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2. 

SYNOPSIS  

Adequate information is already available 

on flow through pipes and on flat plates under 

constant pressure. In pipes, where the stress 

does not vary along the wall, the velocity 

distribution is logarithmic for most of the flow 

region. For flat plates, where the wall stress 

decreases systematically in the downstream 

direction, the velocity profile concaves around 

the logarithmic law. Between these two cases 

remains a gap to be closed. 

This thesis concerns a theoretical and 

experimental investigation on a turbulent 

boundary layer where the pressure distribution 

is so arranged to give a constant stress along 

the wall as in pipes. Various sand roughnesses 

were used, and the distributions of mean velocity, 

pressure, and turbulence were measured at various 

sections. 

Chapter II concerns the theoretical and 

experimental study of the flow in this particular 

type of boundary layer, whereas in Chapter III 

the mean velocity distributions are examined in 
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the light of earlier work on both rough and 

smooth walls, and the effect of roughness is 

investigated. Also a law for the velocity 
profile close to a smooth wall id derived, and 
an experiment on separation from a rough wall 

is reported. 

Chapter IV deals with turbulence measurements 

near rough walls, whereas Chapter V examines the 

usual methods of calculation for turbulent 

boundary layers under pressure gradients. 

In Chapter VI, loose sand was used for the 

boundary and the movement of grains was examined 

and compared with that in parallel flow. 
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CHAPTER I 

FULLY DEVELOPED TURBULENT FLOW AND 

CONCEPT OF THE BOUNDARY LAYER 

1.1. Fully Developed Turbulent Flow 

A fully developed turbulent flow may be defined 

as a flow where the velocity and the pressure at any 

point perform very irregular fluctuations of high 

frequency through the mixing of very small parcels of 

fluid (Dryden, 1939; Hinze, 1959). 

The first mathematical attack on this motion is due 

to Osborne Reynolds (1895), who separated the instant-

aneous motion at any point in the turbulent flow into 

two parts; a mean flow whose components are u, v, w, 

and a superposed fluctuating flow whose components are 

u, v,
e  

w, the mean values of which are zero. As a 

result of these fluctuations the fluid exhibits an, 

apparent increase in the resistance to deformation 

through what is called "apparent shear stresses". 

The methods available so far for the calculation 

of turbulent flows are based on hypotheses aimed at 

establishing a relationship between these apparent shear 

stresses and the mean values of the velocity components 
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1.1.1. Momentum  Transfer  Theory  

In the Kinematic theory of gases as discussed 

by Roberts in (Heat and Thermodynamics, 1933), 

viscosity is explained as a result of momentum 

transfer from one layer to another, through the 

thermal action of molecules. In turbulent fluid 

motion there is a similar process of transfer, 

thoughcaa1arger scale; the main difference being 

that the Kinematic theory of gases concerns itself 

with the microscopic motion of molecules, whereas 

for turbulent flows the concept deals with the 

microscopic motion of lumps of the fluid particles 

which results in momentux transfer from one layer 

of the fluid to another. 

Prandtl (1925) in his theory for the transfer 

of momentum begins by neglecting the viscosity 

effect on the turbulent process on the basis that 

the additional turbulent stresses are much greater 

than those due to viscosity. Consequently the 

eddying motion as ReynoldS showed will be controled 

by such apparent shear stresses 17. 

-140,777 	 (1.1) 

where /0 is the fluid density. 
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In developing this concept, Prandtl considered 

an element of the fluid at a point A where the mean 

velocity is u as moving across the flow a distance 

I called "the mixing length" without any change of 

velocity and consequently without any change of 

momentum, to another point B where it mixes with the 

surrounding fluid. Such mixing process is supposed 

to take place in both directions, and during the 

process, particles from faster layers of the flow will 

enter the slower layers accelerating them and vice 

versa, and the mutual action of this process is such 

as if friction were present. 

If). is small, the velocity at point B will be 

du  (u + 1  412)' 	dy where -- is the velocity gradient in the ay  

direction y normal to the main flow, and consequently 

the displaced fluid element on arrival at B has a 

111\ fluctuating velocity component u,% equal to - 1 (1 'dyi  
At this stage, to substitute for tin equation 

(1.1) some assumption about v'has to be made, and hence 

Prandtl assumes that Vi may arise from the fact that 

two elements of the fluid having different velocities 

and occupying different positions in front of one 

another may collide and move sideways from one another 

much in the manner of solid bodies. Consequently v 
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may be assumed to be of the same order of magnitude 

du of u, thus v pc 1(wF). On the assumption that 

. uv = u  it then follows that: 

/22 	du 
yi • dy 	(1.2) 

Here 1 is considered to contain any necessary 

numerical coefficients, which will actually mean 

somewhat different definition for .1 from that of 

the mixing length. The straight bars surrounding 

du in715; 	the above equation indicate that the numerical 

value is taken reckoned positive always, so allowing 

for a change of sign of L, with a change in sign of 

du 
dy* 

Equation (1.2) can be written in a form similar 

to that for laminar flow as follows: 

1./0171-  r.cla\ 
'dyi 	(1.3) 

where the quantity/07Y has the dimensions of 

viscosity, and has been described as an "apparent 

viscosity". Contrary to the Kinematic viscosity 

which is a physical constant of the fluid only, the 

apparent viscosity varies from point to point in the 

flow being a function also of the velocity. 

In view of (1.2), the apparent viscosity in 
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du equation (1.3) will vanish where 17  is equal to 

zero, i.e at points of maximum or minimum velocities, 

and this actually is not the case because the 

turbulent mixing does not vanish at points of maximum 

velocities (Page, 1936; Laufer, 1953; Klebanoff, 

1954). To overcome this difficulty, Prandtl (1942) 

introduced an alternative approximation for 7:in the 

form: 

 

(cia. )1+ 3.2 (
du)2T 

dy 

 

  

where It is a new length to be determined experiment-

ally. However this form is inconvenient for analytical 

purposes, and is of interest onlY for problems in 

which equation (1.2) would fail. 

1.1.2. Vorticity Transfer Theory  

In his theory for the vorticity transfer, Taylor 

(1932) assumes that each element of the fluid retains 

the vorticity of the layer from which it parted and 

not the momentum as supposed in Prandtl's theory. 

This assumption realizes the fact that, in two- 

dimensional motion, the local differences of pressure 

do not affect the vorticity of an element, whereas 

they may affect its momentum. Apart from that, Taylor's 

theory resembles Prandtl's theory in that an element is 
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supposed to move a distance 1 before mixing with the 

surrounding fluid. 

For two-dimensional motion, the vorticity of 

the fluid t at any point can be expressed as: 

h ( T-37 - 

where ui  and y are the instantaneous components of 

the velocity in the x and y-directions respectively, 

and if the flow is uniform in the x - direction 

will equal lh auk which varies with time. 
dy 

Neglecting the effect of viscosity, the equation 

of motion for a two-dimensional flow takes the form: 

)u, 
- 	T-c = bt u 	+ 1r — 

Y 
(1,4) 

where IB is the pressure gradient causing the flow. 

This equation can be written conveniently as: 

bx 	2 2 ) 
2' 	)u, 4. v  ():, — by 

TE 	177 b 2)  
, - 	11,2 + 	• 	+ 27.4. _  = 

or 

— )1' P + u,2  + v.2 	+ 2 vl  
21sx' io 	2 	2 	it 

When the turbulent motion is uniform in the flow 

direction, the time mean values of)LI 	and .6 tv,2+u,2) 
37 

will equal to zero; on the other hand the temporal 

averages of of g and of 2vi.,.. will be different from 
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zero. Consequently equation (1.5) takes the form: 
_ 12 =27E 
do e x 

(1.6) 

where the bar denotes the time average values. 

low, an element of the flUid is trensfered from 

one layer to-another after travelling a distance .1 

without any change in its vorticity until it mixes 

with the new layer. This element will posses a 

vorticity greater by an amount - -414y. N 0) than 

that of the Aayez with which-it mixes. Taking v as 

the velocity fluctuation 	then: 

= 	(d21-37 
P ax --2- 

(1.7) 
For uniform flow /Er1-17  

ax Y 	
thus: 

211.  = p 11-' 1 (a2  u) 	
(1.8) 

ZY 	dy2 

which is identical with Prandtl's equation (1.3), only 

if VT is independent of y. 

When the motion is not two-dimensional, the 

vorticity components are not conserved (Goldstien 

PP. 211) and hence they are not transferable, but will 

change contineously due to the action of the three-

dimensional turbulence field. To account for this, 
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Taylor (1932) in his generalized vorticity transfer 

theory extended the original one to a three 

dimensional case of flow, but the new expression 

became intractable for practical application.  To 

gain simplicity, Taylor (1935) modified the 

generalized theory by assuming that the vorticity 

remains conserved in a three dimensional flow, an• 

assumption justified when the turbulance is 

isotropic. 

1.1.3 .Von. Karman's Similarity Hypothesis (1930)  

According to this hypothesis, the turbulent 

fluctuations are similar at all points in the flow 

field, and they differ from point to point only by 

a length scale and a velocity scale. For the 

velocity scale, Von Karman uses the shear stress 

velocity V* and for the length scale he uses the 

mixing length 1 due to Prandtl. 

To establish the dependence of the mixing length 

on space co-ordinates, Karman assumed that it is 

independent of the magnitude of the velocity, and 

is a function of the velocity distribution only. 

To define this characteristic length scale, the ratio 

between the first and second derivatives of the mean 

velocity was chosen, thus: 
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2 
)du /d u2 
	

(1.9) 
dy, 

where y is a constant to be determined experimentally. 
A mathematical argument to deduce equation (1.9) is 

found in Schlichting's (Boundary layer theory, 1955 

pp. 392 - 393). 

Substituting from equation (1.9) into (1.2), then: 

du 4  = p 	(7 )1(d 2u) 2  
f VIY 

(1.10) 

and this equation is clearly invalid in regions where 

d2u 
dy2 

1.1.4. Comparison Between The Theories  

In order to test which of the two theories, the 

momentum transfer theory and the vorticity transfer 

theory, is most nearly correct, Page and Falkner (1932) 

conducted a series of velocity and temperature measure-

ments in the wake behind a heated cylinder. These 

measurements gave support in this particular case of 

flow to the vorticity transfer theory, the predicted 

distributions of velocity and temperature agreeing 

closely with those obtained by direct measurements. 

As indicated by Reynolds (1874), the transport of 

heat by turbulent mixing is similar to the transport of 

is zero. 
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momentum, and therefore the temperature and velocity 

distributions based on the momentum transfer theory' 

will be similar. On the other hand, Fage (1932) has 

shown that the vorticity transfer theory predicts 

different distributions for the temperature and the 

velocity. Therefore in flows where the distributions of 

temperature and velocity are similar, Prandtl's theory 

will offer a better approximation such as in the case 

of the flow along plates (Elias, 1929), whereas Taylor's 

theory will offer a better representation where the 

distributions of temperature and velocity are not 

similar such as in the case of flow selected by Fage 

and Falkner (1932). A detailed comparison between the 

two theories is contained in Goldstien (pp. 646-673). 

1.2 Concept Of The Boundary Layer  

This concept was introduced by Prandt1(1904) who 

showed that the flow near a solid surface can be 

divided into two regions; a thin region near the wall 

where the friction forces are of appreciable magnitude 

(boundary layer), and an outside region where the 

friction forces are negligible and where the theory 

of perfect fluids offers an exact solution (Potential 

flow). While there is no sharp limit between these 

two regions, it is convenient for analytical purposes 
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to assume there is, and that friction effects are 

wholy restricted to the layer whose thickness is 8 

Due to the retarding effect of the friction 

forces in the boundary layer, there is an energy 

gradient across the flow, and this is supposed to 

vanish outside the layer. The region of the retarded 

flow becomes thicker with distance in the down-

stream direction as more and more fluid become 

affected by the friction at the wall. 

The equations of motion for two-dimensional 

incompressible viscous flow can be written in the form: 

iLta t 
+ U J111+ 

x 
v 

 

.1) e2u 
76-72 

  

  

~ Y )  
and 

Iv 	u av + v v = - 1 le Ve2 v + )2v 
bt 	"67;7 	Y 	A Pr 	Fc ry-2. 

where u and v are the mean velocity components in the 

x and y-directions respectively, P is the static 

• .pressure, and p and 7) are the density and the 

Kinematic viscosity of the fluid respectively. The 

accompanying equation of continuity is: 

)u+ 	= 0 -57 77 

Prandtl simplified these equations by dropping 

the small terms and finally he arrived at the form: 
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and the boundary conditions: 

)U + 111 = 0 (1.13) 
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u 	v ?)11 	•bp + 	'b2u... 
aX 	p )x 10- 

which together with the continuity equation: 

(1.12) 

at y = 0, u = v . 0 and at y = co u Ux 

are sufficient to describe the motion. 

If we substitute for 	( 
	

) 141)  'Y the shear 

stress 1C, then equation (1.12) can be reduced to: 

= - 1 	1 h- 
p ax 	ior (1.14) 

which is valid for both laminar and turbulent flows. 

1.2.1. Boundary Layer, Displacement, and Momentum  

Thicknesses.  

The definition of 11 , the boundary layer thickness 

is to a certain extent arbitrary, because the velocity 

of the flow in the boundary layer approaches that of 

the main stream asymptotically. However it is often 

an advantage to have some numerical limit and an 

arbitrary value such as u = 0.99 U will serve. 

To avoid such uncertainties in the definition 

of the boundary layer thickness, certain mathematical 

quantities which are more accurately defined are usually 

used, such as the displacement thickness S!l, and the 



momentum thickness 8 . 

The displacement thickness is defined as: 

0° = 83_ j Y 	
( - LI) 0,,y 

y=0 

20. 

(1.15) 
and it indicates the distance by which the external 

stream lines are shifted due to the formation of the 

boundary layer. 

The momentum thickness on the other hand is 

defined by the integral: 

actual momentum )0 ..54°1'2 dy 

The quantities &m  and e have the advantage that 

they are independent of the upper limit of & 	since 

a negligible increase is obtained from the integrals 

when extending the integration beyond the thickness 6 

into the main stream. 

1.2.2. Von Kaman's Momentum Equation  

The solution of the boundary layer equations 

(1.12 and 1.13) for a given flow field is in many cases 

y-0° 
9  = 	R. (1-  11.) dY 

0 	u 	 (1.16) 

and it is proportional to the loss of momentum in the 
2 

boundary layer, since /211 9 is the difference between 

the momentum of the mass inside the layer flowing with 
co° 

the potential velocity U, pUi u dy 	and between the 
0 
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then: 

from the 

cTy- Udu ) dy e -moo  
dx 

U dU ) ay, 
wall shear stress. Substituting for 

ay 	dx 
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very difficult and time consuming. Therefore it 

becomes convenient to posses at least approximate 

methods of solution where an exact solution of the 

boundary layer equations can not be obtained with a 

reasonable amount of work. 

Most of these approximate methods are based on a 

momentum equation which can be derived from the 

equation of motion by integration. This momentum 

equation was introduced by Von ICarman (1930) and is valid 

both for laminar and for turbulent flows with or without 

a pressure gradient. 

For a steady incompressible two-dimensional flow, 

upon integrating the boundary layer equation (1.14) 

with respect to y to y = h (greater than& ), then: 

h t  
bx 

where TO  is the 

v the quantity 

continuity equation, 

- au Au 
Ox y 33-c 

Integrating by parts we get: 

h 	(.10-u dy + LE 
f 

 (U u) dy mit o 
T7 	dx 

which is the original form of the momentum equation. 

Since the values of the integrals in equation (1.17) 

(1.17) 
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do not depend on the limit h as long as it is greater 

than the boundary layer thickness, h can be given 

any value short of oo provided it exceeds t 

Now introducing the definitions of the 

displacement thickness and the momentum thickness 

(equations 1.15 and 1.16), equation (1.17) can be 

reduced to: 
.to = d (ea) +ku dU 

	

5-  7-3:: 	-clic 
or 

o = (1.9 + Q dU H+2 	 (1.18) 
Au` 073E U dx 

	

where H =Ix 	= a "shape" factor for the velocity 

profile. This is the form of the momentum equation 

given by Gruschwitz (1931). 

1.3. Universal Velocity Distribution Law 

The velocity distribution in a pipe or a 

rectangular channel can be obtained from the mixing 

length hypotheses as follows: 

According to PraneAl's momentum transfer theory, 

the turbulent shear stress t is expressible as: 

p  f 
Assuming that srr mains constant with y in the 

immediate neighbourhood of the wall, then: 

• 
2-, 	2 

= IL) 0 ‘cv.  
At this stage, a statement about the mixing 

(1.19) 
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length 1 has to be made, and for that Prandtl 

introduces the experimental observation that 1 is 

unaffected by viscosity in which case the only 

length we have at our disposal on which could 

depend, is the distance from the wall y. The only 

dimensionally correct formula for i is therefore: 

L 

where y is a constant. 

Substituting into equation (1.19), we get: 

2 	2 
c„ 	y 01) 

( dy 	PFC.° • 
Y 

on integrating we get: 

or 

(1.20) 

1 

+ constant 	(1.21) 
V* 

where Vx = 
	

The shear stress velocity. 

To evaluate the constant in equation (1.21) the 

condition at the wall is used, namely u = o at a 

certain distance yt  from the wall, thus: 

u 	= 1 	[In y In y,] 

or u 	= 1 	In Z— 
V4E 

For smooth walls, the viscosity becomes important 

in the immediate neighbourhood of the wall and 
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therefore Prandtl suggests that: 

= p 
which is is dimensionally correct with,as a dimension- 

less constant. Accordingly equation (1.22) takes 

the form: 
u = 1 En YVN In pi 
v 	f3f 

or u = A log ylrm  B 
V 3f 

(1.23) 

which is called the universal velocity distribution 

law for smooth pipes with A and B as constants. 

In the case of rough walls, to determine y , a 

second length is available here, namely the roughness 

height k, and the question is now - iihether the length 

is no_ i involved or not. The criterion is the ratio 

of thesetwo lengths klrx which may be regarded as a 

Reynolds number characteristic of the single bump. 

If  kV-- lir7L is sufficiently large,' 	becomes small in 
ITN  

comparison with k and yj is taken as a fraction of the 

roughness height, thus: 

y, =0(k 

where 00(is a constant depending on the type, shape 

and arrangement of the roughness elements. Substitut- 

ing for yi into equation (1.22), then: 
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VK 	
[ln 	In 

k 

	

4 log Y/Ic  + B1 	 (1.24) 

where A and B1 are constants. A detailed study of 

the variation of y, with wall conditions is found 

in a paper by C.M. White and C.P. Colebrook* (1937). 

Von Karman's formula for in the form: 

	

1%/Y (ciu)4/ (du)2 	 (1.25) 

will have an advantage over Prandtl's formula (equation 

1.2) only if ' proves to be constant with y. To 

check this we have at our disposal tin experimental 

velocity distributions from the present test. From 

figures (3.5 to 3.8), the velocity distribution is 

logarithmic for most of the boundary layer thickness 

and as will be shown in section (3.3) can be represented 

by the equation: 

u 	+ constant 
V 	

:---- 5.75 	log i....  

Differentiating and substituting into (1.25), then: 
fry2  (2.51/3e 

 )L/ 	
)2  

	

"C. = 	(2.5v 

2Y 	-3' 
or "C .6.25y 

Tr- 
here 3/ will remain constant only if 	does not vary 

with y, i.e if b77= 0 which actually is not the case, F 
* "Experiments with fluid friction with roughned 
pipes", I'roc. Roy. Soc. of London, Ser.A, 161. 
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since the equation of motion is reduced to 0= 

	

Oy 	x 
for the boundary layer under test as will be shown 

in section (3.3) and 1P is in fact considerably 

different from zero. 

1-1:-d. we assumed a linear relationship for 77 

in the form: 

1 = (R..y) 	where R is the pipe radius, equation 
R 

C 1.25) can leadto a velocity distribution of the 

form: 

U 	u =-4A 	CIA (1 -,/1 - ) +/-T-77 	(1.26) 
Vic 

which seems less easier than irandtl's equation.  

(equation 1.22), and in the same time is in less 

agreement with the experimental results for pipes 

(schlichting pp. 409), indeed a simple calculation of 

the value of U u at, for example y = 0.5R, gives: 

U - u = 1.298 	according to Von Karman's (1.26) 

and 	u 	1.73 	according to Prandtl's 	(1.22) 
Vx 

whereas experimental values for pipes range from 1.68 

to 1.88. In the present experiments the velocities in 

the boundary layer gave the following values: 
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mm x/k 	(U  u) 	Y = 0.50 
17,*. 	T 

1.56 320 1.68 

1.96 252 1.62 

3.16 220 1.70 

4.75 123 1.68 

So it appears that the simpler form due to 

Prandtl better represents the facts. 
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CHAPTER II 

NOZZLE OF CONSTANT DRAG 

2.1 Conce t of the Nozzle of Constant Dray.  

The concept of the nozzle of constant drag was 

originally introduced by C.X. White (1940) in his 

paper "The equilibrium of grains on the bed of a 

stream". 	The nozzle was designed such as to insure 

a constant shear stress along its bed, through 

accelerating the main flow nearly exponentially in 

the downstream direction. The turbulence in this case 

was restricted to the boundary layer on the rough 

surface with the grains on the bed as the origin of 

turbulence, while the flow in the mainstream was 

steady and invicid. 

In the theory, White assumes that the velocity 

distribution on the rough surface is like that near 

the wall of a rough pipe, where the longitudinal mean 

velocity component u may be described by the law: 

u = 2.5 V* In —Y-- 
M 

(2.1) 

* Proceedings of the Royal Society of London series A 
No. 958, vol. 174 pp. 322-338, Feb. 1940. 
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where V is the shear velocity = ✓ and y, is the shift of origin 
fr' 

which accounts for the turbulent mixing -that persists even where u ---) o. 

Now equation (2.1) implies that, for a constant Vm  and for values 

of y smaller than the thickness of the boundary layer 8 , the stream 

function is independent of x, and hence the stream lines will be parallel 

to the wall. Consequently there exists a certain discontinuity Et the edge 

of the boundary layer, outside which the stream lines are somewhat inclined 

befere 
and on entering the boundary layer, they will turn a4milapAly through a small 

angle (Figure 2.1). 

Since the pressure increase across the boundary layer is very 
, or zero 

small4the pressure normal to the layer is practically constant, and 

the pressure inside the layer is determined by the outside flow. Thus 

from figure (2.1), for the equilibrium of an element of the boundary 

layer, we have according to White : 

-C .x= J 6  (P P2) dy 
YI 

where'e
o 

is the wall shear stress, and x is the distance from the 

leading edge of the wall, though this expression Jo shown 

-.of 	the boundary layer and accordingly m 
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by &co 20 tom*. 

Since P is determined by the irrotational 

motion outside the boundary layer, and since once 

it has entered the layer, the speed of a stream line 

remains unchanged, equation (2.2) may be written as: 

2 	6 
x = 	

Y1 
(u2  - u2) ozr (2.3) 

where U is the velocity of the flow at .the edge of 

the relevant boundary layer. 

Substituting X for  U 	and z for y , the 
2.5V 	YI 

two limits 1= 1.0 and z = 	correspond respectively 
Yt 

to In z = 0 and An z = )( , and equation (2.3) is 

thus reduced to: 	A 9  
x 	("K- in2 z) dz 
y 	2 	I. 

or 
2 

x 	e 	- 1) - % + 1  
6.25y, 	2 

which is the general equation for the nozzle of 

constant drag. 

To substitute for yi, White (1940) used the 

value y, = h given by Schlichting (1936) for 
9 

loosely packed spherical particles 1.50 diameters 

apart, since it more nearly represented the test 

conditions better than the value yl = k 
33 

(2.4) 
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corresponding to Eikuradse's closely packed grains 

cemented to the wall of a pipe. Therefore equation 

(2.4) takes the form: 

1.5 x/k = e x 	
2 

1)— K  +1 
2 (2.5) 

where k represents the mean diameter of the grains. 

Strictly speaking, equation (2.5) implies that 

each size of the sand requires a different nozzle, but 

the differences are small, and in erosion experimezts 

when a nozzle is used with an inappropriate size of 

sand, the error is compensated by the bed adjusting 

itself in a slightly curved form. 
To measure the average drag along the bed, White 

used a suspended metal strip mounted on a micrometer 

bar by two fine short.cotton threads. The strip in 

:this case was coated with sand grains similar in size 
and shape to those of the bed, and a travelling 
microscope was used to measure the displacement of 

the strip which has been related to the bed shear 
stress. On measuring the shear stress at x = 45, 

the hanging strip after allowing for the form drag, 

gave 19 greater drag than that predicted from theory. 

th-c ego  of th& 
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ounda-ry layer, trit-cy 	eRpTly, as shown 

which 	is 	 y tranorsitted to the wall. 
Farther aet.lis 04 

2.2. 44,e4-ified Theory ior   The Nozzle of Constant Drag 

Considering an element dx of the steady two-

dimensional boundary layer, at distance x from the 

nose of the plate and bounded by the control sur-

face .BCD (figure 2.2). For constant wall stress 

and according to White's concept, the stream function 

is independent of x, and the stream lines once they 

enter the boundary layer will continue to be 

parallel to the wall since there is no change in 

their speeds with distance. Thus there is no change 

in the momentum flux between !ID and BC. On the 

other hand the flux of fluid per unit time leaving 

across DD will be: 

r'S 
dx 
 .i

t Jioudy 
x 	Y ! 

and the corresponding outward flux of momentum will 

thus be: 

sax y, 

From continuity .and due to the incliatio41. 

of the stream lines just utoide the b undary layer, 

fluid must enter through AA and AB, the sum of 

-dx • 	
r8 2 

pu dy 
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which is equal to that leaving through BB. The 

flux of fluid crossing AA per unit time is p U.A8 

and the corresponding inward flux of momentum. is 

pu2.A8., whereas the fluid flux crossing AB per 
r(5 

unit time will be ( dx.1 j udy -pu.AS 	), bx y 
and the corresponding inward flux of momentum will 

thus be: 	
(ax. pu "tt 5 	pU2 	) 

Y I 
Now considering the equilibrium of the 

forces acting on ABCD in the x-direction we get: 
2 0  

-"C .dx - dx. i_ S'Spu2dy + sou 41o+ dx.pII b 
y, x 

ri 	2 A r 1 
211  u dy -pu • cao - a . dx. 8 	

Fc 
- AP. 6 ,& . o 

the termAP:68 is of the second order and may be 

neglected, then: 

& 
--C - fib-  ppu2ciy + pu o i u dy -.Z)P . S = 0 

or 
0 	 V' t 	Fc 1  

-"t•- 1 ppu2dy + to u 1.) IS u dy + pu8 cm- = o (2.6) 0 z-F  , 	ax 	, dx 
On the previous assumption that u is described 

by the velocity distribution law for pipes 	: 

u = 2.5 V* in 
Yf 

equation (2.6) takes the form: 

	

22 	
Sg y: -to  -.,i_ 	(2.5Vm) In Z._ dy + U 	2.5V In dy+p dU 

-p- ox Y, 	Y i 	?Tc Yr 	x 	. Yr 
Substituting 	for U and z for y.... 	then = 0 

	(2.7) 
2.5VN  Y I 
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S  Yr  	and the two limits z = 1 and z = S.. 
Yr 

correspond. respectively to laa z = 0 and in z = "X t 
and thus equation (2.7) is t:cancformed to: 

2 	 (eft' 2 	2 	 e"K 

	

.2 V - 6.25 y 
1  ) J 	V3i in z clz + 6.25 VAX .y X.y .) 

J  VV in zdz 

	

Ft 1 	 TE 

	

+ 2.5 v3i)(r y, e 	clU 	=0 
dx 

Since V4*-. is independent of .74-, then: 

- V., 	- V2 	4e'xin2  z d.z + x.1-2  'o , e7(  in zdZ+V? )i.2dX = 0 2 

•;25Y t 	31  i-X 	rx- 	 3/ 	dx 
or 	le , 	 (ec  

— 1. j Ih-  2. dz. 4 X --4)-1 ji  In z az -1-  1 
6.25y1. 	ax I 

Integrating and substituting between the limits 
)C )( z = 1 and z = 6x

, then: 	X ("Ce—e +0 IR 
_ 

. 
1 	- 	EX2e)S2rcX + 2e)c  - j 	)Ce'r. dX = 0 

6 25y,  dx 

1 	on differentiating we got: VC  _, 	4 X c. — 57  -71- ,  - X 2eN + 2X e EN . - 2Xex.- 2ex + 2e)CI dA, -1....+ We' 0( = 0 
dx ft* 	dx 

or 
1 	„dx - 

6.25y, 

By integrating this equation then: 
N 	 -,f2  x 	= 	4. 30 	„ I  c 

T753 , 	 2 

at 	x = 0, X = 0 and hence c 	thus° 

x 11C 3x+ 3) 
(2.8) 

ctiscontibt.dty 
which takes into account the ilieliAztiott of the 

on einteri ftl  
stream 14,4444 -t-szi-€1-e the boundary layer, and 	AF 

• [Qr, aLlabresic error has beer, duly corrected here. 
(2.8) uncorrected Was used for -tile rto2 ale 07.49 )  the 
res ter-hni Glifferenees ore LiSta on 1). 41 "14 thee  iFeC. 
0.c 	 6e otitected irr. Fit. ? .et]  

=0 

tX2. - X2(-)(3 dx 

6.25y, 2 
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differs from the previous approximate formula (2.4) 

by theLamount j()F 4X I 4) 4 X
2 

—I.  

	

Par rough walls 	>60> y, 	can be 

substituted by ea, where 4 is a fraction of the 

roughness height k, depending on the type, shape and 

arrangement of the roughness and consequently equation 

(2.8) can be reduced to: 

CX-0-1 

	

c x 	(x2 -3x$ 3) - 

	

k 	 2 
where c is a constant. 

For smooth walls on the other hand, equation 

(2.8) is still valid, and according 	to White and 

Colebrook (1937), yt can be substituted by 0.10 4 
y7 

and equation (2.8), then takes the form; 

CX-1 ) + 

0.625(4) 
	tx 	3)( I 3) 	3 	

(2.10) 

2.3 Apparatus And Equipment  

2.3.1. Construction of Apparatus 

The general lay out of the apparatus is shown 

in figure (2.3). The main nozzle in this apparatus 

consisted of three parts, the smooth curved surface, 

the rough straight surface and the smooth sides. 

The correct shape of the curve was important 

in this investigation, and special care, was directed 

 3  (2.9) 
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to its construction. The theorectical curve was 

calculated using equation (2.8) for a sand roughness 

of 1.56 ram. OiRmoter, with the help of a flow net, 

and the resulting dimensions for the curve are given 

in Table (2.1), where the noze of the plate is taken 

as the origin for measuring the co-ordinates x and y. 

TABLE (2.1) 

Co-ordinates of Nozzle accordingi  to Equation (2.81iti its orYhd. 

X inches Y inches X inches Y inches X inches 1 inches 

0.94 4.94 2.50 3.20 9.50 2.41 

1.00 4.70 2.75 3.10 10.0 2.3Z 
1.10 4.40 3.00 3.02 11.00 2.34 
1.20 4.22 3.25 2.97 12.00 2.30 
1.30 4.03 3.50 2.93 13.00 2.28 
1.40 3.92 4.00 2.86 14.00 2.26 

1.50 3.83 4.50 2.79 16.00 2.23 
1.60 3.74 5.00 2.74 18.00 2.20 

1.70 3.65 5.50 2.70 20.00 2.165 
1.80 3.58 6.00 2.66 22.00 2.130 
1.90 3.51 6.50 2.62 24.00 2.10 
2.0 3.10  7.00 2.58 26.00 2.07 
2.10 3.38 7.50 2.54 28.00 2.04 

2.20 3.33 8.0 2.50 30.00 2.02 
2.30 3.28 8.50 2.47 32.00 2.00 
2.40 3.24 9.00 2.44 
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It is interesting to note that both equations 

(2.4) and (2.8), except for small values 	give 

practically the same shape of curve, since the ratio 
•N (.8) is found to be substantially constant except X(2.4) 

near the nose of the plate. For example if we take 

= k/9 the values of )( basic to the two equations 

will be as follows: 

TABLE (2.2)  

x/k 	K(equation 2.4) 	?((eqn 2.8) 	X(2.8)X  (2,g)cor recte 

Y(2.4) -x 0.0 
50 3.45 3.12 0.905 4.988  

100 3.95 3.46 0.875 
°.?" 200 4.48 3.85 0.860 0.?92 

300 4.76 4.09 0.860  
500 5.20 4.42 0.850 
800 5.58 4.70 0.840 
1000 5.70 4.82 0.840 
3000 
5000 

6.62 
7.12 

5.56 
5.95 

(0)0.888i055 10,00 7.67 6.40 
20,000 8.32 6.93 0.835 
50,000 9.10 7.62 0.835 
80p00 9.54 7.97 0.835 0.919 

At x/k - 	oquetion (2.8) predict° 18.0% greater 

drag than that prodict44 from aquntion (2.4) and may well 

eltplaiR why #h-c.: h.am.giAg strip in. 	expe-rimozits gave 
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a 19.0,/  gn,- a.er drag at x/k 	45. With largo 

a-1u of  x/k thQ diZZer  
drag 	r-- 

After obtaining the co-ordinates of the curve, 

the curve was plotted full size on a template of 

card board which was used in cutting two symmetrical 

plates of hard timber (32" x 12" x -')which were fixed 

together by spacers at convenient distances to form 

the suprorting frame for the curve. A thin: sheet of 

perspex, 6.0 inches wide and 1/16" thick was fixed 

to the supporting frame, thus forming a smooth clean 

surface free from kinks and irregularities. This 

surface was extended at the upstream end tangent to 

the theoritical curve in order to avoid disturbing 

the flow at the entrance. The curve was provided 

with a set of pressure tappings, together with 

tappings for total head explorations. 

The straight rough wall was made from a gu 

thick plate of hard timber, 32 inches long and 6.0 

inches wide, tapered from the back at its leading 

edge, and roughbedby closely sieved sand grains. 

The sand was stuck to the plate by Durofix, and care 

was directed to.form as nearly as possible one layer 

only of grains on the surface. 
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The sides of the nozzle were made from smooth 

clean plates of perspex, and were extended consider-

ably upstream to insure two-dimensional flow at the 

entrance. Pressure tappings for measuring the 

static pressure along the boundary layer were 

provided on the upper side, together with another 

set of tappings for measuring the static pressure 

across the flow at the various stations. 

The different parts of the nozzle were assembled 

together with the rough wall vertical, using two 

identical templates of card board having exactly the 

same shape of the space between the curve and the 

straight wall. After fixing the different parts 

together, adhesive tape and plasticino were used 

to make the nozzle air-tight, and the tappings were 

sealed by rubber seals when they were not in use. 

Another smooth curved surface, similar in shape 

to the main curve, was used to form a symmetrical 

nozzle with the back of the rough surface and was 

given a slight divergence at its downstream end. 

The secondary nozzle served to make the flow symmet-

rical about the leading edge of the rough wall, thus 

helping to prevent any possible separation of the 

flow on entering the main nozzle. Smoke applied to 
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the flow showed that separation at the nose of the 

plate did not take place in the main nozzle. Also 

the slight divergence given to the secondary nozzle 

at its downstream end helped to establish steady 

conditions at the nose of the plate. 

The whole apparatus was connected to the 

intake of an open circuit wind tunnel (Figure 2.4), 

having a 55.0 1-1P blower discharing into the surround-
ing space through a baffled diffuser. The discharge 

of the air through the nozzle was contrcled either 

by changing the motor speed or by means of a flap 

valve in tho wind tunnel. 

2.3.2. Wall  Roughnesses. 

Pour different sizes of closely sieved sands 

yere used in the present investigation to form 

the roughness of the plate. In each cr.m, the 

surface was as even as possible with one layer only 

of grains. 

To determine the mean size of the grains, a 

few hundred grains were weighed, after determining 

their specific gravity, and on the assumption that 

they were perfect spheres, the mean diameter k was 

calculated. The values of k obtained by this 
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method proved to be an average between the value$ 

obtained by taking the mean value of 20 readings 

with a travelling microscope and those obtained 

using the sieve size. The following table gives 

the results of these measurements: 

ROUGHYLBS P.,",SSED 
Table 2.3 

ON SIEVE k mms. kmms. kmms. BY SIEVE ELTilIELD 
mesh opening mesh opening from 	travel- by 

No. mms. No. mms. sieve ling 
size. micro- 

scope. 

weight. 

L. 12 1.40 14 1.20 1.30 	1.87 1.56 
B 10 1.68 12 1.40 1.54 	2.39 1.96 
c 6 H  2.80 7 2.40 2.60 	3.40 3.16 
D 14 4.73 5 3.35 4.04 	5.60 4.75 

• • - ..... 

The travelling microscope will lead to values 

of k in agreement with those obtained by weight, 

provided that the measurements include the third 

dimension of the grain which usually is relatively 

small. For example taking three readings for each 

grain including the smallest dimension, the average 

size of 10 grains from sand "A" was found to be 

1.54 mms, and the corresponding value for sand B 

was found to be 1.98 mms. 

2.3.3. Static Pressure Tappings.  

Static pressure tappings were provided for 
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measuring the static pressure along the boithdary 

layer of the rough wall, along the curve and 

across the flow pt the various stations where 

total head explorations were made. 

The tappings for the static pressure along the 

boundary layer were located on the upper side 

of the nozzle. The first 13 of these tappings 

were spaced at distances of IP due to the steep 

pressure gradient in this region of the flow, whereas 

the next 10 tappings were spaced at 1,0" intervals 

and the rest of the tappings at 2.0" intervals 

as the variations in the pressure become smaller. 

The first 13 tappings were located at a height of 

0.10 inches above the surface of the roughness 

elements whereas the other tappings were kept at 

a height of 0.20 inches as the boundary layer became 

thicker. These tappings were made from brass tubes 

which were screwed in the perspex side to a depth 

of 0.32 inches, then the rest of the perspex thick- 

ness was drilled by a No. 60 drill to form the 

tapping hole. The connections between these 

tappings and the perspex side ware made air-tight 

by the use of white lead and hemp. 
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Pressure tappings were also provided on the 

upper side of the nozzle for measuring the variation 

of static pressure across the flow and were the same 

as mentioned above. 

2.3.4. Total Head Measurements.  

Total head explorations in the flow were made 

using a small total head pitot tube made from stain—

less steel tube 0.10 inches external diamater and 

0.0415" internal diameter. The pitot tube was 

introduced in the flow through the total head 

tappings provided on the curved surface, and-the 

mouth of the tube could travel normal to,  the rough 

wall by means of a micrometer gauge which served 

as a carrier for the tube. The micrometer gauge 

was subdivided to 0.002" and was supported on a 

brass angle provided with holes at the various 

stations to house the micrometer gauge (figure 2.3.). 

The angle was fixed to the supporting frame at a 

known distance from the plane.of the rough wall, 

thus helping to check the location of the pitot 

tube with respe6t to the refrence wall. 

The effect of viscosity on the reading of a 

total.head pitot tube was studied by Miss Baker 

(1922), who showed that the velocity of the flow 
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can be found accurately from the difference between 

the pitot tube reading and the static pressure 

reading opposite to its mouth, provided that 	DO 
2) 

where d is the diameter of the pitot opening, and 

for,  smaller values of U. the velocity would be 

overestimated due to viscosity effect. In the 

present investigation, however, this difficulty does 

not arise. Since the minimum velocity measured in 

the test was about 35.30 ft./sec., and the Linematic 

viscosity for air was 160 x 10-6 ft.2/sec., the 

corresponding value of 	thus was 760 which is well 
2) 

above the danger zone given by hiss _Baker. 

The turbulent velocity fluctuations on the other 

hand as pointed out by Goldstien (1936) may have a 

falsifying effect on the readings of the pitot tube. 

As indicated by'Tillmann (1946) the time averages of 

the squares of velocity, as measured by the pitot 

tube, can be approximated by: 
2 2 --2  

tr- = tr + tl 

or u = 
	 2 

up 1 - 	 (2.11) 2  
tr- 

where up is the velocity measured by the pitot tube, 

U 	is the true mean velocity and LL is the long- 
; 

itudinal velocity fluctuation about the mean.- Since LL 
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is a positive quantity, the pitot tube always 

tends to overestimate the velocity. In the present 

investigation, however, the maximum value of 

measured in the tests (section 4.3) was 0.165 and 

the corresponding error in u according to (2.11) will 

be of the order of 1.4/i,. However, tn€ value of 

VffEwas usually much smaller than 0.10, and the 

effect of turbulence on the present pitot tube 

readings can be ignored. 

2.3.5. Manometers 

2.3.5.1. Single Arm Swivel Manometer.  

Both the static pressure and the total head 

pressure were recorded on a single tube swivel arm 

manometer (made in Berlin by R. Fuess) with alcohol 

as metering fluid (plate 2). The arm of the manometer 

could be set in any one of five different inclin—

ations having factors of 0.80, 0.40, 0.20, 0.10, or 

0.05 to give the oquivelent height of the vertical 

column of water in each case (based on 0.80 specific 

gravity for alcohol), the reading being the 

difference between the atmospheric pressure and the 

measured pressure in millimeters. The manometer 

was leveled repeatedly during the readings and the 

time average values for the pressures were recorded. 
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This manometer has an advantage over a multi-

tube manometer in eliminating errors resulting from 

slightly different inclinations of the individual 

tubes in the multi-tube case. 

2.3.5.2. Refrence Manometer.  

To have all measurements for a single roughness 

done under the same flow conditions, a separate 

manometer was used to check the flow during the 

measurements. The manometer used for this purpose 

was an inclined differential alcohol manometer 

which could be kept at any suitable inclination, 

and after being leveled, was connected to a pressure 

tapping on the side of the nozzle. The reading of 

this manometer was maintained constant during the 

measurements, either by slightly adjusting the motor 

speed or by adjusting the opening of a flap valve 

in the wind tunnel, thus ensuring the same discharge 

throughout the particular measurements. 

2.4 Experimental Results 

2.4.1. Velocity and pressure surveys.  

Mean velocity distributions for the boundary 

layer were estimated from the total head explor- 

ations made with the pitot tube, together with the 
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measured static pressure variation across the flow. 

Por each roughness, several velocity profiles were 

measured along lines normal to the rough wall, and 

in all cases the normal distance y was measured from 

the centre line of the grains. When changing the 

roughness, the plane of the rough wall was shifted 

parallel to itself so that the line passing through 

the centre of the grains occupied the same position 

in all cases. 

The measured velocity distributions for the 

various roughnesses are seen in figures (2.7 to 2.10) 

plotted against the normal distance y, and their 

positions are shown relative to the noze of the 

plate (x = 0). The corresponding pressure distribut-

ion along the boundary layer of the rough wall, as 

obtained from the pressure tappings, are plotted in 

its correct position below the velocity distributions, 

and the pressures are given in ems of water below 

atmospheric pressure. The figures also show the 

approximate pressure gradient 0 obtained by 
dx 

differentiating the pressure distribution, and again 

plotted against the same distance scale of x. As 

seen from the figures, the pressure gradient is 

maximum at the noze of the plate and drops systematic- 



.:-
.1 •L

r 
"•

:1
;

• 
r:

: 
. 

1 
..

I 	
..

; 

. 
' 

1
 

.;
::

, 	
1 

- 	
• 

"
 
""

 . 

' 
„,

, 
1 

I ' 	
1 	

1 
6 

.,
 

''
 ' 

•1
 	•

 
...

 _,
 

"•
•1

 
::

:.
 •-

i 
TI

T',
 

"1
' 

::
,1

 1 1,
,T

 
•;

"'
 

',I
t - 	

• .r
,T

 
;1

'; 
.,

..
, 

''
' 

TT
,. 

.'
"
 !I

II
 1.

-in
 T

:
111

1 
::

6  
„
•
 

-1
,••

• 
•''-

'' 

:
 

'-_;
:,-t

 
;1

1 
-•••

•H`
-'

-'T
 

,,
 

, 
,;-

..,
 •' ,t-

' 
12

 

, 

:--
t• 

' 1-
• 
•-•

 	 '
 

•
 "
11- 

. 
,.

 
.1

::
 

'.
 

...
:.

 
'.1

.'l
 ,,

.,
 

:I
.:

 TT
, 	

.1
17

 
1:

1.
11

/1
 

, ' 
. ,.

 
:
 .17

1•
. 

, 	
• 

"
 ,, 

,,
 -
 

. 
; 	

•.6 
••

• 
::•

••
• 

• T
r1

 
I:

 :*
!.

. 
. 	.

...
 

'T:
 
„
 •.
 

•r*
T• 

,, 
I:

,"
i 

 
•••

••T
'.•

•' 1,
, 

..-6
.- 

 
.-

.L
..

.-
 

„
 

..
 

. 

.
 

. 
' 

i
l 

' .1
 

,I1
 • .. 

, 
' 

' 	
I 

. 
-

, 

1:
1;

 
.„,

 
I:

: 

' II
I:

 .
.1

 
„—

..
„_

__
C
..

.,
--

- 
"
' 

: 

••
••

 

' •_-
 ''
"
 .

.:
] 

-•.-
T:2

. 

„
 

•T• 

: • 
• ' 

' : . L
it
:
 

" 	
' 	

; 

:
 	.
 

, 	
,;

;';
,:

 

' 	
•1

:;
 

.
.
.
 

. 1.:
...-

:,- 
	

',.
.•

 
. ,

 A
,. 

6 
• 

''..
••

""T
f *

 ' .
 

, 	
' 

/4
. 

n'
'''

 

;.
; ' 

' 	
,I . .„
 

, 

t
 

y
 •

H
•

 

. 	 ', 
 

: 
1 	

'.
 •

 1 
.
„
 

. 	
' . 

-''
' 

! . 	
. 

._'.
... 

•
 ' 

. 
• --
 • 

' 
-,.

. 
--

. 
, 

• 
::
-T

 ..
..

 
T:

::
 . 

: 

, 

"
 

w
 

::
::

 
•

 : 
, 	

::
 	

• 	
: 

•
 . 	
..

_
..

..
. 

•
 

. 	
"
 

_ • 
4 

''
' 

, 	.
._

.. 
, 

• 
•.

; ' 

..
..

 

. 

: 	
:. 

''
 

.'
 	

• 	
::

::
: 

:I
:1

:i 
',
 	:

1 
;' 

' 	 T
.'•

••
• 

::
: 

, 
..

 
•••

 ..
..

 
1 

, 
. 

..
.,

 
..

. 

•
 • 	
"
 

...
.:

 
..

..
 
.
 

: 
';

. 	
• 

:
 

• 
• , 

-
 	

• 	
. 

, 

. • ...
. 

. 
. 

. 	
• 

, 4.
 •

 .
 • 

"
"
 

1
7-

.--
77

1-r
• • 

..
. ..
, 

."
..:

 

TI
IT

 

••••
••.7

7'
."

 
..

. 
. 17

: 
!I

!:
 

,,
, ; 

„ 

. 
	

, 

- 

•
 . 

T.,
'!, , 

. •
 

I:
 

, .. 

•
 :.._

 

' 

..
. 	

•• 
..

 

I 

. 	
. 
..

..
..

 ..
 

• 
. 	
-
 

T• 	
•:

._
 I

: 
. 

..
. 

::
 

-
 

, 	 .
..

. 
. 	

..
 .

 

' 

. 	
•.

 .
 	
"
 

r
 . 
::

: 

•
 - :

.-.
:, .

......
 

"
 

:.
. .t.

::.
..I

 
•
 

..,.
 

•• . 
. 

 	
• 	

:1
-:

 
,.

 	
, 

•
 ' 	
; 

	

. 	
.„, 

.,
 

	

I 	
.
 

, 
: 	 ,

 	: 	:
' 	

, 

' 
••

• 	
' 	
-
 

• .-
 

	

' 	
, 

	

. 	
, .•
 

	

. 	I 
	• 

. 	
. 

,_
__

4 

:•
 	 "

I-
 

': 	
:.'•.

 
I 	

• 
'Tr

; 
"•

• 
•
 • :.
: .
.
 : 	
' 

4 
.• 

.
 

. 	
. i
.
 

• ' I 

• 

•11
.-:

  
..

 
:-.

L.:
-: 

. • 	
,.

. 

, - 
I1

,:
: 

 

' 

!•-
•:7

-1•••.•
-•-•.-

T 

. 
•••

•.•
 

..
.,

 

-- :
••

•1
17

,71
-7

--
 

' 	
:I 

'7
1
 

-
 

'
 

:
 

. „
 

T.
• 

-:, -
,•-

.) 
..

 

17-7- .7771 Velacitv.,,Land 	 s:_Presstexe.ZtAstrauthal for  ..Agitgead 

. 

, 

I 

• 
•
 , ,.
 .
.
.
 

:••
••7

:1 -
:
 

, .1
. 

,,
 	'

 
•,-;

 	 .
 

• 
 
' 

..
 

• 

r;
 

71
. 

. 	
; 

,.
,..

, 

,,
 

-!-
• -

-:•-
tr

,-
--

-  

• 
' 

I 
: 	

• 
..

..
 

 

, 

' 

71-
7 

7T
-T7

TT`
 

,.
 • 

4 

--
--

- 

- 

• 
.
 "
 

• 

. 	
. 

. II
 

• .,
 • • I. ; ' ' 	

. 

.
 

. 	
. 

. 
I 

- ••
 ..

. 
..

• •• •:
 

:-.
 

. 

; 	
, 

. ,t
 • 'I

 
• •

 • 

. 

• . 

. 	
. 

..
 

. 	
' 

-.
-4

 

- 

::
: 

I.
..

 
..

, 
	

 •
-•

-.
1.

 
i 	

• 
-
 

I-:
 . , : . 	
. 

. 	
:.

 

•' 

. 	
..

 

	

. 	
. . ,.
 

, 	
, 	

•,.
; 

4
-  ; 	

•• 
:-.-

 	 -
-/, 

•.-'
 • 

. 
:4

 L.
...

. 
. 1
*
 

: 

. 

1.1
 

.
 

. , 	
. 

. 	
., 

, 

_ • ,,
:,

 

::
•:

-.:
' 

' 	
t 

. 	 '
 

...
...

...
. 

' 	
. 

1 :I
 

..
 . •

 

.
 

..:
....

. • 

I
,
 

r "
 

I 

	

;;
; 	.

 

!,
 

	

* 	
 

' 

. 	
. ' 	 .
 

• 

..
;1

. 

: 

I . 

' 

t•
 	

, 

. ' 	
. 

. 	
,..

.-.
 

',•
; 

..
. 

, 	
. _ H
  

, *
 

 

..a
.- 7

77
:1

 

.
 

,, .
 ..
 

.,
 

. ',-
7- 

. 

.•
 

•
 

.
 	

'• 
- 	

_ 

1 -_
 

, 

•:
 	. 	,

 

„
 .

 

. r•1
7:1

7:
TT

 
' 	

... 

.
 

' 	
' 	

r•  

, 	. 

, 
,...
 

-
 

•
 • 

. • .,
. 

, ' 

. 	
• 

—
 

' 
. 

-
 	

• 
•
 I,

  
7•7

1:1
1::

:• 

- 	
. 

• . 
_.

, 
-
 

: 	
,;

1,
:

. 
•
 •
 

•
 ••

 
' 	
-

1•
 

''
 

, 

: 	
I 

• 

, 	
._

 

•
 

. 

. 	
. 

 '
 -

1
 

, 

. ' 
I.

.;
 . 

- 

- 

,'1
 

- L
i 

• 
' 	

. 

• 

• .  

..
 •

 
' 

..
 

.,
 :
 

:
 

. •.• 

. 	
r 	

r 

•
 

• 
' 

, 

:
 

• 
•
 

•„•
 • 

....
 

• 
1•

17
, 

••. 
• 

•
 -

 
• 

' 	
-1 

"
 	

• 

. •
 ••

 
..

..
 • 

' -
 

	

..
1 	

..
, 

	

l'
 	•

 

....
., • ..
. 

..
. 

..
 

:
 	:
 

-
 

; 
- 

- 
• 

•'; '
;r

 

. 

,.
 

 
• •
 .,
. 

`:
• 

.
 	,
 

1 	
, 

7."
 

-:
- :•1

 
..

..
..

 
.
.-

-,::
::

7
7
7-

77
7-

t.7
7.1
. 

. 

. 	,
 . 

•
 . 	

-
 

••
••

 	•
,.

 
..

. 

• 
.,

 	
,.

. 
••

• 
1,

T1
7, 	

• 
.L1
,

1 	
•+

' 
•
 •

 	
••

••
 -'

• 

. 
-•

' 
; 	

: 
,:

•.
; 

:1•-
••••

•••'
• 

:•
..

 	
".

 	, 
::

::
 	 .

 ::
: 

, 	
.•

 • 
' 	

L..
 

. 

,,
 

i'
.:

 
•
 

. 
11

:-,
-I-

1.
:4

--:
-.-

-•
" 

::
, 

•.
• 

;'
;;

;'
,:

. 
',.

. , 
- 

••
.::

 
- ,

...
• .

 . 
• .

 

::
::

:ir
.,•

- ,
', 

' • 	..
 	7

1;,
,-,

 
..1.

1.1
 

',".
 

• -
r- r

r•
 

:,.•
 

, 4L
 

••-
, 

, 

,
„
 

"-
' 4

...
...

 
;•

 	:
 

•
 :
 

, 	
. 

,.
 

t•
.•1

1:
: 

•• 	
:•

••
 	.
 

-1
.-

 

. 	
„.

. 	
; 

, 	
, 

' 	
1:

 • 

:,
1•

17
,, 

';•
11

"1
1 

I',
;I

TT
-T

;;
 ,: 

;.,
 	 4

4,
r 

"1
;1

 	 .
.''1

•::
 

::
,'
 	-
t•

 ''
 

I:
  

I 

-
 

, "
 r Ti
l.1

 

- 
II

 	
 

. 	
..,

...
_ 

„
.
 

.--
....L

.: 

-.
- 

r 

. 	
,.

 

r
 

!.
: 	

I 	;
 	• 

:.L
 . '

.. L
I ' 

• 

4--
...•

 
.,

 

• 

. 

..r . 	..
.,, 

-•
"•

:!
-;

 ; 
. . 

, 	
. -7

t:
 

• ,•
...

 
 

. . ....
..._i 

'...
.. 

I 
.•

 

-4
 

, 	
.1

 
. 	

• 

I.
 

, . . 	
::

':r
:;

•-
.• 

. 
t 

. .  •
 .
.
'
.
 

'..
., ,1.
1. 

-- 
•
 

: 

•
 r,

....
.7H

7•
. 

i 	 .
: 	!

I 	 :
.'.

.' 
•.-,

-. ,..
•,•

•••
 

•-
.:

4:.
.

-  

..
" 

'.-
-t-

.--
.:7

 

..
 

	

' 	
. 

'..", 	
1 	

. 
•
 , 	

. 
, 	

.I
 	

.. 	
' 	 • 

. 

,_ 
:.

 	4
. 

..
..

..
 •

 

:•• 

.
 

- 

::
: . 

• •
 t

•-
-.

- 

. 	
, 

..
 

. •
 •-

•:
"  

, 

I 
. 

.•-
;.:

1-
.- ' 

.,
-7
- 

,.
. 	

,.
. 

't
. 	

' 	. 
. 

r 	
• 

	

. 	
. . 

	

.:
 
	;

 	; 	:
 

;1
',;

1•
:-  

"
 

	

. 	
' 	

r 	
. 

	

, 	
,.

 
•
 . 

.,
, 

r•-•
 . . . 

'T.
:. 	
"" 

. 

„
 

7
1
 . ..
. 

::,.
:•-

li 

•-..
 • 7
 . 

4 	
.'"

- 

•••
•r"

: 41
•7

 

:-.
1"

.•:
1 7

  

...-; •, 

, 	
_ 

• 

... I 

1 	
: I 

, ..
I 

.:
•:

 

..
 	.--

- 

1 ' 	
- 	

'• 
,.

... 	
::

: 	
• 

- 1
13

4-
:-.

- 7 

lik
. ..

. 	
,..

..i
...

.."
 

. 

•' 	
.
 	

.. 

, 

.
 	

I 	
• 

...t
 , 

;,
 	.
 

. ' 

,-.- 
• 

„
 

...
 •
 ' ; 

• 

...•
 
. 

• • 

1..
.. 

r
-  

, . _
: 

:'
 

t 
	

• 
oto

•-
• 

:4
1;

 

. 
-rr

, 	i
- 

,,
,,

 	-
• 	

• 
•
 ,

 	.
 

, 	
...

,/
i. 	

• 
"
 

.....
 

I "L
 

- 

•-• 1 	
. 

, 

.,...
L...

....:
.: , . 	

, 	.
 

•1, .
., 

,,,
,i

,..
 

••.
....

.• .
....

..--
-.. 

----
4
•
':

-.
•,t

;
4r4  

,• 
I 	

• • 

, 	
. ' 	'
 

• ,,..,
2_,

,,...
,,,4

4...
 

, _ 
-- "
 II

" 
""

-. 
 

, 

-
 

''. 

. ,„
 

:L
I' 

 •
•,

, 
".

- 

' 	
. 	

I -,1 1
-r

t 
. 	

/ 	
,',

' 
'4,

 
•;,

, (
-1;

1.t
 

• ..
,  .

- 
1 

. 	
• 	

• 
• -•

• 
I:

 • ..
 

;-
 	.

 

- .
 

,.. 
. • ' 

-:••
-: 	 ..

 
1.,

,I
  

;
 

L-
iL

II
 

'"F
il 

it
 '
 

1... ,
•:-

--
' 

.,
 

 
- 

..,
 

':
 	 ,

. 	
. 	

• •T
-TT
,

Ir
'•

 . 
5
„.

 

"
 rt

rt
 

,,,,
,, 

1,
 

'T
T 

. 

.•
; 	

I---
- 

-I
I 	

V
I 

•'
 

, ,.
/- •

,7
:1

••
•-

 
„-•

. 	
..

.,
 

•I
 	

• 	
,• 

,,t
,:;

T:
 

!:r
1:

.::
  --

..
 

,.,
-, 

1•
11 .

  
,:T

. , 
I.

.:
 ..

 
' 

4-
 

, 

. 	
. 

• 
. 	

*:
::

 
•
 .
..

 ' 

_,
- , 

..,
,, 

, .,
 

::
 	,

:r
t 

 
•
 

, 

.•
 

, 
. 

•• 
: 

••
..r

. 
: . 

;I
d
 --•

 
1
;:

 
,r

t•
 

•1;
;;' ,

  

„
 :I
' 

;,
.,

 	
, 

• 

•
 •• • 

•
 • 

, 
•
 6 

, 	
I

.,
. 

• 
-.- 

- 
, 	

, 
1--,

-•-•
- :
 

4 

••
; •-•
 

:
 ,

 - 	
•-•

- 

,•
- 

. , 

. 

•••
 	'
 • 

.I•
 	: 	

• 

:.
 . ..
 

, 
. 

-
 

,.
 ,
- 

1
1
4. :

 

	

, 	.
.. 

: . 

•
 '

1 !.
 

, 

	

. 	
1 

	

••
 	'

 
''
: 

 

.. 	
..

..
 

-4
-,

 .
. 

' 	
•-

 

_ 	
•--

-- 
..

 ..-
 

, ''•
••

 

' "
 

I
, 

,
L

I
 

' 

'• 

, 	
, ,.

 	.
 

' :t
  

, 
: • 

- i
•jj

•'
 

- 	
•-

 -
 

1  
:,

-,1
 

. ..
.•

 -
•,

 
:,

 	:
 --

i:
 	;

:,-
, 

1
:-

 	 .
. 

1 
-
-
 	

: 	
- 

j.;
: 	

.:
 	

. 
:•

: 
;,

. 

	

'j
t1

:':
 	.1

:1
i 

•
 ''•

 
'''

'' • 

..1
1.

1-
-4''
' 

i''
•
 

••••L
t 

, 	
•.

 
1.

: 

	

' 	
i 

	

- 	
.. 

. 
• .'.

1.
 	.

 
..

.i
i;

.:
 

I 
; 	 .

. 	 :
 

;',
• 

l':
:,

, i
ii•

 
;i

t;
 .

..
. 

• ••
• • •

,•;
'1,

 
j.j

.1
4,,

.. 
• 

.•
 	

. 	
••

 
. 	

, 	
..

 
', ; 	

. 	
. 

•' -
::

1 :
•;

" 
, 	

. 	
. . 

" .
. 

:1
-14

  , 	
•-• ,li

f'•
•.1"

..1.-  
•."1.

.1•
 

"1
" 

'..
..,

...
..r

, 7
 '
 ; 	

, 
• 

i 
, 	

• 

•
 .1
7:

77
:1

7,
7 

..
..

 .
. 

•
 .•

 	
' 	

• 
, 	

. 
: 

. 
. • 

..
 

t. , 	
• 

Th
 

. 	
, 

--
 	:

 	:
 

' 	
' 

. 

' . 

r 	
Ii
lt i
lf
-1

  

L.
::

 1.-•„
 	 1

. 
.
 

, ..
. 	 • 	

I 	
.1 

•
 •

••
 

i 
•
 • :
 	

L 
1
1
4
 -,•
 •
 .

 

• 

•
 

-.
 

• 
 

!i
::

 	t 	
• 	._

, 	, 
, 	

-3
,- 	

' 

•.
• 

...
...

 	
- 

 

I •
 , 

• 
. -
 

i :.- 

. ..
 

. 	
• r , ./
 

.,
. 

,„
. 

..
 

1 
, 

• 

1 

	

, 	
• 

;1
7,

-1• 

	

. 	
..

 	
. 

..
 

•."••
•• I 

. 
i:

 
,,

 
' 	

-,
, 

r
 	

• 
- 

I:
 

II
I:

 	
• 

•-•
-•

 	 -.
• 

• '
• 	

' 
44

.4
, 

:`
 • . 	

' 	
• 

' 

.
.
 .

 
• 
,
 

, 
. 

"
 
-
 

1 
:.

, 
: 	

1, 
• 

--,
-,-

.. 

.
 

-• 

••• 

:-
.,;

 	:
 ' 2

. 
• 

_ 

..
 	

, 	
. 

. 	
• 

' 
-,.

. 
j:

.;
1:

::
' 

. 	
• 

. 

• 
i;

. 

°
I.

I.
;.

 
!'. 0

::
•'

'..
. -* 

.1]
. 

ii
i..„
.„
,....

....
j..u

.,..t
.2 ,
-.

..
+

w
,•

! 
'.2-

1,•-'
 • 

,.
. 

...
 	

44. 
. 

, 
-•-•

-. 
;_

limm
i

L
_
1.

  

rs
b
e
i,
c
e
i r

tie
24

 

. 

' i
r:l

lir
 	

...
I ..
i,
 	

•,::
:. 	

..:
•,,!+

4•.
,•

•  
' ' 

'••
:. 

; t-
-1

---
/-;

 L
i,.

.i 
; I

i..
...

1-
1.

.1
1 1

:t
• 

..5
,-m

s 
r--

  
1
 -
 ' 	' 	
' 

1 
• 

' 
•
 •
,"

" 
"
 

••
• 

''
 	'

...1
1  

' •
 -.
' 

•,
•.

1 0
 --I
ii 

. 	
• 

I.
,.

,  

•
 .', 	

••. 	
, 71

 •• 

• 
- :

-1 
....

 	
.
 

; 
, 

'1
."
 	

' 

- 
- 

.3
4 

,.
. 

::
 	

1 	
-
 	

••
; 

. 	
. 

• 

7
e
z 

=
K
A
, 

‘.
1
4
4
 



LT
1 

r_:"
.-1-  

l'
" 

tl
it
 

• -••
•• 

,r
,ii

 
''''

'• 
r :: 

r 	 :
7 ' 

11
.4 

r ; 
 

:..
.1

14
,- 

1:
': 

..
 

' ,.'
:: 

11 ' 
• ..
. 

171
:: 

1"
r 

11-
::
 

L•
1'

:;:
: -4

.; 
H

I 	
7:.

7 

...
:'.

.i.
 .1
-•:

 
' 

::
 

" 
' 	

... .. 
— 

4: 	
'9, 

.:
 

...
..4

:::
: 

' 	
''
::
;I
L

' 
:•:

:t ..
..
..
. 

LT
:17

 "7
'1"•.

H
.1

 

;.
"
..

. ..•
 

1:
:1

11
_,

L.
,.•

...
...

;..
,.,

,..
 

H.
 

, Ir.
:.  
„
 

ij.t
.:-  t.

','.
 . 
- 

: 	;
4 

.4_
;44 :1

4:
 

17
 

•' H
 ",'

:-1
 

t 
: 

"..
. 

; ;'. ,; ,. _-,„ ,2,, ,  	
i ..

• ,.
 .

,,, ,  .
 4

r , 1 
,.

 
...

. 

• 
. 

-,- 
, 

t 
. 

"
 

. 
. 

• . 
.. 

..
:;

!:
 

., 	
. 

• 
• 

• 
' 

i''. • 
. 

• ,
 

, 
.. 

. 
• . 

•,
,
"
I
 

 
• 

_..
: 

. 
. 

"C
T

.: 
. 
tr

 

• 
• - 

11
 

S
i' .
.
7

 

:"
 

0
 

• 
." 	

.. 
:"1

"
-
•
  

f-
W

a
 ,

 
• 

e
ll

. 4 '.
: 1

' 
. 

,4 . 	 ' 
r
 ; 	.

...
 

1 

I 
..
. 	

:.
 

;•; 
. 

• 

. ' 	 .
 . ...

 

" 
' 

. . 	
. -• 

1 	
..
 

4 
. 

: 	
-.

" 1
,, 	

;:,
 

	

‘
 
,
.
 	
...

.:
 

. 	
, 

, 	
: 	

; 	..
 	,. . 

...
 	

•..
, 

. 	
. 	

: 
. 	

. 
• 

'.-
 - .. 

:: 	
, 

;•:
'1

. 
..

 
. 

.. 
.. 	

. 
,-; 	

...
. 

: 	
1

 
..
..
. 

. 
. 

,..
. 	

. 
....-

.. . 

• 
• 

...,
.. 	

. 

. 	
. 

. 	
. 

..
..
..
 

. "
 

..
 	.:. .

 ; 	.
 	:

 

..._
_-_

....
_ 

_,.
. 

_ 
. 

_ 	
. 

...
 

• 
- ...

 
, 

. 	
• 

. 	
. 

.. 
-.,

-, 
...

. 
...

 	
. 

. 	
. 

.. 
•-•

 
. 

- •
 	

-.-
 

..
..

 
.. 

. 	 .
..

 
. 	

. 
. 	

1 	
.:

 
. 	,

...
 

, • 
• 

...
. 

	

, 	
• 

. 	
. 

. 
' 	
'' • 

I• 
• 

- 	
• 	

' 
I 

77'
. 

.- 	
- 	

• 
__

_.
__

 .
__

 
- 

 
-
 

' 

• 

--
-,

 

	

; 	
. 

	

,. 	
. 

• 
- 

, 
• 

—
 

_., 
.„

 
-9,

..-.
_,-

-- 
•,
'. 

. 	
. 

-
 

. 
.-

1•
  

' 

1 	
..

 
' 	

' 	•
' 

. 
' 	

' 
..
 

. 
.., 	

do
llil

ii• 

' 

.,
 

' 	
• 

r• 

. 	
, 

. 

"1
 	.

 	:
 

• :' 	
:.

. 
_.

, 
. ;

 ..
. 	'
 

' 
. ' 	

' 	
- 

• 
..... .--

..-
. .

.. 

H.
...4

.-'.
.„.

-:,
 -r

i,.
.0

.9. 
, 	

. 
; 

1 
9 ' 	

• 
..

..
..

 	' 
' 	•

 	'
 

. 
I 

' 
.,

 	 .
 

..
 

. 
"c

 
....-

..f
%

_,
 

' 	
. 	

: • 

. 	
l'
 .

 :
'.
 .

..
..

 
h

i.:
:::

  -
 

	

' 	
•
"
•
 

	

.: 	
; 	. 	 :

 	. 	.
 

	

, 	.
 	

. 

	

t: 	
• 

, 
•• . 

• -
 	„ 

:-;
 	 • . 

. 

--r
 

:...
 	 1

:: 
. 

.. 

-7
1

 
, 	

: 	:
 

. 

.7
4T7

":71
77

7, 
:::

: 	 ;
•:

- 
..

. 	
. ...
 

• 
" 

- 
• 

'
 •::

. 	•
 	. 

. 	
.. 

. 	 .
 	
..
. 

' 
"....

... - 

. 
'--

• 
1 

.
.
 

..
..
 

. 	
."•

"" 
-.

..
..

, •'
-'
..
 

""
'"-

7 
" 

- 
..
t .tt

N
Ir

 7,
  

• 
.
 

. 

..
 

. 
.
 	
: 

.
 

, 	
. 

, 

• 
.
.
i 	

''
 
''
 	

1 	
' 

_
jL

L
 

' 
..

..
 , 

,,
 

i  

..
 .
..
. 

.
 

--
--

--
--

' , 	
. 

-
 	
-
.
 

. 

1 

—: ::'. 
- : ,: .- 
	
:
 

H
 

 

..
• 

• 
. 	

, 	
•• 	

, 
.-7-r

 ..
 	• 

•1 , 
_ 

„ 
• 

,:
: 

1 

• 

• • 
. - 	
I 	'.

 	 . 
ri"

.: t• 
• ..

.. ...
, „

. 
• 

: 
._ 

• , 
7'.

` . 
R

-:.1
 

"t
 

. 	-
 

- 	 .
t,::

 	
. 	

• 
• 

: 
•:.

 . 
to

t 
0,

, 

.. . 

. • 

:.
 

....
.1:

-...
.--

• 
•:'

,•
 

, 

. . 

; 	
. 	

. -7-
4- 

. 	
. 

..
, -,
 

- -
--

•:
1

1
--

 
..
 

. 	
-, 

... 
	1

- 
:---

r-r
- 

. ..
 

"..c..
.-;--

- 
[- 

t
 

...
.

r.
-:E

i. 

. .. 	
. 

• 
..
 

• .. 

- 	
• 	

- 
. • 

• 
: 

..
 

. ..
 

. 

. 

..
. 

...
-: 

• 

"
 

.: 	
' 

. 	
..
 

..„ 
• 

. 	
. 

' 

, . 

' . ..
 

. 	
. .: 

, 

. 

. • 

(A
 

"I
t•

 
• 

bi
, :•
'.
 

,-
--

 

. 
.
.
 

, 

' 
	

I-.
"--

1
. 	
:
 

-...-
 - 	

- 
' 

- 	
---

-- 
':
.'
•
 	
''
 

--:-.
---T

7- 
'.
 	

j 	
. 

-
 

'J
''
;:
 	

. 

''
 

• 
.
 '

 - 
.
'j
.
,
 	
; 

;:
 	
.
 

• 

';
''
-
 

• 
-
 

,
 	

'•
 	

--
 

-
 

,:
1

:1
, 

. 
1. 

.
.
 

' 

:
i.

_':
1

::
".
" 

,.
, 

• 
1 

.
 

1.
•  

. 	
I 

: 	.
. 	: 

• .1 
,•,

, 
..

..
 

, 

...
 	 .. 	

• 
• 

• 

-4 
• 

:.
 

 
. 

, 	
• 	

' 

: 

.
 .:.1

. 

.
.
 

0...
..: 

. 
- 	
. 

_ 
.
.
 

- 	
•- 

• :
 	:
: . 

, 
, 

1 	
"*

" 
1 	

:1
 

1 	
. • 

• 
:: 

..
, 

"
 

• 
. 

/ 

• 
• . 	

. 
. 

i
t
I

. 
ij

 	
: -

 
: 

(
4

 
I
 

'1
 '
 

..
. 

, 
. 

. 
..
..
 

....
, 

l
i
 	

• 
. 	

..
1

.,
':
 

, 

: 
1

1
 7

 

.. - 
. 	

• 
. 	

,. 
- • 

. 

. :•
....

... 	
. ..

..4
.t. 

"1
 -

 
 

4  

—
 

':
' 	

' 
.:

 	
• 

,..
 

, 

• 

••• 	
4 

t ' 
' 

. 

-, ..
..

 
..

..
. 

..
.,

..
. 

- 	'.
 	 -

 	
• 

• - 
• ' 

''•
 	 -

 
.4:.

1...
 

. 
..

..
. 

..
..

 
...4

::..1
4- 

, .. 
-;

-:,
:::

7 
 

:.4
.44

.7:
:1-

,-..
. 

77
71

"'"
:".

'1
14

 

,.
..
 	•

 	,
 

• 

• .
 

I
j 

4 	
::
! 

-. 	
: 	-

 

. 
..
 

L 

, 
1 

.:.
 

• 
.. 	

1 	,.
 	

• 
. ' 

	.
•
 

:1:
 

. : 
. 

I
•' 

: 

t 

. 

I 	
' 

.. 
. 

.••
 	

--
 

..
 

-.--
-7—

:,7
-7-

:-..
....

 
.....

-:::.
 

.;7
7-.

.7:
 

. 
 . 

; 
....

 
. . -.. 	

• 
• 

• 

.. .
_,A

  
..7

I '' 
- 

- 	
. 

49
4•'

 	 r
 

• 
• I

: 	
: 

"--
.- 

-...
' 	• . 

, 
"
.
 

. 	
-•"' 

..
..
..
. 

1' 	
1 

-
7-
:'-

--  
. 	

• 	
4.

' 
• 

, .i1
::.
: 

' 	
1:9

0':
 

,. 
I
 

. ..
..

..
 

.:. 	
, 	

. 
.:

-..,
 	

J.
,,

 
.
.
 

.
 

'1
 

..
. 

:
 	
7.

' 
'19

 
'' 	

..1
-• 

. 
' 	1

:',7
. 

,...
.., 	

:,"
, 

::
: 

. • 
• 

1 
t 

.• 
. 

. 
.,
 

- 
• 

- 	
.1 	

• • 
..
 

• •1 
: 	 . 

:71
 	'
. 

4. 
' 

. 	
. 	

. 	
. 

- 
'1 

..
, 

,. 
..

..
 

• 
.. 

. 
:.

!:
 	 .
 

..
. 

. 	
. 

..
i 	 ;

•-•
 

, 
• 

..,
 	:

:."
 

4, 
••

:' 
, 

' 
' 

...
.: 	

; 

1 

_ 
:' 

. 

. 

-: 
•••

1 
, 11
 	 1

 
: 	

: . 
. 
. 	
. 

' 
I
,
 

..
 

•-
. 

I 	
- 1 

. 
."

 

, 	' 
. _ 	

. 

. 
• 

' 	1
 . 

' 	
. 	I

 	'
 

. 
• 

' 

. 	
__

. 

...
. 

• 

1•
, 

.. 

• • 	
- 

, :
•
•
•
I
 	

•  

	

' 	• 	
, 

, 	
, . 

. 

,.
 

. 	
. 

; 
•r

:: -
• 

.
 

. „
 ..

.. 
' 	
'' 	
:
•
I
 

. r 

.. 

• , 
. 	

. 
: 

:v
.:
: 

.1
 	.

..
 

:-i-
-s

: 
'1

1 	
'' 

. 	
. 

•.-
. 	

,. 
- 	

',I-
 

' 	I
 

.
"
 

• .
..
 

, 

. I'
 

.i_.
.4.i

. ,.-
1 

.. 
. 

t ....
..._

,...
.._

,...
 

, ' 
. 

. 
, 	

• 
_,,

.,..
...!

..._
:,./

..•
„. 

,. 
..

 
, 

•..
 

.:
„.

.4
..

" 
, 	

.,
..

.,
 

"..
:::

„.„
,..

.,.
.. 

•..
.„ 	

„ 
,.._

., 
t .

..„
 

. 
. 	

.., 
..;

,1
:..

. 
..

.,
. 

, 

r:
I:

1
::,
,,
 

,,,,
:. 	

•••• 
, 	

,.
I 	

, 
;;

;;
I::

. ,-, 
. 

,..
 	

. 
:
0

 ' 	
:
' 
	

: 	
I.
',
. 
0

,,
H

.  

	

, 	
. 

.T
h,

 	..
 

,,
 	
..

: 
.i
: 	

••
••

. 
9
 

 
•
 

. .- ,•"_, I. ..J- ;2 .. I„ 9.  
ii 1., , I9 r:- i T 9 

  , '• 1
 

 7 1. , '.p " 9 . 1t1 1 .4 2. /41 1['; 4 6'.) .. /• , 1 L1. 1, ._,', ,•.  
cr

  e
r9•  

I1
 

1
-
i:
-
-
:  

.1  ,: • .: .- . 6
. 

''.,
0 .

.',1
 .

 
	. 	

.•  
.-

,-. ,: ,,' ... . 	' 
'.'

, 	 .
..
 	

; 

 

i
1 ": • ''.:- ,' ' '.  

, 	
.. 

• 
..

1
 

,..
. 	

d
  

u. 



:,I
I 

,1 •-
, 

1--:4
 

!f
 
'Il

i 
',
,
 

10
:1

 
l•

 i
ti
ll
:
 

f  F
f; r

 
• 

; 
i-

 
' 	1

  1
1i 

•• 	
f 

to
 

4
 
,
 

t 
L 

i
 

Tt
 

4 
t. 

r 

.,,
 

--r
•

-
 

I-,
  

11
1-

1-
1T

.•
 

i 
f,

1-
-•  

, 
, 

,
 

, 	,. 
. 

...., 
H

  
I 

, 

_ 	. 
1. 

• ii
 

_:.
 	• 

_ 
4 

I.
. -

 
. 	

4 

1 
.4 

 
't
it
 

-
 

t 
ii
: 

 
11

 

t 

.._ 

• 

. 	
'.

t 	 '
''
''
 

.L 
t-

-
  

::
: 	
'
'
'
'
 

i
 
	
'
 

i
 
	

I 

0
:
 

. 
-
 

•
 '
 

4-
. 

- 

E
N

I
M

M
I
N

E
N

 

I 
•
 

r
 

. 

• .k
- . 

. 	
. 

•
 • 

.
 

.
 

• 

• --
. • 

. 	
.
 

Z 
1 

• 
;
 

. :
 , 

1 -
 

- 

.
 
 

i
  

.
17

-  
. 	

• . 	

t 	
• 

- 

7 

 

1t 

. 	
. -

 

TJ. ....
"

: „ .  

.. ..' T
  

.
 

`
7
r
:
 

 

. 

k .• 	

iIii 

.•i 

• "
  

—
 

 •
.  

1
 

 

•.
 

--
. 

..•-
 

-k
. 	

.
 r

. 

 :
 

'..  

.i 

 

I.I
 I
N

N
I
I
I
I .I 'M

 

 

.
 

.
 

..
.-

 

:
 

.r . .. . :. 	

. 	... ... .. .:..'.  '• 

....,
. .. .:.„.H

...  

 
-
 

. „.., . ..., ..:: „....i.: ._  

, 
„ 

:L
..4

 	
. 

. 
is
 

. 	
. 

- 	
t •

 

.
 	
j.

 

.
 

I
f '
 

• . 
•-•

 . 

, 

.
 

1
•

i 
i
 	

' •
 

, 	
.
 ., ... 1 

• 

, 

: 

' 	
. 

_
 

.
 

• 

I ..1
 

1 	

. 	
. 

: t
 

.4
 

k 

1
i
 

. 	
. 

3 	
...

. •
 

4  
• 

„
 

• 
. 

AA
 

..
 -r.  

• 

. 
t 	

. 

: 	
j• 

I 

. 
.
 

. 

. 

_
. 

_ 

. 	
._ 

I ..
 

• 
- 

._
 

N
g 

. 

r 
... 

, 

..
 

, 	
• 

• 

_ 

- 

—
 

. ..
 	

.
 

I-
7 

,.7 	
-
!
 

.)-
-:-

 
. 	

. 

• 

• _ 	
• 

•
 -
;:
i 

.
 

_
. 4 

-
 	

--
• .
 • t ‘...

....
 

. 	 ..
 

.
—
 .4-4 

_
 - 

- :...
.1 1 

_ 
I t 

t
 	
t,

 I 

.
 .
 

—
 
•
 • '
 	'
 

,
 

-
 .
 

1 

—
 

- _
 

..
 

.. 

.
 

.
 
"
 

.
 

• 
t 

;
 

• 
,
 	

• 
'' 

_._
 

t•
 

....
 

. 
 

I
  

t 

_.
_:

.c
am

,.
:

.
 

.
 

:
 

• 

'
 

1 

1 
. 

1, : II
 .

 . 
..
 4 

•• 	
-. 

:
 	;
 	• 

' 
-:

t'
 	
:
 

• 
t
.
1

 
.
 

-;
 •; 

• 

. 	
• 

I 
. 

. 

cl 	
4::

 . 
I 

. 4..
. 

4 
' 

I
i
s
.
 

i }
..

.:
.-

 
•!•

,;:
r. 

_ .....
, 	

_ 

 
	'

 	-.
:.:1

7 . 	
.,..

....
.,- • ..
 

—
. 

. I 
. 

...
 

'
'
i
.
 

--..
..-.

, ...
 

.. 

. 

ii 

4-1
 : -1
 

• 
-, 	

' 
. 	

. 
"
 

• 
 

,.
 

''‘
 
	

 

.
 	
; ;

 	• , 	
• 	. 

I
.. 

---t
- 

. 

I.,:
;. 

i I.
 • 

. 	
. 

• 

, 

I. e 
.11

::. . 
I

• 
 

...!.
.:_i

ii'
 

..
 	-

 	
. 

. 

. 
r:

 
••:-

. 

• • 
. 

' 
1  

• 

, 

. 
• 

--.
 

•
',.i

 
. 

, 	
' 

• 
.
 
	 '

 
' .,

,,
I•

 

; 

• 
• 

• 

•• 
_ 

. 
i 

.' 	
. 

: 

; 

14
4: • 
-: 

I.: 
. 

' 
re

 
. it

 
cry

 

. 

I 	
- 

1-.
 	e

 •:
"
 

. 	
,.

..
 

- 
..
. 

" 
. 

,1.
. 	-

 
• 

. 

H. 
I 

..-
-. 

'-•.-
I•

  .
 

.. 	
' 	.•

 	''
 .
 

::
: 

'''
' 

..
 

:• 
. 

• 

l 

. 
_ ' 

' 

, 

1 
, 

- 

, 1 	
1 

. 
14 

. 	
. .

. 

t.:
 	•

 
.. . 

-r 

. _ 

..
 

• , 

. . 	
. 

. 	
I
 . 

I
 	

to
 

. 

.
.
.
.
.
.
 

• :
 

1
 

•-. 
. 

. 

..
.+,
,
 	

o 
• 

-1
 o

tt
o

o
- 

:-
 

I
•  

i 	
I
,
  

. 

T- 
' 

• 
. 

i
t

, 
:.:

4 	
: 

. 	
,..

 
 

1, 	
,- 

4 
' 

. ,I
, 

 

I 

.. 
. 

: 
i 

• 
.. 

. 
: .
,
.
 

. 
..

..
. 

,. 
. 	4

. 
, 

t 

, 	
.
 

1-
, 

•• 	
: 

1 

_ 	
. •

 
- 	

.. 
. 

I 
.
 	
:
 

.
.
.
 

• 
1 

• "
 

0
 
	

; 	. 
• 

. 	
' 

 ;
 

1 
• 

, 
. 

_ 	
:

t. ! 
  

. . 
. 	

. 

. 

• 
, 

I 
r 

.. 
! 

'I 
..

 	
, 

• 
V 

	• 
"i

; .-
, ',i

t, 
. 

1 . 

I 	
, .4

4
 

. 
I.

 
:
 

	.
 	I

' 
•
 

...
 -,-1
,
 

",
iI
 

1 	
I:e

ti-
 .
 

1  
i 

• 
•
 I 

rt
 

.
 

I 

0
.I

-  •
 

V 

, 	
1 

. , 
r , 	

. 

, 

, 

' 

1 	
-11

:1
1 

. 
7
 

. .
. 

.
 - 	

1 
...

r 
id

ea
s 	

I 
7
E

s 



11
.:1

 
, 

:- .1 
' „
 

t  , 	
...

.. 
'F

t 
' 	

, 

„ :,I,
: 

. 
_,,i 

,t,..
:. . 

, 
, 

, 
11

 
.
 	

„ ' 
1,'.

 ' 
' 

"t1
 _.

:_
:t:

 
" --

,t 1 
,, 

, lit
; 

‘..
, 

.t.
.. 

.•
, fts.
..-..

..
.' 

-1
-  

• 
',
 

,2
--)

."-
 

- 
-
 

_ 
..

„
 

r:V
. 

1.
..,

 , 
,_

 
t:

'".
-  

„I
. 

„
 

..,
 

T.
! 

,..
. 

L.
 

t 
.',..: 

::-
;.•

 . 	
- 

. 
,,,

,, 
t,

i. 
' 

i--i
, . 

., 
t 

: 
. . 	

, 
- 

;,, 
,.:-

..,,
 -

 
..

. 
.„

. 
, 

i-
,... 

.:
:.
 ,

, -
-
•
"
-
-
 

. 	
,t
 

, 
,,
.;
 --

- 
..

..
 

I.'
 

I
 

..
 

1
 

,„:
11

.,2
. 

.
.
.
.
.
.
.
.
 

.
.
.
.
.
.
.
 

..
..

..
 

.
.
.
.
.
 

. 
I
;
 

• 
.
.
 	
I
 

...
.I

I. 	
I
 

.
 

,
 

, 
	

. 
I
 

.
.
 

"
 

"
.
 

. 

.
 

It 
-• 

.
 	
, 

:,
: 

.
.
.
,
 

..;
' 

• 
• -.

'• 

' • 
1.

• ,..
.—

 : 	
' . t 

. 
• 

ea
 	

-:_i
r2

!Cm
Ai

,  
•.'

,1"
„-: 

i  

• • 
. 

; 
, 

+.,__.ir 
.. 

. 	
. 

„ 	
, 

. 
 .  • 
- 

..
..

 	
..

 . 
. 

'"
 :.

:-..
 -,

, "
 '
''
' 

.,
 -.. 

. 	
.1 

..
 

,. 	.• . 

, 
_ 

. 
	

 
-1-

 
 .
 

• •• 
., 

. 
... 

,.. 
. 

• 
t-• 

: - 	
• 

••••• 
'' 

- .g
., 

' 	.
 

. 	
. 

. 
. 	

.. 
. 

. 	
. 

:T
t-

 
. 	

. . 
.4

.
, 

",
,..

 
. 	
. 

. 	
. 

- . 
 .

..
 

. 	
. 	

• 
•• 

•
 . 

. 	 , - 
-
 

: 

. 	
. 	
. 

• 
.
.
 

• 

. 

. 
• 

. 	
'• 	

'.' 
...

 
• . 	. 

i 	.
. 

- 

..
 	.

 	
,.

 
.-

 

• ' ._• . 

"
 :-, ',, 

1 1-.
•:

: 

s..- tiGN .f. 	
• 

.
"
 

 ' 111
:64.4
b1:

  
rs

.',
 

,. 
.
.
 

. 
. •
 1_ ... 

: 	. „ . 
	.

. 
,
 - 	,.
 ,:: 

.....,.
...... 

. 	
, 

-
 

. _ 
. 	 . 	

• 
:::: 	

• 

' 

•
 _. 

	

, 	i
:: 

	

. 	. 

	

_:•., 	
- 

	

:: 	F
. 

-, 	. •• .. 
. 

... 
•-:

_L:
- • 

.:'":.
, 

..
 

... 
.1

,:,
 

, ' "
 	

. ' 
. 

,, ..
.. 	

.
1
.
 

. . 	
. 

- 

: 

:;
.,
 

•-•
-*

---
---

 
•
 t t 

..
..

..
 

..Pi.
..—. C

' 
:; 

-. 

 1
4 

 

—
 

. 

-.:. 
. •, 

-. 7.„
. 17.

—.. •  
• 

 
 

. 

•, 	
. 

., 

'''
"  

..
. 

 .I
 	 .,. 

- . 1 .•:  

• 
. 	

' 
• 

 
.
.
 

-1 . 
. 

I 
: 	

1 
. 	

. 
..

..
 

. 	
., „,

,,
 

 
]
 	

• 
I

F 
--

 

	

•••
 	

, 

	

..
. 	

. 

.
 

• 
, 

- 	
- 

•-• 	
• 

• 
..

. 	. 	
. 

•, 
•
 1 	

I.
 

. 
- 

1 	
_, 

. 	
., 

. 	
. 

• 

. 	: 	
..
 

. 	
' 

1,
..7

 
..,

_ 
11 

_ 	
...

 
. . 

..
. 

._
,..

 	,
 

..
..
 

.. 
. 	

:• 
'.
 

.. 	
: 

... 
. 

:• 	
. 

1,,,.
., . 

. . 

..
 

' 	
::

: 	
. 

•:•
-•-

r:i
-
  

. 	
.. 	

. 

. • , 

..
 

, 

..
 

-.7
 	, 

. :
: .

 	::
: 

- 
""

-"
• 

. 

	

._ 	
. .. i-  

-- . 

, 
..„ _ 

.. 

.•
 

	

. 	
.„

 
, ..
 '
 

- 
• .. 

. „
 

-.
 

; 	- 

tt 
•
 , . 

. 
. 

; 

. 

, •• 
. 

.._
 	

• 

: 

•
 -1.

: 

..
..
. 

. 

•
 • 

.• 
- . 	

. 

..1"
. '.. -:

:- •  i
l.  

.,- '''''
. .": 
t;. 	

-::-. .
. 

!4‘
.
 

P...
- ! 

q
; 

S
k.

i 

li
t'
 

' -
-d

 1 

. 
..! 	

i. 

. 

' 
• 

_t ' 	
. 

'::
:•

' 	
: 	

' 
. 

i 

. 
, 	

.• 
' 	

• 	
' - .. 

. 	
.., 

. 	
' 	

 
...

. • ,.
. 	 .

..
 

4 ;" 
 

,.,...
, 

•• 	
. 

._ 	.
. 

: 

, . 	• 	
. 

.. 	
. 

..
 

.., . 	. . 	
•.

"!
**

.' 

. 
. • 

.. 	
,. 	

. 

; ..
. 	

., : 
. 
- 

, 

• 
,.

. 

...
 . . 

• 

. 	
..

 ' 
. 	

. ... .
 . 

. • ' ..
 

; 	"
 

 
-,-,

 	••.• - 	
. 

	

. 	
, 

. 
..

. 	
• 

_ 	
.2

 	
 

 :
 

.:, 	
. 

. 	
, 

'
 	

•-••
••;-

. 

•
 ...

.1
 

. •
• 

. 	
..

. 	:
 	. . 

•
 .1

 

..
 	

. 

. 

. 

..
 	

_..
 

. 	
•-r

77
7 

..
•
I 

• 
..

 
•„•

•••
•,:•

•••
• 

,.
.,

 

.. 	
.:

 
...

. , 	
• 

, 

 -
 

: 

• • ' 
. • 

• 

. 
. 

. 	
. 

1:
' 

, .
 

..
 

- 
- 	

;.,
71

7-
: 

• 

' ..
 	

- 

2
r
 7—

, 
..

. 	
. 

i;,
i 	

• 	
: 

• 

	

..r
 	.

• 

	

..
 	
. 

.
 

. 	
',. 

	

1.
: 	 1

 ' , 	
.r

.: 

:.
 	. 	

''• 
. 

•
 - 

'••
 

'.'
,.. 

- 
- 

. 
.t.

E.
...

, 	.
 

., 

• 

..i
 

1 
. 	

1 	
• 

-....
 	

. . 
. 	

,.
 . 

..
. 

I
L

r
 

 

• .. 	r
.. . 1  ..

. . 

• 

, . 

,. 

, 	 .
... ...
-',

.. 
...... 	

-..
::,

 
-r 

. 

	

;:
: 	.

.. 

...
 

,..
, 	.
..

 

i 	 .
;- . 

. 

•.'1
 	i
 

•• 
, 	 . . 	::

 
•
 • . 	•

 ,:
:.

7.
: 

,H
. 	, ,,. 

1...
. 

._ 
- 	 . 

• 
• 

.. 
 -..-- 

 • :
 	-

 !
"\

-.1
 I 

.. 	
. 

• 

	

. 	
• 

. 

, . 

. 

.,
, 

..
, . 

.,,
 

. 
. 	

'.•-
' 

 . 	
. 

• 
. 

. . •-• 	
. • It 

.. : 
• 

• 
a 	

. . 

• 
...t

..
 

• 
• 

__
._

__
__

__
_r

__
_:

4_
.

. . 
..

 	
. 

.1. 

t.:
":

 

-
. • 

: - 
:,

' . 
TII

 	
• ' •
 1 

...
. 	

- 
N

r•
; 

',̀4
'i
 

.t 	
, 	., ..
..
. 

.•
 

• . 

_ , 
, 	

„
„
 

1., 
'' 

,;
: 	

;:
 	:

 
• 

'.. 	
I.

. 	
, 

.:_
;...

.4 
.._

_ 
.,..

:.-
 

, 
• 

i 

. 
_ 

, 	
. 

. 	
. 

_:
:7

1-
.!•

 
.•

! 
m

 ..,
 	

, 
.
 , 

t•
••

 	:
-.,

 
'-

 

' I 

	

,. 	
, 

. 	
' 

. 	
' 

- 

r
, 	

_ 	
t.:, 

	

.„ 	
- "-
 

...
 

.
 

	_
. 

	

IF
 	.

L. 

::)
,:.

,..c
.::

 

"
 

:."
...

,,,
'. 

. 	
- 

..
..

.,
 

...
,_

 

.
.
.
.
.
 4

.  ' 

,, 	. 	
:', 	
. 

-.
I.

 	
. 

•':
'1"

:".-
  

..
 1  

 ,
.-

 

, :1 v. 

1..
 

. , 	
, 

.- .•
 

..
 	

..
..

 

1 

. 	
, 	•

 

„. 
:: 	 .
. 

	

..
 	, 

. 

. 	
,.
 

ITT
T-L-

 

, 
•• 

'-' 

, 	
''
' 
•
 ' A

 
[ 

. 	
I 

I 	
. 

...
. 

i.1
:!•

:::
 

. 	
. 

' 
"7

1.
. 

• 
,.
' 	

. 
' 

..
 

I 	
• •
 • 	.

 
' 

,'
 	

11
:t . 

t-
 	
-
•
•
 

. 
. 	

.:
.:

:.
" . 

..
' 

. 	
I •
 ,. 	

1 • 

, 
, L 

,,_
 . • 

• 

. 	
.
 ..
 

..
..

 
• - .. 

. ' ' 

,.
. 

::
 	'
 •
 • 

.1
 

. 

...
.• 

. 	
. 	

_ 
..
. 

, . •
_
, 

. 

I"
. .: 

 
, 	
..

 

. . 	
;',

:: 

. 
•.
.:

_i 
, 

1 
.. 

[. ..
rt

 

. 	
t . 

r 	
' 

. 
. 	

..
 

,.
. 	

• 	,
. 

' 	. 	:
 	.

. 	:
: 

. 

' 	
1;

1 

1 
.•

 	,
 	.

 
. 

. 
•
 1

- 	
; 

'•:_
 	:

, 	:
::

:. .. 

	

*1'
17:

IL 	

'..
,,-

9 
„
 

..
 

. 
1 

. .. ,. 	
.. :-.

 
•
 

- 
1_:

! 	
. 

.- ... .  .7 .. 	
' . 

'.7 ...  
I. I 

- 

".',
- • -11 .  •4

 	
jr •  

1 	
•,-. 	

,I.
  

..
,I

. -
,: ;--:::•

: 
:11.
'7  

. 
- 

..
 

 
 
	 ..
1
 

•  

I
.
• I
 

• 

.1
-,•  

. 
..

 . 	
. 

-•
• 

r•
1:

:::
1 

..
. 

1 	
..., 

..
'.
 

., 	
..., 	

. 

-
 , 
. 

: 	
,t

, 
 

1 

,.
...

 	,
.: 	

.. 
: .

 	; 	
:.
. 

',
' 

t•
 

::.
 	. 	!

•.'.
.1 

. 	
,  
I
 

, 	
+.'-

'• 

-r.
 

',.
;' 

_ 
..
. 

."
 

	

. 	
. 

'I
 J • !;

:I:
::+

 

	

1 	
• 	

. 	
1  

	

L,
 	 .

,.
, 

„ 

• 

11
,
,

t
-

I
I
 ,t
i,. ..

.:.,  '-
 

'' 1 

''
' 

: 

•
.
,
i
 

.-
,:

•.
,,

' 
:..

Li
 

l!
'i
 

I 	
.
 

'' 	
: 

, 	
•. 

.
.
•
.
.
.
.
1

1
1

,
I
 

; 
: 	

,p
..
 

.
.
 
. 

t•
i,
  . 

'. 
I
.
 ::
 

.
!
 

.,.
. • i 

•
 

: 	
' 	

"
 

I
.
I
.
 

71
1 

.. 

,..
, 

. 

I
I
 	
:
„
:
 

. 
, 	

• 

.
 	.
 

_ 	:
. . ,., '-
':1

 
:,

 "
 

, 

, -T.,-
11.

  

' 	
• 

..
..
 ' 

.... 

•1
;;

 

I 	
- 

, 

:- - 
. 	

;r
t.

: 
-.

. 

. 	
. 	

4.
tb

: 
-

7
,.-7

:*
'-'-

'-
,  

' 

.,.
....

 
-
 

, :.
• 

..
-.

. 

. 	
. 	

...
., 

-
'-'

17
.;:,

-4  
..
t,

::
:

,
 

• 
. 

 
	•

 	

 
.
.
,
 

*" 
, 

' 	
:-

..
..
.•

-i
i 

.F
,  ,[..
--,-

.-- 
.
.
.
 

•
 ,
 

. 

	

I 	
. 

, 

1 
. 

' 
_:-

 i-,-.
12

 

Ls.
....

1_,
_ 	.

 	 -
 	 ' 

•
 '
 

..
 . I 

,.
 

_.
.. 

-, 
..

 

..
 	
. 

L 	.
. 	 •

 , 

. 	
.. 

. 
'.., 

;,. , 	
,.
..
. 

',..
- .

...
. ' 
'
 



60. 

cally in the downstream direction in a near 

expanential manner, i.e. dPtends slowly to zero 
dx 

as x tends to 000 . Figure (2.11) shows the 

variation, in the downstream direction  of the 

velocity for various values of y in the case of 

the 1.56 mms sand, and as seen from this figure u 

is substantially constant for small values of y 

which is in line with the theory. 

A plot of the type of figure (2.11) seems convenient-  for presenting 

the velocity distribution within the flow for any case of pressure 

distribution. For comparison, figure (2.11a) was plotted for the case 

of a constant pressure, though on a smooth wall, and the figure shows 

clearly the variation of u with x and y. 

2.4.2. Evaluation of the Wall Shear Stress  

To calculate the shear stress at the wall, to, 

a method based cn the momentum equation is intro-

duced. This method involves the use of the 

experimental surveys of the total pressure, static 

pressure and mean velocities in the boundary layer 

as follows: 

Considering a steady two-dimensional flow along 

a flat wall under the influence of a pressure 

gradient, and taking a rectangular control surface 

ILBOD (Figure 2.12) placed in the flow such as to have 
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the side AD parallel to the wall and at such a 

distance h from it greater than the thickness of 

the boundary layer. The forces acting on the 

control surface in the x-direction will thus be: 

that due to the friction at the wall -Todx, that 

due to the pressure gradient - dx. h. dP ; and those 
dx 

contributed by the change cf momentum in the x 

direction. 



Y/ 
a f 2(P+ Au2) dy - 	f P dy -/oU 	udy+ro  = 0 

2 	ax y, 

rh 	 h 
u2dy + Au 4 	udy -4C0  =0 

h 	 h 	 h  

64. 

Due to continuity, fluid must leave through 

AD, the quantity leaving being equal to the 

difference' between that entering through AB and 
h 

that leaving through CD, i.e. equal to dx.a 
)x y 

dy unit 

time 	

the corresponding momentum flux per  

time across AD will thus be dx./;() 	u dy 

Similarly the force due to the difference in the 

momemtum flux between the inflowing masses through 

AB and the outgoing masses through CD will equal 

-dx ./)) J u
2 dy 

x Y1 
2or the equilibrium of the forces acting on 

the control surface in the x-direction we have: 

or 	h 

vh 
2P dy - 

ax 
Pdy -/oU 0 J udy+at = 0 (2.12) Y/ 	

Y, 

where P' = total pressure = p + 3  Ou2  

From the definition of the displacement thick- 

ness S. (equation 1.15) we have: 
.h 

S* =I (1 -u) dy 
0 

or 
,r  tidy,  = U (h 	) 

(2.13) 



65. 

Substituting from (2.13) into equation (2.12), then: 

 

I 2 P'dy - ) 	Pdy 70U ; 13:.1(h- SO3 +T = 
, 	 x4  

z 

 

.13. 
2P' dy - 	/ Pdy 10 U2 	8* -SOU dU (h-15,0  )+Ito= 0 

dx 

or 

x Y 
2P'

h  
dy - ) 	Pdy +AU2  • iPti(h-g.)+ 	= 0 

dx 	(2.14) 

Tow writing p = p.h  Ap where Ph is the 

static pressure at y = h, then: 

ti 

ex Pdy = h Ph + 	 fUP dy 
x 	ex y, (2.15) 

Substituting from (2.15) into equation (2.14) then: 

h 

= 	2P dy + I ill  AP dy +& 	AU2  

	

y 	* x y, 	 (2.16) 

which is the exact solution fcr the flow considered. 

The term 3L 	41D dy 	was usually very small, 
bx , 

in which case equation (2.16) reduceS to: 

= o 
fh 2 P 'dy - pU2 •) X + g 
Y 	 * bx 

(2.17) 
as compared to Gruschwitz's formula: 

= U2 dE3 - 	(2 G+6* ) 
dx 



66. 

Equation (2.17) seems easier due to the fact 

that it avoids the momentum thickness 6  . 

To avoid the differentiation of three 

different quantitites in equation (2.17), the total 

shear force D can be used instead oft°, and by 

definition is equal to ,f -0 dx. Thus 
0 

integrating equation (2.17) with respect to x we get: 

D =.dx= - 2 11 P'dy - frU2  dg* .dx 	dx 
o dx 	o dx 

D =-2J  P'dy 
Y, 

FU dUS, 
0 

(2.18) 

To evaluate the first term of the above equation, 

the total pressure pi  was plotted to base y and the 

area bounded by this curve was then integrated 

graphically up to a value of h greater than the thick-

ness of the boundary layer everywhere, thus twice 

this area gave the term 2 	P' dY 	. The resulting 

values for 2 
	

P dy 	are shown plotted in 

figures (2.13 lo 2.16) against the distance x from 

the note of the plate. These diagrams also show the 

variation with x of the displacement thickness 

(1-u)dy. For the purpose of evaluating the second 
U 

term in equation (2.18), the velocity U at y = h, was 
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71. 

plotted to base of U8.3  for various distances: 
from the note of the plate, and the area under 

this curve was then integrated up to the point 

under consideration. The final distribution for 

the total drag D is shown in Figures (2.17 to 

2.20) for the various roughnesses. By inspecting 

these figures it appears that the variation of the 

drag with x is substantially linear and a 

straight line is seen satisfactorily in agree-

ment with the points. Accordingly the local shear 

atreas 0  is substantially constant, since 

by definition is equal to a D. However, to 

check if there is any systematic change in 

(D), apart from the experimental scatter, 

specially for the bigger roughnesses, the local 

slope of the line D against x was calculated at 

the intermediate values of x on the assumption 

that a broken line joins between the points. 

Again the resulting values for To  showed no 

systematic change with x apart from a certain 

amount of scatter above and below the average 

value obtained from the slope of the lines in 

Figures (2.17 to 2.20), bearing in mind that an 

error of + 2.0% in D at some points may lead to 
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76. 

an error of more than ± 25% in 

Via, the 

in this method
h
. 0 	r 

In equation (2.17) for 	, the term b 	AP dy 
- pc Y1 

has been assumed negligible. However, in the 

equation for the total drag (equation 2.18) this 
h 

term changes to 	AP dy 	which may not be 

negligible and the equation thus becomes: 

D =-f 2 P' dy + f ZIP dy - 	PU d U 
Y1 	 Y, 

or .h 
2 P' dy + 	(P-Ph) dy - 	toU d U S. 

(2.19) 
rh  

The evaluation of the term j (P-Ph) dy 
Ye 

showed, as seen from the values accompanying 

tables (III) in the appendix, that it had an 

appreciable value at small distances from the noze 

of the plate and decreases rapidly with increasing 

distance, the accuracy of the calculation was thus 

improved by adding this term. In general however, 

the scatter in the points of D against x is small 

and may be due partly to the use of graphical 

integration and partly to experimental errors. 

2.4.3, Effect of Roughness on the Design of the Nozzle. 

The experimental values of X = U 	are 
2.5V. 

seen plotted against log 2.4. in figures (2.21 to 2.24)— 
K 
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for the various roughnesses used. In determining 

these values, the average value of V* was used and 

the values of U were obtained from the inter-

section found by extrapolating the velocity pro-

file of the boundary layer and that of the main 

stream as shown later in section (3.3). For 

comparison the corresponding curves from equation 

(2.8) are shown on the same figures. In calcul-

ating these curves from equation (2.8) the average 

value of y is required. To obtain (y,) average, 

the velocity distributions of the boundary layer 

were plotted against log y and the intersections 

found with the axis u = 0 gave the local values 

of y, at the different stations, thus (y,) average 

was determined from: 

(Y' average = EY')1 x (7')2 x (y,)3 x  

 

1 
x (y, )nin  

 

This method for determining (3) average seems of 

more advantage than taking the arithmetic mean 

value, since errors in (y,) local will have a small 

effect on (y) average. 

By inspecting figures (2.21 to 2.24), it seems 

that the design of the nozzle is tolerent to 

changes in the wall roughness since the diagrams 

showed very small deviations from equation (2.8) 
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in the range of y; from 0.00618" to 0.0209", i.e 

about 3.4 times fold range of 	. 

However, from continuity the amount of flow 

passing across any section is the same, and since 

Vx is substantially constant, the shape of the 

curve is in fact determined by the successive 

values of the ratio 2.,r where l(ris the value of 
)4. 

)(at some arbitrary refrence point, the ratio 

being independent of the absolute value of Vat. 

In other words, the ratio between the width of the 

nozzle at x = Jg and x = x2  is simply x. 
1K, 

Now to check theoretically the change in the 

curve due to the change in roughness, equation 

(2.8) was solved numerically for the various 

roughnesses used and the ratio )(r. was determined 

at various distances from the noze of the plate. 

The reference value was taken at x = 27.5 inches 

in all cases and the results of the calculations 

are given in the following table: 
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Table 2.4.  

Effect of Roughness on the Shape of the Curve.  

ROUGHNESS Al 
y1 =0.00618* 

ROUGHNESS B 
ys =0.0073" 

ROUGHNESS C 
y1 =0.01120' 

ROUGHNESS D 
y,= 0.02090" 

x inches Xr Xr  
X 4 "X x 7 X "7 

3.5 3.257 1.1458 3.165 1.3552  2.96 1.361c 2.717 1.3618 

5.5 3.488 1.2566 3.385 1.2673 3.17 1.2723 2.898 1.2787 

7.5 3.642 1.2033 3.543 1.2106 3.32 1.2130 3.040 1.2190 

9.5 3.766 1.1638 3.675 1.1673 3.451 1.1701 3.146 1.1779 

11.5 3.878 1.1302 3.780 1.1348 3.542 1.1376 3.237 1.1438 

15.5 4.040 1.085 3.951 1.0857 3.705 1.0898 3.39 1.093 

19.5 4.174 1.0500 4.089 1.0505 3.838 1.0520 3.509 1.056 

23.5 4.292 1.0214,4.200 1.0218 3.940 1.0247,3.609 1.0269 

27.5 4.383 1.00 4.290 1.00 4.038 1.000 3.706 1.000 

As seen from the above table, the differences 
are small and were compensated when the plate was 
shifted parallel to itself in the case of the larger 
roughnesses. As an example, if the width of the 

nozzle at x = 27.5" was 1.0 inch, the_width at x =3.5 
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inches will be 1.3458 inches for roughness '.A' and 

1.3618 inches for roughness 'D', thus a differenoe • 

of 0.016 inches is obtained from the theory. In 

other words, the error in the width of the nozzle 

due to the use of roughness 'D' with a curve de—

signed for roughness 'A' will be of the order of 

1.20% which is very small particularly because 'D' 

is 3.4 times greater than roughness 'A'. There—

fore it may be concluded that one design for the 

curve can be used, without much error, for a wide 

range of roughnesses. 



CHAPTER III 
	85. 

MEAN VELOCITY DISTRIBUTION 

Velocity Distribution In Pipes  

In 1932, the experiments of Nikuradse on 

fully developed turbulent flow through pipes 

established that the velocity near the wall can be 

expressed by the functional relationship: 

foArm) 

31 
where u= is the mean velocity at distance y from 

the-wall, VV is the shear velocity and 2) is the 

kinematic, viscosity of the fluid. 

(3.1) 

The experimentally observed velocity distrib-

ution, as given by Nikuradse (1932) for a number 

of smooth circular pipes, is plotted in figure 

(3.1) in the form LI- against log lYit and is 
V4 	 2/ 

represented by a heavily marked strip of experimental 

points. 

For most of the flow region between the wall 

and the axis of the pipe, the experimental results 

are in good agreement with Prandtl's logarithmic 

velocity distribution law in the form: 

u 	= d log y% +B 
	 (3.2) 

V 	
V 
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with the constants A = 5.75 and B = 5.5. 

Equation (3.2) being one for turbulent flow is 

valid only in regions where the viscous stresses can 

be neglected in comparison with the turbulent shearing 

stresses, and this is the case for nearly the whole 

flow region except very close to the wall. In the 

region very close to the wall, the turbulent velocity 

components and so the apparent turbulent stresses 

approach zero at the wall itself where the viscous 

stresses predominate. Consequently the velocity 

distribution in this region tends to deviate from 

equation (3.2) and this can be seen from Nikuradse's 

results (figure 3.1) where the recorded velocities 

become smaller than those indicated by equation (3.2) 

for small values of .91/* • 

Regarding the behaviour of the velocity profile 

in this region, we have on record the experimental 

results of Laufer (1953) and Reichardt (1940). The 

measurements by Laufer were carried out with air 

flowing through a smooth pipe of 9.72 inches internal 

diameter at a velocity of 10 and 100 ft/sec. and a 

corresponding Reynolds number of 50,000 and 500,000 

respectively based on the pipe diameter. His measure-

ments in the region very close to the wall are shown 
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in figure (3.2) plotted in the form u against log 
vw 

SVIr. The relevant measurements by Reichardt on 
V 

the flow through a rectangular channel are also 

shown on the same figure. 

To compare the experimental evidence with 

theory, the logarithmic law (equation 3.2) and the 

law for laminar flow ( u = yV 	) are shown  
V3i  -v- 

on the diagram. It seems clear from this diagram 

that the relation {u = f (yV 	 deviates 
Vm 

from its logarithmic farm for values of 	yVN  
V 

smaller than 30. For values of YVN  of the order 

of 5.0 or less, although the experimental results 

in general fall below the curve for laminar flow, 

the descrepencies are not very large. With 

increasing distance from the wall, the contrbiution 

from the turbulent stresses becomes larger, and 

the errors introduced through using the laminar 

law to describe the velocity profile, become 

greater. 

To arrive at the shape of the turbulent 

velocity profile in this region of the flow, the 

following analysis is used: 

For a steady incompressible turbulent flow, 

the Reynolds equation in cylindrical co-ordinates in 
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the x-direction has the following form: 

u 	+ v )u + w u=•1 )P ( W +1 	ruts' +1 
,)3c 	et r 	;5 	r ar 

2 
ulwo 4-10v u 

where 

	

c72 	2 	2 

÷ 	
+ 1 	+ r r )0- 

In this equation, u, v and w are the mean velocity 

components in the x, r and 0 directions respect-

ively, and 11.1, v t and w' are the turbulent velocity 

fluctuations in the same directions respectively. 

For a fully developed pipe flow, the velocity 

field is independent of x. Also we have v=w=0 and 

. 0, thus the equation is reduced to: 

	

1P=-1 d r u' v' + 	d2u + 1 du 
b x 	r dr  r dr 

- 1 d r 	tv - du ) 
. • r dr 	dr 

Integrating, then: 
2 -N r oP 	- r (utvl - 	du ) + c 

	

2/0 jx 	 dr 
(3.3) 

At the centre of the pipe, r 0 and la 
dx 

• hence c = 0, and equation (3.3) can be reduced to: 

2 Vx . r + du = uovl 
ur 
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where R is the pipe radius. 

Replacing r by (R-y), equation (3.4) takes 

the form: 
2 

du 	 V3E  (Lt.a) 
dy 	V 	R 

Integrating, we get; 

2 	, 
u = -13r 	oly + Vm   (R - yh) + c 

0 

At the wall where y=0, u = 0 and 	= 0, hence 

C = O. 

For small values of y, the equation is 

reduced to: 

V3Ey - SY  Illy' 
VM v o 77; 

dY 
(3.5) 

Which gives the general shape of the velocity pro-

file for the region of the flow close to the wall, 

and it contains the effect of both the viscous 

stresses and the Reynolds stresses on the velocity. 

In order to be able to evaluate the second 

term on the R.H.S. of equation (3.5), the limit of 

integration as well as the variation of u V with y 

have to be known. At y = 0, u = v = 0 and so is 

u'v' , where as for the upper limit of integration, 

the particular distance where the turbulent stresses 
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become maximum is a possible point at which the 

velocity distribution has to join the logarithmic 

law. 

Assuming, as a first approximation, a 

linear distribution for u'v' with respect to y 

(figure 3.3), equation (3.5) will take the form: 

u = yVm  - 1 yVaE  = 1 yVx  
V --157  2 -Tr 2 -7g— 

From the experimental velocity distribution 

(figure 3.2), the point where u =1 yVK 	lies 
V
x 
 2 

FIG. (3.3 )RssitaPticns ,forzhe rathulent shearthy stresses  . 



93. 

at Y 	= 26 and the resulting velocity profile 
-417- 

takes the shape of curve I. The assumption of 

this linear distribution for utvf involves a 

point of discontinuity at the upper limit of y. 

However, had we assumed a power law distribution 

for Iliv t  of the form: y = constant (Pu ss° 	)2/ 
2 

equation (3.5) would take the form: 

u 	yv. 	yitm  = 2 LT. 
5 -TT 5 v 

and the resulting velocity profile (curve II) is 

also included in figure (3.2). In calculating 

curve II, the value yVm  = 34 has been used as 
V 

the upper limit of integration as this value gives 

best agreement. 

From these two curves, it seems that. 

equation (3.5) accurately agrees with the observed. 

velocity distribution near the wall; any practical 

distribution of turbulent shear stress having a 

power law with the power between 1,0 and i with. 

the corresponding upper limit for y lying between 

261Y and 3411  , will provide the necessary 
Vm 

assumptions for ..valuating the integral. 

3.2 Velocity Distribution For Constant Pressure  

Boundary La ers 
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Flow conditions for a flat plate are different 

from those for a pipe. First, a pressure gradient 

is essential to maintain the flow through a pipe; 

but not along a plate. Second, in a pipe, far 

enough from the entrance, the oppsoite boundary 

layers meet at the centre line and the velocity 

field becomes independent of the x-direction; 

whereas for a flat plate the flow field undergoes 

a process of gradual change with distance in the 

downstream direction, and strictly speaking, 

there is no guarantee that the flow will display 

similar velocity profiles at successive sections. 

The difference between the two types of 

flow can be seen from the boundary layer 

equations which write as follows: 

/ou du + joy 	= - 
)x 	)y 	)x ay 

+ 	= 0 and 
x )y 

thus: 

you. 112' fii au 
1Y 

11 dy- 	+ 
)x )y 

(3.6) 
In a pipe with a developed flow, we have; 

= 0 and v = 0, thusto  is wholey determined 
Wi 

by the pressure gradient. On the other hand, for 
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a flat plate where 	= 0, a change in u with x 

dx 
is necessary, according to equation (3.6), to 

overcome the wall friction and one must expect a 

different velocity profile for every different 

distance. 

In general, the whole process of a boundary 

layer is one of gradual diffusion outwards of the 

wall condition. That is to say, the velocity pro- 

file near the wall is governed primarily by the stress 

at the wall, whereas well away from the plate the 

fluid has a memory of a quite different stress 

occuring nearer the noze of the plate. Thus 

normally the velocity profile tends to concave 

upwards when plotted against log y. This curva- 

ture in the velocity profile can be seen in 

figure (3.4) which shows two velocity profiles 

on flat plates measured in the Gottingen 

Institute by Tillmann (1946). 

The first profile is for the flow along a 

smooth plate at constant main stream velocity of 

31.0 meters/sec., whereas the second profile is 

for - the flow along a rough plate at a constant 

velocity of 17.8 meters/sec. For comparison, the 

pipe formula (equation 3.2) is plotted. The 
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figure indicates that the velocity profile for a 

flat plate, wheather smooth or rough, is different 

from that for a pipe in the sense that it sags 

around it. The figure also indicates that the 

velocity profile for a rough wall is shifted down-

wards parallel to that for a smooth wall, when 

plotted in the form u against log YVK  . 
V; 	V 

Regarding the region near to the wall where 

the velocity profile is governed primarily by 

the local wall stress, reference may be made to 

the experiments by Schultz-Grunow (1941), Ludweig 

and Tillman (1949); and Klebanoff and Diehl (1951) 

all of whom experimented with smooth flat plates 

at constant pressure. These experiments indicate 

that the velocity distribution is logarithmic 

for values of YVN  between 30 and 500, and beyond 
V 

that the data deviate from the logarithmic 

relation. This range corresponds to values of 

X < 0.15 where S is the boundary layer thickness. 

The experiments however do give slightly different 

Values for the 'constant A in equation (3.2). On 

the average they give A = 5.6 as compared with 

5.75 found from velocity distribution measurements 

in pipes, or 5.65 found from resistance measurements 

in pipes. 



98. 
3.3. A Particular Case of The Boundary Layer 

The nozzle of constant drag constitutes a 

particular case of the boundary layer where the 

flow accelerates according to the equation: 
2 = ex 2 - 3X+ 3) - 	- 3 

6.25y1  

which was derived on the assumption that the 

stream lines inside the boundary layer are 

parallel to the wall. This was confirmed by the 

velocity surveys (figures 2.7 to 2.11) where u 

was found to be substantially constant, at 

different sections in the flow, for equal values 

of. y smaller than the boundary layer thickness. 

Thus inside the boundary layer, 

equation (3.6) reduces to: 

du 
dx 

= 0 and 

blp = 
)x )y 

which resembles that for a pipe. Therefore one 

might expect that the velocity distribution in 

the present boundary layer will possess some 

resemblence to that in a pipe. 

To test this resemblence, some of the 

measured velocity profiles were plotted in a 

semi-logarithmic form in figures (3.5 to 3.8) 
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for different wall roughnesses. In all figures, 

the experimental results fall nicely on straight 

lines for most of the boundary layer thickness. 

Due to the pressure gradient acting on the flow, 

the velocity in the main stream outside the 

boundary layer tends to increase, though very 

slightly, with distance from the wall. The 

figures also show that this part of the velocity 

profile connects smoothly with the logarithmic 

part in the boundary layer. 

Regarding the definition of the boundary 

layer thickness S, usually some arbitrary 

definition such as u = 0.99 U is used for flat 

plates, and it involves a certain amount of 

uncertainties since u approaches U moreorless 

asymptotically. When the velocity in the main 

stream is not constant, such definition becomes 

impractical. However, in figures (3.5 to 3.8), S 

can be fairly well defined from the intersection 

found by extrapolating the velocity profile of 

the boundary layer and that of the main stream. 

Using this definition, the uncertainty in S is 

reducer considerably since the two lines will 

meet at one point only. 
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Comparing the velocity profiles with those 

for flat plates, it is noticed that the present 

profiles follow a logarithmic relationship for 

values of 	up to 0.90 or more according to 

figures (3.5 to 3.8) compared to a value of f-

= 0.15 which was found by Schultz-Grunow (1941) 

and Klebanoff and Diehi (1951) for flat plates 

and beyond which the velocity distribution was 

found to deviate from the logarithmic law. 

The difference in the behaviour of the two 

boundary layers is understandable since for a 

flat plate, the outside part of the velocity 

profile is determined as seen in section (3.2) 

by a wall stress occuring nearer the nose of the 

plate and which is different from the local 

stress; whereas in the present boundary layer, 

although the relevant part of the velocity profile 

is determined by an earlier shear stress, it 

still behaves as if it was determined by a local 

one since to  is substantially constant along the 

wall. This makes the velocity profile in the 

present boundary layer similar to that in a pipe 

as will be shown in more detail later in this 

chapter. 
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This boundary layer also resembles that for 
a flat plate in the sense that the part of the 

velocity profile next to the wall is determined 

in both cases by the local wall stress, and this 

part, as indicated by Schultz-Grunow (1941), occ-

upies only 0.15 of the boundary layer thickness. 

In other words, it can be said that a boundary 

layer 'of the present form offers a link between 

the pipe flow and the flat plate flow, and 
reduces the gap between them. 

It is also noticed from the velocity profiles 

(figures 3.5 to 3.8) that the first point nearest 

the wall often deviates from the logarithmic law 

and gives a slightly greater velocity. This 

may partly be explained by the possibility that, 

when the pitot tube is in contact with the 

roughness elements which were loosely packed, its 

reading is falsified by the pressure rise in the 

wake behind the particle just upstream of its 

nose; andpartly by the fact that in a velocity 

gradient, a pitot tube tends to read the pressure 

at a point slightly to one side of its centre 

always tending to read high. 

To analyse in more detail the experimentally 
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obtained velocity distribution, we have Prandtl's 

logarithmic law for pipes as follows: 

u = A logy_ 

(3.7) 
where yi is the distance from the wall of the point 

where u = 0, and the law is valid for both smooth 

and rough pipes. In 1937, C.M. White and C.F. 

Colebrook from studies on fluid friction in 

roughned pipes, showed that for values of Vw k  
V 

60 when the resistance becomes independent of 

viscosity, the value yi  can in effect be replaced 

by a fraction of the grain size k so that yl  = k 
33 

measuree„ from the centre line of the grains 

inwards; whereas on the other hand, for values of 

▪ k < 4 	the rough pipes become indistinguishable' 
- V 

from perfectly smooth ones and y, becomes equal 

to 0.1 V . Between these two extremes, there 
V 

is a range (4 < ;lc (60 ) in which both 

viscosity and grain size influence the resistance 

to the flow and yi will vary gradually between 

0.1 V; lY 	and 
33_ and can be expressed in the form: 

vxy 	= 	( v3ik ) 
(3.8) 



107. 

From Nikuradse's resistance measurements in 

pipes, the observed resistance law was satisfact-

orily expressed according to Barman-Pt.andt1 theory 

in the general form: 

-2 
= 1 (2 log 0.225 R) --77 	6-  fitr 	 yt (3.9) 

For both smooth and rough pipes, where R is the 

pipe radius and Iris the mean velocity of the flow 

as obtained by integrating the logarithmic law 

over the corss-sectional area of the pipe. For 

values of Ick >60, the equation then takes the 
V 

particular form: 

1 (2 log 7.4R )-2  
/011 	a 

(3.10) 

Now combining equations (3.8) and (3.10), White 

and Colebrook obtained a general form of the law of 

the wall in the. form: 

2 loe 7.4R -U 	= 	(V k) 2 -.1-- k 	 $V 	11 (3.11) 

To trace the variation of the function 2 for 

uniform roughness, Nikuradse's results on rough 

pipes (1933) were plotted according to equation (3.11) 

in figure (3.9). This diagram is not just a 
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correlation of resistance coefficients, but actually 

describes the velocity distribution for the different 

wall conditions. The smooth law appears as the 

sloping straight line on the left and equation 

(3.11) will reduce in this case to: 

1/7 (2 log 2.25 WO = 5.65 log 2.25 RIT3e  
V 	 Ir V 

or 	u* 5.65 log yVR 	5.65 
V; V 

where U has been substituted by u at y = 0.255 R 

as obtained by integrating the velocity profile 

across the pipes The horizontal line to the right, 

on the other hOld, indicates that the completely 

rough conditions have been obtained, and in this 

case equation (3.11) takes the form: 

= vr7 (2 log 7.4 	* 5.65 log- 7.4 R 
V 	 7 	7 
m 

or 	uVi = 5.65 log y 	9.60 	(3.12; 

where T1 has been substituted by u at y = 0.255 R. 

The values of the constants in equation (3.12) 

differ slightly from the values 5.75 and 8.5 given 

by Nikuradse (1933), the differences being 1.75% and 

1.10% respectively are less than the uncertainty in 

the measurements of the velocity distributions. 
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Plotting the velocity distribution for the 

present boundary layer in the form u against log 

Z for the roughnesses used, figures (3.10 to 3.13) 

were obtained. The resulting curves follow the 

rough pipes formula, except for the value of the 

constant 8.6 which is seen here to vary between 

5.47 and 6.12. However, in Nikuradse's experiments 

on rough pipes, the roughness elements were 

glued to the wall as closely as possible, i.e. 

with maximum packing density, whereas in most 

practical cases the roughness density is consider—

ably smaller than that of Nikuradse and consequently 

would be different from k/33. 

Writing equation (3.12) in the general form: 

u = A log I + A log k 
V Sri 

the values of h_ were calculated from figures (3.10 
Y1 

to 3.13) and were found to vary between 9.0 and 11.2, 

which are within the range of the values originally 

given by Schlichting (1936) for loosely packed 
spherical particles. 

Now it may be of interest to proceed further 

by analysing the effect of the roughness parameter 

V k on the velocity profile for the fully rough 
V 
conditions ( V k 	60 	). In 1935 Prandtl 

V 
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pointed out that, when plotted in the form u 
VK  

Versus log ylirm, the logarithmic part of the 

velocity profile for rough walls is displaced 

downwards parallel to that for smooth walls byan amount 

.11u• 	depending on the roughness parameter 
• —7; 
v3i k 

V 
This displacement in the velocity profile 

is seen from the Gottingen Institute measurements 

(figure 3.4), where the profile has undergone a 

shift 4a 	of approximately 8.7 for a roughness v3  
parameteria = 112, the effect of the roughness 

V 
being to reduce the velocity by the amount Au. 

This shift in the velocity profile is seen to be 

self evident from the velocity distribution law 

for rough pipes which may be written as follows: 

	

u = 5.75 log 	+ 8.5 
Vm  

	

= 5.75 log 	+ 5.5 - (5.75 log k -Vm  - 3.0) 
V 	 1, 

= 5.75 log ylrm  + 5.5 - 
1/ 	v3( 

hence: 

= 5.75 loE k8  V3  - 3.0 
Vn V 

(3.14) 
where 	is the equivelent sand diameter, i.e. 

correspolding to iiikuradse's conditions. 

To demonstrate the physical significance of 

(3.13) 
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the quantity 	we use the following analysis: 

vm 
For smooth pipes we have: 

U = 5.75 log RITiE  + 5.5 = VAT? 
7; 	

r 0  

smooth 
(3.15) 

where To  is the coefficient of skin friction. For 

rough pipes on the other hand we have according 

to equation (3.13): 

U = 5.75 log 1=0/3  5.5 -411 = /21j._ rough 	 (5.16) 
c 	1? 	Vm  -c 0  

Substracting equation (3.16) from equation (3.15) then: 

u 
r o  

smooth - 1/.,3U 
o 

rough = U smooth - U rough 11-3t  

thus the quantity 	indicates the loss of velocity 
Vx  

due to the 	i increase n the pipe resistance for the 

same pressure drop. 

To trace the quantity 	for the profiles 
Vm 

measured in the present boundary layer, figures 

(3.14 and 3.15) were plotted as u versus log ylrm  
Vm 	 2) 

The law for smooth pipes was also included in the 

figures for comparison. By measuring the shift 

Au from the figures, the parameter V k 8 was 
VE 	 1) 

calculated from equation (3.14) and is shown on 

the relevant profiles. 

Based on this method, the nozzle of constant 

drag offers a convenient and accurate way for 

determining the equivelent sand roughness of 
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artificial roughnesses, ship and aircraft paints, 

etc. Since it was found in section (2.4.3.), that 

the cruve required for the nozzle wall is insensative 

to the particular value of the wall roughness used 

in calculating the curve, one design can be used 

without much error for measuring a wide range of 

roughnesses. Indeed it seems the logical develop-

ment of the method originally described by 

bchlichting (1936). 

Instead of using the equivlent sand diameter 

in deriving equation (3.14) from equation (3.7), 

the actual diameter may be used and equation (3.7 

will then be: 

= 5.75 log y_ 
tKk 

(3.17) 

where 0( = Y, t tK being a function of the type, shape, 
-F 

and spacing of the roughness elements. On com- 

bining (3.17) with (3.13), Dt is obtained in the 

form: 

5.75 lock =Au - 5.75 log V k - 5.5 
V 	 (3.18) K 	2) 

By measuring .411 from figures (3.14 and 3.15), the 

value of D( was found from equation (3.18) to vary 

between 0.089 and 0.11 for the four different 
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roughnesses as compared to an average value of 

0.03 for:the roughnesses used by hikuradse (1933), 

:the difference being mainly due to the spacing of 

the roughnesses. In Likuradse's experiments on 

pipes (1933), the grains were packed together as 

closely as possible; whereas plates ( 7 to 10) for 

the present roughnesses show a relatively wide 

spacing between the grains. These plates are 

arranged for stereoscopic viewing and were taken 

by a camera at a distance of 12 inches from the 

plates, the shift of camera being 3.0 inches and 

the angle of overlap 28°. 

It is interesting to note that the original 

experiments by Schlichting (1936) on artificially 

roughend plates have shown clearly that the 

effective size of the roughness depends greatly 

on their spacing; and figure (3.16) calculated 

from Schlichtings experiments with spheres shows 

the variation of k , i.e. of 1 with the spacing 
37- 1 	Oc 

ratio L . Beginning from high values of L 

the figure shows that at first k 	decreases in 
YI 

a power law with a decrease in the spacing ratio, 

aLd attains a minimum before beginning to increase 

again with still closer spacing. Thus from this 



PLATE B. ROUGHNESS B ARRANGED FOR STEREOSCOPIC 

VIEWING. IR = 1.96 ■ms. 
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PLATE 7. ROUGHNESS 'AI1  ARRANGED FOR STEREOSCOPIC 

VIEWING. J R=1.56 inms 
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figure for perfect spheres, fx can be five times 
greater than that found by Nikuradse, Figure (3.17) 

calculated from data by Stevenson (1960), shows 

again the same trend for two-dimensional wire 

roughnesses. 

The shape of the roughness, on the other hand, 

as indicated by Schlichtings experiments on cones 

and spherical segements (1936), is also of import-

ance in determining their equivalent size, and some 

of the sands of the present experiments may have 

been more angular than those of Nikuradse, so 

partly accounting for the larger values of 40( in 

the present experiments. 

3.4 Turbulent Velocity Profile at Separation 

3.4.1. Mechanism and Definition of Separation  

In a flow with a pressure rise along a rigid 

wall, the boundary laver increases its thickness 

considerably in the downstream direction untill 

it reaches a place where the pressure is so high 

that the fluid no longer has sufficient energy to 

advance further downstream, and some of the flow then 

becomes reversed. 

According to Schubauer and Klebanoff (1950), 
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since the kinetic energy of the flow is vanishingly 

small at the wall, and since the pressure is least 

at a point of minimum pressure, the potential 

energy must be minimum at that point. After this 

point of pressure minimum, the flow at the wall 

could never advance downstream against the rising 

pressure, unless it received energy from the flow 

farther out. This transfer of energy takes 

place through the turbulent shearing stresses 

and consequently a turbulent boundary layer will 

have a greater resistance for separation than a 

laminar boundary layer due to the fact that the 

former exhibits greater stresses. 

The direct measurements by Schubauer and 

Klebanoff (1950) on the turbulent shearing 

stresses in boundary layers in the region of 

separation indicated that these stresses have 

their maximum values away from the wall, and 

the point of maximum value is shifted outwards 

as the flow passes downstream. Thus a stress 

gradient is towards the wall and they argued 

that the region between the wall an& the point 

of maximum stress is receiving energy from the 

region beyond through the action of turbulent 

mixing. 
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These measurements by Schubauer and Klebanoff 

confirmed the older ones by Dryden (1947) which 

showed that the maximum values of the turbulent 

stresses are found at greater distances from the 

wall as the flow approaches the point of separ-

ation. This also seems clear from Prandtl's 

boundary layer equation. At the wall 
Zoc 

and for a positive pressure gradient, 	should 

be positive too, i.e. the point of maximum 

shearing stress should be away from the wall. 

The point of separation itself is determined, 

and indeed defined, by the condition that the 

velocity gradient at the wall should vanish, i.e. 

(du"(Tyy = 0) 	= 0. 	
at separation. 

3.4.2. Prediction of Separation Point  

Certain charachterstics of the main flow 

have been used to predict separation point, such 

as the dimensionless number 62 dU = -12, dx 
V 

given by Pohlhausen (1921) for laminar separation, 

dU where 8 is the boundary layer thickness and -- 
dx 

is a measure of the pressure gradient. However, 

besides the boundary layer thickness and the local 
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pressure gradient, the evidence seems to point 

also to a dependence of the flow separation upon 

the previous history of the flow before it reaches 

separation point. This was shown by Von Kaman 

and Millikan (1934), in a more complete mathemat-

ical treatment for laminar separation. For cases 

in which the potential flow undergoes a pressure 

drop to some point then undergoes a pressure rise, 

they showeC that when the distance along the wall 

from the upstream stagnation point to the point 

of maximum velocity is increased, the potential 

velocity at which separation occurs is found 

to approach more and more closely to the point 

of maximum velocity. 

For turbulent separation on the other hand, 

the "shape" parameters H or 1? have been used to 

predict the separation point. According to 

Gruschwitz (1931), imminent separation occurs at 

0.8 or H = 1.80, while.the value H = 2.8 

was found by both Schubauer and Klebanoff (1950) 

and Sandborn (1953) for separation on smooth 

straight walls, and the value H = 2.7 was given by 

Dryden (1947) for flows on aerofoil-like sections. 
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In general however from various published 

observations, it seems that lower values for H 

occur at separation on boundaries having a short 

length of boundary layer growth and large 

pressure gradients; whereas separation occurs 

with higher values of H after a greater length 

of boundary layer growth and smaller pressure 

gradients. This shows that the value of H at 

se•aration is closely linked with the previous 

history of the flow. 

3.4.3. Separation Test.  

In separation tests, in order to restrict 

separation to one only of the walls, a boundary 

layer control system is desirable at the other 

sides to remove any displacement effect on the 

flow at the other sides, so insuring that 

separation occurs on the measurements side 

only. However, in the present test a simple 

but effective alternative method was used which 

avoids the use of such control systems. The 

boundary layer on the rough wall of the nozzle 

was forced to separate using a flap plate at the 

downstream end of the measurements side as indicated 



130. 
in figure (3.18). The plate was pointing in an 

upstream direction and having the same width as 

the nozzle. Its length as well as its angle with 

the wall were varied until separation was finally 

obtained at a station 24.5 inches from the leading 

edge of the wall. The separation profile was 

measured at that station which was half an inch 

upstream of the plate. The plate's final length 

was 7.0 inches, with its upstream end 1.25 inches 

from the wall. 

The presence of the plate in the flow 

induced a region of pressure rise that extended 

approximately 3.0 inches upstream. Figure (3.18) 

gives the pressure distribution in relation to 

the position of the plate and to the distance along 

the wall. 

The hot wire anemometer of section (4.2) was 

used for measuring the velocity profile at 

separation particularly because the pitot tube 

which normally is more reliable and simple would 

here have been subject to errors due to the large 

velocity fluctuations associated with separation, 

and also the local variation of static pressure 

presented difficulties. 
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The approximate thickness of the boundary 

layer at separation was 1.8 inches and the dis-

placement thickness was 0.69 inches, while the 

shape factor H was found to be equal to 2.8. 

It is interesting to compare the velocity 

profile obtained for the smoothest of the rough 

walls with a profile for a smooth wall, one 

profile for which has been given by Schubauer and 

Kelbanoff (1950) who use a hot wire as in the 

present test for measuring the velocities, and 

whose final shape factor H had the same value 

2.8 as in the present test although the boundary 

layer and displacement thickness were 9.0 and 

3.81 inches respectively. The pressure gradients 

for the rough wall and the smooth wall were 

respectively 0.018 and 0.021 inches of water 

head/inch length; and the two profiles are plotted 

non-dimensionally in figure (3.19). 

Due to the unsteady nature of the flow at 

separation, the position of separation fluct- 

uates 	along an appreciable length of the wall 

and in this case the hot wire readings in the 

neighbourhood of the wall will represent an 

average for the velocity along this zone of 
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separation. For the smooth wall, Schubauer and 

Kelbanoff (1950) reported thatthe position of 

separation was observed to fluctuate along a 

distance of approximately 5.0 inches; whereas in 

the present test this distance was considerably 

smaller due to the presence of the plate in the 

close neighbourhood of separation. Also in the 

present case, the pressure drop farther upstream 

had a stabilizing effect on the flow before it 

reached separation. 

The Pohlhausen parameter 82 a in the 
dx 
11 

present test was -1360 at separation, i.e. the 

present boundary layer is about 115 times as 

stable as the laminar boundary layer for which 

Pohlhausen predicted a value of -12 as the limit. 
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CHAPTER IV  

TURBULENCE INTENSITY MEASUREMENTS IN THE 

FLOW PAST ROUGH WALLS  

4.1 Turbulence Characteristics  

Turbulence is introduced into a stream, through 

some small random fluctuations of the velocity with 

time and space co-ordinates at relatively high 

frequencies (Dryden, 1939). According to Taylor and 

Von Karman (1937), turbulence can be generated by 

friction forces at fixed walls as in the case of 

pipe, channel, and boundary layer flows (wall 

turbulence); or by the flow of layers of the fluid 

with different velocities past one another as in 

jets and wakes behind bodies (free turbulence). 

The characteristics of turbulence in a stream 

can be specified by distinct statistical average 

values of the intensity, scale, and microscale of 

turbulence (Hinze, 1959). The turbulence intensity 

is usually defined as the statistical root-mean-

square of the velocity fluctuations about the mean, 

which is a convenient measure of the magnitude of 

the fluctuations in the velocity; If u is the mean 

velocity along the flow at any point, and uris the 
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velocity fluctuation about the mean at any time, 

then the longitudinal component of intensity 

will be 451  . Similarly the other two components 

of intensity normal to the flow direction will be 

''l. and vw 	. The scale of turbulence is a 

length measure of the average size of eddies 

present in the flow in any direction, while the micro- 

scale of turbulence is a measure of the average 

size of the small eddies which are responsible 

for the viscous dissipation of turbulent energy. 

In the past, Page (1936), Laufer (1953), and 

others have made systematic progress in measuring 

the characteristics of turbulence, though almost 

all the early work concerned boundaries where 

the surfaceswere smooth. However regarding the 

effect of roughness, very few experiments are on 

record. Apart from the turbulence intensity profiles 

given by Fage (1934) for rough square pipes, by 

Tillmann (1946) for a sand roughned plate with zero 

pressure gradient, and by Corrsin and Kistler (1954) 

for constant pressure flow along a corrugated wall, 

there seems to be no other available information 

about the turbulence characteristics for the flow 

past rough walls. 
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These measurements by Fage, Tillman, and Corrsin 

and Kistler, indicate that the intensity of turbulence 

and the rate of disscipation of turbulent energy are 

greater for rough walls than for smooth walls; but 

they leave unanswered, the question as how the 

fluctuations develop as the flow passes along the 

wall in the downstream direction. 

In the present investigation, to explore the 

development of these turbulent fluctuations along the 

boundary layer, a series of experiments were under-

taken to measure the longitudinal component of 

turbulence intensity in flows past rough walls with 

three different roughness arrangements. 

4.2. Hot Wire Anemometer 

4.2.1.  _Principle of the Hot Wire Anemometer  

The principle of the hot wire anemometer is 

based on King's semi-emperical law for the thermal 

equilibrium of electrically heated wires. When a 

wire is heated or cooled, its resistance changes 

with temperature, and this change of resistance can 

be related to the air speed cuasing the change. 

For thermal equilibrium of the wire, the heat 

generated per unit time by the current heating the 
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wire, should equal the heat transferred to the 

fluid from the wire per unit time; thus according 

to King: 

I2R = (A + Bvra) (Ow  - Of) 	(4.1) 

where R is the wire's total resistant, I is the 

wire's current, A and B are constants to be deter-

mined experimentally, and Ow  and Of  are the temper-

atures of the wire and the fluid respectively which 

are related directly to the corresponding resistances. 

As seen from equation (4.1), the relation between 12 

and jri is substantially linear. 

For measuring the fluctuations in the speed, the 

temperature of the wire and consequently its 

resistance vary rapidely with the speed fluctuations 

and two different methods are in use for measuring 

these fluctuations. 

In the first method, the temperature of the 

wire and so its electric resistance is kept constant, 

and the fluctuations in the current necessary to do 

this are measured and correlated with the fluct-

uations in tha speed; whereas in the second method, 

the heating current is kept constant and therefore 

the temperature and the resistance flucuate with 
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the speed. The constant temperature method, al-

though is has the advantage of giving higher 

accuracy, requires a feed-back system to keep the 

wire's temperature constant, and such systems are 

often unstable. 

For the constant current method which was 

used in the present investigation, a very fine 

wire was placed in the stream and connected to 

one arm of a Wheatstone bridge, which was then 

adjusted to bring the galvanometer to zero, the 

balance thus obtained concerns the time average. 

Actually the temperature of the wire and consequent-

ly its resistance are fluctuating with the 

fluctuating velocity in the stream, though the 

resulting potential fluctuations are too small 

to be measured directly with an A.C. instrument. 

Accordingly the bridge is coupled to an amplifier 

which receives the out-of-balance signal, and the 

amplifier's output is measured by a thermo-couple 

type ammeter. The relation between the voltage 

fluctuations and the speed fluctuations can be 

calculated, since the electrical constants of the 

Wheatstone bridge and the amplifier together with 

the calibration parameters of the hot wire are known. 
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4.2.2. Circuit for measuring the u component  

of Turbulent Intensity  

‘1=  A circuit for measuring 1,/ 2" was constructed 

as shown in figure (4.1). The hot wire was 

inserted in one arm of a Wheatstone bridge with 

500 ohms ratio—arm resistances, and the fourth arm 

of the bridge was formed by a variable constantan 

resistance R
3 
 . Another variable resistance R2 

connected in series with the circuit provided 

a convenient control for balancing the bridge, 

and this resistance consisted of two variable 

resistances, one of 1000 ohms and the other of 

50 ohms for fine adjustment. 

In order to avoid heating the wire when 

measuring, its cold resistance, a very large 

resistance R1 of 100,000 ohms was temporarily 

inserted in the circuit. The power supply to 

the circuit was a 24 volts D.C. battery. An A.C. 

spot galvanometer (230 volts, 50 ohms, 50 C/S) 

was adjusted for zero reading to indicate the 

balance of the bridge, and the milliammeter 

reading then gives double the wire's current. 

After determining, the cold resistance of 

the wire, R1  was disconnected thus allowing the 



PLATE II. CIRCUIT FOR MEASURING THE U. FLUCTUATION 
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bridge current to increase and heat the wire 

to about 15000 above the atmospheric temperature. 

R
3 
was set to a chosen suitable value (usually 

1.20 to 1.50 times the wire's cold resistance), 

and with the hot wire in the air stream, the 

bridge was then'balanced by means of 	Due to 

the velocityfluctuations causing the wire's 

resistance to fluctuate, the bridge was 

temporally unbalanced and this out-of-balance was 

fed to an amplifier to be magnified, and the 

output was then read on the thermo-couple-type 

milliammeter. 

The thermo-couple measures directly the 

mean square value of the current corresponding 

to the voltage signal picked by the amplifier, 

or in other words, the reading of the milliammeter 

is porportional to the J.N.S. of the fluctuating 

voltage. 

4.2.3. Material and Dimensions of the Hot Wire  

Platinum, Nickel, or Tungstun, pure metals 

with accurately known electrical constants are 

used for hot wires; but Platinum is used most, 

chiefly because of its chemical inertness at high 



temperatures. 

The dimensions of the hot wire should be 

small, not only to cause a minimum disturbance 

to the flow, but also to have sensitivity for 

recording fluctuations of small size. Also from 

the strength point of view, the length-diameter 

ratio of the wire should not exceed 200. 

In order to record rapid fluctuations of 

velocity accurately, the wire should be heated 

and cooled instantaneously, but due to the 

finite thermal inertia of the wire, there is a 

delay and a consequent reduction in reading. 

Thinner wires will have smaller thermal inertia, 

thus helping to minimize the compensation required 

to cover for that delay. The effect of the delay 

becomes more pronounced at velocity fluctuations 

with high frequencies and the turbulence intensity 

would be underestimated. 

The raw material for the wire used in the 

present experiments was a silver Walston wire, 

0.001 inches diameter with a core of Platinum 

0.0001 inches in diameter. A piece of this wire 

about 2.0 mm. long was soft-soldered to the wire 

holder (figure 4.2), and a length of about 0.50 mm. 
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of the Platinum core was then exposed by removing 

the silver cover at the middle by a process of 

etching and electrolysis. The wire centre was 

immersed in a bubble of dilute nitric acid, and 

an electrolysing potential of 1.50 volts was 

applied across the electrolyte for about five 

seconds. 

After soldering the hot wire to its holder, 

the holder was mounted on a microgauge and was 

inserted into the air stream. By careful 

adjustment of the gauge, the wire was brought 

very close to the roughness elements without 

touching them. The plane of the wall for the 

velocity fluctuations profiles was assumed to 

be at the mid-height of the roughness elements. 

For measuring 'u, the wire was always kept 

normal to the flow direction, and in this 

position it does not record the v'component 

whose effect is negligible compared with that of 

the u component. 

4.2.4. Calibration of the Hot Wire  

The formula used for the calculation of V“ 

was derived by Betchov and Kuyper (1947), from 
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King's law and based on the assumption that the 

velocity fluctuation u follows a simple periodic 

function with angular frequency w, and that the 

change in the average current due to rapid changes 

in the wire's resistance can be neglectecl. This 

formula can be written as follows: 

1 	 dI 
FuIl 	7. 4 [R Rs. 

( 
TIT-17-7t) u 2111L—  $l. ei  

( 12  — ig). S . Al  
and a suitable compensation circuit is used to 

(4.2) 

compensate for the finite thermal inertia of the 

wire. In equation (4.2), u is the local mean 

velocity, I is the wire's current, R and Ra  are 

the actual and cold resistances of the wire 

respectively, Io is the wire's current corresponding 

to u = 0, S is the ratio arm resistance of the 

Wheatstone bridge, and Al  and ei  are the amplifier's 

gain and out put respectively. 

The values of the different constants in 

equation (4.2), were determined by placing the 

hot wire on the centre-line of an air jet whose 

speed was varied and known from pitot tube 

readings, and the working range of the wire's 

resistance values was then explored. The current 

required to heat the wire in each case was 
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recorded, together with the resistance and the 

corresponding wind speed. By extrapolating the 

curves of I2 to zero velocity in figure (4.3), 

the Ito values were determined for each value of 

the wire's resistance. To determine the values 

of 4a- in the equation, the current I was 
11040 

plotted against-11- for different wind speeds 

(figure 4.4), and the slope of the resulting lines 

was measured at the corresponding wind speeds 

and then plotted versus u to give a curve 

convenient in using equation (4.2). 

A change in the atmospheric pressure, 

temperature or degree of humidity of the air 

usually affected the performance of thehot wire. 

Also the accumilation of dust changed the thermal 

conditions at the surface, so usually one or two 

calibrations were needed every day. 

4.2.5. Calibration of  the Amplifier  

The amplifier's gain A was determined for 

a range of frequencies varying from 50 C/S to 

20 K.C/S, by applying a signal of known frequency 

from a generator and measuring the amplifier's 

input by a millivoltmeter. The output was measured 

by a thermo-couple-type milliammeter. The 
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variation of the amplification with frequency 

is shown in figure (4.5), a curve which has a 

flat slope in the range of working frequencies 

between 100 and 1000 C/S. 

When desired, the amplifier's output was 

connected to a cathode-ray oscillograph giving 

a visual representation of the velocity fluct-

uations. Plates (12 and 13) show typical 

oscillograms for the velocity fluctuations, both 

at the wall and outside the boundary layer of 

the 4.75 mm. sand-roughned plate. These 

oscillograms were taken at x = 20.5 inches from 

the leading edge of the plate, and the correspond- 

ing values of u. were 0.066 and 0.0135 respect- 
U 

ively. A calibration frequency of 50 0/S is 

shown on both plates for comparison, and the 

velocity fluctuationsin plate (13) are shown 

to a scale three times larger than that in plate 

(12). 

4.3. Experimental Results  

Measurement of the frrl-  component in the 

present investigation were carried out for the 

flow in the nozzle of constant drag under the 
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PLATE 12. OSCILLOGRAM FOR U. NEAR THE WALL (11=4.75mmc) 

rfr.a =0.06 6 	Calibration frequency 50 cycles per second 

PLATE 13.0SC ILLOGRAM FOR U OUTSIDE THE BOUNDARY LAYER 

= 4.75 Milli' 3 tt 74= 0.0135 Calibration frequency 50 C/S 



153. 

influence of a negative pressure gradient. For 

roughning the wall, sands A, C and B with grain 

diameters of 1.56, 3.16 and 4.75 mms respectively 

were used. 

In each case theaL  values were measured 

at different stations along the boundary layer, 

for heights above the rough wall extending into 

the main stream. Figures (4.6a to 4.8a) show 

417-1:2  values in terms of the local mean velocities, 
a— 

whil figures (4.6b to 4.8b) give the VII
4 
 values 

in terms of the velocity at the edge of the 

relevant boundary layer. The distribution of Oil  

in figures (4.6 to 4.8) shows the same general 

shape as that obtained by Corrsin and Kistler 

(1954) and Tillmann (1946) who dealt with rough 

walls under constant pressure. They also 

resemble the curves of Fags (1934 and 1936) and 

:Laufer (1953) for flow in pipes. 

By inspection of figures (4.6b to 4.8b), 

the‘riIi  values reach a maximum in a region close 

to the wall, and since the diagrams disclose a 

clear dependence on the roughness height, it 

seems clear the the velocity fluctuations due 

to the presence of the wall extend far outside 
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the region of the boundary layer into the main 

Vt71  stream itself. In the profiles of 	the 

values of 	1— 	tend to infinity as the distance 

from the wall y tends to zero, though strictly 

speaking these values are indeterminate, because 
tir=a both YU, and u tend to zero at the wall. The 

(if?' 

passing through the maximum, tend to zero as the 

wall is approached where the absolute values of.  

the fluctuations are zero. From the figures 

it is also clear that, except close to the wall, 

a2  is greatest where the gradient of mean 
velocity is greatest and vice versa. 

Figures (4.9 and 4.10) show the variation of 
t 	

-forwith 	two of the roughnesses tested. In 

all, nine curves are included each for a different 

distance from the note of the plate, and as can 

be seen in these figures the turbulence varies 

considerably from place to place along the 

boundary becoming steadily greater in the down-

stream direction. Par example in the distance from 

= 85 to IL = -- 230 for the 3.16 mms. sand, the Li K  
component increases more than 40%. Again in figure 

(4.10) for the 4.75 rams sand, the u component 

values (figures 4.6b to 4.8b) however after 
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increases about 80% in the distance from IS 

= 35 to 2E-= 151. Since Vm was substantially 

constant throughout the length of the boundary, 

the growth of the turbulence can be attributed 

only to the greater speeds downstream, or more 

precisely to the greater values of the dimension- 

less ratio IL . 
voe 

To compare rough walls with smooth, figure 

(4.11) was plotted from the results of Schubauer 

and Klebanoff (1950) who experimented on a smooth 

wall, though in this case with a rising pressure. 

As can be seen from this figure, the values of 
47:t varies along the flow again increasing 

11e  
steadily with _Y_ in a way similar to rough walls. 

Vof- 
Jaso the results of smooth pipes by Page (1936) 

160. 

who experimented on the maximum fluctuations 

using an ultramicroscope, and by Laufer (1953) 

who experimented on the R.M.S. values using a 

hot wire, showed a tendancy for u max. and 
Vitt 	 Vim. 
, to increase with -IL . Thus for a constant 
1.40, 

Vm, 	is expected to increase with U, and 
\F11  when U is constant --J1=-- has a tendancy to 

decrease with V* as found in the experiments by 

Klebanoff and Diehl (1951) in boundary layers 
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For this term, 

expression 

Ilaufer (1951) deduced the  
cav, 	v 	w 	_op ) —r2  

2 dy 

162. 

where U was constant. 

ItiT1  This tendancy of 	to increase with 

alsoseems consistent with the turbulent energy 

equation as seen from the following argument: 

As G.I. Taylor (1935) pointed out, the rate 

of production of turbulent energy per unit volume, 

which is mainly due to the work done by the 

shearing stresses on the mean flow, can be 

represented by the term 	a73  . Taylor (1935) 

showed that the rate of dissipation of this 

energy in a pipe, on the assumption that 

u 	v 
2 
= w, can be expressed by the term 
74  

15 A 2) • 	where )1 is a length scale 

depending on the size of eddies. In order to 

represent the energy balance across the pipe, 

another term is needed, namely to represent the 

rate of energy diffusion from places where the 

rate of production of energy exceeds the rate 

of dissipation to places where the opposite occurs. 

in the case of a channel or a pipe based on the 

aeynold's equation. Therefore the energy balance 

across the pipe can satisfactorily be represented 
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by: 
2 

du .„ 15,02)L _(2._ 
dy 	N2 dy 

   

 

. u' + 	w'  +JP ) 
2 

dividing .by 77,, , then: 

  

_2 _2 _2 

	

77 du 	15v 	 ( 	+ 	4.1TLE ) (4.3) 

	

dy 	2 	vlit- 	dy 	 V. 44- 	TO 

There seems no doubt that, in a pipe 451 

tends to increase with U, and therefore 

a • cording to eQuation (4.3) will have a tendancy 

to increase with U, which seems in line with 

observation. Accordingly we may conclude bore 
u, 
V1(_ 

figures (4.9 and 4.1G) for rough walls converge 

to single curves when plotted in the form 

tire 
v1  UL 

* „ ,J seen in figures (4.12 and 4.13). 

Also the data on smooth wallsfall on 

UV A  _IE. another single curve, though with 	
UL  

values considerably smaller than those for rough 

walls. That the curves of 

that has a tondancy, both theoretically 

and experimentally, to increase with 

Unexpectedly, the individual curves of 

when multiplied by 
	Vie 

partly by the following: 

v*. should converge 

is a paradox explained 
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By definition we have: 

eput 	 juiv' dt 
T-#- co T o 

T 	 1 

	

L lim 1 	u' dt 2 

	

11-+ 00 r11 	° 

and 
T 2 2 

V I 	 _= [1i.m 1 I 	dt 
T-P c0 T 0 

( 4 . ) 

where t is time. 

As seen from these expressions, 1; differs from 

tra'2. 	by including two independent 

variables and to correlate between the two a 

coefficient K has been introduced (Goldstien, 

p 194) such that: 

tlr=r 	j 2 	=:-2 /  iV. V7-71 -2  = 	u . V IP 	= 1 
-III li, 	K ,----„, 

'According to (4.5), the values of 	VLC- 

it- 
depend on the value of K. From the experim

V 
 ents 

on smooth walls by Klebanoff (1954) K was found 

to be substantially constant across the flow 

between 1—, = 0.05 and 4. = 0.8, whereas on the 
other hand K was found to vary considerably from 

section to section depending on /
3  (.1 
-IF_

2 
 as seen 

in figure (4.15) which contains the results of 

various investigators. Thus according to figure 

(4.5) 
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(4.15) we have: 

2 
K QG u 

which together with (4.5) seem to tie with the 

behaviour of vu' 	in figures (4.12 to 4.14). 

A physical explanation for the variation of 

K however seems, according to expressions (4.4), 

to be connected with the manner in which both 

u and v vary with time, i.e. it is expected to 

depend on the frequency, the amplitude and the 

phase between the two oscillations, an aspect 

of the problem which lies beyond the scope of 

this work. 
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CHAPTER V 

CALCULATION OF  TURBULENT BOUNDARY LAYERS UNDER 

A PRESSURE  GRADIENT  

5.1 Laminar Boundary Layers  

The growth of the boundary layer in a pres-

sure gradient depends on the geometrical conditions 

and the pressure field within the flow, and the 

purpose of the investigation described below is 

to predict the friction at the wall and to determine 

the shape of the velocity profile at different 

distances along the boundary and thus to predict 

beforehand wheather separation is going to occur. 

For the calculation of laminar boundary 

layers, Pohlhausen (1921) introduced an original 

method in which he makes use of a differential 

equation of Karman's type. To characterize the 

shape of the velocity profile, Iohlhausen assumed 

a polynomial of the fourth degree for the velocity 

function in terms of the dimensionless distance 

from the wall z _ 6 	, where S is the boundary 

layer thickness, thus: 

_a_ 	Az + Bz2 + Cz3 + Dz4 	,(5.1) 
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In order to determine the constants in this 

equation, the boundary conditions are: 

2 
At z = 0, 	u

2 
 = - u 	and u = 0 

- 	Ca 
and at z = 1, 	

)y 

	

= 1, u = 0 and 	- 0 

dU, 
dx 

obtained in terms of B, thus: 

= 2 - B 	C = -2 - B and D = 1 	D
1 
 and 

3 
equation (5.1) reduces to: 

u = (2z - 2z3 z) 	A z (1-z)3 

,2 	
(5.2) 

where A 	-2B = a dU 
7"" 

At separation where (du ) equals zero, 
tcy y_o

2 
equation (5.1) gives A = 0 or 	d 	= -12. 

v dx 
Also the relation between the displacement thick- 

ness Sop  the momentum thickness e9 and the bound-

ary layer thickness S can be obtained by 

substituting 	uu from equation (5.2) into the 

expressions for S and 9 (equations 1.15 and 

1.16),. thus: 

SN = 	- A 
S 	120 

and also = 	= L U (2 + A ) 
20Y Y=0  8 

c2 
In order to determine the parameter o dU 

v dx 

The first of the aboiPcondition, ives B="1.  
2 

2V 
whereas the other constants A, C and D are 

and A = _az - 	_ A2  
s 315 945 7)-07 
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at different locations along the flow, Pohlhausen 
c2 

substitutes 0 in his differential equation Tr 
which is then solved in steps. A detailed 

account of this method and further suggestions 

are contained in Schlichting, 1955, p 206. 

,s seen above, the presence of the second 

power of z in equation (5.1) is basic for includ-

ing the pressure gradient in Pthlhausen's method, 

and also the presence of the first power of z 

is essential for determining separation point. 
2 

In this method, the parameter L. du is 
V dx 

in fact a parameter for representing the local 

value of the pressure gradient, and hence it 

can hardly represent the shape of the velocity 

profile whose development depends as well on 

the previous history farther upstream. The 

importance of the upstream history in determin-

ing the shape of the velocity profile is seen 

from the boundary layer equation which when 

integrated with respect to y between y = 0 and 

y = h ›S, can lead to: 

o 
 h 4

2:1J "u2  dy +foU 	 h  u dy 
x x 0 	)x 

Integrating with respect to x, then: 
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7c) 
dx + P dx 

ax 
= Pu26 C au- awz) ) u u 

0 
(5.3) 

from which it is seen that the shape of the 

velocity profile as represented by the integral on 

the R.H.S., depends upon the accumulated effects of 

both the pressure gradient and the friction at the 

wall, as well as upon the local values of 6 and 

2 U. Consequently the measured value ofi_ dII is 
dx 

expected to differ from those predicted, particularly 

near separation, depending on the different 

memories of the flow. 

For high positive values of 42  aU , the 
V dx 

velocity distribution predicted from equation 
.2 

(5.2) becomes erroneous. For example, when olo dU 
V dx 

= +le, equation (5.2) gives u = 1 both at ar. 
U 

. 0.50 and Y = 1. Again when 1 	dU 	= +30, 
8 	If .... 

it gives a 	= 1 both at L = 0.25 and t 
U 6 

However, in spite of its limitations and 

approximations, Pohlhausen's method has been shown 

to agree with many cases of laminar flow. 

5.2 Turbulent Boundary Layers  

The usual methods for calculating the growth 

= 1. 
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of turbulent boundary layers under a pressure 

gradient assume that turbulent velocity profiles 

can be described by a single parameter. :Different 

methods use different parameters for describing 

the velocity profile, as for example, the shape 

factors H = S K  used by Von Dochoff and Tetervin 

(1943) or 71 .
0  ..(1:102 j 	used by 

U 
Gruschwitz (1931), and unlike the laminar case, 

they emerge from experimental observations only. 

Instead of the boundary layer thickness 

the momentun thickness 0 is often prefered as 

the length scale for plotting the velocity pro-

file (Gruschwitz, 1931; Wieghardt and Tillmann, 

1951). The displacement thickness SR 	seems, 

however, easier than 0 	and thus offers a more 

convenient length scale for the velocity profile. 

To test this, the data by the Iowa Institute for 

Hydraulic Research (Landwobor and Siao, 1958) 

on smooth walls under a constant pressure are 

shown in figure (5.1) plotted in the form u 
U 

against 	. As seen from this figure, the 

points fall closely on a single curve, and bearing 

in mind the wide range involved, viz. 5.40 x 105  

Ux <5.40 x 106, it seems that the velocity profile 





'~- 
=1: 
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for the constant pressure case can accurately 

be represented b:  a single function involving u 

and -a. . The sane data are also plotted semi—

logarithmically in figure (5.2) which clearly 

shows that the velocity profile deviates from its 

logarithmic form .).:frond f = 0.15, a value again 

in agreement with those previously discussed in 

sections (3.2 and 3.3). 

Similarly for the case where the boundary 

layer is under a pressure drop, a group of 25 
different velocity profiles from data by 

Schubauer and Klebanoff (1950) were plotted in 

the form 	u 	against jt , and although 
U 

reached at times the value +240, i.e. 
2 e /  

biE dU 	= 5.70, the resulting profiles were 
1) dx 

found to deviate only slightly from that for 

constant pressure as shown by the dotted curve 

in figure (5.3) 
For pressure rise on the other haad, the 

velocity profile in the form u against ?9c 
undergoes a systematic change dU  with 	as 

dx 

shown in figure (5.3). The two profiles included 
in this figure for the pressure rise case were 

plotted from the data by Schu4ler and Klebanoff 
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(1950)for a smooth wall, However, since the 

curves of figure (5.3) do not intersect at a 

single point and since they have their maximum 

value of u at different values of 4, it is 

	

U 	 SK 
difficult to represent all profiles by a 

single function 

5.2.1 Buri's Method  

The first method for calculating turbulent 

boundary layers with pressure gradients was 

introduced by Buri (1931) who used bis own ex-

periments on accelerated flows as well as those 

of Nikuradise (1929) on both accelerated and 

retarded flows. 

To describe the shape of the velocity pro-

file, Buri used the following analysis: 

For a steady two-dimensional incompressible 

flow, Prandtl's boundary layer equation writes 

as: 

u )11 + v Z4u =-1 ,?,13  + 1 )-c- 

	

Tir 	/ 2 "3)7 	157 
At the wall, both u and v must vanish and the 

equation reduces to: 
.1.P, . r6-c-, 	=_ ?IT dU 
dx ri... y=-0 	dx 

Since the shape of the velocity profile depends 
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on the pressure gradient, Buri therefore uses 

Lar
. though in a non-dimensional form, to qk— 	 k) OY, 

describe the shape of the velocity profile, 

NILO 
Fa  = 	= 	u cur . 8 

LLY)  iy=0 	
170 

8 
The shape factor GI-  in the above equation 

involves the wall stress 't which can not be 

directly measured, and to eliminate it from 

the equation Burl uses Blasius law of resistance 

in the form: 

(5.5) 

In the case where U is constant, E has the 

constant value 0.01256, whereas when U is varying 

Burl assumes that E would vary too, depending on 

the pressure gradient, i.e. on r and is a '  

expected to increase in the case of a pressure 

drop, and to diminish in the case of a pressure 

rise. Substituting from (5.5) into (5.4), then: 

Fa  = dU (UQ)17  
U dx 

Introducing the new shape factor r 74 r , then: 
r= Q dU (UQ)*  

U dx 

hence: 

(5.4) 

-Co = 
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It is interesting to note that this parameter 
c2 

resembles Pohlhausen's parameter 0 dU which 
dx 

can be written as 1. (ILI.), the difference 
U dx 	V 

between the two parameters being the power A 

only, since e is related to S in Pohlhausents 

method. 

Now combining the momentum equation 

Zo . de + 9 (2+H) dU 
/-7712  dx U Wi 

together with Blasius equation (5.5) the 

following equation is obtained: 

(Tx- 

	

00 
— 4 	dx
.5. 	e 

V
dU (1.22)7C 	+ 

This equation can be readily checked as follows: 

Differentiating the L.H.S. we get: 

d10E2 	5 (-1() (WA 	G dU (U0)'  
dx 	— 4 33-c 11 	r dx v (5.7 

(5.6) 

Substituting into equation (5.6), then 
de + 9 (2+H) 0 = 	(ue)-4" • 
dx U 	etx 

which is the momentum equation with the term 

€0Q5* substituted for To from Blasius equation. 
V 	TrZT 
The terms on the R.H.S. of equation (5.6) 

involve r, H and E all functions c' the shape 

factor r-, therefore Buri writes equation (5.6) 

conveniently as: 

d Le (IA* f (r)  
dx 	V (5.8) 
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Plotting the experimental values of d r8 (11.09 dxL V 
against r- , Burl obtained a linear relation for 

equation (5.8) in the form: 

d [i) 	= a - b 
ax 	v 

where a . 0.01475 and b = 3.945 for accelerated 

flow, and a = 0.0175 and b = 4.15 for retarded 

flow. Separation in this method will occur at 

a value of r = 0.06. Burl found also that 

Blasius resistance formula describes the friction.  

at the wall in varied flow provided the local 

values of U and 6 are used together with a 
constant mean value for Er. 0.0116. This constant 
value forE may be a good approximation for Buri's 

range of Reynolds number (2 x 102  <Re <72 x 103), 

though strictly speaking E is expected to vary 

with the pressure gradient and the Reynolds number. 

5.2.2. Gruschwitz Method 

At about the same time as Buri's Gruschwitz 

(1931) introduced another method for the calculation 

of turbulent boundary layers. To describe the 

shape of the velocity profile, Gruschwitz uses the 

momentum thickness Q as the length scale, and 

he chooses the value of u at the particular 
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distance from the wall X = 1, to form his "shape 
0 

parameterl?, thus: 

.ri= 1 - ((kW 
Tr 

where Le  is tie velocity at y =e . Since 17 and 

H each independently can describe the shape of 

the velocity profile, it is expected that the two 

would be closely related. Indeed, Pretsch (1942) 

by using a power theorm for the velocity profile 
1 

of the form 	arrived at the 

following relation between 1 and H: 

_r? 1  -[H-
M4)
1 1(H-1) 

• HO 

which is in good agreement with Gruschwitz 

experiments (figure 5.4). According to Gruschwitz, 

./2 is smaller than 0.45 in the case of a. pressure 

drop and is greater than 0.45 in the case of a 

pressure rise where it reaches 0.80 at separation. 

Jo trace the variation of 11 in the down-

stream direction, Gruschwitz uses a dimensional 

argument and deduces a relation between 
)7 
 and the 

pressure gradient similar to Buri's equation 

(5.8), thus: 

OJC (5.10) 

(5.9) 
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:Clotting the experimental results, Gruschwitz 

obtained, as in Burl 's case, a linear relation for 

the function in equation (5.10), namely: 

Q 	d 	II2  . ) = 	- b 
ax 	 (5.11) 

where a = 0.00894 and b = 0.00461 

Ifor the friction at the wall, Gruschwitz 

uses Blasius law according to which U is constant 

and the 1 power law as a basis, thus: 7 
4 

i657 	
) °Co 	= 0.01256 (La 	 (5.12) V 

though strictly speaking this law is valid only 

for a limited range of Reynolds number and in the 

particular case where there is no pressure gradient. 

Once the necessary relations, are established 

(equations 5.9, 5.11 and 5.12) the calculation 

procedure in this method will be as follows: 

1 - Using the momentum equation 7 	

717 	
j = c19+ 9 (1+2) dti 

dx as a diff-;rential equation ine , constant mean 

values for To 	and H are assumed as a first 
767 

approximation, and knowing an initial value for 19 

the equation is differentiated to obtain the 

successive values of e . It is clear that the 

errors introduced in the momentum equation due to 
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the possible error in the assumed value of H 

would be small due to the fact that H always 

occur in the group (H + 2). On the other hand, 

the possible errors in the assumed value of -1L2 2  
,©U2  

will have a correspondingly large effect on the 

values obtained from this step. 

2 - The approximate values of g from step (1) 

are then used in equation (5.11) to obtain the 

corresponding values of "Ei provided an initial 

value for 13 is known. Equation (5.9) is then 

used to obtain the corresponding values of H. 

3 — Gruschwitz now returns to the momentum 

equation with the quantity H improved and the 
To quantity— 
PU

2 determined more p ecisely from 

Blasius formula. He works out a second approx-

imation for 6, and hence the different parameters 

can be improved furthermore. 

5.2:3. Kehl's Method 

In an attempt to improve Gruschwitz method, 

Kehl (1943) conducted a series of experiments on 

converging and diverging flows which covered a 

range of Reynolds number seven times larger than 

that of Gruschwit, i.e. up to UG 	= 3.5 x 104 
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To take into account the effect of the 

inclination of the channel walls, ehl corrected 

the momentum equation by adding the tern 0 
x+xo  

where xo is the distance from the entrance section 

of the point where the two walls meet when 

extended, xo being positive for diverging channels 

and negative for convergent channels. The new 

form of the momentum equation will thus write: 
+ 9 (H+2) dII + 'to ---- dx 	1 	 2 pu 

and the additional tern will tend to zero as 

xo increases. 

To investigate the variation along the flow 

cf Gruschwitz shape parameter "9 for the now 

wider range of Reynolds number, Kehl plotted 

his experimental values of 7? against 9  d_ (PU2.9) 
dx 

in a similar way to Gruschwitz. Instead of a 

single line as in Gruschwitz's case, Kehl 

obtained a set of parallel lines, the shift of 

each line being dependent on the Reynolds number 

whose effect was not clear in Gruschwitz's limited 

range. Consequently the constant b in Gruschwitz's 

equation: 

d 
A177  (.1x 

pu2.  .17 ) 	a  - b 
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was replaced by a function of RG in the form: 

b = 	0.0146 
	

0.85  
log Re 	Re - 300 

where the second term becom3s insignificant for 

high Reynolds numbers and b can thus be sub-

stituted by the variable 0.0146 alone. 
log Rg 

Apart from these modifications, the calcul-

ation procedure in this method is exactly the 

snme as in Gruschwitz's method. The various 

methods of calculation are summerized in table 

(5.1). 

As seen frot the table, the methods are 

similar in the sense that they all use the 

momemtum equation and an auxiliary equation 

for the shape parameter, together with a suitable 

law for the friction along the wall. Since the 

experimental data from which the auxiliary 

equation is. obtained in each method cover only 

a limited range of flow conditions, the results 

likewise are limited to a particular range. 

Also in these methods, no account is taken of 

how the velocity gradient crU is related to the 
dx 



TABLE 5.1 

Methods of Calculation for Turbulent Boundary Layers 

Investigator 
Shape 
Factor Separation 

Criterion 
For 

Auxiliary 	Equation 
Formula for 

Skin 	Friction 

Burl 	(1931) 
* 1-42ALQ/U9) rat-0.06 

.I. 
4._. r 	e 41_10 1 	=. a  _ b r Blasius 

To = 	( 
a i A 	.. (mg ) 4 

1  V ' 
dx 1- 	' V ' 	.1 

U az` 30 ' pus. 

Gruschwitz 
(1931) 

1.= i -( USit 1=0.80 

- 

a (Au) 	0 . - .71 Tic ‘ 	t• ° ' °894?-"°461  
Blasius 
1-2 	... 	0.0 
AUL 

-.1. 
ii.56 ( U0) 4 

, 
U i   ' Id 

Kehl 	(1943) 1 7 = 1 _0,0 1  
9 	(AU1:7) =0.00894  7-ct  -7 Blasius 	 _i 

To  im. 0.01256 CA) 1  AO CLX 
Q.064 	o• 85 _ 	÷ ‘.-0-' PO 	 2-1  Leg R9 	Re ... 306 

Von Doenhoff 
G 

Tetervin (19q5) 
	 . 

H ..- 	i),,,  1.8<14(2.6 
9  du ... [..2.035 04-i.268) - 2Aile 4 U x pi] 

4.6804_2178.)  

Squire-Young 

1.1"  5-89 !o 	.o4075 (1014  
 - 

xe 
AUK 

. 
ti 0 

, 
Garner (1941) H = 	SN  H., 2.6 OCIE .. [ 0.01350144 	LOWlze (1".41) 

Falkner _./... 
To ()) 7  = 	0.0/31 

8 otx. - L 	Ref 	UtUci A u2.  

a, 
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skin friction. Indeed, Page and Raymer (1946) 

used both Von Doenhoff-Tetervin's and Garner's 

methods, both based on the same experimental 

data, and found for an identical case of flow 

with H = constant, two quite different results. 

Further, it has yet to be proved that the 

velocity profile of a turbulent boundary layer 

can be specified implicitly by a single para-

meter only, since as seen from equation (5.3), 

the shape of the profile is affected by the 

previous history farther upstream. 
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CHAPTER V1 

THE MOVEMENT OF GRAINS ON STREAK BEDS  

6.1 Approaches to the  Problem 

The movement of grains, on a stream bed has 

been explained in several ways; by the impact or 

momentum of water against the grains, by the 

drag exerted on the bed by the flow, and by the 

hydraulic lift resulting from the difference in 

pressure at its bottom and top. 

6.1.1. "Impact or Homentum 422troach 

The simplest and perhaps the oldest approach 

to the problem dates back to Brahms who in 1753 

explained the movement of grains as a result of the 

fluid pressures on the grain, which are determined 

by the velocity of the stream. Brahms and indeed 

many others using this approach arrived at the 

sixth-power law for the velocities necessary to 

initiate the grains movement, and the deriviation 

can be summarized as follows: 

Kovement of an individual grain on the bed 

starts when the force component tending to push 

the grain up a slope angle 	becomes equal to 
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the oppositely directed component of its weight 

(figure 6.1). 

The dynamic force on the grain due to - 
2/ 

momentum, is Ck (Pr u2 ) (Irk / 4 ) , where 

is the fluid density, u is the velocity, k is the 

grain diameter, and ti< is a coefficient depending 

partly on the proportion of the force that 

actually is exerted on the grain and partly 

on the proportion of the grain exposed to the 

flow. 

The component of this force acting up the 

slope angle 	is thus: 

(p u
2 
)•(Ttk

2
/4  ). cos/ 

which must balance the component of the weight 

before the movement starts, hence: 
ex (/pfu2 

) • (irk2/4) cos/ ..ttia'g.11-k3  sin, 
6 

or 	2 pgk tan ji 	u2  
3o (6.1) 

where A
/ 
 is the effective density of the grains-

material in water. 

Equation (6.1) becomes the sixth-power law, 

when both Elides of the
u 
 equation are cubed, thus 

k3pc  

or 	u 00 wl 6 
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where W is the submerged weight of the grain, and 

the law has been formulated independently by 

Brahms, 1753; Hopkins, 18/0; Airy, 1855; Gilbert, 

1914; and many others. 

This law however, is based upon a velocity 

u which is not precisely defined. In fact, u 

varies greatly with height, and it is difficult 

to relate it to the measurable mean velocity of 

the stream. 

6.1.2 "Drag or Shearing Farce" Approach  

The "critical drag" approach is of more 

practical significance to engineers, since it 

relates the sizes of the moving grains to certain 

rea•ily measurable quantities, namely the depth 

of water; and slope of stream. 

Based on the theories of Du Buat (1786), and 

du Boys (1879) many investigators have approached 

the problem of grains movement, using the tractive 

force exerted by the flow on a unit area of the 

bed, as a criterion for the movement. This 

tractive force 	can be satisfactorily approximated 

in the case of open channels by: 

/of  g i d 
	 (6.2) 



195. 

where d is the water depth, i, is the slope of 

total energy gradient, and g is the acceleration 

due to gravity. There seems no doubt that when 

the grain is about to move, the force Ic  

exerted by the flow is equal and opposite to 

the resisting force offered by the grain. The 

former is easily obtained from (6.2), whereas 

on the other hand, the later is more complex 

and depends upon the density, size, and shape 

of the grain as well as upon the arrangement 

of the grains on the bed. 

Following this approach, many formulae 

for ;have emerged, though most are emperical 

being based on experimental findings. Most can 

be represented by a functional relationship of 

the form: 

g. k. f (shape and arrangement of 
grains) (6.3) 

in which f is represented by a different parameter 

in each case. For example, Kramer (1935) used 

the uniformity modulus M defined as the ratio 

between the areas below and above the (50% 

finer by weight) line in the grading curve for 

the sand mixture (figure 6.2), and his formula 
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writes as follows: 

/7 in gins/ cm2 = 100 . (,AV g. kmms  ) 1 	 (6.4) 6  

which was modified by the U.S. Waterways experiment 

station (1935), later experiments having shown 

that the square root of the right hand side with 

a suitable new constant better follow the facts. 

Instead of M, Chang (1939) used the 

parameter 0, defined as the ratio between the 

longest and shortest side of a sand grain, and 

his formula is written as: 

1 1/6 
and 	-re 	= constant (A k ) . 0 	for k 4.50 rms. 

AC. 
Chang's experiments include a wide range of grain 

sizes varying from 0.134 urns to 8.09 mms and will 

be discussed later with reference to the present 

experiments. 

In a more refined treatment, Shields (1936), 

using the modern concept of flow near a boundary, 

considered the shear stress term in non-dimension-

al form when divided bypgk, i.e. in the form -Irc 
4irk 

and related this to V" in a similar manner to 
V 

the variation of the coefficient of friction with 
-z) 

1/3 
constant. (Ai k  ). 0 	for k. 0.50 mms. 

f 
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for rough pipes. Thus for high values of Yt-15 
2) 

the term 	was shown to be constant and equal 
4' 'K  

to 0.060. However White's subsequent experiments 

(1940) and also the present tests show that this 

terra varies considerably between 0.04 and 0.151 

in the range of -‘4-1-.< between 27.0 and 1280. also 
V 

the experiments by the U.S. Waterways experiment 

station (1935) show that-7-1-::‘L depends to a great 
4?t< 

extent on the shape of the grains, which there- 

fore requires an additional term in the formula. 

Instead of -IL_ , White and QuruishY (1942) 
AIN< 

introduced the term 	where Vs is the settling 

velocity of the grain in the fluid thus consider-

ing the dynamic and not the static equilibrium 

of the grains as in Shield's case. On the 

assumption that the moving layer of the grains 

on the top of the bed is separated on the whole 

from the stationary bed by a thin fluid film, 

White and Quraishy through a mathematical 

analysis, arrived at the following functional 

relationship for the critical tractive force: 

Vok. 	= 	F ( 	) 
Vs  

or 
	

(6.5) 
f ( Vsk ) 

Vs 
	 V 
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The use of the settling velocity V5  as an 

independent variable in equation (6.5) simplifies 

the analysis to a great extent since it combines 

the effect of gravity and the grain size, shape, 

surface character and density. For the same 

size, grains of light material for which Vs  

is relatively small will be set in motion at 

relatively less shear stress than grains of a 

heavy material. Also grains of complex surface 

texture for which Vs is relatively greater, will 

be set in motion at much higher shear stresses 

than grains approaching spherical shape as 

required by the particular combination of V1*. 

and Vs in equations (6.5). 

On analysing the experimental data on 'c. 

from various sources, Quraishy came to the 

conclusion that; for values of 14k 	between 

2.1 and 2.4, the inception of grain movement is 

largely controlled by viscosity and -/c  can be 

represented by an equation in the form: 

= /Of  V$2  f ( logVsk ) 
V 

On the other hand for high values of yth 
V 

greater than 100, the fluid's viscosity plays 
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no part and the inertia of the fluid is the 

V* controlling factor, and consequently --- 	is 
vs 

and assumes a constant 

transitional range where both viscosity and 

inertia play equally important roles. 

In 1940, a new approach to the problem of 

grains movement on stream beds was introduced 

by C.M. White who used the following analysis: 

The flowing fluid on a loose granular bed 

tends to move the grains forward, and they in 

turn will exert a drag on the fluid depending 

upon the speed and nature of the stream. The 

shearing stresses at the bed will be transmitted 

wholey by the grains in the uppermost layer, 

and each such grain will transmit a small force 

depending on its diameter and its location 

relative to the adjacent grains, as well as on 

the type of motion of the fluid, though it is 

now the local motion which is concerned rather 

than that of the main stream. 

White (1940), considers two extreme cases 

for the equilibrium of an individual grain: 

independent of 
a; 

value. Between these two extremes there is a 
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a) At slow speeds and with small grains (gt-K ( 
V 

3.5), the force exerted by the viscous tang- 

ential stresses becomes important, and these 

stresses are dominant in determining the 

resultant force applied to the grain. Since 

these tangential stresses act on the exposed 

upper half of the grain surface, the resultant 

force will not pass through the centre of 

gravity, but lies at a point somewhat above it 

and can be transmitted to the centre by an equal 

force and a couple. Consequently the grain in 

this case has a tendancy to rolling than to 

sliding motion (figure 6.3a). When the grain is 

about to move we have: 

n  're  m 	0(  E A,  g k tan / 
k6 

where 1 is a packing coefficient defined as 
k2  times the number of grains per unit area and 

consequently expresses the closeness of the grains, 

yf is the wetted angle of repose of the surface 

layer of grains and b< is an experimental coeff-

icient taking into account the effect of the shift 

of the resulting drag. 
b) At higher speeds and with large grains 0/101-, 

(6.6) 
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3.5), the viscous shear stresses become relatively 

negligible compared with the forces due to 

pressure difference. In this case, the pressure 

distribution on the two sides of the grain will 

not be symmetrical, but less over the downstream 

half. The resultant force which is the integral 

of the pressures on the grain surface area will 

pass through the centre of gravity of the grain 

(figure 6.3b), and the particle will have more 

tendancy to slide than to roll. When the grain 

is about to move, taking into account theupthrust 
neglected by White, we have: 

(x /31  g k -up /k2 
) tan gi 	(6.7) 

6 
In the range of )44.k 	between 33.0 and 

V 
1280, the observed drag in White's experiments, 

which were made in a nozzle with a non-turbulent 

main flow, was ingeneral half that predicted from 

theory, the difference being attributed by 

';White to local turbulence, though clearly in the 

light of later work, the difference was mainly 

due to neglect of the uplift pressure. That this 

must have been the case is seen from the present 

experiments on the turbulent fluctuations in air 

flow (section 4.2.5.) which show that the u 
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fluctuation has a frequency in the range of 500 

0/S for the 4.75 mm. sand. Assuming that the 

dimensionless number 	n 	has the same 
V 

value for both air and water flow in the nozzle, 

where n is the frequency of the u fluctuation, 

d is a length scale describing the size of the 

apparatus, and 2; is the kinematic viscosity of 

the fluid, then: 

n d
2 

n 
2 

A 	 V/ 
d w  

1)  a 	 12w 
where a and w refer to air and water respectively. 

Since w 	was 1.5 in the present 
da  

experiments, and 2t1-. was approximately 0.080, 
2)a 

then nw is expected to be in the range of 18 C/S. 

Consequently the duration of a single pulsation 

on a 4.75 mm. grain will be about 1 
	

of a 

second, whereas the duration of the shear stress 

velocity V€ on the same grain is approximately 

1 	of a second according to table (6.2). There-
17 
fore the turbulent pulsations are relatively rapid 

and while they may have accounted for some of 

the excess drag, particularly of the finer grains, 

they can hardly have accounted for the two fold 

difference measured by White. 
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White indeed pointed out that later 

experiments on lift gave considerable values 

for the lift, which when included in equation 

(6.7) explains the discrepancy. 

6.1.3. Lift Magnitude  

The lifting effect on solid bodies immersed 

in moving fluid has been the subject of invest-

igations by Jeffreys (1929), Einstien and 

El-Sarni (1949), White and Feir (1954) and many 

others. This lifting effect on a grain resting 

on a stream bed has been attributed by Rubey 

(1937), and Chang (1939) to the velocity gradient, 

that is to say, they regard it as a result of 

the difference in velocities at the top and 

bottom of the grain, though theoretically 

speaking this requires the assumption that 

Bernolli's equation is valid near the bed which 

is not the case because of the rotation due to 

the friction. 

Prandtl (1952) on the other hand, in a 

discussion on the movement of solid bodies in 

moving water (Essentials of Fluid Dynamics, p 335) 

stated that, when a grain begins to move there 
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seems to be a lifting effect due to eddies, 

similar to that in a waterspout, which first 
a 
rlises the grain.a little so that its resistance 

to horizontal movement is decreased. The 

existence of eddies near a rough bed has indeed 

been observed by Gilbert who in 1914 during 

experiments on flume transportation observed the 

formation of vortex rings with transverse axes 

near the bed.. However, there seems no doubt 

that vortices are formed in the wake behind 

obstacles 'immersed in the flow, and for two-

dimensional obstacles such as cylinders or the 

roughness pattern photographed by White (plate 14) 

using alluminium dust, the vortices are established 

with their axes normal to the flow direction. 

When the obstacles are three-dimensional such 

as spheres or sand grains, the vortices are 

expected to have different inclinations for their 

axes from those for two-dimensional obstacles. 

The spaces between the grains in the top layer 

of a deposit of perfect spheres can in fact be 

considered as consisting of a series of hollows 

of carved Shape, and a Potasium Perminginate dye 

applied to a series of .hollows of similar shape 
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PLATE 14. TRANSVERSE VORTICES IN A TWO-DIMENSIONAL 
ROUGHNESS PATTERN (after C. M. WHITE. ) 

FIG. 6.4 INCLINED VORTICES IN A SERIES OF 
HOLLOWS AS REVEALED BY POTASIUM PERMINGNATE DYE 
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in the bottom of a flume revealed that the 

vortices formed in these hollows had their axes 

inclined to the normals to the flow direction 

(figure 6.4). Thus a suction exists tending to 

lift the grains upwards. This lifting effect 

relieves the bed below the grains of part of 

their weight which is transferred to the fluid 

in the pores, thus resulting in a higher 

pressure for the fluid in these pores. Accord-

ingly the lifting forces on the grains could 

be estimated by measuring the pressure increase 

in the pores as was suggested by Einstien in 

1939 and verified by him and El-Samni (1949) 

and also by White and Feir (1954). 

It is interesting to note here that an 

experiment made in the present tests with a 

deposit of four layers of glass spheres 2.93 

mms. in diameter showed that, the spheres in the 

top layer vibrated vertically for some time before 

being pushed along the bed by the flow, thus 

confirming Prandtl's statement that the lifting 

forces raise the grains a little before they 

move, which results in their resistance to 

movement being decreased. 
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The lifting phenomenon has also been 

interpreted in a mathematical way by circulation.* 

For example, on the assumption that Bernolli's 

equation is still valid in the region of the 

flow near the bed, then on replacing the grain 

by an immaginary cylinder, circulation leads to 

a lift on the body equal to /$ it r , where 

is the fluid density, u is the velocity of the 

flow and r-  is the circulation which tends to 

be proportional to u. In other words this kind 

of theory leads to the lift being proportional 

to /o u, . Although the assumption of Bernolli's 

validity near the bed is certainly not tore, the 

proportionality between the lift and 1  ixt 	is 

tacitly assumed in most investigations concerned 

with this problem. For example, Jeffreys (1929) 

treated mathematically a two-dimensional 

potential flow over a cylinderical strut resting 

on the bed of a deep stream and showed that the 

cylinder tends to lift when: 

1.4299 	u2  = /al . g. r  

*"The Elements of the Prandtl-Lanchester Theory 
of Aeroplane Lift and Drag", Engineering, Vol. 
67,1924. 



209. 

where u is the stream velocity and r is the 

radius of the cylinder.. Comparing velocities 

predicted by this equation with experimental 

observations, Jeffreys found that the later 

are about four to five times greater. However, 

when an individual grain on the bed is surround-

ed by other grains and in contact with them 

at many points, the flow pattern around the 

body will be a complicated three-dimensional 

one whose lifting forces would be different 

from those in the two-dimensional case. 

Regarding the three-diEensional case we 

have on record two different groups of exper-

imental results. The first group is due to 

Einstien and El-Samni (1949) who undertook a 

series of experiments on the lift acting on 

an idealized sediment deposit consisting of 

hemi-spheres 0.225 ft. in diameter and arranged 

in a hexagonal pattern on the bottom of a 

flume. Since lift exerted by the flow on the 

hemispheres would relief the bed of that part 

of their weight which can be transfered to 

the fluid between the particles, then the 

lift can be measured as an increase of the 
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general pressure existing in the pores of 

the bed. These measurements led Einstien 

and El-Samni to an empirical formula for the 

lift in the form: 
4 L = 0.178 ( r 111 (6.8) 

where L is the average lift per unit area of 

the bed, and this the velocity at y = 0.35 k 

from the reference line for the velocity pro-

file. Substituting from the universal velocity 

distribution law, the equation can be written as: 

o 	= 2.95 log2 ( 0.35k ) 
Yi 

Taking the limits of yi  to vary between k 
9 for 

(6.9) 

loose arrangement of the grains and between 
33 

for very close arrangement, the lift to drag 

ratio acco2ding to (6.9) will vary between 0.75 

and 3.3, i.e. the lift can be as high as three 

times the drag. 

The second group of experimental results 

is due to White and Feir (1954) who experimented 

with air flow in a circular pipe containing a 

loose grain bed, on three sizes of grains. The 

lift in this case was measured as a difference 

in pressure between the bottom and top of the 
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grains. This difference in pressure was ex-

pressed in terms of a lift velocity %in the 

form: 

AY 2 

	

L = 7-. 	(6.10) 

Prom the measurements, White and Peir found that 

the lift velocity is linearly related to the bed 

shear velocity and on the average varies between 

1.78 V* and 2.20V where V* is the shear velocity 

at the bed. This means that according. to equation 

(6.10), the lift to drag ratio roughly varies 

in the range between 1.59 and 2.42 which confirms 

with the value 2.0 quoted by C.M. White in 1948 

(proceedings of U.G.G.I., Oslo Meeting, p. 263). 

Another simple relation between the lift 

and drag on a grain starting to move was given 

by Chang (1939). According to Chang , the 
grain will tend to lift just before the upthrust 

balances its effective weight in water, thus the 

balance can be expressed by: 

Af 
uL  
2 . 	k2 	= 	7j- 	g k3 	(6.11) -7--   

On the other hand, the shear velocity V.., necessary 

to overcome the frictional resistance of the bed 

can be expressed by: 

/0 v2 . 7i k2 g k3 tan f -x- 
4 	6 

(6.12) 
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Dividing equation (6.11) by (6.12), then: 

 

uI  

L 

      

       

 

• tan 

  

(6.13) 

Or 

  

1  
tan (6,14) 

	

The measured value of tan 	for the sands used 

in the present experiments actually varied between 

0.55 and 0.58 and accordingly the lift to drag 

ratio deduced from (6.14) lies between 1.73 and 

1.82 which seems in fiar agreement with the value 

2.0 predicted by C.M. White. 

It is also interesting to note that (6.14) 

when inserted in White's expression for the 

critical drag explains completely the difference 

between theory and observation as follows: 

The forces acting on the individual grain are: 

a) own weight in fluid = 6 A g k3  

b) Drag force exerted by the flow t k2 A 
c) Lifting force exerted by the flow L k2  /I 

d) Reaction forces from neighbouring grains 

Thus for equilibrium we have: 

(Tr' /3,  g k3  - L k2  ) tan /tc k2  
6 	- 

Substituting for L from equation (6.14), then: 

Tr 	3 	k2 	1 	,2 
g k - 	) tan/ „. 770  

6 	"EWIW 
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'Si 	g k3  tan  or -6—  

Thus: 

"re 	k. 12 
	g k tan 	 (6.15) 

which accounts for the lift and is in excellent 

agreement with White's original measurements. 

6.2. Experimental 

6.2.1. Apparatus 

To insure constant shear stress throughout 

the length of the bed for the critical tractive 

force experiments, the nozzle of section (2.2) 

designed for constant drag was used. The general 

layout of the apparatus is shown in figures (6.5). 

The nozzle consisted of three main parts, a smooth 

curved surface, a straight sand bed, and two smooth 

sides. The curved surface was made from a smooth 

thin sheet of alluminium designed according to 

equation (2.8) and was supported on a frame of 

hard timber with stiffners at the back of the 

curve to prevent it from buckling under the 

water pressure. The bed of the nozzle was 

formed by closely sieved sand laid to a depth 

of 0.40 inches on a straight plate of perspex 

fixed to the sides of the nozzle, and the bed was 
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6.0 inches wide and 48.0 inches long. To pre-

vent the sand near the leading edge being washed 

away by the flow, a piece of perspex 0.40 inches 

thick tapered from the front and carrying grains 

cemented to it, was used to replace the sand 

of the first two inches of the bed. The sides 

of the nozzle were made from smooth perspex 

allowing visual observation of the grains move- 

ment. 
The water was supplied to the nozzle through 

a 3.0 inches diameter pipe discharging into a 
22 x 22 x 22 inches tank which was provided 

by a series of baffles and a gravel screen to 

distribute the flow. The tank was connected 

diagonally to the nozzle (figure 6.5) and the 

junction between the two was provided by eliptical 

shoulders to avoid separation at the entrance. 

The water level in the tank was controled by 

a movable overflow pipe 2.0 inches diameter 

enlarged to 3.0 inches at the top. The flow 

out of the nozzle passed through a chamber 12.0 

inches long before discharging into the atmosphere 

through a 3.0 inches pipe provided with a valve 

to control the discharge. 
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The sand grains eroded from the bed were 

trapped in a sand trap made from wax stream lined 

in shape. To insure a satisfactory flow at the 

leading edge of the bed, a secondary conduit 2.0 

inches deep was constructed under the bed, and 

the flow through it was regulated by a valve on 

the exit pipe. The shearing stresses at the 

bed were determined from the pressure gradient 

in the nozzle in conjunction with the velocity 

profiles located at distances of 20 and 35 

inches respectively from the leading edge of 

the bed. The velocity at any point on the 

profile was determined by measuring the total 

head at that point by a pitot tube, together 

with the static pressure measured through 

pressure tappings on the side of the nozzle. 

The pitot tubes were supported in the flow 

by means of a micrometer mounting, and the 

pressures were recorded on an inclined manometer. 

6.2.2. Geometrical Properties of the Sands.  

Eight different closely sieved sands were 

used in the present tests, and the sizes of the 

grains were determined, as discussed before in 
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section (2.3.2), using three different methods, 

the travelling microscope, the sieve size and by 

weighing. The sizes obtained by weighing a few 

hundred sand grains on the assumption that they 

were perfect spheres proved to be a good average 

between the other two methods, and were therefore 

used in the analysis. 

The density and the angle of internal 

friction in water for each sand were determined 

and are given in table (6.1) together with the 

other properties of the sands. The coefficient 

of packing -7 in this table was determined for 

each sand by counting the top grains on the bed. 

A11 sands except sands 4 and 8 were from the same 

pit. 

TABLE 6.1 

Sand 
No. 

1 
2 
3 
4 
5 
6 
7 
8 

Geometrical Properties of the Grains 
an ji 

0.58 
0.58 
0.55 
0.58 
0.58 
0.55 
0.55 
0.58 

0.34 
0.40 
0.40 
0.40 
0.40 
0.60 
0.40 
0.65 

Passed. by Retained, 	mm 	Averdge of 
Sieve No. on Sieve weighing 

	

18 	20 	1.04 	800grains 

	

14 	16 	1.42 	500 	" 

	

12 	 It 

	

14 	1.56 	500 

	

12 	14 	1.57 	500 

	

10 	12 	11 

	

1.96 	500 

	

8 	10 	II 

	

2.55 	500 

	

6 	 If 

	

7 	3.16 	300 
3" 	5 	4.75 	200 
1.6 

/0 t 
8/n/ cm." 

2.61 
2.61 
2.58 
2.61 
2.61 
2.608 
2.60 
2.61 
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The sieve numbers in this table relate to B.S. 

sieves and indicate the number of wires per inch. 

6.2.3. Experimental Results  

In beginning a test run, the sand bed was 

leveled and the coefficient of packing was deter-

mined by counting the top grains. Water was then 

introduced by gradually opening the valve in the 

feed pipe, and the water level in the head tank 

was kept constant at a height of 15.5 inches 

above the bed by means of the movable overflow 

pipe. The pressure drop along the nozzle was 

then increased gradually using the valve on the 

exit pipe until the grains began moving; usually 

grains were scoured simaltaneously from all parts 

of the bed, so confirming that the drag was 

substantially uniform. 

To estimate the drag along the bed, the 

pressure distribution along the bed was measured 

through the pressure tappings on the side, and 

the total head distribution across the flow was 

measured at sections 20 inches and 35 inches from 

the noze of the bed. Using the measured pressure 

gradient and total head for the various tests, the 

bed shear stress 7.; was determined from equation 
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(2.17). The pressure distributions at which 

grains started moving are shown in figure (6.6) 

for the various sands and the experimental results 

are summarized in table (6.2) which also contains 

two other groups of experimental results on 

converging streams. The first of these groups is 

due to White (1940) who conducted a series of 

experiments on the equilibrium of grains in a 

nozzle of constant drag, in which the main flow 

was accelerating and invicid, and the turbulence 

was restricted only to the boundary layer on the 

bed. The calculated drag on the bed in his 

experiments was also checked by measuring the 

displacement of a hanging strip of metal coated 

with sand grains similar in size andshape to 

those of the bed. 

The second group of experimental results 

is due to Chang (1939) who experimented in open 

channels with horizontal beds. His observations 

on the grains movement were made in a part of the 
channel 6 feet long and converging from a width 

of 12 inches to a width of 6 inches which caused the 

flow to accelerate considerably in the downstream 

direction. In order to determine the bed shear 
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TABLE 6.2.  
CONVERGING STREAMS 

experiment bed material 
eo 

9m_ ,_ 3 
5/CM 

h tan. 1) 
MMS. dynes/cm* 

I tan 9 Actual Drag Tc (syn. 6./6) 
dynes/cma 

2 Actual,/ V. Fa 21  
la g /4 Cak tel V 

pre sent 	1 sand in water 2.61 104 0.58 0.34 0.0 6.50 8.40 0.78 27 0.04 
experiments 2 

3 
,, 
o 	• 

2.61 
2.58 

142 
1.56 

0.58 
0.55 

0.40 
0.40 

0.0 
0.0 

13.0 
13.50 

13.50 
14.0 

0.96 
0.96 

51 
56 

0.058 
0.05: 

4 0 2.61 1.57 0.58 0.40 0.0 13.20 15.10 0.88 57 0.053 
5 u 2.61 1.96 0.58 0.40 0.0 16.2 0 18.70 0. 87 78 0.053 
6 0 2.608 2.55 0.55 0.60 0 .0 29.50 34.80 0.86 137 0.074 
7 0 2.60 3.16 0.55 0.40 0.0 30.80 28.60 1.07 175 0.062 
8 SI 2.61 4.75 0.58 0.65 0.0 67.0 74.0 0.91 390 0.09 

White's 	4 N 2.60 0.90 1.0 0.40 0.0 16.90 14.80 1.14 33 0.119 
( isqo 	5 stee 1 shots 	n 7.90 0.71 0.685 0.40 0.0 30.80 32.70 0.94 3 5 0.064 

6 sand in air 2.60 0.90 1.0 0.40 0.0 22.50 24.0 0.94 80 0.098 
7 sand in water 2.60 5.60 I. 0 0.40 -0.45 50.0 46.20 1.08 360 0.057 
8 2.60 5.60 1.0 0.40 0.0 89.0 93.0 0.96 480 0.101 
9 * 2.60 5.60 1.0 0.40 0.50 133.0 1.23.0 1.08 590 0.151 
10 sand in air 2.60 5.60 1.0 0.40 O.0 146.0 149.0 • 0.98 1280 0.102 

Chang's  6205 sand in water 2.547 8.09 (1.0) CO . 40) 0.0 162.0 130.0 1.24 810 0.132 
(1939) 	6204 

6203 
,, 
0  

2.558 
2.567 

6.54 
5.29 

(1.0) 
(1.0) 

(0.40) 
(0.4 0) 

O.0 
0.0 

I 2 0.0 
9 5.0 

1 06.0 
86.0 

LI 3 
1.10 

560 
410 

0.12 
0.117 

6202 0  2.590 3.77 (1.0) (0.40) 0.0 78.0 61.50 1.27 242 0.132 
6201 M 2.633 2.54 (1. 0) (0.40) 0.0 39.60 42.20 0.94 12 5 0.098 
6200 0 2.634 L76 (1.0) (0.40) 0.0 31.20 29.50 1.05 76 0.112 

6 199 0 2.640 Q886 (I.0) (0.40) 0.0 14.60 14.80 O.99 27.5 0.105 
6198 ,, 2.643 0.396 (1. 0 ) (0.40) 0.0 6.6 0 6.60 1.0 7.9 0.105 

..; 
Mean = 1.005 

9 is angle of bed slope 
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stress for this type of flow, 	Straub (1939), 

H. Rouse (1939); and others, each independently 

showed that by using the energy equation for 

gradually varied flow, and by considering the 

gain in momentum due to the acceleration of the 

flow, the drag at the horizontal bed of the flume 

can be staifactorily approximated by the 

expression: 

_2 

"co 	/4f gi d(1- U ) (6.16) 

where"; is the average drag at the bed,/ is 

the fluid density, g is the acceleration due to 

gravity, d and If are the depth and mean velocity 

respectively, and 45 is the slope of the water 

surface which can be determined from Manning formula 

in the form: 	n2  U2  
ze 	

2.21 m4/3  (1 - 112-) 
gd 

m and n being hydraulic mean radius and the Manning 

coefficient respectively, and the term (1 - 
gd 

corrects for the effect of acceleration, Generally 

speaking, for high depth and with comparatively 
2 

small velocity, the term 
ga 	

in equation (6.16) 

* Discussions on (Laboratory Investigations of 
flume Traction and Transportation), Trans. Am. Soc. 
Civil Eng., Vol. 104, 1939. iDe 1297. 
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has only a very small effect on -r-  , whereas for 
Chang's conditions, its value at times reached 

0.11. 

By inspecting table (6.2) with its wide 

range of V2ck between 7.9 and 1280, and of grain 
2) 

size between 0.396 mms and 8.09 mms, i.e. about 

20 times fold range of k; the actual drag in most 

cases is seen to be in good agreement with 

equation (6.15) which takes lift into account. 

The overall mean value of Tc actual 	for the 

Tc calculated 

23 tests contained in the table is almost unity, 

though in general, this ratio is slightly 

smaller than unity for values of -‘4k below 70 
V 

(figure 6.7). The discrepency may well be 

explained by the turbulent fluctuations in the 

boundary layer. As seen in section (6.1.2), 

for high speeds and large grains, these fluct-

uations are too rapid to affect the results, where-

as fr slower speeds, the duration of these 

fluctuations becomes larger, and thus may add 

slightly to the effective stress responsible for 

dislodging the grains. 

In parallel flow on the other hand, the 
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turbulence which was restricted to the boundary 

layer in the case of converging flow, extends now 

throughout the stream. Although this large scale 

turbulence may not add materially to the mean 

stress at the bed, it can substantially add to the 

maximum stress fluctuations there. Consequently 

the grains on the bed in this case would start 

moving at much smaller mean stress, the difference 

between the effective stress and the measurable 

mean stress being contributed by large scale 

disturbances far from the bed. Indeed this was 

examined and confirmed by an experiment by 

White (1940) with a divergent nozzle, where large 

scale turbulence was strong enough to raise 

clouds of grains, though at the bed itself the 

time average of the tangential drag was zero. 

White also pointed out in the Oslo Meeting of 

the U.G.G.I (1948) that most experiments on 

parallel flow had confirmed this concept of 

large scale turbulence. Indeed table (6.3) 

containing a collection of experimental data on 

parallel flow from various sources, show that on 

average, the mean bed stress necessary to start 

movement of grains is nearly half that for 
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converging flow. For example sand (3) in the 

present experiments would, according to the 

experiments of the Prussian Institute, start 

moving at 7.0 dynes/cm2  instead of the present 

13.5 dynes/crn2. Again sand (8) would start 

moving at 42.0 dynes/cm2  instead of the present 

67.0 dynes/cm2. 

The results for converging flow are com-

pared with those for parallel flow in figure 

(6.8) in which the grain Reynolds number Vxk is 
V 

abscissa and the term  7-c  is ordinate. The 
/0 ,k  

ordinate to some extent represents the movabil- 

ity of the bed material, since "i;is proportional 

to the force necessary to start movement, and 

/),IT- k is proportional to the force resisting 

movement. As seen from the figure, the experiment- 

al results for converging flow lie above those 

for parallel flow thus possibly indicating that 

the movability of the later is greater than of 

the former, and on the average the   	values 
A g"K 

are nearly half those for converging flow at the 

setae value of V€k. 

For the case when the flow is parallel, 

although the lower limit of rc• can be 
iatri< 
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represented by Shield's curve (1936), the 

scatter in the points is too large to be due 

to experimental errors alone. However, in 

order to represent correctly the movability 

of the bed material, the term 	-rc,  should 
g-g 

also contain a parameter representing the 

closeness of the grains and the composition of 

grain sizes. With the absence of this para- 

meter,  tt  would vary with the variations 
Aig-K 

in the packing of the top grains and with the 

composition of the sand mixtures. 

Regarding the effect of the closeness on 

as White pointed out in 1940, the top 
iegK 
layer of the granular bed exerts a drag on the 

moving fluid, each grain l in this layer trans-

mitting a small force 'depending on how many 

grains are there per unit area. Increasing the 

number of grains, i.e. increasing their close-

ness will result in a decrease in the force 

transmitted by each grain, and consequently in 

an increase in the value of  Tc. 	. Again /4-grk  
decreasing the number of grains per unit area 

will have the reverse effect. 
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Variation in the uniformity of size of the 

various sands could be expected to have an 

effect on ------ • For example, a finer com- 
Afg•-a< 

ponent in a mixture would be expected to move 

first before grains of the mean size began to 

move, and so the presence of the finer component 

would tend to increase the movability of the 

mixture. Secondly the finer grains would fill 

the voids and tend to increase the closeness, so 

tending to counterbalance the first effect. 

Again a coarser component in the mixture will 

result in an increase in the mean size of the 

grains and a decrease in their closeness. 

Unexpectedly, the experiments of the U.S. 

Waterways Station (1935) do not show any system- 

atic variation in 	
l< 

with the composition 
do-e 

of the grains as represented by the Hodulus 

Factor M defined in section (6.1.2.). On the 

other hand, the results of the Prussian 

Institute do show a clear systematic decrease 

in 	with a decrease in M, i.e. with an 
ArkrX 

increase in the finer components in the mixture. 

This may be due to the fact that the effect of 

the reduction in the grain size in this ease, has 
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outbalanced the effect of the closeness of the 

grains; whereas in the experiments by the U.S. 

Waterways Station, the two effects had more or 

less counterbalancing effects. In general 

however, the data contained in table (6.3) do 

IC  not establish a relation between 	 and M. 
4'Erk 

A third factor which could affect the 

values of 	
` 	

is the scale of turbulence 
48

7'4  
j< 

or the size of eddies present in the flow. 

Naturally, the sizes of the channels and the 

arrangement of experiments differ greatly from 

one set of experiments to another, and consequent-

ly the size of eddies would be different. Accord-

ingly, the contribution of these eddies to the 

effective drag responsible for dislodging the 

grains would vary and may have contributed 

differently to the measured mean drags in the 

different laboratories. 
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TABLE (6.3)  

    

 

PARALLEL STREAMS  

  

Experiment 

 

k 	M 
mms gmsAm' -1-c 	2 Vk  dynes/cm 2) 

27c. 
pgk 

0.706 1.70 0.358 5..15 12.5 0.0435 

0.558 1.70 0.461 3.80 8.40 0.0415 
0.800 1.70 0.414 4.80 13.50 0.036 

1.536 1.65 0.564 7.40 34.0 0.030 

6.52 1.60 1.0 53.5 375 0.053 
4.00 1.60 1.0 25.80 164 0.0415 
2.256 1.60 1.0 11.00 60 0.03Y: 
1.24 1.60 1.0 4.30 20.5 0.0223 
0.916 1.60 1.0 2.75 12.0 0.0195 

0.376. 1.68 0.825 2.35 4.50 0.038 

0.526 1.61 0.869 2.75 6.80 0,0335 
0.800 1.57 0.778 3.15 11.00 0.026 

apeakaie*a 

1.154 1.65 0.265 5.00 20.50 0.0265 
0.846 1.65 0.278 4.10 13.40 0.030 

0.836 1.65 0.366 5.70 16.50 0.0425 

* Calculated from data contained in a paper by Chang, 
Transactions Am. Soc. Civil Eng. Vol. 104, 1939, p. 1259. 
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TABLE (6.3) cont. 

Experiment k A; 7 M 	0  Vgik L.  
mars gmsAm' 	dynes/6m2  2) hgk 

N 
0 
P 
Q 

0.7/0 
0.244 
0.806 
0.686 

1.65 
1.65 
1.65 
1.65 

0.399 
0.435 
0.357 
0.424 

5.45 
2.35 
5.45 
4.90 

13.60 
.2.90 
15.00 
11.80 

0.0455 
0.060 
0.042 
0.0/0 

H. Engels 	R 1.484 1.65 0.229 9.80 36.50 0.041 

	

G.K. Gilbert S 	0.576 
(sand 

	

mixtures) T 	1.906 

1.69 

1.69 

0.896 

0.714 

3.80 

6.00 

8.70 

37.0 

0.0395 

0.019 
U 3.71 1.69 0.867 29.0 160.0 0.047 
V 5.296 1.69 0.820 48.0 280 0.054 

E. Indri 	a 
(sand 

mixtures) b 

0.324 

0.474 

1.63 

1.70 

0.69 

0.481 

1.75 

3.05 

3.40 

6.30 

0.0335 

0.0385 
c 2.50 1.70 0.818 23.70 96.0 0.056 
d 4.00 1.70 0.777 40.00 200 0.059 

U.S. Waterways 
e 0.586 1.65 0.28 4.65 9.50 0.0495 

Experiment 
Station 	f 0.541 1.65 0.439 4.20 8.60 0.0485 

(paper 17) 	g 0.525 1.65 0.539 4.20 8.40 0.0495 
h 0.506 1.65 0.406 4.00 8.00 0.0495 
i 0.483 1.65 0.438 3.85 7.40 0.049 
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TABLE (6.3) cont. 

j 0.347 1.65 0.643 2.85 4.50 0.051 
k 0.310 1.65 0.525 3.15 4.30 0.063 
1 0.205 1.65 0.560 2.25 2.35 0.068 

4.077 1.65 0.566 27.50 170 0.0415 
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SUMMARY AND CONCLUSIONS  

The turbulent flow past rough walls is invest-

igated theoretically and experimentally with various 

sand roughnesses for a boundary layer under a part-

icular pressure distribution; and the results are 

examined in the light of earlier investigations on 

both rough and smooth walls. .Lhother set of tests 

were made with loose roughness on the bed to invest-

igate the movement of grains. 

From the theoretical and experimental results, 

the following conclusions are drawn: 

1 - FroM theoretical considerations, in order 

to ensure a constant stress throughout the length of 

the wall, the main flow has to be accelerated accord-

ing to the equation: 

e (IC-0 + 
	 a A 	  CX2  - 3 +3) - 	3 	(1) 2 6.25A 	u  

where')( _ 2.5V* and y$  is the shift in origin for the 

velocity profile, the equation being valid for both 

rough and smooth walls. 

2 - In comparison with White's approximate 

formula: 

IX
2.  

e)(  (% - 1 ) 	- + 1 6.25y 	 2 	 (2) 

&/utation (1) predicts up to 3-0% hiblim drag, the 
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exceso 	drag being due to the inclination of otrcam 

neglected in equation (2). 

5 — Alth.e2agh equation (1) predicts higher drag 

than equation (2), the two equations, except for small 

values of 1. , give practically the same shape of 

curve since the ratio 1)(1  is found to be substant-

ially constant at high values of X' • 
Set  

4 - The velocity was measured and found to be 

substantially constant at equal values of y smaller 

than the thickness of the boundary. layer. 

5 - The total drag D was evaluated and found 

to be substantially linear with x, and subsequently 

the local wall stress can not have varied appreciably 

since To  = 	D. 
Toz  

6 - In the range of k from 1.56 to 4.75 mms., 

the experimental values of 1)( are in good agreement 

with those predicted from equation (1). Solving 

equation (1) numerically for the various roughnesses 

used, the differences in the dimensions of the curve 

of the nozzle obtained from theory were very small 

being in the order of 1.2% or less. Consequently 

a single nozzle can be used, without much error, 
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for a wide range of roughnesses. 

7 - Comparing the velocity profiles of the 

nozzle of constant drag with those for pipes and 

for flat plates, the following conclusions emerged: 

(a) for pipes, the velocity profile is logarithmic 

for most of the flow region, except close to the wall; 

whereas for flat plates, whether rough or smooth, 

the velocity profile concaves upwards, particularly 

away from the wall, when u is plotted against log 

y. This is due to the fact that the part of the flow 

neat the wall is governed primarily by the local 

wall stress; whereas well away from the wall the 

fluid has a memory of a higher stress occuring nearer 

the nose of the plate. In the region near the wall 

where 7:7- (0.15, the velocity profile for the flat 
plates can be approximated by the logarithmic law, 

though with slightly different values for the constants. 

(b) The velocity profiles of the nozzle of constant 

drag are logarithmic up to values of 1 = 0.90 or 

more. This is due to the fact that the part of the 

flow away from the wall has a memory of an earlier 

wall stress which is identical with the local stress 

since 27,, is substantially constant as for pipes. 

Therefore a boundary layer of the present type offers 
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a link between pipe flow and plate flow and re-

duces the gap between them. 

(c) Regarding the shape of the velocity profile 

close to the wall of a smooth pipe in the region 

where both the turbulent and viscous stresses 

influence the velocity, the Reynolds equation was 

solved to obtain the following expression for the 

velocity profile: 

EIL 	-fr  u' v' 
dy 	in which the V4- = 	v 	0 ?iv*  

integral may be calculated by assuming a practical 

distribution of turbulent shear stress having a 

power law with the power between 1.0 and 3/2 with 

the corresponding upper limit for y between ;ie 
and ILL' . The velocity profiles predicted on 

this basis were found to be in close agreement with 

the observations of two different investigators. 

(d) When plotted in the form 	against against log •Y-Lit- M(. 	 2) 
the velocity profile for rough walls is displaced 

downwards parallel to that for smooth pipes by an 

amount depending on 	 k. . Based on this, the 

nozzle of constant drag offers a convenient and 

accurate method for determining the equivalent sand 

size of artificial roughnesses. This seems the 

logical development of the method originally used 
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by Schlichting (1936). 

(e) The values of 41- for the present roughnesses 

varied between 0.089 and 0.11 as compared to an 

average value of 0.03 for the closely packed rough-

flosses of Nikuradse (1933), the difference being 

mainly due to the difference in spacing the roughness 

elements. An examination of the experiments on 

spheres by Schlichting (1936) showed that 	can 

be five times greater than Nikurads'es values, de-

pending on the spacing between the spheres. 

(f) Separation of the flow from the smoothest of 

the rough walls was obtained using a flap plate at 

the downstream end of the rough wall. The velocity 

profile at separation had a shape factor H = 2.80, 

dL U and the parameter -ITT 05-4. 	was -1360, i.e. the 

present boundary layer is about 115 times as stable 

as the laminar boundary layer for which Pohlhausen 

(1921) gave the value of -12 as the limit. 

(g) .:ua examination of the similarity between the 

velocity profiles from various puplished invest-

igations show that, all profiles for constant 

pressure flow on smooth walls are similar when 

plotted in the form 
V  
11., against 	. For pressure 

Se 
drop, the profiles of (4- against 1L- deviate only 
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slightly from that for constant pressure, whereas 

for pressure rise on the other hand, the profiles 

undergoe a clear and systematic change with 
v 

8 — Measurements of the turbulence intensity 

on various roughnesses showed the following: 

(a) The profiles of 171 in the tests show  the same 

general shape as those for pipes. They also have 

some resemblence to those for rough walls under 

constant pressure. 

(b) The profiles of -2L after passing through the 

maximum tend to zero as the wall is approached, 

the maximum values disclosing a clear dependence 

on the roughness height. 
ffz. 

(c) The curves of 	against 	show a clear 

tendaney to increase with 	for both rough and 

smooth walls. This is seen to be consistent with 

the turbulent energy equation. 

(d) Unexpectedly, the curves of 	tned to converge 
V* 

to single curves when multiplied by ‘4"
l 
 both for 

Ll 
rough and for smooth walls, though with values of 
rtT 

considerably higher for the rough walls. 
VA Ul  

This is due to the variation of the correlation 
v- factor K — 	which is seen to vary with 14 

U. V' 2
in a substantially linear manner. 
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9 - The usual methods of calculation for 

turbulent boundary layers under a pressure 

gradient, are similar in that all use an auxiliary 

equation obtained for a limited range of flow 

conditions, and the results likewise are limited 

to a particular range. These methods however do 

not take into account how the pressure gradient is 

related to the skin friction. Further, it is 

shown that a single parameter is not adequate to 

describe the exact from of the velocity profile 

since this depends on the previous history farther 

upstream. 

10 - Using a loose sand bed for the nozzle, the 

following points regarding the movement of grains have 

emerged: 

(a) The velocity fluctuations near the bed are rapid, 

and therefore they can contribute only slightly, 

particularly for the finer grains, to the effective 

drag responsible for the grains movement. 
was 

(b) The existance of lift/evident during an 

experiment with a deposit of glass spheres in which 

the top layer vibrated vertically for some time 

before starting to move horizontally. The existance 

of inclined vortices in the spaces between the top 
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grains was confirmed from visual observations on 

the flow in a series of hollows of similar shape 

in the bottom of a flume. 

(c) An estimation for the lift magnitude showed it 

to he between 1.73 and 1.82 times the drag, values 

favourably agreeing with the value 2.0 predicted 

by White. 

(d) Introducing lift in White's expression for the 

equilibrium of an individual grain leads to: 

lc. tan 

which is in good agreement with observations on 

converging flow from the present tests as well as 

from the tests by White (1940) and by Chang (1939). 

(e) For parallel streams, the drag necessary to 

start the grains moving is on the average half that 

for converging streams, the difference is explained 

as a result of large scale disturbances having their 

origin away from the bed. 

(f) For parallel flow, the lower limit of 	 -
00'gk 

can be represented by Shields curve, though the 

scatter of the points is large which may be 

explained partly by the variation in the uniformity 

of size of the various sands and partly by the 

difference in the size of eddies present in the 
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different flumes. 

This covers the last point raised in the 

synopsis. 
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APPENDIX I  

POSSIBLE ERRORS IN THE ME ASUREMENTS OF -:,71  

1. Error Due To The Lick of compensation 

The velocity fluctuations are rapid and the 
hot wire has to be heated and cooled with the same 

frequency, but due to the thermal inertia of the 

wire, there is a time lag between the velocity 

fluctuations and the corresponding fluctuations 
in the wire's resistance. Accordingly the voltage 

input to the amplifier follows the velocity fluct-

uations, but does so with a reduced amplitude and 

a retarded phase, both depending on the time scale 
of the wire. The time scale itself depends on the 

flow conditions as well as on the properties of tie 

hot wire. 

With higher frequency fluctuations, the 

errors involved become larger, and an electronic 

compensator would have been necessary to compensate 
properly for the wire's thermal inertia. However, 

the effect of the lack ofsuch a compensator was 
reduced by using very mall wires having a 
correspondingly small thermal inertia. 

D6e to the thermal lag, the R.M.S. values 

of the fluctuations is underestimated by the 

factor r 	mluit , where M is the time scale 

of the hot wire and Luis the angular frequency of 
the velocity fluctuations. For 0.0001 inches 
diameter wires, Klebanoff and Diehl (1951) gave 



255. 

for M the value 0.25 x 10-3 seconds, and from 
the oscillograms (plates 12 and 13), 40  is in 
the range of 500 c/s, consequently the error 
due to the lack of compensation may have 
amounted to 8.0% of the R.M.S. values. 

2. Error due to the Length of the Wire  

As a result of the non uniform velocity 
distribution along the length of the wire, 
specially if the wire's length is comparable 
to the microscale of turbulence, the wire tends 
to underestimate the turbulence intensity. 

Corrections for the wire length were 
given by Dryden (1941), who suggested that in 
order to get the correct readings, the measured 
intensities should be multiplied by the factor 
(1 4- 0.166), where L, isthe wire's Lm 
length and Lm is the microscale of turbulence. 
The wire length used never exceeded 1.0 mm., 
while the microscale Lm can be obtained by the 
method suggested by Laufer and Liepman (1947). 
They simply suggest that: 

"IrNo 
Lrn U 

where No = number of zero u fluctuations per 
second as obtained from the -Li oseillogram, and 
U is the main stream velocity. 

Taking a typical case, where L1  = 1.0 mm., 
No = 1000 and U = 50 ft./sec., Lm will be 4.8 
mm., and the corresponding possible error inCEL 
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will bee the order of 3.5%. This compares with 
the errors of 1.25% and 2.5% found by Tatchell 
(1951) during experiments in wind tunnel 
contractions using a wire length of 0.75 mm. 

3. Error due to the Variations in the Wire Current 

The error introduced in equation (4.2) by 
assuming a constant heating current is negligibly 
small, because the small changes in the wire's 
resistance accompanying the velocity fluctuations 
do not appreciably alter the value of the heating 
current, noticing that the resistance of the 
ratio-arm of the bridge (500 ohms) is very 
large compared to that of the wire (15-25 ohms). 

Sup.vosing that R is the mean value of the 
wire's resistance, and that the change in R due 
to the instantaneous velocity fluctuation is AR, 
then the corresponding change in the wire's current 
will be proportional to 	. Taking a typical 

Soot R 
value of R = 15 ohms, and assuming that the 
variation in R is as high as 20%, then the change 
in the wire's current will still be less than 
0.6%. However, variations in the wire's resistance 
are usually smaller than this amount and eventually 
the error due to the assumption of constant current 
is very small. 

In general, the possible overall error in 
the present measurements of turbulence intensity 
is excepted to be of the order of 10%. Rouse, 
Siao and Nagaratnam (1958), suggested that the 

hot wire, like any other means of turbulence 
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measurements, must be expected to have a 
probable error of t. 5 to 10%, which is a 
reasonable estimation for the errors in the 
present measurements. 
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APPENDIX II  

TABULATED RESULTS  
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TABLE I.1.  

Static Pressure Distribution Along the Boundary 
Layer Roughness A, k = 1.56 mms. 

x 
inches 

Manometer's reading 
crns of Alcohol 

fJ sinv = 0.10 	A sink 	= 0.20 

Pressure 
cms of water 

0.50 - 	2.50 an* 0.25 
1.0 5.00 0.50 
1.50 6.20 0.62 
2.0 7.60 0.76 
2.5 8.70 0.87 
3.0 9.80 0.98 
3.5 11.50 1.15 
4.0 12.0 1.20 
4.5 13.0 1.30 
5.0 13.80 1.38 
5.5 - 7.40 1.48 
6.0 7.70 1.54 
6.5 7.90 1.58 
7.0 8.20 1.64 
8.0 8.80 1.76 
9.0 9.10 1.82 
10.0 9.30 1.86 
11.0 9.70 1.94 
12.0 10.0 2.00 
13.0 10.20 2.04 
14.0 10.50 2.10 
15.0 10.70 2.14 
16.0 11.0 2.20 
17.0 11.30 2.26 
19.0 11.80 2.36 
21.0 12.30 2.46 
23.0 12.70 2.54 
25.0 13.20 2.64 
27.0 13.50 2.70 
29.0 14.00 2.80 
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TABLE 1.2.  

Static Pressure Distribution Along the Boundary 

x 
inches 

Layer. Roughness B, 	k = 1.96 mms. 

Manometer's reading 	Pressure 
ems of Alcohol 	ems of water 

sino(= 0.20 	psink=0.40 
0.50 - 2.0 0.40 
1.0 2.60 0.52 
1.5 5.10 1.02 
2.0 6.50 1.30 
2.5 8.0 1.60 
3.0 9.80 1.96 
3.5 10.90 2.18 
4.0 12.0 2.40 
4.5 13.0 2.60 
5.0 13.80 2.76 
5.5 15.60 3.12 
6.0 15.80 J7  16 . 
6.5 - 8.10 3.24 
7.0 8.30 3.32 
8.0 9.10 3.64 
9.0 9.80 3.92 
10.0 10.30 4.12 
11.0 10.50 4.20 
12.0 11.0 4.40 
13.0 11.20 4.48 
14.0 11.50 4.60 
15.0 11.80 4.72 
16.0 12.0 4.80 
17.0 12.40 4.96 
19.0 12.80 5.12 
21.0 13.70 5.48 
23.0 14.20 5.68 
25.0 14.50 5.80 
27.0 14.90 5.96 
29.0 15.70 6.28 



261. 

TABLE 1.3. 

Static Pressure Distribution Along the Boundary 

Layer• 	Roughness C, k = 3.16 rams. 

x 
inches 

Manometer's reading 
true of Alcohol 

sing = 0.2 	ro sint< = 0.40 

Pressure 
cms of water 

0.50 - 1.30 0.26 
1.0 2.20 0.44 
1.50 3.20 0.64 
2.0 4.20 0.84 
2.50 5.0 1.00 
3.0 6.0 1.20 
3.5 6.60 1.32 
4.0 7.20 1.44 
4.5 7.80 1.56 
5.0 8.30 1.66 
5.5 9.0 1.80 
6.0 9.40 1.80 
6.5 9.70 1.94 
7.0 10.30 2.06 
8.0 11.0 2.20 
9.0 11.20 2.24 
10.0 11.90 2.38 
11.0 12.30 2.46 
12.0 12.80 2.56 
13.0 13.20 2.64 
14.0 13.90 2.78 
15.0 14.0 2.80 
16.0 - 7.30 2.92 
17.0 7.40 2.96 
19.0 7.80 3.12 
21.0 8.30 3.32 
23.0 8.60 3.44 
25.0 9.0 3.60 
27.0 9.40 3.76 
29.0 10.10 4.04 



262. 

TABLE 1.4. 

static Pressure Distribution Along the Boundary 
Layer. 	Roughness D, k = 4.75 mms. 

x 	Manometer's reading 	Pressure 
inches 	ems of Alcohol 	ems of water 

sink = 
0.05 	0.10 	0.20 

0.50 -8.30 -0.415 
1.0 10.50 0.525 
1.5 13.90 0.695 
2.0 16.50 0.825 
2.5 -9.50 0.950 
3.0 10.90 1.09 
3.5 12.70 1.27 
4.0 14.20 1.42 
4.5 14.90 1.49 
5.0 16.10 1.61 
5.5 16.60 1.66 
6.0 16.80 1.68 
6.5 18.50 1.85 
7.5 -9.60 1.92 
8.5 10.10 2.02. 
9.5 10.70 2.14 
10.5 11.0 2.20 
11.5 11.20 2.24 
12.5 12.0 2.40 
13.5 12.20 2.44 
14.5 12.70 2.54 
15.5 12.90 2.58 
16.5 13.20 2.64 
18.5 14.10 2.82 
20.5 14.40 2.88 
22.5 14.70 2.94 
24.5 15.40 3.08 
26.5 16.20 3.24 
28.5 16.50 3.30 



263. 

TABLE II.1  

VELOCITY DISTRIBUTION 

Roughness A, k = 1.56 mms. 
x = 3.50 inches 

Y 	u 
inches 	ft/sec. 

x = 5.5 inches 

y 	u 
inches ft/sec. 

x = 7.5 inches 

y 	u 
inches 	ft/sec. 

0.07 36.50 0.08 37.30 0.08 36.80 
0.10 39.00 0.11 40.80 0.12 42.20 
0.13 42.10 0.14 43.90 0.15 45.20 
0.16 44.10 0.17 47.00 0.18 48.00 
0.19 44.40 0.20 49.30 0.21 50.60 
0.22 44.80 0.23 49.70 0.24 52.20 
0.25 45.70 0.26 49.90 0.27 52.80 
0.28 45.90 0.29 50.00 0.30 53.40 
0.32 46.20 0.33 50.10 0.33 53.70 
0.37 46.30 0.38 50.40 0.36 53.90 
0.42 46.50 0.43 50.70 0.39 54.00 
0.47 46.80 0.48 50.90 0.44 54.10 
0.57 46.90 0.53 51.00 0.49 54.20 
0.67 47.00 0.58 51.20 0.54 54.30 
0.77 47.10 0.68 51.40 0.59 54.30 
0.87 47.20 0.78 51.60 0.69 54.40 
1.07 47.30 0.88 51.70 0.79 54.50 
1.27 47.40 0.98 51.80 0.89 54.50 
1.47 47.40 1.08 51.80 o.99 54.60 
1.67 47.40 1.28 51.90 1.09 54.70 

1.48 51.90 1.29 54.80 
1.68 51.90 1.49 54.80 

1.69 54.80 



264. 

TABLE ILI.. (cont.)  

VELOCITY D1CTRIBUTI0N  

Roughness A, k = 1.56 mms. 

x = 9.5 

inches 

inches 

ft,sec. 

x = 11.5 inches 

inches 	ft./sea 

x = 15.5 inches 

inches 	ft./sec, 

0.07 36.00 0.07 36.70 0.07 37.00 
0.10 40.10 0.10 39.80 0.10 40.10 
0.14 44.10 0.13 43.20 0.13 44.00 
0.17 46.90 0.16 46.10 0.16 46.50 
0.20 49.50 0.19 49.00 0.19 48.80 
0.23 51.40 0.22 51.10 0.22 51.10 
0.26 52.90 0.25 52.40 0.25 52.40 
0.29 54.20 0.28 54.20 0.28 54.30 
0.32 54.70 0.31 55.30 0.31 55.70 
0.35 55.10 0.34 55.90 0.34 56.70 
0.38 55.50 0.37 56.40 0.37 56.20 
0.43 55.80 0.40 56.70 0.42 59.40 
0.48 56.20 0.43 56.90 0.47 59.60 
0.53 56.40 0.47 57.10 0.52 59.90 
0.58 56.60 0.52 57.30 0.57 60.10 
0.63 56.70 0.57 57.60 0,62 60.20 
0.68 56.90 0.62 57.80 0.67 60.30 
0.78 57.00 0.67 58.00 0.77 60.50 
0.88 57.10 0.77 58.20 C.87 60.70 
1.08 57.20 o.87 58.40 0.97 60.80 
1.28 57.30 0.97 58.70 1.o7 60.90 
1.48 57.30 1.17 59.00 1.27 61.10 
1.68 57.30 1.37 59.20 1.47 61.20 

1.57 59.30 1.67 61.20 



265. 

(Cont.." 

VELOCITY DISTRIBUTION 

Roughness A, k = 1.56 mms. 

x = 19.5 

Y 
inches 

inches 

u 
ft./sec. 

x = 23.5 inches 

Y 	u 
inches 	ft./sec. 

x = 27.5 

y 
inches 

inches 

u 
ft./sec. 

0.07 36.80 0.07 35.30 0.08 36.00 
0.11 41.10 0.10 39.50 0.11 40.10 
0.14 44.50 0.13 43.30 0.14 44.40 
0.17 47.40 o.16 46.40 o.17 47.20 
0.20 49.90 0.19 48.30 0.20 49.80 
0.23 51.40 0.22 50.80 0.23 52.00 
0.26 53.60 0.25 52.70 0.26 53.50 
0.29 54.90 0.28 54.60 0.29 54.90 
0.32 56.10 0.31 56.30 0.32 56.60 
0.35 57.40 0.34 57.30 0.35 58.00 
0.38 59.30 0.37 58.80 0.40 60.10 
0.43 60.30 0.42 60.30 0.45 61.40 
0.48 61.10 0.47 61.70 0.50 63.40 
0.53 61.60 0.52 62.20 0.55 64.00 
0.58 62.00 0.57 62.80 0.60 64.30 
0.63 62.20 0.62 63.20 0.65 64.70 
o.68 62.40 0.67 63.50 0.70 65.00 
o.78 62.60 0.77 63.90 0.75 65.20 
0.88 62.70 0.87 64.20 0.85 65.60 
0.98 62.90 0.97 64.40 0.95 65.90 
1.08 63.00 1.07 64.60 1.05 66.10 
1.28 63.10 1.27 64.90 1.25 66.50 
1.48 63.20 1.47 65.30 1.45 66.90 
1.68 63.30 1.67 65.50 1.65 67.30 



266. 

TABLE 11.2  

Velocity Distribution 

Roughness B, k = 1.96 mms. 

x -7 3.50 inches 

y 
inches 	ft./sec. 

x = 5.5 inches 

y 
inches 	ft./sec. 

x = 7.5 inches 

y 
inches 	ft./sec. 

0.08 47.80 0.09 57.00 0.09 55.80 
0.12 51.90 0.12 62.70 0.11 60.90 
0.15 55.40 0.14 66.10 0.14 64.90 
0.18 58.60 0.16 68.60 0.17 69.20 
0.21 59.70 0.19 70.10 0.20 72.70 
0.25 61.20 0.22 70.80 0.23 76.50 
0.30 61.30 0.25 71.00 0.27 77.70 
0.40 61.40 0.30 72.20 0.32 77.90 
0.60 61.90 0.40 72.60 0.37 78.00 
0.80 62.40 0.60 73.10 0.42 78.40 
1.00 62.90 0.80 73.70 0.60 78.70 
1.20 63.30 1.00 74.10 0.80 79.20 
1.40 63.90 1.20 74.50 1.00 79.50 
1.60 64.20 1.40 74.60 1.20 79.90 
1.80 64.50 1.60 74.80 1.40 80.20 

1.80 74.90 1.60 80.50 
1.80 80.70 



267. 

TABLE 11.2 (cont.)  

VELOCITY DISTRIBUTION 

Roughness B, k = 1.96 mms. 

x = 9.5 inches 

y 	u 
inches ft./sec. 

x = 11.5 inches 

YY 
inches 	ft./sec. 

x = 15.5 inches 

inches 	ft./sec. 

0.08 58.20 0.08 55.50 0.09 56.00 
0.13 62.00 0.11 60.90 0.12 60.30 
0.17 67.90 0.14 64.70 0.15 65.10 
0.20 72.10 0.17 69.50 0.18 69.10 
0.23 75.20 0.20 72.00 0.21 71.30 
0.26 78.00 0.23 75.50 0.25 75.60 
0.30 80.90 0.27 78.80 0.30 80.50 
0.35 82.00 0.32 82,70 0.35 82.70 
o.40 83.10 0.37 84.30 0.40 85.00 
o.45 83.30 0.42 85.80 0.45 87.70 
0.55 83.30 0.47 86.00 0.50 87.90 
0.60 83.70 0.52 86.30 0.60 88.10 
0.80 83.80 0.60 87.00 0.70 88.70 
1.00 83.90 0.70 87.10 0.80 89.10 
1.20 83.90 0.80 87.20 1.00 89.80 
1.40 84.00 1.00 87.20 1.20 90.10 
1.60 84.00 1.20 87.30 1.40 90.40 
1.80 84.10 1.40 87.30 1.60 90.50 

1.60 87.30 1.80 90.60 
1.80 87.40 



268. 
TABLE 11.2 (cont.) 

VELOCITY DIE)TIIDUTION 

Roughness B, k = 1.96 mms. 

x = 19.5 inches 

inches 	ft./sec. 

x = 23.5 

inches 

inches 

ft./sec. 

x = 27.5 

y 
inches 

inches 

ft./sec. 

0.08 54.00 0.08 52.40 0.08 54.80 
0.12 60.60 0.12 59.30 0.12 60.30 
0.15 65.00 0.15 64.60 0.15 65.20 
0.18 69.40 0.18 70.10 0.19 69.90 
0.21 72.20 0.21 73.30 Q.22 73.80 
0.25 75.80 0.25 76.70 0.26 77.00 
0.30 79.90 0.30 80.20 0.32 82.10 
0.35 83.80 0.35 83.20 0.37 85.40 
0.40 87.20 0.40 87.00 0.42 88.30 
0.45 89.00 0.45 88.80 0.47 91.00 
0.50 90.10 0.50 92.10 0.52 93.00 
0.55 91.40 0.55 93.10 0.57 95.10 
0.60 91.60 0.60 93.80 0.62 95.80 
0.70 91.80 0.70 94.40 0.70 97.20 
0.80 92.10 0.80 95.00 0.80 97.70 
0.90 92.50 0.90 95.60 0.90 98.20 
1.00 92.80 1.00 95.90 1.00 98.70 
1.20 93.60 1.20 96.30 1.20 99.60 
1.40 94.00 1.40 96.70 1.40 100.10 
1.60 94.20 1.60 97.50 1.60 100.30 
1.80 94.30 1.80 97.60 



269. 

TABLE 11.3  

VELOCITY DISTRIBUTION 

ROUGHNESS C, k = 3.16 rams. 

x = 3.5 

inches 

inches 

ft./sec. 

x = 5.5. 

inches 

inches 

ft./sec. 

x = 7.5 inches 

y 
inches 	ft./sec. 

0.10 41.50 0.11 43.00 0.10 41.10 
0.14 42.30 0.14 46.40 0.12 45,20 
0.17 45.00 0.16 48.40 0.15 49.30 
0.20 45.30 0.18 50.80 0.18 51.80 
0.23 46.20 0.21 52.70 0.21 54.10 
0.26 47.30 0.25 53.10 0.25 56.60 
0.30 47.50 0.30 54.20 0.32 59.00 
0.40 47.90 0.35 54.70 0.37 59.10 
0.50 48.50 0.45 55.10 0.47 59.40 
0.60 49.00 0.55 55.50 0.57 59.50 
0.80 49.40 0.75 56.00 0.77 59.90 
1.00 50.10 0.95 56.90 0.97 61.10 
1.20 50.50 1.15 57.10 1.17 61.20 
1.40 51.10 1.35 57.40 1.37 61.90 
1.60 51.60 1.55 57.70 1.57 62.30 
1.80 51.90 1.75 58.10 1.77 62.50 



270. 

TABLE; 11.3 (Cont.) 

VELOCITY DISTRIBUTION 

ROUGHNESS CI  k = 3.16 rms. 

x = 9.5 inches 

inches 	ft./sec. 

x = 11.5 

inches 

inches 

ft./sec. 

x = 15.5 

inches 

inches 

ft./sec. 

0.10 42.80 0.10 42.50 o.10 41.90 
0.12 43.80 0.13 46.00 0.11 43.00 
0.15 47.60 0.16 49.00 0.14 47.30 
0.18 51.30 0.19 52.00 0.17 50.80 
0.21 54.30 0.22 55.20 0.20 53.80 
0.24 56.50 0.25 58.00 0.23 56.00 
0.28 58.00 0.29 60.10 0.27 58.90 
0.33 60.90 0.34 61.90 0.32 62.30 
0.38 61.40 0.39 62.90 0.37 63.90 
0.43 61.80 62.85 0.42 65.30 
0.48 62.00 0.49 64.40 0.47 66.20 
0.58 62.30 0.57 64.70 0.52 66.30 
0.78 62.90 0.67 65.00 0.57 66.70 
0.98 63.15 0.77 65.10 0.67 67.30 
1.18 63.80 0.97 65.20 0.77 68.00 
1.38 64.30 1.17 65.80 0.97 68.70 
1.58 64.40 1.37 66.40 1.17 69.20 
1.78 64.60 1.57 67.00 1.37 69.50 

1.77 67.50 1.57 69.80 
1.77 69.90 



271. 

TABLE 11.3 (cont.) 

VELOCITY DISTRIBUTION 

ROUGHNESS C, k = 3.16 mms. 

x = 19.5 

Y 
inches 

inches 

ft./sec. 

x = 23.5 inches 

inches 	ft./sec. 

x = 27.5 

inches 

inches 

ft./sec. 

0.10 40.60 Q.10 41.00 0.10 42.50 
0.12 /0.30 0.11 43.50 0.13 45.80 
0.15 48.50 0.15 48.20 0.16 49.70 
0.18 51.70 0.18 51.60 0.19 53.00 
0.21 54.20 0.20 53.20 0.22 55.50 
0.25 58.00 0.23 55.90 0.25 57.70 
0.30 61.50 0.27 59.50 0.29 61.10 
0.35 63.40 0.32 62.00 0.34 64.80 
0.40 66.90 0.37 65.30 0.39 67.40 
0.45 67.00 0.42 67.70 0.44 69.70 
0.50 68.80 0.47 69.10 0.49 71.50 
0.55 70.10 0.52 70.20 0.54 72.90 
0.65 70.20 0.57 71.50 0.59 74.30 
0.75 72.10 0.62 72.30 0.64 76.00 
0.95 72.40 0.67 72.90 0.69 76.70 
1.15 73.00 0.77 73.70 0.79 78.00 
1.35 73.20 0.87 74.10 0.89 78.80 
1.55 73.40 0.97 74.90 1.00 79.00 
1.75 73.80 1.17 76.00 1.20 79.70 

1.37 76.50 1.40 80.50 
1.57 76.80 1.60 81.00 
1.77 76.80 1.80 81.50 



272. 

TABLE 11.4 

VELOCITY DISTRIBUTION 

ROUGHNESS D, k = 4.75 rams. 

x = 3.0 inches 	x = 5.0 inches 

inches 	ft./sec. 	inches 	ft./sec. 

x = 7.0 inches 

inches 	ft./sec,, 

0.14 33.70 0.13 37.00 0.14 37.30 
0.18 35.50 0.16 39.10 0.18 41.20 
0.21 37.60 0.19 42.00 0.21 43.60 
0.25 39.70 0.23 45.00 0.25 47.50 
0.28 41.30 0.26 46.80 0.28 49.10 
0.31 41.80 0.29 48.40 0.31 51.80 
0.35 42.80 0.33 51.00 0.35 54.00 
0.40 43.40 0.38 51.40 0.38 54.30 
0.45 43.60 0.43 52.30 0.41 55.30 
0.55 43.90 0.53 52.50 0.45 55.40 
0.65 /0.10 0.63 52.60 0.50 55.80 
0.75 44.40 0.73 52.70 0.55 56.00 
0.95 44.80 0.93 53.00 0.65 56.10 
1.15 45.20 1.13 53.70 0.75 56.70 
1.45 45.50 1.43 54.00 0.95 57.70 
1.75 46.00 1.73 54.50 1.15 57.90 

1.45 58.10 
1.75 58.30 



273. 

TABLE II. 4 (cent.)  

VELOCITY DISTRIBUTION 

ROUGHNESS D, k = 4.75 mms. 

x = 9.0 inches 

inches 	ft./sec. 

x = 11.0 inches 

inches 	ft./sec. 

x = 15.0 inches 

inches 	ft./seco 

0.14 37.10 0.14 37.40 0.13 35.30 
0.15 38.10 0.17 39.50 0.16 37.50 
0.18 42.00 0.20 42.30 0.19 41.60 
0.22 45.60 0.22 44.40 0.23 45.50 
0.25 48.80 0.24 46.00 0.26 48.20 
0.28 50.70 0.27 48.20 0.31 51.50 
0.32 52.20 0.29 49.60 0.35 54.80 
0.38 55.30 0.33 52.70 0.40 56.50 
0.43 57.20 0.38 55.70 0.45 58.30 
0.48 57.30 0.43 56.50 0.50 60.40 
0.53 58.00 0.48 57.30 0.55 62.40 
0.63 58.50 0.53 57.70 0.60 62.80 
0.73 58.60 0.58 58.70 0.65 63.10 
0.93 59.30 0.63 59.00 0.75 63.20 
1.13 60.00 0.68 59.20 0.85 63.40 
1.33 60.20 0.78 59.60 0.95 63.90 
1.53 60.40 0.88 60.30 1.05 64.20 
1.73 61.00 0.98 60.90 1.15 65.00 
1.93 61.10 1.08 61.30 1.35 65,50 

1.18 61.60 1.55 66.00 
1.38 62.40 1.75 66.50 
1.58 63.00 
1.78 63.10 



274. 

TABLE 11.4 (cent) 

VELOCITY DISTaIBUTION 

ROUGHNESS D, k = 4.75 mms. 

x = 19.0 inches 

Y 	u 
inches 	ft./sec. 

x = 23.0 inches 

y 	u 
inches 	ft./sec. 

x = 27.0 inches 

y 	u 
inches 	ft./sec. 

0.15 40.30 0.14 39.00 0.14 37.50 
0.18 40.80 0.18 41.20 0.18 40.80 
0.21 'i'.00 0.23 45.90 0.21 43.80 
0.25 46.20 0.26 48.20 0.25 47.30 
0.28 48.80 0.30 51.00 0.28 50.00 
0.31 51.30 0.33 52.70 0.31 52.40 
0.35 53.20 0.36 54.20 0.35 54.90 
0.40 56.60 0.40 56.50 0.40 57.20 
0.45 58.70 0.45 58.40 0.45 59.70 
0.50 59.90 0.50 60.60 0.50 62.30 
0.55 62.00 0.55 63.60 0.55 63.50 
0.60 63.30 0.60 65.30 0.60 65.70 
0.65 64.30 0.65 66.00 0.65 66.80 
0.70 65.20 0.70 66.70 0.70 68.00 
0.75 65.40 0.75 68.20 0.75 69.50 
0.85 66.30 0.85 68.90 0.80 69.70 
0.95 66.90 0.95 69.50 0.85 70.00 
1.05 67.30 1.o5 70.00 0.95 70.70 
1.15 67.70 1.15 70.40 1.05 72.00 
1.35 68.10 1.35 70.80 1.15 72.60 
1.55 68.50 1.55 71.30 1.35 72.70 
1.75 68.80 1.75 72.00 1.55 73.0 

1.75 73.40 



275. 

TABLE III .1.  

TOTAL DRAG ALONG THE WALL 

ROUGHNESS "A", k = 1.56 mms., 
h = 1.40 inches 

Inches 41:/sec. 
S„ 

Inc 

U 6  
. inch Sec. 

4 
fpodu 
ib . Inch 
ftz 

,11 

	

fcts 	4 pot/ 	
lb .inch, 

	

M .inch 	16 . 
TEL 

3.50 47.40 0.064 	3.03 	0.200 	-0.385 -0.082 0.267 
5.50 51.90 0.0735 3.82 	0.290 	-0.685 -0.020 0.415 
7.50 54.80 0.0815 4.47 	0.375 	-0.940 -0.010 0.575 
9.50 57.40 0.091 	5.22 	0.470 	-1.170 '0;00 0.700 

11.50 59.20 0.102 	6.04 	0.570 	-1.40 0.00 0.83 
15.50 61.20 0.112 	6.85 	0.700 	-1.85 0.00 1.15 
19.50 63.15 0.125 	7.89 	0.850 	-2.30 0.00 1.45 
23.50 65.20 0.139 	9.06 	1.020 	-2.82 0.00 1.80 
27.50 66.85 o.151 10.09 	1.180 	-3.31 0.00 2.13 

TABLE 111.2. 

TOTAL DRAG ALONG THE WALL 

ROUGHNESS "B'", k 	1.96 me., 

h = 1.40 inches 

3.50 63.90 0.074 	4.73 	0.380 	-0.91 -0.125 0.655 
5.50 74.60 0.082 	6.12-  0.605 	-1.45 -0.07 0.915 
7.50 80.20 0.089 	7.14 	0.785 	-1.905 -0.042 1.162 
9.50 84.00 0.097 	8.15 	0.990 	-2.53 -0.01 1.55 

11.50 87.30 0.105 	9.17 	1.180 	-3.10 0.00 1.92 
15.50 90.40 0.124 	11.21 1.610 	-4.43 0.00 2.82 
19.50 94.00 0.140 	13.16 2.030 	-5.54 0.00 3.51 
23.50 96.70 0.154 	14.89 2.420 	-6.62 0.00 4.20 
27.50 100.10 0.170 	17.02 2.90 	-7.80 0.00 4.90 
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TABLE III.3

TOTAL DRAG ALONG THE WALL
ROUGHNESS 0, k ::: 3.16 mms,

h = 1.40 inches
U

.~
. x h h Di1t

U~ J.e~U8~~ p Idy~D.PdYin. ft./ sec. lb .
Inch .#c..,nc;. lA·lnt.A ~.in I./A.j~ fi21Y.\4

3.50 51.10 0.082 4.19 0:275" -0.61 -0.04 0.375
5.50 57.45 0.095 5.46 0.44 -1.05 -0.01 0.62
7.50 61.90 0.105 6.49 0.56 -1.39 -0.01 0.84
9.50 64.30 0.117 7.52 0.70 -1.78 0.0 1.08

11.50 66.40 0.127 8.43 0.84 -2.20 0.0 1.36
15.50 69.50 0.143 9.93 1.10 -2.90 0.0 1.80
19.50 73.25 0.158 11.57 1.38 -3.70 0.0 2 .. 32
23.50 76.50 0.178 13.60 1.78 -4.62 0.0 2.84
27.50 80 ..,0 0.197 15.86 2.15 -5.55 0.0 3.. 40

TABLE 1II.4

TOTAL DRAG ALONG THE WALL
ROUGHNESS D. k = 4.75 mms.,

h = 1.40 inches

&t:
. h

x U X~~d.. ~~~hptdYfAPd~
D

in. ft.j sec. in. lb ..
sec. 0 Ih.intJ. ~ 'ntJ y, JA..md. rt2J.11.

It~ ~'I ~l.

3.0 45.45 0.10g 4.95 0.315 - .67 -0.10 0.455
5.0 53.95 0.121 6.53 0~54 -1.20 -0.04 0.70
7.0 58.00 0.143 8.29 0.76 -1.68 -0.01 0.93
9.0 60.30 0.156. 9.41 0.92 -2.15 0.0 1.23

11.0 62.40 0.175 10.92 1.14 -2.70 0.0 1.5F
15.0 65.60 0.192 12.59 1.39 -3.39 0.0 2~QL

19.0 68.10 0.208 14.16 1.63 -4.23 0.0 2.60
23.0 70.90 0.222 15.74 1.89 -4.90 0.0 3.01
27.0 72.80 0.242 17.62 2.20 -5.87 0.0 3.67
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TABLE IV 

VELOCITY PROFILE AT SEPARATION 

k = 1.56 mms. 

inches ft./soc. 
re 

0.02 2.25 0.67 0.032 

0.04 2.40 0.65 0.0335 

0.07 2.45 0.70 0.0365 

0.10 3.80 0.63 0.051 

0.14 4.50 0.61 0.0585 

0.19 6.25 0.54 0.072 

0.24 7.60 0.52 0.084 

0.34 12.20 0.52 0.1350 

0.44 15.50 0.35 0.115 

0.54 20.20 0.27 0.115 

0.64 23.50 0.205 0.102 

0.74 27.50 0.128 0.075 

0.84 29.00 0.100 0.0615 

0.94 32.50 0.062 0.043 

1.14 39.00 0.035 0.029 

1.34 43,00 0.016 0.0146 

1.54 46.00 0.010 0.0098 

1.74 47.00 0.005 0.005 

1.84 47.00 0.005 0.005 



278. 

 

TABLE V 

  

VELOCITY DISTRIBUTION IN THE REGION 

SMOOTH WALLS. 
/Y 

V 	0 Irv*  

VERY CLOSE TO 

    

3 

As sum ion :Gou' v' 5=02y 
zy.*. 	u v y 
V 	-4 10 

ASSUMptiOnl_COUIVI) 
I*

o  
 

21747- 

= ety 

1.0 0.01923 0.98077 1.0 0.057168 0.942832 
2.0 0.07692 1.92308 2.0 0.181480 1.81852 
3.0 0.17307 2.82693 3.0 0.35674 2.64326 
4.0 0.30768 3.69232 4.0 0.57624 3.42376 
5.0 0.48077 4.51923 5.0 0.83579 4.1642.1 
6.0 0.69232 5.30768 6.0 1.1327 4.8673 
7.0 0.94232 6.05768 7.0 1.4644 5.5356 
8.0 1.23078 6.76922 8.0 1.8294 6.1706 
9.0 1.55771 7.44229 9.0 2.2261 6.7739 

10.0 1.92310 8.07690 10.0 2.6536 7.3464 
12.0 2.76926 9.23074 12.0 3.5958 8.4042 
14.0 3.76928 10.23072 14.0 4.6492 9.3508 
16.0 4.92314 11.07686 16.0 5.8080 10.1920 
18.0 6.23084 11.76916 18.0 7.0677 10.9323 
20.0 7.69240 12.30760 20.0 8.4240 11.5760 
22.0 9.30780 12.69220 22.0 9.8634 12.1366 
24.0 11.07692 12.92308 24.0 11.415 12.5850 
26.0 13.00 13.00 26.0 13.0450 12.9550 

28.0 14.7600 13.2400 
30.0 16.559 13.441 

13.560 32.0 18.440 
34.0 20.40 13.60 
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