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Abstract

The work in this thesis discusses several problems arising in
incompressible fluid flow at large Reynolds number and invoiving
viscous—inviscid interactions, in both steady flows and in the con-
text of hydrodynamic stability.

Fully developed and undeveloped free surface flows are inves-
tigated within a structural framework, essentially involving ideas
similar to those in channel flow and triple-deck theory. For fully
developed flows, the model problem of liquid layer flow over a convex
corner is considered and linear and nonlinear solutions obtained for
various corner angles and inclinations. For undeveloped flows an
interactive problem for determining the free surface is obtained:
the boundary layer equations are coupled with the inviscid equatioms.
Linear solutions are presented for the uniform flow over an infinite
step and various limits discussed. The possible relevance of the
above structures, and in particular the free interactions, to the
hydraulic jump problem is mentioned.

The stability of the above flows is examined, again within the
structural framework, and contains some new results. The upper-
branch stability of channel flow, boundary layer flow, and liquid
layer flow, is strongly influenced by the properties of nonlinear
critical layers and both steady and unsteady (with a moving critical
layer) effects are analysed.

Finally, the flow near a wing-body junction comprising a flat
plate body and a thin, two or three dimensional, symmetric wing, is
investigated. In particular the study takes into account the interac-
tion between the body boundary layer and the wing. Linear solutions

are presented for various wing shapes.
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CHAPTER ONE

GENERAL INTRODUCTION




The many significant advances recently in the theory of high
Reynolds number flows, with particular reference to viscous-inviscid
interactions, have stemmed directly from the important initial contri-
butions due to Neiland (1969), Stewartson & Williams (1969), Messiter
(1970). (One is referred to the excellent reviews by Stewartson (1974,
1981), Messiter (1979), Smith (1982), for details of the earlier and
the most recent developments of this subject). The key idea to emerge
from their work, and which has formed the basis for many of the later
applications, was that of the 'triple deck'. This concept helped to
explain the adjustment near the trailing edge of a flat plate from the
Blasius solution upstream to the Goldstein (1930) near wake downstream,
and also to provide a rational description of the interaction between a
ghock wave and the boundary layer. In both cases the local flow response
was described by a three—~tiered structure with each region characterizing
the different physical balances holding there: 1inviscid irrotational,
inviscid rotational, viscous. The central point of this triple-deck
structure, and which distinguished it from the classical heirarchical
structure, was that the boundary layer could exert a significant influence
on the external flow. In fact the unknown pressure driving the boundary
layer was intimately related to the (also unknown) boundary layer dis-
placement, via the solutions in the inviscid regions. This interaction
enabled the boundary layer to adjust in anticipation of a disturbance
downstream and allowed regular separation to take place, thus avoiding

the well known classical Goldstein (1948) singularity.



The importance of this idea can be judged by the subsequent
applications in the many diverse areas of hypersonic flows, transonic
flows, internal flows, breakaway separation, turbulent flow
calculations, hydrodynamic stability etc.. Although some of the
details are different, (e.g. the governing structures may not be of
the triple-deck form but multideck), the principal features are the
same in that the boundary layer equations are coupled with the
inviscid equations, thus allowing an interaction (see

aforementioned references).

We will not attempt to elaborate any further on the details of
triple-deck theory. The basic principles have been outlined here, and

the reader is referred to the review papers for further details.

The present work is aimed at extending and applying some of these
new ideas to some other situations: high Reynolds number fully
developed and undeveloped free surface flows; hydraulic jumps;
hydrodynamic stability and nonlinear critical layers; wing-body

junctions.

Generally free surface flows have received extensive coverage in
the literature. One of the best basic accounts to date is still Lamb's
(1932) 'Hydrodynamies'. This covers many aspects of free surface
flows: wave motion, wave reflection, refraction, dispersion,
stability, flow past and over submerged bodies, etc.. Another good
account can be found in Stoker (1957), and Wehausen and Laitone (1960)
review some work on surface waves. Mathematically there are several

difficulties associated with free surface flows, one major one being

( ‘70.)



that the fully nonlinear boundary conditions make the problem of
solving the Navier-Stokes equations even more intractable both
analytically and numerically . As in other areas of fluid mechanics,
from good assumptions and approximations relevant to the particular
problem a great deal is known about various facets of free surface

flows.

Our concern here is with high Reynolds number flows and we note
that most theoretical works to date on free surface flows have
concentrated on inviscid flows. The effects of viscosity and flow
separation on free surface flows may be broadly understood from an
engineering viewpoint, but a satisfactory rational description of high
Reynolds number motion past, say,a submerged obstacle is still
lacking. This may not be too surprising since as mentioned above it
is only in the last fifteen years that a consistent account of regular
separation has been obtained. For sufficently deep fluids it does
indeed seem plausible to neglect viscous effects; however for shallow
depths. this is more questionable because of the likelihood of viscous
boundary layer separation influencing the flow field. For a discussion
of shallow-water theory, see Lamb (1932), Wehausen and Laitone (1960),

Peregrine (1972).

The work in the first few chapters, 2-U4, concerns high Reynolds
free surface flows under the assumption of steadiness. We have taken
the most obvious route in trying to include viscous effects, by
appropriately adapting the scaling ideas of triple-deck and channel
flow theory. There are perhaps many other scalings and assumptions

which emphasize different features, but the particular scalings

16>
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studied here highlight the viscous-inviscid interaction between the
boundary layer and the free surface. The applications to liquid layer
flows past corners or humps are considered in chaptersZTkIt is also
suggested (chapter 4) that, in certain circumstances, hydraulic jumps
may be viewed as predominantly steady free interactions, and this
contrasts with Benjamin's (1970) comments which stress the role of
unsteadiness rather than viscosity in the phenomenon of upstream
influence. The concept of the 'free interaction' is based on ideas
originally put forward by Lighthill (1953). In many problems, e.g. the
supersonic separation problem of Stewartson and Williams (1969), the
basic viscous-inviscid equations contain eigensolutions which allow
the oncoming flow to evolve nonlinearly (and uniquely) with distance,
without change of local boundary conditions, as required for example
in a hydraulic jump. The ultimate form of the free interaction, as
this is termed, is interpreted as describing how the flow adjusts and

responds in anticipation of a severe obstacle far downstream.

The work here is extended to a discussion (chapters 5-7) on
certain types of viscous-inviscid stability of some free surface
flows, and the results are different from and additional to those from
inviscid theory. The inviscid theory as proposed by Thompson (1949),
Burns (1953), (see also the survey by Peregrine (1976)), gives
interesting results for gravity waves which allow upstream
propagation. In the present approach however, as in Velthuizen and van
Wijngaarden's (1969), the long and short waves considered depend on
the properties of critical layers and have wavespeeds which are

asymptotically small so that all disturbances necessarily propagate

(9e)



downstrean.

The remaining chapters are essentially self contained - a brief
description is given below - and chapters 4, 7, 8 and 9 are joint

papers.

Chapter 2 is concerned with fully developed free surface flows,

exemplified by the model problem of a liquid layer negotiating a convex
corner. The work is based largely on the study by Smith (1977) of
upstream interactions in channel flows. The interaction here occurs
over the same long lengthscale and is governed by a similar structure.
Linear and nonlinear solutions are presented. A special case of the

present work reduces to the problem considered by Merkin & Smith (1982)

* I 3 L * . L
My co—authors are willing to testify that the work in these joint

papers has been equally shared out. J.G.
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for free convection boundary 1ayers.

Chapter 3 discusses undeveloped free surface flows. As with fully
developed flows,this can be considered as a simple extension of channel
flows, in this case developing channel flows, Smith (1976). The prob-
lem of determining the free surface is reduced to solving the boundary-
layer equations but with a complicated pressure-displacement-free
surface relation. Linearized solutions for the uniform flow past obsta-
cles are obtained and some limiting cases discussed. The free interac-
tions for this problem may be relevant to hydraulic jumps.

A special case of the problems considered in chapters 2 and 3
occurs when the pressure is proportional to the local displacement.

The free interaction occurring (for supercritical flows only) in this
.instance, with the pressure and free surface rising and the skin friction
‘falling, is studied in chapter 4. A novel structure for the flow far
downstream, involving a forward moving shear layer above a reversed

flow region and with the pressure growing algebraically, is proposed.

The primary application here is to hydraulic jumps, but the same free
interaction problem is relevant to hypersonic flows (Brpwm ., Stewartson

& Williams (1975)). | |

Chapter 5 is concerned with the 'lower-branch' stability properties
of fully developed and undeveloped free surface flows. The work here
follows closely the important contributions by Smith (197%g,who showed
that the same interactive structures also have strong connections with
the hydrodynamic stability of the basic flow, see also Hall & Smith

(1982). The structural approach is useful here and highlights’for fully



developed flows, the new structure which emerges when the Froude
number and wavelength become O(l). The results for fully developed
and developing flow in a channel are special cases of the‘neutral
modes found here.

"Chapters 6, 7, 8 discuss the 'upper-branch' stability properties

of liquid-layer or parallel flows,and boundary layer flows, (and which
depend heavily on the properties of nonlinear critical layers, see
Benny & Bergeron (1969), Davis (1969), Haberman (1972), and for a review
by Stewartson (1981)). The work in chapter 6, concerning liquid layer
flow, is similar to and complements Smith & Bodonyi's (1982) study for
accelerating boundary layer flow. A special case of the results is for
plane Poiseuille flow. As the disturbance size, which is initially
small but finite, is increased further,a new Rayleigh-type structure
emerges withitivelength O(l) and the critical layer occurring in the
interior of the flow, as in Smith & Bodonyi. This is studied in
chapter 7. 1In chapter 8 we consider growing modes, but for the smaller
disturbance size which in the steady case would lead to the Haberman
problem of Smith & Bodonyi ox chapter 6. The amplitude and also the
wavenumber and frequency,depend on slow spatial and temporal variables.
This leads to some novel equations for the moving critical layer and
the growth or decay of the amplitude, and some of the limiting proper-
ties are analysed.

In chapter 9 we study the flow near a wing-body junction, modelled
by a flat plate body with a projecting thin symmetric wing. The
essential point here is that the study takes into account the interaction
between the body boundary layer and the wing. Linearized solutions are
presented for various wing shapes.

Finally in chapter 10 we make some cdndugha remarks.
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CHAPTER 2

FULLY DEVELOPED FREE SURFACE FLOWS -
LIQUID LAYER FLOW OVER A CONVEX CORNER
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SUMMARY

The paper discusses the steady flow of a liquid layer‘over a convex
corner at high Reynolds numbers (R). A double decked structure for the
flow is proposed with the displaced free surface equal to the local
boundary layer displacement (-A), and the pressure P being determined
by the law P= -sA-A". Here s is proportional to the angle of incli-
nation of the initial plane. Linearized solutions are obtained for
small angles and numerical calculations are carried out for much larger
angles, with the plane at various inclinations. The unusual breakdown
of the linear theory downstream is also discussed.

The computed results and the asymptokic description far downstream
show that the flow does not return to its undisturbed state; instead
the layer continues to get thinner with the fluid moving much faster.
It is suggested that this nmewed feature may be resolved on a longer
(" lengthscale.

The analysis presented applies equally to a more general fully
developed profile at large Froude numbers, and extra features such as
surface tension can be incorporated into the basic formulation- without

formal difficulty.



1. INTRODUCTION

Our concern here is with the behaviour of liquid layer flows near
sudden changes in boundary conditions and in the presence ;f sizable
obstacles. One can ask the question, what happens in the corresponding
situations when a free surface is present. How does the boundary layer
influence the free surface and vice-versa, and also what happens when
flow separation is present? How does separation affect the free surface?
The questions are of theoretical as well as practical interest, certainly
when one considers fluid flow in familiar contexts, e.g. river flows,
waterfalls, flow over wiers, liquid layers, flow out of a teapot etc..
Our aim in this paper is to address some of these questions and try and
extend some of the modern ideas of high Reynolds number flow theory to
free surface flows. In external and internal flows the behaviour of
boundary layers has received much attention and is extensively reviewed
in Stewartson (1974, 81) and Smith (1982). We concentrate on the case
when the flow sufficiently far upstream is fully developed. The theory
for the undeveloped profile is considered by Gajjar (1983), and Gajjar
and Smith (1983) discuss the hypersonic free interaction problem which
is also shown to apply to the start of the hydraulic jump.

We start with the case in which the oncoming profile is fully
developed. The Reynolds number (R) is assumed to be large throughout,
and the motion steady, laminar, and two dimensional,Surface tension
effects are ignored. To be specific we concentrate on the flow of a
liquid layer down an inclined plane which has angles B*, B*+a* to the

horizontal, upstream and downstream respectively,see fig. (1).



We note that far upstream the simple solution given by the
half-Poiseuille form satisfies the Navier-Stokes equations exactly and
that it is reasonable to expect that the flow sufficently far downstream
is also given by a similar half Poiseuille profiléf.Global arguments
e.g. mass flux considerations, can then be used deduce useful relations
between the upstream and downstream velocities and depths?eﬂowever as
mentioned before we are primarily interested in how the boundary layer
and the free surface first anticipate the presence of an obstacle such
as a corner when the oncoming profile is fully developed, and our

interest therefore will be centered more on this initial adjustment

regime.

Before discussion of the scalings it is appropriate to comment on a
few of the assumptions made below. If we think of a more general
distortion of the bed, then provided that the distortion locally is
small, of 0(%) say (§<«l), then it is reasonable to suppose that the
fluid is also displaced by an amount O(f), since the oncoming profile is
fully developed and viscous effects extend up to the free surface. This
it should be noted is then equivalent to the assumption that the
displacement of the free surface is of the same order as that of the
bed, i.e. that the basic flow has not been modified by an 0(1) amount
due to the presence of an infinitesimally small obstacle, and this
assumption is crucial to the analysis and scalings given below. It
should be noted that this simple assumption allows us to make use of the
techniques of boundary layer theory to study directly the interaction

between the boundary layer and the free surface. Also, unlike

% Dr. DH. Peregrima v thanked fr  poinling bhy ouk,
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shallow-water theory (see Lamb (1932), Wehausen and Laitone (1960),
Peregrine (1972)), we do not assume that the vertical accelerations of
the fluid can be neglected. This is also equivalent to the previous
assumption. In fact in regions where large tranverse changes occur, e.g.
near a corner, the hydrostatic assumption becomes more questionable
since significant normal pressure gradients are generated there. Also
the above excludes any possible standing wave solutions. Alternative
scalings and analysis of interest such as those for standing waves

arise from different physical assumptions.

(L)



We consider how the fluid negotiates the corner. It is useful to note
the upstream response occurring in channel flow theory (Smith 1977).
There a displacement of the core induces a pressure gradient across
the channel which in turn drives the viscous wall layers, and provides
a self-sustaining mechanism for the upstream response. Here, the fully
developed profile can be thought of as half a channel flow profile, and
essentially the same ideas as those in channel flow theory are applied
in 82, leading to a double deck structure with the same R}h stream-—
wise interaction lengthscale. Again, the mechanism for the upstream
response is similar although the pressure displacement law stems from
the condition of zero stress at the free surface. A displacement of
the main body of flow induces a transverse pressure gradient across the
liquid layer which drives the viscous wall layer. Also the displaced
free surface causes a pressure imbalance which is then cancelled out
by the induced pressure, and this balance is expressed in the interes-
ting law ((2.16) below), for determining the unknown pressure, the
boundary layer displacement and the free surface. This law is a combi-
nation of a special case of that occurring in hypersonic flow theory

Brown-Stewartson-Williams (1975), (1974/75),and the 'jet law' of Smith-
Duck (1977), Merkin-Smith (1982).

In the above regime the first angle B* must be O 5/7) strictly.
However if the plane is nearly horizontal, with B* << K_%ﬁ, then to
leading order the hypersonic law applies with the pressure proportional
to the local boundary layer displacement. Also in this regime the upstream

response is pushed upstream and occurs over a much longer interaction



length scale. If, on the other hand, the inclined plane is much steeper,

so that B* >> Rf'%Q , then the jet law of Smith-Duck holds. Solutions

for convex and concave corners, humps and indentations,there have been

obtained by Merkin-Smith (1982), Merkin (1983), although in a different

context. In particular regular separation is found to occur with the

flow returning to its 'undisturbed' state sufficiently far downstream.
wikh ¥ o, O (RF)

We will be concerned solely with the convex corner problemA. The
concave corner problem presents some difficulties which will be outlined
below. In §2 the basic problem is formulated; §3 discusses the
upstream eigensolutions; § 4,55 discuss the linear theory and the
numerical procedures and results for much larger angles; and §6
presents the asymptotic form for the flow far downstream.

Finally it should be emphasized that the analysis presented applies
equally to a more general fully developed profile in fluid flow at

ch O(\”\7”7)
large Froude numbers) with little modification.

§2 Basic Formulation

We take a set of cartesian axes 0 x*,y* with x*=0 chosen to be the
start of the change in slope of the plane, and y* representing distances
normal to the plane for x*<0. See fig.(l). The basic flow far upstream

is given by velocity (UB*,Vh*))and pressure Pp*, where

]

U, *

g ;in B* [ hz-(y-h)zJ »  VUg=0
Vv

s
*
]

pg cos B*(h-y*) ) (2.1)



Here h is the undisturbed depth of the liquid layer, v the kinematic
viscosity of the fluid, g the-acceleration due to gravity, and ¢ the
density of the fluid. Nondimensionalization with respect éo the length
scale h, velocity Uc=2UB*(h), pressure pUcz, in the usual notation,

leaves the Navier-Stokes equations as

divu-=o0 (2.2)
_ 1 1 V2u
u. Vu = -Vp + (3, RTanf*) " R
where R= Uzh is the Reynolds number assumed to be large throughout,

In addition to (2.2) we have the boundary conditions of no slip at any
fixed solid surface, and zero stress at the free surface y=l+n(x),

expressed by

.2 Buydn-l du By,
Cp + R 39x’ dx R (By * Bx) =0 (2.3)

1 ,3u ovy dn _

2 ov
P*Roy RGy tw ax - ©

V=u'..di]. .

dx

Consider a perturbation of 0(§) to the oncoming flow. It is pos-—
tulated that the interaction here occurs because of two factors,
(a) the displacement of the free surface which induces a pressure of

) : -
O(RTanB* ) from (2.1),(2.3) , to counteract the change in the hydro

static pressure, and (b) the displacement of the free surface which sets

20



up a transverse pressure gradient of O0(A), as in channel flow Smith
(1977).

The various regimes in which (a) and (b) are significant are
dictated by the size of the angle B*,. We consider the central case
when (a) and (b) are comparable. From the y momentum equation the
transverse pressure 1is 0(%? )? where L is the unknown streamwise length-

scale and assumed to be large. Hence

§ 8
N — N — -
RTan B* L

(2.4)
The rest of the argument is identical to that given in Smith (1977)
and fuller details may be found there. Viscous forces come into play
when y\W(S) to reduce the slip velocity of 0(S8) to zero, and then

viscous - inertial and pressure balances imply

§2 A S
T vt M g y (2.5)

0
Thus (2.4) (2.5) yield the crucial scalings

_2 1 _b _5 2.6
SR, 1R aR™7, tan g A, (2.6)

With regard to (a) and (b) above, if B*<<K-%9 then the hydrostatic
. . . . -5
induced pressure is important and if B*>>R ! then the transverse pressure

gradient plays the dominant role.
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It is convenient to set €=R /7, tanB* = Bg_' , and
y = ‘OLEIE(é{.)Where F(x) is the reduced wall shape, and F(x) > x {1@‘ x>y,
Hene far downstream  the Omgle A% (s OF OCR—;/;’) i

Expansions

2 v

7%
be the free surface. Then in the majority of the flow I where y“0(1)

Let X = €x be the scaled streamwise coordinate, and y= l+€

uWy, + 2y, + 0(e")
v edv, + 0(e®) (2.7)
pe? s (1-y) + e:"p1 + 0(e®)

- Here U= y-y?2 is the basic flow. Substitution into (2.2) gives the

simple displacement solution

AX) U

= —A' (X
Uy By’ vy= A (X)UB

P(X) + A" 43 UBZdt . ’ (2.8)

el
n

A (}_(), P(X) are unknown and Z.(}—(), P(X) ~ 0 as X +-o, Applying the con-

ditions at the free surface y = 1 + e2n s gives

nEx) = -AX)

P(X) = an(X) ~ Ay (2.9a,b)

1
- 2
where 7y '{;)UB dy

22



Aviscouswall layer II of thickness 0(e2) is required to reduce the

slip

with

velocity in (2.7 ) to zero, and there with y=€2§, 00 (1)
unve? ﬁ, + ..
vouedv, o+ ..

pvels + et (-sY+P,)+ - . (2.10)

ﬁ,; + G,; =0

0,5, + 9,0, - - g N Fi=0 (2.11)
the boundary conditions

ﬁ,= §,=O at Y = - oF (X)

ﬁ, > Y + K(i) as Y >

ﬁ, -~ Y as X+ - (2.12)
P, = P(X)

23



to match with I, and for no slip at the wall.
The factor Y in (2.9) can be effectively set equal to unity with
the normalization

(U, v, X, Y, A, n, P, s, F(X)) (2.13)

L _ 1 - =3 1 _ 1 D Y 2 _ 1, S Y
=y VLR T R, TR TR, T RS TR E)

and with the Prandti Transformation applied to (2.12) we obtain

UU +VU =-P +U , P=P®X (2.14 a-c)

U=V=0o0onY¥Y=20

U+ Y+A-a F) as Y+ (2.15 q-¢)
U+Y as X > -
P= -sA-A" , N ==A . (2.16 ab)

Although surface tension effects have been ignored, it should be
mentioned that a term -Xn" would be added to the right hand side of
(2.9b), X>0 here being a scaled surface tension parameter. Hence

(2.16) covers this case also.
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§3 Eigensolutions Upstream

The governing equations (2.14), (2.15), (2.16), as with similar
. s
pressure displacement laws, allow eigensolution%to occur upstream

when X is large and negative. This can be seen as follows. If we put

A A
U=Y +}’eeox £'(y) + , V =~60eeoxf(y)k+ .
P=5e ox6 + L A=A eUxG +
¥
8 = (-3AL'(0)) 7 = .8972 (3.1)

we obtain, after substituting into (2.14), (2.15), (2.16) and neglecting

terms of 0(§oxe) ’

2
/ 1
£1(Y) = (96) Y a; /3
AL (0) J3  AL((08) t) dt

Ai(x), here, is the Airy function. The boundary conditions now deter-

mine O as the positive root of the equation

Yy
o 3(?%+a) -1 =0 , a= . (3.2)

<1'>\|w

The equation (3.2) has three roots, one real and positive, and two
complex conjugate pairs lying in Re(e)<O.
The constant P remains unknown, 8nd is determined by the down-

stream conditions. The case p <0 is relevant in (eg.) flow past

15



convex corners (see later),the overfall problem. - . : If

. ~
P < O then the pressure falls, the level of the free surface drops and
the fluid acclerates.

The case p >0 is also interesting, and is applicable to concave
shapes, e.g. humps. Here the pressure and hence the free surface
level rises, in anticipation of some severe obstacle downstream, and
this is the familiar phenomenon of the hydraulic jump. It is discussed
more fully in Gajjar & Smith (1983).

Finally, regarding (3.2) if s is large than o " (%0_3, and
hence the interaction is pushed further upstream. On this length-

scale then, with

X=s3%,, U=su,, A=sA,, P=s’P,, Y=sy,, s>>1, (3.3)

U,, Vy, py satisfy the same equations as (U, V, p) except that

to leading order the pressure displacement law is

P' = - A' (3.4)

Formally if s increases to O(E—z), then since X=€Y—%6x the interaction
lengthscale increases to O(R ) and the double deck structure disappears,
with the boundary layer equations holding across the entire layer toge-
ther with the zero tangential stress and the kinematic condition, to
be satisfied at the free surface. The same problem is also discussed
in Gajjar & Smith (1983);

We return now to the convex corner problem and discuss the

linearized solution.
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§4 Linearized Solution for Small Angles

For 0(l1) angles a, (2.14), (2.15), (2.16) requires a numerical
approach and this is discussed in 85. However we can proceed further
analytically, as in Stewartson (1970a), Smith (1982), Merkin & Smith
(1982), if o is small. Suppose a<<l and let

U=Y+ol + 02

n n ,

V=oV +. , A=0A+.,. , P =dB +... .

. . N . 2 (A VIR V)
Substituting into (2.14), (2.15) and neglecting 0(0.°) terms, U, V, P
satisfy linear equations which can be solved by the usual transform

methods.

Denoting the Fourier Transform of q(X) by q* = [:q(x)e_lwxdx,

we obtain
?{*(w) _ F (W)
l—iwl/s(a—wz)
050 Qg)
'(‘i*(W) = - (s - wP)A*
N ‘AL (0) . 7.
¥ = Uy*)y=o— (iw) ®  P¥(w) (4.1abc)

Av' (0)

T, represents the change in the shear stress at the wall from its initial
value of unity. For arbitrary wall shapes F(x), (4.1) can be inverted

as a convolution integral. However we restrict ourselves to the case
when F(X) = XH(X).

Using the inversion formula and a simple substitution, we find

1¥



Oxz
1 r e dz

22(1—25%(a+22)) (4.2)

with similar expressions for %(X), Ty

In (4.2) the path of integration, L lies to the right of the
imaginary axis, and we take a cut along the negative real axis.

As mentioned earlier the equation (3.2) has exactly three roots, bwo

lying in Re(Z)<0. Denoting the roots by

where q'>0 and 1T/2 <¢p<T we obtain from (4.2),

%<0
Xq e
Xx) = i‘:__'_
q’/38(a.+7q'2)
_ Oxq
rl\’J(X) - s'39e 1
a2 (@79 %)

96_2/3AL (0) eexq '

Te
q, (a+7q}) (4.3)
and for x>0
- 3 6(acos(4g)+7r2cos(10¢))
AX) =X + + 3 3

4 "
Gq./3 (a+7q, 2y er /s (a®+14ar?cos (2¢)+49r ")

13



6 e

»3
D

Oxrcos¢ { a cos{4 - Bxrsiad) + 7r2cos(M.—91rsani}
3

N
er/3 (a? + l4ar2cos(2¢) + 49r")

. £ f°° ( eXZ) z/3 ( +Z ) dz
276 °  z2(1 - 727 (a+8? ) + z73(a+22)2)
- 1
B - sk + T e el (e 4
2T (1—z/3(a+zz)+z/3(a+zz)2)

2
60r /° xrecoiq)a cos(2¢> + xrfsing) + 7r’cos(xrBsing - 494 }

+ (4.4a,b)
(a? + 1l4ar? cos(2¢) +  49r*)
34 (0) 3 B e %) (asz?) (1-z Ba+z?)) az

Te = 7 i _—-'% VY 2v.2 73 242
0 q'(a+7q' ) 2w Z277(1-2 7 (a+Z°)+Z " (a+8) °)

6 {éercos¢cos(6xrsin¢—¢) - cos ¢ }

T (a% + lbéar® cos2¢ + 49r")

_ 42rf eexrcos¢ cos (Bxrsind - 3¢) — cos 36}

(a? + l4ar? cos2¢ + 49r"* ) (4.4c)

For s=0 (4.3abc), (4.4abc) simplify to the expressions given
by Merkin-Smith (1983). Graphs of the solution for various values

of s are given in figs.2(-¢).
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The linear solution breakdown for large s and this can be seen
clearly in fig.Zc. This breakdown occurs because all three roots

of (3.2) approach the imaginary axis for s>>1,specifically

-

- 1 2 .
! 2,43 '2-

This suggests that nonlinear terms will become important ahead
of the corner, even for small angles.
The graphs also indicate that A, P,; become unbounded for

large X (for s#0). From (4.labc), we obtain for X>>1

Yo %5 2 /s
AV X+ aX + a° X + ..
67 1(s/3) 87 1 (4/3)
’I\’)’P -sX - ast/3 +. (4. Sabe D)

T
6 3T (5/3)

1
T, 3Av(0)a [ X/3 . @ . ]
A V3

6 T(4/3) 4

Since the skin friction is

T=1+0T + ...,

linear theory is clearly not valid for all X, for any 0s#0, and in

- -3
fact at,Vv 0(1) when XWw 3, from (4.5¢). If 0<0 then TV0 when X ’\Jldl
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for any nonzero 0 or s(>0)! This is in contrast with the corner
problem for similar pressure displacement laws where no such diffi-
culty arises. We note also that 0<0 would imply that the fluid is
moving uphill, and—this—is-physieally-unrealistie.

If o>0 then nonlinear terms cannot be neglected when XNO(a_3).
Hence from (2.14) (4.5b),U ’\»(P)l/2 N a_l

1 -1
and YV X,/ va
(ﬁ)

Thus, setting

X=a_3x; , Y = a—»lY', U=ao U, V=av

(i ]

-1 -
P=-soX+o p, , A=oXx+a A,

we get
U % + V =0
1 X, vY'
= = -4 A
U'U'x‘+v'u,Yi s+U%x s P A Ay
U' = V' =0 onY=0 (4.6)
U~>Y + A as Y >«
| I | \
A > a %% as X +0
] ——Xl 1]
Ys
8 °T(5/3)

The asymptotic form of (2.14), (2.15),(2.16) fer downstream, (see

1
later) also implies that A " O(Xik) for X'>>1.We won't attempt to
. .
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obtain the solutions of (4.6).

Before discussing the fvll numerical solution of (2.14), (2.15),
(2.16) for O(1) angles, a few points concerning the breakdo%n of the
linear solution. Firstly if s=0, then the aforementioned difficul-
ties disappear, and regular solutions have been obtained for con-~
cave corners by Merkin-Smith (1982), with separation occurring for
larger angles, However, in this case, the fluid is negotiating a
corner with initial angle comparable with the turning angle "0(e®),
and the problem is physically sensible. Also for arbitary shapes
F(X), with F(»®)= 0, the above inconsistencies do not occur, as

can be seen from (4.1 ).

85 Numerical Solution for 0(l) Angles

Basically three different numerical procedures were adopted to
tackle the problem (2.14), (2.15), (2.16)7two using a shooting tech-
nique, and the third based on global iteration. The need to use three
methods arose from the fact that severe difficulties were encountered
with the shooting approach in coping with the downstream conditions.
The third method did overcome some of these problems but this too had
its limitations. However, the three methods proved useful in checking
the self consistency of the results.

Of the two involving shooting, one (M1l) was based on Lhebychev
polynomials. The details are very similar to those given by Stewartson
& Williams (1969) and can be referenced there., The other methods
emplayed finite difference techniques. .

The following difference scheme was used to discretize

equation (2.14), where 1§ below, denotes the stream
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function, U=wy, V==,

step

X

n+1l n n+l . n n+1 n n+i n+1 l n n
. O+ UL SU) -, - U, - U. + (U, =~ U,
(UJ 4)( ] J) (h wJ) 1 ( j+! 3—1) ( j+1 J‘l)
2 AX AX 2 20y

J+1 T j—l
Ay“

_ ¢ ntl_ o m n+l . n+l n+l n _ 50 n
==(p p)+%[U. 20U, +U +UJ-+1 2Uj.+ UJ._:J

pel

R N i
. : (5.1a,b)

j j - %- 41 j-1 j+1
2 2Ay

Here U? = U(nAX, jAy) is the n, jth grid point, AX, Ay being the
sizes in the X, Y directions respectively.

The pressure—displacement law was handled by

n+l n-i _ n+) n- n 1

PP+ p —s (A1 & ATy o ATl 9pT 4 AT
2 2 AX*

) . (5.1c)

The boundary conditions were replaced by the equivalent set

1]
o

U=1y=20 ar Y

Y+ 1 (Y+A-oF(X))2 + P(X) as Y+

U~ Y+A- oF (X) as Y + @
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with the additional requirement that

A' o as X»> .

These too were differenced appropriately. This latter constraint
expresses the fact that the free surface to leading order (see results
later), is parallel to the plane downstream.

The above equations were linearized and Newton iteration was per-
formed, with a tolerance usually 10—6 or 10—7. The large banded
matrix resulting from the above problem was again tackled by the
usual methods, see e.g. Smith (1974).

For the two methods using shooting (M1, M2),the calculation was
initiated at X =¥,by giving the pressure a small negative kick, and
marching forward up to the cormer X = O where the resulting profiles
were stored. After the corner, the calculation was continued with a
guess for the value of the angle o and A(X) was checked at successive
downstream stations to ensure that the downstream condition was being
satisfied. The angle & could thus be adjusted appropriately until
this condition was met.

The third method (M3) was based on ideas used successfully by
Veldman (19%0),Smith & Merkin (1982), and is more efficient and can
be much faster than the shooting method. Here the pressure displace-

ment law is differenced differently. Instead of (5.1lc) we used

n+1 n+1 n+2 _ n+1 n
Py = TS Ay T Gaeny T e FAa ) (5.2)
Ax?
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k being the k .th iteration sweep. The idea of using (5.2) is to incor-
porate existing information into the calculation, and this overcomes
one of the main difficulties with the shooting approach, i.e. that of
the solutions tending to unwanted eigensolutions downstream. The
values of U were stored over the whole computational domain, and in
the subsequent Newton iteration step these values were used as initial
guesses rather than the previous step values, as in the shooting
methods. Also only a fixed number of Newton iterations (usually 2)
were performed. This enabled the computational time to be reduced.
The calculation was initiated either by using results from a previous
computation as a guess, or by initially guessing for A(X) and marching
forward to obtain the flow field, and then proceeding as before.

Both finite difference schemes used a stretched grid in;;%direc—
tion to improve the resolution near the wall and to allow the condi-
tion at y, to be imposed satisfactorily. Correction terms were added
to (5.1la,b) to ensure that the y differences remained second order
accurate with the transformations used.

Various checks were made including grid size checks, checks with
linear theory, and checks with the results by Merkin-Smith (1982) for the
case ¢ = 0.

Calculations with the sharp corner F(X) = XH(X) (H(X) the Heaviside
step function), proved to be difficult with all three methods, as the

angle o was increased. A fine mesh was needed near the corner, to
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deal with the oscillations apﬁearing in the solutions. A mesh refine-
ment in the X direction, was tried with M3 but this introQuced extra
spurious effects upstream of the corner. M1 was found to be the best
here. The problems encountered could be because of the singular

2~
nature of the solution near X = 0 + (dap

ax?
typical solutions are presented in fig(?) . It can be seen that

N X-%g from (4.1b)). Some

the fluid accelerates up to the corner, is retarded immediately after-
wards, and then continues to accelerate, with the pressure falling
and the layer thinning out. For s = .1 the drop in the skin friction
becomes more pronounced and there is a hint that separation will occur
for sufficiently large o. For both s = .1 and § = 1 there were
additional difficulties with the shooting techniques for larger angles,
-with the methods becoming very sensitive to small changes in 0.
) It was felt that the sharp corner was not the central issue and
that better progress could be made with a smooth corner. In fact the
gross features, such as separation would also be presented for the
smooth corner, and that the results would give good qualitative
insight into the flow properties for large a. With this in mind
calculations were also performed for the case F(X) = XH(X) Tanh (X2).
The previous difficulties near X = O disappeared although the
problems with shooting remained. Also Ml ran into problems as sepa-

ration was approached, with many terms required in the Chebychev expan-

sion. M3 was found to be the best and most efficient, if a reasonable
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starting guess was incorporated, and then converged in typically 300
sweeps. Typical results are shown in figs.(4) . Again the overall
features are similar to those for the sharp cormer. For s = .1
separation was found to occur and the familiar trend as the angle

is further increased can be noticed in fig.éka.‘rhé separation and
reattachment points more upstream and downstream respectively with
separation and rettachment becoming distinct local processes. Again
the fluid continues to accelerate far beyond reattachment.

For s = 1 the results are quite revealing and exemplify the
rapid deceleration of the fluid as the corner is negotiated. There
is a hint that separation will occur when a v 15 and it was felt
that the present method (M3) was inadequate to proceed that far.
Certainly the outer boundary has to be increased substantially and
this requires a much bigger grid. Also a good initial guess is
needed to start the calculation and consequently many computations
need to be performed with o being increased very slowly.

A comparison with the linear theory is made in figlg) , for
Smalk

F(X) = X H(X). For .s= .1 there is good agreement forAvalues of

@, but for 8 = 1 the numerical results bear out the earlier dis-

cussions on the breakdown of the linear theory. However these

calculated values do lie on a parabola passing close to the origin.
Finally it is worth emphasizing that all of the results presented

show that the disturbances to the original flow, do not decay far
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downstream. This is quite novel and in contrast with results for
different pressure-displacement laws in similar problems. This
feature is probably just characteristic for this particular prob-
lem as the asymptotic description in 86 suggests, and may not
arise if a different wall shape, e.g. a hump, instead of a corner,

1s used.

§6 Asymptotic forms for X>>1

The conditions A + oX, P+ -soX for X>>1, imply the following
self similar forms far downstream. The boundary layer splits up into

two distinct regions.

n
-soX -sa X~ + . A pressure-

}

!
inertial balance now gives U v|p|? ~v X2,

n
Let A=oX + a3 X + . Then p

1
) from (2.15), in the majority of the flow UnVYVA - ox~v Xt x?,

1
Hence n = } . As the wall is approached, the slip velocity of 0(X?)
has to be reduced to zero, and a viscous-inertial balance there

suggests

1
since UnvO0(X?) ,

Having established the scalings, the expansions follow readily.

1
2

Firstly, in the upper sublayer (i) where y = Xh,
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1 1
oX + a,X* + a,X* + a, + ..

A= 2
i 1
P = -saX -sa,X* -sa X' + ..
g 1
2 ;
Y= XG () + X'G,(y) + X6 () + ..
% 1 % 1 \J
U =X%G," +X* G, + G} +.. . (6.1)

Substituting into (2.14), the G, satisfy

12 - -

G, GGy = sa
5

' v nwo_ "oo_

%Gﬂc2 68," =36, =0

‘2 (PSS " o_ " o_ "o "
6, +Gy 6 -GGy %GZGZ 6,6 =s3 +¢ 6.2
4 2 2 2 *

with the boundary conditions

G, vn + a s G; va, o, G; Voa, .., MR 1

G, (0) =0 .

These equations can be solved by first differentiating and then
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integrating and making use of the boundary conditionms.

This gives G, = n9% + an . (6.3)
: é o
1
From (6.2% G, (0) = (2s0)?
1
Hence a_ = (2sa)?,
We note that this too requires sa>0, and the analysis is not applicable

to the concave corner problem.

Solving for G,, G,yields the simple solutions

= -+ = .
GZ aln gzo ’ gzo apdy
G3 a,n g30 s 830 af a,a, = sag,
2

where the constants gzo’ g are determined by matching with the inner

30
sublayer.

Further terms in (6.1) can be calculated with eigensolutions appea-
ring at higher order.
1

Turning now to the inner sublayer (ii) where y = £X*, the expan-

sions (6.1) and (6.3) imply

<
Il
]

F
[e]
1 1
V = x? Fo-' + X' ® +.. . (6.5)
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Here Fo’ Fy satisfy

12 = ‘
F;)® -3 FF"=s0+F" (6-62

R 4

tot "no_ o e
3 FoEy 3 FE' -EF" =g
4 4 2

with the boundary conditions

F_(0) = F_'(0) = 0 , F,(0) = E'(0) = 0

and F ' > a -+ ™
o o? £

F > E +a, , g > o (6.7)

to match with (i). The transformation

Fe2l @t ¥ @, £-=2d ¥ (6.8)
i o T 1
32 32(sa)*

converts (6.6) - . into a standard Falkner~Skan equation for
n ; . . .
E ,with B = %,y in the notation of Jones & Watson (1963). This was

solved numerically using a standard second order—centered difference

scheme, giving

?o ¥ = - 74022 (B>D), %O"(o) = 1.039 ) (6.9)
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the
The displacement matchesiwithkouter layer (i) provided

1 ‘ -
==2 (2s0)* 0.74022 . Hence a = = -, 71874 (s0)*

J3 B

gZO

a,, a3 ... can be similarly determined. Combining the above results

we obtain the asymptotes far downstream

1 1
-n=A~vaX + (2s0X)?® - .71874 X . * +...
(@)
pv -sA - A" (x>>1)
T = (U) N 1.039 3% (sa)% x% +... (6.10)
y y:o —_— .

X

Comparisons with the forms (6.10) and the numerical results are
made in tablgqﬁgor various values of s, 0 and X, and they show reaso-
nable agreement with the discrepencies decreasing for large X and a.

Inspection of (6.10) shows that the expansion is nonuniform

when o (or s) is small, and the second and third terms become compa-

rable when

-3
i.e. when X Vv (0s) .
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-1
and then A v aX + 0((os) )

A scaling argument then establishes the same scalings as in
§4, and the problem (4.6) is recovered. The nonuniformity above
provides the downstream condition on A, in (4.6 ) as X, > =, i,e.

A, > (2sX.)% as X;> @ ‘

A more unusual feature is the form of the asymptote for X>>1.

In terms of the original variables, the free surface is given by

1+s:2y“l’+ vl o- oy lroy - 8/2(2say f

1 9 _2 1
x)2+ ,71874 e:/"(xy /7}“+.. (6.11)

sQ

The first two terms here just represent the liquid layer turning
through an angle 0*. However the third term shows that the liquid
layer does not attain this fixed level (fixed, in terms of the
variable normal to the plane) but continues to get thinner with the
flow becoming strongly attached. Again this is in sharp contrast
to corresponding situations in external flows where the disturbances
to the basic flow die down as the fluid negotiates the corner ,(see
e.g. Smith 1982).

The above expansions and structure, breakdown when this decrease
in the free surface becomes comparable with the original depth. From
(6.11) we see that this occurs when

5 1
e 2y n (1) (6.12)
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i.e. when xWJO(e-S). On this length scale, the outer sublayer (i) of
original thickness O(sZX%) merges with majority of the flow, and the
inner layer has thickness NO(EZX%) 0(e)., In (2.7) the pérturbation
of 0(€?U ) becomes 0(1) in view of (6.10) and (6.12).

The above argument suggests the following expansions on this much

longer lengthscale. It is convenient to set Y=1l, and to work with the

variables
3 =5a
Z=y +e0x y X = £ X
V=v+eiw . (6.13)

Then in the majority of the flow

A

UnvU  + €U, +.,
[o) I

A A

5

Ve vo +..

pvelp + € +.. | - (6.14)
and the free surface is Z=1+ﬁ° +€ﬁ,+.. Suabstituting into the equa-

tions (2.2) with the transformations (6.13) gives

6 = -g ‘ " (6.15)
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From (6.15) ﬁo = s(1-2) + P, (X) and the boundary conditions give

P& =i (B) .

Hence Up » Vo satisfy

A ~

o + v°3 =0 2
A A AN

< ag + VC Oz =Qs 9

with the free surface conditions

= ~ = + A~

o eno on Z=1 no y
= = + A

Uoz 0 on 2 1 ﬁo 5

and V°= O on 2 =0. Alsono-*-(Zsaﬁ)% as ¥+ o.

(6.16)

(6.17)

1
(6.16) gives a slip velocity of (2s0X%)? and a viscous layer of thickness

0(e) is needed to reduce this to zero.

Thus setting 2 = Gé:'\, (6.14) imply
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p, =P, & (6.18)

and the boundary conditions

U, ~* (2508) fas £ » @
Uo=Vo=0 onZ=0 (6.19)
: - TR EPN
and -_"U.,—?QFO (g__) as R >0
24

to match with (6.5).

The solution for I_Ic,, \70 is as before, and in terms of the simi-

S

larity variable & = %/)’E

1
2

1
Fo(E) ,V, =& ¢ [3Fo - lEFé] woo.
i G

Vo = %

The ultimate form of the solution of (6.16),(6.17)>for large fcg
is of interest, although this problem is left unresolved. We note,
however, that a return to the half-Poiseuille profile is not possible

08 +this lengthscale but may ,Qqui,._& a mckboi\ﬂér Lenairh;cak
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¥? CONCLUSIONS

We have attempted to discuss the flow of a liquid layer over a convex
corner. With the various assumptions outlined earlier, we have shown
that for a fully developed oncoming profile, a distortion to the bed of
0(§W? laterally (in y),provokes an adjustment to the basic flow at
distances of of O(RV% upstream of the distortion. For smaller
distortions only a linear adjustment takes place usually, although for
some distortions such as the convex corner considered here,a nonlinear
adjustment still emerges sufficently far downstream. For the convex
corner this is because the change in the free surface is eventually much
greater than O(ﬁy?'downstream. This can be seen by considering the mass
flux upstream and downstream, assuming that the profile is the

¥.3 y ¥ 3
half-Poiseuille profile in each case, giving sin(f)k: sin(4+p)H .Here H
is the uniform depth far downstream. By constrast much larger

disturbances provoke a free interaction further upstream,as is evident

in the numerical calculations for the convex corner presented here.

At the outset one of the questions posed was how does the boundary
layer influence the free surface. The interaction involved is expressed
concisely by the pressure-displacement laws together with the problem (2.1%),

(2.J5)- These show that for fully developed flows ,while the leading the

order displacement of the free surface is the same as the boundary layer
displacement, the surface pressure which drives the boundary layer is
made up of (a), the induced hydrostatic pressure due to the displacement
of the free surface, and (b), the induced pressure due to the vertical

acceleration of the fluid. For the convex corner this latter component
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(b) (€aA") is important closest to the corner, whereas the other
component (a) («{£A) is ultimately responsible for the adjustment to the
new downstream state, which is achieved on a lengthscale much longer

' NAA .
than that O(R ), considered here.
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/Although the solutions and the asymptotic form far down-
stream give some insight into the physical processes pertaining, there
are still some problems outstanding, many having been cited already.
There are also others. One such problem is the mathematical descrip-
tion of the flow properties as the corner angle is increased. Here
we would expect the free interaction (with the pressure falling) to
be significant, as in Stewartson (1970b) ,Stewartson (1974). An
analysis as outlined in these papers would help greatly in understanding
the flow properties for O(l) angles.

The problem (2.14), (2.15), (2.16) with other shapes e.g. a hump
is also interesting, especially as the obstacle size is increased.
From experience with similar problems we would expect the free inter-
action with p > 0 to take place, together with the hydraulic jump
occurring far ahead of the obstacle,(see also Gajjar and Smith 1983).
Of course numerical calculations are needed to substantiate this.

An equally important question is the role of surface tension in
all these problems. The transformation (2.13) would indicate that
the above description would be significantly altered as the parameter
Y is varied. However the present scalings and structure set out would
permit such an investigation. |

‘Finally, the stability of these flows is another vast topic. The
structural approach as in Smith (197%? is ideally suited for these
problems. A start on such an investigation, for fully developed and
undeveloped flows, has been made in Gajjar (1983).

The author is grateful to Dr. F.T. Smith for initially sugges-
ting the problem, and for his generous help and advice throughout

this work. The author would also like to thank the Science and

Engineering Research Council of G.B. for financial support.
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Table 2.1
Comparisons between the numerical results and the asymptotic form Gka;>
(6.10), for A.

X A/A s,

6 1.81 S = .1

4-5 203 a = 0583

6.5 1.025 s = .1
1.035 a = 3.28

3 1.021

6.5 1.006 S = .1
1.009 a = 6.15
0.96

7 1.04 s =1
1.05 a =3

3 1.08

T 1.016 s = 1.
1.022 a=T.7

3 1.033
1.27 s =1
1.38 a = .494
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Captions

Fig. 1
Sketch of the basic coordinate system and geometry.
Fig. 2(a—e).

Linearized solutions for 5,1?,@ for various values of s ,see § 4.
Fig. 3.

Nonlinear solutions of (2.14-2.16) for the sharp corner F(X)= XH(X),
for various values of o, sée $5.

(a), (b) Pressure (P), and skin friction (T), for s=.1 ,(M1).

(¢), (@) P, T for s=1.0 , (ML).
Fig. 4

Nonlinear solutions of (2.14-2.16) for the smooth corner F(X)=
XTanh(X2) . —~A denotes the boundary layer displacement,P,t as above.

(a)(c) P,z,A for s=.1, (M2).

(a),(e) P,T for s=1.0-,(M2)

(£)(n) P,T,A for s=1.0 , (M3).
Fig. 5

Comparisons between the linearized and nonlinear solutions for

small angles o .
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CHAPTER 3

UNDEVELOPED FREE  SURFACE FLOWS
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§1 Introduction

Having considered fully developed flows in the previous chapter,
we turn our attention next to undeveloped free surface flows. There
is a major difference here in that the majority of the flow consists
of a uniform stream with a thin boundary layer near the wall, whereas
for fully developed flows the boundary layer extends right up to the
free surface and viscous effects, in some sense, are more significant.
This distinction between fully developed and undeveloped flows is
important and manifests itself in ﬁhe controlling equations and rela-
tions for the displaced free surface, induced pressure and boundary

layer displacement.

The various aspects of inviscid free surface flows over submerged
obstacles have received appreciable attention in the literature. An
excellent concise account can be found in Lamb (1932), and Wehausen and
Laitone (1960) and Peregrine (1976) who give comprehensive surveys of
much of the field. Concerning the present problem, the linear invisecid
theory for streaming flows past uneven beds was first considered by
Kelvin (1886); see also Lamb (1932). For more recent typical work one is
referred to the papers by Forbes (1981), Forbes and Schwartz (1982), and
the references therein. These last two papers consider the inviscid
irrotational flow over a submerged semicircular obstruction, and linear
and nonlinear solutions are presented for various values of the Froude

number, Fr, and the relative size of the obstruction.

All these flow studies show the marked change in character between
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supercritical (Fryl), and subcritical (Fr<l) flows. The rise or fall in
the mean surface level depends on the Froude number and in particular
for suberitical flows waves are induced immediately after the start of
the obstacle. Also if the flow is nearly critical then large changes in
the mean surface level are produced. For supercritical motions the

upstream influence becomes enhanced.

To the best of our knowledge, very little attempt has been made to
set up a rational theory to study the influence of viscosity and flow
separation on the flow properties and the free surface. The question
arises of whether viscous effects on free surface flows are indeed
negligible. For deep fluids neglecting the effects of the bottom
boundary layer may be justifiable, but for moderately deep or shallow
fluids this assumption is open to contention and needs to be seriously
investigated, we beliave. For support one is referred to the experiments
on axisymmetric hydraulic jumps by Craik et al. (1981), who found that
the scale and extent of the flow separation was interrelated to the

overall flow properties.

One of the aims of the present investigation is to include viscous
effects in free surface flows past obstacles and to try to address some
of the above questions in a more consistent fashion. Since also we want
to consider the question of regular separation this suggests the use of
triple-deck theory and its various extensions. For an approach based on
the classical ideas i.e. of a passive boundary layer to deal with
problems such as those considered by Forbes (1981), Forbes and Schwartz

(1982),would necessarily fail in regions of large adverse pressure
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gradients such as those generated in fig.5 of Forbes and Schwartz
(1982). As in external flow (Smith (1979), Smith (1982 t)Peregrine
(1982)) this leads one to question the validity of some of the inviscid
models which fail to include possible free streamlines, although

admittedly the problem would then become very diffcult.

We emphasize our concern here will be with a steady flow although an
exactly steady flow may not necessarily be attainable in practice. One
is referred to the comments by Benjamin (1970) on upstream influence and
the possibility of unsteady long-wave disturbances ahead of the obstacle

in streaming flows past an obstacle affixed to the bed.

Consider then the steady motion of a uniform stream of undisturbed
depth H flowing past an obstacle on an initially flat or slightly
inclined bed, (see fig.1). The fluid is incompressible of densitxépand
as before we ignore surface tension. We take a set of cartesian
coordinates (x,y), velocity components (u,v), and pressure p,
nondimensionalized with respect to a characteristic lengthscale L of the
obstacle, velocity scale U¢,say the surface speed, and pressure er. The
Reynolds number R=UL/¥ is large and the Froude number Fr= U:/gH is 0(1).
Here y is the kinematic viscosity of the fluid and g is the acceleration
due to gravity. We note that for infinitely long obstacles we replace L
by H above. Generally the flow properties will depend on the Reynolds
number, the nondimensional parameter h=H/L, the basic skin friction, 2 ,
(or equivalently the development lengthscale of the boundary layer), and

the Froude number.
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The scalings below are derived or chosen so that we can apply again
the ideas of high Reynolds number flow theory to study the interaction
between the boundary layer and the free surface. We have assumed again
(as in chapter 2) that an infinitesimally small obstacle of O( § ) (6&'1)
only distorts the basic flow and the free surface by an amount 0(§). We
do notrule out the possibility of other, different, assumptions, of
course. In fact this last assumption may not hold for small but finite
disturbances. Nevertheless we take the view that by studying the small
infinitesimal obstacle problem the relevant scalings for small finite
obstacles should emerge as a limiting case (c.f. the supersonic ramp
problem Stewartson (1974,1981), Smith (19839). We ignore again any

possible standing wave solutions as in McIver (1982).

For fully developed flows a double-deck structure was found
earlier to govern the viscous—inviscid interaction, and essentially
involved ideas of internal channel flow theory. Ik seems quite natu-
ral and indeed obvious to try and extend and apply the ideas of
external flow theory to consider undeveloped flows. In this regard
we note that the triple-deck structure of Stewartson-Williams (1969),
Messiter (1970), Neiland (1969), plays a crucial role in providing a
rational description of regular separation taking place in streaming
flows past humps, corners, etc.

Here,as in external flows, the first significant nonlinear-viscous
response occurs within a triple-deck structure, although the scalings
are modified because of the zero stress conditions at the free
surface. In fact, the interaction lengthscales in the

streamwise and lateral directions are now O0(1) (as in . — -
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developing flow in a channel Smith (1976)) instead of the more usual
R_a%. This leads to an interactive problem for determiniqg the free
surface (see §2 below) and the boundary layer equations are coupled
withzgiviscid equations, enalzLLns? the boundary layer to influence
the free-surface and vice-versa. As with fully developed flows, the
interaction here occurs principally because the displacement of the
free-surface induces streamwise and lateral pressure gradients which
in turn drive the boundary-layer. However, the unknown pressure,
free surface,and boundary layer displacement,are related in a much
more complicated manner than before, but in the various limits, large
depth, small depth, etc. they reduce to the more familiar relations for
external flow and fully developed flows (see §3).

The linearized problem for small distortions of the bed is
discussed in §4 and shows the much greater upstream response of the
fluid occurring for supercritical flows (with the Froude number Fr>1).
Also for subcritical flows, waves are produced behing the obstacle,
again in line with the inviscid theory (of Kelvin). The major
differences between the latter and the linearized theory in 84,
occur when the flow is either supercritical or nearly critical. It
is emphasized that the linear theory is valid only for small obstacles,
and the full problem, (2.3), with (2.5) below, governs the flow

response for much larger obstacles, and this may alter some of the

conclusions. Certainly the linear results for the flow past a forward
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facing step show that an adverse pressure gradient is generated ahead
of the step for both supercritical and subcritical flows (and[ﬁﬁch
greater in the former case). This would suggest that for larger steps
separation will occur, ahead of the step. However this requires a
numerical treatment of the full nonlinear problem below.

Finally in §5 further comments are made including a brief dis-

cussion on the relevance of free interactions to the hydraulic jump.

§2 The Fundamental Interactive Problem

(f;he scalings involved are established as in triple-deck theory, or
developing flow in a channel Smith (1976), see also chapter 4. The main
difference here being that the streamwise and lateral dimensions are now
0¢) . In addition, closer to the wall the main deck now has thickness

O(R-yg), (see chapter 4 for more details),and the much thinner lower
deck has thickness O(R-%%) to invoke a nonlinear-viscous response. If
we think of the undeveloped free surface flow here as being half of a

developing flow in a channel, then the scalings follow directly also



from Smith's (1976) analysis of the latter. Formally then, with

- 1/5 -

€ = R 7, the expansionsare in the main deck, where y = €Y,
u = UO(Y) + cA(x) Uo? + .-
v=-2 A (x)I—Jo +
p=sh -se¥Y+e2PX) +... . (2.1)

Here ﬁo(§) is the oncoming profile with.ﬁo(f) > 1,? > o ﬁo(§)mk§+..,
Y > 0, where A(>0) is the incident skin . friction, and -A(x), P (x)

are the unknown induced boundary layer displacement and pressure
respectively, with A(x), P(x) ~ 0 as x + —=° , h = H|L is the non-
dimensional undisturbed depth and (sh)n1 the Froude number Fr. The

displacement in (2.1) feeds into the upper-deck where y™Vv 0(1l) and

ny n
o ooy, V=gV 4., p =s(h-y) +efp . (2.2)

AV VAR "
Here Uy, V., P

o > P, satisfy the linearized inviscid equations and free

surface conditions 1i.e.
. .
Vzpo =0 (2.33)

n N
B, (x,h) =snCx) -, p (x,h) =-n (2.3bede)

XX

By (5,0 = BG) B (x,0) = Axx
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where y = h + en(x) + ... is the free surface. (2.3de) follow from
matching with the displacement from (2.1) and (2.3bc) reflect the
conditions of zero normal stress and the kinematic condition respec-
tively, at the free surface. It is noted that a much thinner

O(R-B&) boundary layer is also required to satisfy the additional
condition of zero tangential stress at the free surface. Closer to
the bed (2.1) become invalid when Y = 0(e) and there in the lower

deck, with y = €2y,
u=c€eU+..., v=©ed +..., p = sh -e2Y5 +2P(x)+. .. . (2.4)

Substitution into the Navier-Stokes equations shows that (U,V,P) satisfy

.the usual boundary layer equations,

USU + VU = -dp + 3%y W LW -
3% 3 dx W 0 5 t5 70O (2.5a)

with the boundary conditions

U=V =0at Y =dF(x) (2.5b)
U A (Y + A(x)) as Y+ (2.5¢)
U+ AY as X - (2.5d)
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to satisfy no slip at the bed y = €2dF(x) in scaled terms, and to match
with the main deck.

Hence the determination of the unknown pressure, displacement,
and free surface requires a solution of the coupled problems (2.3),
(2.5). Several remarks are in order here. TFirstly, the fundamental
difference between (2.3), (2.5) and the triple-deck problems of
external flows, is that here the potential flow equation in the upper
deck, holds in the finite region 0< y< h, whereas for incompressible
flows, N = 0, and h = o, effectively, in (2.3bc), which then leads
to the well known Cauchy-Hilbert integral relation for P(x), A(x).
Secondly we have not, as yet, commented too much on the basic flow.
We make the (reasonable) assumption (although this needs to be justified)
that the basic flow is half the basic flow of developing flow in a
channel. 1In view of Smith's (1976) analysis, then,(2.1), (2.2), (2.4)
above would need to be modified (see his (2.4), (2.5)),but this does
not alter the central problem (2.3), (2.5). In addition the obstacle

s

is required to be at a large distance O(R

Ys

) from the source. Speci-

fically x* = R xOL + xL, where x is the 0(l) non dimensional coor-

dinate, X % 0(1) and Ra/sxo iszg?stance of the obstacle (or the start
of the distortion of the bed) from the source. The incident skin
friction A is then given by A = Kx;b&, where X = 0.332.

The parameter A occurring in (2.5) can be scaled out of the

problem by writing
_5 _3 3 1 _3 _3
(x,Y,U0,v,P,A,n,y,s,h) >~ (A x/?l /'?z,)?“ U,A fa V,A/Z-P,A /‘*A,)\ fn
_5 5 _5
AT GNP RN (2.6)

;)‘—57‘#7’ OW\A we dd'U? he i,\l.

Q>

eg-

7€



in (2.3) (2.5),and henceforthiwe set A = 1. Thus (2.6) shows that
there are two independent péfémeters in the problem h (or §), and
(sh)m1 the Froude number.

We note too that the inviscid theory as discussed by Kelvin (1886),
Lamb (1932) is equivalent to taking -A equal to dF(x) in (2.3). This
greatly simplifies the problem and essentially suppresses the interac-
tion between the boundary layer and the free surface. Finally we
note that (2.3), (2.5) is a special case of the general problem in

4]
Smith's (1976) paper (if we take sX(x) = %(X)Ahis potation).

§3 The Pressure-Displacement and Free Surface Relations in the

Various Limits

The problem (2.3) may be solved formally with Fourier Tranforms,

‘giving the pressure displacement and free surface relations as

P*(a) = oA* s-aTanh (ch)
$Tanh (ah) -o (3.1a)
P%(a) = [§ - o Tanh(ch) ] cosh(oh) n* (3.1b)
©  =i0x . .
where g*(a) = [a) g(x) dx defines the Fourier Transform of g(x).
The expressions (3.lab) can now be inverted and expressed as con-

volution integrals after suitably rearranging (3.1) to give

px) - ch(x) = LY (OR: cl(®) 4t (3.2a)

(oo}
~e E®-X7 * 0
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o p(E)+EN(E)  dE = sn(x) - G} (x) (3.2b)
= (E-X)* + h%

2}
T

where GA(x) = - A @®ds ¢t = -1 0 (B)E

1
TZo L - x m-e €E-x) = (3.2c,d)
These formulae are not particularly convenient to work with when con-
sidering the limiting cases and we will instead stick to the relations
in Fourier Transform space.

For h small (3.1) gives

P* = sn* » A* = (sh-1)n*
which imply
P (x) = sn(x) =5 Ax) . (3.3)
(sh-1)

For large Frovde numbers, sh <<1, these expressions agree with
those obtained previously for fully developed flows (see also
chapter 4). Since h=H/L <<1, the interaction lengthscale is large
compared to the depth, as e.g. in the liquid layer problem,(3.3)
admits eigensolutions upstream only for sh < 1, and hence on this
much longer lengthscale, free interactions can take place for super-

Slows
criticalXonly.

If h >> 1, s=0(1), a= 0 (1), then from (3.1)

g0



P*x = |a|A* ,n* = 2¢ !"lpx

s -|al

which on inversion yield

P(x) = -1 = Al(E)dy 1,  2hP(E)AE
T (E-x) T O h? +(E-x)2
_1l n'(g)dg _ .
T Jc_m G—x) = $n(x) (3.4a,b)

The P-A relation (3.4a) is the familiar Cauchy-Hilbert integral
occurring in external incompressible floﬁ. The second expression
(3.4b) is just the interactive version of the standard inviscid
result connecting n and P for large depths. It is important to note
that (3.4a,b) hold only for x=0(1). For x>>0(h) (i.e. |a|h<<1) the

relations (3.3) are operative.

If sh = 1, h>>1 then (3.1) (3.2) again reduce to (3.4).
If sh = 1, h<<1l (3.1), (3.2) give
p* v —3A% JN* v —3A%

ah? 02h2

which yield

3 (3.5a,b)

and no eigensolutions exist upstream. sh = 1 corresponds to Uc= JgH,

and this is the velocity with which long waves travel on a fluid of

8l



finite depth (from an inviscid analysis), see Lamb (1932).

§4 Linearized Solution for |d] << 1

The full problem (2.3) (2.5) poses a formidable numerical task
which has still to be tackled seriously. In this section we consider
the linearized solution valid strictly for |d|<<I.

If we write

(U,v,P,A,n) = (Y¥,0,0,0,0)+d(0,V,B,X,1) + 0(d?) 4.1)

then ﬁ, '{7’, 3 satisfy the linearizad version of (2.5)

P, eV s e, TGO 5.2)
with the boundary conditionms,

v =-Fx) ,VY =0 o Y=0 (4.3a)

¥ +X o Yoo (4.3b)

Y BAY -» 0 as x > - ® - (4.3¢)

As usual the solution of (4.2) (4.3) 1is obtained using Fourier Trans-
forms, and we find

P* = - oF*(a) (s-aTanh(oh) (4.4a)
O

_82 -



T = —aF*(a)
cosh(ah) O , (4.4b)
A% = -(8 Tanh(ch) -O)F* (a) (4.4¢)
Cl
Tx — 2
(U*y 1)y=o = %* = —OoF*(a) (i) /s A¢ (0) (s-aTanh(ch))
d ~ A0 O (4.4d)

D @,s5,5h) = aCa) Y (5= 2Tanh&h) + sTank&h) o4 (F.4e)
where Yy = (-BAL/ (0)) - = 1.2878 , and A{(x) is Airy's function.
We take a branch cut along the positive imaginery axis.
In order to invert the above expressions we first need to know
the zeros of the denominator [] occurring in (4.4a-d). The proper-
the

ties oflequation {J =0 are discussed in the appendix and in particular

‘'we note that

]
o

u (,s,sh) (4.5)
has an infinite set of simple zeros along the negative imaginary axis.
If sh 21, the roots a , are at anh = —iOn n=1, 2,3, ..., (n=})m<
Gn <(n+})7 . 1If sh<l, there is an additional root o, at a&h;-ie,
where 0 <6,< 7. For Im(a)>0 there exists an infinite set of complex
conjugate rootz of (4.5) .

The expressions (4.4a-d) can now be inverted as a convolution

for a general F(x), although to be more specific we will take the

case when F(x) = H(x) where H(x) is the Heaviside unit step function.
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(4.4a-d) and

«<0:

F(x)

A (x)

A(x)

the above comments now show that

= +7 (§ + 8 Tan(,)) 22
n=o B il
Ba1
. 9;\1
- 3 e D
n=0 an
o (sh Tan -0 ) Qaz
= I 6 B ¢
n=o n “nl
Ay (0)T(x) = On /s (sh+.6aTanBa) 9{:1

. N
A (0) 00 h

where the first term in the summation is ommitted if sh> 1.

ni

(4.6a-d)

Here

% (ﬁ) Y, Y(ﬁ'}%\ TanGn)+(_e‘Ah) Y3 vy [Tanen, +6, Seczeﬂ]

Bay = h

2
+ sh sec“8q -1
Bay

3

n=o0,1,2,...

h

24 Oy 73 Y(scos 0 + €n sinby)
h
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+

(9_%)“/3 Y[(l-sh) sin,, + 6, cos 9,\]

+ (sh-1) cosB, +6; sinf, n=0,1,2... . (4.7a~b)

For X>0 assuming that the complex roots are simple and given by

ia = r eii(b?\ T,, <¢ <m n=0,1,2
n n , /2 n b EY :oo-
h
If sh+1
& idy L et
P(x) = 2Re i =~ (s+he ™ Tan(ry e "™))e h
n=¢ h
Cnl
-zX Y/
- $ +¥J3 ol (s Tan(2h)) 2z /3 dz ,
('sh-1) 21 of |2 iy 1T (s+& Tan(Zh)) + S Tan(Zh)-2|2}
o0 xr el‘bn
‘ﬁl(x) = 2Re 2 e’f ‘(— 1 ’
n=o an J (sh-1)
- 4
DY B (g tanem ] 2P ez

2 TR qnl
°(12 3y ™2 (g+2 Tan (2h))+'S Tan(2h)-2|2} cos(2h)



v > - ld‘)n — 1¢y, P .xei%
Ax) = —2Re[2 (sh Tan(we™) -, e™™™) | 22 ]

=0 i¢
e " Ca

-ZX

1
-1+ ,Iiyf“ e 5/3 (s_Tan(2h)-2) (s+2 Tan(2h)) d2
2m o {]z/3 e"”/sy (s+2 Tan(2h))+s Tan(Zh)-2|2}

: . . Thxei%
)N ® R s 821¢q@ (st.1; e‘¢“ Tan(q@el¢h))e f
AL (0)T(x)= 2 Re [ h
AL (0) 0

Chl

- 2 L
. Efoo ¢ #¥2 3 (s+2 Tan(2h)) (2 3y($+% Tan(2h)) + S Tan(2h)-B)dz
2T "o

W {
(]2 #&™ y(s+2 Tan(zh)) + e™ (s Tan(zh)-2) |2

(4.8a-d)

If sh=1, then

bt
oo 1 ¥ l(—."ie
P(x) = 2Re 5 -(st Ia e‘¢“ Tan(rkel¢"))e h
_ h
n=o0 C

ni

- L
5+ £ 7 2 e 8" (s8 Tan 2m)7ee
2m 0

{IZ%Y e (543 Tan(zh)) +$ Tan(zh)-2|2}
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I3y I (1-e 2% [ 542 Tan(Zh)] z%dz

M(0) + —
2m "o {|Z/3em/3Y(SFZ Tan(2h))+S Tan(2h)-2|2}

K (x) X(x)+1

T (x) ;(x) ) (4.9a-d)

N

Here A(x), T(x) are the same expressions as in (4.8ad); Cn1’ an

are identical to B__, B__ except that 6, in B__, B__ is replaced
n1’ n2 n2

ni
by rne°¢“ to obtain Cnl ’ an-respectively; Re denotes the real

parts of the expressionms.

Y = 0 in (4.6ab) (4.7ab) effectively gives the inviscid solu-
tion of Kelvin (1886) for the pressure and the free surface (the
summations occurring in the expression for x>0 are modified because
the branch cut disappears).(r;he form F(x) = H(x) Tanh (x2?) was
chosen, and the expressions (4.4a-d) were inverted directly using
the Fast Fourier Tranform. The results are shown in figs. (2a-4) .
There are several interesting features present here which are worth

mentioning .(i) Firstly for X<O0, the linearized solutions for both

- g?_
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supercritical and subcritical flows have the familiar exponential
form which occurs in supgersonic flows, channel flows, liquid layer
flows etc., and is responsible for any free interactions £aking.p1ace
in these flows,(the exponential factor is essentially the eigensolu-
tion occurring fcr upstream). The pertinent question then is do

free interactions occur here, and this is discussed further in §5.
(i1) The upstream influence occurring for both subcritical and
supercritical flows is much greater in the latter case (corresponding
to the extra root in Im(a)<0, above). (iii) Large changes in the
mean surface level are produced when the flow 1is nearly critical.
(iv) For Fr = 1, the pressure and the free surface become unbounded

e
for large x, wheg@s the boundary layer displacement oscillates and

falls to zero, a surprising feature since for Fr+ 1,4&* 1 for large

%, and the skin friction also oscillates and tends to its initial

value of unity,(v) For suberitical flows, with Fr v 1, the solu-

tion for % and Z, suggest that the fluid is being continually accele-

rated and decelerated as it negotiates the step. (vi) For h>>1,

(subcritical flows) waves are produced behind the step, as in inviscid
facung

theory. Also note that in contrast to the flow over a forwaré(step

in external flow (Smith-Merkin (1982)), the fluid returns to its

uniform state U = Y, A = -1, slowly downstream, but the pressure

tends to a nonzero constant. This quite clearly shows the influence

of the free surface, since it is the pressure induced by the change

in the surface level which feeds into and drives the boundary layer.
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In summary then, for both supercritical and subcritical flow
over the step, the pressure rises ahead of the step, and the fluid is
retarded there. Downstream, the pressure fallg and tends to a con-
stant value (if Frfl), while the fluid is sharply accelerated just
ahead of the step, and the skin friction slowly returns to its
initial value of unity. Also the free surface falls or rises accor-
ding as whether the flow is subcritical or supercritical. Waves are
produced in the former case and die down ultimately. The boundary
layer displacement rises ahead of the step. In supercritical flow
it overshoots and then falls downstream, while for subcritical

flows it 1s more oscillatory but is increasing to its constant

value of 1.

Finally far downstream, the following asymptotes are implied

from (4.4(a-d)). (For F(x) = H(x))

sl

~ _ =Y
n o 1 + 5Y S

X
(sh-1) (sh-1)2r( %)

1
Poo-s + sy x B,

(sh-1)  (sh-1)2T'(%s)

_37_
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Knv=-1 +.  sY x ..
(sh-1)T (%)
2
A7 ()T v osx /s .
AL (0) (sh-1)T (73)
Sh =1
1 b
5 a X /3 s n? x /3
YT (3) 3y2sT(-Ys)
/1;’\' _X1/3 + hs x_u/3
YT (Y3) 3Y2T (-5)
_5
- “h® x /3 .
3YT (-%s)
"A'L, (0)"\13 Y i X"'l/3 +,
AL (0) YT (%)
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§5 Further Comments

Returning to the point mentioned in 84 concerning the existence

of the eigensolutions, if we write

e, N=ne (5.1)

with x large and negative (0 >0), and substitute into (2.3a-e) (2.5a)

20X

(with F(x) = 0), neglecting terms of 0(e“ "), a solution for g(y)

. VI VY . . . e .
exists with P, A, n undertermined provided 0 satisfies the equation,
O (i o,s, shy =0 . (5.2)

As shown in the appendix, (5.2) has simple zeros given by

o= 0_ = Ba -
n h

In contrast to e.g. supersonic flows, this result however does
not directly imply that eigensolutions exist. There, the pressure
and displacement are related locally, enabling the boundary layer
equations to be marched forward given the initial form (5.1),
whereas here the integral relations quite clearly demonstrate the
elliptic nature of the problem. In general then the above question
can only be addressed numerically akin to the problem of incompre-

ssible breakaway separation (Smith (1977)). It is conjectured that

Cq -



eigensolutions and hence free interactions, do exist, and take the
form (5.1) as X > -,

Physically the hydraulic jump ié one obvious example §f a free
interaction taking place: 1in supercritical flow the fluid adjusts
locally in anticipation of a severe obstacle downstream, by changing
to a much slower flow with a raised surface level. It is worth
stating>some of the above results which are relevant to the hydraulic
jump problem. Firstly much bigger upstream influence occurs for
supercritical flow. If h is large, the interaction length scale,
(L ), 1is shortened with inviscid and external flow properties
dominating; if h is small then the interaction occurs over a much
longer lengthscale,(see also chapter 4 where the free interaction
_problem with the laws(3.3) is discussed). If the flow were to return
‘to a uniform state downstream (with P = sno, no=ng , A=0 s
n, constant) then separation would also imply reattachment, with
the extent of the reversed flow.edéy'dependent on the interaction
lengthscale. These conclusions tie in with the experimental findings
of Craik et al. (1982), on their experiments on axisymmetric jumps.

On another matter, the linearized solution breaks down when
sh - 1+, For sh = 1-, the first reot 90, approaches the origin

o, " (1-sh)3) with By,» B, @ (sh-1), and the situation is similar

h
to that in chapter 2, in the liquid layer problem. This suggests

that the nonlinear terms in (2.5) will become important ahead of the

step. Similar conclusions also apply to the limit sh + 1+ , but
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nonlinear@,will become important first after the start of the step.

For sh = 1 on the other hand, the linearized results show that for

x>>1, the influence of the boundary layer diminishes. Instead since
?ixfx,o) = —% X(x,O) in the upper deck,(and % no- xb%),the nonlinear
terms cannot be neglected there far downstream.

It is interesting also to compare the asymptotic forms (4.10a-d)
downstream with those from linear inviscid theory (for sh %=1). The
first term in (4.10) is the same in both cases, but the next few
terms show clearly the contributions from viscous effects (and
which are important for sh ~ 1).

The full nonlinear problem (2.3) (2.5) merits further attention,
for both 0(1), and bigger wall shapes. Certainly the latter should
indicate the trend in the solution for physically realistic wall
profiles, and also give an indication of whether free interactions
occur or not.

Finally the analysis presented can be immediately generalised
and extended to include three-dimensionality, surface tension, etc.
An important problem is to investigate the interaction between
submerged obstacles and the bed. If the obstacle is relatively
small (of O(R—%%) then the problem (2.3) (2.5) is unchanged apart
from the additional tangential flow contraint on the body, in the
potential flow region, (see also Smith (1976)). However, even for
simple bodies, the finite depth, inviscid problem is difficult both

analytically and numerically.
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In summary,under the various assumptions stated earlier, we have
shown that an obstacle of relative height 00;1fplaced at a distance of
O(Ryg from an upstream source will provoke a nonlinear viscous-inviscid
interaction and this is expressed by the coupled problems (23,(2z9. The
nature of the interaction depends on the Froude number and the ratio
h=(H/L), of the depth to a characteristic streamwise lengthscale. If hl
for suberitical flows, the interaction is somewhat diminished and takes
a form similar to that in subsonic flow. If h<; and the flow is
supercritical then the boundary layer influence is very much enhanced.
In fact the linear solution investigated here suggests that boundary
layer separation is much more likely to occur in a supercritical flow
rather than a subcritical flow. But a sufficently large object affixed
to the bed may well cause flow separation to occur in both supercritical
and suberitical flows since an adverse pressure gradient is generated

ahead of the obstacle.
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APPENDIX A

In this appendix we derive some results concerning some roots

of the equation

1
g (@, s, sh) = o(ia) /3Y (8- aTanh (c¢h)) + & Tanh{(oh) - a= 0

1
where (ia) ® has a branch cut along the positive imaginary axis.

'We will make use of the result from complex analysis that if

f(2) is analytic inside and on a closed contour C, apart from a

and
finite number of poles P, and zeros N, inside CJis not zero on

the contour, then

1 b (arg £(2)

N- P (A1)
2T

where Ac (arg £ (2)) is the variation in the argument of the function f
around C, see e.g. Titchmarsh ppll5.

First we write iha =10 in(ﬁ.A@, and consider the variation

in the argument of the function

\
£ (U) =Uh n?  —vsul

- Tanu
7 7
S}‘/3 +u/3Y

around a closed contour C, consisting of a small semicircle CG

_q6_



of radius & (8<<1) around the origin, and the straight line paths
LsA,
L,, Ly, Lj, Lq,kas shown in fig. (3a).

on Cg, U = set® , -Th <6< T
. n .
£QU) ~ 5% [1-sn | -8 B8k v 0@y . (a2)
A
sh h
Hence if sh + 1 Ay f(arg £ () = -m. ( A3a)
If s =1 Acﬁ (arg £(2)) = - 4w . (A3b)
3
onL, U= 2ol § <2< v (1< )
L I
Re(f) = -2 03 vy [22-s2n?] _
lsh7/3 + Z7/3 ei71r/5¥ lz (Alsa)

Hence Re(f) changes from being negative for large Z to positive for

imh

small 2, Also Im(f(she )) =1 (1 - Tanh(sh)) ( Abb)

and £(2e!T/2) n -1 (2>> 1) . )

- 9%



A(2, 3, 4) together show that

ALl(arg f) = =T sh <1
= =27 1 < sh
= =11 sh =1
6
Similarly on L,, where U = Ze_lﬂ/Z § 2K nt
ALZ (arg £) = - sh<1
= =27 1 < sh
= =l1imw sh =1
6
idn

1
§ € 2 &nm s nT £ Rn=(22+n2ﬂ2)ék Ianw s - W@ <¢ng TZ

f(W=1+0 (_ll_i_n)

Hence ALs(arg f) =0

-q¢ -

(A5a-b)

(Aba-c)

(A7a)



Similarly 4 farg £) =0 (A7b)
onL ,U=nm+i& =ReV

where -nm £ 2 £ nm , T LR, ¢ Joor T, S O 4

f(u) ~ -sh e-l¢n -i Tanh 2 .
Ry
Hence ALu (arg £ ) =7 . (AS)

Combining the above results together (A3, A5, A6, A7, A8) we

get

sh <1

I
i
[\
3

ACn (arg £)

= —4m sh»1 . (A9)

Now in 0< Re (W)< nm , £(4) has n poles where cos U = O, and 2 poles

7

7
where tha + U’ v = 0. This together with (Al, A9) then gives

no,. of zeros in Cn of £(U) n+1lif sh<1

]

n if sh>1 ( A10)

.

Since the zeros of f(u) are identical to those of [](712’ s, sh),
h

q9



we obtain the result that Q'(o, s, sh) has an infinite set of zeros

in Im(a)< 0. Furthermore, if. sh>1, then the zeros are at ho . =—{Oq
(nfl)ﬂ<6n<(n+§)ﬂ , (n=1, 2, ...), and if sh <1 theré is an

additionil zero at h o, = -iO4 ,O<®0 <My This follows from

(A10) and from graphical considerations of the function f(u). The

leading zeros for several values of sh, h are given in Table (3.).
Results for the zeros of [J(a, s, sh) in Im (a)> O are

derived similarly, although we will just state the result. If we

consider the variation in the argument of the function f, (L), where

. 1, 1 7 7
£,(4) = Uh.cos U [h B~ syu /3] - 8in U [Sh Ay /3y]

- taken around the contour C'n consisting of a small circle ClG

around the origin, and the straight line paths L, L',, L',, L',,

L', L', L', , as shown in fig ( 3b), then
Ac' (arg £) = (6n + 4)7 if sh 31
n (Allab)
= (6n + 6)T sh <1 .

This together with (Al0) now gives the result that, the number of
zeros of f(u) in UKO0 = 2n + 2 . Hence in Im.(a) > O

[J (o, s, sh) has an infinite (countalle ) set of complex conjugate

roots.

|eo



The following additional properties of the roots in

Im(0)<0 for various limits, are readily established;

9, = h +0(h?) as h - 0
sY)?
— - 3 L -
G)O = (lsh) h for sh ~ 4. N
Y
0, ~ Tl + _1_) - h>1 ,
sh
© " nm- sh for n >> 1 . (Al2a-d)
nm

lol



Table 3.1
Some leading zeros of f(U) = 0, a.ndD = 0, see Appendix.

O densber Bo(ec ) ,amd o denoten os (ored).

s _ h sh o] , ia

4 1.0 -4 42533 .42533

.5 1.0 .5 27781 .27781

.6 1.0 .6 .12531  .12531

.7 1.0 .7 3.653E~2 3.653E-2

.8 1.0 .8 7.323E-3 7.323E-3
1.0 1.0 1.0 2.9974  2.9974
1.1 1.0 1.1 2.9667  2.9667
1.2 1.0 1.2 2.9363  2.9363
1.3 1.0 1.3 2.9061  2.9061
1.4 1.0 1.4 2.8762  2.8762
1.5 1.0 1.5 2.8468 2.8468
1.0 .5 .5 2.9098-2 5.818E-2
1.0 .6 .6 1.7956-2 2.991E-2
1.0 1.1 1.1 2.99:Q  2.7191
1.0 1.2 1.2 2.9858  2.4882
1.0 1.3 1.3 2.9817  2.2936
1.0 1.4 1.4 2.9787  2.1277
1.0 1.5 1.5 2.9767  1.9845
1.0 2.0 2.0 2.9786  1.4893
1.0 3.0 3.0 3.0157  1.0052
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Captions

Fig. 1(ab)

A sketch of the geometry and the triple-deck structure.
Fig. 2(a-1

Linearized solutions for the flow over an infinite step F(X)=
Tanh (X2 )H(X) , for several values of s and h .
Fig. 3

() Contour Cn ,(b) contour Cﬁ s See appendix .



CHAPTER 4

ON HYPERSONIC SELF-INDUCED SEPARATION, HYDRAULIC JUMPS

AND BOUNDARY LAYERS WITH ALGEBRAIC GROWTH

To be published in Mathematika (1983).
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Prelimonarny  Lotroducton
<
The work of the previous chapters suggests studying the free

interaction problem when the streamwise lengthscale is large compared to
the depth since then the interaction laws take on a much simpler form
and the free interaction problem is consequently much more amenable to
some further analysis. In fact for the flow over an inclined plane when
the angle of inclination of the plane to the horizontal E&zéq? where R
is a characteristic Reynolds number, the induced pressure is
proportional to the local displacement, as is the case for the
undeveloped free surface flow when the depth is small compared with the

streamwise lengthscale.

Another motivation for studying this problem is, as has been
mentioned already, the possible application to hydraulic jumps. In
hydraulic jumps the mean depth of the oncoming stream changes more or
less spontaneously without change of local conditions, from one level to
another. The change can be gradual or more abrupt. In some cases an
undular jump is formed. There are in fact many different types of jumps
each characterized by different properties; see Rajaratnam (1967) for a
comprehensive review on experimental and some theoretical aspects of
hydraulic jumps. There are also numerous theoretical models of hydraulic
jumps. The simplest assumes uniform depths of fluid before and after the
jump, and momentum and mass flux considerations then fix relations
between the upstream and downstream velocities and depths. Given the
upstream conditions; the downstream conditions can be obtained readily,
as in Lamb (1932), Rajaratnam (1967), Benjamin and Lighthill (1954).

Another approach or viewpoint is to assume a long streamwise lengthscale

Gl?a)



and then apply the ideas of shallow-water theory (Peregrine (1972)),
accounts of which are given by Peregrine (1974), Hibberd and Peregrine
(1979). However these studies do not include viscous effects and do not
allow the details or structure of separating flow. In the theories based
on the shallow water approximation, the boundary layer which would be
needed to reduce the slip velocity to zero is driven by an adverse
pressure gradient, since the pressure gradient here is effectively the
slope of the free surface, for steady flows. Consequently the assumption
that the boundary layer influence is small is open to débate, in a
rational if not a practical sense. There have also been studies
discussing the flow in a turbulent jump; see Rajaratnam (1967),

Narayanam (1975), Madsen and Svendsen (1983).

Here we approéch the problem from a different viewpoint, i.e. from
that of interactive boundary layer theory. The hydraulic jump is
described by a free interaction, and the work highlights the complicated
separated flow structure which emerges beneath the jump. Far downstream
the present structure also breaks down. In fact the free surface is
still increasing algebraically downstream, and a new more complex
structure must come into operation\on some still longer lengthscale

dependent on the Reynolds number.

Our objective throughout is not necessarily to obtain a complete
description of the hydraulic jump, merely the beginnings of one. In fact
the description strictly applies only as the Reynolds tends to infinity,
but the work does demonstrate that a small frictional force can have a

significant effect on the flow properties. It may be that the

(18D



interacting Navier- Stokes or boundary layer equations will give a
better description of the hydraulic jump applicable at large but finite

Reynolds numbers.
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Oil  HYPERSOHIC SELF-IKDUCED SEPARATIOGH, HYDRAULIC
JUMPS  AND  BOUMDARY LAYERS WITH ALGEBRAIC GROWTH

J. Gajgar & S0 Cmith

watnematics Dept., Imperial College,
. London, Si7 2BZ.

SUITHMARY

nalytical and numerical properties are described for the froe
interaction and separation arising when the induced pressure and
local displacement are equal, in reduced terms, for large Reynolés
number flow. The interacticn, known to apply to hypersonic flow,
Supercritical ( Froude num bee > 1)

is shown to have possible relevance also to the origins ofkhydraulic
Junps in liguid layers flowing along horizontal walls. The main
thecretical task is to obtain the ultimate behaviour far beyond the
separation. An unusual structure is found to cmerge there, involving
a tackward-moving wall layer with algebraically growing velocity at
its outer edga, a detached shear layer moving forward and, in
between, reversed inertial flow uninfluenced directly by the adverse
pressure gradient. As a result the pressure increases like

42 m N s A~ [~ - L 3 0 ~
(distance) then [with = = 2{/7-2)/3 (= 0.143050...)] ané coes rct

(Falkner = Skan)
approach a platecau. Some more general properties oﬁ(boundary Tovare

B

with algebraic growth are also described.
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81. INTRODUCTION

The bulk of the present paper is concerned with the frece interaction
that occurs with the pressure proportional to the local boundary layer
displacement, in fluid flow at large Reynolds number. This free interaction,
which in cssence describes upstream influence in forward flow, arises in two
major contexts, the first being for hypersonic flow (Brown, Stewartson §
Williams (1974/75, 1975), Brown § Williams (1975), Stewartson (1974)). The
problem is to solve the boundary layer equations, holding in a viscous sub-
layer on a fixed plane wall, with the unknown pressure being equal to the
unknown displacement in scaled terms. Therc Brown et al (1975) point out
that the determination of the ultimate form of the free intcraction beyond
separatidn is a main  task: our aim is to address the task.

The sccond main context is in the motion of a liquid layer along a
fixed horizontal wall, in particular the phenomenon of the hydraulic jump.
There, without change of local boundary conditions, the depth of an oncoming
liquid layer adjusts itsclf in anticipation of a new downstrcam state. [Sce,
e.g., the experimchts or analysis in Rajaratnam 1967, Henderson 1966, Craik
et al 1981, Watson 1964, Tani 1948, concerning classical, moving, planar,
circular, forced, submerged or other types of jumps.] This is characteristic
of a free interaction taking place upstream and in tact it is tound to be
controlled initially, in certuain regimes dependent upon the length scale and
Froude number Fr, by the samc problem as the hypersonic separation above,

provided that the flow is supercritical, Fr > 1. The pressure-displacement

law stems from the traditional predominantly inviscid boundary condition at
the free surface. Our intention here is to achieve or start an account of the

3 . - . . . 0 S . .
hydraulic jump consistent with the Navier-Stokes cquatloié that is, accommodating

the influence of viscous forces, which are scldom inconscquential in high

Reynolds number flows, rather than following the classical inviscid lines as,
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. e . .
fcr example, in the (nonetheless 1nte§§t1ng) works based on Lamb's (1932)

account: see also Rajaratnam (1967) and Henderson (1966).

The problem of the hypersonic separation/free interactionkis stated in
§2, while §3 shows its rclevance to the supercritical hydraulic jump also.
No such interaction occurs in subcritical or critical flow, [Fr j_l:fﬁcn 54
presents the numerical procedure adopted, and the numerical results, for the

interaction problem. The ultimate form found to emerge for the free interaction,

far downstream, is described analytically in §5 and further comments arc

given in §6.

Ay

Concerning §5, the ultimate form has certain novel aspects and turns

on the properties of boundary lavers with algebraic growth. A viscous detached

n

hear layer emerges, supported by an inertial layer of reversed floﬁ where
both viscous and pressure forces are secondary, an unusﬁal feature which
vields a power law for the velocity profile. Closer to the wall a reversed
viscous sublaver is formed whose streamwise velocity must grow algebraically
at the outer extremes. This also is unusual and iqéontrast to the algebraic
decay of boundary layers which has reccived appreciable attention. Again,
the reduced pressure P does not tend to a uniform plateau far downstream;

c.f. all previously studied interactions; instead we find that

P = (distance)™, where m = = (V7 - 2)(= 0.43030 ...), (1.1)

wif o

is unbounded there. Another point is that the shear layer position althcugh
far from the wall is governed by the solution of the boundary layer with
algebraic growth and hance by viscous torces. Since algebraic growth in

boundary layers is of some interest in itself — — —
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certain furtiner propertles are considered in an Appendix.

The work below is expressed in terms of the velocity componc:

iIvS
4, v 1in cartesian coordinates x , y and the pressure.p , non

dimensionalized with respect to u_,u , 2 , 2 , pu
©

o] [+ (=] o]
Here u_ , %, p_ are representative velocity, length and density

0

scales of the motions.  For the possible application to hydraulic
jumps the fluid is taken to be incompressible of density p_ , and

surface tension

(0]

ffects are ignored. The motion is two-dimensionzal,
steady and laminar, and the Reynolds number Re = uwi’.w/v°° (\)oo being

v

the kinematic viscosity of the fluid) is large.

§2. THE HYPERSONIC INTERACTIVE BOUNDARY LAYER

Interaction in hypersonic flow occurs Dby means of a triple-deck
structure, as shown by Brown et al (1975) and Rizzcltu el al (L978),
who present the derivetion and scalings involved. The central

problem reduces to solving the viscous boundary layer eguations

ke oy Y oy dP o U
Uy = — —_— - = - /= 5 2.1&)
Uy U T W oy ax "2 (
o}

for the reduced velocity U(X,Y) , stream function V¥(X,Y) and

pressure P(X) , sudject to the boundary conditions

U=Y=0 a Y=0 (2.19)
UnvY + A(X) as Y »+ = (2.1c)
er @ Fo 1 -2 y, ~ 1
(U,v,P) =~ (Y,3Y°,0) as X -+ -e (2.14)

where the displacement =-A(X) 1is also unknown. The pressure-

displacement relation for hypersonic flow reguires in addition Lhit
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P(x) = -A(X) , (2.1e)

in the hypersonic limit: see Brown et al (1975).
A free interaction can take place, when (2.la-e) hold, starting

in the form

Paobe for X+ -o @ ko= (-30i'(0))3 = 0.4681 . (2.2)
Here the cozstant b 1is unknown. If b <0 the floﬁ becones

o strongly attached as X 1increases, a singularity being encountered
at a finite value of X : see EBrown et al (197L4/75). Our concerna
is with b > O however, where instead the flow proceeds to separate,
and the ensuing numerical and analytical features then will be
described in 54, §5 below. In particular the main difficulty (see
Brown et al 's(1975)comments), which concerns the unknown ultimate form
texen by the free interaction as X increases beyond separation,

will pe eddressed.

§3. THE APPLICATION IN HYDRAULIC JUMPS

It is argued below that the same problem (2.la-e) may arise in

ne context of hydraulic jumps.

Suppose that a uniform flow u =1 of licuid of deptn 1

Jre
n

approaching horizontally from upstream, supplemented by a thin

h." o boundery layer of thickness O(e) to satisfy the no slip condition
A also
abt the wall y = 0. :um/(('ig. V. I an eventund hydeealic jump in

the liquid depth is to be produced downstreem then the local flow
must edmit upstream influence, enebling its depth to deviate
slightly et first from the original depth 1 . We postulate the=

the length scale L governing whis upstream influence is large,

The boundary layer effects on the uniform stream are negligible to our order of working
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L > 1 , and we se2k a self-consistent account of the Havier-Stoxes
(1)
ecuations for Re large. Over the bul%{of the local motion only a
smaell perturbation of the oncoming stream is induced then, with
~)] '

y =y + 6[;1(5:) + 0(s 2) (3.1a)

~ o~

where 3 i1s an unknown sizll parameter and A(X) , P(X) are

unkrcwn functions of X = (x-2)/L (&

i

constant , see below). Tre

poundary conditions at the unknown free surface, y =1 + n say,

recuire
v=1 |,
(-prame T SHE0 - “e-l(g—; ) =0 (3.22,0,c)
- :3 - 2Re l*,:'i- Re—l(f;j %)g—;}— 0

howeveyr, for continuity of normal veloceity and both stress compoucnts,

being the modified pressure.  The density

and viscosity of the fluid above the free surface are neglected.

T
[t}
w3
(9]
1]
3
1}
-
S
2
¥
(@)
o
no
y

roa (3.12), and (3.2b,c) both lead to the

.. .. o .2
staniard inviscid result for a free surface, p = sn + 0(5°) whers F:F —
-} 2 ~/ 457 . T ) . L
S = Uoq fals the Froude rumber. Hence
P{X) = - A(X) . (3.3)

The minor corrections neceded to satisfy (3.2b,c) exactly are produced
.

. s A oLl 2
in & thin surface layer of thickness O(Re °L

I

) , requiring that
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Next, the displacement effect of (3.la,b) feeds into the majority of
the thin boundary layer (I1) wherein y = €Y with ¥ of 0(1). There, since

the motion upstrecam has a profile ¢ = cwo(?) with wé(m) = 1, wc have

b= vy (1) + sX Ry (D) , (5.4)

matching with (3.1a) provided § << e. The result (3.1b) for p is valid since
- ’
(uov/9x) is only O(oL 7). Finally, (3.4) becomes invalid near the wall (LII)
- - 2
when Y - 0(S8/e), since wO(Y) v %AY" where X is the 0(1) oncoming reduced skin

friction, and a nonlinear inertial-pressure-viscous force balance also emerges

then if 8“/¢°L = §/L

]

Bl
§/eS"Re, since y, u arc 0(8), 0(8/e) respectively.

) . C s .
lence L = € Re, ¢ = ¢ So the restrictions above require only that

. 1 >> ¢ >> Re'l/? : (3.5)

Given (3.5), then, the boundary layer equations hold in an O(ez) thick
sublayer III subject to the no slip condition at the wall and to a relative
displacement —A(i) and pressure force ﬁ(i) linked by the law (3.3). Provided
Fr > 1 a normalization to allow for the factors Fr, A therefore reduces the
problem to the form (2.1a - e), which admits upstream influence through (2.2)
and so permits the gradual growth (or drop) in the liquid depth for i large

and negative, as rcqqﬂyed by a hydraulic jump. Hence the need for the solution

properties of (2.la - e) is reinforced by the application to supercritical

hydraulic jumps where Fr > 1 [whewras Suﬂﬁkritical or critical flows, where
Fr < 1, do not aﬁtyit such upsfrcam influence because of the resultant sign
change, or zero, in (3.3) and hence in (2.1¢): sce also §6] .

Before the solution of (2.1la - ¢) is investigated it is worth considering

1/5

the restrictions in (3.5). At onc extreme, if € is O(Re~ )} the intcraction

length scale L falls to 0(1), comparable — — —
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— -

with the liguid cdeptn (a2s in Smith 1976), so that the outermosi zcns

becomes one of classical linearized potential flow,replacing (3.12,3),
and aLLc’wux_l«} Sub- or superciticol upatrtonn c.\,/,o,.,a,.\ce'

This regime includes the present case of (3.la,b), (3.3) as a limis,

4

shows the influence of wviscosity on linear and nonlinear water wavas
for instance and is studied by Gajjar (1983). Again, if the
interaction occurs at a distance 2 (>> L) from an upstream source
of the motion then typically the boundary layer thickness is

_ “2,2\ . . . . - 3/5 . 5 =
e = O(Re °2°) ; s0 the regime above has 2 = O(Re”’”) , while (3.3)

S ey 3/5 ’ + 3 . S .
regulires that Re << & << Re . At the other extreme, 1f e Is
0(1) then both 2 , L rise to O(Re) - 2and the interaction has nc
subscales in the y-direction. Instead the boundary layer eguaticns
al 1 A -

apply across the entire depth, with ¢ , u , p , X Zx/Re , ¥ , n

all of 0(1) =and tha uni

[
Y

orm stream u =1 , ¥y =y holds at the
A 2 X vao
=0+ {for 0 <y<1. Fer X > 0 +the boundary condi-ions

are yp=u=0 at y =0 (noslip) and ¥ =1, du/3y =0 at

. A
v =1 + n{X) (free surface, from (3.22,b)), with the law »p{X) =, ,

A Supercnivazi
= sn(X) folioving from (3.2¢c). Trhis system also admitiZupstrea?

influence, with the flow able to deviate in an initially exponentially

small form « exp(- K/K3/2) (Q

2 positive constant) from the unifornm
. . . . - A
stream allied to a Blasius boundary layer holding at X =0 + . Thus

the solution is not unicue and can branch. Essentially similar

eguations were presented by Kurihara (19k6) ané Tani (1948)

(1]

axisymmetric hydraulic jump but without acknowledgement of the
branching, and branching is also absent in Watson's (196L4) classizal

see also Chester (1766)
boundary layer approach;//.Furtner comment on the branching is given
.

\

in §6 below. Two final points are the following (see Gajjar 1953).
First, if the flat wall is slightly inclined to the horizontal

; 2, -2 . . .
then a curvature ternm « d"A/dX~ 1s added to the pressure-displzacem=nt

law (3.3), depending on the angle of inclination. Second, the =zrm=
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additional term can become significant if the upsiream source is so
+ T4+ 3 ) T 3 b} 2

strong that the Froude number is large (s  small, u_ >> gl ) as
an argument analogous to that of (3.1)-(3.5) shows. We concentrazz

C gu,f;arc(‘é tea (.)

nenceforth on thi(regime where (2.la-e) holds, however.

§4. ({UMERICAL SOLUTIOHNS

The problem (2.lz-e) was solved numerically by a finite-diffcrence
box scheme of second order accuracy. The method is fairly standard
nov and need not be described in much detail. A small pressure kick

‘.

. . . . . . .
was giver to start the interaction and its subseguent non linear
evolution was followed step by step,forward in X, using HNewton
iteration per step. Typical values taken for the steplengths AX
.. . . ~7 .
in X and iterative tolerance were O+-0:2, /0O respectively
For the outer constraint (2.1lc), which proved a significant facter
elther a uniform grdd én Y or
further downstream, we useld/a siretching of Y to cover the range
0 <Y <Y with, typically, Y > 80 but a minimum step lenzih

— — " e v o 7 8-

AY < 02 near the well Y =0 . In reversed flow U < 0 , where

strictly a forward marching scheme is inappropriate, two technigues

were employed .witek—smewadarsmrski—he—fdeserilei-iesi oetonoussin—
akesi=, namely FLARE (where UdJ/3X 1is neglected if U < 0 , frem

hoala

Reyhner & Flligge-Lotz 1968) and extended backward differencing
(where USy/37 1is evaluazted from U values at X , X-AX , A-23% ,
X-3AX if U < O , from Dijkstra 1978). HNeither of these is really

satisfactory, the first because it changes the governing eguations,

1

the second because it cannot suppress the reversed direction of
influence for very small steplengths, and indeed a forward-backward
marching or windward differencing procedure would seem best suited

at present — but of course a consistent boundary condition downstrex

™
A
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was not known at the outset of tiis study. OQur major aim was to
deduce that downstream houndary ceondition, i.e. the ultimate form

of the free interaction, and so we hoped that, as so often, the
forwarcdl=marching

e JA)approaches would give a good guide there.

The results are presented in fig. 2, previous solutions being
given by Brown et al (1975) over a smaller range of X . Upstream
the trend of (2.2) is observed satisfactorily, regular separation
then occurs (1t = &U/3Y (X,0) »0) , at X =0 say, and beyond
trat the préssure P and hence the displacement -A continue to
increase and 1T continues to decrease. There is as yet no hint of
a minimum in 1 Ybeing reeched and P shows no sign of approaching
a2 plateau value, in contrast with the usual developments in free
interactions. The numerical trends, especially for P , led to

the account below of the rather unusual nature of the solution far

downstrean.

§5. THE ULTINATE FORM FAR DOWNSTREA

For X =+ = suppose that
PP X (5.1)
1
with m , P, both unknown positive constants, so that the pressure
] B
gracdient is adverse but no pressure plateau is attained.  Then

(F9.3()

gl \
-A v POX also, from (2.le). Assume nex%(that a detached shear

© : 1/3
layeﬁ(is formed far from the wall, of the usual thickness O(X™'7)
in view of (2.1lc), sc that we require m > 1/3 . The shear layer has

Y= -a00 + 5% witn £ oo 0(1), v = %3 (6) to leading
order and provided [|P| << U], i.e. m < 2/3, G, satisfies

335" + 2@065' - Géa =0 ani 26. VE2 as E - e . Also

12¢



_ll_

Gé(—w) = 0 provided that |U] << Xl/3 below the shear layer: sa2

below .  Then Gy has the' solution of Stewartson & Williams (1573),
- te.
giving GO(—m) ==C4 » where Cy = 1.2521 , [z# the entrainnent con-

dition

‘provided (so far) that

<mf% ) (5.2b)

(i)

Between the shear layer and the wall the majority of the motionjhas

w =

v of O(Xg/b) , U of O(X2/3-m) then and viscous forces are

negligible from (5.2v). Usually the pressure force matters sub-

2

-

stantially here,but not in the present case: thus Ple << IU]
leading to m < 4/9 (see below). As Znertiel forces azlone dominate
the only possible soluticn of (2.1a,b) here is then a power law
profile,

v = —%yK: o(x2/3)

A -
(o > 0 an unknown constant) where the inviscid constraint ¢ =+ O

as Y -+ 0 + is imposed. Since Y 1is 0(x") therefore
A 1
K = éi and bPK =C (5.4)
Inm 1 0

(&)

from (5.2a). That leaves a viscous sublayei(near the wall, to ansure
that the no slip condition is met. Given (5.3) the sublayer thick-
ness is Y = O(Xl/(K+l)) with ¢ , U of the orders XK/(K+1)
X(K_l)/(x+l) in turn. We cxpect the pressure force to ceome iuto
play at iﬂést, so thet |P| = o(v®) = O(X(gﬁ—e)/(K+l)) Comparirg
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this with (5.1) we nav

X -2
K+ 1

and hence, referring to (5.4), we require that

Consequently

. _ 2+ /T
K 3 (

=- 2( ‘/7'2) (=
3

Y

the choice

1.5L858 ...)

0.43050 ...)

b

+ ¥ bveing forced by (5.2b).

(2k-2)/(K+1)

A chsck confirms that 2ll the assumptions made above (basically

1
that T <z <
3

9

holds together (fig. 3(a)) provided t

) are satisfied with (5.6).

Tne whole structure

hat the similarity problem in

the reversed flow sublayer adjoining the wall,

L “’_ff
£+l
with
(o) = £'(0) =
nes a solution with F

N\
+o(1)]

>0

l .

=1 12
(}{+:L)(f

+2P

1) -
as n
n =X

0

(5.72)

(5.7p,c,d)

The similarity problem (5.7a-d) is the first example we know of

where a (reversed) boundary layer solution with algebraic gromth is

see also Smieh (i983)
soughtl/(.ln the standard notation of Falkner-Sxan forms (see Jones

% Watson 1%863) (5.7a-d) correspends o

3 =

{30

a:

-(X-1)/(x+1) < O , allowing no tounded solution for f

-X/(K+1) < 0 ,

ot

-~ ™



It can be shown (see Appendix) “!at solutions of (5.7a-d) exi

-
v

]

Tor 1 < K < 2 1in fact, with P, >0, while for the value (5.6)
in guestion here a numerical solution gives the graph in fig. 3(b)

.

and the properties

-K .
fw Co ﬁ rlﬁ as Tl+ © N
(5.8)
R= 094796, «t''(0)= ['5098 . .
Therefore the main predictions are
"
—A=PNP1X2 (7_2)/3 , By = 0-94796 , (5.92a)
TN - f"(O)X_(S_/Y)/Z (5.9b)

as X + o . A comparison with the calculations described in §b
proves fairly encouraging, as fig. U4 shows by means of a log-log plot
for P . Comparisons with the velocity profiles of fig. 2 and cther
features seem not discouraging, although hindered again by the siow
algebraic decay towards (5.9a,b) (see below) and vossibly by the
nature of the numerical schemes in reversed flow.

Further terms in the essentially three-regioned structure
(1)-(iii) above can be developed in principle. The major relative

corrections are algebraically small, stemming from the wall layer

(

\n

.Ta-d), but the exponentially small terms stemming from the shear

-G .

layer (i) are really of more concern as a test of the proposed

structure. . From (i) we have
Y(— { . q
G.v-C.+De"? as + - (4.10)
0 0 0 & :
whore Do is a constant and X’= 200/3 . This forces an underiyiug
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< e
10rn

1
ALK o 3 i
o= -bY 4+ ... + X a(e)exp[-;-CoP‘}. 3(9)] + ... (5.112)
into the inviscid zone (ii) where 0 <6 = Y/znx )< 4, while fro:
substitution into (2.1a) g(B8) satisfies the nonlinear differential

equation, in normalized form,

-(2-K>5K‘lg + 2ng’ = g'2 (5.11b)

and a(®) satisfies a linear equation. Here the normalized condition

g(i-) = 0 nolds, from (5.10),2nd self-consistency demands that, .
’,e.9. from use of B¥t as wnd __;:‘_!___“‘E

g <0 . The solution of (S.llbz(is then varable ,

(2-K)g = 28s - 61~K52 where

(5.11c)
hK-2
(1+i)s-3x0° | TRFL 2 o
2-K "o ’
X-1

giving g < 0 as reguired. As 6 ~+0 , s « 8 and g tends to

2 negative constant from above. This implies that certain much higher

order terms in the viscous layer (iii) can grow exponentially as

n + o , to match with (S5.1lla-c). A like znalysis for the supersonic
self-induced separation, for instance, leads to similar feaiures.

In the hppendix we generalize the structure above, to demonsirate

&bemcé;é
a link with the asymptotic forms found previously for other|flows, to
indicate why this structure does not apply in those cases, and tc
demonstrate further properties of boundary layers with algebraic
growth.
As a final point, the effect of the FLARE approximatiocn is to

convert (5.7a) into
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£ [keene')

Ty * 91 =

h\ﬂy

and 2 solution satisfying (S To-d) fexist , 1n contrast with the

analcgous situation in the supersonic free interaction (Stewartsorn

amz 1973).

e

& Will

§6. FURTHER COMMENTS

First,.given that the terminal structure downstream in §5 is
self-consistent andé is attained, as we believe, it 1s interesting that
the rising pressure does not approach a plateau value and that,
nevertneless, the'pressure force has only a secondary role in most
of the flow dowanstream. Neither the detached shear layer (i) nor
the inviscid reversed flow region (ii) beneath it is controlled
significantly by the adverse vressure gradient. This 1s an unusuzl
fecture, as is the viscous reversed sublayer (iii) where the pressure
force becomes significant and the similarity layer has to admit
algebraic growth. Second, we note that all the layers (i)-(iii) far
downstrezm are inter-dependent and strongly affected by viscosity,
deszite their quite different characters. For the value of. the con-

.

stant Pl , which fixes the position of layer (i) and the back flow

in iarer (ii), can be determined only from the properties of the
viscous sublaver (iii) at the wall. This too i1s a novel feature.

It implies that beyond the present structure, as the disturvance

respcnsible for the upstream interaction and separation is appreached,

18]
e}

the flows near and far from the wall must remain inter-depe:

5
c D'
0
o

in particular the properties there cannot be governed solely bty
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A third point is that, in consecuence, the determination of *=x

~aa

separated motion near the disturbance downstream should be of con-

siderable interest theoretlcal¢y as well as practically.'® A comzlete

S0

account of an hydraulic jump for instance remains to be found, if it
can be in steady flow (ssec below), although we believe the initial
upstream response, separation and breckaway above may form the basis
for such an account%. Similar comments apply to the hypersonic flow

past a sizeable surface-mounted obstacle downstream, for example.

Fourth, concerning hydraulic jumps, two other main length scales

1.

can enter into‘consideration as noted in §3. The shorter scale is
the subject of a study by Gajjar (1933), while +the longer O(Re)
scale poses an intriguing boundary layer problem (involving branching
of solutions and presumably the possibility of separation and
reattachment) which has still to be tackled seriously. Ve note
that if the wall downstream becomes slightly inclined downwards the
flow can approach a fully developed half-Poiseuille form ultimately
with a uniform licuid derth there. On a horizontal wall, however,
or with a slight upward inclination, such an ultimate form i3 not
attainable and neither are Watson's (196L4).  Fifth, therefore, it is
very unlikely that a steady hydraulic gump from one uniform level to
anotner can be maintained, with a fluid of any ronzero viscosity, if
the wall does not slope downwards bo(tim«cufeéj.

Finally, the predicted blunt shape (n = X , m = 0.43050) of
the free surface beyond the start of the interaction seems not irncen-—
sistent with the experience of hydraulic jumps in reality, e.g. iz
the kitchen sink or in rivers. Three—dimensionality and unsteadiness

-~

always affect the practicael situation of course, as does the fiultencss

We refer here to an account consistent with the Navier-5St
equations, rather than the traditional inviscid descriptions
which clearly do not yiel:! such consistency.
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of the Reynolds number, but a local quasi-planar quasi-steady view does
not seem unreasonable for the start of the jump. A gradual raising of
the liquid level downstrcam, for instance, as in Craik ct al's (1981)
interesting experiments on axisymmetric hydraulic jumps, would tend

7‘6

to force our supercritical interaction to move further upstream and hence

to shorten its length scale in response (from §3), until the super/subcritical

3{5) of Gajjar (1983) is entered, in which significant

stage % ='0(Re
waves and possibly reattachment can appear. All of this could take place
in an effectively steady planar fashion locaﬂy although the time scale (see
also below) need not be remarkably short , O(lwﬁz/Reuw), to alter the structure
of (3.1a) - (3.5), whereas the shortness of the streamwise length scale
_relative to the development length scale would tend to diminish. most three-
dimensional effects.  The theoretical features above bear some resemblance
to Craik et al's observations although as yet only qualitative agreement with
any experiments could properly be claimed since the continuatioﬁ downstiream
of the form described in §5 has still to be studied.  Again, concerning
unsteadiness, it may be significant that the unsteady version of the present
interaction admits the Tollmien-Schlichting instability at a sufficiently
larée distance from the original source of fluid.

Dr. A.D.D. Craik is thanked for drawing our attention to the

axisymmetric case of a hydraulic jump, in Craik gt al's paper, and for
his interesting comments. FU‘@*C*-“’C 9‘7’]””’* 74’0‘*" 1"5:8

| o enntn gt fully We are
o e AT T

Fo 0 777'0 TE

2 .
% Here supercritical and subcritical refer to the Froude numbcr(ﬁ’< I respectxvcly) &s
distinct from referring to the Reynolds number for instability, the latter being considered
-~ RS . .
by Crai k ¢t al (their experiments suggest  stability for the longer scale interactions).

—— e e e
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Final comments

$o
In addition to the comments inxwe would make the following brief
comments.
(1). The above shows that steady theory can account for the start - of

a hydraulic jump and on any large lengthscale. This start of course is
equivalent to a mechanism for upstream influence quite different from

unsteadiness as in Benjamin (1970).

(2). It is necessary however to acknowledge the viscous-inviscid
interaction involved, in which the induced pressure is proportional is

to the displaced free surface and the boundary layer displacement.

(3). The above procéss implies separation (contrary to most inviscid

theories but in line with the experiments of Craik et al.)

(4). Beyond separation the eventual displacement and free surface,

m
though small, grow algebraically like X . Therefore some new physical
balances must come into operation on a longer streamwise lengthscale

downstream before a complete account of the hydraulic jump is achg}ved.

. ~
(5). There exists some qualitative expeqpental evidence for the " X ©

shape, the general picture proposed in this chapter.

(35a)
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APPENDIKX

——a

The structure discussed in §5 also holds in a more general scense when

the pressure-displacement law is

P=- A (A1)

XI\

or P= —(d/dX)NA, say. We take the case (Al). Then A N-Plxm for X»4provided

that M,N satisfy

m=-N=2 (2-3m) = 2(K-1) (A2)
(2+3m) (K+1)

1 2 _1 < 2

F<m< Y3, 5 <N < /3 (a3)

and provided also that a solution of (5.7 a-c) exists with 7’1 positive.

For 1 < K < 2 the similarity problem (5.7a-c) requires a numerical treatment,

although the limiting cases K = 1+, 2- can be @ﬂ’analyzeél

First, for K = 2~ | write

£f= X® , @= A7, Yy =2P

/,
Xt ' (AL)
1
where A = Co K+1
K
Pl
This transforms (5.7a-c) into the form
/7 —_— Yy
f - K f f// +(K-1) (y +f ) =0 (A5)
K+1 (K+1)
= _ =/ ~ — K s -
£(o) = £(o) =0, T~E" gs @ > o0, (46,7)

Let K = 2-J1 (0<fl<<1) and expand f = -f_c +ﬁ,7f'1 + oo, Y =y +ﬂ'Yl+""

Substitution into (A 5-7) then yields T{G}=62, Y, = 0, <

< leaving the problem for f

L

— 1/ —_ — —

flf/ —20°7) v T 0T = 1+ 26 (a8)
3 3 3 z 3

13%



— —_ / — —
i, (@ =t (=0, "V -6 1oz @‘/(’ as @-—> oo (A9,10)
A serics solution ?l = L an 6" gives
n=0 2.3 2 3
] t 6 t
— 2 2 -3, 9 -2, 7
flzaze +9a3 {6 j'ot (e -1) dt—eét (e -1) dt}
) 0 |
r 12 a-{oz f 2 M(1,5 , 263) dr -8 [e3 ¥(1,8, 2 ) dt}. (/1 “)
J — — — —
o 3 9 0 3 9
Here 6a, = -'1 , 60 a. = 2 (A12)
3 T 5 3

and ¥(a,b,x) is the confluent hypergeometric function (see Abramowitz and

Stegun, p.504). To avoid exponential growth we thus require <—m——-r

o -5
<€—— 9 a,=-12a. T (°/3) ;2 /3 , giving
3 5 ('9—)

5 1
Y, = 6 T(°/3) (_g_> > 0 . (A13)

Also noting that 3
5/3 "3;9 2 S 2 3
e -8° M (1, °/3, 56)

-3 8 9
07 T¢INE) V%

n1s gt (14367 4.0 ) for 85> 1,
2

we obtain from (A8), using (AlZ),'flrv'—oz log B + zl + O(éﬁ as required.

4
Then 2,y is determined by the requirement that there is no 62 term in the
expansion of (A 11) for large @. A perhaps sianAer argunent leading to (Al3)

is to differentiate (A8) and then use a boundedness condition on flﬂl

For K = 1+ we first transform (5.7a-c) by writing

A i/,
£= 0 £(0), 6= oy ,0 = (2F1) , (A14)
1 A A A A
so that f/// —_K____ £ f n + (E) (f/2 + ]_) = 0 , (A1l3)
K+1 (K+1)
A Ay A C K
[(O) = f (O) = O ,f N O (__S_) as <) - o, (Al6 17)
B ’

i

Let K 1 + 8 (0 < f << 1). Then (A 15-17) splits into two sublayers: see

A 1
alse Smith (1980). 1In the inner sublayer, £ = f /4 +.. and <————

&1

, 14
< ¢ = [‘51/‘ 5;1 +.. , glving

138
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. !
with g, (0) = gll(o) = 0, and we have to impose gy V& (2 log El)z as &y > =

instead of (A17). The solution of (Al8) has been obtained by Smith (1980),

yielding glll(o) = 1.436 . 1In the outer sublayer

R

V2
-1 rn
PRI

¢ » =038, + .. R (A19)
The equation for 8, is then g2g2/ -1 - gzz = 0, with the solution being
%
gy = (625}_1) to ?g;ch with the inner sublayer. The outer condition now gives
A . o1/b
£aoe P 108 (0 87 . <$_\\\>

(:j;;;:;?-;rom (Al4), (A17),

> _[Co é5/4]2/3 (420)
1 /3 ‘

| [F.51
"For 1 < K < 2 the problem (5.7a-c) was solved numericalligwith the
) -&rOénénw
equations written as a first order scheme and with central differences,/.The
eqqﬂjalent forms (A8-10), (Al5-17) were also tried and a stretched grid was
used to handle (5.7c). This latter constraint, allowing algebraic growth,
caused a lot of difficulties and was replaced by an equivalent condition invol-

ving £,£',f'", eliminating 7 and leading to a more stable scheme. Checks were
o0

made by changing the grid sizes and altering the value of n_ .

Comparisons with the asymptote (Al3) near K = 2 showecd good agreement.
However, calculations for values of K near 1 proved to be difficult. There
n, had to be increased substantially, but this still left FH difficult to deter-
mine directly. This was probably because of the exponentially growing cuter
O ©
sublayer as K+ 1 + ; see (Al9). Fig. f; shows a graph of n, Vs. FH for some

values of K near 1.
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Finally it is worth re-emphasising that in all other known free intecraction
studies of separation the pressure tends to a constant value downstream,

whereas here solutions of the similarity problem allowing algebraic growth

. . . . m-N
have been obtained with the pressure growing algebraically, 7"U'P1X N . In the

limiting cases, as m - l_+, N - -1+, the constant
3 3
at the other extreme, m = 2- N =+ 2- , the pressure P tends to a constant, from
3 3
(A19), but the above structure breaks down then because l?l and Iﬂzl become

P tends to zero[(A&,AlBﬂ;

comparable in the imertial layer. Thus our algebraic form holds for

"%<N<§ , whereas a constant pressure plateau is found to be appropriate for

-

N > 2/3 (including the supersonic case where N = 1). The case N = O reduces to

that discussed in 5.
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Fig.1

Fig.2

Fig.3

Fig.4

.Fig.5

‘CAPTIONS

Th'e structurc of the frce interaction (§3) possible in
liquid layer flow along a horizontal wall (y=0) when the oncoming
boundary layer thickness ¢ is simall.
Numerical results (§4) for (a) the pressure P and skin friction
T, versus X, and (b) sample velocity profiles.
(a) The proposed ultimate siructure (i)-(iii) as
X » =% see §5.
(b) The numericai solution of (5.7a-d) for i(n), 1'(n),
versus n, when (5.6) holds (see also fig. 5 below).
Comparison between the numerical values (§4) for P and the
predicted asymptote (5.9a) as X + =, in log-log form.
(a) Numerical soI;Jtions of (5.7a-d) for f(n), f'(M), versus N ,
for various values of K between 1 and 2. (b) The corresponding
solutions (X) for the constant P], and comparisons with the
limiting analytic forms holding as K+ 1+, K+2-,

(c) fhe dependence of P] on the outer boundary position n_

(for K near 1), where n_ = 7, exp(N,/10) is used and the limit
as ;]_:1— —- 0 is required. See Appendix. Here m = 2/3K from (A2).
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CHAPTER 5

LOWER BRANCH STABILITY OF FULLY DEVELOPED AND
UNDEVELOPED FREE SURFACE FLOWS
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§1 Introduction

In this chapter we examine briefly the lower branch stability
properties of the fully developed and undeveloped flows considered
in chapters 2, 3. The lower-branch, as opposed to the upper-branch,
is used to emphasize that the critical layer (where the local speed
is equal to the wavespeed),is close to and is not asymptoticaliy
distinct from the wall layer. The upper-branch stability of liquid
layer flow (or fully-developed flow) is considered in the next
chapter.

The stability of liquid layer flow over an inclined plane has
been studied by various people based largely, on the major contri-
bution due to Yih k19543 1963), and Benjamin (195%),(see also Yih
(1965)). However all these papers are concerned primarily with the
stability at low Reynolds numbers, (or more strictly with the case
0R<<1, where o is the wavenumber and R the Reynolds number). The
main conclusions from these studies are,(ignoring surface tension),
that (i) a = 0 is part of the neutral stability curve,and (ii) there
is a neutral branch from the @ = 0 axis at R = % cot B*, (B* is the

inclination of the plane to the horizontal). A possible neutral

curve is sketched in Yih (1965). It is questionable whether their work
is applicable at large Reynolds numbers and also when the inclination of
the plane to the horizontal is much smaller.

‘—.>“6ﬁr concern here is instead with the stability properties at

large Reynolds number, and we follow closely the structural approach

as for example in Smith (1979a,b). It is found in §2 that long wave

neutral modes exist for fully developed flows, and, not too surprisingly,
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the asymptotic lower-branch properties are similar to those of channel
Smuk 0479¢) »
flow or plane Poiseuille flow,(seeLHall & Smith (1982)). The neutral

wavenumber and wavespeed depend on the Frovde number (or the angle of
inclination of the plane in the liquid layer flow). For large Frovde
numbers a match with channel flow properties is acheived, but as the
Frovde number decreases to 0(1),(or the plane becomes more horizontal),
the wavelength shortens, and the wavespeed decreases with the critical
layer moving closer to the wall. When the wavelength becomes 0(1l) a
new structure emerges and this is addressed in §3. The stability pro-
perties there are governed by the shorter Rayleigh-type modes but with
a major difference in that the waves are non-simple and the spatial

and temporal variations of the wave—amplitude depend critically on

‘the interactions between the inviscid and viscous regimes. This struc-
ture,which may also be relevant to the stability of the Rayleigh modes

in channel-flows, does not seem to have been recognised before.
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(Thompson (1949) has discussed the stability of long and 0(1) length
waves on a non-uniform flow by assuming a velocity profile made up of
piecewise linear shears. He considers only inviscid modes,and rathef
questionably dismisses any solutions which would give critical layers in
the interior of the flow. Burns (1953) has derived a dispersion relation
for long waves on a non-uniform flow by making the shallow water
approximations. In his work the wavespeed is assumed to be 0(1) and
outside the range of basic flow. In fact the results he obtains would
allow upstream propagating waves: see also Fenton (1972), and the survey
by Peregrine (1976). Yih (1972) has discussed the linear inviscid
stability of free surface flows and has proved various interesting
results. One such result is that if the basic flow q}y) is monotonic
within the flowfield, and q;(y) does not change sigh then critical
layers cannot occur and the flow is stable. Velthuizen and van
Wijngaarden (1969) have attempted to include viscous effects with
critical layers occurring in the interior of the flow. However their
work can be regarded as incomplete and they do not discuss the stability
of the flow. For, it is not clear in their work what assumptions are
made, e.g., is the wavespeed 0(1), or dependent on some power of the
Reynolds number? They assume a jump of '-iff' across the critical layer,
which needs to be Jjustified since the velocity jump across a critical
layer can depend on various factors such as the amplitude of the wave,
the wavespeed and the wavelength.) A match with the long-wave modes

considered in 12 is shown to be possible.

Neutral modes exist also for undeveloped free surface flows, and this

is considered in 14. The results presented may be relevant

(IS ka)



to the stability of open channel flow, far downstream of the inlet.
An interesting point is that a special case of the neutral modes
here corresponds to the 'odd-mode' of developing flow in a channel
Smith & Bodonyi (1980). For supercritical flows one mode exists;
For suberitical flows there is an additional mode. This latter
mode, in the limiting cases, may be identified with the Tollmien-
Schlichting mode associated with boundary layer instability. The
other mode (again in the limiting cases), seems to be connected with
the wavy solution occurring for steady subcritical flow.

Finally additional remarks are made in §5.

§2 Fully Developed Flows-Long Wavelength Modes

We start first with fully developed flows. The essential structure
has been set out in chapter 2, and consequently we shall omit some of
the details. It suffices to consider the unsteady version of the

basic lower deck problem in chapter 2, viz.

oU +23vV = 0 , 0P =0 (2.1a,b)
oX oY oY

3U + UV + VIV = - 3P + B°Y

oT 9x oY ox Y (2.1c)



aY o0

U AT +AK,D),U=V=0atY=0 , (2.2a,b)
P=-sA0,T) - v Axx. , nE,T) = ~AX,T) (2.2¢c,d)
Here the 0(1l) time scale T = Re/7 t, has been introduced, and it

may be verified that the leading order solution in the inviscid
region is unchanged apart from the additional time dependence of
the unknown quantities A, P, n. The skin friction parameter ) of
the basic flow UB(y) has been introduced in (2.2a), so that we are
considering a more general fully-developed flow. See chapter 2 for
the rest of the notation. It is noted that UB(y) satisfies,

UBy(l) = 0, UB YAy + Az y? as y - 0.

As in Smith (1979})) we consider a disturbance to the basic flow

U=AY, A=P =n =0, and write

U, v, P, A, n) =AY, 0) + AW, ¥, B, X, ME +... (2.3)

where A<<1 is the infinitesimal disturbance size, and we define E =
exp (iaoX - iBOT),where 0L=R—.I/7 ao+...,8= R_%GBO are the waveﬁumber
and frequencies respectively, and also the unknown constants X, %, %
are independent of X, T, and (E, V) depend on Y only. &p= B,/a,

is the scaled wavespeed. The scalings are suggested by the basic

structure in chapter 2, as e.g. in Smith (1979, Smith & Bodonyi

(1980).
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Substituting (2.3) into (2.1), (2.2) we obtain the linear

problem
. v Y . v . ny ny V) n,
10(°U+V.f = 0, -1BOU+ 10 AYU +Av=—1aoP+UWv
n, n,
T=¥Y=0 aty=0 ,0 > A& asY-+e . (2.4)

(2.4) 1is solved as in Smith (1979h)and leads to the relation

A'(E0) = - B
K £o CoXr (2.5)

75

where Ai is the Airy function, K =f Ai(t)dt and £o = -if (im,0) .

inm/2 if do is real.

Here the branch cut is defined by arg(iao)n = e
From the inviscid region and the free surface conditions, or equi-
valently from (2.2cd) we obtain

o
%

= - (S-Yai )X o (2.6)

Hence from (2.5), (4.6) we obtain the eigenrelation

. -2
A'(Bo) - L, F(B, (a,\) By = (5=yae?) :
- ACa . (2.7)
o

-153% -



Here F(Z) is the Tietjens function, Reid (1965). The neutral require-

ments i.e. @, 80, real, then;gives (Reid (1965))

-2 oy
8 (@ NP =2.207 , 0y = -0.4355 (2.8)
on on ——————AC

on

which leads to the dispersion relation

a /s (yo 2-5) -1 001)\5/3 =0 (2.9)
on on : )

for the neutral wavenumber %n? with the wavespeed Con’ and frequency

Bon’ determined from (2.8).

It is shown in the appendix that if §.= g ()

» then the departure
from the neutral states in (2.7) is fixed by the criteria
. _ . _ ' _ . .
Im(c0 con)zo if (ao aon)(g (aon) %_g(aon)zo (assuming o is real).
o
on
Applying this condition with g(a)/o= -(s-a?) then gives Im(co-con)zo
if (ao-aon)zo' Hence the lower branch of the neutral curve is similar
to that of channel flow.
The equation (2.9) (with y > 0) has only one real root, and

fig.( 1) gives a graph of the roots for different values of s. 1If

s=0 from (2.9) we obtain

1 5 _3 1
a v R f a_ = 1.000A " Y gl , (2.10)

and this is the odd mode occurring in channel flow, after allowing

for the different notation, see Smith & Bodonyi (1980). (We note
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that s=0 corresponds to B* » O(R ‘') from chapter 2). The results

of Yih-Benjamin cannot be recovered here because of the condition

-

OR >> 1 implicit in the above ahalysis.ﬂyif s > 1 (i.e. B*<<0(R ""),then

4 b s %y
a = fs\ * + 1.001) s +o0. 5, € = 2,297 ) (2.11)
Y 2y 7 0Lons

Hence the wavelength shortens and the critical layer retreats towards
the wall. Thus for decreasing Froude numbers (or as the plane becomes
more horizontal) (2.9), (2.11) show that the dominant balance occurs
between the induced hydrostatic force and the force due to the non-
zero transverse pressure gradient.

Formally, since the effective Froude number is O(B;j?)’ as $§

s
the Froude number decreases to 0(1l), and from

2/7) ,

increases to O(R

(2.11) the wavenumber and frequency are given by

-

1
.—2/7 } /3) , B n, O(R

2+ 0(R ). (2.12)

Also an examination of the disturbance velocities and pressure in the
inviscid region shows that they are of the same order. We turn next to

a discussion of the new structure which emerges on this shortened lengthscale.

§3 The Stability Properties for 0(l) Wavelengths

The scalings and expansions below are suggested by the above dis-
1
n, -
cussion. In view of (2.12), we introduce the slow scales X=R /3 X,

-1 n
T=Re /3t, and the disturbance quantities now depend on x, X, y, and

T (to our order of working).

-Is7 -



Firstly, in the inviscid region, the expansions are

[
n

1 2 1 ‘
-3 e LY -3 v -
Ug(y) + R 3UO+R/3 U, +, V=R PV +R Cvy+...,

Ys n =5

= 5(1-y) R P, * R P, *e-. Py (3.1a~c)

ge]
|

and the free surface is given by

_2
'ﬁ‘o F R %" ... ) (3.1d)

21
y=1+R/3

It will be seen below that it is necessary to (zok at the second
" order inviscid problem to effect a match with the boundary layer.

Substituting (3.1 ) into the Navier-Stokes equations and free

surface conditions, yields at the lowest order the problem

n Y]
+ V =0
oxX 63
A" n, n, n .
UB UOX + UBB Vo = —pOX ’ UB {}JOX = "Poy s (3.2a-c)
n N n n
po— sn, » V, = UBnox aty =1 . (3.3ab)

In addition to (3.3ab) we have the wall condition

e

0 at y = 0. (3.3¢)

<
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We note that the condition of zero tangential stress at the free

_1
surface, has been relaxed. A much thinner O(R /2) layer (similar to

the Blasius boundary layer),is needed to satisfy this.

We now seek solutions dependent on

n . .
E = exp (iogx), (with 0, real), and write

n n n, n
Vo = %‘E + c.c ,nN = 'TTNE + c.c etc. (3.4)

~ ~
where V,, s o are independent of x, and c.c. denotes the

complex conjugate.(3.2),(3.3) with (3..4) can be manipulated to yield

¥ - 2 "N
Vo'yy (OLO + Ua ) 01 0
Ug
ith \‘r}’ = 0 at —OU\'}' —{\7’ at =1 (3.5a-c)
Wil 01 = at y =0, Ug o1y = S‘C*['}‘Y— y = . .5a-c
‘ B

(3.5) constitutes an eigenvalue problem for determining 0, as a

function of the Froude number, and (3.5a) is in fact the Rayleigh

equation with zero wavespeed. After multiplying (3.5a) by Ug(y)

and integrating fromy = 0 to y = 1, we obtain

0g? = s (Vo) yol .
(3.6)

n
'
Uy (1) [IUgY,, dy
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. . Y . - n - n -
We normalize and write W, = AVy(y), Uy =AU, (¥), P =Ap, (¥)
where the unknown A is independent of y, but depends on T, ’)\(’,...,

and also :/on (1) =-iq U (1). Hence from (3.3), (3.5), ;}l’m: -A.,

The problem (3.5) fixes Qg = oco(s) and gives an unknown slip
. A" - iY .
velocity er ="£‘X0“X )y=0E+c.c. » Also from (3.2bec), since
Lo
N " . Vi .
Py ) =p ) = 0, in the wall layer, where Y = R"° y is 0(1)

y=o  “oy’y=o

we have the expansion there,

LA S
U=R U, +.,V=R"Vy +.. |,

-5

—1 '
R /3Ys+R Py +... . (3.7)

S—-

e}
1]

‘This yields the unsteady problem

-

ot ¥ Blox ¥ Y%oloy T TFox * Uovy
Ug* %y =0, By=0 (3.8a-c)
U +AY + 0 asY+>® , U=V =0at¥Y=0 . (3.9a,b)
) oe o o
From (3.8c) Po = ’;\J'l)y=o . A further relation however, is necessary

to close the above problem and to determine the unknown wave amplitude

-l62 -



A. This requires an examination of the second order problem in the
inviscid region. There, from the Navier-Stokes equations using (3.1)

we obtain the set of equations ,

i + ’\\f = - v N
1 X 'y ox
ny n, n n, Aoy nony no
+ = - - -— - -—
UB 1xX 1UBy Pix oT o on oon UBUo;_ po;
U %, _ _“' T I N A - & N )
B'ix P 1y vor Uo\ox vovoy B "ox ¢ (3.10a—-c)
The free-surface conditions give
n, nooon n n, n NN n S
Vo ot oy Ny = Ug (n1x +no§) + (Uo +I%3r%)nox MDY aty =1
n NN n \
p, * pOy n, = 5N, at y =1 . (3.11ab)
To match with the wall layer we also need -
n, n
Vl = VOBe s p1 = P0 at y =0 . (3.11cd)
Here VoBe denotes the finite part of LA in (3.8)4(3.9) as
Y > o,

The forcing terms in (3.10), (3.11) give rise to .terms propor—

. o vEl E2 . e
tional to E°, ET , E . Hence writing

-3 -



E 2

AN v \
Vo= zi Via (n) + cic n, =1 + c.c., ete. (3.12)
n=0 n=o

“he ()

. . v . .
whereicoeff1c1ents of E'™ are independent of y, we obtain the follow-

ing set of equations from substitution into (3.10) (3.11).

¥,
n, voov(e) (c) o
Vioy =0 , 2Vie Uy = ~(a Uay * Vo  Uory )
n N nie) N
0= - 2ploy - (V;1Vé?)y + él) o1y )
(3.13a-c)
SV (c) () - i () (c) oo
lo V51yn01 Vb% Ter = 710 o Moy or o’ YT
Yoxe N v(c) v L B
Pory oy ¥ 2010 * Poy Noi = 28T, aty =1 (3.13d-g)
and
oy v %
-2V = -
10 oBe » Py Poo at y=0,
(n) " (n) '
(V denotlng the coeff1c1ent of the E term).
fv())
E:
n,
0V + % o= - % N
e rr - 11y- 10X
U v = p -0 VWY . -7
0B 1. By 1% 1" 01T B 01X %l X
N ~
o UV =-p -V -UV o (3.14a-c)
o B 1 11y 01T B o1x



The superscript (c) denotes the complex conjugate.

n,
(3.14), (3.15). After substituting for U11

with V =1U_(ian M- V) + 0
11 B 1 01%
> =sn t 1,
=S =
21 n11 aty ’
>
ny a, n
@V Vo LB, -
11 oBe 21 01
n
(),
a a,
2ia U + V12 =0
12 y
W
2i0 U_U = =2 10,
o B2 12 By plz o
SR
"B 12 P12 01 011a0
.,V +V © 2U_ia +
an = 10
> T2 oy n01 B 0n12
n n n n
+ p = 8N
12 01y 01 12
(2)
n, n,
Also V =V =P
12 oBe °? p1z 02

_Ib;_

at

at y

=0 .

at y = 0.

from

(3.15a-d)

(3.16a-c)

(3.16d-e)

We consider first



(3.14a) into (3.14b) and using (3.14c) we obtain

v _ 2 n N v e i N v
Vi (@p" + Uy Yy, =il Vi, + 2 p“y?f
T 5T :
UB UB UB (3.17)

The left hand side here is the same as in the eigenvalue problem
. . v . .
(3.5a). Hence mutiplying (3.17) by V,, and integrating fromy = O

toy = 1, we obtain the solvability condition,

4Y Y Y

Ve Vo = Vo Yy 0= (Vo W, )= i
ny Vo oy Vi oy Vil o ab ﬁ%
. : . .
. + 2 £ p°w§ Vo, dy . (3.18)
Uy
From (3.8a), for large Y, we find
WO o e p 4 oA \—/ )
oBe o of T '0lYy “y=o0 . :
ixg (3.19)

The boundary conditions (3.3), (3.5ab), (3.15),and the normalizations

introduced above,finally simplifies (3.18) to yield the equation

P = A_d + AM
01 T 1 N2

(3.20)

= b -



o
relating the E! component of the wall pressure and A. Here the

constants d1’ d, depend only on the solution of the normalized

eigenvalue problem (2.5) and are given by

- 1 & — T - e ] (’ - 2
a02 d' = 1'_ 21005\ (Uogvmy )y:n il JUS Ve dy]
U - 2
UOI(O) UB(l) Q, U3
aozdz = - 2 A g Eo[q QO' dy . 3 21 b
UO| (0) UB ( . a )

Turning next to the other equations (3.13),(3.16), firstly from

(3.13ab), \’/\:o =0. (3.13cef) now give

v v (e) Vi) Voo b av(e) vie) v
SN, ~ % (pm:j o1 + po‘y Mo )="1 5 (vo’ V"‘u +Vo| Vo.3 Ydy+p

. . "
This connects P, with the unknown Moo although as far as
the wall layer problem is concerned an explicit determination of Poo

is not necessary.

From (2.16a-c) we obtain

v

A Ny noony
Vlzyy = (40L02+E% )v12 = —3']—_(U°1V°1YY—V°1U°1Y) at y =1 (3.2_2)
J b

with the boundary conditions ,

-~/ lasd g '{\IJ .
sVlz— V‘25Ub= -28 Ly b - 1i

Ug U

~2 ~ A~

a U U
o ol .ol "oty

)

- “?‘ —



n , .2 ',

N " N ;
- \ = ‘
Poz + poly Mg, ™8 ‘/0\3“0! $Vi2 * é Ziaan\r}'lz dy at y =1
Ugia, 2Ugia,

H h a2 P 2 aia P i0ad (¥ 2
ere we have used A\ g, 10, f5,— 1i9AT ( °‘3)y=o]

from (3.8), (3.9). (3.22), (3.23) show that r\\/'lz is proportional
to A%, and thus (3.22), (3.23) and (3.8), (3.9) then determine

the unknown (constant) j%z
A2
Briefly sunmarizing then,the growth (or decay) in time and space

= d,.
of the non-simple waves for O(l) Froude numbers is governmed by, (i)
the solution of the eigenvalue problem (3.5) which determines the

' wavenumber o, = aés), (ii) the solutions of the first and second
order inviscid problems together with (iii) the solution of the
unsteady boundary layer problem with the pressure-displacement
relations depending on (i) and (ii), as shown above. The full prob-
lem poses a complex numerical task. However, a limiting case (§ = 0O)
can be investigated further and this also provides a match with the

results of §2.

For s<<1 the solution of (3.5), (3.6) is given by

1 3 _ _ 1 3y _
o = o, S/2 . 5/20‘02"' v Vo(,O) 5/2 . 6/2 vo(ll) o,
Vo = D((:?) * Soo.(l) AEEE . (3.24)

168



Substitution in (3.5), (3.6) yields

2 _ 1 s(0) - _: = (o) _
o = S oV = ey Uy, U0 = vy
4 Ug dy
~(1)
Z o3 i3 y 1 .y, 2
Vi ia, Uy ia) Uy { ) é’ Ug"dy dy,
U
B
!
= -y 5 2 ¢y 1 Y2 2
Oy, = 07 (6 U, J" . £ U, “dy,dy,dy) .
b

(3.21ab) now give

P 2 1 g7 2 %
d =-2i3 1 +oy 9y Us. gy Uy dy dy) | +0(s™)
o Uy i)
d, = -2i 72 ( 'U 2dy) + o(—a/z) (3.25a,b)
2 T 740G, 5 £ e ¢ > . s

Similarly from (3.22), (3.23)

<e
[

1
a _3,/2 A? E-iU‘é + C Ué] +o..
01

12 1

where £, is an unknown constant. Hence

Yo _ g = sC(-4b+ 2i) +... .

-/67_



If in addition we assume A is small and

A =X exp (ia, ¥ - iR T), then from (3.20 (3.25)

1
/2 2 1

Do —28 s 1+ a, U -
R N
A 0Lul us(l) Uﬁu

Yy 1 4 2
+ 20!.'0!.0‘3 ( é U dy) ] (3.26)

=73

If o, is real and o, = O( g *°) then this is consistent with (3.26)
and (2.5),and matches exactly with the results of §2 giving Bo’ a., as
before. d, is determined from the higher order terms.

In the next section we consider undeveloped flows.

§4 Lower Branch Stability of Undeveloped Flows

Again, the basic structure has been set out in chapter 3 and,(to
our order of working),it is sufficient to consider the linearized
version of the unsQJgady lower-deck problem of chapter 3, (see also

Smith & Bodonyi (1980)), i.e.

wew=0 L, =0
oX oY oy

W+ U+ V3= - 3P+ 3%

oT 9% oY 9% Y

U> A + A (x,t)) as Y>>, =V =0 atY¥ =0 (4.1a-e)

1F0



.. P&, T), A%, T), n(X, T) are related through the outer inviscid

problem

V23 =0,p =s ty=h, p =- ty=nh
p =0, p =8N ay—spy nXX at y =
~ n
P =P, p gy = Aif at y =0 . (4.2a-e)
-1
In the above, T = R/s t is 0(l), and the rest of the notation 1s as
_1

in chapter 3. (We note that in the local skin A = 0,332 X b, where

we are considering disturbances locally at x = xo). The parallel
flow approximation has been used in the analysis below and this
implies a restriction on the wavelength of the modes we are consi-
dering. (See Smith & Bodonyi (1980) for a further discussion on
this point.)

We linearize about the basic flow by writing

(U,v,P,A,n,p ) = (AY,0) + A(U,V,P,A,7,p )E , (4.3)

- 1 —l/s 2
Here E = exp(iOLOX - iBoT) where 0. = o, *+ oO(R /5),B=‘3éﬁ' +0(R /5),
are the wavenumber and frequency respectively, and we define the scaled
wavespeed Co™ By /0y . Substitution in (4.la-e) then leads to the same

eigenrelation (2.5)

ALGE). P (4.4)
KE_ CAA

I



where So, K are as in 82. From the outer deck problem (4.2ae), we

obtain

a(s - o Tanh (ch))
(s Tanh (ch) -o) (4.5)

1=y

(4.4), (4.5) , leads to the eigenrelation

' -

AL(E) _ -7 _ ~ O (s - 0. Tanh(gh)) ;

K E Co AA c,A (s Tanh (gh) ~-@) (4.6)
Hence for neutral modes with ao=aon’ Q, = Bon real, we obtain the

dispersion relations

T, 7

w=a...h,B. . =2.297(c )\)2/3 Tanh w=wH —Hb%+s s
=0y, - BsB,, =2. on , Tanh W= Y w
3+w73

YSH (4.7abe)

= A T - -
where h =A H, s=A""s, y=1.001 . (4.8a-c)

It should be noted that (sh)—1= (SH)_1= Fr (the Frovde number) is

independent of A.

It is readily established, as in appendix A of chapter 3, that
for w>0, the equation (4.7c) has exactly one real root if Fr>1 and

two real roots if Fr<l. This can also be seen graphically. Figs. (Zq-P

1#2



depict graphs of the roots plotted against (Fr)" for several values
of H.

If S = 0 (4.7¢) reduces to the 'odd mode' of developing flow
in a channel, Smith & Bodonyi (1980)fwith h interpreted as being
half the width of the channel).

Before discussing the properties of the neutral curves, it is
worth deriving some additional results concerning the roots of the
eigenrelation (4.7¢).

Firstly for H<<1l, S = 0(1), from (4.7c)

. __ s _3 7
w=(SH) /2+ -.Y— I_‘I. 2/3 -5 .YZ H/G + ~2 (E)"' O(H /6 )
1T
2 \s 24 s’/ gs2 \s
. Yy -7 =2,'% =355 Ye
giving OLon’\z(_s_) + YA © = 5y°A + y°X° + 0(h'®)as h=>0. (4.9)
YA 1
h mBs B 45t Yente g3

If h>>1, writing w = Ho with ® and S = 0(1), we obtain w = S, or

- 3
w =Y /". Hence

=Huy ¥
a.. Vs, o, vy ™A™ for i>> 1 (4.10)

on on

Also for SH = 1+, again (4.7c) yields

w= H*%?® (SH - 1)° +... , giving

123



Gon™ Y3ATH3 L (SE-1)® 4... ac sh > I+ . (4.11)

The result (4.10) is interesting since the first mode can be identi-
fied with the wavy solution occurring in steady flow (chapter 3),

and the second mode is the Tollmien—-Schlichting mode associated with

boundary layer instability (Smith 1979p). The—mede—given—by—411)
ie—again—the—same—as-in-the steadycass. The result (4.9) is very

similar to that for fully developed flows in §2,(see 2.11). In fact,
if we replace h by Yy Q1(4.9),the first few terms of (4.9) are the
same as (2.11). (This makes sense since Yy = é’ UBZdy in §2, and
for undeveloped flows U, v 1 in the majority of the flow O<y<1l).

It is noted that a=0 satisfies the dispersion relations (4.7).
-However it 1s implicit in the above analysis that 05%=c, and we
‘can demonstrate that for Fr %=1, Qo= 0 is not part of the neutral
curve. Firstly with 7/A given by (4.5) the right hand side of
(4.6) v - S for small ¢,. But the neutral requirement would

coA(sh-1)

give the left hand side v - .4355. These two assertions imply ¢, is
an O0(l) constant. This contradicts the other neutral requirement
”;t of 2.297 a373A%@ as 0,* 0. The same argument also demonstrates
that in the limit Fr - 1 -, a, > O.

The various regimes in which, for real frequencies, Im(aﬁ?g
(or equivalently for real wavenumbers Im(B)gpv), are obtained by

using the results of the appendix which restated are,

—I‘}y_—



-0 _)>o0 a i
Im (o on) % ©. ccording as

U (8- B, ) (' (@ )= 5 ga )} o

%on (4.12)
where g(a) =p = o (§ -0 Tanh (ah)) .
o A (s Tanh (¢h) =-0) (4.13)

Hence g'(a) - 2 g(o)
3 o

= 205 - 302 Tanh (oh) -0’h sech?(oh) -0 (s-oTanh{ch))shsech?(ch)-1)
(s Tanh (a¢h) -0) " (s Tanh (ch)-o)2

- 20 (s = o Tanh (ah))
3 (s Tanh (ch) - a) . (4.14)

For convenience we shall refer to mode 1 for the mode which
occurs for both subcritical and supercritical flows, and mode 2 for
the other mode.

For mode 1 it is enough to consider the case s = 0, for then

s o -Ys

g(h) = o Tanh (aonh) =YA on '

0

o
on

- |35~



and

gl ) -2¢g@ )=1" 4o, 2l3yA5/3
o on on o

+30. 2h sech?(a 5j> 0 .
o 0

3 A on 3@0

Hence for mode 1, Im(oc—‘ocon) >0 as (B—Bon) <0 . (4.15)

For mode 2, for small a_, from (14D

g'(a ) - 2gla ) s +0@? ) ] -
3aon 3(sh-1)

Hence (4.15) holds also for mode 2.

The neutral curves are sketched in figs (8a< and are based on
-the above results. A few features concerning the neutral curves are
worth mentioning; (i) firstly,for supercritical flows,the limit as
h - O represents a stabilising effect; (ii) subcritical flows are
destabilised by viscosity and there is a large region of instability
as Fr - 1-; (iv) for h>>1, the Tollmien-Schlichting mode appears
to be the dominant mode; (iv) also, for h>>1, the 'steady méde'

(mode 2) is insensitive to the X stakion, (v) for certain values

of s, h, the neutral curves cross.

§5 Further Comments

In this chapter we have considered the lower-branch stability

of fully-developed and undeveloped flows. Only a linearized account

[F6



has been discussed, although the results here form a basis for a
weakly-nonlinear account along the lines of Smith (1979}),Hall &
Smith (1982).

For fully-developed flows the solution of the eigenvalue prob-
lem needs to be addressed since this would indicate the stability
characteristics for both 0(l) and shorter waves.

Finally we note that there is a dramatic change in the stability
properties for nearly critical undeveloped flows. The limik Fr - 1-
deserves special attention since from §4 a new structure is indica-
ted in this limit. In fact from (4.1l) the wavespeed

1 1
c R /5co € R /s

(1-Fr)
wavespeed increases to O(l) with the critical layer occurring in

1
, and hence as (1 - Fr)+ O(R /5) the

the interior of the flow. Also the x length scale lengthens to

3
OG{h) since the neutral wavenumber g(1-Fr)3.

1#+7
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APPENDIX A

In this appendix we derive some relations for nearly neutral
wavenumbers oy and frequencies 80 satisfying the eigenrelation (4.5)
but for a more general E/Z relation.

We take E/K = g(0) and the eigenrelation then becomes

a
A'E) =-p  =gla)
KE_ COE  Coh o (A1)
_2
where § = -iff (iog M) h, (an is real is o is real), C = Bo/do.

A ,usually,can be scaled out of the problem and for convenience

we set X = 1. (Al)can also be written as

-,
-1 +F (Boao ) =_g(0to) .

B, (AL")

o ¥
In the near neutral state uo=an + o, B= Bn +

Y A" ~
and,-1 + F (2 +£) VO + £@,+ i%,)) + 0(2)

where 2 = 2.297, @ +l= .5645, 0., = -.1197, G, = .2307 (A2)

I#9



: n
from Reid (1965) . OLn,Bn are real and O, ’é complex.

Thus expanding (Al') for small &', %, we obtain

n n Bn 8 (an)

Bnan -2 a . 'él_ (q_1+i(1,2)= -g(an) o g' (otn) _ E} (A3)
B B8
n

_2/ n %’ n ~ n,
|28t T, [_ R Yy
o B 30, B, B gla ) B,
. -2 . a
N AN T RS LAl
3 o B |*(3e B | g g@) B, | (aan)

Here the suffices r, i denote the real and imaginary parts, and it
is assumed that g(a) is real if o is real.

Substitution Ié’ from (A4a) into (A4b) and rearranging

(e - s @) a ~&(e’ @ )28 & B ~gta e B2 2 Ty
Q. _g?_n_. g u-n -(-1—). Othigjl_n_ “Fan a;}il g—g_ n g_—a'an n}

2
2
3 o . Bn Bn 3 Ba 3

2 2
e ey @] e

———

an | . (85)



n, n,
Thus for real wavenumbers a;=-0 and(AS)shows that P >< o if
4

o 2/3(_ 28 @)+ 8 @) %0 - ()

n
Similarly substitution for Ocr from (A4a) into (A4b) yields

Bn 3 9

_5 10
d; | &'@) -2 o /304 )2+ 4?8 e ’ij

r n

B

n

3 o
n

_2
R ig'(dn) - 2 g@) %

2 s _2
- %‘C (g(an)-—an /30 1>.(-2an /361 1+g'(om)) + ?‘a.zzun /BB'n'

B2 3 B 3 G7)
n

n

Hence for real frequencies ’§L= 0 and (A7) gives the condition

N
a

_2
¢ 20 if 'éran /s 28 (@) - g'(an)] 20 . CA@

BI'l 3 an

¥



We note that g' (an) = 2 g(OLn)' implies coalescent modes since in

3 a
n-.

2
the neutral state g(an) = 1.001 OLn /s

|92
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Captions

Fig., 1 - .

Neutral wavenumber aon=aon(s) from (2.9), for fully developed free
surface flows. Note a~aonﬁvﬁ.
Fig. 2(a~f

Neutral wavenumbers %o for undeveloped free surface flows, plotted
against (Fr)—1=SH , for several values of H, from (4.7c). See §4 .
Fig. 3!&—02

Sketch of the possible neutral curves for undeveloped free surface flowus.
(1), (2), refer to mode 1, mode 2, see % 4.
(a)D ashed line represents behaviour of mode 2 as h = 0 .

(b) pashed line represents the limit Fr — 1- .
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CHAPTER 6

UPPER-BRANCH STABILITY OF LIQUID LAYER OR

FULLY DEVELOPED FREE SURFACE FLOWS.

19



§1 Introduction

The linear theory for the upper-branch stability of parallel flows
at large Reynolds number is well known, and has been discu;sed by various
authors, see e.g. Limn (1955), Stuart (1963), Reid (1965), Drazin & Reid
(1981), and recently Smith (1979). The earlier approaches, although
leading to the correct results, can be described at best as being good
approximate methods. Reid (1965) was the first to discuss the theory
with more formal asymptotic methods, and Smith (1979) showed how these
ideas could be put into a more consistent structural framework.

Velthvizen and Van Wijngaarden (1969) have attempted to use some
of the classical ideas of parallel flow stability to discuss the pro-
pagation of small amplitude waves over a non-uniform free surface flow.
However they do not discuss neutral modes, and in addition there are
‘certain assumptions implicit in their work which need careful consi-
deration.

It is reasonable to assume that the stability of liquid layer,
or fully developed free surface flows at large Reynolds number is
similar to that of channel flows. In §2 we consider briefly the linear
theory for two—dimensional long-wave disturbances to the basic flow,
at large Froude numbers. In fact the disturbance structure and analysis
is more or less identical to that of Smith (1979), and the results
for channel flows can be regarded as a special case here. As in

Smith & Bodonyi (1981) we consider the next stage (§3) when the non-
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linear terms first come into play. This happens when the disturbance
size attains the crucial ordering O(R—lwga) (where R>>1, is the Reynolds
number), and there linear properties continue to hold exceét in the
eritical layer where the governing equations are those derived by
Haberman (1972), (see Stewartson (1981) for a review on critical
layers). The analysis in 83 follows closely the work for the upper-
branch stability of boundary layer flows by Smith & Bodonyi (1982).
There are two interesting aspects of the results derived in
82 and §3. Firstly, if the disturbance size in §3, is further
increased, then (again as in Smith & Bodonyi) the Rayleigh regime,
with the disturbance size now O(R—y%)lf;fth the wavelength and wave-
speed both 0(1), is obtained, (for O0(l) or large Froude numbers).
Secondly,if in §2 the Froude number becomes 0(l), the wavelength
shortens and becomes 0(l), and the critical layer retreats towards
the wall (but is still asymptotically distinct from the wall layer).
A new structure emerges in which the outer inviscid regions give
rise to eigenvalue problems for determining the wavenumbers, and
the critical and wall layer serve to determine the wavespeed. In
fact the leading order eigenvalue problem for 0(l) Froude numbers
is identical to that of the previous chapter. The nonlinear counter-
part of this structure (in which the critical layer properties are
again those governed by the Haberman equation), is briefly examined

7
/15)’ can

in 84. The crucial disturbance size in this instance O(R
be obtained from the results of §3 (or also from chapter 8 , §2).

Finally we make a few more comments in §5.
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§2 Linearized Theory for Infinitesimal Disturbances

The Navier-Stokes equatioﬁs are suitably non-dimensionalized
(as e.g. in chapter 2) and we work with cartesian coordina;es (x,v),
velocity (u,v) time t, and pressure p. h is the undisturbed dimen-
sional depth of the liquid, and Fr = (s.*)_1 the Froude number. For
the 1liquid layer flow the basic flow is given by the velocity (UB,Q)
and pressure p; , where Ug(y) = y(1-y/2), Pg = s*(1l-y), s*=(cot O%)/R,
©* being the inclination of the plane to the horizontal. The main
results below are appropriate for a more general fully-developed
profile, so instead we take a general basic flow satisfying UBy(1)=O,
UB vy 4 A2 y2 o+, as y+0 . A is the skin-friction and
A2(<0) the curvature of the oncoming profile. (Strictly the basic
flow needs to be expanded also in the ensuing expansions, but we
avoid this extra complication since it does not alter the main
fesults).

The velocities and pressure are expanded as

(U,V,P) = (Ug,O;PB) + 8 [?JJ,%I,'I\;] (Y) E + c.c. +... (2.1)

where E = exp (io(x-ct)), and 8(<<1) is the infinitesimal distur-

bance size. The free surface is given by
n,
y=1m = 1+ 6nNE + c.c.  +... . (2.2)

We expect the upper-branch solutions here (for long waves) to be

similar to those for channel flows, Smith (1979), and hence we set
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1
=1l
€ =R ! (<<1) and

s* = g2sg, @ = ea + e+ vou, ¢ = szco + e+, . (2.3a-¢)

ao’ c, are real for neutral modes.

The disturbance structure, comprising four zones Zl - 24,
see fig. ( ﬂwLL;Zentical to that in Smith (1979) and consequently
we omit most of the details.

In 21 where y ™~ 0(l), the disturbance quantities are expanded

as

ae

[}
<

+
[y}
(=
hy
]2

I

3
EV + €V ...,

(2.4a-d)

v 2
no= ng+em +...

oo
[}
m
N
J
o
+
m
=
ae
—
+

Substituting (2.1 — 2.4) into the linearized Navier Stokes equations

then yields

[
]

A, dUg , v, = -ia Uphe
dy

(2.5a-c)

= - 2 Y 2
P, = Ro ~O°A [T ULT (3y)dy,
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(2.6a)

U, = 1 Y : _ e
and 1 1ao UB 4 p_(£)dt -+ io Aoc0 o A1UB

Uy ()

_ 2y 2
Py =P * éy @, Ug (Q>dt1£fl Py (t)de

2
U™ (1)

- y 2 z Y 2
o, (aIA0 + aoAl) é UB (t)dt + 2ao Aoco é UB dt (2.6b)

where Ao’ Al, P, P

0 o are unknown constants, (and assumed to be

real, without loss of generality). We note that (2.6ab) are different
the
fromAexpressions in Smith (1979) because of misprints in the latter.

Application of the first order free surface conditions which

require

P, = sn,aty = 1, v, = iUB no, at y = 1 2.7)
now yreld

n, = Ay, P =sn +ag LA, £1 UBzdy . (2.8)

(The tangential stress constraint does not give anything extra).
The solutions in the remaining zones are as in Smith (1979),

and we will just state some of the important results. First in #2
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where y = €2Y with Y v 0(1), we have from (2.4 - 2.6) the expansions

2

¥ o= ubo) 4 oe2p() 4 , V= 83\/(0) + Esv(l) ...

(2.8)
s

’g = €2P‘.0) + €‘+P(1) +...

The solution for V(O) together with the tangential flow con-

. (o) _ .
straint (v )y=o = 0), gives

(o) _ -

P = P, = A,c A . (2.9)

The solution for v(l) contains a logarithmic singularity at

Y = ¢, , the critical level, and this requires a viscous layer,

A 10
(23), of thickness 0(e /5) to smooth out the irregularity. There
. 2 + 1Y .
with y = €°¢, € Y , the expansions
A
- - _ 13 _
Y= g50) 4 c250) o, $ - eav(o) + e b v(l) +
_ 19 _ : .
5 V(z) + e /3 V(s) ... (2.10)

(1)

hold. 5(0) is constant, and U satisfies a fot{ed Airy equation
which provides the necessary match with the loguarithmic irregularity

in £2, and gives the condition that 2n(Y- -(';\—0) be replaced by
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(4n IY - %%l - im) for ¥< o in U(l), 61) in 22. The displace-

A
ment from the wall layer (24), where y = e" ; , and
N o= n - N n
U=U, +..., V= e%o+...,p=¢”po (2.11)

then matches with the phase-shift induced in %2 and leads to the

eigenrelation,

21 (=X2) Co 1
) = Y,
A (20, 6,) (2.12)

for real wavenumbers and frequencies, see Smith (1979) or §3.('The
solutions for 22 - Z4 above can in fact be obtained by neglecting
the harmonic terms in §3 ).

Hence (2.8), (2.9), (2.12) lead to the relatioms

¢ = (a ®I,-s) o T (a 21 —s)§E= Alyb
o] o 1 ’ o o1
A T2m (=22) (2.13ab)
for the neutral wavenumbers and wavespeeds. Here I, = gl UBzdy

If s = 0, (2.13ab) reduce to the expressions for the wavenumbers

and frequencies for the upper-branch of the linear neutral curve in
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channel flows, see Stuart (1963), Reid (1965), Smith (1979). For

liquid layer flow, s small corresponds to a much greater inclination
. —9 ..

of the plane, specifically Tan O*>> R 43 .

If s is large, then (2.13ab) gives

L _ L

3 3 7s +
Y (i s Co V| AT I, t0s 10 (2.14ab)
° I, 2m(=-Az) |2

It is interesting that the wavenumber here is the same as in
the previous chapter. Formally if s becomes 0(8_2) so that the
Froude number falls to 0(1), the wavelength o v 0(l) and the wave-
eveed ¢ v R-b%. A new structure is thus indicated for 0(1l) Froude
numbers, and this is addressed in §4.

Having established the linear theory, we now consider much
larger disturbance sizes. Formally, by substituting the expansions
into the Navier-Stokes equations we find that nonlinearity first
comes into play, inside the critical layer, when 0 attains the

: =154 1%,
crucial size O(R =g

), and then the V %g term cannot

be neglected there. This regime in which nonlinearity and viscosity
are equally important, was first studied by Haberman (1972). A
similar situation occurs in the study by Smith & Bodonyi (1982)
where as the disturbance size is increased, significant alterations
take place within the critical layer.

=1y
Hence summarizing linear theory continues to hold for &<<R E

but when <5~R"'14/33 - - -
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the linear theory becomes invalid. We consider the nonlinear theory

next. ' !

§3 The Nonlinear Critical Layer¥*

14
The expansions below with the disturbance size § = ¢ A, are

suggested by the linear theory, and in fact the main balances are
linear except in the critical layer (as in Smith & Bodonyi). Also

e a4 . Y
we now seek periodic solutions dependent on X, where

o 3%
T = eo R gt-:-=- €0.C (3.1)
The free surface is given by
ll+/ 20/
y=14n =1+c¢ ano +e Bn o+l . (3.2)

In Z1, then we have from (2.4a-d)

17/ 2

16/SU”()+20/3U+ V=€3V+€3/3V+
qu € 1 R [0} 1Tesey

1'4/
U =TUg +€ U +¢
o)

(3.3a-c)

lu/
€2 s(l-y) + e ® p_ +¢ p; *eeo .

o
1]

It should be noted that the main results and solutions here can be
vbtained by appropriately adapting the unsteady solutions of chapter 8.
To avoid too much duplication therefore, some of the details omitted
can be found there, and vice-versa.
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The extra mean flow term Um,_ is needed because of the proper-
ties of steady nonlinear critical layers (see Stewartson (1981).

Substitution into the Navier—Stokes equations then yields the solutions

n L
UB =Ao dUg cos X , Vo = UB Aoco Sin X (3.4ab)
dy
. Y 2 A 2
P, = Poo (X) - AL, C1 v Ua dy, (3.4c)
o)
and
Pay A
V,= ongB f3 1 Bpo dn - A,0,C. 5, + a Upsg,, X)
1 '—2 ? X
U2 X
=2 X -a2 u? 32 dn + 20.%c. A €,y Und
P = 5 % I B —- fy ko n Oo G 8, 1Y Py
o ar}\(’z 1 U 2 (¢]
B
o ? 32; + o, AC y U, 2dy (3.4de)
-{ o == o1 %™l } f B ’
a2 ©
A n, A ay .
where C, = cos (nX) ,Sn = Sin(X1) n =0,1,2 ..., and A, is a

N . L . '\J
constant, Pw , P10, & are unknown periodic functions of X. The
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latter are expanded in Fourier series, i.e.

[e-] [} )
T R S E A R T
0 0
(3.5a-c)

_ o) A
Poo =Py G
Here (3.5c) is written in anticipation of 22, and the harmonic terms
in (3.5ab) are needed because of the non-monochromatic phase jump
across the critical layer. The free surface conditions requiring
p, =sn_ , p, = sN at y =1 (3.6)

= n = N+ N - " =
v o UB nox ’Vl OLoUBnlx OLIUBr)ox 0I'oconox at y=1

now yield the relations from (3.4), (3.5), (3.6)

Ar (1) (1) 2
n, =N, C, —AOC1 > Poo sn + A a “I, (3.7ab)
naog(n) = aO n§n)n * 61n alnél) n = 1929"' (3-7C)

-2 -



n, = N

g = § @ n=1,2,3,... (3.7d)

n

snl(n) = %fz) + aoznleg(“) n=0,1,2... (3.7e)
snl(n) = Pf’o‘) + aoznzl,g(n) + A8, D n=0,1,2... - (3.76)

Here Gij is the Kronecker delta and
[o] A -~ A
n, = 3 nfn) Cn + nln) $n
0

ol 2 _rt 2,y 1 ¥y 2
I, =/ Ugidy , I, é Uy { 5 zé 1U;%dy,dy, dy

° B
- 1 2 2y 1 - 1
I, é Ug { U§ dy,dy , I, g Ude
- 2 " 2 _
Do = 0 Aco I, ao I, + 2a0 cqu aoalI1

(3.7)(a—f) serve to determine a relation between Plo, and g.
As y > 0 +,V, contains a logarithmic singularity and this
can be seen clearly by considering the much thinner region (22) where

y = €Y 1is comparable with the wavespeed. There from (3.3), (3.4)
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we have the expansions

14 16/ _ 20
U= Ae?Y + Me"Y% + ¢ /3U(°)+ € /s Upg *E '3 U(l) +...

&s- t (3.8a-c)

v = 82%@ V(0)+€2%% V(1)+..., p=i€2%@ p(o)+ 829@ p(n)+,,,

(3.8) substituted into the Navier—-Stokes equations and matching with

Z1 néfgives p(o) = Py, , p(l) =P, and
A A
@ L1 8%+ O0y-eAg S, w®-anc, . (3.9ab)
A dx

The tangential flow constraint \ﬁo) = 0 at y = 0 (or equivalently by

considering the solutions in the wall layer), yields from (3.9a)

1) = e (3.10)

At the next order we find

A
2 A

o2z (3.11ab)

aOU(1)=—a1U(°) +2A°oco)\261 [ £+ co(1+£n5):| + aoax

A
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n . .
where & = AY—CO , and a(x) 1is some unknown function of Hence

n,
X.
. ~y . . . ® n) A v@m)o
decomposing a(X) into a Fourier series a = L a( ) Cn+a( )Sn

29 :
we obtain after matching the linear terms to O(e /s ) in V between

Z1 and 22,
o
poo’:\f% >\'!.1(1'——'1— +&2.)dy +(—l+->£)] + o AV
U A%y? Wy A °
~Aad AS [ a1 U_2dy d - - haa_ - 2408 c )
% 1 < Jjrtopr Vg ey, 9y o) = T %8y 0% >, % %2(3.12)
0 —T—=2x0 _—
U )
B
giving the relatioms
@ oy W)y AD 8, n=1,2..., (3.13)
where
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a che
The 1og{ithmic terms above require an examination ofAcritical layer,

10/ -
23, where y = e?c, + e ?y,
A

the expansions there,

The solutions in 22, thus imply

2 10/3_ 2 1!+/_ 16/ - -
U=¢c% +¢ BAY + Ac + ¢ 1y +€3(U+2>\cY)
2 o m 2 ©

(] [}
A2 A
- -1 20
L @ -2 TE g oo (3.14)
23 A 27 - 29 - 33 -
' 8/3 Ajac S +e /s Vo+€/3 Y, +e/3v +ou
o ¢ 1
eul-y) t
20, _ 26/ _ 28 _ 30, _
p=)€/3po+€/3p1+€/3p +€/393 +

After substituting into the Navier-Stokes equations we find that
ﬁo,ﬁm,vl,ﬁo,ﬁl,ﬁ ,53 are independent of ?, and can be obtained from
2

2
- A
matching, e.g. Uo = AOACI. The first non-trivial balance yields the

equation
- - AN - A -
aAY Tv+AacS g=-+21A0cS -7-—-=0 (3.15a)
o 1X ooo i "1y 2700 01 1YY
where El = ﬁl§ , together with the matching constraints
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, - " _
Vo280 A 61 tnlY] + XY + U, (X) as Y+2®.(3.15b)

The transformation

- - 1

Ly 32 o s . 7}

UJ : AzY +*2%2(:0‘\0 ?EL*_ » ¥ = Adco T* (3.17)
A A

now, reduces (3.15ab) to the canonical form

¥+ 32 yr o+ Sin() 30wk = y_ 3w
a¥ay#2 a4 ayx" (3.18)

", "
Uhyy v 1 YX2 4 TR (X) + cos(X) fn |YX| +2H, Y% as Yx > o

. % AU ] _ _3/2
Here H, = %g‘.'A C s Y = (& Q) ! coAo
T e Ayt o ° N
(O o)
o . h - - g 2 _ _
and U+* -U_* = ..____2‘.._._ (U+ -U_)= A (a+ a.) (3.19a-¢)
2\ c A 22 ¢ A
-2 00 2 OO

The equation (3.18) was first derived by Haberman (1972), and has been
extensively studied by various autﬁors, e.g. Haberman (1976), Brown &

Stewartson (1978), Smith & Bodonyi (1982), Stewartson (1981). Briefly
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L\ o ® A A
its main properties are; (i) the velocity jump U *-U* = % FACA+Fm§\

1s non-monochromatic; (ii)“'the phase jump defined by

6 =F =X 27

PO "2 . .
. ) (Uy*-U-*)Sin (X)dx , is related to the vorticity

jump by ¢ = 4YC(H+ - H_), and consequently a non-zero mean vorticity

16
is generated (hence the need for the terms of O(e /3) above); the para-
jlc descnbes in effed +he lcnmr({_x,,nonh;«gar;hé of +ha disturban . Asj

meter |y > , > ~-m and this.corresponds to the phase jump of
linear theory. If Y. 0 ¢~ % Yoo where % is an 0(l) constant.
The phase jump decreases monotonically with Y

For a further discussion of the above equation and its proper-
ties one is referred to the references mentioned above.

The continuation below the critical layer (£<0) in 22 1is thus
given by nf - inil (for £<0), and a- given by (3.19c).

In the wall layer, which is required to reduce the disturbance

velocity to zero, y = €'y, and we have from (3.3), (3.4)

sc-y)+
- 114/ ~ 29/ ~ 20/ ~
U=2xx"y+e LS PN V= ¢ 3V0+...,p=/€ 3p°+..-(3.20)
We find that
A n v N -
U =4AA [. cos X - e Y cos (X+m y)]
o o 1
~ _ PR | -'ml-}_' A = - N
Vo = Al A a { Sin(X+ /,) + e Sln(X+m1y+ /,)+ Jaym181n X}
2 m
1
~ dm = } (3.28-d)
P, = Py , and m -(aoco ‘ .2
2
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This provides the necessary displacement to match with the phase jump,

and in fact we have

2im V(1)= - Ao)\ao Sin(% + Tr/l,) .
; -0 jf-ml

Hence from (3.11la) we obtain

(1)_ - ,(0) (0)]_ 2 A
i 0Py, ac, U+ arp " 2A°ub‘)1co Q,nco Sl+coaoa v
X

X X

. v
= —AOA a, Sin X+ 7))

—_—

om

which gives the additional relations for the Fourier components,

using (3.19¢)

- on ; (n) + Co g(n)n -2 Aac znﬁ =-AXo 6§
) 10 oo 22000 'mn o 0o 1n
A A2 2m1
n=1,2,3... (3.22a)
Nvoo(n) (n) o _
aonplo c, &, na + 2>\2Aoo(° ¢, nf, = A°D2 Gln n=1,2.. (3.22b)
A )\2



Here

Thus combining the above results we obtain first from (3.7ab),

(3.10) the eigenrelation

¢, A =T - , (3.23)
and from (3.7¢c~£), (3.13), (3.22)
- v 1e e Y 2 A = - § _ n=1,2,..
- qu _ o _ 200 n o . Tin
A (s—cbznle) A2 2m1
Plgn) i. + g 1 +12A2A6C0‘Fn (3.243b)
A (s-a *n’I ) AZ
=A 6 D -c¢c (D=-sa + AD) n =1,2..
n T2 o Vo 1 1
a o
o o

The constant terms in the Fourier series can be taken to be zero,

without loss of generality. The harmonic coefficents are determined
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from (3.24ab), and the other relations. With n=1 in (3.24ab), the
(1) v )y v
n s

() , and hence n , , a , a
0 10 . 10

p(l)

10

(1? , g(l)

n
> P1 g

remain indeterminate, (since they multiply the basic eigenfunction),

and instead (3.2 b) gives an eigenrelation connecting al,cl. (3.24a)
yields
2 -
2)\2c0 4) = A
A2 (2¢c_a )5 (3.25)
o o *

Briefly summarizing, the neutral wavenumber and frequency are deter-
mined as a function of the amplitude Ao’ and the Froude number, from
(3.23), (3.25) and the solution of the Haberman critical layer problem
(3.18). For general values of Ao’ this can be done numerically as in
Smith & Bodonyi, who also give a graph of ¢ = ¢( Yc).

The limiting cases are of some interest, and their properties
are easily deduced.li) We note that s=0 gives the results for channel
flows ,(see Haberman (1972)) . (ii) For s=0(1l), the linear theory is
recovered as Ao+ 0. (iii) For A0>>1, with again s=0(1), ¢NYC, (3.19b),
(3.23), (3.25), show that o n Ao N Co%' Hence, formally if Ao increases
by 0(8—1), the wavenumber and wavespeed become 0(l), and the effective
disturbance amplitude is now O(E:”/3 Ao) N O(R_I/3 ). Thus for this

Rayleigh structure with the critical layer occurring in the interior of
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of the flow, and dependent mbre on nonlinearity than viscosity,
(see Benney & Bergeron (1969)), the disturbance amplitude must

be O(R—/3). The same conclusion was obtained by Smith & Bodonyi
(1982) from their study of boundary layer flows. (iv) If in (iii)
we take s to be large, specifically s v ¢, the above conclusion
holds also for O0(1l) Froude numbers. (v) If we take s >> 1, but

keep ¢ = 0(1), then from (3.19b), (3.23), (3.25), we find that

1 - Yy 1 1
“”(E_ 2 +0(s ), ¢, ™ A3 5 Illos 10,
I 2¢A2_fi

1
(3.26)

-

A Vvs 30 °
o)
-2 2
Hence formally if s increases by O(¢ = R 11) the wavelength
_1
shortens and becomes 0(l), the wavespeed ¢ v O(R /5), and the dis-

7
/15 ).

1u _
turbance amplitude € /s A.o v O(R We briefly examine this
new structure in  §4.

The Rayleigh structure mentioned in (iii) above is discussed

in the next chapter, for the case s = 0, i.e. channel flows.

—
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§4 The Disturbance Structure When s* = 0(1), o = 0(1),
-1
c = O(R /5).

Following the above discussion, we now set

- 1y _ - -
s* = s, O0=0 +R /50L+...,c=cR
(o] 1 (o]

%s

+c R B +...
]

Ys

(4.1)

with the disturbance size § = O(R_7/15 ) in (2.1). The disturbance
structure,fig. (4 .b), again consists of four zomes Z1 > %4, (five
if we include the much thinner region, which is needed in order to
satisfy the zero tangential stress constraint, at the free surface).

In zone Z1, with y = 0(1), from (2.1), (3.2), (3.26), we have the

expansions

__7/ _lll)/1 _13/ _7/ _10/ _13/
u = U_+R 15U +R U +R MU +,...,V=R 15 v +r 15y 4R MOV 4,
B o 1 2 o 1 2

P y o : , Frees (4.2a-d)

10 -
+ R hs N +...

-"hs -
) 1

n:

We look at disturbances periodic in i, where

(4.3)
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and take the fundamental to be given by
UO=U01(y) cos X , V°=V01(y) Sin X , Po = POI(y) cos X ,

ﬁ = ﬁ cos X (4.4)
o 01

After substituting (4.2), (4.4) into the Navier-Stokes equation we

find that U , V ...., satisfy
01 01

-« P ,0a UV =-P

a U -V =0, aUU -U_V =
*» 0B g1 By o1 ©0 g1’ o B 01y (4.5a-c)

o 901 o01Y

with the free surface conditions

P = 8N , V =-a UBn o - at y=1 (4.5de)

and the inviscid tangential flow constraint at the wall,

V01 =0 at y =0 . (4.5f)

The eigenvalue problem (4.5), giving the Rayleigh equation with
zero wavespeed, is identical to that discussed in the previous chapter

(see (3.5) of chapter 5 ). We normalize so that UOI(O) = Aok s where
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A0 represents a scaled disturbance size.

At the next order, Ul, V?P1’ ﬁl, satisfy

_ o+ = BV _ + =
o 1X 1 oX V1y 0, Bovox (a V +u Vox)UB P

-BU _ + a _+0) + = -(a _ + 0
Boon UB(aole aluoi) UByV1 (aoP1x alpoi)

with the boundary conditions

>
"
n
3
<
]
(o)
[
31
|
+
e
[ani
3
!
|
™I
31
|

at y=1
1 1 1 o B 1x 1 B 1x o ox y

(4.62-c)

(4.6de)

together with matching with 22 . We note that V1 behaves logarith-

_1
mically as y 0. In 22y =R s Y, with the basic flow comparable

with the wavespeed, we have from (4.2) (4.5), the expansions

21 - -2 7 - _8 - _3 _lo -
U=R /5)\Y+R /5)\2Y2+R hs U_+R /ISUMF(Y)+R /5)\3Y3+R hs g oo,

V_R"loflb"; +R—13/15\_7 + . (1_ +R“10/15 § +R‘13/1SPT
= o Frees PES y) . ,

The Navier-Stokes equations now give the solutions,
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1 dp

U =AAos X,V =-——'+ (A\Y-C )A G Sin X (4.8cd)
(o] [e] (o} - (o] 0o 0
A dx
V = -1|laP--aclU-+aP._-| -Eaa=
1 ‘x 0 2X 0o 1 OX 1 1X 0o X
ot v = 2 - - - 2
_ 43, sin X [ S 2 2) 2 EmnE ng_] (4.8e)
)\2

where & = AY—EO. Here the mean flow term UMF is again necessary

from the critical layer analysis and a(X) is unknown. From (4.84d)
we require QB = 0 at Y = O0,(this again follows from the momentum

balance in the wall layer) giving

&P. =-Ac Sin X ] C(4.9)

Ys-

1
/s y)

The analysis for the critical layer (£3 where y=R EQfR_
-2/ . ’

R 5~ : . : .
and the wall layer (24, withy =R Y) is very similar to that in
§3, and we will just use the results. First the continuation (of

4.8e) below the critical layer is as given by (3.19¢). Second, the

wall layer yields the same displacement condition, i.e. Vl)y=o =

2lo



- A)MAa Sin (.)-{+1T/u>

o o This latter result together with (4.8e) now
(OLOCO) 2
determines a relation for the sin X components of P ,a sy l.e.,
2

i (4.10)

Here 521 s 3; are the Sin X components of ?2, a respectively.
Hence to complete the problem we need another relation between %21,
Zl. To obtain this, we need to reconsider the second and third
order problems in ZI.

From (4.6a-e), (4.8a), (4.9), we see that the Sin X component

N . e .
of V , VI , satisfies the eigenvalue problem
1 1

v - @ vy ) V =B UV -25pP
nyy o _Byy 11 o _ Byy o1 1 01y
2 = 2
Us o, Us Ug
A, n, - n,
v - sV ==-28 P at y=1, V =0 aty =0
11y 11 01 1
2 2
UB UB

Also (from inspection of the relevant equations) the Cos X component
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. . o ) . Vv .
of Vz’ i.e. V2 , satisfies the same equation as V11’ but with the
1

o - o~
P +C o a .

condition at the wall given by V ) = = olg
21 y=o 2! 0O 0 .

Hence a solution exists only provided V21)y= = & giving, from

o
(4.10), the eigenrelation
~ 2
2A2¢c° i A .
oo

8,
In addition the solvability condition for V11 (as in chapter 5 )

yields the relation for &1,

20 B n 2 = =20 J! vV dy + B v? v 24
oBon01 S 1 ﬂ POIY . 01 7 FP. B o Y .
. - 2
Ug(l) Ug OLO UB

In summary then, the eigenvalue problem (4.5) determines the
neutral wavenumber &O, and the critical layer problem, together with
(4.11) give the neutral wavespeed and wavenumber as functions of the
amplitude Ao,land the Froude number s_l. For large Froude numbers,
the results of chapterishow that a match with (3.26) is obtained.
The problem for 0(1l) and small Froude numbers requires a numerical

solution of the relevant equations, and is left unresolved.

¢



§5 Additional Comments

Regarding the stability of liquid layer flow over an inclined
plane, it is important to note that the modes presented here are
different from those discussed by Benjamin and Yih. Their results
are appropriate for small and finite Reynolds numbers, and also
when the inclination of the plane to the horizontal is much greater
than that discussed here. Numerical solutions of the Orr-Sommerfeld
equation would help in clarifying the properties of the neutral
curve(s) at large Reynolds numbers

Finally, it is interesting that for O0(1l) Froude numbers, with
the critical layer occurring in the interior of the flow, i.e. the
Rayleigh stage, the boundary layer at the free surface is comparable
with the wall layer, O(R-hE), and hence will directly influence the

stability properties.
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(a) Distu;‘bance structure for long wave modes with s¥= 0(e?) .
Here € = R-l/ll, see§2”,'-§"3 . .

(b) Disturbance structure for a = O(1 ), &= 0(1), ¢ = O(R-l/s).
See 34 .
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CHAPTER 7

AMPLITUDE-DEPENDENT STABILITY OF BOUNDARY LAYER FLOW
WITH A STRONGLY NONLINEAR CRITICAL LAYER

This joint paper was published in the I.M.A.
Journal of Applied Mathematics (1983).
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SutunanTy

The ampiitude-dependent neutral stability propertiss, rainly <of

accelerating toundary-layer fiow,are studied theoreticaliy for lar

)
[

Revnolds numbers when the disturbance size £ is s

to provoke & strongly nonlinear critical layasr within the fiow 7ie.d

The theory has a rational basis aimed a%t a detailed understanding of

n

rr
[}

. |t shows th

rr

-
S

m

delicate physical balances controliing stability

. . S . . . -1/
when the fundamental disturbznces size & is of O(R /3), vihere

~o
(S

R is the Reynolds number based on tnhe boundary-layer thickness, tr:
neutral wavelencth and wavespeed sca'e in cuch a way that they beccme
comparable with the typical thickness and speed, respectively, of

the 2asic flow. In this Rayleigh-like situation a new fazture emerdes,

that of a substantial pressure variation across the critizal iayer,

which strengly affects the.jump conditions on the Rayleich soluticns

hoiding outside the critical layer. As a result of the strong non-

ol

. iinearity the total velocity jump is a

-t

facted neonlinear.y by the critica!

/

iayer vorticity, while in contrast tha phase shift femains Vineariy
cecendent on the vorticity. Furthermore, it is shown thst thke phzse
shift, not theltotal velocity jump, dictates the neutra) stability criceria.
Also, flow reversal cccurs near the wall Qhere the gisturbansce

is greater than the basic flow. The link between the viscou

° he wall layers and in the critical layer fixes the amp.itude-dapan

(@]
(48
(Y
2
O
W

of the neutral modes throughout. As the disturbance amciitude

.
rtoreases
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cothe waiticat tayer wita vorticity traped within i move s Loward too
edge of the boundary layer and is forcd to leave the Loocdary layer
) . o 173 . i . .
when § exceeds O0(R ). This depa:ture is rather abrunt, invely
; . R I
a dependence on {scaled amplitude) .
T T T R A T T T R T S L T T T T T TS T ST S IR T T I IS T T e = s - e ———
ST - PR . . e . :
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Tue scablliity proparties of boundasry layers and channsl flows 2TTELL
significantly on the arplitude of the unsteady disturbance introdnoasd, 7 . ar
disturbance is not sufficiently small. This is especialiy so when the io.n:clids
number is large. 1In this paper we consider mainly the amplitufe;éegznde < :lanar

stability of an accelerated boundary layer on a plane

small fundamental disturbance whose relative amplitude d i3 OfR

R 1is the Reynolds number based on the boundary layer thickness.

. -1/3 . . : . . ]
size, O(R / ), arises from Smith & Bodonyi's (19823) stucy of smaile

. - .z . -7/18 .
disturbances. They found that if § 1is O(R “7) for an =zccelerating &

-
o

(v
rt
l<

‘layer then the neutral wavelength

Rl/6,

is greater than the boundary laye:r thizinsss

by a factor the wavespeed is small so that the critical laver

close to the wall and as in the works of Haberman (1972) znd Srown 5 -Stewarcson
(1978, 1980) the criticeal laver is influenced as much by nonlinear

as by visccsi:zy.

llowaver, contrary to previous suggestions, the mezn £1:
correction due to the norlinear critical layer there is srailer than ¢he
N . C L =1/18
fundamental disturbance. Then as & 1is increased from O(R T othe fouzral
wavelength falls and the wavespeed increases in such a way that i
wavespeed rises to the order cof the average flowsreed the wavelencin decrszoes
to the order of the boundary layer thickness and § reaches the grasent zize,
“_1/3 . N . - . 1. - e [SESE )
O(R ). Similar amplitude-dependent adjustments from iinear thecry, whlich
) -7/18 . . o . e mmioa
in the above case holds for & << R , take place 1n other planaz mTziz:os
such as Blasius or plane Poiseuille flow (Gajjar 13982} whero zgaln cthe
O (R ) amplitude is the crucial one which produces the Rayleignh-liXe slzuz-
tion of (i) a criticzl laver lyving in the midst of the bhacic {lcw, wizh 11}
the neutral wavelengtiv then being comparable with tho tyvpical Jlow thican:os.
1.1
o ey TRV BT IS T PTI T RTRTITIT ST T S e - [ I AR P Al it Toce S eusited b ARt RS YA P A e haanindandiindng “"."‘qx-'.r.—"—' T
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emphasized by Haberman (1972, 1976) and Smith & Bodonyi (19823}, remains

ihe conditions (i), (1i) are assu~¢ in alrost all crevioas 1olahal

studivs of sizeable disturbances. It 5 often sus

] suggested alee thaw ~ren (2131)
) . on is of ordar /2
the mean flew correction is of order , ogrecater than the fundorcne
arnd {iv) the normal. pressure variaticr within the critica

effect. liowever, the present study supports Smith & Bodonyi {1932:)
that (i)-(iv) are incompatible. Specifically, when (iv} holds (i

v

. . o -i/3 . .
not, since (iv) requires ¢ to be less than O(R / ) which 1s the Smi
& Bcdonyl case where the neutral wavesgeed and wavenumber and the mean -

correction are relatively small. Conversely, wnen (i), (ii)

. . . - - =1/3
1s the regire of present concern, then o ~ R / and (iii} holds but {iwv)

is found to be invalid. The rew featureé emerging, that of a substanti
pressure variation across the critical layer, strongly affects the 3

. . . . . . . ~-1/3
on the Rayleigh solutions hclding outside the critical layer for ¢ = O{F )
In §2 belcw the overall flow structure (Fig. la) is described. Tien

-

of the strongly nonlinear critical laver, as opposed to i nonlinezr v

nezr vizocouc
type considered by KHabterman (19872), Brcwn & Stewartson (1578, 198C; and S-ith &

Podonyi (19823),"is studied in 83. As a result of the strong nonlinsarity the
total wvelocity jump, emphasized by Brow: & Stewartson (197¢), is aff

nonlinearly by the critical layer vorticity. In contrast the phas=a

J, lincarly

dependent on the vorticity and it is the phase shift, not the total velccit:

i
o
<

jump, which dictates the neutral stability criteria.

This phase shift ¢ across the critical layer has to Ltz in

ot

v

the shift produced by the wall layers, which are discussed in 4. The <

).
M0
ct
[

bance is gqreater than the basic flow near tha well and =¢ reversed Ilow Iz

present there. ©DBalancing of the phase shifts becween these layers then ojcires

" e s .8 s 2 ool b ednd e

- -’ Rananiie o g e
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L} o Lo bin

oo Loy bR ) oouhicenh gives the o ierlying raacon far the partioalos o ooae
..l//3 =

§ ~ - tzing sinulsd out, as distin fronm the estirate 3§ > & BN

. - - ) . ~1/3 -1/2

Benney & Bergeron (1%€%;.* Fecr when & << R / then ¢ »> p 7% Lo o

neutral Rayieich mcdes exist if the basic velocity profile is inflexisp- :

. C s -1/3
dicsturbances of amplitude less than "O(R / ) have small wavenumicrs ans w

speeds and are much less unstable.

nondicensional wavespeed co and wavenumber
the disturbance increzses in size within the C{R )scaling both & and

¢ irncrease: see &5 and the Appendix. Ultimately for rels

o i .
1 elecively large disturtencas

/

4 W“elow) that the crisical

s aprroaches the free stream speed, implying (see Fig.

layer with vorticity trapped inside it then starts toemerge from the bourdary layer

This emergence is fournd to bes a rather fast affair involving a cependsnce on
(amplitude)”

Although the present analysis concentrates on boundary
is broadly zppliceble to plane Poiseuilla flow as well. It concerns :ti

of the amplitude-deperndent neutral curve, whersin the cri

irom the wall layers, as opposed to the lower branch stability problem cI amplituds

dependence studied by Smith (1979). Figure 1b gives a summarv of ti s of
disturbance size on the neutral curve for flows of the
In what follows we consider a Cartesian cocrdinate svstem with strean-
wise and lzateral cocrdinates x,y and the correspcnding weloccity Zomporir:ts
u,v nondimensionalizod with respect to a typical boundary layer thicaness
a* and the free streanm speed Um*, respectively, and is wrizten 25
a*t/U *., with p*, v* denoting the density and kinematic viscosizy of iz
o R
. 2—
incompressible fluid, &ine pressure is given by ©°U_* p  and the Igynolis numiel
R = U _*a*/u* >> 1., 7Thus the glcbal Reynolds nuibter Re L
@ .
: 2 - o imnorrant Loreces the bagsis S car
Bodonyi (19523)15 of order R°. For the wost important urrects the basiz IL7w can
ba reparded as essentially pavallel i.e.,
1.3
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is denoted by .

e ordar

eflncri

o1y
v

w2 consider

21y given the influenco of rponopar-1 =31~ ~
“L/r OS2 L2 2 InLLluenca ol ronnaro . PR SN 4
he' 2. flsc, we have '.'ﬂ(*‘) = 1., U il o= 0
where L, ), give the reducad wall ohsn stress

curvature, respectively. Finally, the nondimens
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§2. The Rayleigh Zones

When the disturbance size increases to O(R-l/3) the critical layer moves to

a new location in the midst of .the main part of the boundary layer as discussed by

Smith,and *Bodonyi (1982a) and we approach exactly the classical Rayleigh scalings -

wherein the majority of the inviscid characteristics of the disturbance are
controlled over length scales comparable-with the typical lateral scale of the
basic flow as shown schematically in Fig. la. The disturbance structuré subdiviaes

into four regions denoted by I, II, III, and 1IV. We begin'our study by considering
+

the Rayleigh zones I .

The unsteady fundamental part of the disturbance considered here has size

6 of 'O(R-l/J). Since, from 81, this induces a lafger, O(R—l/e), correctioa

to the mean flow the disturbed motion takes the form-

1/6 1/3

[u S(Y)IOIO] + R

(u,v,p] = (Uy(¥):0,0] + R 1

[U21V21P2] (X,y)

-1/34 -5/6, -
+ RT3 (u, (¥),0,0] + ... +R / lug v P 1 (Koy) + . (2.¥a)‘

over the bulk of the flowfield. We seek neutral travelling wave forms dependent
on X = x - cot and y father than on x, t, y, and the successibé mean flow
-corrections uls' uzs are dependent only on y. We note that the lateral
and streamwise dimensions of the flow structure are comparable with the reduced
boundary layér thickness of 0(1l), 1in contrast wiéh the ear}ier work of Smith &

Bodonyi (19823). The unsteady fundamental disturbance'in (2.1a) is expressed

in the form

(uz,vzfpz) = [E(y)C, g(y)s, p(Y)F] . (2.1b)
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., where C = cos(ax), S

= sin(xx) and the O(l) constants cO(O< co< 1),
a, the dominant wavespeed and the streamwise wavenumber, respectively, are

to be determined in terms of the effective disturbance size A, where A
is a typical value of p, say the wall value p(O+), i.e., A = p(O+).
Substitution of (2.lé,b) into the Navier-Stokes equations leaves the

mean flow corrections Uygr Uy undetermingd: . to leading order but yields the

inviscid equations

- q' = 0 - QU ' = —ap: (U - - '
af - g 0i (Ug co)af L op: (U0 co)ag P (2.2a,b,c)
.controlling the fundamental disturbance, with ' denoting the appropriate

ordinary derivative. Hence the Rayleigh equation

w2
(UO- co)(g ag) = UO g {2.3a)

—

holds for g(y). The boundary conditions on (2.3a) are, first,
- ‘ Ig(w)] < @ ; g(0+) =0 (2.3b,c)

to avoid exponential growth at the edge of the boundary layer and to give the typical
inviscid condition of tangential flow as the wall is approached in I~ : see

also §4 below. Second, since O < cO <1 there is an internal critical

level,at y = yc' where the flowspeed Uo(yc) equals the wavespeed CO' across

which jump conditions on £, g, p are necessary. These are given as follows.

‘As y =+ yc+ we have
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5 N n
o () - (n . n
¢ L gy -y ) tlnly s vy LG Ty -y (7. 0a)
n=0 - S C n=1 <
\ . N o (Q) (1; .
from (2.3a}, where the constants g >0), ¢ are Unvnowns upen whiich the
o e, (n) . (n) ) - . . .
other ccefficients g in >2), G (a> 1) depend, Zor a given value =f
y . For instance.
c
(1) - (0) . (2) 2 (O} - n .. n
G = zbzg /ol, G = 2b2 g /b7 , where n!b = (& Uo/cy Y (v (2.4b)
. - i <
for n > 1. Here bl' b2 give the shezr and curvature of the basic Fflow rt
the criticzl layer, 7The continuation of (2.4a) on the other side of the
critical layer, y = Yo depends on the flow prcperties within thz thin
critical layer which surrounds y = Y. and is required to smooth out the
logarithmic irregularity in(2.4a). With our disturbance size & = C(R 77
.the critical layer is strongly nonlinsar, in contrast botin with the ncnlinear
viscous kirnd studied by Haktermann (1872), Brown & Stewariscn (1978}, Saiuh &
Bodonyli (1%81), and others, and with the classical linear viscous zind ¢ eid
(19€5) for example. The strongly nonlirzar critical laver here has the r=
structure tentaktively suggested by Smith & Sodonyi's(19822) $5 and itv is ccrnzidered
in detail in §3 below. Its principal feature which we anticipate hzre ig =he
smallness of the velocity jump and phese shift procduced across it. Thus the
loccal behavicur (2.4a) just anove the critical layer, and =the accompanying form
1y n) (n) (n) ‘
1 n n n) . . i .
£~ a L (G + ng nG n {y = v olly-yv ) P Y T YT {(2.4¢)
A=l C C c
2.3
"','::—wﬁ"‘f—'!'\}’lat'v:’\.mﬂm‘1t-';rmt)"”r':_m‘!ﬂm:?'rrm .. r—ov--r—!«—:—;-:—»--—v DA n e sl --- Sandvasa e Sk Siae sioechonat serchban
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for £ and that for p implied by

(2.2a-c), (2.4a), are reproduced as

Yy * ¥ just below the critical layer, with
- T+ ' , - -1. )
ln(y Yc)ly > Y ] replacgd by ln(yc y)ly - Yg ] (2.4d)

This result for sizeable disburbances is essentially that proposed by Benney

&.Bergeron (1969) and Davis (1969) although they did not determine the amplitude.

To find the amplitude dependence of «, <, requires a more precise knowleﬁge'of'
the velocity jump rather than just knawing (from (2.4d)) that it is small. The
solution of tﬁe eigenvalue problem (2.3a-c), (2.4a,d) fixes only the dependence

of a on c,» not the dependence of u; c, on the scaled disturbanéé size, A (=p(0+)).

So next we consider in detail the critical layer (§3) and wall layer (5§4)

properties.

2.4
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il. ihe S Surensly k'"'1n0~c Cra itical L.~

-1/
ine critical layer IT surrounds vy =y and has thickness 02 777, Lich
= '7..1/6'\7 ) 5 ; . .
y =y, +R Y, say. The underlying uevelcpiment of the flow solunis: fara
is given by
— -1/6 = -1/3 ~ =-1/3:~ -1/2~ -2/3~ -3/8
u=c, +R b,¥ + R In(R)U + R Uu, +R U, + R 775, +RrR 70~ .
0 1 (R0, 2 3 4 Vs

- -1/3 (C -1/2 ~ -1/2~ - ~ -1~
= R g( )S + / )v2L + R t/ v2 + R 2/-73+p 5/6 + R lv - (3.1a,b,c,
. q

<
|
w
-t
3
e

(ol
1}
—

0

+

jae)

- . st -1l/2 -
from §2. Althcuch additicnal terms, e.g. of O(R 1/ In R) i

duced into (3.la-c) and into some of the results telow by the nonline

ear inkter-~
actions thsy do not <isturb significantly the main balances of forces ceonzrsolling

critical

rr
joil
(1]

al laver features nor do they alter the jump properties o ba found.
Mczin, withcut less cf generzlity it is assumed that the me2arn flow corzec:ion
. U, vanisres at y = yc, although a nonzero value of Uy (yc) could k=
le s

accominodated by adding a constant to Y. To match with tiie Ravleigh zona It

solution we reguire

~ ~2 ~ -1 1 1 ] —~ ~
* U,V b YT+ Y s e e L s W s e e (3.2b)
from (2.la,b), (2.4a,c) where XY = v "{y ). Similar matzhing governs iz

higher order velocities arnd the pressure terms. 4lso

RSN T =3 B ot s o Rt R et ad P S A tie o~ naane 1 T e KR TGy oo omtan oy 2-Ras P o 10 oy e S — —~—. -
o . S I .. - b ~
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5oL Ll ~ (1)

= - c/e, U - -G'Vs/e. 3.3
PSR 37 ’ (3.3)
The aim of the critical layer analysis "elow, which stems from tabersae!

, _
original approach and its amfendments, is to remove
I3 :

the lcgaritha'z

behaviour in (3.2a,b) and to provide the corresponding asymptotic
~

Y -

conditicns

as e

which allow the features of the lower Rayleigh zone I  to

be related to those of I+.

236

To fulfill that aim requires examination of 211 the
terms up to and including US’ VS’ P. in (3.la-c).
. )
From the Navier-Stokes equations the balances controlling the successive
contributions Gn' gn, Bq in (3.la-c) are predominately inviscid:
v g
3 (03 U 3‘5q
bY==+bpV +g 's—=-—24%F 7, (3.4a)
1 X In 2y 0% n
. Y
- ap
G (x,¥) = - —> (3.4b)
n Y
for >n > 2, from the streamwise and lateral momentum equaticns rasgectively.
The first feur of the forcing terms Fh, G; in (3.4a,b) are given by
[
3T 3y oy
d 1~ 2 ~ 2 = Ao~ ~ 3 2
F =0, F =-— (0% -v, ==, F =% (@wu)-( + V. b (3.4c
3u, 3T 50
~  ~2 ~ o~ 1 ~2 ~ 4 3 2 . s
F o= 230 /3 U0, +20.°) = (V, —= + V. —= + v, =) , (3.4d)
5 = 0 Up/oY (UpUg * 7 %) 27 Ty T
W 2,
5 (0) = . 7 {0) . (0) 2 (3.4e
= : = ’ ac, G, = b ¥ — + U aC + S — » (3.4de
62 0, C3 by ¥ ©r Gy = by ¥ 59 "+ g ~
 J
L3V, o v, . av, v,
G = v —3 ; 2 . (0) _ (0) B 3.41£)
s = D) Uy U aC + V) =7+ 8 S T (
T8 x ©oodx
3.2
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and ara duc to the ponblinear ctroammice and Taver o dnear vl ey

2.l -0

Cor tle conurinution T'U?/UY" in rS witleh marks the (irst app sronce. o
any viscous erfect. Alco, the continuivny eguaticn is satisfied by uvie o -2
strean function terms p (%,Y), where U_ =39y /3y, v = -3 /9% for o > 2,
n n n n n -

while we define

~ ~n ()

t = ‘- -

1,11 b YT /2 +5g—cC (3.5

It is convenient to renormalize the critical laver variables ncw by writing

(0) o . . .
where Ml =g /3b1. Then the soluticn of the first order problem cives

}_
[N XN

from {3.4c,e) and eliminating P2 betwaen (2.42,b) with n = 2. Tne main

streamlines 1 = {_ = constant give the Kelvin cat's eyes: when n <1 =tqe

i - - [ Oy . . e . . . ,
strearlines are closed.lin 11 J3so thatverticity X(n)it must have = unife--
1 b -1 3 3 $- ‘1 ‘ 'u '}\I' ';/’:(‘ ~ 1/
unknown value N (the Prandtl-Batchelor theorem). When n > 1 [1¥ys > 2 1 - Q)

o

however, FE(N) remains an unknown function cf 1. 10 dGeterimine it we nred to
proceed to the fourth order contribttions, since the sccond and third-oricos

solutions for the vorticity can be wcrked cut explicitly and aze
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"

Tlgy T C R HKCNE ¢ Ko () | (3.7k)

1

1 o2 '
] = = —_ M " 3 LIRS ! . 1 My ve
Vavy Voux f 5 MK (n)p2 +L§3 (lw2 + K (u)¢3 + n4(ﬂ) {3.7¢)

fron (3.4a,b) .with n = 3,4 and from (3.4c,d), and these impoée no restrictions

on K({N). 1In (3.7b,c) the vorticity corrections K3(n), K,(n) are also un-

known, and the parameter tiy s (2b2A3bl)2.

: s .t
At the fourth order, then, we obtain the expression for the vortici-y

+ Y2 (s,

Mo + 1 -
3f2yvy 4n'2nn -

; Iy - Wy 4 -~
Svy Vat¥ann = Yanane T Yan Yang)

-1 2 2.
+ K(nN\ FIEY W - ! H | ] ol
Uy Yag * KDy My O b = Wb+ Vb0l

> -
i «
.

(g (OO, = gp )+ Wop ¥y = b, TNoe S5+ K () (3.8a)

where § = X, but the subscripts X,§ denote differentiation with Y,;n fixed

respectively, Ks(n) is an unknown function of n and

3
My = bl3/2b2g (0 | (3.8b)
is an O(l) parameter. It is sthn below that the finite part of the C(R—é/s)
velocity jump, denoted ((Us)fim, across the critical lay:r,‘governs the
neutral criteria for ¢, <o Since the integral of (3.8a) with respect &c Y
gives the contributions to this juap from cutside the cat's eye, the jurp is
influenced as much by ncnlinear inertial forces {and in particular by the non-

zero lateral pressure gradients in (3.4b)] as by the main linear viscous fc:ce

t
+ FOOTNGVE: SEE NEXT PAGE.
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otnete {for precedina pape.

Fo
”
2]
! An expression alternative t- (3.82) is
Vo LT .
3 . ' . K''(n)y .3
' - - 7~ + v r 11 . l” r\ .{ o + — v, + :! —_— N i
y K'(M) ¥ 4 T8 M) Wot's T, Vg "o z o

+h3 ) wz FEC M) Yo+ M J"’; _B_ Gl y df
2 2 4 2 3% on “T2yyy’ 7
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“wvorticity

(3.44). It

work of Haberman (1972, 197€), Brown & Stewarkson (1978

(19823). Again, the extra inertial forces are neglected

(s

role w

‘hen the

involves only

0 .

disturbance ccr

2 XU} [rowm (3. 7a-a), i
By ¢ »ntrast, only the latter forca plzon
neidered is snaller asg in -ba s--liar
e and Smith 3 Lid.o-- i

1969) analysis. Hewever, the condition which effectively fixes tha dominan

in the Bennay & Barceron

K(n) in n->1 1is that wsvv must be periodic of pericd 27 in
X. Vvhereas U 1 in (3.7a-c tomati icdi "
szy’ vyt Fayy ( ) are automatically periciic, vy
is not because of the first term on the right hand side of (3.8a) a: lezsz.
This term is dve to the main small viscous effect present, namely 5 in

that the pericdicity requirement

now gives, frem (3.8a),

2%
[
=3y K'(m) S
an L 0
for any M M, .

2" 73

(n

Only the linear viscous term

contributes nontrivially to

(3.7a),

the condi

is a significant property cf the strongly nonlinear crizical izyer

(3.92)

tion

(3.9a) because 2ll the other nonlirsar tesrms,

—
(V%)
0
ey

i

3

-
8]
-
jas
D
fe
3
r
1

Vo]
e
]
ul
0

ceing
inertial recponses, are odd atout X = 7. Thus, for exzmple, 12vv is even
about X = ®from (3.7a); integration and the asymptotic conditions zive .,
1 3 1 rewl o ane o 1 e rm " (Ct - R
i) being likewise even; so in (3.8a) the terms ‘m\C..,n '253) 21
are even, +their X-derivatives are odd and hence the incegral with raspect Lo
3.5
-rIRF L i = S dom ol ST RYY TP I A U e ara e g el L e Sl e i et
e < o *r=sor ] W o T KN Y W URT TR PETT TINCETNT A e e Ty =
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ofron 00 o 2% o ddeontically zere. Similav reasoni o oapplier = uins
other termo,. civen that

Tha tctal in:

zrtizl conuribution to (3.2+) turns ovt to Le zero. S~ the ra-uis
(3.90), found in the earlier critical layer studies efiectively for M. =nzll,
continues to hold for neutral modes even when H3 is 01}, despite the now

balances controlling the critical layer. On the other hand, if growing

]

=
QO
n
1)
1]

(=3

taeg

were considered then the new balances for M3 cf O{l) wculd influznce

growth. From (3.9b) and (3.2c) it follows that

wt

ax (3.10)

1/2 1/2

Y (L - C) , respectively. Then

above and below the cat's eye Y S 2

S -

continuity of the vorticity at the edges of the s eye. n =1z, .gives

Eln) =ny + f K'(7q) dn ' (3.11)

e for n > 1. The velocity Yoy and streamfunction B, ere also continuc.s
(the latter being constant) at n = 1: see (3.132,k) below. From lotbi-:
Y + = in (3.11) and examining the finite parts it can ct2 seen that
NO = H, + H_ and
o o] ’ -
- , -1/2 1/2 L (1), .
20 - w7y =2 f fiktent - em T Ten - 8T T ES (2.1%)
1
e
. 1 (1) a0 oy g e s . P
Mhere 2 c = -1.279. Here (3.12) fixes the vorticlcy jump 207 = )},
~t 1/2 % . . - ~t .
where A = éb.M B, and gives the jump conditions u, '(y_ i) = ) crn e
21 LS C
nean flow correction of (2.la).- ¥We hava still to consicer the rmore impo:rLant
3.6
e yur [ e R T~ o r i AL L~ Aty A ar STt X St arring s ol catnetd Jar- S Aot ) oatdiad s T i R RIS
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Jue ((U‘.)) . Howewver, fto Yix the @ tral ctabhility o

5" - o2
only the sin{u x) componant cf ((US)} , or the phage

Ty

Uyr Usr Uy since they are solely inertial influences. 1In

(3.2b) of b2 is reproduced as Y -+ -= (with Az" repi

(2.46). The dominant phase shift is czused by the viscous

with respect to Y and then integrating with respect tc

rem {3.7a-c), no phase shift is inducee in the three higo

5))_ o = 9, 1in keeping with the exterior jump condition

acing AT

tor:
[
Wi,
) [
) S

anticipated

influence cn

X from

(izterman 1872, Smith & Bodonyi (1932a). In this process the extrea

effects cannct contribute again becausz of their evennes

the phase shifts across the inviscid parts n > 1

r N <1

are as in Smith & Bodonyi (1882 3).

Finaliy the phase shifts across the thinner visccus

-

edges. of the cat's eye can be establishad by using the method of tkh

-

paper. The viscous layers smcoth out the disc

Q
3
cr
I
3
[
jos
t
=
D
n

of the vorticity above at n = 1%, Within III, , =

q-5/12

+ I z with =z of 0(l) and the underlying form of the solution is

_ @ . _n/12 -
¥ = constant + 5 R ¢(n) (x,2) 3

n

.

1l &~

y
J

inerti

-
-

-, in (3.8a) and is obtained on multiplying (3.8a) by sin (X), intec

o

gl o

rayers III™ at =r

ing

althcugh again extra logarithmic terms are strictly necessary they Jo nez affect
the ultimate results and need not be considered here. In (3.13a0
3.7
T ., I TN 5 ALTE T Caea s ™ T RO TR TS SRS LTS I T e T ey R ey s e T ST 4__‘7"""‘ S
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. (7)

l{;

1]
o
p—
—~
[3S)
‘_‘»
=
~
[\
-
(@]
~

pR) g2 )

d(n) (8

are constants {4

. (8)

where
e(:\)' f(n)

The first rontrivial contributic

equation

).

n is

= ¢) are functions cf

B
1

=U,

’

- g (10

)

28]

which satisfies the vortici

rt

(3.1:%:

X given by the proprertiez in II7.

(15)
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2.1/2 15 1/2, (15 o 3 i
e, 5y 2y ) s - 2 ) S U (237,
17 z22 " Jisa zz
{(r -
(15) — 15
+ A (x) + 3! )(7): {3.142)
)
o . 1oL . w . (15) _{i5)
° from substitution into the Navier-Stokes eguations. izrce A + B ara
prescribed functions of 7, while the boundary conditions are
(135) ~-1/2 1/2 (15 : .
' w) = 2 1 -¢C b i -x} = C 3.14b
szz (=) 1 ) T 2 (=) { ib)
because of the discontinuity in the vorticity dzrivative cutside 1£'+, tapce
. if
) + = 2 = .o =
W (15} mdf T(x)= + i i\" A 4T as z - 2 {(3.1d¢c)
2z 5 2 1 >0 -
2
3.5
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then L.+ = 2712 (1 - 172

bz' Ié- = 0 and (3.14c) substituted into (3.1l4a)

+ gives the scaled velocity jump condi;ion )

- - - 1 - —
2t -2 - = -2mb. Toom 207 cor & o) 0< ax <2
0 o - 1 21 . (2 { X ) (3.144d)

as in Smith & Bodonyi (1982a),again despite the extra inertial forces present

here. The irregularity as aX = O+, 27~ is smoothed out within a length

. .O(R_l/a) in % »By méans of Brown & Stewartson's (1978, 1980) solution which
provides a higher order correction to (3.14d). The viscous layer«II¥".ﬁear
tﬁe lower edge of the cat's eye produces the same jump and both jumps are of
the same order as the velocity jumps in GS'.produced in.IIt outside. In
particular the total phase shift remains'gs in the Smith & Bodonyi case. An
alternative method of derivation of the phase shift is given by Smith and
Bodoqyi (1982b). '
In summary, the total velocity jumps‘across fhe strongly nonlinear critical
* . layer are _
TR (Gl o> 2 e (0,1 = |
n yc- e (0> ), where ((UZ))-w = 0,
‘ © .
(wn® = I [Fm(”) sin (mo¥%) + F_" cos (mo&)] (n> 3) (3.15a)
) for O ¢ oX < 27, and Fm(n), ;m(n) are constants with
O - Pl“? =0, £ ® ;iifl—i;f_— L (3.15b)
: blml o '

‘shi i -1/2 . . .
The phase shift is of order R7L/ » since it first appears only through Fl(s)

in ((US))TOJ and it enables the amplitude-independence of the neutral modes

to be found once the wall layer characteristics are known.

3.9

2 4y



ceparate secticr to the flow properities nesr e
to em;phasize the presance of unsteady 1nversed flow thers. {laar =n- wal
y = 0 the first distinct layer IV, encosntered is nonlingar and has wid=r
-3 : '
O (R )} since then the basic flow UO and the fundamental u in (2.1a)

-3/
become comparable. So, in v, , vy =R /3 Z

1

say and

- — = ~1/3~ -4/3A -1/3~
(0,v,B) = (R /du, R / v, R / p} + ... (4.1)
if u, _{0) = 0 and provided that Iulq‘(O)! < @ ., The lavier-Stokes equazions
reduce to the unsteady inviscid equations
"/\ ~ g/'\ ~ '\’\
a4 v u 7 AD .
B3 1 z = 1
! . o~ ~
however, aid since bp = E, (,0+) and u~n kzl + u7(2,0+) 2as  Z, T % o
- .
match with §2 we have the additive solution
.~ ~ ’U2 —_—
G o= )\z] *u, (X,04), v = -Z, =5 («,0%) . (4.2)
So the noniinearity is simply an additive effect and neither the {undamen:zel
nor the basic flow is distorted in lvl.
he second wall layer IV2 lying between Ivl and the wall. then has thichness
—l/2 . . - . A
O (R ) and is controlled by an unstezady-pressure-viscous force bLzlance

Here

—_— — -1/3n =570 -1/3~ .
@75 = 00, r7, )TV o L (4.3a)
4.1
= Eatha antiors e o) ar s - Faab cxena e DED BRI o o e voie et il L ab) Bt oy WP W m—n s Sy TRy AT
i tadit a2 o g A8 o 4 e e A e Lot s o ided o b il Sttt et anbtat i Al 2 TRy TN Y
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. -1/2
with y = R ™/ Z? and the controlling -"guations and oundary conditians -ce
A '\I\ A dp . 2,\
du v
=4 = o, ~-C M2 (x,0+) +.a—9— 4 )
3 dZ 0~z = 7 7 {4.4a)
x ox  dxX 3z,

(4.4b)

(4.4¢)

i.e., the linear problem of Smith & Bodonyi (19823) is re:trieved. The solution

of (4.4a-c) is

~ -m, 2
U = A C-e 12 cos @X - m,2,) | »
c 22
0]
: ' - (4.5a,b,c!
\;=al/2A L2, 1/2, o o T A T o
32 |1 S0 % ax t3) te sin (ax + 3 = myZ,)1
C \
0 4
: ' 1/2 . o
therefore, with m, = -my = (acO/Z) , and we have the displacement corncition
. 1/2
- - -5/¢ A . - i
v(x,0+) v -R A g sin {ax + —) (4.6)
: 3/2 4
o)

i.e., a nonzero wall value required for v in (2.1la),

5 to match between

zones II and 1V. Once again, it is ncted that the results of the earlier study
continue to hold despite the extra effects of nonlinearity intrcduced in layer
Ivl. The major difference from the earlier work is that near the wall trz flow

in layer IV2 is mainly oscillatory in time, with the fundamental disturbcnce

being greater than the basic flow. So in particular the skin friction at the

"wall is-relatively large, and purely oscillatory to leading order,

4.2




— n S 2
(du/gy) _. = Rl’/'fx(éi)}'/“
- 0

. - i
y=0 sin (ax - 3) + O(1)

and flow reversal 'is present(as in inviscid water waves in a sufficiently

weak mean flow).

(1.7)

L J
.
e
4.3
D i pour o TP 2Vt T oLl Sl T e g M e e Mt oS 0 e ) e e ek
<
A ko g L 4 i
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‘The Amplitude-Dependence of the Netral Conditions

The conditions of a small velocity jump in (3.15a,b) and the zmall dis-

placement in (4.6) fix the amplitude-dependence as follows. As in Smith 5

Bodonyi (1982a) what matters most is the small phase shift giving rise to a cos (u¥)

. . . . . X
component in the Fourier series for vs in the Rayleigh zones I7. 7The

. = . . : -1/2
sin(ax) component in v_ merely introduces an O(R 1/ )

s correction in the

neutral wavespeed, while any cos(nox), sin(nax) components for n > 2 can

be determined explicitly as in the Smith & Bodonyi case. Therefore we define

» o 21/
* = = ™ v o
verly) =2 { ve (x,y) cos(ax) dx, (5.1)
so that in I* the Fourier component v5* satisfies the same Rayleigh equation
as the fundamental g{(y) 1in §2, -
(U, = c ) (v *" - azv *) = U "v_* (5.2a)
0 0’5 5 0 5
- from (2.la) and the Navier-Stokes equations, while the boundary and jump
conditions on vs* are
y "
* = Ay © (L), -1 -1/2
A () O, (('v‘S )) _ = -2C bl bZMl ,
Yo
(5.2b,c,q;
1/2
v_*(0+) = - ( = A
5 . 3
2c0
[
Here (5.2b) is necessary for the boundedness condition in the farfield, the
jump condition (5.2c) follows from the critical layer results (3.15a,b) and
(5.2d) is from the wall displacement condition (4.6). The problem (5.2a-d)
5.1
I i < v yorrermreroreTer = eI
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fixes the amplitude-dependence of Q, ¢, since (5.2a-d) is zoluble if and only if

a certain compatability relaticn is satisfied. 1This is derived by multiplying
1

(5.2a) by g(y)/(UO - co) and integrating with respect to y frcm 0 1o o

’

using the equation (2.3a) for g(y). Tue result

“SV 5 s Ugug*t - g‘vs*))o =0 (5.3)

for the wronskian of g, vs* is obtained. Then the boundary and jump conditions

(2.3b,c) (2.4a-d) on g and (5.2¢-d) on vs* imply the amplitude-dependaence

“equation

o’/ 2e )% = 2¢ b (g

(0) 1/2

/bg) : (5.4)

from (5.3), since g'(0+) = Ozp(0+)/cO from (2.2a.,b).

The determination of the amplitude dependence of «, q requires just
two successive steps, then: (1) solve (2.3a-c), (2.4a-d) for the fundamantal

. )
gly). This fixes « 1in terms of CO' say, and g(yc) =g in terms of
the wall pressure p(C+) = A but A remains unknown because the problen
(2.3a-c), (2.4a-d) is homogencous. (ii) Use (5.4) to determine A in terms
of CO' and hence by inversion determine Cyr @ in terms of A. The step
(i) here was performed by Benney & Bergeron (1969), without an explicit statement
of the disturbance size required to produce the Rayleigh structure of §2. The
. . . . -1/3

present analysis shows that the required size is O(R ) and that the step

(ii) gives the dependence on size explicitly. It is noteworthy that this

amplitude dependence, (5.4), comes directly from the small viscous effects

T v iy  hag Ll L TPt i S g D 0% g s ot vt RSP B S rORNP ISR do > Sary Yy St ETTg
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. operating in the strongly nonlinear cri'ical layer of 83 and in the wall

Layers

of §4. Although the flow properties alrast throughout are predominacly

inviscid, due to the largeness of the disturbance size, the interplay between
/

, =172 . R . . . .
the two Of(R / ) phase shifts produced by viscous action within the critical

layer and the wall layers nevertheless controls the stability properties.
Calculations for steps (i), (ii) were performed by use of a 4th order

Runge-Kutta shooting procedure similar to Benney & Bergeron's, supplemented

by a series expansion near y = Y Our results for step (i) agree at least

graphically with theirs and combined with step (ii) the results give the

) amplitude dependence of the neutral stability criteria.

In Fig. 2 we present the results of our calculations for the neutral

mode criteria for a number of basic profiles Uo(y); Also, in Fig. 3 the

corresponding amplitude dependence of the neutral stability criteria are civen.

" As shown both the neutral wavespeed c

o and wave number ¢ increase monotonically

with the scaled disturbance amplitude A(=p(0O+)). These ccmputed cutves are

consistent with the trends of the asymptotic analyses for small ané large «a

. as well as for co::l to be discussed below.

When the amplitude A 1is small for the accelerating boundary layer

a << 1 and the solution of (2.3a-c), (2.4a-d) for g develops a three- ticred

. 1 . .
structure in which y takes on the orders & , 1, &¢. To leading order :Iin

.

the outermost tier the solution takes on the form
4/3
g =p*a B exp(-uy)
®
while in the second and third inner tiers it is found that
4/3 1/3
g =a / BUO(y) and p = « / B
5.3
TV TR T PR T N T R VL T Y DT e e s e Wi 4. T e PTU s ol Trs e G PO S
 TYrC—r T~ T — T o
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* where the unknown constant B is 0{(l) and ¢

o™ ((COl with r:ol ol O(i,.
Then (2.2a-c) give ACOL = 1. Hence it follows that A ~ ud/JB, g(O)"_ 1—137/33,
while b2 -+ Kz, bl'+ A\ since the critical layer retreats towards the wall.
So the amplitude equation (5.4) is in balance at order 07’6, with
1/3 1 2/3.-7/3
B = 23 (ac! '3,) 73173, (5.5a)
so that « ~p 374 a3, co ™ AN e A <1l . (5.5b)

The results (5.5a,b) for a disturbance small on the O(R_l/3) scale agree

with Smith & Bodonyi's (1982a) (5.1), (5.2) for —7/187

a8 disturbance large on their O(R

. . . . . . 1/18 .
-scale since -their relative disturbance size AO is equal to R / A/2q. Like-

wise the smoothness of ¢ to leading order and the enlarged O(G-l) - extent
of the flow structure are in line with their scalings for slightly smaller

disturbances. Similar analyses for small A apply to the Blasius bounda:y

layer and to plane Poiseuille flow (UO =1 - y2 : dyl < 1)

for example,
whereas for the decelerating boundary layer and other flow profiles containing
inflexion points q - O(lf generally as A + O.

When A 1is large the solution features depend on the form of Uo(y)
near the external stream,as in Bgnney & Bergeron (1969). For most toundary layer
Vprofiles Uo(y) ~ 1 - ay exp(-qzy)‘ as y - o, with qy:9, > ¢ nonzero
constants, and then the wavenumber ¢ approaches a limiting O(l) wvalue as
the wavespeed 4 approaches the freestream speed 1 in the manner described
by Benney & Bergeron. Below we show that this limiting process Cy ™ 1- is

associated with A being large. 1If vl o- qu, where <€ << 1, then

€o

(U2}
.
-—

-
\,



a ~ uqz = o(l) and a two-tlered structiave comes {nto play. lhe {lrut, outer,
tier has v = -lnc +y where y 1is O0(l), so that UO I qiE exp(-y).
Supposing that g~ Ag, with A > 1 to be found and § of O(l), we have

the equation

g''= (@ -——— 1\ g (5.6a)

for g(y), from (2.3a). The appropriate boundary conditions are g (¢®) =0

. -—
and the jump condition at the critical level y = Of requires zero phase
shift, from (2.4a-d). The calculations by Benney and Bergeron gave the eigenvalue
@ = 0.75, but the analysis in the Appendix below shows that in fact @ = 3/4.
So g(o) "8y, say, where vy = g(0) 1s 0(l), while
~ 2. 1/2—
1+ =
g = Bl.Ye(, @) y as y + ~ (5.6b)
)
where the O{(l) constant Bl is known in principle from Benney & Bergercn's
calculations of (5.6a) or from the analysis in the Appendix. Next, the second inner
tier has y, of 0(1) and the disturbance amplitude is smaller here,
_2.1/2 .
—(1+ ~ '
g =M g, L _ ' (5.7a)
»

where a(y) is 0(1), from (5.6b). Hence (2.3a) reduces to the equation

! - 2_ 2~ = " :
(UO - 1)(q q, g) U0 g o (5.7b)

for G(y). The appropriate boundary conditions are now
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. R L2 1/2
3(0H) =0, g Ap.etta)

qzy as y - ml (S.?C]
-

from (2.3c) and from the exponential growth regquired to coffect the match witi

(5.6b) above. The solution for § 1is proportional to Bly; hence (5.7a-c)

give the expression

-2.1/2
- sy (l+0. ) I
A= Ac Bl(BZ + ... (5.8)

for the amplitude A = g'(0+)co/a, where B, is 0(l). Also, b, ~ qlngr

b N .—q

2
2 192 &, from the form of Uply) at y =y "~ -g, " In c. 5o to

leading order the amplitude equation (5.4) yields

_ o 13 173 [ ¢ » :
oY =29, g 3 3 (5.9)

S VEICA Ry

A

and then from (5.8) the asymptote

. )[—3/(—1+/1+52)]

cO =] - qlc v] - ql (EI;E; ) , for A>> 1 (5.10)

gives the amplithde dependency of the wavespeed for the larger disturbances.
Furthermore since o = 3/4 from the Appendix we have immediately
-12

12
’\; - . . - >> . . .
cO 1 ql(Biyﬂz) Y for A 1 (5.11)

We note therefore that the approach of the wavespeed to its freestream
. . . . ~12
value of 1 1is very rapid,being proportional to A for A large. A

similar .analysis applies to (e.g.) Blasius flow and plane Poiseuille llow for both

5.6




of which CO'* 1- aqgain but « > ™ ar A > o sec alsn fig. 3

The result (5.10) or(5.11) is significant because it suggests that iI the

disturbance size § becomes greater than O(R-l/3), i.e. A>>1, then the rautral

disturbance mus; penetraté outside the boundary layer into the free streanm.
since that penetration includes the strongly ronlinear critical layers sitcated
near y = y_ '[«412,/q2>1n 5] >> 1, we have cat's eyes of uniform vorticity
_being forced to come out of the boundary layer into the external stream. UlNore-
over, theeyes becomeé fhicker (in y) and shorter (in X) as this happens, in
view of the transformations (3.6) and the behaviour of g in Fig. 2. t would

be interesting if these developments, and in particular the suggestion (Fig. 4) of

3 penetration.. of vorticity into the external stream, as the small
disturbance increases in size, were reproduced analytically for a single growing

mode or a group as well as for the present neutral states. We believe/&onjetture that
the balances shown above for neutrally stable modes can form the basis of

such an analysis. Also, it would be interesting to know what happens next

to the neutral or growing states as the critical layer emerges from the tcundary

layer and eventually additional dynamical influences come into play. In this

. . . 3 . . ,
connection we note first that the (amplitude)” effect associated with weakly
nonlinear stability theory (e.g., Stuart 1960, Watson 1960, Stewartson & Stuart

o

1971) has exerted only a minor effect on the flow properties so far but clearly
this effect is growing as & increases from the O(R-l/3) stage. ~ Second,

the amplitude dependency retains the balance between the small viscous effects,
within the critical layer and the wall layer, even when the critical larer
starts to penetrate into the external stream. So the pbehaviour and positioning
of the critical layer far from the wall remain crucially influenced by the

wall layer properties throughout.

Related experiments on boundary layer stability have been

instigated by

Dr. M. Gaster at the National Maritime Institute, Teddington.
5.7
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APPENDIX

To show that a« = 3/4 is the eigenvalue associated
with (5.6a).

A nontrivial solution of (5.6a) is required satisfying
g(z=) =0 (A1)

and with zero plane shift across y = 0. Without loss of generality
we normalize g so that g(0) = 1. Then (5.6a) yields the property
that g ~ 1 - y In|y| + 0(y) as y - 0z. Hence the condition of zero

phase shift is that

G(0) = 1 and G' is continuous across y = 0, (A2)

where G=g+y lnly| (A3)

for all y. To solve(5.6a) with (Al) - (A3) for a, g we consider
y 2 0 in turn below.
For y >0 a series solution in powers of s = exp(-y) is found

to hold, in the form

- o m
- - 3s 5 1 s
= — - = - = - 3 - <
sTog(s)/u, =5 -5-7 (0 s)(1+os)mzo CrIB) [0<s<1]
(A4)
wvhere we have gucssed that o = 3/4. Here, first, w, = -1
since g = 1 at y = 0 (s»1-). Second,
-1 7/4. . . m, 1 1, 2 3 7/4
dG/d) = - 'fz S (1-35) [mzl S (m - E) + 3- - ln(l‘s)] + ‘:T S
50N = . 1 .7/4 - 1 5,
-7 g (s) +Iny + 1 - 7S (1-s) (1+3s) [ sy * 3 In(1l-s)
® m-1
315 s - .
S E e =2 . (A5
5 4 ZZ (m+3/2) (m-1) ] . )

m

25F



for §>»0, 0 <s <1, from (A3), (A4). Therefore letting s>1 - we

have

- ) = 1
(dG/dy) . = mzl (1——17+3/2)m +

y=0+

(RS}

R
N v

from (AS) and since In(l-s)~1n y + 0(y) as y »0+.
For y < 0 on the other hand the appropriate series

solution is in powers of exp(y)Z o, namely

0(0)/u

OI
O\|U1
J‘->|r—'
~
)_A
Q
j—
~
Q
+
w
—
o~
Q

2.k - -
where k = (1+¢")?%, 0< o0 <1, y < 0 and o = 3/4 again. Here

Ll_’

since g =1 aty =0 (o6 - 1-). Then (A7) with (A3) yields the
Tesult
- T 2 9
dG/dy = l-09/4 (1+0) [ X cm( 1 —E-) + = - In(l-0)] L o /4
2 5 m 5 6
m=1 m+ =
5 = - 1 9/4 - 1 5
+7 3 (c) + Inly| + 1- 7 (1‘0)(0+9)[Tjg * 5 1n(1-0)
- © m-{
5 35 c
7T L )

m=2 (m+ —J(m 1)

for y < 0, 0 <o < 1. Hence from letting o > 1 + in (A8) we have

N| wn
Ln[ [N
+
|
+
FENE )

(dG/dy) _ ) —=—
y=0— m=1 (m+ —hn

since In(]y|/(1-¢)) ~0 as o>1-.

The values (AG), (A9) for dG/dy at y = 0= are exactly

equal, from partial fractional rearrangements of the two convergent

series involved there. llence the conditions in (A2) are satisfied

1

AZ .

(A6)

(A7)

(A8)

(A9)



and the eigenvalue o = 3/4 is verified. The above argument can
be generalised to prove the uniqueness or otherwise of this
eigenvalue. A referee has taken this up, kindly noting that

(A4), (A7) can be replaced by

7 - e—&§ F(k+a,a-x; 1+2ase ”) - eK? F(k+T,k-T;142k;¢e”)

F(k+a,a-k; 1+2a;1) . F(x+@,k-T;1+2¢;1)

uai

respectively, for general a, where F is the hypergeometric function
(e.g. Abramowitz & Stegun 1972). The jump condition (A2) then

requires that

P(Lkrd) - Y(l+k- &) =-——

(k-a)

giving cot(m(k-a)) = O from properties of the y- function (Abramowitz

§ Stegun). Therefore the solution a = 3/4 is unique.
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CAPTIONS

Fig. 1 (a) Diagram (not to scale) of the disturbed flow structure for

. . -1/3 < ae . -
the disturbance size § = O(R / }, indicating the Rayleigh zcnes

+ . . . o + - . + .
I—, the inviscid parts I1 ,II— and viscous parts III— of the

strongly nonlinear critical layer, and the wall layers 1V v

1! 2°
(b) Showing) the suggested sudden effect of disturbance size2

on the upper branch of the neutral stability curve, as § increases

- -1/3
7/18 (linear theory) to greater than R 173 (see

§5 below) through the stages § ~v R_7/]8 {Smith and Bodonyi (1982a))

1/3

and § ~ R {(present study). The dashes indicate the envisaged

from less than R

displacements of the neutral wavenumber o. and frequency 8, at

finite R.

. Fig. 2 (a) ©Neutral curves co(a) for (:): suction profile Uo = l-expl-y);
(:): inflectionpoint profile Uo = 1-(1+3y/b) .expl-y). See also

fig. 3(a).

(b) Neutral curves cofa) for (:): parabolic boundary layer model

U, = 2y-y?, CLyg 1, U, =1, vy> 1; (4): Blasius model prefile

UO = 3«*2/3[)—] j‘yexp(—g’)d i (:):Blasius flow profile @ = f',
O 4
LIt /
. whered +$F=0, £(0) = £°(0) =0, £'00) = 1. See also fic. 3(b).

Fig. 3 (a) nmplitude-dependence of the neutral rmodes showing c, a3 a

function of the relative amplitude A for (:) the suction profile
. . . . /\
and <E) the inflection point profile of fi g. 2(a). MNote that
. -12
when A is large, for (:), Yo ~ 12 1n A, Coru 1 - O(A ),
KA=> 3/4 as in (5.6a) - (5.11) while for-@ y o~ 12 1n A,

-12
CON ' - O(A in A), X—> 3/4.

2




Fig.

4

(¢

(b) Amplitude-dependnce of the neutral modes showing c_asa
function of the relative anplitude A for (:) the parabelic bzundary
layer model, (:) the Blagius model profile and (:) the Blasius

flow profile. Note that when A is large, for (:), ycfv 1 - 1ﬂxi?,

2 ~

~J —
CON1 - (3/9 In A) °, X~ 3 1n A where /[3’ is a positive constant,

L
while for @ Yy~ %o(z,. CONI - 9/(4T (1/3) X exp(8 01.3/2/27],
oL~ [(81/22) 1n a1%/3.

Schematic diagram of the position and shape of the typical cat's

eye, regarded as a lump of vorticity, as the disturbance size is

increased. Note that the length of the eye decreases,while its

thickness increases,as the disturbance size increases but the

bl

thickness remains smaller than the boundary layer thickness

throughout.




CHAPTER 8

ON UNSTEADY NONLINEAR VISCOUS CRITICAL LAYERS.
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SUMMARY

A theoretical study is presented concerning the nonlinear growth
or decay, in space and time, of an unsteady non-neutral disturbance
in the presence of an unsteady nonlinear viscous critical layer. The
basic flow considered is a steady, quasi-parallel, channel flow,
boundary layer or liquid layer flow, at high Reynolds number. The
unsteadiness with regard to the critical layer manifests itself
mainly in the relatively slow movement of the layer across the flow,
the temporal and spatial rate of movement discussed being sufficient
to affect the nonlinear viscous balance in the layer. The distur-
bance amplitude, in contrast, responds nonlinearly on faster time -
and space — scales, inside and outside the critical layer. The
slower and faster scale properties are coupled together in general.
The work addresses first the structure and nonlinear governing
equations for the growing or decaying disturbance and the critical
layer; but preliminary analysis in special cases suggests that, among
other things, the results of previous studies based on quasi-neutral
assumptions give threshold amplitudes, above which increasingly fast

disturbance growth takes place.
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§1  INTRODUCTION

Qur concern here is with the nonlinear growth or decay, in time
and space, of an initially small disturbance to a given parallel or
almost parallel flow, at high Reynolds number. At such Reynolds
numbers the critical layer, where the basic flow speed coincides with
the local effective wavespeed, can play a vital role in determining
the behaviour of the disturbance, particularly when nonlinearity exerts
a significant influence. The effects of increased nonlinearity, as
the disturbance size increases, are felt primarily within the critical
layer itself, which gradually undergoes a change in character. There
have been many theoretical studies made of the properties of nonlinear
critical layers (e.g. Benney & Bergevon 1969, Davis 1969, Haberman
1972, 1976, Brown & Stewartson 1978, 1980, Smith & Bodonyi 1982a,b,
Bodonyi, Smith & Gajjar 1983), and Stewartson (1980) has given an
interesting review of many aspects of the subject. To the best of
our knowledge, however, virtually all theoretical interest so far
(apart from purely inviscid theory) has been focussed on disturbances
which are neutral travelling waves outside of the critical layer, with
non-neutral states of growth or decay having been considered only with
respect to the motion within the critical layer. This amounts to an
assumption, or restriction, that the critical layer is fixed.

In this paper the aim is to remove that restriction, in order to
discuss theoretically the temporal - spatial growth or decay of tne
disturbance amplitude throughout the flowfield, not solely inside the
critical layer. It would seem that such a discussion is almost
certainly more relevant to the behaviour of unsteady disturbances

observed experimentally, in boundary layers, chamnel flows and liguid

2F
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layers for instance. The study is also of interest as a test on
the tentative suggestions of Smith & Bodonyi (1982a) and Bodonyi et
al. (1983) which are based on the quasi-neutral assumption. They
suggest formally that an increasing disturbance amplitudé can lead to
amplitude—dependent instabilities occurring with shortened wavelengths,
enhanced wavespeeds and (hence) movement of the critical layer, and
that, in line with Benney & Bergeron's (1969) suggestions, this may
be related ultimately to the shedding of vorticity from a disturbed
boundary layer. A similar approach for three-dimensional disturbances
suggests (Smith & Bodonyi 1982b) amplitude-dependent instabilities
arising in Hagen—Poiseuille flow. So the evolution of a nonlinear
disturbance, or wave-packet, rather than the succession of nonlinear
neutral states considered previously, is our concern. Associated
_ with the space-time evolution of the disturbance through the flowfield,
the effects of a moving critical layer have to be taken into account,
and these prove to be of some consequence, more so than unsteady
effects confined within the critical layer. TFor, as the critical
layer is relatively thin, its actual movement across the flow produces
more change in the internal flow properties than does the inherent
unsteadiness of the disturbance velocity. In additioh, a relatively
slow movement of the critical layer position is found (below) to be
accompanied generally by a much faster temporal and spatial response
in the typical disturbance amplitude, inside and outside the critical
layer. The study below concentrates on the (upper branch) structure,
governing equations and certain preliminary properties of both the
non-stationary critical layer and the non-neutral amplitude.

Section 2 discusses the basic principles involved when a dis-
turbance is Munsteady", i.e. non-neutral, growing or decaying in time

and space, in the presence of a nonlinear critical layer. The
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importance of even slight critical layer movement is confirmed and
leads to a novel equation describing the behaviour of the unsteady
nonlinear critical layer. The multiple scales introduced in §2 are
supplemented in §3, where the'specific contexts of the accelerating
boundary layer, channel flow and liquid layer flow are considered and
the faster scale response of the amplitude becomes evident. As a
result a set of coupled nonlinear evolutionary equations, controlling
the amplitude and effective wavespeed or group velocity of a wave
packet, is derived. Section U4 describes the solution in the special
case of fixed frequency disturbances. These exhibit a threshold
phenomenon whereby initial disturbances of amplitude above/below the
threshold value amplify/decay nonlinearly at later times, further
downstream. In §5 limiting analytical solutions are considered for
the unsteady nonlinear critical layer problem, which otherwise
requires a numerical treatment. Finally, a brief summary is given
in §6. Only two-dimensional disturbances are examined, for an
incompressible fluid of constant density p and kinematic viscosity
v . The Reynolds number is written Re = umlwv—l and is assumed
to be asymptotically large: see Smith, PapageorgioV & Elliott (1983)
for application of the asymptotic theory to finite -Re properties.
Here u_ , £  are typical speed and length scale of the basic motion,
2. being the streamwise development scale of the boundary layer, the
thickness of channel or the width of the liquid layer. The time,
cartesian coordinates, associated velocity components and pressure
are zwu;lt s 2 (x,y) 5 u (u,v) and pmuip , the stream function
being f_u ¥ . In the cases considered the basic flow can be taken

to be parallel along the x-axis, to the order of working necessary.
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§2. GENERAL ARGUMENTS ON UNSTEADY NONLINEAR CRITICAL LAYERS

It seems appropriate téwstart with the general argument leading
to the central unsteady critical layer problem below, without reference
to a specific flow yet. This delays the use of expansions (necessary
eventually) in somewhat strange powers of the Reynolds number, and
some of the initial scalings involved can be identified more readily
with the classical scalings, (e.g. Reid, 1965). The formal
expansions, for the accelerating boundary layer, channel and liquid
layer flows in particular, will be verified in the later sections.

To allow for the slow spatial and temporal variations we introduce

3

the multiple scales replacement of é%-, Fre by

5
x e T Y ax2+' >
(2.1)
3 .3 . _(t)
st - Baxt 3T2+

Here a 1is the wavenumber, B = ac 1is the frequency and c¢ 1is the
wavespeed of the disturbance non-simple wave solutions, which are
e e . ; . _ (x)—lX
periodic 1n X , but not in the slow variables x = y 5 s
t = Y(t)—lT .
2

Consider first then the steady problem for infinitesimal dis-
turbances. The majority of the motion consists of the basic flow
(u,v,p) = (uB,O,pB) together with the small disturbances (ul,vl) R
P, DProportional to elx . This holds except in the neighbourhood of
the Stokes wall layer and the critical layer, which are assumed to
be asymptotically distinct but with the critical layer still lying

close to the wall. Just outside the critical layer where the basic

flow is comparable with the wavespeed ¢ , the flow expansions take

=78



the form
- A Y2

2
u XcRY top 5t 6(u1+cRu2+...)

v a6cRcR(vl+ch2+...) (2.2)

PN 6cR(po+cRpl+...) .

Here cRY = ogly defines the boundary layer coordinate, and

c = cR , O = ep > where the unknown orderings

o %o °g > °r * R
depend on the Reynolds number. Also 6 1is the infinitesimal dis-
turbance size and A 1is the local skin friction. If the local
profile curvature Az is non zero, then a logarithmic singularity
in u, is induced usually, and requires a viscous critical layer

2
. 2_,-1/3
of thickness oR(aRcRR)

to smooth out the irregularity.  The
familiar phase shift of -m 1in the logarithm below the critical
layer results. The Stokes layer of thickness of order

+2r)~1/2 Cop s C L
GR(aRcRoR ) produces a phase shift in the basic disturbance
and provides the necessary displacement condition to match with the

critical layer shift. This fixes effectively the Reynolds number

dependence of the wavespeed and wavenumber, i.e.
c = O[(aogR)—l/s] . (2.3)

Additional relations dependent on the particular basic flow then
determine the neutrally stable modes explicitly.

The above description holds for infinitesimal disturbances. As
the disturbance size is increased nonlinear interactions first come
into play inside the critical layer, and streamwise momentum balances
show that the critical layer properties are altered significantly

when 6 obtains the critical size
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§ =0 |— | =35 . (2.4)

The governing equations in tﬁat case are those derived by Haberman
(1972). Outside the critical layer the main change produced is that
the jump in the streamwise velocity is no longer monochromatic and
in particular the phase shift ¢ depends on the disturbance size.
Only for 6 << Gc are classical linear properties recovered, with
¢ > -7 .

Let us suppose now that non-neutral unsteadiness is also present.
To accommodate growing or decaying nonlinear modes, we take the dis-
turbance to have a slowly varying amplitude Ao . Therefore in the
development of the critical layer the wavespeed and wavenumber become

slowly varying. The unsteadiness first becomes important inside

the critical layer. Since the critical layer is defined by

-1/3,

y=y, ¢t cR(achR) (2.5)

where Y, = O(c) determines the critical layer position and is

dependent on the slow variables, we have in addition to (2.1)

]
L0 2, () _a__ogl(aRogﬁ)-l/s Ve 3

—_—
aX,) 2%, 3, 3Y
(2.6)
oy
(t) » (t) |3 _ -1 2.y 1/3 "Ye 3
Y 3T, Y aT, og (agogR) 3T, 3Y

The terms in é% reflect the movement of the critical layer itself,

and are much larger than the basic slow variations 2 here.

2
b
3%, * 3T,

2%F6
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Previous studies on unsteady nonlinear critical layers have con-
centrated on the case where the g% contributions in (2.6) are

negligible. With a moving critical layer, however, these terms
dominate the cannot be neglected. Similar terms appear in Cowley's
(1982) inviscid analysis of moving critical layers, although in a
different context and in which the basic flow is also time dependent.

An unsteady-viscous-inertial balance now gives the appropriate

scalings when these new effects become significant: namely when

c

a0
v = O(ogs.) Y = o( 2 °> : (2.7)
R

The inclusion of nonlinearity and unsteadiness modifies the Haberman

equation and instead the vorticity ¢* = 3U/3Y*¥ satisfies the equa-

tion
(1 -804 yx 220 4 oin X282 = chid (2.8)
poAl -5y ax” "ML gyw T & 2 .
oY
in normalized form. Here u = 0 gives the steady Haberman equation.

The extra term u(l-z*,) arises because of the slow variations
present which force tie critical layer to move. It can be seen
that p « (3c0/3T2+cOacO/BX2)/AO since the basic flow ug v c .
Again ¥ satisfies the same boundary conditions as in the steady
case and the leading order properties outside the critical layer
remain largely unaltered.

It should be emphasized that, so far, the temporal and spatial
variations appear only parametrically in (2.8). The properties of
this unsteadiness equation strongly influence the amplitude depen-

dence, via the velocity jump, but the explicit slow—time and slow-

space variations of the amplitude require an examination of the
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higher order terms, both inside and outside the critical layer.
Finally the slow variations in time and space chosen above are thcse
which first significantly alter the steady Haberman problem. It
can be expected however that the limiting solutions of tﬂis unsteady
problem, for u large or small, will indicate what the different
structures are for alternative spatial and temporal variations, both

weaker and stronger.

2%



§3. THE BOUNDARY LAYER, CHANNEL FLOW, AND LIQUID LAYER FLOW

With the general arguments for unsteady, moving, nonlinear
critical layers established in the previous section, we turn to tnree
specific examples of perhaps widest concern, the boundary layer,
channel flow and liquid layer flow. The main novel parts of the
nonlinear non-neutral disturbance structures for these three basic
flows are set out in (a)-(c) below. An extra common feature here
is that the disturbance amplitude usually must vary also on temporal
and spatial scales which, although still slow, are faster than the
time and space scales of the critical layer movement described in
§2 and which are significant with regard to the nonlinear development

of the disturbance from an initially small state.

(a) The boundary layer

In the five-zoned account (Smith & Bodonyi) of the disturbance
structure necessary here, the major changes due to unsteadiness
arise near the wall, in the thin predominantly inviscid zone (IZ)
surrounding the critical layer and within the thinner nonlinear
critical layer (CL) itself. In IZ we have now the expansions,

implied mainly by the time and space scales introduced above,

W= el + €A Y0 + 1735000 4 873,

s 2037w (3.1a)
v = 137335000 26/32(1)  AT/33(2@) (3.1b)
3 = 10735000 23/35(1)  1h/35(2) . (3.1e)

2%
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- Here the mean flow correction W is independent of x and the

constants A , A, are the skin friction and curvature of the basic

2
boundary layer near the wall, X > O , A2 < 0 , for an accelerating
boundary layer, while et = et << 1 and (x,y,b) = (esi,a Y,e {)

-~ ~

with x , Y , t of order unity. For other notation see Smith &

Bodonyi. The slower spatial and temporal scales x = SS(E—le) =

-4 - - '
= es(e /3X2) and t = eh(s lTl) = eh(e h/3T2) are also present,
so that
5§£+ e (L +e _a?( s M3 __a}a{ ) (3.22)
3x 1 2
) =4, 9 3 k/3 3 )
g7 (Tlagremp-te ) (3.20)
1 2
- for an underlying but varying wavespeed co . Hence the fundamental
disturbance in (3.la-c) has the form
=(0) _ =(0) _ g
u = 2AAOcosG s V = 2uOAAOY51n® .
(3.3)

5(0) = 2P0cose

satisfying the tangential flow condition as the wall is approéched,

with AO R PO dependent on Xl ’ Tl ) X2 ) T2 and, like the effective

wavenumber % and wavespeed CO =8 aal , unknown. It is necessary

for consistency however that %y s Cg and hence the frequency

BO = e remain independent of Xl R Tl , depending 1nstead on

X2 ) T2 principally. In other words, physically, a slow variation

corresponding to a slow movement of the critical

in @y 5 Cq s BO s
layer on the X2 s T2 scales, tends to force a much faster scale
(Xl,Tl) response in the disturbance amplitude A, itself. In

(3.3) the argument O satisfies
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20 _ 0 _ _
ax 3t

to our order of working, and so we have a distorted travelling wave.

For compatibility (3.4a) then requires that a. , 8. must be related

0 0

by

o 3B
it T (3.40)
2 2

In addition the streamwise momentum balance yields the requirement

A8y = agPy , (3.ke)

because of (3.3); while the potential flow holding outside the

boundary layer forces the classical pressure-displacement relation
P, =aA (3.h4d)

to hold. So from (3.4b-d) we have the equations

2 3 - (2 23 e =0 ,
{3T2 ¥ 2"o(Xe’Tz)aXz]"‘o - {aT2 ¥ 2°0§X2’T2)ax2]°o °

with ay = Aco . (3.Le)

o %o in time and space. As

expected, the group velocity cg = aeo/aao = 200 controls the group

governing the slow variation of «

propagation, at twice the local wavespeed.

It is significant also that if disturbances of fixed frequency
B were under consideration this would correspond immediately to a
’ 1

0
= g2)32

fixed wavenumber e, and a fixed wavespeed ¢y > since oy = B

QO NI

22|
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[IE

1 -
and c¢c. = BEA

0 from (3.4e). Our concern here, however, is wita

non-uniform conditions of fregquency, wavespeed and wavenumber.

At the next order, from the Navier-Stokes equations, (3.la-c)

yield the solution for v%) :

2a

-~

;(l) - —}‘—1(35(1)/3};*'35(0)/3}(1) - AE
ax

+ 20 A A (52+2A'lcogzng-x"2cg)sine

02”0
AR s e 2@ (3.52)
3T, ~ "0 3%y
with
35(1)/a§ =0 |, (3.5b)

the function a being independent of Y and as in Smith & Bodonyi,

and £ = Y - A_lco . Here the influences of the profile curvature
A2 and of the first slow scales Xl s Tl first take effect; the
scales are selected for that reason. Also, the logarithm in (3.5a)

is appropriate to Y > A—lco , above the critical layer.  Beneath it

the replacement

(2n £)sine + (&nl|&])sino + ¢cos@(§?A-lc ) (3.5¢)

0

is necessary, in view of the (unknown) phase shift ¢ across the

~ —

critical layer (see below) at Y % A together with a replacement

o
for the function a akin to that in Smith & Bodonyi. So the inviscid
16/3y

displacement effect produced near the wall as Y + O+ 1is o(e s

given by ;(l)(Y=O+) . This matches the classical viscous wall

layer displacement

182
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2aé T

- 3/2.Posin(6 +'E) + 0(¢e) (3.6)
C
0

;(§=O+) = e16/3

provided that, from the cos © components of (3.5a-c) and (3.6),

the phase balance

2 33
P c 2°a
1% 3 3 0 _ 2%
21X ox 37, T %0 3% )Aé] haghy 5 Mg = 375 By (3.7)
1 1 1 A e

holds; the other components play a passive role at this stage.
Equation (3.7) then leads ultimately to the nonlinear amplitude equa-
tion for AO . Note that in a neutral state the left hand side of
(3.7) is zero and the right hand side fixes the steady neutral
amplitude, via the phase shift. Again, for infinitesimal distur-
bances, where ¢ = -1 , (3.7) determines the small growth rate holding
. across the majority of the neutral curve at large Reynolds numbers.
Similar reasoning applies to the first appearance of the still

slower scales X2 s T2 , in the forced solution

A X aT 0 8X -

—=(0)
;<2>=_;{ap s _a__;<o>} B (3.80)
2 2 2 9x

in IZ , with B 1independent of Y . There are two other sources
of forecing invoked at this stage. One is from the pressure-

displacement interaction, which requires that

P_ da
B = —9'——9-sin ]
a3 8 2
0
The other is from a phase shift « ¢2 in B across CL : see below.

There is no corresponding viscous displacement from the wall layer
however, from (3.6), so that the constraint ;(2)(Y=O+) = 0 holds.

Consequently (3.8a) leads to the result



3 3 A da
(aghy) *+ (zo— + e zo—)hy + do, —= =
5 3T2 0 3X2 0 % 8X2

= ( ), ' (3.8b)

in view of the relation (3.k4d).

The slower scales X2 5 T2 seem to play a fairly minor role in

IZ , at first sight, therefore. Their importance is enhanced within

the critical layer CL , by contrast. In CL , where Y = A_lc
2/3

0]

+ Y with Y of order unity, and the flow speed and effective

wavespeed nearly coincide, the flow solution has the form

/3 2.(1) T/3

u=ec,. + es AY + €C + 2¢

0 AAOcosO

+ 88/30(2)Y + 810/3(2n 6)0(3)A0cose + 510/3U

1
¥ ell/3U2 Foeenn (3.9a)
v = 2813/3a0A0cOsinO + EESaOAAOYsinO
+ 516/30(1*) + 817/3C<5) + e6(zn e)c(6)1'sine
+ €6Vl + e19/3V2 e (3.9p)
D= zslo/3pocose + 13/3:(T)  AW/3,(8) s5Pl

€16/3

+ P, + ..... (3.9¢)

L84
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(n)

where C , n>1 , are functions independent of Y and are

determined directly by matching with the solution in IZ . For
example, C(l) = Azcgk_2 ,"0(2) = 2A2cok~l . More significantly,

since the critical layer is not stationary here, the multiple scaling

becomes
-2/3 3¢
3 -5 FS ) L/3, € 0 3 3
3x  © stegxte Ty axosr x| (3.10a)
9x 1 2 2

N oT_ 3Y | 3T

ot | 0z 9Ty 2 2

i -2/3 3¢
E ~h 3 e =0+ eh/3(— £ 08 , 38 )+..£]

(3.10b)

together with 3/dy -~ c723/3

3/3Y . So, as noted before, unsteadiness
is dominated by the induced Y-derivative, in CL .

In CL , the Navier-Stokes equations subject to (3.9a-c),

" (3.10a,b) reduce to the controlling equations for U \ P

1071 1]
ou 3A v
L+ on =2 coso + == =0 (3.11a)
X aY
0xX 1
U ouU 9A
9K K 1 1 0
- (= = Y (—= - + —_— + —_
(aT * ey oy )(aY 2A2Y) AY(— 2X =% cosQ)
2 2 9x 1 .
BUl aPl 82Ul
+ 20 Ajcosind o= + AV, =-—= + — (3.11b)
9x 9Y
P
1
0=-133 . (3.11c)
Here « = k_lco fixes the critical layer position and is an unknown
function of X, , T, . Hence the vorticity equation (2.8 °) is

obtained, from the Y-derivative of (3.11b) with (3.1la), with

x*, ¢*, Y in (2. 8 ) defined by

€5
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* % _ —% -1 aUl * _ "'%
X'20 , o o= (akag) H2A,) T . Y= (2¢A)) %Y, (3.12a)
and
+
L (aco/aT2 coaco/aX2) i A%(Qc ) 3/2 -1 (3.100)
= 2Aa c A > Yo T 00 %o '
000
in the present case. We need also the next order terms within CL ,
however, to complete the determination of the disturbance. These
are governed by the equation
9L 3z )4 82¢:
K 3K 2 2 . 2 2
- (—+c, =)=+ A\Y —=+ 20 A c.sin(0)e0e - —=
3T2 0 3X2 Y 9% 000 aY 3Y2
U BZU
= - a—;' + CO 8—)3(—)—3Y—l + C(l) Tl (3.12C)
1 1 9x9Y

for the vorticity contribution t, = 8U2/8Y . In normalized form

this becomes

ack ack ag¥ 3% %
2 * 2 . * 2 2
Wt Y z +sin(X")— - Yo o
3y 3X oY oY
- _ L 3 9y, 3 *
= - |vaE oo )+§i*:](“2c ) (3.124)
2 1 1
2. 2,-3 % _ 2,71 -2 -1 _ 3
where Z, = QAZCOA Ty s Yo = A A2 5 % and My = 2X2(2KAO) .

The matching condition here is

* g * .

v 0(F) » ¥ >z (3.12¢)
and the solution of (3.12d,e) is required to fix the secondary phase
shift ¢2 , where ¢2 is the jump in the velocity, i.e. in the
integral of g; with respect to Y* , as far as the sin(0) com-

ponent only is concerned.
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The phase shift ¢ 1is determined by the solution of (2. % )
with the asymptotic constants involving an unknown vorticity jump

2(H-H ) ,

o# 4 y* + 26”4+ (YY) , (3.132)
followed by integration to give

U* v 37" 4 2K Y% + cos © n|Y#| + U] (3.13b)

where ¥ = 3U¥/3Y* . Here ¢ is the sin © component of the

velocity Jjump,

_ -1 am * ¥y ~
¢ =n [ (U-U_)sin @ dx . (3.14)
0

" Thus ¢ (and hence 95 ) depends on the values of u , Y, o which act
as quasi-~steady parameters in the governing equation (2.;8.) itself
(and in (3.124)). With ¢(u,y,) and ¢,(u,y,) determined, the
spatial and temporal growth or decay of the amplitude A, follows

0
from (3.7) with (3.k4c,d), i.e.

3 3 3
e.— (A) + (= + c. —=—)A
03X, 0 8T, ~ 0 38X, 0
‘o3
= -2 Tf'cvo[¢(”’Yc)_¢s] (3.15a)

= - A5/373/2(Ly L3

> < is a negative constant, corresponding

where ¢s
to the phase shift in a neutral steady state with quasi-wavespeed

Cy > Cg s whether such a state is achieved or not. The nonlinearity
in (3.15a) is due in particular to the dependence of Y, on AO .
Unsteadiness appears explicitly in the LHS of (3.15a) and implicitly

through u 1in the RHS. In addition to (3.15a), the slower scale
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behaviour of AO(X T, ,X,,T is governed by

1’r1re? 2)

3 ) 3 _
2 (egh) * R vy A = ( N, L (3a5m)
2 2 2 '
from (3.8b), and by the slow scale response of cO (X2,T2) , given
by
3 3 _
AT, * 2¢ 3X2) cy =0 (3.15¢)

from (3.4e). In (3.15a), a steady neutral state, Zf it is attainable,
is achieved when the spatial and temporal dependence decay to zero

(a/axl,a/aTl,a/axe,a/aT2 - 0) : then p >0 and ¢y * Cg

(b) Channel flow.

The structure of a flow disturbance with a nonlinear critical
layer here involves primarily the long length scale x = O(Rel/ll)
along the channel and four zones (Z1 to ZL4) 1laterally, the channel
being given by -d <y < d for all x and the basic channel flow
by a general symmetric profile u = uB(y) with v =0
D + constant « Re_lx in effect. Here uB(y) v A (y+d) + )\e(y+d)2
near the lower wall y = -d , with A positive but Kg negative.
An example is plane Poiseuille flow.

Zone Z1 occupies the majority of the channel, -d <y <4,

and the flow solution there has the form

T = “B(Y) . E1&/3u0 + E16/3 + E20/3ul + 522/3u2 + ... (3.16a)

v = 517/3v + 623/3V v 23y 4 (3.16b)
0 1 2

7= e20/3PO + €26/3pl + 628/3P2 r L f (3.16¢)

AEE
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In addition the multiple scales

3 2, 3.0, 11/3 3
ax  %03x T % ax, T¢f  ax. e (3.17a)
1 2 .
8 .3 3 ., 5.3 . 17/3_3
3t~ € % x T ¢ BT, ¢ T, Tt (3.170)
1 2
11 _ -1 .. -
apply, and now € = Re ~ << 1 . In (3.16a), W 1is independent

of X . The Navier-Stokes equations then yield the successive

solutions

Uy = Agup(y)C vy = apAnup(y)s

(3.18a-c)
p0=pOO-CaAf uB(y)dy
and
Yy 9p -
_ dy
Vi = agip [ 3x 75 T 3CoAgS *+ ey ah
Up
Yy 5 ypo
P; = Py I B {I }y+2aooocj' updy  (3.184,e)
B
5 325 24, f
- Jlat B+ o =0 S dy
{Oaxg 03X, "B
and
= —q 38 4
Vo T 7% %X U >
(3.18f,g)
p2=p20+{ac2)a2g—a(zx )s}f
X 2 a

where S = sin(X) , C = cos(X) . Here, as in (a), the fundamental

wave, in (3.18a-c), is non-simple since ay 5 ¢y vary with both
X2 , T2 . The other unknown functions arising, AO > Pgp > 8 »
Pig > G , Pog > depend on the faster scales Xl R Tl as well as

287
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X2 s T2 and all but AO also vary with X . In the solution

(3.18a-c) A, is the inviscid displacement effect, while (3.18c)
reflects the importance of the cross-channel pressure grgdient
produced by the curvature of that displacement. The time and space
scales X2 . T2 above, which govern the critical layer movement, are
inferred from the general argument of §2, since in the present case
(2. 3 ) is 0(82) . The faster scales X, , T, , on vhich the

typical disturbance amplitude A_. then reacts, are induced in

0
response to the traditional logarithmic singularity below due to the
curvature Xl of the basic flow.

Next, zone Z2 near the lower wall y = -d 1is a continuation

of Z1 but details the position of the critical layer (Z3) . In

72 ,y = -d + €Y with Y of 0(1) and the expansions

- _ 2. h~2 14/3— 16/3—
u =€ AY + Azs Y + ¢ uO + € uMF
+ e2°/3ﬁi + 522/35 + ... (3.192)
2
v = 2335 4 293 L 33, (3.19)
0 1 2
D= 620/356 + 826/35i + 828/35é + ... (3.19¢)

hold, with EﬁF independent of x . Coupled with (3.17a,b) still,

(3.19a-c) yield the solutions

uy = ANC , vy = AYA oS apo/ax = —c AAS (3.20a)
at leading order. These match with the forms in 21 , and give
tangential flow at the wall (Y » O+) , as required. Next we obtain
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. ap2 apo Buo . auo .oz auo
0 3X ~ 9X, & oT 03X, = “0"0 3X

o8B

- &a, X (3.20c)

~

again from the Navier-Stokes equations. Here & = AY - ¢y o
56 , Ei s Eé are independent of § and a > B are further unkzown
- displacement functions of X , Xl . Tl . X2 . T2 s eee Beneath
the critical layer, for & < O , the replacement (3.5c) deals with
the logarithmic contributions in (3.20b), with ¢ again unknown and
S, C replacing sin © , cos © now. There are also, as in (a),
non-monochromatic jumps in the functions a , B, due to 23 , but
not involving any C contributions in a .

Before addressing the nonlinear critical layer Z3 , we note

that the O(ah) thick viscous wall layer, Z4 , remains of classical

linear form and so produces the viscous displacement condition
- 29/3 %003 . (T 2
v(Y»0+) = ¢ [—AAO(E—-) sin(X+7)+0(e™)] . (3.21a)

0]

Therefore the join between Z2 , Z4 requires the two relations

29/
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"'% (agpy; + :ioo) - 220 * ¢ ;;g) +ageqla) - 24, 0020 ¢l
1 1 1 A
= - My (;ga :
- %'(“0521 + zizo) - (ziz *+ ¢ ;;3) + aoco[él—¢2] =0 (3.21b,c)
to be satisfied, as regards the all-important C contributions. In

the above 500 R ill , are the C components of 56 s Ei , respec-—

-~

B are the S components of the functions

tively and Ppy > 8 » By

-~

Eé . a , B above Z3 ; in fact 56 = POOC and the x-momentum

balance in Z2 gives the relation

_l _ ~ _
(c Pog =) Poo = ACofy . (3.214)

~

is unchanged but Bl suffers a

jump, given by ¢2 , to be determined from the critical layer prop-

Below the critical layer 73 , él

erties.

Along with (3.21b-d), the relations

- 2

= .22
Poo aOAOIl (3.22a)

3A

- o~ 0

= 9 .22b
pyy = (aga) + oy axl) 5 (3.22p)

3(a A )

~ ~ 0“0

- 0707 .22
Py = (agBy + X, ) I, (3.22¢)

also apply, from the merging between Z2 and Z1 , where

0 5
I, =] uB(y)dy (3.224)
-d
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is a given positive constant. The required condition of anti-
symmetry about the channel centre-line y = 0 has been used in
Z1 , for the disturbance pressure. Again, compatability

(32/axat = ae/atax) requires that aao/aT2 + a(aoco)/axé =0 .

So, combining this with (3.21d), (3.22a), we obtain the results

2
ao aao Bao
o = —x and YN + 3co o 0 (3.22¢e)

\V]
N

affecting the critical layer movement. The group velocity

cg = 3c0 is thrice the local quasi-wavespeed.
Addressing finally the nonlinear unsteady viscous critical
layer 23 , wherein y = -4 + EZA—lcO + elo/3Y with Y of order

unity, we have there the multiple scalings (3.1Ta,b) but supplemented

by
R Ve R R N W (3.23)
X, 3X, Y  3X,
2, W31 339.JL.+._EL_ (3.23b)
’ .
T, 3T, 3Y 3T,

where once again the dependence on critical layer movement is dominant.

The flow solution in Z3 has the form

-_ 2 10/3 224 14/3~
u =€ CO + € AY + AEA coa + € uO
6/3,~ -1 20/3,~ 2
+ el /3(u%+2lgk cOY) + e /3(ul+x2y )
+ 822/3i + ... (3.2La)

2

213
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7 = E23/3;;_ L+ €27/3; + 529/3;/1 + 831/3‘7
-2 0 3 31
v 333 4 35/3 o (3.2Lb)
1 2 \
D= &:20/3p + 626/3p + 828/3p + ... (3.2ke)
0 1 2
where v , = -a A-lai /3X .
-3 0 0
Substitution into the Navier-Stokes equations provides the
successive governing equations, of continuity and x-momentum,
. 3uo . 3VO - Bul . Suo . avl
0 3X oY 0 93X BXl Y
au, du; du. v
= 2 2 0 2 _ -
=% 3x *ax fex, taw ~°© (3.258-c)
1 2
and
I(fh ‘;1) . (auo ‘. Buo) _ aogco Buo v_% cO
]
1 3T, 03X, 2 X \
- apl apo .
= - v av >
0 9X BXl
R 3u 22 aw
VACK: 1)+ (3;0 * ¢ a;O) aOgEO a;%
3 2 2
B O N .
%00 3X 0 3y 03X ~ 38X, »
U, a&% du 3c a&%
. - 3 _
i(ul’vl) * (8T2 * axz) MR T Y
ge ¥ 3u au, e . ou
~ . O O -2 =~ __é- _ _O O
toglyy = 57) 5x - By + o5y X Vi9Y
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212 X 8X2 ‘ axl
~ .
_ a,8C, aul _: 8¢, e aph apl (3.250-n)
—— 1 —_— . _— ; . -
2A2 aX 2 A 0 X BXl
where the operator 7& is defined by
ac ac
1 0 0 du u
Llaw) = -5 Gg-+ g 5z 057 + Mo 53
2 2
2
+ v, g—‘;-+ W - -3——121 . (3.26)
2 3Y
and é = —2%2 . The y-momentum balances simply give ain/BY =0

~for O0<n< k4. Hence we obtain

t

v;% = aocoAOS s Uy = AOAC ) o~ AYAOaOS s
4y = o T T o
2 1 1 1
1 1gel (3.2
+ 3A chAOaOS s (3.27)
O :iz * :io * 21;0 * % :;O
2 2 2
can Do
070 3X ?
and u, is independent of X , Y . The first non~simple problen
2

~

in (3.25) is that for u therefore, and takes exactly the form in

l b

(2. % ), after the transformations
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- ge A Ac
070 00,1 _*
ul = - X U#* s Y = ( X )2 Y )
Ju AcC. - :
1~ ~,70%0,3
3y ef = 'g(“77_)2 g¥* , (3.28a-c)
X = X*

are introduced in the Y-derivative of (3.25g). Here

aco Sco
p = (B_T; + ¢y a—x-e-)/(AAanco) , (3.284)

and the farfield conditions (3.13a,b) are retrieved. The second non-
simple problem is for ﬁe . In turn, it acquires the form (3.12d),

where now /A

2= -3 [2.coAa

P
n-2 -2 \3 ~ 2.1 -2 _
C; = _9,.. Co A (g_a_u_l) 3 o = - X‘E Co c{«-;', /( (3.28e)
2 Y z

and the conditions (3.12e) again apply here. So t¢¥* , C; are
responsible for the phase shifts ¢ , ¢2 , respectively, across 23 ,
which appear in (3.21b,c).

In summary, the unsteady nonlinear disturbance amplitude AO

and the moving critical layer position (A_lc ) are controlled by

0
the equations
BAO BAO
37+ 3¢ 3% = 9A5(9-9.) (3.292)
1 1
JA 3A ac
0 0,3 0 _ _
ar,. t %0 3%, Y5 R %o (3.29b)
2 2 2
ac ac
0 0
—_— 4 30 — =0 (3-290)
8T2 0] 8X2
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where now

02a ' -Aa
- 00 . - 0
o = -2\ >0+, ¢ EF— <0 , (3.30)
2,2 5 (2a.c.)%0 :
070
with e, given by (3.22e). Further comments are covered by those

at the end of (a).

(¢) Liquid Tayer flow

We consider liquid layer flow over an inclined plane
and take the plane to be inclined at an angle w* to the horizontal,

/11 X/ TE .
Jyand s = 1/R Tanw* is 0(1). The disturbance

with w¥ = O(R
structure then takes exactly the same form as in (b) above, the only

difference being that the free surface conditions lead to the

- eigenrelation

-

= 2 - '
Aco (ao I, S) (3.22e")
instead of (3.22e). (See Gajjar (1983) for further details on

the neutral case, i.e. without a moving critical layer). The
fundamental problem (2.8) and the amplitude equations (3.29) remain
unaltered.

For steeper planes (w* >> R

-9/11
)9

s =0, effectively,in

(3.22e").
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§4. THE AMPLITUDE EQUATION FOR THE SPECIAL CASE u =0

If we consider fixed frequency disturbances, with BO = const ,
then as mentioned previously, the eigerelations (3.4e¢) (3.229

imply that both are constant and hence u =0 . The

> %
phase shift ¢ occurring in the amplitude equations is then
determined by solving the steady Haberman problem, the properties of

which are well known: ¢(A) is monotonic, with ¢ - -1 as A > O

and ¢ « —A_3/2 for A >> 1 (see e.g. Haberman (1972), Smith &
Bodonyi (1982)). These properties come mainly from a numerical
treatment. Qualitatively, however, they may be represented by a

model with ¢(A) given by

o(a) = —"—— , (4.1)

3/2
1+ kOA

where kO is a positive constant. If we consider A as a function

of Tl ,and 2 =X -Tf@, where cg is the group velocity, then

1
(3.152), (3.27a) with (4.1) take the form,
DA -7
= gA| == - ¢ . (4.2)
2Ty [1 + kOA3/2 S}

This integrates to give the implicit solution

|A]

5 - = exp{—ch(¢S+ﬁ)}M(Z) ()4-.3)

3/23 "o,
o +m+s kA~ s

where M(z) (> 0) is an arbitrary function of integration and

¢S = -1 corresponds to the linear neutral modes, ¢y s Cq
n n
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If ¢s < -1 ,i.e. a. <o , then c¢c. < ¢ , and the initially

0 0n 0 On
small disturbance lies inside the linear neutral curve. The non-
linear solution is sketched 'in fig. (1a). It has the behaviours
as Tl > i o
_2m
- 3¢S -

A~ exp( 0T1(¢s+n))|¢s+w| as T, > (k.ka)
governing its initial response, and

A n exp(—ch¢s) as T, > 4 s (4.4p)

which describes its ultimate form. Here (L4.L4a,b) imply that a mode
which initially is small and linearly unstable will amplify, become
nonlinear and then become unbounded at larger times (as Tl > o ),

On the other hand if ¢s > -m , corresponding to the linearly
stable modes, there is an unstable equilibrium amplitude AS s
given by ¢, = ¢(AS) as T, > -= : see fig. (45). If the amplitude
A 1is below AS then the disturbance amplitude decays to zero as
time Tl increases, whereas if A 1is above AS , then A Dbecomes
unbounded, attaining the behaviour (4.U4b).

The above conclusions happen to agree (qualitatively only) with
those from the weakly nonlinear stability theory of Stuart-Watson
(1960), for smaller disturbances.

Finally it is noted again that the above results are for the
special case u = O only. For a moving critical layer wu # o,
and the phase shift ¢ 1is related in a much more complicated manner

to A , and not necessarily monotonically as in the model problem

above. Even a heuristic discussion of the amplitude equations and
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the implications for the neutral stability curve would first require
an explicit determination of the functional relation of ¢ on
A , and this needs a full numerical solution of the problem (2.8).

We turn next to some limiting cases of (2.8) , therefore.
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§5. PRELIMINARY PROPERTIES OF THE UNSTEADY NONLINEAR CRITICAL
LAYER EQUATION

The properties of the nonlinear critical layer equation when
dominated by viscosity, nonlinearity, or unsteadiness are dictated
by the various limits of u , Yo o large or small, and we devote
this section mostly to some preliminaries on these limiting solutions.
First however an interesting general property concerning the
mean vorticity jump and the phase shift ¢ is noted. Integrating

(2.9 ) with respect to Y'© we obtain

u(Y*-g*) + Y*U%, - X, + sinX*U¥

Y*
= - P;E* + YCU§*Y* (5.1)
with the boundary conditions, for Y¥ > t o |

1 +

V¢ v Z YRS+ BT Y*2 4+ cosX*(Y*an|Y*|-1¥)
*
+ B35, (01 + 6 (X) + oz
+ *
U* ~ % Y¥2 + 2H'Y + cosX*n|Y¥*| + BH(X) + o(%,;
+ *

g x* o+ 2B+ SRS 4 o(3) : (5.22,b,c)

Y

Integration of (5.1) with respect to X*¥ , from X¥ =0 to X¥ =27 ,

and application of the boundary conditions therefore gives

— hum(E-H ) =0 ) (5.3)
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A further integration of (5.1) with respect to Y¥* and then with
respect to X¥*¥ over a period yields

2n + - 2m + -
-u [ (87-B)ax + [ (B"-B )sinXax
0 0

= hnYc(H+-H') (5.ka)

after use again of (5.2a,b,c). Here (5.3) is a remarkable result,
showing that, for any non-zero u , there is no vorticity jump across
the critical layer. This is in contrast with the steady equation
where the mean vorticity jump is nonzero and is directly related to
the phase shift ¢ , as can be seen from (5.4) if u = 0. 1Instead,
however, (5.4) determines the mean velocity jump in terms of the
phase shift ¢ . The above result also demonstrates that, concerning
the mean vorticity jump, a direct match with the steady solution is
not possible. Nevertheless a connection with the steady solutions
may be effected in all other respects. For u small, with Y*

of 0(1) , to leading order the steady Haberman equation holds.

For large Y¥* , this gives «¢* v Y¥* + SH + O(%;) , therefore, with

+ - oL .
H #H . Hence writing

g = v* + T_(Y%) + 035 (5.5)

we have that Em satisfies

~ ~

C0E e = By (5.6)

after substitution into (2. % ) and integrating with respect to X¥*

from X¥ = 0 to X¥ =2m . Here (5.6) yields

f =h_ +hcée" i (5.7)
m
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If u > 0 , the boundary conditions give hO = 2H N oH = h_ +n
. + - .
and 1f u <O ho =2H , 2H = hO + hl . Hence an outer region

wherein Y¥ ~ 0(%0 is necessary, for u small, to adjust the
vorticity jump back to zero. This shows that the critical layer
unsteadiness spreads out like Y¥ u_l above the critical layer if
p >0 , but below it if u < 0 . Formally for boundary layer flow,

if p becomes as small as 0(62/3) then the critical layer width

623/3Y* > 0(67) and the unsteadiness then enters the outer inviscid

zone 1IZ . Also (3.12b), (3.10a,b) show that the slow variations

-k

now become 0(5—5(52X2)) , O(e (€2T2)) in space and time respec-—

tively. Similar comments apply to channel flow and liquid layer
flow, where if yu - O(sh/3) the X2 s T2 variations increase by a
factor eh/3 , and the unsteadiness again spreads out into the outer
zone.

We turn next to the limiting cases of (2.8). A balance of the
inertial and viscous terms suggests that viscous or unsteady effects

1/3
o )

are significant when either Yo > 1 and Y'n o(y

1/2)

, or u >>1

* . .
and Y ~ O(u respectively. By contrast, 1f u and Y, are
both small then nonlinearity is important. We consider the different
limiting regimes in turn below, but only briefly for now since it is
felt that subsequent numerical solutions of (2.8) would probably

provide firmer evidence of the solution characteristics emerging in

such limits.

i) The linear viscous unsteady critical layer, when Y. > 1,

/3y

u > 1 with p = 0( o

Let Y¥* = Yi/3n and u = 75/3; where n , E are 0(1)

The boundary conditions (5.2a,b,c) and (2.% ) suggest an expansion of

the form
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2
2/3 n 1/3,.t cosX
* = n_ cosa
U Yo 5 + 2yc H® n + 3 Znyc + u,
-2/3 -5/3
+ Yc U2 + Yc U3 + ...
(5.8)
1/3 1/3,.+, -1/3 -1
* =
z Yo MY, TH Y UL, Ry T, . .
Substitution in (2.8) gives the sequence of equations:
- 1 = - 3 *

- Ui - = —ainY¥ =
Mo n T %k,mn + T x* sinX Ceel,n (k=2,3...)

Here if u is zero the equations are identical with those discussed
by Haberman and can be solved similarly. For nonzero ﬂ' analogous
results for integral representations of the solutions of (5.9) are
stated in the appendix.

Making use of the results in the appendix, we find
2~

3 .t
e L -(t /3 *1 )
g, = ~mm(e*® [ T ¢ 2 7 at)
0
and (5.10)
. ., 2=
X0 eTint -(t3la + 1t u/2)
U, = -In(e jo (=) e dat)
+ £ (X)
where lAl = Fl at n=0. The asymptotic expansion of Ul for

large n now gives

*

U, = —Im(elx{-iloglnl +

Ul

5 sgn(n)

- (3 ., 2
. cost-e (£7/3+it7u/2)
+1f
0 t

dt + o(%)] + fl(X))

as n >t (5.11)
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>
where sgn(n) = #1 for n In particular (5.11), determines

0
<0 °
the leading order velocity jump across the critical layer:

+ iX

U - U, = -Im(e

N N ) . | (5.12)

The solution for Zs is given by

T P
m ( s it (t~/3+ipt</2)

Ch = —
2 2 0o (F-it)

at) (5.13)

% o —_
%? {geix f e-inte-(t3/6+iut2/h)
0

jt e (ORI M) } :
0

For p %+ 0 (5.13) shows that there is no vorticity jump, as required
_by (5.3), but there is a jump in the mean velocity.
Similarly C3 can be determined, and after some tedious but

straightforward algebra we find that

N 302
= m(ei¥(} [ e—lnte—(t /3+1ut"/2), o

z
3 0

: © . 3=
+ %%—log(iﬂ) f e lnte (£7/3+iut /2)dt

0
© . . - 2
+.% f e—lnte—(t3/3+1ut2/2) ft Te+13/6+1u1: an
0 0]

T 3 =2 ,“(oo s
o ze” T/ OHUT M gngat ) - = (31X [ TAMt

0 0]

X

) e—(t3/9+i§%2/6) ft Te—(r3/18+iﬁ}2/12)
0

g7 pen(T/643i% )

0]

dTdtdt )
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Im , X, O —int t3/6+imt2/2
T (e e e THE 7254 x

® T P
_t 2(67/3Ht"/2)
0 (t+iu)

® . 3,..=2, t
_ f . 1ntet /3+iut /2 f T

0 o T+ip

3 — 2
- +
e 2(T/34HNTT/2) a0y : (5.1%)
Then U3 can be obtained by integration and an asymptotic expansion
for large n yields a correction for the phase shift ¢ .  Hence

collecting the above results together we find that

© 2 -2y = . =2 3 -
- -4/3 @ t“cos(ut”)-utsin(ut") -2t7/3 Ty
¢ = -m +y, 5 [fo 2,2 e at —'ﬂ—]
H
+ oo . (5.15)

As u >0 , with n fixed, the above expressions reduce to those
given by Haberman (1976), although as discussed above for any non-
zero u , (2.8), gives no vorticity jump, whereas the Haberman
equation entails a discontinuity in the vorticity across the critical
layer. This apparent inconsistency however, can be identified with
a closer examination of the mean flow term in (5.13) which when

rewritten 1is

@ [ﬁEos(tn+§%2/2)+tsin(tn+5%2/2)] -t3/3 (5.16)
—2_2 © ' '
0 u +t

m_ 1
t2 =%/

= |

For small
1, cos(utn) 13 ¢ cos(utn)
gy v-p ] B ar -2 S a] 4L
0 1+t u® 0 1+t
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Now
“ cosot [o]
f cosot .+ - E—e% a
0 1+t2 2 N ’
hence
cg N - E—[e—lun'-sgn(n)e-lunl] (5.17)

For n >> %: we recover the zero vorticity jump and for n large,

o H m m . . . T -1 .
but un << 1, g, " - y[l-sgn(n)]l , giving a jump of vy, in

the vorticity, as in the steady case. Thus for u small an outer

region where n v O(;O is necessary to adjust the vorticity jump to
In

zero, and this agrees with the earlier comments concerning the

emergence of the steady solution as u + O .

ii) The linear inviscid unsteady critical layer, i.e. u >> 1 ,

/3

2
Mo>> oy

ul/zﬂ/ 3/2

Let Y¥* = ,and y, = ?;u but ?; << 1. Again (2.8)

(5.2a,b,c) indicates expansions of the form

1a 1A 1
5 -5 -3 %
+ uaU + u 2U2 + u 2 &EE-COSX + ...

* ~
U* ~oug 1 2

0

-1~

lA ~
A N T T P e . (5.18)
Substitution into (2.8 ) yields the equations

1=, +N%y -~ Y5y =0
On OX* c’0

nn
_ g . +’]7'12 - 72 . =0 (5-19)
= Txx Mt
L A R -
-z n -y = -si .
-~ ~~ O..
2n Zxx ¢ 2nn n
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If we write CO =n + COO , then COO satisfies - COOB + ngOOX*

- ?;;oonn = 0 and EOO ~ const. as n > % @ , For any non-zero

?; all non-trivial periodic solutions for EOO become unbounded
~nS. - .

as |n| -+ @ and thus COO = hOO where hOO 1s some constant.

~

Similarly, since g, > hlO (hlO constant) as n > i gy = hyg -

Then the solution for 82 can be obtained as in (i) and is given by

~ 2% @ _~~ - - 3 . 2
C2 = - Im(elX f e int e (th /3+it /2)dt)
0
- (5.20)
6 = - m(ei¥* [ (e71Mt) e—(?ct3/3+it2/2)dt)
2 0 -it

+ ge(X*)

where é2 is some function of X* which can be determined from the
boundary conditions. For ;; % O , then, we obtain the same velocity

Jump as before:
U, - U, = - nsinX¥ (5.21)

together with a zero vorticity jump. The limit ;; + 0, %’+ to
is interesting and shows the existence of an outer region below the
eritical layer necessary to reduce the vorticity jump to zero.

For, if we change variables in (5.20) we have

. _1/3 ix# O 372 —i[meo1/34 72/3.2
1/34x* (/3 ilnby Ty T /2

z, =~ Im(y at)
0

2 c
(5.22)

As W > +w , there are no stationary points in the integrand of
(5.22), and the major contribution occurs at the end point t =0 ,

giving 22 = O(%) . In contrast, as n > - ,‘the dominant
n
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contribution to ¢, comes from the stationary point at t = - ﬁyi/3
and this gives
. ~2 - ‘3— .
R i(X#*+m-/2) n3Yc/3 ~-im/bL 1
g, = - Im(e e v2r e ) +0(2) . (5.23)
n
7 ~ o . =1/3

If n* =X¥* + > is fixed, |n| >> 1 , and 7] << Yo , then

(5.23) shows that there is a jump in the vorticity with

~

o = Im(ein*Vén e_i"/h)

t2 7 %
~ —-1/3 . . .
If, however, [n| >> Yo , then there 1is no difference in the mean
vorticity above and below the critical layer. Hence for n¥* fixed,

there is an outer region below the critical layer, with

—1/3)

X . . . . . . . .
Y~ O(uyc in terms of the original variables, in which vorticity

diffusion is important.

iii) The unsteady nonlinear critical layer, i.e. u ~ 0(1) ,

Yc << 1 .

To leading order from (2.8) ¢¥* then satisfies

u(1-c¥,) + Y*2¥, + sinX*c¥, =0 . (5.2k)

Hence
X*
- dXY
g% = . T + K(x) , (5.25)
x fixed J2[X-uX'-cosXx']®
*Z

where X = %; + uX* + cosX® 1is the basic streamfunction, and K(x)
is an unknown function of ¥ . The basic streamlines given by

X = constant are sketched in fig.CZah>. For u->1 all the

streamlines are open, whereas for u < 1 there exist at most, a
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finite number of closed eddies, and the streamlines become open

again for large enough X¥ . With yx fixed, the integral in (5.25)
is assumed to be periodic for all u . Certainly for H large the
results of (ii) above in the limit ;; + 0 are recovered; and for

U small the integral is again periodic. It is suggested tentatively
that a viscous correction to (5.25) with a periodicity requirement

then determines the unknown vorticity function K(x) , and this gives

27 3 1
{ 7 | (X-px-cosx)?z*(x,x)]dx = 0O (5.26)
0

where «r*(x,X) is defined by (5.25). An explicit determination

of the function K(x) , and more significantly of the velocity jump
resulting from (5.25), is left unresolved here, however; it is
expected that future numerical results for the full problem (2.8 )

will indicate more clearly what the trends are in this important
regime. This regime is particularly interesting because it
corresponds to increased disturbance sizes. Likewise, the regime

(ii) above is of physical importance since it is associated with

faster time scales. Both regimes therefore merit further

analytical and numerical study, to gain more insight into the evolution

and movement of unsteady nonlinear critical layers.
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§6. A BRIEF SUMMARY

We would emphasize the following points concerning fhe present
study.

(a) In general the space-time evolution of the disturbances
considered is controlled by the nonlinear equations presented at the
ends of §3(a),(b). These form a set coupling the slower scale
dependence X, , T

2

linearly with the faster scale dependence Xl s Tl (of the amplitude)

5 (of the amplitude A and wavespeed c, ) non-
and with the critical layer movement (via the unknown nonlinear
function wu(4a) ). It is necessary therefore that in general solutions
of the unsteady nonlinear critical layer problem (2.8 ) be available,
a task requiring numerical work. The limiting solutions in §5 then
provide some preliminary comparisons for the numerical work, which
should be of interest.

(b) The special case of fixed frequency disturbances discussed
in §4 is encouraging for further research. It shows that the
previous quasi-neutral estimates produce in effect threshold
amplitudes for given frequencies. An amplitude initially below
the threshold value subsequently decays, whereas nonlinear growth
occurs for initial amplitudes above the threshold value. Moreover,
the growth is unbounded, in the present terms, and can be analyzed.
Whether similar fast growth can occur more generally, for varying
frequency, wavespeed and wavenumber, or not, remains to be seen from
the general equations referred to in (a) above and this in turn
supports the value of a numerical study of (2. ¢ ). If fast growth

is induced then the limits studied in §5 come back into play, and
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these should point ultimately to the next stage in the evolution
of the growing disturbance.

(c) The equation governing the effective local wavespeed of
the wave packet is the inviscid Burger equation. Hence shock-like
behaviour can take place.

(d) We notice that the governing equations, derived here from
formal substitution into the Navier-Stokes equations, are contained
also within the interacting boundary layer framework of Smith,
Papageorgioy & Elliott (1983), for finite Re . Thus the nonlinear
instability features indicated analytically in this paper should be
representable at finite Re within that framework.

(e) Three-dimensional disturbances seem especially worthy of
investigation along similar lines, to increase the possible relevance
to observed instability processes in boundary layers and channel
flows for instance. Larger disturbances are also a major concern.
Agein, the structures and properties discussed here may be adapted
to the study of non parallel basic flows, which force added movement
of the critical layer across the flow, and to stratified fluid flows.

Thanks are due to the S.E.R.C. for postgraduate support for

J.G'
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APPENDIX A

Consider the equation

@

- - = iwx ® -itn
LIS S 1 cgz-we f_mf(m,t)e at (A1)

where the right hand side is some known periodic function of x .

For periodic solutions the related homogenous equation

3 - - =0 A2
iwng - Lo - ML (A2)

has only solutions which become unbounded as n - *= . Hence the

bounded solution to the forced equation (Al) is given uniquely by

c= 1 %[ £(w,t)S(n,t,w)dt
(Y)=—o0 —0
where
N t3/3w+iut2/2w ®  _int
S(n,t,w) ==e e TN x
W
t
VY-
x e (t°/3w+it“u/2w) 3t (0 > 0)
t3/3w+iut2/2w t ;
1 -int
= - — ¢ e X
w —
(3 .2
x o (87/3utit n/20) 4 (w < 0) . (&3)

The latter results are derived as in Haberman (1976).
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Captions

Fig. lab.

Sketch of the nonlinear solutions of the zmplitude equations
for the special case p =0 ,¢(A) = -n/(l + KA%) see§4l. (a) ¢;<-n,
4>, >-n .

Fig. 2ab

¥2 [% X
Sketch of basic streamlines of 1 = £Y + pX + cosX = const., see
§5Gi1). (a)py 1, ()u<l.
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SUMMARY

The three-dimensional laminar flow past the junction
formed by a thin wing protruding normally from a locally flat
body surface is considered, for wings of finite span but short
or long chord. The Reynolds number is taken to be large. The
leading-edge interaction for a long wing has the triple-deck
form, with the pressure due to the wing thickness forcing a
three-dimensional flow response on the body surface. The same
interaction describes the flow past an entire short wing.
Linearized solutions are presented and discussed for long and
short two-dimensional wings and for certain three-dimensional wings.
The trailing-edge interaction for a long wing is different, however,
in that the three-dimensional motions on the wing and on the body
are coupled together and in general the coupling is nonlinear.
Linearized properties are retrieved only for reduced chord lengths.
The overall flow structure for a long wing is also discussed,
including the traditional three-dimensional corner layer which is
shown to have an unusual singular starting form near the 1eading

edge. Qualitative comparisons with experiments are made also.
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§1 INTRODUCTION

The three~dimensional motion of fluid past a wing-body
junction is of much concern in aerodynamics, with regard to both
the local and the global scale of the viscous effects produced and
in particular to any pronounced secondary flows set up. As has
proved to be the case in planar wing calculations, understanding
of these effects and their scales may form a significant element in
numerical schemes, addressing the Navier-Stokes equations or
approximations for flow past an entire aircraft, and the question
arises of whether there can be an important influence on the
aircraft performance overall or not. A number of interesting
experimental studies of basically symmetric flow near wing-body junction
models have been made (1-3), usually for a very blunt, e.g.
circular, wing protruding normally from a flat body surface. A
common feature observed is the occurrence of three-dimensional
separation upstream, with a curved separation line present on the
body surface ahead of the wing.

Such truly nonlinear and complicated flowfields,involving
three-dimensional boundary layer collisions for example,would seem
to be well beyond the realms of much analysis, of course. Indeed
they appear rather remote from the basic, perhaps most obvious,
model problem we consider below, namely the junction formed by
a flat body surface and a thin symmetric two- or three-dimensional
wing of finite chord. Nevertheless, it is found that certain of
the theoretical properties which emerge are not far removed from
the experimental observations for blunt wings, in qualitative terms
at least, including the nature of the motion upstream and the
suggested separation line there. Furthermore, the model geometry

discussed would seem to be more closely linked with the junctions

[¥8)
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of real life than is that associated with the similarity flow along
a streamwise corner, which has received much attention (e.g.
éliZZ)' Lastly, we believe that an understanding of the flow past
the model geometry here may be of benefit to the understanding and
control of the complex flows that occur in practice. The theory
below is concerned initially with the flow features arising near

the start of the junction, that is, near the leading edge of a

long wing or for an entire short wing. The incident boundary layer
on the body surface is driven by the locally uniform external stream,
is well-formed, attached and planar, and so in a sense its

influence dominates the inviscid-viscous interaction between the flow
on the wing and the flow on the body surface. For the attached
Blasius boundary layer just forming on the wing is much thinner.

The interaction provoked then has the triple-deck form, with the
motion past the thin wing provoking,on the body surface,an unknown
pressure force which interacts with the unknown displacement

there. This causes the boundary layer on the body surface to become
three-dimensional and to exhibit upstream influence. Nonlinearity
results if the typical slope of the wing in the interaction stage

is of the order Re-]/4

, where Re is the large Reynolds number: see

§2 below. For thinner wings, including the fundamental case of the flat
plate where the Blasius displacement on the wing is responsible

for the interaction, linearized analysis is possible and is

described in §3. Linearized results are given in §3, §4 for two-

and three-dimensional wings respectively, examples of the latter

being swept wings and tapered wings.
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Further comments are presented in §5, along with a study

of the trailing edge of the junction. The model problems studied here

have possible relevance also to certain other strongly three-dimensional
motions including the flow past fins, tail-body junctions, missiles,
fishes, bridges, past high-rise buildings and in branching flow
in pipes. An interesting feature is that even the thin wing can
provoke a secondary flow component of velocity which is comparable
with the streamwise component near the body surface. Although for
a very thin wing this nonlinear feature can be suppressed somewhat
in the initial leading-edge interaction, it persists in the subsequent
trailing-edge interaction for any long wing. The trailing-edge
adjustment is always nonlinear, therefore, unless the wing is relatively
short, as noted in §5. We believe that experimental and/or
computational studies of (e.g.) the fundamental, flat plate, wing-
body junction model here could be most illuminating.

In what follows the motion is taken to be laminar and steady

and the fluid is assumed to be incompressible.

P
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§2 FOR A THIN PLANAR WING

We start by discussing the fluid motion past a wing-body junction
formed by a thin planar symmetric wing projecting normally from the
aircraft body. The latter is taken to have a flat surface since
our initial concern is with the localized flow features. Moreover,
the wing is placed at zero incidence to the oncoming main stream,
the resultant motion is assumed to be symmetric about the wing's
centre-plane y = 0, for convenience, and so we study only the upper
half of the motion, y > 0. Here, in cartesian coordinates x,y,z,
the wing starts at x = 0 and is given (for all z > 0) by
y = f(x) for x > 0, y =0 for x < 0, where the typical wing
thickness |?| is small in some sense, whereas the body occupies the flat
surface z = 0 for all x,y. See Fig.l. The lengths (x,y,z)
above, and the corresponding velocity components (u,v,w), are non-

Lo » Uoo respectively , where
dimensionalized with respect tﬂ(ﬁm is the characteristic length
scale of the body, e.g. the streamwise distance from the aircraft
nose to the wing, and u_ is the speed of the main stream
which flows in the positive x direction. The pressure is written
Py * puwzp, with p_,P denoting the main stream pressure and the
fluid density in turn. The typical global Reynolds number is then
Re = ua}w v—], if v is the kinematic viscosity of the fluid, and
Re 1is supposed to be large.

On an inviscid basis, with the above wing-body geometry,
the uniform stream u = 1, v = w = 0, continues broadly undisturbed
apart from a small, O(I?l), perturbation. Viscous effects,
however, alter the flow substantially, near the wing and body

surfaces at least, where viscous-inviscid interaction occurs.

There appear to be two aspects to consider then. First,

)
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sufficiently near the start of the junction, for small x, and

for a sufficiently thin wing, the predominant interaction involves
the effect, on the flow close to the body surface, of the motion
past the wing. The opposite effectr, that of the flow near the
body surface on the flow near the wing, is much less. The reason
for this is that for small x the boundary layer on the wing is only
just formed and so is thin compared with the more developed O(Re-]/z)
oncoming boundary layer, on the body, which by contrast has its
origins at an 0(1) distance ahead of the wing-body junction. Hence
the wing's boundary layer is the more attached one then and is less
affected by a given size of induced pressure field than is the

thicker boundary layer on the body. The latter layer must be the
first to feel the effects of any interaction and is the one where
three-dimensional separation for instance is to be expected at

first.

That brings us to the second main aspect, which concerns the
type and scale of interaction. Nonlinear responses such as separation
in an external developed boundary layer, whether three-dimensional (Jz)
or not, are controlled largely by the triple-deck interaction, as is
well known. Formally, therefore, the critical size of induced
pressure p, i.e. the smallest size which provokes a nonlinear
interactive response in the body's boundary layer,is of the order

re- /4 -3/8y

and the streamwise length scale invoked is O(Re This

emphasizes initially the role played by a wing which produces an

1/ 3/

0(Re 4) typical pressure field within a distance O(Re 8) of its

leading edge. There are perhaps two main categories of such wings.
One concerns wings of 0(1) chord length in x ("long wings'"), the

other concerns wings of chord length O(Re ("short wings').
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Other chord lengths tend to-.be covered by limiting cases of the above.
The pressure p induced near the leading edge or nose of a long
wing depends on the local wing shape there. For a typical blunt

~ Y
nose of the parabolic form y = f(x) ~ H x°(x = 0+), where H is

(N

the thickness-to-chord ratio, peCH x

-3/

as x + 0+. So when x falls to

8) the critical pressure of O(Re"]/4

-7/16 )
/ ). The boundary layer on such a wing has the

-1/2 3 :
x“) (x > 0), and so is always

O(Re ) is reached if

H is O(Re
Blasius form, of thickness O(Re

thinner than the wing thickness H (see also below). Again, the

/8

leading edge zone of non-uniformity is of extent O(HZ) = O(Ren7

3/8

),
small compared with the x ~ Re interaction scale. Other local
shapes can be regarded similarly. Thus if f(x) ~H x" as x » 0+,
and 0 < n < 1 for a blunt nose, then locally p eCH xn_] tends to

0(H Re3/8(]—n)) in the interaction scale, pointing to the critical

-(5-3n)/8

thickness H = O(Re ) for nonlinear interaction. This is
self-consistent provided the 0(Re~]/2) displacement thickness of

the wing layer remains negligible for all x, implying that n > 1/3.
Conversely if n < 1/3 the displacement thickness then has a leading
order or even dominant influence downstream on the induced pressure
although not necessarily within the interaction length. The same can
occur if, for a given value of n, H is below the cqﬂyical thickness,
in which case only a linearized wing-body interaction is induced.
Examples are given later in §3. The central point is that the induced
pressure from any planar blunt long wing is dominated by the local wing
shape, and unaffected by the shape further downstream, as regards

the interaction near the leading-edge. On the other hand, the
critical thickness for a short wing is always O(Re-5/8) since

-1/4

then its typical slope, and hence pressure effect, is O(Re ), as

(WA
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required for interaction with the body's boundary layer. The above
arguments assume suitable smoothness of the thin wing surface, of
course, and essentially attached flow thereon. Attached flow is
achieved if the trailing-edge is cusped for instance but it becomes open
to question for 1ess(R§arp trailing-edges, especially blunt ones.
Nevertheless, for the long wing the leading-edge flow properties are
unaltered to leading order by any breakaway separation from the wing
downstream, while for the short wing trailing-edge separation can
remain a relatively confined phenomenon. So the attached flow
restriction can be relaxed if necessary.

Two—-dimensional flow past the thin, short or long, wing above

1/

4) pressure field dependent only on x,y. This

3/

produces an O(Re

holds for distances greater than z = 0(Re 8) from the body surface

3/

. . -3/8 . . . .
z = 0, since when z is 0(Re ) the three-dimensional interaction

takes place, with the O(Re_]/a) pressure provoking in the body

-5/8

boundary layer an O(Re ) displacement comparable with the local

wing thickness. The three-dimensional linearized potential flow just

outside the boundary layer then is governed.by Laplace's equation

(3%/ax® + 8%/3Y?+3%/32%)p = 0 with 3p/3Y(X,0+,2) = -h d’£/dx’,

3p/0z(X,Y,0+) = - 326(X,Y)/3X2 and p(X,Y,0+) = P(X,Y), for tangential
-1/4

flow on the scaled wing surface Y = h Re f(X) and to match the

body's unknown scaled displacement thickness §(X,Y) and unknown scaled

3/

pressure P(X,Y). Here (x,y,z) = Re 8(X,Y,;), p = Re 45 and
E,f,G,P and the parameter h are generally of order unity, while
0 <X<® 0<Y<o, 0<z<o by symmetry. The solution for

5 consists of the two-dimensional wing solution-

o0
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- -, =h df(§) (X-E)
p(X,Y,Z) = = | dg C(2.1)
T) & (%-E) 2472

-0

which gives no displacement on the body surface z = 0+, and the three-
dimensional solution corresponding to the body displacement §(X,Y)
with symmmetry adding no displacement on the wing Y = 0+. Hence

we have the forced pressure-displacement relation

P(X.Y) =.E'J df(E) (X-£)dg | _1_.( J (3%8/3E%)dgan
)% xpia? 2T [(x-£)2+(v-n)?)*

(2.2a)

controlling the flow induced on the body surface. This flow is
. _ 5.—5/8
governed by the lower deck properties, where z = Re Z and the

three-dimensional boundary layer equations

ot = +t == =0 (2.2b)

2
UdU VU  WoUu _ aP 97U
X + N + 37 - 'a—i(X,Y) + — (2.2¢)
3z :
2
U 9V vV av Wov _ 3P 37V
—a—X + -ﬁ + ﬁ = - EY—(X,Y) + -3—2— (22(1)
Z
apply, with the usual triple-deck scalings(g)The boundary
conditions here are
U=V=W=0 atz =0 (2.2e)
U~ A2Z-8(X,Y)), V>0 as Z- o (2.2£)
(u,v,w,P) » (A2,0,0,0) as X === (2.2g)
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for no slip on the flat body surface, for matching with the

1/

displaced main part of the 0(Re 2) boundary layer, and for
joining with the planar boundary layer upstream, in turn. The
constant A is the incident 0(1) skin friction, taken to be
unity henceforth, for convenience. Also, by symmetry, V =0
at y = 0.

The viscous-inviscid three-dimensional flow interaction
for the wing-body junction is given by the solution of (2.2a-g)
for a prescribed wing-shape hf(X). The problem is nonlinear in
general and so requires a numerical treatment. Subsequently we
consider the linearized versioms, valid strictly if the wing thickness
parameter h is small or for the basic problem of a wing which is a
finite flat plate: see §3. Meanwhile it is worth remarking that the
triple-deck interaction emphasized above does not cover all the
features of the three-dimensional flow. Other subregions are

-11/16

present, including the thin O(Re ) (in y) boundary layer

5/

developing on the locally 0(Re 8) thick wing and a small corner zone

>/ 5/8) (in y,z) where y- and z- diffusion,géa’CIP€

o(rRe™’8) by O(Re
equally significant. All these sub-regions are believed to be

passive relative to the triple-deck interaction, however. 1In

particular the wing's boundary layer is driven forward in a quasi-Blasius
fashion, apart from in the corner zone and in the traditional leading-
edge zone for smaller x, and so does not affect (2.2a-g). Other more
general sizes for the wing dimensions or for the incident boundary layer
thickness can also be considered but these are merely limiting

cases of the fundamental triple-deck problem, unless large-scale
separation occurs, which is a case beyond our current scope. Accordingly,

we fo cus attention on (2.2a-g), for a number of wing shapes

f(X), both short and long.

)
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§3 LINEARIZED SOLUTIONS. FOR THIN, OR FLAT, PLANAR WINGS

When h in (2.2a) is small a linearized version of
(2.2a-g) applies and the analysis in (§) can be taken over. To
shorten matters we may work in terms of an "effective hump shape"

then, since the double Fourier transform in X,Y (see notation in

(8)) of (2.2a) gives

P*%(k,) _—21(2f7':(k) kzé""‘*(k,ﬂ') (
h - 2 2 _ 2 2 — N 3. ])
(k%+2%) h(k“+2°)?

Here f*(k) is the transform of f(X) ‘with respect to X, and §

stands for -A in (8). So a comparison with §3 of (8) shows that our
linearized problem, for a wing shape h £(X) and flat surface Z = 0,
corresponds to the linearized problem of (Q) for flow over a hump

given by Z = h F(X,Y), where the effective hump shape F satisfies

Fei(ic,0) = 2 (124297 £(10) (3.2)

The same analogue holds in the nonlinear regime. The linearized

solutions for the transforms then follow from (§). In particular,
Prlieod) - 2602600 (P07
§*¥ (k, %) =ZY_4/3(ik)”3f*(k)/A

h

2/3

TGO 381000 (10T e k2?2 g2

I ——
(k7+25)4 ¥ i
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TG0 =200 (0% e
.

341€0) (k2+22)A

D**(k,2)  _=2(i2) (ik) £*(k)
T h 2,2
(k™+27)A (3.3a-e)

where

1/3

1
2

A= 1+Y-4/3(ik) (k%+2%)

In (3.3) Ty = du/9z(X,Y,0), T, = 3V/9Z(X,Y,0) denote the surface

Y
shear stresses in the X,Y directions, and D(X,Y) satisfies

9D/3X = - 3P/9Y and helps to describe the motion more removed from

K4

the body surface,since V ~ D(X,Y)Z—]for large Z.

Fast Fourier-transform (FFT) calculations were used to
determine the corresponding real quantities, and the results were
checked on different grid sizes and integration ranges. The

following short and long wing shapes were considered:

£0) = £5(x > 0) (Long) | (3.48)
(i??;;f= K} exp(-x(X > 0) (long) (3.4

£(X) = X(1-X)(0 < X < 1) - (short) _ (3.4¢)

f(X)‘= x2(4-)%(0 < X < 1) (short) (3.44d)

with £f(X) = 0 otherwise. Their solution properties are presented

o

(A
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in Figs. 2-5. It should be noted-fhat rather extensive grids were needed
to accommodate the farfield behaviour of (3.3a-e), especially for the long
wing shapes. Results from different grids indicate &un:graphical accuracy
is achieved usually, and our figures present the most accurate results obtained
in each case, although some distortion persists in the farfields (see also
(3.5) ff. below) and in the symmetry or anti-symmetry of the solutions, as well
as in a few local features, e.g. wiggles. Such distortions all shrink under
grid refinement but computer storage limitations have prevented us from removing
them totally from the results.

The main features apparent in the flow solutions seem sensible physically
and are as follows. Upstream of the wing, along the symmetry line Y = O, a
common occurrence is the rise in pressure and the associated drop in the X-

shear stress Ty This is much like a two-dimensional flow response ahead of

the effective

(N
53]



- 12 -

hump shape. Associated with it there is a generally positive

S

Y-shear stress Ty and Y "edge-velocity" D, as might be expected, but
the displacement § falls, which is a surprising feature at first
sight. Thus fluid is forced away (in the Y direction) from the
symmetry line  but tends to be drawn (in the negative Z direction)
towards the body surface there, ready to negotiate the wing beyond.
This and other initially unexpected properties of the displacement
are caused by the pressure from the wing, contributing the f

term in (3.1). The fluid can only go around the wing, not over it,
in broad terms, and so there is here a significant difference

from the flow past (and over) humps. Near the front of the wing
there is a particularly marked fall in the displacement, in fact.

As soon as the wing position is encountered, however, the displacement
adjusts rather fast, rising to become positive eventually downstream;
the pressure rises more rapidly, then falls rapidly to a minimum
before slowly recovering; and the shear stress Ty increases

fairly abruptly to a maximum, also followed by a slower recovery
downstream. So there the flow is accelerated, whilst the

fluid ultimately is drawn back towards the symmetry line (T,, D < 0),

v’
in the Y-direction, and moves away from the body surface(3§£x> 0),

in the positive Z~direction. Trends roughly opposite to those near the
wing's leading edge occur in the neighbourhood of the trailing edge,
for a short wing. The trailing edge acts like a sink for the three-
dimensional flow compared with the source-like role of the leading
edge. See also §5 below. Finally, sufficiently far downstream

the pressure overshoots to become positive again before decreasing

back to zero, while the shear stress Ty undershoots to a minimum,

then increases to unity, and the displacement has an overshoot to a

W
~
(V)



- 13 -

positive maximum before its.fall back to zero. Thus fluid is
eventually drawn towards the body surface (Q§QX< 0), in the Z
direction, whereas it moves away from the symmetry line near the
body surface (TY > 0) although still approaching the symmetry
(X-Z) plane at the edge of the viscous zone (D < 0). There is no
evidence of the corridor phenomenon (8) far downstream.
Instead the flow returns to its original upstream state quite smoothly
in general, a property which can be verified from an inspection
of the transforms in (3.3).

In the farfield, for (X2+Y2) large, inviscid
characteristics tend to dominate usually, since then in effect

k, £+ 0. Thus (3.3a-e) give, for example,

p/h o€ £4(0) (X2 = ¥?2) /(X2+ y2)? (3.5a)
D/h k5 (0) (— XY) / (X* + Y3)*2 (3.5b)

[c.f 4]

lwith the wing acting as a point source (£%(0)), in those cases where
e o)

S £(X)dx isfinite. The implied asymptotes for the curves of zero

—o

P, §, 1 D are noted in the captions for figures 2-5

X’ TY’

and agree reasonably well with the FFT calculations. The only

nonuniformity in the farfield account occurs in the direct wake of the

—1/3)

wing, when k - 0 but £ -+ = with & = O(lkl , in view of (3.3),

—]/3) -+ 0. There viscous effects

-1/3

i.e. as X » o but with Y = 0(X
reassert their influence, but in a region which thins like X

1/3 in 2. This

in the Y direction while expanding (as usual) like X
contrast with the flow over a three-dimensional hump is due to the

two-dimensionality of the wing shape and the corresponding nature

of the effective hump shape in (3.2): c.f. §4 below.
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The secondary flows induced are also of concern and are
sketched in Fig. 2. The basis for this figure is the behaviour of

§, D, T, as X,Y vary, since these fix the flow patterns near

T Ty
and relatively far from the body surface. The overall trend
initially is one of motion around the wing, as noted earlier.
Upstream the secondary flow is away from the symmetry line but towards
Ffront

the body surface. Beyond thi(gaza of the wing the flow returns
toward the symmetry line but tends to be away from the body surface.
Further downstream secondary vortices are induced producing outward
motion near the body surface supplied by inward motion further out
and a wash of fluid down the wing surface/symmetry line.

Finally here, we turn to the central problem of the thin flat-
plate symmetric wing, taking the wing to be 'long'". Comments
on shorter cases are presented later in §5. The flat plate
induces an interaction by means of its boundary layer's (Blasius)
parabolic displacement, which acts as an effective wing thickness.

The thickness 1is O(Re"]/zx]/2

-1/2_-1/2
X

) however and so provokes a pressure of

-5/16

only O(Re ), or 0(Re ), within the interactive scale at

_]/]6), to induce

the leading edge. This is too small, by a factor O(Re
a nonlinear wing-body interaction, therefore. Instead, a linearized
response occurs with the local wing shape being, in effect, exactly
(3.46) (for all X > 0) and with the gauge factor h replaced by

B]Re_]/l6. Here 8] =[-7208, from the Blasius layer, and the flow
structure remains intact with such a value of h. So the properties

in Fig. 3 cover the flat-plate case also.

W
[C 8]
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§4 FOR THREE-DIMENSIONAL WINGS (e.g. swept, tapered)

Swept-back or -forward wings are of considerable interest
in practice and so an investigation of the influence of sweep at
a wing-body junction is desirable. Again, a smoother more three-
dimensional version of the junction would seem to resemble more closely
many of the geometries that are made or occur in practice. Therefore

below we take the thin wing to have a general three-dimensional form
y = f(x,z) (4.1)

whilst preserving the symmetry about the x-z plane (Fig.§).

The critical scalings of §2 remain intact for this case,
whether the wing is short or long, but the results (2.1), (2.2a)
apply no longer, since the wing condition on p is now

5/8 £(x,2).

dp/3Y(X,0+,2) = —hazf/axz(x,i). Here £(x,z) = h Re
So the solution of Laplace's equation for 5 gives the pressure-

displacement interaction

@ (e
2 2 .2 2
bT) = - %J J (ar/a"-2%5 /36" gt . 2)
[(X-E)“+(Y-n)"1?
-0 —o
on the body surface, where
@ [oo] .
12,02 - . _ _
F¥*(k,2) = 2h J e (k"+27)%z-ik X £(X,z)dXdz
X=—o0 z=( (4.3)
fixes the Fourier transform of the function F(X,Y). Then

(4.2), (4.3), with the boundary layer equations (2.2b-g), determine
the local nonlinear flow interaction. Here in fact (4.3) defines

the effective hump shape F, as in §3.

(€N
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For linearized motion, where h is small, we may use
(4.3) to determine F, for .a given three-dimensional wing shape

f, and then appeal directly to the results in (8). Hence

(3.3a-e) are retrieved but with F** now given by (4.3). Two
; examples of interest are the swept wing and the tapered wing or
! junction. For the swept wing of sweep angle B, where

j f(X,z) = g(X-ztanB) for X > z tanB, f(X,Z) = 0 for X < z tanB, and
g(X) is the wing shape adjoining the body surface z = U+, (4.3)

i yields

Fe (i) =4 £ . (4.4)

2y
ik tanﬁ+(k2+22)2

R I

The solutions for the corresponding in;eraction are presented

in Fig.”7, for a particular shape g(X). Here again no corridor
emerges downstream. It is interesﬁing that 0(1) sweep angles B

can be ;naly:ed. For the tapered wing, typically f(X,z) = g](X)‘gz(E)
N | with'gz(g) controlliﬁg the degree of tapering. As an example

d we took the exponential form gz(g) = exp(-0z) (z > 0), with 0 a

positive constant, for which (4.3) then gives

Zg]*(k)

F."‘""“(k‘,:ql) = — e ’ (4-5)
c+(k2+2,2)2

(VA
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Fig. 7 also shows the interactive solutions in this case, for a
particular wing shape g](X). "A corridor effect for Y of 0(1) is
present downstream now as X increases, but its properties are
different from those in (8) since here it involves no change in the

orders of magnitude of P,§,D,T “There is only a slight,

w0 Ty
logarithmic, singularity as Y + 0 which is smoothed out in the zone of

X—]/3) width mentioned earlier. The secondary flows induced are

0(
summarized in Fig. 7 .

Two unusual aspects of these flow solutions, compared with those
of §3, are, first, the occurrence of a positive displacement effect in
most of the flow ahead of each of the three-dimensional wings, before
an abrupt decrease takes place immediately before the wing, and, second,

. /—\ .
the closed loops of constant ,displacement . 7,found

for the junction with a tapered wing. <fhe farfields can be deduced

as for the earlier,two-dimensional,wings.
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§5 FURTHER COMMENTS

The model studied above for the wing-body junction takes
a rather simplistic geometry of course, comprising a thin two-
or three-dimensional wing protruding normally from a flat body
surface,with or without sweep. Yet such a model would seem to
provide a reasonable first step towards understanding analytically
the three-dimensional flow interactions possible. Indeed the flat plate
example noted in §3 may be regarded as an obvious central problem
to study. One would perhaps not expect these thin-wing models
to bear much relation to the bluff wing-body configurations examined
experimentally (1-3) but nevertheless the measure of agreement on
certain flow features is surprisingly good. In particular

lacal
the linearized solutions always show t&wo maximu?(deficitsin the streamf
wise (X) surface shear stress on the body taking place,just ahead
and. beyond the front of
oi(the wing, on the axis of symmetry, which suggests that (regular)
separation or flow reversal would tend to occur there first, in the
nonlinear rfgime. That, allied with the corresponding Y surface
shear stress patterns, forms a fairly clear connection with the
experimental observation (1-3) of a separation line starting upstream
T and of .refamizén douvrstream

of the wing and bending round is(_ Also, the strong secondary
flow patterns found here appear to be sensible physically and to
tie in generally with those reported in (1-3), as fluid is forced
to move around the wing. Specifically, for turbulent flow
experiments, Fig.3 of ref.] compares most favourably with our
theoretical finding (Figs.Z-§) of a pronounced downwash on the wing
sufficiently far beyond the leading edge. For laminar flow the

experiments of ref.2 (e.g. their Figs. 11-13, 17) also give cross-

flows similar to those found theoretically here. Qualitative
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agreement continues to hold in comparisons with the classical
boundary layer calculations of ref. 4, concerning both tﬁe
separation line upstream (see their Fiéﬁ%.], 5, 23) and the cross
flow (their Figs. 8, 10, 28, 29), although there is a puzzling
feature in the displacement thickness (their {%é . 11) which shows
an increase ahead of the wing rather than the decreases predicted
theoretically (see our Figs. above). TThe further experiments
reported in ref.4 also tend‘to agree qualitatively with the present
theoretical study.

In view of the particularly promising measure of possible
agreement overall above, it would be very interesting to see
the results of a numerical study of the nonlinear régime (2.2a-g)
when h is 0(1) or larger. Some other improvements in the models
taken can be made also, for instance (a) by adding in a hump shape
on the body surface to produce a smoother junction, (b) by considering
wings at nonzero angles of incidence, (c) by assuming three-
dimensional oncoming flow both along the body surface and away from
it, and (d) by considering wings with nonzero angles of dip. - Here,

in (b), the critical angle of incidence a, (the angle between

1
the plane of the wing and the  >¢ —z’g_t_q.e.e ') is small, of
-7/16

1/2

order Re , for a long thin wing since the induced pressure is of

order a.x

1 near the leading edge; whereas the effect of an

angle of dip az (the angle between the body surface and the
plane of the wing), in (d) above, is less drastic in the sense that
the flow structures found earlier in §2-4 remain appropriate

even for 0(1) values of a_, if the wing is thin. Both incidence

2’
and dip introduce nonsymmetry into the wing-body interaction, however.

The development of the motion downstream,beyond the triple-deck

at the leading edge,is also of concern. Many studies have been

3o
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made (e.g. 5-7) of the well-developed similarity flow believed to

be achieved only as x + ® in a configuration such as that in Fig.1,
e.g. the flat-plate wing, but little or no research into the developing
flow properties holding for finite x > 0 is evident yet. There the
main flow structure becomes at first sight a relatively simple

-1/2)

one, with Blasius boundary layers of typical thickness O(Re
(but different origins) astride the wing and the body except in a

classical O(Re—]/z

) by O(Re-]/z) zone (Z1, say) near the x-axis where y-
and z-diffusion become comparable. This picture emerges from the

leading edge properties of §2-4 as X + +», since there viscous inter-—

active effects concentrate in a zone (Z2) whose Z scale increases

like X”/3 but whose Y scale decreases like X_]/3 (see §3). So the
y,z scales of Z2 are of order Re—3/8(Re3/8x)—]/3, Re-S/s(Re34§)]/3 then,
respectively, and both become O(Re—]/z) as x becomes 0(1). Thus

zone Z2 merges into zone Z1 downstream. It is striking that the
thickness of Z1 in the y-direction must therefore appear unbounded
(eC x-]/3) initially, as x - 0+. The remainder of the triple-deck
interaction, outside zone Z2, has less influence downstream but its
effects do persist nonetheless and they force a secondary flow in
the two Blasius layers in x > 0. This interactive secondary flow
is not mentioned in previous studies.

In addition, in cases where the leading-edge interaction

3/8)

produces a corridor (wherein Y = 0(1)) downstream, an extra O(Re
by O(Re—3/8) zone is produced along the x-axis for x > 0, forming
a buffer between the classical zone Z1 and the Blasius layers. This
corridor,which has been observed experimentally in flow over

humps, could have a significant impact on the flow downstream.

Finally, again for the flat-plate wing, it is of practical

Ny
[
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interest to examine the trailing-edge motion. Suppose the wing

has chord length L, of order unigy(see Fig. 8). For O ; x < 1L,

and outside Z1, the two Blasius layers BL1, BL2 grow along the wing and
the body surface, after the mainly linear adjustment (§3) near the
leading edge x = 0. Near the trailing edge, x = L, more triple-deck
interaction therefore comes into operation. It has a predominantly
two-dimensional form (as in §) on most of the wing, the prime

3/8 from the body

exception being at distances z of order Re
surface, where the flow interaction is three-dimensional and nonlinear
for both the wing and body motions. There the flow adjoining the

body surface satisfies the three-dimensional boundary layer

equations (2.2b-g) again but with
T _ 3/8
A,X replaced by XZ,X = Re™ (x-L) , (5.1)

in turn, where Az is the incident reduced skin friction of BL2
as x * L-, and 0 < kz < A. The viscous layer on the wing (X < 0)
and in its wake (X > 0) is also controlled by (2.2b-d,f,g), subject

to the replacements
A aaA Ay -
(u,v,w,P,8,X,Y,Z,)) ~» (U,W,V,P,G,X,E,Y,%) (5.2)

for the rotation of axes, and to the usual lower deck scalings
again. Here K]> 0 is the reduced skin friction of BL1 at x = L-, and

instead of (2.2e) we have the trailing-edge conditions

U=sW=V=0 at Y=90, X<0 (5.3a)
I ~ ~

—~=—==V=0at Y=0, X>0 ., _ (5.3b)
Y 3y

3&2
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The interaction between the two nonlinear layers of (5.1), (5.2)
arises through their respective unknown pressures and diéplacements,
P(X,Y), 6(§,Y) on the body and E(i,é), 3(%,2) on the wing, in

scaled terms. These are linked via the three-dimensional potential

flow in the upper deck, which requires that

2 2 .2 2
[(X-E)“+(Y-n)°)?
cr 22 2 2A 2
SEE) = - L J'J (3°F/35°-3°8/0E%) dEav (5.4b)
’ ~ - 1
2 [(X-0)24(E-w)2)°
where F(X,Y), E(E,Z) are given by the transforms
R I S
Fet(k,L) = z~[w o (K427 2=ikX5 (¥ 3)4%a2 (5.4c)
X=0 2=0
A
- ~ )Yl v o
P (k,m) = 2 e 8(X,Y)dXdY, (5.4d)
X=—c0 Y:O

similar to §4. In consequence the wing and body surface flows near
the trailing edge affect each other about equally, in general (c.f.
the leading edge, in §2-4, where the major interaction is one-way
only) and a challenging, nonlinear, coupled three-dimensional problem
is posed for the local flow adjustment. Some useful analytical
properties can be derived however if the wing is relatively

short, so that L is small. For then the Blasius layer BL1 has its

skin friction enhanced, since

)
1:
i5)



)\] =T.L (5.5)

where T1 = 0.33206... . Hence the three-dimensional triple-deck

associated with the wing surface, in (5.2), shrinks, by factors

L5/8

in all the i,Y,é directions, and for Z of order unity the
trailing-edge motion becomes virtually planar (and as in 2). Indeed,
for X,Y,% all of 0(1), i.e. in the three-dimensional upper deck

which controls the body surface motion, we have potential flow past

the classical planar displacement

>

6(X,8) = 0 for

]L]/6§]/3 for >0,

<0 (5.6a)

>l

-8 (5.6b)

when L is small. Here 8] is a finite positive constant, and
(5.6b) describes the Goldstein (/0) near-wake. The irregularity
at X = 0% in (5.6a,b) is smoothed out when X is smaller, of order
L5/8. The wing-body interaction of (5.1) - (5.4d) becomes mostly

one-way again, and linear, since (5.4a) now yields (2.2a) with
A _
hE(X) » 6(X,2) . (5.6c¢)

The reverse effect, of the body on the wing flow is now diminished.
Hence the three-dimensional trailing-edge adjustment consideé; reduces
to the linearized analysis of §3. The corresponding solutions for
the body surface flow near the trailing edge are presented in

fig.9. As expected, they are similar to those of §3 except that

the - sign in (5.6b) alters all the signs involved. Thus, on the

body surface, we obtain

3 u-
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increased displacement ahead ofﬁﬂde trailing
decreased pressure ’ edge, close to the
increased streamwise shear junction (5.7a)

in Nar‘d- cross-flow shear

deéreased displacement in the wake,
é@creased pressure almost directly
decreased streamwise shear behind the wing , (5.7b)

outward cross flow shear

This tends to confirm the roughly equal but opposite effects of the
leading and trailing edges described in §3. Also, there is no
corridor, and the §-1/3 narrowing downstream is covered by earlier
comments. Note that the above applies for L small but greater than

O(Rem:‘}/8

), so that the trailing-edge interaction remains distinct
from the earlier one at the leading edge. It also applies near the
trailing edgesof T\short flat-plate wing; like those in §3, if the
scaled chord length 2 there is large.

The displacement decrease in (5.7b), which is pronounced, and
the associated pressure increase there, would appear to agree with
physical expectations for the flow behind the wing.

A computational treatment for the nonlinear version of the
trailing-edge junction flow, in (5.1)-(5.4d), would be of considerable
interest. Experimental studies of the central, flat plate, wing-body

junction model (Fig. 8) could also be an aid to furthering our

theoretical and physical understanding.

PN}
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FIGURE CAPTIONS

Fig.1 The junction formed by a thin symmetric two-dimensional
(2D) wing of length L normal to the body surface (z = 0) and aligned
with the oncoming 2D uniform stream and body surface boundary layer
(O(Re—%)). The triple-deck "box", describing the 3D flow around
the juﬁgtion's leading edge for a long wing ( L = 0(1)), or about

3/

the entire junction for a short wing (L = O(Re 8)), is shown by dashed

lines. See also Fig. §.

Fig.2 Linearized 3D flow solutioms, for the 2D wing-body junction

of (3.4a), showing curves of constant P,$§,D,T and the typical

x* 'y

secondary flows and vortices produced. For the purposes of comparison,
the farfield asymptotes for the contours of level zero are at slopes
(Y/X) of:+1 for Py for §;0 and = for D; approximately 4.8 and -0.67

for 1,y and approximately -2.4 and 1 for Ty Here the asymptotic slopes

& ,
Stem while
for zero P,D,%(Hirectly from (3.3b), (3.5a,b)izthose for Ty,T,

come from numerical evaluation of the real convolution integrals

implied by (3.3c,d) when k,2 = 0.

Fig. 3 Linearized 3D flow solutions for (3.4b). Notation

and secondary flow are as in Fig. 2.

Fig. 4 Linearized 3D flow solutions for (3.4c). Notation, asymptotes

and secondary flow are as in Fig. 2.

Fig. 5 ULinearized 3D flow solutions for (3.4d). Notation, asymptotes

and secondary flow are as in Fig. 2.



Fig.6 A characteristic body - 3D wing symmetric junction, with
sweep (angle B) and tapering: see §4. Delta wings and other 3D effects

can also be dealt with.

Fig.7 Linearized flow solutions for the examples of 3D wings
considered in §4, the swept wing ((a) - (e)) and the tapered
wing ((f) - (j)). The sweep angle is 45°, with g(X)=X(1-X) for
0 <X <1, g(X) = 0 otherwise, in (a)-(e). The taper in (£)-(j)

is for o = 2, with g](X) = X(1-X) for 0 < X < 1, g](X) = 0 otherwise.

Fig.8 Flow past the junction of a symmetric 2D flat~plate wing,

of 0(1) chord L, and a flat body surface, showing the flow structure
|dashed lines]. This is dominated by the leading edge and trailing
edge 3D triple-decks (3D TD), the thinner classical 2D boundary
layers BL1, BL2 and classical 3D boundary layer Z1, and the thin

2D and 3D wakes. See §5. Similar structures apply

for thicker and/or 3D wing-body junctions.

Fig.9 Linearized 3D solutions for P,G,D,TX,TY near the trailing

edge of the wing-body junction when the chord L is small (§5).



CHAPTER 10

CONCLUSIONS
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Briefly, we have considered several problems, and, with the aid
of modern high Reynolds number -flow theory, attempted to elucidate
the governing structures and some of the properties for these flows.
The work on free surface flows makes a start at addressing some of
the fundamental questions in this area, such as the effects of viscosity
and flow separation on the flow; the stability work presents some
new results; lastly the work offers a rational means for discussing
and gaining an insight into the complex flow near a realistic wing-
body junction.

It was mentioned in the initial introduction that the triple-
deck, or multi-deck, approaches highlight the different physical
balances and delineate the flow field into various regions. It is
worth stressing that the overall flow properties depend on the inter-
action between these different regimes, and not soléy on say, inviscid
mechanics.,

Finally, we hope that the present work will be improved and
extended. 1In particular the nonlinear versions of the undeveloped
free surface flow, and the wing-body junction, problems, merit

further investigation.

38Q.
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