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Finite subgroups of simple algebraic groups with
irreducible centralizers

Martin W. Liebeck and Adam R. Thomas

Communicated by Gunter Malle

Abstract. We determine all finite subgroups of simple algebraic groups that have irre-
ducible centralizers — that is, centralizers whose connected component does not lie in
a parabolic subgroup.

1 Introduction

Let G be a simple algebraic group over an algebraically closed field. Following
Serre [15], a subgroup of G is said to be G-irreducible (or just irreducible if the
context is clear) if it is not contained in a proper parabolic subgroup of G. Such
subgroups necessarily have finite centralizer in G (see [13, 2.1]). In this paper
we address the question of which finite subgroups can arise as such a centralizer.
It turns out (see Corollary 4 below) that they form a very restricted collection of
soluble groups, together with the alternating and symmetric groups Alts and Syms.

The question is rather straightforward in the case where G is a classical group
(see Proposition 3 below). Our main result covers the case where G is of excep-
tional type.

Theorem 1. Let G be a simple adjoint algebraic group of exceptional type in char-
acteristic p > 0, and suppose F is a finite subgroup of G such that Cg(F)° is
G-irreducible. Then | F | is not divisible by p, and F, Cg (F)° are as in Tables 7-12
in Section 5 at the end of the paper (one G-class of subgroups for each line of the
tables).

Remark. (1) The notation for the subgroups F and Cg(F)? is described at the
end of this section; the notation for elements of F is defined in Proposition 2.2.
(2) The theorem covers adjoint types of simple algebraic groups. For other
types, the possible finite subgroups F are just preimages of those in the conclusion.
(3) We also cover the case where G = Aut Eg = E¢.2 (see Table 10 and Sec-
tion 3.3).
(4) A complete determination of all G-irreducible connected subgroups is car-
ried out in [16].
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Every finite subgroup F in Theorem 1 is contained in a maximal such finite
subgroup. The list of maximal finite subgroups with irreducible centralizers is

recorded in the next result.

Corollary 2. Let G be a simple adjoint algebraic group of exceptional type, and
suppose F is a finite subgroup of G which is maximal subject to the condition that

Cg(F)° is G-irreducible. Then F, Cg(F)° are as in Table 1.

G F P Ce(F)°

Eg 2% p#2 A8
Os p#2 B3
al+é p#2 B}
Dih6 P 75 2,3 By
G2 p#2.3  A1A143
Sym4><2 p;ﬁ2,3 /IlAlAl
SL2(3)  p#2.3  AiA;
32Dihg p#2,3 A3
Syms p#2,35 A
0Os p=3 A1Dy
Dihg x2 p = A2B?B,
3 p= As
32 p=2 A3
5 p= A3
FI'Obz() p = Bz

E; 23 p#2 A
0s p#F2 Ay B}
Dih6 p 75 2,3 A1A3
Alty p#£2,3 Az
Sym, p#2,3 A1 A
22 p=3 Dy
Dihg p=3 A1B?B,
3 p = 2 A2A5

continued on next page
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G F p C(F)°
E6 2 P ;ﬁ 2 A]As
Dihﬁ P 75 2,3 A1A1
3 p= Ag

Fy 23 p#2 A}
Os p#2 B}
Sym, p#2,3 A
3 p=2  AxA,
Dihsy p=3 BB,

G, Dihg p#2.3 A
2 p=3 Ar1Aq
3 p=2 A

Table 1. Maximal finite subgroups F with irreducible centralizer.

For the classical groups we prove the following.

Proposition 3. Let G be a classical simple algebraic group in characteristic p > 0
with natural module V, and suppose F is a finite subgroup of G such that Cg (F)°

is G-irreducible. Then p # 2 and F is an elementary abelian 2-group. Moreover,
G # SL, and the following hold.

(i) If G = Sp,,,, then
C(F)° = [ [Span, = [ [SP(W0).
i i
where Y n; = n and W; are the distinct weight spaces of F on'V.
(i1) If G = SOy, then

Co(F)° = []S0n, = [ [sOW).

where n;j > 3 foralli, > n;i =n orn — 1, and W; are weight spaces of F.

Remark. In Section 4 we prove a version of this result covering finite subgroups
of Aut G for G of classical type.
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Corollary 4. Let G be a simple adjoint algebraic group, and let D be a proper
connected G -irreducible subgroup. Then the finite group Cg (D) is either elemen-
tary abelian or isomorphic to a subgroup of one of the following groups:

2114 Gy, Symy x 2, SLy(3), 3%.Dihg, Syms.
Notation. Throughout the paper we use the following notation for various finite
groups:
Zy, orjustn cyclic group of order n,
p’ (p prime) elementary abelian group of order p*,

Alt,, Sym,, alternating and symmetric groups,

Dihy, dihedral group of order 2n,

4 o Dihg order 16 central product with centre Z4,

pl+4 extra-special group of order 32 of minus type,

Frob,o Frobenius group of order 20,

Gz dicyclic group (x,y | x¢ = 1,x¥ = x~1, y2 = x3) of order 12.

In the tables in Section 5, and also in the text, we shall sometimes use A; to
denote a subgroup A; of a simple algebraic group G that is generated by long root
subgroups; we use the notation A, similarly. Also, B, denotes a natural subgroup
of type SO», 41 in a group of type D,,.

We use the following notation when describing modules for a semisimple alge-
braic group G. We let L(G) denote the Lie algebra of G. If A is a dominant weight,
then Vg (A) (or simply A) denotes the rational irreducible G-module with high
weight A. When G is simple, the fundamental dominant weights A; are ordered
with respect to the labelling of the Dynkin diagrams as in [3, p. 250]. If V1, ...,V
are G-modules, then V1/ .../ V) denotes a module having the same composition
factors as Vj +- - -+ V. Finally, when H is a subgroup of G and V' is a G-module,
we use V' | H for the restriction of V' to H.

2 Preliminaries

In this section we collect some preliminary results required in the proof of Theo-
rem 1.

Proposition 2.1. Let G be a simple adjoint algebraic group in characteristic p.
Suppose t € Aut G\ G is such that t has prime order and Cg (t)° is G-irreducible.
Then t, Cg(t)° are given in Table 2.

If G = D4 and t has order 3 with Cg(t) = A, there is an involutory graph
automorphism of G that inverts t and acts as a graph automorphism on Cg (t).
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G order of t Cg(t)°
Azn 2 By (p #2)
Azp—1 2 Cn
Dy (p #2)
D, 2 Bp1
BBy 1 (1<k=<n—-2,p#2)
Dy 3 Gy
Ax(p #3)
Es 2 Fy
Ca(p #2)

Table 2. Centralizers of graph automorphisms in simple algebraic groups.

Proof. The first part follows from [8, Tables 4.3.3, 4.7.1] for p # 2, from [1, Sec-
tion 8] for G = D,, p = 2, and from [1, 19.9] for G = A,, E¢, p = 2. The last
part follows from [9, 2.3.3]. O

Proposition 2.2. Let G be a simple adjoint algebraic group of exceptional type
in characteristic p, and let x € G be a nonidentity element such that Cg(x)° is
G-irreducible. Then x and Cg(x) are as in Table 3; we label x according to its
order, which is not divisible by p.

Proof. First observe that if p divides the order of x, then Cg (x)° is G-reducible
by [2, 2.5]. Hence x is a semisimple element and Cg (x)? is a semisimple subgroup
of maximal rank. It follows from [14, 4.5] that this implies the order of x is equal
to one of the coefficients in the expression for the highest root in the root system
of G; these are at most 6 for G = Eg, and at most 4 for the other types. The
classes and centralizers of elements of these orders can be found in [5, 3.1, 4.1]
and [7, 3.1]. O

We shall need a similar result for the group Aut E¢ = Eg.2.

Proposition 2.3. Let G = Aut Eg and let x € G\ G’ be such that Cg(x)° is
G'-irreducible. Then x and Cg:(x) are as in Table 4.

Proof. 1f x is an involution, then the result follows from Proposition 2.1. Suppose
now that 1 # x? € G’. Then x? has order 2 or 3 and Cg/(x?) = A As or A§.3,
respectively, by Proposition 2.2. In the former case x acts as a graph automorphism
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G

x  Cg(x)

Eg

24 AE;
2B Ds

34 Ag

3B AyEs

44 A1A7

4B A3Ds
54 A3

64 Ai1AzAs

E7

24 A1Ds
2B A7.2
34 AxAs
44 A 432

24 A14s
34 A33

Fa

24 B4

2B A1Cs
34 AxA,
44 A;As

Gy

24 A4
34 Az

Table 3. Elements of exceptional groups with irreducible centralizers.

X

Cagr(x)

2B
2C
44
64

Fy
Ca(p#2)
A143(p #2)
AzA> (p # 3)

Table 4. Elements with irreducible centralizers in G = Aut Eg.
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on the A5 factor and Cg/(x) = A1C3 or A1 A3 by [8, Table 4.3.1]. Here A;C3 is
not possible since this lies in a subgroup F4 and hence centralizes an involution
inG\G'.

In the case where Cg/(x?) = AS.S’, the element x? is of order 3 in Cg/(x3). By
Proposition 2.2, the latter group must be Fy and Cp, (x?) = A24,. |

We also require information on normalizers of certain maximal rank subgroups.
The following proposition can be deduced from [4, Tables 7-11] and direct calcu-
lation in the Weyl groups of exceptional algebraic groups; many of the results can
be found in [12, Chapter 11].

Proposition 2.4. Let G be a simple algebraic group of exceptional type. Then
Table 5 gives the groups Ng(M)/M (or Nawwg(M)/M for G of type Eg) for
the given maximal rank subgroups M of G.

G M  NgM)/M

Eg Ag 2

ArEgs 2

A1A7 2

A 4

D3 Syms x 2

A1Ds Symy

A GL,(3)

A8 AGL3(2)
E; AxAs 2

Al GL3(2)
Ee¢ A3  Symyx2
Fy AzAy 2

Dy Symj,
Gy, A 2

Table 5. Normalizers of maximal rank subgroups of G.

Next we have a result about the Spin group Spin,, in characteristic p # 2. Recall
that the centre of Spin,, is 22 if n is divisible by 4 and is Z5 if n is odd. In the former
case the quotients of Spin, by the three central subgroups of order two are SO,
and the two half-spin groups HSpin,,.
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Proposition 2.5. Let G be HSpin,, (where 4|n) or Spin, (n odd), in character-
istic p # 2. Let (t) = Z(G) (so that G/{t) = PSOy,) and suppose F is a finite
2-subgroup of G containing t such that Cg(F)° is G-irreducible. Then the pre-
image of F/(t) in SOy, is elementary abelian. Moreover, an element e € F has
order 2 if and only if its preimage in SO, has —1-eigenspace of dimension divisi-
ble by 4.

Proof. 1f the preimage contains an element e of order greater than 2, then Cso,, (e)
has a nontrivial normal torus, and hence Cg (F)° cannot be irreducible. The asser-
tion in the last sentence is well known. |

In the following statement, by a pure subgroup of G we mean a subgroup all of
whose nonidentity elements are G -conjugate.

Proposition 2.6. Let G = Eg in characteristic p.

() If p # 2, then G has two conjugacy classes of subgroups E == 22 such that
CG(E)® is G-irreducible, and one class of pure subgroups E == 23; these
are as follows:

E elements Cg(E)°

22 283 D3
24%2,2B  A2Dg
23 2B7 A8

Further, G has no pure subgroup 2*.

(i) If p # 3, then G has one class of subgroups E == 3% such that Cg(E)° is
G-irreducible. For this class, Cg(E) = Ag.

Proof. Part (i) follows from [5, 3.7, 3.8]. For part (ii), let £ = (x, y) < G with
E =32 and Cg(E)? irreducible. Then Cg(x) # Ag, so Proposition 2.2 implies
that Cg(x) = Az Es, and also that Cy, g, (1)° = Ag, as required. |

The next result is taken from [13, Lemma 2.2].

Proposition 2.7. Suppose G is a classical simple algebraic group in characteristic
p # 2, with natural module V. Let X be a semisimple connected subgroup of G.
If X is G-irreducible, then either

(i) G = A, and X is irreducible on 'V, or

(i) G =By, ChorDyandV | X =Vy L --- L Vi with the V; all nondegen-
erate, irreducible and inequivalent as X -modules.
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3  Proof of Theorem 1

3.1 Thecase G = Eg

We now embark on the proof of Theorem 1 for the case G = Eg. Let F be a finite
subgroup of G such that Cg(F)? is G-irreducible. Then Cg (F)° is semisimple
(see [13, 2.1]). Moreover, Cg(E)? is irreducible for all nontrivial subgroups E
of F. Also F is a {2, 3, 5}-group by Proposition 2.2.

Lemma 3.1. If F is an elementary abelian 2-group, then F is as in Table 7.

Proof. Suppose F' == 2k Ifk <2, orif k = 3 and F is pure, the conclusion fol-
lows from Proposition 2.6 (i).

Now assume that k = 3 and F is not pure. By considering the 22 subgroups
of F, all of which must be as in (i) of Proposition 2.6, we see that one of these, say
(e1,e3),is 2B-pure, so that Cg (e1,e2)? = Df. We have Cg(eq)/{e1) = PSOj¢,
and consider the preimage of F/{(e;) in SO;¢. This preimage is elementary abel-
ian by Proposition 2.5, so can be diagonalized, and we can take e, = (—18, 13).
Let e3 be a further element of F that is in class 2A. Then the —1-eigenspace of
e3 has dimension 4 or 12, and so the fact that Cg(F)° is G-irreducible means
that we can take e3 = (—1%, 1%, 18), so that Cg,om(F)0 = S04S04S0g, and so
Cg(E)® = A} D4 as in Table 7.

Next suppose k > 4. Then F is not pure by Proposition 2.6 (i), so F contains
a subgroup (e1, e, e3) = 23 as in the previous paragraph. Arguing as above, we

can take a further element e4 of F to be (18, —14, 14), so that Cg(eq, ..., e4)0
equals A?. There is no possible further diagonal involution in F such that Cg (F)°
is irreducible, so k = 4. O

In view of the previous lemma, we assume from now on that F is not an elemen-
tary abelian 2-group. Hence if F is a 2-group, it has exponent 4 by Proposition 2.2.

Lemma 3.2. Suppose F is a 2-group, and has no element in the class 4B. Then
one of the following holds:

(i) F = Zg4, generated by an element in class 44, and Cg(F)? = A1 A7.

(ii) F = Qg with elements 2A,4A%, and Cg(F)? = A1 Dy,
In both cases F is as in Table 7.
Proof. Let e € F have order 4. By hypothesis, e is in class 44, so we have
Cg(e) = A1 A7. There is nothing to prove if F' =~ Z4, so assume | F| > 4 and pick

f e Np({e)\ (e).If f € A; A7, then Cg (e, f) has anormal torus, so e/ = ™!
and f induces an involutory graph automorphism on A7 (see Proposition 2.4).
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Hence Cy,(f)° = C4 or D4 by Proposition 2.1. The subgroup Cj lies in a Levi
subgroup Eg of Cg(A1) = E7 (see the proof of [6, 2.15]), so the irreducibility of
Cg(F)? implies that C4,(f)? = D4, hence Cg (e, f)° = A1 D4. Also we have
(e, f) = Qs, as shown in the proof of [6, 2.15]. Finally, if Nr({e, f)) > (e, f),
then some element of order 4 in (e, f) has centralizer in F of order greater than 4,
which we have seen to be impossible above. Hence F = (e, f). |

Lemma 3.3. Suppose F is a 2-group and has an element e in the class 4B. If
CF(e) # (e), then F is as in Table T (one of the entries 4 x 2, Dihg X 2, 4 o Dihg,
Qg x 2,214,

Proof. Assume that Cr(e) # (e). Then Cr(e) contains a group of order 8 in
which e is central, and hence there is an involution e; € Cg(e) \ (e). Diagonaliz-
ing the preimage of Cr (e?)/(e?) in SOy (as in the proof of Lemma 3.1), we can
take
e=(—1%1', ¢ =(1°-1%19),
sothat (e, e1) = Z4 x Zpand Cg(e,e1)? = A%A%, as in the 4x2 entry in Table 7.
Write Eg = (e, e1). If there exists f € (FﬂA%A%)\EO, then Cg (e, eq, f) has
a nontrivial normal torus, which is a contradiction. Hence F N Cg(E)? = Ej.
Suppose Cr(e) # Ep. If there is no involution in Cfg(e) \ Ep, then Cr(e)
contains a subgroup Z4 x Z4, which is impossible. So let e; be an involution
in Cp(e) \ Eg. As e3 does not centralize e, we can take

er = (161,13, —13, 13).
Then we have Cg (e, el,ez)o = A3 B13 (where each B corresponds to a natural
subgroup SO3 in SOy¢), and (e, e1, e2) = (e) o (e, e2) = 4 o Dihg, as in Table 7.

If F # E; := (e,e1,e2), then there is an element ez € Nrg(E1) \ E1, and adjust-
ing by an element of E; we can take

ez = (—13,13,—1,1°).

Then Cg(E1, e3)° = B and (Eq, e3) = 2174 as in Table 7. Finally, there are no
possible further elements of F such that Cg (F)? is irreducible.

Now suppose Cr(e) = Eg and F # Ey.Pick f € Nr(Eo) \ Eo. Then f cen-
tralizes e?, so we can diagonalize in the usual way; adjusting by an element of Ej
and using the fact that Cg(Eyp, /) has no nontrivial normal torus, we can take
f €{es,es,e6,e7}, where

ea = (=12, P15, =1, 1%), es = (=1, 1%,1*, —1°,1%),
oo = (1 1 —1.1%,1%), e = (-1,1°, 14 —12,1%).
Let E5 = (Eo, f).
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If f = eq, then Cg(E2)° = B2A2B; and E, = (e, e4) x {e1) = Dihg x Z»,
as in Table 7. There are no possible further elements of F in this case.

If f = es,then Cg(E2)? = A2B} and E; = (e, e5) x (e1) = Qg x Z,, asin
Table 7. Any further element of F would centralize 2, and hence would violate
the fact that Cr (e) = Ej.

Finally, if f = eg or e7, then E5 is Dg-conjugate to (e, eq,ez) or (e, e1,eq),
cases considered previously. o

Lemma 3.4. If F is a 2-group, then it is as in Table 7.

Proof. Suppose F is a 2-group. In view of the previous two lemmas, we can
assume that F' contains an element e in the class 4B, and that Cr (e) = (e) — and
indeed that F has no subgroup Z4 x Z,. We can also assume that F # (e). Hence
there exists f € F such that e/ = e~1. As usual we can diagonalize (e, /), and
hence take e = (—1°,11%) and f € { f1, f>. f3. f4. f5}, Where

fi=(=1313,-1,1°), fi=(-1313-1317),
fi=1313,-1°,1%), fo=(-1,1°,-1317),
fs = (=1,1°,—1°,1°).

Moreover, the fact that F has no subgroup Z4 x Z, implies that F' = (e, f).
It is easily seen that the possibilities for F and Cg (F)? are as follows:

F Cg(F)°
(e, f1) = Dihg B?B4
(e, f2) = Qs BiB3
(e, f3) = Dihg 312322
(e, fa) = Dihg B1B>B;
(e.fs) =~ Qs B;
All these possibilities are in Table 7. o

Lemma 3.5. If F is a 3-group, then F = 3 or 32 is as in Table 7.

Proof. Suppose F is a 3-group. It has exponent 3, by Proposition 2.2. If FF =3
or 32, it is as in Table 7 by Propositions 2.2 and 2.6 (ii), so assume | F| > 9.

If F has an element e with Cg(e) = As, there is an element f € Cr(e) \ (e),
and Cy4(f') is reducible in Ag, a contradiction. Hence all nonidentity elements
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of F have centralizer A, E¢ (see Proposition 2.2). In particular, they have trace 5
on the adjoint module L(G) (see [5, 3.1]).

Let V be a normal subgroup of F with V 2 32, Then Cg (V) = Ag by Propo-
sition 2.6 (ii). If f € F\ V, then f acts as a 3-cycle on the four A, factors,
so CG (V. f)° = A2 A,. On the other hand, since every nonidentity element has
trace 5 on L(G), we have

1
dim Cp(G)(V, f) = 55(248 426 5) = 14.

This is a contradiction, showing that | F'| > 9 is impossible. o

From now on, we assume that F is not a 2-group or a 3-group. Let J = Fit(F),
the Fitting subgroup of F'.

Lemma 3.6. Suppose J is a nontrivial 2-group. Then F is as in Table 7.

Proof. By Lemma 3.4, J and Cg (J)° are as in Table 7. Also Cr(J) < J,so F
contains an element x of order r = 3 or 5 acting nontrivially on J and as a graph
automorphism of Cg (J)°. By inspection of Table 7, the possibilities for J with
these properties are as follows:

J Cg(N)° r
22 D3 3
23 AlDy 3
A3 3,5
24 A8 3,5
Os A1Dy 3
B3 3
B{B; 3
40Dihg A3B} 3
Qgx2 A3B} 3
21+4 B} 3,5

For the last five cases, where Cg(J)° > B} (or B}), Cg(J, x)? has a factor B;
(or By) which is a diagonal subgroup of this, and so Cg(J,x)° is a reducible
subgroup of Dyg in these cases, by Proposition 2.7. Also if Cg(J)° = A’f, then
Ng(A%)/A% ~ AGL3(2) by Proposition 2.4, so r = 3 and x acts as a product
of two 3-cycles on the eight A1 factors. We claim that again Cg(J, x)° is redu-
cible. To see this, regard Aff as a subgroup of Dg corresponding to SOi in SO1s.
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Observe that Cj(x)°? = A%A%, where each of the last two A; factors is diago-
nal in fﬁ’. There are two possible actions of the subgroup A% < /I? < D¢ on the
12-dimensional natural module, namely (1, 1)3 or (2,0) + (1, 1) + (0, 2) + (0, 0)2.
In both cases the subgroup A% is Dg-reducible by Proposition 2.7 and hence
Cy(x)%is Dg-reducible.

This leaves the following possibilities remaining, all with r = 3:

J  Ce())°
22 D?

23 AlD,4
0g A1Dy

Suppose J = 22, C(J)® = D2. Then x induces a triality automorphism on
both D4 factors (see Proposition 2.4). So by Proposition 2.1, Cg (J, x)° = G,G»,
Ap Ay or A2Go. In the first case GoGo < D7 < Dg, so is reducible. Hence if
F = (J, x), we have the possibilities

F=(J.x)=Alty, Cg(F)° = AyA;0r A2G>,

both in Table 7. Now assume F # (J, x). Then F = (J, x,t) = Sym,, where ¢
is an involution inverting x (since Fit(F) = 22). If Cg(J,x)? = AA,, then ¢
acts as a graph automorphism on each A, factor (see Proposition 2.1), and so
Cg(F)? = A1Ay; and if Cg(J,x)° = A2G», then ¢ acts as a graph automor-
phism on the A, factor and centralizes the G, factor, so Cg (F )9 = A4;G,. Hence
we have the possibilities

F = (J.,x.t)=Sym,, Cg(F)° = A14;0r A;G,,

both in Table 7.

Next suppose J = 23, Cg(J)? = A‘I‘D4. Then x acts as a 3-cycle on the A
factors and as a triality on Dy, so Cg(J,x)? = A1A1G or Aj A1 Ay (where Ay
denotes a fundamental SL, generated by a root group and its opposite). The first
subgroup is reducible as it is contained in a subgroup D7 of Dg. Soif F = (J, x),
we have

F=(J,x)=2xAlty, Cg(F)° = A A4,

as in Table 7. Now assume F # (J, x), and let (v) = Z({J, x)). As F/J is iso-
morphic to a subgroup of GL3(2) with no nontrivial normal 2-subgroup, we have
F/J = Dihg and F = (J, x,t) where x’ = x~! and t?> = 1 or v. Such an ele-
ment ¢ centralizes both A; factors of Cg(J, x)°, and induces a graph automor-
phism on the A, factor, so Cg(F )0 = A, A1 A;. This is contained in the above
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centralizer G A, of an Alty4 subgroup, and A1 Ay centralizes an involution in G,.
Hence in fact 72 = 1 and we have

F=(J,x,t)=2xSymy, Cg(F)"=A414,4,,

as in Table 7.

Finally, suppose J = (s, Cg(J)? = A1 D4 < A1 A7. Then x induces triality
on the D4 factor (see [6, 2.15]), so Cg(J,x)? = A1G, or A1 A». The first sub-
group is reducible in A1 A7, so if F = (J, x), we have

F=(J,x)=083=SLy(3), Cc(F)° = A4z,

as in Table 7. If F # (J, x), then F has an element ¢ inducing a graph automor-
phism on the A, factor, so Cg(/, x, t)o = A1 A1, which is reducible in A;A7.
This completes the proof. i

Lemma 3.7. If | J |3 = 3, then F is as in Table 7.

Proof. Assume |J|3 = 3, and let x € J be of order 3.

Suppose first that | F|3 = 3 also. As F has no element of order 15, we have
|F|s =1, so F/{x) is a 2-group. The case where |F| = 3 is in Table 7, so
assume |F| > 3.

Suppose Cg(x) = Ay Ee. If t is an involution in Cfr (x), then Cg(x, t) is equal
to Ap A1 As; moreover Cr (x) has no element of order 4 (as F has no element of
order 12), and no subgroup V == 22 (as Cg(x, V) would have a normal torus).
Hence CF(x) has order 3 or 6, and so | F| is 6 or 12.

If |F| = 6, then either F =~ Z¢, Cg(F) = A1A2As, or F = (x,t) = Dihg
with ¢ inducing graph automorphisms on both factors of Cg(x) = Az E¢ (see
Proposition 2.4), in which case Cg (F)? = A1 F4 or A;C4. All these possibilities
are in Table 7.

If |F| = 12, then F = (y,u), where y has order 6, y* = y~!and u? = 1 or y3.
Then u induces a graph automorphism on the A,, A5 factors of Cg(y) = A1 A2 As,
so Cg(F)? = A1A;C3or Ay A1 As. The subgroup A1 A1C5 is contained in Ay F4
and in A1 Cy4, while the subgroup A1 A1 Az is contained in neither. Hence u is an
involution in the first case, and has order 4 in the second. This gives the possibili-
ties

F = (y,u) = Dihys or G12, Cg(F)O = 141A1C3 or /11141/13 (resp.),

both in Table 7.

Next suppose that Cg(x) = Ag. Then Cr(x) = (x), so F = (x,t) = Dihg,
where ¢ induces a graph automorphism on Ag, giving Cg(F)°® = By. This com-
pletes the case where |F|3 = 3.
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Finally, suppose | F |3 = 32, and let (x, y) be a Sylow 3-subgroup of F. Again,
|F|s = 1.If F = (x, y), then Cg(F)° = A} by Proposition 2.6 (ii), as in Table 7.
Otherwise, as Cz(J) < J, there must be a subgroup V = 22 of J such that y
acts nontrivially on V. But then Cg (x, V)? = Cy, g, (V)? is reducible, a contra-
diction. |

Lemma 3.8. If | J |3 = 32, then F is as in Table 7.

Proof. Let V 2 32 be a Sylow 3-subgroup of J (also of F, by Lemma 3.5). By
Propositions 2.6 (ii) and 2.4, Cg (V) = Ag and Ng (Ag)/Ag =~ GL,(3). There is
no involution in Cg(V'), so J = Fit(F) = V and F/J is a nontrivial 2-subgroup
of GL, (3) .

Suppose first that |F/J| = 2. There are two classes of involutions in GL;(3),
with representatives i = —/1 and t = (_01 (1’). Then i induces a graph automor-
phism on each A, factor of Cg(V), so Cg(V,i)? = A?3 and ¢ fixes two A, fac-
tors, inducing a graph automorphism on one of them, so Cg(V, 1) = A; A, A5.
Both these groups F = 32.2 are in Table 7.

If F/J = 22, wecantake F = (V,i,t) andso Cg(F)? = A2 A4y, asin Table 7.

Next suppose F/J = Z4. There is one class of elements of order 4 in GL;(3),
with representative u = ( _01 (1)); this swaps two pairs of A, factors, and squares
toi. Hence Cg(F)? = Cg(V,u)? = A%, as in Table 7.

If F/J = Dihg, we can take F = (V,u, 1), and again Cg (F)° = A3.

Now suppose F/J =~ Qg. Then F/J acts transitively on the four A, factors,
and contains i, so Cg (F)°? = Ay, a diagonal subgroup of A‘lt < Ag. We claim that
Cg(F) is reducible. To see this, observe that A‘ll centralizes the involution 7 ; this
involution corresponds to wy, the longest element of the Weyl group of G, and so
Cg (i) = Dg. Now it is easy to check that Cg(F)? = A, is reducible in this Ds.
Indeed, A‘ll acts as (1,1, 1, 1) on the natural module for Dg and hence a diagonal
subgroup A acts as 4 + 23 + 0%. Thus F/J = Qg is impossible, and we have
now covered all possibilities for F/J. o

Lemma 3.9. If | J |5 > 5, then F is as in Table 7.

Proof. Suppose |J |5 > 5, and let x € J have order 5. As Cg(x) = A3 by Propo-
sition 2.2, there is no element of order 5 in Cr(x) \ (x), and so (x) is a Sylow
5-subgroup of F.

As F has no element of order 10 or 15, we have Cr(x) = (x), and |F| = 10
or 20. By Proposition 2.4, Ng (Aﬁ)/Aﬁ = (t) = Z4, where ¢ interchanges the two
Ay factors and ¢2 induces a graph automorphism on both. Hence F is either Dihjg
or Frobyg, and Cg (F)? = B, B, or B, respectively, as in Table 7. O
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Lemmas 3.6-3.9 cover all cases where the Fitting subgroup J is nontrivial.

Lemma 3.10. Suppose J = Fit(F) = 1. Then F = Alts or Syms is as in Table 7.

Proof. In this case S := soc(F') is a direct product of nonabelian simple groups.
As 52 does not divide | F|, in fact S is simple. Proposition 1.2 of [10] shows that
S =~ Alts or Altg.

Suppose S = Alts. Then S has subgroups D == Dihjo and A = Alt4, and by
what we have already proved, these subgroups are in Table 7. Hence the involu-
tions in S are in the class 2B (since those in A are in this class). If the elements of
order 3 in § are in class 34 (with centralizer Ag), then from [5, 3.1] we see that the
traces of the elements in S of orders 2, 3,5 on L(G) are —8, —4, —2, respectively,
and hence

1
dim Cp.()(S) = (248 815420 -2-24) = 0,

which is a contradiction. It follows that the elements of order 3 in S are in the
class 3B, with centralizer A, E¢ and trace 5, so that

1
dim Cp(6)(S) = (248 =815+ 5:20-2-24) = 3.

Since Cg(D)? = B, By < A4As, it follows that Cg(S)° = A1, embedded dia-
gonally and irreducibly in A4A4. Also Cg(A1) = Syms by [10, 1.5]. Hence we
have F = Alts or Syms and Cg (F)° = A1, as in Table 7.

Finally, suppose S = Alte and choose a subgroup 7' < S with T = Alts. By
the above, Cg (T)° = A; and so Cg(S)? must also be A;. But as observed before,
Cg (A1) = Syms, a contradiction. |

We have now established that F and Cg (F)° must be as in Table 7. To complete
the proof of Theorem 1, we need to establish that all these examples exist. This is
proved in the following lemma.

Lemma 3.11. Let F and Cg (F)° be as in Table 7. Then Cg (F)° is G-irreducible.

Proof. Any subgroup containing a G -irreducible subgroup is itself G-irreducible.
Thus we need only consider the subgroups Cg(F)° for which F is maximal.
These subgroups are given in Table 1; let X be such a subgroup Cg (F)°.

Firstly, if X has maximal rank then X is clearly G-irreducible. For the sub-
groups not of maximal rank we use the fact that a subgroup with no trivial com-
position factors on L(G) is necessarily G-irreducible (since the Lie algebra of the
centre of a Levi subgroup gives a trivial composition factor). It thus remains to
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show X has no trivial composition factors on L(Eg). We find the composition fac-
tors of X on L(G) by restriction from a maximal rank overgroup Y, as given in the
last column of Table 7. The restrictions L(G) | Y are given in [12, Lemma 11.2,
11.3] for all of the maximal rank overgroups Y except for A; A7, A‘I‘D4 and Ag.
The latter subgroups are contained in A E7, D f and A; Eg, respectively, and it is
straightforward to compute their composition factors on L(G).

We finish the proof with two examples of how to calculate the composition
factors of L(G) | X from those of a maximal rank overgroup Y. The others all
follow similarly and in each case there are no trivial composition factors.

For the first example, let X = B23 so p # 2 and X is contained in the maximal
rank overgroup Dg. From [12, Lemma 11.2],

L(G) | Dg =V(A2) + V(7).

the sum of the exterior square of the natural module for Dg and a spin module.
To find the restriction of the spin module Vp, (A7) to X, we consider the chain of
subgroups X < B, Ds < By Bs < Dg. By [12, Lemma 11.15 (ii)],

VDS(X7) J B2Bs =01 ® As.

Also,
VBs(As) | Ds = A4 + As
and
Vps(4i) | 322 =01®01 fori=4,5.
Therefore,

2
L(G) | X = /\"(10800®00+00®10000+00000%10-+0)+(01R01®01)>

and this has no trivial composition factors.

For the second example, let X = A1D4. Here p = 3 and X is contained in
a maximal rank subgroup A;A7. Then using the restriction L(G) | A; E7 given
in [12, Lemma 11.2] we find

LG)| A147 =200+ 1@ A+ 1R +0® (A1 + A7) + 0 ® A4.

It is sufficient to show there are no trivial composition factors for D4 acting
on V4,(A) for A = A1 + A7 and A4. By weight considerations, the first module
restricts to D4 as V(2A1) 4+ V(L) and the second as V(2A3) 4+ V(2A4). Hence
L(G) | X has no trivial composition factors. |

This completes the proof of Theorem 1 for G = Es.
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3.2 Thecase G = Ey

In this section we prove Theorem 1 for G = E7, of adjoint type. Let F be a finite
subgroup of G such that Cg (F)? is G-irreducible. As before, Cg(F)? is semi-
simple and Cg (E)? is G-irreducible for all nontrivial subgroups E of F. Also F
is a {2, 3}-group by Proposition 2.2.

Lemma 3.12. If F is an elementary abelian 2-group, then F is as in Table 8.

Proof. We may suppose that | F| > 2. If F has an element e in the class 2B, then
any further element f € F \ {e) must lie in Cg(e) \ Cg(e)? = 47.2\ A7, and
hence F = (e, f) = 22; moreover Cg (F)® = Dy, as in the proof of Lemma 3.2.
Hence F is as in Table 8.

So now suppose that F' is 2A4-pure. Let 1 #e € F and e; € F \ (e). Then
Cg(e) isequal to A; Dg, and diagonalizing in SO;, as in Lemma 3.1, we can take
e1 = (—1%,18). Hence Cg (e, 1)® = A3 D4. If there is an element e, € E\ (e, e1),
then we can take e, = (1%, —1%,1%), and so Cg (e, e1,€2)? = AZ. Both these pos-
sibilities are in Table 7, and there are no further possible elements in F'. O

Lemma 3.13. If F is a 2-group containing an element of order 4, then F is as in
Table 8.

Proof. Let e € F of order 4. By Proposition 2.2 we have Cg (e)? = A1A§. Sup-
pose F # (e), so there exists f € F such thate/ = e~1. Now Cg(e2) = A; Ds,
and diagonalizing in SO1, as in Lemma 3.1, we may take e = (—1°, 1) and
felfi, fo)l where fi = (=1,1°,—13,13), fo = (—13,13, =13, 13).1f f = 11,
then Cg (e, £)° = A1 BB, and (e, f) =~ Dihg. And if f = f>, then we have
Cgle, )0 = /IlBi‘ and (e, f') =~ Qg. Both possibilities are in Table 8. Finally,
there are no possible further elements of F, as can be seen by diagonalizing in the
usual way. |

In view of the previous two lemmas we assume from this point that F' contains
an element x of order 3. Let J be the Fitting subgroup of F. Note that F' does
not contain an element of order 6 by Proposition 2.2. Therefore J is a 2-group or
a 3-group.

Lemma 3.14. If J is a 3-group, then F and Cg(F)° are as given in Table 8.

Proof. Suppose |J| = 3. If | F| = 3, then by Proposition 2.2 we have that Cg (F')
equals A As. Otherwise F = Dihg and Cg(F)? = A{C3 or A1 A3.

Finally, |J| > 3 is impossible because the centralizer of an element of order 3
in Ay As is not A As-irreducible. O

Brought to you by | Imperial College London
Authenticated
Download Date | 10/4/17 2:40 PM



Finite subgroups of simple algebraic groups 859

We may now assume that J is a 2-group. By Lemmas 3.12 and 3.13, J is as in
Table 8 and the action of x shows that the only possibilities are J == 22, 23 or Qg.

Lemma 3.15. If J = 22, then F and Cg (F)° are as given in Table 8.
Proof. Suppose Cg(J)° = A%D4. By Proposition 2.4,
NG(A3Dy4)/ A3 Dy = Sym,

acting simultaneously on both the Ai’ and the Dy factors. Therefore Cg(J, x)°
equals Ay A or A1 G, with (J, x) = Altg. The subgroup A1 G, is A1 Dg-reducible
by Proposition 2.7, and therefore does not appear in Table 8. If F # (J, x), then
we must have F 2 Sym, with Cg(F)° = A1 A;.

Now suppose Cg (J)? = D4 < A7. By [6, Lemma 2.15], we have

NG (D4)/ (D4 x CG(Dyg)) = Sym;.

Therefore Cg (J, x)° = Aj or G,. The subgroup G, is A7-reducible and therefore
does not appear in Table 8. If F # (J, x), then F == Sym, with Cg(F)? = 4;. o

Lemma 3.16. There are no possible subgroups F with J = 23 or Qg.
Proof. Suppose J == 23 s0 Cg(J)° = Az. By Proposition 2.4 we have
NG (A])/A] = GL3(2).

The element x € F therefore acts as a product of two disjoint 3-cycles on the seven
Aj factors. But the centralizer Cg (J, x)? is then A; Dg-reducible by an argument
in the first paragraph of the proof of Lemma 3.6.

Finally, if J = Qg and Cg(J)? = 4B, then Cg(J, x)° = A{ By B, which
is clearly A1 Dg-reducible. o

The proof of Theorem 1 for G = E5 is now complete, apart from showing that
all the subgroups Cg (F)? in Table 8 are G-irreducible. This is proved in similar
fashion to Lemma 3.11.

3.3 Thecase G = Aut Eg

Let G = Aut Eg = Eg.2, and let F be a finite subgroup of G such that Cg/(F)°
is G’-irreducible.

Lemma 3.17. If F has an element x of order 4, then F = (x) and Cg/(F)° is
equal to Ay As.
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Proof. By Proposition 2.3, we have Cg(x)? = A A3. By Proposition 2.7, A1 A3
contains no proper A1 As-irreducible connected subgroups and therefore F' = (x),
as claimed. o

We now assume that F has no element of order 4.

Lemma 3.18. If F is an elementary abelian 2-group then it appears in Table 10.

Proof. If |F| =2, then F and Cg(F)? are as in Table 10 by Proposition 2.2.
Now suppose F = (t,u) = 2%. Then Cg(t)® = A1As, F4 or C4 and therefore
Cg(F)® = A1 A3, A1C3, B4 or C3. The Ay A3 case is ruled out by Lemma 3.17.
The B4 and C22 subgroups are both contained in Ds-parabolic subgroups. There-
fore Cg(F)? = A;Cs. Finally, if F has a further involution v, then Cg (F)° is
equal to A%Cz, which by Proposition 2.7 is A; As-reducible. |

We now let J be the Fitting subgroup of F. Since F is a {2, 3}-group, J is
nontrivial.

Lemma 3.19. If J is not a 2-group or a 3-group, then F is as in Table 10.

Proof. Under the assumptions of the lemma, J has an element x of order 6. Then
Cg(x)° = Ay A, by Proposition 2.3. If F # (x), then there exists an element
t € F\ J inverting x with t? € J. Since F has no element of order 4, we have
t2 = 1 and (J,t) = Dihj,. The element ¢ induces a graph automorphism on both
Ay factors and so Cg(J,1)? = A1 A;. Since the two factors are non-conjugate,
there is no element swapping them and hence F = (J, ). o

Lemma 3.20. If J is a 2-group, then F = J.

Proof. The possibilities for the 2-group J are in Table 10, from which we see that
no element of order 3 can act as a graph automorphism on Cg (J)°. |

Lemma 3.21. If J is a 3-group, then F is as in Table 10.

Proof. Suppose J = (x) = Z3.If F = J, then Cg(F)? = Ag by Proposition 2.2.
Otherwise, F = (J,t) = Dihg, where ¢ is an involution in Ng(Ag)/A3 ~2x 83
by Proposition 2.4. This gives two possibilities for ¢. If  is the central involution,
then ¢ induces a graph automorphism on each factor A, and Cg (J,1)° = A?. Ift
is not central, then Cg (J,1)° = A A;.

Now suppose |J| > 3 and let x, y € J with (x, y) = 3%. Then Cg(x) = 43.3
and y cyclically permutes the three A, factors, so Cg(x, y)? is a diagonal sub-
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group A,. However, the elements in class 34 have trace —3 on L(G) and so
1
dim Cp,)(S) = 5(78 —8-3) =06,

a contradiction. O

Finally, we need to prove that all the subgroups Cg (F)? in Table 10 are G'-irre-
ducible.

Lemma 3.22. Let F and Cg (F)° be as in Table 9. Then Cg (F)° is G'-irreducible.

Proof. This is proved in a similar fashion to Lemma 3.11 for most of the sub-
groups. Specifically, all of the subgroups have no trivial composition factors on
L(G) except for AjAs, A{C3 and A1 A3 when p = 3, all of which have exactly
one trivial composition factor. There are no Levi subgroups of G’ containing a sub-
group of type A; As or A1C3. Hence both are G’-irreducible.

Now consider X = A;Az. Assume X is G’-reducible and choose a minimal
parabolic subgroup P containing X . By [11, Theorem 1], X is contained in a Levi
subgroup L of P and by minimality X is L-irreducible. Hence L = D57} or
A1 A3T,, where T; denotes a central torus of rank i. The second possibility is ruled
out since X has only one trivial composition factor on L(G). So X is an irreducible
subgroup of L’ = Ds. The A; factor of X is generated by root groups of D5 and
so Cps (41)° = A1 A3. Thus Cps (X)O contains a subgroup A1, contradicting the
L-irreducibility of X. Hence X is G'-irreducible, as required. O

This completes the proof of Theorem 1 for G = Aut E§.

3.4 Thecase G = Fy4

Let G = F4, and let F be a finite subgroup of G such that Cg (F)° is G-irredu-
cible.

Lemma 3.23. If F is an elementary abelian 2-group, then F and Cg(F)° are
given in Table 11.

Proof. If F = Z5, then Cg(F) = B4 or A1C3 by Proposition 2.2. Now suppose
F = (t,u) = 2%. Then u € Cg(t) = B4 or A;Cs. Therefore Cg(F)° = D4 or
A2 B;. Now suppose |F| > 4. A 22 subgroup of F must contain a 24 involution,
say ¢, with centralizer B4. Then B4/(t) =~ SOg and the image of F in SOy is
elementary abelian by Proposition 2.5. Since Cg (F)? is G-irreducible, it follows
that the image is (u,v) 2= 22 with u = (—18,1) and v = (=1%, 15). Therefore
Cs0o(F)? = S04S04, and so Cg (F)° = Af. o
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Lemma 3.24. If F is a 2-group containing an element x of order 4, then F and
Cg (F)° are given in Table 11.

Proof. By Proposition 2.2, Cg(x) = A1 A3. Now suppose | F| > 4. Since A; A3
is not contained in A1C3, it follows that Cg (x2) = By4. Therefore F/(x?) is ele-
mentary abelian in SOg. Diagonalizing as before, we may assume x = (13, —19).
Since Cg (F)? is G-irreducible, it must be the case that | F/(x?)| = 4 and a further
involution in F is either u; = (—=1°, 13) or up = (1°, —1%). In the first case the
order of xuj is 4 and hence F =~ Qg with Cg(F)°? = 313- In the second case the
order of xu5 is 2 and hence F = Dihg with Cg(F)° = B B>. O

Now let J be the Fitting subgroup of F. Since F has no element of order 6, it
follows that J is either a 2-group or a 3-group.

Lemma 3.25. If J is a 2-group, then F and Cg(F)° are given in Table 11.

Proof. By the previous two lemmas we may assume that F' is not a 2-group, hence
contains an element x of order 3. The only possibilities for J are 22, 23 or Qg,
with Cg (J )0 = Dy, A‘lt or Bf’, respectively. The last two cases are ruled out since
any proper diagonal connected subgroup of A‘l1 or B 13 such that each projection in-
volves no nontrivial field automorphisms is not B4-irreducible by Proposition 2.7.

Hence J = 22 and Cg(J)°? = D4. If F = (J, x) = Alty, then Cg(F)° = 4,
or G,; and G, is not possible since it is contained in a Levi subgroup of type Bs.
And if F # (J, x), then F = Sym, and Cg(F)°? = A;. |

Lemma 3.26. If J is a 3-group, then F and Cg(F)° are given in Table 11.
Proof. Let J = (x), so Cg(x) = Az A,. Proposition 2.4 gives
NG(A2A42)/A2As = (t) = Z>,

where ¢ acts as a graph automorphism on each factor. Hence F = (x,¢) = Dihg
with Cg(F)° = A1 4. |

As before, the fact that all the subgroups Cg (F)° in Table 11 are G-irreducible
is proved in similar fashion to Lemma 3.11; in particular they all have no trivial
composition factors on L(G).

This completes the proof of Theorem 1 for G = Fjy.

3.5 Thecase G = G,

Lemma 3.27. Let F be a finite subgroup of G = G such that Cg (F)° is G-irre-
ducible. Then F and Cg (F)° are as in Table 12.
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Proof. By Proposition 2.2, nonidentity elements of F have order 2 or 3. If F
is a 2-group, then F' contains an involution ¢ with Cg () = A; A1; the central-
izer of an involution in A; A, is reducible and therefore F' = (¢). Similarly, if
F is a 3-group, then F = (u) = 3 and Cg(F) = A;. The only remaining possi-
bility is F = (¢, u) = Dihg. Since Ng(Az)/A> = 2, such an example exists and
Co(F)° = Ay. o

This completes the proof of Theorem 1.

4 Proof of Proposition 3

In this section we prove the following generalisation of Proposition 3.

Proposition 4.1. Let G be a classical simple adjoint algebraic group in charac-
teristic p > 0 with natural module V, and let H = Aut G. Suppose F is a finite
subgroup of H such that Cg (F)° is G-irreducible. Then F is an elementary abel-
ian 2-group (or a group of order 3 or 6 in the case where G = Dy4), and one of the
following holds.

(i) G=PSL,, FNG =1, |F|=2and
(a) ifn is even, then Cg(F)° = PSp,, or PSO,, (p # 2),
(b) ifn is odd, then p # 2 and Cg(F)° = PSO,,.

(il) G = H = PSp,,,, p # 2, and taking preimages in Sp,,,,

Csp,,, (F)° =[] SPan; = [ [SP(W0),
i i

where Y n; = n and W; are the distinct weight spaces of F on V.
(i)) G =PSO, (n # 8), H = PO, p # 2, and taking preimages in Oy,

Co, (F)° = []S0s, = [SOW).

where n; > 3 foralli, Y n; = norn — 1, and W; are weight spaces of F.
(iii) G =PSSOz, (n #4), p =2, FNG = 1,|F| =2and Cg(F)° = SOs,,_1.
(iv) G = D4 = PSOg, H = D4.Syms, and F, Cg(F)° are as in Table 6.

Proof. First suppose G = PSL,,. If F NG # 1, then Cg(F N G)? is reducible,
so F NG = 1. Hence |F| = 2 and now the conclusion in part (i) follows from
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Proposition 2.1. Similarly, if G = D, = PSO,, with n # 4 and p = 2 (so that
H=G2),then FNG =1, |[F| =2 and Cg(F)? = B,_; by Proposition 2.1,
as in (iv).

Now suppose G = PSp,,,. Then H = G and the centralizer in G of any ele-
ment of order greater than 2 is reducible. Hence F is an elementary abelian 2-group
and p # 2. The preimage F of F in Sp,, must also be elementary abelian, and if
we let W; (1 <i < k) be the weight spaces of F on VithenV =Wy L--- L W
and Csp, (F) = [1Sp(W;), as in conclusion (ii).

A similar proof applies when G = PSO,, with n # 8 and p # 2, giving (iii).

It remains to handle G = D4 = PSOg.Here H = G.Sym;. If F < POg = G.2,
then the above proof shows that F = 2 or 22 is as in Table 6. Now suppose 3
divides | F|, so that F contains an element x of order 3 inducing a triality auto-
morphism on G. By Proposition 2.1, Cg(x) = G, or Ap, with p # 3 in the latter
case.

If there is an element y € Cr(x) \ (x), then y € G, or A has irreducible cen-
tralizer, which forces y to be an involution in G». So in this case F' = (x, y) = Z¢
and Cg(F) = Cg,(y) = A1 A1, as in Table 6. This subgroup has composition
factors of dimensions 1, 3 and 4 on V, so is G-irreducible.

We may now suppose that Cr(x) = (x) and F # (x). This implies that

F = (x.t) = Dihs.

If Cg(x) = G, then t must centralize G, so that Cg (F) = G,. If Cg(x) = A»,
then ¢ induces a graph automorphism on A, (see Proposition 2.1),so Cg(F) = A;
and p # 2, as in Table 6. This completes the proof. o

F FNG® Cg(F)°
AT (p #2)
Bj

2

1

1 BiBy(p#2)
22 2 A2By (p #2)

1

1

2

1

G2

A2 (p #3)
A1A1 (p #2)
G2

A1 (p #2.3)

Table 6. G = Aut Dy4: finite subgroups F with irreducible centralizer.
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5 Tables of results

This section consists of the tables referred to in Theorem 1.

F Cg(F)° elements of F maximal rank
overgp. of Cg(F)°
2 A1 E7 24
Dg 2B
22 D3 2B3
A2D¢  242%,2B
23 A1Ds  24%2B3
A3 2B7
24 A8 248,287
4 A1 A7 24,442
A3Ds 2B,4B?
4x2 A243  24%2B.4B*
Dihg B} By 244 2B,4B? Dg
B?B?  2B% 4B? Ds
B1ByBs 2A4%,2B3 4B? Dg
O3 A1Ds  24,44° A1 A7
B3 2B,4B° Dg
B} B3 2B,4B° Dg
Dihg x2 A3B?B, 24%,2B° 4B* Dg
40Dihg A3B}  24%2B,4B% Dg
Qg x2 A3B}  24%2B.4B'? Dg
p1+4 B} 249 2B, 4B?0 Dg
3 A>Eg 3B?
Ag 342
32 A3 3B3
5 AZ 54

continued on next page
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F Cg(F)? elements of F maximal rank
overgp. of Cg(F)°

6 A1A2As 2A,3B%,6A42
Dihg A1 F4 243,3B? A Eg

A1Cy 2B3,3B? A2E¢

Ba 2B3,342 Ag
Dih, A1A1C3 24* 2B3 3B% 642 A1 Ay As
G2 AyA1As 2A,3B?% 44% 642 A1 Az As
Alty A2G, 2B3,3B% D}

ArA;  2B3,348 D?
Sym, A1G,  2A45,2B3 3B8 4B D3

A1 A, 2B°,348,4B¢ D}
Alty x2  A1A1A> 2A4*,2B3 3B8 648 AlDy
Symy, x2 A1A1A; 24'2,2B7,3B%,4B'2,64%  A}D,
SL,(3)  A14» 2A4,3B% 44% 648 A1 A7
322 A} 2B°,3B% A3

A1A2A, 2A43,3B8 6A4° A3
324 A3 2B°,3B8,4B18 A
32.22 A24;  245,2B° 3B8 64" A3
32.Dihg A2 24'2,2B% 3B® 4B'8 64%* A
Dihyg B3 2B>,54*% AZ
Frob,g B, 2B>,4B10 544 A3
Alts Ay 2B15 3B?0 5424 A3
Symg Ay 2410 215 3B20,

4B39, 5424 6420 A3

Table 7. G = Eg: finite subgroups F with irreducible centralizer.
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F Cg(F)? elements of F  maximal rank
overgp. of Cg(F)°
2 A1Ds 24
A7 2B
22 A3Dy 243
Dy 2B3 A7
23 A 247
4 A1A3 24,447
Dihg A1B?B, 245,442 A1 D¢
Qs  A1B} 24,44 A1 Dg
3 Az As 34
Dihg A;C3 243,342 A As
A1 A3 2B3,342 A As
Alty A4, 243,348 A3Dy
Az 2B3,348 A7
Sym, AjA4; 24°,343,44% A3D,

Table 8. G = E5 (adjoint):

finite subgroups F with irreducible centralizer.

F Cg(F)? elements of F  maximal rank
overgp. of Cg(F)°

2 A1 As 24

3 A3 342

Dihg A1 A; 243,342 A3

Table 9. G = Eg: finite subgroups F with irreducible centralizer.
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F FNG® Cg(F)° elements of F

maximal rank
overgp. of Cg(F)°

2 2 A1A4s
1 Fy
1 Cy
4 2 A1 A3z
22 2 A1C3
3 3 A3

Dihg Dihg  A14;
Dihj, Dihg  A14;

24

2B

2C

24,442
24,2B,2C
342
243,342
243,2B,2C3

A1 As
A1 As

A3

,342%,64% A3

Table 10. G = Aut E: finite subgroups I with irreducible centralizer.

F Cg(F)° elements of F maximal rank
overgp. of Cg(F)°
2 Bs 24
A1C3 2B
22 A2C,  24,2B2
Dy 243
23 At 243,2B%
4 A1As 24,442
Dihg B;B» 243 2B? 442 Dy
Os B} 24,448 B4
3 Az Az 342
Dihg A4 2B3,342 Az Ay
Alty A 243,343 Dy
Sym, A 243,2B%,348,44° D,

Table 11. G = Fy: finite subgroups F with irreducible centralizer.
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F Cg(F)? elements of F  maximal rank
overgp. of Cg(F)°

2 A1 A, 24
3 Ay 342
Dihg A, 243,342 As

Table 12. G = G,: finite subgroups F with irreducible centralizer.
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