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Abstract

This thesis explores the application of multiple-input multiple-output (MIMO)

radar technology for enhanced parameter estimation in both monostatic and bista-

tic configurations. It leverages the combined power of spatial and waveform diver-

sities, along with basic and extended array manifolds, to achieve superior perfor-

mance.

It begins with an overview of recent advancements in MIMO radar technology,

introducing and exploring core concepts critical for understanding the system’s

operation. The focus then shifts to a Saab monostatic MIMO experimental radar

system. By modelling system blocks from transmitter to receiver, it analyses the

performance of classical parameter estimation algorithms and compares these with

novel virtual MIMO algorithms, highlighting their potential for improvement.

The thesis proposes innovative subspace-based algorithms designed for bista-

tic MIMO radar systems. These algorithms utilise fast and slow time coding to

achieve waveform diversity and an extended observation space through extended

manifolds. This enables accurate target parameter estimation even in environ-

ments with significant clutter and noise. The performance of these algorithms is

evaluated using root-mean-square error (RMSE) in Monte Carlo simulations.

Furthermore, the thesis examines the theoretical performance limitations of the

antenna arrays employed, comparing their performance with a uniform circular

array (UCA) to highlight the trade-offs associated with different array geometries.

This thesis introduces novel algorithms and insights that advance MIMO radar

parameter estimation, paving the way for improved target localisation in complex

scenarios.
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Chapter 1

Introduction

This chapter introduces radar systems, beginning with a brief history and an

overview of various types and classifications. It outlines fundamental radar pa-

rameters and concepts, including radar pulses, Pulse Repetition Interval (PRI),

the 3D data cube, and fast and slow time samples. The chapter then discusses

target parameters such as direction, range, Doppler, and Radar Cross Section

(RCS). Key challenges in radar systems, such as detection, localisation, tracking,

reception, and classification, are also introduced.

Furthermore, the chapter covers different system configurations, including SISO

(Single Input Single Output), SIMO (Single Input Multiple Output), MISO (Mul-

tiple Input Single Output), and MIMO (Multiple Input Multiple Output). It

explains the role of antenna arrays and array geometries in radar systems. Given

that the thesis primarily focuses on monostatic and bistatic radars, a conceptual

architecture for these radar types is also presented. Finally, the motivation, prob-

lem description, as well as the research objectives and contributions are outlined.

1.1 Overview of Radar Systems

Radar systems have become ubiquitous across a vast array of applications, serving

as the lifeblood of national defence, air traffic control, weather forecasting, and

autonomous vehicle navigation [1, 2]. Their origin story can be traced back to

the early 20th century, with significant advancements driven by the urgency of

20
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World War II. During this conflict, radar played a pivotal role in detecting and

tracking enemy aircraft, offering a significant advantage to allied forces [3—5]. Since

then, radar technology has undergone a remarkable metamorphosis, evolving from

rudimentary continuous-wave (CW) and pulsed radar systems to sophisticated,

multi-functional platforms capable of tackling a multitude of tasks with exceptional

precision [6,7].

Beyond military applications, MIMO radar technology is finding increasing use

in civilian domains. It is integral to intelligent transportation systems that mon-

itor and manage traffic flow and advanced driver-assistance systems, offering a

clearer picture of surroundings for safer autonomous vehicles [8—11]. Additionally,

MIMO radars enhance ground-penetrating radar for tasks like infrastructure in-

spection [12, 13] and detecting landmines or unexploded ordnance [14—16]. The

concept of spectrum sharing between radar and communication systems is gain-

ing traction due to the need for efficient utilisation of the limited radio frequency

spectrum [17—19]. Furthermore, MIMO radars excel at tracking small objects like

drones, making them valuable for airspace security [20—22]. They also contribute

detailed weather data on precipitation, wind, and atmospheric conditions, im-

proving weather monitoring and prediction [23—25]. As MIMO radar technology

evolves, we can expect even more innovative civilian applications to emerge.

1.1.1 Radar Classifications

Radar systems can be classified in various ways. Figure 1.1 below illustrates a

top-level classification hierarchy. If a radar system includes its own transmitter

for emitting a probing signal, it is classified as active radar. The radar receiver

measures the delays between direct and reflected signal paths to estimate the range

to a target. Conversely, a radar system that only includes a receiver is termed

passive radar [26]. Passive radar can operate using signals of opertunity, such as

TV, radio, or telecom broadcast signals.

The radar architecture presents another significant classification of radar sys-

tems. Monostatic radars, the most common type, feature both the transmitter

and receiver collocated at a single site, having a common Cartesian system. This
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Figure 1.1: Radar classifications

results in identical direction of departure (DOD) and direction of arrival (DOA)

[27]. This straightforward architecture facilitates ease of deployment and opera-

tion. However, certain applications, such as stealth target tracking in cluttered

environments, benefit from bistatic radars. In bistatic radar systems, the trans-

mitter and receiver sites are spatially separated, offering additional insights into

stealthy target motion and potentially mitigating the impact of clutter [7]. More-

over, bistatic radars provide enhanced resilience against jamming compared to

monostatic radars, as the receiver site’s location remains undisclosed [28—30].

Multistatic radar systems introduce a more complex arrangement, leveraging

multiple transmitter-receiver pairs distributed across a broad geographical ex-

panse. This distributed configuration not only amplifies coverage, particularly

for tracking objects over expansive areas, but also bolsters resistance against jam-

ming and other forms of interference, rendering them indispensable for military

applications [26,31].

The foundational radar systems can be categorised based on their wave trans-

mission characteristics. The CW radar operates by transmitting a continuous sine

wave signal, differentiating it from pulsed radar systems that emit discrete bursts

[32,33]. This type of radar typically relies on the Doppler shift principle to detect
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moving targets. The Doppler shift refers to the change in frequency of a wave

caused by the relative motion between the source and observer.

To measure both range and the relative velocity of moving targets, CW radars

often employ Frequency Modulated Continuous Wave (FMCW) techniques. In

FMCW, the transmitted waveform’s frequency is continuously varied over time.

This allows for calculating the range based on the time difference between the

transmitted signal and the received echo, while the Doppler shift provides informa-

tion on the target’s relative velocity [34]. Additionally, CW radar utilises separate

antennas or arrays for transmitting and receiving signals. This separation aids in

differentiating between the transmitted and received signals, facilitating accurate

target detection and velocity measurement.

The pulsed radars operate by transmitting short bursts of high-powered elec-

tromagnetic energy. By measuring the time delay between the transmitted and

received pulses, these systems determine the target’s range with high accuracy

[32].

A radar system (or any wireless system) can also be classified based on the

number of sensors/antennas used in both the transmitter (Tx) and receiver (Rx).

Figure 1.2 illustrates the configurations for SISO, SIMO, MISO, and MIMO sys-

tems. These terms are abbreviations where "S" stands for single, "I" stands for

input, "O" stands for output, and "M" stands for multiple. These radar configu-

rations provide system designers with the flexibility to trade-off between various

parameters to achieve specific objectives. While passive radars can be classified as

bistatic or multistatic, this research focuses solely on active pulsed monostatic and

bistatic MIMO radars. This type of radar leverages multiple transmit and receive

antennas to exploit spatial diversity. This technique enhances target detection and

parameter estimation capabilities by utilising variations in the signal received by

each antenna, resulting in a richer dataset for analysis [35—39].

MIMO radar systems are particularly well-suited for challenging scenarios with

multiple targets or complex environments where traditional radars might struggle,

such as differentiating closely spaced targets or mitigating clutter interference.

Leveraging physically separated antenna arrays, these setups unlock the power of

angular diversity, achieving a much higher spatial resolution than what’s limited by
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Figure 1.2: Radar classifications based on Tx and Rx channels

the system’s bandwidth. This translates to improved detection and classification

of smaller objects, such as drones or unmanned aerial vehicles (UAVs) [40—43].

1.1.2 Radar Parameters

In pulsed radar systems, short bursts of electromagnetic energy, called pulses,

are transmitted with a duration of Tp. These pulses then reflect off a target

in the environment and are received by the radar with a time delay of τ . A

crucial concept in pulse radar design is the relationship between pulse duration

and bandwidth. The minimum required bandwidth, expressed in Hertz (Hz), to

transmit a pulse with duration Tp is inversely proportional to the pulse duration.

This relationship can be summarized as: B ≥ 1
Tp
, where B represents the minimum

required bandwidth.

The concept of pulse duration and bandwidth applies equally to a train of pulses

transmitted at regular intervals, known as the PRI. As illustrated in Figure 1.3

(see below), the relationship between the repeated pulses, their autocorrelation

function (ACF), and power spectral density (PSD) is described by the Wiener-

Khinchin Theorem [44].
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Figure 1.3: Tx pulses, PRI and PSD relationship

The Pulse Repetition Frequency (PRF) is the reciprocal of the PRI, expressed

as PRF = 1
PRI

and Doppler bandwidth is also equals to PRF i.e. BDop =PRF.

The vertical axis on the PSD plot represents the power spectral density, while

the horizontal axis represents frequency. The figure prominently displays discrete

lines on the PSD at specific positions: 0, ±PRF, ±2PRF, and so on. These lines
correspond to the harmonics of the PRF and arise due to the periodic nature of

the pulse train.

The concept of Doppler shift, which is crucial for target velocity estimation, is

also relevant here. The figure suggests that the Doppler information is confined

within the range of -PRF/2 to +PRF/2. This interval is often referred to as the

Doppler ambiguity interval. It essentially represents the range of target velocities

that can be uniquely distinguished by the radar system, given the chosen PRF.

Values outside this interval will appear aliased within the -PRF/2 to +PRF/2

range.
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The baseband signal, denoted as b(t), representing this pulse train, has a dis-

crete PSD with the shape of a sinc function squared. This results from the periodic

nature of the pulse train. Due to this repetition, the Fourier Transform (FT) of

b(t) gives rise to a "comb" function, a series of impulses spaced at multiples of the

PRF weighted by a sinc square function. Squaring the magnitude of the FT, which

provides the power distribution across frequencies, yields the PSD(f), representing

the spectrum of the baseband signal b(t). This PSD plot we discussed previously

represents the signal in the baseband. When these pulses are modulated with a

carrier frequency, Fc, the entire spectrum of the signal, including the discrete lines

from the pulse repetition, is shifted by Fc. As a result, the center of the spectrum

moves from zero frequency to Fc.

The duration of the transmitted pulse, denoted by Tp, directly affects the

radar’s range resolution. This relationship can be expressed as ∆R ≥ cTp
2
, where

∆R is the range resolution, c is the speed of light, and the greater than or equal to

sign (≥) indicates a theoretical minimum. In simpler terms, shorter pulses provide
better range resolution, allowing the radar to distinguish between targets that are

closer together.

However, there’s a trade-off: shorter pulses also have a shorter power-time in-

tegral. This means the target is illuminated for a shorter duration, which can

reduce the maximum detectable range. To address this limitation, pulse com-

pression techniques are employed. These techniques utilise a wider pulse (with

longer potential range) that is modulated by a pseudo—random noise (PN) code

sequence. This code sequence has a much shorter chip interval, Tc. By employing

the PN code, the wider pulse’s power is effectively distributed across the shorter

chip intervals, enabling both long range and improved range resolution.

A MIMO radar receiver continuously collects data snapshots for each of its

N receive streams. These snapshots are acquired at a sampling interval denoted

by Ts. For simplicity, we assume that the sampling interval is equal to the chip

interval (Ts = Tc). However, in practice, the chip interval can be oversampled by

a factor of q (Ts = Tc
q
).

Each PRI contains L snapshots, also referred to as fast-time samples. These

represent the received signal variations within a single PRI. A collection of NPRI
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PRIs is then assembled into a frame, also known as slow-time samples. The size of

the frame, NPRI, is determined by the coherent processing interval (CPI). The CPI

represents the time interval over which a target can be assumed to be stationary.

The receiver gathers these snapshots and assembles them into a three-dimensional

data cube, as illustrated in Figure 1.4 (see below). This data cube provides a com-

prehensive representation of the received signals across different receive streams,

fast-time variations within a single PRI, and slow-time variations across multiple

PRIs.

Figure 1.4: Radar Rx 3D data cube

Radars typically operate in environments filled with noise and clutter. Clutter

refers to unwanted radar echoes originating from objects other than the target of

interest. This can include natural features like mountains, trees, or rain, as well

as man-made structures or even flocks of birds. Clutter echoes behave similarly

to random noise, with their strength influenced by factors like transmitted power,

antenna gain, target range, and the shape and material of the reflecting object.

The radar transmits a signal that illuminates the target. This signal interacts

with the target and is then scattered back towards the receiver. In essence, the
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target behaves like a secondary antenna. The strength of the reflected signal

is characterised by a parameter called the RCS [45], denoted by σ. It can be

understood as the ratio of the scattered electric field intensity (Es) from the target

to the intensity of the incident electric field (Ei) that illuminated the target.

Another crucial factor to consider is the target’s location relative to the radar’s

antennas or arrays. This is referred to as the near-field and far-field region. When

the target range, denoted by R, is greater than a specific distance, it is considered

to be in the far-field region. This distance can be calculated as D
λ/2
, where D

represents the aperture (size) of the antenna array and λ represents the wavelength

of the transmitted signal. Under the far-field assumption, plane wave propagation

can be applied for mathematical modelling.

Conversely, if the target is located closer to the radar than the far-field bound-

ary, it is considered to be in the radiating near-field (Fresnel or near-far field)

region. In this region, spherical wave propagation is a more accurate model for

calculations. The selection of the appropriate wave propagation model (plane wave

or spherical wave) is critical for accurate radar signal processing and target para-

meter estimation, considering the specific geometry of the antenna array and the

target’s range.

Radar systems address various research problems, including target detection,

localisation, classification, tracking, and reception [46]. Detection involves deter-

mining the number of targets present within the radar’s observed range bin. In

a MIMO system utilising a basic array manifold, the achievable detection perfor-

mance is limited by the dimensionality of the observation space offered by the

number of receive antenna elements (N). Consequently, the maximum number of

uniquely detectable targets is typically less than N . To enhance detection prob-

ability, various signal processing techniques involving pulse and PRI integration

are commonly employed. However, this research focuses on leveraging concepts of

extended array manifolds to augment the observation space, aiming to surpass the

limitations imposed by the number of physical receive antennas.

Following target detection, the next stage involves estimating key target pa-

rameters such as range, velocity (derived from Doppler estimates), and direction

(including DOD and DOA). These parameters are crucial for target localisation
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and tracking, especially for non-stationary targets. Target tracking involves con-

tinuously estimating a target’s state (position and velocity) over time as it moves.

Radar performance can vary significantly depending on the environment. In

stationary environments, where the radar platform remains static and targets are

assumed to be relatively stable within a short observation window known as the

CPI [47], the radar collects multiple snapshots of the scene during each CPI. This

repetitive localisation approach, facilitated by CPIs, enhances target position es-

timation through signal averaging and clutter reduction [48]. Within each CPI,

various localisation algorithms estimate the targets’ positions based on these snap-

shots. This approach is utilised in Chapters 2, 3, and 4 of this thesis.

Conversely, in non-stationary environments, such as when the radar is mounted

on a moving platform, target locations change rapidly. In these scenarios, tracking

algorithms must account for the dynamic environment and update target positions

on a snapshot-by-snapshot basis [49]. Classical filtering methods, such as the

Kalman filter [50], which statistically estimates the state of a system, combined

with a model for target movement, can be used to refine these estimated locations

(measurements) and improve tracking accuracy [51]. For example, a comparison

of the extended Kalman filter (EKF) tracking with velocity information for MIMO

radars, as well as alternative methods applicable to conventional radars, which do

not use the velocity vector is presented in [50].

In modern MIMO radar systems, target classification presents another signif-

icant challenge, and various studies have explored effective solutions [46, 52—54].

For example, [55] compares the performance of random forest algorithms and deep

learning networks for radar target classification based on High-Resolution Radar

Range Profile (HRRP) measurements. Additionally, reference [56], demonstrates

the use of high-fidelity electromagnetically-simulated RCS responses for target

recognition within a cognitive radar platform. However, the focus of this thesis

will be on methods beyond target detection, excluding tracking, classification, or

recognition.
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Figure 1.5: Cartesian coordinates of an array and directional parameters.

1.1.3 Antenna Array

An antenna array is a collection of individual antennas operating together as a

single unit [57]. These array elements are combined to provide specific advantages,

addressing various critical challenges in communication and radar applications.

Consider an array of N antennas, and the locations of these antennas in a real

3-D space relative to their local reference point. The antenna reference point

(rx, ry, rz = 0, 0, 0) can be defined arbitrarily, but commonly chosen as the centre

of the array or the first element of the array for convenience and minimal impact

on calculations.

Consider the array operating in the presence of multiple far-field targets. The

far-field condition implies that the radius of propagation is sufficiently large such

that the wavefronts arriving at the antenna elements can be approximated as plane

waves. This simplification is illustrated in Figure 1.5.

The propagation delay between the n-th array element and the array reference

point can be expressed as a function of the direction of arrival (θ, φ), representing

the azimuth and elevation angles, respectively.

1.1.4 Array Manifold

Signals received by the array elements contain both temporal (time-based) and

spatial (position-based) information about the surrounding environment [58, 59].
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However, this environment is typically contaminated by background noise and

sensor noise. Therefore, the main objective of array processing is to extract and

then exploit this spatio-temporal information to the fullest extent possible. This

allows us to estimate the parameters of interest within the array signal environment

[60].

When a signal from k-th target reaches the N receiving antennas (array), it

is sampled and converted into a complex vector (for a single sampling interval).

This vector, known as the array manifold vector for the k-th target, represents

the array’s response to a plane wave with unit amplitude arriving from a spe-

cific direction (θ, φ). The manifold vector for a particular direction encodes all

the information about the array’s geometry relevant to a wave coming from that

direction [60].

By recording how these manifold vectors change with direction, we create a

"continuum" (a continuous geometrical object like a curve or surface) within an

N -dimensional space. This geometrical object, formed by the locus (collection) of

manifold vectors, is called the array manifold. Notably, the array manifold can

be calculated (and stored) based solely on the known locations and directional

characteristics of the sensors in the array. In essence, the array manifold fully

characterizes an array. It acts as a representation of the real array within a complex

N -dimensional space [60].

The concept of the array manifold is crucial when considering subspace-based

algorithms for estimating target parameters. These algorithms essentially search

the array manifold for response vectors that meet specific criteria. For instance,

in the MUltiple SIgnal Classification(MUSIC) algorithm, the search focuses on

identifying array manifold vectors that are nearly orthogonal to the estimated

noise subspace. By finding these "near-orthogonal" vectors, the MUSIC algorithm

can pinpoint the directions of the target signals [60]. In this thesis, we primarily

focus on subspace algorithms as well.

Modern radars face significant challenges in dense urban environments, where

clutter and noise levels are high. A key factor influencing performance in such

scenarios is the degrees of freedom (DOF). In a standard radar system with a

single antenna element (transmitting and receiving), the DOF are limited to one
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dimension -the time delay between the transmitted pulse and the received echo.

This limitation allows the radar to distinguish targets based solely on their distance

or range. The DOF represents the radar’s ability to differentiate between multiple

targets and are directly linked to the observation space, defined by the number of

sensors (N) in the antenna array.

There are two main strategies to improve DOF:

• Increase the number of antennas (streams): This expands the observation
space, allowing for the detection of more targets. However, this approach re-

quires more hardware resources, leading to higher system costs and increased

power consumption.

• Exploit additional parameters to extend the array manifold: This strategy
utilises parameters like PN-codes, Doppler shifts, and polarisation to extend

the basic array manifold. In this thesis, we will focus on this approach.

The concept of massive MIMO relies on increased hardware resources (more

Tx/Rx streams and antennas) to enhance the system’s DOF and estimation per-

formance. In contrast, the extended array concept achieves these benefits with

minimal additional hardware, relying instead on increased computational com-

plexity. In this thesis, we adopt the latter approach, assuming that the system

cannot add more hardware resources but that additional computational power is

available.

Understanding array bounds, which represent the theoretical limits of the array

performance influenced by factors like array geometry, noise levels, and signal-

to-noise ratio is another critical area of study [31, 61, 62]. By considering these

bounds, radar system designers can ensure optimal performance within a realistic

constraints [63,64]. For instance, a radar system deployed in an urban environment

with high levels of background noise might require a different array configuration

compared to a system designed for long-range target detection in open terrain.
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1.1.5 Monostatic and Bistatic MIMO Radar

Figure 1.6 presents a conceptual block diagram architecture applicable to both

monostatic and bistatic MIMO radar systems. The key difference lies in the Tx

and Rx antenna arrays. In monostatic systems, these arrays share a common

reference point. Conversely, bistatic systems employ Tx and Rx arrays located at

distinct reference points (or locations).

This figure provides a high-level overview of the system’s components and their

interactions, aiding in understanding the technical workings of any modern radar

system. The figure depicts the signal flow through the system’s Tx and Rx paths.

The left-hand side (LHS) branch represents the Tx path, where signals flow up-

wards. The right-hand side (RHS) branch represents the Rx path, where signals

flow downwards.

The blue-arrows in the diagram represent "vectors" of digital signals, indicat-

ing that the system is fully digital. This means that the Tx employs a Digital

Up-Converter (DUC) and a Digital-to-Analogue Converter (DAC), while the Rx

utilises a Digital Down-Converter (DDC) and an Analogue-to-Digital Converter

(ADC). These paths will be detailed in the following sections.

The baseband signal vector, m(t), originates from Point-A, a crucial compo-

nent responsible for signal and waveform generation. This block allows for the

configuration and generation of various coded waveforms, pulse durations, and

PRIs. At Point-Â, the received baseband signal vector, x(t), is processed by the

"Baseband Signal Processor" (BSP), often referred to as the "brain" of the radar

system. The BSP executes various target detection algorithms alongside MIMO

localisation and tracking algorithms. This research will focus on the functionalities

and potential advancements within the BSP by utilising various Tx waveforms. All

the algorithms presented in this thesis will be located in this block.

1.1.5.1 Radar Signal Flow: Tx and Rx

• Tx, Point-A: At Point-A, the baseband signal generator creates an N × 1
snapshot vector, denoted by m(tl) ∈ CN×1, ∀l, at each time instant tl (for
l = 1, 2, ...). This vector controls the timing, frames, and modulation scheme
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Figure 1.6: Monostatic and bistatic MIMO radar system architecture
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depending on the chosen configuration. Additionally, N code-signals (e.g.,

Hadamard codes, PN-codes, gold sequences, m-sequences) are generated and

represented by m(tl) for each snapshot l.

• Tx, Point-B and Point-D:

The Tx beamforming at Point-B is represented by the weight-vector w ∈
CN×1 and the steering-vector at Point-D by the vector exp(jψ)∈ CN×1 where
ψ is a vector of "phase-shifters".

• Tx, Point-E: At this point the signal will be

m(tl)� w � exp(jψ),∀l (1.1)

However, the experiments presented in Chapter 2, there are no Tx beam-

formers and Tx phase shifters, which implies that

w = 1N and ψ = 0N (1.2)

Consequently, the signal at Point-A and Point-E will be same i.e. the base-

band discrete vector-signal

m(tl),∀l (1.3)

• Tx, Point-F:
The discrete baseband signal m(tl),∀l, will be converted to an RF snapshot
after passing through a DUC. Thus, at Point-F we will observe the following

bandpass signal

m(tl) exp(j2πFctl),∀l (1.4)

• Tx, Point-G:
The DAC output is supplied with the input signal from Equation 1.4. This

output is a time-continuous bandpass pulse signal

m(t) exp(j2πFct),∀t (1.5)
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• Tx, Point-H: The analogue RF section of the radar includes a high-power
amplifier (HPA) and a band-pass filter (BPF). At the output of the bandpass

filter, the signal can be modelled as follows:

√
PTxm(t) exp(j2πFct),∀t (1.6)

where PTx is the Tx power. Figure 1.7 shows an example of one of the

elements of the vector signal m(t) at Point-H. This is a continuous pulse-

signal, with each pulse containing a code-signal ofNc code-symbols (example:
Nc = 80).

Figure 1.7: One element of the baseband vector-signal m(t), with Nc = 80.

• Tx, Point-T, Splitter’s output: The input to the splitter is an N element

vector-signal, given by Equation 1.6, while its output is transformed by the

"splitter" into a vector-signal of N
′
elements, which can be expressed as

follows √
PTxTm(t) exp(j2πFct),∀t (1.7)
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where the matrix T in Figure 1.6 models the "splitter" with

T , 1

2

[
IN , IN

]T
(1.8)

where the factor 1/2 denotes a two-branch splitter and IN represents an

N×N identity matrix. We will refer to the splitter transformation as the "T̄-

transformation", which maps the N transmit streams to the N
′
Tx antenna

elements.

• Tx-Antenna-Array: The matrix with columns r1, r2, etc., shown next
to the Tx antenna array in Figure 1.6, includes all the Cartesian coordi-

nates of the Tx antenna array. The antenna array will transform the electri-

cal vector-signal
√
PTxTm(t) exp(j2πFc),∀t (see Point-T) to electromagnetic

waves that will propagate in our 3D-dimensional physical space.

• Rx, Point-T̂:

In Figure 1.6 the Rx is on the RHS branch with signals flowing downward.

Likewise, the Rx antenna array will convert the electromagnetic wave into

an electrical signal.

At the output of the Rx antenna array, we can observe a band-pass received

signal which may include the echoes from targets (if present), clutter and

bandpass noise. This is a vector-signal of N ′ elements and can be expressed

as

y(t) exp(j2πFct) ∈ CN
′×1 (1.9)

where y(t) ∈ CN ′×1 is the baseband part of the observed signal. The struc-

ture/modelling of this signal will be presented later in this document.

• Rx, Point-Ĥ:

The input to the "combiner" is an N ′ vector-signal and at Point-Ĥ we ob-

served an N vector-signals which can be written as

x(t) exp(j2πFct)
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= Ty(t)︸ ︷︷ ︸
=x(t)

exp(j2πFct) (1.10)

where x(t) ∈ CN×1 is the baseband signal observed at Point-Ĥ. The trans-
formation matrix T shown in Figure 1.6 models the "combiner" and it is

defined as

T ,
[
IN , IN

]
(1.11)

We will refer to the combiner transformation as the "T-transformation",

which combines the signals from the N ′ Rx antenna elements into N receiver

streams. In this document, we will refer to the overall transformations due

to both "splitter" and "combiner" as the "T̄/T-transformation".

• Rx, Points from F̂ to Â:

The signal at Point-F̂ is the discretised version of the continuous vector-signal

at Point-Ĥ. That is

x(tl) exp(j2πFctl) ∈ CN×1, ∀l, l = 1, 2, .... (1.12)

Then the carrier is removed by the DDC1 and, thus, at Point-Ê we get

the baseband vector-signal x(tl) ∈ CN×1, ∀l. The phase-shifters exp(jψ) ∈
CN×1and the beamforming weights w ∈ CN×1are then applied to the x(tl)
and finally at Point-Â we have:

x(tl)� exp(jψ)� w,∀l, (1.13)

However, by assuming that there are no weights w and no phase shifters, i.e.

w = 1N and ψ = 0N , (1.14)

Equation 1.13 simplifies to x(tl),∀l, which implies that Point-Â equals Point-
Ê.

1DDC is equivalent to a multiplication with exp(−j2πFctl),∀l, where tl is the time instant
of the l-th snapshot with l=1,2,3,...
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1.2 Motivation and Problem Description

1.2.1 Motivation

MIMO radar systems offer significant advantages over conventional radars, par-

ticularly in scenarios involving multiple targets, complex environments, and the

need for accurate target parameter estimation. This research is motivated by the

potential of MIMO radars to:

• Enhance Target Detection and Separation: By utilising multiple antennas for
transmission and reception, MIMO radars can improve the ability to detect

and distinguish closely spaced targets.

• Reduce Clutter Interference: MIMO systems can leverage advanced signal

processing techniques to suppress clutter and isolate desired target signals.

• Improve Target Parameter Estimation: The additional information provided
by multiple antennas allows for more accurate estimation of target parame-

ters such as range, velocity, and direction (DOA and DOD).

• Enable Advanced Applications: MIMO radars pave the way for novel appli-
cations such as target classification and tracking in challenging environments.

1.2.2 Problem Description

Despite the benefits of MIMO radars, several challenges remain that limit their

full potential. This research focuses on addressing the following key problems:

• Effective Utilisation of Array Manifolds: The basic array manifold’s limits
the system’s DOF to the number of antenna elements. This research explores

the concept of extended array manifolds, aiming to surpass this limitation

and achieve enhanced DOF.

• Selection and Performance Analysis of MIMO Algorithms: A wide range of
MIMO algorithms exist, each with its own strengths and weaknesses. This

research aims to evaluate the performance of classical and subspace-based

algorithms in real-world scenarios.
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• Bistatic MIMO Radar Design: While monostatic MIMO radar systems have
been extensively studied [65—67], bistatic configurations offer additional ad-

vantages [68]. This research investigates the design and implementation of

bistatic MIMO radars with extended array manifolds achieved through slow-

time and fast-time coding techniques.

• Understanding Array Bounds: Array bounds define the theoretical limita-
tions on target localisation and parameter estimation accuracy in MIMO

systems. This research delves into the analysis of array bounds to guide the

design of optimal MIMO radar configurations.

By addressing these problems, this research aims to contribute to the advance-

ment of MIMO radar technology and its practical applications in various domains.

1.3 Research Objectives and Contributions

1.3.1 Objectives

This research investigates the capabilities of multitarget monostatic and bistatic

MIMO radar systems. The primary objectives are:

• Exploration of Array Manifolds: This objective delves into the concepts of
basic array manifolds and explores the potential of extended array manifolds

for enhancing MIMO radar performance.

• Evaluation of MIMO Algorithms: This objective focuses on a comparative

analysis of classical and subspace-based MIMO algorithms to determine their

effectiveness in target detection and parameter estimation.

• Experimental Data Analysis: This objective leverages data acquired from
Saab’s experimental monostatic MIMO radar to assess the performance of

classical MIMO algorithms in a real-world setting.

• Bistatic MIMO Radar Design with Slow-Time Codes: This objective investi-
gates the design and implementation of a bistatic MIMO radar system that
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leverages extended array manifolds achieved through the use of slow-time

codes.

• Bistatic MIMO Radar Design with Fast-Time Codes: Building upon the

previous objective, this objective explores the design of a bistatic MIMO

radar that further expands the array manifold by utilising fast-time coding

techniques.

• Array Bounds Investigation: This objective focuses on a comprehensive
analysis of array bounds, which represent theoretical limitations on target

localisation and parameter estimation accuracy in MIMO radar systems.

1.3.2 Contributions

Through the extensive exploration and analysis conducted in this thesis, several

significant contributions have been made towards the advancement of MIMO radar

technology, spanning system architectures, parameter estimation algorithms, and

theoretical performance limitations. The following list summarizes these contribu-

tions:

• Studied the Saab’s experimental monostatic MIMO radar.

• Developed detailed models for the Saab’s experimental monostatic MIMO
radar.

• Analysed two sets of radar data obtained from distinct experiments.

• Applied classical MIMO algorithms to the collected radar data.

• Employed virtual algorithms and conducted comparative performance analy-
ses with classical algorithms.

• Investigated and proposed a novel algorithm tailored for bistatic MIMO

radars, leveraging slow time codes to expand the observation space and en-

hance estimation performance.
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• Explored and proposed another novel algorithm for bistatic MIMO radars,

utilising fast time codes and virtual-spatiotemporal array manifold concepts

to significantly extend the observation space and improve estimation perfor-

mance.

• Analysed various array geometries utilised in this thesis and assessed their
performance against theoretical lower bounds.

1.4 Structure of the Thesis

This thesis focuses on MIMO pulsed radar employing antenna arrays at both trans-

mitter and receiver ends, encompassing both monostatic and bistatic/multistatic

MIMO radar architectures. The study embarks on experimental exploration, com-

mencing with classical MIMO estimating algorithms and progressing to subspace

algorithms enhanced by virtual antenna array concepts. Acknowledging the pivotal

role of antenna arrays in MIMO systems, the research will delve into investigating

and contrasting the theoretical performance bounds of the arrays utilised in this

study. The thesis unfolds as follows:

Chapter 2 presents the Saab’s experimental monostatic MIMO radar, eluci-

dating its conceptual model inclusive of transmitter, receiver, and multi-target

channel models. Within this chapter, a suite of classical MIMO algorithms will be

introduced and subsequently applied to two sets of real radar data for parameter

estimation. Detailed information regarding these radar data sets, encompassing

their respective environments, targets, array configurations, and system specifica-

tions, will be provided. The discussion will extend to the analysis of estimated

parameters and their performance, to highlight any system-related challenges. In

the pursuit of enhancing estimation performance, the thesis will introduce and im-

plement virtual MIMO Radar concepts for both experimental setups. Ultimately,

the performance of classical MIMO algorithms versus virtual MIMO algorithms in

both experimental configurations will be compared and summarised

Chapter 3 introduces innovative subspace-based algorithms designed to esti-

mate the parameters of multiple moving or static targets in bistatic MIMO radar
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systems. The system described utilises a fast-time PN-code (FTC) along with N

slow time Hadamard codes (STC) to achieve orthogonality between PRIs and sub-

frames. The parameters of interest encompass delay/range, DOA, DOD, Doppler

frequency, complex path coefficients, and the target’s bistatic RCS. Drawing upon

parametric bistatic pulse MIMO radar signal models and leveraging the concept

of extended array manifolds, this algorithm aims to estimate these parameters ef-

fectively, circumventing the challenge of estimates association. The efficacy of the

proposed algorithm is scrutinised through rigorous computer simulation studies.

Chapter 4 introduces a novel subspace algorithm tailored for bistatic MIMO

Radars, integrating virtual spatiotemporal array manifold concepts to estimate

various multitarget parameters amidst clutter and noise. The system leverages

N PN-codes (FTC) to ensure orthogonality within PRIs. Parameters of interest

encompass the DOD, DOA, range, and velocity, with a unique algorithm proposed

for their estimation, drawing upon the principles of the "array manifold" and

"manifold extenders". The effectiveness of the proposed algorithm is assessed

through comprehensive Monte Carlo simulation studies.

Chapter 5 scrutinises the theoretical performance limitations of the antenna

arrays utilised in Chapters 2, 3, and 4 within the framework of MIMO radar.

The analysis centres on two pivotal aspects vital for precise target tracking and

localisation: the Cramer-Rao Lower Bound (CRB) and the Resolution thresh-

old. Additionally, this chapter introduces the concept of the "uncertainty sphere",

which serves as the foundation for understanding these bounds.

Chapter 6 concludes this thesis by summarising its key findings and outlining

potential future research directions. It highlights the main contributions made in

advancing MIMO radar technology and offers suggestions for further exploration

in the field. This chapter aims to provide both a reflection on the study’s achieve-

ments and a roadmap for future investigations.
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Chapter 2

Monostatic MIMO Radar

Algorithms Based on

Experimental LRAM Data

This chapter delves into the L-band Rocket Artillery Mortar (LRAM) experimental

radar system which is currently configured as a monostatic MIMO radar. However,

it can be reconfigured for bistatic operation with some modifications. Here, we

focus on the LRAM’s antenna arrays and channel models for the monostatic con-

figuration, considering real experimental radar scenarios with single and multiple

targets.

Two monostatic MIMO radar experiments were conducted during this research.

In this chapter MIMO parameter estimation algorithms will be investigated using

two experimental datasets provided by Saab.

2.1 Saab’s LRAM Experimental MIMO Radar

The Saab’s digital radar technology, exemplified by the LRAM system employed

in this study, represents a generic implementation of MIMO radar. Operating

within the L-band frequency spectrum, the LRAM system features N
′
transmit

antennas and N ′ receive antennas, offering configurational flexibility and enabling

the collection of received data for subsequent offline analysis. In this research, the
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LRAM system is configured as a monostatic MIMO radar, where the DOD and

DOA coincide. However, with modifications, it could be reconfigured for bistatic

operation.

While detailed information about the LRAM system is limited due to its on-

going development, available information suggests that it is a modular and flex-

ible/scalable system architecture. This architecture reflects Saab’s experimental

system operation using generic radar blocks facilitates the understanding of subsys-

tem/component interactions, and allows for the reconfiguration of the two antenna

arrays into different geometrical shapes for various experiments.

2.2 LRAM Radar’s Antenna Array

Figure 2.1 shows the antenna array block of the LRAM system. This block is an

8× 12 grid planar matrix containing omnidirectional antenna elements spaced 10
cm apart. The grid offers various configuration options and can be divided into

both transmit and receive arrays. The experimental datasets provided by Saab,

and used in this chapter, have been collected by their monostatic LRAM based on

the 96 antennas of Figure 2.1.

Figure 1.6 fully represents Saab’s LRAM experimental MIMO radar where

N = N = 12. In one experiment, which provided data Set-A, N
′
= N ′ = 24

antennas were employed for both Tx and Rx. In the second experiment (data

Set-B), N
′
= N = 12 antennas were employed by the Tx array and N ′ = N = 24

antennas by the Rx array.

Remember that the symbols N
′
and N ′ denote the number of Tx and Rx

antennas, respectively. Similarly, N and N denote the number of Tx and Rx

streams, respectively. In general, the number of Tx/Rx streams (N , N) may not

equal the number of antennas (N
′
, N ′). The current system has a maximum

number of Tx and Rx streams of N = N = 12.

It is clear that in Table-2.1 the algorithms use the vector S(θ) ∈ CN×1 and
S(θ) ∈ CN×1 which are the manifold vectors of the Tx array and the Rx array,
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respectively. These two vectors are defined as follows:

S(θ, φ) , exp(−j[r1, r2, .., rN ]Tk(θ, φ)) (2.1)

S(θ, φ) , exp(+j[r1, r2, .., rN ]
Tk(θ, φ)) (2.2)

with k(θ, φ) , 2π

λ
[cos θ cosφ, sin θ cosφ, sinφ]T (2.3)

Note that the vector k(θ, φ) ∈ R3×1 is the wavenumber vector associated with the
direction of propagation (θ, φ) of the electromagnetic wave.

(a) SAAB’s actual array of 96 antennas

(b) Conceptual diagram of array with Cartesian coor-
dinates

Figure 2.1: The LRAM radar’s antenna array block, d = 10 cm
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2.3 Monostatic MIMORadar Channel Modelling

This section focuses on modelling the received signal vector x(t), which is essential

for the operation of MIMO radar algorithms. To achieve this, we need to model

the MIMO radar channel, which can be divided into two main categories:

• Single-Target Channel: This will be discussed in detail in Section 2.3.1.

• Multi-Target Channel: This will be presented in Section 2.3.2.

2.3.1 Single-Target MIMO Modelling

Consider that the radar operates in the presence of a single target with a radial

velocity v and a range R and direction (θ, φ). Since the LRAM radar is a mono-

static system, the DOD of the electromagnetic waves from the Tx array to the

target and the DOA of the waves from the target to the Rx array are identical

(θ = θ and φ = φ). This model is also applicable to a bistatic radar, where the

Tx and Rx antenna arrays are located at different sites with their local reference

points, leading to non-identical DOD and DOA (θ 6= θ and φ 6= φ).

Figure 2.2 presents the modelling of a single-target MIMO radar wireless chan-

nel (see "grey" square) together with the main blocks of Tx and Rx, ignoring

ADC/DAC, HPA and BPF that are shown in Figure 1.6.

The vector signal at the output of the splitter (see Point-T in Figure 2.2)

will be transformed by the Tx antenna array into a vector of N electromagnetic

waves (one per antenna) which will propagate through our 3D physical space. The

various "displacements" of these electromagnetic waves at the Tx antennas are a

function of:

• the Tx-array geometry, and

• their direction of propagation.

These electromagnetic "displacements" for the target’s direction (θ, φ) are mod-

elled by the Tx manifold vector S(θ, φ) ∈ CN×1 which is defined in Equation 2.2.

47 of 158



Imperial College London Chapter 2. Monostatic MIMO Radar Algorithms

Figure 2.2: Single-target monostatic MIMO radar channel.

The target will reflect the transmitted electromagnetic waves, and the radar’s

Rx antenna array will receive the echo after a propagation time techo. Figure 2.2

shows the delay techo, the path weight β and the effects of the target’s Doppler

frequency F . Note that the parameter β in Figure 2.2 is expressed, with the help
of the radar’s equation, as a function of:

• the target’s RCS,

• the antenna gains of the Tx and Rx, i.e. GTx and GRx respectively,

• the target’s range R, and

• the power of the transmitted signal PTx.

Furthermore, the various "displacements" of the electromagnetic waves arriving at

the Rx antenna array are modelled by the Rx manifold vector S(θ, φ). Overall, the

"impulse response" of a MIMO single target radar channel is the N × 1 complex
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vector h(t) which can be expressed as

h(t) = β exp(j2πFt)S(θ, φ)SH(θ, φ)δ(t− techo) (2.4)

as this is also shown in Figure 2.2.

It is important to point out that the impulse response vector h(t) and the

Rx manifold vector S(θ, φ) are1 "collinear". This implies that the Rx manifold

vector plays a significant role in the channel’s impulse response, while the Tx

manifold vector S(θ, φ) is transformed to a less important "scalar" quantity, i.e.

S
H
(θ, φ)δ(t− techo). That is, Equation 2.4 may be rewritten as follows:

h(t) = β exp(j2πFt)SH(θ, φ)δ(t− techo)︸ ︷︷ ︸
scalar

S(θ, φ) (2.5)

Based on the above modelling, the received vector-signal y(t) ∈ CN×1 at
Point-T̂ can be written as

y(t) = h(t)~
√
PTxTm(t) + xc(t) + n(t) (2.6a)

=
√
PTxβ exp(j2πFt)S

H
(θ, φ)Tm(t− techo)︸ ︷︷ ︸

scalar signal

S(θ, φ)

+xc(t) + n(t) (2.6b)

where ~ denotes "convolution", xc(t) represented the "clutter" effects and n(t) is
the complex additive white Gaussian noise (AWGN).

Finally, at Point-Ĥ (baseband ports) we receive the vector signal x(t) ∈ CN×1

x(t) = Ty(t)

=
√
PTxβ exp(j2πFt)S

H
(θ, φ)Tm(t− techo)︸ ︷︷ ︸

scalar

TS(θ, φ)

+Txc(t) + Tn(t). (2.7)

1Note: both h(t) and S(θ, φ) are embedded in an N dimensional complex observation space.
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2.3.2 Multi-Target MIMO Modelling

In this section, the signal flow up to the Point-A in Figure 1.6 is also provided

for a multi-target MIMO radar channel (see Equation 2.11). If the radar operates

in the presence of M targets, then the radar channel impulse response (Equation

2.4) can be generalised as follows:

h(t) =
M∑
`=1

β` exp(j2πF`t) S` S
H

` δ(t− τ echo,`) (2.8)

where the subscript ` has been added to the channel/target parameters (defined in

Section 2.3.1) to associate them with the `-th target. Indeed, for the `-th target,

the various MIMO channel parameters included in Equation 2.8 are:

S` = S(θ`, φ`) = Tx-array manifold vector

S` = S(θ`, φ`) = Rx-array manifold vector

θ` = Azimuth angle

φ` = Elevation angle

τ echo,` = the time from Tx to Rx for the `-th target’s returned signal

F` =
2v`Fc
c

: Doppler frequency shift due to `-th target’s velocity v`

with


v` =target’s radial velocity

Fc =carrier frequency

c =speed of light

Furthermore, the single target MIMO radar channel, shown in the "grey"

square of Figure 2.2, can be extended to multi-target by adding parallel "branches"

- one branch per target (M branches in total) - as this is shown in Figure 2.3.

Based on the above, the received baseband signal y(t) ∈ CN×1 at Point-T̂, shown
in Figure 2.3, can be represented as follows:

y(t) = [y1(t), y2(t), ..., yN(t)]
T (2.9a)

= h(t)~
√
PTxTm(t) + xc(t) + n(t) (2.9b)
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=
M∑
`=1

√
PTxβ` exp(j2πF`t)S`S

H

` Tm(t− τ echo,`︸ ︷︷ ︸
scalar signal

)

+xc(t) + n(t) (2.9c)

where ~ denotes "convolution".

Figure 2.3: Multi-target monostatic MIMO radar channel.

Then, at Point-Ĥ (baseband ports) we have the (N × 1) vector-signal,

x(t) = [x1(t), x2(t), ..., xN(t)]
T (2.10a)

= Ty(t) (2.10b)

=
M∑
`=1

√
PTxβ` exp(j2πF`t)TS`S

H

` Tm(t− τ echo,`︸ ︷︷ ︸
scalar signal

)

+Txc(t)+Tn(t) (2.10c)

At Point-Ê, we obtain "snapshots" of x(t). Assuming there are no weights w and

no phase shifters ψ (see Equation 1.14), then, at Point-Â (which, in this case, is
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the same as Point-Ê), we also obtain "snapshots" of the continuous vector signal

x(t), as given by Equation 2.10a. That is,

x(tl),∀l (2.11)

As mentioned in the previous section, the multi-target model is also applicable

to a bistatic radar. In a bistatic configuration, the Tx and Rx antenna arrays are

located at different sites with their local reference points, leading to non-identical

DOD and DOA (θ 6= θ and φ 6= φ).

2.4 Monostatic MIMO Algorithms

In the "Baseband Signal Processor" of the LRAM, the following "classical" MIMO

radar localisation algorithms are employed for this research; Least Square (LS),

Capon, Amplitude and Phase Estimation (APES), Capon and AML algorithm

(CAML) andMUSIC algorithms [69], [70]. Table-2.1 shows the main cost functions

of these algorithms:

Table 2.1: MIMO localisation algorithms

Algorithm Main Cost Function (variable: azimuth angle)

LS β(θ) =
SH(θ)RxmS(θ)

NN

Capon β(θ) =
SH(θ)R−1xxRxmS(θ)
NSH(θ)R−1xxS(θ)

APES

β(θ) =
SH(θ)Q−1RxmS(θ)
NSH(θ)Q−1S(θ)

where

Q = Rxx −
1

N
RxmS(θ)S

H
(θ)RHxm

CAML

β(θ) =

[(
SH(θ)Q−1S(θ)

)
�
(
SH(θ)RmmS(θ)

)T]−1
.diag

{
SH(θ)Q−1RxmS(θ)

}
where

Q = Rxx − RxmS(θ)
(
SH(θ)RmmS(θ)

)−1
.SH(θ)RHxm

MUSIC

ξ(θ) =
SH(θ)(IN − EnEHn )S(θ)

SH(θ)S(θ)
or equivalently,

ξ(θ) =
SH(θ)S(θ)

SH(θ)EnEHn S(θ)
where
En = "noise" subspace eigenvectors
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where Rxx, Rxm, Rmm are covariance or correlation matrices2 based on the signals

x(t) and m(t). In practice, the signals x(t) and m(t) are observed over a finite

period of L snapshots, which are then used to estimate the practical covariance or

correlation matrices by

Rxx = 1
L

L∑
l=1

x (tl) x
H (tl) ; Rxm = 1

L

L∑
l=1

x (tl)m
H (tl) ; Rmm = 1

L

L∑
l=1

m (tl)m
H (tl) .

(2.13)

2.4.1 Classical MIMO Algorithms

In this section, the radar target’s parameter estimation based on classical MIMO

algorithms will be introduced. These are called:

1. LS

The Least Squares algorithm is a fundamental technique used to find the

best-fit line or curve for a set of data points. It achieves this by minimizing

the sum of the squared vertical distances between the data points and the

fitted line/curve. This ensures the line/curve passes as close to the data

points as possible. The concept might have existed earlier, the first clear

publication on the method was by Adrien-Marie Legendre in 1805 [71].

2. Capon

The Capon algorithm is named after its inventor, J. Capon, who published

the method in 1969 [72]. His work built upon earlier research in spectral

analysis and array processing. The Capon algorithm, also known as the

Minimum Variance Distortionless Response (MVDR) beamformer, is a high-

resolution technique used for estimating the DOA of multiple sources imping-

ing on an antenna array. It works by designing a spatial filter that maximises

the signal-to-noise ratio (SNR) in the desired direction while minimising the

2The theoretical covariance/correlation matrices for an infinite observation period are defined
as follows

Rxx = E
{
x(t)xH(t)

}
;Rxm = E

{
x(t)mH(t)

}
;Rmm = E

{
m(t)mH(t)

}
(2.12)
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noise power from other directions [73]. This allows for accurate identifica-

tion of the source locations, even when multiple signals are present closely

together. Note that Capon is an extension of LS by an addition of a Rx

beamformer.

3. APES

The APES algorithm is a spectral estimation technique used to estimate the

complex amplitude of the power spectrum of a random process. It utilises

a bank of adaptive filters tuned to specific frequencies to analyse the signal

and derive estimates of both amplitude and phase components [58]. While

the exact origin of the APES algorithm is unclear, its development likely

stems from research in spectral estimation during the latter half of the 20th

century. Early work on adaptive filter-based spectral estimation methods

laid the foundation for the APES approach. This beamformer aims to find

an output that closely resembles the desired signal. It achieves this through a

constrained optimisation problem, which shares similarities with the solution

obtained by Capon’s MVDR beamformer.

4. CAPES and CAML methodologies, as discussed in [58, 74, 75], leverage the

strengths of Capon and APES algorithms for achieving accurate estimates of

target parameters. Capon demonstrates superior performance in estimating

the DOA, while APES excels in providing precise estimates of the parameter

β. By combining these algorithms in different configurations, superior esti-

mates of both DOA and β can be obtained. For instance, CAPES utilises

Capon for DOA estimation and APES for β estimation, whereas CAML em-

ploys CAPES for DOA and Approximate Maximum Likelihood (AML) for

β estimation. CAML has been shown to yield more accurate β estimates

compared to individual methods. The key distinction lies in the optimisa-

tion process: Capon minimizes variance, whereas CAML approximates the

maximum likelihood function, potentially offering computational advantages

as well [74,76].
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5. MUSIC

The MUSIC algorithm, often regarded as a super-resolution technique, serves

the purpose of estimating the DOA for multiple sources incident upon an

antenna array [75]. This algorithm capitalises on the orthogonality between

the signal and noise subspaces LEs⊥ LEn, respectively, within the eigen-
decomposed covariance matrix of the received signals. Suppose there are K

targets present in the received data snapshots, whereK < N . Let Es ∈ CN×K

and En ∈ CN×N−K denote the eigenvector matrices, and Ds ∈ CK×K and

Dn ∈ CN−K×N−K represent the diagonal matrices of eigenvalues correspond-
ing to the signal and noise subspaces, respectively. To distinguish the signal

subspace from the noise subspace, a threshold can be established. Commonly

used methods for this purpose include Akaike Information Criteria (AIC) or

Minimum Descriptor Length (MDL) [77].

Typically, targets occupy different range bins, rendering them uncorrelated

with each other. Consequently, the signal subspace can be adequately charac-

terised by the Rx array manifold vectors S =
[
S(θ1), S(θ2), . . . , S(θK)

]
∈

CN×K . This implies that LS = LEs and also LS⊥LEn. In other words,
projecting the Rx array manifold vector from a target’s direction onto the

noise subspace yields a zero vector PEnS(θk) = 0N , ∀k = 1, 2, . . . , K. Hence,
sweeping the directional parameter θ enables the generation of the spatial

spectrum using the MUSIC algorithm.

The first four algorithms, LS, Capon, APES and CAML, share the capability

of estimating both the DOA and the complex path gain (β) for multiple targets.

This allows them to construct a complete spatial spectrum of β(θ), representing the

strength and direction of the received signals. In contrast, the MUSIC algorithm

primarily focuses on DOA estimation. It utilises the inherent properties of the

covariance matrix to identify the signal subspace, which contains information about

the source directions. While it can indirectly provide insights into the relative

strengths of the sources based on the signal subspace structure, it doesn’t directly

estimate the complex path gain values for each target.
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2.5 Monostatic MIMORadar Experiments based

on Saab’s LRAM

Two experiments were conducted using the aforementioned LRAM monostatic

MIMO radar system. These experiments employed different system designs and

configurations. Saab provided the resulting data sets, labelled data Set-A and

data Set-B. The data from both sets correspond to Point-Â, Figure 1.6, with

the assumption that no beam-formers or phase-shifters are employed. The signal

processing algorithms are located in the "baseband signal processing Rx", shown

in Figure 1.6. The array manifold employed for the Tx and Rx array in data Set-

A and the Rx array in data Set-B is given by Equation 2.22, with the Tx array

manifold for data Set-B given by Equation 2.16 in the following sections.

2.5.1 First Experiment’s Description

Data Set-A from the first experiment is concerned with received data at Point-Â

(discrete version of signal x(t)) of the LRAM MIMO radar architecture, shown in

Figure 1.6. The environment for this experiment is shown in Figure 2.4.

Figure 2.4: Map of the experiment test site in Gothenburg.

It uses the Tx/Rx array geometries of Figure 2.5 and MIMO radar channel

56 of 158



Imperial College London Chapter 2. Monostatic MIMO Radar Algorithms

model described in Figures 2.3. The experiment considers M = 2 UAV targets,

both moving away from the radar at different velocities and trajectories, over a

period covered by 22 frames.

Figure 2.5 shows the Tx/Rx Array Geometry used for the data Set-A.

Figure 2.5: Data Set-A Tx and Rx antenna array geometries.

The N
′
= 24 "red" antennas of the Figure 2.5 form the Tx array, while the

"green" antennas represent that Rx antenna arrays of N ′ = 24 antennas. From

Figure 2.5 the Cartesian coordinates of the Rx array geometry, prior to the T/T-

transformation for a "planar" array, used in data Set-A and are given by the

following matrix

[r1, r2, .., r24] , d


upper-row (12-antennas) of Rx-array︷ ︸︸ ︷
−5.5, −4.5, ..., +5.5

0, 0, ..., 0

+2.5, +2.5, ..., +2.5

lower-row (12-antennas) of Rx-array︷ ︸︸ ︷
−5.5, −4.5, ..., +5.5

0, 0, ..., 0

+1.5, +1.5, ..., +1.5

 .
(2.14)

now, after the ”T-transformation" is applied (defined in Equation 1.11), the Rx

array coordinates for data Set-A are given by

[r1, r2, .., r12] , d


−5.5, −4.5, ..., +4.5, +5.5

0, 0, ..., 0, 0

0, 0, ..., 0, 0

 (2.15)
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where the inter-antenna spacing d remains fixed and equal to 10 cm for Tx and

Rx arrays.

The following equations describe the process to transfer from a planar array

to a linear array. The planar array geometry shown in Figure 2.5 is used in both

date sets A and B and corresponds to the array manifold vector S(θ, φ), known

also as the array response vector,

S(θ, φ) , exp(−j[r1, r2, .., r24]Tk(θ, φ)) (2.16)

As the number of Rx antennas N ′ = 24 is greater than the 12 data streams, a

combiner is employed which is represented by the following matrix

T ,
[
IN , IN

]
(2.17)

This matrix T is applied to the received radar signals and consequently transforms

the array manifold vector S(θ, φ) as follows:

a(θ, φ) = TS(θ, φ) (2.18)

= exp(−j 2π
λ
rx cos θ cosφ)(1

T
2 exp(−j

2π

λ
rz sinφ))︸ ︷︷ ︸

scalar directional gain=g(φ)

= g(φ) exp(−j 2π
λ
rx cos θ cosφ) (2.19)

where,

rx , d [−5.5,−4.5, . . . ,−0.5, 0.5, . . . , 4.5, 5.5]T ∈ R12×1 (2.20)

is the transformed geometry, due to the "T-transformation" of the combiner, and

rz , d [2.5, 1.5]T ∈ R2×1 (2.21)

with resulting Rx linear array manifold vector

a(θ, 0
◦
) = TS(θ, 0◦)

= 2 exp(−j 2π
λ
rx cos θ) (2.22)
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Note that on the transmitter’s side, based on the "T̄-transformation" of the splitter,

similar results can be provided for a planar Tx array of N
′
= 24 antennas, with Tx

manifold vector S(θ, φ), and a linear array of N ′ = 12 antennas with Tx manifold

vector a(θ, φ).

The range-Doppler contour diagram shown in Figure 2.6 is an example pro-

duced by analysing the provided raw data. The strongest energy signal is around

zero Doppler frequency (F ≈ 0), which is echo from static clutter. With reference
to the test site in Figure 2.4, this clutter is most likely ground clutter originating

from the wooded areas. The energy signal from the two targets is visible at −95 Hz
and −65 Hz indicating the targets are receding. By computing the range-Doppler
spectrum, the clutter and noise can be removed to provide a clearer picture of the

desired targets.

Figure 2.6: Range-Doppler contour plot for data Set-A, Frame 5

Data Set-A (as provided by Saab) includes 12 codes of 80 chips per code (160

numbers per code, due to "oversampling"), these are the codes m(t) generated at

Point-A in Figure 1.6. However, the 2nd - 12th codes were produced by a delayed

version of the 1st code. This presents various challenges for signal processing as,
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Figure 2.7: Auto-correlation of the 1st code from data Set-A: LHS shows periodic,
RHS shows aperiodic.

independent of the definition of periodic or aperiodic correlation3, the cross and

auto-correlation between the streams are similar, which makes target discrimina-

tion difficult, especially if the targets are very close together in range.

Figure 2.7 shows the periodic and aperiodic auto-correlation functions, and

Figure 2.8 the equivalent cross-correlations of the provided codes for waveforms

1 and 6. Clearly, the cross-correlation is a delayed version (−10Tc) of the auto-
correlation function in both cases. It is understood that Saab’s implementation of

these codes on the radar’s Tx is aperiodic.

3Definitions: periodic cross-correlation (or simply cross-correlation) of length Nc:

Rmimj [k] ,
Nc∑
n=1

mi[n] mj [n+ k] (2.23)

aperiodic cross-correlation:

Cmimj
[k] ,


Nc−k∑
n=1

mi[n] mj [n+ k], 0 ≤ k ≤ Nc − 1
Nc−k∑
n=1

mi[n− k] mj [n], 1−Nc ≤ k ≤ 0

0 ‖k‖ > Nc

(2.24)

N.B.: there are similar expressions for the auto-correlation functions
Reference: Prof A. Manikas, EE401 Lecture Notes on Advanced Communication Theory, Imperial
College London, 1997.
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Figure 2.8: Cross-correlation of codes 1 and 6 from data Set-A: LHS shows periodic,
RHS shows aperiodic.

2.5.2 Second Experiment’s Description

Data Set-B, resulting from the second experiment, is received at Point-Â (samples

of x(t)) of Figure 1.6. This data set utilises the MIMO radar channel for a single-

target detailed in Figure 2.2 and the Tx/Rx array geometry in Figure 2.9.

The experiment was conducted with a single UAV that is M = 1, moving away

from the radar and a constant velocity for a period covered by 4 frames.

The 12 "red" antennas of Figure 2.9 form the Tx array N
′
= 12, while the

"green" antennas represent the Rx antenna arrays of N ′ = 24 antennas. From

this figure the Cartesian coordinates of the Rx array geometry, prior to the T/T-

transformation for a "planar" array, used in data Set-B and are given by the

following matrix

[r1, r2, .., r24] , d


upper-row (12-antennas) of Rx-array︷ ︸︸ ︷
−5.5, −4.5, ..., +5.5

0, 0, ..., 0

+3.5, +3.5, ..., +3.5

lower-row (12-antennas) of Rx-array︷ ︸︸ ︷
−5.5, −4.5, ..., +5.5

0, 0, ..., 0

+2.5, +2.5, ..., +2.5

 .
(2.25)

The Rx array coordinates for data Set-B, after the transformation

[r1, r2, .., r12] , d


−5.5, −4.5, ..., +4.5, +5.5

0, 0, ..., 0, 0

0, 0, ..., 0, 0

 . (2.26)
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Figure 2.9: Tx and Rx array geometries for data Set-B.

where inter-antenna spacing d remains fixed and equal to 10 cm for Tx and Rx

arrays. Note that this is the same as that of data Set-A.

This experiment was undertaken at the same location as in data Set-A, shown in

Figure 2.4. However, as it was conducted several months later, the range-Doppler

contour plot has been computed again and an example for the first frame is shown

in Figure 2.10. Here, the clutter region around F ≈ 0 is wider than in data Set-A.
This notwithstanding, the effects for data Set-B are similar to those described for

the data Set-A range-Doppler contour plot, with the target visible at −78.13 Hz.
The snapshots of m(t), at Point-A in Figure 1.6 for data Set-B (as provided

by Saab) correspond to 12 Gold sequences, of length Nc = 29 − 1 = 511, which

all together provide a better code design than the single delayed sequence used to

provide all the 12 codes in data Set-A.

Figure 2.11 shows the auto-correlation of the Gold sequence used for waveform

6, while an example of the cross-correlation can be seen between waveforms 1 and

6, in Figure 2.12 using periodic and aperiodic correlators. Note that, as expected,

for periodic Gold sequences the cross-correlation is "3-valued", while the aperiodic

is "random".
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Figure 2.10: Range-Doppler contour plot for data Set-B, Frame 1

Figure 2.11: Auto-correlation function of the 6th code from data Set-B: LHS shows
periodic, RHS shows aperiodic.
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Figure 2.12: Cross-correlation of codes 1 and 6 from data Set-B: LHS shows peri-
odic, RHS shows aperiodic.

2.5.3 Steps of the Estimation Procedure

For processing all sets of data, the general approach taken is provided in the

following steps

• Step-1: Select received data x(t`)∀` ∈ CN×1 for all 12-Rx streams in the data
set; if there are calibration data available, remove antenna array uncertainties

• Step-2: identify the code data sets of snapshots m(t`)∀` define the necessary
radar parameters, relevant to each data set;

• Step-3: perform a Fast Fourier Transform (FFT) to show the range-Doppler
contour plot4;

• Step-4: process the range-Doppler data for clutter removal;

• Step-5: compute the threshold for target detection in any given range bin;

• Step-6: implement the desired localisation algorithm. The main cost func-
tions, for these MIMO localisation algorithms are detailed5 in Table 2.1, and

are listed here for convenience
4Other techniques may also be used for clutter filtering (see, for instance, [31]).
5Due to the "splitter" and "combiner" employed in the LRAM MIMO radar, the manifold

vectors S and S used in the cost functions of the algorithms given in Table-2.1, should be replaced
as follows:

data Set-A :
{
Tx: replace S with a = T S
Rx: replace S with a = T S
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— LS,

— Capon,

— APES,

— CAML,

— MUSIC.

• Step-7: repeat the above steps for all frames.

Each algorithm estimates the DOA, that is azimuth (θ) and elevation (φ) angles,

of the target to a precision of 1
◦
for each data set, with the only exception being

the MUSIC algorithm which has been adjusted/optimised to provide a very high

precision. MUSIC is the only real super resolution algorithm from the list and,

although it is not designed for MIMO systems, but a significant effort is made to

adapt its operation to a MIMO radar environment.

The range resolution is different for each data set and is detailed in the relevant

sections. It is a function of the duration Tc of a "chip", which is defined in the

LRAM system specification, and hence cannot be improved in post-processing.

2.6 Experimental Signal Processing Results

In this section, figures showing representative results for DOA, range and veloc-

ity estimation, relating to each data set for selected algorithms and frames, along

with complete tables of results are provided. Each subsection details any depar-

tures in array geometry from previously stated geometries and includes relevant

details pertaining to parameters used in generating waveforms and relevant radar

parameters.

data Set-B :
{
Tx: use S (no transformation)
Rx: replace S with a = T S

where

— the matrix T models the "splitter"

— the matrix T models the "combiner"
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2.6.1 UAV Range & Azimuth Results for Data Set-A

With reference to Figure 1.6, at Point-Â, the signal data x(t`)∀` for N = 12 Rx

streams is provided and for each channel there are 1000 radar pulses with PRI= 0.2

ms, forming a single frame. This is repeated to provide a total of 22 frames for

data Set-A. Within each PRI, there are more than 400 range bins supplied (a

number were removed by Saab), each providing a range resolution of 3.74741 m.

The MIMO monostatic radar wireless channel model for a multi-target system is

outlined in Figure 2.3 (see the "grey" area) and remains the model for data Set-A,

for M = 2.

Figure 2.13 present the frame-by-frame estimated range6 and DOA (azimuth

only) for all 22 frames. The algorithms listed in Table 2.1 were employed for the

estimation. The range axis is zoomed in to highlight the regions of interest only.

Figure 2.13: Range vs DOA, frame-by-frame estimates produced by all algorithms
for data Set-A.

While the overall trend across the 22 frames appears accurately captured, the

range estimates in some frames may suffer from reduced accuracy. This could

6For data set-A, there are 2 samples per Tc. That is, the sampling interval Ts = Tc/2 and
the minimum range increment is 1.873705 m. However, the range resolution "unit" is Tc, which
is twice that minimum increment (i.e. 3.74741 m).
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be attributed to two factors: (1) limitations in the correlation properties of the

code-set used in the first experiment, and (2) potential bias introduced due to

the removal of data/range bins by Saab. Comparing the results in Figure 2.13,

we observe consistent performance from the APES, Capon, MUSIC, and CAML

algorithms, which instils confidence in the estimates. However, the LS algorithm

consistently exhibits the poorest performance.

2.6.2 UAV Range & Azimuth Results for Data Set-B

With reference to Point-Â in Figure 1.6, received signal data x(t`)∀` for N = 12

Rx streams is provided. For each channel, there are 256 radar pulses with

PRI= 0.25 ms, forming a single frame, repeated to provide a total of 4 frames for

data Set-B. Within each PRI there are now 2000 range bins, each equating to a

range resolution of 0.625 m. The model for the single-target MIMO radar wireless

channel is provided in Figure 2.2 (see the "grey" area). The Tx array geometry for

the LRAM-Radar in this experiment has been altered by Saab, and can be found

in Figure 2.9.

The results for target localisation of a single-target using MIMO radar, for all

the algorithms described above, are shown in Figure 2.14 for all 4 available frames.

Figure 2.14: Frame-by-frame localisation of all algorithms for data Set-B over all
4 frames.
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The results in Figure 2.14 demonstrate successful frame-by-frame localisation

of a single target for four frames using the employed signal processing algorithms

(APES, Capon, CAML, and MUSIC). All algorithms achieved consistent target

locations across all frames. Similarly, in the results of data set-A, the LS algorithm

again provides the poorest performance result. That is, estimates diverge from the

other algorithms, with the divergence increased when the target is closer to the

Rx array. However, with four of the five algorithms aligning to within 1◦ at each

frame, there is a high degree of confidence in the accuracy of these results.

2.6.3 Virtual MIMO Radar for all Data Sets

In the "baseband signal processing" block (bottom right corner of Figure 1.6)

the concept of the "extended manifolds" is introduced in [78], by including in the

Rx manifold vector some additional system parameters such as orthogonal codes,

delays, polarisation, etc. This concept has been utilised in [31] and [32] in MIMO

radar - in the form of "virtual arrays" known as "virtual MIMO".

In particular, the baseband signal processor will transform the signal at Point-

Â (see Equation 2.11) in a such a way that the new signal corresponds to the signal

received by a larger Rx antenna array of "virtual" antennas (virtual array) with

geometry given by the following equation:

[rv1, r
v
2, ..., r

v
NN
]︸ ︷︷ ︸

virtual-array geom.

= [r1, r2, ..., rN ]︸ ︷︷ ︸
Tx-array geom.

⊗ 1TN + 1TN ⊗ [r1, r2, ..., rN ]︸ ︷︷ ︸
Rx-array geom.

(2.27)

Equation 2.27 is known as "spatial convolution" between the Tx and the Rx an-

tenna array geometries. The result is a virtual array with NN virtual antennas

having a much larger aperture (i.e. more powerful) than the real Rx antenna array.

However, considerable design planning for the Tx and Rx array geometries is re-

quired to utilise the full potential of the "virtual array", as the spatial convolution

may result in "overlapping" virtual antennas.

The concept of the virtual array in a MIMO radar can be visualised as the

virtual transfer of the Tx antennas from the transmitter, via the channel, to the

receiver [79]. This can be done using a number of equivalent operations based
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on the three basic rules for addition and multiplication: the "Commutative", the

"Distributive" and the "Associative" rules.

It is important to point out that the virtual array of Equation 2.27 has a

manifold vector (virtual manifold vector Sv) which is related to the Tx and Rx

manifold vectors of the real MIMO system as follows:

Svirtual , S
∗ ⊗ S (2.28)

By suitably transforming the received signal x(t) at Point-Â in Figure 2.3

(given by Equation 2.11 which is the discretised version of Equation 2.10a) we can

produce another signal xv(t) which is known as "virtual" signal. This signal is a

function of the virtual manifold vector Sv given by Equation 2.28 that corresponds

to the "virtual" array geometry of Equation 2.27. In this case the virtual radar

channel can be modelled as shown7 in Figure 2.15 where, now, all the vector-

signals ("blue" arrows) have NN scalar virtual elements equal to the number of

elements of the virtual antenna array. There are several ways to transform x(t)

to the virtual xv(t). In this section, the property of "orthogonality" of the code

signal m(t) is used, to implement the concept of the "virtual MIMO".

In virtual MIMO radar signal processing, transforming the received signal x(t)

into the virtual signal xv(t) increases the dimensionality of the observation space,

which inevitably leads to higher computational complexity compared to classical

MIMO localisation algorithms (Table 2.1). This approach is applicable to both

monostatic and bistatic configurations. However, in bistatic scenarios, the physical

separation of Tx and Rx antennas prevents a true virtual array. Instead, a vir-

tual array manifold (characterised by Equation 2.28) is utilised to achieve similar

benefits. These benefits include:

• increased array aperture

• capable of handling targets more than the number of Rx antennas N

• improved localisation accuracy

7For simplicity, in Figure 2.15 the blocks of the splitter T and the combiner T have been
ignored.
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Figure 2.15: Multi-target virtual radar channel

In this section, the concept of the virtual array will be used in conjunction

with selected virtual MIMO algorithms. This implies that firstly the Rx signal

x(t) ∈ CN×1 should be transformed to the virtual signal xv(t) ∈ CNN×1. More
specifically, the Rx snapshots x(t`)∀` should be transformed to the virtual signal
snapshots xv(n)∀n by the Rx baseband signal processor, shown in Figure 1.6. As
stated before, there are several ways to transform x(t) to the virtual xv(t). In this

section, the "orthogonality" property of the code signal m(t) will be used.

In simple terms, without any proof, this means

xv(t)︸ ︷︷ ︸
N ·N×1

= x(t)︸︷︷︸
N×1

⊗m(t)︸︷︷︸
N×1

(2.29)

and then apply one of the "virtual" algorithms, the cost functions of which are

given in Table-2.2. In all data sets:

1) the number of targets is smaller than the number of Rx antenna array ele-

ments N and, consequently, the problem of more targets than the number

of Rx antenna elements cannot be examined; and

2) the improved localisation accuracy cannot be shown as the true target loca-

tion is unknown.

70 of 158



Imperial College London Chapter 2. Monostatic MIMO Radar Algorithms

Table 2.2: Virtual MIMO localisation algorithms

Algorithm
Main Cost Function
(variables: azimuth θ and elevation φ)

Virtual Steering Vector ξ(θ, φ) =
SHv (θ, φ)RxvxvSv(θ, φ)

(NN)2

Virtual Capon ξ(θ, φ) =
1

SHv (θ, φ)R−1xvxvSv(θ, φ)

Virtual MUSIC

ξ(θ, φ) =
SHv (θ, φ)(IN − EnvEHnv)Sv(θ, φ)

SHv (θ, φ)Sv(θ, φ)
or equivalently

ξ(θ, φ) =
SHv (θ, φ)Sv(θ, φ)

SHv (θ, φ)EnvEHnvSv(θ, φ)
where
Env = virtual "noise" subspace eigenvectors

Hence, here it is demonstrated that the elevation angle (φ), together with the

azimuth angle (θ), in the cases where the "classical" MIMO algorithms failed.

This can be done only for the case that the virtual array is a non-linear array.

This implies that the elevation angle for data sets B can be estimated, as its

virtual array geometry is "planar" (see Figure 2.24 in Appendix B).

Figures 2.16a and 2.16b present the estimated values obtained using the three

virtual MIMO algorithms listed in Table 2.2. These algorithms were applied to

data Set-B. The results, which are summarised in Table 2.3, show close agreement

between the virtual MIMO algorithms for all four available frames.

Table 2.3: MIMO Radar Dataset B: Summary of Localization Results

Algorithm Frame Range Bin Range (m) DOA (θ) DOA (φ)

1 627 391.60 65.9◦ 3.6◦

2 643 401.60 65.3◦ 3.3◦

3 659 411.59 64.7◦ 3.5◦
Virtual Steering Vector

4 675 421.58 64.0◦ 3.8◦

1 627 391.60 65.9◦ 3.9◦

2 643 401.60 65.3◦ 3.6◦

3 659 411.59 64.7◦ 3.8◦
Virtual Capon

4 675 421.58 64.0◦ 4.2◦

1 627 391.60 65.93◦ 3.86◦

2 643 401.60 65.34◦ 3.51◦

3 659 411.59 64.74◦ 3.70◦
Virtual MUSIC

4 675 421.58 64.04◦ 4.09◦
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(a) Range vs DOA(Azimuth) (b) Range vs DOA(Elevation)

Figure 2.16: Virtual algorithms Range vs DOA frame-by-frame estimates (all
frames, data Set-B)

2.7 Summary

This chapter explores the Saab LRAM MIMO Radar, examining the radar system

architecture in detail and providing models for the baseband signal processor and

wireless MIMO radar channel. The chapter investigates a range of established

MIMO signal processing algorithms, alongside three innovative "virtual" MIMO

algorithms, including a virtual adaptation of the MUSIC algorithm. It system-

atically guides through the estimation of target parameters (azimuth, elevation,

range, and velocity) with illustrative results.

The chapter begins with a detailed introduction to Saab’s LRAM experimental

radar, followed by an overview of the LRAM antenna array. It elaborates on the

monostatic MIMO radar channel model, starting with single-target scenarios and

expanding to multi-target cases. Established MIMO radar algorithms for parame-

ter estimation are then discussed. The chapter also provides a detailed account of

MIMO radar experiments conducted by Saab, including the setup, experimental

environment, and procedures for extracting DOA and range estimates. Challenges

encountered with the PN-code used in one data set are analysed, and the advan-

tages of using Gold sequences in another are highlighted.

The results from applying MIMO algorithms to both data sets are presented,

showing the consistent performance of Capon, APES, CAML, and MUSIC algo-
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rithms, particularly after the 5th frame, and noting the underperformance of the

LS algorithm. The concept of virtual arrays is introduced, explaining their sig-

nificance and applicability, and demonstrating the efficacy of three virtual MIMO

algorithms in estimating target azimuth and elevation.

This research explores the potential of virtual MIMO for radar target localisa-

tion and parameter estimation. The results pave the way for further investigation

into the development and application of virtual MIMO algorithms in radar sys-

tems.
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2.8 Appendices

Appendix 2.A: UAV Velocity Results for all Data Sets

To estimate the velocity of the UAVs, firstly the Doppler Spectrum is computed

in the interval [-PRF/2, +PRF/2], where PRF/2 is the Doppler bandwidth. In

particular, the FFT of the "slow time" samples of the received data x(t`)∀` (related
to a particular range bin in a single frame), will provide the Doppler Spectrum in

the interval [-PRF/2, +PRF/2], which is partitioned in a number of Doppler-bins.

If the target is present in a given range bin then it will appear in the Doppler

Spectrum corresponding to that range bin. It is from this Doppler frequency that

the velocity can be estimated.

For data Set-A, a representative example of velocity estimation of the two UAVs

is given in Figure 2.17. This has been produced by using the data for Frame-5 and

for a range bin where the echo signals of two UAVs targets overlap with each other

(around 830 m). Note that Figure 2.17 is a horizontal slice of the contour map

plot shown in Figure 2.6. From Figure 2.17, the UAVs’ velocities can be easily

estimated from the two strong peaks at Doppler frequencies −65 Hz and −95 Hz.
The terrestrial clutter is also shown around 0 Hz in the top figure, which has been

removed from the bottom figure. Note that the Doppler Spectrum interval, which

should be between −2.5 kHz and +2.5 kHz (as the PRF is 5 kHz for data Set-A)
has been truncated in Figure 2.17 to between −250 Hz and 250 Hz, as the Doppler
bandwidth is unnecessarily large. Due to high value for the clutter, the vertical

axis has also been truncated to better visualise the target response.

A similar representative example is also given for the data Set-B (Frame-1,

range bin around 530 m) in Figure 2.18 - before and after clutter filtering. In his

case, the estimated Doppler frequency is −78.13 Hz. Again the Doppler Spectrum
has been truncated in the region −1 kHz to +1 kHz (the PRF for data Set-B
is 4 kHz) while the vertical axis has been also truncated to better visualise the

target response. Figure 2.19 presents the velocity estimates of two targets for all

22 frames, for data Set-A. It can be seen the velocities of both targets in data

Set-A are increasing, however for data Set-B, the velocity of the target remains
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constant at −9.0082 m/ s for all 4 available frames and this is shown in Figure
2.20. Note that the minus sign indicates that the targets are moving away from

the radar platform for both data sets.

Figure 2.17: Data Set-A Doppler spectrum (for a range bin around 830m in Frame-5).
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Figure 2.18: Data Set-B Doppler spectrum (for a range bin around 530m in Frame-1).
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Figure 2.19: Velocity estimation of the two targets across 22 frames in data Set-A.

Figure 2.20: Velocity estimation of the single UAV across 4 frames in data Set-B.
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Appendix 2.B: Virtual Antenna Array Formation

The antenna array configuration used for the data Set-A is shown in Figure 2.5.

This is a planar array with an equal number of Tx and Rx antennas N̄ ′ = N ′ = 24

and fixed inter-element spacing d = 10 cm. This means each Tx and Rx chain is

connected with two antennas through a splitter and combiners network. The split-

ting and combining process is modelled through the transformation matrices T and

T - the T/T transformation will henceforth be referred to as Splitter/Combiner

(S/C) transformation. According to Equation 2.27, the virtual array geometry can

be directly investigated. Before the S/C transformation stage, the virtual array is

formed as shown in Figure 2.21. The expected array size is N̄ ′×N ′ = 24×24 = 576
elements, however, Figure 2.21 shows only 69 elements of the planar array and the

rest are overlapping elements i.e. share the exact location. This virtual antenna

array geometry is undesirable: resulting in many overlapping virtual elements, is

a poor allocation of resources, offering a reduced degree of freedom and loss of

resolution. Figure 2.22 shows the virtual array after the S/C-transformation stage

and expects N × N = 12 × 12 = 144 elements but only 23 are visible for the

reasons just outlined. It is important to point out, although this virtual array has

increased aperture, it is still of linear geometry and hence remains incapable of

estimating the elevation angles. For data Set-B, the array configuration is shown

in Figure 2.9 with N
′
= 12, N ′ = 24 and spacing d = 10 cm. This array has

half the number of Tx antennas which are divided into two columns separated by

10 × d along the x-axis. The virtual array has N × N = 12 × 24 = 288 elements
but with many overlapping elements.

In Figure 2.23 only 23 × 7 = 161 are shown before the S/C-transformation

stage as the rest are overlapping - having the same locations. The virtual array

after the S/C-transformation, shown in Figure 2.24, has N ×N = 12× 12 = 144
elements but only 23× 6 = 138 are shown are the rest are overlapping.
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Figure 2.21: Data Set-A virtual antenna array geometry with N
′
= N ′ = 24

(before S/C-transformation). Nvirtual = 576.

Figure 2.22: Data Set-A virtual antenna array geometry with N = N = 12 (after
S/C-transformation). Nvirtual = 144
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Figure 2.23: Data Set-B virtual antenna array geometry withN
′
= 12 andN ′ = 24

(before S/C-transformation).

Figure 2.24: Data Set-B virtual antenna array geometry with N = 12 and N = 12
(after transformation).
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Chapter 3

Bistatic MIMO Radar:

Localisation Using Tx Slow Time

Codes

In this chapter, innovative subspace-based algorithms employing Slow Time Codes

(STC) are introduced for estimating parameters of multiple moving or static tar-

gets in bistatic MIMO radar systems. The target’s parameters of interest include

delay/range, DOA, DOD, Doppler frequency and complex path coefficient, which

is a function of the target’s bistatic RCS. Based on parametric bistatic pulse MIMO

radar signal models in conjunction with the concept of extended array manifolds,

subspace-based algorithms are proposed for estimating these parameters without

suffering from estimates association problem. The performance of the proposed

algorithms is evaluated using computer simulation studies.

3.1 Introduction

Modern radar systems such as MIMO radars in both monostatic [31, 70, 80] and

bistatic/multi-static architectures are designed with goals of achieving superior

target parameter identifiability, estimation accuracy, and super resolution capabil-

ities. In this chapter, the bistatic MIMO radar is employed which has many ob-

vious advantages over its monostatic counterpart, such as undetectable receivers,
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counter-stealth capabilities, reduced susceptibility to jamming, etc [81][82]. Most

importantly, as the transmitter and receiver of a bistatic MIMO radar are far away

from each other, they view each target from different perspectives, and the DOD

is different from the DOA. In monostatic MIMO radar, the DOA and DOD are

equal, and thus the DOA is important to be estimated from the received data.

In bistatic MIMO radar, both the DOA and DOD are important and should be

estimated from the received data. In [83], a 2-dimensional (2D) Capon spectrum

is proposed for joint DOA and DOD estimation, which belongs to the family of

beamforming and suffers from low spatial resolution. In addition, the ML esti-

mator, though optimum, requires to address the computational prohibitive higher

order nonlinear optimisation problem [84]. Another wide range of algorithms is

subspace-based, thus possessing super-resolution capabilities [85—88]. In [85], a

reduced-dimension (RD) MUSIC algorithm is proposed. The Estimation of Signal

Parameters Via Rotational Invariance Techniques (ESPRIT) algorithm is extended

in [86] to an iterative algorithm with improved reliability and parameter identifi-

ability. Special non-uniform linear arrays have also been exploited to incorporate

more DOFs, thus improving the overall performance [87][88]. By stacking the re-

ceived (processed) slow-time data in a tensor format, Parallel Factor (PARAFAC)

decomposition based techniques can also be used [89][90]. It is worth pointing out

that all the aforementioned algorithms were developed assuming the absence of

relative target path delays.

In this chapter, parametric signal models for a bistatic pulse MIMO radar are

developed which support the inclusion of Tx and Rx array geometries, operational

frequency, PRI, target’s delay, DOA, DOD, Doppler frequency and complex path

coefficient. Based on multiple received PRI data matrices, a novel array “mani-

fold extender”, which follows the theoretical framework of [78], is employed which

incorporates the target’s DOD, Doppler frequency and the transmit vector sym-

bols into the Rx manifold vector. Then, subspace-based algorithms are proposed

to estimate various parameters of each target in sequential order. It should be

noted that the proposed estimation approach automatically associates different

estimated parameters to the same target, thus avoiding the estimates’ association

difficulties.
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This chapter is organised as follows. In Section 3.2, the transmit and receive

signal models are presented. In Section 3.3, a novel array “manifold extender” is

proposed by vertically concatenating PRI data matrices to form an “extended” Rx

data matrix. Then, based on the extended data matrix, subspace-based algorithms

are proposed in Section 3.4 using the concept of the extended array manifold

vectors for estimating DOA, DOD, Doppler frequency, delay/range, and complex

path coefficient of all the targets. Computer simulation studies are presented in

Section 3.5 demonstrating the performance of the proposed algorithms. Finally,

the chapter is concluded in Section 3.6.

3.2 Signal Modelling

Consider a bistatic pulse MIMO radar system which employs a Tx array of N

antennas and a Rx array of N antennas. Without loss of generality, both the Tx

and Rx arrays are assumed to be fully calibrated with known geometries measured

with respect to their own reference points. The Cartesian coordinates of these

two arrays are represented, in meters, by the matrices r ∈ R3×N and r ∈ R3×N ,
respectively.

3.2.1 Transmit

Consider the Tx-array transmits a vector of rectangular pulses modulated by a

vector symbol a[n] ∈ CN×1 in the n-th PRI. Moreover, the sequence of these
vector symbols is assumed to be periodic with a period equal to Ns. With-

out loss of generality, let’s consider a complete frame of the transmit waveform,

which comprises D subframes. Each subframe contains a full period of vec-

tor symbols a[1], a[2], . . . , a[Ns], collectively forming the matrix A, denoted as
A , [a[1], a[2], . . . , a[Ns]]. These symbols are commonly referred to as STCs.

That is, there are DNs PRIs per frame. Additionally, each vector symbol under-
goes modulation using a pulse compression code consisting of Nc chips to enhance
range resolution. This pulse compression code is also known as the fast time code

(FTC). Therefore, the transmit data sequence in the n-th PRI can be modelled as
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a[n]cT where the vector c ∈ RL×1 is defined as

c , [c[1], c[2], . . . , c[Nc]︸ ︷︷ ︸
pulse compression code

, 0, 0, . . . , 0︸ ︷︷ ︸
L−Nc

]T , (3.1)

where L > Nc is the number of compressed range bins within each PRI. Given that
the duration of each pulse compression code symbol is Tc (as shown in Equation

3.1), the PRI can be expressed as PRI = LTc. Additionally, the uncompressed

pulse duration Tp is assumed to be equal to NcTc.

3.2.2 Receive

Consider that the radar operates in the presence of K targets. Then, the n-th

discrete received data matrix X[n] ∈ CN×L associated with the n-th PRI can be
modelled as

X[n] =
K∑
k=1

βk exp (j2πfk(n− 1)LTc)

SkS
H

k a[n]
(
Jlkc
)T
+ N[n], (3.2)

where βk is the complex path gain/coefficient, which is a function of the k-th

target’s bistatic RCS, and fk denotes the bistatic Doppler frequency. In Equation

3.2, the vectors Sk and Sk represent the k-th target’s Tx and Rx array manifold

vectors, respectively, which can be expressed as

Sk , S
(
θk
)
= exp

+j 2πFc
c
rT [cos θk, sin θk, 0]

T︸ ︷︷ ︸
=u(θk)

 , (3.3)

Sk , S (θk) = exp

−j 2πFc
c
rT [cos θk, sin θk, 0]

T︸ ︷︷ ︸
=u(θk)

 , (3.4)

where Fc is the carrier frequency, c represents the velocity of light, r and r are the

3D coordinate matrices for the Tx and Rx antenna arrays, while θk and θk denote

the k-th target’s azimuth DOD and DOA, respectively. Note that in Equations 3.3
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and 3.4, zero elevation has been assumed for simplicity. Furthermore, lk denotes

the quantised propagation delay of the k-th target τ k relative to the direct Tx-Rx

path, i.e. lk = dτ k/Tce, and the matrix J is a L× L lower shift matrix defined as

J ,

 0TL−1 0

IL−1 0L−1

 =


0, 0, · · · 0, 0

1, 0, · · · 0, 0

0, 1, · · · 0, 0
...

...
. . .

...
...

0, 0, · · · 1, 0


. (3.5)

Finally, the matrix N[n] ∈ CN×L contains the received snapshots during the n-th
PRI, representing the additive white Gaussian noise (AWGN) of zero mean and

covariance matrix σ2nIN . For notational convenience, it is assumed that the clutter

has been removed using FFT (in the case of static clutter) or using the clutter

pre-processing scheme presented in [31].

3.3 Manifold Extender

An array “manifold extender” [78] incorporates additional system parameters into

the original Rx array manifold, forming the extended array manifolds. This can be

achieved via a group of Tapped Delay Lines (TDLs) or through certain mathemat-

ical operations, e.g. [31]. In this section, a novel “manifold extender” is proposed

based on re-arrangement of the received PRI data matrices. It can be proven (see

Appendix A) that the data matrix X[n] ∈ CN×L modelled by Equation 3.2 can be
rewritten as

X[n] =
K∑
k=1

βk exp (j2πfk(n− 1)LTc)(
aT [n]⊗ IN

)
Sv,k

(
Jlkc
)T
+ N[n], (3.6)
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Figure 3.1: Manifold extender through PRI data matrices re-arrangement.

where Sv,k , Sv
(
θk, θk

)
∈ CNN×1 represents the virtual manifold vector of the

k-th target and is given as

Sv,k = S
∗ (
θk
)
⊗ S (θk)

= exp

(
−j 2πFc

c

(
rTu

(
θk
)
⊕ rTu (θk)

))
(3.7)

where the symbols ⊗ and ⊕ represent Kronecker product and sum, respectively.
With reference to Figure 3.1, by vertically concatenating the received Ns PRI

data matrices corresponding to the `-th subframe of the transmit symbols, the

extended data matrix X` can be obtained and written explicitly as

X` ,


X[(`− 1)Ns + 1]
X[(`− 1)Ns + 2]

...

X[(`− 1)Ns +Ns]

 ∈ CNNs×L

=

K∑
k=1

βk
(
diag (F `k)AT ⊗ IN

)
Sv,k︸ ︷︷ ︸

=h`k,h`(θk,θk,fk)

(
Jlkc
)T
+ N`, (3.8)
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where

F `k =


1

exp(j2πfkLTc)
...

exp(j2πfk(Ns − 1)LTc)


︸ ︷︷ ︸

,F(fk)

exp(j2πfk(`− 1)NsLTc) (3.9)

represents the Doppler shifts over Ns PRIs within the `-th subframe and

N` ,


N[(`− 1)Ns + 1]
N[(`− 1)Ns + 2]

...

N[(`− 1)Ns +Ns]

 ∈ CNNs×L (3.10)

is the extended noise matrix. Note that, by neglecting the scalar Doppler shift

associated with the `-th subframe, i.e. exp (j2πfk(`− 1)NsLTc), the virtual array
manifold vector Sv,k in Equation 3.8 is transformed by a transformation matrix

Tk defined as

Tk , T (fk) = diag (F (fk))AT ⊗ IN ∈ CNNs×NN , (3.11)

Therefore, the extended manifold vector, that is common to each one of the D
subframes, hk , h(θk, θk, fk) ∈ CNNs×1 in Equation 3.8 can be written as

hk = T (fk)Sv
(
θk, θk

)
= diag (F (fk))ATS

∗ (
θk
)
⊗ S (θk) . (3.12)

Then, by repeating the above data re-arrangement for all the available D sub-
frames, the overall received data matrix can be obtained and written as

X , [X1,X2, . . . ,X`, . . . ,XD] ∈ CNNs×LD

=
K∑
k=1

βkhkF
T
k + N, (3.13)
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where

F k , F (fk, lk) ∈ CLD×1

=


1

exp (j2πfkNsLTc)
...

exp (j2πfk(D − 1)NsLTc)

⊗
(
Jlkc
)

(3.14)

represents the k-th target’s Doppler-delay response vector. Moreover, the noise

matrix N is defined as

N , [N1,N2, . . . ,N`, . . . ,ND] ∈ CNNs×LD. (3.15)

Note that the signal model in Equation 3.13 can be written in a compact matrix

format as follows:

X = H diag(β)FT + N ∈ CNNs×LD, (3.16)

where

H ,
[
h
(
θ1, θ1, f1

)
, h
(
θ2, θ2, f2

)
, . . . , h

(
θK , θK , fK

)]
,

F , [F (f1, l1) , F (f2, l2) , . . . , F (fK , lK)] ,

β , [β1, β2, . . . , βK ]T .

3.4 Parameter Estimation

Based on the signal modelled by Equation 3.16, subspace-based methods are pro-

posed in this section to estimate the delay lk, Doppler frequency fk, DOA θk, DOD

θk and the complex path coefficient βk for the k-th target, ∀k.

3.4.1 Joint Doppler and Delay Estimation

First, consider the transpose of the data matrix in Equation 3.16, i.e.

XT = F diag
(
β
)
HT + NT ∈ CLD×NNs , (3.17)
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it can be seen that the targets lie in a subspace spanned by columns of the matrix F.

Therefore, the delay and Doppler frequency for all the K targets can be estimated

by searching for the peaks of the following 2-dimensional cost function

ξDOP−DELAY (f, l) =
F (f, l)H F (f, l)

F (f, l)H PEnF (f, l)
, (3.18)

where F (f, l) is the target’s Doppler-delay response vector given in Equation 3.14

and PEn is the projection operator onto the subspace spanned by columns of noise

eigenvectors En of the following covariance matrix

R =
1

NNs
XTX∗ (3.19)

That is,

PEn = En(EHn En)−1EHn (3.20)

3.4.2 Joint DOA and DOD Estimation

Next, in order to estimate the DOA and DOD of the k-th target, the interfering

echoes from the other K − 1 targets should be removed from the received data

matrix X in Equation 3.16. Based on the delay and Doppler frequency estimates

obtained in Section 3.4.1 for the other K − 1 targets, the following matrix can be
constructed

Fk =
[
F 1, F 2, . . . , F k−1, F k+1, . . . , FK

]
, (3.21)

where the Doppler-delay response vector of the k-th target F k has been excluded.

Then, by applying the following projection operator

P⊥Fk = ILD − Fk(F
H
k Fk)−1FHk (3.22)

onto XT in Equation 3.17, i.e. P⊥FkX
T , the contribution from the other K − 1 tar-

gets having different delays and/or Doppler frequencies can be removed from XT .

Therefore, based on the data matrix X modelled by Equation 3.16 with interfer-

ences from other targets removed, i.e. XP⊥TFk , the following covariance matrix can

89 of 158



Imperial College London Chapter 3. Localisation Using STC

be calculated

Rk =
1

LDXP
⊥∗
FkX

H , (3.23)

and the DOA and DOD of the k-th target are indicated by the peak of the following

2-dimensional cost function

ξDOA−DOD,k
(
θ, θ
)
=

h(θ, θ, f)Hh
(
θ, θ, f

)
h(θ, θ, f)HPEn,kh

(
θ, θ, f

)∣∣∣∣∣
f=fk

, (3.24)

where h
(
θ, θ, f

)
, given f = fk, is the extended array manifold vector (i.e. trans-

formed virtual array manifold vector) given by Equation 3.12 and PEn,k is the

projection operator onto the subspace spanned by columns of noise eigenvectors

En,k of the covariance matrix Rk (see Equation 3.23), i.e.

PEn,k = En,k(E
H
n,kEn,k)−1EHn,k (3.25)

It is important to note that the proposed parameter estimation algorithm au-

tomatically associates the estimated Doppler frequency, delay, DOA and DOD to

the same target.

3.4.3 Complex Path Coefficient Estimation

With reference to Equation 3.16, based on the previously estimated DOA, DOD,

Doppler frequency and delay, the targets’ complex path coefficients can be esti-

mated as

β = diag
(
H#X

(
FT
)#)

, (3.26)

where # represents pseudo-inverse, the matrices F and H are constructed using

the parameters estimated in Sections 3.4.1 and 3.4.2, respectively.

3.5 Computer Simulation Studies

In this section, computer simulation studies are provided to demonstrate the per-

formance of the proposed multi-target parameter estimation algorithms using a
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bistatic MIMO radar. The radar operates in the presence of K = 12 targets,

whose parameters are given in Table 3.1 and Figure 3.2 below.

Figure 3.2: Bistatic MIMO radar and targets’ location.

Without loss of generality, both the Tx and Rx arrays are uniform circular

arrays (UCAs) with N = N = 8 antenna element and reference points set at

the array centroids, as shown in Figure 3.3 below. The figure shows the Tx and

Rx arrays relative to their own local reference points; thus, the bistatic distance

between the Tx and Rx arrays is not depicted.

Figure 3.3: Bistatic MIMO radar Tx and Rx antenna arrays.
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Table 3.1: Targets’ environment

Target Delay DOA DOD Doppler Complex Path
Index (Tc) (deg) (deg) (Hz) Coefficient

1 21 124 92 -493 1.33∠− 44.5◦
2 17 111 75 -362 0.41∠− 37.9◦
3 15 101 64 -552 0.54∠30.6◦
4 25 103 71 -407 0.70∠14.1◦
5 28 87 58 -600 0.96∠61.1◦
6 9 97 55 -494 1.09∠− 43.9◦
7 30 113 85 -628 1.19∠35.4◦
8 3 121 72 -580 1.18∠151.6◦
9 1 127 75 -291 0.92∠− 15.2◦
10 19 119 85 -719 0.49∠− 168.1◦
11 5 128 82 -407 1.65∠− 111.0◦
12 12 108 68 -447 1.10∠113.6◦

Table 3.2: Bistatic MIMO radar system specifications

Parameter Notation Value

Transmit vector symbol a[n],∀n Hadamard codes
Carrier frequency Fc 10 GHz (X-band)
Chip duration Tc 20 ns

Pulse Repetition Interval (PRI) LTc 10 µs
Range resolution 3 m
Baseline distance 100 m

Wave propagation speed c 3× 108 m/s

The pulse compression code uses an m-sequence of length Nc = 31 described by
the primitive polynomialsD5+D+1 in Galois field 2. The transmit vector symbols

a[n],∀n are Hadamard codes with period Ns = 64. Others adopted simulation

parameters are summarised in Table 3.2.

The number of transmit subframes is D = 10, that is 10 full periods of the

employed Hadamard codes and in total DNs = 640 vector symbols. For 20 dB

Signal-to-Noise Ratio (SNR), Figures 3.4 and 3.5 present the 2D contour and

surface diagrams for joint Doppler and delay estimation and joint DOA and DOD

estimation, respectively. Finally, the targets’ complex path coefficients can be

obtained using Equation 3.26 and estimated values are shown in Figure 3.6.
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(a) Contour plot. (b) Surface plot.

Figure 3.4: Joint delay and Doppler frequency estimation with SNR = 20 dB and
UCA of Figure 3.3.

(a) Contour plot. (b) Surface plot.

Figure 3.5: Joint DOA and DOD estimation with SNR = 20 dB and UCA of
Figure 3.3.

(a) Magnitude (b) Phase

Figure 3.6: Path gain estimation with SNR = 20 dB and UCA of Figure 3.3.
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It is important to note that Figure 3.5 presents the sum of the cost functions in

Equation 3.24 for all the 12 targets. In fact, for each target, there is only one sharp

peak appear on the spectrum of the cost function ξDOA−DOD,k
(
θ, θ, fk

)
indicating

its DOA and DOD. Therefore, the association problem between the estimated

Doppler-delay and DOA-DOD is avoided.

3.5.1 Second Simulation

The performance of the algorithms discussed above was also evaluated using the

uniform linear antenna array (ULA) depicted in Figure 2.9 (Chapter 2). This

configuration utilises a transmitter array with N
′
= 12 elements and a receiver

array with N ′ = 24 elements. However, combiners are employed at the receiver

to generate N = 12 receiver streams. Initial simulations with the ULA failed to

detect the 5th target at 20 dB SNR. Even increasing the SNR to 30 dB did not

yield successful estimation of the 5th target’s direction (see Figures 3.7, 3.8, and

3.9 for details).

(a) Contour plot. (b) Surface plot.

Figure 3.7: Joint delay and Doppler frequency estimation with SNR = 30 dB and
ULA of Figure 2.9.

These simulations highlight a crucial aspect: despite having more antenna el-

ements and streams, the ULA exhibited poor performance for target detection in

certain directions. This observation aligns with the inherent omnidirectional gain

pattern of UCAs, suggesting their suitability for scenarios where uniform perfor-

mance across all directions is desired. Consequently, the ULA will be excluded
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from further comparisons using Monte Carlo simulations in the next section.

(a) Contour plot. (b) Surface plot.

Figure 3.8: Joint DOA and DOD estimation with SNR = 30 dB and ULA of Figure
2.9.

(a) Magnitude (b) Phase

Figure 3.9: Path gain estimation with SNR = 30 dB and ULA of Figure 2.9.

3.5.2 Monte-Carlo simulation

Consider the target environment specified in Table 3.3, the Monte-Carlo simulation

has been carried out to evaluate the performance of the proposed algorithm based

on the RMSE criterion defined as follows:

RMSEp =
1

K

K∑
k=1

√√√√1

I

I∑
i=1

{|p̂k − pk,i|2}, (3.27)
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here, pk,i represents the general parameter of interest for the k-th target and i-

th iteration, while p̂k is the corresponding estimate. The number of Monte-Carlo

trials, I, is 200. Figures 3.10, 3.11 and 3.12 present the Doppler frequency, DOA &

DOD and complex path coefficient RMSE curves as a function of SNR, respectively.

It can be clearly observed that with the use of the pulse compression code (m-

sequence), the parameter estimation accuracy can be significantly improved.

Table 3.3: Targets’ environment for Monte-Carlo simulations

Target Delay DOA DOD Doppler Complex Path
Index (Tc) (deg) (deg) (Hz) Coefficient

1 21 86 55 -520 0.75∠57.0◦
2 17 96 60 -428 0.77∠170.3◦
3 15 120 83 -474 0.64∠65.6◦

Figure 3.10: RMSE of Doppler frequency estimation versus SNR.
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Figure 3.11: RMSE of DOA and DOD estimation versus SNR.

Figure 3.12: RMSE of path coefficient estimation versus SNR.
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3.6 Summary

This chapter investigated the multi-target parameter estimation problem in bista-

tic pulse MIMO radar based on parametric modelling of the radar received signal.

Subspace-based super-resolution algorithms are proposed in conjunction with a

novel array “manifold extender” to estimate the delay/range, Doppler frequency,

DOA, DOD and complex path coefficient of multiple targets. Most importantly,

the proposed approach does not suffer from multiple parameter estimates associ-

ation problem.
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3.7 Appendices

Appendix 3.A

The following identities are used in this chapter to derive the expressions (mathe-

matical models) for the data matrix X[n]:

aHb = (a∗ � b)T 1, (3.28)

vec (ABC) =
(
CT ⊗ A

)
vec (B) , (3.29)

(a� b)⊗ (c� d) = (a⊗ c)� (b⊗ d) , (3.30)

(A⊗ B) (C⊗ D) = (AC)⊗ (BD) , (3.31)

Using the above identities, the data matrix X[n] as in Equation 3.2 can be re-
expressed as follows:

X[n] =
K∑
k=1

βk exp (j2πfk(n− 1)LTc) INSk
(
S
∗
k � a[n]

)T
1N

(
Jlkc

)T
+ N[n]

=
K∑
k=1

βk exp (j2πfk(n− 1)LTc) vec
(
INSk

(
S
∗
k � a[n]

)T
1N

)(
Jlkc

)T
+ N[n]

=
K∑
k=1

βk exp (j2πfk(n− 1)LTc)
(
1T
N
⊗ IN

)
vec

(
Sk

(
S
∗
k � a[n]

)T)(
Jlkc

)T
+ N[n]

=

K∑
k=1

βk exp (j2πfk(n− 1)LTc)
(
1T
N
⊗ IN

) ((
S
∗
k � a[n]

)
⊗ (Sk � 1N )

)(
Jlkc

)T
+ N[n]

=
K∑
k=1

βk exp(j2πfk(n− 1)LTc)
(
1T
N
⊗ IN

)
S∗k ⊗ Sk︸ ︷︷ ︸

=Sv,k

� (a[n]⊗ 1N )
(Jlkc)T + N[n]

(3.32)

and this could be further simplified as follows:

=

K∑
k=1

βk exp (j2πfk(n− 1)LTc)
(
1T
N
⊗ IN

)
(diag (a[n])⊗ IN)Sv,k

(
Jlkc
)T
+ N[n]

=
K∑
k=1

βk exp (j2πfk(n− 1)LTc)
(
aT [n]⊗ IN

)
Sv,k

(
Jlkc
)T
+ N[n]. (3.33)
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Chapter 4

Bistatic MIMO Radar:

Localisation Using Tx Fast Time

Codes

This chapter investigates bistatic MIMO radar for estimating various multi-target

parameters of interest in the presence of clutter and noise, employing fast time

codes. The parameters of interest include DOD, DOA, range and velocity and a

novel algorithm is proposed for estimating these target parameters based on the

concepts of the "array manifold" and "manifold extenders". The performance of

the proposed algorithm is evaluated using Monte Carlo simulation studies.

4.1 Introduction

Modern radars operate in the presence of objects/targets, clutter, noise, and inter-

ferences [2]. The main objectives of a radar are to detect the presence of targets

and estimate their parameters, especially when targets are located close together

in space. Once the presence of a target is detected in the clutter, then the aims

are:

• to accurately estimate various target parameters, such as range, direction
and velocity, and
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• to solve the targets’ "classification" problem, i.e. identify the type of target
by getting its "electronics signature".

The simplest radar architecture is the “monostatic” [91] where the Tx and Rx

antennas are “collocated”, and thus the DOD from the radar’s Tx to the target is

identical to the DOA from the target to the radar’s Rx. Some popular examples of

DOA estimation for monostatic MIMO radar are the LS, Capon and APES MIMO

algorithms [70].

This chapter is concerned with "bistatic" radar where there is some consider-

able distance between the radar’s Tx and Rx. Consequently, the DOA is differ-

ent from the DOD. Bistatic radars introduce several technical complications, but

there are many significant advantages relative to monostatic radar architectures.

For instance, bistatic radar can handle stealthy targets, while “jamming” is very

difficult. The most powerful and modern monostatic/bistatic radar is the MIMO

radar, which employs antenna arrays of known geometries at both the Tx and

Rx sides. As the title of the chapter suggests, this work is concerned with bista-

tic MIMO radar, with emphasis given to DOA and DOD estimation. Existing

DOA-DOD estimation algorithms in bistatic MIMO radar have been reported in

[92—95].

In [92], a joint DOA and DOD estimation algorithm is proposed for bistatic

MIMO radar based on a polynomial root-finding subspace method. The main

drawback of [92] is that the proposed algorithm is restricted to bistatic MIMO,

where both Tx and Rx arrays are uniform linear arrays.

In [93], a two-dimensional DOA and DOD estimation is proposed based on

PARAFAC analysis instead of Eigenvector decomposition. The paper claims the

computational efficiency using tensor processing, but no computational complexity

comparison with any conventional method is presented.

In [94], a DOA-DOD and Range estimation is presented for Frequency Diverse

Array FDA-MIMO radar. This is a specific form of MIMO radar which suffers

from the "ambiguity problem" where a single target appears to have many ranges

and many DOD. Thus, [94] is mainly focused on resolving the ambiguity problem,

while it also assumes ULA for both Tx and Rx arrays.
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Figure 4.1: Multi-target MIMO radar

In [95], the time synchronisation is proposed between the Tx and Rx sites.

First, it estimates the bistatic range through matched filtering and non-linear

least squares (NLS) optimisation. Then the DOA and DOD are calculated using

the known bistatic geometry i.e., the bistatic baseline, Tx, and Rx array locations.

Finally, the synchronisation offset is calculated through the estimated/calculated

parameters’ variance. This calculation is only possible in the presence of a single

target, and the system requires a high SNR to operate reasonably.

As stated before, in this chapter DOA and DOD are the primary parameters

to be estimated based on the concept of "extended manifolds" which are functions

of the array manifold. For plane-wave propagation, the array manifold is a vector

function of the target direction, array geometry and carrier frequency. Array man-

ifolds (or simply manifolds) are mathematical objects such as “curves”, “surfaces”

etc. (i.e., non-linear subspaces). These manifolds have been analysed in [60] and

their shapes and parameters are directly connected to the accuracy, resolution,

and detection capabilities of the array.

These days more radar system and target parameters may be added to the

array manifold beyond the array geometry, the target direction and the carrier

frequency. To distinguish them from standard “spatial” array manifolds, manifolds

incorporating additional parameters of interest are termed extended manifolds

[78]. Such additional parameters may be polarisation, Doppler, delay, PN-codes,
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and multi-carriers, etc. Every time a new system parameter is added, instead of

having a complex analysis like the one presented in [60], the aim is to express the

extended manifold vector as a function of the spatial manifold vector and make a

direct connection to the properties and capabilities between the new manifold and

the original spatial manifold.

In this chapter, the "manifold extender" will be used by starting with the Rx

spatial array manifold and then forming the Rx’s extended manifold by adding the

following three new but unknown parameters:

• the target’s range-bin,

• Doppler frequency (for moving targets),

• The DOD from the Tx to the target.

This chapter builds on the DOA and DOD estimation proposed in [96] for a

MIMO communication system. It explores the virtual array concept (a form of

extended array manifold [78,79]) to extend the system’s observation space from N

(number of Rx antennas) to NN (i.e. the product of Rx antennas N and the Tx

antennas N ), hence enabling to detect and process more targets than Rx antenna

elements with greater resolution capabilities1.

In summary, this chapter builds upon the ideas put forth in previous works,

including those by [31, 78, 79, 96, 97], and extends the concept to Multi-target

Bistatic MIMO radar. The chapter is structured as follows: In Section 2, the

generation of the Tx baseband signal of the proposed system is presented. In

Section 3, the MIMO multi-target channel model that will be used in this chapter

is discussed. Section 4 is concerned with the modelling of the received array vector

signal. Section 5 focuses on the proposed parameter estimation algorithms, while

Section 6 details the computer simulation environments and results. The chapter

is concluded in Section 7.

1The concept of the extended array manifold has been also used in [31] for monostatic MIMO
radar and showed that the extended array manifold algorithms outperformed the conventional
algorithms/processing with respect to RMSE criterion.
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Figure 4.2: Baseband Tx signal generation

4.2 Tx Signal Modelling

Figure 4.1 conceptually illustrates a bistatic MIMO radar architecture, with the

yellow arrow representing vectors of parallel signals. At Point-A of the transmitter

(Tx), a sequence of Ns symbols {a[n] ∈ ±1,∀n = 1, 2, . . . Ns} is used with pulse
duration Tp. The Tx uses an antenna array of N antennas and the sequence

{a[n] ∈ ±1} is copied to all the N RF units. Then, this sequence is spread

over a larger bandwidth by utilizing a vector of N PN-codes (one PN-code per

Tx-antenna), also known as FTC as shown at Point-B. All these PN-codes have

length Nc and chip period Tc with

NcTc = Tp (4.1)

The radar’s PRI is assumed having Np uncompressed range bins or, equivalently,

NpNc compressed range bins. That is

PRI = NpTp (4.2)

= NpNcTc (4.3)

Figure 4.2 illustrates the above time frame structure of the radar, considering
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also that the coherent processing interval over which the radar will estimate the

various target parameters has a duration equal to NsPRI. That is:

CPI = NsPRI = NsNpNcTc (4.4)

= NsNpNcTc (4.5)

The number of data symbols generated at Point-C of Figure 4.1 over one CPI can

be modelled by the following matrix M:

M ,
[
m1, m2, . . . , mNsNpNc

]
(4.6)

= aT ⊗
[
C, ON×(NpNc−Nc)

]
︸ ︷︷ ︸

,CTex∈RN×NpNc

∈ RN×NsNpNc (4.7)

where the data symbols vector a is defined as

a ,
[
a[1], a[2], . . . , a[Ns]

]T
∈ RNs×1 (4.8)

and the PN-codes matrix has been extended with zeros until the end of each PRI,

i.e. NpNc −Nc columns of N zeros

CTex =
[
c[1], c[2], . . . , c[q], . . . , c[NpNc]

]
∈ RN×NpNc (4.9a)

=


α1[1], α1[2], · · · α1[Nc],
α2[1], α2[2], · · · α2[Nc],
...

...
...

α
N
[1], α

N
[2], · · · αN [Nc],︸ ︷︷ ︸
,CT

0, 0, · · · 0
0, 0, · · · 0
...

...
...

0, 0, · · · 0︸ ︷︷ ︸


NpNc −Nc

columns of N zeros

(4.9b)

As shown at Point-B of Figure 4.1, the q-th column of the CTex above matrix

is the vector c[q]. The `-th column2 of the matrix M (i.e. m`) representing the

2Note that ` is an integer taking values 1, 2, ..., NsNpNc.
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symbols that appear at Point-C during the chip interval `Tc. It is important to

point out that the PN-code matrix C has a covariance matrix approximately equals

to an identity matrix (almost orthogonal PN-codes). That is:

RCC =
1

Nc
CTC ≈ IN ∈ RN×N (4.10)

Then it is easy to see (using Equation 4.7) that the covariance matrix for the data

matrix M is

RMM =
1

Nc Ns

MMT ≈ IN ∈ RN×N (4.11)

At Point-D in Figure 4.1, after the DAC (digital to analogue converter) block, the

analogue baseband transmitted vector signal is represented as follows:

m(t) =
[
m1(t), m2(t), ..., mN(t)

]T
(4.12)

4.3 Radar Channel Model

The wireless MIMO channel is modelled as shown in Figure 4.1 between Points-D

and G. It considers a bistatic MIMO pulse radar operating in the presence of K

moving targets. The geometry of the k-th moving target is shown in Figure 4.3

having velocity vk at a bistatic range Rbi,k.

Figure 4.3: Bistatic radar’s target
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The vector-signal at the output Point-D in Figure 4.1 is transformed by the Tx

antenna array to a vector of N electromagnetic waves (one per antenna) which will

propagate through our 3D physical space. The various "displacements" of these

electromagnetic waves at the Tx antennas are a function of

• the Tx-array geometry, and

• their direction of propagation
(
θk, φk

)
, where θk represents azimuth and φk

elevation angles.

These electromagnetic "displacements" for the k-th target’s direction (θk, φk) are

modelled by the Tx manifold vector:

Sk , S(θk, φk) ∈ CN×1

= exp
(
+j
[
rx, ry, rz

]
k(θk, φk)

)
(4.13)

where

[
rx, ry, rz

]
= Tx antenna array geometry (4.14)

k(θk, φk) =
2π

λ
u(θk, φk) is wavenumber vector (4.15)

with u(θk, φk) being a unity norm vector pointing towards the direction of depar-

ture, i.e.

u(θk, φk) =


cos θk cosφk

sin θk cosφk

sinφk

 (4.16)

The transmitted electromagnetic waves will be reflected by the k-th target and

the echo will be received by the radar’s Rx antenna array after a propagation time

τ echo,k =
RTx,k +RRx,k

c
, ∀k, (4.17)

dk =

⌊
τ echo,k
Tc

⌋
(4.18)
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where c is the speed of light. Figure 4.1 shows the delay τ echo,k, the path gain βk

and the effects of the target’s Doppler frequency Fk. Note that the parameter βk
in Figure 4.1 is modelled as follows:

βk = |βk| exp(j∠βk) (4.19)

where

|βk| =

√
GTxGRx

(4π)3

(
λ

RTxRRx

)√
RCSk (4.20)

∠βk = ∠
(
−j2πFc

Rbi,k

c

)
+ ∠(jψk) + ∠(j2πFkt) (4.21)

where Fc is the carrier frequency and ψk is random phase. Thus, the parameter

βk of the k-th target is a function of:

• the target’s radar cross-section (RCSk),

• the antenna gains of the Tx and Rx, i.e. GTx and GRx respectively,

• the Tx to target range RTx,k and target to Rx range RRx.

The channel model also considers targets’ movement and resulting Doppler

shift on the Tx carrier frequency. In Figure 4.1 the Doppler shift of the k-th

moving target is represented by the term exp(j2πFkt). For the bistatic geometry
of Figure 4.3, this Doppler shift is given as follows [2]:

Fk =
2vk
λ
cosψbi,k cos

ζk
2

(4.22)

where the subscript k signifies the k-th target, vk denotes its velocity, ζk is the

angle between incident and reflected wave, and ψbi,k represents the angle between

the discontinuous ζk
2
and the direction of movement.

Similarly, for the k-th target, the various "displacements" of the electromag-

netic waves arriving at the Rx antenna array with direction of arrival θk, φk is
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modelled by the Rx manifold vector:

Sk , S(θk, φk) ∈ CN×1 (4.23)

= exp
(
−j
[
rx, ry, rz

]
k(θk, φk)

)
(4.24)

where the matrix
[
rx, ry, rz

]T
denotes the Cartesian coordinates of the Rx an-

tenna array elements and k(θk, φk) is the wavenumber vector corresponding to the

Direction of Arrival (DOA).

Based on the above, the impulse response (IR) of a MIMO radar channel can

be summarised using the following equation:

IR(t) =
K∑
k=1

βk exp(j2πFkt)SkS
H

k δ(t− τ echo,k) (4.25)

4.4 Radar Receiver based on "Manifold Exten-

der"

At Point-G of Figure 4.1, based on the radar’s channel modelling presented in

Section III, the analogue received vector-signal x(t) ∈ CN×1 at the output of the
Rx antenna array can be written as:

x(t) =
[
x1(t), x2(t), ..., xN(t)

]T
∈ CN×1 (4.26)

=
K∑
k=1

√
PTxβk exp(j2πFkt)S

H

k m(t− τ echo,k)︸ ︷︷ ︸
scalar signal (echo) from the k-th target

Sk

+xc(t) + n(t) (4.27)

where xc(t) represents the "clutter" effects and n(t) is the complex additive white

Gaussian noise (AWGN) of CN (0, σ2nIN), i.e. of zero mean and covariance matrix
Rnn = σ2nIN . Remember that the subscript k refers to the k-th target, and a bar

on top of a symbol represents a Tx parameter.

The analogue vector-signal x(t) at Point-G of Figure 4.1 is then digitised to pro-
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Figure 4.4: MIMO radar Rx 3-D data cube X for one CPI and extended snapshots
formation

duce at Point-H the `-th snapshot vector x(t`),∀` = 1, 2, . . . , which is represented
as:

x(t`) =
[
x1(t`), x2(t`), ..., xN(t`)

]T
∈ CN×1 (4.28)

These snapshots, ∀`, at Point-H are then driven to a suitable "manifold ex-

tender" block which is going to be employed by the proposed novel algorithm for

estimating both DOA and DOD of all targets.

4.4.1 Manifold Extender

The manifold extender involves a complex mapping of spatial manifold to extended

manifold using additional system parameters. In this chapter these additional pa-

rameters are the DOD, radar’s range bins, the PN-code matrix C and the Doppler

frequency. That is

Sk: is a function of DOAk, Fc, c and array geometry............ (4.29)

hk: is a function of Sk (see Equ. 4.29) plus DODk, C, `k, Fk (4.30)

This implies that:

• at Point-H of Figure 4.1: x(t`) ∈ CN×1, with
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x(t`) =

(
K∑
k=1

function of Sk

)
+ clutter + noise (4.31)

• at Point-I of Figure 4.1: xvst[n] ∈ CNNext×1, with

xvst[n] =

(
K∑
k=1

function of hk

)
+ clutter + noise (4.32)

where

Next = NNpNc

To go from Equation 4.31 to Equation 4.32 the input data at Point-H should

be re-arranged in a suitable way so that Equation 4.29 is transformed to

Equation 4.30. This re-arrangement of data is shown in Figure 4.4 and is

described as follows:

• The snapshot at time instant t` is denoted so far by x(t`) where ` takes
values 1, 2, ..., NsNpNc representing the whole CPI. However, for every PRI
we collect its NpNc snapshot vectors. To reflect this collection of snapshots
to a specific PRI, the notation of the snapshot x(t`) with ` taking values

1, 2, ..., NpNc is updated by adding a second subscript, n, i.e. x(tn,`), to

indicate the `th snapshot in the nth PRI, with ` now taking values 1, 2, . . . ,

NpNc and n = 1, 2, . . . , Ns. This snapshot can be modelled as:

x(tn,`) =
K∑
k=1

√
PTxβka[n] exp(j2πFk`Tc)S

H

k

[(
JdkCex

)T]︸ ︷︷ ︸
scalarkn,`

Sk (4.33a)

+xc(tn,`) + n(tn,`)

=
K∑
k=1

scalarkn,` Sk + xc(tn,`) + n(tn,`) (4.33b)

where col`
[(
JdkCex

)T]
denotes the `-th column of the matrix

(
JdkCex

)T ∈
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RN×NpNc

(
JdkCex

)T
=


0, · · · 0,
0, · · · 0,
...

...

0, · · · 0,︸ ︷︷ ︸
dk columns

N zeros

,CT︷ ︸︸ ︷
α1[1], α1[Nc],
α2[1], · · · α2[Nc],
...

...

α
N
[1], · · · αN [Nc],

0, · · · 0
0, · · · 0
...

...

0, · · · 0︸ ︷︷ ︸


NpNc −Nc − dk

columns of N zeros

(4.34)

Note that the shifting matrix J ∈ RNpNc×NpNc is defined as

J =

0TNpNc−1, 0

INpNc−1, 0NpNc−1

 (4.35)

and the operation of the JdkCex is down shifting the columns of the code

matrix Cex by dk elements, which is the amount of discrete delay dk corre-

sponding to the k-th target.

• the snapshots are assembled first into PRIs and then CPI interval, as shown
in Figure 4.4a. The `th snapshot of the 1st PRI is also shown in Figure 4.4a

as x(t1,`). Thus during an observation interval of NpNc snapshots, corre-
sponding to the data matrix of the nth PRI X[n] ∈ CN×NpNc can be modelled
as follows:

X[n] =
[
x(tn,1), ..., x(tn,`), ..., x(tn,NpNc)

]
(4.36a)

=

(echoes from K-targets)︷ ︸︸ ︷
K∑
k=1

√
PTxβka[n]SkS

H

k


,T(dk,Fk)︷ ︸︸ ︷(

JdkCex
)T � (1NFTc,k)


+Xc[n] (clutter term)

+N[n] (noise term) (4.36b)
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where

F c,k, exp

j2πFk


1

2
...

NpNc

Tc
 ∈ CNpNc×1 (4.37)

Xc[n] =
[
xc(tn,1), ..., xc(tn,`), ..., xc(tn,NpNc)

]
(4.38)

N[n] =
[
n(tn,1), ..., n(tn,`), ..., n(tn,NpNc)

]
(4.39)

• Vectorisation of Equation 4.36a will provide the nth column (associated with
nth PRI) of Figure 4.4b represented by the vector xst[n] which is modelled

as follows:

xst[n] = vec
(
XT [n]

)
∈ CNNpNc×1 (4.40a)

=
K∑
k=1

√
PTxβka[n]S

H

k 1N︸ ︷︷ ︸
scalar

Sk ⊗ (Jdkcs �F c,k)︸ ︷︷ ︸
hst,k

 (4.40b)

with the composite code vector cs defined as the addition of all the N PN-

codes that is:

cs, Cex1N ∈ RNpNc×1 (4.41)

• Finally the vec
(
XT [n]

)
is projected as follows to provide one column of Figure

4.4c

xvst[n] =



(
IN ⊗ P⊥B1

)(
IN ⊗ P⊥B2

)
...(

IN ⊗ P⊥Bm
)

...(
IN ⊗ P⊥BN

)


vec
(
XT [n]

)︸ ︷︷ ︸
,xst[n]

(4.42a)
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=
K∑
k=1

√
PTxβka[n]P⊥Bhk + xv,c[n] + nv[n] (4.42b)

where

hk , Sk ⊗ S
∗
k ⊗

(
Jdkcs �F c,k

)
(4.43)

and P⊥Bm ∈ CNpNc×NpNc is a complement subspace projection operator to

isolate the signal from m-th Tx antenna from the rest and is defined as

P⊥Bm , INpNc − Bm
(
BHmBm

)−1 BHm (4.44)

with

Bm =


Jd1Cm �

(
F c,11TN−1

)
Jd2Cm �

(
F c,21TN−1

)
...

JdKCm �
(
F c,K1TN−1

)



T

(4.45)

note that the matrix Bm ∈ CNpNc×K(N−1) represents the part of extended
array response vector covering delay and Doppler parameters for K targets.

where Cm ∈ CNpNc×(N−1) is the code matrix Cex,m with m-th antenna’s code
removed as shown below:

Cm =
[
c1, · · · , cm−1, cm+1, · · · , cN

]
(4.46)

A similar projection operator matrix P⊥B ∈ CNNNpNc×NNNpNc can be formed
for every m, that is for all antennas, and the overall operator for the whole

array can be represented as follows:

P⊥B =


IN ⊗ P⊥B1 , ONNpNc , · · · , ONNpNc ,

ONNpNc , IN ⊗ P⊥B2 , · · · , ONNpNc ,
...

...
. . .

...

ONNpNc , ONNpNc , · · · , IN ⊗ P⊥BN

 (4.47)

Equation 4.42b reveals that xvst[n] is a function of the extended array man-
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ifold vector hk ∈ CNNNpNc×1

4.4.2 Joint Range and Doppler Estimation

First, the range = dkTcc and the Doppler Fk∀k, can be estimated using the fol-
lowing cost function:

(d,F) = arg max
d,F

ξ(d,F),∀d,F (4.48)

where

ξ(d,F) =
det
(
T(d,F)HT(d,F)

)
det (T(d,F)HPnT(d,F))

,∀d,F (4.49)

with

T(d,F) = JdCex � (1NF c) (4.50)

T(d,F) is the transformation matrix defined in Equation 4.36a. Furthermore,
the matrix Pn in Equation 4.49, is the projection operator to the noise subspace,

spanned by the "noise" eigenvalues of the data covariance matrix

RXX =
1

N.Ns

Ns∑
n=1

X[n]X[n]H (4.51)

4.4.3 Joint DOA and DOD Estimation

Using the above-estimated delay and Doppler, the complement projection operator

P⊥B can be constructed to form the virtual spatiotemporal snapshot vector xvst[n].

This enables to estimate the DOA and DOD using the cost function below:

(θ, θ) = arg max
∀(θ,θ)

ξ(θ, θ)
∣∣
d=dk,,F=Fk

,∀θ, θ (4.52)

and ξ(θ, θ) can be defined as below:

ξ(θ, θ) ,
K∑
k=1

( ∥∥P⊥Bhk(θ, θ)∥∥2(
P⊥Bhk(θ, θ)

)H Pnv (P⊥Bhk(θ, θ))
)
,∀θ, ∀θ (4.53)
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where Pnv is the projection operator to the noise subspace spanned by the "noise"

eigenvector of the covariance matrix of the virtual-spatio-temporal snapshots given

by Equation 4.42a

Rxx =
1

Ns

Ns∑
n=1

xvst[n]xvst[n]
H (4.54)

4.5 Computer Simulations

In this section, the performance of the proposed approach is examined using com-

puter simulation studies. Table 4.1 lists the system’s parameters. The RF carrier

frequency is 1.3 GHz. The DAC and ADC sampling interval, Ts, equals the chip

interval, Tc. The unambiguous range, Ru, encompassing 262 compressed range

bins, and the PRI of 2RuTc are assumed. A 15-chip PN code is utilised for pulse

compression. Given the far-field target locations, a plane wave propagation model

is adopted. The simulations assume successful target detection before parameter

estimation. All subspace algorithms rely on accurate target count estimation. For

simplicity, the elevation angle is assumed to be zero during signal modelling and

estimation.

As shown in Figure 4.5, both the radar’s Tx and Rx use UCAs. The Rx an-

tenna array elements are separated by a distance d = λ
2
while the Tx elements

are separated by 3d and each element has a unity gain (GTx = GRx = 1). Equa-

tions 4.55a and 4.56a provide the Tx and Rx antenna array geometries (Cartesian

coordinates) on a 3-D real space in meters. The Tx and Rx arrays or sites are

separated by Lbi = 95 units of compressed range bins. All antenna array elements

are along the x and y-axis, and no element is across the z-axis.
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Table 4.1: System’s parameters

Parameter Value Comment

Fc 1.3 GHz RF Carrier Frequency

Tc, Ts Ts = Tc Chip interval = Sampling frequency

B 1
Tc

RF bandwidth

N,N 5 Tx and Rx UCAs elements

Rx SNR 20 dB Rx Signal to Noise Ratio

SCR −5dB Rx Signal to Clutter Ratio

Nc 15 PN-code length/period

Tp TcNc Pulse duration

Ru 262 Unambiguous range (in units of compressed range bins)

PRI 2RuTc

PRF 1
PRI

L PRI
Tc

Compressed Range bins per PRI

Ns 256 Number of PRIs per CPI

r =
[
r1, r2, . . . , rN

]
(4.55a)

=


0.28, 0.09, −0.22, −0.22, 0.09

0, 0.26, 0.16, −0.16, −0.26
0, 0, 0, 0, 0

 (4.55b)

r =
[
r1, r2, . . . , rN

]
(4.56a)

=


0.092, 0.028, −0.074, −0.074, 0.028

0, 0.087, 0.054, −0.054, −0.087
0, 0, 0, 0, 0

 (4.56b)

where d is defined as:
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d =
λ

2
=

c

2Fc

Figure 4.5: Tx and Rx UCAs

Figure 4.5 shows both antenna arrays with reference to their own local reference

points. The figure does not show the distance between the Tx and Rx array. Figure

4.6 shows a bistatic radar system with Tx and Rx Cartesian coordinate location

and three targets on the (x, y) plane. The elevation angle is assumed zero.

Table 4.2 summarises the geometric parameters of three targets along with

their RCS model and average values. From this table,

RCS values in conjunction with the Swerling probability density functions, are

used to generate the received reflections (random numbers) for each target.

As described in Section 2, the transmitted waveform with PN-codes (either

m-code or Gold codes) for pulse compression provides orthogonality within a PRI

period. The period could be adjusted for required target illumination and the

resulting signal-to-noise ratio.
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Figure 4.6: Targets’ geometry

The radar also is assumed to operate in the presence of ground clutter and

AWGN. The ground clutter can be modelled using various other PDFs such as

K-distribution and Weibull etc. It is often challenging to model and filter various

types of clutters accurately because different objects/terrains cannot be repre-

sented by a single model. One effective approach is to transform the clutter PDFs

to Gaussian, i.e. transform the coloured clutter to white noise (isotropic) and then

filter it out the same way as white noise [31]. The clutter transformation for this

experiment is implemented as described in [31].

Table 4.2: Targets’ parameters

Parameter Target-1 Target-2 Target-3 Comments
RTx 51 85 126 Tx to Target range (in compressed range bins)
RRx 101 104 102 Rx to Target range (in compressed range bins)
Rbi 152 189 228 Bistatic range = RTx +RRx (in compressed range bins)
θ 150◦ 130◦ 100◦ DOA
θ 81.20◦ 70.83◦ 52.31◦ DOD
ζ 68.80◦ 59.17◦ 47.69◦ Bistatic Angle
RCS 1.0m2 1.5m2 2m2

Swerling Model 1st model 2nd model 3rd model Swerling model for RCS
v −60 m/sec 20 m/sec 60 m/sec Radial Velocity
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4.5.1 Range and Doppler Estimation

The range and Doppler can be estimated jointly by just utilising temporal dimen-

sion of the data and array manifold. Therefore, the cost function of Equation 4.49

is used for the estimation. Figure 4.7 shows that the peaks are sharp, and the

estimates are very close to the range and Doppler resolution error. The results are

summarised in Table 4.3 below.

Table 4.3: Bistatic range and Doppler estimations

Rbi(Tc) Doppler (Hz)

Target True Estimated True Estimated
1 152 152 −429.37 −428.37
2 189 189 150.84 151.13
3 228 228 475.94 475.13

Figure 4.7: Range and Doppler estimation.

4.5.2 DOA and DOD Estimation

A joint DOA and DOD estimation is performed using the cost function of Equation

4.53. As shown in Figure 4.8 and Table 4.4 below, the estimates are very close.

4.5.3 RMSE and Comparison

The algorithm, as described in Equation 4.53, has been rigorously evaluated using

Monte Carlo simulations and the RMSE metric. A comparative analysis has been
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Table 4.4: DOA and DOD estimations

θ θ

Target True Estimated True Estimated

1 81.20◦ 81.20◦ 150.00◦ 150.01◦

2 70.83◦ 70.83◦ 130.00◦ 130.01◦

3 52.31◦ 52.31◦ 100.00◦ 100.02◦

Figure 4.8: DOA and DOD estimation.

performed against the standard bistatic radar estimation method provided in Ap-

pendix A. The error metric for the parameter of interest, p, is defined in Equation

3.27 of Chapter 3.

The comparison depicted in Figure 4.9 is annotated with subscript letters cor-

responding to the DOD and DOA values in the legend, represented as follows:

• DODv-ST: DOD with v-ST algorithm.

• DOAv-ST: DOA with v-ST algorithm.

• DODm: DOD with MUSIC algorithm and bistatic geometry.

• DOAm: DOA with MUSIC algorithm.

The performance depicted in the figure demonstrates the superior efficacy of the

proposed virtual Spatiotemporal (v-ST) algorithm when compared to conventional

bistatic estimation techniques. It is noteworthy that the DODm exhibits a floor-
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Figure 4.9: DOA and DOD RMSE

level trend beyond the mid-trace, attributable to range floor-level quantization

error limitations.

Next, the v-ST algorithm will be compared with the DOA and DOD estima-

tion algorithm presented in Chapter 3. To ensure a fair comparison, the system

parameters were aligned with those used in Chapter 3. The modified parameters

are listed below:

• Both systems utilized UCA antenna arrays with N = N = 5 and d = λ
2
and

2λ respectively.

• Fc = 10 GHz

• Target’s beta and RCS are the same as in Chapter 3

• Number of pulses in one frame, i.e. L = 160 (for STC system code period =
16 and subframes = 10)

Figure 4.10 shows the RMSE comparison between the MUSIC, v-ST, and the

algorithm presented in Chapter 3, with legend’s entries subscripted with ’stc’. It
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Figure 4.10: Comparison of RMSE for DOD and DOA in STC and FTC systems.

is clear that the v-ST algorithm performed better, as expected, due to its use of

a longer extended array. However, the STC algorithm also performed well, closely

following the performance of the v-ST algorithm.

4.6 Summary

In conclusion, this chapter investigated the application of novel subspace algo-

rithms for parameter estimation in MIMO bistatic pulse radar systems. The pro-

posed approach uses a unique PN-code for each transmit chain, maximising the

observation space by utilising both the Tx and Rx observation spaces. The channel

model incorporates K moving targets with Swerling-distributed RCS and accounts

for clutter and noise. The received signal model is constructed, and a 3D radar

data cube is assembled. This data undergoes processing through Spatiotemporal

and Virtual Spatiotemporal manifold extenders to increase the degree of freedom

and improved parameter estimation.

Computer simulations were conducted to evaluate the performance of the pro-

posed DOA and DOD estimation algorithm. Using Monte Carlo simulations and
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RMSE as metrics, the proposed system in this chapter was compared with the

bistatic MIMO radar equations, the MUSIC algorithm, and the algorithm pre-

sented in Chapter 3. The results demonstrated the superior performance of the

system proposed in this chapter.
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4.7 Appendices

Appendix 4.A: Bistatic Estimation Process

1. Compute the bistatic range estimation (Rbi) using Equation 4.49.

2. Using Lbi and Rbi, determine the following bistatic target’s ellipse parame-

ters:

• semi-major axis a

• semi-minor axis b, and

• its eccentricity ε,

using Equations 4.59-4.61 of Appendix B.

3. Calculate the Tx to Target Range (RTx) and Target to Rx Range (RRx)

using Equations 4.62 and 4.63 of Appendix B.

4. Using the MUSIC algorithm, estimate the DOAm.

5. Estimate the DODm using Equation 4.64 given in Appendix B

Appendix 4.B: Bistatic Equations

The estimated target delay parameters dk can be converted to bistatic range Rbi

as follows.

Rbi,k = d c Tc |d=dk ,∀k (4.57)

Rbi,k = RTx,k +RRx,k (4.58)

With reference to Figure 4.11 which shows a bistatic ellipse and its parameters,

the values Rbi,k and Lbi can be used to estimate the parameters ak, bk and εk as

follows:

semi-major axis ak =
Rbi,k

2
, ∀k (4.59)
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Figure 4.11: Ellipse notations

semi-minor axis bk =

√
R2bi,k −

L2bi
4

(4.60)

eccentricity ratio εk =
Lbi/2

ak
(4.61)

Furthermore, the bistatic ranges RRx and RTx for each target can be estimated

using the following equations:

RRx,k =
ak(ε

2
k − 1)

εk cos(θk) + 1
,∀k (4.62)

RTx,k = Rbi,k −RRx,k (4.63)

Finally, using the above equation, the DOD θk ∀k can be estimated as follows:

θk = arccos

(
1

εk

(
ak(ε

2
k − 1)

RTx,k

+ 1

))
(4.64)
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Chapter 5

Performance Analysis

Chapter 4 describes array manifolds and extended array manifolds. Here, we

revisit these concepts from a different perspective. The array response vector, Sk

of N omnidirectional antennas, resides in an N -dimensional complex nonlinear

subspace (think of it as a specific curved region within the N -dimensional complex

space, ∈ CN×1). This subspace can be described using nonlinear mathematical
objects (manifolds), such as Grassmannian manifolds commonly used in signal

processing [98]. To investigate the properties of these mathematical objects (space,

curves, and surfaces), differential geometry is a powerful tool [99,100]. This chapter

analyses the theoretical performance limitations of the antenna arrays employed

in Chapters 2, 3, and 4 in the context of MIMO radar, focusing on two key aspects

crucial for accurate target tracking and localisation:

• Cramer-Rao Lower Bound (CRB): This bound establishes a fundamen-
tal limit on the accuracy achievable when estimating target parameters, such

as direction of arrival and range.

• Resolution Capability: This refers to the ability to distinguish between
closely spaced targets, which is essential for accurate target tracking and

separation in scenarios with multiple targets.

While performance analysis is a vast subject area [60], a concise overview of

the relevant expressions is provided here. The principal curvature, denoted by

κ1, of the manifold-curve is leveraged to simplify the calculations associated with
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the CRB and resolution bounds. These bounds serve as a "figure of merit" [101]

for comparing the performance of different array geometries, allowing us to assess

their effectiveness in target tracking and localisation tasks. The concept of the

"uncertainty sphere," which underpins these bounds, is first introduced in the

following section.

5.1 Manifold Curve and Basic Concepts

In the context of MIMO radar, a manifold curve depicts how the array manifold

vector changes as a specific parameter is varied. Figure 5.1 shows an example

of such a curve, labelled A. This curve represents the path traced by the array
manifold vector a(p) when a single parameter of interest p, such as the target’s

DOA, is swept across a range of values. Therefore, the curve A is defined as:

A ,a(p) ∈ CN ,∀p : p ∈ Ωp (5.1)

where Ωp is the parameter space, considered as a regular parametrised differential

curve if

ȧ(p) 6= 0N ,∀p ∈ Ωp (5.2)

Here ȧ(p) represents differentiation of a(p) with respect to the parameter p, it is

tangent vector to the curve. The tangent vector exists for all points of the array

manifold because of the regularity condition of Equation 5.2. Now, along the curve

A, the arc length s(p) can be defined as:

s(p),
p∫
0

‖ȧ(p)‖ dp (5.3)

and its derivative or rate of change is defined as:

ṡ(p) =
ds

dp
, ‖ȧ(p)‖ (5.4)

In this chapter, the derivative with respect to s will be denoted by a "prime,"

such as a′,
(
da(s)
ds

)
, while the derivative with respect to parameter p will be denoted
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by a "dot," such as ȧ,
(
da(p)
dp

)
. The array manifold is typically expressed in terms

of a generic bearing parameter p, such as the DOA. However, parameterisation

with respect to arc length s offers several advantages over p. One key benefit is

that s is an invariant parameter, meaning that the resulting tangent vector to the

curve, with respect to s, always has a unit length. The proof is shown as below:

‖a′(s)‖ =
∥∥∥∥da(s)ds

∥∥∥∥ = ∥∥∥∥da(p)/dpds/dp

∥∥∥∥ = ‖ȧ(p)‖ṡ(p)
=
ṡ(p)

ṡ(p)
= 1,∀s (5.5)

This invariance simplifies the analysis and ensures consistent scaling in the

array manifold representation. The unit tangent vector can be defined as:

u1(s) = a
′(s) (5.6)

The measure of how fast the curve pulls away from the tangent line at s defines

its first or principal curvature. This is given by the norm of the second derivative

of the manifold vector, as shown in the equation below:

‖a′′(s)‖ = κ1(s) (5.7)

5.2 Modelling of the Uncertainty Sphere

Figure 5.1 shows the uncertainty sphere (in arc lengths) which represents the effects

of additive noise of power σ2 on the performance of an antenna array system of

N antennas. This uncertainty sphere, which is embedded in an N -dimensional

complex space, shrinks (i.e. its radius σe is gradually decreased) according to the

following model [60]:

σe =

√
σ2

2 L P C
=

√
1

2(SNR L)C
; (in arc lengths) (5.8)

The factor of “2” appearing in the denominator arises directly from the use of

complex numbers to represent signal envelopes in the array model. This is because

complex representations inherently involve both a real and imaginary component,

effectively doubling the values compared to a real-valued representation. The
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symbol “L” denotes the number of snapshots, and “P” represents the signal power.

Figure 5.1: Uncertainty sphere at a point (θ, φ) on the manifold curve, embeded
in an N -dimensional complex observation space.

The shrinking rate of the uncertainty sphere depends also on the estima-

tion algorithm employed. Some algorithms exhibit better properties than oth-

ers, thereby "masking" the overall array performance. This is modelled by the

factor/parameter C where

0 < C ≤ 1 (5.9)

For C = 1, the above expression becomes a "lower-bound" and forms a bench-

mark against which any practical algorithm can be compared. Note that the value

C = 1 is a theoretical limit achieved by an "ideal" algorithm.

5.3 Accuracy and the Cramer Rao Lower Bound

The CRB [102] sets a lower limit on the error covariance matrix of any unbiased

estimate, p̂, of the true parameter vector p ∈ RM . In the case of a single emitter

(M = 1), the CRB for the (parameters of interest in this case) φ-estimates and
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θ-estimates are expressed [60] as follows

CRB[φ|θ=θo ] =
σ2e

(π ‖r(θo)‖ sinφ)2
=

1

2 (SNR L) (π ‖r(θo)‖ sinφ)2
(5.10)

CRB[θ|φ=φo ] =
σ2e

(π ‖ṙ(θ)‖ cosφo)
2 =

1

2 (SNR L) (π ‖ṙ(θ)‖ cosφo)
2 (5.11)

where if, for example, the array is a planar array on the (x, y) plane, then r(θ) =

rx cos θ + ry sin θ. Note that ṙ(θ) =
dr(θ)
dθ
.

Expressions for the CRB become progressively more complicated with increas-

ing numbers of emitters/targets, M , since the accuracy of the bearing estimates is

not only a function of the additive sensor noise but also depend on the interactions

between the various emitters/targets. If the array only receives a return from a

single target, then the above expression simplifies as follows:

CRB[p1] =
σ2e

2 L P

1

ȧH(p1)P⊥A ȧ(p1)
=

1

2(SNR1 L)
1

ȧH(p1)P⊥A ȧ(p1)
(5.12)

=
1

2(SNR1 L)
1

ṡ(p1)2uH1 (s1)P⊥Au1(s1)
(5.13)

where ȧ(p1) = u1(s1)ṡ(p1) and P⊥Au1(s1) = u1(s1)

A =
[
a1, a2, . . . , aM

]
Ȧ =

[
ȧ1, ȧ2, . . . , ȧM

]
P⊥A = IN − A

(
AHA

)−1AH
and for a single target and parameter A = a(p1) and Ȧ is its first derivative.

Now, Equation 5.13 can be interpreted for two closely spaced targets (M = 2)

along the manifold curve A, with the arc length s(p1) and its rate of change of
ṡ(p1) as follows:

CRB[p1|A] '
1

(SNR1 L)
2

ṡ(p1)2 ṡ(p̆)2 ∆p2
(
κ̂21(p̆)− 1

N

) (5.14)
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where κ̂21(p̆) is the principal curvature of the manifold curve at p̆. Note that

the bearing p̆ corresponds to the point with arc length s̆, and to a first-order

approximation, equals (p1 + p2)/2 or equivalently p̆ = p1 +
∆p
2
.

It is important to point out that Equation 5.14 indicates that the CRB is

inversely proportional to the square of the emitters’ angular separation,

CRB[p1|A] ∝
1

(∆p)2
(5.15)

i.e. the accuracy of the system deteriorates rapidly as the emitters approach close

to one another.

5.4 Resolution Threshold

Array resolution refers to the ability to distinguish between closely spaced targets

and obtain separate, albeit potentially inaccurate, parameter estimates for each

target. In simpler terms, targets are considered resolved when the corresponding

directions on the array manifold can be estimated. This might manifest as distinct

peaks or nulls observed in the spectrum of the employed direction-finding (DF)

algorithm.

Two emitters with parameters (directions) p1 and p2 are resolved by an "ideal"

algorithm (i.e. C = 1) if and only if p2 − p1 > ∆pres-thr [60] where

∆pres-thr =
1

π ‖r‖ sin p̆
4

√
4

κ̂21 − 1
N

(
√
σe1,r +

√
σe2,r) (5.16)

This implies that the minimum angular separation ∆pres-thr required for resolv-

ing two sources of powers P1 and P2 may be written as:

Resolution threshold:

∆pres-thr =
1

ṡ(p̆)
4

√
2(

κ̂21 − 1
N

)
×
(

1
4
√
SNR1 L

+
1

4
√
SNR2 L

) (5.17)
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where ṡ(p̆) = π‖r‖ sin p̆ is the rate of change of manifold arc length and bearing p̆
corresponds to the point (to a first order approximation p̆ = (p1 + p2)/2).

Since ṡ(p̆) = π‖r‖ sin p̆, Equation (5.17) indicates that the resolution capa-
bilities of a linear array (or ELA of a planar array) are maximum at boresight

(p = 90◦) and zero along the endfire directions (p = 0◦ or 180◦). Zero resolution

along end-fire directions is expected since, due to cylindrical symmetry, two sig-

nals at directions which are symmetrical to the array axis cannot be distinguished,

irrespective of their angular separation.

For the special case of equi-powered sources (P1 = P2 = P ) the ultimate

product (signal-to-noise ratio times L) required to resolve two sources at bearings

p1 and p2 = p1 +∆p may be written as

∆pres-thr ≈
1

ṡ(p̆)
4

√
32(

κ̂21 − 1
N

) 1
4
√
SNR L

(5.18)

fourth-root law for resolution:

∆pres-thr ∝ (SNR L)−1/4 (5.19)

In other words, the resolution ultimately achievable is inversely proportional to

the fourth-root law of

• the signal-to-noise ratio

• the number of snapshots

As shown in Section 8.6.3 of [60], the directional pattern, denoted by g(p), of a

directional antenna primarily acts as a "voltage gain" factor that can either amplify

or diminish the effective SNR at the array’s output. Consequently, equations

(5.10), (5.11), (5.14), and (5.17) can be reformulated by substituting SNR1 and

SNR2 with SNR1 · g2(p1) and SNR2 · g2(p2), respectively.
However, for the purpose of comparing the relative performance of different

array geometries, the influence of g(p) can be disregarded. While the presence of

directional antennas undoubtedly affects the absolute performance metrics, it does

not alter the comparative advantages of one geometry over another.
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5.5 Comparison of Arrays

This section analyses the theoretical performance limitations of the antenna arrays

employed with Saab’s data sets A and B. We focus on two key aspects: the CRB,

which establishes a fundamental accuracy limit for estimating target parameters,

and the resolution capabilities, which refer to the ability to distinguish closely

spaced targets.

Following the analysis in the previous section, we will compare the perfor-

mance of these datasets to an equal-sized UCA with all other system parameters

maintained identical to those in each dataset. This comparison is relevant be-

cause Chapters 3 and 4 utilised UCA configurations for the investigated systems,

allowing us to assess the relative performance under the same conditions.

In this section only azimuth direction (θ) is analysed assuming elevation angle

φ = 0. While performance bound analysis is a vast subject [60], we provide a

concise overview of the relevant expressions here.

5.5.1 Data Set-A

In this data set, which has 22 frames, there are two UAVs (targets) and we will

examine the error (lower bound) in the estimation of the 1st UAV’s direction θ1

in the presence of the 2nd UAV with direction θ1+∆θ for variable ∆θ. This lower

bound can be estimated using Equation 5.14 for

θ1 = variable and ∆θ = 0.1◦, 1◦, 10◦, 20◦

as this is shown in Figure 5.2. In the same figure, two annotated "square-points"

(red and black) are also shown. These represent the estimated location θ̂1 of the

1st UAV and the estimated ∆θ̂ = θ̂2− θ̂1 ' 2◦ (where θ̂2 is the estimated direction
of the 2nd UAV) for

• the 1st frame - where θ̂1 ' 97◦ and ∆θ̂ = θ̂2 − θ̂1 ' 2◦ and

• the last frame (22nd frame) - where θ̂1 ' 87◦ and ∆θ̂ = θ̂2 − θ̂1 ' 23◦
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with the values θ̂1 and ∆θ̂ provided by the MIMO algorithms for this set of data

(Set-A). Note that the SNR1 and SNR2 of the two UAVs have been measured

using the APES algorithm as follows: 1st frame SNR1 ≈SNR2 ≈ 42 dB; 22nd

frame SNR1 ≈SNR2 ≈ 23 dB.
Table-5.1 gives the values of the main parameters that have been used in Equa-

tion 5.14 to produce the plots of Figures 5.2 and 5.3. Note that the curvature of

the manifold curve has been analytically calculated using the array geometries.

Using the parameters specified in Table 5.1, the resolution threshold derived

from Equation 5.17 is plotted in Figures 5.4 and 5.5.

The plots reveal that the original Rx antenna array (ULA) exhibits better

estimation and resolution accuracy near the middle of the directional range (around

boresight, i.e., θ1 and θ̆ near 90◦), while performance deteriorates at the endfire

directional ranges (around 0◦ and 180◦). This behaviour is characteristic of ULAs,

which have higher gain along their broadside direction.

In contrast, the plots for the UCA show uniform performance across the entire

directional range (θ from 0◦ to 180◦). This is because UCAs provide omnidirec-

tional gain, resulting in consistent performance regardless of the target’s direction.

Consequently, UCAs are often preferred for applications requiring surveillance or

observation across a full 360-degree coverage area.

Table 5.1: Parameters used in the evaluation of the CRB lower bound and
resolution-threshold for data Set-A

Symbols Description Values

L Snapshots 160

N Rx antenna elements 12

p1 θ1 variable

p̆ = p1 +
∆p
2

θ̆ = θ1 +
∆θ
2

variable +∆θ
2

p2 = p1 +∆p θ2 = θ1 +∆θ variable+∆θ

∆p = p2 − p1 ∆θ = θ2 − θ1 0.1◦; 1◦; 10◦; 20◦
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Figure 5.2: Evaluation of the CRB lower bound (estimation error), given by
Equation 5.14 for the 1st target’s direction θ1 (variable) in the presence of a 2nd
target with direction θ1 + ∆θ, for the array geometry used in data Set-A(Figure
2.5 ) and SNR of 1st frame.

Figure 5.3: Evaluation of the CRB lower bound (estimation error), given by
Equation 5.14 for the 1st target’s direction θ1 (variable) in the presence of a 2nd
target with direction θ1 +∆θ, for the UCA with N = 12 and SNR of 1st frame.
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Figure 5.4: Evaluation of the resolution-threshold ∆θ, with θ̆ variable, given by
Equation 5.17 for the array geometry used in the data Set-A(Figure 2.5 ).

Figure 5.5: Evaluation of the resolution-threshold ∆θ, with θ̆ variable, given by
Equation 5.17 for UCA with N = 12.

137 of 158



Imperial College London Chapter 5. Performance Analysis

5.5.2 Data Set-B

This section analyses the performance of Saab’s data Set-B, which contains a

single UAV (target) and only 4 frames with L = 511. Since there is only a single

target, the resolution threshold is not applicable. Therefore, we focus solely on

the estimation accuracy for the direction of arrival (θ) of a single UAV (with θ

variable) using the CRB as in Equation 5.11.

Figure 5.6 presents the CRB for the original array geometry (ULA), while Fig-

ure 5.7 shows the CRB for an equal-sized UCA. Both figures indicate an estimated

UAV location of θ̂ = 67◦ (represented by the "square-black" annotation). It’s

important to note that the original Rx array geometry is identical to the one used

in data Set-A. For the 4 frames in data Set-B, the estimated SNRs obtained using

the APES algorithm are approximately 13.9, 14.3, 14.9, and 29.5 dB, respectively.

The ULA and UCA plots show a similar trend, as discussed in the data Set-A

section.

Figure 5.6: Single target CRB for the array geometry used in data Set-B(Figure
2.9.
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Figure 5.7: Single target CRB for the UCA with N = 12.

5.6 Summary

This section analysed the theoretical performance limitations of the antenna arrays

employed with Saab’s data sets A and B. The focus was on two key aspects:

• Estimation Accuracy: The CRB was used to establish a fundamental

limit for the accuracy of estimating target parameters (direction of arrival,

etc.).

• Resolution Capability: The ability to distinguish closely spaced targets
was assessed based on the resolution threshold.

The concept of the uncertainty sphere was introduced to visualize the theoret-

ical limits on parameter estimation. Equations 5.2 to 5.6 derived the CRB lower

bound, while Equations 5.7 to 5.10 determined the resolution threshold.

Furthermore, the performance of data sets A and B was compared with an

equal-sized UCA. This comparison revealed that the UCA exhibits similar per-

formance across all directional ranges, unlike the original arrays, which showed

better performance near boresight and worse performance at endfire directions.

This behaviour is expected due to the inherent characteristics of UCA and ULA

geometries.
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Conclusions, Further Work and

List of Contributions

This thesis explored the potential of MIMO radar systems and parameter estima-

tion algorithms to address the challenges and demands of modern radar applica-

tions. The research focused on investigating MIMO radar capabilities for detecting

and estimating parameters of multiple targets. Traditional radars are designed for

high-altitude, fast-moving targets like aeroplanes and fighter jets, where detect-

ing and tracking a few objects is sufficient. However, modern scenarios involving

low-cost, low-altitude, slow-speed, and numerous targets significantly exceed the

capabilities of conventional radar systems.

To address these limitations, this research involved two monostatic MIMO

radar experiments conducted at Saab Gothenburg, each with distinct system con-

figurations. These experiments aimed to demonstrate the potential of MIMO radar

technology in tackling the aforementioned challenges. This collaborative effort,

spanning approximately nine months, involved Saab, DASA, and Imperial Col-

lege London. The insights and expertise gained from these experiments laid the

groundwork for further exploration and development of innovative radar architec-

tures and parameter estimation algorithms.
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6.1 Thesis Summary and Conclusions

This thesis explored MIMO radar system architectures and parameter estimation

algorithms with the aim of addressing contemporary challenges and requirements.

Chapter 1 delved into the recent developments in this field, providing a com-

prehensive literature review and introducing the core technologies and concepts

necessary for understanding the subsequent chapters. This foundational chapter

covered antenna arrays, array manifolds, extended array manifolds, and classical

MIMO algorithms, while also highlighting the existing challenges and research

gaps in the field.

Chapter 2 provided an in-depth examination of the Saab experimental mono-

static MIMO radar, offering insights into its conceptual model encompassing trans-

mitter, receiver, and multi-target channel models. Through the application of clas-

sical MIMO algorithms on real radar data, detailed analysis was conducted, shed-

ding light on estimated parameters and their performance. The chapter further

introduced and implemented virtual MIMO radar concepts to enhance estimation

performance, with a comparative evaluation between classical and virtual MIMO

algorithms.

Chapter 3 introduced novel subspace-based algorithms specifically designed for

parameter estimation of multiple targets in bistatic MIMO radar systems. This

approach leveraged a single fast time PN-code and N Hadamard codes of length

Ns also referred to as slow time codes, achieving orthogonality between PRIs and

sub-frames. The proposed algorithm utilised the concept of virtual array manifolds

and effectively employed these slow time codes to further extend the array mani-

fold from N to N.Ns. This innovative approach extended the observation space by

a factor of Ns and enabled accurate estimation of key parameters like DOA, DOD,

delay/range, and Doppler frequency. The approach also effectively overcomes the

estimated parameters’ association problem. Rigorous computer simulations vali-

dated the algorithm’s effectiveness.

Chapter 4 introduced a novel subspace algorithm specifically designed for pa-

rameter estimation in bistatic MIMO radars. This algorithm integrated virtual

spatiotemporal array manifold concepts to estimate multi-target parameters even
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in the presence of clutter and noise. Utilising N fast time PN-codes to achieve

orthogonality within PRIs and provide Tx diversity, the algorithm aimed to es-

timate parameters including DOA, DOD, range, and Doppler. Drawing upon

principles of array manifold extension, the observation space was extended from

N to N.N.NpNc, where Np is the number of pulse durations in one PRI and Nc
is the length of the PN-codes. This transformation significantly expanded the

observation space, potentially enabling the detection of numerous targets. Com-

prehensive Monte Carlo simulations were conducted to assess the effectiveness of

the proposed algorithm, with RMSE used as a performance metric. The results

clearly showed a significant improvement in the accuracy of estimated parameters

compared to the conventional estimation method.

Chapter 5 investigated the theoretical performance limitations of antenna ar-

rays used in previous chapters within the context of MIMO radar. This analysis

focused on key aspects crucial for accurate target tracking and localisation, includ-

ing the CRB and the Resolution threshold. Additionally, the concept of the "un-

certainty sphere" was introduced to provide a foundational understanding of these

theoretical bounds. The performance of Saab data sets A and B was compared to

an equal-sized UCA. This comparison revealed that while the UCA maintains con-

sistent performance across all directional ranges, the original arrays showed better

performance near boresight but degraded performance at endfire. This behaviour

aligns with the inherent characteristics of UCA and ULA geometries.

6.2 List of Contributions

Through extensive exploration and analysis in this thesis, several significant contri-

butions have been made toward advancing MIMO radar technology, addressing sys-

tem architectures, parameter estimation algorithms, and theoretical performance

limitations. The key contributions are summarised as follows:

• Conducted a detailed study of Saab’s experimental monostatic MIMO radar,
performing comprehensive experiments to gain insights into its capabilities.

Two experiments were conducted with low-altitude, small UAV targets, pro-
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viding practical insights.

• Developed detailed models for Saab’s experimental monostatic MIMO radar
and its subsystems, enabling a deeper understanding and thorough analysis

of the system.

• Analysed two distinct sets of radar data from these experiments, yielding

valuable insights into the radar’s real-world performance and behaviour un-

der different conditions.

• Applied classical MIMO algorithms to the collected radar data, estimating

key parameters such as Doppler, range, and directions. Performance com-

parisons showed that while most algorithms were effective, the LS algorithm

performed the least reliably.

• Virtual algorithms were utilised, and their performance was compared with
classical algorithms, demonstrating the effectiveness and advantages of vir-

tual techniques. The virtual algorithms produced results that were highly

consistent with each other and exhibited less variance compared to the clas-

sical approaches. Additionally, these algorithms successfully estimated the

elevation angle for data Set-B due to the planar configuration of the virtual

array.

• Proposed a novel algorithm for bistatic MIMO radars, leveraging slow time

codes to expand the observation space and enhance estimation performance.

RMSE tests indicated that this algorithm outperformed the standard sub-

space MUSIC algorithm.

• Proposed a second novel algorithm for bistatic MIMO radars, using fast time
codes and virtual spatiotemporal array manifold concepts to significantly

extend the observation space. RMSE tests confirmed that this algorithm

outperformed both the standard subspace MUSIC and STC algorithms.

• Evaluated various array geometries used in this thesis and assessed their
performance against theoretical lower bounds, offering insights into design
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considerations and performance trade-offs. Results revealed that ULA arrays

perform best around the boresight direction but degrade at endfire directions,

as shown in both CRB and resolution threshold measures. By contrast, UCA

arrays exhibited uniform performance across all directions.

6.3 Suggestions for Further Work

Moving forward, there are several avenues for further research that can build upon

the findings of this thesis and contribute to the ongoing advancement of MIMO

Radar systems:

• Expanding Algorithmic Exploration: Chapter 2 compared classical MIMO
algorithms with virtual MIMO algorithms. Further research could extend

this comparison by applying more advanced algorithms introduced in Chap-

ters 3 and 4. This would provide deeper insights into the performance and

capabilities of these algorithms in various scenarios.

• Optimization of Experimental Setup: The radar experiments conducted
in this study utilised very long PN-codes and many Tx and Rx anten-

nas/streams. Future experiments could explore designs with shorter PN-

codes and fewer antennas/streams to demonstrate the efficacy of advanced

algorithms with limited hardware resources.

• Early Consideration of Hardware Resources: Lessons learned from this re-

search highlight the importance of setting up the MATLAB environment

on hardware platforms with sufficient processing power, such as PCs with

Nvidia GPUs or servers with cluster processing support, at an early stage

of development. This proactive approach can prevent resource limitations

encountered during late-stage algorithm implementation.

• Exploration of Bistatic and Multistatic Configurations: Future work could
extend the investigation from monostatic to bistatic and multistatic MIMO

radar configurations and architectures. This expansion would broaden the
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scope of applicability and provide insights into the performance of MIMO

radar systems in diverse operational scenarios.

• Validation of Advanced Algorithms: Applying the advanced algorithms pre-
sented in Chapters 3 and 4 to bistatic/multistatic MIMO radar actual data

would validate their effectiveness and provide valuable insights into the accu-

racy of receive signal models proposed in this thesis. This validation process

would contribute to enhancing confidence in the proposed algorithms and

their applicability in real-world scenarios.
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