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Abstract

Mitochondria are crucial organelles for complex cellular life: their dysfunction causes multiple

devastating heritable diseases, and is associated with healthy ageing. Cells possess a population

of mitochondrial DNAs (mtDNA) which are continuously turned over. Consequently, mtDNA

mutations may arise and expand throughout the cell. Here, we aim to use stochastic mod-

elling to deepen our understanding of mitochondrial populations, using inference techniques to

connect with data, to provide rational hypotheses for biomedical interventions.

Mitochondria are not static organelles: they form dynamic networks through organellar fusion

and fission. We provide the first analytically-derived bridge between mitochondrial genetics and

network dynamics. We show that the rate of increase in cell-to-cell variability in mitochondrial

mutant load, as well as the rate of de novo mutation generation, is modulated by the fraction

of mitochondria which are unfused from the mitochondrial network.

We suggest that cells respond to rising mutant load of a particular mtDNA mutant by initially

reducing in volume to maintain the density of unmutated mtDNAs and reduce power demand.

When a minimum cell volume is reached, we suggest that cells then switch to power supply

production through the induction of bioenergetic pathways.

A non-linear relationship between cell size and mitochondrial functionality has recently been

experimentally observed. We suggest that a metabolic scaling argument, combined with a

simple model of cell death, plausibly accounts for the observed non-linearity.

Finally, we explore how replication errors in nuclear DNA during neurodevelopment may seed

regions of pathologically mutated neurons in the adult brain. By modelling neurodevelopment

as a deterministic branching process, we infer the mutation rate during neurodevelopment from

a recent dataset. We extrapolate from our model to suggest that pathological islands consisting

of approximately 105 neurons may be common.
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1
Introduction

1.1 Basics of mitochondrial physiology

Mitochondria are double-membrane bound organelles of the cell, which are best known for their

role in converting molecules ultimately derived from food into a more fungible energy currency,

adenosine triphosphate (ATP), through a bioenergetic pathway called oxidative phosphoryla-

tion (OXPHOS). The turnover of ATP is high, around 40 kg per day for a resting human

[1], reflecting the profound importance of ATP in a wide range of cellular and physiological

functions. It is therefore, perhaps, unsurprising that mitochondrial dysfunction causes a range

of devastating heritable diseases [2], as well as being associated with neurodegeneration [3, 4],

cancer [5, 6], and healthy ageing [7, 8].

OXPHOS involves the transfer of high-energy electrons between enzymes of the electron trans-

port chain (ETC), from Complex I to Complex IV, which use this energy to pump protons across

the inner mitochondrial membrane. The resulting electrochemical gradient (or protonmotive

force) is used by the molecular motor ATP synthase (also situated in the inner membrane) to

convert adenosine diphosphate (ADP) and inorganic phosphate into ATP. Importantly, mito-

chondria possess their own small, circular genomes (mtDNA) which are held in multiple copies

per cell. MtDNA is much shorter than nuclear DNA (16.6 kb per molecule, whereas nuclear

DNA consists of 3.2 Mb per haploid genome, in humans), consisting of 13 protein-coding genes,

2 ribosomal RNAs and 22 tRNAs required for the translation of the mitochondrially-encoded

1



proteins [9].

Whilst nuclear DNA is replicated once per cell cycle in proliferating cells (i.e. cells which are

actively dividing), mtDNA is replicated and degraded continuously, even in quiescent (i.e. non-

dividing) cells. Replication errors during copying can give rise to de novo mutations, and

subsequent copying of mutated mtDNAs can cause them to expand amongst the intra-cellular

population of mtDNAs. Defining m as the number of mutated mtDNAs of a particular allele in

a cell, and w as the number of non-mutated mtDNAs, heteroplasmy is defined as the fraction

of mutated alleles per cell

h :=
m

m+ w
. (1.1)

Since both m and w are stochastic processes (i.e. random variables which vary with time),

due to the continuous replication and degradation of their corresponding mtDNA molecules,

mathematical understanding may provide insights into the nature of the time-evolution of

heteroplasmy, and therefore allow us to better understand the diseases which mtDNA mutations

can induce.

Another important aspect of mitochondrial physiology is that mitochondria are not generally

discrete, static, organelles (as they are often depicted). Rather, mitochondria continuously fuse

and fragment resulting in a dynamic network. The purpose of mitochondrial networks is not

fully understood, although it has been suggested that they serve to remove damaged organelles;

increase metabolic output through non-linearities involved in sharing of intra-mitochondrial

components; and dampen biochemical fluctuations [10].

1.2 Mitochondrial heterogeneity

Since mitochondria form a dynamic intra-cellular population, as discussed above, there exists

potential for features of mitochondrial physiology to be variable within and between single cells.

We define mitochondrial heterogeneity as (1) the variation of a mitochondrial feature within

the mitochondrial population of a single cell, and (2) the variation of a mitochondrial feature,

potentially aggregated at the per-cell level, between supposedly identical cells. Mitochondrial

heterogeneity is a theme which is present throughout this thesis. In this section, we present a

review of the literature in the field of mitochondrial heterogeneity, and indicate how the work

in subsequent chapters is placed within the broader literature.

Inter-cellular heterogeneity, in a more general sense, plays central functional roles in a vari-

ety of biomedically important phenomena, such as development [11, 12], virus infection [13],

2



chemotherapeutic resistance [14, 15] and gene expression in ageing [16]. Inter-cellular hetero-

geneity may arise from the intrinsically stochastic nature of cellular processes including gene

transcription [17, 18], but also from ‘extrinsic’ sources such as the cell cycle [19] and partitioning

noise [20–22].

Mitochondrial heterogeneity has been found to be a strong contributing factor to extrinsic

cellular noise. Das Neves et al. [23] and Johnston et al. [24] found that mitochondrial mass,

scaled by mitochondrial membrane potential, correlates strongly with global transcription rate

at the single-cell level (also accounting for ∼ 50% of the heterogeneity observed in protein levels

[25]). Since global transcription rate has diverse implications for cellular function [26], this pro-

vides compelling evidence for the importance of mitochondrial heterogeneity as a contributor

to cellular noise. Indeed, mathematical modelling predicted that mitochondrial functional-

ity influences stem cell differentiation [24], which has received experimental support [27–29].

Furthermore, mitochondrial heterogeneity has been directly associated with cell-to-cell hetero-

geneity in chemotherapeutic resistance in mammalian cells [15, 30, 31], as well as proliferation

rate and drug resistance in yeast [32]. The importance of metabolic noise is also becoming

recognised in prokaryotic systems [33, 34].

Since individual cells consist of a population of mitochondria, intra-cellular heterogeneity may

exist and may give rise to inter-cellular heterogeneity. Mitochondria also display a rich phys-

iology, apart from genetic aspects. We therefore partition our discussion into genetic and

non-genetic sources of mitochondrial heterogeneity and indicate their inter-dependence through

genotype-phenotype links (Figure 1.1). This thesis is biomedically focussed, so we will empha-

sise findings in humans and model organisms used to study human disease such as mouse, fly,

worm and yeast. We provide a necessarily non-exhaustive discussion of recent developments in

these topics, and point out potential areas for future development.

1.2.1 Genetic sources of mitochondrial heterogeneity

Genetic and non-genetic sources of mitochondrial heterogeneity are not independent. Variation

in the amount and sequence of mtDNA affects the number and sequence of corresponding

transcripts, eventually affecting respiratory output (although these relationships may be non-

linear [35–37]). Conversely, the non-genetic state of the cell may affect the mitochondrial

genetic state, for instance AMP/ATP ratios may alter mitochondrial biogenesis and autophagy

(mitophagy) rates [38]. Variation in mtDNA turnover rates have the potential to affect not

only mtDNA copy number but also heteroplasmy (see Eq. (1.1)) through random genetic drift

3



Figure 1.1: Sources of mitochondrial heterogeneity from genetic, non-genetic and epigenetic mitochon-
drial sources. (A) Potential sources of mitochondrial genetic heterogeneity. i) A proliferative cell which doubles
in volume is expected to replicate its mtDNA complement by approximately ×2 to avoid dilution, which may con-
found measurements of copy number heterogeneity; noise at partitioning is thought to be somewhat suppressed.
The extent of copy number heterogeneity in quiescent cells, and its consequences, are not fully understood. ii) A
cloud of mutations around the consensus sequence is expected given a finite mtDNA mutation rate; we term this
‘microheteroplasmy’. The actual mutant proportion for most mutations is expected to be very small in reality. iii)
In the more canonical case, ‘macroheteroplasmy’, a deleterious sequence (such as a deleterious single nucleotide
polymorphism or deletion, red circles) induces a pathological phenotype above a threshold heteroplasmy. By con-
trast, intermediate heteroplasmy has been observed to induce large fitness disadvantages but homoplasmy does
not, indicating discord between the two alleles. (B) Potential sources of mitochondrial non-genetic heterogeneity;
(i-iv) vary at the intra-cellular level, whereas (v-vi) vary between cells. i) MtDNA sequence variation can induce
variation in the structure of corresponding proteins. ii) Cristal structure is variable and physiologically regulated to
control respiratory output. iii) A landscape of supercomplex stoichiometries exists. iv) Spatially-restricted, tran-
sient, depolarisation/repolarisation cycles of the mitochondrial network are observed. v) The extent of mitochon-
drial fragmentation influences heteroplasmy dynamics (see Chapter 2). vi) Intercellular heterogeneity in mitochon-
drial membrane potential has been shown to be an important source of cellular noise. vii) There are numerous
other sources of non-genetic heterogeneity: from distinct spatial niches to ER-mitochondrial interactions. (C) Po-
tential sources of mitochondrial epigenetic heterogeneity. i) MtDNA is observed to undergo epigenetic modification
by methylation, although the physiological significance of this is uncertain. ii) Oxidative damage to mtDNA nu-
cleotides may cause transcriptional errors.
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[39–43], as we discuss below.

1.2.1.1 Inter-cellular mtDNA copy number appears to be under homeostatic

control

MtDNA copy number appears to be under homeostatic control. A potential source of mito-

chondrial genotypic heterogeneity is simply the quantity of mtDNA per cell. A proliferating

cell is expected to increase its complement of mtDNAs by a factor of 2 over the cell cycle,

and noisily partition those molecules upon division [22] (Figure 1.1Ai). However, a number of

studies suggest that cytoplasmic mtDNA density is tightly controlled in a variety of replicating

cell types. Work in HeLa cells [44] and budding yeast [45] have indicated that mitochondrial

volume increases approximately in proportion to cytoplasmic volume. Studies in proliferative

human cell lines [46, 47], budding yeast [48] and fission yeast [49] have shown that the distribu-

tion of inter-nucleoid spacings is significantly perturbed from random, suggesting that mtDNA

density is controlled in proliferating cells. Indeed, mathematical modelling using a constant

mitochondrial density [24] was able to explain a range of single-cell data for replicating cells

[23].

Interpretation of apparent mtDNA copy number homeostasis. The conservation of mitochondrial

density is somewhat surprising, given that mitochondrial density is a potential axis for cells to

control power production in response to differing demands, especially in the context of differing

cell volume. Smaller cells have a larger surface area to volume ratio, therefore power demand is

not expected to scale linearly with cell volume. In Chapter 4, in light of a recent experimental

study [50], we discuss how cells may instead modulate their mitochondrial membrane potential,

rather than their mtDNA density, to satisfy cellular demands in mammalian cells, perhaps

affording the cell more control since membrane potential may change on a faster timescale than

mtDNA biogenesis. The extent to which mtDNA density homeostasis holds in the absence of

cell volume variation driven by the cell cycle, i.e. quiescent cells, has yet to be carefully explored

(Figure 1.1Ai) despite its relevance for mosaic dysfunction in ageing post-mitotic tissues [7].

Pathological consequences of loss of mtDNA copy number homeostasis. A variety of nuclear

mutations which induce defects in mtDNA maintenance cause mitochondrial depletion syn-

dromes; these are severe disorders and clinically diverse in their physiological impact [51].

Conversely, it has been shown that increasing mtDNA copy number can rescue male infertility

in mice engineered to accumulate mtDNA mutations, despite unaltered heteroplasmy [52, 53].

In Chapter 3, in light of a recent study [37], we discuss how failure to maintein homeostasis
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in the density of functional mtDNAs may underlie the pathology of one of the most common

mtDNA mutations associated with mitochondrial disease (3243A>G tRNA mutation). Indeed,

assuming constant mitochondrial functionality, the study of Johnston et al. [24] predicts that

a reduction in mtDNA density results in lowered ATP concentrations, which results in lowered

transcription rate [23]. These studies highlight the potential pathophysiological relevance of

maintaining mtDNA density homeostasis.

1.2.1.2 Intra-cellular mutations in mitochondrial DNA are a source of geno-

typic heterogeneity

MtDNA mutation as a source of heterogeneity. Mitochondrial DNA is replicated and degraded,

even in non-proliferating tissues, which generates opportunities for mtDNA mutations to arise

and proliferate. Studies of mtDNA mutation spectra in humans have suggested that point

mutations predominantly arise from replication errors [54–56] as opposed to oxidative damage

[57, 58], as is also the case for the “common” 4997 bp deletion [59].

Intra-cellular mtDNA mutation as a source of heterogeneity. Finite mutation rates during

replication of mtDNA are expected to give rise to a set of closely-related sequences which do

not all necessarily maximise fitness [60, 61]. Therefore, at the intra-cellular level, we expect

to observe mtDNA sequence diversity (see e.g. [62]). Recent experimental work in primary

cultures of mouse neurons and astrocytes has shown this to be the case [63]. The authors

found 3.9±5.7 single nucleotide variations (SNVs) (± standard deviation) per mitochondrion

[63], with a mitochondrion expected to contain around 5 molecules of mtDNA [64]. We use the

term ‘microheteroplasmy’ to denote abundant ultra-low heteroplasmic mutations within single

cells (Figure 1.1Aii).

Pathological consequences of microheteroplasmy. Whilst the pathological implications of per-

vasive microheteroplasmy remain unclear, comparisons could be drawn to experiments where

a naturally occurring, but foreign, mtDNA haplotype is introduced into a cell with which it

has not co-evolved. Increasing genetic distance amongst haplotypes has been shown to induce

tissue-specific selective pressures in mice [65], and heteroplasmy between otherwise healthy hap-

lotypes have been shown to induce fitness disadvantages [66, 67], as corroborated by bottom-up

mathematical modelling [68]. Recent work has shown that such fitness disadvantages may be

mediated through oxidative damage [69] (Figure 1.1Aiii).
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Figure 1.2: Factors influencing random genetic drift of mtDNA. Heteroplasmy (h, see Eq. (1.1)) is not gen-
erally constant between cells: it is a random variable and yields a distribution of cellular states. If the consensus
and variant alleles experience the same instantaneous birth and death rates per cell, then the heteroplasmy distri-
bution is subject to ‘neutral drift’. Neutral drift is characterised by the increase in variance of the heteroplasmy
distribution with time. It is thought that when cells exceed a particular threshold heteroplasmy, a pathological phe-
notype may be expressed (red bars). Therefore, the number of pathological cells may increase with heteroplasmy
variance. Mathematical modelling has shown that the rate of increase of heteroplasmy variance (V(h)) increases
with mitophagy rate, as higher turnover provides more opportunities for replication of either allele and cause a
change in h. V(h) decreases with copy number, since large populations are more robust to fluctuations. V(h) is
maximal when mean heteroplasmy is 0.5, and diminishes as one allele dominates over the other. In Chapter 2, we
show that mitochondrial network fragmentation can rescale the genetic drift rate.

1.2.1.3 Inter-cellular mutations in mitochondrial DNA are a source of geno-

typic heterogeneity

Cell-to-cell heterogeneity in heteroplasmy increases linearly with time. Another consequence of

the finite mutation rate of mtDNA, and its stochastic turnover, is that mutations will occasion-

ally drift to very large heteroplasmies simply by genetic drift [39, 70], i.e. ‘macroheteroplasmy’

(Figure 1.1Aiii). Cell-to-cell heterogeneity in heteroplasmy (heteroplasmy variance) therefore

widens through time. Certain deleterious mutations may therefore drift to high levels of hetero-

plasmy and cause pathology [35] (see Figure 1.2). Theoretical work predicts that heteroplasmy

variance increases approximately linearly, and increases with the rate of mitophagic turnover of

mtDNAs [43, 71], but decreases with total mtDNA copy number with a non-linear dependence

upon mean heteroplasmy [43]. A linear increase in heteroplasmy variance with time has recently

been observed in mouse oocytes, and over pup lifetimes [72]. Mathematical modelling has sug-

gested that increasing heteroplasmy variance might increase the energetic cost of maintaining

a tissue [68].

Heteroplasmy variance and selective thresholds may counter the progressive increase in mu-
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tant load during development. Increases in heteroplasmy variance can also purge mitochondrial

mutations when combined with selection, as observed between generations in the human mito-

chondrial bottleneck [73–75]. During development, through a reduction of cellular mtDNA copy

number, heteroplasmy variance is increased. When combined with a selective apoptotic thresh-

old, whereby cells above a heteroplasmic threshold undergo cell death, mean heteroplasmy can

be reduced. The mechanisms and timings of the mitochondrial bottleneck are debated [76–

79]; however, stochastic modelling has shown that several proposals are compatible with the

induction of heteroplasmy variance through a combination of random mtDNA partitioning at

division and passive turnover of mtDNA [43, 73, 80].

Clonal expansions of mitochondrial mutations with age have pathological consequences. Mito-

chondrial mutations which survive the bottleneck can result in severe congenital diseases [2],

and accelerate ageing in the case of severe mutant loads in mice [81]. Under physiological con-

ditions, mtDNA mutations are also observed to accumulate with age across tissues in humans

[7, 82–86]. The extent to which mtDNA mutations present at birth, versus somatic mutation

post-development, contribute to healthy ageing remains open (although the vast amount of

DNA replication during development itself is likely to seed and expand a number of potentially

pathological mtDNA mutations, as explored in Chapter 5). Mitochondrial mutations which

arise and focally expand post-development in skeletal muscle contribute to pathological age-

related loss in muscle mass [87–89]. In the case of human muscle fibres of healthy individuals,

the number of fibres exhibiting electron transport chain (ETC) abnormalities increases from

approximately 6% at age 49 to 31% at age 92 [88]. Serial sections through laser-captured

single skeletal muscle fibres showed that heteroplasmy in mtDNA deletions may exceed 90%

[88]. Deletion mutations have been associated with local fibre atrophy and breakage in mice

[90, 91] and rhesus monkeys [87] (although the causative role of mtDNA mutations in ageing for

shorter-lived animals is contested [92, 93]). It is noteworthy that mitochondrial dysfunction in

a particular tissue is able to induce stress responses in distal tissues through the mitochondrial

unfolded protein response [94–96] and other hormonal signalling pathways [97, 98], suggesting

potential organism-wide consequences of focal mitochondrial mutations. The development of

novel, quantitative, dyes for electron transport chain (ETC) deficiency may allow more refined

measurements of the causes of deletion proliferation in somatic tissues in the future [99, 100].

Inter-cellular mitochondrial exchange as a physiological means to slow heteroplasmy variance.

Mitochondria have been observed to be transferred between cells [101, 102], as has the inter-

cellular transfer of other organelles [103]. Several mechanisms by which mitochondrial transfer

is achieved are known, including tunnelling nanotubes and microvesicles, amongst others [102].
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Intercellular mitochondrial exchange has largely been understood through in vitro experiments

[62, 101, 104]; however, recent developments have shown the effect to also be relevant in vivo

e.g. [104–106]. For instance, Islam et al. [105] have shown that mouse mesenchymal stem cells

(MSCs) are able to release microvesicles containing mitochondria, and protect against sepsis-

induced acute lung injury in mice. It has also been suggested that astrocytes can donate

mitochondria to neurons after stroke [107], although interpretations of these data exist which

do not require mitochondrial exchange [108]. In terms of mitochondrial genetic dynamics, inter-

cellular exchange of mtDNA appears to slow down heteroplasmic drift [62] and thereby reduce

cell-to-cell mitochondrial genetic heterogeneity. It is possible that inter-cellular exchange of

mitochondria, and mitochondrial DNA, is an evolved mechanism to ameliorate heteroplasmy

variance and therefore the build-up of cells with pathological levels of heteroplasmy. Under-

standing the extent to which mitochondrial exchange buffers against a build-up in mitochondrial

heterogeneity in vivo is a further avenue for research.

Gene therapy as a means to therapeutically control heteroplasmy distributions. Gene-editing

technologies targeted at the mitochondrial genome are under development [109–112]. Such

technologies sequence-specifically bind and cleave mitochondrial DNA, which is subsequently

degraded rapidly [113]. Mathematical modelling of mitochondrially-targeted gene therapies

predicts that tissues with high mean heteroplasmy and large heteroplasmy variance are generally

more difficult to treat [68]; there is therefore a close link between these promising therapeutic

technologies and inter-cellular heterogeneity in heteroplasmy.

1.2.2 Non-genetic sources of mitochondrial heterogeneity

Apart from the mitochondrial genome, there are many non-genetic properties of mitochondria

which can vary. One such property, which is particularly clear, is ETC protein structure which

is influenced by sequence heterogeneity in mtDNA (Figure 1.1Bi) – this being a potentially

important source of both intra- and inter-cellular variability. Other non-genetic differences in

mitochondria can include mitochondrial membrane composition/structure, ion content, mem-

brane potential and network structure. Intra-cellular spatial heterogeneity through the exis-

tence of sub-cellular mitochondrial niches [114–116], e.g. perinuclear vs. peripheral locations,

has been highlighted as an important axis of mitochondrial heterogeneity by previous authors,

see [117]. Below, we discuss several other aspects in which non-genetic attributes of mitochon-

dria may vary, and the potential pathological consequences of such variation. We also draw

attention to how non-genetic heterogeneity may be driven by, or drive, genetic heterogeneity
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through genotype-phenotype links.

1.2.2.1 Stoichiometric and structural heterogeneity in the inner mitochon-

drial membrane as a potential amplifier of the genotype-phenotype

link

MtDNA genotype as a driver of IMM phenotype. The inner mitochondrial membrane (IMM)

is heterogeneous in both its composition and its topology. The connection between the inner

mitochondrial membrane and the mitochondrial genotype is particularly relevant since mito-

chondrial DNA is situated in the mitochondrial matrix and in close proximity to the IMM [118].

Consequently, one might expect mtDNAs to affect their local respiratory units more than distal

mtDNAs [119], thus allowing greater control of respiration at a local level [120–122]. Below

we discuss aspects of how IMM physiology may generate mitochondrial heterogeneity, and how

cardiolipin may act as a sensor of the mitochondrial genotype. We discuss how cardiolipin

reacts to differences in reactive oxygen species (ROS) production and pH, and may amplify the

mitochondrial phenotype through supercomplex formation and cristal structure.

Mitochondrial supercomplex stoichiometry as an axis of IMM heterogeneity. The stoichiometry

of respiratory units within the IMM can vary, since respiratory units organise into supramolec-

ular structures termed supercomplexes [123, 124] (Figure 1.1Biii). A variety of supercomplex

stoichiometries exist in mammalian cells [123, 125] as well as free resipriatory subunits [123].

The ‘plasticity model’ has therefore been suggested [126], whereby a landscape of combinations

between respiratory complexes coexist. Dysfunction in the assembly of mitochondrial super-

complexes results in decreased muscle activity and heat production in the cold due to reduced

CIV activity [127], showing that supercomplex assembly is required for fully-functional respira-

tion. Consequently, dysfunction in supercomplex assembly could affect mitochondrial quality

control pathways and influence the mitochondrial genotype.

Cristal structure as an axis of IMM heterogeneity. The topology of mitochondrial membranes

are heterogeneous [124, 128]. Notably, ATP-synthase forms dimers in the inner mitochondrial

membrane (IMM) which often arrange into micron-scale rows, which are associated with high

local curvature to form mitochondrial cristae [129, 130]. Recent work has suggested that the

mitochondrial fusion protein OPA1 stabilises ATP synthase oligomers by modulating cristal

shape [131]. Crista membranes show an enrichment of respiratory complexes relative to the in-

ner boundary membrane [132, 133], and it has been suggested that cristae exist to increase the

packing density of respiratory units [134]. Individual cristae are morphologically heterogeneous
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in mammalian cells [135], and can be modulated in response to altered metabolic demands

[136]: cristae become narrower in mammalian cells in response to starvation [137], suggesting

that cristal shape influences respiratory efficiency, perhaps by modulating local substrate con-

centrations [138] (Figure 1.1Bii). Remodelling of mitochondrial morphology occurs during cell

death [139, 140], whereby supercomplexes and dimers of ATP synthase disassemble and cristal

structure becomes disorganised [141], allowing the release of cytochrome c (an electron carrier

of the ETC) to trigger the intrinsic cell death pathway [142] (although the importance of crista

remodelling for cytochrome c release has been questioned [143]). The intimate connection be-

tween mitochondrial physiology and cell death provides insight into the recent observation that

mitochondrial heterogeneity can partially explain variability in chemotherapeutic resistance

[15].

Cardiolipin is necessary for supercomplex and crista stabilisation. Cardiolipin is a phospholipid

found in the inner mitochondrial membrane, and stabilises both supercomplexes and cristal

structure. When exposed to a pH gradient, cardiolipin-containing lipid vesicles spontaneously

form crista-like membrane invaginations [144, 145], thus providing a connection between res-

piratory activity and cristal shape. Furthermore, flies with deficient cardiolipin levels show

reduced ATP synthase abundance in high-curvature regions of cristae, resulting in disorganised

cristae, cardiac insufficiency, motor weakness and early death [146]. In yeast, cardiolipin has

been shown to be necessary for supercomplex stabilisation [147, 148]. Indeed, patients with

Barth syndrome who are deficient in cardiolipin due to a mutation in the tafazzin gene show

both aberrant crista formation [146] and reduced supercomplex formation [149].

Cardiolipin as a potential amplifier of mtDNA heterogeneity through alterations in pH and ROS

generation. Cardiolipin is particularly susceptible to damage by ROS. In isolated bovine mito-

chondria, ROS exposure resulted in loss of CI activity, but exogenously added cardiolipin could

restore CI activity [150]. It has recently been shown that a mitochondrially-targeted antiox-

idant (MitoQ) is able to increase cardiolipin expression and content in liver mitochondria of

rats fed on a high-fat diet, resulting in increased mitochondrial functionality and ATP synthase

activity [151]. Together, this suggests that mitochondrial dysfunction, which alters pH gradi-

ents across the IMM and ROS production, can cause cristae to become disorganised and affect

supercomplex assembly via cardiolipin, potentially resulting in further loss of mitochondrial

efficiency and ROS production. It is possible that heterogeneity in pH and ROS production,

for instance through mtDNA mutation heterogeneity [122], could be amplified through such

mechanisms and thus strengthen the genotype-phenotype link between mtDNA and their local

respiratory complexes.
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1.2.2.2 Mitochondrial membrane potential heterogeneity, mitochondrial net-

works and mitochondrial genotype

Inter-cellular mitochondrial membrane potential heterogeneity as a predictor of cell-physiological

heterogeneity. The inner membrane potential (∆Ψ) is an indicator of mitochondrial functional-

ity, generated by the ETC, which drives the synthesis of ATP by ATP-synthase. Mitochondrial

output is highly sensitive to ∆Ψ: a 14 mV change in ∆Ψ corresponds to a 10-fold change in

the maximum ATP/ADP ratio [152], where ∆Ψ typically ranges between 150-180 mV [153].

As discussed above, mitochondrial mass scaled by ∆Ψ has been shown to explain much of the

variation in transcript elongation rate [23, 24] and protein noise [25], as well as predicting phe-

nomena such as cell cycle duration [24] and chemotherapeutic resistance [15] (Figure 1.1Bvi).

Calcium and pH transients mediated by the mPTP as determinants of intra-cellular ∆Ψ fluc-

tuations. In addition to inter-celluar ∆Ψ heterogeneity, individual mitochondria have been

shown to undergo transient depolarisation/repolarisation cycles, termed ‘flickers’ in mammals

[154, 155] or ‘pulses’ in plants [156] (Figure 1.1Biv). In mammalian cells, flickers range from

<10 mV to >100 mV [155] and appear to be regulated by the mitochondrial permeability tran-

sition pore (mPTP), although other mechanisms have been identified [117]. The mPTP is a

non-selective mitochondrial channel that induces cell death when open for prolonged periods

[157]. Short openings of the mPTP induces efflux of Ca2+ ions; Ca2+ being a stimulant of the

tricarboxylic acid cycle and modulates ATP production [158]. Transient Ca2+ efflux induces

transient mitochondrial membrane depolarisation [159]. Transient opening of the mPTP has

also been correlated with circularly permuted yellow fluorescent protein (cpYFP) fluorescence

[160], which is associated with transient increases in pH (i.e. loss of protons) in the mitochon-

drial matrix [161, 162]. Such events were correlated with transient mitochondrial membrane

depolarisation [160]. Since mPTP activity is, by definition, unselective (‘permeability transi-

tion’), the mPTP ought to dissipate any gradient; yet, alkalisation of the mitochondrial matrix

is observed to correlate with mPTP opening [160–162], indicating that the inner membrane

must be sealed for protons during the event. Hence the correlation between the opening of

the mitochondrial pore and transient increases in matrix pH may potentially be mediated by a

selective mode of the same pore. Flickers have been shown to exist in mouse astrocytes and are

enhanced by both neuronal activity and ROS production [163]. Hence, transient depolarisation

cycles mediated by mPTP appear to be a means of regulating metabolic rate, and perhaps

ROS production, at an intra-cellular scale in vivo.

Mitochondrial membrane potential influences mitochondrial genotype through quality control.
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The canonical means by which mitochondrial membrane potential feeds back into the genetic

state is through mitophagy and mitochondrial network dynamics [164]. Mitochondria are not

static organelles but undergo dynamic fusion and fission, the purpose of which is incompletely

understood [10]. In rat pancreas cells, it has been shown that fission often results in a daughter

mitochondrion which has a lower ∆Ψ than its sister [164]. These depolarised mitochondria

have a lowered propensity for fusion, and are more likely to be degraded [164]. Selective

fusion, when combined with non-selective mitophagy, is sufficient to preferentially degrade de-

polarised/damaged mitochondria [10] (see also Chapter 2), although the selective strength of

mitophagy itself is not yet fully understood. The extent to which mitochondria which are de-

graded via selective/non-selective forms of mitophagy possess mitochondrial genomes which are

perturbed from the consensus sequence also remains incompletely understood [165]. However,

if depolarised mitochondria are more likely to be perturbed from the consensus mitochondrial

sequence, mitochondrial quality control mechanisms would exert a negative selective pressure

against variant alleles. Indeed, negative selection pressures have been observed in human tis-

sues [166] and at the intracellular level in mice [63], which may be due to a combination of

mitochondrial networks and mitophagy. In Chapter 2 we explore the relationship between

mitochondrial networks and genetics in greater depth.

1.2.2.3 Mitochondrial complementation may dampen the genotype-phenotype

link but its extent is incompletely understood

Mitochondrial complementation is thought to partially buffer genotype-phenotype links via the

threshold effect. Mitochondrial ‘complementation’ consists of mitochondria sharing their con-

tents through fusion-fission events, and potentially complementing each others’ genetic defects

[167–170]. This is supported by experiments involving photoactivatable fluorescent proteins

which show that intra-mitochondrial contents mix over time [164, 171]. Inhibition of fusion and

fission have also been shown to induce heterogeneity in the distribution of aged mitochondrial

proteins [172]. Beyond depending on fission and fusion rates, and the degree of mitochondrial

mobility, the strength of complementation is closely linked to the diffusivity of the mitochon-

drial matrix: if the matrix is a high-diffusivity environment then gene products are expected

to be promiscuous within the matrix and not remain local to their parental mtDNA. There-

fore, in cells heteroplasmic between wild-type and a pathological mutant, healthy versions of

any particular transcript would be found in the matrix. The idea of complementation is also

closely linked to the mitochondrial threshold effect [35, 173], whereby complementation effects

allow cells to withstand large levels of mutant load (60-90%, [35, 174, 175]) before displaying a
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respiratory defect.

Mitochondrial complementation remains incompletely understood. Much of the progress in un-

derstanding mitochondrial complementation derives from cell fusion studies where cells harbour-

ing different mtDNA mutations are fused, and mitochondrial functionality recovers through

sharing of transcription products [170, 176, 177]. Such experiments highlighted physiologi-

cal subtleties which remain incompletely understood. For instance, the experiment of Ono

et al. [170] between cells harbouring two different mt-tRNA mutations required an adaptive

period of 10-14 days before respiratory activity was restored – the reason for this was not

fully understood. Furthermore, cell fusion studies between cells harbouring partially-functional

(3271 T>C) and completely dysfunctional (3243 A>G) mitochondrial tRNA-Leu mutations

resulted in a sigmoidal relationship between heteroplasmy and COX-activity, whereas a linear

relationship was observed for simple co-culture between the two cell types [178], which was not

fully understood. In contrast to the experiment of Ono et al. [170], an experiment by Gilkerson

et al. [176] between two non-overlapping mitochondrial deletions showed recovery of MTCO2

protein production on a relatively fast timescale (4 days). Furthermore, Gilkerson et al. [176]

found that fused cells cycled between heteroplasmic and homoplasmic states during long-term

culture, despite being on a medium which mildly selected for mitochondrial function (but still

allowed ATP production through glycolysis). Yet, a straightforward interpretation of comple-

mentation would suggest that heteroplasmic states would show maximal fitness. This effect was

originally explained as a tension between a neutral genetic drift effect, deriving from the as-

sumption that nucleoids possess several mtDNAs [179], and selective pressure for heteroplasmy

[176]. However super-resolution microscopy studies have revealed that nucleoids harbour only

1-2 mtDNAs per nucleoid [180, 181]. It is possible that large drift rates could be explained

by the passive partitioning of very large clusters of genetically homogeneous mtDNA at cell

division. Furthermore, active asymmetric apportioning of damaged or aged mitochondria has

been observed in yeast [182] and stem cells [183] (which has been shown to influence cellular

fate decisions in immune cells [184]); therefore, active mechanisms of asymmetric apportion-

ing of mitochondrial genomes may also exist. Cycles between heteroplasmy and homoplasmy

highlight an area for future experimental and theoretical investigation.

Restricted diffusion in the IMM may inhibit complementation. Experiments by Wilkens et

al. [185] fused HeLa cells with mitochondrially-targetted fluorescent proteins of differing colours

to investigate the extent of mitochondrial diffusivity. The authors found that, through cycles

of mitochondrial fusion and fission, IMM proteins appear to experience slow diffusion rela-

tive to the outer mitochondrial membrane, and retain cristal structure [171]. Consequently,
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complementation may be diminished since gene products may remain local to their parental

mtDNA [119], allowing local control of respiration [120–122]. This is supported by the obser-

vation that mitochondrial transcripts are particularly concentrated around mtDNA [186]. The

idea of a local enrichment of tRNAs around the parental mtDNA is used in Chapter 3 and is

compatible with a diverse set of omics data [37]. Hence, restricted complementation and local

phenotype-genotype links appear to be explanatory.

1.2.3 Other sources of mitochondrial heterogeneity

We note that, apart from genetic and non-genetic heterogeneity, mitochondrial epigenetic mod-

ification is also a potential layer of heterogeneity (Figure 1.1C). Mitochondrial DNA can un-

dergo methylation [187]; although its physiological impact is still being unravelled, it has been

suggested that methylation may regulate mtDNA gene expression [188]. Furthermore, whilst

oxidative damage to mtDNA nucleotides have classically been known for their potential role

in mutagenesis, it has been proposed that the formation of 8-OHdG, which is a ROS-modified

version of guanine, induces mitochondrial mutations at the transcriptional level [189] and may

be responsible for premature ageing phenotypes in mice bred to rapidly accumulate mtDNA

mutations [52, 190, 191]. Further downstream sources of mitochondrial heterogeneity, such as

translation errors, have also been shown to have physiological consequences in budding yeast

[192]. Therefore, there exists a variety of potential mechanisms downstream from mtDNA

mutation, which are nevertheless constrained by mtDNA, which may be able to explain the

age-related functional decline of mitochondria in shorter-lived animals [193, 194] where direct

mtDNA mutations might not [92, 93].

1.3 Outline

As discussed in Section 1.2, multiple aspects of mitochondrial physiology display heterogeneity.

To understand the significance of mitochondrial heterogeneity, we may use mathematical tools

such as stochastic modelling, as well as inference to connect with data, allowing us to constrain

our models and improve our understanding. This thesis focusses on the role of mitochondria in

human health and disease through the application of stochastic modelling and inference. Our

discussion of mitochondrial heterogeneity in Section 1.2 has appeared as a pre-print on ArXiv

and has been submitted for publication [195].

In Chapter 2, we provide the first analytic treatment to bridge mitochondrial genetics with
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network dynamics. We show for a wide range of neutral models of mtDNA genetics that the

rate of increase of heteroplasmy variance, and the rate of accumulation of de novo mutations,

is proportional to the fraction of unfused mitochondria, independently of absolute fission-fusion

rates. We then relax the assumption of neutral genetic dynamics to explore the role of mito-

chondrial networks in the context of genetic selection. We find that intermediate fusion/fission

ratios are optimal for the clearance of mtDNA mutants. We use our findings to suggest that

promoting fusion when mean heteroplasmy is low may serve to slow random genetic drift, which

could be potentially therapeutic for mitochondrial disease and healthy ageing. This chapter

has appeared as a pre-print on BioRxiv and has been submitted for publication [196].

In Chapter 3, we analyse a recent dataset which consisted of transcriptomic and metabolic data

for cells containing different levels of heteroplasmy in the 3243A>G tRNA-Leu mtDNA mu-

tation, which can cause mitochondrial encephalopathy, lactic acidosis, and stroke-like episodes

(MELAS) syndrome [37]. We construct a mathematical model linking ETC and glycolysis

transcript levels, ETC protein, cell volume, maximum respiratory capacity and cellular prolif-

eration rate. Our model suggests that for progressively increasing heteroplasmy, cells attempt

to maintain homeostasis in the cytoplasmic density of wild-type mtDNAs through cell volume

reduction, and therefore power demand reduction. When heteroplasmy passes a critical thresh-

old, a minimum cell volume is reached whereby cells toggle from power demand reduction to

power supply increase. Our model provides further support for the importance of mtDNA den-

sity in cell physiology. We propose novel experiments, as well as therapeutic strategies, based

on our results. This chapter has appeared as a publication in Biochemical Journal [197].

In Chapter 4, we analyse another recent dataset which investigated the relationship between

cellular volume and mitochondrial functionality [50], finding a concave relationship between

cellular volume and mitochondrial functionality. We find that a simple mathematical model of

cell size scaling of cellular power demand may explain the observed reduction in mitochondrial

functionality with increasing cell size, in large cells. When combined with a simple model of cell

death, whereby smaller cells are at an increased risk of cell death, our model may account for

many of the observations in Ref. [50]. Our work emphasises the need to account for confounding

variables such as cell size, cell death, cell cycle stage and mitochondrial density in future

single-cell studies of mitochondrial physiology. This chapter has appeared as a publication in

BioEssays [198].

Finally, in Chapter 5, in contrast to the previous chapters which focus on the mitochondrial

genome, we provide a set of initial estimates for the propensity of mosaic somatic mutations
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(or simply ‘somatic mosaicism’) in the nuclear genome induced during neurodevelopment. Our

study focusses on estimating the propensity of somatic mosaicism for a set of genes associ-

ated with neurodegenerative disease. We model neurodevelopment, crudely, as a deterministic

branching process, and connect with a dataset which sequenced samples of brain tissue from

post-mortem control subjects, and subjects with neurodegenerative disease. We perturb our

model to include simple models of cell death, founder effects and asymmetric division, finding

that our extrapolations are surprisingly robust given the simplicity of our modelling approach.

This robustness may be explained by a simple order-of-magnitude calculation. We suggest that

if neurodevelopment consists of unbiased, spatially proximal, replication of cells once the brain

consists of & 106 cells, then adult individuals are expected to possess 1 spatially contiguous,

pathologically mutated, region of 104–105 neurons. This opens the possibility that mutated re-

gions of neurons seeded during development could contribute to neurodegenerative disease risk.

Our approach could be extended in the future to various genes and tissues of interest, including

mitochondrial genes. Somatic mosaicism in nuclear genes linked with mtDNA maintenance

(e.g. POLG, PINK1 and PRKN ) could seed regions of mutated mtDNA, possibly inducing

localised ageing phenotypes within tissues (see Section 1.2.1.3). This chapter has been accepted

for publication in Nature Communications [199].

Approximately two months of this thesis was dedicated to laboratory work. In collaboration

with Dr. Tristan Rodriguez, we performed preliminary investigations of genotype-phenotype

links for heteroplasmic embryonic stem cell lines. This work involved cell culture, FACS anal-

ysis, and a number of other wet-lab techniques. In connection with this work, I co-supervised

three Masters students (Daria Dicu, Madeleine Hall and Heather Jackson), working on inference

techniques for single-cell mtDNA quantification using qPCR and confocal microscopy data.

Furthermore, in collaboration with Prof. Gyorgy Szabadkai, we investigated single-cell mtDNA

quantification using high-throughput confocal microscopy. I contributed to statistical modelling

and analysis in a further two publications during the course of this PhD [200, 201], which will

not be discussed here.
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2
Mitochondrial network

fragmentation modulates mutant

mtDNA accumulation independently

of absolute fission-fusion rates

2.1 Summary

Mitochondrial DNA (mtDNA) mutations cause severe congenital diseases but may also be as-

sociated with healthy ageing. MtDNA is stochastically replicated and degraded, and exists

within organelles which undergo dynamic fusion and fission. The role of the resulting mito-

chondrial networks in determining the time evolution of the cellular proportion of mutated

mtDNA molecules (heteroplasmy), and cell-to-cell variability in heteroplasmy (heteroplasmy

variance), remains incompletely understood. Heteroplasmy variance is particularly important

since it modulates the number of pathological cells in a tissue. Here, we provide the first wide-

reaching mathematical treatment which bridges mitochondrial network and genetic states. We

show that, for a range of models, the rate of increase in heteroplasmy variance, and the rate

of de novo mutation, is proportionately modulated by the fraction of unfused mitochondria,

independently of the absolute fission-fusion rate. In the context of selective fusion, we show
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that intermediate fusion/fission ratios are optimal for the clearance of mtDNA mutants. Our

findings imply that modulating network state, mitophagy rate and copy number to slow down

heteroplasmy dynamics when mean heteroplasmy is low, could have therapeutic advantages for

mitochondrial disease and healthy ageing.

Code for simulations and analysis in this chapter can be accessed at https://github.com/

ImperialCollegeLondon/MitoNetworksGenetics

2.2 Introduction

As discussed in Chapter 1, an important observation in mitochondrial physiology is the thresh-

old effect, which we will discuss in greater detail for a particular pathological mtDNA mutation

in Chapter 3. It is thought that cells can often tolerate relatively high levels of mtDNA muta-

tion, until heteroplasmy exceeds a certain critical value where a pathological phenotype occurs

[35, 37, 173]. Fluctuations within individual cells mean that heteroplasmy is not constant

within a tissue (Figure 2.1A), but follows a probability distribution which changes with time

(Figure 2.1B). In the following, motivated by a general picture of ageing, we will largely focus

on the setting of non-dividing cells, which possess two mtDNA variants (we will consider de

novo mutation in Section 2.3.5). The variance of the distribution of heteroplasmies informs

upon the fraction of cells above a given pathological threshold (Figure 2.1B). Therefore hetero-

plasmy variance is related to the number of dysfunctional cells within a tissue, and is a quantity

of importance in addition to mean heteroplasmy.

Mitochondria exist within a network which dynamically fuses and fragments. Although the

function of mitochondrial networks remains an open question [10], it is often thought that a

combination of network dynamics and mitochondrial autophagy (termed mitophagy) perform

quality control on the mitochondrial population [164]. However, the observation of pervasive

intra-mitochondrial mtDNA mutation [63] and universal heteroplasmy in the human population

[202] suggest that mitochondrial quality control mechanisms at the genetic level are weak, at

least for some mitochondrial mutations. Neutral genetic models are therefore a rational means

to understand mtDNA dynamics, whereby each species has the same probability per unit time

of degradation, and neither species has a replicative advantage [40, 43, 71].

A number of studies have attempted to understand the impact of the mitochondrial network on

mitochondrial dysfunction through computer simulation (reviewed in [203]). Mouli et al. [204]

use a stochastic model to investigate the role of the mitochondrial network in quality control,
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Figure 2.1: A simple model bridging mitochondrial networks and genetics yields a wide-reaching, ana-
lytically obtained, description of heteroplasmy variance dynamics. (A) A population of cells from a tissue
exhibit inter-cellular heterogeneity in mitochondrial content: both mutant load (heteroplasmy) and copy number.
(B) Inter-cellular heterogeneity implies that heteroplasmy is described by a probability distribution. Cells above a
threshold heteroplasmy (h∗, black dashed line) are thought to exhibit a pathological phenotype. The low-variance
distribution (black line) has fewer cells above a pathological threshold heteroplasmy than the high-variance distri-
bution (red line). (C) The chemical reaction network we use to model the dynamics of mitochondrial DNA (see
Main Text for a detailed description). MtDNAs are assigned a genetic state: mutant (M) or wild-type (W ), and a
network state: singleton (i.e. unfused, S) or fused (F ). (D) The central result of our work is, assuming that a cell
at time t = 0 is at its (deterministic) steady-state, heteroplasmy variance (V(h)) approximately increases with time
(t), mitophagy rate (µ) and the fraction of mitochondria that are unfused (fs), and decreases with mtDNA copy
number (n). Importantly, V(h) does not depend on the absolute magnitude of the fission-fusion rates.
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where mitochondria incur “damage” at a constant rate, which was linked sigmoidally to a

qualitative mitochondrial “activity”. The authors investigated selective fusion (where fusion

occurs between sufficiently active mitochondria), and assumed selective mitophagy (where only

mitochondria with sufficiently low activity are degraded). The authors concluded that i) a

higher fusion rate means more effective clearance of damaged mitochondria when fusion is

selective; ii) intermediate fusion rates are optimal for selective mitophagy. Patel et al. [205]

take a similar approach, simulating autophagy, replication, fusion, fission and transport of

mitochondria, finding that when network dynamics are coupled to transport, that transport

can indirectly modulate mitochondrial health through mitochondrial dynamics. In another

pair of studies by Tam et al. [206, 207] the authors applied a chemical reaction model where

mutant and wild-type mtDNAs undergoing selective fusion, fission, mitophagy and replication,

where the cell is partitioned into spatial compartments. The authors argue that while more

frequent fission-fusion events increase the occurrence of mutant-rich mitochondria, which may

be removed by selective mitophagy, these mitochondria exist for a shorter period of time,

hence the existence of a trade-off [207]. The authors also argue that slower fission-fusion

rates result in slow spatial mixing of mtDNA, implying greater stochasticity, and a greater

propensity for the expansion of mutant mtDNAs [206]. Finally, a study by Figge et al. [208]

which models transitions within an abstract “quality” space, argues that if mitochondrial fission

induces damage, decelerating fission-fusion cycles may improve mitochondrial quality; note that

mitochondrial fission is usually interpreted as exposing damaged mitochondria rather than itself

being harmful [164, 203].

Previous attempts to link mitochondrial genetics and network dynamics, while important for

breaking ground, have centred around complex computer simulations, making it difficult to de-

duce general laws and principles. In contrast, we take a simpler approach in terms of our model

structure (Figure 2.1C), allowing us to derive explicit, interpretable, mathematical formulae

which provide intuitive understanding, and give a direct account for the phenomena which

are observed in our model (Figure 2.1D). Our results hold for a range of variant model struc-

tures. Simplified approaches using stochastic modelling have shown success in understanding

mitochondrial physiology from a purely genetic perspective [40, 41, 43]. Furthermore, there cur-

rently exists limited evidence for pronounced, universal, selective differences of mitochondrial

variants in vivo [56, 209]. Our basic approach therefore also differs from previous modelling

attempts, since our model is neutral with respect to genetics (no replicative advantage or se-

lective mitophagy) and the mitochondrial network (no selective fusion). Evidence for negative

selection of particular mtDNA mutations has been observed in vivo [63, 166]; we therefore
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extend our analysis to explore selectivity in the context of mitochondrial quality control using

our simplified framework.

Here, we reveal the first general mathematical principle linking network state and heteroplasmy

statistics (Figure 2.1D). This link shows analytically, for a broad range of situations, that the

expansion of mtDNA mutants is strongly modulated by network state, such that the rate of

increase of heteroplasmy variance, and the rate of accumulation of de novo mutation, is propor-

tional to the fraction of unfused mitochondria. This result stems from the notion that fusion

shields mtDNAs from turnover, since autophagy of large fragments of the mitochondrial network

are unlikely, which effectively rescales time. Importantly, we show that heteroplasmy variance

is independent of the absolute magnitude of the fusion and fission rates due to a separation of

timescales between genetic and network processes (in contrast to [207]). Furthermore, we find

that when fusion is selective, intermediate fusion/fission ratios are optimal for the clearance of

mutated mtDNAs (in contrast to [204]). When mitophagy is selective, complete fragmentation

of the network results in the most effective elimination of mitochondrial mutants (in contrast

to [204]). We also confirm that mitophagy and mitochondrial DNA copy number also affect

the rate of accumulation of de novo mutations [43]. We suggest that pharmacological interven-

tions which promote fusion, slow mitophagy and increase copy number during youth may slow

the rate of accumulation of pathologically mutated cells, with implications for mitochondrial

disease and ageing.

2.3 Results

2.3.1 Stochastic modelling of the coupling between genetic and network

dynamics of mtDNA populations

Our modelling approach takes a chemical master equation perspective by combining a general

model of neutral genetic drift (for instance, see [40, 43]) with a model of mitochondrial network

dynamics. We consider the existence of two mitochondrial alleles, wild-type (W ) and mutant

(M). MtDNAs exist within mitochondria, which undergo fusion and fission. We therefore assign

mtDNAs a network state: fused (F ) or unfused (we term “singleton”, S). This representation

of the mitochondrial network allows us to include the effects of the mitochondrial network in

a simple way, without the need to resort to a spatial model or consider the precise network

structure, allowing us to make analytic progress and derive interpretable formulae in a more

general range of situations.
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Our model can be decomposed into three notional blocks (Figure 2.1C). Firstly, the principal

network processes denote fusion and fission of mitochondria containing mtDNAs of the same

allele

XS +XS
γ−→ XF +XF (2.1)

XF +XS
γ−→ XF +XF (2.2)

XF
β−→ XS (2.3)

where X denotes either a wild-type (W ) or a mutant (M) mtDNA (therefore a set of chemical

reactions analogous to Eq.(2.1)-Eq.(2.3) exist for both DNA species). γ and β are the stochastic

rate constants for fusion and fission respectively. Note that we constrain all fusion reactions to

have the same rate constant, since this is the simplest model of fusion.

Secondly, mtDNAs are replicated and degraded through a set of reactions termed genetic pro-

cesses. A central assumption is that all degradation of mtDNAs occur through mitophagy, and

that only small pieces of the mitochondrial network are susceptible to mitophagy; for parsimony

we take the limit of only the singletons being susceptible to mitophagy

XS
λ−→ XF +XF (2.4)

XF
λ−→ XF +XF (2.5)

XS
µ−→ ∅ (2.6)

where λ and µ are the replication and mitophagy rates respectively, which are shared by both W

and M resulting in a so-called ‘neutral’ genetic model. ∅ denotes removal of the species from the

system. The effect of allowing non-zero degradation of fused species is discussed in Section A.2

(see Eq.(A.11) and Figure A.2). Note that replication of a singleton changes the network state

of the mtDNA into a fused species, since replication occurs within the same membrane-bound

organelle. An alternative model of singletons which replicate into singletons leaves our central

result (Figure 2.1D) unchanged (see Eq.(A.10)). The system may be considered neutral since

both W and M possess the same replication and degradation rates per molecule of mtDNA at

any instance in time.

Finally, mtDNAs of different genotypes may interact through fusion via a set of reactions we
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term network cross-processes:

WF +MS
γ−→ WF +MF (2.7)

MF +WS
γ−→ MF +WF (2.8)

WS +MS
γ−→ WF +MF . (2.9)

We note that any fusion or fission event which does not involve the generation or removal of a

singleton leaves our system unchanged; we term such events as non-identity-changing processes,

which can be ignored in our system (see Section A.4 for a discussion of rate renormalisation).

Note that we have neglected de novo mutation in the model description above, see Section 2.3.5

for a treatment of de novo mutation using a modified infinite sites Moran model.

We found that treating λ = const led to instability in total copy number (see Section A.1),

which is not credible. We therefore favoured a state-dependent replication rate such that copy

number is controlled to a particular value, as has been done by previous authors [40, 41, 43].

Allowing lower-case variables to denote the copy number of their respective molecular species,

we will focus on a linear replication rate of the form [68, 209]:

λ = λ(wT ,mT ) = µ+ b(κ− (wT + δmT )) (2.10)

where wT = ws+wf is the total wild-type copy number, and similarly for mT . b is a parameter

which determines the strength with which total copy number is controlled to a target copy

number, and κ is a parameter which is indicative of (but not equivalent to) the steady state

copy number. δ indicates the relative contribution of mutant mtDNAs to the control strength

and is linked to the “maintenance of wild-type” hypothesis [173, 210]. When 0 ≤ δ < 1,

and both mutant and wild-type species are present, mutants have a lower contribution to the

birth rate than wild-types. When wild-types are absent, the population size will be larger than

when there are no mutants: hence mutants have a higher carrying capacity in this regime. We

have modelled the mitophagy rate as constant per mtDNA. We do, however, explore relaxing

this constraint below by allowing mitophagy to be a function of state, and also affect mutants

differentially under quality control. Analogues of this model (without a network) have been

applied to mitochondrial systems [40, 41]. Overall, our simple model consists of 4 species

(WS,WF ,MS,MF ), 6 parameters and 15 reactions, and captures the central property that

mitochondria fragment before degradation [164].
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Figure 2.2: Deterministic analysis of a mathematical model of mitochondrial network and genetic dy-
namics. (A) Dynamics of total wild-type and mutant copy numbers. Trajectories move towards a line of steady
states, as indicated by arrows. (B) Dynamics of total number of fused and unfused species. All trajectories move
towards a particular value in this subspace. (C) Deterministic dynamics of total copy number, which is controlled
to a particular steady state value. (D) Defining a knock-down (KD) factor (k−1 = 0.1, 0.2 . . . , 1.0), the fission rate
was rescaled to β → β/k (red) and the fusion rate to γ → γ/k (blue), causing a linear increase and decrease in
total copy number respectively under a deterministic treatment.

2.3.2 Mitochondrial network state rescales the linear increase of hetero-

plasmy variance over time independently of fission-fusion rate magni-

tudes

We first performed a deterministic analysis of the system presented in Eq.(2.1)–Eq.(2.10), by

converting the reactions into an analogous set of four coupled ordinary differential equations (for

a derivation see Section 2.3.3.2), and choosing a biologically-motivated approximate parametri-

sation (which we will term as the ‘nominal’ parametrisation, see Section A.3). Figures 2.2A&B

show that copy numbers of each individual species change in time such that the state approaches

a line of steady states (Eq.(2.36)–Eq.(2.38)), as seen in other neutral genetic models [41, 209].

Upon reaching this line, total copy number remains constant (Figure 2.2C) and the state of

the system ceases to change with time. This is a consequence of performing a deterministic

analysis, which neglects stochastic effects, and our choice of replication rate in Eq.(2.10) which

decreases with total copy number when wT + δmT > κ and vice versa, guiding the total pop-

ulation to a fixed total copy number. Varying the fission (β) and fusion (γ) rates revealed a

negative linear relationship between the steady-state fraction of singletons and copy number

(Figure 2.2D).

We may also simulate the system in Eq.(2.1)–Eq.(2.9) stochastically, using the stochastic sim-

ulation algorithm [211], which showed that mean copy number is slightly perturbed from the

deterministic prediction due to the influence of variance upon the mean [209, 212] (Figure

2.3A). The stationarity of total copy number is a consequence of using δ = 1 for our nominal

parametrisation (i.e. the line of steady states is also a line of constant copy number). Choosing
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Figure 2.3: Stochastic simulations of a mathematical model of mitochondrial network and genetic dy-
namics. Stochastic simulations of the network system for the nominal parametrisation in Table 2.1 (105 realisa-
tions). Trajectories are initialised on the deterministic steady state line at h = 0.3. (A) Mean copy number is
slightly perturbed from the deterministic treatment of the system, and then remains constant. (B) Copy number
variance for stochastic simulations initially increases, since all stochastic simulations begin with the same initial
condition, but then plateaus since the steady state line is globally attracting. (C) Stochastic simulations are con-
cordant with mean heteroplasmy dynamics being invariant with time (see Eq.(2.63)).

δ 6= 1 results in a difference in carrying capacities between the two species, and non-stationarity

of mean total copy number, as trajectories spread along the line of steady states to different to-

tal copy numbers. Copy number variance initially increases since trajectories are all initialised

at the same state, but plateaus because trajectories are constrained in their copy number to

remain near the attracting line of steady states (Figure 2.3B). Mean heteroplasmy remains

constant through time under this model (Figure 2.3C, see [39]). This is unsurprising since each

species possesses the same replication and degradation rate, so neither species is preferred.

From stochastic simulations we observed that, for sufficiently short times, heteroplasmy variance

increases approximately linearly through time for a range of parametrisations (Figure 2.4),

which is in agreement with recent single-cell oocyte measurements in mice [72]. Previous work

has also shown a linear increase in heteroplasmy variance through time for purely genetic

models of mtDNA dynamics (see [43]). We sought to understand the influence of mitochondrial

network dynamics upon the rate of increase of heteroplasmy variance.

To this end, we analytically explored the influence of mitochondrial dynamics on mtDNA

variability. Assuming that the state of system above (x = (ws, wf ,ms,mf )) is initialised at its

deterministic steady state (x(t = 0) = xss), we took the limit of limit of large mtDNA copy

numbers, fast fission-fusion dynamics, and applied a second-order truncation of the Kramers-

Moyal expansion [213] to the chemical master equation describing the dynamics of the system

(see Section 2.3.3). This yielded a stochastic differential equation for heteroplasmy, via Itô’s

formula [214]. Upon forcing the state variables onto the steady-state line [215], we derived
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Figure 2.4: Heteroplasmy variance is modulated by network fragmentation but not absolute fission-
fussion rates over a wide range of biologically plausible parametrisations. Robustness of Eq.(2.11). Solid
lines are from Eq.(2.11) and markers are from stochastic simulation (104 realisations per parametrisation). (A) In-
creasing the mitophagy rate, and correspondingly varying the value of κ to maintain a constant copy number of
n = 1000, results in an increase in heteroplasmy variance. All simulations are initialised at h = 0.3 and µ is varied
relative to the nominal parametrisation. (B) Increasing the value of the deterministic steady state copy number, by
increasing κ, reduces heteroplasmy variance. (C) Eq.(2.11) predicts V(h) for a variety of values of δ, which is hy-
pothesised to model different types of mtDNA mutation. (D) Fusion and fission rates are redefined as γ → γ0MR
and β → β0M where M and R denote the relative magnitude and ratio of the network rates, and γ0, β0 denote
the nominal parametrisations of the fusion and fission rates respectively (see Table 2.1). Increasing R (namely the
fusion rate at a fixed fission rate) at M = 1 reduces heteroplasmy variance. (E) Sweeps of the network rate mag-
nitude M . Heteroplasmy variance is approximately independent of absolute network rates over a broad range of
network magnitudes. See Figure A.3 and Table A.1 for parameter sweeps numerically demonstrating the generality
of the result for different mtDNA control modes.
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Eq.(2.65), which may be approximated for sufficiently short times as

V(h) ≈ fs(x)
2µt

n(x)
h(x)(1− h(x))

∣∣∣∣
x=xss

. (2.11)

h(x) = (ms + mf )/(ws + wf + ms + mf ) is heteroplasmy (a random variable since it is a

function of random state variables x), V(h) is the variance of heteroplasmy, µ is the mitophagy

rate, n(x) is the total copy number and fs(x) = (ms + ws)/n(x) is the fraction of unfused

(singleton) mtDNAs, and is thus a measure of the fragmentation of the mitochondrial network.

Note that the three functions of state in Eq.(2.11) have been forced to be their deterministic

steady state value (xss), which is equivalent to their initial values by model construction. We

find that Eq.(2.11) closely matches heteroplasmy variance dynamics from stochastic simulation,

for sufficiently short times after initialisation, for a variety of parametrisations of the system

(Figure 2.4 and A.3A). In Section 2.3.3 we present our derivation of Eq.(2.11).

To our knowledge, Eq.(2.11) reflects the first analytical principle linking mitochondrial dy-

namics and the cellular population genetics of mtDNA variance. Its simple form allows several

intuitive interpretations. As time progresses, replication and degradation of both species occurs,

allowing the ratio of species to fluctuate; hence we expect V(h) to increase with time according

to random genetic drift (Figure 2.4). The rate of occurrence of replication/degradation events

is set by the mitophagy rate µ, since degradation events are balanced by replication to maintain

population size; hence, random genetic drift occurs more quickly if there is a larger turnover

in the population (Figure 2.4A). We expect V(h) to increase more slowly in large population

sizes, since the birth of e.g. 1 mutant in a large population induces a small change in hetero-

plasmy (Figure 2.4B). The factor of h(1 − h) encodes the state-dependence of heteroplasmy

variance, exemplified by the observation that if a cell is initialised at h = 0 or h = 1, het-

eroplasmy must remain at its initial value (since the model above does not consider de novo

mutation, see Section 2.3.5) and so heteroplasmy variance is zero. Furthermore, the rate of

increase of heteroplasmy variance is maximal when a cell’s initial value of heteroplasmy is 1/2.

In Figure 2.4C, we show that Eq.(2.11) is able to recapitulate the rate of heteroplasmy variance

increase across different values of δ, which are hypothesised to correspond to different replica-

tive sensing strengths of different mitochondrial mutations [209]. We also show in Figure 2.5

that Eq.(2.11) is robust to the choice of feedback control strength b in Eq.(2.10).

In Eq.(2.6), we have made the important assumption that only unfused mitochondria can be

degraded via mitophagy, as seen by Twig et al. [164], hence the total propensity of mtDNA

turnover is limited by the number of mtDNAs which are actually susceptible to mitophagy.
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A B

Figure 2.5: Heteroplasmy variance ansatz is robust to different replication control strengths. (A) Error in
Eq.(2.11) in a sweep over the feedback control strength, b. Dotted line denotes a 5% error according to Eq.(A.28).
(B) V(h) profile for the parametrisation with the largest error in (A).

Strikingly, we find that the dynamics of heteroplasmy variance are independent of the absolute

rate of fusion and fission, only depending on the fraction of unfused mtDNAs at any partic-

ular point in time (see Figure 2.4D&E). This observation, which contrasts with the model of

[206, 207] (see Discussion), arises from the observation that mitochondrial network dynamics

are much faster than replication and degradation of mtDNA, by around a factor of β/µ ≈ 103

(see Table 2.1), resulting in the existence of a separation of timescales between network and ge-

netic processes. In the derivation of Eq.(2.11) (see Section 2.3.3), we assume that fission-fusion

rates are infinite, which simplifies V(h) into a form which is independent of the magnitude of

the fission-fusion rate. A parameter sweep of the magnitude and ratio of the fission-fusion rates

reveals that, if the fusion and fission rates are sufficiently small, Eq.(2.11) breaks down and V(h)

gains dependence upon the magnitude of these rates (see Figure A.3A). This regime is, however,

for network rates which are approximately 100 times smaller than the biologically-motivated

nominal parametrisation shown in Figure 2.4A-D where the fission-fusion rate becomes compa-

rable to the mitophagy rate. Since fission-fusion takes place on a faster timescale than mtDNA

turnover, we may neglect this region of parameter space as being implausible.

In the following section, we explore in mathematical detail how Eq.(2.11) may be derived from

the chemical master equation using the Kramers-Moyal expansion and a large copy number

assumption, in the limit of large network fission-fusion rates.

2.3.3 Derivation of heteroplasmy variance behaviour for a model of mito-

chondrial network & genetic dynamics

In this section we seek to prove Eq.(2.11) from first principles. This section is more mathemat-

ical in its content; less mathematically-inclined readers may wish to skip to Section 2.3.4.
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Parameter Description Value Dimensions Remarks

β Fission rate 33.12 day−1 For cortical neurons, see [216]

γ Fusion rate 3.79× 10−2 day−1 Approximately balances fis-
sion

µ Mitophagy rate 0.023 day−1 From [207]

δ Mutant feedback sensitivity 1 dimensionless Potentially appropriate for
e.g. non-coding mtDNA muta-
tions

b Feedback control strength 1.24× 10−5 day−1 Chosen as the weakest con-
trol strength which has a non-
trivial steady state and total
copy number of 1000

κ Steady state copy number pa-
rameter

11.7 dimensionless See remark for b

Table 2.1: Nominal parametrisation for network system. Dimensions of parameters are derived using individ-
ual terms in Eq.(2.31)–Eq.(2.34); copy numbers of particular species are pure numbers and therefore dimensionless.
Since we have chosen a system size of Ω = 1 throughout, we set the dimension of volume to 1. See Section A.3
for further details of parameter justification.

2.3.3.1 Conversion of a chemical reaction network into ordinary differen-

tial equations

In order to proceed with deriving Eq.(2.11), we must first be able to cast our chemical reaction

network in Eq.(2.1)–Eq.(2.10) into a set of ordinary differential equations: this is necessary

for both preliminary deterministic analysis (see Figure 2.2) and is required in the subsequent

derivation. We will therefore devote this section to understanding how to convert a general

chemical reaction network into a set of ODEs. In particular, we pay special attention to the

fact that the rate of a chemical reaction with a stochastic treatment is not always equivalent to

the rate in a deterministic treatment [217], as we will explain below. This subtlety is sometimes

overlooked in the literature. This section draws on a number of standard texts [211, 217–219]

as well as Ref. [220]. We hope this harmonised treatment will be of help as a future reference.

Consider a general chemical system consisting of N distinct chemical species (Xi) interacting

via R chemical reactions, where the jth reaction is of the form

s1jX1 + · · ·+ sNjXN
k̂j−→ r1jX1 + · · ·+ rNjXN (2.12)

where sij and rij are stoichiometric coefficients. We define k̂j as the microscopic rate for this

reaction. The dimensionality of this parameter will vary depending upon the stoichiometric

coefficients sij. k̂j may be loosely interpreted as setting the characteristic timescale (i.e. the

cross section [217]) of reaction j.

The chemical master equation (CME) describes the dynamics of the joint probability distribu-
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tion of the state of the system and time, moving forwards through time. Defining the state of

the system as x = (x1, . . . , xN)T , where xi is the copy number of the ith species, allows us to

write the CME as [220]

∂P (x, t|x0, t0)

∂t
= Ω

R∑
j=1

(
N∏
i=1

E
−Sij
i − 1

)
f̂j(x,Ω)P (x, t|x0, t0) (2.13)

where Ω is the volume of the compartment in which the reactions occur (also known as the

system size), Sij = rij − sij is the stoichiometry matrix, and E
−Sij
i is referred to as the step

operator and is defined through the relation E
−Sij
i (g(x)) = g(x1, . . . , xi − Sij, . . . , xN), for

any function of state g(x). f̂j(x,Ω) is the microscopic rate function of reaction j, which in

general depends on both the state and the system size. A factor of Ω is explicitly included in

this definition of the chemical master equation so that our treatment is compatible with Van

Kampen’s system size expansion [218]. As a consequence of this, the probability that, given

the current state x, the jth reaction occurs in the time interval [t, t+ dt) somewhere in Ω [219]

is

âj(x,Ω)dt := Ωf̂j(x,Ω)dt. (2.14)

âj(x,Ω) is termed the propensity function (or “hazard”) and is of particular relevance in the

stochastic simulation algorithm [211], since âj(x,Ω)/
∑

j âj(x,Ω) determines the probability

that the jth reaction occurs next.

For the microscopic rate function, we may write

f̂j(x,Ω) = k̂j

N∏
i=1

Ω−sij
(
xi
sij

)
. (2.15)

This equation counts the number of available combinations of reacting molecules [211, 217],

whilst taking into account scaling with system size [220].

We also introduce the deterministic rate equation (generally considered to be the macroscopic

analogue of the CME) which is defined as [218, 220]

dφi
dt

=
R∑
j=1

Sij f̃j(φ) (2.16)

where φ = (φ1, . . . , φN)T is the vector of macroscopic concentrations (of dimensions molecules
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per unit volume) and f̃j(φ) is the macroscopic rate function satisfying

f̃j(φ) = k̃j

N∏
i=1

φ
sij
i (2.17)

where k̃j is the macroscopic rate for the jth reaction. Note that we distinguish between k̂j

and k̃j, respectively the rate constants for the discrete and continuous pictures, although this

distinction is sometimes not emphasised in the literature [212, 218, 220]. The physical meaning

of k̃j is not immediately obvious: we argue that this parameter only gains physical meaning

through the following procedure.

As stated by Wilkinson [217], if we intend for the microscopic description in Eq.(2.13) to

correspond to the macroscopic description in Eq.(2.16), the rate of consumption/production of

particles for every reaction must be the same in the deterministic limit of the stochastic system

(the conditions for which we define below). Therefore, we apply the following constraint in the

limit of large copy numbers

lim
xi→∞

f̂j(x,Ω) = f̃j(φ) ∀ i, j. (2.18)

In applying this constraint on all species i and all reactions j, we may derive a general rela-

tionship between k̂j and k̃j

lim
xi→∞

k̂j

N∏
i=1

Ω−sij
xi!

sij! (xi − sij)!
= k̃j

N∏
i=1

φ
sij
i . (2.19)

We can make two approximations to generate a more convenient relationship between the

microscopic and macroscopic rates. Firstly, we assume that

xi ≈ Ωφi. (2.20)

This is a small noise approximation, since it is often assumed that xi = Ωφi + Ω1/2ξi, where ξi

is a noise term [218]. If ξi is small then xi ≈ Ωφi is a valid approximation. Secondly, we assume

that

xi(xi − 1) . . . (xi − sij + 1) ≈ x
sij
i . (2.21)

This is a large copy number approximation: in the case of e.g. a bimolecular reaction (2Xi → ∗)
with sij = 2, the approximation is of the form xi(xi − 1) ≈ x2

i or xi ≈ xi − 1. By applying

Eq.(2.21) to the factor of xi! in Eq.(2.19), the factor of (xi − sij)! cancels from the left-hand

side. Simplifying using Eq.(2.20), φ
sij
i cancels from both sides and we arrive at the important
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relationship

k̃j ≈ k̂j

N∏
i=1

1

sij!
. (2.22)

With Eq.(2.16), Eq.(2.17) and Eq.(2.22) one may therefore write down a set of ODEs for an

arbitrary chemical reaction network, with constant reaction rates, in terms of the microscopic

rates k̂j. This equation highlights that for reactions with sij ≥ 2, k̃j 6= k̂j, as is the case for

bimolecular reactions of the form 2Xi → ∗ (see Eq.(2.1) and Eq.(A.1)).

It is important to note that if the microscopic rate function is a function of state then k̂ = k̂(x)

and k̃ = k̃(φ) ≈ k̃(x/Ω). In this case, Eq.(2.22) still applies since the above argument assumed

nothing about the particular forms of k̂ and k̃. However, additional factors of Ω−1 are induced

by applying Eq.(2.20), which may carry through to the individual parameters of k̃(φ). A

demonstration of this is given in the following section for the linear feedback control in Eq.(2.10).

2.3.3.2 Deriving an ODE description of the mitochondrial network system

In this section we show how to derive an ODE description of the network system described

in Eq.(2.1)-Eq.(2.9) in Section 2.3.1. In accordance with the notation in the previous section,

we will redefine all of the rates in Eq.(2.1)-Eq.(2.10) with a hat notation (â, for a general rate

parameter a), to reflect that these are stochastic rates. Deterministic rates will be denoted

with a tilde (ã). Our aim will be to write a set of ODEs in terms of the stochastic rates, â, for

which we are able to estimate values.

We will begin by considering the fusion network equations Eq.(2.1) and Eq.(2.2). For clarity,

we rewrite Eq.(2.1) to allow the reaction to proceed with some arbitrary rate ρ̂:

XS +XS
ρ̂−→ XF +XF , (2.23)

where X denotes either a wild-type (W ) or mutant (M). We will subsequently fix ρ̂ to the rate

of all other fusion reactions γ̂. We do this because Eq.(2.1) is a bimolecular reaction involving

one species: a fundamentally different reaction to bimolecular reactions involving two species,

as we will now see.

Since ρ̂, γ̂ = const, we may use Eq.(2.22), resulting in the deterministic rates

ρ̃ =
ρ̂

2
(2.24)

γ̃ = γ̂ (2.25)
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for Eq.(2.23) and Eq.(2.2) respectively. If we then enforce the microscopic rates to be equal for

both of these fusion reactions, i.e. ρ̂ = γ̂, then ρ̃ = γ̂/2. All other fusion reactions have γ̃ = γ̂

by application of Eq.(2.22). Application of Eq.(2.22) to the fission reaction in Eq.(2.3) shows

that β̂ = β̃.

For Eq.(2.4), we have chosen a λ̂ which is not a constant, but a function of the copy numbers

of the chemical species (λ̂ = λ̂(x) where x = (ws, wf ,ms,mf ), see Eq.(2.10)). As pointed out

in the previous section, care must be taken in writing down the deterministic analogue of λ̂.

Applying Eq.(2.22), we have

µ̂+ b̂
(
κ̂− (ws + wf + δ̂ms + δ̂mf )

)
= µ̃+ b̃

(
κ̃− (φws + φwf + δ̃φms + δ̃φmf )

)
. (2.26)

Applying Eq.(2.20) and equating individual terms, we arrive at

µ̂ = µ̃ (2.27)

b̂ws = b̃
ws
Ω

=⇒ b̂ = b̃/Ω (2.28)

b̂k̂ = b̃k̃ =⇒ k̂ = k̃Ω (2.29)

b̂δ̂ms = b̃δ̃φms =⇒ δ̂ = δ̃. (2.30)

In this study, we let Ω = 1 so the above 4 parameters are identical to their deterministic

counterparts. Hence, by application of Eq.(2.16), we arrive at the following set of ODEs

(2.31)dφws
dt

= −2 · γ̂
2
φ2
ws − γ̂φwsφwf + β̂φwf −

(
µ̂+ b̂

(
κ̂−

(
φws + φwf + δ̂φms + δ̂φmf

)))
φws

− µ̂φws − γ̂φmfφws − γ̂φwsφms

(2.32)dφms
dt

= −2 · γ̂
2
φ2
ms − γ̂φmsφmf + β̂φmf −

(
µ̂+ b̂

(
κ̂−

(
φws +φwf + δ̂φms + δ̂φmf

)))
φms

− µ̂φms − γ̂φwfφms − γ̂φwsφms

(2.33)
dφwf

dt
= 2 · γ̂

2
φ2
ws + γ̂φwsφwf − β̂φwf

+
(
µ̂+ b̂

(
κ̂−

(
φws +φwf + δ̂φms + δ̂φmf

)))
(2φws +φwf ) + γ̂φmfφws + γ̂φwsφms

(2.34)
dφmf

dt
= 2 · γ̂

2
φ2
ms + γ̂φmsφmf − β̂φmf

+
(
µ̂+ b̂

(
κ̂−
(
φws +φwf + δ̂φms + δ̂φmf

)))
(2φms +φmf )+ γ̂φwfφms + γ̂φwsφms .
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The steady state solution of this system of ODEs may be calculated, but its form is complex.

For notational simplicity, we will drop the hat notation. Defining

(2.35)x1 = (b2
(
β2 + 2β(γκ+ 3µ) + γ2κ2 + µ2 + 2γµ(κ+ 2(δ − 1)φms)

)
+ 2bγµ(−β + µ+ γ(κ− 2δφms + 2φms)) + γ2µ2)1/2

the non-trivial, physically-realisable, component of the steady state may be parameterised in

terms of φms and written as

(2.36)φws = −(βb2κ+ b2γκ2 + b2κµ+ 2b2δµφms + β2b+ βbγκ+ 5βbµ+ 3bγκµ− βγµ+ 2bµ2

− 2bγδµφms − 2bγµφms − x1(bκ+ β + 2µ) + 2γµ2 + 2γ2µφms)/(2µ(b− γ)2)

φwf = (b3
(
β2κ+ β(γκ(κ+ (δ − 1)φms) + µ(3κ+ δφms))

+ φms
(
γ2(δ − 1)κ2 − δµ2 + γµ((2δ − 3)κ+ 2(δ − 1)δφms)

))
+ b2

(
β3

+β2(6µ+γ(κ+(δ−1)φms))+β
(
5µ2 +γ2δκφms +γ2κ(−φms)+6γδµφms−8γµφms−κx1

)
+ φms

(
2γ2µ

(
δκ+ δ2(−φms) + φms

)
+ γ

(
(6δ − 5)µ2 − (δ − 1)κx1

)
− δµx1

))
− b
(
β
(
γ2µ(−(κ+ (4− 3δ)φms)) + γ

(
2µ2 + (δ − 1)φmsx1

)
+ 3µx1

)
+ γµφms

(
γ(δ − 2)µ+ γ2(κ− 2(δ − 1)φms) + (δ − 3)x1

)
+ β2(2γµ+ x1)

)
+ γµ(β − γφms)(γµ+ x1))/(2bµ(b− γ)2(β + γ(δ − 1)φms))

(2.37)

(2.38)φmf = (φms(−bβ + bγκ+ bµ− 2bγδφms + 2bγφms + γµ+ x1))/(2b(β + γ(δ − 1)φms)).

Note that, since the steady state is parametrised by φms , the steady state is therefore a line.

2.3.3.3 Proof of heteroplasmy relation for linear feedback control

In this section we show that Eq.(2.11) holds for the system described by Eq.(2.1)-Eq.(2.9) given

the replication rate in Eq.(2.10) using the Kramers-Moyal expansion under conditions of large

copy number and fast network churn (to be defined below); the approach used here is similar

to Ref. [215].

Kramers-Moyal expansion of the chemical master equation for large copy

numbers Customarily, the Kramers-Moyal expansion is formed using a continuous-space no-

tation [213], so we will initially proceed in this way. Following the treatment by Gardiner [213],
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we begin by re-writing the chemical master equation Eq.(2.13) (CME) as

∂P (x, t)

∂t
=

∫ ∞
−∞

dx′ [T (x|x′)P (x′, t)− T (x′|x)P (x, t)] (2.39)

where we have set Ω = 1. T (x|x′) is the transition rate from state x′ → x, and the dependence

upon the initial condition has been suppressed for notational convenience. We now proceed by

expanding the CME. The multivariate Kramers-Moyal expansion may be written as

∂P (x, t)

∂t
≈
∫ ∞
−∞

(
−∇ (T (x′|x)P (x))

T · (x′ − x) +
1

2
(x′ − x)T ·H · (x′ − x)

)
dx′ (2.40)

where H(x) is the Hessian matrix of T (x′|x)P (x)

H :=


∂2

∂x21
. . . ∂2

∂x1∂xN

...
...

∂2

∂xN∂x1
. . . ∂2

∂x2N

T (x′|x)P (x) (2.41)

(see [213] for a proof of this in the univariate case).

Note that a transition to each possible neighbouring state x′ corresponds to some reaction j

which moves the state from x → x′. Since we know the influence of each reaction on state

x through the constant stoichiometry matrix Sij, and that the propensity of a reaction does

not depend upon x′ itself (see Eq.(2.15)), we may transition from a notation involving x and

x′ into a notation involving x and j. We may therefore define Tj(x) := T (x′|x) ≡ f̂j(x) (see

Eq.(2.15)), and let H(x)→ Hj(x).

We now make a large copy number assumption in order to simplify Tj(x). To take a large copy

number limit, we assume that xi!≈ x
sij
i (xi − sij)! resulting in

Tj(x) ≈ k̂j

N∏
i=1

x
sij
i

sij!
. (2.42)

Note that this approximation is exact when sij = 0, 1, but inexact when sij ≥ 2. For example,

if we consider the second-order bimolecular reaction in Eq.(2.1), Eq.(2.42) is equivalent to

assuming w2
s ≈ ws(ws − 1); consequently, a factor of 1/(sij! ) = 1/2 arises in Tj(x) as a

combinatorial factor from stochastic considerations.
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Fokker-Planck equation for chemical reaction networks We now wish to re-

write Eq.(2.40) as a Fokker-Planck equation. Since the integral in Eq.(2.40) is over x′, and

every x′ corresponds to a reaction j, we may interpret the integral in Eq.(2.40) as a sum over

all reactions, i.e.
∫

dx′ → ∑R
j=1. Hence, for the jth reaction, [(x′ − x)]i = Sij. With these

observations, we may write the first integral of Eq.(2.40) as∫ ∞
−∞
−∇(T (x′|x)P (x))T · (x′ − x) dx′ =

∫ ∞
−∞
−∇(Tj(x)P (x, t))T · (x′ − x) dx′

= −
R∑
j=1

N∑
i=1

∂

∂xi
(Tj(x)P (x, t))Sij

= −
N∑
i=1

∂

∂xi
AiP (x, t) (2.43)

where

A := S ·T. (2.44)

A is a vector of length N , [S]ij := rij − sij is the N × R stoichiometry matrix Eq.(2.12), and

T is the vector of transition rates, of length R (for which we have taken a large copy number

approximation in Eq.(2.42)). To re-write the second integral of Eq.(2.40), we write an element

of the Hessian Hj in Eq.(2.41) as

Hjlm =
∂2

∂xl∂xm
Tj(x)P (x, t) (2.45)

where j = 1, . . . , R and l,m = 1, . . . , N . Thus, we may write

∫ ∞
−∞

1

2
(x′ − x)T ·Hj · (x′ − x) dx′ =

1

2

R∑
j=1

N∑
l=1

N∑
m=1

SljHjlmSmj

=
1

2

R∑
j=1

N∑
l=1

N∑
m=1

Slj
∂2

∂xl∂xm
TjP (x, t)Smj

=
1

2

N∑
l=1

N∑
m=1

∂2

∂xl∂xm

(
R∑
j=1

SljTjSmj

)
P (x, t)

=
1

2

N∑
i,m=1

∂2

∂xi∂xm
BimP (x, t) (2.46)

where

B := S ·Diag(T) · ST . (2.47)
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B is an N × N matrix, and Diag(Y) is a diagonal matrix whose main diagonal is the vector

Y. We may therefore re-write Eq.(2.40) as a Fokker-Planck equation for the state vector x of

the form
∂P (x, t)

∂t
≈ −

N∑
i=1

∂

∂xi
[Ai(x)P (x, t)] +

1

2

N∑
i,m=1

∂2

∂xi∂xm
[Bim(x)P (x)]. (2.48)

Fokker-Planck equation for an arbitrary function of state We now wish to

make a change of variables in Eq.(2.48) to write down a Fokker-Planck equation for an arbitrary

scalar function of state x (which we will later set to be heteroplasmy). To do this, we wish

to make use of Itô’s formula, which allows a change of variables for an SDE. In general, the

Fokker-Planck equation in Eq.(2.48) is equivalent [214] to the following Itô stochastic differential

equation (SDE)

dx = A dt+ G dW (2.49)

where GGT ≡ B (where G is an N × R matrix) and dW is a vector of independent Wiener

increments of length R, and a Wiener increment dW satisfies∫ t

0

dW := W (t), P (W, t) ≡ 1√
2πt

e−W
2/(2t). (2.50)

Itô’s formula states that, for an arbitrary function h(x, t) where x satisfies Eq.(2.49), we may

write the following SDE

dh(x, t) =

{
∂h

∂t
+ (∇h)T A +

1

2
Tr
[
GTHh(x)G

]}
dt+ (∇h)TG dW, (2.51)

where Hh(x) is the Hessian matrix of h(x, t) (see Eq.(2.41), where T (x′|x)P (x) should be

replaced with h(x, t)) and Tr is the trace operator. Given the form of B in Eq.(2.47) we let

G = S ·Diag(
√
T), (2.52)

which satisfies GGT ≡ B.

For convenience, we may also perform the transformation purely at the level of Fokker-Planck

equations. Let h(x, t) satisfy the general Fokker-Planck equation

∂P (h, t)

∂t
= − ∂

∂h
[Ã(h, t)P (h, t)] +

1

2

∂2

∂h2
[B̃(h, t)P (h, t)] (2.53)

for scalar functions Ã(h, t) and B̃(h, t). Using the cyclic property of the trace in Eq.(2.51), we
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may identify

Ã =
∂h

∂t
+ (∇h)T A +

1

2
Tr [BHh(x)] . (2.54)

Also, from Eq.(2.51),

B̃ = [(∇h)TG][(∇h)TG]T = (∇h)TB(∇h). (2.55)

Hence, using Eq.(2.53), Eq.(2.54) and Eq.(2.55), we may write down a Fokker-Planck equation

for an arbitrary function of state in terms of A and B.

An SDE for heteroplasmy forced onto the steady state line in the high-churn

limit It has been demonstrated that SDE descriptions of stochastic systems which possess

a globally-attracting line of steady states may be formed in the long-time limit by forcing the

state variables onto the steady state line [215, 221]. Such descriptions may be formed in terms

of a parameter which traces out the position on the steady state line, hence reducing a high-

dimensional problem into a single dimension [215, 221]. In our case, heteroplasmy is a suitable

parameter to trace out the position on the steady state line. We seek to use similar reasoning

to verify Eq.(2.11). In what follows, we will assume that x(t = 0) = xss, where xss is the

state which is the solution of A = 0 (which is equivalent to finding the steady state solution of

the deterministic rate equation in Eq.(2.16) due to our assumption of large copy numbers and

Ω = 1), so that we may neglect any deterministic transient dynamics.

Inspection of the steady state of the ODE description of our system reveals that the set of steady

state solutions forms a line (see Eq.(2.36)–Eq.(2.38)). Inspection of the steady state solution

reveals that the steady state depends on the fusion (γ) and fission (β) rates. Mitochondrial

network dynamics occur on a much faster timescale than the replication and degradation of

mtDNA: the former occurring on the timescale of minutes [164] whereas the latter is hours or

days [43]. We seek to use this separation of timescales to arrive at a simple form for V(h). We

redefine the fusion and fission rates such that

γ → Mγ

β → Mβ (2.56)

where M is a constant which determines the magnitude of the fusion and fission rates, which

we call the “network churn”.
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We now wish to use heteroplasmy

h(x, t) = h(x) := (ms +mf )/(ws + wf +ms +mf ), (2.57)

as our choice for the function of state in the Fokker-Planck equation in Eq.(2.53). We will first

compute the diffusion term B̃ for heteroplasmy using Eq.(2.55). If we constrain the state x to

be forced onto the steady state line xss (as per [215, 221]) in the high-churn limit, then upon

defining

θ :=
√
b2(β + γκ)2 − 2bγµ (β − γκ+ 2γ(δ − 1)ms) + γ2µ2 (2.58)

we have

lim
M →∞

(
B̃
∣∣∣
x=xss

)
= (16b2γ2µms (β

+ γ(δ − 1)ms)
2
(
b2
(
β3 + 2β2γ(δ − 1)ms + βγ2

(
κ2 + (1− 2δ)κms +

(δ − 1)(2δ − 1)m2
s

)
+ γ3κms ((δ − 1)ms − κ)

)
+ b
(
−β2(2γµ+ θ) + βγ (κ(2γµ+ θ) +ms(γ(5− 4δ)µ− 2(δ − 1)θ)) +

γ2ms ((δ − 1)ms(3γµ+ θ)− κ(2γµ+ θ))
)

+ γµ(γµ+ θ) (β − γms)
)
)/(β3 (b (γ (κ− 2δms + 2ms)− β) + γµ+ θ) 4).

(2.59)

Eq.(2.59) is difficult to understand. In order to perform further simplification, we make an

ansatz for the form of B̃ (B̃An) and seek to determine whether our ansatz is equivalent to the

derived form of B̃ under the constraints defined on the left-hand side of Eq.(2.59). Our ansatz

takes the form

B̃An := lim
M→∞

(
2µh(1− h)

n(x)
· fs(x)

∣∣∣∣
x=xss

)
(2.60)

where fs(x) := (ws+ms)/(ws+wf +ms+mf ) and n(x) := ws+wf +ms+mf . Notice that this

ansatz is more general than Eq.(2.59), since it has no explicit dependence upon the parameters

of the control law assumed in Eq.(2.10), and only explicitly depends upon functions of state x.

Upon substituting the steady state xss into the ansatz in Eq.(2.60) and taking the high-churn

limit, we find that

B̃An =−(ms (β+γ(δ−1)ms) (b(β+γκ)−γµ+θ)(b(β+γκ)+γµ−θ) (b (ms(2βδ−β+γκ)−2βκ)

+ms(θ − γµ)))/(2bβ3 (κ− δms +ms)
2 (b (γ (κ− 2δms + 2ms)− β) + γµ+ θ)).

(2.61)

After some algebra (see GitHub repository for Mathematica notebook), it can be shown that
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Eq.(2.59) and Eq.(2.61) are equivalent, i.e.

B̃An ≡ lim
M→∞

(
B̃
∣∣∣
x=xss

)
. (2.62)

As such, we may use B̃ and B̃An interchangeably in the limit of high network churn. Further-

more, it can be shown after some algebra that the drift of heteroplasmy when forced onto the

steady state line is 0, i.e.

Ã
∣∣∣
x=xss

≡ 0. (2.63)

A similar result is shown in [215] ((Equation S59) therein). Substituting h(x, t) = h, Ã and B̃

into the Fokker-Planck equation for an arbitrary function of state Eq.(2.53), we have

∂P (h, t)

∂t
=

1

2

∂2

∂h2

[(
2µh(1− h)

n(x)
· fs(x)

)∣∣∣∣
x=xss(h)

P (h, t)

]
(2.64)

which is equivalent to the following SDE for heteroplasmy

dh =

√
2µh(1− h)fs(x)

n(x)

∣∣∣∣∣
x=xss(h)

dW (2.65)

in the limit of large network churn, large copy numbers, and a second-order truncation of the

Kramers-Moyal expansion. Note that, although the state has been forced onto the steady state,

stochastic fluctuations mean that trajectories may move along the line of steady states, so the

diffusion coefficient is not constant in general. We may calculate the new value of xss(h) for

every displacement due to Wiener noise in h, and substitute into fs(x) and n(x) to determine

the diffusion coefficient at the next time step.

However, for sufficiently short times, and large copy numbers (i.e. low diffusivity of h), we may

assume that the diffusion coefficient in Eq.(2.65) may be approximated as constant. Since the

general solution of the SDE

dy =
√
B dW (2.66)

for B = const is

y ∼ N (y|y0, Bt) (2.67)

where N (y|y0, σ
2) is a Gaussian distribution on y with mean y0 and variance σ2, and y0 =

y(t = 0). Since we have assumed that the state is initialised at x(t = 0) = xss, there are no
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deterministic transient dynamics, so we may write

V(h) ≈ 2µt

n(x)
h(x)(1− h(x))fs(x)

∣∣∣∣
x=xss

, (2.68)

where V returns variance of a random variable. Note that in this equation, we take x = xss =

const, since we have assumed a low-diffusion limit. Also note that this equation is of precisely

the same form as (Equation 12) of Ref. [43], except with an additional proportionality factor

of fs induced by the inclusion of a mitochondrial network.

2.3.4 The influence of mitochondrial dynamics upon heteroplasmy variance

under different models of genetic mtDNA control

To demonstrate the generality of Eq.(2.11), we explored several alternative forms of cellular

mtDNA control (several of which may be found in [43], see Section A.2). We found that when

copy number is controlled through the replication rate function (i.e. λ = λ(x), µ = const), when

the fusion and fission rates were high and the fixation probability (P (h = 0) or P (h = 1)) was

negligible, Eq.(2.11) accurately described V(h) across all of the replication rates investigated,

see Figure A.3A-F. The same mathematical argument to show Eq.(2.11) for the replication rate

in Eq.(2.10) may be applied to these alternative replication rates where a closed-form solution

for the deterministic steady state may be written down (see Section 2.3.3). Interestingly, when

copy number is controlled through the degradation rate (i.e. λ =const, µ = µ(x)), heteroplasmy

variance loses its dependence upon network state entirely and the fs term is lost from Eq.(2.11)

(see Eq.(A.15) and Figure A.3G-I). A similar mathematical argument was applied to reveal

how this dependence is lost (see Section 2.3.3 and Section A.2).

In order to provide an intuitive account for why control in the replication rate, versus con-

trol in the degradation rate, determines whether or not heteroplasmy variance has network

dependence, we investigated a time-rescaled form of the Moran process (see Section A.5). The

Moran process is structurally much simpler than the model presented above, to the point of

being unrealistic, in that the mitochondrial population size is constrained to be constant be-

tween consecutive time steps. Despite this, the modified Moran process proved to be insightful.

We find that, when copy number is controlled through the replication rate, the absence of

death in the fused subpopulation means the timescale of the system (being the time to the

next death event) is proportional to fs. In contrast, when copy number is controlled through

the degradation rate, the presence of a constant birth rate in the entire population means the

timescale of the system (being the time to the next birth event) is independent of fs (see Sec-
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tion A.5, Eq.(A.27)). Further discussion of Moran models in the context of de novo mutations

is presented in Section 2.3.5.

2.3.5 Control strategies against mutant expansions

Thus far, we have argued that the rate of increase of heteroplasmy variance, and therefore the

rate of accumulation of pathologically mutated cells within a tissue, increases with mitophagy

rate (µ), decreases with total mtDNA copy number per cell (n) and increases with the fraction of

unfused mitochondria (termed “singletons”, fs), see Eq.(2.11). Below, we explore how biological

modulation of these variables influences the accumulation of mutations. We use this new

insight to propose three classes of strategy to control mutation accumulation and hence address

associated issues in ageing and disease, and discuss these strategies through the lens of existing

biological literature.

Targeting Network State

In Eq.(A.26) we argue that when population size is controlled in the birth rate, the inter-event

rate (Γ) is effectively rescaled by the fraction of unfused mitochondria, i.e. Γ = µnfs. We

may use this idea to explore the role of the mitochondrial network in the accumulation of de

novo mutations using an infinite sites Moran model [222] (see Figure 2.6A). Single cells were

modelled over time as having a fixed mitochondrial copy number (n), and at each time step one

mtDNA is randomly chosen for duplication and one (which can be the same) for removal. The

individual replicated incurs Q de novo mutations, where Q is binomially distributed according

to

Q ∼ Binomial(LmtDNA, η) (2.69)

where Binomial(N, p) is a binomial random variable with N trials and probability p of success.

LmtDNA = 16569 is the length of mtDNA in base pairs and η = 5.6× 10−7 is the mutation rate

per base pair per doubling [223]; hence each base pair is idealised to have an equal probability

of mutation upon replication.

Figure 2.6B shows that in the infinite sites model, the consequence of Eq.(A.26) is that the

rate of accumulation of mutations per cell reduces as the mitochondrial network becomes more

fused, as does the mean number of mutations per mtDNA (Figure 2.6C). These observations

are intuitive: since fusion serves to shield the population from mitophagy, mtDNA turnover

slows down, and therefore there are fewer opportunities for replication errors to occur per unit
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Figure 2.6: Rate of de novo mutation accumulation is sensitive to the network state/mitophagy rate and
copy number for a time-rescaled infinite sites Moran model. (A) An infinite sites Moran model where Q mu-
tations occur per Moran step (see Eq.(2.69)). (B-D) Influence of our proposed intervention strategies. (B) Mean
number of distinct mutations increases with the fraction of unfused mitochondria. This corresponds to a simple
rescaling of time, so all but one of the parametrisations are shown in grey. (C) The mean number of mutations
per mtDNA also increases with the fraction of unfused mitochondria. Inset shows that the mean number of muta-
tions per mtDNA is independent of the number of mtDNAs per cell; values of n are the same as in (D). (D) Mean
number of mutations per cell increases according to the population size of mtDNAs. Standard error in the mean is
too small to visualise, so error bars are neglected, given 103 realisations.
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time. Different values of fs in Figures 2.6B&C therefore correspond to a rescaling of time i.e.

stretching of the time-axis.

Concurrently, a study by Chen et al. [224] observed the effect of deletion of two genes which are

involved in mitochondrial fusion (MFN1 and MFN2 ) in mouse skeletal muscle. Fragmentation

of the mitochondrial network induced severe depletion of mtDNA copy number (as found in

Figure 2.2D). The authors also observed that the number of mutations per base pair increased

upon fragmentation, which is in agreement with the infinite sites model where fragmentation

effectively results in a faster turnover of mtDNA (Figure 2.6F).

Our models predict that promoting mitochondrial fusion has a two-fold effect: firstly, it slows

the increase of heteroplasmy variance (see Eq.(2.11) and Figure 2.4D); secondly, it reduces

the rate of accumulation of distinct mutations (see Figure 2.6B&C). These two effects are

both a consequence of mitochondrial fusion rescaling the time to the next turnover event, and

therefore the rate of random genetic drift. As a consequence, we predict that promoting fusion

in youth (assuming mean heteroplasmy is low) could slow down the accumulation and spread of

mitochondrial mutations, and perhaps slow ageing. Indeed, the premature ageing phenotypes

of the mitochondrial mutator mouse, which rapidly accumulates mtDNA mutations [52], can be

rescued through endurance exercise with a resultant normalisation of mitochondrial morphology

[225]. Since endurance exercise regulates mitochondrial network processes [226], it is possible

that promotion of mitochondrial fusion contributes to the rejuvenation of the mutator mouse.

If we assume that fusion is selective in favour of wild-type mtDNAs, which appears to be the

case at least for some mutations under therapeutic conditions [227, 228], we predict that a

balance between fusion and fission is the most effective means of removing mutant mtDNAs

(see below, Figure 2.7A), perhaps explaining why mitochondrial networks are often observed to

exist as balanced between mitochondrial fusion and fission [229, 230]. In contrast, if selective

mitophagy pathways are induced then promoting fragmentation is predicted to accelerate the

clearance of mutants (see below, Figure 2.7B).

Targeting Mitophagy Rate

Alterations in the mitophagy rate µ have a comparable effect to changes in fs in terms of

reducing the rate of heteroplasmy variance (see Eq.(2.11)) and the rate of de novo mutation

(Figure 2.6B&C) since they both serve to rescale time. Our theory therefore suggests that

inhibition of basal mitophagy in youth may be able to slow down the rate of random genetic

drift, and perhaps healthy ageing, by locking-in low levels of heteroplasmy. Indeed, it has
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been shown that mouse oocytes [231] as well as mouse hematopoietic stem cells [232] have

comparatively low levels of mitophagy, which is consistent with the idea that these pluripotent

cells attempt to minimise genetic drift by slowing down mtDNA turnover. A previous modelling

study has also shown that mutation frequency increases with mitochondrial turnover [71].

Alternatively, it has also been shown that the presence of heteroplasmy, in genotypes which

are healthy when present at 100%, can induce fitness disadvantages [66, 67, 69]. In cases

where heteroplasmy itself is disadvantageous, especially in later life where such mutations may

have already accumulated, accelerating heteroplasmy variance increase to achieve fixation of

a species could be advantageous. However, this will not avoid cell-to-cell variability, and the

physiological consequences for tissues of such mosaicism is unclear.

Targeting Copy Number

To investigate the role of mtDNA copy number (mtCN) on the accumulation of de novo mu-

tations, we set fs = 1 such that Γ = µn (i.e. a standard Moran process). We found that

varying mtCN did not affect the mean number of mutations per molecule of mtDNA (Fig-

ure 2.6C, inset). However, as the population size becomes larger, the total number of distinct

mutations increases accordingly (Figure 2.6D). In contrast to our predictions, a recent study

by Wachsmuth et al. [233] found a negative correlation between mtCN and the number of dis-

tinct mutations in skeletal muscle. However, Ref. [233] also found a correlation between the

number of distinct mutations and age, in agreement with our model. Furthermore, the authors

used partial regression to find that age was more explanatory than mtCN in explaining the

number of distinct mutations, suggesting age as a confounding variable to the influence of copy

number. Our work shows that, in addition to age and mtCN, turnover rate and network state

also influence the proliferation of mtDNA mutations. Therefore, one would ideally account for

these four variables for jointly, in order to fully constrain our model.

A study of single neurons in the substantia nigra of healthy human individuals found that

mtCN increased with age [234]. Furthermore, mice engineered to accumulate mtDNA deletions

through faulty mtDNA replication [52] display compensatory increases in mtCN [235], which

potentially explains the ability of these animals to resist neurodegeneration. It is possible that

the observed increase in mtCN in these two studies is an adaptive response to slow down random

genetic drift (see Eq.(2.11)). In contrast, mtCN reduces with age in skeletal muscle [233], as

well as in a number of other tissues such as pancreatic islets [236] and peripheral blood cells

[237]. Given the beneficial effects of increased mtCN in neurons, long-term increases in mtCN
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in youth could delay other age-related pathological phenotypes.

2.3.6 Optimal mitochondrial network configurations for mitochondrial

quality control

Whilst the above models of mtDNA dynamics are neutral (i.e. m and w share the same repli-

cation and degradation rates), it is often proposed that damaged mitochondria may experience

a higher rate of degradation [238, 239]. There are two principal ways in which selection may

occur on mutant species. Firstly, mutant mitochondria may be excluded preferentially from

the mitochondrial network in a background of unbiased mitophagy. If this is the case, mutants

would be unprotected from mitophagy for longer periods of time than wild-types, and therefore

be at greater hazard of degradation. We can alter the fusion rate (γ) in the mutant analogues

of Eq.(2.1),Eq.(2.2) and Eq.(2.7)–Eq.(2.9) by writing

γ → γ/(1 + εf ) (2.70)

for all fusion reactions involving 1 or more mutant mitochondria where εf > 0. The second

potential selective mechanism we consider is selective mitophagy. In this case, the degradation

rate of mutant mitochondria is larger than wild-types, i.e. we modify the mutant degradation

reaction to

Ms
µ(1+εm)−−−−−→ ∅ (2.71)

for εm > 0.

In these two settings, we explore how varying the fusion rate for a given selectivity (εf and εm)

affects the extent of reduction in mean heteroplasmy. Figure 2.7A shows that, in the context

of selective fusion (εf > 0) and non-selective mitophagy (εm = 0) the optimal strategy for

clearance of mutants is to have an intermediate fusion/fission ratio. This was observed for

all fusion selectivities investigated (see Figure 2.8). Intuitively, if the mitochondrial network

is completely fused then, due to mitophagy only acting upon smaller mitochondrial units,

mitophagy cannot occur – so mtDNA turnover ceases and heteroplasmy remains at its initial

value. In contrast, if the mitochondrial network completely fissions, there is no mitochondrial

network to allow the existence of a quality control mechanism: both mutants and wild-types

possess the same probability per unit time of degradation, so mean heteroplasmy does not

change. Since both extremes result in no clearance of mutants, the optimal strategy must be

to have an intermediate fusion/fission ratio.
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Figure 2.7: Selective fusion implies intermediate fusion rates are optimal for mutant clearance whereas
selective mitophagy implies complete fission is optimal. Numerical exploration of the shift in mean hetero-
plasmy for varying fusion/fission ratio, across different selectivity strengths. Stochastic simulations for mean het-
eroplasmy, evaluated at 1000 days, with an initial condition of h = 0.3 and n = 1000; the state was initialised
on the steady state line for the case of εf = εm = 0, for 104 iterations. (A) For selective fusion (see Eq.(2.70)),
for each value of fusion selectivity (εf ), the fusion rate (γ) was varied relative to the nominal parametrisation (see
Table 2.1). When εf > 0, the largest reduction in mean heteroplasmy occurs at intermediate values of the fu-
sion rate; a deterministic treatment reveals this to be true for all fusion selectivities investigated (see Figure 2.8).
(B) For selective mitophagy (see Eq.(2.71)), when mitophagy selectivity εm > 0, a lower mean heteroplasmy is
achieved, the lower the fusion rate (until mean heteroplasmy = 0 is achieved). Hence, complete fission is the opti-
mal strategy for selective mitophagy.
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Figure 2.8: A deterministic parameter sweep of fusion selectivity and the relative fusion rate for
Eq.(2.70), according to an ODE treatment. An ODE treatment allows smaller heteroplasmy changes to be
probed without the need to resort to an infeasible number of stochastic simulations. Displaying the relative change
in heteroplasmy (∆h) after t = 1000 days. We observe that a reduction in heteroplasmy is achieved at inter-
mediate fusion rates at all non-zero fusion selectivities investigated. Grey denotes a change which is smaller than
floating point precision.
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In contrast, in Figure 2.7B, in the context of non-selective fusion (εf = 0) and selective mi-

tophagy (εm > 0), the optimal strategy for clearance of mutants is to completely fission the

mitochondrial network. Intuitively, if mitophagy is selective, then the more mtDNAs which

exist in fragmented organelles, the greater the number of mtDNAs which are susceptible to

selective mitophagy, the greater the total rate of selective mitophagy, the faster the clearance

of mutants.

2.4 Discussion

In this work, we have sought to unify our understanding of three aspects of mitochondrial

physiology – the mitochondrial network state, mitophagy, and copy number – with genetic

dynamics. The principal virtue of our modelling approach is its simplified nature, which makes

general, analytic, quantitative insights available for the first time. Our models capture the

central observation that fused mitochondria are at a lower susceptibility to degradation than

unfused mitochondria, since mitophagy acts upon small mitochondrial fragments [164]. In using

parsimonious models, we are able to make the first analytic link between the mitochondrial

network state and heteroplasmy dynamics. This is in contrast to other computational studies

in the field, whose structural complexity make analytic progress difficult, and accounting for

their predicted phenomena correspondingly more challenging.

Using our approach we find that, for a wide class of models, the rate of linear increase of

heteroplasmy variance is modulated in proportion to the fraction of unfused mitochondria (see

Eq.(2.11)), which serves to rescale time. This central observation provides a substantial change

in our understanding of mitochondrial genetics, as it suggests that the mitochondrial network

state, in addition to mitochondrial turnover and copy number, must be accounted for in order

to predict the rate of spread of mitochondrial mutations in a cellular population. Crucially, we

find that the dynamics of heteroplasmy variance is independent of the absolute rate of fission-

fusion events, since network dynamics occur approximately 103 times faster than mitochondrial

turnover, inducing a separation of timescales. Since heteroplasmy variance depends purely on

the absolute number of unfused mitochondria, this makes way for the possibility of quantifying

the contribution of the mitochondrial network to heteroplasmy variance dynamics without the

need to quantify the absolute rate of fission and fusion (for instance, the fraction of unfused

mitochondria may be quantified from static confocal micrographs, whereas quantification of

absolute fission-fusion rates would require more complex, time-resolved, data). By linking with

classical statistical genetics, we find that the mitochondrial network also modulates the rate of
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accumulation of de novo mutations, also due to the fraction of unfused mitochondria serving

to rescale time. We find that, in the context of mitochondrial quality control through selective

fusion, an intermediate ratio the fusion/fission ratio is optimal due to the finite selectivity of

fusion. This latter observation perhaps provides an indication for the reason why we observe

mitochondrial networks in an intermediate fusion state under physiological conditions [229, 230].

Our approach has, broadly speaking, been to consider neutral models of mtDNA genetic dy-

namics. It is, however, typically suggested that increasing the rate of mitophagy promotes

mtDNA quality control, and therefore shrinks the distribution of heteroplasmies towards 0%

mutant (see Eq.(2.70) and Eq.(2.71)). If this is the case, then a neutral genetic model appears

to be inappropriate, as mutants experience a higher rate of degradation. Stimulation of the

PINK1/Parkin pathway has been shown to select against deleterious mtDNA mutations in vitro

[227] and in vivo [228], as has repression of the mTOR pathway via treatment with rapamycin

[228, 240]. However, the necessity of performing a genetic/pharmacological intervention to clear

mutations via this pathway suggests that the ability of tissues to selectively remove mitochon-

drial mutants under physiological conditions is weak. Consequently, neutral models such as

our own are useful in understanding how the distribution of heteroplasmy evolves through time

under physiological conditions. Indeed, it has been recently shown that mitophagy is basal [241]

and can proceed independently of PINK1 in vivo [242], perhaps suggesting that mitophagy has

non-selective aspects – although this is yet to be verified conclusively.

We have presented the case of copy number control in the replication rate as being a more

intuitive model than control in the degradation rate. The former has the interpretation of

biogenesis being varied to maintain a constant population size, with all mtDNAs possessing a

characteristic lifetime. The latter has the interpretation of all mtDNA molecules being repli-

cated with a constant probability per unit time, regardless of how large or small the population

size is, and changes in mitophagy acting to regulate population size. Such a control strategy

seems wasteful in the case of stochastic fluctuations resulting in a population size which is

too large, and potentially slow if fluctuations result in a population size which is too small.

Furthermore, control in the replication rate means that the mitochondrial network state may

act as an additional axis for the cell to control heteroplasmy variance (Figure 2.4D) and the

rate of accumulation of de novo mutations (Figure 2.6B&C). Single-mtDNA tracking through

confocal microscopy in conjunction with mild mtDNA depletion could shed light on whether

the probability of degradation per unit time per mtDNA varies when mtDNA copy number is

perturbed, and therefore provide evidence for or against these two possible control strategies.
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Our general approach reveals some apparent differences with previous studies which link mi-

tochondrial genetics with network dynamics. Firstly, Tam et al. [206, 207] found that slower

fission-fusion dynamics resulted in larger increases in heteroplasmy variance with time, in con-

trast to Eq.(2.11) which only depends on fragmentation state and not absolute network rates.

The simulation approach of Tam et al. [206, 207] allowed for mitophagy to act on whole mi-

tochondria, where mitochondria consist of multiple mtDNAs. Faster fission-fusion dynamics

tended to form heteroplasmic mitochondria whereas slower dynamics formed homoplasmic mi-

tochondria. It is intuitive that mitophagy of a homoplasmic mitochondrion induces a larger

shift in heteroplasmy than mitophagy of a single mtDNA, hence slower network dynamics form

more homoplasmic mitochondria. However, this apparent difference with our findings can nat-

urally be resolved if we consider the regions in parameter space where the fission-fusion rate

is much larger than the mitophagy rate, as is empirically observed to be the case [65, 216].

If the fission-fusion rates are sufficiently large to ensure heteroplasmic mitochondria, then fur-

ther increasing the fission-fusion rate is unlikely to have an impact on heteroplasmy dynamics.

Hence, this finding is potentially compatible with our study, although future experimental stud-

ies investigating intra-mitochondrial heteroplasmy would help constrain these models. Tam et

al. [207] also found that fast fission-fusion rates could induce an increase in mean heteroplasmy

[207], in contrast to Figure 2.3A which shows that mean heteroplasmy is constant with time

after a small initial transient due to stochastic effects. We may speculate that the key difference

between our treatment and that of Tam et al. [206, 207] is the inclusion of cellular subcompart-

ments whereby fusion/fission induces migration between such compartments, which may induce

dynamics in mean heteroplasmy. We note the uncertainty in accounting for the phenomena

observed in such complex models highlights the virtues of a simplified approach which may

yield interpretable laws and principles through analytic treatment.

The study of Mouli et al. [204] suggested that, in the context of selective fusion, higher fusion

rates are optimal. This initially seems to contrast with our finding which states that interme-

diate fusion rates are optimal for the clearance of mutants (Figure 2.7A). However, the high

fusion rates in that study do not correspond directly to the highly fused state in our study.

Fission automatically follows fusion in [204], ensuring at least partial fragmentation, and the

high fusion rates for which they identify optimal clearing are an order of magnitude lower than

the top fusion rate they consider. In the case of complete fusion, mitophagy cannot occur in the

model of [204], so there is no mechanism to remove dysfunctional mitochondria. It is perhaps

more accurate to interpret the observations of Mouli et al. [204] as implying that selective fusion

shifts the optimal fusion rate higher, when compared to the case of selective mitophagy alone.
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Therefore the study of Mouli et al. [204] is compatible with Figure 2.7A. Furthermore, Mouli et

al. [204] also found that when fusion is non-selective and mitophagy is selective, intermediate

fusion rates are optimal whereas Figure 2.7B shows that complete fragmentation is optimal for

clearance of mutants. Optimality of intermediate fusion in the context of selective mitophagy

in the model of Mouli et al. [204] likely stems from two aspects of their model: i) mitochondria

consist of several units which may or may not be functional; ii) the sigmoidal relationship be-

tween number of functional units per mitochondrion and mitochondrial ‘activity’ (the metric

by which optimality is measured). Points (i) and (ii) imply that small numbers of dysfunctional

mitochondrial units have very little impact on mitochondrial activity, so fusion may boost total

mitochondrial activity in the context of small amounts of mutation. So whilst Figure 2.7B

remains plausible in light of the study of Mouli et al. [204] if reduction of mean heteroplasmy is

the objective of the cell, it is also plausible that non-linearities in mitochondrial output under

cellular fusion [10] result in intermediate fusion being optimal in terms of energy output in the

context of non-selective fusion and selective mitophagy. Future experimental studies quantify-

ing the importance of selective mitophagy under physiological conditions would be beneficial

for understanding heteroplasmy variance dynamics. We note again that the ubiquity of hetero-

plasmy [63, 166, 202] suggests that a neutral drift approach to mitochondrial genetics may be

justified, which contrasts with the studies of Tam et al. [206, 207] and Mouli et al. [204] which

focus purely on the selective effects of mitochondrial networks.

In order to fully test our model, further single-cell longitudinal studies are required. For in-

stance, the study by Burgstaller et al. [72] found a linear increase in heteroplasmy variance

through time in single oocytes. Our work here has shown that measurement of the network

state, as well as turnover and copy number, are required to account for the rate of increase

in heteroplasmy variance. Joint longitudinal measurements of fs, µ and n, with heteroplasmy

quantification, would allow verification of Eq.(2.11) and aid in determining the extent to which

neutral genetic models are explanatory. This could be achieved, for instance, using the mito-QC

mouse [241] which allows visualisation of mitophagy and mitochondrial architecture in vivo.

Measurement of fs, µ and n, followed by e.g. destructive single-cell whole-genome sequencing

of mtDNA would allow validation of how µ, n and fs influence V(h) and the rate of de novo

mutation (see Figure 2.6). One difficulty is sequencing errors induced through e.g. PCR, which

hampers our ability accurately measure mtDNA mutation within highly heterogeneous samples

[243]. Morris et al. [63] have suggested that single cells are highly heterogeneous in mtDNA

mutation, with each mitochondrion possessing 3.9 single-nucleotide variants on average. Er-

ror correction strategies during sequencing may pave the way towards high-accuracy mtDNA
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sequencing [243, 244], and allow us to better constrain models of heteroplasmy dynamics.
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3
Mitochondrial DNA density

homeostasis accounts for a

threshold effect in a cybrid model

of a human mitochondrial disease

3.1 Summary

Mitochondrial dysfunction is involved in a wide array of devastating diseases but the hetero-

geneity and complexity of these diseases’ symptoms challenges theoretical understanding of

their causation. With the explosion of -omics data, we have the unprecedented opportunity

to gain deep understanding of the biochemical mechanisms of mitochondrial dysfunction. This

goal raises the outstanding need to make these complex datasets interpretable. Quantitative

modelling allows us to translate such datasets into intuition and suggest rational biomedi-

cal treatments. Taking an interdisciplinary approach, we use a recently published large-scale

dataset, and develop a descriptive and predictive mathematical model of progressive increase

in mutant load of the MELAS 3243A>G mtDNA mutation. The experimentally observed

behaviour is surprisingly rich, but we find that our simple, biophysically-motivated model in-

tuitively accounts for this heterogeneity and yields a wealth of biological predictions. Our
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findings suggest that cells attempt to maintain wild-type mtDNA density through cell volume

reduction, and thus power demand reduction, until a minimum cell volume is reached. There-

after, cells toggle from demand reduction to supply increase, upregulating energy production

pathways. Our analysis provides further evidence for the physiological significance of mtDNA

density, and emphasises the need for performing single-cell volume measurements jointly with

mtDNA quantification. We propose novel experiments to verify the hypotheses made here, to

further develop our understanding of the threshold effect, and connect with rational choices for

mtDNA disease therapies.

3.2 Introduction

An important class of diseases which affect mitochondria are those which are directly caused by

a mutation in mtDNA. The most common, and most studied, of these is MELAS (mitochon-

drial encephalomyopathy, lactic acidosis, and stroke-like episodes) syndrome, which is often

associated with a mitochondrial tRNA mutation at position 3243A>G of the mitochondrial

genome [245, 246]. Its incidence rate shows large regional variability, with prevalence of 1:6000

in Finland [247], to 1:424 in Australia[248]. tRNAs affected by the mutation cause amino-acid

misincorporations during translation and generate defective mitochondrial proteins, inducing

defective respiration when heteroplasmy is high [249].

A common feature in many diseases associated with mutations of mitochondrial DNA, includ-

ing MELAS, is the non-linear physiological response of cells and tissues to increasing levels

of mtDNA heteroplasmy. In particular, cells appear to be able to withstand high levels of

heteroplasmy without showing any significant metabolic or physiological defect. For instance,

fibroblasts possessing the MELAS mutation were shown to have unaffected respiratory enzyme

activity until mutant load exceeded around 60% [175]. Also, Chomyn et al. [174] showed that

oxygen consumption of cells does not significantly reduce until MELAS heteroplasmy exceeds

∼90%. This observation has been named the threshold effect (reviewed in [35]).

It has been argued that the threshold effect occurs because mitochondria possess spare capac-

ity at the translational, enzymatic and biochemical levels, which are each able to absorb some

degree of stress, and thus delay the phenotypic response of increasing heteroplasmy, until a

particular threshold heteroplasmy is exceeded, which is typically large [35]. Within this pic-

ture, each physiological feature (such as enzymatic activity or oxygen consumption), may be

expected to display step-like behaviour with respect to increasing heteroplasmy. Asynchrony

of thresholds between different features, such as 60% for enzyme activity [175] and 90% for
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oxygen consumption [174], may be explained by spare capacity at intermediate levels. For ex-

ample, a biochemical threshold effect could account for asynchrony in oxygen consumption and

enzyme activity thresholds, where metabolic fluxes are altered to compensate for fewer func-

tional enzymes and hence prolong an oxygen consumption deficit to higher levels of enzymatic

dysfunction [35].

A recent study published by Picard et al. [37] established 143B TK− cybrid osteosarcoma cell

lines containing the MELAS 3243A>G mutation across the full dose response of mutant load.

These cybrid cell lines were generated via the transfer of mtDNAs from a lymphoblastoid cell

line, derived from a heteroplasmic 3243A>G patient, into 143B TK− mtDNA-deficient cells.

Although cybrid models such as this have had a number of non-physiological perturbations

made to them, the advantage in using this system is that all cells possess the same nuclear

background, and can be generated with heteroplasmies across the full spectrum of mutant load.

The authors measured a diverse array of features including RNA expression, protein expression,

cell volume, growth rates, mitochondrial morphology and mtDNA content. The sheer diversity

of data collected, across multiple levels of heteroplasmy, makes this an important dataset in

understanding the threshold effect and mitochondrial dysfunction (despite the fact that the

experiment consists of a single biological replicate, albeit with several technical replicates).

Under the interpretation of the threshold effect presented above, one might expect a monotonic

response to heteroplasmy, as spare capacity is depleted and the cell seeks alternative means

of energy provision. However, Picard et al. observed complex multiphasic responses across

numerous physiological readouts as heteroplasmy was increased [37].

The authors of that study identified four distinct transcriptional phases in the gene expression

profiles of MELAS 3243A>G cells: 0%, 20-30%, 50-90% and 100% mutant load. They argue

that continuous changes in heteroplasmy results in discrete changes in phenotype, because there

exists a limited number of states that the nucleus can acquire in response to progressive changes

in retrograde signalling [37]. In this work, by considering a distilled subset of the data from

[37], and using simple, physically motivated arguments, we attempt to provide a simplified

account of this dataset to gain better understanding of the consequences of this mutation and

the threshold effect.

Our mathematical model suggests that cells attempt to maintain homeostasis in wild-type

mtDNA density at low heteroplasmies, through reduction of cell volume and therefore cellular

power demand. We propose the existence of a single critical heteroplasmy, where cells are no

longer able to maintain wild-type mtDNA density homeostasis, and toggle from power demand
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reduction to supply increase. In this regime, energy supply pathways are upregulated. Our

model also identifies an additional bioenergetic transition, in excess of 90% mutant load, as

cells become fully homoplasmic. We explore the possibility of reduced transcriptional activity

in mutant mtDNAs/mitochondria, limited tRNA diffusivity, and a connection between cellular

proliferation rate and cell volume, finding all of the above to have explanatory power. We pro-

pose new experiments to verify the novel hypotheses made here, to drive forward understanding

of the threshold effect.

3.3 Materials and methods

3.3.1 Data normalisation

We considered a core subset of 6 physiological features from the dataset of [37] for mathemat-

ical modelling: mitochondrially-encoded ETC mRNA pool size, ETC protein levels, glycolysis

mRNA pool size, cell volume, cell proliferation rate (or cell growth rate as termed in [37]) and

maximal respiratory capacity. We performed a number of normalisations to the data, the result

of which is shown in Fig. 3.1.

OXPHOS, as well as glycolysis, have multiple different mRNAs participating in their respective

pathways. To have some measure of the overall expression level of a pathway (E), we used the

mRNA concentration (in RPMK, reads per kilobase of transcript per million mapped reads), for

each gene corresponding to enzymes of the pathway (ei,k(h), for gene i and technical replicate

k at heteroplasmy h) and took a normalised sum as follows:

E =
1

N

1

nr

nr∑
k=1

N∑
i=1

ei,k(h)

1/nr [
∑nr

l=1 ei,l(h = 0)]
(3.1)

where nr = number of technical replicates, and N = number of genes in the pathway of interest.

This quantity normalises the expression level of each gene to mean h = 0 levels, to avoid effects

from consistently highly-expressed genes. The factor of 1/N results in Ē having the value of 1

at h = 0, so may be interpreted as a fold-change in expression relative to h = 0.

The standard error of Ē over technical replicates k (sE = Vk(Ē)1/2, where Vk(xk) is the sample

variance over xk) may be written as:

sE =
1

N

1√
nr

(
Vk

[
N∑
i=1

ei,k(h)

1/nr [
∑nr

l=1 ei,l(h = 0)]

])1/2

. (3.2)
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Figure 3.1: Multiphasic physiological response to increasing heteroplasmy – core data considered from
Picard et al. renormalised to be in per-cell dimensions. Selected measurements of 143B TK- osteosarcoma
cells heteroplasmic in MELAS 3243A>G, from Ref. [37]. (A) mRNA levels for 11 mitochondrially-encoded electron
transport chain subunits (COX3, ND2, ND5, CYTB, ND3, ND6, COX1, ND4, COX2, ND1, ND4L). (B) Protein
levels for complexes I, III and IV. (C) Glycolysis mRNA levels, for genes (PKM2, ENO1, PGAM4, PGK1, GAPDH,
ALDOA, PFKP, GPI, HK2 and SLC2A1). All errors in (A-C) are the standard error of the transformed renor-
malised mean (see Eq.(3.2)). (D). Mean cell volume of an asynchronous population of growing cells ± SEM. (E)
Growth rate, determined by linear regression. Error is the standard error in the slope from linear regression. (F)
Maximum respiratory capacity. Details of the data normalisation and regression may be found in Section 3.3. See
[37] for experimental protocols.
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Eq.(3.1) and Eq.(3.2) are applied to glycolysis and ETC mRNAs in our main model, which

yield dimensionless, normalised, measures of transcript levels for each biological pathway.

ATP synthase was excluded from both ETC mRNA and protein data, as it is expected to be

regulated differently from other ETC proteins. This difference arises because mitochondrial

membrane potential is required for cell growth [250], and glycolytic ATP may be used, even in

cells without mtDNA, by ATP synthase to maintain membrane potential [251]. Thus, protein

levels of ATP synthase may be expected to be regulated quite differently to those of the electron

transport chain, and not generally indicative of respiratory activity.

For ETC protein, we simply used the sample mean of complexes I, III and IV, since the data

given by Picard et al. [37] is already normalised.

3.3.2 Data transformation to per-cell dimensions

The data we considered of Picard et al. [37], consists of RNA-seq and Western blot measure-

ments for mRNA and protein levels respectively. We wished to model the bioenergetic strategy

of an average cell, so it is important that the data used to parametrise the model is of per-cell

dimensions. We show in Section B.1 that it is appropriate to multiply protein and transcript

data by cell volume to gain per-cell dimensions.

3.3.3 Error propagation

Our work focuses on describing mean behaviour with respect to heteroplasmy, so uncertainty in

this mean must be quantified. For Mgly and METC, we used error propagation on the normalised

transcript levels E (see Eq.(3.1)) and V , to derive the volume-adjusted transcript uncertainties

for the data in Fig. 3.1 √
E

2
s2
V + V 2s2

E
(3.3)

where sE is defined in Eq.(3.2) and sV is the SEM for cell volume (raw data provided by Martin

Picard). For the case of ETC protein data, since the corresponding experiments in Picard et

al. [37] had only a single technical replicate, we derived an uncertainty by simply multiplying

the normalised protein value (see Section 3.3.1) by sV .
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Figure 3.2: Cell proliferation data from Picard et al. (A-D) Number of cells (N) versus number of days of
incubation, for different heteroplasmies, where a number of data points have been truncated (Trunc) from the
right. Growth appears to be non-exponential by day 6, and is therefore removed subsequently. (E) Slope of linear
regression with associated standard error, to derive the growth rate in dimensions of days-1, as used in Fig. 3.1E.
Raw data provided by Martin Picard.

3.3.4 Growth rate determination

The speed with which cells proliferate is dependent upon heteroplasmy, as can be seen in

Fig. 3.2. However, by day 6 of growth, cell growth appeared to change its behaviour, with evi-

dence of saturation; we therefore truncated the raw data to day 5 and calculated the exponential

growth rate by linear regression in log-lin space.

3.3.5 Model inference

We used Bayesian inference to determine the parametric uncertainty in the mathematical model

presented below, given the data in [37], for the 6 features considered here. We assumed Gaussian

noise for the error in the normalised versions of each feature. For full details of the priors used

for each feature, see Section B.2.
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3.4 Results

3.4.1 Per-cell interpretation of omics data highlights multiphasic dynamics

in response to heteroplasmic load

A simple interpretation of the threshold effect predicts the existence of spare capacity in the

transcription, translation, enzyme complex and biochemical levels of the cell, in response to

increasing heteroplasmy [35]. Under this interpretation of the threshold effect, we might expect

all of these functions to have no more than one turning point with increasing heteroplasmy.

However, the data in Fig. 3.1, and indeed the dataset of Picard et al. [37] overall, shows a

much more complex response. For instance, ETC transcripts clearly show two turning points,

suggesting some kind of transient compensatory response. Across the features, these data also

appear to be asynchronous in their turning points, for instance ETC transcripts peak at h = 0.6,

but glycolysis transcripts peak at h = 0.9. This highlights the need for an extension in our

understanding of the threshold effect, as well as the challenge in trying to parsimoniously model

such a complex dataset.

We note that the measurement uncertainty, where reported in [37], for our selected features of

interest are small relative to the variation with respect to heteroplasmy (see Fig. 3.1), justifying

a non-linear fit to the data. It should be noted, however, that this uncertainty only reflects

the technical variability in measurement, and does not include potential biological variability

of these features. We use a Bayesian approach to appropriately account for this uncertainty,

see Section B.2.

3.4.2 Integrated omics data motivates a model of the causal relationships

between bioenergetic variables

We present a qualitative description of our model in Fig. 3.3, which we will develop into a full

quantitative description below. One of our central claims is the existence of a single transition

in cellular behaviour, in response to increasing heteroplasmy of the 3243A>G mutation, over

the 0-90% heteroplasmy range. We propose that, at low heteroplasmy values, cells attempt

to maintain homeostasis in wild-type mtDNA density by reducing their volume. This reduces

biosynthetic and translational power demands, by the simplifying assumption that power demand

scales directly with cell volume.

Our model suggests that at a critical heteroplasmy, h∗, cells undergo a demand/supply toggle
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Figure 3.3: Qualitative description of continuous increase in MELAS mutant load. (A) At low levels of het-
eroplasmy (h), cells attempt to maintain homeostasis in wild-type mtDNA density by reducing their volume (V ).
This reduces power demands, allowing power supply/demand balance to be maintained despite rising heteroplasmy.
Further increase in heteroplasmy triggers a power demand/supply toggle at a critical heteroplasmy h∗, where en-
ergy provision pathways are upregulated. This includes upregulation of both oxidative phosphorylation, by reduc-
tion in mRNA degradation (δm), and glycolysis transcripts (Mgly). Cell volume consequently recovers. Further
increase in heteroplasmy exhausts ETC stabilisation, as δm → 0, and ETC protein (P+) continues to deplete. In
the transition to homoplasmy, glycolysis and ATP levels reduce, and yet cell volume and growth rate are retained.
In this regime, the mode of energy production is unclear. (B) Flow of causality in our mathematical model. N+ =
wild-type mtDNA copy number, METC = ETC mRNA, Rmax = maximum respiratory capacity, and G = cellular
growth rate. Heteroplasmy shown in red connecting to variables with explicit dependence.

where power supply is upregulated. Electron transport chain (ETC) transcripts are stabilised

through reduced degradation, and glycolysis is increased. This bioenergetic compensatory

behaviour at intermediate heteroplasmies allows cell volume to recover.

As heteroplasmy continues to increase, we claim that degradation of ETC transcripts becomes

negligible. Thus, further increases in heteroplasmy results in reduction in ETC protein content

and ETC exhaustion ensues.

These behaviours are captured in the mathematical framework of our model. However, as

cells transition from 90% to 100% mutant mtDNA, another transition in cellular behaviour

appears to occur, according to the data of [37]. Cells downregulate glycolysis, and yet retain

cell volume and growth rate. The mode of energy production in this case is unclear, and opens

new questions as to the most relevant energy supplies and demands in homoplasmic cells (see

Section 3.4.5).
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3.4.3 Interactions between bioenergetic variables can be cast as a bottom-up

quantitative model

We now present a quantitative description of our model, see Table 3.1, whose mechanistic

interpretations will be more fully explored in Section 3.4.5. Our model attempts to unify

the experimentally-measured features of [37] within a simple, physically plausible, bottom-up

cell biological representation. We stress that our choice of model structure was not developed

independently of the data in [37]; hence, at the level of choice of model structure, we have limited

control of over-fit. However, the uncertainty in its parameters, given the data and a set of priors

(see Section B.2), was computed using Bayesian inference. So whilst our parametrisation of the

model has statistical control for uncertainty, we have not employed a statistical model selection

framework. We believe this to be appropriate and practically unavoidable, as our objective

is to yield a new reduced account for these heterogeneous data, present novel hypotheses and

propose new experiments.

Wild-type mtDNA scaling A theme apparent in the data of Picard et al. is an over-

all downward trend of ETC mRNA and ETC protein with increasing heteroplasmy (h). We

therefore use the hypothesis that these quantities scale with the amount of wild-type mtDNA

(N+). Total mtDNA copy number showed only a weak dependence on heteroplasmy, with only

one heteroplasmy value displaying statistically significant deviation from h = 0 copy number

(Fig. 1I of [37]). We therefore assume that N = mtDNA copy number = const (set to 1 after

normalisation, without loss of generality) which then defines N+, see Eq.(3.4). The successful

performance of this simple model for N+ is shown in Fig. 3.4. Note that this model has no free

parameters, so was not associated with our inferred posteriors.

ETC mRNA Transcript copy number is determined by the balance of transcription (β) and

degradation (δm) rates. Given our assumption of N+ scaling, it can be shown (see Section B.3)

that Eq.(3.5) may be used to model the ETC mRNA pool size (METC). We further assume

a constant mean transcription rate β for parsimony, and allow the degradation rate δm to

vary with heteroplasmy in response to cellular signals. We require the degradation rate to be

high for low heteroplasmies, and low at high heteroplasmies, to describe the ability of cells

to upregulate their transcript copy number with rising heteroplasmy. A biologically-motivated

choice of function which achieves this is a sigmoid, see Eq.(3.6), where kmRNA, km and h0 are

constants.
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Description Equation
Equation
number

Wild-type mtDNA, N+ N+ = N(1− h) (3.4)

ETC mRNA, METC METC = β
δm+1N

+ (3.5)

δm(h) =
kmRNA

1+exp[km(h−h0)]
(3.6)

ETC protein, P+ P+ =
N+METC

δp
(3.7)

Glycolysis mRNA, Mgly Mgly =

{
c1, h ≤ h∗
m2h+ c2, h > h∗

(3.8)

Cell volume, V
koP

+ + kgMgly︸ ︷︷ ︸
supply

= V︸︷︷︸
demand

(3.9)

Growth rate, G G =
kgr
V (3.10)

Maximum respiratory
capacity, Rmax

Rmax = kpP
+ (3.11)

Table 3.1: Mathematical model of MELAS 3243 A>G mutation with progressive mutant load. See Table 3.2 for
parameter descriptions. Heteroplasmy = h, mtDNA copy number = N .

Observables Parameter Description

METC and Mgly h∗ Critical heteroplasmy

METC kmRNA Maximum ETC mRNA degradation rate

fm Relative ETC mRNA degradation rate at h∗

km ETC mRNA degradation steepness

ζ β/kmRNA where β = ETC mRNA transcription rate

P+ δp ETC protein passive degradation rate

Mgly c1 Glycolysis mRNA pool size for h ≤ h∗

m2 Glycolysis rate of increase with h, for h > h∗

V ko ETC protein constant of proportionality

kg Glycolysis mRNA constant of proportionality

G kgr Constant of proportionality

Rmax kp Constant of proportionality

Table 3.2: Table of observables, and their corresponding parameters
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Figure 3.4: Model fit for wild-type mtDNA copy number Data for mtDNA copy number from Picard et al.
[37] was multiplied by (1− h), as was the SEM. Displaying the model N+ = N(1− h), for N = const = 1.

ETC protein It is intuitive to assume that mean protein levels scale with transcript levels,

although this relationship may be noisy [252]. Following a similar assumption for ETC mRNA,

we also assume that ETC protein (P+) scales with wild-type mtDNA levels. Using analogous

arguments to METC (see Section B.3), we show that a reasonable model for ETC protein is

Eq.(3.7), where δp = const, denotes the baseline degradation of mitochondrial protein.

Glycolysis mRNA We assume that the glycolysis mRNA pool size (Mgly) is invariant to

heteroplasmy, until a critical heteroplasmy h∗, where glycolysis is gradually upregulated as a

result of cellular control. It is therefore parsimonious to assume that glycolysis regulation obeys

a spline of a constant and linear model which toggles at h∗, see Eq.(3.8), where c1 and m2 are

free parameters, and c2 = c1 −m2h
∗, by continuity.

Cell volume We propose that the power demands of the cell may be well approximated as

scaling with cell volume, see Section B.3 for further discussion. As glycolysis and OXPHOS

provide power supply to a first approximation, we assume that mean cell volume in an asyn-

chronous population of cells (V ) is effectively determined by a scaled sum of glycolysis and

OXPHOS contributions, such that the cell obeys a power supply = power demand relationship,

see Eq.(3.9), where ko, kg = const. We propose that changes in cellular volume are a long-term

adaptation to heteroplasmy, and therefore power availability.

From Fig. 3.1, it is clear that this assumption fails at h = 1, where glycolysis levels and cell

volume are comparable to h = 0 levels, and yet ETC proteins are only 30% of wild-type levels.

As ATP levels are below wild-type levels in these cells (see Fig. S6E in [37]), the mode of energy
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production is not clear and further metabolomic data may be required. We therefore exclude

all h = 1 data, and limit the domain of our model to 0 ≤ h ≤ 0.9.

Growth rate We observe that the cellular proliferation rate (which we call growth rate,

G, for consistency with [37]) varies with heteroplasmy (see Fig. 3.1). We hypothesise that

there exists a relationship between mean cell volume and growth rate. It can be shown that,

assuming individual cells increase their volume linearly through the cell cycle, growth rate varies

inversely with mean cell volume (shown in Section B.3). This is shown in Eq.(3.10), where kgr

is a constant.

We show in Section B.3 that, under an exactly exponential model of cell growth, G is indepen-

dent of V . However, given that there is presumably a wide class of cytoplasmic growth-vs-time

profiles which cells may obey, we use a linear model as a parsimonious example of how cell

growth may be connected to cytoplasmic volume.

Maximum respiratory capacity It has long been recognised that cells carrying the MELAS

mutation experience a respiratory defect when heteroplasmic load exceeds approximately 90%

[174, 253], and that this is due to a defect in protein synthesis [174, 249]. We therefore assume

that maximum respiratory capacity (Rmax) is always determined by protein content. This yields

a simple linear expression, see Eq.(3.11), where kp = const.

Model summary In summary, our model of mean cellular behaviour with respect to hetero-

plasmy describes 7 features from Picard et al. [37] (N+,METC, P
+,Mgly, V,G,Rmax) and has

12 adjustable parameters (as discussed later this is fewer than the number required for 7 linear

models with offsets), a table of which is shown in Table 3.2. In writing down this phenomeno-

logical model, we have attempted to account for a physiologically important subset of the data

generated in [37], using bottom-up arguments wherever possible. In doing so, a number of

novel, falsifiable, hypotheses are made.

3.4.4 Parametrisations of a simple biophysical model account for complex

observations across a range of heteroplasmic load

The fit of the model described above is shown in Fig. 3.5. Between 0 ≤ h ≤ h∗, h∗ being the

critical heteroplasmy where glycolysis is upregulated (0.34 ≤ h∗ ≤ 0.44, 25-75% CI), our model

reproduces the reduction in ETC transcript pool size. Similarly, we observe that ETC protein
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Figure 3.5: A simple biophysical model is consistent with complex observations across range of hetero-
plasmic load (A-F) Approximations for the maximum a posteriori estimate (black line), posterior mean (red line)
and 25-75% Bayesian credible intervals (pink bands), for the model fits to selected data from [37]. The model
makes predictions over the range 0 ≤ h ≤ 0.9, see Section 3.4.3. Data for h = 1 have been plotted in grey, as
they have not been used to train the model. Error bars are conservative and merely show the technical variability
reported in [37], see Section 3.3.3.

pool size also reduces, as does cell volume and maximum respiratory capacity.

Our model successfully captures the transient compensatory responses in ETC mRNA, ETC

protein and cell volume which begin around the critical heteroplasmy h∗. For heteroplasmies

between h∗ . h . 0.5, ETC mRNA degradation reduces causing ETC mRNA to be upregu-

lated, along with ETC protein and maximum respiratory capacity. In this region, glycolysis

becomes induced above wild-type levels, and cell volume can be observed to also recover.

In excess of h ≈ 0.5, our model shows the observed reductions in ETC mRNA, ETC protein

and maximum respiratory capacity. We see that continued upregulation of glycolysis mRNA

allows cell volume to remain at an approximately constant value, although diminished relative
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to a wild-type cell. Consequently, heteroplasmic cells between 0.2 ≤ h ≤ 0.9 are predicted to

proliferate at a faster rate than wild-type cells (see Fig. 3.5E).

3.4.5 Key claims and predictions of biophysical model of heteroplasmy

Here, we discuss the interpretations of our model in light of the mathematical description

developed above, and explore the evidence for the biological insights it provides. We make

experimental proposals to validate our claims, which are given in Section B.4. The set of

mechanistic interpretations which follow from our mathematical model are:

• Wild-type mtDNA density is maintained homeostatically at low heteroplasmy;

• There exists a possible minimum cell volume which is approached at the critical hetero-

plasmy;

• Cells toggle from demand reduction (i.e. cell volume reduction) to supply increase (i.e.

glycolysis and ETC mRNA upregulation), at the critical heteroplasmy;

• Mutant mtDNAs do not significantly contribute to the mitochondrial mRNA pool;

• Mitochondrial tRNAs remain moderately localised to their parent mtDNA;

• Maximum respiratory capacity is determined by ETC protein levels through a linear

relationship;

• Cell growth rate is the reciprocal of mean volume, thus smaller cells proliferate faster.

Wild-type mtDNA density homeostasis is maintained until a minimum volume is

reached near the critical heteroplasmy The parameter h∗ determines the extent of

mutant load, for which the cell begins to upregulate ETC mRNA and glycolysis mRNA. But

what causes this change in behaviour, at this particular value of heteroplasmy? By examining

the posteriors of our model fit (Fig. 3.5) we infer that cell volume takes its minimum value

shortly before the most probable value of h∗ (see Fig. 3.6). We hypothesise that an attempt to

conserve wild-type mtDNA density (N+/V ) determines the position of h∗.

For h . h∗, wild-type mtDNA density is maintained despite increasing heteroplasmy, because

cell volume diminishes. As a result of this reduced demand, the cell can tolerate diminished

mitochondrial power supply. However, cell shrinkage cannot continue indefinitely and we hy-

pothesise that the cell reaches a minimum cell volume at h ≈ h∗. Once heteroplasmy exceeds
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Figure 3.6: Wild-type mtDNA density (N+/V ) homeostasis may trigger supply/demand toggle Poste-
rior statistics show an initial maintenance of N+/V . When cell volume (V ) takes its minimum value, the most
probable value of h∗ shortly follows. N+/V then reduces. We suggest that the inability of the cell to maintain
N+/V = const, due to the existence of a minimum cell volume, causes cells to toggle in their strategy at h∗, from
demand reduction to supply increase. Data from [37].

this value, the cell toggles its energy balance strategy from power demand reduction to supply

increase, and the cell recovers in volume. We note that this observation was robust to removal

of h = 0.6 data points where present, see Fig. 3.7.

There is evidence in the literature that wild-type mtDNA density is an important quantity.

Bentlage and Attardi [253] observed that long-term culture of heteroplasmic MELAS cells

resulted in an increase in mtDNA copy number, resulting in increased oxygen consumption.

Whilst this was often accompanied by a decrease in heteroplasmy, some cell lines also exhibited

this at constant heteroplasmy. This is consistent with the cell attempting to increase the

absolute number of wild-type mtDNAs, perhaps to compensate for heteroplasmic load, and

suggests that the absolute value of N+ is a physiologically important quantity.

The density of mitochondrial content per unit cytoplasmic volume has been observed by many

authors to be tightly regulated and physiologically predictive. The historical observations

of Posakony et al. [44] showed that the mean ratio of mitochondrial content to cytoplasmic

volume is kept relatively constant throughout the cell cycle in HeLa cells, occupying ∼10-11% of

cytoplasmic area throughout. Similar observations have been reproduced in more recent studies,

in various other systems. Rafelski et al. found in budding yeast that mitochondrial content

was proportional to bud size, and that all buds attain the same average ratio regardless of the
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Figure 3.7: Model fits are largely robust to exclusion of data at 60% heteroplasmy. All data, if present, for
h = 0.6 (grey stars) were excluded and the model was re-fitted as per Section B.2. (A-F) We observe the same
qualitative behaviour as Fig. 3.5. METC fits are expected to display a peak around h = 0.6 (see posterior mean), as
is P+. Mgly is essentially unaffected, whereas V , G and Rmax also show exaggerated behaviour relative to Fig. 3.5
at h = 0.6. (G) The mean posterior density of N+/V is approximately constant between 0 ≤ h ≤ 0.3, as seen in
Fig. 3.6, suggesting that the hypothesis of wild-type density homeostasis is robust under the exclusion of this data
point, given our model structure and priors.
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mother’s age or mitochondrial content [45], suggesting a stable scaling relation. Also, Johnston

et al. [24] found that the density of mitochondrial mass was predictive of cell cycle dynamics,

indicating that N/V (N = total number of mtDNAs) is physiologically relevant and potentially

linked to cell power supply and growth dynamics. Indeed Jajoo, Paulsson and co-workers [49]

found that the density of mitochondrial DNA tracks the quantity of cytoplasm inherited upon

division in wild-type fission yeast. In Chapter 4, we will find that the assumption of constant

mitochondrial density is explanatory in accounting for a recently published dataset [50], using

mathematical modelling.

We may speculate as to the interpretation of a possible minimum cell volume. One straight-

forward interpretation is that a minimum cell volume corresponds to a mechanical constraint:

a cell may only become so small because the machinery required to perform tissue-specific

metabolic and structural tasks require a minimum amount of space. Alternatively, a bioener-

getic cell volume may exist. For instance, appreciable power demands which scale with e.g.

surface area or are invariant to cell size [254–256], may become large relative to power supply

as cells become smaller. This is because cellular power supply (through glycolysis and oxidative

phosphorylation) likely scales with cell volume. This mismatch in scaling behaviour between

power supply and power demand may place a constraint on the minimum cell size.

ETC mRNA degradation diminishes at the critical heteroplasmy contributing

to power demand/supply toggle The induction of glycolysis at the critical heteroplasmy

is observed in our model by construction, see Eq.(3.8), since glycolysis is modelled to increase

linearly when heteroplasmy exceeds this point. However, by observing the posterior distribu-

tion of the ETC mRNA degradation rate (see Fig. 3.8), we see that the critical heteroplasmy

also coincides with the beginning of reduction in ETC transcript degradation with respect to

heteroplasmy. Since ETC mRNA pool size varies with the inverse of this degradation rate

(see Eq.(3.5)), ETC transcripts are consequently upregulated in tandem with glycolysis tran-

scripts. This occurs until ETC degradation diminishes to negligible levels around h ≈ 0.5,

where this particular control mechanism becomes exhausted. Thus, the critical heteroplasmy

coincides with a shift from power demand reduction, to supply increase from both glycolysis

and OXPHOS contributions.

Since mtDNA is transcribed as a single polycistronic transcript [257], the relative stoichiometry

of individual mRNA species must be controlled via active degradation. This is achieved by a

balance between processes which stabilise and degrade mRNA [258]. The Picard data set

can be explored further to seek corroborating evidence, by observing the ratio of ETC mRNA
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Figure 3.8: Critical heteroplasmy induces ETC mRNA stabilisation Posterior distributions for ETC mRNA
degradation rate and critical heteroplasmy (0.34 ≤ h∗ ≤ 0.44, 25-75% CI and 0.27 ≤ h∗ ≤ 0.89, 5-95% CI).
It can be seen that the critical heteroplasmy coincides with the reduction in ETC degradation, signalling a power
demand/supply toggle.

degraders to stabilisers. We find a qualitative similarity between this ratio (see Fig. 3.9) and the

posterior distribution of the ETC degradation rate (see Fig. 3.8), both displaying a substantial

reduction between h = 0.3 and h = 0.5.

Mitochondrial tRNAs are enriched in the vicinity of their corresponding

parental mtDNA The co-location for redox regulation (CoRR) hypothesis states that

mtDNA exists in the close proximity of respiratory units for the rapid and direct regulatory

control of respiration [120, 121]. This hypothesis, which aligns with several leading theories on

the origins of complex life [259, 260], has recently been supported by studying mitochondrial

gene loss throughout the eukaryotic tree of life [261], as well as other experimental evidence

reviewed in [121].

Given the CORR hypothesis, one might expect there to exist a functional link between the

genotype of an mtDNA and the phenotype of its spatially-closest respiratory units. In other

words, mitochondrial nucleoids (protein-DNA complexes which are thought to possess ∼1.1

mtDNA molecules per nucleoid [181]) may each have a limited sphere of influence; this has

been put forward as the ‘leaky-link’ hypothesis by other authors [119, 262].

The 3243A>G MELAS mutation causes amino-acid misincorporations, resulting in unstable
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Figure 3.9: Corroborating evidence for ETC mRNA degradation from Picard et al. Ratio of mitochon-
drial mRNA degraders (PDE12, PNPT1, SUPV3L1) to stabilisers (MTPAP, LRPPRC, SLIRP), see Ref. [258] and
references therein. We observe qualitative similarity in δm (see Fig. 3.8) and the ratio of normalised genes, both
showing strong downregulation between h = 0.3 and h = 0.5. The numerator and denominator were normalised
according to Eq.(3.1). Errors result from error propagation of a ratio, where the error for the numerator and de-
nominator are derived using Eq.(3.2).

translation products [249]. It is reasonable to assume that mutant mtDNAs have a locally higher

concentration of mutant tRNAs, since they are the source of these molecules, as well as the

presence of cristae which may limit diffusion in the mitochondrial matrix [263]. ETC mRNAs

in the vicinity of mutant mtDNAs will more often be translated into unstable protein due to

the presence of defective tRNAs. Therefore, mutant mtDNAs may give a weaker contribution

to the total functional ETC protein content of the cell than wild-type mtDNAs. Hence, low

diffusivity inside the mitochondrial matrix is hypothesised to induce a local phenotype-genotype

link [119, 262]. We take the limit of mutant mtDNAs providing zero contribution to the

total ETC protein content of the cell, rather than a limited contribution, for parsimony – i.e.

P+ ∝ METCN
+. This is equivalent to assuming a strong local phenotype-genotype link. See

Section B.5 for an alternative model of well-mixed tRNAs.

Evidence in the literature for this claim is mixed. It has been observed that mitochondrial

mRNAs localise to mtDNA suggesting that mtDNA may be a site for mitochondrial translation

[46, 186]. However, cybrid experiments by Ono et al. involving homoplasmic tRNA mutants

3243A>G and 4269A>G are able to recover their respiratory function by fusing such cells

together to form hybrids [170]. Their recovery is presumably due to the diffusion of the healthy

form of each tRNA, so that normal proteins may be translated. Yet, one might expect there

to exist, at least limited, local coupling between mtDNA and their gene products under the

CoRR hypothesis [120, 121, 261] and the leaky-link hypothesis [119, 262], as described above.

It is noteworthy that the cybrid experiments by Ono et al. show recovered respiration after
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a long adaptation phase of 10 days [170]. Since this is a much larger timescale than that of

mtDNA replication, which is typically hours [264], it is conceivable that some kind of long-term

adaptation occurred in this system which is still compatible with a strong local phenotype-

genotype link; for example, the presence of nucleoids with an mtDNA of each kind of mutant,

allowing the local transcription of both of the corresponding wild-type tRNAs. See Section B.4

and Table B.1 for experimental suggestions to determine the extent of tRNA diffusivity.

Mutant mtDNAs have a transcriptional defect It has been hypothesised that, due

to the limited diffusion of gene products, mutant mtDNAs may experience a local energy

deficiency [119]. This local energy deficiency could conceivably reduce the ability of mutant

mtDNAs to perform transcription through a local depletion of ATP. Since the concentration of

ATP inside the mitochondrial matrix is low in the physiological setting [265], this may leave

processes in the vicinity of mutant mtDNAs with increased susceptibility to local fluctuations

in energy availability. If mutated mtDNAs are transcribed more slowly, they may have a lower

contribution to the ETC transcript pool.

Alternatively, some other mechanism may generate a functional dependence between mitochon-

drial transcription and mtDNA genotype. For instance, mitochondrial transcription machinery

(such as mitochondrial RNA polymerase, POLRMT ) could be preferentially transported to

functional mtDNAs, potentially via membrane potential sensing. Since dysfunctional mito-

chondria are observed to bud off from fused networks [164], it is possible that this mechanism

allows the cell to sense the individual performance of mitochondria/mtDNAs [10], and hence

target nuclear proteins accordingly. It is also possible that mitochondrial translational ma-

chinery could be preferentially targeted to functional mitochondria, which would also result in

P+ ∼ N+.

We adopted a model of no transcription for mutant mtDNAs, as opposed to limited transcrip-

tion, for parsimony – i.e. METC ∼ N+. See Section B.5 for an alternative model where mutant

mtDNAs provide a non-zero contribution to METC. We provide experimental suggestions for

determining the extent of mutant mtDNA transcription in Section B.4.

Cell volume is not explained by cell cycle variations Our model predicts that

cells, on average, change their size as heteroplasmy is varied, due to variation in power supply

from OXPHOS and glycolysis. However, since cells vary their volume by a factor of 2 throughout

the cell cycle, it is possible that cells with different heteroplasmies spend different durations

at various stages of the cell cycle, explaining the observed variation in expected cell volume
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Figure 3.10: Variation of cell cycle markers with heteroplasmy A list of cell cycle markers, taken from [266]
were normalised according to Eq.(3.1), yielding gene lists for G1/S, S, G2 and G2/M phases. (A) The ratio of
G2/M to G1/S genes yielded no obvious trend with heteroplasmy. (B) G2/M and G2 gene lists were combined
(G2/M

⋃
G2), as were G1/S and S (G1/S

⋃
S). This again yielded no obvious trend with heteroplasmy. Errors

result from error propagation of a ratio, where the error for the numerator and denominator are derived using
Eq.(3.2).

with heteroplasmy (see Fig. 3.1D). We sought evidence for this hypothesis by computing the

ratio of the expression level for genes associated different stages of the cell cycle [266], see

Fig. 3.10. However, we found little evidence to support the enrichment of cell cycle markers at

any particular level of heteroplasmy.

OXPHOS contributions to power supply are stabilised at the critical hetero-

plasmy The relative contribution of OXPHOS to power supply, i.e. koP
+/(koP

+ + kgMgly),

is also interesting to observe as heteroplasmy is varied. We observed a transient stabilisation

in OXPHOS contributions around h∗. A discussion of this is presented in Section B.6.

Cells proliferate inversely with their size Due to our reciprocal model connecting

cell volume and growth (see Eq.(3.10)), our model suggests that wild-type cells proliferate more

slowly relative to heteroplasmic cells due to their larger size.

Maximum respiratory capacity linearly tracks ETC protein content It has

long been suggested that cells above a particular threshold heteroplasmy experience a respi-

ratory defect [174, 175, 253]. With a more classical interpretation of the threshold effect, we

might have expected the need for a model which has switching behaviour in excess of 60% het-

eroplasmy [175] for maximum respiratory capacity, in analogy with glycolysis transcript levels

(see Eq.(3.8)). However, in our model, we found that a simple linear relationship between ETC
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protein and maximum respiratory capacity was sufficient to describe the data available (see

Eq.(3.11)).

Reactive oxygen species may explain the transition to homoplasmy, but mode

of energy production remains unclear In Eq.(3.9), we claim that cell volume is de-

termined by the weighted sum of glycolysis transcripts and ETC protein. Over the range

0.9 < h ≤ 1, glycolysis transcripts reduce by 57%, whereas ETC protein and cell volume re-

main comparable, thus breaking the supply = demand relationship, as we have modelled it.

Consequently, our model fails to describe the transition from h = 0.9→ 1.

A potential explanation for the reduction in glycolysis transcripts over this range, comes from

the fact that glycolysis provides substrate for oxidative phosphorylation. Damaged electron

transport chain proteins may produce an excess of reactive oxygen species (ROS) [267], which

can damage mitochondrial proteins, DNA and membranes. If, at high heteroplasmy, any flux

through the electron transport chain causes high levels of ROS, then cells may attempt to

reduce flux through glycolysis, to avoid production of these species.

Some evidence from Picard et al. supports this hypothesis, where superoxide dismutase (SOD)

activity is largely constant with heteroplasmy, except for homoplasmic mutant MELAS cells,

which have ∼ 20% higher SOD activity than wild-type cells (see Fig. S7D of [37]). Furthermore,

it is known that ROS can reversibly inhibit the activity of GAPDH, one of the enzymes involved

in glycolysis [268, 269].

However, given that fatty acid oxidation (see Fig. 3.11) is strongly downregulated over this

range, it remains unexplained how homoplasmic mutant cells maintain their cell volume (and

growth rate), given their reduced reliance upon mitochondrial and glycolytic metabolism. Fur-

ther metabolomic measurements may be required to uncover this mode of energy production.

ATP levels are also observed to decrease over this range (see Fig. S6E of [37]), which may

even suggest that an alternative fuel currency besides ATP supports the growth and size of

these cells. However, more careful investigation of this observation may be of value, since

it is important to draw the distinction between ATP pool sizes and ATP fluxes, the latter

perhaps being more indicative of ATP usage, and the former being indicative of only relative

production/consumption rates.
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Figure 3.11: Expression of fatty acid oxidation enzymes with heteroplasmy. Showing variation of the genes
(ACADVL, ECHS1, HADH, ACAA2) with heteroplasmy, normalised according to Eq.(3.1). It can be seen that
these metabolites are downregulated between h = 0.9 → 1, so fatty acid oxidation does not appear to be sup-
porting the maintained cell volume and growth rates over this range of heteroplasmy. Errors are calculated using
Eq.(3.2).

3.5 Discussion

In this study, through use of a distilled subset of data from [37] and using minimal arguments,

we have attempted to explore the apparent marked difference between the complex multiphasic

observations of Picard et al., and the classical step-like models associated with the threshold

effect.

We note that the model presented here relies on data from osteosarcoma (143B TK-) cybrid

cells [37]. MELAS is thought to affect muscle and the central nervous system most severely: i.e.

quiescent, differentiated tissues. In contrast, 143B TK- cells are highly proliferative. Hence, it

is not obvious that the physiological consequences of MELAS heteroplasmy in the 143B TK-

system (for example the marked variation in cell volume, see Fig. 3.1D) is relevant for under-

standing the pathophysiology of MELAS (where variations in cell volume of tissue biopsies are

not widely reported, although primary fibroblasts do have reported cell volume variation [270]).

Whilst future studies in more pathologically-relevant nuclear backgrounds may be insightful,

there is still potential value in understanding the physiological impacts of heteroplasmy in any

given nuclear background, as it is plausible that at least some of our hypotheses may generalise

to, and be testable in, a broader class of cellular systems.

Furthermore, cybrid cell lines are often unstable in the number of chromosomes that they

possess, and the cybridization process itself may induce transcriptional [271] and metabolic

changes [272]. A technical concern one may raise with the dataset of Picard et al. [37] is
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therefore the extent to which their observations may be explained by random genetic drift

in the nucleus. However, Picard et al. points out that the observations made with respect

to heteroplasmy (at least for a subset of features) appear to be non-random with respect

to increasing heteroplasmy: for example, the expression of heat shock proteins appeared to

increase monotonically with heteroplasmy [37], which would not be expected under unbiased

random perturbations at each level of heteroplasmy. We note also that cybrid systems are not

without merit, as cells have the same nuclear background (although this background may be

volatile), and have furthered progress in understanding mitochondrial dysfunction (reviewed

in [273]). As is the case generally with model biological systems, it is important to seek

corroborating evidence from multiple model systems before accepting the observations from any

single experiment. Hence we have suggested a range of experiments to validate the hypotheses

we have generated here.

We have argued that a single critical heteroplasmy, h∗, is sufficient to explain this subset of data

over the heteroplasmy range 0 ≤ h ≤ 0.9 and that other multiphasic behaviour arises naturally

from the simple physical/biological assumptions of our model. Our model suggests that cells

undergo a power demand/supply toggle at h∗, from demand reduction to supply increase.

We hypothesise that homeostasis in wild-type mtDNA density is maintained via cell volume

reduction, ensuring that the available functioning power sources are matched to a corresponding

level of cellular demand, until a minimum cell volume is reached which coincides with h∗.

This triggers the demand/supply bioenergetic toggle where energy production pathways are

upregulated. We believe this re-emphasises the need for quantification of single-cell mtDNA

content to be associated with volume measurements of the same cell: mtDNA density is a

relevant physiological variable [24, 44, 45, 49, 274]. We find that the mode of energy production

over the range 0.9 ≤ h ≤ 1 is unclear, and that further metabolomic investigations may be

required to determine this.

Our model further predicts that mutant mtDNAs have a reduced contribution to transcription

and that tRNAs have low diffusivity. These hypotheses potentially follow from the ‘leaky-

link’ hypothesis whereby mtDNAs have a limited extent of influence, such that there exists a

phenotype-genotype link between an mtDNA and its spatially closest respiratory units [119,

262]. We also predict that a relationship exists between mean cell volume and cell growth.

A potential consequence of our predictions is that controlling either mtDNA copy number,

wild-type mtDNA copy number, or wild-type mtDNA copy number density, to ensure optimal

values of wild-type mtDNA copy number density could be valuable control axes in therapy.
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Increasing mitochondrial DNA copy number, for instance through activation of the PGC-1α

pathway, may facilitate the increase of cell volume, deferring the critical heteroplasmy to higher

values by delaying the approach towards a minimum cell volume. We might reason that this

enhances a wild-type phenotype at higher heteroplasmy values, potentially deferring the full

MELAS phenotype to higher heteroplasmies, which typically appears between ∼50-90% mutant

load [275]. Indeed, it has been found that increasing mitochondrial biogenesis can ameliorate

mitochondrial myopathy in vivo [276].

We might also argue that as cells toggle from power demand reduction to supply increase,

further bolstering of this compensatory response may have clinical significance. For instance,

since we observe that cells switch to glycolytic metabolism to compensate for diminishing mi-

tochondrial power supply, further encouragement of this energy mode may be therapeutic.

This is supported by the recent observation that promoting the hypoxia response is protective

against multiple forms of respiratory chain inhibition [277]. Alternatively, since we predict

that cells innately downregulate ETC mRNA degradation, seeking to upregulate mitochondrial

transcription may aid the cell in maintaining a sufficient mRNA pool size. Furthermore, pro-

moting alternative energy production pathways such as fatty acid oxidation via the ketogenic

diet may also aid in reducing the dependence on oxidative phosphorylation. This diet has been

associated with increased mitochondrial transcripts [278], mitochondrial content [278, 279] and

has been shown to slow mitochondrial myopathy progression in transgenic Deletor mice [279].

Indeed, the diet has recently been used in clinic as an adjunctive therapy for a patient suffering

from MELAS, harbouring the 3260A>G mutation, which successfully decreased the frequency

of seizures and stroke-like episodes [280].
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4
Mitochondrial heterogeneity,

metabolic scaling and cell death

4.1 Summary

Heterogeneity in mitochondrial content has been previously suggested as a major contributor

to cellular noise, with multiple studies indicating its direct involvement in biomedically im-

portant cellular phenomena. A recently published dataset explored the connection between

mitochondrial functionality and cell physiology, where a nonlinearity between mitochondrial

functionality and cell size was found. Using mathematical models, we suggest that a combina-

tion of metabolic scaling and a simple model of cell death may account for these observations.

However, our findings also suggest the existence of alternative competing hypotheses, such as

a nonlinearity between cell death and cell size. While we find that the proposed nonlinear

coupling between mitochondrial functionality and cell size provides a compelling alternative to

previous attempts to link mitochondrial heterogeneity and cell physiology, we emphasise the

need to account for alternative causal variables, including cell cycle, size, mitochondrial density

and death, in future studies of mitochondrial physiology.
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4.2 Introduction

The sources of mitochondrial heterogeneity are diverse, as discussed in Chapter 1 (see Sec-

tion 1.2). In Chapter 3, we have seen how variation in heteroplasmy (the fraction of a variant

mtDNA allele per cell) of a pathological mtDNA mutation may have profound effects upon

cell physiology (see Section 3.4.4). In this chapter, we investigate the physiological impacts of

another mitochondrial feature, namely mitochondrial functionality, upon cellular physiology.

We do this by using data from a recently published study [50], which generated a rich dataset

probing the relationship between mitochondrial functionality, cell size, apoptosis, cell cycle and

metabolism.

We propose a set of quantitative arguments that could account for the dataset in Ref. [50], and

invoke several models for bioenergetic scaling, the dynamics of cell proliferation and death, and

the coupling between cell physiology and mitochondrial content. Amongst the insights gained

from these models, we find that:

• Cell size scaling of cellular power demand implies a reduction in mitochondrial function-

ality with increasing cell size, in large cells;

• The cell’s characteristic (or “optimal”) size may be largely set by a particular form of

intrinsic cell growth dynamics, rather than mitochondrial functionality;

• Cell death alone may induce a non-linearity in mitochondrial functionality with cell size,

if mitochondrial functionality is considered a passive indicator of the health of a cell;

• A non-heritable, nonlinear relationship between mitochondrial functionality and cell size,

is compatible with a wider set of single-cell data [23] and provides a compelling alternative

to link mitochondrial heterogeneity and cell physiology.

We highlight the importance of considering variables such as cell cycle, volume, mitochondrial

density and cell death in future studies of mitochondrial heterogeneity. We also propose further

experiments to distinguish the models proposed here, and further elucidate the coupling between

mitochondria and cell dynamics.

4.3 Linking mitochondrial heterogeneity and cell size

Mitochondrial membrane potential is often considered a measure of mitochondrial functionality,

since a higher membrane potential may support a larger respiratory rate and ATP/ADP ratio

82



[152, 281], as well as its role in quality control [164] (although this correspondence may not hold

under all conditions, since inhibiting ATP synthase can cause membrane potential to increase

[152, 153]). It is important to distinguish between total ∆Ψ, which is expected to scale with a

characteristic size of the system (for example, the size of the mitochondrial population, total

cellular protein, or some measure of the size of the cell itself e.g. the radius), and a measure of

∆Ψ which is normalised to account for this scaling. We denote a relative measure of ∆Ψ with

r∆Ψm, r∆Ψp or r∆Ψr for normalisations by mitochondrial mass, total cellular protein and cell

radius respectively.

The main probe which Miettinen & Björklund [50] used for normalising ∆Ψ was the lipophilic

cationic dye JC-1 [282]. JC-1 can pass cellular membranes and accumulates in regions of neg-

ative potential, such as the mitochondrial matrix. JC-1 is green-emitting in its monomeric

form; however, if its concentration exceeds a threshold value then it forms aggregates which are

red-emitting [282]. By taking the ratio of red to green signals, JC-1 is considered as a semi-

quantitative measure of r∆Ψm. Perry et al. [153] have suggested several complexities in using

this probe. Since aggregates form according to threshold effects based on the concentration

of monomers, JC-1 may be ill-suited to detecting subtle gradations in ∆Ψ and has been rec-

ommended to be used as a binary indicator of high/low ∆Ψ. Furthermore, it has been shown

that aggregate formation is sensitive to loading concentration [283], suggesting that cellular

surface-to-volume ratio may have an effect on aggregation rate. This is of particular relevance

to the data of Miettinen & Björklund [50] since variations in cell size are of interest. Finally,

equilibration times tend to be long for JC-1, as can be seen in Ref. [50] Fig. S2E (although the

qualitative observations of this particular experiment appeared to hold throughout the staining

kinetics).

Despite these complexities, many of the key insights of Miettinen & Björklund [50] were repro-

duced with other means of normalising mitochondrial membrane potential. Throughout their

experiments, the authors used flow cytometry to measure cell size using forward scatter (FSC).

Calibration of FSC is important for its rigorous interpretation [284]. Upon binning cells by

diameter, with bin width of ∼100 nm, the authors found good correlation between FSC and

cell radius across the binned populations. ∆Ψ was measured with TMRE (another lipophilic

cationic dye) and total cellular protein content using CellTrace FarRed stain [285] which cova-

lently binds to cytosolic proteins. The ratio of these signals yields r∆Ψp. The authors found

that r∆Ψp initially increased and subsequently decreased (henceforth referred to as ‘turning

behaviour’) with increasing cell radius, which was qualitatively similar to r∆Ψm found via JC-1

(Ref. [50] Fig. S2K, 1C). The authors also used MitoTracker Red as a measure of ∆Ψ and Mi-
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Figure 4.1: Median mitochondrial membrane potential normalised by median mitochondrial mass shows
turning behaviour with increasing cell size using MitoTracker dyes (A) Median trends (using loess) of mi-
tochondrial membrane potential / cell radius (∆Ψ/r, red) and mitochondrial mass / cell radius (n/r, blue) using
MitoTracker Red and Green respectively. Data from Ref. [50] Fig. 1D. (B) The curves in (A) were multiplied by r
to obtain ∆Ψ and n, and their ratio was plotted versus r. This yields turning behaviour with r. Since cell radius
is presumably connected to cell volume via a purely increasing function, this turning behaviour should also hold
for cell volume. Note that it is unclear whether the location of the turning point in (B) coincides with that of Ref.
[50] Fig. 1C due to the presence of optical drift (meaning that the absolute values of FSC may change over time),
making inter-experimental comparisons difficult.

toTracker Green as a measure of mitochondrial mass (Ref. [50] Fig. 1D). Their data suggested

that r∆Ψr shows turning behaviour with increasing cell radius; re-analysis of these data also

suggests that r∆Ψm shows turning behaviour with either increasing cell radius or volume (see

Fig. 4.1).

While the precise interpretation of JC-1 ratio remains somewhat unclear due to the complex-

ities above, the empirical observation that median JC-1 monomer fluorescence closely tracks

median total cell protein suggests that it is appropriate for normalisation by cell size [50]. The

orthogonal validation experiments suggest some degree of qualitative similarity between r∆Ψm,

r∆Ψp and r∆Ψr, all of which show turning behaviour with increasing cell radius. The qualita-

tive agreement between median JC-1 ratio and these validation experiments suggest that JC-1

ratio is a qualitative measure of system-size-normalised mitochondrial membrane potential. We

therefore use the notation r∆Ψ to denote JC-1 measurements, which the data of [50] suggests

has qualitative similarity to r∆Ψm, r∆Ψp and r∆Ψr. This turning behaviour was found with

the JC-1 probe in immortal cell lines from human (Jurkat), fly (Kc167) and chicken (DT40) as
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Figure 4.2: Summary of findings of Miettinen & Björklund. The authors binned cells by size of windows ap-
proximately 100 nm in diameter. For each bin, the authors measured total mitochondrial membrane potential,
normalised by cell size, (r∆Ψ) using the ratiometric probe JC-1, and reported its median (red curve). (A) Approx-
imate coincidence between the mode of the cell radius distribution (grey histogram), determined through forward
scatter with flow cytometry, and median r∆Ψ. (B) Although cells were gated for cell death using propidium io-
dide, the smallest cells in the population were high in an alternative annexin-based sensor of cell death (pSIVA)
after normalisation by cell protein content, suggesting that these were early apoptotic cells. Observations (A)&(B)
do not exclusively rely on JC-1 measurements. (C) For approximately fixed cell size, the authors showed that the
distribution of r∆Ψ was approximately invariant across different cell cycle stages (red, blue, orange histograms),
suggesting that the variation in r∆Ψ is more strongly informed by cell volume than cell cycle stage. Note that this
observation was not validated independently of JC-1. Based on figures from [50].

well as primary rat hepatocytes and human primary HUVECs (i.e. non-immortalised cells, Ref.

[50] Fig. S2L), providing some evidence that this observation may hold beyond immortalised

cell cultures.

Miettinen & Björklund [50] found that the maximum r∆Ψ over cell size approximately coincided

with the modal cell size – see Fig. 4.2. The distribution of r∆Ψ was also invariant to cell cycle

stage for cells of an approximately fixed size. The authors therefore postulated that nonlinearity

in mitochondrial functionality results in an “optimal” cell size [50], independently of cell cycle

stage.

4.4 Cell physiological models coupled to cell death

Miettinen & Björklund speculate that an allometric decline causes reduction in mitochondrial

functionality with increasing cell size [50, 286], citing the West, Brown and Enquist (WBE)

model of allometric scaling of metabolism with body size [287]. Briefly, this model suggests that
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transport of materials through fractal space-filling networks explains the relationship between

organismal mass and metabolic activity (see Box 4.1 for a discussion of this hypothesis). In

contrast, the authors speculate that small cells display low r∆Ψ due to a “newborn effect”

whereby daughter cells inherit the low mitochondrial functionality of their parents, which itself

originates from the allometric decline in the final stages of growth in parent cells. Intermediate-

sized cells were postulated to “reset” their metabolic activity, increasing it during early stages

of growth [50, 286]. However, both the “newborn” and metabolic “reset” arguments suggest

differences in r∆Ψ at different stages of the cell cycle, which was not observed using JC-1 (Ref.

[50] Fig 2D, S3C, D). We note that the lack of cell-cycle dependence in r∆Ψ was not reproduced

independently of the qualitative JC-1 probe, so the newborn/reset hypothesis remains possible.

Box 4.1: Allometric Scaling Hypothesis of Cellular Power Demands

The WBE model of allometric scaling [287] claims that the power-law relationship linking an organism’s
metabolic rate (B) and mass (M) is B ∝ M3/4 and can be derived by considering the transport of ma-
terials through space-filling fractal networks of branching tubes, for instance the cardiovascular network
of most vertebrates. The theory was subsequently extended to explain the metabolic requirements of
single-cells in terms of mitochondrial output [288]. Assuming that cell mass and volume (v) are propor-
tional, through constant cellular density, and that the power demand (D) of a cell equates to its metabolic
output, the WBE model suggests that the power demand of single cells scales as D ∝ v3/4. We model
mitochondrial power supply (S) in terms of mitochondrial mass density (ρ = n/v, for mitochondrial mass
n) and mitochondrial functionality (f) as S ∝ ρvf . Miettinen & Björklund [50], as well as other authors
[44, 45, 49], suggest that n ∝ v (i.e. ρ = const) and therefore S ∝ v(r∆Ψ) (see Section 4.4.1 for further
discussion of ρ variation with v), where we have interpreted f ∝ r∆Ψ. Using S = D results in the
prediction that r∆Ψ ∝ v−1/4, in contrast to the model we suggest in Eq.(4.3).
Over the relatively small dynamic range of cell volume in a population of cells, the r∆Ψ ∝ v−1/4 re-
lationship of the WBE model and Eq.(4.3) are unlikely to make large differences in their predictions.
However, there are some conceptual difficulties in accepting the WBE model above a simpler energetic
scaling argument. Whilst mitochondria do form fractal-like networks [289], and the level of fusion of
these networks might have non-linear effects on metabolic output [10], it is not clear that a system of
static, hierarchical, tubes with fluid flow is an appropriate modelling framework to describe energy trans-
portation within single cells. Because of this, and the criticisms sometimes levelled at allometric scaling
[290–292], we have considered a scaling argument which focusses on the potential bioenergetic demands
from different specific cellular compartments [293]. Nevertheless, the fusion status of the mitochondrial
network remains an appealing potential explanation for the mechanism by which cells alter their mito-
chondrial functionality to maintain energetic homeostasis with varying cell volume. It therefore remains
an interesting area of further study to quantify the extent of mitochondrial fusion and fission [229] as a
function of cell volume to explain the r∆Ψ variations observed by Miettinen & Björklund [50].

Here, we take the approach of first considering a combination of metabolic scaling and cell death

as a possible link between mitochondrial behaviour and cell physiology. We will later consider

an alternative purely involving cell death as the underlying causal variable of the observed

nonlinearity.
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4.4.1 A bioenergetic proposal: a combination of scaling of cellular power

demand with cell size, and cell death, may account for observed pat-

terns of mitochondrial functionality

In Box 4.2, we propose that metabolic scaling with a particular model of cell death may

induce turning behaviour in r∆Ψ with cell radius. Our model suggests that, under non-

pathophysiological circumstances, cells alter their mitochondrial functionality to maintain en-

ergy supply/demand balance at different cell volumes (v).

The model makes the non-intuitive assumption that cells do not alter their mitochondrial

density in response to volume-dependent changes in cellular energy demands: one may speculate

that this is due to the timescale of changes in r∆Ψ being able to match cellular energy demands,

whereas mitochondrial mass (n) may not. Proportionality between n and v has found some

support in the literature [44, 45, 49]. Indeed, in Chapter 3 we found that a mathematical

model of the cell-physiological consequences of heteroplasmy in a deleterious mtDNA mutation

associated with MELAS [37] suggests that failure to maintain the cytoplasmic density of wild-

type mitochondrial DNA is associated with a pathophysiological response in vitro. However, the

data of [50] (neglecting JC-1 measurements) did not strongly constrain the precise relationship

between n and v so other scaling relationships are feasible, see Section C.1 for further discussion.

The scaling argument culminating in Eq.(4.3) suggests that r∆Ψ decreases with cell volume.

This is because mitochondrial mass has been taken to scale proportionately with volume but

power demands do not (Eq.(4.1)). Small cells have lower mitochondrial mass, and must there-

fore have higher mitochondrial functionality to satisfy the constant component of power demand

placed by e.g. the nucleus (kn). As cells become larger and have higher mitochondrial mass,

power demand from the nucleus may be more easily satisfied, so mitochondrial functionality

reduces towards a constant value kv.
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Box 4.2: Mathematical model of power demand scaling and cell death

We will relate mitochondrial functionality (r∆Ψ(v)) to cellular volume (v) by modelling r∆Ψ as a combi-
nation of two models: the first describes the eventual decrease of r∆Ψ(v) with v using metabolic scaling
arguments, denoted by r∆Ψs. In contrast, the initial increasing part of r∆Ψ(v) will be modelled using
cell death arguments and denoted by r∆Ψµ. A combination of r∆Ψs and r∆Ψµ will be used to represent
the turning behaviour observed in r∆Ψ with cell volume and therefore also cell radius (as the two are
related through a monotonic relationship).
We relate mitochondrial functionality (r∆Ψ) to cellular volume (v) by considering total cellular power
supply (S) and demand (D). To represent D, we consider contributions which scale with cell volume
(e.g. cytoplasmic protein content), v, surface area (e.g. work done at the plasma membrane), v2/3, and
constant terms which do not scale with cell size (e.g. replication of the genome). This may be written as

D = kvv + ksv
2/3 + kc (4.1)

where ki are positive real constants, which were loosely based on a study of the power demands of
thymocytes [293] (see Section C.2 for further discussion). In general, we might expect S to be of the form
S ∝ vρ(v)f(v), where ρ(v) is mitochondrial mass density (ρ(v) = n(v)/v, where n(v) is mitochondrial
mass) and f(v) is a measure of mitochondrial functionality, in an analogous form to the bioenergetic
driving term in [24]. We interpret f(v) ∝ r∆Ψ(v), since larger values of r∆Ψ support a larger respiratory
rate and ATP/ADP ratio [152, 281]. We take ρ(v) = const for parsimony (see Section 4.4.1 for discussion).
Hence,

S ∝ v · r∆Ψ. (4.2)

We model power supply as being balanced by power demand, S = D, with cells varying r∆Ψ to maintain
this relationship for various v. Rearrangement for r∆Ψ yields

r∆Ψs(v) = kv + ksv
−1/3 + kcv

−1 (4.3)

where the subscript s denotes this metabolic scaling model for r∆Ψ.
For the cell death component of mitochondrial functionality, we assume that the cell death rate (µ(v), the
probability of cell death per unit time of individual cells) increases amongst cells with smaller volumes.
Above a threshold volume (determined by continuity), cell death is modelled as negligible. We then
model relative membrane potential as a passive indicator of the cellular death rate µ, since cells which
are apoptotic tend to have low mitochondrial membrane potential[294]. We hence use the following linear
functions,

µ =

{
−mµv + cµ, if v <

cµ
mµ

0, otherwise
(4.4)

r∆Ψµ(v) = −mψµ+ cψ (4.5)

where cµ, cψ, mµ and mψ are positive real constants. With this, we recover an alternative description of
r∆Ψ which initially increases with volume because r∆Ψµ, µ and v are each connected by negative linear
relationships.
We combine r∆Ψs and r∆Ψµ through a rule which ensures continuity in r∆Ψ. For mathematical conve-
nience, we choose r∆Ψ(v) = min{r∆Ψs(v), r∆Ψµ(v)} for all v. This function will show a turning point as
cells switch from having their membrane potential governed by risk of cell death to power demand scaling,
for increasing cell size. r∆Ψ is then observed with Gaussian noise N (0, σψ) with standard deviation (SD)
σψ, which accounts for technical and biological sources of noise.
We used a stochastic hybrid systems approach [295] to simulate a population of exponentially growing
cells undergoing “adder” dynamics [296, 297], whereby cells add a constant amount of volume (Kv) to
their initial volume (v0) each cell cycle, which has found recent support in bacteria [298]. Cells are
modelled to then divide by stochastically partitioning their volume, with the first daughter inheriting
volume v1 = N ((v0 + Kv)/2, σv) (with SD σv), and the second inheriting v2 = v0 + Kv − v1 through
conservation of mass. Cell death events occur stochastically according to an inhomogeneous Poisson
process with rate µ(v) (Eq.(4.4), see Section C.2 for simulation details). The results of this model are
shown in Fig. 4.3.
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This model alone suggests that r∆Ψ is a purely decreasing function of cell volume: however,

evidence exists for a turning point in the relationship between r∆Ψ and v [50]. The data in

Ref. [50] shows increased cell death in the smallest cells in the population (Ref. [50] Fig. 3C),

and potentially a subtle increase in the largest cells also. Furthermore, the authors observed a

depolarised subpopulation of cells at low JC-1 monomer values (Ref. [50] Fig. S2G), potentially

indicative of a subset of cells with low mitochondrial functionality at low cell sizes. Cell shrink-

age is associated with apoptosis [299], as is loss of mitochondrial membrane potential [294].

Hence, we suggest that smaller cells have a higher cell death rate (although our model has no

explicit shrinkage mechanism – simply that smaller cells produced through cell division are at

higher hazard of cell death), and that mitochondrial functionality may be a passive indicator

of cell death under these circumstances (Fig. 4.3A). The result of simulating this model in a

proliferating population of cells undergoing “adder” dynamics [296, 297], whereby cells add a

constant amount of volume each cell cycle, is presented in Fig. 4.3.

As can be seen in the distribution of cell volumes (Fig. 4.3C), adder dynamics imposes a

characteristic cell size associated with the mode of the distribution, which is often referred

to as an “optimal” cell size. The width of the final distribution is set by the variability in

partitioning of volume between daughters at division (although other sources of variability may

be envisaged such as noise in the growth rate or the amount of volume added per cell cycle

[300], which are neglected here). Under these simulation dynamics, the modal cell volume and

the maximum value of r∆Ψ are essentially independent (Fig. 4.3C) and can be tuned relatively

to each other through appropriate choices of model parameters. The lack of alignment between

the modal cell size and maximal r∆Ψ could also be achieved with “sizer” dynamics, where

cells divide once exceeding a maximal cell size. The coefficient of variation (CV) in r∆Ψ also

showed a minimum (Fig. 4.3D), in qualitative agreement with [50], although the minimum CV

was constrained to coincide with the minimum r∆Ψ (see Section C.3 for further discussion).

It is therefore largely compatible with the data of [50] to suggest that a cell’s characteristic size

is set by a particular form of intrinsic cell dynamics, rather than requiring a direct link with

r∆Ψ.

In Section C.4, we explore an alternative hypothesis where cell death rate is a non-linear

function of cell size, and that mitochondrial membrane potential is a passive readout of cell

death rate over all values of cell volume. We found that this is also a compatible interpretation

of the data presented in [50]. However, the causality of this model may also be inverted, where

mitochondrial functionality is a non-linear function of cell volume, and cell death rate is linearly

related to mitochondrial functionality. This highlights the importance of excluding cell death
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Figure 4.3: Power demand scaling, in conjunction with a simple cell death model, may account for ob-
servations of Miettinen et al.. Cells obeying adder dynamics, initialised with random uniform volumes, were
simulated with a volume-dependent death rate. (A) Model for death rate (probability of cell death per unit of sim-
ulation time T ) as a function of cell volume. Death rate was assumed to be zero after cells reach a threshold size
for computational convenience. (B) Power demand scaling (black dotted) was determined through a power supply
= demand relationship in Eq.(4.3). Cell death scaling (black dashed) was determined through a piecewise linear
relationship in volume (Eq.(4.5)). The mean r∆Ψ (grey) was determined by taking the minimum of the demand
scaling and cell death curves at every point in v (to model switching behaviour which is continuous in v). Addition
of Gaussian noise to the mean relationship recovers a joint density of v and r∆Ψ (red shaded region) similar to the
findings in Ref. [50] (Fig. 1B therein). (C-D) Cells were binned by volume in silico, and for each bin the mean and
standard deviation of r∆Ψ and v were computed. (C) Mean r∆Ψ (red points) shows a maximum with respect to
volume which is not aligned with the modal cell volume (grey histogram of cell volumes), recapitulating the obser-
vation in Ref. [50] (Fig. 1C therein). (D) The coefficient of variation of r∆Ψ (red points) shows a minimum with
respect to volume, as observed in Ref. [50] (Fig. 3A therein), although the location of the minimum CV and max-
imum average r∆Ψ are constrained to coincide in our model (C&D) – see Section C.3 for further discussion. For
simulation details, see Section C.2.
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as a potential confounding variable in future confirmatory studies so that these hypotheses may

be disambiguated.

Future verification studies may include gating cells in FACS analysis based on the pSIVA cell

death probe used in [50]. Alternatively, fluorescence labelling of upstream apoptosis markers,

such as cytochrome-c, may allow detection of cells in early stages of cell death [301]. Combining

this with fluorescence microscopy and tracking mitochondrial membrane potential, mitochon-

drial mass and cell volume, may allow early-apoptotic cells to be excluded and verification of

the nonlinearity between cell volume and relative mitochondrial membrane potential.

4.4.2 A parabolic function of mitochondrial functionality against cell size

is compatible with a mathematical model of mitochondrial variability

A previous model, accounting for the data in [23], described the cellular consequences of mito-

chondrial variability in HeLa cells [24]. That model phenomenologically described mitochon-

drial functionality as a stochastically inherited quantity, determined through a mean-reverting

process (an AR(1) process). The biological mechanism for the heritability of mitochondrial

functionality was unclear from that study, although one may speculate that the inherited con-

centration of mitochondrial fusion proteins may be a feasible explanation for this. Indeed,

recent evidence suggests that the proliferation rate of yeast is heritable, and that slow-growing

cells have higher oxidative stress whose proliferation rate may be rescued with an anti-oxidant,

suggesting a link to mitochondrial functionality [302]. Further studies are required to determine

whether this is true for a larger class of systems, including mammalian cells.

The data in Ref. [50] immediately suggests an alternative nonlinear relationship between func-

tion and dynamics (see Fig. 4.2). We hypothesised that this relationship may be sufficient to

account for the data in [23] without invoking a phenomenological mechanism for the stochastic

inheritance of mitochondrial functionality (though the stochastic inheritance of mitochondrial

mass remains supported). Briefly, the model of Johnston et al. [24] predicts the relationship

between cell volume, mitochondrial content and mitochondrial functionality with a pair of cou-

pled ordinary differential equations. Cells undergo sizer dynamics, and the population size is

controlled to be static over time.

Here, we replace the stochastic inheritance of mitochondrial functionality in Ref. [24] by ap-

proximating the relationship between mitochondrial functionality (f , which we interpret as

proportional to r∆Ψ) and cell volume (v) phenomenologically as a non-heritable parabolic
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Figure 4.4: Nonlinear connection between mitochondrial functionality and cell volume is consonant with
a wider set of single cell data. Replacing the stochastic process determining mitochondrial functionality (Origi-
nal) with the parabolic relationship in Eq. (4.6) (Parabolic), and comparisons with data from [23] where available.
(A) Distribution of cell volumes is relatively unchanged by the modification of f . (B) Distribution of mitochondrial
mass in both models are comparable with data. (C) Distribution of mitochondrial functionality. Since Eq.(4.6) is
deterministic, f cannot exceed its maximal value fmax, causing the skewness observed. (D) The distribution of
total mitochondrial functionality nf has a reduced variance in the parabolic model, which departs somewhat from
the data of [23]. (E) Relationship between ratio of cellular volumes at birth and the ratio of cell cycle lengths for
sister pairs. (F) Relationship between ratio of mitochondrial contents at birth and the ratio of cell cycle lengths for
sister pairs. Both models are comparable with data in (E&F). (G) Mean cell cycle lengths ± standard deviation for
the original (O) and parabolic (P) models, as well as the experimental observation in [23] (Data). The variance in
cell cycle lengths is greatly reduced, since an additional source of variability is removed in P from the determinis-
tic relationship Eq.(4.6), which has better agreement with data. vopt = 2000, fm = 2.0, fmax = 1.0. All other
parameters appearing in the original model were kept the same as [24].

relationship

r∆Ψ ∝ f = fmax − fm
(
v − vopt
vopt

)2

(4.6)

where fmax is the peak value of f , occurring when v = vopt, and fm is the steepness of the

parabola. In implementing the original model from [24], it was found that constraining f > 0.1

from the AR(1) process (rather than f > 0.01 described in [24]) yielded a better comparison

to experimental cell cycle lengths. The result of replacing the AR(1) process in [24] with the

deterministic relationship in Eq.(4.6) is shown in Fig. 4.4.

We found that whilst the distributions of cell volume and mitochondrial mass were relatively

unchanged (Fig. 4.4A&B), mitochondrial functionality had greater skewness under the parabolic

model (Fig. 4.4C). The distribution of total mitochondrial content nf was narrower in the

parabolic model (SD = 11.5) than the original model (SD = 17.4) (Fig. 4.4D) which has poorer

agreement with data from [23]. However, the cell cycle length distribution in the parabolic
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model had much better agreement in its standard deviation (SD = 5.07) than the original

model (SD = 25.2) compared with data (SD = 5.13) (Fig. 4.4H). The low degree of correlation

between cell cycle lengths between parent and daughter cells was also retained (Original: R2 =

0.11, Parabolic: R2 = 0.05) in agreement with the data of [23] (Fig. 3C of [24]). Overall,

this shows that the non-heritable nonlinear mechanism between mitochondrial functionality

and cell volume found in [50] may broadly account for the data in [23] without invoking a

phenomenological stochastic model for the inheritance of mitochondrial functionality.

4.5 Discussion

Heterogeneity in mitochondrial content is exerted along many axes, including intrinsic func-

tional variability, network status and genetic variability (see Chapter 1). A host of cellular

phenomena are affected by noise, a growing number of which are being directly attributed

to mitochondrial variability. Recent work [50] has extended this picture by probing the link

between mitochondrial content and cell volume, suggesting a nonlinear relationship between

mitochondrial functionality and cell radius.

We have shown that a simple model of power demand scaling predicts a decreasing trend

in relative mitochondrial functionality with increasing cell volume. By combining this with a

simple cell death model, we were able to qualitatively account for a large number of observations

in Ref. [50]. We also found that incorporating a nonlinear relationship between r∆Ψ and cell

volume into a model of mitochondrial heterogeneity [24] was broadly consonant with a wider

set of single cell data [23]. We have found that it is also compatible with the data of Ref. [50]

to suggest that cell death is the causal variable in determining the nonlinearity in r∆Ψ. Our

analysis has shown the existence of multiple competing hypotheses which are able to account

for the data in Ref. [50], thus highlighting the importance of accounting for cell cycle, volume,

mitochondrial density and cell death in future single-cell studies of mitochondrial heterogeneity.
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5
Somatic mosaicism during

neurodevelopment in genes

associated with neurodegeneration

5.1 Summary

Errors in replication of DNA during the intense cellular expansions involved with development

may give rise to mutations in fully-developed tissues, some of which may be pathological –

this is termed ‘somatic mosaicism’. In this work, we seek to estimate the size and frequency

of pathologically mutated regions in the adult human brain by taking a highly simplified ap-

proach of modelling neurodevelopment as a deterministic branching process. We used data

from a recent study of 54 post-mortem individuals to infer a distribution of plausible neu-

rodevelopmental mutation rates using approximate Bayesian computation. We found that the

inferred mutation rates are compatible with other literature values for the nuclear DNA muta-

tion rate. As a preliminary means to estimate the propensity of neuronal somatic mosaicism,

we forward-simulated from our model and found that approximately 11% of simulated individ-

uals harboured one or more pathologically mutated, spatially contiguous, regions consisting of

approximately 105 neurons. We perturbed our simple model to investigate effects such as cell

death, founder effects from progenitor cells, and asymmetric division, finding that many of our
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extrapolations are robust. A simple order-of-magnitude calculation accounts for this robustness:

assuming neurodevelopment is unbiased and spatially proximal once the brain consists of 106

cells, given a mutation rate comparable to literature values, individuals are expected to harbour

one spatially contiguous pathologically mutated region consisting of 104–105 cells. This opens

the possibility of somatic mosaicism induced through neurodevelopment contributing to neu-

rodegenerative disease risk. The methods described here have the potential to allow exploration

of somatic mosaicism in various contexts, such as pathological mutations in nuclear-encoded

mitochondrial genes and the mitochondrial genome.

5.2 Introduction

The human body consists of approximately 1013 cells [303]: consequently an enormous number

of cell divisions must occur in order to create a human being from a single cell zygote. As

discussed in Chapter 1, a finite mutation rate implies that a set of closely-related DNA sequences

are expected to occur which do not all necessarily maximise organismal fitness [60, 61]. In

contrast to the previous chapters, here we will focus on the nuclear genome, rather than the

mitochondrial genome, so we may therefore consider a cell as consisting of 2 genomes per

cell (since humans are diploid organisms). Given that development, roughly speaking, may

be thought of as a tree [304–306], where nodes are cells and edges denote parent-daughter

relationships, mutations which occur early in development may give rise to large numbers of

mutated daughter cells [307]: this is termed ‘somatic mosaicism’ whereby genetically distinct

subpopulations of somatic cells may exist in a given organism, which may give rise to pathology

[308]. In neurodegenerative disorders, such as Parkinson’s and Alzheimer’s disease, ∼5% of

cases are caused, or contributed to, by germ line mutations in one of only ∼50 genes [309, 310].

It is therefore plausible that somatic mosaicism during neurodevelopment may contribute to

the pathogenesis of non-familial cases of neurodegenerative disorders.

Mathematical exploration of mutational frequencies in exponentially growing populations dates

back to the 1940’s in the experiments of Luria and Delbrück [311], which were in bacterial pop-

ulations. The authors developed a model assuming the initial condition of a single cell, which

divides to yield an exponentially growing population, and accumulates mutations according to

a Poisson process [311]. The number of mutants existing at time t under this model has since

been termed the Luria-Delbrück distribution, and much has since been learnt about its prop-

erties [312–314]. The Luria-Delbrück distribution has been used to estimate the propensity of

mutations seeded during development to eventually contribute to cancer risk [304, 305]. Various
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branching process models have been used to understand oncogenesis and cancer development

[306, 315]. Somatic mosaicism has also been proposed to play a role in the neurodegenerative

disease amyotrophic lateral sclerosis [305], which potentially may be seeded by a small focus of

genetically altered cells in the brain. Recent single-cell studies have found evidence for somatic

mosaicism in the brain [316–318]; however, demonstration of somatic mosaicism at a larger

scale across the human brain has yet to be performed.

In this chapter, we attempt to demonstrate the large-scale prevalence of somatic mosaicism

in the human brain by analysing a recent dataset which involved ultra-high depth sequencing

of 56 genes associated with common neurodegenerative diseases in 173 brain tissue samples

across 54 adult human individuals [199]. From these data, we sought to infer the mutation

rate during neurodevelopment by applying model-based inference. The simple nature of the

available data made us favour a heavily simplified approach to modelling neurodevelopment,

which we modelled as a deterministic branching process (binary tree). We applied approximate

Bayesian computation on this model and dataset to infer the approximate posterior distribu-

tion of mutation rates during neurodevelopment. Given the plausible distribution of mutation

rates, we sought to determine the prevalence of pathologically mutated regions of brain tissue

in the human population through forward-simulation from the model. Our simplified approach

to modelling neurodevelopment allowed us to make a number of modifications to the model

assumptions, and easily understand their implications through forward-simulation (in contrast

to a more technical approach leveraging the literature relating to e.g. the Luria-Delbrück dis-

tribution [311–313]). We therefore modified the deterministic branching process to account for

several important factors, such as cell death; founder effects from progenitor cells; asymmetric

division; and cellular migration. We found that many of our observations were robust to such

model perturbations. This robustness arises from a simple order-of-magnitude calculation: as-

suming that the mutation rate of DNA is on the order of 10−10–10−9 mutations per base per

cell division [306, 319], given unbiased, spatially proximal, replication of daughter cells once

the brain consists of approximately 106 cells, then we suggest that every individual is expected

to possess 1 pathologically mutated region of brain tissue consisting of 104–105 cells. This

argument is independent of the neurodevelopmental mechanism prior to the brain consisting of

106 cells. Our model serves as an initial means to explore the prevalence of these mutated foci,

suggesting that such foci are possessed by almost all individuals, as has been suggested previ-

ously in the context of cancer [304–306, 320, 321]. We hypothesise that such regions have the

potential to generate proteinaceous fibrillar structures which could spread through the human

brain and cause neurodegenerative disease [322].
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5.3 Methods

Our analysis is based upon a dataset which sequenced the exons of 56 genes known to cause, or

predispose to, common neurodegenerative disorders (132,617 base pairs) [199]. Sequencing was

performed on 173 brain samples from 54 individuals, each consisting of 1 cm3 blocks of brain

tissue. The samples of grey matter were manually dissected to remove macroscopically iden-

tifiable white matter and vascular tissue. Samples were homogenised, DNA was fragmented,

and 1 µg of genomic DNA per sample was sequenced, capturing the equivalent of 3415 cells

per sample on average [199] (although, since the DNA was fragmented, each fragment could

potentially originate from any cell in the sample, which is much greater than 3415 cells). Brain

tissue was obtained from post mortem cases of Alzheimer’s disease (AD, n = 20 brains), Lewy

body disease (i.e. Parkinson’s dieases or dementia with Lewy bodies; LB, n = 20 brains), and

age matched controls with no significant neuropathology (n = 14 brains) [199]. A bioinfor-

matics pipeline to determine true single nucleotide variants (SNVs) from sequencing error was

performed (see [199] for details).

We discounted one variant in a control subject who displayed a mutation in all measured sam-

ples; the mutation was thought to be hematopoetic in origin [199], and therefore not useful

in understanding the prevalence of somatic mosaicism during neurodevelopment. All other de-

tected variants occurred in one sample per individual. Fisher’s exact test showed no significant

difference between the number of individuals displaying mutations in control and neurodegen-

erative (AD + LB) cohorts (p-value = 0.66).

We restricted our attention to the neurodegenerative cohort (consisting of AD and LB cohorts,

40 individuals) and neglected the control cohort (14 individuals). Although there is insufficient

evidence to reject the null hypothesis that both patient and controls have different mutational

propensities from Fisher’s exact test (see above), this is not the same as positive evidence for

both groups having the same mutation rate. For simplicity, we restrict our attention to the

larger case cohort (n = 40 patients), but the similar frequencies of mutation across these groups

provides an initial suggestion that our findings could generalise to wider populations.

5.3.1 Order-of-magnitude calculation for the mutation rate during neurode-

velopment

Before proceeding with a description of our model-based inference procedure (see Section 5.3.2),

we first present a simple argument to deduce the mutation rate given the data; doing so will
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Figure 5.1: Branching process model of neurodevelopment. We idealise the cell as consisting of two chro-
mosomes, one from each parent. During division each strand is copied. To illustrate this, strands are labelled with
integers and new strands are labelled with a new integer. Neurodevelopment is modelled to begin with a single
founder cell, the generation number beginning at i = 0. Consider a copying error which generates a SNV in strand
7 whilst copying strand 2 at generation i∗ = i = 0. Strand 7 is subsequently copied in the following generation to
create a heterozygous mutant present on both strands. Thus, a mutation occurring during copying at generation
i∗ = 0 causes 1 in 4 daughter cells at generation i = 2 (and all subsequent generations) to harbour a heterozygous
mutant.

motivate our modelling choices in Section 5.3.2. First, let us assume that neurodevelopment may

be modelled as a binary tree, where nodes are cells and edges are parent-daughter relationships

(as will also be the case in Section 5.3.2). Neurodevelopment is assumed to begin with a single

cell, and cells divide at discrete generations (labelled i), generating two daughters each. The

number of mutations that arise at generation i∗ (Xi∗) is

Xi∗ ∼ Binom(4Nb · 2i
∗
, λm) (5.1)

where Nb is the number of bases of interest, and λm is the number of mutations per base per

copying event. Binom(N, p) is the binomial distribution with N trials and probability of success

p. The factor of 4 counts for the ploidy of the human genome (2 genomes) and the number of

strands in DNA (2 strands) (see Fig. 5.1).

Given a mutation event at generation i∗, we define the fraction of the adult brain affected by

the mutation as f , where

f = 2−(i∗+2). (5.2)

Note that f is independent of the total number of generations, and therefore independent of

the final size of the adult brain. The factor of (+2) arises from the lag associated with copying

a single-stranded mutation into a daughter cell to become a double-stranded mutation, see
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Fig. 5.1.

Let us compute the average total number of mutated cells originating from generation i∗ in the

final adult brain (N̄i∗t). Let Nbr denote the total number of cells in the adult brain as a result

of a given number of generations of the binary tree. Then using Eq.(5.1) and Eq.(5.2), and

making the assumption that mutations are highly diluted in the adult brain such that no cell

contains more than one mutation, then

N̄i∗t ≈ E(Xi∗) · fNbr = NbλmNbr (5.3)

where, notably, N̄i∗t is itself independent of i∗.

Now let us compute the total number of detectably mutated cells across the entire human brain,

Nd. We do this by imagining that the brain may be split into ‘voxels’, each consisting of a fixed

number of cells (Nv). Let v̄ equal the average fraction of mutated cells in a detectably mutated

voxel, and pmv equal the probability that a voxel is detectably mutated. Then we may simply

write

Nd = (v̄Nv) ·
(
Nbr

Nv

pmv

)
(5.4)

where the first term is the average number of mutated cells in a mutated voxel, and the second

term is the total number of mutated voxels.

Measurement of mutated cells within a sample has an associated sensitivity: if the fraction of

mutated cells within a mutated sample is below the detection sensitivity then those mutations

will not be detectable. Eq.(5.1) implies that mutations lower in the neurodevelopmental tree

(larger i∗) are exponentially more common, whereas Eq.(5.2) implies that such mutation are

also exponentially smaller in size. The existence of a sensitivity threshold suggests that the most

common detectable mutations will correspond to a particular i∗ which give rise to mutations

corresponding to the detection threshold. Mutations with larger i∗ are too small to detect

by definition, whereas mutations with smaller i∗ are exponentially less common. Detectable

mutations therefore likely originate from a narrow band of i∗ values around the detection

threshold: we therefore assume that all detectable mutations come from a single i∗ value, for

parsimony. Consequently, we may equate Eq.(5.3) and (5.4) to yield

λm =
v̄pmv

Nb

. (5.5)

Note that, strikingly, this estimate for λm is independent of the voxel size, Nv. Since v̄ is likely

to correspond to the detection sensitivity threshold of the experiment, which is an experiment-
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intrinsic constant (see argument above), and λm and Nb are constants, this implies that pmv is

also a constant. Hence neither v̄ nor pmv have implicit dependence upon i∗ or Nv.

Let us take Nv to be the number of cells in the 1 cm3 sample, i.e. we consider splitting each of the

brains from the experiment of [199] into 1 cm3 voxels. 6 of the 173 measured samples were found

to contain detectable mutations, so we may take pmv = 6/173. We equate the experimentally

determined average variant allele fraction (VAF) [199] with the average fraction of mutated

cells in a mutated sample, such that v̄ = 0.87 × 10−2 (which is comparable to the detection

threshold of approximately 0.5%) [199]. Note that this assumption is justified as each sample

which contained a mutation, contained exactly one detectable mutation, therefore there likely

exists a correspondence between the number of mutated sites and the number of detectably

mutated cells amongst the captured cells of the sample. Therefore the average VAF may be

thought of as an unbiased estimate of v̄. The number of bases sequenced was Nb = 132617 bp.

Thus, substituting these values into Eq.(5.5), this simple argument yields

λm = 2.3× 10−9 mutations per base (5.6)

which is similar in order of magnitude to the estimate of Tomasetti et al. [306], which found

λm = 0.64± 0.11× 10−9 per base.

5.3.2 Approximate Bayesian computation for a crude branching model of neu-

rodevelopment

The genetic information we have allows us to make preliminary statements about the number

of cells that might be affected by pathological mutations. The objective here is to place the

empirical observations of Ref. [199] in a simplistic theoretical context, not to provide a definitive

set of estimates. For more definitive estimates, more refined models, inference and data would

be required. That noted, the inference outlined below can be decoupled from the collected

dataset by simply using literature estimates for the mutation rates (e.g. [306]), or the estimate

culminating in Eq.(5.6).

We consider neurodevelopment as a deterministic branching process where every cell has exactly

two daughters per generation and the probability of death is zero (see Section 5.4.2.1 for an

investigation of non-zero cell death). We assume that the brain begins with a single founder

cell (see Section 5.4.2.2 for a relaxation of this assumption) which doubles exactly 37 times,

yielding 237 ≈ 1.37 × 1011 cells in the adult brain (both neuronal and non-neuronal cells).
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We use an integer number of doublings for computational convenience, and chose 237 as the

closest number of cells to experimental measurements of the adult brain, being approximately

(1.7 ± 0.14) × 1011 cells (± SD)[323]. This is a slight underestimate of the true number of

neurons in the adult brain (falling 2.4 SD below the mean, 19% difference in mean estimates).

The way in which extracted tissue samples from Ref. [199] map to the simplistic tree structure of

our model of the brain is clearly non-trivial. Samples consisted of 1 cm3 blocks of tissue. Given

that a human brain consists of approximately 1011 cells [323], and the volume of an adult brain

is approximately 103 cm3, each sample consisted of approximately 108 cells, of which only 103

were sequenced [199]. The inference approach described below requires the full developmental

history of all sampled cells to be simulated (see Fig. 5.2). However, simulation of 108 cells is

computationally challenging. It is also unclear how mesoscopic fractions of the brain (such as

1/1000) could reasonably be mapped onto a simple binary tree given the complicated nature of

neurodevelopment. The argument presented in Section 5.3.1 suggests that the inferred mutation

rate is independent of the size of the sample measured, and that the probability of observing

a mutated sample is independent of sample size. We therefore make the strong assumption

that the sampled DNA which was captured and sequenced originates from a set of cells which

are spatially contiguous in the binary tree, i.e. sequenced DNA originates from a sample of

cells consisting of Nv = 3415 cells, as opposed to Nv = 108 cells. Note that we subsume the

fragmentation of DNA prior to sequencing into the assumption that Nv = 3415 cells; i.e. we

assume that all sequenced DNA fragments originate from these Nv = 3415 cells. The argument

in Section 5.3.1 provides an initial suggestion that our inferred mutation rates will not depend

strongly upon this assumption. However, for more definitive estimates, more accurate models

of neurodevelopment may be required or, alternatively, a tissue sampling strategy for which a

1D embedding in a binary tree may be more appropriate (such as sampling several thousand

cells, as opposed to hundreds of millions, with a high sequencing capture efficiency). We again

emphasise that the results presented below may be decoupled from the inference by simply

using literature values for the mutation rate, such as Ref. [306], or by using Eq.(5.6) which is

comparable in magnitude.

Our inference approach is a simple approximate Bayesian computation rejection algorithm, and

proceeds by sampling a mutation rate (λm) from a prior distribution, which was motivated by

the literature. A study by Roach et al. involved family-based whole genome sequencing in

peripheral blood cells to deduce the human intergeneration mutation rate as ∼ 1.1× 10−8 per

bp per generation per haploid genome [319]. In order to approximate the mutation rate per

base per cell division, we estimate the number of cell divisions per generation to form the adult
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Figure 5.2: Inference strategy for approximate Bayesian computation of mutation rate. In this illustrative
example, assume that the human brain consists of 26 cells and 3 samples (s1, s2 and s3) of 11 cells are taken from
the brain. We may assign integer labels to cells from left to right for a given generation number (z ∈ [1, 2i] for
integer z), giving each cell in the lineage a unique coordinate (z, i). Given the coordinates of the sampled cells, we
only wish to simulate mutation events in the lineage of parents which give rise to sampled cells: these are the cells
which lie on or between the coloured boundaries. For instance, at generation i = 1, we must simulate mutations
for both cells z = 1 and z = 2. However, cell (3,2) (circled) has no influence over the sampled cells, and therefore
does not need to be simulated. Cells in the final generation (i = 6 in this case) form the adult brain and are not
replicated. Replication of cells in the penultimate generation cannot give rise to mutants present on both strands
of DNA (see Fig. 5.1), and therefore may also be neglected (grey shaded region) since mutations were checked for
their presence on the reverse strand. Thus, in this example, we need only consider cells with i ≤ 4.

102



brain as 36 (given our model). Since both strands of DNA are replicated during cell division,

we estimate λm ≈ 1.1 × 10−8/(2 × 37) ≈ 10−10 per base per cell division. However, this order

of magnitude estimate is subject to large uncertainty, since it is unclear the extent to which

the germline mutation rate is representative of the mutation rate during neurodevelopment.

Consequently, we chose to search ±2 orders of magnitude around this estimate, using the

following broad uninformative prior on λm:

P (ln(λm)) = unif(ln(10−12), ln(10−8)) (5.7)

where unif(a, b) is a uniform distribution between a and b. Note that the prior of λm is uniform

on log-space, and therefore encodes our belief that λm is equally uncertain over 4 orders of

magnitude

Given a sample of the mutation rate from the prior, we are then able to simulate neurodevel-

opment for an individual. Our strategy will be to simulate 40 such individuals (the number of

individuals in the cohort with neurodegenerative disease) and, loosely speaking, if a simulation

is ‘close enough’ to the data we will accept the draw from the prior as a sample from the ap-

proximate posterior distribution for λm, which captures all of our uncertainty in the parameter

given the data. This is the essence of approximate Bayesian computation (ABC).

In Fig. 5.2 we show that it is only necessary to consider the set of parent cells which give rise

to the cells in the sample (given the assumption of spatial contiguity of the sampled cells, see

above). Once the set of parental cells have been determined, we seek to compute the locations

of mutation events in the lineage. Given a draw of the mutation rate λm from the prior (see

Eq.(5.7)), we assume that each base has a probability λm of mutating during replication. The

total number of bases which are copied during development (B) is B = 4NbNp where Nb is the

number of base pairs to be considered (132617 bp in the case genes) and Np is the number of

parent cells which gives rise to the sampled cells. The factor of 4 counts for the ploidy of the

human genome (2 genomes) and the number of strands in DNA (2 strands) (see Fig. 5.1). The

total number of mutation events which occur in the lineage (M) is therefore modelled to be

P (M) = Binom(B, λm). (5.8)

In order to find the locations of mutation events in the lineage, R1, R2, . . . , Rm, we wish to

sample from the joint distribution P (R1 = r1, R2 = r2, . . . , Rm = rm,M = m) where upper

case variables are random variables and lower case variables are realisations of the corresponding
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random variable. Using the product rule of probability, P (R1 = r1, . . . , Rm = rm,M = m) =

P (R1 = r1, . . . , Rm = rm|M = m)P (M = m). P (M = m) is given in Eq.(5.8). Since we have

assumed that each base is equally likely to mutate during division, the conditional distribution

is assumed to be

P (R1 = r1, . . . , Rm = rm|M = m) = Πm
k=1unif{1, B} (5.9)

where unif{a, b} denotes the discrete uniform distribution over [a, b] (note an analogous result

is provably true in continuous space for Poisson-distributed events [324]). Thus, to sample

from the joint distribution, we first draw a Binomial random variable for the total number of

mutation events, and the location of each mutation event will be uniformly distributed across

all of the bases in the lineage.

In doing this, we are assuming that mutations never affect the same cell at the same base more

than once (although the same mutation may affect multiple different cells). This assumption is

justified with the following calculation. Throughout the lineage history each base is assumed

to be copied 36 times. If we assume a worst-case mutation rate of the upper-bound of our

prior in Eq.(5.7), λm = 1 × 10−8, then the total number of times a single base is mutated is

X ∼ Binom(37 − 2, λm) (the factor of (-2) is due to considerations discussed in Fig. 5.1). It

follows that P (X ≥ 2) = 5.9× 10−14. We thus calculate an upper bound on the total number

of times bases are mutated more than once across the entire brain of an individual by assuming

that every base in every cell has an independent chance of being mutated, and therefore the

total number of such events is 237 ·4Nb ·P (X ≥ 2) ≈ 4337 multiple-mutated bases per individual.

This is a strong overestimate since neurons share lineage history, so in effect the factor of 237 is

actually much lower. Given that the total number of mutation events in the brain is on average

4Nb · λm ·
∑35

k=0 2k ≈ 3.6× 108 mutations per individual then, even for this overestimate, bases

being mutated more than once per cell is an extremely rare event (O(10−5) of mutation events)

and is thus neglected.

A mutation which occurs at generation i∗ affects a fraction (f) of the brain (see Eq.(5.2)).

Using this observation, once the position of mutations in the lineage have been determined

using Eq.(5.8) and Eq.(5.9), the overlap between the daughters of the parental mutant cell and

the sample can be determined to find the total number of mutations in sample s from patient

p from mutational event j (given the assumption of spatial contiguity of the sampled cells, see

above), in the cohort denoted as Xj,p,s. Note that
∑

j Xj,p,s is not necessarily equivalent to the

total number of mutated cells per sample, since a single cell may harbour multiple different

mutations (e.g. consider the case of the founder cell of the brain containing a mutation, as well
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as one of its daughters containing a different mutation, then a subset of the final population of

cells harbour two mutations per cell).

To determine whether the sample from the prior λm may be accepted as a sample from the

approximate posterior distribution, we use summary statistics to compare the simulation with

data (D). Experimentally, the threshold for detection of a SNV per sample was ∼ 0.5%.

Using an average sample size of Nv = 3415 cells, this corresponds to a detection threshold of

≥ 17 cells in order for a mutation to be detectable amongst the captured cells of the sample.

Before defining the summary statistics, we define the following indicator functions

Φ(x) =

x if x ≥ 17

0 otherwise
(5.10)

I(x) =

1 if x > 0

0 otherwise
(5.11)

where Φ(x) is based on the experimental detection threshold. The three summary statistics

S = (Γ1,Γ2,Γ3) of the model are defined as:

Γ1 =
40∑
p=1

sp∑
s=1

M∑
j=1

Φ(Xj,p,s) (5.12)

Γ2 =
40∑
p=1

I

(
sp∑
s=1

M∑
j=1

Φ(Xj,p,s)

)
(5.13)

Γ3 =
1∑

p

∑
s

∑
j I(Φ(Xj,p,s))

∑
p

∑
s

∑
j

Φ(Xj,p,s)

3415
(5.14)

where sp is the number of samples taken for patient p. Γ1 measures the total number of

detectable mutations across all samples and all patients, Γ2 measures the total number of

patients with any detectable mutations and Γ3 = v̄ is the average variant allele fraction (VAF)

for all detectable mutations across all samples and patients. Using a hat to denote data, these

summary statistics were found experimentally to be:

Γ̂1 = 6 (5.15)

Γ̂2 = 6 (5.16)

Γ̂3 = v̄ = 0.87× 10−2. (5.17)
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Thus, the acceptance criteria we use are

|Γ1 − Γ̂1| ≤ εsa (5.18)

|Γ2 − Γ̂2| ≤ εpa (5.19)

|Γ3 − Γ̂3| ≤ εv (5.20)

where εsa = εpa = 1 and εv = 2SEMv (SEMv = standard error in the mean for the VAF across

all positive experimental samples), and we demand that all three of the above criteria must be

satisfied simultaneously. Given that these criteria are met, we accept λm as a draw from the

approximate posterior distribution P (λm|ρ(S,D)) where ρ denotes the acceptance criteria given

above. It is possible that a more compact and/or optimal set of summary statistics could be

obtained; furthermore, poor choice of summary statistics may cause the approximate posterior

to diverge from the true posterior [325].

5.3.3 Forward-simulation to estimate the prevalence of somatic mosaicism in

neurodevelopment

After inferring the mutation rate given the data (see above), we will seek to generate estimates

of the number of pathologically mutated neurons in the adult human brain. We do this by

considering the development of just the neuronal population in the same manner as above,

except with 36 doublings yielding 236 ≈ 6.9 × 1010 neurons. This falls within 2 standard

deviations of the estimate of the number of neurons in the brain by Azevedo et al. (86.1±8.1×
109 neurons), and is therefore broadly compatible with that study.

Using the draws from the approximate posterior distribution, we may then forward-simulate

each individual using a single draw from P (λm|ρ(S,D)) as the mutation rate. We may therefore

determine the distribution of mutant neuronal region sizes and the number of mutated neurons

per individual. To simulate pathological bases, we found the set of sequenced bases which also

appeared in The Human Gene Mutation Database (HGMD) [326]. We found Nb = 298 bp

which appeared in the HGMD, and take this as the number of potential sites associated with

neurodegenerative disease (see Eq.(5.1)).
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5.4 Results

5.4.1 A crude model of neurodevelopment predicts the prevalence of somatic

mosaicism in the human brain

We performed approximate Bayesian computation on the deterministic branching process model

of neurodevelopment (see Fig. 5.2 and Section 5.3.2). We determined the neurodevelopmental

somatic mutation rate to be λm = (4.8 × 10−10–2.99 × 10−9) per base per cell division (95%

Bayesian credible interval, BCI), see Fig. 5.3A, which is comparable to the mutation rate found

in mitotically active tissues (λm = 0.64± 0.11× 10−9 per base per cell division [306]), and the

order-of-magnitude calculation presented in Section 5.3.1 (see Eq.(5.6)). We then simulated the

neurodevelopment of individuals under the model, given the inferred distribution of mutation

rates, to find the frequency and size of brain regions harbouring known pathological mutations

in neurodegenerative disease genes [326] (see Section 5.3.3), see Fig. 5.3B-F. The distribution of

the number of mutated regions seeded at each generation is shown in Fig. 5.3B. We found that

each individual tended to have 105–106 pathologically mutated cells (Fig. 5.3D, see Section D.3

for an explanation of the multimodality which is driven by the largest mutated region per

individual). Each contiguous mutated region consisted of ∼8 cells on average (Fig. 5.3C). We

found that 10.8% (± 0.1%) of simulated individuals possessed one or more regions of 2.62×105

spatially contiguous pathologically mutated cells (Fig. 5.3E). Furthermore, each individual brain

was found to harbour 75-481 regions (95% BCI) of 128 pathologically mutated cells (Fig. 5.3F).

A visualisation of a typical simulated individual is shown in Fig. 5.4

5.4.2 Modelling of neurodevelopment as a binary tree is robust to several

model perturbations

In the following subsections, we perturb the simple deterministic branching process to take

into account cell death; founder effects from progenitor cells; asymmetric division; and cellular

migration during neurodevelopment. We present a simple argument for why many of our

observations are robust to such perturbations in Section 5.4.2.4.

5.4.2.1 Branching model and cell death

In the branching model of neurodevelopment, we neglected cell death for simplicity. However,

programmed cell death plays an important role in neurodevelopment (reviewed in Ref. [327]).
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Figure 5.3: Estimates for the prevalence of somatic mutation during human neurodevelopment. (A) Prior
(green solid) and approximate posterior (red bars) for the mutation rate using approximate Bayesian computation
(5 × 107 iterations), with literature values (black lines). (B-F) Using the approximate posterior samples for λm we
simulated brain development of the neuronal subpopulation (see Section 5.3.3). (B) Distribution of the number
of pathologically mutated regions per individual seeded at generation number i∗. Boxplot whiskers show the 5th

and 95th percentiles, median shown in red (when an individual has 0 mutations at generation i∗, the number of
mutations is assigned to be 0.1, for representation on a log-scale). Showing the analytic mean of Eq.(5.1), where
λm is the approximate posterior mean (black solid line). (C) Distribution of the pathological mean relative region
size across individuals. (D) Distribution of total number of pathological mutations across individuals. Multimodal-
ity is induced by the largest pathological region, see Fig. D.1. (E) Fraction of simulated human individuals with at
least 1 pathologically mutated region seeded at generation i∗. Comparison to theory shown in red, mean defined in
Eq.(D.4) and standard deviation Eq.(D.5), see Section D.1 (error bars are a Bernoulli error model). (F) Frequency
distribution over individuals of pathologically mutated regions of size 128 neurons.

Figure 5.4: Representation of the size and frequency distribution of pathologically mutated regions in an
individual human brain. Displaying mutations seeded between 20 ≤ i∗ ≤ 27. Whole brain area (black circle) is
not to scale with the mutated regions (coloured circles). See Section D.2 for details.
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We made the following modification to the model above as a preliminary means of investigating

the extent to which programmed cell death may influence our estimations. We note that

the following model of cell death is, itself, a marked simplification of real cell death during

neurodevelopment, but benefits from its parsimony and computational tractability.

It is thought that 20-80% of neurons are lost during neurodevelopment, and that this wave of

cell death often occurs at a relatively late stage in maturation [328]. To incorporate cell death

into our model, and account for uncertainty in the level of cell death during development, we

allow the brain to double in size for an additional number of generations, g = 1, 2, . . . , resulting

in a brain which is a factor of 2g larger than a normal adult brain; we will term this a “super-

brain”. We then infer the mutation rate by taking a sample from the super-brain which is a

factor of 2g larger than the experimental sample size (3415 cells); we term this a “super-sample”.

Note that we retain the assumption of spatial contiguity of the cells of the super-sample from

the original model. We then sample a fraction of 1/2g cells from the super-sample (without

replacement) as cells which survived to adulthood. In doing this, we always sample 3415 cells,

but the spatial location of these cells within the super-sample is random. In sampling the tree

after a phase of additional growth, we are effectively placing cell death at the leaves of the tree:

an approximation which is more appropriate assuming that the bulk of cell death occurs late

in development. We then proceed with the approximate Bayesian computation as discussed in

Section 5.3.2. Consequently, this results in a model where a fraction (1− 1/2g) of all cells die

(see Fig. 5.5A). By computing the posterior distribution of the mutation rate λm for different

values of g, we may investigate the robustness of the mutation rate to this simple model of cell

death.

We investigated values of g = 0, 1, 2 and 7 for death rates of 0% (Section 5.3.2), 50%, 87.5%

and 99.2% respectively. In Fig. 5.5B, we show that the approximate posterior distributions for

the mutation rate have large overlap for different magnitudes of cell death. This result has an

intuitive explanation given the following two observations about the model. Firstly, a mutation

occurring at generation i∗ affects a fixed proportion of the brain (f = 2−(i∗+2)), regardless of how

large the brain subsequently becomes. Secondly, we grow the brain to be a factor of 2g larger

than a normal adult brain, but use a survival rate of 1/2g to ensure that number of cells which

survive to adulthood is always the number of cells observed in a real adult brain, on average.

Since the fraction of the brain that is mutated, and the total number of cells in an adult brain,

are invariant to g, we would expect that the total number of cells which are mutated in an

adult brain to be invariant to g (and therefore are all compatible with the mutation rate from

Tomasetti et al. [306] and Eq.(5.6)). It is therefore unsurprising that the inferred values of
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Figure 5.5: Investigation of a simple model of cell death during neurodevelopment. (A) We model cell
death during neurodevelopment by allowing additional generations of growth (g = 1, 2, . . . ) (green shaded), with
stochastic cell death at the end of the additional growth (red arrows) such that the final number of cells is the
number of cells in the adult human brain. (B) The inferred mutation rate was found to be broadly unchanged for
g = 1, 2, 7 relative to the original model without cell death (g = 0). (C) The probability of extinction of a mutant
region via cell death becomes negligible for mutation generation numbers i∗ ≤ 32. Inset displaying the same plot
on a logarithmic scale for the vertical axis. (D) Distribution of the number of cells in a mutant region seeded at
i∗ = 32 for differing levels of cell death. (E) Mean number of neurons per pathological region for differing levels of
cell death. (F) Total number of pathological neurons per individual for differing levels of cell death. In (E-F), we
assume that mutant regions are diffuse in the adult brain.
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λm are broadly invariant to g. The distributions are not identical because our crude model of

cell death affects the size of mutational foci. Although the mean size of mutational foci given

non-zero cell death is equivalent to the original, deterministic, case (see Eq.(5.23) below) these

foci may fluctuate in size, as will be investigated below.

Given that the mutation rate is broadly invariant to the cell death rate, we suggest that many

of our extrapolations to the human population (Figs. 5.3B-F) will also remain broadly invariant

to this model of cell death. Whilst it is not straightforward to show this numerically, we provide

some arguments for why this might be the case.

Firstly, consider a mutation seeded at generation i∗, which gives rise to Ni∗,g daughter neurons

prior to the cell death model, where

Ni∗,g = 2−(i∗+2) · 2g ·Nneu (5.21)

where Nneu = number of neurons in the brain ≈ 236. When cell death is initiated in the model,

Nneu cells are sampled without replacement from the super-brain of size 2gNneu. These are the

cells which survive to adulthood. We let Ci∗,g be the number of surviving mutant daughter

neurons seeded at generation i∗. Ci∗,g may be modelled with a hypergeometric distribution. If

Z ∼ Hypergeom(n,N,K), then Z is a random variable whose value is the number of successes

in n draws taken without replacement from a population of size N where K objects have the

feature of interest. Hence,

Ci∗,g ∼ Hypergeom
(
Nneu, 2

gNneu, 2
gNneu2−(i∗+2)

)
. (5.22)

Using the properties of the hypergeometric distribution, the mean number of neurons which

survive to adulthood is

E(Ci∗,g) = Nneu2−(i∗+2), (5.23)

which is independent of g, as expected. This is equivalent to the number of mutations in

the adult brain associated with a mutation event at generation i∗ in the original model (see

Section 5.3.2).

Given the above argument, we now examine each extrapolation in Figs. 5.3B-F and explore

their robustness to this simple model of cell death:

Number of pathologically mutated neuronal regions seeded at generation i∗

(Fig. 5.3B) We expect, according to our model of death and replication, that the distribution
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of the number of pathologically mutated neuronal regions seeded at generations i∗ ≤ 32 (Xi∗ ,

see Eq.(5.1) and Fig. 5.3B) remains unchanged. The dynamics of neurodevelopment under our

cell death model are equivalent up to generation 36. These dynamics are determined by a single

parameter, the mutation rate λm, the inference of which we have shown to be broadly invariant

to cell death (see Fig. 5.5B), and comparable to Ref. [306] and Eq.(5.6). Hence, the number of

mutations up to generation 36 in the cell death model (as determined by Eq.(5.1)) is expected

to be similarly distributed in the cell death model, prior to the cell death process occurring.

However, the death process may stochastically eliminate mutational foci. In Fig. 5.5C, we show

that for generations i∗ ≤ 32, corresponding to mutational foci of size & 4 (see Fig. 5.5D for

the distribution of sizes for regions seeded at i∗ = 32), the probability of extinction of such foci

through cell death is negligible under this model of cell death (< 2% for g ≤ 7). Hence, the

amount of probability mass for Xi∗ in Fig. 5.3B which may be affected by cell death is upper-

bounded by 2% for generations i∗ ≤ 32. As shown in the inset of Fig. 5.5C, the probability of

extinction decays extremely quickly as i∗ decreases.

Mean size of pathologically mutated neuronal regions (Fig. 5.3C) We explore

how the mean size of pathological neuronal mutations (Fig. 5.3C) is affected by this model of

cell death, using the following model. If we assume that mutant regions in the brain are dilute

enough such that no two mutated regions overlap (discussion below), we may write the total

number of pathological cells (Tg) (Fig. 5.3D), for a given level of cell death, as

Tg =
∑
i∗

Xi∗∑
j=1

Ci∗,g,j (5.24)

where Ci∗,g,j is a random variable with the same distribution as Ci∗,g (see Eq.(5.22)), with

an additional index j to label each mutation event at generation i∗. Xi∗ is the number of

pathological mutations arising at generation i∗, see Eq.(5.1) where Nb = 298 bp is the number

of pathological bases in the case genes [326]. Eq.(5.24) sums all surviving cells from every

mutation event j, over all generations i∗, for a given level of cell death g. The mean size of all

surviving pathological regions (Sg) is therefore

Sg =
Tg∑

i∗
∑Xi∗

j=1 I(Ci∗,g,j)
(5.25)

where I(x) is defined in Eq.(5.11). In Fig. 5.5E, we show that (using a typical value of λm =

1.5 × 10−9 mutations per base per division, which is comparable to the literature value from
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Tomasetti et al. [306] which is 0.64×10−9 mutations per base per cell division and also Eq.(5.6))

the mean number of neurons per pathological region reduces with increasing cell death. Given

non-zero cell death, the additional generations may result in mutant foci which are on average

smaller than 1 neuron (due to Eq.(5.23), where Nneu = 236 and i∗ > 34 when g > 0). Hence,

single-neuron mutational foci are more common given cell death, which reduces the expected

size of mutant foci, and so Fig. 5.3C is sensitive to this model of cell death.

Eqs.(5.24)-(5.25) rely upon the assumption that mutations are sufficiently dilute such that no

two mutations overlap (otherwise cell death may remove a cell which is e.g. doubly mutated:

this is not accounted for in Eq.(5.24)). However, we observe in Fig. 5.5F that, for the ranges

of cell death explored here, the majority of individuals have fewer than ∼ 106 mutant neurons,

corresponding to ∼ 0.0015% of all neurons. Hence, our assumption of dilute mutant regions is

reasonable.

Total number of pathological neurons (Fig. 5.3D) We find that the distribution of

the total number of pathologically mutated neurons per individual (see Fig. 5.3D) is significantly

increased with non-zero cell death (see Fig. 5.5F, comparing g = 7 against g = 0 on a linear

scale, p < 10−12 one-sided Mann-Whitney U-test). This is also likely due to the additional

rounds of growth introducing more single-cell mutations. However, the order of magnitude is

largely unaffected (∼ 106).

Probability of 1 or more pathologically mutated regions at generation i∗

(Fig. 5.3E) We expect the probability of 1 or more pathologically mutated regions at gener-

ation i∗, for i∗ < 20, (see Fig. 5.3E) remains unchanged, see the above discussion of robustness

for Fig. 5.3B.

Number of regions per individual of 128 pathologically mutated cells (Fig. 5.3F)

We expect the number of regions per individual consisting of approximately 128 pathologically

mutated cells (see Fig. 5.3G), to remain unchanged given non-zero cell death. Using the proper-

ties of the hypergeometric distribution (Eq.(5.22)), the probability of a region seeded at i∗ = 27

to go extinct when g = 1 (a plausible value, see [328]) is 10−78, hence we expect all such re-

gions to remain in the adult brain under this model of cell death. The size of such regions is

112-144 neurons (95% confidence interval), hence the distribution is sufficiently constrained for

128 neurons to be indicative of the size of regions seeded at this generation.
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To conclude, our central claim that somatic mosaicism is expected to exist in the adult human

brain given our data and modelling of neurodevelopment as a binary tree is expected to be

robust when including this simple model of cell death.

5.4.2.2 Initial conditions for neurodevelopment

In our deterministic branching model of neurodevelopment, we assumed that neurodevelopment

begins with a single founder cell. This is a clear simplification, since the central nervous

system is derived from the ectoderm of the embryo, whereas the other germ layers give rise

to other tissues and organs [329]. As a preliminary means of understanding the effect of

neurodevelopment beginning from an initial founder pool of cells, we may modify our original

model of neurodevelopment (see Section 5.3.2), such that neurodevelopment begins from a set

of e.g. 210 = 1024 cells which are assumed to be without mutation; we refer to this modified

model as the “progenitor pool model”.

From Fig. 5.3E, we see that mutations occurring at generations i∗ ≤ 10 in the original model

affect on the order of 1 in 1000 individuals, or fewer. The progenitor pool model differs from

the original model only through enforcing that mutations in generations i∗ ≤ 10 occur with 0

probability (see Fig. 5.6A). Since mutations at i∗ ≤ 10 were rare in the original model, it is

reasonable to assume that the distribution of inferred mutation rates for the progenitor pool

model is highly similar to the original model (Fig. 5.3E). We therefore use the same distribution

of mutation rates in Fig. 5.3A for the progenitor pool model (which are comparable to the

mutation rate from Ref. [306] and Eq.(5.6)), and consider the consequences of this alternative

model through forward-simulation.

• Number of pathologically mutated regions (compare to Fig. 5.3B): Since the progenitor

pool model is identical to the original model from generations i∗ = 11 onwards, the

analogue of Fig. 5.3B for the progenitor pool model is identical.

• Mean pathologically mutated region size (compare to Fig. 5.3C): The distribution for the

mean pathologically mutated region size is almost unchanged under the progenitor pool

model (Fig. 5.6B). This is because there are exponentially more mutation events as the

generation number i∗ increases, which dominates the mean region size in both models.

• Total number of pathological mutations (compare to Fig. 5.3D): The modal value for

the total number of pathological mutations per individual shifts from 6.0× 105 cells per
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Figure 5.6: Investigation of the progenitor pool model. (A) In the progenitor pool model, neurodevelopment
is assumed to begin with 210 = 1024 unmutated cells, which is followed by subsequent rounds of symmetric cell
division. Note that, by construction of the model, a mutation which affects e.g. one of the progenitors in the pro-
genitor pool model (red dot, right) has the same mutant region size in the final adult brain as a mutation occur-
ring at generation 10 in the original model (red dot, left). This is the case for all mutations after generation 10
(e.g. yellow dots). (B) The mean pathological region size is almost unchanged relative to the original model (see
Fig. 5.3C). (C) The total number of pathologically mutated neurons per individual is almost unchanged relative to
the original model (see Fig. 5.3D).

individual in the original model (Fig. 5.3D) to 5.2 × 105 cells per individual (Fig. 5.6C)

in the progenitor pool model; however, these distributions show broad overlap.

• Probability of 1 or more mutations at generation i∗ (compare to Fig. 5.3E): The analogue

of Fig. 5.3E for the progenitor pool model is for all mutations at generations i∗ ≤ 10

to be set to P (Xi ≥ 1) = 0. However, the observation of e.g. 11% of individuals

possessing 3 × 105 spatially-contiguous pathologically mutated cells is robust under this

simple modification of the original model, since this corresponds to i∗ = 16 and therefore

follows the same distribution as the original model.

• Number of pathological regions of size 128 (compare to Fig. 5.3F): This observation is

unchanged since mutations occurring at i∗ = 27 are independent of generations i∗ ≤ 10.

Overall, assuming that neurodevelopment begins with a population of ∼ 1000 unmutated cells

(or fewer) results in similar predictions (both quantitatively and qualitatively) to the original

deterministic branching process for neurodevelopment. This is because, in the original model,

if a mutation has not occurred by generation 10, the progenitor model is entirely equivalent

to the original model. This can be seen in Fig. 5.6A, where a mutation which occurs at the

point where the developing brain is the same size between the two models affects an identical

amount of the final adult brain (i.e. the red and yellow shaded regions have the same area

in both models). In the original model, ∼ 1/1000 individuals or fewer experience a mutation

within the first 10 divisions (Fig. 5.3E). So, for ∼ 99.9% of individuals, the progenitor model is

equivalent to the original model. These 99.9% are in such a vast majority that they wash out
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Figure 5.7: Investigation of a simple asymmetric model of neurodevelopment. (A) Neurodevelopment is
modelled as consisting of a phase of symmetric division, followed by a phase of asymmetric division. (B) Asym-
metric division induces a stochastic element to the inheritance of a mutation. Showing an example of a mutation
event where a copying error occurs in a progenitor (P) cell (top) which is inherited by a daughter progenitor cell
(middle); this occurs with probability 1/2. The single-stranded mutation is copied, and a double-stranded mutation
is inherited by another progenitor cell (bottom) (probability 1/2). This mutation, which is now on both strands
of DNA, will be inherited by all subsequent daughters (both P and D). Either of the preceding events could have
been inherited by differentiated cells (D), which do not divide, and therefore affect a greatly restricted number
of cells. (C) The distribution of pathologically mutated neuronal regions initially increases exponentially until the
asymmetric division phase at generation 30, where the number of mutant regions remains constant thereafter. (D)
Mean number of mutated neurons per mutated region, with a mode of 31 cells. (E) Total number of mutations
per individual, with mode of 1.6× 106 cells.

the statistical signal from the 0.1% who are differentially affected between the two models, as

shown in Fig. 5.6B&C.

5.4.2.3 Asymmetric division in neurodevelopment

In our original model of neurodevelopment (see Section 5.3.2), we assumed that every cell

division resulted in two daughter cells which were both able to divide (symmetric division)

until the final cell division. However, it is commonly thought that neurodevelopment proceeds

in two phases: a proliferative phase mostly consisting of symmetric division, and a differentiative

phase where each progenitor cell undergoes sequential rounds of asymmetric division [330]. In

this case, we define asymmetric division as consisting of a progenitor cell dividing into another

progenitor cell and a differentiated cell, where the differentiated cell ceases to divide.

We may modify the original model to include a simple model of asymmetric cell division, see
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Fig. 5.7A. In this asymmetric model of neurodevelopment, let Is be the generation number of

the final symmetric division, and Ia the total number of divisions which give rise to differen-

tiated cells (asymmetric divisions plus the final division, where progenitor → differentiated +

differentiated). Again assuming that we are modelling only the neuronal subpopulation, then

the total number of neurons (Nneu) is

Nneu = 2Is(Ia + 1). (5.26)

In Fig. 5.7B we see that asymmetric division induces a stochastic element to the number of

daughters affected by a mutation occurring at generation i∗. Since asymmetric divisions affect

the tips of the neurodevelopmental tree, they are consequently the most numerous events: it is

therefore important that these possible stochastic paths are properly accounted for. There are

three cases to consider for when a mutation occurs, and the corresponding number of mutated

daughters (Ni∗) which the mutation gives rise to. Firstly,

Ni∗ = 2Is−(i∗+2)(Ia + 1) if i∗ ≤ Is − 2. (5.27)

In this case, a mutation is guaranteed to be inherited by a progenitor cell on both strands of

one of its chromosomes (see Fig. 5.1), and affect all subsequent daughters. The second case

corresponds to

Ni∗ =

Ia w.p. 1/2

1 w.p. 1/2
if i∗ = Is − 1 (5.28)

(where w.p. stands for “with probability”). Upon copying the parental DNA, the base at which

a mutation arises initially affects only a single strand of DNA: this mutation must be copied into

the subsequent generation for it to affect both strands of a single chromosome (see Fig. 5.1).

In the case denoted by Eq.(5.28), the single-stranded mutation is guaranteed to be inherited

by a progenitor cell but, upon subsequent copying, the double-stranded mutation can either

be inherited by a progenitor cell (affecting Ia subsequent daughters) or a single differentiated

daughter cell. These two possibilities occur with equal probability. The third, and final, case is

Ni∗ =


0 w.p. 1/2

1 w.p. 1/4

Is + Ia − (i∗ + 1) w.p. 1/4

if i∗ ≥ Is. (5.29)

In this case, a single-stranded mutation may be inherited by a differentiated cell w.p. 1/2,
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meaning that the single-stranded mutation is never subsequently copied (as it resides in a non-

dividing cell). We do not count mutations which only appear on a single strand of DNA for

simplicity, hence the number of mutated cells which arise from this event is 0, w.p. 1/2. How-

ever, if the single-stranded mutation is inherited by a progenitor, upon subsequent copying, the

double-stranded mutation may either be inherited by another progenitor or by a differentiated

cell (each with probability 1/2). If the double-stranded mutation is inherited by a differentiated

cell, then we count 1 mutant. Otherwise, the mutation will affect all subsequent progenitors

and differentiated cells from that lineage, affecting (Is + Ia− (i∗+ 1)) daughters in total. Since

these final two possibilities are conditioned upon a single-stranded mutation being inherited by

a progenitor (w.p. 1/2), the overall probability of these two possibilities is 1/4. Note that the

three outcomes described above are therefore multinomially distributed.

In the monkey foetus, asymmetric cell division lasts for 30-60 days [331]. Based on this, we

use a liberal estimate of 12 weeks for the duration of asymmetric division, and a cell division

time of 24 hours, yielding Ia = 84 asymmetric divisions. Letting Nneu = 86.1× 109 [323] and

rearranging Eq.(5.26) for Is yields Is = 30 (corresponding to a 6% overestimate in the number

of neurons according to [323]).

We use the literature value of λm = 6.4× 10−10 per base per cell division [306] as the mutation

rate in the discussion below for where we have performed forward-simulation (104 simulated

individuals). The mutation rate used from Tomasetti et al. [306] is broadly compatible with

the distribution found in Fig. 5.3A, and also Eq.(5.6). We now investigate the implications of

the asymmetric model of neurodevelopment relative to the original model presented above.

• Number of pathologically mutated regions (compare to Fig. 5.3B): In Fig. 5.7C, we find

that the number of pathologically mutated regions increases exponentially up to gener-

ation Is. This is in agreement with the original model (Fig. 5.3B), since the models are

identical in structure up to generation Is. The variance is smaller since we have used a

single value for the mutation rate, rather than a distribution. After generation Is, the

number of pathological mutations at each subsequent generation is identically distributed

(as shown by the plateau for i∗ ≥ Is) because each generation number has an identical

number of cells associated with it.

• Mean pathologically mutated region size (compare to Fig. 5.3C): The modal value for the

mean number of neurons per pathological region is 31 neurons, as opposed to 8 neurons

in the original model (Fig. 5.3C). This is expected because under the original model there

are exponentially more cells in later generations, which give rise to smaller mutational
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foci. However, in the asymmetric model, there are the same number of cells per generation

during the differentiative phase, and therefore small foci are not as heavily represented

in the asymmetric model.

• Total number of pathological mutations (compare to Fig. 5.3D): In Fig. 5.7E, we see that

the most probable number of pathologically mutated neurons per individual is 1.6× 106,

which is 2.7 times greater than the original model (6 × 105, Fig. 5.3D); this can be

accounted for, in part, by the observation that the asymmetric model has a value of Nneu

which is 30% larger than the original model. We note that the predictions for the total

number of mutations in both models are comparable in order of magnitude.

• Probability of 1 or more mutations at generation i∗ (compare to Fig. 5.3E): Since the

asymmetric model is identical to the original model up to generation Is = 30, Fig. 5.3E

also holds for the asymmetric model, albeit with different numbers of mutated cells corre-

sponding to each value of i∗. Substituting into Eq.(5.27), 79% of individuals are expected

to possess at least 1 region consisting of 2.2 × 104 spatially contiguous pathologically

mutated cells, 11% of individuals possess a region of 3.5×105 cells, and 1% of individuals

possess a region of 2.8× 106 cells. These values are all comparable in magnitude to those

displayed in Fig. 5.3E.

• Number of pathological regions of size 128 (compare to Fig. 5.3F): Since generation i∗ =

27 < Is − 2, the distribution for the number of regions seeded at generation i∗ = 27 is

identical to the original model (given the same set of mutation rates, see Fig. 5.3F). Note

that, under the asymmetric model, mutations seeded at generation i∗ = 27 correspond to

mutant regions consisting of 170 cells.

Hence, under a simplified asymmetric model of neurodevelopment, the total number of patho-

logical mutations is approximately doubled and the mean mutated region size is approximately

tripled. Overall, this simple asymmetric model of neurodevelopment predicts a prevalence of

somatic mosaicism which is similar in order of magnitude to the original model presented in

Fig. 5.3.

5.4.2.4 Intuition for model robustness

In Section 5.4.2.1, Section 5.4.2.2 and Section 5.4.2.3, we found that many of our quantitative

and qualitative observations regarding somatic mosaicism during neurodevelopment were robust

to simple alterations in the model structure, which addressed issues of cell death, progenitor
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founder effects and asymmetric division. Here, we provide an order-of-magnitude calculation

for why this is expected to be the case. Our strategy will be to determine the size of the

brain required for 1 pathological mutation to occur on average, and then understand how many

daughter cells in the adult brain such a mutation gives rise to.

Suppose at some instance in time (t) during neurodevelopment there exist N(t) cells. Suppose

N(t) is large enough such that, upon replication of each of the N(t) cells once, 1 pathological

mutation occurs on average. This scenario may still be modelled with a simple binomial distri-

bution. We may therefore apply Eq.(5.1), where we substitute 2i
∗

with N(t) and set E(Xi∗) = 1

(where Xi∗ is a random variable denoting the number of mutations which arise in copying N(t)

cells). This yields

1 = 4NbN(t)λm. (5.30)

Substituting λm = 6.4 × 10−10 mutations per base per doubling [306] and Nb = 298 bp (mu-

tations in which are pathological [326]) yields N(t) = 1.3 × 106 cells. We neglect subtleties

relating to lags associated with copying each strand of DNA (see Eq.(5.2) and Fig. 5.1). We

now assume the following

1. We require unbiased replication of all daughters after the mutation event when the brain

consisted of N(t) cells (unbiased meaning that each cell gives rise to the same number of

daughter cells).

2. We require daughters to remain spatially proximal during this replication.

Given assumption (1), we expect the fraction ∼ 1/N(t) of all subsequent cells to carry this

mutation. (Note that accounting for the copying lag will reduce this to ∼ 1/4N(t), but is on the

same order of magnitude.) Using Nneu = 86.1×109 neurons results in the prediction that every

individual harbours, on average, 1 pathologically mutated region consisting of approximately

Nmut spatially-contiguous cells, where

Nmut = Nneu/N(t) = 6.6× 104 cells, (5.31)

and spatial contiguity follows from assumption (2). Increasing the value on the left hand side

of Eq.(5.30) (i.e. the number of mutation events at a particular stage of neurodevelopment)

increases N(t) and reduces Nmut according to Eq.(5.31). This is the qualitative essence of

somatic mosaicism: mutations which are more common are smaller, and vice versa.

No details relating to the process which generated theN(t) cells were assumed, so founder effects
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are unimportant prior to when the cell consisted of N(t) cells. All of the models explored

above satisfy these two assumptions, so this order-of-magnitude calculation is expected to

approximately hold.

We may check this argument by examining Fig. 5.3E at i∗ = 20, since all of the models

described in Section 5.4.2.1, Section 5.4.2.2 and Section 5.4.2.3 satisfy Fig. 5.3E at i∗ = 20.

This states that 80% of individuals are expected to carry mutations of size 1.6 × 104 cells.

This observation is consonant with the above argument to within an order of magnitude. We

therefore expect models of neurodevelopment which satisfy the above 2 properties to show

somatic mosaicism where it is common for individuals to have mutant regions of ∼ 104–105

cells, given a mutation rate between 10−10–10−9 mutations per base per division. This argument

also applies to combinations of the above model perturbations, e.g. a model which begins

with an initial set of 210 cells (Section 5.4.2.2) with asymmetric division after generation 30

(Section 5.4.2.3), because such models still satisfy conditions (1) and (2) above. A notable

example of where this argument does not apply is in the case of large cellular migration, which

we now discuss.

5.4.2.5 Cell migration and spatial correlations in neurodevelopment

In the branching model of neurodevelopment, we assumed that cells which were in close spatial

proximity shared a similar developmental lineage. However, cells have the ability to migrate

during development [332]. If cells have appreciable migration during development, then this

reduces spatial correlations in the mutational profile of brain cells.

The extent of cell migration informs upon the degree to which our original model is perturbed

from true neurodevelopment. It has been suggested that neurons are established by radial glial

cells, forming functional neocortical columns [333]. These columns are between 200–1000 µm

across [334]. If most migration were to occur on the micron scale, our experimental approach

would be largely insensitive to this, since each sample was approximately 1 cm3 in size and

homogenised. However, tangential migration has also been observed [332], where cells move

across different subdivisions of the forebrain.

In Section D.4, we provide an alternative perspective to neurodevelopment where the brain

consists of independent regions of some characteristic size. Such a model better represents the

diffusive aspects of neurodevelopment, although makes other assumptions which are arguably

less plausible than the deterministic branching process presented above (see Section 5.3.2). We

note that we find the total number of pathological mutations in all of the models investigated
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here to be on the order of 105-106 cells (see Fig. 5.3D, Fig. 5.5F, Fig. 5.6C, Fig. 5.7E and

Fig. D.2E).

5.5 Discussion

In this work, we have modelled neurodevelopment as a deterministic branching process, and

used data from a recent ultra-high depth sequencing study [199] to infer the distribution of nu-

clear DNA mutation rates. The inferred mutation rates were found to be broadly comparable

to existing literature values. Through forward simulation from the model, we were then able to

estimate the prevalence of somatic mosaicism in genes associated with neurodegenerative disor-

ders. We found that assuming a tree structure for neurodevelopment with a constant mutation

rate induced spatially contiguous islands of pathologically mutated cells in the adult brain,

where smaller islands were more frequent and vice versa. We found that ∼10.8% of simulated

individuals possessed one or more regions of ∼ 105 spatially contiguous pathologically mutated

cells. We explored the robustness of our findings by perturbing our model to account for simple

models of cell death, progenitor cells, and asymmetric division, finding that our results were

largely robust on an order-of-magnitude scale. A simple argument assuming a mutation rate

on the order of 10−10–10−9 mutations per base per cell division (which is supported by litera-

ture estimates), with unbiased, spatially proximal, replication of daughter cells suggests that

every individual is expected to possess 1 mutated region associated with neurodegeneration,

consisting of 104–105 cells in their brain.

A natural area for future development of our inference approach would be to relax the as-

sumption of spatial contiguity of the captured DNA of the sample, allowing for the sample size

to correspond to the full 1 cm3 block of tissue. However, it is not obvious that altering the

sample size will have any effect upon the inferred mutation rate, since the simple argument in

Section 5.3.1 suggests that the mutation rate is independent of the sample size. Furthermore,

the experimental data in Ref. [199] does not directly observe any instances of pathologically

mutated cells, although large islands consisting of 108 · v̄ = 8.7×106 mutated cells were directly

observed when considering all of the case genes (since a sample consisting of 1 cm3 of tissue

contains 108 cells, and v̄ = 0.87 × 10−2). Direct observation of pathologically mutated brain

regions would provide the strongest evidence for pathological somatic mosaicism. The calcu-

lation in Section 5.3.1 allows us to estimate the total number of samples required to directly

observe a pathological mutation using simple arguments. Rearranging Eq.(5.5) for 1/pmv, where

1/pmv is a characteristic number of samples required to measure 1 mutated region, and using
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v̄ = 0.5 × 10−2 (measurement sensitivity), λm = 0.64 × 10−9 per base [306], and Nb = 298 bp

[326], shows that the number of samples required to directly observe a pathologically mutated

sample is on the order of 105 samples. Although this is an experimentally challenging number

of samples, expanding the set of genes of interest (i.e. increasing Nb), or technological advances

which increase the detection sensitivity (i.e. reduce v̄) may allow for the possibility of direct

observation of pathological somatic mosaicism in the brain.

Even given the direct observation of pathologically mutated regions of brain tissue from poten-

tial future studies, it remains open as to whether risk of developing neurodegenerative diseases

can be explained by somatic mosaicism. Mechanistic studies investigating the size of a mu-

tated region of neurons required to induce neurodegenerative disease, or neuronal dysfunction,

would test the plausibility that somatic mosaicism can cause neurodegeneration in later life.

The approaches discussed here can be extended to a variety of nuclear sites of interest, for

various tissues. It is possible that somatic mosaicism in nuclear genes linked with mtDNA

maintenance (e.g. POLG, PINK1 and PRKN ) could induce islands of mutated mtDNA within

somatic tissue, potentially causing pathological phenotypes, as discussed in Chapter 1 (see

Section 1.2.1.3).
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6
Summary

In this thesis, we have explored how sources of mitochondrial heterogeneity impact upon cell

physiology in healthy and diseased settings. We have used mathematical modelling throughout

this work as a means to generate self-consistent, quantitative, descriptions of experimental

observations. Where data has been limited in quantity, we have favoured parsimonious models,

whilst emphasising biophysical plausibility. Taking a stochastic perspective has also allowed us

to gain deeper understanding of mitochondrial contributions to cellular noise.

In Chapter 2, we present the first analytically derived link between mitochondrial genetic and

network dynamics via heteroplasmy variance (Fig. 2.1, Eq. (2.11)). For a chemical reaction

network representing mitochondrial network and genetic dynamics, we show that mitochondrial

fusion serves to rescale time. This is because only small mitochondrial fragments are susceptible

to mitophagic degradation [164], thereby slowing the rate of random genetic drift. We show

that our results hold for a range of plausible mtDNA control modes.

The potential neutrality of mitophagy and biogenesis of mtDNA with respect to genotype is

particularly relevant for the work presented in Chapter 2. The extent to which it is reasonable

to assume neutrality in mtDNA replication/degradation at the microscopic level is yet to be

carefully explored. Visualisation of heteroplasmy in live cells, combined with single-nucleoid

tracking, would allow determination of the selective pressure placed by mitophagy/biogenesis

and validation of the assumption of neutrality. Perturbations of mtDNA copy number through
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ddC treatment, or heteroplasmy through e.g. zinc-finger nucleases [110], could also constrain

the state dependence of mitophagy and biogenesis.

In Chapter 3, we generated a simple mathematical model (Table 3.1) to summarise a diverse

set of omics data [37] describing the cell-physiological consequences of progressive increase in

heteroplasmy of the 3243A>G MELAS mutation. Our model suggests that cells attempt to

maintain wild-type mtDNA density through cell volume reduction until a minimum cell volume

is reached; thereafter, cells upregulate energy production pathways (Section 3.4.5), allowing

cell volume to recover. Our work highlights the sensitivity of cell volume to the mitochondrial

genotype, and the importance of mtDNA density in cell physiology.

The dataset analysed in Chapter 3 consists of aggregates of cells, and therefore heteroplasmy

corresponds to the mean heteroplasmy of a cellular population. It is unclear the extent to which

intra-population heterogeneity may impact the observations of Picard et al. Future single-cell

studies are required to map the genotype-phenotype link between cellular heteroplasmy and

its physiological consequences. Cells harvested from heteroplasmic animals, such as the het-

eroplasmic tRNA-Ala mouse [335], as opposed to cybrid cells [37], would also remove potential

confounding effects from nuclear instability. Future work is required to clarify the bioenergetic

importance of mtDNA density homeostasis, especially in quiescent cells given the importance

of mitochondrial genetic state in determining ageing phenotypes in non-dividing tissues [7].

In Chapter 4, we provide a number of competing explanations for the recently observed non-

linear relationship between cellular volume and (a normalised measure of) mitochondrial mem-

brane potential [50]. We suggest that a simple model of cellular energy demand, consisting of

cell volume and surface area contributions, and energy supply, consisting of mitochondrial mass

scaled by mitochondrial functionality, explains cellular energy scaling relationships (Box 4.2).

Our model of energy scaling, when combined with the hypothesis that smaller cells are at a

higher hazard of cell death, may account for many of the observations of Miettinen & Björklund

[50], and provides an alternative hypothesis to the proposition that maximal mitochondrial

functionality is achieved at an optimal cell size [50].

To distinguish the hypotheses made in Chapter 4, stringent cell death gating on cells, and the

use of quantitative measures of mitochondrial membrane potential and mass (as opposed to

JC-1 [50]), would potentially be insightful. Our metabolic scaling argument (Box 4.2) pre-

dicts a monotonic relationship between mitochondrial functionality and cell size, whereas the

explanation put forward in Ref. [50] (analogous to Eq.(4.6)) predicts a concave functional rela-

tionship, when early-apoptotic cells are removed. A key assumption in the model we present is
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that mitochondrial density is constant across all cell volumes, independently of cellular power

demand. Bayesian inference applied to a large dataset of joint single-cell measurements of cell

volume and mitochondrial mass may be able to constrain the power-law relationship between

these two variables.

In Chapter 5, we present a set of initial estimates for the prevalence of somatic mutations

in genes associated with neurodegeneration in the human brain by assuming that neurode-

velopment may be modelled as a deterministic branching process (Section 5.4.1). We find

that islands of pathologically mutated cells consisting of on the order of 105 cells are poten-

tially common. Our observations were broadly robust to incorporation of simple models of cell

death, founder effects, and asymmetric division (Section 5.4.2). A simple order-of-magnitude

calculation (Section 5.4.2.4), assuming unbiased, spatially proximal, replication during neu-

rodevelopment provided intuition for the observed robustness of the branching process model.

Future work is required to i) validate the existence of such pathologically mutated regions, as

hypothesised here; ii) verify whether such regions are capable of causing neurodegenerative dis-

ease. The power calculation presented in Section 5.5 suggests that on the order of 105 samples

are required to detectably measure a single pathologically mutated sample. The number of

samples required may be reduced by increasing the number of pathological sites of interest,

or through increased within-sample detection sensitivity. An interesting area of future devel-

opment is to apply tree-like models to understand the prevalence of somatic mosaicism for

pathological mutations of the mitochondrial genome [336], and in nuclear genes associated with

mitochondrial dysfunction [337], across human tissues.

The countable nature of mitochondrial DNA provides the opportunity for stochastic mod-

elling to provide insight into mitochondrial (patho)physiology. Statistical inference allows us

to connect such models with data, and refine our understanding. The quantitative treatments

explored here have shed new light on the dynamics of mitochondrial mutations, as well as the

influence of mitochondria upon cellular (patho)physiology. Continued interdisciplinary work to

understand mitochondrial genetics and physiology holds the promise of allowing us to under-

stand the foundations of cellular bioenergetics, and design rational interventions for the diverse

set of diseases associated with mitochondrial dysfunction, as well as healthy ageing.
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A
Supplemental information

complementing Chapter 2

A.1 Constant rates yield unstable copy numbers for a model describing mtDNA

genetic and network dynamics

We explored a simpler network system than the one presented in Section 2.3.1, but found that

it produced instability in mtDNA copy numbers, which we regard as biologically undesirable.

Consider the following set of Poisson processes for singleton (s) and fused (f) species

s+ s
γ−→ f + f (A.1)

s+ f
γ−→ f + f (A.2)

f
β−→ s (A.3)

s
αρ−→ s+ s (A.4)

f
αρ−→ f + f (A.5)

s
ηρ−→ ∅ (A.6)

f
ρ−→ ∅ (A.7)
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where Eq.(A.1)-Eq.(A.3) are analogous to Eq.(2.1)-Eq.(2.3) where mutant species are neglected.

The parameter ρ is shared amongst all of the birth and death reactions in Eq.(A.4)–Eq.(A.7).

ρ represents the intuitive assumption that, in order for a stable population size to exist, birth

should balance death. However, for the network to have any effect at all, singletons should

be at an increased risk of mitophagy relative to fused species. We represent the increased risk

of singleton mitophagy with the parameter η. Since additional death is introduced into the

system when η > 1, we include the parameter α > 1 as an increased global biogenesis rate to

balance the increased mitophagy of singletons.

We may write the above system as a set of ordinary differential equations

ds

dt
= −γs2 − γfs+ βf + αρs− ηρs (A.8)

df

dt
= γs2 + γfs− βf + αρf − ρf (A.9)

where we have enforced the stochastic reaction rate to be equivalent to the deterministic reaction

rate, and hence the s2 term is proportional to γ rather than 2γ (justification of this is presented

in Section 2.3.3.1, see Eq.(2.22)). In Figure A.1 we see that the system displays a trivial steady

state at s = f = 0 and a non-trivial steady state. Computing the eigenvalues of the Jacobian

matrix at the non-trivial steady state indicates that it is a saddle node, and therefore unstable.

Initial copy numbers which are too small tend towards extinction with time, and initial copy

numbers which are too large tend towards a copy number explosion. This simple example

suggests that a system of this form with constant reaction rates is unstable, and therefore

biologically unlikely to exist under reasonable circumstances. We hence consider analogous

biochemical reaction networks with a replication rate which is a function of state, to prevent

extinction and divergence of the total population size.

A.2 Heteroplasmy variance relations for alternative model structures and

modes of genetic mtDNA control

Here we explore the implications of alternative model structures upon Eq.(2.65). Firstly, we

may consider replacing Eq.(2.4) with

XS
λ−→ XS +XS. (A.10)
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Figure A.1: Phase portrait for an ODE representation of a network system with constant rates. The sys-
tem displays two steady states: a trivial steady state at s+f = 0, and a non-trivial steady state. At a steady state,
both time derivatives in Eq.(A.8) and Eq.(A.9) vanish. Trajectories (blue) show the evolution of the system up to
t = 1000. The direction and magnitude of the derivative at points in space are shown by red arrows. Trajectories
can be seen either decaying to s = f = 0 or tending to infinity. γ = 0.01656, β = 33.12, ρ = 0.023, η = 1.1,
α = 1.04.

This corresponds to the case where replication coincides with fission, see [338]. Repeating the

calculation in Section 2.3.3 also results in Eq.(2.65), so the result is robust to the particular

choice of mtDNA replication reaction (see GitHub repository for Mathematica notebook).

Secondly, we may explore the impact of allowing non-zero mtDNA degradation of fused species.

This could correspond to autophagy-independent degradation of mtDNA, for example via the

exonuclease activity of POLG [339]. To encode this, we may add the following additional

reaction

XF
ξµ−→ ∅ (A.11)

where 0 ≤ ξ ≤ 1. We were not able to make analogous analytical progress in this instance.

However, numerical investigation (Figure A.2) revealed that the following ansatz was able to

predict heteroplasmy variance dynamics

V(h) ≈ 2µt

n(x)
h(x)(1− h(x))(fs(x) + ξ(1− fs(x)))

∣∣∣∣
x=xss

. (A.12)

In other words, allowing degradation of fused species results in a linear correction to our hetero-

plasmy variance formula in Eq.(2.11). If fused species are susceptible to degradation at the same
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Figure A.2: Heteroplasmy variance for non-zero degradation of fused mitochondria. Allowing fused species
to be degraded with relative rate ξ (see Eq.(A.11)), stochastic simulations for heteroplasmy variance (markers)
and Eq.(A.12) (lines) are shown. As ξ is increased, κ in Eq.(2.10) is also increased to maintain steady-state copy
number at approximately 1000 mtDNAs. Fused species degradation induces a linear correction to the heteroplasmy
variance formula.

rate as unfused species (ξ = 1), then V(h) loses fs dependence entirely and the mitochondrial

network has no influence over heteroplasmy dynamics.

We also explored various different forms of λ(x) and µ(x), which we label A-G after [43], and

X-Z for several newly-considered functional forms, see Table A.1 and Figure A.3. Note that

control D of [43] involves no feedback, which we do not explore – see Section A.1 and Figure A.1.

The argument presented in the previous section requires the steady state solution of the system

to be solvable, since we require the explicit form of xss in Eq.(2.59), Eq.(2.61) and Eq.(2.63).

For controls B, C, E, F, G, Y and Z in Table A.1, the steady states are solvable and similar

arguments to the above can be applied (see the GitHub repository for Mathematica notebooks).

Controls B, C, E, F all satisfy Eq.(2.65); this can be shown numerically for controls A and X.

However, controls G, Y and Z satisfy

dh =

√
2µh(1− h)

n(x)

∣∣∣∣∣
x=xss(h)

dW. (A.13)

Notably, Eq.(A.13) does not depend on fs, unlike Eq.(2.65) (see GitHub repository for Math-

ematica notebooks). This is because control of copy number occurs in the degradation rate,

rather than the replication rate, for controls G, Y and Z. A modified version of a Moran pro-

cess (presented below) can provide intuition for why the diffusion rate of heteroplasmy variance

depends on the network state when the population is controlled through replication, and does
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not depend on network state when the population is controlled through degradation.

Interpretation Replication rate Degradation rate Note

Linear feedback (see Fig-

ure 2.2, Figure 2.4, Fig-

ure A.3 A)

µ+b(κ−wT−δmT ); see Table

2.1

µ; see Table 2.1 Control E in (Johnston and

Jones, 2016) and GitHub

repository

Relaxed replication (see Fig-

ure A.3B)

αµ(wopt−wT − δmT )/(wT +

mT ); α = 1, wopt = 1000,

δ = 1

µ; µ = 0.023 Control A in (Johnston and

Jones, 2016) and GitHub

repository

Differential control for target

population (see Figure A.3C)

α(wopt − wT ) µ; µ = 0.023 Control B in (Johnston and

Jones, 2016) and GitHub

repository

Ratiometric control for target

population (see Figure A.3D)

α(wopt/w−1); α = 1, wopt =

1000

µ; µ = 0.023 Control C in (Johnston and

Jones, 2016) and GitHub

repository

Production independent of

wild-type (see Figure A.3E)

α/wT ; α = 5 µ; µ = 0.023 Control F in (Johnston and

Jones, 2016) and GitHub

repository

General linear feedback (see

Figure A.3F)

µ+b(κ−δ1ws−δ2wf−δ3ms−
δ4mf ); see Table 2.1, δ1 =

0.8, δ2 = 1.0, δ3 = 0.2, δ4 =

0.3

µ; see Table 2.1 Control X in GitHub reposi-

tory

Ratiometric control through

degradation (see Figure

A.3G)

λ; λ = 0.023 µwT /wopt; µ = 0.023;

wopt = 200

Control G in (Johnston and

Jones, 2016) and GitHub

repository

Linear feedback in degrada-

tion (see Figure A.3H)

λ; λ = 0.023 µ + b(wT + δmT − κ); µ =

0.023, b = 10−4, κ = 1000,

δ = 1

Control Y in GitHub reposi-

tory

Differential control for tar-

get population in degradation

(see Figure A.3I)

λ; λ = 0.023 α(wT −wopt); α = 1, wopt =

1000

Control Z in GitHub reposi-

tory

Table A.1: Nominal parameterisations for the alternative feedback control functions explored. In all cases, the
nominal fission and fusion rates were β = 33.12, γ = 0.038 respectively.

A.3 Choice of nominal parametrisation

In this section we discuss our choice of nominal parametrisation for the network system in

Eq.(2.1)-Eq.(2.9), given the replication rate in Eq.(2.10). We will first discuss our choice of

network parameters.

Ref. [216] found that the average fission rate in cortical neurons is 0.023±0.003 fissions/mitochondria/min.

Assuming that this value is representative of the fission rate in general, and converting this to
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Figure A.3: Parameter sweeps of network fission-fusion rates for replication-based and degradation-based
control modes show robustness of two heteroplasmy variance formulae respectively. Error in Eq.(2.11)
(ansatz) and Eq.(A.15) (ansatz indep network) for sweeps of the fusion and fission rates for the corresponding
feedback control functions in Table A.1. Equations are accurate to at least 5% (blue regions) across large regions
of parameter space, for many control laws. Fusion and fission rates are redefined as γ → γ0MR and β → β0M
where M and R denote the magnitude and ratio of the network rates, and γ0, β0 denote the nominal parametri-
sations of the fusion and fission rates respectively. Summary statistics for 104 realisations, with initial condition
h = 0.3 and evaluated at t = 500 days. Errors in V(h) (see Eq.(A.28)) smaller than 5% are truncated and are
shown as blue. Parametrisations where a deterministic steady state could not be found for an initial condition of
h = 0.3 are shown in grey. Inset figures, where present, display the probability of fixation at h = 0. Where insets
are not present, the probability of fixation is negligible. (A-F) When λ = λ(x) and P (h = 0) is low, Eq.(2.11)
performs well in the high-churn limit. (G-I) When µ = µ(x) and P (h = 0) is low, Eq.(A.15) performs well in the
high-churn limit.
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units of per day, we may write the mitochondrial fission rate as β = 33.12 day−1.

Note that the dimensions of β are day−1 and not mitochondrion−1 day−1. This is because if

the propensity (see Eq.(2.14), where Ω = 1) of e.g. Eq.(2.3) is âfis,w = βwf then the mean time

to the next event is 1/(βwf ); therefore the dimension of β is per unit time and copy numbers

are pure numbers, i.e. dimensionless. Similar reasoning constrains the dimension of the fusion

rate, see below.

Evaluation of the fusion rate is more involved, since fusion involves two different chemical species

coming together to react whereas fission may be considered as spontaneous. Furthermore,

there are 7 different fusion reactions whereas there are only 2 fission reactions. For simplicity,

assume that all species have a steady-state copy number of xi = 250 (resulting in a total copy

number of 1000, heteroplasmy of 0.5 and 50% of mitochondria existing in the fused state).

Neglecting subtleties relating to bimolecular reactions involving one species (see Eq.(2.22)),

each fusion reaction proceeds at rate âfus,j ≈ γx2
i . Since there are 7 fusion reactions (Eq.(2.1),

Eq.(2.2), Eq.(2.7)-Eq.(2.9)), the total fusion propensity is âfus ≈ 7γx2
i . Similarly, the total

fission propensity is âfis = β(wf + mf ) = 2βxi. Since we expect macroscopic proportions of

both fused and fissioned species in many physiological settings, we may equate the fusion and

fission propensities, âfus = âfis, and rearrange for the fusion rate γ to yield γ = 2βxi/(7x
2
i ) ≈

3.8×10−2 day−1. Note that the orders of magnitude difference between β and γ stems from the

observation that fusion propensity depends on the square of copy number whereas the fission

propensity depends on copy number linearly.

Given the network parameters, we then explored appropriate parametrisations for the genetic

parameters: the mitophagy rate (µ) and the parameters of the linear feedback control (κ, b and

δ, see Eq.(2.10)). mtDNA half-life is observed to be highly variable: in mice this can be between

10-100 days [65]. For consistency with another recent study investigating the relationship

between network dynamics and heteroplasmy, we use an mtDNA half-life of 30 days [207].

The parameter δ in the replication feedback control (see Eq.(2.10)) may be interpreted as the

“strength of sensing of mutant mtDNA” in the feedback control [68]. Assuming that fluctuations

in copy number of mutants and wild-type molecules are sensed identically (as may be the case

for e.g. non-coding mtDNA mutations) we may reasonably assume a model of δ = 1 as the

simplest case of a neutral mutation.

We are finally left with setting the parameters κ and b in the linear feedback control Eq.(2.10).

In the absence of a network state and mutants, κ is precisely equal to the steady state copy

number, since the degradation rate equals the replication rate when κ = w. However, the
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presence of a network means that a subpopulation of mtDNAs (namely the fused species) are

immune to death, resulting in κ no longer being equivalent to the steady state copy number.

The parameter b may be interpreted as the feedback control strength, which determines the

extent to which the replication rate changes given a unit change in copy number.

Given a particular value of b, we may search for a κ which gives a total steady state copy

number (n) which is closest to some target value (e.g. 1000 as a typical total mtDNA copy

number per cell in human fibroblasts [180]). We swept a range of different values of b and

found that, for values of b smaller than a critical value (b∗), a κ could not be found whose

deterministic steady state was sufficiently close to n = 1000. This result is intuitive because in

the limit of b→ 0, λ = const. From the analysis in Section A.1, we have shown that constant

genetic rates (µ, λ) result in unstable copy numbers, and therefore a sufficiently small value of

b is not expected to yield a stable non-trivial steady state solution. We chose b ≈ b∗, and the

corresponding κ, such that the steady state copy number is controlled as weakly as possible

given the model structure.

A.4 Rate renormalisation

In Eq.(2.1)–Eq.(2.10) we have neglected reactions such as

XF +XF → XF +XF (A.14)

because they do not change the number of molecules in our state vector x = (ws, wf ,ms,mf ).

One may ask whether neglecting such reactions means that it is necessary to renormalise the

fission-fusion rates which were estimated in Section A.3. In estimating the nominal parametri-

sation, we began by using a literature value for the mitochondrial fission rate, and then matched

the fusion rate such that the total propensity of fusion approximately balanced the total propen-

sity of fission. This matching procedure is reasonable, since we observe a mixture of fused and

fissioned mitochondria under physiological conditions: choosing a fusion rate which is vastly

different results in either a hyperfused or fragmented network. We must therefore only justify

the fission rate. Eq.(2.3) assumes that a fission reaction always results in a singleton, and a sin-

gleton is by definition a molecule which is susceptible to mitophagy (see Eq.(2.6)). Therefore, if

fission reactions always result in mitochondria containing single mtDNAs which are susceptible

to mitophagy, then we expect our model to match well to true physiological rates. If, on the

other hand, fission reactions between large components of the network which are too large to
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be degraded are common, then renormalisation of β by the fraction of fission events which re-

sult in a sufficiently small mitochondrion would be necessary, which would in turn renormalise

γ through our matching procedure. We are not aware of experimental measurements of the

fraction of fission events which result in mitochondria which contain a particular number of

mtDNAs. Such an experiment, combined with the distribution of mitochondrial sizes which are

susceptible to mitophagy, would allow us to validate our approach. Despite this, the robustness

of our results over approximately 4 orders of magnitude for the fission-fusion rate (Figure A.3)

provides some indication that our results are likely to hold in physiological regions of parameter

space.

A.5 A modified Moran process may account for the alternative forms of het-

eroplasmy variance dynamics under different models of genetic mtDNA

control

We sought to gain insight into why control of population size through the replication rate

(λ = λ(x), µ = const) results in heteroplasmy variance depending on the fraction of unfused

mitochondria (see Eq.(2.11)), whereas control of population size through the degradation rate

(µ = µ(x), λ = const) results in heteroplasmy variance becoming independent of network state,

where

V(h) ≈ 2λt

n(x)
h(x)(1− h(x))

∣∣∣∣
x=xss

. (A.15)

We will proceed by considering an analogous Moran process to the set of reactions presented

in Eq.(2.1)–Eq.(2.9).

First, consider a haploid biallelic Moran process consisting of wild-types and mutants, in a

population of fixed size n. At each step in discrete time, a member of the population is chosen

for birth, and another for death. Let mt denote the copies of mutants at time t. Then,

P (mt+1 = j|mt = i) =


i(n− i)/n2 if j = i± 1

i2/n2 + (n− i)2/n2 if j = i

0 otherwise.

(A.16)

It follows that

E(mt+1|mt) = mt. (A.17)
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Defining ht := mt/n then from Eq.(A.16)

V(mt+1|mt) = 2ht(1− ht) (A.18)

and therefore

V
(mt+1

n

∣∣∣mt

)
= V(ht+1|mt) =

2

n2
ht(1− ht). (A.19)

Suppose that, instead of the process occurring in discrete time, the process occurs with contin-

uous time, where each event is a simultaneous birth and death, and is modelled as a Poisson

process. Suppose that events occur at a rate µ per individual. The waiting time between suc-

cessive events (τ) is an exponential random variable with rate µn. Hence the expected waiting

time between successive events is

E(τ) =
1

µn
. (A.20)

If we take the ratio of Eq.(A.19) and Eq.(A.20), we have

V(ht+τ |mt)

E(τ)
=

2µht(1− ht)
n

. (A.21)

Heuristically, one could interpret Eq.(A.21) as a ratio of differentials as follows. If we were

to suppose that n were large enough such that E(τ) is very small, and ht is approximately

constant (h0) after a small number of events, then

∆V(h)

∆τ
≈ V(ht+τ |mt)

E(τ)
=⇒ dV(h)

dt
≈ 2µh0(1− h0)

n
=⇒ V(h, t) ≈ 2µh0(1− h0)

n
t (A.22)

where we have replaced the inter-event time τ with physical time t. This result is analogous to

Eq.(A.15) and Equation (12) of [43], and agrees with simulation (Figure A.4A).

Now consider the modified Moran process in Figure A.4B, which we refer to as a “protected”

Moran process. Let 0 < fs ≤ 1 be the fraction of individuals susceptible to death, which is a con-

stant. nfsht mutants and nfs(1−ht) wild-types are randomly chosen to be susceptible to death,

where n is large. In this continuous-time model, the inter-event time is τ ∼ Exponential(Γ)

where Γ will be defined below. Then an individual from the susceptible population is cho-

sen for death, and any individual is allowed to be born. The birth and death events occur

simultaneously in time.
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Figure A.4: Exploration of analogous Moran processes. (A) The original biallelic Moran process satisfies
Eq.(A.15), where h0 is the initial heteroplasmy, which is equivalent to E(h). (B) The “protected” Moran pro-
cess. The population size is constrained to be fixed to some large constant, n. There exist two alleles, mutants
(black circle) and wild-types (white circles). hnfs mutant and (1 − h)nfs wild-type molecules are susceptible to
death, the rest are protected from death (denoted by a bar). An exponential random variable is drawn as the wait-
ing time to the next event (see Section A.5 for discussion of the form of the rate Γ). Time is incremented by the
waiting time, then a death event occurs from the susceptible population and a birth event from any individual si-
multaneously. The same individual is allowed to be chosen for both birth and death. The process is then repeated
iteratively.

Again, using t as an integer counter of events, we have

P (mt+1 = j|mt = i) =



nfsht
nfs

n(1−ht)
N

if j = i− 1

nfs(1−ht)
nfs

nht
N

if j = i+ 1

nfsht
nfs

nht
N

+ nfs(1−ht)
nfs

n(1−ht)
n

if j = i

0 otherwise

(A.23)

=


ht(1− ht) if j = i± 1

h2
t + (1− ht)2 if j = i

0 otherwise

(A.24)

which is equivalent to the definition of a Moran process in Eq.(A.16), meaning that Eq.(A.19)

applies to the protected Moran process as well.

We consider two heuristic arguments for choosing the inter-event rate Γ, where the inter-event

time τ ∼ Exponential(Γ). Firstly, if the death rate per capita is constant (µ), then the rate at

which a death event occurs in the system (Γdeath) is proportional to the number of individuals

which are susceptible to death: Γdeath = µnfs. If we assume that the overall birth rate is

matched to the overall death rate so that population size is maintained, as is the case when

λ = λ(x) in the network system, then the overall birth rate (Γbirth) must also be Γbirth = µnfs.
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Hence,

Γ = Γbirth + Γdeath = 2µnfs (A.25)

where µ is a proportionality constant. Since, for a Moran event to occur, both a birth and

a death event must occur, time effectively runs twice as fast in a Moran model relative to a

comparable chemical reaction network model. We therefore rescale time by taking µ → µ/2,

and thus

Γ = µnfs. (A.26)

As a result, E(τ) = 1/(µnfs) and therefore, using Eq.(A.19) and the reasoning in Eq.(A.22),

∆V(h)

∆τ
≈ V(ht+τ |mt)

E(τ)
=⇒ dV(h)

dt
≈ 2µfsh0(1− h0)

n
=⇒ V(h) ≈ 2µfsh0(1− h0)

n
t. (A.27)

This is analogous to when λ = λ(x) and µ = const in the network system. Hence, when

λ = λ(x) and µ = const, the absence of death in the fused subpopulation means the timescale

of the system (being the time to the next death event) is proportional to fs. We note that this

argument is only a heuristic, since the Moran process is defined such that birth and death events

occur simultaneously and therefore do not possess separate propensities (Γbirth and Γdeath).

The second case we consider is when each individual has a constant rate of birth, hence Γbirth ∝
n. Then the death rate is chosen such that Γbirth = Γdeath. In this case Γ = λn, where λ is

a proportionality constant. The same argument from Eq.(A.20) to Eq.(A.22) may be applied,

with an appropriate rescaling of time, and we arrive at Eq.(A.15). This is analogous to when

µ = µ(x) and λ = const in the network system. Hence, when µ = µ(x) and λ = const, the

presence of a constant birth rate in the entire population means the timescale of the system

(being the time to the next birth event) is independent of fs.

A.6 Error quantification

In Figure 2.5 and Figure A.3, we compare Eq.(2.11) and Eq.(A.15) to stochastic simulations, for

various parametrisations and replication/degradation rates. In order to quantify the accuracy

of these equations in predicting V(h, t), we define the following error metric ε

ε =

∣∣∣∣∣1− V̇(h, t)Th

Et(V̇(h, t)Sim)

∣∣∣∣∣ (A.28)
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where V̇(h, t) is the time derivative of heteroplasmy variance with subscripts denoting theory

(Th) and simulation (Sim). An expectation over time (Et) is taken for the stochastic simula-

tions, whereas V̇(h, t) is a scalar quantity for Eq.(2.11) and Eq.(A.15).

Simulations were performed using the Imperial College High Performance Computing Service.
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B
Supplemental information

complementing Chapter 3

B.1 Transformation to per-cell dimensions using cell volume

In this section we show that it is necessary to multiply measurements of protein and mRNA

levels, when determined by Western blot and RNA-seq respectively, by cell volume to transform

the data to mean cellular measurements.

Consider a Western blot experiment determining the levels of a gene (gene i) in two conditions

(A and B). Denote the number of proteins per cell of gene i, as nAi , where the superscript

denotes condition A. Let us also denote the total number of proteins per cell as NA.

When one performs a Western blot, the protein of interest is stained with an antibody, cells

are lysed, and a sample of fixed protein mass (m) is taken from the lysate. If we denote the

number of proteins for the gene of interest in the sample as PA
i , then we may write

PA
i =

nAi
NA

m, (B.1)

since the proportion of protein i in the sample is determined by the proportion of protein i

in the proteome (nAi /N
A). Western blot experiments also tend to be normalised by a loading
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control (c), so the normalised measurement we have access to is

PA
i

PA
c

=
nAi
nAc

(B.2)

which corresponds to the data given in Picard et al.[37].

Now, consider a perturbation in condition B, causing the amount of protein for gene i to be

nBi , and the mean cell volume to experience a fold-change Vf , as in Fig. B.1. Consequently,

NB = VfN
A, since total protein content scales with the volume of the cell. Using the reasonable

assumption that the loading control is a gene whose expression also scales with cell volume (e.g.

β-actin, as in Picard et al.[37]), then nBc = Vfn
A
c . It follows that

PB
i

PB
c

=
nBi
VfnAc

. (B.3)

Then, if we are interested in the relative fold-change expression of the protein between the two

conditions, then we take the ratio

PB
i /P

B
c

PA
i /P

A
c

=
nBi /n

A
c

nAi /n
A
c

· 1

Vf
=
nBi
nAi
· 1

Vf
(B.4)

Thus, the quantity on the left hand side of Eq. (B.4), which is what one usually measures in

a Western blot, has a multiplicative-bias of 1/Vf . Therefore, if one is interested in per-cell

protein changes, the appropriate quantity of interest is

PB
i /P

B
c

PA
i /P

A
c

· Vf . (B.5)

Hence, we multiply each protein measurement by V (h) ≡ Vf (h) = 〈Vk(h)〉k/〈Vk(h = 0)〉k,
where 〈. . . 〉k denotes the sample mean over technical replicates k, such that V (0) = 1.

A similar argument applies to RNA-seq data, since a fixed mass of mRNA is extracted for

an RNA-seq experiment, so an analogous pair of equations to Eq.(B.1) in conditions A and B

holds. Using the assumption that NB = VfN
A, and denoting the number of mRNA molecules

in each sample with M , it can be shown that

MB
i

MA
i

=
nBi
nAi
· 1

Vf
. (B.6)
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Figure B.1: Transformation of Western blot (or RNA-seq) data to per-cell dimensions. Consider a Western
blot experiment, where we are interested in the fold-change expression of gene i per cell (ni), and cell volume has
a fold change Vf = 2 between conditions A and B. In this example, nAi = nBi . Taking an unbiased sample of size
m = 12 from each condition, and dividing by the loading control, yields a quantity 1/Vf too small. It is necessary
to multiply the ratio by Vf , to get an accurate measurement of gene i, in the context of strongly varying cell vol-
ume, as is the case in Picard et al. [37]. A similar argument holds for RNA-seq data, which also uses a fixed mass
of RNA as the starting sample.
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B.2 Generative model description

We used a Bayesian framework to find the supported parameter values given the data, using the

Metropolis-Hastings algorithm [340]. To do this, we included an additional 6 noise parameters,

for the features where parameter inference was performed (i.e. all of the features except N+,

which has no free parameters, see Eq.(2.4)). For these 6 features (METC, P
+,Mgly, V,G,Rmax),

we assumed that the data were generated subject to Gaussian noise.

Thus, the full statistical model contains 12 parameters (excluding 6 noise parameters for each

feature), with 32 data points which enter the likelihood (after excluding h = 1 data). To

summarise, counting the 6 features which have free parameters, the model consists of 12/6 = 2

mean parameters per feature, on average. Note that simply fitting linear models to the 6

features in Fig. 3.1 would also require 2 parameters per feature. The model fit is shown in

Fig. 3.5.

To connect our model of mean cellular behaviour S = {METC, P
+,Mgly, V,G,Rmax}, to the

data of Picard et al. [37], we assume that the sample mean of feature i (yi,j) at a discrete value

of heteroplasmy h = j is generated via Gaussian noise (N (µ, σ)) whose mean corresponds to

one of the models S,

yi,j =Mi(h) +N (0, σi), (B.7)

where Mi(h) is an element from the set of models S. We stress that the data we train our

model on, yi,j, is the sample mean, rather than the raw data. This is a less common approach;

however, we believe that it is appropriate as individual replicates only give us information on

the technical variability measured in [37], whereas the total error is a combination of both

technical and biological variability. Training our models on individual replicates would be

likely to underestimate the true variability of the data, so we favoured training on the sample

mean only. This raises the challenge of establishing an appropriately permissive model for our

uncertainty in σi.

We can infer the distribution of the parameters (θ) of the models S, given the data yi,j, using

Bayes rule and a prior distribution over θ (P (θ))

P (θ|yi,j) =
P (yi,j|θ)P (θ)

P (yi,j)
. (B.8)
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The log-likelihood in this case is

log[P (yi,j|θ)] =
∑
i,j

−1/2 log(2π)− log(σi)−
1

2

(
yi,j −Mi(j)

σi

)2

. (B.9)

We drop the constant
∑

i,j −1/2 log(2π) from our log-likelihood, since we will only be interested

in differences in the log-likelihood to perform Bayesian inference using the Metropolis-Hastings

algorithm [340].

We used exponential priors σi

P (σi) ∝ exp(−λiσi) (B.10)

as our error model. The constant λi was chosen such that the scale of decay of probability was

on the same scale as the range of the data. Noting that 〈P (σi)〉 = 1/λj, we chose

λi =
Ω

maxj{ŷi,j} −minj{ŷi,j}
(B.11)

where Ω is a hyper-parameter of the prior and Ω ≥ 0. Note that we may interpret Ω = 0 as an

improper uniform prior, since P (σi) = const in this case.

We began with Ω = 0 as the most permissive choice of prior possible, given the model in

Eq.(B.10). We found that when Ω = 0 the maximum a posteriori estimates were qualitatively

similar to choosing Ω = 2 (our final choice which we justify below) see Fig. 3.5 (Ω = 2) and

Fig. B.2A-F (Ω = 0). However, we found that the posterior 25-75% credible interval supported

model fits for METC, P+ and Rmax which were relatively poor when Ω = 0, compared to

Ω = 2 (see Fig. B.2A-F). We determined that large values of h∗ were indicative of purely

linear fits to the data, which is unlikely given the wider body of evidence demonstrating the

nonlinearity of the threshold effect. This is seen in Fig. B.2G-L (high h∗, poorer fit) when

compared with Fig. B.2M-R (low h∗, better fit). Comparison between Fig. B.2G and Fig. B.2M

is particularly noteworthy, where the 25-75% posterior credible interval for high h∗ sub-samples

predicts METC ≈ 0 for all values of h, which is physiologically implausible, whereas low h∗

sub-samples display non-linear fits which more faithfully track the data. Fig. B.3 shows that

the high h∗ mode is of comparable prevalence to the low h∗ mode when Ω = 0.

We therefore investigated the sensitivity to choice in Ω in Fig. B.3. We see that increasing Ω

reduces the width of the marginal posterior distribution of h∗, constraining the posterior dis-

tribution to lie around the nonlinear solutions shown in Fig. 3.5. We found that the permissive

prior Ω = 2 was sufficient to strongly subdue this, physiologically implausible, large h∗ mode.
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Figure B.2: Hyperparameter choice for error model (A-F) Model support for when Ω = 0, corresponding to
an improper uniform prior on the variance of each feature. (G-L) Sub-samples of posterior where 0.85 ≤ h∗ ≤ 0.9.
(M-R) Sub-samples of posterior where 0.3 ≤ h∗ ≤ 0.35. We see a physiologically implausible fit for 0.85 ≤ h∗ ≤
0.9, whereas when 0.3 ≤ h∗ ≤ 0.35 model fits were better able to describe the data (for instance, by comparing
(G) to (M)).
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Figure B.3: Choice of uncertainty prior affects distribution of critical heteroplasmy and model fit. Larger
values of Ω suppresses large values of model uncertainty (σi, see Eq.(B.10)), and consequently forces the model fit
to more closely match the data. This corresponds to the h∗ mode approximately between 0.3-0.4 see Fig. B.2.

This can be interpreted as a prior belief that our model uncertainty is, on average, 50% of the

range of the data (since 〈P (σi)〉 = λ−1
i ). We believe this to be a sensible prior choice, encoding

our prior belief that the threshold effect is nonlinear while providing only a gentle constraint

on parameters.

We favoured uniform priors on the remaining parameters so that the posterior would be dom-

inated by the likelihood. However, a number of the parameters in the model were uncertain

over orders of magnitude; in these cases, we allowed the log of these parameters to take uniform
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distributions. Explicitly, our priors were chosen as:

P (h∗) = unif(0, 1) (B.12)

P (ln(kmRNA)) = unif(−10 ln 10, 2 ln 10) (B.13)

P (fm) = unif(0, 1) (B.14)

P (ln(km)) = unif(−10 ln 10, 2 ln 10) (B.15)

P (ln(δp)) = unif(−10 ln 10, 2 ln 10) (B.16)

P (ln(ko)) = unif(−10 ln 10, 2 ln 10) (B.17)

P (ln(kg)) = unif(−10 ln 10, 2 ln 10) (B.18)

P (c1) = unif(−10, 10) (B.19)

P (m2) = unif(0, 100) (B.20)

P (kgr) = unif(0, 100) (B.21)

P (ln(kp)) = unif(−10 ln 10, 2 ln 10). (B.22)

The ranges for h∗ and fm are justified since these quantities can physically only be between

0 and 1. c1 and m2 are parameters of linear models for Mgly (see Table 3.2 and Eq.(2.8)) for

data which has been normalised to the scale of 1; therefore priors were chosen with suitably

large ranges. Similarly for kgr, a proportionality constant relating growth to cell volume ((see

Table 3.2 and Eq.(2.10)), we expect kgr to be of the order of 1, since the data has been

normalised, and chose suitably relaxed priors. The ranges for all other parameters, which were

sampled in log-space due to our greater uncertainty of their values, were chosen to be suitably

large as to be unlikely to reach the boundary of the prior during sampling with MCMC.

The parameters β and kmRNA from Eq.(2.5) were highly correlated. For more efficient chain

mixing, we rearranged Eq.(2.5) into the form

METC =
ζ

1
kmRNA

+ 1
1+exp[km(h−h0)]

, (B.23)

where ζ = β/kmRNA, and used the prior

P (ln(ζ)) ∼ unif(−10 ln 10, 2 ln 10) (B.24)

such that the boundaries for the uniform prior were relatively relaxed.

We performed the Metropolis-Hastings algorithm [340] to sample from the posterior, using a
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Gaussian random walk as our transition kernel, whose covariance matrix was determined from

a trial run of the adaptive Metropolis algorithm [341]. All code was written in either Python

or C, and is available upon request. The MCMC chain trajectory is presented in Figure B.4.

B.3 Justifications for model structure

B.3.1 Justification of ETC mRNA and protein

Consider a single molecule of wild-type mtDNA which, when transcribed, generates mRNA

for the electron transport chain (ETC), which we denote as mETC . Transcripts are generated

according to a deterministic process (stochasticity in gene expression [18] is neglected in this

picture) with rate (β) and also passively degrade at some basal rate (δbm). We consider a

controlled, active degradation process (δam) that acts in addition to the background level. Thus,

at the single mtDNA level, we may write down the differential equation

dmETC

dt
= β −

(
δam + δbm

)
mETC, (B.25)

where we assume that β, δbm are constant.

Control of the expression levels of different mitochondrial genes is manifest at the level of

mRNA degradation [258], because mtDNA is transcribed as a single polycistronic transcript

[257]. We therefore use the simplifying assumption that, in the pathogenic case, mitochondrial

mRNA is also controlled at the level of degradation. Thus we allow the active degradation to

vary with heteroplasmy δam = δam(h), and assume the transcription rate to be constant.

Cells are measured at steady-state, so setting the derivative to zero yields

mETC =
β

δam + 1
, (B.26)

where δbm has been absorbed into the definitions of β and δam(h). Assuming N+ scaling, whereby

only wild-type mtDNAs contribute to the transcript pool, we arrive at an expression for cellular

levels of ETC mRNA:

METC =
β

δam + 1
N+.

Dropping the a superscript yields Eq.(2.5).

Note that, in our Bayesian inference, we chose to express the constant h0 in Eq.(2.6) in terms

of the critical heteroplasmy h∗ using the expression h0 = h∗ − ln[(1 − fm)/fm]/km, where
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Figure B.4: Metropolis-Hastings posterior samples for main model 1010 iterations of Metropolis-Hastings
were performed, which were thinned to 105 samples. The hyperparameter for model uncertainty, Ω, was chosen as
Ω = 2 (see Section B.2). (A) Trajectory of the unnormalised log posterior after thinning. Samples are split into
bins of 100 iterations; displaying mean, standard deviation and range of each bin. (B) Autocorrelation function for
each parameter, on thinned samples. (C) Approximate marginal posterior distributions for each parameter in the
model. Exponential priors for model uncertainties are plotted, all other priors are uniform (see Section B.2).
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0 < fm ≤ 1. This simply expresses the location of h∗ in terms of the fraction fm of the

sigmoid’s maximal value. Intuitively, if fm and km are sufficiently large, h∗ signals the beginning

of reduction in ETC degradation.

For ETC protein, we assume that the following equation holds at the cellular level

dP+

dt
= λMETCN

+ − δbpP+ (B.27)

where λ = const, and we assume there is no active degradation of ETC protein. At steady-state

P+ =
METCN

+

δbp
(B.28)

where λ is absorbed into the definition of δbp. Dropping the b superscript yields Eq. (2.7).

B.3.2 Justification of cell volume scaling for power demand

A reasonable general model for the way in which power demands of a mammalian cell scale

with its volume (V ) is k1V + k2V
2/3 + K + f(N, V ), where ki are proportionality constants.

Each term may be interpreted as: k1V are demands which scale with cell volume; k2V
2/3 scale

with cell surface area; K are demands which are constant for a cell (for example, the cost of

replicating the genome); and f(N, V ) is an unknown function corresponding to proton leak,

which potentially depends upon mitochondrial mass (or alternatively mtDNA copy number, N)

and cell volume. These are the dominant power demands of mammalian cells, as determined

by [254–256].

Many energy-consuming processes in mammalian cells directly depend upon cell size; for ex-

ample, a model system used by Buttgereit et al. found that ∼30% of oxygen consumption

corresponded to plasma membrane transporters, and ∼20% corresponded to protein synthesis

[254]. We assume that protein synthesis scales proportionally with V , because 60% of total cel-

lular dry mass is protein [342] and mass scales with volume. Also, we may assume that plasma

membrane power consumption scales with cell surface area, which scales with V 2/3. By using

volume and surface area contributions alone, we may account for ∼50% of the power demands

of the cell, which is 63% of the accountable power demands for this model system since only

80% of total respiration rate could be attributed to particular processes in their study [254].

Thus, assuming that all power consumption is due to surface area or volume contributions then,

using the data of [254], a reasonable model for power demand might be f(V ) = 0.4V +0.6V 2/3,
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the volume parameter being 20/(20 + 30) = 0.4. However, we see in Fig. 3.1D that the

normalised volume data lie in the range 0.6 . V . 1. In this region, the functions f(V ) and

g(V ) = V are similar, with a difference of no more than ∼7%. Thus, g(V ) = V is a reasonable

approximation for total power demands in this case.

We note, however, that the above proportions depend on the environment of the cell [254, 255]

as well as the tissue type (reviewed in [256]), often showing variation on the order of tens of

percent. In light of this uncertainty, and for the sake of parsimony, we make the simplifying

assumption that total power demand scales purely with cell volume, see Eq.(2.9).

B.3.3 Expected cell volume and growth rate

Two of the simplest models for how cells may grow throughout the cell cycle are linear and

exponential growth. We show below that a relationship exists between growth rate and the

mean cell volume in an asynchronous population of cells under a linear model. Furthermore,

assuming an exponential model, growth rate and mean cell volume are independent.

Firstly, we assume that the number of cells obey a pure-birth process, in other words the

death rate of cells is negligible. If the initial number of cells (N0) is large, then we can use a

deterministic model of cell growth, N(t) = N0 exp(Gt), where N(t) is the number of cells at

time t and G is the growth rate of cells, as described in Eq.(2.10). Assuming that the number

of cells doubles every cell cycle period (td), then

G =
ln(2)

td
. (B.29)

Under a linear model of cytoplasmic growth through the cell cycle, the volume of an individual

cell may be written as

Vc(t) = V0 + λt (B.30)

where Vc is the volume of an individual cell, V0 is the volume of a cell just after division

(assumed to be constant for all cells) and λ = V0/td = const is the cytoplasmic growth rate.

We note that, by our assumption of λ = const and a linear growth model, smaller cells require

less time to double in volume and consequently will proliferate faster (as shown below). From

an energetics perspective, a simple model is that cellular power demand relating to proliferation

scales with λ, i.e. more energy per unit time is required to increase the cytoplasmic growth

rate. Since we model λ = const, we expect power demands associated with proliferation to also

be constant regardless of the volume of the cell (and hence independent of heteroplasmy in the
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model presented in Section 3.4.3). We use the parsimonious ansatz that this power demand is

small relative to the power demands of maintaining cytoplasmic volume, and hence we neglect

a λ-dependent term in Eq.(2.10).

In an asynchronous population, we assume that each cell is distributed uniformly through the

cell cycle, in other words

T ∼ unif(0, td) (B.31)

where T is a random variable describing the position in time, of a cell in its cell cycle.

We wish to find the expected value of cell volume, (E(Vc) ≡ V , as described in Eq.(2.9)),

given the assumption of Eq.(B.31). Eq.(B.30) can be viewed as a transformation of the random

variable T . If X is a continuous random variable, then for any transformation Y = r(X),

E(Y ) =
∫
r(x)P (x)dx, where P (x) is the probability distribution corresponding to the random

variable X [343]. This implies that E(Vc) = 1/td
∫ td

0
Vc(t)dt. For Eq.(B.30), this yields E(Vc) =

3V0/2, but since V0 = λtd, then Eq.(B.29) yields

G =
3λ ln(2)

2E(Vc)
, (B.32)

i.e. 1/G ∝ E(Vc) ≡ V .

If, however, we assume an exponential model of cell growth through the cell cycle

Vc(t) = V0 exp(γt) (B.33)

then td = ln(2)/γ and E(Vc) = V0/ln(2) which cannot be written in terms of td and therefore

G is independent of V .

The above makes intuitive sense: if a cell grows linearly, then a larger cell will need more time

to double in size than a smaller cell, if their growth rates are the same. On the other hand, if a

cell grows exponentially, then regardless of its initial size, the doubling time is constant, given

a fixed cytoplasmic growth rate.

Since there is presumably a wide class of cell growth dynamics where cell size is dependent on

growth rate, we favoured a linear model for its simplicity. Measurements by Tzur et al. show

that, on average, under both a linear and exponential model of cytoplasmic volume growth,

the rate constant varies with time [344]. However, the implication of this for the relationship

between V and G remains unclear.
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B.4 Experimental tests for model of MELAS heteroplasmy

Below, we will propose potential experiments to test the corresponding claims made in Sec-

tion 3.4.5.

B.4.1 Wild-type mtDNA density homeostasis is maintained until a minimum

volume is reached at the critical heteroplasmy

If N+/V is a quantity kept under homeostasis, then under wild-type conditions, perturbations

to mtDNA copy number may be expected to cause changes in cell volume. This might be

testable by reducing mtDNA copy number with chemicals such as ddC, or increasing it through

PGC-1α overexpression, which, in the absence of other homeostatic effects, we expect to reduce

and increase mean cell volume respectively.

A second testable prediction is that a minimum cell volume (Vmin) causes bioenergetic toggling

at h∗. We should be aware of the two potential interpretations of Vmin raised: (1) bioenergetic

and (2) mechanical. If Vmin is bioenergetic, then raising the power demands of the cell which

do not scale with volume, may induce h∗ to be encountered earlier. This could be achieved

by increasing the amount of DNA in the nucleus which must be replicated, creating a one-

time cost to the cell per cell cycle. This is not expected to affect any mechanical constraints

since DNA content is not directly indicative of nuclear size [345]. Ideally, the amount of DNA

introduced should be large (i.e. billions of base pairs), be replicated, and not interfere with

normal functioning of the nucleus. This could be achieved by chemically inducing polyploidy, for

instance by using Noscapine [346]. The location of h∗ could again be determined by performing

RNA-seq, and observing the upregulation of glycolysis with heteroplasmy.

If increasing the power demands of the nucleus yields no change in the distribution of h∗,

then a mechanical constraint could be more relevant. This could be tested by perturbing cell

volume. Reducing cell volume under this hypothesis is expected to shift h∗ to lower values of

heteroplasmy, which could be determined via RNA-seq.

B.4.2 Mitochondrial tRNAs are enriched in the vicinity of their correspond-

ing parental mtDNA

The spatial distribution of mitochondrial tRNAs relative to mtDNA would be most directly

determined by fluorescent labelling of mitochondrial tRNA and mtDNA. MtDNA labelling
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could be achieved through picoGreen staining [347]. Labelling of processed tRNAs within

mitochondria is more difficult, but methods exist for labelling mRNA in both fixed cells [348]

and dynamically [186, 349] within mitochondria, which may be informative. The experimental

suggestion put forward Busch et al. [119] to probe the strength of the genotype-phenotype link,

via super-resolution microscopy [171], by determining the existence of focal deficiencies in ETC

protein concentration would also be illuminating.

B.4.3 Mutant mtDNAs have a transcriptional defect

If mutant mtDNAs have a transcription defect, then the abundance of mRNA encoding mutant

tRNAs relative to mRNA encoding wild-type tRNAs would be expected to be smaller than

h. This measurement could be performed by RT-qPCR, with probes which target the single-

nucleotide polymorphism associated with the 3243A>G mutation, to probe the ratio of mRNA

derived from mutant and wild-type mtDNAs. Superresolution microscopy to determine the

existence of focal deficiencies in ETC protein would also potentially indicate the existence of a

local genotype-phenotype link, which would support this hypothesis [119, 171].

B.4.4 Cell volume is not explained by cell cycle variations

To separate the potential confounding influence of the cell cycle on mean cell size, heteroplasmic

cells could be transfected with Fucci markers [350], and relative enrichment of cell cycle stages

determined.

B.4.5 Cells proliferate inversely with their size

To determine the dependence of growth rate on mean cell volume, wild-type cells could be

synchronised, and sorted by their volume. These cells could then be plated and released from

synchronisation, and the growth rate of cells measured similar to that described in Section 3.3.

Synchronisation is necessary, because cell volume is expected to vary by a factor of 2 through the

cell cycle, so any sorting would otherwise be strongly confounded by the cell cycle. A potential

alternative to synchronisation, which can be stressful to cells, is to label genes associated with

a particular stage of the cell cycle, and sort based on both this fluorescence signal and cell

volume.

154



Claim Experiment

MtDNA copy number affects volume Perturb mtDNA copy number (ddC or PGC1-
α), measure volume

Wild-type mtDNA density affects h∗ (bioener-
getic)

Increase nDNA content, perform RNA-seq

Wild-type mtDNA density affects h∗ (mechani-
cal)

Reduce cell volume, perform RNA-seq

Mutant mtDNAs have transcription defect Measure normal/mutant tRNA abundance with
RT-qPCR

Mitochondrial tRNAs have low diffusivity Fluorescent labelling of mtDNA and tRNA or
mRNA encoding tRNA

Cell cycle variation with heteroplasmy Fucci markers in heteroplasmic cells

Mean cell volume affects growth rate Synchronise, sort by volume, and measure
growth rate

Maximum respiratory capacity ∝ ETC protein Measure Rmax at h = 0 and P+ at h = 0.0, 0.6

Table B.1: Summary of experimental proposals, corresponding to the claims of the model.

B.4.6 Maximum respiratory capacity linearly tracks ETC protein content

Measurements of maximum respiratory capacity at h = 0, as well as measurement of ETC

protein levels at h = 0.6 and h = 0, may help determine whether a simple linear relationship is

sufficient, or whether a more complex model is justified.

B.4.7 Summary

A summary of the experimental proposals outlined are given in Table B.1

B.5 Alternative Models

B.5.1 Mutant mtDNA and transcription

Eq.(2.5) states that mutant mtDNAs do not contribute significantly to the transcript pool. We

can relax this constraint by replacing Eq.(2.5) with

METC =
β

δm + 1
(N+ + µN−) (B.34)
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where 0 ≤ µ ≤ 1 and N− = hN , where N is the total number of mtDNAs, which we treat as a

constant.

Using the uniform prior

P (µ) = unif(0, 1), (B.35)

we sampled from the posterior, as described in Section B.2. The MCMC trajectory is shown in

Fig. B.5. The marginal posterior density for µ in Fig. B.5, shows that µ ≈ 1 is the most likely

value of the parameter, in other words mutant mtDNAs contribute equally to the transcript

pool, compared to wild-type molecules. However, draws from the posterior distribution of

METC were often purely linear and thus inappropriate for understanding threshold effects (see

Fig. B.6). We consequently rejected this model in favour of the model presented in Section 3.4.3

(see Fig. B.7 for model fit).

B.5.2 tRNA misincorporation model

Eq.(2.7) states that ETC protein is generated when ETC mRNA is in contact with wild-type

mtDNA, suggesting that tRNAs affected by the MELAS mutation, leucine-UUR, remain local

to their parent mtDNAs. The alternative is that mitochondrial tRNAs are well diffused amongst

mitochondrial mRNAs. If we assume that a mutant tRNA causes a misincorporation during

translation with 100% efficiency, then the number of misincorporations per protein follows

a binomial distribution. We assume that the probability of a single misincorporation is h.

We further assume that proteins have a mutational tolerance of x misincorporations, or less,

before they are considered mutated (and consequently degraded). With these assumptions, the

expected proportion of mutant proteins (mp) will be

mp = 1− F (x|N, h) (B.36)

where N is the number of leucine-UUR residues per protein, and F (x|N, h) = P (X ≤ x) is

the cumulative distribution function of the binomial distribution, for N trials, x successes, and

probability of success h. A plot of mp is given in Fig. B.8, for different mutational tolerances

x against heteroplasmy.

We can therefore use an analogous expression to Eq.(2.7) for P+, in the case of well-diffused

tRNAs

P+ =
METCF (x|N, h)

δbp
. (B.37)
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Figure B.5: Metropolis-Hastings posterior samples for mutant transcription model 1010 iterations of
Metropolis-Hastings were performed, which were thinned to 105 samples. The hyperparameter for model uncer-
tainty, Ω, was chosen as Ω = 2 (see Section B.2). The prior for the additional parameter µ was chosen to be a
uniform distribution between 0 and 1. (A) Trajectory of the unnormalised log posterior after thinning. Samples
are split into bins of 100 iterations; displaying mean, standard deviation and range of each bin. (B) Autocorrela-
tion function for each parameter, on thinned samples. (C) Approximate marginal posterior distributions for each
parameter in the model. Exponential priors for model uncertainties are plotted, all other priors are uniform (see
Section B.2). Note the marginal distribution of µ peaks near 1.
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Figure B.6: Comparison of ETC mRNA levels for alternative models. Sample of 20 randomly sampled tra-
jectories from the posterior distribution of METC for (A) Main model (see Section 3.4.3); (B) Mutant transcrip-
tion model (see Section B.5.1); (C) tRNA misincorporation model (see Fig. B.5.2). In models (B) and (C), we find
that linear fits are more frequently selected when compared to our main model (A), despite being more complex in
terms of number of parameters.

Figure B.7: Alternative mutant transcription model. (A-F) Model fit when Eq.(2.5) is replaced with
Eq.(B.34). The 25-75% CI is flatter when compared with Fig. 3.5. We find this is due to the model more fre-
quently selecting linear fits to the data, see Fig. B.6.
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Figure B.8: Alternative tRNA misincorporation model (A) Expected proportion of mutant protein due to the
MELAS mutation, given that each protein can tolerate x mutated residues. The chain length used is N = 8,
which is the mean number of susceptible residues across all mitochondrially-encoded peptides, excluding ATP8 and
ATP6 [249]. (B-G) Model fit when Eq.(2.7) is replaced with Eq.(B.37). METC is qualitatively fitted more poorly
than Fig. 3.5 (see also Fig. B.6), although the maximum a posteriori estimate is a closer fit, when compared with
Fig. 3.5.

By replacing Eq.(2.7) with Eq.(B.37), we again sampled from the posterior as described in

Section B.2. We chose N = 8, which is the average number of susceptible residues in the 11

mitochondrially-encoded subunits considered (see caption of Fig. 3.1) [249]. Our prior for the

unknown tolerance to misincorporations, x, was chosen as a discrete uniform prior

P (x) =


1
9
, x = 0, 1, . . . , 8

0, otherwise.
(B.38)

The MCMC trajectory is shown in Fig. B.9, and the model fit in Fig. B.8. Draws from the

posterior distribution ofMETC were often purely linear and thus inappropriate for understanding

threshold effects (see Fig. B.6). We consequently rejected this model, in favour of the model

presented in Section 3.4.3. Furthermore, observing the marginal posterior distribution of the

misincorporation tolerance x in Fig. B.9, we see that the most likely value of the parameter

is x = N = 8. In other words, ETC proteins are immune to the MELAS mutation, which we

believe to be incorrect [249]. For these reasons, we rejected this model in favour of the model

presented in Section 3.4.3.
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Figure B.9: Metropolis-Hastings posterior samples for tRNA misincorporation model 1010 iterations of
Metropolis-Hastings were performed, which were thinned to 105 samples. The hyperparameter for model uncer-
tainty, Ω, was chosen as Ω = 2 (see Section B.2). The prior for the additional parameter x was chosen to be a
uniform discrete distribution between 0 and 8. (A) Trajectory of the unnormalised log posterior after thinning. (B)
Autocorrelation function for each parameter, on thinned samples. (C) Approximate marginal posterior distributions
for each parameter in the model. Exponential priors for model uncertainties are plotted, all other priors are uniform
(see Section B.2). Note the marginal distribution of x peaks at 8, which we expect to be incorrect.
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Figure B.10: Relative contribution of OXPHOS to total power supply across heteroplasmy Posterior statis-
tics for the ratio of OXPHOS power supply (koP

+) to total power supply koP
+ + kgMgly = V . The contribution

of ETC power production reduces until the critical heteroplasmy h∗, where a compensatory response stabilises OX-
PHOS contributions. As δm → 0 at h ≈ 0.5 (see Fig. 3.8), OXPHOS power contributions continue to diminish.

B.6 Relative OXPHOS contribution to power supply

It is interesting to observe the relative contributions of oxidative phosphorylation and glycolysis

to power supply. Since Eq.(2.9) states that power supply = demand, where demand corresponds

to cell volume, the ratio fo = koP
+/V determines the relative contribution of OXPHOS to

power supply, see Fig. B.10.

For h < h∗, we see that OXPHOS has decreasing contributions to power supply. At h∗,

OXPHOS contributions stabilise with 0.28 < fo(h = 0.52 ≈ h∗MAP) < 0.44 (25-75% CI). The

heteroplasmy at which OXPHOS contributions are stabilised corresponds to the hypothesised

demand/supply toggle, where the cell attempts to increase power supply as opposed to reducing

power demand.

The value of fo where OXPHOS contributions become stabilised (fo(h
∗)) may have wider

significance. Mitochondrial metabolism, and especially mitochondrial membrane potential,

is connected to a variety of biosynthetic pathways [351] and crucial for maintaining cellular

proliferation [250]. fo(h
∗) may represent a minimum ETC flux, relative to power demand, for

mitochondria to support their mitochondrial membrane potential without the aid of glycolytic

ATP. Below fo(h
∗), we might predict that cells run ATP synthase in reverse, hydrolysing
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glycolytic ATP to maintain membrane potential.
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C
Supplemental information

complementing Chapter 4

C.1 Correlation between mitochondrial mass and cell volume is not strongly

constrained

The metabolic scaling argument presented in Section 4.4.1 relies on mitochondrial content

scaling exactly as v1. At the level of the mean, Miettinen & Björklund [50] found a remarkably

strong linear correlation between JC-1 monomer fluorescence and total cellular protein (R2 =

0.99, Ref. [50] Fig. 1B), which can be loosely considered to reflect mitochondrial mass and cell

volume respectively. However, due to the complexities raised in Section 4.3, quantitative use of

this probe may have issues with reliability. To probe this relationship directly, we attempted

to fit models of the form n ∝ vα for unknown α using the MitoTracker data from Miettinen &

Björklund (Ref. [50] Fig. 1D). We found that these data did not strongly constrain this more

general relationship (see Fig. C.1 below) due to a low signal to noise ratio, so a linear correlation

between mitochondrial mass and cell volume remains a potentially parsimonious model.

In this case, it is unclear why mitochondrial mass does not compensate for power demand

variation with changing cell size, instead of r∆Ψ. Correlation between n and v has been

observed repeatedly [24, 44, 45, 49] and in Chapter 3 we suggested that the inability to maintain

wild-type mtDNA density homeostasis may account for the cellular response to mutation in
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mitochondrial DNA. We highlight investigation of the constraints on mitochondrial density

homeostasis, and refinements of the precise scaling relationship between n and v, as areas of

further research.

Figure C.1: Data does not strongly constrain the scaling relationship between n and v due to a small
dynamic range of volume relative to noise. Median mitochondrial mass (n) per cell radius (r) is given as a
function of forward scatter, which correlates with r. Assuming n ∝ vα and v ∝ r3 yields n/r ∝ r3α−1. Several
variations of this model are fitted to data from Miettinen & Björklund (Ref. [50] Fig. 1D) using nonlinear least
squares. The models perform similarly, with the exception of n = kr which has the worst performance.

C.2 Simulating metabolic scaling and cell death

To simulate the metabolic scaling relationship r∆Ψ = min{r∆Ψs, r∆Ψµ} (see Eq. (4.3) and

Eq. (4.5)), we simulated cells growing exponentially according to v = v0e
kt, obeying adder

dynamics. The death rate in Eq.(4.4) defines an inhomogeneous Poisson process with rate

µ(t). Defining P0(s) as the probability of zero death events in the time interval [t, t + s], and

m(t) =
∫ t

0
µ(s)ds, then P0(s) = exp(−[m(t+ s)−m(t)]) for some fixed time t [324]. By setting

t = 0 at the birth of each cell, it follows from Eq.(4.4) that

P0(s) = exp
(
−
[
cµs−

mµv0

k
[exp(ks)− 1]

])
(C.1)

where mµ and cµ are defined in Eq.(4.4). This equation holds until v > cµ/mµ, from which

point the death rate is zero for the remaining lifetime of the cell until division (Eq. (4.5)). If

v0 < cµ/mµ, cell survival is determined by evaluating P0(s), where the interval s is either the

time to division or the first time where µ(t) = 0, whichever occurs first. At division, cells divide
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their volume according to

v1 = N
(vf

2
, σv

)
(C.2)

v2 = vf − v1 (C.3)

where N (m,σ) is a Gaussian distribution with mean m and standard deviation σ; vf is the

volume of a cell just before division; and v1, v2 are the volumes of the daughter cells. The

volumes are resampled until conservation of mass is obeyed, which effectively samples from a

truncated normal distribution. Finally, cells are simulated up to a threshold measurement time,

and cells (along with their daughters) are updated iteratively. Finally, each cell is assigned a

value of r∆Ψ at the end of the simulation according to r∆Ψ = min{r∆Ψs, r∆Ψµ}, with

Gaussian noise.

A table of parameters is shown in Table C.1. The parameters for Eq. 4.1 were loosely based

on the study of Buttgereit et al. [293], who found that protein synthesis, plasma membrane

transporters and RNA/DNA synthesis contribute to 20%, 20% and 15% of total cellular res-

piration rate respectively for quiescent thymocytes. We approximate these as scaling with

cell volume, cell surface area, and constant per cell respectively, and assume that these val-

ues are comparable in dividing cells. Neglecting other contributions to total power demand

(mainly proton leak, 40%, whose scaling with cell size is unclear), implies that these con-

tribute to 36%, 36% and 27% of total cellular power demand which is accounted for in this

model. We chose kv such that Kvkv/(Kvkv + K
2/3
v ks + kc) ≈ 36%, which is the fraction of

cellular power demand attributable to cellular volume, for a typical cell of volume v = Kv.

Similarly, K
2/3
v ks/(Kvkv + K

2/3
v ks + kc) ≈ 36% (power demand of cell surface area) and

kc/(Kvkv +K
2/3
v ks+kc) ≈ 27% (constant power demands). Although we have neglected proton

leak, it is unlikely that the addition of this term will change these proportional power demands

by orders of magnitude, each showing contributions in the range of tens of percent. We note

that the specific choices for these parameters do not have strong implications for our results, as

the model has a sufficient number of unconstrained degrees of freedom to replicate the results

of [50], through parameters such as mψ, cψ, σψ and so on, whilst also maintaining biophysical

plausibility. It is an area of future study to infer such parameters in a more rigorous fashion,

given the data.
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Parameter Value Description Unit

- 20000 Initial number of cells -

- unif(0,0.04) Initial volume distribution arb

- 3.47 Total simulation time T

k 1.2 growth rate T−1

Kv 0.02 Cell volume increase over cell cycle arb

cµ 1.0 Intercept for cell death vs volume T−1

mµ 66.6 Gradient for cell death vs volume T−1

σv 0.005 Partitioning error at division arb

kv 1.375 Volume parameter in power demand arb

ks 0.373 Surface area parameter in power demand arb

kc 0.021 Constant parameter in power demand arb

mψ 4.3 Gradient for r∆Ψ vs cell death T

cψ 4.3 Intercept for r∆Ψ vs cell death arb

σψ 1.0 Gaussian measurement SD for r∆Ψ arb

Table C.1: Parameters for metabolic scaling simulation. Units are T: simulation time, arb: arbitrary.

C.3 Coefficient of variation of relative mitochondrial membrane potential

and cell size

We investigated the hypothesis that the coefficient of variation (CVr∆Ψ(v) or just CV) sets

the characteristic cell size (as postulated by Miettinen & Björklund [50]), using the metabolic

scaling argument presented in Section 4.4.1. Cells were binned in silico according to their

volume, and the coefficient of variation for r∆Ψ was calculated for each bin (Fig. 4.3D).

We use a simple model of variability in r∆Ψ(v), which is Gaussian noise with constant SD

(accounting for biological and technical sources of noise), in addition to mean behaviour de-

termined by a combination of metabolic scaling and cell death. Since the CV is simply the

ratio of the standard deviation to the mean, the CV for r∆Ψ(v) (at constant v) is therefore

CVr∆Ψ(v) ∝ 〈r∆Ψ(v)〉−1, where 〈. . . 〉 denotes a mean. Consequently, CVr∆Ψ(v) has a mini-

mum which coincides with the maximum 〈r∆Ψ(v)〉, see Fig. 4.3C&D. The data of Miettinen &

Björklund shows that the minimum of CVr∆Ψ(v) does not coincide with the maximum median

r∆Ψ with respect to v, see Fig. C.2A. Assuming that the turning point in the median r∆Ψ

corresponds to that of the mean suggests that the model poses too strong a constraint on the

position of the minimum CV.
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Figure C.2: CV in mitochondrial functionality displays a minimum with respect to the mean, whereas
an approximation of the standard deviation does not. Relationship between the variability in r∆Ψ and its
median, using loess fits of data from Ref. [50] Fig. 1C, 3A. The approximate standard deviation (σ̃) is derived by
taking the product of the median and the CV for each value of cell radius. (A) Direct comparison of the median,
CV and σ̃ of r∆Ψ over cell size. (B) Using the data shown in (A), σ̃ is plotted against the median r∆Ψ. The
shaded region corresponds to low cell volume and high apoptosis rate. σ̃ simply increases monotonically with larger
mean values over the region where cell death is negligible. (C) The CV of r∆Ψ is plotted against the median. The
coefficient of variation displays a minimum with respect to the mean. (B) and (C) raise the question of whether
the standard deviation or the coefficient of variation is more physiologically relevant in this system, with (C) dis-
playing a minimum whereas (B) does not, and therefore whether variability in mitochondrial functionality sets the
“optimal” cell size.

Indeed, it is straightforward to show, using the quotient rule of ordinary calculus, that in order

for the turning point of the CV to not coincide with the mean, the standard deviation must

have some pure dependence on v. We therefore sought to compare the relationship between

the SD, CV and cell radius.

Since the mean relationship between r∆Ψ and cell radius (r) was not available, in order to

make a preliminary exploration, we approximated the SD by taking the product of the CV and

the median – this approximation is referred to as σ̃. σ̃ will be proportional to the SD if the

mean is proportional to the median over all r (although it is quite possible that this is not the

case).

Given this approximation, Fig. C.2A shows that σ̃ shows pure variation with cell radius (and

therefore volume), as expected from the observed lack of alignment between the maximum

median r∆Ψ and the minimum CVr∆Ψ(v). The relationship between the median of r∆Ψ and σ̃

takes a form where a larger median r∆Ψ has a larger σ̃ over the region where cell death is small

(Fig. C.2B). This relationship is intuitive, since quantities which have a larger mean often have

larger variability.

In contrast, the relationship between CVr∆Ψ(v) and the median r∆Ψ does not take a mono-

tonic form (Fig. C.2C). In order to account for this observation (which Miettinen & Björklund

speculate may determine the “optimal” cell size [50]), we hypothesize that an analogous, mono-

tonically increasing, relationship (as shown in Fig. C.2B) between the true SD and the mean
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r∆Ψ holds. If this were the case, then we would be able to account for the seemingly non-

intuitive minimum CV (Fig. C.2C) with an intuitive relationship between the mean and the

standard deviation of r∆Ψ(v) (Fig. C.2B). It therefore remains open as to whether the coef-

ficient of variation or standard deviation in r∆Ψ is the more physiologically relevant measure

of variability in mitochondrial functionality, and whether either have direct consequences for

determining the “optimal” cell size.

C.4 A parabolic function of cell death against cell size as an alternative

account of maximal mitochondrial functionality

Although a combination of cell death and power demand scaling is able to account for a large

amount of the data in the study of Miettinen & Björklund [50], we also investigated the hy-

pothesis that cell death alone may be the underlying causal variable for these observations. We

considered a simple model where the cell death rate µ varies with cell volume v according to

µ(t) = ks(v(t)− vopt(t))2 + km (C.4)

where cells grow exponentially in time t according to v = v0e
kt and the optimal volume tra-

jectory is vopt(t) = v∗ekt (i.e. following this trajectory minimises the probability of cell death).

k, ks, km are constants and v∗ is the optimal initial volume. v0 is the volume of a cell at the

beginning of the cell cycle. Deviations in growth from an optimal trajectory specified by vopt(t)

incur a higher probability of cell death. Cells were simulated to undergo “timer” dynamics,

whereby cells grow for a fixed amount of time and then divide (see Section C.4.1 for details).

Such dynamics generally result in unbounded diffusion of cell volume, however Eq.(C.4) confines

cell volumes through cell death. We adopted these dynamics for computational convenience to

probe cell cycle effects, because if cells are initially synchronised under these dynamics then

they remain so for all time (although our qualitative observations are expected to hold under

alternative growth dynamics, see below). We then assumed that r∆Ψ is determined through a

noisy linear relationship with µ, r∆Ψ = −mψµ+ cψ +N (0, σψ) (Fig. C.3A).

This model was able to show qualitatively similar behaviour in mean r∆Ψ across different cell

cycle stages (Fig. C.3C&D) to the data of Miettinen & Björklund (Ref. [50] Fig. 2D), as well as

a similar joint distribution in cell volume and r∆Ψ (Fig. C.3B, compare with Ref. [50] Fig. 1B).

This model suggests a compatible interpretation of [50] is that r∆Ψ is a passive readout of cell

death rate, and that the observed biological nonlinearity lies in the relationship between cell
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Figure C.3: Optimal cell size, in terms of cell death rate, is able to account for optimal membrane po-
tential Parabolic model of cell death versus cell volume, see Eq.(C.4), simulated using timer cell cycle dynamics.
(A) Noisy linear relationship between r∆Ψ and µ, r∆Ψ = −mψµ+ cψ +N (0, σψ), with mean (black) ± standard
deviation (blue dotted). (B) Joint distribution of v and r∆Ψ is qualitatively similar to experimental findings (Ref.
[50] Fig. 1B). Mean relationship between r∆Ψ and v is shown (black curve). All cells are synchronized in their cell
cycle stage, and measured 50% through their final cell cycle. (C) During the final generation of growth, cells are
measured at different points in the cell cycle, where tf denotes cell cycle progression as a fraction between 0 and
1. The parabolic relationship between r∆Ψ and v shifts to higher values of v with later cell cycle stages, as seen in
the data of Miettinen & Björklund (Ref. [50] Fig. 2D). (D) The distribution of cell volumes also shifts to higher v,
and becomes broader with the cell cycle, as can be seen in Ref. [50]. This is due to the exponential nature of cell
growth amplifying variation in cell size present at birth.
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death and cell volume. Although the parabolic cell death model in Eq.(C.4) shows larger cell

death for large cells than is suggested by the data of [50], Eq.(C.4) is still a feasible model if cell

dynamics are assumed which have an intrinsic optimal volume, such as adder or sizer dynamics.

In this case, the steepness parameter of Eq.(C.4) could be reduced, with qualitatively similar

implications for r∆Ψ due to the absence of direct coupling between r∆Ψ and growth dynamics.

It is important to stress that one may invert the causality in the above model, by writing

r∆Ψ(t) = ks(v(t) − vopt(t))2 + km and µ = −a(r∆Ψ) + b for constants a and b. If we assume

Gaussian noise in r∆Ψ, then this is equivalent to the model discussed above. It is therefore

important to rule out cell death as a potential confounding variable in future confirmatory

studies.

C.4.1 Simulating parabolic function of cell death against cell size

This simulation proceeds similarly to Section C.2. In this case, µ follows Eq.(C.4). This may

be written as µ(t) = ksṽ exp(2kt) + km where ṽ = (v0 − v∗)2 and

P0(s) = exp

(
−
[
ksṽ

2k
(exp(2ks)− 1) + kms

])
. (C.5)

Cells are initialised with uniformly distributed volumes. All cells are simulated for a fixed

number of generations and are removed according to Eq.(C.5). Cell volumes are partitioned

between daughters in the same way as Section C.2. Cells are then assigned a value of r∆Ψ

according to a linear relationship with Gaussian noise. A table of parameters is shown in

Table C.2. All simulations and analysis were performed in Python and source code is available

from the authors upon request.
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Parameter Value Description Unit

- 200000 Initial number of cells -

- unif(0, 4) Initial volume distribution arb

- 6 Total number of generations -

k 2.0 Growth rate T−1

ks 5.0 Death rate steepness T−1

km 0.01 Minimum death rate T−1

v∗ 1.5 Optimal initial volume arb

σv 0.05 Partitioning error at division arb

mψ 0.3 Gradient for r∆Ψ vs cell death T

cψ 6.0 Intercept for r∆Ψ vs cell death arb

σψ 0.5 Gaussian measurement SD for r∆Ψ arb

Table C.2: Parameters for simulation with parabolic function of cell death. Units are T: simulation time, arb:
arbitrary.
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D
Supplemental information

complementing Chapter 5

D.1 Summary statistics for the proportion of individuals with a pathologi-

cally mutated region of a fixed size

We may determine the probability of observing one or more regions seeded at generation i∗,

given our posterior estimate for λm (see Fig. 5.3E). We define Qi∗ as the proportion of N

individuals with one or more mutated regions from generation i∗. Relabelling λm ≡ λ, and

indexing each individual by j, corresponding to a single draw from the approximate posterior

λj ∼ P (λj|ρ(S,D)), we are able to simulate as many individuals (N) as we have available

samples from the approximate posterior (N ≈ 105). We may therefore write

Qi∗ =
1

N

N∑
j=1

I(Xi∗,j), (D.1)

which is the approximate posterior mean of the indicator function (defined in Eq.(5.11)). We

may then determine the standard deviation of Qi∗ . Observing that

E(I(Xi∗,j)) = 0 · P (Xi∗,j = 0) + 1 · P (Xi∗,j = 1) + 1 · P (Xi∗,j = 2) . . . (D.2)

= 1− P (Xi∗,j = 0) (D.3)
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(where E() denotes an expectation) it follows that, since all Xi∗,j are independent,

E(Qi∗) =
1

N

N∑
j=0

(1− P (Xi∗,j = 0)) (D.4)

V(Qi∗)1/2 =

[
1

N2

N∑
j=0

{
(1− P (Xi∗,j = 0)− [1− P (Xi∗,j = 0)]2

}]1/2

(D.5)

where V() denotes the variance and

P (Xi∗,j = 0) = (1− λj)4Nb2
i∗

. (D.6)

Note that the standard deviation of Qi∗ scales as 1/N due to uncertainty arising from sampling

noise in λj which diminishes as more samples from the approximate posterior distribution

are obtained. Also note that the number of bases used in Eq.(D.6) is Nb = 298, as this is

the number of pathological bases in the set of bases considered. An empirical estimate of the

standard error may be obtained by treating each individual as a Bernoulli trial with probability

p = P (Xi∗ ≥ 1), and SEM
√
p(1− p)/N . These are compatible with our uncertainty in the

approximate posterior mean of the indicator function, shown in Eq.(D.5).

D.2 Details for the visualisation of mutated regions

The visual representation in Fig. 5.4 was created by taking the mean of the approximate

posterior samples for the mutation rate E(λm|D) as the mutation rate of the individual. The

number of mutated neuronal regions for 20 ≤ i∗ ≤ 27 were drawn using Eq.(5.1), where Xi∗=20

was redrawn until Xi∗=20 ≥ 1. We think this is fair for illustrative purposes since Fig. 5.3E

shows that ∼ 79% of all simulated individuals possess at least one region seeded at generation

i∗ = 20. Each circular mutated region has an area proportional to the number of pathologically

mutated neurons in the corresponding region: kπr2 = 236 ·2−(i∗+2) where k is chosen arbitrarily.

The radius and angle of each region relative to the centre of the whole brain was chosen via a

uniform random distribution. Although the relative sizes of each region are to scale, the area

of the whole brain is certainly not to scale with the mutated regions.
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D.3 Multimodality in the number of pathological neuronal mutations is driven

by the largest pathological region

In Fig. 5.3D, the distribution for the total number of mutations per individual shows multi-

modality. In Fig. D.1 we show that individuals with the largest numbers of mutated neurons

in total, also had the largest single mutated regions. Let us modify our notation for the frac-

tion of the brain affected by a mutation (f , see Eq.(5.2)), to be indexed by both the mutant

generation number i, and the individual j (fij). Then overlaying a scatter of maxi(fij) against

the total number of mutations per individual j, on top of a histogram of the total number of

mutations, reveals that the modes are driven by individuals with the largest value of maxi fij

– see Fig. D.1.

Figure D.1: Multimodality in the distribution of total pathological mutations per individual is driven by
the largest pathological region per individual. Correlation between the largest pathological region over all mu-
tations i, for individuals j, and the total number of pathological mutations per individual (grey point for each in-
dividual), overlaid with the distribution of total pathological mutations per individual. The number of cells cor-
responding to regions seeded at generation i∗ = 8, 9, . . . , 13 are shown in grey. At fixed i∗, e.g. i∗ = 11, for
individuals whose largest mutant region occurred at i∗ = 12 (corresponding to log2(f) = 13), the width of the
corresponding mode of the distribution of total pathological mutations is small relative to the number of mutant
cells associated with e.g. mutations seeded at i∗ = 12. Hence, individuals with a mutation seeded at i∗ = 12 have
sufficiently more pathologically mutated cells to induce a separate mode.

D.4 Constant region size model

D.4.1 Summary

In this section, we consider an alternative model where the brain is modelled as consisting of

independent regions of some characteristic size f , which are homogeneously mutated at the
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mean variant allele fraction (VAF) experimentally observed in the case genes (132617 bp) in

patients demonstrating neurodegenerative disease (n = 40). f = 1 implies that if the brain is

mutated at a particular base pair then this mutation is present across the entire brain. However,

if f < 1 then there exists 1/f regions in the brain, each consisting of Nf cells, where N is

the number of cells in the brain. We assume that each region has a probability pm of being

homogeneously mutated at a particular base pair in the case genes (Fig. D.2A). This model does

not make a commitment to a tree-like development instead assuming that mutations occupy

characteristic volumes of tissue. This makes the model, in some sense, less realistic but it has the

virtue of being a different perspective that allows us to probe the robustness of our observations.

This model also lends itself more naturally to the diffusive nature of neurodevelopment (when

f < 1), unlike the branching process model.

The parameters f and pm were considered as shared amongst all patients, for parsimony. We

investigated the effect of varying f by orders of magnitude through approximate Bayesian

computation (see below). We again restricted our attention to patients with neurodegenerative

disease to avoid sampling bias in our extrapolations. We found that, under this model, the

relative size of independent regions was not strongly constrained by the data (Fig. D.2C),

finding only that large region sizes & 10% are unlikely. (The tree-like structure considered in

Chapter 5 puts a much stronger constraint on the distribution of sizes of patches of mutated

cells.)

The data did constrain the mean number of mutated regions per individual such that the

lower bound was approximately 1 region per individual (0.942 ± 6.6 × 10−3 mutated regions

per individual, 5th percentile of posterior distribution, see Fig. D.2D). Consequently, we found

that 63% of simulated individuals carried non-zero levels of pathologically mutated cells in case

genes, carrying between 0.33–5.0 ×105 pathologically mutated cells per affected individual (95%

Bayesian credible interval, see Fig. D.2E). This number of cells with pathological mutations

is in broad agreement with Fig. 5.3D. Thus, even this remarkably crude model, that makes

no commitments to a developmental hierarchy, suggests that zones of pathological mutations

occur in the brains of most people. That we observe a subset of simulated individuals lacking

mutated regions (and therefore pathologically mutated cells) is due to our broad priors in f

and pm allowing for independent brain regions to be large enough that it is unlikely for any

pathological regions to arise in an individual (this limit is f & p̃pm where p̃ = 298/132617 is

the probability of a region being pathologically mutated, given that it is mutated, see below –

Fig. D.2G).
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Figure D.2: Constant region size model of neurodevelopment. (A) We use a simplified model of mutagenesis
in the brain, where the brain consists of independent ‘regions’ of relative size f , where f is an unknown constant.
Each region (small square) has an independent probability of being homogeneously mutated in any of the case
genes (pm, red square), with the number of mutated regions being binomially distributed. We model the measure-
ment process as each sample (black circle) being an independent trial, with the number of samples being positive
for a mutation as binomially distributed. (B) The marginal posterior for pm from ABC overlaps with the analytic
posterior distribution if pm is treated independently of f . (pm)MAP = 6119. (C) The marginal posterior distri-
bution of f is not strongly constrained by the data, although support reduces markedly as f → 1. (D) The mean
number of mutated regions per individual is constrained strongly enough such that the lower bound is approxi-
mately 1. (E) Using the probability that a region is pathologically mutated (p̃ = 298/132617) 37% of simulated
individuals had zero pathologically mutated cells but those that did tended to have ∼ 105 mutated neurons. (F)
Joint distribution of pm and log10(f) shows that pm and f are well-approximated as being independent. (G) For
individuals with 0 pathologically mutated cells (see E), we may plot the posterior distribution of relative region
sizes. The support decays when f � p̃pm. This is the limit that the mean number of pathologically mutated re-
gions per individual is much less than 1, see Eq.(D.13).

176



D.4.2 Approximate Bayesian computation for fixed region size model

We consider the brain as consisting of ‘regions’, each having a relative mass (f) where 0 < f ≤ 1,

implying that each brain contains 1/f such regions. For the subset of the data we considered

(the case genes in the case cohort), all samples measuring positive for somatic mutations cor-

responded to unique genes in unique patients. Consequently, we used the parsimonious model

that positive samples were homogeneously mutated in a particular case gene at the average

VAF (v) determined experimentally (v = 0.87%). We modelled each region as having an in-

dependent probability pm of being homogeneously mutated at a particular base of the case

genes.

Defining Yi as the number of mutated regions in the brain of a single individual (i), then Yi

follows a binomial distribution

Yi ∼ Binom

(
1

f
, pm

)
(D.7)

where Binom(n, p) is a binomial trial with n attempts each with probability p of success. Note

that 1/f is constrained to be an integer, and may be obtained by rounding 1/f for a given f .

We then model the measurement process for each individual as consisting of ni samples. Since

there are Yi patches, each of which occupies a fraction f of the brain, then fYi gives the total

fraction of the brain which is mutated, where 0 ≤ fYi ≤ 1. This results in Mi samples positive

for mutation for individual i, with

Mi ∼ Binom(ni, fYi). (D.8)

Note that we have modelled all individuals as sharing the only two free parameters in the

model: f and pm.

To infer these parameters, we used an approximate Bayesian computation (ABC) rejection

algorithm. We used the uninformative priors

log(f) ∼ unif

(
log

(
3415

86× 109

)
, 0

)
(D.9)

pm ∼ unif(0, 1) (D.10)

where we chose to use a prior for f which was uniform over log-space, since we were uncertain

of its value over orders of magnitude. The lower limit of the prior for f was chosen such that

f could not be smaller than the approximate relative size occupied by a single sample i.e. 3415

cells out of the total number of cells in the brain. We have idealised the brain as consisting
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purely of neurons, of which there are approximately 86× 109 per brain [323].

We simulated each patient by drawing (f , pm) from the prior, and determining Mi with

Eq.(D.8). We then used the following summary statistics for the simulated model (S)

S =

(
40∑
i=1

Mi,

40∑
i=1

I(Mi)

)
(D.11)

where I is the indicator function defined in Eq.(5.11), and the upper summation limit corre-

sponds to the number of case patients. The first element counts the total number of positive

samples across all patients, whereas the second element counts the total number of affected

patients. The summary statistic for the data is Ŝ = (6, 6). We used the distance metric

ρ(S, Ŝ) =
∑
|S− Ŝ|≤ ε (D.12)

and required the tolerance ε = 0 to accept (f , pm) as a draw from the approximate posterior

P (f, pm|ρ(S, Ŝ(D)) = 0) ≈ P (f, pm|D) for data D. This therefore enforces the ABC rejection

algorithm to only accept samples where every mutation occurs once in each affected patient

(as observed in the data), and that the correct number of mutant samples and patients are

observed overall.

Given posterior samples of (f, pm), we may also infer the distribution of the number of patho-

logically mutated neurons per brain. Dropping the patient subscript i, and using Eq.(D.7), the

number of pathologically mutated regions per patient (Ỹ ) is

Ỹ ∼ Binom(Y, p̃) (D.13)

where p̃ is the probability of a mutated region being pathological, which we take as 298/132617,

being the proportion of base pairs in the case genes being associated with pathology. From

this, we approximate the number of pathologically mutated cells (Np) as

Np ≈ Ỹ · (Nf) · v (D.14)

where N = number of neurons per brain and v = is the proportion of mutant cells in a positive

sample, which we take as the average VAF v = 0.87× 10−2. The term (Nf) is the number of

neurons per region.

It is instructive to observe that the mean number of mutant cells, 〈Np〉, for fixed f and pm
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is 〈Np〉 = Nfv〈Ỹ 〉 = Nfvp̃〈Y 〉. Using Eq.(D.7), 〈Np〉 = Nfvp̃pm/f = Nvp̃pm which is

independent of f . Note that if f � p̃pm then 〈Ỹ 〉 � 1, in which case an individual is likely

to harbour at least one pathological mutation (see Fig. D.2G). Substituting N = 86 × 109

neurons, v = 0.87× 10−2, and the maximum a posteriori estimate of (pm)MAP = 6/119, yields

〈Np〉 = 1.70× 105 pathologically mutated neurons per brain, which approximately corresponds

to the peak shown in Fig. D.2E.
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[123] Schägger, H. and Pfeiffer, K. Supercomplexes in the respiratory chains of yeast and mammalian

mitochondria. EMBO J. 19(8), 1777–1783 (2000).
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P. L., Park, C. B., Posse, V., Falkenberg, M., Jakobs, S., Kühlbrandt, W., and Larsson, N.-G.
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