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ABSTRACT

Constrained dynamical systems frequently arise in the 
description of situations of physical interest. One 
approach to discussing the dynamics of such systems 
involves the application of B.R.S.T. invariance together 
with the introduction of ghosts and antighosts. This 
approach is generalised to include higher order theories 
where the structure functions are not constant. Examples 
of such theories are gravity and supergravity. The 
essential uniqueness of this extension is proven. The 
relationship between this approach and the generalised
B.R.S.T. charge of Fradkin and coworkers is investigated 
A homological characterisation of the physical observables 
is presented. The application of these techniques to the 
quantisation of higher order theories is explored, 
together with some indications of possible directions 
of future work.
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INTRODUCTION

It has long been appreciated in physics that the 
presence of symmetries in a theory can help obtain results 
with comparative ease ana without solving the equations of 
motion of the system. In the classical realm this can be 
seen in the construction of conserved quantities (8;. In the 
quantum region it can be seen in the prediction of particles 
from theories like UCD. These predictions allow the theory 
to be tested experimentally by looking for particles with 
the appropriate properties e.g. as in the discovery of the W 
and Z bosons.

However the very presence of such symmetries creates 
difficulties in the description of the dynamics of a theory. 
If we have a theory invariant under a local transformation, 
then by Noether's second theorem (lb), there are 
relationships between the various equations of motion. In 
the Lagrangian framework this is signalled by

J e t ( 1 )
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i.e. the action is not quadratic in the velocities, so that 
some modes of the fields have no kinetic part and so do not 
propagate.

In the canonical framework, the relationship (1) 
tells us that the Legendre transformation to momentum phase 
space is no longer a diffeomorphism and so we must take 
great care in how we try to do this transformation. As is 
described in Chapter One, we must check for dynamical 
consistancy, and in the end we are left with the physical 
states restricted to a subspace H. of the naive momentum

quantisation scheme which is used. In the path integral 
formalism, the lack of kinetic terms for some modes of the 
fields obstructs the construction of the quantum propagators 
(32J. In order to overcome this, while still retaining 
Poincare covariance, a covariant gauge fixing term is added 
to the action. however this term will not in general 
correspond to a reduction to the true degrees of freedom, 
and the resulting S matrix of the theory is not unitary. To 
get around this, Feynmann (40) has shown that we must add 
closed fictitious loops to the Feynmann diagrams of the 
theory. De Witt generalised this to all orders in 
perturbation theory (45;, and Faddeev and Popov showed that

phase space

The presence of constraints greatly complicates any
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for Yang-Mills, this could be incorporated into the action 
by the addition of ghost terms. These are fermionic Lorentz 
scalars (vectors for gravity) which are unphysical, and so 
do not appear as external lines in the Feynmann diagrams. 
This procedure guarantees a unitary S matrix.

This approach, involving extension of the phase 
space, is in extreme contrast to canonical quantisation.
Most of the approaches to canonical quantisation rely on 
finding some phase space associated with X. and quantising 
on this, then the physical quantum states and observables 
are determined by some criterion. This is all very formal, 
and it is not clear how to proceed in general. For example, 
should we quantise on 5  and apply the constraints at a 
quantum level, or reduce to the true degrees of freedom (if 
we can; and then quantise? (The equivalence of these two 
approaches in some circumstances is shown in (44). See (4b) 
for reviews of canonical methods m  quantisation).

It would be very desirable to relate these two very 
different philosophies of quantisation to one another. One 
way of relating canonical and covariant path integral 
approaches may be through B.R.S.T. symmetry. This is a
global, nilpotent supersymmetry of the path integral action
with ghost terms. It is known that this symmetry can be used
to give proofs of unitarity and of the ward-Takahashi
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identities, and is also of great help in discussing 
renormalisation of Yang-Mills (47). It has been recently 
suggested that it is of relevance outside the weak field 
peturbative methods in which it was discovered (34). However 
this work is formal, and its justification is its 
relationship with the path integral methods.

outside the path integral formalism, it is necessary to have 
some interpretation of the ghosts and antighosts. There have 
been a number of attempts at this, but while they all give a 
nice interpretation of the ghosts, the antighosts cause 
problems. This can be circumvented by introducing a new 
symmetry, anti-B.R.S.T. symmetry. However this symmetry is 
not necessary for unitarity, and so is not as fundamental as 
the B.R.S.T. symmetry from the physical point of view. (See 
(41) for a differing opinion.)

discussion of B.R.S.T. symmetry using the language of 
homological algebra. This allows a nice geometric 
interpretation of ghosts and antighosts to be developed. 
This discussion is applicable when the constraints arise

In order to develop the ideas of B.R.S.T. symmetry

Recently McMullan has given a classical phase space

from a group action on
techniques of momentum maps can be usea. This work can be 
related to the phase space path integral approach of Fradkin
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et al. {7) which reproduces the Faddeev-Popov discussion for 
Yang-Wills, but is slightly different for gravity and 
supergravity. It is sensitive to the precise structure of 
the constraints and in particular to the rank of a theory.lt 
is therefore desirable to extend the work of McMullan to 
theories of arbitrary rank. This thesis will show that such 
an extension is possible, and that in many ways it is 
unique. Some of the geometric flavour is lost, compared with 
the Yang-Mills case, but the analysis of the constraints and 
observables seems to parallel the sensitivity of the quantum 
theory on the rank of the constraints used.

For most of this thesis, we will consider finite 
dimensional constrained systems of arbitrary rank (for 
example, as would result from the Dirac-Bergmann algorithm). 
These cases model the structures of field theory fairly 
accurately, without the technical problems of function space 
choice etc. (Work is continuing to extend the formalism to 
the field theory cases.)

In the first chapter, we introduce the phase space 
methods used to describe dynamical systems with constraints. 
This will indicate how constrained theories of arbitrary 
rank may arise.

In Chapter Two,we describe the homological approach 
to B.R.S.T. symmetry as developed by McMullan. This is the
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case of a first order theory, relevant when the constraints 
arise from a group action on <5 .

in the third chapter, we extend these results to 
theories of arbitrary rank, and show that this extension is 
essentially unique. The characterisation of observables 
described in Chapter Two is shown to be valid in this 
generalisation.

In Chapter Four, we discuss the relationship of this 
approach to quantum theory, and possible directions for 
extending this work.

There is one appendix, introducing the definitions of 
homological algebra.
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C H A P T E R  O N E  

SYMPLECTIC GEOMETRY AND DYNAMICS

1.1 Introduction

The description of classical dynamical systems is 
greatly helped by the introduction of concepts from 
symplectic geometry in the framework of the phase space 
approach. This approach has also contributed to the 
understanding of the covariant path integral in 
quantization, despite the loss of explicit covariance in the 
canonical quantization scheme. (An example of this is the 
occurrance of four ghost coupling m  supergravity). In this 
chapter, we shall introduce the relevant techniques of the 
modern phase space approach.

We start by reviewing the basic concepts of 
symplectic geometry, including the graded case. We then go 
on to look at how this can be used to describe the dynamics 
of a system described by a Lagrangian with constraints. The 
Dirac-Bergmann algorithm is outlined, together with a 
globalisation due to Gotay, Nester, and Hinds. The 
additional structure available in the case of constraints 
arising from a group action on phase space is summarised. We
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finish with a description of various characterisations of 
the observables of the system.



lb

1.2 Symplectic Geometry

The arena of classical mechanics is the phase space 
associated with the dynamical system. Here we introduce the 
standard methods of symplectic geometry used to describe the 
phase space mathematically (1).

The most important structure on a symplectic manifold 
is the symplectic form, which is defined in the following 
way. Given a two-form cr on a manifold / we can define a
linear mapping l? for each S e by

(1.2.1),

where IR by

CTe (1 .2 .2 )

Such a two-form O' is said to be nonaegenerate if the 
mapping is an isomorphism for each S€ ̂  . ( In finite
dimensions, it is clear that such a mapping is an 
isomorphism iff it is injective iff it is surjective. In
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infinite dimensions more care must be taken to phrase this 
condition correctly.) (2)

d iA manifold <J is said to be symplectic if there is a 
two-form cr on St with the properties that it is closed, 
i.e. der.O. and nondegenerate. Such a O' is called a 
symplectic form.

Since or is a two-form, it is easily seen that 
must be even dimensional since otherwise or would be 
degenerate. Given the manifold fH with coordinates

3

.4"p,p.-p.)' we can define a one-form

0  = (1.2.3)

Then the two-form cr=-i0, is a symplectic form on (R 
Explicitly

Ln

cr =  d q ‘ a  dp,- (1.2.4)

That O' is nondegenerate is clear from (1.2.4). This 
construction can be generalised to define G and cr on the 
cotangent bundle of any manifold Q ,so that (1.2.3) and 
(1.2.4) hold locally. The one-form 0 is called the Liouville

S=T*Qform on and is defined by
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< 0 r ,X> = <r,ir*X>Trw V  X*Tr(T*Q) u.2.5)

where Tt3.TT:Tt3-»Oi. the projection, and <C , ̂  denotes 
the natural pairing between tangent and cotangent spaces.
(if Q is finite dimensional, ana we take coordinates

on Q  and the natural coordinates (Jn,ptJ.. pnj
onTCj, then locally ©  is given by (1.2.3).) In classical 
dynamics, this is the case which arises most often, when Q  
is the configuration space, and TQ is (momentum) phase 
space. On the other hand, not every symplectic manifold is a
cotangent bundle, not even all the symplectic manifolds in 
classical mechanics. This is especially true in field 
theory, where the conjugate momenta of the canonical fields 
are typically a dense subspace of the dual of the tangent 
space to the configuration space . However, it is true 
that locally one can find coordinates such that (1.2.4) is 
true in some neighbourhood about any given point in any 
finite dimensional symplectic manifold, (in order to extend 
this result to infinite dimensions, care must be taken to 
interpret the nondegeneracy of <r in the correct manner, but 
since we are only interested in the finite dimensional case 
here, we will not pursue this matter.) A coordinate 
neighbourhood in which (1.2.4) holds is called a symplectic 
chart, or a canonical coordinate system. The existance of
symplectic charts about any point of a finite dimensional



symplectic manifold is guaranteed by Darboux1s theorem.

the two-form PJ is
The symplectic form allows us to classify certain 

submanifolds of 5  . At any point Se5, 
skew-symmetric and nondegenerate bilinear operator on the 
vector space Ts$ . For any subspace V we can define

V of \) bythe symplectic complement

\ J X = [weTjS:  o;Kv)--0 WeVj (1.2.6)

It is clearly seen that

d i m  \jX +  dim V  = dim ( 1 . 2 . 7 )

Now, if we have a submanifold , we can consider the
subspace and its symplectic complement (T.X) at each
point uK . Then we say 
aj H. is isotropic at s iff T; K  c  K )
b) ){ is coisotropic at s iff TSX 3 (lj K)
c) ){ is lagrangian at s iff it is both isotropic and 
coisotropic i.e. r  K  -(Ts K)
d) K  is symplectic at s iff - n x / i f c x ) . [oj

A submanifold is said to be isotropic, coisotropic, 
lagrangian, or symplectic if it is this at each point.

Note that if K is symplectic as a submanifold of ^

L

X
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then it is a symplectic manifold in its own right with 
symplectic form crĵ , since this form is still nondegenerate.

If K  is isotropic then the restriction of O' to
){ is identically zero i.e. Cr\ •= 0IK

The coisotropic submanifolds are the ones in which we 
will be interested, but we note in passing the importance of 
lagrangian submanifolds in many fields such as geometric 
quantisation (3), and dynamics (4).

We now consider how to use these ideas to describe 
the dynamics on a phase space. This makes use of the 
symplectic form in an essential way. Consider Hamilton's 
equations with Hamiltonian H :

Then, if is the tangent vector to the dynamical
trajectories we have

M  ($ __ ^ H  ^
- ■ * ( * * < ( '  j <i' jp. u -2 -s '

If we now assume ( , ..pt / is a canonical coordinate
system, we see that (1.2.9) satisfies
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L O' = d H’ H
(1.2.10)

We call the Hamiltonian vector field generated by H. Thus 
to each i £ C*tf] we can associate a local one parameter 
group of transformations ( the integral curves of the 
corresponding Hamiltonian vector field). These 
transformations are symplectic i.e. ^CT=cr. Diffeomorphisms 
from ^ to which preserve the symplectic form can be 
characterised infinitesimally by

L ,  <r = 0 (1 .2 .11)

or equivalently

0 (1 .2 .12)

Those infinitesimal transformations which preserve cr are 
called locally Hamiltonian vector fields. From (1.2.12), it 
is clear that all locally Hamiltonian vector fields are 
Hamiltonian if and only if all closed one-forms are exact.

It is natural to ask whether the space of Hamiltonian 
vector fields is closed under the commutator bracket. A
simple calculation shows that for

[ t, .1V IK
(1.2.13)
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where
With this in mind we define the Poisson bracket of two
functions "f and by

l f • si * -  it (1 ) (1.2.14)

The mapping is skew-symmetric and satisfies
the Jacobi identities and so makes the set of all smooth 
functions into a real Lie algebra with the Poisson bracket 
as the Lie bracket.From the equations (1.2.13) and (1.2.14) 
we have

[ i l l  • - I (Ml
(1.2.15)

In classical mechanics it is traditional to call the smooth 
functions on phase space, observables. We see that this 
construction has made the observables into a Lie algebra.

With (1.2.15) in mind, we see that the mapping

-I+

from CIS to Ham (i) , the Hamiltonian vector fields on ^ , is 
a Lie algebra homomorphism, whose kernal is the real numbers 
(i.e. the constant functions ). This gives a short exact
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sequence

0 — — * C i'5)— 0

This description of dynamical systems is adequate to deal 
with many classical systems but in the light of quantum 
theory, it is interesting to see if it could accomodate 
anticommuting obgects. There are a number of motivations for 
this, but primarily it is hoped that modelling the classical 
version of such theories on a graded phase space may bring 
insight into the behaviour of such quantum systems (5). This 
is especially true in supersymmetric theories where the 
supersymmetry demands that we use a formalism which 
classically accomodates the different statistics of the 
variables. Various ways of doing this extension have been 
suggested (6) .

These methods allow us to define a closed 
nondegenerate two-form on a graded phase space 5, which is 
antisymmetric on even vectors and symmetric on odd vectors. 
We can also define a super Poisson Bracket  ̂^  , which in 
canonical coordinates is given by

I f  f t  _  t f 4" '  &  l E
f t  hpA f t  f t

(1.2.16;

where r and f denote right and left derivatives and D̂ -is
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equal to 0 if F is even, and equal to 1 if F is odd. Here 
p A = (piy^y This bracket has the properties

U J  = [ p -'Pj] = = 0

{<,?>} = Sj - - [ p j .V j

1^ 1 = $ V -  K ^ J

(1.2.17;

(2) If r,tr,H are homogeneous superfunctions ( i.e. either 
even or odd ):

.1 I f  .61 - [ G . F ]
h> [ F , &+ H] - { F , G1 + [ F , H ]
cj ( F , G H |  = C-l)nEnsG [ F ,H |  + [ F , G1 H

d) C-nnf,l6(F,[H.Gj]4(-|)n̂ [H ,[G ,F] j , ( - | )MH[G,[Fj H]]=0
This last equation is the superJacooi equation.

With this framework of symplectic geometry behind us, 
we will now move on to considering the description of 
dynamical systems in which constraints play a role, and how 
such constraints arise. For now we observe that a 
supercanomcal transformation generated by an odd function 
would be nilpotent by virtue of the superJacobi identities, 
i.e.

b 'F  = [Q.[Q,f11 ={H)Pr[F.[Q,olpO (1.2.18)
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provided that
[ Q  , 0  ] -  0  (1.2.19)

Equation (1.2.19) is a nonntrivial condition if Q is odd. 
This property has been used to describe B.R.S.T. symmetry in 
the path integral formalism (7), an approach closely related 
to the one outlined in this thesis.
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1.3 Constrained Dynamics And The Dirac-Bergmann Algorithm

One of the common methods used to describe a 
dynamical system involves the use of a Lagrangian. Here, one 
is given a smooth function on velocity phase space i.e. on 
the tangent bundle TQ, of configuration space. The action 
associated with a particular path is defined by

1 ' ; •' ' ItS = \ L  q‘(«)di (1.3.1;

The dynamical trajectory between two configurations (£, and 
of the system is the path which extremises the action 

S  • However, the tangent bundle of a manifold is not 
automatically a symplectic manifold, and so we cannot 
automatically use the language of Section 1.2. This can be 
corrected in certain circumstances by using the Lagrangian 
to pull back the canonical structures on T O  . (ti) This is 
done in the following way.

We associate with the Lagrangian L: TQ the
£

fibre derivative F L : T Q - > T Q ,  defined by

FL(V)U - ji L(VttW)
+=0
where \Jt li/ 6, X q Q

In other words, FLtVlU/ is the derivative of L at

(1.3.2;

(V V)<TQ .
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in the direction W  in the fibre T A  Locally (1.3.2; is

F L U ' . V )  - t a ‘ ■ Y p )  u-3.3)

However, ror arbitrary L , this is not necessarily either 
injective or surjective. The Lagrangian L is called 
nondegenerate if FL is a local diffeomorphism. In this case,

0 (1.3.4;

If this is true, we can pull back the canonical structures 
on T *Q to TQ. This means that trL=(FL)cr is a sympiectic form on 
fQ. This approach has been used to discuss dynamical systems 
in a geometric formulation using special sympiectic 
manifolds of which the above is an example. These can be 
constructed even if L is degenerate (9j.

The sympiectic structure on TO can also be used to 
derive the Euler-Lagrange equations associated with L.(S,10)

In the most common examples of Lagrangian systems, 
the Lagrangian is expressed as the integral of a local 
Lagrangian density. This occurs in classical field theory, a 
case we will return to later.

If the condition (1.3.4) is not satisfied, then this
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is a sign that the physically allowed classical states, and 
their evolution, is limited to a submanifold X of the full 
(momentum) phase space . In this case, care must be taken 
in going over to the phase space description from the 
Lagrangian one. This procedure is callea the Dirac-Bergmann 
algorithm (11). In outline this is as follows.

We are given a Lagrangian with

0 (1.3.5)

Locally, we wish to express everything m  terms of momenta pt‘ 
rather than velocities Q Lwhere

(1.3.6)

However, this change of variables can only be effected if 
equation (1.3.5) is not true. To get around this, the 
equations (1.3.6) are separated into two classes :

1) a set Isay i- 12,... ft ) in which the velocities can be
expressed as a function of the momenta,
2) a set in which the velocities do not appear

= r= R+l............N (1.3.7)

Here N =dim Q  .
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The equations (1.3.7) are called primary constraints. 
We can write these as

G r H - p )  =■ pr - Qrl^p.) =  0  (1.3.8;

The evolution ana physical states of the system, is 
restricted to a submanifold of the full phase space <5. 
If we call a function weakly zero f~0, if it vanishes on
p , then the equations of motion can be written in the form

* [ a ' . Uc + <ir &r 1

pc ~ [ Pc , ^
(1.3.9;

where

Hc= p.i1 -  U ^ i ) (1.3.10)

and is expressed as a function of the R p., and the 
N-R velocities CjJ.

"rNote that (1.3.9) contains undetermined functions 
We will return to this problem later.

At this stage, it must De checked that the primary 
constraints Grare preserved in time. This may generate new 
constraints (termed secondary constraints). These also must
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be preserved in time, leading to tertiary constraints, etc. 
If the Lagrangian is admissable (i.e. the action does have 
an extremum) the procedure will end with a set of 
constraints defining a submanifold of . Before describing 
this manifold, we mention a "globalisation" of the 
Dirac-Bergmann algorithm, developed by Gotay, Nestor, and 
Hinds.(12)

When the Lagrangian is degenerate, the fibre 
derivative FL is only into T & .  The full phase space is not 
accessible to the dynamics, only the primary constraint 
manifold To = FL (TQj

In general, Tp is not a symplectic manifold, i.e. is 
presymplectic (closed but degenerate). The Hamiltonian Hc is 
defined on Fp by He=E‘(Fl) where

E L (1.3.11)

However, the equations involving the dynamical trajectories
(1.2.10)
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JH = d Hc (1.3.12)

may not have any solutions for , and m  general will not 
have a unique solution. The idea of Gotay, Nestor and Hinds 
is to develop an iterative scheme to allow for this. Call 
Pp = M ;. Using the mapping \) introduced earlier, we 
consider two cases.

a) dti outside the range of |? for all S€ M,

b) there exist points where JHJ is in the range of j?l
M *(We assume lJt is a submanifold of )

In case (a), (1.3.12) has no solutions, and we cannot
continue. This case is the case of an inadmissable 
Lagrangian. In case (b), we must ensure that the Hamiltonian 
vector field T is tangent to M*_. This means that

\  - )* * X (1.3.13)

where J*.' is the inclusion and JkTtf* , i . e . must be
the push forward of a vector field on This will not be
true, in general, and we must look for a manifold rl,
defined by

M j  = [me Mj. ; £ b (1.3.14)

Continuing in this way, we generate a sequence of
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submanifolds

T * Q * ^  U-3.15;

with

H*,- [ m t r t f  dHctm)6 l?(jf#Tri/) (1.3.16)

For finite aimensional systems, this sequence terminates in 
one of the following ways. (We assume this is true in 
infinite dimensional cases of physical interest). Either

a )  M fe= [ }

(ii) dim M k = 0  
( iii) M k* f\,, dim M  h ^ 0

Case (i) is only true for madmissable systems. Case (ii) is 
also not of interest, since this means that fij, consists of 
isolated points, allowing no room for dynamics. Case (iii), 
however, is of interest. Note that the vector field defined 
by

(• (1.3.17)

is not unique, since I f^will be presymplectic, and 
will be degenerate.

so cr



It can be shown that the above approach is a
globalisation of the Dirac-Bergmann algorithm, in the sense 
that the steps from to to M+ etc, correspond to 
checking the consistency of the constraints in time. It 
should be noted however, that the arbitrariness in the 
Dirac-Bergmann algorithm lies in the Hamiltonian, while here 
it lies in the degeneracy of the presympleerie form. However 
the two approaches can be shown to be equivalent (13).

The end result of either of these approaches is the 
fact that the whole phase space 3  is not accessible to the 
dynamical system. In other words, the physically relevant 
states make up a submanifold X  of 3  , and the evolution 
from an initial state remains in K for all time. The types 
of theory which arise can be classified according to the 
classification for submanifolds given in section 1.2. (14). 
Thus if K is coisotropic, we have a first class system, 
while if X is symplectic, we have a second class system. A 
system is said to be completely integrable if X is 
lagrangian. If X  is not anY °f the above then the system is 
said to have mixed constraints.

We now consider the first and second class systems 
separately. So assume we have a constraint hypersurface Ktz $ 

and a Hamiltonian H .
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If K  is symplectic, then the restriction of to X  

is still symplectic. This means that the solution to
(1.3.17) is unique. Thus given initial data (contained in 
K  )/ the dynamical path is uniquely determined. Thus we 

have a standard phase space construction, with the addition 
of an embedding of K in some larger extended phase space. In 
order to take this embedding into account it is customary to 
work with Dirac brackets on ^  / which are defined by the 
symplectic form on K  .(15)

It can also be shown that if H is of mixed class, 
then one can find a second class submanifold K  of 3 with 
K  a first class suomanifold of X  (15). Thus we need only 
discuss the case where X  is a first class submanifold of 

(Note that this reduction must be done after the 
completion of the Dirac-Bergmann. This caveat is necessary 
since it seems that second class constraints can generate 
first class constraints during the algorithm, while first 
class constraints only generate first class constraints .
For a discussion of this matter see (16;.)

Thus it is sufficient to consider the case of X  a 
first class submanifold of • In this case, we see that 
the restriction of cr to K  is degenerate. Thus the solution 
for in equation (1.3.17; is not unique. We are free to add 
to this solution any vector field in feercr , where
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fcercr = [ ? e T K  • li a~= 0
(1.3.18)

When we then solve for the integral curves of we have a
whole family of trajectories, corresponding to different

initial data
It is highly desirable to resolve this redundancy in the 
choice of Hamiltonian vector fields and also to remove the 
redundancy in the description of the space of physical
states, and reduce to a phase space K which is in 
one-to-one correspondence with the space of physical states

A( K is called the true degrees of freedom associated with 
.). In order that the dynamical evolution is unambiguous

choices of .

P....... ....

A

A

after initial data is prescribed, K. must be symplectic.

In order to proceed, we note that since K. is

inherited from is an involutive
subbundle of T)f and so will define a foliation of K  . This
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foliation, which we call K , can be used to form locally the
quotient which we identify with X , the true degrees of

K/freedom. The tangent space to at one of its points may
be identified with “, and so is symplectic. (For this
construction to function globally, the foliation must 
satisfy certain technical conditions, but we do not discuss

A
this here.) The Hamiltonian H on K can be reduced to W onA
X and so we have an unambiguous phase space formalism for 
the true dynamics of the system associated with H and K.-A
Note that since K is a quotient manifold, it is not, in 
general, realizable as a submanifold of <3 .

While this discussion of the dynamics on first class 
constraint submanifolds shows why different classes of 
constraints should be dealt with in different ways it is 
usually impractical to do the calculations explicitly in 
examples of interest. We now turn our attention to more 
practical approaches to this problem.

First we note that in section 1.2 we used the 
symplectic form to express statements about vector fields as 
statements about forms or functions. With this in mind, we 
make the following definitions.

C,We define ,the set of constraint functions on O  by
(14)
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C  = [  f £ C ° ( 3 ) ; f | x =- c o  nst.j (1.3.19;

Now, if X is a well-behaved manifold with dimKr2n-fc, we 
expect to be able to choose k members of C / which we denote 
by <PX • “M,....!?, such that K is actually {$,= 0; This can
certainly be done locally, and we assume it can be done 
globally without restricting the properties of X too much. 
We will then show that the type of theory we have is 
reflected in the properties of the constraints (jf̂.

We define other subsets of as) by
B  = [f *■ C  (5 ); [ B s ] | ^ 0  ; C ]

F  -- C n B
(1.3.20)

Elements in B are called first class functions, while those 
F  are called first class constraints. With thesem

definitions, it can be shown that
u  f  t C <=* £ ( T j K) : sc K 
2) f e B  ("T ) e T S K  ; i c K

r 7It is easily seen that if the constraints satisfy Jet \ (jP*, (IL j 4 0 
then F, and moreover, K  is symplectic. The constraints 
(j)̂ are called second class constraints. Note that we must 
exercise some care over the choice of the actual constraints 
used and over the use of this terminology. If we had chosen 
$ , say, instead of (f), then $  e F , but 6 F .We neea to
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impose some nondegeneracy requirement on the choice of 
constraints This problem is normally dealt with when
discussing observables (e.g.(l0)), a subject to which we 
will return. We require the constraints to be nondegenerate 
in the sense that are all linearly independent.
Alternatively, this means that if a function is zero on the 
zero set of one of the (Ĵ , then with ('$), together
with the requirement that the constraints are independent in 
the usual sense. We assume henceforth that the constraints 
are chosen to satisfy this criterion. We note that this 
means that the Hamiltonian vector fields associated with the 
constraints are not zero when restricted to K  • We will use 
the other characterisation of nondegenerate constraints 
later .

With these ideas in mind, it is clear that if K is 
characterised by first class constraints then X  is 
coisotropic.

We now consider how to describe the dynamics of the 
true degrees of freedom X  , from the framework of a 
coisotropic submanifold X in an extended phase space ^ •

A

This is usually forced upon us, since working with X  is 
either difficult or impossible.

We consider the case where we have a first class 
constrained submanifold X described by k constraints <Ĵ .
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(Since K  is coisotropic, R<n-^dim J ). The physically 
allowed states are represented in X , but this represntation 
is not unique, i.e. different points of K  represent the 
same physical state. These points are connected by 
canonical transformations generated by the constraints.
Also, the true observables are smooth functions on the true 
degrees of freedom K . We wish to relate these true 
observables to some functions on • Clearly the functions 
on <5 which we wish to consider should be those which 
preserve the dynamical flows. However there are two ways of 
characterising this. Either the condition can imposed that 
an observable f is first class (or weakly invariant) or 
that it is invariant i.e.

^ ........k (1.3.22)

Note that if T is weakly invariant then the constraints are 
preserved when restricted to K  (i.e. the constraint 
hypersurface is preserved), a property which we would wish 
the ooservables to have.

In what follows, we will take the invariant functions
as the more fundamental objects. However, we also note that 
we have a natural equivalence on the set of functions
f t c %
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- f ~ c j < = ^  f|K = S ir (1.3.23)

We call this relation weak equivalence (or weak equality)

We will show in Chapter Three that a weakly invariant 
function is, in fact, weakly equal to an invariant function. 
Why then worry about the choice of criterion? This is, in 
part, motivated by the path integral approach to quantum 
theory. We will return to this later, but in the path

and so there will be contributions from off the constraint 
surface. This suggests that we should take care with the 
behaviour we allow to occur off K  •

We now define the physical observables as weak 
equivalence classes of invariant functions. From the

such physical observables can be associated in a one-to-one 
manner with the true observables. We note however, that we 
will need to develop an algebra of physical observables, 
which reduces to the Poisson bracket on the true 
observables.

Before going on to develop these ideas, we consider 
the properties of the constraints a little more closely. We

integral approach, the measure used is not zero on

definition of K , the true degrees of freedom, we see that

have k first class constraints which satisfy
This means
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[<P - .CP»] -  L l ! p <py (1.3.24)

where are the (first-order) structure functions.These
structure functions are not defined uniquely —  we can add a

i ^term of the form Iv^j to them without violating (1.3.24). 
(We will discuss this matter in greater detail in Chapter 
Three.) However, for any given theory we can usually choose 
the simplest form for the that is possible. It is clear
that, if possible, we should take the l l to be zero. This 
is a very special case and would correspond to an abelian 
group acting on phase space. A slightly more general case is 
when the U<p are constant: this would correspond to having a 
general Lie group acting on the phase space. This example is 
worth a closer look since this case is of relevance to 
Yang-Mills theory and is also the case which was used to 
motivate this line of work as outlined in Chapter Two. We 
outline the structures which are of interest when a Lie

that the constraints can be identified with the generators 
of the gauge group. This occurs in many of the theories of 
importance, like Yang-Mills. The analysis which we will

space. The point to note is

outline, with finite dimensional
model of these types of theories, which still contains the 
important structures or the canonical approach to these
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theories.

We can define a mapping )f from the Lie algebra of S  , 
m  to the set of vector fields of 5/ by allowing the one 
parameter subgroups of <9 to act on 5  • Thus m ) i s  

mapped to the vector field whose value at S£ i s  the tangent 
vector to the curve

[exp (-tl)] s (1.3.25)

at the origin. This mapping y is a Lie algebra homomorphism, 
The action of <B is assumed to be symplectic, so the Lie 
derivative of CT with respect to is zero. Thus is
a locally Hamiltonian vector field. We assume that ^  is 
topologically trivial (17). Thus we must have a smooth 
function (f)̂ such that

Lh <T =  d<p- (1.3.26)

It is natural to ask if this mapping from to is a Lie 
algebra homomorphism for some appropriate choice of (fa . 
(Remember, (f\ is only defined up to the addition of a 
constant; In fact, while this is not true in general, for 
almost all the groups used in physical theories such a 
mapping does exist and is unique (8,17). (For this to be so, 
it is sufficient that oB be semisimple, since then the
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relevant cohomology groups of m  are trivial (18)) There is 
a technique for expressing this homomorphism 
which has many important properties (e.g. (19)). This uses 
the momentum map (8).

A mapping

T  : 5

is a momentum mapping for the action if, for every

t(yJ<r - dP(\) (1.3.27)

where

P W & )-- O c o , x > (1.3.28)

where is the natural pairing between dual spaces. It
can be shown that if the Hamiltonian is also invariant under 
the action of S  , then T" is an integral for the dynamical 
flows (8). This, in fact, was the original motivation for 
developing momentum mapping techniques. However, m  our case 
we wish to identify the constraint hypersurface X with

is aT (o) . (Whether Tco) is a manifold i.e. whether 
regular value of 7  is discussed with great care in (19).
This reference also notes that the space of solutions for 
classical relativistic field theory is very closely related 
to the zero set of a momentum mapping, which is, of course,
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our own motivation for identifying K. with T (o)). With this 
identification, we can write

J (s) - &(*)■»]
oc

(1.3.29)

where yjJ is a basis of 
constraints the functions 
algebra homomorphism,

m * . Then we can choose as our k 
. Moreover, since P  is a Lie

- U  (j)p r r (1.3.30)

where the are the structure constants of f)
r\.

is coisotropic
Thus K s l  (Oj

This construction is very powerful ana allows a 
global description of the true degrees of freedom whenever a 
Lie group acts properly and freely on .(2io-j

This characterisation of the constraints by the use 
of the momentum map is crucial to certain aspects of the 
analysis of Chapter Two. However, we will show that a fairly 
complete discussion of constrained theories along the lines 
of Chapter Two can be developed in the absence of a 
straightforward symplectic group action on . This is
important, since several theories such as gravity, 
supergravity (21), and the n-dimensional membrane (22), have
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constraints satisfying (1.3.24) with the

l .

functions on

We recap on the framework which we wish to describe. 
We have a coisotropic submanifold X. of dimension ,
which is contained in a dimensional phase space "5 . The
submanifold X is defined by k constraints 0, which 
satisfy

(1.3.31)

The also satisfy certain nondegeneracy requirements. The 
canonical transformations generated by the constraints, 
which we will refer to as gauge transformations, connect 
different points in K which describe the same physical 
state. The physical observables are the invariant functions, 
modulo the weak equivalence relation.
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C H A P T E R  T W O

GROUP ACTIONS AND B.R.S.T. SYMMETRY

2.1 Introduction

The previous chapter introduced the language of
symplectic geometry as used in dynamics. We have also seen 
that much more structure is available when we have a group

we characterise the physical observables using the language 
of homological algebra. A summary of the relevant 
definitions and concepts can be found in the Appendix.

In this chapter we recap on the techniques, developed 
by McMullan (22J in the case of a symplectic group action on 

. we will characterise the invariant functions in terms 
of the ghost complex, using the momentum map, and the 
techniques of homological algebra. We indicate how this 
could be generalised.

action and momentum mapping on In the next two chapters

By introducing the antighost complex, we develop a
homological expression of the equivalence structure on 
functions.We will also consider the resolution properties of 
this complex.
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These two sequences will be combined ana the B.R.S.T. 
operator constructed. The physical observables will be 
related to the cohomology of the ghost number complex. The 
analysis of constraints is summarised, as is the definition 
of the algebra of physical observables.

We finish the chapter with a discussion of the 
reasons for needing to formulate an extension of these 
methods to deal with cases where the coisotropic submanifold 
K  is not necessarily describable as the zero set of a
momentum map.
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2.2 The Ghost Sequence

In this section we develop a homoloyical 
characterisation of invariant functions.

The invariant functions are those which are constant 
on the orbits of (D , i.e. those which satisfy

o ( 2 . 2 . 1 )

• for
of clear that an invariant runction is

where

characterised oy

( 2 . 2 . 2 )

where the Poisson bracKet is extended toracKet is extended to C 3y acting
In order to seek a complex connected with 
o be the space of a$> -valued r-forms on

on the
? define .0. to be the space of '-valued r-forms on

thus

(2.2.3)

DC (2.2.4;
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where 'y1 ̂  '/ *«, . is a totally antisymmetric set of
smooth functions on "5 . We have defined S, on Q  . It can be 
shown (22) that there is a unique extension of <S, to Q. , 

such that it is linear, an antiderivation, satisfies - 0  
and restricts to (2.2.2) when acting on Cl . This extension 
is also local : i.e. if U is an open set in then

,«). =  0,(«,u) oit-Q. (2.2.5)

The action of on an element of the form (2.2.4) is given 
by

-■ [<p*. n  a* 

l Y

and is extended by using its properties as an 
antiderivation. In (2.2.7) the are the structure 
constants of the group oD , as before.

These definitions allow us to introduce the ghost

( 2 . 2 . 6 )

(2.2.7)

complex
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Then the invariant functions are the elements of where

H°W = feer S, * C*(S)

However this characterisation of the invariant functions 
leaves no room for weakly invariant functions/ nor have we 
introduced the weak equivalence relation. We will resolve 
this in the next section.

We also note two apparent difficulties with (2.3.8)
a) The construction appears to be basis dependant
b) it is not clear what significance the higher cohomology 
groups /■/($), bO have .

It is clear that if we hope to extend these methods to field 
theory, we must produce a basis independant construction 
(23). Such a development has been described m  (22), where 
it is shown that the ghost complex is exactly the complex 
needed to calculate the cohomology of m )  with coefficients 
in a t  which is defined by

_ *
H * m c T 9 j . - = £ r t  ( p . n s , ( 2 . 2 . 1 0 )

P
where X [cU/ is the universal enveloping algebra of m ) ,  and 
Ext is a functor which can oe characterised in terms of
exact sequences modulo a particular equivalence relation 
(24) .
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We note, however that this approach relies heavily on 
the properties of the group S  ,which we will lose in the 
more general cases we wish to discuss. In this case, we will 
try to model the ghost complex and the definitions (2.2.6) 
and (2.2.7) rather than take the more abstract approach. We 
note here (and will show later) that in general the ghost 
complex will fail to be a complex, that is, as defined 
above, will not satisfy S, » 0  .
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2.3 The Antighost Sequence

We now consider how to characterise the equivalence 
class structure on the functions. In the case we are 
considering here, we can use the momentum mapping to do 
this. Introduce

n ° - ’ - c " ( ^ )  ®  £ ( $ )  (2.3.1)

and a basis of £(<$) which is dual to Then ueO.' can
be written as

c-> =  -Tp. (2.3.2)

with ACt$). introduce kCT-*Ctp| ôo
a-- —  by

(t>6o  - <c t  , u'y

,
C /*\ ̂ ̂Then if we take a,17 =  0  , we find that

(2.3.3)

H.U) - = C“«) 
i« s, ^  rt)

. c ;  « )  i,

(2.3.4)

Since, in this expression, V->/ is the set of all functions 
which are zero on K , we have imposed exactly the correct
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structure on c * a

We now wish to extend this to find a way of 
intertwining the ghost complex and the mapping <̂0 above. As 
is shown in (23), the correct observation to make is that 
the space c a b  /\ m )  is an associative algebra with 
identity, which is also an M  -algebra, and which is 
positively graded by the exterior algebra of £0 . (25)

An £(0-algebra is a pair cr) where S  is a
positively graded associative algebra and is a
linear map satifying

CT (l)s so-u) (2.3.5)

Such an algebra is automatically a m space

ml.Associatea with such an tCW-space, one can define a 
Koszul complex (25), which defines a linear operator S0 on the 
tensor product s® a m  with §<,̂ *0. For us this complex has 
two important properties

a) the zero homology is the type of object we are looking 
for i.e. it is the weak equivalence relation on C ('5);
b) the properties of a Koszul complex in general allow us 
to deduce that

Ul{s®m [b))=o (2.3.6)
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See {22,25) for details.

However, the object of this thesis is to consider 
theories where the constraints do not arise from a 
straightforward group action. We will show that while we 
lose the language of Koszul complexes, we can still 
introduce a complex with the same effective properties (a) 
ana (b) provided the constraints we use are nondegenerate in

_  o r

the sense discussed in Chapter One. Let us introduce ±L 

analogously to C (5) ®  A Thus if ot£ Q  , we have

OL
'■M.. . .-<*r

...............
(2.3.7)

where the \Rc[ are a set of anticommuting elements. Define 5*
A n0fon ©  11 by demanding that it acts linearly and

k oL - r
... *r

P**.....P*r (2.3.8)

c n0r c1 siThen o0 , ' J Cl . Moreover, dô 0. Thus we have a complex (the 
antighost complex)

o i j f d f r i  . . . a  rr^cr-xok (2.3.9)

It is clear that this complex satisfies (a) above. While (b) 
is not applicable, we can show that its conclusion (that
(2.3.9) is exact at Q. l?0 ) is, m  fact, true.
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We prove exactness at .0. . The other cases are 
similar. We use a proof due to McMullan (22).

We note that the nondegeneracy requirement on the 
constraints allows us to deduce the following :
(*) If F q «C*K) such that ftp. = <3$  then ana with

he C °  ('S)

Let cjtQ. with ^06J-0. Then we can write a = f a n d  we know 
that

(2.3.10) (p^f =  0
We denote the zero set of ((j)f+l̂  by 2^. Thus the
constraint hypersurface K is 2 Q .
On 2, , (2.3.10) becomes (j),f*0. Hence we have 

f ‘- 0  on 2, (2.3.11)
On 2 lf(2.3.10) becomes

(2.3.12) <p,f' + = 0
By (*) above, this means 
f -hcP* and -f - — b (̂  i

i.e. on Z 2 , (2.3.13) f ^ C p ^ ' h
where l and j run over 1,2.

We assume that the construction has been carried out
to That is, if we have a set of functions f,f,..;f with
(|)/f =0 ( t running over 1, ,.S ) then f =4ĵ J for some F ve
which are antisymmetric in i and  ̂.
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Then consider (2.3.10) on z s„. (In what follows,
and j run over \,2, — only)

< M  +  <f;f' = O

cp/= 0 on so by the induction hypothesis

(2.3.14)

f  • = Cpj F J' on h. (2.3.15)

Thus on 2 s+i

r  - <ft r  + I,- (2.3.16)

( Here we have used the nondegeneracy of the constraints).
h L£ C for each — yS
Substituting (2.3.16) into (2.3.14), gives

S+l

l . e+.
-bo

<PsJ + k' = 0

r  -  -  <£(/ « 2 .

on -i+i

Thus t-'^F ( Q.J b running over l,Z, - — ,5+1 ) on H  where

F FJ :'-h;

V 0

Thus oy induction, if oJ is such that ^2.3.10) holds, then
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f ‘  - &  ? (2.3.17)

Defining by i then we see that
_ O IHence the complex (2.3.9) is exact at 12 .

We see then, that although we can no longer use the 
Koszul complex construction, the result is still true : we 
can define a complex which is exact except at CL , which 
introduces the correct equivalence class structure on C ('S)

In fact, we can generalise this even more. We can
define

n " ,  c " « ) ®  A 'f C S J * ®  A ‘£ ( S ) (2.3.18)

with i  x r - > n rs'' by

..p j = ( $  r f , ..p, Vx -  (2 ■3 ■
19;

Then for each , the complex

-rk'l
o —  n  - > a  ->

Ti I _r0
.. .-7̂  n  -S’-Q 0  (2.3.2b)

is exact except at i T . it xs clear that if we lack a
group action, but introduce two set of anticommuting 
variables [t]*} and [ , and define a complex as above,
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then the result is still true.

We now go on to show how to intertwine the ghost and 
antighost complexes and so introduce the B.R.S.T. operator 
in oraer to describe the physical observables.
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2.4 The B.R.S.T. Operator

First we recap on what we have shown in the 
previous sections.

We have defined various spaces

a rs- c*O3)0 Ar£G0)* ® A*£(£)) (2.4.1)

whose elements are of the form

<=> p,..-..pr T)f'--1)P' P*. (2-4.2)

where [ is a basis for m y  and [p<*] is a basis for 
m .  Together, the space

k V
a  - T T  a " (2.4.3)r=0 J;0

is a bigraded, associative algebra. (The two gradings are 
those associated with the exterior algebra of 4 0  ana M )  

The multiplication of two elements of Q  , is defined by- 
allowing the functional part in (2.4.2) to commute with 
everything, and requiring the ghosts and antighosts to 
satisfy

W ' - W ;  p * p r - p fp-i p- Y ' - V p *
(2.4.4)
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We have two operators defined on (parts of) n , k which 
is defined on all , and <£, which is defined on .0. (r^O)

It can be shown that can be extended to all of 
Q  by requiring that it be an antiderivation, defined on 
functions and ghosts by (2.2.6) and (2.2.7) and acting on 
antighosts by

P* " ^  py

Then ,̂r0 as before, and moreover

(2.4.5)

+ c>d̂, = o (2.4.6)

We have thus defined the ghost-antighost double complex

i t  - >  n'
l 1

IT  — > 11'

t I
si

1

oi

T

ft
o

n“— ...t nfe0—*t
0

.XI*— ......
T

—>nu—̂-r
0

I
-> Q"-*......

t L
^  hi— > n  —5K

0 (u

-> Q ' -> .....r
n h1,>1L —9 
1

0

o 0 0
where the vertical arrows represent  ̂ and the horizontal
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arrows are 5, .

In (2.4.7) each column is exact, while each row is a 
complex.

The definition (2.4.5) can be shown to be unique 
provided that we demand that £>, satisfies

,̂<̂ 0 + ^0^/ = O
X - 0

and that the Ua(p are constant (22). We will return to this 
point later.

From this bigraded complex, we can define a singly 
graded complex in a natural way (2b). Define

(2.4.8)

Then , and  ̂= 0
number complex :

Hence we have a complex, the ghost

-k
............ _ Q - > 0  <2.4.y;

This complex will allow us to discuss the physical 
observables.

The operator § is called the B.R.S.T. operator. It is
_a C

an antiderivation. If cj 6il satisfies oo = 0 we shall call
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it B.R.S.T. closed/ while if <y-Slr for some <̂=-12̂  , we will 
call it B.R.S.T. exact.

Before considering the homology of the ghost number 
complex, we should note that the ghost-antighost double 
complex can, in fact, be developed without reference to 
bases in m  and m  . We refer to (22) for details.

The B.R.S.T. cohomology is defined as

H*(i)  = C /h (2.4.9)
mh b : S r  — 5> &

It can be then shown that H (S)~0 if 0 / and that H'ti) 

corresponds precisely with the physical observables. It can 
also be shown that a weakly invariant function on 
determines a unique equivalence class in m i  showing that 
the analysis can deal with the weakly invariant functions. 
Since we will extend these results in Chapter Three, we will 
not discuss the details here.

One can also develop an algebra of observables using 
the super Poisson bracket acting on elements of SL . This 
has fundamental brackets:

1) on it is the Poisson bracket

2̂ j -- [ p*. p„] = o
3) - £|»
4) U  .7}*] r [ f , p . ] = 0  V U  C - 6 S)
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Moreover one can show that if Q&Q. is defined by

then

Q  ' & f  + i  p» U-Jf *7 (2.4.10)

( Q ,  Q j  = 0 (2.4.11)

ana

= [ Q . co"i
(2.4.12)

We now consider what happens when we try to apply this 
construction to more general class of theories where the
structure constants become functions on
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2.5 Difficulties

We consider what happens when we lose the action of
the group <£/ . Thus we have a coisotropic submanifold 
defined by constraints ( which satisfy

(2.5.1)

One might hope that the formalism would deal with this, with 
the loss of some of the geometric flavour. After all, the 
antighost complex could still be constructed, and is still 
exact, provided we have chosen the constraints correctly. 
Unfortunately there is a larger problem which obstructs the 
definition of the ghost complex. This is the fact that 5,

is no longer zero if the are functions on
this consider
is no To see

(2.5.2)

where we assume

(2.5.3)
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That this is an important question can be seen from
the fact that there are several theories which have 
structure functions. For example, the superHamiltonian 
constraint in gravity satisfies

components of the three metric, which are the configuration 
variables (27). Other examples include supergravity (30) and 
the n dimensional relativistic membrane ((23) and Chapter 
Three). In Chapter Three we develop the necessary 
modifications to cope with these difficulties.

(2.5.4)

ijsupermomentum constraint ana the Q are the
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C H A P T E R  T H R E E

B.R.S.T. SYfuMETRY IN HIGHER ORDER THEORIES

3.1 Introduction

In this chapter we develop the extension necessary
to generalise the homological description of B.R.S.T. 
symmetry to the case of a general coisotropic constraint

t

submanifold. We have seen that if the constraints can be 
described by a momentum mapping, a number of techniques from 
homological algebra can be used to describe the physical 
observables. However, we also know that one essential part 
of this construction, the ghost complex, is no longer 
available to us. On the other hand, the antighost sequence 
seems to have all the actual properties which we used 
before, it has merely lost some of its geometrical flavour. 
It is clear that we will no longer be able to identify the 
ghosts and antighosts as elements m  the Lie algebra of the 
symmetry group, but it may be that we can still extend the

the physical observables.

In section 3.2 we describe the higher order structure 
functions, and develop an iterative formula for the nth

phase space odd deyrees of freedom, and so describe
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oraer functions. We then give an example of a theory which 
has nonzero structure functions of all possible orders, the 
n dimensional membrane.

We then go on to show that by considering 
antiderivations associated with these structure functions, 
we can define a generalised E.R.S.T. operator and a ghost 
number complex associated with it. However we note that this 
solution is not unique, and we find a form for the most 
general form for the B.R.S.T. operator.

By applying the techniques of homlogical algebra, we 
show that the physical observables, and all the physically 
relevant quantities are independent of the particular form 
of the B.R.S.T. operator used, once its action on functions 
is defined.

We then consider the relationship between the 
homology and the observables, and weakly invariant 
functions. We also consider the construction of an algebra
of observables.
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3.2 Structure Functions Associated with Constraints

We have shown that the development of a homological 
approach to B.R.S.T. symmetry along the lines of Chapter Two 
has problems when the structure constants become functions 
on S .  However, there will be relationships between the 
structure functions and the constraints which arise from the 
Jacobi identity for the Poisson bracket. In this section we 
give a systematic development of these relationships.

We are given a set of k functions satisfying

L ^ (3.2.1)

The (Q also satisfy the nondegeneracy condition described 
earlier. If we take the Poisson bracket of (3.2.1) with 
we get

h \ M  - (3-2-2)

If we antisymmetrise on * £> , the left hand side is zero by
Jacobi's identity and we get

1 l *4(3. $s; ] " M&p 4V = 0 (3.2.3)
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However this is an equation of the form

S. to = 0 (3.2.4)

By the exactness of the antighost complex, which we showed 
is true even m  the most general cases, we can deduce

\ Ufcn ,<Pij] - V,4/4 S (3.2.5)

where is a collection of C functions which are
antisymmetric in ^y and in 4^5 . We can continue and take
the Poisson bracket of (3.2.5) with a constraint and then 
antisymmetrise, giving

+ 2 âri]x ' Jri]
(3.2.6)

= 0

Again it can be deduced that the term in brackets in (3.2.b) 
is of the form where is a collection ofwhere \J^fi

functions which are antisymmetric in and in .

We now proceed to show that we can continue like this 
indefinitely, or rather, until we run out of indices. That 
is, the algorithm continues until we try and produce a 
structure function with k+1 suffixes, which, of course, is 
zero by the antisymmetrisation property.
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Theorem
(n*0
/"v «, ....ain.

The (n+l)th structure functions U, are definedPi.. f}> n4l
in terms of the structure functions of order p (0N<p^n), by

In this expression, the zeroth order structure functions are 
the constraints

Qoc —

Also note
(0
Q 1

(3.2.10)

The proof parallels one in (29;, where a similar calculation 
is done for the case of mixed (i.e. fermionic and bosonic)
constraints.
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Proof

The proof is by induction. If 0 = 0  , then

(o)

This is in agreement with (3.2.10).
Assume that the structure functions of order n (0^n^m) have 
been defined as in the theorem. We now show that it is 
possible to define the (m+l)th structure functions according 
to (3.2.7).

We take the Poisson bracket of (^^with

m = o ( 3 . 2 . 1 2 )

and antisymmetrise with respect to (3,,̂ ,.___This gives

.<p J &.-u  Sjz x .Sl,
(n-ij ( 3 . 2 . 1 3 )

 ̂ L (h.... fimi-l ' J

We need to simplify the last term (3.2.13). To do this, we 
note that for 0$njrm we can substitute (3.2.7) into (3.2.U)

[8.41] to get :and solve for 
(n) ---'X >n+) ...
Q p ... ^(W]} (n+|) Q p , ----- p.«

- a £ (-i)  [ Qfp,... ^ . . . . . pWi]]
(po),

Pal
n-l

(3.2.14)

L np  ̂ 'r\ O. .*p I y\
W ( f . w » - H Q W . . . . . . . . . . . . . . . . . . . . .
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>•/)
Thus we can use Jacobi's identity on ('0,<pj and substitute 
(3.2.14) into the resulting expression.

When this is done we are left with
(m)

..... tfL = 0 (3.2.15)

(In order to be left with (3.2.15) we must note that the sum

(4) (m - M J

of terms of the form
(p)(pj r vn rv-\ ̂
Q  . Q  . 0  ]

which appears, is zero by Jacobi's identity.)
Hence by the exactness of the S0 mapping we can define 
by (3.2.7 j .

(m-nj
Q

Note that the structure functions are not uniquely
defined. They are unique only up to the addition of a term
of the form Sji-), i.e. the addition of an antisymmetric
combination of constraints. Note also that if we change the 

(P) CP)
choice of Q  , say, to QtCp.w for some W  , then this

(■ P)
will change the possible choices for all Q  with"f>p. We 
will have to take this behaviour into account, when using 
these structure functions to define antiderivations on n .
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3.3 Some Examples

In this section, we take a brief look at situations
where the analysis in 3.2 is valid. As mentioned earlier,
gravity has structure functions present in the Poisson
bracket algebra for the superHamiltonian constraint. In
fact, it can be shown (7,28) that despite the appearance of
the canonical coordinates q L̂ in this expression, the higher
order structure functions, Q  \l ll) can be taken to be zero.
In the classification of Fradkin et al (7), a theory in 

(m) (o)
which Cx i10  while Q  = 0  (n>m) is called a theory of rank m. 
Thus gravity is of rank one. Note that rank is not an 
intrinsic characterisation of a theory. By using the 
ambiguity in the structure functions, that is by adding an 
antisymmetric combination of constraints, we can change (in 
general, increase) the rank of a theory. Clearly gravity 
cannot be of lower ranx than one, so this is the minimal 
rank possible for the theory.

There are examples o± theories of rank greater than 
one. It can be shown that supergravity is an example of a 
theory of rank two (30).

The discussion of structure functions in the previous 
section showed that the rank of a theory is, at most,equal
to the number of constraints less one. It is reasonable to



73

ask if there is any theory which must have this maximal 
rank. There is one known example, the n dimensional 
relativistic membrane (28), embedded in d dimensional 
minkowski space. The action for this theory is

S f X V i ) -  -  d “ *  ( 3 . 3 . 1 )

In this expression, X are coordinates in the d dimensional
flat spacetime ( A = . ..-,d ) , X-Xfx^Jare the parametric

(n*0equations of the membrane trajectory, and is the
determinant of the metric induced on the trajectory. Here
the indices -- ,/7, while latin indices run over 1,1,__,n
and refer to the membrane at a given time.

Since the action in (3.3.1) is invariant under 
reparameterisations of the trajectory, the Legendre 
transformation is singular, and so the techniques of the 
Dirac-Bergmann algorithm must be used. This leads to an 
action in the canonical form:

S JY .P ., N.N‘J = ^ M ^ p. - ŵ i -n X )  ( 3 . 3 . 2 ,

In this expression N and N are arbitrary Lagrangian 
multipliers, and the superHamiltonian and supermomentum 
constraints are given by
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« W ( P . P , + j )  ; J V P X „  <3-3 -3 '

respectively, where g is the determinant of the riemannian 
metric

<3induced on the membrane at a given instant X . These 
constraints generate canonical transformations which leave 
the action invariant (once appropriate variations of the 
lapse and shift functions are prescribed). These canonical 
transformations correspond to the reparameterisation 
transformations.

This theory has rank n. The explicit expressions for 
the structure functions are simplest if written in terms of

(m)
a

<*,<*! . . . . (ft)
= Q<*■ 0.

p...?«. 1 .....1 (3.3.5)

where the are a set of n+1 anticommuting elements. In
this case we have (28),

S 1 »

(3.3.6)

1  1 •»- 1  -*7'

v  = + i f  4A*.*■ .-Js-rftf,.fJVAAu-y
...^0.
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The reason that the membrane differs in this respect from 
gravity can be traced back to the fact that the metric of 
the membrane involves the derivatives of the canonical 
variables (i.e. the )(̂  ) . This in itself is a consequence of 
the embedding of the membrane in a larger geometric 
structure .

Thus we see that the higher order structure functions 
do play a role in theories of physical interest, and we even 
have a plausible moael in which structure functions of the 
highest order are nonzero. We will return to this example 
when we consider B.R.S.T. symmetry in quantisation in 
Chapter r'our .
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3.4 B.R.S.T. Symmetry in Higher Order Theories

We have already seen that much of the structure of 
the cohomological approach is lost when we do not have a 
momentum map. However, we have also seen that some of the 
structure does remain valid, notably the antighost complex. 
The main difficulty is the fact that the ghost complex is no 
longer a complex since $T*o . We now consider what 
extensions are necessary to allow this approach to be 
applied to higher order theories.

We are given a symplectic manifold <§ and a 
coisotropic submanifold K  described by k constraints

4L =  0  ____ , K. (3.4.1)

These constraints, being first class, satisfy

[<M„] -  u U > (3.4.2)

Thus we can use the theorem in section 3.2 to define higher 
order structure functions. We extend the phase space by
the addition of _2k anticommuting coordinates Then we
denote by the set of all expressions of the form

V, ---“■» 9, p.
p , . _ - p r y - . y p ^ —  ..p*

(3.4.3)
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where Vj, is a set of functions, totallyV t
antisymmetric in .. «.s and __pr. We refer to the 7J as
ghosts, and to the as antighosts. (This mimics the
introduction of the Lie algebra of the group o0 in Chapter 
Two. We clearly cannot seek an iaentification of ana /̂i 
with bases of m )  or its dual, but we will show that 
enough structure remains to allow an essentially unique 
extension of the methods of Chapter Two).

We define

Q L  =• ©  .0. (3.4.4)
r .  S

Then Q  is a positively bigraded space, with the gradings 
being given by the number of ghosts, and the number of 
antighosts. We define the ghost number of an element in XX 
to be r-S • Then can be singly graded by ghost number.

= ©  u (3.4.5)

We wish to define an antiderivation which maps XI to X2, and 
which reduces to the analysis of Chapter Two when we have a 
group action and momentum map available.

With this in mind, we investigate the difficulties
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which arise in the formalism of Chapter Two.

As we saw, we could still define the antiderivation 
which defined a complex

o  — iir - > n
rk-l _  r _  rl  _ ro ,

n  — q . - ^ o  (3*4 *6;

for each r. This complex is exact except at XI . The 
antiderivation X is defined by

^  i f  =C-05̂ 1 (3.4.7)

and is extended to U  by linearity.a
The difficulties which arise, appear in the ghost 

complex. If we seek a homological characterisation of 
invariant functions, we clearly wish to retain the 
antiderivation , with its action on f*c1KJ given by

- [ & .  f ]

However, in this case,

where we have written
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s< 1
o£ M T 7) (3.4.10)

and assumed that d, is an antiderivation. It is clear that 
for any choice of /-/„£ , provided that the Û p are not 

constant. This stops the development of the ghost complex as 
a complex. On the other hand, if as before, we define

(3.4.11)

then

Thus, if we define

we have

(s; * f -  o
Thus we have the situation

(3.4.12)

(3.4.13)

(3.4.14)

(3.4.15)
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This suggests that we should introduce an antiderivation 
and the define the B.R.S.T. operator d as o0+o/-»4# 

where the properties of are chosen in order to satisfy
<5>=0* (Note that we have yet to define or <5*p ). Consider
an arbitrary element CĴ fl . Then we can decompose its image 
under S by

(3.4.16)

Z cj

? O  (b)
fio-0 60 (3.4.17)

+ (d)
S* = O  le)

We already know that (3.4.17) (a) is true. If we define <5, by 
(2.2.6/7) and (2.3.20), then (3.4.17)(b) is true as before. 
We need only consider the properties of <5Z.

With the definition of by (3.4.13) we see that
(3.4.17)(c) is true when acting on functions.

Consider :
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1
1

nj^ij (3.4.18)

Then from the definition of the structure functions 
(equations 3.2.5) we can express this as

& 7V75

If we define

s oc

(3.4.19)

(3.4.20)

then equation (3.4.17;(c) is true when acting on ghosts. 
Similarly by simplifying one can show that if 
is defined by

^z p<* (3.4.21)

then (3.4.17;(c) is true when acting on antighosts. Thus if 
we define by (3.4.13), (3.4.20) ana (3.4.21), and extend
to the whole of .Cl by using its properties as a 
antiderivation, then (3.4.17;(c) is true.

Rather than try ana impose the remainder of (3.4.17) 
on f, Tj and p , which would impose conditions on the 
structure functions, we proceed to the general case, using 
the above calculation as a guide.
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We have defined the bigraded space _Q , with the 
antiderivations and S, defined on it.

r r —  r rA a “ _ - > - » Q * -. . . . .  t ->  0
1

I T
1

_ * n "
a

L-- ->11 — >
'f

. . >Rk'~/\ - >  0

1
s?
t

i
— > o .n 

|

1

t
...

T
0

i . i t
— ^

to W
ar0

i kwt — > 0
O o 0

Here we make the convention that the vertical arrows 
represent b0 , while the horizontal ones represent

We postulate the existance of antiderivations 

where

S i : I T — *  Q r+l s+t' '

which are such that d - -...4̂  satisfies

0

From this , we can derive conditions on the
s : = o

= o
S<9 ̂2. + + 2̂,̂ 0 = 0

^0^3 4 ^  4 C>Ao = 0

. 22 )

.23)

.24)
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■* 5k-, + ilJk-! = O 

<§k + <Sfe_, - 0
<5;  = o

(3.4.25)

From the point of view of proving the existence of these 
antiderivations, it is easier to look for antiderivations
§t Old) satisfying (3.4.23), and all equations 

m2 1  s. S„_, - o
l =a (3.4.26)

for all m£0. Then the conditions (3.4.23) imply S;=0 for i>k.

We can now show that antiderivations <$<,,<5,„.. with
the properties (3.4.25) do exist.

Given constraints satisfying (3.4.2), we can use 
the results of section 3.2 to choose a set of structure

r to) 0) ̂ (kH_) _
functions of all orders |Q* ...Then if we define

u -  .......p .~

■ - - ^ ' 1 -1  f W ..........( 3 . 4 . 2 B J

9Ci.........^

m( ^ =  M  ...
. . . . . P - (3.4.29)
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for 0<rmN<k, extend m̂ to Q_ as an antiderivation and to .0. by- 
linearity, then the resulting antiderivations satisfy 
(3.4.25).

We prove this by assuming these forms for 
( 0-$ <s) J and proving that to satisfy

^s+X+ k A * ' ........— -+S,5>4 -f (3.4.30)

we can take dS4., defined by the above equations. The result 
will then follow from induction.

It is clear from section 3.3 that for m-=0 ana 1 the 
above equations are

So f = 0 p-* =

- - 5 /' ^  (3.4.31)

s , f  -
These antiderivations satisfy

£  = 0 ; U ,  4 S , S 0 = 0

Assume we take J>0,c>,_ ^  as above. We show that to satisfy
(3.4.30), we can take in line with the above expressions. 
In order to do this consider the action of

+•......+ <̂|  ̂j
on each of functions, ghosts and antighosts. Note that for 
functions and ghosts, the term drops out, so that we
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have no difficulty 
a s

£  ~ ....p*.,)

-  t  .f»  t-t-K  ...p,.;

+ ■ £  -f p«,.i

where we have used the antiderivation property of the r̂tand
the antisynimetry in 04.,- and (Jly..^ .. If we substitute
from (3.4.27-29) and simplify we get

ZL S,S5„.if =([-Bf.,.. 0̂ .-../sĴ LlJ%...j)<(_3.4.32

(s-i)
where 3  is given by (3.2.8;. Then, by the definition of 
in (3.2.7), we have

a
........ (3.4.33)

Thus if we take

Q £ f ...a!) 1 n &n
K . t  =  { f - - ?  ( k - . (3.4.34)

then (3.4.30) is true on functions. This choice for S*,f i
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in line with (3.4.27).

Similarly we can show
s xs ..

-  Y ‘>..-M 13'4'
35)

Thus we can take

Ss+I f  =  ( - osm  6 r . ' ’i  .... (3.4.36)

again, in line with (3.4.28).

When considering antighosts, we must note that the 
term is not zero. On the other hand, since 

and we already know the expression for this, this causes no
difficulties.
51-1

M ....p*
(s+D

=  -  ̂  f - ~ f "  ji...p„M1)
Thus we can choose

^ +, 0* = ....P*. ... fW, (-3.4.37)

This is again in line with (3.4.29)
Thus, by induction, we can find antiderivations __Ŝ /
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with the property that (d0+V- ~ + \) -0 ana which reduces to the 
form of Chapter Two when we have structure constants.

However, the question arises as to the uniqueness of 
this extension. There are two sources of nonuniqueness:

1) As discussed in section 3.2, there is an ambiguity in 
the definitions of the higher order structure functions;
2) In the calculation above, we substituted an expression 
of the form (f) Q  for a 0 at three separate points. We

r\could have chosen a different on each occasion.
We now look for the most general form for [S ; J  , in terms of 
a particular choice [ •

n  u)First, we make a choice of structure functions d  , Q,
(?) M
a .. ,q . . From this, we can find expressions for
with the aid of (3.4.27-29). We denote this particular

A A
choice by S, , _We nOW f°r t*ie most general form
for [ j .

We wish to keep ^  as before, as its resolution 
property is crucial to the approach. We also want to keep

IS  -  [ $ * ,  f ] ij* = (3.4.38)

We now consider the most general form for and
(3.4.9) we have

From
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^  = ( (  H i  ~{ U iH fjJ  + i<Pr[U£,F})f)r (3.4.39)

where

I f  - U p  f f  ,3.4 .«,

The only possibility for Hpr if this expression is to be of 
the form 50(- j is

h ; II P
£ *<. + <Ps k f j (3.4.41)

for some undetermined ‘ o(p> • Thus we can write

n A

II o/
- 1 (3.4.42)

where X, is a derivation with properties

K , f  = o  Vf € C° (~S)

— hS] «
M  -  * > i  i V p *

If we consider

Then 5,0* must be of the form
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i?* (3.4.45)

r**for some arbitrary vj^ . Again we can write this as 

1̂ p o£ “ M-t p<si (3.4.46)

n rs nf4)̂ 1where we extend the derivation M, .ac^A l to act on the 
antighosts by

K 'p -  -  i & l p Y p t P (3.4.47)

This suggests we write

S, - <S, - £>d x, (3.4.48)

However the right hand side is not an antiderivation. To get 
around this note that if we took

+  x l  - I K, (3.4.49)

then in the case of interest above, (3.4.49) reduces to 
(3.4.48), and the right hand side is an antiderivation (This 
can be shown by noting that is the commutator of an
antiderivation and a derivation, and so is an 
antiderivation.) Thus the most general solution for S, ,
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consistant with <L = = 0  is (3.4.49), with X, an
arbitrary derivation.

We now look for the most general expression for § , 
satisfying X X  + X  + <)Xt =d where S, is given by (3.4.45). We 
wish to write dt in terms of  ̂ and X., . By close 
examination of the relevant equations, we see that we pick 
up another arbitrary derivation

Hi Q.n- > n '
s-fl

(3.4.50)

The expression for is

.A.

+ * X -  ̂ K,+ 5/ X, + { K^X-hx,) -{(xX-kxi) X  (3.4.51)

This is clearly a antiderivation.

We can write these expressions in a way which makes 
the form of the general St apparent, rirst we define 
as - po(. where is an antiderivation and o( is a 
derivation. Then C<*,[$] is antiderivation. We can write the 
general form of §, and as

s , - + l  x,, y (3.4.52)
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A A

S* = + Lk A] + “j1 (3.4.53;

By the same approach as above, we can show that

S* - S3 + Lx3,^] + La , S,] + L x,,£i]

+ {  L K' L x , J J ]  + { L * i [ x . , S.]j (3.4.541
■> i  [  4 j t  E « . , [x, , [« , ,&*] ] ]

where

Kj : i t a
r--v3 s-t-3

(3.4.55)

is an arbitrary derivation.

It is clear what the general form for S:
A

will be:- it will be a sum of with all multiple 
commutators of the form

( 0 
, distinct

K i l l ...1 (3.4.56)

with ^+Q — J where H*t* * A Z . ~ a r e  arbitrary derivations.
S-l

(In the next section we will write it in a form more 
amenable to calculations)

Thus we have found the most general choice of 
antiderivations [ij] which have the desired properties.
However, unlike the case in Chapter Two, these
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antiderivations are not unique. The uniqueness in Chapter 
Two can be traced back to two conditions.

1) The choice of structure constants. (Requiring them to 
be constant automatically sets the higher order functions 
to be zero)
2) Requiring that ^=0 stopped the introduction of any 
arbitrary derivations.

This ambiguity in the definitions of the [<$*| has no 
physical content. This is because the quantities of physical 
interest (e.g. the observables) are calculated from the 
ghost number complex. This is the singly graded complex

^

with differential operator

§ = S 0 + S,+ -..

(3.4.57;

(3.4.58)

The operator d is called the B.R.S.T. operator and

S (3.4.59)

In the next section we shall prove that despite the 
arbitrariness entering into % via the undetermined 
derivations j that the cohomology associated with the
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ghost number complex is unique.



3.5 Uniqueness of Ghost Number Complex

We have seen that an extension of the
methods of Chapter Two is possible, and that such an 
extension is not unique. We now show that this is not a real 
problem. The quantities of physical interest e.g. the 
observables, are to be related to the cohomology of the 
ghost number complex. If we can show that for any two
choices of ... the cohomology of this complex is the
same, then this will suffice, since no arbitrariness will be 
attached to the observables.

In order to show that the cohomology is the same, we 
construct a chain equivalence between the ghost number 
complex defined using S=IS; and S = In order to do this
we must put the expressions (3.4.52) etc. into a form 
amenable to calculation.

where the sum is over all s and t, and the indices satisfy 
s+t
£_Lj-va = m. in this expression the M.; are arbitrary
i~l p.rs r̂+Ls+iderivations with Hidi— Ll ,

It can be shown that the general form for (0a?m^k)
is

£>✓0; no
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To see that this is the same as (3.4.52), consider a 
term in (3.5.1) with all X; different. This term has
contributions from all the commutators with K Ll j....Hi
present in that order and X ii+( ___ X; present in that order.
There are

(s+t) I

ways of doing this. Since each commutator is multiplied by

_ j ___
(S + t ) ! (3.5.3)

and would gain a minus sign for every derivation on the
-A

right of 8*/ we reach (3.5.1). The case with some of the 
the same is similar.

Thus the expression for SM is equivalent to that 
developed in section 3.4. This means that it is an 
antiderivation as required. (The form for 8̂ in section 3.4 
is explicitly an antiderivation.) We show that (3.5.1) 
satisfy (3.4.26) directly.

The desired identity (3.4.26) is

2 _  S. S k _. - o (3.5.4)
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where b is fixea, ana a sums over all the integers. (We take 
the convention V - 0 ; ^ > k  ana S4- O ; a < 0 ) .  Substituting (3.5.1) 
into (3.5.4) gives a sum of terms of the form

A

% k+i W , . . . K (3.5.5)

where
Case

Q.e.U and 
(i) t=s

n
H  <i+c+cl = b
J -  '

We show this is zero.

In this case, we alter the order of summation (the sum is 
finite) and sum over c and ci sub3ect to

n
2 1 L^C-id b (3.5.6 )

J r '

holding [ constant, and then over [(,]. However, this is zero 
since we know the U !  satisfy

2 . * 0

alreaay.
Case (ii) t>s

We need to show C-0 for each distinct term of the form 
(3.5.5). We write it as

2 1' . . . . . ^  ^  . . . . K LSiV Si HV ---- ---------) ̂  Z.__.*-N-l - * "
^rom (-1 rs +

■T a c + er
Prow Second 

facfo r
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Thus t - sc
v=o

t i r  c - i r
5 !  v ! ( t  s - v ) | ( n - t )  I

, fc-3_  H )  / t-5
(n - t )  !(t - s ) ! C-1)’

l/' o
=  0

by properties of the binomial coefficients.

This is an explicit check that the defined by 
(3.5.1) satisry (3.5.2) ana acts as a check on the previous 
calculation.

We can thus define two different ghost number ' 
complexes, one with o=^5t/the other with £ =2^* We need to 
construct a chain equivalence from one to the other.

•A A A A /\ y\ A  ̂ A
c> r\"'  ̂ e> /V &  ̂ £o - ^

K K K K K

\K ' V \/
\

K
(3.5.8)

o x r v - i *  i t n 1- i n°-4Q'4 . A  a"  -> o

K must satisfy

K i  - AK (3.5.9)

l . e K  is a chain map, and
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K K =  K K  ■= 1
/ V -

(3.5.10)

for some other chain map . (See Appendix)

We prove that

K -- 1  + L  7 ! « . . . . . * -
r>o (3.5.11)

is the required mapping, where the sum is over all r>0/ 
and all values of , l2_J____ /r.

It is clear that . We prove that K  is a
chain map. The left hand side of (3.5.9) is a sum of terms, 
of the form

H  7T ^ . . . . .  >u,L
*•>,6 (3.5.12)

where the sum is over all r O and over all values of the
thlLj__ ir. The typical term of the right hand side of (3.5.9)
is

A

2 _ _  C  Xi,— . x ;j k lS-H--- ■ n l6̂ t (3.5.13)

where Co.OefR.

To prove the equality of these expressions we separate the 
cases: (i) tjtjy ,(ii) t=0
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We fix values of Lh (̂ ,__ii4t and a.
Case (i) t £ 0

~~ I 'd i r i  ^ 5! ViTt! ^  =0
To see this# look at the possible contributions to a
particular term in (3.5.13).

A , t) ■» ..

+ etc.
(3.5.15)

Case (ii) t =0
In this case, the term must arise from lb  and so

C ( s . o )  -  a (3.5.16)

This completes the proof that K is a chain mapping between 
the two ghost number complexes.

We can define another chain mapping by defining K  

using the derivations £"K.j rather than fXtji.e.

&)'

r>o

A/ —  - / ,

K - 1 + Z  7T X'. K; (3.5.16)

Then we can show that ^ is a chain mapping in the opposite 
direction to K,

U  = K S (3.5.17)
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and also

K K = 1 = J< X (3.5.18)

This completes the construction of a chain equivalence 
between the two complexes.

In summary, we have shown that the extension of the 
methods of Chapter Two to the general case of constraints 
satisfying with the ^  functions on ^ , is
possible but not unique. However, the physically relevant 
quantities (such as observables), which are all derived from 
the ghost number complex, are unique up to isomorphism.

We now go on to analyse the relationship between the 
physical observables and the homology of the ghost number 
complex.
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3.6 Properties of Ghost Number Complex

Before considering the homology of the ghost number 
complex, we define the order of a theory. A theory of order 
n_is one in which the family of antiderivations [d-Jare taken 
to have Sn£0;<^-0 (t>n). Note that this is not an invariant 
characterisation of a theory. Even if we choose a set of 
structure functions and used them to define a family

A
(similar to the construction of in section 3.5), the 
ambiguity in the structure functions would introduce an 
ambiguity in the number of nonzero antiderivations. (In 
fact, there is a greater freedom than this in the since
not every choice of derivations corresponds to a choice of 
structure functions. We will return to this point later.) On 
the other hand, we can hope to find a choice of 
antiderivations which would minimise the order of a 
particular theory.

In the classification above, we see that the case 
discussed in (22) and Chapter Two is a theory of order one. 
It can be shown that gravity is a theory of order two, and 
supergravity is a theory of order three. In the case of the 
n dimensional membrane,the nth order structure function is 
independent of phase space variables, so. it is a theory of
order n .
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Note that gravity is a theory of order two and 
Yang-Mills a theory or oraer one, unlike the classification 
of Fradkin et al, where doth are of rank one.

For a theory of order n, the antiderivations must

(3.6.1)

satisfy s, = o
0,^0 + <$0S , = O

M . ,  * L £ l = o
i

iSrt-i ~ CD

£  = o

We saw that in constrained theories, we could consider the 
physical observables to be the functions on <5 which are 
invariant, modulo the weak equality relation. Following the 
case in Chapter Two, we would like to relate H (<$) (the zero 
homology of the ghost complex) with these physical 
observables. In order to do this, we need to show two 
things

1) That we can always choose a representative from any
equivalence class in with no ghosts or antighosts;
2) That we can relate this function on to the invariant 
functions.

The definition of m ) i s

H ° U )  - n ClC
(3.6.2)
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_ o
Now, an element in 12 can be written uniquely as 

CJ0 ■+ CJ, -f  -------  -+- u (3.6.3)

where cJ>5 e  X I  C. O  <£ s  £  k )

Consider a theory of order n. Then we have 
derivations Sa,S„--.y£n satisfying (3.6.1). Pick an element 

closed under S'-2A* Then this element is of the form 
(3.6.3). Since cJ is closed under S

CJ -  O (3.6.4)

Then we project out the image of GJ unaer S into the 
various IT  e.g. for a second oraer theory

oT
(3.6.5)

This would give rise to equations (for a second order 
theory; =■ O

OJa + <$dGJ, - 0
SLco0 + &.CJ, -* = O
S^CJ, 4 4 - 0

(3.6.6)
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We now return to the case of a order n theory. 
We separate out two cases (i)ck=0 (ii)<̂ j-f0

Case (i) cj0 = 0
Let r be the smallest integer such that cjr4= Q 
writing out the equations gives us

- O
bi Cj c 4 ̂  i — ^

&  i_ GJ r + ^ , GJpj., c ) g c j r-+L ~ O  

S £ Gl r+ I 4 i d*J f+\ Cd

Then

(3.6.7)

These equations are of the form

= o (3.6.8)

where the sum is over all integers Cl, with the convention 
SA=0 if a I , a n d  <4-0 if H  1 r»rH •--v^j •
Now the first equation in (3.6.7), together with the 
exactness of the antighost complex, implies that there
exists %

r r-H
d l  such that

CJ r - •f, (3.6.8)

Consider
<̂ i %r) ~~ 4 ( .S in c e  £>0 ^ /-

o
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by the second equation in (3.6.7). Exactness of S, implies

i */y  ̂ ^0 p-f ; (3.6.9)

This suggests that

^  ' 2_ (r^Q-sk) (3.6.10)

for some with (r^a^h-f)» Again the convention is
that Sjj is zero outside the range anc* % ^ i f  a<r.

We prove this by induction.

Equation (3.6.8-9) show that (3.6.I0) is true for a=r
and a=r+l. We assume it to be true for r^a^m<k, and show
that it must then be true for a=m+l. Consider 

n n a

rvHI -a
(3.6.11)

^o ( ° < m+ 1 ^ ^ Y / v w i - a j  -  ^o ^3/vi-h  +  7~ 7~ ^ b ^ a - b
a=l a=i b-l

m+iZ * £ n . n

~7L ( Z  b̂̂ -bj Xm+l-q
a=o a-n b*0

where we have used equations (3.6.1) to substitute for <50<^ 
and also the induction hypothesis to express the CJa m  terms 
of the . but the last term in (3.6.11) is zero by (3.6.1) 
ana the first term is zero by the assumption that co-^^is 
closed under b . Thus there exists a such that

u n
’Ml+I ~<SL

CL-1 a=o
(3.6.12)
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Thus (6.6.10) is true for a=m+l. By induction it is true for 
r^a^k.

Thus if we have a B.R.S.T. closed element with
aa.

CJ = with then the CJft satisfy (3.6.10)

Define

- - - - - -  y . , (3.6.13)

Then ^X1 and moreover, (by 3.6.10)

C J  - (3.6.14)

Thus a B.R.S.T. closed element of XI, which has no 
contribution from XI = C  (*5)is,in fact, exact. Such 
element makes no contribution to H‘(S).

an

For a second order theory, the proof above
corresponds to constructing the elements ^  in (3.6.14). 

O  
?

(3.6.15)

It is clear that the proof above can be extended to show
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that Ĥ 0)-O if <j<:0.

We now consider nonzero contributions to Vl$. These 
must have cj&O. The above proof is clearly inapplicable since

__ oo
the nonexactness of the antighost complex at Ai does not 
allow us to deduce cJoz\'f0 for some ^ €U  .
Case (ii) (ĝ O )
In this case we write

CJ - -F + cO, -» _ ------- 4- CJ ̂ (3.6.16)

with peCfej ana . we will show that there exists
such that 5(̂ a')'+cjl+...-*cjfc}=0. This will enable us to relate 

and the observables.

We give the proof for a theory of order two. The 
general case is similar.

In this case, ^ must satisfy

S , h'p 4- ̂  0OJ, = O

| t Cla CJ^ = 0 (3.6.17)

Then if we write and cJ,=l£ then these equations are

'  l / . V ,

[ U*l%\ ■ f « . « * 1  + I/.VJ '  vX j
(3.6.18)
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In order for 2  to exist, we must show that the right hand 
side satisfies certain integrability conditions. These 
conditions arise because of the form of the left hand side 
and, (we will show; are satisfied due to the closure of gj> 
under S . Then the techniques of Pfaffian forms allows us to 
conclude that a solution exists (31). Rather than proceed 
with this on (3.6.18) which leads to a long and tricky 
calculation, we will show that the integrability conditions 
are satisfied by using the properties of the 
antiderivations. This is much simpler and can obviously be 
generalised to a theory of arbitrary order.

Equation (3.6.17) is equivalent to

S, <p CJ, H e 

cJi ■> (3.6.19)

n. 1.3
where ,̂6.0. and are as yet entirely arbitrary. The
integrability conditions of (3.6.19) are

4 S, (cJ, 4 ^  4 ^  ) — 0
S i  (  O i  4 4  =  O

(3.6.20)

-f StCJ,) = O

+ S, CJ,J = O
(3.6.21)
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Since CJ is closed we have conditions relating CJt, CĴ  and 
■f • These are

S|U>* -« S l OJ, - - S„ 03 ̂

+ C)|dJ( -= ■“ (3.6.22)

This ensures (3.6.21) is satisfied, but not necessarily 
(3.6.20). In order to correct this, we substitute (3.6.22) 
into (3.6.20) and use the resulting equations to solve for 
2T( and 2̂  . This gives

cjj + +  Sit.-* ^  = o

where 2̂ and are arbitrary. (We have used the closure of
f+cJ,+..  to suostitute for %tut in terras of and cj .̂) We viewuse
(3.6.23) as equations for^/^and^ to ensure that the 
integrability conditions are met. These conditions are

(o3+̂ 0r3) t S,(oj++§,r3 + = o
+£>,v, + £.*•+) = 0

= 0

O t U o C J + t  C),CJ3) =0

(3.6.24)

(3.6.2b;

Using the closure of £3 , (3.6.25) are satisfied ana (3.6.24)
become
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^ + <50 ̂ 6 — O

These equations are similar to (3.6.23) but we have moved
down two rows. Continuing in this way, we will eventually
reach the bottom of the complex and the integrability
conditions will be satisfied.This shows that given an 

0 _ 80 
element cjcSI which has a nonzero contribution from Lc , we

i pOI
can find ftQ such that

^  -tCJL + ----- - + 0->fe (3.6.2

(3.6.2b)

is closed. However, the proof in case (i) 
for some fJl€-£L • Thus F= is closed.
function on 5  •

shows that 
Moreover,

This shows that every equivalence class in 
contains a representative which is a function on the 
original phase space. Such a representative is, of course, 
closed and so satisfies

S ;  F  ~ 0 ( U i ' s n ) (3.6.28)

(It is clear that the above proof can be extended to the 
case of order n theories). Note that (3.6.28) means that F  
is invariant and commutes with the structure functions.
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Then, since

I ( ‘ C M  ; V ° :

we have

H”(s) - [fer(J).Sfcoj/L

(3.6.2y)

(3.6.30)

where the relation '"w is given by

^  ' H  C=> £|x ^ f*|:
i.e. weak equality.

Thus we have seen that H W  correctly describes the 
observables. At first sight, however, it may seem that we 
are only picking up a restricted class of observables. This 
is not so, as we will now show by describing how a weakly 
invariant function can be dealt with in this formalism.

We will show that a weakly invariant function can be 
extended to a B.R.S.T. closed object by the addition of 
terms involving ghosts and antighosts. This extension will 
define a unique equivalence class in m .  Again we only 
give the proof for a theory of order two. The proof is 
easily generalised.

Given a weakly gauge invariant function we
must find CJ,,oiy...with O r6lZ such that
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-f GJ I + OJ* 4----4 c J feJ =  0

We saw that weakly invariant functions satisfy

[ $ « .  f  ] =  Vĉ /S

for some V* . We define

CJ, = -  V J V p V  £
Then

S ,  f  -  S . C 3 ,

Consider the following diagram

Sa [SLf - .,) - S0 <§, CJ,
— - §, f +- S, ̂ 0cj,

= - S . U f - S . o . )
= o

(3.6.31)

(3.6.32)

(3.6.33)

(3.6.34)

(3.6.35)

Then
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By exactness ot , there exists an cjx Q̂. such that

( 3 . 6 . 3 6 )

?

Again we look at the image of the elements at "?" above j 
under S0y

Sj_CxJ( 4 ( |̂ CiJ ^  L § o C l  | 5 1 C l ,  C j j _

— — — S,( §, CJ, -t- Sacj^
- - — S,5z.-f
= o r\33Again, by exactness we find cj^AI such that

SZCJ , + CJj.4 = O ( 3 . 6 . 3 7 )

tkWe can continue in this way until we reach AA . Thus we can 
see that

S (  f  - Cj-J i — C->. — -CJ ) “ O
Thus to each weakly invariant function, we can associate a 
well-defined equivalence class m  H°(S).
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HTfe) i.This shows that n {6/ is correctly describing the 
observables. We are used to the case m  theories of order 
one, whereby a weakly invariant function is weakly 
equivalent to an invariant function. These results show that 
in theories of order greater than one, that a weakly 
invariant function is not only weakly equal to an
invariant function FertfJ, but that F  actually commutes with 
the structure functions associated with the constraints.
Note also, that it is important to use all of .0. in 
describing the observables, in order to accomodate weakly 
invariant functions. Note that the proof in case (ii) of the 
homology can be modified to show that in a theory of order 
n, we need only add n terms to a weakly invariant function 
in order to have

S ( l  + CJ,+ . + c j ,)-0
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3.7 Algebra of Observables

As was mentioned in Chapter Two, we must consider 
the defintion of a bracket on the observables. Such a 
bracket should have certain properties (22), in order that 
it be compatible with the observables. Some of these 
properties are

1) =» \al t and linearity
2) S c j , - = 0  =^> S  —  0

3) Scj.rO =>
4) On physical observables [ j is a Poisson bracket

For the case of a theory of order one, it was shown that the 
superPoisson bracket £ jon Q , (introduced in Chapter One) 
satisfied these properties, where

S  c_> - £ Q , g j ]

and \ Q . Q ]  = 0

Q  is odd (i.e.Ckl ), ana could be taken as

Q  -  cp*1)* +  1  Pi- rt 7f

(3.7.1)

(3.7.2)

(3.7.3)

It is natural to ask if this property can be extended to 
theories of higher order.
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The fundamental superPoisson brackets are
1) if then it reduces to the Poisson bracket
2 ) iv . y ]  =■ [p«,p8] =o
3) -- [po. V I

ff, = (f,p«]=0 V f e - C ' i t f )

Can we fina a form for Q  which satisfies (3.7.1) ana 
(3.7.2) with these definitions?

If we use the [<5â of section 3.6 then we can take

W
J' rQ  - 4 L f +  L  '(t-p.

f>0
(3.7.4)

then it can be shown that

SCJ [ Q , u ] (3.7.5)

and ~  O  (3.7.6)
However, what about the more general form [iQj? It is clear 
that for some choices of a choice of Q  is not
possible. This is because if we satisfy (3.7.5), then, for 
example, * 0)

S , v  - Q i o v

X p*. = V V ; (3.7.7)

If we take K,tj - ^ ; X,|)l)l=u4l̂1)(̂ pithen the new choice for
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c A -iO, = £><, /§a| would be of the same form if and only if
, .«£ - 61$,
H $ - Gyb * 0n t îe other hand if this is true, it corresponds 
to a different choice or structure functions. If we call

a
ff*Qithis alternative choice ft and construct in the same

way we constructed Q. then.

8CO f  R .  *>] (3.7.8)

We would like to relate HQ and /? . It can be shown that

H  = KQ (3.7.9;

Moreover since r\ is a chain map

l"\ [ Q, - j ^ R ,  I ^ C j ]  ( 3 . 7 . 1 0 )

for all Co6-0° .

It is natural to ask if K  preserves the Poisson 
bracket, provided it is constructed out of derivations which 
correspond to a change in choice of structure functions.
This is very difficult to prove in general, but is true in 
the lower order cases. Uote that K also commutes with 
multiplication

K  (u.) Km  - K ( o , o 0 (3.7.11;
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The detailed properties of K  are still under investigation.

We have shown in this chapter that the methods of 
(22) can be extended in an essentially unique way to higher 
order theories, preserving many of the properties, if not 
the geometric flavour. While the particular choice of 
antiderivations is open to some degree of freedom, the 
homology of the ghost number complex is uniquely defined by 
the requirement that the action of on functions on ^  is 
given by

s , f >  f & . f l y  ( f £ C ” ( S ) )
Moreover, an algebra of observables can be developed for a 
particular class of choices of in which the B.K.S.T.
operator is given by the supercanonical transformation 
associated with an odd element Q*.Q.. The fact that this 
approach deals differently with classical theories according 
to their rank, while the standard analysis of constrained 
canonical theories deals with all first class theories m  

exactly the same way, can be motivated by pointing out that 
the quantisation (at least in S matrix theory) of such 
theories is sensitive to the order of a theory. In the 
quantum theory, it is known that the application of this 
kind'of analysis gives the correct form of the S matrix for 
the theory.(3b).
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The above approach, using the B.R.S.T. operator has
allowed us to develop some very elegant results inthe theory 
of constrained dynamical systems, but apart from the 
association of the observables with the zero homology of £ , 
none of the results is new. Given a particular B.R.S.T.

same equivalence class is the same problem as choosing a 
gauge, and just as difficult. On the other hand, we could 
show such a choice is possible in principle, while to prove 
this in the Dirac analysis requires complicated calculations 
at the Poisson bracket level. We are also able-to keep a 
phase space description at all times. While these 
computational advantages are all to the good, the question 
must arise as to whether this is enough to justify the 
unusual language used. The main justification for this 
formalism must depend on its relationship to quantisation, 
and in the next chapter we will argue that the methods 
extended here are exceptionally well suited to quantisation.

closed object, trying to find the function on



Q U A N T IS A T IO N

4.1 Introduction

As we have discussed earlier, the gauge invariance 
of a theory is a source of difficulty when it comes to 
quantisation. The gauge invariance of the field tells us 
that some of the moaes of that field are nondynamical. This 
suggests that we should reduce the size of the phase space. 
However, if we wish to have a Poincare covariant 
quantisation scheme, we would require to enlarge the phase 
space to include the constraints (32). In simpler theories, 
like electrodynamics, constraints can be imposed to define 
the subspace of physical states, and it can be shown that 
this can be preserved in time. However, even in Yang-Mills 
(a first order theory) the auxiliary field introduced does 
not satisfy a free field equation and so this technique will 
not work.

In this chapter, we relate the work in this thesis to 
the B.R.S.T. symmetry used in covariant path integrals, 
using the example of the n dimensional membrane. We then 
consider the possible relevance of the B.R.S.T. operator



121

outside perturbation theory and the possibility of a 
quantisation scheme based directly on the homological 
approach.

We end with some general comments on the content of
this thesis.



4.2 B.R.S.T. Symmetry in Quantisation

Since Faddeev and Popov included ghost terms in the 
action m  the functional integral approach, in order to 
account for the closed fictitious loops Feynmann had 
introduced to preserve unitarity m  Yang-Mills (36) and the 
subsequent observation by Becchi,Rouet and Stora (37) and 
Tyutin (3d) that the Lagrangian was invariant under a global 
transformation, there have been many attempts to give a 
natural interpretation of this symmetry and the ghosts and 
antighosts. The symmetry is nilpotent when acting on the 
gauge field and ghosts (but not on antighosts).These various 
approaches are based on finding some mathematical structure 
which mimics the transformation properties. (Especially the 
properties of the ghost transformation which is very 
reminiscent of the way Maurer-Cartan forms of a Lie group 
transform under the exterior derivative.; There are two main 
approaches, the differential form approach (39,40) and the 
superspace approach (41). While they are quite different in 
outlook both share several problems.

They both use the nilpotency of the B.R.S.T. 
transformations in a crucial way (as does this thesis). 
However the transformation is not nilpotent on antighosts.
In order to rectify this difficulty, an auxiliary field is 
introduced. This can be done by using an appropriate gauge
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fixing term, and we are left with an action invariant under 
B.R.S.T. transformations, which are nilpotent on all fields. 
However, the antighosts do not admit a geometrical 
interpretation so a new transformation, the anti-B.R.S.T. 
transformation is introduced. Essentially this 
transformation is the same as the B.R.S.T. transformation 
but with the role of ghosts and antighosts interchanged 
(48). This allows a geometric interpretation in the spirit 
of this phenomenological approach.

However, one of the major properties of the B.R.S.T. 
transformation is that a B.R.S.T. invariant Lagrangian can 
be shown to lead to a unitary S matrix. It also allows an 
easy derivation of Ward-Takahashi identities. Hone of this 
requires anti-B.R.S.T. invariance. Also (22) shows a way of 
interpreting the ghosts and antighosts using the approach of 
Chapter Two and (7) which does not require anti-B.R.S.T. 
symmetry. We consider the generalisation of this approach to 
the higher order theories (Note however,that in the 
'canonical operator theory' of Kugo and Ojima (34), we are 
left with the same physical subspace of the quantum Hilbert 
space if we use both B.R.S.T. symmetry and anti-B.R.S.T. 
symmetry, as if we had just used B.R.S.T. symmetry (41)).

The essential property of gauge fixing terms is to 
introduce the primary constraints as dynamical variables.
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The action can be written in the following form:

5 =  ^dt - h - T f a  - (4.2.1)

where h is weakly invariant, (p* are first class 
constraints of any rank, X and ^  are multipliers and cj#** is 
a gauge fixing term. Poincare covariance requires that Cjô  

contains terms with \ present. We take cjô to be of the form

cjo* =  - i + y 1 (4.2.2)

A X  \fwhere the Jt can depend on Cp, pe-, /l and This gives an
action of the form

S = J<K<iApA- H - ^ (4.2.3)

where CJA-- (^l , T) ; pA- (P«i, %) which is a theory with n+k 
degrees of freedom. Here oln is the dimension of the original 
phase space 5  with coordinates pj. To ensure that this is 
the original theory which we started with, we wish to impose 
the 2.k‘ constraints %)-o- On the 2(n+k) dimensional
phase space above, these constraints have Poisson bracket

(4.2.4)
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where

u ; b -
t < o  ]

\ O o l (4.2.5)

The main theorem of Fradkin et al (7) states that if we add 
4k anticommuting dimensions (^pjand construct the B.R.S.T. 
operator of Chapter Three (making a choice such that we can 
define a B.R.S.T. charge Q ) ,  then the functional integral 
~£^is independent of the odd function ^ . Here is

^ J ^ d p d i j d p  exrp L j di Up) (4.2.6)

where - H  +  £  , Q ]
and H is the B.R.S.T. closed object related to A .

In (22),it was shown that for first order theories we
could derive the configuration space path integral by
choosing a polarisation (3), and integrating out some of the
anticommuting variables. Because of this, the antighost is
no longer conjugate to the ghost and we would no longer
expect the same geometric interpretation. We can go on to
identify the ghosts as a basis of A ' £ 0  , and the

*i a/Mlantighosts as a basis of This gives a natural
geometric interpretation of ghosts and antighosts, and can 
be related to the diferential form approach mentioned 
earlier. However in the case of higher order theories, while
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we can still relate chapter Three to (4.2.6), we have 
already lost the gometric flovour. This is unfortunate but 
seems to be inevitable unless we can find some way of 
introducing a Lie group. This seems unlikely since, a 
priori, a first class constraint manifold need not be 
associated with the zero set of some momentum map of some 
Lie group. On the other hand, despite the loss of this 
interpretaion, the calculation does still work and a 
connection can be made between the homological classical 
description and the quantum theory.

In (2d), it is shown that for the n dimensional 
membrane, the full extent of this formalism must be used in 
constructing the B.R.S.T. invariant effective action. This 
shows that in the effective action coupling terms of order 
Jn in ghost fields appear, which persist in the Lagrangian 
version, providing we can integrate over the momenta. (This 
requires a suitable choice of gauge fixing.)

In the case of supergravity we must also use the 
generalisation developed here (or rather its field theory 
version), to show correctly that four ghost interactions 
occur(42). Here another problem occurs. This is due to 
having a gauge algebra which only closes on shell. In (42) 
it is shown that a form for Q  which satisfies

[ q , o ] = o
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due to the field equations is possible. However this makes 
the homology arguments of Chapter Three rather artificial. 
This point needs further study.

The form of (4.2.6) suggests that any terms of the 
form f>,Qj do not affect physical amplitudes. In the paper by 
Kugo and Ojima (34), a canonical operator formalism is 
developed which is manifestly covariant. They define a self 
adjoint, nilpotent B.R.S.T. operator Q, for Yang-Mills. This 
procedure is justified, formally, by its equivalence to the 
path integral techniques. They show that any unphysical 
particles are confined by a 'quartet mechanism'. The m a m  
requirement is that physical states are characterised by

Q  | / % f >  = °

and any states of the form

-A .

Q  | a*ytlim3 >  (4.2.b )

are physically trivial. The true physical states are then 
defined as physical states modulo trivial states. (In (4-1) 
it is shown that if an anti-B.R .S .T . operator is defined,Q 
and physical states are required to oe annihilated by Q  as 
well as by (4.2.7) then the resulting physical states are 
the same.)
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Physical observables must take physical states to 
physical states e.g.

[ F , Q ]  = 0  (4.2.

but operators of the form

G  ~ E_ F  . 0 ]  anJj F" (4.2.1b)

are to be trivial. (They take physical states to states of 
zero norm which are trivial, i.e. make no contribution to 
matrix elements.)

In (43) the formal equivalence of this approach at 
the operator level to the noncovariant canonical 
quantisation where physical states are given by

< & | pU > ^ 0  0t= 1,1--- , h (4.2.11)

A

is shown, where (^ is a quantised version of the 
constraints.

However, all this work (e.g.(34); is essentially for 
first order theories, and for Yang-Mills in particular. If 
we are to consider a quantisation scheme based on (22) and 
Chapter Three, we should perhaps note that there appears to 
be uses for B.R.S.T. symmetry outside perturbation theory
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and the path integral formalism. For the first order 
theories, it has been conjectured that to deal with 
relationships like (4.2.11) we could introduce a "quantised 
ghost complex"

&L (N £ )—> L (NX)® A/($)* $
(4.2.12)

where hj is the configuration space associted with the 
extended phase space, 3-t *a/ . This approach is quite 
promising since we can formally define § by

$ = + i A  ry  A, ( 4 . 2 . 13 )

which is self adjoint in an appropriate superHilbert space. 
We could then relate S to Q  . However, in higher order 
theories, the ghost complex does not exist:- this is why we 
required to define higher order theories the way we did. 
This approach requires investigation. In particular the 
relationship of the work of Kugo and Ojima with the idea of 
(4.2.12) must be clarified. For example, in order to make 
precise the definition of physical states as closed states 
modulo exact states, we must prove that the quantised ghost 
complex is a resolution of the physical states h °(d , i m o )  

This problem is under investigation. It is likely that a 
good understanding of the first order theories is required
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before identifying which structures wiil allow an extension 
to the higher order theories.
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4.3 Conclusions

In this thesis, we have shown that the analysis of 
first order constrained theories presented in (22) can be 
extended to any first class theory. This analysis showed 
many interesting properties, mainly

1) That the extension was not entirely unique but the 
physically relevant quantities were well defined and 
essentially unique;
2) The use of the language and concepts of homology which 
allowed us to deal with a number of complicated 
calculations in a simple way;
3) The natural way in which the superphase space 
interpretation arises;
4) That unlike the standard classical approach, this 
approach seems to mirror the sensitivity of the quantum 
theory on the order of the theory.

However, this work has been on finite dimensional 
models of field theory. To be truly relevant these results 
must be extended to the infinite dimensional case. There is 
a well-developed formalism for such cases in symplectic 
geometry, and the algorithm of Gotay, Nestor and Hinds is 
also relevant in the infinite dimensional case. There is 
also a large literature (24 and references therein) on 
momentum mappings. This suggests that there is plenty of
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structure with which to extend the first order case to field 
theory e.g. Yang-Mills. This problem is being actively 
investigated.
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A P P E N D I X

In this appendix some of the terms used in this 
thesis are defined and explained. Useful references are 
(24,25,26;.
Given a ring R , a module over R , is an abelian group 
K/ with an operation (r,a)— > ra for re R and ae K , such 

that k. / \ /•Ad-.+aJ  ̂ra, ; (i\+rja ̂ r,a + rLa
fr.roa = r,(rta) ; l a  - a

Given a sequence of Rmodules K £ — /?, and a sequence of
homomorphisms then we call

K — > C - " - .

a complex if §t+l̂ c=0 . A double complex is a double sequence 
of R modules , together with two homomorphisms S, d
such that & =■

5

s

A complex is said to be exact at K; if
ller $• -

An element h , of 1̂ ; is said to be closed if S[k^O ana 
exact if k=S-_(C where Cfe k̂_,. Given a complex, the ith 
homology group is defined as

1
’  ̂mn

1
Kn*,„ -M

u M td i K - U• »\+iMl

H ,  ( K )  -  - M -
L Lrv> 0 ; _ i
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Given two complexes K. K a chain transformation f : is
a family of homomorphisms P;: K-'* ^ such that Sif;* f St.A chain 
homotopy $ between two chain transformations p,cj : kC —  ̂ is a
family of homomorphisms S-: K-L such that

PL -3.

L-l ^ K i  >

fc-

K -

/
I /Si
/

(/
1

Pi
/

/  ̂iv»
vt'
k : 5:

p,Wl / 
/z' /

,<* s„?> 1/ — =>•>» (.+ 1

We write S '• "F —  ̂
A chain transformation is said to be a chain
equivalence if there is another chain transformation cj • 
and homotopies S: qf  ̂1K , t. fg 2: 1 . In this case, the
homology groups are isomorphic,
A complex

- - >  K „  — H C .— >0
is a resolution of the module C  if W; (W =0 for 1 >0 , and
H„(K) * C  •

/\ linear operator T ” on I T  is defined to be of degree p 
if _ ~ ‘n’ _ J+-P

T : X 2 ' <+)i7
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i . e . T : ^ H btP. T  is a derivation if its degree is even 
and it obeys the Liebnitz rule

T  (cJ, C J V ) =  (TcJ.)
I is an antiderivation if its degree is odd and it obeys

T  (CJ.CJO = ( T ( T c ^ )
All the derivations K; are of degree zero.
These definitions come with appropriate modifications from 
(31), Chapter IV A where they are stated for linear 
operators on the de Rham complex.
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