control of speed up to its maximum 

value can be obtained by adjusting the applied d.c. voltage. This 

requires, of course, additional equipment with a variable d.c. out— 
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put voltage. If the source of power is an a.c. system a controlled 

rectifier bridge or a motor generator set nay be used. An alternative 

system using voltage transformation on the a.c. side is shown in figure 

10.13. In this system the d.c. voltage is constant, resulting in an 

approximately constant a.c. voltage across the bridge, that is, at 

point Pr  in the figure. If the voltage at Sr  is now decreased by 

changing the ratio of transformation, then power flow increases and 

the machine accelerates to a higher speed so that the induced a.c. 

voltage at Sr  is increased to the new setting. The sequence of 

operations to start the system is given in the figure, 

As shown in figures 10.9 and 10.12 adjustment of speed within a 

small range is possible using field control. Similarly from figure 

10.11 it may be observed that limited speed variation can be obtained 

by adjusting the firing angle. Thus, knowing the requirements, a 

suitable system, of controlling the speed of the synchronous motor, 

can be chosen, 

10.9. Conclusions 

Induction motors may be connected to point Sr  in figure 10.13 

This then drives an induction motor from a d.c. source. (In the 

figure this d.c. source is provided by the rectifier arrangement). 

Without the use of impulse commutation and if it is desired the 

synchronous machine could be used merely as an unloaded commutating 

means. Further investigations would be necessary to establish the 

KVA of the induction motors that may be operated from a given KVA 

rating of the synchronous machine. 

The system has only the disadvantages associated with fixed 

speed synchronous motors. These are sometimes used as pump storage 

machines using change-pole techniques but this system is much more 

flexible and capable of operation at variable speed rather than 

fixed speeds. Since the commutation is natural rather than forced, 

high instantaneous currents and steep rise in voltages which are 

common in the case of impulse inverters, do not occur. Therefore, 

the performance of the SCRs is more relaiable and the risk of com-

mutation failure is loss. No turn-off SCRs are required. This 

system is thought to be more economical and reliable compared with 

alternative arrangements in particular circumstances. 
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Three phase supply 	figure  10.13 

Inductance 

Proposed scheme for a variable speed drive 

operating from the mains  

Sequence of operations for starting 

closing of switch S 
lil 

closing of switch F 

Trigger pulses to 
the bridge 

* 
Opening of switch S 

Var'ying the setting on  

--machine starts and attains a speed- 
close to the synchronous speed 

--d.c excitation is given and the 
machine runs at synchronous speed 

- power—flow to the machine is 
substantially through the bridge 

--this may be done after increasing 
the inductance so that the wattmeter 
reading is very small.The machine 
is now running freely and the speed 
may be varied using the variac. 

the variac to obtain the desired speed. 



CHAPTER 1i 11 

MECHANICAL INVERTERS 

11.1. Introduction 

The object of the experimental investigations described in this 

chapter is to develop an inverter using mechanical switches. A 

simple switching device originally suggested by Dr. Easthau to 

produce three phase a.c. voltages from a d.c. supply is shown in 

figure 11.1. Based on the experimental knowledge obtained from the 

above device an improved switching arrangement was designed and 

tested. The nature of the electrical and mechanical phenomena in-

volved in mechanical switching was better understood from the above 

tests and a successful switching device with increased complexity 

was designed. This device can be adapted for use as either an in-

verter or a time ratio controller. 

11.2.1. The mechanical arrangement 

The mechanical arrangement developed consists of a rotating drum, 

driven by a d.c. motor and a stationary frame carrying carbon 

brushes. The details of the various parts and a final assembly are 

shown in figure 11.2. 

11.2.2. The rotating drum 

There are eight copper rings fixed on a hollow cast-iron cylinder 

which is mounted on a shaft using a spicier arrangement. All the 

rings are insulated from the cylinder. Six of the rings are 

formed by segments secured to the cylinder by insulated bolts. The 

ends of these bolts extending inside the cylinder form the terminals 

for inter-connection of the rings. Rings 1, 2, 7 and 8 are all 

alike as shown in figureil.Ziand they are placed so that the seg-

ments on rings 7 and 8 are diametrically opposite to the correspond-

ing segments on rings 1 and 2. The third and fifth rings are con-

tinuous. 
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(b) circuit diagram 
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Details of the mechanical inverter 
4•11••••••••••••••••••••••••6111.041•100=111•••••••••••••••••••••••••••••=. 	  

1.Rotor cast iron tube 
2.Bakelite tube (insulation) 
3.Copper rings 
4-.Spider end plates 
5..Shaft 
6.End. brackets 
7. Bearings 
&Moveable disc 
9.Threaded steel rods and. bolts to fix the moveable brushes 

la-Gear wheel assembly to rotate the moveable brushes 
11. Insulating bush 
12.Insulating washer 
13.Locking washer 
14-.Nuts 
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11.2.3. Tha_atutiolan_frau 

There are two end brackets supporting the rctor drum. The 

brackets also support six brush rods and three rows of air—jets. 

There is one jet per segmented ring in each row and there are 

three more brush rods, the position of which can be varied relative 

to the rest of the brush rods. These three rods are fixed between 

two discs supported by external bearings situated on the axle. 

There are twenty brushes in all and their positions on the various 

rings are shown in figure 11.2.h. 

11.3. Inversion of d.c. voltage to Eolyphase a.c. voltages 

The inter—connection of the segments and the corresponding 

circuit diagram are shown in figures 11.2.h and 11.3 respectively.  

The process of inversion from d.c. to a.c. voltage is explained 

by considering one of the phases. Reference is given to both the 

brushes in the device and the switches shown in the circuit diagram. 

In table 11.1 a number of rotor positions during one revolution 

and the swirching actions taking place in those positions are given. 

At the first position, the red phase is connected by brush ri  

to the positive supply (closing of switch A) and current flows from 

the positive to neutral through the brush r1  and the load. After 

a movement of 50o brushes r
1 
and r

2 
share the load current for 400. 

Then r1 is disconnected and r2 
carries the full load current. At 

the fifth position the red phase is disconnected from the positive 

line by brush r2  (opening of switch A). The total inductance in 

the circuit (the load and supply inductances) maintains the current 

through the alternative path consisting of a diode, brush r
3 

and 

capacitance, Ca. The capacitor is charged and as soon as the 

voltage exceeds the total supply voltage, the diode on the negative 

side conducts and the energy stored in the load inductance flows 

back tc the negative supply. A maximum of 350  (this can be adjusted) 

is allowed for the transfer of current from the positive to the 

negative side. At position six the capacitance, Ca, with a charge 

of 2V, where 2V is the total supply voltage, is isolated by brush 

r4  (opening of A2). In the seventh position brush r1  connects the 

red phase (closing.of B) to the negative line, thus relieving the 



TABLE 11.1 

Position of 
edge A 

No. 	degrees 

R phase connected to positive 
or negative or open 

r5, the capacitor connected 
to negative or resistor or 
isolated 

r3, the capacitor connected 
to positive or resistor or 
isolated 

1 40 positive 

2 55 resistor 

3 120 positive 

4 165 leaving resistor positive 

5 180 leaving positive, open isolated positive 

6 ' 215 open isolated leaving positive, isolated 

7 220 negative isolated isolated 

8 235 negative isolated resistor 

9 300 negative negative resistor 

10 345 negative negative leaving resistor, isolated 

11 36G leaving negative, open negative isolated 

12 35 open leaving negative, isolated isolated 

i 40 positive isolated isolated 
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diode of its current. The charged capacitor is connected by brush 

r
4 
(closing of A

l to its second position) to the resistance at the 

eighth position and is discharged during the next 1100. 	hen, _the 

capacitor is isolated by brush r4  (opening of Al) at the tenth 

position. It is now ready to be used in the next cycle. 

At the eleventh position the red phase is disconnected from the 

negative by brush r2  (opening of B) and the current is transferred 

to the positive side. The sequence of actions are as follows.. The 

current is carried initially by capacitor, Cb, on the negative side, 

then by the diode on the positive side and finally by the brush r1. 

The capacitor, Cb, is discharged before being used in the next cycle. 

The transfer of current from one part of a circuit to another is 

usually termed commutation. Here, this is achieved by first inter—

rupting the current and then suppressing the tendency to spark by a 

combination of diodes and capacitors. The capacitors themselves 

introduce a different kind of sparking if 'they' are permitted to 

charge or discharge instantaneously._ (This was experienced in the 

earlier device). Such an occurence is prevented by the auxiliary 

switches which isolate the capacitors at the appropriate instants. 

For example, when switch A is opened there would be heavy sparking 

but for the presence of an alternative circuit formed by switch 

A1  the discharged capacitor, Ca and diode, Da
, Secondly, if C

a 
is not isolated from the positive line when switch B is closed, 

there is a step—voltage applied to C resulting in sparking. 
a 

Thirdly,. when switch A is closed, Ca  will be discharged instant— 

aneously, if the capacitor has not been discharged previously and 

causes sparking across the switch.. Thus the possibilities of in—

ductive and capactive sparking have been eliminated. 

The diodes Da 
and D

b improve the waveforms and prevent ringing 

in the capacitor circuits which otherwise may cause sparking. 

One revolution of the rotor drum corresponds to a cycle of 

the a.c. voltage. Hence the frequency can be varied by adjusting 

the speed of the rotor. 
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11.4. Experimental observations 
001110.,.........mr.m11.01.1=m0dmvmme00.0..NNO01.0.M 

In the experiments carried out the d.c. input voltage was limited 

by the breakdown voltage of the slots present in the segnented rings. 

The currents on a.c. and d.c. sides were limited by the rating of the 

diodes and the availability of the capacitors (used to suppress 

sparking). In spite of slight mechanical vibrations of the brushes 

the sparking was negligible and in particular there was no sparking 

at a particular load current. This phenomenon is due to the high 

resistance of the carbon brushes at very low currents. The initial 

sparking disappeared when the current carried by the brushes was in—

creased (approximately to 2 amperes, the area of contact being i-

sq, inch). Again for a given value (100 EF) of capacitors, sparking 

was observed when the current was increased beyond a Liaximun value 

(10 amperes, this depends of course, on the load and supply 

inductances). 

Though it is not possible to avoid the presence of supply in—

ductance, the value of the capacitors (for spark suppression) may 

be reduced considerably by using large capacitors across the supply. 

This also results in a decrease of the energy lost in achieving 

sparkless operation. In order to design a mechanical inverter to 

feed induction motors further experimental and theoretical investi—

gations would be necessary to establish the relationships between 

the parameters in the system. For example, the optimum value of 

capacitors used actoss the supply and across the switches for a 

known inductance of the supply circuit, the value of the discharge—

resistances for a given period of time allowed for discharging the 

capacitors, etc. have to be determined. 

11.5. Mechanical inverter waveforms 

The phase voltage and current waveforms with a substantially 

resistive load are alike as shown in figure 11.4.a and b. The 

capacitor is charged and discharged as shown by figure 11.4.c. 

and the spikes of voltages shown in figure 11.4.d. correspond to 

the discharging of the capacitor. During the tine of charging the 

capacitors, Ca  and Cb, diodes Da and Db  conduct as shown by the 
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(b)  

figure i1.4 

(e) 

(e) 

Inverter waveforms with resistive load 

.(a) load current 

(b) load voltage 
(OvoltageacrossthecapacitorCa(or 0b) • 

(d) voltage across the discharge resistor Ra(or R.) 

(e) voltage across the diode Da(or Db) in series 
with the capacitor Ca(or Cb) 
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step voltages shoWn in figure 11.4.e. Voltage across these diodes 

when not conducting is zero and a high resistance has to be con-

nected in parallel to the diode while photographing the voltage 

waveform. Otherwise the zero line shown in the figure would be 

a random waveform due to electrical pick up in the leads. (This 

was observed in the experiment). 

With a slightly inductive load the shape of the voltage waveform . 

is changed as shown in figure 11.5.b, the voltage across the capacitor 

now exceeds half the supply voltage and its value is given by the 

height of the spikes in the figure. The energy stored in the in-

ductances of the load and supply circuits is absorbed by (or trans-

ferred to) the capacitor. If the load inductance is increased, the 

capacitor is charged to a voltage exceeding the value of the total 

supply voltage, this results in a forward voltage across the fly wheel 

diode which therefore conducts. From this moment the energy stored 

in the load circuit is fed back into the supply. This situation is 

shown in figure 11.5.d. The supply was provided in this case by 

two d.c. machines and energy feed back was therefore difficult 

due to the inductance of the armatures. The diode conduction is 

shown by the small length of the flat portion following the voltage 

spikes. This flat portion depends on the load inductance and if the 

latter is sufficiently large conduction would be continuous. These 

waveforms of the voltages also illustrate the dependency of the volt-

age waveform on the circuit paraneters, mentioned earlier in chapter 7. 

11.6. Conditions for successful inversion 

In common with all other inverter systems, the d.c. supply must 

be capable of receiving energy, Thus, if the d.c. supply is derived 

from a rectifier or a d.c. machine a capacitance of sufficient size 

has to be provided across the supply. The capacitances across the 

switches have to have low transient resistances and must be capable 

of carrying the initial current. They all have to be large enough 

to absorb the energy stored in the supply inductance. The value of 

the resistances for discharging the capacitors is selected such that 

at the highest operating speed the capacitors are discharged to a 

low voltage during the 110 degrees movement. The slots must be 

capable of withstanding the operative voltage and the brushes must 
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(a)  

(b)  

 

figure 11.5 

(c)  

(d)  

Inverter waveforms with  in(luctive load  

_illustrates the dependency of the voltage waveform 

on the circuit pare meters 

(a) load current with 50 mH inductance in series 
(b) load voltage 
(c) load current with 500mH inductance in series 
(d) load voltage 
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not vibrate unduly as this by itself can create undue sparking: The 

successful operation of the device depended to a large extent on the 

precise construction by Mr. C.R.Johnson of the clepartnental workshop. 

11.7. Tine-ratio controller (TRC) 

The speed of a d.c.. machine operating from a constant d.c. supply 

can be controlled using the modified circuit shown in figure 11.6.a. 

Speed control is achieved by varying the effective voltage applied 

to the armature. 

If switch A is closed at time zero, the current through the large 

inductance and armature increases as shown in figure 11.6.0. -  Switch 

A
l 
is subsequently closed at time t, this connects the capacitor 

across switch A. At time t2 switch A is opened. The inductance in 

the load circuit then maintains the load current through the fly-

wheel diodet  and the current is steadily decreased. The energy 

stored in the inductance of the supply is absorbed by the capacitor. 

The operation of switch A is thus sparkless, since the load current 

has an alternative path as does the current from the supply. The 

energy stored in the capacitor is then discharged into the resistance 

by connecting switch Al  to its second position. 

At time t
3 

which may be called the end of the first cyole, switch 

B is closed and the load current starts increasing. A similar switch-

ing action takes place on the B unit. Thus the two switching units 

connect the positive end of the supply to the load alternately. As 

shown by the waveforms in figure 11.6, the average d.c. voltage 

across the load depends on the ratio of the tine of conduction to the 

time per cycle and it is independent of the nunber of cycles per 

second. By varying the position of r1  the time of conduction per 

cycle hence the average voltage applied to the load can be varied. 

11.8. Experimental results  from the TRC 

The experimental waveforms are shown in figure 11.7. The load 

current is discontinuous as the inductance in the load circuit is 

not large enough to maintain the current and the supply is connected 

to the load for approximately one third of a cycle only. During the 
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Time-ratio controller  
(a) Switching circuit 
(b) Voltage across the load 
(c). Load current 
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Time-ratio controller waveforms 

(a) load current 
(b) load voltage 
(c) main switch current. 
(d) load current without the c dhce .d ode. 
(e) load voltage 
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conduction of the fly wheel diode there is a snail negative voltage 

across the load as shown by figure 11.7.b. The top of the voltage 

waveform is not flat due to supply regulation. Figure 11.7.c. shows 

the waveform of current carried by the main switches, A and B. 

Figures 11.7.d and e show the waveforms of current and voltage when 

the flywheel diode is disconnected from the circuit shown in figure 

11.6.a. The stored energy in the load and supply circuits is now 

absorbed by the capacitors in series with the auxiliary switches, 

Al  and B1. The voltage to which the capacitors are charged depends 

on the value of capacitors, inductance in the circuit and the current 

interrupted. A typical case is shown in figure 11.7.e. It may also 

be observed that the rate of decay of the current is greater and its 

interruption more abrupt, compared to the case shown in figure 11.7.a, 

where the flywheel diode is connected across the load. 

Sparkless operation of the TRC up to approximately 12 amperes was 

observed. The system can be operated with or without flywheel diode 

as observed in the experiment. The switching can be obtained using 

a rotating drum or relay type electromagnetic switches operated by a 

pulsing unit. This is thought to be an economical system for speed—

control of d.c. machines. 

11.9. Increasing the average voltage of the TRC 

In the circuit arrangement shown in figure 11,5.a, the average 

voltage applied to the load can only be varied from the supply voltage 

to smaller values. However, by rearranging the connections to form 

the circuit shown in figure 11.8. the average voltage applied across 

the load can be increased above the supply voltage. The operation 

of the circuit which is analogous to the SCR circuit described in 

reference 16, is explained considering steady state conditions. The 

representation of the switching units which are similar to the A and 

B units in figure 11.6.a is simplified in this circuit for convenience' 

and the explanation for sparkless operation of the switches is not 

repeated. 
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A large inductance is connected in series with the load. The 

switch, A, short circuits the load for a small interval of time in 

every cycle. During this time the current in the inductance rises 

quickly since the whole of the supply voltage appears across it. 

Meanwhile the load current continues to flow through the diode and 

the. smoothing inductance. The switch is opened after a pre-set 

time which is decided by the maximum allowable current in the in-

ductance, after which the supply voltage and the inductance are once 

again in series with the load. Since the current through the choke 

can not stop instantaneously load current is equal to the value of 

current through the inductance which was attained immediately be-

fore the switch was opened. This current decreases as the energy 

in the inductance is transferred to the load. The cycle of operation, 

namely closing and opening of the switch is then repeated. 

The waveforms of currents in the load and the series inductance 

are shown in figure 11.8. The average voltage and the current 

through the load are increased depending on the size of the in-

ductance and the ratio of the time of closing the switch to one 

cycle time. 

11.10. Increasing the average current 

In the above two arrangements the supply carries (instantaneous) 

currents considerably higher than the average current. Sometimes 

a higher load current at low voltage may be required. In these 

cases the instantaneous supply-current may be unduly large. However, 

using an improved switching arrangement, a load-current amplification 

can be obtained. A particular circuit which nay be used to produce 

a higher current at a reduced voltage is given figure 11.9. The 

number of parallel switching circuits depends on the required 

current amplification and the allowable maximum supply current. 

The supply is connected to the load by one or more of the three 

switches shown in figure 11.9. The switches are closed sequentially 

and each switch conducts during part of a cycle. There are three 

inductances and three free wheeling diodes. Supposing at tine zero 

switch A is closed. The current increases from I1 to 12 at tine t1 
and the variation is approximately linear if the inductance is large. 
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figure 11.9 
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At time t
1 
switch B is closed and switch A is opened during the 

subsequent cycle. The current through the inductance, La  in 

figure 11.9,  which is drawn for a particular case, when each switch 

conducts, for 3- cycle, decreases from I2  to I1 during the next two 

switching periods. The current through the switch B and inductance 

L
b 
increases from I1 to I2 

 at time t
3 
when the switch B is opened 

and switch C closed. Similarly the current through the inductance 

Lc also increases and decreases during a cycle. The waveforms of 

the currents are shown in figure 11.9. The load voltage and current 

are approximately constant. The load current is given by 1.5 X (II  + I2
) 

thus giving a current amplification of three which is equal to the 

number of switches. This is the maximum current amplification 

possible and under this condition it can be called a true step down 

d.c. transformer. The current waveforms in the supply and load 

circuits are improved by this arrangement, that is, they are 

approximately constant. 

The amplification can be smoothly adjusted to values less than 

the number of switches with a consequent increase in the load volt—

age. The system has been tested and satisfactory current ampli—

fication was obtained. 

11.11. Conclusions 

The technique of sparkless mechanical interruption of currents 

was established experimentally and some particular applications have 

been described in this chapter. This technique can be used in a 

variety of applications since the cost of the system is very much 

lower compared to alternative static arrangements. Of course, a 

mechanical operation involves a certain amount of noise and requires 

maintenance However, many applications can be found where the lower 

cost favours its use whilst the discontinuity in the use of the ap—

paratus permits easy maintenance. 
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CHAPTER 12 

CONCLUSIONS 

12.1. Introduction 

The aims of the theoretical and experimental investigations, 

described in this thesis, and the extent to which these aims 

have been realised are summarised and discussed in this chapter. 

The work carried out by the author and presented in this thesis 

forms a small part of the general problem which has been the sub-

ject of intensive research work in recent years, namely the 

development of a reliable and economical variable speed drive. A 

d.c. machine and a variable voltage d.c. source form an ideal variable 

speed drive as far as the speed-control of the system is concerned 

but the d.c. commutator introduces the problem of maintenance and 

a variable voltage source introduces additional equipment which may 

be a static controlled-rectifier inverter or a motor-generator set. 

The availability of high-power fast-acting semi-conductor devices 

has triggered the development of a host of devices and systems for 

variable speed operation using induction motors, thus avoiding the 

use of commutators. The cost of most of these devices is higher 

than that of a d.c. machine system. These systems usually result 

in non-sinusoidal applied voltages to the machines and the analysis 

of the machines under this condition has up to this time been only 

approximate. The wain aim of the theoretical investigations carried 

out by the author was to develop a numerical technique to calculate 

the transient and steady state performance of induction motors 

supplied with non-sinusoidal voltages considering all the harmonic 

fluxes existing in the air gap of the machine. This has been realised 

completely and the results have been checked with values calculated 

using alternative analytical methods in some cases, and with ex-

perimental observations in others. The deductions drawn from these 

comparisons have been pointed out in the relevant chapters and are 

summarised below. 

12.2. Comparison of results with analytical values 

-In chapter 3 the computed results obtained using the numerical 
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technique for a simple circuit were compared with analytical values 

and the accuracy of the computed results was shown to be dependent 

on the incremental time used. 

In chapter 4 the steady state performance of an ideal machine 

(with sinusoidally distributed windings which produce a true rotating 

field when supplied with balanced sinusoidal voltages) was calculated 

using 

a. the numerical technique 

and 

b. the exact equivalent circuit representing the situation. 

Again correlation between the results obtained using the two methods 

was found to be extremely good. 

In section 4.3 the performance of two types of machines were 
calculated using the numerical technique, in each case for two dif-

ferent supply conditions. The first machine (case 1) had a sinu-

soidally distributed winding and the second (case 2) a third harmonic 

distribution of the winding in addition to the fundamental. The two 

supplies were 

a. balanced sinusoidal voltages 

and 

b. balanced sinusoidal voltages plus zero sequence voltages. 

Thus there are four sets of results the nature of which is cited 

below: 

For cases (1) - (a) and (2) - (a)- the instantaneous torque is con-

stant at a steady speed. Under transient speed conditions the case 

(2) - (a) has a pulsating component of torque. For the case (1) - (b) 

the result is identical to case (1) - (a) since zero sequence currents 
do not produce any flux in the air gap and in the case of (2) - (b) 

the speed torque characteristic has a dip at ird the synchronous 

speed and the instantaneous torque developed is not constant. These 

computed results are consistent with those deduced in chapter 4 

from the physical properties of the systems. 

12.3. Comparison of couuted and experimental results 

The comparison of results is summarised in an order different from 
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the presentation of the thesis to facilitate the discussion. The 

numerical technique described in the first four chapters can be ap—

plied to the case of a slip ring motor without further modification 

in the analysis. The computed and experimental results are compared 

in chapter 9 considering three different operating conditions namely, 

1. steady state performance 

2. pulsating torques at steady state 

and 	3. switching transients 

Sinusoidal and non—sinusoidal applied voltages are considered. 

1+0- 
There is absolute agreement in the nature of4predictions and an 

extremely good correlation in the numerical values. An accurate 

prediction of transient and pulsating torque is valuable in the 

design of the system. (The mechanical parts have to withstand both 

a transient maximum torque and a pulsating torque present during the 

operation). In particular the speed transients are predicted only 

by the numerical technique and have been verified by the experimental 

results. Similarly the stator current waveform is predicted very 

accurately thus a knowledge of the harmonic content of current drawn 

from the supply is obtained. 

12.4. Extensions of the numerical techni3ue and commrison with 

exmrimental values 

The numerical technique can be used only after forming a set of 

simultaneous differential equations having a unique solution. In 

the cases illustrated in chapters 5 (squirrel cage rotor) and 7 

(presence of non—linear elements), the formation of the differential 

equations is not as straight forward as in the case of machines having 

discreet electrical circuits and containing only linear elements. In 

the case of squirrel cage and sheet rotors no individual circuits can 

be identified. This difficulty is overcome using the theory pre—

sented in chapter 5 where ample proof of the validity of the method 

is also given. The computed and experimental results have been 

compared for the case of a squirrel cage induction motor. 

The solution of currents in the case of circuits having non—linear 



-198- 
a/ 

elements involves logical operations besides arithmeti9(calculations 

(Tippill.10 
has also used a similar method for constant speed con-

ditions) and this is illustrated in chapter 'I considering the case 
of an impulse-commutated inverter feeding a static load. The com-

puted results show extremely good agreement with experimental wave-

forms. It has also been pointed out that the technique can be used 

to calculate the performance of some complicated systems where the 

waveformsof applied voltages depend on the currents (illustrated in 

chapter 11) and therefore can not be known explicitly. 

Some machines may have both non-linear elements in the stator 

circuits and a squirrel cage or sheet rotor. In this case the above 

two techniques, may be used together to provide a complete solution; 

the first technique (for squirrel cage rotors) nay be used to form a 

set of differential equations with a unique solution and the other to 

account for the presence of non-linear elements, 

The applications of the theory developed for squirrel cage machines 

have been summarised in chapter 5. A particular application namely, 

the calculation of the starting performance of a variable air-gap 

single phase induction motor is described in chapter 6 and it is shown 

that an optimum variation of air-gap along a pole force can be pre-

dicted. 

12.5. A variable speed drive 

tm 
The stability of a synchronous motor-line-comnuted inverter system 

was verified experimentally. The perfornance of the system was 

calculated using the analysis given in chapter 10. The computed and 

experimental values showed good agreement (measured parameters were 

used for computations). This system though not self-starting can be 

used with advantage in many application. Various modes of speed con-

trol and the resulting system using each node have been discussed. 

Further investigations are also suggested in chapter 10. 

12.6. Mechanical switching devices 

Though a system using SCR$ needs little maintenance, the cost of 

the system and sometimes its reliability prohibit its use in many 
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applications. It was the intention of the author to develop a cheap 

mechanical switching (or commutating) device that can be used in a 
variety of applications where it can replace costly SCR installations. 

This has been achieved successfully as described in chapter 11 using 
mechanical switches, diodes and capacitors. The sparking usually as-

sociated with mechanical interruption of current was reduced to a 

minimum by absorbing the energy (which is responsible for the sparking) 
using alternative electrical circuits and wasting it in a harmless 
manner employing auxilliary switches. The principles used in the 

design and the practical realisation of these principles are illustrated 

in chapter 11 with the oscillograns of voltages and currents. The 
switching arrangement was tested as 

1. an inverter with variable output voltage while 
operating from a constant d.c. source-voltage 

and 	2. tine-ratio controller with improved performance due 
to the invention of multi-time-ratio switching instead of a single 
series path for the load current. 

The performance was satisfactory but further experimental study 
would be necessary to establish optimum design techniques; for example 
the optimum values of the capacitances, resistances for given load 
conditions may be deduced from test results. 

12.7. Measurement of transient tore 

The measurement of transient torques has been the subject of many 
investigations in recent years and several ingenictle schemes have been 
developed. (These include the use of strain gauges on the shaft, 
measurement of acceleration which is proportional to torque, the use 

of dynireter etc.). A straight forward measurement of torque acting 
on the stator of the machine is thought to be infinitely preferable 

(to the indirect measurements) and this has been achieved using the 
design techniques described in chapter 8. These techniques may be 

applied in designing torque meters having higher natural frequencies 
by using non-uniform cross-sections or frames which have less weight 
to a given stiffness. 
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12.8 Non-sinusoidal currents drawn from a sinusoidal 

moltaae source 

The waveshape of the steady state currents drawn by a linear 

electrical system is determined by the waveform of the applied voltages. 

In particular sinusoidal applied voltages result in sinusoidal input 

currents to the system.(The currents during switching transient  condi-

tion of course have super-imposed components which vary exponentially 

with time.)The electrical machines represented by equivalent circuits 

behave like static circuits and draw sinusoidal currents from sinusoi-

dal applied voltages.This representation of machines by passive circuits 

is achieved by assuming that the rotor reacts on each space harmonic 

field as if the rotor has a sinusoidal copper disribution of the same 

harmonic pole number.That is rotor currents do not set up any other 

harmonic field.In practice the rotor produces a set of harmonic fields 

which in turn induce voltages in the stator windings.These voltages 
have frequencies different from the source frequency.Thus a pure 

sinusoidal back e.m.f is not obtained and therefore the waveform 

of the input currents are not sinusoidal.This introduces various 

problems in the power system to which the machines are connected. 

The existing analytical and numerical methods (with the except-

ion of the numerical technique described in this thesis) are 

either very difficult to apply or are incapable of calculating the 

non-linear nature of the currents drawn by practical machines; 

although Alger has given an equivalent circuit for taking rotor 

harmonics into account, he mentions that the evaluation of the 

parameters is difficult and clearly a static equivalent circuit 

can not predict the non-sinusoidal currents obtained in practice. 

In chapter 9 the waveform of currents computed using the numerical 
technique is compared with experimental waveforms and the agreement 
between computed and experimental vaues is extremely good. 

A 

12.9 Z441/L.Q12=1-Z2t9L2- 

Inthe case of thick sheet rotors (with iron cores on either 
sides or one of the sides) a three dimensional mesh pattern may be 

used instead of the simple mesh pattern suggested earlier in 

chapter 5. the conditions for forming the set of differential 
equations haNtiry a unique solution may be verified during numeri-

cal calculation by finding out whether the matrix of coefficients 
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is singular or not.If the coefficients of the currents form a 

singular matrix ,then the number of simultaneous equations has 

to be reduced by searching for the relationships between the 

currents whereby one of the equations may be rejected.The number of 

unknown currents in the rest of the equations corresponds to the 

number of equations. 

12.10 General conclusions 
im....m.mambwommioampo.mmmempdwimellmm... 

The theoretical processes and the experimental results 

presented in this thesis are thought to have many practical app-

lications and it is hoped that the techniques will be of use in 

the theoretical assessment of the many new schemes and systems 

made possible by the use of thyristor speed control. 
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APPENDICES 
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APPENDIX 1 

The self and mutual inductances of two coils in a machine with 

a uniform air-gas. 

In figure A1 . a-two coils subtending angles of e1  and 02  and 

having an angle of 9 between their leading sides are shown. .The 

flux density pattern around the air gap for iron of infinite 

permeability due to a current i
1 
in coil 1 is shown in figure Al.d 

taking the air gap circumference as the datum and assuming that 

the currents flow in line conductors which are situated in the air-

gap. Flux density is shown as positive on the right hand side of 

coil 1 and as negative on the left hand side. It is uniform be-

tween points A and A' and its value is given by B1  on the right 

side, that is, taking clockwise direction from A to Al and B2  on 

the left side. 

Since the net flux round the air gap is zero, the relationship 

between B
1 
and B

2 
 may be derived by equating the total fluxes on the 

right and left sides as follows. 

B
1 
 e1 

 4 
	B

2 
(2 n -

1
) D 

2 	2 

where D and Aare the air gap diameter and axial length 

or B2  B
1 

e i  	 (id .1 ) 

   

2 it- 6 1 

Equating the ampereturns required to maintain the flux densities 

B
1 
and B

2 
in the air gap, expressions for B

1 
and B

2 
 nay be derived 

as follows. 

B G 	B G 
i1 T1  = 	1 

where G is the length of the air gap and )1 the permeability. 0  
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figure Al 

(a) leadinF: sides coinside 

(c) coil 2 in the negative 	(d) flux density 

flux. density region pattern 

(e). 	Variation of mutual inductance with the ang2e 

between the coils 

0 
-rr 

>0 

(b) coils at an angle 
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Substituting for B
2 from equation (A1.1) 

B = PO  il T1 
1 

G(1 + al  
2n —01  

	 (A1.2) 

The self inductance of coil 1 is given by 

Similarly the self inductance of coil 2 nay be written as 

D ,e2  T22 

02 2G ((1 + 

27t - 62  

The mutual inductance is the flux linkage of coil 2 per ampere 

in coil 1. It depends on the position of coil 2 and nay be 

calculated as described below. 

In figure A1.b the coils are shown having an angle of 0 between 

their leading sides 1 and 2. The flux linkage of coil 2 due to a 

current i
1 
in coil 1 is given by 

22 -- 

(B1  ( el  — a) — B2  ( 0
2 
- 	+ 0 ) 	D'R T2 

2 

This equation is valid only when 8 / 	e 	e l  — 02  

That is, when point 1 lies within coil 2, with the two coils over-

lapping. Substituting for B1  and B2  and dividing by i., the mutual 

inductance is given by 

po 
T1 
 T2  14 

M12  = 	 

2G ( 1 + 

2r - e 1  

e 1 ( 0 2  — el) 
- 

eel 
61 

2 m  — ®1 

	 (A1.3) 

-e 

2 n 	1 
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This equation shows that the mutual inductance varies linearly with 

6 within the region considered above. When e is greater than 01 , 

coil 2 is in the negative flux density region as shown in figure A1.c. 

In this position the flux linkage of coil 2 remains constant and 

its value is given by 

pi_ DR 02  T
1 
T
2 	6 1 
	 (A1.4) N12 	"  

6 
1 	

 
2G ( 1 + 	) ( 2 n — 01) 

21c— 01 

when point A is within coil 2, that is when 0 is given by 

2 it— 62  <0 t(47, the mutual inductance again varies linearly 

with respect to 0 and an expression similar to equation (A1,3) 

may be derived. 

If coil 2 is within coil 1 on the right side, that is when 0 

is given by 

— 8 2 

the flux linkage of coil 2, and hence its mutual inductance, 

remains constant and its value is given by 

D 9 e2  T1  T2  
M
12 

= 

2G + 1 

2 n — 61  

The variation of mutual inductance with respect to 0 is shown 

in figure A1.e for the general case considered. 



-207— 

APPENDIX 2 

Inductance calculations in the case of machines having non-uniform 

air-gads 

A2.1. Non-uniform air-gaps in machines 

In most electrical machines the air-gap is situated between two 

iron surfaces which have either open or closed slots. Figure A2.4 

illustrates the case of open slots and the air-gap is of course far 

from being uniform, although flux fringing and tooth saturation tend 

to reduce the effective gap variations.. In the general case with 

both sides slotted, the effective air-gap may be evaluated as 

described below. 

If field plotting is carried out for a particular magneto motive 

force, the effective air-gap at any point on the mean air-gap 

circumference may be determined as the length of the line of flux 

passing through the point as shown in figure A2.b.. If the rotor 

is now moved by a small angle and the field plotting repeated, the 

effective air-gap at a number of points on the mean air-gap circum-

ference may again be determined. Repeating the procedure for 

various positions of rotor, it will be found that the air-gap 

at a particular point varies periodically with rotor position as 

shown in figure A2.c. If this variation is plotted for a nuuber 

of points in a slot pitch it will be seen that the maximum gaps 

are in fact not symmetrical about the average air gnp. The reason 

is that a point under a stator tooth has minimum air-gap when it 

is opposite to a rotor tooth (two teeth in series) and maximum 

when opposite to a rotor slot (one tooth and one slot in series), 

whereas a point under a stator slot has maximum air-gap when it 

is opposite to a rotor slot (two slots in series) and minimum 

when opposite to a rotor tooth (one slot and one tooth in series). 

The effective air gaps at a number of points nay be plotted as 

shown in figure A2.c with points on the circumference along the 

0-direction, the air gap along the g-direction and the position of 

rotor along the 0 —direction. The values may be stored while 
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figure A2  

(a) slots on both sides of the air-gap (b) field plotting 

(c) air-gap variation with slots on both sides 

(d) air-gap with one side slotted (e) three dimensional 
representation of the air-gap (f) graded air-gap 

(g) flux density set up by a rotor loop 
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carrying out numerical calculations using a digital computer and 

the air—gap pattern at a given rotor position obtained when necessary 

by interpolation. For example, if a calculation contains the 

values of air gap at 360 points equally spaced around the circumference 

for 360 positions of rotor at 1
o  interval, then the effective air 

gap at the points for a given rotor position may be obtained by 

selecting appropriate values from the table and using linear 

approximation. 

Inpractice it may not be necessary to tabulate as many values 

as 360 x 360 because of the following symmetries usually present 

in machines, 

(1) if all the stator slots are identical then calculation of 

the air—gaps at points in one slot pitch with respect to rotor 

position will yield a pattern which will then be repeated. For 

example, if there are 36 slots, the number of columns in the table 

is reduced to 10 and this is true even with an unsymmetrical rotor 

since all the rotor positions are still being considered in the table. 

(2) if all the rotor slots are also identical, the magnitudes of 

the air—gap at rotor positions covering a number of rotor slot 

pitches will be sufficient to define all the possible air—gap values, 

where the number of rotor slot pitches necessary is given by the 

number of rotor slots divided by the highest common factor between 

the rotor and stator slot nunbors. The highest common factor re—

presents the number of repeatable patterns around the circunference. 

Having determined the air—gaps at any position of rotor, the 

self and mutual inductances may be calculated using the general 

procedure described. 

A2.2. A general procedure to calculate inductances 

The steps in calculating the self and mutual inductances are 

summarised below. 

1. Calculation of the effective air—gap at a point as a function 

of its position and the angular position of the rotor from an 

arbitrary stator reference. 
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2. Determination of the flux density pattern due to a current 

in any coil. 

The mmf produced by the coil is divided in a particular unknown 

ratio between the gaps on the two sides of the coil. If these two 

mmfs are AT
1 
and AT

2
, then the flux density profile can be calculated, 

since the flux density at any position is inversely proportional 

to the air-gap at that point. Therefore, the total fluxes through 

the two sides may be calculated by integration, and by equating 

these two fluxes the relationship between AT1  and AT2  may be 

established and thus since the sum of AT1 and AT2  is equal to the 

ampere-turns of the exciting coil, the magnitudes of AT1 
and AT

2 
per ampere in the coil may be determined and the flux density at 

any point in the air-gap may be calculated. 

3. Calculation of the flux linkages of all the coils by evaluating 

the following integral 

N 	
0 + 8 

B de K:13 	
TP 

2 	1 

where D is the diameter 

the length of the core, 

the flux linkage of the pth coil due to the current 

the number of turns in the pth coil, 

81  13 	the position of the start of the pth coil, 

and 	8 	the span of the pth coil. 

4. The self and mutual inductances may be calculated as the flux 

linkage per ampere. The procedure is continued taking the stator 

coils one by one and finding the self and mutual inductances in the 

machine.. Similarly, the self inductances of the rotor coils may 

be determined and the whole process repeated for various rotor 

positions. The results may be tabulated and at any rotor position 

all the inductances can be found by interpolation. 

Ntrap  

in coil 1, 

B 	the flux density, 
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A2.3. An example of calculating the self and mutual inductances. 

A single phase motor is known to be capable of starting if the 

air—gap is graded along its pole face as shown in figure A2.f but, 

it is less known what the optimum variation of the air—gap should 

be. This forms the subject of chapter 6. In calculating the per—

formance of the above machine, the self and mutual inductances of 

the stator coils are required together with the self and mutual 

inductances of the conducting loops, considered to act around the 

rotor teeth. The various steps involved in calculating these 

inductances have been described in the previous section and are 

illustrated in this section. 

Assuming the rotor surface to be uniform and the stator shaped 

as shown in figure A2.f, the air—gap at a number of points around 

the circumference may be tabulated from the data of the machine. 

Supposing AT1  and AT2  to be the mmfs acting across the two lengths 

ABC and CDA respectively, the flux density at a position 

from the reference point, A, is given by 

p_ ATI  

2 B
1  

 where 0 	e   (A2.1) 
e) 

and 
po  AT2  

B
2 
= 	 where n 	e C2 Tt   (A2.2) 

g( 0) 	2 

Thus the fluxes through the two regions are given by 

2 

m 	(- 1 B
1  d 
	D 

Yo A-1 \TT-(3) 
d e 	(A2.3) 

2 0  

and 
D 

Y2 10 

2 

2n 
1 AT

2 	
d e   (A2.4) 

g(e) 
2 

These definite integrals can be computed numerically since g (e) is 

known and thus equating' and 42 
	

IT
1 = E

: 
the ratio• 	nay be 

iiT2 	
1 
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determined. The magnitudes of AT
1 
and AT

2 
can then be calculated 

as follows. 

AT1 + AT2 
= i

s  Ts 
 where i

s  Ts 
 is the ampere turns 

due to the sth coil. 

Therefore, K
1 
T
s AT1  = 	is 

1 + K1  

 

(A2.5) 

 

and 	T 

	

AT2 = 	
s is 	 ... 	 (A2.6) 

1 + K1 

The flux density distribution in the air gap and the flux linkage 

per ampere in the sth stator coil, nay be calculated using equations 

A2.1, A2.2 and A2.3. 

To determine the mutual inductance between the stator coil and the 

loops around the rotor teeth at a particular rotor position, the 
flux linkages are calculated by evaluating the following definite 

integral. 

	

61 + 8 2 	D 	
6 	e 

= D 9 
(- B d 0 = 	u AT 	

1 + 
1 2 (1 a . (A2.7) 

	

2 	
j 1 	— / o 1 

2 	
rg,_,  

e 1 	
e. (0) 

where 6
1 
refers to the position of the loop from reference A and 02 

the span of the loop. 

Self inductances of rotor coils 

The flux density distribution per ampere in rotor coil 1 is 

shown in figure A2.g and the fluxes through the regions EFG and GHE 

are given by 

de   (A2,5) 
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el  + 

2 n 

AT
4 	

I 
	

d e   (A2.9) 

o + 0 3 p(o) ) 1 	2 

where AT
3 

and AT
4 are the n.f.f.s across the two gaps in the regions 

EGF and GHE respectively andA\6, and 	are the total fluxes through 

them. Evaluating the integrals and equating the two fluxes the 

ratio AT = K
2 may be determined. The magnitudes of the two m.m.f.s 

AT
4 

and the flux density distribution nay be calculated using the relation, 

i1  T1 = AT
3 
+ AT

4 
putting i1  = 1 and T

1 	
1 

K
2 	1 AT

3 
= 	and 	AT

4 
= 

1 K2 	1 K2 

The flux linkage of coil 1 and hence its self inductance nay be 

determined using equation (A2.8). The mutual inductance between 

the imaginary coil 1 and a second rotor coil nay be calculated by 

evaluating the following relation. 

1 +202 

12 
= D 2 

AT4  
PO) ao 2 	0

1 
+ 0

2 

Similarly' 1 Nit3 
	1r ay be calculated and repeating this procedure 

for all the rotor coils at various positions of the rotor, the self and 

mutual inductances of the rotor coils may be determined and tabulated. 

and 	D'2 

2 

(A2.10) 
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APPENDIX 3 

Calculation of leakage inductances 

A.3.1. Introduction 

The leakage inductance and resistance of rotor bars depend 

on the current through the bar and its rate of change, and have to 

be treated as variables in a general analysis. This would nean that 

the leakage inductance and resistance of the bars have to be calcul- 

ated at every step while using a numerical technique for performance 

calculations. The computing time would be increased enormously, 

since the procedure for evaluating these values involves a solution 

of a set of simultaneous differential equations using uatrix inversion 

once for each bar in every step. 

A3.2. Average values 

The procedure adopted in general to account for deep bar effects 

is to use the average reactance and resistance of the bar to sinu-

soidal currents. In this way harmonic branches in an equivalent 

circuit have different proportions for reactances and resistances. 

This is the method followed here and The procedure to determine the 

leakage inductance and resistance of the bars is described below. 

The portion of the slot containing the conductor is divided into 

'N' sections as shown in figure A3.a. The perneance of the top 

portion of the actual slot is calculated and this is represented by 

in the equivalent slot. Similarly, the permeance of the slot 

portion accommodating the conductor is calculated as N 
d
2 

3W 2 

The bar ray be imagined to have N parallel circuits which arc 

mutually coupled. The differential equations for the N circuits 

may be written in matrix form as follows. 

/1:1 = 	[ 	+ 
d LM  El] 
dt 
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(a) an equivalent slot 

(b) an equivalent circuit with coupling 

between the branches 

figure A3  
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where [V]is the applied voltage 

r is the resistance of a section 

and 	D4-1 and N are the uatrices representing inductances and 
currents. 

A typical equation for a pth circuit is given by 

V
p 
 = i r + 	M

p1  i1 	
+ M i + 	M

pn 
i
n p 	L 	 PP P 

dt 

Under steady state conditions, the currents are sinusoidal and 

the solution for the currents through the sections nay be obtained 

by replacing the instantaneous currents with vectors and multiplying 

the inductances by j2xf where f is the frequency of the applied 
voltage. The equation for the pth coil is modified to 

Vp  = j2 n flap1 I1 + 	+ (r + j2 7E1' MPP  IP  + 
	+ j2 sit fMpn In 

The equivalent circuit representing the situation is given in 

figure A3.b. The currents I
. 

to I
n 
are calculated.for a known 

applied voltage, say 1 volt. The vectorial sun of the currents 

and hence the impedance of the bar may now be calculated and the 

values of the reactance and resistance at the given frequency are 

given by the imaginary and real parts respectively. 

A3.3. Saturation of tooth- -tops and teeth 

The permeance of the top portion of a slot is used in calculating 

the effective resistance and inductance of a rotor bar at different 

frequencies assuming infinite permeability of iron. As the current 

is increased the tooth-tops on stator and rotor get saturated due 

to high slot currents and this reduces the permeance of the slot 

portion• above the conductor. This happens even at low values of th' 
main flux density. Moreover, the teeth get saturated us the main 

flux is increased and once again the perneance of the slot is re-

duced. These non-linearities not only affect the total values of 

the leakage inductance and resistances but also modify the deep 

bar effects. 

While calculating the performance of the squirrel cage motor 
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(in chapter 5) deep bar effect is calculated for the particular 

rotor speed. The saturation of rotor teeth is accounted by using 

the measured values as follows. 

At standsill the voltages applied and current are measured for 

various values of currents. The stator leakage and resistance are 

measured separately by taking the rotor out. Now, the rotor 

resistance and leakage reactance can be calculated at various 

values of the statrr current. The change in reactance is at—

tributed to saturation of rotor teeth only, since the stator has 

open slots. If the magnetising current is neglected rotor bar 

current is proportional to the stator current and a graph of bar 

leakage reactance against stator current may be drawn as shown in 

figure 5.8. While computing the performance, the bar leakage 

inductance is multiplied by a coefficient determined from the above 

graph depending upon the rms value of the stator current. This 

value nay again be multiplied by a coefficient which depends on 

the frequency of the bar currents. 
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APPENDIX 4 

Force calculations in electrical auaratus 

A 4 1 . The basic concepts 

The basic concepts used in deriving the formulae for cal—

culation of forces in electrical apparatus are, 

(1) The principle of conservation of energy 

and 

(2) Ampere's law of force which states that the force, acting 

on a conductor carrying a current, i, in a magnetic field of flux 

density, B, is given by B i where ris the length of the con—

ductor. 

A4.2. Use of the_Erinciple of conservation of energy 

If the two coils shown in figure A4.a are considered, then the 

energy stored in the magnetic field is given by 

7  1 M
11 1 

i2 + 4• M
22 

i
2
2  + 

i1 i2 1 2 
M
12 

 

(A4.1) 

 

where M
11

,  M
22 

and M
12 

are the self and mutual inductances and, 

i1 and i2 
are the currents. Using the principle of virtual work, 

the expression for the torque developed nay be derived. A small 

change, de , in the position of coil 2, is assumed and the currents 

are kept constant during this movement. The electrical energy 

input to each coil has two components, namely the resistive loss 

and, the product of the current and the change in flux linkage. 

The latter is equal to the work done plus the change in stored 

magnetic energy. The change in stored energy can be obtained by 

differentiating equation (A4O) as 

1 	 .2 i1
2 
 d M11 

+ 7 i
2 
d M

22 
+ i

1 
i
2 
dM
12 

or 

± dy + -2- i2  (1--t" 
2 

where -N,r and 'NZ
2 
 are the flux linkages of coils 1 and 2. 

1  



(b) flux density 
produced by coil 2 

1 
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(a) flux density 
produced by- coil 1 

(f) variation of mutual 
inductance 

d M 
d8 

(c) real flux density 

due to both coils 

(0) mutual inductance M and variation of mutual 

inductance dri for two groups of coils 

d8 

figure A4 
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(d) point conductor 	(6) position taken by 
a conductor 

figure A4  
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This is half of the quantity, given by the electrical input minus 

the resistive loss. Therefore, the other half is equal to the 

mechanical work done. The torque is obtained by dividing the work 

done by the angular movement and it is given by 

2 	2 
d M

11 	d M
22 	d M

12 7 1 i1 	+ z  i2 	+ i
1 
i
2  	(A4.2) 

d e 	d 0 	d e 

If the self inductances do not vary with rotor position (for example 

in the case of a uniform air-gap) then the first two terns vanish. 

The above expression can be used to calculate the torque whilst 

using the step-by-step technique. 

A4-.3 	,A.n alternative form 

The work done by an electrical system due to an actual movement 

of the rotor, whilst the currents vary, (as opposed to the fixed 

values of the previous article), nay be calculated using the 

principle of conservation of energy. Considering a pth coil in a 

multi-coil system, the stored energy due to the coil is given by 

7
P 

 "\v"
1) 

	

	i where -,4(p  is the flux linkage of the pth coil 

due to the currents in the system .... (A4.3) 

The change in stored energy during the movement is given by 

7 	d "4.1  + 71  "4/ d P 	 I 	P 

 

(A4.4) 

 

The input electrical energy apart from the resistive loss is given by 

d "NV 

 

(A4.5) 

 

Applying the principle of conservation of energy the work done may 

be obtained by subtracting equation (A4.4) from the equation (A4.5). 

It is given by 

(i d
P 
 "/

P 
 d 

p
)   (A4,6) 

The sun of the work done by all the coils divided by the angular 

movement gives the torque. When the rotor is at standstill, the 
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work done is zero and the angular movement is also zero, resulting 

in an indeterminate value of torque. Under this condition equation 

(A4.2) may be used though this requires increased .number of arithmetical 

operations. 

A4.4..1 Force calculations using Ampere's law 

As stated in A4.1 the force on a conductor is given by the product 

of its length, current carried and the flux density. There are two 

difficulties in using Ampere's law for force calculations in machines. 

Firstly the expression B i 1 is not in a convenient form as calculation 

of flux density in the air-gap is laborious and secondly the expression 

does not include the sense of the force. These difficulties nay be 

overcome by using superposition and Fleming's rule respectively. 

A4.4.2. Suer position of forces 

Regarding the flux density as being set up by one of the coils of 

figure A4.a and thus producing a force on the second coil, two 

identical expressions for the forces acting on the coils are derived. 

Similar expressions are derived considering the real flux density 

(set up by all the currents). It is shown that all the four equations 

for forces on the coils are identical. 

Force on coil 2 due to coil 1 

The two coils considered and the flux density distribution around 

the air-gap due to current i1  in coil 1 are shown in figure A4.a. 

Supposing 1) to be the air inp Ci:;ulter 

G the air gap 

F1 , F
2 

the forces on the two coils due to each other 

T1 , T2  the nuuber of turns 

i2  the instantaneous currents 

and 	B and B' the flux densities due to the coils 1 and 2 

respectively, the flux density due to current i1 
in coil 1 is 

given by 

T 
0 1 1 B = 

2G 
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Neglecting the effect of coil 2 as far as flux density in the air 

gap is concerned, the force on coil 2 is given by 

F1  = 2B 12T2  newtons 

= 2xo i1
T
1i2T2   (A4.7) 

2G 

Force on coil 1 due to coil 2 

The flux density in the air gap due to current i2  in coil 2 is 

shown in figure A4.b. Neglecting the effect of coil 1 on flux 

density distribution, the force on coil 1 is given by 

F
2 
= 2Bt i T 	. 2 x

jiiT 
	i

1
T
1
9, 

2G 

since B' is given by Poi2T2  

2G 

 

(A4.8) 

 

The currents are considered positive when entering through the 

start of a coil. Referring to figure A4.a the start of coil 2 is 

situated in the'positive flux density region of coil 1. On the 

other hand the start of coil 1 is in the negative flux density 

region of coil 2 as shown in figure A4.b. Therefore the forces 

F
1 
and F

2 act in opposite directions and they are found to be 

equal from equations (A4.7) and (A4.8). 

Real flux density in the air-ga2 considered 

When real flux densities are considered, the assumption that 

currents flow along line conductors, leads to various discrepancies. 

Firstly, in practice step-changes in flux density distribution do 

not occur. However, line conductors result in step flux density 

changes as shown in figure A4.c. Secondly, difficulty is ex-

perienced in applying the force equation nanely,- B 19, since 

the flux density, B, varies from one value to another at a point 

conductor. The expression B 19 , applied to adjacent points, sug-

gests that the average of the flux densities on either side of the 
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point conductor must be used in calculating the force. This method 

gives the correct answer when the force between coils, rather than 

the force on a conductor is considered. For example, the force on a 

point conductor shown in figure A4.d is 2 B i 	if the average flux 

density at the point is used. But, in practice, a conductor free to 

move, occupies a position shown in figure A4.e so that 3B i2  = B 

thus the force on the conductor is zero. Since the main interest 

in machine calculations is on the force between coils, average 

flux density can be used. 

Assuming B' in figure A4.b to be greater than B the resultant 

flux density pattern in the air gap is shown in figure A4.C. The 

force on coil 1 is given by 

( - B - B' + ( - Be + B)) Ft = 	  i T 0 x2 1 	 1 1- 
2 

- 2 x B'i1 T1 Q 

= - 2 x 	 i1
T
1
9, 

2G 

whilst the force on coil 2 is given by 

Fl
2 	
( 	(B' - B)  + B + B'  ) i

2
T
2
y
1 
 x 2 

2 

= 2 B i2
T
2 

. 2 

(A4.9) 

T 
2 2' 

 

(A4.10) 

 

2G 

The expressions given in the equations (A4.7) to (A4.10) are all 

identical hence all the methods result in the same answer, and it 

follows that the forces may be calculated without any reference to 

the real flux densities in the system. 

When there are n coils in a machine, the force on one of the 

coils due to the (n - 1) coils is found out, by calculating the 

force on the coil due to each of the other (n 1) coils taken in-

dividually using equation (A4.7) and finding the sun. The sense in 

which these forces act must be known in finding this sun and it 
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depends on the relative positions of the coils. In a static case 

the expression for force for each pair of coils considered nay be 

allocated a particular sign say positive when the currents are 

positive. When one of the currents become negative at any tine, 

the direction of force reverses and the expression automatically 

becomes negative. But in the case of a machine where the rotor 

coils are revolving, it is not possible to specify a particular 

sign for the force between two coils. There must be a way of 

changing the sign depending upon its position relative to a stator 

coil. This nay be achieved by storing the signs for several 

positions of the coil and finding the sign depending upon its position. 

A4.5. Equivalence of the energy method and Ampere's law 

In this section it is shown that Ampere's law of force leads to 

an expression identical to equation (A4.2) which has been derived 

from energy considerations. Referring to figure A4.a and assuming 

the currents to be positive in both the coils, the force on coil 2 

in the position shown, that is with the start of coil 2 in the 

positive flux density region of coil 1, is in the clockwise 

direction. It nay be noted that the derivative of the mutual in-

ductance between the coils has a constant negative value as shown 

in figure A4.f. When the start of coil 2 moves into the negative 

flux density region of coil 1 the force acting on it reverses and it 

is now in the anti-clockwise direction and the derivative of the 

mutual inductance becomes a positive constant. Thus the sense of 

the force depends on the relative position of the coils and'so does 

the derivative of the mutual inductance. 

An expression in terms of currents and the derivative of the 

mutual inductance giving the magnitude and direction of the force 

between the coils may be derived by considering a phase group of 

coils on the stator. The flux density distribution due to the 

phase current i in the coils forming the phase is shown by curve 
dM 

in figure A4.8. The phase may be representld by a single 

de 
equivalent coil 1 - 1' and a rotor phase may sinilarly be re- 

presented by the coil 2 - 2'. When the angle between the coils 

is e, the flux linkage of coil 2 clue to coil 1 	given by 
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n +6 

Du B d 
e 

2 

and the mutual inductance is given by 

1 	n +0 

M 	(B D` 	de   (A4.11) 
i1 _,, 	

2 
6 

Differentiating this expression with respect to 0 , 

dM 	1 	2,BD 

d 2 

 

(114.12) 

 

That is, the derivative of the mutual inductance is directly pro—

portional to the flux density per ampere in the particular position 

considered. Therefore, if the variation of the mutual inductance 

with respect to the angle between the coils 1 and 2 is known, the 

flux density in which one of the coils is situated (the flux 

density being set up only by the second coil) may be calculated 

using the expression, 

B = 
 iy 

D 

Then the force on coil 2 may be expressed as 

F . 2 x B i
2 

 

dM i
1 
i
2 — 

d 0 

 

(A4.13) 
D 

 

A4.6. Calculation of torque in a three phase slip ring motor: 

(a) Using the Energy Method 

There are six coil groups carrying independent currents; three 

on the stator and three on the rotor of the machine. The external 

work done by the machine nay be calculated using the equation (A4.6) as 

dM 

d 8 
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W.
me 

 (i pd 'p  d -14-1
P 
 — --41 dip) (114,14) 

where i and-,a/
P 
 are the current and flux linkage of the pth 

coil. The net torque developed is the work done during a period 

divided by the movement of the rotor during this period. 

(b) Using the force e3uation: 

If the inductances are given as functions of 3, which denotes 

the position of rotor from an arbitrary reference on the stator, and 

if the currents at a particular position of the rotor are known, 

then the tangential force on the rotor clue to the stator coils 

is given by 

F =1  

D 

dM
13 + i5 

d M
15 + i6  dr116 	) 

d4 	d;3 	d e 

. 

	

+ i2 ( i4 
dM24 + i5 25 + 16 

dM 
 26 	) 

d 0 	d 0 	d 0 

dM 	. dM_ 	. dM 

	

+ i3  0.4  34 + 15  55 + 16  36 	) 

de 	de 	d e 

...... (A4.15) 

using equation (A4.13) 



T 	2 
.. (A5.3) 

whore 
CH:= CBJ CI1 	1 	-] 1 	

1 Cmj 1  DJ  1 	ER3 4  CI] 

2 
since the existing value of DO 1  
multiplication given by [13 1  CRS 

avoids the multiplication of matrices DJ 
1 

is used, along with 
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APPENDIX 5 

Two equivalent exEressions to calculate EH) matrix 

The following relationships are re-written from section 3.8. 

= 	- r=7 	+[HJL- 2 	n L.. 1 	 1 

DJ 2=  rv3  n 	CI3  1 LR3+ CM: 1 [-I  j  1  
2 

 

 

 

1 

from equation (3.13) 

Substituting this value of [HI 

Di 
	

[v] - [I] 1 CR-3 

in equation (A5.1) yields 

DJ1   EIJ 1  
	 +CD-  cR3 

T 	 2 

Pi.3 1  C:i.] 1 

2 

which is sane as equation (A5.2). The use of equation (A5.1) to 

calculate 

and CI] 1, 
a simpler 

. [v'  
n 



output 
-( 

input 	vi  

1 

1(1 - tx) ) 	(37wy2 
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APPENDIX 6 

Filter design 

R.C. filter 17  

The R.C. :Filter used is a notch-filter cascaded with a low-pass 

filter as shown in figure 8.9a. The frequency response is shown 

in figure 8.9.b. The notch-filter is designed to reject the 

natural frequency of oscillation, f , of the strain gauge 

apparatus using the expression 

2 nf 
00 

R C 

The low-pass R.C. filter is designed using the expression for 

its frequency response given by, 

1 

where t 
	

C
1 
and w 2 R f 

L 	C filter
18 

In order to obtain an improved frequency response as shown in 

figure A6.a a low-pass L.C. filter network was designed. It con-

sists of a u-derived n-section and matching half-sections as 

shown in figure A6.b. The following relationships are used in 

designing a proto-type n-section which is shown in figure A6.c 

along with its frequency response, 

1 
fC  = 

\LC 

and L 
Ro = — 	when R

o 
is the terminating impedance and 

fC  is the cut-oPf frequency. To design an m-derived section an 

additional relationship, fc  = f \I1 - u2 is used, fs,, being the 
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and its attenuation 
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(a) 
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Response 

=5' - 
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figure A6 
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Frequency response of the networIc 
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frequency at which attenuation is infinite. The value of m for 

the n -section is taken to be .8 and the value of the components 

are given by the expressions shown in the figure. The half-sections 

are similarly designed taking the value of m as .6. (Detailed ex-

planations are found in the reference). 

The inductances were chosen to be small to avoid an undue amount 

of electrical pick up and this results in a smaller value of ter-

minating impedance. Therefore a matching amplifier is introduced 

between the strain gauge bridge (which has a high output impedance) 

and the filter. Two filter units were used to retain the symmetry 

of the circuit in order to eliminate any pick up signal. 
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APPENDIX 7 

A simple trigger unit 

A simple trigger unit designed to fire the bridge SCRs in the 

correct sequence is shown in figure A7.1. It consists of a small 

three phase wound rotor induction motor of the nag slip type, 

three snail transformers with centre tapped secondaries and 

transistor circuits. The three phase a.c. is connected to the 

stator of the induction motor. The phase of the rotor induced 

voltages can be varied by changing the rotor position. These 

voltages are fed to three delta connected primaries of the trans-

formers. The centre points of the secondaries are connected and 

there are now six sinusoidal voltages at points I, to 16  shown in 

figure A7.1.a. 

The clipping circuit shown in figure A7.1.b. consists of a 

single transistor producing a square pulse from the sinusoidal 

input to the base. The input voltages at points I1  to 16  are 

divided by resistances Ri  and R to suit the rated base voltage 
and base current of the transistor. When the input to the base is 

negative, the base current flows causing saturation and the voltage 

across the base is constant, that is, the sinusoidal voltage is 

clipped. When the input is positive, the base does not conduct 

and the voltage across the base is sinusoidal. 

Point C
1 in figure A7.1.c is nearly at zero voltage when the 

transistor conducts and is at negative potential when the transistor 

is not conducting. Using six such units, six square waves are 

obtained at points C, to C6  corresponding to the sinusoidal volt-

ages at points I, to 16. The 'And gate' unit shown in figure A7.1.c 

consists of two diodes producing a square wave of 120°  spread shown 

in figure A7.2.0. by comparing two of the six square waves existing 

at points Ci  to C6. There are six units producing six 120°  pulses 

at points Al to A6 differing in phase by 60°
. These feed the out-

put units 

The working of the 'And gate' can be explained as follows. 

Considering figure A7.1.d. when transistors T1  and T4  conduct, 
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points C
1 
and C

4 
are at zero potential, therefore point A

l 
is at 

zero potential. If one of the transistors say T4  does not conduct 

point C
4 

is at the negative potential and diode D
4 

conducts 

through R4  and Ri where R4  is large compared to R2. Point Al  is 

now at the negative potential. Thus the 'And gate' produces a 

zero potential at point A2 for 120
o if points C1 

and C
4 

are both 

at zero potential during the 120°. 

The output units shown in figure A7.1.e. consist of two 

emitter followers, the first driving the base of the second. The 

voltages at points Al  to A6  are reproduced at points El  to E6  

and the output to the SCR gates are obtained using a capacitor 

and a transformer in series as shown in the figure. 

The circuits and the voltage waveforms at points I, C, A and E 

are shown in figure A7.2. This trigger unit is more flexible and 

economical compared to the conventional types, where the variation 

of phase angle is limited to 180°  and temperature affects the 

accuracy of the phase angle setting. Audio frequency transformers 

are used in the output stage. 



-235-- 

(a)  

(b)  

figure =7®2 

(C) 

(d) 

Various stages in producing a 120 derees trip-Tr 

(e)' sinusoidal input to transistor base at points 
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) 

(e)  

A7. 

(f)  

(e) voltage waveform at points 3 
(f) output voltage to SCR gates 
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