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Abstract

This thesis concerns the study of spin systems on an infinite lattice with the Langevin
diffusion dynamics. The projects are divided into two main topics.

In the first topic we construct Gibbs measures in infinite dimensions which are reversible
with respect to the Markov semigroup associated to the Langevin dynamics. We then find
sufficient conditions for the Gibbs measures to satisfy spectral gap or logarithmic Sobolev
inequalities, so that one can obtain ergodicity or contractivity of the semigroup. We pay
particular attention to the cases where the single-state space is a Carnot group, and the
Gibbs measure is defined by homogeneous norms with vanishing or blowing up sub-gradient.

For the second topic, we study the quantum dynamics of the system by considering
the Schrodinger equation in infinite dimensions with a logarithmic nonlinearity. Namely,
we obtain estimates that hold in arbitrary dimensions, and prove the existence of infinite-

dimensional weak solutions for potentials with bounded multi-particle interactions.
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Symbols and Notations

N Set of natural numbers, {0,1,2,...}
R™ m-~dimensional Euclidean space, m is a positive integer
%” D-dimensional integer lattice, D is a positive integer
H 3-dimensional Heisenberg group, defined in Example 2.4.2
G Homogeneous Carnot group, defined in Definition 2.4.1
Ve (Canonical) sub-gradient on G, defined in Definition 2.4.3
Ag (Canonical) sub-Laplacian on G, defined in Definition 2.4.3
N Kaplan norm on H, defined in Example 2.4.9
d Control distance on G, defined in Definition 2.4.13
Configuration space (e.g. Q = R?)

Boundary condition in €2, defined in (2.1.4)

EX Conditional expectation (or finite-volume Gibbs measure), defined in (2.1.5)
v Infinite-volume Gibbs measure associated to Ea, defined in (2.1.8)
z Indicator function, Z4(a) =1ifa€ Aand 0ifa ¢ A
|- [lie x|l = (32, |z:|P)Y/P if p € [1,00) and ||z; = sup, |zi|, for any vector z = (z;)
j~k 4,k € ZP are neighbours
{~J} The neighbouring set of j € ZP ie. {k€ZP :j~k}
AEB A is a compact subset of B
M = p (Mz,z) > p(z,z) for matrix M € R™*™ vector x € R™ and constant p € R
z* Complex conjugate of z € C
Dom(f) Domain of a function or operator f
fle The partial derivative 8! f/(9z$* - - - 9z5m) for any f: R™ — R or C and the
multi-index a = (a4, ..., an) € N® with o] = a1+ + an

c* (9, 9) Set of functions f: © — S such that f(*) is continuous for all || < k, where
k € N. For simplicity, denote by C*(Q) = C*(Q,R) and C = C°

w(f) or uf The integral [, f(z)p(dx) for any measure p and measurable function f on €
I leetey or -l W llirt = GFIPV77 i p € [1,00)
[| - loe (@) or || - [loo [[flloe @) = sup,eq |f(@)]
LP(p, Q) or LP () Set of functions f : Q — R or C such that || f||Lr(u) < 0o, where p € [1,00)
L>(Q) Set of functions f : Q@ — R or C such that || f||Le ) < 00
I/Vk"’(u7 Q) Sobolev space, set of functions f : & — R or C such that f(*) exists in weak
sense and is in LP(u, Q) for all |a| < k, where k € N and p € [1,00)

H* (1, Q) Sobolev space W*2(u, Q) for any k € N
Holder conjugates p, q are Holder conjugates if p,q € (0,00) such that 1/p+1/g=1
Ty, I, Garré du champ operator and I's operator, defined in (2.3.8) and (2.3.9)




Chapter 1

Introduction

This thesis concerns the study of large interacting systems in statistical mechanics, a branch
of mathematical physics that takes its origin from Maxwell, Boltzmann and Gibbs in the
19th century [l]. The central idea is to deduce macroscopic behaviours of a system by
combining the microscopic information with a probabilistic approach.

Given the stochastic nature of microscopic systems, one may consider each microscopic
state as a random variable X;, the evolution of the entire system is then described by a
stochastic equation of X = (X1, Xo,..., X ). If the equilibrium is reached, the probability
distribution of X will be concentrated on the most probable configuration that satisfies
the laws of thermodynamics (e.g. the maximum entropy principle) and the macroscopic
constraints (e.g. total volume, energy). Such distribution in general takes the form of a
Gibbs measure, which is the central object of equilibrium statistical mechanics.

As what follows, one can either have an equilibrium description by Gibbs measures or
a non-equilibrium description by stochastic dynamics, it is therefore interesting to develop
frameworks that can link both of them. In a finite-dimensional system, we see such a
link by constructing a Markov diffusion process for which the Gibbs measure is reversible.

In case some coercive inequalities are satisfied (e.g. spectral gap or logarithmic Sobolev



inequalities), one can obtain ergodicity or contractivity of the Markov semigroup. However,
delicate issues may arise at the thermodynamic limit since a Markov semigroup or Gibbs
measure is not necessarily well-defined at the limit and it is difficult to extend coercive
inequalities to infinite dimensions when there exist unbounded multi-particle interactions.

These problems have been tackled in infinite-dimensional analysis since the last century,
while many important results were obtained for systems with compact state space and
bounded interactions [2, 3], which were generalised to unbounded spaces with perturbed
quadratic interactions [1]. This PhD project serves as an exploration along this path, with
the aim to investigate coercive inequalities and nonlinear PDEs defined on infinite spin
systems, in which the interactions are of higher order growth and arbitrary range. In this
thesis, we present the results of the study on these topics and the structure is as follows.

In Chapter 2, we set up the preliminaries and review the literature surrounding the
subject. Namely, we will define the configuration space as 2 = MZ” for some single-spin
space M, covered by some finite-range interactions such that the potential energy on any
compact A C ZP is given by Up. In each finite-volume A, we consider the Langevin
dynamics

AXA(t) = —=VAUS (X2 )dt + V2dBy (1),

which is a stochastic gradient flow with the standard Brownian motion By on M. Let
PtA be the semigroup of the above dynamics in A, our aim is to investigate for which
potential energy Uy the infinite-volume semigroup P; = limy4z0 P{\ exists and is ergodic
or contractive. To this end, we will construct the reversible measure for P, that is, the
(infinite-volume) Gibbs measure p on €2 associated to the potential Up. In case p satisfies
a spectral gap (or log-Sobolev) inequality, one immediately obtains the ergodicity (or hy-
percontractivity) of the semigroup P;. Therefore, the key is to find sufficient conditions on

Up such that p satisfies the spectral gap or log-Sobolev inequality.



This topic has been investigated in many works, while various results have been es-
tablished firstly for compact space M, and then for unbounded M (e.g. R™). The main
strategy is the use of the Bakry-Emery condition. In case M is given by a nilpotent Lie
group G, the Bakry-Emery condition fails and one needs an alternative approach to obtain
the coercive inequalities. This line of work was firstly developed in [5] and then generalised
to various situations in [0, 7, 8]. In these results, the potential energy are all defined by a
homogeneous norm whose sub-gradient are bounded above and below almost everywhere
by some positive constant, in which case one obtains the log-Sobolev inequality. However,
when the potential is given by a homogeneous norm with vanishing sub-gradient, the log-
Sobolev inequality can no longer hold and one has to consider the spectral gap inequality.
This topic is not yet well studied in infinite dimensions due to the dedicate properties of
vanishing sub-gradient. In our project, we specifically deal with this problem and provide
a detailed classification of potentials, defined by norms with vanishing sub-gradient, for
which the spectral gap inequality is satisfied. The results are presented in Chapter 3. In-
stead of the vanishing sub-gradient, we also propose a systematic approach to construct
homogeneous norms with unbounded sub-gradient, and establish log-Sobolev inequalities
for examples of such norms. The corresponding results will be shown in Chapter 4.

In Chapter 5, we shall explore the quantum counterpart of the Langevin dynamics and
study the Schrodinger equation in infinite dimensions with logarithmic nonlinearity. We
shall construct an infinite-volume Gibbs measure through ground state representations and
show that it satisfies the log-Sobolev inequality. We then establish several properties of the
solution that hold in arbitrary dimensions, including the mass and energy conservation, the
gradient and entropy bound, and the finite-speed propagation of information. Using these
properties and the log-Sobolev inequality, we can establish the existence of weak solutions

in infinite dimensions for potentials with bounded multi-spin interactions.



Chapter 2

Theoretical Background

In this chapter, we set up the theoretical framework for the infinite-dimensional spin system.
We start by defining the configuration space with finite-range potentials, by which we
construct the finite and infinite-volume Gibbs measures. We then introduce Langevin
dynamics on the system with the associated Markov semigroup, and show that the Gibbs
measures are reversible with respect to the semigroup. We also consider extending the
dynamics to the quantum setting, introducing the logarithmic Schrédinger equation derived
from the Langevin dynamics.

To study the Markov semigroup, we introduce the coercive inequalities and explain
how they are related to the ergodicity and contractivity of the semigroup. In particular,
we are interested in developing the inequalities when the underlying space is given by a
homogeneous Carnot group G and the potential is defined by homogeneous norms on G. To
this end, we will properly set up the Carnot group with the non-commutative setting. In
addition, we introduce a systematic strategy, called U-bound, to obtain coercive inequalities
on the Carnot groups. We then close this chapter by discussing how the results of this

thesis enters in the context of the literature.



2.1 Configuration space

We consider the physical space modelled by a D-dimensional integer lattice Z” endowed
with a norm || - ||!. A single vertex j € Z” is called a site and we assign each site a state
(usually called spin) with values in some Polish space’? M. Denote by x; € M the spin
at site j, the resulting configuration space is therefore ) = MZ", Intuitively, one may
regard Q as a particle system where each particle is located at a site j € ZP, with spin
xj € M. The entire configuration x € €2 can thus be treated as an infinite-dimensional
vector r = (xj)jezD with index set Z” and underlying space M. Similarly for any sub-
lattice A C ZP, denote by Qx := M the sub-system and z; = (x)jen the spins inside A.

We now define the notion of measurability on (2.

2.1.1 Measurable properties.

The o-algebra F on the space () is the smallest o-algebra generated by cylinder sets

Cyl(wp) = {x € Q: x5 = wp} for all wp € Qy and all compact A C ZP, i.e.
F=0o ({Cyl(w/\) ‘ wr €, A€ ZD}> : (2.1.1)

where A € ZP means A is a compact subset of Z”. For any function f : (Q, F) — (€, F/),
we say f is F-measurable if f~1(A) € F for any A € F'. Similarly for any K C Z”, the o-
algebra Fx on Qg is given by (2.1.1) with Z” replaced by K. Thus, if f is Fx-measurable

it is also F-measurable and only depends on the spins in 2x. We shall say f is localised

'Unless stated otherwise, || - || will denote the norm on Z” throughout this thesis. In chapter 3 we
consider || - || = || - |l;1(zpy and in Chapter 5 we consider || - || = || - [[;c0 (zD)-

2A Polish space is a separable completely metrizable topological space, in this thesis we mainly consider
the case where M is R™ or a homogeneous Carnot group G.



in K C ZP if f is Fx-measurable, and we call f a local function if f is localised in some
compact K € ZP with A ¢ denoting the smallest such K. With local functions we can now

define the potential energy as follows.

2.1.2 Finite-range potential.

The potential on 2 is given by a family of functions J = {Jk }gezp such that for each
K & ZP the potential Jg : © — R is Fx-measurable. For any finite volume A € ZP, the

potential energy inside A is given by

Ur(z)= Y Jk(x). (2.1.2)

ANK#@

We shall call J a potential of finite range R if Jx = 0 for all K such that diam(K) > R,
where diam(K) := max; ek ||j — k| is the set diameter of K. In the following we give a

few examples of such finite-range potentials.

Example 2.1.1. Below we present some well-known lattice models in statistical mechanics.

One can find rich literature on this topic, for example, see [9] and the references therein.

(1) The Ising model ([10]). Consider the system 2 = {—1, I}ZD with the potential

;T if K ={j}
Jr = Bpwjry  if K ={j,k}
0 otherwise

where o, ;i are real constants such that 3, = 0if j # k (i.e. j, k are not neighbours

in ZP). By (2.1.2), the potential energy in finite volume A € ZP” is given by

UA(.CC) = - Z a5 — Z Bjkxja:k.

jen (i kINA£S



This model was initially introduced to describe magnets, assuming the particles are
arranged on a lattice structure Z” with magnetic moments pointing either north
(+1) or south (—1). «; is the strength of an external magnetic field and (3, is the
interaction strength between neighbours, such that the magnet is ferromagnetic if
Bjr > 0 and antiferromagnetic if 5;; < 0. The Ising model is widely adapted in both
natural and social sciences (e.g. a voting system), while many results concerning

thermodynamic limits and phase transitions were obtained (see [9, Chapter 3]).

The classical Heisenberg model ([11]). Let S? be the unit sphere in R3. Consider

Q= (SQ)ZD and the potential

(v, ) if K ={j}
Ik = Bik(wj, xk) if K={j,k}
0 otherwise

where (-, -) is the Euclidean inner product, «; € R3 is an external field and Bir € R

again satisfies 5, = 0 if j o4 k. The potential energy in any A € ZP is given by

Un() == (a2 — > Biwlas, i),
JEA {j.k}NA#£D
This is a generalisation of the Ising model to continuous state spaces, where the
magnetic spins can take arbitrary directions on the unit sphere. In general, one
can consider any smooth compact finite dimensional Riemannian manifold as the

single-site state space.
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(a) Ising model on Z? (b) Heisenberg model on Z?2 (c) Gaussian model on Z?

Figure 2.1: Lattice models in Example 2.1.1

(3) The Gaussian model ([12]). Consider the space Q = RZ” and the potential

ajm? if K ={j}
Jrk =9 Bik(zj — zp)? if K ={j,k}
0 otherwise

for some a;, B;; > 0 and B, = 0 if j # k. The potential energy in A € ZP reads

Us(x) = awi+ Y Bin(rj — )’
JEA {4,k}NA#£D
ok

This is an adaptation of the Ising model to non-compact spaces and it lies in the
study of Gaussian random fields. The thermodynamic limit for the massive case

(aj > 0) and massless case (a; = 0) are discussed in [9, Chapter 8].

Inspired by the above examples, we shall hereafter only consider potential energy in

the following form

Un(z) = ajdla;)+ Y. BinV(wj, ) (2.1.3)

jEA {j,k}NA#£D

for some external field ¢ € C%(M,R) and pairwise interaction V € C?(M x M,R), with



interaction strength 3;; € R such that 3;; = 0 if ||j — k|| > R for some finite range R > 0.
This is loosely justified since many interacting systems only involve pairwise interactions
of the same type. Moreover, it is a much cleaner setup as we only need to deal with two
functions instead of the whole family 7 appeared in definition (2.1.2).

For a potential energy given by (2.1.3), we notice that Uy may have dependence out-
side A due to the interaction V. It will turn out to be useful to interpret such external

dependence as boundary conditions fixed by some constant w € {2, in the sense that
Uy (x) == Up(xp ® wpc) (2.1.4)

where A€ := ZP \ A is the complement of A, and

xj, for j €A
wj, for j € A°.

(zr @ wae)j 1= {

With this notation, we are treating the spins inside A as variables x, while the spins
outside A are fixed by boundary conditions zxc = wac. In the next subsection, we will use
this boundary condition setup to define a family of local (or finite-volume) Gibbs measures

and the associated global (or infinite-volume) Gibbs measure.

2.1.3 Local and global Gibbs measures

Suppose the macroscopic system {2 is at equilibrium with a constant temperature, we con-
sider local Gibbs measure as the probability distribution of the spins in finite volumes, and
global Gibbs measure as the associated infinite-volume distribution. We shall hereinafter
restrict to the continuous unbounded case 2 = (Rm)ZD to take advantage of the simplicity
of Lebesgue measure, but the setup can be easily generalised to discrete spaces or other

smooth Riemannian manifolds.



Local Gibbs measures.

For finite volume A € ZP, the local Gibbs measure in A is given by the following definition.

Definition 2.1.2 (Local Gibbs Measure). Let 24 = (R™)" be the subsystem in any finite
volume A € ZP, with boundary conditions w € €, and the potential energy Uy defined in
(2.1.4). Let E{ be a probability measure on 25 with the density

1 e
dE(X == 5wAc ® Zijb(e UA d.I'A,

where 4, denotes the point measure (Direc measure) on Qxc concentrated at wpe, and

Zy ::/ e UR@A) gy
Qp

is the normalisation constant with Lebesgue measure dry on (R™)*. The measure E¥
restricted to the sigma algebra of Lebesgue measurable subsets of 2 is called a local Gibbs

measure’ (in the finite volume A, with external boundary conditions w € ().

To see why the above definition provides an interesting and reasonable probability
measure in finite volumes, one may refer to the arguments in [9, Section 1.2.2]. We also
note that in case Uy is given by (2.1.3), one needs to choose ¢ and V such that Z§ < oo
for all w € €, since otherwise E{ may not be well-defined.

With the probability measure EY, we can now define the conditional expectation of

random variables on 2. That is, for any function f : 2 — R or C, the expectation of f in

3Also called finite-volume or finite-dimensional Gibbs measure in this thesis.

10



finite volume A (with boundary conditions w € ) is given by

EX(f) = JdER = % f(zp o wAc)e_UX(xA)dacA. (2.1.5)
Qp ZA Qp

With this notation E{ can be regarded as a linear operator acting on measurable functions,
in the sense that Ep f(w) = E{(f). This way we can drop w in the notation when its role is
insignificant and only focus on the properties of Ex. The family of operators € = {Ep }pezp
shall be called a local specification, since it specifies the distribution in all local system 4.

It is easy to verify the following result for E,.

Proposition 2.1.3. The local Gibbs measure Ey defined in (2.1.5) satisfies the following

properties:
(S1) Locality: E{(f) = f(w) for allw € Q, A € ZP and f that is Fac-measurable.

(S2) Compatibility: EY (Ey,(f)) = E, (Ey, (f)) =EX,(f) for allw € Q, Ay C Ay € zP

and measurable f.
Here we present a simple example of the local Gibbs measures.

Example 2.1.4. Let Q = R%. For any A € Z and boundary conditions w € R%, consider

the Gaussian model in R* (see Example 2.1.1.(3)) with the following potential energy

UX(ZL‘) == Z C’ijx,-:cj + Z Cijxiwj, (2.1.6)
i,JEA 1€EN,JEA

where Cj; € R are such that C;; > 0 and C;; = 0 if ||i — j|| > 1. The corresponding local

Gibbs measure is therefore a Gaussian measure

EX(f) = Zw/fe_(ziﬂ“C’JWJ+3‘€Au'eA Cisir) . (2.1.7)
A

11



Note that for the integral to converge, we may need some conditions on f and Cj; (e.g. f

is continuous and bounded while Cj; is symmetric and positive definite).

Infinite-volume Gibbs measure.

We now find the probability distribution v of spins on the entire €2, which should obey
the microscopic behaviours described by the local specification £. The main question is
in what sense should v be consistent with £7 The answer was provided by Dobrushin,

Lanford and Ruelle [13, 141] who introduced the following DLR consistency.

Definition 2.1.5 (Global Gibbs measure and DLR equation). Let & = {Ep}pczp be
a local specification on (€, F). A probability measure v on ) is called a global Gibbs
measure” for £ if v satisfies

VEA=v VAeZP, (2.1.8)

where VE, is the probability measure given by vEA(f) = V(E'A( I )) for all measurable f.
Condition (2.1.8) is called the DLR equation and a global Gibbs measure v is also called

a DLR measure.

Remark 2.1.6. To avoid confusion, we shall hereafter use v to denote the global Gibbs

measure, while using p for the measure in a general probability space.

To see why the DLR equation defines a reasonable consistency, let A, A = {z € Q |

Tpc = wpc} be a cylinder set for any A € ZP, then (2.1.8) is equivalent to

A
V(f | Apn) = VV((IAAMJ;) = Ex(f,w)

4Also called infinite-volume or infinite-dimensional Gibbs measure in this thesis.

12



where Z4(a) = 1if a € A and 0 otherwise. This shows that the macroscopic expectation v
coincides with the microscopic expectation Ej once the boundary condition e = wpe is
fixed. Note that this property holds true for all finite system 25 and therefore a macro-
microscopic consistency is achieved.

Let G(€) be the set of global Gibbs measures for £ = {Ep } yczp. For any pi, po € G(E),
it follows from (2.1.8) that tu; + (1 —t)ue € G(€) for any t € [0,1], i.e. G(£) is convex. We
therefore have |G(£)| = 0,1 or oo, where |G(€)| is number of elements in G(£). The case
|G(E)| = oo corresponds to phase transitions and one may refer to [15, 16, 17] for more
details. Our focus is on the case |G(€)| = 1 and in Chapter 3 we will formulate sufficient

conditions for this to hold.

Remark 2.1.7. Compared to the DLR consistency one may be more familiar with Kol-
mogorov’s consistency [18, Section 15.6], which is the standard approach to construct
probability measures on infinite product spaces. The issue of Kolmogorov’s consistency in
our setup is that it always produces a unique global measure, making it impossible to model

phase transitions. A detailed explanation on this matter can be found in [9, page 251].

So far we have seen how the system at equilibrium is described by Gibbs measures, in
the next section we will introduce Langevin dynamics on the lattice and study how the

system evolves when out of equilibrium.

2.2 Langevin dynamics

In this section, we assume the time evolution during non-equilibrium can be modelled as a
Markov process with Langevin dynamics. We will first restrict the dynamics inside a finite
volume A € ZP and fix the external spins by some boundary conditions w € . Later we

send A — ZP and investigate the infinite-volume dynamics.

13



We shall again focus on the space 2 = (Rm)ZD and clarify the following notations. For
any j € ZP and A C ZP, denote by V; =V, the R"-gradient at site j and Va := (V) ea

the vector composed by single-site gradients in A. A dot product is given by

VAl Vagi=> (V;f,V;grm

JEA

with (-, -)gm denoting the Euclidean inner product, and therefore the length of gradient is

Vadl=QIViflR)2.
JEA
Similarly define the Laplacian Aj == A, and Ay =) JeA Aj.
Denote by X;(t) the random variable representing the spin at site j and time ¢. Fix
any finite volume A € ZP and boundary conditions w € €, denote by X, (t) = (X;(t))jea
the vector of spins in A and let Uy be the potential defined in (2.1.3) and (2.1.4). We

consider the following stochastic Langevin dynamics
dX A (t) = —=VAUS (X2 )dt + V2dBy (1), (2.2.1)

where By (t) = (Bj(t))jen with Bj(t) being the R™-standard Brownian motion at site j.
Intuitively, the equation describes a system in which the spins are subject to a drag force
—VaUj and a Gaussian noise By. In the following, we will list some basic properties of this

dynamics and discuss its connections with Schréodinger equation in the quantum setting.

Example 2.2.1. Consider the Gaussian model defined in Example 2.1.4. The Langevin

dynamics for this model is simply

dXA(t) = — (Cn-XZ-(t) + e jlzlcijwj) Lt +V2dBA(1) (2.2.2)

i€
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where w = (wj)jeq are the fixed boundary conditions.

2.2.1 Markov semigroups and generators.

Let f : Q5 — R be an observable of the system described by (2.2.1). To study the stochastic
evolution of f(X(t)) it is sometimes easier to focus on the expectation E(f(Xx(¢))), which
is deterministic as long as an initial condition X, (0) = x, is fixed. More formally, we need
to deduce the evolution of the quantity up(za,t) = E(f(Xa(t)) | Xa(0) = xa). Using
Itd’s lemma, it can be shown that if X solves (2.2.1) then wuy is a solution of the following

Cauchy problem

{ Orupn = LFup (2.2.3)

up(@a,t =0) = f(za o wpe)
with the diffusion operator £{ := Ay — VAUR - Va.
If there exists a unique solution to (2.2.3) we can write it informally as uy = e f,

t

where the linear operator PtA “ = et£X satisfies a semigroup property Pirs = Py o Ps.

Motivated by this property, we can define the notion of Markov semigroups in the following

sense [19].

Definition 2.2.2 (Markov semigroup and generator). For any Banach space (B, || - [|s) of
real-valued functions, let L(8) be the space of linear operators on 8. A Markov semigroup

on B is a mapping P; : [0,00) — L(*B) such that
(i) Po = I, the identity operator on B;
(ii) Piys = ProPs for all s,t > 0;
(iii) |[|Pef — flls = 0 as ¢ ] O for all f € B;

(iv) If 1 € B then P;1 =1 for all ¢ > 0, where 1 is the function constantly equal to 1;

15



(v) Pif >0 for all t > 0 and non-negative f € B.

The infinitesimal generator £ of a Markov semigroup P is defined by the limit
Lf=1 ! (Pe—1)f
=lim —(P; —
tl0 t ¢

and it shall be called a Markov generator. The domain Dom(L) of £ contains all f € B

such that the above limit is well-defined.

Remark 2.2.3. Property (iv) and (v) in Definition 2.2.2 imply that a Markov semigroup

is contractive, i.e. ||Puf|ls < ||flls for all ¢ > 0 and f € B, which then implies, with

property (ii) and (iii), that P; is continuous at all time ¢.

Example 2.2.4. For the same model as in Example 2.1.4, the infinitesimal generator in
the finite volume A is given by LY = Ay — VAUY - V. The Markov semigroup in A is

therefore P = et£X.

In the following we introduce a necessary and sufficient set of conditions for a linear

operator L to be a valid Markov generator.

Theorem 2.2.5 (Hille-Yoshida theorem [20]). A linear operator L is the generator of a

Markov semigroup Py on B if and only if the following hold:
(1) Dom(L) is dense in B.
(2) 1 € Dom(L) and L1 = 0.
(3) L is closed in the sense that limy, oo Lfn = Lf for any fr, — f in (|| - ||, Dom(L)).

(4) For all X > 0, X belongs to the resolvent set of L and (A — L)1 is bounded, positivity

preserving, and satisfies

sup (A — £) 7 flls <
IFI<1

> =
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2.2.2 Semigroup in infinite dimensions.

Now that we have introduced Markov semigroups PtA in finite volume A, the next step is
to send A — ZP to obtain the infinite-volume semigroup. However, as pointed out in the
introduction, the limit lim,_,;» P{* may not be well-defined for an arbitrary potential U
and configuration space €2, it is essential to find sufficient conditions for the limit to exist.
In Guionnet and Zegarlinski’s work [19, Theorem 8.2], the following result was developed

in response to this problem.

Theorem 2.2.6. Let M be a smooth compact connected Riemannian manifold, () = MZ” be
the configuration space, and €(2) be the space of real-valued bounded continuous functions
on Q. Let Uy be a finite-range potential as defined in (2.1.2) and PtA’w = H(BA—VAURVa)
be the corresponding semigroup. Then for any local functions f € €(2) and boundary

conditions w € ), the following limit
. Aw
Pif = lim P, ™f
A—7D

exists in the uniform norm || - || = || - | (@) and defines a Markov semigroup on €(£2).
Furthermore, for any € > 0 there exists § > 1 such that for any finite volume A and time

t satisfying dist(A s, A®) > 0t the following error bound holds
1Pef =Pl < e D7 IViflloo-
iezP

To prove the theorem, the strategy is to consider two volumes A; C As and deduce

the interpolation bound [|[PA2f — PM f|lo < Cfg ds D ieana, VP22 f|lo as well as the

gradient bound ||V; P22 f||o < cf(f > CijI VP22 flloo for some ¢ > 0 independent of f,

where Cj; = 0 if ||i — j|| exceeds the finite range of potential. Then we use the gradient
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bound inductively to get || V; P22 f|l < €73, ||Vif|loo where § increases linearly with

the gap between A; and As. Plugging this d-bound into the first interpolation bound, we

can show that the sequence {P{ f} ezp is Cauchy in L°(2) and therefore convergent.

Remark 2.2.7. The above theorem was shown in [19] for compact state spaces, while in our
setup the space is unbounded (e.g. 2 = (Rm)ZD or GZ” for a homogeneous Carnot group
G). With the same interpolating strategy, similar results can be obtained for unbounded

spaces. The reader may refer to [19] for more discussions on this matter.

2.2.3 Invariant and reversible measure.

Given a semigroup P4, it is interesting to investigate which distribution is preserved or

reversible under the evolution of P; in the sense of the following definition.

Definition 2.2.8. Let €2 be a Polish space and 28 be a Banach space of real-valued measur-
able functions on . Let P, be a Markov semigroup on B with generator £. A probability

measure v on €2 is invariant with respect to P; (or L) if
v(Puf) =v(f) for f€B,t>0 orequivalently v(Lf) =0 for f € Dom(L)

for all t > 0, and v is reversible with respect to P; (or L) if

v(fPig) =v(gPf) for f,g e B, t>0
or equivalently v(fLg) = v(gLf) for f,g € Dom(L).
Note that reversibility implies invariance by letting g = 1.

For the case Q) = (Rm)ZD, it turns out that, under mild conditions, the local Gibbs

measure EY and the global Gibbs measure v are invariant and reversible with respect to
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the semigroup PtA *“ generated by £ = Ay — VAUY - V. A formal statement is provided

in the following lemma.

Lemma 2.2.9. For any A € Z” and boundary conditions w € Q, denote by H*(EX,Qy)
the (Sobolev) space of functions f : Qx — C such that the weak derivatives of f up to
order k are Lo(EY)-integrable. Then for any Uy € HY(EZ,Qy), the Gibbs measures EY
defined in (2.1.5) and v given in (2.1.8) are invariant and reversible with respect to LY on
H2(E%,Qy), ic.

v(LRf) = EX(LRS) =0

and

v(fLRg) = v(9LRSf), ER(fLRg) =ER(9LRS)
for all f,g € H?(EX, Q).

Proof. Let j € A and for invariance we have
1 w 1 _uw w w
EX(A;f) = ZUJ/(Ajf)e_UAdSUA = Z“J/ij -V (e7Y8)day = EX(V;UR - V;f)
A A

due to integration by parts. Since Uy € H' and f € H?, all integrals are finite and thus

ES (L% f) = 0. Similarly for reversibility, we have

/(fAjg —gAjf)e Vrdzy = /Vj(fng —gV;f)e Yrday

= - /(ijg — gV f)V;(e”")dxy

which gives ES(f£%9) = E{ (gL f). The DLR equation leads to the same invariance and

reversibility of v. O
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2.2.4 Connection with the Schrodinger equation.

In this section we also consider dynamics in the quantum setting, making it necessary
to establish connections between the Langevin dynamics and the Schrodinger equation
104 = —Ay + V). The starting point is to rewrite the wave function into polar form
¢ = \/pe® with the probability density p = |)|* and the phase £. Substituting this into

the Schrodinger equation and splitting the imaginary and real part, it yields

Imaginary: Oip = —V - (2pV¢) (2.2.4)
Real: 9,6 = —(|VE* +V + Vg) (2.2.5)
where Vg := —(A,/p)//p is the Bohm quantum potential. This system is known as the
Madelung equations [21], an equivalent formulation of the Schréodinger equation, consisting

of a continuity equation (2.2.4) and a modified Hamilton-Jacobi equation (2.2.5).
To link with the Langevin dynamics in our setup, we shall use the Fokker-Planck

equation. That is, let X (¢) be a stochastic process on R that satisfies the equation
dX(t) = a(X(t),t)dt + b(X(t),t)dB(t)

with a drift vector @ in R™, a diffusion matrix b in R™*™ and a standard Brownian
motion B(t) on R™. Let p(x,t) be the probability density of X (¢), then p(x,t) satisfies the

differential equation

Op(z,t) = iaxj (x,t)aj(z,t)) —f—zm:i@ Oy ,t)Bj(z,t))
7=1

Jj=1k=1

where B = bb'. This is known as the Fokker-Plank equation, introduced in [22, 23].
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Applying this equation for the Langevin dynamics (2.2.1), we have

dpa = Va(pA(VAUN)) + Anpa (2.2.6)

where pj(x,t) is the probability density of the process X (t) that satisfies (2.2.1). Taking
p =pa and & = (Up + logpp)/2, we immediately establish the equivalence between (2.2.4)
and (2.2.6). Namely, the Langevin dynamics can be adapted into the quantum setting
with probability density pp and phase (Up + logpa)/2. To utilise the second Madelung

equation, take the same substitution into (2.2.5) and we find
1 1 9
V = §AAUA— Z‘VAUM — Vg, (2.2.7)

which connects the lattice potential Uj and the quantum potential V. With this relation,

we find, after a transformation 1) = e~Us/2¢, that the Schrodinger equation takes the form

i0ip = —(LA + VB)o

where £y = Ay — VAU, - Vj is the diffusion operator defined in (2.2.3).
If we discard the Bohm potential Vp (which is the case in classical mechanics), then
one has the linear equation i0;¢ = —Lx ¢ that enjoys several nice properties in the L2(v)

function space, where v is the global Gibbs measure. In Chapter 5, we will study this

|¢[?
v|g[?

A € R. We shall find various estimates that are uniform in the size |A|, and establish the

equation with a logarithmic nonlinearity, that is, i0;¢ = —Lp¢ + A¢log for some

existence of weak solutions to the equation when A 1 ZP.
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2.3 Coercive inequalities and semigroup

After setting up a Markov semigroup P; in the previous section, we now study its behavior
over time. In particular, we are interested in finding out when P; is ergodic or contractive.
For this purpose, a well-established strategy is to use coercive inequalities, as once they are
satisfied for a semigroup we immediately get the desired ergodicity or contractivity. Below

we present three well-known coercive inequalities.

Definition 2.3.1. Let P; be a Markov semigroup with generator £, and we denote by
Eu(f,9) = u(f(—L)g) the Dirichlet form. For any probability measure p that is reversible

with respect to Py, we say

(1) p satisfies a spectral gap inequality (SGI) if for some Csg > 0
ulf = nf)? < Cscéulf, f), (2:3.1)
(2) p satisfies a classical Sobolev inequality (CSI) if for some Ccg, Dog > 0 and p > 2

(Ul 1727 < Cos€ulf, f) + Dospt?, (2.3.2)

(3) w satisfies a logarithmic Sobolev inequality (LSI) if for some Crs, Drs > 0

2
" <f2 log fﬁ) < CLs€ulf, 1) + Drspf?. (2:3.3)

where f € L?(u) N Dom(&,) and all constants are independent of f.

Before discussing how these inequalities are related to semigroups, we first explain

why they are regarded as ‘coercive’. One reason lies in the definition of coercive bilinear
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forms: a real-valued bilinear form A on a normed space B with norm || - || is coercive
if ||z||3 < cA(z,z) for some ¢ > 0, i.e. the norm || - ||g is coerced by A. In the above
inequalities, the left-hand sides are all (semi-)norms, coerced by the right-hand sides which

are all bilinear forms, it is therefore natural to regard the inequalities as being coercive.

Remark 2.3.2. While Definition 2.3.1 provides an abstract formulation for the coercive
inequalities by using generators and reversible measures, we remark that for the setup of
this thesis the Dirichlet form &, (f, f) can be re-written into a more explicit form. Namely,
substituting the space Q = (Rm)ZD, the generator £L = Lp = Apr — VAUp - Vi, and its
reversible measure u = K, in Definition 2.3.1, one can use integration by parts to show

that the Dirichlet form follows &g, (f, f) = Ea|Vaf|?.

Now we illustrate how the coercive inequalities are applied in the theory of Markov

semigroups. For any semigroup P; and p, g > 0 define the operator norm

1Ptllp.g = sup {1 PefllLay : 1 lLeqey = 1}-

In the following theorem (a collection of results in [19], [24], [25]), we establish the equiv-

alence between the above inequalities and the ergodicity/contractivity of a semigroup.
Theorem 2.3.3. For the same setup in Definition 2.5.1, the following statements hold:

(1) if v satisfies SGI with coefficient Csg > 0, then Py is exponentially ergodic in the

following sense:

WP — pf)* < e /Osepu(f —puf)*>  Vi>0, (2.3.4)
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(2) if v satisfies CSIT with coefficient Cog, Dog > 0, then Py is ultra-contractive:

|Pill2,00 <00 Vit >0 sufficiently large, (2.3.5)

(3) if v satisfies LSI with coefficient Crs > 0, Dpg = 0, then P is hyper-contractive:

Pellop <1  Vp>2and Vit >0 sufficiently large. (2.3.6)

As shown in the theorem, one can develop the above inequalities to obtain the corre-
sponding properties of the Markov semigroup, this makes coercive inequalities an important

candidate in the study of Markov process and stochastic differential equations.

Remark 2.3.4. We notice that the hypercontractivity in (2.3.6) requires Drg = 0 in the
LSI, otherwise the right hand side will grow with time (see [19] for more details). We shall
call the LSI non-defective if Dyg = 0 (defective if Dyg > 0). According to the convention,
we shall hereafter refer to a non-defective LSI simply as LSI since many interesting results

only hold for non-defective LSIs.

2.3.1 Properties of SGI and LSI.

In this thesis we are interested in developing inequalities on infinite-dimensional space, and
for this purpose we shall hereafter only focus on SGI and LSI, as CSI cannot be tensorised to
infinite dimensions and thus loses its usefulness (see Remark 2.3.6 below for more details).
In the following, we list a set of important properties of SGI and LSI, starting with the

tensorisation properties adapted from [19, Theorem 2.5, Theorem 4.4].

Theorem 2.3.5. Fori=1,2 let u; be a reversible probability measure for generator L; on

(Q, %), assume that u; satisfies an SGI with coefficient C;. Let Q@ = Qq x Qg be the product
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space with the product o-algebra. For any function f on Q, denote by fy(-) = f(-,w) and

15(¢) = f(w,), we extend the generator L; to § in the sense that

Lif(z1,m2) = L1f72(x1),  Laf(x1,m2) = Lofy* (x2).

Then L = £~1 + ;CNQ is a well-defined generator on §2 such that the product measure p1 ® po
is reversible for L and satisfies an SGI with coefficient C' = max{C4,Ca}. The same result

holds for LSI (but not CSI).

The above property can be shown with a telescoping technique. For example, in the

case of SGI, let u1, s be two measures as in Theorem 2.3.5, with uipus = 1 ® ps we have

papia(f — papa(f))® = ppe(f?) — (mp2(f))?
= (mapas?) = m ((02)?)) + (i ((02)?) = (aa2(£))?)

= papa(f — p2f)? + pa(paf — prpaf)?.

Applying SGI for ps in the first term and SGI for p; in the second term, we obtain the
SGI for the product measure pqpe. It is not hard to adapt the same strategy for LSI. In
fact, if an inequality takes the form p®(f) — ®(u(f)) < CEL(f, f) for some & : R — R,
then it satisfies the tensorisation property due to the same telescoping technique (note that
®(r) = 2? gives SGI and ®(x) = zlogz gives LSI).

By this theorem, one can extend the SGI and LSI to infinite-dimensional product spaces,
ie. Q=[[>2; Q, with measure y = ®5° 1, However, we note that due to the multi-spin
interactions in our setup, the measure on the infinite-dimensional product space is not the
product of the measure on each individual space. Therefore, one cannot directly use the
tensorisation property to extend SGI/LSI to infinite dimensions. This is one of the main

challenges that we shall overcome in this thesis.
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Remark 2.3.6. The CSI does not satisfy the tensorisation property. To see this, let y be
a probability measure on R that satisfies the CSI (u]f]p)% < apf? + bu|Vrf|? for some
p>2,a>0,b>0. Note that a < 1 is impossible since f = 1 would be a counterexample;
moreover, (a,b) = (1,0) is impossible since pf? = u(|f|p%) < (u|f|p)% for non-constant
f by Jensen’s inequality. This implies that (a,b) € [1,00) x [0,00) \ {(1,0)}, hence there

exist f : R — R and constants a, b such that

(WIFP)7 > apf? + bpVef2 where { (2.3.7)

Now define g : R — R by g(x) = f(x1)f(x2) - f(xy), and let u™ be the product measure

on R™. It then follows

2n
P

> (anf? + bl VafP?)"

> " (uf?)" + na ol Ve f) (uf?)"

(1"gl?) 7 = (ul £IP)

@ " (g%) + na" o | Ven gl

Sending n — oo, either @ or na” 'b blows up due to the conditions on (a@,b) in (2.3.7).
2

Thus, if ™ satisfies the CSI (u"|g[P)? < c1u™(g?) + cou™|Vrng|?, at least one of ¢; and cp

blows up on infinite-dimensional product spaces. This shows that CSI cannot be tensorised

to infinite dimensions as SGI or LSI.

On top of the tensorisation property, we also have the following relation between the

coefficients of the SGI and LSI.
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Theorem 2.3.7. If a probability measure p satisfies the LSI with coefficient Crg, then

satisfies the SGI with coefficient C'sq such that
1
Csa < §CLS~

The above property and proof is due to Rothaus [26]. Another idea (due to S. G. Bokov
and F. Gotze [27]) is to use the fact that the right-hand side of LSI is invariant under a

shift by a constant and so that one has

L= P <supp (1£P10g V).
2 T acR Ak

For an interesting discussion when Cgg = %CLS is or is not true, one may see [28].
Later we will explore the same setup in the quantum setting where the variables and
functions are in the complex domain. To this end, we shall extend the inequalities to

complex functions, which is discussed in the following remark.

Remark 2.3.8. Note that LSI for real functions implies similar inequality for complex
functions. To see that, let fr := Re(f), fr = Im(f) and assume that u|f|?> = p|fr|> +
©lf1)?> = 1 by the homogeneity of the LSI. Then by the convexity of the entropy function

Ent(z) := zlogx we have

©lfrl? plfrl?
2 2
SuEnt< I )u,fR‘QWEm( 1] )H,ff,z_

HERt(|f[?) = pEnt (u!fRP rl e VP )

wl fr|? wlfrl?

Hence applying LSI with the real functions fr and fr, we get desired LSI for complex

functions f with the same coefficient Cpg.
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2.3.2 Bakry-Emery condition and extension to infinite dimensions

To obtain the SGI or LSI, many useful tools have ever since been developed. One of them
includes the famous Bakry and Emery condition [29], for which we first need to define the

so-called carré du champ operator

T(f.9) = 5(£(f9) ~ FLg ~ 9L]) (238)

and the I'y operator

Da(f.9) = 5(LT1(f,9) ~ T1(f. Lg) ~ T1(Lf.9)) (239)

for a diffusion operator’ £ with a reversible probability measure p. The condition states

that if the following inequality holds

Lao(f, f) = pTu(f, f) (2.3.10)

for some p > 0, then p satisfies the LSI with coefficient 2/p and thus the SGI with coefficient
1/p by Theorem 2.3.7.

In this thesis, we shall only consider the situation of a smooth Riemannian manifold
M and the generator £L = A — VU -V for a C? potential U : M — R, with the gradient
V and Laplace-Beltrami operator A. The reversible measure is given by dyu = e Ydx/Z

with the Riemannian volume element dxr and normalisation constant Z. In this setup, the

®An operator £ on a Banach space B is a diffusion if LF(f) = F'Lf + F"(f)T1(f, f) for all smooth
function f on B and F on R.
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T'y, s operators take the following form

Fl(f? f) = ‘vf’27
Ty(f, f) = Ric(Vf, V) + [Hess(f)|* + (Hess(U)V £,V f),

(2.3.11)

where Ric(-, -) is the Ricci curvature and Hess(U) is the Hessian matrix of U. One may see
[29] for a derivation of (2.3.11) by direct calculations with Bochner’s formula.

Although M can be kept as a general Riemannian manifold, we shall only focus on the
case M = R™ or a Carnot group G in this thesis, and for this purpose we will not provide
a detailed setup of the Riemannian manifold and its related topics but refer the reader to

[30] for more details on this matter.

Remark 2.3.9. In the special case where M = R™ | it is sufficient to have Hess(U) = p, i.e.
(Hess(U)x,xz) > p(z,x) for all z € R™ and some p > 0 independent of x, where Hess(U)
is the Hessian matrix with entries [Hess(U)|;x = 0z;0:,U. By the Bakry-Emery condition,

the probability measure e~Udx/Z satisfies an LSI with coefficient 2/p if Hess(U) = p.

In the study of LSIs for global Gibbs measures, the Bakry-Emery condition provides
the possibility for extending LSIs from finite to infinite dimensions. For the example of
Q= RZD, the idea is to construct a potential Uy such that Hessp(Uyp) = p for all A € 7D
and p > 0 independent of A, where Hessy(Uy) is the matrix A € RIAMNXIAl with entries
Aji. = 02,05, Up for j,k € A. Then by the above remark, the finite-dimensional Gibbs
measure dEy = e Urdzy /Z satisfies LSI with coefficient 2/p independent of A. Using
this dimension-uniform LSI, one can deduce several interpolation estimates which lead to
the LSI for the infinite-dimensional Gibbs measure v associated to Ej. For a rigorous proof
of LSI using this idea, see Chapter 5 and in particular Section 5.3. In the following we

provide a simple example of such potential.

Example 2.3.10. Consider the Gaussian model introduced in Example 2.1.4, with Q = R?
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and Un = 3~ icp kez Cjrjor. 1 Cj5 > 3, |Cyp| < 1for j # kand Cj = 0if [[j—k| > 1, then
it is easy to verify Hessp(Up) = 1 by using the AM-GM inequality =z > —(at? + 22)/2.
This implies the finite-dimensional Gaussian measure dEy, = e Yrdxy /Z satisfies LSI

with coeflicient 2 and SGI with coefficient 1 for all A € Z.

Now that we have discussed the case M = R"*, we shall focus on the other case M = G
for a homogeneous Carnot group G. Due to the geometry of G, the Ricci curvature is no
longer bounded from below and therefore the Bakry-Emery condition in general fails to
work [5, 30]. This requires new approaches to develop SGI or LSI in manifolds like G. In
the next section, we will set up the Carnot group with the non-commutative setting, and

discuss some of these new approaches.

2.4 Carnot groups and non-commutative setting

So far the configurations in our setup are mainly restricted in R™, which enjoys many nice
properties that fail to hold on a general metric space. One example is the space of Nilpotent
Lie groups G where we lose the commutativity and the simple Euclidean gradient structure.
Furthermore, since the Ricci curvature of G is unbounded from below, the Bakry-Emery
condition no longer holds and one needs an alternative strategy to establish an LSI [5, 30].
All these challenging yet interesting properties of G have been motivating researchers to
develop more tools for coercive inequalities in such abstract spaces. In this thesis, we shall

focus on one particular family of Lie groups, namely the homogeneous Carnot groups.

Definition 2.4.1 (Homogeneous Carnot group [31]). Let G = (R™,0) be a Lie group on

R™ consider the following properties:

(CG1) For some stratification R = R™! x - .. x R™" with positive integer r, the function

30



Dy : R™ — R™ defined by
D)\(x) = 'D)\(Z'l, ,xn) = ()\811‘1, )\82.7}2, ey )\Sml‘m) (2.4.1)

is an automorphism of G for all A > 0, where 0 < s; < s, for all j, k.
(CG2) For m; defined as above, let X M), ..., X(M1) be the left invariant vector fields® on
G with X®)(0) = %szo for k =1,...,mq, then

rank(Lie{X®, ..., X(™)}(z))=m VzeR™ (2.4.2)

where Lie{X} is the least sub-algebra containing X.

If the above properties hold, we say G = (R™,0,D,) is a step-r (homogeneous) Carnot

mi)

group with dilation Dy and (Jacobian) generators X @, ..., xm),
Below we introduce a simple example of Carnot groups.

Example 2.4.2 (Heisenberg group). Consider the group H = (R?, o) with the group law
(21,22, 23) © (Y1, Y2, ¥3) = (T1 + Y1, T2 + Y2, 23 + Y3 + (2192 — T2y1)/2).
Then H is a step-2 Carnot group with dilation Dy(x) = (Ax1, Aw2, A2x3) and generators

1 1
XU =0, — —290,,, X =0, + §x1(9$3.

2

5A vector field X on R™ is left-invariant if X (¢ o71,) = (X¢) o7, for all a € G and smooth ¢ : R™ — R,
where 7,(h) = a o h is the left-translation by a.
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2.4.1 Sub-gradient and sub-Laplacian on Carnot groups

The sub-gradient and sub-Laplacian in Carnot groups play a role similar to that in Eu-
clidean spaces, but are adapted to the non-commutative nature of the Carnot group’s Lie
algebra. They allow the generalization of concepts like gradients and directional deriva-
tives to this non-Euclidean setting. Below we give the definition of sub-gradient and

sub-Laplacian.

Definition 2.4.3. Let G be a Carnot group with generators XM oo X)) the vector
VG = (X(l)’ “ee 7X(m1))

is called the (canonical) sub-gradient and the operator
mi

Ag:=Vg Vg = (Xx0)?
k=1

is called the (canonical) sub-Laplacian. In general, for any basis YW, Y (m) of the space

span{ XM ... X(m1)} the operator oy (Y(k))2 is called a sub-Laplacian.

Remark 2.4.4. On a Carnot group G, the carré du champ operator I'; defined in (2.3.8)
takes the form T'y(f, f) =|Vg f|>.

Example 2.4.5. Consider the Heisenberg group H, the sub-gradient on H is given by

1 1
VH — (X(l),X(2)> = <8x1 - 51‘263337 8$2 + 2.1'1(9333)

with the sub-Laplacian

Ag = (XW)? 4 (Xx@)? =02 + 02 + %((m% o+ 23)u, + 020s, — 0102, ) Ony.
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2.4.2 Homogeneous norms on Carnot groups

In Carnot groups, one can also introduce the notion of distance, which takes into account
the non-commutative nature and therefore differs from the Euclidean metric. Such distance

on a Carnot group G is given by homogeneous norms, which are defined as below.

Definition 2.4.6 ([31, Definition 5.1.1]). The homogeneous norm on a Carnot group G is

any continuous functions p : G — [0, 00) that satisfies
(1) p(Drx) = Ap(x) for any A > 0 and = € G (i.e. p is homogeneous of degree 1),
(2) p(z) >0 if and only if x # 0,
where D) () is the dilation defined in (2.4.1). Moreover, we say p is symmetric if
(3) p(z) = p(z~1) for all x € G, where 2! is the group inverse of z.
With this definition, it follows that all homogeneous norms are equivalent.

Proposition 2.4.7 ([31, Proposition 5.1.4]). Let p1, p2 be two homogeneous norms on G,

then there exists a constant ¢ > 1 such that

¢ pi(z) < pa(x) < cpi(a)

for all x € G, while c is bounded above by

¢ < max { sup{pa(z) : p1(z) = 13,1/ inf{pa(z) : pr(z) = 1}}.

We remark that in some contexts a homogeneous norm may also be defined with the
extra condition of triangle inequality p(z o y) < p(z) + p(y). In this thesis, we shall keep

the above general definition as introduced in [31, Definition 5.1.1], so that a homogeneous
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norm may not satisfy a triangle inequality in the usual sense. Nevertheless, one can still

show it satisfies a generalised version of triangle inequality.

Proposition 2.4.8 ([31, Proposition 5.1.7]). Let p be a homogeneous norm on a Carnot

group G, then p satisfies the following generalised triangle inequality

p(xoy) < clp(x) + p(y))

where ¢ == max{p(xoy) : p(x) + p(y) = 1}. If ¢ = 1, we shall call the above inequality a

strict triangle inequality.

In the sequel we give two important examples of homogeneous norms on Carnot groups.
The first one is the Kaplan norm N, which is associated to the fundamental solution of
the sub-Laplacian Ag; while the second is the control distance (or Carnot-Carathéodory
distance) d, which has a geodesic property on the group. We will give definitions and
introduce some important properties of both norms. We shall also discuss the main differ-
ences between the two norms, and explain how the differences are related to the coercive
inequalities that we develop in this thesis. As for a broad introduction of homogeneous

norms on Carnot groups, one may refer to [31, Chapter 5].

Kaplan norm N

Below we provide the definition of the Kaplan norm N on Heisenberg group H, although
we remark that N can be defined in a similar manner on more general Carnot groups (such

as a H-type group [30, Section 3.2]).

Example 2.4.9 (Kaplan norm). Consider the Heisenberg group H and the function

N(z1,x2,23) = ((m% + a:%)2 + 163;%)%, (2.4.3)
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one can verify that N is a homogeneous norm on H which is smooth on H \ {0}. We shall

call N the Kaplan norm” and it satisfies

_ 3lja
N3(a)

|IVeN(z)| = % and AgN(x)

(2.4.4)

where ||z||g == \/2} + 23 is the Euclidean norm of the step-1 coordinates. For a derivation
of (2.4.4), one may refer to [30, Proposition 3.2.16 and 3.2.17]. In addition, N satisfies the

strict triangle inequality (see [33]) with N(z) = N(z~1).
Remark 2.4.10. On the Heisenberg group H, the function N2 is the fundamental solution
of the sub-Laplacian Ay, in the sense that N~2 is smooth on H \ {0} and

AgN72(h) =0

for all h € H\ {0}. For a proof of this result and a detailed introduction of fundamental
solutions for a sub-Laplacian, we refer the reader to [31, Chapter 5].
Control distance d

To properly define the control distance on a Carnot group G, we shall first introduce the

length of an (admissible) curve in G.

Definition 2.4.11. For a Carnot group G with generators { X, ..., X(m1)1 let 4 : [0,1] —

G be an admissible curve, i.e. 7y is piecewise differentiable on (0,1) and

A1) =D X (y(t))
k=1

"N may have different names (such as £-gauge in [31]), in this thesis we adopt the name "Kaplan norm’
after Kaplan’s work [32]
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almost everywhere for some measurable «y : [0, 1] — R. The length of v is defined to be

= [ (gjlaz@))dt.

Remark 2.4.12. For the existence of such admissible curve between any pair of points
in G, one needs the Carathéodory—Chow—Rashevsky connectivity theorem in the case of
stratified vector fields, which was proved in [31, Theorem 19.1.3]. In addition, with this
notion of length, one can now define the geodesic between a,b € G as the admissible curve
7 joining a, b with the shortest length ||, and the existence of geodesics on Carnot groups

is proved in [31, 5.15 Appendix C].
We are now ready to define the control distance d as follows.

Definition 2.4.13. For any Carnot group G, the control distance (or Carnot-Carathéodory

distance) d between z,y € G is defined by
d(z,y) == inf{|y| : v : [0,1] — G is an admissible curve with v(0) =z, (1) = y}.

This definition guarantees d to be the length of geodesics in G and it associates to the

sub-gradient via the identity

. |f(z) = F(Y)
=1 4.

for any differentiable function f (see [30, (3.15)] for a simple derivation). By further
defining d(x) := d(x,0) and thus d(z,y) = d(x oy~!) = d(y o 1), one can show that d is

a (in general non-smooth) homogeneous norm on G with the following properties.

Theorem 2.4.14 ([31, Section 5.2]). On a Carnot group G of step r, let d(z) = d(z,0)

for the control distance d defined in Definition 2.4.13. Then d is a homogeneous norm,
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only smooth on S = {(x1,x2,...,z,) € G : x1 # 0}, that satisfies

[Ved(z)] =1

for all x € S, and there exists € > 0 such that

Agd <

Ul ™

in the sense of distributions. Also, d satisfies strict triangle inequality with d(x) = d(z™1).

Comparing the above properties of d with the properties of Kaplan norm N in (2.4.4),
we notice that the sub-gradient and sub-Laplacian of d are bounded away from zero outside
the unit ball whereas N has vanishing sub-gradient and sub-Laplacian on |z|z. This
property of d turns out to be crucial for constructing an LSI, as one can see from the

following theorem.

Theorem 2.4.15 ([5]). Let d be the control distance and N be the Kaplan norm on the
Heisenberg group H. Then the probability measure e~ dx/Z satisfies an LSI for all p > 2,
but the measure e N'dx/Z does not satisfies LSI for any p € R. In fact, any smooth
homogeneous norm p on H has a vanishing sub-gradient similar to N and therefore the

measure e " dx/Z cannot satisfy an LSI for p > 2.

2.4.3 Coercive inequalities on Carnot groups.

Due to the special properties of a Carnot group G, obtaining an SGI or LSI on G turns
out to be difficult. This problem has been tackled in the works of Hebisch and Zegarlinski
[0], where a systematic strategy was developed to obtain coercive inequalities on general

metric spaces. The key is the use of a functional inequality called U-bound that takes the
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following form

v(Uf?) < Cv|Vef[* + Dv|ff?

for some U : G — R called the U-bound function and some probability measure v on G. In
our setup, U will mostly be the finite-range potential or some norm-like functions that can

bound the potential. Below we illustrate how U-bounds can lead to coercive inequalities.

Theorem 2.4.16 (U-bound to SGI [5]). Let G be a Carnot group and u a probability
measure on G which is absolutely continuous with respect to Lebesgue measure dx. Suppose

the U-bound

p(nf?) < CulVefl® + Dulf|? (2.4.6)

holds for some n: G — [0,00) and constants C, D > 0 independent of f. If for all € > 0,
there exists a finite ball containing the set {x : n(x) < e} and there exists a. > 0 such that

du/dz € (1/as,a:) on {n < e}, then the SGI holds

u(f —puf)? < Csau|Ve f.

Theorem 2.4.17 (U-bound to LSI [3]). Let G be a Carnot group and du = e~VYdx/Z a
probability measure on G for some continuously differentiable U : G — R. Suppose the
U-bound

u((IVeU2+U)f?) < CulVef* + Dyl fI? (2.4.7)

holds and the Sobolev inequality ( [ ]f\”edx)?%f <a [|Vef|?dz+0b [ |f|*dz holds for some
e > 0, then the defective LSI holds

It <f2 log I

qu) < Crsp|Ve fI? + Drsu(f?).

If in addition p satisfies an SGI, then Dpg =0 (i.e. one has a non-defective LSI).
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Remark 2.4.18. In [5], the above two theorems are proved with power 2 replaced by any
q € (1,2], in which case the SGI and LSI become ¢-SGI and ¢-LSI. This is a stronger result
since for 1 < ¢ < ¢’ one can show that ¢-LSI implies ¢’-LSI (same for ¢-SGI), and ¢-LSI
leads to a stronger ‘decay of tail’ estimate than ¢’-LSI. For demonstration of these results

and a general introduction to ¢-SGI/¢-LSI, one may see [34] and the references therein.

Using the above theorems, one can now construct a U-bound (2.4.6) or (2.4.7) to deduce
the corresponding SGI or LSI. However, it is not obvious how this can be useful, indeed,
we are only shifting our aim from SGI/LSI to another type of functional inequality. In the

remark below, we list a few reasons for considering U-bounds.

Remark 2.4.19. To understand the advantages of U-bounds, it is important to first
grasp the main ideas for constructing a U-bound. We will sketch the ideas for the measure
dyp = e=r*/ 2dx/Z given by a quadratic potential p?/2 and some homogeneous norm p on

G. We start by calculating the integral

—u((Aep)f) = ;/<VGP, Ve (e 2f)) = —u(IVerl®of) + u((Vep, Ve f)),  (2.4.8)

where the first step is due to integration by parts and the second is by Leibniz rule on the

term V(e‘p2 f). In case p satisfies the following property
Ja > 1 such that 1/a < |Vgp| < a and Agp < a outside the p-unit ball, (2.4.9)
equation (2.4.8) can be rearranged into the inequality

p(pf) < aulVef| +a®p(f) (2.4.10)

for all f > 0 supported outside the p-unit ball. For a general f, replace f by |f| and cut it
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off on the unit ball by a smooth mollifier, then (2.4.10) becomes u(p|f]) < bu|V f| + bu|f]
for some b > 0 independent of f, where we used the metric inequality |V f| < |[V|f|| that
holds almost everywhere. Finally, substituting f with f? and using Jensen’s inequality

2u|fVe fl < u(f?) + u[Vef|?, we get the U-bound

w(pf?) < bu|Ve f* + 2bu(f2).

Based on the sketched proof, we now discuss a few reasons for considering U-bounds.

(1) U-bounds are relatively easy to obtain: The steps above are straightforward to follow

and they require only basic lemmas from measure integration theorem.

(2) U-bounds are versatile: By changing the properties of U-bound functions, the U-
bound may lead to a variety of functional inequalities in addition to SGI and LSI,
e.g. modified LSI [35], isoperimetric inequalities [34] and concentration inequalities

of Gibbs measures [30].

(3) U-bounds provide a link from potential to functional inequalities: By observing the
sketched proof, we notice that the U-bound function in general takes the form of
the potential and its gradient. On the other hand, the U-bound function links with
SGI/LSI by Theorem 2.4.16 and 2.4.17. This makes the U-bound a bridge to connect
the SGI/LSI and the potential in Gibbs measures, allowing us to easily check which

properties of the potentials are needed in order to obtain an SGI/LSI.

Based on the U-bound strategy, many results concerning coercive inequalities on Carnot
groups have been published, including some recent works by Inglis, Konstantopoulos, and
Papageorgiou [6, 7, &, 30, 37], where they obtained LSI for quadratic or higher-order in-
teractions defined by control distance d on the Heisenberg group. The main strategy is to

deduce a single-site U-bound and LSI, and extend them to the whole lattice by iterations.
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In our work, we will follow the same U-bound strategy to obtain infinite-dimensional

SGI/LSIs, but we shall replace d by a norm p with vanishing or blowing up sub-gradient

along some directions. This makes a significant difference for the following reasons:

(1)

The measure given by p cannot satisfy an LSI in general (as discussed in Theorem
2.4.15). Therefore, we shall instead aim for infinite-dimensional SGIs for measures
constructed by homogeneous norms with vanishing sub-gradient in some directions,

which are not yet covered in the literature.

When deducing single-site U-bounds like (2.4.6) or (2.4.7), the approach sketched in
Remark 2.4.19 fails to work as property (2.4.9) are not satisfied. For a workaround,
we consider U-bounds and SGI/LSI in a weak form, in the sense that the inequality
at site j depends on all sites k& that are within the interaction range of j. A similar
concept has been used in [7] but not for the same purpose, and here we shall generalise

this method systematically and study some variations of the weak forms.

In addition, we shall consider p with blowing up sub-gradients in some directions,
which are rarely discussed in the literature. We will find a systematic way to construct
norms with unbounded (and vanishing) sub-gradients, and test whether an SGI/LSI

can be obtained in each case.

The main results addressing these key points are presented in chapter 3 and 4.
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Chapter 3

Spectral gap inequalities on infinite

product of Carnot groups

In this chapter we present the results of the joint research project with E. Bou Dagher and
Y. Qiu, on the topic of constructing spectral gap inequalities (SGI) where the configuration
space is ) = GZD, with a homogeneous Carnot group G and an integer lattice ZP.

In particular, we consider potential energy that takes the following form
Uj{’(x) = qu(l‘z) + Z ﬁijV(xi,l'j) + Z BijV(xi,wj)
icA i,jEA i€, jEA

for a phase ¢ € C?(G,R) and an interaction V € C*(GxG, R), where B;; = 0if [|i—j||p > R
for some range R > 0. Let E{ be the local Gibbs measure given by UY. Our aim is to
find sufficient conditions on ¢, V, 3;; so that there exists a unique global Gibbs measure v
associated to {Ep}rczp and v satisfies the spectral gap inequality. Below we present an

informal statement of the main result (see Theorem 3.3.1 for the full statement).

Theorem 3.0.1. Let Uy and Ep be defined as above. Suppose the following two conditions
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hold on ¢ and V' for some q € (1,2]:

(1) There ezist a function n € C(G,|[0,00)) diverging to infinity in all directions and a

constant B > 0 such that

s an < 5 [ (9ag)fe-+1g(hir) e Pan
for all g € C(G) for which the left-hand side is finite, and

(2) the interaction V satisfies the gradient bound

Vi, V (R, ho) | +| Vi,V (R, ho)|* < B(14 (k) +n(he)).

If sup; ; |Bij| is finite and sufficiently small, then there exists a unique global Gibbs measure

v associated to {Ep}pezp and v satisfies the q-SGI
v|f —vfl? < Cser|V I

for all f € WH4(v) such that sup;czp v(n(x;)|f]?) < oo with some constant Csg > 0.

To formally introduce the above result, we need to set up the background and frame-
work. That is, in the first section, we will give a brief introduction to SGI, explain where
our work enters into the literature, and recall some important notations from Chapter
2. We then present the results in the remaining sections and discuss some examples and

applications of the main theorem.
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3.1 Introduction

The main object under study is the spectral gap inequality (SGI), defined by

/Qf—/gfdu

on a probability space (€, %, u) with a smooth (sub-)gradient V, where Cgg > 0 is a

2
du < Cise / IV [2du (3.1.1)
0

constant independent of f for which the right-hand side is finite. This inequality plays an
important role in the theory of Markov semigroups and stochastic differential equations as
discussed in Section 2.3 and Theorem 2.3.3.

We note that there exist several generalisations of (3.1.1) in literature. For instance,
[3%] studied the case where C's > 0 can be made arbitrarily small by introducing a possibly
arbitrarily large L'-norm on the right-hand side, and [39] studied the opposite of this in
which Cgg can be made large and a 2-homogeneous functional of f is made small. We also
remark, since it will be of main focus of this project, that [34] explored the generalisation
of (3.1.1) in which 2 is replaced with any ¢ € (1,2].

As for SGIs on unbounded spin systems, the literature is wide. A good starting point
may be the works of [3, 4, 10, 41, 42, 13] and the references within. Our work can be
regarded as the intersection of [13, 14, 15] which studied the extension of finite-dimensional
SGI to infinite dimensions, and the paper [5] which studied the problem of constructing
finite-dimensional SGI on Carnot groups, with a new strategy called U-bound as introduced
in Section 2.4.3.

In the work of [6, 16], the two approaches are combined to obtain a log-Sobolev in-
equality on Q2 = HZD, for a global Gibbs measure defined by the control distance d (as in
Definition 2.4.13). Our work is partly inspired by this and has a similar layout: we start

from the U-bounds on a single-spin space to obtain a finite-dimensional SGI, and then find
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conditions under which it can be extended to infinite dimensions. The difference lies in the
fact that we consider Gibbs measures defined by norms that are smooth outside the origin
(e.g. the Kaplan norm N in Example 2.4.9), in which case the log-Sobolev inequality fails.
More details on this matter are provided in Theorem 2.4.15.

Organisation of this chapter is as follows. In the end of this section, we introduce
the infinite-dimensional setup for GZ”. In Section 3.2 we present a general framework
to extend single-site SGI to infinite-dimensional SGI by introducing a weak form of U-
bound. In Section 3.3 we find sufficient conditions on the potential energy to prove the
weak U-bound. This condition also allows us to easily generalise Dobrushin’s compactness
Theorem to our situation, which guarantees the existence of a global Gibbs measure. In
Section 3.4 we present examples of potentials such that the SGI holds on infinite product

of Heisenberg groups, and in particular the potentials that depend on the Kaplan norm V.

3.1.1 The infinite-dimensional setting

The infinite-dimensional setup is the same as introduced in Chapter 2, but for the conve-
nience of the reader, we briefly recall some important notations. The configuration space
is given by Q = GZ” for a Carnot group G defined in Definition 2.4.1. For finite volume

A € ZP and boundary conditions w € €2, we consider the finite-range potential
Ui (xzp) :=Up(zp @ wpe) = Z¢($Z) + Z Bii V(xi, ;) + Z ﬂijV(:Ci,wj) (3.1.2)
iEA ijEA €A, jEA

for a phase ¢ € C?(G,R) and an interaction V € C?(G x G,R), where |3;;| < 3 for some
B> 0and f;; = 0if [|i — j|| == ||i — j|lp > R for some range R > 0. We also require ¢ and

V' to satisfy the condition

Zy = / e UREN) 4y < o0
GA
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for all A € ZP and w € Q, where dzp is the Lebesgue measure on G*. Then the local

Gibbs measure E, is well-defined and given by

‘Xf:/ dele/ Flap @ wac)e VREN) gy (3.1.3)
GA ZX GA

By identifying Ex f(w) = E{(f) as a linear operator, we call the family of operators & =
{Ep}aezp a local specification. The global Gibbs measure v associated to £ is then given

by the DLR equation
VEA(f) = v(f)

for all A € ZP and all measurable function f.
In the sequel, we shall reserve the notation p = ¢/(q — 1) for its Holder conjugate.
Moreover, for j € ZP denote by V; the sub-gradient Vg on the single-space G}, and

similarly Vi = (V;)jea for A C ZP and V = (V}) ezp. The length of gradient is therefore

given by
VAL =D IVl
JEA
and
IVI9=> Vil
jezP

Unless otherwise stated, V always denotes the global sub-gradient on GZ” and not the
FEuclidean or sub-gradient on one variable. In addition, for convenience we adopt the
shorthand notation v(f) = [, fdv throughout this chapter.

The aim of this project is to find sufficient conditions on U, (and thus on S;;, ¢ and

V') so that the global Gibbs measure v exists, is unique, and satisfies the following ¢-SGI

v|f = vfl? < Csar|VIT
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for fixed constants ¢ € (1,2] and Csq independent of f. To keep the proof easy to read,
we choose R = 1 for the finite range of interaction, meaning £;; = 0 whenever ||i — j|| =
i — jlliee(zpy > 1. The general case 1 < R < oo is discussed briefly at the end of the

following section.

3.2 Passage from single-site to global inequalities

In this section, we show that the global ¢-SGI on 2 can be obtained by a weak U-bound
and a weak ¢-SGI on single-spin space. The strategy of U-bounds were first introduced in
the setting of general metric spaces in [5] where they established conditions under which
a ¢-SGI and other coercive inequalities hold for Gibbs measures on a finite-dimensional
space. As introduced in Section 2.4.3, the standard (or strong) U-bound on a single-site
space {1; only has terms of f and V,f on the right-hand side. In comparison, the one we
presented here is weak in the sense that the right-hand side contains extra terms of Vi f
for all k in the interaction range of j. It turns out that this is actually sufficient, provided
that the extra terms of Vi f decay sufficiently fast as &k moves further away from the given
site j € ZP. Similarly, the ¢-SGI here is weak in the sense that the right-hand side contains
similar extra terms than just v|V;f|? in (3.1.1). In the following we introduce the main

theorem for this section.

Theorem 3.2.1. Let g € (1,2], and let {Ep}pezp be the local specification for a potential
given in (3.1.2) with interaction range R = 1. Suppose there exists a global Gibbs measure
v associated to {Ep}yezp such that the following two conditions hold for all f € Wh4(v)

and all B > 0 sufficiently small:
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(A1) for anyi € ZP and j € ZP with||j —i|| = 1, one has the weak single-site U-bound

v (LF195V (@i a)|*) < AVIFI7+ AT Myl Vs,
kezP

(A2) and, for any i € ZP, one has the weak single-site q-SGI

VE?|f —Ef fIT <A Myv|Vif|?
kezP

for some constant A > 0 and some symmetric matriz (M;; > 0); jczp such that
(B1) The constants in (A1) and (A2) satisfies that A = O(8~'/?) as B — 0T, and
(B2) M;; >0 foralli,j € ZP and satisfies sup;czp > jenn Mij < oo.

Then for all 8 > 0 sufficiently small, the global Gibbs measure v is unique and satisfies the
following q-SGI

v|f —vf|? < Csar|Vf|?

with some constant Csg > 0 possibly depending on B3, for all f € WHi(v).
Before presenting the proof, we first give a few remarks about the above theorem.

Remark 3.2.2. The I!(Z"”)-summability of (M; ;) jezp of (B2) implies H(MZ])HIOO < 00.
Without loss of generality we may assume H(MU)HIOO < 1 by re-scaling M and absorbing

the constant into A.

Remark 3.2.3. To avoid confusion, we also remark that the Landau notations O and o
are defined with respect to small 5. That is, since 8 needs to be made sufficiently small, we
may as well restrict 5 in the range (0, ﬁ_) for some 3 > 0. Then for any positive constants
A = A(B) and B = B(f) that depend on 3, the notations O and o have the following

meaning:
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(1) A=0(B) if A(B) < cB(pB) for all 5 € (0, ) and some ¢ > 0 independent of £3;
(2) A= 0(1) if A(B) is bounded above uniformly for all 5 € (0, 3);
(3) A=o(1)if A—0as B8 —0".

As what follows, we will use O(1) to show boundedness, and use A = O(B) to emphasize the
asymptotic behaviour of A and B. If we only need A to vanish with § without concerning

the convergence rate, then o(1) shall be used.

The basic idea is that the summability condition (B2) implies that if the interaction
matrix M;; decays sufficiently fast at infinity (in particular it suffices that it decays expo-
nentially fast), then the defective terms can be dispensed of. The generic case is that M;;
is a matrix which decays like /=7l where 0 < ¢ < 1 but which may be bounded away from
zero in a finite neighbourhood of 1.

To prove this theorem, we first prove some lemmata. The first is a sweeping out
inequality - these were introduced in [19] in order to prove infinite-dimensional logarithmic
Sobolev inequalities. Throughout the remainder of this chapter we fix ¢ € (1, 2] and assume
the conditions of Theorem 3.2.1 hold. Moreover, we use the notation j ~ i to mean j is
a neighbour of site 4, i.e. j is adjacent to i in the sense ||j —i| = 1, and we use the
notation {~ i} to denote the set of neighbours of i, that is the 2D points j € ZP with
li — j|l = 1. (Thus j ~ i if and only if j € {~i}.) Lastly, since one needs 3 — 0" to make
the arguments work; we will need to track the decay (or growth) of some constants and
we will typically reserve uppercase letters such as K for large constants that are O(1) and
lowercase letters such as ¢ for small constants that are o(1). In addition, we will drop the

notation of boundary conditions w for simplicity whenever its role is insignificant.
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Lemma 3.2.4. For alli,j € ZP, the following single-site sweeping out inequality holds

V|V (E? N < Kw|V;fl +a Z Myiv|Vi f|! (3.2.1)
kezP

with some constants K1 = O(1) and ¢; = o(1) independent of i,j and f.

Proof. Let us recall that E¥ f does not depend on z;; in general it depends on every other
coordinate x; for j # ¢, but in the specific case of interactions of unit range, it depends
on neighbouring spins x; for j ~ 4. Thus if j ¢ {~ i} then the probability kernel of
the measure dE does not depend on j, and only f may depend on j. It follows that
one simply has v|V; (Eif)}q = I/|E2‘(ij)‘q < V‘ij‘q by interchanging differentiation and
integration in the first equality and by Jensen’s inequality together with the DLR equation
in the second inequality, so we shall focus on the case j ~ i, i.e. ||i — j|| = 1. Note also
that to emphasise the dependence of the function E; f(w) = E¥ f on w, we will write EY f
with the understanding it replaces E;f even though EY f is a real number and E;f is a
real-valued function. Let X® for { = 1,--- ,m; and m; € N be the vector fields generating
the Lie algebra G of a nilpotent Lie group G. For j € ZP, let V= (X](.l))lzlwm1 denote
the sub-gradient on the copy GU} of G at site j.

Thus for a bounded differentiable function with bounded derivative
w l w
ViES f = (XS (B f))i=t, e s

If p; := dEY /\(dz;) is the density of the measure E¥ with respect to the Lebesgue measure
A(dz;) on G}, then

xO(ms f) = / (X 1) + (X0 ) Aldrs) = B (X0 ) + / (X pi) fA(das). (3.2:2)
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A direct calculation yields

U ) (—xPUg)e U e U [(~XDUp)e U N(day)

xW, = x® _ — j__i _ _
3 PP e U N (day) [ e U7 \(day) ([ e U7 A(dz:))?

= (XU + piBy (XU
and therefore

[ X0 ptdn) = ~E2((XU) ) + B2 D) (ERXU)
(3.2.3)
= —E{((/ ~ B2 )XV 0)

Inserting (3.2.3) into (3.2.2), we obtain

Vi(E?f) = (EEV;f) = EX((f —ELF)(V,U7))

= (BYV;f) = ByEs ((f — B F)(V5V (i, w5))),
which implies by Jensen’s inequality
VI f|" < 2B7 [V £ + 28°E7 (If — B 17| V5V (i, 07)[ ")
Integrating with respect to v and applying the DLR equation vE; = v, we find

v|VES T < 20|V f|T + 28 (| f — EY 17V, V (i, w5)|*)
(3.2.4)
<2w|V;f|* +24p° (vf —E7 f17 + Z M| Vi (f - E%”f)")

kezbP
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where the second inequality is by (A1). For the first term in the bracket, it holds

vIf =BT <A My |Vif|® (3.2.5)
kezP

by (A2), and for the second term, it holds

Z Myv|Vi(f —Ef )|

kezbP

<2 Y My (v|Vif|* + v|ViES |7) (3.2.6)
kezP

<4 Mv|ViflT+2 > Myv|ViE? f|? 4 20| VB f|*
kezP kevi k)

where in the third inequality we have simplified V‘VkE;-’J f ‘q by considering the two cases

k ~ i and k o4 i separately. In the first case,

(MiJ)Hloo <1 by Remark 3.2.2 so

23 Mpv|ViEPfIT=2 Y Myv|ViEf f|7 + 2M;w | V,E? f|*
k~vi k~i k#£j

<2 Y M| ViES |7+ 20| VIES £,
ki k]

and in the case where k o4 i we have V’VkEff’q < v|Vif|? and thus it can be absorbed

into the first sum 23, ;0 My;v|Vy f|?. Inserting (3.2.5) and (3.2.6) back into (3.2.4), we

find
v|ViES F|T < aw|Vif|T+az Y Muv|Vifl?+as > Muv|ViES |7 (3.2.7)
kezP ki k]
with
2 2AB9(A +4) 4AB4
ai ag = —————= =

1—44p0 T 1440
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By the estimate on A of (B1l), we may assume a; < 4 and ag < ag < pla—1/2 < 1,
for B small enough. The difference between (3.2.7) with (3.2.1) is the appearance of the
summation as Ekw-’ oy Mkiu‘VkIEf f ‘q which we claim can be eliminated by the following
induction procedure.

For notational convenience, let us denote by

Wi = v[ViESf|7, Yi=v|Vifl?, S:= ) MY,
kezP

in which case (3.2.7) reads, for $ > 0 small enough and ay > ag replacing as for simplicity,

Wi <arYj+aeS+az Y, MWy (3.2.8)
ki k#j

We can apply (3.2.8) on each W}, appearing in the sum; one iteration yields
az > MuWp<ay Y My|aYi+aS+ay Y MyW,
Ei, ki Eomi ki Ui 0

< aijasS + 2Da%S + 2D(I% Z MW,
i O£k

< aiazS + CLQ(2DCL2)S + QQ(QDGQ) Z MW,
brvi 0K
since ZkNi,k;«éj MpY;, < S and H(MW)HZOO < 1 by Remark 3.2.2, and each site has exactly

2D neighbours. With € = 2Day = o(1), we obtain after a second iteration

W; < a1y + a2S + a1asS + casS + eas Z MW,
L£G i

< all/} + G2S + G1G2S + ECLQS + 6&1@25 + 62(125 + 62(12 Z Mmin

m#]vm'\’l
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and so on and so forth; iterating this procedure gives in the limit

as + ajas
1—¢

W; < a1y, + S

by taking € = O(a2) = o(1) small enough. In particular if 8 is small enough then since
a; < 4 =0() and az < B@=1/2 one obtains the desired inequality with K; = 4 and

oy = Bla-D/4, =

Remark 3.2.5. The estimates given here are somewhat wasteful but can easily be im-
proved. For instance as = O(B97 1) so ¢1 can be taken as O(B97!) as well, but the choice

of estimate is intentional and eliminates the need to write down the controlling constant.

Remark 3.2.6. For the limit of the inductive procedure to be well-defined, we need to

V{Ni}Eff‘q < v|Vf|? is bounded. Adding

asM;;Wj to the right-hand side of (3.2.8) for simplicity and summing over j ~ i gives

> W <ar» Yj+2DayS +2Dag Y | MW

j~i gt k~i

< (a1 +2Dax)v|V f|? + 2Day Z Wi.
ki

Taking the sum 2Day ), . W} to the left hand side we obtain (1 — 2Dag) ). ,W; <

ji

(a1 + 2Dag)v|V f]9; since ag = o(1), if B is small enough then

ZWj <4av|Vf]?T < 16v|Vf|?T <

i
by assumption of f € Wh4(v).

Using the single-site sweeping out inequality (3.2.1), we will prove a global sweeping

out inequality on a carefully chosen infinite volume subsystem. The first step is to form a
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finite partition of Z” whose components are infinite volume subsystems (Fn)iial with the
property that no interaction exists within each I';, which, in our case, translates to each
pair of points i,j € T',, satisfying ||i — j|| > 1 whenever ¢ # j. The partition chosen here
will be consist of 2P translations of the sub-lattice Iy = (2Z)P translating 0 to another
point in [0, 1]” € ZP, although we remark that this is not the only partition. The choice of
partition enters the proof through the controlling constants so the partitions are equivalent
as far as obtaining the ¢-SGI (with no regard for the constant) is concerned.

In any case we fix in the sequel our choice of partition (Fn)iial as above, and we begin
by proving global sweeping out inequalities for I';,; the self-similarity of the I',, will mean

the proof follows for all if it follows for one.

Lemma 3.2.7. For any A C Z” and n € {0,1,--- , N — 1}, the sub-lattice sweeping out
inequality

V|VA(Er, /)" < Kov|VAf|? + cov|Vac f|? (3.2.9)
holds for some constants Ko = O(1) and ca = o(1) independently of n and A.

Remark 3.2.8. We emphasise the reason that the sub-gradient is taken over a general
subset A C ZP of the lattice here instead of at a single site j € Z” as in Lemma 3.2.4 is
because in the latter case the case j 7 i is trivial and thus the sweeping out inequality is

only meaningful for A = {~ i}.

Proof. As mentioned earlier, it suffices to prove the case n = 0. First, rewrite the gradient

into its single-site form

V|VAEro /)" = v|V;(Er, )] (3.2.10)

JEA

Let ¢ € I'g and j € A. Since I'y has no self-interaction, the measure Er, can be realised
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as the product of the single-site measures Ep, = E; E;, - - - where (i, )m>1 enumerates I'y.
This reduces the problem of studying V;Ep, to the problem of studying V;E; for i € I'y.
Note if [|i, — j|| > 1, that is if site j does not interact with site i,,, then V;Ef f =
EY V; f together with Jensen’s inequality allows us to pull Ef out, which is then eliminated
by v with the DLR equation, so the only issue are sites 4,, € I'g such that i,, ~ j. Thinking
of Ty as partitioning ZP into D-dimensional cubes of edge length 2, each containing exactly
2P points in Iy, it follows there is at least one cube containing j. (It might be the case
j falls on the boundary of two cubes; we may without loss of generality choose the cube

whose centre is closest to the origin.) Denote by @; this cube. By construction,
Lon{~j}t cTon@Q; = {i},i, - ,ijp} C o

where (zﬁn)m:m op enumerates I'g N Q;. Thus we can reduce the sites in (3.2.10) to

q
v|Va(Er, f)|* < Zu]vj(ﬂz@jf)‘q =Y v|Vi(Ey - EyEy f) (3.2.11)

jEA JEA

Let us fix j and drop the superscript, that is write 4,, for i},. Denote by fo := f and

fm i=E;, - -Ey,E; f form=1,2,---,2P so that V‘Vj(EFOf)‘q < V‘ijzD‘q. By Lemma

3.2.4, we have

V|V fm|" < Kw|Vifmoa|"+e1 > My, v|Vifmal®. (3.2.12)
kezb

Note that if k is sufficiently far from @); then site k does not interact with any of the IV

sites in ;. We can make this observation more precise: if I7; is the smallest cube strictly
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containing @;, then for k ¢ R; one has v|Vy fr|? < v|V} f|? by Jensen’s inequality, and

My, < Myq, = Sué) M, ;
1€Q;

since i,, € Q;. Moreover, M} ; <1 by Remark 3.2.2, so

V|ijm|q < Klulvjfm,llq +c1 Z VIVifm-1|? + a1 Z Mk,le/|ka|q ) (3.2.13)
kER; k¢R;

In fact, the only dependence on j in this equation comes from the fact a choice of j
gives a choice of ); and therefore a choice of sites i,, for m = 1,2,--- , N with respect
to which we take a conditional expectation. This means we may replace V; with V, for
k € ZP without replacing Q;, and thus (i,,) = (i), with Qj and (ik)) respectively. We

can then apply Lemma 3.2.4 as before, and, again, analyse the summation through the

decomposition ZP = R; L (R;)¢ and not Z” = Ry, LI (Ry,)¢. Thus we arrive at

VIVifml? < K| Vifmoal"+ e Y vIVefmoalT+ e > Mygv|Vefl?.  (3.2.14)
(ER; (¢R;

In fact we only need this for k& € R; but the statement holds nonetheless unconditionally.

We now follow an inductive procedure in the spirit of the proof of Lemma 3.2.4. Denote

by
Wi = V’ijm 1Y) = Z V|IVifml|? = Z wk, s0) .= Z My QvIVif|!
k)ERj kERj k‘%RJ‘
so that (3.2.14) now reads
WE < K\WE | +eY? 4689, (3.2.15)
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Noting ‘Rj‘ = 5P we can sum the left hand side over k € R; to conclude

Vi< Y (EWE  +aY)  +aSY) < (K +5Pa)Y),  + 57 SV

kER;
& (3.2.16)

<5Y7  + 8V

for B small enough, since K1 =4 and ¢; = o(1). Note if we use (3.2.15) inductively we find

W <KW, +eY) 48V

m—

<a¥! ,+a8V 4+ KW+ KieY? g+ K1 SV

m m
SKPT'W 4 Y KT ey Ki?SY)
1=2 1=2

so that Klw,{l_l < K" VV‘7 +e 1 KZYJ +e Yy K’S(J) Similarly, iterating

m—1—1

(3.2.16) gives
Vi, <5 (Y] + 59) <5V + SV)

so that
2D
v|Vifo|" = Wiy < KEWI +e1 Y KiY), | +a Y KisY
i=0 =0 (3.2.17)

< Llwg + c1LoYy + ClLQS(‘j)

for L1 = K%D and Ly = (2P +1)(5K1)2" . If we take this back into the summation (3.2.11),
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we find

v[VAEro /)|* <Y | Liv|Vif|* + e1ly Y vIVef|"+ e1ly Y My v|Vif|?
jEA kER; k¢R;
where My q, = SUP;eq,; My, ;. Let us denote by Iy, I, I3 respectively the three terms.
I, by definition, is L1v|V f]?, while estimating I boils down to a counting exercise:
if Oy = {j € Z” | k € R;} then |Sk| is finite and bounded above uniformly by say Ls.
Indeed, if j is sufficiently far from %k then R; is far from k also, that is there is a finite

neighbourhood of k£ which contains Oy. It follows

L=caLyd > v[Vifl"<ealy Y Y vVifl? < c1LyLav|V |9 (3.2.18)

jEAkER; k€ZD jEOy

To estimate I3, we expand the summation from j € A and k € R; to j,k € ZP . and

following the arguments for I, we conclude

Z Mg, < Z My, < Z My, = Z M. < L3 Z My, < L3Lo =: Ly
JEZP jezP jezP te7P ¢ezpb
ZEQJ‘ ZERJ' J€O,

for Lo = sup;ezp D _jezp Mij the supremum of (B2). It follows

I3 <1l Z Z My, v|Vif|!

: D D

JERT kR (3.2.19)
<caly Y VVRfIT Y Mg, < ciLaLav|V f|7.

kezP jezb

Since|V f|? = |V A f|74+|V ac f]9, by collecting the estimates I = L1v|V f|? and (3.2.18),
(3.2.19), this proves the lemma with K9 = L; + ¢1Lo(Ls + L) and co = ¢1La(L3 + Ly).

More concretely for S small enough we may take Ko = 41, = 42°+1 and ey = pla-1)/8
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since cg = O(c1) = O(B~1/4). 0

The next problem is to use the sweeping out inequality on the sub-lattice to transfer
the weak single-site ¢-SGI to a weak sub-lattice ¢-SGI; in particular we want to show the

weak ¢-SGI holds for each of the 2P sub-lattices I',,.

Lemma 3.2.9. For any n € {0,1,---,2P — 1}, the following weak sub-lattice q-SGI
vERf, |f — Ep, f|" < Cov|V | (3.2.20)

holds for some constant Cy > 0 independently of n such that Cy = 0(5_1/2).

Note that this is still a weak ¢-SGI as the right-hand side contains |V f|? instead of
|Vr, f|% but unlike the weak g-SGI of (A2) the interaction matrix My; is conspicuously
absent. In a sense this reflects the fact the sub-lattices infiltrate the lattice so that the

distance between an arbitrary point and the sub-lattice is bounded above.

Proof. We again consider only the case ¢ = 0, the other cases being similar. Let (iy;)m>1
enumerate I'g, and denote as before fo := f and f,,, = E;,, ---E;,E;, f, so that Er, f = fx.
By the DLR equation and a simple telescoping argument it can be shown that the following

interpolation identity holds:

VEFo‘f _EFof‘q = Z v (Efm+1‘fm - EFof‘q -

m=0

E‘{‘fm (fm - Efof)‘q> .

(In particular the negative part of the summand at m cancels with the positive part of the
summand at m + 1 so that as m — oo only the VIE‘;’I ‘fo — Epof}q = I/EFD‘f — Er‘of‘q part

survives.) To estimate the difference, we use the following sub-quadratic inequality

la]” —[b]” < sgn(b)q|b|” " (a — b) + 2|a — b (3.2.21)
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which holds for all a,b € R and g € (1,2] (see Lemma A.1.1). We can take a = f and

b=EYf, and integrate with respect to E¥ and obtain

EP|f17 —|Ef f|? < 2E7|f — B f|°. (3.2.22)

The first term vanishes since EY f is a constant, and so EY(f — E¥f) = 0.) Using this
7 7 (2

bound, we obtain

v|f —Er, f|* <2 Z vEY | Zm+1fm . (3.2.23)
Applying (A2) to each summand, we find
V]E‘Zd m+1 f ’L +1fm‘ < A Z ]'Lm+1y‘vjfm‘q
D
e (3.2.24)
<A M |V A DY My, v|Vifm|!
j€lo Jj€To)e

since there is no self-interaction in I'g and f,,, depends only on coordinates in (I'g)¢ so that
Vifm = (Vjf)m whenever j € I'g. (Jensen’s inequality then provides the final simplifi-
cation.) For the summation over (I'g)¢, we apply the recursion (3.2.17) on each U‘Vj fm‘

which gives

V|Vifml" < Liv|Vif|"+e1 Y vIVifl' +e1le Y Myg,v|Vif| (3.2.25)
kER; k¢ R;

(Note m — oo here but recall there is a cube Q; on which v|V;(Er, f)[? < v|V;(Eq, f)[.)
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We can insert (3.2.25) into (3.2.24) and again into (3.2.23) to obtain

1 o0
sVl “Ero" <L} D) M ov| Vil

m:OjezD

+c1Lo Z Z MJ tma1 Z V|ka|q

m=0 je(Ty)c kER;

—|—61L2 Z Z Mj Tm+1 Z Mk Q]V‘ka‘q

m=0 je(T'p)e k¢R,

since L1 > 1.

Let us denote by I, I, I3 respectively the three terms. We note as in the previous proof
that 300 o Mji,.1 < D jezp Mij < Lo uniformly in j by (B2) since (M;;) is symmetric
so column sums coincide with row sums, so I is estimated by Iy < Ly Lov|V f|?. Iy and I3
can be estimated with the arguments in the previous proof; the latter is entirely analogous

to (3.2.18) and (3.2.19) but with the extra appearance of > > M;; .. < Lo so

I, < e1LoLaL3v|V |7,

13 < ClLOL2L4I/|Vf|q.
Collecting everything, we arrive at the weak ¢-SGI
VEro|f — Er, f|" < Co|Vf|*

with Cy = 2A(L1 + ClLoLg(Lg + L4)) = (’)(A) — O(ﬂ—lﬂ)' n

Having obtained a weak ¢-SGI for the sub-lattices, we give a final argument to show

this implies the (strong) ¢-SGI on the entire lattice.
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Lemma 3.2.10. Letll :=Er, | ---Er,Er,. Then Il satisfies the following four conditions:

(1) II satisfies the DLR equation
vf = v(IIf).

(2) There exists a constant Cy such that

vIfI* = v[ILf|T < Cv| VT,

(8) There exists € € (0,1) such that for any m € Z>q one has
|V )T < emv|v .

(4) The following limit
lim II"f =vf

m— 00

holds v-almost surely.

Proof. (1) follows immediately from the DLR equation. To prove (2), denote by f_1 = f
and f, = Er,, ---Ep,Ep, f, forn =0,1,--- 2P — 1. (This is a departure from the usual
notation since the index of the sub-lattices starts at zero to distinguish the index from
their points, which starts at one.) By applying the sub-quadratic inequality (3.2.21) and
the weak sub-lattice ¢-SGI (3.2.20) we obtain

2b_1 2b_1

vIAT=IfT = Y vEr, (ol = [Er, fa1l?) 2> vEr,|fa-1 — Er, fa1|f
n=0 n=0

2D 1 2b_2
q
< 2Cy Z V|V fu_1]|? = 2Cov |V £+ 2C Z V‘V(rn)C(Eann—l)
n=0 n=0

since f, = Ep, fn—1 depends only on coordinates in (I',)¢. The first term requires no
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further estimation, whilst we can apply Lemma 3.2.7 inductively on the second term to
obtain

q
VIV (Er, fam1)| < Kytty|vf|e

which gives

vf|T = vILf|* < Crv| VI

D
which is exactly (2) with C; = 2C) Ziial(Kg)" = ZC'()(KIQ()Q;A*1 < 20)(K,)?" since

Ko = 42741 5 9,

To prove (3), we define I'(™) = Ur_oI'n and apply Lemma 3.2.7 again to obtain
V|V fm|* = v Vi1 fn] " < Kov| Ve fmet1]” + cav|V 1]
Applying Lemma 3.2.7 as in the proof for (2), we obtain
V|V fn|* € Kov| Vi1 fm-1|" + 2 KF'v|V f|7. (3.2.26)

This equation can be inductively applied on the first term, that is applying (3.2.26) on

V}Vr(m_l)fm,l ’q and starting from m = 2P — 1 we find
vV < (K2)2DV‘VFof0|q + C2(K2)2DV|Vf’q = 02(K2)2DV’Vf\q

since Vr, fo = Vr,Er,f = 0. Since K3 = O(1) and ¢z = o(1), we obtain (3) at m = 1 with
£= CQ(KQ)QD with 3 small enough; the general case for m € Z>; follows by replacing f by
I1f and proceeding by straightforward induction.

To prove the final statement (4), following the arguments of (2) we first bound the
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g-variance with respect to Il by

2D 1
v|f —T1f|7 < 2Pl Z VEr, | foo1 — Ep, fo1|? < 2P@ D0 vV |9

n=0

using the Holder inequality (Ziﬂ%")q < 2P(e-1) E?jl\xi\q for non-negative (z;) on the

2b 1
n=0

telescoping sum f —IIf = 3 fn-1 — fn. For m € Z>1, replacing f by II" f in the

above estimate we obtain
Z/)Hmf _ Hm—l—lf‘q < 2D(q—1)Cly‘v(Hmf)‘q < 2D(q—1)01£my|vf|q .

Since ¢ < 1, the Borel-Cantelli lemma implies II"™ converges v-almost surely to some
function g, and similarly }V(Hm f)} converges v-almost surely to zero by (3), so that g is
constant v-almost everywhere. Note the decay of C; with respect to 8 does not matter since
5 is sufficiently small, but fixed. Assuming that f is bounded, by dominated convergence
we have

lim I™f = g = v(g) = lim v(II" ) = v(f)

m— 00 m— 00

with the last equality obtained by (1). The general case of possibly unbounded f € W14(v)

is obtained by density. O
We can now prove the main theorem of this section.

Proof of Theorem 3.2.1. Denote by f,, = II"™f for m € N, we have

N-1

vf —vfl' = Y (vifa = vl = v[Ifa = v))|") + vlfy = v

n=0

N-1

<1 Y ULl vl - o]
n=0

65



by (1) and (2) of Lemma 3.2.10. Applying (3) for the term v|V f,|9, it follows

N-1
vIf —vfl < C[ D€ | UIVFI +ulfv —vfl? <

n=0

Ch

1-¢

VIV +vifn —vf?.

Taking N/ — oo, the remainder term satisfies v|fy — vf|? — 0 by (4) which gives the
global ¢-SGI
v|f —vf|? < Csav|Vf|?

with Csg = C1/(1=£). As for the uniqueness of v, it follows from (4) in Lemma 3.2.10. [

3.2.1 Generalisations to interactions of finite range R

The analysis can be generalised to the case where the interaction has finite range R > 1,
meaning f;; = 0 for i — j|| > R. No modification to the main theorem in this case is
necessary: one modifies the definition j ~ i to mean 1 <||j —i|| < R, i.e. j is a neighbour
when j is allowed to interact with ¢, and much of the analysis is left unchanged modulo
changes to O(1) estimates. In Lemma 3.2.4, the only dependence on the range of the
interaction (beyond the fact the definition j ~ i depends on the range) appears in the
definition of e. When R = 1, the number of neighbours of i € Z” is exactly 2D; when
R > 1 the number of neighbours grows like R” but for fixed R is finite, so that we can
replace € = 2Das with € = Nray where Np = ‘{N z}‘ is the number of neighbours of .

A generalisation of the sub-lattices (Fn)nj\;—o1 is also straightforward: it is easy to see
the base cube 'y = (R + 1)Z” has no self-interaction and that there are N1 = (R + 1)”
translations of I'g shifting the base point 0 to another point in [0, R]” C ZP partition ZP.
Note one needs to make a distinction between the number N7 of sub-latties in our partition
and the number Ny = 2P of vertices in a D-dimensional cube, which coincide for R = 1.

In any case, only N2 has a role to play in the proof of Lemmas 3.2.7 and 3.2.9, where the
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sub-lattices are fixed (and so the number of sub-lattices is not relevant) so we only need to
change the estimate on|R;| = (2R +3)” = O(1), which makes no difference to the validity
of the proof because its influence is only felt in the O(1) constants Lo, L3, Ly. Similarly
the N appearing in the proof of (3) and (4) in Lemma 3.2.10 is actually N; and not Na,

but again its influence is O(1) and can be dealt with by taking co = o(1) sufficiently small.

3.3 Sufficient conditions on the phase and interaction

Having now given general conditions - the existence of a weak single-site U-bound and a
weak single-site ¢-SGI - which guarantee the existence of a global ¢-SGI, we now consider
conditions on the phase ¢ € C?(G) and interaction V € C?(G x G) appearing in (3.1.2)
such that the conditions of Theorem 3.2.1 hold. The first will be a (strong) single-site
U-bound without interaction in terms of a general function 7, and the second will place

conditions on the interaction V in terms of 7.

Theorem 3.3.1. Let g € (1,2], and let {Ep}pezp be the local specification for a potential
given in (3.1.2) with interaction range R = 1. Suppose the following two conditions hold

on ¢ and 'V for sufficiently small 8 > 0O:

(C1) There exist a bicompact' function n € C(G,[0,0)) and a constant B > 0 such that

/’gfqn(h)€_¢(h)dh < B/ (IVgl+g|7) e=*™an

for all g € C(G) for which the left-hand side is finite, and

LA function f : Q — [0, 00) is bicompact if the set {x € Q : f(x) < c} is compact for any ¢ € [0, c0)
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(C2) the interaction V satisfies the gradient bound

Vi,V (hi, ho)|* + |V, V (1, ha) [T < B(1 4 n(ha) + n(ha))-

Then for all sufficiently small B > 0, there exists a unique global Gibbs measure v associated

to {Ex}aezp that satisfies the qg-SGI
v|f —vf|? < Csav|V fI

for all f € WH4(v) such that sup;czp v(n(ax;)|f]?) < oo with some constant Csa > 0.

Note that although this setup allows for more general U-bounds, the generic case is when
the phase, the interaction, and the U-bound are all powers of a homogeneous norm. For
instance, in case of the control distance d, [(] proves the g-logarithmic Sobolev inequality
with ¢ = dP, V(z,y) = (d(x) £d(y))?, and n = dP, for all p > 2. This setup allows for more
general U-bound functions 1 which may exist outside the generic case and asserts the only
requirement of 7 is that it controls the sub-gradient of the interaction in both coordinates
up to a constant.

The main problem in the proof is to show that (C1) and (C2), which we assume hold
in the sequel, imply the existence of a weak ¢-SGI. Since ‘VjV‘ is controlled by 7, the weak
U-bound of (A1) follows immediately, and the difficulty lies with (A2). In [0, Lemma 4.3]
it was shown one can pass from a strong single-site U-bound to the strong ¢-SGI. Here we
show the statement remains true with “weak” replacing “strong”.

The first step in establishing the weak U-bound for 7 is to prove a weak U-bound for n;
that is defective in the sense the right-hand side contains copies of the weak U-bound for
neighbouring 7;. We will then approach in the spirit of the proofs in Section 3.2 whereby

we prove that inductively inserting the U-bound into these defective copies “converges”
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appropriately. It will also be noted as a corollary that this weak U-bound will lead to the
existence of the global Gibbs measure v by a criterion of Dobrushin. As for the uniqueness
of v, it follows from both the weak U-bound and ¢-SGI as a result of Theorem 3.2.1. In the
sequel, we write for notational convenience 7; = n(z;) the U-bound function 7 in the z;-
coordinate, and similarly ¢; :== ¢(x;), and V;; := V (x;, z;) with the understanding x; = w;

whenever z; is left unspecified.

Lemma 3.3.2. Assume for q € [1,00) we have

B9 =sup E ij <oo and 297'B%B7 < 1.
J#i

Then for all i € ZP, it follows

EY (il f19) < K1 (BY[Vif|" + B If19) + 1 > B B (1 £19) (3.3.1)
i
with
max {277 !B, B(1+271Bp%)} 21-1p2
1= and ¢ =

(1~ 21 B251) (1~ 21 B250)

Hence for f =1, we have

EY () < Ki 41 > B nj(w). (3.3.2)
i#i

Proof. Let f be compactly supported and differentiable. Since V € C?(G x G), it follows

that V;;, V;V;; and V;V;; are almost everywhere bounded on compact sets, then we can
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1 Ve
replace g with fe_EZ#i BisVii iy (C1) to obtain

Benlf) <5 [

<2015 [Vl eV g+ 2 B Y 5 [V e e B [ 117V
J#i

q

v f_ 7fZBzyv ‘/;j
JFi

iwda:¢+B/|f|qe_dexi

that is

B (mil f19) < 297 BEZ|Vif|*+ 297 B Y BLES(£1UViVi|") + BES|£|7.
J#i

Applying (C2) to the second term, we have

EY (mil f17) < 27" BEY|Vif " + 207" B2 Y % EY(f|7 (L +m +ny)) + BE?|f]7.
J#

and after rearranging, with 7 = sup, > _ . ki BL. we get

75

(1= 207 B2BBY (il f|%) < 2 BEY|Vaf|? + 207 B2 Y 81 By (ny£1%)
JFi

+ B(1+ 2971 BRI EY| £]7.

Now this relation can be generalised to functions which are not compactly supported. In

this way the relation (3.3.1) follows. The relation (3.3.2) is the special case for f = 1.

Although the U-bounds were introduced in [5] to obtain coercive inequalities on general
metric spaces, it turns out the U-bounds also play a crucial role in Dobrushin’s existence
theorem (for the existence of global Gibbs measures). In the following, we introduce an

adapted version of this theorem to fit in our setting.
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Theorem 3.3.3 ([17, Theorem 1]). Let {Ex}rczp be a local specification that satisfies the

following two conditions:

(1) There exist a bicompact® function h: G — [0,00), and constants C > 0, ¢;; > 0 such
that
Ef(h(.l‘z)) <C+ Z cijh(wj) and Z Cij < 1

jezpb jeZP
for alli € ZP and w € GZ".

(2) For any i € ZP, there exist constants D, > 0, dgl) >0 withn = 1,2,... such that

D, — 0 asn — oo and

S dlY < Dy

JjeZp
moreover, there exists a sequence of finite volumes A} C A? C --- whose union is
7P, such that for any function g € C(G,[—~1,1]) there exists a sequence functions

fn € C’(GA?,R) such that

B2 (g(2:)) — fulwj,j € AP)| < Dp+ Y dih(a;).
jEZD

Then there exists a global Gibbs measure v associated to the local specification {Ep}pezp-

Corollary 3.3.4. Let {Ep}pezp be a local specification that satisfies the conditions in

Theorem 3.5.1, then there exists a global Gibbs measure v associated to {Ep}pezp-

Proof. 1t is sufficient to verify the two conditions in Theorem 3.3.3. Condition (1) is simply
the weak U-bound (3.3.2) with C = K; and ¢;; = clﬁfj. Since fi; = 0 for ||i — j|| > 1

and ¢; — 0 as 8 — 0, the condition Zj cij < 1 can be satisfied for sufficiently small

2See footnote 1
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8 = sup; ; |Bi,j, which is one of the conditions in Theorem 3.3.1. For condition (2), we can
choose A" = {j € ZV : |li — j|| < n} and f,(w;,j € A?) = E$°(g) for all n = 1,2, ..., where
the boundary conditions wy is given by (wp); = w; for || — j|| <1 and 0 otherwise. Then
it follows E¥(g) — fn = E¥(g) — E{°(g) = 0 for all w since the boundary conditions w and
wo coincide on {j € ZP : ||i — j|| < 1}. This means that the left-hand side of the inequality
in condition (2) is 0, hence the inequality simply holds by choosing D,, = dgL) =0. O
Remark 3.3.5. Although Theorem 3.3.3 was introduced for systems with infinite-range
interactions, it can be greatly simplified in our setting. Indeed, for a finite-range potential
given by (3.1.2), condition (2) always holds by the same argument in the above proof, and
in condition (1) the sum Zj c;j is finite and can be made smaller than 1 with small j.

Hence the key is whether one has a weak U-bound for the single-site measure E;. This

relates U-bound with the existence of global Gibbs measures.

We now continue with the proof of Theorem 3.3.1. As mentioned earlier, the next step
uses the inductive arguments of Section 3.2 to show the defective term e1 ;. ; v(n;[f|?)

can be controlled.

Lemma 3.3.6. For alli € ZP, the following weak single-site U-bound

vl f17) < Ko [ wlf17+ >0 o v s (3.3.3)
kezP

holds for some constants Ko = O(1) and ca = o(1).

Proof. For notational convenience, denote by

Wi = V(n’b‘f|q)7 sz = V|vif’q7 Z:V’f’q
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so that (3.3.1) reads

Wi <K1Y+ KiZ+e1 Y Wy (3.3.4)
k~i

whilst (3.3.3) reads W; < KoZ+ KoY 1 cop cl*=illy,. The difference between the induction
argument here and that which was given in Section 3.2 is that in the previous case the
left-hand side depended on j while the defective on the right-hand side was a summation
over a set which depended on ¢. This is in contrast to the current case where the left-hand
side also depends on i. This means that in the first case only terms depending on the
neighbours of i appear whereas when we apply (3.3.4) to each Wy in the sum we expect
terms depending on neighbours of neighbours of 7 to appear, and iterating this procedure
we expect the neighbours of their neighbours, and so on so forth - eventually each term
v|Vif|* should appear.

Indeed, let us look at

ZWk < 2DK1Z+KIZYk +CZZWE, (3.3.5)
k~i ki ki €~k
and in general if the nested summation is denoted by
SHEOIED 35 SRS SRR
k1~i ka~ky kar~knr—1
then

Su(W;) < K1Sy(Z) + K1Sy(Y;) + eSar+1 (W5). (3.3.6)

where Sy/(Z) and Sps(Y;) are defined similarly. The first term Sps(Z) is easily handled,

since Z has no dependence on any indices so

Su(Z2)=> > - Y z=0eD)"Vz

k1~i ka~ky kni~kar—1
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The second term Sp;(Y;) requires some counting: the summation contains, for instance,
terms Y}, for which ||k —i|| = M, but these terms can only occur in the innermost summa-
tion, of which there are 2D terms, so a crude estimate is that the contribution to S/ (Y;)
of those Y}, for which ||k —i[| = M is controlled by 2D}, _;_y; Yk Similarly, terms Y},
for which ||k —i|| = M —1 can only occur in the two innermost summations, of which there

are (2D)? terms, and so on so forth; continuing in this way we find

M M
Su() <> D @D <eD)MY ] > v (3.3.7)

n=0 ||k—il|=n n=0 [|k—il]|=n

The term Sps41(W;) is handled by the assumption sup;czp v(n;]f|?) = sup;ezp Wi < o0,
implying each W < L for some constant L > 0 uniformly in k. We can then crudely
estimate the number of terms by (2D)™*! so that Syr1(W;) < (2D)M+1L.

With So(X) = X where X is one of W;,Y;, Z, we find

W; < K1So(Y;) + K1So(Z) + e1S1(W5)

< K180(Y;) + K1So(2) 4+ 1 K181(Z) 4 1 K181(Y;) + c2So (W)

M M

<K1Y A8 (Y) + K1Y ASH(Z) + o T Sy (W)
r=0 r=0
M M

<K1Y A8V + K1Y (2der)" Z + (2de)M 'L
r=0 r=0

so that & = 2De¢; < 1/2 for small enough B, giving K1 3.0 ((2Dc1)'Z < £L7 < 2K, 2
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and (2Dc1)M*1L < eM*1L. For the first term, our previous estimate (3.3.7) gives

v M r M M
D AS(¥) <y @Dy, Y Yi=) ) (2Da) Y Y
—0 =0 n=0 ||k—i||=n n=0r=n lk—ill=n
M
<23 @De)" Y v
n=0 lk—i||l=n

Thus we arrive at

M
Wi <2 (2Dc))” > Yi+2K1Z + (2De))M L
n=0 [[k—il|=n
for all M € Z>o and  small enough. Taking M — oo we conclude (3.3.3) holds for
Ky =max(2,2K1) = O(1) and ¢a = 2Dc; = O(c1) = o(1). O

We can now verify that the conditions of Theorem 3.2.1 hold and prove the ¢-SGI. The
key ingredient is the previous lemma - it is straightforward to see that the weak U-bound
(A1) is immediate, and more difficult to see that the weak U-bound implies the weak
g-SGI of (A2), but we show that the strategy for ‘strong U-bound = strong ¢-SGI’ as in
Theorem 2.4.16 can be adapted to the weak case. The basic idea is that one can truncate
the left-hand side of (A2) into two parts, one where the boundary conditions are bounded
and the other where they are not. We present these ideas in the following proof of Theorem

3.2.1.
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Proof of Theorem 3.5.1. By applying Lemma 3.3.6 and (C2), we obtain
v(1£1°IV;Vi|") < Brlf1* + Br(nilf|*) + Br(n;| £1%)
< B+ 26l f|"+ BEy 3 (B ) w0

kezb

< B(L+2Ky) (vlf17+ S (CQ’H” +CQ’H’”) VIV f|? (3.3.8)
kezbP

This is (A1) with A = B(1+ 2K3) = O(1) but with an incorrect interaction matrix M,

since cgk_i” + cgk_j I has dependence on j. For any i,k € ZP define the distance

dist(k,?) == inf ||k — 7], (3.3.9)

je{itu{~i}
we see that cgk_i” + cgk_j” < 2cgi8t(k’i) since j ~ ¢ by assumption. Thus the correct
interaction matrix is My; = CSiSt(k’i) modulo a constant. Note M;; > 0 for all 7,5 € ZP.

and ) _,cyp M;; is clearly independent of i and finite for co < 1 since the number of sites
with ||i — j|| = n grows polynomially like n? while M;; for such sites decays as ¢y, meaning
>_jezp Mij is bounded above by a multiple of >_, - cinP < oo. It follows (B2) holds,
but we hold off judgment on (B1) since we may need to enlarge the constant B(1 + 2K5)
depending on the constant we find for (A2).

To obtain (A2), fix a parameter L > 0 and denote by B, the metric ball of radius r
in Carnot group G associated to the control distance d. By the conditions on 7, we have

n(h) — +oo as d(h) — oo and thus there exists r > 0 such that

{77i < L} C Br.
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Now we study the left-hand side of (A2) by applying the cutoff

|f —ESf17 = v|f =B FI'Tpimery + VI —BE 1 Tppsnisry (3.3.10)

where 7 is the indicator function® and 7; == Y jijri T SO that m; +17; is a function of x;
and x; for j ~i. Let I':== f — E¥ f by dropping w for simplicity, we first study the cutoff
I = Pl <1y

Fix any h € G with d(h) = 2r. Since 7 is non-negative, one has the bound {n; + 7; <
L} C B, US; where S; := {7; < L}, we can then bound vI; by

vl < 2 (|F(xi) — F(z; 0 h)|quTISi) v (|F(xz- o h)\qz&_z&.) . (3.3.11)

=T =13

For the term Iy, let v : [0,2r] — G be a geodesic from 0 to h such that |y(¢)| < 1 for all ¢,

then

2r q

|F(2;) — F(z; 0 h)|* = @

2r q

ViF(x; 07(t)) - 4(t) dt (3.3.12)

0

2r
§27“/0 |V¢f(xio'y(t))‘th

where the last step is by Hoélder’s inequality and the fact V;E¥ f(x; o y(t)) = 0. Since ¢

and V are continuous, the potential can be bounded by

U7 | Ze, Is, < sup |¢(h)|+2D sup [V(hi,ho)| =T
heB3;- h1,h2€B3;-

37x(x) = 1 if z € X and 0 otherwise for any set X.
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provided that g < 1, which easily holds by making g sufficiently small. Then T is inde-

pendent of 3 and only dependent on L. With this bound and (3.3.12), it follows

E“Ig<2r//2T]foZoy ))]

2r
< 21"— // |Vif(ziovy(t))|"Zp, dtdx; Ls,

IIBT dtdz; Ls,

< 492 /]V f .%'Z)‘ IBgrdeIS

where the last step is by the change of variable x; o y(t) to x; and the strict triangle

inequality (see Theorem 2.4.14)
d(zi 0y(t)) < d(x) +d(v(t)) < 3r

for 2; € B, and y(t) € By, since d(h) = 2r. Now we can reinsert e~V back into the integral

to obtain

erw( )

vly = VEY I < 4r?e®” /IV fa)l' = p—du; Ts, < 4’ VEF|Vif|%. (3.3.13)
K3

This concludes the estimate of v1s in (3.3.11).

As for vI3 in (3.3.11), note that when = € B, one has the strict triangle inequality
d(z;oh) >d(h) — d(afl) >

since d(x; ') = d(z;) by Theorem 2.4.14. With this and a change of variable z; o h to z;,

it follows

1
vl < v(|F @) Taezn s ) < v(1F@) 20 Ts,) < 7v(F(@)|™),
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where the second step is due to the fact {d(z;) > r} C {n; > L}. Now taking this and the

estimate (3.3.13) back into (3.3.11) and (3.3.10), we arrive at
3
V| F|7 < 8r%e™w|Vif|" + Zv([F|"(i + 7)) (3.3.14)

As for the second term, one can simply apply the weak U-bound in Lemma 3.3.6, which

gives

v (IF1 % + 7)) < @D+ DKy [ v|FI7+ S0 3 & lyvrpe
kezZP |j—i|<1

<4@D+ DK (VP + 3 e VESST+ Y D T v
jijri kezD|j—i||<1

since V;E¥f = 0 and v|ViEY f|7 = v|EX (Vi f)|? < v|Vf|? for ||k — ]| > 1 by Jensen’s

inequality. Using the dist(+, -) function defined in (3.3.9), we can simplify the bound as
v (IF|%0n + 7)) < 42D + 12Kz [ v[FI7+ Y e VES 7+ Y ™™ u)w, g1
J:jevi kezP

Choose L large enough such that 12(2D+1)?K5/L < 1/2, then substitute the above bound

in (3.3.14) and collect v|F|? on the left-hand side, it follows

vIf —EPFI7 < 1607”0 |Vif |9+ Y | VESFIT+ Y My |Vif| (3.3.15)
J:jevi kezb
with My; = cdiSt(k’i), which coincides with the situation for (A1). The only work left is to

bound the term v|V;E¢ f|9 for j ~ i.
Note that we already proved condition (A1), thus one can follow the same steps as in
the proof of Lemma 3.2.4, only to skip (3.2.5) since we do not have (A2) yet. This way

the g-variance v|f —E¥ f|9 in (3.2.4) is kept all the way to the induction step (3.2.7), which
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2AB9(A+4)

1-44p1  — O(p?) is the same as the one

now has an extra term agv|f —E¥ f|? where ag =
defined in (3.2.7). Note that this only works when AS? is sufficiently small, which can be
made possible since A = B(1+2K3) = O(1) as in (3.3.8). Now we can start the induction

step in (3.2.8) with the extra term aqv|f — E¥ f|9, and after exactly the same procedure

one eventually finds that

2&1@2

vIVES flT < a1v|V;f7 + T 2Day

vIf —BY 19+ > Myw|Vif|®

kezZP
for a; = wa = O(1). Taking this back in (3.3.15) while making as,ca = o(1) small
enough, one can collect v|f —EY f|? on the left-hand side and obtain (A2). The condition

(B1) is easily satisfied since all constants appearing in the bounds are of O(1). O

3.4 Examples

In this section, we construct example potentials satisfying conditions (C1) and (C2). The
usual strategy is to find a phase ¢ and a function 7 satisfying the U-bound in (C1), and
then equipping this with an interaction V satisfying (C2). Below we demonstrate a few

such constructions using the control distance d and Kaplan norm N.

3.4.1 The control distance d

The problem of finding ¢ and 7 satisfying (C1) on the Heisenberg group was studied in
the literature. As mentioned earlier, one already has the g-logarithmic Sobolev inequality

courtesy of [0, Theorem 5.2], which made use of the following U-bound for the control
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distance d first appearing in [5, Theorem 2.4]:
/yquczpe—ad”dh < C’/ (Vg7 + |g|?) e~ dh (3.4.1)

for a > 0, p > 2 and some C' > 0. In other words, for ¢ Holder conjugate to p, one obtains
a U-bound for the phase ¢(h) = adP(h) and function n(h) = dP(h).

If we consider the interactions V for which |V;Vj;(hi, hj)|* +|V;Vij(hi, hy)|* < B(1 +
d?(h;) + dP(hj)), one starting point is V;; = P(d;,d;) for a polynomial P and where Vj; :=
V(hi, hj), di = d(h;), and d;j = d(h;), in analogue with the shorthand for n; and 7; in the

previous section. The sub-gradient is
|ViVij| = IVidi||01 P(di, dj)| <[01P(di, dj)|

by Theorem 2.4.14, and assuming P has degree r its sub-gradient is controlled by a poly-
nomial 9; P of degree at most r. The same goes for ’Vﬂ/;j’, which means ’Vﬂ/;j(hi, hj)‘q +
|V;Vij(hi, hj)|* is controlled by 1+ df" + dj" modulo a constant. Since ¢ = p/(p — 1) it
follows gr < p amounts to r < p — 1, i.e. (C2) holds for r < p — 1.

If p is an integer, then in fact the extremal case r = p can be handled too as derivatives
of mixed terms dfdg_k for 1 < k < p—1 are strictly of degree p — 1 and thus their
contribution to }Vz-Vij}q + ’VjVZ-j’q can be controlled by dg(pfl) + dg(pfl) = df + d?, and

control over the pure terms d? and d? is automatic. In other words, our discussion has lead

to the following.

Theorem 3.4.1. Let o > 0 and p > 2. Define a local specification on HZ" by the following

potential:

UR(za) = dP(zi) + > BiiP(d(z:),d(z) + Y BiPld(w:),d(w;))

ieA ijEA i€, jEA
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with |ﬂm~} < B for alli,j € ZP, and for P a polynomial of degree at most p. Then for
q Hélder conjugate to p and for all sufficiently small B > 0, there exists a unique Gibbs

measure v which satisfies the g-spectral gap inequality
v|f —vfl? < Csar|VFI.

In particular this also proves that when «adP satisfies a ¢-SGI then adP plus lower
degree terms also satisfies a ¢-SGI as a special case when P is a polynomial solely in
the first variable. Note the arguments can be generalised to the case where V is not a
polynomial, but a sum of monomials of the form d;"d’, since the proof does not need
the powers to be integers. We note it is required that m € [1,00) since if 0 < m < 1
then V;d" = mV;d - d;nfl has negative exponent m — 1 which blows up at zero whilst
the right-hand side of (C2) is finite. More remarkable however is that the theorem also
allows the interaction to depend on not just the control distance, but also the Kaplan
norm. If V;; = P(N;, N;) where, for N denoting the Kaplan norm, we set N; := N(z;) and
Nj = N(z;) , then since [VN| < 1 (see e.g. [30, Proposition 3.2.16]), can obtain the same

bound because all homogeneous norms are equivalent. In fact, one can go further since
V(&' N¥)| < |[Vd |N* + &7 |[VN*| < jd? "' N* 4 kd/ N¥
by similar reasoning, meaning we can generalise the previous theorem to the following.

Consider the polynomial

Qai,2;) = Z a(?“,gl)v S](fl)’ T]gz)’ s,(f))d(xi)’";il)
k=1

O 2 e
d(x;)* N(x;)™* N(zj)%

which is a finite sum of n € N monomials in d(x;),d(z;), N(x;), N(x;) of degree at most p
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with non-negative exponents r,gl), s,(cl),r,(f), s](f) € Zwg for k=1,2,--- ,n.

Theorem 3.4.2. Let o > 0 and p > 2. Define a local specification on HZ" by the following

potential:

UR (za) = aZdP(xi) + Z BiiQ(xi, xj) + Z BijQ (i, wj)
[ISHN i,JEA i€A, jEA
with |ﬁi7j} < B for alli,j € ZP. Then for q Hélder conjugate to p and for all sufficiently
small B > 0, there exists a unique Gibbs measure v which satisfies the q-spectral gap
inequality

v|f —vf|? < Csqr|VF|T.

In fact for the control distance one also has a U-bound in the sub-quadratic case p < 2,

from [5, Theorem 2.6]:

/‘9‘2 d?(pfl)efadpdh < C/ (\vg‘Q + ‘g‘2> efadpdh

for a > 0,1 < p < 2and some C > 0. Note 2(p — 1) < p, meaning this is a strictly worse
U-bound than that given in the quadratic p = 2 and super-quadratic p > 2 cases. We
note the U-bound here is not useful if p = 1 however because the bound is trivial since
d?»=1) = 1. Moreover, by analogue with the previous argument the interaction is trivial
for p < % since allowed monomials have exponents that are either zero or at least one, and
that are bounded above by 2(p — 1). Thus the arguments can be extended only in the case

where % < p < 2 and we find the following.

Theorem 3.4.3. Let « > 0 and 1 < p < 2. Define a local specification on HZ" by the
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following potential:

UR(za) = a ) d(e) + ) ByQria) + D BiyQ(xi,w))

i€A ijEN ieA, jEA
with ‘,Bi,j‘ < B foralli,j € ZP, and for

N
Qi wj) = Y d(wi)wd(y) N (i) 5N (a;)

k=1
a finite sum of N € Z>1 monomials in d(x;),d(x;), N(x;), N(z;) of degree at most 2(p—1)
with non-negative exponents r}, sk, vz, s2 for k = 1,2,--- N belonging to {0} U [1,00).
Then for all sufficiently small 8 > 0, there exists a unique Gibbs measure v which satisfies

the 2-spectral gap inequality

v|f — vf)? < Csav|V 2.

3.4.2 The Kaplan norm N

One serious deficiency in the case of the Kaplan norm is that at the time the ¢-SGI
was proven for the measure Z~le=*" in [30, Theorem 4.5.5] for a > 0 and p > 2, the
arguments used a degenerate U-bound n = N?~2||h||}, where [|k]|z = ||(w, 2)|| g = ||lwl],, is
the (Euclidean) norm of the Euclidean part of h = (w, z), in the sense 7 fails to diverge
to infinity in all directions; clearly along the z-axis where w = 0 one has n = 0. (This
property is needed to ensure everything is nicely bounded when 7 is bounded above.)
Recently however a new U-bound for the Kaplan norm was derived which is more suitable

and satisfies the divergence condition, which we state.

Theorem 3.4.4 ([18, Theorem 1]). The measure e=N"/Z for a > 0 and p > 2 satisfies
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the U-bound
/ lg|? NP3~ oN"ap < ¢ / (IVgl? +1g]?) e~ dh

for any q > 2 and g supported outside the unit ball {N < 1}, with positive constant C

independent of g.

Remark 3.4.5. By perturbation theory of [5] the result can be extended to any semi-

bounded polynomial of order p > 2.

If p > 3, then n = NP3 diverges to infinity in all directions as required, and the
U-bound can be extended to all of H as NP~3 < 1 in {N < 1}, meaning we obtain the
U-bound

/yqu NP=3e=oN'dh < C/ (IVg|? +1g|) e *"dh (3.4.2)

for a > 0 and p > 3. Since our methods work when ¢ € (1, 2], it follows we can transfer the
U-bound for ¢ = a NP and = NP3 into the 2-SGI by applying the same arguments as for
the control distance. This is our main result - although it was shown in [30, Theorem 4.5.5]
the ¢-SGI for the Kaplan norm in finite dimension holds for p > 2 and with ¢ < 2 Hoélder
conjugate to p, at the moment our techniques allow us to extend this to the infinite-

dimensional case for p > 3 and ¢ = 2.

Theorem 3.4.6. Let o > 0 and p > 3. Define a local specification on HZ” by the following

potential:

UR(za) =Y NP(zi)+ Y BiQiz)+ Y BiyQasw))

€A ijeA i€A, jEA
with ‘,Bi,j‘ < B foralli,j€ZP, and for
N
1 2 2
Q(z4, ) Zd de (25)% N ()" N (x;)%
k=1
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a finite sum of N € Z>1 monomials in d(x;),d(x;), N(x;), N(x;) of degree at most
max(1,p — 3) with non-negative exponents ré,si,ri,si for k = 1,2,--- N belonging to
{0} U [1,00). Then for all sufficiently small B > 0, there exists a unique Gibbs measure v

which satisfies the 2-spectral gap inequality
2 2
vIf = vfl" < Csav|V 7.

In fact in both examples one does not need to restrict our attention to just the control
distance d and the Kaplan norm N - as far as finding valid interactions is concerned we
may work with any monomial which is composed of homogeneous norms ¢ in either z; or
x; raised to appropriate exponents, provided |V¢| is bounded. Even if |V¢| is not bounded
we may be able to obtain ¢-SGIs, provided |V¢| does not grow too fast. The matter of
replacing the phase with a different homogeneous norm is more delicate as it requires the
existence of a U-bound as in (C1), but nonetheless the results here can be applied if and

when these U-bounds are found.

Remark 3.4.7. We remark that in the above examples, one can replace d and N in the
multi-spin interaction V' by a set of different homogeneous norms {p,, }, provided that each
|Vpn| is uniformly bounded and their powers are small enough for (C2) to hold. An
example of such p would be the arithmetic or geometric mean of d and N. Moreover,
instead of constructing V' as a function on p(x;), p(x;), one may consider V' as a function
of ,0(:1cj_1 o z;). The motivation comes from the fact that a potential in Euclidean space
is often given by a function on |z; — z;|, and therefore the choice of ,o(xj_1 o x;) is more
natural in the setting of a Carnot group. The above theorems still hold since if |V, p(x;)]

is bounded then |V, p(avj_1 o ;)| is also bounded due to the left-invariant property® of the

4See footnote 6
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vector fields (note that |V, p(x; o x;l)] may not be bounded since the vector fields are not

right-invariant).
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Chapter 4

Logarithmic Sobolev Inequality

for Unbounded Sub-gradient

In this chapter, we construct homogeneous norms with unbounded sub-gradient or sub-
Laplacian and explore the possibility of developing logarithmic Sobolev inequality (LSI)
for Gibbs measures defined by such norms.

For simplicity, we will construct homogeneous norm p on the Heisenberg group H, with
the form p(h) = F'(h)N(h) where h € H, N is the Kaplan norm (defined in Example 2.4.9),
and F': H — [0, 00) is some scaling function that makes |Vyp| blow up in some directions.
We will give some interesting examples of such p, and in particular, we focus on the case
p = N — 1\/NJw| where |w| is the ly-norm of the Euclidean part (ie. w = (z,y) and
lw| = /22 + 32 for (x,y, z) € H). We show later that |Vgp| and Agp blow up on {w = 0},
which is a reversed property as opposed to N since |VgN| and AgN vanish on {w = 0}
(see (2.4.4)). This is an interesting property that are not well explored in literature.

In addition, we show that, despite the unbounded sub-gradient of p, the Gibbs measure
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dp = e " dh/([ e P"dh) can still satisfy the ¢-LSI for any p > 2 with 1/p+1/¢ =1, i.e.

| f]?
plfle

" <!f\q10g ) < CulVifl?

for some C' > 0 independent of f. The full statement is provided in Theorem 4.3.1.

4.1 Introduction

The homogeneous norms considered in most works all have bounded sub-gradients, the
two examples considered so far (Kaplan norm N and control distance d) both fall into
this category. In fact, |Vgp| is bounded for any symmetric and differentiable homogeneous
norm p with a strict triangle inequality. To see this, simply use the identity (2.4.5) to

obtain

- -1
|Vgp| = limsup p(z) — p(y) ) plroy ")

d(zoy—1)—0 10('1: 0 yil) d(l‘ ° yil)’

where the first ratio is bounded due to the reverse triangle inequality |p(x) — p(y)| <
p(z oy~!) while the second is bounded due to the equivalence of homogeneous norms (see
Proposition 2.4.7). Note that this resembles the fact Lipschitz continuity implies bounded
gradient on R™, since strict triangle inequality provides a Lipschitz property.

In our setup, we consider the general definition of homogeneous norms (Definition 2.4.6)
without requiring the strict triangle inequality, and this opens up the possibility for defining
norms with unbounded sub-gradient. In the sequel, we shall develop strategies to construct

such norms and, in particular, investigate if the LSI still holds for the Gibbs measures in

case of the unbounded sub-gradient.
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4.2 Constructing norms with unbounded sub-gradient

In this section, we will work in the Heisenberg group H for simplicity, while noting that the
same results can be generalised to similar spaces (e.g. H-type groups or in general step-2
Carnot groups) with the cost of possibly large computational complexity. The strategy is to
use the Kaplan norm NV as a base, and obtain new norms by adding suitable modifications
to N. The aim is to explore which modification can provide interesting properties such as
the unbounded sub-gradient or sub-Laplacian.

To be specific, we will modify N by reshaping the unit ball By = {N < 1} to define
new norms. This is due to the observation that a homogeneous norm is completely defined
by its unit ball', so that one can use By as the base and scale By along different polar
angles, then the scaled unit ball defines a new homogeneous norm whose properties are
based on the scaling.

Following this idea, it will be convenient to introduce the spherical coordinates for N as
below. Let H = (R?, o) be the Heisenberg group and N (x,y, 2) = ((24y?)?+22)/* be the
Kaplan norm as in Example 2.4.9. Consider the Kaplan-polar coordinate transformation

T:(2,y,2) = (N,¢,0) given by

o = tan~! <i) € [0,27), (4.2.1)

!This can been seen by considering the dilation Dy (see Definition 2.4.6) on the unit ball.
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The azimuth ¢ and inclination § are homogeneous® of degree 0 and therefore invariant

under dilation. The inverse transformation 77! : (N, ¢,0) — (z,y, 2) is given by
z = NcospVsinf, y= NsinpVsinf, z= N2cosb.
Here are some basic properties of the Kaplan-polar coordinate:
dV =dxdydz = N> dNdyp db,

sin(0)

(4.2.2)
Ve fl®

((200f +0,0)* + (Non f = cot(0)0,1)* ).

An interesting application of the Kaplan-polar coordinate is to construct homogeneous
norms by scaling the Kaplan norm. That is, we can construct a new norm p = F(p,0)N
where F is the scaling of N along the direction of (¢, #). We present such construction in

the following proposition.

Proposition 4.2.1. Let F': [0,27) x [0, 7] = R be any continuous function such that the

range of F is contained in (a,b) for some a,b > 0. Then the following function
p=F(p,0)N
defines a homogeneous norm on H. Moreover, p satisfies the generalised triangle inequality

p(zoy) < —(p(z)+ p(y)).

Q| o

Proof. To show p is a homogeneous norm, we verify all the conditions in Definition 2.4.6.

Indeed, p is continuous because F' is continuous and ¢, # are continuous in the spherical

2A function f : G — R is homogeneous of degree n € N if f(Dyx) = A" f(x) for all \.
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coordinate transformation (4.2.1). Moreover, since F' is bounded above and below by
positive constants, it holds p > 0 and p(h) = 0 only when A = 0. The homogeneity of p
follows from the homogeneity of N and the fact ¢, 8 are homogeneous of degree 0. As for
the triangle inequality, one simply use the fact F' € (a,b) and the strict triangle inequality

for N as in Example 2.4.9. O

Remark 4.2.2. Although F' depends on both polar angles, it will turn out that the
dependence on 6 alone is enough to produce interesting example norms. For this reason,
we first set up some identities for later calculations. If p = F(6)N is independent of ¢,

then one can use (2.4.4) to show that

sin 6

\Vap|® = (4|F'|*> + F?)sin0, Agp = (4F" + 4(cot O)F' + 3F).

Example 4.2.3. By proposition 4.2.1 we can now construct any homogeneous norm by
scaling the Kaplan norm. Below we give some example norms whose sub-gradient has

interesting properties:

(1) Consider the following homogeneous norm

o1 = (1 —(1/2)8 Sin9> N,

then p; is smooth on H\ {z = 0}, |Vup1| never vanishes and blows up on {(z,y) = 0}.

(2) Consider the following homogeneous norm

p2 = (1= (1/2)/Teos]) N,

p2 is smooth on H\ {z = 0}, |Vup2| vanishes on {(x,y) = 0} and blows up on {z = 0}.
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(a) p1: Blow up (b) p2: Blow up / vanish (¢) p3: Non-differentiable

Figure 4.1: Unit ball of p1, p2, p3 in Example 4.2.3

(3) Let W : [0, 7] — [—1, 1] be a Weierstrass function such that W (0) = W (x) = 0, then
ps = (1 (1/2)W(0)) N

is a homogeneous norm such that Vps does not exist everywhere.

Remark 4.2.4. We note that p; and ps can be simplified in Cartesian form:

1 1
p=N=gVIwIN, p=N-gy |2|/2N
where w = (z,y) € R? is the horizontal variable. Moreover, all three norms satisfy the
generalised triangle inequality with a constant 2 by Proposition 4.2.1.

In the next section, we show that, in spite of the unboundedness of the sub-gradient,
the Gibbs measure defined by p; can still satisfy the LSI under some growth conditions of

the potential.
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4.3 LSI for unbounded sub-gradient

Let H = (R2*1, o) be the Heisenberg group and N be the Kaplan norm N = (|Jw[* + 22)1/4

where w = (z,y) € R?. Consider the homogeneous norm

1
p=N — 5\/N|w\

as in Remark 4.2.4. It is smooth outside {|w| = 0}, and, with the aid of Remark 4.2.2, one

can obtain the sub-gradient and sub-Laplacian

22 1
=+ NR2(\w!/N), (4.3.1)
2

2
2
Vepl? = 5 + Ri(lwl/N), Amp=-—3—
8lwz N

16 N3|w|
where Ry (a) = a®/4 — a®? + a? and Ry(a) = —a®? + 3a?. Tt then follows |Vgp| > 1/3 and
|Vup| — oo as |w| — 0. Therefore, p is an almost everywhere smooth homogeneous norm
that has a sub-gradient unbounded above but bounded below by a positive constant. In

the following, we show that the single-spin Gibbs measure defined by p satisfies the ¢-LSI.

Theorem 4.3.1. Let ¢ = pP for some p > 2 and let ¢ = p/(p — 1) be the Hélder conjugate
of p. The probability measure dy = (fH e‘¢(h)dh)_1e_¢(h)dh satisfies the q-LSI

fla
(11108 I8 < Cuaulvarr
plf]
for some constant Crg > 0.
By Theorem 4.1 in Hebisch and Zegarlinski’s work [5], i.e. an application of Theorem
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2.4.17 with power 2 replaced by ¢ € (1,2], one has the following implication

Sobolev inequality: ([ |f\2+5dh)2%8 < ay Jy |VafPdh + by [ | f12dh
¢-SGL: plf — pf|? < aop|Vu f|? + baplf|4 = ¢-LSI

U-bound: ,u((qb +|VH¢]q)|f|q) < azp|Vufl?+ bsplf|?
(4.3.2)

where € > 0 and a; > 0,b; > 0,7 = 1,2,3. We will verify that all three inequalities on the

left-hand side indeed hold. The Sobolev inequality already exists in literature, e.g. see |

)

Theorem IV.7.2]. For the ¢-SGI, note that
¢+ |Vagl’ = p” +pp® D[ Vipl? > (14 (p/3)%)p"

since g(p — 1) = p and |Vgp| > 1/3 by (4.3.1). If the U-bound in (4.3.2) holds, one can
then obtain the ¢-SGI by Theorem 2.4.16 with n = pP. Therefore, the key is to obtain the

U-bound in (4.3.2), for which we prove the following lemma.

Lemma 4.3.2. Let ¢ = pP for some p > 2 and q be the Hélder conjugate of p, there exists

a constant C > 0 such that the measure e~¢ satisfies the U-bound

/ (14 0°)[Vupl?|f|%e~?dh < C/ (IVif|?+ | f|7)edh. (4.3.3)
H H

Proof. For simplicity, we shall denote by V = Vp in this proof. Following the idea in [5],

assume f > 0 is smooth and we start with the Leibniz rule
(Vo)fe™® = (Ve = V(fe™?).

Applying the functional [ p(Vp/|Vp|®, ) with a = (p —2)/(p — 1) € [0,1) on both sides,
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we have

p[orvorsee= [o{vryee - [(£8 v(re)

< [oviiiwsees | v(@fa)fw. (4.3.4)

For the last term, we use chain rule to get

v | .
\Y, (|ép|€¥> = e (IVp|* + pAp) + p <V|Vp| ,Vp> : (4.3.5)

By the calculations in (4.3.1) and the equivalence N/2 < p < 3N /2, the sub-Laplacian

term satisfies
2

2 N z
Ap <4 11—/ )| = =4+1 4.3.6
Vol g < (1= ) ol =L (13

where the constant 4 is due to supj,<;(Ri(a) + 3R2(a)/2) < 4. Next, we show that

1—1 >|Vp[*. To this end, we first calculate the following term

16]w| N3
22

_8\w’N3 N _
(1/2-1)= 2 + W_l_

8a n 1 1
1—a*  a

where a == |w|/N. Since a € [0, 1] one can show that 8a/(1 — a*) +1/y/a > 3, then by the

above equality we have 1/2 — I > 222/(16|w|N?) and it follows

2

1 2
>_ ~ 4
= 16wV 2

z
s o+ Ri(jwl /N) =|Vp|*.

1-1
16|w|N3

v

Taking this into (4.3.6), the first term in (4.3.5) is then bounded by

5
(IVol? + pAp) <

< SF —| Vo[> < 15 —|Vpl* (4.3.7)

[Vpl*
where the second step is by [Vp| > 1/3 and the relation 2 — a = ¢. For the last term in
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(4.3.5), direct calculation gives
p(VIVp~©|,Vp) = 42 tap(h — 2*) /I

where the term I; and I are given by

I = 82%|w)? (—|w| +5v/w|N — 4N> ,
—a _3a 1+a/2
L= w5 N (22+4|w|3(\/|w| —2\/N)2) .

Since Iy > 0, the term —z%/I5 is non-positive and can be simply dropped. The other
term ply/Is is bounded because it is homogeneous of degree 0 and smooth on the unit
ball {N = 1}. This implies p(V‘foa‘ ,Vp) < ¢ for some ¢ > 0. Collecting this and

(4.3.4)-(4.3.7), it follows
JasoIvolse < [ 0ol 9se (15 40) [ e,
Replacing f by f¢ and using Young’s inequality for the term V f4 = f4/PV f, it follows
pIVoI? SIS < P9 14 2 (A1
Moving the f? term to the right hand side and we conclude on the U-bound
/ (14 pP)|Vp|? fle™® < 2/]Vf|qe¢ + (15 + c)/fqe¢>.

For f < 0, the above U-bound holds by replacing f with |f| and using the metric inequality
|V|fl| <|Vf| that holds almost everywhere. O

Remark 4.3.3. Since ¢ +|Vyo|? < ¢(1 + pP)|Vpp|? for some ¢ > 0, the U-bound (4.3.3)
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holds for ¢ +|Vye|?. In fact, the U-bound holds for any semi-bounded polynomial ¢ in the

form

M
¢:app+anprn
n=0
where a > 0, M € N, b, € R and r,, € [0,p).

For the LSI on infinite lattice ZP, if the interaction V = V(z;, x;) satisfies the growth

conditions V < B(1 + ¢(z;) + ¢(x;)) and
IViV|? +[V;V]1 < B(1+ [Vid(a)|? + |Vo(z;)|7)

for some B > 0, then we can use the results in [5] to show that the global Gibbs measure v
associated with the potential U; = ¢(;) + >_; 8i;V (i, ;) satisfies a ¢-LSI for sufficiently
small |B;;|. However, we note that the polynomial interaction cannot satisfy the above
growth condition, for example, consider V' = p(x;)p(z;) then |V, V|1 = p(x;)|Vp(x;)[?
which cannot be bounded by |Vp|?. For a workaround, we may consider V' = f(p(x;), p(z;))

for some f with bounded derivatives, for example, V = /p?(z;) + p?(z;).

Remark 4.3.4. Although we only obtained the LSI for one specific example of homoge-
neous norms with unbounded sub-gradient, it is easy to generalise the same idea for a class
of similar examples. In general, it is possible to expect an LSI for a norm p such that |Vyp|

is bounded below by a positive constant but may blow up in some directions.

98



Chapter 5

Logarithmic Schrodinger Equations

in Infinite Dimensions

In this chapter, we present the results of the joint research project with Larry Read,
on logarithmic Schrédinger equations (LSE) in infinite-dimensional configuration space.
Namely, for the system € = RZ” and any finite volume A € Z”, we consider the nonlinear

Cauchy problem

|6
v|o|? (LSE,)

10tp = —Lpad + Ao log

where z € Q, f : Q — C is localised" in A, Lo = Apx — VAUy - Va with a finite-range
potential Uy, and v is the global Gibbs measure associated to Up. All the notations and
terminologies are the same as defined in Chapter 2.

Our aim is to find various estimates that are uniform in the size |A|, and use them to

! f is localised in A C ZP” if f only depends on z; for j € A (see Chapter 2, Section 2.1.1).
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establish the existence of weak solutions when A 1 ZP”. To this end, we will first prove
in Section 5.3 the following log-Sobolev inequality (LSI) for v to control the nonlinear

logarithmic term in the LSE.

Theorem 5.0.1. The global Gibbs measure v associated to Uy satisfies a log-Sobolev

inequality on ) = RZ? (under suitable growth conditions on Uy), that is,

2
Ent, (|¢|2> =v (|¢|2log I/'il'Q) < c\|v¢||%2(y) (5.0.1)

for all ¢ such that the right-hand side is well-defined and finite, and some constant ¢ > 0

independent of the function ¢.

The conditions on Uy are provided in Theorem 5.3.1 (the full form of Theorem 5.0.1) and
the remarks/examples following that. Using this inequality, we develop several estimates

for the solutions of LSE in Section 5.4. We summarise these in the statement below.

Theorem 5.0.2. Assume that Uy satisfies the same conditions in Theorem 5.0.1. For any
A € ZP, let ¢ be the solution to (LSE,) with initial data f € H'(v) localised in Ay C A.

Then, for A > 0, it follows that

IVo(, )72y < €IV IZ2) and  Ent, (|¢<',t>|2) < AT+ IV
for all t > 0, where c is the constant in (5.0.1). Furthermore, for any j € Z2

[V, <19,

L2(v)

holds for allt < eNj, wheree = e(X\,Up) > 0 and N is proportional to the distance between

J and Ay on the lattice.

Note that the above bounds are independent of the size |A| once the initial condition
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is fixed. Therefore, we can construct a sequence A; C As C --- invading the whole lattice
ZP and use the above bounds to show that the solutions to (LSE,, ) converge to a weak
solution to the infinite-dimensional LSE. The result is provided in Section 5.5 with the

following informal statement of the main theorem.

Theorem 5.0.3. Suppose the lattice is 1-dimensional (Q = R?), and the potential satisfies
the same conditions in Theorem 5.0.1 and has bounded multi-spin interactions. Then for
any localised initial data f € H*(v) there exists a weak solution to the infinite-dimensional

LSE problem, i.e. there exists ¢ € H'(v) such that

2
v (gioigp) = I/<Vg(g> - Va(d) + grdlog |9 )

vlof? (5.0.2)

for all smooth, compactly supported, and localised g : RZ — C, where Vg = (V{Ij})jez
We will give an introduction of LSE in the first section and set up the framework in the

next one. We then formally state and prove the above theorems in the remaining sections.

5.1 Introduction
The logarithmic Schrodinger equation (LSE) was first introduced in [50], given by

2
i0pp = Hep = —Az/J—i-Vw—i—)\wlogf";/}‘LCb( (5.1.1)

with x € R™, A € R and A denoting the Laplacian in R™. For non-interacting systems,

the LSE enjoys a statistical independence property in the following sense. Let {x;} = R
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and {x2} = R be two non-interacting spaces. Suppose for j = 1,2 the LSE

|91

Z.aﬂ,/Jj = ijj = _Ajwj + V}'lﬂj + )\'lﬂj log f |Qj)j|2dxj

is satisfied on {x;}, with wavefunction v;, potential V}, initial condition v;(x;,0) = f;(x;),

and A; = Ay y. Then, the following LSE

2
O = HYp = —Atp + Vip + A log f":f"QdX = (Yo H191 + Y1 Hoyo)
is satisfied on the composite system {x} = {(x1,x2)} = R™ ™2 with wavefunction

P(x,t) = P1(x1,t)Pa(x2,t), potential energy V(x) = Vi(x1) + Va(x2), initial condition
P(x,0) = fi(x1)fa(x2), and A = Ayyy.

Thus the probability density [1)|? of a composite system is given by the product of
the densities |1;|%,j = 1,2 of the subsystems, provided that they are initially separate.
This shows that non-interacting systems remain statistically independent. Moreover, the
normalisation factor [ ||?dx = 1 is invariant in time and we have the following additivity

of energy property
(0, H) = (sy, Hypy).

J

To study the asymptotic behaviour of large interacting systems we shall use the idea of
ground state representation. That is, we consider the wavefunction ¢ = gf)e*%U with some

U :R™ — R independent of time. If U and V satisfy the following relation

1 1
—5AU + ZyVUP + AU =V, (5.1.2)
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the LSE (5.1.1) has the following transformation

s
192

1010 = —Lp + A log (5.1.3)

for the linear diffusion operator £L = A — VU - V and the measure u(¢) = [ pe~Ydx.

In the sequel, we will study (5.1.3) in finite and infinite dimensions where the Lebesgue
measure is no longer well-defined. Therefore, it is essential to define the Gibbs measure
dp = e Ydx as a reference probability measure in the system. For this purpose, we need
to introduce some conditions on the potentials. First we require V' to have an additive
structure, with a multi-particle interaction and an external potential for single particle.
However, due to the nonlinear relation (5.1.2) between U and V, this is not guaranteed
even if U has a similar additive structure. To avoid the issue, one may in addition require U
to have a finite range of interactions. This set of conditions provides an interesting family
of potentials that we will introduce later in the setup.

The LSE plays an important role in the study of nonlinear Schréodinger equations. This

is due to the ubiquity of logarithmic nonlinearity in mathematical physics, for instance,

in quantum mechanics [50, 51], nuclear physics [52], information theory [53, 5], quantum
optics [55], quantum gravity [56], modelling magma transport [57], transport and diffusion
phenomena [55], theory of Bose-Einstein condensation [59] and others. For results on

existence and regularity of solutions to different variations of LSE, the literature is wide
and one may refer to [60, 61, 62, 63, 64, 65, 66, 67, 68, 69, 70, 71, 72, 73].

In the above cited research works, the LSE is studied on finite-dimensional configuration
space, which rules out the possibility for systems with infinitely many particles. This
project aims to fill in this gap by introducing an infinite-dimensional setting for the LSE in
the context of statistical mechanics. Namely, we consider the configuration space 2 = RZ”

with a finite-range potential U. We construct the associated global Gibbs measure v and
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the operator £ corresponding to the Dirichlet form in L2(v).
As the first result, we show that under some growth conditions of U, the global measure

v satisfies the logarithmic Sobolev inequality

2\ . 2 |¢|2 2
Ent,, (|d>| ) =v | lolog o | < ClIVEliag, (5.1.4)

for some constant C' € (0, 00) independent of ¢. This inequality implies, under a proper
choice of A, that the right hand side of the LSE (5.1.3) is well defined in arbitrary dimen-
sions. The proof follows the general idea in [2, 4, 19, 74, 75, 76], while we need some extra
attention on the non-compactness of the space ) = RZ” and the unboundedness of the
potential U. The main theorem is presented in section 5.3.

With the aid of this inequality, we will find various estimates for the solutions to the

LSE. These include gradient and entropy bounds in the following form
1960, )2y < NIV 2y and  Boty (Jo(,0F) < (3 + O 9712,

where t > 0, f is the initial data and C' > 0 is the constant in (5.1.4). Moreover, we prove

a finite-speed propagation of information property of the solution, in the sense that

HV{xj}cb(',t)’

2
iy <€ IV FlIE0)

holds for all ¢ < eNj, where e = (A, U) > 0 and N is proportional to the distance between
j and the dependence of f on the lattice ZP. This bound shows that, if the initial data
depends on finitely many variables, the LSE can only enlarge the initial dependence with
finite speed. This property resembles the one in the case of semigroups (see e.g. [1, 74]) and
is crucial to prove the existence of solutions to the infinite-dimensional LSE. The results

concerning these bounds are presented in Section 5.4.
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Using the finite-dimensional estimates, we establish in Section 5.5 the existence of weak

solutions to the following infinite-dimensional LSE

2
v (gidip) = V(Vg - Vo + grolog ] )

v|of? (5.1.5)

for all smooth compactly supported function ¢ : R* — C that depends on finitely many
variables. We then conclude by discussing the construction of solitary solutions to the LSE

in finite and infinite dimensions.

5.2 Infinite-dimensional setting

The setup is almost the same as in Chapter 2, for the convenience of the readers we briefly
recap some important notations and definitions in this section. Consider the particles being
located on a lattice ZP, endowed with the [*° distance

li]] == max |iy]
1<n<D

for i = (i1,...,ip) € ZP. We also define the set distance by

dist(A, A) = EAir;feA/ i —j||, diam(A)= .SQGI?\HZ' —jl VAN cZP.
(2 s i,

For each particle at j € ZP, we assign a random variable x;j called spin with values in
R. The configuration of the entire system is therefore x = (x;);czp, living in the infinite-
dimensional space ) = RZ”,

For any function f on €0, we say f is localised in some A C Q if f only depends on

spins inside RA. Let A 7 C ZP be the smallest set in which f is localised, we call f a local
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or cylinder function if A is compact. The potential on € is given by a family of functions
J = {Jk}xezp where for each K € ZP, Jx € C%(Q,R) is localised in K and Jx = 0 if
diam(K) > R for some range R € N. The potential energy Uy in any finite volume A € Z”
is well-defined by

Unz)= Y Jk().

ANX#2

Example 5.2.1 (Billinear Potential). Consider the bilinear potential

Jr(x) = Cijriz; it K ={i,j}

0 otherwise

where Cj; € R is uniformly bounded and Cj; = 0 if ||i— j|| > R for some finite range R > 0.

The potential energy inside A is then given by

UA(QZ) = Z Cijﬂjiﬂ?j.
{i,j}NA#£E

With the same boundary condition setup in Chapter 2, we define the local Gibbs

measure Ej by

1 w
EX(f) = | fdEX= = | fleaewn)e RN day
Qp ZA Qa

for any A € ZP and boundary conditions w € Q. For E{ to be well-defined in all finite

volumes, we shall hereafter only consider U, that satisfies
O</ e Uidry <o VAEZP VYweQ. (5.2.1)
RA

The family {Ex}pezp is called a local specification, with which one can associate a global
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Gibbs measure v by the DLR equation
VEAf =vf (5.2.2)

for all A € ZP and measurable function f on €.

Here we adopt the same definitions for V and A as in Chapter 2. That is, define the
derivatives V; = 9/0x; and A; == (9/0x;)? on RU}, the gradient V, f = (V;f)jen and
Vf = (ij)jeZD for A C ZP, and the Laplacian Ay = Y jead; and A = > jennAj.

The dot product is given by

Vi-Vgi= > (Vif)(Vig), Vaf:Vag:=> (V;)(Vg),

jeZP JEA
with the {2 length |[Vf|? :== Vf-Vf and |V f|? == Vaf - Vaf. With these notations, we

define the following function space

(5.2.3)

Q) = { FI N, [ is local, bounded and twice differentiable }

f € H*(E{,C) for all A € ZP and w € Q

where H2(EY) is understood as E{| f|?+EX |V f|? +E%|Ax f]? < co. Note that this implies

f € H?(v) by the DLR equation. Then for any f € §(£2) the linear diffusion operator
LA =ANf —VAUY - VS

is well-defined for all A € ZP and w € Q. Next, we recall some coercive inequalities for EX.

Definition 5.2.2. Let f* be the complex conjugate of f. We say [E, satisfies the spectral
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gap inequality (SGI) with coefficient Csg € (0, 00) if

KIf —ERfI? <ER(f*(—La)f) = CscEX|Vaf|?

and Ep satisfies the logarithmic Sobolev inequality (LSI) with coefficient Crs € (0, c0) if

b
EXIf1?

Ent, (] f|?) = EX <f|210g > < CLsER|Vafl?

for all boundary conditions w € Q.

5.3 Log Sobolev inequalities for the Gibbs measure

In this section, we present sufficient conditions on the potential energy Up such that the
associated global Gibbs measure v satisfies a logarithmic Sobolev inequality (LSI). We will
hereafter assume the existence of v and give more discussion in Remark 5.3.6 below. We

also drop the notation of w for simplicity when its role is not important.

Theorem 5.3.1. Let UY be a twice differentiable potential of some finite range R > 0 for
all A € ZP and w € Q. Suppose UY satisfies the condition (5.2.1) and ||V;V,;U% || < A
for all A €@ ZP, w € Q, and i,j € ZP with i # j where A > 0 is independent of i,7, A, w.

If the finite-volume log-Sobolev inequality

/12
EXIfI?

EX <|f!210g ) < CER|Vaf? (5.3.1)

holds for all A € ZP, w € Q and some & > 0 independent of f, A and w, then the global
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Gibbs measure v associated to (Ex)pez is unique and satisfies the log-Sobolev inequality

2
v <f\210g u\ff‘IQ> < CpLsv|Vf (5.3.2)
for all f € F(Q) and some constant Crs > 0 independent of f.

Remark 5.3.2. A sufficient condition for the volume-uniform LSI (5.3.1) is that

Z (ViV;UR () zim; > pZmJQ

1,JEA JEA
for all A € ZP, 25 € RY, w € Q and some p > 0 independent of A,z ,w. This is a
consequence of the Bakry-Emery condition as discussed in Remark 2.3.9.
Below we give some example potentials that satisfy the conditions in the above theorem.
Example 5.3.3. Consider the bilinear potential on Z” given by
UA(I’) = Z Cijl'il'j,
{i.itnA#o

where |Cj;| < 1 for i # j, Cy = 0 if [li — j|| > R for some finite range R > 0, and
(2R+1)P < 0y < C for some C > (2R+1)P. Then U, satisfies all conditions in Theorem

5.3.1 by Remark 5.3.2. This can be seen by the AM-GM inequality 2z;z; > —z7 — x?

Example 5.3.4. Consider the same bilinear potential but with bounded perturbations

UA(:L') = Z C’ija:ia:j +¢€ Z WK(HJK),

{i,7}NA#2 KezP
KNA£D

where € € R, Wk € CQ(RK ) has derivatives bounded uniformly in K of order n = 0,1,2

and Wg = 0 if diam(K) > R. Suppose Cj; satisfies the same conditions as in the above
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example, then for sufficiently small |e| all conditions in Theorem 5.3.1 are satisfied.

As another example we introduce the restricted setup with no boundary conditions. In
Section 5.5 we will use this setup extensively to establish the existence results for the LSE

in infinite dimensions.

Example 5.3.5. For any A € Z”, consider the following potential

Ui(z) = > Jk(x) (5.3.3)

KCA

where Jg satisfies the same conditions as in Section 5.2 but now is strictly localised inside
K C A. This means the potential has no boundary conditions. Then we denote by E}

I and

the local Gibbs measure corresponding to US, i.e. dE} = (e Uidzp)([e VAdap)~
by v° the global Gibbs measure associated to (E})rezp through the DLR equation. Then

Theorem 5.3.1 holds true with (Up,En,v) replaced by (UR,ES, v°).

Remark 5.3.6 (Existence). Concerning the existence of v in our setting, one can restrict

the configuration space €2 to the following space of slowly increasing sequences
Sq = {x € Q:3n > 0 such that sup|z;|/[|" < o}, (5.3.4)
J

and introduce suitable growth conditions for the multi-particle interaction (e.g. the bi-
linear interaction in the examples). Then by the compactness arguments in [77], there
exists a global Gibbs measure v associated to the potential on Ggq. The restriction to the
subspace G can be justified by the fact that S is dense in Q, i.e. v(Sq) =1 (see [77,

Proposition A.1]), and that one can obtain compactness argument on such space.
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5.3.1 Strategy to prove Theorem 5.3.1

The proof of Theorem 5.3.1 draws from the concepts in [2, 4, 19, 74, 75, 76], with modifi-
cations to accommodate the non-compact nature of the space {2 = RZ” and the unbound-
edness of the potential U. The main idea is to construct a probability measure (called
transition matriz) II on € that satisfies the LSI and II" — v as n — oo. Then one can
derive the v-LSI by iteratively applying the II-LSI in a telescoping series of entropy terms
given by the sequence {II"},¢n.

Herein we demonstrate a construction of the transition matrix II. The strategy is to
define a set of equally sized cubes {Q}} that partition the lattice Z”, then define II as the
infinite product of local Gibbs measures Eg, for each Q. To this end, fix a parameter

L € N and the interaction range R € N, we define the cubes
Qo =10,2(L+R)PNZP and Qp =k +Qo, ke ZP (5.3.5)

in the sense that Qg is the base cube and Q}, is the translation of Qg by a vector k € ZP.
For any s € N let vy = (vgl),...,ng)) € {0,1}” be the binary representation of s, i.e.

s = Zle v§”)2”—1. We define the following set of cubes

To=|J Q (5.3.6)

keTs

for s = 0,1, ...,2°—1 and the translation set T = {k ezl ke 2(L+2R)ZD+<L—|—2R)’US}.
See Figure 5.1 for a demonstration in the 2-dimensional lattice Z2.

By such construction, each I'gy contains disjoint cubes of the same shape as Qg, equally
distributed in Z”, and separated from each other by a distance greater than 2R. Moreover,

as s goes over {0, 1,...,2P — 1} the vector v, covers all directions in {0, 1}, thus the union
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Figure 5.1: Construction of @, and I'y in Z?2

Us=01, 201 1s = ZP covers the entire lattice. With E¢, denoting the local Gibbs measure
on cube @y, we define the product probability measure EY = ®Qk cr, Eg, - Then one can

construct the transition matrix II by
I~ = ;}D_:LEZD—Q te E]_EO

with boundary conditions w € €2, in the sense that T(r,, e = WT,p_ )

One may notice that this construction is very similar to the one in Chapter 3, Lemma
3.2.10 for the v-SGI. The difference lies in that here II is the product of measures on cubes,
whose size will be changed later as a parameter to aid the proof. In comparison, the II in
Chapter 3 is the product of measures on single sites, which are fixed and does not act as

parameters as the cube Q. In the following, we show that, despite the said difference, the
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measure II here satisfies similar properties as those given in Lemma 3.2.10.
Proposition 5.3.7. Let 11 be defined as above by the cubes, then the following hold.

(i) The DLR equation holds:
vilf =vf.

(ii) There exists ¢ > 0 such that
v (T(1 /P 1og | £7) — 111 2 log 1| £ 2) < ev|V £
(iii) There exists v € (0,1) such that

12
V[V )2 |7 < |V FI2
(iv) The sequence II" converges to v almost surely, i.e.

lim II"(f) = v(f) v-a.s,

n—oo
and the limit defines a unique global Gibbs measure v associated to (Ex)pczp -

Before proving Proposition 5.3.7, we first demonstrate how it leads to the v-LSI (5.3.2).

Proof of Theorem 5.3.1. Let fo = f and f,+1 = IIf, for n € N. By (i) we have

2 -1 )
v (’f‘Qlog J{}P) - Z V<H(|fn‘2log|fn|2) - H|fn‘210gﬂ|fn‘2) +v <‘fN|2]og 5’/}[{2)

n=0
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then by (ii), it follows

2 N-1 2
v (m?log g f',2> <o AV (rfN2log 'j}q'z) .

n=0

Since v € (0, 1), applying (iii) inductively gives

2 = 2
v (\flzlog ||ff|r2> < VIR (!fNQlog 'j%'z) .

Then by (iv) and the monotone convergence theorem, the last term satisfies

v <|f/\f|210g 'fN‘Q) ~0

v|f[?

as N — oo, which yields the LSI for v with coefficient Crg = ¢/(1 — 7).

O]

Remark 5.3.8. We remark that the construction of II is not unique. In fact, the base set

(o is not necessarily a cube; rather, it can take any shape as long as it is optimised under

certain conditions. Our preference for a homogeneous cube partition is simply to provide

an eagy read for the proof.

Proof of Proposition 5.3.7

Here we demonstrate the proof of conditions (i) to (iv). Condition (i) simply follows from

the DLR equation (5.2.2) of Eq, for each cube Q. To verify conditions (ii) to (iv), we use

the following lemma.

Lemma 5.3.9. Suppose all the conditions in Theorem 5.3.1 are satisfied, and let Qi be
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the cubes as constructed above. Then for any Qk and j ¢ Q. the ‘sweeping out’ inequalities

‘ (Eq, f ‘ 3 a|Vif|? (5.3.7)
€7D
and
1
V‘vj (EQk|f| 2 Z O‘]z’/|v f|2 (538)
i€ZP

hold with 0 < aj; < M!Qo\e*M”j*i” for some constants M, M > 0 independent of j and

Qr. Here |Qo| denotes the number of sites contained in the base cube Q.

Assuming Lemma 5.3.9 is true, we now verify condition (ii). Denote by f_; := f and

fs = (EsE,_1 ---Eo|f|?)'/2, we obtain the telescoping series

2
v (T1(1 £ 2 10g] 12) ~ 11112 log TI ) = Z VE, ( 110gEff21 >

by the DLR equation. For any s, each local measure Eq, with Q; C I's satisfies the LSI
with coefficient ¢ by the condition (5.3.1), their product Eg therefore satisfies the same LSI

by Theorem 2.3.5, which implies
2P—1
v (1(1f 2 10g |£2) = T f2log T £2) < & 3 v|Vr, foaf? (5.3.9)

s=0

We now bound the quantity Vr, fs_1. For any j € I'y, if j € I'y_q then V;fs_1 = 0. If
j ¢ T's—1, there exists only one cube Q;) C I's—1 such that dist(j, Qx;y) < R. In the

latter case, we have

2 1 2 112
Vifs—1= vj(Estl\Quj)EQku)fs—2)2 < Er,_ Qg Vi(Eqy, fi—2)?

by the Cauchy-Schwartz inequality. Integrating this with v and using the sweeping out
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inequality (5.3.8) for the cube Qy;y, it follows

I/‘ijs_ﬂQ < Z OéjiV’Vifs_Q‘Z , (5.3.10)

ZIEZD\FS,Q
where i € ZP \ T'y_5 since fs o = (Eps_2|fs_3]2)1/2 has no dependence in I'y;_5. Now
that V; fs_1 is bounded by V;fs_2, one can use the same estimate iteratively to reach the

gradients on f, i.e.

IVifseal? < S 0l uivir?, (5.3.11)

i€ZP

where

77](‘?) - Z Z o Z (O‘jilailiz T a’isfli)' (5.3.12)

i1EZD\Ty_5 i9€ZP\Ts_3  i,_1€ZP\Iy

Summing (5.3.11) over all j € 'y, the constant before v|V; f|? is given by

Sl < (Sup > ak) < (MIQoDS( > e‘M”’“”)s < (M|Qo[Cp)®  (5.3.13)

) ; D
jers €LY gD kezD

where we used the condition a; < M|Qole™ 17~ in Lemma 5.3.7, and Cp = 3", e~ MII¥l
is a finite constant that only depends on M and the dimension D of the lattice. Taking

this bound in (5.3.9), one gets

v (T0(1 P log %) — LI log [ f[2) < e[V £ (5:3.14)

with ¢ = é(1 + (M|Qo|Cp) + ... + (M|Q0|CD)2D), and this concludes the proof of (ii).
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To verify (iii), we use the same iterative strategy as in (5.3.10) and (5.3.11) to get

vVl = 3 Vi fan )

’ilEZD\F2D_1

Z Z iy i V| Vi fo _o|?

’L'1€ZD\F2D_1 iQEZD\FQD_Q

IN

< Z Z Z O‘i1i2ai2i3y|visf2D73’2
i1 €LP\T,yp_, i2€ZP\Typ_, is€ZP\Typ
< - < Z M| Vif|?, (5.3.15)
1€ZP

with the constant

N = Z Z cee Z (ai1i2ai2i3 s ai2Di)- (5316)

#1€ZP\F,p | ©2€ZP\Iy,p ,  i,p€LP\Ig

For simplicity, instead of the above 2P summations over each i,, we shall combine them into
one summation over each path in P := {(i1, 42, ...,iy0) : in € ZP\Typ_,,n=1,...,2P}. It
then follows

ﬁig(M\QODQD Z e—M(Ilil—z‘zll+llz‘2—vz3II+~~+H¢2D—iu)
(i1,---7in)6P

due to the condition aj; < M|Qo|e M=l

Now we claim that on each path (i1, ...,750) € P, there exists at least one pair (i, in+1)
such that [[i, — iny41| > L/2P*!. Indeed, by the construction of the cubes @y, in (5.3.5)
and the set I's in (5.3.6), the intersection between any two overlapping cubes Qx and Qj,
is a (hyper)rectangle whose shortest edge has a length of L. Since each path has 2P — 1
segments, there is at least one segment with length m > QD—LH. This property allows

us to partition P in the following way. For n = 1,...,2P — 1, define P, := {(il, ey igD) €
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P |lin — ipga| > L/2PF1} then P = UQD*l P,. For the sum over Pj, we have

n=1

Z 6—M(Hi1—z‘2|l+|lz‘2—i3||+-~~+Hi2D—z‘||)

(11,-ioD)EPL

< ¥ ¥ 3 o~ M (Jlir=izll+ - +lip—ill)

iyp €EZP io€ZD i1ezP
[li1—dz||>L/2P+1

< [De—ML/2PH! Z Z Z efM(HilfiﬂH...+||i2D,Z-||)

’i2D GZD iQEZD ’i1€ZD

— [De—ML/2PH! (CD)QD

)

where Cp =}, e~MIill as in (5.3.13). Using the same idea for sums on all other P,, it

follows 7; < (2L)P(M|Qo|Cp)%” e~ ML/2”*" and therefore by (5.3.15) we have
v|V 23| < 2L)P(M1QolCp)? e ML v f 2. (5.3.17)

Since Qo has edge length 2(L+ R), the size |Qo| grows polynomially in L. One can therefore

make L large enough so that v = (2L)2 (M|Qo|Cp)2” e ML/2""" < 1, which concludes (iii).

To verify (iv), we redefine f_q := f and fg := EsEs_1---Eq(f). By the argument for
(5.3.9), each E; satisfies the LSI and thus the SGI (by Theorem 2.3.7) with coefficient é.

Therefore, one has the following estimate for the II-variance

2D —1 2D —1
D D _
V|f - Hf|2 < 22 Z VEs’fsfl - ]Esfsfl|2 < 22 & Z V|stfsfl|2-
s=0 s=0

Note that the right-hand side is the same as in (5.3.9) without the factor 22" thus one can
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follow the same steps from (5.3.9) until (5.3.14) to conclude that
VIT|f — TIf2 < 227 e |V £

for the same ¢ in (5.3.14). Similarly, the argument for (5.3.15) and (5.3.17) leads to the
gradient bound
vV < Br|V§I?

for some 8 € (0,1). Applying the above two estimates with f replaced by II" f, if follows
yIf T 2 < 22 | V(T )PP < 22 e | V£

Given the fact 8 € (0,1) and v|Vf|? < oo for f € H'(v), we can use the Borel-Cantelli
lemma to show that II" f — F};;, almost surely in v for some function Fjy, : 2 — C (for a
proof see [30, Lemma 5.4.6]). Similarly, one has |V(II" f)| — 0 almost surely and therefore
the limit Fj;,, must be a constant function. This observation leads to

lim 11" f = Fyy = v(Flim) = nh_g)lo v(II" f) = v(f) v - almost surely

n—oo

where the limit and v can be interchanged by the dominated convergence theorem (since

f is bounded in §(2)), and the last equality follows from the DLR equation (i).

Proof of Lemma 5.3.9

We will only prove (5.3.8) since the situation for (5.3.7) is similar. Let A be any cube Q
in the setup (hence diam(A) > 2R). Fix any j ¢ A and ¢ € A such that ||j —i|| > R, we

denote by F' = (Ep\lf 12)1/2 where A\ i :== A\ {i} for simplicity. By the compatibility
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property Ep = EpEy,; in Proposition 2.1.3, we have

2 |V (EpF?)?

112

V5 (EAF?)?

To bound the numerator, we notice that for any function g it follows

S(E \%i d
A9) / <fe—UAda:A> TA

=EA(Vjg) —Ea(gV;Un) + Er(g)EA(V,;Un) (5.3.18)

=Ea(Vjg) —Ea(g; —V,;Un)

with the covariance Ea(f;9) = Ea(fg) — (Eaf)(Epg). Using the above calculation, we
have )

[EA(V;F2)[ N |EA(F?;—V,;Un)|
T A4E\F? 4Ep F?

‘ JEAR) < (5.3.19)

Let I; and I be the first and second term on the right-hand side of (5.3.19). For I it
simply follows I; < EA|V;F|? by Cauchy-Schwartz inequality. For I, note that F has
no dependence in A\ i due to the integral E,\;, hence by substituting Ex = EpE,\; the
covariance becomes Ex (F?; —=V;Up) = Ep(F?U) with U := E\;(—V;Uya). To proceed, we
first define EY := E¥ (di ) as an isomorphic copy of E{ (dx,) on a variable &, independent
of xp, while zpc = Tac = wpe for the same boundary conditions w € €. Similarly define

F = F(&,), U = U(&,), and one can bound the covariance by

Ear )] = ek (72 - P -0)[

IN

i(EAEA(F + F)Q)EAIEA ((F _ P2 - Z;{)Q)

< (EAFQ)EAEA ((F P2 U - 22)2). (5.3.20)
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Combining I} and I, we obtain the estimate

1V, (EalfP)? P CEAV, P+ iEAfEA«F ~FPU-0?). (5.3.21)

Note that U only contains one free variable on x; since all other variables are integrated by
Ejy; in A\ i and fixed by w outside A. Therefore, we can write U(xx) = U(x;) and bound

the difference

U (i) — U(Z)| = < o = &l | Vil || oo

/ Vo U(3:) di;

To bound the term ||V;U||~, we use the same calculation as in (5.3.18) to get
Vih = Vi(Env;(=V;Un)) = Envi(ViVUn) — Epvi(VUn; ViUnyg).-

Since i — j|| > R, it follows V;V;Uy = 0 and V;Up = V;U,\; due to the finite range of

potential, which implies

U (i) — UE;)] < |z — &4l ||Eavi (VU ViUa) ||

0o’

To deal with the above covariance, we use the following result adapted from [78, Theo-

rem 2.4 and Remark 2.6].

Theorem 5.3.10. If [|[V;V;Uj| o < Ae 1=l for some A > 0 independent of i, j, A, then

the volume-uniform LSI (5.3.1) is equivalent to the following mixing condition
E(f;9)[* < ClAfI|Agle™ 4 Ar4) (7 |V £12) (Ea[Vagl?) (5.3.22)
for all f,g € () localised in Ay, Ay respectively and C, M > 0 independent of A, f,g.
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By the condition ||V;V;Ua||sc < A in Theorem 5.3.1 and the finite range of the interac-
tion (i.e. V;V;Up = 0 for ||i — j|| > R), the condition ||V;V;Unllc < Ae™7=l in Theorem
5.3.10 is satisfied with A = Ae®. Therefore, the above theorem holds in the current setup

and one can apply (5.3.22) to obtain the following covariance bound
IEavi(ViUnvis ViUna)|12, < CAYPME (2R 4 1)1P e M=l
Collecting every term in (5.3.20), one can estimate Iy by
I < icA‘*e?MR@R +1)4Pe~Mli=ilg, F ((F Yy — :EZ-)2).

Denote by F=F— F, Z; = x; — T; and IEA = EA]EA, we then have the following estimate

derived from the relative entropy inequality (see Lemma A.2.1 and Remark A.2.2)

2
B (F%2) < L <F2 log 1@sz> + L (BaF?) logn () (5.3.23)
A

for any ¢ > 0. By the uniform LSI (5.3.1) and Theorem 2.3.5, the double measure [z
satisfies the LSI with coefficient ¢ and thus the first term on the right-hand side is bounded
by EEA(|Vay, FI? 4 | Vi, F|?) = 26E7 |V, F|?, where only V; remains since F' has no depen-
dence in A\ 7. By Theorem 2.3.7 the measure E, also satisfies the SGI with coefficient ¢/2,
hence

EpF? = 2Bp(F — EAF)? < EA|VAF|? = CEA|ViF)2.
For the logarithm on EIEAif, we use the following lemma adapted from [5, Theorem 4.5].

Lemma 5.3.11. Let v be a probability measure on R™ that satisfies a LSI with coefficient

¢>0. Let g: R™ — R be any differentiable function such that |Vgrmg|?> < ag for some
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a >0, then for all e € (0,1/ac) the following bound holds
logl/(egg) < 2ev(g).
Since |V, 22|% + |Vz,47|> = 827, we can let € < gz in Lemma 5.3.11 to show that
log B (eef?) < 2eBp 2 = 4eBp (27 — B (24))? < 26CEp|Vpzy|? = 2¢6.
Taking this bound to (5.3.23), (5.3.20), (5.3.19) and integrating with v, one gets
v|V; (EA]f]Q)%\Q < V|V, F|? + Cre~Mli=illy| v, F)? (5.3.24)

with Cp = max {1, e CA**ME(2R + 1)*P(¢7! + &)} independent of i, j, A.

Based on F' = (EA\i|f|2)1/2, we can define Fy = (EA\{i7i2}|f|2)1/2 with ||j —i2]| > R and
use (5.3.24) again to bound V,;F' by V;F; and V;, Fy. With this idea, one may construct
a finite sequence {i,} in A such that ||j — i, is decreasing and the sequence terminates at
im when [|j — iz+1]] < R. Then we apply (5.3.24) inductively to bound each V;F,, where
F, = (EA\{il,i27...,in}|f’2)1/2‘ For the second term V; F,, during each iteration, we will use

the following estimate
1 .
V| Vi (Bl f)2]" < vIVif P+ CrylVa f P, (5.3.25)

which holds for all A’ C A, i ¢ A’ and some Cr > 1 depending only on & A, R, D. The
bound (5.3.25) can be derived by a similar strategy as for (5.3.24) while keeping f instead
of F in the beginning. Although we lose the exponential factor e li=il in this bound,
one can use (5.3.25) to stop the iteration by getting the gradient bound directly on f.

With (5.3.24) and (5.3.25), we now perform the iteration as follows. At each step n, two
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gradient terms V;F;, and V;, F,, are generated by (5.3.24). For the V;F,, term, we continue
the iteration by using (5.3.24) again which produces V;F,, 1 and V;,_, Fy,11. For the V; F,
term, we stop the iteration by applying (5.3.25) which produces V\ (s, 4s,...5,_,3.f- Once
the iteration reaches the last step @ we simply apply (5.3.25) to bound both V;Fy and
ViyEn, which terminates the iteration with all gradient terms being on f. Therefore, the

final output of this procedure is given by

9 ~ _ n
< |V fP + CrCrBavIV a\fin,..imy /I + CrCR Y Bav| Vi, 17,

n=1

|V (EALF)

where 3, = S0 _, e Mliminll < |Ale=Mli=inll gince ||j — 4, is decreasing along the se-
quence. Rearranging the terms and grouping the constants, we finally obtain the sweeping
out inequality (5.3.8)

i <Y | Vif)?

i€ZD

|V (EALF)

with 0 < aj; < eMRC'RC~'3|A|e_MHj_i”.

The idea for (5.3.7) is essentially the same. Let F' :=[E,\;f in this case and we get
IVi(EAS)? = [VH(EAF)? < 2E|V;F|* + 2[Ea(F; V;Ua) . (5.3.26)

Denote by U = EA\i(—VjU A) and the covariance follows

En(F;V,Uy)[2 = i[]EAfEA((F ~ )W~ )| < EABA((F — FP@d 1))

| =

similarly as (5.3.20). Taking this in (5.3.26), the right-hand side becomes the same as
that in (5.3.21), up to multiplication by a constant. Therefore, one can apply the same

procedure as above and conclude (5.3.7).
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5.4 [Estimates in arbitrary dimensions

After developing the log-Sobolev inequality for v, we now return to the log-Schrodinger
equation (LSE) in finite volume and find various estimates that are uniform in dimension.
To this end, recall that the LSE in finite volume A € ZP is given by

Lls

i0y = —Lrd + Ao log o7 sk
A

where v is the infinite-volume Gibbs measure, and £ := Ay — V Uy -V for a finite-range
potential Uy. We consider initial data f € §(£2) localised in some Ay C A to ensure that all
the initial particles are covered by the potential in A. Due to the finite-range interaction,
the solution ¢ is localised in {j : dist(j, A) < R} for some range R € N, hence the Cauchy
problem (LSE,) remains in finite-dimensional space and is well-defined.

In this section we find estimates for the solutions of (LSE,) which hold uniformly for
all A € ZP. In the following section we will use these estimates to prove the existence of
solutions to the infinite-volume LSE as A — ZP. To begin with, denote by ||-||, = /v| - |2

the L?(v) norm, we show that (LSE,) satisfies the conservation of mass and energy.

Theorem 5.4.1. For any A € ZP, let ¢(-,t) be the solution of (LSE,) with initial data

f€3F(Q). Then for all time t > 0 the following conservation of mass property holds

leC,OIE = I1£117.
If Uy is twice differentiable, the following conservation of energy property holds
IVad(, 6)I[; + ABnty [¢(, 1)[* = |Va [} + ABnt, | f|* (5-4.1)
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where Ent, F = Flog(F /vF) denotes the v-entropy.

Proof. For the mass conservation, we first find the time evolution of v|¢|? by

2
dv|¢|* = 2Re(v(¢"9y¢)) = —2Im (u (¢*£A¢ — A¢|* log U’%)) = —2Im(v(¢"Lr¢)),

where the logarithmic term is real and therefore eliminated by Im(-). Since v is reversible

for £, (by Lemma 2.2.9), it follows

Im (v(¢*La¢)) = Im(v(¢Lr¢")) = —Im(v(¢* L)) = 0.

This shows d;v/|¢|?> = 0 and thus the mass conservation. For the energy conservation, we
will similarly show that

O (v|Vad|® + AEnt, |¢]?) = 0. (5.4.2)

Hereinafter we consider regularised solution e~*44¢ of (LSE,) and then send ¢ to 0 at the
end, but for simplicity, we shall only keep this in mind and demonstrate the proof without
explicit reference to €.

For the gradient term in (5.4.2), we first analyse the single-site gradient by

2
8t\Vj¢|2 = 21m< — Vj(£A¢) : qub* +AV; <¢ log 1/‘@’2> . VJQS*) (5.4.3)

The first product on the right-hand side follows
Vi(Lag) - Vi¢* = [V, LAl¢ - V" + (V") LA(Vd)

where the commutator satisfies [V, Lo] = — > cp VjpUn - Vi with Vi, == V; V. Taking
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this in (5.4.3) and integrating with v, one gets

0|V i¢l* = Im<2vzvijA Vi - Vj¢*> - Im<2V<(Vj¢*)EA(Vj¢))> (5.4.4)

keA
+ Im (2)\1/(Vj <q§10g 1/‘|¢¢|>|22> -Vﬂ;ﬁ*)). (5.4.5)

After a summation over j € A, the first term in (5.4.4) vanishes due to cancellation in A

and the second term also vanishes by the reversibility of v for £5. Hence only the last

term survives after the summation, leading to
B |Vas|? = Im(QAy(VA(qblog 16]2) - VA¢*)). (5.4.6)

As for the entropy term in (5.4.2), we use mollification argument and the LL?-invariance

property to obtain

0

7 Enty[9f = —Im(zy(¢* log \¢>|2LA¢)> _ Im(2u(¢*[,A¢ F A1+ log |¢>|2)Enty|¢>|2>).

The second term vanishes again due to the reversibility of v and thus it follows

0

- Bnt, | = —Im(2y(¢* log|¢|2£A¢)> - Im<2u(v,\(¢* log |6]2) - vm)) (5.4.7)

using integration by parts. Since the measure in (5.4.7) is simply the complex conjugate of

that in (5.4.6), one easily verifies (5.4.2) and hence the energy conversation property. [

Remark 5.4.2. The mass conservation property holds true for any measure pp and the

operator L associated to the Dirichlet form pua(fLrg) = —pua(Vaf - Vag).

With similar steps one can obtain time-dependent estimates for the gradient and the

entropy. In particular, we show that these estimates can be independent of time if v
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satisfies the log-Sobolev inequality (i.e. if the conditions in Theorem 5.3.2 are satisfied in

this setup).

Theorem 5.4.3. For any A € ZP let ¢ be the solution of (LSEx) with localised initial

data f € F(Q). If Uy is twice differentiable, then for allt > 0 one has the gradient bound
IVao (1) < NV 2 (5.4.8)

and the entropy bound

L@ v, (5.4.9)

Ent, |¢(-,t)|> < Ent,|f|> + o

If A>0 and v satisfies a log-Sobolev inequality with coefficient ¢ >0, one has the time-

uniform bounds

IVae( Ol < A+ AVEIL  and Enty|o(-, 8)* < (1/X+ )| V3. (5.4.10)

Proof. Following the proof of Theorem (5.4.1), the estimate (5.4.6) implies

oIV as < 2N Y v|Tm(6V,6%) (V;1og |6%)| < 201D vVl

jEA JEA

One then obtains the gradient bound (5.4.8) with Gronwall’s lemma . For the entropy

bound, continuing the calculation for (5.4.7) leads to

atEnt |p|? = —ZZIm( ( (V;0) >> < w|Vag|? < 282NV £ 2,

0
JEA

where the last step is by the gradient bound (5.4.8) that we just derived. Integrating

with respect to ¢t and one obtains the entropy bound (5.4.9). The uniform bounds (5.4.10)
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easily follow from the energy conservation property (5.4.1) and the log-Sobolev inequality

of v. 0

With the gradient bound of V¢ inside A, we now study V ;¢ for j outside A. Due to the
finite range of interaction, it can be shown that the norm ||V ;¢||,, decays exponentially as j
travels away from the initial region covered by A¢. This means the information in (LSE,)

can only be propagated with finite speed, which is presented in the following theorem.

Theorem 5.4.4. For any A € ZP let ¢ be the solution of (LSE,) with initial data f € F(Q)
localised in some Ay € ZP . Suppose the potential Uy satisfies IViViUrlloo < A for all
A €ZP, j,k € ZP with j # k and some A > 0 independent of i,j, A. Then the following

estimate holds

V60, DIl < eIV

for any j € ZP and all time t < eNj where e~ = 9(2|A\| + A)(2R +1)?P is the propagation
speed and Nj is the distance Nj = |dist(j, Af)R™|.

Proof. Using the results in (5.4.4), (5.4.5) and (5.4.6), the estimate holds

(IV;012) < 2MVIVie+ S [IValalle (VR0 +1IV02)  (5.410)
keA\{j}

for any j € ZP. With the condition ||V ;3Uxl|c < A, we obtain the differential inequality

0 (v|Vi8%) < Y A v|Vigl (5.4.12)

kezD

where Aj; = 2|\ + AQR+1)P, Ajy = Aif 0 < |j — k| < R and Aj; = 0 otherwise. In

the following we shall use this inequality to get an improved estimate on ||V;¢||,. First we
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remark that as a consequence of (5.4.8) and (5.4.11) it follows
O|V;io|? < Ajv|V;o|* + Av|Vag|? < Ajv|V;¢)? + A2 My |V f[2,

By [79, Theorem A], the above inequality implies v|V;¢(-,t)[> < ae?'v|V f|? for the con-
stants a = 1+ A(2|A])™! and v = Aj; + 2|A| independent of j. Therefore, one has the
following estimate

¢r = sup sup v|Vio(-,s)]* < ae’'v|Vf|? (5.4.13)
kEZD s€[0,t]

in any finite time ¢ > 0. Suppose the initial data f € §(Q2) is localised in some finite
volume Ay € ZP. With the finite range R € N of the interaction, we will show that
in a finite time period ||V;¢|, decays exponentially with dist(j,As). To this end, let

N; = |dist(j, Ay)R™!| and consider the integral inequality

t
v[Vig( O <vIVifP+ ) Ag /0 dty V|V (-, t1)]? (5.4.14)

kezbP

deduced from (5.4.12). Note that V;f is zero if j ¢ Ay, thus we can iterate (5.4.14) for

M > Nj times until we get a nonzero derivative of f. This yields

VIV;6(-, Z Y Ak A VIV S

k‘l, Hkn ezb

t v
+ Z (Ajk1"‘AkMkM+1)/0 /0 dtM-i-lV)kaqu('vtM-l-l)

ki,....kar41€ZP

2

Let A, = A;;(2R + 1)P, the right-hand side in the above inequality is bounded above by

- (A)M
+ M on

n=J/»j;
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with ¢; given in (5.4.13). Since ¢; < oo for all finite time ¢, sending M — oo leads to

> (At)” A tyNs
o 0P < Y Ao < BT a g
2 |

where by Stirling’s formula n! > n"e™" one has

(AN, N; t
Tj!eA P <exp (N log(A*)—l—l—logT]—i-A*A—/,j .
For all ¢t < 9NTj* it easily follows log(As) + 1 —log(N;/t) + A.(t/N;) < —1, which concludes

the proof of Theorem 5.4.4. O

5.4.1 Example potentials for the estimates

In the following we examine whether the above estimates hold true for the examples in-
troduced in Section 5.3, that is, the (perturbed) bilinear potential in Example 5.3.3, 5.3.4
and the A-restricted potential in Example 5.3.5.

In case Uy is given by the (perturbed) bilinear potentials, it is easy to check that
IV Vi Ual s is bounded uniformly for all j, k, A. Moreover, the global measure v associated
to Up satisfies the LSI by the argument in Example 5.3.3 and 5.3.4. Therefore, all the
estimates in Theorem 5.4.1, 5.4.3, 5.4.4 will hold for the system (LSE,) given by the
potential Uy. We also remark that Uy is the potential in the ground state representation
of the original solution ¢ = <Z>e_%UA, with the original potential V. For consistency, we
relate Uy back to Vj in the following remark by the differential equation (5.1.2), namely

Vi = —3ANUA + F|VAUAP + AUa.

Remark 5.4.5. Consider the bilinear example of U with conditions given in Example
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5.3.3. Assuming Cj, = C}; for simplicity, direct calculation gives

Va(z) =Ca+ Y Cjrajay, (5.4.15)
j,kJEAR

with the range-R set Ag = {j : dist(j, A) < R} and the coefficients

éA = — Z ij, C’]k = )\CjkI(j,kEA) + Z leckh
jJEA leA

where Z(; pep) = 1 when j, k € A and 0 otherwise. By the conditions on Cj;, in Example
5.3.3, it follows that \C']k| is uniformly bounded and of finite range 2R. In case A > 0, the
quadratic coefficient éjj is uniformly bounded below by some positive constant; if A < 0
and [A] is large (e.g. A< —sup, Cj; when Cj; = 0 for j # k) the quadratic terms become
negative, in which case one may lose the log-Sobolev inequality and thus the uniqueness and
strict positivity of the ground state. We remark that the latter case where LSE is defined
by negative bilinear V' was studied in [64] recently, as it provides an interesting situation
where the positive stationary solutions could be non-unique, with each one generating a

continuous family of solitary waves.

Now we discuss the A-restricted setting in Example 5.3.5. That is, the system in any
A € ZP with removed boundary conditions, where Ux = > kcaJk is the potential strictly
inside A and E} is the local Gibbs measure corresponding to UJ. In this case, the LSE is

defined strictly in A with no boundary conditions, and is given by

2
i0spn = —L{PA + Adp log _1oa]”

E [pa [? (LSES)
Oali=0 = f

with £ = Ap — VAUy - V and initial condition f localised in Ay C A. For this setup,
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we have the following results.

Corollary 5.4.6. If the v-estimates in Theorem 5.4.1, 5.4.3, 5.4.4 hold for (LSE,), they
remain true for (LSER) with v replaced by ES. That is, for the same conditions on Uy,

one has the mass and energy conservation property
Ef|oal” = BR|f[* and  E{|Vea|* + AEntgg |¢a]* = EF |V f|* + AEntgs | f|?,
the gradient and entropy bounds
E}|Voal® < B VFIZ and  Entgg|¢a]* < Entgg |2+ A7 (2 — D)EF [V £]2,
and the finite-speed propagation of information property
B3V oal? < e NIBS |V 12 (5.4.16)

for all j € ZP and all time t < eNj, where € and N are the same as in Theorem 5./.4.

Note that in the above corollary we have uniform bounds for the total gradient Veu
instead of V¢4 since the solution ¢ of (LSEY ) is strictly localised in A due to the removed
boundary conditions. In the next section, we will use this (LSE? ) setup with the estimates

in Corollary 5.4.6 to construct solutions to the LSE in infinite dimensions.

5.5 Existence of weak solutions in infinite dimensions

In this section we establish the existence of weak solutions to the infinite-volume LSE by
finite-dimensional approximations. The strategy is to define a sequence of finite volumes

{A,}, increasing in size, such that the sequence of solutions {¢x, } to the problem (LSE} )
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is compact in H'(v). Then we choose a convergent subsequence whose limit defines a weak
solution to the infinite-volume LSE.

Before presenting the main result, we briefly explain the reason to choose (LSEY)
instead of (LSE,) for the finite-dimensional approximations. The advantage of (LSEY)
is that it lives entirely inside R®, for which there already exist many results concerning
existence and uniqueness of the solutions. In addition, the setup is technically simpler
without the boundary conditions. As for the uniqueness of the infinite-volume solution, it
will also be convenient to compare the solution obtained from (LSE{) with the one from
other settings such as (LSE,).

For simplicity, we shall present the proof for the space = R? and assume the multi-
particle interaction is bounded, i.e. the potential Jx have uniformly (in K) bounded
derivatives of order n = 0,1, 2 for all | K| > 2. For a discussion of higher dimensional lattice
and unbounded interaction, see Remark 5.5.3. Moreover, we assume that the measures Ex
and Ef associated to {Jx} satisfy a log-Sobolev inequality with coefficient uniform in A.

With these conditions, we now to introduce the existence theorem.

Theorem 5.5.1. Let Q = R? and suppose {Jx} satisfies the above conditions. For any
A€ Rand f € §(Q), if the Cauchy problem (LSE}) with initial data f and coupling
constant \ admits at least one solution for all A € ZP, then there exists a weak solution
to the infinite-volume LSE problem with initial data f and coupling constant A, i.e. there

exists ¢ € H'(v) such that

2
v (giop) = V(Vg - Vo + gholog ] )

v|gf? (LSEo)

for all smooth, local and compactly supported functions g : Q@ — C.
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Proof of Theorem 5.5.1. Let f € (Q) be localised in Ay C [-L, L] for some L > R, where
R is the range of interaction. Define the sequence A, := [—8nL,8nL] N 7Z and suppose
(LSER) with initial condition f admits at least one solution ¢, = ¢,,, for all n € N. Our

aim is to prove the following convergence of the norms
lim v|p,|> = v|f|>. (5.5.1)
n—oo

Denote by py, := dEy,, /dE}, the density ratio, it follows v|¢, |* = VEA|¢n|* = VES (|9n]*on)-

With the notation v, := vE} and the v-covariance v(g; h) = v(gh) — v(g)v(h), we have

V|§Z5n|2 = Vn(|¢n|2§[’n) + (Vn’¢n|2) (Vn(pn)) = Vn(|¢n|2§:0n) + Vn|f|2 (5.5.2)

since E§ (pn) =1 and E} |pn|? = 1y 2 by the mass conservation property in Corollary

5.4.6. Using (5.5.2) for the norms of ¢,, and ¢,11, one has the following estimate

V|¢n+1|2 - V|¢n|2‘ <

Vn(|¢n\2§Pn)‘ + ‘Vn+1(|¢n+l|2;pn+l)‘ + ‘Vn+1|f|2 —ualf?. (5.5.3)

To bound the first covariance, let I' = ([—12nL, —4nL]U[4nL, 12nL])NZ and we rewrite

the covariance by

Un(|6n]?; pn) = vn(|9n]* — Erlénl?; pn) + v (Er|énl?; pn)- (5.5.4)

By conditions of the theorem, the lattice is one-dimensional and Jx is uniformly bounded

for |K| > 2, the ratio p,, is thus bounded uniformly in n by 1/B; < p,, < By, where

By = exp (4 sup < > JKOO>) (5.5.5)

k€EZ \K>k,|K|>2
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is finite since the interaction is of finite range. Hence, for any function g > 0 one has
v(g) < Bivy(g) and vy, (g) < Biv(g). With this density ratio bound, the first covariance in

(5.5.4) can be estimated by

[ (|6n]* = Erlénl?; pn) | < 2B1v|[6n|* — Er|én|?| < 2B1wErEr|[¢n|* — [nl?].  (5.5.6)

For the double measure ErEr, we apply the same strategy as in (5.3.20) to get

1/2 1/2 o 1/2 1/2
(5.5.6) < 4By ( (Brlén®)'* (Brlon — Eronl?)*) < 4(B0)(ERISP)*v (B Vron2)
where we used the mass conservation for E{. and the spectral gap inequality for Er (since
Er satisfies the LSI by conditions of the theorem). Using the finite-speed propagation

property (5.4.16) for E|Vrey,|?, one has the estimate
(5:5.6) < Dy Agle™ EHEAV R | 112) 20|V £12)12

with Dy = 4(B1)°. By the construction of I' and A, we have dist(I', Ay) > fdiam(A,)

and therefore there exists €1 > 0 independent of n such that
|vn (I¢n]? = Erlgn|® pn) | < Di|Aple=r 42 (] £12 + 1|V £]2). (5.5.7)

Here we note that due to the finite-speed propagation property (5.4.16), the bound (5.5.7)
only holds in finite time range t < Cdiam(A,) for some C' > 0 independent of n. As
n — oo in the sequence, this time range will extend to [0,00) and the above estimate
becomes uniform in time.

To bound the second covariance in (5.5.4), we use the mixing condition (5.3.22) for the

measure E3 , which holds true since Ef = satisfies a uniform LSI and V;;Uy is bounded due
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to the bounded multi-particle interaction. Therefore, there exist Chpix, M > 0 independent

of n such that
. N !
(X, (Er|én[: po)| < CuuielAr| A, e 200) (B |V, Erlonf2|*)* (B3, [Va,p0l?) "

Here Ar, A,, are the smallest sets in which Er|¢n|? and p, are localised, respectively.
First, it is easy to see that both |[Ap| and |A,,| are smaller than |A,|. Moreover, since

dist(I', A,,) > gdiam(Ay) there exists e5 > 0 independent of n such that the exponential

—eodiam(Ay)

term is bounded by e . As for the Vy, p, term, we use the following bound

||vAnpn||ms2Blsup( > ||wK||oo> _ B,

kEZ \K>k,|K|>2

where Bs is finite since Jg is of finite range and has uniformly bounded derivatives for

|K| > 2. To estimate the gradient VA Er|¢,|?, direct calculation gives
V,Er|¢n|? = Er(Vjlénl*) — Er(|6al* V;Ur)

for any j ¢ I'. The first term on the right is bounded above by Er|¢,|> + Er|V,;é,|* due
to Young’s inequality. For the covariance, an application of Lemma 5.3.11 and the relative

entropy inequality (similar as (5.3.23)) gives
[Er(1¢n]% V;Ur)| < CrelAn| (Erl¢nl® + Ep|V én|?)
for some Crg > 0 independent of n. Collecting all the bounds, we have

[VER (Er|én|% pn)| < BoCuix(1 + Crp)|An|*e=282mAn) (16,12 4 1|V, [?).
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Using the mass conservation for Ef | || and the gradient bound for E3, |V¢n|?, it follows
[VER, (Br|onl®; pn)| < Da|An[tes28m A (|2 4 2Rl £2) (5.5.8)

with Dy = B? BoCuix(1 + Crg). Taking (5.5.7) and (5.5.8) into (5.5.4), one obtains
[ (60 [%5 pn)| < DrafAn[teo2m ) (u] f12 4 20|V £ %) (55.9)

with D1o = max{D1, Dy} and €12 = min{ej,e2}. This concludes the estimate of the first
term in (5.5.3). The second term in (5.5.3) follows similarly and we will finish the proof of
(5.5.1) by bounding the third term in (5.5.3) as below.

For any 6 € [0, 1] we define the interpolating potential

er = an + Z Jay + Z 0Jk
k€A +1\An KCApt1,|K|>2
KN(An+1\An)#9

and the corresponding local Gibbs measure dEj = ( [ e Yidxy, +1)_le_Ug dxyp, . Then

one can rewrite the following difference into an integral

1
d

o 2 o 2 o 2

ER, 1 fI7 = ER, IS —/0 dH@Ee\f’ 7
where the 6-derivative follows -ZEg|f|> = —Ej(|f|*; 4Us). Since the lattice is one-
dimensional, the size [Api1 \ Ap| is independent of n and thus the density dE3 , /dEg
is bounded above uniformly in n and . Then by the argument in [80, Lemma 5.1], if
EXHH satisfies the volume-uniform LSI the measure Ej also satisfies the LSI uniformly in

n and 6. Thus, Theorem 5.3.10 holds for Ej and the mixing condition

N

1
B30 5U8) | < Chuelgllsle™ o (B39, 1177) (B3] O, (5U5)7)
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holds for some C} .,

M’ > 0 independent of n and 6, where Ay is the smallest set where %Ug
is localised in. By the construction of A, it follows [Ag|[As| < [A,]? and dist(Ag, Af) >

1diam(Ay,). In addition, the gradient on d%er can be bounded by

Va.. (Lyue H < su > Vx| = Be.
H Ansa <d9 9) co nEII\)I Kﬁ(sz+1\An)¢f5” e 3
K [>2

Then by noticing that Eg(g) < Biv(g) for all § € [0,1] and g > 0, we get the estimate
vt £ = vl £ | < Dl Aaf2e A (v] 12 4 |V £ ) (5.5.10)
with D3 = By B3Cl,, and e3 = 1M’. Collecting (5.5.9) and (5.5.10) in (5.5.3), we finally

arrive at

v|dnr1® = vln|?| < DIAg[te ot On) (] f2 4 M|V £ )

—ediam(An)

for some D,e > 0 independent of n. Since the series > [A,|%e converges, the

real sequence v|¢,|? is Cauchy and thus convergent to some Cli, > 0. Using the same idea
with triangle inequality, it can be shown that |v[¢y, (t1)]? — v[¢y (t2)|?| tends to zero for any
time t1,t3. Therefore, the limit Cjy, is independent of time and identical to v|f|?, which
concludes the proof of (5.5.1).

Using the finite-dimensional estimates from Corollary 5.4.6, in particular the energy
conservation and entropy bound, we can obtain a compactness of the set of solutions ¢,
to (LSE}). When the entropy term is bounded the sequence {¢,} is weakly compact,
together with the convergence of the L?(v) norms v|¢,|? by (5.5.1), this implies that the
sequence of solutions converges strongly in L.?(v). Hence there exists a subsequence ¢y,

with m € N that converges v-almost surely to some ¢ € L2(v). This concludes that ¢ is a

solution to the infinite-volume LSE in the ultra weak sense, i.e. for any smooth, local and
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compactly supported function g : 2 — C we have

2
v (gidp) = v ((—Eg)¢ + gA¢log 1/’@‘2)

where the operator £ = limy .7 £ is well-defined for all such g.

In addition, due to the finite-dimensional uniform bounds in H'(v) from Section 5.4,
one can choose a suitable weakly convergent subsequence (for which the nonlinear term
also converges by the uniform bound for entropy), such that the limit ¢ of the subsequence

solves the weak infinite-volume LSE

2
v (gideg) = v <Vg -V + ghAdlog u’@\?) :

This concludes the proof of Theorem 5.5.1. O

In the following, we give an example potential that satisfies the conditions for the

existence theorem.

Example 5.5.2. For any K € Z, consider the perturbed quadratic potential

Te(@) Cjas if K =1{j}
KlT)= .
eWgk(z) if |[K|>2

where ¢ € R, Wx € C?(RX) has uniformly in K bounded derivatives of order n = 0, 1,2
and Wg = 0 if diam(K) > R. Suppose Cj is uniformly bounded above and below by
positive constants, then for sufficiently small |e| the corresponding measures E5 and E§
both satisfy the volume-uniform LSI by Remark 5.3.2. Moreover, by [31, Proposition 1.3],
the Cauchy problem (LSE}) defined by the potential {Jk } xca admits a unique solution
for all A € Z, A € R and initial condition f € §F(2). This shows that all conditions in

Theorem 5.5.1 are satisfied and there exists a weak solution of (LSE.,) associated to the
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perturbed quadratic potential on RZ.

Remark 5.5.3. In the proof of Theorem 5.5.1, the condition D = 1 on the lattice dimen-
sion is required to ensure B < oo in (5.5.5). To see this, note that B; depends on the
boundary size |OA| of the cube A € ZP. When D = 1, |0A| = 2 is independent of |A].
In higher dimensions D > 2, |0A| grows indefinitely with |A| and thus make By blow up.

However we remark that this could be offset with further assumptions on the potentials.

5.6 Solitary solutions for LSE

The solitons were originally introduced in [82] for the LSE in finite dimensions, and were
later studied in a number of works (e.g. see [58, 60, 61, 83, 55, 84, 85, 86, 87, 88, 89, 90,

, 92,93, 94, 95, 96, 97, 98]). In R™ one can find general solutions to the following LSE
i) = — AP + Vip + Mplog [¢]?

by performing separation of variables 1 (t,z) = e *#'¢(x), where ¢ : R™ — R is the

stationary state satisfying the eigen-equation
—AY + Vi + Mplog [¢|> = Ey (5.6.1)
with energy eigenvalue F € R. For simplicity, we shall assume V' = 0 and try to solve
— A + M log [¢p|> = Enp. (5.6.2)

Inspired by the works in [50], we insert the soliton-like ansatz ¢ = exp(—%|z|?) into (5.6.2)
and find that a = —\ provides a solution with £ = —An. By setting ¢y = exp(—%|x\2), it

follows that vy, := bt} is also a solution to (5.6.2) for any nonzero b € R, with eigenvalue
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Ey, = —\(n — logb?). To normalise the wavefunction 1, we will need A < 0 and the nor-
malised solution is ¢ = (—2m/\)2 exp(—3|z|?) with eigenvalue E = —An(1 —log(—27/))).
Next, we investigate (5.6.1) with a quadratic potential V' = Z?:ﬂjfcg where a; > 0, and

this time we use a more general ansatz 1) = exp(—U(z)) to obtain

n
AU = VU] =2\U =E =Y aja}.
j=1
With U = Z?Ilécjx? and ¢; = 2(y/4a; + A2 — A) > 0, one gets a normalised solution
(2m)" /T exp(—%zjcj:c?) with eigenvalue E = Anlog(27) + > ;(c; — Alogc;).
We remark that the use of Galilean covariance could provide more soliton type solutions
[33], but one will need suitable adaptation for more general potentials. As for LSE in
infinite-dimensional systems, the situation is more complicated for nontrivial interactions.

In case log-Sobolev inequality is satisfied, one has the following analog of spectral gap

2 _
’ <—¢*£¢+A|¢|21og o ) > 202 (L) vior

property

v|g|?
provided that A\ > —¢/c for some ¢ € [0,1). However, we note that the structure of
spectrum is not discrete in general, and even in the best cases (e.g. in statistical mechanics
[99] or quantum field theory [100] and the references therein) one has separated windows of
continuous spectrum. Therefore the classical concept of solitons may not make sense in this
case. Nevertheless, it would be possible to expect states with solitary behaviour on large
timescale, and it would be interesting to develop such theory (with potential applications

e.g. to quantum computing).

142



Chapter 6

Summary and Outlook

To summarise, the central object under study is the interacting system on an infinite-
dimensional lattice. We constructed a finite-range potential and the associated Gibbs
measure in finite and infinite volume. We then introduced the Langevin dynamics on
the system with the corresponding Markov semigroups, for which the Gibbs measures are
invariant and reversible. To study the ergodicity/contractivity of the semigroups, we make
use of the coercive inequalities, in particular, the spectral gap and log-Sobolev inequalities.
We then generalised the said inequalities to the homogeneous Carnot group to investigate
the non-commutative settings. In addition, the nonlinear quantum dynamics are also
considered on the system, with results concerning the finite-dimensional estimates and the
existence of infinite-dimensional weak solutions to the logarithmic Schrédinger equation.
Based on these results, we discuss a few possibilities that may lead to potentially in-
teresting topics. First of all, on top of SGI and LSI we could consider other coercive
inequalities interpolating between these two, for example, the modified log-Sobolev in-
equality or the super-Poincaré inequality (see [30, | and the references therein for more

of such inequalities). With a similar strategy presented in Chapter 3, it could be possible to
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extend these inequalities to infinite dimensional spaces. However, we note that our strategy
relies on iterating finite-dimensional inequalities and delicate issues may arise when trying
to control the constants during the iterations.

Along this path, we could consider an even more abstract setup, where the left-hand
side of the inequality is given by u(®(f)) — ®(u(f)) for some smooth convex function
® : R — R (note that ® = 2 gives SGI and ® = xlogx gives LSI). One could therefore
try to adapt the current strategy into this general setting, and explore which properties
must be set on ® in order to extend the inequality to infintie dimensions.

As for the results in Chapter 4, we only showed that the LSI is possible for homoge-
neous norms with unbounded sub-gradients, but left the window open for norms with both
blowing up and vanishing sub-gradients. In this case, the LSI should not hold due to the
argument in Theorem 2.4.15. However, an SGI is still possible since one may obtain a
U-bound by a similar strategy as for the Kaplan norm N (see [18]). Then the rest follows
from [5] and a similar strategy as in the end of Chapter 3.

On the topic of the Schrédinger equation, a natural generalisation is to consider the
LSE on Heisenberg groups H%, with the gradient and Laplacian replaced by Vi and Ap.
Then we could utilise a similar approach as in Chapter 5 with the coercive inequalities de-
veloped in Chapter 3 and 4 to establish similar results as in Section 5.4 and 5.5. Concerning
the existence theorem 5.5.1, it is possible that with similar ideas in [102] we could develop
a strategy for higher order estimates which would lead to a stronger convergence of the
approximating sequence, corresponding to a reasonable potential (e.g. the quadratic poten-
tial perturbed by smooth, bounded and short-range multi-particle interactions). Moreover,
with these high-order estimates and further assumptions on the initial data, it is possible
to obtain the existence results for potentials with unbounded multi-particle interactions

and on lattice ZP with D > 2.
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Appendix A

A.1 A sub-quadratic inequality

Lemma A.1.1. Leta,b € R, and q € (1,2]. Then
la|? — b7 < sgn(b)q|b|?" (a — b) + 2|a — b|?. (A.1.1)

Proof. If b = 0 then (A.1.1) follows immediately, so assume b # 0. If we divide both sides
of (A.1.1) by|b]? it reads

2|7 =1 < gz — 1) + 2|z — 1| (A.1.2)

with = := a/b. It then suffices to prove (A.1.2) for all z € R and ¢ € (1,2]. Define the

difference function p(z) = 2|z — 1|7 + ¢(z — 1) —|z|? + 1 and its dervative
1
() = =¢'(z) = 2sgn(x — 1)z — 1|7 + 1 — sgn(a)|z|T . (A.1.3)
q

The proof is a straightforward exercise in verifying the following four possible cases.
1. If x > 1, then ¥(z) > 0.

2. If x =1, then ¢(z) = 0.
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3. If0<z <1, then ¢(z) =1 — 29t —2(1 — 2)9! and since
T Q-—2) T s (e (1—2)T =1

it follows ¥ (x) < 0.

4. If x < 0, then ¥(x) =1+ (—x)9~ ! — 2(1 — )7~ ! and since
I+u™-2(14+u)"=@W"-1+uw)")—(1-(1+uw)") <0

for any u,m > 0 it follows ¢(z) < 0.

We conclude the derivative ¢ = ¢'/q is negative on {z < 1}, positive on {x > 1}, and
zero at x = 1, which means ¢ is minimised at ¢(1) = 0. We conclude (A.1.1) holds with

equality if and only if a = b. O

A.2 Relative entropy inequality

Lemma A.2.1. Let Q = R™ and p be a probability measure on 2. For any measurable

non-negative f,g on 0 and any € > 0, we have the relative entropy inequality

I <f10gg> < <flogf> :
©g wf

Proof. We first prove that zy < xlogx — x + e¥ for any x > 0, y > 0. To see this, note
that e”* > 14 (y — u) for any u € R, which implies e* — e¥ < e“u — e"y. Replacing u
with logz gives the desired inequality for x > 0, y > 0. As for x = 0, the equality holds
since limy|o(zlogx) = 0. Substituting z = f/uf, y = log(g/pg) in zy < xlogx — x + €Y

and integrating with p, one obtains the relative entropy inequality. O
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Remark A.2.2. For any ¢ > 0 and non-negative f, g, it follows

u(fg) = %u (f log (eag)> = %M (f log Mi;) + 1M(J‘)M(eag)-

3

Applying the relative entropy inequality for the first term on the right-hand side, it follows

n(f9) < L (f log lj;) + ()10 (u(e").
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