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Abstract
In this work, the validity of Linear Elastic Fracture Mechanics (LEFM) for measuring the energy release rates for adhesively bonded CFRP joints under Mode II and Mixed Mode I/II loading, using end loaded split (ELS) and fixed ratio mixed mode (FRMM) specimens respectively, has been investigated. The G values determined using LEFM coupled with an effective crack length approach have been compared with the J-integral values measured simultaneously using the crack length independent slope-based J-integral methods. It is shown that higher GIIc values than JIIc values were measured using ELS specimens, but the GI/IIc values were in good agreement with the JI/IIc values measured using the fixed ratio mixed mode specimens. It is shown (by experimental and numerical investigations) that LEFM became invalid in Mode II due to the occurrence of local damage in the bondline of the specimen close to the clamp. This local damage resulted in erroneously high GIIc values being measured via LEFM. In contrast, the J method was able to provide accurate and valid toughness values as the contribution of local damage could be excluded through careful selection of the integral contour. Further analysis indicates that, if the local damage was eliminated by adding additional constraint to the specimen at the clamp, then valid values of GIIc via LEFM could be obtained. The J-integral method in this work provides an alternative tool to determine the fracture toughness of adhesive joints under Mode II loading in case of additional (secondary) damage outside the fracture process zone (FPZ) occurred, which is quite challenging for LEFM methods to separate the energy dissipated in and outside the FPZ. 
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	Nomenclature
	
	

	English alphabet
	P
	external load

	a
	crack length
	T
	traction along the path

	a0
	initial crack length
	u
	displacement vector components

	ae 
	effective crack length
	w
	strain energy density

	b
	width of joint
	
	

	C
	compliance of a joint
	Greek alphabet

	C0
	initial compliance of a joint
	ε
	strain tensor

	E
	Young’s modulus
	θ
	rotation angle

	G12
	shear modulus
	θs
	slope due to bending

	Gc
	critical energy release rate determined using LEFM
	σ
	stress

	GIc 
	Mode I critical energy release rate
	Γ
	integration path

	GIIc
	Mode II critical energy release rate
	
	

	GI/IIc
	mixed Mode I/II critical energy release rate
	Acronyms

	h 
	thickness of a substrate beam
	CBTE
	Corrected Beam Theory with Effective Crack Length

	J
	J-integral value
	CERR
	critical energy release rates

	Jc 
	fracture toughness determined using J-integral 
	DIC
	digital image correlation

	JIc
	Mode I fracture toughness
	ELS
	end loaded split

	JIIc
	Mode II fracture toughness
	ENF
	end-notched flexure

	JI/IIc
	mixed Mode I/II fracture toughness
	FPZ
	fracture process zones

	Le
	effective free length
	FRMM
	fixed ratio mixed mode

	Lf
	free length
	LEFM
	Linear Elastic Fracture Mechanics

	LFPZ
	length of fracture process zone
	MMB
	mixed mode bending



1. Introduction
The adhesive bonding of carbon fibre reinforced plastic (CFRP) materials has been extensively adopted in various industries and applications due to their advantages of allowing significant weight reduction and design flexibility in engineering structures, for example space, aerospace, automotive, wind energy and sports equipment [1,2]. However, a major drawback of adhesively bonded CFRPs is that fracture can occur beneath the surface of structure visually undetected, and thus improved understanding and characterization of the damage and fracture behaviour of adhesively bonded CFRPs is required. Due to the differences in damage mechanisms induced, adhesive joints usually exhibit superior capacity to withstand in-plane shear loading (Mode II) to tensile opening loading (Mode I) [3,4]. To precisely predict the potential failures in solids, it is crucial to understand the relationship between crack propagation and energy dissipation in the fracture process zones for fracture analysis, and therefore the determination of fracture toughness (or energy release rate) under different loading becomes particularly important [5]. To date, several test methods have been developed to measure the Mode II and Mixed Mode I/II (i.e., in combination of Mode I and Mode II) fracture toughness such as critical energy release rates (CERR), GIIc and GI/IIc, for adhesive joints and laminated composites [6,7], including the three-point loaded end-notched flexure (3-ENF), the four-point loaded end-notched flexure (4-ENF), the tapered end-notched flexure (T-ENF), the end-loaded split (ELS) specimens and the mixed mode bending (MMB) specimen used at 100% Mode II ratio. Among these tests, ELS test is reported as the most reliable method to measure the Mode II fracture toughness due to its capability of providing stable and large propagation regions [8,9], during which the ELS specimens are tested in a loading jig requiring a clamping arrangement to freely slide in bearings in the horizontal direction with a fixed load point [10]. Employing the same clamping arrangement but with only one substrate arm being loaded, the fixed ratio mixed mode (FRMM) test corresponding to a constant mode-mixity, GII/GI = 3/4, is a convenient choice to complement the determination of fracture toughness obtained with the pure mode tests. These testing methods were initially developed for isotropic materials, but its application has been extended to orthotropic materials and adhesive joints [11]. However, when it deals with bi-material joints, the mode-mixity of GII/GI = 3/4 for the FRMM test has been questioned, and some researchers has proposed longitudinal strain based method [12]. It is noteworthy that in the fracture analysis of the failure in the orthotropic materials, apart from using the concept of energy release rate, additional techniques may be required, such as an reinforcement isotropic solid model [13]. 
To avoid delamination growth in the composite adherends at large displacements or other permanent deformation in the adherends, which would invalidate the assumptions of linear elastic fracture mechanics (LEFM), ELS and FRMM specimens should be designed with sufficient thicknesses. However, increasing adherend thickness to limit bending deformation enlarges the size of the fracture process zones (FPZ) ahead of the crack tip [8,9], further complicating the measurement of crack length. Therefore, considerable uncertainties can remain in the measurement of GIIc [9]. To overcome this issue, Blackman, et al. [8] and de Moura et al. [14,15] have proposed ‘crack length independent’ schemes for the ELS and FRMM tests based on LEFM theories, in which effective crack lengths are calculated using the measured compliance. Even though these methods have shown great success in measuring fracture toughness under Mode II and Mixed Mode I/II loading, they are still based on LEFM assumptions and therefore the analysis of those situations involving large FPZs may become invalid due to the complex nonlinear effects at the crack tip. Sarrado et al. [16]reported that under Mode II loading LEFM systematically underestimated the fracture toughness by up to 25%, regardless of whether a measured or effective crack length was used. They also observed that the LEFM assumption of a small FPZ was violated, which resulted in the underestimation in G, rather than it being a consequence of an error in the measurement of crack length. In the literature [17], the value of GIIc = 17.8 kJ/m2 was reported for joints bonded with an AF163-2 structural film adhesive using ELS specimens and the ‘crack length independent’ method. However, the value of GIIc deduced via extraction of the cohesive law for the same adhesive using shear tests ranged from 12.6 ± 0.9 kJ/m2 to 13.1 ± 0.7 kJ/m2 [3]. Such discrepancies raise the question of whether the fracture toughness under Mode II loading determined using LEFM methods are reliable. The validity criteria for the LEFM approach to the measurement of fracture toughness using ELS and FRMM specimens are difficult to assess, and become more difficult to achieve as adhesives become more highly toughened with complex microstructures, presenting larger FPZs. Under these conditions, the use of LEFM becomes increasingly questionable. 
[bookmark: _Hlk177037378]To analyse fracture associated with a large FPZ due to plasticity in the adhesive layer (or due to the effect of fibre bridging in a composite), non-linear fracture mechanics approaches such as the J-integral method, may be employed. This allows a wider selection of materials to be employed without the restrictions of small-scale yielding imposed by LEFM. Also, using J-integral theory, a continuous measurement of the energy release rate is achieved if the rotation angles of the specimen are measured. This has the advantage that the analysis does not require a measurement of the crack length, so this ambiguity is circumvented [18]. Sarrado et al. [19] have proposed the slope-based J equation for the MMB specimens and Pérez-Galmés et al. [20] have developed the slope-based J equation for the ELS specimen. Wu et al. [21] have explored the J equations for dissimilar ELS joints based on beam theory accounting for the tensile and shear stresses acting at the interface. Recently, the authors [22] have applied the J-integral decomposition theory to analyse the Mode I, Mode II and Mixed Mode I/II fracture behaviour, and have derived the closed form solutions for the JI and JII values, dependent only upon the load and rotation angles (slopes) of substrate beams. Slope based J-integral methods are therefore strong candidates for the measurement of fracture toughness and cohesive laws for structural adhesive joints [23,24].
The aim of the present work is to explore the validity of the LEFM approach to the measurement of fracture toughness of adhesive joints under Mode II or Mixed Mode I/II loading using the ELS or FRMM specimens respectively. To assess the accuracy of LEFM, the J-integral methods developed based on decomposition theory were applied such that the values of fracture toughness measured via G and J were obtained simultaneously. Digital video imaging of the tests allowed the use of digital image correlation (DIC) techniques to monitor displacement and strain in the bondline ahead of the crack tip, allowing measurement of the deformation across the bonded interfaces. Finite element analysis has also been conducted to assess the validity of LEFM in these test specimens. 
2. Theory
2.1. J-integral decomposition
For an arbitrary counter-clockwise path Γ surround the crack tip as illustrated in Fig. 1, the J-integral [25] is defined as:


where  is the strain energy density,  is the traction along the path,  and  are the stress and strain tensors,  are the components of the unit vector normal to Γ,  are the displacement vector components,  is the length increment along Γ. 
The mode decomposition approach developed by Ishikawa et al. [26], Huber et al. [27] and Rigby & Aliabadi [28] was employed to decompose the J-integral into the JI and JII components. By considering symmetric integration paths containing points P and P’ symmetrical about the crack plane, the displacements, stress and strain fields can be decomposed into symmetric (causing Mode I) and antisymmetric (causing Mode II) components. For instance, the stress at point P can be expressed in terms of the Mode I and Mode II components [26]:

The JI and JII components thus can be evaluated by integrating the integrand with the symmetric and antisymmetric elastic fields as demonstrated in Eq. (2) respectively, i.e. [26], 

Fig. 1 illustrates a symmetric configuration containing a crack in the middle plane subjected to a transverse load. Γtip is a contour encircling the crack tip in the counterclockwise direction, while the exterior contour Γext comprised of Γ1-Γ7 is constructed mainly along the free boundary of the specimen. Integrating Eq. (3) along Γtip leads to the the fracture work dissipated in the fracture process zone, JΓtip, while the integration along Γext yields the total energy dissipated within the domain surrounded by Γext, i.e., JΓext. JΓtip=JΓext, only when damage, cracking and permanent deformation occurs within the domain surrounded by Γtip. The load points A and A' as well as points B and B' are symmetric with respect to the crack plane.
[image: ]
Fig. 1 The J-integral contour in an adhesively bonded joint specimen, in which the exterior contour Γext was indicated by the dashed lines comprised of Γ1 - Γ7.
In the analysis that follows, all load and rotation symbols (e.g., PA) contain direction signs. For point A on the loading edge of Γ3, dy = 0. As there is no tangential traction at points A and A', thus ,  and , where b is the width of joint. Under the assumption of small deformation, , and thus Eq. (3) becomes


Similar expressions are obtained at other positions along the contour. When the contour segment Γ4 situated at the location of x = LS is far away from the crack tip (e.g., LS > a + LFPZ, where a is the crack length and LFPZ is the length of FPZ), Γ4 can be assumed as the cross-section of a single beam with a thickness of 2h, and thus ,  and . Therefore, the J values along Γ4 are:


where  is the slope of Γ4 due to bending. When Γ4 is far away from the crack tip, beam theory is applied and the components in Eq. (7) become ,  and , in which E11 and G12 are the Young’s modulus and shear modulus of the substrates, respectively. For the ELS specimen, ,  and . With the summation of all individual contributions along the contour, the J components for the ELS specimen are obtained [22]:
							(8)
			(9)
A similar decomposition analysis can be made to the FRMM specimen, with ,  and . Apart from the Γ4 contour segment, at load-point A', , , and at load-point A, , . The J components for the FRMM specimen are [22],
				       (10)
		    (11)
2.2 Determination of G using the CBTE method
The compliance of an ELS specimen is [29]

where Le is the effective free length (horizontal distance between the clamp point and the load line) correcting for the effects of transverse shear and beam root rotation at the clamping point. Theoretically, the initial compliance C0 remains constant during initial loading, both the values of ae and Le also remain constant. In this work, the effective free length Le was deduced by solving the above equation with C0 at initial loading with the initial crack length a0, 

in which, . The effective free length of the beam is obtained by solving the above cubic equation using the approach proposed in [30], 

with the parameter A defined as [30],

Once the value of Le is known, the effective crack length ae during crack propagation can thus be obtained as [8]

Finally, the CERR for the ELS specimens, GIIc, can then be determined by Eq. (17) [8].

For an FRMM test, the compliance of the joint is [29],

The effective free length Le can be obtained by following the procedures described above, and the effective crack length is determined as [15]: 

The decomposed CERR for the FRMM specimens can thus be determined by Eqs. (20, 21) [15].



3. Experiments
To verify the applicability and accuracy of the slope-based J equations, the ERR values for the ELS test specimens were measured using the slope-based J-integral method and were compared with the values determined using the Corrected Beam Theory with Effective Crack Length (CBTE) derived from LEFM [8]. 
3.1. Joints manufacturing and testing
The ELS and FRMM specimens were made of unidirectional MTC510-T700 composite with the carbon fibre volume fraction of 60% (E11 = 119 GPa, G12 = 3.6 GPa). The CFRP adherends had the length of 250 mm, width of 20 mm and thickness of 10 mm. The surface of each composite substrate was grit blasted and wiped with acetone prior to being bonded with the AF163-2 epoxy-film adhesive, with the bondline thickness of 0.4 mm. Each joint was painted with trackable speckles for displacement analysis by means of DIC. The ELS specimens were tested at a rate of 1.0 mm/min using an Instron 5584 machine installed with a 10 kN load cell, with a free length being Lf = 190 mm. Two cameras were employed to monitor the displacement of the arms and the bonded substrates in front of the initial crack, as illustrated in Fig. 2. The displacement resolution of the DIC analysis performed was 2 µm, and each pixel in the image represented a length of 35 µm on the joint surface. More details about the experiment and the calculation of the slope values can be found in [22]. 
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Fig. 2 Experimental testing of the ELS/FRMM specimen.
3.2 G and J results
Stable cohesive failure within the adhesive layer occurred in all ELS specimens as shown in Fig. 3a. By analysing the shear strain e12 using DIC analysis, it was found that the length of the fully developed cohesive zone LFPZ≈60 mm, and thus the selected value of LS was set to LS = 170 mm in the JIIc measurement (i.e., the distance between contour Γ4 and the crack tip is LS - a0 = 70 mm) to ensure the bonded sections could be considered a single beam when the FPZ was developed. The J and G values calculated using slope-based J approach and the CBTE method, respectively, as a function of the effective crack length ae are shown in Fig. 3a. Each solid line represents the JII values for one specimen, while the dashed line with the same colour represents the GII values for the same specimen. Both the J and G curves exhibited plateau regions corresponding to steady crack propagation during the tests. The JIIc value was 11.7 ± 1.1 kJ/m2, whilst the GIIc value was 15.6 ± 1.3 kJ/m2. Clearly, GIIc was about 33% greater than JIIc. The JIIc value was close to the value deduced via extraction of the cohesive law from thick single lap shear specimens bonded with the same adhesive, i.e., ranging from 12.6 ± 0.9 kJ/m2 to 13.1 ± 0.7 kJ/m2 reported in [31,32]. This raises the question: which method (G or J) is more reliable for the measurement of the toughness values under Mode II loading?
The macroscopic fracture surfaces of the FRMM joint shown in Fig. 3b indicated that stable cohesive failure occurred. Fig. 3(b, c, d) presents the JI/II = JI + JII, JI and JII values measured respectively. The JI/IIc value was 4.8 ± 0.3 kJ/m2 while the GI/IIc value was 5.1 ± 0.2 kJ/m2. The two methods led to very similar results, in close agreement with the GI/IIc results for the FRMM specimens bonded with the same adhesive in the literature [17], which ranged from 5.0-6.2 kJ/m2.
[image: Fig3b] [image: Fig3a]
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Fig. 3 (a) The JII and GII as a function of the effective crack length in the bonded CFRP ELS specimens, (b-d) the values of J and G as a function of the effective crack length in the bonded CFRP FRMM specimens. 
The above results indicated that the J and G values determined for the FRMM specimens matched closely, whilst the J and G values determined for the ELS specimens exhibited apparent differences. This raises the important question: which method is the more accurate for the determination of fracture toughness? Generally, when the adhesive exhibits nonlinear deformation, e.g., due to large-scale damage ahead of the crack tip, the Gc values determined by LEFM methods deviate from the true values. 
3.3 Deformation behaviour
The distribution of strain ε12 on the surface of ELS specimen extracted from DIC is shown in Fig. 4. Apart from the crack tip, pronounced shear strains developed in the bondline close to the clamped end, for instance local shear strain ε12 ≈ 0.07, close to the absolute value of the shear strain developed at the middle point of the FPZ. This indicates the occurrence of local damage in the bondline at the clamped end. Fig. 5 illustrates examples of the distribution of horizontal displacement along the height of the ELS specimen. The value of the horizontal displacement changed linearly along the height of either the upper or the lower substrate, with dramatic displacement transitions occurring at the bonded interface. It can be seen that even at large loading displacement, the rotation angle (the reciprocal of the slope of each plot) was relatively small, and thus small deformation analysis could be adopted. Hence, the sliding displacements across the interface, U1, were measured directly using linear extrapolations of the displacement data just outside the transition region as suggested in [33]. 
[image: ]
Fig. 4 ε12 contour on the loaded ELS specimen measured using DIC.
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Fig. 5 (a) Illustration of inspection positions on the ELS specimen, (b) horizontal displacement measured at the location of the initial crack tip under different loading displacements, and (c) horizontal displacement measured at lines A, B, C and D, which were located at a distance of 2 mm, 32 mm, 62 mm, 92 mm respectively in front of the initial crack tip, when the external displacement of 14.5 mm was applied.

The sliding displacements U1 across the bonded interface at different loading times measured using linear extrapolations are shown in Fig. 6. In the early stage of loading, from the left end to the right end of the bondline, the U1 curve gradually developed from a negative region to a plateau region with a value close to zero, indicating the growth of the initial crack; beyond the plateau region, the U1 curve was associated with positive values and increased with the bonding length until levelling off, which indicates that local damage in the bondline caused by relative sliding between the clamped upper and lower substrates had occurred. As the loading continued, the plateau region in the U1 curve became shorter and eventually disappeared. This was because the main crack continued to propagate towards the right end, whilst the local damage close to the clamped continued to extend towards the left end, analogous to a co-planar secondary crack propagating towards the main crack from the inverse direction. 
The displacement results indicate the occurrence of pronounced local deformation or damage in the bondline close to the clamp in the ELS specimen. In such cases, LEFM analysis included the additional contribution from the local damage in the bondline at the clamped end, which resisted the propagation of the main crack, and thus led to the over-estimation of the CERR values. In contrast, the J-integral approach can exclude the contribution from the local damage close to the fixture clamp when an appropriate integral path is constructed.
[image: ELS-DIC_Sliding]
Fig. 6 Sliding displacement (U1) along the bondline measured in the bonded ELS joint.
The distribution of strain ε12 across the surface of the FRMM specimen extracted from DIC using linear extrapolations is shown in Fig. 7. Unlike the ELS specimen, no apparent shear strains were observed at the clamped end of the FRMM specimen. Fig. 8 shows the measured relative sliding displacement U1 along the bonded interface. The U1 curve developed from a negative region to a plateau region with a value of approximately zero and then remained at this plateau value, indicating that no pronounced local damage occurred across the bonded interface close to the clamped end, i.e., there was only the main crack propagating within the bondline. In such cases, the LEFM analysis only included the contribution from the growth of the main crack as expected such that it yielded reliable CERR values, which matched the values determined using the J-integral approach closely.
[image: frmm]
Fig. 7 ε12 contour on the loaded FRMM specimen measured using DIC.
[image: FRMM-DIC_Sliding]
Fig. 8 Sliding displacement (U1) along the bondline measured in the bonded FRMM joint.

4. Numerical evaluation
4.1. Numerical models
To further identify the origins of the difference in the toughness values obtained using the J-integral and LEFM methods, finite element modelling was conducted with a 2D geometrical plane strain model. The substrates and end-blocks were represented by four-node bilinear elements with reduced integration and hourglass control (CPE4R), while the adhesive was represented by a layer of cohesive elements inserted in between the substrates. The material behaviour within the cohesive elements has been described through a bilinear traction separation law, which has been shown to be the best choice for this adhesive [31,32]. These authors showed that a linear relationship between JIc and JIIc under different loading was justified, and therefore a linear failure locus was assumed to account for crack propagation on the interface, i.e., Also, the Quadratic Stress criterion to model the onset of damage was adopted, i.e., , in which the Macaulay brackets indicating that only positive traction is considered to initiate damage, and  and  are the interfacial normal and in-plane shear strengths under pure modes, respectively. The parameters defined in the modelling are summarized in Table 2, in which the GIc value was taken from the previously published results tested on the same adhesive used to bond CFRP substrates [32]. 
Table 2. Material properties employed in the modelling studies.
	CFRP
	E11 (GPa)
	E22 (GPa)
	ν12 = ν13
	G12 = G13 (GPa)

	
	119 
	8.2 
	0.34
	3.6 

	Adhesive
	GIc (kJ/m2)
	GIIc (kJ/m2)
	 (MPa)
	 (MPa)

	
	3.0
	11.4
	35
	35



4.2 Modelling results for the ELS specimens
Fig. 9a displays the modelling and experimental load-displacement results for the Mode II ELS specimens containing an initial crack length a0 = 100 mm. With increasing displacement, the load increased to a peak value and then decreased due to crack initiation and propagation, before increasing again due to the constraint imposed by the clamp on the growing crack. The modelling results obtained using the measured Jc values agreed with the experiment closely, confirming the accuracy of the slope-based J-integral approach in the measurement of CERR values for the ELS specimens. In addition, the results suggest that LEFM methods such as the CBTE method, which led to a higher value of GIIC = 15.6 ± 1.3 kJ/m2 being measured, were not reliable. 
Fig. 9b shows the modelling results obtained for the sliding displacement U1 across the bonded interface of the ELS specimen at the different loading displacements, which were extracted by calculating the differences between the displacement values at the upper and lower nodes in the cohesive elements. The sliding displacement U1 was consistent to the experimental results measured by DIC. The U1 curve along the bonded interface transitioned from negative values to positive values during initial loading, with a plateau region of approximately zero being obtained between the main crack and the clamped end. This led to the development of localized shear stress in the bondline close to the fixture as shown in Fig. 9c. The length of the plateau region decreased as loading continued, indicating that the front of the main crack and the local damage met gradually. Fig. 9d displays the shear stress (tangential traction) across the bondline of the ELS joint. By comparing Figs. 9b and 9d, it is found that the shear stress was not proportional to the relative sliding occurred along the interface of the clamped end, indicating that damage has been occurred in this region during loading.
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Fig. 9 (a) Loading traces in the ELS test obtained by experiment and modelling, (b) sliding displacement along the bonded interface, (c) shear stresses developed in the joint, and (d) shear stress (tangential traction) along the bonded interface.
4.3. Modelling results for the FRMM specimens
Fig. 10a shows the modelling and experimental load-displacement results for the FRMM specimens containing initial cracks with a0 = 100 mm. For all the joints tested, although the modelling overestimated the stiffness of the joints prior to fracture, the peak loads obtained were close to the experimental values. The modelled loads during crack propagation (i.e., the decreasing part of the curve) were smaller than the experiments, corresponding to the lower bound of the load, indicating an underestimation of the fracture toughness for the mixed mode loading. Nevertheless, the results show that the Jc values measured were generally accurate to reproduce the load-displacement curve in the experiments, which confirmed the accuracy of the J-integral approach. 
Fig. 10b shows the modelling results of the sliding displacement U1 across the bonded interface of the FRMM specimen at different loading displacements. The evolution of the sliding displacement was in agreement with the experimental results measured using DIC, i.e., the U1 curve along the bonded interface transitioned from negative values to a plateau region with a value close to zero. This confirmed that no local damage in the bondline occurred at the clamped end of the FRMM specimen. Figs. 10(d, e) display the shear stress (tangential traction) across the bondline of the FRMM joint. By inserting the maximum traction across the bondline at the clamped end into the Quadratic Stress criterion applied in this work, i.e., , it is found that no damage occurred in the clamped bondline. This confirmed the experimental results, namely, damage mainly occurred in the process zone of the crack tip. In such cases, the use of LEFM method to analyze the fracture in the joints will yield reliable CERR values.
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Fig. 10 (a) Loading traces in the FRMM test obtained by experiment and modelling, (b) sliding displacement along the bonded interface, (c) shear stresses in the joint, (d) shear stress (tangential traction) along the bonded interface, and (e) normal stress (normal traction) along the interface.
Overall, the FE modelling confirmed the accuracy of the CERR values measured using the slope-based J integral approach for both ELS and FRMM specimens. It reproduced the local damage in the bondline that occurred at the clamped end in the pure Mode II ELS specimen, which led to over-estimations of the CERR values when LEFM approaches were applied. As for the Mixed Mode I/II FRMM specimens, the modelling also indicates that there was no local damage at the clamped end as the proportion of Mode II was much smaller compared to ELS specimens, and thus it confirmed that LEFM approaches remained valid.

5. Discussion
5.1 Accuracy of the J and LEFM methods
Fig. 11 compares the JII and GII values determined from the modelling data, together with J values evaluated numerically according to its definition along a set of different contours surrounding the crack tip, with each subsequent contour being defined by adding the next ring of elements that share nodes with the elements in the previous contour [34,35]. The JII values determined using the slope-based J method agreed very closely with the J values evaluated numerically, which validated the accuracy of the proposed J method for the ELS specimens. In contrast, the GII values determined using the CBTE method deviated from the J values evaluated numerically as the loading increased, indicating that these LEFM values were not valid. 
[image: ]
Fig. 11 Comparison of the JII, GII values and numerically evaluated J values.
5.2 Effect of boundary constraint
As shown above, the LEFM method to measure GIIc for the ELS specimens became invalid due to the additional damage across the bonded interface at the clamped end, in contravention to the LEFM assumption of progressive failure along the interface. In the present work, numerical analysis of the ELS specimen containing an initial crack length a0 = 100 mm with the right end subjected to a fixed boundary in the thickness direction was also conducted. In the simulation, the free length of the joint was set to be 230 mm from the loading line, which was evaluated from Eq. (14) using the compliance value taken for the initial loading. The J and G values were obtained according to Eq. (9) and Eq. (17) respectively using the modelling load-displacement results, and are shown in Fig. 12a. The G curve matched the J curve closely during the entire failure process, with both GIIc and JIIc values (the plateau values) being equal to the input toughness value of 11.4 kJ/m2 in the cohesive elements. The results indicate that the CBTE method derived from LEFM was still valid for the analysis of the thick ELS specimen, provided the end of the specimen was subjected to fixed constraint in the thickness direction rather than sliding constraint. Under such constraint, the crack propagated along the interface progressively and no additional damage occurred in the bondline at the clamped end, as indicated by the sliding displacement in Fig. 12b. These results confirmed that the error in the G value in the ELS test when the specimen end was clamped on a sliding trolley was caused by the relative sliding occurred across the bonded interface at the clamped end, rather than the nonlinear deformation in the fracture process zone. The test setup using a sliding trolley for the ELS specimens recommended in the ISO15114 standard seems has several drawbacks: (1) it tends to induce significant increase in the free length due to the specimen rotation occurred at the clamped end under bending, which is one main error source in the determination of G using LEFM methods; (2) it tends to cause secondary interface sliding to occur at the clamped end as demonstrated in this work, especially when thick joints are tested, which may lead to the invalidity of the LEFM methods.
 [image: ][image: ]
Fig. 12 (a) G and J results obtained from ELS modelling with fixed constraint applied to the end of the specimen, (b) the sliding displacement U1 along the bonded interfaces.
The above results show that the boundary constraint to the ELS specimens has a significant effect on the accuracy of the measurement of the Mode II fracture toughness. The occurrence of relative sliding between the upper and lower substrates close to the clamp should be avoided, especially for joints bonded with tough or flexible adhesives. Therefore, modifications to the normal ELS specimen and testing jig to minimise the occurrence of local damage in the bondline close to the clamped end are worthy of investigations in the future. 
6. Conclusions
In this work, the validity of LEFM for measuring energy release rate for adhesively bonded unidirectional CFRP joints under Mode II and Mixed Mode I/II loading, GII and GI/IIc, using ELS and FRMM specimens respectively has been investigated. The G values determined using LEFM coupled with an effective crack length approach were compared with crack length independent J-integral values measured simultaneously using slope-based J-integral methods. Numerical modelling was also conducted to analyse the validity of LEFM for these toughness measurements. 
The experiments show that the use of LEFM resulted in significant errors in the measurement of the Mode II CERR for ELS joints bonded with a tough structural epoxy-film adhesive. An analysis of the shear strains in the test specimens using DIC indicated the presence of local damage in the bondline at the clamped end of the specimen, which was caused by the relative sliding between the upper and lower substrates at the clamping end simultaneously in addition to the damage and fracture ahead of the main crack. In contrast, the J method was able to provide accurate and valid toughness values as the contribution of local damage to J could be excluded when an appropriate integral contour was selected. The experimental results show that LEFM was valid for the measurement of the mixed mode fracture toughness using FRMM specimens as no local damage at the clamped end was observed to occur, with the GI/IIc values being in good agreement with the JI/IIc values. 
The FE modelling confirmed the accuracy of the CERR values measured using the slope-based J integral approach for both ELS and FRMM specimens, and reproduced the local damage that occurred in the bondline at the clamped end in the pure Mode II ELS specimen. The results also suggest that LEFM might be still valid for the GII analysis using an ELS specimen when no additional sliding/damage occurs outside the main crack, provided fixed constraint is applied to the end of the specimen in the thickness direction rather than sliding constraint.
The decomposed J method should be valid also for the fracture analysis of adhesively bonded multi-directional composites if the layer stacking in the upper and lower substrates is symmetric, which is worthy of validation by experiment in the future.
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