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error must not exceed without being detected with a given 
probability based on integrity risk requirements.

The protection level is computed by considering the 
overbounded error distribution, nominal bias, probabilities 
of missed detection and false alert, and other factors that 
may vary depending on the positioning algorithms (e.g., 
ambiguity resolution overbounding). Figure  1 illustrates 
the main elements that should be considered when comput-
ing the protection level. Given that the error distribution is 
assumed to follow a Probability Density Function (PDF) 
(e.g., Gaussian), this assumption must be overbounded to 
ensure the safety of the navigation system. For example, 
Fig. 2 presents a Gaussian distribution that best fits the mea-
surement errors, along with an overbounded distribution that 
has a higher sigma to ensure safety. If the protection level 
is computed from the original Gaussian distribution, the 
probability that the true error exceeds the protection level 
might be higher than the integrity risk due to the Gaussian 
assumption. Therefore, the overbounded distribution should 
be used to ensure safety/integrity.

Introduction

Global Navigation Satellite Systems (GNSS) supports a 
wide range of mission-critical applications such as autono-
mous driving, drones, visually impaired people navigation, 
air navigation, maritime operation, and farm machinery. 
Integrity has special importance for mission-critical appli-
cations, which are monitored at the user level through the 
Receiver Autonomous Integrity Monitoring (RAIM) algo-
rithm. One of the main outputs of the RAIM algorithm is 
the protection level, which is an upper bound that a position 
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Abstract
Global Navigation Satellite Systems (GNSS) support numerous applications, including mission-critical ones that require 
high integrity for safe operations such as air, maritime, and land-based navigation. These applications require ensuring 
the upper bound of the positioning computation, including overbounding any assumptions made in positioning algorithms. 
One of the main assumptions in the GNSS positioning algorithm is that the error follows a Probability Density Function 
(PDF), widely assumed to be Gaussian. This assumption should be overbounded to ensure safety. Two mathematical 
definitions of distribution overbounding have been proposed: Cumulative Distribution Function (CDF) overbounding and 
paired overbounding. Achieving these definitions has been an open problem for the past 20 years, and to date, no methods 
have effectively achieved either definition in multimode datasets. This paper proposes the first overbounding method, the 
Maximum non-Bounded Difference (MnBD) method, capable of achieving both definitions. Its effectiveness is assessed 
by comparison with the combined CDF bounding and paired overbounding approach. The results show that the MnBD 
method successfully achieves overbounding in both real datasets and 1000 simulated multimode data, tested on Gauss-
ian and Generalized Extreme Value (GEV) distributions. The latter demonstrates MnBD’s ability to handle asymmetric 
distributions. The developed approach can be utilized in overbounding the GNSS error at the system level and user level 
to ensure the system integrity.
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Overbounding can be applied at the system level, user 
level, or both. In system-level integrity monitoring, the 
overbounded error distribution can be computed using the 
integrity reference station and then sent to the user via an 
Integrity Support Message (ISM), such as those sent by the 
Satellite-Based Augmentation System (SBAS) and Ground-
Based Augmentation System (GBAS). According to the 

EU-U.S. Cooperation on Satellite Navigation 2016, the 
Advanced RAIM (ARAIM) ISM includes the Sigma user 
range accuracy (σ URA) in Type 1 A and Type 1B messages. 
The σ URA  value multiplies the broadcast user range accu-
racy value from the satellite to determine the overbounding 
integrity sigma, which is then input into the user algorithm.

However, system-level integrity monitoring does not 
account for user-level errors (e.g., multipath), so using ISM 
information alone cannot ensure bounding for errors caused 
by user-level sources. Consequently, user-level error over-
bounding must be utilized, particularly in complex environ-
ments (e.g. urban environment).

In theory, there are four potential operationaloptions for 
implementing overbounding. The first option is utilizing 
ISM information alone; while this cannot ensure complete 
overbounding, it can be used to some extent in open-sky 
environments. The second option is using ISM informa-
tion with additional factors to overbound user-level errors, 
which can improve system integrity and safety compared to 
using ISM information alone but may impact system avail-
ability. The third option involves developing a mechanism 
to overbound user-level errors while also using ISM infor-
mation, which can improve system availability compared to 
the second option while ensuring system integrity. Finally, 
the fourth option is developing a mechanism that can over-
bound all error sources at the user level without using ISM 
messages, maintaining system availability while reducing 
investment in SBAS and GBAS systems. However, to date, 
the development of overbounding has focused on system-
level overbounding.

Fig. 2  Gaussian distribution vs. overbounded Gaussian distribution

 

Fig. 1  Protection level elements
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Overbounding methods are classified as either measure-
ment domain or position domain. The former is based on 
bounding measurement data, where errors are modelled 
separately for each satellite and mapped or projected to the 
position domain. In contrast, position domain overbound-
ing is based on bounding the position errors without the 
need for transformation or mapping of the errors (Osechas 
and Rife 2013). Figure 3 presents the overbounding in the 
measurement and position domains within the positioning 
architecture.

Position domain bounding was introduced by Markin and 
Shively (1995) as an alternative to range or measurement 
domain overbounding, as it could reduce the protection 
level and simplification of the related computations. Since 
then, significant efforts have been made to improve posi-
tion domain overbounding methods (Lee 2004; Ahmad et al. 
2014; Lee et al. 2009; Osechas and Rife 2013 ). However, 
overbounding in the position domain has limitations, includ-
ing not considering temporal correlation and multipath. In 
addition, position domain overbounding does not ensure the 
bounding for the position itself (Osechas and Rife 2013).

In the measurements domain overbounding, the first 
true mathematical definition of overbounding was given 
by DeCleene (2000), called the Cumulative Distribution 

Function (CDF) overbounding theorem. Although this defi-
nition effectively links measurement and position domain 
overbounding, it has limitations in overbounding multi-
modal distributions. Therefore, significant research has been 
undertaken since the introduction of the CDF overbounding 
theorem to deal with multimodal distribution and minimize 
the overbounding region to increase system availability. Of 
these efforts, moment bounding (Raytheon 2002), operates 
in the moment domain and accounts for asymmetric, non-
zero mean, and multimodal distributions. According to Rife 
et al. (2004b), moment bounding provides poor performance 
for small biases and can only efficiently bound large biases.

In addition to the CDF overbounding definition, Rife 
et al. (2004a) introduced the Paired CDF overbounding 
mathematical definition, which extends the CDF over-
bounding definition. Paired CDF overbounding is based on 
two CDF bounds: left and right CDF overbounds. Paired 
CDF overbounding effectively links measurement domain 
with position domain overbounding. In addition, it allows 
bounding of asymmetric, shifted-median, and multimodal 
distributions.

Several methods have been developed to achieve the 
overbounding definitions (CDF and paired). More recent 
efforts by Blanch et al. (2017) and Blanch et al. (2018) 

Fig. 3  The overbounding in the measurement and position domains within the positioning architecture
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GL (x) ≥ Ga (x) ∀ GL ≤ 1

2
� (3)

GR (x) ≤ Ga (x) ∀ GL ≥ 1

2
� (4)

where: GL (x) and GR (x) are two CDF overbounds (Ga) 
from the left and right sides respectively. Then the over-
bounded distribution G0 can be given by:

G0 =






GL (x) ∀ GL < 1
2

1
2

otherwise

GR (x) ∀ GR > 1
2




 � (5)

Unlike CDF overbounding, paired overbounding ends up 
with two distributions—one to overbound the right tail and 
another to overbound the left tail. This introduces complex-
ity in the positioning algorithm, especially when the solu-
tion separation RAIM algorithm is implemented, making it 
less reliable to execute based on today’s computer power.

Combining CDF bounding and paired overbounding

Combining CDF bounding and paired overbounding 
involves two stages: determining overbounded Gaussian 
distributions for the right and left tails, and then bound-
ing both overbounded distributions with a single Gaussian 
distribution. The first stage includes two steps: forming a 
unimodal and symmetric distribution that bounds the empir-
ical distribution and determining a Gaussian overbounding 
distribution. Since this method involves overbounding raw 
data with an empirical distribution and then overbounding 
the empirical distribution, it can result in extra bounds.

Testing the Combining CDF bounding and paired over-
bounding technique (Blanch et al. 2017) using MATLAB 
Gaussian overbounding scripts (The Board of Trustees of 
the Leland Stanford Junior University 2017), which is pre-
sented in the Results section, reveals significant shifts in the 
distribution’s mean values across many datasets. Further-
more, the tests show that bounding is not always ensured in 
the datasets.

Maximum non-bounded difference method

The MnBD method is based on utilizing a search algorithm 
to compute the maximum non-bounded difference between 
the CDF and the empirical CDF (eCDF). Specifically, the 
method calculates this difference, and if the maximum non-
bounded difference indicates that the overbounding does 
not achieved, the distribution parameters are updated. The 

introduced combining CDF bounding and paired over-
bounding technique. This technique aims to achieve the 
paired overbounding definition, by applying the CDF over-
bounding independently to each side. Therefore, this tech-
nique can be considered a mechanism to achieve the paired 
overbounding definition. However, this technique has been 
tested in this paper, and the results show that it cannot ensure 
bounding in all datasets and can cause a significant shift in 
the distribution mean.

This paper proposes, for the first time, an overbound-
ing method that can achieve overbounding for any data-
set, including multimodal datasets. The proposed method, 
called the Maximum non-Bounded Difference (MnBD) 
overbounding method, can achieve both CDF and paired 
overbounding definitions. It can effectively overbound both 
Gaussian and non-Gaussian distributions, as demonstrated 
using the Gaussian and Generalized Extreme Value (GEV) 
distributions. The method has been tested using both real 
and simulated datasets.

Overabounding methods

This section reviews the two overbounding definitions: 
CDF overbounding and paired CDF overbounding. In addi-
tion, this section reviews combining CDF bounding and 
paired overbounding, which aims to achieve paired CDF 
overbounding.

Cumulative distribution function overbounding

The CDF overbounding is considered the first true over-
bounding definition, and it effectively links measurement 
and position domain overbounding. If G0 and Ga (x) are 
CDFs, then G0 overbound Ga (x) if:

G0 (x) ≥ Ga (x) , ∀Ga <
1

2
� (1)

G0 (x) ≤ Ga (x) , ∀Ga >
1

2
� (2)

The CDF overbounding results in a single distribution that 
overbounds the empirical distribution.

Paired CDF overbounding

Paired overbounding is based on two CDF bounds: left and 
right CDF overbounds. The first bounds the left side of the 
distribution, while the second bounds the right side of the 
distribution. The left and right CDF overbounds for the CDF 
(Ga) can be achieved by:
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maximum non-bounded difference between the CDF and 
eCDF

To achieve the above condition on the right side, the 
maximum value of eCDF (x)− F (x) must be equal or 
lower than zero, which refers to MnBD on the right side 
(MnBDL). This can be given by:

MnBDR = max (F (x)− eCDF (x)) , ∀ eCDF >
1

2
� (11)

From the above equations, the MnBD between the eCDF 
and CDF, computed in each step of the empirical distribu-
tion (n steps) is represented by:

MnBD = max (MnBDL, MnBDR)� (12)

Distribution overbounding is achieved if the assessment 
MnBD is equal to or greater than zero. The MnBD method 
is an iterative method, using Eq.  12 as a search window. 
Two main conditions must exist to achieve the full over-
bounding: the MnBD equal to or lower than zero, and the 
median of the overbounded distribution equal to the row 
data median. The overbounding must be achieved for distri-
bution overall in the measurement’s domain, then the posi-
tion domain overbounding can be achieved.

The MnBD methods can be used to overbound the tail at 
various significance levels (α ). Then the MnBD is given by:

MnBDL = max (eCDF (xi)− F (xi)) , ∀ eCDF <
α

2
� (13)

MnBDR = max (F (x)− eCDF (x)) , ∀ eCDF >
α

2
� (14)

MnBDα = max
(
MnBDLα

2
, MnBDRα

2

)
� (15)

Although the distribution median must equal the raw data 
median to ensure full overbounding, it can be replaced by 
the mean in case bounding is required at a specific signifi-
cance level, such as bounding in the position domain. In 
summary, the CDF-based MnBD overbounding search 
algorithm is based on Eq.  12, with the condition that the 
median of the overbounded distribution must always equal 
the median of the raw data. For overbounding at a specific 
significance level, Eq. 15 can be used instead of Eq. 12.

If overbounding is not achieved, which may occur in 
multimodal datasets, then paired overbounding can be used.

Paired based-MnBD overbounding

The paired overbounding is based on generating two dis-
tributions that overbound the eCDF. From Eqs.  (10–11), 

search process continues until the maximum difference in 
the non-bounded regions ideally equals zero.

For example, in the case of overbounding a Gaussian dis-
tribution, the method computes the maximum non-bounded 
difference between the CDF of the fitted Gaussian and the 
eCDF. Initially, this difference is typically not zero for the 
fitted distribution. The search algorithm then incrementally 
increases the standard deviation values until the maximum 
non-bounded difference becomes zero, thereby achieving 
overbounding.

This method is designed to achieve overbounding as 
defined by CDF overbounding (DeCleene 2000) or paired 
overbounding (Rife et al. 2004a). Consequently, the MnBD 
method is categorized in this paper as CDF-based MnBD 
and paired-based MnBD.

CDF-based MnBD overbounding

To derive the mathematical model of the CDF overbounding-
based MnBD method, we start with the CDF overbounding 
definition. Overbounding is achieved using Eqs. (1–2) if:

F (x) ≥ eCDF (x) , ∀ eCDF <
1

2
� (6)

eCDF (x) ≥ F (x) , ∀ eCDF >
1

2
� (7)

where: F (x) is the CDF of the overbounded distribution 
and eCDF  is the empirical CDF.

Then, Eqs. (6–7) can be rewritten as:

F (x)− eCDF (x) ≥ 0, ∀ eCDF <
1

2
� (8)

F (x)− eCDF (x) ≤ 0, ∀ eCDF <
1

2
� (9)

To achieve the above condition on the left side, the maxi-
mum value of eCDF (xi)− F (xi) must be equal or lower 
than zero, which refers to the Maximum non-Bounded Dif-
ference on the left side (MnBDL). This can be represented 
by:

MnBDL = max (eCDF (xi)− F (xi)) , ∀ eCDF <
1

2
� (10)

where: xi is the row of data points used to create the eCDF. 
Distribution overbounding is achieved in the left side bound-
ing if the MnBDL  is equal to or lower than zero. In case the 
MnBDL  is higher than zero, this value then represents the 
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side distribution will be shifted to the left. Put differently, 
in multimodal datasets, the search should be applied to the 
distribution median to achieve the conditions in Eqs. (16–
17).  In summary, the paired based-MnBD overbounding 
search algorithm is based on Eqs. 16 and 17.

Results

In this section, pseudorange errors were computed using 
data from 20 Ordnance Survey (OS) National GNSS refer-
ence stations in the UK, as presented in Fig. 4. Observations 
were collected over a 3-hour period with a 30-second sam-
pling interval. Positioning for these stations was computed 
with millimetre-level accuracy using the static position-
ing mode (carrier-based static positioning)  in the RTKlib 

the distribution (H) that overbounds the right tail can be 
achieved when the MnBDL value on the right side is lower 
than or equal to zero, and the distribution (Q) that over-
bounds the right tail can be achieved when the MnBDR

value on the right side is lower than or equal to zero, as 
follows:

MnBDL = max (eCDF (xi)− H (xi)) , ∀ eCDF <
1

2
� (16)

MnBDR = max (F (Q)− eCDF (x)) , ∀ eCDF >
1

2
� (17)

If overbounding is not achieved using the median, which 
may occur in multimodal datasets, the median of the distri-
bution shall be shifted. For the right overbounding distribu-
tion, the shift shall be applied to the right side, while the left 

Fig. 4  Map of OS stations utilised in this paper 

1 3

22  Page 6 of 14



GPS Solutions (2025) 29:22

Comparing the standard deviations of the fitted Gauss-
ian distributions between the 1000 and 142,651 samples, 
the standard deviation increased by 1.15 times, whereas the 
overbounded Gaussian distribution increased by more than 
6.5 times. This demonstrates that overbounding is a com-
plex problem with behaviour significantly different from 
simply fitting a distribution and is highly impacted by fail-
ure measurements. These findings highlight the importance 
of Outlier Detection and Exclusion (ODE) at the system 
level within mission-critical applications.

Overbounded GEV distribution using the MnBD 
method

Since the GEV scale and shape parameters impact the 
bounding domain, one or two of these parameters can be 
used in the MnBD searching algorithm. In this section, 
the scale parameter has been used in the MnBD searching 
algorithm. As noted earlier, the median of the distribution 
must equal the median of the row data to achieve the full 
overbounding. Therefore, the value of the mean parameter 
has been updated by changing the scale parameter within 
MnBD searching, to ensure that the distribution median 
equal to the row data medium.

The results demonstrate that the MnBD method achieves 
overbounding using the GEV distribution, as shown in 
Fig. 7. While the scale and shape parameters of the fitted 
GEV distribution are − 0.2283  m and 1.0779  m, respec-
tively, the overbounded GEV distribution has scale and 

software, using known reference station. The pseudorange 
residuals from the least square’s method were assumed to be 
the true error values, given that the pseudorange errors are 
at the meter level while the position accuracy was computed 
at the millimetre level. The GPS L1-C/A pseudorange data 
were extracted and used for the analysis in this section.

Overbounded Gaussian distribution using the MnBD 
method

The MnBD method utilised a search algorithm to find the 
standard deviation for the overbounded Gaussian distribu-
tion F0 ∼ (median, σ ). The error data were combined 
from 20 stations, resulting in a dataset with 142,651 rows. 
Overbounding was applied to the combined dataset, and the 
results show that the proposed method achieves overbound-
ing, as shown in Fig. 5. While the standard deviation of the 
fitted Gaussian distribution is 0.53 m, the overbounded dis-
tribution has a standard deviation of 9.53 m, which is more 
than 17 times higher than the fitted one.

The MnBD overbounding was also applied to the first 
1000 rows of the dataset, as overbounding is highly impacted 
by measurement distribution and failure measurements. The 
results show that the standard deviation of the fitted Gauss-
ian distribution is 0.46 m, while the overbounded Gaussian 
distribution has a standard deviation of 1.46  m, which is 
3.17 times the fitted standard deviation. Figure 6 presents 
the overbounding results for the sample size of 1000.

Fig. 5  MnBD overbounding results from the combined dataset
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Paired-based MNDB overbounding results

The MnBD method was applied to the combined dataset to 
assess the impact of paired overbounding on system avail-
ability. The results indicate that paired overbounding can 
significantly enhance system availability compared to CDF 
overbounding, as shown in Fig.  9. Specifically, the 95% 
confidence interval length computed from the two paired 

shape parameters of -0.0278 m and 3.9779 m. By comparing 
the overbounded GEV distribution with the overbounded 
Gaussian distribution, the results show that the GEV distri-
bution provides tighter bounds than the overbounded Gauss-
ian, as illustrated in Fig. 8. This suggests that using the GEV 
distribution can improve system availability in some cases.

Fig. 7  Overbounding results using the MnBD method with the GEV distribution

 

Fig. 6  MnBD overbounding results from the first 1000 row
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MnBD method successfully achieved overbounding for all 
1000 simulated datasets. These results were compared with 
those obtained using the CDF bounding and paired over-
bounding techniques proposed by Blanch et al. 2017; using 
MATLAB Gaussian overbounding scripts (The Board of 
Trustees of the Leland Stanford Junior University 2017), 
and utilising configuration parameters of 100 bins, 1000 
steps on the CDF, and an epsilon value of 0.0025. Further 

overbounded distributions is 6.32  m, while the interval 
computed from the CDF overbounding is 38.12 m. Table 1 
summarizes the overbounded distribution parameters and 
the length of the 95% confidence interval.

Since CDF overbounding has limitations in overbound-
ing multimodal asymmetric data, a random sample of 1000 
multimodal asymmetric datasets was simulated to test the 
proposed MnBD method. The results demonstrate that the 

Fig. 9  Comparison of system availability using paired overbounding and CDF overbounding with the MnBD method

 

Fig. 8  Comparison of overbounded GEV distribution and overbounded Gaussian distribution
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on the left side in 389 datasets. Figure 10, 11 and 12 pres-
ent key examples of datasets where overbounding is not 
achieved. In addition, the MnBD method produced two dis-
tributions that ensured overbounding with minimal shifting, 
while maintaining the standard deviation of the distribution. 
In contrast, the CDF bounding and paired overbounding 
techniques resulted in significant shifting and/or large stan-
dard deviations in many datasets. Specifically, the shift in 
the mean of the right distribution using the CDF bounding 
and paired overbounding techniques was 10 times greater 
than that of the MnBD method in 235 datasets, and 20 times 
greater in 108 datasets. Furthermore, the standard deviation 
of the right distribution computed using the CDF bounding 
and paired overbounding techniques was twice as high as 
that of the MnBD method in 378 datasets, and three times 
as high in 123 datasets. Figures  10, 11 and 12 illustrate 

sensitivity analysis of these parameters is conducted in this 
section.

The findings indicate that the CDF bounding and paired 
overbounding techniques failed to achieve overbounding 

Table 1  Parameters of the overbounded distributions and the length of 
the 95% confidence interval for paired overbounding and CDF over-
bounding using the MnBD method

Mean
[m]

Standard 
deviation 
[m]

Length 
of 95% 
confidant 
interval [m]

Fitted Gaussian distribution ≈ 0 0.53 2.12
CDF-based overbounding ≈ 0 9.53 38.12
Paired-based 
overbounding

Overbounded 
Gaussian – left

-0.2 2.53 6.32

Overbounded 
Gaussian –right

0.4 0.53

Fig. 11  MnBD overbounding against combined CDF bounding and paired overbounding, dataset 2 

 

Fig. 10  MnBD overbounding against combined CDF bounding and paired overbounding, dataset 1
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(in increments of 0.003, resulting in 21 values within the 
range).

In total, 7497 overbounding solutions were generated in 
this test. Figure 13 presents the overbounded distributions 
on the left and right sides. The results show that bounding 
was not achieved on the left side in all solutions. The stan-
dard deviation of the left overbounded distributions ranged 
between 2.4 m and 10.6 m, while the mean ranged between 
1 m and 2.5 m. For the right overbounded distributions, the 
results show that all overbounded distributions exhibited 
a high level of mean shifting, ranging between 16 m and 
39 m, with standard deviations ranging from 13 m to 44 m. 
These findings indicate that the CDF bounding and paired 
overbounding technique cannot achieve bounding in some 
datasets, even when searching for the ideal configuration 

the significant variance in the standard deviation observed 
when comparing the CDF bounding and paired overbound-
ing techniques with the MnBD method.

Since CDF bounding and paired overbounding techniques 
are functions of three configuration parameters—number of 
bins, steps in the CDF, and epsilon—a sensitivity analysis 
has been conducted on these parameters for the dataset pre-
sented in Fig. 13. The sensitivity analysis involved generat-
ing overbounded distributions using various combinations 
of these parameters: the number of bins ranging from 10 
to 1010 (in increments of 50, resulting in 21 values within 
the range), the number of steps in the CDF ranging from 10 
to 1010 (in increments of 50, resulting in 21 values within 
the range), and epsilon values ranging from 0.001 to 0.05 

Fig. 13  Overbounded distributions on the left and right sides generated from various combinations of configuration parameters for the CDF bound-
ing and paired overbounding techniques. In total, 7497 overbounding solutions were tested

 

Fig. 12  MnBD overbounding against combined CDF bounding and paired overbounding, dataset 3
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the system, especially when solution separation RAIM 
is implemented. Future works shall reduce the ARAIM 
complicity and conduct a cost-benefit analysis of utilis-
ing paired-based MnBD.

	● The overbounding shall be evaluated when the SBAS 
integrity monitoring stations are within a specific area. 
For example, in the UK, a trial for UK SBAS has been 
developed using the OS net reference stations (Ord-
nance Survey 2024). Since these stations are within the 
UK, the system level may have complexity in mapping 
and computing the overbounded distribution, due to the 
poor geometry.

Since the system level does not account for user-level error 
sources, the MnBD overbounding implementation should 
be applied at the user level. In complex environments (e.g., 
urban areas), user-level MnBD is particularly important, as 
the level of user-level error is higher due to the impact of 
multipath. The following points summarize considerations 
for overbounding implementation at the user level, along 
with key areas for future work:

	● Apply overbounding to the measurement population (by 
signal ID) that includes all environments. This results 
in factors that ensure the bounding. This requires defin-
ing the characteristics of the measurement population; 
however, this approach may significantly reduce system 
availability.

	● Develop an adaptive overbounding model that can dy-
namically update the overbounding distribution. This 
can be achieved by using measurement populations, 
each corresponding to a specific environment. The mod-
el can then update the overbounding distribution based 
on the environment. The environment here might refer 
to a physical one (e.g., open sky, urban, semi-urban) or 
to Quality Indicators (QIs)-based one. The latter can be 
defined using advanced statistical models (e.g., machine 
learning and/or deep learning) to determine the environ-
ment based on the QIs. In this case, the environment 
would not refer to a physical context but to QIs.

	● Apply paired-based MnBD can improve system avail-
ability; however, it can add complexity to the system. 
Therefore, a cost-benefit analysis at the user level should 
be conducted to evaluate this approach.

	● Develop a model that can integrate the user-level and 
system-level overbounding distribution. This required 
developing a user-level overbounding model that does 
not account for the system-level error, which then can 
be integrated with the overbounded distribution coming 
from the system-level.

	● Develop an outlier detection and exclusion model at 
both the user and system levels, since overbounding is 

parameters. In addition, this technique is sensitive to con-
figuration parameters, as evidenced by the wide range of 
standard deviations and means.

Overall, the results demonstrate that the paired-based 
MnBD method can achieve overbounding in multimodal 
asymmetric data, maintaining a low level of mean shifting 
while preserving the standard deviation. This has been vali-
dated with 1000 simulated datasets. In addition, the paired-
based MnBD method can improve system availability 
compared to the CDF-based MnBD method. The effective-
ness of the MnBD methods has been demonstrated against 
CDF bounding and paired overbounding technique.

Implementation of the MnBD Method

The MnBD method shall be used in mission-critical appli-
cations that require a high level of integrity across various 
sectors, including but not limited to aviation, maritime, 
transport, and farming. The method can be implemented in 
both system-level and user-level integrity monitoring.

The following key points summarize the considerations 
for the MnBD overbounding implementation in the system 
level includes key futures works:

	● The overbounded distribution can be computed at the 
system level and sent to the user via an integrity support 
message in the SBAS and GBAS. SBAS shall consider 
sending overbounding information to the users, as sug-
gested by the EU-U.S. Cooperation on Satellite Naviga-
tion 2016.

	● In the case of using CDF-based MnBD, one over-
bounded distribution shall be sent to the users. How-
ever, when using paired-based MnBD, the informa-
tion of the two distributions must be sent to the users. 
The transfer of the two distributions can be simplified 
by sending one mean parameter (bi ) and one standard 
deviation (σ boundedi)to the users, which provides the 
upper bound for the two distributions. This approach 
is suggested in the context of ARAIM development. 
For example, if the mean and standard deviation of the 
two distributions is (µ 1= 0.5 m, σ 1= 2 m) and (µ 2= 
-0.6 m, σ 2= 1.5 m), the upper levels of the mean and 
standard deviation can be sent to users is (bi  = 0.6 m, 
σ bounded = 2 m). At the user level, the user would use 
(µ left = −bi = −0.6m , σ left = σ bounded = 2  m) and 
(µ rigth = bi = 0.6m , σ rigth = σ bounded = 2m ) as the 
left and right overbounded distributions, which ensures 
safety. This simplifies the transfer of data but may re-
duce system availability.

	● While the paired-based MnBD has advantages in terms 
of improving system availability, it adds complexity to 
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