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Abstract

The modeling of thermophysical properties is central to chemical process design and optimization.
These include thermodynamics (e.g., phase equilibrium, heat capacities) and transport (e.g., diffusivity,
viscosity, thermal conductivity) properties. Thermophysical properties have been modeled using
empirical, semi-empirical, and theoretical approaches. Despite their success, current models rely
on incomplete theories fitted to limited data. To address this issue, this thesis develops a hybrid
approach combining molecular simulations, theory, and artificial neural networks (ANNSs) for model-
ing thermophysical properties. This approach is demonstrated for systems interacting via the Mie
potential. Thermodynamic properties can be determined from the derivatives of the Helmholtz Free
Energy surface, which is modeled using a physics-embedded ANN Equation of State (FE-ANN EoS).
This EoS is formulated to satisfy known thermodynamic constraints. The FE-ANN EoS is compa-
rable to the monomer term of the theoretically derived SAFT-VR-Mie EoS. Moreover, the FE-ANN
EoS provides a flexible framework for finding the appropriate functional form of the free energy,
including contributions where an analytical solution is unavailable. The FE-ANN(s) EoS extends
this framework to handle both fluid and solid phases. The resulting EoS predicts the entire phase
diagram and provides insights into the continuity between different aggregation states. A similar
physics-informed data-driven approach is used to model transport properties. In this case, ANN
models are constrained by the dilute gas limit predicted by kinetic theory. These models accurately
predict transport properties across a broad phase space region. The models developed in this thesis
comprehensively characterize Mie particles. These models enable testing parametrization schemes for
quasi-spherical molecules. The Mie potential exhibits a trade-off between fitting thermodynamic and
transport properties. Incorporating transport properties or solid-phase data yields similar molecular
parameters, suggesting that force field parametrization should account for this information. This
thesis demonstrates how scientific machine learning enhances thermophysical property modeling,
improving accuracy and addressing the limitations of conventional methods.
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Chapter 1

Introduction

Thermophysical properties are of great importance for design and engineering purposes [4-6]. Ther-
mophysical properties include thermodynamic (volumetric, thermal, and equilibrium) and transport
(diffusivity, shear viscosity, and thermal conductivity) properties. Volumetric properties (e.g., den-
sity and pressure) are basic thermophysical data required for process equipment sizing. Thermal
properties (e.g., heat capacity and enthalpy) are key for the design of any process that involves a
temperature change. Moreover, they allow for the assessment of key processes to achieve energy
mitigation goals, such as organic Rankine cycles [7] and heat pumps [8]. Additionally, an entropy anal-
ysis, also known as exergy analysis, allows for the optimization of the global efficiency of a chemical
process [9]. Equilibrium properties refer to the coexistence of multiple phases and are essential for the
design of separation equipment, such as flash separators, distillation columns, liquid-liquid extractors,
and absorption columns [6]. Equilibrium data are also necessary to avoid cavitation in pumps and
condensation in compressors. Transport properties, such as the diffusion coefficient, are essential for
designing separation equipment. Similarly, the shear viscosity is needed for piping and pump sizing
[10], while the thermal conductivity is required for heat exchanger design [11]. For these reasons,
thermophysical property data have been collected from several sources, such as the U.S. National
Institute of Standards and Technology (NIST) [12] and the DECHEMA consortium [13]. Furthermore,
accurately modeling these properties allows for assessing the feasibility of a chemical process and, in
the best of cases, optimizing it.

The correct modeling of thermophysical properties is essential for design purposes [14, 15]. The
thermophysical property modeling approaches can be classified as empirical, semi-empirical, and
theoretically based. The empirical approach fits a given property dataset to a simple, non-physical
mathematical formula. NIST has widely used the empirical approach to develop technical equations
of state (EoSs) [16], for example, for water (IAPWS-97) [17], natural gas mixtures (GERG-2008) [18],
and propane [19]. These EoSs explicitly model the Helmholtz free energy, from which volumetric,
thermal, and equilibrium properties can be derived. Additionally, the empirical approach is widely
used in databases such as the NIST TDE database [12] and the DIPPR 801 project [13] to interpolate
the thermophysical properties of pure fluids. The empirical approach offers high accuracy at the cost
of a lack of generalization. Therefore, an empirical model should only be used within its fitted range.

The semi-empirical modeling approach consists of a simplified theory fitted to reproduce experimental
data. The semi-empirical approach has been widely used for phase equilibrium calculations where
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independent EoSs are used for the vapor and liquid phases. In this context, the vapor phase is
commonly considered an ideal gas, and the liquid phase nonidealities are obtained from activity
coefficient models such as the NRTL [20], Wilson [21], UNIQUAC [22], and UNIFAC [23] models.
These activity coefficient models are pressure-independent and do not predict an excess volume. The
ideal gas condition and neglective pressure dependency of activity coefficients are valid at low to
moderate pressures, which restricts the applicability of this modeling approach. The semi-empirical
approach has also been used to model transport properties. The free volume theory [24] and friction
theory [25] are examples of semi-empirical models to predict the shear viscosity. Additionally, entropy
scaling [26] has been suggested as a link between transport and thermodynamic properties for dense
phases. These theories rely on thermophysical data from an EoS and multiple component-specific
adjustable parameters. Semi-empirical models have clear limitations to their range of applicability.
However, they are still based on a theory, therefore they tend to generalize better than empirical
models.

Lastly, theoretically-based models generalize better than the previously mentioned approaches but
require a more rigorous formulation, where the thermophysical properties of a molecular model are
obtained using statistical mechanics. The statistical mechanics solution of a molecular model can be
translated into a mathematical formulation using analytical approximations or by directly using the
molecular simulation results. Theoretically-based Equations of State (EoSs) are the most common
models for obtaining volumetric, thermal, and equilibrium properties of fluids. The ideal gas law
is one of the few systems for which the rigorous statistical mechanics of non-interacting particles
leads to a closed-form equation [27]. This simple molecular model is valid for low pressures. A more
real representation considers that molecules have volume and exhibit dispersive forces. Under these
assumptions, van der Waals [28] developed a simple continuous EoS to describe dilute (vapor) and
dense (liquid) phases. The van der Waals EoS and its modifications [29, 30] have been widely adopted
due to their simple mathematical form and flexibility in modeling from simple fluids to complex
mixtures [31]. The main limitations of this kind of EoS are their inability to accurately predict liquid
densities [32] and thermal-derived properties [33]. Some of these flaws have been addressed through
empirical modifications [34].

The Statistical Association Fluid Theory (SAFT) EoSs [35], such as PC-SAFT [36] and SAFT-VR-Mie
[37], are theoretically based EoSs that perform well for both volumetric and thermal properties. The
SAFT formalism considers an underlying molecular model and can explicitly account for molecular
association, providing a framework to account for hydrogen bonding (partial association) and chain
formation (complete association). Moreover, the SAFT EoSs are based on perturbation theory, and
extra nonideal contributions to the free energy of a fluid can be added as needed. In this context,
the free energy of a molecule is initially described by the kinetic (ideal) contribution and dispersion
(nonbonded) interactions. Other contributions can be considered depending on the nature of the
molecule. For example, non-spherical molecules, such as alkanes, can consider a chain contribution
term. Additionally, molecules capable of forming hydrogen bonds, such as alcohols and water,
consider an association contribution to the free energy. This formalism can also consider other sources
of nonidealities. Examples of these are dipolar [38], quadrupolar [39], and ion-ion interactions [40].
Despite their flexibility and accuracy, SAFT EoSs are still not widely adopted. This is mainly due to
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their complex numerical implementation, the increased computational cost of using them compared
to classical EoSs, and because there is general confusion by non-experts associated with the multiple
variants of SAFT models [14, 41, 42]. These accessibility problems have been partially addressed by
open-source packages that facilitate the direct use of these EoSs [43—46].

Transport properties have also been modeled using a theoretically-based approach. The Chapman-
Enskog theory allows computing the transport properties of a dilute gas given an interaction potential.
[27] In this theory, a transport property is related to an expansion based on collision integrals. It is
estimated that the first-order approximation of this expansion can predict a transport property with a
1% error. The computation of the collision integrals is numerically demanding. For this reason, their
solution has been correlated for the Lennard-Jones [27] and Mie fluid [47]. The Chapman-Enskog
theory is valid only close to the zero density limit and correctly predicts the temperature dependence
of a transport property. The revised Enskog theory extends the Chapman-Enskog theory to denser
states by considering structural information of the molecular fluid. This theory has been successfully
coupled with the SAFT-VR-Mie EoS to predict transport properties of the Mie fluid using parameters
fitted only to equilibrium properties [48]. Despite these promising results, the accuracy and range of
validity of this extended theory have not been verified against molecular simulation results.

Although numerous approaches exist for modeling thermophysical properties, an industrial survey
conducted by Kontogeorgis et al. [14] revealed a need for more accurate models, particularly for
complex systems such as polymers, hydrogen-bonding fluids, and charged species. These models
should accurately describe experimental data, extrapolate to unknown molecular systems, and be
computationally efficient. Based on that, machine learning algorithms provide a suitable alternative
for correlating and predicting thermophysical properties [49, 50]. Given that reliable data are available,
machine learning models can bypass the need for a rigorous statistical mechanics solution to predict
thermophysical properties. These algorithms can serve as universal function approximators for
learning structure-property relationships in molecular systems. However, this advantage comes
with the risk of overfitting, limited generalization, and producing thermophysical property models
that lack physical meaning. This thesis aims to develop machine-learning methods for predicting

thermophysical properties while ensuring thermodynamic consistency.

The rest of this chapter is structured as follows. Section 1.1 discusses recent developments in machine
learning methods for data-driven thermodynamics. Based on that, an overview of this thesis is
provided in Section 1.2.

1.1 Data-driven thermodynamics

Machine learning models have been used extensively for molecular modeling purposes. Machine
learning methods provide a flexible mathematical framework for finding patterns in data [51]. For
example, artificial neural networks (ANNSs) [52] are universal function approximators [53]. This
characteristic makes machine learning algorithms suitable to correlate data, such as thermophysical
properties [50, 54], molecular interactions (force fields) to perform molecular simulations [55] and
molecular design [56]. There are two main approaches to using machine learning for molecular
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modeling: a purely data-driven approach and a hybrid physics-informed data-driven approach. This
section will discuss contributions using these approaches.

In the purely data-driven approach, a machine learning model is used to correlate a single target
property. As a proof of concept and for education purposes, Joss and Miiller [57] correlated the normal
boiling points of over 6000 species using an ANN. Despite the simplicity of this task, it was recognized
that selecting the proper molecular descriptors and regularizing the data improves the performance of
the model. Similarly, Zhu and Miiller [58] used ANNs and Gaussian process regression to correlate
several thermophysical properties (phase equilibria, critical point, and supercritical density) of the Mie
fluid. An equation of state based on the Helmholtz free energy requires iterative calculations based on
the free energy derivatives to predict the same properties. The conjunction of the developed machine
learning models directly predicts the target thermophysical property and bypasses the need for these
iterative calculations. Similar to the work of Joss and Miiller [57], it is observed that manipulating the
features and outputs of the ANN can improve the accuracy of the models.

Machine learning algorithms are not restricted to experimental data. Gong et al. [59] generated
pseudo-experimental data of alkanes using high-throughput molecular dynamics simulations. They
were able to predict the density, internal energy, and isobaric heat capacity by using an artificial
neural network that relies on the molecular fingerprints and the state conditions. Using molecular
fingerprints enables trained artificial neural networks to predict the thermophysical properties of
previously unseen alkanes. It must be noted that the quality of the predicted results follows the
accuracy of the chosen force field to generate the reference thermophysical data.

The work of Gong et al. [59] showcases how considering molecular information allows the machine
learning algorithms to model unseen molecules. In this context, a purely data-driven approach has
been used to develop group contribution methods. In this context, molecules must be represented
by a computer-friendly representation. Examples of these are the simplified molecular input line
entry system (SMILES) [60] and the self-referencing embedded string (SELFIES) [61] notations, which
allow representing molecular structures using strings. These nomenclatures encode information
about the chemical composition (main atomic groups) and structure (e.g., bonds, branches, and
rings). Alshehri et al. [62] used group contribution information obtained from the SMILES notation to
correlate over 25 thermophysical properties, such as the critical point, melting point, and solubility in
water using a Gaussian process regression. Group contribution methods can also benefit from graph
neural networks (GNNSs) for predicting thermophysical properties [63]. A GNN can directly handle
molecular structures where each atom is a node that contains relevant information, such as atom type,
number of bonds, and hybridization state. The nodes are then connected and allowed to exchange
information. Based on this information, GNN can produce a numerical fingerprint of a molecule
that is used to model thermophysical properties. These machine-learning-based group contribution
methods explicitly consider the molecular structure and molecular environment of each functional
group. Contrarily, classical group contribution methods, such as the one from Joback and Reid [64] or
the SAFT-y-Mie EoS [65], only consider the molecular composition without explicitly considering the
connectivity between groups. Group contribution methods based on machine learning can consider
higher-order interactions between groups, and consequently, they hold the potential to outperform
classical group contribution methods.
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The described studies use a purely data-driven approach, where the machine learning algorithm
directly learns from the data without relying on physical intuition. This purely data-driven approach
has demonstrated good performance within the domain in which the algorithm was trained. However,
in most cases, it lacks predictability because the machine learning model cannot go beyond the data
itself. On top of that, in this black-box modeling approach, the physicality of these models is not fully
understood. Concerning this last point, both academia [49, 50] and industry [14, 15] agree that models
for the prediction of thermophysical properties should include a physical-inspired background that
allows for validating the results. Moreover, a physics-inspired background can facilitate sensible
extrapolation to unseen phenomena. These hybrid physics-informed, data-driven models are the
focus of the rest of this thesis.

In this context, several approaches to leverage the flexibility of machine learning models while
retaining the physicality of the predictions have been proposed. Three approaches will be covered
here: machine learning to model interactions at the atom level, machine learning methods to predict
parameters of existing thermodynamic models, and a physics-embedded machine learning model
to predict thermophysical properties directly. In the first approach, the ultimate goal is to find an
accurate representation of the interactions between atoms using a machine learning model [55].
Machine learning force fields are a promising alternative to classical force fields that rely on semi-
empirical mathematical expressions to describe inter and intramolecular interactions [66]. Classical
force fields explicitly consider nonbonded, bonded, angular, torsion, and electrostatic interactions.
However, these interactions are often described using simple mathematical expressions that do not
represent the exact underlying physics or the molecular environment of the interactions. Machine
learning force fields are primarily trained on rigorous ab initio reference data. These force fields aim
to provide ab initio accuracy to molecular dynamics simulations at a fraction of the computational
cost. Moreover, machine learning force fields rely on descriptors that account for the molecular
environment of each atom [67]. These descriptors are formulated following physical constraints, e.g.,
invariances of the system. Additionally, they provide a pathway to account for multi-body interactions.
Machine learning potentials provide a detailed resolution of phenomena at the molecular level [68, 69].
Finally, in this approach, the thermophysical properties of a molecular system are then obtained using
statistical thermodynamics [66, 70]. The use of machine learning force fields alongside molecular
simulations provides valuable insights at the molecular level. However, the high computational cost
of molecular simulations makes this approach unfeasible for design and engineering purposes.

The second approach relies on an already defined thermophysical properties model, such as an
equation of state or activity coefficient model. This approach uses a machine learning model to predict
the parameters of a model. The matrix completion method (MCM) is a prime example of this approach.
In this method, there is a matrix of interactions with missing values. These missing values are then
predicted based on the known values. Thermodynamic models mainly rely on pair interactions to
predict the behavior of mixtures [71]. Therefore, the MCM is a suitable method to fill the gaps of
missing interactions. This approach has been used to complete the matrix of activity coefficients at
infinite dilution [72, 73]. This information is the heart of the parametrization of activity coefficient
models, which then can be used to predict phase equilibria. The MCM has also been used to predict

Henry’s constants [74] that are necessary to predict the solubility of gases in solvents. Finally, the
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MCM has been used to complete the interaction parameters matrix of the UNIQUAC model. The
predicted interaction parameters for this model outperform the modified UNIFAC activity coefficient
model [75]. The MCM offers an accessible pathway to predict the behavior of mixtures where no
experimental data is available to parametrize a thermodynamic model.

The MCM is suitable for completing square matrices with missing information. This methodology is
naturally applicable for predicting binary interaction parameters in the context of thermodynamic
models. Other thermodynamic models require component-specific parameters. For example, Mat-
sukawa et al. [76] used a hybrid approach to predict the molecular parameters of PC-SAFT EoS [36].
This approach relies on group contribution information that was then correlated to the molecular
parameters using an artificial neural network. The proposed approach provides a suitable framework
to model molecules without enough experimental data to parametrize the EoS. The group contribution
method used in this work relies only on the chemical composition and does not consider the molecular
structure. Therefore, it is not suitable to discriminate between isomers.

Machine learning models can process string information through the attention mechanism of trans-
formers [77]. Transformers are the fundamental structure behind large language models (LLMs) [78],
such as ChatGPT [79]. The Smiles-to-Property-Transformer (SPT) framework has been proposed to
process SMILES strings [60] to predict activity coefficients at infinite dilution [80], parameters of the
NRTL model [81] and parameters of the PC-SAFT EoS [82]. The SPT framework decodes the structure
of a molecule based on its SMILES representation. The SMILES representation implicitly considers the
molecular environment of each functional group in the molecule. This characteristic makes the SPT
particularly well-suited for distinguishing between isomers. This state-of-the-art approach provides a
suitable framework to predict the molecular parameters of a thermodynamic model. Moreover, the
authors showed that the predicted molecular parameters correctly describe seen and unseen molecular

systems.

Machine learning has been successfully used to predict the parameters of thermodynamic models.
Additionally, the inherent group contribution nature of this machine learning approach makes it
compatible with molecular design algorithms [56]. However, the main drawback of this approach is
that the accuracy of the predictions is limited to the capabilities of the chosen thermodynamic model.
Most thermodynamic models are based on simplified theories to represent a molecular model, which
might be unsuitable for modeling multiple target thermophysical properties [31]. The limitations of
current thermodynamic models can be addressed by directly embedding physical knowledge into a

machine-learning model.

The third hybrid modeling approach considers embedding physical knowledge into a machine learn-
ing model to predict thermophysical properties. For example, Craven et al. [83] modeled the radial
distribution function (RDF) of the Lennard-Jones fluid using a multivariate function decomposition
approach. The RDF provides a link between structural and macroscopic properties such as the pressure
or the internal energy [27]. Other thermophysical properties can be computed using standard thermo-
dynamic relationships, see Section 2.2. This approach is a clear example of how a hybrid theoretical

and data-driven approach successfully describes the thermodynamic behavior of the Lennard-Jones
fluid.
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A similar hybrid approach has been used to produce thermodynamically consistent activity coefficient
models [84, 85]. Rittig et al. [84] used a graph neural network to predict the activity coefficient of
binary mixtures, and the Gibbs-Duhem equation is used as a penalty in the loss function [86] to enforce
a consistent thermodynamic behavior. This penalty is a soft constraint on the graph neural network.
Therefore, there is no guarantee that it will be exactly fulfilled. The authors show that this constraint is
not fulfilled over the entire dataset. Contrarily, Specht et al. [85] proposed a Hard-constrained Neural
Network for consistent Activity coefficient prediction (HANNA). HANNA explicitly models the Gibbs
excess free energy. Activity coefficients are obtained as a partial molar property of the Gibbs free
energy. In this case, the molecular fingerprints are obtained from a transformer [77]. Additionally, this
work considers further constraints for the activity coefficients. For example, activity coefficients equal
to one for pure species, tend to be one if the molecules are similar, and the order of the mixture should
not affect the predicted activity coefficient. These constraints are embedded in the model formulation
and ensure the thermodynamic consistency of the results. The benefits of this physics-informed
data-driven approach arise naturally, as HANNA exhibits better performance than the UNIFAC
activity coefficient model. Finally, the HANNA framework has yet to be extended to multicomponent
mixtures.

Finally, Rosenberger et al. [87] proposed using an artificial neural network to implicitly learn the
Helmbholtz free energy of a fluid (FE-ANN EoS) through its derivative properties. This idea was
tested for the van der Waals and the Lennard-Jones fluids. The authors trained the model using the
pressure, chemical potential, and internal energy data. These properties are directly available from
automatic differentiation [88]. The main advantage of this approach is that Maxwell’s relations are
exactly fulfilled. Hence, the trained FE-ANN EoS is thermodynamically-consistent. Additionally, the
trained Helmholtz free energy allows computing of thermophysical properties for which the EoS
has not been trained. For example, heat capacities, speed of sound, and isothermal compressibility
are related to the second-order derivatives of the Helmholtz free energy. This approach is suitable
for generating a "digital Equation of State". However, the publication of Rosenberger et al. [87] does
not consider relevant physical limits and constraints that require further research. For example, the
ideal gas limit is not mentioned. This limit is well known from a theoretical perspective [27]. It is
unclear if the free energy model can represent the state of fluids at zero density. Additionally, the
internal thermodynamic consistency of the model determined by Brown’s characteristic curves was
not addressed. These curves represent conditions where an equation of state predicts the behavior of
an ideal gas. These curves must follow the behavior described by Deiters and De Reuck [89]. Any
deviation from the expected behavior showcases the thermodynamic inconsistency of an equation of
state. For these reasons, this PhD aims to build on the work Rosenberger et al. [87] but to address the
shortcomings of the framework.

The benefits of embedding a theoretical background in a data-driven model are clear. These hybrid
models exploit the flexibility of the machine learning algorithms while fulfilling well-established
physical constraints. This modeling approach holds the potential to overcome the limitations of current
theoretically-based models to handle complex behavior. For this reason, this modeling approach is
at the heart of this PhD thesis. This project aims to explore further the development of a physics-

informed machine-learning free energy model to address the limitations of the FE-ANN EoS proposed
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by Rosenberger et al. [87]. Furthermore, this hybrid approach can also be used to model transport
properties (i.e., diffusivity, viscosity, and thermal conductivity). No rigorous theoretically-based
framework exists to model these properties over the entire phase space. In this case, a physics-
informed data-driven modeling approach is convenient.

1.2 Thesis overview

This thesis focuses on embedding physical knowledge into machine learning algorithms to model and
predict thermophysical properties. The development of these models will be showcased for systems
interacting through a truncated Mie potential [90, 91].
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Here, UM is the interaction energy between two Mie particles, € is the interaction energy well depth,

uMie —_
(1.1)

o is the length scale, which is loosely related to the effective particle diameter, and r is the center-to-
center distance between two particles. Finally, A, and A, are the repulsive and attractive exponents.
These exponents control the steepness of these interactions. It has been shown that the exponents of
the Mie potential are conformal [92]. The conformality implies that multiple repulsive and attractive
exponent combinations lead to the same fluid macroscopic equilibrium properties, such as the vapor
liquid equilibria. Therefore, the interplay between the repulsive and attractive exponents becomes
relevant to describe the Mie potential. For simplicity, the attractive exponent is commonly set to 6 in
agreement with the London theory for dispersion forces [93], resulting in what is sometimes referred
to as the (A,, 6) Mie potential [91]. In this case, the Mie potential is fully described by the €, o, and
Ar parameters. Finally, the Mie potential reduces to the Lennard-Jones potential when the repulsive
exponent is set to 12.

The Mie potential has gained attention due to its flexibility in modeling the thermophysical properties
of industrially relevant fluids [94-96]. For example, the Mie potential has been used as a model to
represent the fluid phase equilibria of simple [97] and asymmetric [98] mixtures, biofuel blends [99,
100], active pharmaceutical ingredients (API) [101, 102], cryogens with quantum effects [95, 103] and
polymers [104, 105]. Additionally, the Mie potential has been used to model the self-assembly of
liquid crystals [106], superspreading of surfactants [107], asphaltene aggregation [108], and interfacial
tensions [43, 109]. Furthermore, it has been used as a model to describe the transport properties, such
as bulk [110] and shear viscosities [111, 112] and diffusion coefficients [48] of complex fluids.

For design and engineering purposes [14, 41], it is necessary to obtain accurate data for both thermo-
dynamic properties (e.g., vapor pressure, phase equilibria, heat capacities) and transport properties
(e.g., diffusivity, shear viscosity, thermal conductivity) of a fluid (or pseudo-fluid in this case) over
a wide range of conditions. These properties can be directly computed from molecular simulations.
However, the computational cost and speed at which molecular simulations can be integrated prohibit
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its use for practical engineering purposes. It is preferred to rely on fast-to-evaluate mathematical
models that can accurately predict these properties. Thermodynamic properties can be appropriately
obtained from molecular-based Equations of State (EoS) and empirical correlations. In the case of
the Mie fluid, several EoSs are available to represent its thermodynamic properties. Among them
are the SAFT-VR-Mie EoS [37] and its group contribution version, the SAFT-y-Mie EoS [65], which
are based on perturbation theory. Reimer et al. [113] proposed an EoS for the Mie fluid based on the
uv-theory [114]. An empirical EoS proposed by Pohl et al. [115] also models Mie fluids accurately. The
transport properties of the Mie fluid have been modeled using revised Enskog theory [48]. The existing
thermophysical property models will also allow a comparison of the developed physics-informed
machine-learning models against traditional methods.

Accordingly, the contributions of this thesis are divided into four chapters. Chapter 2 extends the
scope of the FE-ANN EoS proposed by Rosenberger et al. [87] to address the ideal gas limit analytically.
Additionally, further constraints to fulfill stability constraints [116] are incorporated into the model
training. Due to its physics-inspired formulation, the FE-ANN EoS can predict unseen behavior, such
as phase equilibria. The FE-ANN is trained directly using molecular dynamics simulations, and its
performance is par with the monomer term of the SAFT-VR-Mie EoS [37]. Chapter 3 then exploits the
flexibility of the FE-ANN EoS framework to handle both fluid and solid states with a single equation of
state. The FE-ANN(s) EoS (an extra "s" is added to emphasize that this EoS handles the solid phase) can
predict interesting behavior, such as the entire phase diagram and the triple point. This EoS is the first
to predict such behavior. Moreover, the FE-ANN(s) EoS fulfills rigorous thermodynamic consistency
tests. Chapter 4 models transport properties, including self-diffusivity, shear viscosity, and thermal
conductivity. These models are directly trained using molecular simulation data, address the dilute
gas limit as predicted by the Chapman-Enskog theory [117], and incorporate constraints to ensure a
correct density dependence. The produced transport property models are accurate and well-behaved
in the fluid phase space. Finally, the results from Chapters 2, 3, and 4 provide a comprehensive
description of the thermophysical properties of the Mie particle. In Chapter 5, these machine-learning
models are used to test different parametrization schemes of the Mie potential for quasi-spherical
molecules. The limitations of the Mie potential to simultaneously target fluid, solid, and transport
properties data are clear. Interestingly, due to their dependence on repulsive interactions, data on
solid and transport properties target similar molecular parameters. In summary, this thesis lays the
foundations for developing physics-embedded machine-learning models for modeling and predicting
thermophysical properties. These findings, along with suggestions for future work, are presented in
Chapter 6.
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Chapter 2

Thermodynamically-consistent
machine-learned equation of state

2.1 Introduction

The thesis of Johannes D. van der Waals [28] provoked a transformational change in the way ther-
mophysical properties of fluids were understood and to be looked at in the future. At the time, the
experiments of Thomas Andrews with carbon dioxide in 1869 and those of Kamerlingh Onnes (his
colleague) with helium in 1908 provided insights into the pressure-volume-temperature relationship
in both liquids and gases as well as the interpretation of a critical condition that limits the coexistence
of these phases. After a rigorous theory-based procedure, in which van der Waals considered that
molecules exhibit both attraction and repulsion, he derived a relatively simple mathematical function
(a polynomial) capable of qualitatively fitting experimental data for simple fluids. The general func-
tional form of pressure as a function of density and temperature (i.e., P = f(T,p)), later known as a
"cubic" equation of state (EoS), has guided over a century of research [31] in the search for a general
mathematical function (or formulation) that relates the macroscopic thermodynamic properties of
fluids to each other (e.g., the pressure-volume-temperature relationship). Until the van der Waals era,
the search for this functionality had been exclusively driven by empiricism [118], and it is now widely

accepted that his work inspired a whole new research field.

Since the beginning of the 20t century, the field has focused on finding a systematic route to obtain
property-structure relationships by recognizing the molecular nature of matter and incorporating
the theoretical developments from statistical mechanics. An early example of this was the elegant
derivation of the ideal gas law by integrating the canonical partition function for a system of non-
interacting particles. Subsequently, the application of a Sutherland potential to describe inter-particle
interactions led to the re-derivation of the van der Waals EoS. Similarly, the Carnahan-Starling
hard-sphere EoS [119], which was originally derived semi-empirically, was recovered from integral
equation theory. The pathway developed over the past century begins with a conceptual description of
a molecular model (i.e., interaction potential). Provided that the molecular model was simple enough,
and after a series of (usually) long and convoluted theoretical steps and approximations, one would
ideally be able to develop an analytical theory capable of describing complex macroscopic observables.
Examples of this pathway to develop EoSs have been broadly described in open literature [120-122].
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Despite the practical success of this pathway, in most cases, there is a divorce between the parameters
that define the molecular model and their appearance in the theory. This discrepancy arises from
the necessary approximations and simplifications made when deriving the closed-form equations.
In essence, this pathway provides a flexible mathematical formulation that can be used for practical
engineering and design purposes upon fitting it to experimental data. Only a few exceptions exist
where the parameters that define the conceptual molecular model match those in the final theory while
carrying the same information [37]. In this case, a clear connection between macroscopical properties
and molecular parameters can be made. This subtle point is a crucial trait for an EoS, as it allows
direct back-mapping of intermolecular potentials from experimental data. This desired characteristic
in an EoS is one of the most promising avenues for coarse-graining force fields [123]. The theoretical
pathway for determining equations of state (EoSs) of fluids has been long, convoluted, and often
unsatisfactory, as evidenced by the fact that there is no universally accepted EoS [31] even for the
simplest of fluids [42]. A more direct approach is to rely on empirical methods (e.g., by least-squares
minimization with respect to experimental data) to correlate fluid phase properties. A prime example
are the technical EoSs [16-19] used by the U.S. National Institute of Standards and Technology (NIST)
[12]. Although very effective and accurate, their applicability is limited to a few well-studied fluids.
This approach can exhibit unphysical behavior and is suboptimal as it faces hurdles due to the scarcity
of high-quality experimental data.

This chapter explores a new paradigm for predicting thermodynamic properties that simultaneously
addresses the above-mentioned issues by spawning a potentially unlimited amount of raw data in
silico to train directly machine learning models. This approach mimics the conceptual process currently
used in developing thermodynamic theories, in which a mathematical representation is constructed to
map the thermophysical properties of a given molecular model. This approach relies on the statistical
mechanics solution of the molecular model, which is obtained numerically from molecular simulations.
However, the proposed approach diverges from the current paradigm by replacing the lengthy, bur-
densome, and (sometimes) uncertain theoretically-based approach with a physics-embedded machine
learning model. This machine learning model will be supplemented with physically sound constraints
to ensure correct thermodynamic behavior. Moreover, due to its nature, the machine learning model
directly learns from the thermophysical property data and does not make any simplifying assump-
tions. In effect, the machine learning model "learns"” the statistical mechanics’ solution and provides
discrete point-wise information on the link between molecular parameters that define molecules
and the corresponding macroscopical observables. Similar to theoretically-based EoSs, the link to
experimental data can be established later by reverse-calculating and optimizing (fitting) the force field
parameters. In essence, this approach generates a "digital equation of state" that links the "genotype"
of the molecule (its molecular description) with its "phenotype" (its thermodynamic observables).

As described in Chapter 1, machine learning has been extensively used for modeling thermophys-
ical properties. For example, Rosenberger et al. [87] proposed using an Artificial Neural Network
(ANN) to "learn" the Helmholtz free energy of a fluid through its first-derivative properties. This
idea was successfully tested on the van der Waals and Lennard-Jones fluids. The main advantage
of this approach is that all thermophysical properties (e.g., the pressure and internal energy) are
obtained from the same Helmholtz free energy surface, which guarantees that Maxwell’s relations
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are fulfilled. This constraint is a requirement for ensuring the thermodynamic consistency of an EoS.
Another advantage of this approach is that the Helmholtz free energy enables the computation of
thermophysical properties for which the model has not been trained. Additionally, the description
of the Helmholtz free energy can then be used to study interfaces through Density Gradient Theory
(DGT) [43, 109, 124]. These characteristics make this framework suitable for generating a "digital
equation of state".

This chapter builds upon the work of Rosenberger et al. [87] by enforcing well-accepted thermody-
namic limits, such as the ideal gas law, along with additional thermodynamically inspired constraints
related to the thermal and mechanical stability of a phase [116, 125] into the model formulation
and training. The content of this chapter is mainly based on an already published article (Gustavo
Chaparro and Erich A. Miiller. “Development of thermodynamically consistent machine-learning
equations of state: Application to the Mie fluid”. The Journal of Chemical Physics 158.18 (2023), p. 184505.
DOI: 10.1063/5.0146634, Ref. [3]). However, the results shown here have been updated by training
the EoS on a more extensive database and incorporating extra thermodynamically inspired constraints.
The original publication considered only a constraint to enforce the criteria of thermal stability. The
results presented here additionally consider constraints to ensure mechanical stability and preclude

crossing pressure isotherms.

As a proof of concept, this chapter focuses on generating a digital equation of state using classical
molecular simulation data of fluid systems interacting through a truncated Mie potential. This force
tield allows the representation of the vapor-liquid behavior of an extensive range of molecules [97,
126], as well as the interfacial properties of complex systems [98, 109, 127, 128]. Moreover, the Mie
potential has also been used to describe other complex phenomena, such as the phase equilibria
of fluids with quantum effects [95, 103], polymer systems [105, 129], asphaltene aggregation [108],
self-assembly of liquid crystals [106], among others. Additionally, there exist both theoretically-based
[37, 113] and semi-empirical [115] EoSs for the Mie fluid that can be used to assess the performance of
the "digital" EoS. The Mie potential, UM, is described as follows.
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The Mie potential is characterized by an energy parameter (€), a size parameter (¢), and the repulsive
and attractive exponents (A, and A,). Due to the inherent conformality of the potential [92], the
attractive exponent (A,) can be taken to be 6 [93] without lack of generality. Hence, only three
parameters (e, o, A;) are required to describe a fluid using the Mie potential. The Mie potential
simplifies to the well-known Lennard-Jones potential when A, = 12 and A, = 6.

The rest of this chapter is structured as follows. Section 2.2 explains relevant Helmholtz free energy
thermodynamic relationships. Section 2.3 describes the general framework and pipeline to generate
a physics-embedded machine learning equation of state. Section 2.4 describes how the reference
database of volumetric thermophysical properties of the Mie fluid was generated. In Section 2.5,
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the digital equation of state for the Mie fluid is generated, and its use and capabilities are discussed.
Finally, the main conclusions of this chapter are drawn in Section 2.6.

2.2 Helmbholtz free energy thermodynamics

Modern equations of state, such as those formulated under the Statistical Fluid Associating Theory
(SAFT) [35-37, 130], define the intensive Helmholtz free energy (A) as a function of the molar density
(p), and absolute temperature (T). The Helmholtz free energy is a convenient state function whose
derivatives allow the reconstruction of other thermodynamic functions and relevant thermophysical
properties [131]. The intensive entropy (S) and pressure (P) are related to the first-order derivatives of
the Helmholtz free energy, as shown in Egs. (2.1).
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Similarly, other state functions can be derived using Egs. (2.1) and standard thermodynamic relation-
ships. For example, the intensive internal energy (U), intensive enthalpy (H), and intensive Gibbs free

energy (G) are obtained as follows.
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For pure systems, the Gibbs free energy, as defined in Eq. (2.2c), is equivalent to the chemical potential

(#)-

The second-order derivatives of the Helmholtz free energy are related to experimentally measurable
thermophysical properties. Among them are the intensive isochoric heat capacity (Cy), the thermal
expansion coefficient (ap), the isothermal compressibility (x7), the thermal pressure coefficient (yv),
the intensive isobaric heat capacity (Cp), and the Joule-Thomson coefficient (1), whose definitions
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are given below in Egs. (2.3).
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As shown above, the Helmholtz free energy is a convenient state function that allows the reconstruction
of other state functions and thermophysical properties. It is advantageous to consider the total
Helmholtz free energy as the sum of an ideal (A'9) and a residual (A™®) contribution.

Alp, T) = A(p, T) + A™(p, T) (2.4)

On the one hand, the ideal contribution is well-defined from statistical thermodynamics [27] and
represents the kinetic contribution of non-interacting particles to the free energy. On the other hand,
the residual contribution carries the information (contribution) of the intra- and inter-molecular
interactions present in the system. In the context of perturbation theory, different contributions to
the residual Helmholtz free energy can be considered. Examples of these contributions include the
formation of hydrogen bonding [35], dipolar [38], quadrupolar [39] and inductions [132] terms.

Regardless of which non-ideal terms are considered in the residual Helmholtz free energy, these
contributions must satisfy some fundamental physical constraints. The residual Helmholtz free energy
must vanish in the zero-density (ideal gas) limit. Additionally, the criteria of thermal and mechanical
stability require the Helmholtz free energy to be concave in temperature and convex with respect
to density for stable phases. The criterion of thermal stability states that the internal energy is a
monotonically increasing function of temperature (i.e., positive isochoric heat capacity), and the
criterion of mechanical stability requires the pressure of stable phases to increase with respect to the
density (i.e., positive isothermal compressibility). [116, 125] These last two constraints are naturally
satisfied in most theoretical formulations. However, there is no guarantee that these will be fulfilled
for data-driven-based models. Therefore, they must be verified or incorporated during the model
development process.

Finally, the residual contribution to the Helmholtz free energy leads to important non-ideal behavior
of real molecules. For example, virial coefficients, the critical point, and phase equilibria are a direct

consequence of these non-ideal interactions.

¢ Virial coefficients
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The second (B;) and third (Bs) virial coefficients can be obtained from the residual Helmholtz
free energy as follows.

. 2Z 1 [0A™*
et (%), ()]
p:
) aZZ 1 aZAres
o=t (5e), = (), .

0=0

In Egs. (2.5), Z = P/(RTp) is the compressibility factor. From a theoretical perspective, the virial
coefficients are relevant due to their roots and interpretation from statistical thermodynamics [27,
133]. The second virial coefficient is related to two-body interactions, and its sign is associated
with the predominance of attractive (B, < 0) or repulsive (B, > 0) interactions. Similarly, the
third virial coefficient is related to interactions between clusters of three particles, which are
relevant even for systems interacting through pairwise potentials. The virial coefficients are
also relevant to the internal consistency of an equation of state at the low-pressure regime [89].
Finally, the virial coefficients of a wide range of fluids have been measured and reported [12],
allowing the comparison of different theories to experimental data.

¢ C(ritical point

The critical point of a pure substance is an inflection point in a pressure-density (P — p) diagram.
Mathematically speaking, the critical point is defined as the point where the first- and second-
density derivatives of the pressure vanish, as shown below.

8P> (8A> 2 (82A)
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The set of Egs. (2.6) is solved to find the critical density (o.) and critical temperature (Tc). The
critical pressure (P) is then computed by evaluating Eq. (2.1b) at the found solution.

¢ Phase equilibria

Multiple phases can coexist at a given temperature and pressure if they minimize the Gibbs
free energy of the system [131]. For the case of pure substances, this optimization problem can
be reformulated into a system of equations that involve a thermal, mechanical, and chemical
equilibrium between two different phases (I and II).

TI = TII (27&)
P =Dy (2.7b)
M1 = pn (2.7¢)

This system of equations, Egs. (2.7), is solved for the densities of coexisting phases (o1 and pr) at
a given temperature. In the case of Vapor-Liquid Equilibria (VLE), this temperature must be
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subcritical (i.e., Tt = Ty < T¢). The pressure and chemical potential are obtained by evaluating
Egs. (2.1b) and (2.2¢), respectively. Numerical methods for efficiently solving these equations
have been discussed elsewhere [131, 134].

2.3 Free Energy Artificial Neural Network based Equation of State (FE-
ANN EoS)

As described previously in Section 2.2, the total Helmholtz free energy is a convenient state function to
reconstruct other state functions, obtain relevant thermophysical properties, and characterize the phase
diagram. Rosenberger et al. [87] proposed a methodology to obtain thermodynamically-consistent
Equations of State that model the Helmholtz Free Energy using Artificial Neural Networks (FE-ANN
EoS). This thesis follows up on this idea, but it considers extra aspects and constraints to ensure the

physicality of the obtained equation of state [3].

A summary of the pipeline for generating equations of state using the FE-ANN EoS is shown in
Figure 2.1. The first step, shown in Figure 2.1 (a), requires generating a thermophysical properties
database (PVT data) to train the FE-ANN EoS. This database can consist of experimental or synthetic
(computer-simulated) data. In this work, the latter approach is preferred as it allows the generation
of a potentially extensive database as needed. The database can include first-order properties, such
as the pressure (P), second virial coefficient (B,), and internal energy (U), as well as second-order
thermophysical properties, such as the isochoric heat capacity (Cy), thermal pressure coefficient (yy),
isothermal compressibility (x7), thermal expansion coefficient (ap), isobaric heat capacity (Cp), the
Joule-Thomson coefficient (yj7) and third virial coefficient (B3). Details about the database generation
will be covered in Section 2.4. In the second step, Figure 2.1 (b), the generated database is used to
train the FE-ANN EoS. The FE-ANN EoS explicitly models the residual Helmholtz free energy, whose
derivatives are related to the available thermophysical properties as shown in Section 2.2. As will be
shown later in Eq. 2.9, the FE-ANN EoS fulfills by definition the ideal gas law [3]. Additionally, as
the thermophysical properties are obtained directly from the Helmholtz free energy derivatives, the
FE-ANN EoS exactly fulfills Maxwell’s relationships [87]. The training also considers extra constraints
to ensure the FE-ANN EoS is physically sound. Details about the FE-ANN EoS formulation and
training will be covered in Sections 2.3.1 and 2.3.2. In the third and final step, shown in Figure 2.1 (c),
the trained FE-ANN EoS can be used to model thermophysical properties. More importantly, due to
the physics-inspired formulation, the FE-ANN EoS can be used to predict unseen behavior, such as

phase equilibria.

2.3.1 FE-ANN EoS formulation

The Helmholtz free energy can be constructed as the sum of an ideal and a residual contribution, see
Eq. (2.4). From statistical thermodynamics, the ideal contribution is found to be a function of the
logarithm of the density (A'd = Al4[In p]) [27]. This functionality diverges for data points close to the
zero density limit (0 — 0), which entails a numerical inconvenience when learning the Helmholtz free
energy using data-driven models. Nonetheless, this contribution and its derivatives are well-defined

by the ideal gas law and can be accounted for analytically. For example, the ideal contribution (A'?),
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FIGURE 2.1: Approach to develop a machine-learned equation of state. The approach consists of three main
steps. (a) First, molecular dynamics simulations are run to produce a thermophysical properties database. The
database can include first-order properties such as the pressure (P), second-virial coefficient (By), and internal
energy (U), as well as second-order thermophysical properties, such as the isochoric heat capacity (Cy), thermal
pressure coefficient (7yy), isothermal compressibility (xT), thermal expansion coefficient (¢p), isobaric heat
capacity (Cp), the Joule-Thomson coefficient (yj1) and third virial coefficient (B3). (b) Secondly, this database is
used to train the FE-ANN EoS, which is an artificial neural network-based equation of state that models the
residual Helmholtz free energy (A™®). The residual Helmholtz free energy is trained based only on its first-
and second-order derivatives. (¢) Finally, the trained FE-ANN EoS can be used to model the thermophysical
properties of vapor and liquid states, as well as phase equilibria (VLE).
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the ideal pressure (Pid), and the ideal internal energy (Uu'd) are computed as follows.

A = RT [In(A%0) — 1] (2.8a)
pid = pRT (2.8b)
u'd = cldr = gRT (2.8¢)

As shown in Eq. (2.8a), the ideal contribution depends on the ideal gas constant (R), temperature (T),
density (p) and the de Broglie volume (A3, where A o« 1/ V/T). The well-known ideal gas equation,
Eq. (2.8b) is recovered by applying Eq. (2.1b) to Eq. (2.8a) (i.e, P = p?(dA/dp)r). Similarly, the
ideal gas internal energy follows the equipartition theorem and is obtained by applying Eq. (2.2a) to
Eq. (2.8a) (i.e., U = A —T(0A/9T),). Other thermophysical properties from the ideal contribution
are obtained by applying the thermodynamic relations described in Egs. (2.1), (2.2) and (2.3).

In the context of a data-driven EoS, one option is to let the model "learn” the ideal gas limit, Egs. (2.8).
However, even if the model gets close to this limit, it is not guaranteed to reach it exactly. There is no
added benefit to re-discover the ideal gas equation. For this reason, in this thesis, only the residual
Helmholtz free energy (A™®) is modeled using a data-driven model. The following two formulations
that analytically account for the appropriate low-density limit are considered.

A™ = ANN(x,p, T) — ANN(x,p = 0, T) (2.9a)
Model to be trained
or,
res 1 1
Model to be trained

In Egs. (2.9), A™* is the residual Helmholtz free energy, p is the density, T is the temperature, and x
are the descriptors of the molecule (or pseudo-molecule) of interest, e.g., the molecular parameters of
an interaction potential. Finally, ANN refers to an artificial neural network, which acts as universal
approximators [53] to learn the residual free energy surface. Mathematically speaking, an N-layered
ANN consists of a composition of N linear transformations followed by a non-linear transformation,
a.k.a. activation function, as shown below.

y = ANN(X) = fN(WNmfl (W1X + b1)... + bN) (2.10)

In Eq. (2.10), x and y are the input and output features of the ANN, respectively. In this equation, each
layer considers a linear transformation W;x;_; + b;, in which W; is the weight matrix and b; is the
bias vector of the i-th layer of the ANN. The weight matrix is a (m x n) dimensional matrix, where
m is the number of neurons in the layers, and 7 is the dimension of the input vector. The bias vector
is of dimension m. The linear transformation is followed by an activation function, f;. The role of
the activation function in each layer is considerable. This function adds non-linearity to the ANN,
providing flexibility to model complex data behavior [135]. Further details about ANNs can be found
in Appendix A.

The proposed residual Helmholtz free energy formulations evaluate the same artificial neural network
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at two different densities: the given density p and at p = 0. This procedure forces a zero residual
Helmholtz energy at the zero density limit, fulfilling the ideal gas limit. As shown by Rosenberger
et al. [87], Maxwell’s relationships are fulfilled by default by modeling the Helmholtz free energy
in this fashion. These two physical constraints are rooted in the FE-ANN EoS formulation and are

fulfilled even before training the model.

The two FE-ANN EoS formulations shown in Egs. (2.9) differ in how the ANN interprets the tempera-
ture. The linear temperature scale, as shown in Eq. (2.9a), is a natural interpretable variable for humans.
However, there are two main reasons for using the inverse temperature, as proposed in Eq. (2.9b). The
first reason is based on a theoretical justification. In statistical thermodynamics, the partition function,
which is directly related to the free energy of a system, is directly related to the temperature in the form
of a Boltzmann’s factor (8 = 1/k,T) [27, 66]. This dependence implies that the Helmholtz free energy
can be considered a natural function of the inverse of the temperature rather than the temperature
itself. This functionality is also seen in high-energy perturbation theory expansion, such as the one
seen in the development of molecular-inspired equations of state, i.e. SAFT-models [35-37, 130], as
well as in technical equations of state [16, 115, 136]. The second operational reason for using the
temperature inverse is a numerical convenience. As shown later in Figure 2.3 (b), higher temperature
points move closer when inverting the linear temperature scale. This numerical convenience eases the

interpolating efforts of the machine learning model.

2.3.2 FE-ANN EoS training

The FE-ANN EoS, Eq. (2.9), considers several trainable parameters (i.e., weights and biases) that
can be optimized to model thermophysical properties. In principle, this EoS can be trained using
either experimental or simulated data. For practical reasons, this contribution focuses on training an
FE-ANN EoS with computer-generated data, as this approach allows data production as needed.

The FE-ANN EoS explicitly models the Helmholtz free energy. However, it is recognized that this free
energy data cannot be easily obtained from computational simulation methods and that non-trivial
methodologies such as particle insertions and umbrella sampling [70] are needed to compute it.
Instead, thermophysical properties related to the derivates of the Helmholtz free energy are accessible
from computational methods. It is suggested to train the FE-ANN EoS using first- and second-order
derivative properties. First-order derivative properties are related to important phenomena like phase
equilibria, while second-order derivative properties are related to the thermodynamic consistency of
the model. The training data then can include thermophysical properties, such as pressure (P), internal
energy (U), isochoric heat capacity (Cy), thermal pressure coefficient (7yy), isothermal compressibility
(xT), thermal expansion coefficient («p), the isobaric heat capacity (Cp) and Joule-Thomson coefficient
(#y7) which can be directly obtained from molecular simulations [66, 70]. Additionally, the training
data set can include the second (B,) and third (Bs) virial coefficients that can be obtained by numerical
integration given an interaction potential [27]. These properties are computed from the FE-ANN EoS
using the definitions described in Section 2.2, see Egs. (2.1), (2.2), (2.3), and (2.5).

There are some numerical aspects to be considered when performing this multi-objective training.

First, the pressure of the system can vary several orders of magnitude depending on the density and
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temperature. This behavior would imply that an optimizer based on the mean squared error (MSE)
would be biased towards high-pressure data points. Therefore, often low-pressure (vapor-like) regions
would be misrepresented. Using the compressibility factor (Z = P/pRT) as a pressure indicator
is more numerically convenient, as this better behaves for both low and high-density regions [58].
Based on the same argument, the isothermal compressibility (x7) is orders of magnitude higher for
low-density data points than for high-density data points. For this reason, the product pxr is preferred
for training instead. Finally, the isobaric heat capacity can change considerably near unstable phases.
For this reason, the adiabatic index (v = Cp/Cy) is more convenient for training purposes.

The parameters of the FE-ANN EoS are trained to minimize a loss function (£) that considers two

contributions, as shown below.
L = LMSE 4 ppen (2.11)

£MSE

The first contribution, , corresponds to a weighted Mean Squared Error (MSE) loss with respect

to different target thermophysical properties.

2
[MSE _ ( f]red _ y;r]ue) (2.12)

j

In Eq. (2.12), (Tiz, w;, and Np; are the variance, relative weight, and number of data points of the
thermophysical property "i". The w;/0? ratio allows defining the practical relative importance of the

nen

property 1
FE-ANN EoS and the value available from a database, respectively. This loss function can consider

in the loss function. The superscript "pred" and "true" refer to the value predicted by the

first- and second-order derivative properties as discussed above.

The second contribution to the loss function, £P", is a penalty function to impose a correct and

consistent thermodynamic behavior.

rpen — ppenl | ppentl | ppenll (2.13a)
preni _ @1 Ner pred]?
e Lot -
ppentl _ Wi Ry pred
0z Np Z min {0 P ] (2.13¢)
cpenll & Nz min [o ypfed]z (2.13d)
2, Npm &

The penalty loss function, Eq. (2.13a), comprises different physically-inspired penalties. £P*™ and
£rentl Egs. (2.13b) and (2.13c), preclude the prediction of negative isochoric heat capacities and
isothermal compressibility, as required by the criteria of thermal and mechanical stability discussed in
Section 2.2. Similarly, £Pe™! Eq. (2.13d), prevents undesired crossing pressure isotherms. These
penalty functions only contribute to the loss function when the FE-ANN EoS predicts an unphysical
value. Similar to the MSE loss function, Eq. (2.12), the penalty functions are weighted by the ratio of a
relative importance (w;) and the variance of the property (7). Optionally, these constraints can also be
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artificially added in regions where no data is available, for example, Egs. (2.13b) and (2.13d) could
be applied in the region inside the binodal curve. These additional constraints could be useful for
enforcing thermodynamically correct behavior. Lastly, it must be noted that these penalty functions
are soft constraints, and their value must be checked at the end of the training stage.

The trainable parameters of the FE-ANN EoS are updated to minimize the total loss function L.

minimize £ = LMSE y ppent 4 ppendl 1 ppen il (2.14)

In principle, this minimization problem could be solved by any optimization method. However,

gradient descent methods are preferred due to the high dimensionality of the problem and the

elevated computational cost associated with higher-order derivatives. A gradient descent step is
shown below.

0jv1=10;— a% (2.15)

36,

In Eq. (2.15), 6; refers to a parameter of the ANN (i.e., weight or bias) at step j, and « is the learning
rate. The derivatives of the loss function with respect to these parameters (0.L/96;) are obtained using
backpropagation [88]. This method computes derivatives at computer precision, and it is available in
modern machine learning libraries, such as TensorFlow [137] and JAX [138]. The minimization step has
been modified to include information about previous iterations (a.k.a. momentum). The Adam [139]
optimizer is an example of an optimization algorithm with momentum. Finally, due to constraints set
by the computer memory, the training of the ANN is usually performed with mini-batches of the data.
The number of epochs is the number of times the optimizer passes through the entire data set. The
batch size and the number of epochs are training hyperparameters of the model.

2.3.3 FE-ANN EoS hyperparameters

As mentioned throughout this section, the performance of the FE-ANN EoS is highly dependent on
several hyperparameters. They include the architecture of the ANN (i.e., the number of layers and
number of neurons per layer) and the activation function used in each layer. Additionally, the training
hyperparameters include the learning parameter, the batch size, the number of epochs, the learning
rate, and the optimizer algorithm. These hyperparameters must be tuned. This task is not trivial
and usually relies on black-box optimization methods. For a complete discussion on hyperparameter
optimization, the reader is referred to the review of Yang and Shami [140].

In the case of the FE-ANN EoS, there are some recommendations to mitigate the complexity of the
hyperparameter optimization. The FE-ANN EoS must be differentiable. Hence, it is recommended
to use a differentiable activation function, such as the tanh activation function (f(x) = tanh(x)), for
the hidden layers. For simplicity, all hidden layers can use the same number of neurons. Finally,
the output layer does not require a bias and must return a single real value. The linear activation
function (f(x) = x) is recommended for this layer. The batch size is constrained by computer memory,
and it is recommended to use a power of two (e.g., 32, 64, or 128). The learning rate is the most
relevant hyperparameter during training. It is recommended to use the largest value that leads to a
numerically stable optimization. It is customary to use a value of the power of ten (e.g., 1073,1074, or
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10~°). Finally, the number of training epochs must be selected such that the loss function reaches a
plateau, indicating that further training does not significantly improve the model performance.

2.4 Mie fluid thermophysical properties database

The FE-ANN EoS must be trained using a thermophysical properties database. This section focuses
on computing a thermophysical properties database of fluid systems interacting through a truncated
Mie potential, Eq. (1.1). This database is used to exemplify the use of the FE-ANN EoS framework in
Section 2.5.

The database presented here reports thermophysical properties in reduced units, which is equivalent
to setting to unity the Boltzmann constant (kg), the monomer mass (M), the potential well-depth
(€), and the characteristic size parameter (¢). It must be noted that when using reduced units, the
Mie fluid is fully characterized by the repulsive and attractive exponents. The definitions of some
relevant thermophysical properties in reduced units are given in Table 2.1. Thermophysical properties

Irsl

in reduced units are indicated by a "*" superscript.

TABLE 2.1: Definition of physical quantities in reduced units.

Quantity Symbol Units Dimensionless Definition® ¥ ¢
Time T s T = 7/0/M/Npy€
Distance r m r=r/o
Mass m kgmol ! m*=m/M
Density o mol m ™3 p* = p Npyo?
Temperature T K T*=Tkg/e
Pressure P Pa P*=Pc3/e
Entropy S JK! mol ! S* = S/Navks
Helmbholtz free energy A Jmol ™! A* = A/Npve
Internal energy u Jmol * U* = U/Naye
Enthalpy H Jmol H* = H/Nse
Gibbs free energy G Jmol ™! G* = G/Naye
Isochoric heat capacity Cy JK1 mol ! Cyy = Cy/Navks
Thermal expansion coefficient Xp K1 ap =ape/kp
Isothermal compressibility KT Pa~! Kh=xr€/0>
Thermal pressure coefficient TV PaK™! Y = yv o /kg
Isobaric heat capacity Cp JK! mol ! Cp = Cp/Navks
Joule-Thomson coefficient T KPa™! it = Wyt ks/ o’
Second virial coefficient B, m3 mol ! By = B,/N Ay O
Third virial coefficient B3 m® mol 2 B = B3/N ivcfé

“Superscript "*" refers to a reduced property. "N, = 6.02214076 - 102 mol ' is the Avogadro constant

[141], kg = 1.380649 - 10~22 JK~! is the Boltzmann constant [141] and M is the molar mass of the Mie

particle. ‘o is the shape parameter in meters, and ¢ is the potential well depth of the Mie potential in
Joules. See Eq. (1.1).
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241 Thermophysical properties computation

The thermophysical properties database considers Mie fluids with a repulsive exponent (A;) ranging
from 7 to 34. The attractive exponent (A,) is set to 6 to account for London dispersion forces [93]. The
database consists of computer-generated thermophysical properties data. The database constructed in
this thesis includes virial coefficients obtained by numerical integration [27] and first- and second-order
derivatives obtained using high-throughput Molecular Dynamics (MD) simulations.

The second and third virial coefficients are obtained numerically for systems interacting through a
pairwise interaction potential. This calculation relies on the theoretical-based definition of the virial

coefficients from cluster integrals [121] as shown below.

By = — [ (i) (2.162)

By = — [ i) f(ria)f(ri)eil (2.16b)

Where, f(r};) = [exp (—L{ “(ri)/ T*) — 1} is the Mayer function between particles i and j given the
reduced interaction potential ((/* = U/ /€) and dr] is the volume element where particle i is located.

These two integrals, Egs. (2.16), can be manipulated and simplified for systems interacting through
spherically symmetric potentials, such as the Mie potential. On the one hand, the third virial coefficient
integral, Eq. (2.16b), can be solved using bipolar coordinates [142] or Fast-Fourier-Transforms [143].
On the other hand, the second virial coefficient, Eq. (2.16a), can be simplified into Eq. (2.17) [27].

B; = —271/ F(r*)r2dr* (2.17)
0

This integral, Eq. (2.17), has been solved analytically for simple systems, such as the hard-sphere
[27], square-well [144], and Mie [145] potentials. Alternatively, it can be solved numerically for other
interaction potentials.

In this work, the virial coefficients of systems interacting via the Mie potential are obtained numerically
for reduced temperatures (T*) ranging from 0.65 to 39.62. The second virial coefficient is obtained by
numerically integrating Eq. (2.17) using the quad function from the scipy.integrate Python library
[146]. The third virial coefficient is efficiently computed using Fast-Fourier-Transforms as suggested
by Schultz [143]. The second and third virial coefficients are computed to meet a 108 numerical

tolerance error.

Other first-order (P* and U*) and second-order (Cy,, vy, Cy;, ap, and x7) derivative properties of
the Mie fluid are generated using high-throughput Molecular Dynamics (MD) simulations. The
fundaments of molecular simulations have been thoroughly covered in the books of Allen and
Tildesley [66] and Frenkel and Smit [70]. Therefore, details about this methodology are not covered
in this thesis. All the MD simulations performed in this chapter use the open-source Large-scale
Atomic/Molecular Massively Parallel Simulator (LAMMPS) [147] (stable release June 2022) code.

The database generation requires knowledge (or intuition) of the phase boundaries (i.e., vapor-liquid
equilibria and solid-liquid equilibria) to avoid running simulations at unstable conditions that will
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likely fail. Vapor-Liquid Equilibrium (VLE) is computed using the temperature quench method
[148] following the guidelines of Miiller et al. [149]. These simulations are conducted entirely in
the canonical ensemble (NVT) using a time step of AT* = 0.0027* and the Nosé-Hoover thermostat
[150] with a time constant of 100AT*. The non-bonded interactions are cut off at r, = 5¢ radius,
and no long-range corrections are applied. These simulations consist of 6000 Mie beads distributed
in an elongated simulation box (Ly = L, and L, = 6Ly). Initially, the simulation is quenched at
high temperature for 10° time steps. The simulation is then equilibrated for 5 - 10° time steps at a
desired coexistence temperature. Finally, the production stage integrates the simulation at the same
coexistence temperature for further 107 time steps. During the production stage, the density and
pressure profiles are accumulated every 1000 time steps. The equilibrium densities are obtained by
averaging the density profile, and the equilibrium pressure is averaged from the normal component
of the pressure tensor (P};). Further details about this methodology are available elsewhere [149]. For
the Solid-Liquid Equilibria (SLE) boundaries, Khrapak et al. [151] have correlated the freezing line of
(Ar, Aa = 6) Mie particles, as shown below.

* AI’ /\I' 6/(/“76) * *
=100 () ()"t

L(Ay) =212+ 15A, exp(—10/A,)

(2.18)

This correlation allows estimating the freezing temperature (T, ;) given the equilibrium liquid density
(or)-

Knowing the phase boundaries allows to set up molecular simulations for stable single-phase con-
ditions. The simulated phase space covers reduced densities (0*) ranging from 107 to 1.3 and
reduced temperatures (T*) from 0.6 to 10.0. The thermophysical properties of each state point are
obtained from a single simulation replica. The simulations are performed in the canonical (NVT) and
isobaric-isothermal (NPT) ensembles to produce thermophysical properties data. The equilibration
and production times of each simulation were chosen to produce converged thermophysical properties
for most explored conditions of the phase space. Tentatively incorrect simulation results are identified
and disregarded, as explained in Section 2.4.2.

The pressure (P*), internal energy (U*), isochoric heat capacity (Cj;) and thermal pressure coefficient
(77,) are obtained from molecular dynamics simulations in the canonical (NVT) ensemble. The
simulation setup consists of a cubic simulation box with 4096 Mie beads. This relatively high number
of beads is chosen to minimize any finite-size effects on the results. All the simulations consider a
cutoff radius of . = 50 with no long-range corrections for pairwise interactions. The simulations are
integrated using a timestep of AT* = 0.0027*. Firstly, the simulations are run for 3.2 - 10° timesteps
in the NVT ensemble using the Nosé-Hoover thermostat [150] with a time constant equal to 100AT*.
The statistics of the system are accumulated every 1000 time steps. The first 2 - 10° timesteps are
disregarded to ensure equilibration of the system. The pressure of the system (P*) is computed directly
from virial expression [152] whereas its internal energy (U*) is directly obtained from the averaged
Hamiltonian. Second-order derivative properties, such as the isochoric heat capacity (Cj;) and thermal
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pressure coefficient (7y,), are computed in the NVT ensemble as follows [66].

Cy = ﬁ([v* — (V)P Nvr + g (2.19a)
7o = mg (V= (VI[P — (P ) +0° (219b)

In Egs. (2.19), (...) corresponds to the ensemble average, V* refers to the extensive potential energy,
P* is the instantaneous pressure and N is the number of particles in the system.

After the production stage in the canonical ensemble is finished, the system is run for further 3.2 - 106
timesteps in the isothermal-isobaric (NPT) ensemble using the Nosé-Hoover thermostat-barostat
[153]. A time constant of 100AT* and 1000AT* are used for the thermostat and barostat, respectively.
Similarly, as for the NVT simulation stage, statistics of the system are accumulated every 1000 time
steps, and the first 2 - 10° time steps are ignored to ensure averages over an equilibrated system. The
isobaric heat capacity (Cy), the thermal expansion coefficient («}), and the isothermal compressibility
(x7) are then computed by using the fluctuations of the system in the NPT ensemble [66].

1

Cp = W([H* — (M) ner (2.20a)
= gV = (VLB = ()] e (2.200)
Ky = (V*1>T* (V¥ = (V) npr (2.20¢)

Here, in Eqgs. (2.20), H* refers to the extensive instantaneous enthalpy at constant pressure, and V* is
the instantaneous system volume. Some other thermophysical properties are obtained from the NPT
simulation using the definitions given in Egs. (2.3). For example, the isochoric heat capacity can be
obtained by using Eq. (2.3e), the thermal pressure coefficient is directly computed from Eq. (2.3d), and
the Joule-Thomson coefficient is obtained using Eq. (2.3f).

In summary, the following thermophysical properties are computed for a single data point in molecular
dynamics simulation. First-order derivative properties (i.e., P* and U*) are directly averaged from
simulations in the NVT ensemble. Similarly, second-order properties (Cy, vy, Cp, &p, and x7) are
computed using the sampled temperature, pressure, potential energy and system volume alongside
Egs. (2.19) and (2.20). Finally, the Joule-Thomson coefficient is obtained using Eq. (2.3f). The second-
order properties are computed at increasing time intervals during the last 1/3 of the sampled simulation
data, and their average value is reported. The deviations of the computed thermophysical properties
are also computed. The standard deviations of the pressure and internal energy are directly computed
from the sampled data. In contrast, the standard deviation of second-order properties is computed

from the sampled values at different time intervals.

2.4.2 Thermophysical properties database validation

The correctness of the molecular simulation results is checked by four sanity tests. If a computed
thermophysical property of a data point fails to pass any of these tests, that value is disregarded.
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FIGURE 2.2: Sanity checks for computed thermophysical properties. (a) Radial distribution function (g(r))
test. Simulations in the liquid state have a well-defined g(r) as shown by the blue solid line. If the liquid
simulation entered a glassy (metastable) state, the g(r) function will have extra peaks as shown by the orange
solid line. Data points in a metastable regime are disregarded. (b) Outlier detection test. Second-order derivative
properties are obtained by analysis of fluctuations of a molecular simulation, requiring a long simulation to
converge properly. Possible outliers are automatically detected using the LocalOutlierFactor method [155]
implemented in Scikit-Learn [156]. For example, blue data points are classified as normal, and the orange data
point is identified as an outlier by this algorithm. Outliers are disregarded from the database.

The first sanity test verifies the consistency between the results obtained from different ensembles. For
example, the density, pressure, and internal energy averages from the NVT and NPT ensembles can be
compared. The averaged values from each ensemble must be similar, given a tolerance. A data point
passes this sanity test if the averaged value in one ensemble falls within the 95% confidence interval of
the other ensemble.

The second sanity test checks the deviations of the computed thermophysical properties. Thermophys-
ical properties with high deviations are a sign of simulation that is not correctly equilibrated. This
problem is particularly relevant to second-order properties, which are computed from the fluctuations
of the simulation results. A thermophysical property passes this test if the relative standard deviation
(100|0y / (x)|) is below 5%.

The third sanity test checks if a fluid data point entered a glassy (metastable) state. This undesired
behavior can occur in the vicinity of the SLE boundaries. The structure of the simulation is checked
by the nature of the radial distribution function (RDF, g(r)) [66]. As shown in Figure 2.2 (a), the RDF
of a glassy data point (orange line) exhibits a higher number of peaks and some periodicity when
compared to a data point in a liquid state (blue line). A fluid data point passes this test if it has four
or fewer local minima in its RDF. This test was automated by analyzing the computed RDF using
standard numpy [154] functions.

The fourth and final sanity test searches for possible outliers in the database. As exemplified in
Figure 2.2 (b), some computed thermophysical properties might not have converged properly in the
simulation. These outliers are automatically detected using the LocalOutlierFactor method [155]
implemented in Scikit-Learn [156]. This outlier detection method provides scores that measure the
"outlierness" of a data point. A regular data point is expected to have a score close to 1, while an
outlier will have a "big" score. In the original publication, Breunig et al. [155] suggested a value of 1.5
as a threshold to identify outliers. However, this value might be unsuitable for some data sets. For
this reason, the threshold for filtering outliers is determined by fitting the total population of scores
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to a probability distribution. As most of the data points are normal, the mean of the distribution is
close to 1. Then, the threshold is obtained from the upper bound of the 95% confidence interval of the
distribution [157]. An adequate distribution that fits the scores is found using the fitter [158] Python
package.

2.4.3 Thermophysical properties database description

The Mie fluid thermophysical properties database considers systems with repulsive exponent A, €
[7,34] and A, = 6. The database considers VLE simulation results and PVT properties. The PVT
database includes first-order (P*, U* and B;) and second-order (Cy, 7y, Cp, a}, k7, pjp and Bj)
derivative properties. As indicated by the "*" superscript, these thermophysical properties are reported
in reduced units (see Table 2.1). A complete database description, including the ranges and number
of data points for each thermophysical property, is given in Table 2.2. A visual representation of the

TABLE 2.2: Mie fluid database description.”

Descriptor Symbol # of data points Min value Max value
Repulsive exponent’ Ar - 7 34
Attractive exponent’ Aa - 6 6
van der Waals parameter® Xydw - 0.53 1.47
Density p* - 1.00e-06 1.31
Temperature” T* - 0.60 10.06
Thermophysical Property

Pressure p* 21679 7.80e-07  1.60e+02
Compressibility factor® V4 21679 1.15e-04 13.18
Internal energy u- 21679 -7.82 22.70
Second virial coefficient’ B; 3485 -9.91 1.57
Third virial coefficient B} 3462 -3.61 2.60
Isochoric heat capacity C 18435 1.50 3.16
Isobaric heat capacity C, 16427 2.50 23.98
Adiabatic index$ 0% 16235 1.21 9.50
Thermal pressure coefficient v 18483 1.00e-06 11.31
Thermal expansion coefficient ap 17807 1.52e-02 8.52
Isothermal compressibility KT 17775 1.46e-03  1.31e+06
Joule-Thomson coefficient Myt 11972 -0.50 11.85

“ Descriptors and thermophysical properties are reported in reduced units. See Table 2.1. " Repulsive
and attractive exponent of the Mie potential, Eq. (1.1). ¢ van der Waals parameter is a descriptor of a
Mie particle. See Eq. (2.21). ¢ Temperature range used in molecular dynamics simulations.
Compressibility factor, Z = P*/p*T*.f Virial coefficients obtained in the temperature range of 0.65 to
39.62. 8 Adiabatic index (heat capacity ratio), v = C;/Cy,.

distribution of this database is provided in Figure 2.3. As shown in Figure 2.3 (a), most data points are
in the range of temperatures up to T* = 2.0. This region was purposely saturated, as the Helmholtz
free energy is expected to change the most due to the presence of phase instability and the transition
from subcritical to supercritical behavior. Higher temperatures up to T* = 10.0 were included sparsely.
The density distribution of the database is even except in two regions. The database has fewer data
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FIGURE 2.3: Mie fluid Thermophysical properties database distribution (a) Density-Temperature (o* — T*)
distribution. (b) Density-Temperature inverse (0* — 1/T*) distribution. (c) Repulsive exponents (A) distribution.

points at high densities and low temperatures because the Mie monomer is likely to freeze under these
conditions. Contrarily, the database is saturated with low-density data points. These low-density
data points were required at the early stages of this project when an analytical solution to address
the ideal limit gas was not available. From Figure 2.3 (b), it is observed that in contrast to Figure 2.3
(a), the data points at high and low temperatures are closer when deforming (inverting) the linear
temperature scale. The inverse temperature scale is better distributed. This numerical convenience
eases the interpolating efforts of the FE-ANN EoS. Finally, it can be observed from Figure 2.3 (c) that

the database considers 600 to 800 data points per repulsive exponent.

2.5 FE-ANN EoS for the Mie fluid

2.5.1 FE-ANN EoS: implementation and architecture

The Mie fluid is characterized by its potential well depth (¢), its length scale (¢), and their repulsive
(Ar) and attractive (A,) exponents. The energy and length scale dependence can be omitted when
using reduced units (see Table 2.1). Additionally, it has been shown that the attractive and repulsive
exponents are conformal for fluid equilibrium properties [92]. The conformality of the Mie fluid
implies that multiple combinations of repulsive and attractive exponents with the same van der Waals
parameter («y4yw) lead to a similar macroscopic description of the vapor-liquid phase envelope. Hence,
a Mie fluid can be characterized by its van der Waals parameter defined below.

Aa
© . A Ar | Ar—7a 1 1
*,Mie . *2 7,.% T r
- _ , drt = o — 221
DCde /1 u ’ r )\r_)\a (Aa) [)\3_3 )\r_3:| ( )

(CMie

The a4, parameter measures the balance between attractive and repulsive interaction in the molecular
system. This parameter varies from 0.53 (A, = 34 and A, = 6) to 1.47 (A; = 7 and A, = 6) for the
Mie fluids available in the computed thermophysical properties database. This parameter is chosen
as the molecular descriptor (x) needed for the FE-ANN EoS, Eq. (2.9). Hence, the FE-ANN EoS for
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the Mie fluid is a function of the van der Waals parameter (a4 ), the reduced density (0*), and the
temperature (as T* or 1/T%).

AP = ANN(“VCIW/ P*/ T*) - ANN(“VdW' P* =0, T*) (2.22&)
or,
1 1
A" = ANN(avaw, 0", ) = ANN(tvaw, 0 = 0, =) (2.22b)

The hyperparameters of the ANNSs in Egs. (2.22) must be tuned to provide satisfactory results. The
number of hidden layers and their size (number of neurons) are optimized using the Tree-structured
Parzen Estimator [159] method implemented in the black-box optimization library Optuna [160]. In
order to reduce the complexity of the optimization, all hidden layers are forced to have the same
number of neurons. Additionally, to ensure the Helmholtz function is differentiable, the hidden layers
use the tanh activation function (f(x) = tanh(x)). The ANNs used in this work consist of 3 hidden
layers of 30 neurons each. The output layer consists of a layer with a single neuron using the linear
activation function (f(x) = x). Other hyperparameters are set to standard choices [135]. For example,
the batch size is set to 32, and the Adam optimizer is used for training [139]. The learning rate and
number of training epochs are hand-tuned to obtain stable training and a converged ANN. Further
details about the hyperparameters of the FE-ANN EoS can be found in Section A.2 of Appendix A.

The FE-ANN EoS is implemented using JAX [138] and Flax [161] and is trained using Optax, which is
part of the DeepMind JAX Ecosystem [162].

2.5.2 FE-ANN EoS: training and performance

The produced Mie fluid database is used to train different versions of the FE-ANN EoS. The tested
training approaches consider assessing the impact of using (aygw, 0%, T*) or (aygw, p*,1/T*) as input
variables to the ANN as shown in Egs. (2.22). Additionally, it was noticed that during training, there
was a compromise with respect to which of the target properties the FE-ANN EoS would attempt to
optimize better. The impact of training on first-order (Z, U* and B;) and second-order (Cy;, vy, 0*x7,
&b, Y, Hyr, and B3) is also assessed by controlling the relative weight (w;) of these properties in the loss
function, Eq. (2.11).

The FE-ANN EoS is trained using 90% of the thermophysical properties database, while the remaining
10% is left for testing purposes. The chosen split offers sufficient coverage of the phase space in both
training and testing datasets. The test dataset allows for assessing the performance of the FE-ANN
EoS on unseen data. If the errors are considerably lower for the training data compared to the testing
data, it is a sign that the model is overfitting the noise of the data and will not generalize well. The
training and testing use a batch size of 32. The recommended training procedure for the FE-ANN EoS
consists of two main steps. Firstly, the FE-ANN EoS is trained using only first-order properties for
1000 epochs using a learning rate « = 10~%. This first stage ensures that the parameters of the ANN are
quickly trained to overfit these properties. The second stage aims to correct second-order properties
and potential unphysical behaviors. This stage considers first- and second-order properties as well
as the penalty functions, Egs. (2.13). The inclusion of second-order properties in the loss function
compromises the numerical stability of the training, as small changes in the trainable parameters cause
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significant changes in the predicted derivative data. For this reason, in this second stage, the FE-ANN
EoS is trained using a relatively low learning rate « = 10~° to a total of 20000 epochs. An appropriate
balance between these properties can be achieved by employing relative weights (w;) in the loss
function. The relative weight for first-order properties and the penalty functions are set to 1. The
relative weight for second-order derivative properties can vary from 0, where the model ignores the
second-order properties, up to 1, where these properties are equally important as first-order properties.
This chapter considers the following relative weights for second-order properties: 0, 0.01, 0.05, and 1.

The different trained FE-ANN EoSs deviation results are summarized in Table 2.3. The results for
FE-ANN EoS that use (ayqw, p*, T*) as input feature, Eq. (2.22a), are shown in the top half of this
table, while the deviations of the FE-ANN EoS that use (ayqw, p*,1/T*) as input features, Eq. (2.22b),
are shown in bottom half of the table. Despite which input features are used in the FE-ANN EoS,
the effect of the second-order properties is similar in the EoS. When the second-order properties are
not considered in the model training, i.e., the relative weight is fixed to w; = 0, the EoSs accurately
describe the compressibility factor, the internal energy, and the second virial coefficient. However,
this choice does not guarantee a good performance in the description of second-order properties,
which are, in this case, predicted. In particular, properties related to cross second-order derivatives,
such as the thermal expansion coefficient («}), adiabatic index (), and Joule-Thomson coefficient
( yfT). Similarly, the third virial coefficient (B3) is not correctly modeled unless the FE-ANN EoS has
seen it during the training. The higher errors are especially noticeable compared to the other EoSs
that include second-order properties in the training. At the other extreme, when the relative weight
for the second-order properties is high (i.e., w; = 1), there is a clear overfit of these properties that
comes at the cost of high deviations for the first-order properties. This unsatisfactory result is a
consequence of the loss function being biased toward these properties and attempting to fit the second
derivatives independent of the pressure and internal energy values. This extreme is counterproductive.
Second-order properties are obtained by analyzing the fluctuations of the molecular simulation and
are inherently noisier than the first-order properties.

The relative weight for the second-order properties is a design choice. First-order derivative properties
should be as accurate as possible because they relate to important phase behavior, like phase equilibria.
Similarly, second-order properties are related to the thermodynamic consistency of the model. The
relative weight for the second-order properties should be enough to account for this information but
not excessively large to bias the optimizer towards these properties. It is accepted that the relative
weights in between (i.e., w; = 0.01 or 0.05) produce a more balanced EoS that captures both first- and

second-order derivative properties well.

This balance is found, for example, in the FE-ANN EoSs, trained using w; = 0.05. From Table 2.3,
it is noticed that both choices of input variables for the temperature (T* or 1/T*) provide similar
deviations for the target thermophysical properties, with the model using 1/T* showing slightly
smaller errors. An inspection of how deviations of these two models are distributed in the density-
temperature projection is shown in Figure 2.4. The selected thermophysical properties allow assessing
the behavior of first (Z and U*), second (Cj; and p*«x7), and cross (7y,) derivatives of the Helmholtz
free energy surface. It can be observed that, in general, both FE-ANN EoS formulations, Egs. (2.22a)
and (2.22b) behave similarly with respect to the reference data. The dark purple data points show that
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TABLE 2.3: Comparison of Mean Squared Error (MSE) of selected trained FE-ANN EoS.* b

100 x MSE¢

d

Input Features”  w;° Z u- Cc, p'xp vy ap T M B3 B3

Train 011 0.07 091 010 079 0.63 0.88 283 2.6e-04 96.60

00 ‘Lest 051 035 125 015 067 117 098 515 22e-04 98.16

0o, Train 012 008 029 009 073 053 053 236 001 005

o Test 052 037 044 0.14 063 089 059 406 002  0.05
tydw, 0%, T 005 Tran 014 009 023 007 074 043 050 235 003 003
' Test 054 038 036 0.12 065 073 056 3.8 004 0.3

Lo Tran 041 015 018 006 079 032 053 235 020 006

Y Test 078 044 028 0.08 072 052 056 390 019  0.04

0o Tain 011 006 129 008 098 047 207 276 3.6e-08 539.89

Y Test 050 035 153 0.10 098 090 242 492 3.8¢-04 642.67

o Tain 012 007 023 006 077 034 055 236 001 006

R Test 051 035 035 008 068 059 059 396 001  0.04
vdw, 7, 1/T 005 Train 013 008 019 006 071 032 050 234 004 0.0
' Test 052 037 030 0.08 063 054 055 38 004  0.03

Lo Tain 022 015 017 006 070 031 050 234 016 003

Test 0.60 043 0.28 0.08 0.60 055 0.54 3.83 0.16 0.02

# All the trained FE-ANN EoS consists of a neural network with three hidden layers, 30 neurons each,
and the tanh activation function. A 90/10 split is used for training and testing purposes. The training
is performed using a batch size of 32. All EoSs were trained initially for 1000 epochs considering only
first-order properties and a learning rate of « = 10~%. Then, the EoSs were trained to a total of 20000
epochs, considering both first and second-order properties using a learning rate of « = 107°. The
ADAM optimizer [139] was used for training all the models. ” The smallest MSE deviations for the
test and train datasets are highlighted in bold. © The Mean Squared Error (MSE) is obtained as

100 x MSE = 100/ Np Z}VP (y})red - y}rue)z. 4 Inputs features to the FE-ANN EoS as defined in

Egs. (2.22a) and (2.22b). ¢ w; is the relative weight used for the second-order derivative properties in
the loss function, Eq. (2.12). Relative weights of first-order properties and penalties are set to 1.
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FIGURE 2.4: Squared error distribution of the FE-ANN EoS for selected first- and second-order derivative
properties. Thermophysical properties. (a) and (f): Compressibility factor (Z). (b) and (g): Internal energy (U*).
(c) and (h): Isochoric heat capacity (Cj;). (d) and (i): Isothermal compressibility (as p*«x7). (e) and (j): Thermal
pressure coefficient ({,). FEFANN EoS models. (a) - (e) FE-ANN EoS using (ayqw, p*, T*) as input variables, see
Eq. (2.22a). (f) - (j) FE-ANN EoS using (aygw, 0*,1/T*) as input variables, see Eq. (2.22b). FE-ANN EoS trained
using a relative weight w; = 0.05 for second-order properties, see Eq. (2.12). The squared error is indicated by
the color bar and computed as (yP™d — y'™¢)2, Dark purple data points refer to low deviation, while yellow
data points refer to high deviation with respect to the database.

a vast region of the phase space is modeled with minor errors. The primary deviations, indicated
by the green and yellow data points, occur in two distinguishable regions. The first one occurs at
low temperatures at densities that are close to the Vapor-Liquid Equilibria (VLE) phase boundaries,
and the second one occurs at high densities at conditions that are likely to border the Solid-Liquid
Equilibria (SLE) phase boundary. The thermophysical properties of a particle can drastically change
in the vicinity of the phase boundaries, especially inside them (e.g., for metastable stables). For this
reason, it is still acceptable for the FE-ANN EoSs to exhibit higher deviations in those regions.

It is concluded that, for a highly populated phase space, both Eq. (2.22a) (using T*) and Eq. (2.22b)
(using 1/T*) exhibit a similar performance. However, it is observed that the latter formulation has
some advantages. By deforming the temperature scale to 1/T*, higher temperature data points
move closer, c.f. Figure 2.3 (b), this numerical artifact facilitates the interpolating efforts of the FE-
ANN EoS. Moreover, as explained in Section 2.3, the use of the temperature inverse follows the
natural temperature formulation in statistical thermodynamics. For these reasons, the FE-ANN EoS
with (ayqw, p*,1/T*) as inputs, Eq. (2.22b), and trained with w; = 0.05 is preferred to showcase the
framework.

The parity plots of the FE-ANN EoS with (aygw, 0*,1/T*) as inputs and w; = 0.05 are shown in
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Figure 2.5. From Figure 2.5 (a), (b), and (c), it can be seen that the first-order properties obtained from
the FE-ANN EoS, such as the compressibility factor, internal energy, and second virial coefficient,
faithfully reproduce the reference data. For second-order derivative properties, Figure 2.5 (d) to
(i), it can be observed that most of the FE-ANN EoS calculations lie in the diagonal, indicating a
good agreement with the simulation data. Even though no explicit regularization technique was
applied while training the FE-ANN EoS, it can be observed that both training (blue data points)
and testing (orange data points) are modeled with similar deviations. This lack of overfitting is
not a coincidence but a consequence of training the FE-ANN EoS based on derivative information
and thermodynamically-inspired penalties. The derivative information constrains the shape of the
resulting Helmholtz free energy surface and provides information about its changes with respect
to temperature and density. These constraints implicitly prevent the optimizer from being biased
to perform well only on the data it has seen, but instead, it forces it to find the best "well-behaved"
Helmholtz free energy surface that describes the data.

2.5.3 FE-ANN EoS: thermophysical properties modeling and prediction

The FE-ANN EoS with a4y, p* and 1/T* as input features, Eq. (2.22b), trained using w; = 0.05 for
second-order properties is selected to showcase the capabilities of this framework.

Through this section, the use of the FE-ANN EoS is exemplified by describing the thermophysical
properties of three selected Mie fluids, namely: A, = 12, A, = 6 (Lennard-Jones fluid), A; = 16,1, =6
and A, = 20,A, = 6. Selected pressure isotherms of these Mie fluids are shown in Figure 2.6.
For reference, for the Lennard-Jones fluid, Figure 2.6 (a), these isotherms include two at subcritical
conditions (T* = 0.8 and 1.0), one near-critical condition isotherm (T* = 1.3) and two at supercritical
conditions (T* = 2.8 and 6.0). This figure includes molecular simulation data and results from the
FE-ANN (data-driven-based) and the SAFT-VR-Mie (theoretically-based) [37] EoSs. The FE-ANN
EoS (solid lines) predicts well-behaved pressure isotherms at the trained density conditions. Both the
theoretically-based and data-driven EoSs show excellent agreement with the molecular dynamics data
and practically overlap. The main discrepancy between the two EoSs occurs in the high-density /low-
temperature region. As suggested by the correlation of Khrapak et al. [151], and indicated by the
grey-shaded area in the figure, these Mie fluids freeze under those conditions. It must be noted that
both models are developed exclusively for the fluid phase. Therefore, both of the EoSs are incorrect in
those conditions.

The presence of an unstable van der Waals loop at the low-pressure region must be highlighted. For
clarity, this unstable behavior is shown in the zoomed area of Figure 2.6. This physically meaningful
attribute of the isotherm appears as a prediction in a region of the phase space that has not been
populated with data. The prediction of unstable regions suggests that the FE-ANN EoS can compute
phase equilibria despite not being exposed to vapor-liquid equilibria (VLE) data. This predictive
behavior is a rather considerable achievement for a model trained using only single-phase PVT data.

The FE-ANN EoS is also capable of modeling second-order derivative properties accurately. In Figure
2.7, selected isotherms of the isochoric heat capacity, isothermal compressibility, thermal pressure
coefficient, thermal expansion coefficient, adiabatic index, and Joule-Thomson coefficient of the (A,=12,
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FIGURE 2.5: Parity plot of thermophysical properties computed with FE-ANN EoS with respect to the
reference database. (a) Compressibility factor (Z). (b) Internal energy (U*). (c) Second virial coefficient (B3). (d)
Isochoric heat capacity (C7;). (e) Isothermal compressibility (as p*x7). (f) Thermal pressure coefficient (77,). (g)
Thermal expansion coefficient (x}). (h) Adiabatic index (heat capacity ratio, v = C/Cy;). (i) Joule-Thomson
coefficient (yiyy). The reference data points were obtained as explained in Section 2.4. Thermophysical properties
with a "(MD)" in the x-axis label were obtained from molecular dynamics simulations. The second virial
coefficient was obtained using Eq. (2.17). The thermophysical properties are compared with the results of the
FE-ANN EoS (aygw, p*,1/T*) (Eq. (2.22b)) trained using a relative weight w; = 0.05 for second-order properties.
Blue circles refer to the train data points and orange circles refer to the test data set. The reported Mean Squared
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FIGURE 2.6: Pressure isotherms of selected (A, A\, = 6) Mie fluids. (a) A, = 12, A, = 6 (Lennard-Jones fluid).

(b) Ay = 16,14 = 6. (c) A, = 20, A, = 6. Molecular simulation data. Blue squares: T* = 0.8, orange circles:

T* = 1.0, black downward triangles: T* = 1.3, and green upright triangles: T* = 6.0.

Solid lines are results of the FE-ANN EoS (ay4w, 0%, 1/T*) (Eq. (2.22b)) trained using a relative weight w; = 0.05

for second-order properties. Dashed lines are SAFT-VR-Mie EoS [37] results. The computed isotherms from

the EoSs follow the same color convention as the simulation data. The grey-shaded area represents the region
where freezing is predicted by the correlation of Khrapak et al. [151], see Eq. (2.18).

16, and 20 and A, = 6) Mie fluids are shown. Similarly, as in Figure 2.6, subcritical, near-critical, and
supercritical isotherms are shown. For conciseness, the discussion will focus on Figure 2.7i, which
corresponds to the Lennard-Jones fluid. This figure allows for comparing molecular simulation data
and the FE-ANN EoS (solid lines) and SAFT-VR-Mie EoS (dashed lines) results. Similar to the pressure
isotherms, the FE-ANN EoS and SAFT-VR-Mie EoS are in good agreement with the simulation data
and predict a similar behavior for the second-order derivative properties. As expected, the main
discrepancies between the two EoSs occur in regions without available data. These correspond to the
region that likely lies inside the VLE phase envelope and in the solid-like region at high densities.

From Figure 2.7 (a), it can be observed that the isochoric heat capacity computed from the FE-ANN
EoS is in good agreement with the computed molecular dynamics data. The heat capacities obtained
from the SAFT-VR-Mie EoS and the FE-ANN EoS also differentiate at the region likely to lie inside the
binodal curve. The FE-ANN EoS predicts a higher maximum for this property, which is in agreement
with the available molecular dynamics data. This maximum of the isochoric capacity is well-reported
from experimental [12] and simulation [3, 163] data. It is also predicted by a wide range of families
of EoSs, such as cubic [28], molecular-based [37] and technical [16, 115] EoSs. For the isothermal
compressibility, depicted in Figure 2.7 (b), it can be observed that both the FE-ANN EoS and the
SAFT-VR-Mie EoS are in good agreement with the molecular dynamics results. The result for these
two properties is directly related to the second derivatives of the Helmholtz free energy with respect
to temperature and density, respectively. Hence, if the first derivatives-related properties (i.e., internal
energy and pressure) are correctly modeled, these properties should behave correctly. It must be
emphasized that these two thermophysical properties are related to the criteria of thermal and mechanical
stability, and additional penalties (Egs. (2.13b) and (2.13c)) were included to ensure that the FE-ANN

EoS follows a physically correct behavior.

For thermophysical properties related to cross-second-order derivatives, Figure 2.7 (c)-(f), the FE-ANN
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EoS also predicts smooth isotherms that agree with the simulation data. This result is expected
from including these properties in the training. As observed in Figure 2.7 (c), the thermal pressure
coefficient predicted by the FE-ANN EoS is always positive, which guarantees pressure isotherms
do not cross. This behavior is required by the training data, and it is further enforced with a penalty,
Egs. (2.13d). For the isothermal compressibility, Figure 2.7 (c), thermal expansion coefficient, Figure 2.7
(d), the adiabatic index, Figure 2.7 (e), it is also observed these properties change considerably inside
the binodal curve. This behavior follows the SAFT-VR-Mie EoS results, and it is a consequence of the
spinodal points in the pressure isotherms (i.e., (0P*/9dp*)r- = 0) for subcritical isotherms. Egs. (2.3b),
(2.3c) and (2.3e) can be rearranged into Egs. (2.23) to explicitly show these properties diverge at the
spinodal point due to a division by zero.

. [oP . (9P
= (5r), /7 (3),] 2234)
=1 (2) ] 22

Cs . [(0P*\? o [OPF
“Gere ()] /e (5, @29
p* *

T=a =1t
Finally, the Joule-Thomson coefficient can be obtained from the thermal expansion coefficient and

_C‘*/

the isobaric heat capacity. This coefficient can still diverge inside the binodal region. As shown in
Figure 2.7 (f), the FE-ANN EoS shows a diverging behavior for the subcritical isotherms. This same
diverging behavior is observed for the lowest temperature isotherm (T* = 0.8) predicted by the
SAFT-VR-Mie EoS.

From the above, it is concluded that the FE-ANN EoS has been able to "learn" the residual Helmholtz
free energy of (Ay, A, = 6) Mie fluids using a thermodynamically-consistent data-driven approach.
The correct behavior of the FE-ANN EoS has been shown here for A, =12, 16, and 20. However, the
excellent agreement of this EoS with respect to molecular simulation data is also found for other Mie
fluids with A, € [7,34]. The reader is referred to Section B.1 in Appendix B for calculations referring to
other Mie fluids.

The unstable van der Waals pressure loops observed at subcritical conditions in Figure 2.6 suggested
that the FE-ANN EoS can be employed to compute vapor-liquid equilibria (VLE). Phase equilibrium
is obtained when two phases of different densities exhibit the same pressure and chemical potential
at a given temperature. In practical terms, this corresponds to solving the system of Egs. (2.7). The
results for phase equilibria calculations are shown in Figure 2.8. In Figures 2.8 (a)-(c), it can be
observed that the FE-ANN EoS (solid lines) predicts a correct phase envelope, vaporization pressure
and vaporization enthalpy of the selected Mie Fluids (A, = 12, 16, and 20 and A, = 6). The predicted
phase equilibria results from the FE-ANN EoS are comparable to the SAFT-VR-Mie EoS (dashed lines),
which is arguably one of the best molecular-inspired models for the Mie fluid. As observed from the
parity plots, Figures 2.8 (d)-(e), the results from the FE-ANN EoS are in excellent agreement with the
molecular simulation data. The Mean Average Absolute Deviation (MAPE) for the saturated liquid
densities, vapor densities, equilibrium pressure, and vaporization enthalpy are 1.26, 4.23, 2.59, and
1.27, respectively. These deviations are similar to the ones obtained by the SAFT-VR-Mie EoS (1.50,
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FIGURE 2.7: Second-order derivative properties isotherms of selected (A, \; = 6) Mie fluids. i. A, =12, A, =
6 (Lennard-Jones fluid). ii. A, = 16, A, = 6. iii. A; = 20, A; = 6. (a) Isochoric heat capacity (Cj;). (b) Isothermal
compressibility (as p*x7). (c) Thermal pressure coefficient (7). (d) Thermal expansion coefficient (a}). (e)
Adiabatic index (heat capacity ratio, v = C;/Cy;). (f) Joule-Thomson coefficient (y}‘T). Molecular simulation
data. Blue squares: T* = 0.8, orange circles: T* = 1.0, black downward triangles: T* = 1.3, pink diamonds:
7" = 2.8 and green upright triangles: T* = 6.0. Solid lines are results of the FE-ANN EoS (ayqy,p*,1/T*)
(Eq. (2.22b)) trained using a relative weight w; = 0.05 for second-order properties. Dashed lines are SAFT-VR-
Mie EoS [37] results. The computed isotherms from the EoSs follow the same color convention as the simulation
data.
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FIGURE 2.8: Phase equilibria results of selected (A, A\; = 6) Mie fluids. (a) Phase envelope. (b) Vaporization
pressure. (c) Vaporization enthalpy. Molecular simulation data. Blue squares: A, = 12, A, = 6 (Lennard-Jones
fluid), orange downward triangles: A, = 16,1, = 6, and green upright triangles: A, = 20,A, = 6. Solid
lines are results of the FE-ANN EoS («yqw, p*,1/T*) (Eq. (2.22b)) trained using a relative weight w; = 0.05 for
second-order properties. Dashed lines are SAFT-VR-Mie EoS [37] results. These VLE results are obtained by
numerically solving the system of Egs. (2.7). The predicted phase equilibria from the EoSs follow the same
color convention as the simulation data. Parity plots. (d) Equilibrium densities. (e) Vaporization pressure. (f)
Vaporization enthalpy. The top subplot refers to the FE-ANN EoS results, and the bottom subplot shows the
SAFT-VR-Mie results. The symbols and colors follow the same convention as in (a), (b) and (c). The reported

Mean Absolute Percentage Error (MAPE) is obtained as: MAPE = 100/ Np ZJNP |(y§)red - y}rue) / y}rue .
10.23, 5.66, and 5.05, following the same order). It is important to recall that the FE-ANN EoS has seen
saturated data as single-phase PVT data but that no information about these points being in phase
equilibria has been provided to the model during its training. Hence, these results are genuinely a

prediction from the learned Helmholtz free energy surface.

It is encouraging that the FE-ANN EoS predicts the existence of a critical point. The critical point
corresponds to an inflection point in the pressure-density diagram, and it is obtained as the point
where the first- and second-order derivatives of the pressure with respect to the density vanish.
This mathematical aspect implies that the isothermal compressibility diverges at the critical point.
The critical point is obtained by numerically solving the system of Egs. (2.6). The critical points
predicted by the FE-ANN EoS and its comparison against published molecular simulation data [151,
164-166], and the SAFT-VR-Mie EoS predictions are shown in Figure 2.9. As observed in this figure,
the FE-ANN EoS (solid line) correctly predicts that the critical temperature decreases, and the critical
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FIGURE 2.9: Critical point of (A;, A, = 6) Mie fluids. (a) Critical temperature (T7). (b) Critical density (p7).

Grey empty symbols refer to published molecular simulation results: circles [151], upright triangles [166],

downward triangles [164], and diamonds [165]. Blue solid lines refer to the predicted critical point FE-ANN

EoS (aygw, p*,1/T%) (Eq. (2.22b)) trained using a relative weight w; = 0.05 for second-order properties. Dashed

orange lines are SAFT-VR-Mie EoS [37] results. Critical points from the FE-ANN and SAFT-VR-Mie EoS are
obtained by numerically solving Egs. (2.6).

density increases when the repulsions of the system increase. This behavior is again observed in
the simulation data (symbols) and the SAFT-VR-Mie EoS results (dashed line). The critical point is
obtained from simulations by extrapolating the fit of a critical scaling equation [167] using equilibrium
density data. The reported values should be used as a guide, not as an absolute truth. The FE-ANN
EoS and SAFT-VR-Mie EoS correctly agree with the critical temperature. For the critical density,
the SAFT-VR-Mie EoS is in better agreement with the available data, as the FE-ANN EoS slightly
overestimates the critical density. Nevertheless, it must be noted that, as seen in the figures, the
uncertainty of the critical density data is higher than that of the critical temperature data.

The physical consistency of an equation of state at different temperature and pressure conditions can be
evaluated through Brown'’s characteristic curves [168]. These curves are related to specific temperature
and pressure conditions for which a fluid exhibits the behavior of an ideal gas. This chapter considers
the consistency of the following four curves: Amagat, Charles, Boyle, and Zeno. The Amagat curve
(also known as the Joule inversion curve) is given by Eq. (2.24a). This curve takes place at extreme
temperatures and pressures and encloses the other characteristic curves. In the low-pressure limit,
the Amagat curve converges to the Amagat temperature, which is the temperature where the second
:dB;/dT* = 0). The Charles curve is
given by Eq. (2.24b). This curve is also known as the Joule-Thomson inversion curve, which refers to

virial coefficient (B;) exhibits a maximum value (i.e., TZmagat
the conditions where the Joule-Thomson coefficient is zero. The Amagat curve encloses the Charles
curve. The Charles curve starts at the saturation pressure curve and converges to the temperature
:dB3/dT* = B;/T")
at the low-pressure regime. This temperature is known as the Charles temperature. The condition

where the second virial coefficient exhibits an asymptotic behavior (i.e., T o
for the Boyle curve is given by Eq. (2.24c). The Boyle curve is expected to lie inside the Charles
curve. This curve starts in the vicinity of the critical point and approaches the Boyle temperature (i.e.,
Tgoyte : By = 0) at the low-pressure limit. Finally, the Zeno curve is given by the conditions in which a
fluid follows exactly the ideal gas equation for the pressure, P* = p*T*, as shown in Eq. (2.24d). The
Zeno curve intersects the Charles curve once and ends at the Boyle temperature in the low-pressure

region. For further discussion about Brown’s characteristic curves, the reader is referred to articles of
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Deiters and De Reuck [89] and Stephan and Deiters [169].

Amagat curve: <BZ> =0. (2.24a)
oT* 0
Charles curve: <8Z> =0. (2.24b)
oT* ) p.
oZ
Boyle curve: (81’*) . = 0. (2.24¢0)
Zeno curve: Z =1 (2.24d)

The faithful and correct reproduction of Brown’s characteristic curves is a stringent consistency test for
any equation of state [166, 170]. In Figure 2.10, Brown’s characteristic curves and the second and third
virial coefficients computed with the FE-ANN EoS for selected Mie fluid are shown. It can be observed
that these curves exhibit the physically correct behavior described by Deiters and De Reuck [89].
This is, the Zeno and Boyle curves converge to the Boyle temperature in the low-pressure limit, the
Charles curve reaches the Charles temperature at the low-pressure limit, the Zeno curve also intersects
the Charles curve only once, and the Boyle, Charles, and Amagat curves do not cross each other.
Additionally, the prediction of multiple stable Charles curves was studied using the FE-ANN EoS.
The prediction of multiple Charles curves is a well-reported unphysical problem of some cubic and
SAFT EoSs, and its presence implies the existence of multiple stable critical points [171]. The FE-ANN
EoS does not predict this unphysical behavior over the studied range of density and temperature.
For completeness, it is also observed that the virial coefficients (B; and B3) are well-behaved, and as
expected, they diverge at low temperatures. All of these conditions suggest that the trained FE-ANN
EoS is physically consistent. This thermodynamically consistent behavior has also been observed for
the SAFT-VR-Mie EoS [166, 169].

From Figure 2.10, it is also observed that the predicted Zeno, Boyle, and Charles curves predicted
by FE-ANN EoS are in excellent agreement with published molecular simulation results [166]. The
molecular simulation results reveal that the FE-ANN EoS accurately predicts the Boyle and Charles
temperature. The Amagat curve predicted by the FE-ANN EoS is mostly in good agreement with
the published data except at the high-pressure/low-temperature region, where the correlation of
Khrapak et al. [151] suggests the Mie particle freezes. The molecular simulation results reveal that
the FE-ANN EoS accurately predicts the Boyle and Charles temperature. The Amagat temperature is
usually higher than the other two characteristic temperatures. As a reference, the Amagat temperature
for the Lennard-Jones fluid is reported to be T* = 25.15 [169]. This value is far beyond the considered
temperatures used in this work (T* < 10). Therefore, its calculation was not attempted. It must
be emphasized that the FE-ANN EoS predicts the location and shape of the Brown’s characteristic
curves. The FE-ANN EoS has seen thermophysical properties related to these curves, but no explicit
information about their shape and constraints has been enforced during the training process.
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FIGURE 2.10: Brown’s characteristic curves and second virial coefficient of selected (A, A; = 6) Mie fluids. (a)
Ar =12, A5 = 6 (Lennard-Jones fluid). (b) A; = 16,1, = 6. (c) A, = 20, A, = 6. Empty symbols are molecular
simulation results obtained by Stephan and Urschel [166]. , orange downward
triangles: Charles curve, green upright triangle: Boyle curve, and blue squares: Zeno curve. Lines are filled
symbols are results obtained from the FE-ANN EoS (aygw, 0*,1/T*) (Eq. (2.22b)) trained using a relative weight
w; = 0.05 for second-order properties. Bottom plot: the black solid line is the third virial coefficient. Middle plot:
the black solid line is the second virial coefficient. Top plot: the black solid line is the vaporization pressure, the
black filled circle is the critical point, , the orange dot-dashed
line is the Charles curve, the green dashed line is the Boyle curve, and the blue dotted line is the Zeno curve.
The filled green upright triangle is the Boyle temperature, and the orange downward triangle is the Charles
temperature. The grey-shaded area represents the region where freezing is predicted by the correlation of
Khrapak et al. [151], see Eq. (2.18).
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2.6 Conclusions

This chapter presents a framework for developing thermodynamically consistent data-driven equa-
tions of state using an artificial neural network (FE-ANN EoS). A key aspect of this framework is
the incorporation of physically inspired limits and constraints that force the functional form of the

resulting Helmholtz free energy surface to be physically sound.

The capabilities of the "digital" approach are exemplified for the Mie fluid starting from data generated
using high-throughput molecular dynamics simulations. It is observed that using only first-order
derivative information (e.g., compressibility factor and internal energy) is insufficient to accurately
reconstruct the Helmholtz free energy surface of the fluid. The model significantly benefits from being
trained using second-order derivative properties, specifically cross-derivative properties, such as the
thermal pressure coefficient and adiabatic index. However, it is necessary to quantify the trade-off in
the weights assigned to each thermophysical property in the training loss function. It is observed that
the training produces a well-behaved EoS when first-order properties have a higher relative weight
than second-order properties. This behavior arises because second-order derivative functions are
computed from molecular dynamics through the analysis of fluctuations and are inherently much
noisier than the computed pressure and internal energy, which are directly during the simulation.

The FE-ANN EoS accurately describes the thermophysical properties on which it was trained. More
importantly, due to the physical insights embedded in its formulation, the FE-ANN EoS can also
predict thermophysical properties for which it was not trained. The FE-ANN EoS "discovered" an
unstable region that allowed the prediction of vapor-liquid equilibria and the existence of a critical
point. Additionally, the internal consistency of the FE-ANN EoS was successfully assessed through
Brown'’s characteristic curves. It was recognized that the predicted characteristic curves exhibit the
correct physical behavior described by Deiters and De Reuck [89]. The low-pressure regime of these
curves also demonstrated the correct modeling of important temperature limits, such as the Boyle and
Charles temperatures.

The FE-ANN EoS framework has proven to be a flexible, data-driven strategy capable of accurately
learning the Helmholtz free energy surface of a target molecule (or pseudo-molecule). This framework
is a promising alternative to classical empirical and theoretical-based equations of state. The potential
of this framework is significant, not only in terms of the result accuracy but also in the speed at which
simulation results can be integrated. Simulation data can be generated in a few months, and the
FE-ANN EoS can be trained in just a few hours. The produced FE-ANN EoS performs on par with the
monomer term of the latest version of the Statistical Associating Fluid Theory (SAFT) [37], which was
the culmination of over three decades of research [172].

Finally, the FE-ANN EoS framework is built upon derivative data and well-established thermodynamic
principles. The use of the FE-ANN EoS is here showcased for the Mie fluid. However, nothing prevents
using the FE-ANN EoS for other contributions. The framework is suitable for studying regions where
existing theory is likely to fail, such as under extreme temperature and density conditions. It must be
noted that under these conditions, high-quality molecular simulation data is also more challenging
to compute. Finally, the FE-ANN EoS can also be applied to other fluids, such as chain molecules or
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fluids with more complex interactions, including dipolar or quadrupolar moments, point electrostatics,
polarizability, induction, and molecular association.
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Chapter 3

On the continuous modeling of fluid and
solid states

3.1 Introduction

In 1874, J. C. Maxwell [173], inspired by the graphical thermodynamic methods of J. W. Gibbs [174],
built a thermodynamic surface model that used volume (V), entropy (S), and internal energy (U) as
coordinates. A physical representation and a 2D projection of this thermodynamic surface are shown
in Figure 3.1 (a) and (b) [175, Figure 26d]. The Maxwell thermodynamic surface schematically shows
how the thermodynamic behavior of the different aggregation states (i.e., vapor, liquid, and solid
states) of a simple substance could be represented by a single continuous surface. According to J.S.
Rowlinson [176], this concept of continuity between states partially inspired J. D. van der Waals [28]
during his doctoral studies and contributed to the development of his now well-known continuous
equation of state (EoS) for fluid phases. The van der Waals EoS accounts for attractive and repulsive
forces, which describe mechanically stable dilute (vapor) or dense (liquid) phases, depending on
the density and temperature. More importantly, the interplay between these two forces results in
a local maximum and a local minimum along a pressure isotherm at subcritical conditions. These
stationary points, also known as spinodal points, define a region of mechanical instability where the

compressibility is negative (i.e., (0P/dp)r < 0).

This unstable behavior, also known as the van der Waals loop, has long been interpreted as a sign of
the coexistence of two phases and is observed in the Maxwell thermodynamic surface. As observed in
Figure 3.1, the thermodynamic surface of Maxwell not only suggests a continuous fluid transition but
also that the solid-fluid transition could be modeled continuously. In this figure, several isobars are
highlighted, namely P2, P3, P4, and 5. It can be observed that these isobars continuously describe
different aggregation states and that, depending on the temperature, they might exhibit various types
of phase equilibria. For example, P2 passes through the Solid-Vapor Equilibria (SVE) boundaries.
Similarly, the P4 isobar can exhibit vapor-liquid equilibria (VLE) or solid-liquid equilibria (SLE)
depending on the temperature. 3 corresponds to the triple pressure and indicates the coexistence
of solid, liquid, and vapor phases (SLVE) at the triple temperature. Finally, /’5 refers to the critical
pressure, which passes through the endpoint of the VLE phase envelope. This critical isobar also

crosses the SLE boundaries.
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(@)

FIGURE 3.1: Maxwell thermodynamic surface. (a) Photography of Maxwell thermodynamic surface (courtesy
of Yale Peabody Museum, YPM HST 290012). (b) 2D projection of Maxwell thermodynamic surface [175, Figure
26d]. (c) Schematic representation of the Maxwell thermodynamic surface in the P — p diagram. The coordinates
for the thermodynamic surface are internal energy (U), volume (V), and entropy (S). The filled black circle
is the critical point, the black solid line with filled black squares represents the Solid-Liquid-Vapor Equilibria
(SLVE, triple point), the solid pink lines are the Vapor-Liquid Equilibria (VLE), the orange solid lines represent
the Solid-Liquid Equilibria (SLE), . The dashed
lines represent isobars: P2 (purple), P3 (green), P4 (blue) and 5 (skyblue) with P2 < P3 < P4 < 5. The dotted
lines in the right figure refer to corresponding pressure isotherms. Figure adapted from Ref. [1].

For clarity, the continuous pressure behavior observed in the Maxwell thermodynamic surface can be
mapped onto a more familiar pressure-density (P — p) projection, as shown in Figure 3.1 (c). In this
projection, the isotherms associated with the phase coexistence are more relevant than the highlighted
isobars, as the latter correspond to horizontal lines. These isotherms are represented by dotted black
lines in the figure. This figure shows how, along the van der Waals loops for VLE, other solid-fluid
equilibria types, such as SLE, SVE, and the triple point (SLVE), also require this mechanically unstable
behavior.

Although these thermodynamic aspects are well understood, applying these ideas in such a way that
makes them useful for engineering purposes (e.g., in process design) has not been straightforward. The
crux of the matter is the solution of the underlying statistical mechanics, which relates the description
of the forces between molecules to the macroscopically observed behavior. It is now accepted that
the analytical solution of the statistical mechanics equations is out of reach except for the simplest of

models, such as the ideal gas. Despite this, during the 20"

century, the molecular modeling community
has primarily focused on developing approximations and semi-empirical expressions to improve
the modeling of fluids using EoSs [31, 42]. Among these are modifications of the van der Waals EoS
[29, 30, 32, 34], the application of more rigorous theories to account for the attractive and repulsive
interactions between molecules [37, 114, 119], as well as theories to model more complex interactions,

such as chain formation and hydrogen bonding [35].

Compared to the modeling of fluid phases, the development of EoSs to describe the solid phase has
been limited. The solid phase has been commonly modeled using an independent model linked
to a suitable fluid model. In this fashion, the properties of the solid phase are obtained by starting
from a fluid phase and performing a thermodynamic cycle through the phase changes [177]. Other
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approaches consider a different theory to describe the solid phase. Among these are the lattice [178—
180] and perturbation [164, 181] theories. In an alternative approach, Yokozeki [182], and later Mo
et al. [183], introduced an empirical modification to a cubic EoS to handle the solid phase within a
single model. This is achieved by enforcing a divergence of the EoS at the solid-fluid transition. This
divergence allows computing SLE using Maxwell’s area reconstruction. Despite the practicality of this
family of EoSs to model the entire phase diagram of pure molecules and mixtures, these EoSs do not
obey an underlying molecular model. Moreover, Lee and Yoo [184] have pointed out that these EoSs
exhibit an unphysical behavior, where a negative pressure dominates at high densities. This behavior
contradicts molecular simulations and implies that tension dominates rather than compression at high
densities.

Even though the idea of a continuous behavior of matter of Maxwell and Gibbs has been around for
about 150 years, it has been scarcely discussed in the literature. In 1935, J. Frenkel [185] discussed
structural similarities between liquid and the crystalline state near the melting point. Similarly, as
observed in the Maxwell surface, J. Frenkel speculated that a pressure isotherm should exhibit a van
der Waals loop in the fluid-solid transition region. Additionally, in molecular simulation strategies to
compute SLE [164, 186, 187], it is recognized that metastable liquid and solid phases are accessible
inside the SLE boundaries. The computer simulation of such metastable states shows the existence of
the minimum and maximum pressure along an isotherm, again suggesting the existence of the van
der Waals loop in this region. In a related context, Troncoso and Cerdeirifia [188] used a three-state
Ising model to continuously model solid and fluid phases and showed a van der Waals loop at the
solid-fluid transition. Despite the evidence that vapor, liquid, and solid states can be modeled using a
single continuous equation of state, no such model has been developed yet.

In this chapter, the general Helmholtz Free Energy Equation of State based on Artificial Neural
Networks (FE-ANN EoS) framework [3, 87] is used to develop an equation of state that continuously
models the phase space across the entire density range, from the dilute gas to the crystalline phase.
The results presented in this chapter are based on an already published article (Gustavo Chaparro
and Erich A. Miiller. “Development of a Helmholtz free energy equation of state for fluid and solid
phases via artificial neural networks”. Communications Physics 7.1 (2024), p. 406. DOI: 10.1038/s42005-
024-01892-3, Ref. [1]). The results presented here have been updated by training the EoS on a more
extensive database and incorporating extra thermodynamically inspired constraints.

Contrary to the Maxwell thermodynamic surface (V-5-U), the Helmholtz free energy as a function of
density and temperature is chosen as a more appropriate thermodynamic potential. The FE-ANN
EoS framework is based on ANNs, which are universal function approximators [53]. The FE-ANN
EoS does not assume a mathematical functionality, but instead, it fits the Helmholtz surface that best
describes thermophysical properties data while fulfilling well-accepted thermodynamic principles
and constraints [116, 125]. The previous chapter explained and validated the FE-ANN EoS framework
by generating an accurate and thermodynamically consistent EoS for the Mie fluid [90, 91]. The
performance of this FE-ANN EoS is on par with the SAFT-VR-Mie EoS [37], which is arguably the best
available theoretically-based EoS for this pseudo fluid. The domain of this framework is extended to
handle the solid phase. The FE-ANN(s) EoS (an extra "(s)" is added to emphasize that this EoS has
also been trained with solid-like data) is formulated to model the residual Helmholtz free energy and
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exactly fulfills the ideal gas limit (0 — 0) and Maxwell’s relations.

1 1
A™ = ANN(y, p, T) — ANN(x,p =0, f) (2.9b)

Model to be trained

Where A™ is the residual Helmholtz free energy, p is the density, T is the temperature, and yx are the
molecular descriptors of the system (e.g., the molecular parameters of an interaction potential).

The general workflow for developing the FE-ANN(s) EoS is shown in Figure 3.2. This process is
similar to the one explained in Figure 2.1 of Chapter 2. The first step of this process, Figure 3.2 (a),
relies on Molecular Dynamics (MD) simulations to generate a database to train the FE-ANN(s) EoS.
The MD simulations are performed at stable vapor, liquid, and solid state conditions of the phase
space. These simulations provide the macroscopical thermophysical properties corresponding to
a given state point of a collective of particles interacting on a determined Hamiltonian. Technical
details about the database generation follow the ones explained in Section 2.4. In the second step,
shown in Figure 3.2 (b), the FE-ANN(s) EoS explicitly models the residual Helmholtz free energy
of the system of interest. The derivatives of the Helmholtz free energy are related to the available
thermophysical properties as explained in Section 2.2. The FE-ANN(s) EoS is formulated and trained
as described in Section 2.3. Upon training, the FE-ANN(s) EoS interprets the reference data and
provides a mathematical model that accurately assesses the phase space. This formulation provides
a simple but effective pathway for modeling the macroscopic properties of a given force field. As
shown in Figure 3.2 (c), the FE-ANN(s) has learned the Helmholtz free energy of the entire phase
space, allowing the EoS to model thermophysical properties of vapor, liquid, and solid phases, as well
as to predict phase equilibria (SVE, SLE, VLE, and SLVE).

Building on the results of Chapter 2, the FE-ANN(s) EoS framework is also showcased for systems
interacting through a truncated Mie potential [90, 91]. The truncated Mie potential is formulated as
follows.

0 ifr > 50

CMie _ /\1' ﬁ Ar{iﬁb\a
A=Al \Aa

Where UM refers to the interaction energy between two particles, € is the energy scale, ¢ is the length

Z/{Mie _ {CMiee [(O—/V)Ar — (O'/T)/\a:| ifr <50

(1.1)

scale, which is related to the diameter of the particle, and r is the center-to-center distance between
two Mie particles. Finally, A, and A, control the steepness of the repulsive and attractive interactions.
Similarly to the FE-ANN EoS generated in Section 2.5, the FE-ANN(s) EoS is formulated using reduced
units (indicated by a "*" superscript). The reader is referred to Table 2.1 for further details about
reduced units. When using these units, the Mie particle is fully described by the interplay between
the repulsive and attractive exponents. Moreover, due to the conformality of the exponents for fluid
equilibrium properties [92], the Mie particle can be characterized by its van der Waals parameter
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FIGURE 3.2: Approach to develop a continuous equation of state for fluid and solid phases. The approach
consists of three main steps. (a) Firstly, molecular dynamics simulations are run to produce a thermophysical
properties database. The produced database includes first-order properties such as the pressure (P), second
virial coefficient (B;), and internal energy (U), as well as second-order thermophysical properties, such as
the isochoric heat capacity (Cy), thermal pressure coefficient (7yy), isothermal compressibility (x7), thermal
expansion coefficient (ap), isobaric heat capacity (Cp), Joule-Thomson coefficient (yj1) and third virial coefficient
(B3). (b) Secondly, this database is used to train the FE-ANN(s) EoS, which is an artificial neural network-based
equation of state that models the residual Helmholtz free energy (A™®). The residual Helmholtz free energy is
trained based only on its first- and second-order derivatives. (c) Finally, the trained FE-ANN(s) EoS can be used
to model the thermophysical properties of vapor, liquid, and solid phases, as well as to predict phase equilibria
(SVE, SLE, VLE, and SLVE). Figure adapted from Ref. [1].
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(«vaw), Eq. (2.21). Hence, here the a4, parameter is used as the descriptor x of Eq. (2.9b).

A (ANTER 1 1
- A _ 221
fvdw = 31 <A> [Aa—?) /\r—3} (2.21)

CMie

The rest of this chapter is structured as follows. Section 3.2 details the extension of the Mie particle
database to include solid phase data. Then, in Section 3.3, the FE-ANN(s) EoS for the Mie particle is
developed. This section also checks the performance, correctness, and predictive capabilities of the
FE-ANN(s) EoS. Finally, the main conclusions of this chapter are drawn in Section 3.4.

3.2 Mie particle thermophysical properties database

As explained in Figure 3.2 (a), the construction of the FE-ANN(s) relies on thermophysical properties
of vapor, liquid, and solid states. In the case of the Mie particle, the thermophysical properties of an
extensive region of the fluid phase space have already been curated in Chapter 2. For this reason, this
section focuses on computing the thermophysical properties of crystalline face-centered cubic (FCC)
Mie particles using molecular simulation methods. The Mie particle exhibits other crystal structures
under more extreme conditions (e.g., higher densities or lower temperatures) [164, 189-191], but for
simplicity, these are not considered here. The thermophysical properties described here are reported
in reduced units, as indicated by a "*" superscript. Refer to Table 2.1 for further details about reduced

units.

All Mie particle molecular simulations in this section use a cutoff radius of 5 without tail corrections,
a timestep of At* = 0.0027*, and periodic boundary conditions. Simulations performed in the
NVT ensemble use the Nosé-Hoover thermostat [150] with a time constant of 100At*. Similarly,
NPT simulations use the Nosé-Hoover thermostat-barostat [153] with time constants of 100AT* and
1000AT* for the thermostat and barostat, respectively. The thermophysical properties of each state
point are obtained from a single simulation replica. Simulations are performed using the Large-scale
Atomic/Molecular Massively Parallel Simulator (LAMMPS) [147] (stable release June 2022).

3.2.1 Mie particle solid-liquid equilibria (SLE)

As shown in Figure 3.2 (a), the computation of single-phase solid-like thermophysical properties
requires knowledge of the phase boundaries (VLE and SLE). Intuition about these boundaries guides
the production of single-phase data by avoiding unstable states that will likely fail and produce
misleading results. In Chapter 2, the VLE boundaries of the Mie particle were obtained using the
temperature-quench method [148], and the liquid side of the SLE boundaries were approximated
using the correlation of Khrapak et al. [151]. This correlation, Eq. (2.18), does not provide insights into
the solid branch of the SLE. For this reason, the SLE of the Mie particle is fully computed here using
the freeze method [164]. This method will be briefly described here. The reader is referred to the thesis
of Ramrattan [164] for further details about the freeze method.
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FIGURE 3.3: Summary of the freeze method to compute SLE in molecular dynamic simulations. (a) Set-up
step. In this step, an initial solid is heated at constant pressure (i.e., isobarically) until it melts. From this process,
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TABLE 3.1: Initial guesses for the coexistence step in the freeze method.

Melting temperature (T*™) Global density (pgl obal) Note
T*upp (p;‘rupp + p;‘rupp)/z a

T*upp <p;"/uPP + pik,low)/z b

T*/upp <p>sk,10W +pik,10W)/2 a

(T*,upp + T*,low)/z (p:,upp + pi"ruPP + p;‘JOW + pl*,lOW)/4 a

# Initial guess proposed in this work. b Tnitial guess suggested by Ramrattan [164].

A schematic representation of the freeze method is shown in Figure 3.3. This method consists of two
main steps: the set-up and the coexistence steps. The set-up step, Figure 3.3 (a), is needed to generate
high-quality initial guesses of the SLE boundaries. This step is required to perform a simulation at a
global unstable density. Contrarily to the simulation of VLE [148], the unstable region to achieve SLE
is narrow due to the similar densities of the liquid and solid phases at equilibrium conditions. In this
step, an initial simulation in the solid state is isobarically heated until melting and then cooled down
until freezing. The phase changes are observed in this process by the "jumps" in the simulation density.
It is recognized that this process exhibits hysteresis. Therefore, the melting and freezing conditions
do not exactly match. Nevertheless, the melting temperature and an unstable density region have
been isolated from this step, making it suitable to initialize simulations where liquid and solid phases
coexist. Four possible initial guess combinations are considered here and detailed in Table 3.1. These
multiple initial guesses are needed to obtain at least one successful SLE simulation in which both
liquid and solid phases are well distributed.

In this work, the set-up step, Figure 3.3 (a), is performed by firstly initializing an FCC cubic simulation
box with 2048 particles at a high density (i.e., p* = 1). Initially, the simulation is equilibrated at a
low temperature (T* = 0.65) in the NVT ensemble for 10° time steps. The pressure of the system is
computed from this step and used to perform the isobaric heating and cooling process. This simulation
is quickly heated isobarically to estimate the temperature (T*™%) where the initial solid melts. The
initial solid simulation is heated from T* = 0.65 to T* = T*™® + 0.5 in 20 equidistant steps. The same
steps are repeated when isobarically cooling down the system. For each of these heating/cooling steps,
the simulation is run for 2.5 - 10° time steps in the NPT ensemble. The system statistics are collected
every 1000 time steps. The equilibrated density, pressure, and temperature for each heating/cooling
step are obtained by averaging the sampled data.

In the coexistence step of the freeze method, Figure 3.3 (b), the target is to perform a simulation in
which both solid and fluid phases coexist. This procedure relies on having high-quality initial guesses
of the melting conditions obtained from the set-up step. This coexistence simulation is performed in
the NVT ensemble using a time step of AT* = 0.0027* and considers the following steps.

1. A stable solid phase near the melting conditions is obtained from the set-up step. It is rec-
ommended to select the solid configuration used to compute the average global density. See
Table 3.1.
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2. The selected solid configuration is replicated four times in the z-axis. At this step, the simulation
consists of 4 x 2048 = 8192 particles.

3. The simulation is divided into two regions. One-half of the simulation, corresponding to the
solid phase, is "frozen" (i.e., particles are not allowed to move). For the other half, corresponding
to the liquid phase, particles are removed to achieve a global density (pglobal) that lies inside the
unstable region. This global density is obtained from the set-up step. At this step, the simulation
consists of approximately 8000 particles. The liquid phase and the pressure across the coexisting
phase are equilibrated at this step.

4. The simulation is equilibrated at the desired melting temperature (T*™¢!) for 10° time steps in
the NVT ensemble. The solid phase is still frozen at this step.

5. The solid phase is unfrozen, and the entire simulation is equilibrated at the desired melting

temperature (T*™¢!) for 10° time steps in the NVT ensemble.

6. The entire simulation is integrated in the NVT ensemble at the melting temperature (T*™el) for
further 8 - 10° time steps. In this production step, statistics of the system are accumulated every
1000 time steps.

The success of the coexistence step is assessed by analyzing the density profile of the simulation. If
unsuccessful, the density profile will exhibit a poor phase distribution or contain only a single phase
(liquid or solid-like). Those simulations are disregarded from further analysis. If successful, the
simulation will exhibit coexisting liquid and crystal phases. The equilibrium densities (po; and py) are
obtained by first identifying the liquid and solid regions in the density profile and then averaging their
values accordingly. Similarly, the melting pressure (P*™!) is taken as the normal pressure component

of the pressure tensor (P},).

The freeze method is used to determine the SLE boundaries of the target Mie particles (A, € [7,34] and
Aa = 6) in this work. The SLE is computed within the regions of interest of this work (i.e., p* < 1.25
and T* < 10). The freeze method uses the initial solid structure obtained from the set-up stage.

Therefore, a single simulation is performed per initial guess.

3.2.2 Mie particle thermophysical properties computation and validation

Mie particles in the outer vicinity of the SLE boundaries are simulated to generate the first-order
(P* and U*) and second-order (Cy, vy, k7, ap, Cp, and pjp) thermophysical properties. The general
procedure to compute these thermophysical properties follows the details covered in Section 2.4.1.

A cubic simulation box containing 4000 Mie particles is initialized as an FCC crystal. This box is
significantly larger than needed to produce accurate results for a single-phase simulation due to the
implementation of the periodic boundary conditions. Nevertheless, this system size is chosen to
approach the thermodynamic limit as closely as possible. This simulation is firstly equilibrated in
the NVT ensemble for 2 - 10° time steps, then statistics of the systems are accumulated for further
4 -10° time steps in the production stage. The equilibrated NVT configuration is then integrated
in the NPT ensemble. Similarly, as in the NVT step, the equilibration and production stages are
performed for 2 - 10° and 4 - 10° time steps. The system statistics are collected every 1000 time steps
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in each production stage. The thermophysical properties are obtained by analyzing the collected
data. First-order properties, such as the pressure (P*) and internal energy (U*), are averaged from
the collected data in the NVT ensemble. The LAMMPS code directly computes these properties.
Second-order properties, such as the isochoric heat capacity (Cj;) and thermal pressure coefficient
(77,), are obtained by analyzing the fluctuations of the NVT simulation using Egs. (2.19). Similarly,
the isobaric heat capacity (Cy), thermal expansion coefficient (a}), and isothermal compressibility
(x7) are obtained by analyzing the fluctuations of the NPT simulation using Egs. (2.20). Finally, the
Joule-Thomson coefficient (yf‘T) is obtained using Eq. (2.3f) and the computed C} and a}p.

The quality of the computed thermophysical properties is assessed using the sanity tests described in
Section 2.4.2. These tests verify that first-order properties computed in the NVT and NPT ensembles
agree within a given tolerance, that only second-order properties computed with a low relative
standard deviation (100|cy/(x)| < 5) are reported, and that there are no evident outliers in the
database. Only data points that pass these sanity tests are included in the Mie particle database.

3.2.3 Mie particle database description

The Mie particle database considers systems with repulsive exponent A, € [7,34] and A, = 6. The final
database consists of VLE, SLE, and thermophysical properties of the Mie particle. This thermophysical
property database consists of the fluid database described in Section 2.4 plus approximately 4000 data
points of thermophysical properties of FCC Mie crystals. The ranges and number of data points for
each thermophysical property are detailed in Table 3.2.

The data points distribution of the Mie particle database is shown in Figure 3.4. For convenience, the
fluid data is shown in blue and solid data is shown in orange. Compared to Figure 2.3, solid-phase
data points populate the high-density region of the phase space. The phase distribution of the database
using the temperature inverse is Figure 3.4 (b). It is observed that conveniently high-temperature data
points are closely distributed. However, this also results in a sparser distribution of low-temperature
data points. Finally, as shown in Figure 3.4 (c), each repulsive exponent includes approximately 800 to
1000 data points.

3.3 Continuous Artificial Neural Network based Equation of State for
fluid and solid states (FE-ANN(s) EoS) for the Mie particle

In this section, the FE-ANN(s) EoS is trained to "learn" the residual Helmholtz free energy of Mie
particles as obtained discretely from molecular simulations. The database includes MD data of the
thermophysical properties of single phase fluid (gas, liquid, and supercritical) states, along with the
stable Face Centered Cubic (FCC) crystal. No explicit information about the phase coexistence points
is provided, as these are expected to be naturally determined from the resulting Helmholtz surface. In
the FE-ANN(s) EoS, the Mie particle is described using the van der Waals parameter (ay4w), Eq. (2.21),
which varies from 0.53 (A; = 34 and A, = 6) to 1.47 (A, = 7 and A, = 6). In this version of the
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TABLE 3.2: Mie particle database description.”

Descriptor Symbol # of data points Min value Max value
Repulsive exponent” Ar - 7 34
Attractive exponentb Aa - 6 6
van der Waals parameter® Kydw - 0.53 147
Density p* - 1.00e-06 1.32
Temperature” T* - 0.58 10.06

Thermophysical Property

Pressure p* 25750 7.80e-07 1.60e+02
Compressibility factor® V4 25750 1.15e-04 32.74
Internal energy u- 25750 -9.22 22.70
Second virial coefficient’ B3 3485 -9.91 1.57
Third virial coefficient B} 3462 -3.61 2.60
Isochoric heat capacity C, 21889 1.50 3.16
Isobaric heat capacity C, 19876 2.50 23.98
Adiabatic index3 0% 19648 1.05 9.50
Thermal pressure coefficient T 21891 1.00e-06 19.02
Thermal expansion coefficient Xp 21260 1.52e-02 8.52
Isothermal compressibility KT 21227 1.39e-03  1.31e+06
Joule-Thomson coefficient it 15313 -0.50 11.85

“ Descriptors and thermophysical properties are reported in reduced units. See Table 2.1.? Repulsive
and attractive exponent of the Mie potential, Eq. (1.1). ¢ van der Waals parameter is a descriptor of a
Mie particle. See Eq. (2.21). ¢ Temperature range used in molecular dynamics simulations.
Compressibility factor, Z = P*/p*T*. Virial coefficients obtained in the temperature range of 0.65 to
39.62. & Adiabatic index (heat capacity ratio), v = C;/Cy,.

FE-ANN(s) EoS, the residual Helmholtz free energy is formulated as follows.

1

*, T * 1 *
A oS = ANN(“VdW/p 7 ﬁ) - ANN([XVdW/p = 0/ ﬁ)

(2.22b)

The implementation and training of the FE-ANN(s) EoS follows the guidelines given in Sections 2.3
and 2.5. The FE-ANN(s) EoS used in this section consists of 3 hidden layers of 30 neurons activated
with the tanh activation function (f(x) = tanh(x)). The output layer is a single neuron using the
linear activation function (f (x) = x). This architecture is sufficient to accurately describe the target
thermophysical properties while keeping the number of trainable parameters low. Further details
about the hyperparameters of the FE-ANN(s) EoS can be found in Section A.2 of Appendix A. The
FE-ANN(s) EoS is implemented using JAX [138] and Flax [161] and is trained using Optax, which is
part of the DeepMind JAX Ecosystem [162].

3.3.1 FE-ANN(s) EoS: training and performance

The FE-ANN(s) EoS is trained using the reference thermophysical properties database and physically
inspired constraints. The database is split using a 90/10 ratio for training and testing purposes.
This split offers sufficient coverage of the phase space in both training and testing datasets. The
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training is performed using a batch size of 32. This small batch size value promotes the exploration of
local minima of the loss function surface while training [192]. The training data includes first-order
(Z = P*/p*T*, U" and B;) and second-order (Cy, vy, 0¥k, &p, 7, ptf‘T, and Bj) derivative properties.
The relationship of these properties with the Helmholtz free energy are given in Section 2.2.

The parameters of the FE-ANN(s) EoS (i.e., weights and biases) are trained to minimize the loss
function (£) detailed in Eq. (2.11). This loss function considers two main contributions. The first
contribution (£LMSF), Eq. (2.12) measured the square error of the thermophysical properties predicted
by FE-ANN(S) EoS with respect to the reference data. In this loss function, each thermophysical
property has a relative weight (w;), which determines the importance of the given property in the final
EoS. The second contribution to the loss function (£P"), Eq. (2.13), enforces a correct physical behavior
to the FE-ANN(s) EoS. This contribution ensures that the isochoric heat capacity (Cy;), isothermal
compressibility (as p*x7), and thermal pressure coefficient (],) must be positive for stable phases. The
first two of these constraints are required by the criteria of thermal (Cy, > 0) and mechanical (0*x7 > 0)
stability [116, 125]. The objective of the last constraint is to preclude undesired crossing pressure
isotherms (i.e., vy, > 0). These penalty functions also include a relative weight to control their impact
on the less function.

The training workflow of the FE-ANN(s) EoS follows the two-stage process described in Section 2.5.
First, the FE-ANN(s) EoS is trained using only first-order properties for 10000 epochs using a learning
rate « = 10~%. In this first stage, the relative weight (w;) of first-order properties is set to one, while the
relative weight of the second-order properties and the penalties are set to zero. This first stage quickly
generates a Helmholtz free energy surface that overfits the first-order properties while ignoring the
deviations of second-order properties. Despite overfitting the first-order properties, the training
parameters (weights and biases) are closer to a local minimum where the correct behavior of second-
order properties can be amended. In the second training stage, the FE-ANN(s) EoS is further trained
to a total of 50000 epochs using a learning rate « = 10~°. This small learning rate is required to ensure
numerically stable training, as small changes in the weights and biases can lead to significant changes
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in second-order properties. In this stage, the relative weight of first-order properties and the penalty
functions are set to 1 (i.e., w; = 1). Following the results of Section 2.5, the relative weight of second-
order properties is set to 0.01. This small value is chosen so that second-order properties influence the
loss function but do not bias the optimizer to fit the inherent noise of these thermophysical properties.

The deviations of the trained FE-ANN(s) EoS are summarized in the parity plots shown in Figure 3.5.
Across the board, most data points lie near the diagonal of each subfigure. This behavior implies that
the FE-ANN(s) EoS accurately models the target properties in accordance with the reference data. From
Figures 3.5 (a)-(c), it is observed that first-order properties are modeled with lower dispersion than
second-order properties. This behavior is expected due to the weighting used in training (w; = 0.01)
and the inherent noise of the higher-order derivative properties data. The second-order derivative
properties shown in Figures 3.5 (d), (e), and (f) are related to the imposed physical constraints on the
EoS. From these figures, it is observed that for both training and testing datasets, the FE-ANN(s) EoS
tulfills the criteria of thermal (Cj, > 0) and mechanical (p*x} > 0) stability. Additionally, unphysical
crossing pressure isotherms are not observed (i.e., vy, > 0). Finally, the FE-ANN(s) EoS performs
similarly for both seen (training) and unseen (testing) data, which implies that the EoS generalizes well
within the training phase space. As discussed in Chapter 2, the lack of overfitting results from training
with derivative information and imposing constraints to ensure a physically correct Helmholtz free
energy surface.

The parity plots shown in Figure 3.5 allow for a quick assessment of the performance and physicality
of the FE-ANN(s) EoS. Additionally, it is mandatory to check the distribution of these errors in a
density-temperature projection. The squared error distribution of first (Z and U*), second (Cj; and
p*x}), and cross (77,) derivatives of the Helmholtz free energy surface are shown in Figure 3.6. As
indicated by the dark purple data points, a large portion of the phase space is accurately modeled
by the FE-ANN(s) EoS. There are two distinct regions of higher deviations. First, higher deviations
are observed near the phase transitions (i.e., fluid-fluid or solid-fluid). In general, thermophysical
properties can change considerably near phase boundaries. The FE-ANN(s) EoS is expected to "learn”
these boundaries from single-phase data. Hence, some data points that lie in this region exhibit
higher deviations. Secondly, in Figures 3.6 (a), (b), (c), and (e), higher deviations are observed at high
densities in the region that is likely to be a solid phase. The magnitude of these properties (Z, U*, Cy,,
and 1y,) increases with density. For that reason, the squared error tends to be higher in that region.
For completeness, key statistics of these errors are reported in Table 3.3. This table confirms that the
deviations of the fluid and solid phase data points are similar for most target properties. Additionally,
this table shows that the median error is lower than the mean for all the thermophysical properties.
This statistical behavior suggests that the distribution of errors is skewed toward lower deviations,
with higher errors being the exception.

In this section, it has been shown that the FE-ANN(s) EoS fulfills fundamental physical constraints
and accurately models the reference thermophysical properties database of the Mie particle. In the
next section, the FE-ANN(s) EoS will be used to unveil the continuous nature of the Helmholtz free
energy (and its derived thermophysical properties) across the entire phase space.
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FIGURE 3.6: Squared error distribution of the FE-ANN(s) EoS for selected first- and second-order derivative
properties. Thermophysical properties. (a) Compressibility factor (Z). (b) Internal energy (U*). (c) Isochoric
heat capacity (Cy;). (d) Isothermal compressibility (as p*x7). (e) Thermal pressure coefficient (77,). The squared

error is indicated by the color bar and computed as (yPd — y"¢)2. Dark purple data points refer to low
deviation, while yellow data points refer to high deviation with respect to the database.

3.3.2 FE-ANN(s) EoS: thermophysical properties modeling and prediction

In this section, the use of the FE-ANN(s) EoS will be showcased by predicting the thermophysical
properties of three selected Mie particles (A, = 12, 16, and 20 and A, = 6). The reader is referred to
Section B.2 in Appendix B for results of other Mie particles with A, € [7,34] and A, = 6.

Several pressure isotherms of selected Mie particles are shown in Figure 3.7. This figure considers
isotherms with temperatures ranging from 0.65 to 7.2. For reference, for the Lennard-Jones particle,
the triple (T};) and critical (T7) temperatures are estimated to be 0.69 and 1.321, respectively. [163]
Therefore, this figure considers supercritical (T* > T(), near-critical (T* ~ T;), subcritical (T* < TY),
and near the triple temperature (T* ~ T;;). The FE-ANN(s) EoS predictions (solid lines) are well-
behaved and are in good agreement with the available data from MD simulations (empty circles).
As a reference, the available data at other temperatures are shown with transparent circles. It can
be observed that at high pressures and relatively low temperatures (T* < 1.3), the FE-ANN(s) EoS
predicts the appearance of a van der Waals loop at high densities (0.8 < p* < 1.1). This van der Waals
loop was previously observed in the Maxwell thermodynamic surface, Figure 3.1, and it is interpreted
to be the region where the solid-liquid transition occurs. This van der Waals loop implies the existence
of a metastable solid-fluid region that can be related to observable macroscopic phenomena such as
the supercooling of fluids and superheating of solids [193].

The low-pressure regime is highlighted in the bottom zoomed-in plot of Figure 3.7. At these conditions,
the commonly expected van der Waals loop is observed in the regions where the vapor-liquid transition
happens. More importantly, when decreasing the temperature (dark blue isotherms), it is observed
that the FE-ANN(s) EoS forecasts a region where instability is detected for both the vapor-liquid
and solid-liquid transition. This type of isotherm suggests that the model predicts a temperature at
which the three aggregation states coexist; i.e., the trained FE-ANN(s) EoS can model the triple point.
Furthermore, at the lowest temperature (T* = 0.65), the isotherms also exhibit this "double van der
Waals loop". However, it can be observed that an equilibrium tie-line for the solid-liquid coexistence
would presumably take place at a negative pressure. This predicted behavior suggests that the SLE
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FIGURE 3.7: Pressure isotherms of selected (A, \; = 6) Mie particles. (a) A, = 12, A, = 6 (Lennard-Jones
particle). (b) A; = 16,14 = 6. (c) A, = 20, A, = 6. Solid lines represent the following isotherms: T* = 0.65, 0.7,
09,1.1,1.3,2.8, 5.3, and 7.2 obtained with the FE-ANN(s) EoS. Solid empty circles represent the molecular
dynamics (MD) result of the aforementioned isotherms. Transparent circles represent the data points available
from the database. The coloring of lines and symbols refers to the temperature as indicated by the color bar.

is mechanically unstable at this temperature. Instead, as shown in Figure 3.8, the FE-ANN(s) EoS

predicts a stable vapor-solid transition at this low temperature.

In summary, the FE-ANN(s) EoS predicts van der Waals loops, which define stable, metastable, and
unstable regions. Although metastable phases have been observed in nature, stability limits (spinodal
points, (0P*/dp*)r+ = 0) have been questioned in the literature [194]. The spinodal limits are a
theoretical construct in EoSs based on the mean-field theory. Similarly, the spinodal limits observed
by molecular simulations are system size dependent [195, 196]. It must be emphasized that the
FE-ANN(s) EoS has "learned" from stable single-phase data points that have successfully passed
rigorous sanity tests. The observed van der Waals loops are predicted by the EoS as a result of the
imposed differentiable nature of the free energy surface. These van der Waals loops define unstable
regions where different aggregation states coexist, enabling the FE-ANN(s) EoS to predict different
types of phase equilibria (VLE, SLE, SVE, and SLVE).

The van der Waals loops define an accessible metastable region inside the equilibrium phase bound-
aries. This metastable region has been well-known for the vapor-liquid coexistence since the doctoral
thesis of van der Waals [28]. In contrast, metastable supercooled liquids inside the SLE boundaries
have been observed experimentally [197], but a discontinuous modeling approach prevented its study
using equations of state. The FE-ANN(s) EoS [1] is the first continuous EoS capable of modeling this
metastable behavior. The van der Waals loop for the solid-fluid transition implies limiting spinodal
temperatures exist. There is no compelling evidence of the existence of such stability limits [198-200].
On the one hand, the spinodal limits appear for supercooled liquids where the repulsive core of the
interaction potential exhibits a curvature change, which is not the case of the Mie particle [201]. On
the other hand, the freeze method used to simulate SLE [164] (see Figure 3.3 (a) and Section 3.2),
relies on finding these limiting temperatures to set-up a simulation that lies inside the unstable region.
The FE-ANN(s) EoS suggests these limits exist merely based on single-phase (stable and metastable)

data. Finally, molecular simulations have shown that the freezing of supercooling liquids is driven
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FIGURE 3.8: Phase equilibria results of selected (A, A, = 6) Mie particles. (a) Phase envelope. (b) Equilibrium
pressure. (c) Internal energy change (AU~ = UP — U?). Parity plots. (d) Equilibrium densities. (e) Equilibrium
pressure. (e) Internal energy change. Blue empty squares and solid lines refer to A, = 12,1, = 6 (Lennard-
Jones particle), orange empty downward triangles and dotted lines refer to A, = 16, A, = 6, green empty
upright triangles and dashed lines refer to A, = 20, A, = 6. Lines and solid symbols refer to results obtained
with the FE-ANN(s) EoS. The filled squares represent the triple points, and the filled circles represent the
critical points. Empty symbols refer to Vapor-Liquid Equilibria (VLE) and Solid-Liquid Equilibria (SLE) from
molecular dynamics (MD) simulations. The reported Mean Absolute Percentage Error (MAPE) is obtained as:

MAPE = 100/ Np Z]NP |<y§>red _ y;rue>/y;rue|'
by nucleation rather than by a spinodal decomposition [199]. This finding suggests that in a similar
way as in condensation and vaporization [194], freezing is dominated by nucleation [199] and occurs

before approaching the predicted spinodal limits.

Phase equilibria results predicted by the FE-ANN(s) are shown in Figure 3.8. Two-phase equilibrium
(VLE, SLE, and SVE) is obtained when two phases of different densities exhibit the same pressure
and chemical potential at a given temperature. Phase equilibria can be computed using the Maxwell
equal area rule or equivalent by numerically solving the system of Egs. (2.7). From Figure 3.8 (a), it
is observed that the FE-ANN(s) EoS predicts a phase diagram that exhibits VLE, SLE, and SVE. The
SLE tends to shift toward lower-density regions as the repulsive part of the potential becomes steeper
(increasing repulsive exponent). Contrarily, the FE-ANN(s) EoS predicts that the melting pressure
and internal energy change remain relatively insensitive to the repulsive exponent of the potential. In
general, the predicted equilibrium density, pressure, and internal energy phase change are in good
agreement with the available MD VLE and SLE results not used for training. The excellent predictive
capabilities are confirmed in the parity plots, Figures 3.8 (c)-(f), where most data points lie in the

diagonal and low deviations are observed.
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It is reassuring to observe that the FE-ANN(s) EoS predicts important phase behavior like the critical
and triple points without this information being built into the EoS formulation. The critical point is an
inflection point in the p* — P* projection (i.e, (OP*/dp*)% = (9?P* /9p*?)% = 0). This condition implies
that derivative properties that depend on 1/(9P*/dp*)# diverge at this condition. These properties
include the isothermal compressibility, isobaric heat capacity, and thermal pressure coefficient. The
critical point is obtained by numerically solving the system of Egs. (2.6). As expected, no fluid-solid
critical point is predicted within the FE-ANN(s) EoS density and temperature training range (i.e.,
p* <13 and T* < 10). Extrapolation beyond these limits is not recommended. Lastly, the FE-ANN(s)
EoS also predicts a unique temperature where a stable a vapor (v), liquid (1), and solid (s) phase coexist.

The triple point requires that these three phases have the same chemical potential and pressure, as

shown below.
Ttr,v = Ttr,l = Ttr,s (3-13)
Ptr,v = Ptr,l = Ptr,s (31b)
Wir,v = Hir,1 = HPir,s (3.1¢)

This system of Egs. (3.1) is numerically solved for the triple temperature (Ty), vapor density (o, v),
liquid density (o, 1) and solid density (o, s). The pressure and chemical potential are obtained by
evaluating Egs. (2.1b) and (2.2¢), respectively.

The critical and triple points of (A, A, = 6) Mie particles are shown in Figure 3.9. As observed in
Figure 3.9 (a), the critical temperature decreases the higher the repulsive exponent. This trend is
well-known and observed in other EoSs for the Mie fluid [3, 37, 113, 115]. This decrease is also
observed for the triple temperature but at a much slower rate. The FE-ANN(s) EoS predicts how the
VLE phase envelope shrinks for increasingly repulsive force fields and, under sensible extrapolation,
predicts the vanishing of the VLE phase envelope (i.e., T}/ T;; = 1) for highly repulsive potentials.
This extrapolated point is indicated by a star symbol in Figures 3.9 (a) and (b). The FE-ANN(s) EoS
predicts that the VLE vanishes for the Mie particle with &4, = 0.36 (equivalently to A, = 431.6 and
Aa = 6). This result is in excellent agreement with the value of a,4,, = 0.38 obtained by extrapolating
the results of Ramrattan [164]. Additionally, this result is consistent with the behavior of purely
repulsive systems such as the hard sphere [202] and highly repulsive colloidal systems [203]. Finally,
as shown in Figure 3.9, the predicted critical and triple points by the FE-ANN(s) EoS are in excellent
agreement with published molecular simulation results [151, 164-166, 204].

The FE-ANN(s) EoS also excels at modeling second-order properties. The isochoric heat capacity (Cy,)
of selected Mie particles are shown in Figure 3.10. In general, the predicted heat capacity isotherms
(solid lines) are in good agreement with respect to the MD data (empty circles). Similar to Figure 3.7,
the transparent empty circle shows the available data points in the database, and the temperature of the
isotherms is indicated by the color bar. The FE-ANN(s) EoS predicts two distinguishable maximums of
the isochoric heat capacity. The first maximum is observed at the region that lies inside the VLE phase
boundaries. This maximum is also predicted by cubic [28], molecular [37], and technical [115] EoSs
and is observed in experimental [12] and simulation [3, 163] data. A second, sharper maximum of the
isochoric heat capacity is predicted at the solid-fluid transition. It must be recalled that the FE-ANN(s)
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FIGURE 3.9: Critical and triple points of (A, A; = 6) Mie particles. (a) Critical (T}) and triple (T}) temperatures.

(b) Critical and triple temperature ratio (T¢'/Tf). (c) Critical (p¢) and liquid and solid triple (o, and pg)

densities. Blue lines refer to a critical point property. Orange lines refer to a triple point property. Solid lines

refer to calculations obtained from the FE-ANN(s) EoS in the training range (A; € [7,34]). Dotted lines refer to

extrapolations beyond the training range (A, > 34). Star symbol refers to the point where the VLE vanishes

(i.e., TF = T¢). Grey empty symbols refer to published molecular simulation results: squares [204], circles [151],
upside down triangles [164], diamonds [165], and triangles [166].
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FIGURE 3.10: Isochoric heat capacity of selected (A;, A, = 6) Mie particles. (a) A; = 12, A, = 6 (Lennard-Jones
particle). (b) A, = 16,14 = 6. (c) A, = 20,A, = 6. Solid lines represent the following isotherms: T* = 0.9,
1.1,1.3, 2.8, 5.3, and 7.2 obtained with FE-ANN(s) EoS. Solid empty circles represent the molecular dynamics
(MD) result of the aforementioned isotherms. Transparent circles represent the data points available from the
database. The coloring of lines and symbols refers to the temperature as indicated by the color bar.

EoS is formulated as a physics-embedded ANN trained only using derivative information and that
this solid-fluid maximum is predicted from interpolating the MD data. This maximum is not observed
from the MD simulation data, as no data is available between the transition region. Nevertheless,
this predicted heat capacity maximum is experimentally well-known and is commonly employed to
determine the melting temperature of real substances using differential scanning calorimetry [205].
Finally, the solid isochoric heat capacities are close to 3. This value is predicted by the Einstein solid at
high temperatures [206] and has been empirically corroborated by the Dulong-Petit law [207].

The FE-ANN(s) EoS accurately models other second-order derivative properties. The prediction of the
isothermal compressibility (as p*«x7), thermal pressure coefficient (77,), thermal expansion coefficient
(«p), adiabatic index (y = C;/Cy;) and Joule-Thomson coefficient (],tf‘T) and their comparison to the
available MD data are shown in Figure 3.11. Overall, the FE-ANN(s) EoS predicts well-behaved
second-order properties isotherms that are in good agreement with the reference data. The FE-ANN(s)
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EoS predicts spinodal points for the vapor-liquid and fluid-solid transitions that imply a divergent
behavior for some properties, see the vertical lines in Figures 3.11 (a), (c) and (d). As explained in
Egs. (2.23) in Section 2.5, the isothermal compressibility, thermal expansion coefficient and adiabatic
index exhibit this divergence, due to a division by (dP*/9dp* )+ = 0 at the spinodal points.

The consistency of the FE-ANN(s) EoS is assessed using Brown’s characteristic curves [168]. These
curves are related to the conditions where a fluid exhibits the behavior of an ideal gas. This
work focuses on four curves, namely: the Zeno curve (Eq. (2.24d), Z = P*/p*T* = 1), the Boyle
curve (Eq. (2.24¢), (0Z/0P*)7+ = 0), Charles curve (also known as Joule-Thomson inversion curve,
Eq. (2.24b), (0Z/9T*)p- = 0,) and the Amagat curve (also known as Joule inversion curve, Eq. (2.24a),
(0Z/9T*),+ = 0). The reader is referred to the work of Deiters and De Reuck [89] for a thorough
discussion about the shape and behavior of these curves for an equation of state to be correct.

The phase diagram, Brown’s characteristic curves, and virial coefficients of selected Mie particles
(Ar = 12,16, and 20 and A, = 6) are shown in Figure 3.12. It can be observed in Figure 3.12 (b) and (c)
that the predicted second and third virial coefficients exhibit smooth behavior and correctly decay to
negative values at low temperatures.

The predicted Brown’s characteristic curves, shown in Figure 3.12 (a), follow the expected behavior
in the fluid region and are in good agreement with published data [166]. The Zeno curve encloses
the VLE curve, the Boyle curve finishes close to the critical point, the Charles curve encloses the
Boyle curve and crosses the Zeno curve only once, and the Amagat curve encloses all the other
Oyle) at the
low-pressure regime. At this temperature, the second-virial coefficient is zero (B* = 0), as shown by

curves. The Zeno and Boyle curves asymptotically approach the Boyle temperature (T

the green upright triangle in Figure 3.12 (b). Similarly, at the low-pressure limit, the Charles curve

approaches the Charles temperature (T ), which is characterized by an asymptotic behavior of

harles
the second-virial coefficient ((dB*/dT*) = B*/T*). The Charles temperature is shown by the orange
downward triangle in Figure 3.12. The Amagat curves should approach the Amagat temperature
(TAmagat) at the low-pressure regime. This temperature is characterized by a maximum of the second
virial coefficient (i.e., (dB*/dT*) = 0) and occurs at a high temperature, e.g., Tlimagat ~ 25 for the
Lennard-Jones particle [163]. This temperature is far outside the training region (T* < 10) and is
not shown here. Interestingly, for fluid-only EoSs, the Zeno and Amagat extend beyond the freezing
conditions. At these conditions, the FE-ANN(s) EoS encounters the solid-fluid van der Waals loop (see
Figure 3.7) and stationary/divergent conditions in second-order properties (see Figures 3.10 and 3.11)
that prevent the calculation of the Brown’s curve beyond the solid-fluid phase transition. Overall, the

FE-ANN(s) EoS correctly passed this consistency test, further confirming the correctness of the model.

3.4 Conclusions

This chapter shows how the FE-ANN(s) EoS framework, which leverages modern machine learning
models trained on comprehensive molecular dynamics data and well-established physical constraints,
fulfills the longstanding aspiration of J].C. Maxwell and ]J.W. Gibbs to represent all thermodynamic
states of matter with a single free energy surface. Although this methodology has been applied to a
simple spherical model, the resulting FE-ANN(s) EoS provides valuable insights into the complex
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FIGURE 3.11: Second-order properties of selected (A, A, = 6) Mie particles. i. A =12, A; = 6 (Lennard-Jones

particle). ii. A, = 16, A, = 6. iii. A; = 20, A; = 6. (a) Isothermal compressibility (as p*x7). (b) Thermal pressure

coefficient (77,). (c) Thermal expansion coefficient (x}). (d) Adiabatic index (heat capacity ratio, v = C;/CY)).

(e) Joule-Thomson coefficient (y;7). Solid lines represent the following isotherms: T* = 0.9, 1.1, 1.3, 2.8, 5.3,

and 7.2 obtained with FE-ANN(s) EoS. Solid empty circles represent the molecular dynamics (MD) result of

the aforementioned isotherms. Transparent circles represent the data points available from the database. The
coloring of lines and symbols refers to the temperature as indicated by the color bar.
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FIGURE 3.12: Brown'’s characteristic curves and virial coefficients of selected (A, \; = 6) Mie particles. i.
Ar = 12,1, = 6 (Lennard-Jones particle). ii. A, = 16,1, = 6. iii. A, = 20,1, = 6. Lines and filled symbols
are results obtained with the FE-ANN(s) EoS. (a) Brown characteristic curves. The black solid lines represent
equilibrium pressure (SVE, SLE, and VLE), blue dotted line is the Zeno curve, green dashed line is the Boyle
curve, orange dot-dashed line is the Charles curve, and
black square represents the triple point, the filled black circle represents the critical point, the filled upright
green triangle is the Boyle temperature, and the filled downward orange triangle is the Charles temperature.
The grey-shaded area represents the solid region. Empty symbols are molecular simulation results obtained by
Stephan and Urschel [166]. (b) Second virial coefficient. (c) Third virial coefficient.

. The filled
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transition regions between aggregation states. To the best of my knowledge, the FE-ANN(s) EoS is the
tirst EoS to continuously model the phase space across the entire density range from the gas phase to
the crystalline phase. The framework represents a significant advance in the development of equations
of state.

The robustness and flexibility of the FE-ANN(s) EoS framework are demonstrated for systems interact-
ing through a truncated Mie potential. The FE-ANN(s) EoS identifies unstable and metastable regions
which are characterized by van der Waals loops. These van der Waals loops indicate regions where the
Mie particle exhibits stable vapor-liquid and solid-liquid equilibria. Moreover, at low temperatures,
these van der Waals loops merge at negative pressures, suggesting the existence of a stable solid-vapor
equilibrium. Furthermore, the FE-ANN(s) EoS predicts a unique pressure isotherm where vapor,
liquid, and solid phases coexist, signifying a continuous description of the triple point. This EoS also
accurately captures the critical point for the vapor-liquid phase transition and, as expected, it does
not predict a critical point for the solid-liquid transition within the validity range of the model (i.e.,
p* €[0,1.3] and T* € [0.58,10]). Additionally, the FE-ANN(s) EoS predicts a shift of the solid-liquid
equilibrium towards lower densities and a shrinking of the vapor-liquid phase envelope as the re-
pulsive interactions in the system increase. In such cases, the FE-ANN(s) EoS suggests the eventual
destabilization of the vapor-liquid equilibrium, potentially falling below the triple line, as previously
hypothesized for highly repulsive systems [203].

Second-order derivative properties, such as isobaric heat capacity, thermal expansion coefficient, and
isothermal compressibility, exhibit divergence within unstable regions. Conversely, the isochoric
heat capacity exhibits maxima in the fluid-fluid and fluid-solid metastable regions. Such maxima
are corroborated by experimental data, which further support the correctness of the FE-ANN(s) EoS
predictions. Furthermore, the internal thermodynamic consistency of the model is successfully verified
using Brown’s characteristic curves.

The FE-ANN(s) EoS framework bypasses the need for a rigorous analytical resolution of the statistical
mechanics problem. Instead, it embeds well-accepted principles into its formulation (e.g., Maxwell’s
relations, the ideal gas law, and criteria for thermal and mechanical stability), and it establishes a
numerical relationship between the intermolecular potential (force field) and macroscopic thermody-
namic properties obtained using high-throughput MD simulations. Notably, this physics-embedded
machine learning framework can explore and generate thermodynamically consistent EoSs for sys-
tems lacking accepted theoretical descriptions. This capability is exemplified here for the solid-fluid
transition, but it can also be used in systems with significant polarization effects, charge interactions,
or multipolar moments.

Finally, the approach presented here has the potential to significantly impact the development and
parameterization of future EoSs by incorporating solid-phase data as a target in the objective functions.
Accurately describing the solid phase is crucial for various fields, including chemical process design
(crystallization, supercritical extraction) [208] and modeling solid solutions [209].
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Chapter 4

Simulation and data-driven modeling of
the transport properties of the Mie fluid

4.1 Introduction

For design and engineering purposes, it is essential to accurately model both thermodynamic prop-
erties (e.g., phase equilibria and heat capacities) and transport properties (e.g., diffusivity, shear
viscosity, and thermal conductivity) of a fluid (or pseudo-fluid) over a wide range of conditions. [14,
41] In this sense, the Mie potential, Eq. (1.1), is a simple semi-empirical interaction potential that has
gained attention because of its flexibility in modeling thermophysical properties of a diverse range of
fluids and fluid mixtures [91]. The thermodynamic properties of the Mie fluid have been successfully
modeled through theoretical [37, 65, 113, 114], empirical [115], and machine-learning-based (detailed
in Chapter 2 and Ref. [3]) Equations of State (EoS). By using these EoSs, the Mie potential has served
as the basis for representing the phase equilibria of simple [97] and asymmetric [98] mixtures, biofuel
blends [99, 100], active pharmaceutical ingredients (API) [101, 102], and cryogens [95, 103]. In contrast
to the success in modeling thermodynamic properties, the transport properties of the Mie fluid have
been only scarcely studied in the open literature. For example, the Mie potential has been used as a
model to describe transport properties, such as bulk [110] and shear viscosities [111, 112] of complex
fluid systems using molecular simulations, but its modeling has been limited. From a modeling
perspective, one of the main challenges is the absence of a widely accepted framework for describing

transport properties.

Transport properties have been historically modeled using a combination of empirical, semi-empirical,
and theoretical-based approaches. Correlations based on state conditions (density and temperature)
have been extensively used by the U.S. National Institute of Standards and Technology (NIST) [12]
to model transport properties of molecular fluids, such as the shifted Lennard-Jones fluid [210] as
well as real fluids, see Refs. [211-213] to name a few. These empirical correlations can accurately
model transport properties. However, in most cases, they lack generality, and extrapolation is not
recommended.

Transport properties have also been modeled using semi-empirical approaches. For example, the
free-volume theory [24] provides a link between an "effective" free volume and the shear viscosity. This
theory has been successfully applied to pure fluids and fluid mixtures [214-216]. This theory relies
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on three component-specific adjustable parameters and the liquid density, which can be predicted
using an EoS. Similarly, the friction theory [25] relates the shear viscosity to the balance between
attractive (P < 0) and repulsive (P > 0) pressures in a fluid system. These repulsive and attractive
pressures are correlated with the shear viscosity using an empirical function. These pressures are
obtained from an EoS. As an alternative approach, entropy scaling [217] has been proposed as a
framework to link thermodynamic and transport properties. In this framework, a scaled transport
property is considered a univariate function of the residual entropy. The residual entropy is obtained
directly from a Helmholtz-based EoS using Eq. (2.1a). Although entropy scaling has its roots in an
empirical observation, it has been derived from isomorph theory [26, 218]. One of the limitations
of entropy scaling is that it is usually valid only for dense (liquid-like) phases. This framework
exhibits divergent behavior in the low-density regime. Furthermore, the functionality of the scaled
transport property with respect to the reduced entropy is not known and must be obtained empirically
[219-222]. Following a similar approach, in thermodynamic (density) scaling, a transport property of
a dense state is considered invariant with respect to the ratio of the scaled density to the temperature.
Thermodynamic scaling also has its roots in isomorph theory [218].

Lastly, transport properties have also been modeled using theoretical approaches. The options here
are scarce and mainly limited to the low-density region. The Chapman-Enskog theory [117] relies on
solving the collision integral of an interaction potential and can predict the transport properties of a
dilute gas (0 — 0). The revised-Enskog theory (RET) [117, 223] extends the validity of the original
Chapman-Enskog theory to denser states and has been successfully applied to predict the transport
properties of the Mie fluid [48]. Jervell and Wilhelmsen [48] showed that the experimental transport
properties of selected gases (e.g., argon and methane) can be accurately modeled using molecular
parameters (i.e., €, 0, and A, in Eq. (1.1)) fitted exclusively to thermodynamic (equilibrium) properties.
Despite the promising results of the revised Enskog theory for Mie fluids [48], these predictions have

yet to be verified by molecular simulation results.

Regardless of whether transport properties are modeled using an empirical, semi-empirical, or
theoretical approach, it is necessary to rely on reference data for the transport properties of the Mie
fluid to develop the models and validate the theories. In the literature, data on transport properties
over a wide range of densities and temperatures have been collected and generated by Lautenschlaeger
and Hasse [210] for the Lennard-Jones fluid. élepaviéius et al. [224] generated self-diffusivity and
shear viscosity data for a few Mie fluids. This database consists of approximately 1000 data points for
the self-diffusivity and 270 data points for the shear viscosity for low to moderate densities and low
to moderate supercritical temperatures. A comprehensive and self-consistent database for transport
properties, including the thermal conductivity over a wide range of densities and temperatures, is still
needed.

For these reasons, this chapter has two main objectives. The first objective is to develop a comprehen-
sive database for the transport properties (self-diffusivity, shear viscosity, and thermal conductivity)
of the Mie fluid for a wide range of density and temperature conditions using molecular dynamics
simulations. The computation and description of this database will be covered in Section 4.2. The
second objective is to adequately model the transport properties of the Mie fluid. Despite the ad-
vances provided by the revised Enskog theory [48], this theory is still limited to low to moderate
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density conditions. Therefore, two modeling approaches based on machine learning will be tested
in Section 4.3. The first empirical approach directly models a transport property based on its state
conditions (density and temperature). This data-driven approach has already been used to correlate
the transport properties of pseudo and real fluids [224-227]. The second semi-empirical approach
uses entropy scaling to model the transport properties. As the functional relationship between the
input variables ((p, T) or S) and the transport property is not known beforehand, this is an ideal case
for using machine learning algorithms to uncover the structure-property relationships between the
transport property and the input variables. Finally, the findings of this chapter are summarized and

concluded in Section 4.4.

The results presented in this chapter are based on an already published article (Gustavo Chaparro and
Erich A. Miiller. “Simulation and Data-Driven Modeling of the Transport Properties of the Mie Fluid”.
The Journal of Physical Chemistry B 128.2 (2024), pp. 551-566. DOI: 10.1021/acs. jpcb.3c06813, Ref.
[2]). The results presented here have been updated and include an extensive database and machine

learning models trained on this updated dataset.

4.2 Mie fluid transport properties database

This section focuses on computing the transport properties (self-diffusivity, shear viscosity, and
thermal conductivity) of fluid systems interacting through a truncated Mie potential, Eq. (1.1) using

molecular dynamics (MD) simulations.

Mie _ CMieg [((f/r))‘r — (0’/1’))\3} ifr <50
0 ifr > 50

Aa
CMie —_ /\1’ ﬁ fta
Ar —Aa \Aa

The Mie potential relies on several molecular parameters. The transport properties database is reported

(1.1)

in reduced units, henceforth denoted by a "*" superscript. Reduced units are obtained when setting the
Boltzmann constant (kg), Avogadro constant (Nay), the monomer mass (M), the potential well-depth
(€), and the characteristic size parameter (¢) to one. In this case, the Mie potential is fully described
by the repulsive (A;) and attractive (A,) exponents, which control the steepness of these interactions.
The definition of relevant physical quantities and transport properties in reduced units are given in
Table 4.1.

Similar to the Mie fluid thermophysical properties database obtained in Section 2.4, the transport
properties database considers Mie fluids with repulsive exponents ranging from 7 to 34. The attractive
exponent is taken as 6 in agreement with the London theory for dispersion forces [93] resulting in
what is sometimes referred to as the (A, A\s = 6) Mie fluid [91]. The transport properties database
includes fluid data points outside the Vapor-Liquid Equilibria (VLE) and Solid-Liquid Equilibria (SLE)
boundaries. The VLE phase envelope is available from Section 2.4, and the SLE boundaries were
estimated using the correlation of Khrapak et al. [151], Eq. (2.18).
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TABLE 4.1: Definition of physical quantities in reduced units.

Quantity Symbol Units Reduced quantity® bc
Time T s T = 1/0VM/Npv€
Mass m  kgmol m*=m/M
Density p  molm™ p* = p Nayo®
Temperature T K T*=Tkg/e€
Pressure P Pa P*=Po3/e
Self-diffusivity D mZs1 D* =D/o+\/Na€e/ M
Shear Viscosity 1 Pas  n* =1n0?/v/eM/Nay
Thermal Conductivity x Wm'K! «* =«0?/kg/Nave/ M

% Superscript "*" refers to a property in reduced units. ¥ Na, = 6.02214076 - 102 mol ! is the
Avogadro constant [141], kg = 1.380649 - 10~ JK~! is the Boltzmann constant [141] and M is the
molar mass of a single monomer. ‘o is the shape parameter, and € is the potential well depth of the
Mie potential (See Eq. (1.1)).

The computation of transport properties using molecular dynamics simulations is detailed in Sec-
tion 4.2.1. The curated transport properties database is then described and assessed against published
data in Section 4.2.2.

4.2.1 Molecular dynamics simulations
Computation of transport properties

In molecular dynamics (MD) simulations, transport properties (self-diffusivity, shear viscosity, and
thermal conductivity) can be obtained either from non-equilibrium (NEMD) or equilibrium (EMD)
simulations. Both approaches have advantages and disadvantages. In NEMD, the simulation is
perturbed in a way that the transport property is related to its fundamental definition, e.g., thermal
conductivity from Fourier’s law [228] and shear viscosity from the Newtonian fluid definition [229].
In the NEMD approach, the transport property is obtained in a transient state, which usually implies
that the results can be obtained with shorter simulation times than with EMD. However, as an
equilibrated simulation box is uniquely perturbed, either by a temperature or a momentum gradient,
in general, only one transport property can be computed at a time [230]. Conversely, in EMD, the
simulation evolves in time in its canonical state. Hence, all the transport properties can be obtained
simultaneously. This characteristic makes using EMD to produce a comprehensive transport properties
database convenient. The EMD method comes at the expense of a more extended simulation, as
statistical uncertainty is considerable [231].

In EMD, two fundamentally equivalent methodologies exist to compute a transport property. In
the Green-Kubo approach, Eq. (4.1a), a transport property (A*) is related to the integral of a time-
correlation function of a dynamical variable A" Similarly, the Einstein method, Eq. (4.1b), relates the
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same transport property to the mean-squared displacement (MSD) of the variable 4*.

A= | /O ” dt* (A" (7). A7(0)) (4.1a)
AT =l di ;< [ /OT A*(T*)d*r*r>
S T

MSD

In Egs. (4.1), the (- - - ) brackets refer to an ensemble average. Both the Green-Kubo and Einstein
formulations require sampling the property A* (or A") for a sufficiently long time to obtain reliable
statistics. The integrand in the Green-Kubo approach method slowly decays to zero regardless of
the simulation time [232, 233] and non-trivial time-decomposition methods are necessary to improve
the reliability of the results [234]. The Einstein method has some practical advantages that make it
suitable for producing results on a large scale. The validity of the Einstein method can be directly
verified by plotting the MSD as a function of time in a log-log plot. The Einstein formulation is only
valid if the slope of the MSD curve equals one [235]. This latter approach is particularly convenient
for simple isotropic fluids and is used herein.

In the Einstein formulation, the self-diffusivity coefficient (D*) is obtained as the averaged mean
squared displacement of all the particles.

\ d 11 /87
D" = lim_ dT*23Z\]<]; [/o vi(th)dt ] > (4.2a)
. 11 al * (% % 2
= tm dT*23< ]_21 5 () =5 (0)] > (4.2b)
MSD

In Eq. (4.2), 7" is the correlation time, N is the number of particles, and r; and v} refer to the position
and velocity vectors of the j-th particle, respectively. The velocity integral in Eq. (4.2a) is readily
available when integrating molecular dynamics simulations. As shown in Eq. (4.2b), this integral
corresponds to the position of the particles in the simulation.

The shear viscosity is directly related to the time correlation of the pressure tensor. For the case of

anisotropic fluids, the shear viscosity (7;;) on the direction ij is obtained as follows.

e e d v e
= Jmeea e ( () Pieae) ) Y

MSD

Here, V* = N/p* refers to the total volume of the simulation box in reduced units, T* is the simulation
temperature, and P;; is the off-diagonal component of the pressure tensor in the ij direction. In the
case of isotropic fluids, the statistics can be improved by computing the shear viscosity (7*) from the
average of all of the components of the symmetric traceless pressure tensor (P,/”*) [236, 237], as shown
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below. 5
d 11V* T
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k

In Eq. (4.4), 4;; is the Kronecker delta function. The extra factor of 1/10 in this equation results from
the 3/3 contribution from each one of the six off-diagonal terms of the traceless pressure tensor, plus
the 4/3 implicit contribution of each diagonal term (i.e., 6 - 3/3 43 - 4/3 = 10).

Finally, the isotropic thermal conductivity (x*) is related to the average heat flux in the simulation.

A I S A A AN
K_Tl«li“oowzwqfo J (T )dr]> 4.5)

MSD

In Eq. (4.5), |* is the average heat flux. The heat flux vector (J*) can be obtained for systems interacting
via pairwise potentials as follows.

L 11 d
J—Wikglvk

N

2

vil+ ) [u;; + }ﬂ] (4.6)
j=Lj#k

*

ik’

f;?k and r}‘k are the interaction energy, force and distance vector between the particles j and k. Note that

Here, N corresponds to the total number of particles, v is the velocity vector of the particle k and

this equation is incorrectly reported in Eq. (513) of Ref. [235] and Eq. (7) of Ref. [2]. In both references,
this equation is missing the 1/V* factor.

Finite-size effects

Molecular simulations require periodic boundary conditions to mimic infinite-sized systems [66, 70].
These artificially larger systems allow the computation of volumetric properties, such as those obtained
in Chapter 2, at the thermodynamic limit. Contrarily, it is well known that the calculation of some
transport properties, like the self-diffusivity coefficient, suffers from finite-size effects [235, 238-241].
The computed diffusion coefficient using Eq. (4.2) scales linearly with the inverse of the simulation
box size [238, 239]. In the case of a cubic simulation box (i.e., L* = L} = L; = L}), Yeh and Hummer
[239] derived the following expression to obtain the self-diffusivity of a virtually infinite-sized system

(Ds)-

T*¢
67tn*L*
——

AD},

corr

D, =D* + (4.7)

Here, D* is the self-diffusivity obtained from Eq. (4.2), AD},,, is the finite-size correction term, T* is
the temperature of the system, ¢ is a dimensionless universal constant equal to 2.837298, L* = /N /p*
is the simulation box length, and #* is the shear viscosity computed from Eq. (4.4). This equation

requires the shear viscosity to be computed at the same conditions as the self-diffusivity. However,
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as will be shown later in Section 4.2.2, the computed shear viscosity results tend to be noisier, which
can potentially introduce noise into the extrapolated DZ, value. Finally, unlike the self-diffusivity, the

shear viscosity and thermal conductivity do not exhibit appreciable finite-size effects [235, 239].

Molecular simulation setup

The Large-scale Atomic/Molecular Massively Parallel Simulator (LAMMPS) software (stable release
June 2022) [147], alongside the On-the-fly Calculation of Transport Properties (OCTP) plugin [235],
are used to compute the transport properties of the Mie fluid. The simulations are conducted using

reduced units as defined in Table 4.1.

MD simulations are performed in a cubic simulation box with 4096 Mie particles. This relatively large
number of particles is chosen to minimize any possible finite-size effects in two ways. Firstly, a large
simulation box reduces the impact of the correction term in Eq. (4.7) in the extrapolated Dg,. Secondly,
it also minimizes finite-size effects of the shear viscosity and thermal conductivity, for which no
analytical correction is available. The MD simulations are performed using a cutoff radius of 7. = 5c,

with no long-range corrections applied. The simulations are run with a timestep of At* = 0.0027*.

The simulation is first equilibrated for 10° timesteps in the canonical (NVT) ensemble using the Nosé-
Hoover thermostat [150] with a time constant of 100AT*. As recommended by Maginn et al. [231], the
transport properties calculation should be performed in the microcanonical (NVE) ensemble to avoid
external perturbations to the dynamics of the system. Therefore, once the system is equilibrated at a
desired temperature, the simulation is integrated in the NVE ensemble for 2.9 - 100 timesteps using the
velocity Verlet algorithm [242]. During this production stage, statistics of the systems are accumulated
every 1000 timesteps. The MSDs to compute self-diffusivity (Eq. (4.2b)), shear viscosity (Eq. (4.4)),
and thermal conductivity (Eq. (4.5)) are obtained using the OCTP plugin [235]. This plugin efficiently
samples the three required MSDs within a single simulation using the n-order algorithm proposed by
Frenkel and Smit [70, Chapter 4]. As recommended by Jamali et al. [235], the MSD required for the
self-diffusivity coefficient is sampled every 1000 timesteps, while the MSDs for the shear viscosity and
thermal conductivity are sampled every 5 steps. This frequent sampling is required to obtain more
accurate results in the integral of Eqs. (4.4) and (4.5). This integral is evaluated numerically using
Simpson’s rule. Finally, the MSDs are obtained for each simulation at ten different starting points,
separated by 10° time steps.

Database curation

The transport properties are obtained by analyzing the sampled MSDs using standard NumPy [154] and
SciPy [146] functions. The general procedure consists of two steps. First, the region where the Einstein
method is valid is identified by filtering the region where the slope of the MSD with respect to time is
close to one in a log-log plot. This procedure is automated by fitting the natural logarithm of the MSD
against the natural logarithm of time using a cubic spline. The derivative of the fitted spline is directly
computed, and the region where the slope is 1 = 0.075 is filtered. From this region, the corresponding
transport property is computed using either Eq. (4.2), (4.4), or (4.5), for the self-diffusivity, shear
viscosity or thermal conductivity, respectively. The procedure is repeated for each of the ten computed
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MSDs. Then, mean values and standard deviations of each transport property are obtained for each
state point.

The correctness of the transport properties database is assessed using the same four sanity tests detailed
in Section 2.4.2. The first test checks the consistency of a data point in different ensembles. In the
second sanity test, high variance data points where the relative standard deviation (i.e., 100|oa~/ (A*)])
is greater than 20% are disregarded. This relatively high tolerance is chosen to eliminate unreliable
data points while maintaining sufficient phase space coverage, which is necessary for data-driven
modeling. The modeling step will use regularization techniques to avoid overfitting due to the
inherent noise of the transport property results. The third sanity test analyzes the RDF of data points
close to the SLE boundaries. Data points that entered a glassy metastable state are disregarded. In
the fourth and final sanity test, the LocalOutlierFactor [155] method implemented in Scikit-Learn
[156] is used to disregard possible outliers. This test provides a score that measures the "outlierness" of
a data point. These scores are fit to a probability distribution using the fitter [158] Python package,
and data points outside the 95% confidence interval are disregarded [157].

4.2.2 Transport properties database description

The Mie fluid transport properties database is summarized in Table 4.2. The database consists of
transport properties for 28 Mie fluids that span for reduced densities (0*) ranging from 5- 1073 up
to 1.26 and reduced temperatures (T*) from 0.6 up to 10.0. The attractive exponent (1,) was set to 6,
whereas the repulsive exponent (A;) varied from 7 to 34. This combination of exponents corresponds
to aygw parameters, Eq. (2.21), in the range from 0.53 to 1.47, which cover industrially relevant low
molecular weight fluids [94, 97]. After disregarding high-variance results and possible outliers, as
mentioned in Section 4.2.1, the final database consists of 18140, 15529, and 14317 data points for the
self-diffusivity, shear viscosity, and thermal conductivity, respectively. The phase space distribution
for each transport property is shown in Figure 4.1. The database was purposely populated close
to the phase envelope for temperatures up to 2.0. Higher temperature isotherms up to 10.0 are
sparsely covered. Similar to the thermophysical properties database obtained in Chapter 2, the density
distribution of the database is evenly distributed except at high densities and low temperatures. This
unpopulated area at high densities corresponds to the region where Mie fluid freezes [92, 151]. Finally,
from Figure 4.1, it can also be observed that this dataset covers approximately 600, 500, and 450 data
points per Mie fluid for the self-diffusivity, shear viscosity, and thermal conductivity, respectively.

The database is assessed against a compiled transport properties database for the Lennard-Jones
fluid (A; = 12 and A, = 6) [210]. In Figure 4.2, the uncorrected self-diffusivity, shear viscosity, and
thermal conductivity computed in this work are compared against published transport properties at
four different temperatures, namely, T* = 1.2, 2.0, 6.0 and 10.0. In this figure, the source of the data
point is identified by its marker, while the color denotes the temperature of the data point. Across
the board, it can be observed that the computed transport properties are in good agreement with the
published Lennard-Jones data. The shear viscosity and thermal conductivity results exhibit higher
deviations (i.e., more noticeable error bars) than the self-diffusivity. The deviations tend to increase
with temperature and density. This problem has been well-reported in the literature and has several
underlying causes. Firstly, the self-diffusivity is averaged for all the particles in the simulation, which
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TABLE 4.2: Mie fluid transport properties database description.”

Descriptor Symbol # of data points Min value Max value
Repulsive exponent” Ar - 7 34
Attractive exponentb Aa - 6 6
van der Waals parameter® Kydw - 0.53 1.47
Density p* - 5.00e-03 1.26
Temperature T* - 0.60 10.00
Transport Property

Self-diffusivity D~ 18140 3.40e-04 203.46
Shear viscosity n* 15529 7.29e-02 20.72
Thermal conductivity K* 14317 0.36 40.45

 Descriptors and transport properties are reported in reduced units. Refer to Table 4.1 for further
details. ? Repulsive and attractive exponent of the Mie potential, Eq. (1.1). © van der Waals parameter
is a descriptor of the Mie fluid. See Eq. (2.21).

leads to better-sampled statistics, see Eq. (4.2). Contrarily, the shear viscosity and thermal conductivity
are "only" averaged for each direction when studying isotropic fluids. Finally, a further source of
deviations for the shear viscosity and thermal conductivity comes from the numerical integration
of Egs. (4.4) and (4.5) using Simpsons’s rule [235]. In contrast, this integral is analytically available
from the step integration algorithm for the self-diffusivity, refer to Eq. (4.2b). Secondly; it is well
reported that different trajectories can lead to significantly different transport properties [231, 234]. It
is mandatory to perform replicas when computing transport properties from molecular simulations.
This work addresses this problem by using ten MSDs per state point. Despite the higher deviations in
the shear viscosity and thermal conductivity, the database still shows clear trends that will allow the
development of data-driven transport property models.

Finally, it must be recalled that the self-diffusivity suffers from finite-size effects, and its value
can be extrapolated to an infinite-sized system using Eq. (4.7). The correction term requires the
shear viscosity to be computed at the same conditions as the self-diffusivity, which implies that
approximately only 2/3 of the available data points can be corrected. The relative importance of the
correction term AD{, . is shown in Figure 4.3. This figure shows the ratio of the correction term to
the self-diffusivity (%ADZ,,, = 100AD;

or core/ D* ) for different densities and temperatures. It can be

observed from Figure 4.3 (a) that the relative correction term is more significant at high densities,
where the self-diffusivity is small. Contrarily, as indicated by the colormap, the temperature does not
play a significant role in the relative magnitude of the correction term. Finally, from Figure 4.3 (b), it
can be observed that the finite-size correction term increases on average a 6% of the self-diffusivity
computed from MD for the simulated system size. This correction term is not negligible and should
be considered when modeling the self-diffusivity in practical applications.
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FIGURE 4.1: Mie fluid transport properties database distribution. (a) Self-diffusivity. (b) Shear viscosity. (c)
Thermal conductivity. Top plot: density-temperature (p*-T*) data points distribution. Bottom plot: repulsive
exponent (A,) distribution.
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FIGURE 4.2: Transport data simulation data of the Lennard-Jones fluid (A, = 12 and A, = 6). (a) Self-diffusivity.

(b) Shear viscosity. (c) Thermal conductivity. Blue symbols: T* = 1.2, orange symbols: T = 2.0, green symbols:

T* = 6.0, pink symbols: T = 10.0. Published molecular simulation data: circles [243], downward triangle [244],

upright triangle [245], left-pointing triangle [246], right-pointing triangle [247], pentagon [248], "plus" sign [249],

star [250], hexagon [251], side hexagon [252], "X" sign [253], diamond [210], thin diamond [224]. This work:
squares. Errors bars refer to the 95% confidence interval.
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FIGURE 4.3: Finite-size effect correction to the self-diffusivity. (a) Ratio of the correction term to the self-
diffusivity (%AD{,., = 100AD},../D*) as a function of density and temperature. (b) Histogram of the ratio of
the correction term to the self-diffusivity (%ADZ,).

4.3 Physically-inspired data-driven modeling of the Mie fluid transport

properties

4.3.1 Transport property data-driven models formulation

In general, a transport property (A*) of the Mie fluid is characterized by the molecular descriptors (i.e.,
molecular parameters) and by its state conditions (i.e., density and temperature). The Mie potential
is fully characterized by its repulsive (A;) and attractive (A,) exponents when using reduced units.
Moreover, without any loss of generality, it is convenient to describe the Mie fluid using the van der
Waals parameter (ayqyw) [92].

Aa
A (AN 1 1
- id _ 221
fvdw }\r—/\a<Aa> [Aa—3 Ar—s} (2.21)

CMie

In principle, a Mie fluid transport property can be represented as a function of the van der Waals
constant (a4 ), density (0*), and temperature (T*), i.e., A* = A*(ayqw, p*, T*). However, as pointed
out previously in Chapter 2 [3], it is more convenient to consider an inverse of the temperature
functionality (A* = A*(aygw, p*,1/T*)). The temperature scale shrinks by using the inverse of the
temperature. This numerical transformation eases the interpolation efforts of a data-driven model.
Additionally, the inverse of the temperature dependence is found in thermodynamic scaling [254],
which has its roots in isomorph theory[218]. In thermodynamic scaling, a transport property is
considered a function of the (p*)°/T* ratio, where § is a scaling exponent.

Alternatively, Rosenfeld [217] suggested that a scaled transport property (A") is a univariate function
of the residual entropy ("), i.e., A" = A" (&yqw, —S*™). In this framework, a.k.a. entropy scaling,
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the scaled transport properties are defined as in Egs. (4.8).

o (p*)l/SD*

D = T (4.8a)
t _ "'

* K*
= 7(p*)2/3\/ﬁ (4.8¢)

In the entropy scaling framework, the residual entropy can be obtained from an equation of state that

A
|

explicitly models the Helmholtz free energy. For the Mie fluid, several options are available [37, 113,
115]. In this chapter, the residual entropy is obtained from the FE-ANN EoS developed in Chapter 2
[3]. The FE-ANN EoS is defined as follows.

1

i 1 *
ATes _ ANN(“de;P , F) — ANN(DCVdW,p =0, F)

(2.22b)

This EoS evaluates the same Artificial Neural Network (ANN) twice, at the given density p*, and
p* = 0. This formulation guarantees fulfilling the ideal gas law limit and Maxwell’s relationships. As
discussed in Section 2.5, the FE-ANN EoS accurately models the first- and second-order thermophysi-
cal properties of the Mie fluid over a vast range of densities and temperatures. The residual entropy is
obtained using Eq. (2.1a), which consists on taking the isochoric temperature derivative of Eq. (2.22b)
as follows: 5% = —(9A*"*/9T*)+.

Independent of which modeling approach is chosen (i.e., A*(&yqw, 0*,1/T*) or A" (aygw, —S*')), the
exact functionality to link the descriptors and state variables to the transport property is usually not
known. For this reason, empirical correlations based on exponential terms and polynomial expansions
have been widely used in the literature [210, 219, 222]. In this chapter, the functionality of the transport

property with respect to its variables is "learned" using artificial neural networks (ANNSs), as follows.

A* = ANN(ttygw, 0%, 1/T) (4.9a)
A" = ANN(tty gy, —S*™) (4.9b)

Artificial neural networks [52] are a deep learning algorithm that can act as a universal function
approximation [53]. A full description of artificial neural networks is given in Appendix A. For com-
pleteness, a brief description is repeated here. An ANN consists of a series of linear transformations
followed by a non-linear transformation, also known as an activation function. An n-layered ANN is

mathematically represented as follows,

y:fn(wn"'fl(w1x+b1)"'bn) (4.10)
ANN(x)

In Eq. (4.10), x and y are the input and output features of the ANN, respectively. The i-th layer in the
ANN consists of a linear transformation done by the weight matrix W; and the bias vector b;. The
dimensions of the weight matrix and bias vector are (m; x n;_1) and m;, respectively, where m; is the

number of neurons on the i-th layer and 7;_; is the dimension of the output vector from the previous
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FIGURE 4.4: Self diffusivity of the Lennard-Jones fluid (A\; = 12 and A, = 6). (a) D" - linear scale. (b) D* -
semi-log scale. (c) p*D* - linear scale. (d) Reduced self-diffusivity, D" - linear scale, see Eq. (4.8a). The colormap
refers to the temperature.

layer. The linear transformation is followed by the activation function f;, which adds non-linearity
to the model [135]. In this work, the hidden layers use the tanh activation function (f(x) = tanh(x))
while the output layer can use either the linear (f(x) = x) or softplus (f(x) = In(1 + exp(x)))
activation functions. This choice of activation functions ensures that the output of the ANN is always
continuous and differentiable with respect to the inputs.

It is important to consider the numerically convenient and physics-informed outputs for a data-driven
model [3, 58]. In Figure 4.4, different representations of the uncorrected self-diffusivity of the Lennard-
Jones fluid (A, = 12 and A, = 6) are shown. The temperature of each data point is indicated by
the attached color bar. As can be observed from Figure 4.4 (a), modeling the self-diffusivity (D*)
with a linear scale results in a challenging task. The value of the transport property diverges to
infinity at low densities. As shown in Figure 4.4 (b), this numerical inconvenience can be bypassed
using a semi-log scale. Similarly, modeling the p*D* product instead of the self-diffusivity itself is
numerically convenient as the values are easily separable in the p* — T* space. Additionally, the values
are bounded to a narrow range (0 and 1 for the available database), which acts as a regularization
technique for a machine-learning model. Finally, from Figure 4.4 (d), it can be observed that the scaled
self-diffusivity, Eq. (4.8a), is conveniently described as a function of the residual entropy. However,
there is a range (zoomed region) where the residual entropy corresponds to multiple self-diffusivity
values. This behavior has also been observed in other entropy scaling studies of the self-diffusivity
[220, 221] and will likely produce conflicting regions when training a data-driven model. At this point,
several possible outputs for the data-driven model can be considered to represent the self-diffusivity.



Chapter 4. Simulation and data-driven modeling of the transport properties of the Mie fluid 95

(@) (b) (c) T*
12 10
10 - o 10"
8 o ..' i ]
= 6 ': = 10
4 [ ]
Rl J |
0 sniinm ayen 0 =5 L . 101
0.0 0.3 0.6 0.9 1.2
p*
(d) 2
25F —
e
2r A 10!
“ E
15 f] ;
k% i e 1
10 | [
.,
5F 100 | =
0 _l!"l‘. 1 1 1 i 0.6
0.0 0.3 0.6 0.9 1.2
p*

FIGURE 4.5: Shear viscosity and thermal conductivity of the Lennard-Jones fluid (A, = 12 and A, = 6). Shear
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Thermal conductivity. (d) «* - linear scale. (e) * - semi-log scale. (f) Reduced thermal conductivity, &* - linear
scale, see Eq. (4.8c). The colormap refers to the temperature.

A similar analysis can be done for the shear viscosity and thermal conductivity. Different numerical
representations of these transport properties of the Lennard-Jones fluid (A, = 12 and A, = 6) are
shown in Figure 4.5. In contrast to the self-diffusivity, these properties tend to increase with density,
and no divergences are observed when using a linear scale, see Figures 4.5 (a) and (d). Nevertheless,
the use of a semi-log scale helps in two ways. As shown in Figures 4.5 (b) and (e), the semi-log scale
shrinks the output scale, which acts as a regularizing step for an ANN. Additionally, a "simpler",
more linear dependence is observed in the isotherms. The combination of both aspects will benefit
the training of an ANN. Finally, from Figures 4.5 (b) and (e), it can be observed that the scaled shear
viscosity and thermal conductivity can potentially be described as a univariate function of the residual
entropy. These scaled properties show an expected level of dispersion due to the inherent noise of the
transport property data.

In summary, two main transport property modeling approaches have been proposed here. The first
one, Eq. (4.9a), directly uses the density and temperature as state variables, while the second one,
Eq. (4.9b), uses entropy scaling. The representation of the target transport property (e.g., linear scale,
semi-log scale) plays a key role in the success of the modeling. The different modeling approaches
will be tested later in Section 4.3.4. Until now, the proposed data-driven models do not consider
any special treatment to handle the dilute gas state (o* — 0). However, this low-density region can
be well-described from kinetic theory [27, 255]. The following section will focus on obtaining the
dilute gas transport properties of the Mie fluid and will discuss how to include that information in the
data-driven model.
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4.3.2 Transport properties of the dilute Mie gas

In the context of kinetic theory, a.k.a. Chapman-Enskog theory, the transport property of a dilute gas
is related to an expansion based on collision integrals (Q(*)*)[27, 255]. For the explored temperature
conditions in this work (T* < 10), the first-order approximation (denoted by A ]) is sufficient to
describe a transport property within a 1% error [27]. In this case, the transport propertles of the dilute

gas are obtained as follows.

.. 3 1 [T
PPy =gqan\ 7 (4.11a)
. 5 1 [T
= 1naea\ 7 (4.11b)
. 25 [T
K[l] = 50(2/2)* ; (4.].1C)

In Egs. (4.11), D[ll’
and thermal conductivity, respectively, Cj, = Cy /R is the dimensionless isochoric heat capacity, equal

] and K[ ) are the first-order approximation for the self-diffusivity, shear viscosity,

to 1.5 for monoatomic molecules at zero density, and Q9)* refers to a collision integral [27, 255]. The
calculation of the collision integral is not trivial, however, Fokin et al. [47] computed and correlated
the values of QD* and Q22+ for A, — 6 Mie fluids with A, € [8,00] and T* € [0.4,200]. In this
correlation, the collision integral Q&F)* is obtained as follows.

6 kk 1 (i-1)/2
) Z (T> (4.12)

=1

It = -2 2 10T 4 500 1 (

T

Here, 6(11) = 0 and §(22) = 1. The coefficients al(k'k) (Ar) are obtained from the expansion defined in

Eq. (4.13). The parameters ag(’k)

needed to evaluate this expansion are given in Table 4.3.
(kk) (k k) (kk)

a. a
algk'k)(Ar) = ”zq(’k) + l)i + ljz + l;zz InA; (413
T

The dilute gas transport properties, defined in Eq. (4.11), and computed with the collision integral
correlated in Eq. (4.12), can be embedded into a data-driven model in two ways. The first option is to
generate data artificially by evaluating these equations and then adding that data when training the
model. The second modeling option is formulated to exactly fulfill the first-order transport property

approximation from kinetic theory. In this case, the data-driven models are formulated as follows.

A" = Afj + ANN(ayaw (Ar, 6), p%,1/T%) — ANN(&ygw (Ar, 6), 0" = 0,1/T7) (4.14a)
A*,TES
or,
In A* = In A%y + ANN(aygw(Asr, 6), 0%, 1/T*) = ANN(yaw (Ar, 6), 0" = 0,1/T%) (4.14b)
In A®res

These data-driven models are formulated to learn only the "residual” contribution of a transport

property (A*™*). This formulation exactly fulfills the first-order kinetic theory approximation at zero

density. The dilute gas limit is obtained using Eqs. (4.11) and the correlations of Q)* and ((22)*
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TABLE 4.3: Coefficients agc’k) needed to evaluate the collision integral of (A, A, = 6) Mie fluids.” b
a(kk) k=(1,1) k=(2,2) | akh k=(1,1) k=(2,2)
a1 0.0 00| an 0.485 352 0.697 682

a;;  —0.145269 x 101 0.113086 x 10" | a4 0.245523 x 10>  0.590192 x 10
a13 0294682 x 10> 0.234799 x 10% | ay3 —0.336782 x 10> —0.143670 x 103
a4 0.242508 x 101 0.310127 x 10" | a4 0.814187 x 10> —0.123518 x 103

a;;  0.107782 x 1071 0.0 | as —0.385355 —0.564 238
A 0.587725 0551559 x 10! | as; —0.206868 x 102 —0.430549 x 102
a3 —0.180714 x 10> —0.137023 x 10° | as3 0.132246 x 10° 0.0
o 0.595694 x 10>  0.185848 x 10% | as4 0.0 0.137282 x 103
a3 0546646 x 1071 0.325909 x 10~ | ag  0.847232 x 107! 0.126 508

ap  —0.651465 x 100 —0.292925 x 102 | ag 0.521812 x 101 0.104273 x 102
a3 0.374457 x 10> 0.243741 x 10° | 4¢3 —0.181140 x 10> 0.150601 x 10?

ay  —0.137807 x 10 00| ag —0747215x 100  —0.408911 x 10?

* Coefficients ag(’k) required in Eq. (4.13). ¥ Coefficients correlated by Fokin et al. [47].

developed by Fokin et al. [47]. These residual models can be formulated using a linear, Eq. (4.14a) or a
semi-log scale, Eq. (4.14b). In the latter, the transport property is obtained as A* = AE‘” x A", Due to
the restrictions of the collision integral correlations, these models are only valid for A, — 6 Mie fluids
with A, > 8.

It must be noted that the dilute-gas limit (p* — 0) cannot always be incorporated into a transport
property model. In the case of the self-diffusivity, D* diverges at zero density, making this repre-
sentation incompatible with the dilute gas data. However, the product p*D* is well defined at zero
density, and this representation allows including this information. Similarly, the dilute gas limit data
is incompatible with the entropy scaling approach due to a division by zero in the definition of the
scaled transport properties, see Egs. (4.8). That being said, the dilute gas transport property data
will be included in the training of data-driven models whenever that limit is well-defined and no

numerical divergences are expected.

4.3.3 Transport property data-driven models training and architecture

Several data-driven transport property models have been proposed. Transport properties can be
directly modeled using Egs. (4.9a), using entropy scaling as in Eq. (4.9b), or by modeling the "residual”
transport property as defined in Egs. (4.14). Regardless of the chosen modeling approach, these models
rely on artificial neural networks and their trainable parameters, i.e., weights (W;) and biases (b;).
These parameters must be optimized to reproduce the reference data and to fulfill physically-inspired

constraints.

The training involves updating the weights and biases to minimize the following loss function (£).

minimize £ = LMSE 4 pdilute . ppen (4.15)

ibi

L*MSE

The loss function considers three main contributions. The first contribution, , measures the

squared error with respect to the reference molecular simulation data obtained in Section 4.2. This
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contribution is computed as follows.

N,
[ MSE _ i Zp (Aﬂ_ﬂ,pred _ Aik,true>2 (4.16)

1 1

Here, Np is the number of data points, and A* is the target transport property. The superscripts "pred”
and "true" refer to the value predicted by the data-driven model and the value available from the

database, respectively.

The second contribution to the loss function, £dilute

, measures the squared error with respect to
the dilute gas transport property as obtained in Section 4.3.2. The dilute gas data was obtained for
(Ar, Aa = 6) Mie fluids with A, € [8,34] for reduced temperatures (T*) ranging from 0.6 to 10 using

Egs. (4.11). This loss function is computed as follows.

: 1 Ne *pred , x *, tru 2
£d11ute — Nip Zl (Ai pre (P — 0) - Amtfz e) (417)
i=

In Eq. (4.17), Np is the number of data points, A*Pd(p* = 0) is the predicted transport property at
zero density and Afl’]tme is the reference first-order approximation transport property obtained from

kinetic theory.

Finally, the training can be improved by imposing physical-inspired constraints to fulfill expected
physical trends. For example, the self-diffusivity is expected to be a decreasing function with respect
to the density. The thermal conductivity, on the other hand, is a monotonically increasing function
with respect to the density, except in the vicinity of the critical point where a maximum is expected.
This critical enhancement has been experimentally observed in real molecular systems [256-258], and
it is linked to the heat capacity maximum on the same region [259]. Similarly, the shear viscosity
exhibits a critical enhancement in a narrow region close to the critical point. This effect can be safely
neglected for practical applications [221]. That being said, the shear viscosity is expected to be an
increasing function of the density near the critical point and a monotonically increasing function of
the density for supercritical temperatures [258]. Although a data-driven model might be expected to
discover these behaviors, it is recommended to enforce it using a physics-informed approach [86]. The
following penalty loss, LP*", is considered during training.

1/Np YN, max [0, (9A*/dp*).)*  if A* = D*

[pen —
1/Np CN2 min [0, (QA*/0p*) . ]*  if A* € [, x*]

(4.18)
This penalty function, Eq. (4.18), enforces that the self-diffusivity is a decreasing function with respect
to density (i.e., (0A*/9p*) . < 0) and that the shear viscosity and thermal conductivity are increasing
functions with respect to the density (i.e., (0A*/9p*);. > 0). These penalties contribute to the loss
function when an unphysical behavior is detected. These penalties are applied to supercritical data
points where T* > 1.1T; to avoid conflicts with the critical enhancement observed near the critical

region.

The training is performed using the Adam method [139]. This optimization method is a modified
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gradient descent step where information from previous iterations is considered during the minimiza-
tion. This method relies on the derivatives of the loss function with respect to the weights and biases.
These derivatives are obtained using automatic differentiation [88]. The Adam method relies on the
learning rate («), which controls the step during the training. The dataset is split into training and
validation sets using a 90/10 split ratio. The ANNs are trained using the training data set, while the
validation data set is used to assess overfitting and if the data-driven model can generalize to unseen
data. The training can be intensive in memory use. For this reason, the minimization is performed
in mini-batches of data. An epoch is completed when the minimization has gone through the entire
training data set.

The architecture of ANN in the transport property models, i.e., the number of layers, the number of
neurons per layer and the activation function, the minimization algorithm, the learning parameter,
and the number of epochs and size of the mini-batches, are hyperparameters of the ANN. In this
chapter, the hyperparameters of the ANNs are optimized. However, the following standard practices
are imposed to reduce the complexity of the hyperparameter optimization: the hidden layers use the
tanh activation function and are restricted to have the same number of neurons, the learning rate is set
to 1073, the batch size is set 32, and the number of epochs is set to 1500. The selected learning rate
and batch size are based on standard practices when working with artificial neural networks [78, 135].
Finally, the number of training epochs was selected to reach a plateau where no further improvement is
noticed while optimizing the loss function. Finally, the output layer can use either the linear (f(x) = x)
or the softplus (f(x) = In(1 + exp(x))) activation function. The softplus activation function forces the
output to be positive, which is required when directly modeling transport properties. Contrarily, the

linear activation function can predict any real value, which is necessary when using a semi-log scale.

The following optimized architectures (number of layers and neurons per layer) are used to model
each transport property. The architectures were chosen to accurately describe the target transport
property while keeping the number of parameters low. Further details about the hyperparameter
optimization are found in Section A.2 of Appendix A.

e Self-diffusivity: 2 hidden layers with 30 neurons each using the tanh activation function.
* Shear viscosity: 2 hidden layers with 30 neurons each using the tanh activation function.
* Thermal conductivity: 3 hidden layers with 30 neurons each using the tanh activation function.

The ANNs are implemented using Flax [161] and trained using Optax, which is part of the DeepMind
JAX Ecosystem [162] The hyperparameter tuning is performed using the Tree-structured Parzen
Estimator [159] included in Optuna [160].

4.3.4 Transport properties data-driven models performance and predictions

The results for the different trained transport property models based on ANNs are summarized in
Table 4.4. The results from modeling In D* and p*D* exhibit lower deviations than directly modeling
D*. This result is a direct consequence of how using regularization techniques facilitates the interpo-
lating efforts of the ANN. This result was already anticipated from the different representations of

the self-diffusivity shown in Figures 4.4 (b) and (c). For this transport property, the entropy scaling
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approach produces higher deviations. As observed in Figure 4.4 (d), there are conflicting regions in
which a single value of residual entropy can lead to multiple self-diffusivities. The dilute gas limit is
adequately addressed using the p*D* formulation. Contrarily, the other representations (D*, In D*,
and D") diverge at the zero density limit. Finally, the residual model (o* D*"*%), based on Eq. (4.14a), is
the best-performing model with respect to the reference molecular simulation data. Additionally, this
model exactly fulfills the first-order approximation from kinetic theory.

In the case of shear viscosity and thermal conductivity, the reported deviations of the data-driven
models are higher than those of the self-diffusivity. These higher deviations are attributed to the
inherent noisiness of the data. In general, entropy scaling leads to higher deviations due to the
underlying limitations of the framework. Modeling scaled transport properties based on the residual
entropy can be justified from isomorph theory [26]. In this theory, it is concluded that only the
transport properties of a fluid interacting through an inverse power law (i.e., U = € (c/r)") are
a monovariate function of the residual entropy [221]. For other fluids, such as the Mie fluid, the
conditions are only met for dense (liquid) states [217, 220], and a divergent behavior is expected at
low densities. There exist workarounds in literature to deal with low-density regions either by using
a modified scaling [219], by using a modified input variable based on the residual entropy [222] or
by modeling the "residual” transport property [260]. However, it has also been argued that using
these workarounds negatively affect the description of the liquid phase transport property [220]. Thus,

using entropy scaling over the entire density space is impractical for this application.

A direct correlation using density and temperature as inputs yields a better fit of the shear viscosity
and thermal conductivity. It is observed that using a semi-log scale (In A* or In A*"*) leads to lower
deviations of both the molecular simulation and the dilute gas data. Using a semi-log scale causes
the training outputs to be in the same order of magnitude, which prevents a loss function based on
the mean squared error from being biased to fit only values with a high magnitude. The residual
shear viscosity model (In #*"¢%), based on Eq. (4.14b), provides the best fit for the reference data, while
exactly fulfilling the dilute gas limit. The performance of this model is followed by the In#* model. A
similar trend is observed for the thermal conductivity, but in this case, the In x* model exhibits the
lower deviations. The performance of this model is followed by the residual thermal conductivity
model (In x*"*), which additionally fulfills the dilute gas limit.

It is important to emphasize that the results in Table 4.4 show that the transport property models
perform similarly for seen (train) and unseen (test) data. This results implies the models will generalize
well. The lack of overfitting is a consequence of regularizing the data, e.g., modifying the model to a
convenient scale as well as imposing constraints that enforce a correct physical behavior, see Eq. (4.18).

A final clarification has to be made about the self-diffusivity models. As mentioned in Section 4.2.1,
the self-diffusivity should be corrected for finite-size effects. The correction term proposed by Yeh and
Hummer [239], Eq. (4.7), involves using the shear viscosity. The first problem here is that the sizes of
the databases for the self-diffusivity and shear viscosity do not precisely match, which means that not
all the self-diffusivity values could be corrected. Secondly, as pointed out before, the shear viscosity
simulation results exhibit higher deviations. This noise can potentially contaminate the corrected
self-diffusivity results. Therefore, the models reported in Table 4.4 were trained using the uncorrected
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based on artificial neural networks (ANNS).

TABLE 4.4: Transport properties Mean Absolute Percentage Error (MAPE) from transport property models

MAPE *?
MD data’  Dilute gas data®
Transport Property Target Descriptors Train Test | Train Test
D*fh Hogw, 0%, 1/ T* 944 825| - -
InD* 8" Kydw, 05, 1/T* 1.84 115 | - -
Self-diffusivity ¢ p*D*f Kygw, 0%, 1/ T* 1.82 094 | 0.14 0.15
p*D*es &t g (A, 6),05,1/T*  1.67  0.79 | 0.00 0.00
D*fli Ny, S8 527 440 | - -
nf Kydw, 05, 1/T* 753 726 | 548 5.73
Iny*3 Qydw, 05,1/ T* 6.07 594 | 041 0.41
Shear viscosity 4 pres & Xydw (Ar, 6),0%,1/T* 637 632 | 0.00 0.00
Iny*es 8t wq.(Ar,6),0%,1/T* 586 5.72 | 0.00 0.00
e fili Nyguys S*S 6.14 6.07 | - -
kS Kyaw, P, 1/T* 6.34 6.68 | 2.50 242
Inx*8 Dydw, 05,1/ T* 6.00 6.20 | 0.69 0.69
Thermal conductivity ¢ x**es & Ayaw(Ar, 6),0%,1/T* 624 648 | 0.00 0.00
Inx*es & q.(A,6),0°1/T 615 634 | 0.00 0.00
grphi Ry, S8 6.8 7.16| - -
* The reported Mean Absolute Percentage Error (MAPE) is obtained as MAPE = % Zlsz 1 y;::: . ‘

The smallest MAPE deviations for the test and train datasets are highlighted in bold. ” Molecular
simulation data obtained in Section 4.2. ¢ Dilute gas transport properties obtained using the Egs. (4.11)
and collision integral correlations of Fokin et al. [47], Egs. (4.12). 4 The ANN consists of 2 hidden
layers with 30 neurons, each using the tanh activation function.  The ANN consists of 3 hidden layers
with 30 neurons, each using the tanh activation function. f The output layer uses the linear activation
function. ¢ The output layer uses the softplus activation function. " The transport property model
diverges at zero density.  Residual transport property model as defined in Egs. (4.14). / Entropy
scaling model relies on the residual entropy computed from the FE-ANN EoS developed in Chapter 2.

self-diffusivity. The corrected self-diffusivity can be obtained afterward using the trained data-driven
models.
(4.19)

In Eq. (4.19), ¢ = 2.837298, L* = {/N/p*, where N equals to the number of particles (4096 for this
case) and D7\ and 7735y are the outputs of the artificial network models for the self-diffusivity and
shear viscosity, respectively.

With this in mind, the rest of this section will focus on two models per transport property. Namely,
p*D* and p*D*™ for the self-diffusivity, In #* and In %" for the shear viscosity, and In x* and In x*"
for the thermal conductivity. This selection of models allows to effectively compare the results for each
transport property with and without imposing the dilute gas limit. The p*D*, In#* and Inx* do not
enforce the dilute gas limit, but they learn it by incorporating £4"t¢, Eq. (4.17), in the loss function.
These transport property models and the kinetic theory data are compared in Figure 4.6. This figure
confirms that despite the dilute gas limit not being hard imposed in these transport property models,
it is still correctly modeled for different repulsive exponents over the temperature range of interest
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FIGURE 4.6: Transport properties at zero density of selected (A, A\, = 6) Mie fluids. (a) Self diffusivity. (b)

Shear viscosity. (¢) Thermal conductivity. Empty circles are kinetic theory results (Egs. (4.11)) using the collision

integral correlations of Fokin et al. [47], Egs. (4.12). Solid lines are the transport property models (0* D*, In#*

and Inx*), Eq. (4.9a)). Blue symbols and lines: A, = 12, orange symbols and lines: A, = 16, and green symbols
and lines: A, = 20.

(T* € [0.6,10]). Moreover, the deviations for the dilute gas data reported in Table 4.4 are all lower than
1% for the selected models. For reference, this corresponds to the estimated error in the first-order
transport property approximation from kinetic theory. It can be concluded that both types of models
correctly model the dilute gas limit.

The overall performance of these two model types can also be assessed against the available molecular
simulation results. The parity plots and error distribution of the p*D*, Inn* and Inx* models are
shown in Figure 4.7. A similar plot is available for the residual models, p*D*"**, In 7" and In x*"*,
in Figure 4.8. Across the board, both types of models exhibit similar behavior for the three transport
properties. In subfigure (a), the results for the self-diffusivity show that almost all data points lie on
the diagonal for a wide range of values. For the case of the shear viscosity and thermal conductivity,
subfigures (b) and (c), it can also be observed that the points lie within the diagonal. As discussed
previously, these data points are inherently noisier, and a more noticeable dispersion was expected.
Finally, it can be seen that in all the ANN models, the unseen test data is modeled similarly to the
training data, disregarding the possible overfitting of the models.

The trends in the relative deviations for each transport property can be identified in the density-
temperature space. The distribution of relative errors is shown in subfigures (d), (e), and (f) of
Figures 4.7 and 4.8. For clarity, data points with higher deviations are highlighted. From subfigures
(d), it can be seen that most of the self-diffusivity data points are correctly described except for a few
cases in the surroundings of the phase transitions (VLE or SLE). For the case of the shear viscosity and
thermal conductivity, subfigures (b) and (c), it can be noticed that higher deviation points are found
in the low-density region and close to the region where the vapor-liquid phase envelope should lie.
Firstly, the shear viscosity and thermal conductivity increase with density. Therefore, higher relative
deviations in low-density regions are also an artifact of calculating the deviation of a relatively small
number. Secondly, higher relative deviations were expected for these transport properties due to the

noisiness of the molecular simulation data.
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FIGURE 4.7: Parity plots and error distribution of transport property models based on ANNs (p*D*, In7*
and Inx*). (a) and (d): Self-diffusivity. (b) and (e): Shear viscosity. (c) and (f): Thermal conductivity. Parity
plots: (a), (b), and (c). Blue circles refer to train data and orange circles refer to test data. Error distribution: (d),
(e), and (f). The color of the data points refers to Mean Absolute Percentage Error (MAPE), which is obtained as
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Even though it is well known that machine learning models can achieve high accuracy in describing
thermophysical properties [3, 58, 62, 224], it is also important to consider the consistency and physi-
cality of the predictions [261]. In Figure 4.9, five predicted isotherms are shown for each transport
property using the trained ANN models. This figure considers three selected Mie fluid (A, =12, 16,
and 20 and A, = 6). For reference, in the case of the Lennard-Jones fluid (A, = 12 and A, = 6), the
selected temperatures include two subcritical isotherms (T* = 0.9 and 1.0), one near-critical isotherm
(T* = 1.3), and two supercritical isotherms (T* = 2.8 and 6.0). The modeled transport properties for
other Mie fluids are shown in Section B.3 of Appendix B. Figure 4.9 includes the molecular simulation
data as well as the results from the p*D*, In#* and In ¥* models (solid lines) and the residual p*D*",
In#*" and In x*"* models (dashed lines). As expected from the magnitude of the deviations, the
models for self-diffusivity, shown in Figure 4.9 (a), follow a smooth trend across the entire density
and temperature space. This behavior is even observed in regions with no data available, such as
the region that lies inside the expected vapor-liquid phase envelope. From this figure, it can be
noticed that both modeling approaches perform similarly in regions where data is available, with
isotherms that practically overlap. The main discrepancies are observed at high densities and low
temperatures, where a solid phase is expected. Finally, as expected, both models correctly predict that
the self-diffusivity decreases with density.

The shear viscosity predicted isotherms are shown in Figure 4.9 (b). It observed that both modeling
approaches behave similarly and are in good agreement with the molecular simulation data. Despite
the more noticeable error bars of the reference data, the models predict an increasing shear viscosity
with density. The isotherms are smooth and well-behaved. As expected, no artifacts are noticed
near the critical point (p? ~ 0.33) [221]. Finally, in Figure 4.9 (c), the computed five isotherms for the
thermal conductivity of the selected Mie fluids are shown. The predicted isotherms are smooth and
non-oscillatory. Moreover, they are in good agreement with the error boundaries of the reference
molecular simulation data. Both models, Inx* and Inx*", are in good agreement with each other
except in regions with no available data. The first of them is at high densities and high temperatures,
which is where a solid phase is expected. The second region is at near-critical conditions. Both models
predict a critical enhancement for the subcritical and near-critical isotherms. However, the Inx*
model predicts a more noticeable maximum. No explicit guidance about the critical enhancement
has been given to the models to predict this maximum. This behavior is a prediction of the models,
which is directly learned from the available simulation data. Finally, both models correctly predict a

monotonically increasing thermal conductivity for supercritical isotherms.

Up to this point, it has been proven that both modeling approaches, p*D*, In#* and In«* models
based on Eq. (4.9a) and p*D*™, In ™" and In x*"* models based on Eq. (4.14), can correctly predict
the self-diffusivity, shear viscosity and thermal conductivity of Mie fluids. These models exhibit
similar behavior for the entire fluid density space. One key difference between these two modeling
approaches is that the residual models rely on the collision integrals correlations developed by Fokin
etal. [47]. These correlations are restricted to (A;, A, = 6) Mie fluids. Conversely, under the assumption
of the conformality of the Mie potential based on the a4, parameter, the p*D*, In#*, and In x* models
could, in principle, be applied to other (A, A,) Mie fluids. For this reason, the predictions of these
models are compared against published data. This data includes the simulation data collected by
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FIGURE 4.9: Transport properties isotherms of selected (A, A\, = 6) Mie fluids. i. A, = 12, A, = 6 (Lennard-

Jones fluid). ii. Ay = 16,1, = 6. iii. A, = 20,4, = 6. (a) Self-diffusivity. (b) Shear viscosity. (c) Thermal

conductivity. Molecular simulation data. Blue squares: T* = 0.9, orange circles: T* = 1.0, black downward

triangles: T* = 1.3, pink diamonds: 7" = 2.8 and green upright triangles: T* = 6.0 Solid lines refer to the

0*D*, Iny* and Inx* models, Eq. (4.9a). Dashed lines refer to the residual p*D*™, In ™™ and In «*"° models,

Eq. (4.14). The computed isotherms from the ANN-based models follow the same color convention as the
simulation data.
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Lautenschlaeger and Hasse [210] for the Lennard-Jones fluid and the data for self-diffusivity and shear
viscosity for selected Mie fluids computed by Slepavitius et al. [224]. It has to be considered that even
though the same underlying interaction potential is being used, the molecular dynamics simulations
differ in the cut-off radius and the number of particles. Hence, the results from the transport models
are only partially comparable to the published data. Nevertheless, they still allow assessing the
behavior of the trained models in untrained conditions. The parity plots and phase space distribution
for the published data are shown in Figure 4.10. The symbols are colored based on the a4,, parameter,
Eq. (2.21). For reference, this parameter is 0.88 for the Lennard-Jones fluid (green symbols in the
figure). From the top subfigure of Figure 4.10 (a), it can be observed that most self-diffusivity data
points are correctly described. The global relative deviation for this property equals 13.50%. The main
source of discrepancy is attributed to data points at very high densities (o* > 1.2) [245], at metastable
conditions [252], and at considerable small a4, values [224], which are far from the training range
(0.53 < aygw < 1.47).

Similarly, the predicted thermal conductivities are compared against the published Lennard-Jones data
in Figure 4.10 (c). As can be observed from the figure, most data points are correctly described. The
global relative deviation for this property is 4.1%. Under the inspection of the relative residuals, the
more significant deviations are found for data points inside the unstable region for the Lennard-Jones
fluid. These higher deviations directly result from comparing simulation results with different cut-off
radius (e.g., Lautenschlaeger and Hasse [210] use shifted potential with 7. = 2.5¢). The cut-off radius
modifies the unstable region of the Lennard-Jones fluid [262, 263], allowing those simulations to
access unstable regions (inside the VLE phase boundaries) under the cut-off radius used in this work
(rc = 50). For reference, the VLE and SLE boundaries of the Lennard-Jones particle computed with
the FE-ANN(s) EosS developed in Chapter 3 are shown in the bottom subfigure of Figure 4.10 (c).
The errors in the unstable region can be considerable, as the Inx* model predicts a maximum for
subcritical temperatures near the critical density. This maximum was previously shown in Figure 4.9

(0).

Finally, the parity plot for the shear viscosity is shown in Figure 4.10 (b). There are evident discrep-
ancies with the published Lennard-Jones data for this transport property. It is found that the main
discrepancies are for data points that lie inside the vapor-liquid phase envelope. This behavior was
expected from comparing simulations with different cut-off radius. More importantly, it becomes
evident that the In7* model fails to extrapolate to very low a4, values [224], which are indicated
by dark-blue colors. These values of the a4, correspond to highly attractive exponents (A,) in the
order of 10 to 14. This result suggests that the transport property models do not extrapolate well.
Moreover, this result suggests that the conformality of the Mie potential does not hold for transport
properties. This conclusion is in agreement with the results of Stephan and Urschel [166], whose find
that some extreme combinations of the repulsive-attractive exponents of the Mie potential may result
in the breaking down of the corresponding states principle. The a,g4,, is still a convenient molecular
descriptor of the Mie potential. However, the transport property models developed here should be
suitable only for (A;, A, = 6) Mie fluids.

In this section, different data-driven modeling approaches for the self-diffusivity, shear viscosity, and
thermal conductivity of the Mie fluid were tested. The developed models were formulated to address
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FIGURE 4.10: Predicted transport property models against published molecular dynamics data. (a) Self-
diffusivity. (b) Shear viscosity. (c) Thermal conductivity. Transport property models p*D*, Inn* and Inx*
models are based on Eq. (4.9a). Top figures: parity plot. Bottom figures: density-temperature distribution.
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the Mie fluid (Eq. (2.21)). The green symbols refer to the Lennard-Jones fluid (a4, = 0.88). For reference, the
vapor-liquid equilibria (VLE) and solid-liquid equilibria (SLE) of the Lennard-Jones particle are shown in the
bottom figures. The VLE and SLE boundaries are obtained from the FE-ANN(s) EoS developed in Chapter 3.
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the dilute gas limit, and they successfully model the molecular simulation data over a wide range of
densities and temperatures. Additionally, the developed transport models follow expected physical
trends. The transport property models were built on the premise of the conformality of the Mie
potential. However, it is noticed that this conformality, based on the a4,y parameter, does not hold
for transport properties. Therefore, using these transport property models exclusively for (A, A, = 6)
Mie fluids is recommended.

4.4 Conclusions

In this chapter, the self-diffusivity (D*), shear viscosity (7*), and thermal conductivity (x*) of (A;, Ay =
6) Mie fluids have been computed and modeled. The transport properties have been computed using
equilibrium molecular dynamics and the Einstein relationship over a vast region of the phase space.
The correctness of the computed transport properties database has been verified by comparison with
published simulation results. The produced database will be useful for testing and verifying transport
properties theories, such as modified scaling approaches [264] and those based on kinetic theory [48].

The transport properties of the Mie fluid have been modeled using physics-informed artificial neural
networks. Two main modeling approaches were tested: a semi-empirical formulation based on
entropy scaling or an empirical formulation based on density and temperature as input variables.
For the former, it was found that a single formulation based on entropy scaling does not lead to
satisfactory results over the entire density range, with issues mainly associated with divergence and
incorrect scaling of the transport properties at low densities. Linearizing the data, e.g., modeling p*D*
instead of D*, Inn* instead of #*, and In x* instead of «*, has a regularizing effect and facilitates the
interpolation efforts of the ANNSs. These modeling approaches can also account for the dilute gas limit
predicted by kinetic theory. This limit can be addressed in two ways: by including the zero-density
data in the ANN training or by directly modeling the "residual" transport property. Regardless of
which modeling approach is used, the trained ANNs can model both seen and unseen data over a
wide range of densities and temperatures. Moreover, they predict the expected physical behavior.
For example, the self-diffusivity model suggests that the diffusivity is a smooth decreasing function
of density and an increasing function of temperature. The shear viscosity model is a well-behaved,
increasing function of density, and the model for thermal conductivity exhibits the well-known critical

enhancement.

The p*D*, Inn* and Inx* and the residual p*D*", In 7" and In ¥*"* models perform similarly in
the fluid training region, i.e., ayqw € [0.53,1.47], p* € [5-1073,1.26] and T* € [0.6,10.0]. It must be
noted that the residual models are valid only for (A;, A, = 6) Mie fluids. Contrarily, in principle, the
p*D*, Iny* and In x* models were constructed based on the conformality of the Mie potential through
the a4y parameter. This conformality could potentially allow the use of attractive exponents different
from 6. However, the models may fail for unseen conditions, like at highly attractive Mie fluids that
produce low a4, values. It is noted that the conformality of the potential does not hold for transport
properties. For this reason, it is recommended that the developed models be used exclusively for
(Ar, Aa = 6) Mie fluids.
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Finally, the developed data-driven transport property models allow assessment of the performance
of previously published Mie fluid parameters for transport properties. Moreover, these transport
property models can be used alongside an equation of state for the Mie fluid (such as the FE-ANN
EoS developed in Chapter 2 [3] or the SAFT-VR-Mie EoS [37]) to parametrize the Mie potential using

both equilibrium and transport properties.
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Chapter 5

Parametrization of quasi-spherical
molecules through the Mie potential

5.1 Introduction

Accurately representing the interactions at the molecular level is key to adequately describing and
predicting thermophysical properties through molecular simulations. Molecular interactions are
modeled using mathematical functions known as force fields. Historically, the development of force
fields has relied on postulating semiempirical functions, where non-bonded (e.g., the Mie potential),
bonded, angular, torsional, and electrostatic interactions are explicitly modeled [255, 265-267]. These
arguably "simple" force fields provide a computationally efficient but incomplete representation of
molecular interactions. While successful in many applications, their limitations must be acknowledged
[15], especially when studying systems where polarization and electrostatic interactions are significant.
Additionally, these classical force fields do not account for the local environment of the particles.
Force fields based on machine-learning (data-driven) techniques [67] have been developed to address
these challenges. These include force fields based on artificial neural networks [268, 269], Gaussian
processes [270], and many-body expansions [271, 272]. Force fields can be used to represent molecules
at different resolutions: All-Atom (AA), United-Atom (UA), and Coarse Grained (CG). In AA, all
atoms in a molecule are explicitly accounted for. In UA, molecular groups are condensed into a single
particle. For instance, a —CH>— group can be treated as a single particle. Lastly, in CG, the molecular
representation is simplified using larger fictitious particles that can group multiple functional groups.
The CG approach simplifies the molecular representation, allowing the exploration of spatio-temporal
scales closer to the macroscopic level. CG force fields have been parametrized using experimental
thermophysical properties [123] and structural [273, 274] data. The coarse grained approach has been
successfully used to model a wide variety of thermophysical properties, including phase equilibria
[97, 98], interfacial properties [98, 109, 275], transport properties [111], and mechanical properties
[104-106] of diverse molecular systems.

Regardless of the type of force field (i.e., classical or machine-learning-based) and its molecular resolu-
tion (AA, UA, or CG), the force field depends on molecular parameters which, along with the state
conditions (i.e., density, temperature, and composition), define a Hamiltonian which can be translated
into macroscopic observables through molecular simulations and statistical thermodynamics. The
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appropriate parameterization of the force field (i.e., the fitting of the molecular parameters) is crucial
for its success in predicting thermophysical properties. The molecular parameters can follow either a
bottom-up [276, 277] or a top-down [123] approach. In bottom-up approaches, the force field is fitted
to reproduce forces, bond distances, and angles from rigorous quantum mechanics calculations. This
approach is the base for machine learning potentials, which aim to bridge ab initio accuracy to larger
scales [68, 69]. Conversely, the top-down approach optimizes the molecular parameters directly to
reproduce relevant experimental data. This method directly links a molecular model to its implied
macroscopic thermophysical properties and is the most efficient from an engineering and design
perspective. Conveniently, this approach can take advantage of the physics-informed artificial neural
network models developed in Chapters 2, 3 and 4, which will be used henceforth.

The top-down approach has been used to parametrize (or fine-tune) force fields of different molecular
resolutions [123, 265, 266]. Lennard-Jones himself pioneered the parametrization of the Mie potential,
Eq. (1.1), using a top-down approach [278, 279]. At the time, it was recognized that the molecular
parameters of the Mie potential could be fitted to either the second virial coefficient or the viscosity
of the dilute gas. This work led to the well-known Lennard-Jones potential (i.e., UY = 4¢[(c/7)'? —
(c/7)%]). The results from Lennard-Jones already showed that even for simple molecules like Argon,
there are trade-offs with respect to which property to fit [27]. In a modern approach, the top-down
strategy can target multiple thermophysical properties. For example, the SAFT-y-Mie force field [123]
is a coarse grained force field based on the Mie potential. The parameterization of this force field relies
on the success of the SAFT-VR-Mie EoS [37] and its group contribution version (SAFT-y-Mie EoS) [65]
to effectively map the volumetric thermophysical properties of homo- and heteronuclear Mie chains
with respect to molecular simulation results. The SAFT-y-Mie force field has been successfully used to
model a wide range of thermophysical properties of alkanes [280], carbon dioxide [281], water [275],
and polymers [104-106].

The top-down approach has also been used to parameterize force fields based on the corresponding
states principle. Mejia et al. [126] developed a corresponding states correlation that relies on the
critical temperature (Tc), saturated liquid density (po; at T, = 0.7) and the Pitzer acentric factor
(w = —1 —log,,(P**'/P.) at Ty = 0.7) to obtain the molecular parameters of homonuclear Mie chains.
This approach, also known as M&M correlation, has been successfully applied to model the phase
equilibria and interfacial properties of a diverse range of industrially relevant molecules, including
alkanes, aromatics, gases, and solvents [94]. Moreover, this corresponding states principle has been
applied to 6000+ molecular fluids, whose parameters have been freely published in the Bottled SAFT
webpage [97]. The M&M correlation has also been extended to handle homonuclear rings [282].
The extension to ring structures is also implemented within the SAFT-VR-Mie EoS framework by
introducing a simple modification to the chain term of the EoS. Alternatively to the M&M correlation,
Hoang et al. [111] proposed a similar corresponding states correlation for homonuclear Mie chains.
Interestingly, they proposed using the reduced liquid viscosity (7 at T, = 0.7) as an additional
parameter into the correlation. This augmented correlation suggests that transport properties could be
employed in addition to the volumetric equilibrium properties to obtain more robust and transferable
models.

In addition to using equations of state or the corresponding states principle, force fields can also be
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parametrized directly using molecular simulation results. For example, the OPLS-AA [265] and the
TraPPE [266] force fields are primarily based on quantum mechanical calculations to define angular
and torsion parameters, and they rely on experimental data to improve the accuracy of non-bonded
interactions. Similarly, successful water models like the TIP4P /2005 [283] and the TIP4P /Ice [284] are
primarily fitted to experimental data. Directly fitting molecular parameters of a force field is a tedious
and error-prone process that can quickly get stuck in suboptimal molecular parameter solutions. This
issue has been addressed using Bayesian optimization to guide the force field parametrization [285].
This data-driven approach considerably reduces the number of simulations required to parametrize
the force fields and enables the targeting of multiple thermophysical properties.

That being said, this chapter focuses on the single-bead CG modeling approach for quasi-spherical
molecules using the Mie potential, Eq. (1.1). Three main parametrization schemes are explored and
compared. The first scheme follows the classical strategy for parametrizing force fields where only
vapor-liquid equilibria and fluid data are considered. In this case, the fluid properties are described
using the FE-ANN EoS developed in Chapter 2. The second scheme follows the corresponding states
principle of Hoang et al. [111], where the liquid shear viscosity data is considered in addition to
the VLE data. The shear viscosity information is obtained from the ANN-based model developed
in Chapter 4. Finally, in most cases, the influence of solid-fluid equilibria is not considered when
determining the molecular parameters of a force field, as solid-fluid equilibria is challenging to
simulate. The third parametrization scheme includes solid-fluid data along the usual fluid phase
equilibria using the FE-ANN(s) EoS developed in Chapter 3. The ultimate aim of this chapter is to
assess the impact of thermophysical properties in parametrizing force fields.

The rest of the chapter is structured as follows. Section 5.2 details the different parametrization
approaches and how the thermophysical properties are modeled. Then, Section 5.3 discusses the
results for parametrizing quasi-spherical molecules using different target properties. The main
conclusions of this chapter are summarized in Section 5.4.

5.2 Multi-property parametrization approaches

In this chapter, "simple" quasi-spherical molecules are described using the Mie potential, Eq. (1.1).
The Mie potential is defined by a shape parameter (), the energy well depth (¢), and the repulsive
and attractive exponents (A; and A,) to describe the thermophysical properties of molecules. The
attractive exponent is set to 6 to account for London dispersion forces [93]. Therefore, a quasi-spherical
molecule is described by three molecular parameters (c, €, and A;) when using the Mie potential.

These molecular parameters must be optimized to fit experimental data.

Three main parametrization approaches are considered to obtain the molecular parameters (¢, €, A;) of
the Mie potential. The general form of the objective function is defined as follows.

red
_ wp Vi
OF(O’,G, /\r) - Z Ni Z exp 1 (51)

kek ok i=1 | Yy
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TABLE 5.1: Parametrization approaches to obtain the Mie potential parameters.”

e

Pvie’ puvie’ AHvie® Psie® Psve? AHsve? 7
OF; v v v X X X X
OF, v v v X X X v
OF3 v v v v v v X

* Thermophysical properties considered in the objective function (OF) are indicated by a "v'" in a
grey-colored cell. ” Vapor-liquid Equilibria (VLE) properties are also referred to as "vaporization”
properties. These include the vaporization pressure (Py; ), saturated liquid density (o;vLg), and
vaporization enthalpy (AHyyg). VLE properties can be obtained either with the FE-ANN EoS
(Chapter 2) or FE-ANN(s) EoS (Chapter 3), based on Eq. (5.2). ¢ Solid-liquid equilibria (SLE)
properties are also referred to as "melting" properties. Only the melting pressure (Psig) is considered
here. ¥ Solid-vapor equilibria (SVE) properties are also referred to as "sublimation" properties. These
include the sublimation pressure (Psyg) and sublimation enthalpy (AHsyg). SLE and SVE properties
are obtained using the FE-ANN(s) EoS. ¢ The shear viscosity (1) is modeled using the ANN-based
models developed in Chapter 4, based on Eq. (5.4).

This objective function, Eq. (5.1), represents a weighted average of the relative deviations of various
thermophysical properties "k". The thermophysical properties in the optimization (K) may include
vapor-liquid equilibria data, shear viscosity data, and solid-fluid (solid-liquid and solid-vapor) equi-
libria data. In Eq. (5.1), wy is the relative weight, N, ; is the number of data points, and yfred and
inp are the predicted and experimental values of the property "k". A baseline case for parametrizing
the Mie potential (OF;) is to consider only Vapor-Liquid Equilibria (VLE)-related properties, such as
saturation pressure (Pyyg), saturated liquid density (o; v ), and vaporization enthalpy (AHyyg). This
first objective function resembles the parametrization of SAFT EoSs [36, 37, 65]. The second objective
function (OF,) considers the liquid shear viscosity (1) in addition to the VLE data. Finally, the third
objective function (OF3) considers equilibrium properties, including vapor-liquid and solid-fluid
equilibria data. This latter objective function allows an assessment of the impact of the solid phase
on the molecular parameters. The solid phase data includes the melting pressure (Psy ), sublimation
pressure (Psyg) and sublimation enthalpy (AHsyg). The details of the different objective functions
are summarized in Table 5.1. The relative weight (wy) for all the thermophysical properties in the
objective function is set to 1, except for the melting pressure, whose relative weight is set to wy = 0.01.
This relatively small weight is chosen to avoid biasing the objective function, as melting pressures are
several orders of magnitude larger than all the other properties considered.

5.2.1 Experimental data acquisition

The objective functions based on Eq. (5.1) require experimental data. Pseudo-experimental data
are obtained from the NIST TRC database [12]. The use of the data sets provided by NIST offers
advantages over using discrete experimental data sets. The data reported by NIST have already been
curated and fitted to accurate empirical functions. The pseudo-experimental data are smooth and free
of outliers and "continuous" in nature as they allow the evaluation of properties over a wide range of
state points. Furthermore, the data are internally and thermodynamically consistent.

Thermophysical properties under VLE conditions are generated within the range T, = T/T. €
[0.55,0.95]. The VLE data includes the saturation pressure, saturated liquid density, vaporization
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enthalpy, and saturated liquid viscosity. In addition, the thermal conductivity and speed of sound
of the saturated liquid phase are generated to assess the transferability of the molecular parameters
to unseen thermophysical properties. Similarly, the melting pressure data are generated in the
T, = T/T. € [0.55,1.1] range, and the sublimation pressure and enthalpies are generated in the
T, = T/T. € [0.45,0.55] range.

5.2.2 Thermophysical properties modeling

To assess the objective functions, it is necessary to evaluate the thermophysical properties correspond-
ing to the Mie potential at a given state point as a function of the molecular parameters (c, €, and A;).
The thermophysical properties of the Mie particle have been modeled throughout this thesis using
physics-informed Artificial Neural Networks (ANNs). The FE-ANN EoS, Eq. (2.22b), developed in
Chapter 2 explicitly models the Helmholtz free energy of the Mie fluid and can predict VLE. Similarly,
the FE-ANN(s) EoS developed in Chapter 3 extends the framework to additionally handle solid-fluid
equilibria, such as SLE and SVE. The Helmholtz free energy is a convenient state function for comput-
ing thermophysical properties and phase equilibria. The reader is referred to Section 2.2 for further
details about Helmholtz free energy thermodynamics. The FE-ANN/FE-ANN(s) EoSs are formulated
using reduced units, see Table 2.1. The framework can be used for real molecules by converting the

results into real units.

A™ = Np € A*™ = Npye | ANN(&ygw, 0Nayo> ) — ANN(aygw, 0 =0 (5.2)

€ €
’ Tikg ’ Tik]g)
In Eq. (5.2), A™ is the residual Helmholtz free energy (in Jmol ™Y, p is the molar density (in molm~3),
T is the temperature (in K). The shape parameter (¢, in m) and energy scale (g, in J) are the molecular
parameters. Finally, Na, and kg are the Avogadro and Boltzmann constants [141]. The Mie potential
is also described through the a4y, parameter. This parameter is defined below for A;, A, = 6 Mie

particles.

11 1
D‘de(}\r/ )\a = 6) - CMle |:3 - 21— 3:| (5.3)

The second objective function (OF,) requires predicting the shear viscosity of the Mie fluid. ANN-
based models for the transport properties of the Mie fluid were developed in Chapter 4. The recom-
mended model for the shear viscosity is based on Eq. (4.9a) and uses a semi-log scale. This model is
formulated using reduced units and can be converted into real units as shown below in Eq. (5.4). See
Table 4.1 for further details about transport properties reduced units.

vVeM/Nay N €M/ Nay €
n= TAexp[lniy | = TAexp ANN 2ty qw, pNAVU’S, T—kB) (5.4)

Here, 7 is the shear viscosity (in Pas) and M is the molar mass (in kg molfl).

The behavior of the speed of sound and thermal conductivity will also be studied to assess the
transferability of the optimized molecular parameters (¢, €, A) to other thermophysical properties.
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The speed of sound can be obtained by any EoS as follows.

o ()

Here, w is the speed of sound (in ms™1), k7 is the isothermal compressibility (in Pa~') and Cy and
Cp are obtained isochoric and the isobaric heat capacities (in JK~! molfl). The FE-ANN/FE-ANN(s)
EoSs explicitly model the residual Helmholtz free energy and the ideal contribution can be accounted

for analytically using Eq. (2.8). In this case, the isothermal compressibility can be obtained directly
using Eq. (2.3¢c). It is recommended that the ideal and residual contributions be considered separately

for the heat capacities.

Cy = Cld 4 Cres (5.6a)
Cp = Ci¢t + Cles (5.6b)

Here, the residual contributions, indicated by a "res" superscript, are obtained from the FE-ANN /FE-
ANN(s) EoSs using Egs. (2.3a) and (2.3e). The ideal contributions (C%S1 and C},d) are computed from the
correlations from the DIPPR project 801 [13]. These correlations consider rotational and vibrational
contributions to the ideal gas heat capacities that are not considered in the ideal gas law.

Finally, the thermal conductivity is obtained from the recommended ANN-based model trained in
Chapter 4. This model uses reduced units and a semi-log scale. Therefore, the thermal conductivity of

the Mie fluid is obtained as follows.

CANN "B\/I\Lf\sz exp[lnx*] = MI\EZVW exp | ANN(&ygw, 0Nayo>, %) (5.7)
B

In Eq. (5.7), «ANN s the thermal conductivity (in Wm 'K~ 1). This ANN-based model considers the
thermal conductivity from non-bonded interactions. Real molecules also exhibit a thermal conductivity
contribution due to bond vibrations. The ANN-based model does not account for this contribution.

The following correction term has been proposed to address this issue [286].
vib id . . R
k" = pD (CV — #non-vibrational degrees of freedom - 2) (5.8)

The correction term considers the self-diffusivity (as pD), which can be obtained from the ANN-based
model in Chapter 4. The ideal gas isochoric heat capacity is obtained from the correlations of the
DIPPR project 801 [13]. The number of non-vibrational degrees of freedom in a molecule depends on
its molecular structure. Monoatomic molecules, such as ideal gases, have three non-vibrational degrees
of freedom. Linear molecules, such as Carbon monoxide, have five non-vibrational degrees of freedom.
Non-linear molecules, like Methane, have six non-vibrational degrees of freedom. The correction term
" is small for liquid phases. For the molecules of interest of this chapter xV* /xANN < 102, Finally,
the thermal conductivity is obtained by adding Eq. (5.7) and (5.8).

Kk = kANN g vib (5.9)
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TABLE 5.2: Optimization details to fit the Mie potential molecular parameters.

Initial guess” Optimization bounds®

Units Min value Maxvalue Minvalue Max value
o A 25 35 - -
€/kg K 100 300 - -
Ar - 9 26 8 34

“ 32 initial guesses are generated in these ranges using Sobol” sequences [288]. * The repulsive
exponent is bounded to be in the validity region of the ANNs-based models.

5.2.3 Multi-start optimization approach

The objective functions, Eq. (5.1), are minimized to find suitable parameters (¢, €, A;) to describe the
phase behavior of a given molecule. The objective function is minimized using the Nelder-Mead
method [287] implemented in the minimize function from the scipy.optimize Python library [146].
The Nelder-mead method, also known as the simplex method, is a derivative-free local minimization
algorithm capable of handling bounded optimization. Depending on the initial guess, this optimization
method can easily get stuck in a local minimum of the optimization surface. In order to find an optimal
"global" set of molecular parameters, a multi-start optimization approach using 32 initial guesses
generated through Sobol” sequences [288] is used here. This number of initial guesses was chosen
to enhance the likelihood of reaching multiple local optimal solutions, from which the one with the
lowest objective value is selected. The ranges of the initial guesses are detailed in Table 5.2. Lastly, to
operate in the validity region of the ANN-based models, the repulsive exponent is restricted to be in
the range A, € [8,34].

5.3 Parametrization results for quasi-spherical molecules

The molecular parameters of the Mie potential have been determined for representative quasi-spherical
molecules. Different parameter sets were obtained following the parametrization approaches outlined
in Section 5.2. The optimized molecular parameters and their corresponding deviations are summa-
rized in Table 5.3. This table also includes the parameters predicted by the M&M correlation [126].
Across the board, it is evident from this table that the VLE can be modeled with low deviations (MAPE
< 5%) when it is the sole target property (i.e., OF;). It must be noted that the parameters obtained
from this objective function are in good agreement with the M&M correlation. This similarity results
from the M&M correlation using the critical temperature, acentric factor, and liquid density to predict
molecular parameters that correctly predict the VLE conditions at T, = 0.7. However, this correlation
is parametrized to predict a correct density behavior, and higher deviations (> 10%) are observed for
the saturation pressure (PyLE).

Using OF; (or the M&M correlation) provides a good description of the VLE. However, overfitting the
VLE phase envelope commonly comes at the cost of increasing the repulsive exponent and interaction
energy of the Mie potential. As will be shown later in Figures 5.3, 5.4, and 5.5, these apparent good fit
results from stretching the validity range of a fluid EoS into regions where a solid phase would appear.
This overfitting is not problematic if only fluid properties are considered, but it has implications if

one wishes to transfer the molecular model to other obtain properties. For instance, an erroneous
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FIGURE 5.1: Critical and triple temperature ratio of selected quasi-spherical molecules. Grey bars with

diagonal hatch refer to the value obtained from the NIST TRC database [12]. Blue bars with a circle pattern refer

to the values obtained from OF; (VLE only). Orange bars with a star pattern refer to the values obtained from

OF; (VLE + shear viscosity). Green bars with a dotted pattern refer to the values obtained from OF3 (VLE + SLE
+ SVE).

prediction of the triple point greatly influences shear viscosity predictions, which are known to
increase exponentially as they approach solid-phase conditions [289]. Therefore, it is convenient to use
an EoS that also predicts the triple point to assess the validity of the molecular parameters. The ratio
between the critical (T.) and the triple (Ti) points for the selected molecules is shown in Figure 5.1.
From this figure, it is apparent that the T./ T}, ratio is well represented for ideal monoatomic gases
when using only VLE data. Including the shear viscosity (OF;) or solid-fluid equilibria (OF3) data is
necessary to predict this ratio for polyatomic molecules more effectively. These results set the stage for
the main discussion below, which explains how achieving acceptable fits for certain thermophysical
properties comes at the cost of producing an unreliable representation of others. The selected quasi-
spherical molecules can be categorized into three major groups: monoatomic (Argon, Krypton, and
Xenon), linear (Nitrogen and Carbon Monoxide), and tetrahedral (Methane and Tetrafluoromethane)
molecules. The discussion will be done below based on these groups. Further results for molecules
not covered in this section are available in the Appendix C.

5.3.1 Monoatomic molecules

Three monoatomic noble gases are considered here: Argon (Ar), Krypton (Kr), and Xenon (Xe). The
results summarized in Table 5.3 show that the molecular parameters of each molecule are similar
irrespective of which objective function is used. Consequently, the deviations of each thermophysical
property fall within the same ranges. Nevertheless, interesting insights emerge when considering
transport properties or solid-fluid equilibria data. It can be observed that including the shear viscosity
in the objective function (OF,) tends to decrease the deviations in the properties related to SLE and
SVE. It is understood that the shear viscosity and the description of the solid phase are sensitive to
short-distance effects between molecules. The repulsive part of an interaction potential is relevant
at these short distances. Therefore, improving the description of one property benefits the other.
Notably, the optimized molecular parameters correctly predict the thermal conductivity and speed
of sound of these molecules. The thermal conductivity is predicted accurately for Argon and Xenon
(MAPE « < 4%). For Krypton, the thermal conductivity is predicted with higher deviations, on the
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TABLE 5.3: Optimized Mie molecular parameters for selected quasi-spherical molecules.” ?
MAPE" ¢
Component o e/kg® A Py pvie AHvie Pse Povél AHsyd 8" ol
M&M' 341 12670 1434 112 1.65 1.58 9.98 6.10 1.67 255 286 143
Argon OF; 343 12498 1352 113 271 3.29 575 443 1.57 085 1.16 4.59
OF, 344 12319 13.16 090 3.31 2.70 4.21 0.34 0.57 1.80 1.24 4.56
OF; 342 12462 1353 190 2.04 2.23 3.68 0.35 120 057 129 3.95
M&M' 3.63 17212 1372 134 1.58 1.71 5.13 16.7 0.46 1.63 155 1.87
Krypton OF, 367 17285 1337 092 282 3.42 8.47 292 1.69 252 144 512
OF, 368 16942 1289 0.59 3.86 2.56 8.69 3.79 0.31 1.85 163 4.98
OF; 366 17284 1344 177 213 2.63 7.65 0.36 153 239 143 4.58
M&M' 396 246.86 1473 138 1.62 1.85 19.7 10.0 5.89 331 5.67 3.70
Xenon OF; 4.00 24507 14.00 093 3.21 3.88 17.4 19.0 6.34 262 448 732
OF, 401 23849 1328 042 4.02 2.98 4.46 7.13 4.10 218 223 596
OF; 4.00 23537 1296 1.00 3.39 2.48 7.05 7.34 339 318 176 5383
M&M' 3.65 120.65 19.11 119 1.59 2.82 69.2 4438 10.9 173 7.81 4.47
Nitrogen OF; 366 11519 1630 115 1.89 2.67 63.7  39.0 7.79 155 957 6.03
OF, 3.67 10583 1357 3.03 4.76 2.69 53.8 11.1 1.58 270 17.0 4.56
OF; 362 101.64 1239 4.07 171 3.95 46.5 1.44 059 531 169 6.70
M&M' 3.68 13095 20.67 11.8 1.16 2.31 116.6 455 8.07 157 351 7.22
Carbon OF; 3.69 12629 17.89 0.98 1.46 2.65 119.2 423 5.77 132 3.07 8.70
Monoxide OF, 363 11570 1420 3.60 234 3.72 1291 16.7 0.31 12.3 7.09 5.61
OF; 365 10896 1260 538 191 4.45 83.7 3.21 3.88 174 132 5.88
M&M' 374 16271 1479 143 216 3.65 65.8 27.0 9.12 19.6 548 1.40
Methane OF; 378 16232 1420 050 3.35 3.50 66.1 38.8 9.93 248 3.16 593
OF, 382 13981 10.83 525 748 4.58 38.3 9.82 0.64 247 123 9.11
OF; 376 13996 10.68 4.62 3.29 5.5 35.9 3.96 089 692 831 100
M&M' 438 269.16 3829 16.0 598 112 2858.6 - - 313 141 7.42
Tetrafluoro- OF; 437 26677 3400 4.10 1.97 1.55 44154 - - 448 9.52 10.1
methane OF, 440 19117 1259 170 11.0 124 7971 1149 6.93 7.00 327 145
OF; 539 15376 8.00 682 494 15.3 341.7 14.8 156 369 551 214

* Thermophysical properties included in the objective functions are colored with a lightgrey
background. Refer to Eq. (5.1) and Table 5.1 for further details about OF;, OF;, and OFs. b The
objective functions are optimized using pseudo-experimental data obtained from the NIST TRC [12]. ¢
The reported Mean Absolute Percentage Error (MAPE) is obtained as
MAPE = 100/ Np Zf\f | |ymedel /ytree — 1| The reported MAPE include the vaporization pressure
(PyLg), saturated liquid density (o) yig), vaporization enthalpy (AHyyg), melting pressure (Psig),
sublimation pressure (Psyg), sublimation enthalpy (AHsyg), shear viscosity (1), thermal conductivity
(x), and speed of sound (w). 4 The smallest MAPE deviations per component are highlighted in bold.
¢, €/kp, and A, are the molecular parameters of the Mie potential, Eq. (1.1). A, is set to 6. ¢ is
reported in Angstroms (1 A= 10~1" meters) and € /kp is reported in Kelvin. f No MAPE is reported for
the sublimation pressure and enthalpy when the pseudo-experimental data is below the validity of
the FE-ANN(s) EoS, i.e.,, T* < 0.6. 8 The predicted thermal conductivity is obtained as in Eq. (5.9)
which is based on Eq. (5.7) and (5.8). " The modeled thermal conductivity and speed of sound use the
ideal gas heat capacities correlations from the DIPPR project 801 [13]. f Molecular parameters
obtained using the M&M correlation [126]. This correlation relies on the critical temperature, acentric
factor, and liquid density at T, = 0.7.
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order of 15%. Similarly, the Mie potential can predict the speed of sound with relative errors of
approximately 5% for these ideal gases. The speed of sound is a stringent test for a set of molecular
parameters, as it depends on multiple derivatives of the Helmholtz free energy. Moreover, the speed
of sound can be accurately measured [290, 291], which enables the assessment of the limitations of the

molecular model and its parameters.

The results from Table 5.3 are best interpreted graphically. The phase equilibria and selected thermo-
physical property results of Argon are shown in Figure 5.2. Similar figures for Krypton and Xenon can
be found in Appendix C. Figure 5.2 considers the three sets of parameters along with two possible
modeling approaches. Figures 5.2 (a) to (c) show the phase equilibria results modeled using the fluid
FE-ANN EoS obtained in Chapter 2. This EoS can only predict VLE. Overall, a good agreement with
the reference VLE data can be noted when using the OF; and OF, parametrization approaches. Figures
5.2 (d) to (f) consider the same set of molecular parameters but using the FE-ANN(s) EoS obtained in
Chapter 3. This EoS can predict the entire phase diagram, including VLE, SLE, SVE, and the triple
point. It can be observed that even when solid phase data is not included in the parametrization, all
modeling approaches predict a similar behavior for the phase envelope, equilibrium pressure, and
enthalpy of phase change. As a reference, these sets of parameters also accurately predict the triple
temperature, which is marked by a solid black line in the figures.

The results for the speed of sound, shear viscosity, and thermal conductivity of the saturated lig-
uid Argon are presented in Figures 5.2 (g) to (i). Similar to the phase equilibria results, the three
parametrization approaches accurately predict these thermophysical properties. These findings fur-
ther confirm that the Mie potential can accurately model the thermophysical properties of simple
monoatomic gases. Notably, the optimal repulsive exponent for the noble gases is in the 13-13.5 range,

as opposed to the value of 12 employed in the classical Lennard-Jones potential.

5.3.2 Linear molecules

While the different parametrization approaches did not significantly affect the molecular parameters
of noble gases, a different scenario unfolds as the molecules become more complex. This section will
discuss the effect of the parametrization approach on small linear molecules, such as Nitrogen (N2) and
Carbon Monoxide (CO). From the results shown in Table 5.3 for these molecules, it can be observed
that the VLE properties are better predicted with OF; at the expense of increasing the repulsiveness
(T Ar) and energy (1 €) of the interactions. The shape parameter (¢), which is closely related to
the liquid density, remains within the same order of magnitude across the three parametrization
approaches. Including the shear viscosity (OF;) or solid (OF;) data in the optimization results in
decreasing the repulsive exponent and interaction energy of the potential. These two properties target
molecular parameters in the same direction. It can be observed that there is a trade-off regarding
which properties fit better with a simple pairwise potential. A better description of a transport
property compromises the description of the equilibrium properties. Moreover, the melting pressure
cannot be modeled correctly with the Mie potential. Presumably, the coarse grained approximation
overlooks structural effects that influence the conformation of the crystal phase as well as the friction
between molecules that affect the transport properties. These results indicate that the coarse grained
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FIGURE 5.2: Selected thermophysical properties of Argon. (a) and (d) Phase envelope. (b) and (e) Clapeyron
plot. (c) and (f) Enthalpy of phase change. (g) Speed of sound. (h) Shear viscosity. (i) Thermal conductivity. (a) -
(c) Phase equilibria modeled using the FE-ANN EoS developed in Chapter 2. (d) - (g) Phase equilibria and speed
of sound modeled using the FE-ANN(s) EoS developed in Chapter 3. FE-ANN/FE-ANN(s) EoSs are based on
Eq. (5.2). (h) and (i) The shear viscosity and thermal conductivity are modeled using the ANN-based models
developed in Chapter 4, based on Egs. (5.4) and (5.9). Dashed blue lines and symbols refer to results using
parameters optimized with OF; (VLE only). Dotted orange lines and symbols refer to results using parameters
optimized with OF, (VLE + shear viscosity). Solid green lines and symbols refer to results using parameters
optimized with OF3 (VLE + SLE + SVE). Refer to Eq. (5.1) and Table 5.1 for further details about the objective
functions. Filled circle is the critical point. Filled square is the triple point. Pseudo-experimental data obtained
from NIST TRC [12]. Upright triangles are VLE data, diamonds are SLE data, and downward triangles are SLE
data. For reference, the solid black line refers to the triple temperature.
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approximation is, in most cases, overfitted to a single property, and its extrapolation to other properties
must be approached with caution.

The modeling results for Nitrogen are presented in Figure 5.3. Figures 5.3 (a) to (c) illustrate the
VLE results using the fluid FE-ANN EoS. A good agreement can be observed for the VLE phase
envelope, vaporization pressure, and vaporization enthalpy when using OF; or OF,. However, it is
important to note that the fluid FE-ANN EoS is stretched to predict VLE in regions where the Mie
particle would exhibit a solid phase. In Figures 5.3 (d) to (f), the entire phase diagram is modeled
using the FE-ANN(s) EoS using the different parameter sets. These figures clearly demonstrate that
the triple point predicted by the parameters obtained from OF; is above some experimental VLE
data points. Under those conditions, the VLE becomes unstable, and the Mie particle exhibits SVE.
Incorporating the shear viscosity or solid phase data decreases the repulsive exponent of the Mie
potential and, consequently, lowers the triple point. The parameters from OF, and OF; model the VLE
similarly to those from OF;, but they provide a better description of the triple point, SLE, and SVE. It
is noteworthy that the order of magnitude of the melting pressure (~ 10°> MPa) is considerably higher
than the vaporization (~ 10~! MPa) and sublimation (~ 10~3 MPa) pressures. Although the molecular
parameters obtained from OF; predict the correct melting pressure trend, the reported relative errors
are considerable (~ 50%). Finally, the differences between the various molecular parameters result in
noticeably different SLE densities. This information could be useful for distinguishing the optimal
molecular parameters; however, this data is unavailable from the NIST TRC correlations [12].

The liquid speed of sound results of Nitrogen are shown in Figure 5.3 (g). It is observed here that the
three parametrization approaches led to a similar description of this property. However, it should be
noted that the described ranges for these properties depend on the predicted critical and triple points.
For the case of the shear viscosity, shown in Figure 5.3 (h), it can be observed that including properties
related to the repulsive part of the force field in the parametrization enhance the accurate description
of this property. In this case, the parameters from OF, and OF3 exhibit a similar behavior. This finding
contrasts with the observations for the thermal conductivity, as shown in Figure 5.3 (i). These results
graphically show how, in the coarse grained modeling approach, there are trade-offs regarding which
properties to fit (shear viscosity or thermal conductivity in this case). Similar results and conclusions
can be drawn for Carbon Monoxide from analyzing Figure C.3 in Appendix C.

5.3.3 Tetrahedral molecules

It has been shown that the Mie potential can accurately model the entire phase diagram of ideal gases.
However, this flexibility of the potential vanishes when dealing with polyatomic molecules, such as
linear molecules. This final section will further analyze the limitations of the Mie potential to model
tetrahedral molecules, such as Methane (CHy4) and Tetrafluoromethane (CF4). The results for these two
molecules are shown in Figures 5.4 and 5.5 respectively. When only VLE information using the fluid
FE-ANN EoS, figures (a) - (c), there is an apparent good fit of the phase envelope, saturation pressure,
and vaporization enthalpy. Results such as these have led to claims that the Mie force field holds
an advantage over the standard Lennard-Jones model, in that the use of the additional parameter
(A;) allows for a quantitative description of the fluid phase equilibria [292]. This is certainly the case,

but these apparent "good" results emerge from predicting high repulsions and interaction energy
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FIGURE 5.3: Selected thermophysical properties of Nitrogen. (a) and (d) Phase envelope. (b) and (e) Clapeyron
plot. (c) and (f) Enthalpy of phase change. (g) Speed of sound. (h) Shear viscosity. (i) Thermal conductivity. (a) -
(c) Phase equilibria modeled using the FE-ANN EoS developed in Chapter 2. (d) - (g) Phase equilibria and speed
of sound modeled using the FE-ANN(s) EoS developed in Chapter 3. FE-ANN/FE-ANN(s) EoSs are based on
Eq. (5.2). (h) and (i) The shear viscosity and thermal conductivity are modeled using the ANN-based models
developed in Chapter 4, based on Egs. (5.4) and (5.9). Dashed blue lines and symbols refer to results using
parameters optimized with OF; (VLE only). Dotted orange lines and symbols refer to results using parameters
optimized with OF, (VLE + shear viscosity). Solid green lines and symbols refer to results using parameters
optimized with OF3 (VLE + SLE + SVE). Refer to Eq. (5.1) and Table 5.1 for further details about the objective
functions. Filled circle is the critical point. Filled square is the triple point. Pseudo-experimental data obtained
from NIST TRC [12]. Upright triangles are VLE data, diamonds are SLE data, and downward triangles are SVE
data. For reference, the solid black line refers to the triple temperature.
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of the force field when using OF;. In the case of Tetrafluoromethane, the optimization reaches the
upper limit of the FE-ANN EoS with A, = 34. The overfitting of the VLE properties is evident when
analyzing the high deviations of the shear viscosity and melting pressure in Table 5.3. As with the
case of linear molecules, the use of the overfitted parameters unphysically predicts VLE in regions
below the triple point. These regions are outside the validity range of the fluid FE-ANN EoS.

The effect of the various choices of molecular parameters when used with the FE-ANN(s) EoS and
transport property models are shown in subfigures (d)-(i). For the case of Methane, Figure 5.4, it
is observed that when including solid phase (OF3) or shear viscosity (OF;) in the parametrization,
the VLE is correctly modeled. In these cases, the prediction of the triple point, SLE, and SVE are
also improved. The parameters from OF; result in overestimating the triple point, which results in
instability in part of the VLE region. Both OF, and OF; objective functions lead to lower repulsions
and interaction energies of the system and similar molecular parameters. In this context, it is seen that
incorporating a thermophysical property related to the repulsive interactions benefits the description
of the phase diagram and transport properties. This result is also observed for linear molecules and
aligns with the corresponding states methodology proposed by Hoang et al. [111].

In the case of Tetrafluoromethane, Figure 5.5, the apparent limitations of the Mie potential become
more apparent. In Figure 5.5 (d), (e) and (f), it is shown how the highly repulsive force field (i.e.,
A+ = 34) obtained from OF; lead to a phase diagram where a considerable part of the experimental
VLE data points are below the triple line. Below this temperature, the Mie particle will exhibit a
solid phase. Moreover, when incorporating solid (OF3) or shear viscosity (OF;) data, there is no clear
optimal set of parameters that can adequately describe the phase equilibrium properties. Notably, all
these parameter sets fail to describe the triple temperature of Tetrafluoromethane. It is not a surprise
that other thermophysical properties, such as the speed of sound, Figure 5.5 (g), and thermal thermal
conductivity, Figure 5.5 (i), are not described correctly. Tetrafluoromethane (CFy), similar to Methane
(CHay), is a nonpolar molecule due to the tetrahedral geometry of the molecule. However, the fluorine
atoms in CFy are highly electronegative and of bigger size than the hydrogen atoms in CHy. The
fluorine atoms in CF4 can lead to strong local polar moments, an overall octopolar moment, and
steric effects that a simple single-bead coarse grained model does not take into account. This result
unveils the limitations of the classical coarse grained modeling approach in describing more complex
molecules. Coarse grained models can easily overfit properties like the VLE, but this parametrization
does not necessarily transfer well to other thermophysical properties.

5.4 Conclusions

This chapter has showcased the limitations of the Mie potential for modeling quasi-spherical molecules.
The target molecules include monoatomic (e.g., Argon, Krypton, and Xenon), linear (e.g., Nitrogen and
Carbon monoxide), and tetrahedral (e.g., Methane and Tetrafluoromethane) molecules. Three different
approaches were employed to parametrize these molecules. The first parametrization approach
considered only vapor-liquid equilibria data. The second parametrization approach took into account
the liquid shear viscosity and the vapor-liquid equilibria data. Finally, the third parametrization
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FIGURE 5.4: Selected thermophysical properties of Methane. (a) and (d) Phase envelope. (b) and (e) Clapeyron
plot. (c) and (f) Enthalpy of phase change. (g) Speed of sound. (h) Shear viscosity. (i) Thermal conductivity. (a) -
(c) Phase equilibria modeled using the FE-ANN EoS developed in Chapter 2. (d) - (g) Phase equilibria and speed
of sound modeled using the FE-ANN(s) EoS developed in Chapter 3. FE-ANN/FE-ANN(s) EoSs are based on
Eq. (5.2). (h) and (i) The shear viscosity and thermal conductivity are modeled using the ANN-based models
developed in Chapter 4, based on Egs. (5.4) and (5.9). Dashed blue lines and symbols refer to results using
parameters optimized with OF; (VLE only). Dotted orange lines and symbols refer to results using parameters
optimized with OF, (VLE + shear viscosity). Solid green lines and symbols refer to results using parameters
optimized with OF3 (VLE + SLE + SVE). Refer to Eq. (5.1) and Table 5.1 for further details about the objective
functions. Filled circle is the critical point. Filled square is the triple point. Pseudo-experimental data obtained
from NIST TRC [12]. Upright triangles are VLE data, diamonds are SLE data, and downward triangles are SVE

data. For reference, the solid black line refers to the triple temperature.
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FIGURE 5.5: Selected thermophysical properties of Tetrafluoromethane. (a) and (d) Phase envelope. (b) and
(e) Clapeyron plot. (c) and (f) Enthalpy of phase change. (g) Speed of sound. (h) Shear viscosity. (i) Thermal
conductivity. (a) - (c) Phase equilibria modeled using the FE-ANN EoS developed in Chapter 2. (d) - (g) Phase
equilibria and speed of sound modeled using the FE-ANN(s) EoS developed in Chapter 3. FE-ANN/FE-ANN(s)
EoSs are based on Eq. (5.2). (h) and (i) The shear viscosity and thermal conductivity are modeled using the
ANN-based models developed in Chapter 4, based on Egs. (5.4) and (5.9). Dashed blue lines and symbols refer to
results using parameters optimized with OF; (VLE only). Dotted orange lines and symbols refer to results using
parameters optimized with OF; (VLE + shear viscosity). Solid green lines and symbols refer to results using
parameters optimized with OF; (VLE + SLE + SVE). Refer to Eq. (5.1) and Table 5.1 for further details about the
objective functions. Filled circle is the critical point. Filled square is the triple point. Pseudo-experimental data
obtained from NIST TRC [12]. Upright triangles are VLE data, diamonds are SLE data, and downward triangles
are SVE data. For reference, the solid black line refers to the triple temperature.
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approach included solid-fluid (solid-liquid and solid-vapor) equilibria data in addition to the vapor-
liquid equilibria data.

The Mie potential was found to accurately describe the entire range of properties of simple monoatomic
molecules, such as Argon, Krypton, and Xenon. This result was validated irrespective of the ther-
mophysical properties used to parametrize the Mie potential. However, the limitations of the Mie
potential become evident beyond ideal gases. Vapor-liquid equilibria data can always be overfitted
for linear and tetrahedral molecules when it is the only target property. This approach is a customary
parametrization strategy in SAFT-like EoSs [36, 37, 172]. This commonly used parametrization ap-
proach causes a shift in the triple point, leading to instability in a region of the VLE phase envelope.
Furthermore, this parametrization leads to suboptimal parameters that provide a poor description
of other thermophysical properties, particularly transport properties. Unlike noble gases, which
interact solely through van der Waals forces, polyatomic molecules can exhibit additional sources of
non-ideality. Examples include dipolar and higher polar moments, polarization effects, and steric
effects caused by molecular geometry. These interactions are not accounted for when modeling a
polyatomic molecule using a coarse grained approach with a single bead per molecule.

The various proposed parametrization approaches indicate that incorporating properties such as the
shear viscosity or solid-fluid equilibria data leads to similar molecular parameters. This behavior
results from the fact that both of these properties are related to short-range effects. The shear viscosity
is related to intermolecular friction, which is significant at short distances. Similarly, the solid phase
and crystal structure are directly related to relatively short-distance interactions. In contrast, vapor-
liquid equilibria depends on the balance between repulsive and attractive interactions. This interplay
can be captured by multiple sets of molecular parameters that correctly describe the vapor-liquid
equilibria region. These parameters do not necessarily extrapolate well to other thermophysical
properties. Therefore, it is advisable to include properties related to the repulsive interactions of
the system when parametrizing force fields. This observation aligns with the corresponding states
methodology proposed by Hoang et al. [111], which considers the shear viscosity in the force field

parametrization.

Finally, the parametrization approaches presented in this chapter rely on physics-informed artificial
neural networks to model thermophysical properties. These thermophysical property models, devel-
oped in Chapters 2, 3, and 4, are equations of state that are derived directly from discrete molecular
simulation data and physics-inspired constraints employing machine learning techniques. These
models serve as reliable surrogates for molecular simulation results and represent a promising path
for parametrizing force fields using a top-down approach. It should be noted that the observations
made in this chapter are limited to simple spherical geometry and London dispersion interactions.
Future work should aim to extend the framework to incorporate additional interactions and molecular

geometries.
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Chapter 6

Conclusions and outlook

Thermophysical properties are of great relevance for scientific and engineering purposes. The model-
ing of these properties has traditionally been done using empirical, semi-empirical, and theoretically
based methods. This thesis proposes a paradigm shift by modeling thermophysical properties using
thermodynamically-guided machine learning methods. These methods are demonstrated for a system
interacting through the well-characterized Mie potential.

In Chapter 2, a physics-embedded artificial neural network framework that explicitly models the
Helmholtz free energy (FE-ANN EoS) was proposed. The FE-ANN EoS is formulated to fulfill the
ideal gas law and Maxwell’s relationships. This EoS is trained using derivative information obtained
through high-throughput molecular dynamics simulations. The FE-ANN EoS additionally considers
penalties to fulfill well-established principles, such as the principle of mechanical and thermal stability.
The FE-ANN EoS can learn the Helmholtz free energy from discrete single-phase data. Moreover, due
to its physics-inspired formulation, it can predict previously unseen behavior, such as vapor-liquid
equilibria. Finally, the thermodynamic consistency of the FE-ANN EoS was verified using Brown’s
characteristic curves. The FE-ANN EoS framework has been validated for the Mie fluid. However,
the flexibility of the data-driven approach allows this framework to study other complex nonideal

behaviors, such as permanent dipoles, charged systems, and extreme phase space conditions.

In Chapter 3, the FE-ANN EoS framework is extended to handle the crystal phase (FE-ANN(s) EoS).
The FE-ANN(s) EoS retains the physics-inspired formulation of the FE-ANN EoS but is trained using
single-phase data from solid and fluid states. The FE-ANN(s) EoS is capable of accurately modeling
thermophysical properties. Moreover, it can predict the entire phase diagram, including vapor-liquid,
solid-liquid, and solid-vapor phase envelopes. The FE-ANN(s) EoS also predicts the existence of
unique critical and triple points. This EoS exhibits correct physical trends for the behavior of the
isochoric heat capacity in unstable regions, the vanishing of the vapor-liquid equilibria for highly
repulsive systems, and accurately predicts Brown’s characteristic curves. The FE-ANN(s) EoS exhibits
a thermodynamically correct behavior, and it is the first equation of state capable of continuously
handling fluid and solid states. This type of EoS supports the premise of Maxwell and Gibbs that a
single continuous thermodynamic surface spans the entire phase space. Finally, the FE-ANN(s) EoS
showcases the versatility of using a hybrid physics-informed machine learning modeling approach
and how it is possible to go beyond the state of current theoretical approaches.
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Thermophysical properties include volumetric (equilibrium) and transport properties. Unlike volu-
metric properties, no widely accepted theory exists for modeling transport properties. For this reason,
Chapter 4 has two main objectives. First, in this chapter, a reference database for the self-diffusivity,
shear viscosity, and thermal conductivity of the Mie fluid is computed from high-throughput molec-
ular dynamics simulations. This database aims to serve as a validation tool for testing modeling
approaches for transport properties. Additionally, these transport properties were successfully mod-
eled using physics-informed artificial neural networks. These neural networks account for the dilute
gas limit and correctly capture the density dependence of the transport properties. The developed
artificial neural network models aid in assessing the performance of single bead coarse grained models
based on the Mie potential.

Finally, in Chapter 5, the equations of state (FE-ANN and FE-ANN(s) EoS) and transport property
models developed in Chapters 2, 3, and 4 are used to test different parametrization approaches for
quasi-spherical molecules based on the Mie potential. The parametrization approaches are considered,
considering only vapor-liquid equilibria data, vapor-liquid equilibria and liquid shear viscosity
data, and vapor-liquid, solid-liquid, and solid-vapor equilibria data. The limitations of the Mie
potential become evident when shear viscosity or solid-fluid equilibria data are included in the
parametrization. Beyond the simplest cases, trade-offs are observed with respect to which property to
fit. It is always possible to overfit the vapor-liquid equilibria data at the cost of increasing the repulsion
and interaction energy of the system. However, these molecular parameters are not transferable to
other thermophysical properties beyond ideal gases. Interestingly, including shear viscosity data or
solid-fluid equilibrium data tends to yield similar molecular parameters. This behavior is expected
as both properties are related to short-range interactions, which are relevant to the repulsive part of
an interaction potential. Including either of these two properties leads to molecular parameters that

generalize better.

6.1 Suggested future work

The results presented in this thesis represent the foundations for using physics-informed data-driven
methods for modeling thermophysical properties. However, the methods presented in this work are
limited to handling simple spherical particles, which limits the scope of applicability of these methods
to simple quasi-spherical molecules. A few ideas are suggested in this section to extend the current

framework to handle more complex molecules and mixtures.

6.1.1 Machine learning-based SAFT EoS

In the context of the Statistical Association Fluid Theory (SAFT), the free energy of a fluid is obtained
as a sum of different contributions [172]. As a baseline, the free energy will consider a kinetic (ideal)
contribution of non-interacting particles. In the SAFT framework, the residual (nonideal) Helmholtz
free energy considers contributions due to non-bonded interaction (A™"°™¢"), chain formation (Achainy,
and for molecular association (A2°ciation)  Thege contributions to the free energy can be added or
neglected depending on the nature of the molecule. The chain term can be omitted if the molecular
representation comprises a single sphere. Likewise, the association term can be neglected if the
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molecules cannot associate (i.e., cannot form hydrogen bonds). Other corrections to the free energy
can be considered if necessary. Other contributions include dipolar [38], quadrupolar [39] and ion [40]

contributions.
ATes — gmonomer + Achain + Aassociation (61)

The FE-ANN EoS developed in Chapter 2 provides an accurate function for obtaining the monomer
contribution (A™°"°™¢T) of Mie monomers to the free energy. However, there is no restriction on using

the framework to model other contributions to the free energy.

The chain contribution is typically obtained in the limit of infinite association from Wertheim'’s theory

[35]. This term depends on the radial distribution function at contact, which is obtained as follows:

Achain

z7 = —(ms=1)Ing(0) (62)

In Eq. (6.2), R is the ideal gas constant, T is the absolute temperature, m; is the number of chain
segments, and g(c) is the radial distribution function evaluated at the molecular diameter. The
function ¢(c) can be interpreted as a measure of the likelihood that two monomers remain at a
distance of ¢. This information can be obtained from standard molecular simulation techniques [66,
70]. The function g(c) can be modeled using a physics-informed method inspired by the FE-ANN
EoS. . .

Ing(o) = ANN(x, 0, =) = ANN(x,p = 0, ) (6.3)

The proposed formulation, Eq. (6.3), relies on the molecular descriptors (x, e.g., the molecular parame-
ters of the force field), and the density (p) and temperature (T). This formulation satisfies the ideal
gas limit, where ¢(0) = 1. The A" term derived from this ANN-based model for g(o) must satisfy
thermodynamic consistency tests, such as the criteria of thermal and mechanical stability [116, 125]. These
additional constraints must be incorporated when developing the machine-learning-based SAFT EoS.

The association terms are also implicitly related to the structural information of the association sites.
The association term can be obtained from Wertheim’s theory as follows.

Aassociation s Xu S
T _a; (hnX,l—z) +5 (6.4)

Here, s represents the number of association sites per molecule, and X, is the fraction of sites a that
are not bonded at the given density and temperature. The solution for the non-bonded sites is given

from the following mass-action relation.

1

X —
1+ e XA

(6.5a)

where,

Ba = [ 8(r2)lexp(~U(r2)/RT) ~ 1]drrz (6.5b)

The fraction of non-bonded association sites depends on the association strength (A,;). The association
strength depends on the selected interaction potential (—/(r12)) between the association sites and its

radial distribution function g(r12). The square-well potential has been commonly used to model the
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association sites [35, 37, 132]. However, the Lennard-Jones and Mie potential can also be considered
[293]. The calculation of the association strength ultimately depends on the radial distribution function
g(712). This structural information can be obtained from molecular simulations and fitted to a physics-
informed artificial neural network. Similar to the chain term, this ANN must fulfill well-established
thermodynamic constraints [116, 125].

Incorporating the chain and association contributions into the current FE-ANN EoS will transform it
into a machine-learning-based SAFT EoS. This EoS should be capable of handling chain molecules,
like alkanes and polymers, as well as molecules that exhibit hydrogen bonding, such as alcohols and
water.

6.1.2 Molecular descriptors embedded into the FE-ANN EoS

The FE-ANN EoS is a flexible framework for developing EoS from discrete thermophysical properties
data. As described by Eq. (2.9b), the FE-ANN EoS explicitly models the Helmholtz free energy based

on a molecular descriptor (x) and the state conditions (p and T).
" 1 1
A™ = ANN(y, p, f) — ANN(x,p =0, T) (2.9b)

Throughout this thesis, the FE-ANN EoS has been showcased for the Mie potential, which can be
described by the van der Waals parameters (ay4,,). The FE-ANN EoS framework can be extended
to more complex molecules by providing suitable molecular descriptors. Three potential routes to
produce molecular descriptors will be described below.

In the machine learning community, several approaches to computationally describe molecules exist.
For example, the RDKit [294] project allows computing numerical descriptors of molecules. These
descriptors capture several molecular attributes, such as molecular volume, surface area, and electronic
distribution. By default, RDKit computes a comprehensive list of over 200 descriptors, some of which
may exhibit correlations. For example, RDKit descriptors have been successfully used to study the
impact of terminal groups in lubricant monolayers [295]. Similarly, these descriptors can be used as
the x vector in the context of the FE-ANN EoS.

Molecules can also be represented as graph structures, making them suitable for modeling with Graph
Neural Networks (GNNs). Graphs structures consider "nodes" and "edges". The nodes represent the
vertices of the graph, and the edges represent the connections between different nodes. In the context
of a molecular representation, each atom is explicitly considered a node in the graph, and bonds are
interpreted as the edges of the graph. GNNs can be used to produce a numerical representation of a
molecule. GNNs have already been used to model thermophysical properties [63] and to formulate
thermodynamically consistent activity coefficient models [84]. In the context of the FE-ANN EoS,
a GNN can be trained to output a machine-learned molecular descriptor vector x as required by
Eq. (2.9b).

Finally, molecular structures can be represented as strings. The self-referencing embedded string
(SELFIES) [61] and simplified molecular input line entry system (SMILES) [60] are examples of well-

defined molecular representations using strings. The attention mechanism of transformers can process
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these strings [77] to encode molecular representations. This procedure has already been successfully
used to predict molecular parameters of traditional thermodynamic models [80-82]. Therefore, this
can also represent a suitable pathway to produce the molecular descriptor vector (x) required by the
FE-ANN EoS.

Regardless of the chosen approach for obtaining a numerical molecular description, extending the
FE-ANN EoS to real molecules requires thermophysical property data. This data can be obtained from
curated databases [12, 296] or high-throughput molecular simulations.

6.1.3 Application of the FE-ANN EoS to other molecular fluids

Finally, the FE-ANN EoS framework has been showcased for the Mie potential. This choice allowed
for the comparison of the FE-ANN EoS with a theoretically based EoS, such as the SAFT-VR-Mie
[37]. However, the FE-ANN EoS framework can be applied to model other non-bonded interactions,
especially for systems without a theoretical representation of the free energy. These systems include,

for example, the Buckingham potential, the Stockmayer fluid, and systems with charged species.

Similar to the Mie potential, the Buckingham potential considers repulsive and attractive interaction
between particles. It has been argued that the exponential dependence on the repulsive part of
the Buckingham potential is more physically sound than the = dependence in the Mie potential
[27]. Therefore, the phase behavior can be better captured by using this interaction potential. The
Buckingham potential is defined by the following equation.

uBuckmgham:e[ T exp [a (1_1>]_ w (0)11} (6.6)

o x—n\r

In Eq. (6.6), € corresponds to the potential well depth, ¢ is the shape parameter,  is the center-to-center
distance between two Buckingham particles. The repulsion and attractive parts of the potential are
governed by the « and 77 parameters, respectively. The attractive parameter (1) is commonly set to
six due to the London dispersion forces [93]. Hence, the Buckingham potential has three adjustable

parameters (€, o, and «) to model intermolecular interactions.

The Buckingham potential is a substitute for non-bonded interactions modeled by the Mie potential.
However, for some relevant molecules, additional contributions to the free energy must be considered.
For example, a permanent dipolar moment is essential for modeling solvents like ethers. The dipolar
contribution is explicitly accounted for in the Stockmayer fluid [297], whose interactions are detailed
below.

Stock AN o\ W

yStockmayer (1) — ge (ﬂ;) — (7’11) — FOV% 2 cos 6; cos B — sin 6; sin 6; cos ¢;;] (6.7)
In this interaction potential, the first term represents the Lennard-Jones potential, while the second
term accounts for dipole-dipole interactions. This term is governed by the dipole moment (u), the
polar angle of the dipoles (), and the azimuthal angle between the dipoles (¢;; = ¢; — ¢;). In this

equation, €y is the vacuum permittivity.
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Additionally, correctly modeling systems with electrolytes is relevant for several industrial and
biological processes [14]. In the case of charged systems, the molecular simulation should include an
explicit Coulomb potential as defined below.

uCoulomb (rij) — 473:(7)]7’” (6.8)
1

In Eq. (6.8), the interaction energy (4/“°"1°™) depends of the charges g; and g; of the species and its
separation 7;;.

The process of modeling these contributions follows the same pipeline described in Figure 2.1. This
pipeline produces data on discrete thermophysical properties from molecular dynamics simulations.
These interaction potentials are readily implemented in standard molecular simulation packages,
such as LAMMPS [147]. Subsequently, the molecular simulation data can be used to train a physics-
informed neural network for modeling the Helmholtz free energy. In the context of contributions that
rely on a base interaction potential, like the Stockmayer fluid or for charged species, it is recommended
to formulate these contributions to the free energy using a perturbation approach, as this will allow

considering these contributions as needed.

6.1.4 Extension of the FE-ANN EoS to mixtures

The FE-ANN EoS framework developed in this thesis models the free energy of pure species. The
framework can be extended to mixtures using two main independent approaches. The first approach
relies on combining rules similar to the ones used in molecular-based equations of state [172]. In this
case, the total Helmholtz free energy is defined as follows,

Ne N

Ax,p,T) = A%(x,p,T) + ) ijzx]Ares Xij 0, 1/T) 6.9)
i=1j=1

In this formulation, the total Helmholtz free energy of a mixture (A) is a function of the composition
(x), density (p), and temperature (T). The total free energy can be divided into an ideal contribution
(Ai!) and a residual contribution. The residual term is commonly taken as a quadratic sum of the
pairwise interactions (Af]f?s) [37, 65, 298]. These residual contributions are obtained using the FE-ANN
EoS formulated in Eq. (2.9b). In this case, each molecule is described by like (x;;) and unlike (x;;)
molecular parameters. For the Mie particle, the like molecular parameters (cj;, €;i, Ar;i) can be obtained
as described in Chapter 5. For the unlike parameters, it is customary to rely on combining rules. It
is expected that Eq. (6.9) will perform correctly for species of similar size. However, it might fail to
correctly describe asymmetric systems. Moreover, the correctness of a quadratic term to predict the
expected behavior of the virial coefficients has been criticized in open literature [299].

An alternative data-driven approach based on the thermodynamics of mixtures is proposed below.

N, N,
A(x,p,T) =) xA;+RT) xjlnx; +A™ (6.10)
i=1 i=1 .

AAid
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In this case, the total Helmholtz free energy of a mixture is obtained from three main contributions.
The first contribution (}_; x;A;) explicitly considers the Helmholtz free energy of the individual species
as obtained by the FE-ANN EoS. The second contribution (A Al?) accounts for the free energy obtained
from an ideal mixing process. The final contribution refers to the excess Helmholtz free energy (A%),
which can be modeled using a data-driven approach through ANNs and must be learned directly from
mixture data. This formulation as a whole must consider thermodynamic limits when formulated and
trained. For example, Eq. (6.10) must follow the criteria of thermal and mechanical stability [116], and the
Gibbs-Duhem equation [131]. Finally, the formulation must simplify to a pure component if the mole
fraction is x; = 1. This condition requires the excess Helmholtz free energy to be zero for pure species.
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Appendix A

Data modeling with artificial neural

networks

A.1 Artificial neural networks description

This appendix provides the basic background for Artificial neural networks (ANNSs). The reader is
referred to the books of Géron [135] and Bishop and Bishop [78] for a thorough discussion about
ANNE.

ANN s are a versatile machine learning algorithm inspired by how biological neurons communicate and
propagate information between them. ANNSs are suitable for classification [300, 301] and regression
[302] problems. ANNSs are universal function approximators [53] and were first introduced by
McCulloch and Pitts [52] in 1943. ANN s rely on several adjustable parameters, which were difficult
to tune at the time. It was not until 1986 that the backpropagation method [88] was proposed as a
feasible training algorithm. This method allowed the efficient computation of derivatives at computer
precision and facilitated the training of ANNSs for practical applications. Nowadays, increasing
computer capabilities of Central Processing Units (CPUs), Graphics Processing Units (GPUs), and
Tensor Processing Units (TPUs) have made ANNSs a standard engineering tool for data correlation
[57].

Input Features Hidden Layers Output Feature
x IN(Wn...fi(Wix+b1)... + by) y

FIGURE A.1: Schematic representation of an Artificial Neural Network (ANN).
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Mathematically speaking, an N-layered ANN consists of a series of N linear transformations followed
by a nonlinear transformation, also known as the activation function. A schematic representation
of an ANN is shown in Figure A.1. An ANN consists of three main parts, namely: an input layer
where a feature vector x is supplied, an output layer that produces the vector y, and the hidden layers
where the ANN uses trainable parameters and nonlinear transformation to map from x to y. The
mathematical representation of an ANN is given below in Eq. (A.1).

y= ANN(X) = fN(wN---fl (Wlx + bl) + bN) (Al)

In Eq. (A.1) x and y are the input and output features of the ANN. In this equation, each layer applies
a linear transformation W;x;_; + b;. The weight matrix (W;) and the bias vector (b;) are the trainable
parameters of the i-th layer of the ANN. The weight matrix is an (m x n) dimensional matrix, where
m is the number of neurons in the layer and 7 is the dimension of the input vector. The bias vector is

of dimension m.

An activation function, f;, follows the linear transformation of each layer. The role of the activation
function is considerable. This function adds non-linearity to the ANN and provides the flexibility to
model complex data behavior [135]. A summary of commonly used activation functions is given in
Table A.1. For regression problems, it is recommended to use a linear activation function (i.e., f(x) = x)
in the output layer. The linear activation function is equivalent to the identity function and can produce
any real value. If the target feature is always positive, using the softplus activation function (i.e.,
f(x) = In[1+ exp(x)]) ensures the predicted values are always in that domain. For binary classification
problems, it is recommended to use the sigmoid activation function (i.e., f(x) = 1/[1 4+ exp(—x)])
as the output activation function. The output of this function is bounded between 0 and 1, which
facilitates the classification into two categories given a threshold. Based on a similar idea, the softmax
activation function (f(x); = exp(x;)/ Y_exp(x)) can be used for multiclass classification. For the case
of the hidden layers, the ReLU activation function (i.e., f(x) = max(0, x)) is a standard choice due to
its low computational cost, which translates into faster training. However, the ReLU function is not
continuous, and the final ANN result can be interpreted as a piece-wise hyperplane function [303].
This behavior might not be desired for continuous data. In this case, it is preferable to use the tanh

activation function (i.e., f(x) = tanh(x)).

Artificial Neural Network training

The training of an ANN consists of updating the weights (W;) and biases (b;) of each layer to improve
the performance of the model. For example, to improve classification accuracy or reduce the squared
error in a regression problem. The weight matrices are usually randomly initialized [304, 305], whereas
the biases are initialized as a zero vector. The training of the ANN is performed by minimizing a loss
function, L. In regression problems, which are of interest to this thesis, the loss function is based on
the Mean Squared Error (MSE), as shown below.

Z

. 1 d 2
mu&;g:ze L(W;,b;) = ﬁp . (™ — yirue) (A.2)
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TABLE A.1: Common activation functions used in ANNSs.

Activation function Definition

Output range Comments

linear

tanh

ReLU

softplus

sigmoid

f(x)

=X

exp(x;)

(=00, 00)

[-1,1]

[0, 00

[0, 1]

)

Recommended for the output layer in re-
gression problems

Centered at zero, considered superior to
sigmoid function. It can also saturate if
the input is too big or too small.

Default activation function for fast train-
ing. The function is not differentiable, and
it approximates the data by superposition-
ing of hyperplanes.

Differentiable version of ReLU activation
function. It is useful for regression in
which the output value is always positive.
Useful for binary classification. It satu-
rates quickly if the input is too big or too
small. In the case of saturation, the gradi-
ents tend to zero while training, implying
slow training.

Useful for multiclass classification.

softmax f(x); = T exp ()

InEq. (A.2), y™ and yfred refer to the i-th sample of the true and predicted output feature. In principle,
this minimization problem can be solved by any optimization method. However, due to the high
dimensionality of the problem and the computational cost associated with higher-order derivatives,
gradient descent-based methods are preferred. A gradient descent step is illustrated below.

0jv1=10;— ngeﬁj (A.3)
In Eq. (A.3), 6; refers to a parameter of the ANN (i.e., weight or bias) at step j, and « is the learning
rate. The derivatives of the loss function with respect to these parameters (0L/06;) are obtained
using the backpropagation method [88]. This method computes derivatives at computer precision,
and it is available in modern machine learning libraries, such as TensorFlow [137] and JAX [138].
The minimization step is often modified to include information about previous iterations, known as
momentum. The Adam [139] optimizer is an example of an optimization algorithm with momentum.
It should be noted that even with this "improvement”, there is no guarantee of achieving better
performance during training [306]. For this reason, the optimizer selection is a hyperparameter to
choose before training an artificial neural network.

Regardless of which optimization algorithm is selected, the learning rate («) is one of the most relevant
hyperparameters during training. The learning rate must be tuned for a specific task. On the one
hand, small values of « imply the parameters of the ANN are slightly updated on each optimization
step, see Eq. (A.3). This conservative approach implies a slow training. On the other hand, big values
of « can cause an ill-behaved optimization, where the loss function exhibits an oscillating behavior. In

extreme cases, a large learning rate can cause the training to diverge. Typically, the learning is chosen
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as a power of ten, with common values ranging from 10~ to 1072 [135].

Additionally, due to memory constraints, the ANN training is usually performed using mini-batches
of data. It has been shown that using "small" mini-batches helps the optimizer move between local
minima. Conversely, "large" mini-batches lead to a sharper definition of the loss function surface,
which can cause the optimizer to become stuck in a local minimum [192]. The batch size is commonly
chosen as a power of two, with typical values ranging from 2° to 28. The number of epochs refers to
how many times the optimizer passes through the entire dataset. The number of epochs to achieve
satisfactory training will vary depending on the task. A customary strategy to select the number of
epochs is to analyze the loss function with respect to the number of epochs. Ideally, the number of
epochs must be chosen so the loss function reaches a plateau and any extra improvement is marginal.
The batch size and the number of epochs are training hyperparameters of the model.

Finally, the ability of ANNSs to learn complex patterns from data comes at the risk of overfitting. In this
case, an ANN performs exceptionally well for the data used for training, but it does not generalize
well for "unseen" data points. The overfitting of an ANN is easily verified by splitting the database
into a train and a test set. The ANN is trained using only the training set, but the loss function is also
evaluated for the test set. If the loss of the training set is considerably lower than the loss of the test
set, then the model is overfitting the data. There are regularization techniques to avoid overfitting.
For example, the Ridge or Lasso regularizations [135] add a penalty to the loss function based on the
magnitude of the weights (W;) of the ANN. These techniques preclude large weights and decrease
the effective degrees of freedom of the ANN, resulting in better-behaved models. Alternatively, as
described in the next section, the regularization can be inspired by prior (physics-inspired) knowledge.

Physics-informed artificial neural networks

Artificial neural networks have been extensively used for scientific and engineering purposes. In these
cases, it is tangible to add extra constraints to ensure the data follows a correct physical behavior
[50]. These constraints can be embedded into the ANN formulation. For example, the FE-ANN EoS
proposed in Chapter 2 fulfills the ideal gas law and Maxwell’s relationships by design. A similar
approach has been proposed for an ANN-based activity coefficient model [84] to fulfill the Gibbs-
Duhem equation. Moreover, artificial neural networks have also been formulated to fulfill known
limits of activity coefficient models [85]. Embedding physical constraints in an ANN model acts as a
regularization technique that prevents overfitting to nonphysical solutions.

Alternatively, soft constraints can be added to the loss function during the training of the ANN [86].
These penalty functions, like those described in Eq. (2.13) and Eq. (4.18), are added alongside the
primary loss function to enforce correct physical behavior while training the model parameters. These
soft constraints are not guaranteed to be fulfilled at the end of the training and the correctness of the
model must be checked. Alternatively, more complex approaches can impose physical behavior as
hard constraints, but they are limited to simplified scenarios where the soft-constrained approach
performs similarly [307].
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Hyperparameter optimization of artificial neural networks

The performance of an ANN for a given task depends on several hyperparameters. The hyperpa-
rameters related to the architecture include the number of hidden layers, the number of neurons per
layer, and the activation function used in each layer. Similarly, the training of the ANN depends on
the selection of the training algorithm, learning rate, use of regularization techniques, batch size, and
total number of epochs. These hyperparameters must be tuned for a given task. This procedure is
non-trivial as it requires handling different variable types. For example, some hyperparameters can be
treated as continuous variables (e.g., the learning rate), others are integer values (e.g., the number of
hidden layers), and others are choices (e.g., the optimization algorithm). Several methods have been
proposed to solve this problem efficiently. These include using a grid search, random search, genetic
algorithms, and Bayesian optimization. The reader is referred to the review of Yang and Shami [140]
for a thorough discussion of these methods.

A.2 Hyperparameter optimization of the physics-informed artificial neu-

ral network models

This section details the hyperparameter optimization (HPO) of the artificial neural networks used
in this thesis. The hyperparameter optimization was performed using the Tree-structured Parzen
Estimator [159] method implemented in black-box optimization library optuna [160]. This method
efficiently samples the hyperparameters using Bayesian optimization. In order to keep the complexity
of the optimization low, the HPO aims to find only a suitable architecture (number of hidden layers
and neurons per layer) to model a target property. The results are reproducible by controlling the
seed to initiate the ANN parameters. The importance of these hyperparameters was assessed using
the fANOVA method [308] included in Optuna. Other hyperparameters related to the training are
chosen from standard practices related to ANNs [78, 135]. For example, the training of the ANN
uses the Adam optimization method [139], a batch size of 32 is used for training, the learning rate
is set « = 1072 and the number of epochs to 1000. The selected learning rate and number of epochs
allow to train ANNs quickly. This quick training benefits the exploration of the Bayesian optimization

algorithm to find a suitable architecture to describe a given thermophysical property.

Finally, the ANN models in the HPO are trained using 90% of the available data and compared against
each other using the remaining 10% of it. Due to the size of the datasets, this split is sufficient to
provide a similar phase space distribution between the training and testing datasets.

FE-ANN EoS from Chapter 2

The FE-ANN EoS explicitly models the residual Helmholtz free energy. As explained in Chapter 2, the
FE-ANN EoS is trained based on the derivatives of the Helmholtz free energy. The architecture of the
ANN (number of neurons and neurons per layer) used in the FE-ANN EoS is optimized exclusively
to first-order thermophysical properties of the Mie fluid. These properties include the pressure (P*),
internal energy (U*), and the second-virial coefficient (B3). No second-order properties or penalty
functions were considered during this process. The training of these test models uses a learning rate
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& = 1073 and 1000 epochs. These values differ from the ones used in Chapter 2 as the FE-ANN EoS
trained in this chapter considers second-order properties and penalty functions. This extra information
requires a smaller learning rate to ensure a stable optimization. Due to the slow training, in Chapter 2,

it is required to increase the number of epochs.

The hyperparameter optimization results are summarized in Figure A.2. From Figure A.2 (a), it can
be observed that the number of neurons is the most relevant variable to consider when choosing the
ANN architecture. From Figures A.2 (b) and (c), it can be observed that using a single hidden layer is
not enough to capture the target first-order properties. The Helmholtz free energy can be similarly
modeled using 2, 3, 4, or 5 layers when considering more than 20 neurons per layer. Based on this
information, the FE-ANN EoS uses three hidden layers and 30 neurons per layer. This architecture
offers sufficient flexibility to model the Helmholtz free energy without relying on an excessive number

of parameters.
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FIGURE A.2: Hyperparameter optimization results of the FE-ANN EoS developed in Chapter 2. (a) Hyperpa-
rameter relative importance. (b) Pareto frontier of the objective function against the number of neurons per
layer. (c) Heatmap of the objective function for different ANN architectures.

FE-ANN(s) EoS from Chapter 3

The hyperparameter optimization of the FE-ANN(s) EoS follows the same principles as the FE-
ANN EoS described above. The architecture of the FE-ANN(s) EoS is optimized by analyzing the
performance of different test models. These models are trained using a learning rate « = 102 for 1000
epochs and considering only first-order thermophysical properties of the Mie particle. No second-
order properties or penalty functions are considered in this optimization. As a note, the FE-ANN(s)
EoS developed in Chapter 3 considers second-order properties and penalty functions when training.

This extra information forces to use a lower learning rate and train for more epochs.

The hyperparameter optimization results for the FE-ANN(s) EoS are summarized in Figure A.3. In this
case, it is also observed that the number of neurons per layer is the most important hyperparameter to
consider. From Figures A.3 (b) and (c), it can be observed that the FE-ANN(s) EoS requires at least
three hidden layers with 20 or more neurons to model the data accurately. The FE-ANN(s) EoS can
use the same architecture as the FE-ANN EoS to model the Helmholtz free energy across the entire
density space. The FE-ANN(s) EoS uses three hidden layers with 30 neurons each.
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FIGURE A.3: Hyperparameter optimization results of the FE-ANN(s) EoS developed in Chapter 3. (a)
Hyperparameter relative importance. (b) Pareto frontier of the objective function against the number of neurons
per layer. (c) Heatmap of the objective function for different ANN architectures.

Transport property models from Chapter 4

The architecture of the ANN-based models for transport properties is optimized by training different
test models. The test models are trained using a learning rate & = 103 for 1000 epochs and are trained
directly on the transport property data. The target output features are p*D*, Iny*, and «* for the

self-diffusivity, shear viscosity, and thermal conductivity, respectively.

The results of the hyperparameter optimization are summarized in Figures A.4, A.5, and A.6. From
these figures, it can be observed that several combinations of hidden layers and neurons per layer
led to similar results. However, as shown in Figure (a), the number of neurons per layer is the most
relevant hyperparameter. The architecture of each model is chosen so that transport properties can be
adequately modeled while keeping the number of total adjustable parameters low. For this reason,
the self-diffusivity and shear viscosity use two hidden layers with 30 neurons each, and the thermal

conductivity uses three hidden layers and 30 neurons each.
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FIGURE A.4: Hyperparameter optimization results of the self-diffusivity ANN-based model developed in
Chapter 4. (a) Hyperparameter relative importance. (b) Pareto frontier of the objective function against the
number of neurons per layer. (c) Heatmap of the objective function for different ANN architectures.
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FIGURE A.5: Hyperparameter optimization results of the shear viscosity ANN-based model developed in
Chapter 4. (a) Hyperparameter relative importance. (b) Pareto frontier of the objective function against the

number of neurons per layer. (c) Heatmap of the objective function for different ANN architectures.
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in Chapter 4. (a) Hyperparameter relative importance. (b) Pareto frontier of the objective function against the
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Appendix B

Thermophysical properties modeling of
selected Mie particles

This appendix aims to complement the thermophysical property modeling results of Chapters 2, 3,
and 4 for additional Mie particles. These chapters focus on Mie particles with A,= 12, 16, and 20, and
Aa=6. This appendix considers Mie particles with A= 10, 18, and 26, and A,=6.

* Section B.1 illustrates pressure isotherms, second-order properties isotherms, phase equilibria
(VLE) results, and Brown'’s characteristic curves predicted by the FE-ANN EoS developed in
Chapter 2.

* Section B.2 illustrates pressure isotherms, second-order properties isotherms, phase equilibria
(VLE, SLE, and SVE) results, and Brown’s characteristic curves predicted by the FE-ANN(s) EoS
developed in Chapter 3.

* Section B.3 illustrates the self-diffusivity, shear viscosity, and thermal conductivity predicted by
the ANN-based models developed in Chapter 4.
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B.1 FE-ANN EoS results for the A,= 10, 18, and 26, and A,=6 Mie fluids.

@) Ar = 10,1, = 6 (© A =26,A4 =6
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FIGURE B.1: Pressure isotherms of selected (A, A\, = 6) Mie fluids. (a) A; = 10,1, = 6. (b) A, = 18,1, = 6. ()

Ar = 26,4 = 6. Molecular simulation data. Blue squares: T* = 0.8, orange circles: T* = 1.0, black downward

triangles: T* = 1.3, pink diamonds: T = 2.8 and green upright triangles: T* = 6.0. Solid lines are results

of the FE-ANN EoS (ayqw, p*,1/T*) (Eq. (2.22b)) trained using a relative weight w; = 0.05 for second-order

properties. Dashed lines are SAFT-VR-Mie EoS [37] results. The computed isotherms from the EoSs follow the

same color convention as the simulation data. The grey-shaded area represents the region where freezing is
predicted by the correlation of Khrapak et al. [151], see Eq. (2.18).
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FIGURE B.2: Phase equilibria results of selected (A, A\, = 6) Mie fluids. (a) Phase envelope. (b) Vaporization
pressure. (c) Vaporization enthalpy. Molecular simulation data. Blue squares: A, = 10,A, = 6, orange
downward triangles: A, = 18, A, = 6, and green upright triangles: A, = 26, A, = 6. Solid lines are results of the
FE-ANN EoS (ayqyw, p*,1/T*) (Eq. (2.22b)) trained using a relative weight w; = 0.05 for second-order properties.
Dashed lines are SAFT-VR-Mie EoS [37] results. These VLE results are obtained by numerically solving the
system of Egs. (2.7). The predicted phase equilibria from the EoSs follow the same color convention as the
simulation data. Parity plots. (d) Equilibrium densities. (e) Vaporization pressure. (f) Vaporization enthalpy.
The top subplot refers to the FE-ANN EoS results, and the bottom subplot shows the SAFT-VR-Mie results. The
symbols and colors follow the same convention as in (a), (b) and (c). The reported Mean Absolute Percentage

]

Error (MAPE) is obtained as: MAPE = 100/ Np EJNP |(y1?recl

_ y;rue) /y;rue | .
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ii. Ay =18,A, =6 iii. Ay = 26,14 =6

FIGURE B.3: Second-order derivative properties isotherms of selected (A, A; = 6) Mie fluids. i. A, = 10,1, =
6. ii. Ay = 18,1, = 6. iii. A; = 26,A; = 6. (a) Isochoric heat capacity (Cj;). (b) Isothermal compressibility
(as p*x7). (c) Thermal pressure coefficient (7y,). (d) Thermal expansion coefficient (x}). (e) Adiabatic index
(heat capacity ratio, ¥ = Cp/Cy). (f) Joule-Thomson coefficient (y17). Molecular simulation data. Blue squares:
T* = 0.8, orange circles: T* = 1.0, black downward triangles: T* = 1.3, pink diamonds: 7% = 2.6 and green
upright triangles: T* = 6.0. Solid lines are results of the FE-ANN EoS (aygw, p*,1/T*) (Eq. (2.22b)) trained
using a relative weight w; = 0.05 for second-order properties. Dashed lines are SAFT-VR-Mie EoS [37] results.
The computed isotherms from the EoSs follow the same color convention as the simulation data.
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FIGURE B.4: Brown’s characteristic curves and second virial coefficient of selected (A, A, = 6) Mie fluids.
@ A =10,A; = 6. (b) A = 18,1, = 6. (c) A; = 26, A; = 6. Empty symbols are molecular simulation results
obtained by Stephan and Urschel [166]. , orange downward triangles: Charles curve,
green upright triangle: Boyle curve, and blue squares: Zeno curve. Lines are filled symbols are results obtained
from the FE-ANN EoS (ayqw,0*,1/T*) (Eq. (2.22b)) trained using a relative weight w; = 0.05 for second-order
properties. Bottom plot: the black solid line is the third virial coefficient. Middle plot: the black solid line is
the second virial coefficient. Top plot: the black solid line is the vaporization pressure, the black filled circle is
the critical point, , the orange dot-dashed line is the Charles
curve, the green dashed line is the Boyle curve, and the blue dotted line is the Zeno curve. The filled green
upright triangle is the Boyle temperature, and the orange downward triangle is the Charles temperature. The
grey-shaded area represents the region where freezing is predicted by the correlation of Khrapak et al. [151], see
Eq. (2.18).
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B.2 FE-ANN(s) EoS results for the A,=10, 18, and 26, and A,=6 Mie parti-

cles.
(@) A = 10,1, = 6 b) Ay = 18,12 =6 © A =26,A3 =6 T*
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p* p* p*

FIGURE B.5: Pressure isotherms of selected (A, A, = 6) Mie particles. (a) A; = 10,1, = 6. (b) A, =18, A, = 6.

(c) Ar = 24,1, = 6. Solid lines represent the following isotherms: T* = 0.65, 0.7, 0.9, 1.1, 1.3, 2.8, 5.3, and

7.2 obtained with the FE-ANN(s) EoS. Solid empty circles represent the molecular dynamics (MD) result of

the aforementioned isotherms. Transparent circles represent the data points available from the database. The
coloring of lines and symbols refers to the temperature as indicated by the color bar.



Appendix B. Thermophysical properties modeling of selected Mie particles 172

(b) ©)
Sru
10t E
100
. g ky
Tty ”“'M | -
102 [ VvVV\K
i % N
;3 L
05 1 1 1 1 L\ 10 E 1 1 \:
00 02 04 06 08 10 12 0.5 1.0 15
p* 1/T*
(d) (e)
1.2 N
—~ | SLE ~ 10!} SLE o] SLE
ps L0 MAPE(): 0.45% E MAPE: 3.10% g 6 F MAPE: 1.91%
© 08 MAPE(s): 0.51% T 10 =
g 0.6 Fg 10,1 | 8 4
= = a8
£ 04 VLE | & -3
< o2k MAPE(1): 0.79% | » 107°F VLE | & 2F VLE
< 0'0 MAPE(v): 558% | & 10-3 MAPE: 3.58% | 3 MAPE: 1.52%
a 1 1 1 1 1 1 1 1 O 1 1 1
00 02 04 06 08 10 12 107% 1072 100! 10° 10? 0 2 4 6 8
p* (MD) P* (MD) AU* (MD)

FIGURE B.6: Phase equilibria results of selected (A, A, = 6) Mie particles. (a) Phase envelope. (b) Equilib-
rium pressure. (c) Internal energy change (AU~ = UP — U?). Parity plots. (d) Equilibrium densities. (e)
Equilibrium pressure. (e) Internal energy change. Blue empty squares and solid lines refer to A, = 10,1, = 6,
orange empty downward triangles and dotted lines refer to A, = 18,1, = 6, green empty upright trian-
gles and dashed lines refer to A, = 26,A, = 6. Lines and solid symbols refer to results obtained with
the FE-ANN(s) EoS. The filled squares represent the triple points, and the filled circles represent the criti-
cal points. Empty symbols refer to Vapor-Liquid Equilibria (VLE) and Solid-Liquid Equilibria (SLE) from
molecular dynamics (MD) simulations. The reported Mean Absolute Percentage Error (MAPE) is obtained as:

MAPE = 100/ Np £ |(yF"! — yirue) /e,
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FIGURE B.7: Second-order properties of selected (A, \; = 6) Mie particles. i. A, = 10,1, = 6. ii. A, =
18, Ay = 6. iii. Ay = 26,1, = 6. (a) Isochoric heat capacity (C7;). (b) Isothermal compressibility (as p*x7). (c)
Thermal pressure coefficient (77,). (d) Thermal expansion coefficient (a}). (e) Adiabatic index (heat capacity
ratio, v = C;/Cy)). (f) Joule-Thomson coefficient (y17). Solid lines represent the following isotherms: T* = 0.9,
1.1,1.3, 2.8, 5.3, and 7.2 obtained with FE-ANN(s) EoS. Solid empty circles represent the molecular dynamics
(MD) result of the aforementioned isotherms. Transparent circles represent the data points available from the
database. The coloring of lines and symbols refers to the temperature as indicated by the color bar.
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FIGURE B.8: Brown'’s characteristic curves and second virial coefficient of selected (A, A, = 6) Mie particles. i.
Ar =10,A, = 6.ii. Ay = 18,A, = 6. iii. A; = 26,1, = 6. Lines and filled symbols are results obtained with the
FE-ANN(s) EoS. (a) Brown characteristic curves. The black solid lines represent equilibrium pressure (SVE, SLE,
and VLE), blue dotted line is the Zeno curve, green dashed line is the Boyle curve, orange dot-dashed line is the
. The filled black square represents the triple
point, the filled black circle represents the critical point, the filled upright green triangle is the Boyle temperature,
and the filled downward orange triangle is the Charles temperature. The grey-shaded area represents the solid
region. Empty symbols are molecular simulation results obtained by Stephan and Urschel [166]. (b) Second

Charles curve, and

virial coefficient. (c) Third virial coefficient.



Appendix B. Thermophysical properties modeling of selected Mie particles 175

B.3 Transport properties results for the A= 10, 18, and 26, and A,=6 Mie
fluids.

i. Ay =10,A, =6 ii. Ay =18,A, =6 iii. Ay =26, =6
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FIGURE B.9: Transport properties isotherms of selected (A, A, = 6) Mie fluids. i. A, = 10,4, = 6. ii.
Ar =18, A5 = 6. iii. A, = 26, A5 = 6. (a) Self-diffusivity. (b) Shear viscosity. (c) Thermal conductivity. Molecular
simulation data. Blue squares: T* = 0.9, orange circles: T* = 1.0, black downward triangles: T* = 1.3, pink

diamonds: T = 2.8 and green upright triangles: T* = 6.0 Solid lines refer to the p*D*, Inx* and In x* models,
Eq. (4.9a). Dashed lines refer to the residual p*D*"$, In #*" and In «*™° models, Eq. (4.14). The computed

isotherms from the ANN-based models follow the same color convention as the simulation data.
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Appendix C

Further parametrization results of
quasi-spherical molecules

This appendix presents the modeling results for Krypton (Figure C.1), Xenon (Figure C.2), and Carbon
Monoxide (Figure C.3). These figures present two possible modeling approaches that use different
molecular parameter sets. Figures (a), (b), and (c) show VLE results predicted by the FE-ANN EoS
developed in Chapter 2. Figures (d) to (g) show phase equilibria results (VLE, SLE, and SVE) obtained
using the FE-ANN(s) EoS developed in Chapter 3. This EoS is also used to predict the speed of
sound in Figure (g). Finally, the shear viscosity and thermal conductivity results obtained using the
ANN-based models from Chapter 4 are shown in Figures (h) and (i).

The following parametrization approaches were considered.
e OF;: VLE only
* OF;: VLE + shear viscosity
e OFs: VLE + SLE + SVE

Refer to Chapter 5 for a discussion of the impact of different thermophysical properties on the resulting

molecular parameters.



Appendix C. Further parametrization results of quasi-spherical molecules 177

() (b) (©)
250 10% | 10
B I
-3
102 - 8k | Ta
el © : 9 l\
v 200F & “ g 10'F o g€ 6 A,
~ F «ﬂ = Bhy, = \
~  10° Bep, =4
~ & A, ~ 4r A
150 “ & Bea, \
; ¥ 107! .\'\ E 2F L
‘?A ~, \
J % 102 ! !
100 L 1 A 1 1 0 1 1 é 1
0 20 40 0.004 0.006 0.008 0.010 100 150 200 250
-8 1/T /K1 T/K
o / kmol m
d) (e) (®)
250 103 10
102 v—|< 8
v 200 £ 10 g sl
~ p= : il
- ~  10° i 4 F
Q‘ .
150 o1 : 5 Al
100 1 1072 1 1 O 1 1 L 1
0 20 40 0.004 0.006 0.008 0.010 100 150 200 250
3 1/T /K1 T/K
p / kmol m
() x10~4 (h)
700
600
—
w500 -
g ~
Z 400 ~
N
= 300
200 | |
150 200 150 200
T/K T /K

FIGURE C.1: Selected thermophysical properties of Krypton. (a) and (d) Phase envelope. (b) and (e) Clapeyron
plot. (c) and (f) Enthalpy of phase change. (g) Speed of sound. (h) Shear viscosity. (i) Thermal conductivity. (a) -
(c) Phase equilibria modeled using the FE-ANN EoS developed in Chapter 2. (d) - (g) Phase equilibria and speed
of sound modeled using the FE-ANN(s) EoS developed in Chapter 3. FE-ANN/FE-ANN(s) EoSs are based on
Eq. (5.2). (h) and (i) The shear viscosity and thermal conductivity are modeled using the ANN-based models
developed in Chapter 4, based on Egs. (5.4) and (5.9). Dashed blue lines and symbols refer to results using
parameters optimized with OF; (VLE only). Dotted orange lines and symbols refer to results using parameters
optimized with OF, (VLE + shear viscosity). Solid green lines and symbols refer to results using parameters
optimized with OF3 (VLE + SLE + SVE). Refer to Eq. (5.1) and Table 5.1 for further details about the objective
functions. Filled circle is the critical point. Filled square is the triple point. Pseudo-experimental data obtained
from NIST TRC [12]. Upright triangles are VLE data, diamonds are SLE data, and downward triangles are SVE
data. For reference, the solid black line refers to the triple temperature.
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FIGURE C.2: Selected thermophysical properties of Xenon. (a) and (d) Phase envelope. (b) and (e) Clapeyron
plot. (c) and (f) Enthalpy of phase change. (g) Speed of sound. (h) Shear viscosity. (i) Thermal conductivity. (a) -
(c) Phase equilibria modeled using the FE-ANN EoS developed in Chapter 2. (d) - (g) Phase equilibria and speed
of sound modeled using the FE-ANN(s) EoS developed in Chapter 3. FE-ANN/FE-ANN(s) EoSs are based on
Eq. (5.2). (h) and (i) The shear viscosity and thermal conductivity are modeled using the ANN-based models
developed in Chapter 4, based on Egs. (5.4) and (5.9). Dashed blue lines and symbols refer to results using
parameters optimized with OF; (VLE only). Dotted orange lines and symbols refer to results using parameters
optimized with OF, (VLE + shear viscosity). Solid green lines and symbols refer to results using parameters
optimized with OF3 (VLE + SLE + SVE). Refer to Eq. (5.1) and Table 5.1 for further details about the objective
functions. Filled circle is the critical point. Filled square is the triple point. Pseudo-experimental data obtained
from NIST TRC [12]. Upright triangles are VLE data, diamonds are SLE data, and downward triangles are SVE
data. For reference, the solid black line refers to the triple temperature.
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FIGURE C.3: Selected thermophysical properties of Carbon monoxide. (a) and (d) Phase envelope. (b) and
(e) Clapeyron plot. (c) and (f) Enthalpy of phase change. (g) Speed of sound. (h) Shear viscosity. (i) Thermal
conductivity. (a) - (c) Phase equilibria modeled using the FE-ANN EoS developed in Chapter 2. (d) - (g) Phase
equilibria and speed of sound modeled using the FE-ANN(s) EoS developed in Chapter 3. FE-ANN/FE-ANN(s)
EoSs are based on Eq. (5.2). (h) and (i) The shear viscosity and thermal conductivity are modeled using the
ANN-based models developed in Chapter 4, based on Egs. (5.4) and (5.9). Dashed blue lines and symbols refer to
results using parameters optimized with OF; (VLE only). Dotted orange lines and symbols refer to results using
parameters optimized with OF; (VLE + shear viscosity). Solid green lines and symbols refer to results using
parameters optimized with OF; (VLE + SLE + SVE). Refer to Eq. (5.1) and Table 5.1 for further details about the
objective functions. Filled circle is the critical point. Filled square is the triple point. Pseudo-experimental data
obtained from NIST TRC [12]. Upright triangles are VLE data, diamonds are SLE data, and downward triangles
are SVE data. For reference, the solid black line refers to the triple temperature.
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