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ABSTRACT. The dichotomy spectrum is introduced for linear mean-square ran-
dom dynamical systems, and it is shown that for finite-dimensional mean-field
stochastic differential equations, the dichotomy spectrum consists of finitely
many compact intervals. It is then demonstrated that a change in the sign
of the dichotomy spectrum is associated with a bifurcation from a trivial to a
non-trivial mean-square random attractor.

1. Introduction. Mean-square properties are of traditional interest in the investi-
gation of stochastic systems in engineering and physics. This is quite natural since
the Tto stochastic calculus is a mean-square calculus. At first sight, it is thus some-
what surprising that the classical theory of random dynamical systems and their
spectra is a pathwise theory, although this can be justified by Doss—Sussman-like
transformations between stochastic differential equations and path-wise random or-
dinary differential equations [1]. Such transformations, however, do not apply to
mean-field stochastic differential equations, which include expectations of the solu-
tion in their coefficient functions [6].

Mean-square random dynamical systems based on deterministic two-parameter
semi-groups from the theory of nonautonomous dynamical systems acting on a
state space of random variables or random sets with the mean-square topology
were introduced in [7]. These act like deterministic systems with the stochasticity
built into the state spaces of mean-square random variables. A mean-square random
attractor was defined as a nonautonomous pullback attractor for such systems from
the theory of nonautonomous dynamical systems [9]. The main difficulty in applying

2000 Mathematics Subject Classification. Primary: 37H15, 37H20, 60H10; Secondary: 37H10,
60H30 .

Key words and phrases. Dichotomy spectrum, mean-square random dynamical system, mean-
square random attractor, bifurcation,

The first author was supported by a Marie Curie IEF Fellowship (2013-2015). The second
author was supported by an EPSRC Career Acceleration Fellowship (2010-2015). The third
author was supported the DFG grant KL 1203/7-1 and a Nelder Visiting Fellowship.

LAlso at Institute of Mathematics, Vietnam Academy of Science and Technology, 18 Hoang
Quoc Viet, Ha Noi, Vietnam


http://dx.doi.org/

2 THAI SON DOAN, MARTIN RASMUSSEN, AND PETER E. KLOEDEN

the theory is the lack of useful characterisations of compact sets of such spaces of
mean-square random variables.

In this paper, a theory of mean-square exponential dichotomies is presented for
linear mean-field stochastic differential equations. (It also applies to classical linear
stochastic differential equations). Although the corresponding mean-square random
dynamical systems are essentially infinite-dimensional their dichotomy spectrum is
given by the union of finitely many intervals. This is applied to analyse a nonlinear
mean-field stochastic differential equation, for which it is shown that the trivial
solution undergoes a mean-square bifurcation leading to a nontrivial mean-square
attractor.

The paper is structured as follows. Section 2 contains the definition of a mean-
square random dynamical system, and the notions of mean-square exponential di-
chotomy and mean-square dichotomy spectrum are introduced. Section 3 explains
under which conditions, a mean-field stochastic differential equation generates a
mean-square random dynamical system. In Section 4, the spectral theorem is estab-
lished, which says that the mean-square spectrum of a linear mean-field stochastic
differential equation consists of finitely many compact intervals. Finally, in the last
section, it is shown that for a one-dimensional mean-field SDE of pitchfork-type, a
stability change in the mean-square spectrum is associated with a bifurcation from
a trivial to a non-trivial mean-square random attractor.

2. Mean-square random dynamical systems. Consider the time set R, and
define RZ := {(t,s) € R* : t > s}. Let (2, F,{Fi}icr,P) be a complete filtered
probability space satisfying the usual hypothesis, i.e., {F:}ter is an increasing and
right-continuous family of sub-o-algebras of F, which contain all P-null sets. Essen-
tially, F; represents the information about the randomness at time ¢t € R. Finally,
define

X:=L*QFRY) and %, :=L*Q,F;RY)  forteR
with the norm || X||us := +/E|X|?, where | - | is the Euclidean norm on R¢,
Definition 1. A mean-square random dynamical system (MS-RDS for short) ¢ on

the underlying phase space R? with the filtered probability space (2, F, {F; }ter, P)
is a family of mappings

o(t, s, ) : Xs — Xy, for (t,s) € RZZ,

which satisfies:

(1) Initial value condition. (s, s, Xs) = X, for all X5 € X, and s € R.
(2) Two-parameter semigroup property. For all X € X,, and all (¢, ), (s,w) € RQZ

(P(t7 w, X) = (p(t7 s, (s, w, X)).
(3) Continuity. ¢ is continuous.

Mean-square random dynamical systems are essentially deterministic with the
stochasticity built into or hidden in the time-dependent state spaces.

A MS-RDS ¢ is called linear if for each (¢,s) € R, the map ¢ 5(-) := ¢(t,s,-) is
a bounded linear operator. It will be denoted by @t;, and ®; 4(X) will convention-
ally be written ®; ;X. A spectral theory for linear mean-square random dynamical
systems can be established based on exponential dichotomies.



MEAN-SQUARE DICHOTOMY SPECTRUM FOR RANDOM DYNAMICAL SYSTEMS 3

Definition 2 (Mean-square exponential dichotomy). Let v € R. A linear mean-
square random dynamical system &, , : X; — X, is said to admit an exponential
dichotomy with growth rate -y if there exist positive constants K, and a time-
dependent decomposition

X =U,() & 54(t) fort e R
such that
D) o Xollms < KeO™ )| X |ls for X, € S,(s) and t > s,

1
1@« X s ms > ?ewwﬂt—s)nxsnms for Xy € U,(s) and t > s.

A special case of exponential dichotomy, when the growth rate is equal to zero
and the space of initial condition consists of the deterministic vectors in R¢, is
also investigated in [2, 12], where a Perron-type condition for existence of this
exponential dichotomy is established.

Definition 3 (Mean-square dichotomy spectrum). The mean-square dichotomy
spectrum for a linear MS-RDS @ is defined as

Y= {’y € R : ® has no exponential dichotomy with growth rate 7}.
The set p := R\ X is called the resolvent set of ®.

The dichotomy spectrum was first introduced in [11] for nonautonomous dif-
ferential equations. Dichotomy spectra for random dynamical systems have been
discussed recently in [3, 4, 13].

3. Mean-field stochastic differential equations. Mean-field stochastic differ-
ential equations of the form

dX, = f(t, Xy, EXy) dt + g(t, X¢, EXy) AW, (1)
were introduced in [6]. Here {W;}ier is a two-sided scalar Wiener process defined
on a probability space (2, F,P), and F := (f,g) : R x R? x R — R¢ x R,

Let Lip(R%) denote the set of Lipschitz continuous functions f : R? — R% and
for each f € Lip(R?), set

1) lhg 1= sup

Suppose that

(Al) r.= Sup(t,x)eRde {LlpF(t,fE, ) + ||F(t7:177 )ng} < 0.
(A2) For each R > 0, there exist a constant Ly and a modulus continuity wg such
that

[F(t1,21,-) = Fta, 22,-) |1}y < Lrler — x2| + wr (|t — ta])
for all (tg,z) € R x R? with ¢, + |72 < R, k € {1,2}.
Let {F;}ier be the natural filtration generated by {W;}ier, and define
X:=L*Q,F;RY, X, :=L*Q F;RY  forteR.

Given any initial condition X, € X, s € R, a solution of (1) is a stochastic process
{Xi}i>s with X, € X, for ¢ > s, satistying the stochastic integral equation

¢ t
Xt:Xs—i—/ f(u,Xu,EXu)du—l—/ g(u, Xy, EX,,) dW,, .
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It was shown in [6] that the SDE (1) has a unique solution and generates a MS-RDS
{t.s }+> on the underlying phase space R? with a probability set-up (2, F, {F; }+er, P),
defined by ¢ s : X; — X with

th,s(Xs) = Xt fOI‘ XS S %s .
4. Mean-square dichotomy spectrum for linear mean-field stochastic dif-
ferential equations. Consider a linear mean-field stochastic differential equation
dX, = (A(t)X; + BO)EX,) dt + (C(t) X, + D(t)EX,) dW,, (2)

where A, B,C, D : R — R%*? are continuous bounded functions, which generates a
linear mean-square random dynamical system ®; .

Proposition 4 (Equations for the first and second moments). Let X, € X, and
define X; := &, ,X, for t > s. Then SEX, = (A(t) + B(t))E(X;) and for all
i,j€{1,...,d},

d
d j i
SEXiX] = kzl (aik(t)EXt’“XtJ + ajk(t)IEthXt)
+ > cmemOEXI X! + Y (bin(DEXFEX] + byu(EXFEX])
m,n=1 k=1
d
+ (cim ()djn(t) + cjn(t)dim (t) + dim (t)djn (1)) EX"EX.
m,n=1
Proof. From (2),
) d d
dX} = (aw®)XF + bi(EXF) dt + Y (cin(t) XF + din()EXF) AW,
k=1 k=1

holds for ¢t € R. Taking the expectation of variables in both sides gives
t
EX; = EX; +/ (A(v) + B(v))EX,du for t > s,

which proves the first statement. Ito’s product formula [8, Example 3.4.1] and the
expectation then yield the second statement. O

Corollary 5. Let (U; ;(t, s), Vi ;(t, s)) be the evolution operator of the linear nonau-
tonomous differential equation in R#(d+1)

d
Uy j = Z (aik(t) + bik(t))uk,j + (ajk(t) + bjk(t))u;w
k=1
d d
iji,] :Z (a'ik(t)vk,j + a]k Uk i + Z sz CJTL Um,n
k=1 m,n=1
d
+ Z t)uk,; + bjk(t)uk,:) (3)
k=1

d
+ Z Czrn ]TL + Cjn(t)dim(t) + dim(t)djn(t)) Um,n s

m,n=1
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where 1 < i < j <d. Then for any X, € X,
1
3

d
@4, Xs[Ims = (Z Vi,i(t,s)(WsXS)> ) (4)

Tyn?: %, >R xR is defined by

(miX5)i; = EX!EX? and (72X,);,; =EX!X7.

d(d+1)
where the map 7y =7 2

Remark 6. It is interesting to compare the above equations with the ordinary dif-
ferential equations for the first moment and second moments of linear stochastic
differential equations, see e.g. [5, Section 6.2].

The proofs of the following preparatory results are straightforward.

Lemma 7. Let v € R be such that that the linear MS-RDS ®;, : X, — X
generated by (1) admits an exponential dichotomy with the growth rate v and a
decomposition

X, = U,() & 5, 0).
Then the subspace S, (t) is uniquely determined, i.e., if the linear MS-RDS @, ; also
admits an exponential dichotomy with the growth rate v and another decomposition

X, =U,(t) © S, (t),
then S, (t) = S, (t) for all t € R.

The subspaces S, (t) of an exponential dichotomy with the growth rate v are its
stable subspaces. The following lemma provides an inclusion relation between these
stable subspaces. Its proof follows directly from the definition of an exponential
dichotomy.

Lemma 8. Let 71 < 2 be such that the linear MS-RDS admits an exponential
dichotomy with the growth rates v; and v2. Then S, (t) C S,,(t) for all t € R.

One of the main results of this paper is the following characterisation of the
dichotomy spectrum.

Theorem 9 (Spectral Theorem). Suppose that the coefficient functions in the
linear mean-field stochastic differential equation (2) satisfy

max {|a; (t)], |bij (£)], |cij (8], |dij (£)]} < m fori,je€{l,...,d} andt e R (5)
with some m > 0. Then the dichotomy spectrum ¥ is the disjoint union of at most
d(d+1) compact intervals [aq,b1], ..., [an,by] with a; < by < ag <by < -+ <a, <
b,. Furthermore, for each s € R, there exists a filtration of subspaces

which satisfies that for any ¢ € {1,...,n}, a random variable X € V;(s) if and only
if for any € > 0, there exists K (¢) > 0 such that

By Xy|lms < K()e®it)E=5) for ¢ > 5.
[@¢,5 X s (e)

Proof. The proof is divided into several steps.
Step 1. First it will be shown that (—oo,—I') C p and (I',00) C p, where I' :=
2dm + 2d?>m?. Let X, € ¥, be arbitrary, and define

at) == max " {EXX] EX]EX]} fort>s.

ijefl,...,
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By the inequalities EXY < VEX2EY? and (EX)? < EX? it follows that
_ 2 < 2
(1) = mas (EX))? < |00, 5)X.I2,

Then by Corollary 5,
t
at) < als) + 2F/ a(u) du,

and Gronwall’s inequality then yields
19 (2, ) XI5 < da(t) < de*™ D a(s) < de® X, |7,

This proves that (I', 00) C p. Time reversal of the equations in Corollary 5 leads to
1
12(t, 8) X [70s = EG_QF(t_S)lleHim for (t,5) € RE,

which proves (—oo,T") C p.
Step 2. 1t will be shown that for any ¢ € R, the set
{S,(t) :vepn(-IT' =1,T +1)}

consists of at most d(d + 1) + 1 elements. Suppose the contrary, i.e., there exist
n+ 1 numbers v9 <1 < -+- <7y, in pN (=T = 1,T 4+ 1), where n > d(d + 1), such
that

Syi(t) # Sy (t) for i # j.
Then by Lemma 8,
Syo(t) € Sy, () S -+ © 8y, (D).
Thus, there exist X},..., X" such that
X, €8, (t), X{¢S, (b forie{1,...,n}.

By definition of the +;, there exist K,a > 0 and complementary subspaces U, (t)
such that X, = U,,(t) & S, (t) and

107 X¢|lms < Kei 0| X, |l for X; € Sy, (t) and £ > ¢ (6)
and
1 _
@74 Xt ms > Ee<w+a><t—t>||Xt||ms for X; € U,,(t) and t > t. (7)
Since Rd(d;rl) X Rd(d+1) is d(d+ 1)-dimensional, it follows that there exist k& < n and
aq, ..., Qp_q with oz%—i—---—!—ozi71 # 0 and
7Ttth = X; 4+ ak_lthk_l. (8)
Consequently, by Corollary 5,
d k—1
D7, XF )12 ZVH (E)(meXE) =D Vit t)(mX])
=1 i=1 j=1
d k-1
SN WATLEE
=1 5=1

= Z o] (195, X7 |2 + -+ + 192, X7 HI2) -
j=1
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By definition of 7; and (6)

k-1 k-1
197 XF Ns < (k= DI | Dl | { D17 [ | e,
j=1 j=1

Hence, it follows by (6) and (7) that X} € S,, _,(t), which leads to a contradiction.
Step 3. As proved in Step 2, for ¢ € R, let So(t) € Si(t) € --- € S, (t) with
n < d(d+ 1) satisfy

{S"/(t) HIO S pﬁ (71_‘ - laF + 1)} = {SO(t)asl(t)7 s 7Sn(t)}
By Step 1, it follows that Sy(t) = {0} and S,(t) = X;. For each i € {0,...,n},
define
Z = {’y epnN(-I'=1,T+1): 5,01 = Si(t)}.
It will be shown that Z; = (b;, a;4+1), where
b =inf{y:vye€Z;} and a;11 =sup{y:v€el;} fori € {0,...,n}.

First, let v € Z; be arbitrary. By the definition of Z;, there exist K,a > 0 and a
decomposition X; = U(t) @ S;(t) and

@7, X¢|Ims < KeO™ DX, |s  for X; € S(t) and £ > ¢
and )

@7+ X+ ||ms > Ee<7+a><f—t>||xt||ms for X, € U(t) and £ > ¢t.
This implies that (y — «, v + ) C Z;, so Z; is open. It can be shown similarly that
Z; is connected. Hence Z; = (a;,b;). Combining this result and Step 1 gives

pP= (—oo,al) U (bla a2) U---u (bn—la an) U (bna OO),
which implies that
Y= [a1,b1] y---u [an,bn].
To conclude the proof, the filtration corresponding to the spectral intervals is con-
structed as follows: for ¢t € R, Vy(t) := {0}, Vi, (¢) := X, and
Vi(t) :==S,(t), wherey € (b;,ai41), ie€{l,...,n—1}.

Due to Lemma 7, the definition of V; is independent of v € (b;,a;41) for i €
{1,...,n—1}. The strict inclusion V; C V41 for i € {0,...,n— 1} follows from the
construction of the open interval (b;, a;+1) above. Finally, the dynamical character-
isation of V; follows from the definition of (b;, a;+1) and the definition of exponential
dichotomy. This completes the proof. O

5. Bifurcation of a mean-square random attractor. A mean-square random
attractor was defined in [7] as the pullback attractor of the nonautonomous dynam-
ical system formulated as a mean-square random dynamical system.

Specifically, a family A = {A;};cr of nonempty compact subsets of X with
Ay C Xy for each t € R is called a pullback attractor if it pullback attracts all
uniformly bounded families D = {D; }1cr of subsets of {X;}ier, i-e.,

lim dist(¢(t,s, Ds), Ay) = 0.
S——00

Uniformly bounded here means that there is an R > 0 such that || X ||ns < R for all
X e D;andt eR.

The existence of pullback attractors follows from that of an absorbing family.
A uniformly bounded family B = {B;}:er of nonempty closed subsets of {X;}ier
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is called a pullback absorbing family for a MS-RDS ¢ if for each ¢t € R and every
uniformly bounded family D = {D;};cr of nonempty subsets of {X;}icr, there
exists some T' = T'(¢, D) € R* such that

o(t,s,Ds) C By for s € Rwith s <t—T.

Theorem 10. Suppose that a MS-RDS ¢ has a positively invariant pullback ab-
sorbing uniformly bounded family B = {B;}icr of nonempty closed subsets of
{X:}ier and that the mappings p(t,s, ) : Xy — X; are pullback compact (re-
spectively, eventually or asymptotically compact) for all (¢,s) € R2. Then, ¢ has a
unique global pullback attractor A = {A; }1cr with its component sets determined
by

Ay = m o(t, s, Bs) for t € R.

s<t
Consider the nonlinear mean-field SDE
dX; = (aX, + BEX; — X;EX}) dt + X, dW, (9)

with real-valued parameters a, 5. Note that the theory in Section 3 can be easily
extended to include the second moment of the solution in the equation.

This SDE has the steady state solution X (¢) = 0. Linearising along this solution
gives the bi-linear mean-field SDE

4Z, = (aZ, + BEZ,) dt + Z, AW, . (10)

Theorem 11. The dichotomy spectrum of the linear MS-RDS & generated by (10)
is given by

Z_{{OZ-F]./Z}U{CY"—ﬁ} if 3>1/2,

{a+1/2} if 8 <1/2.
Proof. Taking the expectation of two sides of (10) yields that
d
&EZt = (Oé =+ /B)EZt7
which implies that
E®(t,s)Zs = eI 9IEZ,  for (t,s) € RS and Z, € X, . (11)

Ito’s formula for the function U(z) = 22 then gives
Az} = [(2a+ 1) Z7 + 2BZ,EZ,] dt + 227 dW,.
Consequently,
d

aJEZt2 = (2a+ 1)EZ? + 2B(EZ;)%.

Thus, using (11) for (¢,5) € RE and Z, € X, it follows that
t
|90t 9)Z [ = 2 2, 28 [ L BZ, )2 du
t
— e(2a+1)(t—s)||Zs||?nS + QB(EZs)Q/ e(2a+1)(t—u)e(2a+2,8)(u—s) du
S

t
— oat1)(t—s) (|Zsrzns+2ﬂ(EZs)2/ e(26—1)(u—s) du) ) (12)
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The assertions of the lemma will be shown for the three cases 8 < 1/2, § = 1/2
and 8 > 1/2.
Case 1 (B < 1/2). By (12),

« —S8 25 - —S8
900, 8) 2 = €200 (202, + 250 (1 @00) @2,
which together with the inequality (EX)? < EX? yields

e (1,28
006,915 <200 (14 2 )

and (2at1)(t—3) 5
e a+1)(t—s ||Z H 1f5>0
B(t, 5) 7|2 > at1)(i—s) |1 7 B0
|| ( ) ||ms = { ﬁe@ +1)(t )||ZS||12‘(15 if B <0.

This implies that ¥ = {a + 1/2}.
Case 2 (8 =1/2). By (12),

192, 8) Zs | fus = €TV (1 Z4 150 + (£ = 5)(EZ)%)
which implies that
10(t,5)Z, |12 > eCF DI Z|2, for (t,s) € RE..

Let € > 0 be arbitrary. Since (t —s) < Le5(=%) for ¢t > s and (EX)? < EX?, it
follows that
|®(t,5)Zs||2s < (1+ %)€(2a+1+€)(t—8)”28”12nb

Consequently, ¥ C [a + %, o+ % + E]. The limit € — 0 leads to ¥ = {a + 1/2}.
Case 3 (B > 1/2). By (12),
2

A L L O R [

(13)
Together with the inequality (EX)? < EX?, this implies that

2
I Z, B, < (800 0) 2 < (14 520 ) 2 2,

Consequently, > C [a + %, o+ ﬁ]. Let v € (a + 5, o+ ,6’) be arbitrary. Choose
and fix € > 0 such that (y —e,7+¢) C (a4 4, + ). The aim is to show that

® admits an exponential dichotomy with the growth rate v for the decomposition
Xs =Us & S, where

Sy = {fE%S:]EfZO},
Us == {f € X, : f is independent of noise}.

Obviously, any X € X, can be written as X = (X —EX)+EX, with X —EX € S,
and EX € Us. By (13), for any Zs € Ss,

I19(t, 5) Zs |5 = 2TV Z4 2,
Now (EZ)? = EZ? for any Zs € Us, so by (13), for t — s > 1,

20 s
|®(t, 5)Zs %, > B-1 <6(2’Y+25)(t ) _ o(27=2e)( ) 12,12,

> ﬂew(tﬂ)HZs”? )
—28-1 ms
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Here the inequality e®* > 1+ x for x > 0 has been used. Thus, ® admits an
exponential dichotomy with the growth rate v, which means that ¥ C {a+1/2} U
{a+ B}. Considering the decomposition S, @ Uy, it follows that a + 3, a + 3 € X.
Thus, ¥ = {a+ 1/2} U {a + 8}. This completes the proof. O

A globally bifurcation of pullback attractor of (9) with 8 =1, i.e.,
dXt = (OéXt + EXt — Xt]Eth) dt + Xt th 5 (14)

as « varies, will be investigated in a series of theorems.
The first and second moment equations of the mean-field SDE (14) are given by

%EXt — (a0 + )EX, - EX;EX2, (15)
%EXE = (20 + 1)EX? + 2(EX,)? — 2(EX?)?, (16)

2

where Ito’s formula with y = 2* was used to derive (16). These can be rewritten as

the system of ODEs
dz

d
sz(a—&—l—y) and d—§:(2a+1)y+2x2—2y2, where 22 <y,

which has a steady state solution = y = 0 for all a corresponding to the zero
solution X; = 0 of the mean-field SDE (14). There also exist valid (i.e., with y > 0)
steady state solutions z = +4/(a+1)/2,j = a+lfora > -landz2 =0,y = a+1
for « > —1. It needs to be shown if there are solutions of the SDE (14) with these
moments.

Theorem 12. The MS-RDS ¢ generated by (14) has a uniformly bounded posi-
tively invariant pullback absorbing family.

Proof. Let a be arbitrary and define

By ={X €X:||X|lms < ]a[ +2} forteR.
Using
(2a + DEX? + 2(EX;)? — 2(EX7?)? < (2a + 3)EX} — 2(EX7)?,
which holds since (EX;)? < EX?, the second moment equation (16) gives the dif-

ferential inequality

d
aIEX,? < (2a + 3)EX? — 2(EX?)? (17)

Let D = {D;}ter be a uniformly bounded family of nonempty subsets of {X;}ier,
ie,, Dy C X; and there exists R > 0 such that || X|ms < R for all X € D;.
Specifically, it will be shown that (¢, s, Ds) C By for t — s > T, where T is defined

by
R2
T :=1 — . 1
Og<a|+2> (18)

Pick X, € D arbitrarily and (¢,s) € Rzz with t — s > T. Motivated by the
differential inequality (17), consider the scalar system

7= (2a + 3)y — 2¢°, where y(s) < R?. (19)

A direct computation yields

y(t) = y(s) exp (/:(204 +3) — 2y(u) du) < R%exp (/:(m +3) — 2y(u) du) .
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From the definition of T" in (18), it follows that mins<,<¢ y(u) < |a| + 2. Further-
more, y =0 and y = o+ % are stationary points of the ODE (19). For this reason,
ming<y,<¢ y(u) < |a| + 2 implies that y(¢) < |a| + 2. Then from (17), it follows that
y(t) > |lo(t, s) X4 This means that

lpe,s Xslls < 9(t) < lal +2, (20)

ie., 1 sXs € By for t —s > T. Hence, {B;}icr is a pullback absorbing family for
the MS-RDS . It is clear that this family is uniformly bounded and positively
invariant for the MS-RDS . O

Theorem 13. The MS-RDS ¢ generated by (14) has a pullback attractor with
component sets {0} when a < —1.

Proof. Let aw < —1 be arbitrary. Let D = {D;}+cr be a uniformly bounded family
of nonempty subsets of {X;}:er with || X||ms < R for all X € D; where R > 0. Let
(Xs)ser be an arbitrary sequence with X € D,. The moment equations (15)—(16)
can be written as

SElp(t, 5)X.) = Blp(t, 5)X.] (0 + 1~ Elo(t, 5)X.])

SElplt,9)X,J? = (20 -+ DELp(L ) X.J? + 2(Blp(t,5) X)) — 2(Elplt, ) X )
Then .
E[p(t, s)X,] = EX, exp </ a+1-EX? du> ,
which implies that )
(E[p(t, s)X;])? < elotDU=) g2,
Moreover, by the variation of constants formula,

Elp(t, s)X,]*

t
— o DEEX2 4 ) / oD (B, 5) X2~ (Elp(u, ) X,]%)?) du

t
< e(2a+1)(t—s)R2 + 2R2/ e(2a+1)(t—u)€(a+1)(u—s) du

<ePatD=s) p2 | gplatl)t=9)(} _ ) R?

which implies that lims_, o ||@(t, 8, Xs)|lms = 0. Thus {0} is the pullback attractor
of (14) in this case. O

Theorem 14. The MS-RDS ¢ generated by (14) has a nontrivial pullback attractor
when —1<a<—%.

Remark 15. The idea for the proof is taken from [7, Subsection 4.1], but their result
cannot be applied directly, since the Lipschitz constant of the nonlinear terms is
at least 1, and « is not less than —4. Instead the uniform equicontinuity of the
mapping t — EX;, and then the positivity of the second moment to obtain a better
estimate are used.

Proof. In order to apply Theorem 10, it needs to be shown that ¢ is pullback
asymptotically compact, i.e., given a uniformly bounded family D = {D;};cr of
nonempty subsets of ¥; and sequences {ty}reny in (—o0,t) with ¢, — —oo as
k — oo and {Xj}ren with X € Dy, C X4, for each k € N, then the subset
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{o(t, te, Xi) bken C X; is relatively compact. For this purpose, let € > 0 be ar-
bitrary. A finite cover of {p(t,tx, Xi) theny with diameter less than € will be con-

structed. Choose and fix s € R with s < ¢ such that

62

4e2erVE=) (o] +2)° < o (21)
and define Y¥ := (s, tx, Xi.). Using (20) it can be assumed without loss of gener-
ality that

E(Y*)?<l|a|+2  forkeN. (22)
For u € [s,t], let Y* := ¢(u, s)YF and consider a family of functions f* : [s,t] — R
defined by f*(u) := EY,*. By Ito’s formula,

t t
VF =ealt=a)yk 4 / e (EY,F — YFE(YF)?) du+ / eyt qw,,

S S

from which it can be shown that that (f*)zen is a uniformly equicontinuous sequence

of functions. By the Arzela—Ascoli theorem, for 6 :=¢y/5 + i, there exists a finite

index set J(J) C N such that for any k& € N there exists ny € J(0) for which

sup |EY —EY"™*| <. (23)

u€(s,t]
To conclude the proof of asymptotic compactness, it is sufficient to show the in-
equality ||YF — Y™ ||ms < €. Indeed, for u € [s, 1], a direct computation gives
d
B = Y)? = (14 20)E(Y) - Y)* + 2(BY) — BY;)* - 2(B(Y,)*)?
= 2(E(Y;")*)? + 2EY, Y, (E(Y,)? + E(Y,')?) .

Note that
2(E(Y,)%)? + 2(E(Y,)?)? — 2BY Y (B(Yy)? + E(Y,*)?) > 0.
Hence, by the variation of constant formula,

t
IV = ¥, < etk — vz, 2 [ el By - By u,

S

which together with (22) and (23) implies that

262 e2 e,
— =g

20+ 1 < 2 + 2
Here (21) was used to obtain the preceding inequality. Thus the set {¢(¢, tx, X&) }ren
is covered by the finite union of open balls with radius e centered at (¢, tx, Xi),
where k € J()\), i.e., is totally bounded.

Hence the MS-RDS is asymptotically compact and by Theorem 10 has a pullback
attractor with component subsets { A; }+er that contain the zero solution. It remains
to show that the sets A; also contain other points. Consider a uniformly bounded
family of bounded sets defined by

Dy = {Xext:IEX:\/(a+1)/2, IEXQ:a+1}.

Recall that these values are a steady state solution of the moment equations (15)—
(16). Hence ¢(t,s,Xs) € D, for all t > s when X; € D,. Then by pullback
attraction

dist(p(t, s, Xs), A¢) < dist(¢(t, s, Ds), At) = 0 as s— —o0.

IV = V42, < 462009 (o] 42)% +

ms
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The convergence here is mean-square convergence, and Ep(t,s, X;)? = a + 1 for

all

t > s. Thus, there exists a random variable X; € A;N D, for each t € R, i.e., the

pullback attractor is nontrivial. Note that by arguments in [10] (see also [9]), it
follows that there is in fact an entire solution X; € A; N D, for all t € R. O
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