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Abstract

Three-dimensional computations have been performed in order to study the fun­

damental mechanisms of vortex shedding past curved circular cylinders in directions 

normal and parallel to the plane of curvature at Reynolds numbers of 100 and 500. 

The basic shape upon which all the geometries were built was that of a quarter 

ring. The spatial discretization of the three-dimensional Navier-Stokes algorithm 

was based on the spectral//ip element method.

For the cases where the flow was normal to the plane of curvature, a quarter 

ring geometry and a curved cylinder ending semi-buried in the ground were studied. 

Different flow conditions were applied including a uniform or sheared velocity profile 

and a slip or a no-slip wall. The effect of a sheared velocity profile was found to be 

dominant to that of the wall boundary and resulted in vortex linking and lack of 

correlation along the span.

For the cases where the flow was parallel to the plane of curvature, different 

configurations were investigated with respect to the leading edge orientation. When 

the flow was directed onto the outside of the bend, three-dimensional shedding was 

observed not governed by the variation of local normal Reynolds numbers considered 

by a sectional approach. With the free-stream aligned onto the inside of the bend, 

however, no conventional shedding was detected. The axial flow directed towards 

the top of the geometry and the production of streamwise vorticity played a key 

role in stabilizing the wake. The steady wake features persisted on the whole even 

when a straight cylinder extension was added on top of the curved body. The 

feeding of the axial flow, stemming from the curved part, into the straight cylinder 

extension, weakened the shedding process expected from a straight cylinder at these



Reynolds numbers. Maximum w velocity components of the order of the free-stream 

at Re = 500 were located in the wakes of these bodies. Experimental work was 

also conducted alongside. The towing tank flow visualizations were found to be in 

qualitative agreement with the computational findings.

Overall, the importance of investigating these curved cylinder flows with a fully 

three-dimensional approach has been demonstrated, especially for the second set of 

computations.
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N omenclature

X, y, Z Cartesian coordinates

U , V , w three-dimensional velocity components

Wx ,W y ,W z three-dimensional vorticity components

C f x i  ^-'Fyi C p z force coefficients in the three Cartesian directions

R radius of rotation

d cross-section diameter

A R aspect ratio

K non-dimensional curvature

S arc length along the curved cylinder

Re Reynolds number

St Strouhal number

f vortex shedding frequency

P fluid density

V kinematic viscosity

Uoo free-stream velocity



Poo pressure at free-stream

Pb base pressure

CPb base pressure coefficient

St* universal Strouhal number

Us velocity at separation

d yaw angle (or angle between horizontal and plane of each cross section)

Rei local normal Reynolds number

¡3 shear parameter

G gap distance

At time step

h characteristic size of an element

P  polynomial order

A Helmholtz constant

computational domain

Nd0f  number of degrees of freedom

Q number of quadrature points

ipp modal expansion basis

e error estimate

Z enstrophy

A2 second largest eigenvalue of velocity gradient tensor
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2D two-dimensional

3D three-dimensional

rm s root-mean-square

IP Independence Principle

FPSO Floating Production Storage and Offloading

T T R Top Tensioned Riser

SCR Steel Catenary Riser

CFL Courant-Friedrichs-Lewy

ALE Arbitrary- Lagrangian- Eulerian
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Chapter 1

Introduction

1.1 Marine riser pipes and motivation

As the need to develop deep-water reservoirs for the exploitation of hydrocarbons 

below the sea has been increasing, floating offshore platforms and production vessels 

are now required to operate in depths up to 2000m. The transport of the well fluids 

and the provision of the reservoir support in offshore engineering applications is 

accomplished by riser pipes.

On average, marine riser pipes have a diameter up to approximately 0.5m and 

they are often found in groups of 20 for example when passing through the turret 

of an FPSO. Risers typically operate in currents up to 2m /s  at Reynolds numbers 

of the order of 106. Two types of deployment are used: top tensioned risers (TTRs) 

which are substantially vertical and catenary risers which are effectively curved riser 

pipes. The latter are increasingly preferred over the vertical risers for deep-water 

reservoirs as they can accommodate larger motions of the floating vessel. While 

steel catenary risers (SCRs) are normally associated with large radii of curvature, 

flexible catenary risers can have quite drastic localized deformation. A catenary riser 

is subject to fluid dynamic loading from a combination of waves and current and, 

being a compliant structure, may be subject to vortex-induced-vibrations especially 

in such large depths.

A catenary riser may be in tangential contact with the seabed while part of its



length, that can be up to 2000m, lies near horizontal to the ground being partially- 

or even fully- buried. In the industrial sector considerable conservatism is applied 

in the modelling of complex areas of a riser such as the touch down point where the 

riser is in contact with the seabed. This is a very sensitive region for the structure 

particularly when the riser is continuously being lifted off and dropped back onto 

the seabed as a result of vessel motion. With the touch down point being usually the 

weak spot structurally, a riser can be susceptible to fatigue failure posing problems 

for the offshore industry.

Finally, another area of concern which applies to both vertical and curved riser 

pipes is the clashing or collision of individual risers in riser arrays. Especially for 

deep sea riser systems, a small difference in static deflection may lead to mechan­

ical contact between risers; hence various practical solutions are sought in offshore 

designs (Huse &; Kleiven 2000).

All the above points comprise the practical problems presented by the marine in­

dustry for catenary riser pipes. Understanding the unsteady flow pattern developed 

behind a catenary riser pipe is a problem that would appear to require investiga­

tion in three dimensions. The majority of the methods employed by the industry 

use empirical hydrodynamic force coefficients based on data sets from fundamental 

experiments. Moreover, different assumptions apply for the various models (Larsen 

2000) resulting frequently in different response predictions. A sectional approach 

that assumes locally two-dimensional flow for a curved pipe may not be suitable 

for the analysis of such a three-dimensional problem. For the cases where the free- 

stream velocity vector is not normal to the centreline of the body at all the sections, 

a two-dimensional sectional model may fail where the vortices are not necessarily 

shed normal to the axis of the body.

1.2 Aims and objectives of this study

A curved circular cylinder can be considered as a generic shape for a catenary 

riser pipe. Within the bluff body flow community, there is an extensive amount of 

past literature on various aspects of the flow past a straight cylinder. For exam-
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pie, the different flow regimes occurring at increasing Reynolds numbers have been 

broadly studied (the initiation of vortex shedding, the wake transition to three- 

dimensionality etc.). Moreover, straight rigid cylinders under shear flow and vortex- 

induced-vibrations of flexible cylinders have also been widely investigated. In com­

parison, the wake of curved cylinders has received much less attention. No extensive 

studies have been performed for the flow past curved cylinders especially under a 

combination of different boundary conditions and orientations.

Therefore, with the motivation stemming from the offshore industry, the focus of 

this work is identified as studying the wake topology and the vortex shedding pat­

terns of curved cylinders. This study is restricted to low Reynolds numbers; hence, 

it does not represent an effort to model the fluid dynamic loading past practical cate­

nary riser pipes. Such a study for catenary risers in their natural environment would 

require higher aspect ratios and Reynolds numbers, as well as incorporating the 

structural dynamics and the feedback process implied in vortex-induced-vibrations. 

Investigating the practical catenary riser pipe problem under a combination of all 

these factors would be too complicated for a first study and with too many param­

eters. It is thus more important at an initial stage to gain an understanding of the 

fundamental flow physics past a generic shape, that of the curved cylinder, before 

developing the modelling of the full scale three-dimensional catenary riser problem. 

The aim of this work is therefore to computationally investigate the fundamental 

fluid mechanics past fixed curved circular cylinders at a set of different orientations 

and boundary conditions. This subject has not been broadly investigated previously 

with a fully three-dimensional approach.

With the increasing computing power and the advances in the Computational 

Fluid Dynamics area, the study of fully three-dimensional large scale problems has 

become increasingly feasible recently. The current work has been performed with 

a three-dimensional spectral//ip element code, M b kT o r  (Karniadakis & Sherwin 

1999). Numerical investigations have thus been performed at Reynolds numbers of 

100 and 500 in order to study the fundamental mechanisms of vortex shedding and 

the 3D flow structures past curved circular cylinders at low Reynolds numbers in dis­

tinction to a sectional approach. In addition to the computations, experiments have
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been conducted alongside in order to qualitatively validate the numerical results.

The challenges inherently connected with this study are related to the three- 

dimensional nature of the problem under investigation and the large size compu­

tational domains involved. Considerable computational expense is required by a 

three-dimensional unsteady fluid dynamics solver for such a large scale problem.

1.3 Problem definition

When considering a three-dimensional body, a range of flow orientations are possi­

ble. A quarter ring with a vertical or a horizontal extension has been considered 

as a generic shape for a catenary riser. The possible configurations can be divided 

primarily into two categories: the ones where the flow is normal to the plane of 

curvature and the ones where the flow is parallel to the plane of curvature. For the 

flow in the normal direction, different flow conditions are applied. Evaluating the 

results of this part of the study, the emphasis was then placed more on different 

orientations rather than different inflow profiles. For the flow in the parallel direc­

tion, therefore, the incident profiles are all uniform and different orientations of the 

leading edge are investigated.

The main part of all the three-dimensional body configurations considered in this 

study was a curved circular cylinder, which effectively is a quarter of a ring (torus) 

geometry. The first characteristic to specify this curved body is, hence, the radius 

of curvature.

The non-dimensional radius of curvature is defined as the ratio of the radius, R, 

of the curved axis of the centres of the cross-sections to the cross-section diameter, 

d, of the cylinder. In all the numerical investigations performed in this work, the 

curved circular cylinder had a non-dimensional radius of curvature, R /d ,  of 12.5 as 

Figure 1.1 depicts.

In past literature, the term aspect ratio has been used interchangeably with the 

non-dimensional curvature when referring to the complete ring geometry (Leweke 

1994). For a ring of outer diameter D and cross-section diameter d, the aspect ratio 

was then defined as AR = and the non-dimensional curvature as K  =
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Figure 1.1: Non-dimensional radius of curvature, R/d  — 12.5, for an example curved 

circular cylinder

To compare the non-dimensional radius of curvature for the curved cylinders of 

this study with the aspect ratio for complete rings, the aspect ratio is calculated as if 

the geometry were a whole ring. With the cross-section diameter being equal to one, 

the aspect ratio for the present case is found to be equal to AR  =  ■2)TKU) = 81.7. 

A ring with large aspect ratio is effectively one with small curvature. At really high 

values of aspect ratio the body can be considered locally as a straight body, hence 

the wake patterns produced should approximate those of a straight circular cylinder.

The non-dimensional radius of curvature used throughout this work may, to 

some extent, even be considered as a lower limit for the local deformation of the 

most flexible catenary riser pipes (i.e. the geometries of this study are the upper 

limit of how curved locally the bodies in the marine industry can be). Steel catenary 

riser pipes, on the other hand, typically have much larger radii of curvature. In terms 

of the radius of curvature, the results for the current work may have more relevance 

to flexible riser pipes, where the three-dimensional effects are stronger, as opposed 

to the steel catenary riser pipes.

In the course of this research, after evaluating the results of Chapter 4, it became 

apparent that any configuration with larger radius of curvature than the one origi­

nally selected would probably not demonstrate any significant qualitative difference 

for the cases where the flow is normal to the plane of curvature. Moreover, a larger
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non-dimensional radius of curvature would imply a larger computational domain; 

hence it would increase the already quite high computational cost of the fully three- 

dimensional simulations. On the other hand, decreasing the non-dimensional radius 

of curvature even further, would result in an extremely curved body not relevant to 

the marine industry applications previously described.

• Inflow directions and geometry configurations

> Set one: Flow normal to the plane of curvature

The first set of computations has been performed at a Reynolds number, based 

on the cylinder diameter, d, of 100 and includes cases where the free-stream 

flow vector is normal to the plane of curvature. These computations include 

cases of a quarter ring and a deformed quarter ring with a vertical extension, 

subject to either uniform or sheared flow in contact with either a no-slip or a 

slip wall. Effectively, this set of computations incorporates two body geome­

tries and four combinations of boundary conditions.

The two bodies are depicted in Figure 1.2. Body A is a curved cylinder, 

effectively a quarter ring. Body B has the same non-dimensional radius of 

curvature down to an angle of 63° to the horizontal, but is then semi-buried 

into a solid boundary using an artificial blend on the outer side. This body 

also includes a vertical addition of a straight cylinder of two diameters length 

at the upper end. The artificial blending applied, and the reasons behind it, 

are discussed in Chapter 4.

The different boundary conditions considered can be distinguished as follows. 

Body A has been studied under uniform velocity profile at the inlet. Body 

B ends in a wall boundary in all the cases, and has been studied under the 

following combination of boundary conditions:

- shear velocity inlet profile and no-slip wall

- shear velocity inlet profile and slip wall

- uniform velocity inlet profile and slip wall
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(a) (b)

Figure 1.2: (a) Definition of body A, R/d  =  12.5; (b) Definition of body B, R/d  — 

12.5. Artificial blend applied on sections of the body that correspond to angles 

larger than 63° from the horizontal.

In all these cases, the flow is into the page as Figure 1.2 is viewed. The specific 

boundary conditions and the type of sheared velocity profile applied will be 

discussed in Chapter 4.

This set of computations has aimed at investigating the effects of curvature 

compared to a straight cylinder and the effects of the interaction with the 

seabed as well as a sheared current profile.

Since this work was intended to be a fundamental study, a low Reynolds 

number of 100 was first chosen. At such a low Reynolds number the detailed 

flow structures can be captured using direct numerical simulation without any 

additional modelling. Also the basic case of the flow past a straight 2D cylinder 

is two-dimensional at this Reynolds number.

Furthermore, computations have also been performed at a higher Reynolds 

number of 500, above the onset of three-dimensionality in the wake of a straight 

2D cylinder. From this set of computations, body A has been studied at 

Re =  500 under uniform velocity profile.

o Set two: Flow parallel to the plane of curvature

The second set of computations has been performed at Reynolds numbers
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of 100 and 500. Two configurations were considered where the free-stream 

velocity vector is in the plane of curvature. This set of computations comprises 

two types of bodies and one type of inflow velocity profile. The two bodies are 

depicted in Figure 1.3.

(a) (b)

Figure 1.3: (a) Definition of body C, R/d  = 12.5. A ten diameter horizontal exten­

sion is included; (b) Definition of body D, R /d  — 12.5

Body C is the quarter ring of body A, which is now aligned to the flow and 

has a horizontal addition of ten diameters. A uniform flow parallel to the 

plane of curvature has been applied onto the outside of the bend. Body D 

is identical to body A, or can be considered as the quarter ring part of body 

C after 180° rotation with respect to the z-axis. A uniform flow parallel to 

the plane of curvature has been applied on the inside of the bend for body D. 

Hence body D is distinguished from body A where the flow is normal to the 

plane of curvature. Symmetry boundary conditions were assigned to the top 

plane boundary of intersection with the curved cylinder. The specific boundary 

conditions for this set will be discussed in Chapter 5. Furthermore, the flow 

past body D with a vertical addition of a straight cylinder six diameters long 

on the upper end has also been investigated.

The emphasis on this set of computations is to study the effect of these two dif­

ferent leading edge orientations on the vortex shedding patterns of the curved 

cylinders under a uniform flow in the plane of curvature.
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1.4 Synopsis

The motivation behind this research has now been presented and the aims and ob­

jectives of this work have been identified. The problem definition has been outlined 

including a combination of different body shapes and inflow cases for this study. 

The format of the rest of this thesis is as follows:

• Chapter 2

The past literature will be reviewed including first a general introduction to 

bluff body flows. Straight circular cylinders under uniform flow will then be 

presented considering particularly the shedding features in the laminar and 

wake transition regimes which are of interest to this study. Straight circular 

cylinders subjected to sheared inflow will subsequently be examined and the 

flow past oblique and tapered cylinders will be discussed. Finally, the flow past 

the ring, a geometry without ends but which introduces the effect of curvature 

on the straight circular cylinder, will be presented. This chapter will conclude 

with a short section on straight cylinders in proximity to the ground.

• Chapter 3

The computational method employed is presented in this chapter. The mesh 

generation procedure will be first overviewed. The Navier-Stokes algorithm 

and its temporal discretization will then be discussed. Subsequently, the so­

lution in one-dimension to a Helmholtz problem will be presented along with 

the spectral//ip element formulation for spatial discretization. The details of 

the three-dimensional computations will then be summarized. Finally, the 

post-processing utilities employed to analyse the computational results will be 

discussed.

•  Chapter 4

The first set of results, where the flow is normal to the plane of curvature, 

will be presented in this chapter. A combination of different inflow and wall 

boundary conditions have been applied and the corresponding results com­

pared.
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• Chapter 5

This chapter will present the computational cases where the flow is parallel to 

the plane of curvature. The differences in the flow features observed for the two 

alternative configurations will be discussed. Moreover, the computational re­

sults will be qualitatively compared with the experimental flow-visualizations.

• Chapter 6

Finally, the conclusions from this work are drawn in Chapter 6 and recom­

mendations for further work are put forward.
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Chapter 2

Literature Review

2.1 Background on bluff body flows

In order to properly introduce the past literature conducted in this field, it is nec­

essary first to define what a bluff body is. A bluff body is one that is associated 

with a high degree of separation when flow is introduced around it (“extensive re­

gions of flow separation” (Bearman 1998)). The boundary layers developed around 

the bluff body, as a result of the no-slip condition on the body’s surface, separate 

as they cannot support the adverse pressure gradient. This flow separation occurs 

usually for bluff bodies at positions where the velocity at the edge of the boundary 

layer is larger than the free-stream’s (Bearman 1998). Once the boundary layers 

separate, they then become free shear layers. When a critical Reynolds number is 

reached, which is body-dependent (see next section for circular cylinder), the process 

of vortex shedding is initiated.

As Gerrard (1966) discussed, a growing vortex is fed by circulation from the shear 

layer. When the vortex becomes strong enough, it draws fluid from the opposite side 

of the wake which eventually follows three pathways depicted by Gerrard (1966): 

part of it is entrained in the growing vortex, part of it is entrained by the shear 

layer of the corresponding growing vortex and finally a small part of it advances 

in the interior of the formation region in a reversed flow. When the feeding of 

opposite sign vorticity becomes large enough, the supply of circulation to the growing



vortex stops; hence the vortex detaches from the corresponding shear layer. This 

continuous process of the shear layers interacting and rolling up resulting in the 

alternate shedding (asymmetric instability is necessary) of vortices of opposite sign 

in a staggered array in two rows in the wake is termed vortex shedding. The alternate 

shedding of vortices can cause unsteady forces of high amplitude, primarily in the 

lift direction, which under some circumstances can cause structural failures.

With vortex shedding being a periodic phenomenon, a non-dimensional way to 

express its frequency is required, and that is named the Strouhal number, St, defined 

as:

S t = (2.1)

where /  is the vortex shedding frequency, d is the characteristic length of the bluff 

body, and [/,*, is the free-stream velocity. Note that in Chapters 4 and 5 the terms 

Stpx, Stfy,  and Stpz will be employed to denote the frequencies in each of the three 

Cartesian directions.

This Strouhal number is however body-dependent. In an effort to describe the 

shedding phenomenon irrespectively of the actual body that caused it, Roshko (1955) 

defined a “universal” Strouhal number, St*, based on wake parameters as follows:

S f  =  (2.2)

where d' is the wake width and Us is the velocity at separation. Bearman (1967b) 

also devised a universal wake Strouhal number using as the characteristic length the 

lateral displacement between the vortex rows.

Roshko (1955) noted that the decisive region for the flow features of a bluff body 

is the vortex formation region in the first four-to-five diameters behind the body. 

Placing an interference element, such as a splitter plate, in the near wake increases 

the base pressure and decreases the drag and shedding frequency as the shear layers 

are not allowed to interact and roll up in the critical region in the immediate vicinity 

of the rear of the cylinder (a downstream shift of the vortex formation region). For 

a specific bluff body shape, a decrease in drag is associated with an increase in wake
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width and a decrease in shedding frequency. Comparing among different bluff body 

shapes though, the bluffer the body is, the larger the wake width and drag are, and 

the lower the Strouhal number.

The process of vortex shedding creates a pressure deficit in the wake, as the 

pressure at the rear of the bluff body does not recover the value of the stagnation 

pressure. This brings about a resultant pressure drag that for bluff bodies is the 

most significant component of the total drag. A non-dimensional way to represent 

the pressure at the rear of the bluff body, which is also a very receptive indicator of 

the vortex formation process, is the base pressure coefficient, Cpb, defined as:

Cpb = Pb -  Poo

\pUoJ
(2.3)

where pb is the base pressure (180° from the front stagnation point), p«, is the 

pressure at the free-stream and p is the density of the fluid. Note that the term base 

suction coefficient is often encountered in the literature and refers to the negative 

of the base pressure coefficient (-Cpb).

Both the Strouhal number and the base pressure coefficient vary with Reynolds 

number (Re =  where v is the kinematic viscosity of the fluid and the rest of 

the terms are as above). The curves of St vs. Re and of Cpb vs. Re for the circular 

cylinder required the work of many researchers (with considerable scientific debate 

in some cases) and are often representative of the cylinder’s vortex shedding stage 

as will be discussed in the next section.

Before proceeding with the past literature on various cylinder and flow config­

urations, two remarks should be made within the scope of the computational work 

conducted in this study. For cylinders whose axis does not make a 90° angle with 

the free-stream, a sectional two-dimensional argument considers the local normal 

Reynolds number, Rei, based on the cosine law (similarly to what we will see below 

for the case of oblique cylinders):

Rei =  Re cos 6 (2.4)

where 6 is the angle between the horizontal plane and the plane of the corresponding
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cross-section. In Chapters 4 and 5 the applicability of this argument, employed by 

a lot of the empirical methods, will be discussed in relation to the findings of the 

three-dimensional computations performed in this work.

Moreover, two-dimensional computations for circular cylinders at Reynolds num­

bers above 200 have been shown in past literature to considerably overpredict the 

force coefficients compared to experimental findings. Graham (1992) presented a 

compilation of data from various two-dimensional codes and compared with a three- 

dimensional computation and experimental results. He found that two-dimensional 

simulations exhibit the wrong trend for the force coefficients, most remarkably for 

the lift coefficient. Szepessy & Bearman (1992) also reported on the differences, 

between two-dimensional flow computations and experiments, in measured data of 

the fluctuating lift coefficient at high Reynolds numbers. The three-dimensionalities 

present even in the straight cylinder wake above a certain Reynolds number as will 

be seen below dictate a three-dimensional treatment of the flow in computational 

approaches.

In this chapter hence the past literature on the uniform flow past straight cylin­

ders will be presented first in section 2.2. After discussing the intrinsic three- 

dimensionalities of such a uniform flow past a uniform 2D geometry, flows where 

three-dimensionalities are introduced either in their upstream profile or in the ac­

tual geometry of the body will be described. Shear flows past straight cylinders will 

thus be considered in section 2.3. The uniform flow past oblique cylinders will then 

be discussed in section 2.4, in particular the effect of the yaw angle by which the 

straight cylinder is inclined into the flow. The literature on tapered cylinders will 

subsequently be overviewed in section 2.5. Furthermore, with the flow past curved 

cylinders being the subject of this thesis, the effect of curvature will be considered. 

The past literature on the shedding patterns in the wake of the ring geometry is 

hence presented in section 2.6. Finally, the flow past a straight cylinder in proximity 

to a wall boundary will be briefly discussed in section 2.7.
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2.2 Straight circular cylinders under uniform flow

Among the various bluff bodies, the flow past the straight circular cylinder has 

received most attention over the past century. The number of practical engineering 

applications that the circular cylinder shape has along with the fascinating nature 

of the fluid mechanics developed even when such a simple geometry is placed in 

a fluid at a range of Reynolds numbers has initiated a vast amount of studies. 

Various reviews over the past years have been devoted to the study and description 

of the phenomenon of vortex shedding. In one of the earlier ones, Berger & Wille 

(1972) presented, as their introduction to periodic flow phenomena, the vortex trails 

resembling the von Karman street behind islands.

In this section we will first examine the flow regimes of the circular cylinder with 

increasing Reynolds number. The features of the laminar and the wake transition 

regime will then be described in more detail as they are of interest to the findings of 

this study. In the laminar regime the parallel and the oblique shedding modes will be 

presented in relation to the Strouhal-Reynolds number curve. The influence of end 

effects will be discussed and ways to promote parallel shedding will be overviewed. 

In the wake transition regime the three-dimensional modes of instability will be 

presented through experimental but also through computational studies performed 

mostly in the past decade in the literature.

2.2.1 Flow regimes for the circular cylinder

The circular cylinder has been found to exhibit different flow regimes with increasing 

Reynolds number. These regimes are manifested in the curve of the base suction co­

efficient vs. Reynolds number, Figure 2.1, produced from several sources by Roshko 

(1993). While mostly the regimes covering up to the maximum Reynolds number of 

this study (Re =  500) will be overviewed in this section, the key Reynolds numbers 

for the flow past the circular cylinder from that point onwards will be identified. A 

full description of the flow regimes can be found by Roshko (1993) and a review of 

the various studies in each one of them is presented by Williamson (1996).

For very low Reynolds numbers, the flow is still attached to the cylinder’s surface.
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Figure 2.1: Variation of the base suction coefficient, — Cpb, with Reynolds number 

(data from several sources (Roshko 1993))

Increasing the Reynolds number, the flow starts separating and a recirculation region 

is formed consisting of two vortices positioned symmetrically with respect to the 

wake centreline.

The initiation of vortex shedding, represented by point A in Figure 2.1, has been 

found to occur at Reynolds numbers between 47 and 49 and is demarcated by a 

Hopf bifurcation in a transition that is not hysteretic (primary instability). The flow 

past the cylinder has now become unstable to any perturbations. Henderson (1995) 

performed a numerical study at the onset of vortex shedding using a spectral element 

method in two-dimensions. Starting his first simulation at a Reynolds number of 25, 

and incrementing at intervals of 5 the Reynolds numbers of his simulations, he found 

the critical Reynolds number to fall between 45 and 50. No steady state solution 

could be achieved after this range as any infinitesimal perturbation will grow too 

quickly, resulting in the periodic solution of laminar vortex shedding. Henderson 

(1995) showed the distinct change from a steady to an unsteady wake to be marked 

by a sharp transition in the drag and base pressure coefficient curves.

An anti-symmetric configuration of vortices develops in what is now an unsteady
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wake. The stability of this staggered array of vortices was investigated by von 

Karman (hence the terms “von Karman vortices”, “von Karman vortex street” etc. 

encountered frequently in the literature). As Figure 2.1 depicts, from point A to 

point B, base suction increases with increasing Reynolds number resulting in an 

increasing pressure drag in this range. This is the laminar vortex shedding regime, 

up to Reynolds numbers of 160—194, and aspects of its flow features will be discussed 

in section 2.2.2.

The curve between points B and C in Figure 2.1 corresponds to the wake tran­

sition regime up to Reynolds numbers of approximately 260. The previously two- 

dimensional wake undergoes transition to three-dimensionality as will be discussed 

in section 2.2.3. Two discontinuities are shown in the curve of Figure 2.1; point B 

corresponds to Mode A instability and point C to Mode B instability.

As the Reynolds number is increased from point C in Figure 2.1 the base suction 

is found to decrease hence resulting in a pressure drag reduction. An increasing 

disorder in the fine-scale three-dimensionality appears (Williamson 1996).

Finally, at a Reynolds number of approximately 1,000, point D in Figure 2.1, 

shear layer transition occurs. The turbulent transition point in the separating shear 

layers moves upstream (Roshko 1993). At a Reynolds number of approximately 

200,000, point E in the curve of Figure 2.1, a drastic decrease in base suction 

and drag occurs. A separation reattachment bubble causes the boundary layer to 

separate further downstream on the cylinder (at approximately 140°) (Roshko 1993). 

Eventually, in regime H-J transition takes place in the actual boundary layer before 

separation.

Bearman (1998), pointing out that the transition to turbulence occurs in an 

upstream route, first in the wake, then in the shear layers and finally in the boundary 

layers, outlined the key-Reynolds numbers for the flow past a circular cylinder as 

follows:

• R e «  47 : onset of vortex shedding (primary instability)

•  Re «  160: intrinsic three-dimensionality in the wake first appears (secondary 

instability)

38



•  Re «  1,000: transition starts to appear within the shear layers separating 

from the cylinder

• Re «  200,000: transitional effects in the boundary layer first affect the flow

2.2.2 Shedding configurations in the laminar regime

D iscontinuity  in th e  S trouhal-R eynolds num ber curve and oblique shed­

ding

In 1972 Berger & Wille had discussed the presence of a parallel and a slantwise 

(oblique) pattern of vortex shedding, where the vortices shed are inclined with re­

spect to the cylinder axis. Related to the issue of oblique shedding, in one of the 

first investigations, Tritton (1959) had observed a discontinuity in his plot of the 

Strouhal vs. Reynolds number curve. He identified a “low-speed” mode and a “high­

speed” mode with the transition between them occurring at a Reynolds number of 

approximately 90. He associated the origin of the former mode with an instability 

of the wake, whereas that of the latter with an instability directly close from the 

cylinder. While in general he observed angles of up to 30° between the vortices and 

the cylinder axis, smaller angles, less than 10°, were more frequently encountered in 

the low-speed mode rather than the high-speed one.

The source of this discontinuity became the point of discussion for many in­

vestigations later on in relation to whether it is an intrinsic phenomenon or it is 

associated with the condition of the flow upstream. Thirty years later, Williamson 

(1989) distinguished two modes for oblique vortex shedding and linked the discon­

tinuity of the Strouhal-Reynolds number curve to the transition between those two 

oblique modes. The first mode, found for Reynolds numbers larger than 64, forms 

the so called chevron pattern. The slantwise appearance of the vortices is initiated 

from the end effects discussed in a subsequent section. Without considering the end 

cells (which correspond to a lower frequency), the entire rest of the span is shedding 

at one frequency. The second oblique shedding mode, found for Reynolds numbers 

smaller than 64, pertains to a central cell of higher frequency bound by two cells of
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lower frequency, on each side of the midspan, and finally the end cells. This oblique 

shedding pattern is associated with the presence of vortex dislocations as a result of 

cells of different frequency becoming out of phase with each other. The phenomenon 

of vortex splitting or dislocation refers to a vortex dividing and connecting with two 

other vortices of the same sign at the other cell as will be further discussed in a later 

subsection.

In answer to Tritton’s interpretation of the discontinuity in the Strouhal vs. 

Reynolds number curve, Williamson (1989) claimed that the discontinuity was brought 

about probably by the same transition of modes, even though it occurred at higher 

Reynolds number. Furthermore, Williamson (1989) deduced a shedding angle of 

12 — 14° for the transition between modes for Tritton’s data, whereas for his ex­

periments a critical angle of 19° was found. Once parallel shedding was induced, 

however, a continuous Strouhal-Reynolds number curve could be attained as was 

also found by Hammache k  Gharib (1989).

Konig et al (1990) also attributed the discontinuity of the Strouhal-Reynolds 

number curve to the end conditions established at the cylinder boundaries. A contin­

uous curve was observed once parallel shedding was achieved using hollow cylinders 

at the two ends as will be discussed below. Once the hollow cylinders were removed, 

discontinuities appeared in the Strouhal-Reynolds number curve with the first one 

occurring at a Reynolds number of approximately 65 as in Williamson (1989). The 

largest shedding frequencies were measured with the parallel shedding mode. For 

oblique shedding they found smaller shedding frequencies with largest values of ap­

proximately 23° for the oblique shedding angle.

The influence of end effects

In general end effects can refer either to a free end of the cylinder or an endplate 

attached at the cylinder span. Frequently in experimental investigations endplates 

are used to isolate the flow on the cylinder span from the wind tunnel wall bound­

ary layers. As mentioned before, Williamson (1989) attributed the phenomenon of 

oblique vortex shedding to end effects. In a towing tank experiment, the parallel 

mode is often encountered initially, until the end effects are felt throughout the
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span resulting in an oblique shedding mode. The parallel mode was considered as 

the most unstable one, whereas from the two oblique shedding modes mentioned 

previously, the second one was conjectured to be more unstable. Overall, the end 

effects were found to have a direct influence for a spanlength of approximately ten 

diameters and an indirect effect for the rest of the span.

In their experiments with a cylinder towed in a water tank, Slaouti & Gerrard 

(1981) observed a “suppression of the vortex shedding” behind the bottom free end 

of the cylinder with an inclination of the vortices and bowing towards the bottom 

cylinder end. Gerich &; Eckelmann (1982) conducted an experimental study in a 

wind tunnel on the influence of end effects in the circular cylinder wake. They 

found that end effects result in the regions close to them having a lower frequency, 

approximately 10 — 15% less than the shedding frequency of the main cylinder 

part. A beat phenomenon is then observed as a result of the difference frequency 

between the main cylinder part and the region directly influenced by the end effects. 

Similar modulations have been observed at higher Reynolds numbers also in the 

experimental study of Szepessy & Bearman (1992) where moveable end plates were 

used for different cylinder aspect ratios.

Promoting two-dimensionality

Various methods can be found in past literature for inducing parallel shedding past 

a circular cylinder. Angling inwards the leading edge of the endplates was found by 

Williamson (1989) to promote two-dimensionality. On the other hand, end suction 

control allowed the continuous variation of the end boundary conditions also achiev­

ing parallel shedding (Williamson 1992b). Miller & Williamson (1994) placed two 

suction tubes towards the cylinder boundaries at a downstream distance of ten di­

ameters from the cylinder. They found that an increase of the local incident velocity 

at the cylinder ends only by 1.5 — 2% above free-stream was adequate to promote 

parallel vortex shedding.

Eisenlohr & Eckelmann (1989) placed short hollow cylinders of slightly larger 

outer diameter (approximately 1.8 to 2.2 cylinder diameters) on the test cylinder 

ends, near both endplates, and found parallel, two-dimensional shedding to be pro­
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moted. Hammache & Gharib (1989, 1991) positioned two control cylinders trans­

verse to the test cylinder and upstream in order to promote two-dimensionality. 

They found that parallel shedding could be achieved when the two control cylinders 

were both placed at the same distance upstream of the test cylinder equal to a spe­

cific optimum value that the vortices in the controlled region remain straight and 

parallel to the cylinder axis. This optimum value is a function only of the diameter of 

the control cylinders. In their experimental study of the parallel and oblique vortex 

shedding modes, Hammache & Gharib (1991) demonstrated that oblique shedding 

is a result of a pressure gradient at the rear of the cylinder. In order to achieve 

parallel vortex shedding, the pressure distribution imposed has to be uniform over 

the centre span of the cylinder; and placing the control cylinders upstream of the 

test cylinder is one way to achieve this. On the other hand, a spanwise velocity 

component is associated with the oblique shedding mode as a result of the pressure 

difference between the cylinder ends.

An illustration of the parallel shedding patterns achieved by all the above tech­

niques can be found in the review by Williamson (1996).

2.2.3 Experimental and computational studies of the flow
structures in the wake transition regime

Williamson (1988) showed that the transition to three-dimensionality for the circular 

cylinder wake involves two stages that manifest themselves also as discontinuities in 

the Strouhal-Reynolds number curve depicted in Figure 2.2. The wake can no longer 

preserve a two-dimensional state even with control of the spanwise end conditions 

in this transition regime. The first discontinuity occurs at a Reynolds number of 

approximately 180 (a range of 180 -  194 has been reported in the past depending 

on experimental conditions (Williamson 1996)) in a transition that is hysteretic. It 

has been named Mode A and involves the deformation of the spanwise vortices in 

a wavy fashion and the formation of streamwise vortex loops, depicted in Figure 

2.3(a), whose two ends constitute effectively a pair of counter-rotating streamwise 

vortices. This procedure is self-sustaining with the vortex loops forming at the
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Figure 2.2: Variation of Strouhal vs. Reynolds number in the laminar and wake 

transition regimes (Williamson 1992a). The two discontinuities attributed to Mode 

A and B instabilities are depicted in this curve.

same spanwise locations over the shedding cycles. The second discontinuity occurs 

at Reynolds numbers between 230 and 260 and is not hysteretic. It has been named 

Mode B and entails finer-scale streamwise vortices, as can be observed in Figure 

2.3(b). A gradual transfer of energy from the lower-frequency mode of shedding to 

the upper one is apparent in the spectra of velocity fluctuations at these Reynolds 

numbers (this corresponds to a transfer of energy from frequencies related to curve 

A of Figure 2.2 to frequencies related to curve B).

It should be noted that Figure 2.2 demonstrates also the discontinuity at Re =  64 

attributed to the two different oblique shedding modes in section 2.2.2. The higher 

shedding frequencies associated with parallel shedding compared to the oblique shed­

ding ones are also depicted.

In his experimental study of the flow past circular cylinders, Norberg (1994) also 

found the two modes of instability observed by Williamson while his data for base 

suction indicated a relatively weak influence of the cylinder’s aspect ratio in this 

regime.

Williamson (1996) reviewed the findings on Mode A and B and showed the 

symmetries that each mode accounts for: Mode A involves a staggered arrangement
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Figure 2.3: (a) Deformation of spanwise vortices and formation of streamwise vortex 

loops for Mode A; (b) Finer scale streamwise vortex pairs for Mode B (Williamson 

1992a)

of streamwise vortices from one braid to the next one with a spamvise wavelength of 

approximately 4 diameters, whereas Mode B involves an in-line arrangement with a 

spanwise wavelength of about 1 diameter.

Brede et al. (1996) performed an experimental study of the wake of a circular 

cylinder at Reynolds numbers between 160 and 500. They recognized Mode A with 

a spanwise wavelength of 4.5 diameters at Reynolds numbers from 160 to 240 and 

Mode B with a spanwise wavelength of 1 diameter at Reynolds numbers larger than 

240. In agreement with the staggered arrangement described by Williamson for 

Mode A, they also observed regions of positive and negative streamwise vorticity 

alternating in the spanwise direction and in time as the sign of u x changes twice 

every Karman cycle. The staggered arrangement is formed by each primary vortex 

pulling out a new spanwise row of secondary (streamwise) vortices in what they 

called a shape of “tongues”, shown in Figure 2.4. Mode A is therefore related to 

the deformation of primary vortices. As these vortex “tongues” stem from counter­

rotating spanwise vortices, with increasing time they have opposite sense of rotation.
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Figure 2.4: Schematic drawing of the vortex structures for Mode A and B instabili­

ties (Brede et al. 1996). The shape of “tongues” from the deformation of spanwise 

vortices for Mode A and the in-line arrangement for Mode B are illustrated.

For Mode B, however, Brede et al. (1996) observed an in-line arrangement with a 

spanwise change in the sign of wx but no change in time of the sign of streamwise 

vorticity at a specific spanwise location. Therefore they too concluded that, unlike 

Mode A, these secondary vortices are not related to any deformation of the primary 

vortices. The vortex pair structure of Mode B was also visualized in the particle- 

image-velocimetry measurements of Wu et al. (1994).

On the computational side now, only during the past 10-13 years has it been 

feasible to study the 3D wake transition regime with computational methods as 

a result of the increasing computing power. Some of the studies that have been 

performed to investigate whether agreement with experiments is achieved or not are 

presented below.

Thompson et al. (1995, 1996) employing a high-order spectral element method 

with the Fourier extension in the spanwise direction investigated the transition of 

the circular cylinder wake to three-dimensionality. In agreement with the previous 

findings, they found streamwise vortex structures with a spanwise wavelength of 3—4 

cylinder diameters for their numerical simulation at Re — 210. The spanwise vortex 

rollers are connected by streamwise vortex loops. At a Reynolds number of 250,
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they visualized Mode B with a spanwise wavelength for the streamwise structures of 

one diameter. Mode B was found to occur only once Mode A was established, and 

for intermediate Reynolds numbers a coexistance of the two modes was suggested.

Henderson & Barkley (1996) conducted a Floquet stability analysis of three- 

dimensional disturbances to the two-dimensional wake of circular cylinders. A spec­

tral element method was employed for the two-dimensional simulations at a range 

of Reynolds numbers between 140 and 300. A critical Reynolds number of 188.5 

was found for this secondary instability. In agreement with Williamson (1988), this 

mode of instability was found to be hysteretic. Barkley &: Henderson (1996) re­

ported a critical spanwise wavelength of 3.96 diameters for this critical Reynolds 

number corresponding to previous findings for Mode A. A second critical Reynolds 

number, corresponding to Mode B transition, was found to be that of 259 with a 

wavelength of 0.822 diameters. They also discussed, in agreement with the stability 

analysis of Thompson et al. (1996) and the experimental findings of Williamson 

(1988), the coexistance of the two modes at this range of Reynolds numbers; even 

at Reynolds numbers where Mode B is dominant, the wake of the circular cylinder 

could physically amount to a mixture of both modes. The two-dimensional wake at 

the second critical Reynolds number is already unstable to the longer wavelength 

perturbations corresponding to Mode A. In answer to the question how can Mode 

B be apparent at Reynolds numbers lower than the second critical, something that 

is not explained by this stability analysis, Barkley & Henderson (1996) pointed out 

that the transition from Mode A to Mode B would be bound by the stability analysis 

of Mode A and not the stability of the two-dimensional vortex street. The non-linear 

interaction of the two modes and the destabilizing effect of Mode A was subsequently 

considered by Barkley et al. (2000) who found the mixed-mode state to terminate 

at Re «  265, above which only the pure Mode B state was detected. Finally, the 

outcome of a critical Reynolds number of 170 with a spanwise wavelength of 1.8 di­

ameters in the Floquet stability analysis of Noack et al. (1993) has been attributed 

to the low-dimensional method employed (102 as opposed to 104 spatial degrees of 

freedom used by Barkley &; Henderson (1996)). Recently, critical Reynolds numbers 

of 190 and 261 with unstable wavelengths of 3.96 and 0.825 diameters respectively
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Figure 2.5: Vorticity fields from the numerical simulations of Henderson (1998) at: 

(a) Re — 195, Mode A instability, (b) Re — 265, Mode B instability. Red and blue 

contours highlighting the positive and negative extremes in streamwise vorticity 

components.

for Mode A and Mode B were determined by the stability analysis of Posdziech k  

Grundmann (2001) in confirmation to the findings of Barkley k  Henderson (1996).

Henderson (1998) suggested that the relatively long wavelength (approximately 

4 diameters) of Mode A can be related to the primary instability of the wake scaling 

to the von Karman vortex spacing. On the other hand, Mode B has a much shorter 

wavelength that he conjectured to scale on the thickness of the separating shear layer. 

Henderson (1998), in agreement with the experimental findings of Williamson (1996) 

and Brede et al. (1996), visualized in his computations also the two symmetries, 

shown in Figure 2.5: a staggered array of streamwise vortices for Mode A and an 

inline array of streamwise vortices for Mode B. It should be drawn to attention that 

in nature a mixture of Mode A and Mode B would be found at the intermediate 

Reynolds numbers 230—260 as opposed to the computer simulations where the initial 

conditions correspond to the 2D base flow perturbed with the exact eigenmode for 

the instability.

In one of the earliest computational studies of the three-dimensionality of the 

cylinder wake, Karniadakis k  Triantafyllou (1992) had investigated numerically the 

transition of the cylinder wake from two-dimensionality to turbulence. They em­

ployed a spectral element technique and performed three-dimensional simulations 

in a range of Reynolds numbers up to 500. They found that the wake becomes
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three-dimensional as a result of a secondary instability of the two-dimensional vor­

tex street which manifests itself at a Reynolds number of approximately 200. The 

spanlength of most of their computations was tt, however the diameter of the cylin­

ders was 2 non-dimensional units. They claimed that the route to turbulence in 

the wake of circular cylinders is through the period-doubling mechanism. Thomp­

son et al. (1995), in answer to this finding of Karniadakis &; Triantafyllou (1992), 

performed a simulation decreasing the spansize of their computations from 7rd to 

7rd/2. They found the period-doubling to appear only for the shorter spansize sim­

ulation, hence highlighting the fact that simulations with spanlenghts smaller than 

the critical wavelength for the secondary instability may introduce spurious effects.

Closing up this section on the wake transition, a note should be made on an inter­

esting phenomenon occurring towards the end of this regime. Prasad &: Williamson 

(1997) showed that at a Reynolds number of 260, point C in Figure 2.1, parallel 

shedding conditions can be induced again. The base suction coefficient reaches a 

local maximum and periodic vortex shedding patterns suggestive of those in the 

laminar shedding regime can then be observed.

2.2.4 Dislocations and their relation to the wake transition

Eisenlohr & Eckelmann (1989) described the vortex splitting process “in which 

neighbouring vortex filaments of one core split apart, to merge into the offset cores 

of other vortices”. As a result of varying shedding frequency along the span of the 

body, the vortex axes start either becoming curved or changing their angle with 

respect to the cylinder axis. When this oblique angle becomes too large or the axes 

become too curved, they found that vortex splitting takes place. The presence of 

characteristic envelope profiles in the velocity signals or force measurements is often 

associated with this procedure of vortex splitting.

Williamson (1992a) studied the formation of dislocations in the cylinder wake. 

In order to investigate whether the presence of dislocations is a natural phenomenon 

of the transition of the cylinder wake to three-dimensionality, he conducted an ex­

perimental investigation forcing dislocations to occur at the span of the cylinder.
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The experiments were performed at a Reynolds number of 120, which is lower than 

the onset of the transition regime. This way it would be clearer to track down 

the evolution of the dislocation features in an otherwise two-dimensional wake in 

principle at such a Reynolds number. In order to force the dislocations to occur, 

Williamson (1992a) placed a ring of diameter equal to 1.5 cylinder diameters and 

height (spanlength) equal to half of a cylinder diameter at a specific spanwise loca­

tion.

A dislocation is thus defined to occur when the spanwise vortices fall out of phase 

with each other and then split and connect with vortices of the same sign at the 

boundary of the cells of different frequency. The dislocations were divided in the 

following three categories in terms of their nature: (a) one-sided, where the disloca­

tion develops at the boundary between two cells of different frequency, Figure 2.6(a), 

and (b) two-sided, where a local phase variation exists within a larger shedding cell 

which would otherwise be of constant phase, Figure 2.6(b). The latter type of dis­

locations can be found in a stable or in an unstable (transient) arrangement. The 

one-sided dislocation is usually an asymmetric configuration whereas the two-sided 

dislocation in its stable form is usually a symmetric configuration.

Williamson (1992a) found similarities, such as the streamwise bending of the 

vortices at the dislocation sides and the spanwise spreading of this phenomenon, 

between the structures of forced dislocations and dislocations occurring naturally 

during the transition of the wake to three-dimensionality. However, the external 

forcing (as in this case with the ring disturbance) initiates a sequence of periodic 

dislocations whereas the transition to three-dimensionality is associated with the 

growth of intermittent dislocations mirrored in irregular velocity signals.

He concluded that the dislocations are indeed an inherent characteristic of the 

wake transition regime of the circular cylinder with its three-dimensional vortex dy­

namics. In this regime is usually the symmetric two-sided configuration encountered 

more often or the one-sided configuration when a coexistance of Mode A and Mode 

B takes place. Finally, it should be noted that dislocations have also been found to 

occur in the laminar shedding regime associated with the end effects at the cylinder 

boundaries (one-sided dislocations).
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Figure 2.6: Comparison of: (a) one-sided, and (b) two-sided vortex dislocations. 

Flow is from left to right (Williamson 1992a).

Figure 2.7: Dislocations occurring naturally in the wake transition regime, Re=210 

(Williamson 1992a)
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As will be described in sections 2.3 and 2.5 dislocations (mostly one-sided) are 

also encountered for non-uniform flows, such as shear, past cylinders and for uniform 

flows past non-uniform cylinder shapes, such as tapered cylinders.

Tombazis & Bearman (1997) investigated how the dislocations they previously 

observed in the wake of bluff bodies with a blunt trailing edge would be affected 

by applying a wavy deformation at the trailing edge. Such a dislocation is also de­

picted in Figure 2.8, extracted from Bearman (1998). Wind tunnel and water flume 

experiments were performed at high Reynolds numbers using a half-ellipse model 

with a blunt trailing edge and showed that the introduction of this mild geometric 

disturbance fixed the positions where the dislocations appeared. The presence of 

dislocations was associated with the bowing of the vortices backwards towards the 

body to adapt to the difference in shedding time of the different locations in the 

cylinder span. Specifically, if in one shedding cycle the cell at the peak (furthest 

downstream section) delays its shedding, the vortices from the valley (furthest up­

stream section) will bend further back. As described also by Eisenlohr & Eckelmann 

(1989), a vortex split is then found to occur when this bowing angle becomes too 

large; a vortex from the peak would connect at that time with two vortices from the 

adjacent valley. Finally, Tombazis & Bearman (1997) showed that the introduction 

of the waviness at the trailing edge resulted, along with fixing the dislocation po­

sitions, in an increase in formation length and base pressure and a decrease in the 

drag when compared to the straight model.

In conclusion of this section on straight cylinders, recent reviews for further 

information on the flow past circular cylinders comprise those of Williamson (1996), 

Bearman (1997), Bearman (1998) and Norberg (2003).

2.3 Straight cylinders under shear flow

Proceeding now with a non-uniform velocity profile upstream, Maull & Young (1973) 

showed that the shedding pattern developed for shear flows past bluff bodies occurs 

in spanwise cells. They noted that when the Strouhal number was based on the 

midspan velocity, it was found to be constant along each cell. The cell boundaries
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Figure 2.8: Vortex splitting in the wake of bluff bodies with a blunt trailing edge 

(Bearman 1998)

were also apparent from the changes in the slope of the base pressure coefficient 

curve. Moreover, they associated the divisions between spamvise cells of different 

frequencies with the presence of longitudinal vortices at the cell boundaries.

Mair & Stansby (1975) also conducted experiments on cylinders of various cross- 

sections and aspect ratios. A number of cells were observed along the span of the 

cylinders from measurements of the vortex shedding frequency. They suggested that 

there is perhaps an upper limit to the spanwise length of the cells, and they reported 

greatest cell lengths in the range of 4 — 6 diameters.

In a review paper, Griffin (1985) summarized the key-findings from experiments 

performed over the years with circular, rectangular and D-section cylinders under 

shear flows. Each shear flow profile is characterized in terms of a “steepness or shear 

parameter”, /3, defined for circular cylinders as follows:

?  = v
D dV_

dz (2.5)
REF

where in this case D is the cylinder diameter, V ref is the midspan incident velocity 

and ^  is the velocity gradient. Shear parameters of 0.01 — 0.015 describe in principle 

a moderate shear level. Figure 2.9 depicts the key-terms used in equation (2.5) to 

describe a shear flow past a bluff body.
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Figure 2.9: Description of parameters for shear flows past various bluff bodies (Grif­

fin 1985)

The points reviewed by Griffin (1985) on linear shear flows past circular cylinders 

are briefly summarized below:

• A cellular vortex shedding pattern has been found to develop in the wake of a 

circular cylinder under shear flow. The number of spanwise cells and the base 

pressure and drag variation along the cylinder rely upon its aspect ratio, and 

are highly sensitive to end conditions.

• From experiments with relatively high values for the shear parameter, it has 

been concluded that when the shear flow is highly turbulent, the critical 

Reynolds number decreases by a factor of ten compared to that for an in­

cident uniform smooth flow on the circular cylinder. Note that the critical 

Reynolds number refers to the onset of the drag-crisis and is of the order of 

105 for a smooth circular cylinder in uniform flow.

• Surface-roughened circular cylinders in shear flow have also been found to 

exhibit the characteristic cellular vortex shedding pattern.

Finally, in his review, Griffin (1985) reported that shear flows past high aspect 

ratio cylinders (L/D  =  20 to 50 and larger) at subcritical Reynolds numbers have
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been found to form no discernible cell structures away from the end boundaries 

or, in the presence of high shear levels, a weak and irregular cell structure. There 

seems to be some controversy, overall, about whether shear flows past high aspect 

ratio cylinders result in cellular patterns or not. For short aspect ratio cylinders, 

however, the likelihood of strong cells forming has been found to be strongest at the 

boundaries.

On the computational side, Mukhopadhyay et al. (1999), employing a finite 

volume method, performed three-dimensional numerical simulations of a sheared 

flow past circular cylinders of spanwise length equal to 24 diameters first. The mean 

Reynolds number for their simulations was 131.5 and the shear parameter, /3, was 

0.02. The cellular shedding pattern reported above was observed in this study also 

where five cells of constant frequency were discerned. The cells varied in length 

between three and seven diameters, and in each one of them, the Strouhal number 

based on the mean velocity was constant whereas the one based on the local velocity 

was found to vary linearly exhibiting discontinuities at the cell boundaries. Their 

computational results also showed the presence of dislocations in the wake.

More recently, Mukhopadhyay et al. (2002), extended their computational study 

to cylinders of spanwise length equal to 48 diameters. Along with the cylinder aspect 

ratio, they evaluated the effects of spanwise grid resolution. Any instantaneous base 

pressure distribution along the span of the cylinder, both for the 24- and the 48- 

diameter cylinder, was found to exhibit a number of slope changes, which in general 

coincide with the cell boundaries, in agreement with the findings of Maull &c Young 

(1973). The 48-diameter cylinder however resulted in multiple dislocations along 

the span, rather than just a dislocation at the higher velocity end observed for the 

24-diameter cylinder. The frequencies of the cells for the 48-diameter cylinder were 

found to be lower than the frequencies observed for the 24-diameter cylinder, and 

overall in both cases they were lower than the corresponding two-dimensional cases 

(parallel shedding) with uniform flow.

In conclusion to this description of shear flows, it must be noted that if the 

Independence Principle (see next section) is to hold, there may be some similarity 

between straight cylinders in shear and curved cylinders.
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2.4 Oblique cylinders

Ramberg (1983) investigated the flow past yawed circular cylinders in a range of 

yaw angles from 0 to 60°, where the yaw angle is measured between the cylinder 

axis and the normal to the free-stream direction. He compared his findings with 

the Independence Principle according to which the flow over a yawed cylinder is 

described in terms of the component of the free-stream that is normal to the cylinder 

axis. Accordingly, for a yawed cylinder the characteristic velocity used is = 

[Zoo cos 0, where Uoo represents the free-stream velocity and 6 the yaw angle. For 

the stationary yawed cylinders he noted an interdependence between shedding angle 

and shedding frequency and the Independence Principle not to hold: the shedding 

frequency was greater than the one predicted while the shedding angle, the vortex- 

formation length, the wake width and the base pressure were all found to be less 

than expected. However, it is not clear where the lower limits in terms of yaw angle 

are for this principle not to hold. In an earlier study, Van Atta (1968) had found that 

for yaw angles up to 35° the shedding frequency decreases nearly with the cosine 

law, whereas for angles above this value the decrease in frequency with increasing 

yaw angle is slower than the cosine law.

Recently, Lucor h  Karniadakis (2002) performed computations of the flow past 

yawed fixed circular cylinders at large angles of attack and Reynolds number of 1000 

employing the Fourier version of f t f e n T a r  discussed in section 3.2. Their findings 

confirmed those by Ramberg (1983) in that the base pressure on the yawed cylinder 

was found to be lower than the value predicted by the Independence Principle. 

The computational flow visualizations were also in agreement with Ramberg (1983) 

showing the shedding angle to be smaller than the yaw angle.

Finally, oblique cylinders with a cone attached on top have been discussed by 

Thomson Morrison (1971). While no wake exists close to the nose of the body, 

a symmetric pattern of vortices develops further downstream. For large angles 

of attack (i.e. small yaw angles), an unsteady flow regime can develop similar 

to that evolving past a two-dimensional cylinder. Therefore, while at moderate 

angles of attack the symmetrical wake configuration prevails, at large angles, this
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pattern shrinks towards the nose of the body and the asymmetric wake configuration 

becomes more extensive.

In conclusion, an extensive review on this subject can be found in Zdravkovich 

(2003).

2.5 Tapered cylinders

Tapered cylinders have many similarities to cylinders in shear flows and will thus 

be reviewed briefly below.

Gaster (1969) performed experiments on cones of taper ratio (cylinder length 

by diameter difference between narrow and wide cylinder end) of 36:1 and 18:1. He 

found a modulated signal for both cylinders at all the locations along the span. This 

low frequency modulation was found to persist at almost the same value along the 

length of the model (independent of any physical length of the model) while the 

shedding frequency at a specific position was found to be a function of the local 

diameter. The shedding frequencies of these linearly tapered cylinders were found 

to be slightly lower than those of the corresponding uniform parallel cylinders. In a 

later paper, Gaster (1971) discussed the flow past a more mildly tapered cylinder, 

with taper ratio of 120:1. He found vortex shedding to occur still in cells with jumps 

in frequency between them.

Piccirillo &; Van Atta (1993) conducted experiments on linearly tapered cylinders, 

with taper ratios varying from 50:1 to 100:1, in the range of laminar vortex shedding 

for a non-tapered cylinder. They verified that the flow past tapered cylinders consists 

of distinct shedding cells each with a constant frequency. The number of cells was 

shown to be a linear function of the cylinder aspect ratio and of the inverse of the 

taper ratio. The modulation frequencies were found to be constant along the span 

in accordance with the findings of Gaster (1969). Piccirillo & Van Atta (1993) 

found dislocations or vortex splits, depicted in Figure 2.10, to be associated with 

these flow patterns. They presented the time sequence of this phenomenon with 

the vortex lines starting to steepen and vortex splitting beginning near the small- 

diameter end of the cylinder. These vortex splits were shown to follow one another
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Figure 2.10: Flow visualizations depicting the sequence of the vortex splitting pro­

cess for a tapered cylinder (Piccirillo & Van Atta 1993)

in sequence. Note the similarities in the flow structures for the vortex dislocations 

of tapered cylinders and those of the straight circular cylinders presented in section 

2.2.4.

2.6 The effect of curvature: the ring geom etry

As discussed in section 1.3, the possible flow orientations for a curved body can be 

represented by the two canonical cases: the ones where the flow is normal to the 

plane of curvature and the ones where the flow is parallel to the plane of curvature. 

The flow past the ring geometry belongs to the former category and has been studied 

in past literature.

Takamoto & Izumi (1981) reported on the stable arrangement of vortex rings 

developed in experiments behind an axisymmetric ring at low Reynolds numbers 

(the Reynolds number was based on the ring width -effectively the cylinder’s cross- 

section diameter). They visualized an axisymmetrical row of a pair of vortex rings 

rotating opposite to each other.

Bearman & Takamoto (1988) investigated the wake structures developed past 

rings and discs in a wind tunnel where the models were suspended normal to the 

free-stream at Reynolds numbers of the order of 104. The curvature of these bluff 

bodies is described by the non-dimensional parameter — =  , where d is theiv do d\
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mean diameter, w is the ring width, and d0 and di are the outer and inner diameters 

respectively. When ^  is equal to one, the bluff body is effectively a solid disc-like 

geometry, whereas when ^ tends to infinity, the body is effectively a two-dimensional 

bluff body. Bearman & Takamoto (1988) found a critical value for ^  to be 5: 

for rings of ^  larger than 5, the wake consists of vortex rings shed in a regular, 

periodic manner whereas for rings below this critical value a shedding of weaker 

vortex structures is observed. The base pressure and drag coefficient curves indeed 

exhibited considerable changes for ^ values between 4 and 6. Finally, the results 

presented for a ring with £ =  6 showed that the larger diameter outer vortices were 

found to travel more slowly than the inner ones, but under no circumstances did the 

inner vortices pass the outer ones. The convection velocity of the vortex rings was 

found to be less than the free-stream velocity.

Leweke & Provansal (1995) studied the wake of high aspect ratio rings at low 

Reynolds numbers, based on the diameter, d, of the circular cross-section. The 

motivation for their study stemmed from the fact that the ring geometry offers in 

essence a geometry without ends. Hence, the three-dimensionality attributed to the 

end effects of typical cylinder configurations can be eliminated in the wake of a ring, 

so that only the phenomena inherent to the wake of such a bluff body can be studied. 

Leweke & Provansal (1995) expected and then confirmed that for sufficiently large 

aspect ratios the additional effects of body curvature should be small; the wake 

should behave similarly to the wake of a straight infinite circular cylinder subject 

to periodic boundary conditions in the spanwise direction.

In the Reynolds number range between 50 and 200 they found that, depending 

on the initial conditions, different modes of vortex shedding could occur. Specif­

ically, for a ring of aspect ratio equal to 76.2 at a Reynolds number of 105 they 

visualized four different possible configurations: vortex rings parallel to the body, 

and single, double or triple helixes. Figure 2.11 depicts the first configuration, where 

vortex rings are shed parallel to the ring geometry. Leweke & Provansal (1995) ex­

plained that when the oscillatory state was reached from smooth initial conditions 

the parallel mode dominated in the run. The helical modes, on the other hand, were 

associated with “messy” initial conditions. Each of the modes was found to be per-
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Figure 2.11: Vortex rings developed in the wake of a ring of aspect ratio 76.2 at 

Re — 105 (Leweke & Provansal 1995). Flow is from right to left.

fectly stable. Nevertheless, considering the stability domains of the vortex shedding 

modes for a ring, the parallel mode was found to be the one with the lowest stability 

limit. With the upper stability limit demarcating the beginning of the transition 

range, the higher helix modes were observed to have a tendency to remain stable 

longer. The different modes of shedding along with their stability limits from this 

experimental work were first presented in Leweke et al. (1993).

The Strouhal-Reynolds number curve was found to be continuous in this range 

of Reynolds numbers. Moreover, Leweke & Provansal (1995) found that curvature 

tends to increase the critical Reynolds number for the transition from a steady to 

an oscillating wake. Interestingly, when extrapolating the data to zero curvature, 

the critical Reynolds number was identified to be equal to 46.8 and can thus be 

compared with the critical Reynolds number for long straight cylinders. In addition, 

the Strouhal frequency was observed to decrease with growing curvature for the 

parallel shedding mode.

Finally, Leweke & Provansal (1995) performed experiments in a range of Reynolds 

numbers between 150 and 350. They investigated the transition Reynolds number 

with respect to increasing curvature for all the different modes developed in a ring 

wake. The tendency for the higher helix modes to remain stable longer was found
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to increase with increasing curvature. Barkley & Henderson (1996) compared their 

critical Reynolds number, Re = 188.5, for the secondary instability of the straight 

cylinder wake to the measured data of Leweke & Provansal (1995) who reported an 

upper stability limit at Re = 190 for laminar periodic shedding for the various ring 

aspect ratios.

2.7 Flow past a straight circular cylinder in prox­

imity to a wall boundary

Bearman h  Zdravkovich (1978) investigated experimentally the flow past a straight 

circular cylinder in proximity to a wall boundary as the vertical distance of the 

cylinder from the plane boundary was varied. Wind tunnel experiments were per­

formed with the cylinder positioned 36 diameters downstream from the leading edge 

of a plate deployed at the middle of the tunnel. The experiments were conducted 

at Reynolds numbers of 2.5 x 104 and 4.8 x 104 and at different gap to cylinder 

diameter ratios (G/d).

For all G/d < 0.3 no regular shedding frequency was detected. At all the gap 

to diameter ratios, the mean force on the cylinder was such as to repel it from the 

wall while this force was found to fall off very rapidly as the cylinder was moved 

away from the surface. The base pressure was shown to increase as the ground was 

approached. Furthermore, with respect to the flow along the plate, the following 

patterns were discerned. For G/d = 0 the pressure minimum on the plate was at 

the point of contact while its position moved downstream with increasing gap to 

diameter ratios. At G/d  =  0.4 the magnitude of the negative peak in Cp was found 

to reach its maximum which occurred right at the rear of the cylinder (0.5d). The 

position of this maximum Cp magnitude remained at the same location for all gap 

to diameter ratios larger than 0.4. Bearman & Zdravkovich (1978) found separation 

bubbles on the plate upstream and downstream of the cylinder for small gap to 

diameter ratios, where the vortex shedding was suppressed, whereas no separation 

bubbles were found at the upper range of G/d.  Finally, the pressure distribution
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around the cylinder became more symmetric about the front stagnation point as 

the cylinder was moved away from the wall boundary, reaching near symmetry for 

G/d  = 0.4.

A comprehensive review on this subject can be found in Zdravkovich (2003).

Finally, in the offshore technology environment this subject of cylinders in prox­

imity to a wall boundary has relevance to marine pipelines. Jensen et al. (1990) 

investigated the flow around a pipeline placed on an initially flat bed, developing 

into a trenched ground as a result of the scour process. A negative lift force was 

then found to occur in contrast to the plane bed case. A model for the flow induced 

vibrations of pipeline free spans also has been presented by Hansen et al. (1999). 

Further information on these subjects can be found in the book by Sumer & Fredsoe 

(1999).
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Chapter 3

Computational method

For the numerical solution of the Navier-Stokes equations in a given domain, a 

mesh must be initially constructed to provide the computational grid on which the 

equations will be solved. The governing equations must then be discretized. A 

spatial discretization must also be performed in order to numerically solve for the 

unknown equation variables, in the present case at the specific grid points.

In section 3.1 the mesh generation procedure for all the computational investi­

gations of this study is briefly overviewed. The Navier-Stokes algorithm employed is 

discussed in section 3.2 and its temporal discretization is presented. To convert the 

governing partial differential equations to a system of algebraic equations some of the 

methods available are the finite difference, the finite element, the finite volume, and 

the spectral methods. In the current work the Navier-Stokes algorithm is discretized 

using the spectral/hp element method which can be considered as an amalgam of 

the finite element and the spectral method. Hence, in section 3.3 the features of the 

spectral//jp element method are discussed and the basics of this spectral//ip formu­

lation are presented through the solution of a one-dimensional Helmholtz equation. 

Section 3.4 summarizes the details of the computations. Finally, section 3.5 presents 

the post-processing utilities most frequently employed to analyse the computational 

results.



3.1 Mesh generation

The mesh generation for all the computational investigations performed in this work 

has been accomplished by Felisa (Peirô et al. 1994). A variant of the advancing 

front method (Peraire et al. 1993) is employed for the triangulation of the domain 

surfaces and the generation of the 3D tetrahedral mesh. For the generation of 

a boundary layer mesh near the pipe wall regions, a modified advancing layers 

method (Peirô & Sayma 1995) has also been employed whereby the nodes of the 

mesh in the neighbourhood of the solid boundaries are generated along lines that 

are approximately normal to the surface.

For each mesh, the curved cylinder is first geometrically defined in the computa­

tional domain. A boundary layer mesh is then constructed consisting of a structured 

layer of prisms growing in the direction normal to the cylinder surface. In this way 

improved resolution is allowed in the normal direction and the physical boundary 

layer developing on the curved cylinder is better captured. All the prisms have one 

of their two triangular faces attached to the solid boundary. The interior of the 

computational domain is subsequently filled with tetrahedra hence a hybrid and 

unstructured 3D mesh is finally built.

As an example, Figure 3.1 depicts the unstructured mesh created for body C. 

For visualization purposes only half of the mesh in the y-direction is shown. The 

surface triangulation on the solid boundary is depicted in Figure 3.2(a). A snapshot 

of Figure 3.1 is shown in Figure 3.2(b) so that the structured layer of prisms around 

the curved cylinder is highlighted.

3.2 Navier-Stokes algorithm

In section 3.1 we briefly outlined how the meshes were constructed, hence provid­

ing the computational grid on which to compute the flow solution past the curved 

cylinders. The incompressible Navier-Stokes solver then employed to accomplish 

this task was M e n T a r ,  originally developed by Sherwin h  Karniadakis (Sherwin 

(1995), Sherwin & Karniadakis (1995)) for unstructured triangular and tetrahedral
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Figure 3.1: Unstructured hybrid mesh for body C (only half of the mesh is shown 

in the ^-direction)

Figure 3.2: (a) Surface triangulation; (b) Structured layer around the solid boundary
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elements and extended by Warburton (1998) to hybrid domains. The numerical 

code was based upon an earlier nodal spectral element code developed by Hender­

son (1994).

The Navier-Stokes solver has the capability of spectral//ip element discretiza­

tions either in two- or in three- dimensions. Moreover, a Fourier extension to the 

two-dimensional code is also available in which spectral element discretization is 

performed only on two-dimensional planes and a Fourier series is used to link these 

two-dimensional planes in the third direction. In the past, the Fourier extension to 

the two-dimensional code has been applied frequently and successfully on bluff body 

flows. For this method only a two-dimensional mesh is required. Furthermore, in 

terms of computational cost this approach is preferable to the fully three-dimensional 

discretization especially for studying three-dimensional flows past two-dimensional 

geometries in large computational domains. However, the Fourier method can only 

be employed when the cross-section of the body is constant along the span and when 

periodic boundary conditions can be imposed in the spanwise direction where the 

Fourier expansion is applied.

The nature of the current study necessitated full three-dimensional discretiza­

tions in all Cartesian directions for all but one of the computational cases. All the 

computational cases discussed in Chapter 5, where the flow is parallel to the plane 

of curvature, had to be simulated with the fully three-dimensional approach as the 

cross-section of the body varies in the 2-Cartesian direction. Moreover, the free- 

stream velocity vector is not normal to the centreline of the body at all the sections. 

If we therefore consider circular sections normal to the centreline of the body, the 

component of the incoming flow vector in these planes varies along the length of 

the cylinder. For the cases where the flow is normal to the plane of curvature, dis­

cussed in Chapter 4, however, only the flow past body A (uniform normal flow on a 

quarter ring), could potentially be computed with the Fourier method. The ring is 

an axisymmetric body and under a uniform velocity profile in the normal direction 

it would fulfill the requirements for the Fourier approach. For the remaining of the 

cases in Chapter 4 still, the Fourier approach would be inappropriate as they involve 

shear profiles and a wall boundary.
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All the computational investigations for this study have therefore been performed 

with the fully three-dimensional code. In the remaining part of this section, the tem­

poral discretization of the Navier-Stokes algorithm is discussed. The basic principles 

behind the spatial discretization of the Navier-Stokes equations with spectral/hp el­

ements are presented in section 3.3.

Let us first consider the Navier-Stokes equations for incompressible flows:

C\
^  =  -V p  + N(u) + i/L(u) (3.1)

V • u = 0 (3.2)

where u represents the velocity vector, p is the static pressure and u is the kinematic 

viscosity. For simplicity we have assumed that the density, p, is equal to 1. The non­

linear and linear operators, N  and L respectively for the convective and diffusive 

terms, represent:

N(u) =  - ( u - V ) u  

L(u) = V2u
(3.3)

where N(u) is said to be in convective form.

The temporal discretization of the Navier-Stokes equations in Af e n T o tr  has 

been achieved by a stiffly stable splitting scheme (Karniadakis et al. 1991) that 

accounts for enhanced stability properties compared to the Adams-family schemes 

frequently used in other splitting methods. This splitting scheme propagates the 

velocity and pressure at time tn over a time step A t  in three substeps in order to 

determine the fields at in+1. An important feature of the splitting schemes is that 

the primitive variables (u, p) can be treated independently: the pressure term is 

decoupled from the convective and diffusive terms. Efficiency and stability reasons 

dictate a mixed explicit-implicit discretization for the convective and viscous terms 

respectively.
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Specifically, if we integrate equation (3.1) over one tim e step A t ,  we obtain:

rtn + l ftn + 1 rtn+ 1

un+i _  un =  _  / Vpdi + /  N (u )dt + v L(u)dt (3.4)
J  tn • ' i n  ^  i n

The pressure term can be re-written as:

ptn+l
Vpdt = A tVp (3.5)

where p is a scalar field that ensures that the final velocity field is incompressible 

at tn+1. If we approximate the time derivative in a general multistep method as 

¿^7oU n+1 -  Yl l lo1 aiun_î) and discretize all other terms at n + 1, then equation 

(3.4) can be written in the following format (Karniadakis et al. 1991):

J e —1 J e —1

7oun+1 -  ^  =  - A tVpn+1 +  Ai 5 3  W u n~9) +  AtuL(un+1) (3.6)
9=0 9=0

where Je is the integration order and aq, 70, and /3q are the stiffly stable coefficients 

shown in Table 3.1 at the different integration orders up to third. We also note that 

the N (u) term has essentially been extrapolated to time level n +  1 from previous 

time levels.

Coefficient 1st order 2nd order 3rd order

7o 1 3/2 11/6

a 0 1 2 3

Oil 0 -1/2 -3/2

0L2 0 0 1/3

Po 1 2 3

Pi 0 -1 -3

P2 0 0 1

Table 3.1: Coefficients of the splitting scheme (Karniadakis et al. 1991)
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The final velocity field, un+1, will be determined via two intermediate velocity fields, 

u and u. The three substeps of this splitting method therefore are:

Je- 1u -  £ :(¡-0 a 9un 9
At

u — u
At

70un+1 -  d 
At

Je— 1
£  0 ,N (u -« ) (3.7)
9=0

-V p "+1 (3.8)

1/L(un+1) (3.9)

Equation (3.7) treats the non-linear terms explicitly. Taking the divergence of 

the second step, equation (3.8), and enforcing the incompressibility constraint on 

the second intermediate velocity field (i.e.V-u =  0), we obtain the Poisson equation 

for pressure:

v 2p”+1 = V • ( ^ )  (3.10)

Finally equation (3.9) treats the linear terms implicitly and we can obtain the final 

velocity field by a Helmholtz equation of the form: V2un+1 — ^ u n+1 =  —

Hence, overall a Helmholtz equation is solved for each of the velocity components 

and a Poisson equation for pressure.

We note that appropriate boundary conditions must be assigned to the pressure 

Poisson equation in order to minimize splitting errors. Karniadakis et al. (1991) 

presented a high order pressure Neumann boundary condition that alleviates the 

splitting errors encountered in some of the splitting methods as a result of incorrect 

boundary conditions.

Further details of this splitting scheme along with examples of Navier-Stokes 

solutions of model flows can be found in Karniadakis et al. (1991).

Recently, Sherwin (2002) presented a high-order splitting scheme for a substep­

ping Navier-Stokes formulation. Since the non-linear terms are treated explicitly, 

they incur a CFL time step restriction. Sherwin (2002) discussed the two alterna­

tive approaches (substepping technique, semi-Lagrangian formulation) encountered 

in the spectral/hp element community for alleviating the problem of overly restric­

tive time steps with respect to accuracy requirements in some flow problems. He
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presented the substepping approach, where the advection terms are advanced using 

a smaller time step than the rest of the Navier-Stokes solver, in conjunction with a 

high-order splitting scheme.

3.3 Basics of the spectral//ip element formulation

As mentioned before, different discretization methods are available for converting 

partial differential equations to a system of algebraic equations in a computational 

domain. The finite element method has been applied to a variety of engineering prob­

lems especially in structural mechanics, but also in fluid dynamics. In this method 

contiguous elemental subdomains are defined within the computational domain and 

the solution is approximated by given shape functions of low order polynomials de­

fined in a standard finite region. An inherent attribute of the finite element method 

is the /i-convergence where h refers to the characteristic size of an element. As the 

number of elements in the domain is increased and their size decreases, keeping the 

polynomial order fixed, the analytical solution is approximated more closely and the 

error in the numerical solution decays algebraically.

Spectral methods, on the other hand, use higher-order polynomial or trigono­

metric expansions which are defined globally throughout the whole solution domain 

(for example trigonometric functions leading to Fourier series). The error in the 

numerical solution is reduced by keeping the number of elements constant and in­

creasing the order of the expansion basis. For infinitely smooth solutions, the error 

decays exponentially (exponential or spectral convergence).

Spectral//ip element methods combine attributes of both approaches and account 

for /ip-convergence. The hp extension to the finite element approach refers to this 

new approach, where one can increase simultaneously the number of elements in 

the domain, /i-refinement, and the order, P, of the polynomial expansions in the 

elemental domains, p-refinement.

As discussed in the previous section, the Navier-Stokes algorithm involves the 

solution of a Helmholtz equation for each velocity component and the solution of 

a Poisson equation for pressure. With this motivation, we describe the solution of
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a Helmholtz equation in one dimension. Coding this Helmholtz problem provided 

some basic understanding of the principles of the spectral//ip element method em­

ployed for the spatial discretization of the Navier-Stokes solver.

• Mathematical formulation
Let us then consider the general form of the Helmholtz equation:

V2u -  Au = —f (3.11)

supplemented by compatible Dirichlet or Neumann boundary conditions. In one 

dimension,

-  \u(x) = - f ( x )  (3.12)

where A is the Helmholtz constant and /  is the forcing function.

In general, for a linear differential equation described by L(u) — 0 the substi­

tution of the approximate solution, u6, would result in a non-zero residual, R, so 

that L(us) =  R(u6). The approximate solution can be expressed as (Karniadakis & 

Sherwin 1999):

Nd of
us(x,t) = u0(x,t) + ^ 2  Mi(i)$*(aO (3.13)

»=1
where uo(x, t) is known a priori and satisfies the initial and boundary conditions, 

Ui{t) represents the unknown coefficients, and $i(x) denotes the known analytic 

functions to be used as expansion functions, or the so called trial functions.

The method of weighted residuals is based on the fact that the inner product of 

the residual with respect to a weight (or test) function, Vj(x),  is equal to zero. We 

denote the inner product in a domain 0, as:

( f ,9 ) =  [  f(x)g(x)dx  (3.14)
Ju

Hence, for the j th degree of freedom the method of weighted residuals dictates:

(^■(ar), £(«*)) =  0 (3.15)
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Among the different types of test functions used in the method of weighted 

residuals, the Galerkin method adopted here dictates that Vj(x) = In other 

words, the test functions are taken to be the same with the expansion functions 

chosen.

Going back to our original motivation of solving the Helmholtz problem, equation 

(3.15) for the one-dimensional Helmholtz equation (3.12) becomes:

(vj(z)> 9  ~ XuS(x ) + f (x)) =  0 (3-16)

Let us define the domain in which we wish to solve the one-dimensional Helmholtz 

equation, as i) =  {x\A < x < B}. Under equation (3.14) and integrating by parts 

the second derivative we obtain:

L

B dv dus f B s
ax +  A vu ax =  / v fd x  +  

J a Ja! A &x d x  j  a J a

The approximate solution, us(x), can be written as:

v du6

dx

t  B

(3.17)

u
Ndof~ 1

*0*0 =  £
i=0

(3.18)

Similarly,

Ndof-l
v (x ) =

j= 0
(3.19)

Substituting equations (3.18) and (3.19) into (3.17) and factoring Vj, we obtain:

(3.20)
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Defining the entries of a stiffness matrix, K, and of a mass matrix, M, respectively 

as follows,

(3.21)
M,j =

and introducing

F j = (»>,/)

equation (3.20) can be written in a general matrix notation format as:

(3.22)

(K + AM)u =  F + BC (3.23)

where the BC term must be evaluated at the boundaries of the domain.

• A ttr ib u tes  of th e  hp m ethod

At this point we need to address two aspects: first, the tessellation of multiple 

elements in a computational domain, and second, the choice of the expansion bases. 

As previously mentioned, the benefits of the spectral/hp element method rely also 

on the fact that it entails characteristics both from the h-type approach and from 

the p-type approach.

To differentiate between local and global coordinates, let us define the standard 

element Qstr in one dimension spanning the interval -1  < £ < 1, where f  is the local 

coordinate. In a computational domain with multiple non-overlapping elements, we 

need to define a mapping between the local coordinate £ in the standard element 

and the global coordinate x in each elemental domain Qe = {x|xe_i < x < xe}. 

This transformation can be written as (Karniadakis & Sherwin 1999):

in t r n r l l ie in o - n I f l f 'f l t l i f ln  .T  —  —  T<V>r a l in e a r  f i n i t e  e l e m e n t  e v n a n c in n  nrViere in

X =  Xe(i) = (3.24)

Xe—Xe-\
2
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We now introduce the second attribute of the hp method, the p-type approach, 

and hence we advance from linear finite elements to higher order polynomial ex­

pansions, which can be either nodal or modal. The spectral element method of the 

current study is associated with the method of weighted residuals and employs the 

latter type of polynomial expansions. Among the modal expansions available, the 

one employed in this spectral//ip element method is based on Jacobi polynomials, 

which form an orthogonal set of polynomials.

Jacobi polynomials, expressed as Pff'&{x), represent the family of polynomial 

solutions to a singular Sturm-Liouville problem which in the region — 1 < x  < 1 is 

written as (Karniadakis & Sherwin 1999):

dx
(1 -  :r)(1+a)(l +  x)(1+̂ ~7~up(x) =  Ap(l -  a;)Q(l +  x)^ut.(x 1 1%

where up(x) = Pp ’̂ {x) and Xp = -p{a  + f3 + p +  1).

This expansion basis is a hierarchical one as the expansion set of polynomial order 

P is included in the expansion set of order P  +  1. The use of a modal polynomial 

expansion normally indicates that the expansion basis is hierarchical.

The expansion basis used in the current spectral//ip element formulation is 

formed with symmetric Jacobi polynomials where a  =  ¡3 =  1 and we represent 

it as V’p(O) where in the standard interval fisir it is defined as (Karniadakis & 

Sherwin 1999):

Lzi
2

M O  =  * ( ¥ ) ( ¥ b “.K)
i±i

2

if p =  0

if 0 < p < P (3.26)

if p =  P

An example of this modal expansion, for a polynomial order, P, of 5 is depicted 

in Figure 3.3. Out of the six modes displayed, the first and the last, and ^5 

respectively, correspond to the linear finite element modes.

Going back to our motivation of solving equation (3.20) under the notation of 

equation (3.23), and using the above mentioned Jacobi polynomials as an expansion
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Figure 3.3: Shape of expansion modes for a polynomial order of P — 5 (Karniadakis 

& Sherwin 1999)

basis, the interior entries of the elemental mass matrix, for 0 < p,q < P  are defined 

as (Karniadakis & Sherwin 1999):

m '\pM  = ( i ^ )  ( ^ )  j£ ili(i)<M i)de (3-27>

Equation (3.27) gives us analytically the entry at the pth row and qth column of 

the elemental mass matrix. To perform this integration numerically, the Gaussian 

quadrature rule is employed as follows:

f i O-i
M e\p][q]= (3.28)

-7- 1 ¿=0
where & are the coordinates of the discrete number of points, Q, in the standard 

interval, and Wi are the weights. A description of Gaussian quadrature and its 

various types with respect to the choice of abscissae can be found in Sherwin & 

Karniadakis (1995, 1996). Finally, exact integration using Gauss-Lobatto-Legendre 

quadrature in one dimension requires that Q > P + 2.

Up to now we have considered the standard element i2str spanning a region (-1,1) 

in one-dimension. The approximate solution us(x), recall equation (3.18), for our 

choice of expansion basis can now be expressed in terms of the number of elements,
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Neiem, spanning the computational domain as follows:

Neiem P
“‘w  = E  <3-29)

e = l  p = 0

where again, x represents the global coordinate, £ the local coordinate in the stan­

dard interval, and e denotes the elemental domains.

For a computational domain of multiple non-overlapping elements, the number 

of global degrees of freedom is smaller than the summation of the local degrees of 

freedom through each of the elements, since the global modes are constrained to be 

continuous everywhere. This can be enforced in the current expansion by ensuring 

the end modes have the same expansion coefficient, i.e. Uq =  uep l . To be able to go 

from the local degrees of freedom to the global ones, therefore, requires a mapping. 

We define an array bmap[e][p], where e denotes the local element index and p the 

local mode index. This mapping array will be explicitly described subsequently 

when formulating the global mass matrix in the solution of the Helmholtz problem.

Finally, the last issue to be addressed in terms of the formulation before at­

tempting the solution of the Helmholtz equation in one-dimension, is the issue of 

the boundary conditions. We split the approximate solution into an unknown ho­

mogeneous function, uh, and a known one, uD. The known function satisfies the 

Dirichlet boundary conditions whereas the unknown is zero at the Dirichlet bound­

aries.

• Solution
We now go back to equation (3.23) and we will see how all the above aspects 

of the spectral/hp element formulation aggregate to reduce the differential problem 

into an algebraic one that can be solved with a computer program.

> The first step is to determine in the standard interval the coordinates, £[*], 

and the weights, «/[*'], at the np number of points associated with the Gaussian 

quadrature. We recall that np =  nm + 1 , where nm represents the number of local 

modes, nm =  P + 1.

> The second step is to form the matrix of the expansion basis defined in equation
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(3.26) at the quadrature points. This matrix is of order np x nm and contains 

the values of the expansion basis for each quadrature point i at each p < P + 1 

(let us denote each entry as ^[i][p]). Subsequently, the mass matrix is formed 

following equation (3.28). The mass matrix is a square matrix of order nm, and 

each entry mass [p] [9], where p, q < P +  1 , is formed by summing the product of 

?/>[«][p] • [*’][<?] • w[i\ through all the i quadrature points.

t> The third step is to form the matrix of the derivatives of the expansion basis, 

and similarly to the mass matrix to now form the stiffness matrix. A detailed 

description on how differentiation is performed in the current formulation can be 

found in Sherwin & Karniadakis (1995, 1996).

t> The fourth step is to proceed from the local formulation in the standard element 

to the global formulation. For a total number of nel elements, the number of global 

degrees of freedom is: N ^f  = nel ■ (nm — 1 ) + 1 . With the Jacobian and a mapping 

bmap[e][p] =  e • (nm -  1) + p, where e < nel and p < P +  1, the global mass 

matrix can be constructed. The same mapping is also employed for assembling the 

global stiffness matrix. We recall equation (3.23) and by adding the global stiffness 

matrix to the product of the global mass matrix times the Helmholtz constant, A, 

we produce a square matrix, denoted by A, which is of order N^j.

D> Now let us work on the first term of the right-hand side of equation (3.23) and 

this constitutes the fifth step. For a solution of the form u(x) =  sin(7rx), and with 

the Helmholtz constant being equal to 1, we obtain f (x)  =  (tt2 + 1) sin(7ra:). And 

let us now denote the matrix of the expansion basis, where as explained above each 

entry is of the form ^[i\[p}, as matrix G. In order to form F, which is a column 

matrix of order nm x 1 , we now perform with the Jacobian the operation G Twf 

where G is a matrix of order nm x np, w is a diagonal matrix of order np and 

includes the weights, and f is the forcing function column matrix of order np x 1 .

> For illustrating this model problem, the second term on the right-hand side of 

equation (3.23) is now considered at the end. Let us assume that the computational 

domain consists of two elements, where the two global boundaries A, B have coor­

dinates xa =  — 1 and xb =  3 for example. We apply a Dirichlet boundary condition
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on boundary A and a Neumann boundary condition on boundary B; u(xa) =  — 1 

and ^ ( x b ) = — 7r. The BC column matrix has all its entries as zero except for the 

very last one which represents the Neumann boundary condition at boundary B. 

This is equal to the value of the expansion basis at that point multiplied by (—7r) 

as described in equation (3.20).

By adding the outcomes of the fifth and sixth step, we have finally formed the 

right-hand side, and let us call B this column matrix of order Nd0f x 1 . Hence, we 

have now arrived at a matrix equation of the form A u = B and we could solve for 

u.

The last thing to take care of is the Dirichlet boundary condition at boundary 

A. As mentioned earlier the approximate solution, us, can be formed by a known 

and an unknown part. We can therefore condense the modes that are attached to 

a Dirichlet boundary out of the system before it is inverted, since these modes are 

known. We can remove them from the global matrix system by condensing the row 

and column which represent contributions from these known modes as discussed in 

Sherwin & Karniadakis (1996). Matrix A is thus accordingly reduced to a square 

matrix of order Nd0j — 1, B to a column matrix of order (Ndoj — 1) x 1 and we can 

now solve for the Nd0f — 1  unknown coefficients.

Therefore, after splitting the knowns and the unknowns, we have seen how our 

original differential problem was reduced to an algebraic one where the values of 

the unknown coefficients could be determined by standard matrix inversion. Recall 

equation (3.29) and we can now accordingly evaluate the approximate solution to 

our one-dimensional Helmholtz problem at all the quadrature points. •

• Error analysis
Finally, we will now consider the error estimates applied to the one-dimensional 

Helmholtz equation we have solved above, i.e:

d2u 
dx2 -  u =  — (tc +  1) sin(7ra:) (3.30)

As mentioned earlier, the spectral/hp element method employed accounts for expo­
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nential convergence. The general error estimate can be written as (Szabo & Babuska 

1991):

IklU < (3.31)

where h is the size of the elements, P is the polynomial order, k is the differentiability 

of the solution, /» =  min(k ,P  +  1), C is independent of h, P, u, and e =  u — us. 

For infinitely differentiable solutions,

e oc hp (3.32)

Moreover, as mentioned before, in one dimension the number of degrees of freedom, 

Ndof, are:

Ndof = nel(nm -  1) + 1 =  (nel)(P) +  1 (3.33)

where nel is the number of elements in the computational domain. Recall that for 

/i-convergence, the polynomial order remains constant. Therefore,

h oc (3.34)
Ndof

By taking the natural log of equation (3.32) and combining it with equation (3.34), 

we obtain the following for /»-refinement:

In e a  — P  In N ^ f  (3.35)

This indicates that for /»-convergence the error should vary linearly with N^0f  on a 

log-log axis. Considering the L2 error, where:

£ =  ̂f  {us — u)7dxj  (3.36)

the /»-type convergence at fourth polynomial order for the one-dimensional Helmholtz 

equation expressed in equation (3.30) is indeed demonstrated in Figure 3.4.
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Figure 3.4: /¿-convergence of the solution u — sin(7ra:) in the one-dimensional 

Helmholtz equation in a log-log axis, P = 4

Similarly, for polynomial convergence equation (3.32) still holds. However, since 

h remains constant and P now varies, equation (3.33) suggests:

P  oc NdoJ (3.37)

By taking the natural log of equation (3.32) and combining it with equation (3.37), 

we obtain the following for p-type refinement:

ln£ oc Ndof (3.38)

Figure 3.5 depicts the h- and p- type convergence of the Helmholtz equation 

expressed in equation (3.30). The fast decay in L2 error achieved by the p-type 

approach is shown.

In conclusion, we have seen how the principles of the spectral//ip element formu­

lation have been applied to a Helmholtz equation in one-dimension.
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Figure 3.5: P- and h- convergence of the solution u — sin(7rx) in the one-dimensional 

Helmholtz equation in a semi-log axis: y  p-convergence in 2 elements; O  P- 

convergence in 20 elements; □ h-convergence at P =  4

• H igher dimensions

In two- or three- dimensions similar features pertain. Further details about this 

spectral//ip element method along with simulations and comparisons with standard 

flow cases can be found in Sherwin & Karniadakis (1995, 1996) and Karniadakis 

& Sherwin (1999). In Sherwin & Karniadakis (1995) the two-dimensional formu­

lation for the Navier-Stokes algorithm is presented with triangular discretizations 

for complex geometries. In Sherwin & Karniadakis (1996) a new tetrahedral expan­

sion basis is introduced and the formulation and validation of the three-dimensional 

Navier-Stokes algorithm using this basis are demonstrated.

In three-dimensions the basis can be broken up into four types of modes: vertex, 

edge, face and interior. An inherent feature of this spectral//ip element discretiza­

tion is the boundary/interior decomposition of the modal expansions. Boundary 

modes in three-dimensions include the vertex, edge and face modes. The vertex 

modes have a unit value at one vertex decaying linearly to zero at all other vertices. 

The edge modes have magnitude along one edge and are zero at all other edges and 

vertices. The face modes have non-zero contributions in the interior and on one
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face only. Finally, the interior modes are zero at all the boundaries. As the global 

system can be ordered so that the global boundary degrees of freedom are listed 

first, followed by the global interior degrees of freedom for each element, the ele­

mental mass matrices can be split into four components containing a combination of 

boundary-interior contributions. The boundary and interior degrees of freedom, in a 

Helmholtz matrix system for example, can then be solved in a decoupled manner by 

statically condensing the system. This principle is explained in detail in Karniadakis 

& Sherwin (1999).

As noted in section 3.2, the solution of the Navier-Stokes equations in three- 

dimensions involves three Helmholtz equations for the velocity components and a 

Poisson equation for pressure. For unsteady problems such as the flow past cylin­

ders, the computational cost of the Navier-Stokes solver is mostly dictated by the 

computational expense of solving these four elliptic problems. Recently, Sherwin 

& Casarin (2001) presented an efficient preconditioning approach for statically con­

densed solvers, otherwise known as substructured solvers, by reducing the coupling 

between the original face mode contributions and the combination of vertex and 

edge modes in a numerical low-energy basis.

3.4 Details of the three-dimensional simulations

The three-dimensional computations have been performed partially on the Fujitsu 

AP3000 provided by the Imperial College Parallel Computing Centre and mostly on 

the CRAY T3E-1200E provided by the Computer Services for Academic Research 

(CSAR) at the University of Manchester. The simulations on the AP3000 were 

computed with 16 UltraSPARC 300MHz processors. On the CRAY T3E-1200E the 

computations were performed with 16 to 96 DEC Alpha 21164 600MHz processors.

The simulations have been performed under the following features:

• polynomial order

In almost all of the simulations, the order of the polynomial expansion has 

been increased from 2 to 4 and then to 6 (and further to 8 in some of the

81



computational cases).

• time integration and time step

The time step at each polynomial order has been chosen so that the CFL 

number for stability reasons is between 0.20 and 0.50. Most of the numerical 

results presented in this thesis stem from computations at first order time in­

tegration. Second order time integration was also successfully attempted. At 

first order time integration, the effect of the time step level has been investi­

gated for the flow past body A and past body C at different time step values. 

Specifically, the original time step, At, was decreased to |A t and then to 

In Chapter 4 the statistics for a number of shedding cycles for the flow past 

body A are hence compared at these different time step levels and in Chapter 

5 for the flow past body C. We observe that within the acceptable CFL range 

the effect of the variation of the time step on the numerical results is indeed 

negligible.

The individual domain sizes will be considered separately for each case in Chap­

ters 4 and 5. The domain size parameters were investigated only for the flow past 

body A and as will be discussed in Chapter 4 the same flow features were ob­

served for the smaller and the larger mesh. The numerical results were qualitatively 

unaffected overall. Because of the large computational requirements of the fully 

three-dimensional simulations it would be too demanding to do a full mesh resolu­

tion study with a set of meshes for each one of the cases. However, a hierarchical 

p-refinement study was possible. As typically performed in the spectral//ip element 

method, the solutions were refined by increasing the polynomial order of the ex­

pansion functions rather than by increasing the number of elements in the domain. 

Each element in the mesh of Figure 3.1 accounts for local degrees of

freedom if it is a tetrahedron, and (p+1)̂ (p+2) iocai degrees of freedom if it is a prism. 

Overall this mesh allows for almost one million local degrees of freedom (993,608) 

when the solution is computed at sixth polynomial order. As a final comment for the 

refinement studies, it should be brought to attention that all the numerical results 

of Chapter 5 have been qualitatively validated successfully by the experimental flow
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visualizations.

The boundary conditions that will be encountered in Chapters 4 and 5 are briefly 

described here:

• A velocity inlet boundary condition has been specified on one or more surfaces 

of each case. Three Dirichlet boundary conditions for each of the velocity 

components and a Neumann boundary condition for pressure are applied at 

this type of boundary condition.

•  A wall boundary condition represents no-slip and is the same as the velocity 

boundary condition with u = v = w =  0.

•  A symmetry boundary condition corresponds to a Dirichlet boundary condi­

tion for the velocity component normal to this symmetry plane and Neumann 

boundary conditions for all the other velocity components. If, for example, 

the plane z =  0 is assigned a symmetry boundary condition, then w = 0, 

^  =  ^  =  0 and ^  =  j-z ~  0- The pressure is set through a Neumann 

boundary condition.

•  Finally, the outflow boundary condition is set by three Neumann boundary 

conditions for each of the velocity components =  0, ^  =  0, ^  =  0) and 

a Dirichlet boundary condition for pressure (p =  0).

In conclusion, a comment should be made about the computational cost and 

the parallel efficiency of the simulations. As the nature of the problem studied 

required a fully three-dimensional approach with large computational domains and 

relatively complex geometries, the computations were relatively intensive in CPU 

time. Parallel efficiency was observed whereby on average doubling the number of 

processors from 16 to 32 resulted in a 1.6 speedup, while quadrupling the number 

of processors from 16 to 64 produced a 2.6 speedup for solutions computed at sixth 

polynomial order. Considering the complexity of the cases and the high polynomial 

orders these statistics are encouraging.
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3.5 Utilities

A key feature of this work, aiming to study the fundamental mechanisms of vortex 

shedding past curved cylinders, was the processing and analysis of the computational 

results. A technique to visualize and study the wake topology and an implementation 

to extract forces at two-dimensional sections along the length of the curved cylinder 

were of high-priority among the post-processing tools. The A2 identification criterion 

for vortical structures will be presented in section 3.5.1 along with an analysis of the 

appropriate cut-off range in section 3.5.2. Finally, in section 3.5.3 we will see how 

the sectional forces are extracted for two-dimensional slices normal to the cylinder 

axis.

3.5.1 The A2 criterion for vortex core identification

In order to represent the flow structures developed in bluff body flows and study the 

three-dimensional vortex dynamics and the evolution of a flow-field, a criterion to 

identify and capture the vortical structures is often necessary. Alternative definitions 

of what constitutes a vortical structure and how to accurately capture the vortical 

structures in a flow field have been presented by different researchers over the past 

years. In this section we limit ourselves to the method proposed by Jeong & Hussain 

(1995) which stems from the pressure minimum criterion for flow rotation, but in 

the absence of unsteady or viscous contributions. Taking the gradient of the Navier- 

Stokes equation and decomposing the acceleration gradient to a symmetric and 

anti-symmetric part, where the latter is equal to the vorticity-transport equation, 

Jeong & Hussain (1995) arrived at:

D S ■■ 1
j r v S i j ,k k  d" f y k ^ k j  d~ S {k S k j  =  ~  ~ P , i j (3.39)

The symmetric and anti-symmetric components of the velocity gradient tensor, 

Sij and Qij respectively, are written in tensor notation as follows (where the comma
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in subscript indicates partial differentiation):

Sij — ~ {ui,j + uj,i)
1 (3-40)

^ij ~  2 (Uid ~ Ul'l)

As we will discuss below, the sources of inconsistency between the presence of 

a pressure minimum and the presence of a vortex core are often the unsteady and 

viscous effects. Neglecting the first two terms of equation (3.39) and considering 

the Hessian of pressure which contains information on the local pressure extrema, 

Jeong & Hussain (1995) developed the following criterion. They defined a vortex 

core “as a connected region with two negative eigenvalues o /S 2+ i i2”. Since S2+ fl2 

is symmetric and has only real eigenvalues, they postulated that the second largest 

eigenvalue, A2, of S2+ fi2 must be negative within a vortex core.

Jeong & Hussain (1995) compared their definition to other intuitive definitions, 

such as the pressure minimum, closed or spiralling streamlines and pathlines, and 

isovorticity surfaces. They provided examples of types of flows where these criteria 

prove inadequate in detecting successfully the vortical structures. Specifically, as 

highlighted in Jeong &; Hussain (1995) the presence of unsteady straining can create 

a pressure minimum even though no vortex core is involved. In addition, in viscous 

dominated flows vortices can occur without the presence of a pressure minimum. 

Hence, they concluded that in general, the presence of a local pressure minimum is 

neither a sufficient nor a necessary condition for the presence of a vortex core when 

unsteady straining or viscous effects are involved. This provided the reasoning for 

discarding the first two terms in equation (3.39). Similarly, the criterion of closed 

or spiralling pathlines and streamlines can be an inappropriate measure as they are 

not Galilean invariant; if, for example, the reference frame moves faster than any 

point in the vortex core, the streamlines may as well not be closed or spiralling. 

Moreover, as a particle may not complete a full revolution around the vortex centre 

during the lifetime of a vortex, no closed pathlines would be produced. Finally, 

using vorticity magnitude as the criterion to locate vortical structures can also pose 

problems in cases of shear flows, as the vortex cores need to be distinguished from 

other non-rotational shear features in the flow field (presence of vorticity but no
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coherent vortical motion).

In all the computational cases presented in this thesis, the vortex cores have been 

identified in terms of the A2 criterion. This technique has been successfully used in 

the past within the research group for the study of bluff body flows (Darekar 2001).

3.5.2 Enstrophy and cut-off analysis of vortical structure 
identification

Typically a specific isocontour value, or cut-off, is chosen to identify the coherent 

structures generally referring to the organized and concentrated rotational patterns 

within the flow. In numerical practice the cut-off value is varied in order to eliminate 

numerical noise. The A2 criterion outlined in the previous section was now extended 

a step further in order to determine the optimal cut-off range in the coherent struc­

ture identification process and gain a more physical understanding of the cut-off 

value in terms of the wake features it represents.

Creusé & Mortazavi (2001) compared three different diagnostic methods in order 

to obtain a better understanding of the flow dynamics downstream of the disconti­

nuity point of a dihedral. The computations on this dihedral plane were performed 

using a two-dimensional DNS method and the vortex dynamics were studied with 

instantaneous plots of the entire vorticity field (vorticity isolines), with the vorticity 

threshold criterion and the Weiss criterion (Weiss 1991).

For their two-dimensional simulations, Creusé & Mortazavi (2001) found that 

when plotting the proportion of the coherent structure’s enstrophy (integral of 

squared vorticity) to the global flow versus the cut-off value, they observed two 

different behaviours at the right and left of the optimal cut-off point. They defined 

the optimal cut-off point as the intersection of the tangents to the curve at zero 

and infinity (Creusé &; Mortazavi 2001). For values smaller than the optimal cut-off 

point, they claimed that the high variation of the enstrophy value corresponds to 

contributions from the shear zones of the boundary layer. For values larger than 

the optimal cut-off point, Creusé & Mortazavi (2001) found the regions captured 

by the vortex core identification criterion to remain almost unchanged, hence they
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argued that these regions correspond to the definition of the coherent structure. The 

optimal cut-off value was large enough to remove the background flow, but at the 

same time was small enough to capture the agglomeration of vortical structures in 

the flow field.

This idea was accordingly adopted in three-dimensions, where apart from the 

flow past curved cylinders, an internal flow case from the biomedical area was also 

used as a validation example. Interestingly enough, the curve of the proportion of the 

coherent structure’s enstrophy to the global flow’s as a function of the cut-off value 

exhibited similar trends and the two above-mentioned behaviours were recognized.

The aim of this implementation was therefore to calculate the amount of enstro­

phy, Z, captured in the coherent structures that correspond to each A2 level. All 

the flow fields obtained by Af en T o ir  are solutions to the Navier-Stokes equations 

using higher order polynomial expansions. The post-processing utilities are however 

performed with linear shape functions.

Let us consider the sample case of the channel flow in a computational domain 

where each Cartesian direction spans a length equal to two units (-1,1). With a 

velocity profile of,

u = l - z 2 (3.41)

we obtain,

CJy =  —2 Z (3.42)

Therefore, the analytical value of u;2 integrated in the volume of this domain is:

/
! 32

( 2z) dz — -g- (3.43)

where Axy is the area on the xy-plane.

Numerically, using linear finite elements, we first decompose each element to a 

large number of smaller tetrahedra and in each small tetrahedron we perform:

3

z  =  Y .  w ?J N ‘ <3-44)
i=0

Each vertex shape function contributes 1/3 (i.e. N0 =  JVi =  N2 = N3 =  | )  

while J  maps the subtetrahedra to the standard region. In this channel example,
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the original mesh consisted of 6 tetrahedra of equal size. If the original element 

is a tetrahedron, then it can be decomposed to n3 similar smaller tetrahedra with 

n - 1-1 equispaced interpolating points along each edge of the original element. For 

example, when evaluating the enstrophy in this channel domain using n = 4, each 

one of the original tetrahedra in the mesh is decomposed into 64 smaller tetrahedra. 

This allows a better resolution of the non-smooth A2 function in space than using a 

higher order expansion. Assuming to, to be equal to one, the value of enstrophy in 

this case is indeed equal to the volume of the domain.

To calculate the enstrophy in this channel case with equation (3.44), the numer­

ical results showed that with n = 4, the computed enstrophy was 12. However, as n 

was increased to 29, the value of enstrophy in this channel domain was found to be 

equal to 10.692, and as the number of interpolating points was further increased, the 

numerical results asymptotically approached the analytical solution of y  =  10.667.

Having devised a technique to approximate the amount of enstrophy captured 

in given volumes, we go back to our original motivation of comparing the amount of 

enstrophy captured in the coherent structures at each A2 level for the flow past the 

curved cylinders of this study. Figure 3.6(a) shows the normalized enstrophy curve 

versus A2 for the flow past body C at a Reynolds number of 100. The proportion 

of the enstrophy, Z,  captured within the coherent structures using the A2 definition 

has been normalized by the total enstrophy, Ztot, within the global flow domain and 

is plotted as a function of the cut-off value. The two regimes documented by Creusé 

& Mortazavi (2001) can be recognized in the results of this three-dimensional case. 

Figure 3.6(b) depicts this curve in a log-log axis.

In Figure 3.7 the A2 structures are shown for the six points (a, b, c, d, e, f) marked 

along the curve of Figure 3.6 in order to obtain a more physical understanding of the 

trends of the normalized enstrophy versus A2 curve. Specifically, the six positions 

correspond to cut-off values of: (a)A2 = —0.0001, (b)A2 =  —0.005, (c)A2 =  —0.02, 

(d)A2 =  -0.1, (e)A2 =  —0.2, and (f)A2 =  —1.5. We observe that at very low 

values, as shown in Figure 3.7(a) for |A2| =  0.0001 for example, numerical noise is 

masking the clear representation of vortex dynamics in the wake. At a higher value of 

|A2| =  0.005, Figure 3.7(b), the wake topology starts becoming apparent. Extracting
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Re — 100, (b) log-log axis

at an even higher value of |A2 I = 0.02, we can visualize the wake topology and the 

representative wake dynamics without the presence of numerical noise. Similarly, 

at |A2| =  0.1 the main vortical structures are still discerned, but we already notice 

the disappearance of the vortex cores furthest downstream from the body. The 

difference in the termination of the vortex cores at the horizontal part of the curved 

cylinder can also be observed. At |A2| = 0.2, Figure 3.7(e), only the higher enstrophy 

vortex cores, the ones closer to the body, are now apparent. Finally, at |A2| =  1.5 

barely the shear layers are captured. Hence, within the range 0.01 < |A2| < 0.3 

a more optimal representation of the coherent structures in the wake of body C 

can be observed. The three-dimensional vortex shedding from the curved cylinder 

is captured without being obscured by the numerical noise. It is within this range 

that the vortical structures are not considerably altered hence corresponding to a 

suitable choice for vortex core extraction.

Going back to Figure 3.6(a), for |A2| < 0.01 there is high variation in the nor­

malized enstrophy for small changes in the A2 level and a very large percentage of 

the total enstrophy is captured. This region corresponds to the numerically noisy 

vorticity fields as for example shown in Figure 3.7(a). The range 0.01 < |A2| < 0.3 

next corresponds to the optimal representation of the coherent structures for the 

flow past body C as depicted in Figures 3.7(c), (d), (e). The near wake vortical
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structures are not significantly altered; the far wake structures of relatively low en- 

strophy are however eliminated with increasing cut-off value. Figure 3.6(a) shows 

indeed a decreasing trend for the captured enstrophy versus cut-off magnitude in 

this region. For |A21 > 0.3 even the near wake vortex structures start to vanish. 

Finally, the curve reaches an asymptotic state corresponding physically to merely 

the shear layers. An increase of the A2 level therefore above the optimal range of 

cut-off values generates a significant loss of information that affects all the structures 

outside the shear layers.

We have thus seen an example of the importance of identifying the vortical struc­

tures at the appropriate cut-off range. The asymptote to the curve at zero includes 

the numerical noise. Extracting at this level therefore would not be desirable since 

any identification of coherent structures and representation of the wake dynamics 

would be masked by the numerical noise. The asymptote to the curve at infinity 

corresponds to the very energetic shear layers; hence extracting at that level would 

also not be desirable since no information of the wake structures developed would 

be included. At the optimal cut-off range the A2 value is large enough to have 

eliminated any background noise, but at the same time is small enough not to have 

missed any information on the wake features. In conclusion, numerical application 

of the A2 identification criterion should be used in conjunction with an analysis of 

the enstrophy captured in order to determine a valid range of cut-off values.

In Chapters 4 and 5 we will see more examples of the cut-off analysis of coherent 

vortical structure identification. Specifically, in Chapter 4 we will investigate the 

enstrophy versus cut-off value trends for the flow past body B at a Reynolds number 

of 100. This case involves a shear velocity inlet profile and a wall boundary at the 

bottom of the computational domain where body B ends. It therefore results in 

complex vortical structures where the difference between the vorticity magnitude 

criterion and this cut-off analysis of the coherent structures’ identification can be 

highlighted. In Chapter 5 we will see the cut-off analysis for the flow past body C 

now at a higher Reynolds number of 500.
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(e) (f)

Figure 3.7: Isocontours of A2 at: (a) A2 =  -0.0001, (b) A2 =  -0.005, (c) A2 =  -0.02, 

(d) A2 = -0.1, (e) A2 =  -0.2, (f) A2= -1.5
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3.5.3 Sectional force coefficients

The integrated forces are extracted directly from the Navier-Stokes solver in three- 

dimensions. In the course of this research it emerged that valuable insight could be 

gained from determining the variation of the forcing along the span. Identifying the 

forces applied at given two-dimensional sections of the curved cylinder would enable 

the distinction of the extent that each section of the cylinder is contributing to the 

three-dimensional integrated forces.

The Navier-Stokes solver was modified to write pressure and viscous stresses on 

all the elements adjacent to the cylinder’s boundary. A number of circular cross- 

sections located at spans of equal arc length were specified along the length of the 

curved cylinder normal to the centreline of the body. With the information about 

pressure and surface shear extracted at the discrete points used for the circular 

sections’ definitions and integrating around the two-dimensional planes, the forces 

on each two-dimensional section were obtained.

As an example of this implementation, Figure 5.5 depicts the variation of sec­

tional CFy, force coefficient in the ¿/-direction, for the flow past body C at a Reynolds 

number of 100. The top of the cylinder is at S/d  =  0 whereas S/d  = 19.6 corre­

sponds to the vertical slice at the end of the quarter ring (5 represents the arc length 

measured from the top). Two more slices along the cylinder’s span are also shown 

for illustrating this example. A non-dimensional arc length of S/d  =  5 corresponds 

to a section inclined approximately 23° from the horizontal and a non-dimensional 

arc length of S/d  =  10 to a section inclined approximately 46° from the horizontal.

The sectional forces for the horizontal component of the transverse force will 

be presented for all the computational cases of this study in Chapters 4 and 5. 

In Chapter 4 the forces along the cylinder’s sections are also shown in Cartesian 

coordinates for the axisymmetric ring geometry validating this implementation.
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Figure 3.8: Variation of sectional Cpy for Body C, Re — 100. To illustrate the 

orientation of the planes along the cylinder’s span two sample sections are also 

shown.
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Chapter 4

Three-dimensional computations 
with the flow normal to the plane 
of curvature

This chapter presents the set of computations performed with the free-stream vector 

normal to the plane of curvature. This series of computations aims at investigating 

the effects of curvature compared to a straight cylinder and the effects of a sheared 

current profile as well as of the interaction with the seabed.

The two body configurations employed in this chapter have been discussed in 

section 1.3 and are depicted in Figure 1.2. In section 4.1.1 the flow past body A 

at a Reynolds number of 100 will be presented. The flow past body B under the 

combination of a no-slip wall boundary and a sheared velocity profile at the inlet 

will be described in section 4.1.2. Section 4.1.3 includes the flow past the same body 

and sheared velocity profile at the inlet, but with an inviscid wall boundary (slip). 

Finally, the flow past the same body with a uniform velocity profile and an inviscid 

wall boundary is presented in section 4.1.4. Furthermore, the flow past body A has 

also been computed at a higher Reynolds number of 500 and is discussed in section 

4.2.



4.1 Reynolds number 100: Results and discussion

4.1.1 Flow past body A

The flow past body A, which is effectively a quarter ring of 12.5 non-dimensional ra­

dius of curvature, depicted in Figure 1.2(a), is presented in this section at a Reynolds 

number of 100.

Figure 4.1 depicts a cut in the computational domain at a plane in the streamwise 

direction and exhibits symmetry about the diagonal of the region. The flow direction 

was in the y-direction, effectively into the page and therefore the inlet and outlet 

planes would be parallel to the page. In the streamwise direction, the distance to 

the outlet was 15 diameters from the axis of the body and the inlet distance was 5 

diameters. Boundaries A and B include an intersection with the curved cylinder and 

so a symmetry boundary condition was prescribed. Boundaries C and D correspond 

to free-stream boundaries assigned a uniform velocity boundary condition, f/oo=[0 

10].
x, = 21d 

x,= 12.5d

Figure 4.1: Computational boundaries (not to scale) for body A in a plane normal 

to the free-stream vector

The hybrid mesh created for this computation comprised a total of 7464 elements, 

out of which 790 were the prismatic boundary layer elements. The computation was 

performed originally with second order polynomials and was then restarted with 

polynomials of fourth, sixth and eighth order. At P = 6 this mesh accounts for 

715,456 local degrees of freedom, whereas at P = 8 it allows for 1,421,160 local 

degrees of freedom. Blockage for these computational cases was 4.5%.
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Figure 4.2 depicts the integrated force coefficients in the x-, y-, and 2- directions. 

The x- and 2- directions represent the horizontal and vertical component of the 

transverse force respectively and the y- direction is the direction of the drag. Figure 

4.2(a) depicts the entire force history whereas Figure 4.2(b) depicts only the sixth 

to the eighth polynomial order part. The transition from P  =  2 to P  = 4 occurs at 

a non-dimensional time = 200, from P  =  4 to P  =  6 takes place at & 403 

and the transition from order 6 to order 8 at «  427.

With this geometry being an axisymmetric body with symmetry boundary con­

ditions, the forces in the x- and z- directions come out to be of equal amplitude 

and frequency. Unlike the straight cylinder which exhibits a drag force with one 

frequency equal to twice that of the lift, the curved cylinder, as Figure 4.2 demon­

strates, accounts for a second lower amplitude peak in the drag force as an effect 

of curvature. Note that the lower amplitude peak in the drag force is still apparent 

even when the polynomial order is increased from 4 to 6 and then to 8. Moreover, 

the mean in the two components of the transverse force is not zero as is the case for 

a straight cylinder. Unlike the straight two-dimensional cylinder, the two vortices 

shed per lift cycle do not have to be of equal strength.

Frequency and mean force statistics

The power spectra density for this case determined at P  =  8 are shown in Figure 

4.3. Under the current blockage of 4.5% the frequency of the horizontal component 

of the transverse force was found to be equal to 0.1764. As an effect of curvature, 

the drag was found to exhibit two frequencies as discussed above: one at 0.1764 and 

one at 0.3527.

•  First order time integration, P  =  8

Table 4.1 depicts the frequencies, and the mean and rms values of the inte­

grated forces in the three Cartesian directions determined with first order time 

integration at P  = 8. Four decimal places will be employed in this section in 

order to highlight force convergence.
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Figure 4.2: (a) Integrated force coefficients for the flow past Body A at Re = 100, x- 

and 2 - are the horizontal and vertical component of the transverse force respectively, 

y- is the direction of the drag; (b) A shorter section of the force history at sixth and 

eighth polynomial orders

• First order time integration, P = 6, time step variation

Table 4.2 shows the frequencies along with the mean and rms values of the 

integrated force coefficients computed with first order time integration at dif­

ferent time steps, At, at P — 6. The original time step, A t = 0.0025, has been 

reduced in steps of 1/4 up to

As mentioned before, note that the mean in the horizontal and vertical com­

ponent of the transverse force is not equal to zero, but has a magnitude of 

0.0745 on average, exhibiting indeed antisymmetry. That the outer vortex is 

stronger than the inner one is hence accepted consistent with a positive mean 

in the x-direction. It should be clarified though that for the full ring geometry 

no mean forces in any transverse direction would be encountered. The mean 

forces here are an artefact of the computational domain representing only a 

quarter of the whole ring geometry as a generic shape for a curved cylinder. 

Hence only qualitatively can the features of this flow be compared with those 

of the full ring.
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Figure 4.3: Power spectra density of the integrated forces in the x-, y- and z- 

directions for the flow past body A at Re =  100
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P = 8

Stpx 0.1764

Stp>y 0.1764

0.3527

St fz 0.1764

CpXmoan 0.0750

^Fxrm, 0.1614

^Fymean 1.4608

c Fyrm. 0.0109

^FZmean -0.0748

^FZrm* 0.1609

Table 4.1: Frequencies along with mean and rms values for the integrated force 

coefficients for the flow past body A at Re =  100 computed at P = 8 with first 

order time integration

The frequencies and the mean values for the integrated force coefficients have 

at most a discrepancy of 0.1% for the different time steps at first order time 

integration. Moreover, the frequencies and mean values for the force coeffi­

cients agree well between P  = 6 and P  =  8. With these discrepancies deemed 

negligible overall, force convergence has been accomplished.

The simulations were also computed with second order time integration and 

the agreement was in the order of 10~3.

Extraction of pressure contours at slices normal to the axis of the curved cylinder 

in variable locations along the span indicated in-phase shedding as can be observed 

from Figure 4.4(a). Extraction of pressure isocontours in three-dimensions verified 

this as the axis of the vortex was found to be aligned to the axis of the cylinder as 

Figure 4.4(b) depicts. The ring, being an axisymmetric body, should have indeed 

been expected to shed in-phase along its length at this Reynolds number. In-phase 

shedding at this Reynolds number would also be expected from a straight cylinder
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P = 6
A t =  0.0025 A t = 0.001875 A t =  0.00125

StpX 0.1763 0.1762 0.1761

Stpy 0.1763 0.1762 0.1761

0.3526 0.3523 0.3522

Stpz 0.1763 0.1762 0.1761

^FXmean 0.0745 0.0745 0.0744

^-'Fxrm, 0.1618 0.1614 0.1610

^ F y  mean 1.4607 1.4602 1.4598

C F y rm, 0.0109 0.0108 0.0108

^FZmean -0.0744 -0.0744 -0.0743

^FZrm. 0.1613 0.1609 0.1605

Table 4.2: Statistics for the flow past body A at Re = 100 computed with first order 

time integration at P  = 6 for three different time steps

implying that a sectional analysis might still be appropriate for these flow conditions. 

Even this however would be legitimate only if the difference in circulation shed each 

side of the wake centreline were negligible (a quasi-2D sectional analysis would not 

predict the difference in vortex strengths between inner and outer). Figure 4.4(b) (1) 

shows the extraction of pressure isocontours at a level corresponding to a pressure 

coefficient of —0.78. Figure 4.4(b) (2), on the other hand, shows the extraction 

of pressure isocontours at a level corresponding to a pressure coefficient of —0.98, 

projected onto the ary-plane.

The wake topology for this case, at a A2 value of —0.1, is shown in Figure 4.5 

at the time of a CFx maximum, - «  435. Recalling that this body is effectively 

a quarter of the ring geometry, we are essentually visualizing a quarter of the inner 

and outer vortex rings expected to shed periodically in the wake of an axisymmetric 

ring.

As mentioned in section 2.6, in their study of the flow past rings at low Reynolds 

numbers, Leweke & Provansal (1995) visualized vortex rings parallel to the body
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Figure 4.4: (a) Pressure contours on planes normal to the cylinder axis for the flow 

past body A at Re = 100, t-^fL «  435, Cpx maximum; (b) 3D pressure isocontours 

for body A, Re =  100, t-^jSL «  435, Cpx maximum: (1) 3D view, Cp =  —0.78, (2) 

top view, Cp =  —0.98

for smooth initial conditions for a ring of aspect ratio equal to 76.2 at a Reynolds 

number of 105 (see Figure 2.11). Note that as mentioned in Chapter 1, body A of 

this study would correspond to a ring of aspect ratio equal to 81.7.

Finally, it should be noted that the pressure (iso)contours (Figure 4.4) can be 

used equally well with the A2 criterion as indicators of the vortex dynamics for this 

case as it resembles a 2D flow.

Sectional forces have also been computed at slices normal to the cylinder axis, 

with S /d  designating the non-dimensional arc length measured from the top (the top 

of the curved cylinder is at S /d  = 0). Figure 4.6(a) shows a time history of the sec­

tional Cpx which is well correlated with straight bands of alternating sign exhibiting 

axisymmetric two-dimensional vortex shedding. The regular periodic fluctuations 

coincide with the maxima and minima in the integrated force coefficients. Figures 

4.6(b) and (c) depict the forces along the cylinder in Cartesian coordinates and 

demonstrate again the antisymmetry between the x- and z- directions as mentioned 

previously, validating the application of the sectional forces concept. For example, in
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Figure 4.5: Wake topology for the flow past body A, Re =  100, A2 = —0.1, «

435, Cfx maximum

Figure 4.6(b), Cartesian Cpx decays as a result of the geometry becoming aligned to 

the z-axis, as the horizontal component of the transverse force becomes the vertical 

one and vice versa.

As mentioned in Chapter 3, the p-refinement attribute of this spectral//ip ele­

ment method, was taken advantage of in all the cases of this work. In analogy to a 

hierarchical mesh convergence study, the order of the expansion basis was progres­

sively increased on a fixed mesh of elements. In addition, for this case the domain 

size parameters were modified to examine the mesh-dependency of the results for 

the flow past body A. A second mesh was thus constructed, where: (i) boundaries 

D and C were each moved by another 5 diameters away from the body, and (ii) the 

inflow and outflow planes were extended to a distance of 10 and 25 diameters, re­

spectively, from the axis of the body. This second mesh comprised 12,526 elements 

and at P — 6 it accounted for 1,140,664 local degrees of freedom.

Figure 4.7 depicts the integrated force coefficients for the flow past body A with 

this larger mesh when the solution was computed at sixth polynomial order and can 

be compared with Figure 4.2(b). With the computational blockage now reduced to
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sectional CF,

Figure 4.6: Variation of the forcing in two-dimensional sections normal to the axis of 

body A, Re =  100: (a) Sectional Cpx, (b) Cartesian x-component force coefficient, 

(c) Cartesian ¿-component force coefficient

1 0 3



0.3

480 500 520 540 660
1UJd

480 500 620 640 660
tUJd

« 0  ' ' ' ' 600 ' ' 620 ‘ ‘ ' 640 ' ‘ "MO
tU./d

Figure 4.7: Integrated force coefficients at P  =  6 for the flow past body A, Re = 100, 

using a second mesh of larger computational domain size

2.9%, the Strouhal frequency consistently decreased to 0.1696 (a 35% decrease in 

blockage resulted in a 3.7% decrease in Strouhal frequency).

Finally, it should be emphasized however that the qualitative flow features re­

mained the same overall for this mesh as for the mesh with the smaller computational 

domain size used in this study of the flow past body A.

4.1.2 Flow past body B with a no-slip wall and a sheared 

velocity profile (case I)

The flow past body B under a sheared velocity profile and a no-slip wall is discussed 

in this section. The geometry was originally intended to represent a semi-buried 

riser pipe at the seabed.

Figure 4.8 shows a cut in the computational domain at a plane normal to the 

free-stream. The flow direction is again in the ^-direction, into the page, and the 

inflow and outflow planes are 5 and 15 diameters away from the cylinder axis re­

spectively. Boundaries A and B involve an intersection with the curved cylinder 

and so a symmetry boundary condition was prescribed. Boundary C was assigned 

a wall (no-slip) as a boundary condition. Boundary D corresponds to a free-stream
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x,=23d

x,=12.5d

Figure 4.8: Computational boundaries (not to scale) for body B in a plane normal 

to the free-stream vector

boundary where an exponentially decaying sheared velocity profile was specified. 

The free-stream velocity boundary condition was i7oo=[0 v 0], where:

v — 1 — e~(i+12'5) (4.1)

This shear profile resembles that of a boundary layer developing from the seabed. 

The velocity is equal to unity at the top of the geometry (expressed as U^t  =  1) 

and equal to zero at the bottom to conform with the no-slip condition at the wall 

boundary. The shear profile is such that at 4.6 cylinder diameters from the seabed, 

the velocity achieves 99% of its maximum value.

As mentioned in section 1.1, artificial blending was applied to body B for sections 

at angles larger than 63°(0.357t) to the horizontal and smaller than 68° (0.3877) where 

the body ended semi-buried into the solid boundary. The lower half of the geometry 

was expanded by adding from the centreline a factor of 100(0 — 0.357r)2 to the x- 

coordinates of the originally circular cross-sections.

This artificial blending had to be applied at the point of contact of the body 

with the seabed in order to alleviate the mesh generation issues resulting from the 

very small angles developed in the prismatic elements at the intersection of the 

geometry with the seabed. This artificial expansion is believed not to be significant 

in altering the flow features. With respect to the offshore industry motivation of this 

work, finally, the resultant geometry was closer to a catenary riser making tangential
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Figure 4.9: Force history for the flow past body B, case I, at Re — 100, x- and z- 

are the horizontal and vertical component of the transverse force respectively, y- is 

the direction of the drag

contact with the seabed. Risers of this type are often semi-buried in the ground with 

seabed material adhered over the long run of their lifetime.

The mesh created for this case consisted of 7902 elements, out of which 864 

were the prismatic surface elements. The computation was initially performed using- 

second order polynomials and was then restarted at P = 4 and P = 6. At P — 6, 

this mesh accounted for 760,536 local degrees of freedom per variable. Blockage for 

these computational cases was approximately 6%.

Figure 4.9 depicts the force coefficients in the x-, ?/-, and 2 - directions, where y- 

is the direction of the drag and x- and z- are the horizontal and vertical components 

of the transverse force respectively. Non-dimensional time tu^ T = 200 represents 

the transition from P — 2 to P = 4 and ss 426 corresponds to the transition 

from P  =  4 to P — 6. These force plots demonstrate a modulation in the horizontal 

and vertical component of the transverse force with the beating frequency being 

equal to a tenth of the shedding frequency (indeed from the integrated 3D forces
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Figure 4.10: Normalized enstrophy, Z ¡Z tot, versus A2 for the flow past Body B, case 

I, at Re =  100

the envelope is repeated every 10 shedding periods).

As mentioned in section 3.5.2, the enstrophy versus A2 cut-off value trends for 

this flow also will be presented in this chapter. Figure 4.10 depicts the enstrophy 

Z , captured at each A2 level, normalized by the total enstrophy, Ztot, as a function 

of the cut-off value for the flow past body B at Re =  100. The trends of the two 

asymptotes, at zero and infinity, discussed in section 3.5.2 apply to this case also: the 

asymptote to the curve at zero embraces the numerical noise whereas the asymptote 

to the curve at infinity corresponds to the most energetic shear layers.

Figure 4.11 shows the A2 structures at the specified positions (a, b, c, d, e) 

marked in Figure 4.10. As for Figure 3.7, at small A2 levels numerical noise is 

dominating (Figure 4.11(a)) while at high levels merely the shear layers are being 

captured (Figure 4.11(e)). The range 0.05 < |A2| < 0.6 can be detected as the 

appropriate for the optimal representation of the vortical structures in the wake of 

body B at Reynolds number of 100. The wake topology shows the vortex cores 

being no longer parallel to the cylinder axis as the shear layers are not rolling up 

uniformly along the span.

Since this case involves a sheared velocity profile and a wall, the difference be­
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tween this cut-off analysis of the coherent structures’ identification criterion and the 

vorticity magnitude criterion can be highlighted. A normalized enstrophy isocon­

tour is shown in Figure 4.11(f) demonstrating how the non-rotational shear features 

related to vorticity at the wall are also captured together with the coherent struc­

tures.

Figure 4.12 shows pressure contours at planes normal to the cylinder axis at 

S /d  = 6, S /d  =  10, S/d  =  14.5. Unlike the flow past body A, the extraction of 

pressure contours at these planes demonstrates lack of correlation along the span of 

this geometry.

The variation of sectional Cpx for slices normal to the cylinder axis at different 

locations of the span is depicted in Figure 4.13(a). The top of the cylinder is at 

S /d  =  0 and the two-diameter vertical addition extends down to S /d  = 2 from 

where the curved part of the structure originates. Figure 4.13(b) shows a schematic 

of the arc length definition used for Figure 4.13(a). An arc length of S /d  = 15.6 

corresponds to a section inclined approximately 63° from the horizontal after which 

the artificial blending was applied.

The sectional forces in Figure 4.13(a) are not correlated; at a specific time there is 

a variation of the sign of sectional Cfx along the span and these forces are distinctly 

different from those in Figure 4.6. A simple count of the number of like-signed 

bands indicates that the top of the geometry is shedding at a higher frequency than 

the bottom, consistent with the observations for Figure 4.11(c) where the cores are 

detached from the shear layers at a later stage as the curved cylinder approaches 

the seabed. An oblique front is established towards the top of the cylinder. At 

times from t-̂ sf L «  310 to «  330 and from «  370 to —f x «  390 in a 

periodic manner, a “fork” type structure in the distribution of sectional Cpx can 

be observed from Figure 4.13(a). A vortex dislocation is often associated with this 

feature as a result of the variation of frequency along the span, as described in section 

2.2.4. Finally, in the region of S /d  =  8, which corresponds to a section inclined 

approximately 28° to the horizontal, the sectional forces show a more organized 

time pattern.
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Figure 4.11: Isocontours of A2 at: (a) A2 = -0.001, (b) A2 =  -0.03, (c) A2 =  -0.1, 

(d) A2 =  -0.3, (e) A2 = -1.5. Normalized enstrophy isocontour at the average value, 

0.363, of the flow in the domain (f).

1 0 9



S/d-6

S/d-10

S«=14.5

Figure 4.12: Pressure contours on planes normal to the cylinder axis for the flow 

past body B, case I, at Re =  100

A relevant question would be what pushes the dislocation up towards the top 

of the geometry. It should be noted that even though the shear profile applied 

pertains directly up to a vertical distance of 4.6 diameters from the seabed, the 

effects of it can be felt throughout the span. Disturbances to a uniform shedding 

pattern can propagate in the spanwise direction as seen for example in the wake of 

straight circular cylinders (see section 2.2.4). Dislocations should then be expected 

to be more pronounced at sections where the cylinder axis lies in the plane of shear 

(normal to the vorticity vector) rather than normal to it. Furthermore, dislocations 

occurring at the higher velocity end have also been found for straight cylinders under 

linear shear in the work of Mukhopadhyay et al. (2002).

In summary, the vortex shedding pattern past this structure exhibited a lack 

of correlation along the cylinder axis associated with a lower frequency modulation 

developing in the horizontal and vertical directions of the transverse force. Physically 

a dislocation would be associated with this type of force modulation.
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Figure 4.13: (a) Variation of sectional CFx along the length of Body B, case I, at 

Re — 100; (b) Arc length definition followed in describing the sectional forces for 

body B
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4 .1 .3  F low  past b o d y  B  w ith  a slip  w all and a sheared  ve­

lo c ity  profile (case II)

A direct comparison between the cases presented in section 4.1.1 and 4.1.2 involves 

the effects of both the sheared profile and the wall boundary. Intermediate cases 

were therefore computed whereby the bottom wall was assigned a symmetry bound­

ary condition and thus the effect of the sheared profile alone could be investigated 

separately from that of the no-slip wall. The flow past body B under the same 

sheared velocity profile but with a slip wall boundary is thus presented in this sec­

tion. The bottom plane is therefore now acting merely as a plane constraining the 

flow, but not as a no-slip boundary.

The mesh for this computational case is exactly the same as the one for case I 

with the same sheared velocity profile being applied. This case was restarted from 

case III (see next section), at & 518, P  =  4. The entire force history for this 

case is depicted in Figure 4.14(a). Non-dimensional time «  832 represents the 

transition from P  =  4 to P  =  6. In general, the force coefficients are approximately 

of the same magnitude as those for case I. Figure 4.14(b) shows a shorter range of 

the force history, at P  = 6, highlighting two sectors that will be discussed below in 

terms of the wake dynamics developed and the sectional forces.

In Figure 4.15(a) the variation of sectional Cpx for slices normal to the cylinder 

axis is shown at times from —f 2  «  943 to —f 21 w 984. This corresponds to the first 

region marked in the plot of integrated force coefficients, Figure 4.14(b). The top 

of the cylinder in Figure 4.15(a) is at S /d  =  0 again and Figure 4.13(b) corresponds 

to the arc length definition applied to this case also. The evolution of the vortex 

dynamics in this sector can be discussed with the sectional forces in conjunction 

with the wake structures depicted in Figure 4.15(b) at a A2 value of —0.1. The 

wake topology for this part is highly three-dimensional, especially at times t\ «  949, 

£2 «  957, and £3 «  970, where the shed vortices are not parallel to the cylinder 

axis and vortex linking is also shown to occur. Note that this sector corresponds to 

minimum amplitude force coefficients in the entire force history, as shown in Figure 

4.14(a). The strongly out of phase shedding along the span with the highly three-
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Figure 4.14: (a) Force history for the flow past body B at Re = 100, case II, x- and 

z- are the horizontal and vertical component of the transverse force respectively, y- 

is the direction of the drag; (b) A shorter section of the force history marking the 

sectors that correspond to Figures 4.15 and 4.16
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dimensional vortex structures at these time levels minimizes the force fluctuations. 

At time the bottom shear layer is rolling up at the top of the geometry hence 

resulting in a positive sign for sectional Cfx in the first cross-sections. However, as 

this shear layer is not rolling up uniformly and at sections further down along the 

span is connected to the counterclockwise vortex shed from the top in the previous 

shedding cycle, variations in the sign of sectional Cpx occur. This linking continues 

to occur at times t\ and t\ and its position moves higher up along the geometry 

(smaller S/d  values) as seen both in the wake topology and in the sectional forces. 

At t \ , at the end of this small amplitude force envelope, the wake topology becomes 

less three-dimensional and the sectional force distribution along the span relatively 

more uniform.

In Figure 4.16(a) the variation of sectional Cpx is shown at the second sector of 

Figure 4.14(b) which corresponds to higher amplitude forces. Figure 4.16(b) depicts 

the wake topology at the corresponding times of t\ «  1009, t% «  1027, t? «  1040, and 

ig ~  1054. The vortex structures at t*5 and t\ are more two-dimensional. The higher 

amplitudes in the force coefficients represent indeed a more correlated shedding 

process along the span (note also the higher contour levels for the sectional forces 

of this part). By time levels close to t? however, the correlation in the shedding 

along the span has decreased, illustrated by the non-uniform rolling up of the shear 

layers and the vortex linking at ig corresponding to the “fork” type distribution in 

the sectional forces.

Overall, the sectional forces and the wake topology for this case have exhibited 

similar patterns with those of case I: non-uniform shedding of vortices along the span, 

and an oblique front with “fork” type structures establishing in the distribution of 

sectional forces. Indeed, for both cases the top of the cylinder is shedding at a higher 

rate compared to the bottom, being affected by the exponentially decaying shear 

profile. However, the presence of a no-slip boundary resulted in more organized wake 

patterns towards the bottom of the structure (note the alignment of the sectional 

forces at S /d  =  8) confining the oblique front. For the case of the slip wall boundary 

on the other hand, the oblique front is allowed to extend until further down along 

the span.
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Figure 4.15: (a) Variation of sectional Cfx for body B, case II, at Re = 100 from 

^ f 21 «  943 to —f 1- «  984; (b) Wake topology extracted at the specified times 

t\ »  949, t\  »  957, t*3 fts 970, and t\ »  978, A2 =  -0.1

1 1 5



(b)

Figure 4.16: (a) Variation of sectional CFx for body B, case II, at Re — 100 from 

fa 999 to fa 1178; (b) Wake topology extracted at the specified times 

t\ fa 1009, t*6 fa 1027, t*7 fa 1040, and t*s fa 1054, A2 =  -0.1
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4 .1 .4  F low  past b o d y  B  w ith  a slip  w all and a uniform  ve­

lo c ity  profile (case III)

In order to show that the significant differences between the flow past body A and 

the flow past body B, case I, can indeed be attributed more to the sheared profile 

rather than to the wall boundary, a computation was performed with exactly the 

same mesh as for cases I and II, but now with a uniform velocity profile. The wall 

boundary condition remained a symmetry boundary condition representing a slip 

wall.

The force history for this case is shown in Figure 4.17(a). Non-dimensional time 

= 200 represents the transition from P = 2 to P  = 4 whereas the transition 

from P = 4 to P  =  6 occurs at «  580. The lower frequency modulation in the 

horizontal direction of the transverse force has now principally vanished. Overall, 

therefore, going from cases I to II and then to III, the horizontal component is 

affected before the vertical component of the transverse force. Figure 4.17(b) shows 

a more detailed section of the force coefficients at fourth and sixth polynomial orders. 

The lower amplitude peak in the drag direction for the flow past body A discussed 

as an effect of curvature is now apparent in this case too. However, unlike the case 

of the flow past body A, there is a low frequency variation. Note that this lower 

amplitude peak phenomenon attributed to the unequal strength of the two vortices 

did not become clear for the flows past body B with a sheared velocity profile neither 

with a no-slip wall nor with a slip wall as the effect of the sheared velocity profile was 

dominant. This case brings us back to the flow past body A which represented the 

base case for comparison. Even though there is a difference in the exact geometry 

studied (this case ends semi-buried at the seabed as opposed to body A), both cases 

had the same uniform normal flow velocity profile being applied.

The variation of sectional Cpx for slices normal to the cylinder axis is shown 

in Figure 4.18. The sectional forces for this case demonstrate regular vortex shed­

ding along most of the body’s span, highlighted by the strong periodic fluctuations. 

However, after approximately S /d  — 10, the sectional forces start decreasing in 

magnitude. The strength of the vortices decreases approaching the wall boundary.
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Figure 4.17: (a) Force history for the flow past body B, case III, at Re = 100, x- and 

2 - are the horizontal and vertical component of the transverse force respectively, y- 

is the direction of the drag; (b) A more detailed section of the force history from 

^  =  375 to ^  =  738
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Figure 4.18: Variation of sectional Cpx along the length of Body B, case III, at 

Re =  100

Extraction of pressure contours at slices normal to the cylinder axis, shown in Figure 

4.19, also illustrates in-phase shedding between the first (S /d  =  6) and the second 

plane (S /d  — 10) (compare with Figure 4.12). A reduction in the pressure minimum 

by the third plane (S /d  = 14.5) can also be observed as the shear layers are not 

allowed to interact and roll up freely in the vicinity of the wall.

The wake topology for this flow is depicted in Figure 4.20. Contrary to cases I 

and II, the vortex cores are not anymore inclined writh respect to the cylinder axis 

consistent with the strong periodic fluctuations in the plot of the sectional forces.

4.2 Reynolds number 500: Flow past body A

The flow past body A has also been studied at a higher Reynolds number, that of 

500. The computation was restarted from the flow field of the Reynolds number 100 

case, presented in section 4.1.1, at fourth polynomial order.

Figure 4.21(a) shows the force history for this case starting from the flow field 

of the Reynolds number 100 case at «  364. Non-dimensional time ~  618
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Figure 4.19: Pressure contours at planes normal to the axis of body B, case III, at 

Re =  100, «  756 (Cfx maximum)

Figure 4.20: Vortex cores in the wake of body B, case III, at Re = 100, A2 =  —0.1, 

«  756 (Cpx maximum)
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corresponds to the transition from fourth to sixth polynomial order. Figure 4.21(b) 

depicts a shorter range of the integrated force coefficients at P  =  6.

The extraction of pressure isocontours in three dimensions at a level correspond­

ing to a pressure coefficient of —0.74 demonstrates the presence of braids connecting 

the first shed spanwise vortex core with the shear layer as shown in Figure 4.22(a), 

«  627. These streamwise structures at specific spanwise wavelengths appear 

similar to those of the Mode A/B instabilities for the straight circular cylinder (see 

section 2.2.3). Note also the waviness of the primary vortex cores, Figure 4.22(b), 

at another time level, «  656 corresponding to larger amplitude forces in the 

force history. This flow, originally resembling a two-dimensional flow past an ax- 

isymmetric body, has now evolved to a three-dimensional state with lack of spanwise 

correlation.

This is also demonstrated by the sectional forces for this case, shown in Figure 

4.23, exhibiting intermittent fluctuations and no regularity, as opposed to the peri­

odicity with the straight bands of alternating sign found at Reynolds number of 100 

(Figure 4.6).

Finally, similarities with the Mode A/B transition for straight circular cylinders 

were also found in the study of the flow past rings by Leweke & Provansal (1995).

4.3 Conclusions of this chapter

Two separate body configurations where the flow is normal to the plane of curva­

ture have been discussed in this chapter under a combination of different boundary 

conditions. The first case was that of body A, a quarter ring geometry under a 

uniform velocity profile at a Reynolds number of 100 presented in section 4.1.1. The 

flow was found to behave in principle in a two-dimensional manner with respect to 

cross-sections normal to the cylinder axis. In-phase shedding was shown along the 

span with vortex rings shed periodically, parallel to the body, in agreement with 

findings of past literature (Leweke & Provansal 1995). Even though this would 

appear to allow for a valid usage of a 2D sectional approach, features such as the 

unequal strength of the inner and outer vortices would not be accounted for by such
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Figure 4.21: (a) Force history for the flow past Body A at Re — 500, x- and z- are 

the horizontal and vertical component of the transverse force respectively, y- is the 

direction of the drag; (b) A more detailed section of the integrated force coefficients 

at sixth polynomial order

1 2 2



Figure 4.22: 3D pressure isocontours for body A, Re =  500, Cp = -0.74: (a) 

^  »  627, (b) «  656

sectional CF>
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tUJd

Figure 4.23: Variation of sectional CFx along the length of Body A, Re = 500

1 2 3



a two-dimensional method.

For the second body configuration which ends semi-buried in the ground, body B, 

the effect of the sheared profile has been found to be more significant when compared 

to that of the wall boundary. The application of a sheared velocity profile, no matter 

whether with a no-slip (case I), section 4.1.2, or with a slip wall (case II), section 

4.1.3, was associated with a lack of correlation along the cylinder span, linking 

of the vortex structures, and development of a lower frequency modulation in the 

transverse force. The top of the cylinder was found to shed at a higher frequency 

than sections below, and the vortex cores were no longer parallel to the cylinder 

axis. These cases hence behaved in a qualitatively similar manner to a straight two- 

dimensional cylinder under shear. Nevertheless, a two-dimensional method cannot 

identify the three-dimensional wake features.

An oblique front with “fork” type structures was also established in the sectional 

forces as a result of this frequency variation along the span. Vortex dislocations 

were encountered in previous research of shear flows past straight circular cylinders 

(Mukhopadhyay et al. 2002). Interestingly, the exponentially decaying shear profile 

applied in this work, even though effectively acting on only part of the cylinder 

span, resulted in principle in similar qualitative behaviour to that of a linear shear 

applied on a straight circular cylinder.

In case III however, where a uniform velocity profile was applied with a slip wall, 

discussed in section 4.1.4 the vortex cores were no longer inclined to the cylinder axis 

and regular periodic fluctuations were restored in the distribution of sectional forces. 

The inclination of the vortex cores with respect to the cylinder axis and the more 

complex vortex dynamics described previously should thus indeed be attributed 

more to the shear velocity profile rather than to the wall boundary. Finally, the 

flow past body A at a Reynolds number of 500 was also discussed in section 4.2. 

Streamwise vortex structures resembling in nature those of Mode A/B transition 

for straight circular cylinders were identified as the intrinsic, three-dimensionalities 

have become apparent at this Reynolds number for what was a formally 2D flow at 

Re =  100.
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Chapter 5

Three-dimensional computations 
with the flow parallel to the plane 
of curvature

This chapter investigates the vortex shedding patterns past curved cylinders under 

uniform flow in the plane of curvature. The results of the fully three-dimensional 

computations are compared with experimental flow visualizations and the impor­

tance of the three-dimensional method over a sectional approach is considered.

As discussed in section 1.3, two body configurations (body C and body D) have 

been studied when the free-stream velocity vector is in the plane of curvature. In 

section 5.1.1 the computational results for the flow past body C at a Reynolds 

number of 100 are presented. The flow visualization procedure is also outlined and 

comparison is drawn between the towing tank flow visualizations and the computa­

tional findings. Section 5.1.2 presents the flow past body D at a Reynolds number 

of 100. The flow past body D with a vertical addition of six diameters at a Reynolds 

number of 100 is also investigated and discussed in section 5.1.3. All three cases 

have also been computed at a higher Reynolds number of 500 and compared with 

the experimental flow visualizations. Section 5.2.1 includes the results for the flow 

past body C at a Reynolds number of 500. Section 5.2.2 presents the flow past body 

D at a Reynolds number of 500 while the flow past body D with a six-diameter



xt = 2 8d

x,=  12 .5d  x2 = 10d

Figure 5.1: Computational boundaries (not to scale) for body C in a plane including 

the free-stream vector

vertical addition at a Reynolds number of 500 is discussed in section 5.2.3.

5.1 Reynolds number 100: Results and discussion

5.1.1 Flow past body C

The flow past body C, shown in Figure 1.3(a), at a Reynolds number of 100 is 

discussed in this section. As mentioned in section 1.3 this body consists of a quarter 

ring, of 12.5 non-dimensional radius of curvature, with a horizontal addition of ten 

diameters.

Figure 5.1 depicts a cut in the computational domain at a plane including the 

cylinder axis and the free-stream vector. The flow is in the negative ^-direction, from 

left to right as shown. Boundary B includes an intersection with the curved cylinder 

and so a symmetry boundary condition was imposed. Boundary D corresponds 

to the outflow plane and boundaries A and C correspond to free-stream boundaries 

where the uniform velocity condition, C/00=[-1 0 0], was imposed. The computational 

boundaries in the «/-direction were at a distance of 5 diameters from the cylinder 

axis and a uniform free-stream condition was imposed also on these planes.

The mesh comprised 10250 elements, out of which 1184 were the prismatic surface 

elements. The computation was initially performed using second order polynomials
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Figure 5.2: (a) Integrated force coefficients for the flow past Body C at Re — 100,

x- is the direction of the drag, y- is the horizontal component of the transverse force

and 2 - is the vertical one; (b) Snapshot in time for the integrated force coefficients 

from = 305 to ^p^  = G25, part of P = 4 to P = 8

and then restarted with polynomials of fourth, sixth and eighth order. This type of 

refinement is equivalent to a hierarchical mesh convergence study. As mentioned in 

section 3.4, at P — G, this mesh had 993, 608 local degrees of freedom per variable. 

When the solution was computed at P  =  8 a total of 1,975,410 local degrees of 

freedom were accounted for. Blockage for these computational cases was 7.2%.

Figure 5.2 depicts the integrated force coefficients in the x-, y-, and z- directions. 

The ^-direction is the direction of the drag and the y- and 2 - directions represent 

the horizontal and vertical component of the transverse force respectively. Figure 

5.2(a) shows the entire force history whereas Figure 5.2(b) shows a shorter range of 

the force history including only part of the fourth and up to the eighth polynomial 

order. The transition from P — 2 to P = 4 occurs at a non-dimensional time 

= 162, from P — 4 to P — 6 takes place at ^p^  «  350 and the transition from 

order 6 to 8 at ^p^  = 543.

Note that the range in the axes of the x- and 2 - directions is significantly smaller 

compared to that in the »/-direction. Overall, the force coefficients produced for
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this case exhibit similarities with those of the standard example of a straight two- 

dimensional cylinder. As Figure 5.2(b) depicts, the deviations from the mean are 

much smaller for the drag force (^-direction) than for the horizontal component 

(^-direction) of the transverse force.

Frequency and mean force statistics

The power spectra density for this case calculated at P  = 8 for the last ten periods 

of Cpy are shown in Figure 5.3. Under the current blockage of 7.2%, the frequency of 

the drag was found to be equal to 0.3522 and that of the horizontal component of the 

transverse force to be equal to 0.1761; hence the similarity with the two-dimensional 

cylinder which exhibits a drag force with a frequency equal to twice that of the lift 

force.

•  First order time integration, P  =  8

Table 5.1 shows the frequencies, and the mean and rms values of the integrated 

forces in the three Cartesian directions determined with first order time inte­

gration at P  =  8. To highlight the force convergence four decimal places will 

be employed in this section.

• First order time integration, P  = 6, time step variation

Table 5.2 depicts the frequencies along with the mean and rms values of the 

integrated force coefficients computed with first order time integration at dif­

ferent time steps, At, at P  =  6. The original time step, At =  0.0025, has been 

reduced in steps of 1/4 up to

The frequencies obtained for the different time steps at first order time inte­

gration have at most a discrepancy of 0.1% whereas the mean values for the 

integrated force coefficients have a maximum discrepancy of 0.09%. Similarly 

the agreement in the frequencies and mean values for the force coefficients be­

tween P  =  6 and P = 8 is very good. These discrepancies can be considered 

negligible hence overall force convergence has been achieved.
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Figure 5.3: Power spectra density of the integrated forces in the x-, y- and i n ­

directions for the flow past body C at Re = 100
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P  =  8

Stpx 0.3522

Stpy 0.1761

Stpz 0.3522

^F xmean -1.2209

0.0008

^Fym.an 0.0

CFyrm. 0.0490

^FZmean 0.3286

^FZrm. 0.0001

Table 5.1: Frequencies along with mean and rms values for the integrated force 

coefficients for the flow past body C at Re = 100 computed at P  = 8 with first 

order time integration

The simulations were also computed with second order time integration and

the agreement was in the order of 10-3.

Flow features

The qualitative features of the flow past body C at Re =  100 are discussed in this 

section.

Figure 5.4 depicts a 3D view of the wake topology obtained by the Jeong & 

Hussain (1995) criterion discussed in section 3.5.1. A A2 value of —0.1, which be­

longs to the appropriate cut-off range based on the enstrophy analysis presented in 

section 3.5.2, has been chosen for the vortex core extraction. Figure 5.4(a) shows 

the wake topology extracted at «  524 with the top shear layer rolling up, 

hence corresponding to more suction in the negative ¿/-direction. Indeed, this non- 

dimensional time corresponds to a minimum in the integrated Cpy. Figure 5.4(b) 

shows the wake topology extracted at «  532, representing the maximum in the 

integrated Cpy. At this non-dimensional time the bottom shear layer is rolling up, 

creating more suction in the positive ¿/-direction. As a result a positive value for CFy
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P = 6

A t = 0.0025 A t -  0.001875 A t = 0.00125

stFx 0.3524 0.3522 0.3520

Stpy 0.1762 0.1761 0.1760

Stpz 0.3522 0.3522 0.3520

^FXmean -1.2214 -1.2211 -1.2209

^FxPmi 0.0009 0.0008 0.0008

^Fymean 0.0001 0.0001 0.0001

CFyrm. 0.0492 0.0491 0.0490

^FZmean 0.3289 0.3288 0.3286

^Fzrmi 0.0001 0.0001 0.0001

Table 5.2: Statistics for the flow past body C at Re =  100 computed with first order 

time integration at P  =  6 for three different time steps

is obtained. Figure 5.4(c) depicts a projection of the vortex cores on the xy-plane, 

i.e. viewed from the top, showing the anti-symmetric wake with a staggered array 

of vortices at the time of the CFy minimum, «  524.

Overall, Figure 5.4 suggests that close to the body the vortex cores are straight, 

with their axes normal to the free-stream, but start to distort further downstream 

in the near wake.

The variation of sectional CFy, computed at slices normal to the cylinder axis 

at different locations of the span for this structure is depicted in Figure 5.5. With 

S  denoting the arc length measured from the top, the top of the cylinder is at 

S/d  =  0 whereas the vertical slice at the end of the quarter ring corresponds to a 

non-dimensional arc length of S/d  =  19.6.

It should be emphasized that even though the velocity profile at the inlet is 

uniform, there is an effective reduction in the local normal Reynolds number along 

the span as the free-stream velocity vector is not normal to the centreline of the 

body at all sections. Therefore, the component of the incoming flow vector in the 

sectional planes, and hence the local normal Reynolds number, becomes increasingly
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(c)

Figure 5.4: Vortex cores in the wake of body C at Re =  100, A2 = —0.1 : (a) 

3D view extracted at a minimum of the integrated CFy, ~  524, (b) 3D view 

extracted at a maximum of the integrated CFy, «  532, (c) View from the top
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Figure 5.5: Variation of sectional CFy along the length of the quarter ring part of 

body C, Re = 100 (t* represents non-dimensional time, t\ «  524 and t*2 «  532)

small as the body turns to lower angles to the flow. Following a two-dimensional 

sectional argument and considering the body to respond to the normal component of 

incident flow only, there will be a limit at which: the normal flow Reynolds number 

in some of the sections will have fallen below the threshold value for vortex shedding 

and vortices will not be shed normal to the axis of the body.

In Figure 5.5 a non-dimensional arc length of S/d  =  5 corresponds to a section 

inclined at approximately 23° from the horizontal and a local Reynolds number, 

Ret, of approximately 92. Similarly, a non-dimensional arc length of S/d  =  10 

corresponds to a section inclined about 46° from the horizontal and a local Reynolds 

number of 69 whereas S/d  = 15 corresponds to a section inclined about 69° from 

the horizontal where Ret is approximately 36. This local sectional Reynolds number 

is lower than the critical Reynolds number of 47 — 49 where the onset of vortex 

shedding for a circular straight cylinder occurs. A Reynolds number of 50 would 

correspond to a non-dimensional arc length of approximately 13.
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Consistent with Figure 5.4, the strong alternating vortex shedding pattern at 

the top of the curved cylinder is also depicted in Figure 5.5. Further down along 

the span at a fixed time level we observe a decrease in the magnitude of the forces 

and finally a change in the sign. This gradual phase change will be illustrated with 

a specific example in time (at a minimum in the integrated C F y ) ,  considering three 

planes along the span of the cylinder.

Figure 5.6 depicts three planes normal to the axis of the cylinder intersecting the 

vortex cores of Figure 5.4(a). Plane A corresponds to a non-dimensional arc length 

of S / d  = 5, plane B corresponds to a non-dimensional arc length of S / d  = 8 and 

plane C to S / d  — 12. The intersection of these planes through the vortex cores can 

be directly compared with the values for sectional C Fy in Figure 5.5. As mentioned 

before, at «  524 the integrated forces indicate a minimum in C F y . At this time 

level, at plane A of Figure 5.6 the top shear layer is rolling up hence resulting in a 

negative value for the local C p y as shown in Figure 5.5. At «  524 for S / d  = 5, 

sectional C p y =  —0.131. Further down along the span, at plane B however, the first 

shed anti-clockwise vortex is now closest to the body hence being responsible for 

a positive value of local C p y . Indeed, in Figure 5.5 a non-dimensional arc length 

of S / d  = 8 corresponds to sectional C p y = 0.102 at «  524. At plane C 

though, further down along the span, the reverse happens as can be better seen in 

the second view of Figure 5.6. This indeed results in negative values again for local 

C Fy, however now of a smaller magnitude. In Figure 5.5 at ~  524, sectional 

C Fy = -0.032 for S / d  = 12.

The intersections of these planes with the vortex cores are highlighted in a 3D 

view in Figure 5.7(a). In Figure 5.7(b) these cross-sections are shown in a 2D view 

where the influence of the developing shear layers and the first shed vortices on 

the sign of the local Cpy can be seen more clearly (x1 is the ^-direction in the new 

coordinate system in the local planes).

Figure 5.8 shows the uiz vorticity component in the three planes normal to the 

axis of the curved cylinder at the time of the C Fy minimum. The spanwise variation 

of u z is consistent with the wake topology and the sectional forces for this case. At 

the first plane the positive shear layer cuts the supply of vorticity of the negative
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Figure 5.6: Three planes normal to the axis of body C intersecting the wake struc­

tures extracted at the time of a Cpy minimum, «  524; two different views

(a)

Figure 5.7: (a) A 3D view of the vortex core intersections at the three planes A, B, 

C; (b) Planar views of these cross-sections
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shear layer consistent with a negative local CFy whereas at the second plane the 

reverse happens. Finally, at the third plane shear layers do not interact strongly 

consistent with a small value of local CFy■

. X

Figure 5.8: Spanwise vorticity component at the A, B, C planes extracted at the 

time of a CFy minimum, «  524

Overall from the previous figures, it is concluded that the shedding of vortices 

is out of phase along the span of body C at Reynolds number of 100. This is not 

contradictory with the fact that the vortex cores are straight close to the body 

which would tend to imply, at first impression, that shedding is in-phase. Since the 

geometry studied however is a curved cylinder, the distance between the cylinder 

and a single straight vortex core varies along the span. In accordance, a spanwise 

variation of the wake features is observed and a phase change in the sectional forces.

An analogy can be drawn between the curved cylinder shedding straight vortex 

cores and the oblique shedding of a straight two-dimensional cylinder where the 

distance between the cores shed and the body varies along the span influenced by 

the two ends of the cylinder. The comparison to the oblique shedding of a straight 

cylinder will be discussed more at the end of this section.

In the discussion of the sectional forces. Figure 5.5, the variation of the local 

normal Reynolds number was considered with respect to a two-dimensional argu­

ment. A sectional two-dimensional argument would predict variation of the local 

normal Reynolds number which would thus result in variation of the Strouhal fre-

1 3 6



Figure 5.9: Centreplane streamlines (y =  0) overlaid on pressure contours for the 

flow past body C, Re — 100

quency along the span of body C. This would possibly suggest cellular flow patterns. 

However, the results of this study show that the flow behaves in a three-dimensional 

manner, with the upper cylinder shedding driving the lower end and no frequency 

variation in time occurring along the span. In accordance, the power spectra density 

showed only one dominant frequency in the CFy direction. Overall, as a result of 

the geometry, along the span the shedding is out of phase, but in time the top of 

the cylinder is shedding at the same frequency with the sections below.

From a three-dimensional perspective, the decrease in the local Reynolds number 

can be discussed in terms of the flow along the length of the curved cylinder. Figure

5.9 shows centreplane (y =  0) streamlines upstream of the body superimposed on 

pressure contours. The streamlines show motion along the length of the curved 

cylinder towards the bottom of the geometry dictated by the shape of the stagnation 

face which tends to deflect the flow away from the curved cylinder.

The increasingly dominant axial flow along the length of the curved cylinder con­

verts the flow from “bluff” to “slender”. In accordance, along the lower part of the 

curved cylinder as it bends to become aligned with the free-stream, vortex shedding 

in the near wake becomes less vigorous. This is associated with the reduction of the 

pressure minimum in the sectional planes shown at a minimum and maximum in 

the integrated CFy in Figures 5.10(a) and (b) respectively.
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(a)

Figure 5.10: Pressure contours on planes normal to the cylinder axis for the flow 

past body C at Re — 100 at: (a) a minimum in the integrated Cpy, «  524, (b) 

a maximum in the integrated Cpy, ~  532

Figure 5.11(a) depicts the variation of pressure on the stagnation line and the 

base pressure. The variation of the u and w velocity components (Cartesian axes), 

extracted 0.3 diameters upstream of the curved cylinder, is shown in Figure 5.11(b) 

to highlight the three-dimensionality of this type of flow. As pressure decreases along 

the stagnation line (Figure 5.11(a)), the magnitude of the w velocity component 

increases along the span (up to approximately midspan) and reaches a maximum of 

36% of the free-stream magnitude. At a non-dimensional arc length of S/d  =  10.6, 

which corresponds to a section inclined 48.3° from the horizontal, w/\Uoo\ — —0.36. 

The local coordinates at each section are then considered and in Figure 5.11(c) 

the normal and axial flow components along the body are plotted from the three- 

dimensional computations. With 6 denoting the angle that each section traces with 

respect to the horizontal (from the centre of curvature), the normal component 

is equal to (u cos 9 — wsin^/lf/ool whereas the axial component corresponds to 

(wcosfl + Msin^/lt/ool. Therefore, both the normal and the axial components have 

contributions from both u and w. A two-dimensional argument on the other hand 

considers only the normal direction which is equal to u cos 6.

Figure 5.12 shows the uix vorticity component on vertical planes at the time of
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U/|UJ

w/|UJ

normal component (( u cosO - w sine )/|U J)

Figure 5.11: Variation of pressure and velocity along the span of body C, Re = 

100, ~  524: (a) Base pressure and stagnation pressure, (b) u and w velocity

components extracted 0.3 diameters upstream of the curved cylinder, (c) Normal 

((ucos0 — w sin^)/|[/00|) and axial ((wcosd +  usin^)/|[/00|) components computed 

from the 3D simulation 0.3 diameters upstream of the curved cylinder
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Figure 5.12: Streamwise vorticity component on vertical planes five and seven di­

ameters upstream of the end of the quarter ring shape (x /d  =  5 and x /d  =  7) for 

the flow past body C at Re =  100 at a minimum in the integrated Cfv, ~  524

Cfv minimum, ~  524 . Note the presence of uix mostly at the lower part of 

the vertical slices consistent with the bending of the vortex cores as they end on the 

horizontal part of the cylinder in Figure 5.4.

E xperim ental flow visualization

Experimental work was also conducted in order to compare the computational results 

with the flow visualizations. A model curved cylinder, shown in Figure 5.13, with 

the same aspect ratio as in the computational cases was towed in a tank (Owen 

2001) at an effective Reynolds number equal to that of the computations. The 

flow visualization technique employed was laser induced fluorescence. The dye was 

adhered on the stagnation line of the curved cylinder, in two slots symmetrically 

offset slightly from the centre. The red and green colours in the towing tank flow 

visualization images are attributed to sulfuro rhodamine and sodium fluorescein 

dye respectively (Lear 2003). A Class IV laser was used to illuminate the dye 

diffusing from the stagnation line of the curved cylinder and the wake patterns 

formed. Further details about the experimental setup and this flow visualization 

technique can be found in Owen (2001) and Lear (2003).
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Figure 5.13: Two different views of the curved cylinder model used for the towing 

tank flow visualizations

The flow visualization images have shown good qualitative agreement with the 

numerical investigations. The flow visualization obtained for this case is shown in 

Figure 5.14. Note that as the camera in the experiments was positioned lower than 

the water free surface, a reflection was introduced. The picture thus includes in the 

top part the mirror image of the flow visualization in the water surface.

Figure 5.14 can be compared with Figure 5.4. The slight bowing of the vortices 

towards the top cylinder end in experiments where a straight circular cylinder is 

towed through a water surface has been observed before and discussed in Slaouti 

& Gerrard (1981). Furthermore, the bending of the vortices further downstream in 

the wake is more apparent in the experiments than in the computations where the 

mesh is less refined away from the curved cylinder.

In all of the previous section, the wake topology was extracted at a A2 =  —0.1. 

A second value of A2 =  —0.03, which is within the appropriate cut-off range based 

on the analysis of section 3.5.2, can also be chosen (Figure 5.15) to compare with 

Figure 5.14.
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Figure 5.14: Towing tank flow visualization for body C, Re = 100

L

' J
Figure 5.15: Wake topology for the flow past body C at Re =  100, A2 = 0.03
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5.1.2 Flow past body D

The flow past body D, shown in Figure 1.3(b), at a Reynolds number of 100 is 

described in this section.

Figure 5.16 shows a cut in the computational domain at a plane including the 

cylinder axis and the free-streain vector. The flow is in the positive ^-direction from 

left to right on the page. A symmetry boundary condition was imposed on boundary 

B as it includes an intersection with the curved cylinder. Boundary D corresponds 

to the outflow plane and boundaries A and C correspond to free-stream boundaries 

where the velocity condition, Uoo=[l 0 0] was imposed away from the body. Note 

that in order to accommodate the solid boundary intersecting the inflow plane, the 

velocity condition imposed actually involved a boundary layer thickness of 10%. The 

computational boundaries in the ^-direction were at a distance of 8 diameters from 

the cylinder axis and a uniform free-stream condition was prescribed also on these 

planes.

T3
T—eg
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N

x? = 28d
x, = 1 2 .5d
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direction

< O

C
i

k _ .

Figure 5.16: Computational boundaries (not to scale) for body D in a plane including 

the free-stream vector

The mesh consisted of 14847 elements, out of which 1574 were the prismatic 

surface elements. The computation was carried out originally using second order 

polynomials and was then restarted with polynomials of fourth, sixth and eighth or­

der. When the computation was performed using a sixth order expansion, the mesh 

accounted for 1,423,436 local degrees of freedom per variable whereas 2,827,515 lo­

cal degrees of freedom were allowed for at P — 8. Blockage for these computational
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Figure 5.17: Force history for the flow past body D at Re — 100, x- is the direction 

of the drag, y- is the horizontal component of the transverse force and z- is the 

vertical one

cases was 3.9%.

The integrated force coefficients in the three Cartesian directions are shown for 

this case in Figure 5.17. Time ^j22- =  200 in Figure 5.17 represents the transition 

from P — 2 to P  — 4 and time ^j22- — 333 the transition from P — 4 to P  =  6. The 

transition from P  =  6 to P = 8 takes place at a non-dimensional time of l-^fL «  436.

The mean values for the integrated force coefficients are shown in Table 5.3. 

A reduction of merely 0.1% in the magnitude of Cpx is observed as the polynomial 

order is increased from four to six and a reduction of merely 0.02% as the polynomial 

order is increased from six to eight.

Contrary to the flow past body C, this configuration surprisingly does not exhibit 

vortex shedding features. As Figure 5.17 shows, the forces are steady. Furthermore, 

the magnitude of the force coefficient in the ^-direction is smaller by 12% compared 

to the previous case when both solutions have been approximated by eighth order 

polynomials.

Centreplane streamlines (y = 0) upstream of the curved cylinder superimposed 

on pressure contours are shown in Figure 5.18, which can be directly compared with
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P  =  4 II a> P  =  8

^Fxmean 1.0758 1.0747 1.0745

Cpv1 J  mean 0.0009 -0.0001 -0.0001

F̂Zmean -0.4211 -0.4200 -0.4200

Table 5.3: Mean values for the integrated force coefficients for the flow past body D 

at Re = 100 computed at different polynomial orders

Figure 5.9. The streamlines still indicate motion along the length of the cylinder 

but it is now directed towards the top computational plane as the shape of the 

stagnation face sets up the reverse flow mechanism.

Figure 5.18 also depicts the u velocity contours in the vicinity of the cylinder 

at four different horizontal planes located at: the top surface, two, five and eight 

diameters vertically below. These velocity contours are consistent with the force 

plots indicating that periodic vortex shedding does not occur as they show symmetric 

wakes.

Moreover, a variation in the wake width along the span can be observed from 

these slices. The top slice exhibits the widest wake and the bottom one the nar­

rowest. Qualitatively similar results were obtained in the computational work of 

Darekar & Sherwin (2001b), Darekar (2001) and the experimental one of Bearman 

k, Owen (1998a, 1998b), Owen (2001) on wavy cylinders where a sinusoidal defor­

mation was applied to the stagnation face. Leading edge cross-flow was found to be 

associated with streamwise vorticity which can result in the breakdown of the vor­

tex street and hence significant drag reductions. In addition, variation of the wake 

width was observed both in the computational and in the experimental study. The 

widest wake along the span of the wavy cylinder was found to be at the geometrical 

minimum, or “valley” (Darekar & Sherwin 2001b), defined as the most downstream 

cross-section. In the case of the curved cylinder of this study; the “geometrical min­

imum” in Figure 5.18 is the top computational plane, z = 0, which indeed exhibits 

the widest wake.
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Figure 5.18: Centreplane streamlines (y =  0) overlaid on pressure contours for the 

flow past body D at Re = 100. The insets show u velocity contours at horizontal 

slices which are located at the top plane, and two, five and eight diameters vertically 

below.

The horizontal component of vorticity, Wj, in a vertical plane in the wake five 

diameters downstream of the curved cylinder is shown in Figure 5.19(a). Variation 

of the strength of ux along this plane can also be observed. Figure 5.19(b) depicts 

ujz, the spanwise vorticity in two horizontal planes located at two and five diame­

ters vertically below the top surface. The shear layers are not interacting and the 

variation in the wake width can be observed again.

Figure 5.19(a) can be compared with Figure 5.12. As a result of the geometry’s 

curvature, both configurations account for streamwise vorticity in the wake in addi­

tion to the two-dimensional component. However, in the case of the flow past body 

C the streamwise vorticity appears towards the bottom part of the curved cylinder 

and is associated with the bending of the vortices as they approach the horizontal 

extension of body C. On the other hand, for this case the streamwise vorticity in a 

vertical plane in the wake occurs towards the top of the body which would otherwise 

be expected to be the part associated with 2D shedding.

The wake topology for this case is depicted in two views in Figure 5.20 which
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Figure 5.19: (a) Streamwise vorticity on a vertical plane five diameters downstream 

of body D, Re =  100; (b) Spanwise vorticity on horizontal planes two and five 

diameters vertically below the top surface for body D, Re =  100
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illustrates just the shear layers separating from the body but not interacting. Sim­

ilarly, for regime III type A of the wavy cylinders at a Reynolds number of 100, 

Darekar & Sherwin (2001b) found a symmetric wake topology with respect to the 

centreline. Note that regime III type A was found to be the most stable one where 

the largest drag reduction and suppression of the vortex street were observed for the 

wavy cylinders.

We proceed by considering the sectional forces for Cpy, which are indeed shown 

to be steady in Figure 5.21. A small variation in the sign of local Cfv along the span 

can also be observed. Note that the range in the contour levels plotted varies from 

—0.016 to 0.016 for this case as opposed to the sectional forces for body C which 

vary from —0.170 to 0.170 (Figure 5.5).

Figure 5.22 depicts the variation of pressure and velocity components along the 

span of body D. Specifically, Figure 5.22(a) shows the variation of pressure on the 

stagnation line and base pressure. The variation of u and w velocity components, ex­

tracted 0.3 diameters upstream of the curved cylinder, is depicted in Figure 5.22(b). 

These plots show that as pressure decreases along the stagnation line, the magnitude 

of the w velocity component increases and reaches a maximum of approximately 28% 

of the free-stream value at a section inclined 48.3° from the horizontal (S/d  =  10.6). 

Also note the increase in base pressure for body D as opposed to body C which is 

consistent with this case exhibiting smaller drag compared to the flow past body C.

It should be emphasized that both for the flow past body C and for the flow past 

body D the magnitude of the w velocity component reaches a maximum along the 

span at exactly the same location, 48.3° from the horizontal, suggesting a strong 

influence of the geometry.

Moreover, even though pressure is higher at the top of body D and decreases 

along the span, the flow along the length of body D is directed against the pressure 

gradient. The maximum w velocity component (28% of the free-stream) for body 

D is smaller in magnitude than the maximum value of w (36% of the free-stream) 

reached for the flow past body C, but is still a strong component directed towards 

the top computational plane.

Figure 5.22(c) shows the variation of w velocity component at the rear of the
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Figure 5.20: Two different views of the wake topology for the flow past body D at 

Re = 100, A2 =  -0.01
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sectional CF>

Figure 5.21: Sectional Cfv along the length of body D, Re =  100

cylinder 0.3, 0.6 and 1.5 diameters downstream respectively. The magnitude of w 

velocity component is found to increase with downstream distance until a line 1.5 

diameters downstream. Note that the magnitude of w velocity component reaches 

a maximum of 66% of the free-stream value in the wake along a line located 1.5 

diameters downstream of body D and at a non-dimensional arc length of S/d  = 7. 

This corresponds to a section located 32.2° from the horizontal. Furthermore, Figure 

5.22(d) depicts the normal and axial flow components extracted from the three- 

dimensional simulations.

The completely different wake features observed for bodies C and D can be 

related to the strong w velocity component. Both of the configurations generate a 

w velocity component and axial flow; however the orientation of the leading edge 

affects the direction of this velocity component. For body C the flow is directed 

away from the part of the cylinder normal to the flow, whereas for body D it is 

directed towards the top of the cylinder which would normally be likely to account 

for regular periodic vortex shedding. The strong axial flow component, even at the 

rear of the cylinder, heading towards the top of the geometry and the production of
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Figure 5.22: Variation of pressure and velocity along the span of body D, Re = 

100: (a) Base pressure and stagnation pressure, (b) u and w velocity components 

extracted 0.3 diameters upstream of the curved cylinder, (c) w velocity component 

extracted 0.3, 0.6 and 1.5 diameters downstream of the curved cylinder, (d) Normal 

((ucosO — w sin 9)/U00) and axial ((in cos# +  usin9)/U00) components computed 

from the 3D simulation 0.3 diameters upstream of body D
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streamwise vorticity are acting as the stabilizing mechanism setting the suppression 

of periodic vortex shedding.

As mentioned before, the flow features for body D presented here exhibit similari­

ties with the flow past wavy cylinders. In addition, the largest w velocity component 

for the wavy cylinders was obtained at the inflection points, halfway between the 

geometrical maximum and minimum, and was found to reach a maximum of 5% 

and 20% of the free-stream velocity in regime III (type A) and regime III (type B) 

respectively (Darekar & Sherwin 2001b). Even though there is no geometrical in­

flection point for body D, the largest w velocity component occurs close to midspan, 

48.3° from the horizontal and reaches 28% of the free-stream.

Nevertheless, the curved cylinder of this study could be considered as an extreme 

case, in terms of wave steepness, of the wavy cylinder studies mentioned above. With 

A denoting the wavelength and W  the peak-to-peak wave height, the parameter space 

for the wavy cylinders’ investigations had a maximum in W /A of 0.3 and in X/d of 

10 (Darekar & Sherwin 2001b). Even though a direct analogy cannot be drawn 

since there is no geometrical inflection point involved for the curved cylinders, with 

the mirror image of body D above the top symmetry plane (effectively half of a 

torus ring geometry now) this configuration would represent the extreme case of 

W f  A = 0.5 and X/d = 50.

Additional computations were performed in order to investigate the effect of 

blockage and of the top computational boundary being a symmetry plane on the 

present results. The first effect has been studied by varying the domain size in the 

^-direction and the results presented in this section were found to be qualitatively 

free from the effects of blockage. The second effect has been studied by adding a 

six-diameter straight cylinder vertical extension on top of the main body. The effect 

of the vertical addition of a straight cylinder is presented for Reynolds number of 

100 in the next section and for Reynolds number of 500 in section 5.2.3.
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Figure 5.23: Computational boundaries (not to scale) in a plane including the free- 

stream vector for body D with a straight cylinder addition of six diameters vertically

5.1.3 Flow past body D with a six-diam eter straight cylin­

der vertical addition

A vertical extension of a straight cylinder six diameters long was added to body D 

shown in Figure 1.3(b). Along with investigating the effect of the top computational 

symmetry plane, this case was intended to show the extent to which the steady wake 

features obtained for body D would persist with the straight cylinder extension on 

top. The six-diameter straight cylinder addition represents a substantial addition 

of almost 50% of the height of body D.

Figure 5.23 depicts the computational domain size in a plane including the cylin­

der axis and the free-stream vector for this configuration. The flow is in the positive 

^-direction, from left to right in the page. The same boundary conditions on the 

corresponding planes were assigned as for body D. The computational boundaries in 

the ¿/-direction were at a distance of 8 diameters from the cylinder axis. A uniform 

free-stream condition was imposed on these planes.

This mesh consisted of 19381 elements, out of which 2034 were the prismatic 

elements on the surface of the body. As for the previous cases, the computation 

was performed originally using second order polynomial expansions and was then 

restarted at P  =  4 and P — 6. When the solution was computed with sixth
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Figure 5.24: Integrated forces for the flow past body D with six diameters vertical 

addition at Re = 100, x- is the direction of the drag, y- is the horizontal component 

of the transverse force and is the vertical one

order polynomials, this mesh accounted for 1,855,812 local degrees of freedom per 

variable. Blockage for these computational cases was 4.4%.

The integrated force coefficients for this case are shown in Figure 5.24. Time 

t-^f- — 200 in Figure 5.24 represents the transition from P — 2 to P = 4 whereas 

the transition from P — 4 to P  =  6 occurs at a non-dimensional time of t-Rf3- = 342.

The forces in the y-direction exhibit periodic fluctuations whose magnitude, how­

ever, is much smaller than that for the flow past body C at the same Reynolds 

number. The mean values of the force coefficients in the three Cartesian directions 

(and the rms value of the fluctuating component of Cpy) are shown in Table 5.4.

The Strouhal frequency corresponding to the periodic fluctuations in Cpy was 

found to be 0.1142 at P = 4 and 0.1123 at P  = 6. This frequency is smaller than 

the Strouhal frequency for body C (Table 5.2) by approximately 36%.

We note that there is a reduction of merely 0.3% in the magnitude of Cfx as 

the polynomial order is increased from four to six. Moreover, there is a 3% increase 

from the magnitude of Cpx for body D but this still corresponds to a reduction of 

9% from the magnitude of Cpx for body C.
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13 II ii 03

cFxr A m ea n 1.1116 1.1078
CFy* J m ean 0.0010 0.0002
Cfv* J  rm s 0.0017 0.0011
F̂zmean -0.2932 -0.2937

Table 5.4: Mean values for the integrated force coefficients and rms values for the 

fluctuating component of Cfv for the flow past body D with six diameters vertical 

addition at Re = 100 computed at P  =  4 and P  =  6

The rms value of the fluctuating component of Cpy when the solution is computed 

at P  — 6 is equal to 0.0011 and this can be compared with the CFyrm, for the flow 

past body C which is of the order of 0.0491 ±  0.0001 (Table 5.2).

Figure 5.25 depicts centreplane streamlines (y =  0) upstream of the geometry 

superimposed on pressure contours and u velocity contours at horizontal planes. 

The streamlines show that the motion along the length of the curved cylinder is 

towards the top boundary even with the six-diameter vertical extension. The u 

velocity contours now demonstrate unsteadiness at the top plane, which is located 

at the end of the six-diameter straight cylinder extension, and at midspan of the 

straight cylinder addition. At z — 0 however, which represents the end of the curved 

cylinder part (top of body D), the wake is narrow and nearly symmetric. Note that 

the wake at this plane appears narrower than the corresponding one for body D 

at z =  0 in Figure 5.18. The region at the rear of the cylinder that has the most 

negative pressure coefficients has now moved higher up in the ¿-direction up to the 

¿ =  0 level compared to the z «  -3.6d level for the flow past body D.

Figure 5.26(a) depicts the wake topology extracted at ^j22- =  414 corresponding 

to a Cpy maximum in the integrated forces where indeed the top shear layer is rolling 

up. In Figure 5.26(b) the wake topology is shown for «  427 corresponding to a 

Cfv minimum where the bottom shear layer is influencing the sign of the forces.

The variation of sectional Cfv is shown in Figure 5.27(a). Note that the range
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Figure 5.25: Centreplane streamlines (y = 0) overlaid on pressure contours for the 

flow past body D with a vertical extension of six diameters, Re = 100, t-^fL =  414 

('Cpy maximum). The insets depict u velocity contours at four horizontal slices along 

the span.

in the contour levels plotted is now between —0.025 and 0.025, slightly higher than 

the range for body D (—0.016 to 0.016, Figure 5.21) but still an order of magnitude 

smaller than that for body C (—0.170 to 0.170, Figure 5.5). The fluctuations in the 

integrated Cpy in Figure 5.24 can hence be attributed to the unsteady features in 

the six-diameter straight cylinder addition in Figure 5.27. The frequencies and the 

maxima and minima of these sectional forces are consistent with the corresponding 

ones for the integrated forces.

The oscillations with respect to the mean at three locations of S/d  =  1, S/d  = 3 

and S/d  =  6 can be seen more clearly in Figure 5.27(b). At S/d  =  1 the sectional 

Cfv has a mean of —0.0175 and as the amplitude of the oscillatory force is not large 

enough to bring the local Cpy up to a positive value, the sectional forces at this 

S/d  level are negative ranging from -0.011 to -0.024. Further down along the span 

at S/d  =  3 the sectional Cpy has a mean of 0.0037 and the sectional forces range 

from 0.0002 to 0.0071. Finally, at S/d  =  6 which corresponds to the end of the
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Figure 5.26: Wake topology for body D with a six-diameter vertical extension at 

Re — 100, A2 =  —0.01: (a) extracted at a Cpy maximum, =  414, (b) extracted 

at a Cpy minimum, «  427
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straight cylinder extension, the sectional forces are steady at a value of -0.017. The 

amplitudes of the oscillatory forces decrease with increasing S/d  until they become 

steady at the top of the curved cylinder part (S/d  = 6).

The fact that there is no change in the sign of local C p y at the top levels, for 

example at S/d  = 1 and S/d = 3, as would be expected for vortex shedding, may 

originally look surprising. However, this is explained by the oscillations having small 

amplitudes superimposed on local positive or negative means (as in Figure 5.21). 

This is consistent with a weak form of vortex shedding as will be discussed below.

Figure 5.28 depicts the intersections of three horizontal planes with the wake 

topology for this body to highlight the unsteadiness appearing at the top in the 

sectional forces. Plane A is at 2 = 5 (S/d  =  1), plane B is at z = 3 (S/d = 3) 

and plane C is at z = 0 (S/d  = 6). Figure 5.29 shows in a 2D view at two time 

levels the intersections of planes A, B, C at the straight cylinder part with the wake 

topology along with planes at S/d = 8.5, S/d  =  10, S/d  = 13.5 in the curved 

part. Figure 5.29(a) corresponds to a C p y maximum ( ¡̂p2- =  414) whereas Figure 

5.29(b) corresponds to a C p y minimum (̂ jp* sa 427). The first two planes exhibit 

antisymmetry consistent with the unsteadiness shown in the sectional forces plot. 

Note that x' corresponds to the ^-direction in the new coordinate system in the 

local planes.

In Figure 5.30(a),(b) ujz is shown at planes normal to the cylinder axis at the 

C p y maximum and minimum respectively. Consistent with the wake topology and 

the sectional forces, the shear layers are interacting at the top two planes (S/d =  1 

and S/d  =  3) while as the junction of the curved with the straight cylinder part 

is approached, the wake becomes more symmetric. It should be noted that even 

at the first two planes which correspond to the periodic fluctuations in Figure 5.27 

the vortex cores do not fully detach from the shear layers. It is postulated that 

the strength of the growing vortex is not large enough to fully draw the opposite 

shear layer across the wake and subsequently be shed, as would be expected for a 

regular vortex shedding process. Moreover, the longer formation regions are indeed 

associated with lower shedding frequencies.

This weak form of shedding is consistent with the wake topology depicted in
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sectional CFy

15

Figure 5.27: (a) Variation of sectional C p y for body D with a six-diameter straight 

cylinder extension vertically, Re — 100; (b) Variation of Cpy with time at the 

specified locations of S/d  = 1, S/d  =  3, and S/d  = 6
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Figure 5.28: Vortex core intersections at three horizontal planes: S/d = 1 (plane 

A), S/d  =  3 (plane B) and S/d  — 6 (plane C) for the flow past body D with a 

six-diameter straight cylinder extension on top

Figure 5.26 where the structures connect away from the body. In the case of the wavy 

cylinders, a similar phenomenon was observed where the spanwise vortex structures 

were found to reorientate due to the streamwise vorticity in regime II type A (milder 

geometric disturbance compared to regime III type A).

Figure 5.31 depicts u x in a vertical plane in the wake five diameters downstream 

of the body. Similarly to the flow past body D, variation of the strength of uox along 

this plane can also be observed.

The variation of pressure and velocity components along this body is shown in 

Figure 5.32. Specifically, the variation of pressure on the stagnation line and the 

base pressure are depicted in Figure 5.32(a). The variation of u and w velocity 

components, extracted 0.3 diameters upstream of this geometry is shown in Fig­

ure 5.32(b). The magnitude of w velocity component increases along the span and 

reaches a maximum of 28% of the free-stream magnitude at S/d  =  16.6. This non- 

dimensional arc length corresponds to a section inclined approximately 48.3° from 

the horizontal. Hence the maximum w velocity component occurs at exactly the 

same location for this configuration as for bodies C and D. Therefore, the verti-

1 6 0



(a)

Figure 5.29: Vortex core intersections at six planes for the flow past body D with 

a vertical extension of six diameters, Re =  100: (a) = 414, Cpy maximum, (b)

«  427, Cpy minimum
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Figure 5.30: Spanwise vorticity contours for body D with a straight cylinder exten­

sion of six diameters at Re =  100: (a) t-^fL =  414, Cpy maximum, (b) t-^fL «  427, 

Cfv minimum
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Figure 5.31: Streamwise vorticity on a vertical plane five diameters downstream of 

body D with a straight cylinder extension of six diameters, Re = 100, at a Cpy 

maximum, = 414

cal addition of a straight cylinder six diameters long on top has not affected the 

distribution of w velocity component along the length of the curved part of the 

body.

Similarly to the case of body D, Figure 5.32(c) shows the magnitude of w velocity 

component to increase with downstream distance and at a line located 1.5 diameters 

downstream of the body to reach a maximum of 69% of the free-stream value at a 

non-dimensional arc length of S/d  =  12.5. This corresponds to a section located 

29.9° from the horizontal. Also note the presence of a w velocity component of 

the order of 20% the free-stream value at the rear of the cylinder in the vertical 

extension part. Finally, Figure 5.32(d) shows the normal and axial flow components 

extracted from the three-dimensional computations 0.3 diameters upstream.

The production of streamwise vorticity on body D with a vertical extension of 

six diameters, at Re = 100, reaches a maximum at approximately midspan of the 

curved part of the body as Figure 5.33 shows. Note that this was also found to 

be the case for the wavy cylinders where the streamwise vorticity component was 

emerging strongly at the geometric inflection points (Darekar & Sherwin 2001b).

As mentioned at the beginning of this section this case was proposed to show 

the extent to which the steady features found for the flow past body D would
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0.3 downstream normal component (( u cose - w sine )/U J 
axial component ( ( w cose + u sine )/U J

Figure 5.32: Variation of pressure and velocity along the span of body D with a six- 

diameter straight cylinder extension, Re = 100: (a) Base pressure and stagnation 

pressure, (b) u and w velocity components extracted 0.3 diameters upstream of 

the curved cylinder, (c) w velocity component extracted 0.3, 0.6 and 1.5 diameters 

downstream of the curved cylinder, (d) Normal ((u cos 6 — w sin 0)/Uoo) and axial 

((wcos6+usin6)/Uoo) components computed from the 3D simulation 0.3 diameters 

upstream of the geometry
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Figure 5.33: Production of streamwise vorticity on body D with a vertical extension 

of six diameters, Re =  100

persist even with the straight cylinder vertical addition. The results demonstrate 

that rather than the vertical addition influencing the curved part and destabilizing 

the steady wake found for body D, it is actually the curved part that influences 

the straight cylinder addition and weakens the 2D shedding expected for a straight 

circular cylinder at Re =  100. The strong axial flow component directed towards 

the top of the geometry and the production of streamwise vorticity are believed to 

play a key role in stabilizing the flow past the bodies having the free-stream aligned 

on the inside of the bend.

R elation  to  o ther cylinder shapes and sum m ary of cases a t Reynolds 

num ber of 100

The results for these curved cylinder configurations can be discussed in conjunction 

with other cylinder shapes studied in the bluff body flow community. As described in 

section 2.5, Gaster (1969, 1971) found the vortex shedding past tapered cylinders to 

occur in spanwise cells of constant frequency each, with jumps in frequency between 

cells. Following, Piccirillo & Van Atta (1993) studied the details of the dislocations
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produced at the boundaries of the spanwise cells and the corresponding modulation 

frequency.

For none of the curved cylinder configurations of this work was cellular behaviour 

observed. A sectional two-dimensional argument, as discussed previously would 

predict variation of the local normal Reynolds number which would hence result in 

variation of the Strouhal frequency along the span of body C. However, as shown 

in Figure 5.5, the upper cylinder shedding drives the lower end. For body D steady 

forces were detected and no periodic vortex shedding. Therefore no similarities 

can be found between tapered and curved cylinders in terms of the wake patterns 

observed. The variation of sweep angle for curved cylinders seems to set different 

mechanisms than the variation of diameter for tapered cylinders. In analogy to 

tapered cylinders, uniform straight cylinders under shear flow, as discussed in section 

2.3, exhibit cellular behaviour.

A comparison can be drawn between the shedding patterns of the curved cylin­

ders of this study and those of the oblique cylinders described in section 2.4. Sim­

ilarly to the Independence Principle (cosine law) failing to predict the flow past a 

stationary oblique circular cylinder (Ramberg 1983), the curved cylinders behave in 

a three-dimensional manner not following the variations in the normal flow compo­

nent and Reynolds number.

Finally, as discussed in section 2.2, straight uniform circular cylinders can shed 

in an oblique mode biased by the end effects. For oblique shedding of a straight 

cylinder, a Reynolds number of 92 would correspond to a Strouhal frequency of 

approximately 0.157, whereas a Reynolds number of 69 to approximately 0.138 (data 

extracted from Williamson (1996), and Williamson (1989)). Body C accounts for a 

local normal Reynolds number of 92 at S/d  = 5 and a local Reynolds number of 69 at 

S/d  — 10. However, as body C sheds at one frequency with the top end driving the 

bottom, rather than adjusting to local frequencies determined by the local Reynolds 

number, such an analogy cannot be drawn. Furthermore,1 if we consider the top 

Reynolds number of 100, oblique shedding for a straight cylinder at this Reynolds 

number would suggest a shedding angle of 12 -  12.2° with a Strouhal frequency of 

approximately 0.16. However, under the current blockage conditions, the Strouhal
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frequency found in this work for body C is larger.

Overall, these computations have shown that more insight can be gained with 

a three-dimensional approach. For the flows past body D and past body D with 

a vertical extension of six diameters, a sectional argument considering the normal 

component of the free-stream would predict shedding even at the curved part of the 

body. Nevertheless, as discussed above, the axial flow component and its direction 

towards the top of the geometry was the key factor in stabilizing these flows; and 

this is exactly the component not modelled by the two-dimensional methods.

5.2 Reynolds number 500: Results and discussion

5.2 .1  F low  p ast b o d y  C

The flow past body C has also been computed at a higher Reynolds number, that 

of 500, to see the effects of introducing three dimensional instability in the wake, 

following the straight 2D cylinder behaviour. Moreover, the higher Reynolds number 

should tend to preserve shedding to a lower angle at the bottom following the local 

normal velocity analogy. The computation was restarted from the flow field of the 

Reynolds number 100 case, presented in section 5.1.1 using a fourth order polynomial 

expansion.

Figure 5.34(a) shows the force history for this case starting at «  309 from 

the flow field of the Reynolds number 100 case. Figure 5.34(b) shows in detail a 

section of the integrated force coefficients in the x-,y-, and z- directions for part of the 

simulation computed at sixth polynomial order. The x- direction is the direction of 

the drag and the y- and z- directions represent the horizontal and vertical component 

of the transverse force respectively. Non-dimensional time «  631 corresponds 

to the transition from fourth to sixth order polynomials.

To investigate whether the features of the enstrophy analysis presented in section

3.5.2 for Reynolds number 100 would persist at 500 also, the amount of enstrophy 

captured in the coherent structures at each A2 level was computed. Figure 5.35(a) 

depicts the enstrophy Z , captured at each A2 level, normalized by the total enstrophy,
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Figure 5.34: (a) Force history for Body C at Reynolds number of 500; (b) A more 

detailed section of the integrated force coefficients at sixth polynomial order

Ztot, as a function of the cut-off value for the flow past body C at Re = 500. This 

curve is shown in a log-log axis in Figure 5.35(b).

Comparing with Figure 3.6, the asymptote for this case at Re — 500 is reached 

at a higher A2 value corresponding to the vortex cores being more energetic and 

of higher strength at the higher Reynolds number. Overall, the trends of the two 

asymptotes at zero and at infinity, discussed in section 3.5.2, can be discerned for 

this case also.

Figure 5.36 depicts the A2 structures at the specified positions (a, b, c, d, e, f) 

marked in Figure 5.35(a). Similarly to Figure 3.7, at small A2 levels numerical noise 

is dominating (Figure 5.36(a)). At high levels, however, it is mostly the shear layers 

being identified while the wake dynamics are not captured (Figure 5.36(f)). Hence 

an appropriate cut-off range can be recognized as 0.5 < |A2| < 1.5 for the optimal 

representation of the vortical structures in the wake of body C at Reynolds number 

of 500. This range is also shown in Figure 5.35(b). Even though it may look as if 

this appropriate cut-off range is shorter than that of Figure 3.6(b), note that the 

range of the z-axis is longer in this case.

The variation of sectional Cfv computed at slices normal to the cylinder axis
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Figure 5.35: (a) Normalized enstrophy, Z / Ztot, versus A2 for the flow past Body C 

at Re — 500, (b) log-log axis

at different locations of the span for body C at Re — 500 is depicted in Figure 

5.37. As in Figure 5.5, the top of the cylinder is at S/d  =  0 whereas S/d  = 19.6 

corresponds to the end of the quarter turn. A non-dimensional arc length o iS /d  — b 

corresponds to a section inclined approximately 23° from the horizontal and a local 

Reynolds number of 460 whereas an arc length of S/d = 15 corresponds to a section 

inclined 69° from the horizontal and a local Reynolds number of nearly 180. This 

sectional local Reynolds number is now higher than the critical Reynolds number 

for the vortex shedding of a circular straight cylinder.

The contour levels are now higher than those for Re = 100 while the forces persist 

until lower angles at the bottom (higher S/d  levels). The periodicity in the sectional 

forces observed in Figure 5.5 is not apparent at this higher Reynolds number case. 

For a straight 2D cylinder, the Reynolds number of 500 is above the transition stage 

to three-dimensionality.

Figure 5.38(a) depicts the wake topology in a 3D perspective whereas Figure 

5.38(b) shows a view from the top at l- ~ ^  «  652, A2 =  —0.8. Both the 3D and 

the top view show vertical rollers and braids inbetween. This sort of flow structures 

are commonly attributed to Mode A and B transition for a straight cylinder. The 

region where the vortices curl towards the horizontal part of the body becomes more
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(e) (f)

Figure 5.36: Isocontours of A2 at: (a) A2 =  -0.005, (b) A2 =  -0.3, (c) A2 =  -0.6, (d) 

A2 =  -0.8, (e) A2 =  -1.3, (f) A2= -5.0
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1|Uj/d
Figure 5.37: Sectional Cj?y variation along the length of the quarter ring part of 

body C, Re = 500

energetic due to the increased Reynolds number.

The experimental flow visualization for this case is depicted in Figure 5.39 and 

is in good qualitative agreement with the wake topology extracted from the 3D 

computation, Figure 5.38(a). The gross features of the flow with streamwise vorticity 

connecting the spanwise rollers are indeed visualized.

As depicted in Figure 5.40, the pressure contours at planes normal to the cylinder 

axis demonstrate that the last slice shows a larger pressure minimum compared 

with the same case at Re =  100, consistent with stronger vortex cores. The planes 

are extracted exactly at the same locations as in Figure 5.10 and correspond to 

S/d  =  5, S/d  =  8, and S/d  =  12 respectively. The last slice corresponds to a 

local normal Reynolds number of 284. From a 2D perspective, the local sectional 

Reynolds number is now higher compared to that of the same slice at Re = 100; 

from a 3D perspective, the flow is more energetic.

The variation of pressure on the stagnation line and the base pressure for body 

C at Re — 500 are shown in Figure 5.41(a). This is the case with the smallest
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Figure 5.38: Vortex cores in the wake of body C at Re — 500, A2 =  -0.8, ~  652:

(a) 3D view, (b) View from the top
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Figure 5.39: Towing tank flow visualization for body C, Re = 500

Figure 5.40: Pressure contours on planes normal to the cylinder axis for the flow 

past body C at Re =  500, ~  652
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pressure coefficients consistent with this case being the strongest shedding one. The 

variation of the u and w velocity components, extracted 0.3 diameters upstream 

of the curved cylinder, is shown in Figure 5.41(b). As pressure decreases along 

the stagnation line (Figure 5.41(a)), the magnitude of the w velocity component 

increases along the span and reaches a maximum of 33% of the free-stream at a 

non-dimensional arc length of S/d  = 12, which corresponds to a section inclined 

55.4° from the horizontal. The higher Reynolds number has brought the location 

of the maximum w further down along the span. In Figure 5.41(c) the normal and 

axial flow components are plotted from the three-dimensional computations.

5.2.2 Flow past body D

The flow past body D was also computed at Reynolds number of 500 with the 

outflow plane now extending 35 diameters downstream rather than 28.

The integrated force coefficients for the flow past body D at Re = 500 are shown 

in Figure 5.42. Non-dimensional time ^ p  =  200 represents the transition from 

P — 2 to P  = 4 whereas ^ p  «  433 the transition from P  =  4 to P  = 6.

The fluctuations in the integrated CFy can be attributed to the top part of 

body D as can be seen in Figure 5.43(a). As Figure 5.43(b) shows, at S/d  =  2 

the oscillatory component of sectional CFy has the largest amplitude, equal to 0.25. 

By S/d  =  4 the amplitude of these fluctuations has dropped to less than a half, 

equal to 0.10, and so on the amplitudes of the oscillatory components decrease with 

increasing S/d. Finally, at S/d  =  7.5 the forces are steady. Therefore for a section 

inclined 23° from the horizontal, S/d  =  5, the local CFy fluctuations already have 

smaller amplitudes of 0.05 and by 34.6° from the horizontal, S/d  =  7.5, a steady 

wake is recovered.

The locations of the maxima and minima are consistent with the integrated 

forces. Note also that from Figure 5.43(b) the S/d  = 2 level precedes the S/d = 4 

and so on, consistent with the slight obliqueness in the contours of the sectional 

forces.

The spanwise vorticity component at three planes normal to the cylinder axis at
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normal component (( u cos9 - w sine )/|UJ) 
axial component (( w cose + u sine )/|UJ)

Figure 5.41: Variation of pressure and velocity along the span of body C, Re =  

500: (a) Base pressure and stagnation pressure, (b) u and w velocity com­

ponents extracted 0.3 diameters upstream of the curved cylinder, (c) Normal 

(ucosd — wsinfl/lt/ool) and axial (recosfl +  usinfl/li/ool) components computed from 

the 3D simulation 0.3 diameters upstream of the curved cylinder
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Figure 5.42: Integrated force coefficients for body D, Re =  500

the time of Cpy maximum, «  616 is shown in Figure 5.44. The three planes are 

at S/d = 2, S/d  =  4, and S/d  = 7.5. As for the sectional forces in Figure 5.43 the 

first plane exhibits anti-symmetry whereas by S/d  =7.5, the vorticity contours are 

more symmetric.

The wake topology for this case is shown in Figure 5.45 extracted from the 3D 

computation at a Cpy maximum, ^  «  616. The vortex shedding features are again 

absent even though a slight unsteadiness is present at the top. This is in agreement 

with the towing tank flow visualization in Figure 5.46 showing no conventional vortex 

shedding in the main part of the body.

Figure 5.47 shows the variation of pressure and velocity components along the 

span of body D at a Reynolds number of 500. Specifically, Figure 5.47(a) shows the 

variation of pressure along the stagnation line and base pressure. The variation of u 

and w velocity components, extracted 0.3 diameters upstream of the curved cylinder, 

is depicted in Figure 5.47(b) where the magnitude of the w velocity component 

reaches a maximum of 26% of the free-stream value at a section inclined 57.7° from 

the horizontal (S/d =  12.6). Note that, as Figure 5.47(c) depicts, the magnitude of 

the w velocity component at a line 0.3 diameters downstream of the body reaches 

the free-stream magnitude at a section inclined 27.6° from the horizontal (S/d = 6).
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Figure 5.43: (a) Variation of sectional Cfv along the length of body D, Re =  500 

(b) Variation of Cfv with time at the specified locations of S/d  = 2, S/d  =  4 

S/d  = 5, and S/d  = 7.5

1 7 7



L ,
Figure 5.44: Spanwise vorticity contours at planes normal to the cylinder axis for 

body D at Re = 500, «  616 (Cpy maximum)

Moreover, on a line 0.6 diameters downstream, a maximum value of 1.08C/oo is 

reached at a section inclined 32.2° (S/d  = 7) and finally a value of 1.13i/oo at the 

same section on a line 1.5 diameters downstream of the curved body. The normal 

and axial flow components along the body are plotted in Figure 5.47(d) from the 

three-dimensional computations.

Overall, we have seen that the increase in Reynolds number from 100 to 500 for 

the flow past body D has not altered in principle the steady features of this flow. 

The flow structures observed for body D at Re — 100 persist at Re = 500 also. 

The presence of a strong w velocity component, even at the rear of the cylinder, 

directed towards the top of the geometry stabilizes the flow at this higher Reynolds 

number also where the wake of a straight 2D cylinder would have already undergone 

transition to three-dimensionality.

Darekar & Sherwin (2001a) also computed the flow past the wavy cylinders at 

Re — 500 and found substantial drag reductions compared to the straight cylinder 

at this Reynolds number. The three-dimensional wake structure behind a wavy 

cylinder was also presented recently by Lam et al. (2002). In the experimental
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Figure 5.45: Wake topology for body D at Re =  500, A2 =  —0.4, ^j22- ~  616 (Cfv

maximum)

free surface

Figure 5.46: Towing tank flow visualization for body D, Re — 500
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Figure 5.47: Variation of pressure and velocity along the span of body D, Re =  

500: (a) Base pressure and stagnation pressure, (b) u and w velocity components 

extracted 0.3 diameters upstream of the curved cylinder, (c) w velocity component 

extracted 0.3, 0.6 and 1.5 diameters downstream of the curved cylinder, (d) Normal 

((ucosd—wsin0)/Uoo) and axial ((wcos8+usm9)/Uoo) components extracted from 

the 3D computation 0.3 diameters upstream of the curved cylinder
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Figure 5.48: Integrated force coefficients for the flow past body D with a six-diameter 

vertical addition, Re = 500

work of Owen and Bearman experiments were performed up to Reynolds numbers 

of the order of 105 and the stabilizing mechanisms were found to persist along with 

significant reductions in drag (Owen 2001).

5.2.3 Flow past body D with a six-diam eter straight cylin­

der vertical addition

The flow past body D with a straight cylinder extension of six diameters on top was 

also computed at Re = 500.

Figure 5.48 depicts the integrated force coefficients for this case, with x- repre­

senting the direction of the drag, y- the horizontal component of the transverse force 

and z- the vertical one. Non-dimensional time =  200 represents the transition 

from P — 2 to P  =  4 whereas t-^fL ss 380 the transition from P  =  4 to P — 6.

In order to determine which part of the body were these fluctuations in inte­

grated Cpy mostly attributed to, the sectional forces for this geometry are shown 

in Figure 5.49(a). What comes as a surprise therefore, is that it is not the straight 

cylinder extension on the top of the curved body that is contributing the most to 

the unsteadiness, but is rather the sections further down along the span.
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Figure 5.49: (a) Variation of sectional Cfv for body D with a six-diameter straight 

cylinder extension vertically, Re = 500; (b) Variation of Cpy with time at the 

specified locations of S/d  =  1, S/d  =  3, S/d  = 6, S/d  =  8, S/d  = 10, and 

S/d  = 13.5
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Specifically, if we consider the oscillations with respect to the mean at S/d = 1, 

S/d  =  3, S/d  = 6, S/d  =  8, S/d  = 10, and S/d = 13.5, Figure 5.49(b), we observe 

that the largest fluctuations in the sectional forces are detected for S/d  = 8. Note 

that for the flow past body D at Re — 500 the oscillatory component of sectional 

Cp-y had the largest amplitude at S/d = 2. Therefore, the results of this section 

show that at Re = 500 the addition of the six-diameter straight cylinder extension 

on top of the curved body brought about a corresponding shift in the location of 

the maximum Cpy from S/d  — 2 to S/d  =  8. Contrary to expectations hence, the 

amplitude of the oscillatory component of Cpy is not largest at the straight cylinder 

extension on top and then starting to decrease monotonically with increasing S/d. 

At S/d  = 3 the amplitude of the oscillatory component of the sectional forces is 0.06 

whereas at S/d  =  8 it is 0.3 and finally, by S/d  =  13.5 the forces are steady.

The spanwise vorticity component at planes normal to the cylinder axis is shown 

in Figure 5.50 at two time levels, at the times of a Cfv maximum, «  432, 

and of a Cpy minimum, «  436. Note that in the straight cylinder part the 

formation length is decreasing with increasing distance from top and the maximum 

unsteadiness occurs at S/d  =  8, which is consistent with the sectional forces in 

Figure 5.49.

Figure 5.51 depicts the wake topology for the flow past body D with a vertical 

addition of six diameters at Reynolds number of 500 at «  432 corresponding 

to a Cpy maximum. The towing tank flow visualization for this case is shown in 

Figure 5.52 at two different time shots which qualitatively compare favourably with 

Figure 5.51. The flow at the top of the cylinder exhibits less momentum than at the 

sections below where the streamwise vortex structures are convected downstream.

The variation of pressure and velocity components along the span of body D 

with a six-diameter vertical addition at Re =  500 is shown in Figure 5.53. Specifi­

cally, Figure 5.53(a) shows the variation of pressure on the stagnation line and base 

pressure. The variation of u and w velocity components, extracted 0.3 diameters 

upstream of the curved cylinder, is depicted in Figure 5.53(b). The magnitude of 

w velocity component is shown to increase until reaching a maximum of 27% of 

the free-stream value at a section inclined 55.4° from the horizontal (S/d  =  18).
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Figure 5.50: Spanwise vorticity contours for body D with a vertical addition of a 

six-diameter long cylinder, Re = 500: (a) ^  «  432, CFy maximum, (b) ^  «  436, 

CFy minimum
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Figure 5.51: Wake topology for body D with a six-diameter straight cylinder exten­

sion vertically at Re — 500, A2 =  —0.6, 432, Cpy maximum
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Figure 5.52: Towing tank flow visualization at two different time instants for body 

D with a vertical addition of 6 diameters, Re =  500
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Moreover, as Figure 5.53(c) depicts, the magnitude of the w velocity component at 

a line 0.3 diameters downstream of the body reaches the value of the free-stream 

at a section inclined 29.9° from the horizontal (S/d  = 12.5). Furthermore, a value 

of l.lOUoo is reached at a section inclined 27.6° (S/d  = 12) on a line 0.6 diameters 

downstream and a value of 1.12[/oo at a section inclined 34.5° (S/d  =  13.6) on a line 

1.5 diameters downstream of the curved body. Finally, the computed normal and 

axial flow components are shown in Figure 5.53(d).

Figure 5.54 shows the production of streamwise vorticity on the body to occur 

at the curved part of the geometry, reaching a maximum approximately at midspan 

for this higher Reynolds number also as for Figure 5.33.

The pertinent question therefore is: how is the attenuation of vortex shedding 

at the top straight cylinder part achieved? As for the flow past the same body at 

Re =  100, a strong w velocity component is present even in the straight cylinder part 

at the rear of the geometry. The magnitude of the produced streamwise vorticity 

on the body is now much higher (compare Figure 5.33 with Figure 5.54), and the w 

velocity components in the wake reach much higher values. The direction of this w 

velocity component towards the straight cylinder part and the reorientation in the x- 

direction can be acting as a similar mechanism to base bleed. The streamlines in 3D 

at the rear of the cylinder are shown in Figure 5.55(a) for part of the cylinder length 

(and in a zoomed view in Figure 5.55(b)). The complex three-dimensional flow 

patterns are depicted. Furthermore, recall the longer formation regions encountered 

at the top of the straight cylinder extension in Figure 5.50 consistent with findings 

about base bleed in past literature.

Bearman (1967a) investigated the effects of base bleed on the flow past a two- 

dimensional model with a blunt trailing edge. He found the regular vortex street 

pattern to break down with sufficiently large bleed quantities. Base bleed is among 

others one of the ways to weaken the interaction between the two shear layers and 

stabilize the wake of a bluff body.

We note that the weak form of shedding found for this geometry at Re =  100 

can be associated with the same mechanism also (recall the long formation regions 

mentioned for Figure 5.30). At Re = 500 though, the increased Reynolds number
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Figure 5.53: Variation of pressure and velocity along the span of body D with a six- 

diameter straight cylinder extension, Re — 500: (a) Base pressure and stagnation 

pressure, (b) u and w velocity components extracted 0.3 diameters upstream of 

the curved cylinder, (c) w velocity component extracted 0.3, 0.6 and 1.5 diameters 

downstream, (d) Normal ((ucosO — wsmd)/Uoo) and axial ((wcosO -I- usin^/i/,*,) 

components computed from the 3D simulation 0.3 diameters upstream of the curved 

cylinder



Figure 5.54: Production of streamwise vorticity on body D with a vertical extension 

of six diameters, Re — 500

brings about w velocity components of the order of the free-stream in the wake 

of this configuration sufficient to stabilize the shedding at the top of the straight 

cylinder extension.

According to this discussion hence, it is postulated that an attenuation of vortex 

shedding will always be observed at the straight cylinder part attached right at the 

end of the curved body at this Reynolds number. Depending on the length of the 

straight cylinder extension then, there would be a limit where the very top part 

of the cylinder would start to shed, followed by a part of the straight cylinder not 

shedding as the axial flow originating from the curved part of the body would disrupt 

the conventional shedding process and stabilize the wake. A schematic diagram of 

the different regimes expected in the wake of body D with a long straight cylinder 

extension on top at this Reynolds number is shown in Figure 5.56.
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Figure 5.55: (a) Streamlines in 3D at the rear of body D with a vertical extension 

of six diameters, Re =  500, (b) Enlarged view
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2D  shedding

Figure 5.56: Presumed regimes in the wake of body D with a long straight cylinder 

vertical extension, Re =  500

5.3 Conclusions of this chapter

Six cases have been presented in this chapter where the incoming flow was parallel 

to the plane of curvature of the curved cylinders. The flow past body C was studied 

first at a Reynolds number of 100, section 5.1.1, and was found to shed in a three- 

dimensional manner and not governed by the variation of the local normal Reynolds 

number. The same case was investigated at a Reynolds number of 500, section 

5.2.1, above the point of transition to three-dimensionality for a straight circular 

cylinder. The wake topology consisted of vertical rollers with braids inbetween, 

which for a straight 2D cylinder are associated with Mode A and B transition. The 

flow past body D at a Reynolds number of 100 was described in section 5.1.2. The 

axial flow being directed towards the top computational plane and the production 

of streamwise vorticity were found to result in the suppression of vortex shedding. 

Table 5.5 summarizes the location and the magnitude of the maximum w velocity 

component upstream and downstream of the body for the different cases. The
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upstream (0.3d) downstream (1.5d)

body C, Re = 100 0.36[/oo at 48.3°

body D, Re = 100 0.28[/oo at 48.3° 0.66[/oo at 32.2°

body D w ith  6 diam eters, Re = 100 0.28f7oo at 48.3° 0.69C/oo at 29.9°

body C, Re =  500 0.33C/oo at 55.4°

body D, Re =  500 0.26Uoo at 57.7° l.UUoo at 32.2°

body  D w ith  6 diam eters, Re =  500 0.27f7oo at 55.4° 1.121/00 at 34.5°

Table 5.5: Location and magnitude of the maximum w velocity component upstream 

and downstream of the curved bodies for the different cases

same case was computed at Reynolds number of 500 where the conventional vortex 

shedding features were still absent even though unsteadiness was encountered at the 

top of the geometry. To investigate the effect of the top computational boundary and 

the extent to which the stabilizing mechanism for the flow past body D persists even 

with a straight cylinder addition on top, the flow past body D with a six-diameter 

straight cylinder extension was studied first at a Reynolds number of 100 (section 

5.1.3) and then at Re =  500 (section 5.2.3). At a Reynolds number of 100 a weak 

form of shedding was encountered at the top of the geometry with the vortices not 

fully detaching from the corresponding shear layers. The novelty in the flow patterns 

past the geometry with the six-diameter straight cylinder addition was related to the 

location of the unsteadiness at Re = 500. Rather than this configuration shedding 

at the top of the geometry at the straight cylinder part, unsteadiness was detected 

at the top of the curved part, at the same location respectively as for the flow past 

body D at Re = 500. It is believed that the feeding of the strong axial flow, which 

originates from the curved part of the body, into the wake of the straight cylinder 

part acts as a similar mechanism to base bleed and hence stabilizes the wake of the 

straight cylinder extension. As part of further work, it would be of great interest to 

perform a study on gradually increasing the length of the straight cylinder addition 

in order to investigate the threshold where the very top of the straight cylinder
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would start to shed following the drawing in Figure 5.56.

Furthermore, the computational results were in qualitative agreement with ex­

perimental flow visualizations obtained with the laser induced fluorescence technique 

for a model cylinder towed in a water tank.

It should be emphasized that in none of the cases where the flow is directed on 

the inside of the bend was there a conventional shedding pattern observed. More­

over, the results for all the cases of this chapter have highlighted the importance of 

approaching the curved cylinder problem with a fully three-dimensional rather than 

with a 2D sectional method.
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Chapter 6

Conclusions and further work

6.1 Conclusions

Three-dimensional computations of the flow past curved cylinders at Reynolds num­

bers of 100 and 500 have been performed with M e n T a r ,  a Navier-Stokes algorithm 

based on the spectral/hp  element method. Different body configurations were in­

vestigated, all built on the basic shape of a quarter ring geometry with a non- 

dimensional radius of curvature of 12.5. The first part of this study consisted of 

computations where the flow was normal to the plane of curvature, whereas the 

second part comprised computations where the flow was parallel to the plane of 

curvature.

6.1.1 Flow normal to the plane of curvature

Starting from a quarter of the ring geometry, to represent a generic shape of a curved 

cylinder, different cases were built up aiming to investigate the effects of curvature, 

of a sheared velocity profile and of a wall boundary. The axisymmetric geometry of 

the quarter ring, body A, under a uniform velocity profile in the normal direction 

constitutes a quasi two-dimensional case at Re =  100. Indeed, in-phase shedding 

along the span was detected from the three-dimensional computations while vortex 

rings were found to be shed periodically in the wake of this geometry. At a Reynolds 

number of 100, the straight circular cylinder would also be expected to shed in-phase



suggesting that a two-dimensional sectional approach might still be suitable for these 

flow conditions. However, the effect of curvature in introducing unequal strengths 

between the inner and outer vortices, for example, would not be accounted for by 

such a two-dimensional method unless the difference in circulation shed each way of 

the wake centreline were negligible.

A second geometry was then considered with a marine industry motivation, 

where a deformed curved cylinder ended semi-buried in the ground (body B). This 

geometry was studied under a combination of different boundary conditions includ­

ing a no-slip or a slip wall, and a sheared or a uniform velocity profile. The effect of 

the shear profile was found to be dominant compared to that of the wall boundary. 

As long as a sheared velocity profile was applied (in this case an exponentially decay­

ing shear profile was chosen), lack of correlation was observed along the span of the 

body with strongly three-dimensional wake topology. A modulation frequency was 

established in the transverse force and linking was observed in the vortex structures. 

Vortex dislocations are similarly expected in the wake of straight circular cylinders 

under shear. Once a uniform profile was applied, even for this deformed curved 

cylinder geometry, the vortex cores were no longer inclined to the cylinder axis and 

the sectional forces demonstrated correlated shedding along the major part of the 

cylinder span. Note that a weakening of the strength of the vortices was observed 

as the wall boundary was approached, depicted also in the variation of sectional 

forcing along the cylinder length. The more complex 3D wake dynamics were thus 

indeed attributed primarily to the sheared profile rather than to the wall boundary. 

Finally, at a higher Reynolds number of 500, the intrinsic three-dimensionalities 

had developed in the wake of the quarter ring geometry; vortex structures similar 

to those of Mode A/B transition for the straight circular cylinder were found along 

with intermittent fluctuations and no regularity in the sectional forces.

Overall, therefore, this first part of the study, where the flow was normal to the 

plane of curvature, has shown a qualitative behaviour in general similar to that ex­

pected for a straight two-dimensional cylinder. The three-dimensional computations 

have still proven insightful in capturing the three-dimensional vortex shedding fea­

tures, something that, as should be emphasized, a two-dimensional sectional method
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could not allow for.

6.1.2 Flow parallel to the plane of curvature

The focus was then placed on computations where the upstream flow was parallel 

to the plane of curvature. These cases are of fundamental interest as the free- 

stream velocity vector is not included in each cross-sectional plane, hence highlight­

ing the potential shortcomings of a sectional method and the benefits of a fully 

three-dimensional approach. A uniform velocity profile was specified in all the cases 

of this set, but different configurations were investigated in terms of whether the 

upstream flow was directed onto the outside (body C) or the inside (body D) of the 

bend.

Shedding was found to be out of phase along the span of body C with a spanwise 

variation of the wake features. Axial flow (flow along the length of the cylinder) was 

observed, directed towards the bottom of the geometry. No frequency variation was 

shown to occur along the span as the flow responds in a three-dimensional manner, 

with the upper cylinder shedding driving the lower end. A sectional two-dimensional 

argument, however, would predict variation of the local normal Reynolds number 

which would hence result in variation of the Strouhal frequency along the span of 

body C. For body D, however, no antisymmetric shedding features were detected. 

The integrated forces were steady and the magnitude of the drag force coefficient 

was smaller by 12% compared to that for body C. Axial flow was observed for this 

case also, but was now directed towards the top computational plane. Symmetric 

wakes were shown for 2D planes extracted at different spanwise locations and a 

variation of the wake width was observed along the span. Similarities were drawn 

with the wakes of wavy cylinders (sinusoidal deformation on the stagnation face). 

Moreover, the wake topology showed the shear layers not interacting. To examine 

the effect of the top computational plane and investigate the extent to which the 

steady features in the wake of body D would persist, a straight cylinder extension 

of six diameters (almost 50% of the curved geometry’s height) was added on top 

of body D. Weak periodic fluctuations, originating from the straight cylinder part,
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were observed in the horizontal component of the transverse force at a frequency 

smaller than that for body C by approximately 36%. The rms of the fluctuating 

component of Cpy was equal to 0.0011 compared to a corresponding value of 0.0491 

for body C. The drag coefficient exhibited an increase of 3% compared to that for 

body D, still corresponding to a drag reduction of 9% from that for body C. Longer 

formation regions were shown at planes in the straight cylinder part corresponding 

to the weak periodic fluctuations in the horizontal component of the transverse 

force. Overall, the vertical addition of a straight cylinder extension did not affect 

the steady wake features of body D. Interestingly to note, the magnitude of the w 

velocity component 0.3 diameters upstream of the curved body reached a maximum 

at a section inclined approximately 48.3° from the horizontal for all three cases (body 

C, body D, and body D with a vertical addition of six diameters), hence suggesting a 

strong influence of the geometry. Furthermore, maximum w velocity components in 

the order of 66% to 69% of the free-stream were detected in the wake for both body 

D and body D with a straight cylinder extension. Note that for the latter geometry, 

a w component equal to 20% of the free-stream value was present in the straight 

cylinder part associated with the longer formation regions and the weakening of the 

vortex shedding process. Overall, therefore, these cases have demonstrated that:

• the direction of the flow towards the top of the geometry, which would normally 

account for regular periodic vortex shedding, and the production of streamwise 

vorticity play a key role in stabilizing the wakes of bodies having the free- 

stream aligned on the inside of the bend; the variation of the wake width is 

associated with this suppression mechanism.

• the addition of a six-diameter long straight cylinder on top of the curved 

geometry did not destabilize the steady wake features of the curved part; on 

the contrary, it was the curved part that weakened the strong 2D shedding 

expected from a straight cylinder at a Reynolds number of 100.

All these three cases were then computed at a higher Reynolds number of 500 

to examine the effects of introducing three-dimensional instability in the wake, ac­

cording to the straight cylinder behaviour. Vortex shedding became more vigorous
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even at lower angles to the bottom for body C at Re — 500 with the intrinsic 

three-dimensionalities becoming apparent. Streamwise vorticity, through braids, 

was shown to connect the spanwise rollers in the wake of this geometry. The steady 

wake features for body D persisted even at this higher Reynolds number; slight un­

steadiness was observed at the top of the geometry (the oscillatory component of 

sectional Cpy had the largest amplitude at a non-dimensional arc length of S/d  = 2) 

while the conventional vortex shedding features were absent in the main part of the 

body. When the straight cylinder extension was added at the top of body D, no vig­

orous vortex shedding was observed. Fluctuations were exhibited in the integrated 

Cpy] however, the sectional forces demonstrated that rather than the straight cylin­

der top, it was the sections further down along the span that contributed the most 

to the unsteadiness. Note that the largest fluctuations in the sectional forces were 

now detected at S /d  =  8, corresponding to a shift by six diameters. Consistently, 

the formation length was shown to decrease with increasing distance from the top 

and the maximum unsteadiness also occurred at S /d  =  8. In the wake of both body 

D and body D with a vertical extension, w velocity components of the order of the 

free-stream were detected at Re = 500. A new feature which has become apparent 

from these results is the fact that the flow at the top of the cylinder, expected to 

be the more energetic part following the canonical case of a straight 2D cylinder 

especially at Re =  500, was shown to exhibit less momentum than the sections be­

low. Similarities to a base bleed mechanism, consistent with the longer formation 

lengths, where the axial flow originated in the curved part is feeding the straight 

cylinder part and disrupting its shedding process were considered.

Finally, experimental flow visualization work was conducted in the towing tank 

facilities of the Department of Aeronautics in order to compare and validate the 

computational findings. A laser induced fluorescence technique was employed on a 

model curved cylinder of the same non-dimensional radius of curvature. The flow 

visualization images of the wake patterns formed by the diffusion of the dye, that was 

originally adhered to the stagnation line of the curved cylinder, have shown close 

qualitative agreement with the wake topologies extracted from the corresponding 

computations.
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The results for all the cases of this set of computations have illustrated the 

necessity of approaching the curved cylinder problem with a fully three-dimensional 

method compared to the limitations of a sectional approach. Even for body C which 

was found to shed regularly, a two-dimensional approach would not have predicted 

the body’s adapting at just one frequency along the span. More importantly though, 

the unforeseen results for body D, with and without the straight cylinder extension, 

have highlighted the three-dimensional nature of this flow. While the sectional 

methods would predict shedding at least at large regions of these geometries, no 

conventional shedding was detected in any of these cases. The axial flow component 

was found to be the key factor in stabilizing these flows and this is exactly the 

component that is not modelled by the two-dimensional methods. Overall, therefore, 

the greater challenge posed by employing the fully three-dimensional version of 

A fe n T c tr , in what constituted the first extensive study of a bluff body flow past a 

3D geometry, compared to the Fourier version of the code previously applied to 3D 

flows past 2D geometries, has been substantiated.

6.2 Further work

Given the findings of this study, a number of suggestions can be placed for future 

investigations.

In the normal flow direction, different shear profiles could be investigated, in­

cluding the standard one of a linear shear profile, although it is envisaged that qual­

itatively no radical effects will probably be observed. In the parallel flow direction, 

however, a further investigation on gradually increasing the length of the straight 

cylinder extension for the flow described in section 5.1.3 would be of paramount 

importance. It is expected that by doing so, a threshold will be reached whereby 

the top of the straight cylinder extension would start to shed in accordance to the 

presumed regimes of Figure 5.56. Furthermore, a stability, analysis on 2D planes 

normal to the cylinder axis for the flows past body D and body D with a straight 

cylinder extension would provide additional insight into the stabilizing mechanisms 

observed in the wakes of these configurations.
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In addition, different curvatures and higher Reynolds numbers can be investi­

gated as part of a further study. This work has constituted a fundamental study of 

the vortex shedding mechanisms of curved cylinders and the first of its kind with 

a fully three-dimensional approach; hence relatively low Reynolds numbers were 

chosen to make the problem more tractable. Now that the different wake patterns 

developed for the various cases have been established, investigating the effect of in­

creasing the Reynolds number, especially on the wakes of body D and body D with 

the straight cylinder extension, could complement this study.

Furthermore, changing direction from a fundamental study to the offshore ap­

plications, a number of recommendations for further work could be put forward in 

relevance to the marine industry motivation. Forced oscillations (fixed mesh) would 

be the first step in building up on the stationary curved cylinder findings. Whether 

the steady wake features for body D would persist at higher Reynolds numbers and 

under forced oscillations would be of great interest to investigate. Moreover, sinu­

soidal cylinder motions prescribed along the cylinder axis could be studied with an 

ALE (Arbitrary-Lagrangian-Eulerian) formulation in what would be a much closer 

representation of the actual marine problem with the riser pipe touching the ground. 

This would constitute potentially the final stage of this work with quite a severe com­

putational expense and challenge however. Comparisons with real field data from 

offshore industries could then be drawn. To complete the actual marine problem, 

an investigation of the effect of the horizontal part of the pipe lying in a trenched 

ground, for example, could be conducted with the Fourier version of Af e n T a r  

alongside the previous studies.
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