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Abstract5

The objective of the present paper is to develop a population balance approach for modelling soot forma-

tion that distinguishes between coalescence and aggregation and accounts for finite-rate fusing of primary

particles within aggregates, while providing a numerically accurate description of primary particle surface

growth and oxidation within aggregates. To this end, the recently developed conservative finite volume sec-

tional method for the solution of the population balance equation (PBE) due to Liu and Rigopoulos (2019,10

Combust. Flame 205, 506-521) is extended to a two-PBE approach that allows for a more accurate mod-

elling of primary particle surface growth and oxidation and furthermore involves a timescale for the fusing

of primary particles. The accuracy of the numerical method is first tested by calculating the self-preserving

distributions of aggregates with varying fractal dimension. Subsequently, the one-PBE and two-PBE ap-

proaches are coupled with CFD and applied to the simulation of the Santoro laminar non-premixed co-flow15

sooting flame. The results show that both approaches can provide good prediction of the soot volume

fraction, but the two-PBE approach yields a significant improvement in the prediction of soot morphology.

At present, the information available for modelling the gradual fusing of soot primary particles is based on

experiments on silica and titania nanoparticles, and therefore a comprehensive study of the impact of the

sintering model parameters is conducted. Finally, conclusions are drawn regarding the predictive potential20

of the one-PBE and two-PBE approaches.
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1. Introduction

The reduction of soot emissions in combustion processes is a primary concern of combustion engineers

due to the severe health impact of soot. Particles of different sizes have different impacts on human health;25
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small particles, in particular, penetrate into the lungs with severe adverse effects, and increasingly strin-

gent regulations thus place importance on the prediction of the soot particle size distribution (PSD). Soot

comprises both spherical primary particles and fractal aggregates, and the prediction of its morphology is

also important because a) it affects the aggregate surface area, which in turn affects the rates of surface

growth and oxidation, b) it affects the aggregate size, and c) it has an effect on the optical properties of soot30

that can be measured. Furthermore, the control of PSD and morphology is of primary importance in the

gas-phase synthesis of functional nanoparticles, because it allows tailoring the particles to particular appli-

cations [1]. The PSD can be predicted by solving the population balance equation (PBE), which describes

the evolution of the PSD due to kinetic processes such as nucleation, growth and aggregation, as well as

transport processes, while several approaches have been proposed for introducing morphology in the PBE.35

Furthermore, the PBE must be coupled with fluid dynamics, species transport and chemical kinetics in

order to predict the soot properties in laminar and turbulent flames. Finally, accurate and computationally

efficient methods must be employed for solving the CFD-PBE approach.

The PBE is a partial integro-differential equation that requires specialised methods for its solution. Ana-

lytical solutions are available only for special cases, while Monte-Carlo methods have been employed mostly40

in ideal reactors or one-dimensional laminar flames [2, 3]. For more complex two- and three-dimensional

flows, the families of methods that have been employed are moment and discretisation (also called sectional)

methods. In moment methods (Refs. [4–6] among others), one solves for the moments of the distribution,

rather than for the PSD, and therefore the number of variables is kept to a minimum. However, moment

methods do not predict the PSD, and furthermore the moment equations are unclosed, thus requiring closure45

assumptions. Sectional methods, on the other hand, solve directly for the PSD and do not require closure

assumptions, but the discretisation of the PBE poses several unique challenges due to the presence of integral

terms, thus requiring the development of specialised methods. The progenitor of sectional methods is the

approach proposed by Bleck [7] in aerosol science, where a graphical procedure was used to illustrate the

particle sectioning. The approach of Gelbard et al. [8], also initially developed for atmospheric aerosols, was50

later applied to soot formation in laminar premixed [9] and diffusion flames [10–12]. This implementation is,

however, restricted in terms of the grid employed. The approach of Kumar and Ramkrishna [13] originates

in the chemical engineering literature and has also been employed for soot formation in several studies, such

as Refs. [14, 15]. This approach is not limited by the choice of grid and represents the distribution as a

sum of delta functions, such that only certain particle sizes are allowed. Since a non-uniform grid cannot55

account for all aggregates formed, as they may not lie at grid nodes, correction factors are introduced to

conserve any two moments by distributing the moments of aggregates to the two adjacent points. However,

this approach places a priority on moment conservation at the expense of accuracy in the prediction of the

distribution. Adaptive grid approaches have also been developed and applied to aerosols and soot [16–19].

Liu and Rigopoulos [20] recently proposed a finite volume method that combines accurate prediction of the60

2



distribution with moment conservation in an arbitrary grid. A more extensive recent review of solution

methods for the PBE with focus on soot modelling has been provided by Rigopoulos [21].

An important challenge in the population balance modelling of soot formation is the prediction of soot

morphology. Once two particles have collided, the aggregate gradually transforms towards a spherical shape

via the process known as sintering in materials science. As the fusing of soot particles involves different65

physical mechanisms, different terms such as coalescence and aggregation have been suggested for use in the

soot literature [22]. Incipient liquid-like particles are subjected to instantaneous coalescence to form spherical

particles. Larger primary particles form aggregates with fractal shapes, within which they are gradually

being fused. The present paper addresses the question of how to account for aggregate morphology in the

formulation and solution of population balance models. Three concepts have appeared in the literature for70

extending the PBE to account for fractal aggregates, and these will be described in the following discussion.

The first approach is to employ the standard PBE with different aggregation kernels for spherical particles

and aggregates, and to impose a cut-off size that separates the two types. This formulation can be solved

with standard sectional methods and has been used in many studies, including Refs. [20, 23–26]. There

are, however, two important limitations associated with this approach. The first one is related to the model75

parameter, the cut-off size, which is an artificial conception that does not represent the physics of aggregation,

assuming as it does instantaneous coalescence up to a considerable size and no further fusing afterwards. As

mentioned, only very small particles coalesce instantaneously, while larger particles are fused with a finite

timescale. The second limitation is related to the calculation of surface growth and oxidation, which is

carried out in an inconsistent manner in the context of this approach. The size of the primary particles is80

assumed to be frozen once they reach the cut-off size, in spite of the fact that growth and oxidation continue

to take place. Therefore the surface area, on which these processes depend, is inconsistent with the rate of

change of the particle volume.

The second approach is the two-dimensional PBE proposed by Koch and Friedlander [27]. In this

approach, the particle surface area is introduced as an additional independent variable in the PBE, and an85

additional term is introduced to account for sintering. A two-dimensional sectional method for the numerical

solution of this formulation was developed and applied to the study of silica and titania nanoparticles by

Xiong and Pratsinis [28] and Xiong et al. [29]. This approach is the most comprehensive one, but it is

computationally expensive due to the two dimensions involved. While its employment in the context of an

ideal reactor or a one-dimensional flame is affordable, its coupling with a three-dimensional CFD simulation90

would require excessive resources.

The third approach is to employ an additional dependent, rather than independent, variable, resulting

in a system of coupled PBEs. This approach was pioneered by Rogak [30] and Tsantilis and Pratsinis [31],

initially to describe the aerosol synthesis of nanoparticles such as silica and titania. The first of these

studies employed an additional discrete PBE for the number of primary particles in the aggregates, while95
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sintering was assumed to be instantaneous for particles smaller than a critical diameter. The second study

employed an additional PBE for the aggregate surface area. The equation for the evolution of the surface

area due to sintering is the same as the equation employed in the two-dimensional formulation. In the

two-PBE approach, however, an average surface area is considered for each particle size section, in contrast

to the two-dimensional PBE. In the work of Xiong and Pratsinis [28], where a sectional method was used to100

discretise the two-dimensional PBE, the effect of the number of surface area sections within a size section on

the grain size predicted was found to be less than 5%. The two-PBE approach is computationally economic

and suitable for coupling with CFD. Further studies with this approach on nanoparticle synthesis (silica

and/or titania) employed either the surface area equation [32] or the number of primary particles [33, 34].

The method was also applied to soot [35–39] with the number of primary particles being the second equation.105

There are several outstanding questions, however, regarding the two-PBE approach. The theoretical

advantages over the one-PBE approach, which is customarily employed in turbulent flow simulations, and

the sensitivity of the key parameters must be systematically investigated in laminar flames where reliable

datasets are available and where the interaction between turbulence, chemistry and soot does not complicate

matters further. The gradual fusing of primary particles that shapes the surface area of aggregates has rarely110

been studied in soot modelling, although it is employed in the modelling of silica and titania nanoparticle

formation. Recently, Chen et al. [40] employed the sintering expression for SiO2 in the context of a Monte-

Carlo simulation of soot formation in laminar ethylene premixed flames, where the sintering parameters

were adjusted to match soot experiments. On the other hand, Veshkini et al. [39] employed an expression

originating in TiO2 particles in the context of a sectional method for a sooting laminar diffusion flame.115

Since there is no experimental information on the rate of fusing of soot primary particles, however, the

extrapolation of kinetics extracted from other inorganic nanoparticles warrants a systematic investigation.

Finally, the structure and performance of numerical methods for the solution of two-PBE models must

be analysed. In a problem as complex as soot formation in flows, establishing the accuracy of numerical

methods is essential for preventing compensation of modelling and numerical errors.120

The objective of this work is twofold. The first objective is to extend the conservative finite volume

method for the solution of the PBE proposed by Liu and Rigopoulos [20], originally formulated for a

single PBE (CFV-1PBE), to a two-PBE formulation (CFV-2PBE) that distinguishes between coalescence

and aggregation and accounts for finite-rate fusing of primary particles within aggregates, while at the

same time providing a consistent and numerically accurate description of primary particle surface growth125

and oxidation within aggregates. The second objective is to conduct a systematic study of the two-PBE

approach, by comparing it with the one-PBE approach and investigating the effect of key parameters related

to the evolution of soot morphology in both cases. To accomplish these objectives, the extended method is

first shown to reproduce the self-preserving distributions correctly in the two asymptotic cases of coalescence

into spherical particles and aggregation into fractal aggregates. The method is then coupled with a CFD130
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code and applied to the modelling of the laminar co-flow diffusion flame of Santoro et al. [41]. Apart from

comparison with experimental results, an analysis of the effect of key parameters is conducted, which allows

a discussion of the potential and limitations of the one-PBE and two-PBE approaches.

2. The one-PBE model of aggregation and the conservative finite volume method

In this section, we summarise the concepts underlying the CFV-1PBE method. As the numerical aspects135

have been described in Ref. [20], the emphasis here is on explaining its deficiencies when it comes to the

modelling of fractal aggregates.

The CFV-1PBE method is a finite volume method for the solution of the one-dimensional PBE with

nucleation, condensation, growth (or oxidation) and aggregation. For a spatially homogeneous system, the

equation is shown below (the coupling with flow will be discussed later):

∂n

∂t
+
∂(G(v,Y)n)

∂v
= Bδ(v − v0) + C(Y, v)

+
1

2

∫ v

0

β(w, v − w)n(w, t)n(v − w, t)dw − n(v, t)

∫ ∞
0

β(v, w)n(w, t)dw (1)

where B, G, and C are the nucleation, growth and condensation rates, respectively, and β(v, w) is the

aggregation kernel (the models for these processes will be discussed in Sec. 5). The objectives of this method

are to attain: a) accurate prediction of the distribution with a small number of sections, b) conservation140

of the first moment (or any other single moment) in aggregation, c) applicability to any non-uniform grid

(even an adaptive one), and d) speed and robustness for coupling with CFD. The method is based on the

framework of finite volume methods, which are endowed with the conservation property by balancing the

inflow and outflow fluxes. In the PBE, however, due to the presence of the integral terms, the fluxes originate

in various parts of the domain, and furthermore the form of the aggregation birth term (which resembles a145

convolution) makes it difficult to distinguish between the fluxes originating from different subdomains. In

this method, a transformation is used to decompose the birth term into its constituent fluxes and a map is

constructed to record them. An important part of the method is the algorithm for constructing this map in

an arbitrary non-uniform grid. The aggregation birth and death terms are then calculated via these fluxes,

and the conservation of mass is ensured without introducing correction terms. The map is constructed at150

the beginning and accessed during the simulation, and the method is thus computationally efficient and easy

to couple with CFD. Test cases, including analytical solutions and a co-flow laminar flame [20], have shown

that the method produces very accurate solutions that conserve the first moment, even on coarse grids.

When it comes to the modelling of aggregation, the previous applications of the CFV-1PBE method [20,

26] employed the first of the three approaches mentioned in Sec. 1, which is to impose a cut-off size between155

spherical particles and fractal aggregates and assume that aggregates are composed of a number of equally

sized primary particles. In this approach, the only modification needed in Eq. 1 in order to account for
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aggregation is to formulate the aggregation kernel in terms of the aggregate collision diameter, dg, which is

related to the volume of the aggregate v via the following equation [42]:

v

vp
= kf

(
dg(v)

dp

)Df

(2)

where vp and dp are the volume and diameter of the primary particles, respectively, kf is the fractal prefactor160

and Df is the fractal dimension. The latter has the value 3 for spherical particles and 1 for linear ones, with

fractal aggregates having values in between. A constant fractal dimension is usually assumed in population

balance models (see e.g., Refs. [35, 43, 44]), based on observations from experiments (see e.g., Refs. [45–48])

that the fractal dimension of aggregates exhibits values around 1.8. Spherical particles can exhibit a range of

diameters up to the cut-off size, while all primary particles within aggregates are assumed to have a diameter165

dp equal to the cut-off size. The implementation of aggregates in the context of the CFV-1PBE method is

thus straightforward, as no modifications in the overall structure of the PBE are involved. As mention in

Sec. 1, however, this approach has two significant limitations: the need to specify a cut-off size, which is an

artificial and non-physical parameter, and the inconsistent calculation of the rate of surface processes, i.e.

growth and oxidation. These limitations originate in the fact that the one-dimensional PBE is inherently170

inadequate to provide an accurate description of aggregates due to the lack of morphological variables in

the formulation.

3. The two-PBE model of aggregation

To provide a consistent and physical account of aggregation, the population balance model must address

the two limitations mentioned at the end of the last section. The introduction of an additional variable,175

rather than a parameter such as the cut-off point, is essential to account for aggregate morphology. As

discussed in Sec. 1, both surface area and the average number of primary particles per aggregate have been

employed as the second variable for describing aggregate morphology, and the latter approach is employed

in this work.

A schematic illustration of the concepts underlying the one-PBE and two-PBE models is shown in Fig. 1.180

Note that it is still necessary to distinguish between the coalescence of incipient particles, which is virtually

instantaneous, and the gradual fusing of primary particles within aggregates. While a critical diameter is

employed in both models, its impact in the one-PBE model is far greater, as all primary particles within

aggregates are assumed to have this diameter, while in the two-PBE model it just distinguishes the incipient

particles from the rest. If the same critical diameter is employed in both models and no finite-rate fusing is185

introduced in the two-PBE model, both models would yield the same self-preserving distribution (as shown

later in Sec.6, Fig. 5). The determination of this diameter will be addressed in Section 5.5.
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Figure 1: A schematic illustration of the concepts involved in the one-PBE and two-PBE models. The white histogram

represents number of aggregates, while the black histogram represents number of primary particles.

The first equation of the model is the PBE for the number density of soot particles, whether primary

ones or aggregates, with the addition of transport in physical space:

∂n

∂t
+
∂(G(v,Y)n)

∂v
+
∂(ujn)

∂xj
=

∂

∂xj

(
Dp

∂n

∂xj

)
+B(Y)δ(v − v0)

+ C(v,Y) +
1

2

∫ v

0

β(w, v − w)n(w)n(v − w)dw −
∫ ∞
0

β(v, w)n(v)n(w)dw (3)

where Dp denotes the particle diffusion coefficient, which is size-dependent [42]. In this and the following

equations, the dependence on v, x and t will be omitted except when necessary. This equation is coupled

with the equations of fluid dynamics and species transport equations via the velocity field, ui, and the190

concentrations of chemical species, Yα. Two issues must be addressed when fractal aggregates are present:

the aggregation kernel must be formulated in terms of their collision diameter, and the calculation of the

surface area, which appears in the growth function, must take into account the structure of the aggregates.

The first issue is straightforward, as the aggregate collision diameter can be related to the aggregate volume

via Eq. 2; it must be noted that, unlike the case of the one-PBE model, the average primary particle volume195

does not remain constant here. The second issue is the source of the inconsistent calculation of growth in

the one-PBE model and will be addressed via the second PBE, in the context of which we will introduce

the finite-rate fusing of primary particles.

The second equation is the PBE for the number density of primary particles. We denote by nav(v, t) the

average number of primary particles per aggregate having volume v at time t:200

nav(v, t) =
np(v, t)

n(v, t)
(4)

where np(v, t) represents the number density of primary particles that form aggregates of volume v. Ac-
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cording to Eq. 2, this can be related to the collision diameter dg as follows:

nav(v, t) = kf

(
dg(v)

dp(v)

)Df

(5)

The gradual fusing of primary particles within an aggregate results in a change in surface area, a, according

to the following equation formulated by Koch and Friedlander [27]:

da

dt
= − 1

τs
(a− as) (6)

where τs denotes the characteristic timescale. Eq. 6 expresses the fact that the driving force for fusing is the205

deviation of the surface area of an aggregate from that of a sphere with equal volume, as. It is now possible

to obtain an equation for the rate of change of the primary particles, as shown in Ref. [33]. Considering an

aggregate composed of np spherical primary particles of radius r, its volume v and surface area a have the

following expressions:

v = npvp =
4π

3
npr

3 (7)

210

a = npap = 4πnpr
2 (8)

where ap is the surface area of a primary particle. Using Eqs. 7 and 8, the surface area a can be expressed

in terms of v and np as follows:

a =
(
36πv2np

)1/3
(9)

As the volume of the aggregate does not change during the fusing of primary particles, Eq. 9 can be

differentiated to obtain:

da

dt
=

( 4
3πv

2

n2p

)1/3
dnp
dt

(10)

Similarly, the surface area of the sphere with equal volume can be expressed in terms of v as:215

as =
(
36πv2

)1/3
(11)

At this point, by substituting Eq. 9 and Eq. 11 into Eq. 6 and replacing da/dt with the aid of Eq. 10, we

can derive the following expression:
dnp
dt

= − 3

τs

(
np − n2/3p

)
(12)

Finally, the rate of change of the average number of primary particles per aggregate due to fusing can be

obtained as follows [33]:
dnav
dt

∣∣∣∣
f

= − 3

τs

(
nav − n2/3av

)
(13)

The derivation of the aggregation term for primary particles is based on the following consideration:

the increase in the number of primary particles of size v due to the collision must account for the primary

particles originating from both particle v−w and w, and the aggregation terms for np can thus be written in
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terms of n and nav. The PBE for the primary particles, including transport terms, can therefore be written

as follows:

∂np
∂t

+
∂ (G(v,Y)np)

∂v
+
∂(ujnp)

∂xj
=

∂

∂xj

(
navDp

∂n

∂xj

)
− 3

τs

[
np
n
−
(np
n

)2/3]
n+ Cp(v,Y)

+
1

2

∫ v

0

β(w, v − w)n(w)n(v − w)(nav(v − w) + nav(w))dw −
∫ ∞
0

β(v, w)n(w)n(v)nav(v)dw (14)

As mentioned, the coalescence of incipient particles is assumed to be instantaneous, hence Eq. 14 is invoked220

only for sections where the particle diameter exceeds the critical diameter.

4. The conservative finite volume method for the two-PBE model (CFV-2PBE)

In this section, we will show how the CFV-1PBE method can be extended to the two-PBE model. The

number density distribution of particles in the volume section (vi−1, vi) (referred to as section i in the

following) is assumed to be uniform and will be written as Ni for aggregates and Np,i for primary particles,225

while the corresponding average number of primary particles per aggregate will be denoted as nav,i.

4.1. Nucleation and growth

The finite volume discretisation for the nucleation and growth terms in the PBE for the aggregates can

be written as follows:
dNi

dt

∣∣∣∣
nuc,gr

= − 1

∆vi
[nG(v,Y)]

∣∣vi
vi−1

+
1

∆vi

∫ vi

vi−1

Bidvi (15)

where the nucleation rate, Bi, is non-zero only over the interval including the nuclei volume v0. For primary230

particles, the growth term is formulated as follows:

dNp,i

dt

∣∣∣∣
gr

= − 1

∆vi
[npG(v,Y)]

∣∣vi
vi−1

(16)

No nucleation term is included in the equation for Np,i, as this PBE is solved only for particles greater than

the critical diameter where coalescence is not instantaneous.

The treatment of the growth term in the two-PBE model must be guided by the principle that the growth

of primary particles is related to that of aggregates, and thus an identical growth rate must be employed.235

For example, when an aggregate enters section i + 1 from section i, all of the primary particles within

that aggregate will also enter section i + 1. Assuming that an aggregate experiences only surface growth,

the aggregate volume increases while the number of primary particles maintains the same, leading to an

increased primary particle size. Hence the model provides a consistent description for the growth, compared

to the one-PBE model that was based on the assumption of constant primary particle size. Therefore, the240

finite volume discretisation for the growth term is identical in both PBEs and need to be computed only

once. It will be shown below for the aggregate PBE, using a total variation diminishing (TVD) scheme that
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is due to Koren [49] and first employed in the context of the PBE by Qamar et al. [50, 51] for an arbitrary

non-uniform grid:

(nG(v,Y))vi = G(v,Y)

[
Nu(vi) +

1

2
φ(ri)

(
Nu(vi) −Nuu(vi)

)]
(17)

where the Nu(vi) and Nuu(vi) are the number densities of the two cells upstream of node vi and φ(ri) is the245

flux limiter at node vi [52]:

φ(ri) = max

[
0,min

[
2ri,min

(
1

3

vi − vi−1
vm,i − vm,i−1

+
2ri
3

vi − vi−1
vm,i+1 − vm,i

, 2

)]]
(18)

In this equation, vm,i = 0.5(vi + vi−1) and ri is the upwind ratio of two consecutive number density

gradients [49]:

ri =
Ni+1 −Ni + ε

Ni −Ni−1 + ε
(19)

where ε is a small number employed to avoid division by zero.

The growth rate depends on the surface area of soot aggregates, which is calculated as follows [46]:250

ai = a(Cov=0),i

[
1− φCov

(
1− 1

nav,i

)]
(20)

where φ = 1.3 denotes the averaged number of contacts per primary particle, Cov is the overlap parameter

for which the value 0.15 is used [46] and a(Cov=0) denotes the surface area of the aggregates when there is

no overlap between primary particles (point contact).

4.2. Aggregation

In the CFV-1PBE method, the discretisation of the aggregation terms can be written as follows:255

dNi
dt

∣∣∣∣
agg

=
1

∆vi

∫ vi

vi−1

∫ v
2

v0

β(w, v − w)n(w)n(v − w)dwdv

− 1

∆vi

∫ vi

vi−1

∫ vmax

v0

β(v, w)n(v)n(w)dwdv

(21)

The main challenge addressed by this method is the evaluation of the double integrals for an arbitrary

non-uniform grid. The details of how this is carried out and the final discretised equations can be found in

Ref. [20].

To extend the method to the two-PBE model, we need evaluate the corresponding terms for the equation

for the primary particle number density. We consider a case where a particle at interval j collides with a260

particle at interval k forming a new particle at interval i. The change in the number of aggregates dNi and

the change in the number of primary particles dNp,i are then related as follows:

dNi = −dNj = −dNk (22)

dNp,i = −nav,jdNj +−nav,kdNk (23)

The change in primary particle number density dNp,i can thus be extracted from the aggregation term in

the PBE for the aggregates, and no further calculation is needed.265
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4.3. Fusing of primary particles

The discretised form of the term corresponding to the fusing of primary particles in the PBE for the

primary particles can be derived from Eqs. 4 and 13 in a straightforward manner:

dNp,i
dt

∣∣∣∣
f

=
dnav,i
dt

∣∣∣∣
f

Ni = − 3

τs

[
Np,i
Ni
−
(
Np,i
Ni

)2/3
]
Ni (24)

where the models for the characteristic timescale τf will be discussed in Sec. 5.5.

4.4. Coupling with flow270

In order to account for transport in physical space, convection and diffusion terms must be introduced

into the PBE. For the CFV-2PBE method, the transport equation for the spatially varying number density

Ni(x, t) and Np,i(x, t) has the following form:

∂Ni
∂t

+
∂(ujNi)

∂xj
=

∂

∂xj

(
Dp,i

∂Ni
∂xj

)
+ Sa

∂Np,i
∂t

+
∂ (ujNp,i)

∂xj
=

∂

∂xj

(
nav,iDp,i

∂Ni
∂xi

)
+ Sp

(25)

where all PBE terms apart from spatial convection and diffusion have been grouped into the source terms

Sa and Sp, while Dp,i denotes particle diffusion for section i. The velocity, uj , is equal to the sum of275

the flow velocity, Uj , and the thermophoretic velocity, utj . The latter can be computed from the following

equation [42]:

utj = −0.55
µ

ρT

∂T

∂xj
(26)

where µ and ρ are the gas viscosity and density respectively.

It is important to ensure that the flux of the primary particle number density Np,i(x, t) within a volume

section i is consistent with that of the aggregate number density Ni(x, t) within the same volume section280

i. For the convective fluxes, the primary particles experience the same spatial convection as the aggregates

and therefore both convective terms share the same velocity. A slightly different treatment is employed for

the diffusion of primary particles, ∂
∂xj

(
nav,iDp,i

∂Ni

∂xj

)
, where the term Dp,i

∂Ni

∂xj
is multiplied with nav,i. In

Appendix A, we show in detail the discretisation scheme for the convection and diffusion of the primary

particles and validate it via a simplified test case.285

4.5. Complete discretised equations for CFV-2PBE

Assembling all terms, the complete discretised equations for the CFV-2PBE method are:

dNi
dt

+
∂(Uj + utj)Ni

∂xj
=

∂

∂xj

(
Dp,i

∂Ni
∂xj

)
− [NG(v,Y)]

∣∣vi
vi−1

+ Ci(v,Y) +
dNi
dt

∣∣∣∣
agg

+Bi(Y)δ(v − v0) (27)

dNp,i
dt

+
∂(Uj + utj)Np,i

∂xj
=

∂

∂xj

(
nav,iDp,i

∂Ni
∂xj

)
− [NpG(v,Y)]

∣∣vi
vi−1

+ Cp,i(v,Y)

− 3

τs

[
Np,i
Ni
−
(
Np,i
Ni

)2/3
]
Ni +

dNp,i
dt

∣∣∣∣
agg

(28)
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4.6. Coupling of CFV-2PBE with CFD

The CFV-2PBE model has been implemented in our in-house CFD code BOFFIN [53]. The solution290

method is based on a second-order finite volume scheme. A fractional step method is employed, with separate

fractional steps for convection-diffusion, chemical reaction and PBE. A second-order central difference scheme

is applied to the diffusion terms, while a TVD scheme with van Leer’s limiter is implemented for the

convection terms. For the temporal integration of the convection and diffusion processes, the second-order

accurate Crank-Nicolson method is applied. The calculation of the chemical reaction step is performed with295

a backward Euler method, and a modified Newton-Raphson scheme is implemented for solving the resulting

system of non-linear equations. The temporal integration of the discretised PBE is not stiff, and therefore

the explicit Euler method is used in the PBE fractional step.

5. Soot kinetics

5.1. Gas-phase chemistry and radiation300

A detailed chemical mechanism due to Blanquart et al. [54], is employed in this study. The mechanism

was developed with the focus on the important species for soot formation such as acetylene, the C3H4

isomers, propene and butadiene. It contains 149 species and 1651 reactions, accounting for the formation

of larger PAH species up to cyclopenta[cd]pyrene (C18H10). The complete mechanism has been validated

for a large set of fuels ranging from methane to iso-octane in laminar premixed and counterflow diffusion305

flames. Finally, an optically thin radiation model is applied, and the implementation is similar to the one

in Ref. [18].

5.2. Nucleation and condensation

The model for soot nucleation and condensation employed in this study is due to Blanquart and

Pitsch [55]. In this model, the self-collision of two PAHs forms a dimer, which is an intermediate state310

between the gaseous polycyclic aromatic hydrocarbons (PAH) and solid soot particles. The dimers are then

consumed either by self-coalescence to form soot nuclei or by condensation onto the surface of soot parti-

cles. The dimerisation of eight PAHs, from naphthalene (C10H8) up to cyclopenta[cd]pyrene, (C18H10) is

considered. The self-collision rate, ωPAH,i, for a certain PAHi is given by the following expression:

ωPAH,i = γi

√
4πkBT

mi
d2PAH,i[PAH]

2
iNA

2 (29)

where γi is the sticking coefficient factor for PAHi, NA is the Avogadro number, kB is the Boltzmann315

constant, mi is the mass of the particle PAHi, T is the gas temperature and dPAH,i is the diameter of a

PAHi particle given by the following expression [56]:

dPAH,i = DA

√
2nc,i

3
(30)
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where DA is the size of a single aromatic ring of 1.395
√

3 Å and nc,i is the number of C atoms in a PAHi

molecule. The PAHs involved in the dimerisation and their corresponding parameters can be found in

Table 1 of Ref. [55].320

Because of the small size of the PAH molecule, an average volume vdimer is used to represent the different

volume of dimers produced by the self-collision of the eight PAHs (m = 8):

vdimer =

m∑
i=1

ωPAH,i2vPAH,i

m∑
i=1

ωPAH,i

(31)

where m is the number of PAHs considered. Note that vdimer will vary in the calculation depending on the

local PAHs concentration. The dimers are assumed to be in a quasi-steady state as a result of the high

collision frequency with other dimers or soot particles. Consequently, their production and consumption325

rates are equal and a quadratic equation of the following form is solved to obtain the dimer concentration:

anuc[dimer]2 + bcond[dimer] =

m∑
i=1

ωPAH,i (32)

The coefficients anuc and bcond are determined by the dimer consumption due to nucleation and condensation

respectively, and the expressions that yield them will be shown in the following discussion. The positive

root of Eq. 32 is accepted as the dimer concentration.

Coalescence of two dimers leads to the formation of soot nuclei [55]. The nucleation rate, wnuc, takes330

the following form:

wnuc = EF

(
3

4π

)1/6
√

6kBT

ρs
4
√

2v
1/6
dimer[dimer]2NA

2 (33)

where EF = 2.2 is the Van der Waals enhancement factor [57] and ρs = 1800 kg/m3 is the density of soot

particle. Thus, the nucleation source term B in Eq. 1 is written as:

B = wnuc
2vdimer

dvnucvm,nuc
(34)

where vm,nuc is the representative volume (midpoint) in the section that covers the volume of nuclei and

dvnuc is the interval of that section, respectively. The coefficient anuc in Eq. 32 takes the form:335

anuc = 2
wnuc

[dimer]2
(35)

where the factor 2 indicates the fact that two dimers are consumed to form a soot nucleus.

When a dimer collides with a large soot particle, the two PAH molecules will deposit on the surface [55].

Within a section i, the change in the number density due to condensation is classified into three types: a)

condensation of dimers on particles of section i, ωcond,dimer→i, b) condensation of dimers on particles of

section i− 1 that will enter into section i, ωcond,i−1→i, and c) condensation of dimers on particles of section
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i that will go to section i + 1, ωcond,i→i+1. These contributions will be included via a condensation source

term C(v,Y) into Eq. 3 in a manner ensuring that the total volume added by condensation is conserved.

The impact on the primary particle number density is addressed later in this section. The condensation rate

for each of the aforementioned types is evaluated as follows [25]:

ωcond,dimer→i = [dimer]NA

∫ vi−vdimer

vi−1

βd,iN(w)dw = [dimer]NAβd,i(dvi − vdimer)Ni (36)

ωcond,i−1→i = [dimer]NA

∫ vi−1

vi−1−vdimer

βd,i−1N(w)dw = [dimer]NAβd,i−1vdimerNi−1 (37)

ωcond,i→i+1 = [dimer]NA

∫ vi

vi−vdimer

βd,iN(w)dw = [dimer]NAβd,ivdimerNi (38)

where the collision frequency of a dimer and a soot particle in the section (vi−1, vi) is calculated as follows:

βd,i = 1.3

√
πkBT

2ρs
(ddimer + dg,i)

2

√
1

vdimer
+

1

vm,i
(39)

where vm,i is the volume at the middle of the section, the collision diameter of the particle dg,i at section

i is evaluated according to Eqs. 4 and 5, and the amplification factor of 1.3 is due to Van der Waals

interactions [58]. Therefore, the coefficient bcond in Eq. 32 is determined as:340

bcond =

∑
(ωcond,dimer→i + ωcond,i−1→i − ωcond,i→i+1)

[dimer]
(40)

where special treatment is applied for the first volume section to cancel type 2 condensation ωcond,i−1→i.

With the help of Eq. 35 and Eq. 40, one solves the quadratic equation Eq. 32 to obtain the concentration

of dimers. Now the condensation source term Ci(v,Y) for the number density of aggregates in the section

(vi−1, vi) can be evaluated as:

Ci(v,Y) = (ωcond,dimer→i + ωcond,i−1→i − ωcond,i→i+1)
vdimer

vm,idvi
(41)

We now formulate the condensation source term for primary particles as follows:345

Cp,i(v,Y) = (ωcond,dimer→inav,i + ωcond,i−1→inav,i−1 − ωcond,i→i+1nav,i)
vdimer

vm,idvi
(42)

5.3. Surface growth and oxidation

Soot surface growth and oxidation are modelled via the H-abstraction/C2H2 addition (HACA) mech-

anism, originally proposed by Frenklach and Wang [59]. The reaction rates are calculated based on the

parameters of Tables 2 and 3 in Ref. [55]. The theoretical maximum value of the overall site density, χsoot,

has been estimated to be 2.3 × 1019 sites/m2 [59]. The concept of surface reactivity was introduced in the350

HACA mechanism in the form of a parameter, α, and the main uncertainty in HACA lies in the determi-

nation of this parameter. Constant values were employed in early research [59], but later work considered

it to be a function of the local temperature [60] and other parameters, such as particle size [61]. Recent

14



studies [36, 37] proposed a more complex model that accommodates the effects of both temperature and

residence time. As the focus of this study is on the investigation of the CFV-2PBE method, a simple model355

for α was adopted, in which α is a function of temperature only, assuming the form α = a ·exp(9000/T ) [60].

The pre-exponential factor, a, was adjusted such that the peak value for integrated soot volume fraction

is matched to a satisfactory degree with the experimental data (Sec. 7.2). The net growth rate (including

oxidation) is calculated as follows:

G(v,Y) =
a(v)

ρs
Rg(HACA) (43)

where a(v) denotes the soot surface area and Rg(HACA) is the mass growth rate, which is a function of α,360

χsoot, reaction rates and the local concentrations of species associated with the HACA mechanism [55, 59].

5.4. Aggregation

The collision kernel β takes different forms depending on the Knudsen number, Kn = 2λf/d, where λf

is the gas mean free path and d is the particle diameter. Three regimes can be identified, namely the free

molecule regime (Kn < 0.1), continuum regime Kn > 10 and transition regime (0.1 < Kn < 10). The365

equations are [62, 63]:

βfm(vi, vj) =EF

√
πkBT

2ρs

(
1

vi
+

1

vj

)1/2

(d(vi) + d(vj))
2

βc(vi, vj) =
2kBT

3µ

(
Cu(vi)

d(vi)
+

Cu(vj)

d(vj)

)
(d(vi) + d(vj))

βt(vi, vj) =
βfm(vi, vj)β

c(vi, vj)

βfm(vi, vj) + βc(vi, vj)

(44)

where Cu(vi) = 1 + 1.257Knvi is the Cunningham slip correction factor and d(v) represents either the

spherical particle diameter or the collision diameter of an aggregate that can be evaluated from Eq. 5. In

the present work, the fractal dimension and fractal prefactor for all aggregates are taken to be Df = 1.8 [44,

46, 48] and kf = 1.94 [47], respectively.370

5.5. Fusing of soot primary particles

The term ’sintering’ is usually employed in material science and also in the study of inorganic nanopar-

ticles such as silica and titania to denote the fusing of primary particles. However, as recently discussed by

Michelsen et al. [22], this terminology may be inappropriate for soot, where the physical mechanisms are

different. In accordance with that recommendation, in the present paper the term ’coalescence’ refers to the375

formation of spherical particles as a result of collisions between incipient particles (i.e. formation of particles

below the cut-off point in the two-PBE model), while the merging of primary particles within aggregates will

be referred to generally as fusing. The term ’sintering’ is retained in this study when referring to inorganic

nanoparticles.
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Table 1: Summary of parameters in the sintering models and their units

Variable
Silica particle model Titania particle model

Range given in Ref. [40] (units) Value given in Refs. [29, 65] (units)

As 1.1 × 10−14 (s/m) 7.44 × 1016
(
s/

(
K · m4

))
Ea 1.8 × 104 6 Ea 6 1.8 × 105 (K) 3.31 × 104 (K)

dc 1 6 dc 6 5 (nm) -

The characteristic timescale of fusing plays an important role in shaping the structure of an aggregate.380

The sintering behaviour of several nanoparticles has been studied in the aerosol community but, to our

knowledge, such information is not available on soot. As a result, the few studies that have attempted to

incorporate a model with for a finite rate of fusing of soot primary particles have been based on extrapolation

from sintering models for different nanoparticles. In a study of laminar premixed ethylene sooting flames,

Chen et al. [40] employed the expression of τs for silica particles [64]:385

τs = Asdp,i exp

[
Ea
T

(
1− dc

dp,i

)]
(45)

where As, di and Ea are the pre-exponential factor, the diameter of the sintering primary particle and

the activation energy, respectively. On the other hand, Veshkini et al. [39] employed an expression for the

sintering of titanium oxide [65] in the Santoro laminar ethylene diffusion flame:

τs = Asd
4
p,iT exp

Ea
T

(46)

The coalescence between two spherical particles in contact is a result of various molecular transport

mechanisms in the contact region [42]. For liquid particles, such as silica, sintering is driven by viscous390

flow. On the other hand, transport by diffusion is the dominant route for the sintering of crystalline titania

nanoparticles in contact. Even in the context of SiO2, as indicated in a recent work by Goudeli et al. [66],

different sintering models show distinct differences in the predicted primary particle diameter and collision

diameter. The predicted fusing behaviour of soot particles could be significantly different depending on

the sintering model employed, and transposing these kinetics to soot inevitably brings uncertainties into395

soot modelling. As the current information on the fusing of soot primary particles is not sufficient to reach

consensus, in the current study models for both silica and titania will be applied and tested, and their

impact on the model outcome will be investigated via a parametric analysis. As a base case for adopting

the sintering model of silica particles, a set of optimised parameters from the work of Chen et al. [40] is

employed, while for the titania model we adopt the data of Refs. [29, 65], also applied in Ref. [39]. A detailed400

summary can be found in Table 1.

Before applying the models to the flame, we conduct here a sensitivity analysis of the parameters in both

sintering models to provide guidance for their use in the sooting flame simulation. In Fig. 2 we show, for each
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model, the sintering timescale at two thermal conditions that are typical of the regions of centreline (1600 K)

and the flame front (2000 K) in the forthcoming application to the flame. Since varying the pre-exponential405

factor As in both models only causes a vertical movement of the curve, the impact of this parameter is not

shown. The dotted line represents an effective sintering timescale, above which the sintering is nearly ceased.

It can be seen that the temperature has a profound impact on the sintering rates for both models. At a

certain temperature, the characteristic sintering timescale reaches an asymptote with increasing primary

particle diameter dp in silica model. The position of this asymptote is affected by Ea. When employing the410

silica model, therefore, one needs to adjust both parameters with caution. On the other hand, there is only

one parameter to be adjusted in the titania model. Moreover, the sintering rate is relatively large for small

particles in titania model, justifying our approach of assuming sintering to be instantaneous for particles

less than dc (Sec. 4.1). In the following applications, the value of critical diameter dc in the titania model

is set to be 3 nm. Below that value, the results show little sensitivity to dc.415

6. Validation of the CFV-2PBE method: self-preserving distribution of aggregates

Prior to be employed in the flame, the CFV-2PBE method will first be validated by computing the

self-preserving distribution of aggregates and comparing it to the study of Vemury and Pratsinis [67]. In

these calculations, it is assumed that the primary particle size remains the same, and the particle growth

is only by aggregation in both the free molecule and continuum regimes. The expressions for the collision420

frequencies β are the same as in Eqs. 4 and 6 in Ref. [67]. In all computations, the number density of the

initially monodisperse particles is N0 = 1× 1013 m−3, the initial particle size is vp0 = 1× 10−27 m3 and the
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Figure 2: The impact of varying each model parameter on the characteristic sintering time for (a) the silica model, (b) the

titania model. The characteristic time τ is plotted as a function of primary diameter for two different temperatures. The

sintering timescale at 1600 K is marked with red colour, while the sintering timescale at 2000 K is marked with black colour.
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fractal prefactor (Eq. 5) is kf = 1. The particle density is that of soot particles and the temperature is set to

T = 1700 K. The dimensionless particle volume is η = Nv/V and the dimensionless particle number density

function is Φ = V n/N2, where V and N are the total particle volume fraction and number concentration425

respectively [68]. For a given Df , the self-preserving distribution is attained when the distribution in the

(η,Φ) coordinates does not change any more with time. In the first calculation, all the particles are assumed

to be aggregates (by setting the critical diameter dc smaller than the volume-equivalent diameter of the first

volume section) and no sintering is considered. Fig. 3 shows the self-preserving distribution of aggregates in

the free molecule and continuum regime for several values of Df , while Fig. 4 shows the geometric standard430

deviation as a function of Df . In all cases, the results are in excellent agreement with those of Vemury and

Pratsinis [67].
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Figure 3: Self-preserving distribution of aggregates with varying Df in the free molecule and continuum regimes by the

CFV-2PBE method, comparison with the results by Vemury and Pratsinis [67].

The impact of sintering is now introduced by employing different sintering rates over the entire size

range. Fig. 5 shows the self-preserving distribution of aggregates with Df = 2.0 in the free molecule regime,

with the sintering rate increasing from zero (Case 4) to instantaneous sintering (Case 1). Case 4 yields the435

same self-preserving distribution as that of Df = 2.0, while instantaneous sintering yields the self-preserving

distribution for spherical particles. When a finite sintering rate is employed, self-preserving distributions

with intermediate shapes are obtained. A similar pattern is observed for both free molecule and continuum

regimes, and therefore only the case for Df = 2.0 in the free molecule regime is shown.
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Figure 4: Geometric standard deviation of the self-preserving distribution of aggregates as a function of Df in the free molecule

and continuum regimes, comparison with the results by Vemury and Pratsinis [67].
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Figure 5: Self-preserving distribution of aggregates having Df = 2.0 in free molecule regime under different sintering rates.

The dots and the squares represent the results by Vemury and Pratsinis [67] for Df = 2.0 and spherical particles, respectively.

The sintering rate increases from zero (Case 4) to instantaneous sintering (Case 1)
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7. Simulation of a laminar non-premixed co-flow sooting flame440

7.1. Flame configuration and numerical setup

The target flame in our study is the non-smoking ethylene-air diffusion flame at atmospheric pressure

investigated by Santoro et al. [41, 69]. This flame was chosen due to the availability of experimental

data [45, 70, 71] and the fact that it has been the subject of several modelling studies (Refs. [20, 35, 39, 72]

among others). Furthermore, unlike flames that can be simulated via one-dimensional formulations, this445

flame requires full coupling with a CFD code, and is thus an intermediate stage before applying the CFV-

2PBE method to turbulent flames. The flame consists of a central fuel jet (pure ethylene) of diameter 11.1

mm surrounded by a concentric air co-flow of diameter 101.6 mm at atmospheric pressure and temperature.

The inlet flow rates for the fuel and air are 3.85 cm3/s and 713.3 cm3/s, equivalent to velocities of 3.98 cm/s

and 8.9 cm/s, respectively. An illustration of the burner is shown in Fig. 6.450

Figure 6: Illustration of the burner and the computational domain.

The computational domain is cylindrical in shape and spans 160 mm in the axial direction with 200 cells

and 55.5 mm in the radial direction with 100 cells (Fig. 6). The grid is stretched axially and radially by

factors of 1.01 and 1.03, respectively. A convergence study showed that further refinement of the grid was

not needed. There is an uncertainty regarding the inlet condition, as some amount of heat is transferred

from the flame base to the burner nozzle, thus altering the inlet temperature and velocity profiles. According455

to Guo et al. [73], the prediction can be improved quantitatively with an increase in fuel temperature, and

such a strategy has been adopted in several studies [35, 39] where the amount of preheating was chosen so

as to obtain the best match of the results with the experimental data. Since our interest lies in the study

of the two-PBE model and the CFV-2PBE method, rather than in obtaining the best possible match with
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experimental data, it was decided to keep adjustments to a minimum, and therefore uniform velocity profiles460

for fuel at 300 K and for air at 300 K have been employed. Regarding the discretisation of the PBE, we

employ a geometric grid with 60 intervals in the volume domain corresponding to particle sizes from 0.72 nm

to 1240 nm, and again grid convergence was tested via successive refinements.

7.2. Overall validation

In the following sections, we are going to present the simulation results from both the CFV-1PBE and465

CFV-2PBE methods in the following order. Comparisons of temperature, axial velocity, concentration and

integrated soot volume fraction at different heights above burner (HAB) are presented first, followed by

an investigation of soot morphology along the flame centreline and the pathline of maximum soot volume

fraction at each axial location. Afterwards, a detailed parametric study of the key parameters in both

the CFV-1PBE and CFV-2PBE models will be conducted. The data available related to soot morphology470

are summarised in Table 2. At each spatial location, a geometric average [74] is applied over the volume-

equivalent diameter ranging from 1.5 nm to 1024 nm to provide a good measure of particle size. Note that,

for the base case of CFV-1PBE, the cut-off point dc = 30.8 nm, a value that has also been adopted in a

recent work of Liu et al. [26], while the sintering model parameters for the base case of CFV-2PBE are

dc = 5 nm, Ea = 10.0 × 104 K for the silica model and Ea = 3.31 × 104 K for the titania model. For the475

parameter As, one may refer to Table 1.

Table 2: Summary of experimental data on soot aggregates in the flame investigated in this study and their sources

Soot data
Spatial position

Unit
Centreline Pathline having maximum soot fv

fv [41, 69] [41, 69] ppm

dp - [70, 71] nm

N - [69] m−3

Np - [71] m−3

nav - [71] -

The numerical results from both CFV-1PBE and CFV-2PBE (with both sintering models) are both

in good agreement with experiments regarding the radial distributions of temperature, axial velocity, OH

and C2H2 at different HAB, and therefore only the results generated from the CFV-1PBE method are

shown. Fig. 7a shows the temperature profiles at three different HAB, and the overall shapes and trends480

of the experimental profiles are well represented. At 3 mm HAB, there is a slight underprediction between

r = 0.0 mm and r = 4.0 mm, most likely due to the effect of preheating. The profiles of axial velocity

are also reproduced very well, as shown in Fig. 7b. Predicted and measured OH mole fraction profiles are

compared in Fig. 7c. The simulated profile captures the peak position of OH profiles at both HAB, yet

with a considerable overprediction for peak values at 7 mm HAB. It should be noted that the experimental485
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Figure 7: Comparison of numerical predictions and experimental data in radial direction for (a) temperature (measurements

from Ref. [69]), (b) axial velocity (measurements from Ref. [69]), (c) OH mole fraction (measurements from Ref. [69]), and (d)

acetylene mole fraction (measurements from Ref. [75]). Only results from CFV-1PBE are shown, as the other models have a

similar performance.
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errors for OH measurement with laser-induced fluorescence (LIF) could be as much as 50% [75], hence the

agreement is reasonable. Fig. 7d shows the acetylene mole fraction profile at 7 mm and 20 mm HAB. The

general shape of the curves at both axial locations is well captured, despite some overprediction at the

lower region of the flame. A similar level of overprediction can be found in the work by Zhang et al. [43],

Veshkini et al. [36], and Akridis and Rigopoulos [76] and, again, a likely cause is fuel preheating. It is worth490

noting that, while most of the soot mass is added via acetylene addition, the rate-limiting reactions in the

current HACA mechanism are the hydrogen abstraction reactions (the forward reactions of No.1 and No.2 in

Ref. [55]). Therefore, an accurate prediction of H and, to some extent, OH radicals (which also contribute to

oxidation) is more important for surface growth than C2H2 [36]. Overall, satisfactory agreement is achieved

for the prediction of the thermal and chemical environments that are important in soot prediction.495

We now examine the integrated soot volume fraction at different HAB, for which experimental data

are available. This variable is likely to be dominated by surface reactions, which play a major role in

soot mass growth, as has been confirmed by several studies [36, 41, 69, 77, 78]. However, as discussed

in Ref. [78], our knowledge of the surface reactivity of soot is rather limited. The common site density

χ = 2.3 × 1019 sites/m2 reported by Frenklach and Wang [59] is viewed as a theoretical limit, and no500

exact value of χ is currently available [78]. Fig. 8a compares the calculated and measured distributions

of the integrated soot volume fraction along the flame axis for different values of the prefactor a in the

expression for the surface reactivity. With increasing surface reactivity, the peak value of the integrated

soot volume fraction experiences a significant increase. Fig. 8b shows that HACA surface growth is the

dominant mechanism for the soot generation and that the position of the peak value for the profile of the505

integrated soot volume fraction coincides with the one in surface growth phenomena. As our intention is to

investigate the impact of aggregation models, the pre-exponential factor in the surface reactivity expression

was adjusted so that the peak value of the integrated soot volume fraction from the simulation is close to

that of the experiment, while the values of all the other parameters of the soot model were adopted from

the literature without modification. In the following analysis, therefore, the surface reactivity is yielded by510

the expression α = 0.0037× e9000/T .

Fig. 9 shows the calculated integrated soot volume fraction for the base case of the CFV-1PBE and

CFV-2PBE methods. It can be seen that the soot yield in the CFV-2PBE method is similar to that of

the CFV-1PBE method. It must also be noted that, with the current chemical mechanism and soot model,

the entire profile appears to be somewhat shifted towards the fuel nozzle, a fact that was also observed in515

Ref. [55].

7.3. Centreline comparisons

In the present section, the numerical results predicted by the CFV-1PBE method and CFV-2PBE method

with the two sintering models discussed in Sec. 5.5 are presented. Fig. 10 shows comparisons of the soot
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Figure 8: (a) Integrated soot volume fraction along the axial direction for different values of the prefactor a in the expression

for the surface reactivity with the CFV-1PBE method (line: calculation, symbol: measurements [69]), and (b) breakdown of

the integrated soot volume fraction rate of change due to nucleation, HACA surface reactions and condensation for the case of

prefactor a = 0.0037.
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Figure 9: Comparison of the numerical predictions and experimental data for the integrated soot volume fraction along the

axial direction from the base case of the CFV-1PBE method and CFV-2PBE method.

24



volume fraction and temperature along the centreline with the experimental results. All three models give520

similar results and underpredict the soot volume fraction by an order of magnitude, while the temperature

predictions are in good agreement with the measurements. A possible cause of this discrepancy is the

uncertainty involved in the experimental measurements. The soot volume fraction measurements by Santoro

et al. [41, 69] employed the laser extinction/scattering approach with a constant refractive index (RI)

without taking into account the soot composition and morphology which, as indicated in a recent work525

by Kelesidis and Pratsinis [79], might lead to an overestimation of soot volume fraction by as much as

100%. The underprediction of the soot along the flame centreline has also been observed in the work

of Dworkin et al. [35]. Another possible cause could be the soot kinetics. To probe further into this, a

breakdown of the source terms contributing to soot volume fraction (nucleation, HACA surface growth,

condensation, oxidation by OH and O2) is shown in Fig. 11a. Between HAB 20 mm and 45 mm, nucleation530

and condensation are the dominant mechanisms. Although a rapid increase for soot surface growth can be

seen after HAB 55 mm, this impact is soon cancelled by oxidation due to OH radicals. In the current soot

kinetics, nucleation and condensation depend on the dimer concentration, which is highly sensitive to the

concentration of PAHs. Fig. 11b shows the dominant PAHs (i.e. those whose mole fraction is greater than

that of other PAHs by an order of magnitude). The formation of small PAHs occurs at the first stage of the535

flame (from HAB = 5 mm to HAB = 20 mm), after which the temperature is stabilised and the PAHs are

gradually consumed. The formation of OH and H starts approximately at HAB = 50 mm. Subsequently,

the OH and H radicals trigger the H-abstraction in the HACA mechanism, boosting the surface growth

rate for a short distance. The shape of the growth profile is due to the low concentration of C2H2 when

reaching HAB 60 mm, thus limiting the acetylene addition. In the meantime, the oxidation by OH counters540

the increase due to surface growth. Other studies [35, 36] have also found that the soot mass addition

along the centreline is mainly through nucleation and condensation. This feature explains why CFV-2PBE

provides similar results as CFV-1PBE. One of the major advantages of CFV-2PBE is the better prediction

of particle surface area (to be discussed in Sec. 7.4), which plays a dominant role only in the surface growth

and oxidation processes. Therefore, this underprediction is not related to the aggregation model.545

In Fig. 12, the particle size distribution (PSD) of soot aggregates is shown at three locations along

the centreline. Due to the lack of experimental data for the PSD, no such comparison can be made. It

is notable, however, that the predictions of the three models differ considerably, in spite of the total soot

volume fraction being similar. In the nucleation region, most of the particles are newly formed and exhibit

a unimodal PSD, and the differences between the three models are small. In the growth region, where550

both growth and aggregation are present, bimodal PSDs are predicted by the CFV-2PBE model with the

sintering models, very different from the CFV-1PBE prediction. This feature illustrates the strong impact of

primary particle size on the PSD, an observation consistent with the findings of a recent study by Bouaniche

et al. [3], where the impact of primary particle size on the PSD was investigated in a premixed flame using a
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Figure 10: Comparison of numerical predictions by CFV-1PBE and CFV-2PBE with two sintering models with experimental

data along the centreline for (a) soot volume fraction (measurements from Refs. [41, 69]), (b) temperature (measurements from

Refs. [45, 69])
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Figure 12: Comparison of the numerical predictions of soot aggregate number density distribution by CFV-1PBE and CFV-

2PBE of two sintering models at three probe locations along the centreline: (a) 15 mm HAB (nucleation region), (b) 50 mm

HAB (growth region), and (c) 80 mm HAB (oxidation region)

hybrid stochastic/fixed-sectional method. When soot enters the oxidation zone, the PSD becomes unimodal555

again.

7.4. Comparisons with results along pathline of maximum soot volume fraction

In the present section, the results of both PBE models are compared with the experimental results along

the soot particle path exhibiting maximum soot volume fraction. Moreover, the effect of the key parameters

in both modelling approaches (one-PBE and two-PBE) are analysed in order to assess the effect of modelling560

uncertainties. The discussion will focus on the parameters related to aggregation, rather than on parameters

that are implemented in the same way in both the CFV-1PBE and CFV-2PBE models, such as the surface

reactivity.

Firstly, we investigate the impact of the artificial cut-off point that controls the morphology of soot in the

CFV-1PBE model. In Fig. 13, we compare the results from CFV-1PBE with dc = 30.8 nm and dc = 20 nm565

along the maximum soot pathline where intense growth and high temperatures are expected. A smaller

cut-off point would, in principle, lead to a larger number of primary particles within an aggregate, and this

is indeed the case, as shown in Figs. 13b,c. Also, as indicated in Figs. 13e,f, a larger surface area given by

the case of dc = 20 nm would enhance soot surface growth, leading to a larger soot yield. As expected from

the construction of the one-PBE model, the average diameter of primary particles in both cases grows up570

to the size of the cut-off point and afterwards remains constant (see Fig. 13d). The difference in the total

number density is significant in the initial region, as shown in Fig. 13a. In practice, one needs to choose

the cut-off size dc with care in order to achieve a good prediction of both soot volume fraction and soot

morphology.

For the CFV-2PBE model, the need is shifted to the determination of the rate of fusion for the primary575

particles, which shapes the structure of soot aggregates. Therefore, we investigate the impact of the key

parameters in the two sintering models employed in the framework of CFV-2PBE. For the silica model,
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Figure 13: Comparison of CFV-1PBE model predictions along the annular pathline containing maximum soot volume fraction

with experimental data, and effect of cut-off point. (a) Number density of aggregates, (b) number density of primary particles,

(c) average number of primary particles per aggregate, (d) diameter of primary particles, (e) soot volume fraction, and (f)

surface area density. Solid line: CFV-1PBE with dc = 30.8 nm; dashed line: CFV-1PBE with dc = 20.0 nm
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Figure 14: Comparison of CFV-2PBE model predictions along the annular pathline containing maximum soot volume fraction

with experimental data, and effect of different activation energies with the silica and titania model. (a) Number density of

aggregates, (b) number density of primary particles, (c) average number of primary particles per aggregate, (d) diameter of

primary particles, (e) soot volume fraction, and (f) surface area density. Solid line: titania model with Ea = 3.31 × 104 K;

Dashed line: titania model with Ea = 2.71 × 104 K; Dash-dot line: silica model with dc = 5 nm, Ea = 8.0 × 104 K; Dotted

line: silica model with dc = 5 nm, Ea = 10.0 × 104 K.
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cases having critical diameter dc = 5 nm with different activation energy are investigated, while for the

titania model there is only the activation energy to vary. For the titania model, soot aggregates tend to

form earlier in the case of slow sintering rate, the aggregate number density is smaller and the number of580

primary particles is higher (Fig. 14a,b). The slow sintering rate also leads to a greater number of primary

particles and a larger surface area, and thus larger soot volume fraction, as indicated in Figs. 14c,e,f. A

similar pattern can be seen in the silica model. Overall, a high sintering rate in either model would result

in larger primary particles. Consequently, the model behaviour shares a similar pattern with the case of a

large cut-off point in the CFV-1PBE method, except for the prediction of the average diameter of primary585

particles. Fig. 14d shows that there is a significant difference in the predicted primary particle size with

different sintering parameters, which is in accordance with the study of Goudeli et al. [66].

7.5. Comparison of the one-PBE model with the two-PBE model without finite-rate fusing of primary par-

ticles

Finally, it is worth comparing the results of the CFV-1PBE with those of a CFV-2PBE formulation that590

does not involve finite-rate fusing of primary particles and employs the same critical diameter (dc = 30.8 nm)

as the CFV-1PBE model. This comparison exposes the influence of the inconsistent calculation of surface

growth and oxidation in the one-PBE formulation, which (as discussed in Sec.1) is due to the fact that the

size of the primary particles is assumed to be frozen once they reach the cut-off size, ignoring the effect of

surface processes. Fig. 15 shows the comparison of integrated soot volume fraction and temperature along595

the centreline, while Fig. 16 shows the comparison along the annular pathline containing maximum soot

volume fraction for the average number of primary particles per aggregate and the diameter of primary

particles. Small differences can be observed in both figures, and a similar trend is observed in other plots

(not shown here). The impact of the inconsistent calculation of surface processes is therefore small, due

to the fact that the effect of these processes on the particle properties beyond such a high cut-off point is600

small. Of course, the formulations without finite-rate fusing cannot account correctly for the trends in the

morphology and PSD. However, the small error incurred by the one-PBE model indicates that this approach

is a reasonable choice for simulations where predictions of such properties are not required, as is the case

for many turbulent flame simulations.

8. Conclusions605

In the present study, we developed a population balance approach for modelling soot formation that

distinguishes between coalescence and aggregation and incorporates finite-rate fusing of primary particles

within aggregates, while providing a numerically accurate description of primary particle surface growth

and oxidation within aggregates. The approach is based on the conservative finite volume PBE discretisa-

tion (CFV-1PBE) method [20], which was extended here to a two-population balance model (CFV-2PBE)610
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Figure 15: Comparison of numerical predictions by CFV-1PBE, CFV-2PBE without finite-rate fusing of primary particles and

experimental data for (a) integrated soot volume fraction and (b) temperature along the centreline.
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Figure 16: Comparison of numerical predictions by CFV-1PBE, CFV-2PBE without finite-rate fusing of primary particles and

experimental data for (a) average number of primary particles per aggregate and (b) primary particle diameter.
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comprising equations for the number density of primary particles and aggregates. We also showed how the

two-PBE approach can be coupled with CFD for the simulation of sooting flames.

One of the objectives for developing an accurate approach for population balance modelling is to prevent

the compensation of errors between numerics and modelling. The conservative finite volume method attains

accurate prediction of the distribution together with conservation of the first moment (which is proportional615

to mass) in aggregation. The extension to the two-PBE approach ensures that growth is calculated in a

consistent manner and avoids the unphysical assumption of a cut-off point required in the one-PBE approach.

The numerical method was first shown to reproduce the self-preserving property of aggregates with

varying fractal dimension. Subsequently, the CFD-PBE framework was applied to the Santoro laminar

non-premixed co-flow sooting flame and the two-PBE approach was compared with the one-PBE approach.620

As the soot mass growth is dominated by surface growth, the surface reactivity in the HACA mechanism

is critical for the soot volume fraction and it was shown that, with a properly adjusted reactivity and

cut-off point, the one-PBE method is able to give a reasonably good prediction of soot volume fraction.

The two-PBE approach, however, attains this result with a consistent description of growth and a more

physical model for the fusing of primary particles. Furthermore, the predictions of the PSD and of the625

morphological parameters by the two-PBE model differed considerably from those by the one-PBE model.

The lack of information on the fusing timescale, however, necessitates the extrapolation of sintering models

for other nanoparticles, such as silica and titania. Models for these two nanoparticles were implemented in

the context of CFV-2PBE and tested, and significant improvement in the description of soot morphology

could be attained with an adjustment in the model parameters. However, it is clear that further research is630

warranted in this area in order to accomplish fully predictive simulations of soot aggregation. Furthermore,

recent work by Goudeli et al. [80] has studied the variation of fractal dimension and this effect could also

be incorporated in future work.

One of the objectives of the analysis in this paper is to lay the groundwork for the application of

CFD-PBE coupling to turbulent flames, where the uncertainty involves several more factors, such as the635

turbulence-chemistry and turbulence-soot interaction. Given the fact that measurements in turbulent flames

exist mainly for the soot volume fraction, the findings of this study demonstrate why the one-PBE approach

has been used with relative success so far and is probably a reasonable choice. However, the parameter that

must be adjusted in the one-PBE model (the cut-off point) is artificial and therefore, once experimental

information on the fusing of soot primary particles becomes available, it should be possible to harvest640

the potential of the two-PBE approach towards attaining truly predictive simulations of soot formation in

flames.
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Appendix A Discretisation and validation for the convection and diffusion of primary parti-

cles

In this section, we show in detail the discretisation scheme for the convection and diffusion of primary

particles and validate it via a simplified test case. Following the rationale explained in section 4.4, the650

transport equation for the convection and diffusion of the number density of primary particles Np,i in the

volume section vi is formulated as follows:

∂Np,i
∂t

+
∂ujNp,i
∂xj

=
∂

∂xj

(
nav,iDp,i

∂Ni
∂xj

)
+ Sp (47)

where all the other terms involved in the PBE are grouped into Sp for brevity. Introducing Eq. 4, this

equation can be written as follows:

∂Np,i
∂t

+
∂ujNp,i
∂xj

=
∂

∂xj

[
nav,iDp,i

∂

∂xj

(
Np,i
nav,i

)]
+ Sp (48)

We now apply the chain rule in the r.h.s. of the equation to obtain:655

∂Np,i
∂t

+
∂ujNp,i
∂xj

=
∂

∂xj

(
Dp,i

∂Np,i
∂xj

−Dp,i
Np,i
nav,i

∂nav,i
∂xj

)
+ Sp

=
∂

∂xj

(
Dp,i

∂Np,i
∂xj

)
− ∂

∂xj

(
Dp,i

Np,i
nav,i

∂nav,i
∂xj

)
+ Sp

(49)

where the second term in the r.h.s. of the equation accounts for the connection between the transport of

soot aggregates and primary particles.

To test the consistency of this scheme, a test case is set up where a fuel jet containing soot aggregates

is injected into air. The particle size distribution of the soot aggregate is initialised to have a linear profile.

Furthermore, we assume that each soot aggregate contains 10 primary particles and the diffusion coefficient660

Dp,i for each section is the same. Since soot aggregates only experience convection and diffusion process in

the test case, the theoretical value for the average number of primary particles per aggregate in the domain

should always remain 10 for each effective volume section. The test case undergoes 2000 time steps with

dt = 1×10−5 s and the results are collected at two heights (HAB = 5 mm and 20 mm) along the centreline.

Under the assumption of an identical diffusion coefficient, the correct transport of the particles via665

convection and diffusion should yield a PSD of the same shape at different spatial locations. This is indeed

accomplished, as shown in Fig. 17a. Fig. 17b shows that, at two probe locations in the domain, each effective
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Figure 17: (a) PSD of soot particles, and (b) average number of primary particles per aggregates collected at two probe

locations along the centreline. The black line represents location 1 at HAB 5 mm; the red line represents location 2 at HAB

20 mm.

volume section contains soot aggregates that have 10 primary particles per aggregate. Another two probes

are placed in a different radial location, r = 10 mm, to validate the transport along the radial direction.

The results are identical and not shown for brevity.670
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