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Ab st r act

The work in this thesis discusses several problems arising in 

incompressible fluid flow at large Reynolds number and involving 

viscous-inviscid interactions, in both steady flows and in the con­

text of hydrodynamic stability.

Fully developed and undeveloped free surface flows are inves­

tigated within a structural framework, essentially involving ideas 

similar to those in channel flow and triple-deck theory. For fully 

developed flows, the model problem of liquid layer flow over a convex 

corner is considered and linear and nonlinear solutions obtained for 

various corner angles and inclinations. For undeveloped flows an 

interactive problem for determining the free surface is obtained: 

the boundary layer equations are coupled with the inviscid equations. 

Linear solutions are presented for the uniform flow over an infinite 

step and various limits discussed. The possible relevance of the 

above structures, and in particular the free interactions, to the 

hydraulic jump problem is mentioned.

The stability of the above flows is examined, again within the 

structural framework, and contains some new results. The upper- 

branch stability of channel flow, boundary layer flow, and liquid 

layer flow, is strongly influenced by the properties of nonlinear 

critical layers and both steady and unsteady (with a moving critical 

layer) effects are analysed.

Finally, the flow near a wing-body junction comprising a flat 

plate body and a thin, two or three dimensional, symmetric wing, is 

investigated. In particular the study takes into account the interac­

tion between the body boundary layer and the wing. Linear solutions 

are presented for various wing shapes.
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CHAPTER ONE

GENERAL INTRODUCTION

?



The many significant advances recently in the theory of high 

Reynolds number flows, with particular reference to viscous-inviscid 

interactions, have stemmed directly from the important initial contri­

butions due to Neiland (1969), Stewartson & Williams (1969), Messiter 

(1970). (One is referred to the excellent reviews by Stewartson (1974,

1981), Messiter (1979), Smith (1982), for details of the earlier and 

the most recent developments of this subject). The key idea to emerge 

from their work, and which has formed the basis for many of the later 

applications, was that of the 'triple deck’. This concept helped to 

explain the adjustment near the trailing edge of a flat plate from the 

Blasius solution upstream to the Goldstein (1930) near wake downstream, 

and also to provide a rational description of the interaction between a 

shock wave and the boundary layer. In both cases the local flow response 

was described by a three-tiered structure with each region characterizing 

the different physical balances holding there: inviscid irrotational,
inviscid rotational, viscous. The central point of this triple-deck 

structure, and which distinguished it from the classical heirarchical 

structure, was that the boundary layer could exert a significant influence 

on the external flow. In fact the unknown pressure driving the boundary 

layer was intimately related to the (also unknown) boundary layer dis­

placement, via the solutions in the inviscid regions. This interaction 

enabled the boundary layer to adjust in anticipation of a disturbance 

downstream and allowed regular separation to take place, thus avoiding 

the well known classical Goldstein (1948) singularity.



The importance of this idea can be judged by the subsequent 
applications in the many diverse areas of hypersonic flows, transonic 

flows, internal flows, breakaway separation, turbulent flow 

calculations, hydrodynamic stability etc.. Although some of the 

details are different, (e.g. the governing structures may not be of 
the triple-deck form but multideck), the principal features are the 

same in that the boundary layer equations are coupled with the 

inviscid equations , thus allowing an interaction (see 

aforementioned references).

We will not attempt to elaborate any further on the details of 
triple-deck theory. The basic principles have been outlined here, and 
the reader is referred to the review papers for further details.

The present work is aimed at extending and applying some of these 

new ideas to some other situations: high Reynolds number fully 
developed and undeveloped free surface flows; hydraulic jumps; 

hydrodynamic stability and nonlinear critical layers; wing-body 
junctions.

Generally free surface flows have received extensive coverage in 
the literature. One of the best basic accounts to date is still Lamb’s 

(1932) ’Hydrodynamics’. This covers many aspects of free surface 
flows: wave motion, wave reflection, refraction, dispersion, 
stability, flow past and over submerged bodies, etc.. Another good 

account can be found in Stoker (1957), and Wehausen and Laitone (1960) 
review some work on surface waves. Mathematically there are several 
difficulties associated with free surface flows, one major one being



that the fully nonlinear boundary conditions make the problem of 

solving the Navier-Stokes equations even more intractable both 

analytically and numerically . As in other areas of fluid mechanics, 
from good assumptions and approximations relevant to the particular 
problem a great deal is known about various facets of free surface 
flows.

Our concern here is with high Reynolds number flows and we note 

that most theoretical works to date on free surface flows have 

concentrated on inviscid flows. The effects of viscosity and flow 

separation on free surface flows may be broadly understood from an 

engineering viewpoint, but a satisfactory rational description of high 
Reynolds number motion past, say,a submerged obstacle is still 

lacking. This may not be too surprising since as mentioned above it 

is only in the last fifteen years that a consistent account of regular 
separation has been obtained. For sufficiently deep fluids it does 
indeed seem plausible to neglect viscous effects; however for shallow 

depths. this is more questionable because of the likelihood of viscous 
boundary layer separation influencing the flow field. For a discussion 
of shallow-water theory, see Lamb (1932), Wehausen and Laitone (1960), 
Peregrine (19 72).

The work in the first few chapters, 2-4, concerns high Reynolds 
free surface flows under the assumption of steadiness. We have taken 
the most obvious route in trying to include viscous effects, by 

appropriately adapting the scaling ideas of triple-deck and channel 
flow theory. There are perhaps many other scalings and assumptions 

which emphasize different features, but the particular scalings



studied here highlight the viscous-inviscid interaction between the 

boundary layer and the free surface. The applications to liquid layer
3flows past corners or humps are considered in chapters 2 It is also 

suggested (chapter 4) that, in certain circumstances, hydraulic jumps 
may be viewed as predominantly steady free interactions, and this 
contrasts with Benjamin's (1970) comments which stress the role of 
unsteadiness rather than viscosity in the phenomenon of upstream 

influence. The concept of the 'free interaction' is based on ideas 
originally put forward by Lighthill (1953)- In many problems, e.g. the 
supersonic separation problem of Stewartson and Williams (1969), the 
basic viscous-inviscid equations contain eigensolutions which allow 
the oncoming flow to evolve nonlinearly (and uniquely) with distance, 
without change of local boundary conditions, as required for example 
in a hydraulic jump. The ultimate form of the free interaction, as 
this is termed, is interpreted as describing how the flow adjusts and 

responds in anticipation of a severe obstacle far downstream.

The work here is extended to a discussion (chapters 5-7) on 
certain types of viscous-inviscid stability of some free surface 

flows, and the results are different from and additional to those from 
inviscid theory. The inviscid theory as proposed by Thompson (1949), 
Burns (1953), (see also the survey by Peregrine (1976)), gives 
interesting results for gravity waves which allow upstream 
propagation. In the present approach however, as in Velthuizen and van 
Wijngaarden*s (1969), the long and short waves considered depend on 
the properties of critical layers and have wavespeeds which are

asymptotically small so that all disturbances necessarily propagate



downstream.

The remaining chapters are essentially self contained - a brief

description is given below - and chapters 4, 7 , 8 and 9 are joint
*papers.

Chapter 2 is concerned with fully developed free surface flows, 
exemplified by the model problem of a liquid layer negotiating a convex 

corner. The work is based largely on the study by Smith (1977) of 
upstream interactions in channel flows. The interaction here occurs 

over the same long lengthscale and is governed by a similar structure. 
Linear and nonlinear solutions are presented. A special case of the 

present work reduces to the problem considered by Merkin & Smith (1982)

My co-authors are willing to testify that the work in these joint 
papers has been equally shared out. J.G.
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for free convection boundary layers.

Chapter 3 discusses undeveloped free surface flows. As with fully 

developed flows,this can be considered as a simple extension of channel 

flows, in this case developing channel flows, Smith (1976). The prob­

lem of determining the free surface is reduced to solving the boundary- 

layer equations but with a complicated pressure-displacement-free 

surface relation. Linearized solutions for the uniform flow past obsta­

cles are obtained and some limiting cases discussed. The free interac­

tions for this problem may be relevant to hydraulic jumps.

A special case of the problems considered in chapters 2 and 3 

occurs when the pressure is proportional to the local displacement.

The free interaction occurring (for supercritical flows only) in this 

instance, with the pressure and free surface rising and the skin friction 

falling, is studied in chapter 4. A novel structure for the flow fax 

downstream, involving a forward moving shear layer above a reversed 

flow region and with the pressure growing algebraically, is proposed.

The primary application here is to hydraulic jumps, but the same free 

interaction problem is relevant to hypersonic flows (Brown ,3 Stewartson 

& Williams (1975)).
Chapter 5 is concerned with the ’lower-branch’ stability properties

of fully developed and undeveloped free surface flows. The work here
a l?

follows closely the important contributions by Smith (1979^ who showed 

that the same interactive structures also have strong connections with 

the hydrodynamic stability of the basic flow, see also Hall & Smith 

(1982). The structural approach is useful here and highlights^for fully

U



developed flows, the new structure which emerges when the Froude 

number and wavelength become 0(1). The results for fully developed 

and developing flow in a channel are special cases of the neutral 

modes found here.

:Chapters 6 , 7, 8 discuss the 'upper-branch' stability properties

of liquid-layer or parallel flows,and boundary layer flows, (and which

depend heavily on the properties of nonlinear critical layers, see

Benny & Bergeron (1969), Davis (1969), Haberman (1972), and for a review

by Stewartson (1981)). The work in chapter 6 , concerning liquid layer

flow, is similar to and complements Smith & Bodonyi's (1982) study for

accelerating boundary layer flow. A special case of the results is for

plane Poiseuille flow. As the disturbance size, which is initially

small but finite, is increased further,a new Rayleigh-type structure 
the

emerges withj^wavelength 0 (1 ) and the critical layer occurring in the 

interior of the flow, as in Smith & Bodonyi. This is studied in 
chapter 7. In chapter 8 we consider growing modes, but for the smaller 

disturbance size which in the steady case would lead to the Haberman 

problem of Smith & Bodonyi ox chapter 6 . The amplitude and also the 

wavenumber and frequency^depend on slow spatial and temporal variables. 

This leads to some novel equations for the moving critical layer and 

the growth or decay of the amplitude, and some of the limiting proper­

ties are analysed.

In chapter 9 we study the flow near a wing-body junction, modelled 

by a flat plate body with a projecting thin symmetric wing. The 
essential point here is that the study takes into account the interaction 

between the body boundary layer and the wing. Linearized solutions are 

presented for various wing shapes.
Finally in chapter 10 we make -some cor\cUA./»r̂  remarks.

-  \ l
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CHAPTER 2

FULLY DEVELOPED FREE SURFACE FLOWS - 
LIQUID LAYER FLOW OVER A CONVEX CORNER

IS



SUMMARY

The paper discusses the steady flow of a liquid layer over a convex 

corner at high Reynolds numbers (R). A double decked structure for the 

flow is proposed with the displaced free surface equal to the local 

boundary layer displacement (-A), and the pressure P being determined 

by the law P= -sA-A". Here s is proportional to the angle of incli­

nation of the initial plane. Linearized solutions are obtained for 

small angles and numerical calculations are carried out for much larger 

angles, with the plane at various inclinations. The unusual breakdown 

of the linear theory downstream is also discussed.

The computed results and the asymptotic description far downstream 

show that the flow does not return to its undisturbed state; instead 

the layer continues to get thinner with the fluid moving much faster.

It is suggested that this novel feature may be resolved on a longer 

0 (fl$ lengthscale.
The analysis presented applies equally to a more general fully 

developed profile at large Froude numbers, and extra features such as 

surface tension can be incorporated into the basic formulation without 

formal difficulty.



1 . INTRO DUC TIO N

Our concern here is with the behaviour of liquid layer flows near 

sudden changes in boundary conditions and in the presence of sizable 

obstacles. One can ask the question, what happens in the corresponding 

situations when a free surface is present. How does the boundary layer 

influence the free surface and vice-versa, and also what happens when 

flow separation is present? How does separation affect the free surface? 

The questions are of theoretical as well as practical interest, certainly 

when one considers fluid flow in familiar contexts, e.g. river flows, 

waterfalls, flow over wiers, liquid layers, flow out of a teapot etc..

Our aim in this paper is to address some of these questions and try and 

extend some of the modern ideas of high Reynolds number flow theory to 

free surface flows. In external and internal flows the behaviour of 
boundary layers has received much attention and is extensively reviewed 

in Stewartson (1974, 81) and Smith (1982). We concentrate on the case 

when the flow sufficiently far upstream is fully developed. The theory 

for the undeveloped profile is considered by Gajjar (1983), and Gajjar 

and Smith (1983) discuss the hypersonic free interaction problem which 

is also shown to apply to the start of the hydraulic jump.

We start with the case in which the oncoming profile is fully 

developed. The Reynolds number (R) is assumed to be large throughout, 

and the motion steady, laminar, and two dimensional,Surface tension 

effects are ignored. To be specific we concentrate on the flow of a 

liquid layer down an inclined plane which has angles 3** $*+a* to the 

horizontal, upstream and downstream respectively,see fig. (1 ).



We note that far upstream the simple solution given by the
half-Poiseuille form satisfies the Navier-Stokes equations exactly and
that it is reasonable to expect that the flow sufficently far downstream
is also given by a similar half Poiseuille profile. Global arguments
e.g. mass flux considerations, can then be used deduce useful relations

-X-
between the upstream and downstream velocities and depths. However as 

mentioned before we are primarily interested in how the boundary layer 
and the free surface first anticipate the presence of an obstacle such 
as a corner when the oncoming profile is fully developed, and our 
interest therefore will be centered more on this initial adjustment 

regime.

Before discussion of the scalings it is appropriate to comment on a 
few of the assumptions made below. If we think of a more general 

distortion of the bed, then provided that the distortion locally is 

small, of 0(S) say (S^l), then it is reasonable to suppose that the 
fluid is also displaced by an amount 0 (£), since the oncoming profile is 
fully developed and viscous effects extend up to the free surface. This 
it should be noted is then equivalent to the assumption that the
displacement of the free surface is of the same order as that of the 
bed, i.e. that the basic flow has not been modified by an 0 (1 ) amount 
due to the presence of an infinitesimally small obstacle, and this 

assumption is crucial to the analysis and scalings given below. It 
should be noted that this simple assumption allows us to make use of the 

techniques of boundary layer theory to study directly the interaction 

between the boundary layer and the free surface. Also, unlike

X- Dr. P. W . ri*~ a. 1*0 tiia^KaJ ĴY~ yoon Lovog oujb-.

(17a.)



shallow-water theory (see Lamb (1932), Wehausen and Laitone (I960), 

Peregrine (1972)), we do not assume that the vertical accelerations of 

the fluid can be neglected. This is also equivalent to the previous 
assumption. In fact in regions where large tranverse changes occur, e.g. 
near a corner, the hydrostatic assumption becomes more questionable 
since significant normal pressure gradients are generated there. Also 
the above excludes any possible standing wave solutions. Alternative 
scalings and analysis of interest such as those for standing waves 
arise from different physical assumptions.



VJe. consider hou) the fluid negotiates che corner. It is useful to note 
the upstream response occurring in channel flow theory (Smith 1977).

There a displacement of the core induces a pressure gradient across 

the channel which in turn drives the viscous wall layers, and provides 

a self-sustaining mechanism for the upstream response. Here, the fully 
developed profile can be thought of as half a channel flow profile, and 

essentially the same ideas as those in channel flow theory are applied 
in §2 , leading to a double deck structure with the same r '^7 stream- 
wise interaction lengthscale. Again, the mechanism for the upstream 

response is similar although the pressure displacement law stems from 
the condition of zero stress at the free surface. A displacement of 
the main body of flow induces a transverse pressure gradient across the 
liquid layer which drives the viscous wall layer. Also the displaced 

free surface causes a pressure imbalance which is then cancelled out 
by the induced pressure, and this balance is expressed in the interes­
ting law ((2.16) below), for determining the unknown pressure, the 

boundary layer displacement and the free surface. This law is a combi­

nation of a special case of that occurring in hypersonic flow theory 

Brown-Stewartson-Williams (1975), (1974/75),and the 'jet law' of Smith- 
Duck (1977), Merkin-Smith (1982).

In the above regime the first angle 8* must be 0(R 5̂7 ) strictly. 

However if the plane is nearly horizontal, with 8* << R 5/? , then to 
leading order the hypersonic law applies with the pressure proportional 
to the local boundary layer displacement. Also in this regime the upstream 
response is pushed upstream and occurs over a much longer interaction



length scale. If, on the other hand, the inclined plane is much steeper, 

so that 3* »  R 5/? > then the jet law of Smith-Duck holds. Solutions 
for convex and concave corners, humps and indentations,there,have been 

obtained by Merkin-Smith (1982), Merkin (1983), although in a different 

context. In particular regular separation is found to occur with the 
flow returning to its 'undisturbedT state sufficiently far downstream.

J *  e c r * 1* )
We will be concerned solely with the convex corner problem^. The 

concave corner problem presents some difficulties which will be outlined 

below. In § 2 the basic problem is formulated; § 3 discusses the 

upstream eigensolutions; § 4,S5 discuss the linear theory and the 

numerical procedures and results for much larger angles; and § 6 

presents the asymptotic form for the flow far downstream.

Finally it should be emphasized that the analysis presented applies 

equally to a more general fully developed profile in fluid flow at 

large Froude numbers^ with little modification.

§2 Basic Formulation

We take a set of cartesian axes 0x*,y* with x*=0 chosen to be the 

start of the change in slope of the plane, and y* representing distances 

normal to the plane for x*<0. See fig.(1). The basic flow far upstream 

is given by velocity (Ug* ,Vg*), and pressure Pg*, where

, V^=0

P g *  =  p g  c o s  3 * ( h - y * )  . ( 2 . 1 )

Ug* = g sin 3* P h2-(y-h) 2

I?



Here h is the undisturbed depth of the liquid layer, V the kinematic 

viscosity of the fluid, g the acceleration due to gravity, and p the 

density of the fluid. Nondimensionali'zation with respect to the length 

scale h, velocity Uc=2Ug*(h), pressure pUc , m  the usual notation, 

leaves the Navier-Stokes equations as

div u_ = o
rz r? . A  I n . V 2 u

U .  Vu = -Vp + (s . - ^ 555-*) + R -

(2 . 2 )

U hwhere R= — is the Reynolds number assumed to be large throughout.

In addition to (2.2) we have the boundary conditions of no slip at any 

fixed solid surface, and zero stress at the free surface y=l+r|(x), 

expressed by

(-P — in  __LR 3x' dx R = 0 (2.3)

_ ix - — , ^V\ in^ R 3y R '3y 3x' dx

indx

Consider a perturbation of 0(S) to the oncoming flow. It is pos­

tulated that the interaction here occurs because of two factors,

(a) the displacement of the free surface which induces a pressure of 
cO^RTang*  ̂ from (2.1),(2.3) , to counteract the change m  the hydro­

static pressure, and (b) the displacement of the free surface which sets

10



up a transverse pressure gradient of 0(A), as in channel flow Smith 

(1977).

The various regimes in which (a) and (b) are significant are 

dictated by the size of the angle 3*. We consider the central case 

when (a) and (b) are comparable. From the y momentum equation the

scale and assumed to be large. Hence

The rest of the argument is identical to that given in Smith (1977) 

and fuller details may be found there. Viscous forces come into play 

when yM)(6) to reduce the slip velocity of 0 (6) to zero, and then 

viscous - inertial and pressure balances imply

L
6

(2.5)

Thus (2.4) (2.5) yield the crucial scalings

(2 .6)

With regard to (a) and (b) above, if 3*«R then the hydrostatic 
. . . - Vinduced pressure is important and if 3* » R  1 then the transverse pressure

gradient plays the dominant role.



It is convenient to set £=R h , tan3* = —=r , and
S _

y = -aeZF where F(x) is the reduced wall shape? ^ ^  "F^ JC'^/'
Hence -far c\ouin^r«ano i?Ke cwglc cs a f  O C R ^ 7 ) •>

Expansions

Let X = £x be the scaled streamwise coordinate, and y= 1+£Zy + ••• 

be the free surface. Then in the majority of the flow I where 3^0(1)

u'UJg + e2Ui + OCe*1)

V'v £ 3v j + 0 ( e 5) ( 2 . 7 )

p've2 s' (1-y) + eV^ + 0(e6)

•Here Ug= y-y2 is the basic flow. Substitution into (2.2) gives the 

simple displacement solution

ui - *<*> v  vi= (*)u b

p = P(X) + A" f 7 U _ 2 d t  • (2.8)i o i5

A (X), P(X) are unknown and A(X) , P(X) 0 as X -*--00. Applying the con- 

ditions at the free surface y = 1 + £ r|  ̂ gives

n(X) = -A(X)

p(x) = sn(x) -  a" y (2.9a,b)

where y= / U 2dy
O B

11



A viscous ■wall layer II of thickness 0(e2) is required to reduce the 

slip velocity in (2.7 ) to zero, and there with y=e2Y, YM)(1)

u ^ e2 U, + ..

v 'v e5 V, + ..

p 'u e 2s  + e 4 ( -  sY + P , ) 4 (2.10)

U,, V,, P, satisfy the usual boundary layer equations

U.- + V,- = 0 *x y

U,Ut -  + v . u , -  = -  p . -  + u—x yy Pf-  = 0 *Y (2 .11)

with the boundary conditions

U,= V,=0 at Y = - aF(x)

Uf -*■ Y + A(X) as Y oo

U, -»■ Y as X - 00 (2.12)

P, = P(X)

Z3



to match with I, and for no slip at the wall.

The factor y in (2.9) can be effectively set equal to unity with 

the normalization

(U, V, X, Y, A, n, P, s, F(X)) (2.13)

= (Y-I/7 U,, Y1/7 'v . . Y H  Y 1/7 Y, Y 1/7A, Y 1/7n , Y Y ^ ®  ,Y~1/7F (X ))

and with the Prandtl Transformation applied to (2.12) we obtain

U + V = 0 x y

UU + V U  = - P  + U  , P = P(X) (2.14 a-c)x y x yy

U = V = 0 on Y = 0

U -*• Y + A - a F(X) as Y -> » (2.15 x-0

U + Y a s X + - ° °

P = - sA - A” , ri = -A . (2.16

Although surface tension effects have been ignored, it should be 

mentioned that a term would be added to the right hand side of 

(2.9b), x > 0 here being a scaled surface tension parameter. Hence 

(2.16) covers this case also.
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§3 Eigensolutions Upstream

The governing equations (2.14), (2.15), (2.16), as with similar 

pressure displacement laws, allow eigensolution^to occur upstream 
when X is large and negative. This can be seen as follows. If we put

U = Y +fe^ax f ’ (y) + , V =-0ae^axf ( y )f>+

„ ~ 0x0 * a ax^P = p e  + , A = A e +

3/0 = (-3AI'(0)) n = .8972 (3.1)

we obtain, after substituting into (2.14), (2.15), (2.16) and neglecting
. £ ~,2.crx0.terms of 0(e ) ,

f'(Y) = (a0) /3 ,y 
Ai* (0) o Ai((a0)‘/3t) dt

Ai(x), here, is the Airy function. The boundary conditions now deter­

mine a as the positive root of the equation

0 1/3 (a2+a) - 1  = 0 , a = S • (3.2)
IF

The equation (3.2) has three roots, one real and positive, and two 

complex conjugate pairs lying in Re(o-)<0.
The constant p remains unknown, and is determined by the down­

stream conditions. The case p <0 is relevant in (eg.) flow past

I S



c o n v e x  c o r n e r s  (s e e  l a t e r ) ,  t h e  o v e r f a l l  p r o b le m . I f

p < 0 then the pressure falls, the level of the free surface drops and 

the fluid acclerates.

The case p >0 is also interesting, and is applicable to concave 
shapes, e.g. humps. Here the pressure and hence the free surface 

level rises, in anticipation of some severe obstacle downstream, and 

this is the familiar phenomenon of the hydraulic jump. It is discussed 

more fully in Gajjar & Smith (1983).
Finally, regarding (3.2) if s is large than a ^ (—̂ , and 

hence the interaction is pushed further upstream. On this length- 

scale then, with

u t, v,, p, satisfy the same equations as (U, V, p) except that 

to leading order the pressure displacement law is

lengthscale increases to 0(R ) and the double deck structure disappears, 

with the boundary layer equations holding across the entire layer toge­

ther with the zero tangential stress and the kinematic condition, to 

be satisfied at the free surface. The same problem is also discussed 

in Gajjar & Smith (1983).

We return now to the convex corner problem and discuss the

X=s3Xt, U=sut , A=sA, , P=s2P, , Y=sy, , s»l, (3.3)

P» ~ “ A, (3.4)

linearized solution.



§4 L i n e a r i z e d  S o lu t i o n  f o r  S m a l l  A n g le s

For 0(1) angles a, (2.14), (2.15), (2.16) requires a numerical 

approach and this is discussed in §5. However we can proceed further 

analytically, as in Stewartson (1970a), Smith (1982), Merkin & Smith 

(1982), if a is small. Suppose a « l  and let 

U = Y + a U + 0(a2)
<\, r\j f\jV = aV +... , A = aA + ... , P =<*P +...

• • t o 1̂/ *\j 'VSubstituting into (2.14), (2.15) and neglecting 0(a ) terms, U, V, P 

satisfy linear equations which can be solved by the usual transform 

methods.
00 -1 MYDenoting the Fourier Transform of q(X) by q* = /ooq(X)e dX, 

we obtain

X* (W) F* (w)

1 " ( f ) 1/s (a “ (f)2)

p.*('W) = - (s - w2)A*

T *A U *)
y y=o

Al(0) (iw)2/3 P*(w)
Ai'(0) (4.1abc)

represents the change in the shear stress at the wall from its initial 

value of unity. For arbitrary wall shapes F(x), (4.1) can be inverted 

as a convolution integral. However we restrict ourselves to the case 

when F(X) = XH(X).
Using the inversion formula and a simple substitution, we find

2?



A(X) = f.
0xz , e dz

21T10 L Z 2 ( 1 - g ' 1/3 ( a + Z 2 ) ) (4.2)

<\jwith similar expressions for P(X), .

In (4.2) the path of integration, L lies to the right of the 

imaginary axis, and we take a cut along the negative real axis.

As mentioned earlier the equation (3.2) has exactly three rootŝ fcwr> 

lying in Re(2)<0. Denoting the roots by

q , q = re^2,3
±i(j)

where q^>0 and 7Tj <<f)<7T we obtain from (4*2),

*<0
-v,, 3e xq.® A(X) =

q^3e (a+7q 2)I 1

q/3(a+7q.2)

Ta =
9 0-2/3A u (O) e6xq. 

qj (a+7q2) (4.3)

and for X>0

A(X) = X +
6 (acos (44)+7r2cos (104) ) 

+ --------3--------- 3--
0q ̂  (a+7q 2) 0r (a2+14ar2cos (24)+49r‘+)

I S



0xrcos0
6 e

0r

a cos(40 - 0xrs;n0) + 7r2cos(10^-Girs^)') 
------ 3—-------------------- 3------- t

(a2 + 14ar2cos(20) + 49r4) J

2tt0
(1-e 9xZ) Z /a (a+Z2) ________
Z2(l - Z ̂  (a+Z2) + Z^3(a+Z2)2)

dZ

poo - -.a + &  r -----
2tt ° (1-Z 3 (a+Z2)+Z 3 (a+Z2) 2)

dZ

66r2/3 exr9co§<fe cos(20 + xr0sin0) + 7r2cos(xr0sin0 - 40/̂  )^

(a2 + 14ar2 cos(20) + 49ru)
(4.4a,b)

3Ai(0) I 3 m (l-e ~ 6xZ) (a+z2) (l-z73(a+z2))

< L  clt(a+7qf2) 27T ° ^  (1-2^  (a+Z2)+Z^3 (a+Z2)2)

v3, dZ

6a {e^rcos0CQs(6xrSin0-0) -cos 0 } 
r (a* + 14ar* cos20 + 49r^)

42r{ eQxrcos(fr cos(0xrsin0 - 30) ~ cos 30} 

(a2 + 14ar2 cos20 + 49ru ) (4.4c)

For s=0 (4.3abc), (4.4abc) simplify to the expressions given 
by Merkin-Smith (1983). Graphs of the solution for various values 

of s are given in figs.



The linear solution breakdown for large s and this can be seen 

clearly in fig . Zc. . This breakdown occurs because all three roots 
of (3.2) approach the imaginary axis for s»l,specifically

- 3  V?. +2A -27Ti/3q ^ a. q 'v ± a /2i + la /3 e ' .
’ 2’3 2

This suggests that nonlinear terms will become important ahead 

of the corner, even for small angles.

The graphs also indicate that X, become unbounded for

large X (for s^O). From (4.1abc), we obtain for X »  i.

A *  X + aX%

e 13 r(5/3)
x ‘/3
r ( 4 / 3 )

+ .  .

'U -sX y2/3- asX_____
0 /3T(5/3)

+ .

Xi ^ 3Ai (°)a
r(4/3)

+
J

C + - 5

Since the skin friction is

T = 1 + at{ + ... ,

linear theory is clearly not valid for all X, for any as^O, and in 

fact cxt̂  0(1) when X'Vx 3, from (4.5c). If a<0 then T^O when X ^|a|



for any nonzero a or s(>0)! This is in contrast with the corner 

problem for similar pressure displacement laws where no such diffi­

culty arises. We note also that a<0 would imply that the fluid is 

moving uphill, and this—is—physically unr-cali-o-tire.
— 3If a>0 then nonlinear terms cannot be neglected when X'MKa ).

V -1Hence from (2.14) (4.5b)^U ^(P) 1 ^ a 

and Y ^ ,Xy V2 ^ a .
V

Thus, setting

X = a _3X; , Y = a-1Y , If = a_1U(, V = aVf
-1 -1P = -saX +a p , A = aX +a A ,r 1 1 1

we get

U + V = 0 ix, »v 1 »

U U  + V U. = s + U • 'X, • 'y, 'Y, Y, ,  ̂- —s. A,

U = V = 0 on Y = 0t t

U + Y + A
1 i as Y 00 

1

A -> %-2*. as X
0 /3r ( 5 / 3 )

->■ 0

(4.6)

The asymptotic form of (2,14), (2.15),(2.16) fcLr downstream, (see
it

later) also implies that A ^ 0(X/2) for X »i.V/e won’t attempt to» t »

3l



obtain the solutions of (4.6).

Before discussing the fvl-1 numerical solution of (2.14), (2.15),

(2.16) for 0(1) angles, a few points concerning the breakdown of the 

linear solution. Firstly if s=0, then the aforementioned difficul­

ties disappear, and regular solutions have been obtained for con­
cave corners by Merkin-Smith (1982), with separation occurring for 

larger angles. However, in this case, the fluid is negotiating a 

corner with initial angle comparable with the turning angle MD(e3), 

and the problem is physically sensible. Also for arbitary shapes 

F(X), with F(°°)= 0, the above inconsistencies do not occur, as 

can be seen from (4.1 ).

§5 Numerical Solution for 0(1) Angles

Basically three different numerical procedures were adopted to 

tackle the problem (2.14), (2.15), (2.16)^two using a shooting tech­

nique, and the third based on global iteration. The need to use three 

methods arose from the fact that severe difficulties were encountered 

with the shooting approach in coping with the downstream conditions.
The third method did overcome some of these problems but this too had 

its limitations. However, the three methods proved useful in checking 

the self consistency of the results.

Of the two involving shooting, one (Ml) was based on Chebychev 

polynomials. The details are very similar to those given by Stewartson 

& Williams (1969) and can be referenced there. The other methods 

employed finite difference techniques.
The following’ difference scheme was used' to discretize 

equation (2.14), where iJj below, denotes the stream

n



function, U=ip , V = -1(1
X

,n+i .n+i
<*T‘+ u? (vr  "P

2 AX AX 2

,n+i n, .n+i Tn+i(u-+;- u.:;> * a ^ r  »•_,>
2Ay

, n+i nN --(P ~ P ) + 1
2AX

v?:1 2U1?+1 + U?+* + U? - 2U? + U?
J J '1___ J±i___J-—  J"1

aF

u “ + 1 + u ?j_____ i = l  
2

i}jn+1_1±L - ifi+l.ir12Ay
. fn in+ ib. -  \p.V 1 V 1 (5.la,b)

Here = U(nAX, jAy) is the n, jth grid point, AX, Ay being the 

step sizes in the X, Y directions respectively.

The pressure-displacement law was handled by

n+i 
£___ -s(An+1 + A11"1) - (An+1 

2
2An + A11""1) .
A X 2

C5.1c)

The boundary conditions were replaced by the equivalent set

U  =  ip= 0  a ir Y = 0

iJj -> J (Y+A-aF(X))2 + P(X) as Y 00

U-> Y+A- aF(X) as Y + “
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w i t h  t h e  a d d i t i o n a l  r e q u i r e m e n t  t h a t

A f a as X*- 00

These too were differenced appropriately. This latter constraint 
expresses the fact that the free surface to leading order (see results 

later), is parallel to the plane downstream.

The above equations were linearized and Newton iteration was per-
. - 6  - 7formed, with a tolerance usually 10 or 10 . The large banded

matrix resulting from the above problem was again tackled by the 

usual methods, see e.g. Smith (1974).

For the two methods using shooting (Ml, M2)?the calculation was 

initiated at X = X**by giving the pressure a small negative kick, and 

marching forward up to the corner X = 0 where the resulting profiles 

were stored. After the corner, the calculation was continued with a 

guess for the value of the angle a and A(X) was checked at successive 

downstream stations to ensure that the downstream condition was being 

satisfied. The angle ol could thus be adjusted appropriately until 

this condition was met.

The third method (M3) was based on ideas used successfully by 

Veldman (1920)?Smith & Merkin (1982), and is more efficient and can 

be much faster than the shooting method. Here the pressure displace­

ment law is differenced differently. Instead of (5.1c) we used

,n+i
(k) = -s An+i

(k) -  (A
n+2
(k-i) -  2An+i + An

00 00
Ax'

(5.2)
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k being the k th iteration sweep. The idea of using (5.2) is to incor­

porate existing information into the calculation, and this overcomes 

one of the main difficulties with the shooting approach, i.e. that of 

the solutions tending to unwanted eigensolutions downstream. The 

values of U were stored over the whole computational domain, and in 

the subsequent Newton iteration step these values were used as initial 

guesses rather than the previous step values, as in the shooting 

methods. Also only a fixed number of Newton iterations (usually 2) 

were performed. This enabled the computational time to be reduced.

The calculation was initiated either by using results from a previous 

computation as a guess, or by initially guessing for A(X) and marching

forward to obtain the flow field, and then proceeding as before.
trhe.

Both finite difference schemes used a stretched grid inĵ y direc­

tion to improve the resolution near the wall and to allow the condi­

tion at y^ to be imposed satisfactorily. Correction terms were added 

to (5.1a,b) to ensure that the y differences remained second order 

accurate with the transformations used.

Various checks were made including grid size checks, checks with 

linear theory, and checks with the results by'Merkin-Smith. (1982) for the 

case 5 = 0.

Calculations with the sharp corner F(X) = XH(X) (H(X) the Heaviside 

step function),, proved to be difficult with all three methods, as the 

angle a was increased. A fine mesh was needed near the corner, to



deal with the oscillations appearing in the solutions. A mesh refine­

ment in the X direction, was tried with M3 but this introduced extra 

spurious effects upstream of the corner. Ml was found to be the best

here. The problems encountered could be because of the singular

nature of the solution near X = 0 + (̂- P % X %  from (4.1b)). Some
dx2

typical solutions are presented in fig.(3) . It can be seen that 

the fluid accelerates up to the comer, is retarded immediately after­

wards, and then continues to accelerate, with the pressure falling 

and the layer thinning out. For s = .1 the drop in the skin friction 

becomes more pronounced and there is a hint that separation will occur 

for sufficiently large a. For both s = .1 and $ = 1 there were 

additional difficulties with the shooting techniques for larger angles, 

with the methods becoming very sensitive to small changes in a.

It was felt that the sharp corner was not the central issue and 

that better progress could be made with a smooth comer. In fact the 

gross features, such as separation would also be presented for the 

smooth corner, and that the results would give good qualitative 

insight into the flow properties for large a. With this in mind 

calculations were also performed for the case F(X) = XH(X) Tanh (X2).

The previous difficulties near X = 0 disappeared although the 

problems with shooting remained. Also Ml ran into problems as sepa­

ration was approached, with many terms required in the Chebychev expan­

sion. M3 was found to be the best and most efficient, if a reasonable
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starting guess was incorporated, and then converged in typically 300 

sweeps. Typical results are shown in figs. (4) . Again the overall 

features are similar to those for the sharp corner. For s = .1 

separation was found to occur and the familiar trend as the angle 

is further increased can be noticed in fig. (4.b)* The separation and 

reattachment points more upstream and downstream respectively with 

separation and rettachment becoming distinct local processes. Again 

the fluid continues to accelerate far beyond reattachment.

For s = 1 the results are quite revealing and exemplify the 

rapid deceleration of the fluid as the corner is negotiated. There 

is a hint that separation will occur when a ^ 15 and it was felt 

that the present method (M3) was inadequate to proceed that far. 

Certainly the outer boundary has to be increased substantially and 

this requires a much bigger grid. Also a good initial guess is 

needed to start the calculation and consequently many computations 

need to be performed with a being increased very slowly.

A comparison with the linear theory is made in fig*(5^ , for 

F(X) = X H(X). For £  = .1 there is good agreement for^values of 

a, but for S = 1 the numerical results bear out the earlier dis­

cussions on the breakdown of the linear theory. However these 

calculated values do lie on a parabola passing close to the origin.

Finally it is worth emphasizing that all of the results presented 

show that the disturbances to the original flow, do not decay far
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downstream. This is quite novel and in contrast with results for 

different pressure-displacement laws in similar problems. This 

feature is probably just characteristic for this particular prob­

lem as the asymptotic description in §6 suggests, and may not 

arise if a different wall shape, e.g. a hump, instead of a corner, 

is used.

§6 Asymptotic forms for X»1

The conditions A -*■ otX, P+ -saX for X»l, imply the following 

self similar forms far downstream. The boundary layer splits up into 

two distinct regions.

Let A = aX + ao Xn + . Then p = -saX -sao Xn + . A pressure-

.inertial balance now gives U ^ | J? | 1 ^ xJ .
n 1From (2.15), in the majority of the flow U'v-Y'^A - aX^X ^ X 2.

1Hence n = \ . As the wall is approached, the slip velocity of 0(X2) 

has to be reduced to zero, and a viscous-inertial balance there 

suggests

l l  i
Y 'WX* ^ x* since U^O(X2) .

V

Having established the scalings, the expansions follow readily.1
2

Firstly, in the upper sublayer (i) where y = X Ij ,



i 1A = aX + adX2 + a, X4 + a2 + ..

P -saX -sa. X2 -sa X4 + .o, !

ip = XGfy) + x *'g 2 c?) + x 2g 3(7)

1u = x 2g I1
1+ X4 G\ + G* + (6. 1)

Substituting into (2.14), the G^ satisfy

cr  - Gi.Gi = s“
~T

3 Gi GZ " GiG2M “ 2  G2G* = °4 4

G/2 + G’ G’2 3 l

4 2
G G" - 3 
1 3 4

G G" -2 2 G G"
3 4

= sa + G"'
(6 .2)

with the boundary conditions

+ ae G' n, a„ , G' n, a„ .. , n »  1
2 1 ’ 3 2 ’

Gt (0) = 0

These equations can be solved by first differentiating and then



integrating and making use of the boundary conditions.

This gives G, = T\2, + a T| • (6.3)
2 0

From (6.2)̂  (0) = (2sa)2

iHence a = (2sa)2. o

We note that this too requires sa>0, and the analysis is not applicable 

to the concave corner problem.

Solving for G2, G3yields the simple solutions

G_ = a iH + g 20 20 = anao^i

G = a2H + g30 3 0 = a,2 + a2ao - sa>

where the constants g^, g3Q are determined by matching with the inner 

sublayer.

Further terms in (6.1) can be calculated with eigensolutions appea­

ring at higher order.
1Turning now to the inner sublayer (ii) where y = ?X* y the expan­

sions (6.1) and (6.3) imply

Q = X* Fq (?) + X* F x (?) + ..
V = X2 F ' + X" Fi* +. . . (6.5)o

4-0



Here F , F, satisfy o ’ l  J

F ,2 - 3 F F " = sa + F 1,1 o -7 - 0 0  o
—  4

(b -O

3 F’F 1 _  0 3-4
- 3 F F" - F. F " = Ff,,f o 4. 1 o *•

with the boundary conditions

F (0) = F ’ (0) = 0 o o , F;l (0) = F^ (0) = 0

and F ’ a « E, o o 7

F,’ -> C + at , S + (6.7)

to match with (i). The transformation

F = 2S/* (so)5 F (£) . 5 = 2 5 X“i----r~
3 2 ( s a ) 4

(6 . 8)

converts (6.6) into a standard Falkner-Skan equation for

, with 8 = 2/z in the notation of Jones & Watson (1963) . This was 

solved numerically using a standard second order-centered difference 

scheme, giving

^ % - .74022 (?»l), F "(0) = 1.039 (6.9)
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bVu.
The displacement matches with^outer layer (i) provided 

lg = - 2 (2sct) 0.74022 . Hence a f = g2Q = -.71874(sa)4
20 J J

a2, a3 ... can be similarly determined. Combining the above results 
we obtain the asymptotes far downstream

i l
-  n = A ^ aX + (2saX) 2 - .71874 ,X_\4 +•••

p ^ -sA - A" (X»l)

t = (U ) ^ 1.039 32 (sa)* X4 +... (6.10)y y=0 __124

Comparisons with the forms (6.10) and the numerical results are 
n-l)

made in table^ for various values of s, a and X, and they show reaso­

nable agreement with the discrepencies decreasing for large X and a.
Inspection of (6.10) shows that the expansion is nonuniform 

when a (or s) is small, and the second and third terms become compa­

rable when

(asX)2 ^ ,X_v i
Tor

i.e. when X ^ (as)



and  th e n  A  ^ ax + 0((as) X)

A scaling argument then establishes the same scalings as in 

§4, and the problem (4.6) is recovered. The nonuniformity above 

provides the downstream condition on A, in (4.6 ) as X, °°, i.e.

A, + (2sX, )2 as X, -*• 00

A more unusual feature is the form of the asymptote for X»l. 

In terms of the original variables, the free surface is given by

The first two terms here just represent the liquid layer turning

flow becoming strongly attached. Again this is in sharp contrast 

to corresponding situations in external flows where the disturbances 

to the basic flow die down as the fluid negotiates the corner >(see 

e.g. Smith 1982).

The above expansions and structure, breakdown when this decrease 

in the free surface becomes comparable with the original depth. From 

(6.11) we see that this occurs when

1

(6.11)

J Lthrough an angle a . However the third term shows that the liquid

layer does not attain this fixed level (fixed, in terms of the

variable normal to the plane) but continues to get thinner with the

(6. 12)
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i.e. when x^O(e 5). On this length scale, the outer sublayer (i) of
i

original thickness 0(e2X5) merges with majority of the flow, and the
1inner layer has thickness ^0(ezX4) 'UD(e). In (2.7) the perturbation 

of 0(e2U ) becomes 0(1) in view of (6.10) and (6.12).

The above argument suggests the following expansions on this much 

longer lengthscale. It is convenient to set y=l, and to work with the 

variables

a _5^2 = y + e ax , x = e x

A
V = V  + e3aU . (6.13)

Then in the majority of the flow

A

U ^ U o + eu. + . .

V^e5Vo + . .

P ^ e  P  +
5e P + . (6.14)

A A .  . . .and the free surface is Ẑ +ri,, +er||+.. Substituting into the equa­

tions (2.2) with the transformations (6.13) gives

U * + V ox 02 0

u- y  a + v  u = -apo OX o ^0 E

r02 -s (6.15)



From (6.15) pc = s(l-2) + P0 (X.) and the boundary conditions give

£ (x) = sf| (x) .o o
Hence Uc , v* satisfy

A

o

+ v cU.z =“s , (6.16)

with the free surface conditions

A

u n -o ox on 2=1 + n ~ ox

A

U = 0 on 2 = 1 +fj a (6.17)oz ox 3

~ 1and V = 0 on 2 = 0. Alsori -(2sax) 2 as x -*■ o. o o
i

(6.16) gives a slip velocity of (2sax)5 and a viscous layer of thickness 

0(e) is needed to reduce this to zero.
AThus setting 2 =€2, (6.14) imply

U ^ V +...o

V 'V £4 V +. . . o

p 'V/ e2 p +... r ro

45



giving

UoU^ + V C U0 . as + U ^  ozz

** A / A v

pn = Po (x) (6.18)

and the boundary conditions

U, *> (2sax)2as Z

U0 = v 0 = o on Z = 0 (6.19)

and Vo ^ F q '  a  a s  x  +  0  
x*

to match with (6.5).
The solution for , VQ is as before, and in terms of the simi­

larity variable £ = Z/X4

IL = x2 Fo'(0 , V0 = x * 3Fo - l£Fo] Vx 
4 4 J

The ultimate form of the solution of (6.16),(6.17)>for large x 0 

is of interest, although this problem is left unresolved. We note, 

however, that a return to the half-Poiseuille profile is not possible 

Q* t h i s  Ung-tW rcol-e bu b  ,-nay a  n v u c ^ 3Br U n y t W a l e
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ft CONCLUSIONS

We have attempted to discuss the flow of a liquid layer over a convex 
corner. With the various assumptions outlined earlier, we have shown 

that for a fully developed oncoming profile, a distortion to the bed of 

0(R ) laterally (in y),provokes an adjustment to the basic flow at
distances of of 0(R ) upstream of the distortion. For smaller 
distortions only a linear adjustment takes place usually, although for 
some distortions such as the convex corner considered here,a nonlinear 

adjustment still emerges sufficently far downstream. For the convex 
corner this is because the change in the free surface is eventually much

greater than 0(R ) downstream. This can be seen by considering the mass 
flux upstream and downstream, assuming that the profile is the

is the uniform depth far downstream. By constrast much larger 
disturbances provoke a free interaction further upstream,as is evident 

in the numerical calculations for the convex corner presented here.

At the outset one of the questions posed was how does the boundary 

layer influence the free surface. The interaction involved is expressed 
concisely by the pressure-displacement laws together with the problem 

C2.ir)* These show that for fully developed flows ,while the leading the
order displacement of the free surface is the same as the boundary layer 
displacement, the surface pressure which drives the boundary layer is 

made up of (a),the induced hydrostatic pressure due to the displacement 
of the free surface, and (b), the induced pressure due to the vertical 
acceleration of the fluid. For the convex corner this latter component

half-Poiseuille profile in each case, giving

4?



H (b) (^A") is important closest to the corner, whereas the other

component (a) («CA) is ultimately responsible for the adjustment to the
new downstream state, which is achieved on a lengthscale much longer 

yy*than that^OCR )f considered here.

Qh 7*0



Although the solutions and the asymptotic form far down­
stream give some insight into the physical processes pertaining, there 

are still some problems outstanding, many having been cited already. 
There are also others. One such problem is the mathematical descrip­

tion of the flow properties as the corner angle is increased. Here 

we would expect the free interaction (with the pressure falling) to 
be significant, as in Stewartson (1970b1), Stewartson (1974). An 

analysis as outlined in these papers would help greatly in understanding 

the flow properties for 0(1) angles.

The problem (2.14), (2.15), (2.16) with other shapes e.g. a hump 

is also interesting, especially as the obstacle size is increased.

From'experience with similar problems we would expect the free inter­

action with p > 0 to take place^together with the hydraulic jump 

occurring far ahead of the obstacle,(see also Gajjar and Smith 1983).

Of course numerical calculations are needed to substantiate this.

An equally important question is the role of surface tension in 

all these problems. The transformation (2.13) would indicate that 

the above description would be significantly altered as the parameter 

Y is varied. However the present scalings and structure set out would 

permit such an investigation.

’Finally, the stability of these flows is another vast topic. The
ab

structural approach as in Smith (197^) is ideally suited for these 
problems. A start on such an investigation, for fully developed and 

undeveloped flows, has been made in Gajjar (1983).
The author is grateful to Dr. F.T. Smith for initially sugges­

ting the problem, and for his generous help and advice throughout 

this work. The author would also like to thank the Science and 
Engineering Research Council of G.B. for financial support.



CHAPTER 2

REFERENCES

Brown, S.N., Stewartson, K. & Williams, p.G.,(1975) 
Phys. Fluids _18, 633-639.

Brown, S.N., Stewartson, K. & Williams, P.G.,(1974/75) 
Proc. R. Soc. Edinburgh 74A 21.

Gajjar, J.,(1983),Ph.D thesis, Univ. of London (in prep.) 
(Chapter 3).

Gajjar, J. & Smith, F.T.,(1983), Mathematika (in press) 
(Chapter 4).

Jones, C.W. & Watson, E.J.,(1963) Laminar boundary layers.
Ch.V (Ed. L. Rosenhead) Oxford Univ. press.

C. • U . P. 0^32 )  •
Merkin, J.H.,(1983), Q. J. Mech. Appl. Math. 36, 71-87.

Merkin, J.H. & Smith, F.T.,(1982) Z. Ang. Math. Phys. 33 } 35-52.
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T a b le  2 .1

Comparisons between the numerical results and the asymptotic form (Aoji> 

(6.10), for A.

X a/a
' as s,a

6 1.81 s = .1
4-5 2 . 3 a = .5 8 3

6 .5 1 .025 s = .1
5 1.035 a = 3.28

3 1.021

6 .5 1.006 s = . 1
5 1 .009 a  = 6.15

3 0 .9 6

7 1 .04 s = 1
5 1.05 a = 3
3 1 .08

7 1.016 s = 1.
5 1.022 •

c—118

3 1 .033

6 1.27 S = 1

3 1 .38 a = .494  j
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C a p t io n s

R g- 1
Sketch of the basic coordinate system and geometry.

Fig. 2(a-e).
Linearized solutions for for various values of s ,see £ 4.

Fig. 3.
Nonlinear solutions of (2.14-2.16) for the sharp comer F(x)= XH(x ), 

for various values of a, see ^5*
(a), (b) Pressure (P), and skin friction (-C) , for s=.l ,(Ml).
(c) , (d) P, t for s=l.0 , (Ml).

Fig. 4
Nonlinear solutions of (2.14-2.16) for the smooth comer F(X)= 

XTanh(X2 ) . -A denotes the boundary layer displacement,P>T as above. 
(a)-(c) P,X,A for s=.l , (M2).
(d) , (e) P,T for s=1.0-, (M2)
(f)-(h) P,T, A for s=1.0 , (M3).

Fig. 5
Comparisons between the linearized and nonlinear solutions for 

small angles a .



CHAPTER 3

UNDEVELOPED FREE SURFACE FLOWS
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§1 I n t r o d u c t io n

Having considered fully developed flows in the previous chapter, 

we turn our attention next to undeveloped free surface flows. There 
is a major difference here in that the majority of the flow consists 
of a uniform stream with a thin boundary layer near the wall, whereas 

for fully developed flows the boundary layer extends right up to the 
free surface and viscous effects, in some sense, are more significant. 

This distinction between fully developed and undeveloped flows is 
important and manifests itself in the controlling equations and rela­
tions for the displaced free surface, induced pressure and boundary 

layer displacement.

The various aspects of inviscid free surface flows over submerged 

obstacles have received appreciable attention in the literature. An 
excellent concise account can be found in Lamb (1932), and Wehausen and 
Laitone (1960) and Peregrine (1976) who give comprehensive surveys of 

much of the field. Concerning the present problem, the linear inviscid 
theory for streaming flows past uneven beds was first considered by 
Kelvin (1886); see also Lamb (1932). For more recent typical work one is 
referred to the papers by Forbes (1981), Forbes and Schwartz (1982), and 
the references therein. These last two papers consider the inviscid 
irrotational flow over a submerged semicircular obstruction, and linear 
and nonlinear solutions are presented for various values of the Froude 

number, Fr, and the relative size of the obstruction.

All these flow studies show the marked change in character between



supercritical (Fr71), and subcritical (Fr^l) flows. The rise or fall in 
the mean surface level depends on the Froude number and in particular 
for subcritical flows waves are induced immediately after the start of 
the obstacle. Also if the flow is nearly critical then large changes in 

the mean surface level are produced. For supercritical motions the 
upstream influence becomes enhanced.

To the best of our knowledge, very little attempt has been made to 
set up a rational theory to study the influence of viscosity and flow 
separation on the flow properties and the free surface. The question 

arises of whether viscous effects on free surface flows are indeed 
negligible. For deep fluids neglecting the effects of the bottom 

boundary layer may be justifiable, but for moderately deep or shallow 
fluids this assumption is open to contention and needs to be seriously 

investigated, we believe. For support one is referred to the experiments 

on axisymmetric hydraulic jumps by Craik et al. (1981), who found that 
the scale and extent of the flow separation was interrelated to the 
overall flow properties.

One of the aims of the present investigation is to include viscous 
effects in free surface flows past obstacles and to try to address some 
of the above questions in a more consistent fashion. Since also we want 

to consider the question of regular separation this suggests the use of 
triple-deck theory and its various extensions. For an approach based on 
the classical ideas i.e. of a passive boundary layer to deal with 
problems such as those considered by Forbes (1981), Forbes and Schwartz

(1982) would necessarily fail in regions of large adverse pressure

( 7 V



gradients such as those generated in fig.5 of Forbes and Schwartz
(1982). As in external flow (Smith (1979), Smith (1982 b)Peregrine 
(1982)) this leads one to question the validity of some of the inviscid 

models which fail to include possible free streamlines, although 
admittedly the problem would then become very diffcult.

We emphasize our concern here will be with a steady flow although an 
exactly steady flow may not necessarily be attainable in practice. One 
is referred to the comments by Benjamin (1970) on upstream influence and 

the possibility of unsteady long-wave disturbances ahead of the obstacle 
in streaming flows past an obstacle affixed to the bed.

Consider then the steady motion of a uniform stream of undisturbed 
depth H flowing past an obstacle on an initially flat or slightly

Pinclined bed, (see fig.1). The fluid is incompressible of density and
as before we ignore surface tension. We take a set of cartesian

coordinates (x,y), velocity components (u,v), and pressure p,

nondimensionalized with respect to a characteristic lengthscale L of the
obstacle, velocity scale U<fsay the surface speed, and pressure >̂UC . The

•%Reynolds number R=UL/v is large and the Froude number Fr= Uc/gH is 0(1). 
Here y is the kinematic viscosity of the fluid and g is the acceleration 

due to gravity. We note that for infinitely long obstacles we replace L 
by H above. Generally the flow properties will depend on the Reynolds 
number, the nondimensional parameter h=H/L, the basic skin friction, >  , 

(or equivalently the development lengthscale of the boundary layer), and 
the Froude number.

(7 2 b;



The scalings below are derived or chosen so that we can apply again 
the ideas of high Reynolds number flow theory to study the interaction 
between the boundary layer and the free surface. We have assumed again 
(as in chapter 2) that an infinitesimally small obstacle of 0( $ ) (fcftfr'i) 

only distorts the basic flow and the free surface by an amount 0(9). We 
do not rule out the possibility of other, different,,, assumptions, of 

course. In fact this last assumption may not hold for small but finite 
disturbances. Nevertheless we take the view that by studying the small 
infinitesimal obstacle problem the relevant scalings for small finite 

obstacles should emerge as a limiting case (c.f. the supersonic ramp 

problem Stewartson (197^>1981), Smith (1982o)). We ignore again any 
possible standing wave solutions as in Mclver (1982).

For fully developed flows a double-deck structure was found 
earlier to govern the viscous-inviscid interaction, and essentially 

involved ideas of internal channel flow theory. Ifcr seems quite natu­
ral and indeed obvious to try and extend and apply the ideas of 

external flow theory to consider undeveloped flows. In this regard 

we note that the triple-deck structure of Stewartson-Williams (1969), 
Messiter (1970), Neiland (1969), plays a crucial role in providing a 

rational description of regular separation taking place in streaming 
flows past humps, corners, etc.

Here,as in external flows, the first significant nonlinear-viscous 
response occurs within a triple-deck structure, although the scalings 

are modified because of the zero stress conditions at the free 
surface. In fact, the interaction lengthscales in the 

streamwise and lateral directions are now 0(1) (as in — — -
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developing flow in a channel Smith (1976)) instead of the more usual 
-3/R . This leads to an interactive problem for determining the free 

surface (see §2 below) and the boundary layer equations are coupled 

withj^inviscid equations, er)at> Usncj , the boundary layer to influence 

the free-surface and vice-versa. As with fully developed flows, the 

interaction here occurs principally because the displacement of the 

free-surface induces streamwise and lateral pressure gradients which 

in turn drive the boundary-layer. However, the unknown pressure, 

free surface,and boundary layer displacement,are related in a much 

more complicated manner than before, but in the various limits, large 

depth, small depth, etc. they reduce to the more familiar relations for 

external flow and fully developed flows (see §3).

The linearized problem for small distortions of the bed is 

discussed in §4 and shows the much greater upstream response of the 

fluid occurring for supercritical flows (with the Froude number Fr>l). 

Also for subcritical flows, waves are produced behing the obstacle, 

again in line with the inviscid theory (of Kelvin). The major 

differences between the latter and the linearized theory in §4, 

occur when the flow is either supercritical or nearly critical. It 

is emphasized that the linear theory is valid only for small obstacles, 

and the full problem, (2.3), with (2.5) below, governs the flow 

response for much larger obstacles, and this may alter some of the 

conclusions. Certainly the linear results for the flow past a forward



facing step show that an adverse pressure gradient is generated ahead

separation will occur* ahead of the step. However this requires a 
numerical treatment of the full nonlinear problem below.

Finally in §5 further comments are made including a brief dis­
cussion on the relevance of free interactions to the hydraulic jump.

§2 The Fundamental Interactive Problem

The scalings involved are established as in triple-deck theory, or 
developing flow in a channel Smith (1976), see also chapter 4. The main 
difference here being that the streamwise and lateral dimensions are now 

OCi) . In addition, closer to the wall the main deck now has thickness

we think of the undeveloped free surface flow here as being half of a 

developing flow in a channel, then the scalings follow directly also

of the step for both supercritical and subcritical flows

greater in the former case). This would suggest that for larger steps

7 5 "
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-V£ — R 5, the expansions are in the main deck, where y = £Y,
f ro m  S m i t h ’ s (1 9 7 6 )  a n a ly s i s  o f  t h e  l a t t e r .  F o r m a l l y  t h e n ,  w i t h

u = U (Y) + eA(x) U - + ...o oy

v = -£2 A/ (x)U +• o

p = sh -5£Y+£2 P(X) + ... . (2.1)

Here U (Y) is the oncoming profile with U (v) 1,Y -*■ 00 , U (Y)^XY+.. ,o o 1 7 o
Y 0, where A(>0) is the incident s I? I a friction, and -A(x), p(x) 

are the unknown induced boundary layer displacement and pressure 
respectively, with A(x) , P(x) 0 as x . h = H|L is the non-

dimensional undisturbed depth and (sh) 1 the Froude number Fr. The 

displacement in (2.1) feeds into the upper-deck where y'V' 0(1) and

u = 1 + e 2 U„ +..., v = e2V0+..., p = s(h-y) +e2̂ +. (2.2)

Oj Oj Oj  ,  . . . . .  .Here U0 , V0 , p̂  satisfy the linearized mviscid equations and free 
surface conditions i.e.

V2p0 = o (2.3a)

Pc ( x , h )  = sti(x ) , po y ( x , h )  = -nx x ( 2 . 3bcde )



where y = h + e2r|(x) + ... is the free surface. (2.3de) follow from 

matching with the displacement from (2.1) and (2.3bc) reflect the 

conditions of zero normal stress and the kinematic condition respec­

tively, at the free surface. It is noted that a much thinner 
-1/0(R /2) boundary layer is also required to satisfy the additional 

condition of zero tangential stress at the free surface. Closer to 
the bed (2.1) become invalid when Y = 0(e) and there in the lower 

deck, with y = e2Y,

u = eU +..., v= e3V +..., p = sh -e2Ys +e2P(x)+... * (2.4)

Substitution into the Navier-Stokes equations shows that (U,V,P) satisfy 

.the usual boundary layer equations,

\J3U + V 3U = - dp + 3 2U _  n3x 9Y dx 8Y2' 5 ^  + ^  ~ (2.5a)

with the boundary conditions

U = V = 0 at Y = d F ( x )  (2.5b)

U + X (Y + A ( x ) ) as Y 00 (2.5c)

U XY a s X  ->  -  oo (2.5d)



to satisfy no slip at the bed y = £2dF(x) in scaled terms, and to match 

with the main deck.

Hence the determination of the unknown pressure, displacement, 
and free surface requires a solution of the coupled problems (2.3),

(2.5). Several remarks are in order here. Firstly, the fundamental 

difference between (2.3), (2.5) and the triple-deck problems of 

external flows, is that here the potential flow equation in the upper 

deck, holds in the finite region 0< y< h, whereas for incompressible 

flows, r) = 0, and h = 00, effectively, in (2.3bc), which then leads 

to the well known Cauchy-Hilbert integral relation for P(x), A(x). 

Secondly we have not, as yet, commented too much on the basic flow.

We make the (reasonable) assumption (although this needs to be justified) 

that the basic flow is half the basic flow of developing flow in a 
channel. In view of Smithfs (1976) analysis, therv>(2.1), (2.2), (2.4) 

above would need to be modified (see his (2.4), (2.5)),but this does 

not alter the central problem (2.3), (2.5). In addition the obstacle
3/

is required to be at a large distance 0(R/5) from the source. Speci-
3/

fically x* = R /5 xqL + xL, where x is the 0(1) non dimensional coor-
3/ #dinate, x ^ 0(1) and R Jx is,distance of the obstacle (or the start o o K

of the distortion of the bed) from the source. The incident skin
^  _  1/ ^

friction X is then given by X = Xx q 2, where X = 0.332.

The parameter A occurring in (2.5) can be scaled out of the 

problem by writing

(x.Y.U.V.P.A.n.y.s.h) -»■ (X M 3/- v ,X1/2p ,X 3/" k X \

X_5/'*y,X5/!‘s,X"5/,'*h) (2.6)

x  ̂\  S<\  we cbnrp tW
T

I



in (2.3) (2.5)^ and henceforth we set X = 1. Thus (2.6) shows that 

there are two independent parameters in the problem h (or $), and

We note too that the inviscid theory as discussed by Kelvin (1886), 

Lamb (1932) is equivalent to taking -A equal to dF(x) in (2.3). This 

greatly simplifies the problem and essentially suppresses the interac­

tion between the boundary layer and the free surface. Finally we 

note that (2.3), (2.5) is a special case of the general problem in
f\j r\jSmith's (1976) paper (if we take sA(x) = P(x)^his flotation).

§3 The Pressure-Displacement and Free Surface Relations in the 
Various Limits

The problem (2.3) may be solved formally with Fourier Tranforms, 

‘giving the pressure displacement and free surface relations as

(sh) 1 the Froude number.

P*(a) = aA* s-aTanh(ah)
sTanh (ah) -a (3.1a)

cosh (ah) ri* (3.1b)

oo -±OLxwhere g*(a) = / e g(x) dx defines the Fourier Transform of g(x).

The expressions (3.1 abj) can now be inverted and expressed as con­

volution integrals after suitably rearranging (3.1) to give

p(x) - GA (x ) = h so sr)(Q + G"(C
7T -oo  (£  -  X ) *  + h

STl(g) + Gn (Q d£ (3.2a)



(3.2b)h r°° p(£)+GA (g) d£ = sn(x) - gP (x )
tt J~™ (C-X)2 + h2

where GA (x) = - JL r00 A7 (£)dg , G^(x) = ~_1 / °  r|/ (£)d£
u  —00 £  -  X  t t - 00 ( £ . -  s c )  ’  ( 3 . 2 c , d )

These formulae are not particularly convenient to work with when con­

sidering the limiting cases and we will instead stick to the relations 

in Fourier Transform space.

For h small (3.1) gives

p * = sn* , A* = (sh-l)r|*

which imply

P (x) = sn(x) = s A(x) (3.3)
(sh-1)

For large Froude numbers, sh «1, these expressions agree with 

those obtained previously for fully developed flows (see also 

chapter 4). Since h=H/L «1, the interaction lengthscale is large 

compared to the depth, as e.g. in the liquid layer problem. (3.3) 

admits eigensolutions upstream only for sh < 1, and hence on this 

much longer lengthscale, free interactions can take place for super-
f  lou;S

critical^only.

If h »  1, s-O(l), cx= 0 (1), then from (3.1)



P *  = |a|A * ,n *  = 2e ‘a 'P *

s - a

which on inversion yield

(x) = -1 f  AJ(g)d'g  ̂ 1 jfo 2hP(g)dg
TT (£-x) 7T h +(£-x)

7T -00 aLiOi£ =sn(x)(£-x) *n w (3.4a,b)

The P-A relation (3.4a) is the familiar Cauchy-Hilbert integral 

occurring in external incompressible flow. The second expression 

(3.4b) is just the interactive version of the standard inviscid 

result connecting ri and ? for large depths. It is important to note 

that (3.4a,b) hold only for x-O(l). For x»0(h) (i.e. |a|h«l) the 

relations (3.3) are operative.

If sh = 1, h»l then (3.1) (3.2) again reduce to (3.4).

If sh = 1, h « l  (3.1), (3.2) give

p *  ^  - 3 A * 

a2h2
,n* ^ -3A*

a2h2

which yield

A = h P' 
3

, A = h2n"
(3.5a,b)

and no eigensolutions exist upstream, sh = 1 corresponds to U = -IgH, 

and this is the velocity with which long waves travel on a fluid of

21



finite depth (from an inviscid analysis), see Lamb (1932).

§4 Linearised Solution for [d] «  1
The full problem (2.3) (2.5) poses a formidable numerical task 

which has still to be tackled seriously. In this section we consider 

the linearized solution valid strictly for |d|«l.

If we write

(U,V,P,A,n) = (Y,0,0,0,0)+d(D,V,P,2:,ri) + 0(d2) (4.1)

« /  A/ , . ,then U, V, P satisfy the linearized version of (2.5)

Y U  + V x = -P + U x yy ^ u x  +  W  = ° (4.2)

with the boundary conditions,

'XjU = -F(x) , V = 0 'X,ot Y = 0 (4.3a)

U -> A as Y ■> 00 (4.3b)

as x (4.3c)

As usual the solution of (4.2) (4.3) is obtained using Fourier Trans­

forms, and we find

p* = - aF*(a) (S-aTanh(ah) (4.4a)
a

-%2



(4.4b)
D *  =  - a F * ( a )

cosh(ah) Q

A *  =  - ( S  T a n h ( a h )  - c Q F *  ( a )  ( 4 . 4 c )

a

( p y ^ y o  =  T *  =  - a F * ( a )  ( i c p  At. ( 0 )  ( S - a T a n h ( a h ) )

d k \' (0) Q  (4.4d)

n  — < ( i . o l )  ^  C s  — « ( T a n k C ° ( K ) )  -V* s T a . n h ( p d k ^  —

✓  - 1where y = (-3AV. (0)) = 1.2878 , and A(,(x) is Airy’s function.

We take a branch cut along the positive imaginery axis.

In order to invert the above expressions we first need to know

the zeros of the denominator □  occurring in (4.4a-d). The proper­
tyties of£equation Q  =0 are discussed in the appendix and in particular 

we note that
9

H I  ( a , s , s h )  =  0  ( 4 . 5 )

has an infinite set of simple zeros along the negative imaginary axis.

If sh >1. the roots a , are at a h = -iO n = 1, 2, 3, ..., (n-|)7T<

0 <(n+5)~n • If sh<l, there is an additional root a at a'h=-i0o

where 0 <0O <' tt. For lm(a)>0 there exists an infinite set of complex 
2

conjugate roots of (4.5) .
The expressions (4.4a-d) can now be inverted as a convolution 

for a general F(x), although to be more specific we will take the 

case when F(x) = H(x) where H(x) is the Heaviside unit step function.
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(4.4a-d) and the above comments now show that

* <0 :

f t :P(x) = + Z (s + &» Tan(0n))
n=o _

Bnl

n (x )  = z
n=o

e l T

B
n 2 (4

A(x) = Z
n=o

(Sh Tan6 -0 ) O n *

e b .n nl
n n he

- V w t (x) = -y  q % (Sh+9„Tan8n)
^  73

X

Ai(0) nrO h e h
nl

where the first term in the summation is ommitted if sh^.1. Here

B  =  A  A )  v 3 Y ( 8 t £ n T a n ® n )  +  ( e > l ) ''/3 Y  ( T a n 6 ft. + 6 n S e c 2 e 0 " ]
* 3 tr h hy

+ sh sec20n - 1 n=o,l,2,...

■ n. _  4- /0'ft.s V3 YCecos 0A + sin0A)
" 3  h

-  *4- -

.6a-d)



(6n)Vs y [(1- Sb) sin0,j + 0-ft cos 9r\■]

+ (sh-1) cos0*n +0A sin0A n=o,l,2,

For X>Cr assuming that the complex roots are simple and given by

• ±id>- ,ia - r e f t  tt,_ <© <tt n n , /2 Tn n=0,1,2,

If sh =f 1

P(x) = 2Re
00 . . -xrn ei<J)*
^  - (S+J^e1^  Tan(-r^ e1^ ) )e~h

n l

S +Vj3 ,°° e (S+Z Tan(Zh))2Z 
J — v

% dZ
(rfi-l) 271 o{ |z - * i e17T/3 (S*Z Tan(Zh)) + S Tan(Zh)-Z|2}

n(x)
r°° XJh e1(̂ n

= 2 Re In=o Cn2 (sh-1)

+ ^|Y r00 e Zx [s+Z Tan(Zh) 3 Z dZZ7T J  iw----. y — -— —
°{|Z/3y elTr/3 (s+z Tan (Zh))+S Tan(Zh)-z| 2} cos(Zh)

(4.7a-b)



A(x) -2Re
roo
E

n=o
(sh TanCnie*”) -r„ ei<(>")

n - 0 e h

i <Pr

i t
C, e n l

-1 + i3 y ”
27T 0

-Zx Voe Z /3(s Tan(Zh)-Z) (s+Z Tan(Zh)) dZ
{|Z/a et7T/3y (S+Z Tan(Zh))+s Tan(Zh)-z|2}

-Al' (Q)t (x ) = 
Aw (0)

2 Re 2 ( 4 ) 2/3

21^3 (s+J2i
h

Tan(r'.eL^))e“fr
i<J>■VTixe rn

'•A I

/2tt jo
f—  -Zx 2A 4A

+ J l  fm  e Z (^^ZTanCZh)) (Z /3y(S+Z Tan(Zh)) + S Tan(Zh)-Z)dZ 
{ | Z /3et7r/3 y(S+Z Tan(Zh)) + e277̂  ( S Tan(Zh)-Z) | 2

(4.8a-d)

If sh=l, then

P(x) = 2Re E
n=o

— (S+ fV el<̂n TanCr^.e L<̂n ))e h

n i
J

+  p ( 0 ) Y
'o

(1-e Zx) Z /3(S+Z Tan (Zh))2dZ 
{ | Z /ay e ̂  (S+Z Tan(Zh)) 4 $ Tan(Zh)-Z | 2}

-  ?6 -



i ( fclxn, e
r f ( x )  =  2  Re z

n=o m

+n(o) + ill f°° (1-e ZX) f5+g Tan(Zh)l a /adZ
2lT 0 { |Z ̂ e^yCSJ-Z Tan(Zh))+S Tan(Zh)-z|2}

A(x) = A(x)+1

T ( X ) =  T ( x ) (4.9a-d)

Here A(x), t(x) are the same expressions as in (4.8ad); C ,

are identical to B , B except that 0v in B , B is replacedm  m  r u m  n2
by r et<̂>n to obtain C , C -respectively; Re denotes the real n ni n2

parts of the expressions.

Y = 0 in (4.6ab) (4.7ab) effectively gives the inviscid solu­

tion of Kelvin (1886) for the pressure and the free surface (the 

summations occurring in the expression for x>0 are modified because 

the branch cut disappears). jĵ The form F(x) = H(x) Tanh (x2) was 

chosen, and the expressions (4.4a-d) were inverted directly using 

the Fast Fourier Tranform. The results are shown in figs. (2a—i) . 
There are several interesting features present here which are worth 

mentioning .(i) Firstly for X . < 0 ,  the linearized solutions for both



supercritical and subcritical flows have the familiar exponential 

form which occurs in sup^ersonic flows, channel flows, liquid layer 

flows etc., and is responsible for any free interactions taking place 
in these flows5(the exponential factor is essentially the eigensolu- 

tion occurring fcr upstream). The pertinent question then is do 

free interactions occur here, and this is discussed further in §5. 

(ii) The upstream influence occurring for both subcritical and 

supercritical flows is much greater in the latter case (corresponding 

to the extra root in lm(a)<0, above). (iii) Large changes in the 

mean surface level are produced when the flow is nearly critical.
(iv) For Fr = 1, the pressure and the free surface become unbounded

•X., and the skin friction also oscillates and tends to its initial

value of unity.(v) For subcritical flows, with Fr ^ 1, the solu-
• ^ ^ # # tion for T and A, suggest that the fluid is being continually accele­

rated and decelerated as it negotiates the step, (vi) For h>>l, 

(subcritical flows) waves are produced behind the step, as in inviscid 

theory. Also note that in contrast to the flow over a forward/step 

in external flow (Smith-Merkin (1982)), the fluid returns to its 

uniform state U = Y, A = -1, slowly downstream, but the pressure 

tends to a nonzero constant. This quite clearly shows the influence 

of the free surface, since it is the pressure induced by the change 

in the surface level which feeds into and drives the boundary layer.

for large x, whereas the boundary layer displacement oscillates and 

falls to zero, a surprising feature since for Fr=f 1,-A-* 1 for large



In summary then, for both supercritical and subcritical flow 
over the step, the pressure rises ahead of the step, and the fluid is 
retarded there. Downstream, the pressure falls and tends to a con­
stant value (if Fr'f'l), while the fluid is sharply accelerated just 
ahead of the step, and the skin friction slowly returns to its 
initial value of unity. Also the free surface falls or rises accor­
ding as whether the flow is subcritical or supercritical. Waves are 
produced in the former case and die down ultimately. The boundary 

layer displacement rises ahead of the step. In supercritical flow 
it overshoots and then falls downstream, while for subcritical 
flows it is more oscillatory but is increasing to its constant 
value of 1.

Finally far downstream, the following asymptotes are implied 
from (4.4(a-d)). (For F(x) = H(x))

sh=fcl

n ^ -l____
(tfh-l)

- V s+ sy__ x ,d+...
(sh-l)2r ( 2/a)

P ^ -s 2SY -l/a +  .

(sh-i) (*h-irr(73)
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§5 F u r t h e r  Comments

Returning to the point mentioned in §4 concerning the existence

of the eigensolutions, if we write

D = Y + e0X g'(Y) +. , V = -aeaxg(y),

Po =  PD 00
Q xe P £  Q xPe A = y 0x Ae , ^ Qx 

n =  n e (5.1)

with X large and negative (a>0), and substitute into (2.3a-e) (2.5a)

(with F(x) = 0), neglecting terms of 0(ezC7x), a solution for g(y)
'u ^ o, . . . .  .

e x i s t s  w i t h  p ,  A ,  r| u n d e r t e r m m e d  p r o v i d e d  G s a t i s f i e s  t h e  e q u a t i o n ,

D  (-i a ,s ,  Sh) = 0 (5.2)

As shown in the appendix, (5.2) has simple zeros given by

0 = 0  = 
n e *  .

h
In contrast to e.g. supersonic flows, this result however does 

not directly imply that eigensolutions exist. There, the pressure 

and displacement are related locally, enabling the boundary layer 

equations to be marched forward given the initial form (5.1), 

whereas here the integral relations quite clearly demonstrate the 

elliptic nature of the problem. In general then the above question 

can only be addressed numerically akin to the problem of incompre­

ssible breakaway separation (Smith (1977)). It is conjectured that



eigensolutions and hence free interactions, do exist, and take the 

form (5.1) as X ^ -°°.
Physically the hydraulic jump is one obvious example of a free

interaction taking place: in supercritical flow the fluid adjusts

locally in anticipation of a severe obstacle downstream, by changing

to a much slower flow with a raised surface level. It is worth

stating some of the above results which are relevant to the hydraulic

jump problem. Firstly much bigger upstream influence occurs for

supercritical flow. If h is large, the interaction length scale,

(oC L ), is shortened with inviscid and external flow properties

dominating; if h is small then the interaction occurs over a much
longer lengthscale ,(see also chapter 4 where the free interaction

problem with the laws(3.3^ is discussed). If the flow were to return
‘to a uniform state downstream (with P = 5f| , r| = ri , A  = 0 ,o o
H constant) then separation would also imply reattachment, with o
the extent of the reversed flow. £sl$y dependent on the interaction

lengthscale. These conclusions tie in with the experimental findings

of Craifc et al. (1982), on their experiments on axisymmetric jumps.

On another matter, the linearized solution breaks down when

sh -> 1±. For sh -»■ 1-, the first naot 0q, approaches the origin

(0 a- (1-sh)3) with B , B a (sh-1), and the situation is similar o oi 02
h
to that in chapter 2, in the liquid layer problem. This suggests 

that the nonlinear terms in (2.5) will become important ahead of the 

step. Similar conclusions also apply to the limit sh -*■ 1+ , but

- <7?



nonlinear^ will become important first after the start of the step. 

For sh = 1 on the other hand, the linearized results show that for 

x » l , the influence of the boundary layer diminishes. Instead since
f\j fXj ty,Ue (X,0) = (x,0) m  the upper deck,(and P ^ - x ) the nonlinear

terms cannot be neglected there far downstream.

It is interesting also to compare the asymptotic forms (4.10a-d) 

downstream with those from linear inviscid theory (for sh =|= 1). The 

first term in (4.10) is the same in both cases, but the next few 

terms show clearly the contributions from viscous effects (and 

which are important for Sh 'v 1).

The full nonlinear problem (2.3) (2.5) merits further attention, 

for both 0(1), and bigger wall shapes. Certainly the latter should 

indicate the trend in the solution for physically realistic wall 

profiles, and also give an indication of whether free interactions 

occur or not.
Finally the analysis presented can be immediately generalised 

and extended to include three-dimensionality, surface tension, etc.

An important problem is to investigate the interaction between 

submerged obstacles and the bed. If the obstacle is relatively
_2f

small (of 0(R 5) then the problem (2.3) (2.5) is unchanged apart

from the additional tangential flow contraint on the body, in the 

potential flow region, (see also Smith (1976)). However, even for 

simple bodies, the finite depth, inviscid problem is difficult both 

analytically and numerically.



In summary,under the various assumptions stated earlier, we have 

shown that an obstacle of relative height 0(R ) placed at a distance of 

0 ( R f r o m  an upstream source will provoke a nonlinear viscous-inviscid 

interaction and this is expressed by the coupled problems (2.3D, • The

nature of the interaction depends on the Froude number and the ratio 
h=(H/L), of the depth to a characteristic streamwise lengthscale. If h#L 
for subcritical flows, the interaction is somewhat diminished and takes 

a form similar to that in subsonic flow. If h<l and the flow is 
supercritical then the boundary layer influence is very much enhanced.

In fact the linear solution investigated here suggests that boundary 
layer separation is much more likely to occur in a supercritical flow 
rather than a subcritical flow. But a sufficently large object affixed 

to the bed may well cause flow separation to occur in both supercritical 
and subcritical flows since an adverse pressure gradient is generated
ahead of the obstacle.
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APPEN D IX  A

In this appendix we derive some results concerning some roots 

of the equation

O  ( a ,  S, sh) a ( i a ) Vsy ($- aTanh (ah)) + ts Tanh(ah) - a= 0

Vawhere (ia) has a branch cut along the positive imaginary axis.
’• We will make use of the result from complex analysis that if 

f (2) is analytic inside and on a closed contour C, apart from a
r

finite number of poles P, and zeros N, inside CJis not zero on 

the contour, then

1_ A (arg f (2)) - N - P
2tt

(A l)

where Ac (arg f (2)) is the variation in the argument of the function £ 

around C, see e.g. Titchmarsh ppll5.
First we write iha = U in (4.4e), and consider the variation 

in the argument of the function

f  (V) = Uh - is U ̂
7/s + u 7/3 y

- Tanu

around a closed contour consisting of a small semicircle Cg

-  u  -



of radius 6 (6«1) around the origin, and the straight line paths 

L1? L2, L3, Li+Jas shown in fig. (3^)*

On Cg, U = 6e10 ? <0 < \

f (U) ^ * ie r. . n6e 1 1-sh 
sh

-6I+/3eUL0/3 Y + 0(63) . (A2)
h /s

Hence if sh =j= 1 Ac6 (arg f (Z)) = - 7T ( A3a)

If Sh = 1 Acg (arg f(Z)) = - 4tt (A3b)

iTT/2On Lx U = Ze /2 6 ^ Z ^ niT ^  ft ^

Re(f) = -Z ̂  h ̂  y !Tz2-s2h2l 
(sh?/3 + 2?/3 ei7lr* V  |2 (A4a)

Hence Re(f) changes from being negative for large Z to positive for 

small Z. Also Im(f (she^77̂2 )) = i (1 - Tanh(sh)) (A4b)

and f(Ze1T,'/2) ^ -i (2 »  l) (A4c)



A ( 2 ,  3 , 4 ) t o g e t h e r  show  t h a t

AL i (a r g  f )

S im i la r ly  on L

iL2 (arg

On L 3 U = 2 -

6 < 2 n̂TT ,

f (U ) = i

Hence A (a r g
1j 3

= -'fi­ sh <1

= — 2tt 1 < sh

= -llTT S'h = 1
6

, where U = 2e *‘7r̂ 2 6 ^ 2 < Mf

f )  = -77 sh < 1

= —277 1 < sh

— -1177 sh
6

inir = R e n
i<t)n where

nTT ^  R = ( 2 2+n 27T2) ^  127)77 ~ 77/ 77,
k

v 0
(Rn^

f) = 0

^A 5a-bj

(A 6 a-c )

( A 7 a )



Similarly A. (arg f) = 0 As (A7b)

. id)-.On L. , U = nir + u 2 = R e4 ' n

where -mr ^ 2 ^ mr , mr ̂ R. * I^MT , -7T/ 4 < <J)n<TT/ 4 

f(u) -$h e ^  -i Tanh 2

Hence A ^  (arg f ) = tt . (A8)

Combining the above results together (A3, A5, A6, A7, A8) we

get

A^n (arg f) = -2tt sh < 1

= —.Att sh ^ 1 . (A9)

Now in 0< fie (U)< nTT , f(tt) has n poles where cos U = 0, and 2 poles
7/ 7/

where Sh /3 + U /3 y = 0. This together with (Al, A9) then gives

no.of zeros in C of f(U) = n + 1 if Sh < 1 n
= n if sh ^ 1 ( A1 0 )

Since the zeros of f(u) are identical to those of Q  (-iu, s, sh),
h



we obtain the result that Q(a, s, sh) has an infinite set of zeros

in Im(a)< 0. Furthermore, if sh^l, then the zeros are at han . = -i,0n

(n-JL)TT<0 <(n+|)7T , (n=l, 2, ...)> and if sh < 1 there is an 
2 n

additional zero at h a, = -i0« >O<0 <7r./0. This follows from

(A10) and from graphical considerations of the function f (u). The 

leading zeros for several values of sh, h are given in Table (3.f).

Results for the zeros of 0  (&> s, sh) in Im (ct)> 0 are 

derived similarly, although we will just state the result. If we 

consider the variation in the argument of the function f2(L‘), where

f2(U) = Uhxos U Jji1/3 - SylA3] - Sin U £ Sh/3+U?/3y

taken around the contour C'n consisting of a small circle C7 ̂  

around the origin, and the straight line paths L4, Lfj, L ’2, L'3,

L* _, L* , Lf_ , as shown in fig.( 3b), then
5 6 7

A , (arg f) = (6n + 4)tt if sh ^1 
Cn CAllak;

= (6n + 6)tt sh < 1

This together with (A10) now gives the result that, the number of 

zeros of f (u) in U < 0 = 2n + 2 . Hence in Im .(a) > 0
Q  (a, s, sh) has an infinite ( courvt-cuHe. ) set of complex conjugate 

roots.

1&0



The following additional properties of the roots in 

lm(a)<0 for various limits, are readily established;

0 = h +0(h2) h 0 5
(iy)3

0Q = , l-Shv 3 h1* for sh ̂  ir
c y  ;

0X ^ TTfl + 1_\ 
1 sh'

h »  1

0. ^ nir- shn —nTT
for n »  1 ( A12a-d )

iol



Table 3.1
Some leading zeros of f(u) = 0, and Q  = 0, see Appendix. 
^ So C°< jovkd oL dc.fvoW>i o(# C © r ) .

s h sh © ia

• 4 1.0 •4 •42533 .42533
.5 1 .0 .5 .27781 .27781
.6 1.0 .6 .12531 .12531
.7 1.0 • 7 3.653E-2 3.653E-2
.8 1.0 .8 7.323E-3 7.323E-3

1.0 1.0 1.0 2.9974 2.9974
1 . 1 1.0 1 . 1 2.9667 2.9667

1 . 2 1.0 1 . 2 2 .9 36 3 2.9 36 3

1.3 1.0 1.3 2 .9 0 6 1 2.9 0 6 1

1.4 1.0 1.4 2.8 76 2 2.8 76 2

1.5 1.0 1.5 2 .8468 2.8468

1.0 .5 .5 2 . 909-S- 2 5.818E-2
1.0 . 6 . 6 1.795S-2 2.991E--2
1.0 1 . 1 1 . 1 2.9910 2.7191
1.0 1 . 2 1 . 2 2.9858 2.4882

1.0 1.3 1.3 2.9817 2.2936
1.0 1.4 1.4 2.9787 2.1277
1.0 1.5 1.5 2.9 76 7 1.9 8 4 5

1.0 2 .0 2 .0 2.9786 1.4 8 9 3

1.0 3.0 3.0 ■ 3.0157 1.0 0 5 2
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C a p t io n s

Fig. l(ab)
A sketch of the geometry and the triple-deck structure.

Fig. 2 (a-1)
Linearized solutions for the flow over an infinite step F(x) 

Tanh(X2 )H(x) , for several values of s and h .
Fig. 3

(a) Contour Cn ,(h) contour C^ , see appendix .



CHAPTER 4

ON HYPERSONIC SELF-INDUCED SEPARATION, HYDRAULIC JUMPS 
AND BOUNDARY LAYERS WITH ALGEBRAIC GROWTH

To be published in Mathematika (19 8 3)



The work of the previous chapters suggests studying the free
interaction problem when the streamwise lengthscale is large compared to
the depth since then the interaction laws take on a much simpler form
and the free interaction problem is consequently much more amenable to

some further analysis. In fact for the flow over an inclined plane when
*the angle of inclination of the plane to the horizontal , where R

is a characteristic Reynolds number, the induced pressure is 
proportional to the local displacement, as is the case for the 
undeveloped free surface flow when the depth is small compared with the 

streamwise lengthscale.

Another motivation for studying this problem is, as has been 
mentioned already, the possible application to hydraulic jumps. In 
hydraulic jumps the mean depth of the oncoming stream changes more or 

less spontaneously without change of local conditions, from one level to 

another. The change can be gradual or more abrupt. In some cases an 
undular jump is formed. There are in fact many different types of jumps 

each characterized by different properties; see Rajaratnam (1967) for a 
comprehensive review on experimental and some theoretical aspects of 
hydraulic jumps. There are also numerous theoretical models of hydraulic 

jumps. The simplest assumes uniform depths of fluid before and after the 

jump, and momentum and mass flux considerations then fix relations 

between the upstream and downstream velocities and depths. Given the 
upstream conditions; the downstream conditions can be obtained readily, 
as in Lamb (1932), Rajaratnam (1967), Benjamin and Lighthill (195*1). 
Another approach or viewpoint is to assume a long streamwise lengthscale



and then apply the ideas of shallow-water theory (Peregrine (1972)), 
accounts of which are given by Peregrine (197*0, Hibberd and Peregrine
(1979)- However these studies do not include viscous effects and do not 
allow the details or structure of separating flow. In the theories based 
on the shallow water approximation, the boundary layer which would be 
needed to reduce the slip velocity to zero is driven by an adverse 

pressure gradient, since the pressure gradient here is effectively the 
slope of the free surface, for steady flows. Consequently the assumption 
that the boundary layer influence is small is open to debate, in a 
rational if not a practical sense. There have also been studies 

discussing the flow in a turbulent jump; see Rajaratnam (1967),

Narayanam (1975), Madsen and Svendsen (1983).

Here we approach the problem from a different viewpoint, i.e. from 

that of interactive boundary layer theory. The hydraulic jump is 
described by a free interaction, and the work highlights the complicated 

separated flow structure which emerges beneath the jump. Far downstream 

the present structure also breaks down. In fact the free surface is 
still increasing algebraically downstream, and a new more complex 
structure must come into operation on some still longer lengthscale 

dependent on the Reynolds number.

Our objective throughout is not necessarily to obtain a complete 
description of the hydraulic jump, merely the beginnings of one. In fact 

the description strictly applies only as the Reynolds tends to infinity, 
but the work does demonstrate that a small frictional force can have a 

significant effect on the flow properties. It may be that the

( / m ;



interacting Navier- Stokes or boundary layer equations will give a 
better description of the hydraulic jump applicable at large but finite 
Reynolds numbers.
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ON HYPERSONIC SELF-INDUCED SEPARATION, HYDRAULIC 

JUMPS AND BOUNDARY LAYERS WITH ALGEBRAIC GROWTH

J. Gajjar i F.'i'. Smith

Matiieiiiatics Dept.,  Im peria l C o l le g e ,  

k London, SW7 2BZ.

SUMMARY

Analytical and numerical properties are described for the free

interaction and separation arising when the induced pressure and
local displacement are equal, in reduced terms, for large Reynolds

number flow. The interaction, known to apply to hypersonic flow,
Super or  £  F r o u . c t e  F e r  ±j

is shown to have possible relevance also to the origins of^hydraulic
jumps in liquid layers flowing along horizontal walls. The main
theoretical task is to obtain the ultimate behaviour far beyond the

separation. An unusual structure is found to emerge there, involving
a backward-moving wall layer with algebraically growing velocity at

its outer edge, a detached shear layer moving forward and, in

between, reversed inertial flow uninfluenced directly by the adverse

pressure gradient. As a result the pressure increases like

(distance)*11 then [with m = 2(/f-2)/3 (= O.U305O...)] and does not
( F c i l k M r  — S k '. ln )

approach a plateau. Some more general properties of^bounuary .layers 

with algebraic growth are also described.
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INTRODUCTION§1 .

T h e  b u l k  o f  t h e  p r e s e n t  p a p e r  i s  c o n c e r n e d  w i t h  t h e  f r e e  i n t e r a c t i o n  

t h a t  o c c u r s  w i t h  t h e  p r e s s u r e  p r o p o r t i o n a l  t o  t h e  l o c a l  b o u n d a r y  l a y e r  

d i s p l a c e m e n t ,  i n  f l u i d  f l o w  a t  l a r g e  R e y n o l d s  n u m b e r .  T i l l s  f r e e  i n t e r a c t i o n ,  

w h i c h  i n  e s s e n c e  d e s c r i b e s  u p s t r e a m  i n f l u e n c e  i n  f o r w a r d  f l o w ,  a r i s e s  i n  t w o  

m a j o r  c o n t e x t s ,  t h e  f i r s t  b e i n g  f o r  h y p e r s o n i c  f l o w  ( B r o w n ,  S t e w a r t s o n  5  

W i l l i a m s  ( 1 9 7 4 / 7 5 ,  1 9 7 5 ) ,  B r o w n  §  W i l l i a m s  ( 1 9 7 5 ) ,  S t e w a r t s o n  ( 1 9 7 4 ) ) .  T h e  

p r o b l e m  i s  t o  s o l v e  t h e  b o u n d a r y  l a y e r  e q u a t i o n s ,  h o l d i n g  i n  a  v i s c o u s  s u b ­

l a y e r  o n  a  f i x e d  p l a n e  w a l l ,  w i t h  t h e  u n k n o w n  p r e s s u r e  b e i n g  e q u a l  t o  t h e  

u n k n o w n  d i s p l a c e m e n t  i n  s c a l e d  t e r m s .  T h e r e  B r o w n  et aZ  ( 1 9 7 5 )  p o i n t  o u t  

t h a t  t h e  d e t e r m i n a t i o n  o f  t h e  u l t i m a t e  f o r m  o f  t h e  f r e e  i n t e r a c t i o n  b e y o n d  

s e p a r a t i o n  i s  a  m a i n  t a s k :  o u r  a i m  i s  t o  a d d r e s s  t h e  t a s k .

T h e  s e c o n d  m a i n  c o n t e x t  i s  i n  t h e  m o t i o n  o f  a  l i q u i d  l a y e r  a l o n g  a

f i x e d  h o r i z o n t a l  w a l l ,  i n  p a r t i c u l a r  t h e  p h e n o m e n o n  o f  t h e  h y d r a u l i c  j u m p .

T h e r e ,  w i t h o u t  c h a n g e  o f  l o c a l  b o u n d a r y  c o n d i t i o n s ,  t h e  d e p t h  o f  a n  o n c o m i n g

l i q u i d  l a y e r  a d j u s t s  i t s e l f  i n  a n t i c i p a t i o n  o f  a  n e w  d o w n s t r e a m  s t a t e .  [ S e e ,

e . g . ,  t h e  e x p e r i m e n t s  o r  a n a l y s i s  i n  R a j a r a t n a m  1 9 6 7 ,  H e n d e r s o n  1 9 6 6 ,  C r a i k

et al  1 9 S 1 ,  W a t s o n  1 9 6 4 ,  T a n i  1 9 4 S ,  c o n c e r n i n g  c l a s s i c a l ,  m o v i n g ,  p l a n a r ,

c i r c u l a r ,  f o r c e d ,  s u b m e r g e d  o r  o t h e r  t y p e s  o f  j u m p s . ]  T h i s  i s  c h a r a c t e r i s t i c

o f  a  f r e e  i n t e r a c t i o n  t a k i n g  p l a c e  u p s t r e a m  a n d  i n  f a c t  i t  i s  f o u n d  t o  b e

c o n t r o l l e d  i n i t i a l l y ,  i n  c e r t a i n  r e g i m e s  d e p e n d e n t  u p o n  t h e  l e n g t h  s c a l e  a n d

F r o u d e  n u m b e r  F r ,  b y  t h e  s a m e  p r o b l e m  a s  t h e  h y p e r s o n i c  s e p a r a t i o n  a b o v e ,

p r o v i d e d  t h a t  t h e  f l o w  i s  s u p e r c r i t i c a l ,  F r  >  1 .  T h e  p r e s s u r e - d i s p l a c e m e n t

l a w  s t e m s  f r o m  t h e  t r a d i t i o n a l  p r e d o m i n a n t l y  i n v i s c i d  b o u n d a r y  c o n d i t i o n  a t

t h e  f r e e  s u r f a c e .  O u r  i n t e n t i o n  h e r e  i s  t o  a c h i e v e  o r  s t a r t  a n  a c c o u n t  o f  t h e

S
h y d r a u l i c  j u m p  c o n s i s t e n t  w i t h  t h e  N a v i c r - S t o k e s  c q u a t i o r ^ ,  t h a t  i s  

t h e  i n f l u e n c e  o f  v i s c o u s  f o r c e s ,  w h i c h  a r e  s e l d o m  i n c o n s e q u e n t i a l  

R e y n o l d s  n u m b e r  f l o w s ,  r a t h e r  t h a n  f o l l o w i n g  t h e  c l a s s i c a l  i n v i s c i

, a c c o r . r n o d a t i n  

i n  h i g h  

d  l i n e s  n s ,

g
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e
f c r  e x a m p l e ,  i n  t h e  ( n o n e t h e l e s s  i n t e - ^ s t i n g )  w o r k s  b a s e d  o n  L a m b ' s  ( 1 9 3 2 )  

a c c o u n t :  s e e  a l s o  R a j a r a t n a m  ( 1 9 6 7 )  a n d  H e n d e r s o n  ( 1 9 6 6 ) .

T h e  p r o b l e m  o f  t h e  h y p e r s o n i c  s e p a r a t i o n / f r e e  i n t e r a c t i o n  i s  s t a t e d  i n  

§ 2 ,  w h i l e  § 3  s h o w s  i t s  r e l e v a n c e  t o  t h e  s u p e r c r i t i c a l  h y d r a u l i c  j u m p  a l s o .

N o  s u c h  i n t e r a c t i o n  o c c u r s  i n  s u b c r i t i c a l  o r  c r i t i c a l  f l o w ,  I; r  <_ 1 / f T i c n  5 1  

p r e s e n t s  t h e  n u m e r i c a l  p r o c e d u r e  a d o p t e d ,  a n d  t h e  n u m e r i c a l  r e s u l t s ,  f o r  t h e  

i n t e r a c t i o n  p r o b l e m .  T h e  u l t i m a t e  f o r m  f o u n d  t o  e m e r g e  f o r  t h e  f r e e  i n t e r a c t i o n ,  

f a r  d o w n s t r e a m ,  i s  d e s c r i b e d  a n a l y t i c a l l y  i n  § 5  a n d  f u r t h e r  c o m m e n t s  a r c  

g i v e n  i n  § 6 .

C o n c e r n i n g  § 5 ,  t h e  u l t i m a t e  f o r m  h a s  c e r t a i n  n o v e l  a s p e c t s  a n d  t u r n s  

o n  t h e  p r o p e r t i e s  o f  b o u n d a r y  l a y e r s  w i t h  a l g e b r a i c  growth.  A  v i s c o u s  d e t a c h e d  

s h e a r  l a y e r  e m e r g e s ,  s u p p o r t e d  b y  a n  i n e r t i a l  l a y e r  o f  r e v e r s e d  f l o w  w h e r e  

b o t h  v i s c o u s  a n d  p r e s s u r e  f o r c e s  a r e  s e c o n d a r y ,  a n  u n u s u a l  f e a t u r e  w h i c h  

y i e l d s  a  p o w e r  l a w  f o r  t h e  v e l o c i t y  p r o f i l e .  C l o s e r  t o  t h e  w a l l  a  r e v e r s e d  

v i s c o u s  s u b l a y e r  i s  f o r m e d  w h o s e  s t r e a m w i s e  v e l o c i t y  m u s t  g r o w  a l g e b r a i c a l l y  

a t  t h e  o u t e r  e x t r e m e s .  T h i s  a l s o  i s  u n u s u a l  a n d  i r ^ o n t r a s t  t o  t h e  a l g e b r a i c  

d e c a y  o f  b o u n d a r y  l a y e r s  w h i c h  h a s  r e c e i v e d  a p p r e c i a b l e  a t t e n t i o n .  A g a i n ,  

t h e  r e d u c e d  p r e s s u r e  P  d o e s  n o t  t e n d  t o  a  u n i f o r m  p l a t e a u  f a r  d o w n s t r e a m ;  

c . f .  a l l  p r e v i o u s l y  s t u d i e d  i n t e r a c t i o n s ;  i n s t e a d  w e  f i n d  t h a t

P  K ( d i s t a n c e ) 111, w h e r e  m =  - j  ( / T  -  2 )  ( =  0 . 4 5 0 5 0  . . . ) ,  ( 1 . 1 )

i s  u n b o u n d e d  t h e r e .  A n o t h e r  p o i n t  i s  t h a t  t h e  s h e a r  l a y e r  p o s i t i o n  a l t h o u g h  

f a r  f r o m  t h e  w a l l  i s  g o v e r n e d  b y  t h e  s o l u t i o n  o f  t h e  b o u n d a r y  l a y e r  w i t h  

a l g e b r a i c  g r o w t h  a n d  h a n c e  b y  v i s c o u s  f o r c e s .  S i n c e  a l g e b r a i c  g r o w t h  i n  

b o u n d a r y  l a y e r s  i s  o f  s o m e  i n t e r e s t  i n  i t s e l f  —  —  —
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c e r t a i n  f u r t h e r  p r o p e r t i e s  a r e  c o n s i d e r e d  i n  a n  A p p e n d i x .

T h e  w o r k  b e l o w  i s  e x p r e s s e d  i n  t e r m s  o f  t h e  v e l o c i t y  c o m p o n e n t s

u  , v  i n  c a r t e s i a n  c o o r d i n a t e s  x  ,  y  a n a  t h e  p r e s s u r e  . p  ,  n o n

2 .
d i m e n s i o n a l i z e d  w i t h  r e s p e c t  t o  u  , u  ,  l ,  i ,  p  u  i n  t u r n .

00 CO CO CO 00 00

H e r e  u  ,  l ,  p  a r e  r e p r e s e n t a t i v e  v e l o c i t y ,  l e n g t h  a n d  d e n s i t y
00 CO CO

s c a l e s  o f  t h e  m o t i o n s .  F o r  t h e  p o s s i b l e  a p j j l i c a t i o n  t o  h y d r a u l i c

j u m p s  t h e  f l u i d  i s  t a k e n  t o  b e  i n c o m p r e s s i b l e  o f  d e n s i t y  p m  ,  a n d

s u r f a c e  t e n s i o n  e f f e c t s  a r e  i g n o r e d .  T h e  m o t i o n  i s  t w o - d i m e n s i o n a l ,

s t e a d y  a n d  l a m i n a r ,  a n d  t h e  R e y n o l d s  n u m b e r  R e  =  u  1 / v  ( v  b e i n g
00 00 00 0 0 °

t h e  k i n e m a t i c  v i s c o s i t y  o f  t h e  f l u i d )  i s  l a r g e .

§2. THE HYPERSONIC INTERACTIVE BOUNDARY LAYER

I n t e r a c t i o n  i n  h y p e r s o n i c  f l o w  o c c u r s  b y  m e a n s  o f  a  t r i p l e - d e c k  

s t r u c t u r e ,  a s  s h o w n  b y  B r o w n  et at  ( 1 9 7 5 )  a n d  R i z z o l t u  el at  ( 1 9 7 0 )  

w h o  p r e s e n t  t h e  d e r i v a t i o n  a n d  s c a l i n g s  i n v o l v e d .  T h e  c e n t r a l  

p r o b l e m  r e d u c e s  t o  s o l v i n g  t h e  v i s c o u s  b o u n d a r y  l a y e r  e q u a t i o n s

II=JI _ J!JU = _ dP jfu (2 la%
3 Y  * d X  ax 3 Y  d X  „ v 2  5 'ol

f o r  t h e  r e d u c e d  v e l o c i t y  U ( X , Y )  ,  s t r e a m  f u n c t i o n  ' J ' ( X j Y )  a n d  

p r e s s u r e  ? ( X )  ,  s u b j e c t  t o  t h e  b o u n d a r y  c o n d i t i o n s

U  =  7  =  0  a t  Y  •= 0 ( 2 . 1 b )

U ^ Y + A ( X ) a s Y - ^ C0 ( 2 . 1 c )

( ’0 , 4 ' , ? )  ( Y , 5 Y ^ , 0 )  a s  X  ->■ ( 2 . I d )

w h e r e  t h e  d i s p l a c e m e n t  - A ( X )  i s  a l s o  u n k n o w n .  T h e  p r e s s u r e -  

d i s p l a c e m e n t  r e l a t i o n  f o r  h y p e r s o n i c  f l o w  r e q u i r e s  i n  a d d i t i o n  t i n t
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? ( X )  = - A ( X ) ( 2 . l e )

in the hypersonic limit: see Brown e t  a l  (1975)*

A free interaction can take place, when (2.1a-e) hold, starting 

in the form

P 'v be<A for X + -«> : k = (-3Ai‘(0))3 = O.L681 . (2.2)

Here the constant b is unknown. If b < 0 the flow becomes 

strongly attached as X increases, a singularity being encountered 

at a finite value of X : see Erovn e t  a l  (197̂ /75)• Our concern

is with b > 0 however, where instead the flow proceeds to separate, 

and the_ ensuing numerical and analytical features then will be 

described in sU, §5 below. In particular the main difficulty (see 

Brown e t  a l  s (1975)comments), which concerns the unknown ultimate form 

taken by the free interaction as X increases beyond separation, 

will be addressed.

§3. THE APPLICATION IN HYDRAULIC DUMPS

I t  i s  a r g u e d  b e l o w  t h a t  t h e  s a m e  p r o b l e m  ( 2 . 1 a - e )  m a y  a r i s e  i n  

t h e  c o n t e x t  o f  h y d r a u l i c  j u m p s .

S u p p o s e  t h a t  a  u n i f o r m  f l e w  u  =  1  o f  l i q u i d  o f  d e p t h  1  i s

approaching horizontally from upstream, supplemented by a thin

boundary layer of thickness 0(s) to satisfy the no slip condition 
----- ------- ----- - ciiso
at the wall y = 0. :un̂ l\ig. I. .It* an eventual hydraulic .jump in 

the liquid depth is to be produced downstream then the local flow 

must admit upstream influence, enabling its depth to deviate 

slightly at first from the original depth 1 . We postulate that 

the length scale L governing zhis upstream influence is large,

T h e  b o u n d a r y  l a y e r  e f f e c t s  o n  t h e  u n i f o r m  s t r e a m  a r e  n e g l i g i b l e  t o  o u r  o r d e r  o f  w o r k i n g  

b e l o w :
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L  > >  I  ,  a n d  w e  s e e k  a  s e l f - c o n s i s t e n t  a c c o u n t  o f  t h e  i l a v i e r - S t o k e s  

e q u a t i o n s  f o r  R e  l a r g e .  O v e r  t h e  b u l l y ' o f  t h e  l o c a l  m o t i o n  o n l y  a  

s m a l l  p e r t u r b a t i o n  o f  t h e  o n c o m i n g  s t r e a m  i s  i n d u c e d  t h e n ,  w i t hpan
=  y  +  <5{ A  ( X ) 1 +  0 ( 6  ) ( 3 . 1 a )

i> - 6 !•(>:) I 0(6 ' ) (3.1b)

v h e r e  5 i s  a n  u n k n o w n  s m a l l  p a r a m e t e r  a n d  A(X) , P(X) a r e  

u n k n o w n  f u n c t i o n s  o f  X  =  ( x - £ ) / L  ( £  =  c o n s t a n t  ,  s e e  b e l o w ) .  T h e

b o u n d a r y  c o n d i t i o n s  a t  t h e  u n k n o w n  f r e e  s u r f a c e ,  y  =  1  +  p  s a y ,  

r e c u i r e

’1 = 1

(~r>+2Re tr-/ , - Re ( —  + ~r~) =  03x /dx
Q / i

3y 3x

- o -1 3u  ̂-1 / 3u 9v. dp _
-  2 R e  ---------R e  ( —  +  =  03x 3y 3x ox

( 3 . 2 a , b , c )

h o w e v e r ,  f o r  c o n t i n u i t y  o f  n o r m a l  v e l o c i t y  a n d  b o t h  s t r e s s  c o m p o n e n t s ,

-2
w i t h  p  E p  -  g £  ( y - l ) u  b e i n g  t h e  m o d i f i e d  p r e s s u r e .  T h e  d e n s i t y

a n d  v i s c o s i t y  o f  t h e  f l u i d  a b o v e  t h e  f r e e  s u r f a c e  a r e  n e g l e c t e d .

H e n c e  n  =  6 ( " P - A ) ( X)+ 0 ( 5 ^ )  f r o m  ( 3 . 1 a ) ,  a n d  ( 3 * 2 b , c )  b o t h  l e a d  t o  t h e

s t a n d a r d  i n v i s c i d  r e s u l t  f o r  a  f r e e  s u r f a c e ,  p  =  s n  +  0 ( 6  ) w h e r e  r"f* 
2

s = 9  Qo is the" r r o u a e  n u m o e r .  n e n c e

P ( X ) A ( X )

C
(3.3)

T h e  m i n o r  c o r r e c t i o n s  n e e d e d  t o  s a t i s f y  ( 3 - 2 b , c )  e x a c t l y  a r e  p r o d u c e d

_ 2 1
i n  a  t h i n  s u r f a c e  l a y e r  o f  t h i c k n e s s  0 ( R e  2 L * ) ,  r e q u i r i n g  t h a t

L  < <  R e



/

N e x t ,  t h e  d i s p l a c e m e n t  e f f e c t  o f  ( 3 . 1 a , b )  f e e d s  i n t o  t h e  m a j o r i t y  o f  

t h e  t h i n  b o u n d a r y  l a y e r  ( T I )  w h e r e i n  y  =  e Y  w i t h  Y  o f  0 ( 1 ) .  T h e r e ,  s i n c e  

t h e  m o t i o n  u p s t r e a m  h a s  a  p r o f i l e  = c i ,'-'q ( Y )  w i t h  'I'q C01)  =  1 ,  w c  h a v e

Ip =  G ’h 0  C Y )  +  6 A  ( X )  ( Y )  +  . . .  ,  ( 3 . 4 )

m a t c h i n g  w i t h  ( 5 . 1 n )  p r o v i d e d  6 << c. T h e  r e s u l t  ( 5 . 1 b )  f o r  p  i s  v a l i d  s i n c e

_ ■)
( u D v / D x )  i s  o n l y  0 ( 6 L  “ ) .  F i n a l l y ,  ( 5 . 4 )  b e c o m e s  i n v a l i d  n e a r  t h e  w a l l  ( I I I )

I -2
w h e n  Y -> 0 ( 6 / e ) ,  s i n c e  4' q ( Y ) —. \Y w h e r e  X i s  t h e  0 ( 1 )  o n c o m i n g  r e d u c e d  s k i n

f r i c t i o n ,  a n d  a  n o n l i n e a r  i n e r t i a l - p r e s s u r e - v i s c o u s  f o r c e  b a l a n c e  a l s o  e m e r g e s  

t h e n  i f  L  =  5 / L  =  6 / e 6 “ R c ,  s i n c e  y ,  u  a r c  0 ( 6 ) ,  0 ( 6 / c )  r e s p e c t i v e l y .

H e n c e  L  =  c ^ R c ,  6  =  c “ . S o  t h e  r e s t r i c t i o n s  a b o v e  r e q u i r e  o n l y  t h a t

1 »  e  »  R e _ 1 / ^  ( 5 . 5 )

G i v e n  ( 3 . 5 ) ,  t h e n ,  t h e  b o u n d a r y  l a y e r  e q u a t i o n s  h o l d  i n  a n  0 ( 0 * * )  t h i c k  

s u b l a y e r  I I I  s u b j e c t  t o  t h e  n o  s l i p  c o n d i t i o n  a t  t h e  w a l l  a n d  t o  a  r e l a t i v e  

d i s p l a c e m e n t  - A ( X )  a n d  p r e s s u r e  f o r c e  P ( X )  l i n k e d  b y  t h e  l a w  ( 5 . 3 ) .  P r o v i d e d  

F r  >  1 a  n o r m a l i z a t i o n  t o  a l l o w  f o r  t h e  f a c t o r s  F r ,  X t h e r e f o r e  r e d u c e s  t h e  

p r o b l e m  t o  t h e  f o r m  ( 2 . 1 a  -  e ) ,  w h i c h  a d m i t s  u p s t r e a m  i n f l u e n c e  t h r o u g h  ( 2 . 2 )  

a n d  s o  p e r m i t s  t h e  g r a d u a l  g r o w t h  ( o r  d r o p )  i n  t h e  l i q u i d  d e p t h  f o r  X  l a r g e  

a n d  n e g a t i v e ,  a s  r e q i ^ i / e d  b y  a  h y d r a u l i c  j u m p .  H e n c e  t h e  n e e d  f o r  t h e  s o l u t i o n  

p r o p e r t i e s  o f  ( 2 . 1 a  -  e )  i s  r e i n f o r c e d  b y  t h e  a p p l i c a t i o n  t o  s u p e r c r i t i c a l  

h y d r a u l i c  j u m p s  w h e r e  F r  >  1 [ w h e i c a s  s u b  c r i t i c a l  o r  c r i t i c a l  f l o w s ,  w h e r e  

F r  <_ 1 ,  d o  n o t  i t  s u c h  u p s t r e a m  i n f l u e n c e  b e c a u s e  o f  t h e  r e s u l t a n t  s i g n  

c h a n g e ,  o r  z e r o ,  i n  ( 5 . 5 )  a n d  h c n c c  i n  ( 2 . 1 e ) :  s e c  a l s o  5 6 ]  „

B e f o r e  t h e  s o l u t i o n  o f  ( 2 . 1 a  -  c )  i s  i n v e s t i g a t e d  i t  i s  w o r t h  c o n s i d e r i n g  

t h e  r e s t r i c t i o n s  i n  ( 5 . 5 ) .  A t  o n e  e x t r e m e ,  i f  e  i s  0 ( R c  ^ ^ )  t h e  i n t e r a c t i o n  

l e n g t h  s c a l e  L  f a l l s  t o  0 ( 1 ) ,  c o m p a r a b l e  —  —  —
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_ with the liquid depth (as in Smith 1976), so that the outermost zcr.e

becomes one of classical linearized potential flow,replacing (3.1a,c), 
(X n d L  czJJbcuzCi'uj S u -b  -  S j j L ^ ^ c r it b c o -t  ,

^This regime includes the present case of (3-la,b), (3-3) as a limit,
shows the influence of viscosity on linear and nonlinear water waves

for instance and is studied by Gajjar (1983). Again, if the

interaction occurs at a distance Z (>> L) from an upstream source
of the motion then typically the boundary layer thickness is

_ l 1 3 /5
z - 0(Re 2 Z2 ) ;  so the regime above has Z =  0(Reo/p) ,  while (3-5)

3/5
r e q u i r e s  t h a t  R e  < <  Z << R e  . A t  t h e  o t h e r  e x t r e m e ,  i f  e  i s

0(l) then both Z ,  L rise to O(Re) ■ and the interaction has nc

subscales in the y-direction. Instead the boundary layer equations

a p p l y  a c r o s s  t h e  e n t i r e  d e p t h ,  w i t h  t y , u , p , 5 c =  x / R e  ,  y  ,  n

all of 0(l) and the uniform stream u = 1 , b = y holds at the
^  ...

s t a r t  X  =  0 + f o r 0  < y  < 1  .

a r e  t|; =  u  = 0 a t 11 0 i o  s i :

11 + ( f r e e s u r  f  a c  e , f r o m

SupercrLticaU .
=  s n ( X )  f o l l o w i n g  f r o m  ( 3 - 2 c ) .  T h i s  s y s t e m  a l s o  a d m i t  s l i p s t r e a m

i n f l u e n c e ,  w i t h  t h e  f l o w  a b l e  t o  d e v i a t e  i n  a n  i n i t i a l l y  e x p o n e n t i a l l y  

/ ^  ,a 3 / 2 n . «
s m a l l  f o r m  <* e x p ( - < / X  ) [k a  p o s i t i v e  c o n s t a n t ;  f r o m  t h e  u n i i o r m

a
s t r e a m  a l l i e d  t o  a  B l a s i u s  b o u n d a r y  l a y e r  h o l d i n g  a t  X  =  0  +  .  T h u s

t h e  s o l u t i o n  i s  n o t  u n i q u e  a n d  c a n  b r a n c h .  E s s e n t i a l l y  s i m i l a r

e q u a t i o n s  w e r e  p r e s e n t e d  b y  K u r i n a r a  ( 1 9 ^ 6 )  a n d  T a n i  ( 1 9 ^ 8 )  f o r  t h e

a x i s y m m e t r i c  h y d r a u l i c  j u m p  b u t  w i t h o u t  a c k n o w l e d g e m e n t  o f  t h e

b r a n c h i n g ,  a n d  b r a n c h i n g  i s  a l s o  a b s e n t  i n  W a t s o n ’ s  ( 1 9 6 H )  c l a s s i c a l
ree aJzo Ck&sbor

b o u n d a r y  l a y e r  a p p r o a c h ; F u r t h e r  c o m m e n t  o n  t h e  b r a n c h i n g  i s  g i v e n

i n  § 6  b e l o w .  T w o  f i n a l  p o i n t s  a r e  t h e  f o l l o w i n g  ( s e e  G a j j a r  1 9 o 3 ) .

F i r s t ,  i f  t h e  f l a t  w a l l  i s  s l i g h t l y  i n c l i n e d  t o  t h e  h o r i z o n t a l

2  2 .
t h e n  a  c u r v a t u r e  t e r m  «  d  A / d X  i s  a d d e d  t o  t h e  p r e s s u r e - d i s p l a c e m e n t  

l a w  ( 3 . 3 ) ,  d e p e n d i n g  o n  t h e  a n g l e  o f  i n c l i n a t i o n .  S e c o n d ,  t h e  s e m e
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additional ' 

strong that 
an argument

henceforth

term can become sign 

the Froude number i

analogous to that o 
tica. C)

on the^regime where

ificant if the upstream source is so 

s large (s small, u >> g£ ) as
00 CO

f (3.l)-(3-5) shows. We concentrate 
(2 .1 a-e) holds, however.

§4. NUMERICAL SOLUTIONS

The problem (2.1a-e) was solved numerically by a finite-difference

box scheme of second order accuracy. The method is fairly standard
now and need not be described in much detail. A small pressure kick *
was given to start the interaction and its subsequent non linear
evolution was followed step by step3forward in X ; using IJewton
iteration per step. Typical values taken for the steplengths AX

- 7
in X and iterative tolerance were O-l-O-Z, t o  respectively.
For the outer constraint (2.1c), which proved a significant factor

e ith er d  uj\ipcrn\ grid . Cn. V or
further downstream, we usedy'a stretching of Y to cover the range 

0 < Y < Y with, tynicallv, Y \  SO but a minimum steo length 

A Y  ^ 0 * 2  near the wall Y = 0 . In reversed flow U < 0 , where 
strictly a forward marching scheme is inappropriate, two techniques 

were employed .which- u~~many a -mi~ght-—be—dee cri<~td best— ao — •

ohoc-.r-, namely FLARE (where U3U/3X is neglected if U < 0 , from 

Beyhner & Fliigge-Lotz i960) and extended backward differencing 

(where U3U/3X is evaluated from U values at X , X-AX , A-2AX , 

X-3AX if U < 0 , from Dijkstra 1978)• Neither of these is really 
satisfactory, the first because it changes the governing equations, 
the second because it cannot suppress the reversed direction of 
influence for very small steplcngths, and indeed a forward-backward 

marching or windward differencing procedure would seem best suited 
at present - but of course a consistent boundary condition downstream

\2 1 -



i.o

vas not known at the outset of tills study. Our major aim was to 

deduce that downstream boundary condition, i.e. the ultimate form 

of the free interaction, and so we hoped that, as so often, the
no a tv\Q_

if*i'!̂ ue a ■ ■■sb— ax^app roaches would give a good guide there.

The results are presented in fig. 2, previous solutions being 
given by Brown et a t (197?) over a smaller range of X . Upstream 
the trend of (2.2) is observed satisfactorily, regular separation 

then occurs (t = SU/3Y (X,0) 0) , at X = 0 say, and beyond

that the pressure ? and hence the displacement -A continue to 

increase and x continues to decrease. There is as yet no hint of 

a minimum in x being reached and P shows no sign of approaching 

a plateau value, in contrast with the usual developments in free 

interactions. The numerical trends, especially for P , led to 

the account below of the rather unusual nature of the solution far 
downstream.

P s, PjX311

§5. THE ULTIMATE FORM FAR DOWNSTREAM

For X -> 00 suppose that

(5 .1 )

with m , P., both unknown positive constants, so that the pressure 

gradient is adverse but no pressure nlateau is attained. Then
n C f y 3 6 0 )-A w, F^x also, from (2.1e). Assume nextythat a detached shear

cy. . . 1 /3 .layer^is formed far from the wall, of the usual thickness 0(X )

in view of (2.1c), so that we require m > 1/3 . The shear layer

Y = -A (X ) + X1^ with £ of od) , 2/3
* = x % U ) to leading

ordcr and provided |P| << | .j j c. , i.e. m < 2/3 , Go satisfies
• f• 1 » t p 2 Alsonp 1 1

-^0 + 2G0G0 - G 0
1 11 0 a m 2G0 * « as E, 00 „

12£
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I T  /

G (-») = 0 provided that |u| << X below the shear layer: see
belo: 'hen G has the solution of Stewartson & Williams (1973),

(* e.
giving Gn(~ro) = -Cq , where Cn = 1.2521 the entrainment con­
dition

0 A

2/3^ - C X a: jnY + p x; - (5.2a)

provided (so far) that

1 2 
3 < a \ 3 (5-2b)

GO
Between the shear layer and the wall the majority of the motionj^has 

ip of 0(X2^3) , U of 0(X2//3 m ) then and viscous forces are 

negligible from (5*2b). Usually the pressure force matters sub- 
stantially here,but not in the present case: thus P^X << |U| ,

leading to m < k/o (see below). As inertial forces alone dominate 

the only possible solution of (2.1a,b) here is then a power law 

profile,

ip = -bY^ = 0(X2^3) (5.3:

(b > 0  an unknown constant) where the inviscia constraint \p ■+ 0 

Y ->• 0 + is imposed. Since Y is 0(Xm ) thereforeas

K = —  and on
A 1C
°pi = co (.5.«)

CKO nsurefrom (5.2a). That leaves a viscous sublayer^near the wall, to e: 

that the no slip condition is met. Given (5-3) the sublayer thick­

ness is Y = 0(X1^ K+1 )̂ with if) , TJ of the orders ,
XU  l)/(K+l) ^urn< We expect the pressure force to come into
play at Past, so that |p| = 0(U2) = 0(vp‘'^2'/''K+1)) . Comparir.p

I Z f



t h i s  w i t h  ( 5 . 1 )  v e  h a ve

21
K + i = m 15

and hence, referring to (5.U), we require that (2K-2)/(K+l) = 2/2K 
Consequently

K = ( = 1.514858 ...)

m = 2 ' ( = 0.i4 3050 . . . )
(5

the choice + / being forced by (5.2b).

A check confirms that all the assumptions made above (basically 
that ^ < m < ) are satisfied with (5-6). The whole structure

holds together (fig. 3 (a)) provided that the similarity problem in 

the reversed flow sublayer adjoining the wall,

K
K+l

with

, A Kf(0) = f (0) = 0 , f a, brj as q -* (5

has a solution with > 0 . Here q = X ,
1

«  = -  XA + J f  ( n ) ^ + o ( i ) ]  .

The similarity problem (5-Ta-d) is the first example we know oi

where a (reversed) boundary Inyur solution with algebraic nroh)tk is
see a ls o  SmCtK. 8 3 )

sought.*^. In the standard notation of Falkner-Skan forms (see done:; 

2c Watson 1963) (5-7a-d) corresponds to a = -K/(K+l) < 0 ,
3 = -(K-l)/(K+l) < 0 , allowing no bounded solution for f' as q -

l So

. 6 )

• 7a)

•7b,c,d)



It can be shown (see Appendix) that solutions of (p. 73.-d) exist 

for 1 < K < 2  in fact, with > 0 , while for the value (5-6) 

in question here a numerical solution gives the graph in fig. 3(b) 
and the properties

f K
1 as 00

V ,=  0 - 9 9 - 7 9 6 , f " ( o )  = f - S o 9 8

J

Therefore the main predictions are

- A = P « ?1x2" /T-2)/3 , p = 0 - 9 + 7 9 6  ,

T ^ - f (0)X.-(3-/7)/2

(5.8)

(5-9a)

(5-9b)

as X ->■ “ . A comparison with the calculations described in 

proves fairly encouraging, as fig. 1+ shows by means of a log-log plot 

for ? . Comparisons with the velocity profiles of fig. 2 and ether 

features seem not discouraging, although hindered again by the slow 

algebraic decay towards (5»9a,b) (see below) and possibly by the 
nature of the numerical schemes in reversed flow.

Further terms in the essentially three-regioned structure 

(i)-(iii) above can be developed in principle. The major relative 

corrections are algebraically small, stemming from the wall layer 

(5*7a-d), but the exponentially small terms stemming from the shear 

layer (i) are really of more concern as a test of the proposed 

structure. ■ From (i) we have

Gq % - CQ + D0e ^  as £-»■-« {i. 10)

where is a constant and y =  20^/3 • This forces an underlying.

IS/
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i orr.:

1 iv-—
'!> = + ... + X°a(e)exp [fC0P,X 3 g f i ) ]  + (5-lla)

into the inviscid zone (ii) where 0 < 0 z Y / O i X X i  , while from 
substitution into (2.1a) g(0) satisfies the nonlinear differential

equation, in normalized form,

-(2-K)6K 1g + 23Kg' = g'2 (5.11b)

and a(0) satisfies a linear equation. Here the normalized condition

g(i-) = 0 holds, from (5*10), and self-consistency demands that •------ase o-£ S  cls in

g <_ 0 . The solution of (5*llb)^is then \fxxjrCa.hLe. ;

(2-K)g = 20s - where

(5-llc)
( 1 + K ) s - 3 K G K  iV + 1

2-K

giving g < 0 as required.

sc = 0̂
K-l

and g tends toAs 0 0 , s « 8
a negative constant from above. This implies that certain much higher 

order terms in the viscous layer (iii) can grow exponentially as 

n ■+ » , to match with (5-lla-c). A like analysis for the supersonic 
self-induced separation, for instance, leads to similar features.

In the Appendix we generalize the structure above, to demonstrate 

a link with the asymptotic forms found previously for otherjflows, to 

indicate why this structure does not apply in those cases, and tc 

demonstrate further properties of boundary layers with algebraic

growth.

As a final point, the effect of the FLAPS approximation is to 

convert (5-Tn) into

132



i r rf Iftf-nf'] f'1
(/<+!) + p^m = 0

and a solution satisfying ( 

analogous situation in the 

& Willians 1973).

rvvoy
5»7b-d) /exist 3
supersonic free

in contrast 

interaction

with the 
(Stewartson

§6. FURTHER COMMENTS

First,, given that the terminal structure downstream in §5 is 

self-consistent and is attained, as ve believe, it is interesting that 

the rising pressure does not approach a plateau value and that, 
nevertheless, the pressure force has only a secondary role in most 
of the flow downstream. Neither the detached shear layer (i) nor 

the inviscid reversed flow region (ii) beneath it is controlled 

significantly by the adverse pressure gradient. This is an unusual 

feature, as is the viscous reversed sublayer (iii) where the pressure

force becomes significant and the similarity layer has to admit 
algebraic growth. Second, we note that all the layers (i)-(iii) far

downstream are inter-dependent and strongly affected by viscosity, 

despite their quite different characters. For the value of. the con­

stant P , which fixes the position of layer (i) and the back flow 

in layer (ii), can be determined only from the properties of the 
viscous sublayer (iii) at the wall. This too is a novel feature.

It implies that beyond the present structure, as the disturbance 

responsible for the upstream interaction and separation is approached 
the flows near and far from the wall must remain inter-dependent, and 

in particular the properties there cannot be governed solely by 

inviscid mechanics.
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A  third point is that , in consequence, the determination of the 
separated notion near the disturbance downstream should be of con­

siderable interest theoretically as well as practically.' A  complete 
account of an hydraulic jump for instance remains to be found, if it 
can be in steady flow (see below), although we believe the initial 

upstream response, separation and breakaway above may form the basis 

for such an account . Similar comments apply to the hypersonic flow 
past a sizeable surface-mounted obstacle downstream, for example.

Fourth', concerning hydraulic' jumps, two other main length scales 

can enter into'consideration as noted in §3. The shorter scale is 
the subject of a study by Gajjar (1933), while the longer O(Re) 

scale poses an intriguing boundary layer problem (involving branching 

of solutions and presumably the possibility of separation and 

reattachment) which has still to be tackled seriously. We note 
that if the wall downstream becomes slightly inclined downwards the 

flow can approach a fully developed half-Poiseuille form ultimately 

with a uniform liquid depth there. On a horizontal wall, however, 
or with a slight upward inclination, such an ultimate form is noz

attainable and neither are Watson's (I96U). Fifth, therefore, it is
. -'very unlikely that a steady hydraulic ^ump from one uniform level to 

another can be maintained, with a fluid of any nonzero viscosity, if 

the wall does not slope downwards ( i j«
Finally, the predicted blunt shape (n « , m = O.U3050) of

the free surface beyond the start of the interaction seems not incon­
sistent with the experience of hydraulic jumps in reality, e.g. in 

the kitchen sink or in rivers. Three-dimensionality and unsteadiness 

always affect, the practical situation of course, as does the finiteness

W e  r e f e r  h e r e  t o  a n  a c c o u n t  c o n s i s t e n t  w i t h  t h e  N a v i e r - S t o k e :  

e q u a t i o n s ,  r a t h e r  t h a n  t h e .  t r a d i t i o n a l  i n v i s c i d  d e s c r i p t i o n s  

w h i c h  c l e a r l y  d o  n o t  y i e l d  s u c h  c o n s i s t e n c y .
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of the Reynolds nurn ber, but a local quasi-planar quasi-steady view does 

not seem unreasono.ble for the start of the jump.' A gradu~1 raising of 

the liquid level downstream, for instance, as in Craik et ails (1981) 

interesting experiments on axisymmetric hydraulic jumps, would tend 

* to force our supercritical interaction to move further upstream and hence 

to shorten its length scale in response (from §3), until the super/subcriticaJ 
7t 

stage i ~. O(Re
3

/ 5) of Gajjar (1983) is entered, in which significant 
'. 

waves and possibly reattachment can appear. All of this could take place 

in an effectively steady planar fashion locally although the time scale (see 

also below) need not be remarkably short , 0(£ £
2 /Reu ), to alter the structure 

00 00 

of (3. 1 a) - (3.5), \vhereas the shortness of the streamwise length scale 

.relative to the development length scale \vould tend to diminish. most three-

dimensional effects. The theoretic2.l features above bear some resemblance 

to Craik et all s observations although as yet only qualitative agreement with 

any experiments could properly be claimed since the continuation downstream 

of the form described in §5 has still to be studied. Again, concerning 

unsteadiness, it may be significant that the unsteady version of the. present 

interaction admits the Tollmien-Schlichting instability at a sufficiently 

large distance from the original source of fluid. 

Dr. A.D.D. Craik is thanked for drawing our attention to the 

axisymmetric case of a hydraulic jump, in Craik ~ all s paper, and for 

his interesting comments. 

f ~~a CJ.-.A. 

~~~ 
r~ f::;; 
~~1A. 

"* Here supercritical and subcri tical refer to the f rou.de numbcr(rr ~ 1 respecti vely) as 

distinct from referring to the Reynolds nurnbl.~r for instability, the latter being COilsickred 

""' by C r 0.i k ~ (t he i r expel" i men t S S\lggt.'s t ~,t Jbi lit y for t he longer sC.:1lc in t cr ~lC t il)n~). 
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Final comments 

f~ 
In addition to the comments intWe would make the following brief 

comments. 

(1). The above shows that steady theory can account for the Sc~r~ . of 

a hydraulic jump and on any large lengthscale. This start of course is 

equivalent to a mechanism for upstream influence quite different from 

unsteadiriess as in Benjamin (1970). 

(2). It is necessary however to acknowledge the viscous-inviscid 

interaction involved, in which the induced pressure is proportional is 

to the displaced free surface and the boundary layer displacement. 

(3). The above process implies separation (contrary to most inviscid 

theories but in line with the experiments of Craik et al.) 

(4). Beyond separation the eventual displacement and free surface, 
m 

though small, grow algebraically like X • Therefore some new physical 

balances must come into operation on a longer streamwise lengthscale 

downstream before a complete account of the hydraulic jump is acheived. 
~ 

M 
(5). There exists some qualitative expermental evidence for the n X n 

k 

shape, the general picture proposed in this chapter. 

CJ3 ~~) 
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A P P E N D I X

The structure discussed in >̂5 also holds in a more general sense when 
the pressure-displacement law is

7  = - A 00 (Al)

or T -  -(d/dX)lNA, say. We take the case (Al) . Then A. rw-pj xm  for Afri. provided 

that M,N satisfy

m  - N = 2 (2-3m) = 2(K-1) (A2)
(2+3m) (K+l)

j < m < 2V3 , - j  < J! < 2/3 (A3)

and provided also that a solution of (5.7 a-c) exists with positive.

For 1 < K < 2 the similarity problem (5.7a-c) requires a numerical treatment,
although the limiting cases K = 1+, 2- can be (further/nnalyze<^.

First, for K = 2- , write

f  =  A f  ( 0 )  ,  e  =  A , Y

w h e r e  A = K+l
K

= 2P

(A4)

This transforms (5.7a-c) into the form 

- K_ IIIf - -  U -/2f f + (K-l) (y +f ) = 0
K+l (K+l)

f(o) = f/(o) =0, f 'V 0 K 0 oo

(A5)

(A6,7)

Let K = 2-Ji (0<J1<<1) and expand f = f + J7. f, + ... , y =o 1 y 0

Substitution into (A 5-7) then yields f|<7j = Q > YQ = 0,

leaving the problem for f^;

f  ! n  —  2S2 d 1 + 4<9 f /  - A f = + 20“
3 3 3 2  3

(AS)
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•f o ( Q 2)

T .  ( o )  =  T  7  C o )  = 0  ,  ^  -(?  l o g  6  /  a s  8 — > o O ( A 9 , 1 0 )

A  s e r i e s  s o l u t i o n  f i on en
n=o .2 t3

g i v e s

Q 2  J. 3
- 2 ,  Tf = a, a2 + 9a ( QZ / c'3 (e -1) d t -  $ j t  2(e

 ̂ ^ J  L o o

+ 12 a ~ f o 2 f t 2  > 1 ( 1 ,  S  , 2 t 3 )  d t  - B  ft3 M ( l , 8 ,  2  t 3 )  d t  l .

DL J o  3 9  o 3 9  J

- 1 )  d t

H e r e  6 a ^  =  - ^ 1  , 6 0  a ^  =  2  ,

( A n )

( A 1 2 )

3  3

a n d  M ( a , b , x )  i s  t h e  c o n f l u e n t  h y p e r g e o m e t r i c  f u n c t i o n  ( s e e  A b r a m o w i t z  a n d

S t e g u n ,  p . 5 0 4 ) .  T o  a v o i d  e x p o n e n t i a l  g r o w t h  w e  t h u s  r e q u i r e  ------------------------

8,,v o '5/3
« ---------- 9  a 3  =  - 1 2  a 5  T 0 7 3 )  ^ , giving

Y = 6 r ( 2 /3) ,2.1/3 > 0 .
V

( A 1 3 )

A l s o  n o t i n g  t h a t

5 /3 %03
6 > ~ 3  r(S/3) ( - | )  J  e *  - £ > 2  M ( l ,  S / 3 ,  )

/v 15 ^“1 (1 + 30 3 +... ) for 6 »  1,
2

— 2 y i
w e  o b t a i n  f r o m  ( A S ) ,  u s i n g  ( A 1 2 )  , f .  -Q  l o g  Q  +  _ 1 _  +  0 ( — )  a s  r e q u i r e d .

\  2 .
T h e n  a ^  i s  d e t e r m i n e d  b y  t h e  r e q u i r e m e n t  t h a t  t h e r e  i s  n o  Q  t e r m  i n  t h e  

e x p a n s i o n  o f  ( A  1 1 )  f o r  l a r g e  Q , A  p e r h a p s  s i m p - l f i r  a r g u m e n t  l e a d i n g  t o  ( A 1 3 )  

i s  t o  d i f f e r e n t i a t e  ( A 8 )  a n d  t h e n  u s e  a  b o u n d e d n e s s  c o n d i t i o n  o n  f - j ^

F o r  K  =  1 +  w e  f i r s t  t r a n s f o r m  ( 5 . 7 a - c )  b y  w r i t i n g  

A _ V 4
f  =  a  f  ( b )  ,  b  =  G.>? , a  =  ( 2  fij

s o  t h a t \ Ut A A  // A / 2
- K  f f  +  ( K - l )  ( f / Z  +  1 )  =  0

K+l
A /.

£ ( o )  =  f  ( o ) = 0 . f

( K + l )

O / b\^ ,7 (— ) as b ->■ 05
1 + K

0  r l

( A 1 A )

( A 1 5 )

( A 1 6 , 1 7 )

L e t  K  =  1  +  S  ( 0  <  B  < <  1 ) .  T h e n  ( A  1 5 - 1 7 )  s p l i t s  i n t o  t w o  s u b l a y e r s :  s e e

A 1
a l s o  S m i t h  ( 1 9 8 0 ) .  I n  t h e  i n n e r  s u b l a y e r ,  f  =  3  

< -  b  =  &  ‘ + .  .  ,  g i v i n g

74
gl +* a n d  -<£-

13*



3

n t  1 // A 1 nSi - T Sn 8t + “ = 0 (A18)’1 2 bl tol
i

with (o) = ĝ '(o) = 0, and we have to. impose ^ (2 log E, )̂ as c,  ̂ =

instead of (A17). The solution of (A1S) has been obtained by Smith (1980), 

yielding g^^(o) = 1.436 . In the outer sublayer
J T

x _ c £/£y ~ f ^
A
f = g2 (A19)

1 2 .The equation for g^ is then §2^2 “ 1 “ S>2 = 0, with the solution being

2?,_ig~ = (e ,-l) to match with the inner sublayer. The outer condition now gives
A olA.'
£ M  e B l o g  W  6 A -

Hence, from (A14), (A17),
re -3/aI 2/3

*  - b  8
(A20)

r*5-
For 1 < K < 2 the problem (5.7a-c) was solved numerically/with the

^  -fo r 0 ^  ^  ^  '7eO
equations written as a first order scheme and with central differences}j . The 

eqif^Jalent forms (A8-10) , (A15-17) were also tried and a stretched grid was 

used to handle (5.7c). This latter constraint, allowing algebraic growth, 
caused a lot of difficulties and was replaced by an equivalent condition invol­

ving f,f’,f,T, eliminating 77 and leading to a more stable scheme. Checks were 

made by changing the grid sizes and altering the value of p

Comparisons with the asymptote (A13) near K = 2 showTcd good agreement. 
However, calculations for values of K near 1 proved to be difficult. There 

ri had to be increased substantially, but this still left P. difficult to deter-
0 0  ^  J_

mine directly. This was probably because of the exponentially growing cuter

sublayer as K ->• 1 + 

values of K near 1.

* 0 0see (A19) . Fig. ^shows a graph of r)c vs T  ̂ for some
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4

Finally it is worth re-emphasising that in all other known free interaction 
studies of separation the pressure tends to a constant value downstream, 

whereas here solutions of the similarity problem allowing algebraic growth 
have been obtained with the pressure growing algebraically, P  rv P^X^  ̂ . In the 

limiting cases, as rn-> N -1+, the constant tends to zero jjC A4 ,A13)̂ ;

at the other extreme, m 2- , N ■+ 2- , the pressure P  tends to a constant, from
3 3 2 (A19), but the above structure breaks down then because |P| and \IL \ become

comparable in the inertial layer. Thus our algebraic form holds for
1 2 '  •— , whereas a constant pressure plateau is found to be appropriate for

N > 2/3 (including the supersonic case where N = 1). The case N = 0 reduces to
that discussed in

l ‘Hi
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CAPTIONS

The structure of the free interaction (§3) possible in

liquid layer flow along a horizontal wall (y=0) when the oncoming

boundary layer thickness is small.

Numerical results (§**) for (a) the pressure P and skin friction 

x , versus X, and (b) sample velocity profiles.

(a) The proposed ultimate structure (i)-(iii) as 

X -*■ ’’-o': see §3.

(b) The numerical solution of (3.7a-d) for f(n), f1 (r*.), 

versus n , when (3.6) holds (see also fig. 3 below).

Comparison between the numerical values (§4) for P and the 

predicted asymptote (3.9a) as X -»■ 00, in log-log form.

(a) Numerical solutions of (3.7a-d) for f(n), f ’(^), versus n , 

for various values of K between 1 and 2. (b) The corresponding

solutions (X) for the constant P^, and comparisons with the 

limiting analytic forms holding as K 1 + ,  K 2-.

(c) "fhe dependence of P. on the outer boundary position n

(for K near 1), where nM = n  ̂ exp(noo/10) is used and the limit

as ■ =----->■ 0 is required. See Appendix. Here m = 2/3K from (A2).
00



CHAPTER 5
LOWER BRANCH STABILITY OF FULLY DEVELOPED AND 

UNDEVELOPED FREE SURFACE FLOWS



§1 Introduction
In this chapter we examine briefly the lower branch stability 

properties of the fully developed and undeveloped flows considered 
in chapters 2, 3. The lower-branch, as opposed to the upper-branch, 
is used to emphasize that the critical layer (where the local speed 
is equal to the wavespeed),is close to and is not asymptotically 
distinct from the wall layer. The upper-branch stability of liquid 
layer flow (or fully-developed flow) is considered in the next 

chapter.
The stability of liquid layer flow over an inclined plane has 

been studied by various people based largely, on the major contri­

bution due to Yih (1954-, 1963), and Benjamin (1957)*(see also Yih 
(1965)). However all the5e papers are concerned primarily with the 

stability at low Reynolds numbers, (or more strictly with the case 

aR«l, where a is the wavenumber and R the Reynolds number). The 
main conclusions from these studies are^(ignoring surface tension)? 

that (i) a » 0 is part of the neutral stability curve^and (ii) there 
is a neutral branch from the a = 0 axis at R = ^ cot $*,($* is the 
inclination of the plane to the horizontal). A possible neutral

curve is sketched in Yih (19.65). It is questionable whether their work 

is applicable at large Reynolds numbers and also when the inclination of 
the plane to the horizontal is much smaller.

Our concern here is instead with the stability properties at 
large Reynolds number, and we follow closely the structural approach 
as for example in Smith (1979a,b). It is found in §2 that long wave 

neutral modes exist for fully developed flows, and, not too surprisingly,



the asymptotic lower-branch properties are similar to those of channel
Srr̂ OJk Q W O  >

flow or plane Poiseuille flow,(seej^Hall & Smith (1982)). The neutral 
wavenumber and wavespeed depend on the Froude number (or the angle of 
inclination of the plane in the liquid layer flow). For large Froiide 
numbers a match with channel flow properties is acheived, but as the 
Froude number decreases to 0(1),(or the plane becomes more horizontal), 
the wavelength shortens, and the wavespeed decreases with the critical 
layer moving closer to the wall. When the wavelength becomes 0(1) a 

new structure emerges and this is addressed in §3. The stability pro­
perties there are governed by the shorter Rayleigh-type modes but with 

a major difference in that the waves are non-simple and the spatial 
and temporal variations of the wave-amplitude depend critically on 
the interactions between the inviscid and viscous regimes. This struc­

ture,which may also be relevant to the stability of the Rayleigh modes 
in channel-flows, does not seem to have been recognised before.



(Thompson (1949) has discussed the stability of long and 0(1) length 
waves on a non-uniform flow by assuming a velocity profile made up of 
piecewise linear shears. He considers only inviscid modes,and rather 
questionably dismisses any solutions which would give critical layers in 
the interior of the flow. Burns (1953) has derived a dispersion relation 
for long waves on a non-uniform flow by making the shallow water 
approximations. In his work the wavespeed is assumed to be 0(1) and 
outside the range of basic flow. In fact the results he obtains would 
allow upstream propagating waves: see also Fenton (1972), and the survey 

by Peregrine (1976). Yih (1972) has discussed the linear inviscid 
stability of free surface flows and has proved various interesting 

results. One such result is that if the basic flow U(y) is monotonic 
within the flowfield, and U"(y) does not change sigh then criticalD

layers cannot occur and the flow is stable. Velthuizen and van 

Wijngaarden (1969) have attempted to include viscous effects with 
critical layers occurring in the interior of the flow. However their 

work can be regarded as incomplete and they do not discuss the stability 
of the flow. For, it is not clear in their work what assumptions are 
made, e.g., is the wavespeed 0(1), or dependent on some power of the 
Reynolds number? They assume a jump of *-ijt' across the critical layer, 

which needs to be justified since the velocity jump across a critical 

layer can depend on various factors such as the amplitude of the wave, 
the wavespeed and the wavelength.) A match with the long-wave modes 
considered in 12 is shown to be possible.

Neutral modes exist also for undeveloped free surface flows, and this 

is considered in 14. The results presented may be relevant

( K U  >



to the stability of open channel flow, far downstream of the inlet.

An interesting point is that a special case of the neutral modes 

here corresponds to the ’odd-mode' of developing flow in a channel 

Smith & Bodonyi (1980). For supercritical flows one mode exists.

For subcritical flows there is an additional mode. This latter 

mode, in the limiting cases, may be identified with the Tollmien- 

Schlichting mode associated with boundary layer instability. The 
other mode (again in the limiting cases), seems to be connected with 

the wavy solution occurring for steady subcritical flow.

Finally additional remarks are made in §5.

§2 Fully Developed Flows-Long Wavelength Modes

We start first with fully developed flows. The essential structure 

has been set out in chapter 2, and consequently we shall omit some of 

the details. It suffices to consider the unsteady version of the 

basic lower deck problem in chapter 2, viz.

3P = 0 (2. la,b)
3Y

3P + 32U-
3x 3Y2 (2.1c)

3U + 3V = 0
3X 3Y

3U + U3U + V3V = - 
3T 3x 3Y

-/r£ -
*



<*>y ->
(2.2a,b) 

(2.2c,d)

“3/7Here the 0(1) time scale T = Re t, has been introduced, and it

may be verified that the leading order solution in the inviscid

region is unchanged apart from the additional time dependence of 
A

the unknown quantities A, P, r). The skin friction parameter \  of

the basic flow U_(y) has been introduced in (2.2a), so that we area

considering a more general fully-developed flow. See chapter 2 for 

the rest of the notation. It is noted that U_(y) satisfies,D
UBy(l) = 0, UB ^ Ay + X2 y2 as y -> 0.

As in Smith (1979k) we consider a disturbance to the basic flow 

U = AY, A = P = ri = 0, and write

(U, V, P, A, Ti) “ (Ay , 0) + A(U, V, P, 1 , rf)E +... (2.3)

where A<<1 is the infinitesimal disturbance size, and we define E =
-7 _3/exp (iotQX - i$QT),where a=R 7 aQ+...,3= R /73Q are the wavenumber

• • '"b COand frequencies respectively, and also the unknown constants A, P,

’i are independent of X, T, and (U, V) depend on Y only. C0 = 3a/0to
is the scaled wavespeed. The scalings are suggested by the basic 

structure in chapter 2, as e.g. in Smith (1979b), Smith & Bodonyi

(1980).

U +A(Y + A(X,T))[, U = V = 0 at Y = 0

P = -sA(X,T) - y Axx. , n(X,T) = -A(X,T)



Substituting (2.3) into (2.1), (2.2) we obtain the linear 

problem

'Xi 'Xi _ _ 'Xi . . O j  , 'Xi m 'Xi 'X)ia0 U + Vy = 0, -i3Q U + iacAYU +AV = -ia0? +

U = V = 0 at Y = 0 , U ■> A A as . (2.4)

(2.4) is solved as in Smith (1979b) and leads to the relation

At *(Co) = " P____
K Co C oll (2.5)

where Ai is the Airy function, K =LCo Ai(t)dt and Co = - i $ b ( i a 0 A)

Here the branch cut is defined by arg(iao)n = e^n7r̂  if ao is real. 

From the inviscid region and the free surface conditions, or equi­

valently from (2.2cd) we obtain

f\, f\jn = - a ( 2 . 6)

Hence from (2.5), (2.6) we obtain the eigenrelation

AI,(5°) s - I + f (6, (a„X) 2/s)= (S-YO,2)
u  XCo (2.7)o



Here F(2) is the Tietjens function, Reid (1965). The neutral require­

ments i.e. dQ, real, then gives (Reid (1965))

6  ( a  X )  =  2 . 2 9 7  ,  ( s " Y a o n ' )  =  - 0 . 4 3 5 5  ( 2 . 8 )
on on I I -----on

which leads to the dispersion relation

a Vs
on ( y a on - s) - 1.001A% = 0 (2.9)

for the neutral wavenumber a , with the wavespeed c , and frequencyon r on
3 , determined from (2.8).on

. . P s(oc)It is shown in the appendix that if -r = —— - , then the departure
A  01

from the neutral states in (2.7) is fixed by the criteria

*Im(c -c )>o if (a -a )(g’(a ) - 2 g(a )>o (assuming a is real), o on < o on ° on -j on < ° o
aon

Applying this condition with g(a)/a= -(s-a2) then gives Im(co-cQn)>o

if (a -a )>0. Hence the lower branch of the neutral curve is similar o on <
to that of channel flow.

The equation (2.9) (with y > 0) has only one real root, and 

fig.( 1) gives a graph of the roots for different values of s. If 

s=0 from (2.9) we obtain

a ^ R 1/? a = 1.000A y R , on
and this is the odd mode occurring in channel flow, after 

for the different notation see Smith & Bodonyi (1980).

(2 . 10)

allowing 

(We note

-/S'? -



that s=0 corresponds to 3* ^ 0(R 7) from chapter 2). The results

of Yih-Benjamin cannot be recovered here because of the condition

aR »  1 implicit in the above analysis. s »  1 (i.e. 3*<<0(R 77 ), then

_ 3/

aon [ —
1 5/
2 + 1.001A 73--- 17" s /3 + ..

2y
c = 2.297A o — rr

(2 .11)

aon

Hence the wavelength shortens and the critical layer retreats towards 

the wall. Thus for decreasing Froude numbers (or as the plane becomes 

more horizontal^ (2.9), (2.11) show that the dominant balance occurs 

between the induced hydrostatic force and the force due to the non­

zero transverse pressure gradient.
2/Formally, since the effective Froude number is 0(R- ), as S

2L Sincreases to 0(R ), the Froude number decreases to 0(1), and from

(2.11) the wavenumber and frequency are given by

a ̂  R̂ _ 2/ | _ 1/ 1/
/7- 2 + 0(R 73) , 3 ^ 0(R 73).-) (2 . 12)

Y

Also an examination of the disturbance velocities and pressure in the 

inviscid region shows that they are of the same order. We turn next to 

a discussion of the new structure which emerges on this shortened lengthscale.

§3 The Stability Properties for 0(1) Wavelengths

The scalings and expansions below are suggested by the above dis-
f\j -V3cussion. In view of (2.12), we introduce the slow scales X=R x,

-Vo . . . n,T=Re t, and the disturbance quantities now depend on x, X, y, and

T (to our order of working).



Firstly, in the inviscid region, the expansions are

. s -Vq -2/q O; -Vq -2/q O-U = Uf(y) + R /3 Uq + R /3 U f +, V=R /3 VQ +R /3 V, +... ,

-1/ i\, _2/
= s ( l - y )  R /3 p + R /3 Pl + ... , (3.la-c)

and the free surface is given by

-Von, -2/3 %y = 1 + R /3n + R n +J o / (3.Id)

It will be seen below that it is necessary to t<sok at the second 

order inviscid problem to effect a match with the boundary layer.

Substituting (3.1 ) into the Navier-S^okes equations and free 

surface conditions, yields at^the lowest order the problem

Uox V 0

”8
<\>
uox

a.+ IL V Bjj o
a,

= "Pox UR ^B ox = "P,oy
a- 'V a,V = U_n o B ox_ancyp_= sn , v = u„r) at y = 1

In addition to (3.3ab) we have the wall condition

(3.2a-c)

(3.3ab)

0 at y = 0. (3.3c)

-  Uo -



We note that the condition of zero tangential stress at the free
-i/surface, has been relaxed. A much thinner 0(R /2) layer (similar to 

the Blasius boundary layer)^is needed to satisfy this.

We now seek solutions dependent on

E = exp (iao%0, (with a0 real), and write

Ve = VojE + c.c ,T1 = n0, E + c.c etc. (3. A)

fsj rsj
where Voi 9 ^ ol are independent of x, and c.c. denotes the 
complex conjugate.(3.2)^(3.3) with (3..A-) can be manipulated to yield

V oiyy + ub" ) 
ue

0

with V = 0 at y o 1 6 o ly

(3.5) constitutes an eigenvalue problem for determining a0 as a 
function of the Froude number, and (3.5a) is in fact the Rayleigh 

equation with zero wavespeed. After multiplying (3.5a) by U^(y) 

and integrating from y = 0 to y = 1, we obtain

ao2 S ( Vqi ) y-1 

UB (1) d?
(3 .6)

- Oo! -



m Oj — % —■ *\j —
We normalize and write Vol = A Vol (y) , uoi =Auoi W  > p =APoi (y)

. . 'bwhere the unknown A is independent of y, but depends on X,..., 

and also V  (1) s-ia U (1). Hence from (3.3), (3.5), rf = -A.Ol O Jj y Q1
The problem (3.5) fixes a0 = aQ(s) and gives an unknown slip

velocity UQe =-AVovy_) _ E+c.c. * Also from (3.2bc), since 
lot© y

i\j >\, V,p„ ) = p ) = 0, in the wall layer, where Y = R y is 0(1)o'y=o oy y=o J

we have the expansion there,

-1/ - 2IU = R /3 U0 +..., V = R /3 V0 + ... ,

_i/ _ 2/
p = s- R /3Ys + R /3 P# +... (3.7)

This yields the unsteady problem

U + U U
OT 0 03C

+ V U 
o  o y + U,oy y

uox + vor = 0 0 (3.8a-c)

U + A Y  + U as Y -> 03 , U = V = 0 at Y = 0 . (3.9a,b)o oe * o o *

From (3.8c) P = p ) . A  further relation however, is necessary o l y=o
to close the above problem and to determine the unknown wave amplitude



A. This requires an examination of the second order problem in the 

inviscid region. There, from the Navier-Stokes equations using (3.1) 
we obtain the set of equations ,

Ut x
'X, 'V+ V = - U ^ i y ox

a,U U: +B ix
% —V * 1 By OT

- U. U o ox - V  Uo oy
a, r\jU—U f\*~m P B ox ox

*\j. i\>. % 'b
U V  -  V  \Ao ox ovoy - U_ V  ̂  B ox (3.10a-c)

The free-surface conditions give

% ^ %V + V n.l oy c
A, ^ v /P Oj Oj

=  u 8  ( n !X  ^  +  (U0 +  % V o x  +  n 0T  ‘  a t  y  =  1

<b Of 'V f0
p  +  p n =  s nM  *oy o i at y = 1 (3, llab.)

To match with the wall layer we also need

V = V „ , p = P at y = 0 . (3. lied)
1 oBe i o

Here V denotes the finite part of V in (3.8)* (3.9) asoBe °
y -> 00.

The forcing terms in (3.10), (3.11) give rise to terms propor-
. rbr> Adi A±2 . .tional to E , E , E . Hence writing



+ c.c., etc. (3.12)'XjV. c\ /\j o»(n)v,/i e u + c.c , n, = n
r\~ 0

\  =  z  ? f  £ ( n )
n=o in

o-(n)r/herefcoefficients of E are independent of y, we obtain the 

ing set of equations from substitution into (3.10) (3.11),

5f<°>:

A,2Vl0^ = 0 » ^ Vl0 U*, = -(Voi + Voi ^

^ /v, ^(c) ^(c) ^ 'i0 = - 2p - (V V +v V  )*ioy oi oi y v o i  v oiy / c

2V_ n, a. '
- V  0lo voiy oi

A,(c )~ . >  J c >v0iy 7oi = - ia  (u n0 Of 01 uoi 0 . .  )

b 0 +■ 2p„ +•cxy ; oi ^io

an4

f\>(c) ^; nol = 2sn o»̂  °l l o
at y = 1 c

2V = V (°} , p = P io oBe io oo at y=0,

(n)(V«no denoting the coefficient of the term)oBe
(,l)E  ;

. Of %ia V + V -on • n y
<\j

-  u 'Vl OX

^ O) a* a/ia U_U + V U_ = -ia p - U - U U  -o B ii ii By o u  oit B oix P ^ oi x
'A, <\j Ojia U v = -p - V - U^V ^ o B ii riiy oiT B oix (3

follow-

.13a-c) 

at y = 1

.13d-g)

.14a-c)

-)t^ -



at y = 1. rt» ,. 'X' 'Xj  ̂ 'X/with V = U_(ia ri +ry ^) + ri
11 b o n  012: 01T

r\, a-p = sri at y = 1
21 11

(3.15a-d)

c>

&
<x>V

11
= $<°>oBe p = P at y = 0 .11 01

2ia U o 12
+ V ! 2 y 0

Oj *X» 'll <X/<j Oj *X»2ia U_U + V U_ = -2p ia - ia U2 - V U o B 12 12 By 12 o 0 0 1  01 m y (3.16a-c)

2ia U„V o B 12
‘X,

pi 2y - U V ia 
0 1 0 1  o

a. - V V
01 0 iy

and, V + V
12 oy n

01
= 2U ia n B o 12

<X/ O;+ ia U n o 01 01 >

p + p  ri = st\ at y = 1 . (3.16d-e)
12 oiy 01 12

Also V
12

(2) -v,
VoBe ’ p12 ” P 0 2 at y = 0.

The superscript (c) denotes the complex conjugate. We consider first 

(3.14), (3.15). After substituting for U from



(3.14a) into (3.14b) and using (3.14c) we obtain

v„ = iu //
0 IT

+ 2 p0 1
%

'X,yx
(3.17)

The left hand side here is the same as in the eigenvalue problem
. . a(3.5a). Hence mutiplying (3.17) by V 01 and integrating from y = 0 

to y = I, we obtain the solvability condition,

A  'I/ A A A> *>/ , , /» A A
(V„3 v., -V0l!j v„ ),- (v0,3 v„ V  i  I IkVoiVoiT dy

a06 D|

+ 2 l ' ?«3g V* dy
u;,

(3.18)

From (3.8a), for large Y, we find

XV (i) = - ia + At Vo.u )
T ro,y y = o
iou

oBe o
(3.19)

The boundary conditions (3.3), (3.5ab), (3.15), and the normalizations 

introduced above^finally simplifies (3.18) to yield the equation

PA = A d + AAd
0 1 T 1 X 2 (3.20)

- lib -



relating the E component of the wall pressure and A. Here the 

constants d , d2 depend only on the solution of the normalized 

eigenvalue problem (2.5) and are- given by

a. 4, - 3
V ° >

j ig * *- - )y_#- i* / .  Vqi 2dy
uB( i )  ao V  J

a. dz = " 2 k Pmn Vm dy
u 0| <o) U,

(3.21ab)

Turning next to the other equations (3.13)9(3.16) , firstly from 

(3.13ab)^ y  =0. (3.13cef) now give

srl,o - 1 (p,01V
(c)

0|
Me) ^ v__i ^  Me) Me) ^
p-  no, 2 £  %  v 0^  + Va , V ;°»3 '0| )dy+poo

This connects p0Q with the unknown H10> although as far as 

the wall layer problem is concerned an explicit determination of pQQ 

is not necessary.

From (2.16a-c) we obtain

a- // 'V,+ U8 ) v
Uj 1 2 -^(UoiVoiyy-VoAiy) at y = 1 (3.22)

U&

with the boundary conditions ,



at y = 0 * ("3.23 9 -c )2

^•2 + ^0|  ̂* ^ >1
f\j 'Xj '"O <\»

l  2 iao v̂ n  dy at y = 1 •

Here we have used > = - 2 ia 0 fcz- io^2£( V ^ )  ”J2

from (3.8), (3.9). (3.22), (3.23) show that Vj2 is proportional

to A2, and thus (3.22), (3.23) and (3.8), (3.9) then determine

the unknown (constant) jpi _ ^
A2 3

Briefly summarizing then,the growth (or decay) in time and space 

of the non-simple waves for 0(1) Froude numbers is governed by,(i)

wavenumber a o = a£s), (ii) the solutions of the first and second

order inviscid problems together with,(iii) the solution of the 
unsteady boundary layer problem with the pressure-displacement 

relations depending on (i) and (ii), as shown above. The full prob­

lem poses a complex numerical task. However, a limiting case (S’-* 0) 

can be investigated further and this also provides a match with the 

results of §2.
For s«l the solution of (3.5), (3.6) is given by

the solution of the eigenvalue problem (3.5) which determines the

+ . . . (3.24)



Substitution in (3.5), (3.6) yields

a 2 _01 12 , V„(o)-I  ̂ . ' ’01
i  UB dy

-ia , Ufl , u fo) = U„01 6 * 0» By

-(l)
VJ, -ia u. - ia3 Ua f y /y‘ U 2dy dy ,02 0 0) 6 I o & M  - 2 *

B

“02 ■  -“oi < j V  f  J 2 £y2

(3.21ab) now give

= -2i T 1 + a 2 , J u/oj (jr &  ry uu dy ^  a., \ Ua(l) U2 4'0) B
+0(S3/2)

d2 = -2ia0ls1/2 < £ u 62dy) + 0 (s S

Similarly from (3.22), (3.23)

%V =
12

a  i ‘/2 A 2 T - i u  '  H  J
01 U 1 -J

+ . . .

where C, is an unknown constant. Hence

P«
A ~
--- = d, = sC,(-"2 u + 2i) +...

(3.25a,b)



I f  i n  a d d i t i o n  we assum e A  i s  s m a l l  and

A = A exp (ioi| yi - i3Q T), then from (3.20 (3.25)

+ 2a(atf, S 'z ( g  Ug2dy) . (3.26)

-2AIf ax is real and a t = 0( 3 ) then this is consistent with (3.26)

and (2.5), and matches exactly with the results of §2 giving 3Q, ol , as 

before. d3 is determined from the higher order terms.

In the next section we consider undeveloped flows.

§4 Lower Branch Stability of Undeveloped Flows

Again, the basic structure has been set out in chapter 3 and,(to 

our order of working),it is sufficient to consider the linearized 

version of the unsteady lower-deck problem of chapter 3, (see also 

Smith & Bodonyi (1980)), i.e.

3U + 3V = 0 , 3P = 0
3 X 3Y 3y

3U + 3U + V 3U = - 3p + 32y
3T 3X 3Y 3* 3Y2

U A(Y + A (x,t)) as Y U = V = 0 at Y = 0 (4.1a-e)

ll-o



V ( X ,  T )  , A (X ,  T ) , r i ( X ,  T )  a r e  r e l a t e d  th ro u g h  th e  o u t e r  i n v i s c i d

problem

2 rV/ 'X/ 'XiV p = 0, p = sn at y = h, p
y - n .

X X
at y = h

P a.= P , p = A at y = 0
y x* (4.2a-e)

In the above, T = R' t is 0(1), and the rest of the notation is as

we are considering disturbances locally at x = % ). The parallel 

flow approximation has been used in the analysis below and this 

implies a restriction on the wavelength of the modes we are consi­

dering. (See Smith & Bodonyi (1980) for a further discussion on 

this point.)

We linearize about the basic flow by writing

are the wavenumber and frequency respectively, and we define the scaled 

wavespeed c0~ $o/a0 • Substitution in (4.1a-e) then leads to the same 

eigenrelation (2.5)

( u ,v ,p ,A,n ,p  ) = (Ay ,o ) + A(u,v ,p ,A,n,p  )e (4.3)

_ l f  - 1/5 _ 2/
Here E = exp(iaQX - i3QT) where a = aQ + 0(R /5),3=^^ +0(R /5),

(4.4)
K £ %\A

o

m



where K are as in §2. From the outer deck problem (4.2ae), we 

obtain

p _ g(s - a Tanh (ah))
A (s Tanh (ah) -a) (4.5)

(4.4), (4.5) , leads to the eigenrelation

_ -  ?  _ - Op (s - OeTanh(c#i))
K c0XA c0 X (s Tanh (o$i) -cQ (4.6)

Hence for neutral modes with a =a , 6 = real, we obtain theo on 0 *
dispersion relations

“ =c‘o o -h ^ o n = 2 - 2 9 7 (a t.nX )
% Tanh U)=toH r  -  Vs VsY H /3+Suj /3

-  7/ 7LySH /3+w 3 (4.7abc)

where h =X-% H s =X5/* Y = 1.001 (4.8a-c)

It should be noted that (sh) * = (SH) 1= Fr (the Frovde number) is 

independent of X.
It is readily established, as in appendix A of chapter 3, that 

for U)>0, the equation (4.7c) has exactly one real root if Fr>l and 

two real roots if Fr<l. This can also be seen graphically. Figs. (2q-f)



d e p ic t  g ra p h s  o f  th e  r o o t s  p lo t t e d  a g a in s t  (F r)~  f o r  s e v e r a l  v a lu e s

If S = 0 (4.7c) reduces to the ’odd mode’ of developing flow 

in a channel, Smith & Bodonyi (1980)j^ith h interpreted as being 

half the width of the channel).

Before discussing the properties of the neutral curves, it is 

worth deriving some additional results concerning the roots of the 

eigenrelation (4.7c).

Firstly for H«l, S = 0(1), from (4.7c)

If h»l, writing to = Hto with to and S = 0(1), we obtain to = S, or

of H.

for h »  1 (4.10)

Also for SH = 1+, again (4.7c) yields

to= H ^ y 3 (SH - l ) 3 + . . .  , g i v i n g



0 4  s h  —^  l +" (A.11)

The result (4.10) is interesting since the first mode can be identi­

fied with the wavy solution occurring in steady flow (chapter 3), 

and the second mode is the Tollmien-Schlichting mode associated with 

boundary layer instability (Smith 1979b). The mode given-by—(4.-11) 

io again-the- same as in—the--steady case. The result (4.9) is very 

similar to that for fully developed flows in §2?(see 2.11). In fact, 

if we replace h by y Lr» (4.9)jthe first few terms of (4.9) are the 

same as (2.11). (This makes sense since y = lL2dy in §2, and 

for undeveloped flows ^ 1 in the majority of the flow 0<y<l).

It is noted that a=0 satisfies the dispersion relations (4.7). 

However it is implicit in the above analysis that 0^=^°* and we 

can demonstrate that for Fr =j= 1, aQ= 0 is not part of the neutral 

curve. Firstly with V/A given by (4.5) the right hand side of

(4.6) n, - s____ for small aa . But the neutral requirement would
c0\(sh-l)

give the left hand side ^ - .4355. These two assertions imply Co is

an 0(1) constant. This contradicts the other neutral requirement 
-Vs 2/sCg. cC 2.297 d0 X as olq-> 0. The same argument also demonstrates 

that in the limit Fr 1 - , ao*> 0.

The various regimes in which, for real frequencies, Im(a)>;0 
(or equivalently for real wavenumbers Im($)<0 ), are obtained by 

using the results of the appendix which restated are,

y3X5h3 . (SH-1)3 + ...



according asIm (a v o aon ) > < ° .

{ (V 8 ) (g1(aon on g(aon) } < o
aon (4.12)

where g(a) = £ 
a A

a (s -a Tanh (ah)) 
(s Tanh (olh) -a) (4.13)

Hence g'(a) - 2 g(a) 
3 a

= 2as - 3a2 Tanh (ah) -a3h sech2(ah) -a2"(s-aTanh(ah))(shsech2 (ah)-l) 
(s Tanh (ah) -a) (s Tanh (ah)-a)2

- 2a (s - a Tanh (ah)) 
3 (s Tanh (ah) - a) (4.14)

For convenience we shall refer to mode 1 for the mode which 

occurs for both subcritical and supercritical flows, and mode 2 for 
the other mode.

For mode 1 it is enough to consider the case s = 0, for then
5/ _i/

g (a ) = a Tanh (a h) =yX 3 a 3 ,° on on on 1 on ’
aon

-  m  -



2/ 5/

4a 3y A 3 +3a 2h sech2(ah;> 0 .o '  o o‘ g  (a o n> - 2 = 1
3 o/ 3a^on o

Hence for mode 1, Im(a-a ) > o as (3”$ ) < o* on < on > (4.15)

For mode 2, for small a , -prom (4--1*4)

' 281'“on)
3a

s
3(sh-1)

Hence (4.15) holds also for mode 2.

The neutral curves are sketched in fig* (2<*-<) and are based on 

the above results. A few features concerning the neutral curves are 

worth mentioning; (i) firstlyffor supercritical flows^the limit as 

h ->■ 0 represents a stabilising effect; (ii) subcritical flows are 
destabilised by viscosity and there is a large region of instability 

as Fr -»■ 1-; (iv) for h»l, the Tollmien-Schlichting mode appears 

to be the dominant mode; (iv) also, for h»l, the ’steady mode’ 

(mode 2) is insensitive to the x^ stationj (v) for certain values

In this chapter we have considered the lower-branch stability 

of fully-developed and undeveloped flows. Only a linearized account

of s, h, the neutral curves cross.

§5 Further Comments

I K



has been discussed, although the results here form a basis for a 

weakly-nonlinear account along the lines of Smith (1979at),Hall &

Smith (1982.).

For fully-developed flows the solution of the eigenvalue prob­

lem needs to be addressed since this would indicate the stability 

characteristics for both 0(1) and shorter waves.

Finally we note that there is a dramatic change in the stability 
properties for nearly critical undeveloped flows. The limifc Fr 1- 

deserves special attention since from §4 a new structure is indica­

ted in this limit. In fact from (4.11) the wavespeed

wavespeed increases to 0(1) with the critical layer occurring in 

the interior of the flow. Also the x length scale lengthens to

- 1/ - 1/
C  ^ R /5c, cC R /5

(1-Fr)
_i/

0(R /5) the
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A PPEN D IX  A

In this appendix we derive some relations for nearly neutral

wavenumbers otQ and frequencies 3Q satisfying the eigenrelation (4.5)

but for a more general p/A relation.

We take p/A = g(a) and the eigenrelation then becomes 
a

A T(S0) = -P = g(aQ)
K£ C.XA CeX aO  ̂ r (Kl)

_ 2 t
where £ = -i3c (iac A) 3, (a is real is a is real), CQ = 30/ao .

X jusually^an be scaled out of the problem and for convenience 

we set X = 1. (Al) can also be written as

■1 ♦ F (60ao_2/3) =_g(aQ)
(kV)

In the near neutral state a =a + a, 3= 3 + $o n  9 n

and -1 + F (2 +2) ^ CL + Z(CL+ i<*- ) + 0(Z2) > ' n  o 1 2

where 2 = 2.297, (L.0+l= .5645, 0^ = -.1197, 0-2 = .2307 (A2)

M



from Reid (1965) . an>3n are real and a, $ complex. 
Thus expanding (Al1) for small a, we obtain

3 a n n -2 a + S 1 (a +ik)= -g(an) f  a g* («n) _ $ 1  (A3 )
_ 3 “n 6n l  U  8(V  6n J

Taking the real and imaginary parts of A3 yields

3 a n n -2  CL

3 an

n  ■+ r
(U

3 “n 6J  2

U-gCa„)| 0C(
"B

g'(an)-

n g(an>

3 an n- 2/3i -2

3

Oj 0,-1 r n o a, "Ia +3 + -2 a.+ 3*«r r
a 3 2 “3 a  3n nj L n nJ ■}

C t . k = ^ H
r

n

Or^ g T(an)- e;
g(°n> 3 (A4ab)

Here the suffices r, i denote the real and imaginary parts, and it 

is assumed that g(a) is real if a is real.

Substitution $ from (A4a) into (A4b) and rearranging

-a r
2 g ( < y  -  g ' (aJ ^ - a 4 g ’ ^ ) - 2 B na n" ^ iy i - g ^ ) a n

3 “n - I k t k 3 e » 2

2
&2an

is®



T hus  f o r  r e a l  w a ve nu m b e rs  a ; = 0  and shows t h a t
a,
h > D i f

V * n ^ ( -  2 8 ^n^ + g,(0tn)) < ° * (A6)
3 l 3 “cT 'n n

. . . . 'USimilarly substitution for from (A4a) into (A4b) yields

a i (gf (a ) - 2 a -%
n n 0,
6n

+ 4 0. 2 8 2a2 n n
?

£ r 4 ^ 2:“n"2/3 f8’^  " 2 8(an> I
5 t 3 a- Sn n J

8(an)-an"% «i '-2c‘n" \ , +g'(0in)\ + 2 a 2\ n-
e:n 3_

(A7)
n

Hence for real frequencies p*= 0 and (A7) gives the condition

\  ? ° i f $ a r n
3n

- 2/3 r.

L

2g
3“

k >
an

S'(an) 3° C as;

i»i



We note that g’(o^) = 2 g(an) implies coalescent modes since in
3 “a

the neutral state g(a )a n

n _
2/

= 1.001 a /3 n
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C a p t io n s

Fig- 2 -
Neutral wavenumber aon=aon(s) from (2.9), for fully developed free

surface flows. Note a^a. .on
Fig. 2 ( a-f )
Neutral wavenumbers aQn for undeveloped free surface flows, plotted 

against (Pr) ^=SH , for several values of H, from (4.7c). See § 4 •
Fig. 3(a-c)

Sketch of the possible neutral curves for undeveloped free surface flows, 
(l), (2), refer to mode 1, mode 2, see $ 4»
(a) “b ashed line represents behaviour of mode 2 as h — 0 .
(b) oashed line represents the limit Fr -* 1— .



CHAPTER 6

UPPER-BRANCH STABILITY OF LIQUID LAYER OR 

FULLY DEVELOPED FREE SURFACE FLOWS.



§1 I n t r o d u c t i o n

The linear theory for the upper-branch stability of parallel flows 

at large Reynolds number is well known, and has been discussed by various 

authors, see e.g. Lin (1955), Stuart (1963), Reid (1965), Drazin & Reid

(1981), and recently Smith (1979). The earlier approaches, although 

leading to the correct results, can be described at best as being good 

approximate methods. Reid (1965) was the first to discuss the theory 

with more formal asymptotic methods, and Smith (1979) showed how these 

ideas could be put into a more consistent structural framework.

Velthuizen and Van Wijngaarden (1969) have attempted to use some 

of the classical ideas of parallel flow stability to discuss the pro­

pagation of small amplitude waves over a non-uniform free surface flow. 

However they do not discuss neutral modes, and in addition there are 

'certain assumptions implicit in their work which need careful consi­

deration.

It is reasonable to assume that the stability of liquid layer, 

or fully developed free surface flows at large Reynolds number is 

similar to that of channel flows. In §2 we consider briefly the linear 

theory for two-dimensional long-wave disturbances to the basic flow, 

at large Froude numbers. In fact the disturbance structure and analysis 

is more or less identical to that of Smith (1979), and the results 

for channel flows can be regarded as a special case here. As in 

Smith & Bodonyi (1981) we consider the next stage (§3) when the non-



linear terms first come into play. This happens when the disturbance
— 1 Vg o ,size attains the crucial ordering 0(R ) £ where R»l, is the Reyno

number), and there linear properties continue to hold except in the 

critical layer where the governing equations are those derived by 

Haberman (1972), (see Stewartson (1981) for a review on critical 

layers). The analysis in §3 follows closely the work for the upper- 

branch stability of boundary layer flows by Smith & Bodonyi (1982).

There are two interesting aspects of the results derived in 

§2 and §3. Firstly, if the disturbance size in §3, is further 

increased, then (again as in Smith & Bodonyi) the Rayleigh regime,

speed both 0(1), is obtained, (for 0(1) or large Froude numbers). 

Secondly,if in §2 the Froude number becomes 0(1), the wavelength 

shortens and becomes 0(1), and the critical layer retreats towards 

the wall (but is still asymptotically distinct from the wall layer).

A new structure emerges in which the outer inviscid regions give 

rise to eigenvalue problems for determining the wavenumbers, and 

the critical and wall layer serve to determine the wavespeed. In 

fact the leading order eigenvalue problem for 0(1) Froude numbers 

is identical to that of the previous chapter. The nonlinear counter­

part of this structure (in which the critical layer properties are 

again those governed by the Haberman equation), is briefly examined
_  7/

in §4. The crucial disturbance size in this instance 0(R 5), can

be obtained from the results of §3 (or also from chapter 8 , §2).

Finally we make a few more comments in §5.

with the disturbance size now

m



§2 Linearized Theory for Infinitesimal Disturbances

The Navier-Stokes equations are suitably non-dimensionalized 

(as e.g. in chapter 2) and we work with cartesian coordinates (x,y), 

velocity (u,v) time t, and pressure p. h is the undisturbed dimen­

sional depth of the liquid, and Fr = (s*) the Froude number. For 

the liquid layer flow the basic flow is given by the velocity 

and pressure pg , where Ufi(y) = y(l-y/2), pg = s*(l-y), s*=(cot 0*)/R, 

0* being the inclination of the plane to the horizontal. The main 

results below are appropriate for a more general fully-developed 

profile, so instead we take a general basic flow satisfying U^(1)=0, 

U-n ^ Xy + X2 y2 +... as y -*■ 0 . X is the skin-friction and
X2(<0) the curvature of the oncoming profile. (Strictly the basic 

flow needs to be expanded also in the ensuing expansions, but we 

avoid this extra complication since it does not alter the main 

results).
The velocities and pressure are expanded as

(U,V,p) = (U6 ,0,PB) + 6 [u,v,p (y) E + c.c. +... (2.1)

where E = exp (ia(x-ct)), and 6(«1) is the infinitesimal distur­

bance size. The free surface is given by

r\jy = l+r| = 1 + 6r)E + c.c.+... . (2.2)

We expect the upper-branch solutions here (for long waves) to be 

similar to those for channel flows, Smith (1979), and hence we set



1
- T i£ = R («1) and

;* = e2s, a  = e a  + e 3a , +  c = e 2 c  + e ^ c + ... . (2.3a-c)* o 1 o i

a , c are real for neutral modes, o o
The disturbance structure, comprising four zones 21 - 24, 

see ĵ ig. ( 3a)jj^identical to that in Smith (1979) and consequently 

we omit most of the details.
In 21 where y ^ 0(1), the disturbance quantities are expanded 

as

U U + £ZU. +. O 1
Oivr = £ir + £ V. + .. o 1

(2.4a-d)
'U
P 2  4£ p +£ p rO r + . \j 2

o = n 0 + e n x + . . .

Substituting (2.1 - 2.4) into the linearized Navier Stokes equations 

then yields

u = A0 dUg 
dy > * 0 = "i0lo UB >

p0 -  p.o  -  l 7  V  (V dy i

(2.5a-c)



(2.6a)and U-j = iaQ UB F_(.t)dt_ + io, Aoc q - iaQ A,UB
‘ UB (t)

Pi = p io + ;y  a02uB2(,i)dti;ti p0(t)dtO 1 -------
V ( t )

-a (a,A + a A , ) f y U 2(t)dt + 2a1 A c f y U 2 dt (2.6b)0 * 0  o 1 o B o o o o  B

where A0, Aj , Potf , P10 are unknown constants, (and assumed to be

real, without loss of generality). We note that (2.6ab) are different 
the

from^expressions in Smith (1979) because of misprints in the latter.
Application of the first order free surface conditions which 

require

p =sr) at y = 1, vr= iU„ ri a at y = 1 i (2.7)o J o B o o J v

now yield

no = -A#, P = sn0 +a20 . A0 l 1 UB2dy • (2.8)

(The tangential stress constraint does not give anything extra)• 

The solutions in the remaining zones are as in Smith (1979), 

and we will just state some of the important results. First in 22



w h e re  y  = £ 2Y w * th  Y  'v 0 ( 1 ) ,  we h a v e  f ro m  ( 2 . 4  - 2 . 6 )  th e  e x p a n s io n s

U = + e2u ^  +... , V = e3V ^  + e5V( i )

( 2 . 8)

n = e 2P (o) + eHP (l) +...

The solution for together with the tangential flow con­

straint (y°^)y=o = 0), gives

P (o) = Pon = Artc A00 0 o (2.9)

The solution for contains a logarithmic singularity at

Y = C£_, the critical level, and this requires a viscous layer,
A 1 0/

(23), of thickness 0(e /3) to smooth out the irregularity. There

with y = £2Qb £ ,s Y , the expansions+ =

— ( n ) o — ( 1 ) ^ 3 — ( n )  ̂3A — ( I )u = t r 0' + e 2u w ;  + . . . ,  v  - £ v + £ 3 v +

5 v(z) + £19/a V (a) + . . . ( 2 . 10)

hold. is constant, and satisfies a folded Airy equation

which provides the necessary match with the log arithmic irregularity

in 22, and gives the condition that J£n(Y- — ) be replaced byA



U n  |Y - £2-1 - iir) for Y< in U (l), yx) in 22. The displace­

ment from the wall layer (24), where y = e4 y , and

'X ) — 'X / e- oU = Uq + ... , V = e Vo + ..., p = e po (2.11)

then matches with the phase-shift induced in 22 and leads to the 

eigenrelation ,

2tt(-X2) C02 1

A 3 ( 2  a o e . )  1/2 (2 .12)

for real wavenumbers and frequencies, see Smith (1979) or §3. (  The 
solutions for 22 - 24 above can in fact be obtained by neglecting 

the harmonic terms in §3 ).

Hence (2.8), (2.9), (2.12) lead to the relations

C = (a 2 I.-s) , a (a 2I -s) ̂ 2= A 2̂o o * ' 9 o v o i ________
A J2 tt(-A2) (2.13ab)

for the neutral wavenumbers and wavespeeds. Here Ix = f 1 Ug2dy .

If s = 0, (2.13ab) reduce to the expressions for the wavenumbers 

and frequencies for the upper-branch of the linear neutral curve in



c h a n n e l f lo w s ,  see  S t u a r t  ( 1 9 6 3 ) ,  R e id  ( 1 9 6 5 ) ,  S m ith  ( 1 9 7 9 ) .  F o r

liquid layer flow, s small corresponds to a much greater inclination
-9/of the plane, specifically Tan 0 * »  R 11 

If s is large, then (2.13ab) gives

c*0 ~ /“
co *

^2tt(-A 2) J 2  _

% +1. _ JLIj io s io (2.I4ab)

It is interesting that the wavenumber here is the same as in
-2the previous chapter. Formally if s becomes 0(e ) so that the

Froude number falls to 0(1), the wavelength a ^ 0(1) and the wave-
_ 17

speed c ^ R 5. A new structure is thus indicated for 0(1) Froude 

numbers, and this is addressed in §4.

Having established the linear theory, we now consider much 

larger disturbance sizes. Formally, by substituting the expansions 

into the Navier-Stokes equations we find that nonlinearity first 

comes into play, inside the critical layer, when 6 attains the 

crucial size 0(R = e

be neglected there. This regime in which nonlinearity and viscosity 

are equally important, was first studied by Haberman (1972). A 

similar situation occurs in the study by Smith & Bodonyi (1982) 

where as the disturbance size is increased, significant alterations 

take place within the critical layer.
_i y

Hence summarizing linear theory continues to hold for <5«R 3

,-‘733 _ PV3  ̂ . , ..... .... 3U) , and then the V term cannot

but when & ~ R,-14/33



the linear theory becomes invalid. We consider the nonlinear theory 

next.

1
§3 The Nonlinear Critical Layer*

The expansions below with the disturbance size 6 = £ /3, are

suggested by the linear theory, and in fact the main balances are

%

linear except in the critical layer (as in Smith & Bodonyi). Also

we now seek periodic solutions dependent on X, where

ax
9x = ea ax

at = - ECLC (3.1)

The free surface is given by

1 4/ 2 0/
y = 1+n = 1 + e /3no + e 3 n 1 + . (3.2)

In Zl, then we have from (2.4a-d)

1 4 /  1 6 / 2  0 /  1 7 / 2  3 /

u = UB +e /3 Uq + e /3 ir (y) +e /3 v1 +..., v=e /3 Vo+e /3Vj + ...,

(3.3a-c)
14 / 2 0/

p = £2 s(l-y) + £ 3 Po +£ 3 px +...

2 3/

It should be noted that the main results and solutions here can be 
obtained by appropriately adapting the unsteady solutions of chapter 8. 
To avoid too much duplication therefore, some of the details omitted 
can be found there, and vice-versa.



•The extra mean flow term U- is needed because of the proper­

ties of steady nonlinear critical layers (see Stewartson (1981). 

Substitution into the Navier-Stokes equations then yields the solutions

a,U„ =Ao dUg, cos X
B t ?

%, Vo = Ug Aoao Sin X (3.Aab)

Po Po°
/v(X) - A-atr~o

ACl /yo V dyl (3.4c)

and

V,= a U_ 1 3p ’ o B J <
U, 8X

/v
dn - A0a.CoSj + a U (x)

X

P 1 =  pi o  " a o 2 s y  U B  —  ; y  E ° d n  + 2 a o 2co A o C i / y  u B d y i
3X2 1 IL2

{ aG2 lii. + aoai Aoci > ;y  V dy
3X2 °

(3.Ade)

A A , Orwhere Cn = cos (nX) ,S = Sm(Xrt) n = 0,1,2 and A 0 is
/sconstant, B > Pio> g are unknown periodic functions of X. The *■ oo

2&1



latter are expanded in Fourier series, i.e.

_ f  7>(n) p . £(n) £ s _ y- £ pio cn + pio V  8 “ S g C +g- ? e(n)C -^(n) n (3.5a-c)

( 1) ^ p = p v 1J c roo roo

Here (3.5c) is written in anticipation of 22, and the harmonic terms 

in (3.5ab) are needed because of the non-monochromatic phase jump 

across the critical layer. The free surface conditions requiring

= srh = sir at y = 1 (3.6)

V = a il, n ^ o B ox ,V. =a U_,ri ^ +a U_0 ^ - a c n ^ at y=l 1 o B ix l B 'ox o o ox J

now yield the relations from (3.4), (3.5), (3.6)

D = q ^C. = -A C , = sr/1  ̂+ A a 2I. (3.7ab)o o 1 o i  » o o  ‘o o o 1

n aDg (n) = “0 + 6in “i^o0  n = 1>2* ••• (3-7c)

- 7oX -



0Q<
? n = 1,2,3,.,. (3.7d)(n) = y (n)

'Xj (n) Mn) ? 9 a-(n) _ _
ST11 = Jio + < \ >  M  n - 0,1,2. ( 3 . 7 e )

s n (n) = p(n) + a V i  g(n) + A S, D n=0,l,2... • (3.7f)
i  io o , to o i n o  * *

Here 6.. is the Kronecker delta and ij

00 (n') A ~(n') £
T]1 = £ rii Cn + Sn

xi ■ C  V dy * v  C  DB2{y h i 7'  uB2dy2dyidy

xa - C  UB2 f  i  dy:dy . In - £  V yB

Do a 2 Ac I, o o 3 + 2a 2c o o a  a .  I .  o 1 i

(3.7) (a-f) serve to determine a relation between P , and g.

As y -*■ 0 + ,V2 contains a logarithmic singularity and this

can be seen clearly by considering the much thinner region (22) where 

y = £2Y is comparable with the wavespeed. There from (3.3), (3.4)

^o3



we h a v e  t h e  e x p a n s io n s

U = Xe2Y + X2e^Y2 + e 3̂U ^  + e ^ U*c + £ °/z +...

e^c^)+ (3.8a-c)

V = e: 23/3 v ( o ) + e 29/3 v < + p ^ e 20/3 p(o)+ e2°/3 p (,)+-" •

(3.8) substituted into the Navier-Stokes equations and matching with 

21 no^gives p ^  = P0o , p ^  = P10 and

v (o) . _ I  dp*1 + tty-c,-)A.0(x0S1, U (o)= A^XCj . (3.9ab)
X dx

The tangential flow constrain! = 0 at y = 0 (or equivalently by

•considering the solutions in the wall layer), yields from (3.9a)

P ( i )
oo = A Xc o o (3.10)

At the next order we find

(i) _ _ fa p^^-a c U ^ + a  p^°^l - A a S''L ° X ° 1 % 1 x J  -0-0-1-
c2X -2X c £Jln£-X £2O 2 2 0 2

- Ea a ̂ o x (3.llab)

a U (l^=-a +2A a X CO i 0 0 2 1 £ + co(l+£nC)J + aQaX



*\j mwhere £ = AY-c , and a(x) is some unknown function of X. Hence o
• -v • • 00 (n) ^ o»(n) ̂decomposing a(x) into a Fourier series a = l a  C^+a »

° Z% . /we obtain after matching the linear terms to 0(e ) in V  between

Z1 and 22,

p n, a roox o A / 1̂ ~ 1 + 2A2̂ dy + ̂-̂1 + -̂2 ^
1 ' A A2 JUB2 A V  A3y

+ a AĝO °x

A ot AS / j. ri (j_ o o M i  .f B - iV o — — T  o
l 1 . ri Un dy dy
ul

= - Aaa - 2A.a S c A,/0ox o O J O 2 (3.12)
B

giving the relations

~(n> - g (n) = -a(n) + AnD n = 1,2... , (3.13)g = " a o i in

where

D = c-l ° A o f _1__ ■ 1___ + 2X2 \ dy + ^2 \
l U„2 X2y2 X3y ' ' '2

B
A A‘

- a 6 Z1 ub dy j dy + 2qA-2
A:

dob



a, #
The logrithmic terms above require an examination of^critical layer,

10/ _
Z3, where y = e2c0 + £ 3 Y. The solutions in 22, thus imply

X
the expansions there,

U = £2c 10/ - + e 3 XY
1 4/s y 1 6/

+ £ /3 (U + 2X c Y m 2 °

+ (U - X Y% +1 2 ' (3.14)

23/3 A 27A - 29A - 33A -/3 A ~  -  £? /3 Vo +  e /3 V. +  e /3 V  + .V = £ A a c S +£ Vo + £ d Vi + £ Vo O c i i i

eXO-y)-**
< 2 0/ _ 2 6/ 2 8/ _ 3 0/
^ /3 , „  /3 ~  , ^  /3 . _ /3 ”p =1 £ p + £ p +£ p +£ p

After substituting into the Navier-Stokes equations we find that

Uo,Um ,Vi >PQ>Pj>P2»P are independent of Y, and can be obtained from
_  A .

matching, e.g. Uq = A XC^. The first non-trivial balance yields the 

equation

a XY I ^ + A a c S O lx O O O 1 2X A a c S 
2 0 0 0 1

(3.15a)

where £ = U -i iy , together with the matching constraints



The transformation

now, reduces (3.15ah) to the canonical form

Y* 33 + Sin(X) 93 'ip * = Y ' d "  \p*— --  -----  c -----
3X3Y*2 9Y*3 SY*^

(3.17)

(3.18)

^*Y* ^ 5 Y* 2 + U*. (X) + cos (X) £n | Y* | +2H+ Y* as Y* + 00

Here E ^ , V  (aQX)
-1

4A (c A ) 2 o o
(  c°Ao
' A

and U * - U * = + — 2A c A 2 0 0

(U+ -U_)= (a+-a_) (3.19a-c)
2A c A 

2 0 0

The equation (3.18) was first derived by Haberman (1972), and has been 

extensively studied by various authors, e.g. Haberman (1976), Brown & 

Stewartson (1978), Smith & Bodonyi (1982), Stewartson (1981). Briefly



oo /\ Aits main properties are; (i) the velocity jump = E F̂ Ĉ .+F̂ .Ŝ

is non-monochromatic; (ii) the phase jump defined by
Oj 1 m21T *\>({) = Fj = — f  (Uq.*-U-*)Sin (X)dx , is related to the vorticity

jump by <J> = 4yc(H+ - H_), and consequently a non-zero mean vorticity
16/ 3is generated (hence the need for the terms of 0(£ ) above); the para-

j jX c  <A<Scrtb<f in  affect +hg. UngAr-  ̂> Oortluvearcĥ  Of-Hva c t i eg . A s  j  
meter).Yc -+ 00 ,(f> *+ -tt and this corresponds to the phase jump of

linear theory. If Yc -+ 0 $ ^ T Yc» where T is an 0(1) constant.
The phase jump decreases monotonically with Yc*

For a further discussion of the above equation and its proper­

ties one is referred to the references mentioned above.

The continuation below the critical layer (£<0) in 22 is thus 

given by £n£ -+ J£n|£| (for £<0), and a- given by (3.19c).

In the wall layer, which is required to reduce the disturbance 

velocity to zero, y = e^y, and we have from (3.3), (3.4)
sCi'iOh

H /  a 2 9/ ^ 2 0/ ^
U = Ae“ y + e 3 UQ + ..., V'= e 3 V Q +..., 3 P0+.. .(3.20)

We find that

A

Uo
a,cos X - e-miy cos(X+m

0  = A X a { - Sin(X+ "V ) + e""1111̂  Sin (X+m y+*7!/. ) + J2ym Sin X}»o ^o____o 4 i 4 i
J l  m j

A

oo and m = ( a c l o o
(3.2a-d)

20#



This provides the necessary displacement to match with the phase jump, 

and in fact we have

£im i / ^ =  - A Xa Sin(X + o o
y -> 0 J2 mj

Hence from (3.11a) we obtain

1 V a. p^1̂ - a c U(°} + a p^l-2A a \ c
\ L  x x XJ  -T 2 -

2 £nc S +c a a ^ o i o o - x

= -A X a Sin (X+ ̂  ) o o *♦
J2 fin

which gives the additional relations for the Fourier components, 

using (3.19c)

'U
aon P

(n)
1 o

 ̂ ^(n)+ c a a n o o 2X A a c 2nC = 2 0 0 0  1 n - A Xa 6 o o in
2m

n = 1,2,3. (3.22a)

% (n) c a na o o
(n) + 2X A„ol c 2nF_ 2 0 °  o n A D  5 n=l,2.. (3.22b)

0 2  in
X 2X



Here

D = a c -a c- + 2X a c .2&n c - Xa
1 i V O

2m

Thus conjbining the ahove results we obtain first from (3.7ab), 
(3.10) the eigenrelation

c X = c\ 2I - s6 © i J (3.23)

and from (3.7c-f), C3.13), (3.22)

a (n)
r l Q

1 + C

X (s-a. 2n2I )0 l

2X A c F = - A X 6 n=l,2,2 0 0  n o - i n

2m

P (n)
IQ

1 +

X (s-a 2n2I ) . o i

2X .A.c .2F + 2 0 0  n (3.24ab)

A 6 o in D - c (D -sa + XD ) 2 o o i i
L a a

n =1,2,

The constant terms in the Fourier series can be taken to be zero, 

without loss of generality. The harmonic coefficents are determined

0



from (3.24ab), and the other relations. With n=l in (3.24ab), the

, p ^  , and hence , au  ̂ , a ^  , g^1? , g ^10 10 10 10
remain indeterminate, (since they multiply the basic eigenfunction), 

and instead (3.2 b) gives an eigenrelation connecting a ,c . (3.24a)

yields

2X c 2 <b = X 2 o y  ______
X2 (2c a )* (3.25)o o

Briefly summarizing, the neutral wavenumber and frequency are deter­

mined as a function of the amplitude Aq, and the Froude number, from

(3.23) , (3.25) and the solution of the Haberman critical layer problem 

(3.18). For general values of Aq, this can be done numerically as in 

Smith & Bodonyi, who also give a graph of (J) = cf)( y ) .

The limiting cases are of some interest, and their properties

are easily deduced.fi) We note that s=0 gives the results for channel

flows ,(see Haberman (1972)) „ (ii) For s=0(l), the linear theory is

recovered as Aq-> 0. (iii) For Aq» 1, with again s=0(l), <jAy , (3.19b),
1

(3.23) , (3.25), show that otQ ^ Aq % c^5. Hence, formally if Aq increases 

by 0(e *), the wavenumber and wavespeed become 0(1), and the effective
1 V - Vdisturbance amplitude is now 0(£ 3 Aq) ^ 0(R 3 ). Thus for this

Rayleigh structure with the critical layer occurring in the interior of

211



of the flow, and dependent more on nonlinearity than viscosity,

(see Benney & Bergeron (1969)), the disturbance amplitude must 

be 0(R ). The same conclusion was obtained by Smith & Bodonyi

(1982) from their study of boundary layer flows. (iv) If in (iii) 

we take s to be large, specifically s ^ c, the above conclusion 

holds also for 0(1) Froude numbers. (v) If we take s »  1, but 

keep (j> = 0(1), then from (3.19b), (3.23), (3.25), we find that

arw s_
U

r 2h2 +0(s '*), C ^ o
2/ 1_
V s I  10s

1 2 <J> X J 22

1
1 0 ,

(3.26)

A 'b S 3 0 *  o

Hence formally if s increases by 0(e 2 = R n) the wavelength
_i/

shortens and becomes 0(1), the wavespeed c ^ 0(R /5), and the dis-
ly  _ij

turbance amplitude £ 3 Aq ^ 0(R 15 ). We briefly examine this

new structure in §4.

The Rayleigh structure mentioned in (iii) above is discussed

in the next chapter, for the case s = 0, i.e. channel flows.



§4 The Disturbance Structure When s * = 0(1), a = 0(1), 
c = 0(R~1/5).

Following the above discussion, we now set

_ _ 1/ _ _ _ 1/ _ _ 2/
* = s, a=a +R /s a +..., c=c R /5+c R /5 +...

(4.1)
-1/ - - 1/3 = 3 R /5 + 3 R /5 +...o i

_7/
with the disturbance size 6 = 0(R 15 ) in (2.1). The disturbance

structure,Jig. (^ .b), again consists of four zones -S-l -> 24, (five 

if we include the much thinner region, which is needed in order to 

satisfy the zero tangential stress constraint, at the free surface). 

In zone 21, with y = 0(1), from (2.1), (3.2), (3.26), we have the 
expansions

_ 7/ _1 0/ _1 3/
= U-o+R n 5U +R /15 U +R n B o i U +.. ., V = R  1̂5

2
V +RO

"l3/lV +Rl 3V + 2

y / iP- s(1- ^  + R " 5 Po +R'1%5 P1 + R_I3/15 P2 +---> (4.2a-d)
1 3/

_7, _  . 1 0 /  _
n = R 15 o + R 15 n +... o 1

We look at disturbances periodic in X, where

_3
3x

a 3_
9X

9 9 -' = -ac —  r - 3 --
3t 9X 9X

(4.3)

-2.13



and  t a k e  th e  f u n d a m e n ta l t o  be g iv e n  b y

U =U (y) cos X , V =V (y) O 0 1 O 0 1 Sin X P = P (y) cos X , o o 1

ri = r) cos X 
o 0 1

(4.4)

After substituting (4.2), (4.4) into the Navier-Stokes equation we

find that U , V ....  satisfy
0 1 0 1

ao u -v =0 , a u_u -u v =-a P oi oiy o B qi By oi oqi , « U VO B oi -Poiy (4.5a-c)

with the free surface conditions

Po 1 sno 1 V = -a u n01 O B o 1
at y=l (4.5de)

and the inviscid tangential flow constraint at the wall,

V = 0  at y = 0 . (4.5f)o l

The eigenvalue problem (4.5), giving the Rayleigh equation with 

zero wavespeed, is identical to that discussed in the previous chapter 

(see (3.5) of Chapter 5 ). We normalize so that U (0) = A X , where



Aq represents a scaled disturbance size.

At the next order, , V^P^, I) » satisfy

a U _  + a U _  + V =0 , -3 V _ + (a V _+a V _)U =-P o ix i ox iy o ox o ix i ox B iy

- M  - + U j a  U _+a u _)+UT, V = - ( a P _ + a P _ )  (4.6a-c)o ox B o ix i ox By i o ix i ox

with the boundary conditions

P = sri , V = a U_r] - + a U_ri - - 3 ri - at y=l (4.6de)i l i  o B ix i B ix o ox J

together with matching with 22 . We note that V behaves logarith-
__ _ 17

mically as y ■> 0. In 22 y = R 5 Y, with the basic flow comparable 

with the wavespeed, we have from (4.2) (4.5), the expansions

1/ _ _2/ _7/ _ _8/ _ _3/ _ 1 0/ _ _
U=R~ /5XY+R 5X Y2+R 1 5 U +R 1 5U._ (Y)+R 5X Y3+R n 5 U +..., 2 o MF 3 1

(4.7a-c)

V
1 0/ _ _13/ _ .10/ _ _1 3/

=R /lbV +R /15V +..., p=s(l-y)+R 115 P +R 715P +...

The Navier-Stokes equations now give the solutions,

P = P ) , P = P )i i y=o 2 2 y=o (4.8ab)



(4.8cd)1 dP
U = A Acos X , V -----— l + (AY-C )A a Sin X

A  A  *  A  —  A  A  / AO O A dx o o o

V = - 1
1 A

a P - - a c U -  + a P -O 2X O l OX 1 IX - £a a- o x

A a Sin X o o C 2 X - 2X C - X 50 2 2 0 2 'J (4.8e)

where £ = AY-c . Here the mean flow term IL_ is again necessary o MF
from the critical layer analysis and a(X) is unknown. From (4.8d) 

we require VQ = 0 at Y = 0,(this again follows from the momentum 

balance in the wall layer) giving

1 dP. - A C  Sin X o o (4.9)
A dX

____ - 1/ ,  _  - lL -The analysis for the critical layer (23 where y=R c0+R y )
-  . "X , .and the wall layer (24, with y = R Y) is very similar to that m  

§3, and we will just use the results. First the continuation (of 

4.8e) below the critical layer is as given by (3.19c). Second, the 

wall layer yields the same displacement condition, i.e. =



Ao^ ao X̂+1T/It) . This latter result together with (4.8e) now
(a c >2 o o

determines a relation for the sin X components of P , a , i.e.,

— — — 0<\i- a  P + <J a a - 2X A a c FO 21 O O i 2 O O O 1

X X2

A c( X o o

(2* c yo o
(4.10)

Here P , a are the Sin X components of P2 , a respectively. 
2 1  1

Hence to complete the problem we need another relation between P ,
Oia . To obtain this, we need to reconsider the second and third 

1

order problems in 21.

From (4.6a-e), (4.8a), (4.9), we see that the Sin X component

of V , \f , satisfies the eigenvalue problem 
1 1 1

*
%- (a* +IL, X V = 8 U_ V - 2a P

1 1  o Byy J u  o Byy 01 __i__oiy
u. “o V u,

'UV
1 1-

a-sV
1 1V

28 P __o 0 1
U 2

at y=l, V =0 at y = 0 
11

Also (from inspection of the relevant equations) the Cos X component



of V , i.e. V . satisfies the same equation as V , but with the 
2 2 1 ’ 11
.  . .  . -  ^condition at the wall given by V )  = - ot0 P + C a a .

21 y=o —  21 0 0 . 1

Hence a solution exists only provided V 

(4.10), the eigenrelation
21
)y=o - © giving, from

2\ 4>C 2 X
2 o _ _________
X2 (2a e )*0 0

(4.11)

In addition the solvability condition for V 

yields the relation for 0̂  ,
11

(as in Chapter 5 )

2a 3 nO O Ol
u 6( i )

-2a f 1
1 0 oiy

V dy + 8 
01 o

UB ao

U ^ V oi2dy

UB2

In summary then, the eigenvalue problem (4.5) determines the

neutral wavenumber a , and the critical layer problem, together with

(4.11) give the neutral wavespeed and wavenumber as functions of the

amplitude Aq, and the Froude number s 1, For large Froude numbers,
5the results of chapter show that a match with (3.26) is obtained.A

The problem for 0(1) and small Froude numbers requires a numerical 

solution of the relevant equations, and is left unresolved.



§5 A d d i t i o n a l  Comments

Regarding the stability of liquid layer flow over an inclined 

plane, it is important to note that the modes presented here are 

different from those discussed by Benjamin and Yih. Their results 

are appropriate for small and finite Reynolds numbers, and also 

when the inclination of the plane to the horizontal is much greater 
than that discussed here. Numerical solutions of the Orr-Sommerfeld 

equation would help in clarifying the properties of the neutral 

curve(s) at large Reynolds numbers .

Finally, it is interesting that for 0(1) Froude numbers, with 

the critical layer occurring in the interior of the flow, i.e. the 

Rayleigh sta^e, the boundary layer at the free surface is comparable
-Vowith the wall layer, 0(R ), and hence will directly influence the

stability properties.



CHAPTER 6 
REFERENCES

Brown, S.N. & Stewartson, K. , (1978), Geophys. Astrophys. Fluid 

Dyn. 10, 1-24.

Drazin, P.G. & Reid, W.H. (1981), "Hydrodynamic Stability", C.U.P.

Haberman, R., (1972), Stud. Appl. Math. 51_, 139-161.

Haberman, R., (1976), SIAM J. Math. Anal. 7_, 70-81

Lin, C.C., (1955), "The Theory of Hydrodynamic Stability", C.U.P.

Reid, W.H., (1965), "Basic Developments in Fluid Dynamics", vol.l, 

ed. M. Holt (Academic Press).

Smith, F.T., (1979), Mathematika 26, 211-223.

Smith, F.T. & Bodonyi, R.J., (1982), J. Fluid Mech. 118, 165-185.

Stewartson, K., (1981), I.M.A. J. Appl. Math. 2̂ 7, 133-175.

Stuart, J.T., (1963), Ch.lX of "Laminar Boundary Layers", ed. L. Rosenhead.

Velthuizen, H.G.M. & Van Wijngaarden, L., (1969), J. Fluid Mech. 39 

817-830.



2 - 1 .  4  OC\)

£----------- £-> --------=>

CO

y 'v flCi)

o c J 'O
2 3  y -

a* oc<fyf)

4 >

= oCV°/*)

o C R ,/3)



C a p t io n s

Fig. 1
(a) Disturbance structure 

Here € = IT1/11, see j2 ,>3
(b) Disturbance structure

for long wave modes with s**= 0(^2 ) . 

for a = 0(1), sf= 0(1), c = 0(R"1/5 ).
See $4 .
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The am? : i tude-dependen t n e u t r a l  s t a b i l i t y  p r o p e r t i e s ,  ma in l y  c f a:, 

a c c e l e r a t i n g  b o u n d a r y - 1aye r  f l o w , a r e  s t u d i e d  t h e o r e t i c a 1 iy f or  l a r r e  

Reyno l d s  r.urr.ber s  when the d i s t u r b a n c e  s i z e  5 i s  s u f f i c i e n t l y  I s r c e  

to p rovoke  a s t r o n g l y  n o n l i n e a r  c r i t i c a l  l a y e r  w i t h i n  the f l ow f i e * d .

The theor y  has a r a t i o n a l  b a s i s  aimed at  a d e t a i l e d  u n d e r s t a n d i n g  oF 

the d e l i c a t e  p h y s i c a l  b a l a nc e s  c o n t r o l l i n g  s t a b i l i t y .  I t  shows that  

when the fundamental  d i s t u r b a n c e s  s i z e  5 i s  o f  0 (R  where

*  R i s  the R ey no l d s  number based on the b o u n d a r y - 1aye r  t h i c k n e s s ,  the 

n e u t r a l  w av e l eng th  and wavespeed s c a l e  in such a way that  they become 

comparab l e  w i t h  the t y p i c a l  t h i c k n e s s  and speed,  r e s p e c t i v e l y ,  o f

the b a s i c  f l ow.  In t h i s  Ray 1e 1g h - 1i k e  s i t u a t i o n  a new f e a t u r e  emerges,  

t ha t  o f  a s u b s t a n t i a l  p r e s s u r e  v a r i a t i o n  a c r o s s  the c r i t i c a l  l a ye r ,  

wh i ch  s t r o n g l y  a f f e c t s  the- jump c o n d i t i o n s  on the R a y l e i g h  s o l u t i o n s  

h o l d i n g  o u t s i d e  the c r i t i c a l  l a ye r .  As a r e s u l t  o f  the s t r o n g  r.on-

•  l i n e a r i t y  the t o t a l  v e l o c i t y  jump i s  a f f e c t e d  nonl inear ' , -/ by the c r i t i c a l  

l a y e r  v o r t i c i t y ,  w h i l e  in c o n t r a s t  the phase s h i f t  remains  l i n e a r l y  

dependent  on the v o r t i c i t y .  Fu r the rmore ,  i t  i s  shown that  the phase 

s h i f t ,  no t  the to ta l  v e l o c i t y  jump, d i c t a t e s  the n e u t r a l  s t a b i l i t y  c r i t e r i a .

A l s o ,  f l ow r e v e r s a l  o c c u r s  near  the wa l l  where the d i s t u r b a n c e  

i s  g r e a t e r  than the b a s i c  f low. The l i n k  between the v i s c o u s  e f f e c t s  in 

the wal l  l a y e r s  and in the c r i t i c a l  l a ye r  f i x e s  the amp l i tude -dependence  

o f  the n e u t r a l  modes t h roughout .  As  the d i s t u r b a n c e  a mp l i t u d e  i n c r e a se s

S..-.r::;r.ary

7 V»
- T i * * r r *  •
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edcje o f  the boundary  l a ye r  a ad i s  f o r c - ’J Lo leave the be j -dary ! v

when 0 exceeds  0 (h * ^ . T h i s  dep a - L u r e  i s  r a t h e r  ab-‘not , i n vr;

a dependence on ^ s ca l ed  ampl
. x-12 •1 tuae;
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i n t r o d u c t i o n

Tne stability properties of bound-?'y layers and channel flews

11c . f ‘ i ntrodneed , i \ * ‘ t

l l y  so -when the l-.-z j T . Z I Z I S

am oi i tude-dep  encien z p l a n a r

w a l l )  s u b j e c t e d  t:- L

small fundamental disturbance whose relative amplitude 5 is 0(R-1 '2 i ,
articular

ar cson

a ctrcr.s

R is the Reynolds number based on the boundary layer thickness. Thi;

size, 0 (R ly/3) , arises from Smith & Eodonyi's (19823) study of smaller

disturbances. They found that if 5 is 0(R 7/^) for an accelerating boundary

layer then the neutral wavelength is greater than the boundary layer thickness 
1 /6by a factor R , the wavespeed is small so that the critical layer lies

close to the wall and as in the works of Haberman (1972) and Brown :> -Ste

(1978, 1980) the critical layer is influenced as much by nonlinear inter:

as by viscosity. However, contrary to previous suggestions, the mean f1'

correction due to the nonlinear critical layer there is smaller than, the

fundamental disturbance. Then as 6 is increased from 0(R ’u ) the :

wavelength falls and the wavespeed increases in such a way that jus:-, as

wavespeed rises to the order of the average flowspeea the waveiengtn de:

to the order of the boundary layer thickness and 6 reaches the present

0(R ’̂//̂ ). Similar amplitude-dependent adjustments from linear theory, which
-7/18in the above- case holds for 5 << R , take place m  other planar me tic ns

such as Blasius or plane Poiseuille flew (Gajjar 1932) where again the 
-1 /I0 (R x ') amplitude is the crucial one which produces the Rayleigh-like situs 

tion of (i) a critical layer lying in the midst of the basic flov;, with '.ii 

the neutral wavelength then being comparable with the typical flow tiiic-.n :ss.

, u t r a 1

1 .1

g/.vrrr

22?



in air or-; tThe conditions {:) , (ii) are assu.h ail : ■: c- v i o.a i ■- i

G i- o  s  o c ,,;L G iz e a b l e  d i s  t u r h a n c e s .  I t  ;u o f t e n s u g g e s ; t e d a l s o  t h a t

t h e  m e a n f  l e v ; c o r r e c t i o n i s  o f  o r d e r
1/2

, 9 r o n  f o r t h a n t ) ; e  f u n d .

a n d  ( i v ) t h e n o r m a 1 p r e s s u r e  v a r i a t i o n w i t h i n t h e  c : : i  t i c a l  l a y e r  .

e f f e c t . I l o w e v e r ,  t h e p r e s e n t  s t u d y  s u p p o r t s  S m i t h  S B o d o n y i  ( 1 9 3 2 .

t h a t  ( i ) - ■(iv) a r e  i n c o m p a t i b l e .  S p e c i f i c a l l y , w h e n ( i v ) h o l d s  ( i )

n o t ,  s i n c e  ( i v )  r e q u i r e s 6  t o  b e  l e s s t h a n 0 ( R - X / 3 ) v; h i c h  i s  t

; n

:l;.c ible

c.odi ticns

fc rm

.1 tn

& Bcdonyi case where the neutral wavespeed and wavenumber and the mean flc 

correction are relatively small. Conversely, when (i), (ii) do held, whi-
-i /3

is the regime of present concern, then o — R and (iii) holds but (i-

is found to be invalid. The new feature emerging, that of a substantial 

pressure variation across the critical layer, strongly affects the jump o 

on the Rayleigh solutions holding outside the critical layer for 6 = 0{”

In §2 below the overall flow structure (Fig. la) is described. Then the 

of the strongly nonlinear critical layer, as opposed to the nonlinear vis 

type considered by Haberman (1972), Brown & Stewartson (1978, 1930) and S 

Bodonyi (1982.o),'is studied in §3. As a result of the strong nonlinearity the 

total velocity jump, emphasized by Brow;; & Stewartson ( 1978 ) ,  is affected 

nonlinearly by the critical layer vorticity. In contrast the phase shift, 

emphasized by Haber man (1972 , 1976 ) and Smith & Bodonyi (1932.3), remains linearly 

dependent on the vorticity and it is the phase shift, not the total velocity 

jump, which dictates the neutral stability criteria.

This phase shift across the critical layer has to be in tune v.-ith

the shift produced by the wall layers, which are discussed in §-1. The distur­

bance is creates than the basic flow near the wall and so reversed flow is

present . there. Balancing of the phase shifts between these layers then requires

1.2

2x<Z



J : .R ' ) / which cj i the ‘or lying rea son  i o? the pot \-: uoi.tr

being sir.::: -td out, as distil cc from the estimate 5 »  p.

xc.ney s Bergeron (1969}. * Far when c t< R ■1/3 then

neutral Rayleigh modes exist if the basic velocity profile is inflexion-free:

disturbances of amplitude less than '0(R have small wavenumbers and v;ave-

speeds and are much less unstable. The amplitude-dependence of the neutral

nondimensional wavespeed c and wavenumber cx are determined in ^5. r.co

_ 1  >2
the disturbance increases in size within the C(R 1 ) scaling both a and

c q increase: see §5 and the appendix. Ultimately for relatively large disturbances 

c^ approaches the free stream speed, implying (see Fig. A below) that the critical 

layer with vorticity trapped inside it then starts to emerge from the boundary layer. 

This energer.ee: is found to be a rather fast affair involving a deoendence or. 

(amplitude) ^2 .

Although the present analysis concentrates on boundary layer flows, the analysis 

is broadly applicable to plane Poiseuille flow as well. It concerns the upper brar.cn 

of‘the amplitude-dependent neutral curve, wherein the critical layer remains distinct 

from the wall layers, as opposed to the lower branch stability problem cf amplitude 

dependence studied by Smith (.1975) . Figure lb gives a summary of the effects of 

disturbance size on the neutral curve for flows of the type considered here.

In'what follows we consider a Cartesian coordinate system with stream- 

wise and lateral coordinates x,y and the corresponding velocity comports:s 

u,v nondimensionali’̂ ed with respect to a typical boundary layer thickness 

a* and the free stream speed , respectively, ana time is written as

aTt/U *. With p*, u* denoting the density and kinematic viscosity of the
C O

2_
incompressible fluid, tne pressure is given by o p and the Reynolds number

R = TJ *a*/t/,Jr >> 1. Thus the global P.evnolds number Re used by Berth cur.

Bodonyi (1952a) is of order R?*. For the most important aspects the 1: as i: flew car. 

be regarded as essentially parallel i.e..

1.3

Z'~Trv£*rr&.: • *
\

21?



• Cl II v (y c ) , v :s p = 0 e £ feet ively, si> no the influence cf nonpar:i' •] i:;-. ,

ncgl inible tc the ord nr v/e consider he* e . Also, we have 'A ( =  1. V ■ - 0O
end U '

0
(0) = X, U " 

0
(0)  ̂ 2A? , wh ere X, > give the reduced wnl! c : i . s t r e s s

end prof ile curvature , respectively . Finally, the ncndiiT.ensicnal stream function

is denoted by v.

• '

1 . 4

1 V 7 T T T T — V ^ X *
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§2. The R a y le i g h  Zones

- 1 / 3When the  d i s t u r b a n c e  s i z e  i n c r e a s e s  to 0(R ) the c r i t i c a l  l a y e r  moves to

a new l o c a t i o n  in  the midst  o f  . the main p a r t  o f  the boundary l a y e r  a s  d i s c u s s e d  by

Sm ith .a nd»Bodonyi  (1982a)  and we approach  e x a c t l y  the  c l a s s i c a l  R a y le i g h  s c a l i n g s  v

wherein  the  m a j o r i t y  o f  the i n v i s c i d  c h a r a c t e r i s t i c s  o f  the d i s t u r b a n c e  a r e

c o n t r o l l e d  o v e r  l e n g t h  s c a l e s  comparable  with  the t y p i c a l  l a t e r a l  s c a l e  o f  the

b a s i c  f lo w  a s  shown s c h e m a t i c a l l y  i n  F i g .  l a .  The d i s t u r b a n c e  s t r u c t u r e  s u b d i v i d e s

i n t o  f o u r  r e g i o n s  denoted by I ,  I I ,  I I I ,  and IV. We b e g in  our s tudy  by c o n s i d e r i n g
+

the  R a y le i g h  zones I  .

The u ns te ady  fundamenta l  p a r t  o f  the d i s t u r b a n c e  c o n s id e r e d  here has  s i z e  

6 o f  0(R S i n c e ,  from §1, t h i s  in d uces  a l a r g e r ,  0(R ) ,  c o r r e c t i o n  

to the mean f low the  d i s t u r b e d  motion t a k e s  the form •

l u , v , p J = ( U ^ ( y ) , 0 , 0 ]  + R [u, _ (y) , 0 , 0 )  + R 1/'3 IU2 ' V2 ' P2 J *x ' y)Is

+ r“ 1/3/ [u. ( y ) , 0 , 0 ]  + . . .  + R“ 5 / 6 [ u - , v _ , p _ ] ( x , y )  + . . .  (2 .1 a )ZS 0 o D

over the bulk o f  the  f l o w f i e l d .  We se ek  n e u t r a l  t r a v e l l i n g  wave forms dependent 

on x = x -  c Qt and y r a t h e r  than on x ,  t ,  y ,  and the s u c c e s s i v e  mean f low 

c o r r e c t i o n s  u, , u_ a r e  dependent o n ly  on y. We note th a t  the l a t e r a l  

and s t ream w ise  d im ens io ns  o f  the f low s t r u c t u r e  a r e  comparable with the reduced 

boundary l a y e r  t h i c k n e s s  o f  0 ( 1 ) ,  in c o n t r a s t  with the e a r l i e r  work o f  Smith & 

Bodonyi ( 1 9 8 2 a ) .  The u ns te ady  fundamental  d i s t u r b a n c e  in (2 .1a )  i s  e x p r e s s e d  

in  the form

(u2,V2,P2} = tf <V)C' g(y>s' p(y)c) (2 .1 b )

. 2.1

23/
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. where C = c o s  (ax) , S = s i n  (ax) and the 0 (1 )  c o n s t a n t s  r  ( 0 <  c < 1) ,0 0
a ,  the dominant wavespeed and the s t ream w ise  wavenumber, r e s p e c t i v e l y ,  a re  

to be determ ined  in terms p f  the  e f f e c t i v e  d i s t u r b a n c e  s i z e  A, where A 

i s  a t y p i c a l  v a lu e  o f  p ,  s a y  the w a l l  v a l u e  p ( 0 + ) ,  i . e . ,  A »  p ( 0 + ) .

S u b s t i t u t i o n  o f  ( 2 . 1 a , b )  in to  the N a v i e r - S t o k e s  e q u a t io n s  l e a v e s  the 

mean f lo w  c o r r e c t i o n s  u^ s ' undetermined-* .» to  l e a d in g  o rd er  but  y i e l d s  the

i n v i s c i d  e q u a t i o n s

a f  -  g ’ = 0 ;  (UQ -  c Q) a f  -  gUQ' = - a p ;  (UQ-  c Q)ag  = - p '  ( 2 . 2 a , b , c )

c o n t r o l l i n g  the fundamental  d i s t u r b a n c e ,  with ' d enot ing  the a p p r o p r i a t e  

o r d i n a r y  d e r i v a t i v e .  Hence the  R a y le ig h  e q u a t io n

< V  c 0 ) (9" "  a  gl = Uo ' 9 (2 .3 a )

h o ld s  f o r  g ( y ) . The boundary c o n d i t i o n s  on ( 2 .3 a )  a r e ,  f i r s t ,

| g  ( c o ) |  <  C O  ;  g  ( 0 + )  =  0 ( 2 . 3 b , c )

to a v o id  e x p o n e n t i a l  growth a t  the edge o f  the boundary l a y e r  and to g i v e  the t y p i c a l

i n v i s c i d  c o n d i t i o n  o f  t a n g e n t i a l  f low a s  the w a l l  i s  approached in I "  : see

a l s o  §4 below. Second,  s i n c e  0 < c q < 1 th e re  i s  an i n t e r n a l  c r i t i c a l

l e v e l . a t  y = y where the f lowspeed  U (y ) e q u a l s  the wavespeed c _ ,  a c r o s s  c  0 c 0

which jump c o n d i t i o n s  on f ,  g ,  p a r e  n e c e s s a r y .  These a re  g iv e n  a s  f o l l o w s .

As ' y -*■ y + we have 
c

r
2 . 2

932



■* * ( *' ) I
g m 'i cj (v - y ) ‘ + 1 n (v n=0 c ' ) L G 

c n = l
(y - y i. n (7.-:

from (2.3a), where the constants g ^  (>0) , are nr::-', now ns upon which the

other coefficients g^  ̂ (n > 2) , (n > I) depend, cor a given value of

y . For instance.

G (1) - -= ^ 2g (0)/h r (2)/o 1 ' G (O' 22b “g J,/b1 , where n!b E (dnU /cy11) (ŷ ;. (2.4b)

for n > 1. Here b , b^ give the shear and curvature of the basic flow rt

the critical layer, The continuation of (2.4a) on the other side of the

critical layer, y = v -, depends on the flow properties -within the thinc * .
critical layer which surrounds y = and is required to smooth out the 

logarithmic irregularity in(2.4a). With our disturbance size 6 = 0 (R ’; 

the critical layer is strongly nonlinear, in contrast both with the nonlinear 

viscous kind studied by Hafcermann ’ (1972 ) , Brown & Stewartscn (1978), Smite, G 

Bodonyi (1931), and others, and with the classical linear viscous kind c: neid 

(1965) for example. The strongly nonlinear critical layer here has the r e ­

structure tentatively suggested by Smith & Bodonyi s (1932.a) §5 and iz is considered 

in detail in §3 below. Its principal feature which we anticipate here is the 

smallness of the velocity jump and phase shift produced across it. Thus the 

local behaviour (2.4a) just stove the critical layer, and the accompanying form

f * f  L 
G n~l

■r (n) , (n) (rvG + ng + nG .n (y - y ) ] (y-y )c c (2 .

3

y m n —t-la-Rwrtrk**-*v-

2 3 3



fo r  f  and t h a t  fo r  p im plied  by ( 2 . 2 a - c ) ,  ( 2 . 4 a ) ,  a r e  reproduced a s  

y -+ y j u s t  below the c r i t i c a l  l a y e r ,  with

In (y -  y ) (y •+ y +) r e p l a c e d  by In (y -  y) ly -*» y - ] .  c  c  c c ( 2 . 4d)

T h is  r e s u l t  f o r  s i z e a b l e  d i s b u r b a n c e s  i s  e s s e n t i a l l y  t h a t  p roposed  by Benney 

& Bergeron  (1969) and Davis  (1969) a l th o u gh  they d id  not  dete rm ine  the a m p l i tu d e .

To find the amplitude dependence of a, cq requires a more precise knowledge of 

the velocity jump rather than just knowing (from (2.4d)) that it is small. The 

solution of the eigenvalue problem (2.3a-c), (2.4a,d) fixes only the dependence 

of a on cq, not the dependence of a, cq on the scaled disturbance size, A (=p(0+)). 

So next we consider in detail the critical layer C§3) and wall layer (§4) 

properties.

2.4



T n e  c r i t i c a l  l a v a i :  n  s u r r o u n d s  v  ~  v  e n d  l a s  t h ’ 0 / ; -
'  c

-1/6-
y  =  +  R  1 ,  s a y .  T h e  u r . a e r l y i n g  u e v e l c p m e . n t  o f  t h e  f l o v ;  s o l u t i o n

i s  g i v e n  b y

-■ ’ - * ho S r c_: V; I v  Ron i p .  c or Cr i t i c a . l  1 .• *. • c r

•si tn

u = c + R  1 / 0 b . Y  + R ^ ^ l n  ( R ) U _ r O 1 l L5.. + r -1/3U. + r ‘1/2uU_  +  R  U _ +  P. ' 3 fu' +  R  ^ L ’ _2 3 A -j

-1/3 (C) -1/2= R a S + R In(R) V  +  R  ± / 2 V +  r " 2 / V  +  R ~ 5 / 6 V  +  R _ 1 VZ J 4 5 (3.la,b,cj

D - ;r1/3g (0)il C + P.-i/2I + R-2/3ln(R)?,. + R-2/3?, + R-5/6F. + R-l'p.+ ...
a 3L

- 1/2 —from s2. Although additional terms, e.g. of 0(R In R) in u f are intro­

duced into (3.1a-c) and into some of the results below by the nonlinear inter­

actions they do not disturb significantly the main balances of forces controlling 

the critical layer features nor do they alter the jump properties to be found.

Again, without less cf generality it is assumed that the mean flow correcnon

1 c* vanishes at y = y , although a nonzero value of u (y ) could be

accommodated by adding a constant to V. To match with the Rayleigh zone 

solution we reauire

T +

~ (2) n ) ~ ~
V  ^  ( g  -f G i n  Y )  Y S as Y -► 00 (3.2a

U2 'S b2v2 + :x+Y + Q_1 (g (1> + G (1) + G (11ln!YI)C {3.2b]

from (2.1a,b), (2.4a,c) wiiere X+ = u. ’ (v ). Similar rratmhinc oov-rn.sIs ‘ c "
higher order velocities and the pressure terms. Also

3 .1

' ! • - .
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( 3 . 3 )21, rV^c/s.. 7 2 l  - - g ( 1 ) y s / 6 .

The aim o f  the c r i t i c a l  l a ye r  a n a l y s i s  ' e l o w ,  wh i ch  stems f »‘om Haber;

o r i g i n a l  app roach  and i t s  a m e n d m e n t s , i s  to remove the i cejar : thm! r.

b e h a v i o u r  in ( 3 . 2 a , b )  and to p r o v i d e  the c o r r e s p o n d i n g  a s y m p t o t i c  c o n d i t i c

as  y -r -c o  whi ch  a l l o w  the f e a t u r e s  o f  the lower  R a y l e i g h  zone X  t o

*1*
be r e l a t e d  to those  o f  X  . To f u l f i l l  that  aim r e q u i r e s  e xa m i n a t i o n  o f  t

terms up to and i n c l u d i n g  U_, Vr , P r in ( 3 . 1 a - c ) .b o p
F r o m  t h e  N a v i e r - S t o k e s  e q u a t i o n s  t h e  b a l a n c e s  c o n t r o l l i n g  t h e  s u c c e s

c o n t r i b u t i o n s  U , V  , P  i n  ( 3 . 1 a - c )  a r e  p r e d o m i n a t e l y  i n v i s c i d :  
n  n  n  •

^ 3U
b  Y - z r  +  b .  V  

1  3x  I n

oUn
3y

3?
— - + F (x,Y) , 
3x n

G (x 
n

Y)
3p
___ n_

3Y •

f o r  n ^ 2 ,  f r o m  t h e  s t r e a m w i s e  a n d  l a t e r a l  m o m e n t u m  e q u a t i o n s  r e s p e c t i \

T h e  f i r s t  f o u r  o f  t h e  f o r c i n a  t e r m s  F  , G i n  ( 3 . 4 a , b )  a r e  g i v e n  b y
n  n

F = o F =•9 u' a
- 3 u3 1 - 2  - 2
1  <2 U*> ) - V2 “  3x “ cY

r. = - — (iyj.) - (V0
s  — 2  3  2

3 x

cU c U
3 r  2  --- + v „

3Y cY

F. = 32v 2/3y 2 - ±  + 1 t 32) - (V2
3U. 3u 3u.

4 3  2  %— rr + V. — ur + V, ~z ~ )  
3Y 3 oY 4 dY

G2 -  0, g3 . blYg{0 )ac, e4.. v  ^  + u2g " "ac -  g'“'s ^
aV2 - (0)__ . _ (0)

- 3V3 - 3Vo ~ (o)
G5 = blY "I' + U2 + U35 aC + Vp ~ v ‘ + 9 %'"S

3 x  ' 3 x

2  ( 0 ) c  °  3 -

2  c  Y o f

1 1 the

s i v e

(3.4a)

( 3 . 4 b )

; o  j_ \r m

; ( 3 . 4 c )

(3.4d)

(3.4 e)

(3.4 f)
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n r : d a  r  e  d  i.i .*• t  ■ t; i ' .n r /  u  1 i n ^ n  r •• t. r e a r n ;  i >i ; i d  l e t ; ' !  i 1 i n< • i t  i i . t <•:  j .• . . .  I.

f o r t h e  c o n u r  i ! •» u
, 2 "  , —2 

k i o i !  2 " u  / d Y ’* in r 5 w h i c h  m a r k s  t h e  f i : s t  a p p - ' • • ' • ' . ne e  o ’

a n y v i s c o u s n  -  t o c t .  A l s o ,  t i i e c o n t i n u i t y  e q u a t i o n  i s  s a t i s f i e d  b y u s e  c f  : . .  a

s  t  r earn,  f u n c t  i o n t e r m s  •.!) ( x , Y )  
• n

,  w h e r e U =  , / 3 Y ,  V =  / 3 x  
n  n  r. 1 n

f o r  n  >  2

w h i 1 e  w e  a  e f i n e

ty. =  b 1 Y “ / 2  +

(0 )

(3.5)

from (3.la,b).

I t  i s  c o n v e n i e n t  t o  r e n o r m a l i z e  t h e  c r i t i c a l  l a v e r  v a r i a b l e s  n e w  b v  v . r i t i n a

X ■  a - V ?  = h , 1/2y , ^  . *  - 2b2 m x 3/2v  2 •

(0 !

;3 "t.
~ 2 ~

;V  '-'M'-i0 V ^ s  =

2 ( 0 ) i\ n n

Ci b ,

( 3 . 6 )

( 0 )
w h e r e  M =  g  / - b 1 . T h e n  t h e  s o l u t i o n  o f  t h e  f i r s t  o r d e r o r c b - l e . "  c  i v c - :

Si Y =  K ( n ) ,  w h e r e = J  Y +
x l

( 3 .

f r o m  ( 3 . 4 c , e )  a n d  e l i m i n a t i n g  b e t w e e n  ( 3 . 4 a , b )  w i t h  n  =  2 .  T h e  m a i n

s t r e a m l i n e s  H =  =  c o n s t a n t  g i v e  t h e  K e l v i n  c a t ' s  e y e s :  w h e n  h  <  1  t a e

s t r e a m l i n e s  a r e  c l o s e d . t i n  l l ° J s o  t h a t  v - o r t  i c i  t y  K ( n )  i t  m u s t  h a v e '  a  u n i f c ~ - '  

u n k n o w n  v a l u e  N ( t h e  P r a n d t l - Q a t c h e l o r  t h e o r e m ) .  W h e n  n  >  1  [ j Y ! >  2 _ / “ ( 1  

h o w e v e r ,  K ( n )  r e m a i n s  a n  u n k n o w n  f u n c t i o n  o f  r , .  T o  d e t e r m i n e  i t  w e  n - * c d  t o  

p r o c e e d  t o  t h e  f o u r t h  o r d e r  c o n t r i b u t i o n s , s i n c e  t h e  s e c o n d  a n d  t h i r d - o r d e r  

s o l u t i o n s  f o r  t h e  v o r t i c i t y  c a n  b e  w o r k e d  c u t  e x p l i c i t l y  a n d  a r e

1/
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'3 YY C + M2 K *  K3 {1|) ( 3 . 7 b )

*4XX = + 2 H2K"^)'i,22 * k3' c*0«2 + K-inj* + K (Tl) ( 3 . 7 c )

f r o n  ( 3 . 4 a , b )  . w i t h  n  -  3 , 4  a n d  f r o m  ( 3 . 4 c , d ) ,  a n d  t h e s e  i m p o s e  n o  r e s t r i c t i o n s

o n  K ( n )  .  I n  ( 3 . 7 b , c )  t h e  v o r t i c i t y  c o r r e c t i o n s  K ( r ^ ) f K ^ ( r \ )  a r e  a l s o  u n -

2
k n o w n ,  a n d  t h e  p a r a m e t e r  =  U b ^ / a b ^ )  .

+•
A t  t n e  f o u r t h  o r d e r ,  t h e n ,  w e  o b t a i n  t h e  e x p r e s s i o n  f o r  t h e  v o r t i c i t y

Hu = —  ( LM + Y (S C' '1 + '1 -  ’1) \b _ -  ill >.[; n
v d y y  3 n  o 1 3 * 2 y y y  v 4 r y 2 n n  • 2 £ v 4 n n  2 n v 4 n t ,  44 n  2n t /

- 1 2  2
+  vl  ̂ \Il  +  K (n)\L> +  M ( Y  ^  -  v  \i> ’I ’ ~ +  vLj il's4nv2x m ;f4x 2 v 3<,v3nn 3pg 3n 3xM

,ĉ 2n ' ^ x >  + V a n x  ” M2 V x  &  * V n> ( 3 . 8 a )

w h e r e  £  =  X ,  b u t  t h e  s u b s c r i p t s  X , E  d e n o t e  d i f f e r e n t i a t i o n  w i t h  Y , n  f i x e d  

r e s p e c t i v e l y ,  K , _ ( r | )  i s  s n  u n k n o w n  f u n c t i o n  o f  n  a n d

M3 H bl3/2b29 '•0> ( 3 . 8 b )

*

- 5/6
i s  a n  0 ( 1 )  p a r a m e t e r .  I t  i s  s h o w n  b e l o w  t h a t  t h e  f i n i t e  p a r t  o f  t h e  C ( R  . )

C O
v e l o c i t y  j u m p ,  d e n o t e d  ( ( U , . ) )  ,  a c r o s s  t h e  c r i t i c a l  l a v a r , g o v e r n s  t h e

5 —03
n e u t r a l  c r i t e r i a  f o r  a ,  c ^ .  S i n c e  t h e  i n t e g r a l  o f  ( 3 . 8 a )  w i t h  r e s p e c t  t o  Y 

g i v e s  t h e  c o n t r i b u t i o n s  t o  t h i s  j u m p  f r o m  o u t s i d e  t h e  c a t ’ s  e y e ,  t h e  j u r p  i s  

i n f l u e n c e d  a s  m u c h  b y  n o n l i n e a r  i n e r t i a l  f o r c e s  [ a n d  i n  p a r t i c u l a r  b y  t h e  n o n ­

z e r o  l a t e r a l  p r e s s u r e  g r a d i e n t s  i n  ( 3 . 4 b ) )  a s  b y  t h e  m a i n  l i n e a r  v i s c o u s  f c r c e

3 . 4

f
+ FOOTNOTE: SEE NEXT PAGE.
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' F o o t n o t e  f o r  p r e c e d i n g  pa: ;e.

• kn expression alternative t'■ (3.8a) is

^syy
n w  '*3+ k ’ (r,) % A + Ku(n) ip2'i>3 + — —M 2

,, k m ’ (n) .3M --- u;2 6 -2'

k3 "(n> 9
+ K  + K,' + i 1.

3 jo 2)ri K'2yyy} ^

*

* ^r%p;FT< ^  » uMe*m» j ^



«  - h  i n  ( 3 . 8 a ) .  * l h e  f o r m e r  f o r c e s  i n ' ’ - v o  K / ' ( r ; )  f r o m .  ( 3 . 7 n - c ) ,  :

l a t t e r  f o r c e  i n v o l v e s  o n l y  K ( r j )  .  B y  c > n t r a s t ,  o n l y  t h e  l a t t e r  f o r c e  r l  

a  s i g n i f i c a n t  r o l e  w h e n  t h e  d i s t u r b a n c e  c o n s i d e r e d  i s  s c  a l i e r  a s  i n  - S e  e  ~ - H e r  

w o r k  o f  H a b e r n a n  ( 1 9 7 2  , 1 9 7 6 ) ,  B r o w n  & S c e w a r t s o n  ( 1 9 7 6  ; a n d  S m i t h  B a d . . - . -  i  

( 1 9 3 k  a ) .  A g a i n ,  t h e  e x t r a  i n e r t i a l  f o r c e s  a r e  n e g l e c t e d  i n  t h e  B e n n e y  s  B e r c e r o n  

( 1 9 6 9 )  a n a l y s i s .  H o w e v e r ,  t h e  c o n d i t i o n  w h i c h  e f f e c t i v e l y  f i x e s  t h e  d o m i n a n t  

v o r t i c i t y  K ( n )  i n  r] > 1 i s  t h a t  ^  y  m u s t  b e  p e r i o d i c  o f  p e r i o d  2 tt i n  

X .  V . n e r e a s  ^ 3 Y Y '  ' v j y v  ( ^ . 7 a - c )  a r e  a u t o m a t i c a l l y  p e r i o d i c ,  v

i s  n o t  b e c a u s e  o f  t h e  f i r s t  t e r m  o n  t h e  r i g h t  h a n d  s i d e  o f  ( 3 . 8 a )  a t  l e a s e .

T h i s  t e r m  i s  d u e  t o  t h e  m a i n  s m a l l  v i s c o u s  e f f e c t  p r e s e n t ,  n a m e l y  i n

( 3 . 4 a ) .  I t  i s  a  s i g n i f i c a n t  p r o p e r t y  c f  t h e  s t r o n g l y  n o n l i n e a r  c r i t i c a l  l a y e r  

t h a t  t h e  p e r i o d i c i t y  r e q u i r e m e n t

(2n)
5  Y Y - ’I'5YY<°> » 0 ( 3 . 9

n o w  g i v e s ,  f r o m  ( 3 . 8 a ) ,  ( 3 . 7 a ) ,  t h e  c o n d i t i o n

271, f
dn | K'(r|! l  (n

1/2  -

C )  d t = 0 ( 3 . 9

f o r  a n y  . O n l y  t h e  l i n e a r  v i s c o u s

c o n t r i b u t e s  n o n t r i v i a l l y  t o  ( 3 . 9 a )  b e c a u s e  

i n e r t i a l  r e s p o n s e s ,  a r e  o d d  a b o u t  X  =  tt. 

a b o u t  X  =  tt f r o m ?  ( 3 . 7 a ) ;  i n t e g r a t i o n  a n d  

b e i n g  l i k e w i s e  e v e n ;  s o  i n  ( 3 . 8 a )  t h e  

a r e  e v e n ,  t h e i r  X - d e r j . v a t i v e s  a r e  o d d  a n d

t e r m  i n  t h e  i n t e g r a n d s  o f  ' 3 . 8 a )

a l l  t h e  o t h e r  n o n l i n e a r  t e r m s ,  b e i n g  

T h u s ,  f o r  e x a m p l e ,  ' l ^ v v  G v e n

t h e  a s y m p t o t i c c o n d i t i o n s  g i v e  w. ,  ,

t e r m s
" 2n ! "  v 2 rx] ' ‘ 2 ^  ^1 : X

h e n c e  t:. h e i  n  c c  c; r  a I  w i  t h  r e s n c c r .  t o

2i^t>



£ r v :n 0 to 2:; is identical ly zore. Simila r reasoi-.i y appl ior tn

oth.er terms., given th.-u •:-3vy, ■;‘•1YY lr v 3 . 7 b , c ) ore both even about X -
The total inertial contribution t o  (3  . S ) turns out to he zero. Fo the r

( 3 . 9 b ) ,  f o u n d  i n  t h e  e a r l i e r  c r i t i c a l  l a y e r  s t u d i e s  e f f e c t i v e l y  f o r  ' U  s n a i l ,  

c o n t i n u e s  t o  h o l d  f o r  n e u t r a l  m o d e s  e v e n  w h e n  i s  0 ( 1 ) ,  d e s p i t e  t h e  n e w

b a l a n c e s  c o n t r o l l i n g  t h e  c r i t i c a l  l a y e r .  O n  t h e  o t h e r  h a n d ,  i f  g r o w i n g  n o d e s  

w e r e  c o n s i d e r e d  t h e n  t h e  n e w  b a l a n c e s  f o r  o f  0 ( 1 ) w o u l d  i n f l u e n c e  t h e

g r o w t h .  F r o m  ( 3 . 9 b )  a n d  ( 3 . 2 c )  i t  f o l l o w s  t h a t

2TT1/2 1 /2  K' (n) = ±2 7 7i/ j (n - c p 7 dx ( 3 . 1 G )

a b o v e  a n d  b e l o w  t h e  c a t ' s  e y e  Y  >  2 ^ 7^  ( 1  -  C ) ^ 7^ , r e s p e c t i v e l y .  T h e n  

c o n t i n u i t y  o f  t h e  v o r t i c i t y  a t  t h e  e d g e s  o f  t h e  c a t ’ s  e y e . -  q  =  l o ,  . g i v e s

K(q) = 1JQ + f K ' (q) dq ( 3 . 1 1 )

f o r  q  >  1 .  T h e  v e l o c i t y  a n d  s t r e a m f u n c t i o n  ^  a r e  a l s o  c o n t i n u o u s

( t h e  l a t t e r  b e i n g  c o n s t a n t )  a t  n  =  1 :  s e e  ( 3 . 1 3 a , b )  b e l o w .  F r o m  l e t t i o :

Y  -v ± - c  i n  ( 3 . 1 1 )  a n d  e x a m i n i n g  t h e  f i n i t e  p a r t s  i t  c a n  r e  s e e n  t h a t  

N =  H +  +  M _  a n d

2 (H+ - IP) = 2  / ji K' (q) 
1

- 1/2 1/2 r_l .(1),
• -  ( 2n )  “ j d n  -  s * ' “ [ = f  c  j ( 3 . 1 2

w h e r e  7  =  - 1 . 2 7 9 .  H e r e  ( 3 . 1 2 )  f i x e s  t h e  v o r t i c i t y  j u m p  2  ( , \ T  -  \~) ,4
1 / 9  ±  ~ ±where X = <b_M_ I! , and qives the jump conditions u, 1 (v ±) = X cr. tne 2 1 ' i s  ‘ c

m e a n  f l o w  c o r r e c t i o n  o f  ( 2 . 1 a ) . -  V.'e h a v e  s t i l l  t o  c o n s i d e r  t h e  m o r e  i m p * : - :  t a n t

a . o
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*

j  i : -: h « v u  ■
H o w e v e r ,  t o  f i x t h e  ’ n t r a l  s t a b i l i t y  c  ' . e d i t i o n s • (' {• r\ . *

o n l y  t h. e  s i n  ( a  x ) c o m p o n e n t  c f ( < U 5 ) j ' , o r  t h e  p h a s e  o n i f t  ( s e e i f  b " /  ’

F r o m  ( 3 . 7 a - c ) , n o p h a s e  s h i f t  i s i n d u c e - : i n  t h e  t h r e e  i i i g h o s t  o r d e r t e r m  s

V  U . , U s i n c e t h e y  a r e  s o l e l y i n e r  t L a i  i n f l u e n c e s .  I r .  f a c t  t h e b  e  f:  a  u r

( 3 . 2 b ) o f  Un i s r e p r o d u c e d  a s Y “ CO ( w i t h  X 2 r e p l a c i n g  A - , f ]i , s o  t . . a t

( < U , ) ) _ ro =  0 ,  i n  k e e p i n g  w i t h  t h e  e x t e r i o r  j u m p  c o n d i t i o n  a n t i c i p a t e d  i n  

( 2 . 4 c ) .  T h e  d o m i n a n t  p h a s e  s h i f t  i s  c a u s e d  b y  t h e  v i s c o u s  i n f l u e n c e  o n  

r ' - , , v  i n  ( 3 . 8 a )  a n d  i s  o b t a i n e d  o n  m u l t i p l y i n g  ( 3 . 8 a )  b y  s i n  ( X ) ,  i n t e g r a t i n g  

w i t h  r e s p e c t  t o  Y a n d  t h e n  i n t e g r a t i n g  w i t h  r e s p e c t  t o  X  f r o m  0 t o  1 "  

( H a b e r m a n  1 5 7 2 ,  S m i t h  & E o d o n y i  ( 1 9 8 2 - a ) .  I n  t h i s  p r o c e s s  t h e  e x t r a  i n e r t i a l  

e f f e c t s  c a n n o t  c o n t r i b u t e  a g a i n  b e c a u s e  o f  t h e i r  e v e n n e s s  a b o u t  X = tt. S o  

t h e  p h a s e  s h i f t s  a c r o s s  t h e  i n v i s c i d  p a r t s  r] >  1 ,  n  <  1  ° -  t h e  c r i t i c a l  l a y e r

a r e  a s  i n  S m i t h  & E o d o n y i  ( 1 9 8 ? .  a ) .

F i n a l l y  t h e  p h a s e  s h i f t s  a c r o s s  t h e  t h i n n e r  v i s c o u s  l a y e r s  I I I -  a t  t r . e  

e d g e s ,  o f  t h e  c a t ' s  e y e  c a n  b e  e s t a b l i s h e d  b y  u s i n g  t h e  m e t h o d  o f  t h e  l a s t - n a m e d  

p a p e r .  T h e  v i s c o u s  l a y e r s  s m o o t h  o u t  t h e  d i s c o n t i n u i t i e s  i n  t h e  d e r i v a t i . e s  

o f  t h e  v o r t i c i t y  a b o v e  a t  n  =  1 ± .  W i t h i n  I I I 4], v  =  v  R - ^ ^  / 2 ” , >/ l - l
■* ** r* 2.

- 5 / 1 2
+  R  z  w i t h  z  o f  0 ( 1 ) a n d  t h e  u n d e r l y i n g  f o r m  o f  t h e  s o l u t i o n  i s

=  c o n s t a n t  +  l 
n =2

- n / 1 2  ( n )  ~  .
R  \\> ( x , z )  ; ( 3 . 1 2 a )

a l t h o u g h  a g a i n  e x t r a  l o g a r i t h m i c  t e r m s  a r e  s t r i c t l y  n e c e s s a r y  t h e y  d o  n c :  a f f e c t  

t h e  u l t i m a t e  r e s u l t s  a n d  n e e d  n o t  b e  c o n s i d e r e d  h e r e .  I n  ( 3 . 1 3 a '

3 . 7
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(v) i /? i/o n '1 = CQ (2M1)i^(l - C)1-, i[U - - 0, , .{*) _ , :.(5)

-  ('  =  C.

(7) = '°1 (2l\ '> 1/2 ^  - C)1/2Z , ( 3 . 1 2

(n) _ (n) 2 (n) . . (n)
'Jj =  a  z  +  e  ( x ) z  +  f  ( x )  f o r  8 <  n  <  ±-\

a n aw h e r e  d ^  a r e  c o n s t a n t s  ( d  ^  ’ =  d ^  = 0  /  d ^ ; =  — )

( n )  ( n )  ( 9 )  _  _  . t . .
e  ,  f  ( e  -  0 }  a r e  f u n c t i o n s  o f  x  g i v e n  b y  t h e  p r o p e r t i e s  m  I I

T h e  f i r s t  n o n t r i v i a l  c o n t r i b u t i o n  i s  

e q u a t i o n

( 1 5 )
* h i c h  s a t i s f i e s  t h e  v o r t i c i '

( 2 / M l b l  ] %
2 s1/2,h ( 1 5 ) = 2 ( 1 .  1 / 2 ^ . ( 1 5 )

z z z

r - S

:i -  c r

( 1 5 ;  - ( 1 5 ) .
TF> ('^ " zv~, >

+  A ! 1 5 )  M  +  3 ( 1 5 )  5 ) <3.1-5?)

(15) (15)
f r o m  s u b s t i t u t i o n  i n t o  t h e  N a v i e r - S t o k e s  e q u a t i o n s .  H e r e  A , 5 V 

p r e s c r i b e d  f u n c t i o n s  o f  x ,  v / h i i e  t h e  b o u n d a r y  c o n d i t i o n s  a r e

, ( 1 5 )  . . _  - " 1 / 2  . .  1 / 2 .  .
O33) = 2  II ( 1  -  C )  b  , \h 

zzz 2 Y

11 s
z z z

:-c c ) = c :3.i4b)

b e c a u s e  o f  t h e  d i s c o n t i n u i t y  i n  t h e  v o r t i c i t y  d e r i v a t i v e  o u t s i d e  1 I I + . l - i e r . c e

i f

( 1 5 )5 ^ ( x ) * 2 +
2 **

X + -f - :v) ^0 a s  z ( 3 . 1 4 c )

3.S
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the n *  ♦  = 2 ‘ 1/2 1/ 2,
2 - “  C) ^ » $2 = 0  and (3 .1 4 c )  s u b s t i t u t e d  i n t o  (3 .14a)

g i v e s  the  s c a l e d  v e l o c i t y  jump c o n d i t io n

tQ+ - i Q~ = -2Tib1“ 1b2M1“ 1 / 2 a " 1 c o t  ( -  ax)
1 -

[7
(0 < a x  < 2 tt) (3.14d)

a s  in  Smith & Bodonyi ( 1 9 8 2 a ) , a g a i n  d e s p i t e  the e x t r a  i n e r t i a l  f o r c e s  p r e s e n t

h e r e .  The i r r e g u l a r i t y  a s  a “x •* 0+ ,  2n- i s  smoothed o u t  w i th in  a l e n g t h  
/□ _

■ 0 (R ) in  x by means o f  Brown & S t e w a r t s o n ' s  (1978 , 1980) s o l u t i o n  which 

p r o v i d e s  a h igher  o rd er  c o r r e c t i o n  to ( 3 . 1 4 d ) .  The v i s c o u s  l a y e r  111“ near  

the lower edge o f  the c a t ' s  eye produces  the same jump and both jumps a r e  o f  

the same o rd er  a s  the v e l o c i t y  jumps in U,. produced in I I *  o u t s i d e .  In 

p a r t i c u l a r  the t o t a l  phase s h i f t  remain s ’ a s  in the Smith & Bodonyi c a s e .  An

alternative method of derivation of the phase shift is given by Smith and 

Bodonyi (1982b).

In summary, the total velocity jumps across the strongly nonlinear critical 

layer are _
„  +

= > 2 )» where ( (U ))2' = 0,

co r<( (U > ) = 1n _oo m—0 F s i n  (max) + F ^  c o s  (max) m m (n > 3) (3 .1 5 a )

for  O <; ax < 2fi, and F ^  , F ^  a r e  c o n s t a n t s  withm m

2P(1,h
F (3) _ (4) = (5) _ ^ ___ _2
Fi Fi • °' Fi “ 7 1/2

bl Ml  a

(3 .15b)

The p hase  s h i f t  i s  o f  o rd er  R*"1/ 2 _• f ; rc?4. „  , .. . «  (5), s i n c e  i t  f i r s t  a p p e a r s  o n ly  through F ^ ' ’
in ( (U^)) _ , and i t  e n a b l e s  the am p l i tude- independence  o f  the n e u t r a l  modes

to be found once the w a l l  l a y e r  c h a r a c t e r i s t i c s  a r e  known.

3 .9
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;* 1:< * * • i : 1O V.'.; . U L a y • e r s

a d e ' 7 0  t e  a s m a l l  s e p a r a t e s e c t i o n ' t o  t h e f l o w p r o p e r t i e s  n e a r  : , k e

t o  e m c l r e t h e p r e s e n c e  o f  u n s t e a d y  1 s v e r s e d f l o w t h e r e .  P e a r  t u t  v a

II O t i l  9 f i r  s t d i s t i n c t  l a y e r i y ,  e n c o a n  t e r e d i s  n o n l i n e a r  a n d  h a s  v i a

- 1 / 3
0  ( R  } s i n c e  t h e n  t h e  b a s i c  f l o w  U Q a n d  t h e  f u n d a m e n t a l  i n  ( 2 . 1 a )

- 1 / 3
b e c o m e  c o m p a r a b l e .  S o ,  i n  I V X ;  y  =  R Z s a y  a n d

_________ - 1 / 3 -  - 4 / 3 -  - 1 / 3 -
( u , v , p )  =  ( R  7 u ,  R  7 v ,  R  7 d ) + ... ( 4 . 1 )

i f  u ,  ( 0 ) =  0  a n d  p r o v i d e d  t h a t  l u .  ' ( 0 ) !  <  00 . T h e  P a v i e r - S t o k e s  e a u a ^ i o n s  
i s  i s

r e d u c e  t o  t h e  u n s t e a d y  i n v i s c i d  e q u a t i o n s

+ _ivi = 0 -c 
c x  +  B z ,  U /  c 0 c x

0 = - ^  
o, °Z1

( 4 . 1 a

h o w e v e r ,  a n d  s i n c e  p =  p2 ( x , 0 t ) a n d  u  ' v X z  +  u 9 ( x , 0 -f)  a s  z ,  "  t c  

m a t c h  w i t h  §2 w e  h a v e  t h e  a d d i t i v e  s o l u t i o n

d u

u  =  ' X z i +  u  ( x , C H )  , v  =  - Z
1  9 x

=  (x,0+) ( 4 . 2 )

S o  t h e  n o n l i n e a r i t y  i s  s i m p l y  a n  a d d i t i v e  e f f e c t  a n d  n e i t h e r  t h e  f u n d a m e n t a l

n o r  t h e  b a s i c  f l o w  i s  d i s t o r t e d  i n  I V ^ .

T h e  s e c o n d  w a l l  l a y e r  I V  l y i n g  b e t w e e n  I V ^  a n d  t h e  w a l l ,  t h e n  h a s  t h i c k n e s s  

-1/2
0 ( R  ‘ ) a n d  i s  c o n t r o l l e d  b y  a n  u n s t e a d y - p r e s s u r e - v i s c o u s  f o r c e  b a l a n c e .

H e r e

( u , v , p )  =  (P.  i / 3 U ,  R  ~, /  l ' v , R  1/Jp, (x.O+J) + . . .
- 1 / 3 -

( 4 . 3 a )

4 . 1
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~I /2
w i  U i  y  =  K a n d  t i n . ;  c o n t r o l l i n g  - q u a t i o n s  a n d  l o u n d a r y  c n n r l i  ! i o n n  r r o

+ p _  . 0(
3x

- c
0  9 x  d x

(>:,0+) +.2-^- 3
3Z„

(4.4a)

U -> u 2 ( x , 0 + )  a s  00 , ( 4 . 4 b )

A A

U =  V  =  0  a t  Z 2 =  0  , ( 4 . 4 c )

i . e . ,  t h e  l i n e a r  p r o b l e m  o f  S m i t h  & B o d o n y i  ( 1 9 8  2. 3)  i s  r e t r i e v e d .  T h e  s o l u t i o n  

o f  ( 4 . 4 a - c )  i s

5 - A
co

_ITI1Z2 _
C  -  e  c o s  ( a x  -  m 2 Z 2 ^

( 4 . 5 a , b , c

V  =
l/2 n a _____ A

3 / 2

1/2 1/2 „ . , _ tt l "mlZ2a cQ Z2S - sin (ax + -) + e s i n  ( a x  +  7  -  m _ Z . ) l  1*-t z /. \

1/2
t h e r e f o r e ,  w i t h  m ^  =  - m 2 =  ( a c ^ / 2 ) ,  a n d  w e  h a v e  t h e  d i s p l a c e m e n t  c o n d i t i o n

V (X , 0 + )  'V - R  5 / 6  — y "
^ 3 7 5 ] s i n  t a x  +

( 4 . 6 )

i . e . ,  a  n o n z e r o  w a l l  v a l u e  r e q u i r e d  f o r  v ^  i n  ( 2 . 1 a ) ,  t o  m a t c h  b e t w e e n  

z o n e s  I I  a n d  I V .  O n c e  a g a i n ,  i t  i s  n o t e d  t h a t  t h e  r e s u l t s  o f  t h e  e a r l i e r  s t u d y  

c o n t i n u e  t o  h o l d  d e s p i t e  t h e  e x t r a  e f f e c t s  o f  n o n l i n e a r i t y  i n t r o d u c e d  i n  l a y e r  

I V  . T h e  m a j o r  d i f f e r e n c e  f r o m  t h e  e a r l i e r  w o r k  i s  t h a t  n e a r  t h e  w a l l  t r . e  f l o w  

i n  l a y e r  I V 2 i s  m a i n l y  o s c i l l a t o r y  i n  t i m e ,  w i t h  t h e  f u n d a m e n t a l  d i s t u r b a n c e  

b e i n g  g r e a t e r  t h a n  t h e  b a s i c  f l o w .  S o  i n  p a r t i c u l a r  t h e  s k i n  f r i c t i o n  a t  t h e  

w a l l  i s  r e l a t i v e l y  l a r g e ,  a n d  p u r e l y  o s c i l l a t o r y  t o  l e a d i n g  o r d e r ,

4 . 2
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♦
( 0u / 3y )  -  R ^ '  " A ( " ) ' J / ‘ '  s i n

y - °  c 0 (ax 4) + 0 (1 ) (K7)

a n d  f l o w  r e v e r s a l ’ i s  p r e s e n t  ( o s  i n  i n v i s c i d  w a t e r  w a v e s  i n  a  s u f f i c i e n t l y  

w e a k  m e a n  f l o w ) .

• ’
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5 5 .  T h e  A m p l i t u d e - D e p e n d e n c e  o f  t h e  t h  ' t r a l  C o n d i t i o n s

T h e  c o n d i t i o n s  o f  n  s m a l l  v e l o c i t y  j u m p  i n  ( 3 . 1 5 a , b )  a n d  t h e  s m a l l  d i s ­

p l a c e m e n t  i n  ( 4 . 6 )  f i x  t h e  a m p l i t u d e - d e p e n d e n c e  a s  f o l l o w s .  A s  i n  S m i t h  S 

B o d o n y i  ( 1 9 8 2 a )  w h a t  m a t t e r s  m o s t  i s  t h e  s m a l l  p h a s e  s h i f t  g i v i n g  r i s e  t o  a  c o s ( a x )

. . . H'
c o m p o n e n t  m  t h e  F o u r i e r  s e r i e s  f o r  v  m  t h e  R a y l e i g h  z o n e s  I ~ . T h e

— -] /2 
s i n  ( a x )  c o m p o n e n t  i n  v  • m e r e l y  i n t r o d u c e s  a n  0 ( R  ‘ ) c o r r e c t i o n  i n  t h e

n e u t r a l  w a v e s p e e d ,  w h i l e  a n y  c o s  ( n a x )  , s i n  { n a x )  c o m p o n e n t s  f o r  n  >  2 c a n

b e  d e t e r m i n e d  e x p l i c i t l y  a s  i n  t h e  S m i t h  & B o d o n y i  c a s e .  T h e r e f o r e  w e  d e f i n e

2v/a
v5*(y) ( > : , y )  c o s  ( a x )  d x ,  (5.1)

o

s o  t h a t  i n  I —  t h e  F o u r i e r  c o m p o n e n t  v ^ *  s a t i s f i e s  t h e  s a m e  R a y l e i g h  e q u a t i o n  

a s  t h e  f u n d a m e n t a l  g ( y )  i n  § 2 ,

( U Q -  c Q ) ( v 5 * "  -  a 2 v 5 * )  =  u 0 " v 5 *  ( 5 . 2 a )

*

f r o m  ( 2 . 1 a )  a n d  t h e  N a v i e r - S t o k e s  e q u a t i o n s ,  v . - h i l e  t h e  b o u n d a r y  a n d  j u m p

c o n d i t i o n s  o n  v  *  a r e  o

y  +

v,*(“)= 0, ( ( v  *')) = -2ca)b1‘1b,H,'1/23 ,, ~ 1 2  1

,1/2

v ,o° = ■ t o
A .

(5.2b,c,d;

H e r e  ( 5 . 2 b )  i s  n e c e s s a r y  f o r  t h e  b o u n d e d n e s s  c o n d i t i o n  i n  t h e  f a r  f i e l d ,  t h e  

j u m p  c o n d i t i o n  ( 5 . 2 c )  f o l l o w s  f r o m  t h e  c r i t i c a l  l a y e r  r e s u l t s  ( 3 . 1 5 a , b )  a n d  

( 5 . 2 d )  i s  f r o m  t h e  w a l l  d i s p l a c e m e n t  c o n d i t i o n  ( 4 . 6 ) .  T h e  p r o b l e m  ( 5 . 2 a - d )

5 . 1
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s i n c e  ( 5 . 2 a - d )

a  c e r t a i n  c o m p a t a b i l i t y  r e l a t i o n  i s  s a t i s f i e d .  T h i s  i s  d e r i v e d  b y  m u l t i p l y i n g

\

( 5 . 2 a )  b y  g  ( y ) / ( U ^  -  c ^ )  a n d  i n t e g r a t i n g  w i t h  r e s p e c t  t o  y  f r o m  0  t o  c o ,  

u s i n g  t h e  e q u a t i o n  ( 2 . 3 a )  f o r  g  ( y ) . T n e  r e s u l t

f i x e s  tiie nmpl i  tudo-depenci enco o f  ci, cf s i n c e  ( 5 . 2 a - d )  i s  s o l u b l e  i f  and o n l y  i f

( ( g v 5 *  ' "  g ’ v  * ) ) ro +  ( ( g V * '  -  g  ' v r * )  ) C  =  0
y  + p J 0 ( 5 . 3 )

f o r  t h e  w r o n s k i a n  o f  g ,  v  *  i s  o b t a i n e d .  T h e n  t h e  b o u n d a r y  a n d  j u m p  c o n d i t i o n s  

( 2 . 3 b , c )  ( 2 . 4 a - d )  o n  g  a n d  ( 5 . 2 c - d )  o n  V j _ *  i m p l y  t h e  a m p l i t u d e - d e p e n d e n c e

e q u a t i o n

2  • 5 . 1 / 2  _  , _ ( 1 ) .  . ( 0 )  1 / 2
a A  / ( 2 c Q ) =  2 C  b 2 ( g  A ^ ) ( 5 . 4 )

f r o m  ( 5 . 3 ) ,  s i n c e  g ' ( 0 + )  =  a p ( 0 + ) / c o  f r o m  ( 2 . 2 a , b ) .

T h e  d e t e r m i n a t i o n  o f  t h e  a m p l i t u d e  d e p e n d e n c e  o f  f t ,  c Q r e q u i r e s  j u s t

t w o  s u c c e s s i v e  s t e p s ,  t h e n :  ( i )  s o l v e  ( 2 . 3 a - c ) ,  ( 2 . 4 a - d )  f o r  t h e  f u n d a m e n t a l

(0 )
g  ( y ) . T h i s  f i x e s  a  i n  t e r m s  o f  c Q , s a y ,  a n d  g  ( y ^ )  =  g  m  t e r m s  o f

t h e  w a l l  p r e s s u r e  p ( 0 + )  =  A  b u t  A  r e m a i n s  u n k n o w n  b e c a u s e  t h e  p r o b l e m  

( 2 . 3 a - c ) ,  ( 2 . 4 a - d )  i s  h o m o g e n e o u s .  ( i i )  U s e  ( 5 . 4 )  t o  d e t e r m i n e  A  i n  t e r m s

o f  C q  a n d  h e n c e  b y  i n v e r s i o n  d e t e r m i n e  c ^ ,  a  i n  t e r m s  o f  A .  T h e  s t e p

( i )  h e r e  w a s  p e r f o r m e d  b y  D e n n e y  & B e r g e r o n  ( 1 9 6 9 ) ,  w i t h o u t  a n  e x p l i c i t  s t a t e m e n t

o f  t h e  d i s t u r b a n c e  s i z e  r e q u i r e d  t o  p r o d u c e  t h e  R a y l e i g h  s t r u c t u r e  o f  § 2 .  T h e  

p r e s e n t  a n a l y s i s  s h o w s  t h a t  t h e  r e q u i r e d  s i z e  i s  0 ( R  ) a n d  t h a t  t h e  s t e p

( i i )  g i v e s  t h e  d e p e n d e n c e  o n  s i z e  e x p l i c i t l y .  I t  i s  n o t e w o r t h y  t h a t  t h i s  

a m p l i t u d e  d e p e n d e n c e ,  ( 5 . 4 ) ,  c o m e s  d i r e c t l y  f r o m  t h e  s m a l l  v i s c o u s  e f f e c t s

5 . 2
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• • o p e r a t i n g  i n  t h e  s t r o n g l y  n o n l i n e a r  c r i ' i c a l  l a y e r  o f  § 3  a n d  i n  t h e  w a J l  l a y e r s

o f  § ■ ! .  A l t h o u g h  t h e  f l o w  p r o p e r t i e s  a l m o s t  t h r o u g h o u t  a r e  p r e d o r r . i n o t l y

i n v i s c i d ,  d u e  t o  t h e  l a r g e n e s s  o f  t h e  d i s t u r b a n c e  s i z e ,  t h e  i n t e r p l a y  b e t w e e n  

- 1/2
t h e  t w o  0 ( R  ) p h a s e  s h i f t s  p r o d u c e d  b y  v i s c o u s  a c t i o n  w i t h i n  t h e  c r i t i c a l  

l a y e r  a n d  t h e  w a l l  l a y e r s  n e v e r t h e l e s s  c o n t r o l s  t h e  s t a b i l i t y  p r o p e r t i e s .

C a l c u l a t i o n s  f o r  s t e p s  ( i ) ,  ( i i )  w e r e  p e r f o r m e d  b y  u s e  o f  a  * . t h  o r d e r  

R u n c e - K u t t a  s h o o t i n g  p r o c e d u r e  s i m i l a r  t o  B e n n e y  & B e r g e r o n ' s ,  s u p p l e m e n t e d  

b y  a  s e r i e s  e x p a n s i o n  n e a r  y  =  y  . O u r  r e s u l t s  f o r  s t e p  ( i )  a g r e e  a t  l e a s t  

g r a p h i c a l l y  w i t h  t h e i r s  a n d  c o m b i n e d  w i t h  s t e p  ( i i )  t h e  r e s u l t s  g i v e  t h e

•  a m p l i t u d e  d e p e n d e n c e  o f  t h e  n e u t r a l  s t a b i l i t y  c r i t e r i a .

I n  F i g .  2  w e  p r e s e n t  t h e  r e s u l t s  o f  o u r  c a l c u l a t i o n s  f o r  t h e  n e u t r a l

m o d e  c r i t e r i a  f o r  a  n u m b e r  o f  b a s i c  p r o f i l e s  U Q ( y ) .  A l s o ,  i n  F i g .  3  t h e

c o r r e s p o n d i n g  a m p l i t u d e  d e p e n d e n c e  o f  t h e  n e u t r a l  s t a b i l i t y  c r i t e r i a  a r e  g i v e n .

A s  s h o w n  b o t h  t h e  n e u t r a l  w a v e s p e e d  c Q a n d  w a v e  n u m b e r  a  i n c r e a s e  m o n o f o n i c a l l y

w i t h  t h e  s c a l e d  d i s t u r b a n c e  a m p l i t u d e  A ( = p ( 0 + ) ) .  T h e s e  c o m p u t e d  c u r v e s  a r e

c o n s i s t e n t  w i t h  t h e  t r e n d s  o f  t h e  a s y m p t o t i c  a n a l y s e s  f o r  s m a l l  a n d  l a r g e  a

• a s  w e l l  a s  f o r  c  ~ 1  t o  b e  d i s c u s s e d  b e l o w .
o

W h e n  t h e  a m p l i t u d e  A  i s  s m a l l  f o r  t h e  a c c e l e r a t i n g  b o u n d a r y  l a y e r  

a  < <  1  a n d  t h e  s o l u t i o n  o f  ( 2 . 3 a - c ) ,  ( 2 . 4 a - d )  f o r  g  d e v e l o p s  a  t h r e e -  t i e r e d

s t r u c t u r e  i n  w h i c h  y  t a k e s  o n  t h e  o r d e r s  a  \  1 ,  a .  T o  l e a d i n g  o r d e r  i n  

t h e  o u t e r m o s t  t i e r  t h e  s o l u t i o n  t a k e s  o n  t h e  f o r m

g

w h i l e  i n  t h e  s e c o n d

exp(-ay)

a n d  t h i r d i n n e r  t i e r s i t  i s  f o u n d  t h a t

9 a 4 / 3 B U 0 ( y ) a n d  p
‘1 / 3

a B
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w h o r e t h e  u n k n o w n  c o n s t a n t  D i s  0 ( 1 ) . -uvl  c 0 - « c 01  Will, c 01 Df 0(4 ; .
T h e n ( 2 . 2 a - c )  g i v e  A c  1 . H e n c e  i t

4 / 3
1 o l l o w s  t h a t  A ~ (( B ,  g

(0) - i  7 / 3  - X rt n ,

w h i l e b 2 X 2 , b  X s i n c e t h e  c r i t i c a l  l a y e r  r e t r e a t s  t o w a r d s t h e w a l l  .

7  ' fi
S o  t h e  a m p l i t u d e  e q u a t i o n  ( 5 . 4 )  i s  i n  b a l a n c e  a t  o r d e r  <% ' > w i t h

B  *  2 1 / 3 ( 2 C ( 1 ) X 2 ) 2 / 3 A 7 / 3 , ( 5 . 5 a )

; o  t h a t  « --n-3/4 a3/4 „ rln-3/4 3/4 
c Q ^  \ B  A f o r  A  «  1 . (5.5b)

- 1  / 3
T h e  r e s u l t s  ( 5 . 5 a , b )  f o r  a  d i s t u r b a n c e  s m a l l  o n  t h e  0 ( R  ) s c a l e  a g r e e

w i t h  S m i t h  & B o d o n y i ' s  ( 1 9 8 2 a )  ( 5 . 1 ) ,  ( 5 . 2 )  f o r  a  d i s t u r b a n c e  l a r p e  o n  t h e i r  0 ( R ~ 7 ^ 1 8

1  / 1 8
s c a l e  s i n c e  t h e i r  r e l a t i v e  d i s t u r b a n c e  s i z e  A Q i s  e q u a l  t o  R  ' A / 2  a • L i k e ­

w i s e  t h e  s m o o t h n e s s  o f  g  t o  l e a d i n g  o r d e r  a n d  t h e  e n l a r g e d  0 ( a  ^ )  ' e x t e n t  

o f  t h e  f l o w  s t r u c t u r e  a r e  i n  l i n e  w i t h  t h e i r  s c a l i n g s  f o r  s l i g h t l y  s m a l l e r

d i s t u r b a n c e s .  S i m i l a r  a n a l y s e s  f o r  s m a l l .  A  a p p l y  t o  t h e  B l a s i u s  b o u n d a r y

2
l a y e r  a n d  t o  p l a n e  P o i s e u i l l e  f l o w  ( U =  1  -  y  :  I y I  <  1 )  f o r  e x a m p l e ,

w h e r e a s  f o r  t h e  d e c e l e r a t i n g  b o u n d a r y  l a y e r  a n d  o t h e r  f l o w  p r o f i l e s  c o n t a i n i n g  

i n f l e x i o n  p o i n t s  a  * v 0 ( 1 )  g e n e r a l l y  a s  A  ->• 0 .

W h e n  A  i s  l a r g e  t h e  s o l u t i o n  f e a t u r e s  d e p e n d  o n  t h e  f o r m  o f  U Q ( y )  

n e a r  t h e  e x t e r n a l  s t r e a m ,  a s  i n  B e n n e y  & B e r g e r o n  ( 1 9 6 9 ) .  F o r  m o s t  b o u n d a r y  l a y e r  

p r o f i l e s  U Q ( y )  ~  1  -  q ^  e x p ( - q 2y )  a s  y  -*■  » ,  w i t h  c31 , q 2 >  0 n o n z e r o  

c o n s t a n t s ,  a n d  t h e n  t h e  w a v e n u m b e r  a a p p r o a c h e s  a  l i m i t i n g  0 ( 1 ) v a l u e  a s  

t h e  w a v e s p e e d  c Q a p p r o a c h e s  t h e  f r e e s t r e a m  s p e e d  1  i n  t h e  m a n n e r  d e s c r i b e d  

b y  B e n n e y  & B e r g e r o n .  B e l o w  w e  s h o w  t h a t  t h i s  l i m i t i n g  p r o c e s s  c Q -»• 1 "  - s  

a s s o c i a t e d  w i t h  A  b e i n g  l a r g e .  I f  c ^  ^  1  -  c q ^ »  w h e r e  c  «  1, t h e n

. 4
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a  — a 1̂  ”  ° ^ 1  a n d  3 t w o - l l u r e d  s t r u c t - i r e  c o m e s  i n L o  p l a y ,  l h c  1 h u t ,  o u t e r ,  

t i e r  h a s  q  y  =  - I n  c  +  7  w h e r e  y  i n  0 ( 1 ) ,  s o  t h a t  U ^  1  -  q  ' c  e x p ( - y ) .  

S u p p o s i n g  t h a t  g ' v  ^ c f ,  w i t h  A »  1  t o  b e  f o u n d  a n d  g  o f  0 ( 1 ) ,  w e  h a v e  

t h e  e q u a t i o n

9H -2a g ( 5 . 6 a )

f o r  g  ( y )  ,  f r o m  ( 2 . 3 a ) .  T h e  a p p r o p r i a t e  b o u n d a r y  c o n d i t i o n s  a r e  g  ( ± ° ° )  =  0

*
a n d  t h e  j u m p  c o n d i t i o n  a t  t h e  c r i t i c a l  l e v e l  y  =  0 ±  r e q u i r e s  z e r o  p h a s e  

s h i f t ,  f r o m  ( 2 . 4 a - d ) .  T h e  c a l c u l a t i o n s  b y  B e n n e y  a n d  B e r g e r o n  g a v e  t h e  e i g e n v a l u e

" a  =  0 . 7 5 ,  b u t  t h e  a n a l y s i s  i n  t h e  A p p e n d i x  b e l o w  s h o w s  t h a t  i n  f a c t  a  =  3 / 4 .

S o  ^ A y ,  s a y ,  w h e r e  y  =  g ( 0 )  i s ' 0 ( 1 ) ,  w h i l e

*

g  -  B  y e
(1 + ct 2 1/ 2-

y
a s ( 5 . 6 b )

w h e r e  t h e  0 ( 1 )  c o n s t a n t  B ^  i s  k n o w n  i n  p r i n c i p l e  f r o m  B e n n e y  & B e r g e r o n ' s  

c a l c u l a t i o n s  o f  ( 5 . 6 a )  o r  f r o m  t h e  a n a l y s i s  i n  t h e  A p p e n d i x .  N e x t , t h e  s e c o n d  i n n e r  

t i e r  h a s  y ,  o f  0 ( 1 )  a n d  t h e  d i s t u r b a n c e  a m p l i t u d e  i s  s m a l l e r  h e r e ,

g
n , - 2 !/2 .-(1+a ) £ ,

A c  g  + ( 5 . 7 a )

w h e r e  g ( y )  i s  0 ( 1 ) ,  f r o m  ( 5 . 6 b ) H e n c e  ( 2 . 3 a )  r e d u c e s  t o  t h e  e q u a t i o n

( U 0  -  l )  ( 5 "  -  q226T 2g) = u 0 " g (5.7b)

f o r  ^ ( y ) . T h e  a p p r o p r i a t e  b o u n d a r y  c o n d i t i o n s  a r e  n o w

5 . 5
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2 1 /2
g  ( O H  =  O ,  % ’  q 2 y  33  »

(5.7c)

f r o m  ( 2 . 3 c )  a n d  f r o m  t h e  e x p o n e n t i a l  g r o w t h  r e q u i r e d  t o  e f f e c t  t h e  m a t c h  w i t h  

( 5 . 6 b )  a b o v e .  T h e  s o l u t i o n  f o r  g  i s  p r o p o r t i o n a l  t o  B y ;  h e n c e  ( 5 . 7 a - c )  

g i v e  t h e  e x p r e s s i o n

, A- a +5 2)1/2 ..
A = A c  B 1Y D 2 +  * * * (5.8)

f o r  t h e  a m p l i t u d e  A  =  g ' ( 0 + )  c Q / a ,  w h e r e  B 2 i s  0 ( 1 ) .  A l s o ,  b  ^  q  q  c ,  

o
h  - q  q  — - 1  __

2  1 2  c ,  f r o m  t h e  f o r m  o f  U Q ( y )  a t  Y =  Y c  ^  - q 2 l n  c * S o  t o

l e a d i n g  o r d e r  t h e  a m p l i t u d e  e q u a t i o n  ( 5 . 4 )  y i e l d s

, _ -l/3n/l+^-l) „ 1/3 1/3 ( -C(1) ^2/3a - c , Y = 2q2 — r -j
aBl B2

(5.9)

a n d  t h e n  f r o m  ( 5 . 8 )  t h e  a s y m p t o t e

-3/ (-I+/1 +CZ 2)
c _  =1  -  q , c  ^  1  -  q .  ------------0 ^1 l B^Y B2 ,  f o r  A  > >  1 (5.10)

g i v e s  t h e  a m p l i t u d e  d e p e n d e n c y  o f  t h e  w a v e s p e e d  f o r  t h e  l a r g e r  d i s t u r b a n c e :  

F u r t h e r m o r e  s i n c e  a  =  3 / 4  f r o m  t h e  A p p e n d i x  w e  h a v e  i m m e d i a t e l y

c Q  % 1  -  q 1 ( B 1 Y B 2 ) 1 2  * A  1 2  f o r  A  > >  1 . ( 5 . 1 1 )

We  n o t e  t h e r e f o r e  t h a t  t h e  a p p r o a c h  o f  t h e  w a v e s p e e d  t o  i t s  f r e e s t r e a m

-12
v a l u e  o f  1  i s  v e r y  r a p i d  } b e i n g  p r o p o r t i o n a l  t o  A  f o r  A l a r g e .  A  

s i m i l a r  a n a l y s i s  a p p l i e s  t o  ( e . g . )  B l a s i u s  f l o w  a n d  p l a n e  P o i s e u i l l e  f l o w  f o r  b o L l i

5.6

1 » i « ' , ' u n )  1 1 n i  w i n  umimum < i i i w n j n r w w » B n w j u i.

*5*3
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o f  w h i c h  c  -►  1 -  a g a i n  b u t  a  -> rr> a :  A  -v cn ! s e c  a l s o  f i g .  3O
T h e  r e s u l t  ( 5 . 1 0 )  or ( 5 . 1 1 )  i s  s i g n i f i c a n t  b e c a u s e  i t  s u g g e s t s  t h a t  i f  t h e  

d i s t u r b a n c e  s i z e  5  b e c o m e s  g r e a t e r  t h a n  0 ( R  ' ) ,  i . e .  A > > 1 ,  t h e n  t h e  n e u t r a l

d i s t u r b a n c e  m u s t  p e n e t r a t e  o u t s i d e  t h e  b o u n d a r y  l a y e r  i n t o  t h e  f r e e  s t r e a m .

S i n c e  t h a t  p e n e t r a t i o n  i n c l u d e s  t h e  s t r o n g l y  n o n l i n e a r  c r i t i c a l  1 a y e r s  s i t u a t e d  

n e a r  y  =  y  [ M 1 2 / ^ 2 ^ °  ^  >> w e  h a v e  c 3 t J s  e y e s  o f  u n i f o r m  v o r t i c i t y  

. b e i n g  f o r c e d  t o  c o m e  o u t  o f  t h e  b o u n d a r y  l a y e r  i n t o  t h e  e x t e r n a l  s t r e a m .  M o r e ­

o v e r ,  t h e e y e s  b e c o m e j j  t h i c k e r  ( i n  y )  a n d  s h o r t e r  ( i n  X )  a s  t h i s  h a p p e n s ,  i n  

v i e w  o f  t h e  t r a n s f o r m a t i o n s  ( 3 . 6 )  a n d  t h e  b e h a v i o u r  o f  q  i n  F i g .  2 .  I t  w o u l d  

b e  i n t e r e s t i n g  i f  t h e s e  d e v e l o p m e n t s ,  a n d  . i n  p a r t i c u l a r  t h e  s u g g e s t i o n  ( F i g - .  * » )  o f  

3 p e n e t r a t i o n . . .  o f  v o r t i c i t y  i n t o  t h e  e x t e r n a l  s t r e a m ,  a s  t h e  s m a l l

d i s t u r b a n c e  i n c r e a s e s  i n  s i z e ,  w e r e  r e p r o d u c e d  a n a l y t i c a l l y  f o r  a  s i n g l e  g r o w i n g  

m o d e  o r  a  g r o u p  a s  w e l l  a s  f o r  t h e  p r e s e n t  n e u t r a l  s t a t e s .  We  b e l i e v e / c o n j e c t u r e  t h a t  

t h e  b a l a n c e s  s h o w n  a b o v e  f o r  n e u t r a l l y  s t a b l e  m o d e s  c a n  f o r m  t h e  b a s i s  o f  

s u c h  a n  a n a l y s i s .  A l s o ,  i t  w o u l d  b e  i n t e r e s t i n g  t o  k n o w  w h a t  h a p p e n s  n e x t  

t o  t h e  n e u t r a l  o r  g r o w i n g  s t a t e s  a s  t h e  c r i t i c a l  l a y e r  e m e r g e s  f r o m  t h e  b o u n d a r y  

l a y e r  a n d  e v e n t u a l l y  a d d i t i o n a l  d y n a m i c a l  i n f l u e n c e s  c o m e  i n t o  p l a y .  I n  t h i s  

c o n n e c t i o n  w e  n o t e  f i r s t  t h a t  t h e  ( a m p l i t u d e ) 3 e f f e c t  a s s o c i a t e d  w i t h  w e a k l y  

n o n l i n e a r  s t a b i l i t y  t h e o r y  ( e . g . ,  S t u a r t  1 9 6 0 ,  W a t s o n  1 9 6 0 ,  S t e w a r t s o n  l S t u a r t

1 9 7 1 )  h a s  e x e r t e d  o n l y  a  m i n o r  e f f e c t  o n  t h e  f l o w  p r o p e r t i e s  s o  f a r  b u t  c l e a r l y

- 1 / 3
t h i s  e f f e c t  i s  g r o w i n g  a s  6 i n c r e a s e s  f r o m  t h e  0 { R  ) s t a g e .  ‘ S e c o n d ,

t h e  a m p l i t u d e  d e p e n d e n c y  r e t a i n s  t h e  b a l a n c e  b e t w e e n  t h e  s m a l l  v i s c o u s  e f f e c t s ,  

w i t h i n  t h e  c r i t i c a l  l a y e r  a n d  t h e  w a l l  l a y e r ,  e v e n  w h e n  t h e  c r i t i c a l  l a y e r  

s t a r t s  t o  p e n e t r a t e  i n t o  t h e  e x t e r n a l  s t r e a m .  S o  t h e  b e h a v i o u r  a n d  p o s i t i o n i n g  

o f  t h e  c r i t i c a l  l a y e r  f a r  f r o m  t h e  w a l l  r e m a i n  c r u c i a l l y  i n f l u e n c e d  b y  t h e  

w a l l  l a y e r  p r o p e r t i e s  t h r o u g h o u t .

R e l a t e d  e x p e r i m e n t s  o n  b o u n d a r y  l a y e r  s t a b i l i t y  h a v e  b e e n  i n s t i g a t e d  b y

D r .  M .  G a s t e r  a t  t h e  N a t i o n a l  M a r i t i m e  I n s t i t u t e ,  T e d d i n g t o n .

5 . 7
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A! .
APPENDIX

To show that a = 5/4 is the eigenvalue associated 
with (5.6a).

A nontrivial solution of (5.6a) is required satisfying

g(±°°) = 0 (Al)

and with zero plane shift across y = 0. Without loss of generality 

we normalize g so that g(0) = 1. Then (5.6a) yields the property 

that g ~ 1 - y In|y| + 0(y) as y 0±. Hence the condition of zero
phase shift is that

G(0) = 1 and G' is continuous across y = 0, 

where G = g + y ln|y|

(A2)

(A5)

for all y. To solve(5.6a) with (Al) - (A5) for a, g we consider 

y < 0 in turn below.

For y>0 a series solution in powers of s e exp(-y) is found 

to hold, in the form

-d -
s-“ g(s)/y+ = - |  - i  Cl-S)C1+3S) l  (m+3/2) ' t° < s <  1]m=0

m

(A4)

where we have guessed that a = 3/4. Here, first, y = -1 
since g = 1 at y = 0 (s->l-). Second,

dG/dy = - \  s7/4(1-3s)[ \ sm ( - t) + i  - InCl-s)] + 4
m= | ' “

o i t 4 s

j g (s) + in y + 1 - j  s7/4(l-s) (l+5s) [ + 4 ln(l-s)

3 15 c
5 + 4 **

m-1
_9 (m+3/2)(m-1) (A5)

m='



for y > 0 , 0 < s < l ,  from (A3), (A4). Therefore letting s 1 - we 

have

(dG/dy) = j  
y=0+

£1 Y ___?___2  ̂ (m+3/2)mm=l . ' J
(A6)

from (A5) and since In (1-s)In y + 0(y) as y-*0+.

For y < 0 on the other hand the appropriate series 

solution is in powers of exp(y)E a, namely

ĉ 'K g(a)/y-= 5 a +  ̂ ' 4 (1-a) (a+3) \ — (A7)
m=0 (m+ 2")

_? y _where k = (l+a“) 2, 0 < o < l ,  y < 0  and a = 3/4 again. Here y ' = 1 

since g = 1 at y = 0 (o 1-) . Then (A7) with (A3) yields the 
result

J ^ / J -  1 9/4 , r  v mf 1 1 ,  2 n  1 9 / 4dG/dy = j  °  (1+a) t l  °  ( ---5---- ) + J ' In(l-a)] + ^ a
m=l m+

+ j  3  C<r) + In|y | + 1- j  as/<t (1 -a) (a+3) [-ri- + 4 ln(l-a)1 9/4
1 -a 2

5 . 35 ; am-'
7 + 4 L 5m=2 (m+ 9 (m-1)

(AS)

for y < 0, 0 < a < 1. Hence from letting a -> 1 + in (AS) we have

CO _

(dG/dy) = - 4 l  ---| + hr + j  (A9)
y=0- “m=l (m+

since In (| y | / (1 -c)) -> 0 as a->l -.

The values (A6), (A9) for dG/dy at y = Or are exactly 

equal, from partial fractional rearrangements of the two convergent 
series involved there. Hence the conditions in (A2) are satisfied



and the eigenvalue a = 5/4 is verified. The above argument can 

be generalised to prove the uniqueness or otherwise of this 

eigenvalue. A referee has taken this up, kindly noting that 

(A4), (A7) can be replaced by

-ay F(K+a,a-<; l+2a;e )̂ - icy F (K+a,K-a: 1 + 2k ;ê )g = e J — ---— —  ----—----- , g = e —  --- ---- 2---- -— -
F(K+a,a-K; l+2a;l) . F(K+a,K-a;1+2k ;1)

respectively, for general a, where F is the hypergeometric function 

(e.g. Abramowitz 5 Stegun 1972). The jump condition (A2) then 

requires that

^(1-K+a) - b(l+K- a) = --- -—  ,
(K-a)

giving cot (n(<-a)) = 0 from properties of the \J>- function (Abramowit 

5 Stegun). Therefore the solution a = 3/4 is unique.
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F i q  . 1 ( a )  D i a g r a m  ( n o t  t o  s c a l e )  o f  t h e  d i s t u r b e d  f l o w  s t r u c t u r e  f o r

t h e  d i s t u r b a n c e  s i z e  <$ =  0 ( R  ) ,  i n d i c a t i n g  t h e  R a y l e i g h  z o n e s

+  o  +  +
I — , t h e  m v i s c i d  p a r t s  I I  , 1 1 —  a n d  v i s c o u s  p a r t s  I I I — o f  t h e

s t r o n g l y  n o n l i n e a r  c r i t i c a l  l a y e r ,  a n d  t h e  w a l l  l a y e r s  I V ^  , I V  .

*

( b )  S h o w i n g !  t h e  s u g g e s t e d  s u d d e n  e f f e c t  o f  d i s t u r b a n c e  s i z e  

o n  t h e  u p p e r  b r a n c h  o f  t h e  n e u t r a l  s t a b i l i t y  c u r v e ,  a s  5 i n c r e a s e s

—7 / 1 8  _1  /  ^
f r o m  l e s s  t h a n  R  ( l i n e a r  t h e o r y )  t o  g r e a t e r  t h a n  R  “ ( s e e

" 7 / 1 8
§ 5  b e l o w )  t h r o u g h  t h e  s t a g e s  5  R  ( S m i t h  a n d  B o d o n y i  ( 1 9 8 2 a ) )  

- 1  / 3
a n d  <5 ^  R  ( p r e s e n t  s t u d y ) .  T h e  d a s h e s  i n d i c a t e  t h e  e n v i s a g e d  

d i s p l a c e m e n t s  o f  t h e  n e u t r a l  w a v e n u m b e r  o.  a n d  f r e q u e n c y  a t  

f i n i t e  R .

F i g .
♦

2 ( a )  N e u t r a l  c u r v e s  c Q ( a ) f o r  Q :  s u c t i o n  p r o f i l e  U =  1 - e x p ( - y ) ;  

^ 2 ^ :  i n f l e c t i o n p o i n t  p r o f i l e  =  1 - ( 1 + 3 y / ^ ) . e x p (— y ) .  S e e  a l s o  

f i g .  3 ( a ) .

•

( b )  N e u t r a l  c u r v e s  C q (ol) f o r  :  p a r a b o l i c  b o u n d a r y  l a y e r  m o d e l  

=  2 y - y 2 , Qk. y  ^  1 ,  =  1 ,  y >  1 ;  B l a s i u s  m o d e l  p r o f i l e  

=  3 ( ( - 2 / 3 ) ! )  1 f y e x p K 3 ) d £ ; ^ 5 ^ : B l a s i u s  f l o w  p r o f i l e  ^ =  f ' ,

t/i ^ o
w h e r e o f  f - f f i c O ,  f ( 0 )  =  f ' ( 0 )  =  0 ,  f ' ( ° ° )  =  1 .  S e e  a l s o  f i g .  3 ( b ) .

F i g ., 3  ( a )  A m p l i t u d e - d e p e n d e n c e  o f  t h e  n e u t r a l  m o d e s  s h o w i n g  c ^  a s  a  

f u n c t i o n  o f  t h e  r e l a t i v e  a m p l i t u d e  A f o r  ( ^ T )  t h e  s u c t i o n  p r o f i l e  

a n d  ^2^  t h e  i n f l e c t i o n  p o i n t  p r o f i l e  o f  f i  g .  2 ( a ) .  N o t e  t h a t  

w h e n  A i s  l a r g e ,  f o r  (7) , y ^  r v  1 2  I n  A ,  1 “  0 ( A  1 2 ) ,

3 / 4  a s  i n  ( 5 . 6 a )  -  ( 5 . 1 1 )  w h i l e  f o r  ^ 2 ^  y  1 ?  I n  A ,

C ^  l -  0 ( A ~ 1 2 l n  A ) , C < — >  3 / 4 .

%6-<



a s  a( b )  A m p l i t u d e - d e p e n c f e n c e  o f  t h e  n e u t r a l  m o d e s  s h o w i n g  c o
f u n c t i o n  o f  t h e  r e l a t i v e  a m p l i t u d e  A ; f o r  t h e  p a r a b o l i c  b o u n d a r y

l a y e r  m o d e l ,  t h e  B l a s i u s  m o d e l  p r o f i l e  a n d  ^ 5 ^  t h e  B l a s i u s

f l o w  p r o f i l e .  N o t e  t h a t  w h e n  A  i s  l a r g e ,  f o r  ^ 3 ) ,  y ^ / - o  1 -  1 /ci^,

cQ rKj 1 ~ ( 3 y Q l n A )  , o( 3  I n  A  w h e r e  B  i s  a  p o s i t i v e  c o n s t a n t ,  

w h i l e  f o r  ( ? )  Y  ^  /. C Q ^  1 -  9 / [  4 ‘ f 7 ( 1 / 3 ) o <  e x p (  8 o ? / 2 / 2 7  ] ,

oL r̂ > [ ( 8 1 / 2 2 )  I n  A ] 2 / 3 .

F i g .  4 S c h e m a t i c  d i a g r a m  o f  t h e  p o s i t i o n  a n d  s h a p e  o f  t h e  t y p i c a l  c a t ' s  

e y e ,  r e g a r d e d  a s  a  l u m p  o f  v o r t i c i t y ,  a s  t h e  d i s t u r b a n c e  s i z e  i s  

i n c r e a s e d .  N o t e  t h a t  t h e  l e n g t h  o f  t h e  e y e  d e c r e a s e s ; w h i l e  i t s  

t h i c k n e s s  i n c r e a s e s ^ a s  t h e  d i s t u r b a n c e  s i z e  i n c r e a s e s ^  b u t  t h e  

t h i c k n e s s  r e m a i n s  s m a l l e r  t h a n  t h e  b o u n d a r y  l a y e r  t h i c k n e s s  

t h r o u g h o u t .
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SUMMARY

A theoretical study is presented concerning the nonlinear growth 

or decay, in space and time, of an unsteady non-neutral disturbance 

in the presence of an unsteady nonlinear viscous critical layer. The 

basic flow considered is a steady, quasi-parallel, channel flow, 

boundary layer or liquid layer flow, at high Reynolds number. The 

unsteadiness with regard to the critical layer manifests itself 

mainly in the relatively slow movement of the layer across the flow, 

the temporal and spatial rate of movement discussed being sufficient 

to affect the nonlinear viscous balance in the layer. The distur­

bance amplitude, in contrast, responds nonlinearly on faster time - 

and space - scales, inside and outside the critical layer. The 

• slower and faster scale properties are coupled together in general.
The work addresses first the structure and nonlinear governing 

equations for the growing or decaying disturbance and the critical 

layer; but preliminary analysis in special cases suggests that, among 

other things, the results of previous studies based on quasi-neutral 

assumptions give threshold amplitudes, above which increasingly fast 

disturbance growth takes place.
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§1 INTRODUCTION

Our concern here is with the nonlinear growth or decay, in time 

and space, of an initially small disturbance to a given parallel or 

almost parallel flow, at high Reynolds number. At such Reynolds 

numbers the critical layer, where the basic flow speed coincides with 

the local effective wavespeed, can play a vital role in determining 

the behaviour of the disturbance, particularly when nonlinearity exerts 

a significant influence. The effects of increased nonlinearity, as 

the disturbance size increases, are felt primarily within the critical 
layer itself, which gradually undergoes a change in character. There 
have been many theoretical studies made of the properties of nonlinear 

critical layers (e.g. Benney & Bergeron 19 6 9, Davis 19 6 9, Haberman 

1972, 1976, Brown & Stewartson 1978, 1980, Smith & Bodonyi 1982a,b, 

Bodonyi, Smith & Gajjar 1983), and Stewartson (19 8 0) has given an 

interesting review of many aspects of the subject. To the best of 

our knowledge, however, virtually all theoretical interest so far 

(apart from purely inviscid theory) has been focussed on disturbances 

which are neutral travelling waves outside of the critical layer, with 

non-neutral states of growth or decay having been considered only with 

respect to the motion within the critical layer. This amounts to an 

assumption, or restriction, that the critical layer is f ix e d .

In this paper the aim is to remove that restriction, in order to 

discuss theoretically the temporal - spatial growth or decay of the 
disturbance amplitude throughout the flowfield, not solely inside the 

critical layer. It would seem that such a discussion is almost 

certainly more relevant to the behaviour of unsteady disturbances 

observed experimentally, in boundary layers, channel flows and liquid

2 ?  I



layers for instance. The study is also of interest as a test on 

the tentative suggestions of’ Smith & Bodonyi (1982a) and Bodonyi e t 

a t . (1983) which are based on the quasi-neutral assumption. They 

suggest formally that an increasing disturbance amplitude can lead to 

amplitude-dependent instabilities occurring with shortened wavelengths, 

enhanced wavespeeds and (hence) movement of the critical layer, and 

that, in line with Benney & Bergeron's (19 6 9) suggestions, this may 

be related ultimately to the shedding of vorticity from a disturbed 

boundary layer. A similar approach for three-dimensional disturbances 

suggests (Smith & Bodonyi 1982b) amplitude-dependent instabilities 
arising in Hagen-Poiseuille flow. So the evolution of a nonlinear 

disturbance, or wave-packet, rather than the succession of nonlinear 

neutral states considered previously, is our concern. Associated 

with the space-time evolution of the disturbance through the flowfield, 

* the effects of a moving critical layer have to be taken into account, 

and these prove to be of some consequence, more so than unsteady 

effects confined within the critical layer. For, as the critical 

layer is relatively thin, its actual movement across the flow produces 

more change in the internal flow properties than does the inherent 

unsteadiness of the disturbance velocity. In addition, a relatively 

slow movement of the critical layer position is found (below) to be 

accompanied generally by a much faster temporal and spatial response 

in the typical disturbance amplitude, inside and outside the critical 

layer. The study below concentrates on the (upper branch) structure, 
governing equations and certain preliminary properties of both the 

non-stationary critical layer and the non-neutral amplitude.
Section 2 discusses the basic principles involved when a dis­

turbance is ’’unsteady", i.e. non-neutral, growing or decaying in time 

and space, in the presence of a nonlinear critical layer. The



importance of even slight critical layer movement is confirmed and 
leads to a novel equation describing the behaviour of the unsteady 

nonlinear critical layer. The multiple scales introduced in §2 are 

supplemented in §3, where the specific contexts of the accelerating 

boundary layer, channel flow and liquid layer flow are considered and 

the faster scale response of the amplitude becomes evident. As a 

result a set of coupled nonlinear evolutionary equations, controlling 

the amplitude and effective wavespeed or group velocity of a wave 

packet, is derived. Section 1+ describes the solution in the special 

case of fixed frequency disturbances. These exhibit a threshold 

phenomenon whereby initial disturbances of amplitude above/below the 

threshold value amplify/decay nonlinearly at later times, further 

downstream. In §5 limiting analytical solutions are considered for 

the unsteady nonlinear critical layer problem, which otherwise 
requires a numerical treatment. Finally, a brief summary is given 
in §6. Only two-dimensional disturbances are examined, for an 

incompressible fluid of constant density p and kinematic viscosity 

v . The Reynolds number is written Re = u £ v ^ and is assumed 

to be asymptotically large: see Smith, PapageorgioU & Elliott (1983)

for application of the asymptotic theory to finite -Re properties. 

Here u^ , £ are typical speed and length scale of the basic motion, 

£ being the streamwise development scale of the boundary layer, the 

thickness of channel or the width of the liquid layer. The time, 

cartesian coordinates, associated velocity components and pressure 

are £ u t , £ (x,y) , u (u,v) and p u p ,  the stream functionoooo 5 oo y oo 3  ̂oo oo*̂ 5
being £ u \b . In the cases considered the basic flow can be taken

w  C O  0 0

to be parallel along the x-axis, to the order of working necessary.



§2. GENERAL ARGUMENTS ON UNSTEADY NONLINEAR CRITICAL LAYERS

It seems appropriate to start with the general argument leading 

to the central unsteady critical layer problem below, without reference 

to a specific flow yet. This delays the use of expansions (necessary 

eventually) in somewhat strange powers of the Reynolds number, and 

some of the initial scalings involved can be identified more readily 

with the classical scalings, (e.g. Reid, 19 6 5). The formal 

expansions, for the accelerating boundary layer, channel and liquid 
layer flows in particular, will be verified in the later sections.

To allow for the slow spatial and temporal variations we introduce
9 9the multiple scales replacement of —  , —  byoX ot

_9_
9x

(x)
9X

_9_
9t 0 9X

(t)
(2.1)

Here a is the wavenumber, 3 = cxc is the frequency and c is the 

wavespeed of the disturbance non-simple wave solutions, which are
(x )_iperiodic in X , but not in the slow variables x = y a ^ , 

t = Y (t)_1T2 .

Consider first then the steady problem for 'in fin ite s im a l dis­

turbances. The majority of the motion consists of the basic flow 

(u,v,p) = (u_g,0,Pg) together with the small disturbances (u^,v^) »
P0 proportional to e1* . This holds except in the neighbourhood of

the Stokes wall layer and the critical layer, which are assumed to 

be asymptotically distinct but with the critical layer still lying 

close to the wall. Just outside the critical layer where the basic 
flow is comparable with the wavespeed c , the flow expansions take

a ?  t).
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«

♦

9

the form

X Y2

XCRY + ° R “V + «(V CRU2+ ---)

v  ^  a 6 a RcR(v1 + cRv 2+ . . . )  ( 2 . 2 )

p -V. 6oR (p0+cRPi+...)

Here cRY = aR^y defines the boundary layer coordinate, and 

c = c c , a = a a , where the unknown orderings c_ , , a_.

depend on the Reynolds number. Also 6 is the infinitesimal dis­

turbance size and X is the local skin friction. If the local 

profile curvature X2 is non zero, then a logarithmic singularity 

in u^ is induced usually, and requires a viscous critical layer 

of thickness (^(c^c^R) to smooth out the irregularity. The

familiar phase shift of - i t in the logarithm below the critical 

layer results. The Stokes layer of thickness of order
a_.(aT3c_aT3R) produces a phase shift in the basic disturbance

and provides the necessary displacement condition to match with the 

critical layer shift. This fixes effectively the Reynolds number 

dependence of the wavespeed and wavenumber, i.e.

c = 0[(aa^R)"l/5] . (2.3)

Additional relations dependent on the particular basic flow then 

determine the neutrally stable modes explicitly.
The above description holds for infinitesimal disturbances. As 

the disturbance size is increased nonlinear interactions first come 

into play inside the critical layer, and streamwise momentum balances 

show that the critical layer properties are altered significantly 

when 6 obtains the critical size

ZT-5
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*

*

♦

r
6 = 0

(OR a l r 2/2
= 6

L
(2.h)

The governing equations in that case are those derived by Haberman

(1972). Outside the critical layer the main change produced is that 

the jump in the streamwise velocity is no longer monochromatic and 

in particular the phase shift <j> depends on the disturbance size.

Only for 6 << 6c are classical linear properties recovered, with

<p ~TT .
Let us suppose now that non-neutral u n stead in ess is also present. 

To accommodate growing or decaying nonlinear modes, we take the dis­

turbance to have a slowly varying amplitude Aq . Therefore in the 

development of the critical layer the wavespeed and wavenumber become 

slowly varying. The unsteadiness first becomes important inside 

the critical layer. Since the critical layer is defined by

y = yc + 0R (V R Rrl/3Y (2.5)

where y^ = 0(c) determines the critical layer position and is 

dependent on the slow variables, we have in addition to (2.1)

(x) _3— y (x) 
Y 3X2 T

3 -1, 2c v-1/3 8yc 3
3X„ aR aRaRR 3X„ 3Y

(2.6)

3y,( t ) _ L _ J t ) l _ L _  ^  1/3 JLc _3_
Y ' ’ 3T„ Y * \ 3T2 aR âRaRR  ̂ 3T2 3Y

The terms in —  reflect the movement of the critical layer itself,
d X

g  3and are much larger than the basic slow variations rrr— , here.d u -L 2

27-4
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Previous studies on unsteady nonlinear critical layers have con-
gcentrated on the case -where the —  contributions in (2.6) area Jl

negligible. With a moving critical layer, however, these terms 

dominate the cannot be neglected. Similar terms appear in Cowley's 

(1982) inviscid analysis of moving critical layers, although in a 

different context and in which the basic flow is also time dependent.

An unsteady-viscous-inertial balance now gives the appropriate 

scalings when these new effects become significant: namely when

Y ( t )  =  0 ( cxr 6 c )

a 6 R c
'R

(2.7)

The inclusion of nonlinearity and unsteadiness modifies the Haberman 

equation and instead the vorticity = 3U/3Y* satisfies the equa­

tion

^ ( 1  - 3Y* ) + Y*
3_£j
3X1 + sin X ac* _

3Y* = c
3 2£* 
3Y*2

( 2 . 8 )

in normalized form. Here y = 0 gives the steady Haberman equation. 

The extra term y(l-£*#) arises because of the slow variations
y

present which force the critical layer to move. It can be seen

that y « (3c^/3T_+c^3c^/3X0)/A_ since the basic flow uD ^ c .U c. U U d U -D
Again C* satisfies the same boundary conditions as in the steady 
case and the leading order properties outside the critical layer 

remain largely unaltered.
It should be emphasized that, so far, the temporal and spatial 

variations appear only parametrically in (2.8). The properties of 

this unsteadiness equation strongly influence the amplitude depen­

dence, via the velocity jump, but the explicit slow-time and slow- 

space variations of the amplitude require an examination of the

'IT-T-
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higher order terms, both inside and outside the critical layer. 

Finally the slow variations in time and space chosen above are these 

which first significantly alter the steady Haberman problem. It 

can be expected however that the limiting solutions of this unsteady 

problem, for y large or small, will indicate what the different 

structures are for alternative spatial and temporal variations, both 
weaker and stronger.

2 T  e
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§3. THE BOUNDARY LAYER, CHANNEL FLOW, AND LIQUID LAYER FLOW

With the general arguments for unsteady, moving, nonlinear 

critical layers established in the previous section, we turn to three 

specific examples of perhaps widest concern, the boundary layer, 

channel flow and liquid layer flow. The main novel parts of the 
nonlinear non-neutral disturbance structures for these three basic 
flows are set out in (a)-(c) below. An extra common feature here 

is that the disturbance amplitude usually must vary also on temporal 

and spatial scales which, although still slow, are faster than the 

time and space scales of the critical layer movement described in 

§2 and which are significant with regard to the nonlinear development 

of the disturbance from an initially small state.

(a) The boundary layer

» In the five-zoned account (Smith & Bodonyi) of the disturbance

structure necessary here, the major changes due to unsteadiness 

arise near the wall, in the thin predominantly inviscid zone (IZ) 

surrounding the critical layer and within the thinner nonlinear 

critical layer (CL) itself. In IZ we have now the expansions, 

implied mainly by the time and space scales introduced above,

+ C % Y 2 + J /3u (0) +

+ e10/3u (l) + en / # 2) + ... (3.1a)

e13/37 (°) + el6/3-(l) + e17/3-(2) + __ (3.1b)

10/3— (0) 13/3— (l) . lV3-(2) .E P + £  p + £ p +... (3.1c)
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Here the mean flow correction is independent of x and the

constants X , X^ are skin friction and curvature of the basic

boundary layer near the vail, X > 0 , X^ < 0 , for an accelerating
1 2 —i 5- li~boundary layer, vhile e = Re << 1 and (x,y,b) = (e x,e Y,e t)

with x , Y , t of order unity. For other notation see Smith &

Bodonyi. The slower spatial and temporal scales x = e^(e "4ĉ ) =

= £^(e and t = e^(e ^T^) = e\e ^^Tg) are also present,
so that

3x -> -5 b /3  _3_x 
a x  J (3 .2a)

_a_
a t

-k-> £ £ k /3  _a_x 
aT } (3 .2b)

for an underlying but varying wavespeed c^ . Hence the fundamental 

disturbance in (3 .1 a-c) has the form

u ^  = 2XAq cosQ , v ^  = 2cxoXAQYsin0 ,
(3.3)

p ^  = 2Pqcos0

satisfying the tangential flow condition as the wall is approached, 

with Aq , PQ dependent on X^ , , Xg , Tg and, like the effective

wavenumber cx̂  and wavespeed c^ = 3qCi0'1' , unknown. It is necessary 

for consistency however that a^ , c^ and hence the frequency 

3^ = aQcQ remain independent of X^ , , depending instead on

Xg , Tg principally. In other words, physically, a slow variation 

in cXq , Cq , 3^ , corresponding to a slow movement of the critical 

layer on the Xg , Tg scales, tends to force a much faster scale 

X̂1 ,T1^ resPonse in the disturbance amplitude AQ itself. In 
(3 .3 ) the argument 0 satisfies



t o  o u r  o r d e r  o f  w o r k i n g ,  a n d  s o  w e  h a v e  a  distorted  t r a v e l l i n g  w a v e .

For compatibility (3.^a) then requires that aQ , must he related

by

8a
8T
0
2

(3.Vo)

In addition the streamwise momentum balance yields the requirement

XAoBo = °opo (3-Uc)

■because of (3.3); while the potential flow holding outside the 

boundary layer forces the classical pressure-displacement relation

po aoAo (3.1(d)

to hold. So from (3.Vb-d) we have the equations

[42 + 2co(V T2>a£ > 0  = 8T„ + 2c0^X2’T2^8X^ |C0 °}

with Uq = XCq (3.Ue)

governing the slow variation of , c^ in time and space. As

expected, the group velocity c^ = 88q /9oCq = 2c^ controls the group 

propagation, at twice the local wavespeed.
It is significant also that if disturbances of f ix e d  frequency 

8^ were under consideration this would correspond immediately to a
i i

fixed wavenumber aQ and a fixed wavespeed c^ , since a^ = 3qX2
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and Cq = $2X 2 from (3.^e). Our concern here, however, is with 

non-uniform conditions of frequency, wavespeed and wavenumber.

At the next order, from the Navier-Stokes equations, (3.1a-c) 
yield the solution for v^^ :

1 _1

v ^  = -X 1 (8p^/8x+3p^0V8X1 ) - A£ 3a
3x

+ 2aQX2A0 (52+2X 1c0£Zn£-X 2c2)sin0

with

,~1/ 3 , 3 \ / (0)\
x c o  33̂  ^

=  o

(3.5a)

(3.5b)

the function a being independent of Y and as in Smith & Bodonyi, 

and £ = Y - X ^Cq . Here the influences of the profile curvature 

X^ and of the first slow scales first take effect; the

scales are selected for that reason. Also, the logarithm in (3.5a) 

is appropriate to Y > X ^c^ , above the critical layer. Beneath it 

the replacement

( Zn £)sin0 -> (£n|s|)sin0 + <pcosO(Y<\ *̂cq ) (3.5c )

is necessary, in view of the (unknown) phase shift <f> across the 

critical layer (see below) at Y £ X ^c^ , together with a replacement
A

for the function a akin to that in Smith & Bodonyi. So the inviscid
~ l6/3displacement effect produced near the wall as Y -> 0+ is 0(e ),

given by v^^(Y=0+) . This matches the classical viscous wall 

layer displacement

1 8 2



♦ -  15 -

♦

v( Y=0+) = e1^ 3
2a
-j j t ; PQsin(0 + |-) + 0(e)
:o

(3.6)

provided that, from the cos 0 components of (3.5a-c) and (3.6), 
the phase balance

+ ^3^ + °0 3X1 Âoj ^a0^2 i v
! ! i P

3/2 r0
°0

(3.7)

holds; the other components play a passive role at this stage. 

Equation (3*7) then leads ultimately to the nonlinear amplitude equa­

tion for Aq . Note that in a neutral state the left hand side of 

(3.7) is zero and the right hand side fixes the steady neutral 

amplitude, via the phase shift. Again, for infinitesimal distur­

bances, where <p = — it , (3.7) determines the small growth rate holding 

across the majority of the neutral curve at large Reynolds numbers.

Similar reasoning applies to the first appearance of the still 

slower scales X^ , T^ , in the forced solution

“ ( 2 ) _  v = 'ap(Q)
3X^ + (3T, + c0 3X,-)u(0) - AS (3 .8a)

: J 3x

in IZ , with B independent of Y . There are two other sources 

of forcing invoked at this stage. One is from the pressure- 

displacement interaction, which requires that

B 3  3o°3 3X_ 
a0 2

sin 0

The other is from a phase shift « <p̂  in B across CL : see below.

There is no corresponding viscous displacement from the wall layer 

however, from (3.6), so that the constraint v v ;(Y=0+) = 0 holds. 

Consequently (3.8a) leads to the result

2 83
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1 8 / A \ / 3 , 8 xfl ! A0 9a0
X 3X2 8T2 C0 8X2 A0 §C0 aQ 9X2

= ( )<f>, (3.8b)

in view of the relation (3*^&).

The slower scales X2 , T2 seem to play a fairly minor role in 

IZ , at first sight, therefore. Their importance is enhanced within

the critical layer CL , by contrast. In CL , where Y = X ^c0
2/3,+ z Y with Y of order unity, and the flow speed and effective 

wavespeed nearly coincide, the flow solution has the form

u = ecQ + e5/̂ 3XY + e2C ^  + 2eT^3XAocos0

+ e8/3C ^ Y  + e10/3U n  e ) C ^ A  qCosG + E10/\

+ e11/,3U2 + (3.9a)

—  13/3 . 5v = 2e a^c^sinO + 2e aoXAQYsin0

+ el8^3C^^ + e1*^3^ ^  + e^Un e)C^Ysin0

+ e^V1 + e19^3Y2 + (3.9b)

?  = 2s1O/3Po c o s 0 + s13/3C(7) + clU/3C(8) + s5P.

+ e1^/3? + (3.9c)

a&f-



where C , n >_ 1 , are functions independent of Y and are

determined directly by matching with the solution in IZ . For 
(l) 2 -2 (2) -1example, Cx = X2CqA 9 ^  = 2X2 °0 X * More significantly,

since the critical layer is not stationary here, the multiple scaling 
becomes

_3_
3x -> -5 £

A 3X2 3Y (3.10a)

_3 _

3t
-k£ U/3, £ 2/̂ 3 8c0 _3_

e ' X 3T2 3Y
(3.10b)

—23/3together with 3/3y -*• £ 3/3Y . So, as noted before, unsteadines

is dominated by the induced Y-derivative, in CL .

In CL , the Navier-Stokes equations subject to (3.9a-c), 

(3.10a,b) reduce to the controlling equations for :

3U1 3A0 avi+ 2X oos0 + —  = 0
3x 1

(3.11a)

. ~ 3U- 3U 3An
^  + °0 3X7)(3Y~ ” 2X2Y  ̂+ AY(7r“ + 2X 3X7 COS0  ̂2 2 3x 1

3U 3P 3̂ U.
+  2 “ o Ao c o s i n 0  W  +  x v i  = " 7 “  +  7 5 "dX d I

(3.11b)

0 = - 53Y (3.11c)

Here k = X Yc^ fixes the critical layer position and is an unknown 

function of X2 , T2 . Hence the vorticity equation (2.8 ) is

obtained, from the Y-derivative of (3.11b) with (3.11a), with 

X* , £* , Y* in (2. 9 ) defined by
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* _i _-i 3U_ •)
X 5 0 , c* = (2kA0) 5(2X2) , Y* E (2kA0 )""Y , (3.12a)

and

_ O V 3 y c 03o0/3Xg) _ J 3/2 _!
P 2Ao0c0A0 ’ Yc “ A 2̂cOA0* “o (3.12b)

in the present case. We need also the next order terms within CL , 

however, to complete the determination of the disturbance. These 

are governed by the equation

3k 3k 3C2 3?? 3?? ^ '
^3T^ + C0 W ^ W  + XY + ^ o V V ^ ^ S Y -  “

*T1 0 "*1  35 H  j
(3.12c)

for the vorticity contribution cg - 3Ug/3Y . In normalized form 

this becomes

8C2 „* 3C2 . ,Tr*v3?2 3 C2y ---+ Y — - + sm(X )
3Y 3X 3Y* c 3Y*2

/ 9 , _3
^2^3T^ C0 3XJ L ) ^ ]3X ' 3X J (v2c*) (3.12d)

where ?2 = 2X2c^X , y2 = X ^ 1^ 2^ 1 and = 2X2(2kAq)2 .2 2, -3 *2̂CQX C2

The matching condition here is

?2 ~ 0(^i) J Y ^ ± “ (3.12e)

and the solution of (3-12d,e) is required to fix the secondary phase 

shift <f>2 , where <{>2 is the jump in the velocity, i.e. in the 

integral of C2 with respect to Y , as far as the sin(0) com­
ponent only is concerned.

2*6
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The phase shift <J> is determined by the solution of (2. 8 ) 

with the asymptotic constants involving an unknown vorticity jump 

2(H+-H~) ,

e* *  Y* + 2H* + o (y *_1) (3.13a)

followed by integration to give

u* "V. \X *2 + 2H±Y* + cos 0 ta|Y*| + U* (3.13b)

where £* = 3U*/3Y* . Here <p is the sin 0 component of the 

velocity jump,

2tt #
<p = it f (U*-U_)sin 0 dx 

0
(3-lU)

Thus <j> (and hence <j>£ ) depends on the values of y , y c s which act 
as quasi-steady parameters in the governing equation (2..% ) itself 

(and in (3.12d)). With <f>(y,Yc) and determined, the

spatial and temporal growth or decay of the amplitude Aq follows 

from (3.7) with (3.Uc,d), i.e.

. _J_ (A ) + (JL'0 3X.,  ̂ 0 ; V3T. + c — )A 0 3X,' 0

(3.15a)

5/2 “3/2 “1 _3where $ = - 2 (-A^) cg is a negative constant, corresponding

to the phase shift in a neutral steady state with quasi-wavespeed

c_ ->• c , whether such a state is achieved or not. The nonlinearity 0 s
in (3.15a) is due in particular to the dependence of y c on Aq . 

Unsteadiness appears explicitly in the LHS of (3.15a) and implicitly 

through y in the RHS. In addition to (3.15a), the slower scale
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behaviour of AQ(X1 ,1^,Xg,Tg) is governed by

_3
3X2 ^ o V + (3T, + c

o  a x . •) A = ( (3.15b)

from (3.8b), and by the slow scale response of cQ (X2 ,T2) , given

by

*

*

^3T2 + 2c0 3X^ C0 0 (3.15c)

from (3.^e). In (3.15a), a steady neutral state, -if it is attainable, 

is achieved when the spatial and temporal dependence decay to zero 

(3/3X^,3/3T^,3/3X2,3/3T2 -> 0) : then y 0 and c^ -> cg .

(b) Channel flow.

The structure of a flow disturbance with a nonlinear critical 

layer here involves primarily the long length scale x = 0(Re^^) 

along the channel and four zones (Zl to Zh) laterally, the channel 
being given by -d <_ y <_ d for all x and the basic channel flow 

by a general symmetric profile u = u^(y) with v = 0 

p + constant Re x in effect. Here u^y) ^ X(y+d) + X2(y+d)

near the lower wall y = -d , with X positive but X2 negative.

An example is plane Poiseuille flow.

Zone Zl occupies the majority of the channel, -d < y < d , 

and the flow solution there has the form

u = u^y) + lU/3 . 16/3 
e u0 E UMF

17/3 . 23/3__ . 2 5 /3v = e vQ -t- e v^ + e v,

-  _ 20/3 . 2 6 /3 . 28/3
P = E P0 t- e px + e p.

, 20/3 ^ 22/3 A
+  e  u ^  +  e  u 2  +  . (3.l6a) 

(3 .16b) 

(3 .16c )
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In addition the multiple scales

3 , 3 . 3 3 .  11/3 3 .' pry ■ 1 + p ■ + p ■ ■ 4-3x 0 3X 3X1 3X2 (3 .17a)

3 -v 3 3 , 5  3 ,  17/3 3 ^
3t E “o o 3X 3 ^  3T2 (3.17b)

apply, and now e^" = Re ^ << 1 . In (3.l6a), u^, is independent

of X . The Navier-Stokes equations then yield the successive 
solutions

U0 = W y)C ’ v0 = Ct0A0UB (y)S

po = poo " c“oAo f  4 (y)dy-d

(3.l8a-c)

and
,y 3p
o

= p10 - f  4  T 5  j  dy + 2“0°0A0C 4  V y (3.l8d,e)-d 3X v. 0 u„ J -d

rY p0 dy 3g
^  3X 2 a0C0A0S + 3X

"B

B
2; 3A 1 y

“o y + “o i 3 T S - /  4 *dX 1 J ~d

and

3G
V2 “ a0 3X UB

2. r 2 3^G 
P2 " P20 + { “O ^

3 “̂oA0^ , r7 2s } J U-gdy3X, -d

(3.l8f,g)

where S e sin(X) , C = cos(X) . Here, as in (a), the fundamental 

wave, in (3.l8a-c), is non-simple since , c^ vary with both
A

X2 , T2 . The other unknown functions arising, AQ , pQQ , g 5 

p , G , p 2 q  ,  depend on the faster scales X^ ,  T^ as well as

m i



X2 , T2 and all but also vary with X . In the solution

(3.l8a-c) -Aq is the inviscid displacement effect, while (3.18c) 

reflects the importance of the cross-channel pressure gradient 

produced by the curvature of that displacement. The time and space 

scales X2 , above, which govern the critical layer movement, are 

inferred from the general argument of §2, since in the present case
p(2. 3 ) is 0(e ) . The faster scales X^ , T^ , on which the

typical disturbance amplitude Aq then reacts, are induced in
response to the traditional logarithmic singularity below due to the
curvature X^ of the basic flow.

Next, zone Z2 near the lower wall y = -d is a continuation

of Z1 but details the position of the critical layer (Z3) . In 
2~Z2 , y = -d + e Y with Y of 0(l) and the expansions

2,~ , k~2 l k / 3 -   ̂ 16/3-l2F - -u = e H  + L e Y + e uQ + e' ■ -Ujjp

. 20/3- . 22/3-
+ e u^ + e U2 +

23/3- A 29/3- . 31/3- ,v = e vQ + e v^ + e v2 +

20/3- . 26/3- , 28/3- .p = e pQ + £ P-l + e P2 +

(3.19a)

(3.19b)

(3.19c)

hold, with u ^  independent of x . Coupled with (3.17a,b) still, 

(3.19a-c) yield the solutions

u0 = Aoxc v o  =  m o “ o s
3p0 /3X  = - c0AqXS (3.20a)

at leading order. These match with the forms in Z1 , and give 

tangential flow at the wall (Y 0+) , as required. Next we obtain
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*

V1 =
03p 3p0 3u0 3u^

A 0 3X dX± 9 ^  0 9X1 }

a0A0S C0 E2
2X2 ~ 2  ~̂2 -  cQ E, Zn E, -

- Ca 9a 
0 9X (3.20b)

followed by

7 -  if ! ^  + !£o+ ^ o  + ^ o - ^ 0  , 
2 A a0 9X + 9X̂  9T^ C0 9X^ aQU0 9X ^

- Ca 9B 
0 9X (3.20c)

again from the Navier-Stokes equations. Here E, = AY - c^ ,

Pq , , p^ are independent of Y and a 9 B are further unknown

* displacement functions of X , X^ , 5 X^ , , ... . Beneath

the critical layer, for E, < 0 , the replacement (3.5c) deals with 
the logarithmic contributions in (3.20b) 9 with <j> again unknown and 

S 9 C replacing sin 0 9 cos 0 now. There are also, as in (a),
Anon-monochromatic jumps in the functions a , B 9 due to Z3 9 but

A

not involving any C contributions in a .
Before addressing the nonlinear critical layer Z3 9 we note 

that the O(e^) thick viscous wall layer, Zk , remains of classical 

linear form and so produces the viscous displacement condition

v(Y-K)+) = e29/3[ _AA (_0)5sin (x+£)+o(E2)] . (3.21a)
0 c0 k

Therefore the join between Z2 , Zk requires the two relations

2?/
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to "be satisfied, as regards the all-important C contributions. In 

the above Pqq , p̂  1 , are the C components of Pq 5 Pi 5 respec­
tively and , a^ , B^ are the S components of the functions

Pg , a , B above Z3 ; in fact p^ = Pq qC and the x-momentum 

balance in Z2 gives the relation

(3.21d)

Belov the critical layer Z3 , a^ is unchanged but B^ suffers a 

jump, given by , to be determined from the critical layer prop­

erties .
Along vith (3.21b-d), the relations

(3.22a)

(3.22b)

(3.22c)

also apply, from the merging between Z2 and Z1 , where

0

-d
(3.22d)

392
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ll

t

is a given positive constant. The required condition of anti­

symmetry about the channel centre-line y = 0 has been used in 

Z1 , for the disturbance pressure. Again, compatability 

(32/3x3t = 32/3t3x) requires that 3aQ/3T2 + 3(aQc0 )/3X2 = 0 . 

So, combining this with (3.21d), (3.22a), we obtain the results

c0 and
3a

+ 3c 0
0 3X, = 0 (3.22e)

affecting the critical layer movement. The group velocity

c = 3c_ is th r ic e the local quasi-wavespeed.S ^
Addressing finally the nonlinear unsteady viscous critical

2 -1 10/3layer Z3 , wherein y = -d + e A c^ + e Y with Y of order 

unity, we have there the multiple scalings (3 .1 7 a,b) but supplemented

3 _ -lt/3,-1 ^ 0  J_ _3_
3Xg A 3X2 3Y 3X2

3 _ -V3.-1 %  _3_ _3_
3T ^ £ K 3Tg 3Y 3T2

(3.23a)

(3.23b)

where once again the dependence on critical layer movement is dominant. 

The flow solution in Z3 has the form

2 A 10/3, v A , ,-2 2 h ^ lU/3~ u = e Cq + £ AY + X2X Cq£ + e Uq

+ el6/3(i,+2X2X 1o0Y) + e20' 3^ ^ ^ 2 )

♦ e2 2 /\  + ... (3.2l*a)

2 1 3
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-  _ 23/3- 27/3- A 29/3- , 31/3-v = e v n + e  v _ + e vn + e  v
31

. ,33/3- . 35/3~ .
+  £  V  +  £  V  +  . . . (3 • 2U b)

20/3' . 26/3' . 28/3' .
=  e  p „  +  e  p ,  +  e  p „  +  . . . (3.24c)

where v j = -a X Y3p /3X .“ 2 U U
Substitution into the Navier-Stokes equations provides the 

successive governing equations, of continuity and x-momentum,

3uo 3vo
o ax ay = a

3 u ^  3 U q  3 v

0 3X 

8u,
= a

ax, ay

au2 au__2 ,__o 3v,
o ax ax, ax„ ay = o ( 3 . 2 5 a - c )

and

t  K ’V  = 0 ;

Y r  ' w  + f VI (uJ’Tj) 3T^ 0 3X1  ̂ 2X2 2
°o sc o 3uo v-  ^sc o

2 3X X

= -a
3Pl 3P0

o ax ax *

au. 8u,
7(o,v31) + (^r + cn ^ r )  -3 T g  ' 0  3 X g

a0SC0 3̂
2 X

2 ax

3uQ 3u0 3p2 3p0
+ (a-U- TZT~ + Yrs -  ~a,o o ax o ay o ax ax.

1
au2 3ui 3u 8c 3ui

Ûl ’Vl^ + ^3T^ + °0 3X^ + XY 3X^ ” Y 3X^ 3Y2-

?coY , 3U0 3u, Ife
+ ao(uJ “ T - * a i r  ■  *YM  + V l T 2- -  ^  + V l 3 Y
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= -a 8 p : 
o ax"

w  3 u _  . 3 u _  g e t ;  3 u _

Z ( u 0,v0) + ( - i  + - S ° 02 2 X3T, 0 3X,■) - 2X2 9X1

3u 3u-,
+ + ixj>

^  2 _ ~

“osco 3ul
/>/gc

2X2 3X V§ X
0 3pi+ 3pi 

=-a,0 3X 3X1
( 3 . 2 p d - h )

where the operator jC is defined by

1 9c0 3c£(u,v) = “ ^ (3^7 + c 0 ax 'ay0\3u . 3u)—  + XYa0

- 3u , 3̂ u
v-5 3Y X v ---- ? >2 3Y 3Y2 (3.26)

and g = -2X0 . The y-momentum balances simply give 3p /3Y = 0

for 0 < n < 4 . Hence we obtain
n

v- 1 = °o°oAos uo AoAC v o  =  AIAo “ o s

Xv5 '“o 3X 3X-, 3T, °0 3X
0

1 1—1" 2.+ 5X gc0A0a0S (3.27)

Xv
31

3pp 3pn-(a — — + — — + --- + cv 0 3X 3X^ 3T^ 0 3X,
0

3u
- ouu 0

0 0 3X

and u-, is independent of X , Y . The first non-simple problem 

in (3.25) is that for , therefore, and takes exactly the form in

(2. 8 )5 after the transformations

x<\r
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~ Ŝ Q-̂ -Q A0C0 1 #
ux = - — P  U* , Y = ( ~ P ) 2 X

3Y - 6* =
- Aoco -

- b ( ~ ) ! C* ( 3 . 2 8 a - c )

X = X*

are introduced in the Y-derivative of (3.25g). Here

3 c o  3 c o
y = ^3T^ + C0 3X^^^XA0a0C0̂ (3.28d)

and the farfield conditions (3.13a,b) are retrieved. The second non­

simple problem is for u^ . In turn, it acquires the form (3.12d),

where now
/ 2 -  - J

‘ i ■ t ' v ' A ( w ) > v f4 ' (  ‘3'28si

and the conditions (3.12e) again apply here. So 3X6

responsible for the phase shifts $ , $2 , respectively, across Z3 , 

which appear in (3.21b,c).
In summary, the unsteady nonlinear disturbance amplitude 

and the moving critical layer position (A ^c^) are con^r° H e^ by 

the equations

8A0 3Ao
3t7 + 3c0 3X7 ~ oA0 ^ ~ ^ s^ (3.29a)

! V i a !!o _
3T2 3C0 3X2 2 A0 3X2 a0C0^2

(3.29b)

3T, + 3c
3c 

0 3X,
0 = 0 (3.29c)

X U



w h e re  now

a = -2X,

2
c o “ o > 0 , _ -x“o9_ - -------1-

(2“o0o )2°
< 0 (3.30)

with (Xq given by (3.22e). Further comments are covered by those 

at the end of (a).

(c) Liquid layer flow

We consider liquid layer flow over an inclined plane 

and take the plane to be inclined at an angle CO* to the horizontal,
x —̂1 /II /̂i/with CO* - 0(R )^and s = 1/R TanOO* is 0(1). The disturbance 

structure then takes exactly the same form as in (b) above, the only 
difference being that the free surface conditions lead to the 

eigenrelation

Xc0 V s)
(3.22e')

instead of 

the neutral 

fundamental 

unaltered.

For

(3.22e). (See Gajjar (1983) for further details on 

case, i.e. without a moving critical layer). The 

problem (2.8) and the amplitude equations (3.29) remain

steeper planes (co* >> -<)/l 1. , .R ) s = 0, effectively 5m
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§4. THE AMPLITUDE EQUATION FOR THE SPECIAL CASE y = 0

If -we consider fixed frequency disturbances, with 3q = const

then as mentioned previously, the eigerelations (3.4-0 (3.22$ 

imply that both c^ , are constant and hence y = 0 . The

phase shift <f> occurring in the amplitude equations is then 

determined by solving the steady Haberman problem, the properties of 

which are well known: <̂ (A) is monotonic, with <p -> -ir as A -*■ 0

and -A for A >> 1 (see e.g. Haberman (1972), Smith &

Bodonyi (1982)). These properties come mainly from a numerical 
treatment. Qualitatively, however, they may be represented by a 

model with <f>(A) given by

where M(z) (> 0) is an arbitrary function of integration and

♦ (A) = 3/2 (4.1)

where k^ is a positive constant. If we consider A as a function 

of T^ , and Z = X^-T.£g, where c^ is the group velocity, then 

(3.\5<*) * (3.2?a) with (4.1) take the form,

(4.2)

This integrates to give the implicit solution

A = expI-aT^c^-Hr) }M(z) ( 4 . 3 )

|(f> +7T+Cf> k A3/2| 3 1 Ts s 0 1
2 m_n

<j> = -it corresponds to the linear neutral modes, c0n n
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If $s < -7T , i.e. aQ < aQ , then cQ < cQ , and the initially
n n

small disturbance lies inside the linear neutral curve. The non­

linear solution is sketched in fig. (la.)* It has the behaviours 

as T^ ± ® ,

2tt
A ^ exp(-aT1 (̂ s+7r)) |<J>s+7r| as T^ ■> -» (4.4a)

governing its initial response, and
*

A 'v* exp(-aT <£ ) as T ■> +» , (4.4b)^ S J.

which describes its ultimate form. Here (4.4a,b) imply that a mode

which initially is small and linearly unstable will amplify, become

nonlinear and then become unbounded at larger times (as T^ 00 ).

On the other hand if <f)g > -ir , corresponding to the linearly

• stable modes, there is an unstable equilibrium amplitude Ag ,

given by $ = c#) (Ag) as T^ -00 : see fig. (± b ) .  If the amplitude

A is below Ag then the disturbance amplitude decays to zero as

time T.. increases, whereas if A is above A , then A becomes I s s
unbounded, attaining the behaviour (4.4b).

The above conclusions happen to agree (qualitatively only) with 

those from the weakly nonlinear stability theory of Stuart-Watson 

(i960), for smaller disturbances.
Finally it is noted again that the above results are for the 

special case y = 0 only. For a moving critical layer y 0 , 
and the phase shift <p is related in a much more complicated manner 

to A , and not necessarily monotonically as in the model problem 

above. Even a heuristic discussion of the amplitude equations and
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the implications for the neutral stability curve •would first require 

an explicit determination of the functional relation of <f> on 

A , and this needs a full numerical solution of the problem (2.8). 

We turn next to some limiting cases of (2.8) , therefore.
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§5. PRELIMINARY PROPERTIES OF THE UNSTEADY NONLINEAR CRITICAL 

LAYER EQUATION

The properties of the nonlinear critical layer equation when 

dominated by viscosity, nonlinearity, or unsteadiness are dictated 

by the various limits of y , , large or small, and we devote

this section mostly to some preliminaries on these limiting solutions.

First however an interesting general property concerning the 

mean vorticity jump and the phase shift <f> is noted. Integrating 

(2.S ) with respect to Y we obtain

y(Y*-C*) + Y*U** - + sinX*U*#

= ” + Yc^y *Y* (5*1)

with the boundary conditions, for Y* -*■ ± 00 ,

ip* *  ^  Y*3 + h 4. Y*2 + cosX*(Y*£n|Y*|-Y*)

+ B*. (X)Y* + G* (X) + 0(y *)

U* ^ i  y*2 + 2h V *  + cosX*Jtn|Y*| + B*(X) + 0(̂ 5?)

g* ^ Y* + 2H± + + 0(-̂ r) . (5.2a,b,c)
Y~*

Integration of (5.1) with respect to X* , from X* = 0 to X* = 2 tt , 

and application of the boundary conditions therefore gives

- Lyu(H+-H~) = 0 (5-3)

3 of



A further integration of (5-1) with respect to Y* and then with 
respect to X* over a period yields

2tt 2tt
~ V f (B -B )dX + /• (B -B )sinXdX 

0 0

= l+7ryc(H+-H”) (5 .ba)

after use again of (5.2a,b,c). Here (5*3) is a remarkable result, 

showing that, for any non-zero y , there is no vorticity jump across 

the critical layer. This is in contrast with the steady equation 

where the mean vorticity jump is nonzero and is directly related to 

the phase shift <j> , as can be seen from (5.1*) if y - 0 . Instead, 

however, (5 .1*) determines the mean velocity jump in terms of the 

phase shift <J> . The above result also demonstrates that, concerning 

the mean vorticity jump, a direct match with the steady solution is 

not possible. Nevertheless a connection with the steady solutions 
may be effected in all other respects. For y small, with Y* 

of 0(l) , to leading order the steady Haberman equation holds.

For large Y* , this gives 'v Y* + 2H“ + CK^) 5 therefore, with 

H+ 7̂ H . Hence writing

c* = Y* + ?m (Y*) + 0(i) (5-5)

we have that £ satisfies m

~ yCmY* = SnY*Y*

after substitution into (2. *3 ) and integrating with respect to X* 

from X* = 0 to X* = 2tt . Here (5*6) yields
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If y > 0 , the boundary conditions give h^ = 2H , 2H+ = ,
• -f* “and if y < 0 h^ = 2H , 2H = h^ + h^ . Hence an outer region 

wherein Y* ^ O(^) is necessary, for y small, to adjust the 

vorticity jump back to zero. This shows that the critical layer

unsteadiness spreads out like Y* 'v y ^ above the critical layer if 

y > 0 , but below it if y < 0 . Formally for boundary layer flow, 

if y becomes as small as 0 (e ° ) then the critical layer width 

e Y 0(e ) and the unsteadiness then enters the outer inviscid 

zone 1Z . Also (3.12b), (3.10a,b) show that the slow variations 

now become 0(e ' ( z a ^)) , 0(e (e T^)) in space and time respec­

tively. Similar comments apply to channel flow and liquid layer
U/3flow, where if y -> 0(e ' ) the 9 T^ variations increase by a

U/3factor z , and the unsteadiness again spreads out into the outer 
zone.

We turn next to the limiting cases of (2.8). A balance of the

• inertial and viscous terms suggests that viscous or unsteady effects
y l/3are significant when either y^ »  1 and Y ^ 0(y ) , or y >> 1

^ l/ 2and Y ^ 0(y ) respectively. By contrast, if y and y are

both small then nonlinearity is important. We consider the different 

limiting regimes in turn below, but only briefly for now since it is 

felt that subsequent numerical solutions of (2 .8) would probably 

provide firmer evidence of the solution characteristics emerging in 

such limits.

i) The linear viscous unsteady critical layer, when y >> 1 ,c
y >> 1  with y = 0(y^^) •

Let Y* = and y = y^^y* where n , y are 0(l) .

The boundary conditions (5.2a,b,c) and (2.8 ) suggest an expansion of 

the form

3 03
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TT* 2/3 n . o 1/3tt ir A cosX „U* = y —  + 2y H n + — -—  Any + u.. c 2 'c 3 c 1

-2/3 -5 /3
+ y Uo + y Uo + • • .’c 2 ’c 3

= Y^/3n + Y^/32Ht + y;1/3?1 + y;1c2 + .

Substitution in (2.8) gives the sequence of equations

« i n  " ?inn + n?ix* = ' sinX*

^k .n " ck , ™  + nck,x* = 'sinX*ck-i,n ' (k:

Here if y is zero the equations are identical with those 

by Haberman and can be solved similarly. For nonzero y 

results for integral representations of the solutions of (: 

stated in the appendix.

Making use of the results in the appendix, we find
•5 ,2-

• y* °° • + “(t 73 + i — J-)
C = -Im(e J e e dt)
1 0

and

• Y* 00 ~irlt “(t3/3 + it2y/ )
Un = -Im(elX J (G e 2 dt)

0

+ fx (x)

where “ i - f i  at rj = 0 . The asymptotic expansion of 
large n now gives

U. = -Im(elX[-ilog|n| + \  sgn(n)

+ l cost-e-(t3/3+it2p/2 )
at + 0(±)] + fn i

as n -> +  CD

(5.3)

(5.9a,b)

=2,3--.)

discussed 

analogous 

i.9) are

(5.10)

for

(X))

( 5 . H )
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>  0where sgn(n) = ±1 for n < . In particular (5*ll)9 determines

the leading order velocity jump across the critical layer:

U* - U = -Im(e'LXn) (5-12)

The solution for £^ given *>y

to = - ¥ a
Im / r ie e 

’2 2

00 . -itri -(t3/3+iyt2/2)

(y-it)
dt) (5.13)

Im f 2iX i  ^-ir|t_-(t^/6+iyt2A )e e

.J* Te"(T3/6+i,JT2/1,)aTdt 1 .
n J

For y ^ 0 (5*13) shows that there is no vorticity jump, as required

"by (5*3), hut there is a jump in the mean velocity.
Similarly can he determined, and after some tedious hut

straightforward algebra we find that

_ / iXr t -iryt -(t^/3+iyt2/2), A = Im(e {5 J e e tdt
6 0

+ ̂ log(ip) /“ e-inte-(t3/3+ipt2/2)at 
4 0

. I f ” -int -(t^/3+iyt2/2) ^  +x^/6+iyx2A
+ q J e e J xe

0 0

• JT Te-(T3/6+itjT2A)aTdTat} - §  (e3i* f  e x

.3,„. 2 .3 o , .—  2
x e-(t~>/9+iyt^/6 ) j Te~(x /18+iyx /12)

/  Te-(T3/6+AT2A)dTdxdt)

3e>(f
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_ ( e - i X \ f °  e-intet3/6+ipt2/2at x

x /" e-2(t3/3+iwt2/2>dt
0 (t+iy)

j°° e“intet3/3+iyt2/2 ^  x 
0 00 T+iy

x e 2(t /3+ipt /2)dTdtj (5.11*)

Then can be obtained by integration and an asymptotic expansion

for large n yields a correction for the phase shift <f> . Hence 

collecting the above results together we find that

-b/3 r r t2cos(yt2)-ytsin(yt2) -2t^/3
-  -ir + v o L J ------------- ----------------- e.2,-2t +y

dt -

+ . . .

Try i
T ]

(5.15)

As y -*■ 0 , with n fixed, the above expressions reduce to those 

given by Haberman (1976), although as discussed above for any non­

zero y , (2.8), gives no vorticity jump, whereas the Haberman 

equation entails a discontinuity in the vorticity across the critical 

layer. This apparent inconsistency however, can be identified with 

a closer examination of the mean flow term in (5*13) which when 

rewritten is

m _  _ 1  r°° [ ycos (tn+yt2/2)+tsin(tn+yt2/2)] -t^/3
?2 2 J —2 .20 y +t

(5-16)

For small y

[/ dt _ I  /
0 1+t

cos(ytn)
°n o i+t‘

dt] +

3  ob
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Nov

cosat ,, ir - a---~—  at = —  e 12 20 1+t

hence

o ^ - jj- l e '-sgn(n;e J (5.17)

For r\ »  — ve recover the zero vorticity jump and for n large,
V

but yn << 1 , ^2 ^ “ ^■[l“Sgn(n)] , giving a jump of ^  y J' in
the vorticity, as in the steady case. Thus for y small an outer

region where n ^ 0(— ) is necessary to adjust the vorticity jump to
■y

zero, and this agrees with the earlier comments concerning the 

emergence of the steady solution as y -* 0 .

it -1

y »  y

ii) The linear inviscid unsteady critical layer, i.e. y >> 1 , 
2/3

Let Y* = » and y = y but y << 1 . Again (2.8)c c c
(5.2a,b,c) indicates expansions of the form

U* ^ yUQ + y 2U  ̂ + y 2U2 + y-5 &ny cosX +

1*2 1 ~2 .C* ^ y"cA + C-, + y C0 + (5.18)

Substitution into (2.? ) yields the equations

1  -  ? o~ +  n t < u  -  V o ~  =  0n x *  rm

- «1- + - V i ~  = 0n nn
(5.19)

-  C2- + n5S> ,  "  V 2 «  = - s in X ?0- n a * nn n

Zc>?
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If we write Cn = n + CQ0 , then Cnn satisfies - enn_ + nC00 ’ 00 * ’00X*
YcC00

n n

= 0 and -> const. as n -* ± For any non-zero
Yc all non-trivial periodic solutions for Cqq 1*6001110 unbounded

1 /v"'as | n | 00 and thus

>
O O 11 &

 . 
0

 
0 where hQ0 is

Similarly, since
' 1 - hi o

0
 

1—1 constant) as
Then the solution for A

C2 can be obtained as in
10 *

L  = - Im(elX* j e-int e-(Yct3/3+it2/2)dt)

U = - Im(elX* J e Ŷct /3+lt ^ d t )
2 0 lt

( 5 . 2 0 )

+ g2(x*)

where is some function of X* which can be determined from the

boundary conditions. For yc ={= 0 , then, we obtain the same velocity 

jump as before:

= - 7isinX* (5.2 1 )

<vtogether with a zero vorticity jump. The limit y c "*■ 0 , n -*• ±°° , 
is interesting and shows the existence of an outer region below the 

critical layer necessary to reduce the vorticity jump to zero.

For, if we change variables in (5.20) we have

L  = - lM(Y-1/3eiX* f  e"t3/3 e-ilntY ;1/3+. Y;2/3t2/2ldt) .
2 C 0

(5-22)

As r! -*■ +°° , there are no stationary points in the integrand of

(5.22), and the major contribution occurs at the end point t = 0 ,

giving = 0(” ) . In contrast, as n ^ _0° , the dominant
n



contribution to £0 comes from the stationary point at t = - nyc- c
and this gives

„ i(X*+rf2/2) h3Y /3 -iir/U
C2 = - Im(e e /2tt e ) + O(^) . (5-23)

n
^2 ^ __

If ri* = X* + —  is fixed, |n| >> 1 , and | rT| << y c ' , then
(5.23) shows that there is a jump in the vorticity with

?2 - ?2 = Im(e:Ln*,/2T'

| /V, -----1/3If, however, |n| >> Yc , then there is no difference m  the mean 

vorticity above and below the critical layer. Hence for n* fixed, 

there is an outer region below the critical layer, with
y  ‘— " L  j O
Y ^ 0(yYc X ) in ‘terms of the original variables, in which vorticity 
diffusion is important.

iii) The unsteady nonlinear critical layer, i.e. y ^ 0(l) ,

Y «  1 .1 c

To leading order from (2.8) £* then satisfies

p(l-s**) + Y*C** + sinX*C** = 0 (5.21*)

Hence

X*
?* = J

X fixed
-ydX*

4 2 [X-yX1 -cosX ’ ]
T + K(x) (5.25)

Y* *where x = “jpT + ViX* + cosX
is an unknown function of x

X = constant are sketched in

is the basic streamfunction, and K(x) 
. The basic streamlines given by 

fig.^at). For y >_ 1 all the
streamlines are open, whereas for y < 1 there exist at most, a
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f i n i t e  number of c lo se d eddies, and the streamlines become open 

again for large enough X* . With x fixed, the integral in (5.25) 

is assumed to be periodic for all y . Certainly for y large the 

results of (ii) above in the limit y^ ■* 0 are recovered; and for 

y small the integral is again periodic. It is suggested tentatively 

that a viscous correction to (5-25) with a periodicity requirement 

then determines the unknown vorticity function K(x) , and this gives

277 i

/ —  [ (X-yx-cosx)2£*(x,x)] dx = 0 (5-26)
0 dX

where C*(x,X) is defined by (5.25). An explicit determination 

of the function K(x) 9 and more significantly of the velocity jump 

resulting from (5*25) , is left unresolved here, however; it is 

expected that future numerical results for the full problem (2. *2 ) 
will indicate more clearly what the trends are in this important 

regime. This regime is particularly interesting because it 

corresponds to increased disturbance sizes. Likewise, the regime 

(ii) above is of physical importance since it is associated with 

faster time scales. Both regimes therefore merit further 

analytical and numerical study, to gain more insight into the evolution 

and movement of unsteady nonlinear critical layers.

3/o
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§6. A BRIEF SUMMARY

We would emphasize the following points concerning the present 
study.

(a) In general the space-time evolution of the disturbances

considered is controlled by the nonlinear equations presented at the 

ends of §3(a),(b). These form a set coupling the slower scale 

dependence (of the amplitude A and wavespeed c^ ) non-

linearly with the faster scale dependence X^ , T^ (of the amplitude) 

and with the critical layer movement (via the unknown nonlinear 

function y(A) ). It is necessary therefore that in general solutions 

of the unsteady nonlinear critical layer problem ( 2 . 9  ) be available,

a task requiring numerical work. The limiting solutions in §5 then

* provide some preliminary comparisons for the numerical work, which 

should be of interest.
(b) The special case of fixed frequency disturbances discussed 

in is encouraging for further research. It shows that the 

previous quasi-neutral estimates produce in effect threshold 
amplitudes for given frequencies. An amplitude initially below 

the threshold value subsequently decays, whereas nonlinear growth 

occurs for initial amplitudes above the threshold value. Moreover, 

the growth is unbounded, in the present terms, and can be analyzed. 

Whether similar fast growth can occur more generally, for varying 

frequency, wavespeed and wavenumber, or not, remains to be seen from 

the general equations referred to in (a) above and this in turn 

supports the value of a numerical study of (2. '$ ). If fast growth 

is induced then the limits studied in §5 come back into play, and

3iJ



these should point ultimately to the next stage in the evolution 
of the growing disturbance.

(c) The equation governing the effective local wavespeed of 

the wave packet is the inviscid Burger equation. Hence shock-like 

behaviour can take place.

(d) We notice that the governing equations, derived here from 

formal substitution into the Navier-Stokes equations, are contained 

also within the interacting boundary layer framework of Smith, 

Papageorgioy & Elliott (1983), for finite Re . Thus the nonlinear 

instability features indicated analytically in this paper should be 

representable at finite Re within that framework.

(e) Three-dimensional disturbances seem especially worthy of 

investigation along similar lines, to increase the possible relevance 

to observed instability processes in boundary layers and channel 

flows for instance. Larger disturbances are also a major concern. 

Again, the structures and properties discussed here may be adapted 

to the study of non parallel basic flows, which force added movement 

of the critical layer across the flow, and to stratified fluid flows.

Thanks are due to the S.E.R.C. for postgraduate support for
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APPENDIX A

Consider the equation

nc„ - C - p? = X ela)X / f(d),t)e ltndt (Al)
X nn n £J=-~ -»

where the right hand side is some known periodic function of x . 

For periodic solutions the related homogenous equation

icons - c - ys = o nn n
(A2)

has only solutions which become unbounded as n -*■ ±°° • Hence the 

bounded solution to the forced equation (Al) is given uniquely by

C = l  e J f(co,t)s(n9t ,co)dt
CO =—00 -°°

where

t3/3(o+iyt2/2co » • ,
S(n,t ,co) = ~  e / e int x

t

x e-(t3/3<o+it2y/2U ) dt (u > Q)

_ t /3co+iyt /2co t .1 r -mt-  e J e xco J
—00

X e-(t3/3io+it2w/2a!) at {u ( 0) (A3)

The latter results are derived as in Haberman (1976).
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C a p t i o n s

Fig, lab.

Sketch of the nonlinear solutions of the amplitude equationsy
for the special case ji = 0 ,<̂ (a ) = -7t/(l + ty-*) seê '4 - (a )

(fl >  -71 .

Fig. 2ah

. 1 *2 V *Sketch of basic streamlines of )L = -g-Y + [iX + cosX = const., see 
§ 5(iii )• (a) \i > 1 , (h) |i < 1 .
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SUMMARY

The three-dimensional laminar flow past the junction 

formed by a thin wing protruding normally from a locally flat 

body surface is considered, for wings of finite span but short 

or long chord. The Reynolds number is taken to be large. The 
leading-edge interaction for a long wing has the triple-deck 

form, with the pressure due to the wing thickness forcing a 

three-dimensional flow response on the body surface. The same 

interaction describes the flow past an entire short wing.

Linearized solutions are presented and discussed for long and 

short two-dimensional wings and for certain three-dimensional wings 

The trailing-edge interaction for a long wing is different, however 
in that the three-dimensional motions on the wing and on the body 

are coupled together and in general the coupling is nonlinear. 

Linearized properties are retrieved only for reduced chord lengths. 

The overall flow structure for a long wing is also discussed, 

including the traditional three-dimensional corner layer which is 

shown to have an unusual singular starting form near the leading 

edge. Qualitative comparisons with experiments are made also.
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§1 INTRODUCTION

The three-dimensional motion of fluid past a wing-body 

junction is of much concern in aerodynamics, with regard to both 

the local and the global scale of the viscous effects produced and 

in particular to any pronounced secondary flows set up. As has 

proved to be the case in planar wing calculations, understanding 

of these effects and their scales may form a significant element in 

numerical schemes, addressing the Navier-Stokes equations or 

approximations for flow past an entire aircraft, and the question 

arises of whether there can be an important influence on the 

aircraft performance overall or not. A number of interesting 

experimental studies of basically symmetric flow near wing-body junction 

models have been made (J_-3), usually for a very blunt, e.g. 

circular, wing protruding normally from a flat body surface. A 
common feature observed is the occurrence of three-dimensional 

separation upstream, with a curved separation line present on the 

body surface ahead of the wing.

Such truly nonlinear and complicated flowfields ,involving 

three-dimensional boundary layer collisions for example,would seem 
to be well beyond the realms of much analysis, of course. Indeed 

they appear rather remote from the basic, perhaps most obvious, 

model problem we consider below, namely the junction formed by 

a flat body surface and a thin symmetric two- or three-dimensional 

wing of finite chord. Nevertheless, it is found that certain of 

the theoretical properties which emerge are not far removed from 

the experimental observations for blunt wings, in qualitative terms 

at least, including the nature of the motion upstream and the 

suggested separation line there. Furthermore, the model geometry 

discussed would seem to be more closely linked with the junctions

321



of real life than is that associated with the similarity flow along

a streamwise corner, which has received much attention (e.g.

5 - 7 ) .  Lastly, we believe that an understanding of the flow past
the model geometry here may be of benefit to the understanding and

control of the complex flows that occur in practice. The theory

below is concerned initially with the flow features arising near

the start of the junction, that is, near the leading edge of a

long wing or for an entire short wing. The incident boundary layer

on the body surface is driven by the locally uniform external stream,
is well-formed, attached and planar, and so in a sense its

influence dominates the inviscid-viscous interaction between the flow

on the wing and the flow on the body surface. For the attached

Blasius boundary layer just forming on the wing is much thinner.

The interaction provoked then has the triple-deck form, with the
motion past the thin wing provoking,on the body surface,an unknown
pressure force which interacts with the unknown displacement

there. This causes the boundary layer on the body surface to become

three-dimensional and to exhibit upstream influence. Nonlinearity

results if the typical slope of the wing in the interaction stage
-1/4is of the order Re , where Re is the large Reynolds number: see 

§2 below. For thinner wings, including the fundamental case of the flat 

plate where the Blasius displacement on the wing is responsible 

for the interaction, linearized analysis is possible and is 

described in §3. Linearized results are given in §3, §4 for two- 

and three-dimensional wings respectively, examples of the latter 

being swept wings and tapered wings.



9

Further comments are presented in §5, along with a study 
of the trailing edge of the junction. The model problems studied here 

have possible relevance also to certain other strongly three-dimensional 

motions including the flow past fins, tail-body junctions, missiles, 

fishes, bridges, past high-rise buildings and in branching flow 
in pipes. An interesting feature is that even the thin wing can 

9 provoke a secondary flow component of velocity which is comparable

with the streamwise component near the body surface. Although for 

a very thin wing this nonlinear feature can be suppressed somewhat 

in the initial leading-edge interaction, it persists in the subsequent 

trailing-edge interaction for any long wing. The trailing-edge 
adjustment is always nonlinear, therefore, unless the wing is relatively 

short, as noted in §5. We believe that experimental and/or 

^ computational studies of (e.g.) the fundamental, flat plate, wing-

body junction model here could be most illuminating.

In what follows the motion is taken to be laminar and steady 

and the fluid is assumed to be incompressible.

- 3 -
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§2 FOR A THIN PLANAR WING

We start by discussing the fluid motion past a wing-body junction

formed by a thin planar symmetric wing projecting normally from the 

aircraft body. The latter is taken to have a flat surface since 

our initial concern is with the localized flow features. Moreover, 

the wing is placed at zero incidence to the oncoming main stream,

centre-plane y = 0, for convenience, and so we study only the upper 

half of the motion, y _> 0. Here, in cartesian coordinates x,y,z, 
the wing starts at x = 0 and is given (for all z > 0) by

surface z = 0 for all x,y. See Fig.l. The lengths (x,y,z) 

above, and the corresponding velocity components (u,v,w), are non­

scale of the body, e.g. the streamwise distance from the aircraft
nose to the wing, and u is the speed of the main stream

which flows in the positive x direction. The pressure is written 
2p^ + pu^ p, with P00,P denoting the main stream pressure and the 

fluid density in turn. The typical global Reynolds number is then 

Re = u A V \  if V is the kinematic viscosity of the fluid, andOO CO
Re is supposed to be large.

On an inviscid basis, with the above wing-body geometry, 

the uniform stream u = 1, v = w = 0, continues broadly undisturbed 

apart from a small, 0(|f|), perturbation. Viscous effects, 

however, alter the flow substantially, near the wing and body 

surfaces at least, where viscous-inviscid interaction occurs.

There appear to be two aspects to consider then. First,

the resultant motion is assumed to be symmetric about the wing's

y = f(x) for x > 0, y = 0 for x < 0, where the typical wing

thickness |f| is small in some sense, whereas the body occupies the flat

, ttpo resp&c£ue0f, where
the characteristic length



t

sufficiently near the start of the junction, for small x, and

for a sufficiently thin wing, the predominant interaction involves

the effect, on the flow close to the body surface, of the motion

past the wing. The opposite effect , that of the flow near the
body surface on the flow near the wing, is much less. The reason
for this is that for small x the boundary layer on the wing is only

- 1/2just formed and so is thin compared with the more developed 0(Re ) 

oncoming boundary layer, on the body, which by contrast has its 

origins at an 0(1) distance ahead of the wing-body junction. Hence 

the wing's boundary layer is the more attached one then and is less 
affected by a given size of induced pressure field than is the 

thicker boundary layer on the body. The latter layer must be the 

first to feel the effects of any interaction and is the one where 

three-dimensional separation for instance is to be expected at 

first.

That brings us to the second main aspect, which concerns the

type and scale of interaction. Nonlinear responses such as separation

in an external developed boundary layer, whether three-dimensional (s)

or not, are controlled largely by the triple-deck interaction, as is

well known. Formally, therefore, the critical size of induced

pressure p, i.e. the smallest size which provokes a nonlinear

interactive response in the body's boundary layer,is of the order
Re and the streamwise length scale invoked is 0(Re This

emphasizes initially the role played by a wing which produces an

0(Re typical pressure field within a distance 0(Re Qf its

leading edge. There are perhaps two main categories of such wings.

One concerns wings of 0(1) chord length in x ("long wings"), the
—3/8other concerns wings of chord length 0(Re ) ("short wings").

ZzB

- 5 -
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Other chord lengths tend to.be covered by limiting cases of the above.

The pressure p induced near the leading edge or nose of a long

wing depends on the local wing shape there. For a typical blunt
~ 1nose of the parabolic form y = f(x) ~ H x2(x 0+), where H is

the thickness-to-chord ratio, pcCH x 2 as x -+ 0+. So when x falls to
—3/8 _ i j0(Re ) the critical pressure of 0(Re ) is reached if

—7/16H is 0(Re ). The boundary layer on such a wing has the

Blasius form, of thickness 0(Re x2) (x > 0), and so is always

thinner than the wing thickness H (see also below). Again, the
2 ~7/8leading edge zone of non-uniformity is of extent 0(H ) = 0(Re ),

_ 3  /  g

small compared with the x ~ Re interaction scale. Other local
shapes can be regarded similarly. Thus if f(x) ~ H x11 as x -► 0+,

and 0 < n < 1 for a blunt nose, then locally p «CH x11  ̂ tends to
3/8(1-n)0(H Re' ) in the interaction scale, pointing to the critical

thickness H = 0(Re ^  3n)/8^ £or nonlinear interaction. This is
- 1/2self-consistent provided the 0(Re ) displacement thickness of

the wing layer remains negligible for all x, implying that n > 1/3.

Conversely if n _< 1/3 the displacement thickness then has a leading

order or even dominant influence downstream on the induced pressure

although not necessarily within the interaction length. The same can

occur if, for a given value of n, H is below the crj|t|i)ical thickness,
in which case only a linearized wing-body interaction is induced.

Examples are given later in §3. The central point is that the induced

pressure from any planar blunt long wing is dominated by the local wing

shape, and unaffected by the shape further downstream, as regards

the interaction near the leading-edge. On the.other hand, the
—5/8critical thickness for a short wing is always 0(Re ) since

-1 /4then its typical slope, and hence pressure effect, is 0(Re ), as
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required for interaction with the body's boundary layer. The above

arguments assume suitable smoothness of the thin wing surface, of

course, and essentially attached flow thereon. Attached flow is

achieved if the trailing-edge is cusped for instance but it becomes open
to question for less^sjarp trailing-edges, especially blunt ones.

Nevertheless, for the long wing the leading-edge flow properties are

unaltered to leading order by any breakaway separation from the wing

downstream, while for the short wing trailing-edge separation can

remain a relatively confined phenomenon. So the attached flow
restriction can be relaxed if necessary.

Two-dimensional flow past the thin, short or long, wing above
-1/4produces an 0(Re ) pressure field dependent only on x,y. This

_31 g
holds for distances greater than z = 0(Re ) from the body surface

_3 j g
z = 0, since when z is 0(Re ) the three-dimensional interaction

takes place, with the 0(Re pressure provoking in the body
boundary layer an 0(Re ) displacement comparable with the local

wing thickness. The three-dimensional linearized potential flow just

outside the boundary layer then is governed by Laplace's equation

(32/8X2 + 82/9/2+92/8z2)p = 0 with 3p/3Y(X,0+,z) = -h d2f/dX2,

9p/9z(X,Y,0+) = - 926(X,Y)/9X2 and p(X,Y,0+) = P(X,Y), for tangential
-1/4flow on the scaled wing surface Y = h Re f(X) and to match the

body's unknown scaled displacement thickness 6(X,Y) and unknown scaled 

pressure P(X,Y). Here (x,y,z) = Re ^^(X,Y,z), p = Re ^^p and 

p,f,6,P and the parameter h are generally of order unity, while 

-co<X<o°, 0 <Y<<x>, 0 < z < ° °  by symmetry. The solution for

p consists of the two-dimensional wing solution
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p(X,Y,Z) ■ if df(K) OH)
(x-C)2+y 2

dC ( 2 . 1)

which gives no displacement on the body surface z = 0+, and the three- 

dimensional solution corresponding to the body displacement <5(X,Y) 

with symmmetry adding no displacement on the wing Y 0+. Hence 

we have the forced pressure-displacement relation

0 26/352)d£dn_-h df(£) (X-C)d^ t 1_
• /•

7T • (x-C)2+Y2 2lT . [(x-5) +(y-h)z]— CO —00
(2.2a)

controlling the flow induced on the body surface. This flow is
~5 /8governed by the lower deck properties, where z = Re “Z. and the 

three-dimensional boundary layer equations

(2.2b)au av aw — n
ax + 3Y + az — U

u au V au w au - 9p,
ax + 3Y + az ax

u av V av w av - 8piax + 3Y + az 3Y

(X,Y) + 82U
az2

a2v
az2

apply, with the usual triple-deck scalings (S )The boundary 

conditions here are

(2.2c)

(2.2d)

Z = 0 (2.2e)
V -»• 0 as Z -+ (2.2f)
0,0) as X 00 (2.2g)

3 2 g
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f o r  no s l i p  on the f l a t  body s u r f a c e ,  f o r  match ing  with the

- 1/2d i s p l a c e d  main p a r t  o f  the  0(Re ) boundary l a y e r ,  and fo r  

j o i n i n g  with  the p l a n a r  boundary l a y e r  u p s t re a m ,  in  tu r n .  The 

c o n s t a n t  X i s  the i n c i d e n t  0 ( 1 )  s k i n  f r i c t i o n ,  t ak en  to  be 

u n i t y  h e n c e f o r t h ,  f o r  conven ience .  A l s o ,  by symmetry, V = 0 

a t  y = 0.

The v i s c o u s - i n v i s c i d  t h r e e - d i m e n s io n a l  f low i n t e r a c t i o n

f o r  the wing-body j u n c t i o n  i s  g iv e n  by the  s o l u t i o n  o f  ( 2 . 2 a - g )

f o r  a p r e s c r i b e d  w ing-shape  h f ( X ) .  The problem i s  n o n l i n e a r  in

g e n e r a l  and so r e q u i r e s  a n u m e r ic a l  t r e a tm e n t .  S u b s e q u e n t ly  we

c o n s i d e r  the l i n e a r i z e d  v e r s i o n s ,  v a l i d  s t r i c t l y  i f  the wing t h i c k n e s s

p a ram e ter  h i s  sm a l l  or  f o r  the b a s i c  problem o f  a wing which i s  a

f i n i t e  f l a t  p l a t e :  s e e  §3. Meanwhile i t  i s  worth remarking t h a t  the

t r i p l e - d e c k  i n t e r a c t i o n  emphas ized above does  not  cov er  a l l  the

f e a t u r e s  o f  the th r e e - d i m e n s io n a l  f low. Other s u b r e g i o n s  a re

p r e s e n t ,  i n c l u d i n g  the  th in  0(Re ( i n y)  boundary l a y e r

~ 5 / 8d e v e lo p in g  on the l o c a l l y  0(Re ) t h i c k  wing and a s m a l l  c o r n e r  zone
_C/Q _C/0

0(Re ) by 0(Re ) ( i n  y , z )  where y-  and z -  d i f f u s i o n CLCQ 
e q u a l l y  s i g n i f i c a n t .  A l l  t h e s e  s u b - r e g i o n s  a r e  b e l i e v e d  to be 

p a s s i v e  r e l a t i v e  to  the t r i p l e - d e c k  i n t e r a c t i o n ,  however.  In 

p a r t i c u l a r  the w i n g ' s  boundary l a y e r  i s  d r i v e n  forward  in  a q u a s i - B l a s i u s  

f a s h i o n ,  a p a r t  from in  the c o r n e r  zone and in  the  t r a d i t i o n a l  l e a d i n g -  

edge zone f o r  s m a l l e r  x ,  and so  does  not  a f f e c t  ( 2 . 2 a - g ) .  Other more 

g e n e r a l  s i z e s  f o r  the  wing d im ens ions  or  f o r  the i n c i d e n t  boundary l a y e r  

t h i c k n e s s  can a l s o  be c o n s i d e r e d  but  th e s e  a r e  m ere ly  l i m i t i n g  

c a s e s  o f  the fundamenta l  t r i p l e - d e c k  problem, u n l e s s  l a r g e - s c a l e  

s e p a r a t i o n  o c c u r s ,  which i s  a c a s e  beyond our c u r r e n t  s c o p e .  A c c o r d in g ly ,

r \  ■
we fo  cus  a t t e n t i o n  on ( 2 . 2 a - g ) ,  f o r  a number o f  wing sh ap es

-  9 -

f ( X ) ,  both s h o r t  and long .
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§3 LINEARIZED SOLUTIONS-FOR THIN, OR FLAT, PLANAR WINGS

When h in ( 2 . 2 a )  i s  s m a l l  a l i n e a r i z e d  v e r s i o n  o f  

( 2 . 2 a - g )  a p p l i e s  and the a n a l y s i s  in  ( 8 ) can be taken  o v e r .  To 

s h o r t e n  m a t t e r s  we may work in  terms o f  an " e f f e c t i v e  hump sh a p e "  

then,  s i n c e  the  double  F o u r i e r  t r a n s f o r m  in X,Y ( s e e  n o t a t i o n  in 

( f t ) )  o f  ( 2 . 2 a )  g i v e s

P * * ( k , & )  _ r ) k 2 f * ( k ) _  k 2 6 * * ( k , i l )  #

h  ( k 2 + & 2 ) h ( k 2 + J t 2 ) ^
( 3 . 1 )

Here f * ( k )  i s  the t r a n s f o r m  o f  f ( X ) w i t h  r e s p e c t  to  X, and 6 

s t a n d s  f o r  -A in  (8) •  So a com par ison  with  §3 o f  C8) shows t h a t  our 

l i n e a r i z e d  problem, f o r  a wing shape  h f (X )  and f l a t  s u r f a c e  Z = 0,  

c o r r e s p o n d s  to  the l i n e a r i z e d  problem o f  (8) f o r  f low ove r  a hump 

g iv e n  by Z = h F ( X ,Y ) ,  where the e f f e c t i v e  hump shape F s a t i s f i e s

F * * ( k , J t )  = 2 ( k 2+&2 ) 2 f * ( k )  . ( 3 . 2 )

The same a n a lo gue  h o ld s  in the  n o n l i n e a r  reg ime.  The l i n e a r i z e d  

s o l u t i o n s  f o r  the t r a n s f o r m s  then f o l l o w  from (8). In  p a r t i c u l a r ,

P * * ( k , & )  = 2 ( i k ) 2 f * ( k ) ( k 2+£2 ) 1/A
h

= 2 Y - 4/3U k ) ,/3f*oo/A

Tx* * ( k , £ ) - 1   ̂ 3 A i ( 0 ) ( i k ) 2 / 3 f * ( k )

h 2 n2 . A(k +£ )A

2 2 k +JT

4 /3  2
L y ' 9Ai (0 )

23 0



1

- 11 -

; i, 5 /  3
T * * ( k , & )  f * ( k )

3 A i ( 0 ) ( k 2+£2 )A

D**(k, '&) = - 3 ( i J Q ( i k ) f * ( k )
h , . 2  „ 2 U(k +& )A ( 3 . 3 a - e )

j where

. . - 4 / 3 , . .  J / 3 , .  2  n2AA = 1+y  ( l k )  (k +$, )

3

**

In ( 3 . 3 )  Tx = 3U /3 Z (X ,Y ,0 ) ,  Ty = 3V/3Z(X,Y,0)  denote  the s u r f a c e  

sh e a r  s t r e s s e s  in  the X,Y d i r e c t i o n s ,  and D(X,Y) s a t i s f i e s

3D/3X = -  3P/3Y and h e l p s ■ to  d e s c r i b e  the motion more removed from
,f - ]

the body s u r f a c e , s i n c e  V ~  D(X,Y)Z f o r  l a r g e  Z.

F a s t  F o u r i e r - t r a n s f o r m  (FFT) c a l c u l a t i o n s  were used  to 

determ ine  the c o r r e s p o n d in g  r e a l  q u a n t i t i e s ,  and the r e s u l t s  were 

checked on d i f f e r e n t  g r i d  s i z e s  and i n t e g r a t i o n  r a n g e s .  The 

f o l l o w i n g  s h o r t  and long  wing shapes  were c o n s i d e r e d :

f(x) = X2 (X > 0)  ( l o n g )

f ( X ) •= X2 exp(-X  ) (X  > 0 )  ( l o n g )

f (X )  = X ( 1 - X ) (0  < X < 1) ( s h o r t )
i i

f (X )  = X2 ( 1 - X ) 2 (0 < X < 1 )  ( s h o r t )

with f (X )  = 0 o t h e r w is e .  T h e i r  s o l u t i o n  p r o p e r t i e s  a r e  p r e s e n t e d

r
k

* •

;

I - ; '
[i/-:
'• l, f" '

[ . v i ;-

V' 2 V
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in Figs. 2-5. It should be noted that rather extensive grids were needed 

to accommodate the farfield behaviour of (3.3a-e), especially for the long 

wing shapes. Results from different grids indicate that graphical accuracy 

is achieved usually, and our figures present the most accurate results obtained 

in each case, although some distortion persists in the farfields (see also 

(3.5) ff. below) and in the symmetry or anti-symmetry of the solutions, as well 

as in a few local features, e.g. wiggles. Such distortions all shrink under 

grid refinement but computer storage limitations have prevented us from removing 
them totally from the results.

The main features apparent in the flow solutions seem sensible physically 

and are as follows. Upstream of the wing, along the symmetry line Y = 0, a 

common occurrence is the rise in pressure and the associated drop in the X- 

shear stress x . This is much like a two-dimensional flow response ahead ofA.
the effective



hump shape .  A s s o c i a t e d  with  i t  th e re  i s  a g e n e r a l l y  p o s i t i v e  

Y - s h e a r  s t r e s s  and Y " e d g e - v e l o c i t y "  D, a s  might be e x p e c t e d ,  but 

the d i s p l a c e m e n t  6 f a l l s ,  which i s  a s u r p r i s i n g  f e a t u r e  a t  f i r s t  

s i g h t .  Thus f l u i d  i s  fo r ce d  away ( i n  the  Y d i r e c t i o n )  from the 

symmetry l i n e  but  te nds  to  be drawn ( i n  the n e g a t i v e  Z d i r e c t i o n )  

towards the body s u r f a c e  t h e r e ,  ready  to  n e g o t i a t e  the  wing beyond.

This and other initially unexpected properties of the displacement
jf.are caused by the pressure from the wing, contributing the f 

term in (3.1). The fluid can only go around the wing, not over it, 

in broad terms, and so there is here a significant difference 

from the flow past (and over) humps. Near the front of the wing 
there is a particularly marked fall in the displacement, in fact.

As soon as the wing position is encountered, however, the displacement 

adjusts rather fast, rising to become positive eventually downstream; 

the pressure rises more rapidly, then falls rapidly to a minimum 

before slowly recovering; and the shear stress T increases 

fairly abruptly to a maximum, also followed by a slower recovery 

downstream. So there the flow is accelerated, whilst the 

fluid ultimately is drawn back towards the symmetry line (l^, D < 0), 

in the Y-direction, and moves away from the body surface 

in the positive Z-direction. Trends roughly opposite to those near the 

wing's leading edge occur in the neighbourhood of the trailing edge, 

for a short wing. The trailing edge acts like a sink for the three- 

dimensional flow compared with the source-like role of the leading 

edge. See also §5 below. Finally, sufficiently far downstream 

the pressure overshoots to become positive again before decreasing 

back to zero, while the shear stress T undershoots to a minimum,
A

then increases to unity, and the displacement has an overshoot to a
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positive maximum before its fall back to zero. Thus fluid is 

eventually drawn towards the body surface C^^X< 0), in the Z 

direction, whereas it moves away from the symmetry line near the 

body surface (x^ > 0) although still approaching the symmetry 

(X-Z) plane at the edge of the viscous zone (D < 0). There is no 

evidence of the corridor phenomenon (8) far downstream.

Instead the flow returns to its original upstream state quite smoothly 
in general, a property which can be verified from an inspection 

of the transforms in (3.3).
2 2In the farfield, for (X +Y ) large, inviscid 

characteristics tend to dominate usually, since then in effect 

k, Z -*■ 0. Thus (3.3a-e) give, for example,

mcct*(o)(x2- y 2) / ( x 2+ y3)2 

D/hocf*(o)(-/y;  /  (x z + y2) z
( 3 . 5 a )

( 3 . 5 b )

1 * 4 -  ± 1

/with the wing acting as a point source (f*(0)), in those cases where
OO

/ f(X)dX is finite. The implied asymptotes for the curves of zero
—CO _

P, 5, T , T , D are noted in the captions for figures 2 ~  5
A. i

and agree reasonably well with the FFT calculations. The only 

nonuniformity in the farfield account occurs in the direct wake of the 

wing, when k ->■ 0 but & » with Z = 0C fk| ), in view of (3.3),
-1/3i.e. as X -»• “ but with Y = 0(X ) -*■ 0. There viscous effects

-1/3reassert their influence, but m  a region which thins like X
1 /3 .in the Y direction while expanding (as usual) like X in Z. This 

contrast with the flow over a three-dimensional hump is due to the 

two-dimensionality of the wing shape and the corresponding nature 

of the effective hump shape in (3.2): c.f. §4 below.

13 f



The secondary flows induced are also of concern and are 

sketched in Fig. 2. "The basis for this figure is the behaviour of 
6,  D, T , Tv  as X,Y vary, since these fix the flow patterns near 

and relatively far from the body surface. The overall trend 

initially is one of motion around the wing, as noted earlier.

Upstream the secondary flow is away from the symmetry line but towards
•frontthe body surface. Beyond the^g^fe of the wing the flow returns

toward the symmetry line but tends to be away from the body surface.

Further downstream secondary vortices are induced producing outward
motion near the body surface supplied by inward motion further out

and a wash of fluid down the wing surface/symmetry line.

Finally here, we turn to the central problem of the thin flat-

plate symmetric wing, taking the wing to be "long". Comments

on shorter cases are presented later in §5. The flat plate

induces an interaction by means of its boundary layer's (Blasius)

parabolic displacement, which acts as an effective wing thickness.
- 1/2 1/2The thickness is 0(Re x ) however and so provokes a pressure of

only 0(Re ^^x or 0(Re within the interactive scale at

the leading edge. This is too small, by a factor 0(Re to induce

a nonlinear wing-body interaction, therefore. Instead, a linearized

response occurs with the local wing shape being, in effect, exactly
(3.4b) (for all X > 0) and with the gauge factor h replaced by 

— 1 /  13̂  Re . Here 3̂  -  l m7Z02> from the Blasius layer, and the flow

structure remains intact with such a value of h. 

in Fig. 3  cover the flat-plate case also.

So the properties
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§4 FOR THREE-DIMENSIONAL WINGS (e.g. swept, tapered)
Swept-back or -forward wings are of considerable interest 

in practice and so an investigation of the influence of sweep at 
a wing-body junction is desirable. Again, a smoother more three- 

dimensional version of the junction would seem to resemble more closely 

many of the geometries that are made or occur in practice. Therefore 

below we take the thin wing to have a general three-dimensional form

y = f(x,z) (4.1)

whilst preserving the symmetry about the x-z plane (Fig.6).
The critical scalings of §2 remain intact for this case, 

whether the wing is short or long, but the results (2.1), (2.2a) 

apply no longer, since the wing condition on p is now 

Bp/aY(X,0+,z) = -Aa2f/3X2(X,z). Here f(x,z) = h Re"5/8 f(X,z). 

So the solution of Laplace's equation for p gives the pressure- 

displacement interaction

P(X,Y)

OO 00

J_ (32F/3g2-325/3g2)dgdTl
!lT J [(x-5)2+(Y-n)2]i

— 0 0  — O O

(4.2)

on the body surface, where
O O  O O

F**(k,£) = 2h
X = - o o  z=0

e-(k2+i2)ii-ik X f(x>-)dxd-

(4.3)

fixes the Fourier transform of the function F(X,Y). Then

(4.2), (4.3), with the boundary layer equations (2.2b-g), determine 
the local nonlinear flow interaction. Here in fact (4.3) defines 

the effective hump shape F, as in §3.
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For l i n e a r i z e d  mot ion ,  where h i s  s m a l l ,  we may use  

( 4 . 3 )  to  determine F, f o r  .a g ive n  th r e e - d im e n s io n a l  wing shape 

f ,  and then a p pe a l  d i r e c t l y  to the r e s u l t s  in ( 8 ) .  Hence 

( 3 . 3 a - e )  a r e  r e t r i e v e d  but  with F * *  now g iv e n  by ( 4 . 3 ) .  Two 

examples o f  i n t e r e s t  a r e  the swept wing and the t a p e r e d  wing or 

j u n c t i o n .  For the swept wing o f  sweep an g le  B, where 

f ( X , z )  = g (X -z tan B )  f o r  X > z tanB, f ( X , z )  = 0 f o r  X < z tanB,  and 

g(X) i s  the wing shape a d j o i n i n g  the body s u r f a c e  z = U+, ( 4 . 3 )  

y i e l d s

F * * ( k , «  ------ r — = - r  • ( 4 . 4 )
ik tan{3+(k +& ) 2

The s o l u t i o n s  fo r  the c o r r e s p o n d in g  i n t e r a c t i o n  are  p r e s e n te d  

in F i g . 7 ,  f o r  a p a r t i c u l a r  shape g ( X ) . Here a g a in  no c o r r i d o r  

emerges downstream. I t  i s  i n t e r e s t i n g  th a t  0 ( 1 )  sweep a n g l e s  B 

can be a n a l y s e d .  For the t a p e r e d  wing,  t y p i c a l l y  f ( X , z )  = g ( X ) ^ ^ ? }  

with g ^ ( z )  c o n t r o l l i n g  the degree  o f  t a p e r i n g .  As an example 

we took the e x p o n e n t i a l  form §2 ( 2 ) = e x p ( - a z )  (z  > 0 ) ,  with G a 

p o s i t i v e  c o n s t a n t ,  f o r  which ( 4 . 3 )  then g i v e s

7 8 i * ( k )F * * ( k , J D  • ( 4 . 5 )
cr+(k +S, ) 2

- V

n
5 3?



Fig. 7 also shows the interactive solutions in this case, for a 
particular wing shape g^(X). A corridor effect for Y of 0(1) is 

present downstream now as X increases, but its properties are 

different from those in (8) since here it involves no change in the

logarithmic, singularity as Y -> 0 which is smoothed out in the zone of

summarized in Fig. 7 .

Two unusual aspects of these flow solutions, compared with those 

of §3, are, first, the occurrence of a positive displacement effect in 

most of the flow ahead of each of the three-dimensional wings, before 

an abrupt decrease takes place immediately before the wing, and, second,

orders of magnitude of P , 6 , D , t  , T  . 'There is only a slight,A. I

the closed loops of constant displacement :,found

for the junction with a tapered wing. “The farfields can be deduced 

as for the earlier,two-dimensional,wings.



§5 FURTHER COMMENTS

The model studied above for the wing-body junction takes 

a rather simplistic geometry of course, comprising a thin two- 
or three-dimensional wing protruding normally from a flat body 

surface,with or without sweep. Yet such a model would seem to 

provide a reasonable first step towards understanding analytically 

the three-dimensional flow interactions possible. Indeed the flat plate 

example noted in §3 may be regarded as an obvious central problem 

to study. One would perhaps not expect these thin-wing models 

to bear much relation to the bluff wing-body configurations examined 
experimentally (J_-3) but nevertheless the measure of agreement on 

certain flow features is surprisingly good. In particular
toaxL

the linearized solutions always show tw o  maximum^deficitsin the stream-

wise (X) surface shear stress on the body taking place,just ahead
ami beyond Me -front o f

of^the wing, on the axis of symmetry, which suggests that (regular)
separation or flow reversal would tend to occur there first, in the

nonlinear regime. That, allied with the corresponding Y surface

shear stress patterns, forms a fairly clear connection with the

experimental, observation (_T_—_3_) of a separation line starting upstream
CU\cL o f  SGfXir&tio*. tfGOrxAtf&lnn 

of the wing and bending round i . Also, the strong secondary
flow patterns found here appear to be sensible physically and to
tie in generally with those reported in (J_-3), as fluid is forced

to move around the wing. Specifically, for turbulent flow

experiments, Fig.3 of ref .J _  compares most favourably with our

theoretical finding (Figs.2*"5") of a pronounced downwash on the wing

sufficiently far beyond the leading edge. For laminar flow the

experiments of ref. 2 (e.g. their Figs. 11-13, 17) also give cross-
flows similar to those found theoretically here. Qualitative



agreement continues to hold in comparisons with the classical 

boundary layer calculations of ref. 4, concerning both the 
separation line upstream (see their Fig^s.1, 5, 23) and the cross 

flow (their Figs. 8, 10, 28, 29), although there is a puzzling 
feature in the displacement thickness (their -ft'cj . 11) which shows 

an increase ahead of the wing rather than the decreases predicted 

theoretically (see our Figs, above). “The further experiments 

reported in ref.4 also tend to agree qualitatively with the present 

theoretical study.

In view of the particularly promising measure of possible

agreement overall above, it would be very interesting to see

the results of a numerical study of the nonlinear regime (2.2a-g)

when h is 0(1) or larger. Some other improvements in the models

taken can be made also, for instance (a) by adding in a hump shape

on the body surface to produce a smoother junction, (b) by considering

wings at nonzero angles of incidence, (c) by assuming three-
dimensional oncoming flow both along the body surface and away from

it, and (d) by considering wings with nonzero angles of dip. Here,

in (b), the critical angle of incidence (the angle between

the plane of the wing and the 3C —  2  ) is small, of
order Re , for a long thin wing since the induced pressure is of

- 1/2order O^x near the leading edge; whereas the effect of an

angle of dip a (the angle between the body surface and the

plane of the wing), in (d) above, is less drastic in the sense that

the flow structures found earlier in §2-4 remain appropriate

even for 0(1) values of o^, if the wing is thin. Both incidence
and dip introduce nonsymmetry into the wing-body interaction, however.

The development of the motion downstream,beyond the triple-deck 

at the leading edge,is also of concern. Many studies have been



made (e.g. 5_-jO of the well-developed similarity flow believed to

be achieved only as x -m » in a configuration such as that in Fig.l,

e.g. the flat-plate wing, but little or no research into the developing

flow properties holding for finite x > 0 is evident yet. There the

main flow structure becomes at first sight a relatively simple
- 1/2one, with Blasius boundary layers of typical thickness 0(Re )

(but different origins) astride the wing and the body except in a 
- 1/2 - 1/2classical 0(Re ) by 0(Re ) zone (Zl, say) near the x-axis where y 

and z-diffusion become comparable. This picture emerges from the 

leading edge properties of §2-4 as X -*■ +°°, since there viscous inter­

active effects concentrate in a zone (Z2) whose Z scale increases 

like but whose Y scale decreases like X (see §3). So the

y,z scales of Z2 are of order Re (Re x) , Re (Re ac) then
- 1/2respectively, and both become 0(Re ) as x becomes 0(1). Thus

zone Z2 merges into zone Zl downstream. It is striking that the

thickness of Zl in the y-direction must therefore appear unbounded 
-1 /3( oC x ) initially, as x -+ 0+. The remainder of the triple-deck 

interaction, outside zone Z2, has less influence downstream but its 

effects do persist nonetheless and they force a secondary flow in 

the two Blasius layers in x > 0. This interactive secondary flow 

is not mentioned in previous studies.

In addition, in cases where the leading-edge interaction
_3 /g

produces a corridor (wherein Y = 0(1)) downstream, an extra 0(Re )
_ 3 / g

by 0(Re ) zone is produced along the x-axis for x > 0, forming 

a buffer between the classical zone Zl and the Blasius layers. This 
corridor,which has been observed experimentally in flow over 

humps, could have a significant impact on the flow downstream.

Finally, again for the flat-plate wing, it is of practical
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interest to examine the trailing-edge motion. Suppose the wing

has chord length L, of order unity(see Fig. 8). For 0 < x < L,

and outside Z1, the two Blasius layers BL1, BL2 grow along the wing and

the body surface, after the mainly linear adjustment (§3) near the

leading edge x = 0. Near the trailing edge, x = L, more triple-deck

interaction therefore comes into operation. It has a predominantly

two-dimensional form (as in 9) on most of the wing, the prime
—3 / 8exception beinj at distances z of order Re from the body 

surface, where the flow interaction is three-dimensional and nonlinear 

for both the wing and body motions. There the flow adjoining the 

body surface satisfies the three-dimensional boundary layer 

equations (2.2b-g) again but with

~ 3/8X,X replaced by X^,X = Re (x-L) , (5.1)

in turn, where X^ is the incident reduced skin friction of BL2 

as x •+ L-, and 0 < X^ < X. The viscous layer on the wing (X < 0) 

and in its wake (X > 0) is also controlled by (2.2b-d,f,g), subject

to the replacements

(5.2)

for the rotation of axes, and to the usual lower deck scalings

again. Here X > 0 is the reduced skin friction of BL1 at x = L-, and

instead of (2.2e) we have the trailing-edge conditions

U = W = V = 0 at Y = 0, X < 0 (5.3a)
8U aw V = 0 at Y = 0, X > 0  . (5.3b)
BY 3Y

3 ^ 2
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The interaction between the two nonlinear layers of (5.1), (5.2) 

arises through their respective unknown pressures and displacements, 

P(X,Y), 6(X,Y) on the body and P(X,2), 6(X,2) on the wing, in 
scaled terms. These are linked via the three-dimensional potential 

flow in the upper deck, which requires that

P(X,Y)

P(X,3)

C O  C O

}_ [ [ (32F / 3£2-326/3g2)dSdn111 J J [(x-5)2+(Y-n)2]*
—oo —co 

OO 00

—CO -C O

(5.4a)

(5.4b)

where F(X,Y), F(X,Z) are given by the transforms

F**(k,A) = 2 -(k2+& e 2)22-ikX;6(X,2)dXd2,
X = o o  2 = 0

A

(5.4c)

F**(k,m) = 2 e~(k +m ) Y-ikX 5(x}y)dXdY, (5.4d)

x = - o o  y=0

*

similar to §4. In consequence the wing and body surface flows near 

the trailing edge affect each other about equally, in general (c.f. 
the leading edge, in §2-4, where the major interaction is one-way 

only) and a challenging, nonlinear, coupled three-dimensional problem 

is posed for the local flow adjustment. Some useful analytical 

properties can be derived however if the wing is relatively 
short, so that L is small. For then the Blasius layer BL1 has its 

skin friction enhanced, since



(5.5)

*

*

X
1 V

1
2

where T̂  = 0.33206... . Hence the three-dimensional triple-deck
associated with the wing surface, in (5.2), shrinks, by factors
5/8 ~ _ _L in all the X,Y,£ directions, and for £ of order unity the

trailing-edge motion becomes virtually planar (and as in 9). Indeed,

for X,Y,£ all of 0(1), i.e. in the three-dimensional upper deck

which controls the body surface motion, we have potential flow past

the classical planar displacement

S(x,e) 0 for X < 0

- B ^ ^ X ^ 3 for X > 0 ,

(5.6a)

(5.6b)

when L is small. Here B-j is a finite positive constant, and
(5.6b) describes the Goldstein (/0) near-wake. The irregularity

at X = 0± in (5.6a,b) is smoothed out when X is smaller, of order 
5/8L . The wing-body interaction of (5.1) - (5.4d) becomes mostly 

one-way again, and linear, since (5.4a) now yields (2.2a) with

A ____hf(X) 6(X,£) (5.6c)

The reverse effect, of the body on the wing flow is now diminished.
e

Hence the three-dimensional trailing-edge adjustment conside^l reduces 

to the linearized analysis of §3. The corresponding solutions for 

the body surface flow near the trailing edge are presented in 

fig.9- As expected, they are similar to those of §3 except that 

the - sign in (5.6b) alters all the signs involved. Thus, on the 

body surface, we obtain



decreased pressure
increased displacement ahead of |^e trailing 

edge, close to the

increased streamwise shear 

inw accL cross-flow shear

junction (5.7a)

decreased displacement 
increased pressure

decreased streamwise shear

o u t w a r d  cross flow shear

behind the wing , (5.7b)

almost directly

in the wake,

This tends to confirm the roughly equal but opposite effects of the 
leading and trailing edges described in §3. Also, there is no

from the earlier one at the leading edge. It also applies near the 

trailing edges of ̂ short flat-plate wings like those in §3, if the 

scaled chord length & there is large.

The displacement decrease in (5.7b), which is pronounced, and 

the associated pressure increase there, would appear to agree with 

physical expectations for the flow behind the wing.
A computational treatment for the nonlinear version of the 

trailing-edge junction flow, in (5.1)-(5.4d), would be of considerabl 

interest. Experimental studies of the central, flat plate, wing-body 

junction model (Fig. 8) could also be an aid to furthering our 

theoretical and physical understanding.

comments. Note that the above applies for L small but greater than 
- 3 / 80(Re ), so that the trailing-edge interaction remains distinct
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FIGURE CAPTIONS

Fig.l The junction formed by a thin symmetric two-dimensional

(2D) wing of length £ normal to the body surface (z = 0) and aligned

with the oncoming 2D uniform stream and body surface boundary layer

(0(Re 2)). The triple-deck "box", describing the 3D flow around

the juj^tion's leading edge for a long wing ( L = 0(1)), or about
—3 / 8the entire junction for a short wing (L = 0(Re )), is shown by dashed 

lines. See also Fig. 8 .

Fig.2 Linearized 3D flow solutions, for the 2D wing-body junction 

of (3.4a), showing curves of constant P,<S,D,T ,T and the typicalA Y
secondary flows and vortices produced. For the purposes of comparison,

the farfield asymptotes for the contours of level zero are at slopes

(Y/X) ofJ±l for P;®> for 6;0 and °° for D; approximately 4.8 and -0.67

for T̂ ', and approximately -2.4 and 1 for • Here the asymptotic slopes
stem tokUe

for zero P,D,(^directly from (3.3b), (3.5a,b) ,^those for

come from numerical evaluation of the real convolution integrals

implied by (3.3c,d) when k,& -+ 0.

Fig. 3 Linearized 3D flow solutions for (3.4b). Notation 

and secondary flow are as in Fig. 2.

Fig. 4 Linearized 3D flow solutions for (3.4c). Notation, asymptotes 

and secondary flow are as in Fig. 2.

Fig. 5 Linearized 3D flow solutions for (3.4d). Notation, asymptotes

and secondary flow are as in Fig. 2.



Fig.6 A characteristic body - 3D wing symmetric junction, with

sweep (angle 3) and tapering: see §4. Delta wings and other 3D effect

can also be dealt with.

Fig.7 Linearized flow solutions for the examples of 3D wings 

considered in §4, the swept wing ((a) - (e)) and the tapered 

wing ((f) - (j)). The sweep angle is 45°, with g(X)=X(l-X) for 

0 < X < 1, g(X) = 0 otherwise, in (a)-(e). The taper in (f)-(j) 
is for a = 2, with g^(X) = X(l-X) for 0 < X < 1, g^(X) = 0 otherwise.

Fig.8 Flow past the junction of a symmetric 2D flat-plate wing, 

of 0(1) chord L, and a flat body surface, showing the flow structure 

Idashed lines]. This is dominated by the leading edge and trailing 

edge 3D triple-decks (3D TD), the thinner classical 2D boundary 

layersBL1, BL2 and classical 3D boundary layer Zl, and the thin 
2D and 3D wakes. See §5. Similar structures apply 

for thicker and/or 3D wing-body junctions.

Fig.9 Linearized 3D solutions for P,6,D,tv ,tv near the trailingA. i
edge of the wing-body junction when the chord L is small (§5).



CHAPTER 10
CONCLUSIONS



Briefly, we have considered several problems, and, with the aid 

of modern high Reynolds number flow theory, attempted to elucidate 

the governing structures and some of the properties for these flows.

The work on free surface flows makes a start at addressing some of 
the fundamental questions in this area, such as the effects of viscosity 

and flow separation on the flow; the stability work presents some 

new results; lastly the work offers a rational means for discussing 

and gaining an insight into the complex flow near a realistic wing- 

body junction.

It was mentioned in the initial introduction that the triple­

deck, or multi-deck, approaches highlight the different physical 

balances and delineate the flow field into various regions. It is 

worth stressing that the overall flow properties depend on the inter­

action between these different regimes, and not sol^y on say, inviscid 

mechanics.
Finally, we hope that the present work will be improved and 

extended. In particular the nonlinear versions of the undeveloped 

free surface flow, and the wing-body junction, problems, merit 

further investigation.
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