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Abstract

This paper presents a stiffness reduction approach utilising Linear Buckling Analysis (LBA)
with developed stiffness reduction functions for the lateral-torsional buckling (LTB) assess-
ment of steel beams. A stiffness reduction expression is developed for the LTB assessment of
beams subjected to uniform bending and modified for the consideration of moment gradient
effects on the development of plasticity. The proposed stiffness reduction method considers
the influence of imperfections and plasticity on the response through the reduction of the
Young’s modulus E and shear modulus G and obviates the need of using LTB buckling
curves in design. The accuracy and practicality of the method are illustrated for regular,
irregular, single and multi-span beams. In all of the considered cases, the proposed method
is verified against the results obtained through nonlinear finite element modelling.
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1. Introduction

The spread of plasticity leading to reduction in stiffness erodes the elastic buckling
strengths of steel beams. In practical design, this may be accounted for by two alternative
approaches: (i) use of semi-empirical design equations reducing the ultimate cross-section
bending resistance through buckling reduction factors [1-5] (ii) reduction of stiffness [6-9].
Though the latter may be seen to represent the actual physical response more realistically,
the former has traditionally been adopted in steel design specifications [10-12] as its appli-
cability is well suited to hand calculations. Recently, developments in computer technology
have meant that the ability to perform elastic Linear Buckling Analysis (LBA) is readily
available to structural engineers. The use of stiffness reduction approaches in conjunction
with LBA may now therefore offer an accurate and practical means of determining inelastic
buckling capacities of steel beams. This method may also lead to more direct design in
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comparison to the traditional approaches, as the influence of moment gradient, load height,
restraint type and position and the interactions between unrestrained segments of beams
during buckling can be directly captured through LBA. Considering these benefits, [13-16]
proposed performing the lateral-torsional buckling (LTB) assessment of steel beams through
LBA where the Young’s modulus £ and shear modulus G are reduced on the basis of the
corresponding bending moments. Wongkaew [13], Wongkaew and Chen [14] put forward
stiffness reduction expressions based on the LRFD [17] LTB assessment formulae. Trahair
and Hancock [16] derived stiffness reduction functions using the AS-4100 [12] LTB equations,
and Trahair [18, 19] applied the approach for the LTB assessment of steel cantilever beams
and monosymmetric beams. In all previous studies [13, 14, 16, 18, 19], the proposed methods
were only compared against design specifications [12, 17], but not against the results from
nonlinear finite element modelling, and the considered cases were not exhaustive.

Building upon this previous work, a stiffness reduction method, applied by reducing the
Young’s modulus F and shear modulus G through developed stiffness reduction functions
and performing LBA, is proposed in the present paper. A stiffness reduction function is first
derived for the LTB assessment of beams subjected to uniform bending and then modified
to allow for the influence of moment gradient on the development of plasticity. Since the
developed stiffness reduction functions take full account of the deleterious influence of the
spread of plasticity, residual stresses and geometrical imperfections, the proposed method
obviates the need to use LTB strength equations, and thus offers a practical and direct means
of design. The proposed method, which can readily be applied with any software capable
of providing elastic buckling moments through Linear Buckling Analysis, is also able to
capture the influence of a varying degree of support afforded by connected members with
the development of plasticity. The stiffness reduction method proposed herein is intended
to be used in conjunction with that proposed for in-plane design in Kucukler et al. [20]
within a design framework where in-plane and out-of-plane analyses of members and frames
subjected to in-plane loading are performed separately.

The application and accuracy of the proposed stiffness reduction method are illustrated
by means of comparisons with the results obtained through Geometrically and Materially
Nonlinear Analyses with Imperfections (GMNIA) using finite element models, considering
regular, irregular, single and multi-span beams. In comparison to the previously proposed
approaches, a broader series of cases is considered in this study covering a wide range of 1
section geometries and member slendernesses.

2. Finite element modelling

In this section, finite element models are developed and validated against experimental
results from the literature. The validated finite element models, which consider material
and geometric nonlinearities and involve geometrical imperfections and residual stresses, are
then used in the following sections to verify the proposed stiffness reduction method.

2.1. Development of finite element models
In this study, shell elements were employed to create the finite element models using the
finite element analysis software Abaqus [21]. In particular, a four-node reduced integration
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shell element, which is designated as S4R in the Abaqus [21] element library and accounts for
transverse shear deformations and finite membrane strains, was used in all numerical simula-
tions. To consider the spread of plasticity through the depth of a cross-section accurately, 16
elements were used for each plate constituting the flanges and web of an I section. The web
plate was offset considering the thickness of the flanges so that overlapping of the flange and
web plates was avoided. In the longitudinal direction of the beam models, 100 elements were
used when the length to depth ratio was smaller than 20, while 200 elements were used when
this value was exceeded. The fillets were incorporated into the finite element models through
additional beam elements placed at the centroids of the flanges so that the section properties
given in steel section tables were achieved. The default Simpson integration method was
used, with five integration points through the thickness of each element. The Poisson’s ratio
was taken as 0.3 in the elastic range and 0.5 in the plastic range by defining the effective
Poisson’s ratio as 0.5 to allow for the change of cross-sectional area under load. The adopted
material model used the tri-linear stress-strain relationship shown in Fig. 1, where E is the
Young’s modulus, Ej, is the strain hardening modulus, f, and €, are the yield stress and
strain respectively and €, is the strain value at which the strain hardening commences. The
parameters f, and €, correspond to the ultimate stress and strain values respectively. Fg,
was assumed to be 2 % of E and e, was taken as 10¢,, conforming to the ECCS recommen-
dations [22]. In the finite element models, isotropic strain hardening and the von Mises yield
criterion with the associated flow rule were employed. Since the constitutive formulations of
Abaqus [21] adopt the Cauchy (true) stress-strain assumption, the engineering stress-strain
relationship shown in Fig. 1 was transformed to the true stress-strain relationship. In all
simulations, 5235 steel was considered. The load-displacement response of the finite element
models was determined by means of the modified Riks method [21, 23, 24], using the default
convergence criteria recommended by Abaqus [21].

The residual stress patterns recommended by ECCS [22], which are displayed in Fig.
2, were applied to the finite element models. Unless otherwise indicated, the initial geo-
metrical imperfections were assumed to be the lowest global buckling mode of a member
in shape, which included twist, and 1/1000 of the laterally unrestrained member length in
magnitude [25]. Since the cross-sections of all the considered beams were non-slender under
pure bending based on the criteria given in EN 1993-1-1 [10], local buckling effects were
not considered to be important and local imperfections were not included in the finite ele-
ment models. Fork-end support conditions allowing for warping deformations and rotations,
but restraining translations and twists, were adopted through defining coupling constraint
relationships at the supports.

2.2. Validation of finite element models

Since this study focuses on the LTB strengths of steel beams, the experiments carried out
by Dux and Kitipornchai [26] to investigate out-of-plane instability effects in steel beams of
different lengths and subjected to a variety of moment gradient shapes, were chosen to vali-
date the finite element models. In the experiments, the specimens, made up of UB 254x146
universal beam sections, were subjected to point loads along the span, while torsional and
lateral restraints were provided at the points of load application. The material properties
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and cross-section dimensions reported by [26] for each specimen were used within the finite
element models. Moreover, the measured values of geometrical imperfections (lateral bow
and initial twist) provided by [26] were incorporated into the finite element models assuming
them as a half-sine wave in shape for each laterally unrestrained span. The comparison be-
tween the strengths determined through GMNIA and those obtained in the experiments is
shown in Table 1, where L is the length of the specimen, .7 is the LTB slenderness, Mt eap
is the ultimate experimental bending strength, M, rg is the ultimate FE bending strength,
and M, ,; = Wy, f, is the plastic bending moment resistance equal to the plastic section
modulus W), multiplied by the yield stress f,. Note that the LTB slenderness ALr Was
determined as \;; =+/ M, pi /M., where M., is the elastic lateral-torsional buckling moment
of the beam. Table 1 shows that the agreement between the ultimate strengths determined
through the finite element models and those observed in the experiments is good for all
considered moment gradient shapes, indicating that the finite element models are able to
replicate the response of steel beams influenced by out-of-plane instability effects.

3. Stiffness reduction for lateral-torsional buckling of beams

This section addresses the derivation of a stiffness reduction function for the lateral-
torsional buckling (LTB) assessment of beams. The influence of moment gradient on the
stiffness reduction is also investigated.

3.1. Stiffness reduction function for lateral-torsional buckling of beams

In Kucukler et al. [20], a stiffness reduction function for the flexural buckling assessment
of columns was developed through the European column buckling curves given in EN 1993-
1-1 [10]. Similar to that for flexural buckling, a stiffness reduction function for LTB can
be derived using the EN 1993-1-1 [10] instability assessment formulae for beams. However,
recent studies [27-29] have identified inaccuracies in the two sets of LTB curves provided
in EN 1993-1-1 [10]. The first is given in Clause 6.3.2.2 and may be applied to beams
with any cross-section type, which will henceforth be referred to as the general case LTB
equation, and the second is given in Clause 6.3.2.3 and applies principally to I sections;
the latter will henceforth be referred to as the specific case LTB equation. To address
identified accuracies, a Perry-Robertson equation, mechanically consistent with the LTB
behaviour of beams, was proposed by Stangenberg [28] and calibrated by Taras and Greiner
[29]. Although accurate and mechanically consistent, the LTB equation of [28, 29] does not
lend itself to the derivation of a compact stiffness reduction function. Hence, in the present
paper, to obtain a stiffness reduction function that is both accurate and compact, the LTB
equation of [28, 29] is modified and re-calibrated.

3.1.1. Modification of the Perry-Robertson equation for LTB
The Perry-Robertson form of equation proposed by [28, 29] is provided in eq. (1) where
nrr is the generalised imperfection factor, xpr is the buckling reduction factor and A, is

the non-dimensional slendernesses for flexural buckling. The flexural buckling slenderness
A, can be calculated through A\, =+/N, /N, where N, . is the elastic flexural buckling
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load about the minor axis and N, = Af,, is the yield load equal to the cross-sectional area
A multiplied by the yield stress. Note that the LTB strength of a beam with Class 1 or
2 cross-section My rq is determined by multiplying xrr with the plastic bending moment
capacity My,pla Mb,Rd = XLTMy,pl-

X?
-2
1 + %TILT + ALT

z

1
XLT = =
orr +\/ Q%T — ALr

The XiT /Xi term, which modifies the generalised imperfection factor n.r, is a key pa-
rameter for the representation of the LTB response of a beam and enables an accurate
calibration of eq. (1) to GMNIA results. This parameter can be expressed as a function of
A7, as shown in eq. (2), where Wy 1s the plastic section modulus about the major axis,
G is the shear modulus, and [, I,, and I, are the torsion and warping constants and second
moment of area about the minor axis respectively.

(1)

where ¢pr = 0.5

—2
)‘LT _ Wpl,y/A

~2
\ <2 <2 2
s M (1265 ) + L/1.

y y,pl

(2)

To derive a stiffness reduction function, eq. (1) must be expressed in terms of Ay p as
described in the Section 3.1.3. However, a closed form expression of eq. (1) in terms of
A1 cannot be obtained due to the A7 term in the square root, within the expression for
XiT/Xi - see eq. (2). Thus, in this study, in order to capture the general influence of
XiT/Xz, its value for Ay = 0.5, as shown in eq. (3), is used in eq. (1). Henceforth, this
value will be denoted by x. Although using x in lieu of the full expression does not enable

the consideration of the change of XiT /Xi with the length, it allows its variation with the
cross-section properties influencing the LTB behaviour to be taken into account, which is
necessary for the accurate calibration of eq. (1) to GMNIA results.

K = Wplyy/A (3)

2
GI, G
e +\/ (58) + 1/

With increasing of LTB slenderness Azr, the use of £ in eq. (1) results in smaller values of

X7 compared to those obtained with the full expression for XiT /Xz, since k becomes much
larger than XiT /Xi To alleviate this conservatism, a modification factor ( is incorporated
into eq. (1), which is similar to the approach adopted in the development of the specific
case equation of Eurocode 3 [30]. With this modification and use of x in lieu of XiT / Xz, eq.
(1) transforms to the form shown in eq. (4).



1

XLT = =
drr +/ P3r — BALr

3.1.2. Calibration of the modified Perry-Robertson equation for LTB

Similar to the approach followed by [29], the modified LTB equation given in eq. (4) is
calibrated by comparing the generalised imperfection factor n;r to those obtained in this
paper through FE modelling 7.7 rg. To obtain the nr pr values, eq. (4) is re-arranged in
terms of npr to give eq. (5), where xrr rg is the ratio of the strength determined through
GMNIA to the plastic bending moment capacity M, .

where ¢pp = 0.5 [1 + kN + 6XiT (4)

NLT,FE = 1- rrs (1 — ﬁXLT,FEXiT> 1 (5)
XLT,FE K
Using eq. (5), eq. (4) was calibrated to GMNIA results for a series of fork-end supported
beams subjected to uniform bending moment. In total, 30 European section shapes including
IPE and HE sections were considered. The ranges of the properties of the sections are
provided in Table 2, where h and b are the depth and width of the cross-section, and t,, and
ts are the web and flange thickness respectively. Ten beams were analysed for each section
within the slenderness range 0.2 < Ar < 2.0, with increments in A of 0.2. As proposed
by Taras and Greiner [29], the multiplication of 7.y by an additional cross-section factor
VWeiy/Wer -, where Wy, and Wy, . are the elastic section moduli about the major and minor
axis respectively, leads to a more accurate calibration, which is also adopted in this study.
After this improvement and taking S equal to 0.8, the accuracy of the proposed calibrated
expressions of 17 in comparison to 1y pr values is shown in Fig. 3, where it may be seen
that the proposals lead to high accuracy. [ was taken as equal to 0.8 as this value resulted
in the smallest coefficient of variation (COV) value of the ratios between nr and nir rg
for the considered sections. Note that 1.7 pp values become negative for some members,
indicating that the strengths exceed the elastic buckling moments. This trend occurs for
cross-sections with large torsional stiffnesses at high slendernesses, where beams exhibit some
post-buckling strength, though this is not of real significance as the length to cross-section
depth ratios of these beams lie beyond the range likely to be used in practice. The proposed
equation for the LTB assessment of beams is shown in eq. (6) and the calibrated values of
arr, B and A1 are provided in Table 3. In eq. (6), the limiting slenderness value Azz,0,
below which the strength of a beam is not reduced for LTB, was taken as 0.2, as the results
from GMNIA do not suggest the safe adoption of a larger value. It is acknowledged however
that tests [31] have indicated that a higher value may be acceptable.

1 —
XLT = — but XLT S 1/)\%71
brr +/ 1y — BALr
where ¢ = 0.5 [1 + KJOZLT(XLT - XLT,O) + ﬁXiT (6)
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The comparison of LTB strengths determined through the calibrated LTB formula given
in eq. (6) and the Eurocode 3 [10] general and specific case LTB equations with those
obtained through GMNIA is set out in Table 4 where N is the number of considered beams,
and S is the ratio of the LTB strength of a beam calculated through the considered formula
to that determined through GMNIA. S, and S,,, is the average and coefficient of variation
(COV) of S, and S, and S,;,, are the maximum and minimum values of S. Note that the
results of beams with length to depth ratios between 3 and 50 (3<L/h<50) are included in
Table 4, where it is seen that eq. (6) brings improved accuracy in comparison to both the
Eurocode 3 [10] general and specific case LTB formulae.

3.1.3. Derivation of a stiffness reduction function for lateral-torsional buckling of beams

The inelastic critical buckling moment M., ; of a fork-end supported beam subjected
to uniform bending may be expressed by eq. (7); where (EL,),, (GI;), and (EI,), are the
reduced minor axis flexural stiffness, torsional stiffness and warping stiffness due to plasticity
respectively, and L is the length of the beam. Trahair and Kitipornchai [9] demonstrated
that, in reality, these stiffnesses (EI,,GI; and EI,) reduce at different rates. However, for
the sake of simplicity, the same reduction rate was considered in this study, reducing the
Young’s modulus F and shear modulus G through 7,7 as shown in eq. (8).

M, :\/ = { e, + T 7

L2 L2
m2E1, m2E,
Mcr,i = TLT\/ 12 |:G[t + 12 :| (8)

Since the same reduction rate is applied to all stiffnesses, the inelastic buckling moment
M., ; can be expressed by multiplying the stiffness reduction factor 7.7 with the elastic
buckling moment M,,, as shown in Fig. 4, where M, gq is the applied bending moment. A
stiffness reduction function for LTB 7,1 can be calculated by considering the inelastic and
elastic buckling moments and applying eq. (9).

Mcr,i _ XLT My,pl

—2
L Y XLTALT 9)

TLT

The calibrated LTB equation given in eq. (6) is used herein to obtain xrr. Eq. (6) can
be rearranged in terms of Ay r as shown in eq. (10).

2o A3 ¢
LT 2 .2 xrr—1 2
K200 o X3 r [1 +\/1 - 4B¢LTW
where  Yrr =1+ AprokarrXoT — XLT (10)
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Substituting eq. (10) into eq. (9) and with xr = My ga/M,, provides eq. (11), where
717 is expressed as a function of the ratio of M, g4 to M, ,; as well as the imperfection factor
arr. The inclusion of azr in the expression of 7, enables the consideration of geometrical
imperfections and residual stresses. The proposed values of a7, (3, XLT’O and x are provided
in Table 3. The resulting stiffness reduction for different cross-section shapes is illustrated
in Fig. 5, showing that the rate of stiffness reduction increases with the susceptibility of
a cross-section to LTB. The derived stiffness reduction function given by eq. (11) provides
exactly the same LTB strength predictions as those obtained using eq. (6). Thus, its level
of accuracy is the same as that given for eq. (6) in Table 4. Note that instead of arr, f,
XLT’O and  values proposed in this study, those given in Table 3 for the Eurocode 3 [10]
specific and general case LTB equations could also be used in eq. (11) to obtain the same
LTB strength predictions determined through the Eurocode 3 [10] rules.

4 2
TLT = Vir 5 but T <1
My, ga/M, —1
K20t My,pa/Myp [1 +\/1 —4B¢rLr K%%:&%Eyjlﬂ@,pl
- Myga My Ed
where =14+ \proRa LA £ 11
Yrr LT,0ROQLT M, M, (11)

The adequacy of a beam is assessed through the out-of-plane buckling load factor, aey op;
a value of a., ., greater than or equal to unity indicates that the beam possesses sufficient
capacity, as shown in eq. (12). The ultimate capacity of a beam can be determined by
iterating the applied bending M, g4 until reaching a4, = 1.0.

TLTMCT‘

2 1.0 but TLTMcr S My,pl (12)

Qerop =
y,EBd

3.2. Moment gradient effect

For the case of beams subjected to varying bending moment along the span, use of the
stiffness reduction function derived for uniform bending may lead to overly conservative
results as the extent of plasticity is less in comparison to that for uniform bending. Thus,
to achieve accurate strength predictions, this reduced extent of plastification must be taken
into consideration. This may be achieved by (i) incorporating moment gradient factors into
the stiffness reduction function 7,7 derived for uniform bending, and assuming a constant
stiffness reduction rate for the whole laterally unrestrained segment of a beam or (ii) apply-
ing different stiffness reduction rates to different portions along the beam considering the
corresponding bending moments. Both approaches have favourable aspects and limitations,
as the former is easier to apply, but the latter can be employed for beams with any moment
gradient shape. In the following two subsections, both approaches are investigated utilis-
ing results of a large number of GMNIA simulations considering a wide range of moment
gradient shapes.



3.2.1. Allowance for moment gradient through moment gradient factors C,

In this subsection, the incorporation of moment gradient factors C,, rr into the stiff-
ness reduction function derived for uniform bending is proposed to consider the influence
of moment gradient on the development of plasticity. The moment gradient factors are in-
corporated into 7,7 given in eq. (11) as shown in eq. (13) where M, gq is the maximum
absolute value of the moment along the laterally unrestrained length of a beam. To accu-
rately identify the location of the out-of-plane failure, this paper recommends the calculation
of different C,, rr and 71 values for each laterally unrestrained segment of a beam.

Wiy

T = —— 5 but T <1
k23 2 Crr My ga) My [1 +\/1 — 3.2 p—pett M/ My i1

2.2
K2 Com, L1 My, Ba/My,pi

C1m,LT]\4y,Ed CY??’L,[/TA]\Jg(,Ecl
My,pl My,pl

where Y =14 0.2kar7 (13)

The moment gradient factors C,, rr were calibrated to the GMNIA results of a series of
fork-end supported beams, considering 7 European HE and IPE cross-sections and 66 typical
loading cases. The change of C,, 11 values for the case of beams subjected to different linearly
varying bending moment diagrams is illustrated in Fig. 6, indicating that C,, pr values can
be represented accurately as a function of the ratio of the end moments p. Note that the
Cpn o7 values were determined calibrating the LTB buckling curves obtained through eq.
(12) and eq. (13) to those obtained through GMNIA and that these values are referred to as
Chn,r—GMNIA in the figure. The proposed equation of C,, rr for linearly varying bending
moment diagrams is also shown in Fig. 6 which is derived through least square fitting to the
Cyn,7—GMNIA values. Following the same approach, expressions for C,, pr were derived for
various bending moment gradient shapes. The proposed expressions for the moment gradient
factors Cy, pr are provided in Table 5, where M, which is the maximum span moment, is
also shown. Note that the C,, 1 factors were derived assuming that the maximum moment
coincided with the mid-length of the beam, but may also be conservatively applied when this
is not the case. For the case of a point load acting away from the mid-length of the beam,
a more refined expression for (), 7 is provided in Table 5. For beams subjected to both
distributed and point loads, C,, r expressions derived for moment diagrams associated with
distributed loading can be conservatively employed, though in cases where the distributed
loading only results from the self-weight of a beam or is small, its influence may be considered
to be insignificant and C), 1 expressions derived for point load cases may be used.

The accuracy of incorporating the derived C,, 1 factors into 7 is investigated for the
66 loading cases shown in Table 6, and for 7 different European IPE and HE section shapes
whose depth to width ratios are within the range 0.958 < h/b < 2.5, as shown in Table
7. Note that N is the number of beams considered for each loading case and Sy, Scou,
Smin and Sy,q. are the average, coefficient of variation, maximum and minimum values of
the ratios of the strengths obtained through LBA with stiffness reduction (LBA-SR) to
those obtained through GMNIA respectively. In total, the LTB strengths of 1935 beams
determined through LBA with the stiffness reduction scheme proposed in this subsection,
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which is referred to as the LBA-SR C,, 7 approach, were compared against those obtained
through GMNIA simulations in Table 7. In the application of the LBA-SR C,, 1r approach,
the actual loading conditions on the beams are considered and C,, 1 factors, obtained from
Table 5 for each corresponding loading condition, are only used in the determination of 771
whereby the Young’s E and shear G moduli are reduced. The LTB slendernesses A;p of
the analysed beams were between 0.4 and 2.0, increasing in increments of 0.2. Note that
the results of very long beams whose length to depth ratios are larger than 50, L/h > 50,
and those of beams not influenced by instability effects i.e. failing due to the attainment
of maximum cross-section resistance are not included in the table. The results presented in
Table 7 indicate that the proposed LBA-SR C,, 1 approach leads to accurate LTB strength
predictions for a wide range of loading cases and section shapes.

For beams with lateral restraints, this paper recommends the determination of C,, 7,
M, gq and therefore 777 values separately for each laterally unrestrained segment, provided
that the lateral restraints at the both ends of a segment restrain the compression flange. If
a lateral restraint does not restrain the compression flange, it should be neglected and the
segment between the corresponding adjacent lateral restraints supporting the compression
flange should be taken into account. After reducing the Young’s £ and shear G moduli
of the segments appropriately, all lateral restraints, regardless of their position, should be
included in the LBA. The application of the LBA-SR (), 1 approach to a multi-span beam
is illustrated in Fig. 7, where M, gq and C,, o1 values are used in the determination of
T through eq. (13) for each laterally unrestrained segment. In the figure, C,, v values
are determined from Table 5, considering corresponding bending moment diagram for each
segment.

3.2.2. Allowance for moment gradient through tapering approach

This section investigates the accuracy of the division of a beam into portions along the
length and application of stiffness reduction factors to each portion considering correspond-
ing bending moment values. The application of this approach is illustrated in Fig. 8. As
can be seen from the figure, this process transforms the original beam into a ’stepped’ beam,
where different stiffness reduction rates are applied along the beam length. Since the stiffness
of a beam is reduced gradually, the approach may be referred to as a tapering approach and
this definition will henceforth be adopted in this paper. It should be noted that a stiffness
reduction factor for each portion is determined using the value of the bending moment at
the middle, as indicated in Fig. 8.

To assess the accuracy of the described approximation, the LTB strengths of fork-end
supported beams with an IPE 240 cross-section and subjected to different moment diagram
shapes are determined through GMNIA and Linear Buckling Analyses with the tapering
approach, which is referred to as LBA-SR herein. The results of LBA-SR and GMNIA are
compared in Fig. 9. Note that beams subjected to only end moments were divided into
4 to 10 portions, while those subjected to more complex loading cases were divided into
40 portions in the calculations presented in this section. As can be seen from Fig. 9 (a),
the results obtained through LBA-SR are in a very good agreement with those of GMNIA
for beams subjected to varying end moments. However, the tapering approach significantly
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overestimates the strength when a beam is subjected to transverse loading, as shown in
Fig. 9 (b)-(d). This overestimation is attributed to the second-order torsional moments
induced by transverse loading as the beam deflects laterally, leading to additional plasticity.
This additional plasticity is not taken into account by 777 which was originally derived for
beams subjected to equal and opposite end moments in Section 3.1. It should be noted
that this additional plasticity, which is implicitly taken into account by the C,, 7 factors
in the LBA-SR C,, .1 approach, is insignificant when lateral restraints are provided to the
compression flange at the points of transverse loading for beams of practical proportions. To
account for this effect, this study recommends the increase of the rate of stiffness reduction
by using a larger imperfection factor apr value in 7.7 given by eq. (11), which will be
denoted a7 r herein, with the 'F’ indicating transverse loading. The recommended value of
the increased imperfection factor is apr p = 1.4, which was obtained through calibration
to the GMNIA results. Using arrr = 1.4apr in 777, the LTB strengths determined through
LBA-SR were compared against those obtained through GMNIA in Fig. 9 (b)-(c). As can be
seen from the figures, this approach provides accurate strength predictions. Unsurprisingly,
the proposal leads to conservative predictions for beams subjected to small transverse loading
but large end moments, and for beams where additional plasticity resulting from transverse
loading is not induced in the proximity of the most heavily loaded cross-section. The latter
is illustrated in Fig. 9 (d), where additional plasticity is induced within the moment gradient
region of the beam, but not around the mid-span which is the most heavily loaded region,
and hence the rate of the stiffness reduction should be lower.

The conservative errors resulting from the above proposal can be reduced considering
the bending moment induced by transverse loading in the determination of a7 p. Instead
of using a constant value of arr = l.4apr, the expression given by eq. (14) may be
employed to determine a7 r, where My g4 trans 18 the maximum absolute bending moment
value induced by transverse loading and My g4 mq. is the maximum absolute bending moment
value along the beam length. When M, gqtrans < 0.1M, gimas, it is proposed to take
arr,p = apr; this will reduce calculation effort for common cases, such as when lateral
restraints are provided to the compression flange at the locations of point loads and the
bending moment arising from transverse loading is only due to the selfweight of the beam.
Note that the refined proposal for the determination of ayz;r made herein is limited to
determinate beams.

M rans
arr,Fp = Qrr (1 + 0.4M) < ldapr

My,Ed,maw
_ M,
but aLT,F = oLT Zf M S 01 (14)
My,Ed,mam

In Table 7, the LTB strengths of beams obtained through the proposed tapering approach
(i.e LBA-SR tapering) are compared against those determined through GMNIA for the 66
loading cases shown in Table 6. Three cross-section shapes were considered: IPE 500,
IPE 240 and HEB 360 representing cross-sections with low, moderate and high torsional
stiffness respectively. Table 7 indicates that the proposed LBA-SR tapering approach leads
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to accurate strength predictions and that the use of eq. (14) for the determination of azr p
in lieu of of using a constant value of ayrr = 1.4apr increases the accuracy for beams
subjected to both end moments and transverse loading.

Since the presented tapering approach uses bending moment values at the middle of
each portions to determine 777 values, the division of a beam into an insufficient number of
portions leads to the overestimation of the strength. The larger the number of portions, the
smaller the strength prediction. Close convergence is achieved after dividing a beam into
a sufficient number of portions, which is dependent on the shape of the bending moment
diagram. Generally, in this study, the division of a beam into 40 portions was found to be
sufficient for all considered moment diagram shapes, though fewer portions will often suffice,
particularly in instances of low to moderate moment gradients. The required number of
portions for a particular moment gradient shape can be determined through a convergence
study.

Finally, it should be noted that in the all cases shown in this and previous sections,
transverse loading was applied to the shear centre. The influence of the height of transverse
loading on the LTB strengths of beams was also investigated though. In line with existing
steel design codes [10, 12], it is proposed that load height is considered in the described LBA-
SR approach directly through the change in elastic buckling moments M., which was found
to provide accurate predictions for the considered moment diagram shapes, i.e. provided
the load height is correctly represented in the LBA, no further action is required.

4. Application of the proposed stiffness reduction method to LTB assessment of
beams

Since the proposed stiffness reduction method (LBA-SR) provides the same strength
predictions as those obtained using the LTB equation given by eq. (6) in Section 3.1 for
regular members under uniform bending and its application to beams subjected to moment
gradients is addressed in Section 3.2, this section focuses on the application of the method
to irregular and multi-span beams. The LTB formula given by eq. (6) is also employed using
elastic buckling moments M., obtained through LBA and determining LTB slendernesses
Az, which is the traditional way to account for the influence of irregularities, so as to
compare the proposed LBA-SR approach with the traditional design approach. To compare
these two different design philosophies on a consistent basis, eq. (6) is adopted in preference
to the Eurocode 3 LTB equations, since it provides more accurate strength predictions - see

Table 4.

4.1. Stepped beam

The use of additional plates in the most heavily loaded regions (considering second-
order effects) of a steel beam may considerably increase its strength. In this subsection, the
accuracy of the proposed stiffness reduction method is investigated for the design of beams
strengthened with additional plates, which may be referred to as stepped beams. Additional
plates were attached to the flanges in the central half of a beam subjected to uniform bending,
increasing the second moment of area to two times that of the original beam I, = 21,
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while the plastic section modulus became equal to 1.44 times of that of the original beam
Wi yo = 1.44W,,; 1. Linear Buckling Analysis with stiffness reduction (LBA-SR) was applied
by separately reducing the stiffnesses of the strengthened and original portions through 777
given by eq. (11) considering the increased and original plastic bending moment resistances.
The comparison of the strength predictions obtained through LBA-SR with those of GMNIA
is illustrated in Fig. 10 for different slendernesses, where Az values were determined using
the elastic buckling moments of the stepped beams. The results indicate that LBA-SR
leads to very accurate capacity predictions. In addition to LBA-SR, the traditional design
approach using the LTB buckling curves given by eq. (6) was also carried out, with M.,
determined from LBA of the stepped beam. Fig. 10 indicates that LBA-SR provides more
accurate strength predictions than this approach owing to the consideration of the different
rates of plastification within the original and strengthened portions of the stepped beam.

4.2. Beam with an intermediate elastic lateral restraint

Application of the proposed stiffness reduction method to two beams with elastic lateral
restraints and LTB slendernesses A7 = 0.8 and A7 = 1.6 is investigated in this subsection.
The beams were subjected to uniform bending and the elastic restraints were applied to
the compression flange at mid-span. Varying the stiffness of the elastic lateral restraint, the
strengths of the beams were determined through GMNIA, Linear Buckling Analysis with
stiffness reduction (LBA-SR) and the LTB formula given by eq. (6). In the application
of GMNIA, two shapes of geometrical imperfections were considered: one half-sine wave
and two-half sine waves corresponding to the first and second buckling modes of the beam.
The LTB strength predictions are provided in Fig. 11, where K is the elastic threshold
restraint stiffness to force the beam to buckle in the second mode, which was obtained
through the finite element models. It may be seen from the figure that the single half-
sine wave imperfection is critical up to a specific threshold restraint stiffness K7 ineiqstic for
both beams. For larger restraint stiffness, the two half-sine wave imperfection results in
lower strengths. This specific stiffness value can be referred to as the inelastic threshold
stiffness K7 ineastic forcing the inelastic buckling of the beam in the second mode. Since
the development of plasticity within the beam increases the effectiveness of the intermediate
elastic lateral restraint, the threshold stiffness forcing inelastic buckling in the second mode
K7 inelastic 1 lower than that required for elastic buckling Ky, i.e. K inelastic < K. Fig.
11 shows that LBA-SR captures this increased effectiveness, providing strength predictions
in close agreement with those obtained through GMNIA. It is also noteworthy that while
GMNIA requires the application of two different shapes of geometrical imperfections, LBA-
SR directly captures the transition between the first and second inelastic buckling modes
after exceeding the inelastic threshold stiffness K7 inejastic. The ratio of Kp inerastic/ K1 is
dependent on the extent of plasticity undergone by the beams: the greater the extent of
plasticity, the smaller the ratio. This can be seen by comparing Fig. 11 (a) and (b). Since
the development of plasticity within the beams was not considered, the use of the calibrated
LTB formula given in eq. (6) with the elastic buckling moments obtained through LBA
provides less accurate and overly-conservative results for the beam with Ay = 0.8, which
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experiences a greater extent of plasticity in comparison to the more slender beam with
Arr = 1.6.

4.3. Braced beam

In this subsection, application of the stiffness reduction method to the design of a braced
beam is investigated. The geometrical properties and loading conditions of the braced beam
of IPE 240 cross-section are displayed in Fig. 12. In the implementation of LBA-SR, both the
moment gradient factor C,, 1 approach i.e. LBA-SR C,, rr approach, described in Section
3.2.1, and the tapering approach i.e. LBA-SR tapering approach, described in Section 3.2.2,
were employed. Considering the shape of the bending moment diagram, different levels of
stiffness reduction were applied to the external and internal laterally unrestrained segments
of the beam in the implementation of the LBA-SR C,, 17 approach, using the C,, 1 values
given in Table 5. In the application of the LBA-SR tapering approach, the imperfection
factor was taken as a7 p = apr as lateral and torsional restraints are provided at the points
where the transverse loads are applied. GMNIA of the beam was performed using its lowest
buckling mode as the initial imperfection shape, with a magnitude of L/1000. The calibrated
LTB formula given by eq. (6) was employed using elastic critical moments obtained through
LBA to make capacity predictions. Since the central segment under uniform bending is
critical, the LTB formula calibrated for beams under uniform bending can be used for this
beam. The LTB formula was also applied assuming each laterally unrestrained segment to be
an individual simply supported beam and using the critical segment to govern the ultimate
strength of the whole beam. Note that this design approach, which is popular due to its
simplicity, was first recommended by Salvadori [32] and is referred to as the Salvadori lower
bound assumption in the literature [4, 33] as it disregards the restraining effect provided
by adjacent segments. The comparison of the results for different slenderness values are
provided in Fig. 12, where A7 is determined considering the elastic critical moment of the
whole beam. It is clearly seen from the figure that the agreement between the strength
predictions obtained through both the LBA-SR C), ;v and LBA-SR tapering approaches,
and those determined through GMNIA is very good. Moreover, the LBA-SR approach leads
to more accurate strength predictions in comparison to use of the LTB formula with M.,
from LBA since unlike this method, the LBA-SR approach considers the development of
different extents of plasticity within the different segments of the beam. For this beam, the
central unrestrained length undergoes a high degree of plasticity and the relative support
afforded by the adjacent segments, which remain largely elastic, effectively increases, thus
increasing the ultimate strength of the beam. Since both the restraining effect provided by
adjacent segments and the development different levels of plasticity within the segments are
not considered, use of the LTB equation with the Salvadori lower bound assumption leads
to very overly conservative results, as seen from Fig. 12.

4.4. Continuous beam

This subsection addresses the application of the stiffness reduction method to a three-
span continuous beam with an IPE 240 cross-section and subjected to a uniformly distributed
load applied to the top flange. The geometrical properties and loading conditions of the
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beam are illustrated in Fig. 13. The LTB strengths of the beam were determined through
GMNIA, the LBA-SR C,, rr approach and the LBA-SR tapering approach. Additionally,
the Eurocode 3 specific case LTB equation was employed to predict the LTB strengths using
elastic critical moments from LBA and through the Salvadori lower bound assumption.
Unlike the other cases addressed in the previous subsections, the LTB equation given in eq.
(6) is not used herein as it does not consider the influence of moment gradient on plasticity
(when used outside of the stiffness reduction framework), thus leading to less accurate results
in comparison to the Eurocode 3 specific case LTB equation. GMNIA of the beams were
performed adopting the lowest buckling modes as the imperfection shapes, with a magnitude
of L,/1000. In the application of LBA-SR, stiffness reduction is applied on the basis of the
elastic bending moment diagram. Using Table 5, different (), pr values were determined
for each span, within which constant stiffness reductions were applied using eq. (13) in
the implementation of the LBA-SR C,, 1 approach. The comparison between the strength
predictions obtained through GMNIA, the LBA-SR C,,, . and LBA-SR tapering approaches,
and the Eurocode 3 specific case LTB equation is shown in Fig. 13, where .7 is determined
considering the elastic critical moment of the continuous beam. Note that the maximum
strengths are limited to M, ,, indicating the attainment of the plastic moment capacity at the
most heavily loaded section in the figure and that the strengths obtained through GMNIA
exceeded these values for stocky beams due to moment redistribution and strain hardening.
Fig. 13 shows that the correlation between the strength predictions made through both the
LBA-SR C,, v and LBA-SR tapering approaches and those obtained through GMNIA is
quite good. Both the LBA-SR (), . and LBA-SR tapering approaches generally lead to
more accurate results in comparison to those obtained through the Eurocode 3 specific case
formula. It is of interest to note that unlike the previous example, the differences between
the LTB strengths determined using elastic critical moments from LBA and assuming the
Salvadori lower bound is not substantially different as the outer segments are critical and
subjected to double curvature bending for this case.

5. Conclusions

The use of stiffness reduction for the lateral-torsional buckling assessment of steel mem-
bers has been investigated in this study. Shell finite element models of steel beams were
developed and validated against experimental results from the literature. An LTB assess-
ment formula was proposed and calibrated to the GMNIA results of around 300 beams
considering 30 different European section shapes. The proposed formula was then utilised
to derive an accurate and compact stiffness reduction function. The developed stiffness re-
duction function was applied by reducing both the Young’s modulus E and shear modulus
G and performing LBA to determine the LTB strengths of regular, irregular, single span
and multi-span beams. For the irregular and multi-span beams, more accurate results were
achieved in comparison to those obtained through traditional methods. The influence of the
bending moment gradient on the development of plasticity was thoroughly investigated. To
consider this influence, this paper proposed a practical approach based on the incorporation
of moment gradient factors into the stiffness reduction function originally derived for uni-
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form bending. GMNIA simulations of 1935 beams were performed considering 66 different
loading cases to calibrate moment gradient factors for a series of typical shapes of bending
moment diagram, and the accuracy of the proposed approach was verified utilising these re-
sults. In addition to this method, a tapering approach, based on the division of a beam into
portions along the length and reduction of their stiffnesses considering the corresponding
moments, was also investigated. Proposals that significantly enhance the accuracy of the
tapering approach for members subjected to transverse loading between lateral restraints
were made.

The proposed stiffness reduction method, which can readily be applied through any
software providing accurate elastic critical moments through LBA, obviates the need for
using L'TB assessment equations and considers the influence of the development of plasticity
on the response of steel beams, so offering a realistic and practical means of design. The
presented study is part of a wider research effort aiming to develop a design framework
based on the separation of in-plane and out-of-plane analyses of steel members or frames
subjected to in-plane loading. Thus, the stiffness reduction method presented in this study
may be used in conjunction with that proposed for in-plane design in Kucukler et al. [20].
Future research will be directed towards the extension of the method to the flexural-torsional
buckling assessment of steel beam-columns and frames.
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Figures captions
Figure 1 : Material model used in finite element simulations

Figure 2 : Residual stress patterns applied to finite element models (4+ve = tension, -ve
= compression)

Figure 3 : Calibration of the generalised imperfection factor 7,7 using the GMNIA re-
sults of fork-end supported beams subjected to uniform major axis bending

Figure 4 : Derivation of a stiffness reduction function 7.1 for lateral-torsional buckling
Figure 5 : Stiffness reduction for different cross-section shapes

Figure 6 : Calibration of moment gradient factors C,, pr for linearly varying bending
moment diagrams

Figure 7 : Application of LBA-SR C,, 7 approach to a multi-span beam

Figure 8 : Application of different stiffness reduction rates along the beam length - Ta-
pering approach

Figure 9 : Comparison of LTB strengths determined through Linear Buckling Analysis
with stiffness reduction through the tapering approach (LBA - SR) against those of GMNIA
for different bending moment diagrams

Figure 10 : Comparison of the LTB strengths determined through LBA-SR (i.e. stiffness
reduction method) with those from GMNIA and the LTB formula proposed in this study
for a stepped beam

Figure 11 : Comparison of LTB strengths determined through LBA-SR with those from
GMNIA and the LTB formula for beams with elastic lateral restraints - dg and #, are initial
out-of-straightness and twist

Figure 12 : Comparison of the LTB strengths determined through LBA-SR (i.e. stiffness
reduction method) with those from GMNIA and the LTB formula proposed in this study
for a braced beam

Figure 13 : Comparison of the LTB strengths determined through LBA-SR (i.e. stiffness

reduction method) with those from GMNIA and the Eurocode 3 specific case LTB formula
for a continuous beam
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Figure 2: Residual stress patterns applied to finite element models (+ve = tension, -ve = compression)

19



0.6

‘ 0.6 \ \ ‘
o1, 1y - GMNIA

N Ee
0N - Calibration

- GMNIA
0N, - Calibration

W, " -
7, =022 W—Zf(zu-—o.z) . o n,, =017 %z(m-o.z)

elz

0% 0.5 1.0 15 20 % 0.5 1.0 1.5 2.0
ALr ALT
(a) h/b< 1.2 (b) /b > 1.2

Figure 3: Calibration of the generalised imperfection factor npr using the GMNIA results of fork-end
supported beams subjected to uniform major axis bending

Ed / My,pl

Y,

0 I I I

0 0.5 1.0 15 2.0 2.5
ALT

Figure 4: Derivation of a stiffness reduction function 777 for lateral-torsional buckling

20



AR T y y
0.8 A uh \Q\ ]
st 0\ \ O
R.V \Q\ n “\
RV N, ¢
0.61 AN BN Q\‘ 1 § “

5 R B HEM 240 HEB 240
o O, .. - HEM 240 Bys A Q
LT \‘V\‘\O q |\
04 g - HEB 240 L —
R
-O-‘ELT - IPE 240 \g\q\o‘ y Ya— Y
0.2/ 7, ;- IPE 500 ‘ 1
1, - HEAA 1000 3 . ZV ]
0 1 L 1 L
0 02 04 06 08 1.0 [PE240 IPE500 HEAA 1000
M /M
v,Ed y.pl

Figure 5: Stiffness reduction for different cross-section shapes

1.0 ‘ o
oC - GMNIA /I
0.95! Cm’LT oronosal
---C,, L1 - Proposa /
09 M g
: 0.85 [ Cm? O,"
g
© 0.8F Cm,LT:O.72+0. 1 4(“.2—H) /' g
075 [ //8
Y &
0. §§8
(o]
0'6-?.0 -0.5 0 0.5 1.0

u

Figure 6: Calibration of moment gradient factors C,, rr for linearly varying bending moment diagrams

21



/> /; P /J /D ¢ P /J Laterally unrestrained segments
ﬁ jo o jo f

/ ®. 0 0 @
e

L3 L3 L3 LR L2 SO M L A L N
0.188PL

| Segment @ @ @ @

‘ | Corr | 072 | 091 | 070 | 073

OWOMPL M s | 0.078PL | 0.156PL | 0.18SPL | 0.188PL

0.156PL 0.156PL

Figure 7: Application of LBA-SR C,, v approach to a multi-span beam

y,Ed

El, El, GI,

(M

(M (M

y,Ed,l) y,Ed,2) y,Ed,3)

Determination of 7y 1 for portions

TLT(MyEd 1)E TLT(M EdZ)E (M
TLT(M 1)G TLT(M 2)G TLT(M

y,Ed, 3B
I 413G
Application of

stiffness reduction

Figure 8: Application of different stiffness reduction rates along the beam length - Tapering approach

22



1. 1.0
My,Ed
0.8} 0.8¢
z 5 y
-
= = 0
~ 0.61 5 0.61
i 2 \ z
= s” L/2
= et - IPE 240
0.4r 0.4r -O-GMNIA
-O-GMNIA -0-LBA-SR tapering approach
TO-LBA-SR ta.perifl;'; approach - LBA-SR tapering ap., a =140
..... M - Elastic critical moment «M_ - Elastic critical moment
L L L 02 I 1 L
0'20 0.5 1.0 1.5 2.0 0 0.5 1.0 1.5 2.0
ALt ALt
(a) Linear gradient (b) Three-point bending
1.0 1.0
oo ~—
Bvﬁ My
0.8f i 1 0.8}
= QB = -
2 2
< 06 W6 w WL /16 g I = o4l
= h Z = z
” = /4 L2 L/4
> = IPE 240 PABLEN A
04 oGvNA ] 0.4 -O-GMNIA
-0-LBA-SR tapering approach O-LBA-SR tapering approach
< LBA-SR tapering ap., ot =1.4at < LBA-SR taper. ap., o =14y
...... M_ - Elastic critical moment ~M__ - Elastic critical moment
0.2 : : : 0.2 : : :
0 0.5 1.0 1.5 2.0 0 0.5 1.0 1.5 2.0
At ALt
(d) Four-point bending

(¢) Uniformly distributed load and end moment

Figure 9: Comparison of LTB strengths determined through Linear Buckling Analysis with stiffness reduction
through the tapering approach (LBA - SR) against those of GMNIA for different bending moment diagrams

23



1,,=2.001,;. L/4 L/4

Wiiy2=1.44Wp 51 l“’l‘"l Iy1, Wpiyi
E My k4 \ / My Ed
% | —

E ( Q i i 4(‘)3
2 & &
=

= l L/2 L/2

O-1L.BA-SR : ——
<-LTB formula with Mcr from LBA i y IPE 240
..... MCr - Elastic critical moment : ~

% 0.5 1.0 1.5 2.0 zy

)LLT

Figure 10: Comparison of the LTB strengths determined through LBA-SR (i.e. stiffness reduction method)
with those from GMNIA and the LTB formula proposed in this study for a stepped beam

24



8o+ 0

h/2=1/2000

So+60h/2=L/1000

-O-GMNIA - one half-sine wave imp.
~0-GMNIA - two half-sine waves imp.
TLBA-SR

2 LTB formula with MCr from LBA

0'70 O‘.Z 0‘.4 &6 OJ.S 1.0
K/K
L
(a) XLT =0.8
My,Ed K My,Ed
L/2 L/2
|<——>|<—>|

y.pl

My,Ed/M

S0+ 60h/2 =L/2000

o+ 0oh/2=L/1000

n/" I

/* -O-GMNIA - one halfsine wave imp. |

~<-GMNIA - two half-sine waves imp.
- LBA-SR
- LTB formula with Mcr from LBA

0.2 0.4 0.6 0.8
K /K
L
(b) A7 = 1.6
y ——— K
|
IPE 240

(¢) Geometry and loading conditions

1.0

Figure 11: Comparison of LTB strengths determined through LBA-SR with those from GMNIA and the
LTB formula for beams with elastic lateral restraints - dy and 8y are initial out-of-straightness and twist

25



< : ‘ :
X i -O-GMNIA
\ 1
N E -0-LBA-SR Cm’LT approach
‘V‘\\ \ Ly =% LBA-SR tapering approach
08—~ :,‘;F. ,,,\,i_:,h-Q-LTB formula with M_from LBA
| y % £ LTB formula Salvadori lower bound
a | AN ----- M | - Elastic critical moment P P
) | K .
= |
~5 0.6~ oo N, N
ey | ZS
) |
= | ‘Zé‘\
|
1 L L L
04r-- iR i |<—>|<—>|<—>|
' | R o N
My ! J
v 1 T y
| | | 0
| | Yy E
0.2 1 1 1
0 0.5 1.0 1.5 2.0 7
A IPE 240

Figure 12: Comparison of the LTB strengths determined through LBA-SR (i.e. stiffness reduction method)
with those from GMNIA and the LTB formula proposed in this study for a braced beam

w
AAR \ I YYYY
= @v
B
= L L L
B
s -O-GMNIA & w*
Mo
-O-LBA-SR Cm’LT approach . y
. W,
0.4} ¢ LBA-SR tapering ap. (XLT,FZIAO(LT \9\ ]
. . “\
<-EC3 specific with M__from LBA g
N EC3 specific Salvadori lower bound Z
I M, - Ela‘stic critical m?ment | - IPE 240
0 0.5 1.0 1.5 2.0
ALt

Figure 13: Comparison of the LTB strengths determined through LBA-SR (i.e. stiffness reduction method)
with those from GMNIA and the Eurocode 3 specific case LTB formula for a continuous beam

26



Tables captions

Table 1 : Comparison of the strength predictions made by the finite element models with
the experimental results reported by Dux and Kitipornchai [26]
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formulae proposed in this study
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Table 1: Comparison of the strength predictions made by the finite element models with the experimental

results reported by Dux and Kitipornchai [26]

Loading conditions L (m) XLT Mult,e:rp/My,pl Mult,FE/My,pl Mult,FE/Mult,exp

L2 |° 11 0.96 0.917 0.882 0.96
.-

9 0.83 0.990 0.983 0.99
/i > 8 0.76 1.010 1.000 0.99
wal® L P 6 0.59 0.958 0.905 0.94
‘ 5 0.50 0.949 0.938 0.99
M M 7 0.68 0.883 0.834 0.94
Ly 0P 7 0.62 0.996 0.941 0.94
| 8 0.70 0.960 0.949 0.99
;&M/(”M//; 9 077 0.925 0.933 1.01
Mean 0.97
COV 0.026

Table 2: Range of the European I cross-section dimensions used for calibration of the formulae proposed in

this study

h/b < 1.2 - 10 sections

h/b > 1.2 - 20 sections

Max Min
h/b 1.2 0.91
b/tf 25 5.3
h/ty 37.67 10

Max Min

3.34 1.22

23.08 7.55

60.92 17.95
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Table 3: Values of azr, 3, Ar7,0 and k proposed in this study and those given in Eurocode 3-1-1 (2005)

This study Eurocode 3 specific FEurocode 3 general
Aspect ratio  h/b<1.2  h/b>12 h/b<20 h/b>20  h/b<20 h/b>2.0
arr 022 /e 017, /e 0.34 0.49 0.21 0.34
B 0.80 0.80 0.75 0.75 1.00 1.00
AL7o 0.20 0.20 0.40 0.40 0.20 0.20
K see - eq. (3) 1.00 1.00 1.00 1.00

Table 4: Comparison of the LTB strengths obtained through the proposed LTB formula against those
obtained through GMNIA and the Eurocode 3 general and specific case formulae

Aspect ratio N Su,  Scov  Smaz  Smin

This study - eq. (6) 1.00 0.013 1.04 097
Eurocode 3 - General case h /b >12 151 095 0.061 1.08 0.84
Furocode 3 - Specific case 1.03 0.034 1.11 0.93

This study - eq. (6) 0.99 0.019 1.03 0.94
Eurocode 3 - General case h /b <12 47 099 0.035 1.06 0.90
Furocode 3 - Specific case 1.02 0.030 1.09 0.96
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Table 5: Calibrated moment gradient factors C', rr for typical bending moment diagram shapes - x4, a and
[ are positive if they have the same sign with M

Shape of bending moment diagram Range Cm.LT
M 1<u<t 0.72 + 0.14(p2
uM <p< 72+ 0.14(p" + p)
oM ™M aM
N A N —1<a<0&
1<~<0 0.88
M M M
oM YM oM
\ RN -1<a<0&
1<y <0 0.95
M M M
M
/] 2
0<a<1l&y<a 0.88 + 0.12x
akﬁ\\\v///§iﬂ Gkﬁ\\\/////'qkﬁ\\\///
M M M
™M

/ 2
0<a<l&y<a 0.95 + 0.05
o

oM ™M aM
‘ ‘ a<-1&~y<0 088 —0.4(—a—1)"6>0.60
M M
aM ™M oM
‘ ‘ ‘ a<—-1&y<0 095—04(—a—1)%6>0.55
M M
H—L—(
0<a<L 0.88 + 0.18(a/L)*® < 1.0
Mt oy
-
W 0<a<L/2 0.88 — 0.16(2a/L)3
L/2 L/2
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Table 6: Considered load cases for the assessment of the proposed stiffness reduction approaches - Negative
values of u,« indicate that applied moment is in the opposite direction to that shown

Load case Variable Load case Variable
M M " 4(a+1)M /L " 070
C‘ 'j 11=-1.0,-0.75,-0.5, Y,
-0.25,0,0.5,1.0
i L/2 L/2 /4; 0-25,0,0.25,0.5,0.75 Céé L/2 Lo ; 1.25,1.5,1.75,2.0
i
8(o+1)M /L2 4(a/2+1)M /L
o oM a=-0.75,-0.5, aM a=-0.75,-0.5,
Cg EEREN ¢§3 -0.25,0,0.5,1.0 @ ‘ -0.25,0,0.5,1.0
Lo Lo 1.25,1.5,1.75,2.0 il L L /éi 1.25,1.5,1.75,2.0
i i
" 8(a/2+1)M / L? 0750 v 4(a/2—y/2+1)M / L M
a a=-0.75,-0.5, o
S e L
Lo Lo 1.25,1.5,1.75,2.0 L/2 /2 /; e
A a—— I ——
oM 8(a/2—y/2+1)M / L2 M P P
QIEEAEY ¢§r> =0.5,1.0 0=0.25,0.5,0.75
=0.25,0.5,0.7 U4 0,0
g L ¥=0.25,0.5,0.75 A o A
-~ — ] e

P

al./2
éi e ;; a=0.25,0.5,0.75
L/2

L/2

T
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Table 7: Accuracy of the proposed approaches for the consideration of moment gradient effects

Load case Analysis approach N S Secov Smaz Smin
M uM
C\\ f) LBA-SR (), T approach 216 1.00 0.013 1.04 0.96
/2 L2 LBA-SR tapering azrr = aze 119 1.00 0012 1.02  0.96
At DM /L N LBA-SR (), T approach 320 1.00 0.016 1.06 0.96
o

CEM

; LBA-SR tapering arrr = 14arr 155 098 0.034 1.05 0.90
L/2
LBA-SR tapering arr r— eq. (14) 155 0.99 0.030 1.05 0.90

8( +1)M/L2 LBA-SR C,, rr approach 310 1.00 0.018 1.04 0.95
o

Cjﬁ ;@ LBA-SR tapering azrp = Ldazr 159 0.97 0.026 1.03 0.91

LBA-SR tapering arr r— eq. (14) 159 0.98 0.020 1.03 0.90

KM L LBA-SR C,, 11 approach 272 1.00 0.019 1.06 0.93

CEM

r; LBA-SR tapering QLT F = l4arpr 128 0.98 0.024 1.03 0.91
L/2
LBA-SR tapering arpr,p— eq. (14) 128 0.99 0.021 1.03 0.91

8(c/2+1)M / L2 LBA-SR C,, 11 approach 264 099 0.029 1.04 0.90

oM
Cg L ¢ L L L L Lg LBA-SR tapering apprp = l4darr 138 097 0.021  1.03 0.90
L/2
L

L/2
LBA-SR tapering apr p— eq. (14) 138 0.98 0.019 1.03 0.90

Mo/2—y 24+ D)M / L LBA-SR C,, 17 approach 165 1.00 0.020 1.05 0.95

aM ™M

CZ\\; L/2 l LIZQ

R —— LBA-SR tapering oz p— eq. (14) 107 0.98 0.019 1.03  0.92

LBA-SR tapering arrr = 1.4arr 107 098 0.020 1.03 0.92

continued on next page
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continued from previous page

Load case Analysis approach N  Sww  Secov  Smaz  Smin
LBA-SR C, h 178 1.00 0.021 1.04 0.95
8(o/2—y/2+1)M / L2 m, LT 8Pproac
aM ™M
C\g L L L L L L ¢ g@ LBA-SR tapering aprp = l.4arr 115 097 0.018 1.02 0.92
L
~—————=  LBA-SR tapering azrr— eq. (14) 115 097 0.017 1.02 0.92
P L P
a LBA-SR C,, 11 approach 118 1.00 0.018 1.05 0.95
é L/2 L/2 ; LBA-SR tapering aprp = l4darr 88 0.97 0.026 1.03 0.90
P——F——{ ’
P alL/2
<—% LBA-SR C,, 17 approach 92 1.00 0.015 1.05 0.96
40; L/2 L/2 ; LBA-SR tapering arr,p = 14arr 51 098 0.023 1.03 0.94

e
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