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 A B S T R A C T

Investigating the impact of traffic mix and route flexibility on the arrival traffic dynamic within 
the terminal maneuvering area (TMA) is challenging, mainly due to the spatial constraints and 
wake turbulent separation requirements. In this study, we capture the dynamism of complex 
interactions and non-linearity in traffic by using a cellular automaton that is modified to enable 
more realistic representation of air traffic movements. Our results show that route flexibility 
makes traffic less sensitive to changes caused by size-based traffic mix and demonstrate the 
emergence of an organized flow zone in the fundamental diagram of the flexible strategies. 
When a gentle TMA saturation behavior is preferred, however, less flexible routes are deemed 
more suitable. As a general principle, we propose to adopt a mixed strategy that uses a fixed 
routing strategy at low TMA occupancies and a flexible routing strategy at medium to high 
TMA occupancies.

1. Introduction

Despite the undeniable importance of air transportation, its rapid growth has notably increased traffic congestion that leads 
to delays, schedule disruptions, environmental hazards (in the form of noise and air pollution), and higher costs associated with 
increased fuel consumption [1,2]. During arrival, the congestion becomes especially pronounced at the terminal control or terminal 
maneuvering area (TMA), where traffic begins to converge as aircraft approach the runway. Furthermore, aviation regulations 
stipulate that there should be a minimum distance (also known as wake separation minimum) between adjacent aircraft—where a 
longer separation is required when the leading aircraft is larger—to prevent disturbances, such as rolling moments, on the follower 
aircraft behind. Therefore, the aircraft-size distribution (i.e., the traffic mix) and the path of aircraft movement within the TMA 
are critical to the efficient coordination of traffic in a given airspace sector [3]. These operational constraints render modeling and 
analysis of TMA challenging, which we aim to tackle in this work.
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Within TMA, an aircraft typically follows a certain arrival route, which is an airway defined by a series of waypoints. A waypoint
is an abstraction of spatial references that can either be named fixes (position markers) or conspicuous physical infrastructure; in 
some cases, it could also be the destination [4]. Current TMA operations require the explicit coordination of the arrival process—by 
strictly following waypoints—by air traffic controllers [5]. However, depending on the aircraft’s capability (such as the inertial 
navigation and Global Navigation Satellite System [GNSS]) and air traffic control’s guidelines, there could be some route flexibility
in terms of how much the aircraft is mandated to follow the standard arrival route [6]. A past study has shown that this flexible 
point-to-point approach can facilitate smoother trajectories [7]. In this work, we want to further investigate how this route flexibility 
affects congestion evolution inside TMA.

In modeling aircraft arrival traffic performance, considering aircraft size distribution and the flexibility of route selection under 
different traffic condition is imperative. However, capturing the dynamism of these factors is challenging due to the fairly high 
number of entities (aircraft) continuously interacting in a dynamic environment and the need to properly model some realistic 
constraints, such as wake turbulence separation and collision avoidance. Such a modeling challenge requires an equally dynamic 
abstracting framework for capturing the key aspects of the system.

Modeling the inherent complexity of interactions between aircraft within the TMA under relevant constraints is not new. Early 
work in TMA modeling focused on understanding the spatial interaction between converging trajectories with multiple aircraft 
approaching the runway [8]. The next development included the temporal dimension, which made it possible to perform more 
advanced analyses such as conflict prediction [6], the estimation of the degree of path variability [9], and the detection of trajectory 
degradation [10]. Effects of ground operations have also been accounted for in some studies [11,12], whilst some others investigated 
the impact of weather [13,14]. In general, there are three commonly used methods to model arrival traffic within the TMA, namely 
data-driven modeling (primarily machine learning), network modeling, and arrival sequence modeling. Each of these methods is 
described briefly below, along with discussion on its limitations.

Machine learning has been widely adopted for trajectory prediction purposes [15], mainly to identify flight trajectory clusters 
geographically based on directions of arrival [16,17] and derive performance metrics to describe the flow efficiency, airspace 
capacity utilization, and traffic variability of various TMA configuration [18,19]. Despite these demonstrated successes, the relevance 
of their results are confined within the design space from which data are obtained, which limits the applicability of these data-driven 
models to other airports or regions. Furthermore, the large amount of data and a considerable amount of time required to tune, 
train, and optimize the models might limit its usage in real-time application [20,21].

Alternatively, researchers adopt methods that facilitate the abstraction of trajectories, such as graph networks—which concep-
tualize point-to-point relationships as vertices and edges [22]—or space–time [23] networks. These models can be used to evaluate 
traffic mobility by observing the diffusivity of the network. In these methods, the network topology is designed to imitate aircraft 
flow across the airspace, from point to point, where the edges connecting any two points are weighted according to the volume 
of the traffic between the nodes [24]. There are three main limitations with these models, namely the limited representation of 
distance, the lack of visualization capability, and their inability to capture and model sources of uncertainty and non-linearity such 
as wake turbulence separation. In arrival sequence modeling, this separation is often modeled by adopting the classical queuing 
model [25,26] or discrete event simulations [27]. However, these sequential models are not suitable to effectively represent the 
non-linear interactions between multiple aircraft in evaluating different arrival strategies.

From the above discussion, we can conclude that existing approaches still fall short in establishing a generalizable model—that 
is, one that can be easily implemented in different airports and regions—that can capture dynamic traffic patterns across a wide 
range of TMA configurations. To be effective and practical, the model needs to be computationally efficient and yet able to represent 
the interaction between multiple agents—which is typically non-linear—within a constrained environment.

A statistical physics model, particularly the cellular automaton (CA), is deemed suitable to address this need. Such a model 
mimics the interaction of molecular agents in chemical/atomic species that are driven by subatomic forces generated by neighboring 
atoms. CA can model the system using the explicit simulation of the dynamics of its components. This ‘data-free’ approach allows for 
some flexibility in the boundary conditions that can be explored and excludes some drawbacks associated with poor-quality data. 
Furthermore, CA facilitates the construction of non-linear, complex interactions between multiple entities from the fundamental 
principles of system operation. CA has a long history of diverse applications, most prominently in areas such as ground traffic 
modeling [28], population dynamics [29], crowd evacuation [30], and epidemic spread [29]. This lends credence to its appeal in 
modeling the dynamics of non-linear physical systems. In our study, each element (waypoint coordinates, different sizes of aircraft) 
is treated as a distinct entity, with self-contained properties and local dynamics that affect traffic in its neighborhood. Using CA 
to model arrival dynamics can provide some insight into the interaction between the degree of route flexibility and traffic mix in 
the onset of congestion during the aircraft arrival process. These effects will be evaluated by observing the variation in flow and 
speed of arrival traffic over a range of TMA occupancies. Our study reveals the organized flow phase that emerges under the flexible 
route selection strategies, as observed from the fundamental diagram. This is notable for showing the dynamic interaction between 
the route flexibility along finite paths with the converging flow of aircraft arrival traffic. The results also demonstrate the benefits 
of a mixed strategy, which comprises adopting a fixed route selection at low TMA occupancies and a flexible one at high TMA 
occupancies, in improving traffic performance.

The remaining parts of this paper are arranged as follows. Section 2 describes the modification of CA model to be suitable for 
TMA arrival traffic modeling. Simulation results will be discussed in Section 3; the conclusion alongside possible directions for future 
work will be presented in Section 4.
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2. Methodology

Statistical physics techniques (including CA) primarily focus on systems with many interacting components or agents, providing 
an essential theoretical bedrock for understanding the emergence of macroscopic properties from microscopic interactions—which 
is also a central idea in complex systems [31]. The field’s aim to explain bulk phenomena (e.g., temperature, congestion) in physical 
systems as emergent behaviors of many microscopic constituents makes it a natural analogue for understanding complex behavior in 
traffic systems. Indeed, statistical physics offers the conceptual and mathematical tools, such as statistical ensembles and averages, 
to analyze the many degrees of freedom inherent in complex systems [32]. By focusing on ensemble averages, statistical physics 
captures typical and probable behaviors at scale, a crucial approach when dealing with the inherent stochasticity and variability 
common in complex systems [33].

Key to applying statistical physics is a model that can represent the microscopic interactions between entities, following rules that 
reflect their behavior in real situations, to a reasonable extent. It is worth noting that to fit into the statistical physics paradigm, the 
interaction modeling might not follow certain physical rules or governing equations exactly—however, they should be sufficient 
to provide a faithful abstraction of the underlying system properties/behavior, as will be further elaborated below. Taking an 
example from road traffic, simple rules governing microscopic interaction at the level of each vehicle (i.e., cell in CA) and its 
immediate neighbors in a CA framework are known to produce realistic insight into traffic complexity. These rules, obtained 
from the abstraction of actual road traffic dynamics, typically include acceleration, collision avoidance, random deceleration, and 
discrete movement. Similarly, in the statistical physics modeling of aircraft arrival traffic, the concepts of aircraft identity, spatial 
interaction, and wake turbulence separation are conceptualized as abstractions in a CA framework that focus on capturing their 
essence, rather than their explicit representation. Thus, as we will further highlight in the model scope and assumptions (Section 2.2), 
TMA configuration and traffic movements in the CA framework are only representative of actual aircraft arrival traffic.

CA is a discrete computation method that is commonly used to model non-linear multi-agent systems [34] by framing the physics 
of interactions with well-posed dynamics and boundary conditions [35]. In CA, each element can occupy a cell in a grid system, 
where its Boolean state transition to the next step follows a certain transition rule that models the interaction between each cell 
and its neighbors. The system characteristics can be observed by means of some quantities of interests (e.g., flux, the number of 
movements, etc.) once the simulation reaches an equilibrium. By using a fundamental diagram, we can observe the phase transition
as the system crosses a dynamical threshold [36] at a certain critical point, which is often linked with the density of the system [37]. 
Phase transition and critical points can help characterize complex systems [38], specifically by distinguishing different operational 
modes within a system, such as free flow and congested flow states in ground traffic [39]. CA’s appeal is further enhanced by its 
overall simplicity (albeit non-trivial) and relatively inexpensive computational cost.

Even though CA has been commonly used in ground transportation modeling [28], its implementation in air traffic modeling 
is not as extensive, due to the higher complexity and more stringent regulations of air traffic movement. In the context of TMA 
modeling, Wang et al. employed CA to model aircraft navigation within the TMA [40,41]. However, instead of using waypoints as the 
primary means of navigation, their aircraft movement was driven by obstacle avoidance, without factoring the impact of designated 
arrival routes. Another example was demonstrated by Yu et al. [42] on aircraft landing scheduling. In particular, they used a fast, 
one-dimensional representation of the landing queue, without really considering the lateral interaction between trajectories from 
different TMA entry points. With our current work, we wish to further extend CA’s applicability in air traffic modeling by focusing 
on realistic arrival navigation via waypoints.

To derive a suitable CA model, the traffic movements are represented as a system of interacting particles or entities, where 
the interaction of these entities in their respective neighborhoods leads to certain route choices and movement dynamics as they 
move in time and space. By evaluating the neighborhood-based interaction, the system complexity is somewhat reduced to a set 
of simple rules/decisions at the microscopic level, which are then aggregated to obtain the corresponding system-level dynamics. 
Furthermore, modeling the fundamental principles of aircraft arrival movements can be applicable in different configurations, as 
opposed to domain- and data-specific models that have more limited applicability. Hence, the model can be used to enhance our 
understanding of universal traffic behavior, regardless of the airspace layout.

2.1. CA model formulation for arrival traffic within TMA

The basic elements of our CA TMA model are shown in Fig.  1, including the TMA entry, which always serves as the origin cell; 
TMA exit, which always constitutes the destination cell; boundary cells, which are always ‘‘occupied’’ to provide a fixed barrier for 
aircraft movement; and waypoints, which refer to fixed, intermediate destinations within the grid system. To represent the traffic 
movements within TMA more faithfully, this TMA model has fixed locations for TMA entry and TMA exit (defined as the point where 
the aircraft is finally cleared for uninterrupted landing), which is different from typical 2D CA simulations where the origin and 
destination can be set as random [43]. A periodic boundary condition—which is common in CA models [44,45]—is applied between 
the TMA entry and the TMA exit in order to have a sustained traffic flow for a sufficiently long duration until variables of interest 
become stable (which is needed to obtain the ensemble averages). It is worth noting that the re-entering entity does not retain its 
previous identity; instead, it simply represents a new incoming flight to the TMA. By connecting opposite edges of the simulation 
space, periodic boundaries create a seamless environment, ensuring consistent neighborhoods for all cells and preventing artificial 
boundary-induced behaviors. This approach is particularly valuable for approximating real-world traffic flows, which occur in large, 
continuous systems, and for studying intrinsic dynamics like traffic jam formation without boundary interference [39,46]. Moreover, 
periodic boundaries facilitate the conservation of aircraft within the simulation, thus maintaining constant aircraft density. From 
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Fig. 1. A conceptual illustration of TMA arrival traffic within the CA framework.

Fig. 2. A conceptual illustration of an aircraft’s neighborhood in a 2D CA grid for TMA.

a computational perspective, these conditions streamline the application of CA rules, eliminating the need for special handling of 
boundary cells.

Key features associated with TMA aircraft arrival include convergence of arrival routes, selection of arrival route (via waypoints), 
traffic element property specification, and turbulent wake separation. Our model can simulate various traffic states within TMA, 
upon determining the desired navigation structures and strategies. The simplest case for this setup is that aircraft navigate using the 
nearest waypoints as they traverse from entry to exit, with limited route flexibility. In other scenarios, we investigate other levels of 
route flexibility where the aircraft can probabilistically select from several nearest waypoints. Each of these scenarios is simulated 
for weakly inhibited and strongly inhibited traffic cases with various aircraft size distributions.

To model TMA using CA, the TMA region needs to be represented as a 2D grid (𝐺) with the location and coordinates of a cell 
denoted as 𝑅𝑖,𝑗 and (𝑋𝑅𝑖,𝑗

, 𝑌𝑅𝑖,𝑗
), respectively. The state of a cell at time 𝑡, 𝐺𝑡(𝑖, 𝑗), is defined by its occupancy and is represented as 

a binary variable: 

𝐺𝑡(𝑖, 𝑗) =
{

1 if occupied;
0  otherwise. (1)

Here, a cell state is one when an aircraft occupies it. For each aircraft 𝑔, we associate a weight 𝑤𝑔 to differentiate the sizes of 
aircraft. In this study, we consider four size classes, namely super heavy (SH), heavy (H), medium (M) and small (S). Hence, the 
weights associated with the size classes are 𝑤𝑔(𝑆𝐻), 𝑤𝑔(𝐻), 𝑤𝑔(𝑀), and 𝑤𝑔(𝑆); where 𝑤𝑔(𝑆𝐻) > 𝑤𝑔(𝐻) > 𝑤𝑔(𝑀) > 𝑤𝑔(𝑆). The 
neighborhood of cell 𝑅𝑖,𝑗—which is important in CA transition rule—is shown in Fig.  2, which also shows the rear-lying cells and 
the direction for the destination, i.e., TMA exit or the final approach fix (FAF). Here, rear-lying cells are defined as cells that lie 
between the current location and the entry point. As shown in Fig.  2, 𝑅𝑖,𝑗 has a Moore neighborhood, which consists of the cells 
that are adjacent to it in all directions.

2.2. Model scope and assumptions

To better represent TMA traffic movements, our CA model explicitly considers diverse arrival population (traffic mix), waypoint-
dependent route selection capabilities, and arrival condition variation, which distinguishes it from the conventional, homogeneous 
4 
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Fig. 3. A depiction of the flexibility based on the proximity of waypoints in the neighborhood of an aircraft.

CA model. In addition, we also introduce some assumptions that are relevant to air traffic modeling, namely (1) there is no back-flow, 
that is, rear-lying cells are not considered as an aircraft selects the path at each time step; and (2) there are no missed approaches, 
in that all aircraft entering the TMA get through to the TMA exit in their first attempt. In our model setup, aircraft are uniformly 
spread out as they come into the TMA such that the arrival traffic is not concentrated in any one side or group of cells at the TMA 
entry. The path selection is determined solely based on local interactions. Lastly, we limit our modeling scope by conceiving TMA 
as a single homogeneous entity without any sectorial divisions within the domain. In such a case, we do not model the ‘‘transfer of 
control’’ between one airspace sector to another, which commonly happens in actual operations.

Recall that the main goal of using statistical physics modeling such as CA is to capture the macroscopic behavior of a complex 
system based on its inherent microscopic interactions. Hence, instead of aiming for realistic physical representation of TMA 
configuration and traffic movements, we generate an abstraction of the microscopic interaction between entities (i.e., aircraft) 
within TMA, from which the macroscopic characteristics are deduced. In this regard, some assumptions and physical limitations 
implemented in our CA model derivation are briefly described below.

First, the three-dimensional aircraft movements are represented in a two-dimensional space in our TMA formulation. This 
simplification is commonly performed in other TMA studies [40,47], as it is deemed sufficient to represent critical aircraft operations 
in many TMA scenarios, including the horizontal separation of aircraft. Second, the simulated movements of aircraft in CA might not 
faithfully represent the intricacies of realistic flight routes, where aircraft are often directed to perform vectoring or wait in holding 
patterns to manage aircraft separation and sequencing [48,49]. However, the transition rules implemented in our model—which 
depend on neighboring cells’ occupancy—can represent these maneuvering strategies by design, to a certain extent. There could 
be instances where the aircraft trajectory must be deflected when some of the neighboring cells are occupied and thus block a 
straight trajectory towards the next waypoint. This imitates radar vectoring in actual aircraft movement where a path different 
from the shortest path or standard route may be specified in order to prevent separation violation [50]. When all neighboring cells 
are occupied, aircraft movement is rendered impossible; this is analogous to the aircraft being put in a holding pattern. A detailed 
explanation of this mechanism is provided in Section 2.3. Third, the actual waypoint locations within TMA might not be accurately 
represented in our CA model. However, we position the waypoints in a way that adheres to the characteristics of arrival traffic in 
the TMA, characterized by their convergence as they get closer to the TMA exit (as reflected in Fig.  1). This will be further described 
in Section 2.5. Lastly, the number of aircraft included in the simulation might seem to be much higher than the realistic capacity of 
actual TMA (which typically varies between 20 and 40 per hour for arrival at most airports [51]). The high number of aircraft agents 
is necessary to model microscopic interactions within TMA, in order to obtain the ensemble averages. In this case, the maximum 
occupancy modeled in CA does not correspond to the situation where aircraft fully occupy the airspace; instead, it represents the 
maximum capacity of TMA, while satisfying the minimum distance between aircraft and other regulatory requirements.

2.3. Model features

Our model features are designed to emulate the essential aspects of aircraft arrival traffic. The interpretation of each feature is 
presented as follows:

Path Convergence and Route Selection: An arrival route is modeled by directing aircraft to follow a sequence of waypoints, based 
on the specified level of route flexibility. This is captured by the flexibility index, which will be described below using the 
5 
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illustration shown in Fig.  3. In the figure, we have an aircraft at a position 𝑅𝑖,𝑗 at time 𝑡, and the distances of this aircraft from 
waypoints 𝑤1, 𝑤2, …, 𝑤𝑛 are 𝑟1, 𝑟2, …, 𝑟𝑛 respectively. In the illustration shown in Fig.  3, we have 𝑟1 < 𝑟3 < 𝑟2. The flexibility 
index is defined as the maximum number of closest waypoints the aircraft may head towards in the next time step from its 
current position in the TMA. Thus, if the aircraft considers only the closest waypoint, the flexibility index is 1 (first order, 
F1), in which case the route selection is fixed. Under this scenario, the aircraft shown in Fig.  3 will go to 𝑤1 at the next time 
step. Under the more flexible F2 condition (second order), it can consider going to 𝑤1 or 𝑤3 at the next time step, according 
to some predetermined probability distribution. Following the same rationale, all three waypoints are considered under the 
F3 case. Note that the route flexibility index can be a higher number; three is used here only for illustration purposes.

At each time step, the origin–destination (OD) pair is defined by the current position of the aircraft and the selected waypoint 
as the origin and destination, respectively. For any aircraft 𝑔 at any time 𝑡, 𝑟𝑡𝑔 is a distance-based property used to determine 
the nearest waypoint, 

𝑟𝑡𝑔 = arg min
𝑛∈{𝑊𝐺}

√

(𝑥𝑡𝑔 − 𝑥𝑡𝑛)2 + (𝑦𝑡𝑔 − 𝑦𝑡𝑛)2, (2)

where 𝑥𝑡𝑔 and 𝑦𝑡𝑔 are the aircraft’s origin-referenced coordinates, respectively; 𝑥𝑡𝑛 and 𝑦𝑡𝑛 are the coordinates of waypoint 𝑛
(where 𝑛 belongs to the set 𝑊𝐺 of all waypoints in grid 𝐺).

Aircraft Movement: Once the flow direction is established, we define the transition rules of cell 𝑅𝑖,𝑗 (to time 𝑡+1) with two phases. 
First, the aircraft has to identify the potential cell 𝑚 in its neighborhood. As a way to ensure the no back-flow condition is 
met, we assume that its rear-lying cells are occupied with virtual aircraft, i.e., 𝐺𝑡(𝑖−1, 𝑗−1) = 𝐺𝑡(𝑖, 𝑗−1) = 𝐺𝑡(𝑖+1, 𝑗−1) = 1. 
Given this condition, we may rewrite the effective neighborhood 𝑀𝑖,𝑗 of 𝑅𝑖,𝑗 as: 

𝑀𝑖,𝑗 = {𝑅𝑖+𝑘1 ,𝑗+𝑘2 |𝑘1 ∈ {−1, 0, 1}, 𝑘2 ∈ {0, 1}, |𝑘1| + |𝑘2| ≠ 0}. (3)

Among the cells in 𝑀𝑖,𝑗 , only the unoccupied ones are considered for the next movement, since one cell cannot be occupied 
by multiple aircraft. We denote the unoccupied cells in 𝑀𝑖,𝑗 as 𝑀u

𝑖,𝑗 (correspondingly, the occupied ones are denoted as 𝑀o
𝑖,𝑗). 

We then determine the closest cell relative to the selected waypoint, denoted by 𝑞𝑡𝑚, as 

𝑞𝑡𝑚 = arg min
𝑚∈{𝑀𝑢

𝑖,𝑗}

√

(𝑥𝑡𝑚 −𝑋𝑟𝑡𝑚 )
2 + (𝑦𝑡𝑚 − 𝑌𝑟𝑡𝑚 )

2, (4)

where 𝑥𝑡𝑚 and 𝑦𝑡𝑚 are the origin-referenced coordinates of 𝑚 at time 𝑡, whereas 𝑋𝑟𝑡𝑚  and 𝑌𝑟𝑡𝑚  are for the selected waypoint 𝑟𝑡𝑚
in Eq.  (2). In a case where there are multiple cells that fit the minimum distance criterion, one of them is chosen at random.

The second phase handles the wake turbulence separation requirement, which is modeled heuristically to align with the 
statistical physics paradigm. In particular, this requirement is manifested by defining a transition probability as a function 
of aircraft size distribution among the occupied cells in 𝑀o

𝑖,𝑗 . This transient probability would deter aircraft from moving 
when there are larger aircraft around, akin to keeping a longer distance behind a larger aircraft. To gauge the aircraft size 
distribution, we first evaluate the weighted sum 𝑆𝑤 of occupied cells in 𝑀o

𝑖,𝑗 , which is a function of the aircraft size indicator 
𝑤𝑔 . Considering all occupied cells 𝑔 in 𝑀o

𝑖,𝑗 , the weighted sum is defined as 

𝑆𝑤 =
∑

𝑔∈
{

𝑀o
𝑖,𝑗

}

𝑤𝑔 ⋅ 𝐺
𝑡
𝑔 . (5)

It is worth noting that 𝑆𝑤 implicitly contains information about local density, since it considers all occupied cells in the 
vicinity. We set thresholds 𝑎1 and 𝑎2 for the value of 𝑆𝑤 to simulate wake turbulence separation. For the specified thresholds, 
we assign a corresponding transition probability, 𝜋𝑇 . This transition probability determines whether aircraft movement 
actually occurs or the aircraft maintains its position. The relationships between 𝜋𝑇  and 𝑆𝑤 as functions of 𝑎1 and 𝑎2 are 
shown below, 

𝜋𝑇 =

⎧

⎪

⎨

⎪

⎩

𝜋1 ∶ 𝑆𝑤 ≤ 𝑎1;
𝜋2 ∶ 𝑎1 < 𝑆𝑤 < 𝑎2;
𝜋3 ∶ 𝑆𝑤 ≥ 𝑎2,

(6)

where 𝑎1 < 𝑎2 and 𝜋1 > 𝜋2 > 𝜋3. The values of 𝜋𝑇 , 𝑆𝑤, 𝑎1, and 𝑎2 are calibrated such that for lower thresholds (when 𝑆𝑤 is 
low), the probability of movement 𝜋𝑇  is high. This corresponds to a situation where the neighborhood of 𝑅𝑖,𝑗 is dominated 
by small aircraft and/or the aircraft are sparsely distributed locally. On the other hand, when 𝑆𝑤 is high, the probability of 
movement 𝜋𝑇  is low—this occurs when the neighborhood of 𝑅𝑖,𝑗 is dominated by large aircraft, especially when the local 
density is higher. Whilst this approach might not explicitly model the interaction between leading and following aircraft when 
considering wake turbulence separation, its heuristic nature would yield the ensemble averages that capture the impact of 
aircraft size on separation distance between aircraft—which serves to achieve the objective of statistical physics modeling.
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Fig. 4. A depiction of the skewness in arrival traffic based on aircraft size.

2.4. Model parameters

The model parameters enable us to vary simulation conditions in order to capture different operation scenarios. These parameters 
are associated with the traffic features of interest, namely size distribution (using the skewness in aircraft size distribution) and route 
flexibility (using the flexibility index described in Section 2.3). The traffic skewness refers to the dominant aircraft size in a given 
traffic. Fig.  4 shows scenarios when the traffic is dominated by small and medium aircraft (leftmost), distributed quite evenly among 
sizes (middle), and dominated by large and very large aircraft (rightmost).

In this study, the arrival dynamics will be evaluated under weakly and strongly inhibited traffic conditions. In the weakly 
inhibited traffic condition, aircraft arrival occurs under nominal conditions, and aircraft follow the baseline wake turbulence 
separation closely. On the other hand, in the strongly inhibited condition, events such as poor visibility under visual flight rules or 
bad weather precipitate caution in aircraft agents. As a result, they are mandated to maintain a conservative distance between each 
other, with air traffic controllers usually increasing the threshold for wake turbulence separation [52].

2.5. Throughput evaluation

We use two metrics to evaluate the throughput of the model under different arrival conditions, namely traffic flow—which relates 
to the mobility of vehicles—and TMA occupancy—which reflects the space utilization relative to the number of vehicles diffusing 
through the system. We also examine the average traffic speed to gauge transient traffic behavior. All these are described as follows.

Traffic flow We define the traffic flow (𝑞) as the average volume of aircraft going through the TMA space over simulation time. 
It is a measure of aircraft mobility vis-á-vis the spatial distribution of aircraft traffic under a given arrival condition. This is 
captured by the average number of movements per aircraft (𝑚𝑡

𝑛) that take place within a simulation case, 

𝑞 = 1
𝑇

𝑇
∑

𝑡=1

𝑁
∑

𝑛=1
𝑚𝑡
𝑛, (7)

where 𝑇  is the total number of time steps for a simulation and 𝑁 is the total number of aircraft in the simulation. The count 
of 𝑚𝑡

𝑛 depends on the change in the cell occupancy, denoted by 𝛥𝐺𝑡(𝑖, 𝑗) = |𝐺𝑡(𝑖, 𝑗) − 𝐺𝑡−1(𝑖, 𝑗)|, such that: 

𝑚𝑡
𝑛 =

{

1 if 𝛥𝐺𝑡(𝑖, 𝑗) = 1;
0 otherwise. (8)

TMA occupancy We define the TMA occupancy (𝜇) as the ratio of the number of aircraft traversing the TMA to the number of 
aircraft that saturates the effective TMA, to reflect the aircraft density for a given TMA configuration. Given the convergent 
nature of arrival traffic, the polygon shape of TMA, and a single exit point (see Fig.  5), there are portions of the TMA that 
are hardly traversed by traffic; these parts are regarded as dead zones, which are excluded from the effective TMA. It should 
be noted that even after the traffic is saturated, limited aircraft movement along the border of the effective TMA and dead 
zones may constitute extra traffic, resulting in a non-zero flow saturation. One might also argue that this makes practical 
sense for aircraft traffic, where there is never a complete stoppage of traffic in the air. We will plot the traffic flow against 
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Fig. 5. A depiction of the effective TMA and dead zones.

TMA occupancy under different conditions in a manner similar to the fundamental diagram used in ground traffic [53], 
which will be presented in Section 3.

Average traffic speed We define the average traffic speed (𝑠̄) as the ratio of traffic flow to the number of aircraft that are currently 
inside the TMA, to indicate how fast the overall traffic is transiting. We follow the same formulation as that for ground 
traffic [43], 

𝑠̄ =
𝑞
𝑛
. (9)

We will plot the average traffic speed against the TMA occupancy across different cases to describe the traffic behavior.

Evaluating these metrics will help us understand the effect of the parameters being investigated under different arrival conditions. 
In Section 3, we will present the simulation outcomes, along with relevant discussions.

3. Results and discussion

In this section, we present the results of our simulations across the two features examined, namely size distribution and route 
flexibility, as discussed in Section 2.4. Three flexibility indices, namely first, second, and third order flexibility (F1, F2, and F3, 
respectively), are considered in the main simulation cases. The grid size for the simulation is 40 cells by 25 cells. All cases are 
simulated with 11 waypoints, which are placed such that they facilitate the convergence of traffic on the TMA exit as described in 
Section 2.2. The locations of these waypoints are fixed for each simulation. The number of time steps per simulation is 104 steps, 
and each data point is obtained by averaging 20 repetitions of each simulation to reduce the effect of randomness. To distinguish 
different size classes, we assign the following weight values: 𝑤𝑔(𝑆𝐻) = 4, 𝑤𝑔(𝐻) = 3, 𝑤𝑔(𝑀) = 2, 𝑤𝑔(𝑆) = 1, and the thresholds 𝑎1
and 𝑎2 are set to be four and eight, respectively. For each feature set, two traffic scenarios are examined, namely weakly inhibited 
and strongly inhibited traffic. For the weakly inhibited scenario, the transition probabilities are higher, and their values are 𝜋1 = 0.9, 
𝜋2 = 0.7, and 𝜋3 = 0.5. For the strongly inhibited scenario, the transition probabilities are set to 𝜋1 = 0.7, 𝜋2 = 0.5, and 𝜋3 = 0.3.

The flow (𝑞) and TMA occupancy (𝜇) for the model features under different conditions are plotted and subsequently discussed 
in Sections 3.1 and 3.2. Typical 𝑞-𝜇 plots (also known as fundamental diagrams) obtained in this study are shown in Fig.  6 for 
illustration purposes, which exhibit several distinct zones, including (1) free flow zone, where traffic flow rises steeply with TMA 
occupancy; (2) congested flow zone, where traffic flow drops rapidly as the TMA occupancy further increases; (3) organized flow 
zone, where traffic flow rises momentarily as aircraft organize/cluster around waypoints, making some room for mobility; and (4) 
saturated flow zone, where traffic flow decreases steadily as the effective TMA becomes saturated. As discussed in Section 2.2, the 
high occupancy shown in the fundamental diagrams presented in this paper is analogous to a situation where the TMA has reached 
its maximum capacity. In other words, it is more a microscopic representation of traffic saturation rather than having aircraft fully 
occupying the airspace.

A notable feature of interest in Fig.  6 is the point of maximum flow, also known as the point of critical occupancy (𝜇𝑐), beyond 
which an abrupt flow change is observed. The post-peak trend captures the congestion and saturation behavior of traffic. Our 
simulations exhibit two kinds of post-peak behavior, namely a monotonously decreasing post-peak trend (Fig.  6(a)) and a non-
monotonously varying post-peak trend (Fig.  6(b)). Other notable features are the post-peak flow reversal points, 𝜇1 and 𝜇2 (as 
shown in Fig.  6(b)). Detailed explanations on their cause and implications will be presented in Sections 3.1 and 3.2. Supplementary 
discussions on the transition flow behavior relative to the arrival conditions considered are subsequently provided in Section 3.3.
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Fig. 6. Types of fundamental diagrams for different arrival strategies.

3.1. Effects of size distribution

Upon observing all cases (as shown in Fig.  7), the left-skewed traffic is shown to have the highest flow, followed by balanced 
traffic, while right-skewed traffic has the least flow. This is attributed to the spacing dynamics per unit distance associated with each 
traffic mix. The case with left-skewed traffic has the least cumulative turbulent wake separation between adjacent aircraft because 
small aircraft require less separation. As a result, it allows for a higher traffic volume in the TMA. On the other hand, the case with 
the right-skewed traffic has the least throughput due to the higher spacing requirements.

For the F1 case (first order flexibility index, shown in Figs.  7(a) and 7(b)), the pre-peak and post-peak flow characteristic is 
gentler than in other cases (shown in Figs.  7(c)–7(f)), with a gradual transition from free-flowing to congested traffic. We also 
observe the smooth curve of the average traffic speed for this configuration in Fig.  9(a). In this state, traffic has a monotonically 
decreasing post-peak flow behavior, as TMA occupancy is increased beyond 𝜇𝑐 . Under this condition, traffic transits gently from the 
critical point 𝜇𝑐 to flow congestion and traffic saturation, unlike other cases with F2 and F3 in Figs.  7(c)–7(f). The gentle sloping 
behavior could be attributed to the orderly nature of the first order flexibility index. Since aircraft explore only one route option 
via the closest waypoint, the traffic stream settles into and maintains fixed paths. This means aircraft move along relatively fixed 
trajectories throughout the simulation, depending on their starting positions. This fixity of choice results in slow congestion build 
up and excludes the dynamic conditions that could lead to an abrupt onset of congestion.

With higher order flexibility indices, F2 and F3 (Figs.  7(c)–7(f)), the pre-peak flow is identical between different traffic mix at low 
𝜇. A clear distinction between the flows of different size distributions only begins to appear as we approach 𝜇𝑐 . This behavior may 
be attributed to the prevalence of a dynamic routing strategy at low 𝜇, i.e., when the TMA is sparsely populated and the effect of the 
flexible routing strategies of F2 and F3 dominates traffic. Consequently, the impact of inter-aircraft spacing due to size distribution 
is minimal. This is because the freedom of movement here (𝜇 ≪ 𝜇𝑐) means aircraft are free to migrate towards adjacent waypoints if 
there is a space constraint along the route that is associated with the closest waypoint. However, as 𝜇 gets closer to the critical flow 
point (𝜇 ≈ 𝜇𝑐), the effect of size distribution becomes more prominent, and we see distinct flow curves for each size distribution. 
Beyond the peak flow point for F2 and F3 cases, the flow drops sharply and then rebounds briefly before flow congestion eventually 
sets in. The sharp drop after the critical flow point can be attributed to the conflict between aircraft that are actively exploring route 
options. Within this region (𝜇𝑐 ≤ 𝜇 ≤ 𝜇1, referring to the illustration in Fig.  6), there is just enough space to explore route options, 
but very little constraint/incentive to prefer one route over others, depending on the degree of flexibility. This TMA-wide freedom 
leads to an accumulation of conflicts that reduces flow momentarily. Nevertheless, as 𝜇 is increased beyond 𝜇1, there is less space 
available for exploration, which forces aircraft to choose a preferred route. While this may lead to the clustering of aircraft around 
waypoints (as illustrated in Fig.  8(b) and will be explained below), it imparts a measure of organization and leaves some space for 
exit-bound traffic in other parts of the TMA. This dynamic organization of traffic leads to the momentary increase in flow between 
𝜇1 and 𝜇2. Given the fact that arrival routes are mostly established and the TMA is fairly saturated at this point, the slope between 
𝜇1 and 𝜇2 is gentler compared to the slope in the free flow zone before 𝜇𝑐 .

Visually observing Fig.  7 suggests a strong similarity exhibited by the trends and behavior of traffic pertaining to F2 and F3 
cases. To understand this phenomenon, we will further investigate the effect of flexibility index on TMA traffic dynamics, which 
will be presented in Section 3.2.

The interesting presence of the organized flow zone (as observed in Figs.  7(c)–7(f)) will be further elaborated below, with 
illustrations provided in Fig.  8. Note that the aircraft distributions shown in Fig.  8 are exaggerated for clearer illustration purposes—
the key aim is to illustrate the presence of the organized flow state prior to saturation. We would like to highlight that they are 
not our simulation results, and the numbers of aircraft shown in Fig.  8 are arbitrarily chosen to represent different states of CA 
TMA, which might not correspond to actual TMA situation. The dynamics of transition from free flow (Fig.  8(a)) to saturated flow 
(Fig.  8(c)) in our simulation of aircraft arrival traffic via the organized flow zone is reminiscent of the three-phase traffic theory 
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Fig. 7. Effect of size distribution on flow behavior for different flexibility indices.

proposed by Kerner in his analyses of road traffic [54,55]. Traditional traffic theory only identifies two phases, namely free flow 
phase and congested flow phase. However, Kerner observed a third phase, i.e., the synchronized flow phase. Kerner opined that the 
synchronized flow phase in road traffic is the base condition from which traffic jam eventually develops. In other words, traffic does 
not spontaneously go from free flow phase to congested flow phase. Rather, the synchronization of vehicle speeds downstream of 
a bottleneck constitutes the breeding ground for the development of traffic jam in the congested phase. Similarly, the progression 
of traffic from free flow state to saturated flow state in our simulation of arrival traffic also goes through an intermediate phase 
by means of the organized flow state. This phase is characterized by the clustering of aircraft around waypoints and the TMA exit 
(as shown in Fig.  8(b)), akin to the ‘‘bottleneck situation’’ in the ground traffic case. Furthermore, the synchronization of vehicle 
speeds during the synchronized flow phase in road traffic is comparable to the synchronization of aircraft headings in the vicinity 
of waypoints during the organized flow state of TMA arrival traffic. As TMA occupancy is increased beyond 𝜇2, the spaces between 
aircraft clusters around waypoints fill up, which leads to TMA saturation. This mechanism of saturation vividly depicts congestion 
development precipitated by the nucleation of aircraft around waypoints.

Another interesting observation is the considerable gap between the flow characteristic of different size distributions for the F1 
case (Figs.  7(a)–7(b)). This may be attributed to the absence of lateral route deviation along the arrival routes when this strategy 
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Fig. 8. Illustration of the evolution of flow states for F2 and F3 cases (not simulation results). The number of aircraft and their distributions are exaggerated 
for illustration purpose, with its saturation representing the maximum capacity of TMA (as described in Section 2.2).

is adopted, which amplifies the dynamics of size-based traffic mix. Thus, the effect of size differences is most pronounced in the F1 
case. However, the gap between the flow characteristic of higher order flexibility indices (F2 and F3) is less pronounced because 
the availability of alternative routes dilutes the effect of size distribution. The randomness of route selection that route exploration 
introduces appears to eliminate the clear impact of size distribution. While still considering the difference in flow behavior across 
different size distributions, we also observe that the flow curve of left-skewed traffic appears to be further away from balanced 
traffic than the flow curve of the right-skewed traffic. This asymmetry indicates a possible non-linearity of traffic behavior. A likely 
cause of this asymmetry is that traffic efficiency scales with less inter-aircraft spacing. Thus, an approximately linear increase in 
inter-aircraft spacing may lead to a significantly less flow, exceeding the expected proportionality.

Fig.  9 shows the different speed patterns under different traffic conditions, highlighting the size distribution effect on the F1 case 
(shown in Fig.  9(a)). For the size distributions under the F2 and F3 cases (Figs.  9(b) and 9(c)), a measure of randomness in route 
selection overshadows size distribution effects (especially at low 𝜇), such that the difference between the average speeds is reduced, 
compared to the F1 case. It is also observed that the transition from steep to gentle speed reduction differs for the fixed (F1) and 
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Fig. 9. Average traffic speed for different size distributions at different flexibility indices.

Fig. 10. A depiction of the differences between the weakly inhibited and strongly inhibited cases of the F1 strategy.

flexible (F2 and F3) strategies. The F1 case transitions smoothly because of the ’nearest waypoint‘ strategy it adopts. However, the 
F2 and F3 cases have kinks in their transition elbow—a feature that may be attributed to the organized flow phase associated with 
this flow region of the flexible strategies.

Fig.  10 highlights the difference between the fundamental diagrams of the weakly inhibited and strongly inhibited cases, based 
on the outcomes observed in Fig.  7. It superposes two cases of the fixed strategy, namely a weakly inhibited case (Fig.  7(a)) and 
a strongly inhibited case (Fig.  7(b)), for easier observation of the flow features affected by traffic inhibition. From Fig.  10, we can 
observe that increased traffic inhibition results in flow reduction. The cautionary approach required under the strongly inhibited 
arrival condition leads to mobility restrictions that generate fewer movements throughout the entire simulation. This causes a 
downward shift of the flow curve, as depicted by 𝛥𝑑 . Additionally, we observe a leftward shift in the position of 𝜇𝑐 , as depicted 
by 𝛥𝑙. The leftward shift of 𝜇𝑐 implies that traffic congestion appears earlier in the strongly inhibited case and that TMA capacity 
utilization is less in the strongly inhibited case. This may be attributed to the fact that increased traffic inhibition reduces the 
tendency of aircraft to explore more parts of the TMA, leading to the occurrence of 𝜇𝑐 at a lower TMA occupancy value.

3.2. Effects of flexibility index

Figs.  11(a)–11(f) compare different route flexibilities, when the traffic is simulated under different size distribution conditions. 
One key observation here is the notable downward shift in the flow characteristics of F1 across different size distributions. Clearly, 
fixed arrival strategy exhibits the greatest sensitivity to size distribution under arrival traffic conditions. As inferred in Section 3.1, 
this may be attributed to the fact that the fixed strategy precipitates limited interaction between aircraft navigating across different 
waypoints. The minimal route interaction leaves ample space for maximizing the effect of the proportion of different aircraft sizes 
present in traffic.
12 



I.I. Ogedengbe et al. Physica A: Statistical Mechanics and its Applications 671 (2025) 130628 
Fig. 11. Effect of flexibility index on flow behavior for different size distributions.

For left-skewed traffic, we observe that all three cases with different flexibility indices appear to have similar flow characteristics 
at low 𝜇. This implies that route flexibility has little impact on sparse traffic dominated by small aircraft, where every aircraft tends 
to navigate using the nearest waypoint. Under these conditions, the dynamic influences present within traffic do not trigger route 
exploration. This is because the ample space available and the lax spacing requirements do not compel aircraft to migrate towards 
adjacent waypoints. As we approach 𝜇𝑐 , the dynamics of route exploration kicks in, revealing a difference in flow between different 
flexibility indices. The flow in F1 case continues to increase momentarily, while those of the F2 and F3 cases peak shortly after 
separation and drop afterward. Also, we see that the F1 case (fixed strategy) has the highest flow, compared to the F2 and F3 
cases (more flexible strategies). This may be attributed to the streamlining of arrival routes in the F1 case. In other words, since 
aircraft only navigate following the closest waypoint, there is no chance of interacting with adjacent waypoints. Given this limited 
inclination to explore farther waypoints, the aircraft encounter minimal deviation in their heading, as well as a notable reduction 
in conflicts. As the respective mechanisms of congestion set in, the flows of the fixed and flexible strategies cross each other at 
𝜇X, which approximately coincides with 𝜇2. Beyond 𝜇X, the flexible routing strategies exhibit a better flow behavior than the fixed 
routing strategy. The higher flow of the flexible strategies beyond 𝜇  may be attributed to the reorganization of traffic around 
X
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Fig. 12. Behavior of average traffic speed for different flexibility indices at different size distributions.

waypoints (which begins at 𝜇1) that are not necessarily the closest to each aircraft. This leaves some space for areas further away 
from each waypoint for exploration, leading to an overall gain in traffic throughput.

In the case of balanced traffic, the flow characteristics of the fixed (F1) and flexible (F2 and F3) cases at low 𝜇 are not identical. 
The F1 case has a slightly gentler slope in this free flow phase. However, we observe that the critical flow values of the three cases 
are similar, compared to the left-skewed traffic where the critical flow for F1 case substantially exceeds those of the F2 and F3 cases. 
These observations further highlight the greater sensitivity of the fixed arrival strategy to size distribution. The close similarity of 
the flow characteristics across different flexibility indices up to 𝜇𝑐 indicates that the effect of balanced traffic is mostly uniform 
across board before flow transition occurs. Beyond the critical point, there seems to be a shift in the traffic dynamics as the flow 
drops gently and monotonously for the F1 case, whereas the drops are more rapid and dynamic in the F2 and F3 cases. This change 
in flow dynamics, as well as the radical downward shift in the peak of F1 leads to a shift in the crossover point 𝜇X away from 𝜇2
but closer to 𝜇1. Within the region where 𝜇 > 𝜇X, we also observe that the flexible strategies exhibit a much better flow behavior 
than the fixed strategy. This naturally follows from the reduced peak flow of the fixed strategy (the F1 case).

Examining right-skewed traffic, we observe that there is considerably more deviation between the flow characteristics of the 
fixed and flexible strategies at low 𝜇. This is followed by a rapid peaking of F1 case, while F2 and F3 cases go on to attain a much 
higher maximum flow at a much steeper rate. The rapid down-shifting and the changing post-peak dynamics of F1 case make 𝜇X
coincide with 𝜇1, such that most TMA occupancies beyond the critical point yield better flow performance with F2 and F3.

Comparing the strongly inhibited and weakly inhibited traffic cases, the overall flow of the former (Figs.  11(b), 11(d), and 11(f)) 
is lower than that of the latter (Figs.  11(a), 11(c), and 11(e)). Moreover, while the strongly inhibited traffic cases share some trend 
similarity with the weakly inhibited traffic cases, they also exhibit some peculiarities. These peculiarities are mostly associated with 
the difference in flow behavior around 𝜇𝑐 . This appears to be a result of the F1 case being more radically affected by size distribution 
under strongly inhibited traffic conditions. Therefore, we see that for the left-skewed traffic, the extent to which the F1 case exceeds 
the other cases at 𝜇𝑐 is less. Moving over to the balanced traffic case, the critical flow point for the F1 case is less compared to 
the flexible traffic cases, where we observe that critical flow values for the F2 and F3 cases are nearly the same. For right-skewed 
traffic, the F1 case exhibits a considerably lower flow at 𝜇𝑐 than those of the F2 and F3 cases.

All these factors reinforce the idea that the fixed arrival strategy (F1) tends to be sensitive to changes in arrival conditions. 
Conversely, we may describe the flexible arrival strategies (F2 and F3) as being inherently robust, in that they are less affected 
by variation in size distribution and traffic mobility. A possible reason behind this robustness is the pseudo-random nature of their 
operation. In other words, the availability of route options in flexible strategies mitigates the constraints of the spacing requirements 
associated with size distribution as well as aircraft mobility.

Fig.  12 shows the average speed characteristics of different flexibility indices under the size distributions considered. To aid 
our discussion, we define the first point of intersection between the lines of the average speed of the fixed strategy (F1) and the 
average speed of the flexible strategies (F2 and F3) to be 𝜇A and the second point of intersection to be 𝜇B. For left-skewed traffic 
(Fig.  12(a)), F1, F2, and F3 cases have similar average speed values at low 𝜇 (𝜇 < 𝜇A). This corresponds to the free flow behavior 
of F1, F2, and F3 cases at low 𝜇 described above. Between 𝜇A and 𝜇1, the flexible strategies decelerate more steeply than the fixed 
strategy, before switching to a gentler deceleration mode. This transition in deceleration rates highlights the impact of flow reversal 
on average traffic speed for flexible strategies. In other words, the momentary increase in flow within the organized flow region (see 
Fig.  6(b)) causes a change in deceleration dynamics. This may be attributed to the traffic being affected by aircraft clustering around 
preferred waypoints. This tends to slow them down within this TMA occupancy window (which corresponds to the organized flow 
zone), before the traffic becomes saturated. For the fixed strategy, the average speed reduces continuously between 𝜇  and 𝜇 . This 
A B

14 



I.I. Ogedengbe et al. Physica A: Statistical Mechanics and its Applications 671 (2025) 130628 
Fig. 13. Flow behavior for different waypoint configurations.

way, the transition from high deceleration rate to low deceleration rate is not sharply defined, compared to the fixed strategies. 
The foregoing dynamics are also observed when we examine the deceleration of balanced traffic across F1, F2, and F3 cases, except 
for two key differences (Fig.  12(b)). The first difference is the clear separation of the fixed and flexible strategies at low 𝜇. As 
previously discussed, this may be attributed to the sensitivity of F1 case to the balanced traffic, leading to a notable downward 
shift in its speed in low 𝜇. The second difference observed is the substantial shrinking of the gap between 𝜇A and 𝜇B. This is also 
traceable to the downward shift in the overall trend of F1 case. For the right-skewed traffic (Fig.  12(c)), we see that speed reduction 
due to the traffic mix substantially affects the average speed of the F1 case, such that the strategies only coincide at 𝜇1. In this case, 
the average speeds of the flexible strategies entirely exceed that of the fixed strategy at all points along the TMA occupancy axis.

One prominent feature across different size distributions is the almost identical behavior of the flexible strategies (recall that 
we have a similar observation on Fig.  7). It is important to investigate whether this similarity is caused by a certain model setup 
(e.g., waypoint configuration used in this study) or whether the higher level of flexibility does not manifest in different traffic 
flows. In order to verify these propositions, we conduct further analyses. First, we extend the flexibility index to fourth order (F4) 
for the current waypoint configuration. The outcome of this analysis should indicate whether the similarity between F2 and F3 is a 
random outcome or a feature of the model. Second, we reshuffle the waypoint arrangement in order to isolate flow dependence on 
a certain waypoint configuration. In particular, the waypoint configuration is reshuffled twice and we simulate the traffic for each 
case in order to ascertain the outcome. The results of these simulations are presented in Fig.  13. Fig.  13(a) shows the flow behaviors 
under F2, F3, and F4 cases using the default waypoint configuration that is used to obtain other results presented in this paper, 
whereas Figs.  13(b) and 13(c) show the flow behaviors for the two instances of reshuffled waypoints. We see from these figures that 
the flow behaviors are still similar, with only minimum differences. Considering this similarity, it appears that while the presence 
of flexibility affects traffic flow, its effect is independent of the degree of flexibility. Having eliminated strategy dependence and 
configuration dependence as causes, something more inherent in the model could be responsible for this behavior. It is most likely 
that this phenomenon is caused by the mobility constraint imposed by aircraft population in a local neighborhood. More clearly 
stated, an aircraft may have the impetus to navigate towards the TMA exit using several waypoints, but its inhibitive interaction 
with other aircraft in its immediate neighborhood may limit how far it can go, thus restricting it to use a closer waypoint. This 
constraint, which is due to localized traffic dynamics, could limit the changes that might otherwise accompany a variation of route 
options.

3.3. Transition dynamics

Fig.  14 depicts the relationship between flow peaks and their points of occurrence relative to TMA occupancy, where the 𝑦-axis 
indicates the flow 𝑞 when the transition point 𝜇𝑐 and secondary peak 𝜇2 (if applicable, which excludes cases with fixed strategy) 
occur (obtained from Figs.  7 and 11). The purpose of the comparison is to show the sensitivity of the arrival strategy to traffic mix 
and arrival conditions.

We observe that the value of flow at 𝜇𝑐 of weakly inhibited traffic is generally higher than that of strongly inhibited traffic, 
thanks to the high mobility associated with weakly inhibited traffic as discussed in Sections 3.1 and 3.2. Also, we observe that the 
highest flow is obtained with the left-skewed traffic using the F1 strategy under weakly inhibited conditions. In this configuration, 
traffic mobility drives aircraft into more areas within the airspace, before flow transition occurs. This implies that left-skewed traffic 
under the fixed strategy in nominal conditions favors capacity utilization. Another observation is that a strongly inhibited case has 
comparable transition flow performance as some weakly inhibited cases (circled in black within the overlap band A in Fig.  14). On 
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Fig. 14. The transition point of all cases, for weakly inhibited and strongly inhibited traffic scenarios.

closer examination, this point turns out to be associated with left-skewed traffic under the F1 strategy. Moreover, we see that the 
scenario with the least flow at the transition point is the strongly inhibited case of the right-skewed size distribution that employs 
the fixed strategy (F1). The wide range between transition points of the F1 case under different conditions (the points circled in 
red and blue respectively, in Fig.  14) further highlights the sensitivity of the fixed strategy to aircraft size distribution and arrival 
conditions.

The distribution of secondary peak points (𝜇2) is presented on the right hand side of Fig.  14. In a manner similar to the distribution 
of critical points (𝜇𝑐) on the left hand side of the figure, weakly inhibited traffic generally has higher secondary peak flow values, 
compared to strongly inhibited traffic. We also have an area where weakly inhibited and strongly inhibited cases have similar flow 
values for the secondary peaks. This is indicated as overlap band B. The cases that fall in this region are the weakly inhibited, 
right-skewed traffic scenarios, as well as the left-skewed traffic scenarios that are strongly inhibited. These observations reveal the 
benefit that can be obtained from the appropriate arrival strategy, despite poor traffic mobility.

4. Conclusion

This paper investigated the impact of aircraft size distribution and navigation flexibility (in terms of waypoint selection) on TMA 
arrival traffic using a CA model. Our findings showed that a fixed strategy exhibited gentle transition behavior between free and 
congested flow zones. Although traffic under the fixed strategy saturated the TMA monotonously, it exhibited greater sensitivity 
to arrival traffic mix due to limited route options. On the other hand, traffic under the flexible arrival strategy saturated the TMA 
non-monotonically without showing substantial sensitivity to the arrival traffic mix. The post-peak non-monotonicity of the flexible 
strategy constituted the organized flow zone, where aircraft clustering around waypoints and the TMA exit led to a momentary rise 
in traffic flow, before entering the traffic saturation stage. Our study also revealed that having a higher degree of flexibility did not 
really affect traffic flow, due to the constraint imposed by localized traffic dynamics.

These insights suggest that a fixed arrival strategy will be more suitable to a traffic scenario that has mostly small and medium 
sized aircraft, owing to gentler transition around the critical flow state. However, the flexible strategy will better fit a traffic 
dominated by a mixture of large and small aircraft. This may be attributed to the fact that it better facilitates efficient flow when 
the spacing between aircraft is greater. Based on our observations, adopting a mixed strategy—by implementing the fixed and 
flexible arrival strategies before and after passing through the flow transition point, respectively—would be beneficial. Moreover, 
the occurrence of the organized flow zone, its precipitation around waypoints, and its role in setting the stage for TMA saturation 
suggest that the number and relative arrangement of waypoints play a critical role in traffic evolution within TMA.

The work presented herein has demonstrated the use of a statistical physics method to reveal macroscopic behaviors in the 
TMA by modeling its microscopic interactions. In particular, this work has shown how CA can be leveraged to model dynamic 
environments affected by multiple interacting parameters and constraints. Potential applications beyond air transportation modeling 
cut across physical systems that have well-defined terrain constraints or characterized by converging paths in a controlled 
environment, such as traffic behavior at road intersections and future urban air mobility systems. While CA model only serves 
as an abstraction of real-world systems, setting the model to fit the systems as closely as possible is imperative.
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