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ABSTRACT

The theory of orthotropic plates under lateral pressure and

its application to corrugated plates

A finite difference solution is given for the large deflection
behaviour of rectangular orthotropic (and isotropic) plates under
any symmetrical system of transverse loading. The equations are
programmed for the Atlas computer and the thesis includes a few
examples of the solutions which can be obtained by inserting
appropriate parameters in the program. The program allows the
following quantities to be specified:

1. Any length to breadth ratio.

2. Any symmetrical system of distributed or patch loading.

Se Flexural and extensional rigidities of the plate in the
x and y directions.

L, Torsional and shear rigidities of the plate.

5. Rotational, normal extensional and tangential elastic

restraints at the boundaries.

Solutions are compared with existing solutions where
these are available, and with experimental results, including two
tests on swedged plates which form part of the present investigation.

There is good agreement in all cases.

The investigation shdws the importance of membrane action
in the plate, and the influence of the various boundary restraints,
The deflection of a plate with complete boundary restraint against
in-plane movement, for example, may be only half as much as when
the restraint is absent. With the help of the solutions given it
is now possible to state the errors involved in the usual
assumptions that the restraints are either completely rigid
or completely absent.



The method of calculating the local stresses and deformations
in the corrugations, presented in this thesis, makes use of the
solution for the overall behaviour of the plate obtained by the
orthotropic plate theory and is applicable for any degree of
membrane action in the plate. The validity of the method has
been satisfactorily demonstrated by the two tests on swedged

plates,
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CHAPTER I

INTRODUCTICON

The investigation described in this thesis was undertaken
with the support of the British Ship Research Association, originally
with a view to studying the behaviour of "swedged" and corrugated
plates under lateral pressure. (Swedged plates are plates having
corrugations with intervening bands of flat plating). Corrugations
or swedges in a plate serve the same purpose as stiffeners in a
conventionally stiffened plate, but they usually prove to be more
economical than the latter in respect of weight-strength ratio
because the corrugations cover area as well as providing stiffness.

The lateral bending behaviour of corrugated plates is
substantially similar to that of conventionally stiffened plates,
though somewhat more complicated because of the arbitrary shape
and deformability of the corrugation pfofile. The two main aspects
of the problem are the problem of overall behaviour and the problem
of local behaviour,

The study of the overall behaviour of a corrugated plate is
necessary not only when deflections are small but also when deflec-
tions are large enough to develop membrane stresses in the plate,
because, unless the corrugations are very large, the failure of
the plate is unlikely to occur without the devéloPment of some
membrane action, which must, therefore, be known in order that
the failure load can be correctly estimated.

The study of the local behaviour is also important. Local
deformations in the plate may lead to instability of the corrugation
profile and eventually to premature failure of the plate. Local
stresses in the plate may be very severe and acting in conjunction
with the stresses due to overall bending, they may greatly influence

the collapse of the structure.



A rigorous theoretical solution to the problem being
practically impossible, an approximate theoretical solution and

confirmatory tests are presented in this thesis.

Preparatory to undertaking a research programme the existing
literature on corrugated plates was reviewed in some detail.
Previous investigations were found to have treated the corrugations
in a plate as isolated beams without considering the overall
behaviour of the plate. For a fuller understanding of the overall
behaviour a plate theory was considered necessary and 'the ortho-
tropic plate theory' was judged to be suitable for the purpose.

The theory was subsequently developed in a sufficiently general-
ised form to be applicable not only to corrugated plates but also
to plates with other forms of stiffener and to ideally ortho-
tropic and isotropic plates. The resulting change in the purpose
of the investigation is reflected in the final title of the thesis.
The following review is, however, presented in its original form

with its greater emphasis on corrugated plates.

CORRUGATED PLATES UNDER LATERAL LOADING

Work done in Russia in the 1930's by Stel'makh on folded
metal roofs subjected to uniformly distributed lateral load' ')
revealed that each panel of the system has two main stress-
systems to carry: the in-plane stresses due to longitudinal bend-
ing of the corrugations and the stresses in the transverse direction
due to bending of the panels away from their plane. For the
calculation of the longitudinal stresses each corrugation unit

may be considered as an independent beam and for calculating the
transverse stresses each panel must be considered as rigidly
connected with the adjacent ones, forming a spatial frame,

The longitudinal bending moment of the plate elements and torques
over the longitudinal and transverse sections of the panels are

neglected because of their low magnitudes.
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(2) (3)

s Elovkov

for stresses in corrugated plates with symmetrical trapezoidal

Jaeger and others have derived expressiouns
corrugations. For calculating the longitudinal strésses, each
corrugation unit was considered to act as a beam with appropriate
end conditions and subjected to lateral load. The section modulus
is calculated in the usual way assuming complete effectiveness of
the flanges. Shear stresses associated with longitudinal bending
were calculated for each half of the trough in the same way as for
Z-sections. In such calculations, sufficient transverse restraint
was assumed to be present to prevent distortion of the corrugations
and to ensure their purely vertical deflection., The appropriateness
of the beam theory applied to corrugated plates depends on the
equality of deflection of all the troughs; such equality may be
obbtained with the inner corrugations but cannot be achieved close
to the edges if the corrugated plate is supported along the edges.
Vasilev's experiments ! have shown that the edge corrugations
cannot be covered by the simplified beam theory, but this is not

a serious matter as the edge corrugations are not as severely
stressed as the interior ones. The deflection and longitudinal
stresses for the interior corrugations so calculated were in reason-
(2), )
experiments on corrugated bulkheads of actual tankers reported

by Getz(5) also prove the validity of the simplified beam theory,

able agreement with the results of experiments

provided that a reduced width is considered effective in bending

and provided also that the deflection due to shear is taken into
consideration. Getz stated that in the case of short spans, the
reduction in moment of inertia and section modulus of the corrugation
may be as high as 30 to 40 per cent due to the reduced effective
width of flange. The effect of shear-deflection must be considered
when analysing corrugated plates with cross-girders running trans-
verse to the corrugations and acting as yielding supports to the

troughs running as continuous beams over them.
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The transverse bending stresses in a symmetrical trapezoidal
corrugated plate under lateral pressure are calculated(Z)’(B) by
isolating a transverse strip of unit width and considering this
to be an infinitely long beam on unyielding simple supports at
each corner and subjected to uniformly distributed load. The
only indeterminate transverse bending moment is obtained by con-
sidering the condition of no change in slope at the points of
symmetry. The transverse axial stresses on the longitudinal
sections are statically determinate and are obtained from the
consideration of symmetfy and of equilibrium of these stresses
with the applied pressure and the shear stresses on the transverse
section, The transverse axial stresses are only 8 to 10 per
cent of the transverse bending stresses. The expressions for
these stresses near the supports will be affected if the ends of
the corrugations are encastered. At some distance away from the
supports, for a plate under uniform pressure, the transverse stresses
should be constant throughout the span. This method of calculating
the transverse stresses is also independent of the angle between

(1)

the web and flange of the corrugations. Vasilev s however,
considered that for an angle of 60°, the transverse bending
moments at the corners of the corrugations should be 1.4 to 1.6
times the magnitude given by the method suggested above. Jaeger(z)
reported that the transverse stresses given by the simplified theory

were not corroborated sufficiently by experimental results.

The longitudinal bending behaviour of corrugated plates
with symmetrical trapezoidal corrugations including rectangular
and triangular sections has been studied in great detail by
Caldwell(k)

series of experiments involved 21 panels of corrugated sheet sub-

s both theoretically and experimentally. The first

jected to pure bending moment. Both mild steel and NS6 5 per
cent magnesium alloy 1/4% H state were employed as materials.

The tests were carried out in most cases to failure and it was
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noted that unless premature flange buckling occurred, the bending
moment-deflection relationship was that for a beam. The behaviour
in the elasto-plastic range and the final plastic moment were

in close agreement with the theoretical results obtained by assuming
continued beam behaviour; the theoretical results have been pro-
vided by the author in the form of moment-curvature relationships
for mild steel and duralumin troughs having any type of symmetrical
trapezoidal shape. The experiments showed that the full cross-
section of a corrugated trough was effective in carrying bending
moments and that unless premature buckling occurred, the reserve

of strength after first yield of the corrugations would be governed
by the shape factor, which might be as high as 1.5 with triangular
profiles, Six aluminium alloy and two steel specimens exhibited
either elastic or inelastic instability and had premature collapse.
This led the author to investigate the problem of flange buckling

in greater detail.

The difficulty in calculating the buckling stress for the
compression flange is in assessing the restraint provided along
its two edges by the webs, Caldwell assumed that the real res-
traint could be replaced by an equivalent restraint provided by
a narrower plate, which had its longitudinal edges away from the
flange simply supported and which was subjected to uniform com-
pression of the same magnitude as the flange stress. The width
of this narrow plate was found by experiments on single corrugations
made of aluminium alloy and subjected to pure bending, to be
0.45 of the web width. The buckling stresses so calculated agreed
well with the results of the first set of experiments on panels.
It was also observed that if buckling occurred in the elastic
range, there would be some reserve strength left in the corrugations;
beyond elastic limit, the buckling load would itself be the collapse
load.,
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Finally, eight model corrugated bulkheads were tested by
water pressure under conditions similar to those occurring in
practice, The dimensions of the bulkheads between the bolted
edge connections were 35 x 22 in. Four of the bulkheads were
made of aluminium alloy and four of mild steel. One aluminium
alloy and one mild steel bulkhead were tested with the corrugations
running in the longer direction. For these two plates, the virtual
side ratio was 4.15, whilst for the other specimens the ratio
varied from 7.6 to 10.9. The deflection measurements of all the
test plates indicated that the inner corrugations carried the
load coming on them as independent beams and the pressure-deflection
relationship of the central corrugations agreed with the theoretical
results obtained by assuming simple beam behaviour and full effec-
tiveness of the sections in carrying bending moments. In all the
specimens, failure was precipitated by buckling of the compression
flanges., The test plates having corrugations parallel to the
longer edges showed a greater rate of deflection with pressure,
but before the deflections became large enough to develop over-
all membrane stresses, elastic buckling occurred, reducing the
stiffness of the plates. However, due to the increase in deflections,
membrane stresses developed, which increased the stiffness of the
" plate, and the plates continued to carry increasing pressure until
excessive leakage caused by the large deflection prevented further
loading. In the case of the shorter spans buckling and yielding
occurred at small deflections and excessive permanent set and
severe reduction in stiffness had occurred before membrane stresses
could develop. In these cases, therefore, a sufficient increase
in deflections occurred at constant load (in most cases due to
instability in the plastic range) to indicate failure, unlike the
first two cases, where at no time did an increase in deflection
occur without some increase in pressure. Stresses were not meas-
ured any where in the plate and the validily of the expressions

for stresses could not be checked.
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In the case of corrugated plates having symmetrical corru-
gations formed by arcs of cylindrical surfaces, longitudinal stresses
in the inner corrugations can be calculated on the assumption that
each corrugation acts like a beam(1)’(6). With this assumption,
the stresses in the longitudinal sections of cylindrical corrugations
can be determined without the necessity of using the general shell
theory equations. The method is similar to that used for trape-
zoidal corrugations. A strip of unit width is isolated by two
parallel transverse sections. From symmetry, the shear stresses
are zero at crests and troughs. The transverse in-plane stresses
are obtained directly from statical equilibrium. The transverse
moment at crests and troughs on the longitudinel sections are
equal and are obtained by using the condition that slopes in the
transverse direction at these points remain unchanged when the
plate deflects, The shear stress distribution on transverse sec-
tions is assumed to be governed by the simple beam theory applied
to a corrugation, The transverse in-plane stress is zero at the
mid~height axis and maximum at crests and troughs and even there

(6)

it is small compared to the transverse bending stresses .

For plates with unsymmetrical trapezoidal corrugations
having different widths for the top and bottom flange, the long-
itudinal ond transverse stresses can be calculated in the same

(1)

manner as for symmetrical trapezoidal corrugations .

No theoretical or experimental investigation has been made
on the distribution and magnitude of transverse stresses in

(7)

"swedged" plates. Results of hydrostatic testing on swedged
bulkheads conducted by the British Ship Research Association
showed that for small deflection, the central swedge with its full
share of flat plating deflected like a beam with some degree of
restraint at the ends. As only longitudinal strain gauges were
used only on the dry side of the bulkhead, the strain readings

are difficult to interpret. Since the virtual side ratio of



15

the test bulkheads was greater than 3 and the deflections were
small, the deflection of the central swedges was practically
unaffected by the longitudinal boundaries. Lateral loading

tests on a number of plate panels with three equally spaced swedges
and having longitudinal edges unsupported showed that the flat
plating associated with the swedges was fully effective and that
the swedges behaved like beams and exhibited no instability of the

profile,

From the foregoing summary, it is apparent that for corrugated
or swedged plates having high virtual side ratio, the longitudinal
and transverse stresses near the centre of the plate due to small
deflection bending (without buckling) can be determined without
considering two-dimensional plate behaviour. However, for plates
with small virtual side ratios and also for investigating the
stresses and deflections at points away from the longitudinal
central line, some form of plate theory has to be used. One of the
available methods is to consider the corrugated plate as equivalent
to an orthotropic plate, that is, a plate having different rigid-
ities, equal to those of the corrugated plate, in two orthogonal
directions. This method has been applied to investigate the
bending behaviour of stiffened plates and the buckling behaviour
of stiffened and corrugated plates. Provided that the spacing
of the stiffemers or corrugations is small compared with the
dimensions of the plate, the actual overall behaviour of such
plates is in good agreement with the predictions by the ortho-
tropic plate theory; the local behaviour is however, dependent
on the actual form and spacing of the stiffeners or corrugations.

A short summary of investigations made on rectangular orthotropic
plates under distributed loading is given in the following para-

graphs.
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Fundamental investigations on orthotropic plates were
made by Huber(B), who derived the differential equation for
bending of such plates. Huber gave solutions for a number of
cases of simply supported orthotropic plates, by starting with
an infinitely long plate subjected to a sinusoidally distributed
line load. Schade!9)r(107,(11)

to stiffened plates with particular reference to a ship's bottom

applied orthotropic plate theory

structure. Schade also provided a number of design curves for
the calculation of maximum deflections, bending moments and shear
forces in orthotropic plates having two opposite edges simply
supported with the other two edges simply supported or fixed, for
three different values of the torsional rigidity parameter.
Several other authors have also investigated the problem of

(12)-(20)_ In some of these

lateral bending of orthotropic plates
investigations on stiffened plates, the theory has been modified
to incorporate the effect of the unsymmetrical arrangement of

stiffeners attached only to one side of the plate.

Some work has also been done on large deflection behaviour
of orthotropic plates. For the sake of clarity and completeness

the investigations on isotropic plates are also being reviewed.

The equations governing the large deflection behaviour of
isotropic plates were first derived by von Karman(21) from
considerations of equilibrium and compatibility. The derivation
of corresponding equations for orthotropic plates has been
attributed to G.G. Rostovcev(22). Soper(23) has also given

the derivation as applicable to stiffened plates.

Three principal methods available for the solution of
large deflection problems are outlined in the following para-

graphs:

Ritz Energy Method. The displacements u, v, w, or the

deflection w and the stress function f, are assumed in terms of

known functions with unknown coefficients, the functions being
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chosen so that they satisfy the boundary conditions of the problen.
The unknown coefficients are obtained by minimising with respect to
the coefficients the total potential energy of the plate. This
results in a set of non-linear algebraic equations which must be
solved for the coefficients. For good accuracy the number of
unknown coefficients has to be fairly large and this leads to

Way(24) has used this

a very great amount of numerical work.
method for analysing uniformly loaded rectangular isotropic
plates having all edges clamped against movements and rotation,
and has obtained nuﬁerical results for the aspect ratios, 1,
1,5 and 2. No attempt has so far been made to use this method
for other boundary conditions and non-uniform loading, nor has

it been applied to orthotropic plates.

Finite Difference Method. The governing equations and

boundary conditions are converted to finite difference form and
the resulting non-linear algebraic equations are solved by a

(25)

method of iteration. Green and Southwell have used the

relaxation method for solving the finite difference equatioms

(26)

in terms of the displacements u, v, and w. Kaiser obtained

the finite difference equations in terms of the deflection w

and a stress function f and worked out in detail, but only for

one particular intemsity of uniformly distributed load the

solution of a square isotropic plate having simply supported

edges which are also free from any membrane stresses. Wang(27)’(28)
extended this method for plates with other boundary conditions
and, using a suitable method for the iterative solution of the
finite difference equations, found solutions for simply supported
rectangular plates having all edges clamped against movement,

for the aspect ratios, 1, 1.5 and 2. The finite difference

method has not until now been applied to orthotropic plates.
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Fourier Series Method. The deflection and the stress

function are assumed in terms of two infinite Fourier series, the
coefficients of which are subsequently obtained by substituting
the series in the governing equations and solving a set of

(29),(30)

simultaneous cubic algebraic equations. Developed by Levy
and Greenman(31), this method involves a tremendous amount of
numerical work. Moreover, the assumption of a Fourier series for
the stress function imposes restrictions on the boundary conditions
for membrane stresses, and this method cannot be applied to plates
having zero normal stress, or non-zerc shearing stresses, at the
edges. Solutions have been obtained by this method for a few

cases of simply supported and clamped square and rectangular
isotropic plates under uniformly distributed load. Levy has

also used the method for analysing simply supported isotropic
plates under the combined action of lateral pressure and in-

plane compression. SoPer(ZB) has extended the method for

solving rectangular stiffened plates having’edges restrained
elastically against rotation, though the limitations inherent

in the assumption of a Fourier series for stress function remained.
Soper's numerical computation was directed towards corroborating
results obtained from the lateral loading test of a particular
stiffened plate, the elastic edge restraints of which were

systematically varied.

There is one more approximate'method available for the
analysis of large deflection behaviour of plates. This method,
(32)

originally developed by Berger , is based on the assumption
that the "second strain invariant! of the middle surface of the
plate can be neglected and this leads to a pair of non-conjugate
differential equations in place of the two simultaneous differ-
ential equations obtained by the exact method. The solution

of the pair of non-conjugate approximate equations is much
easier than the solution of the exact equations. Sinha(33)

has used this method for solving a number of cases of plates
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supported on an elastic foundation, the particular case of zero
foundation modulus being the case under discussion in the present

(22)

paper., Iwinski and Nowinski have derived the corresponding

approximate equations for orthotropic plates.

This method is, however, unreliable because the assumption
involved in the simplification is of a mathematical nature and
cannot be demonstrated to have any physical basis. Only in those
cases where the "second strain invariant" happens to be small in
most areas of the plate would this method be expected to give

reasonable results.

CORRUGATED PLATES UNDER IN-PLANE LOADING
(34)

Bergmann, Reissner and Seydel applied the orthotropic
plate theory to the problem of buckling of corrugated and stiffened
plates subjected to pure shear. Seydel solved the problem of an
infinitely long plate wnder pure shear with free and clampededges'>”)
and also of a finite plate with simply supported boundary

(34) (36)

conditions . Some experiments made with corrugated and
stiffened rectangular plates subjected to shear agreed satis-
factorily with the results given by the orthotropic plate theory.

(37)

Thielemann solved the problem of initial buckling of
infinitely long rectangular "generally orthotropic" plates with
the long edges simply supported or clamped and subjected to either
pure compression in the longitudinal direction or to pure shear.
(A "generally orthotropic" rectangular plate is one that has its
mutually perpendicular main axes of rigidity making any angle to
the edges, the case of the axes of rigidity running parallel to
the edges being a special case of such a plate.) Solutions were

obtained by the exact method as well as by the Energy method.

In the exact method the numerical evaluation of buckling
coefficients for different relative rigidity properties of a

"generally orthotropic" plate involved a considerable amcunt of
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labour. For plates having the main rigidity axes parallel to
the edges ("specially orthotropic' plates), much less computa-
tional work was involved. Thielemann's solution of shear
buckling becomes identical to that obtained by Seydel(35) and

the solution for pure compression with long edges freely supported
reduces to a simple form as given by Timoshenko(Bq). Exact

values of buckling coefficients for long "specially orthotropic"
rectangular plates with fixed edges under pure longitudinal

compression were alse given in the paper.

In the Energy method solutions were obtained by assuming
approximate expressions for the deflected form of the plate,
originally suggested by Timoshenko(Bq). The numerical values of
buckling coefficients obtained by the approximate method for
"specially orthotropic" plates and "generally orthotropic" plates
with the main rigidity axes meking an angle of 45° with the edges

compared very favourably with the exact solution.

Although Thielemann's work was done with special reference
to plywood panels, it can be readily applied to infinitely long
rectangular corrugated or stiffened plates even when the corru-
gations or stiffeners are not parallel to the edges. It
therefore permits the determination of the optimum inclination
of the stiffeners or corrugations to the edges for obtaining

the maximum possible buckling loads.

(38) applied the orthotropic plate

Yoshiki and Fujita
theory to the problem of elastic and inelastic buckling of
rectangular "swedged" plates subjected to uniform biaxial
stresses. An exact solution was given for plates having all
edges simply supported, though the method could also be used
for plates having the edges perpendicular to the corrugations
elastically restrained against rotation, provided that the
edges parallel to the corrugations were freely supported.

The expressions for critical buckling stress so obtained were
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also valid in the inelastic range, provided some or all of the
rigidity properties of the plate were suitably modified. The
various theories for such modifications, proposed for application

(39)

to isotropic plates were examined and finally one suitable
for orthotropic plates was suggested. Experiments on swedged
plates under unidirectional compression in the direction of
corrugations showed that most of the theories would predict
critical buckling loads too high or too low, depending on plate
dimensions, except the simplified tangent modulus theory (which
simply reduces the critical stress in the ratio Et/E), which
gave consistent though conservative values of critical stress

about 10 to 15 per cent lower than the experimental ones.

In the papers on corrugated plates discussed above, one
important property of corrugations has been overlooked, namely,
the increase in the effective torsional stiffness due to
restraint against warping deformations, which would be caused
by variable torque within the plate and also by any in-plane

(40)

restraint present at the edges. Smith considered this

effect while evaluating the critical shear stress of an infinitely
long rectangular plate having square corrugations in the trans-
verse direction. The edges of the plate were clamped and were
assumed to provide 6omp1ete restraint to warping deformations.
The corrugated plate was treated as an orthotropic plate and the
consideration of warping restraint modified the fourth order
partial differential equation to a sixth order one, the new sixth
order term having the warping rigidity of the plate as its
coefficient. The problem was solved approximately by the Energy
method, and the results were found in certain limiting cases to
be only 6 per cent higher than the corresponding known exact
solutions. The increase in the critical buckling stress due to
the restraint against warping deformations was shown to depend
on the size of the corrugations relative to the width of the

plate and the breadth-thickness ratio of the plate elements
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forming the corrugations, being greater for bigger and thinner
corrugations. For a plate with square corrugations, the sides

of which were one-fifteenth of the width of the plate and fifty
times the thickness, the critical shear stress with warping
prevented was nearly three times the value with warping un-
restrained. Smith also investigated the effect on the buckling
load of the additional deflection due to internal transverse shear

across the corrugations; the effect was found to be negligible.

(41)

Peterson and Card investigated the same problem as
Smith , taking into account the restraint against warping
deformations, but they assumed the long edges to be elastically
restrained against rotation instead of being completely fixed.
The authors: observed’ that’ the transverse bending stiffness of
such plates was so high (due to the corrugations) compared to the
longitudinal bending stiffness that the shear buckles were short
in the longitudinal direction and even relatively short shear webs
might be considered infinitely long for the purpose of analysis.
The torsional rigidity of plates having the types of corrugations
mostly used in practice is very small and the authors confirmed
the observation(QO) that the coefficient of the term ng/axzbyz
in the orthotropic plate equation might be taken to be zero with
negligible error in the calculated buckling loads. The effect of
restraint against warping deformations was seen to be appreciable
even with freely supported plates, when the restraint was only due
to the variation of torque along the corrugations; an increase

of about 50 per cent in the throretical buckling coefficient was
obtained in some cases. A number of beams with aluminium alloy
web having vertical corrugations were tested to failure. Due to
the initial overall deflections of the webs, the load-deflection
curves did not show any sign of critical buckling of the webs and

the theoretical values could not therefore be checked. However,

the failure loads of the shallower webs having high values of
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critical stress were in agreement with the theoretical buckling
loads though the deeper webs carried considerably greater stress
at failure than the computed critical stresses. The authors
suggested a method of estimating the approximate failure load

of such webs.

Recently a number of stiffened and swedged plate panels
were'tested to collapse as columns under axial compression(7)
by the British Ship Research Association. Owing to the presence
of initial deformation and premature buckling of the plate
elements between the stiffeners or swedges, the ultimate load
carrying capacity of the specimens was substantially reduced.
Because of the reduced width of flat plating associated with
swedges together with the inherently stable form of the swédge,
swedged plates exhibited a marked superiority over conventionally
stiffened plates. The post buckling behaviour of the local plate
elements was investigated in the light of available theoretical
solutions; the agreement, in general, is satisfactory. Finally,
an approximate method was proposed for calculating the collapse
strength of stiffened or swedged plating loaded as columns where

local plate buckling occurs before overall collapse.

No general solution is available for the post buckling
behaviour of stiffened or corrugated plates. Falconer and
Chapman(qz) investigated the initial and post buckling behaviour
of long, simply supported rectangular plates having any degree
of longitudinal and transverse stiffening when subjected initially
to uniform end thrusts. The plate was regarded as truly
orthotropic on the assumption that the stiffeners, if any, were
sufficiently closely spaced for overall instability to develop.
The authors also considered the effect of initial deformation on

the post buckling behaviour.
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The solution was obtained by the Energy method and was
based on certain appropriate simplifying assumptions. Equations
suitable for design purposes were given for calculating the stresses
and deflections of the plate for any applied load. The effect of
the direction and the degree of stiffening and the influence of
initial deformation were studied with the help of graphs and
numerical examples, which demonstrated that a transversely
stiffened plate, unlike one longitudinally stiffened, is able to
carry load in excess of the critical owing to the restrained rate
of deflection after buckling, and that the load causing yield is
greatly influenced by the magnitude of initial deflection.

In the papers so far discussed, the stress distribution in
the corrugated plate was assumed to be given before the buckling
load was calcﬁlated. In very many cases, however, the first
problem is to determine the distribution of applied stress on the
corrugated plate. The in-plane rigidity of corrugated plates
transverse to the corrugations is very low compared to their
rigidity in the direction of the corrugations. A girder having
vertically corrugated web, therefore, gets no assistance in
carrying bending moment from the web, which is subjected
practically to pure shear; a horizontally corrugated web, on the
other hand, would carry its full share of bending stress together
with shearing stresses(1). The low value of in-plane transverse
rigidity also leads to a low value of the shearing rigidity of
corrugated plates compared to that of flat plates with conven-
tional stiffeners. This low value of shearing rigidity has been
utilised in ship structures by constructing the side walls of
the superstructure with vertically or horizontally corrugated
plates to reduce the longitudinal stress in the superstructure.
However, if the deformation of the corrugations is prevented
by transverse stiffeners, the shear stiffness is greatly
increased. The behaviour of superstructures constructed with

corrugated plates and the effect of stiffening have been studied
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(43),(44)

both theoretically and experimentaily in Japan
other important property of corrugated plates is that when acting
as beam flanges with corrugations transverse to the span, they
are virtually ineffective and contribute nothing to the bending
strength of the beam. Experiments with trapezoidally corrugated
plates have confirmed this and have also revealed severe stress
concentration at the corners nearer to the neutral axis of the

(5) , (k5)

beams

DETERMINATION OF RIGIDITIWS OF STIFFENED AND CORRUGATED PLATES

An isotropic material has two independent elastic constants,
namely, the modulus of elasticity E and Poisson's ratio v'j the
modulus of rigidity G can be expressed as a function of E and V.
An orthotropic material, on the other hand, has four independent
elastic constants, the moduli of elasticity Ex and Ey’ one of the
Poisson's ratios Qx and 'Oy (the other being given by Maxwell's
reciprocal theorem) and the modulus of rigidity ny. It is
interesting to note that in an orthotropic material ny cannot be
obtained from Ex’ Ey and except when considering a direction at
an angle of 450 to the main orthogonal axes. In a homogeneous
orthotropic flat plate, the extensional, shear, bending and
torsional rigidity properties can all be expressed in terms of
the four elastic constants which can be determined from only one
set of tests, either involving tension and shear or involving

bending and torsion.

The material for corrugated and stiffened plates is, however,
isotropic, having only two independent elastic constants. It is
the plate rigidities that are in general different in two ortho-
gonal directions, because of the stiffeners or corrugations,

In the application of orthotropic plate theory to such plates,
the final values of the rigidities are required and therefore
direct determination of these properties by experiments is more

useful than the determination of the elastic constants. In such
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cases, however, two separate sets of experiments are required to
determine the extensional and shear rigidities and the bending

and torsion rigidities respectively.

Several authors discussed experimental methods for
determining the plate rigidities. The bending and torsional
rigidities of a stiffened or corrugated plate can be determined
by applying each time only one of the bending or torsional
moments and measuring the corresponding deformation of the plate.
The bending experiment is originally due to Bergstrasser(46) who
used it for determining the two elastic constants of isotropic
plates. In this method, a rectangular plate specimen is subjected
to pure'bending moment in the longer direction. Thielemann(37)
suggested a modification of this method for determining the
bending rigidities of "generally orthotropic" plates. In this
case two plate specimens are required, the longer side of the
specimens coinciding with the respective directions of applied
moment. Thielemann described how with the help of additional
measurements of deflections in these two experiments, the
additional rigidity properties of a "generally orthotropic"
plate could be directly determined, instead of calculating them
from the rigidity properties of the corresponding "specially
orthotropic" plate and the angle of inclination of the main

rigidity axes to the edges.

The experiment for determining the torsional rigidity is
similar to the one used by Nadai(B) for verifying the small
deflection theory of flat isotropic plates in bending. In this
experiment, a square plate specimen is subjected to pure torsion
by a pair of equal loads at a pair of diagonally opposite corners,
the other two corners being supported. Seydel 3 used this
method for determining the torsional rigidity of corrugated and

(37) suggested its application

(38)

stiffened plates and Thielemann

for generally orthotropic plates. Yoshiki and Fujita have
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recently used this method with swedged plates. Several other

(47),(48), (49),(50)

authors have used substantially these bending
and torsion experiments to determine the bending and torsional
rigidities of timber panels and stiffened plates.

(50)

Hoppmann described experiments for the determination

of the extensional and shear rigidities of stiffened plates; two
experiments were conducted involving pure tension in the two
orthogonal directions separately and measurements were made of
the stretch or shortenings in these two directions for each case.
One experiment involving pure shear was also made in which the
extension and compression in the two diagonal directions were

measured.,

Although it is always safe to determine the rigidity
properties experimentally, so that the overall deflections of
stiffened or corrugated plates may be predicted by the ortho--
tropic plate theory, it is possible to estimate some of these
properties by inspection of the geometry of the plate(8). For
the rigidities in the direction of the stiffeners or corrugations,
a single stiffener or corrugation with the associated plating
is treated as an independent beam and its properties are divided
by the spacing to give average rigidities of the plate. For
the rigidities in the perpendicular direction, a similar
procedure is adopted, considering a strip of unit width. The
approximate values of Poisson's ratio are either guessed or
assumed to be zero (as some authors have done for corrugated
plates, supporting their assumption by experiments). Smith(ho)
worked out in detail the expressions for the rigidity properties
of symmetrically corrugated plates including the expressions
for warping and extensional rigidities. Yoshiki and Fujita(38)
have also given expressions for bending, torsional and extensional
rigidities of swedged plates. Both these papers demonstrate
that for corrugated plates the ratio of the two bending rigidities
is equal to the ratio of the two corresponding extensional

rigidities.
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(51)

Huffington developed expressions for the bending and
torsional rigidities of stiffened plates on the basis of
equivalence of strain energies of the actual plate and the
hypothetical orthotropic plate. The expressions in the general
form are rather involved, but they demonstrate the effect of the
spacing of the stiffeners on the rigidities, which reach the
values given by other authors only in the limiting case of very

close spading of stiffeners.

From the foregoing review it is evident that only the small
deflection behaviour of corrugated plates under lateral load has
been investigated so far and that in such investigations the
corrugations have been treated zs isclated beams without con-~
sidering the overall behaviour of the plate. However, for
calculating the initial buckling load of corrugated plates and
for studying the bending and buckling behaviour of stiffened plates,

the theory of orthotropic plates has been used with satisfactory

results.

Considerable work has been done on the small deflection
theory of rectangular orthotropic plates and numerical solutions
are available for various cases. The large deflection theory
for orthotropic plates is also available, but practically no
useful numerical solution exists. Even for isotropic plates
numerical solutions are available only for a few cases. Only
in one instance has the effect of boundary restraint (which

usually exists in practice) been considered.

Methods of calculating local transverse stresses in a
corrugated plate are available cnly for certain types of corru-
gation profile. These are applicable provided that the deflec-
tions are small and that the dimension of the plate transverse
to the corrugations is sufficiently large. The validity of

the methods has not yet been demonstrated by tests.
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Various investigators have tested corrugated and swedged
plates under lateral load; the dimensions of the test plates,
the size of the corrugations and in some cases the boundary
conditions have been such that the behaviour of the central
corrugation has not been affected by the overall plate behaviour.
Strain measurements have not been made in sufficient detail for

a proper estimate to be made of various stresses in the plate.

In view of the above findings, the present investigation

has been carried out with the following aims:

(2) to develop the large deflection theory of rectangular
orthotropic plates under lateral load, with the edges
elastically restrained against rotation, and against
movement both normal and parallel to the edges, in a form
suitable for application to stiffened and corrugated plates

as well as to ideally orthotropic and isotropic plates

(b) to obtain numerical solutions for a range of plate
dimensions, boundary conditions, rigidites etc. and to
compare them in particular cases with the available

analytical solutions and experimental results

(¢)  to show the method of application of the orthotropic plate
theory to corrugated plates

(a) to develop a method of calculating local deformations and
local transverse stresses for the general case of a
corrugated plate without any restriction on the transverse

plate dimension or on the magnitude of the deflection

(e) to confirm by experiments the applicability of the ortho-
tropic plate theory to corrugated plates and the validity
of the method of calculating local stresses and deformations

in the corrugations.
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CHAPTER IT

THEORY

SECTION A: THE LARGE DEFLECTION THEORY OF RECTANGULAR ORTHOTROPIC
PLATES UNDER LATERAL LOAD.

Previous derivations of the equations governing the large

(22)

deflection behaviour of ideally orthotropic and stiffened plates(zs)
were based on the considerations of equilibrium and compatibility.
In the present thesis the governing equations and boundary conditions
for the large deflection behaviour of orthotropic plates (including
stiffened and corrugated plates and ideally isotropic plates) with
given initial deformations are derived by an energy method. The
consideration of initial deformation, and the derivation of the
boundary conditions simultaneously with the governing equations by

a single application of the theorem of minimum potential energy,

appear to be novel.

In practice, plates are seldom used in isolation - they
are connected at the boundaries to adjoining structures. The
effect of this continuity can be represented approximately by
equivalent elastic boundary restraints. In the present theory,
therefore, the edges are considered to be elastically restrained
against rotation and against movement both normal and parallel to
the edges (Fig. 1). Elastic extensional and shearing edge res-
traints have not previously been considered in any analysis, and
elastic rotational edge restraints have been considered in the

large deflection analysis only by Soper.

In the present analysis, the governing equations and
boundary conditions are formulated directly in terms of the
rigidity properties of the plate so that their application to

stiffened and corrugated plates is straight-forward., It may be
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noted that the large deflection equations for ideally orthotropic
plates cannot be directly appliied to all stiffened plates, because
the ratio of the flexural rigidities in two orthogonal directions
of a stiffened plate is, in general, different from the corres-
ponding ratio of the extensional rigidities. In the present
theory provision has been made to allow for such differences in
the rigidity ratios by the introduction of an additional parameter
in the equations for ideally orthotropic plates. However, the
simplifying transformations applicable to the equations for ideal
plates are still applicable, and the resulting reduction in the
number of variables required to describe the plate, permits the
analysis of a large number of different plates with the help of

a few solutions. The large deflection equations for stiffened
plates obtained by Soper are, on the other hand, suitable for the

analysis of particular plates only.

Of the three principal methods available for the solution
of large deflection problems, the finite difference method, with
a digital computer solving the difference equations, is considered
most suitable, because it facilitates formulation of the problem
in a very generalized form and permits solutions to be- obtained
to any desired degree of accuracy. The method presented here is
applicable to isotropic, ideally orthotropic, corrugated and
stiffened plates, including those having a flexural rigidity
ratio different from the extensional rigidity ratio. As the
boundary conditions have been developed in terms of three types
of elastic edge restraint, practically all combinations of bound--
ary conditions can easily be incorporated in the solution. The
provision for elastic cdge restraints not only permits a better
assessment of the effects of continuity of plates over supports
than has so far been possible, but alsoc permits the determination
of the actual magnitude of restraint that may be considered
infinite or zero for practical purposes. Moreover, the form-

ulation takes account of the effect of initial deformation,
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which does not appear to have been considered previously.

A short outline of the theory will now be given; details
are given in Appendix A.

Derivation of equilibrium cguations and boundary conditions

in terms of displacements. The equilibrium equations have been

derived from the principle of stationary total potential energy,
according to which the virual work associated with each of the
three virtual disvlacements $u, 5v and &w is zero. The only
boundary condition assumed is that the edges do not deflect

(w = 0). If it were assumed that at the edges u, v and w,

as well as the slope normal to the edges (dw/dn) were prescribed
constants (including zero), then the three equilibrium equations

(54)

could be obtained directly by the Calculus of Variations from
the Bulerian Characteristic Equations. However, in the present
case the boundary displacements are not prescribed, and the
boundary conditions have been derived from first principles, as

a direct result of the principle of stationary potential energy,
using a method similar to that used by Timoshenko( for deriving
the governing equations and Kirchoff boundary conditions for small
deflection bending of isotropic plates. The three equilibrium
equations and boundary conditions so obtained are valid for any

distribution of loading and any boundary conditions.

Introduction of Airy Stress Function. The above equations

could be converted to finite difference form and solved by a
method of iteration. To reduce the amount of labour the number
of variables hss been reduced from three to two by introducing an
Airy stress function to replace u and v. As a result, the
boundary conditions are somewhat more complicated in form,
vespecially because of the presence of the three edge restraint
coefficients. The boundary conditions are derived on the assum-
ption that the edge restraints as well as the applied loading are

symmetrical about both centre~lines. Boundary conditiens
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for loading symmetrical about one centre-line and anti-symmetrical
about the other or anti-symmetrical about both centre-lines cam

be derived in a similar way, considering only one-quarter of the
plate, provided the edge restraints remain symmetrical. However,
it should be pointed out that the principle of superposition

does not apply for large deflection behaviour and therefore in

the general case of arbitrary loading and edge conditions the whole

plate has to be considered.

-Conversion of Equations to Non-Dimensional Form. The non-

dimensional forms chosen for defleotion, stress function and
intensity of loading are explained in the Appendix. In the
pérticular case of isotropy, these non-dimensional ratios reduce
to the forms used by previous investigators except for certain

numerical multiplying factors.

As a result of the chosen non-dimensional forms and trans-
formation of the axes of co-ordinates, rectangular orthotropic plates
(including stiffened and corrugated plates) can now be described

completely in terms of the following few parameters.

a) Virtual side-ratio (£):- This is obtained by multiplying the
actual side ratio of the plate by the fourth root of the inverse
bending rigidity ratio, with the axes chosen so that £ is
numerically equal to or greater than 1. For an orthotropic plate
having the same bending rigidities in the two orthogonal directions,
and also for an isotropic plate, £ becomes equal to the actual
side ratio; otherwise a given virtual side ratio corresponds to

different actual side ratios.

b) Torsional rigidity parameter (/b): This is a measure of the
torsional rigidity of the plate relative to the bending rigidities
and varies between O and 1. For isotropic platesﬁib = 1. For
corrugated plates and for grillages with little or not plating

My approaches zero.
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¢) Stiffening parameter (r): This is equal to the fourth root of
the ratio of the two rigidity-ratios (extensional and bending) and
is equal to 1 for ideally orthotropic, isotropic and corrugated
plates and also for stiffened plates having identical stiffening in
the two perpendicular directions. For other cases of stiffened
plates r can assume any positive value depending on the form and
degree of stiffening in one direction relative to the other. It

may be noted that the form of the stiffeners has no effect on the
extensional rigidity whilst the flexural rigidity is greatly
influenced by it. It is, therefore, possible to consider two
stiffened plates having identical flexural rigidities but with
different extensionai rigidities because of difference in the forms
of the stiffeners, These two plates will have identical small
deflection behaviour (which is ihdependent of extensional rigidities)
but when the deflections are larze they will behave differently from

each other.

d) Shearing rigidity parameter (;): The reciprocal of M, is a
measure of the shearing rigidity of the plate relative to the
extensional rigidities. Al is greater 'than 1 for oxthotropic plates
- end is equal to 1 for isotropic plates. For corrugated plates,

however,ﬁim is less than 1.

e) Poisson's ratio parameter quxm'vym)’ For isotropic plates,
this becomes equal to VV, the Poisson's ratio of the material. For
a stiffened plate the value of this porameter is less than the
Poisson's ratio of the material of the plate and for corrugated

plates it can be neglected altogether.

f) Six edge restraint co-efficients (a, Tyy kxy Kyy 8y and sy) ¢
These coefficients can assune any value between O and ©C corres-
ponding respectively to the condition of complete freedom from
restraint and to the condition of complete fixity at the edges,
against rotation or against movement either normal or parallel

to the edges.
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In the case of plates with initizl deformation, additional
information will be necessary concerning the magnitude of the

initial deflections.,

A1l plates having the same values for the above paraneters
have identical behaviour when the behaviour is expressed in non-
dimensional terms. To obtain the actual behaviour of any particular
plate in the group, it is necessary only to multiply the given non-
dimensional applied pressures and the non-dimensional deflections
and stress functionsjobtained by the analysis, by suitable
numerical factors which are dependent on the actual dimensions

and rigidity properties of the plate.

In the derivation as well as in the non-dimensional trans-
formation of the equations, the plate thickness, elastic moduli
ond stresses do not appear explicitly; instead, the rigidity
properties, moments and membrane forces are considered to be the
most fundamental quantities. This permits the direct use in the
analysis of the rigidity properties of stiffened and corrugated
plates (which can if necessary be obtained experimentally) without
considering the actual modulus of elasticity of the material and
the actual geometry of the stiffeners or corrugations. When the
moments and membrane forces have been found, stresses can be
calculated by considering an element of the nlate subjected to
the calculated moments and membrane forces,; for stiffened or
corrugated plates this element must consist of a stiffener or

corrugation with the associated flat plating.

Finite Difference Zauations. In obtaining the finite

difference equations, first order approximations for the derivatives
of W znd F have be:n used, except for the slone at the edges, where
more accurate expressions are employed to increase the accuracy

of solution for clamped or nearly clamped plates. The accuracy

of curvatures and membrane forces obtained by using the first

order finite difference operators on thc calculated W and F is
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less than that of W and F themselves. A greater accuracy for
these quantities is attainable by using higher order approximations

(55)

for their calculation

The computer program is written for Atlas in Hercury
Autocode and is developed for initially flat plates. The finite
difference equations are, however, fully developed for initially
deformed plates and incorporation of the terms inveolving initial
deformation in the program does not present any difficulty. 1In
practical wproblems, where the shape of initial deformation can-
not be exactly determined, it can be assumed for simplicity that
the profile of the initially deformed surface normal to the edges
is identical to that of the deflected plate under applied loading

III

and certain terms (T and T'') can then be neglected,

The small deflection behaviour of orthotropic plates is only
a particularcase of the large deflection behaviour discussed so
far and is obtained by neglecting the membrane forces in the
plate. In the computer program provision has been made to print
out the small deflection results; these are calculated by setting
F = 0 everywhere in the plate and are subsequently used as a first
approximation to the finite deflection distribution corresponding
to the first (lowest) intensity of loading prescribed in the

iterative procedure for determining F and W.

SECTION B ¢ MATHOD OF PRiSENTING THE THEO«ZTICAL RKESULTS FOR THE -
LARGE DEFLECTION ANALYSIS OF ORTHOTROPIC PLATES.

To facilitate the presentation of the numerical solutions
and to express them in suitable forms for their direct application
to actual plates the non-dimensional forus of applied loading,
deflections, curvatures and membrane forces given in Appendix A

have been modified to some extent; details are given in Appendix B.
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It may be noted that the ratio of deflection to plate
thickness is an important index of membrane action in a plate.
For stiffened and corrugated plates thickness of the equivalent
plate is not a physical quantity and its value must be expressed
in terms of the flexural and extensional rigidity properties of
the plate. The concept of equivalent thickness (heq) has, there-
fore, been introduced and a formula has been suggested for its’
evaluation. This formula, by incorporating the extensional and
flexural rigidities in both orthogonal directions, recognises the
possibility of a difference between the ratio of the flexural
rigidities and the ratio of the extensional rigidities, which is
usual for stiffened plates. For isotropic and ideally ortho-

tropic plates heq reduces to the actual plate thickness h.

The non-dimensional forms finally adopted for the presen-
tation of the numerical results contain one or more of the four
quantities, namely, the flexural rigidity (Dy), the equivalent
thickness (heq) and the lengths of the sides (1, and 1.).

Replacing the various rigidities and rigidity ratios by
Dy and hey has the advantage of meking the relative magnitudes
of the normal forces and the shearing force (or the bending
moments and the twisting moment) quite apparent from their non-
dimensional magnitudes; it also simplifies the numerical evaluation
of the actual forces and moments in a plate from the non-dimensional

values,

The bending moments in an orthotropic plate depend on the
two Poisson's ratios in bending (Vyy, and Vyp). The specification
of Vyp and 9yb is not necessary for obtaining a solution (see
Section A); if for the calculation of bending moments they are
now assigned certain values, considerable generality of the solution
will be lost. It is, therefore, convenient to present the bending
moments in the orthogonal directins on the assumption that'ﬁxb

and‘QYb are zero. Actual bending moments in a given plate can
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easily be calculated from these two bending moments and the appro-
priate values of the Poisson's ratioe Support moments in a plate
with undeflecting edges are independent of the individual values
of 'Oxb or ‘}yb and can, therefore, be presented without any
difficulty.

Knowledge of the value of the torsional rigidity parameter
(#y) is not sufficient for expressing the twisting moment in term
of Dy; it is also necessary to know the value of Vyy, or Vybe
Generality may, however, be retained in the non-dimensional
presentation of the twisting moment if V,, or vyb is assumed to
be zero. Necessary corrections can be made subsequently when

calculating the actual twisting moments in a given plate.

For the particular case of isotropic plates, the non-
dimensional forms contain one or more of three quantities,namely,
the modulus of elasticity (E), the plate thickness (h) and the
length of a side of the plate (1,). The term 1, does not appear
because the ratio ly/lX is known, being the virtual side ratio of
the plate. The non-dimensional forms are necessarily identical to
those obtained by previous authors (except for certain numerical
multiplying factors) provided that the moments and forces are
expressed in terms of stresses. For isotropic plates, the value
of Poisson's ratio (V) is already specified (in the form of
Vﬁs;gia;;) at the beginning of the computation and no generality
is, therefore, lost in presenting the correct magnitudes of non-
dimensional bending stresses and shear stress due to torsion.
However, the same method of presentation as for orthoﬁropic plates
has been adopted for isotropic plates, because an isotropic plate
is considered, in the present investigation, to be only a

particular case of an orthotropic plate.
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SECTION C : APPLICATION OF THE ORTHOTROPIC PLATE THEOQORY TO
CORRUGATED PLATES.

To apply the theory of orthotropic plates to the analysis of
a corrugated plate it is necessary to evaluate the various rigidity
properties of the corrugated plate; expressions for rigidity
properties are given in Appendix C. These expressions,obtained
by Smith(QO), incorporate the effect of Poisson's contraction in
a proper manner and have, therefore, been chosen in preference to

(8),(38)

the expressions given by other authors

In the appendix the value of the stiffening parameter (r)
has been demonstrated to be equal to 1. For the particular case
of the corrugated plate used in the tests, numerical calculations
confirm that the Poisson's ratio parameter (vﬁv;;“U;;) is
negligible and that the torsional and shearing rigidity parameters
(ﬁib and}im) are very small being respectively equal to 0.07 and
0.08.

For the test plates, the equivalent thickness (hgq) is
found to be about 1 in., which is greater than the depth (3/4 in)
of the corrugations. This value of hgq is the result of the
particular definition chosen for heq and is considered to give a
ratio of deflection to thickness (w/heg) which is a proper index of

the membrane action in the plate.

In Appendix C the method of evaluating the edge restraint

coefficients is also shown with the test plates as examples.

With the parameters required for describing a corrugated
plate to the computer known the deflections, bending moments and
membrane forces in the equivalent orthotropic plate can be

determined for any given value of applied load.
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The deflections in the equivalent orthotropic plate corres-
pond to the deflections in the corrugated plate except that certain
corrections are necessary to incorporate the effect of the local
deformation of the corrugation-profile. Such local effects depend
on the shape and size of the corrugations and are discussed in the

next section (Section D).

For calculating the longitudinal bending (and membrane) stresses
in a corrugation, the resultant longitudinal bending moment (and
membrane force) acting on the corrugation is evaluated by the
numerical integration of the bending moment (and membrane force)
per unit width, over the entire width of the corrugation, the
distribution and magnitudes of the bending moments (and membrane
forces) over the transverse cross-section being taken from the

solution of the equivalent orthotropic plate.

To calculate the stresses in the corrugated plate in the
transverse direction the distortion of the profiles of the
corrugations has to be considered. The method of calculating the

transverse stresses is discussed in Section D belowe.

SECTION D. METHOD OF CALCULATING LOCAL TRANSVERSE STRESSES AND
DEFORMATIONS IN CORRUGATIONS.

Transverse stresses and deformations in the corrugations
depend on the shape of the corrugations and increase with the size
(and spacing) of the corrugations in much the same way as the
deformations and the forces and moments in an arch on a frame under
uniformly distributed load. These transverse stresses and
deformations are of a local character and cannot be predicted by
the orthotropic plate theory, which considers plates made up of
corrugations of different size and shape but having the same
rigidity properties as identical for the purpose of analysis. It
may be noted in this connection that for the ideal case of a

oorrugated plate having a large number of (small) corrugations,
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the transverse stresses are independent of the shape and size
of the corrugations and can be directly calculated by the ortho-

tropic plate theory.

A method is now presented for calculating the transverse
stresses and deformations in a corrugated plate; it is applicable
to any form of corrugation, provided that the corrugation is
symmetrical. The method has been demonstrated here for the
particular case of a central corrugation, which is likely to have
greater longitudinal stresses than the other corrugations; after
certain modifications the method can also be used to calculate
the transverse stresses and deformations in the other corrugations.

A brief outline of the method is given below.

1. Isolate a transverse strip of unit width from the central
corrugation at a section where the transverse stresses are to be

calculated.

2. The forces and moments acting on the strip are shown in
Fig. 4. 'V represents the difference of the shear stresses
acting on the pair of transverse sections unit width apart. It
may be considered to be the shear stress produced by a vertical
shearing force of magnitude 2(Bg - V;), in a cross section of
“the corrugation, which is assumed to behave like a beam. It
therefore follows that ‘¥ is zero at A and C. Twisting moments

on the transverse sections are neglected.

3. The shearing force V,, the horizontal displacement v,
and the rotation @, (Fig. 4) are assumed to be known from the
analysis of the plate as a whole. The redundant quantities
Fc and Mg and the deflection w, are then determined with the

help of Castigliano's First Theorem, according to which

bU/stc = v, dU/2M_ = §_ and BU/rt»VC = W

where -
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U = Strain energy due to bending of one half of the element
CAC. (Strain energies due to axial force and transverse

vertical shear force are neglected.)

4, Ve, Fc and Mg being known, the bending moment and axial
force and hence, the stresses can be calculated at any point in

the element.

The method of calculation is presented in Appendix D
for the particular type of corrugated plate used in the experiments
(Fig. 5a and Chapter IV). Althcugh solutions for moments and
axial forces can be obtained in terms of the dimensions R, W
and k (which completely define the shape and size of the profile),
the expressions become more and more unwieldy as the calculation
progresses. The method is, therefore, illustrated for profiles
geometrically similar to the one used in the experiments, that
is, for known numerical values of ¥ and k, but for any value of
R, which defines the size of the corrugation. The thickness t
of the element does not appear in the calculation of bending
moments and axial forces (except in the expression for the
flexural rigidity of the strip), if the quantity (t/R)Z is very
small. [ See the expression for I/R°t in Equation (67)]

After obtaining the general expressions for F,, M and we
the following two particular cases are considered in the appendix
to demonstrate the effect of the transverse membrazne action on

the local behaviour of corrugated plates.

Cagse I: V, = Ve =:Gc = O, This case corresponds to the small
deflection behaviour of a corrugated plate, infinitely wide in
the direction perpendicular to the corrugations so that the

corrugations away from the short edges deflect identically.

Case II: V. = F, = 90 = 0. This case corresponds to the large
deflection behaviour of a corrugated plate, infinitely wide in

the direction perpendicular to the corrugations at that stage of
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loading when the transverse membrane tension exactly counter-
balances the compressive force F,, given by the small deflection

analysis (Case I).

In both cases the overazll transverse curvature is zero in
the interior of the plate and the corrugations suffer no distor-
tion because of curvature. Nevertheless, the behaviour of the
corrugations is found to depend on their size (R), the forces and
moments respectively being proportional to R and R2, The deflection
(wc) of the centre of the flat plating between a pair of corrugations
is proportional to RA. According to the orthotropic plate theory
this deflection is zero irrespective of the size or shape of the
corrugations., These local forces, moments and deformations
disappear when R—- 0, that is, when the plate consists of a large

number of very small corrugations,

The effect of the transverse membrane action on the local
behaviour of the corrugations can be seen by comparing the results
of the two cases. In both cases mean stresses due to the trans-
verse in-plane forces can be shown, for corrugations having
practical dimensions, to be very small compared to the transverse
bending stresses; yet the effect of a membrane tension only large
enough to balance the compressive force F, (Case II) is to increase
the meximum transverse bending stress and the local vertical
deflection at C respectively to about four and ten times their
values corresponding to no membrane action (Case I). The trans-
verse membrane action also affects the distribution and the
nature of the transverse bending moments in the corrugation. In
Case I, the maximum bending moment occurs at the junction of the
curved and flat parts (point D) producing tension on the surface
on which the pressure is applied, whilst in Case II the bending
moment is maximum at the crest A, again producing tension on
the surface on which the pressure is applied; the bending

moment at A itself has opposite sighs in Case I and Case II,



These observations are true for the particular direction of the
applied pressure shown in Fig. 4, and the effect of reversing the

direction of the pressure will now be considered.

In the absence of membrane action, the effect of a reversal
of applied pressure is only to change the signs of forces, moments
and deflections in the corrugation, the magnitudes remaining
unaltered. In Case I, for instance, replacing q by -q gives a

tensile force and a downward deflection at C, although the deflec-

tion is still in the direction of the applied pressure. In the
presence of membrane action, however, the local stresses and
deformations are altered in a different way by a reversal in the
direction of applied pressure, because such a reversal whilst
reversing the effect of g itself cannot affect the transverse
‘membrane forces or the effects of these forces on the behaviour

of the corrugation.

The expressions for F, and M, [Equations (79)]and w,
[?quation (SOj]obtained in the appendix are still valid; the only
modification necessary is to change the signs of the terms
containing q, V, and QC. The sign of the terms involving v,

remains unaltered, beilng independent of the direction of q.

To demonstrate the effect of a reversal in applied pressure,
the same plate and the same degree of membrane action as in
Case II may be considered, but with the pressure acting in the
opposite direction. It is evident that F, can no longer be zero
at any stage, being tensile even in the absence of membrane action;
instead, the horizontal displacement v, obtained in Case II can
now be assumed to be known; this magnitude of v, together with
Ve = E)c = 0 describes a case that is identical to Case II except
for the direction of gq relative to the corrugations. The solution
of this case is given in the appendix. Comparison of these
results with those of Case II shows a marked difference in the

behaviour of the corrugation. The transverse bending moment
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continues to be maximum at the cresf A but its magnitude is now
greater and it develops compression on the surface on which the
pressure is applied.v The bending moment and vertical deflection

at C are changed in magnitude; the bending moment produces tension
on the surface on which the pressure is applied and the deflection
is in a direction opposite to the direction of q. It is, therefore,
clear that the transverse bending stresses at C and the deflection
at C relative to the crest of the corrugation undergo reversal in
sign under the action of transverse membrane forces when the
pressure is applied on the convex surface of the corrugations; such
reversal does not occur when the pressure is acting in the opposite
direction. It may be added here that when the transverse membrane
displacements are large, only a small fraction of the deflections
and transverse moments in the corrugation will be caused by the
applied pressure itself, and, therefore, the importance of the
direction of pressure on the local behaviour of corrugations will

be greatly reduced.

In the general case, the magnitudes of V., 8 c and vg
(Fig. 4), required for calculating local stresses and deformations
in corrugations, are not known; the methods of calculating them
from the overall behaviour of the corrugated plate obtained by

the orthotropic plate theory, are outlined in Appendix D.
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CHAPTER IIIX

THEORETICAL RESULTS

SMALL: DEFLECTION SOLUTIONS

In order to gain some experience in the finite difference
method and the technique of writing 'programs' in Mercury Autocode,
a program was first written specifically for the small deflection
behaviour of rectangular orthotropic plates with elastic edge rest-
raints. This program was subsequently used to obtain solutions
for clamped orthotropic plates under uniformly distributed and
central patch loading. These solutions are presented here, as they

have not been found in the literature.

X 0 ly ‘
‘ -
i 5
— _— e a4
3 f 1,
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-2 “T I 6} D
X J

Clamped Plates under Uniform Load (q)

Results are given in Table 1 below; the numbers in parenthesis
are the available solutions for isotropic plates(S) and are given
here for comparison. The present solutions were obtained by

dividing the plate into sixteen divisions both ways (i = 8).

The present results show excellent agreement with the
available solutions, except that the error in My for £= 3 is
about 6 per cent. This error is probably due to the coarseness
of the mesh, because, for ¢= 3 the mesh length in the y direction
was three times the mesh length in the x direction as a result of

dividing the plate in an equal number of divisions in both

. directiouns.
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W L 2 2\ T

o 1000 wal/qlx 100 sz/qlx (100 Myj/qlx)/Dx/Dy

=] d

A ,

g8 opy =1 0.5 |0 wy =1 0.5 {0 By =1 0.5 {0
1,00 | 1.26 (1.26) | 1.43 {1.66°}5.13 (5.13) | 5.41{5.73]5.13 (5.13)|5.41{5.73
1,25 | 1.81 2.04 |2.3% |6.64 7.0717.5915.60 5.76{5.89
1.50 | 2.19 (2.20) | 2.40 [2.68 }7.56(7.57) |8.018.56}5.71(5.70) |5.76{5.74
1.75 | 2,11 2.59 {2.81 }8.,05 8.4418.91}5.70 5.70{5.62
2.00 | 2.53 (2.54)| - 2.81 §{8.28 (8.29) | - 18.9315.66 (5.71)] - 1{5.59
3,00 | 2.62 - 2.64 §8.40 - {8.44]5.41 - 15.56
cC (2.60) | - - (8.33) | - - (5.71)] - -

Table 1

The central deflection (w,) and the support moments
(My> and Myj) increase with the decrease in the torsional rigidity
parameter (pb)aand are meximum for py = O, except that My3 shows
a reversal of this trend when the side ratio exceeds a value of
about 1.5. A variation of the torsional rigidity parameter has a
greater effect on the central deflection than on the support
moments; for E= 1, for example, a reduction of By from 1 to O
increases wy by about 32 per cent, whereas M, or My3 is increased
only by about 12 per cent. The effect of a variation in Hy, can

be neglected for plates having £ greater than or equal to 3.

Figs, 6 and 7 show the deflected shapes of the plate centre-
lines parallel to the x and y axis respectively, for by = 1 and
By = 0. The deflected shape of the centre-line parallel to the
x axis (Fig. 6) is practically independent of p, and is affected
only a little by the change in the side ratio of the plate,
becoming, at £= 2, identical to the deflected shape of an

infinitely long clamped plate. The deflected shape parallel to

the y axis (Fig. 7), however, depends on the side ratio of the plate
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and become progressively flatter with an increase in the value of

€, showing the diminishing effect of the clamped short edges on

the interior of the plate. The effect of a variation in uy, on

. the deflected shape (Fig. 7) becomes prominent for longer plates;

at € = 3, the effect of changing p, from 1 to O is to shift the

point of maximum deflection sway from the centre and towards the

short edges, giving thereby two points where the deflection is

a maximum; the maximum deflection is, however, only about 3 per

cent greater than the deflection at the centre of the plate.

Clamped Plates under Central Patch load (P)

Results are given in Table 2 below; the numbers in parenthesis

are the available solutions for isotropic plates under a concen-

trated load at the centre

(8)

and are given here for comparison.

Present solutions were obtained by dividing the plate into six-

teen divisions both ways (i = 8), giving a patch area equal to

(1,/16) x (14/16).

g E’ 1000 D_w. /P1 100 M_/P (100 H_/®)/D, />
R

ﬁgg By =T 0.5 | © b =1 0.5 0 Jp,=105] 0
1.00 | 5.82 (5.60);6.68 | 7.88 112.66 (12.57){13.12{13.51 | 12.66 13.12113.51
1.25 | 6.88 7.84 19,18 [15.47 16.24 (17,021 8.61 1 8.43) 7.99
1,50 | 7.35 8.29 | 9.60 {16.62 17.34118.05 | 5.26 | 4.61] 3.57
1275 | 7455 8.45 (9.71 17.08 17.68118.24 | 2,95 {2.11| 0.84
2,00 | 7.64 (7.22)] - %9.78 17.20 (16.74)1 - 118,28 § 1.53 | - {-0.52
3.00 | 7.82 - Fo.os 18.10 - 119,07 0 - -0.L44

oo (.25 | (16.80)

Table 2
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For a virtual side ratio equal to 1, the present solutions
for a central patch load agree fairly well with the theoretical
solutions for a central concentrated load, the errors in the
central deflection and support moments being respectively about
i per cent and 0.7 per cent. For increasing values of €, the
agreement is less satiéfactory. For plates having € between 1
and 2, the present solutions may be considered sufficiently

accurate for practical purposes.

The effect of a variation in Wy, on deflections and support
moments in a centrally loaded plate is similar to that in a plate
under uniform load. The bending moment (MyB) at the short edges
of a centrally loaded plate decreases progressively with € and

can be neglected for plates having € }/3.

Variation of K, has very little effect on the deflected
shape of the plate centre-line (Figs. 8 and 9), except that for
plates with high virtual side ratios, the deflected shape of the
centre line parallel to the y axis is somewhat affected. It can
be seen from Fig. 9 that for a long plate, the areas of the plate
near the short edges do not participate in carrying the load

applied at the centre of the plate.

LARGE DEFLECTION SOLUTIONS

A1l the solutions presented in this thesis were obtained
with a specified degree of accuracy (P) of 1 per cent in the
iterative procedure. A greater accuracy would have required more
computer time and an accuracy of 1 per cent was considered suf-

ficient for practical purposes.

In most cases the plate was divided into 12 divisions both-
ways (i = 6). This was considered adequate for obtaining deflec-
tions accurate enough for practical purposes; for a simply
supported square isotropic plate under uniform load with the

edges clamped against in-plane movements the deflections obtained



50

with a coarser mesh (i = 4) were found to be within 0.5 per cent
of those obtained with 1 = 6. For the plate under a central

patch load a finer mesh (i = 8) was employed.

The maximum intensities of pressure for which computations
were carried out in the present investigation are, in most cases,
much higher than those in the available solutions. The maximum
value of the non-dimensional pressure intensity (qli/theq) in
the present solutions is about 4000 for simply supported plates
and about 10000 for clamped plates, these values being chosen
such that the ratios of the central deflection to the equivalent
thickness (w/heq) of the plates is at least equal to 2 at the

maximum pressure.

The solutions were obtained in 10 (or in some cases, 12)
equal increments of load; this gave a sufficient number of points
for plotting the results properly. Increasing the number of

load increments would have required more computer time.

The total number of iterations required to obtain results
upto the maximum pressure depends on the problem; for the solutions
given here, the number never exceeded 45 and was in most cases in
the range 25 - 40, the clamped plates requiring a greater number
of iterations than the simply supported plates. Other things
remaining the same, an increase in the number of meshes (i)
increases the total number of iterations only a little. A
maximum number of iterations is required to obtain the solution
for the starting pressure; the actual number is only slightly
affected by the nagnitude of the starting pressure and was 5
in almost all the cases solved. The number of additional iterations
required for each subsequent increment of pressure reduces to 3
or less after the first few increments. The total number of
iterations required to obtain results upto a certain pressure
is appreciably increased if the load increments are (say) halved,

because the number of results obtained is doubled. The volume
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of output is also doubled, requiring more computer time. A
lesser amount of computer time will be required if the number of

increments is reduced.

The Manchester University Atlas Computer, employed to
obtain the solutions, took about 80 seconds to }read in' the
program and data and for a typical case presented here, the time
required for computation and output of results for all the ten
pressure levels was about one minute with i = 6; this would be

increased about three times if a mesh having i = 8 were employed.

Of the large number of solutions that can be obtained with
the autocode program described in this thesis, about 25 solutions
are presented here in detail as examples; those include most of
the cases of isotropic plates considered by previous investi-
gators, so that the validity of the present theory and its

numerical accuracy can be verified.

Simply Supported Plate under Uniform ILoad €= 1, r = 1,
YV o Yy = 0.316. = = 1. (Figs. 10 - 13)

This particular case of a rectanéular orthotropic plate
corresponds to a square isotropic plate with a Poisson's ratio
equal to 0.316, the value used by Levy in his numerical cal-
culations. In the figures the non-dimensional terms (pressure,
deflection etc) relating to isotropic plates are given in paren-

thesis.

Solutions for the following in-plane boundary conditions

are given in the figures:

(1) K =K =0and 8§ =8 =0
X y X y
(i) K =K =0and 8 =8 =
X Yy X y
(141) X =K =zt and S _ =8_ =0
X y X J
(iv) Kx=Ky =¢¢ and Sx=Sy=a:;

Where K and S are respectively the stiffnesses of extensional and

shear edge restraints.
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Fig. 10 shows the central deflection plotted against the
intensity of loading. All four curves are tangential to the
straight line which describes the linear load-deflection rela-
tionship of a simply supported square isotropic plate. As can
be expected, the effect of membrane stresses is least for case (i)
and greatest of case (iv). It is interesting to note that the
central deflection for case (iii) is indistinguishable from that
of case (iv). This is because when normal movement of the edges
is prevented, the total length of the edges remains unchanged;
the local strain along the edges is therefore small even when
shear restraint is absent. The deflection for case (ii) is

between the two limiting values.

Fig. 10 also shows the results for isotropic plates obtained
by previous investigators. The results for case (iv) are in
remarkably good agreement with the results obtained by Levy
using the Fourier Series Method. There is no solution available
for comparison with case (ii). Kaiser's theoretical solution
(obtained only at one pressure) and experimental results agree
closely with the results for case (i); it may be pointed out
here that this is the first complete theoretical corroboration
of Kaiser's experimental results, published 28 years ago. Results
obtained by Levy for the case where the edges are kept straight
and the shear stress and resultant membrane tension are zero
at the edges, are alsc plotted; a comparison with the results of
case (i) which assumes the shear stress snd the membrane tension

at each point on the edges to be zero, shows that the large

deflection behaviour is affected by the distribution of the
normal edge stresses, even when the resultant normal and shear

forces at the edges remain unaltered.

In Figure 11, the curvatures at the centre of the plate
have been plotted against pressure and compared with the results

obtained by Levy and Kaiser. The maximum discrepancy between
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comparable cases is less than 10 per cent. This discrepancy is
caused by the maximum error (£) of 1 per cent permitted in the
deflections, because this small error may lead to a considerably
greater error in the curvatures. (A similar error may sometimes
be expected in the calculated values of the membrane forces
because of a possible error of about 1 per cent in the values of
the stress function obtained from the computer). A greater accuracy
in the curvatures (and membrane forces) may be consistently
obtained by specifying a smaller permissible error (P) for the
deflections. It may be pointed out here that the 'linear theory
curvatures' obtained by the present method are in excellent
agreement with the available solutions; these curvatures are
calculated from the deflections obtained by an exact solution

of the finite difference equations. This confirms that the errors
in the large deflection curvatures are due to the error (P) in

the iterative solution of the deflections and the chosen mesh size
(i = 6) is adequate for calculating the curvatures with sufficient

accuracy.

Figure 12 shows the membrane tensions at the centre of the
plate and also the membrane tensions at the midpoints of the
edges in a direction normal to the edges (for cases (iii) and (iv)),
plotted against pressure. The present solutions are in good
agreement with the comparable solutions obtained by Levy and
Kaiser. It can be seen that for plates having edges clamped
against normal movement, the normal membrane tension is greater

at the midpoints of the edges than at the centre of the plate.

In Figure 13, the effect of varying the Poisson's ratio from
0.316 to 0.3 on the central deflection of a square isotropic
plate has been considered, for the two extreme in-plane boundary
conditions (case (i) and case (iv)). Figure 13(a) shows the
effect to be negligible. The results obtained with the Poisson's
ratio parameter ( VQ;;;;;) equal to 0.316 can therefore be
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applied to plates having a value of 0.3 for this parameter, with
negligible error. Figure 13(b) shows the modifications in the
non-dimensional terms whereby the deflections can be made even
less dependent on the Poisson's ratio, the curve corresponding
to zero in-plane edge restraints (K = S = 0) being completely

independent of v.

Clamped Plate under Uniform Ioad. € =1, r = 1. v& v. = 0.316

bp = By = 1. (Figs. 14 -16)

This case also corresponds to a square isotropic plate with
v = 0,316, Solutions are given for the four in-plane boundary
conditions, discussed in the previous section; the rclative effect
of the boundary conditions on the deflection, curvatures and
membrane forces is similar to that for simply supported plates,
the results for case (iii) being indistinguishable from that of

case (iv).

There are no solutions available for comparison with case (i)
and case (ii). Comparison of case (iii) (and case (iv)) with Levy's
Fourier Series solution: shows remarkable agreement for the central
deflections and curvatures; the maximum error in the membrane
forces is, however, about 8 per cent, probably due to the reasons

discussed carlier.

The magnitude of the support moments relative to the moments
at the plate-centre is seen to increase progressively with
pressure (Fig. 15). Figure 16 shows that for plates having edges
clamped against normal movement, the normal membrane tension is
less at the midpoints of the edges than at the centre of the plate

the reverse of the relation observed in simply supported plates.
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Figure 17 shows the effect of the rotational and in-plane
edge restraints on the total surface stresses at the centre and
at the mid point of the edges, for a square isotropic plate under
uniform load. According to small deflection theory the bending
stress at the supports of a clamped plate (A =0¢C) is somewhat
greater than the bending stress at the centre of a simply supported
plate (A = 0); the effect of clamping is thus to increase the
maximum surface stresses in the plate, whereas in a beam the
maximum bending moment is reduced as a result of end fixity.

It can be anticipated therefore that the total tensile surface
stresses at the midpoint of the edges of a clamped plate will
become progressively greater than the tensile surfacé stresses
at the centre of a simply supported plate, as the membrane stress

increases, and this can be seen in Fig. 17.

Of the four cases of rotationally clamped plates (A =¢c),
the plate having edges free from any in-plane restraint (case (i))
has the highest surface stresses, although the surface stresses
are produced by the bending moments alone. For case (iii) and
case (iv) the surface bending stresses are augmented by the
membrane tension normal to the edges due to the extensional
edge restraints; this makes the surface stresses slightly higher
than those in case (iij , although the support moments for

case (ii) are greater (Fig. 15).

For the simply supported plates (A = 0), the relative
magnitudes of the surface stresses at the centre are similar to
those of the bending stresses (Fig. 11), being a maximum for
caze (i) (K = S = 0) and a minimum for case (iii) and (iv)

(K =02, 8 = 0,0¢) although the difference is smaller than that
in the corresponding bending stresses. It may be noted that the
in~-plane compressive stress due to membrane action at the mid-
points of the edges and in a direction parallel to the edges for
a plate with no edge restraints (A = K = S = 0) is, beyond a

certain magnitude of pressure, greater than the tensile surface
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stress at the centre of the plate.

Simply Supported Plate under Uniform Ioad, € = 1. r = 1,5
= 0. p =p =0 (Figs. 18 - 20)

V. v
xm ym

The solutions for r = 1 correspond approximately to the
behaviour of swedged and corrugated plates, whereas the solutions
for r = 5 are intended to show the effect of a variation in the
stiffening parameter (r) on the large deflection behaviour when the
other parameters remain unchanged. It may be noted that if the
swedges were prevented from spreading by battening, the transverse
extensional rigidity of the plate will be greatly increased wnilst
the other rigidities remain practically unaffected. In such circum-
stances the stiffening parameter may be equal to 5. A zero value
for the shearing rigidity parametér p, implies an infinite shearing
rigidity relative to the geometric mean of the extensional rigid-
ities of the plate and corresponds approximately to the situation
in a swedged plate; when the swedges are prevented from spreading,
iy, Can no longer be assumed to be zero. Therefore, the present
solutions for r = 5 do not correspond to any physical plate.

The following in-plane boundary conditions have been consid-

ered with r = 1

(1) K. =K =0and8_=8_=0
X y X Ng

(il) K =K =0andS =5 =&
X v x y

(iii) K =K =¢ccand § =S5 =c¢c
x Y x ¥

For r = 5, solutions have been obtained only for the first bound-

ary condition given above (K = S = 0).

Fig. 15 shows the central deflection plotted against the
intensity of loading. The small deflection solution (linear theory)
is independent of r; but according to large deflection theory the
central deflection is increased considerably When r is changed
from 1 to 5.
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A comparison with the simply supported isotropic plate
(Fig. 10) shows that the relative effect of the in-plane boundary
conditions on the central deflection is similar in the two cases.
According to linear theory the isotropic plate has a smaller central
deflection “han the orthotropic plate (Fig. 18), but when membrane
action is considered, the relative magnitudes of the central deflec-
tions of the two plates become dependent on the in-plane boundary
conditions and the intensity of loading. There are no existing
solutions available for comparison with the present solutions for

orthotropic plates.

Fig., 19 shows that the curvature at the centre of the ortho-
tropic plate with r = 5 can be many times larger than the corres-
ponding curvature with r = 1, whereas Fig. 20 indicateslﬁhat the
membrane tension at the plate centre is less with r = 5. The
relative effect of the in-plane boundary conditions on the curvatures
and membrane forces in an orthotropic plate is seen to be different
from that in an isotropic plate (Figs. 11 and 12).

i € = . = . =
Clamped Plate under Uniform Load. 1 r=1,5 Vemym

Hp = W, = 0. (Figs. 21 - 23)

Solutions have been .obtained for the in-plane boundary
conditions discussed in the preceding section; no solutions exist

for comparison with any of the present solutions.

Figs., 21, 22 and 23 show that, according to large deflection
theory, the effect of increasing r from 1 to 5 is to increase the
central deflection and the curvature at the midpoints of the edges,
and to decrease the membrane force at the centre of the plate; the
effect is, therefore, similar for simply supported and clamped

orthotropic plates.
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A comparison with the solutions for a clamped isotropic plate
(Figs. 14, 15 and 16) shows that the central deflections and the
support moments in the isotropic plate may be smaller or larger
than the corresponding guantities in the orthotropic plate (r = 1)
depending on the in-plane boundary conditions and the intensity of
loading, although according to small deflection theory, the deflections
and moments in the isotropic plate are always smaller. Comparing
the membrane forces in the two plates it can be seen that the
isotropic plate has smaller membrane forces at the centre and a
greater membrane force at the midpoint of the edges (with K = S =
and the range of loading considered) than the orthotropic plate
having r = 1, The relative effect of the in-plane boundary con~-
ditions on the central deflection is similar in the two plates;
but such similarity does not exist for the curvatures and membrane
forces. Figs. 21 and 22 also show that for the orthotropic plate
having infinite rotational and shearing edge restraints (A = 8§ =%
the central deflection and support moments remain practically unaf-
fected by a change in the extensional edge restraint (K) from zero

to infinity.

Effect of In-plane Boundary Conditions on the Distribution of the

Deflection and Membrane Forces on the Centre-~lines of Uniformly

Loaded Simply Supported and Clamped Square Isotropic Plates and

Rectangular Orthotropic Plates having € = 1. r = 1, VemVym = O.

by = By =0 (Figs. 2k - 27)

Fig. 24 shows the deflected profiles of the plate centre-
lines at the maximum intensities of loading for which solutions have
been presented in the previous sections. The two limiting conditions
of infinite and zero restraints against in-plane movements at the
edges have been considered and the results according to the linear
theory are also plotted. The intensities of loading and the ratios
of the central deflection to the plate thickness corresponding to

the deflected profiles are alse shown.
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In all cases the effect of membrane action is seen to be a
flattening of the deflected profiles obtained by neglecting membrane
adtion (l1inear theory). There is very little difference between an
isotropic plate and an orthotropic plate so far as the deflected

profiles are concerned.

For simply supported plates at a given load, the profile for
the condition of zero in-plane edge restraints is flatter than the
corresponding profile for infinite edge restraints, the latter
having a smaller central deflection than the former. For a given
in-plane boundary condition, the degree of flattening of the profile
increases with load ( and the consequent central deflection of the
plate).

For clamped plates there is very little difference in the
effect of the in-plane boundary conditions on the deflected profiles,
for a given magnitude of load, although the central deflections

are different for the two boundary conditions.

Fig., 25 shows the distribution of the membrane stresses in the
plates on the plate centre-lines, the direction of the membrane
stress being along the centre-line. Three in-plane boundary conditions
have been considered, namely, (i) K = 8 = 0, (ii) K = 0, § =o¢
and (iii) K = 8 =ec. The distributions shown in the figure corres-
pond to the maximum intensities of loading, as for the deflected

profiles in Fig. 24.

The patterns of the stress distribution are similar for
isotropic and orthotropic plates. Irrespective of the rotational
edge restraints, membrane stresses are zero at the boundery for
case (i) and (ii) because the extensional edge restraints are zero.
For case (iii), the membrane stress at the edges of a simply
supported plate is greater than the membrane stress at the plate
centre; for clamped plates, however, the situation is reversed.

The difference between the stress at the edge and the stress at
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the centre is greater in orthotropic plates than in isotropic plates,

for a given magnitude of non-dimensional iocading.

For isotropic and orthotropic plates, simply supported or
clamped, the ratio of the membrane stress at any point on the centre
line to the stress at the plate centre for case (i) boundary condi-
tion is less than the corresponding ratio for case (ii); an increase
in the load appears to decrease this ratio slightly, for the simply
supported isotropic plate having case (i) boundary condition (K = S=
0).

Figs. 26 and 27 show the distribution of the membrane stresses
acting across the centre-lines. The in-plane boundary conditions
and the magnitudes of loading are the same as for the membrane

stresses acting along the centre-lines (Fig. 25).

The patterns of the stress distribution for the simply
supported and clamped plates are very similar and it will be

sufficient to discuss the simply supported case (Fig. 26).

When the edges of the plate are free from any in-plane
restraints (K = S = 0), the resultant membrane force normal to any
longitudinal or transverse section of the plate must be zero, the
tensile stresses in the central part of the section being exactly
counterbalanced by the compressive stresses near the edges. The
resultant membrane force per unit width of the central section,
calculated from the distributions shown in Figs. 26 and 27, is about
1 per cent of the membrane force at the centre; this again confirms
the numerical accuracy of the present solutions. Fig. 26 also
shows that for the particular intensities of loading chosen, the
compressive stress at the edges may be as high as 2 to 3 times the
tensile stress at the centre of the plate; the effect of an
increase in the load is seen to be an increase in this relekive

magnitude of the edge compression,



61

When the shearing restraint at the edges is infinity (S =0)
the strain along the edges of the plate must be zero, For the
orthotropic plate the Poisson's ratio parameter (mevym) has
been assumed to be zero; the membrane stress parallel to the
edges must, therefore, be zero at the edges by Equations (43b)
and (44b) whatever the magnitude of the membrane stress normal
to the edges may be. For the isotropic plate (v = 0.316), however,
the membrane stress at an edge in a direction parallel to the edge
must be equal to 0.316 times the stress normal to the edge at the
point, in order that the strain is zero along the edge; when the
normal stress is itself zero (K = 0), the stress parallel to the

edge must also vanish at the edge (Figs. 26 and 27).

Simply Supported Plate under Uniform lLoad. € = 1.5. r = 1.
VVgmVym = 0.316.  wy = pp = 1. (Figs. 28 - 31)

This particular case of an orthotropic plate corresponds to

a rectangular isotropic plate (v = 0,316) with a side ratio

(1y/1,) of 1.5. Solutions have been obtained for three in-plane
boundary conditions, namely, (i) K = S = 0, (ii) K = 0, § =o¢

and (iii) K = S =0¢. The relative effect of the boundary conditions
on the central deflection, central curvatures (in x and y directions)
and membrane stresses at the centre (in the x direction) is similar
to that for simply supported square isotropic plates. The membrane
stresses at the centre in the y direction (Fig. 30) are almost
equal for case (1) and (ii) and are greater than the correspon-

ding stress for case (iii) shown in Fig. 31, which also shows

that the normal membrane tensions at the midpoints of the edges

are greater than the membrane tensions at the plate-centre,

acting in the same direction, as in the case of a square simply
supported plate. For the rectangular isotropic plate, the

central curvatures in the x direction are greater than the
corresponding curvatures in the y direction (Fig. 29), for all

the three in-plane boundary conditions; so also are the membrane
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tensions at the centre and at the midpoints of the edges for
case (iii) (Fig.31). The membrane tensions at the centre for
case (i) and (ii) are, however, smaller in the x direction than

in the y direction (Fig. 30).

No solutions are available for comparison with case (i) and
(ii); comparison of case (iii) with Wang's solution, obtained by
the finite difference method using a square mesh of size lx/4,

shows good agreement.

Clamped Plate under Uniform Load. & = 1.5. T = 1. \fypve, = 0.316

By = Uy = 1 (FigS. 32 - 35)

This case also corresponds to a rectangular isotropic plate
with ly/lx = 1.5, Solutions have been obtained for the same
three in-plane boundary conditions as for the simply supported
plate and the relative effects of the boundary conditions on the
central deflection, support moments and membrane stresses at the
centre are also similar. The normal membrane tension at the mid-
point of the edge y = O is, however, less than the membrane
tension at the centre, in the y direction (Fig. 35). The relative
magnitudes of the support moments and membrane forces in the
orthogonal directions for the clamped isotropic plate are similar
to that for the simply supported plate, discussed in the preceding

section,

No solutions are available for comparison with case (i) and
(ii); comparison of case (iii) (K = S =#¢) with Levy's Fourier
Series Solution for K =otand S = O shows excellent agreement for
the central deflections and support moments (M), the meximum
discrepancy in the membrane stresses being about 6 per cent.
Agreement between the two solutions again demonstrates that when
the edges are completely restrained against normal displacements,
the shearing restraints at the edges do not materially affect the

solution; or in other words, the solutions for the two cases,
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namely, K = S =¢ and K =05, S = 0 are almost identical.

Simply Supported Plate under Central Patch Load, € = 1. r = 1.
= 0.316. o = Wy = T (Figs. 36 - 41)

VV%mYym

This particular case of an orthotropic plate also corresponds
to é square isotropic plate with v = 0.316. Solutions have been
obtained only for the condition of zero in-plane restraints at
the edges (K = S = 0), It was intended to obtain a solution for
a patch area as small as possible so that the patch load might be
considered as an approximation to a point load; the load was
therefore applied only at the central node and the plate was
divided into the maximum number of divisions (i = 8) allowed by

the computer program in its present form.

No large deflection solutions being available for patch
loaded plates, the accuracy of the present solution is judged by
comparing the small deflection solutions obtained by the present
method and by the exact theory (8) (Fig. 36). To investigate the
effect of the mesh size (and the area of the patch) on the
accuracy of the solution, the results for i = 4 and i = 6 are
also compared with the corresponding exact solutions. It is
evident from Fig., 36 that the finite difference method consis-
tently overestimates the deflection and curvature at the plate
centre. The errors in the central deflections for i = 4, 6 and
8 are respectively about 10, 5 and 3 per cent, the corresponding
errors in the central curvatures being about 21, 19 and 17 per
cent. (These percentages refer to a patch load distributed over
one mesh area and, therefore, becoming more concentrated with
the increasing values of i, If the area of the patch were kept
constant at the value corresponding to i = 4, the improvement
in the accuracy will be greater for the reduced mesh sizes.)

To obtain the solution for a smaller patch area, a greater value
for i than 8 has to be used, which will increase the accuracy

of the solution only a little but involve the solution of a
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much larger number of finite difference equations. This can be
avoided, without sacrifiéing much accuracy, if the solution for
the smaller patcharea (i»8) is extrapolated from the solutions
for i = 6 and i = 8, noting that at 1/1i = 0 (Fig. 36), the slope
to the deflection curve and the reciprocal of the curvature

become zero.

The results of the large deflection analysis for the patch
loaded plate (Figs. 37 - 39) show similar features to the
uniformly loaded plates. The estimated accuracies (based on the
accuracy of the small deflection solution) in the deflection and
curvature at the centre are respectively about 3 and 17 per cent;

the accuracy of the membrane stresses is not known.

In Fig. 40 the deflected profile of the plate centre-line
according to linear theory (present solution) is compared with
that obtained by the large deflection analysis at the maximum
load; the profile under a central point load (exact theory) is
also shown. Due to membrane action, the part of the profile near
the centre of the plate takes the shape of a membrane under a

point load.

Fig. 41 shows the distributions on a centre-line of the

membrane stresses acting along and across the centre line for

two values of the applied load. At the edges the normal membrane
stress is zero and the membrane stress parallel to the edge is
compressive; the edge compression for a patch loaded plate
appears to be less than the tension at the plate centre, at all

magnitudes of the load.

Effect of Varying Edge Restraints on a Square Isotropic Plate under

Uniform Load

Extensional Edge Restraint (K)
Fig. 42 shows how the deflection, bending moment and membrane

force at the centre of the plate vary with the extensional edge
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restraint, when the rotational and shear edge restraints are
absent. The results of small deflection analysis are unaffected
by a variation in K. According to large deflection theory, the
deflection and moment decrease and the membrane force increases
with an increase in K. The ratios of the deflection, bending
moment and membrane forces at any value of K to those for K =,
shown in Fig., 42, are to some extent dependent on the intensity
of loading, although for higher values of load this dependence
is less pronounced. When K is equal to 20Eh/1, the plate is
virtually fully restrained against normal in-plane displacements
at the edges and the déflection, bending moment and membrane
force at the centre are within 5 per cent of fheir respective
values corresponding to K =0¢, When K is small the behaviour of
the plate is very sensitive to a change in the value of K.
Considering the central deflection at a pressure q = ZOOEhh/lL+
the deflection at K = 0 is about twice that at K =z, giving a
deflection ratio of 2 at K = O, Increasing the edge restraint
coefficient k from O to 5 decreases the ratio from 2 to 1.1k
(approx.) and a further increase of k from 5 to 10 decreases

the deflection ratio from 1.14 to only about 1.07. A similar
sensitivity to a change in K for small values of K is noticeable

for the bending moment and membrane force as well.

It may be pointed out here that if the extensional edge
restraint is provided by closely spaced strips of the same

length and thickness and made of the same material as the plate,

. WGSBS\
the edge restraint coeffic.ent k '
becomes equal to 1, in which case 1
the deflection ratio is about 1.k ! )
L, L E SA—— Y
at a pressure g = 200Eh /1, R - =R
: =
N : N
‘ | _n f ]
!

Extensional Edge Restraint (k = 1) [
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Shear Ecge Restraint (8)

The effects of varying the shear edge restraint (with the
rotational and extensional edge restraints equal to zero) on the
deflection, bending moment and membrane force at the plate centre
are shown in Fig. 43. The effects of varying S are similar to
those of varying K, except that the shear edge restraints have
smaller effects on the plate behaviour. When S = 10Eh/1, the
deflection, bending moment and membrane force are within 5 per
cent of their respective values corresponding to 8§ =¢C. The
sensitivity of the behaviour of the plate to a change in the

magnitude of the edge restraint is again seen to be greater when

the edge restraint (S) is small. & 1
When the shear edge restréint is ¥///4

provided by closely spaced strips of Lf/ i

the same length and thickness and made / L

of the same material as the plate, aT_‘f/ |

the strips being at right angles to !

the plate, the edge restraint 1

coefficient s becomes equal to

SR
T

Y SERERSETE

1/2(1 +v ) or 0.38 with v = 0.316, Shear Bdge Restraint
s = 1/2(1+y)
Rotational Edge Restraint (A)

The variation with the rotational edge restraint (A) of
the ratios of the deflection and membrane force at the centre and
the bending moment at the centre and midpoints of the edges, to
the values corresponding to infinite restraint are shown in
Figs. 44 to 46; the in~-plane edge restraints are assumed to be
zero. The sensitivity of the behaviourof the plate to a change
in the magnitude of the edge restraint is again seen to be
greater when the edge restraint is small; all the curves shown

in the figures have a meximum gradient at A = O,
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The deflection and membrane force at the plate centre
decrease with increasing values of A (Figs. 44 and 45). The effect
of the edge restraint is seen to be more pronounced when the membrane
action is less, and for the deflection, the linear theory solutions
neglecting membrane action show the maximum effect of the edge
restraint; according to linear theory the central deflection of
a simply supported plate is reduced to about one third when the

edges are clamped.

The edge restraint at which the deflection and membrane force
at the plate centre are within 5 per cent of their respective
values for A = of, is greater that 50D/1; at 50D/1 ( ®= 50) the

maximum departure is, however, less than 15 per cent.

Fig. 46 shows the variation of the central and support
bending moments with A, The support moment increases with A
and the effect of the edge restraint is a minimum when the membrane
action is neglected (linear theory). The situation is, however,
reversed for the bending moment at the centre of the plate, which
shows a maximum effect of the edge restraint according to linear
theory, the effect being a reduction in the moment for an
increase in the edge restraint. As the load increases the effect
becomes less pronounced, although the bending moments continue
to decrease with A, until the load reaches some value between
1OOEh4/14 and 200Ehl‘/14

by the edge restraint. When the pressure (and the consequent

when the moment appears to be unaffected

membrane action) increases still further, the bending moment at

the centre increases with the edge restraint; the actual

L

increase is, however, small and at a pressure of about 600Eh4/1
the effect of the edge restraint appears to reach a maximum,
when the bending moment at the centre of a simply supported

plate is about 0.85 times that of a clamped plate,
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When the edge restraint (4) is equal to 50D/1 (&= 50) the
bending moments at the centre and at the midpoints of the edges
are respectively within 10 and 20 per cent of their respective

values for A =00,

Fig. 47 shows how the ratio of the bending moment at the
midpoint of the edge to that at the centre of the plate varies
with the rotational edge restraint and pressure (membrane action)
when the in-plane edge restraints are absent; for comparison, the
results obtained by the linear theory for the plate and also for
a uniformly loaded beam of the same length as the plate are shown
in the figure. It is evident that the moment-ratio increases
continuously‘with the edge restraint, for the plate and the beam,
reaching the values shown in parentheses in the figure when the
edge restraint is infinity. The results by the linear theory for
the beam are remarkably close to those of the plate, the moment-
ratios for the condition of full fixity being respectively 2 and
about 2.2 for the beam and the plate. For a given edge restraint,
the moment-ratio in the plate increases with the increase of the
membrane action (i.e. pressure), being a minimum when the membrane
action is ignored (linear theory). Fig. 47 also shows that the
value of edge restraint at which the bending moments at the support
and at the centre of the plate are equal, decreases with the
pressure, being a maximum (about 6.6D/1) when the membrane action
is negligible; the corresponding end fixity for the beam is
6EI/l. It should be pointed out here that the edge restraints
required to make the total surface stresses equal at the support
and the centre of the plate are greater than those obtained by
considering the equality of the moments (Fig. 47), because, at the
centre the tensile surface stress due to bending is augmented by

the membrane tension.
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If the rotational edge restraint is provided by closely
spaced strips of the same length and thickness and made of the
same material as the plate, the strips being clamped at the far
ends, the edge restraint coefficient @& becomes equal to b(1-v2)
or 3.6, with v = 0.316; at this edge restraint the ratios for
the moments at the centre and support and the deflection at the
centre are respectively 1.56, O0.46 and 2.1 according to linear

theory.
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CHAPTER IV

EXPERIMENTS

INTRODUCTION

In order to verify the applicability of the orthotropic plate
theory to swedged and corrugated plates, and the validity of the
method given for calculating the local transverse stresses and
deformations, a series of three tests was planned (Fig, 48)., The
series was designed to study the small and large deflection
behaviour of swedged plates with different virtual side ratios
under uniformly distributed lateral load, applied on the concave

or convex side of the swedges.

To avoid fabrication difficulties standard "Mansard" sheets
were used to represent swedged plates, and a thickness of 1/16 in.
was chosen as being close to the proportions commonly used in
ships. Aluminium alloy was accepted as the material for the test
plates as it is the only material of which "Mansard" sheets are
manufactured; due to its low value of E, aluminium alioy also
makes possible the development of large elastic deflections and
consequent membrane stresses, and makes local plate buckling more
likely. The overall dimensions of the test plates were 70 in. x
30 in., 20 in. x 30 in. and 40 in. x 30 in., there being 5
longitudinal swedges at 6 in. centres (Fig. 48).

The tesing rig (Figs. 49 and 77) was designed to provide
edge supports practically free of bending moment, and to allow
loading by air or fluid pressure. The rig was suitable for testing
plates having one side 30 in. long, whilst the other dimension

could be varied from 20 in. to 70 in. in steps of 10 in.

The first two tests have so far been completed and are

reported here; the third test is in preparation.



Val

TEST 1 (70 in.x 30 in. Plate)

Details of Test Rig

The test plate was connected to the rig with thin sheets
(20g) of HS10-WP Al-alloy (Fig. 49). Along each long edge of the
test plate the side sheet was folded over the plate and fixed to
it with screws at about 5 in. centres through a 70 in. long
Al-alloy flat bar 3/4 in., x 1/8 in. in section; "Bostik 2" sealing
compound was used for leak proofing. Aiong each of the short
edges a 1 1/2 in. x 1/2 in., Al-alloy flat bar 30 in. long and
profiled to fit over the corrugations was connected to the top
of the end sheet with araldite and rivets and the edge of the test
plate was connected to the bar with screws through a layer of
"Bostik 2" sealing compound. The vertical corners between side and
end sheets were covered with pieces of "neoprene" stuck with
"Bostik 1",

The lower edges of the side and end sheets were riveted to
1 in. x 1 in. x 1/8 in. Al-alloy angle sections, which were bolted
to the flats previously welded to the bottom frame (the bottom
frame was sufficiently rigid for the deformation under the maximum
test pressure to be negligible). For leak proofing the connection
was made through a '"meoprene" gasket 1/16 in. thick, which was

first stuck to the horizontal legs of the angles with "Bostik 1".

In order to counterbalance the effect of air pressure on
the side and end sheets (resulting in the application of undesir-
able membrance forces and bending moments in the test plate),
rubber bags 6 1/2 in. x 7/8 in. x 10 in. long were placed between
3/8 in. thick external plates and the side sheets and were fed

with the same pressure as acted internally.

The test plate was loaded by air pressure and the arrangement

of loading is shown in Fig. 51,
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Instrumentation

The arrangement of gauges to measure strain, deflection,

slope and swedge spread is shown in Fig. 50.

Four strain gauges were mounted at each location, one pair
on each surface of the plate in the longitudinal and transverse
directions. The midspan section of the test plate was provided
with strain gauges at 11 important stations on one side of the
longitudinal central line. This arrangement was designed to
determine the longitudinal and transverse stresses on both sur~
faces of the plate and their distribution across the midspan
section and also to estimate the longitudinal bending moments and
membrane forces in the swedges. The group of four gauges at station
2 was employed to determine the strain distribution over the depth
of the central swedge. Strain gauges were also provided at some

locations on the quarter span section.

Deflection were measured with four dial gauges supported
from a transverse rail movable over a pair of longitudinal tubes
(Plates 1 and 2). The deflections of the crests of the corrugations
and of the longitudinal edge of the plate were measured at several
transverse sections by moving the cross rail from one position to
another and repeating the same loading for each measurement. The
deflection of the flat plating between swedges was also measured
relative to the swedge crests at the midspan and quarter span

sections.

Slopes were measured by two spirit-level inclinometers
(Plates 3 and 4) at several locations on the longitudinal and
transverse boundaries to estimate the degree of fixity along the

edges.,

Swedge spread was measured at the midspan and quarter span
sections for the central swedge and the two swedges on one side of
the longitudinal central line, with a gauge which incorporated a

differential transformer transducer which underwent the same
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amount of movement as the mouth of the swedge.

The pressure applied to the plate was measured by a pressure
transducer which was calibrated beforehand against a U-tube mano-

meter.

Test Procedure

To load the plate, the pump (Fig. 51) was switched on with the
needle valve and the inlet valve shut and the outlet valve fully
open. The inlet valve was then opened gradually to build up the
pressure on the plate and the rate of loading was adjusted by means
of the outlet valve, When the required pressure had been attained,
the pump was switched off and the inlet valve was shut. Any
reduction in pressure due to lezkage in the system was compensated

by means of a foot pump.

For quick unloading, the needle valve was opened and the
motor started with the outlet fully open. This extracted air from
the box, and intake from the atmosphere through the filter was
prevented with a pinch cock. The motor was switched off when the
pressure dropped to zero and any excessive suction was compensated

by working the foot pump and then leaving the inlet valve open.

The lateral pressure was applied in increments of 0.7 1lb
per sq in. up to a pressure of 0.8 1lb per sq in.. Pressures
were read both by the pressure transducer and the U-tube water
manometer up to this pressure; thereafter the manometer was dis-
connected from the pressure line. No permanent set could be
noticed at this pressure. To detect the limiting pressure for
elastic behaviour, the pressure increments were reduced, and only
the dial gauge at the centre of the plate was read at initial and
final zeros after each new increment. When the plate was loaded
to 1.0 1b per sq in. and then unloaded, a permanent deflection of
about 0.02 in. occurred at the entre of the plate. Readings of

all gauges were then taken at this pressure.
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The test plate was subjected to further increments of pressure
to study its behaviour in the inelastic range. At about 1.5 1lb per
sq in. the rate of air lecakage (aggravated by the large deformations
of the plate and the consequent opening of some of the joints) was
too great to be compensated by the operation of the foot pump. Oil
was therefore pumped into the rig in sufficient gquantity to submerge
the bottom angles of the side and end sheets. Although oil con-
tinued to seep out, the reduction in pressure was retarded to a
considerable extent. At about 3.5 1b per sq in., the very large
deformations of the plate and consequent rate of leakage made it
impossible to keep the pressure constant and the experiment was

therefore discontinued.

Test Results and Discussion

Stress-strain Relationship

Stress-strain curves of tensile specimens taken from different
parts of the test plate are shown in Fig. 52. The average value of
the modulus of elasticity was 10.4 x 108 1b per sq in.. The 0.1
per cent proof stress was 22,000 1b per sq in. and the corres-

ponding strain was 0.003.
Deflections

Deflections of the plate are plotted in Figs. 53 to 61.

Figs. 53 to 56 show the very early development of membrane action
which reduces the rate of deflection of the plate; non-linearity
was noticeable even at the low pressure of 0.1 1lb per sq in. when
the deflection at the centre of the plate was less than 1/2 in..
The straight line load-deflection relationships obtained by con-
sidering the test plate as an orthotropic plate and neglecting
membrane action are tangential at the origin to the experimental
load-deflection curves for the midspan and quarter span sections
of the central swedge (Figs. 53 and 54)., These orthotropic plate

deflections are approximately equal to those obtained by considering
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the central corrugation as an isolated beam; this is due to the
particular side and stiffness ratios of the test plate, and is
not a fundamental property of corrugated plates. This is demon-
strated by the difference in deflection between the central cor-
rugation and the one adjacent to it. The load-deflection corves
of Figs. 53 and 54 also show that the increasing membrane action
due to very large deflections more than compensated the reduction
in flexural stiffness due to the decreasing tangent modulus of the

material.

Figs. 55 and 56 show the comparison of the theoretical
and experimental deflections respectively at the centre of the
plate, and at quarter span on the central swedge. As the rigidity
properties and edge restraints of the plate were difficult to
estimate correctly, two limiting cases were solved in addition
to the case in which the estimated rigidities and edge restraints
(Appendix C) were used. In both of these limiting cases the
torsional and shearing rigidity parameters (py and p ) and the
coefficients of rotational and extensional edge restraints (o{and
k) were assumed to be zero; the coefficients of shear edge res-
traint ( B, and Sy) were zero in one case and infinity in the
other. It can be seen that the experimental deflections lie
between these two limiting cases., Agreement with the solutions
for estimated rigidities and ecdge restraints is fairly good; at
the maximum pressure considered (1 1lb per sq in.) the experimental
deflections are about 6 per cent greater than the theoretical
values. This discrepancy may be due to the spread of the swedge
at the higher pressures and the consequent reduction in the moment
of inertia of the swedge. Comparing the results of the case
with estimated edge restraints, with these of the case having
infinite shear restraints, it may be observed that an aluminium
alloy side sheeting 5.5 in. wide and 1/32 in. thick, giving shear
edge restraint coefficients 5, = 9 and sy = 62, provided practically

complete restraint against movement along the edges, and at a
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pressure of 1 1b per sq in. reduced the deflection of an unres-

trained plate (sx = = 0) by about 30 per cent. (Estimated

15
y
accuracy of the theoretical deflections in Figs:55 and 56 is

within 1 per cent).

In Fig. 57 the deflections of the plate on three longitudinal
sections are compared with the best fit sine curves (obtained by
ninimizing the sum of the squares of the deviations) for different
values of pressure. It is evident that up to a pressure of 1 1lb
per sq in. the longitudinal profile of the deflected plate can be
adequately expressed by a sine curve. The profiles become flatter

however as the pressure increases.

In Fig. 58 deflections on midspan and quarter span transverse
sections at different préssure have been compared with the corres-
ponding best fit sine curves. Here a single sine curve is seen
to express adequately the deflected tramnsverse profile upto about

0.5 1b per sq in., above which the profiles become flatter.

In Fig. 59 the deflection at high pressure is drawn to the

same scale as the plate.

In Fig. 60 the deflections of the plate have been compared
with the best fit surfaces given by one or more terms of a Fourier
Series, For the purpose of determining the "Fourier Surface", the
sum of the squares of the deviations has been minimized. If an
error equal to about 5 per cent of the central deflection be con-
sidered as the permissible maximum anywhere in the plate, one term
of the Fourier Series would seem adequate upto about 1 1lb per sq
in. Whereas an extra term in the transverse direction would prac-

tically cover the whole range of loading.

In Fig. 61 the theoretical and experimental deflected profiles
of the plate centre-lines have been compared; agreement 1ls
better for the longitudinal than for the transverse profiles,
which are seen to be affected to a greater extent by membrane

aztion,
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Local Deformation of Swedges and Inter-swedge Flat Plating

The swedge deformations at the midspan and quarter span
sections are shown in Fig. 62. For very small pressures, all the
swedges closed, but for greater pressures, all except the edge
swedge at the quarter span section opened out, due to membrane
action. The spread of the central swedge at the midspan section
was measured throughout the whole range of test-loading; there

was no evidence of swedge instability.

The deflections in Figs. 53 to 61 referred to those measured
at the crest of the swedges. To complete the picture of the
deflected plate and also to detect any local instability of the
compression flange, the deflection of the flat plating was measured
relative to the swedges both at midspan and quarter span sections
(Fig, 63). These deflections were small compared to the total
deflection of the plate (Fig. 59) and there was no evidence of any
increased rate of deflection that might be expedted if instability

occurred.

Fig., 64 shows a comparison of the theoretical and experimental .
deformations of the central swedge at the midspan section. The
theoretical results were obtained by the method given in Appendix
D, using the orthotropic plate solution for the corrugated plate
having the estimated rigidities and edge restraints (Appendix C).
The experimental v in Fig. 64 is equal to half the deformation
of the full swedge in Fig. 62. The experimental w in Fig. 64 is
the deflection at C relative to the crest of the central swedge
and is different from the deflection of the centre of the flat
plating (Fig. 63) relative to the points where it meets the pair
of adjacent swedges; the experimental w in Fig. 64 has been
calculated by deducting from the deflection at C measured relative
to the adjacent swedge-crests, an amount equal to half the swedge
piteh (3 in.) times the theoretical slope (@) at C.
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The experimental results are in reasonable agreement with the
theory. At 0.1 1b per sqg in. the experimental v and w are negative,
as predicted by the linear theory. The large deflection theory
over-estimates the displacement v by about 20 per cent; if the
theoretical deflections (w) are calculated using the experimental
values of v (Equation (80)), the experimental deflections (w)

would show better agreement with theory.

Normal Edge Slopes

The theoretical and experimental normal edge slopes near the
centre of the longitudinal and transverse edges are shown plotted
against pressure in Fig. 65. The slopes vary non-linearly in the
same way as the swedge crest deflections. Agreement between
experiment and theory is reasonable, particularly at higher pressures,
the theoretical slopes being consistently larger than the exper-~
imental slopes; this is probably due to the actual rotational edge
restraints being greater than their estimated values due to corner

effects.

The variation of slope along the edges is shown in Fig. 66.
The normal slopes on the transverse edge were measured on the
1% in. x 3 in. flat bar which was one continuous piece 30 in.
long. The large slopes at the end of the transverse edge (at the
plate corner) represent the twist of the bar at its end. The
actual slope of the plate in the longitudinal direction measured
at the corner was, however, very small. It is therefore apparent
that the fastening between the bar ond thc plate along the trans-
verse edges allowed relative rotation between them, the twist of
the former being mainly governed by the end'slope of the central

corrugation.

Strains

Distributions of longitudinal strain across the depth of the

eentral swedge at the midspan section are shown in Fig. 67. Up
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to a pressure of 0.5 1b per sq in. the departure of the strain
distribution from linearity is rather small, but at high pressures
the departure is more pronounced. The figure also demonstrates
the gradual increase of membrane tension, until eventually the

whole section is under tension.

The variation of longitudinal heart of plate strain with
pressure also shows the influence of membrane action (Fig. 68).
The maximum heart of plate strain at 1.0 1lb per sq in. (i.e. the
limiting load for elastic behaviour) is about 0.0024 and the sur-
face strains are even higher. The absence of any appreciable
permanent deflection of the plate upto this load inspite of such
high strains at some points may be due to the permanent deforma-
tions being localised and on only one surface of the swedge crests,
It is not known whether the von-Mises yield criterion would be
expected to apply under these conditions. Strains were recorded
after most other quantities had been measured, so that a number
of repetitions of the same load had been applied before the strains
were measured. It is possible that permanent strains might have
been noticed if the strains had been recorded when a new level of

pressure was being applied for the first time.

Stresses

Fig. 69 shows the distribution of longitudinal heart of platé
stress on the transverse central section. The cyclic nature and the
pattern of the stress distribution for the interior swedges indi-
cate that at any transverse section the longitudinal stresses over
a swedge and its associated flat plating can be integrated to give
a single bending moment and a single membrane force acting on the
isolated swedge unit. This is important, as the orthotropic plate
theory cannot directly predict the stresses in the swedged plate;
the orthotropic plate bending moments and membrane forces must be

integrated over a width equal to the pitch of the swedges to give
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a2 gingle bending moment and a single membrane force acting on the
appropriate swedge unit. The edge swedge, being supported by the
side sheet along one of its edges, is an exception in so far as the
pattern of stress distribution across it is different from that of
the interior swedges; this however, is not of much practical im-

portance as the magnitude of stress near the edge is rather small.

Figs. 70(a) and 70{(b) show how the longitudinal surface

stresses compare with the longitudinal heart of plate stresses.

At the swedge crests the bending component of the surface stresses
is negligible in comparison to the heart of plate stresses upto

a pressure of about 0.25 1b per sq in.; at higher pressures the
bending components are, in some cases, as high as 50% of the heart
of plate stresses. The situation is different for points on the
bottom flange, where the heart of plate stresses themselves are
small. Here the bending stresses are of much greater relative
importance even at very low pressures. The absolute magnitude

of the local bending moment at the swedge crests is, however, of
the same order as that in the flat plating everywhere on the mid-

span section except very near to the longitudinal edge (Fig. 71).

These local longitudinal bending moments (local, in that they
act on the plating forming the swedge rather than on the swedge as
a whole) are initially of the same sign as the overall bending
moments acting on the swedges, everywhere in the plate; but at
about 0.2 1b per sq in. the bending moment at the swedge crests
changes sign, though on the midspan section, these secondary moments
over a swedge unit continue to be statically equivalent to a single
moment in the same direction as the main longitudinal bending
moment. Ordinary beam theory ignores completely the existence
of the secondary longitudinal bending moments which, in some
cases, may increase the stress on the plate surface much above
that produced by the main bending moments alone; this will affect

the design of such plates based on an allowable working stress not
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to be exceeded anywhere in the plate. Nothing can, however, be
said as to whether these bending stresses will affect the ultimate

carrying capacity of the structure.

Figs. 72(a) and 72(b) show that the transverse membrane
stresses are negligibly small; but the transverse surface stresses
due to transverse bending alone are as high as and, at some places,
even greater than the longitudinal surface stresses. The local
transverse curvature everywhere in the plate has initially the same
sign as the overall transverse curvature, but at about 0.15 1b per
sq in. its sign at the swedge crests changes. At about the same
pressure the interior swedges cease to close and start to spread.
This demonstrates that the transverse moments are primarily the
results of swedge movements, which, in their turn, depend on plate
deflections and in-plane movements occurring along the longitudinal
‘edges, Deflections and swedge movements at the quarter span
section are smaller than that at the midspan section; so also are
the transverse bending stresses. Fig. 73 shows the distribution

of transverse bending stresses on the transverse central section.

The change in sign of the secondary longitudinal moments at
the swedge crests occurs almost simultaneously with that of the
transverse moments, and this confirms that the secondary longi-
tudinal bending moments are associated with the transverse bending

moments.

In Fig., 74 the experimental transverse heart of plate and
bending stresses at the midspan section of the central swedge
have been compared with theory. The theoretical stresses were
calculated by the method outlined in Appendix D using the values
of V., 6, and v, obtained from the large deflection solution in
which the estimated rigidities and edge restraints of the test
plate were used. (The calculated values of v, and 6, have been
shown in Fig. 64).
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Agreement between theory and experiment is on the whole
satisfactory. The effect of membrane action on the transverse
bending stresses can be seen by comparing the experimental stresses
with those given by the linear theory (shown by straight lines
tangential to the theoretical curves at the origin). The trans-
verse bending stresses at the crest of the swedge are very app-
reciably affected by membrane action; at 0.8 1b per sq in. the
experimental stress at the crest is about 6 times that predicted
by the linear theory. According to the linear theory, the bend-
ing stress at the crest is less than the bending stresses in the
flat plating; because of membrane action the situation is reversed
and the stress at the crest, at 0.8 1b per sq in., becomes about
twice the stress in the flat plating. The transverse membrane
displacements increase the bending stresses in the flat plating a
little at low pressures, but at high pressures these stresses are
reduced. The transverse heart of plate stresses are very small
fhroughout the whole width of swedge, according hoth to theory

and experiment.

Longitudinal Membrane Stress in Swedges

Fig. 75 shows the theoretical and experimental membrane
stresses in the swedges at the midspan section. The theoretical
results have been shown for the case when all the six edge
restraint coefficients (4, o k., ky, s, and Sy) and the torsional
and shearing rigidity parameters (ub and um) are assumed to be
zero, in addition to the case where the estimated rigidities and
edge restraints are used. The theoretical as well as the experi-
mental stresses were calculated by considering each swedge with
2 in. of flat plating on each side as a unit (of 6 in. overall
width) and by dividing the resultant axial force per swedge by
the plate area. The theoretical axial force was calculated by
integrating the membrane force per unit width over the whole

width of the swedge and for calculating the experimental axial
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force the variation of the longitudinal stress was assumed to
be linear between the centre of the flat plating and the root
of the swedge and also between the root and the crest of the

swedge.

The membrane stresses are negligible upto azbout 0.1 1lb per
8q in., after which they increase rapidly with pressure. The
edge swedges are in compression, but as the magnitude is not
sufficient to counterbalance the tensions in the inner swedges,
it can be surmised that equilibrium is restored by longitudinal
shear forces along the longitudinal edges. Comparison of the
experimental stresses in the edge swedge with the theoretical
stresses shows that the actual shearing edge restraint along the
longitudinal edges was probably less that the estimated values.
The experimental membrane tension in the central swedge is init-
ially greater than that in the adjacent swedges, but after a
pressure of about 0.5 1b per sq in. the situation is reversed.

A similar phenomenon can be noticed with both of the altermative

theoretical stresses.

Longitudinal Bending Moment in Swedges

Fig. 76 shows the theoretical and experimental average
longitudinal bending moments in the swedges at the midspan section.
The theoretical values were calculated on the basis of estimated
rigidities and edge restraints of the test plate. The average
moment per unit width of swedge was obtained by dividing the
resultant moment per swedge by the width of swedge (6 in.), the
method of calculating the resultant moment being similar to that
of calculating the resultant axial force in the swedge, discussed

in the previous sectionm,

Agreement between the theoretical and experimental results
is satisfactory. The central swedge carries a greater moment

than the other interior swedge, throughout the whole range of
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pressure. The great effect of membrane action on the moments

in all three swedges can be judged by comparing the experimental
moments with the results of linear theory shown by the straight
lines tangential to the moment-pressure curves at the origin.

At higher pressures most of the load is carried by membrane action
so that the bending moment increases at a much slower rate. The
rate of increase of the experimental bending moment in the central
swedge suddenly becomes very slow after a pressure of about 0.6 1b
per sq in.; the cause of this abrupt change is not known, although
it may be noted that the experimental membrane stresses (Fig. 75)
in the inner corrugations exceeded the theoretical stresses
calculated on the basis of estimated edge restraints, at about

the same pressure.

TEST 2 (20 in. x 30 in. PLATE)

Details of Test Rig

The connection of the test plate 2 (Fig. 77) to the rig
was similar to that of the test plate 1, except that the side
and end sheets were directly welded to the test plate. The
sheets were also welded to each other and, at their lower edges,
to 7/8 in. x 3/8 in. Aluminium-alloy flat bars, which were
bolted to the mild steel flats previously welded to the bottom

frame, through a "neoprene" gasket 1/16 in. thick.

The test plate was loaded by oil pressure and the arrange-
ment of loading is shown in Fig. 79. The rubber bags were used
as in the first test to counterbalance the effect of oil pressure
on the side and end sheets. In order to eliminate as much air
as possible from the chamber under the test plate 5-3/8 in.
dia copper tubes (Fig., 77) werc used to act as bleeder pipes
through which air could be forced out as the chamber was filled
with 0il; to achieve this, the bottom frame was slightly tilted
with the end having the bleeder pipes uppermost.
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Instrumentation

The arrangement of gauges to measure strain, deflection,
slope, swedge spread and normal in-plane movement at the edges is

shown in Fig. 78.

Four strain gauges were mounted at each location, there
being 15 such locations at the midspan section and 3 at the quarter
span section. The groups of four gauges at stations 2 and 3 were
employed to determine the strain distribution over the depth of

the central swedge at the midspan section.

Deflections of the central swedge and of the midspan
transverse section of the plate were measured with 13 dial gauges
supported from an L shaped frame, which was again supported by
a transverse rail clamped to a pair of longitudinal tubes (Plate 6);
at the midspan transverse section the dial gauges were positioned
to measure the deflections at the centre of the inter-swedge flat

plating and at the points where the plating meets the swedges.

Slopes were measured by 6 spirit-level clinometers, at
several locations on one longitudinal and one transverse boundary

to estimate the degree of fixity along the edges.

Swedge spread was measured at the midspan section for the
central swedge and the two swedges on one side of the longi-

tudinal central line with the gauge used in the first experiment.

Normal horizontal displacements of one transverse and one
longitudinal edge were measured at a number of locations by dial

gauges mounted on two angle sections fixed to the bottom frame.

The pressure applied to the plate was measured by a
pressure transducer which was calibrated beforehand with a dead-

weight tester.
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Test Procedure

The plate was loaded by switching on the oil pump (Fig. 79)
with the main outlet valve shut and the outlet from the bleeder
pipes open. When the level of oil in the chamber reached the top
of the bleeder pipes and oil started to flow out, the outlet valve
for the bleeder pipes was shut to build up the pressure on the plate,
the rate of loading being adjusted by controlling the rate of
delivery of oil at the pump. When the required pressure had been

attained the pump was switched off.

At the beginning of the experiment the plate was unloaded
by opening the main outlet valve, whereby the level of oil in the
chamber dropped to the level of the top edge of the outlet pipe,
which was about 2 in. from the undersurface of the flat part of
the test plate. Further loading would have involved pumping in
about 4.5 gallons of oil before any pressure could be built up.
To avoid the repeated emptying and refilling of this volume of
0il the main outlet value was not opened at all during the test,
and unloading was achieved by letting oil flow out through the

bleeder pipes.

The lateral pressure was applied in increments of 1 1b
per sq in. upto a pressure of 4 1b per sq in.; there was a
permanent set of about 0.004 in. at this pressure. To increase
the range of elastic behaviour, the plate was loaded to a higher
pressure of about 5 1b per sq in. and then unloaded; the total

permanent set at the centre was about 0.015 in..

After taking the initial readings of the gauges, the plate
was loaded again in increments of 1 1lb per sq in. upto a pressure
of 5 1b per sq in.; all the gauges were read at each of the load
levels to give the elastic behaviour of the plate. The loading
was continued in smaller increments beyond 5 1b per sq in. to
study the behaviour of the plate in the inelastic range. At

about 6.2 1b per sq in., a small crack developed at the crest of
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the central swedge at the midspan section; it was no longer
possible to apply any pressure to the plate and the experiment

was discontinued.

Test Results and Discussion

Stress-strain Relationship

Stress-strain curves shown in Fig. 52 for the first test
plate also apply to the second, as both test plates were cut from
one 12 ft long "Mansard" sheet. The average value of the modulus

of elasticity used in the calculations was 10.4 x 106 1b per sq in..

Deflections

Deflections of the plate are plotted in Figs. 80 to 8.
Fig. 80 shows the theoretical and experimental deflections of the
central swedge at the midspan and quarter span sections. The
theoretical deflections vary linearly with pressure, as they were
obtained by the small deflection orthotropic plate theory, using
the estimated torsional rigidity parameter (ub) and rotational
edge restraint coefficients (o andﬁy) for the swedged plate
(Appendix C). The use of the small deflection theory was
Jjustified, as the deflection at the centre of the plate at 5 1b
per sq in. (the pressure causing an appreciable amount of permanent
set) was 0.22 in. which is less than quarter of the equivalent
thickness (heq)of the plate. Agreement between theory and
experiment is satisfactory at low pressures; but at high pressures
the experimental deflections are greater than the theoretical
deflections, probably due to a reduction in the flexural rigidity
of the swedge associated with a loss of the effective width of
the inter-swedge flat plating due to buckling (Fig. 90). Beyond
5 1b per sq in. the increased rate of deflection is primarily

due to the decreasing tangent modulus of the material.
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In Fig. 81 the deflections of the plate have been compared
with the best fit surfaces given by one or more terms of a Fourier
Series. It can be seen that only one term of the Fourier Series
would by very inadequate to describe the deflected surface of the
plate, whereas by adding an extra term in the transverse direction
the maximum error anywhere in the plate could be limited to about
5> per cent of the central deflection, throughout the whole range
of loading.

Figs. 82 and 83 respectively show the deflected shape of
the longitudinal and transverse centre-lines of the plate at
different values of pressure. Fig. 83 also shows the local
deflection of the inter-swedge flat plating drawn to the same

scale as the overall plate deflections.

In Fig. 84 the experimental deflected shapes of the plate
centre-lines have been compared with the results of the small
deflection orthotropic plate theory. Agreement is good for the
longitudinal section; but for the transverse section the experimental
deflections near the longitudinal edge relative to the centre are
smaller than those predicted by the theory. A likely explanation
is that the actual effective torsional rigidity of the edge swedge
is greater than the value estimated (Appendix C) by neglecting
the restraint against warping deformations of the swedge due to
the variation of the twisting moments along its length. A
reduction in the twist at the midspan section of the edge swedge
(relative to its ends) might be expected as a result of an
increase in its torsional rigidity and the experimental deflected
profile is in agreement with such expection. The discrepancy
between the theory and experiment may also be partly due to the
actual rotational restraint at the longitudinal edges being

greater than its estimated value, due to corner effects.
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Local Deformation of Swedges and Inter-swedge Flat Plating

The swedge deformations measured at the midspan section
were very small; at 6 1b per sq in., the interior swedges closed
by about 0.002 in. and the edge swedges opened by about 0.004 in.
According to theory the deformation of the central swedge should

be mero.

In Fig. 85 the deflections at the centre of the inter-
swedge flat plating relative to the adjacent swedges are plotted
against pressure. The theoretical pressure-deflection relation-
ship also shown in the figure, was obtained by assuming zero
values for the vertical shear force, transverse slope and
transverse horizontal displacement at 1 (Case 1, Appendix D).
Agreemsnt between theory and experiment is satisfactory at low
pressures, but at high pressures the experimental deflections
increase at a faster rate and become progressively larger than
the theoretical deflections. This was probably due to the
presence of a high longitudinal compressive strain in the flat
plating. At 5 1b per sg in, the average compressive strain in
the plating at the midspan section is about 0,0009; considering
. the plating as a long simply supported plate under end compression
and having a breadth-thickness ratio of 64, the critical buckling
strain is also about 0.0009. The actual buckling strain is
greater than this value because of the edge restraints to the
plating and the diminishing magnitude of the compressive strain
away from the centre. Nevertheless, the longitudinal compression
in the plating would be comparable to the buckling strain and

cause an increase in the local deflection of the plating.

Beyond 5 1b per sq in. the local deflections increase at
a progressively faster rate due to yeilding under the trans-

verse bending moments in the plating.
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Horizontal Displacement Normal to Edges

At 6 1b per sq in. the displacement at the centre of the
longitudinal edge was about 0.01 in. (inwards); the corresponding

displacement for the transverse edge was about 0.02 in. (inwards).

Normal Edge Slopes

In Fig. 86 the experimental and theoretical normal edge
slopes at the end of the central corrugation and near the centre
of the longitudinal edge are shown plotted against pressure.
Agreement between theory and experiment is good for the slope at
the end of the central corrugation at low pressures, but at high
pressures the experimental end slope increases at a faster rate,
like the deflections (Fig. 80), probably due to a reduction in
the flexural rigidity of the corrugation. A comparison of the
theoretical and experimental slopes at the longitudinal edge
indicates that the theory probably underestimated the rotational

restraint at the longitudinal edges.

In Fig, 87 the theoretical distributions of the normal
edge slopes aloné the longitudinal and transverse edges are
compared with the experimental results for different value of
pressure. Agreement is good for the longitudinal edge, but at
the transverse edge the experimental slope at the end of the
edge corrugation is about 65 per cent of the theoretical slope;
this is consistent with the disagreement between the theoretical
and experimental transverse deflected profiles of the plate shown
in Fig. 84, which shows that the deflection of the edge corrugation
at its crest was alsc about 65 per cent of the value predicted

by the theory.
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Strains

Fig., 88 shows the linearity of the longitudinal strain
distribution across the depth of the central swedge at the mid-
span section, for different values of pressure. Thé experimental
neutral axis practically coincides with the theoretical axis
calculated by geomelry from the nominal dimensions cf the corrugation.
The swedge section can also be seen to be free from any membrane
tension, which justifies the use of the small deflection theory for

comparison with experimental results.

Fig. 89 shows the variation with pressure of longitudinal
heart of plate strains at the midspan section of the plate and
also at the quarter span section of the central corrugatioi. The
magnitude of the strains in the two inner corrugations is
practically the same; this is consistent with the transverse
deflected profiles (Fig. 83) which show that the inner corrugations
deflect almost identically. It can also be seen from Fig. 89
that the longitudinal heart of plate strain at the centre of the
inter-swedge flat plating becomes progressively smaller than the
strain at the points where the flat plating meets the swedges;
this indicates a gradual loss in the effective width of the flat

plating.

The maximum longitudinal heart of plate strain occurs
(Fig. 89) at the crest of the central swedge at the midspan
section and is approximately equal to 0.0021 and 0,0027 respec-
tively, at 4 and 5 1b per sq in.; the corresponding cumulative
permanent strains noticed after unloading are respectively about
0.00015 and 0,00030, which are less than half of what would be
expecied from the stress-strain curve of the material (Fig. 52)
for these maximum strain-levels experienced by the plating at
its midplene (the strain at the surface being even higher). This
may be due to the inapplicability of the uniaxial stress-strain

relationship under such conditions of complex biaxial strains as
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exist at the crests of the swedges.

Stresses

Fig. 90 shows the distribution of longitudinal heart of
plate stress on the transverse central section. The cyclic nature
and the pattern of the stress distribution for the interior
swedges indicate, as in the first experiment, that at any trans-
verse section the longitudinal stresses over a swedge and its
associated flat plating can be integrated to give a single bending
moment acting on the isolated swedge unit. The stresses in the
interior swedges are almost identical and are greater than those

in the edge swedge.

Figs. 91(a) and 91(b) show how the longitudinal surface
stresses compare with the longitudinal heart of plate stresses
and Fig. 92 shows the distribution of local longitudinal bending
stresses on the transverse central section. The local longitud-
inal bending moments at the swedge crests and at the centres of
the inter-swedge flat plating have the same sign as the overall
bending moment in the plate, the crests having a smaller bending
moment than the flat plating. The bending moments at the edges
of the inter-swedge plating are negligibly small.

Figs. 93(a) and 93(b) show that the transverse heart of
plate stresses are negligibly small. The transverse surface
stresses due to transverse bending are small at the swedge crests,
but in the interswedge flat plating they are as high as and, at
some places, even greater than the longitudinal surface stresses

(Fig. 91(b)).

A comparison of the distribution of transverse bending
stresses (Fig. 94) with that of secondary longitudinal bending
stresses (Fig., 92) on the transverse central section confirms
the observation, made in connection with the first experiment,
that the secondary longitudinal bending moments are closely

associated with the transverse bending moments.
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In Fig. 95 the experimental transverse heart of plate and
transverse bending stresses on the top surface of the plate at the
midspan and quarter span sections of the central swedge have been
compared with theory. The theoretical results are identical for
both the sections and are obtained by assuming the vertical shear
force (V), the transverse slope (8) and the transverse horizontal
displacement (v) at point 5 to be zero, which is in accordance
with the results of small deflection orthotropic plate theory
applied to the entire plate; this case is identical to case 1 in
Appendix D, The heart of plate stresses are small both by theory
and experiment, (The experimental heart of plate stresses at the
quarter span secticn, being almost identical to those at the mid-
span section, are not shown in the figure.) For the bending
stresses agreement between theory and experiment is, in general,
better for the quarter span section than for the midspan sectionj
and at both the sections, agreement is better for the swedgecrest
than for the flat plating. The possible reason for the dis-
agreement has been given earlier while discussing the local
deflection of the inter-swedge flat plating. It may be added
here that the magnitude of the longitudinal compressive strain
in the flat plating is less at the quarter span section than at
the midspan section, which, consequently, shows a greater effect

of buckling and therefore a greater disagreement with theory.

Longitudinal Bending Moment in Swedges

Fig. 96 shows the variation with pressure of the theore-
tical and experimental average longitudinal bending moments in
the central swedge at the midspan and quarter span sections.

The theoretical results are obtained by the small deflection
theory; the method of evaluating the experimental moments from
the longitudinal heart of plate stresses in the swedge has
already been explained in connection with the first experiment.

Agreement between theory and experiment is satisfactory, the
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maximum discrepancy occurs at 5 1lb per sq in., when the experimental
bending moments are about 8 per cent larger than the theoretical

values.

In Fig. 97 the experimental distributions of longitudinal
swedge moments along the plate centre-lines are compared with
theory., Agreement is good for the longitudinal distribution;
the transverse distribution shows that the actual longitudinal
bending moment in the edge swedge is less that that predicted by
theory. (The experimental swedge moments a-2obtained by considering
half the swedge as a unit, so as to get a better picture of the

transverse distribution.)

The longitudinal membrane stresses ip the interior
swedges were negligibly small, throughout the whole range of
loading. The average membrane stress in the edge swedge considered
as a unit was also negligible; at 5 1lb per sq in. the membrane
stresses in the inner and outer halves of swedge were respectively

about 3,400 (compressive).and 3,900 (tensile) 1lb per sq in..
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CHAPTER V

CONCLUSIONS

LARGE DEFLECTION THEORY OF ORTHOTROPIC PLATES

The large deflection orthotropic plate theory presented in
the thesis has been formulated in terms of plate stiffnesses, and
is readily applicable to rectangular stiffened or corrugated

plates as well as to isotropic plates.

By considering initial deformations and by treating the
boundaries as elastically restrained against rotation and
against movements both normal and parallel to the edges, the
theory provides, for the first time, a powerful method for
analysing the large deflection behaviour of stiffened and un-

stiffened plates as incorporated in practical structures.

For numerical solution, the governing eguations and
boundary conditions have been converted to finite difference
equations, which are then solved by a method of iteration using
a digital computer. For this purpose a program has been written
in Mercury Autocode which requires, as data, only the description
of the plate, the edge restraints, the applied loading, the mesh
size, and the degree of accuracy required of the iterative
procedure. From these basic data, the computer forms matrices
and then carries out all iterative calculations, checking
automatically that the deflection and the stress function are

obtained to the specified degree of accuracy.

The program permits the analysis of large deflection
behaviour of a rectangular plate, corrugated, stiffened, or
unstiffened, having any side ratio with any degree of rotational,
extensional and shear restraints at the boundaries, and subjected

to any system of symmetrical lateral loading.
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From the cases discussed in the thesis, it is seen that,
for uniform loading, the finite difference method gives solutions
of sufficient accuracy with a relatively coarse mesh (i = 6).

For patch loading, the size of the mesh required for a given
accuracy depends on the area of the patch; the program in

its present form can give solutions of practical usefulness for
patch areas not less than 1/256 times the area of the plate.
The convergence of the iterative method is seen to be fairly
rapid. GComparisons with some of the available analytical

solutions and experimental results show excellent agreement,

The theoretical solutions presented in the thesis show
that the large deflection behaviour of plates is considerably
influenced by the in-plane boundary conditions, the magnitude -
of the influence being dependent on the intensity of the applied
load. The central deflection of a plate, with given rotational
edge restraint and applied pressure, is seen to be respectively
a meximum or minimum depending on whether the extensional and
shear edge restraints are both zero or both infinity, the maximum
value being dn some cases; twice the minimum; when thg extensional
restraints are zero and the shear restraints are infinity, The
deflection is between the two limiting values. In isotropic
plates, the effects of the in-plane edge restraints on the moments
and membrane forces and on the central deflection are similar;
for orthotropic plates, no such similarity exists. For isotropic
plates having infinite extensional edge restraints, the solutions
corresponding to zero and infinite shear edge restraints are

almost identical.

The total tensile surface stresses at the midpoint of the
edges of a clamped isotropic plate under uniform loading become
progressively greater with load than the total tensile surface
stresses at the centre of the plate with the edges free to

rotate,
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According to linear theory, the deflection and bending
moment at the centre of an orthotropic plate are greater for
smaller values of the torsional rigidity; according to large

deflection theory, this is true only for certain boundary conditions.

The importance of membrane action even in stiffened plates
has been demonstrated by the solutions obtained for the swedged
plate used in the first experiment; the solutions have been

corroborated by the experimental observations.

THEORY OF LOCAL TRANSVERSE STRESSES AND DEFORMATIONS IN CORRUGATIONS

The theory for evaluating the local stresses and deformations
in the corrugations, presented in this thesis, is applicable to
any corrugation profile having a vertical axis of symmetry.
The method of calculation has been demonstrated for a corrugation
having a profile geometrically similar to that used in the tests,
considering the central corrugation; there is no difficulty in

extending the method to corrugations away from the centre.

The method makes use of the solution for the overall
behaviour of the plate obtained by the orthotropic plate theory
and is valid for any degree of membrane action in the plate., The
number of corrugations in the plate can be as small as is per-
missible without rendering the orthotropic plate theory inapplic-
able to the plate. Existing methods of calculating the local
stresses, applicable to symmetrical trapezoidal and cylindrical
corrugations, are valid only when the transverse dimension of
the plate (and the number of corrugations) is large and the

membrane stresses are negligible.

The proposed method assumes that the overall behaviour of
the corrugated plate remains unaffected by the local stressts
and deformations in the corrugations and that the actual behav-
iour of the plate can be predicted by combining the overall

and local behaviours obtained in two successive stages; the
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experimental observations on the two swedged plates show the

validity of the assumptions.

EXPERIMENTS

Results of the two tests on swedged plates described in
the thesis are in close agreement with the theoretical solutions
obtained by considering the plates as equivalent to orthotropic

plates.

The first test showed the importance of membrane action
even in stiffened plates. Membrane stresses were noticeable at
10 per cent of the pressure which caused permanent set; at the
permanent set pressure the central deflection was about 40 per
cent of the value given by small deflection orthotropic plate
theory. In the inelastic range the rate of deflection continues
to decrease, since the membrane effect more than offsets the

decreasing value of tangent modulus.

In the scoond experiment, deflections were small at the
elastic limit pressure and no membrane effect was noticed. The
elastic deflection at the centre of the plate at high pressures
was somewhat greater than that predicted by the linear theory,
probably due to buckling of the compression flange (inter-

swedge flat plating).

Local transverse bending stresses in the test plates were
of the same order of magnitude as the longitudinal stresses and
were in reasonable agreement with the theory presented in the
thesis. In the first experiment the transverse stresses were
primarily due to transverse membrane action. A swedged plate,
because of its very small transverse in-plane rigidity, suffers
large transverse membrane extensions with practically no membrane
tension in the transverse direction. The extension in the
transverse direction is made possible by opening of the swedges

and large transverse bending stresses develop because of these
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swedge deformations. In the second experiment the transverse
stresses were the result of the arch-like behaviour of the swedges;
at the midspan section of the plate the transverse bending stresses

in the inter-swedge flat plating were increased due to buckling.

In both test plates, the transverse stresses resulted in
secondary longitudinal swedge stresses which added to the

primary stresses.

No instability of the swedge profile was noticeable in

either of the tests.
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APTENDIX - A Al.

NOTATION

Rectangular co-ordinates, z measured normal
to plane of plate.

Displacements of middle surface of plate in
x, ¥y and z directions respectively under
applied loading.

Initial deformations of plate.

= u sy,
Total displacements of middle
=V + Vv, -
surface of plate.
=W+ W,

Length of plate in x direction.

Length of plate in y direction.

Thickness of piate,

Intensity of lateral pressure at the point
(x,5)-

Bending moment in x direction per unit width
in y direction.

Bending moment in y direction per unit width
in x direction.

Twisting moment per unit width of plate.

Curvatures in x and y directions respectively

(w << Ly Ey)
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2
e W -
axz\] Bending moments to produce unib

u 22w curvature with anticlastic .’
= U/ oye .
curvatures unrestrained.

Poisson's ratios in bending associated with
applied bending in x and y directions,

= ]3}{_/(1.---\;}{:b vﬁb) Flexural rigidity in

x direction.

= By/(l”'vxb vyb) Flexural rigidity in

y direction.

— 1 3
= Vo D_ = vyb Dx (By Maxwell's Reciprocal
Theorem).

Torsional rigidity.

= 2D D
X

y "1

= 1+/Dy/Dx
- 5,/133,

= gy/ £y Actual side ratio of plate.

Stiffness of elastic restraint against
rotation at the edges parallel to y axis,
being the moment per unit length of edge

required for unit rotation of the restraint.

Stiffness of elastic restraint against
rotation at the edges parallel to x axis,

being the moment per unit length of edge
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A3.

required for unit rotation of the restraint.

. {;XAX/DX  Coefficients of Rotational Edge

= &yAy/Dy ‘Restraints (constant along edges)

Tensile force in plate in x direction per unit

width in y direction.

Tensile force in plate in y direction per unit
width in x direction.

Shearing force per unit width of plate.
Tensile strain in middle surface of plate in
X direction.

Tensile strain in middle surface of plate in
y direction.

Shearing strain in middle surface of plate.

= N'X/eX Tensile forces to produce unit
= Ny/ey j strain with transverse deformations
unrestrained.
Poisson's ratios in extension associated with
applied tension in x and y directions.
- - ' ;
= Acx/vxm = Cy/vym (By Maxwell's Reciprocal
The orem).
= CX/(l--vXm Vym) Extensional rigidity in
x direction.
= Cy/(l--vXm vym) Extensional rigidity in

y direction.



A &.

'-A = s : ' .
*'“xm?y wj{ymrx, (By Maxwel;ﬂg Reciprocal

The orom).

Shearing Rigidity.

1/ (i— + 7]
20Xy + C;

=V%§y/Hm

i

Km/hb

Stiffness of elastic restraint against
movement in x direction at the edges parallel.
to y axis, being the force per unit length of
edge required for unit displacement.of the

restraint.

Stiffness oi elestic restraint against movement
in y direction at the edges parallel to x axis,
being the force per unit length of edge

required for unit displacement of the restraint.

= &y Kx/'cx Coefficients of Extensional

- 6y Ky /‘Cy ~ Edge Restraints. (Constant
along edges).

Stiffness df elastic restraint against movement

in x direction at the edges parallel to x axis,

being the force per unit 1éngth of edge

required for unit displacement of the restfaint.
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S Stiffness of elastic restraint against
movement in y direction at the edges parallel
to y axis, being the force per unit length of

edge required for unit displacement of the

restraint.

Sy =4 S,/ My Cy Coefficients of Shear Edge

Sy = Amﬁzy Sy/Cy Restraints. (Constant

along edges).

pr Strain energy stored in plate due to bending.

Vba Strain energy stored in Rotational Restraints
at the edges.

VInp Strain energy stored in plate due to membrane
forces.

mG Strain energy stored in Extensional Restraints
at the edges.

VmS Strain energy stored in Shear Restraints at
the edges.

Uq Potential energy of applied load qx,y referred
to undeflected plate as datum. )

U = pr + Vg + Vﬁp * Vo ¥ Vs + Uq Total
potential energy of deflected plate.

6"V, 6VV... Small variations in V,... due to small

variations du, ov,... respectively.
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Line integral carried out along the closed

Double integral taken over the entire area

“g
j}A' boundary C.
D

bounded by C.

(Expression)‘x_X Value of the expression in brackets
e

on the line x = X,

T Airy stress function.

Representative length.

= x/L l Co-ordinate axes of transformed

= y/\L | plate.

L, =,6X/I: 'Llengths of sides of transformed
L, = ¢ /ML) plate.
£ =L y/L « = g O/Ab Virtual side ratio.
] = w¥C 7DX Non-dimensional total
deflection.
Wo = W, C Dx Non-dimensional initial
deflection.
Qa Cx
Q = -“g]-)—”- 5 Non-dimensional load intensity.
X X

F = f/hg Dx Non-dimensional stress function.
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(Qd
W)

(W)J s S

(F)j’s

A7.

Half the number of finife difference meshes
in both X and Y directions.

= 1?2 Number of meshes in a quarter of plate.
= (1+2)°2

= Lx/2i Length of mesh in X direction of
transformed plate.

= Ly/ai = €a  Length of mesh in Y direction

of transformed plate.

Intensities of non-dimensional loadin- at p
nodes, at the beginning of computation.
Multiples of the starting intensity of loading,
constant for all the p nodes. (j = 1,24.¢.. J)
Number of multiples of starting load for which
solutions are to be obtained.

= j(Q)l Intensities of loading at p nodes.
Non-~dimensional initial deformations of the
plate.

Number of complete cycles of the iterative
procedure.

Non-dimensional total deflections at p nodes
obtained for a load (Q)j and after s cycles.
Values of non-dimensional stress function at p'’
nodes obtained for a load (Q)j and after s

cycles.



(1)

(2)

A8,

Number of variations in virtual side ratio,

mesh size, membrane properties and in-plane
boundary conditions.

Number of variations (for each of 01) in
bending properties and boundary conditions.
Number of wvariations (for each of 02) in loading
- and degree of accuracy of solution.

Key number, to denote the type of loading.

(6 = 0, for uniformly distributed load).
Acceptable percentage error in the solution of

(W) obtained by the process of iteration.

All stresses, strain deflection, moments, etc., refer to

those caused by applied loading, unless otherwise mentioned.

Sign conventions for forces, moments, etc., are simllar
to those used by Timoshenko (8)
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DERIVATION OF GOVERNING EQUATIONS FOR LARGE DEFLECTION

BEHAVIOUR OF RECTANGULAR ORTHOTROPIC PLATES WITH

INITTAT, DEFORMATIONS, UNDER TATERAL TOAD

The differential equations and the boundary conditions
govefning the large deflection behaviour of rectangular
orthotropic plates with initial deformations will first be
obtained by using the principle of virtual displacements
together with the expression for total potential energy of
the bent plate. According to the principle of virtual
displacement, if an elastic body is in euqilibrium, the
total virtual work done during any arbitrary virtual dis-
placement (consistent with prescribed geometric boundary
conditions) of the body is zero. Therefore the change in
the total potential energy of the body, caused by the
particular virtual displacement chos>n, is zero. If an
elastic plate having large deflection has three components
of displacement u, v and w, then it can be given three
different types of virtual displacement, each involving one
of the three infinitesimally small variations du, 6v and ow.
The variation in the total potential energy of the plate
(6U) must, therefore, be zero for each of the three-

variations, du, 6v and Ow.
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Hence,
5T = auvbp + 89V, + 6“vmp + 80V + 80V + 6qu =0
65U = avvbp M A 6vap +8VV , + 8V 4 6VUq =0 | (1)
5"U = anbp +ONTL_ + 6vap + OV + BTV 6WUq =0 |

The plate is assumed to be supported on all four sides;

this gives the geometric condition of zero deflection (w=0)
at the boundary. In the present problem, no other geometric
restrictions have been imposed on the displacements and the
virtual displacements can, therefore, be quite arbitrary
except that ow must be zero at the boundary. The other
natural boundary conditions for u, v and w will be obtained
from Equation (1), which will also give the equilibrium

equations for the plate.

Bending Strain Energies (pr and Vba) and their Variations.

Neglecting the effect of verticai shearing stresses on

deflection, the bending strain energy of a plate is given by

_ 1 22w 1. alw 2 2w ‘
pr = ynf [ - SM, 7 - 2Myqzay + Mxyaxay] dxdy (2)

Substituting in Equation (2) the expressions for M,

My and Mxy in terms of curvatures and twist, namely,
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2 2w 2 °w
M= - (D, &5 + Dy Pre: ) (3a)
o 2w 2 2w b)
My = - (Dy 52t Dy o7 ) (3
_ 22w
and My, = 2DXy ooy (3c)

the bending strain energy of a rectangular orthotropic

plate is given by
(7
)

POl

£

X
' 2 2w~ 2 2w 2 02w 2
.§ [ D (32) -ny(ggz) *'EHb(axay)
o

22w 2°w 22w 2
+2Dl{ax2‘ay2 B (axay) }]dxdy (%)

(52)

By Green's theorem -
om , p 21 _ 2G , oF j }
j[(G St F ay)dxdy = ffn(ax + ay)dxdy + 1 N(Gady~ Fax)
D D C
---(5)

Setting G = a22w/ay2, M= aw/ax and F = - 22w/oxoy and

noting that the term (2G/ex + 2F/ay) equals zero, gives

™ 2 2 2 O L 2 2 2
ﬂ[-g;ﬁ'.vg%’- (55) dedy=f9-“—v(9~"z"dy+ T dx) = 0
D .

Yy X2y ox 2y X2y

because, for a rectangular plate with w = O at the boundary

ow/ox = O at the edges y =0 and y = 6‘7

and ow/ay = 22w/oy2 = O at the edgés Xx =0 and x = 6}('

Therefore,

v{ 200 2 2
1 22w 2 2wy 2 22w 2
Vpp = ej J [ D (&5 + D58 + 2B (Eo) Taxay  (6)

!
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and
{4
- Dx Fy 2 22 Ez Y X Loy 2
6pr = e} J| I (a ) dxdy + 3 8 (-a-.s;z) dxdy
> o “o
‘ 8y 6}{ )
* Hbf’U Jcaaxawy) ] (?)
o
By Green's theorem,€5%>
32 _ azG 2_!’ ?-g
f((} -a—)-(g dxdy = j:r'ns;g dxdy + j(G X nax) dy (8a)
D C

: G
JIG ——?:y dxdy = ffn-é}—z dxdy \Z(G _.3 'q_g_}) dx (8b)
D
226G l{,, 2m 2G
e ffGaXBVGXdy ) ff Toxay X7+ 2[“" oy T oy W
C

'%f(G%- gD ax (8¢)
C

The first term of the R.H.S. of Equation (7) is,



A13.

D 6}’ ?X _— 63' 6X 2 25
- oW _ 2w o2<bw
3 aUO L(ax) dxdy] = DXL o ow?t o2 dx dy
& £ 3
I ¥ 2w 2°w 20w 2N
= D }, dw 46Xdy+DxJ('a—;c7 P _6Wax3) dy
p'e X
o “o C
[By Equation (8a)]
£
£ £ y
y /x4 5
= 2w 2°w abw
-DX[J aX46dedy—DJ3}—(-g—-—-a dy
o "o 0 x=0
£
J
2°w abw
+ ij 2X2 o dy (9a)
0
X:’@
x

Similarly, using Equations (8b) and (8c) and noting
that 6w=0 at the boundary, the other two terms of Equation

(7) can be written as

D BtA G 2y 2 7 Xa4w6 axd
4 25w _ LW ew v
2 6LJ (-5—572) dxd;y:l DZ)’J ayq'
o "o o} o}
£ £
X 5 5 X 2 5
- D 2.8 22w 2w adbw
Z)’[ °oy° o dx * Dyj 2y 2 oy dx (9p)
(o] =O (o} ='6
J
£ £ ¢ £
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Therefore, from Equations (7), (9a), (9b) and (9c),

the w variation is

ox 2y

L ¢
6. = 7 X[D 2w, 5 -——1—734“’ + D a4W]6wdxd
bp x 4 H’bax 2y ¥y 4 ¥
(o] (o]
y) £

V2 ) T e 29
22w 20w 2w 20w
- DXJ ox% o dy + DXJ 2x? X dy
o
x=0

x=4,
£ &
x 2 X 2
- Dyj =7 yw __aaéw dx + Dyj ———aang -———aaf’;" dx (10¢)
(o] (o]
y:o ='6y
and evidently
u
8 Vpp = O (10a)
v ——
and & pr = 0 (10b)

because pr is independent of u and v.

The strain energy stored in the rotational restraints
along the boundary is given by

1 7 oW+ 2 637 oW 2

Vha = E[J L,Gx) (W o+ [ A6 | &

o] _ Y =
x=0 x..{’,X
£ £
x 2 * 2
A_(2¥ a A_(2E ]
+J y(oy) | dx + J ratr o (11)
o} o}
=0 =4
J ¥ v
The variations of this energy are, therefore,
u
6"V, = O , (12a)
68'V,, ‘= O _ (12v)

ba
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and 6y . 6y ;
w. 2w 26w 2w 206w
5 Vba B J' AX X 9X dy =+ J. Ax X X dy
o) o) p
X:O X=
£ 4 *
X X
2w 20w 2w 28w
+.{ Ay ¥ o7 dx +‘J' Ay 57 o3 dx (12¢)
© y:o © y: ‘6y

v

Membrane Strain Energies (V i and Vms) and their

mp?

Variations.

By definition,

_ N\
e, = Nx/cx + Ny/cl
ey = Ny/cy + Nx/Cl - (13)
=N
ny X§/ny »
and NX = Exex + Eley
Ny = Eyey + EleX (14)
N, . = Y
Xy Xy Xy

Again, strains due to applied loading can be expressed in

terms of displacements as follows

e =2, leowy?  ow 2o
X 29X @ 2‘aX 2X X
oW
ov , leaw 2 | ow ZTo ’
e, = T= + 5(=) + = —F
Yy oy 2(ay) 2y oy (15)

Y _2u ., ov . owaew . ow 20 . W ow

= + —— L2 —_— e

Xy 2y @ ex ' oX'dy & oX’ 2y X "oy

Eliminating u and v from Equations (15), the following
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compatibility equation is obtained

2 2 2 24
ae;_;_'_aey__aY}_sz(azw)z_gzwa?-w > 22w ° Yo
2y~ ox < 2X2y X2y ay2 T € Pxoy oxoy

2 2
02w 2 Vo 2 W5 o2 (16)
2xX <" ay“ 2x°¢ ‘ay*

From Equations (14) and (15), the membrane forces can be

expressed in terms of displacements

oW W

- 2u . leaWys | 2W __ 0O v LeaWye L 2W O
N, ‘Ex[ax+2<a )2+ ox* ax] El[ay+2(ay) oy oy ]
(17a)

au , l,2w w 2o aW awao

Ny':ElEax 5(ox ) ax Txd tE {ay 2( ) oy oy :
(17v)

oW 2w
= 2u oV W ow L oW __ O __O 2W

ny*Exy[ay+ax+ax'ay+a 2y * % ay] (17¢)

In deriving Equations (1£), (16) and (17), the following
relationship has been used

Strain due to applied loading (associated with u, v, w)
= Total strain (associated with u, v, w)

- Initial strain (associated with Uy, Voo Wo).

The strain energy due to membrane forces in the plate

is given by

fy |
= N e + N
o f [ Myext Nyep+ Ny Yy 1 dxdy (18)

where the forces and strains are given by Equations (17)



and (15).

To obtain the variations of Vmp
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with virtual

displacements &u, dv and 6w, it will be convenient to

obtain first the expressions for variations of the componat

forces and strains.

From Equations (15) and (17),
u, _ 20u Uy 25u N\
6 °x = Tox o Nk - EX ox !
u, Uy 26u -
éey.—O . éNy_El pyealil (19a)
u abu u ‘ u
= e = F Y-
o YKY Py 5] ny ny 3] xy )
v, _ v _ 20v
3] e, = 0] s 6'N_ = El 2y
v _ 26v A _ 28v
6ey— = éNy_Ey Pyl (19v)
v _ 26v v _ Voo
5] ‘ny = x & Nky = Exy s) Tgy
W, _ W 20w Wy 2W 25w 2w 28w
and 5 ®x = °x " ox ? 6 Nk - Ex X" ox +'El 2y " oy ?
w, _ ow 28w Wy 2W 28w 2w 28w
® &y = oy oy & I\Ty =B 2 5%+ E;y 57" oy ° (19¢)
&W 2w 20w _ﬁ 2w W - w
ﬁ&Y pe —3; + oy 2% 3] ny Exy & ny .

From Equations (18), (19)
(Equation (5)], the variation

and (14) and Green's theorem

of V

mp due to du is given by



oYy

-
o) Vmp

1

|

by

o

u B | u
N &7Te + exﬁ Nx + Ny& e

A 18.

+ e 6N

y vy ¥

+ nybuy xy yxyﬁuijdx

&y * o) o)
26u 26u
) J L NX ox T NXY oy } axdy
o Yo
9y Oy oW .
= - j (axr+ —.Hay Youdxdy + | du (Nxdy - N}cydx)
o Yo C
£
Cfy fx oN_ oN_ 24
- (_Xax +—-——-xay )6udxdy—J Nxéu dy
o Yo 0 x=0
4 £ £
y - x x |
+J Nxéu dy -~ j N__duijdx +[ nyéu dx
o} _ o] - o -
x=0 y=0 y.._&y
~ = -(203)
Similarly,
f’y 6x 63’
2N aN
= j ( el ay)évd.xdy J Nx,yév dy
Y0 Yo o} _
. ‘ P x=0
| 5 X X
N_ b6 a -~
+J 5oV | 4 J Nyév dx + Nyév dx (20v)
) _ ) _ )
X—-'EX ‘y—O y='€r
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and
%y FX P P Py
W _ 2w 25w 2 W
5 Ymp - J [ Nx ox2 t 2ny axay+ Ny a:)r2
o ~o

oN N — oN oN
oW, T x Xy oW, XY v
+ o + )+ —ay( Pl ay) ] bwdx dy (20c)

The line integral vanishes in Equation (20c) as dw=0
at the boundary.
The strain energy stored in the extensional restraints

at the boundary is given by

£, £ £
1 J Y X
mG=’2'[J KXu2 dy +J Kqu dy +‘( Kyv2 ax
0 a 0 B 0 _
x=0 x-ﬁx =0
X
+I Kyv2 d.x] (21)
° =7
=y
The variations of this energy are, therefore,
£ £
J 7
u |
oV = _,! Kxuéu dy +J K. ubdu|dy (22a)
0 _ 0 _2
x=0 X=Y,
6x 6x
v S
&V e = [ K vov | dx +\( Ko vov | ax (22b)
(o) =0 0 -4
J
and

W.
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The strain energy stored in the shear restraints at

the boundary is-given by

£
X X J
_ 1 2 2 2
Vms = 2[ qu dx + j qu dx + J Syv dy
o o o)
=O ='6 x:—.O
=%
£
y
+ J Syv2 dy 1 (23)
0 =%
X="x
The variations of this energy are, therefore,
L &
X x
u —
6V q _-J qubu dx + J quéu dx (24a)
¢ y=0 ° y=&y
4 £
y J
v e
) Vs -j Syv ov | dy  + Syv bv | dy (241v)
o _ o _
x=0 x_.f;x
and
s = 0 (24c)
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Potential Energy of Applied Load (Uq) and its Variations

Ly by
= - w ol 2
Uq J' [ U,y ¥ dx dy (25)

(o] (o]

The variations are

e u, = 0 N (26a)
VU = 0 (26b)
q L £
Y X
w = -
and © Uq = j 5 A, 5 bw dx dy (26¢)
O o -

Substituting the expressions for the variations of

the component energies [Equations (10), (12), (20), (22),
(24) and (26)] in Equations (1), the conditions for zero
virtual work are given by

L £ £

yr¥ ol aNxv J
- (ax oy ) budxdy + (K u - Nx)éu

o )

o ~o
4 7

J x
+ | (Kxu + Nx)bu dy + j (qu - ny)éu dx
o £ o -0

dy

x=0

&

x ,
+f (qu + ny)éu dx 0 (272)
° =%

J
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L, & b/
yrx aNxv an 4 '
- (==L + ay) bvdx dy + (Syv - ny)év dy
ovo Y x=0
&y &x
K - N_)6 dx
+ (Syv + ny) 6v | dy +J ( - y) v
0 - 0 -
x=£€_ y=0
L
X
K N_)6 dx = 0 27b
+j ( 5V * y) v (27v)
° .
=4
=%
and
6y x 2 W ot ot 2 2w 2 2w
[ Dy ot + 2Hy, ox2ay2 * Dy ay4 (Nx ax2 * ngy 2X0Y
oo
2 2w 2w, 2N aN;x aw, S xy aNx
+ Ny ayz) ax( X 2y ) - ay( 2% ay) - 9% yJéWd‘Xdy
6y . 6y .
2W 22wy 20w 2w 2 2w\ 20w
+J' (Ax ox ~ Dx % ) ox | ¥ (Ax ox * Ux ox% )ax dy
- =€
0 X=0 o] X="y
Lx O
o a2 22wyabw | o0 | (. 2® , p 22wy20w |,
J oy J oy “°T oy y oy J oy©T o¥F
(o] 0 y:&
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As the virtual displacements du, bv and dw are
arbitrary, Equations (27) will be satisfied only if the

following equations are satisfied:

ol aN
e — —
el prs = 0 (28)
(Kxu - Nx) o = 0 (28a)
(Ku + N_) =0 (28D)
X X x=&X
(qu - ny) P = 0 (28c)
(qu + ny) » = 0 (284)
ol ol
Sty = 0 (29)
(Kyv - N_y) 0 = 0 (298.)
(Kyv + Ny> » = O (29b)
J
(Syv - Nx_y) <=0 = 0 (290)
(Syv + ny) et = 0 (294)
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4 4
2w 2w 2w
Dx axq" + 2Hb 2oy >y + Dy ay4
= (o, 22 L on 2,y 254 (30)
= %,y T Vx ex Xy oXoy y oy?
2W a 2w _ 30
(Ay 5% = Xx 5x2) <=0 0 (302)
W 2 2w N
(Ay 3% + Dx 5%2) <t 0 (300)
TTx
2
A 28 _ 2w = 0 Oc)
by o7~ Oy 552 5=0 (3
2
A 1 p_ 2H = 0 0d
(by 5y * Dy 552 =4 (304)
J

Equations (28) and (29) have been used to simplify
Equation (30). By virtue of Equations (17), Equations (28)
to (304) can be expressed solely in terms of the three
displacements u, v and w and initial deflection w,.
Equations (28), (29) and (30) are the equilibrium equations
valid in the interior of the plate and Equationsv(28a) to
(28d4), (29a) to (29d4) and (30a) to (30d) supply the
boundary conditions for the displacements. The three
equilibrium equations and the twelve boundary conditions

obtained above, together with the prescribed condition of

zero vertical deflection at the boundary are adequate for
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the unique determination of the displacements of the

middle surface of the plate under lateral load.

Stresgs Function

Instead of solving the three non-linear partial
differential equations [Equations (28), (29) and (30)]
for the unknown displacements u, v and w, the problem majr
be reduced to that of finding only two unknown quantities
by the introduction of Airy stress function. This stress

function £ is defined such that

2 2 2
_2°f . 2°f -
Ny = 2y 2 ? Ny 2% 2 and ny - 2X2y (31)

It can be readily verified that the stress function
as defined above satisfies the equilibrium equations
[Equations (28) and (29)1]. Substituting Equations (31) in

Equations (13%), the strains can be expressed as

e o L 2%2% R 22f . N
x CX * oy? Cl * ox?
1 a%f 1 a°f
e, = Cy.g;g + . ‘552 g (32)
N 2 2f
Xy ny * axoy )




A26.

By substituting Equations (32) in Equations (15), the
displacements u and v can be expressed as functions of £

and w g

éu _ 1 22f 1 22f 1.owy2 . 1.2%.2

ax Cx . ayz + Cl . axz - 2(3X) + 2( ax) (553)
and

v . 1 22 1 22 leowy? 177042

2y Cy "ox2 * C, "oy - 2(ay) + 2( ay) (33b)

Goveirning Equations in terms of f and w

One of the governing equations is obtained by
substituting Equations (31) in Equation (30), the equili-

brium equation for bending of the plate,

—af-‘zv + 222 __3.24.-".‘.;__2 + )\q’ ..a.i'-w
axq' b aX 2y b ay4
_2x.y 01 ;22 2% 22f 22w | a22f a2y -
N Dx. + Dx L 252 * 2x° 2 dXay 2X oy t ox2 ay2 ] (34)
where 4 a4w 64
q = + D_ ( 2 , o2 —— 4 4 Wo)
%,y = %X,y b4 ax4 b Yv oxZoy }\b a;yq'

The other equation is furnished by Equation (16), the
compatibility relationship for the strains in the middle

surface of the plate. Substituting Equations (32) in
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Equation (16), gives

4 4 4
2_f 2 2 T 4 o f
gt 2xm Uy oxcay? + 7\m 4
X 2y
202 A2 52 2 2w 2., 2°W
2°%w 2°%w 2°%w 2%w 2 7o 2%w 0
= Cy [ gxay) = ox? ay2 Tt 2 2Xoy oXoy 2x2 oy2
2
_ 0, a2y ]
2xX° oye

— 2 2 2
22w 2 22w 22w 2Wy 2 oTwW, 27w,
Cy [ (axay> = %2 ay? 1 - Cy [ (axay) T ox? ay? ]

i

- -~(35)

It may be noted that the governing equations depend on

the initial deformation Wy but are independent of u, and v

o)

Boundary Conditions in terms of £ and w.

In the derivation of-the boundary conditions it is
assumed that the elastic edge restraints, the locading and
the initial deformation w, are symmetrical about both the
centre-lines of the plate. It will be sufficient, therefore,
to consider the edges x=0 and y=0.

The boundary conditions for bending [Equations (30a) to
(30d4)] remain unaffected by the introduction of the stress

function. They are (after rearrangement of certain terms)

o

- - - 2
at x=0, w=0 and 22w %x » 07y &y oW,
ox° TF * (axz - Z; oz (362)



and
= 22w %y aw azwo Ly W, (36b)
at 7=0, wW=0 and Z5E -7 Gyt (gE - ) O

From Equations (28a) and (29c¢) the boundary conditions

for membrane forces at the edge x =0 are given by

x (37a)
u = == 37a
Kx
and
v 1 aNgz
oy = g; >y (370)

(Equation (37b) has been obtained by differentiating
Equation (29¢) with respect to ¥y).

Integrating Equation (3%a) with respect to x between
the limits x=0 and x= Zx/2 (while y remains constant)

and noting that because of symmetry u = of/ox = O at

x=6x/2,

¢ /2 2 ¢./2
_ 1 22f 1 of 1 2wy 2
Y,y = ij ay? | - C, ox - 2J (Gx) | &
o X’y O,Y o X,y
£ /2
1 X'/ d o2}
3] (R
o X,y
- _ L a2f i
= -1 550 [By Equation (37a)].
p'y
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or
6x/2
1 22f 1 22f 1 of
Yo =3 | dx + 7™ 77 - F
C “( 2y Kx 2y Cl X
o Xy 0,y 0,y
£ /2 e_/2
-1 i @52l ax -1 (| ax (382)
-2 2X 2 X
o X,y o Xy

The other boundary condition at the same point (o,7)

is obtained from Equations (37b), (33%b) and (31) as follows

1 22f 1 a2f 1 _a3f _
Cy ox 2 * Cq 2y 2 + Sy 20Xy 2 = 0 (38b)
0,y 0,y 0,y

The terms (ow/ay)?2 and (awo/ay)2 vanish because
w=w =0 along the edge.
Similarly, the boundary conditions for membrane forces

at the edge v =0 can be shown to be

6y/2
1 22f 1 2°f 1 of
= a R - = 22
C x| W Py
5 ax Ky X C1 3y
o X,y X,0 X,0
. 4 /2 _ 6y/2 .
= = ow _ 1 0
gj 5 | & 2] (o dy (392)

o Xy 0. X"y
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and
1 a%f 1 22f 1 _o7f = 0 (39b)
== L5 o v + = o = 3
Cx 2y Cl X SX 29X 2y
X,0 X,0 X ,0

Conversion of Fquations to Non-dimensional Forms.

The governing equations and the boundary conditions
obtained in the preceding sections apply only to a
particular plate. By writing the equations in a suitable
non-dimensional form, it becomes possible to consider the
problem of a large number of different but dimensionally
similar plates as a single problem. The different factors,
that is, the dimensions and properties of the plate, the
elastic edge restraints, etc., can then be incorporated in
the problem in terms of a minimum number of non-dimensional
plate parameters, which may be varied systematically to
cover various cases. The number of such parameters can be
further reduoggﬁby suitable transformations of the axes of
co—ordinates(ao? The transformations and the non-dimensional
forms chosen for the deflection, the stress function, the
loading and various plate properties are given in the

notation. The resulting governing equations are
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L, o, 2T, 2T
an' b eXcoY an'
Q 2%F 22W _ 2°F 2°W 22F 22V
i ¥ +loyzope -2 2XoY oXoY ' oXZ2 Y2 L (40)
X
where
Q = Q + TI
. A o™ o
and ™ = L. [ + 29 7ov?2  t
X an' b oX<aY an'
and
4 - 4 — = o= II
2 I > _2'F 4 2 F 4. . 22W 2 o2F »°f T
e D ¢o 7 "7 lGny - ai{z:‘*1:5§__IJ._>’¢,r
- --(41)
where »
W 2°W_ 22W
Y 2 oWy 2 - o) 0
Th=-r Lx( I’y [(aXaY) X2 5¥2 !
The bending boundary conditions are
- = 22  %x oW plIl
at X=0, W=0 and %2 =i;cﬁ + _I—'é_ (42a)
and
AT a_ = v
2 W
et Y=0, W=0 and 25§ - T, I (42b)
N N
2
IIT a<W (94 oW
h = 2 e _ X 0
waere T Lx (aXE L_ X )
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2
a<W Q. aWO

- Ly (aYz - Ly oY )

and T

The boundary conditions for membrane forces are

at X=0
I&/B
22F | 3x + Eg 2 °F . Ven Yym 2F
2y 2 kx 2Y2 r aX
° X,Y 0,Y P 0,Y
Ly -
1 ofi+ 2 oV
=5 () |&X + 1~ (43a)
X
o] X,Y
1./2
where X
= L oW
A 20y
o= -3 X ) | &
o X,Y
and
o1 2 Vo 228 Dy ok
X - L Xm ym oY t 5 2XoY = 0 (43b)
0,Y 0,Y I 0,Y |

/2
v L
2 2F vy 2°F oF
o X,Y x,0
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L /2
VI I‘4L ( aWo P
where T = = =3 7)) | ¥
J .
o] X,Y
and
228 xm'yn 2% cox 228 Lo (a)
oY - T aX e TS, oX%2Y
X,0 X,0 X,0

Equations (40) and (41) are the non-dimensional forms
of the two fundamental partial differential equations
governing the large deflection behaviour of orthotropic
plates (with initial deformations) under lateral load,
These two equations together with the boundary conditions
[Equations (42a) to (44b)] must be solved for the stress
function (F) and deflection (W) for a given load (Q) and a

VI). Curvatures and

given initial deformation (TI to T
membrane forces can thereafter be obtained in non-dimensional

form from the following

2z 2
e 2w [/ X _ 12 2°W
&X 2% DX = L 2X 2
X (Curvatures) (45)
om [C 2
42 25w [ x _ 12 a°W
y ay2 V/DX = L 2Y?
¢ o 2% [°x 2 2W .
x y exoy (D * LXI& oXoY (Twist) (46)
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9 2F \}

N
2 X _ 2
6x D = L 2Y?2
X
N 2
‘65 52 = L§ %fg 7 (Membrane
y Forces) (47)
N
¢ ¢ XX, _ _71 1 -=2°E
X WD X"y oXaY
X'y -~

FINITE DIFFERENCE SOLUTION OF TLARGE DEFLECTION

PROBLEM

There is no general solution available for the
differential equations obtained in the previous section.
The problem can, however, be solved by converting the
differential equations to difference equations and then by
solving the resulting non-linear algebraic equations by a
method of iteration. In this section the finite difference
equations corresponding to the differential equations will

be derived.

Finite Difference Approximations

The transformed plate is divided into rectangular
meshes of size (axb). Referring to the diagram below,
the finite difference approximations for the derivatives

of a function ¢ at the node (m,n) are given by the



followingxsxpressions,

3

A 3s.

- 4wm~l,n + Ppe2,n

(48a)

(48b)

(48c)

(484)

) (48f)

(48g)

m+2 2
m+l1
a
m % o m, 7
m-1 a
n-2
bPbi1bitblb
=agl=ac |=ag|=ac
2
1
JCF ne
-1
-1 0 1 2 n-2 n-1 n n+l n+2
20 _ 1
aX 2a((pm+l,n (pm-l,n>
29 _ L
oY ~ 2b (wm,n+l cPm,n—l
229 . L (o -20 + ¢ )
aX a? m+l,n " 'm,n m~1l,n
2% 1 .
2Y2 F?<:@m,n+1 - 29y * wm,n—l)
220 _ 1 _ -
aXaY 4ab(wm+l,n+l ®m-1,n+1 * Pn-1,n-1 cPm+l,n—l) (48e)
4.
2.9 £ -
aX4 h a4((pm+2,n 4¢m+l,n + 6¢m,n
Qi@ Lo -4 6 4 )
aY4 b4 m,n+2 wm,n+l'* @m,n" cPm,n—l'”pm,n—E



A 36.

*

4
2_@ 1 ,
3X%72 = athzt me,n - 2((pm+l,n *Pn,041 T Pm-1,n 7 (Pm,n—l)

* ((pm+l,n+l *Pp-1 ,+1 *Pna1 ,n=1 * q’m+1,rl-l):I

(48h)
279 1
2XoY? ~ 2ab? ( (pm+l,n+1 - 2(pm+l,n *Pnel n-1" (pm—l,n+l
+ 2(Pm—l,n - (pm—l,n—l) (481)
3
230 1
2X“2Y = 2a‘b ( (Pm+l,n+1 - 2q)m,n+l *Pp-1,n+1 " Pm+1,n-1
+ 2(pm,n-l - (Pm-l,n—l) (483)

The following two more accurate formulae for first

derivatives will be used for slopes at the edges m=0

(53)

and n=0 of the deflected plate

2w - T W T T

(aX)O n 62 (- W2,n + 6Wl,n - 5WO,n N 2W—1,n) (49a)
4

and

R B

(aY>m,O = g5 (- Wm,2 + 6Wm,l - BWm,O - 2Wm,—l) (490)



Finite Difference Equations for Bending Action
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From Equations (42a), (42b), (48c), (484d), (49a) and

(49b), the boundary conditions are

atX-—-O,

and

(i.e.

m=0)

i

o’
\U1

=i

Lot Pg Wty

and at Y = 0, (i.e. n=0)

and

where

and

m,-1

o
U
|

(0)]
I

2
]

I

=
I

Wm,O = 0

(30, = 61)/ (o, + 61) 2\
- O.BCX,X/(O(.X + 61)
(506y - 61)/(o;y + 61i)

- O.Bay/(ay + 61)

l.5/i(ax + 61)

1.5/31(ocy + 61)

ITT

Iv

(50a)

(50b)

(51a)

(51v)
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The finite difference form of Equation (40)

(Equilibrium Equation) at any internal node point (m,n)

(where m,n = 1,2,3,...,i, because, due to symmetry, it

will suffice to consider only a quarter of the plate) is

[—

dnip

b4+Bx

b, - 2B, - 2B

b4'+Bx

where the left hand side diagram represents an operation

on W and

- g2 -
& (Fm,n+l

6e + 8ub82 + 6

- Ay e? - 4

- ugt 4ub52

2F

+ Fm,n—l)



= 2 - i
By = - F (Fm+l,n 2Fm,n * ﬁm—l,n)

0.125¢2 (F + F - F )

it

and Bxy m+l,n+1 ~ Fm-—l,n+l m-1,n-1 m+l ,n-1
The number of internal node points being 12, there will
be only 12 such equations [Equation (52)], which will involve
as unknown not only deflections at the i? internal node
points, but also those on lines m=-1, m=0, m=1i+1l, m=1i+2
and n=-1, n=0, n=1i+l and n=1i+2. These additional
unknown deflections can be expressed in terms of the deflec-
tions at the internal points with the help of Equations (50)
and (51) and from the consideration of symmetry about both
the longitudinal and transverse centre-lines. If the stress

function F is known at all points, the\set of i2? equations

will be sufficient to determine the i? deflections, namely,

For example, Equation (52) for the point (1,1)

becomes



A so.

bJ.WB,l + (blb6 + Dby + BX)W2,1 + (by + Bxy)w2,2

+ (blb5-+b7-+bo-2BX-2By)Wl,l + (b8-+b5-+By)Wi,2

~ 4
- Q. & III v
+ W = —=t= . (b,t,T + t,T")
1,3 ol 1Y3 4
where
A
By = - 8% (Fy 5 = 2Fy 1 + Fy )
_ g2 _
By = = €% (Fy 1 = 2Fy 4 + Fg 1) >
. 2 - -
and Bxy = 0.125 ¢ (F2,2 FO,2 + FO,O F2,O) )

and the same equation for the centre of the plate, that is,

point (i,i) becomes

2Wi,i-2 + 2(‘!)5 + By)Wi,i-l + (bo— 2BX— EBy)Wi,i + 4b2w'-l,i—l

+ 2(by + B Wy 5 + 2bW,

where Bx

it
1
n
m
N
~
=
-

and B

]

1
no
®

N
~
b
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In matrix notation, this set of equations can be

written as

AW = (532)
and its solution is W = A}l Q (53b)
where

A, 1is a square matrix (pxp) dependent on F,
W is the unknown column matrix (px 1)
and Q is the given column matrix (px 1) representing

the given loading and the initial deformations.,

Finite Difference ¥Equations for lembrane Action

In obtaining the finite difference forms of the
boundary conditions, the integrals in Equations (43%a) and
(44a) are evaluated by Simpson's rule, assuming i to be
even.

At X =0, (i.e. at m=0), the boundary conditions

obtained from Equations (43a) and (43b) respectively, are
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i-1
- E - F
s - )

-2
+ 2dS i: (Fm,n+l - 2Fm,n + Fm,n—-l) + d5<Fi,n+l - 2Fi,n + Fi,n—-l>

F = d7 C (b9wl,n—b6w2,n— t5

~
i

+ 4

I11.? = 2
6 )+ 4W2,n

(F

l,n” "=1,n

i-2 , i-1 ,
+ 2 m;4(wm+l,n— Wm—l,n> A Z (Wm+l,n' Wm-l,n) L
==

m=3 75

b TV (54a)

5

1,0 * %F0,n * dFo1 0 * 40(Fg n1 *+ Fo,n-1”

#839(Fy) 141 * Py py - Ty e - Foypen) =00 (54D)
where

by = 1-Dbg h

dg = k/(k, + 61)

dg = 1.532V;;;f3;; k /r2(k, + 61i)

dy = 0.125¢2 k / (k, + 6i)

tg = 1.58% k /i(k, + 61) Y

dg = esy(rzvm - 82>/€(€S'y - 2ir)

d9 = (ssy + 2:3.:0)/(.&:55y - 2ir)

dyg = - Syram /s:(s:sy -~ 2ir)

dyy = ir/ (ssy - 2ir) : w,
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The finite difference approximations given by Equations

(48a) and (484) together with the boundary conditions for
W [Equations (50)] and the condition of symmetry about
the centre~line m=3i are used to obtain Equation (54a).
Equation (54b) is obtained by Equations (48c), (48d) and
(48i). In the particular case of (ssy - 2ir) - 0, the

term Fl n vanishes from Equation (54b), which then becomes
]

dé FO,n + dé F--1,,1:1 + diO (FO,n-x-l * FO,n—-l)
* 4y Ty e * Finer = Poanen Py pn) = O (540")
where
ag = 2Sy (rzm - g2) )
dé = s(ssy + 2ir) g’
dip = - Syrzm
dil = gir.

Similarly Equations (44a) and (44b) respectively will

give. the following two equations at Y = 0, (i.e. at n=0)
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i-1
(Fm+l,0 - 2Fm,0” + Fm—-l,O) * 4d12 Z (Fm+l,n—2Fm,n+Fm-l,n)
n=1,5,
i-—2
* 2d12 (Fm+l n 2Fm,n‘L]i"m—l,n) + dlE(Fm+l,i—2Fm,i+Fm-l,i)
n=2,4
5,077y % 4 4
ay3(Fy 1= Fp, 1) = Q[ (ogaWy 4 =0gly 5=y AW o
i-1 0
+2 ]Z (W m,n+l " L n-l) * A Z (Wm n+l Wm,n—l) ]
7 I1=5,5
+ t6TVI (55a)
and
+ 4., (F + F )
Fm, + dl5F + d16Fm,-l 17" m+1,0 m-1,0
+ d18<Fm+l,l+Fm—1,1_Fm+l,—1—Fm—l,—l) =0 (55b)
where by =1 - b,7 h
d = -« 2 2 i
13 1.5r vam Vom ky/e (ky + 6i)
d, = 0.125r" k. / e2(k, + 61)
_ . 2 »
tg = 1.5k /ie2(k, + 61) >
dyg = 2sx(82V Ven vym - :L‘e)/r(rsX - 2ei)
& = (:c'sX + 281)/(1‘8}{ - 2ei)
dl’? = - sasx\/\_f xn’ym /r(rs}c - 2ei)
dig = si/(rsX - 2ei) /
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In the particular case of (rsX - 2gi) = 0, Equation

(55b) can be written as
!
d15Fn 0 + YeFn, -1 + 49(Fpy o + Ty o)

= '
* d']'.8<Fm+l,]_ * Fm—l,l - Fm.g-]_,_]_ - Fm—l,—l) =0 (55b')

where .
dyg = ZSX(EZVV;;-V;; ~ r2)
di6 = r(rsX + 2gi) g
dip = - &8, Vem vym
di8 = gir

At any internal node point (m,n) (where m,n=1,2,...,i),
the finite difference form of the compatibility eguation

[Equation (41)] is given by

_ —

1

n L . o

: ?F Iof 1= |*F
m,n |

m




A 46.

— 2
re? % T = _
= g L (Wﬁ+1,n+l"Wh-l,n+l'kwﬁ-l,n-l Wm+1,n—l)
- — - _ _ - TII
- 16(Wm+l,n"2Wﬁ,n'+wﬁ—l,n)(wﬁ,n+l"2Wm,n*'wm,n-l)'+i4r4 L
(56)

where the left hand side represents an operation on F and

\
d, = 6et + 8um52r2 + 67"
.
dl = €
_ 2,2 b
dy = Eum; T
4
d5 Z - 4um32r2 - 4rp
4, = - 4t - 4y _e2r?
y = - 7 = THpE S

The set of Equations (56) contains 12 equations, but
the number of unknown F's in the set is greater than i?,
as the stress function on and outside the edges, as well
as those outside the centre-lines, are involved, although
the latter can be eliminated by the conditions of symmetry
about both centre~lines. The stress functions on and
outside the edges can be expressed in terms of stress
functions at the intermal node points by solving algebraically
the four sets of boundary equations [Equations (54a), (54b),
(55a) and (55b)]. In view of the difficulty of this

procedure the equations governing the boundary conditions
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will be solved simultaneously with the compatibility

equations at the internal node points, to determine the

values of stress function at internal node

as on and outside the edges.

points as well

The following table shows the types of equation that

will be used for the solution of F.

. No.
Type of Egn. At points... of Eqn. Remark
Equation (56) |m,n=1,2,...1 i? At internal nodes
Equation (54a){m=03n=0,1,2,..,1i {(i+1) |At boundary X=0
Equation (54b)|{m=03;n=1,2,...1 i At boundary X =0
Equation (55a)|m=0,1,2,...i3n=0 |[(i+1) |At boundary Y=0
Equation (55b)|m=1,2,...i;n=0 i At boundary ¥Y=0

2

Total number of Equations = (i+2) =~ 2

The number of unknown F's involved in

equations is (i +2)2 - 1. They are

(F_y,000 (F_y 1)y (B o)yennnn

(Fo,-17» (o005 (Fy 1),

(Fy,1)0 (Fy o)y (Fy q),

@ & ¢ 3 s 98 80 8000 S B O G OD SO D e e

(F (Fi,o)9 (Fi’l)’

i,-107

(Fg p)serene.

the above set of

Ny

(F_y 5
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The magnitude -of membrene forces’ remains unaffected
if the stress function is given an arbitrary value at a
point. Therefore the additional equation required is
provided by assuming F=0 at the corner of the plate,
that is,
Fo,0 = O (57)

For the solution of the equations by partitioning,
it is convenient to have an even number of equations in
the set; +the following equation will complete the set
without in anyway affecting the solution.

Fy,.1=0 (58)

In matrix notation the set of equations can be Writtén

as

T (592)

and its solution is F = B~%

C (59b)

where
B is a square matrix (p' x p')
F 1is the unknown column matrix (p' x 1)
and O is a column matrix (p' x 1) dependent on

W and given initial deformations.
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SOLUTION BY DIGITAL COMPUTER

In the foregoing sections the problem of large
deflection behaviour of orthotropic plates with initial
deformations has been reduced to the problem of simultaneous
solution of two sets of algebraic equations for any given
intensity of loading (Q) and initial deformations (WO).

The solution is obtained by a method of successive approxi-
mation which is fairly convergent and which can be carried
to any desired degree of accuracy. It may be noted that
when numerical values are assigned to (F), Equations (53a)
become linear and similarly Equations (59a) become linear
when (W) is assigned numerical values.
Step 1). Assume (F) = 0. TFind (W)l’l from Equation (53b)
[Note that (W)l’l represents the small deflection
solution].

Step 2). Assume (W) = (W)l’l. Find (F)l’l from Equation

(59p).

Step 3).  Assume (F) = (M)L:l.,  Fing (V_V)l’2 from Equation
(53b).
Calculate (W)l’2 = O.S(W)l’l4-0.5(W)l’2.

mean
S T - T 1,2 . 12 I o 3
tep 4). Assume (W) = (N%Eaﬂ Find (F)"*< from Equation
(59p).
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Step 5). Compare each deflection of (W)l’e with the
corresponding deflection_(W)igin. If the
difference is in no case greater than the
specified percentage of the latter, (W)iéin and
(F)1’2 represent the required solution, correct
to the degree of accuracy specified.

If, however, the above condition is not satisfied

at every point, the calculation must be continued through

the following steps.

Step 6). Assume (F) = (F)l’z. Find (W)l’5 from Equation

(5%b). Calculate (MI'2 = 0.5(ML2 +o.5(7)L:3,

mean mean
) = (TyLed : 1,3 .

Step 7). Assume (W) = (W)mean' Find (F) from Equation

(59b).
Step 8). Compare each deflection of (W)1?2 with the

. . =\1,3
corresponding deflection (W)méan' If the
difference ...... eessey and so on till the

required degree of accuracy is attained.

Now, suppose that the correct deflection and stress
function obtained for the level of load intensity (Q)j—l
are given by (W)j‘l’s and (F)‘j_l’s° To find the solution
for the next increment of load intensity [i.e., for (Q)j],
the central deflection Wi,i is obtained, as a first

approximation, by straight line extrapolation of the

central deflections for load intensities (Q)‘j_2 and (Q)j~l,



4 Assumed W? ///’“x

i,i
w2
=[2- %éj%~] ng} |
i,1
. T . 3
- W |
|
| N

O ) |
* j-2 §-1
Level of loading

After calculating Z the procedure can be summarised

as follows

1)

2)

3)

4)

Calculate (W)J:S - 72(W)I=198 ang (F)dsS . z72(p)d=1s8

Assume (F) = (F)925,  Pind (M5 from Equation (53b).

Calculate (W)gézzl = 0.5 3% 4 0.5(H)Jd»s+1,

Assume (W) = (W)géizl- Find (F)9:5*1 from Equation
(59p).

Compare each deflection of (W)J’S+l with the corres-
ponding deflections (W)j’s+1 and so on as in the previous

mean
step 5).
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All the calculations detailed in the preceding
paragraphs are done with the help of a digital computer.
The computer 'program' has been developed for the parti-
cular case of an initially flat plate. The computer not
only solves the two sets of linear equations, it also
forms the necessary matrices themselves and carries out
all the intermediate calculations and checks automatically.
In short, given the fundamental plate properties, the type
and magnitude of loading, size of mesh and degree of
accuracy desired, the computer prints out the final non-
dimensional deflections and stress functions for each level
of load intensity. The scheme of the computer program is
shown in Fig. 3 with the help of a simplified flow diagram.

Finally, the non-dimensional curvatures, twist and

menmbrane forces at (m,n) can be obtained from the following

expressions
6§ 62W/6X2°V6;7ﬁ; = 4iz(wﬁ+l,n"2Wﬁ,nf*wﬁ—l,n)
‘6§ aaw/ayZ.V5;7ﬁ; = 4iz(wﬁ,n+1"2Wm,n4'wﬁ,n—1)
b Uy 22w/ ox0y VC /D, = iz(wﬁ+1,n+1"wm—1,n+1*'Wm-l,nrl~“%ﬁlﬁﬁg
eE N/Dy = HiP/e? (Fy 0 -2B) +Fp o o)
6§ Ny/Dy = 41%? (Fm+1,n"2Fm,n+'Fm—1,n)

+ F -F

t_ ¢ VDD = -1 -
Xy ny/ Dny l(Fm+1,n+1 Fm—l,n+l m-1,n-1 m+1,n—l)



NOTATION

heq
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APPENDIX - B

METHOD OF PRESENTING THE THEORETICAL

RESULTS OF THE ORTHOTROPIC PLATE ANALYSIS

Equivalent thickness of stiffened or corrugated

plate.

L}

\
- Dx(aaw/axa) Bending moments in x and y

- Dy(aaw/ayz) L direction and twisting moment,

Hﬁ(aQW/axay) neglecting Poisson's ratio in

/ bending.
Extreme fibre bending stresses due to Ui and my.
Extreme fibre shear stress due to twisting moment
Extreme fibre bending stresses due to Mx and My'
Extreme fibre shear stress due to twisting
moment M__.

Xy
Membrane stresses in x and y directions.

Membrane shear stress.

\]
o
b Tt Oxm Total surface stresses due to

O, + Oyp b

T-b+T

i

bending and membrane action.

m

P

qfxey/412° ‘Magnitude of patch load at

any node of the finite difference mesh,

distributed over one mesh area,

(For other notation, see APPENDIX A).
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A1l the rigidity terms appearing in the non-
dimensional forms for pressure, deflection, curvatures,
twist and membrane forces (APPENDIX A) can be replaced
by a single rigidity term (DX) and the plate thickness
(h), for isotropic and ideally orthotropic plates.
For stiffened and corrugated plates the thickness of the
equivalent plate (heq) is not a physical quantity and the

following formula is suggested for its evaluation

-
heg = VI2 VDD /EE. = VI2(T-V, v, )D./C.1/r __(60)

It can be readily verified that for isotropic and ideally
orthotropic plates, heq reduces to h.

According to this definition [Equation (60)], the
non-dimensional pressure, deflection, etc., are given by

the following equations,

4
qe
5 hx = L Q (Distributed load) -- (6la)
X eq V12(1-vxmvym)
Py (63‘) - ( ) (61b)
= Q (Patch load — 1
Dibeq E; 412V12(1-mevym7
B"N— = £ W - (62)
eq V12(l-vkmvym)
m €2 s 2
XX _ 41°x (-W s 20 - W ) --(62a)
theq Vle(l"vxmvym) n+l,n m,n m-1l,n



Lo ( = 4i%r - vow - )
theq ‘Gy 64\/ 12(1 — \)’vaym) m,n+1 m,n_]_
~-~ (62b)
D_Xxh X Xy . b Wy pe1= Yo7 ne1 * "nel no1
xeq ¥ 82V12(1-vxmyym) ; ) ,
- Wﬁ+l,n—l) -~ (62¢)
£
£ 2 T
b (z) = & - (63)
X 7
Nk&é 412 o ,
DX - _é-T ( m,n+l - Fm,n + Fm,n—l - (653)
% 63{)2 432
DX (ﬂy = =7 (Fm+l,n - EFm,n + Fm—l,n) -— (63b)
M ‘x i2
D, (Z;) X (_Fm+l,n+l'LFmrl,n+l"Fm-l,n_1 m+l,n—1)
- (630)
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The following formulae are used %o calculate the

correct values of

plate

and M

I

At the edges of the

M
X

and M
J

N

Dy + va my

By *+ Vyp Tk

= (2ny/Hb)mxy'

plate

By

my.

bending and twisting moments in a given
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For isotropic plates

D, = B = En?/12(1-v?)
ey /% = e
heq = B

and Ysb = Vyp = V-

Expressing the bending and twisting moments and the
membrane forces in terms of the appropriate stresses, the
left-hand-side terms of Equations (6la) to (63c)

respectively becone

ot 2
a-vnix | 2a-v) Tk
L) b}
Ent 2 Fht
2 v p2 ) £2
B 21 - ve)-ERE Xb&X 2(1-v2) %9 % 2(1-v2) b %
h? ’ 62 Eh2 ) £ Eh2 3
22 o 42
12(1 - v2) £ O%m x 12(1=v2) %ym'x
T w3 12 -VA)Er e Th2
.&2
_y? 'I'.'

The following formulae are used to calculate the
correct values of the bending stresses and the shear
stress due to torsion in a given plate

o =o' + vo!

xb xb yb
— l 1
b = 99 * Y %p
- RVAYY
and T, = (1 )tb

At the edges of the plate

%%p = 9%p and O

yb T “yb
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APPENDIX - C

APPLICATION OF THE ORTHOTROPIC PLATE THEORY

TO__CORRUGATED PLATES

Expressions for Plate Rigidities

The following expressions for the rigidities and
Poisson's ratios for corrugated plates with corrugations
running in the x direction, have been taken from ref.(40)
after appropriate alterations in notation. These

expressions enable the corrugated plate to be represented

as an equivalent orthotropic plate. N
BX ‘= EI
By = Et3/12B
D or B = (1 + B)Et3/48(1 +v ) -
Xy Xy (64)
Vb T Y
CX = EtB
4
C = Et7/121
y /
va = Y )
where

t = thickness of the plating
B = ratio of the developed width to projected width
of a corrugation.
I = Moment of inertia of a corrugation per unit width,
and E,v are respectively the modulus of elasticity and
Poisson's ratio of the material of the corrugated

plate.
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Now,
A, = VB_/B, = WTI/IZpI (65a)
4 4
and A = "VC_JC_ = "VEZ/1ZPL (65b)
Hence r=A/N_ =1

m' b

and also, by Maxwell's reciprocal theorem,
vb = Vxb By/BX
ym = Vxm Cy/CX

The following formula may be used to evaluate the

vt3/12p1I i

-

v

| (65¢)
v£3/1281 J °

and v

shearing rigidity of the equivalent orthotropic plate

Exy or ny = Gt/B = Et/2B(1 +v) (e6)
This formula implies that in a corrugated plate, the shear
deformation of the whole developed width of plate occurs
over the projected width of a corrugation thereby

increasing the shear strain by a factor B.

Numerical Evaluation of Rigidity Parameters for the

Corrugated Plates used in the Experiments.

For the type of corrugated plate tested in the
present investigation (Fig. 5a), the following geometrical

relationships apply

B=(k+ V- gcin¥y)/k
7/R = (sinV¥ - 0.5sin2 ¢ + kcosy )/Bk
ZC/R = (gin V¥ - ¥cos ¥ )/Bk > (67)
I/R2t = 0.25(2V¢ - sin2y )/k - B(Z/R)(ZC/R)
+ (t/R)2(k - siny)/12k.
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The last term in the expression for (I/R2%t) represents

the moment of inertia of the flat plating about its own
axiss; it contributes very little to the total moment of
inertia, for the type of corrugations under consideration
and can, therefore, be neglected in subsequent calculations.

For the experimental plate

¥ = 1.294 radians

"X = 2.907

t = 0.064 in.

R = 1.032 in.

E = 10.4 x 10° 1b per sq. in.
vi = 0,32

Substituting these values in Equations (67), (65), (64)
and (66) gives
B = 1.114
I = 0.00552 in.? (the term neglected would have
increased the value of I by about 0.25%)
A=A = 0.244

b m

vyb = Vop = 0.00114

4 .
DX = BX = 5.74 x 10" 1b in.
Xy = 91 1b in.
c, = 74.15x 10% 1b /in.
4 .
ny = 22.6%3 x 10 1b /in.

By definition
- VD D = 2
By, = Hb/ DXD = (2DX + v bDX)/QxAb

R rowrem _ 1 Vxm 2
and  u, = Cny’/Hm - (zcxy - C )thm



Hence Yy
Lt
From Equation

heq
The important

plate can now

0.07

0.08

(60)

0.964 in.
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rigidity properties of the corrugated

be summarized as follows

heq

5.74 x 107 1b

in.
0.244

0.32

0

1

0.07

0.08

0.964 in.

74,15 x 107 1b /in.

To calculate the virtual side ratio and the six

edge restraint coefficients, the actual dimensions of the

tast plates and the attachments at the edges are to be

considered.

Momeng:n

_AQ/un

-~

u

~— Test plate

-

Force = Su/unit

/

=

/

/ width of edge

1.
width of 55 in., /
edge J‘:zgﬁin.Shee% , /LWf=u/5.5
] pi /
i — 140

Bending deformation of

g side sheet

Shearinc deformsation

of a

side sheet
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The test plates were attached on all four sides to
vertical aluminiumalloy side sheets 1/32 in. thick and
approximately 5% in., wide (see CHAPTER IV). Assuming

E = 10.4 x 10°

1b per sg in. and Vv = 0,32 for the
material of the side sheets and assuming the sheets to
be free to sway at the top edges and clamped at the

bottom, the elastic restraints against rotation at the

edges of the test plates are given by

6
_ __10.4 x 10 I N N
A=A =305 .30 *15% (52> X

= = 5.36
1b in./in. width
The actual magnitude of the edge restraints depends
on the horizontal displacement imposed by the deflected
plate at the top edges of the side sheets and can even be
greater than three times the value given above. At the
time of writing this thesis, calculations for these higher
values of AX and Ay are incomplete.
The elastic restraints against movement parallel to
the edges can be calculated by considering the shearing
deformation of a unit width of side sheet (see sketch

above) and are given by

6
e 1 10.4x10° 1 4 T
SX = Sy =TT X 5(17.35) *33 - 2.24 x 107 1b . in/in.widtt

The elastic restraints against movement normal to the
edges are neglected giving
K =X_=0,
X J
With the dimensions of the test plates and the
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magnitudes of edge restraints known, the virtual side
ratio and edge restraint coefficients can be calculated
from the relationships defined in APPENDIX A and rigidity

properties calculated earlier in this appendix, giving

for Test Plate 1 (£ = 70 in., €y = 30 in.)

X
e = 1.76
.ax = 0,007
ay = 0,788
S = 8.659
Sy = 62.192
kX = ky = 0
and for Test Plate 2 (EX = 20 in., Ey = 30 in.)
e = .15
o, = 0.002
ay = 0.788
s, = 2.474
Sy = 62.192
kX = ky = 0
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APPENDIX - D

CAILCULATION OF TOCAL TRANSVIERSE STRESSES

AND DEFORMATIONS IN CORRUGATIONS

Calculation for a Corrugation of the type shown in Fig. 5a

having Vo= 1.204 radians and k = 2.907.

Because of symmetry only one half of the transverse
strip need be considered. The geometrical properties of

the half strip ADC are given by Equations (67),

k' = 1.945
Z/R = 0.461
Zc/R = 0.188
I/R3t = 0.235
and J_ = Sina - 0.46lx (when P is in AD) )
p f (68)
= 0.,188%x/R (when P is in CD) )
where
T = BI Moment of inertia of the half corrugation
ADC about the neutral axis.
and Jp = (First moment of the length AP or CP about the

neutral axis)/R?.

The differential shear flow at P (Fig. 5b) is given by
= t(Bq - V_)R2J /T = (kq - V_/R)J_/(I/R3%).

($7), = t(Ba - VRIS (kq - V /R)T/(I/R7)

Substituting Equations (68) and the numerical

values of the corrugation properties in the above

expression gives
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(tt)p = (12.365q - 4.254 V_/R)(sinx - 0.461a) (69a)
(when P is in AD)
and ($7); = (2.322q - 0.799 VC/R)(X/R) (69b)

(when P is in CD).

It can be shown that the sum of the vertical
components of (Rdx)(tt) acting over the length AD is
equal to (Bq - VC).

Considering the equilibrium of forces in the

horizontal direction

by 'R
F +F, = gR(1-cos V¥ ) + RJ (tr)pcosacia +—Jk (tT)de
o) o
- 7.886qR - 2,463V
Hence Fa = 7.886 qR - 2.463 v, - F, (70)

Again, considering the equilibrium of moments about O

M - MC + RFa + RFCCOSIII - kRVC

a
v k'R
- - k'(k - 0.5k')qR2 + RBI () a0 +1acos¢J ()
' 0 0

1.650 gR? ~ 1.862RVC
Eliminating Fa from the above equation with the help of
Equation (70)

M, = M, + 0.727RF_ + 3.508RV_ - 6.236 gR?2 (71)

In the curved part AD the bending moment M@ at an

angle ¢ from A is given by
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@

M, + (1-cosg)RF, - R® Jo [(tr)p i1 - cos(@—a)}

=
i

+ gsin (9 - a)Jlda

M, + RFC(—O.2754-cos¢) + RVC(7.26O-5.752c05(p
-2.127 9 sin@ - 0.981 ¢2) + qR?(-17.416 + 11.180cos ¢
+ 6.18%5pging + 2.851¢%) —-== (72)
Equations (69a), (70) and (71) have been used to obtain

the above expression.

From Equation (72)

an)/aVC = R(7.260- 3,752 cos ¢ - 2.127 ¢ sin@ -~ 0.981 ¢?) (73a)
an)/aFC = R(-0.273 + cos @) (73b)
an)/aMC =1 (73c)

In the straight part.CD, the bending moment MX at a

distance x from C is given by

M_ = M, + (*/R)RV, - 0.5(x/R)2qR? (74)
and

oM /aV, = R(x/R) | (75a)

aMX/aFC =0 (75b)

aMX/aMC =1 (75¢)

The bending moment at D can be calculated by pubtting
¢ = ¥ = 1,294 radians in Equation (72) or (x/R) = k' = 1.945
in Equation (74) and is given by

Mg = M, + L.O45RV_ - 1.892qR?2 (76)

The strain energy due to bending in the strip ADC

is given by
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'R

Vj
_ M<ds _ 1 2 A 2
U = J 5% = 2D|:R'{ Mw dp + MX dx ]
a o <0

where D = Et3/12(1-v?2) TFlexural rigidity per unit
width of the strip.

Equating the partial derivatives of U with respect
to VC, FC and MC tow,, v, and OC respectively, the

following equations are obtained
AV k'R

RJ M@(aM¢/aVc)d@ + MX(aMX/aVC)dX = Dw, ("77a)
o) 40
A Xk'R

R M@(aM@/aFc)d@ + MX(aMX/aFc)dx = Dv, (77b)
“Q e
A X 'R

R Mm(aMm/aMC)d@ + MX(aMX/aMC)dX = Do, (77¢)
“0 4o

Substituting the expressions for M@,

derivatives [Equations (72) to (75c¢c)] in Equations (77)

Mx and their

and integrating gives

15.816RVC + 1.918RFC + 5.674MC 20.066gR?2 + DWC/R2 (78a)

1.918RV  + O.349RF_ + 0.608M, 3.190gR2 + Dv_/R2  (78D)

5.674RV_ + 0.608RF, + 3.239M, 7.188qR2 + DO_/R (78¢)

Equations (78b) and (78c) can now be solved simultaneously

for the redundant quantities FC and MC giving

F, = 7.837qR + 4.258Dv /R3 - 0.799D0 _/R? - 3.631V (79a)
and
M, = 0.748gR? - 0.799DVC/R2 + O.459DOC/R - 1.070RV (79b)

Substituting Equations (79a) and (79b) in Equation

(78a) gives
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w, = - 0.790qK"/D + 3.631v, + 1.070RQ, + 0.779R%V /D  (80)

For known values of q, VC, v, and O the forces and

c c?
moments in the transverse strip of the corrugation and its
deformations can now be calculated.

Two particular cases are discussed below.
Case 1I: VC =V, = QC = 0.
From Equations (79)

7.837 qR
0.748 gR2.

F
c

and Mc

Substituting these values in Equations (70), (71) and (76)

gives
Fa = 0,049 gR
Ma = 0.209 gR?
and Md = - 1.144 gR?

The deflection W, (+ve downward) is obtained from

Equation (80)

i

w. = = 0.790 gR'/D

(]
(Upward, in the direction of q).

Case II: V

e Fo =8 = 0.

In this case, the value of FC being known, Mc is the
only redundant quantity and is obtained from Equation (78c)

M
c

From Equations (70), (71) and (76)

2.219 gR?

Fa = 7.886 gR

= - 2
M, = 4.017 gR
M., = 0.327 gR?
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Substituting M, = 2.219gR? and V,=F,=0in
Equations (78a) and (78b) gives
W= = 7.474 GRY/D

(upward, in the direction of q)

]
=]
oy
<
i

~ 1.841 qR7/D
(opening of corrugation).

The results for a plate identical to the plate in
Case II in dimensions and transverse membrane action, but
having the direction of g reversed can be obtained from
the results of Case I and II, by separating the effects
of applied pressure and membrane forces on the corrugation.
The éffect of the membrane action can be calculated by
subtracting the results of Case I from those of Case II,
giving
F = - 7.837 R
F_ = 7.837 gR
M = 1.471qR?

M, o= - 4,226 qR?
My = 1.471 qR?

W, = - 6.684 GR'/D
v, = - 1.841 qR“"/D

The results of Case I with their signs changed are
now to be added to the above results to give the reguired

golution as follows

F, = - 15.674 R
F, = 7.788 qR
M = 0.723gR*
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M, = - 4.435qR?
W, = - 5.894 q RY/D

(Upward, opposite to the direction of q)

Evaluation of Vc’ OC and v, from the Results of Orthotropic

Plate Analysis.

Evaluation of VC:

At any point in the corrugated plate, the transverse
shear force per unit length acting on a longitudinal

section is given by

2 2 2 Py 52
_ 2 2 2w 22wy _ o, 22w _ 2 2w
vy = ay<Dy oy * Hy ox?) * Do o5\~ 3372 -XE pva ) (81)

where w is the deflection given by the orthotropic plate theory.
Assuming that the transverse stresses and deformations

are required at a section coinciding with a row of nodes

of the finite difference mesh, and if the point C (Fig. 4)

is itself a node point, the shear force at C (Vc) can be
obtained directly from Equation (81) and the appropriate
finite difference approximations [Equations (48b), (48c)

and (484)]. If, however, C is not a node point, VC has

to be interpolated from the calculated wvalues of V

y
. z(w)
at the surrounding nodes. )} 1?1{ Direction of applied
pressure

The adjacent sketch shows

the sign convention used

for V_. *”‘/r\\*“fi /f\\

y

+ve Shear Force
% :__ y
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Evaluation of QC

z(w)
) Direction of
111 applied pressure

The transverse slope 6. is
equal to aw/ay and can be calcu-
lated directly from Equation (48b)

if C is a node point; otherwise,

© . is interpolated from the calcu-

c +ve ©

lated values of aw/ay at the
surrounding nodes. The adjoining

sketch shows the sign convention for @C.

Evaluation of Ve

FProm Equation (3%b) the derivative of the horizontal

displacement v is given by

av 1 o 2f . 2ef 1,2Wy2
oy = XEE* (T3 - vym 357] - 2(ay) (82)
m'x

ey

ov/ oy
Assuming the transverse section 4

under consideration to coincide with e e (9 3

"ITWAt large

a row of finite difference nodes, deflns.

the magnitude of (av/a2y) at each

node can be calculated from Equation

(82) using appropriate finite dif- e »
ference approximations and the values ‘ Qémall defln. theory
of f and w obtained by the orthotropic plate theory.

v, is equal to the area of the (ev/a2y) vs.y diagram

between the point y = gy/2 and the point C (because
v=0atys= Qy/2). A positive area implies a movement

of the point C away from the longitudinal centre-line.
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It may be noted that for small deflections (f =0) the
point C moves towards the centre, indicating that the
swedge closes, whereas for large deflections the
swedge opens.
When the transverse stresses are to be calculated
at a section between two transverse rows of nodes,

interpolation will be necessary for calculating Voo
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