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ABSTRACT

Constrained dynamical systems frequently arise in the
description of situations of physical interest. One
approach to discussing the dynamics of such systems
involves the application of B.R.S.T. invariance together
with the introduction of ghosts and antighosts. This
approach is generalised to include higher order theories
where the structure functions are not constant. Examples
of such theories are gravity and supergravity. The
essential uniqueness of this extension is proven. The
relationship between this approach and the generalised
B.R.S.T. charge of Fradkin and coworkers is investigated
A homological characterisation of the physical observables
is presented. The application of these techniques to the
quantisation of higher order theories is explored,
together with some indications of possible directions

of future work.



PREFACE

The work described in this thesis was carried out
in the Theoretical Physics Group, Imperial College, London,
between October 1Y82 and June 1985 under the supervision of
Professor C.J. Isham. Except where otherwise stated, the
work 1s original and has not been submitted before for a

degree of this or any other university.

I would like to thank my supervisor, Professor C.d.
Isham, for helpful advice and encouragement. I would also
like to thank the following people for many conversations
about this work: Dr. D. McMullan, Professor K. Kuchar, J.

Bakas, Dr A. Kakas, and H. La Roche.

I gratefully acknowledge the financial support of

the Carnegie Trust for the Universities of Scotland.



TO MY PARENTS



CONTENTS

Page No.

ABSTRACT 2
PREFACE 3
CONTENTS 5
INTRODUCTION 7
CHAPTER ONE: SYMPLECTIC GEOMETRY AND DYNAMICS

1.1 Introduction 13

1.2 Symplectic Geometry 15

1.3 Constrained Dynamics And The
Dirac-Bergmann Algorithm 25

CHAPTER TWO: GROUP ACTIONS AND B.R.S.T. SYMMETRY

2.1 Introduction 45
2.2 The Ghost Sequence 47
2.3 The Antighost Sequence 51
2.4 The B.R.S.T. Operator 58
2.5 Difficulties - 63

CHAPTER THREE: B.R.S.T. SYMMETRY IN
HIGHER ORDER THEORIES
3.1 Introduction . 65
3.2 Structure Functions Associated

With Constraints 68

3.3 Some Examples 72



3.4 B.R.S.T. Symmetry in Higher Order
Theories
3.5 Uniqueness of Ghost Number Complex
3.6 Properties of Ghost Number Complex
3.7 Algebra of Observables
CHAPTER FOUR: QUANTISATION
4.1 Introduction
4,2 B.R.S.T. Symmetry in Quantisation
4.3 Conclusions
APPENDIX

REFERENCES

Page No.

76
94
101
115

120
122
131
133

136



INTRODUCTION

It has long been appreciated in physics that the
presence of symmetries in a theory can help obtain results
with comparative ease and without solving the equations of
motion of the system. In the classical realm this can be
seen in the construction of conserved gquantities (8). In the
quantum region it can be seen in the prediction of particles
from theories like (CD. These predictions allow the theory
to be tested experimentally by looking for particles with
the appropriate properties e.g. as in the discovery of the W

and Z bosons.

However the very presence of such symmetries creates
difficulties in the description of the dynamics of a theory.
If we have a theory invariant under a local transformation,
then by Noether's second theorem (1lw), there are
relationships between the various equations of motion. In

the Lagrangian framework this is signalled by

oL | _ "
det g | 0



i.e. the action is not quadratic in the velocities, so that
some modes of the fields have no kinetic part and so do not

propagate.

In the canonical framework, the relationship (1)
tells us that the Legendre transformation to momentum phase
space is no longer a diffeomorphism and so we must take
great care in how we try to do this transformation. As is
described in Chapter One, we must check for dynamical
consistancy, and in the end we are left with the physical
statés restricted to a subspace }< of the naive momentum

phase space 5 .

The presence of constraints greatly complicates any
quantisation scheme which 1s used. In the path integral
formalism, the lack of kinetic terms for some modes of the
fields obstructs the construction of the quantum propagators
(32). In order to overcome this, while still retaining
Poincare covariance, a covariant gauge fixing term is added
to the action. However this term will not in general
correspond to a reduction to the true degrees of freedom,
and the resulting S matrix of the theory is not unitary. To
get around this, Feynmann (4U) has shown that we must add
closeda fictitious loops to the Feynmann diagrams of the
theory. De Witt generalised this to all ocrders in

perturbation theory (45), and Faddeev and Popov showed that



for Yang-Mills, this could be incorporated intoc the action
by the addition of ghost terms. These are fermionic Lorentz
scalars (vectors for gravity) which are unphysical, and so
do not appear as external lines in the Feynmann diagrams.

This procedure guarantees a unitary S matrix.

This approach, involving extension of the phase
space, 1is in eXtreme contrast to canonical quantisation.
Most ot the approaches to canonical quantisation rely on
finding some phase space associated with )( and quantising
on this, then the physical gquantum states and observables
are determined by some criterion. This is all very formal,
and it is not clear how to proceed in general. For example,
should we guantise on :8 and apply the constraints at a
quantum level, or reduce to the true degrees of freedom (if
we can,) and then quantise? (The equivalence of these two
approaches in some circumstances is shown in (44). See (46)

for reviews of canonical methods 1n guantisation).

It would be very desirable to relate these two very
different philosophies of quantisation to one another. One
way of relating canonical and covariant path integral
approaches may be throcugh B.R.S.T. symmetry. This is a
global, nilpotent supersymmetry of the path integral action
with ghost terms. It is known that this symmetry can be used

to give proots ot unitarity and of the ward-Takahashi
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identities, and is aiso of great help in discussing
renormalisation of Yang-Mills (47). It has been recently
suggested that it is of relevance outside the weak field
peturbative methods in which it was discovered (34). However
this work is formal, and its justification is its

relationship with the path integral methods.

In order to develop the ideas of B.R.S.T. symmetry
outside the path integral formalism, it is necessary to have
some interpretation of the ghosts and antighosts. There have
been a number of attempts at this, but while they all give a
nice interpretation of the ghosts, the antighosts cause
problems. This can be circumvented by introducing a new
symmetry, anti-B.R.S.T. symmetry. However this symmetry is
not necessary for unitarity, and so 1s not as fundamental as
the B.R.S.T. symmetry from the physical point of view. (See

(41) for a differing opinion.)

Recently McMullan has given a classical phase space
discussion of B.R.S.T. symmetry using the language ot
homological algebra. This allows a nice geometrac
interpretation of ghosts and antighosts to be developed.
This discussion is applicable when the constraints arise
from a group action on ;ﬁ .In this case the powerful
techniques of momentum maps can be usea. This work can be

related to the phase space path integral approach of Fradkin
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et al. (7) which reproduces the Faddeev-Popov discussion for
Yang-Mills, but is slightly different for gravity and
supergravity. It is sensitive to the precise structure of
the constraints and in particular to the rank of a theory.It
is therefore desirable to extend the work of McMullan to
theories of arbitrary rank. This thesis will show that such
an extension is possible, and that in many ways 1t is
unique. Some of the geometric flavour is lost, compared with
the Yang-Mills case, but the analysis of the constraints and
observables seems to parallel the sensitivity of the quantum

theory on the rank of the constraints used.

For most cf this thesis, we will consider finite
dimensional constrained systems of arbitrary rank (for
example, as would result from the Dirac-Bergmann algorithm).
These cases model the structures of field theory fairly
accurately, without the technical problems of function space
choice etc. (Work is continuing to extend the formalism to

the field theory cases.)

In the first chapter, we introduce the phase space
methods used to describe dynamical systems wlth constraints.
This will indicate how constrained theories of arbitrary

rank may arise.

In Chapter Two,we describe the homological approach

to B.R.S.T. symmetry as developed by McMullan. This is the
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case of a first order theory, relevant when the constraints

arise from a group action on QS .

in the third chapter, we extend these results to
theories of arbitrary rank, and show that this extension is
essentially unique. The characterisation of observables
described in Chapter Two is shown to be valid in this

generalisation.

In Chapter Four, we discussthe relationship of this
approach to quantum theory, and possible directions for

extending this work.

There 1s one appendix, introducing the definitions of

homological algebra.



1s

CHAPTER ONE

SYMPLECTIC GEOMETRY ANL DYNAMICS

1.1 Introduction

The description of classical dynamical systems is
greatly helped by the introduction of concepts from
symplectic geometry in the framework of the phase space
approach. This approach has also contributed to the
understanding of the covariant path integral in
quantization, despite the loss ot explicit covariance in the
canonical quantization scheme. (An example of this 1s the
occurrance or four ghost coupling in supergravity). In this
chapter, we shall introduce the relevant techniques of the

modern phase space approach.

We start by reviewing the basic concepts of
symplectic geometry, includaing the gradea case. We then go
on to look at how this can be used to describe the dynamics
of a system descrived by a Layrangian with constraints. The
Dirac-Bergmann algorithm is outlined, together with a
globalisation due to Gotay, Nester, and Hinds. The
additional structure available in the case of constraints

arising from a group action on phase space is summarised. Wwe
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finish with a description of various characterisations of

the observables of the system.
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l.2 Symplectic Geometry

The arena of classical mechanics is the phase space
associated with the dynamical system. Here we introduce the
standard methods of symplectic geometry used to describe the

phase space mathematically (1).

The most important structure on a symplectic manifoid
is the symplectic form, which is defined in the following
way. Given a two—-form ¢ on a manifold (8, we can define a

linear mapping l7s for each Seg, by
*
T8 — T3
S $ S

0

(1.2.1)
X >
5 Xs

where [x Oy _r‘ 3‘——)”-{ by

A A

Such a two-form (¢ 1is said to be nonaegenerate if the

mapping h is an isomorphism for each Se:g . ( In tinite
dimensions, it is clear that such a mapping is an

isomorphism itf it 1is injective 1iff it 1s surjective. In
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infinite dimensicns more care must be taken to phrase this

condition correctly.) (2)

A manifold {g is said to be symplectic if there is a

two~form O on 58, with the properties that it is closed,
i.e. da-=(), and nondegenerate. Such a ¢ is called a

symplectic form.

Since ¢ is a two-form, it is easily seen that 3
must be even dimensional since otherwlise o would be

2n
degenerate. Given the manifold IR with coordinates

(QhQium7qu“ﬂr"PJ, we can define a one-form

O = Pzd%i (1.2.3)

in
Then the two-form UE-JEi is a sympiectic form on ﬂQ .

Explicitly

C = Cicy A Clp (1.2.4)

That O is nondegenerate is clear from (lf2.4). This
construction can be generalised to define V) and o on the
cotangent bundle of any manifold C},so that (1.2.3) and
(L.2.4) hold locally. The one-form E)ls called the Liouville

X
form on 3 = 1‘ CQ and 1s defined by
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<®r ,X> = <T‘,7T*X>mﬂ Y X&_}:(T*Q) (1.2.5)

where 't'éT*Q. hL :T*Q - is the projection, and < Ddenotes
-the natural pairing between tangent and cotangent spaces.
(1£ CQ is finite dimensional, and we take coordinates

(9.9}, .nif) on (Q and the natural coordinates (f“"'quU~"--RJ
on (3, then locally 69 is given by (1.2.3).) In classical
dynamics, this is the case which arises most often, when CD
is the configuration space, and-TﬁQis (momentum) phase
space. On the other hand, not‘every symplectic manifold is a
cotangent bundle, not even all the symplectic manifolds in
classical mechanics. This is especially true in field
theory, where the conjugate momenta of the canonical fields
are typically a dense subspace of the dual of the tangent
space to the configuration space . However, it 1is true
that locally one can find coordinates such that (1.2.4) is
true in some neighbourhood about any given point in any
finite dimensional symplectic manifold. (In order to extend
this result to infinite dimensions, care must be taken to
interpret the nondegeneracy of ¢ in the correct manner, but
since we are only interested in the finite dimensional case
here, we will not pursue this matter.} A ccordinate

neighbourhood in which (1.2.4) holds is called a symplectic

chart, or a canocnical coordinate system. The existance of

symplectic charts about any point of a finite dimensional
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symplectic manifold is guaranteed by Darboux's theorem.

The symplectic form allows us to classify certain
submanifolds of 5 . At any point Seg, the two-form O; is a
skew—symmetfic and nondegenerate bilinear operator on the
vector space _I:S . For any subspace VCIS we can define

L
the symplectic complement \/ of V by

Ve {weTsj? o (w,v)=0 VveVi (1.2.6)

It is clearly seen that

dlm VJ- + C\Lm \/ = Cltm ng (1.2.7)

Now, if we have a submnanifold ’{Cfg, we can consiier the
subspaceT;Kc-Eg and its symplectic complement (—r, K) at each
point Sé){ . Then we say

a) ){ is isotropic at s iff T; K C(Ts ){)-L

b) W is coisotropic at s iff —’:X 3(’]; K)-L

c) K is lagrangian at s iff it is both isotropic and
coisotropic i.e. Ts )’{ =(T5 J’{)L

a) A is symplectic at s iff /rs )‘{ N (TSK).L = gOJ

A submanifold is said to be isotropic, coisotropic,

lagrangian, or symplectic 1f it is this at each point.

Note that it K is symplectic as a submanifold of 5
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then it is a symplectic manifold in its own right with

symplectic form oﬂk, since this form is still nondegenerate.

if }( is isotropic then the restriction of O to

K is identically zero i.e. O')K =0 .

The coisotropic submanifolds are the ones in which we
will be interested, but we note in passing the importance of
layrangian submanifolds in many fields such as geometric

quantisation (3), and dynamics (4).

We now consider how to use these ideas to describe
the dynamics on a phase space. This makes use of the
symplectic form in an essential way. Consider Hamilton's

equations with Hamiltonian H :

R LA SH
(1 T P ) fjlz Yal

q‘ (1.2.8)

Then, 1f }H is the tangent vector to the dynamical

trajectories we have

_dH J
J

SHY _ aH
Hod 3q' éq’ P: (1-2-9)
If we now assume (qﬁumxf,ﬂ,mpais a canonical coordinate

system, we see that (1.2.9) satisfies



l. o = c‘H (1.2.19)
$n

We call }; the Hamiltconian vector field generated by H. Thus

)
to each {:e C (8)we can associate a local one parameter
group of transformations ( the integral curves of the
corresponding Hamiltonian vector field). These
transformations are symplectic i.e.‘P?T=GZ Diffeomorphisms
from 8 to 8 which preserve the symplectic form can be

characterised infinitesimally by

LXO" = O (L.2.11)

or equivalently

d (t,0) = O (1.2.12)

Those infinitesimal transformations which preserve ¢ are

called locally Hamiltonian vector fields. From (1.2.12), it

is clear that all locally Hamiltonian vector fields are

Hamilitonian if and only if all closed one-forms are exact.

It i1s natural to ask whether the space of Hamiltonian
vector fields is closed under the commutator bracket. A

)
simple calculation shows that for ‘F,%EC (g),

[-f{ fﬁ] = ‘gh | (1.2.13)
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where h = };(ﬂ),

With this in mind we define the Pcisson bracket of two

functions { and % by

“’9} - T Ec (ﬂ) (1.2.14)

The mapping (4,3)-—9 {F:,gg is skew~-symmetric and satisfies
the Jacobi identities and so makes the set of all smooth
functions into a real Lie algebra with the Poisson bracket
as the Lie bracket.From the equations (1.2.13) and (1.2.14)

we have

[};,}3] = = E{\C,q} . (1.2.15)

In classical mechanics it is traditional to call the smooth
functions on phase space, Obsexvables. We see that this

construction has made the observables into a Lie algebra.

With (1.2.15) in mind, we see that the mapping

i > -1,

from C?&)to Hann(f), the Hamiltonian vector fields on j , 1s

a Lie algebra homomorphism, whose kernal is the real numbers

(i.e. the constant functions ). This gives a short exact



22

sequence

0—R— C*(3) —> Han (3) >0

This description of dynamical systems is adequate to deal.
with many classical systems but in the light of guantum
theory, it is i1nteresting to see 1if it could accomodate
anticommuting objects. There are a number of motivations for
this, but primarily it 1is hoped that mcaelling the classical
version of such theories on a gradea phase space may bring
insight into the behaviour of such quantum systems (5). Thié
is especilally true in supersymmetric theories where the
supersymmetry demands that we use a formalism which
classically accomodates the different statistics of the
variables. Various ways of doiny this extension have been

suggested (6).

These methods allow us to define a closg&
nondegenerate two-form on a graded phase space ZS, which 1is
antisymmetric on even vectors and symmetric on odd vectors.
We can also define a super Poisson Bracket i ‘1, which in

canonical coordinates is given by

' irf yG — (- nanF&—A—F 1.2.16)
{F,Glfwﬁ gl (1.2

where I and f denote right ana left derivatives and N is
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equal to ¥ if F is even, and equal to 1 1f F 1s odd. Here

qhz(qgffl PA=(pU@} This bracket has the properties

V1997 = [p.p] = 67,6 fert,] - O
{q/L:PJ} = SL_} = 7 {PJ,C{L}

{ed'eﬁ} = 30;‘ gésﬁx}

(.1.02-17}

(2) 1f FX&JJare homogeneous superfunctions ( i.e. either

even or odd ):

2 [F.el = -@)"" {6.F]

b) {F,G+H} = {F.GYl+ [F.,H]

o) [F.6H] = ¢N™™G[F H] + {F,GIH

@) G0 [F, {H. 6} + )™ [H fe.Fl)s )6 [F )= O

This last equation is the superJacopbli equation.

With this framework of symplectic geometry behind us,
we will now move on to considering the description of
dynamical systems in which constraints play a role, and how
such constraints arise. For now we observe that a
supercanonical transformation generated by an odd function

would be nilpotent by virtue of the superJacobi identities,

i.e.

SF = 0.0, F1] =160 {F [0a))<0 .z
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provided that

{Q,Q} =0 (1.2.19)
Equation (l1.2.1Y) 1s a nonntrivial condition if Q is odd.
This property has been used to describe B.R.S.T. symmetry in
the path integral formalism (7), an approach closely related

to the one outlined in this thesis.
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1.3 Constrained Dynamics And The Dirac-Bergmann Algorithm

One of the common methods used to describe a
dynamical system involves the use of a Lagrangian. Here, one
is given a smooth function on velocity phase space i.e. on
the tangent bundle.TY}, of configuraticn space. The action

associated with a particular path q%ﬂ is defined by
t. )

S - L (C{,[(t)'qtm)dt (1.3.1)

t,

The dynamical trajectory between two configurations q,and
q. of the system is the path which extremises the action

5 . However, the tangent bundle of a manifold is not
automatically a symplectic manifold, and so we cannot
automatically use the language of Section 1.2. This can be
corrected in certain circumstances by using the Lagrangian

"

to pull back the canonical structures on T_CD . (8) This is

daone 1n the following way.

We associate with the Lagrangian L31¥3'9'H2 the

¢
fibre derivative FL:1Q@=TQ, defined by

(1.3.2)

FLOW = 2 L(V+2W)

t=0
wher'e V \/\/6 _r(l Q

In other words, FHV)W is the derivative of L at (ClV)éTQ ,
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in the direction \J in the fibre TQVQ Locally (1.3.2) is

. oL
FL (q‘,cL‘) = (C{f, “j) (1.3.3)
39 |
However, tror arbitrary L , this is not necessarily either

injective or surjective. The Lagrangian l. is called

nondegenerate it Fl is a local diffeomorphism. In this case,

L
det é—c%‘_é—-cf =+ 0O (1.3.4)
-If this is true, we can pull back the canonical structures
on T*O toTQ. This means that d',_=(FLﬁT is a symplectic form on
‘f(}. This approach has been used to discuss dynamical systems
in a geometric formulation using special symplectic
manifolds of which the above is an e#ample. These can be

constructed even if L is degenerate (9).

The symplectic structure on TQ can also be used to

derive the Euler-Lagrange equations associated with L.(S,l@)

In the most common examples of Lagrangian systems,
the Lagrangian 1s expressed as the integral of a local
Lagrangian density. This occurs in classical field theory, a

case we will return to later.

If the conaition (1.3.4) is not satisfied, then this
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is a sign that the physically allowed classical states, and
their evolution, is limited to a submanifold K of the full
(momentum) phase space Zg. In this case, care must be taken
in going over to the phase space description from the
Lagrangian one. This procedure is called the Dirac-Bergmann

algorithm (11). In outline this 1s as follows.

We are given a Lagrangian with

oL |
cle’t ACL‘AC'L’ =0

(L.3.5)

Locally, we wish to express everything in terms of momenta ;k

rather than velocities qlwhere

I
g

However, this change of variables can only be effected if

(1.3.6)

97

equation (1.3.5) is not true. To get around this, the
equations (1.3.6) are separated into two classes :
1) a set (say i=l,2, ..... ,R.) in which the velocities can be
expressed as a funcéion of the momenta,

2) a set in which the velocities do not appear

Pr=qe(q.p)  re R N )

Here N=dim@ .
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The equations (1.3.7) are called primary constraints.

We can write these as

G,(CLP) = Pe - Sr(clp,) =0 (1.3.8)

The evolution and physical states of the system, is
restricted to a submanifold‘; of the full phase space 3.
If we call a function weakly zero f%(), if it vanishes on

r

, then the equations of motion can be written in the form

q » {9, Ho+ 9G]
(1.3.9)

bor Lp. Hevr g 6]

where

Hc= qu,t - L(fL,q,) (1.3.10)

and ‘{ is expressed as a function of 1, the R Pir and the

N-R velocities q;

Y o
Note that (1.3.9Y) contains undetermined functions q:

We will return to this problem later.

At this stage, 1t must be checked that the primary
constraints Grare preserved in time. This may generate new

constraints (termed secondary constraints). These also must
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be preserved 1in time, leading to tertiary constraints, etc.
If the Lagrangian is admissable (i.e. the action does have
an extremum) the procedure will end with a set of
constraints defining a submanifold of ;S. Before describing
this manifold, we mention a "globalisation" of the
Dirac-Bergmann algorithm, developed by Gotay, Nestor, and

Hinas.(12)

When the Lagrangian 1s degenerate, the fibre
derivative f1 is only into Tib. The full phase space 1is not

accessible to the dynamics, only the primary constraint

manifold FP = FL (TQ)

3=T"Q
FL

In general, r;ls not a symplectic manifolq, 1.e.jﬁ7 is
presymplectic (closed but degenerate). The Hamiltonian FL is

-
defined on F‘P by HC’-E"(FI-) where

E = -é—l'-cL‘ — L (1.3.11)
3q"
However, the equations involving the dynamical trajectories

(1L.2.19)
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(1.3.12)

t}o’l = dH

H l}

G‘_‘P
may not have any solutions for } , and 1n general will not
have a unigque solution. The idea of Gotay, Nestor and Hinds
1s to develop an iterative scheme to allow for this. Call
f}=l%r Using the mapping b introduced earlier, we
consider two cases.

a) A&Loutside the range of b for all Se rm

is in the range of bl
M, M,
(We assume rtis a submanifold of FL)

b) there exist points rtcrtwhere JFL

In case (a), (1.3.12) has no solutions, and we cannot
continue. This case 1s the case of an i1nadmissable
Lagrangian. In case (b), we must ensure that the Hamiltonian

vector field }H is tangent to FL, This means that
(4

ZH = 31*5‘( (1.3.13)

c

A
where hirk9M|is the inclusion and XéTTt, i.e. L{must be
<
the push forward of a vector field on rL. This will not be
true, in general, and we must look for a manifold r43C-FL

defined by
M3= {me ML» C{HC("‘) € b (jthMz)ﬁ (1.3.14)

Continuing in this way, we generate a sequence of
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submanifolds

3 . .l .
s MMM HTR-3 sas)

with

H%,: { me H; : c”‘lc(m)é b(Jf“TM‘f)j (1.3.16)

For finite dimensional systems, this sequence terminates in
one of the followinyg ways. (We assume this is true in
infinite dimensional cases of physical interest). Either

(1) Me=11

(ii) aim M, =0

(i11) M=M,, . aim M, #0
Case (i) is only true for inadmissable systems. Case (ii) is
alsd not of interest, since this means that Ph consists of
1solated points, allowing no room for dynamics. Case (iii),

however, is of interest. Note that the vector field defined

by

= 0 (1.3.17)
My

(i 50 d Hc>

is not unique, since P4hwill be presymplectic, and so O'H
k

will be degenerate.
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It can be shown that the above approcach is a
globalisation of the Dirac-Bergmann aigorithm, in the sense
that the steps from rt to Fﬂ to rL etc, correspond to
checking the consistency of the constraints in time. It
should be noted however, that the arbitrariness in the
Dirac-Bergmann algorithm lies in the Hamiltonian, while here
it lies in the degeneracy of the presymplectic form. However

the two .approaches can be shown to be equivalent (13).

The end result of either of these approaches is the
fact that the whole phase space ;S .is not accessible to the
dynamical system. In other words, the physically relevant
states make up a submanifold X of 28 , and the evolution
from an initial state remains in K for all time. The types
of theory which arise can be classified according to the
classification for submanifolds given in section 1.2. (14).

Thus if K is coisotropic, we have a first class system,

while if )( is symplectic, we have a second class system. A

system is said to be completely integrable if X is

lagrangian. If )( is not any of the above then the system is

sald to have mixed constraints.

We now consider the first and secona class systems
separately. So assume we have a constraint hypersurface KC23

and a Hamiltonian '4.



1f K is symplectic, then the restriction cf ¢ to X
is still symplectic. This means that the solution to
(1.3.17) is unique. Thus given initial data (contained in

K ), the dynamical path is uniquely determined. Thus we
have a standard phase space construction, with the addition
of an embedding of K in some larger extended phase space. In
order to take this embedding into account it is customary to
work with Dirac brackets on ;8 . which are defined by the

symplectic form on K .(15)

It can also be shown that if X is of mixed class,
then one can find a second class submanifold 52 of {g with
X a first class suomanifold of 32 (15). Thus we need only
discuss the case where X is a first class submanifold of

8. (Note that this reduction must be done after the
completion of the Dirac-Bergmann. This caveat i1s necessary
since 1t seems that second class constraints can generate
first class constraints during the algorithm, while first

class constraints only generate first class constraints .

For a discussion of this matter see (16).)

Thus it is sufficient to consider the case of X a
first class submanifold of {%. In this case, we see that
the restriction of ¢ to ){ 1s degenerate. Thus the sclution
for z‘in equation (1.3.17) is not unique. We are free to add

to this solution any vector field in kerc', where
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Rero = {ZeTK ; o= O}

(1.3.18)

When we then solve for the integral curves of '£4we have a

whole family of trajectories, corresponding to different

choices of };.

X :
nonunlque
: dgnamtca‘
evolution
Peesceibed

imtial  data

It is highly desirable to resolve this redundancy in the

choice of Hamiltonian vector fields and also to remove the
redundancy in the description of the space of physical

A
states, and reduce to a phase space K which 1s in

one-to-one correspondance with the space otf physical states

A
( K is called the true degrees of freedom associated with

K). In order that the dynamical evolution is unambiguous
VaY

after initial data is prescribed, K must be symplectic.
In order to proceed, we note that since K is
1
colsotropic,T,K D(T;){) for each se){. This allows us to form
T.X L
the quotient space d fnx)which has a symplectic structure
1
inherited from T;X. Moreover, CT)O is an 1involutive

subbundle of -rx and so will define a foliation of )(. This
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1

foliation, which we call ){, can be used to form locally the

. X/ : _ = .
quotient Kf which we 1dentify with X, the true degrees of

1

freedom. The tangent space to 54( at one of its points may

. . TR 2 . . .
be identified with (TsH)", and so is symplectic. (For this
construction to function globally, the foliation must
satisfy certain technical conditions, but we do not discuss

this here.) The Hamiltonian }l on K can pe reduced to iq on
A
K and so we have an unambiguous phase space formalism for
the true dynamics of the system associated with ffand K.

A
Note that since X is a quotient manifold, it is not, in

general, realizable as a submanifold of ;S .

While this discussion of the dynamics on first class
constraint submanifolds shows why different classes of
constraints should be dealt with in different ways it is
usually impractical to do the calculations explicitly in
examples of interest. We now turn our attention to more

practical approaches to this problem.

First we note that in section 1.2 we used the
symplectic form to express statements about vector fields as
statements about forms or functions. With this in mind, we

make the following definitions.

We define (:,the set of constraint functions on Eg by

(14)
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C = {{:6 Co(ﬂ), ‘ler con’s‘l’.] (1.3.19)

Now, if X is a well-behaved manifold with dinﬂ(=2n-k, we
expect to be able to choose k members of (:, which we denote
by ¢ :%=),...R, such that K is actually &Q=O;«-Lﬁ} This can
certainly be done locally, and we assume it can be done
globally without restricting the properties of X too much.
We will then show that the type of theory we have is

reflected in the properties of the constraints ql.

40
We define other subsets of C?Cﬂby

B = {FECM(S); [F,gL;O ; Vae Cz
F=CnB

Elements in B are called first class functions, while those

(1L.3.20)

in F- are called first class constraints. With these
definitions, 1t can be shown that
L
 feCeo (3) (T seX
2) fe Pe (};);":TS}{ csel

It is easily seen that if the constraints satisfy‘ det {(p.l,(p,f#o
then ¢L¢l:, and moreover, K is symplectic. The constraints
¢L are called second class constraints. Note that we must
exercise some care over the choice of the actual constraints

used and over the use of this terminology. If we had chosen

2
(ﬂ, say, 1nstead of ¢, then CP,IEC, but (P,le F.We neea to
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impose some nondegeneracy requirement on the choice of
constraints (ﬂ. This problem is normally dealt with when
discussing observables (e.g.(1lw)), a subject to which we
will return. We require the constraints to be nondegenerate
in the sense that {CLQL}¢=L"ifare all linearly independent.
Alternatively, this means that if a fdnctlon is zero on the
zero set of one of the (P‘ . then §='1(Px with hécw(f),together
with the requirement that the constraints are inuependent in
the usual sense. We assume henceforth that the constraints
are chosen to satisfy this criterion. We note that this
means that the Hamiltonian vector fields associated with the
constraints are not zero when restricted to )( . We will use
the other characterisation of nondegenerate constraints

later.

With these ideas in mind, it 1s clear that if K is
characterisea by first class constraints then X is
‘coisotropic.

We now consider how to describe the dynamics of the
true degrees of freedom '%., from the framework of a
coisotropic submanifold K in an extended phase space ;g .

‘ N

This 1s usually forced upon us, since working with A is

either difficult or impossible.

We consider the case where we have a first class

constrained submanifold K described by k constraints gQ.
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(since X is coisotropic, h<11=%din13 ). The physically
allowed states are represented in )(, but this represntation
is not unique, i.e. different points of X represent the
same physical state. These points are connected by
canonical transformations generated by the constraints.
Also, the true observables are smooth functions on the true
degrees of freedom ;%. We wish to relate these true
observables to some functions on S . Clearly the functions
on {g which we wish to consider should be those which
preserve the dynamical flows. However there are two ways of

characterising this. Either the condition can imposed that

an observable {: is first class (or weakly invariant) or

that it is invariant i.e.
{f(}l}=o °(=|,l,.---.,h (1.3.22)

Note that 1if 'F is weakly invariant then the constraints are
preserved when restricted to K (i.e. the constraint
hypersurface 1is preserved), a property which we would wish

the observables to have.

In what follows, we will take the invariant functions
as the more fundamental objects. However, we also note that

we have a natural equivalence on the set of functions

?é C“HQ:
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{~ 9 > Qm = g (1.3.23)

We call this relation weak equivalence (or weak equality)

We will show in Chapter Three that a weakly invariant
function is, in fact, weakly equal to an invariant function.
Why then worry about the choice of criterion? This is, in
part, motivated by the path integral approach to quantum
theory. Wwe will return to this later, but in the path
integral approach, the measure used 1s not zero on '8—-}(,
and so there will be contributions from off the constraint
surface. This suggests that we should take care with the

behaviour we allow to occur oft ){ .

We now define the physical observables as weak

equivalence classes of invariant functions. From the
definition_of %., the true degrees of freedom, we see that
such physical observables can be associated in a one-to-one
manner with the true observables. We note however, that we
will need to develop an algebra of physical observables,
which reduces to the Poisson bracket on the true

observables.

Before going on to develop these ideas, we consider
the properties of the constraints a little more closely. We

have k first class constraints @, , which satisfy {cp,(,(pp}“?:o

This means
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{q)a de = uj@ Py (1.3.24)

b4
where v are the (first-order) structure functions.These

structure rfunctions are not defined uniquely -- we can add a
term of the form W[Z?(pg to them without violating (1.3.24).
(We will discuss this matter in greater detail in Chapter
Three.) However, for any given theory we can usually chcose
the simplest form for the L&& that is possible. It 1s clear
that, if possible, we should take the U.f; to be zero. This
is a very special case and would correspond to an abelian
group acting on phase space. A slightly more general case is
when the lL; are constant: this would correspond to having a
general Lie group acting on the phase space. This example is
worth a closer look since this case 1is of relevance to
Yang-Mills theory and 1s also the case which was used to
motivate this line of work as outlined in Chapter Twc. We
outline the structures which are of interest when a Lie
group i) is acting on a phase space. The point to note is
that the constraints can be identified with the generators
of the gauge group. This occurs in many of the theories of
importance, like Yang-Mills. The analysis which we will
outline, with finite dimensional S , and Lie group Ja, is a
model of these types of theories, which still contains the

important structures or the canonical approach to these
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theories.

We can define a mapping X from the Lie algebra of i),
{i(ﬂ) to the set of vector fields of 3, by allowiny the one
parameter subgrcups of E to act on 8 Thus Ref(ﬁ) is
mapped to the vector field whose value at 563 is the tangent

vector to the curve
§ —> Lexp (-tl)] S (1.3.25)

at the origin. This mapping Y is a Lie algebra homomorphism.
The action of la is assumed to be symplectic, so the Lie
derivative of o with respect to y(}): }l is zero. Thus .}1 is
a locally Hamiltonian vector field. We assume that ig is
topologically trivial (17). Thus we must have a smooth

function ¢A such that

L, O = cl(p (1.3.26)
32 2

It is natural to ask if this mapping from ﬂﬂ)to Cv('g) is a Lie
algebra homomorphism for some appropriate choice of ¢a.
(Remember, ¢4 is only defined up to the addition of a
constant) In fact, while this is not true in general, for
almost all the groups used in physical theories such a
mapping does exist and is unique (8,17). (For this to be so,

it 1is sufficient that tB be semisimple, since then the
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relevant cohomnology groups of fu»are trivial (18)) There is
o)

a technique for expressing this homomorphism F%fU»-—aC 63)

which has many important properties (e.g. (19)). This uses

the momentum map (8).

A mapping

*
7.3 — 2D
is a momentum mapping for the action if, for every Kef(ﬂ},

i(}'l)o" = clp(l) (1.3.27)

where

P = <36,y (1.3.28)

where (,) is the natural pairing between dual spaces. It
can be shown that if the Hamiltonian is also invariant under
the action of i>, then ]- is an integral for the dynamical
flows (8). This, in fact, was the original motivation for
develcping momentum mapping techniques. However, 1n our case
we wish to 1identitfy the constraint hypersurface X with
IrYd. (Whether I?ﬂ is a manifold i.e. whether Oéf@m*is a
regular value of J.is discussed with great care in (19).
This reference also notes that the space of solutions for
classical relativistic field theory is very closely related

to the zero set of a momentum mapping, which is, of course,
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-
our own motivation for identifying K with J(0)). with this

identification, we can write

oC
J(s) = de(S)"’]V (1.3.29)
4 1)
where{7)Jis a basis of . Then we can choose as our k
constraints the functions ql. Moreover, since F)is a Lie

algebra homomorphism,

{(p‘“/ Cp@] = u:pfpr (1.3.30)

Y -\
where the a¢are the structure constants or f). Thus )iEI &D

is coisotropic.

This construction 1s very powerful ana allows a
global description of the true degrees of freedom whenever a

Lie group acts properly and freely on :3 . (209

This characterisation of the constraints by the use
of the momentum map 1s crucial to certain aspects of the
analysis of Chapter Two. However, we will show that a fairly
complete discussion of constrained theories along the lines
of Chapter Two can be developed in the absence of a
straightforward symplectic group action cn '£ . This is
important, since several theories such as gravity,

supergravity (21), and the n-dimensicnal membrane (22), have
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' ¥
constraints satisfying (1.3.24) with the Zi¢ functions on

3.

We recap on the framework which we wish to describe.
We have a coisotropic submanifold ){ of dimensiocn Zn-k,
which 1s contained in a Qﬂ(iimensional phase space 18 . The
submanifold K is defined by k constraints =0, which

satisfy
¥
{QL,CD{!} = qus(px (1.3.31)

The ¢Z also satisfy certain nondegeneracy requirenents. The
canonical transformations generated by the constraints,
which we will refer to as gauge transformations, connect
different points in X which describe the same physical
state. The physical observables are the invariant tunctions,

modaulo the weak egquivalence relation.
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CHAPTER TWO
GROUP ACTIONS AND B.R.S.T. SYMMETRY

2.1 Introduction

The previous chapter introduced the language of
symplectic geometry as used in dynamics. We have also seen
that much more structure is available when we have a group
action and momentum mapping on és. In the next two chapters
we characterise the physical observables using the language
of homological algebra. A summary of the relevant

definitions and concepts can be found in the Appendix.

In this chapter we recap on the techniques, developed
by McMullan (22) in the case of a symplectic group action on
f% . We will characterise the invariant functions in terms
of the ghost complex, using the momentum map, and the
techniques of homological algebra. We indicate hcow this

could be generalised.

By 1ﬁtroducing the antighost complex, we develop a
homological expression of the equivalence structure on
functions.We will also consider the resolution prcperties of

this complex.
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These two sequences will be combined anu the B.R.S.T.
operator constructed. The physical observables will be
relatea to the cohomology of the ghost number comiplex. The
analysis of constraints is sumnmarised, as is the definition

of the algebra of physical observables.

We finish the chapter with a discussion of the
reasons for needing to formulate an extension of these
methods to deal with cases where the coisotropic submanifold
)( 1s not necessarily describable as the zero set of a

momentum map.
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2.2 The Ghost Sequence

In this section we develop a homological

characterisation of invariant functions.

The invariant functions are those which are constant

on the orbits of i), i.e. those which satisfy

y(A)f = gl{ = 0O (2.2.1)

o

for all 16 f(ﬂ) If we write 3.=(,0<7) , where {7)(} 1s a basis
#*
of ;{(f» then 1t is clear that an invariant runction is

characterised by
§F - {T,” = {(})«,Fh"‘ =0 (2.2.2)

¥
where the Poisson bracket is extended to CH)@»f(eg)by acting

o0
on the C—(SD part. In order to seek a complex connected with
@

0
S|we define gl. to be the space of Ckglvaxued r-forms on

f(ﬂ)ﬁ thus
_Qr'o = Cw(£)® /\ri(@)* (2.2.3)

r0
Then an element of fl is of the form

% %, ¥ 2.2.4,
N = -E‘ml,_,---;o(r 7} l,,} ,——--—--77 ¢ (2.2.4)



4y

where 1fﬁ“=-jﬁqd’, &&,“mﬂ,is a totally antisymmetric set of
o0
sniooth functions on 8 . We have defined g, on Q . It can be
: ro
shown (22) that there is a unique extension of g, to ﬁl',
such that it is linear, an antiderivation, satisfies Sf=‘@

Qo
and restricts to (2.2.2) when acting on Q. This extension

is also local : i.e. 1f U is an open set in '8 then
~0
(gﬁ“)lu = g.(“lu) &éQ (2.2.5)

The action of %,on an element ot the form (2.2.4) is given

by

'gl-F = {(pﬂl F}T(

(2.2.6)

™

%,”] = -1’-(/(;,7)’7Y (2.2.7)

and 1s extended by using 1ts properties as an
«
antiderivation. In (2.2.7) the O%,are the structure

constants of the group i), as before.

These definitions allow us to introduce the ghost

conplex

o & 1,0 RO
C'8)5q —§-'>Q7’°_a'__, S 2 O iz.2.8)



49

Then the invariant functions are the elements of H?&)where
0
H(8) = herd n C7(3) (2.2.9)

However this characterisation of the invariant functions
leaves no room for weakly invariant functions, nor have we
introduced the weak equivalence relation. We will resolve

this in the next section.

We also note two apparent difficulties with (2.3.8)

a) The construction appears to be basis dependant

b) It 1s not clear what significance the higher cohomology

groups Hl(g,)' 0 have.
It is clear that if we hope to extend these methods to field
theory, we must produce a basis independant construction
(23). Such a development has been described in (22), where
it is shown that the ghost complex is exactly the complex
needed to calculate the cohomoulogy of fﬁw with coefficients

in Cm{f), which is defined by

(219 C) = Gt (@)P(R CR) e

/

P
where Jg(zﬂ) is the universal enveloping algebra of {(GD), and
Ext is a functor which can be characterised in terms of

exact sequences modulc a particular eguivalence relation

(24).
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Wie note, however that this approach relies heavily on
the properties of the group i),which we will lose in the
more general cases we wish to discuss. In this case, we will
try to model the ghost complex and the definitions (2.2.6)
and (2.2.7) rather than take the more abstract approach. We
note here (and will show later) that in general the ghost
complex will fail to be a complex, that 1is, g.as detined

. . t
above, will not satisfy §,=C).
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2.3 The antighost Sequence

We now consider how to characterise the egquivalence

class structure on the functions. In the case we are

considering here, we can use the momentum mapping to do

this. Introduce

Qo= Cw('g)tij f(ﬂ) (2.3.1)

and a basis {Pd.] of f’@) which is dual to [7]"} Then ueﬂel‘can

be written as

O = \(«p,,

(2.3.2)
with 1r°(€ C?‘g) Iintroduce So.'.ao—l—éo.oo by
S,0 = KT . w> (2.3.3)
= Af *
Then 1f we take g.ﬂa": O , we find that
00 [Ye]
Ha(&;) = hﬂrgana = C (‘g) (2.3 )

w & 00 R (3)

«©
Since, in this eXpression, C} (ﬁv is the set of all functions

which are zero c¢n }(, we have imposed exactly the correct



52

structure on Cweﬂ

Wwe now wish to extend this to find a way of
intertwining the ghost complex and the mapping (&,above. As
is shown in (23), the correct observation to make is thaf
the space Cw(f)@ /\f@)ls an associative algebra with
identity, which is also an 'jay-algebra, and which is

¥
positively graded by the exterior algebra of i(a@}.(ZS)

An f@—algebra is a pair (S) 0’) where 5 is a
positively graded associative algebra and q:fﬁﬂ-é'S is a

linear map satifying

o(l)s = sa() ;léﬂa@),568 (2.3.5)

Such an algebra i1s automatically a ‘izQLspace.

Associated with such an iéaLspace, one can define a
Koszul complex (25), which defines a linear operator&,onthe
2
tensor product S@ /\f(g)with S°=O. For us this complex has
two important properties
a) the zero homology is the type of object we are looking
. . w
for i.e. it is the weak equivalence relation on Cj(fv;

b) the properties of a Koszul complex in general allow us

fo deduce that

Hi(5®/\f(08))=0 (»)e H,(S@/\f(ﬁ)}:() (2.3.6)
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See (22,25) for details.

However, the objéct of this thesis is to consider
theories where the constraints do not arise from a
straightforward group action. We will show that while we
lose the language of Koszul complexes, we can still
introduce a complex with the same effective prcperties (a)
ana (b) provided the constraints we use are nondegenerate in

ar

the sense discussed in Chapter One. Let us introduce Sl

analogously to Cw(S)Q) /\rﬂﬂ) Thus if oLE Qor , we have

T (N ¢
o = g“ Od.@ﬁ_ﬂﬂ@qf (2.3.7)

where the N{l are a set of anticommuting elements. Define 50

h _er
on C)fl by demanding that it acts linearly and
r=0

CZ SRV
goo( ) rq)d{ (sz’-______P« (2.3.8)

v

' or Or-| 2
Then &Ifl*(l. Moreover, §.=0. Thus we have a complex (the

antighost complex)

S; So o]} S oo
0— " >Q°h"_§_; _%5>Q =0 _E;o (2.3.9)

It is clear that this complex satisfies (a) above. While (b)
is not applicable, we can show that its conclusion (that

oL .
(2.3.9) is exact at fZ t»0) is, in fact, true.
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We prove exactness at Sl . The other cases are

similar. We use a proof due to McMullan (22).

We note that the nondegeneracy requirement on the
constraints allows us to deduce the following :
KQ
(*) 1I1f F%é C ('gj such that fcp,=c3¢>l then Frkcﬂl ana 3:%4)' with

heC(Tg)

Let aeQ_ with 5 w=0. Then we can write a)‘F@, and we know

that
«
(2.3.10) Pt =
We denote the zero set of (@N,_ “d%) bylzi. Thus the

constraint hypersurface K is Z

[
on £, (2.3.16) becomes @f-O. Hence we have
ol
{20 on Z, (2.3.11)
on #Z,(2.3.19) becomes

(2.3.12) (p,-("+ (plfl=

By (*) above, this means
¥4= qu and ‘Fz = *‘h(ﬁl
(2.3.13) P‘-—(pJe“h

where ( and j run over 1,2.

i.e. on EL s

We assume that the construction has been carried out
to EZ,. That is, 1f we have a set of functions F,f,“"g{‘with

. 'y'eo
¢j=0 ( ¢t running over L, ....,5 ) then f %Fdfor some e(: ﬁg

which are antisymmetric in ¢ and § .
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Then consider (2.3.10) on Z,. (In what follows, (

and j run over l,2,....5 only)

ot + 9 f =0 (2.3.14)

L
@f=C)on ?Z> so by the induction hypothesis

£ @, = on 2 (2.3.15)

S

Thus on £,

PL = (pi Fjl + CPS“BL (2.3.16)

( Here we have used the nondegeneracy of the constraints).
)
h‘eC Gﬁ for each t=L%....,s

Substituting (2.3.16) into (2.3.14), gives

(pw{::” + (pi gﬂw Ai =0 on Z,,
i.e. ]GS” = - CP;H( on st

a ba
Thus'F%ﬂF (o, b running over L%,..--.5¢ ) on E%Hwhere

Fo Fr ’:"-hi

Thus by induction, if « 1is such that (2.3.19) holds, then
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@d
(PPF (2.3.17)

o2
Defining el by ?’z'%& then we see that w=&,?.
. (-]
Hence the complex (2.3.9) is exact at {) .

We see then, that although we can no longer use the
Koszul complex construction, the result is still true : we
can define a complex which is exact except at (2 , which

@
introduces the correct equivalence class structure on C.(fﬂ,

In fact, we can generalise this even more. We can

define

QF - R N2 e N'2(8)

(2.3.18)

8AVa S AP ) 0 g g, (2202

Then for each r>(, the complex

o_.;,_Q_ Qr“ __'_’_____;,QL;Q”_;‘Q'LO (2.3.20)

is exact except at ﬁl . It is clear that if we lack a
group action, but introduce two set of anticommuting

variables if% and {Ek], and define a complex as above,
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then the result is still true.

We now go on to show how to intertwine the ghost and
antighost complexes and so introduce the B.R.S.T. operator

in oraer to describe the physical observables.
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2.4 The B.R.S.T. Operator

First we recap on what we have shown in the

previous sections.

We have defined various spaces
Q- CB)e N1 @ AL (D) (2.4.1)

whose elements are of the form

3%

C.JEQPS S W= ‘F;_-_.___@r Y)g'_,_.,‘)]p' Pt - -- Pty (2.4.2)

" :
where gqu is a basis for {(09) and {P"‘] is a basis for

f(ﬁ) Together, the space

SN T
Q) =ZZ Q (2.4.3)

r=0 S—’o

is a bigraded, associative algebra. (The two gradings are
those associated with the exterior algebra of Zp@)and :g[ﬂ*)
The multiplication of two elements of fZ , 1s detfined by
allowing the functional part in (2.4.2) to commute with
everything, and requiring the ghosts and antighosts to

satisfy

B o

] Ts" N PePos PP qu)@__ _7)“9‘1 (2.4.4)
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We have two operators defined on (parts of) _(2 ' S. which

rs ro
is defined on all £, ana é, which is defined on (r=0)

It can be shown that 3, can be extended to all of
(1 by requiring that it be an antiderivation, defined on
functions and ghosts by (2.2.6) and (2.2.7) and acting on

antighosts by
S'P“ = - L(j;s 1]pr (2.4.5)
Then §?=O as before, and moreover
0,0, + 8,8 =0 (2.4.6)

We have thus defined the ghost-antighost double complex

Qoo s Qlo—__) Q‘Lo . s Qho_» O

i 1 1 7

s \! __,Q:“-—-)--’-. ———)QhJ‘—-) O

I ' >T“_>-- N _;1'”——> o (4.7

U

0 0 0 0

where the vertical arrows represent g, and the horizontal



(7]

arrows are 3,.

In (2.4.7) each column is exact, while each row is a

complex.

The definition (2.4.5) can be shown to be unique

provided that we demand that & satisfies
3,0, +2s, = O
o= 0
, =
LY . . .
and that the «p are constant (22). We will return to this

point later.

From this bigraded complex, we can define a singly

graded complex in a natural way (20). Define

q{ rs )
Q - rZ?[/Q g:go+é‘ (2.4.8)

3~ 1
Then &flﬁfl , and 3 =C). Hence we have a complex, the ghost

number complex :

-k - ° 1
0-Q0 — ._-““—%>£2[—9£1-4>£1—» \__“—;>EIH:>C) (2.4.9)

This complex will allow us to discuss the physical

observables.

The operator S is called the B.R.S.T. operator. It is

9
an antiderivation. If wel)” satisfies ow:=0O we shall call
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g-H
it B.R.S.T. closed, while 1f Cd:gt for some %eJZ , we will

call it B.R.S.T. exact.

Before considering the homology of the ghost number
complex, we should note that the ghost-—-antighost double
complex can, in fact, be developed without reference to

¥
bases in Z(@) and f(f)} We refer to (22) for details.

The B.R.S.T. cohomology is defined as

N Y o
H (3) - tm S:Qc‘-'-—>.Qq'

(2.4.9)

It can be then shown that }ﬂ0u=0 if $<C), and that H?@)
corresponds precisely with the physical observables. It can
also be shown that a weakly invariant function on Eg
determines a uniyque eguivalence class 1n /er, showing that
the anaiysis can deal with the weakly invariant functions.
Since we will extend these results in Chapter Three, we will

not aiscuss the details here.

One can also develop an algebra of observables using
the super Poisson bracket acting on elements of 51 . This
has fundamental brackets:

1) On Cwﬁﬂ it is the Poisson bracket
2) [")Q,’]Bf = IP«,Pa} =0

R A N ERY
9D - [F]=0 V fe C°R)

—
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[}
Moreover one can show that 1f C}efz is definea by

Q - (ﬂ,ﬂ]q + ZZLPX(’LI@'T] 7)"‘ (2.4.10)

then

fQ, Q] = O (2.4.11)

and

éu = {Q,w}

(2.4.12)

We now consider what happens when we try to apply this
construction to more general class of theories where the

structure constants become functions on ;5.
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2.5 Difficulties

We consider what happens when we lose the action of
the group i). Thus we have a coisotropic submanifold )(C'S '

defined by constraints (<O «:l..,h, which satisfy

{CP«,CD,J = U:;; J, (2.5.1)

One might hope that the formalism would deal with this, with
the loss of some of the geometric flavour. After all, the
antighost complex could still be constructed, and is staill
exact, provided we have chosen the constraints correctly.
Unfortunately there is a larger problem which obstructs the
definition of the ghost compléx. This is the fact that Sf
is no longer zero if the lﬁ& are functions on 'g . To see

this consider

§,L= g,( {4)&,”7)(})

=( (%U(’?H;)wx,” + %@!{UB:”)?]&’]«‘ (2.5.2)

where we assume

Y

817] = H{;; 767)0( © (2.5.3)

Y ? 4
Thus if 4P£C(f)then we cannot make §,¥=O for any choice of HIH
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That this is an important question can be seen from
the fact that there are several theories which have
structure functions. For example, the superhHamiltonian

constraint )£¢ in gravity satisfies
FH00 M- (g 0w+ g Wil d 8(ng)  (2usa

where JQE is the supermomentum constraint ana the jhare the
components of the three metric, which are the configuration
variables (27). Other examples include supergravity (3¢) and
the n dimensional relativistic membrane ((28) and Chapter
Three). In Chapter Three we develop the necessary

modifications to cope with these difficulties.
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CHAPTER THRETE

B.R.S.T. SYMMETRY IN HIGHER ORDER THEORIES

3.1 Introduction

In this chapter we develop the extension necessary
to generalise the homological descripticn of B.R.S.T.
symmetry to the case of a general coisotropic constraint
submanifold. We have seen that if the constraints can be
described by a momentum mapping, a number of techniques from
homological algebra can be used to describe the physical
observables. However, we also know that one essential part
of this construction, the ghost complex, is no longer
available to us. On the other hand, thg antighost sequence
seems to have all the actual properties which we used
before, it has merely lost some of its geometrical flavour.
It is clear that we will no longer be able to identify the
ghosts and antighosts as elements i1n the Lie algebra of the
symmetry group, but it may be that we can still extend the

phase space 3 by Qh odd deyrees of freedom, and so describe

the physical observables.

In section 3.2 we describe the higher order structure

functions, and develop an iterative formula for the nth
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order functions. We then give an example of a theory which
has nonzero structure functions of all possible orders, the

n dimensional membrane.

We then go on to show that ‘by considering
antiderivations associated with these structure functions,
we can define a generalised B.R.S.T. operator and a ghost
number complex associated with it. However we note that this
solution is not unique, and we find a form for the most

general form for the E.R.S.T. operator.

By applying the techniques of homlogical algebra, we
show that the physical observables, and all the physically
relevant quantities are independent of the particular form
of the B.R.S.T. operator used, once 1its action on functions

1s defined.

We then consiaer the relationship between the
homoloyy and the observables, and weakly invariant
functions. We also consider the construction of an algebra

of observables.
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3.2 Structure Functions Associated with Constraints

We have shown that the development of a homological

approach to B.R.S.T. symmetry along the lines of Chapter Two

has problems when the structure constants become functions

on 5). However, there will be relationships between the

structure functions and the constraints which arise from the

Jacobli identity for the Poisson bracket. In this section we

give a systematic development of these relationships.

We are given a set of k functions <ﬂ, satisfying

{@a, CP&J = u«;% (3.2.1)

The <Q also satisfy the nondegeneracy condition described
earlier. If we take the Poisson bracket of (3.2.1) with

we get

{{SO«,CpAI,CPcs% = {U,;,gogjcpy + L{:ﬂ Uj;gpr (3.2.2)

If we antisymmetrise on ti@é , the left hand side is zero by

Jacobi's identity and we get

( qLu[:(; ,(p;]i - uf; Uge) P, =0 (3.2.3)
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However this 1is an equation of the form
So w = 0 (3.2.4)

By the exactness of the antighost complex, which we showed

is true even in the most general cases, we can deduce

1 3 Y +
Euc-qs ,4);}} - L{'«p Ué]e = ¢z« \/d,;Z (3.2.5)

v M)S)
where |4ﬁé is a collection of C ( functions which are
antisymmetric in %Y and in %ES . We can continue and take
the Poisson bracket of (3.2.5) with a constraint and then

antisymmetrise, giving

(p?[ {uL’«ﬂ Uhﬂ} { %::r ,(pﬂj t ui[" V“]
+% ut:p Vx:]éx - uxL« v m]

(3.2.6)

Again it can be deduced that the term in brackets in (3.2.0)
ﬂfe pve
1is of the form 4% dﬂLSWMere Wﬂﬂs is a collection of

functions which are antisymmetric in ,4?& and in qﬁfé.

We now proceed to show that we can continue like this
indefinitely, or rather, until we run out of indices. That
is, the algorithm continues until we try and produce a
structure function with k+1 suffixes, which, of course, is

zero by the antisymmetrisation property.
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Theorem

%ﬁ) g -
The (n+l)th structure functions Brooccfbner BTE defined

in terms of the structure functions of order p (Y<psn), by

M)y
---Xnay BL. -]
(3.2.7)
n+ l) Q 3!\4! CPO(Q,H .-- ----Bnﬂ]
where 0
@ o« — | (-p)
e ] np+ { .. pas - X 3
B&'-----—-gm&z lg;z OF pp.n; Q@yu-—---?nz
n-1
n(PH) ¢ ) (- P)‘pil o ol (3.2.8)
PZO_( ), (P+\)(n p+) Q ﬁ»z Bpes By

In this expression, the zeroth order structure functions are

the constraints

(o)

= (P“ (3.2.9)

Also note

Wy Y

_ =
Q«p - 'fu"‘ﬁ

(3.2.19)

The proof parallels one in (29), where a similar calculation
is done for the case of mixea (1.e. fermionic and bosonic)

constraints.
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Proof

The proof is by induction. If n=0 , then

(o)

- -1 | TR |
B[P.@J l{@g,,Qd = "‘z‘ UPI(QL (P‘, 1 (3.2.11)

This is in agreement with (3.2.19).

Assume that the structure functions of order n (Usn<m) have
been adefined as in the theorem. we now show that it is
possible to define the (m+l1)th structure functions according
to (3.2.7).

We take the Poisson bracket of q%mylth

m (m 0(\ R (m ,)f“\ V--lJ
""" gmu @dn .........?m,j - O (3.2.12)
and antisymmetrise with respect to [(3,.B, __““anf This gives

™) . oo Ayt ‘-
O =m { Q[{l, U Y (pﬂmz]} Cpel.. + 2 m Q[ﬁ 6"‘*' Qemu]"‘m Cpr

(m=1) (3.2.13)
_— { 5 Cxy--oe QM—J

[ @n s -----$..+| 4 (ppnu] ?

We need to simplify the last term (3.2.13). To do this, we
note that for @g¢ngm we can substitute (3.2.7) into (3.2.8)

n)
and solve for {%D,¢} to get :
(n) € onilp n+t [ S a(,‘,,
{Q -o-Baer »@Bn-n.]} = L—\) (n+}) Q{j so-c=-Ban (p"("""

(Pﬂ){ (P) N, . ol (n-pu ]
__L P fadl n
(pt)
(ets. . «lrl dour. cently]
- ZH) (p+D(n~ p+1) Q F Q ”

P 0 n - .-V.BP.H. &f»J Lo ""'gnﬂJx
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(-1)
Thus we can use Jacobi's identity on fe,dﬂ and substitute

(3.2.14) into the resulting expression.

when this i1s done we are left with
(m)
Btiu--——?lm] O
(B - P @«m = (3.2.15)

(In order to be left with (3.2.15) we must note that the sum
of terms of the form
(418 .37

which appears, is zero by Jacobi's identity.) (1
+
Hence by the exactness of the 80 mapping we can define

by (3.2.7).

Note that the structure functions are not unigquely
defined. They are unique only up to the addition of a term
of the fornl&LJ, i.e. the addition of an antisymmetric
combinatio?pof constraints. Note also that 1if we change‘the
choice of , say, to 8+ (DW for some(’\)A/ , then this
will change the possible choices for all C} with’f}p. We

will have to take this behaviour into account, when using

these structure functions to define antiderivations on g?..
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3.3 Some Examples

In this section, we take a brief look at situations
where the analysis in 3.2 is valid. As mentioned earlier,
gravity has structure functions present in the Poisson
bracket algebra for the superHamiltonian constraint. In
fact, it can be shown (7,28) that despite the appearance of
the canonical coordinates gg,in this expression, the higher
order structure functions, C} (izl)can be taken to be zero.
In the classification of Fradkin et al (7), a theory in

(m) (n)
which Q?"O while Q=O (n>m) is called a theory of rank m.

Thus gravity is of rank one. Note that rank is not an
intrinsic characterisation of a theory. By using the
ambiguity in the structure functions, that is by adding an
antisymmetrlc»ccmbination of constraints, we can change (in
general, increase) the rank of a theory. Clearly gravity
cannot be of lower rank than one, so this 1s the minimal

rank possible for the theory.

There are examples otf theories of rank greater than
one. It can be shown that supergravity is an example of a

theory of rank two (39).

The discussion of structure functions in the previous
section showed that the rank of a theory is, at most,equal

to the number of constraints less one. It 1s reasonable to
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ask if there is any theory which must have this maximal
rank. There is one known example, the n dimensional
relativistic membrane (28), embedded in a dimensional

minkowski space. The action for this theory 1is

S[Xh(x")] = = [-(n")a]lh . (3.3.1)

In thais expression, XA are coordinates in the d dimensional
flat spacetime (A=)...d), Xﬁfxqﬂﬂare the parametric
equations of the membrane trajectory, and Mﬂé is the
determinant of the metric induced on the trajectory. Heré
the indices ﬂ:QL-uwﬂ, while latin indices run over L3,....,n

and refer to the membrane at a given time.

Since the action in (3.3.1) is invariant under
reparameterisations of the trajectdry, the Legendre
transformation is singular, and so the techniques of the
Dirac~Bergmann algorithm must be used. This leads to an

action in the canonical form:

k ° A 1 h
S”[XA,PA,N,N]=de° dx(X P-N C)'QL’N}(;Z) (3.3.2)
L k
In this expression A/ and Pd are arbitrary Lagrangian

multipliers, and the superHamiltonian and supermomentum

constraints are given by
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f)/ql =£— (PAPA+%) : ﬂh’ ,DA)(AJh (3.3.3)

respectively, where % is the determinant of the riemannian

metric

Qe (I 7],,3 X)s(x (3.3.4)

induced on the membrane at a given instant X’. These
constraints generate canonical transformations which leave
the action invariant (once appropriate variations of the
lapse and shift functions are prescribed). These canonical
£ransformations correspond to the reparameterisation

transformations.

This theory has rank n. The explicit expressions for

the structure functions are simplest if written in terms of

(m)

Ay - Xy Wy
Q QB--M?M qa' .___af"‘*' (3.3.5)

where the {7fg are a set of n+l anticommuting elements. In

this case we have (28),
O

Q" ="t
Q kj L1 Ik
= 9 %7?7»J+77JJ (3.3.6)

() u-! :
ERTCON S M U (P

11 -
u! B(Jk e 53"



75

The reason that the membrane différs in this respect from
gravity can be traceda back to the fact that the metric of
the membrane involves the derivatives of the canonical
variables (i.e. the X?k). This in itself is a consequence of
the embedding of the membrane in a larger geometric

structure.

Thus we see that the higher order structure functions
do play a role in theories of physical interest, and we even
have a plausible moael in which structure functions of the
highest order are nonzero. we will return to this example
when we consider B.R.S.T. symmetry in quantisation in

Chapter rour.
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3.4 B.R.S.T. Symmetry in Higher Order Theories

We have already seen that much of the structure of
the cohomological approach is lost when we do not have a
momentum map. However, we have also seen that some of the
structure does remain valid, notably the antighost complex.
The main difficulty is the fact that the ghost complex is no
longer a complex since gf#(). We now consider what
extensions are necessary to allow this approach to be

applied to higher order theories.

We are given a symplectic manifold ;g and a

coisotropic submanifold K described by k constraints
(Pd=o &=I,1,_____,b\ (3.4.1)

These constraints, being first class, satisfy

[ Qe ] = U Oy (3.4.2)

Thus we can use the theorem in section 3.2 to define higher
order structure functions. We extend the phase space :g by
the addition of Qk anticommuting coordinates (vd,ﬁg. Then we

s
denote by S:L the set of all expressions of the form

\/[3,“#@ 7] .,,7& Pd'Pdt”de, (3.4.3)



77

- L)
where‘V@_"k:is a set of C (g)functions, totally

antisymmetric in «°,...«; and §,8,,....3;. We refer to the nx as
ghosts, and to the Q* as antighosts. (This mimics the
introduction of the Lie alyebra of the group éD in Chapter
Two. We clearly cannot seek an laentification of ‘ndana ?ﬂ
with bases of JEQﬂ or 1ts dual, but we will show that

enough structure remains to allow an essentially unigue

extension of the methods of Chapter Two).

We define
~S
Q=0 (3.4.4)
t,S

Then K) is a positively bigraded space, with the gradings
being given by the number of ghosts, and the number of

s
antighosts. We define the ghost number of an element in 52

to be r-s . Then !1 can be singly graded by ghost number.

QQV = @ QM (3.4.5)

r-1=q

q qH
We wish to define an antiderivation which maps 12 to (2, and
which reduces to the analysis of Chapter Two when we have a

group action and momentum map available.

With this in mind, we investigate the difficulties
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which arise in the formalism or Chapter Two.

As we saw, we could still define the antiderivation

&” which defined a complex

0— Q"™ Qs Qe (3.4.6)

for each r. This complex is exact except at &2. . The

antiaerivation So 1s daefined by

¥y ..

g(\/l;' @rq__.'/} P - ) l)sq)yV %7 7@& Lo, (3047

and is extended to E) by linearity.

The difficulties which arise, appear in the ghost
complex. If we seek a homological characterisation of
invariant functions, we clearly wish to retain the

: QD
antiderivation %U with its action on F\GC_Gggiven by

gﬂc = {CP.L Flj 7]“ (3.4.8)

However, in this case,

STF = ((Hga*%ui){@;f} acp,[ F]) o (3.4.9)

where we have written
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g,vf‘ = H:, 7]97)" (3.4.10)

and assumed that & is an antiderivation. It is clear that

2 . ¥ . UY

&Qﬂfor any choice of FLP’ provided that the Uy are not
constant. This stops the development of the ghost complex as

a complex. On the other hand, 1f as before, we define

g,’)“ = -4 U(;; ,7!’73 (3.4.11)

then
[ | bs
5,{ = Qo( ¥y {uo(‘g 7(} 7“7‘3?{) (3.4.12)
Thus, 1f we define

TR 17,0 PO O

we have

(52 + 3051)9 = 0

| (3.4.14)

Thus we have the situation

L S N

L )QLl
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This suggests that we should introduce an antiderivation
SﬁQ?ififJ;nd the define the B.R.S.T. operator 8 as é°+&+&,

where the properties of éhghi are chosen in order to satisfy

X}O. (Note that we have yet to define 5}7 or <&P ) . Consider

rs
an arbitrary element well”. Then we can decompose 1ts 1mage

I3
under g by

2

W

So W= (5.3, +<§,,§, )w
1

w > 8,00

\\Bliﬁé& (3.4.16)

o (5,5, 5,5)w

\Siw

We see that we must define & with the properties

=0 @

Sag,*é,&, =0 (b)
E},Sﬁs.l*&gﬁo (c) (3.4.17)

58.+8,8,=0  (d)

S5 =0 )

We already know that (3.4.17)(a) 1s true. If we define & by
(2.2.6/7) and (2.3.206), then (3.4.17)(b) is true as before.

We need only consider the properties of S .

With the definition of 9f by (3.4.13) we see that

(3.4.17)(c) is true when acting on functions.

L«
Consider &q :
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S P BTN R R

Then from the definition of the structure functions

(equations 3.2.5) we can express this as

€al

5:7]“( = - %Cpe Vp,é 7]&1’“’7é (3.4.19)

If we define

817]“ = :{. V{;;; 17(’7)337596 (3.4.20)

then equation (3.4.17)(c) is true when acting on ghosts.
0 - 3 . z .
Similarly by 51mpllfy1ng(§éo*&)ﬂj one can show that if gdL

is defined by

Se
gde = T3 < By 7)‘477*[)5()& (3.4.21)

then (3.4.17)(c) 1s true when acting on antighosts. Thus if
we define SL by (3.4.13), (3.4.20) ana (3.4.21), and extend
to the whole of gl by using its properties as a

antiderivation, then (3.4.17)(c) is true.

Rather than try and impose the remainder of (3.4.17)
on Q q and p , which would impose conditions on the
structure functions, we proceed to the general case, using

the above calculation as a guide.
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We have defined the bigraded space _Q, with the

antiderivations So and S, defined on it.

S:l?o . grzlo___a 7.0‘______‘> - %?F°__q> 0
| .
;g?‘ -———».glu ___>_(fJ — ‘-_”———aﬁzﬁﬂ——é CD
1 [ N
Q" — %11 \%1“ 5 __————>§Tl — 0 (3.4.22)
% : .
3

t 1

ok 2k kk

Q > I)}k_————e — ... __“9_51 — O

é @) O o

Here we make the convention that the vertical arrows

represent é,, , while the horizontal ones represent é, .

We postulate the existance of antiderivations

é,.‘&”-__gh, where

TS r+U SHL-)
.

(3.4.23)

which are such that 5: goag.h_.mék satisfies

gz = O (3.4.24)

From this, we can derive concitions on the & :
S, = O
5.8, + &8, = O
568, + 0 + 8,0, = O
8095 + 9,0, 4 51& + g,go =0
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gk-zéh 1 é:—: + :éhéh-z =0
éh-; éh + ‘:Sh 5,,__, :O
St =0

From the point of view of proving the existence of these

(3.4.25)

antiderivations, it is easier to look for antideraivations
S;(Qﬂ)satisfying (3.4.23), and all equations

S 85 . -0

(3.4.26)

for all mz¥. Then the conditions (3.4.23) imply &=0for >k .

We can now show that antiderivations §LA,P_“q£h with

the properties (3.4.25) do exist.

Given constraints 4& satisfying (3.4.2), we can use

the results of section 3.2 to choose a set of structure
) (k)
f B mz

functions of all orders “}

. - s s
e Mg - = oo L Then 1f we define

(m-1)

g £ = { @:;m ’CSqﬁ'q&----’]PAPa.Pdl----P«w (3.4.27)

mel W

g,,Jf (‘> Q {3"4»7}9 ”)PM'PdL ----- Py (3.4.28)

(m)

Sme = () Q«ggm ’]’3 ’)ﬂ"“ O, _L.-,..pxm

(3.4.29)
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rs
for wgmgk, extena §.tc)f2 as an antiderivation and to fl by
linearity, then the resulting antiderivations satisfy

(3.4.25).

We prove this by assuming these forms for gm
( 0S$mgs), and proving that to satisfy

Qe St 881 _ . 48,5 4 8,8, =0 (3.4.30)

1

we can take SQJ defined by the above equations. The result

will then follow from induction.

It is clear from section 3.3 that for m=0 anda 1 the

above equations are

807'\ = éo‘F =O ;oPac = Cp«
8,7]“- - 5' U;, 7/’7]* , cg,(l: = "Ue?;z ’)BQg (3.4.31)
gIF = {qL: F],qd

These antiderivations satisfy
g:--'o , Sdél+8|go :O

Assume we take éhéh_,__S, as above. We show that to sataisfy
(3.4.3v), we can take gﬂ,in line with the above expressions.

In order to do this consider the action of

%Si180+ é351 oot 5l BI

on each of functions, ghosts and antighosts. Note that for

functions and ghosts, the term g,“go drops out, so that we
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have no difficulty

=Dy oy .
Z 85,8 = L 8({0 9‘.'..-'.'-91-:.,)”’)p‘w P P
=2 sllG “Zl,,ﬁ) v"'—-—v"""‘é« ----- P

- | el
+Z { Q){;' (Bs-m ) }7[1.“",7(39«-65_0(_') (3. Pd.,) Pd,..-pe(_.,-;

where we have used the antiderivation property ot the Esland

the antisymmetry in «,...% and },...R . If we substitute

from (3.4.27-29) and simplify we get

(s-9) S)

z 8,8k = ({ Bg, . f;s:léz {(PJJS-DW :i' p,,,)q'qg’p, P(3 .4.32)

where EB is given by (3.2.8). Then, by the definition of Cj

in (3.2.7), we have
> @u.”“% ' ”
I;Z'_ giga«-i( = gd(—{é}@---—m@y,){g -7“"7]& P-""'P"") (3.4.33) .

Thus 1f we take

%ng C}@ Brer } n 7 Qx p“s (3.4.34)

then (3.4.3W) is true on functions. This choice for gwf is
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in line with (3.4.27).

Similarly we can show

Z{»u “-cifs B e P

o sH (’*'W- , o (3.4.35)
= ""go((l (St Q(} @Sz’/)p 7]‘3 Pa, .. @,(S)

Thus we can take

S 7 ) ¢ e 7‘*“@

F&s (3.4.306)

again, in line with (3.4.28).

When considering antighosts, we must note that the
55,,30 term is not zero. On the other hand, since S,,,S,,pﬁgﬁ,qg‘,
and we already know the expression for this, this causes no

ditficulties.
S+

2_‘_ 5, Bwpd: (5+2) B%“' &“7&“ 7# Paeen Py
(S+)

- (B )

Thus we can choose
s‘-u)
( - -0y

85“ P" = (s42) Q B 7)[3'__~7)P‘*'p4‘__...pds+,

(3.4.37)

This is again in line with (3.4.29)

Thus, by induction, we can find anticderivations gw&,_“néw
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2 :
with the property that @ﬁéﬁ-u+&3=0 and which reduces to the

form of Chapter Two when we have structure constants.

However, the question arises as to the uniqueness of
this extension. There are two sources of nonuniqueness:
1) As discussed in section 3.2, there is an ambiguity in
the aefinitions of the higher order structure functions;
2) In the calcilation a??ye, we substituted an expression
s L5l
of the form ¢)(ﬁ for a [3 at %hree separate points. We
3
could have chosen a different Cj on each occasion.
We now look for the most general form for {gi}, in terms of

I\
a particular choice {SEZ'

) ()
First, we make a choice of structure functions (2, Q,

5)] (1)
,----5\, . From this. we can find expressions for gmgh__vgk
with the aid of (3.4.27-29). We denote this particular

A A A

choice by Shgb__,gw We now look for the most general form

for {S;{.

We wish to keep &6 as before, as its resolution

property 1s crucial to the approach. We also want to keep
. 7 A
gnc = {cﬁd fJ 7]0( = é.‘F (3.4.38)

We now consider the most general form for g;? and &P. From

(3.4.9) we have
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556 = (M -LUgs + o fus i)y

3 = Har 79

«
The only possibility for H@, if this expression is to

the form &(-J is

¥ Q) y S&J
Ha((_-} - Oa(s + ¢ (%]

Sy
for some undetermined Fké. Thus we can write
. A
g «( _ g ol g «
fq - :‘7 - o)('n

20
where wafaﬂ.is a derivation with properties

Xf = O Vie C(5)

LS
K™ = P 1"7ps

If we consider

S5.0c = S = [l = Pellse 7

Then g%& must be of the form

(3.

(3.

(3

4.39)

4.49)

be of

.4.41)

.4.42)

.4.43)

.4.44)
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, Y (z5] g
S - Qe+ 0Gh e s
111
for some arbitrary G&p. Agalin we can write this as
S’P“ = 3Py - 5, A, o (3.4.46)

3 f4+) s+l
where we extend the derivation H,ﬁl—?g. to act on the

antighosts by
¥d
A P = —gl_GEx(l] VpPgPé (3.4.47)

This suggests we write

A
8|-: é. "go){\ (3.4.48)

However the right hand side is not an antiderivation. To get

around this note that 1f we took
A
g: = g; + ){.éa ‘(go}i. (3.4.49)

then in the case of interest above, (3.4.43} reduces to
(3.4.48), and the right hand side is an antiderivation (This
can be shown by noting that Kéo—égmis the commutator of an
antiderivation and a derivation, and so is an

antiderivation.) Thus the most general solution for g;

/
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2
consistant with 50=§,§°+(S,5,=O is (3.4.49), with X, an

arbitrary derivation.

We now look for the most general expression for Sz'
) [4
satisfying 5éo+ér+&&<9 where 3, is given by (3.4.45). We
A A
wish to write Sl in terms of J,'é, and X, . By close

examination of the relevant equations, we see that we pick

up another arbitrary derivation

™S ~42 342
K, : O — Q

t

(3.4.54)

The expression for Sl is
A\
8;_‘- BL + KLQD- go)ﬁ.l“' K|§,‘ 5; X, + ‘z! K,()\),éo-éo)(,) —-&(K,SD—SOK,) K, (3.4.51)

This is clearly a antiderivation.

We can write these expressions in a way which makes
the form of the general S; apparent. rirst we define E&Aﬂ
as “(3-(30( where B is an antiderivation and « is a
derivation. Then [:«,M is anhderivation. We can write the

general form of & and SL as

g, = g, + —K,, go] (3.4.52)
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gz = §z ¢ [#,.8] + L_Xp,g-] + ’2‘: [KI,[Kuga]] (3.4.53)

By the same approach as above, we can show that

8} :/g + [K) d ] + ]:Xl S,] + [K,,ci_}
1k, ]_x,j]] sl [x,8%]] (3.4.54)
*Jil_ K [r,d]] -+ ng[X.J[K,,[K,,éa]]]

where

~+3 s+3

K, Q — Q

(3.4.55)

is an arbitrary derivation.

It is clear what the general form for gj (3535 L)
A
will be:- it will be a sum of S) with all multiple, distinct
commutators of the form |

L Ixh)[xh__m.[ﬂif)ga]l_m]

(3.4.56)

. . (™
wquz;L5+Q =] where K;{l—%gl are arbitrary derivations.
s=
"(In the next section we will write it in a form more

amenable to calculations)

Thus we have found the most general choice of
antiderivations L&thich have the desired properties.

However, unlike the case in Chapter Two, these
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antiderivations are not unique. The unigueness in Chapter
Two can be traced back to two conditions.
1) The choice of structure constants. (Requiring them to
be constant automatically sets the higher order functions
to be zero)
2) Requiring that géO stopped the introduction of any

arbitrary derivations.

This ambiguity in the definitions of the {J;] has no
physical content. This is because the quantities of physical
interest (e.g. the observables) are calculated from the

ghost number complex. This is the singly graded complex

I rs
Q=@ Q (3.4.57)
r-5=q,

with aifferential operator

S: go+g,+ ---*gh

(3.4.58)

The operator g is called the B.R.S.1. operator ana

3 :Q.Cb - —ch

(3.4.59)

In the next section we shall prove that despite the
arbitrariness entering into g via the undetermined

derivations {Hﬂ, that the cohomology associated with the



ghost number cocniplex 1s unique.
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3.5 Uniqueness of Ghost Number Complex

We have seen that an extension of the
methods of Chapter Two is possible, and that such an
extension is not unique. We now show that this is not a real
probleni. The gquantities of physical interest e.g. the
observables, are to be related to the cohomology of the
ghost number complex. If we can show that for any two
choices of &LSU,‘”WSk, the cohomology of this complex is the
same, then this will suffice, since no arbitrariness will be

attached to the observables.

In order to show that the cohomology is the same, we
construct a chain equivalence between the ghost number
A_A
complex defined using g=2:& and gzzgu In order to do this

we must put the expressions (3.4.52) etc. into a form

amenable to calculation.

It can be shown that the general form for gm (G<mgk)
is

A \t 'y
? -
gm = gm + ( ) ){l' Kll R ){ls g“){lsﬂ .- }{'lsnf (3.5.1)

st ¢!
€30 t0

where the sun is over all s and t, and the indices satisfy

J_i+a=m. In this expression the X;are arbitrary
l:

v Cc4ls+H
derivations with Xi:Q— Q).
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To see that this is the same as (3.4.52), consider a

term in (3.5.1) with all X, different. This term has

contributions trom all the commutators with M, ..... X
present in that order and )Qw)_,mwﬂﬁtpresent in that order.
There are

(s+t) |

t! s! (3.5.2)

ways of doing this. Since each commutator is multiplied by

I
(s+t)! (3.5.3)

and would gain a minus sign for every derivation on the
A

right of 8‘, we reach (3.5.1). The case with some of the

the same is similar.

Thus the expression for SM is equivalent to that
developed in section 3.4. This means that it is an
antiderivation as required. (The form for S,in section 3.4
is explicitly an antiderivation.) We show that (3.5.1)

satisfy (3.4.26) directly.

The desired iaentity (3.4.26) is

Z—_ ga Sb-o =0 (3.5.4)
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where b is fixed, and a sums over all the integers. (Wwe take
the convention %‘50,‘ ask ana SQ=O;Q<O) . Substituting (3.5.1)

into (3.5.4) gives a sum of terms of the form

A

A
CKL,,.,“_rtlsg(_x,w_,_,__n%gdn K, (3.5.5)

n

Len™

n

where CEQ and Z l1+c+cl =b . we show this is zero.
Jj=

Case (i) t=s

In this case, we alter the order of summation (the sum 1s

finite) and sum over ¢ and J subject to

n

Z ‘A*C‘*J - b - (3.5.6)

J:l

holding [gzconstant, and then over {ﬂ. However, this 1is zero

A
since we know the {Sagsatisfy

) $p0,., =O (3.5.7)

alreaay.

Case (ii) t>s

We need to show (;C)for each distinct term of the form

(3.5.5). We write it as

A, : g
k G~ =---- X(; éc,y(L$4| ......){l_.t'j )J\.[_H,y,’ . - Kl’l’ A )1(1».”-*")'((.0\,
From Furst From Second
'caci-o/‘

chc{-o s
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Thus

+
)
w

™
!

™1
0

(_ ])n-t

—————

o StV syl (a-0)

<
]

G [y
s (a0 1-9)! L y Q)
v=0

=0

by properties of the binomial coefficients.

This is an explicit check that the &,defined by
(3.5.1) satisry (3.5.2) and acts as a check on the previous

calculation.

We can thus define two different ghost number -
. —_ A -
complexes, one with g=z§;,the other with § =2J;. We need to

construct a chain equivalence k: from one to the other.

ol qrtawt, Spd S0 = Q50
K K K K K K
g , (3.5.8)
- ~k+l \
05 at ot Salar s Sgrdho

I< must satisfy

KS - SK

l1.e. yils a chain map, and



KE’—' QK = j. (3.5.10)

e 3
for some other chain map kf. (see Appendix)

We prove that

(3.5.11)

is the required mapping, where the sum is over all (p>Q,

and all values of A,il,__-”.c.

NY q
It is clear that Kuﬂféfl_. We prove that *( is a
chain map. The left hand side of (3.5.9) 1s a sum of terms,

of the form

A

L Kl.- - N, ga

r!
>0 (3.5.12)

where the sum is over all > O and over all values of the
QQP_"L, The typical term of the right hand side of (3.5.9)

is

7 ClsthHo xS n

$20.t%0

Loy - = —- ){is-;t

(3.5.13)

where CoAJeﬂl.

To prove the equality of these expressions we separate the

cases: (i) t#w ,(ii) t=0
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we fix values of [(,{,,_ .. /[, and Q.
Case (i) t+
©

t 4
<= (- IS u
C(XU = 2_ (,'i! E-uw! :_;!—t[ ;; (fu)(",) =0

L=0 S! _
To see this, look at the possible contributions to a

particular term in (3.5.13).

| A J_ v A 0
(Ei' ){L. .- KL, Ba)( ¢! Kl,u e }((S-lt) -+ (‘_;T xt,-.' ){g éa H’sﬂ) ((ﬁ")' ){‘H‘L' e Kll#)

(3.5.15)
+ etc.
Case (ii) t =0
In this case, the term must arise from 1§and [Ye)
C |
S O = —_
( ) ) S! (3.5.16)

This conipletes the proof that }< is a chain mapping between

the two ghost number complexes.

We can define another chain mapping by defining K

using the derivations {’HJ rather than {dﬁ}i.e.

IZ = 1 + Z (—_I% A, oo oK,

r (3.5.16)
f>0 :

Then we can show that K is a chain mapping in the oppOsite

direction to K,

'\K = ’ng (3.5.17)

0>



1w

and also

-~

KK =1 = KK

(3.5.18)

This completes the construction of a chain equivalence

between the two complexes.

In summary, we have shown that the extension of the
methods of Chapter Two to the general case of constraints
satisryingéﬂ%d&}:Q$¢L with the Lérfunctions on Eg, is
possible but not unique. However, the physically relevant
guantities (such as observables), which are all derived from

the ghost number complex, are unique up to isomorphism.

We now go on to analyse the relationship between the
physical observables and the homology of the ghost number

complex.
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3.6 Properties of Ghost Number Complex

Before considering the homology of the ghost number

complex, we define the order of a theory. A theory of order

n is one in which the family of antiderivations {&Zare taken
to have gn#O;azO(DnL Note that this is not an invariant
characterisation of a theory. Even if we choose a set of
structure functions and used them to define a family gS;z
(similar to the construction of g; in section 3.5), the
ambiguity in the structure functions would introduce an
ambiguity in the number of nonzero antiderivations. (In
fact, there is a greater freedom than this in the Z&L since
not every choice of derivations corresponds to a choice of
structure functions. We will return to this point later.) On
the other hand, we can hope to find a choice of

antiderivations which would minimise the order of a

particuiar theory.

In the classification above, we see that the case
discussed in (22) and Chapter Two is a theory of order one.
It can be shown that gravity is a theory of order two, and
supergravity 1s a theory of order three. In the case of the
n dimensional membrane,the nth order structure function is
independent of phase space variables, so. it is a theory of

order n.
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Note that gravity is a theory of order two and
Yang-Mills a theory of oraer one, unlike the classification

of Fradkin et al, where both are of rank one.

For a theory of order n, the antiderivations must
satisfy éj: O
8,8, + 30, =0
Szgo -+ 5,2 + §¢SL=O
(3.6.1)
éﬂgn—l + CSA-HSA =0
§ =0
We saw that in constrained theories, we could consider the
physical observables to be the functions on E§ which are
invariant, modulo the weak equality relation. Following the
case in Chapter Two, we would like to relate Frg)(the zZero
homology of the ghost complex) with these physical
observables. In order to do this, we need to show two
things:-
1) That we can always choose a representative from any
equivalence class in H%gvdth no ghosts or antighosts;
2) That we can relate this function on T? to the invariant
functions.

The definition of H%»is

o heré Qo
H (8) = g;.\ (3.6.2)
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o
Now, an element 1in §2 can be written uniguely as

COo + QI+ . ... + CJy (3.6.3)

$s
where c¢cJ5 e QO (o< ss;k)

Consider a theory of order n. Then we have
derivations Sm&“,v&,satisfying (3.6.1). Pick an element
(=] R —
weQ closed under’g=2&. Then this element is of the form
(3.6.3). Since @ is closed under S

‘ Seo = O

(3.6.4)

Then we project out the image of (J unaer g into the

rs
various e.g. for a second oraer theory

O
—_—
\f\ (3.6.5)

1
€,

This would give rise to equations‘kfor a second order
theory) &L% = 0O
%\630 + éocJ, =0
8,0, + g,w, 4 SQQJ,_ =0
§,00, 4 S, + 8,0, = O (3.6.6)
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We now return to the case of a order n theory.

We separate out two cases (i)hb=9 (ii)«pt¥

Case (i)w,=u
Let r be the smallest integer such that «;#0 . Then
writing out the equations gives us
&gq, =0
é;Q)r +é¢wt~4| =0

816.)(\ + é,CaJN, + éowm.p_:o

(3.6.7)
gz eey *+ 5{“/—#1 + éa CUpy = O
These equations are of the form
=0
%—' S“Qb"a (3.6.8)

where the sum is over all integers Q, with the convention
34_0 if GEIO l,-__,n} and =0 if b#. FHI }2}

Now the first equation in (3.6.7), together with the
exactness of the antighost complex, implies that there

rr+l

exists 77651 such that

I, = éo v, (3.6.8)

Consider So((-'JNI- éu\‘r)

1\
o
o
e
z
+
-O/w
o%
-
-

(SIOCE 8,,&,: -&&)
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by the second equation in (3.6.7). Exactness of 5. implies

Oy = L+ 3,,7,L|.+, (3.6.9)

This suggests that

—

o = % St Yt (reas y (3.6.16)

aa+|
for some ’k with fQéQ (rsa\(k-!). Again the convention is

that Sbis zero outside the range O¢bg¢n, and 7%01f acr,

We prove this by induction.

Equation (3.6.8-Y) show that (3.6.lw) is true for a=r
and a=r+l. We assume it to be true for rfag¢m<k, and show

that 1t must then be true for a=m+l. Consider

go (Om.‘iléﬁimu-q) = éo&)m-n + i i gbéa-b ’%M-H-a

a=! b=l
pad 2n n (3.6.11)
- Z S& (‘JM-H-CL - (Z ébéa-b) y’m-}l-q
a=o a=n b0

where we have used equations (3.6.1) to substitute for é;SQ
and also the induction hypothesis to express the <¢J) 1n terms
of the'fh. but the last term in (3.6.11) is zero by (3.6.1)

ana the first term 1s zero by the assumption that wW=)c,is

melm+d

closed under g . Thus there exists a 7§ﬂd1 such that

n n
Omar = go¥M4| +Zga¢w_5_ Z S, Vo1 - (3.6.12)
Q=1 a=o>o
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Thus (5.6.14Y) is true for a=m+l.

By induction it is true for
r<agk.

Thus if we have a B.R.S.T. closed element with
Qaa
0 = OOy -G with akegz then the o, satisfy (3.6.10)

Define

1 o %“‘yru*---- —“(}ZR

(3.6.13)
|
Then Xéfl and moreover, (by 3.0.19)

QJ:S?(

(3.6.14)

) o
Thus a B.R.S.T. closed element of Sl, which has no
(-].] g,
contraibution from Q =C:(fvis,1n fact, exact. Such an

[
element makes no contribution to f{().

For a second order theory, the proof above

corresponds to constructing the elements 7@-in (3.0.14).

(3.6.15)
‘}Lm-»' - 27 C—’ru_—“‘g

It is clear that the proof above can be extended to show
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that H®):0 if q<0.

We now consider nonzero contributions to W(&) These
rmust have ¢#0. The above proof is clearly inapplicable since
the nonexactness of the antighost complex at Q does not
allow us io deduce c.)o—'g,)ﬁo for some )l,,éQM.

Case (ii) W#0)

In this case we write

C\J:'C.*'w‘-’ _,,_,_--"4‘ CJN-)k (3.6.16)

aQ
with Cécof‘_e)ana CQ,GQ (ls«sh) . We will show that there exists
\Peﬂ?l such that 5(30\P*0.*---*Uy_)=0. This will enable us to relate

Ho(é) and the observables.

We give the proof for a theory of order two. The

general case 1s similar.

In this case, \P must satisfy

8,504) +50w, =0
(SUSO\P fé’l&’/"’(}o('*)z_:(j (3.6'.17)

8
Then if we write 5(’=Z(@( andcdﬁ\/,L 7)"9, then these equations are

nga,ZBCPAJ? = \/.qu),,

b/ Y
{Uﬁ,zém={4>4,uﬁ}_;(pﬁ'vj L VR - e, (3.6.18)
- VJ uw -I-go(u,_)
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In order for }tho exist, we must show that the right hana
side satisties certain integrability conditions. These
conditions arise because of the form of the left hand side
and, (we will show) are satisfied due to the closure of <o
under S . Then the techniques of Pfaffian forms allows us to
conclude that a solution exists (31). Rather than proceed
with this on (3.6.18) which leads to a long and tricky
calculation, we will show that the integrability conditions
are satisfied by using the properties of the
antiderivations. This is much simpler and can obviously be

generalised to a theory of arbitrary order.

Equation (3.6.17) 1s eguivalent to

5,¢ = 4 éot

3141 -, 0%, 4 8,2 (3.6.19)

2 13
where ?ﬁgl and 216(1 are as yet entirely arbitrary. The

integrability conditions of (3.6.19) are
8?. (C‘)l*éoftl) + é,((,),-f gl%," 502'1) = O
82_((-.))_“" 8,2" +83(&-L)

8o (élwl+ gl(‘)l) O
O (dper+ §,0) =0

(3.6.20)

O

i

(3.6.21)
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Since «J 1s closed we have conaitions relating &,, «&J, and
? . These are :

Slwl" él_wl :‘ng3

§°w2+,§'w' = —SL‘F (3.6.22)

This ensures (3.6.21) is satisfied, but not necessarily
(3.6.20). In order to correct this, we substitute (3.6.22)
into (3.6.2v0) and use the resulting equations to solve for

%, and % . This gives

CJ; + %OYS + g,f;_-# SL(EI = O

o+ 8,% + 85,7, +8,7, =0 (3.6.23)

where % and % are arbitrary. (wWe have used the closure of

F+op.... to substitute for 8.5, in terms of «; and @) We view
use 7,7,

(3.6.23) as equations for?% hand ; to ensure that the

integrability conditions are met. These conditions are
81 (LJ; +5023) t g,(w‘p& S,?3+ 802'4) =0
8. (w0 +812, +5,7,) =0 (3.6.24)
8. (8w + 8w, =0
Sz(goQ%+ &c%)=0

(3.6.25)

Usiny the closure of &, (3.6.25) are satisfied and (3.6.24)

become
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ws‘* ézﬂ’s +é:?4, + ga?‘c = O
(3.6.206)

o + 8, + Slz—{ +8, 1 =0
These equations are similar to (3.6.23) but we have movea
down two rows. Continuing in this way, we will eventually
reach the bottom of the complex and the integrability
conditions will be satisfied.This shows that given an

[\] °0Q
element we{l which has a nonzero contribution trom.fz, we

o
can fina ¢&Q such that

,¥«=g°q/+ul‘+QJL+-_ - +L~)k

(3.6.27)

is closed. However, the proof in case (i) shows that ¥-=8}4
-1
for some yéjz . Thus F; F~50W is closed. Moreover, F is a

function on :8 .

This shows that every equivalence class in
contains a representative which is a function on the
original phase space. Such a representative is, of course,
closea and so satisfies

3. F=0 (1<¢<n)

(3.6.28)

(It is clear that the above proof can be extended to the
case of order n theories). Note that (3.6.28) means that F-

is invariant and commutes with the structure functions.
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A Q° = [FC°(3) 5 f,=0] (3.6.2)

we have

Ho(8) - [feC?(3) . &o] /A

(3.6.39)

where the relation ~ is given by

-ﬂ ﬁu'& & £}x = ¥;

i.e. weak equality.

)X

Thus we have seen that HYQ correctly describes the
observables. At first sight, however, it may seem that we
are only picking up a restricted class of observables. This
is not so, as we will now show by describing how a weakly

invariant function can be dealt with in this formalism.

We will show that a weakly invariant function can be
extended to a E.R.S.T. closed object by the addition of
terms involving ghosts and antighosts. This extension will
define a unique equivalence class in 1%19. Again we only
give the proof for a theory of order two. The proof is

easily generalised.,

L)
Given a weakly gauge invariant function 'Fﬁc('L we

rr
must fina W,&,...... 04 with O-¢{l such that
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8 (1£+ C~M+C~>z+~--4€~3h) =0 (3.6.31)

We saw that weakly invariant functions satisfy

{(P«H = \chpp (3.6.32)

p
for some V,‘ . We define

T
(3.6.33)

O, = — leq“@'ﬁe Q

Then

gl‘c = éow' (3.6.34)

Consider the follow1ng diagram

f s
\ (3.6.35)
g, —>§,{

Then So (8.6-3w) = §8,F-838 ¢
= —ST‘F + g,&,c\h
= "8, (.‘gl'p" gowl)

=0
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u
By exactness ot &,, there exists an aﬁeﬁl such that

O.F = S0, + Sp0, (3.6.36)

Ff—3f

), —>>§,f

t

), ?

Again we look at the imaye of the elements at "?" above,

under 8,, 2
85(8,_0),4» cg.c.),_) = - 5L§OCJ, —S.CJ, - §,§°wL

= —8,_5,? - gl( SIUI*SGQL)

- S 85F - 5.5,
-0

33
Again, by exactness we fina w,ef) such that

8?.(",!+5le+ Sows =O (3.6.37)
113
We can continue in this way until we reach {) . Thus we can
see that
(S( 'c -0 =G -l "“-’h) =0
Thus to each weakly invariant function, we can associate a

well-defined equivalence class 1n HYé)_
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This shows that }rb)is correctly describing the
observables. We are used to the case 1in theories of order
one, whereby a weakly invariant function is weakly
equivalent to an invariant function. These results show that
in theories of order greater than one, that a weakly
invariant function?eCY£)is not only weakly equal to an
invariant function FéC%fl but that F: actually commutes with
the structure functions associated with the constraints.
Note also, that it is important to use all of Kf in
describing the observables, in order to accomodate weakly
invariant functions. Note that the proof in case (ii) of the
homology can be modified to show that in a theory of order
n, we need only add n terms to a weakly invariant function

in order to have

g({:*’c‘)l""- ---__+wn)=O



115

3.7 Algebra of Observables

As was mentioned in Chapter Two, we must consider

the defintion of a bracket on the observables.

bracket should have certain properties (22),

Such a

in order that

it be compatible with the observables. Some of these

properties are

1) 0,,u¢ _Qo—_-> gu,,u&eﬂ_o and linearity

2) g&)' = SC.),_:O == g {thtz -‘-O

3) 80,:0 = {w.,SsL,] = &Y, )[,l)(leﬂ—‘

4) On physical observables { } is a Poisson bracket

For the case of a theory of order one, it was shown that the

superPoisson bracket { }on () , (introduced in Chapter One)

satisfied these properties, where

and } C), (D'} =0
(Q is odd (LeQeQx, ana could be taken as

Q - ‘Pﬂ)d + ‘!rf (N uw:(s 7]@7)0(

(3.7.1)

(3.7.2)

It is natural to ask if this property can be extended to

theories of higher order.
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The fundamen£al superPoisson brackets are
. )

l) If {536 C (8) then 1t reduces to the Poisson bracket
2) i1} = {Pape] =0

«
D Al - {oe ] = 5

s o]
S 6 ) - [f0d =0 Ve C7(3)
Can we fina a form for (} which satisfies (3.7.1) ana

(3.7.2) with these definitions?

A
If we use the {&lof section 3.6 then we can take

@)

Q =<P¢7}“+ Z Q;,':_-féw’7$-'---7)§“'p«, —Puy (3.7.4)

>0

then it can be shown that

S = {Q,w} ‘ (3.7.5)

and gQ’Q} =0 (3.7.6)

However, what about the more general form I&J? It is clear
that ror some choices of {x& a choice of } 1is not
possible. This is because if we satisfy (3.7.5), then, for
example,

A (
8'7)« Bl Uik

) Y

e = QQ% VﬁPx (3.7.7)

o>

b 5 p
If we take )(,7]«: H:A ,,)r,)SPB ) K,P¢=G¢‘g7p,psthen the new choice for
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A
&: S.+»[m,&] would be of the same form if and only if
H:?;-Gj& . On the other hand if this is true, it corresponds
to a different choice or structure functions. If we call

-
this alternative choice R ana construct QEQ in the same

way we constructed Cl then.

gw={Q,°~’]

(3.7.8)

We would like to relate KO ana R . It can be shown that

R = KQ

(3.7.9)

Moreover since ;< is a chain map

Kia ol = {R Kol

(3.7.19)

a
for all Coé&l .

It is natural to ask if P( preserves the Poisson
bracket, provided it is constructed out of derivations which
correspond to a change in choice of structure functions.
This is very difficult to prove in general, but is true 1in

the lower order cases. Note that K also commutes with

multiplicataion

K (w) K@) = K (0w

(3.7.11)
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The detailed properties of }( are still under investigation.

We have shown in this chapter that the methods of
(22) can be extended in an essentially unique way to higher
oraer theories, preserving many of the properties, if not
the geometric flavour. While the particular choice of
antiderivations is open to some degree of freedom, the
homology of the ghost number complex is uniquely definead by

the requirement that the action of 5, on functions on Zg is

&F = fcpd,ﬂvf‘ (feC(3)

Morecover, an algebra of observables can be developed for a

given by

particular class of choices of{&L in which the B.K.S.T.
operator is given by the supercanonical transformation
assocliated with an odd element(léfrj The fact that this
approach deals differently with classical theories according
to their rank, while the standard analysis of constrained
canonical theories deals with all.first class theories 1in
exactly the same way, can be motivated by pointing out that
the quantisation (at least in S matrix theory) of such
theories is sensitive to the order of a theory. In the
quantum theory, it 1s known that the application of this
kind of analysis gives the correct form of the S matrix for

the theory.(30).
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The above approach, using the B.R.S.T. operator has
allowed us to develop some very elegant results inthe theory
of constrainea dynamical systems, but apart from the
association of the observables with the zero homology of 8 '
none of the results is new. Given a particular EB.R.S.T.
closed object, trying to find the function on :g in the
same equivalence class is the same problem as choosing a
gauge, and just as difficult. On the other hand, we could
show such a choice is possible in principle, while to prove
this in the Dirac analysis requires complicated calculations
at the Poisson bracket level. We are also able.to keep a
phase space description at all times. While these
computational advantages are all to the good, the question
must arise as to whether this is ehough to justify the
unusual language used. The main justification for this
formalism must depend on its relationship to quantisation,
and in the next chapter we will argyue that the methods

extended here are exceptionally well suited to guantisation.



CHAPTER FOUR

QUANTISATION

4.1 Introduction

As we have discussed earlier, the gauge invariance
of a theofy is a source of difficulty when it comes to
quantisation. The gauge invariance of the field tells us
that some of the modes of that fiela are nondynamical. This
suggests that we shoula reduce the size of the phase space.
However, 1f we wish to have a Poincare covariant
quantisation scheme, we would require to enlarge the phase
space to include the constraints (32). In simpler theories,
like electrodynamics, constraints can be imposea to define
the subspace of physical states, and it can be shown that
this can be preserved in time. However, even 1in Yang-Mills
(a first order theory) the auxiliafy field introduced does
not satisfy a free fieid eguation and so this technique will

not work.

In this chapter, we relate the work in this thesis to
the B.R.S.T. symmetry used in covariant path integrals,
using the example of the n dimensional membrane. We then

consider the possible relevance of the B.R.S.T. operator
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outside perturbation theory and the possibility of a
guantisation scheme based directly on the homological

approach.

We end with some general comments on the content of

this thesis.
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4.2 B.R.S.T. Symmetry in Quantisation

Since Faddeev and Popov included ghost terms in the
action in the functional integral approach, 1in order to
account for the closed fictitious loops Feynmann had
introauced to preserve unitarity in Yang-Mills (36) and the
subsequent observation by Becchi,Rouet and stora (37) and
Tyutin (38) that the Lagrangian was invariant under a global
transformation, there have been many attempts to give a
natural interpretation of this symmetry and the ghosts and
antighosts. The symmetry 1s nilpotent when acting on the
gauge field and ghosts (but not on antighosts).These various
approaches are based on finding some mathematical structure
which mimics the transformation properties. (Especially the
properties of the ghost transformation which is very
reminiscent of the way Maurer-Cartan forms of a Lie group
transform unaer the exterior aerivative.) There are two main
approaches, the differential form approach (39,44) and the
superspace approach (41). While they are quite different in

outlook both share several problems.

They both use the nilpotency of the B.R.S.T.
transformations in a crucial way (as does this thesis).
However the transformation is not nilpotent on antighosts.
In order to rectify this difficulty, an auxiliary field is

introduced. This can be done by using an appropriate gauge
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fixing term, and we are left with an action invariant under
B.R.S.T. transformations, which are nilpotent on all fields.
However, the antighosts do not admit a geometrical
interpretation so a new transformation, the anti-B.R.S.T.
transformation is introduced. Essentially this
transformation is the same as the B.R.S.T. transformation
but with the role of ghosts ana antighosts interchanged
(48). This allows a geometric interpretation in the spirit

of this phenomenological approach.

However, one of the major properties of the B.R.S.T.
transformation is that a B.R.S.T. invariant Lagrangian can
be shown to lead to a unitary S matrix. It also allows an
easy derivation of Ward-Takahashi identities. None of this
requires anti-B.R.S.T. invariance. Also (22) shows a way of
interpreting the ghosts and antighosts using the approach of
Chapter Two and (7) which does not require anti-B.R.S.T.
symmetry. We consider the generalisation of this approach to
the higher order theories (Note however,that in the
'canonical operator theory' of Kugo and Ojima (34), we are
left with the same physical subspace of the guantum Hilbert
space 1f we use both B.R.S.T. symmetry and anti-B.R.S.T.

symmetry, as if we had just used B.R.S.T. symmetry (41)).

The essential prcperty of gauge fixing terms 1is to

introduce the primary constraints as dynamical variables.
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The action can be written in the following forni:
. « B
S = Sdr (q‘pt—h -Xq, ‘ypc*) ) (4.2.1)

where h is weakly invariant, qL are first class
: : 1‘ A . 8.
constraints of any rank, and 7% are multipliers ana 40 is
e . . . ¢
a gauge fixing term. Poincare covariance requires that qb

[

4
contains terms with X present. We take Cb to be of the form
8 1 B
= ‘1'*')[ (4.2.2)

] g
where the 7— can depend on q/‘, P,-, /1 and \/5. This gives an

action of the form

- JalenhTahY) s

where q“,(qt‘xi); PA'(R’Vﬁ) which is a theory with n+k
degrees of freedom. Here Qn is the dimension of the original
phase space :8 with coordinates (aﬂp& To ensure that this 1is
the original theory which we started with, we wish to impose
the Ak constraints 5‘:@“'\/9):0' on the J(n+k) dimensional

phase space above, these constraints have Poisson bracket

{@a , @53 = u:k @Q (4.2.4)
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where
4
. Ug  ©
Llob =

o O (4.2.5)

The main theorem of Fradkin et al (7) states that if we add
4k anticommuting dimensions (quJand construct the B.R.S.T.
operator of Chapter Three (making a choice such that we can
define a B.R.S.T. charge CQ), then the functional integral

Ezpis independent of the odd function ¢/. Here Z@ is
przgc{q/dpd’]&?qxpigd* (PA‘}A*PJ“—H‘;;) (4.2.6)

where F4¢ = F4 + { 4},CQ}

and }4 is the E.R.S.T. closed object related to h .

In (22),1t was shown that for first order theories we
could derive the configuration space path integral by
choosing a polarisation (3), and integrating out some of the
anticommuting variables. Because of this, the antighost is
no longer conjugate to the ghost and we would no lonyer
expect the same geometric interpretation. We can go on to
i1dentify the ghosts as a basis of /\'i’(ﬂ)*, and the

! b
antighosts as a basis of /\£CWZ This gives a natural
geometric interpretation of ghosts and antighosts, and can
be related to the diferential form approach mentioned

earlier. However in the case of higher order theories, while
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we can still relate Chapter Three to (4.2.6), we have
alreaay lost the gometric flovour. This 1s unfortunate but
seems to be 1nevitable unless we can find some way oOf
introducing a Lie group. This seems uniikely since, a
priori, a first class constraint manifold need not be
associated with the zero set of some momentum map of some
Lie group. On the other hand, despite the loss of this
interpretaion, the calculation does still work and a
connection can be made between the homoclogical classical

description and the quantum theory.

In (28), 1t is shown that for the n dimensional
membrane, the full extent of this formalism must be used in
constructing the B.R.S.T. invariant effective action. This
shows that in the effective action coupling terms of order
Qn in ghost fields appear, which persist in the Lagrangian
version, providing we can integrate over the momenta. (This

requires a sultable choice of gauge fixing.)

In the case of supergravity we must also use the
generalisation developed here (or rather its field theory
version), to show correctly that four ghost interactions
occur(42). Here another problem occurs. This is due to
having a gauge algebra which only closes on shell. In (42)

it 1s shown that a form for (Q which satisfies

fa. @l =0
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due to the field equations 1s possible. However this makes
the homology arguments of Chapter Three rather artirticial.

This point needs further study.

The form of (4.2.6) sugygests that any terms of the
form {¢l§}do not affect physical amplitudes. In the paper by
Kugo and Ojima (34), a canonical operator formalism is
developed which is manifestly covariant. They define a self
adjoint, nilpotent B.R.S.T. operator 65 for Yang-Mills. This
proceduré is justified, formally, by its equivalence to the
path integral technigues. They show that any unphysical

particles are confined by a 'quartet mechanism'. The main

requirement is that physical states are characterised by
A\
Q ‘P}‘95> = O (4.2.7)

and any states of the form

Q | angthing> (4.2.8)

are physically trivial. The true physical states are then
defined as physical states modulo trivial states. (In (41)

™~
it is shown that if an anti-B.R.S.T. operator 1is defined,Cl
A

ana physical states are required to pe annihilated by Q as
well as by (4.2.7) then the resulting physical states are

the same.)
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Physical observables must take physical states to

physical states e.qg.

[F.Q] =0 (4.2.9)

but operators of the form
A A A N
G = LF.Q] fray F (4.2.10)

are to be trivial. (They take physical states to states of
zero norm which are trivial, i.e. make no contribution to

matrix elements.)

In (43) the formal equivalence of this approach at
the operator level to the noncovariant canonical

quantisation where physical states are given by

@xiP)\‘j$>:O «= L2k (4.2.11)

A
1s shown, where q& is a quantised version of the

constraints.

However, all this work (e.g.(34)) is essentially for
first order theories, and for Yang-Mills in particular. If
we are to consider a quantisation scheme based on (22) and
Chapter Three, we should perhaps note that there appears to

be uses for B.R.S.T. symmetry outside perturbation theory
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and the path integral formalism. For the first order
theories, it has been conjectured that to deal with
relationships like (4.2.11) we could introduce a "quantised

ghost complex"

o~

|

Lz.(N,(E) > LI(N,U@) /\f(@}*—g—) c e - - (4.2.12)

where ﬁ¢ is the configuration space associted with the

extended phase spacefg=7*N. This approach is quite

promising since we can formally define S by

1

< n

3 g, + :21 U:p 7)“7735%} (4.2.13)
which is self adjoint in an appropriate superHilbert space.
We could.then relate g to 65. However, in higher order
theories, the ghost complex does not exist:- this is why we
required to define higher order theories the way we did.
This approach requires investigation. In particular the
relationship of the work of Kugo and Ojima with the idea of
(4.2.12) must be clarified. For example, in order to make
precise the definition of physical states as closed states
modulo exact states, we must prove that the quantised ghost
complex 1s a resolution of the physical states H%il,LﬁhLm».
This problem is under investigation. It 1is likely that a

good understanding of the first order theories is required
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before identifying which structures will allow an extension

to the higher order theories.
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4.3 Conclusions

In this thesis, we have shown that the analysis of
first order constrained theories presented in (22) can be
extended to any first class theory. This analysis showed
many lnteresting properties, mainly

1) That the extension was not entirely unique but the
physically relevant quantities were well defined and
essentially unique;

2) The use of the language and concepts of homology which
allowed us to deal with a number of complicated
calculations in a simple way;

3) The natural way in which the superphase space
interpretation arises;

4) That unlike the standard classical approach, this
approach seems to mirror the sensitivity of the quantum

theory on the order of the theory.

However, this work has been on finite dimensional
models of field theory. To be truly relevant these results
must be extended to the infinite dimensional case. There 1is
a well-developed formalism for such cases in symplectic
geometry, and the algorithm of Gotay, Nestor ana Hinds 1is
also relevant in the infinite aimensional case. There 1is
also a large literature (24 and references therein) on

momentum mappings. This suggests that there is plenty of
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structure with which to extend the first order case to field
theory e.g. Yang-Mills. This problem is being actively

investigated.
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A PPENDTIZX

In this appenaix some of the terms used in this
thesis are defined and explained. Useful references are
(24,25,26).

Given a ring R , a module over R, is an abelian group
K, with an operation f,a)—>ra for reR and aeK, such

that
Flata,) = ra, +ra,  (fer)a = fa +na

((",f,_)a = r,(rla) ) 1CL =Q

Given a sequence of Rmodules K; t=1,2,—n, and a sequence of

homomorphisms §~,:KL—3 K,;H then we call

S 5. S -
—'—-‘9 KL‘——L'_7 KL‘*'_‘.—!—% +T T

a complex if SH.&:O. A double complex is a double seguence

of Rmodules Kmn: together with two homomorphisms 8, d

such that o=d=Sd+dS-0.
5 | 5 .

S
—Kp — K:Mln —_

d d
) f § f S
—9Kmn4l —— I<a»\4|m|__——3
| I

A complex 1s said to be exact at P(;lf

\'{Qr S,‘_ = (m 8;__,

An element h, of l(; is said to be closed 1if Sﬂl=C)ana
exact if h:&_.c where Ce KL‘,,. Given a complex, the ith

homology group is defined as

H'L (K) = i‘argi-‘
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! !
Given two complexes K, K a chain transformation f:K-K is
1 !
a fanily of homomorphismns {:;iKL—a K;such that SLF;= FH'SS(.A chain

!
homotopy § between two chain transtormations F,c] " K>K'is a

family of homomorphisns S;: KLQJ(L-/_,such that

SL’-—IS[ + gu-!gi = Fa_ —ﬂ('
Simi S, S

I KL_, -—"‘>/K; —-—P/]<L+,-—> ..

/ ’
/ s /
FL'—c /s, pi ,/Su., Ful /
/ d g
t \! / 7
lé 3l.l—l g 5,, [“ S(q.l
—_— ! >
__,.——>KL_' K, >y — -

we write S:¥ Q-’-%
A chain transformation ‘F:K’>K‘is said to be a chain
equivalenc_e 1f there is another chain transformation q-‘KL)K
and homotopies S:Cf (A 1K ’ t:%.".’. 1(' . In this case, the
homologyy groups are isomorphic, H;(K) & H,_'(Kl).
A complex

— K, — K ,—.... DK —>K,—0

is a -resolution of the module C if H; U()=O for (>0, and

H, (K) =C .

-Lj
A linear operator T on Q is defined to be of degree P

if T.‘ QLJ' ?—(zi+p+fj+~9
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.Mk ktp —
i.e.-rxfl‘—9£1 . l is a derivation if its degree is even
and it obeys the Liebnitz rule

T(CAJ'CJL): (Twl)wz_ + CJJU—Q:.)
is an antiderivation if its degree is odd and it obeys

T (o) = (To)u, + T2 (T2,)

All the aerivations X, are of degree zero.

These definitions come with appropriate modifications from

(31), Chapter IV A where they are stated for linear

operators on the de Rham complex.
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