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Abstract

In this thesis we study the enumerative geometry of certain GIT quotients. Chapter 2 details work (joint
with T. Coates and W. Lutz) on the comparison between genus-zero Gromov-Witten invariants of X and of
a blow up of X. We do this by rewriting a blow up as a subvariety of a certain GIT quotient and extending
the Abelian/non-Abelian correspondence, which compares genus-zero Gromov-Witten invariants of a GIT
quotient by a non-abelian group with the corresponding quotient by the maximal torus. We also give a refor-
mulation of the Abelian/non-Abelian correspondence in terms of Givental’s Lagrangian cones, which suggests
a relationship in higher genus. In Chapter 3 we build a theory of logarithmic quasimaps for smooth projec-
tive toric varieties relative a simple normal crossings divisor in any genus. To do this we construct a proper
Deligne-Mumford moduli stack compactifying the space of quasimaps from smooth marked curves of fixed
degree and genus satisfying prescribed tangency conditions to the divisor at the markings. We give a sketch of
the construction of the virtual fundamental class using the formalism of Behrend and Fantechi. We then look

at how this theory interacts with the local-logarithmic correspondence.
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Chapter 1

Introduction

1.1 Enumerative Geometry

Enumerative geometry is one of the oldest subjects in mathematics. Throughout the years it has undergone a
transformation, with the emergence of moduli and intersection theory and later from developments inspired
by theoretical physics. During the 18th century mathematicians came to realise, through results like Bézout’s
Theorem, that there were alternative methods for answering enumerative questions than direct computation.
This culminated in the advent of Schubert calculus, which hinted that questions should obey the ‘principle
of conservation of number’. The development of moduli theory involved switching perspective to thinking
about parameter spaces whose points represent the geometric objects being considered. This allowed enumer-
ative questions to be reframed in terms of counting intersection points of various subsets of a large parameter
space. A necessary ingredient for this change in perspective was a rigorous framework for intersection theory,
provided by Fulton and Macpherson. We give a simple example of this philosophy below. Suppose we want to
count the number of (smooth) conics in IP? passing through 5 general points. A conic C in IP? is the vanishing
locus of a quadratic equation

aoxz +ajxy + a2y2 + azxz + agyz + a5z2

so the space of conics in IP? is IP? with coordinates [ag : a1 : ap : a3 : a4 : as). The condition to pass through
a point is a linear condition on IP°. For example, for C to pass through [1 : 0 : 0] the condition is that @y = 0.
Therefore, the condition of passing through each of the 5 points defines a hyperplane in IP° , the intersection

of all 5 hyperplanes defines a single point, so the number of conics in IP? passing through 5 points is 1.

1.2 Gromov-Witten Theory

Gromov-Witten theory is one of the modern curve counting theories which follows a similar approach. The
origins of this mathematics came, surprisingly, out of string theory, which led physicists to make astonishing
predictions in enumerative geometry. Gromov—-Witten theory was the result of mathematicians attemping to

provide rigour to these predictions.
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Fix a smooth projective variety X, non-negative integers g, # and a curve class € A;(X). In Gromov—
Witten theory, rather than studying embedded curves, one considers parametrised curves f: C — X, with C
a nodal curve of (arithmetic) genus g such that f,[C] = B. In order to impose conditions on these curves, one

fixes n points p1, ..., pn € C called marked points. Subject to a stability condition, these objects together form

Mgn(X,B)

the moduli space of stable maps. This moduli space is not a scheme in general, but is a proper Deligne-Mumford
stack. Even though X is required to be smooth, My (X, B) is rarely smooth; it may often have excess compo-
nents of high dimension. For this reason there is often no fundamental class of this moduli space, at least not
of the expected dimension. However, it does admit a substitute for this class, the virtual fundamental class in the

Chow group (or homology group) of the expected or virtual dimension
(Mg (X, B € Avdio (Mgn (X, B))-
Foreachi € {1,...,n} there is an evaluation map
evi: Mgn(X,B) = X

where (C,p1...,pun, f: C — X) — f(p;) Let Y1,...,Y, be subvarieties of X. If ﬂg,n(X, B) was smooth of
the expected dimension and a; = PD(Y;) with ¥_; dega; = dim(M,,,(X, B)) then the number of curves in X
passing through each Y; at p; would be
deg (evil(Yy)N---nev; (Y, :/ eving ~ -+~ eviay,.
g (e () ) = f oy i i
For this reason one defines Gromov—Witten invariants as integrals

eviny < -~ eVyly,.

/[Mg,n (X.B)Irr

1.3 Quasimap Theory

There is another modern curve counting theory which was developed later [MOP11)[CFK10,/(CFKM14]]. Unlike
Gromov-Witten theory it places some restrictions on the target X; most generally X can be a certain GIT
quotient. The idea is to use the extra structure which comes with this GIT presentation. Once again, fix g, n
non-negative integers and a curve class € Aj(X). Quasimaps are roughly parametrised curves C --» X,
where C is again, a nodal, n-marked curve of arithmetic genus g, but the dashed arrow indicates that the
morphism to X is allowed to acquire some basepoints. Subject to a stronger stability condition, these objects

form

(X, B)

the moduli space of stable quasimaps. As with Gromov-Witten theory, the space admits a virtual class [Qg . (X, B

and evaluation maps so that one can define quasimap invariants as integrals

evily - - eVyly.

/[ Qg (XB)V
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In general quasimap moduli spaces are simpler than their Gromov-Witten counterparts, for example, they
often have fewer components. This makes for easier computations on the quasimap side. Moreover, one of the
most powerful applications of quasimaps is that the invariants can be related to Gromov-Witten invariants as
follows. Although the moduli spaces for quasimap theory and Gromov-Witten theory differ, one can interpo-
late between the two, depending on a parameter € € Q~, where large € recovers Gromov-Witten theory and
small € recovers quasimap theory. After fixing numerical data, there are finitely many chambers which give
genuinely different compactifications. There are wall-crossing formulas which relate the invariants for different
values of € [CFK20, |Zho22]|, which has provided a two step procedure for computing Gromov-Witten invari-
ants. These wall-crossing formulas show up fundamentally in the computations coming from string theory

which motivated the beginnings of Gromov—Witten theory.

1.4 Mirror Symmetry and Wall Crossing

Mirror symmetry is a branch of mathematics with its origins in string theory, which originally predicted, for
every Calabi-Yau manifold X, the existence of a mirror Calabi-Yau X such that certain precise geometries get
exchanged when passing to the mirror. Gromov-Witten theory grew out of an attempt make rigorous the pre-
dictions of string theory. Specifically, in 1991, Candelas, de la Ossa, Green and Parkes [CdIOGP92] conjectured
that certain path integral calculations on the mirror to the quintic threefold gave rise to predictions for num-
bers of degree d rational curves on the quintic which agreed with the known calculations by mathematicians
up to degree 3. This inspired the modern breakthrough in enumerative geometry giving the moduli space of
stable maps and Gromov-Witten theory. These predictions were rigorously verified by Alexander Givental
[Giv96, [Giv98] using two cohomology valued functions, the I-function and J-function. Givental’s [-function is
defined to be a certain generating function of Gromov-Witten invariants for, in this case, the quintic threefold.
The I-function, on the other hand, is a function determined by periods of the mirror to the quintic. The formula

for the I-function (valued in the cohomology of the ambient IP%) is

(1.1)

I(t,z) = et i et r}}dzl OH + mz

i=0 [Tyt (H +mz)>

where H is the hyperplane class on P*. Givental’s Mirror Theorem states that I and | coincide after a certain

change of variables. It turns out that that this mysterious change of variables is exactly the wall-crossing

formula between quasimap invariants and Gromov-Witten invariants, which tells us that the I-function, built
out of information from the mirror is really a generating function for quasimap invariants.

Another framework which fits in nicely with this perspective is Givental’s quantisation formalism. Givental
showed that the the genus-zero Gromov—Witten theory of a target X can be encoded in a Lagrangian cone in
a certain infinite dimensional symplectic vector space. The J-function of X is the unique function lying on the
Lagrangian cone satisfying certain properties (see §2.3). On the other hand, the I-function can also be shown
to be a function lying on the Lagrangian cone. Therefore, from the perspective of Gromov-Witten theory, one
can get at certain Gromov-Witten invariants by showing that certain cohomology valued functions lie on the

corresponding Lagrangian cone. We take this perspective in chapter 2.
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1.5 Degeneration Formula and Relative Invariants

One of the key properties of enumerative invariants is that they are deformation invariant. Suppose we are
given a flat family over a curve, where the general fibre is smooth and the special fibre is a simple normal
crossings divisor in the total space consisting of smooth components glued along divisors. It is tempting to
say the invariants of the general fibre are equal to the invariants of the special fibre, yet since the special fibre
is singular, the corresponding moduli space is not virtually smooth. One can ask what the correct notion
of ‘curves in the special fibre’ is, which makes this comparison true. In the case where the special fibre is a
union of two smooth components glued along a shared smooth divisor this was worked out by Jun Li [Li02].
A necessary condition on the curves in the special fibre is that they are predeformable which means that the
preimage of the singular locus consists only of nodes, and moreover, the tangencies of each branch of the
curve to D at the node must be equal. This naturally leads one to a notion of relative invariants i.e. a framework
for counting curves in X with prescribed tangencies to some fixed divisor D. In order to do this one needs
to compactify the locus of curves with fixed numerical data and prescribed tangencies to D. There have been
many iterations of solutions to this problem in the case of Gromov-Witten theory. In Chapter 3, our aim is to

give a general solution to this problem in the quasimap setting.

Y
X

t40
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Chapter 2

Gromov-Witten invariants of Blow-Ups
and the Abelian/Non-Abelian

Correspondence

The content of this chapter is joint work with Tom Coates and Wendelin Lutz, first appearing in [CLS21]]. There
are few effective tools for computing the Gromov-Witten invariants of blow-ups. In this chapter we determine
how genus-zero Gromov-Witten invariants change when a smooth projective variety X is blown up in certain
degeneracy loci which include the case of a complete intersection of convex line bundles. In the case where
the blow-up X is Fano, a special case of our result gives closed form expressions for genus-zero one-point

descendant invariants of X in terms of invariants of X.

2.1 Introduction

211 Gr(2,5) and P* x P*

One of the main ideas underpinning this chapter is the Abelian/non-Abelian Correspondence. This is a collection
of results which allows one to express genus-zero Gromov-Witten invariants of a quotient by a non-abelian
group in terms of a related quotient, this time by an abelian group. If the abelian quotient is, for example, a
toric variety, it admits an action by a torus. This induces an action on the corresponding moduli space of stable
maps. It is exactly this kind of torus localisation computation which allows one to explicitly compute (genus-
zero) Gromov-Witten invariants of this abelian quotient. On the other hand, the non-abelian quotient does
not necessarily admit such a torus action and so these techniques are not available. The Abelian/non-Abelian
Correspondence circumvents this problem. For concreteness we will go through an example.

Let V = C!% = C5 x C®. Any element of V can be thought of as two vectors in C°, which, most of the time,
will together span a two dimensional subspace of C°. On the other hand, many different pairs of vectors will

also span the same two dimensional subspace. To reduce this ambiguity we consider the action of G = GL,(C)

14



on C¥ by
A-g=Ag

where A is being thought of as a 5 X 2 matrix, whose columns give the spanning vectors. There is a linearisation
for this action, corresponding to the determinant of the matrix, which identifies as the stable (and semistable)
points, the matrices where the two vectors are linearly independent. Moreover, the resulting quotient V //G =
C'%//GLy(C) = Gr(2,5), the Grassmannian of two dimensional subspaces of C°. Inside GL(2,C), there is a
copy of (C*)?, a maximal torus, as the set of diagonal matrices. Restricting the action on C!° to (C*)? gives an
action where the first generator scales the first column, and the second generator scales the second column. The
linearisation from before induces a linearisation of this action, and the resulting quotient can readily be seen
to be IP* x IP%. The Abelian/non-Abelian Correspondence will relate genus-zero Gromov-Witten invariants of
Gr(2,5) with those of P* x IP* and in this case can be formulated in terms of the J-functions of these quotients,
mentioned in the introduction.

First, there is an obvious S, action on IP* x P4, exchanging factors, which induces an action on
H*(P* x P*) = C[H;, Hp]/ (H3, H3) 2.1)

In this context S; is the Weyl group, and one can actually relate the cohomology of Gr(2,5) to the cohomology
of IP* x IP* as

C[Hy, Hy™
{p(Hy, Hp) : (Hi — Hy)p € (H}, H3)}

H*(Gr(2,5)) =

as the quotient of the Weyl-invariant part of the cohomology of P4 x P4 by the annihalator of the ideal (H; — H>).
Therefore, we can project any symmetric polynomial in H*(IP* x IP4) to the cohomology of Gr(2,5), using this
isomorphism.

In the introduction we mentioned that for any X, there is a certain cohomology valued generating function
of genus zero Gromov—Witten invariants called the J-function. This is given by the formula

14
Jx(rz) =" 1+ ) qde<d”><z‘f > P (22)
0+£4ENE(X) ¥/o014

for T € H?(X) and {¢y } is a basis for cohomology. This is strictly speaking the small J-function, and can be
obtained from the (big) J-function by letting the parameter 7 lie in H?(X) and using the divisor axiom.
For IP* x IP* there is a nice formula for the J-function (related to as the I-function and J-function for

P* x IP* coincide).
t Hy +1pHy qdl qdzefllertzdz
z

2 b :
dy,da>0 [ Ti—q Hmlzl(Hi + mz)5

The abelian/non-abelian correspondence for Gr(2,5) can be stated as the fact that the J-function for Gr(2,5) is

]][’4><]P4(tl/t2/z) =e (23)

H(Hy +Hp) d td 1 2 H] — Hp +mz Hm,_oo Hy — Hy +mz
Jares)(bz)=e = ) g B 2
450 ditda—d [y [Ty—1 (H; 4+ mz)5 [To— oHi — Ho + mz 19— o Ho — Hy + mz
(2.4)

Since this expression is symmetric in H; and H, we can “project’ to the cohomology of Gr(2,5) and view it

as a function valued there.
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2.1.2 Bundles and Blow-Ups

Our strategy in this chapter will be to use and extend the Abelian/non-Abelian Correspondence to a situation

that allows us to calculate J-functions of certain blow-ups. This will require three ingredients
1. A way to rewrite the blow-up as a subvariety of a non-abelian quotient (a Grassmann bundle)
2. A way to talk about the abelian/non-abelian correspondence for certain subvarieties of quotients
3. An extension of the Abelian/non-Abelian Correspondence to subvarieties of Grassmann bundles

For the first part, suppose that Y C X is the degeneracy locus of a map of vector bundles ¢: E™ — F" (with
m > n and write ¥ = m — n). We show that in good situations the blow-up Bly(X) of X along Y is a subvariety
of Gr(r,E), cut out as the zero locus of the regular section s € I'(Hom(S, 7*F)) where 7: Gr(r,E) — X
be the Grassmann bundle of E on X, and S is the tautological bundle. Furthermore, as in the case for the
Grassmannian, Gr(r, E) can be expressed as a GIT quotient by GL,(C).

For the second part, which is well known, this will rely on the notion of twisted Gromov-Witten invariants.
Suppose we have some smooth projective variety X and a subvariety Z defined by a vector bundle E. If X say
admits a torus action then we have mentioned that one can compute genus-zero Gromov-Witten invariants
using torus localisation. On the other hand Z need not admit a torus action. We would like to somehow
turn the computation of Gromov-Witten invariants of Z into a computation on X, so that one can utilise the

techniques available there. It turns out that this is possible if E is convex [CK99, 7.17].

E Eomp
st ln 51l (2.5)
Zl.x Mon(Z, B) ——s Mon(X,iB)

It is always true that i,[Z] = e(E) N [X]. In [KKP03], the authors show that if E is convex (and stated here

under the assumption that 7, is an isomorphism on H;) then
[ [Mon(Z, )] = e(Eoup) N [Mon (X, ixp)]™

This allows one to turn integrals against [M,(Z, B)]"'" (or its pushforward) into integrals against e(Eg, g) N
[Mon(X,i.B)]VI". The latter are called twisted Gromov-Witten invariants, and since they are integrals on the
space of maps to X one can often use the techniques that were available before.

The third part is to prove a result which allows us to relate twisted Gromov-Witten invariants of a Grass-
mannian bundle Gr(r,E) for E = L1 & - - - & L, (or more generally a partial flag bundle) to the twisted Gromov—
Witten invariants of the corresponding abelian quotient (under a convexity assumption). This abelian quotient

is a also a fibre bundle over the base, where the fibers are products of projective space.

2.1.3 The Abelian/Non-Abelian Correspondence and Lagrangian Cones

Along the way we also reformulate the Abelian/non-Abelian Correspondence in the framework of Givental’s

formalism of Lagrangian Cones.
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Givental showed how the genus-zero Gromov-Witten theory of a target X can be encoded in a certain
Lagrangian submanifold, which lives inside an infinite dimensional symplectic vector space associated to the
cohomology of X. We will explain this more carefully in Moreover, the [-function of X is the unique
function lying on the Lagrangian cone satisfying certain properties. The abelian/non-abelian correspondence
has typically been phrased in terms of J-functions (and later Frobenius manifolds [CFKS08]]). We produce a
reformulation which involves only Lagrangian cones.

One of the most striking features of Givental’s formalism is that relationships between higher-genus Gromov-
Witten invariants of different spaces can often be expressed as the quantisation, in a precise sense, of the corre-
sponding relationship between the Lagrangian cones that encode genus-zero invariants [Giv04]. Our version
of the Abelian/non-Abelian Correspondence hints, therefore, at a higher-genus generalisation. It would be

very interesting to develop and prove a higher-genus analog of the conjecture.

2.1.4 Connection to Earlier Work

Our formulation of the Abelian/non-Abelian Correspondence very roughly says that, for genus-zero Gromov—
Witten theory, passing from an Abelian quotient A//T to the corresponding non-Abelian quotient A//G is
almost the same as twisting by the non-convex bundle ® — A//T defined by the roots of G. This idea goes
back to the earliest work on the subject, by Bertram—Ciocan-Fontanine-Kim, and indeed our Conjecture is very
much in the spirit of the discussion in [BCFKO0S, §4]. These ideas were given a precise form in [CFKS08], in
terms of Frobenius manifolds and Saito’s period mapping; the main difference with the approach that we take
here is that in [CFKS08] the authors realise the cohomology H*(A//G) as the Weyl-anti-invariant subalgebra
of the cohomology of the Abelian quotient A// T, whereas we realise it as a quotient of the Weyl-invariant part

of H*(A//T). The latter approach seems to fit better with Givental’s formalism.

Ruan was the first to realise that there is a close connection between quantum cohomology (or more gen-
erally Gromov-Witten theory) and birational geometry [Rua99|, and the change in Gromov-Witten invariants
under blow-up forms an important testing ground for these ideas. Despite the importance of the topic, how-
ever, Gromov-Witten invariants of blow-ups have been understood in rather few situations. Early work here
focussed on blow-ups in points, and on exploiting structural properties of quantum cohomology such as the
WDVV equations and Reconstruction Theorems [Gat96| [GP98) [Gat01]. Subsequent approaches used sym-
plectic methods pioneered by Li-Ruan [LROT} [HLRO0S8, [Hu00, [Hu01]], or the Degeneration Formula following
Maulik-Pandharipande [MP06, HHKQ18,[CDW20], or a direct analysis of the moduli spaces involved and vir-
tual birationality arguments [Man12alLai09,[AW18a]. In each case the aim was to prove ‘birational invariance”:
that certain specific Gromov-Witten invariants remain invariant under blow-up. We take a different approach.
Rather than deform the target space, or study the geometry of moduli spaces of stable maps explicitly, we
give an elementary construction of the blow-up X — X in terms that are compatible with modern tools for
computing Gromov-Witten invariants, and extend these tools so that they cover the cases we need. This idea
— of reworking classical constructions in birational geometry to make them amenable to computations using

Givental formalism — was pioneered in [CCGK16], and indeed Lemma E.1 there gives the codimension-two

case of our Proposition
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Compared to explicit invariance statements

(TP 70 Pi )ik g = P PV

as in [Lai09, Theorem 1.4], we pay a price for our increased abstraction: the range of invariants for which we
can extract closed-form expressions is different (see Corollary and in general does not overlap with
Lai’s. But we also gain a lot by taking a more structural approach: our results determine, via a Birkhoff fac-
torization procedure as in [CG07, [CFK14], genus-zero Gromov-Witten invariants of the blow-up X for curves
of arbitrary degree (not just proper transforms of curves in the base) and with a wide range of insertions that
can include gravitional descendant classes. See Remark [2.5.26] Furthermore in general one should not expect
Gromov-Witten invariants to remain invariant under blow-ups. The correct statement — cf. Ruan’s Crepant
Resolution Conjecture [CIT09][CR13] Iri10, Iri09] and its generalisation by Iritani [Iri20] - is believed to involve
analytic continuation of Givental cones, and we hope that our formulation here will be a step towards this.

In [LLWI17], Lee, Lin, and Wang sketch a construction of blow-ups that is very similar to Proposition
and use this to compute Gromov-Witten invariants of blow-ups in complete intersections. The methods they
use are different: they rely on a very interesting extension of the Quantum Lefschetz theorem to certain non-
split bundles, which they will prove in forthcoming work [LLWI. At first sight, their result [LLW17, Theorem
5.1] is both more general and less explicit than our results. In fact, we believe neither is true. Their theorem
as stated applies to blow-ups in complete intersections defined by arbitrary line bundles whereas we require
these line bundles to be convex; however, discussions with the authors suggest that both results apply under
the same conditions, and the convexity hypothesis was omitted from [LLW17, Theorem 5.1] in error. Fur-
thermore, Lee, Lin, and Wang extract genus-zero Gromov—Witten invariants by combining their generalised
Quantum Lefschetz theorem with an inexplicit Birkhoff factorisation procedure whereas we use the formalism
of Givental cones. We believe, though, that one can rephrase their argument entirely in terms of Givental’s
formalism, and after doing so their results become explicit in exactly the same range as ours. The explicit
formulas are different, however, and it would be interesting to see if one can derive non-trivial identities from
this. Note that Proposition2.6.2]below is more general than the construction in [LLW17, Section 5]: the fact that
we consider Grassmann bundles rather than projective bundles allows us to treat blow-ups in certain degen-
eracy loci. Combining this with the methods in Section[2.7]allows one to compute genus-zero Gromov-Witten

invariants of blow-ups in such degeneracy loci.

2.2 GIT Quotients and Flag Bundles

2.2.1 The topology of quotients by a non-Abelian group and its maximal torus

Let G be a complex reductive group acting on a smooth quasi-projective variety A with polarisation given by
a linearised ample line bundle L. Let T C G be a maximal torus. One can then form the GIT-quotients A// G
and A//T. We will assume that the stable and semistable points with respect to these linearisations coincide,
and that all the isotropy groups of the stable points are trivial; this ensures that the quotients A//G and A//T
are smooth projective varieties. As we have indicated, the Abelian/non-Abelian Correspondence [CFKS08]|

relates the genus zero Gromov—Witten invariants of these two quotients. Let A°(G), and respectively A(T),
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denote the subsets of A consisting of points that are stable for the action of G, and respectively T. The two

geometric quotients A//G and A//T fit into a diagram
A)T <= As(G)/T
lq (2.6)
A//G
where j is the natural inclusion and 7 the natural projection.

A representation p: G — GL(V) induces a vector bundle V(p) on A//G with fiber V. Explicitly, V(p) =
(A x V) //G where G acts as

g (a,0) = (ag, p(g™")0).
Similarly, the restriction p|r of the representation p induces a vector bundle V (p|7) over A//T. Note that since

T is Abelian, V(p|T) splits as a direct sum of line bundles, V(p|r) = L1 @ - - - @ Ly These bundles satisfy

7 V(elr) =q"V(p). (27)

When the representation p: G — GL(V) is clear from context, we will suppress it from the notation, writing
VG for V(p) and VT for V(p|r).

We will now describe the relationship between the cohomology rings of A// G and A // T, following [Mar00].
This will generalise Let W be the Weyl group of G. W acts on A//T and hence on the cohomology ring
H*(A//T). Restricting the adjoint representation p: G — GL(g) to T, we obtain a splitting p|t = @yp. into
1-dimensional representations, i.e. characters, of T. The set A of characters appearing in this decomposition is
the set of roots of G, and forms a root system. Write L, for the line bundle on A//T corresponding to a root «.

Fix a set of positive roots ®* and define

w= [T a(Ly).

aedt

Theorem 2.2.1 (Martin) There is a natural ring homomorphism

H*(A/T)V

H(A//G) = Ann(w)

under which x € H*(A//G) maps to ¥ € H*(A//T) if and only if *x = j*X.

Theorem shows that any cohomology class # € H*(A//T)W is a lift of a class x € H*(A//G), with %

unique up to an element of Ann(w).
Corollary 2.2.2 There is a quotient map

H*(A//T)" — H*(A//G) (2.8)
Assumption 2.2.3 Throughout we will assume that the G-unstable locus A\ A°(G) has codimension at least 2.

This implies that elements of H2(A //G) can be lifted uniquely:

Proposition 2.2.4 Pullback via q gives an isomorphism H2(A //G) = H?>(A//T)W, and inducesamap o: NE(A//T) —
NE(A // G) where NE denotes the Mori cone.
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Proof 2.2.5 The assumption that A\ AS(G) has codimension at least 2 implies that (A*(T)/T) \ (A*(G)/T) has
codimension at least 2, so j induces an isomorphism Pic(A*(G)/T) = Pic(A°(T)/T). This gives an isomorphism
H?(A(G)/T) = H*(A%(T)/T) since the cycle class map is an isomorphism for both spaces. Since q* always induces
an isomorphism between H2(A//G) and H*(A%(G)/T)W [Bor53l, the first claim follows. Consequently, the lifting
of divisor classes is unique and can be identified with the pullback map q*: Pic(A//G) — Pic(A*(G)/T). Since the
pullback of a nef divisor class along a proper map is nef, we obtain by duality a map o0 : NE(A//T) — NE(A//G).

Definition 2.2.6 We say that B € NE(A//T) lifts B € NE(A//G) if o(B) = B. Note that any effective B has finitely
many lifts.

2.2.2 Partial flag varieties and partial flag bundles
Notation

We will now specialise to the case of flag bundles and introduce notation used in the rest of the chapter. Fix

once and for all:
* a positive integer n and a sequence of positive integers r1 < - -+ <ry <rpyq; =n;

¢ a vector bundle E — X of rank 7 on a smooth projective variety X which splits as a direct sum of line

bundlesE =L1 @ --- & Ly.

We write Fl for the partial flag manifold Fl(rq,...,ry;n), and FI(E) for the partial flag bundle Fl(rq,..., 74 E).

These are (respectively) the spaces whose points are
FCchRcC---CF

Where F; is a subspace of C" (resp. a fibre of E) of dimension ;.
SetN = Y!_, r;riy1and R = 71 4 - - - + 1, It will be convenient to use the indexing {(1,1),... (1,71), (2,1),..., (£, 7¢)}

for the set of positive integers smaller or equal than R.

Partial flag varieties and partial flag bundles as GIT quotients

The partial flag manifold Fl arises as a GIT quotient, as follows. Consider CV as the space of homomorphisms

4
@5 Hom (C"i,C"i+1) . (2.9)
i=1

The group G = []/_; GL,,(C) acts on CN by
(81/ cee /gf) : (All oo /Af) = (gz_lAlglr cee Igé_lAfflgffl/Afgf)'

Let p;: G — GL;,(C) be the representation which is the identity on the ith factor and trivial on all other factors.

Choosing the linearisation x = ®f:1 det(p;), we have that cNy xG is the partial flag manifold Fl. More gen-

erally, the partial flag bundle also arises as a GIT quotient, of the total space of the bundle of homomorphisms
-1

P Hom (O, 0¥"i+1) @ Hom (0", E) (2.10)
i=1
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with respect to the same group G and the same linearisation. FI(E) carries ¢ tautological bundles of ranks
r1,...,ty, which we will denote Sq,...,S;. These bundles restrict to the usual tautological bundles on FI on

each fibre. The bundle §; is induced by the representation p;.

Definition 2.2.7 Let
pi(t) = i — 1 (SO 4 4 (=1) iy, (S))
be the Chern polynomial of SY. We denote the roots of p; by H;;, 1 < j < r;. The H;; are in general only defined

over an appropriate ring extension of H*(F1(E), C), but symmetric polynomials in the H; ; give well-defined elements of

H*(FI(E),C).
The maximal torus T C G is isomorphic to (C*)R. The corresponding Abelian quotient
FI(E)r == Hom () //,(CHR,

where Hom (- - - ) is the bundle of homomorphisms (2.10), is a fibre bundle over X with general fibre isomor-

phic to the toric variety Flr := CN //,(C*)R. The space FI(E)T also carries natural cohomology classes:

Definition 2.2.8 Let p;;: (C*)R — GL1(C) be the dual of the one-dimensional representation of (C*)R given by
projection to the (i, j)th factor C* = GL1(C); here we use the indexing of the set {1,2,..., R} specified in §2.2.2 We
define L;; € H?(Flr, C) to be the line bundle on FI(E) 1 induced by pi,j and denote its first Chern class by Hi,j. Similarly,
we define h; ; to be the first Chern class of the line bundle on Flr induced by the represenation p; ;. Equivalently, h; ; is
the restriction of H; ; to a general fibre Fly of FI(E)T.

Recall that, for a representation p of G, the corresponding vector bundle V' splits as a direct sum of line
bundles F; & - - - & Fy. Itis a general fact that if f is a symmetric polynomial in the ¢; (F;), then f can be written
as a polynomial in the elementary symmetric polynomials e,(c1(F;),...,c1(F)), that is, in the Chern classes
c(VT). By we have that j*c,(VT) = g*¢,(V©), and so replacing any occurrence of ¢, (V') by ¢,(V°) gives
an expression ¢ € H*(A//G) which satisfies g*g = j*f. That s, f is a lift of g. Applying this to the dual of the
standard representation p; of the ith factor of G shows that any polynomial p which is symmetric in each of
the sets H; ; for fixed i projects to the same expression in H*(FI(E)) with any occurrence of H; j replaced by the

corresponding Chern root H; ;.

Lemma 2.2.9 Let (C*)R act on CN, arrange the weights for this action in an R x N-matrix (m; ) and consider E =
Li® - ®Ly = X adirect sum of line bundles. Form the associated toric fibration E // (C*)R with general fibre
CN//(C*)R and let h; (respectively H;) be the first Chern class of the line bundle on CN //(C*)R (respectively on
E//(C*)R induced by the dual of the representation which is standard on the ith factor of (C*)R and trivial on the other
factors. Then

R

e the Poincaré duals uy. of the torus invariant divisors of the toric variety CN // (C*)R are:

R
ue =Y mh;
k=1
o the Poincaré duals Uy, of the torus invariant divisors of the total space of the toric fibration E// (C*)R %5 X are:
R
Up = ) mypH; 4 i (L)

k=1
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When applying Lemma to our situation (2.10) it will be convenient to define Hyq ; := 7¥cy (L]V) Then

the set of torus invariant divisors is
Hij—Hjj 1<i<(1<j<r,1<j<riy

We will also need to know about the ample cone of a toric variety CN // (C*)R. This is most easily described
in terms of the secondary fan, that is, by the wall-and-chamber decomposition of Pic(CN //(C*)R) @ R =
RR given by the cones spanned by size R — 1 subsets of columns of the weight matrix. The ample cone of
CN //(C*)R is then the chamber that contains the stability condition x. Moreover, for a subset « C {1,...,N}
of size R the cone in the secondary fan spanned by the classes uy, k € «, contains the stability condition (and
therefore also the ample cone) iff the intersection 1, = (¢, Uy is nonempty. In this case, Uy = (¢, U restricts
to a torus fixed point on every fibre and, since E splits as a direct sum of line bundles, U, is the image of a
section of the toric fibration 7r. We denote this section by s,. By construction, the torus invariant divisors
Uy, k € a, do not meet Uy, so that s} (Uy) = 0 for all k € a. For the toric variety Fly one can easily write down
the set of R-dimensional cones containing x = (1,...,1). For each index (i, ), choose some j' € {1,...,r/1}.

Then the cone spanned by
hij—hi1 1<i<l-1,1<j<r hej, 1<j<r (2.11)

contains ) and every cone containing x is of that form.

2.3 Givental’s Formalism

In this section we review Givental’s geometric formalism for Gromov-Witten theory, concentrating on the

genus-zero case. The main reference for this is [Giv04]. Let Y be a smooth projective variety and consider

m .
Hy = H* (Y, A)[z,z71] = { Y aziia € HY(Y,A),m € Z}

i=—o00
where z is an indeterminate and A is the Novikov ring for Y. After picking a basis {¢y,...,¢n} for H*(Y;C)

with ¢; = 1 and writing {¢,...,¢N} for the Poincare dual basis, we can write elements of Hy as

m N ) o N )
Y Y diu + Y Y piad(—2) 2.12)

i=0a=1 i=0a=1

where g7, pi» € A. The g7, p; , then provide coordinates on Hy. The space Hy carries a symplectic form
Q:Hy@Hy = A
f®@g = Res;—o(f(~2),8(2)) dz

where (-, -) denotes the Poincaré pairing, extended C|z,z~!]-linearly to Hy. By construction, Q) is in Darboux

form with respect to our coordinates:
Q=YY dpioNdg}
i

We fix a Lagrangian polarisation of H as Hy = H © H_, where
Hie=H(Y;N)z], H-=z'H(Y;A)[z7]

This polarisation Hy = H @ H_ identifies Hy with T*H . We now relate this to Gromov-Witten theory.
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Definition 2.3.1 The genus-zero descendant potential is a generating function for genus-zero Gromov-Witten in-

variants: )
fg = Z Z Q . <¢0€1¢ A /‘Pﬂénlpin>0,n,d

| 11
n=0deNE(Y) '

Here t} is a formal variable, NE(Y') denotes the Mori cone of Y, and Einstein summation is used for repeated lower and

upper indices.

After setting
i = qf + 0104, (2.13)
where 5{ denotes the Kronecker delta, we obtain a (formal germ of a) function ]-"8 tHy = AL

Definition 2.3.2 The Givental cone Ly of Y is the graph of the differential of FO: Hy — A:

oq*

1

OFY
o {(q,p) ETHy =He OH-: pin = Y}

Note that Ly is Lagrangian by virtue of being the graph of the differential of a function. Moreover, it has the following
special geometric properties [|Giv04, [CCIT09, ICGO7l

o [ is preserved by scalar multiplication, i.e. it is (the formal germ of) a cone
* the tangent space Ty of Ly at f € Ly is tangent to L exactly along zTy. This means:

1. ZTf C Ly
2. for g € zTf, we have Tg = Ty
3. Tf N £Y = ZTf

A general point of Ly can be written, in view of the dilaton shift (2.13), as

d . . . ‘
—z+ Zt"‘cpaz + Z Z Q = (e 9, G ¥ Gat o 1,09t (—2) T

1 i
n=0deNE(Y) "
d
=—z4 Zt‘x Z + Z Z Q t“l th"< i in ()bﬂé > o
= (,btx Tl' i b, ¢a1¢ ,...,(Panl,b /—Z—#J 0,n+1,d¢
n=0deNE(Y) "

Thus knowing Ly is equivalent to knowmg all genus-zero Gromov-Witten invariants of Y. Setting t¢ = 0 for
all k > 0, we obtain the J-function of Y:
d
J(t,—z) —Z+T+Z Z Q<T,...T,(’b“> "
—Z2=Y/ont+14d

n=0deNE(X nt -
where T = t}¢1 + - - + !¢y € H*(Y). The J-function is the unique family of elements T — J(7, —z) on the
Lagrangian cone such that
J(t,—2z) = —z+ T+ 0(z ).
We will need a generalisation of all of this to twisted Gromov-Witten invariants [CG07], which were men-
tioned in[2.5] Let F be a vector bundle on Y and consider the universal family over the moduli space of stable
maps

f

Cong — Y

|

Yo,n,d
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Let 1) be the pushforward in K-theory. We define
Foua = mf*F =R f*F — R'm.f*F

(the higher derived functors vanish). In general Fj , 4 is a class in K-theory and not an honest vector bundle.
This means that in order to evaluate a characteristic class ¢(-) on F, ;s we need c(-) to be multiplicative and
invertible. We can then set

c(Fo,a) = (RO f*F) — e(R'7. f*F)~!
where ¢(Ri7t, f*F) is defined using an appropriate locally free resolution.

Definition 2.3.3 Let F be a vector bundle on Y and let c(-) be an invertible multiplicative characteristic class. We will
refer to the pair (F, c) as twisting data. Define (F, c)-twisted Gromov—Witten invariants as
i i, \F,c * * i i
(gl iy = . evimg - evia, Pl el
' "yl Fy) " ! "
Any multiplicative invertible characteristic class can be written as ¢(-) = exp(¥>¢ skchi(-)), where chy is the
kth component of the Chern character and s, s1, ... are appropriate coefficients. So we work with cohomology

groups H*(X, As), where A; is the completion of Alsy, sy, . .. ] with respect to the valuation

0(Q7) = (c1(O(1)),d), vlse) =k+1.

Most of the definitions from before now carry over. We have the twisted Poincaré pairing («, B)f¢ = [, ¢(F) U
a U B which defines the basis ¢!, ...¢N dual to our chosen basis 1 = ¢, ..., ¢x for H*(Y). The Givental space
becomes Hy = H*(Y,As) ® C[z,z~!] with the twisted symplectic form

OF<(£(2), 8(2)) = Reseoo (f(=2),g(2)) sz

This form admits Darboux coordinates as before which give a Lagrangian polarisation of #y. Then the twisted
Lagrangian cone Lr is defined, via the dilaton shift (2.13), as the graph of the differential of the generating
function }-3,F “ for genus zero twisted Gromov-Witten invariants. Finally, just as before, we can define a twisted

J-function:

Definition 2.3.4 Given twisting data (F, c) for Y, the twisted J-function is:

© d F,c
Jre(t,—2)=—z47+ ), 1 Q,<T,...T,_¢a> "

n=0 deNE(Y) n: z—v 0,n+1,d

This is once again characterised as the unique family T — Jr (7, —z) of elements of the twisted Lagrangian
cone of the form

JEe(T,—2) = —z+ T+ O(z’l)

Note that we can recover the untwisted theory by setting ¢ = 1.

In what follows we take ¢ to be the C*-equivariant Euler class

d
«(V)=Y, Ao (V) where d is the rank of the vector bundle V. (2.14)
k=0
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which is multiplicative and invertible. The C*-action here is the canonical C*-action on any vector bundle
given by rescaling the fibres. We write F) for the twisting data (F, c¢), where F is equipped with the C*-action
given by rescaling the fibres with equivariant parameter A. In this setting, Gromov-Witten invariants (and the
coefficients si) take values in the fraction field C(A) of the C*-equivariant cohomology of a point. Here A is the

hyperplane class on CIP%, so that H¢. ({pt}) = C[A], and we work over the field C(A).

Remark 2.3.5 As we have set things up, the twisted cone L, is a Lagrangian submanifold of the symplectic vector
space (Hy, Qf1), so as A varies both the Lagrangian submanifold and the ambient symplectic space change. To obtain
the picture where all the Lagrangian submanifolds L, lie in a single symplectic vector space (Hy, QY), one can identify
(Hy, Q) with (Hy, QF) by multiplication by the square root of the equivariant Euler class of F. See [CGO7, §8] for
details.

2.3.1 Twisting the [-function

We will now prove a general result following an argument from [CCIT09]. We say that a family T — I(7) of
elements of Hy satisfies the Divisor Equation if the parameter domain for 7 is a product U x H?(Y) and I(t)

takes the form

I(t)= ) Qﬂlﬁ(r,z)

BENE(Y)

where
z2Volg = (0 + (0, B)z) I forall p € H*(Y). (2.15)

Here V,, is the directional derivative along p. Let F’ be a vector bundle on Y, and consider any family 7
I(t) € £FP,‘ that satisfies the Divisor Equation. Given another vector bundle F which splits as a direct sum
of line bundles F = F; & - - - & F, we explain how to modify the family T — I(7) by introducing explicit
hypergeometric factors that depend on F. We prove that (1) this modified family can be written in terms of
the Quantum Riemann-Roch operator and the original family; and (2) the modified family lies on the twisted

Lagrangian cone L o p;-

Definition 2.3.6 Define the element G(x,z) € Hy by

ZZ Sl4m— l 'l' mil

=0m=0

where By, are the Bernoulli numbers and the sy are the coefficients obtained by writing the C*-equivariant Euler class

2:14) in the form exp ( Lx>0 skchi(+)).

Remark 2.3.7 The discussion in this section is valid for any invertible multiplicative characteristic class, not just the

equivariant Euler class, but we will neither need nor emphasize this.

Definition 2.3.8 Lef F be a vector bundle — not necessarily split —and let f; be the Chern roots of F. Define the Quantum

Riemann-Roch operator, Af, : Hy — Hy as multiplication by

HeXP (fir2)
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Theorem 2.3.9 (ICGO07]) Ar, gives a linear symplectomorphism of (Hy, Qy) with (Hy, Q?) such that
Afp, (Ly) = LF,
Since Ap, o A B = Ap o B it follows immediately that
AR (Lp) = Lrer,-

Lemma 2.3.10 Let F be a vector bundle and let f1,. .., fi be the Chern roots of F. Let

k
D, = [ Jexp (=G(2Vy, 2))
i=1
and suppose that T — 1(7) is a family of elements of L. Then T — D, (I(7)) is also a family of elements of L.

Proof 2.3.11 This follows [CCIT09, Theorem 4.6]. Let h = —z + Y.y t;z* + Lo pj(—z)’f’1 be a point on Hy. The
Lagrangian cone EF}/[ is defined by the equations E; = 0,j = 0,1,2,... where

Qd ) ) ) )
By =pj— )Y Y ottt " a0,
n>0deNE(Y) "

We need to show that E;(Dp, (I)) = 0. Note that Dp, (I) = I, exp(—G(zVy,z))I depends on the parameters s;.
For notational simplicity assume that k = 1, so that

Dr, (I) = exp (=G(2Vy,2))1

Set degs; = i + 1. We will prove the result by inducting on degree. Note that if sy = sy = - - - = 0 then D, (I) = I so
that E;(Dr, (I)) = 0. Assume by induction that E;(DF, (1)) vanishes up to degree n in the variables so,s1,s2, ... Then

0 _
35 Ei(Dr (D) = dp, (1)Ej(z ' P(zVf,2) Dr, (1))
1
where i1
] . g 1 m i+1-—m
Pi(zVy¢,z) = ) ;2" B (zV)

i=oml(i+1—m)
By induction there exists D, (I)" € L E, such that

d _
55 Ei(Dr (D)) = dp, (1yEj(z 'Pi(zV5,2) D, (1)")

up to degree n. But the right hand side of this expression is zero, since the term in brackets lies in the tangent space to the
Lagrangian cone. Indeed, applying V r to D, (Iy)' — or to any family lying on the cone — takes it to the tangent space of
the cone at the point. And then applying zV r preserves that tangent space.

Corollary 2.3.12 Let T +— I(7) be a family of elements of L p,- Then T — A, (D, (I(7))) is a family of elements of
Ea@m-

Proof 2.3.13 This follows immediately by combining Theorem 2.3.9and Lemma[2.3.10)

Corollaryproduces a family of elements on the twisted Lagrangian cone L ., Fl but in general it is not
obvious whether the nonequivariant limit A — 0 of this family exists. However, in the case when F is split
and T +— I(7) satisfies the Divisor Equation we will show that the family A, (Dr, (I(t, —z))) is equal to the

twisted I-function I FLoF given in Definition[2.3.14] This has an explicit expression, which makes it easy to check

whether the nonequivariant limit exists. We make the following definitions.
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Definition 2.3.14 Let T — I(T) be a family of elements of £F[¢' Let F=F & - - - @ Fy be a direct sum of line bundles,
and let f; = ¢1(F;). For p € NE(Y), we define the modification factor

kTP A+ £+ mz
My(z) = [ [ =)
tﬂ]jmszA*%ﬂ%#mZ

The associated twisted I-function is

™)=Y QFls(t,2)  Mg(z)

BENE(Y)

To relate Mg(z) to the Quantum Riemann-Roch operator we will need the following Lemma:

Lemma 2.3.15

k
Mg(~z) = A, <l—{eXP(—G(fi - <fi,ﬁ>2,2)))
Proof 2.3.16 Define

Zskk|

k>0
By [CCITQ9, equation 13] we have that

G(x+z,z) = G(x,z) +s(x) (2.16)

We can rewrite
ETTP A+ fitmz ke TIVP expls(fi + mz)]

Mp(z) == I1

1 e A+ fitmz i The o expls(f; +mz2)]

and so

(fiB) 0
HeXP< Y, s(fi—mz)— )] S(fz‘_mz))>

m=—00 Mm=—oco
k
H G(fiz) = G(fi = (fi. )2, 2)
=1
where for the second equality we used 2.16)).

Proposition 2.3.17 Let T +— I(7) be a family of elements of £F]/J that satisfies the Divisor Equation, and let F =
F ® - ® F be a direct sum of line bundles. Then

I = Af, (Dg, (). (2.17)
As a consequence, T — ™ () is a family of elements on the cone £FA@F;Z‘

Proof 2.3.18 Lemmal2.3.15|shows that

I*W(r)zApA( Y Hexp <fz,ﬁ>z,z>>1,s<nz>) (2.18)

BENE(Y) i=

Applying the Divisor Equation, we can rewrite this as

I = Af, (Dg, (1)) (2.19)
as required. The rest is immediate from
Proposition 2.3.19 If the line bundles F; are nef, then the nonequivariant limit A — 0 of IV (1) exists.

Proof 2.3.20 This is immediate from Definition|2.3.14
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2.4 The Givental-Martin cone

We now restrict to the situation described in the Introduction, where the action of a reductive Lie group G on a
smooth quasiprojective variety A leads to smooth GIT quotients A//G and A//T. As discussed, the roots of G
define a vector bundle ® = ©,L, — Y, where Y = A//T, and we consider twisting data (®, ¢) for Y where ¢
is the C*-equivariant Euler class. We call the modification factor in this setting the Wey! modification factor, and

denote it as

{c1(La)B) c1(Ly) + A+ mz

Wﬁ(z) B 1:[ HOZ;,DO c1(Ly) + A+ mz

(2.20)

where the product runs over all roots a. For any family T — I(7) = Lgeng(y) QP Ig(7,z) of elements of Hy,
the corresponding twisted I-function is

™(t)= Y. QFIs(t,z) Ws(2) (2.21)
BENE(Y)

Since the roots bundle @ is not convex, in general the non-equivariant limit A — 0 of I'¥ will not exist.
However the limit will exist after projecting to H 4 /.
To account for the fact that there are fewer curve classes on A // G than there are on A//T, we combine the

quotient map (2.8) with the map on Novikov rings to give a map
p: Hiyr = Haye (2.22)

between the Weyl-invariant part of the Givental space for the Abelian quotient and the Givental space for the
non-Abelian quotient. Here, and also below when we discuss Weyl-invariant functions, we consider the Weyl
group W to act on H 4 1 through the combination of its action on cohomology classes and its action on the

Novikov ring.
Lemma 2.4.1 Suppose that I is Weyl-invariant. Then p o IV has a well-defined limit as A — 0.

Proof 2.4.2 Since I(t) is Weyl-invariant, I' () is also Weyl invariant and so, after applying o, the coefficient of each
Novikov term QF in T+ I™(t) lies in H*(A// T;C)W. The composition p o I*" is therefore well-defined.
The Weyl modification (2.20) contains many factors

c1(Ly) + A+ mz
—c1(Ly) +A —mz

which arise by combining the terms involving roots & and —«. Such factors have a well-defined limit, —1, as A — 0.

Therefore the limit of p o I' as A — 0 is well-defined if and only if the limit of

p e 17 lle) A {a(Le), B)z
p(ﬁeNZE(Y)Q Ig(t,2) - (—1) all NES (2.23)

as A — 0is well-defined, and the two limits coincide. Here ® is the set of positive roots of G, and €(B) = ¥ pecq+ (c1(La), B);
cf. [CEKSO8, equation 3.2.1]. The limit A — 0 of the denominator terms

H (Cl (Luc) - )‘)

xedt
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in is the fundamental Weyl-anti-invariant class w from the discussion before Theorem Furthermore
Y, QL(r2) (D T (a(Le) +A+ (e1(La), B)2)
BENE(Y) xed*
has a well-defined limit as A — 0 which, as it is Weyl-anti-invariant, is divisible by w. The quotient here is unique up to
an element of Ann(w), and therefore the projection of the quotient along Martin’s map H*(A//T;C)"W — H*(A//G;C)
is unique. It follows that the limit as A — 0 of p o IV is well-defined.

Definition 2.4.3 Let T — I(T) be a Weyl-invariant family of elements of Hy and let IV denote the twisted I-function as
above. We call the nonequivariant limit of T — p(I™ (7)) the Givental-Martin modification of the family T — I1(7),

and denote it by T — Igm(T)

Recall that we have fixed a representation p of G on a vector space V, and that this induces vector bundles
vl — A//T and V¢ — A//G. Since the bundle ® — A//T is not convex, one cannot expect the non-
equivariant limit of Lq, vy to exist. Nonetheless, the projection along (2.22) of the Weyl-invariant part of

;C@/\EBV’;[' does admit a non-equivariant limit.
Theorem 2.4.4 The non-equivariant limit A — 0 of p (ﬁ@A@V‘E N quv//T) exists.

We call this non-equivariant limit the twisted Givental-Martin cone ;CGM,VVT C HKXV//T'

Proof 2.4.5 (Proof of Theorem [2.4.4) Recall the twisted [-function ]VVT(T, —z) from Definition By [CGO7] a
general point

—z4tg+tz+--+0(z )

on Lyt can be written as
ji

N
Jyr (t(t), —z) + ;C,X(t,z)z E((t), —z)

for some coefficients Cy (t, z) that depend polynomially on z and some H* (A // T)-valued function T(t) of t = (to, t1,...).

The Weyl modification T +— 1™ (T) of T — ]VHT(T, —z) satisfies I'(T) = ]VI}"(T, —2z) modulo Novikov variables, and
I'(1) € L, ev] by Proposition so a general point

—z4tg+tz+---+0(EzY) (2.24)
on E%@V#T can be written as
™ (z(t)", —z) + % Calt z)JrzaItW (z(t)", —z)
7 a:1 4 aT‘x 7

for some coefficients Cy(t,z)" that depend polynomially on z and some H*(A//T)-valued function T(t)*. Since the
twisted J-function is Weyl-invariant, so is " (7), and thus if (2.24) is Weyl-invariant then we may take Cy(t,z)" to be
such that ¥, Cy (t,2) " ¢y is Weyl-invariant. Projecting along ([2.22) we see that a general point

—z4tg+tz+--+0(z) (2.25)
onp (E%@VFT N HK‘V//T) can be written as

d(polI™)

N
pol™ (T(t)i, —z) + Z Ca(t, 2)¥z 3o

a=1

(t(t)*, —2)
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for some coefficients Cy (t,z)* that depend polynomially on z and some H* (A // T)-valued function T(t)¥. Furthermore,
since p o I'(7) has a well-defined non-equivariant limit Ign(T), we see that Cy(t,z)¥ also admits a non-equivariant

limit. Hence a general point onp <£¢A@VE N ’HZ"//T) has a well-defined limit as A — 0.
Corollary 2.4.6 The non-equivariant limit A — 0 of p (ﬁ@)\ N HZV//T) exists.

We call this non-equivariant limit the Givental-Martin cone Lgn C ’HZ" T

Proof 2.4.7 Take the vector bundle VT in Theorem to have rank zero.

Corollary 2.4.8 If T — I(7) is a Weyl-invariant family of elements of EVNT that satisfies the Divisor Equation (2.15)

then the Givental-Martin modification T — Igm(T) is a family of elements of Ly, vT

Proof 2.4.9 Proposition implies that T — IV (T, —z) is a family of elements on £<I>A®V;¢T' Projecting along (2.22)
and taking the limit A — 0, which exists by Lemma proves the result.

We can now state our conjectures.
Conjecture 2.4.10 (The Abelian/non-Abelian Correspondence) Loy = L4//6-

This is a reformulation of [CFKS08, Conjecture 3.7.1]. The analogous statement for twisted Gromov-Witten
invariants is the Abelian/non-Abelian Correspondence with bundles; this is a reformulation of [CFKS08| Con-

jecture 6.1.1].
Conjecture 2.4.11 (The Abelian/non-Abelian Correspondence with bundles) EGM,VJ = EV,?'

As in [CFKS08]], the Abelian/non-Abelian Correspondence implies the Abelian/non-Abelian Correspon-

dence with bundles.

Proposition 2.4.12 Conjectures and[2.4.11|are equivalent.

Proof 2.4.13 Conjecture(2.4.10is the special case of Conjecture|2.4.11|where the vector bundles involved have rank zero.
To see that Conjecture|2.4.10|implies Conjecture(2.4.11} observe that the projection of the Quantum Riemann—Roch oper-
ator AVyT under the map (2.22) is AV,?" see Deﬁnitionw Now apply the Quantum Riemann—Roch theorem [CGO7.

The following reformulations will also be useful.

Conjecture 2.4.14 (a reformulation of Conjecture2.4.10) Let t — I(t) be a Weyl-invariant family of elements of
L 4 1 that satisfies the Divisor Equation. Then the Givental-Martin modification t — Ignm(t) is a family of elements of

Layc

Conjecture 2.4.15 (a reformulation of Conjecture2.4.11) Let t — I(t) be a Weyl-invariant family of elements of
£Vz«T that satisfies the Divisor Equation. Then the Givental-Martin modification t — Ign(t) is a family of elements of

Lyc.
Vi

30



2.5 The Abelian/non-Abelian Correspondence for Flag Bundles

2.5.1 The Work of Brown and Oh

In this section we will review results by Brown [Brol4] and Oh [Oh16], and situate their work in terms of the
Abelian/non-Abelian Correspondence (Conjecture [2.4.14). In particular, we show that the Givental-Martin
modification of the Brown I-function is the Oh I-function. We freely use the notation introduced in Sec-
tion[2.2.2]

Let X be a smooth projective variety. We will decompose the J-function of X, defined in into contribu-

tions from different degrees:

Jx(t,z)= Y, JR(r,2)Q". (2.26)

DeNE(X)

Recall that we have a direct sum of linebundlesE = L1 ®---® L, % X, and that FI(E) = Fl(ry,...,1,E) =
A// G is the partial flag bundle associated to E. As in we form the toric fibration FI(E)r = A//T with
general fibre CN //(C*)R. We denote both projection maps FI(E) — X and FI(E)T — X by 7. For the sake of
clarity, we will denote homology and cohomology classes on F1(E)7 with a tilde and classes on FI(E) without.
Recall the cohomology classes Hy,1; = —m*ci(L;) on FI(E)r, and Hy,q,; = —7m*c1(L;) on FI(E). For a fixed
homology class  on FI(E)r define d;1,; = (—m*c1(L;), B), and for a fixed homology class B on FI(E) define
doy1j = (=m*c1(L;), ). We use the indexing of the set {1,...,R} defined in Section and denote the
components of a vector d € ZR by d; ;. Similarly, we denote components of a vector d € Z' by d;.

In [Oh16], the author proves that a certain generating function, the I-function of FI(E), lies on the La-

grangian cone for FI(E).

Theorem 2.5.1 Let T € H*(X), t = ¥; tic1(S}), and define the I-function of FI(E) to be

gy (t,7,2) =
Tit1 HO o 1] Hi+1,j’ + mz

{1
Y @itz o T 5
BENE F(E)) QEZR: i=1j=1j'= le— Z)o J H Hl-+1,j/+mz
Viydij=(B.c1(SY))

SIES

e

ij iy H —H
ij' + mz

St

0
i=1j#j [In=—oo Hij — Hjjy +-mz

Then Ipyg) (t, T, —2) € Lyyg) for all t and T.

In [Bro14], the author proves an analogous result for the corresponding Abelian quotient F1(E)r.

Theorem 2.5.2 Let T € H*(X), t = Y, i t; ;H; ;, and define the Brown I-function of FI(E)r to be

IFI(E)T (tt,2)=

0 1 Tig

e Z Qﬁ (Bt ]ﬂ*ﬁ(.[ Z)H

BeH,FI(E)r i=1j=1j

-

0 g 3
[ln=—o Hij— Hiy1y +mz

{ 1) -
1H,f_,oo 1 Hij— Hi1p +mz

Then IgyE), (t, T, —z) € Lpy(g), for all t and T.

31



Remark 2.5.3 We have chosen to state Theorem in a different form than in Brown’s original paper. The equivalence
of the two versions follows from Lemma below. The classes H; ; here were denoted in [Brol4] by P;, and the classes

H;;— Hi+1,j' here were denoted there by U.

Lemma 2.5.4 Writing Ip(r), = Y5 I )TQB, any nonzero 1P must have B € NE(FI(E)7).

Proof 2.5.5 To see this we temporarily adopt the notation of Brown and denote the torus invariant divisors by Uy, as in

Lemma@ Then Igy(g), takes the form

N 170
1Te oo U + mz
Ine), = . Y, (-)II Bl
BEHFI(E)T: k=1TT,, =5 Ux +mz
74 BENE(X)

Let « C {1,... N} be a subset of size R which defines a section of the toric fibration as in Section We have that

. 10— (0) + mz — [T oo skl + mz
salee), = () [T i ";uk :
kea [T~ X6 (0) + mz ke Hm__oo wU +mz

since sk (Uy) = 0 if k € a. Therefore, if (B, Uy) < O for some k € w, the numerator contains a term (0) and vanishes.

We conclude that any B € HyF1(E)t which gives a nonzero contribution to s, Ipy(), must satisfy the conditions
m.p € NE(X), (B, Uy) > 0Vk € a.

The section s, gives a splitting Hy(FI(E)T) = Ha(X) @ Ha(Fly), via which we may write B = sy, D + 1.d where 1 is

the inclusion of a fibre. We have
(B, Uk) = (D, s3Uy) + {d, " Uy) = (d,"Uy) > 0

forall k € a. However, the cone in the secondary fan spanned by the line bundles 1* Uy contains the ample cone of Flt
(see Section , 50 this implies d € NE(Flr). It follows that any B which gives a nonzero contribution to Salr(E), 18
effective. We now use the Atiyah-Bott localization formula

salm(e .
IpiEy, = ) S, ( = elx( )T> , where e* = syl

o ko

where o ranges over the torus fixed point sections of the fibration, to conclude that the same is true for Ig(g),.

Lemma 2.5.6 Brown'’s I-function satisfies the Divisor Equation. That is,

2Vol(ey, = (0 (0 P)2)

T

forany p € H?(FI(E) 7).

Proof 2.5.7 Decompose p = pr + 7t*pp into fibre and base part. Basic differentiation and the divisor equation for Jx
show that
ZVPIIEI(E)T = (or + (or, B)z + (05 + (05, B)2)) /2P 70 [P (7, 2) - H

where H is a hypergeometric factor with no dependence on t or T. The right-hand simplifies to

(0+ (0. B)2) Iy e,

as required.
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Lemma 2.5.8 Ifwe restrict t to lie in the Weyl-invariant locus H*(FI(E)r)" C H*(FI(E)t) then (t,T) = Igyg), (t, T, 2)
takes values in H*(F1(E)7)W.

Proof 2.5.9 This is immediate from the definition of Ig(g), (t, T, 2), in Theorem

Proposition 2.5.10 Restrict t to lie in the Weyl-invariant locus H>(FI(E)7)"W < H?(F1(E)t) and consider the Brown
I-function (t,7) v Igyg),(t,T,z). The Givental-Martin modification Igm(t, T) of this family is equal to Oh’s I-
function Ig(g)(t, T).

Proof 2.5.11 Lemma and Lemma imply that the Givental-Martin modification Ign(t, T) exists. We need
to compute it. Note that the restrictions to the fibre of the classes Hi,j form a basis for H?(Flr). Since the general fibre
Flr of FI(E)r has vanishing first homology, the Leray—Hirsch theorem gives an identification Q[H,(F1(E)r, Z)] =
Q[H2(X, Z)][q11,- - -, 9¢,,] via the map

Qf s QP H (Hij ) (2.27)

By Lemma [2.5.4) the summation range in the sum defining IFI( E), is contained in NE(FI(E)T). We can therefore write
the corresponding twisted I-function (2.21)) as

1 Tigl 1—[0 ”.,,HA v 4 mz
3 m=— i+1,
I"(t,T,z) =ez Y QDHqZ'/ PR (7,2 JTTITTI 7 = - !
DEeNE(X) i=1j=1j=1 7], & iy Hij— Hiyqj + mz
dezR ’
/ dl,ji l], ~ ~
H I1 m=—co Hij—Hjp+A+mz
X = =
1727 e o Hijj = Hiy + A+ mz
where thet;; € C, t = Z -1 Z ~i,]-, andt-d = Zi,j ti;di . For the Weyl modification factor we used the fact that

the roots of G are given by p; jp; ]., , where the character p; ; was defined in section By Lemma the effective
summation range for the vector d here is contained in the set S C ZR consisting of d such that (B, H;;) = d;; for some

B € NE(FI(E)7).
We can identify the group ring Q[H»(F1(E))| with Q[Ha(X, Z)]([q1, - - -, q¢] via the map

0f s Qﬂ*ﬁancl (S/).8) (228)
i
Via 2.27) and [2:28) the map on Mori cones ¢ : NE(F1(E)r) — NE(FI(E)) becomes

QDH%:] N QDHq):] ij

Restricting t to the Weyl-invariant locus H?(F1(E)1)" corresponds to setting tij = t; for all i and j, which gives
etd = eXitidi where d; = Y.jdij. The identification H?(FI(E)7)W = H?(FI(E)) sends Y tiH;; to ¥ tic1(S)), so
projecting along (2.22) and taking the limit as A = 0 we obtain

{1 Tigl HO . — H. g+ mz
L D ) ——o0 Hij i+,
e ) Q Hq Rz Y T1 7,
DeNE(X) dezR: i=lj=1j'=
sezt ViY;d =0

_.
:
;
H
I

Hl'+1,]" + mz

il l] H Hi,j’ —+ mz
i=1 ]?é]/ Hmzfoo 1,] — Hi,j’ + mz
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where now t = Y tic1(SY). The effective summation range here is contained in NE(FL(E)) by construction. Using

(2.28) again we may rewrite this as

Corio T [0 Hii— Hiyq j +mz

b Y QPelbt) (2 y 11 [lin=—co Hij = it
BENE(FL(E)) dezR: i=1j=1j'=1T]

ViYd;=(B,c1(S)))

dij—d; 1y
m=—00

Hi,j — Hi-i—l,j’ + mz

d,',jfdl-/]-/

« ﬁ 1_[ M——00 Hl',]' — Hi,j’ + mz
0
i=1 ]#]/ H — Hi,j — Hl',j’ + mz

This is Iry(g) (£, T,2), as required.

Remark 2.5.12 In view of (2.11), we see that the effective summation range in Igyg) is contained in the subset of vectors

satisfying
dij >mindy 1 Vi,j
J

This will prove useful in calculations in Section

Notice that[2.5.10|establishes the statement of Conjecture not for an arbitrary Weyl-invariant family,
but for Brown’s I-function. As we will now explain, this is quite close to a proof of Conjecture in the
flag bundle case, and similarly Theorem is close to a proof of Conjecture We will discuss only
the former, as the latter is very similar. If Oh’s I-function were a big I-function, in the sense of [CFK16], then
Conjecture[2.4.14would follow. The special geometric properties of the Lagrangian submanifold £y described
in [Giv04] and [CCIT09, Appendix B], taking Y = FI(E), would then imply that any family ¢ — I(f) such that

I(t) € Ly(g) can be written as

100 = Inge) (7)) + D Ca(t,2)2 248 (x (1) 229)

for some coefficients Cy(t,z) that depend polynomially on z and some change of variables t — tT(t). Fur-
thermore the same geometric properties imply that any family of the form satisfies I(t) € Lg ). But
LM has the same special geometric properties as Ly — it inherits them from the Weyl-invariant part of Lg,
by projection along followed by taking the non-equivariant limit — and so if f — Ip)(g) is a big I-function

then any family of elements t — I (t) on Lgy can be written as

ol
I'(1) = Iy (T() + L €Lt )2 2 (7H(0)

That is, I (t) can be written in the form (2:29). It follows that I'(t) € Ly ()~ Applying this with I t = Igm from
Conjecture 2.4.14] proves that Conjecture; note that we know that the family t — Igm(t) here lies in Loy by
Corollary

If the Brown and Oh I-functions were big [-functions then Theorem would continue to hold (with
the same proof) and Conjecture would therefore follow. In reality the Brown and Oh [-functions are
only small I-functions, not big I-functions, but Ciocan-Fontanine-Kim have explained in [CFK16, §5] how to
pass from small I-functions to big I-functions, whenever the target space is the GIT quotient of a vector space.
To apply their argument, and hence prove Conjecture for partial flag bundles, one would need to check
that the Brown I-function arises from torus localization on an appropriate quasimap graph space [CFKM14),

§7.2]. The analogous result for the Oh I-function is [Oh16| Proposition 5.1].
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Webb has proved a ‘big I-function” version of the Abelian/non-Abelian Correspondence for target spaces

that are GIT quotients of vector spaces [Web18], and this immediately implies Conjectures[2.4.14and P.4.15]

Proposition 2.5.13 Conjecture|2.4.14holds when A is a vector space and G acts on A via a representation G — GL(A).

Proof 2.5.14 Combining [Webl18| Corollary 6.3.1] with [CFK16, Theorem 3.3] shows that there are big I-functions
t = Ipyr(t) and t — I4,G(t) such that In,7(t) € Layr and Ia;c(t) € Layg. Furthermore it is clear from
[Web18| equation 62] that the Givental-Martin modification of the Weyl-invariant part of t «— I 7 (t) ist — L4 c(t).

Now argue as above.

2.5.2 The Abelian/non-Abelian Correspondence with bundles

We are now ready to prove the theorem which will allow us to calculate twisted Gromov—-Witten invariants of
Flag bundles, see[2.5.16| Assume we have fixed a representation p: G — GL(V) where G = []; GL,,(C), and
that this determines vector bundles V¢ — FI(E) and VT — FI(E)r. Since T is Abelian, VT splits as a direct
sum of line bundles
VT:F1EB"'EBPk

The Brown I-function gives a family

(t,7) = In(p), (t, T, —2) t € H*(FI(E)1)", T € H*(X)
of elements of Hp(g),, and Theorem shows that Igy(g), (t, T, —2z) € L), Twisting by (F, ¢) where c is
the C*-equivariant Euler class with parameter y gives a twisted I-function, as in Definition [2.3.14] which we
denote by

(t,7) = Lyr(t,7,—2) t € HX(FI(E)1)W, T € H*(X)

Applying Proposition shows that IV#T(t, T,—z) € EVVT' Twisting again, by (®,c’) where ® — FI(E)r
is the roots bundle from the Introduction and ¢’ is the C*-equivariant Euler class with parameter A gives a

twisted [-function, as in Definition [2.3.14, which we denote by
(t,7) = g oy (1T, —2) t € H*(FI(E)r)V, T € H*(X)
Applying Proposition again shows that I‘I’A@VJ (t,7,—z) € ‘C‘PAEBVVT' We now project along and
take the non-equivariant limit A — 0, obtaining the Givental-Martin modification of IV[- This is a family
(t,7) — Igm(t, T, —2) t € H*(FI(E)1)W, T € H*(X)
of elements of H(g). Explicitly:

Definition 2.5.15 (which is a specialisation of Definition to the situation at hand)

IGM(tr T,Z) =

0T Tigl Of,DOH~—Hz "

e% Z Q,Be</5,t> 71,’*];*‘8(”{,2) E Hl__[ H [Tn= i)j i+1,] mz

BENE(FI(E)) dezR: i=1j=1j=1T]
ViYd;=(B,c1(S)))

: iy Hij— Hijp+mz & T4 fop+mz
<111 I1

i1 = —oo Hij — Hijp +mz 33 TTh— e fo + i+ mz

dijj—d;
m=—00

Hi,j — Hi-i—l,]" + mz
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Here JR (t,2) is as in R.26), fs -d = ¥ ; fsijdij, and fs = ¥ ; fs;jHi j, where

{1 5
c1(Fs) = Z Zfsfi/]'Hi/]'

i=1j=1

Lemma shows that this expression is well-defined despite the presence of
w =[1;[Tj<y(Hij — Hijr)

in the denominator. Corollary shows that Ignp(t, T, —2) € L"GM,V},T' Note that Iy (t, T) is not the VC-twist

of Oh’s I-function I (g). Indeed VG need not be a split bundle, so the twist may not even be defined.
Theorem 2.5.16 Let I\ be as in Definition Then:
Iom(t, T, —2) € Lyg forall t € H*(FI(E)1)V, T € H*(X).

Proof 2.5.17 Before projecting and taking the non-equivariant limit, we have

IcpAeav},T - AV],T(DVVT(ICI’A))
by Proposition[2.17} Projecting along gives

poly,eur = Ays(Dyc(pola,))

and taking the limit A — 0, which is well-defined by Lemma gives

Iem = Ays (Dys (Ingr)))
by Proposition The result now follows from Proposition [2.3.17]

Exactly the same argument proves:

Corollary 2.5.18 Let L — X be a line bundle with first Chern class p, and define the vector bundle F — F1(E) to be
F = VC ® m*L. Let Igy be as in Definition|2.5.15} except that the factor

k 1154 k 11fsd+{pmp) *
HHO —wfs it mz is replaced by HH :Of°° fAmotptmz
s:lH :fOOfS+V+mZ s=1 [T :700f5+7r*p+.u+mz
Then:
Iom(t, T, —2) € LF, forall t € H*(FI(E)1)", T € H*(X).

The following Corollary gives a closed-form expression for genus-zero Gromov—Witten invariants of the

zero locus of a generic section Z of F in terms of invariants of X.

Corollary 2.5.19 With notation as in Corollary|2.5.18) let Z be the zero locus of a generic section of F — F1(E). Suppose
that —K is the restriction of an ample class on FI(E) and that T € H*(X). Then

Jr,(t+7,2) = e O 2oy (L, T, 2)
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where

C(t) = Zn5Q5e<ﬁ't>
p

for some constants ng € Q and the sum runs over the finite set

S = {B € NE(FI(E)) : (—Kpg) — c1(F), B) = 1}

If Z is of Fano index two or more then this set is empty and C(t) = 0. Regardless, if the vector bundle F is convex then

the non-equivariant limit y — 0 of Jr, exists and
Jz (it +i"T,2) = i* [ (t+ T,2)
where i: Z — FI(E) is the inclusion map.

Proof 2.5.20 (Proof of Corollary|2.5.19) The statement about Fano index two or more follows immediately from the

Adjunction Formula
Kz = (Kp(g) +c1(F))|,
We need to show that
Iom(t,T,2) =z+t+T+C(t) +0(z1) (2.30)

Everything else then follows from the characterisation of the twisted J-function just below Definition the String

Equation
Jr(T+a,z)= e”/Z]pﬂ(T,z) a € H(FI(E))

and [Coal4]. To establish 2.30), it will be convenient to set deg(z) = deg(u) = 1, deg(¢) = k for ¢ € H*(FI(E)),
and deg(QP) = (—Kx, B) if B € Ha(X). The degree axiom for Gromov-Witten invariants then shows that | ;*ﬁ is
homogeneous of degree (Kx, 7t.) + 1. Write

Iom(t,T,2) = et Yo QPelA n*])f*ﬁ(r,z) x Ig(z) x Mpg(z)
BENE(FI(E))

where
k ch:dfégﬂf*ﬁ) fs 4 n*P 4 i + mz
w1 D fs + 0+ p+ mz

A straightforward calculation shows that

Iﬁ (Z) = Z<KF1(E)77T*KX/ﬁ>iﬁ (Z)

Mﬁ (Z) — Z<C1(F)"B>TTZ’B(Z)

whereig(z), mp(z) € Mgy are homogeneous of degree 0. It follows that n*jg*ﬁ(r,z) x Ig(z) x Mg(z) is homogeneous

of degree (Kgy(gy + c1(F), B) + 1 which is nonpositive for p # 0 by the assumptions on —Kz. Since T € H?(X), any
M

negative contribution to the homogenous degree must come from a negative power of z, so that w* " (t,z) x Ig(z) x

Mg(z) is O(z 1), unless B =0 or B € S. In the latter case, the expression has homogeneous degree 0 and is therefore of
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the form co + < + O(z2) with c; independent of z and of degree i. Relabeling ng = co and expanding Iy in powers
of z, we obtain
Iom(t,7,2) = (1 +1tz 1 +0(z72)) ("] x Iy x Mo + ( Y ngQPelf) + O(z‘l)) + Y o@=)
pes 0#pES
=(z+T+t+C(H)+0=))

where C(t) is as claimed. This proves 2.30), and the result follows.

We restate Corollary [2.5.19)in the case where the flag bundle is a Grassmann bundle, i.e ¢ = 1, relabelling
H, ;= Hj, dyj = djand r; = r. The rest of the notation here is as in §2.2.2)

Corollary 2.5.21 Let V¢ — Gr(r, E) be a vector bundle induced by a representation of G, let L — X be a line bundle
with first Chern class p, and let F = VG @ m*L. Let Z be the zero locus of a generic section of F. Suppose that F is
convex, that —Kcgy(g,y) — c1(F) is ample, and that T € H?(Gr(r,E)). Then the non-equivariant limit u — 0 of the

twisted |-function Jr, exists and satisfies
Jz(i*t+i"7,2) = i* g (t+ T,2)

where i: Z — Gr(r, E) is the inclusion map. Furthermore

Jp(t+1,2) = e ) QPetpt) n*];*’g(r,z)
BENE(Gr(r,E))

@ T T 9= o Hi+ c1(Lj) + mz
L [111 T pa (D)
deZ’": i=1j= 1Hm——oo
di+-+dr=(B,c1(SY))

H; + e (L) + mz

Hi— Hi+ (d;i—d)z -k fo
x[[—3 (d; — d;) <] (fs + ' p+mz) (2.31)
i<j H; — H; s=1  m=1

Here the Abelianised bundle VT splits as a direct sum of line bundles F{ @ - - - @ Fy with first Chern classes that we

write as c1(Fs) = Yi_y fsiHi, JR(1,2) is as in R26), e(d) = Licjdi —dj, fs-d = ¥; fidi, fs = ¥ fs,iHi, and
C(t) € HY(Gr(r,E), A) is the unique expression such that the right-hand side of (2.31)) has the form z +t + 1 +O(z ™).

Remark 2.5.22 For a more explicit formula for C(t), see Corollary |2.5.19; in particular if Z has Fano index two or
greater then C(t) = 0. By Remark 2.5.12| the summand in (2.31)) is zero unless for each i there exists a j such that
di + (rt.p, e (L)) = 0

Proof 2.5.23 (Proof of Corollary2.5.21) We cancelled terms in the Weyl modification factor, as in the proof of Lemma[2.4.1]

and took the non-equivariant limit y — 0.

Remark 2.5.24 The relationship between I-functions (or generating functions for genus-zero quasimap invariants) and
J-functions (which are generating functions for genus-zero Gromov—Witten invariants) is particularly simple in the Fano
case [Giv98] [CFK14, §1.4], and for the same reason Corollaryholds without the restriction T € H*(X) if Z — X
is relatively Famﬂ This never happens for blow-ups X — X, however, and it is hard to construct examples where Z — X

is relatively Fano and the rest of the conditions of Corollary[2.5.19)hold. We do not know of any such examples.

IThat is, if the relative anticanonical bundle —K,x is ample.
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Remark 2.5.25 Corollary gives a closed-form expression for the small [-function of Z — or, equivalently, for one-
point gravitional descendant invariants of Z — in the case where Z is Fano. But in general (that is, without the Fano
condition on Z) one can use Birkhoff factorization, as in [CGO7| [CEK14] and [CCIT19, §3.8], to compute any twisted
genus-zero gravitional descendant invariant of F1(E) in terms of genus-zero descendant invariants of X. The twisting
here is with respect to the C*-equivariant Euler class and the vector bundle F. Thus Corollary determines the
Lagrangian submanifold L, that encodes twisted Gromov-Witten invariants. Applying [Coal4, Theorem 1.1], we see
that Corollary[2.5.19|together with Birkhoff factorization allows us to compute any genus-zero Gromov—Witten invariant
of the zero locus Z of the form

<91 lpil soeerOn (Pin >0,n,d (2.32)
where all but one of the cohomology classes 0; lie in im(i*) C H*(Z) and the remaining 6; is an arbitrary element of

H*(Z). Here i: Z — FI(E) is the inclusion map.

Remark 2.5.26 Applying Remark 2.5.25| to the blow-up X — X considered in the introduction, we see that Corol-
lary[2.5.19|together with Birkhoff factorization allows us to compute arbitrary invariants of X of the form 2.32) in terms
of genus-zero gravitional descendants of X. In this case im(i*) C H*(X) contains all classes from H*(X) and also the

class of the exceptional divisor.

2.6 The Main Geometric Construction

2.6.1 Main Geometric Construction

Let F be a locally free sheaf on a variety X. We denote by F(x) its fibre over x, a vector space over the residue
field x(x). A morphism ¢ of locally free sheaves induces a linear map on fibres, denoted by ¢(x). We make

the following definition:

Definition 2.6.1 Let ¢: E™ — F" a morphism of locally free sheaves of rank m and n respectively. The k-th degeneracy
locus is the subvariety of X defined by

Di(¢) = {x € X: rko(x) < k}
Note that D(¢) = X ifk > min{m, n}; if k = min{m, n} — 1 we simply call Dy (¢) the degeneracy locus of ¢.
We have the following results:

e Scheme-theoretically, Dy (¢) may be defined as the zero locus of the section A¥g; this shows that locally
the ideal of Dy (¢) is defined by the (k+ 1) x (k + 1)-minors of ¢.

e If EV ® F is globally generated, then Dy (¢) of a generic ¢ is either empty or has expected codimension
(m —k)(n — k), and the singular locus of Dy (¢) is contained in Dy_1(¢). In particular, if ¢ is generic and
dimX < (m —k+1)(n —k+ 1), then Di(¢) is smooth [Ott95 Theorem 2.8].

* We may freely assume that m > n in what follows, since we can always replace ¢ with its dual map

whose degeneracy locus is the same.
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Proposition 2.6.2 Let X be a smooth variety, and ¢: E™ — F" a generic morphism of locally free sheaves on X. Suppose
that m > n and writer = m — n. Let Y = D, _1(¢) be the degeneracy locus of ¢, and assume that ¢ has generically
full rank, that Y has the expected codimension m — n + 1 and that Y is smooth. Let 7v: Gr(r, E) — X be the Grassmann
bundle of E on X. Then the blow-up Bly(X) of X along Y is a subvariety of Gr(r, E), cut out as the zero locus of the
regular section s € T'(Hom(S, 7t*F)) defined by the composition

S— mE % '
where the first map is the canonical inclusion.

Proof 2.6.3 We write points in Gr(r, E) as (p, V'), where p € X and V is a r-dimensional subspace of the fibre E(x). At

(p, V), the section s is given by the composition
Vs E(x) 2% px)

so s vanishes at (p, V) if and only if V C ker ¢(x).

The statement is local on X, so fix a point P € X and a Zariski open neighbourhood U = Spec(A) with trivialisations
E|ly = A™, F|y = A". We will show that the equations of Z(s) N U and Blyny U agree. Under these identifications ¢ is
given by a n X m matrix with entries in A. Since ¢ has generically maximal rank and Y is nonsingular, after performing

row and column operations and shrinking U if necessary, we may assume that ¢ is given by the matrix

x ... x 0 0 ... 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

Note that the ideal of the minors of this matrix is just I = (xo, ... x,) and that xo, . .., X, form part of a reqular system of
parameters around P, so we may assume that n = 1, m = r + 1. Writing y; for the basis of sections of S on Gr(r, A™1),
we see that Z(s) is given by the equation
xoyo + -+ xyr =0
Under the Pliicker isomorphism
+1 +1\ ~
Gr(r, A7) = P(NAT ) =UxPy

Z(s) maps to the variety cut out by the minors of the matrix

X0 ... Xr
yo e yr
i.e the blowup of Y N U in U.

2.7 Examples

We close by presenting three example computations that use Proposition and Corollary calculating

genus-zero Gromov-Witten invariants of blow-ups of projective spaces in various high-codimension complete
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intersections. Recall, as we will need it below, that if E — X is a vector bundle of rank n then the anticanonical
divisor of Gr(r, E) is
—KGi(rp) = 7 (—Kx + r(det E)) + n(detS") (2.33)

where S — Gr(r,E) is the tautological subbundle. Recall too that the reqularised quantum period of a Fano

manifold Z is the generating function

Gz(x) =1+ Z dlcyx?
d=2

for genus-zero Gromov—-Witten invariants of Z, where

cq = Z(Gt,bf_zml,ﬁ for 8 € H'P(Z) the class of a volume form
p

and the sum runs over effective classes B such that (8, —Kz) = d.

Example 2.7.1 We will compute the reqularised quantum period of X = Bly IP* where Y is a plane conic. Consider the

situation as in §2.2.2|with:
e X=1D*
*E=00060(-1)
e G=GL,(C), T=(C*")?cCG

Then A//G is Gr(2,E), and A//T is the P? x P?-bundle P(E) x ps P(E) — IP*. By Proposition the zero locus
X of a section of SV @ *(O(1)) on Gr(2, E) is the blowup of P* along the complete intersection of two hyperplanes and
a quadric. We identify the group ring Q[Hy(A// T, Z)] with Q[Q, Q1, Q2], where Q corresponds to the pullback of the
hyperplane class of P* and Q; corresponds to H;. Similarly, we identify Q[Ha(A// G, Z)] with Q[Q, ], where again Q
corresponds to the pullback of the hyperplane class of P* and q corresponds to the first Chern class of SV.

We will need Givental’s formula [Giv96] for the J-function of P*:

0 QDeDT
Jpi(T,2) = ze™/?
DZ:;o [Tin—1(H +mz)®

T € H*(PY)

In the notation of we have £ = 1,1y = r1 = 2, 1y = 3. We relabel H[’j = I:I]- and dg; = d;. We have
that Hg+1,1 = Herl,Z = 0, HL)JFL?) = n*H and dg+1,1 = derl,Z = O, dg+1,3 = D. Write F = S\/ X 7'[*0(1)
Corollary[2.5.21|and Remark give

o o (_1)d1—d2Qqu1+d2eDre(d1+d2)tHi2:1 Hd +D(H + H + mz)
D=0d=0d=0  T15—y(H +mz)5 [[H_, (Hy + mz)2 T2 (Ha + mz)>
XHHO:_OO (H; — H+mz) (H; — Hy + z(dy — dy))
i1 TT4-P(H; — H + mz) Hy — H

Jr(tT,2) = ze s

To obtain the quantum period we need to calculate the anticanonical bundle of X. Equation (2.33) and the adjunction

formula give

—Kg =3H +3detSY — (2H + detS") = H + 2detS".
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To extract the quantum period from the non-equivariant limit |, of the twisted |-function, we take the component along
the unit class 1 € H*(A//G;Q), set z = 1, and set Qf = x8=Kz), Thatis, weset A =0,t =0, 7T =0,z = 1, qg= x2,

Q = x, and take the component along the unit class, obtaining

[0 9) [e9) (9]

Gy(x) = Z 2 Z(_l)l+m71xl+2m+2n (E;)g)(!lggzngiiglzz::llﬁ!(n —m)
n=0Il=n+1m=l

o o0 o0

+ Z 2 Z(_l)m+nxl+2m+2n (l!)S(m!()lzJEZ!))Iz(é:_ml))!!(m_l)! (1 + (n - m)(_ZHn + Hl+n - Hn#))

=0 m=In=I

Thus the first few terms of the reqularized quantum period are:

Gg(x) = 141223 + 120x° + 540x° + 20160x® 4 33600x” + 113400x1°

+2772000x'! + 2425500x12 4 - - -

This strongly suggests that X coincides with the quiver flag zero locus with ID 15 in [Kal19], although this is not obvious

from the constructions.

Example 2.7.2 We will compute the reqularised quantum period of X = Bly IP®, where Y is a 3-fold given by the
intersection of a hyperplane and two quadric hypersurfaces. Consider the situation as in §2.2.2|with:

e X = P°
*E=000a0(1)
e G=GL,(C), T=(C*)?CG

Then A//G is Gr(2,E), and A//T is the P? x P?-bundle P(E) x ps P(E) — P®. By Propositionthe zero locus X
of a section of SV ® 7*(O(2)) on Gr(2, E) is the blowup of P® along the complete intersection of a hyperplane and two
quadrics. We identify the group ring Q[Hy(A// T, Z)) here with Q[Q, Q1, Qz], where Q corresponds to the pullback of
the hyperplane class of P® and Q; corresponds to H;. Similarly, we identify Q[Hx(A// G, Z)] with Q[Q, q], where again
Q corresponds to the pullback of the hyperplane class of P® and q corresponds to the first Chern class of SV

The J-function of P® is [Giv96]:
co QPePT

— T/z
Jps (T,2) = ze DZ::() 0 (H 1 ma)

In the notation of we have { = 1,1y = r1 = 2, rppq = 3. We relabel FIM = Hj and dg; = d;. We have
that I:Ig+1,1 = HZ+1,2 =0, Hg+1,3 = —n*H and derl,l = df+1,2 =0, dg+1/3 = —D. Write F = SV ® *0(2).
Corollary(2.5.21|and Remark give

T € H*(IP%)

I (t . Z) _ ZeH_?T i 0 © Qqu1+dzeDre(d1+dz)t 2 HO =—oo(Hi + mz>2
’ D=0d;=—Ddy=—D [P (H+mz)? 3 Hiri:—oo(Hi + mz)?

d;+2D
2 IT + (Hi+2H+mz) _1)d1—d2 (HlszJrZ(dl*dz))

% H m:{l
i=1 Hi;i?(Hi + H + mz) Hy; — Hy

Again we will need the anticanonical bundle of X, which by (2:33) and the adjunction formula is
—Kg = 9H +3det(5") — (4H + det(S*)) = 5H + 2 det(S").
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To extract the quantum period from Jg,, we take the component along the unit class 1 € H*(A//G;Q), set z = 1, and
set Q/3 = xB=K2), That is, weset A =0,t =0, T =0,z =1, g = x2, Q = x°, and take the component along the unit

class, obtaining

Gy (x) = i i e (—1)1-+d2 5D+ 212 (di +2D)!(d> +2D)!

D=0d,=0d,~0 (D1)7(d1!)?(d2!)?(d1 + D)!(d2 + D)!

X (1 + (d1 — d2)(—2Hg, + Ha, 2D — Hd1+D))
The first few terms of the reqularized quantum period are:

Gy (x) = 14 480x° + 5040x7 + 4082400x'% + 119750400x'2 + 681080400x 4 +- - - -

Example 2.7.3 We will compute the regularised quantum period of X = Bly IP®, where Y is a quadric surface given by

the intersection of 3 generic hyperplanes and a quadric hypersurface. Consider the situation as in with:
* X="°
*E=0006030(2)
e G=GI3(C), T=(C*)*CG

Then A//G is Gr(3,E), and A//T is P(E) xps P(E) xps P(E) — IP®. By Proposition the zero locus X of a
section of SV ® 7*(O(1)) on Gr(3, E) is the blowup of P® along the complete intersection of three hyperplanes and a
quadric. We identify the group ring Q[H2(A// T, Z)] with Q[Q, Q1, Q2, Q3], where Q corresponds to the pullback of
the hyperplane class of P® and Q; corresponds to H;. Similarly, we identify Q[Ha(A// G, Z)] with Q[Q, q], where again
Q corresponds to the pullback of the hyperplane class of P® and q corresponds the first Chern class of SV.

In the notation of we have ¢ = 1,vy = 1 = 3,rp41 = 4. We relabel Hg,j = Hj and dy; = d;. We have
that Hy 11 = Hpp1p = Hppa3 = 0, Hppng = —m2H and dgyqy = dyqp = dpyiz = 0, dgg4 = —2D. Write

F =SV & *O(1). Corollary2.5.21|and Remark[2.5.22| give

]Fo(t T,z) = Zetj i 3 3 = Qqu1+d2+d3eDTe(d1+d2+d3)t
s by — z -
D=0dy=—-2D dy=—2D d3=—-2D Hm:l (H+mz)7
gl TR ! 3 It (Hi+ H + mz2)

<[ IT d;+2D

i1 T4 o (H; 4+ m2)3 i1 T 2P (H; 4 2H + mz) i1 [p——oo (Hi + H + m2)
« (H1 — Hy+2z(dy —dp)) (H — Hs -|—Z(d1 - d3)) (Hy — Hz +z(dy — dg))
Hi —H, Hi — H3 Hy — H3

Arguing as before,
—Kg = 11H + 4det(S*) — (3H + det(S*)) = 8H + 3det(S").

To extract the quantum period from Jp, weset A = 0,t =0, 7 =0,z=1,9 = x3, Q = 8, and take the component

along the unit class. The first few terms of the regularised quantum period are:

Gg(x) =14 108x> + 17820x° + 5040x® + 54734407 4 56364000x!! 4 1766526300x'2
+ 117076459500x 4 + 672012949608x + - - -
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Remark 2.7.4 Strictly speaking the use of Theorem in the examples just presented was not necessary. Whenever
the base space X is a projective space, or more generally a Fano complete intersection in a toric variety or flag bundle,
then one can replace our use of Theorem [2.5.16] (but not [2.6.2) by [CEKS08, Corollary 6.3.1]. However there are marny
examples that genuinely require both Proposition and Theorem for instance when X is a toric complete
intersection but the line bundles that define the center of the blow-up do not arise by restriction from line bundles on
the ambient space. (For a specific such example one could take X to be the three-dimensional Fano manifold MM3_g:
see [CCGK16), §62].) For notational simplicity we chose to present examples with X = PN, but the approach that we

used applies without change to more general situations.
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Chapter 3

Logarithmic Toric Quasimaps

In this chapter we build a theory of quasimaps relative to a simple normal crossings divisor. We do this by ex-
ploiting the technology coming from logarithmic geometry developed in the construction of the corresponding
theory for stable maps [Chel4,[AC14, (G513} IAW18b].

Fix X a smooth projective toric variety associated to a fan ¥ and let D = D; + - -- 4+ D, be any simple
normal crossings divisor. Let g, 7 be non-negative integers and let  be a curve class in X. Fix & = (a;;);;,
an r x n matrix of non-negative integers such that } ; «;; = D; - f. We produce a moduli space Q}go,%(X |D, B)
compactifying the space of quasimaps from smooth n-marked curves of genus g and degree g with tangency
a;; to D; at the jM marking, which we show to be a proper Deligne-Mumford stack. We show, subject to
the condition that a lifting criterion for logarithmic morphisms in terms of logarithmic cotangent complexes
generalises to certain algebraic stacks, that this moduli space admits a perfect obstruction theory relative to
mg

the same tangency conditions. We sketch a proof that where the comparison makes sense, this theory gives the

S([AT/GP,]), the stack of logarithmic maps from n-marked prestable curves of genus g to [A”/G},] with

same invariants as the theory of [BN21], which is defined in genus-zero, when D is smooth and very ample.

3.1 Absolute Quasimaps

As explained in the introduction, quasimap theory is an alternative curve counting framework to Gromov-
Witten theory. With it, comes a different compactification of the space of maps from smooth, n-marked curves
of fixed degree and genus to a certain target variety X. The notion of quasimaps can be motivated by the

following example from [Web21].
Example 3.1.1 Consider the family of rational, 2-marked, degree 2 stable maps over G, given by

Gy x P! — P?

20 : z1] > [t23 : 2021 : 23]
where the markings on P! are the points [1 : 1] and [2 : 1]. This is a family of stable maps in Mgy (IP?,2). What
happens as t — 0? The family defines a rational map A' x P' — P2, Resolving the rational map means blowing up

Al x P! at the point (0, [1 : 0]). The introduction of the exceptional divisor means the fibre over 0 € A is a reducible
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nodal curve with two branches and the induced map to P is degree 1 on each of the components. This defines the limit in
Moa(IP?,2).
On the other hand there is an arguably simpler limit, if we allow our morphism to acquire a basepoint at [1 : 0] we

can just set the limit to be

P! --5 P2
[0 : 1] = [0 : zoz1 : 23]
This is in fact the limit of the family in the moduli space Qg (IP?,2). The theory of quasimaps generalises
this idea. Notice that this quasimap limit contained more than the data of a rational map but rather the data
of a line bundle and three sections (which happen to simultaneously vanish at a certain point). This used

the special fact about IP? that its functor of points can be alternatively described in terms of line bundles and

sections. More generally, this has to do with projective space being a GIT quotient ANT1//G,.

3.1.1 Quasimaps to GIT Quotients

Quasimap theory has a long history starting with work due to Drinfeld, Morrison-Plesser, Givental (and many
others), as well as the development of the theory of stable quotients [MOP11]]. This was generalised to the
unifying theory of quasimaps, due to Ciocan-Fontanine, Kim and Maulik [CFKM14]. This theory applies with
the following setup. Let G be a complex reductive group acting on an affine algebraic variety W = Spec A,
and let 6 € x(G), giving a linearisation of the action. Let W // G be the induced GIT quotient, projective over
Spec AC. We insist that

* D F# W =W
* W? is nonsingular
* G acts freely on W*

Then there is well-defined quasimap moduli space for X = W//G. There are many varieties which admit
a presentation of this form, for example, toric varieties, Grassmannianns, Nakajima quiver varieties. In this
setup, X naturally sits as an open set inside the full stack quotient [W/G] as [W?®/G]. Stable maps were maps
from marked curves to X itself, and quasimaps are supposed to be maps to X where the map is allowed to
have some basepoints. The way to make sense of this in the most general case is to consider maps to [W/G],

where the basepoints correspond to points of the curve mapping to the unstable locus of W.
Definition 3.1.2 A k-pointed, genus g, quasimap of class p € Hom(Pic® W, Z) to W // G consists of the data
(Cp1-ee i)
where
* (C,p1,...,px) is a connected, at most nodal, k-pointed projective curve of genus g,
 u:C— [W/G|ofclass B (i.e. B(L) = deg-u*L)
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Such that there is a finite (possibly empty) set B C C such that Vp € C \ B we have that u(p) € W=.

Example 3.1.3 PN = ANT1//G,, where the action is weight one on each coordinate with the linearisation id € x(Gy).
A morphism

C — [ANT1/G,)]
is by definition a principal G,-bundle P, over C, together with a G-equivariant morphism P — ANTL. This is
equivalent data to the associated fibre bundle P x g, AN, which is N + 1 copies of the line bundle L = P xg,, A" and
a section u = (uy, ..., uyn) € H°(C, L)®N. This recovers the data from the motivating example

Example 3.1.4 Generalising (or using 2.9 where ¢ = 1), the Grassmannian Gr(r,n) = A™ //GL(C). As before
a morphism from a curve

C — [A™/GL,(C)]

is a principal GL, (C)-bundle with an equivariant morphism to A™. This time the associated fibre bundle P X g1 ¢y A™

is n-copies of a rank r vector bundle V = P x gL, A", which comes with a section u = (uy,...,u,) € H°(C,V)®".

Definition 3.1.5 The quasimap is called prestable if the basepoints are disjoint from the nodes and the markings on C.
It is called stable if it is prestable and wc(ﬂ-‘:l pi) ® L€ is ample for all € € Q~q, where L is the line bundle induced

by the linearisation.

Remark 3.1.6 Just as in Gromov-Witten theory, stability can be reinterpreted as a numerical condition on each compo-

nent. Namely, a prestable quasimap is stable if and only if
o Every rational component contains at least 2 special points

* The line bundle L has positive degree on every rational component containing exactly 2 special points and every

elliptic component containing no special points.

One of the key features of this characterisation we will use in later sections is that stable quasimaps cannot
have rational tails i.e. curve components of genus-zero with a single special point.
Generalising this definition leads to the notion of a family of stable quasimaps over a scheme S, and one can

define a morphism of such families, leading to

Qen(W//G,B)

the moduli stack of stable quasimaps.

Theorem 3.1.7 [CFK10, 4.03] The moduli stack Qg (W // G, B) is a Deligne-Mumford stack of finite type. If W// G
is projective, then Qg (W // G, B) is proper over Spec(C). In general, it has a natural proper morphism

Qen(W//G,B) — Spec(A©).

The moduli space Qg (W //G,B) also admits a perfect obstruction theory relative to M, as in the stable
maps case. Recall in the case of the moduli space of stable maps ﬂg,n (X, B) the perfect obstruction theory is
given by

* \
(R7I*f TX) — Lﬂg,ﬂ (X/ﬁ)/mg'”
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where 71 : C — Mg, (X, B) is the universal curve and f : C — X is the universal map. In the case of quasimaps

there is still a universal curve 77 : C — Qg (W //G, B), but the universal morphism goes to [W/G] instead.
Theorem 3.1.8 If W has only l.c.i. singularities, then

(R Ty )" — Lo, (wiGp)/mg,

is a perfect obstruction theory, where Ty | denotes the tangent complex of [W/G]. This leads to the virtual funda-
mental class [Qgn(W// G, B)]'" € Avdim(Qgn(W//G,B)).

Since the basepoints are not allowed to coincide with markings, there are evaluation maps
evi: Qen(W//G,B) = W//G.

As in the Gromov-Witten case, one can define i-classes as the first chern classes of the pullbacks via the

sections of the relative dualising sheaf w;. Then, quasimap invariants (with descendants) are defined as

; ,
eviwy - evya, ~ Pl — P

/[Qg,n(Xrﬁ)}Vir

There is a variant on this theory, first studied in [Tod11], known as e-quasimaps, which takes inspiration
from and is related to Hassett spaces [Has03]. The idea is that although the moduli spaces for quasimap
theory and Gromov-Witten theory differ, one can interpolate between the two, depending on a parameter
€ € Qs, where large € recovers Gromov-Witten theory and small € recovers quasimap theory. After fixing
numerical data, there are finitely many chambers which give genuinely different compactifications. Roughly
speaking, as € grows the moduli space allows for more rational tails and fewer basepoints, as long as there is
enough degree on the component. The main reason for introducing this variant is that there are wall-crossing
formulas which relate the invariants of e-quasimaps for different € [CIT09} [Zho22], which in particular relate
ordinary quasimap invariants to Gromov-Witten invariants. In the genus-zero case, this gives an enumerative

interpretation for the mirror map.

3.1.2 Toric Quasimaps

For the rest of the chapter we will restrict to the case of X a smooth projective toric variety. Recall that a fan for
X induces a presentation as a GIT quotient X = A/*M|//G$, [Cox95|, Theorem 2.1]. A quasimap to X is given
by a morphism

C— [AFWI/Gs).
By taking the associated fibre bundle to the defining principal bundle we can see that this morphism is defined

by |2(1)| line bundle-section pairs (L;, #;) on C

Li =P xg;, A'

ayl

C
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where the action of G, is given by g;, the i" column vector of the weight matrix defining the action of G,
on APl These line bundles are not independent, there are isomorphisms c,; : ®li(11)‘ L?m" = Oc for

m = (my,...,mz)) such that Zl‘i(ll)‘ m;a; = 0. On the other hand there is an exact sequence on X
0—M—2ZFD 5 PicX -0

where the first map is defined by the rays of the fan and the second map is defined by the weight matrix. So
we have isomorphisms ¢, : ®E(11>‘ L?m" & Oc form = (my,...,mx) ) in the kernel of 7=l 5 Pic X, in
other words for each m € M. In fact, in the earlier set up of toric quasimaps [CEK10], the authors define toric

quasimaps as follows.

Definition 3.1.9 Let N be a lattice, let > be a (complete) fan in N. Let X = Xy be the toric variety associated to this
fan and assume it is smooth and projective. Let Ox (1) = @, Ox(D,)** be a fixed polarisation of X. Fix non-negative

integers g, n and an effective curve class B. An n-marked stable toric quasimap of genus g and degree 3 is

(Coprv- P ALps i oesa), {embmem)
1. (C,p1,-..,pn) is an n-marked prestable curve of genus g
2. the L, are line bundles on C of degree Dy - B
3. the u, are global sections of L,
4. cy, are isomorphisms cy, : ®p Lf)m'v” ) o Oc¢
which satisfy

1. (Non-degeneracy) 3 a finite set B C C distinct from the nodes and markings such that ¥¢ € C\ B, 3 maximal cone
0 € Xmax such that Vo ¢ o we have that u,(c) # 0

2. (Stability) wc(p1 + - -+ + pn) @ L is ample Ve € Q~o, where L = @, L?a"

3. (Compatibility) cm @ Cpy = Cpyyr, Ym,m' € M

One can show [CFK10, 3.1.3.] that this definition doesn’t depend on the polarisation of X, and moreover
the non-degeneracy condition coincides with the condition in Definition In what follows will use both

interpretations of toric quasimaps.

3.1.3 Toric Quasimaps with Divisors

In this section we will spell out how we treat tangency in the case of quasimaps. Let f : C — X be a morphism,
with C a prestable curve. Suppose D C X is a (smooth) divisor in X defined by the line bundle-section pair
(Ox(D),sp). When we say that f has tangency a at p € C, with f(p) € D, we mean that f*sp = A - t* for
t a local parameter for C around p and A a scalar. In the case of quasimaps we have no morphism to X so
we cannot pullback the line-bundle section pair (Ox(D),sp) to the curve. We do have a morphism to the full

quotient stack [AIZ(M|/GS,]. In fact (Ox(D),sp) defines a line bundle-section pair on [A =11 /G,] which we
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can pullback. We take this perspective later but now we use a more concrete construction, explained in [BN21}
2.3].
First, note that

H(X,0x(D)) = <ng” 1) ap[Dp] = [D]>
P P

where the x, for p € X(1) are the generators of the homogeneous coordinate ring of X and the a, are non-

negative integers. We can therefore write sp as

where the a = (a,) € INZ(1) are exponents and the c;, are scalars. This allows one to define
up=Y, ca]Juy’ € HO(C,®L§M”)
a=(ap) P

where the summands a priori are sections of different line bundles, but are in fact all isomorphic by the exact
sequence

0 — M — ZFOI 5 Pic(X) — 0.

This gives us a line bundle-section pair (Lp, up) which is well-defined up to isomorphism.

Definition 3.1.10 Let (X, D) be as above and suppose we have a family of stable quasimaps over a scheme S from a

family of curves C to X. Then we define the morphism induced by D to be the morphism
C — [A'/Gy]
defined by the above line bundle-section pair on C.

Remark 3.1.11 If instead of a smooth divisor we have a simple normal crossings divisor D = Dy + - - - + D, then each
component is given by a line bundle-section pair (Ox(D;),sp,). Thus, we get r induced maps to [Al/G,,). Together
these give a morphism

C—[A"/G},]

which we once again call the morphism induced by D.

Suppose we have fixed a fan giving X, a smooth projective toric variety and D = D;j + - - + D, a sim-
ple normal crossings divisor. Fix the discrete data g,n and p which determine the quasimap moduli space
Q¢n(X,B). Now we want to consider quasimaps with tangency to D, so choose («;);;, an r x n matrix of
non-negative integers such that 27:1 a;; = D;- B. We could consider the substack of quasimaps which hit D;

with tangency «; ; at the marked point p;. However, this substack is not proper.
Example 3.1.12 Consider the family of genus 0, degree 2 quasimaps (in fact stable maps) given by

G, x P! — P?

20 : z1] — [t23 : 25 : 27]
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with py = [0 : 1] and pp = [1 : 1]. Let D be the hyperplane Z(xo) and (a1, a2) = (2,0). It is clear that for t # O the
(quasi)map has tangency 2 at py since tz3 vanishes to order 2. On the other hand the limit is given by

20 :z1]) > [0: 23 : 23]

and so the entire curve is now mapped into D. The limit does not hit D with tangency 2 at py as the pullback of xg

vanishes identically on the curve, so this substack will not satisfy the valuative criterion of properness.

Since we require a proper moduli space in order to define invariants, we will need to compactify this locus
in some way.

In [BN21]], the authors restrict to genus zero, and the case where the divisor D is smooth and very ample,
by mimicking the solution of Gathmann for stable maps [Gat02]. Namely, they take the closure of the locus
described above in the space Qy (X, B). This closure is not smooth, however, since the divisor is very ample,
there is an embedding X < P inducing a map Qq,(X, ) — Qo (PN, d), the target of which is smooth
(which is true only in genus-zero). This fact can be used to put a virtual fundamental class on Qy ,, (X, B).

In order to build a more general theory we will instead appeal to the modern solution of [GS13] (Chel4,
AC14] using logarithmic structures. Roughly this endows both our curve and our target with extra structure
which can encode ‘tangency’ even if the curve component maps into the divisor. More comprehensive intro-

ductions to logarithmic geometry include [Grol11 Nab19, ACG™13].

3.2 Logarithmic Geometry

The precise definition of a logarithmic structure on a scheme X is a certain sheaf of monoids with a map to
the structure sheaf. The idea is to mimic toric geometry. The sheaf of monoids picks out certain functions or

generalised functions which behave like monomials on a toric variety.

Example 3.2.1 Consider the toric variety A'. Picking a coordinate function on A' means giving a monomial which

cuts out the toric boundary (just the origin). All toric morphisms AL — A; are of the form
1 1
Ay — Ay
x — x%.

Since monomials must pull-back to monomials under toric morphisms, if we think of (AL,0) as our curve (C, p) with

marking p, and we think of (A;, 0) as our target (X, D) then this provides the connection to tangency.

Take any smooth variety X of dimension n, with a smooth divisor D. Suppose we have a marked curve
(C,p) and a morphism f : (C,p) — (X, D) with f~1(D) = p. Etale locally around f(p) on X we can choose

achart X D U = Ay . such that in these coordinates D is given by {y; = 0}. The toric structure on A"

Y
singles out all monomials i.e. of the form yill e y;” but there is a logarithmic structure on A" which distinguishes
functions of the form )\yil (for A a scalar). The curve (C, p) is locally isomorphic to (Al,0) and in these charts
f is a logarithmic morphism if f : A" — A" is such that f*y; = Ax” for some scalar A.

On both the curve and the target the collection of these distinguished functions glue together to form a
sheaf which naturally includes into the sheaf of functions. It is a sheaf of monoids because you can multiply

two monomials together and still get a monomial but you can’t add them.
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Definition 3.2.2 Let X be a scheme. A logarithmic structure on X is a sheaf of monoids M x together with a morphism
a1 Myx — Ox (with the operation of multiplication) such that a=1(O%) = O%. We call (X, Mx) (or just X) a

logarithmic scheme.

Remark 3.2.3 Ifwe have o' : M — Ox but a'~1(O%) % O%, one can form the associated logarithmic structure by
taking
M@ O

MX = Tl (m)=1) - (m) € OF)

mapping via a([m, f]) = & (m) - f.
Example 3.2.4 Let X be a variety and D a closed subset of pure dimension 1. Then the divisorial logarithmic structure
is given by the sheaf of monoids
Mx(U) = {f € Ox(U) : flx\p € Ox}
and the morphism o : Mx — Oy is just the inclusion of functions.
If the function is invertible away from D then it vanishes only along D, which means this sheaf picks out the
local functions cutting out D. Although this example produced a subsheaf of the structure sheaf, the general

definition does not require Mx to be a subsheaf of the sheaf of functions. It is this flexibility which allows

logarithmic geometry to account for tangency in the limit.

Definition 3.2.5 Given f : X — Y and logarithmic structure (Y, My) we can define the pullback logarithmic

structure (X, f*My) as the logarithmic structure associated to
fMy = f1Oy — Ox.

Example 3.2.6 Consider A" with the divisorial logarithmic structure M a1 with respect to the origin. Consider the
inclusion of the origin i : SpecC — A'. The pullback logarithmic structure remembers the coordinate function on A'

even though we have restricted to a subscheme where that function is identically 0. Concretely, in this example

"Mpr =G @IN = C
Aifn=0
(A, n) —
0if n#0
Thinking of (A, n) as ‘A - x", the logarithmic structure remembers the coordinate monomial x, encoded as the element

(1,1) € G & N.

Now we can understand the idea behind how logarithmic geometry can ‘remember tangency’. First we
include the definition of a morphism of logarithmic schemes, which is just a morphism of schemes, together

with a compatible way to pullback monomials.

Definition 3.2.7 A morphism (f, f*) : (X, Mx) — (Y, My) of logarithmic schemes is a morphism of schemes f :
X — Y together with a morphism of sheaves of monoids f° : f~' My — M such that the following diagram commutes

FIMy L My

lfﬁlﬂéy , J”‘X )

oy L oy
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If the logarithmic structure on X is isomorphic to the pullback logarithmic structure from Y, we call the map strict.

Example 3.2.8 Consider 7t : Af/x — A}, thought of as a family of (affine) curves for varying t. If we equip A and
A with the divisorial logarithmic structures coming from their toric boundaries then the projection 7 is a logarithmic
(in fact toric) morphism since "t = t. Now upgrade this to a family of maps to the target A; (also with the divisorial

logarithmic structure with respect to the origin) given by

(t,x)—tx?
A7, — A,
Aj

Scheme-theoretically this is comparable to Example[3.1.12} For any t # 0 the fibre maps with tangency a, but when t = 0
the entire fibre maps into the origin so there is no notion of tangency. On the other hand if we think of this as a diagram
of logarithmic morphisms, then we can restrict to the fibre over t = 0 and pull back the logarithmic structure. This
logarithmic structure remembers not only the distinguished function x but also the function t coming from the ambient
A2, Moreover, the data of the logarithmic morphism includes with it the map of monoids N — IN?,1 — (1,a) which
remembered that the pullback of y is equal to t'x®. This means the extra data of the logarithmic morphism can be defined

to be a generalised tangency and it knows when it is the limit of a family which genuinely had that tangency.

Remark 3.2.9 The map of monoids N — IN? came from the map f° from Deﬁnition by modding out by invertible
functions. Since tangency just depends on the exponent it is often useful to do this. In general given (X, Mx) we let
Myx: = Mx/O% and call this the ghost sheaf. The pullback f* induces a map f~"My — Myx.

General logarithmic structures can be quite wild so one almost always restricts to a certain class of loga-

rithmic structures which have a close connection to toric geometry.

Definition 3.2.10 Consider a monoid P, and form Spec C[P]. There is a natural map P — C[P]. Let Spec(P — C[P])
be the logarithmic scheme given by taking the associated logarithmic structure. If P = 0¥ N M, for o a rational polyhedral
cone in a lattice dual to M, then Spec C[c¥ N M] is the associated affine toric variety and the associated logarithmic

structure is the divisorial logarithmic structure with respect to the toric boundary.
Toric monoids, corresponding to rational polyhedral cones, satisfy certain special properties.

Definition 3.2.11 We say that a monoid P is integral if p +r = q+r = p = q,Yp,q,r € P. We say it is finitely
generated if there is a surjective monoid homomorphism IN" — P. We say it is saturated if for any element p € P8P,

the groupification of P, and n € IN we have that np € P = p € P.

Remark 3.2.12 If P = ¢ N M, then P is finitely generated, integral and saturated. In fact if P satisfies these three

properties and in addition is torsion free, then P comes from a rational polyhedral cone.

Definition 3.2.13 A logarithmic structure on X is fine if locally on X there are morphisms P — Ox where P is finitely
generated and integral, whose associated logarithmic structure is the one on X. Equivalently, the induced morphism
X — Spec(P — C[P]) is strict. We call these morphisms charts. The logarithmic structure is fine and saturated (or

f.s.) if P is also saturated.
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Example 3.2.14 Let X be a smooth variety, D a smooth divisor and endow X with the divisorial logarithmic structure

w.r.s.t. D. X can be covered by opens U, where D is cut out by a function f. This function defines a morphism

U — A' = Spec(N — C[N])

p f(p)

Which gives charts for the logarithmic structure.

We could have done away with charts in this instance. It is true that there is not necessarily a global mor-
phism X — A! which cuts out D, because the local functions from 3.2.14|may differ on overlaps by an invert-

ible function. However, there is a global morphism
X — [A'/Gy)

Furthermore, the logarithmic structure on X is pulled back from the divisorial logarithmic structure on
[A'/G,,] w.r.s.t the stacky origin. This is the first instance of what is known as an Artin fan. For more on Artin

fans see [ACM™16].

Remark 3.2.15 In fact since a morphism X — [A'/G,y] is literally the data of a line bundle-section pair (L,s), one
can always pull back the logarithmic structure on [A'/Gy,) to get the logarithmic structure defined by (L,s). If X
is smooth and (L,s) is just (Ox(D),sp) for D some divisor then we recover Example However it may be that
s vanishes entirely on X, or on components of X. In general the logarithmic structure is the one associated to the sheaf
which on a trivialising open set for the line bundle L is (n,a) where n € IN and a a local generator for (LV)®". The

morphism to Oy is given by (s¥)®" : (LV)®" — Ox.

3.2.1 Logarithmic Curves

When attempting to translate the theory of stable maps (and quasimaps) into the language of logarithmic
geometry one needs to first understand how the theory of (pre)stable curves fits into this framework. Prestable
curves are not arbitrary projective curves but can have at worst nodal singularities, which, in families can
give rise to toric singularities. This fits in well with logarithmic geometry. Namely, a family of prestable
curves C — S is not necessarily smooth but can always be made to be logarithmically smooth with appropriate
logarithmic structures on C and S. The logarithmic structure on the base is crucial, for example a nodal curve
over SpecC can never be made to be logarithmically smooth over SpecC if the latter is equipped with the
trivial logarithmic structure. Smoothness can be defined using the infinitesimal lifting property for maps of

schemes, logarithmic smoothness is characterised similarly, but for maps of logarithmic schemes.

Definition 3.2.16 A morphism X — Y of fine logarithmic schemes is logarithmically smooth if it is locally of finite

presentation and satifies the infinitesimal lifting property in the logarithmic category for strict square zero extensions.

Theorem 3.2.17 (Kato’s Criterion) Let f : X — Y be a morphism of fine logarithmic schemes. Assume we have a chart

Q — Oy, where Q is a finitely generated integral monoid. Then f is logarithmically smooth if and only if, étale locally
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on X and Y, there is a diagram
X —— SpecC|P]

| |

Y —— SpecC|Q]

Where the top horizontal row comes from P — Ox a chart, and the righthand vertical arrow comes from Q — P such

that the induced morphism X — Spec C[P] Xgpecc[q) Y is smooth.

Logarithmic curves will be defined to be logarithmic schemes over a base with the structure morphism

being logarithmically smooth. There is also a description of what this can look like locally.

Theorem 3.2.18 [Kat00, 1.8] Let (C, M) — (W, M) be a logarithmically smooth and integral morphism of fine
and saturated logarithmic schemes. Suppose (W, My) = (Spec A, Q) given by the chart ¢ : Q — A for (A,m) a

strictly Henselian ring. Then étale locally C is isomorphic to one of the following.
o AL with the logarithmic structure induced from the homomorphism
Q= Alxl, g 0(q)

o AL with the logarithmic structure induced from the homomorphism

Q&N — Alx], (g,1n) — o(q)x"

* Spec(Alx,y]/(xy —t)) with t € m and with the logarithmic structure induced from the homomorphism

QenN? = (Alv,yl/ (xy — 1)), (4, (a,b)) = o(g)x"y’
Where Q & IN? defined by N — IN?, 1+ (1,1) and N — Q given by some element p; € Q.
In the first case there is no interesting logarithmic information, everything is pulled back from the base and
scheme-theoretically this is just a neighbourhood of a smooth point. The second is also a neighbourhood of a

smooth point but now there is a section given by z which marks the point z = 0. The third case is of a node

and the includes the information of an infinitesimal smoothing.

Example 3.2.19 Consider Spec(C[x,y]/(xy)) and Q = IN with the chart N — C sending 1 — 0. If p; = k € N
then C[N @n N?] = C[x, y, ]/ (xy — t*) and so we obtain the diagram

Spec(Cl[x,y]/ (xy)) — Spec(Cl[x,y, ]/ (xy — t*))

| l

SpecC SpecClt]

Giving a smoothing of the node.

Definition 3.2.20 An n-marked, genus g logarithmic curve is a logarithmically smooth, integral morphism of fine and
saturated logarithmic schemes (C, Mc) — (W, My ) with sections s; : W — C such that every geometric fibre is a

reduced and connected curve and such that the points corresponding to case (2) coincide with the markings.
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Remark 3.2.21 If we drop the saturated condition then Spec(IN \ {1} — C[IN \ {1}]) is logarithmically smooth but
Spec(C[IN \ {1}]) = Spec(C[(2,3)]) = Spec(C|[t?,t3]) = Spec(C|[x,y]/ (y*> — x3)) is the cuspidal cubic.

Fixing ¢ and 1, the moduli space 2, , is an Artin stack parametrising genus g, n-marked, projective curves
with at worst nodal singularities. The locus of singular curves defines a normal crossings divisor on 90 ,
which determines a logarithmic structure on 91, ,, defined using the smooth topology. Similarly, the universal
curve € — 9 , admits a canonical logarithmic structure determined by the preimage of the locus of singular

curves together with the sections corresponding to the markings. This makes the morphism
(Q:’ M@) — (mg,n/ Mmg,n)

into a logarithmically smooth, integral morphism.
This produces a way to produce a canonical logarithmic structure on a prestable curve C — S by pulling

back the logarithmic structures via the diagram

E— mg,n

making (C, M¢) — (S, M) into a logarithmic curve.
Concretely, if S = Spec C so that C is some n-marked, genus g, prestable curve, let k be the number of nodes

on C. Then the corresponding logarithmic structure on Spec C is the one associated to the chart
NF = C (3.1)
ej — 0. (32)
Each generator corresponds to a different independent parameter t; which smooths the i node locally as
xy =t;.
On the other hand there are many different logarithmic structures on C — S making it into a logarithmic

curve. The one pulled back from € — 9, , is called the basic or minimal one and has the property that any

other logarithmic structures making C — S into a logarithmic curve is pulled back from this one.

Theorem 3.2.22 [ACG™ 13| Theorem 4.11] Let C — S be a (pre)stable genus g curve with n marked points and endow
it with the canonical log structure above. If (C', M) — (', M) is a logarithmic curveand a: " — Sandb : C' — C
are morphisms such that C' = C x s S and such that the divisors of marked points in C" are sent scheme-theoretically to

the divisors of marked points in C, there are unique lifts of a and b to morphisms of logarithmic schemes such that

¢ t,c

L]

s =S
becomes cartesian in the category of f.s. logarithmic schemes.

3.3 Moduli Space of Logarithmic Quasimaps

Let X be a smooth projective toric variety associated to a fan ¥ and D = Dj + --- + D, a simple normal

crossings divisor. In this section we will define the moduli space of logarithmic quasimaps to X|D. We will

56



mimic the strategy of the construction of the corresponding moduli space of stable logarithmic maps in [Chel4)
AC14]. Namely, we will construct the moduli space in the case when D is smooth and use this to produce the
general moduli space. The key point will be that although there is no genuine map from a curve to X, we have
the induced morphism[3.1.11|which contains all the data concerning tangency. It is this morphism which we will
make logarithmic in order to compactify.

An alternative way to approach the problem is to equip the quotient stack containing X with the divisorial
logarithmic structure with respect to the closure of D and form a moduli space of logarithmic maps to this
quotient stack. This is essentially equivalent, but phrasing it as above allows us to take advantage of existing
moduli spaces. Specifically, in this section we can take advantage of the moduli space of logarithmic maps to

[A/G).

Definition 3.3.1 Let g, n be non-negative integers and let « = (a1, ..., ) a tuple of non-negative integers. A family

of logarithmic maps to [A' /Gy, over (S, M), a fine and saturated logarithmic scheme is a diagram

Cs —— [A'/Gy]

| |

S — > pt

where Cs — S is an n-marked family of genus g, logarithmic curves and Cs — [A'/Gy] is a logarithmic morphism
to [A'/Gy) equipped with the divisorial logarithmic structure with respect to the origin, with contact orders a at the

markings.

As in with the case of logarithmic curves, there is a notion of minimal logarithmic map, satisfying
a universal property, and such logarithmic maps form a logarithmic algebraic stack. We will use the word

minimal to refer to the maps case and the word basic when referencing just curves.

Theorem 3.3.2 Minimal logarithmic maps form a logarithmic algebraic stack sm;";%([Al /Gn)) [AW18b, Proposition
3.3l

Remark 3.3.3 The logarithmic structure on S)'JT?E( [A'/G)) is the divisorial logarithmic structure with respect to the
complement of the locus of maps to [A'/G,y] from smooth curves which hit the origin in finitely many points. With
respect to this logarithmic structure 9ﬁ1g°§( [A'/Gy)) is logarithmically smooth [AWI8D, Propoisition 1.6.1].

Any logarithmic map to [A'/G,,] (not neccessarily minimal) has certain discrete data coming from the

induced map on ghost sheaves. Given

C —— [AY/Gy)]

!

(SpecC, Q)

and suppose the scheme-theoretic map corresponds to the line bundle section pair (L,s). We get an induced

map forany p € C
ML,p — MC,p
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where M is the logarithmic structure on C associated to (L,s). The source is either 0 or IN depending on
whether or not s(p) = 0. This means for each p € C we automatically get an element Mc,p which is either 0

or the image of 1. Below are the possible cases

1. If p is a smooth point or the generic point of a curve component C’ C C on which the section vanishes

identically then we call the image of 1, ecr € Mc,, = Q.

2. If p = p; € Cis a marked point then M¢,, = Q ® N by[3.2.18 The image of 1is (ecs, &;), where C' is the

component containing p.

3. If p € Cis anode, if s(p) = 0 and the two adjacent branches are C; and C; then
ML,P =N —= QanN?= Mc,p

is determined by the maps from (1) on the two branches. Moreover, we can choose an ordering of the

branches such that we get a non-negative integer ¢, such that

Ecl — ECZ = Cypy
where p, is the element giving the smoothing of the node.

Remark 3.3.4 Note that in case (2), if s does not vanish entirely along C' then w; is the order of vanishing of s at p;, in

other words, the genuine tangency of C' along the origin at p;.

Lemma 3.3.5 In case (3), suppose the section s vanishes entirely along Cy but not Cy. Then cg is the tangency of C;

along the origin at p.

Proof 3.3.6 For simplicity assume Q = IN. Then locally around the node the logarithmic morphism (C, M¢c) —
(Spec C,IN) is pulled back via the diagram [3.2.19, By the geometric description we know that s is given by the reqular
function x” for some a € IN where Z(x,t) = Cy and Z(y,t) = Cy. In fact a is exactly the contact order of Cp. On the

another hand there is a diagram given by generization maps

N = lem EE— ﬂc/m =N

| |

N = ML,O E— MC,O =N &N N2
Since the bottom horizontal map is given by 1 — [(0, (a,0)] and the right vertical map sends [0, (1,0)] — k we have

that the ec, = a-k = ¢y - py, s0 c; = a is the tangency.

Remark 3.3.7 The minimality condition can be phrased as follows. Consider the dual graph G of the underlying curve

C. Consider the monoid (e,, e;) for v a vertex of G and ¢ an edge of G, subject to the following equations
1 e = Oifecv/ =0
2. ey, — ey, = cyey (oriented appropriately).

Let M(G) be the monoid obtained my modding out by torsion and then saturating. Then the logarithmic map is minimal
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3.3.1 Construction for D smooth

Definition 3.3.8 Let g, n be non-negative integers, let B be an effective curve class on X and let D be a smooth divisor.
Let & = (a1,...,&y) be a tuple of non-negative integers such that y' ; a; = D - B. Define QIOg(X|D, B) as the fibre
product of stacks

QZH(X|D, B) —— ME(A'/Gy))

l lm

Qun(X,B) —= Mgn([A/Gu)
Here Mg ([A'/Gyy)) is the stack of maps from n-marked curves, genus g prestable curves to [Al/Gy,). The morphism
71 is given by associating to a stable quasimap the induced map to [A'/Gy), as in and 71y is given by forgetting

the logarithmic structure.

Remark 3.3.9 We equip ngog(x |D, B) with the logarithmic structure defined by pullback via the morphism
QeR(X|D, B) — M (A /Gu]).

Proposition 3.3.10 The moduli stack ng (X|D, B) is a Deligne—Mumford stack.

Proof 3.3.11 Since both QIOg (X|D, B) is a fibre products of algebraic stacks it is automatically algebraic. The fact that
it is a Deligne—Mumford stack will follow from the fact that the morphism 71y is representable, which is true by [GS13|

Proposition 1.25]. Given any cartesian diagram of algebraic stacks
Xxzgy — Y

| |

x "2z
with X Deligne—-Mumford and mp representable, then we can use the criterion [Cad07, Lemma 3.3.2] to show that
any object (x,y, M), where x € Ob(X),y € Ob(Y),A : m1(x) ~ mp(y) must have finitely many automorphisms
(¢x, @y) € Auty(x) x Auty(y). There are finitely many automorphisms, @, as X is Deligne-Mumford, but that fixes
o (@y) = Aomi(@x) o A~L. On the other hand, 7ty is representable so it is an injection on automorphism groups, which

determines @y,.
Lemma 3.3.12 The moduli stack QI?E(X|D, B) is of finite type.

Proof 3.3.13 By [AW18D, 3.2] Smk)g([Al / Gwm]) is locally of finite type, therefore it suffices to show that QIOg(X|D, B) —
sml"g ([A'/Gn)) factors through a finite type substack of mlOg ([A'/Gn)). But this follows from the fact that once we

have fixed numerical data g, n, B, the number of components of the curve occurring in Qg (X, B) is bounded.
Proposition 3.3.14 The moduli space ng",%(x |D, B) is proper.

Proof 3.3.15 Since Qg (X, B) is proper by to prove properness of Q};Q‘?(X\D, B) it suffices to prove properness
of the morphism 9)?}3,0,% ([AY/Gn]) — Men([AY/Gy)). In fact, properness of 1 essentially follows from [Chel4,
Theorem 6.1.1.] (as well as [[GS13], Theorem 4.1]) using the weak valuative criterion. The weak valuative criterion is as

follows. Let R be a discrete valuation ring with quotient field K. Suppose we have a diagram

SpecK —— Em;g([Al/Gm])

l !

SpecR —— My, ([AY/Gu))
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Then after potentially a base change via an injection R — R’ of DVRs inducing a finite extension of fraction fields there
is a unique morphism Spec R' — Dﬁlgog( [A'/Gy)) making the diagram commute. We include a summary of the steps

of the arqument as in [Chel4, 6.1.1]. We can separate the criterion into showing existence and uniqueness.

Existence

First we spell out what the diagram entails. The morphism Spec K — Dﬁ}go,;f([l/\l /Gn)) is a family of minimal logarith-
mic prestable maps to [A'/Gy,|, in other words an n-marked genus g logarithmic curve (C, Mc) — (SpecK, Q) for
some f.s. monoid Q, a line bundle-section pair (L,s) on C and a morphism M| — M where M is the logarithmic
structure induced by (L,s) The composition Spec K — ngfg([Al/Gm]) — Mg n([A/Gy)) is just the data
of (C,L,s) (with the markings). The morphism Spec R — Mg ([A'/Gy)) is (C, L, s") with C — Spec R and (L, s')

a line bundle-section pair which together restrict to (C, L, s) over Spec K.

Step 1

The first step is to put a logarithmic stucture on the base Spec R. To simplify things we take the minimal logarithmic
prestable map over (Spec K, Q) and base change to (Spec K, IN) via a morphism Q — IN. Consequently, the element
1 € IN under the morphism N — Mc gets sent to the parameter corresponding to the smoothing of each of the nodes in
the local models We get a new family of (not necessarily minimal) logarithmic maps to [A' /G,y which we still
label (C, M) — (SpecK,IN) and M| — M where M is the logarithmic structure induced by (L,s). It suffices
to construct a logarithmic map over Spec R (not necessarily minimal) which restricts to this one over Spec K. This is
due to the universal property of minimality, which states that any logarithmic map can be pulled back from a minimal
logarithmic map, and the pullback is unique up to unique isomorphism. Now define the logarithmic structure Mpg on
Spec R via the chart

N2 R, ex — 0, e; — ¢

where ex = (1,0),e; = (0,1) and t is the uniformizer of R.

Step 2

The next step is to make C into a logarithmic curve over (Spec R, Mpg) extending (C, M¢c) — (SpecK,IN). Since
every basic logarithmic curve has its logarithmic structure pulled back from the canonical logarithmic structure from
¢ — My, giving (Spec R, M¢ ), it suffices to provide a morphism Mc,r — My extending the morphism from
Mk defining the logarithmic structure on C — Spec K. But we know by that M, R,(+) is generated by ey for £
corresponding to a node. Either the node is smoothed out over Spec R or not. If it is smoothed out then locally it is of the
form xy = t* and so define

ep — key

if not then we use the morphism Mc x — Mg = IN which must send ey — k' for some k. This allows us to define
ey — k'eK
After choosing charts for the logarithmic structures this induces a map M¢,r = Mg.
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Step 3

Finally, we have to build a morphism of logarithmic structures M, — M where M is the logarithmic structure
associated to (L,s") and M is logarithmic structure on C from Step 2. This is done by locally around a point p in the
central fibre, noticing that over the generic point, the image of the (local) generator corresponding to s has contribution
from the base, say k - ex and contribution from a local function u,. If p is not a node which persists over Spec K, then
Chen shows that u, = t" - h' where n € N and h' is some function. In fact, Chen shows [Chel4, Lemma 6.2.1] what the

possibilities for I are.
1. If p is a non-distinguished point, then the local function contribution is u, = t" - h where h is invertible

2. If p is a marked point, with contact order ¢ € IN then the local function contribution is u, = t" - x° - h where x is

the section cutting out p and h is invertible

3. If p is a node which is smoothed out over Spec K then the local function contribution is u, = t" - x° - h where

c € N, x is the local coordinate cutting out one of the branches and h is invertible
Then the only way to extend this over Spec R near p is to send the generator of M to
k-ex+n-e +logh'

using the additive notation of [Chel4l]. The case where p is a node which persists over Spec K is similar, see [Chel4,
6.3.4]. 1t is then shown that after lifting to charts, this construction can be glued together to define a global morphism of

logarithmic structures.

Uniqueness

Recall from that a logarithmic map over (SpecC, Q) is minimal if Q = M(G). Suppose we have a limit of our
family of logarithmic maps. Since the underlying prestable curve is fixed, the dual graph G of the central fibre is also
fixed. If v is a vertex of G corresponding to a component C, on which s # 0 identically then ec, = 0. Also for any edge ¢
of G corresponding to some node, we have that cy is determined (it is either 0 or the tangency of the external component).
But by the equations in this determines M(G) = Q (the orientation is also determined). Chen shows [Cheld) 6.5]

that this implies that any extension is uniquely determined.

3.3.2 From smooth to s.n.c. divisors

Now we will use the moduli spaces constructed above to build the moduli space for D = Dy +---+ D, a
simple normal crossings divisor. More precisely, let X be a smooth projective toric variety. Let g, n be non-
negative integers, let § be an effective curve class on X and let D = Dy + - - - 4+ D,. Let a be an r X n matrix
of non-negative integers a = (oci,]-)i,]- such that Z]' a;;j = Dj- B, and let a; denote the ith row of the matrix. For
simplicity, we will make the additional assumption that the intersection of any subset of the components of D

is connected.
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Definition 3.3.16 Define QIOg(X |D, B) to be the fibre product (in the fine and saturated category)

QLE(X|D,p) — Q¥ (X|Dy, ) x --- x Qg8 (X|D;, B)

l J (3.3)

Qg (X, B) —— Qgn(X,B) X -+ X Qgn(X, B)
where the logarithmic structure on Qg (X, B) is pulled back from M ;.
Proposition 3.3.17 QIOg(X |D, B) is a proper, Deligne—-Mumford logarithmic algebraic stack
Proof 3.3.18 This follows from Proposition 2.6.2 of [AW18b].

Lemma 3.3.19 We could have defined QIOg(X |D, B) as the natural generalisation of| Namely as the fibre product

Q8(X|D, ) —— MGE([AT/Gl))

l J{m

Qo (X, B) — 2 My u([AT/Gl))
and indeed this is equivalent and gives a logarithmic algebraic stack with logarithmic structure pulled back from sml"g( [A"/G})).
Proof 3.3.20 This is essentially the same argument as in [BNR22, 2.2]. By we can rewrite[3.3|as

Q¥ (X|D, B) —— Mgk, ([AL/Gpl) x -+ x M ([AL/Gn])

| |

Qg,n(X,ﬁ) - Smg,”([Al/Gm]) X X gﬁg,n([Al/Gm])

Which fits into a diagram

Qe¥(X|D, B) —— TTiy Mgk ([AY/Go]) xamy, Mg — TTimy Mk, ([A1/Gon))

| | !

Qg,n(X/.B) E— Smg,n([Al/Gm])r oy, Men ——— Emg,n([Al/GmDr

| !

Mo n smg/n

From which we can conclude that the top left commutative square is cartesian. On the other hand we have that

Mo ([A1/Gor)) Xany, M = Mn ([AT/GCly]) and [Ty MgE ([A1 /o)) Xy, M sw = MEF([AT/Gy)).

Remark 3.3.21 The entire construction could have equally been used to build a moduli space parametrising logarithmic
e-quasimaps for any € € Q. This would just involve replacing Qg n(X, B) with Qf (X, B) in the definitions. More-
over, the construction of the virtual fundamental class [3.5also works for any €. We will not make use of this here but it

will be important in any future application for wall-crossing[3.8.5]

3.4 Examples

Having built these moduli spaces, we now examine their geometry in a few simple examples and compare

them with the corresponding moduli spaces in Gromov-Witten theory. We will examine a smooth divisor
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example, a simple normal crossings divisor example and a higher genus example. The first example is strictly
speaking covered by [BN21]], but we include it here anyway to show that even in the cases where the moduli

space is as nice as possible, the quasimap moduli spaces are less complex.

Example 3.4.1 We begin with the simplest case. Let X = PN, let D = H a hyperplane and suppose we are in genus
0, degree d. We let n = 2 be the number of markings and let & = (d,0) i.e. we are considering degree d (quasi)maps to

PN from rational curves with maximal tangency to the hyperplane H at the first marking. We will explain the difference

-1
between Qg?zgd,o) (PN|H, d) and MO(/)EngO) (PN|H, d).
ﬂi)(,)?d,o) (PN|H, d) is irreducible of the expected dimension and we will see in [3.6.7] that Qg,)?d,o) (PN|H, d) is irre-

ducible of the same dimension for the same reason. More concretely, both spaces (or rather their images in Mo, (PN, d)

resp. Qo2 (PN, d)) are the closures of the locus of maps
(P, p1, p2) — P

which are not mapped entirely into the hyperplane and hit H with maximal tangency at p1. Comparing these spaces with
their images in the corresponding absolute spaces is a reasonable thing to do as the maps here are finite and generically
injective. On the other hand, the quasimap spaces do not allow rational tails i.e. curves with rational components with a
single special point. The consequence of this is that the closure in the quasimap space is ‘smaller” than in the stable map
space. We can see this directly on Q%)(,)(gd,o) (PN|H,d) and ﬂ%)(,)?dp) (PN|H, d) by enumerating their boundary divisors
in each case. In both cases the boundary divisors are comb loci. These are loci where the source curve is of the form
CoU - - UG, with C; smooth, C; N Cy is a single nodal point i # 0 and C; N C; = @ for i,j # 0. Moreover Cy contains
the non-trivial tangency marking and gets mapped entirely into H, whereas C; only hits H at the connecting node for
i #0.

A comb locus in the quasimap space can have at most two components for stability reasons. There is a divisor
corresponding to when C = Cy which falls entirely into the hyperplane and d distinct comb loci with two components
C = Cp Uy corresponding to the different possible degrees on each branch. However in the Gromov-Witten space
there can be up to d + 1 components on the source curve of a comb locus. Each external component C;, i # 0 must
have positive degree and so there are comb loci where each of the d external components have degree 1 and the interior
component carrying the maximal tangency marking is contracted. Below we include the number of boundary divisors in

the quasimap and Gromov-Witten case to make the point that the quasimap spaces are much simpler.

1 lo
d - Qy o) (PVIH, d) Mo, (a,0)(PN|H, d)

3
7
14
26
45
75

N || x| W N

1
2
3
4
5
6

Example 3.4.2 We now move on to a simple normal crossings example. In the stable maps case this example comes from

[NR22, 1.2] and the ideas come from [Nab19, 3]. Let X = P? and D = Hj + H, be the union of two hyperplanes. Let
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g =0,d = 2 and let a be given by the matrix
2 0

0 2

In other words we are considering degree 2 (quasi)maps to P2 with maximal tangency to Hy at the first marking and maxi-
mal tangency to Hy at the second marking. In this case we could compare Q log ®(P2|Hy + Hy, 2) and mbof (IP2|Hy + Ha,2)
like in the previous example, and we would get a similar comparison. Namely, both spaces are irreducible by essentially
the same reasoning as the previous example but they have differing numbers of boundary strata. Instead we will make a

different comparison that requires some explanation. Recall that QIOg(]P2 |Hy + Hy,2) is defined via the fibre product

Qlog(H’2|H1 + Hy,2) —— Qlog (IP2|H,,2)

! l

Q% (P?|Hy,2) ———— Q2 (IP2,2)

where a1 = (2,0) and ay = (0,2). This is the same as|3.3.16, we don’t need to use the diagonal because we only have
two divisors. Crucially, this fibre product is taken in the category of fine and saturated logarithmic stacks. This is not
in general the same as the fibre product of the underlying stacks. The same fact is true in the case of stable maps, that

MIOg(]Pz|H1 + Hjy,2) can be defined as the fibre product (in the fine and saturated category).

1 —1
My 8(IP2|Hy + Hp,2) —— Mye (P?|Ha,2)

! J

My (P2|Hy,2) —— Mo (P,2)

0061

Recall from the previous example that ﬂgﬁ, (IP?2|H;,2) — Mop(IP?,2) is finite and generically injective. So we will
momentarily confuse ﬂéﬁ (P?|H;, 2) with its image in Moy (IP?,2). The ordinary fibre product would be the inter-
section of these two spaces. Recall also that these spaces were just the closure of the loci corresponding to maps from
irreducible curves which don’t map into H;. So the ordinary fibre product is something like the intersection of the closure
of these loci. On the other hand ﬂg?f(IPHHl + Hy,2) is also irreducible and maps finitely and generically injectively
into Mo (IP2,2). This image is also the closure of the locus of maps from irreducible curves which don’t map entirely to
either hyperplane. So the difference between the ordinary fibre product and Méof (P2|Hy + Ha,2) is like the difference
between the intersection of the closures and the closure of the intersection. In this case the ordinary fibre product is strictly
larger than ﬂg?f(PHHl + Hy,2). First, by a dimension count we know that MIOg(]l”2|H1 + Hy,2) is 3-dimensional.
On the other hand there is a locus in the ordinary fibre product corresponding to source curves of the form Cy U C; U Cy,
where Cy is attached to C1 and Cy at nodes, both markings lie on Cy and this component gets contracted to the point of
intersection in Hy N Hy. This locus has dimension 3 and forms the only other irreducible component of the ordinary fibre
product. So in this case ﬂb"f(nﬂml + Hjy, 2) is not the same as the ordinary fibre product.

We could try to make the same comparison in the quasimap case between Q Og(]PZ|H1 + Hp,2) and the ordinary
fibre product of QO,al (P?|Hy,2) and ng (IP?|H,,2) over Qo (IP%,2). The dimension counts are all identical but due
to the quasimap stability condition, even in the ordinary fibre product there can be no component with source curve
Co U C1 U Cy with both markings on Cy, because Cy and Cy contain only a single special point. The consequence is that

unlike in the stable maps case, QB?E(]PZ|H1 + Hy,2) is the same underlying space as the ordinary fibre product.
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One interesting reason for pointing out this difference is that the ordinary fibre product can be equipped with a
“virtual’ class leading to invariants. These invariants are equal to the orbifold invariants of the multi root stack given by
rooting P2 along Hy and Ha. The orbifold Gromov-Witten invariants of a root stack are known to coincide in genus-zero
with the logarithmic Gromov—Witten invariants when the divisor is smooth but differ when the divisor is simple normal
crossings. In the case above the difference can be attributed to the excess component in the ordinary fibre product. On
the other hand there is no difference in the quasimap setting, which suggests that the relationship between logarithmic
and orbifold quasimap invariants may be less pronounced. The same phenomenon is present in the local-logarithmic

correspondence (the orbifold invariants and local invariants coincide where this makes sense) and we will explore this in

B2

Example 3.4.3 Let X = PN and D = Hy + - - - + Hy be the full toric boundary, where H; denotes the it coordinate
hyperplane. Then for any valid discrete data ¢, n,d, a we have that ﬂlg(ff(IPN |D,d) = Q?,%(]PN |D,d). Stable maps
without rational tails are stable quasimaps, and stable quasimaps without basepoints are stable maps, so it suffices to show
that neither of these are possible here. Since any non-constant morphism from a rational curve must hit the boundary in
at least two points we must have that this rational component contains at least two special points. On the other hand,
any curve component of a logarithmic stable quasimap which is external to one of the H; cannot have basepoints, because
if it did, that basepoint would necessarily have to be at a point of intersection with H;, but these points are either marked
or nodes. Since NN, H; = @, any curve component has to be external to at least one H;, so no such quasimap can contain

basepoints.

3.5 Logarithmic Quasimap Invariants

In some of our examples from the previous section we found that the moduli space ng(,)l%(X |D, B) was ir-
reducible, and so has an actual fundamental class, in general this is not true. In order to define invari-
ants we will need a substitute for the fundamental class. In this section we will sketch the construction of
a virtual fundamental class on this moduli space of the expected dimension using the formalism of Behrend
and Fantechi [BF97]. Precisely, we provide a morphism to the relative cotangent complex of the morphism
ng‘f,% (X|D,B) — smlg",;% ([A"/G},]) which we prove defines an obstruction theory subject to a lifting criterion of
logarithmic morphisms in terms of logarithmic cotangent complexes generalising to certain algebraic stacks
We then show that this complex is of perfect amplitude contained in [—1,0]. For more on virtual classes
see[3.9

Recall from[3.1.2]that if X is a smooth projective toric variety associated to a complete fan X, inducing a GIT

presentation X = AM //G$,, a stable toric quasimap to X is a morphism
C— [AM/G;)]
satisfying the non-degeneracy and stability conditions.

Lemma 3.5.1 The divisor D induces a logarithmic structure on the quotient stack [AM /G| pulled back from the toric
logarithmic structure on [A"/G},]. Moreover, a logarithmic quasimap to X|D from a curve C, induces a logarithmic

morphism C — [AM/GS,].
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Proof 3.5.2 Taking the closure of D inside [AM /G3,] induces a logarithmic structure defined by a morphism
[AM/G;,) — [AT/G,).

Moreover, this morphism is strict, so the map from the underlying curve of C to [AM /G3,] together with a logarithmic

morphism
C— [A"/G]]
defines a logarithmic morphism to [AM /Gs,].
Therefore we have a diagram
u
CQ Cfm [AM/ Gin]

| !

QY3 (X|D, ) —— MeB([AT/C))

Here Cg and Cyy are the universal curves over the moduli spaces Q};,%(X|D, B) and ﬁ)?lg(l)%([Ar/ Gl,]) and u is
the universal map defined by Furthermore, the square is cartesian in both the fine, saturated and the
ordinary category.

In [OIs03] the author introduces the stack of logarithmic structures. Namely, if (S, M) is a fine logarithmic
scheme, then there is a fibered category Log g 4, ), where the objects over a morphism of schemes T — S is an
enhancement of this morphism to fine logarithmic schemes (T, M) — (S, Mg). The main result of [Ols03]
is that Log g y(,) is an algebraic stack, locally of finite presentation (although without the condition that the
diagonal is separated and quasicompact). Using this, Olsson defines the logarithmic cotangent complex as

follows.

Definition 3.5.3 [OIs05] Let X — Y be a morphism of fine logarithmic schemes. Let X — Log, be the induced

morphism. Define ]Ll;g%, the logarithmic cotangent complex, fo be the ordinary cotangent complex of this morphism.

We will need an extension of this theory to certain algebraic stacks. In [GS13], the authors did this for
Deligne-Mumford stacks by reducing to an étale cover, but instead we repeat the definition to this slightly
more general context.

log

Let IL[ AM/GY]

complex of the morphism to the stack of logarithmic structures

denote the logarithmic cotangent complex of [AM /G3,]. This is defined as the ordinary cotangent

[AM/GS,] — Logc.

Remark 3.5.4 The morphism [AM /GS,] — Log factors through the morphism [AM/GS,] — [AT/G},]. Moreover,

since [A"/G},| is logarithmically étale, the logarithmic cotangent complex is equal to the cotangent complex of
[AM/G;,] — [AT/G,).
Lemma 3.5.5 There is a morphism in the derived category of Q};,%(X |D, B)

*7 log
R7e (L7 g, © @) = Lgios 1, ) oo 1 1)
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Proof 3.5.6 By the functoriality properties of [Ols05l, we get a morphism in the derived category

* log log
Lu ]L[AM/GM — ]LCQ/an

The fact that the morphism Co — Coy is strict tells us that the logarithmic cotangent complex is actually the ordinary
cotangent complex. Combining this with base change properties of the cotangent complex [LMBOO, 17.3 (4)] we have
that

1 ~J ~Y
Lo cm = Leg/cay = LT Lo/
where Q = Q?E(X |D, B) and M = 93"(?‘% ([A'/Gn)). Tensoring this morphism with the relative dualising sheaf gives
Lu'LiE, e @ wr = L' Lo/m ® wr

so, by applying R, and using adjunction, we get a morphism in the derived category

¢ : Ro, (Lu*ILI8 | @ wr) = Lom

(AM/G3,
Now we need to show two things:
1. ¢ defines an obstruction theory
2. £*:=Rm, (Lu*]L10g ® wy) is of perfect amplitude contained in [—1, 0]

[AM/G3]
Proposition 3.5.7 The morphism ¢ defines an obstruction theory (under the condition of Remark .
Proof 3.5.8 This argument follows exactly as in [GS13| Proposition 5.1]. Let T < T be a square zero extension with

ideal ] and let g : T — Q be a morphism. Endow T and T with logarithmic structures pulled back from 9 and pullback

the universal curve to T and T, which we will denote Ct and Cy. We have a commutative diagram

Cr g Co —— [AM/G;)]
% %
T 8 o)
(3.4)
Cr Con

v d

T——Mm
Recall from [IlI71, III 2.2.4] and [Ols06, 2.21] that g extends to a morphism T — Q if and only if w(g) €
Ext!(Lg*ILg on, J) is O where w(g) is defined by

Lg*Lg/m — Ly, — T>—1Ly 1 = J[1]

To show that ¢ defines an obstruction theory we use [BE97| Proposition 4.53]. We show that an extension exists if and
only if ¢*w(g) = 0 and moreover if an extension exists, the set of isomorphism classes of extensions form a torsor under

Hom(¢*E®,]). As in [GS13| Proposition 5.11, a lift exists if and only if uy extends logarithmically to Cy. But using
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log
[AM/Gs,

Remark|3.5.9). Moreover the lifts form a torsor under Hom(Lu’%Ll[?AgM /G p*J). However, just as in [GS13|] we have

[OI505, Theorem 8.53] there is a class o € Ext!(LuiLL I p*]) which vanishes if and only if there is a lift (see

Ext(Lg" R (Lu' Ly | ® W), )

= Extk(Lu*Ll[(;AgM/G%] ® wr, LT'RE.])

a1 -
=Ext‘(Lu ]L[(;AgM /G, R&+P")

I
= Eth(LM*TL[(;AgM/an]/ P*I)

Which when k = 1 sends ¢p*w(g) to the obstruction class o.

Remark 3.5.9 [OIs05, Theorem 8.53] applies to logarithmic schemes, whereas we require this to generalise to the alge-

braic stack [AM /G3,), but we expect this to be standard.

Proposition 3.5.10 R7t, (Lu*Ll[Z\gM/G%] ® wr) is of perfect amplitude contained in [—1,0]

The divisor D = Dj + - -- + D, on X is defined by line bundle-section pairs (L1,s1),...,(Ls,sy). In the

bl
discussion preceding 3.1.11| it was explained that each s; can be written as 5; = Zbi_(bi) Cpi prp . We will
v=p)p 075

denote this s; = s;(x1, ..., xp). These expressions also define the morphism
S:[A"/G;,] — [A"/G],]
(X1, xpm) = (s1(x1, -+, xMm), oo Se (X1, 000, x0M))

There is a distinguished triangle in the derived category of [AM/GS,]

log

LS*]L[A’/GM - ]L[AM/G%] - ]L[AM/G;,]

— LS*]L[A’/GZ,] [1]

The action of G$, on AM is given by the weight matrix of the toric variety X which we will present as

a1 4y ... a M

as1 dsp ... AsMm
By [Beh05] the tangent complex of [AM /G3,] is given in degrees [—1,0] by
0% — O
e; — (ai1x1, e ,aiMxM).

These are regarded as morphisms of equivariant sheaves on AM, where the action is trivial on the source
and given by the weight matrix on the target.

The same reasoning tells us that the tangent complex of [A” /G, ] is given in degrees [—1,0] by

o% — O

e; — (0,...,0,3(1',0,...,0).
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Pulling this back to [AM/G§,] gives the complex
O = 0%y
e; —r (0,...,sl-(xl,...,xM),...,O).

Since both are complexes of locally free sheaves, dual to the morphism between cotangent complexes there

is a morphism T pum /g5 | = LS T|ar /-
Lemma 3.5.11 This morphism T pm g | — LS*T|ar /g, is given by the following commutative diagram

ej—>(8j1X1,-..,8; X M)

/\ y
0%, oM
e;—(deg; Sj){ lejH((?;) (3.5)
tj
Oy Oy
W

Proof 3.5.12 The diagram is certainly commutative. This is equivalent to the statement that for any i = 1,...,5 we
have that forany k =1,...,r
ask aSk
deg.(sg)sx = apnx1=— + -+ aipxXp=—
gi(sk)sk = ain 19x, totaim My
where deg; (sy) denotes the homogeneous degree of sy with respect to the i torus factor. But this follows from differenti-

ating both sides of the equation
S0, A, 0) - (x1, ..., xp)) = A%BGHs(xy, )

with respect to A and setting A = 1.
The morphism [AM /G, — [AT/G},] is given by the data of a group homomorphism ¢ : G, — GP,, together with

an equivariant morphism AM — A’, given by sy, ... ,s,. The group homomorphism is given by the degrees of the s;,

namely (0,...,A;,...,0) — (/\?eg"(sl),/\?eg"(sﬂ, .. ,/\?eg"(sr)). The differential of these maps give the vertical maps in
3.5
Definition 3.5.13 Define the logarithmic tangent complex Tl[;;gM /G5 %8 the derived dual of ILI[ZEM /G
Lemma 3.5.14 The logarithmic tangent complex T}Z\gm /Gs] has cohomology supported in [0, 1].
Proof 3.5.15 Taking the dual distinguished triangle
log log

tells us that we can build Tl[(;\gM/Gm as the shift of the mapping cone of Tipm,gs) — LS*T|ar/gr,). Since the top
horizontal morphism in|3.5|is injective it follows that the mapping cone is actually concentrated in [—1,0] and so after
shifting, "]FI[Z‘;M /Gl is concentrated in [0,1].

By the description as in [CFK10, (5.2.2)] we can also conclude that Lu*'JTI[?AgM /Gs] is also supported in [0, 1].

%

Furthermore we also know that R, (Lu*ll[f‘):g]\/[ /ey ® wy) is quasi-isomorphic to (Rn* (Lu*Tl[Z\gM /G, )) , see

for example [FHMO03] 4.1].
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Proof 3.5.16 (of[3.5.10) We need to show that R, Lu*TlOgM s 1) is of perfect amplitude contained in |0,1]|. First
[AM/G3,] p p

we show that R, (Lu*Tl[?AgM /G ]) is concentrated in degrees [0,1]. This will follow from the arqument of [CEKMI14,

Theorem 4.5.2]. Let C be a geometric fibre of Cg, corresponding to a geometric point i, : Spec C — Q;OE(X |D, B). Let

.. lo,
F* denote the restriction of Lu*T[;M/an] to C so that

. 1 ~ °
LR, (Lu*jr[ij/Gm) ~ RT(F*)

in the derived category. We show that R*T (F*) = 0. We have that H'(F*) is a torsion sheaf. This follows from the fact
that away from the set B of finitely many basepoints on C the morphism u factors through X. Moreover, the restriction

F*|c\p is quasi-isomorphic to T;Og. We have the spectral sequence
E}? = RPT(HY(F*)) = RPHIT(F®) = EP 1A

The second page looks like
H'(C,H(F*)) HY(C, H'(F*))

H(C,HO(F*)) H(C,H(F*))
But by the above we know that H'(C, H'(F*)) = 0. Consequently R’T(F*) = 0.

Using the criterion of [I1I05, §8.3.6.3], the complex Rn*(Lu*Tl[(;AgM /G ]), which is cohomologically supported in

[0, 1], is of perfect amplitude contained in [0, 1] if and only if for every point p we have

H! (Li;‘,Rm (Lu*ifl[;fM /an])) = H Y(RT(F*)) =0

But this is also clear by the above.
Theorem 3.5.17 There is a perfect obstruction theory on ng(f% (X|D, B) leading to a virtual fundamental class [ng°§ (X|D, )]V

Proof 3.5.18 Under the assumption of then combining [3.5.7) with [3.5.10| we get a virtual fundamental class on
O ®(X|D, ) by [BFI7.

3.5.1 Toric Divisors

On the other hand 3.5.10|becomes significantly simpler in the case where D = D; + - - - + D, is a subset of the

toric boundary.

Lemma 3.5.19 If D = Dj + - - + Dy is a subset of the toric boundary corresponding to rays pj,,...,p;, € L(1) (set

J ={ji,.--,jr}), then there is a logarithmic Euler sequence

050 = @ 0x(Dy) P Ox — T% -0 (3.7)
Z(M)\py I

log

Moreover, in this situation T[AM/G%]

is quasi-isomorphic to a sheaf.

Proof 3.5.20 Consider again the diagmm Inthis case sy, . . . sy are just xj,, . . ., x;, corresponding to the homogeneous

coordinates on X. But since the right-hand vertical map is given by differentiating the sections this map becomes e; —
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0,...,1,...,0) where 1 is in the ]lth place. Consequently, by forming the mapping cone (and shifting) we have that

Tl[(;\gM /Gl is given by the three term complex

0%y = O e 0L, — 0%,
But the right-hand map is now surjective so this complex is quasisomorphic to a two term complex
M—
0% = OZn T @0 (3.8)

Where in the second term the first M — r copies have action according to the weight matrix and the latter r copies have
the trivial action. Since the first map is injective the second part follows. For the first part we just pullback this complex

under the inclusion X — [AM/G3,).

log

Corollary 3.5.21 If D is a subset of the toric boundary then the complex (R, Lu*?l"[ AM /G,

})V is of perfect amplitude

contained in [—1,0].

Corollary 3.5.22 Under the assumption of then combining [3.5.7 with [3.5.21| we get a virtual fundamental class
on Qg¥(X|D, B) by [BF9ZI.

3.6 Comparison with Battistella-Nabijou Theory

In [BN21] the theory of relative quasimaps is developed in the case where X is a smooth projective toric variety,
D C Xis asmooth, very ample divisor (not necessarily toric) and in genus-zero. This is achieved by mimicking
the Gromov-Witten construction in [Gat01] and so the relative quasimap moduli space is defined as a closed
substack of the space of absolute quasimaps.

Let X be a smooth projective toric variety associated to a complete fan X~ and D a smooth (very ample)
divisor, cut out by a section sp € H°(X,Ox(D)). Recall that given an ordinary quasimap from a (marked)
curve C to X recall there is an induced line bundle section pair (Lp,up) and in the case where there are no

basepoints these are just the pullbacks of Ox (D) and sp respectively along the map C — X.

Definition 3.6.1 Let n > 2 be the number of marked points, let p be an effective curve class and o = (ay, ..., &) such
that Y, a; < D - B. Define the moduli space of relative quasimaps QB?;(X |D, B) to be the locus of absolute quasimaps
((C, P1--- s Pn) Lo Up}pex 1), {cm}meM) in Qo (X, B) such that for every Z, a connected component of up,* (0) we

have
1. If Z is a point, then either it is unmarked or a marked point p; such that the multiplicity of f at p; is at least ;

2. If Z is one dimensional let C%) for 1 < i < r be the irreducible components of C not in Z, but intersecting Z, and

let m¥) be the multiplicity of up at the node ciinz along D. Then we must have deg Lp |z + ymli) > ¥ g
i i€z

Remark 3.6.2 let X = PN and let D = H = PN~ be the hyperplane given in coordinates by {xo = 0}. Then
Qﬁ (PN|H, d) is irreducible of dimension dim Qg , (PN, d) — Y a; and so has an actually fundamental class with which
1

one can define relative quasimap invariants. For the general case of (X, D) note that Ox (D) defines amap i : X — PN.

Battistella and Nabijou show that the following diagram is cartesian (with d = i)
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Qs (XID, ) —— Qff, (PN|H, d)

l [

Qon(X,p) —— Qon(PY,d)
then they use diagonal pull-back to define a virtual fundamental class on Q(X|Y, B) and define relative quasimap invari-

ants.

Remark 3.6.3 From now on we restrict to the case where ) ;a; = D - B in which case the inequalities above become

equalities.

Theorem 3.6.4 Let ¢ = 0and D C X be a smooth, very ample divisor inside a smooth projective toric variety. There is

a morphism g : QB‘?E(X|D,ﬁ) — Q{f;(X|D,/3) and
g-[QE(XID, )" = [QFL(XID, ).

We will only sketch the proof, but the strategy for proving theorem is as follows. We will first prove the
existence of the morphism g. Then we prove theorem for the case of X = PN and D = H a hyperplane.

We will then use the ampleness condition to pullback this result to the general case.

Proposition 3.6.5 The natural morphism QBOE(X ID,B) — Qon(X,B) given by forgetting the logarithmic map to
[A'/Gy,) factors through the inclusion QB‘?&(X|D,ﬁ) — Qon(X,B).

Proof 3.6.6 Certainly on the locus where C = P! is irreducible and the section ug vanishes only at the marked points,
this is true. Suppose now we have logarithmic quasimap which contains a connected component Z C C on which ug = 0.

Then we need to show that
degL|Z + Zm(l) = Z o
i

i€Z
We have a logarithmic morphism C — [A'/G,,|. This induces a morphism of the tropicalisations. As in toric geometry
a piecewise linear function on the tropicalisation induces a Cartier divisor. Alternatively, a logarithmic structure can
be characterised by an association of a Cartier divisor to each element of the ghost sheaf. The identity function on R
induces the divisor BG,. The fact that we have a logarithmic morphism necessarily implies that the pull back of this
line bundle via the morphism is the same as the line bundle associated to the pull-back piecewise linear function. On
the one hand the line bundle pulls back to L, when restricting to Z we get deg L|z. On the other hand the pull back
piecewise linear function is defined by the slopes of the tropicalisation map on each ray. The associated line bundle on the
component Z. is known to be O(Liez a;p; — ¥y m)gq;) where q; are the nodes. Since these line bundles are isomorphic,

taking degrees gives us the desired equality.

Lemma 3.6.7 Suppose (X|D) = (PN|H) where H is the hyperplane defined (in coordinates) by {xo = 0}. Then
ngf(]l’N|H,d) is irreducible of the expected dimension N - (d +1) +n — 3.

. log /5N . . +«rlOg v
Proof 3.6.8 Recall the obstruction theory on Q> (IP™|H,d) is defined by the complex (Rm (Lu "Il"[ AN /G ]))
Because PN|H admits a logarithmic Euler sequence
N 1
0— O]PN — O]PN @@O]PN(l) — 7;;\? —0

i=1
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It follows from(3.5.19|that Lu*"Il"BfN 1G] is quasi-isomorphic to a sheaf F which fits into an exact sequence on C

N
020 —=O0co@PL—F—0
i=1

taking the long exact sequence in cohomology it follows that
HY(C,F) =
and so this moduli space is unobstructed over zmg’f( [A'/G)), which is logarithmically smooth.
To distinguish from a general (X, D), denote the morphism Qo S(PN|H,d) — Qrel PN|H,d) by f.

Proposition 3.6.9
FQRE(PN|H, d)]'" = [Qp8(PN|H, d)]

Proof 3.6.10 By-ltfollows that [ng(]PN|H, d)|Vir = [QlOg(]PN|H, d)]. So the proposition reduces to a statement
about fundamental classes. By [3.6.7|and [BN21] we know that the locus where the source curve is irreducible and the
uq only vanishes at the marked points is dense in both spaces. Furthermore, on this locus the map is an isomorphism so

the result follows.
We now use proposition to give sketch of the proof of theorem
Lemma 3.6.11 There is a cartesian diagram

QrE(X|D,B) —— QPE(PN|H,d)

Js I

rel (X|D IB) *> Qrel(lPN|H d)

Proof 3.6.12 This follows from the fact that there are cartesian diagrams

QpE(X|D,B) —— QFE(PN|H,d) ol (XD, B) —— QpL(PN|H,d)
| | | s
QO,n(X/ ,B) — Qo,n (H)Nrd) QO,n(Xf ﬁ) — Qo,n (]I)N/d)

Proof 3.6.13 (Sketch proof of[3.6.4) One can show that the morphism i’ has a perfect obstruction theory which induces
the virtual class on ngf(X |D, B). This obstruction theory comes from the distinguished triangle

log log )
T; — T[AM/GS] — L]*"IF[ANH/G 17 T;[1]

where j : [AM/GS,] — [ANT1/Gy,) is the morphism extending the embedding X — PN coming from Ox (D).
Pulling this back to the universal curve and pushing down to the moduli space gives a compatible triple in the sense
of [Man12b, Definition 4.5], which tells that (R7t.Lu*T;)" defines a perfect obstruction theory for i'. On the other
hand, the virtual class on Q{fi(X |D, B) is essentially defined via the natural perfect obstruction theory of the morphism
Qo,n(X, B) = Quu(PN,d) (the authors show [BN21, Lemma A.0.1] that virtual and diagonal pullback coincide). The
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perfect obstruction theory for Qp (X, B) — Qo (PN, d) is also given by pulling back T; to the universal curve and

pushing down to the moduli space. This can be seen from the distinguished triangle
Tj = Tiam /ey = L Tiav g,y = Till]

This hints that the perfect obstruction theory for i’ is pulled back from the perfect obstruction theory for Qg (X, p) —
Qo,n (PN, d). If this were true then would follow from

3:[Q5¥(X|D, B
= 1" [ Q5 (PN |H, d)]
= i'f.[QpE(PN|H,d)]
= i QF\ (PN |H, )]
= [QFL(PN|H, d)]""

by [Man120b, Proposition 5.29]. The complication is that it is not obvious that perfect obstruction theory of Q (X, p) —
Qo,n (PN, d) pulls back to the one for i'. It is not even clear how to show Lg*IL; = L as g is not flat. However, we

expect this to be true.

3.7 Local-Logarithmic Correspondence

In this section we will explore the local-logarithmic correspondence [vGGR19] in the quasimap setting. The
key point will come from a generalisation of the observation from [3.4.2] In some sense the comparisons made
in this chapter have little do with local quasimap theory, but rather of the difference between the logarithmic
quasimap space for a reducible divisor D, and the logarithmic quasimap spaces for each of the components of
D.

Let X be a smooth projective variety, D a smooth nef divisor and 8 a curve class on X withd := D - > 0.
The local-logarithmic correspondence relates two sets of natural Gromov-Witten one can build from this data.
We could form on the one hand ﬂg‘?fd) (X|D, B), the moduli space of stable logarithmic maps to X|D, with
maximal tangency at the single marking. On the other hand we could form Mg o(Ox(—D), ) the moduli
space of stable maps to the total space of the line bundle (dual) associated to D. This moduli space is actually
isomorphic to My o(X, B), but the virtual class differs by an obstruction bundle. The original local-logarithmic

correspondence is the striking equality that

Theorem 3.7.1 [vGGR19, Theorem 1.1]
o vir A vir
(M by (XD, B)]" = (=1)**1 - d - [Mo0(Ox(~D), B)]

where the left-hand side is pushed forward to the absolute space. There is also a stronger form of the local-

logarithmic correspondence which is the equality that
VA, (XID, B = (~1)*1 - ev* D - [Mg (Ox(~D), )]

which is equivalent, in this case, to the previous version. The authors also conjectured that if instead D =

D; + - - - 4 Dy is a simple normal crossings divisor, then there is a generalisation of this result.
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Conjecture 3.7.2

r

Vi vir i A r vir
Mo,y XID, BT = TT(=1)% " - d; - [Moo(@]_, Ox (D), B)]
i=1

The corresponding strong form generalisation is the equality

1 vir L ; * AA vir
Moy, ay (XID BT = TT(—1)%F1 - ev; Dy - [Mo, (@, Ox (D), B)]
i=1

Although this generalisation often holds numerically [BBvG22, BBvG21], at the level of virtual classes it is not
true in complete generality, due to counterexamples in [NR22]. However in [NR22, Remark 5.4], the authors
note that the difference appears when there are components in the moduli space containing rational tails and
so may not be present in the quasimap setting.

To explore this relationship in the quasimap theory there is an unimportant technical point that in genus
zero, quasimap spaces with less than two markings don’t exist due to stability. On the other hand the local-
logarithmic correspondence in Gromov—Witten theory holds if both sides carry redundant extra markings.
This means the cleanest way to formulate the local-logarithmic correspondence in quasimap theory is using

the strong form and adding an extra marking to both sides.

Conjecture 3.7.3
[, o) (XID, )]V = (~1)**1 - ev* D - [Qo2(Ox(~D), )"

The way one could try to prove this correspondence is by proving a degeneration formula for logarithmic
quasimap invariants applying it to the degeneration given by taking the total space O (D), where D is the strict
transform of D x A! in the deformation to the normal cone of X in D (assuming the quasimap theory of the
pieces can be made sense of). This is the strategy used in [vGGR19].

For now we will just try to investigate this result in the simplest case where X = PN and D = H a hyper-
plane. In this case we can try to take advantage [MOP11] Theorem 3] which states that there is a comparison

morphism x : Mo (PN,d) — Q. (PPN, d) which is birational, i.e.
X+ [Mo2(PY, d)] = [Qo2 (PN, d)]

A cheap way to verify the local-logarithmic correspondence for quasimaps for PN|H would be to show
that the Gromov—Witten invariants and quasimap invariants coincide in both logarithmic and local case. Then
we could just appeal to the local-logarithmic correspondence for Gromov-Witten invariants. We already know

——log

that M ¢ o) (PN|H,d) and Q:)(?Zo’d,o) (PN|H, d) are irreducible of the same dimension as they are unobstructed.

Moreover, they are isomorphic on their interior so it follows that

—lo
XMy ) (PN H, d)] = [Q %, o (PN |H, d)]

suppressing the pushforwards to the absolute spaces. So the logarithmic Gromov-Witten and quasimap invari-
ants coincide in this case. On the other hand it is not as obvious that the local Gromov-Witten and quasimap

invariants coincide even in this case. The local virtual classes are given by

Mo (Opn(—H),d)]"" = e(R'7, f*Opn (—H)) N [Mo2 (PN, d)]
[Q02(Opn (—H),d)]VF = e(R'71,.LY) N [Qo2 (PN, d)]
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One would like to use a projection formula argument to deduce that
Xx [MO,Z(OPN (—H), d]Vir = [QO,Z(OIPN (—H), d]vir

but the universal curve over stable maps space is not pulled back from the universal curve over the quasimap

space. In other words the diagram

Cop ——— Cq

= I

Moo (PN,d) —2— Qpa(PN,d)

is not cartesian. The comparison map will contract rational components with only a single special point.

For now, we will just assume the result to be true to open up techniques of rank reduction.

Proposition 3.7.4 Let Hy, H, be hyperplanes in PN. Assume that is true for PN|H. Then
2

(94 ay) (PN | Hi + Ha, d)]"" = (—1)2) [Tevi H; - [Qoa(67, Opn (—Hy), d)]*™
i=1

Where the notation ((d,d)) is the 2 X 2 matrix of contact orders

d 0
0 d
Proof 3.7.5 We are interpreting the local virtual class as

[Qo2(®71 Opw (—Hi), )" = e(R' 7. (L)) N [Qo2(PY, d)]

But because of the Whitney sum formula, and the fact that pushforward commutes with direct sum, we have that

2 2
e(R'7t.(LY)¥2) N [Qo (PN, d)] = [ Te(R'm.L£Y) N [Qo2 (PN, d)] = [ [[Qo2(Opn (—Hj), d)]™"
i—1 =1

So by assumption

2 .
Q4 f0) PV HL, )] - [Qp ) (PN Ha, )] = (~1)% [Tev} Hi- [Qoa(&f Opy(=Hy),d)*™

Therefore it suffices to show that

Q8 g0y (PN Hh + Ha, d)]Y = [Q% | (PN|Hy,d)] - [Q%) | (PN|Ho, d)]

The moduli space Qéozg( ad)) (PN|Hy + Hy, d) is also unobstructed so it is irreducible of the expected dimension, and so the

proposition is just about fundamental classes. The point is that there is a cartesian diagram (in the category of ordinary
stacks)

lo, lo,
Q84 (PN [Hy + Hy, d) —— Q¥ ) (PN|Hy, d)

! J

log
((dd

product contains no components of excess dimension coming from the intersection of the boundaries of the smooth divisor

Since we know that Q ) (PN|Hy + Ha,d) is irreducible of the expected dimension we just need to check that the fibre
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spaces. However by we know that boundary divisors of either space must correspond to reducible curves with
one marking on each component with the defining section vanishing on the component which contains the non-trivial
tangency marking. The intersection of any pair of these boundary divisors consists of quasimaps which correspond to
curves where the section corresponding to Hy vanishes on the component with the first marking and the section for Hp
vanishes on the component with the second marking. Necessarily, both sections must vanish at the node. We can directly

compute the dimension of this locus since it can be expressed as the fibre product

E—— My (Ho,da)

| J

M“’f ) di) —— Hy 0 Hy = PN-2

Where we omit the bars because we are talking about the interior of either the stable map or quasimap moduli spaces. But

the dimension here is
dimE=N-24+(N—-1)-di+ N—-24+(N-1)-d—(N=-2)=(N-1)-(d+1) -1

On the other hand the dimension of Q (]PN|H1 + Hp,d) is (N —1) - (d+1). This locus defines a divisor in

Q) (PN Hy + Ha, d).

Remark 3.7.6 (What goes wrong in higher rank) The above shows that the counterexamples to the local-logarithmic
correspondence for Gromov—Witten theory given in [NR22| Section 1] are not counterexamples in the quasimap setting,
assuming the result in the smooth divisor case. However, this is expected to go wrong if you increase the rank of the divisor.

For example, consider Q (P3|Hy + Ha + Hj3, d). Once again, this space is irreducible, this time of dimension 3 +d

(dd,d))
and is given by a fibre product in the fine and saturated category. On the other hand the ordinary fibre product

s (P, d) —— an’g (P3| H;,d)

0,((d,d,d)) d 0 0)
Qua(IP3,d) ——-2—— Qy3(P3,d)3

may not agree with this. Roughly, this has to do with the fact that the morphzsm Q (4,0,0) (P?|H;,d) — Qoz(IP3,d) is
not logarithmically flat. This can be seen by the fact that there are divisors in Q (4,0,0) (IP3|Hj, d) where the source curve

has more than two components.

We have just learned that the local-logarithmic correspondence as stated in will also fail in generality
for quasimap theory. was a generalisation which involved maximal tangency to each divisor component
at different markings. Another generalisation would be to consider maximal tangency to all divisor compo-
nents at a single marking. In the Gromov—Witten case this conjecture would look like

-1 - . - ,
Moy (XID, B)] = [T(=1)"* - ev* D; - [Mo (@] Ox(~Dy), B)]*" (3.9)
i=1
Where (d) indicates the contact order d; = D; - B with each divisor. This generalisation is also false in the
Gromov-Witten case. However, we expect that this generalisation is true in the quasimap setting. Once again

we need to add a redundant marking in order for the statement to make sense.
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Conjecture 3.7.7 Let X be a smooth projective toric variety and D = Dy + - - - + D, a simple normal crossings divisor

with D1 N ---N D, # @. Then

QI o) (XID, ) = T [(~1)%*! - evi D; - [Qoa(®_, Ox (~D;), B)] (3.10)
i=1

Let Hy, ..., H; be hyperplanes in PN forr < N+1landsetD = H; + - - -+ H,.

Proposition 3.7.8 Assuming or PN|H we have that
1 )T i
Qo 10y PNID,d)] = (=)D T Tevi (Hy) - [Qoa(Opn (—Hy), d)]™ (3.11)
i=1
Proof 3.7.9 Once again, assuming the smooth divisor case, it suffices to show that

n
[Q8,0) (PN [D, )] = Hl[Qg‘j(gd,o) (PN|H;, d)]
1=

Similarly to before we want to show that there is a cartesian diagram, in the category of ordinary stacks

Qo) (PN|D) —— TT; Q% (PV|H;, d)

| |

Qo2 (PN, d) —2—— Qo (PN, d)"

This time the only way the boundary divisors can intersect non-trivially is if we have a quasimap whose curve has two
components, each of which contains a marking. The section for each hyperplane vanishes identically on the component
containing the non-trivial tangency condition and then none of the sections vanish on the other component except at the

node where it is maximally tangent to the intersection Hy N - - - N H,. This locus can be expressed as the fibre product

1
E———— Mgl ) (PNID, d2)

| |

Mop(PNT,dy) —— HyN---NH, =PN~"
The dimension is therefore
N-1+(N+1-r)-dy+N—-1—-r+(N+1—r)-di—(N—r)=N—-2+(N+1—r)-d
On the other hand the dimension of Q%)(?é,o) (PN|D,d)is N —1+ (N +1—r) -d, so the result follows.

Remark 3.7.10 In fact both simple normal crossings generalisations of the local-logarithmic correspondence we have

given are actually instances of a formulation that one could make using [TY20, Conjecture 1.8].

3.8 Future Directions

3.8.1 Virtual Class

The most pressing thing left to do is to show that [Ols05, Theorem 8.5.3] generalises to the case that we need
so that we can conclude we have a genuine obstruction theory on Q;%(X |D, B). Related to this is to fill in the
missing details of the proof of to deduce that the corresponding logarithmic quasimap invariants agree

with the relative quasimap invariants of [BN21].
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3.8.2 More General Targets

In this chapter we decided to restrict our theory to toric varieties, but the most general theory of absolute
quasimaps [CFK20] works for much more general targets. One could ask whether the theory developed in
this chapter naturally extends to these more general ambient spaces. We make a few comments on this. For
ambient spaces of the form V // G where V is a vector space and G is a reductive group (under the assumptions
the construction of the moduli space should go through without change. The only minor difference is
that the description in may have no analogue. In the construction of the virtual class, to prove perfect
amplitude, we computed the logarithmic tangent complex of the quotient stack. We expect that one can control
this for [V /G| using the ‘generalised Euler sequence’ in [CFK20), 5.1].

On the other hand, this class includes other targets of the form, complete intersections in toric varieties,
representation theoretic subvarieties of flag varieties etc. In these types of situations we expect there to be
more difficulty. Restrict to the case of a hypersurface in PN for simplicity. The moduli space could certainly
be built in the same way, at least for divisors pulled back from PN. On the other hand the [W/G] is the stack
quotient of the affine cone by G,,, which has l.c.i. singularities. So now the divisor has singularities at the
singularity of the ambient space. This could cause issues for showing perfect amplitude of the obstruction

theory.

3.8.3 Degeneration Formula

One of the most useful results for the computation of Gromov-Witten invariants is the degeneration formula
[Li02] and more generally [Ran19]. This gives access to possibly calculating absolute quasimap invariants
for more complicated targets, for example, the quintic threefold. Additionally it should allow access to the
local-logarithmic correspondence. The strategy for proving a degeneration formula should be to mimic the
ideas of [Ran19], which necessarily takes advantage of the expanded formalism. Therefore we would need to
provide the corresponding expanded space in quasimap theory. However, in [Ran19], the author first produces
a logarithmic modification of the space of maps to the artin fan, and since we have built our quasimap space
in a similar way, (using smlg";%( [A"/G],])) we can also do this. A complication, related to the previous section,
is that sometimes natural degenerations involve pieces which don’t necessarily support a quasimap theory.
For example, if we take the deformation to the normal cone for a smooth but not toric divisor D inside a toric
variety, then a piece of the central fibre is the projective completion of the normal bundle of D, which is of

course not toric, but only relatively toric over D.

3.8.4 Local-Logarithmic Correspondence

As we have mentioned, the proof for the local-logarithmic correspondence in Gromov-Witten theory [vGGR19]
uses the degeneration formula. Gaining access to this in the quasimap setting would allow us to verify
Then we could also investigate whether the generalisation[3.7.7/holds in all generality in the quasimap setting.
Due to the local-orbifold correspondence [BNTY22], there is a parallel story which compares logarithmic and

orbifold quasimap invariants.
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3.8.5 Wall Crossing

The most powerful applications of quasimaps are the wall-crossing formulas relating quasimap invariants to
Gromov-Witten invariants. The original motivation for developing a full theory of logarithmic quasimaps
[BN21]], was to prove wall-crossing results in the relative setting, as a means of computing relative/logarith-
mic Gromov-Witten invariants. The authors also provide some evidence for this. Namely, they show that a
generating function for genus-zero (one-pointed descendant) relative quasimap invariants of a smooth (very
ample) pair is equal to what is referred to as a ‘relative I-function’. In an earlier paper [FIY19], the authors
show that the corresponding generating function of relative Gromov—-Witten invariants can be obtained from
this relative I-function by a change of variables, which is likely to be the wall-crossing map. Since (see
this chapter could also be used to construct logarithmic e-quasimaps, this is an interesting direction for the

future.

3.9 Appendix: Virtual Classes

In this appendix will give a very brief introduction to virtual classes, stressing the fundamental example of a
space given by the vanishing of a section of a vector bundle. The main references are [Ful98, [CK99| BCM20),

Nab15].

Fundamental Example

Suppose that we are interested in putting a virtual class on a space M and that M is presented as the vanishing

locus of a section of a vector bundle E of rank r over a smooth scheme Y of dimension #
E
ik

My
The vanishing locus of a generic section of E would give a space of dimension n — . For this reason, we will
call this the expected dimension of M. However it may be that M is not of pure dimension # — r and may have
components of strictly greater dimension. The goal is then to provide a good substitute for the fundamental
class of M, which behaves nicely in families. If we were just looking for a class on Y, the candidate would be

evident, since the class of the vanishing of a generic section of E in Y is
cop(E) N [Y] € Ay (Y)

We are looking for a class in A,(M) which pushes forward to ciop(E) N [Y]. Fortunately this is provided for
us in [Ful98|.
Let CaY be the normal cone of M inY i.e.
% ( é In / In-i—l)
n=0
This coincides with the normal bundle when M is regularly embedded. On the other hand, the normal

cone is always of pure dimension # if Y is. Moreover, the surjection

O(E*) =1
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given by multiplication by s induces an embedding
CmY < E|pm (3.12)
But since A, (M) = A4, (E| ) we get by intersecting with the 0 section
0*[CmY] € Ay (M)

Moreover we have that

i.0*[CarY] = ctop(E) N [Y]

So a good definition for virtual class in this case is [M]VI" = 0*[C,Y].

Example 3.9.1 Consider M = Z(xz,yz) C H)?x:y:z:w]' M is defined by two non-transverse sections of Ops(2) which

cut out the line { = {x =y = 0} and the plane H = {z = 0}, intersecting in a single point. In the chart where w # 0,

M has coordinate ring R = C|x,y,z|/(xz,yz) and the normal cone is
CmP?| 01 = Spec(R[A, B]/ (yA — xB))

This can be seen from considering the surjective morphism

R[A,B] — 69(xz,yz)”/(xz,yz)’“r1
n=0

A xz

B yz

Which has kernel given by the ideal (yA — xB). This provides an embedding C P3| {(w20y = Moy X A% AB)"

Local descriptions glue to give an embedding
CmP? = 0(2) & 0(2)|m

Where the rank over the plane {z = 0} minus the origin is 1 and the rank over the line {x = y = 0} is 2, which provides
some evidence for the fact that CpIP3 is of pure dimension 3. We will see below that in this case the virtual class is given

by the fundamental class of ¢ and the class of a cubic curve in the plane H.

Remark 3.9.2 This is an instance of a more powerful intersection product. Consider the fibre square

M=Z(s) —

A

y — @

Then the Fulton-Macpherson intersection product [Ful98, 6.1] provides a class in A, (M) given by intersecting
Y and Y in E via the embeddings given by the section s and the zero section. In this case the construction is actually
called the localized top chern class. In general the bottom row is not an embedding into a vector bundle, but an arbitrary
regular embedding. Using deformation to the normal cone [Ful98, 5] one can replace this embedding with an embedding
into the normal bundle. For similar reasons to the normal cone of the top row embeds into this normal bundle and

intersecting this cone with the 0 section of the normal bundle gives the intersection product.
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Remark 3.9.3 In the case of a localized top chern class where M = Z(s) contains an effective Cartier divisor D on
Y, Fulton provides a Residual Formula for [M]V'¥ in terms of E, D and s’ which is obtained from s by dividing out the

equation for D. More precisely
M = [Z) = [Z6)] + L () e i(B) 1D D]

Example 3.9.4 (Continued) Consider again M = Z(xz,yz) C P?

s Then M contains the cartier divisor H =
[x:y:ziw)

{z = 0} and ' is the section of O(1) ® O(1) given by (x,y), i.e. cutting out the line ¢ = {x = y = 0}. Then the
residual formula for top Chern classes gives the following class in A1(M) = A1(¢) & A1(H)

[M]¥" = [0] +c1(O(2) ® O(2)) N [H] — H - [H] = [(] + 3 [line] € A(£) ® A1(H) = A1(M)
In other words the virtual class of M is given by the fundamental class of the line ¢ = {x = y = 0} and the class of a
cubic curve on the plane H = {z = 0}. Moreover, this clearly pushes forward to c;(O(2) ® O(2)) N [IP?] = 4 - [line].

General Case

In general one doesn’t have a description of M as the zero locus of a section of a vector bundle on a smooth
space. In some sense a perfect obstruction theory provides locally, this description. We will first motivate the

definition by returning to the fundamental example. If M is cut out of Y by a section of E then there are dual

diagrams
Ty|m — Elpm E*[pm — Qylm
o i | Js
Tylm — Numyy I/T* — Qylum

Note that one can read off the virtual or expected dimension of M as dimY —rkE = Ty|( — rk E| p4. More-
over, as pointed out in [Nab15], this number is equal to the difference between the ranks of the cokernel and
kernel of the top row, which give the cohomology of this complex. One of the insights of a perfect obstruction
theory is that just as the virtual dimension can be read off from the data of the above diagram(s), in actual fact
one can define a virtual class using a generalisation of this diagram, and crucially this will exist even when an

embedding as the zero section of a vector bundle does not.

Definition 3.9.5 (Warm Up) A perfect obstruction theory is roughly a diagram, presented as a morphism of complexes

in degrees —1 and 0

5—1 50

| |

I/Iz — Qy|M

Which is an isomorphism on cohomology in degree 0 and surjective in degree —1, where M — Y is an embedding,

inducing the bottom row.

In actual fact, the bottom row is the truncated cotangent complex of M, which, as an object in the derived

category of M, is independent of the choice of embedding.
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Definition 3.9.6 A perfect obstruction theory on M is a complex £* € D(M), which is locally quasi-isomorphic to
a complex of locally free sheaves supported in [—1,0], together with a morphism ¢ : £* — 1LY, such that h°(¢) is an

isomorphism and h=1(¢) is surjective.

In our fundamental example, the virtual class came from a certain cone embedding in a vector bundle, and
intersecting it with the zero section. At this point it is not really clear how this procedure generalises to this
more abstract setup ...

As above we mentioned that the (truncated) cotangent complex didn’t depend on the embedding M — Y.
This hints that we also need some sort of normal cone which doesn’t depend on an embedding. Behrend and
Fantechi define exactly that, the intrinsic normal cone C 5, which is a stack of pure dimension 0 over M. Locally,
one can describe this cone by choosing an embedding U — W for W smooth and ideal sheaf 7. The differential
map

I—)QW

which sends f to df induces a morphism

Tw‘u — CywU.

Taking the stack quotient gives the intrinsic normal cone locally as [CyW /Ty |i]). Now, give a perfect obstruc-
tion theory £* — 1L}, a similar notion allows one to define a vector bundle stack Rt /hO((£*)V). Moreover the
conditions on the morphism ¢ induces an embedding of Cq < h!/h°((£*)") and so one defines the virtual

class via intersection with the zero section as before

[M]¥F = 0" [C -
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