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Abstract 

We extend the technique of Cutkosky for calculating anomalous 

threshold discontinuities to deal with particles with spin. The dominance 

of these discontinuities, their relative simplicity and their connection 

with potential theory are then exploited to give a relativistic treatment 

of various deuteron processes. 

For the np-d vertex we are able to reproduce the results of 

Blankenbecler and Cook with considerably less labour and a corresponding 

clarification of the approximations made. 

For the deuteron form factor the method yields relativistic corrections 

to the elastic e-d scattering formula, giving corrections to the neutron 

form factor deduced from this reaction. 

Finally for deuteron electrodisintegration we obtain a 'covariant Born 

approximation' for the final state. For the large momentum transfers for 

which this approximation is valid we show that the final state interaction 

may be neglected. 



- 3 - 

Contents.  

Abstract 
	

2 
Contents 	 3 

Preface 	 5 
Introduction 
	 6 

A Brief Discussion of Cutkosky's Method. 	9 

Part I. - The np-d Vertex. 

1. 	Scalar Vertex. 	 13 
(a) Connection with potential theory. 	13 
(b) Analytic structure from --potential theory. 	15 
(c) Anomalous threshold. 	 17 

(d) Comparison with Blankenbecler and Cook. 	18 

2. 	Spinor Vertex. 	 21 

(a) Form and normalisation. 	21 

(b) Anomalous throslaold. 	 25 

Part II - e-d Elastic Scattering. 

3. Kinematics. 	 28 

4. 	Nucleon Form Factors. 	 35 
5. 	The Deuteron Form Factor. 	 37 

(a) 	Scalar Vertex. 	 38 
(i) Potential theory. 	38 
(ii) Anomalous threshold. 	39 

(b) 	Spinor Vertex. 	 40 
(i) Form and normalisation. 
	

40 
(ii) Anomalous threshold. 	44 



4 

6. 	Dispersion Integrals. 	 48 

(a) Bare form factors. 	 48 

(b) 3 gc cut . 	 52 

(c) S-wave contribution. 	 - 56 

(a) 	D-wave contribution. 	 56 

7. 	Relativistic Corrections to the Jankus Formula. 	60 

8. 	Neutron Fora Factors. 	 . 63 

9. 	Recent Developments. 	 • 66 

Part III - Deuteron Electrodisintegration 

10. Introduction. 	 70 

11. Kinematics. 	 72 

12. Physical and Spectral Regions. 	75 

13. Partial Waves. 	 79 

14. Single Dispersion Relations. 
	 83 

(a) Pole Terms. 
	 83 

(b) Anomalous Threshold. 
	 88 

15. Double Dispersion Relations. 	 91 

(a) Scalar Case. 	 92 

(b) Spinor Case. 	 96 

16. .Final-State Interaction and Intersecting Ellipses. 	99 

Appendix A. 	Deuteron parameters. 	'.102 

Appendix B. 	The geometry of Fig. 6. 	2103 

Appendix C. 	The geometry of Fig. 17. 	10.5 

Appendix D. 	The geometry of Fig. 32. 	108 

References. 	 110 



Preface  

The work described in this thesis was carried out under the 

supervision of Professor A. Salam between October 1961 and October 1963 

in the Department of Physics, Imperial College, University of London. 

Except where otherwise stated, the material contained herein is 

original and has not been previously presented for a degree in this or 

any other university. 

The author is extremely grateful to Professor Salam for his interest 

and encouragement, to Dr. T.W.B. Kibble for very many helpful discussions, 

and to Mr. C. Lovelace for providing the original suggestion out of which 

this thesis has grown. 

He is also indebted to the Department of Scientific and Industrial 

Research for financial support. 



— 6 

Introduction 

Apart from the normal thresholds of dispersion theory, which occur 

at the squared masses of possible intermediate states, there appear in 

problems involving weakly bound structures such as the deuteron the 

so-called anomalous thresholds, whose position depends on all the masses 

involved. They were first discovered in perturbation theory by Karplus9  

Sommerfeld and Wichmann(1) and the fact that they were associated with 

compound structure effects was recognised by several authors. The explicit 

connection of these thresholds with the analytic structure of potential 

theory as developed by Martin (2) was shown for the np-d vertex by 

Blankenbecler and Cook (3) and for the scalar deuteron form factor by 

Blankenbecler and Nambu (4), while the position of the partial-wave cuts 

for deuteron photodisintegration was shown to be the same in both treatments 

by De Alfaro and Rossetti (5). 

One of the main features of the anomalous threshold discontinuities 

as discussed by these authors turned out to be their relative simplicity 

compared with the normal threshold discontinuities. A very elegant method 

for calculating these discontinuities was subsequently developed by 

Cutkosky (6). His discussion was, however, mainly of pedagogic value, since 

it was confined to the case of spinless particles. We have been able to 

extend the method to the case of particles with spin and are therefore in a 

A weakly bound state C of two particles A and B is one whose mass 

2 2 2 satisfies me 
ma mh 
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position to exploit laic other features of anomalous thresholds, viz, their 

dominance in deuteron processes and their close connection with potential 

theory. 

The np-d vertex has already been studied in the spinor case by 

Blankenbecler and Cook. These authors calculate the absorptive parts 

coming from the triangle diagram of Fig. 5 and find the anomalous threshold 
discontinuity by analytic continuation. This discontinuity is the 

discontinuity then used for the calculation of the asymptotic D-S ratio p. 

In Part I we apply Cutkoskyfs method to this vertex and are able to 

reproduce these results with a considerable saving of labour. 

Part II is essentially the calculation of Blankenbecler and Nambu 

with the inclusion of spin. In this part we particularly exploit the 

correspondence with potential theory. Viith the use of the single photon 

exchange formula of Glaser and Jales''iC.  (7) and the dispersion theory of the 

deuteron form factor we are able to find relativistic corrections to the 

8 /\ elastic e-d scattering formula obtained in potential theory by Jankus k ) 

and modified to include nucleon structure by Glendenning and Kramer (9). 

This results in changes in the neutron form factors deduced from this 

reaction, and may ultimately be important in deciding the sign of Fln. 

In Part III we are concerned with deuteron electrodisintegration. The 

dominance of pole terms and anomalous thresholds in the single dispersion 

.N relations has already been exploited by Durand(10  ), whose work we review. 

The effect of the final state interaction was investigated by Durand:in 



potential theory using partial waves. This troatment, suitable for small 

momentum transfers, should be supplemented by another, suitable for 

larger momentum transfers. We exploit the dominance of anomalous 

thresholds in the double dispersion relations to obtain such a treatment. 

It turns out that for larger momentum transfers the final state 

interaction is negligible. 

We confine ourselves to processes involving the deuteron because of 

its very small binding energy, or large radius. This makes it a 

reasonable assumption that anomalous thresholds should be dominant. 

For other possible vertices, e.g. —RN , the dominance is not nearly so 

marked. 

/15\ The notation we use is that of ref. k ). 



If we suppose all the integrations have been perfolwed except 

that over q2 1 2 
b1 dq

I 	2 
F = 

s

1 
m, 

. 
2 	2 

F(1 ) 	( q1) a 1 	I 

A Brief Discussion of Cutkodkcy's Method 

Consider a scalar Feynman amplitude 

4fII d4k 
(I) 	F - 	 

AA 1  

2 
A. = m2 

 
i 	qi 

Feynman parametrisation gives 

(2) 	F = (n-1) :5 	- nel-Ica( 1-2a) 	where D = 2 a. A . 1 1 

Landau(11)  shows that the singularities of F are then given by 

a-- 0 (line removed) 

tor g! = 0 (line on mass shell) 

for each line of the graph. 

The discontinuity across the cut arising from such a singularity 

is obtained as follows (6a  ): 

Weconsiderthecaseofa...-0 for i>m, and suppose that qi...qm  

depend only on the loop momenta ki...kV. Then we transform the 

ki...kv  integrations to 	together with angular variables i. 

Then 

1 F  JP 	dq
2
1— 

 .. 	radqm
2  
Ill d i 	d4k . JA 

1 
 A 

al 	a
m 	b>v 1

.... 
n 

where J is the Jacobian of the transformFtion. 

(3) 

(4) 
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The singularity of this integral arises from a pinching of the q2 i  

, 2 
contour between the denominator and a singularity of F(1)  (q 2). We can 

replace the q1
2  contour by a small circle surrounding q

2 = m2 and a contour 
1 	1 

which is not pinched. 

FIG. 1  

The singularity then arises only from the small circle, or in other 

words we may replace (m2-q2)
-1 
 by + 2•AiC)(q.1-m) 

A similar argument applies to end-point singularities, and the net 

result is that the discontinuity, Fm  of the graph in question is 

,_) 

F 	= 	(271i)mj d4k 	
6 

 P
( 

1
2 m1 ' 	 (clija-mm) 

m A 	
• 

mil "" An  

Here we have transformed back to the loop variables; however in many 

casesitwillbeconvenienttokeepto. qi angular variables as variables 2 i- 

of integration. 

If we now sum over all Feynman graphs with the same skeleton the 

vertices involved become renormalised coupling constants, exact (physical) 
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scattering amplitudoo, production nimplitildoo 0-60. All the lines 

remaining in the reduced graph are on the mass-shell. 

The preceding considerations lend themselves to an elegant 

\ 
goornetrical

(11  
construction, viz. the dual diagram 	). 

Since momentum is conserved at every vertex of the reduced diagram 

we may draw a dual diagram, in which vectors meeting at a point of the 

reduced diagram become the sides of a closed Polygon. The Landau 

conditions (1.=m. imply that the lengths of the sides are given by the 

corresponding masses. The Landau loop equation a.g_.= 0 for the position 

of the'singularity now becomes a condition of linear dependence for 

vectors meeting in a point of the dual diagram. 

Thus, if we consider a .Vt.:GT. function, Fig. 2, we see that the 

singularity occurs when the dual diagram, Fig. 3, can be drawn in a 

plane. Further, since all the cis are positive, P must lie inside the 

&ABC. 

Fig.2 

 

Fig.3  
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This gives a geometrical construction for the anomalous threshold of 

. 2 
the vertex function, considered, e.g., as a function of pa 

. Only for 

2 2 	2 
certain values of m2, m 9  M M,2  9  M3  will the construction be possible. c 1  

Furthermore Cutkosky's discontinuity formula can be expressed in 

terms of the geometry of Fig. 3 

(6) F3  _ ,/d4k 	 (,2_m2)  ( 2 _ m2), ( 2_ 2)  
p"-1 1"p c̀1.2 	2/up`g3 m3/  

The constraints q.2  =m.2  force P to lie on a circle in (43 , radiusxr, 

on which we take the angular variable to be l!' 

Then,transformingtovariables. 
2 
, 11, 

2\ T-1 d4k = 	d iifd3k = Xd H kdqi) 

where 

J
3 	

= 8 detg . = 24 	where A is the area ofA ABC. la 

Hence 

(7) F3  = nJ 3
1 
 

1 

- 24A 

Hence both the position of the anomalous threshold and the 

discontinuity are obtaining in a simple manner from the geometry of Fig. 3. 

A helpful analogy is obtained by reducing the dimensionality by one. 

The locus in [33 of a point P at fixed distances from two points A,B is a 

circle in a plane perpendicular to AD. The circle cuts any plane containing 

A,B in two points P,P', mirror images in the line AB, and the radius of the 

circle is the distance of either of these points-from AB. 
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Part I - The np-d Vertex. 

This basic vertex enters all impulse-type calculations of deuteron 

processes, and will be shown below to be intimately related to the 

deuteron wave-function (12) 

1. 	Scalar Vertex.  

(a) Connection with Potential Theory.  

We consider the vertex 

r (t) = < n I fp(0) I > , with t = p 2  

FIG.4 

Supplying r with a momentum-conserving delta-function, we obtain 

ic(t) (2904(7.4(p1 i-n-d)< nifp(0) 

feinx±iPlYK K <0 IT(1V(y)*(x) ) Id>d4xd4y X 

by contraction on the neutron. 

Changing to relative and centre-of mass coordinate gives 

K(t) = (27)4e(pLi-n-d)ifeikrKxKT(rd) d4r 

(8)  

(9)  
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where 

-((r,c1) =< 01T(*(72)111(-72)) id) is the Beth©-Salpeter amplitude 

for the deuteron, and k 

In terms of the Fourier transform 

(I)(k,d) "ler eikr.gr,d) 

K(t) becomes 

(10) K(t) (271)41(plq-n-d)iKpKti (k,d) 

cD(k,d) satisfies the Bethe-Salpeter equation 

fd4k.' 
(11) K K 	= 	V(k,k9iD(10,d)?  

P n 	 (2,K )4  

while the Schrodinger wave-functioncp (k,d) is given (13) by 

idk 

(12) (1)(k'cl)  = 	2Tc° I(k'd)  

For an instantaneous potential V(k,k9 = V(k-10) the Bothe-Salpeter 

equation reduces to 
d3k' 

	

KP n  
K gk,d) = 	)-3 V(k-10)cp(k',d) 

(27c 

= -ir(k) 

.1,(k,d)-iK-1K
-1r(k) n p 

We can now perform the integral in (12); since r is now a function 
of k only, it comes outside the integral, and we find 
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(13) (1)(k,d) 
r (k) 

 

4m (a2+k2) 

The normalisation of T has yet to be fixed; this can be done by 

a comparison of the potential and dispersion theory treatments of n-p 

or of the deuteron form factor 

(b) Analytic Structure from Potential Theory. 

Having found the relation between Pand y lot us examine the 

analytic properties of T (c.f. (2)) 

With a potentisl of the form 

V(r) 	0(7") 	dY 

111 
we try to solve the configuration-space Schrodinger equation, 

2 
(14) [ dr2- a2 - V(r)] (TT)  = 0,  

with a wave-function of the form 

(15) T(r) 
N 0-0,r 

( 	+! c'Qp( p)e 13rdP) 
,r4Tc 

Substitution of these Ansatze into (14) gives a recurrence relation for p: 

(16) P(R-2a) 

yielding 

(17)  

etc. 

P(5)= 

p(3) 

P(P) 

P(P)  

c(P) +Sr 

= 	0 
0(P) 

c(P-r)P(Y) 

P< 

<p<24 

0_ 	C(3-Y)C(Y)dY 

11

11  
211 <p<311 

— p(i3+2a) 

P(R-1-2c) 11 	Y("f+ 2a) 
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The momentum-space wave-function is 

(k) 	= f eik.r go (r )d 3r 

(18) • 2 7-2 a + 

P 	1 	c="" 	
P (1:7-0,) dY' 

NATTX 	 
a2 - Y J ~q)2 2/i7 (3rt-Y) 

with y = -k2 9 showing thatp(y) has a pole at y = a2 and a cut from 

(11+a)2, with absorptive part 7-1IorzT 
PC5-- 0  

From the second of eqns. (17) =e see that 

CC/i-a) 
P( .5-a) = 	y_a2 	 for ( a+11 )2<Y < ( a+211 )2 

For a pure Yukawa potential C(y) =iy so that the absorptive part is 

0141:z 
Imcp(y) - 2(y_a

2)Ji
. 9 (a+1.02<Y < (a+202 

From (13) we deduce that r has a cut from (a+11)2, with absorptive 

part 

T0 
Irnr(y) = • ICA 	in the region (a+4 )2 < y <(a+2µ)2 

Here we have written r for r( ), corresponding to 1)12 = m2  

We will now show that the above result, with relativistic corrections, 

is reproduced by the anomalous threshold. 

p (R-a) 
R.2 

1 

2 fi 



ke 

pt  

FIG.6 
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(b) Anomalous Threshold.  

In the dispersion theory for r(t) we find that the lowest cut 

comes from the anomalous threshold graph, Fig. 5, whose dual diagram is 

Fig.6. 

The anomalous threshold is that value of t for which Fig. 6 becomes 

plane, Fig.7. 

an
d 

FIG.7  

Thus 
	

t
o 	

r&m2
d
-2mm

d 
 cos(T

1 
 4-2(0) 

- 2 22
--  - m 

m m 	d 	- mm 
- +-dd 2m \ 	2m2/ m2  

• m2+211
2
+440(4 

I
_ 11 2 

-6111,12  
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16A 

It ±e. oonvemiont to work with the variable y introduced in the 

previous section 

t m2 = 2(y - a2) 

The anomalous threshold in y is 

(20) 	yo = (a p)2, in agreement with the previous 

section. 

From (7), the discontinuity across the cut is 

For small y this reduces to 16m ji 

identification of X , will be recognized as the discontinuity from 

potential theory, eqn. (19). 

More accurately, 

A . 	n a 2' 
where n

2 is the height of C above AB: 

(y_a2)2 
(21) 	n2 	y 

2 	m2 

(d) Comparison with Blankenbecler and Cook.  

Before considering the spinor vertex it may be instructiire:Ao 

compare this treatment with that of Blankenbecler and Cook (3) and to 

show how the anomalous threshold arises in the latter treatment. 

2 g r o 
which, with a suitable 
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Aftor.transforming to relative and centre-of-mass variables the total 

contribution from Fig. 5 (not just the anomalous part ) is 

	

X IS I 	1 	dC2 
(22) 	Ira r (t) 

	

-17 	27c 	A - 2N.S 

where A, IQ (and IN I  are fairly complicated functions of t. 

	

1 	A + 

	

i.e. Im r (t) = 	\Ft 	4 1.111 IS I log A 	2  ar 

Below the physical threshold t = (mem)29 INI is imaginary, and 

writing (N I = -in we get 

X 	1 tan-11 2n I Q Is 

	

Im r(t) = 	 t <(ma+m)2  
ft—  2n 	, A • 

The logarithm has a singular point at A2 = 
41.

N.
121.

g12 which gives 

the anomalous threshold to, though the approximations made are not nearly 

so clear as in our treatment. 

Also A=0 for t..1.3m2. So the arctargent passes on to another branch, 

and to get back on to the correct branch (vanishing at t = (m+11)2) we have 

to take the path of integration round the branch-point to. 

The path of integration is then as shown in Fig. 8, and the effective 

absorptive part in the anomalous region t
o<t<(m+11)2  is 

W 	7C 
Imar(t) = -Jr 2n 

xig I 
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t-plane 

2 

FIG.7  

Alternatively we can start with the dispersion relation for small 

md, when there is no anomalous threshold, and analytically continue 

it in md. At md=2m2 the branch point to comes out of the second 

\ sheet at t = (m+p)2  and then moves to its final position. The path of 

integration has to be deformed to avoid it, giving the path of 

integration of Fig.7. 

Finally it is instructive to leave (22) in integral form. Vie have 

	

i 	dz 	A 
Imr(t) = P 	2n 	B-z 	with B - 2ni. 

The singularity arises when B2=1, and is then an end-point 

singularity in the z-integration. 

B as a function of t follows the path shown in Fig. 8. 

FIG.8  
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Thus for t>to we have to distort the contour of integration to 

avoid passing through the singularity. We therefore get the contour 

shown in Fig.9, which is equivalent to that of Fig. 10. 

FIG.9  FIG.10  

   

   

Hence the singular part of the integral comes from a small circle 

around z = B. The reader will notice a strong similarity between this 

discussion and the derivation of the Cutkosky formula. 

2. 	Spinor Vertex.  

(a) Form & Normalisation.  

Following Blankenbecler and Cook we write the spinor vertex as 

r (t) v (n) = <nl f (0)1d> 

We have to form the scalar matrix r out of momentum vectors, 

Y-matrices and the deuteron polarisation pseudovector (.d = 0). 
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Moreover the vertex must be linear in E. 

Thus the possible forms are 	ii,t70 and we write 

(23) 	f (t) 	- (F(t)/+G(t) .n)+ (141-m)(H(t),+I(t)  .n) 

In forming (23) we have already used covariance and parity. Charge 

conjugation does not further restrict the number of possible invariants, 

but tells us that F, G etc. are real functions for real t not on the 

cut. 

To find the connection with the wave-function we take the non-

relativistic form of 71(p)r(t)V(n). To do this it is convenient to change 

to the other set of y-matrices, satisfying fywYll= 
2C41) 

. Then we 

reduce the Dirac spinors to Pauli spinors by 

u(p) 	= 
1 

(10o+m)2  
x52.2 

.v etc. po+m 

and work in the rest frame of the deuteron so that 	(01  

The result is 

)+2_f _2_m2)G(t)] 71(p)r(t)v(n) 	= iX a. EG X*[((p +m)-1-1(p -m))F(t 3''o o 	3 0 

2i/3 xp(39.Z-i‘-52.)0y 7,11*[(po-m)F(t ) -(1)(2)  -m2)G(t)] 

In potential theory the nucleon spins are represented by Pauli 

spinors a,P, combining to form a triplet state. 
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The three triplet states are a1a2, 1/,/ (a1 132+a2131)' 13-h 

We can represent these by writing app., as column vectors and a2'p2 as 

row vectors and forming the direct product of the two sets of spinors. 

In this representation any triplet state must be of the form. 

cLo where 	is some unit vector. 

(25) Thus 
	

So 	0.0 is the representation of the deuteron S-state. 

It is well-known (14) that the D-state wave-functions can be introduced 

by acting on the S-state wave-functions with the tensor operator 

S12 3 21 22 - ci1°22 

Hence near the pole 2.2 -a2 the total spin wave-function is 

(26) S  = (1 	s12)so 

where P is the asymptotic D-S ratio. 

In the present representation 0 is represented by premultiplying by 

9 and 0
2 
 by postmultiplying by 0  

- 

Then, performing the algebra, we find that 

(27) X/8. A. A S 
1 2
S
o 

= - ..E  /2 (3 	o„p-G.)o 
Y 

We are now in a position to evaluate the spin factors in (24). Using 

(13) and evaluating the factors at the pole we find (12) 



1 s N = F 	3 	(mG0) 

pN 	= 	3 6 (iF o -mG0  ) 9  

(28) 

—24— 

where the overall normalisation is obtained from neutron-deuteron scattering 

and we have neglected terms in p2. 

(29)  

Solving (27) for Fo  and Go we finally obtain 

A 

1 	

8 
Fo = 

	,T  2 

6 / N (14-p//-2--) 

Li 	2"g Go . Fo 	%/2 ( - 	-I- 	 ; and  jai 

N is the asymptotic normalisation constant already introduced in (15). It is 

related to the triplet effective range re by 

(30)  N2  
2a 

1-are  

Our present approach is slightly different from, and perhaps clearer 

12 /\) than that of ref. k. We have taken the covariant vertex and reduced it to 

\ its non-relativistic form; in ref. (12) a suitable covariant form is 

synthesised from the known non-relativistic form (26). 

Away from the pole it is clear that the combinations F(t)+(t-m2)H(t)/2m  

(t-m2)I(t and G(t)+ 	)/2m essentially play the role of S- and D-state wave- 



functions respectively. 

Let us now examine the analytic structure of the invariant functions 

F,G. 

(b) Anomalous Threshold.  

The analytic structure of F and G is the same as that of r in the 

scalar case, and the anomalous threshold arises from the same diagram, 

Fig. 5. The position of the threshold is unchanged, but the evaluation 

of the discontinuities is now rather more complex. 

We have 

(31) 	Imr(t' )'v(n) = - 1 	1 .44 j  -e2y5 V+m)(FpG0E.$)(k-m)vr(n) 
32A' 	2').1,i) 

In their treatment of the vertex, Blankenbecler and Cook (3) supply 

Imrwith a free-particle spinor 71(p) on the left, with the justification 

that they will ultimately only be concerned with Fo,Go. This is not 

sufficient justification, as we shall see, and we will not use this 

approximation. 

Eqn. (31) can be reduced to 

1  2 
(32) 	Imr(t 1),v(n)= -47 741114(/'-m)(FpG0Ed)i-(2U0k1W6-GA.04.) 

The main problem now is to perform the circular integral 	d11/,which 

in the scalar case simply reduces to unity. 

The factor 3 arises from isotopic spin considerations, c.f. ref.(3) 
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We do this by writing every vector q as 1:+h, where h is the vector 
" 

OP and q is the projection of q on to the plane ABC, Fig.6. 

Now 

so that 

(33) 

h = 1t (0,0, cos*, sinif ) ,  

1 	p 
J dilfh

P  h
vh
x 
 = 0 etc. 

27 1c 	27c 
1 

	

A* 	= 1 	— J.  d*hp  hv 	gp v — = 11?( - jd
Ay 

 ) 2   

The projections of momentum vectors are expressible by elementary 

geometry in terms of d,n. g is also expressible in such terms by use of 

	

the restriction 	= O. 

In the present case, the circular integrals are 

Tic f dfll = 27 	C dkji E .1 = •1 9 9  

—gg. 27C sa  
AA x  2 (g  

(34) 

The geometry of Fig.6 is considered in detail in Appendix B. Performing 

the circular integrals and collecting terms together in the form 

Im rir(n) =[ 	(ImFti-ImG.n)+(y0-m)(ImH6-ImIE.n)jV(n), 

we find the following expressions for the various imaginary parts : 



- 27 - 

(35) 

ImF 

Ira G 

ImH 

Im I 

3g
2 2)

2 	yt+
y1+112=] F 	r p (yt

(t'-m2) 
2 +  

32A' 	
L

4y 	4Y` 

36'4+112)
2 	p

2 
(4mF +(tl-m2)GA 

32A' 	u 	16yI2 	4y1  

+ 	2 	Y'-u2 	 Y I'42  Go 	(t,  m2 ) p 
2y' 

3g
2 	

y 1 +42 

4Y' 

+ Go (
y1_42)2 

32A 	111% 2y' 

3g2 	

F 	
3(3442)2 

[(
2 

 

8y' 

42 	
y'+ 42  

- 
32.A' 0 	8y' 2y' 	2y' 

Because of the approximation already mentioned of multiplying by a 

free-particle spinor 11(p), Blankenbocler and Cook did not obtain expressions 

for ImH, ImI. Their expressions for ImF, ImG are obtained from ours by 

omitting the terns in (t'-m2). The expression for ImG was used to calculate 

Go  in terms of Po  and Go  , thus giving G0/F0  and hence p . They obtained 

a not unreasonable value of P. 0.03. 

The extra terms in (t'-m2) unfortunately make the dispersion integral 

using the non-relativistic form of the absorptive part divergent. The 

neglect of these terms corresponds to a particular choice of subtraction 

constant, namely zero. This may seem plausible, but it is nevertheless an 

assumption, and the problem is typical of the ambiguities which arise with 

spinor numerators. 
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Part II - e-d Elastic Scattering 

3. Kinematics. 

Denote the initial and final electron momenta by k,k'. \!e treat the 

electron as an extreme rela'Avistic particle, i.e. neglect me
2  

FIG.11 	FIG.12. 

(36) k d = k' 	d' with k2= k'2=0, d2  = d'2  = m2d. 

Use of (36) shows that all scalar products can be expressed in terms 

of the two invariants 

a = k.d = k'.d' 

(37) t and 
	

p = k'.d. k.d' 

The two remaining scalar products are 

(38) k.k' = a-3 and d.d' = m2 
	

a-139 

and a and p are related to q2 by 
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(39) 
	

a - 0 	2 

Specialising to the lab. frame, where d = (ma,0 we have 

a 	= 	mdE 	P-md  E' 

where E and Ef are the initial and final electron energies. 

Then from (38) and (39): 

(40) 
	

q2 = 2m (Et-E) = -2EE1(1-cos.0) 

where 8 is the lab. scattering angle, Fig. 12. 

This relation gives the elastic scattering energy, 

E 

1 -4- 	imdsin2i0 

and the momentum transfer in terms of energy and angle : 

- 4 E2sin2 0 

Also of interest is the expression for the three-momentum transfer in 

the lab. frame, 

2 \ 
(43) 

2 	
q
2 
(1  - 	) 4md 

Finally, the differential cross-section is s 

. 
(44) d 	f 	

2 
( 1 

I

2 
 1 	1 

2  	
Z2 11412  

d 2 	4.7t ) . 2E 	 I  16ma E2 sin41  

where the summations are over initial and final spins, and in calculating 

M we limit ourselves to single-photon exchange, Fig. 13. 

(41) 
	

ET - 

(42) 
	 2 

2E 	21 1 + 	sin 0 
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FIG. 13  

Thus 	M = eU(kt)yilu(k)F12(1, 

the last factor being the deuteron form-factor discussed in § 5(b). 

Hence 
	-2,7 1 m 12  = 2 (-.i-egiiv  +k 	)T4 V  

where 

1 
(45) To, = -3 2FoFvd 

In /IV we may drop terms in a because of current conservation at the 

electron vertex. Hence we may write 

T1 	.15v -i-liDoDy  , with D = d + d' 

Then 

Z21 I M 12 = 2 
2 [10( me.2  +8ap) +log

2 

(46)  
2 21 16mdE cos 72-0. 

1 + 21iVm
d 
 sin210 r)  1 	/ 2m2  tan-0 21 j-I d  

ma g2 	21 	 o, 
= - 4 me. [li cot 	/2ma2  ] 



So, substituting in (44) we get 

dS 
102 2\ ( 1 \9  
t 	t 

, 2, cos wq „ 	 [13 :4/210 tan2 a j 
sin TO 	1 + 2'/Msinm-,a 1 	• d 	1- 2 

• 0 Ns 
/ /2md  tan22 3 

ITS 
G2 9 say 

We must now evaluate (45), using the form (72) for 
Flid.  The spin sums 

* d d 
are performed according to 2 ' 	- 42 	v 	e P 	v 	m - IIV 

After a certain amount of algebra we obtain (c.f. (7)) 

2 2 	2 	2 
. (F

1d)2[2+0  	
2 4  

C4 	2  )] .-- 2F1 d  F ' q 	2(1 --9-2-).+ (FI  ) -9-r 311 	 3d m
d 	

2m
d 	

3d 
2md- d 

(47) 

(48) -2(F )2 	( 
2  m 

2d 	4ra 
d 
2 1 	2  ▪ F

2d
F
1d 

2 2 	4 
(1 	

9m  
- 	) - F F'

d  _ 2d 3 	zi mr 

o 
_ 
3
2 

-  (F2d)2  

2 
q2 

d 

where, as in (15),  2 
we have written Fl3d F3d (1 4md

2 

1
1 can be manipulated into a sum of squares : 

2 	2 	2 
(49)31  = 2k /F1d

) N2 	r 
1 	pfd _ 

	
2 
(F
1d -F2d3 

+2F'
d  ) ] - 2 LL- (F )2  2md 

L  
4E12 2d 
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This expression is now easily transformed in terms of the other 

deuteron form factors defined by (77), giving*  

2 	2 	2 	2 	2 (
-g,  )2  Sji 	= 2 	FQ) 	(Fola -az  - 	FQ ) -22-2 

	

6
md 	3md 	4md 

(50) i.e. 	= F 2 2 	2 	,4 
2 F

mag 	F2 

	

ch 3 4m 	18md 

Substituting this last form into G2 we finally obtain 

	

2 	2 	4 
(51) G2 

= F2h 3 - - 
\ 	1 \ 2 	(p 	)2(1 	2(1 - /4md2)tan2  7  c 	2 mag 4 md 	 ° +18%4  

16 /\  This form, first written down by Gourdin k ), is a very satisfactory 

one. The cross-section is diagonal in Fch' Fmag and FQ ' , and the three 

terms will later be shown to correspond very closely to the three terms 

8 /\) of the Jankus cross-section k. It is actually a particular case of a 

general formula due to Durand, Do Cellos and Marr (17), who define 

relativistic multipole form-factors for the electromagnetic vertex functions 

and show that the cross-section is diagonal in terms of them. 

Of course, since we do not restrict ourselves to orthogonal transforma- 

tions among the form factors, there are many other combinations which 

In (15) we essentially wrote down the first two terms of (50), but 

did not at the time realise that the q term had such a simple form. 
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* 
diagonalise the cross-section. 	Eqn. (49) is a case in point; the 

particular combinaticns appearing here are those used by Cabibbo and Gatto 
(15 

in their consideration of electron-positron annihilation into pairs of vector 

bosons. 

We may mention here the form of the annihilation cross-section (e; 

in terms of 'S
o 
and 11. Barnes (19) has shown that if we consider the 

scattering cross-section (la/
dt 

rather than dc5 // d(cos6) we can obtain the 

annihilation cross-section d(j/
ds  
 by simply interchanging s and t in the 

flux and phase-space factors on the right-hand side. 4112  should be written 

in terms of invariants and then reinterpreted in terms of the annihilation 

energy and angle EcOc. 

Taking the last form of eqn. (46) we can express the factor cot229 in 

terms of the invariant 

(s-,)2  
9 - 	 

(t-4mD(t-41117) 

For the scattering process 

= 1 + cot21  -0 

1 - q2/4rn2 

while for the annihilation process 

(I>= cos20c 

Hence 

2 2 r..4 	 2, = 	4mdq Lj1(1-7 2) sin26
c 
+i71°/ 21 /2m

d 

Excluding 6-dependent transformation coefficients there is a singly 
infinite set of such combinations. 
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210  
-q4 r 51v2 sin

2  0
c 2

q  

where 	v 2 
	

1 — 
4rnd 

2 
q 

So, transforming the other factors, we finally obtain for the 

annihilation cross-section 

do 	/e2  ) 2  v 	0  
(52) —2- r rl 	 21 2 2 

L 1v sin 0c 	q2 d2c 	47t 	32E c  

On substituting the forms (50) and (48) for-11 and ")o this becomes 

d a 	( 2  ) Nr  3 
(53) 

12 	q4  I n  12\ . 2, 	q 	120+00s20)  — = 	-77  [(IF I + 	I X^ I jsin + 2 IF d P 	4ic 32E 	ch 	18m' 	'°4 	c 61 	mag 
md 

Equally we could write the cross-section in the dorm used by Cabibbo 

and Gatto by using the form (49) for 

The A B tan228 form of G2  is simply a consequence of the assumption 

of single-photon exchange, the photon carrying of course spin 1. This can 

_ •• be seen most clearly in the annihilation channel, where, c f eqn.(53), the 

c dependence is C D cos 200. The formula of Blankenbecler (20) cannot be 

correct, as it does not have this feature. 

Our next task is to discuss and evaluate the various deuteron form 

factors. To do this we need to know the nucleon form factors, which we 

now review briefly. 
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4. 	Nucleon Form Factors.  

The nucleon form factors are i.ntroducod by 

F,(e) 
(54) < 	j ( 0) IP> 071(P')(Fl(q2))'il 	iopvgv  ` 	/2m) u(p) 

FIG.14  

The form of tho right-hand side is dictated by covariance, parity 

and current conservation. Charge conjugation does not further restrict 

the number of form factors, but tells us that they are real for real (I.2 

not on the cut. 

To see the significance of the Fi  vie take the non-relativistic form 

of (54). We work in the Breit frame, in which 

PI  = (B, 	P = (E,40 

i.e. 	P = (2E,Q) 9  q 	(0, q) 

and reduce the Dirac spinors to Pauli spinors as in 0 2(a) 

The reduction of the spatial components of (54) is straightforward, 

and shows that 

(55) F = F
1
4.11
2 



is the magnetic form factor, with normalisation t 

(56) F
m
(0) = p, the total magnetic moment in units e/2m 

The reduction of the temporal component leads to 

o(0)1 D> = 2mx! Fe   

showing that 

2 , 
(57) F

c 	
= F1  + c1/4111c" F

2 2 

is the charge form-factor (?1), with normalisation : 

(58) Fe(0) = 1 

(59)  

The inverse relations to (55) and (57) are  
Fe 
 - 

q2/4m2 FM 	F - F 
c  F

1 	
- 

1 - c12/4m2 	F2 - 	
m 
 2 1 - q /4,112  

with corresponding static limits 

(60) F
1
(0) = 1 

F
2
(o) = X , the anomalous magnetic moment in units e/2m 

The Rosenbluth cross-section (22) for elastic e-N scattering is 

do 	2 
(61) = d 2 	4m 

°Ns [F2  - 	(2(F
1
+F
2
)2tan2-:1.--4'H-F2) ] 

2  2 

which diagonalises in terms of F
c and FM 

do 2 	2 S 	r 2  	 01/ (62) = 
CN

- 2  F2  (1+2(1- -i4m2)tan2io)] 
d2 	1-g  /4m2 	4m 
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2 	2 

	

2 	21 
Here 	G 	. 	) (l- ) cos 

.0 	1 
NS 	4 7C 	2E 	sinqa 	1 + 2nAll sin 10 	mott 

2 

is the Mott cross-section for nucleons. 

The reader will notice the strong similarity between the forms of 

eqns. (62) and (51). 

By means of spinor identities eqn. (54) can be written in a number 

of ways . The way we find most convenient in subsequent work is 

(63)  

<p' 1j4(0)  IP>= e 7.1.(p') (Fuly4 - F2  Pp/2m)u(p). 

Since the deuteron is isoscalar we shall be concerned with the 

isoscalar form factors 

(64) F.s = Fr.1  

5. 	The Deuteron Form Factor. 

- the vertex which essentially determines the elastic 

scattering. In the scalar case we will show once again the close 

The separation into charge and mu tic-moment terms is perhal3s most 

clearly shown by the fowl 

<lot  1. 34(0) IP > = ca(p) (PcP11/2m+FmrP/4m2)u(P)x (1-(12/4m2)-1  

The temporal component of r 	1 - c lj, v7\. Pv,cxe%a,,GyYcLY :;Yy 	vanishes 

identically in the Breit frame. 

We strongly recommend this notation for the iso-scalar and -vector 

combinations, and also our choice of normalisation, eqn.(60),In the literature 

one often finds the combination FS  written out in full as F 
+Fn+I(Fp x rn,  
1 1 p 2 n 2 

which adds nothing to the clarity and a great deal to the algebraic clutter. 
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connection between the anomalous threshold and wave-function calculations 

and will use this in the spinor case to obtain relativistic corrections to 

the wave-function calculations (Jankus formula). 

(a) Scalar Vertex.  

(i) Potential Theory 

In potential theory the deuteron form factor (neglecting nucleon 

electromagnetic structure) appears as (2) 

(65) 
	

fa  = 	45*(r)eii.g...1:c(r) d3r 

We will work in the Breit frame, where q = (0,a) and write s=q2. 

Using the form (15) for p 9 

fd = N2
[I(2a)+2..rI(2a+O)P(S)dlerKrW(p)p61(2a+13-1-1)dSdY] 

P P 

where 
1 	i• 	-xr 

I(x) = 	 d3r 
47E j 	r2 

00 

x 

  

Thus I has a cut in the g2 plane from 3.2  = -4x2  with absorptive part 

Im I = f. 

Hence fd has three cuts, the first beginning at s = 160,
2 with absorptive 

part 

I
mT
f = 

,102 

a Is— (66) 
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We will now show how this result, with relativistic corrections, is 

reproduced by the lowest anomalous threshold in dispersion theory 

(ii) 	Anomalous Threshold. 

The form factor is 

(67) 
	

eF
d -<dt ij(0)1d> 

FIG.15  

Dispersing in s=q2, we find that the lowest threshold is an anomalous 

threshold arising from the reduced graph of Fig.16 , whose dual diagram we 

draw in Fig. 17. 

 

FIG.16  

 

FIG.17  
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The anomalous threshold is that value of s for which Fig. 17 becomes 

plane, Fig.18. 

(68) is7 dsin9 

2m •2-1L- d ma 

4a in agreement 

with the previous section. 

The absorptive part on the cut is 

2 

ImTF 
d 	32A 

C 

FIG.18  

and 	A = imd Js  (1-3/4md2) 

Thus with the identification r
o
2  

= 16 a1112  we have 

(69) imTF a 

 

Tu 

A(1- sAmd2) 

We will return to this equation later, when we are considering 

the value of F
d itself. 

This section has been concerned with the 'bare' deuteron form factor, 

i.e. the form factor for structureless nucleons. To obtain the actual 

form factor we have to multiply by the isoscalar nucleon form factor. 

(b) Spinor Vertex.  

(i) Form and Normalisation  

We write the spinor vertex as 

(70) eFild  = < d'Ij12(0)1d > 

The author is indebted to Loyal Durand III for help on this section. 
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The vector Fpd  is to be formed out of momentum vectors and the two 

polarisation pseudovectors,1 It is a bilinear form in c, V, and must 

satisfy the current conservation condition q.Fd  =0. 

The only scalar at our disposal is el  while .dt 	etc. It is 

then easily seen that Ppd must have the form 

(71) Fp.d. 	 BE. t.)(- )D1I+C(cle:C1 E' q.) 

2,  * 	(E *
oci)) 

We still have one invariance principle to apply, namely invariance 

under charge conjugation. 

This gives 

F (E'/  ,dgd)=..-  F( ,g' 9 -d,-d')9  

which implies that E must vanish. 

Thus we may finally write 

(72) F 	Fld((12)epp-F(e)( pd 	 E*̀.(1- .q)+P3d(q2) 	
 D 

6 /1   and 
To see the significance of the various F. 	let us take the non-

relativistic form of (72) in the Breit frame, in which 

dl = (E/i2) 	= (B, -Z) 

i.e. D 	. (2E90) 9  q = (0 9  AO 

Taking first of all the spatial components of Fpd we have 

<d' Iii(0) Id> = eF2d(e) (Eie°22  -q*E.a) 
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. 	/ 2 
ler2d cl  ) (1 x-01  < 	> 	curl A 

With the identification of Et x as the expectation value of the 

deuteron spin operator (23) , eqn.(73) shows that F2d is the  magnetic 

form factor, with normalisation 

(74) F2d(0) 	= µd in units 
e/2md 

The separation of the charge and quadrupole-moment form factors 

is somewhat more difficult; we take the non-relativistic form of the 

temporal component of Fµds 

* 
(75) F

od 
= -2EF Et.r -F kE 	. + —

2E  
2 F E' 

* 
ld 	2d o * 
	

m 3d 

We take into account the supplementary condition.d = 0 and the 

normalisation conditione = -1 by writing 

Lot Z.
mCI Y 	2md  -3/ 

t 	t 	E 	t z=
(1;1 9 2' 

-11' 3' 2md 
E3) 

where the third axis is in the direction of A, and 	' are now unit 

3-vectors. 

The separation of the magnetic-moment term is most clearly effected 

by writing the coefficient of F2d as 

I* 
=sp0.3,?vq?,.. 8)..ccioyEct,t*4  y 1--1)  2  ( 	• 	 )+2 •c.1  

Once again the temporal component of r vanishes identically in the Breit 

frame0 

Hence 

(73) 
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Eqn.(75) then reduces to 

* * 	* 	* 
Fod 	= 2EF

1d( ' •E,:i-  ' -2.&-...,?9. -2EF2d 	.(1 	3 i  .2 + 2EF'd.  E-o..9.-. 
2md2  / 
	2md2 	

mci2 	 

{ 

2Ee 	 + F F 	-)(-. 	L.. 3 hoc   i d 	' — 	Q 2 2md. 

i.e. <d I 	0 ) I d > 

(76) 	= 2Ee Fch 	.a2E1 
2m 	2 

where we have written 

= 2F' 4. F 	..F 
Q 	3d 	1d 	2d 

n 

' 

2 
-'.1.-- F

ch = F1d 	n F 
6m

d 	
CI 

The form of (76) shows that F
ch and FQ  are the charge and quadrupole—

moment form factors with normalisation 

(78)  

Foh(0) = 1 

F (0) = Q 9 the quadrupole moment in units 

To complete (77) we will also write 

el 2 mo  

(79) Fi g  = F2d ma 
The static limits for 

theFid  are easily obtained from 

they are wrongly quoted in ref. (7). 

(77) and (78); 

(77) 
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(ii) 	Anomalous Threshold.  

We are now in a position to evaluate the various deuteron form 

factors. Expressions for these have essentially been given by Jankus (8) 

in potential theory. We will obtain the contribution to them from the 

lowest anomalous threshold. These will be found to be the same as the 

form factors calculated in potential theory using only the asymptotic 

part of the deuteron wave-function, together with relativistic corrections. 

'CJe will apply those relativistic corrections to the complete form factors 

(i.e. those calculated with the complete wave-function). 

The position: of the cuts for the Fick  is the same as for  Pd9 in 

particular the lowest anomalous threshold is the same, arising once 

again from Fig. 16, with dual diagram Fig. 17. The evaluation of the 

discontinuities is now, however, rather more difficult. 

We have 

r 
1 	Ll_ A 

(80) 	ImTFpd(s) - 32A 2,1c 
To4TrIr(FSy -FS  -1/2m)(y4m)(F

o 
 +G m  2  

x (Fog' +G(N.*  k)(pf+m)] 

To calculate the circular integrals we use the same method as 

described for the np-d vertex, and in particular eqns. (33). We have here 

the additional complication of a fairly long trace to calculate. However 

the calculation is greatly eased by a high degree of symmetry, absent in 

The superscript on Im
T 

means the contribution from the lowest 

anomalous threshold, corresponding to the tail of the deuteron wave-

function. We have also written s = q2. 
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the case of the np-d vertex. 

The radius of the [4lcircle is now given by 
2 
m 	 _ / 

(81) x
2

16 = m2 	) 	
2 

2 	
(a2 1 	. sec p 

4cos q. 
and the projections of the deuteron polarisation pseudovectors are 

D 
= 

( 2s 2 	 )4mdcos2  
(82)  

D  

4md
2 	) cos2 T 

These and other projections are obtained in Appendix C, where the 

geometry of Fig. 17 is discussed in detail. 

The angle (P , given by sing). .5pma' is an extremely convenient 

variable, and we will express most of cur results in terms of it. 

For convenience we consider the terms in F
2  F o  G  o o , G

2 in turn. o  

The traces involving F2 are found to be 

2  

F2 j 	o { s  * 
(83) 

1 
,K der 	 F

A
km, 

cosl) 	2 r 

	
2 -) 3  . cos2T+ge.qD

A 
 cos2T 

u  

2 i + 86,ke.kP cos cp] 

/ 	2/, - Fm
S 
 Nt ..ZDII Lmd

2 
 os2T-1-18)+2mdk1.2 ,* ,,q)+8X.,k'*.lc.1)12 cos2cp 

in which we have already performed the integrals 1,h. The only * 

integration remaining is 

cos 2(1)  
(84) .1c 	- 

4 cos2 (P 

2 * 	* 
. 4- ------7-( 
" 	4 costp A 

oos2cp 	2x? cos 22T 	1 	)1 
- Du  	o 

8cos2 	
o 

p 2coOP)-  m sid-2p 2cos
2
cp 
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Expressing (83) in terms of F1  and F'
S  and sorting out the contributions 

tothevarious. Fla'  we get 

(85) 	ImT 

32Acos cp 

Im
T
F1d 

 

F
2 
0 	 2 

md2  --2-s+.2 7?) cos2cp-1- Ft-9  scos 
32Acos

2 co 
F2  

  

2 

2d.  
21(.2F'3 	2F 2m 

1 	d m ,} 
F20  

  

F2 	cosap- cos2cp  2  
( 32Acbs2 	2cosi)  

- 2, 2 cos22qp 	1 
—2- 2cos2T d 

1  m7tF 2I 3d 
2 
o 

 

m 
cosap 

The traces involving F0G0  are found to be 

* * 
(86)

?-•  
2
17E  s OF G - 2 F3LIAm 	2 -sp„.kG * 

o 0_ m 2 

mF
S 	* * 	* 

+ —V1-- N-s( E' .q -E, %.(1)-i-Dp. .ggi  .q.+16.kr,' .kPilcos2(1)] 
cos

,,  
c 9 	P 

The i integrations still to be performed are (84) and 

(87) 	"1--c  fdlf( -ice•cl -V*.k•cl.)Pli  = .-x2(;2E1 (1-eepE • (1) 

D E.civ cos2T 

k cos2  T 

21 

2 
an
d 

 

4 cos2 cp 



( 

and 
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From (86)9 (87) and (84) we get the contributions to the Fid. We will 
% be content with Im F

1d, 
 ImF

2d to first order ( in s and a2) and Im F3d  to 

zeroth order. In this approximation 

. 4M3cos2(pFlSi  

F G 
0 0  ImTF__ I 'zo, 	 2 

m(4x2  32Acos (I) 	4s) 1111  
F G 

O 0 

F G 
Im
T
F I 	 o 

2 
o 2x2 	cos

22 T 	,S • 2m( --- 	2 	 ) F1  
F G 

3d 
32AcosT 	

4 
and 
	sin

2
2 

o o 

ImTF1d I 
F G o o 

F G 
o o  
, 

32Acos
2  T 

We will also quote the result of the traces involving G
2  

(89) 1  I 	2G02  E. i.k [(4a2-is)P0F - (4a2P4  -sk)F131.1  ] 

but will neglect these, as their contributions to the absorptive parts 

are all one order smaller than those of (88). 

Finally we collect together the contributions to the absorptive parts 

from (85) and (88), using the values of F0,G0  given in (29) 

(90)  

ImTF 	 S 2 2 	S 	r- = 	CiF1 mdcos 2)+Fmscos-,/2PF ' ( 6m2  )C2  - m  )1 ld 	 —2 d 

ImTF 2 2 1  = 	Ci2x2FS-1-FS(2m2--)---s-2)?)-/7p1 ( 3m .21c +.7.-s,  -2m2 
2d 	1 	d 4 	' 	 d a2 

ImTF 	 S 	 s  2 j 	_2  
1 Fig-F'11:11 	3V5 F, 	("Z rz 	3d 	 ' a 

)} 
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where 

gEN2sec29 

2mmds/71- Am(3.2) 

Lot us transform the absorptive parts of Fid, 

parts for Fch, FQ. We get 

(91) 

F3d 
into absorptive 

{

(92) 

1 
m  2' ImTFQ  

Im
TF ch 

C.3P/g 

C. m2 FS 
d 

m2 

a ( 1 
4 

212 
s to zeroth order 

to first order 

These expressions exemplify once again the greater simplicity of the 

problem in terms of Foh 
and F . We note also that the combination of the 

nucleon form factors appearing in Im
T
Foh 

turns out to be F'S while the 

absorptive part of F
T 
 is proportional to p. 

6. Dispersion Integrals.  

(a) Bare Form Factor.  

Let us return for a moment to eqn. (69) 

tN2 

sAmd2) 
The dispersion integral is 

(69) ImTF = 
,/s(1- 

(93) 1 r 	dst F
d
(s) = s -s 

Im
T
Fd
(s') 
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Writing s - -•4m x
2 and transforming the integration variable 

to 0  

(93') 	FTd(s) 

(94)  

N' 	, 	dq: 

and 	x2+sin2got 

[ 	-1  
xf( i+x2 ) tan-1 xco  

Al+x2) 

N2 

c. 

The upper limit cDis 776 if we take the integration up to the 

normal two-nucleon threshold s = 4m25 we may then ignore the contribution 

from the upper limit compared to that from the lower limit. 

Hence 

	

N2 	
1  

ta1171 	
mdx 

(95) 	F(s) 
md x 	1+x2) 	20, A1+x2) 

We want to compare this with the corresponding result in potential 

theory. 

Recalling that 

(66) 	Imfd(s) = 	
7KTI2 

 

we find find that 

fd(s) = N
2 

0. 

16a2  

ds' 
s' -s iTt4 

N2 
	

dyt  
and 

2abld 
 

t2-4-x2 

where we have written st = 4m2y12  
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Finally we get 

N2 1 
(96) 	fd

T(s) = 	. tan 2a 
mdx 

2a md  

2N2 
tan-1 
	

9 

I/7s— 	Ara 

which can also be written as 

N 	
0 

2 

fd(s) 
f -tar 	d3r =   

49t 
(c.f. eqn.(65)) 

(97) 
N2 	e-2ar 

jo('s aIr)dr 

It is the purpose of this section to find the relativistic correction 

transforming fd  into Fd. 

Comparing the forms of (95)and (96) we expand the inverse tangents 

in powers of a/mx and x for a /m 
<x' 

and obtain 

F T
(8) 	1 	(1-1-x2)1 	1,a ,mx,

)
3(11-x2 )3/2._...  

R - d  9Y -(9 ) 2 1113c 3( / 	.. 

fd
T(s) 	1(1+x2) 	9V2 a/mx + (

a 

 /mx)

3  

(98) = 1 _x2[+!(2_ 
7C MX 

1 
• for a,/m <<•x 
1(1+x2  ) 

(99) 
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For smaller valuos of x there is no such simple form of R and 

we have to use the form (98). 

An alternative and possibly simpler way of regarding the relativistic 

correction is to remark that can. (69) can be written from eqn.(43) 

as 

Im
T
F = 

74112  

which suggests strongly that we should write 

d
TF(s) (100) 	N2 	0-2c'r  J o (ilol L  r) dr 

This is in fact a reversion to the original form of the Jankus 

1 formula, where the argument of the spherical Bessel function 	1 1.9. 1  . 

It was then argued (25,26. ) that in the relativistic form 

replaced by (16) . However Gourdin 	showed that to got the correct 

non-relativistic formula one should work in the Breit frame, giving forms 

like (97), so the relativistic corrections are now soon to be the 

expression of the Lorentz transformation from the Breit frame back to the 

lab. frame, in which the experiment is actually carried out. We would 

like to argue, therefore, that the modification of the Jankus formula by 

replacement of lab. three-momenta by four-momenta should not be made. 

In (15) the inverse tangents were expanded in powers of mxia, giving 

1 
(99a) 
	

R 	
1 + x

2 

However this is only true for very small values of x. The error was 

later corrected in (24). 

I2 L should be 
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Force is lent to this argument by an examination of eqn. (51), 
2 

where it can be seen that the coefficient of 2tan229 is not 

6 	

2 
I 	N 

but rather 	‘Fmag)2 . [ The other term in (Fmag 	

6m 
)2 and that a

d

2L2  

F2 are always so small that the change from -q2 to LaIL2 makes a 

negligible difference ] . 

(b) 	37c cut 

Comparison of (91) with (69) shows that ImTFd enters all the 

expressions for Im
T
Fid as a factor 

FS 

I
. IbTF

ell 	
= 	Im1.2Fd 

. 	
c2cos (1; 

ImTF 

	

IraTF2d - 		
 
d 	2),c2F + 717S1  (24-is-2,1?) 

mgCos29  

(Fmag 
2 

in 

(1w) 
p FS (3m2 _2 x2-1-ia m 	2  

o  2 	2x 2 = ImTFd . 3il.13 127 1 a, 

In fact the absorptive parts have the form 

(102) 	ImTFid = ImTFd 	1 
A (F

, m 
S) 

where A is a linear function of FS  and FS  . 1 

Let us consider a simplified case of (102), namely that which 



Fig. 16 has a 3 7:cut arising from Fig. 20. 

FIG.20 
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would obtain for scalar particles 

(103) = Im
TF .FS  ImFch 	d c 

In addition to the anomalous threshold cut from Fig. 16, Fc  has a 

37[ cut Fig.19. 

q. 

FIG.19 

The nucleon form factor FS  of course also hos a 37z cut, so that 

These considerations suggest that, taking into account the 

anomalous threshold and the 37:cut, 

(100 F 
TF S F

ch d c 

and we will now show that this is so. 

Cutkos1r ( 6bN The argument here is due to ). 
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Let us write 

Fch
T' 

= Fd 
'F S c 

Then certainly Fch
T and 

Fch
T' have the same discontinuity across 

the anomalous threshold cut : 

(105) [ Fch ]o = [F
ch T' 

Writing the discontinuity across the 37t cut as[ s we have 

[ F ch 

T' 	T and 	[ F , 	[F CA S 	docs 

But from Fig. 20 we see that 

Hip 	 FF  TI rro S] 
(106)  ch sJo LdJLes 

[ [F
chTt  ]s 

]o 

Thus as fax as the anomalous threshold cut and the 3/tcut are 

concerned F
ch 

 and F
oh
T have the same analytic structure. They are 

obviously equal at the static point s = 0. Hence 

F
ch
T F

oh
T' 

, giving eqn. (104) 

The argument can be extended to include the next anomalous threshold 

arising from Fig. 21. 
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If the left-hand vertex is approximated by nucleon poles, the 

absorptive part of F
ch again contains Im Fd  as 

a factor, and the same 

argument applies. The contribution arising from the non-pole-term 

part of the left-hand vertex is known as the "non-additive" part (a  
We can also easily extend the argument to eqn.(102) , and may 

write 

(107) T  = F T  A(F3  IT 3) 
Fid 	

d 	1 / m 

The transition from (102) to (107) is of great utility. On the 

right-hand side we now have form factors in the physical region, whereas 

an attempt to perform the dispersion integrals explicitly would involve 

integrations over nucleon form factors in the unphysical region, where 

they are unknown. The form of (107) also makes possible a close 

comparison between the dispersion theory and potential theory results. 
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The P-contribution to the absorptive parts must belong to the 

'bare' form factor, involving, as they do, parameters belonging to 

the deuteron wave-function. Hence we shall have to perform the dispersion 

integrals for these contributions to obtain the various bare form factors 

appearing in the spinor case. 

(c) S-wave contribution  

Applying the results of the previous section, we find for the S-wave 

parts (p = 0) 

F T d 
  FS  

Ch 2 cos p C  

Fd
T  

r
2d
T1 

S 	cos2(0  

21.( 2 	S 	212 S 
m
d
2 

F
1 m

d
2 ) 

FM 

4md
2  
 

(108) 

FQ
1, 
. 0 

which reproduces the correct static limits (74), (78). (Q, would be zero 

for p = 0). 

(d) D-wave contribution  

(i) Let us first perform the dispersion integral for the bare form 

factor associated with F
Q' 

eqn. (101). 

The integral we have to perform is 

2 2 
= 	3Pig jfn 	

• _1_1 dn' 	21( 
) 	Im

T 
 Fd(s

1) 
a 

	

s'-s 	s' 
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Recalling eqn.(81) we may write this as 

(109) 	 I = 3p.jg m2 	1- ds' , 3 	2a2\Im
T
Fd(s') 

	

a ,/z st_s  8 	
)

s' 

The integration of the first term simply yields Fa
T
(s) as in (93) 

while the integration of the second is like a subtraction in (93) and 

yields 

d 

	

	
a2 

s' a2 
(110) 	Im

T
Fd(s') = 	, 

s'-s 	s' 	4md  `y4  

N2 	1 	tan-1  xcotco' 2,-cottpt] 

ma 	74/(14.x2) Al+x ) 

a2 N2 r 1 2 3 
L- 	x cot T? 

4md2x2 
 rid m 

(x small) 

1 	T 
Fd  (s) 48 

neglecting the contribution from the upper limit. 

Hence 

I = 3pig T 	3 Pd (s) kg a 

2 
= P v 112 Pd  T(s) a 

giving 

(111) 	FT Fs  p 18 1-112  F T  1 	a2 	d 
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Taking the static limit of this equation we find 

(112) 

T 
F (0) 

2 

A ,m2 
a 

!P 
 and 

2 
9 

N2  

2a 

2f P N2  \ ==f M 	 ) 
d 	ct3 

since the contribution to Q from the tail of the deuteron wave 

function is (14) 

(113)  
AN 

Aa3  

Eqp.(112) now completes the static limits (78) (The p term in F2d  

does not alter the static limit of F2d' as we shall see) 

(ii) 	Next let us complete the evaluation of the bare form factor 

associated with Fmag, eqn. (101). 

We have to perform the integral 
2 
0 2x +7 1 (ds' 	2  	2m 2\ 

	T 
F d 

( s 1) (114) A-13. 	3m 
2 	d ) Im  s'-s 

The difficulty here is the factor s'  /a2  in ( 	). Vie cannot 

perform this integral directly as we did with a2/st , since the  

contribution from the upper limit 	would be the more important. 

We do it by remarking that 

ImTF
ch p = 0, 	c.f. eqn.(101). 

Vie therefore require that 

Fch
T

I 	= 0 
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1 	T (115) 	Fld
T 
 7 o ms2 FQ Ip = 

T  where Fis determined from (111) 

This equation enables us to find to what an imaginary part of s in 

the bare form factor corresponds. 

Writing 

1 f ds' 

J S t  -S 
f(s') ImTFd(s') = <f(s)> FdT(s) 

and usingImT11
1d IP as given in eqn. (90), we find that 

0c2> 
a2 

<)c 2> 

16 <5  > 

- 1) 	1 s 	= 0 

J.G. 

(116) 

or 1 2 	1 
+ -17 s  

Applying these results to the evaluation of J we find 

3 2 pFaT(s) (21112  g 	< s >) 

= 	f pFdT(s) 
m2  S 

• a2 3 

Hence 

(117) 

J  

	

F2d
T 1 	Alr 

	

I 	
= 

p 	m  2 
cl 
F T 

and 2 
FmS = P .12 

d 
1 .. 	- g (Api-on )QT  s 

2 m S 
a2 3 
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from (113) and (95). 

Now with neglect of w2 the magnetic scattering term in the 

Jankus formula, eqn (121) , is 

2 
(118) ? --g— 2 (2tan2i&+1)(1.1p+µn)2(2L2 j0(igr)dr +/-2.fuw.j2(kr)dr 

3  4ma  

)2 

The second integral here is 

(119) AF fuw j2(iqr)dr tr 	Q q2  9  

which corresponds very closely to (117). 

7. 	Relativistic Corrections to the Jankus Formula.  

8. Let us now write down the full Jankus formula / ) 

(120) G2  = (Au2+w2)jo(Mr)dr)2  

2 	• 
- 2   tr.L2  (2tan

,
i0.+1)(4[ 

3 n  ) 	u 2-Ew 2 	(11 	n4- ) vv2i Jo( 	) 

. 2--"c [(.1p+p,n)(u+2 2w)+3.8-2w]i2a--q 	2r)} dr ) 

+ 	( 	2 w (u 

If we neglect w 2  this simplifies considerably to 

(121) 	G2  = (fu2 jo(z9.r)dr )2  

2 - g 117  (2tan4a1-1)(12pfl.tn)2Ciu2 joaqr)dri-2kruwj2(iqr)dr)2  
4m 

(12uwj2(icir)dr )2 
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The usual procedure to generalise this to include relativistic 

effects and nucleon structure 
(25,26)  has been to take the 1 cit in the 

spherical Bessel functions as,17 and to make the modifications 1 ->F1S, 

p
p 

p
n 

->F3  . This is in fact only an inspired guess, based on the 

idea that F qnd FS  describe the charge and magnetic moment structure, 

and an analogy with the Rosenbluth formula, where the formula for point 

nucleons 

2 d a,  G
NS 	

1 - -9-- k2p tan2  -00 +1,61 
d2 	 4m

2 

generalises to the form (61). 

However the long-held belief that F describes the charge structure 

is now recognised to be erroneous, and we may remind the reader of 

the alternative form of the Rosenbluth formula in terms of F ,F m 

eqn.(62), which shows that an analogy with the Rosenbluth formula is 

rather ambiguous. 

Let us write (121) as 

2 
(122) 	G2 = 	f 2 2 - 

C 	3  4m2  
(2 tan22,94.1) (µp +flni )2f2 	

f2 
" m Q 

and let us compare this with (51) 

2 
(51) 	G2  (L11121 	2  (2tan2i9 (1-(12/4m2)+11( r agi 12+ 

18m d 	i‘ m 	4 j2Q 

Recalling the principle of this Part, we will regard results 

proved with a superscript T  as holding without that superscript. 
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Then from (108) we have 

(123) F
ch = Fd to first order 

and, recognising fc as our old friend fa, we may write Fd  alternately 

as 

(124) Fa(s) = fc  ( 	) 

or RS 

(125)  fc(s)  F
d 
 0) 	s/ 2\ 

(1-  /4mci  ) 
for -s >16a2 , 

from eqns. (100) and (99) respectively 

From (108), (117) and (119) we have 

(126) Finag  

 

2fm(s) 

 

FS  
to zeroth order, 

Al-s/4md2) 

 

2/4nic  

while eqns. (112) and (119) yield 

-,/7 2 	1 
(127) 	f

Q 	(1  = 	FQ 
an

d 

to first order, 

In view of the fact that (126) only holds to zeroth order, the first 

order terms involving F
c
.S  

we will restrict our remarks to small angle 

scattering. 

In this case we can write (51) as 
f
2 
(1,S)2 2 

41., 
(128) G2 - + 2 , 	\f2(1,S)24..f2(FS\2 

k2tan2.i4+1 / m‘ m/ 	Q‘ ci 
(1-s/4md2)3  -3-  4m

2 
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The first term may alternatively be written from (124) as 

FS 2 

(129) (12.1 i)fi 	_cs 2 
/4md  

This is the form we prefer; the first form has been written for 

convenience in finding the relativistic corrections to the results of 

Glendenning and Kramer (9). 

8. 	Neutron Form Factors.  

The whole object of electron-deuteron scattering is of course to 

get at the neutron form factors. We cannot find them directly because of the 

absence of free neutron targets, and the deuteron, being a source of cuasi- 

free neutrons, offers the next best opportunity. 

The impulse-approximation formula for deuteron electrodisintegration 

(10,27)  is of the form 

d 
	 = 
26 	1 	2 	p2 	1 

' ( G p  +G ia) y (130) matt  m
2 le 

( -7 p2-a2 a
log  

pe dE'od 	4 'jt 	pE 	a 

where Gp and Gn are the proton and neutron Rosenbluth form factors 

multiplying cks  in cans. (61) and (62). 

From the form of (62) it is clear that inelastic scattering can not 

give us any information about the sign of Frei. There is of course no 

ambiguity in the signs of the other nucleon form factors, since they have 

non-zero static limits.--In terms of
'  there is also an ambiguity of sign, 

corresponding to slightly different values of F. The choice of the 

solution has been largely a matter of fashion. 



Elastic scattering, however, offers the possibility,  of determining 

the sign of Fn  (or Fn), since the neutron form factors enter the formula 

-D 
in the isoscalar combination S = Ft + Fn. The sign of F1 must be positive 1 	1 	1 

and Fn is determined as 

(131) ,n := „2 - Fp 1'1 	1 

Since F1(0) = 0, relativistic corrections may well be of decisive 

importance in determining the sign of Fn away from the static point. 
1 

An unfortunate feature in practice is that Fn appears as the difference of 

	

two nearly equal numbers, each with a certain error, so that 	is not 

8 /. very well determined. However, recent experiments at Orsay k ) and 

elsewhere have greatly reduced the experimental uncertainty in FP  and 1‘
' 1 

and the relativistic corrections and the experimental uncertainties are now 

about the same size. 

The elastic scattering formula which has previously been used is. 

that quoted by Glendenning and Kramer (9) 

2 2 
(132) G 	= f

c
( 1 ) - 3 	2 2 FS2 	(2tan2i 	2 	2 2 S 2 0+1 )f(FSm' 

\4.fQ` (F\  
4m ' 	1' 

From this formula they obtained Fi  and hence F7 from (131). 

The relativistic correction from (128) is that FS  is replaced by 

F5(1- s/4md2)-3/  2 4, 

Hence their value for F7 is not really F7, but rather 

(133) z = 
Fs (1_ shi

'm 
 2)-3/2  _ FP 

c ' 	' d ' 	1 

Thus to order T1, with 11 = - g
2 1/ 
4m 
 , 

d- 9 
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z = Fn  - 3/ 11 FP   41F2  2 1 2 

- 417.131  (Api74n-5/8) 

(134) Fn 	= z 	1.0211FP  1 	1 

We now quote the results of Glendenning and Kramer, together with 

the correction term of (134), in Table I. 

Table I.  

a (f-1)  
FP  exp. 1 1 .02rpP  

1 Lower Upper 

0.99 0.901 - 0.120 - 0.024 0.003 

1.07 0.889 - 0.100 0.001 0.003 

1.36 0.839 - 0.060 0.058 0.005 

1.51 0.809 - 0.093 0.015 0.006 

1.79 0.748 - 0.110 0.003 0.007 

1.99 0.706 - 0.132 -0.021 0.0085 

2.22 0.658 - 0.048 -0.086 0.010 

2.41 0.619 - 0.130 -0.019 0.011 

2.61 0.578 - 0.111 0.020 0.012 

2.82 0.538 - 0.125 -0.001 0.013 

The effect of the correction is thus seen to be a slight increase of 

Fn , though it still retains a small negative bias. 1 
We recall here the result of the scattering of slow neutrons off 

atomic electrons (29) 

(135) F7 t (0) = o 
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[This is not the same as saying that the neutron charge-radius is zero; 

the r.m.s. radius is given by 

1/6  <r2  >c  = Frol'(0) 	= 	n/41,12 ] 

Hence the effect of the relativistic correction is to bring F' more 

in line with the neutron-electron interaction, which is quite satisfactory. 

28 /. Grosset'Ste and Lehmann k ) have also applied our correction to their 

very accurate experiment, and find the seine result. Their results are 

written in terms of Fri, which is of course a trivial modification. 

On the other hand an experiment at Stanford (30) seems to give 

the result F n = 0, which is in disagreement with both the Orsay 

results and the neutron-electron interaction. Since both sets of 

experimenters use the same theory we can offer no explanation of this 

discrepancy. 

9. 	Recent Developments.  

Since the appearance of (15) several other papers have appeared 

on the subject of relativistic correction to elastic e-d scattering, and 

experimenters seem to have at least agreed to replace F1  by F0 , which is 

certainly an improvement, though we may remark that, owing to the quasi- 

cancellation of the nucleon anomalous magnetic moments 7C+ X r109  corrections p 

of the type ( 1 - s/4md2)n  will be more important than the transition from 

S P
1
S  to Fc. 

Heuer and Urban (31)  approached the problem by the method of Jankus, 

but including in the non-relativistic Hamiltonian terms which Jankus had 
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neglected. (Darwin term and spin-orbit term). 

Their result was that (FS)2  was replaced by 

2 
(F)2 	FS  [ FS 	-1- (PS+ )  2FS  1 	1 	1 	4m2 v  1 	 1 ] 

(FS - xFS) (FS 
C 

1 - x 

xFD
2 

 	where x - 
4m
2 

S 2 
(Fc) 

1 - x 
to order x 

Hence FS  is replaced by FS(1-s/ 2 )-2. Referring back to eqn.(99a) 
4md \ 

we see that this is just the form we would obtain for very small s (-s<16a
2  ). 

16 / Gourdin k ) uses the form (51) for G21  and evaluates the deuteron 

form factors in the impulse approximation, stating the assumptions of this 

approximation very clearly and making quite an extensive use of the general 

properties of angular momentum operators (e.g. the Wigner-Eckart theorem) 

in deriving the bare form factors. He finds that F
1 
is replaced by F but 

his formula, calculated in potential theory, is of course still subject 

to relativistic correction. 

An attempt at making the calculation of Gourdin relativistic has been 

made by Tanh Van (32) using the Bethe-Salpeter equation. However he makes 

the basic assumption that the interaction kernel W(p,p') can be given a 

-1 e 2+).  separable form W(p,p') = g(p)g(p'), where g(p) = (p 	His 

justification for this is that it corresponds to the Hulthri wave-function 

in the non-relativistic limit, but since the interaction kernel can not in 
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fact be separable, and since many different forms of W(p,p') can give 

the same non-relativistic limit, we find it hard to see why we should 

prefer this form of W to any other. 

The method we have adopted for dealing with the non-asymptotic part 

of the wave-function is to apply the relativistic correction obtained for 

the asymptotic wave-function to the complete wave-function, and we might 

say a few words about this. 

The next highest threshold (6'b) arises from Fig.21 , the position 

of the threshold being given by the dual diagram as t1 = 4(207402. 

The main contribution to the absorptive parts comes from nucleon pole-terms 

in the left-hand vertex of Fig. 21, i.e. from Figs. 22 and 23, where the 

lines marked / are off the mass-shell 

FIG.22 	FIG.23  

It is clear that these diagrams represent structure (off-mass-shell) 

corrections to the np-d vertex r(±), as a detailed examination of the 

The author is indebted to C. Lovelace for this remark. 
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absorptive parts will confirm. An argument similar to that of Durand (33) 

shows that off-mass-shell effects for the nucleon form factors are likely 

to be small compared with the structure effects fori(t). Hence the 

inclusion of the second anomalous threshold is equivalent to replacing ro  

byr(t) in (80). The relativistic factors arising from the trace and the 

circular integrals will remain the same. Hence the overall relativistic 

corrections we have found will apply to the complete wave-function. This 

method of including the short-range wave-function has the great advantage 

over (32) that we are able to make use of the detailed and extensive 

investigations of the deuteron wave-function of, e.g., Glendenning and 

Kramer (34). 
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Part III - Deuteron Electrodisintegration 

10. Introduction 

Electrodisintegration is more complicated kinematically (since there 

are more degrees of freedom in the final state), but simpler dynamically 

than elastic scattering. The greater dynamic simplicity lies in the fact 

that the asymptotic deuteron wave-function has its counterpart in dispersion 

theory as a pole term, which is much easier to calculate than the 

absorptive parts of § 5. The lowest anomalous threshold 	the single 

dispersion relations now corresponds to the rest of the deuteron wave-

function. The single dispersion relations have been investigated by 

10)9  Durand ( 	who thus obtained alcovariant Hulth'en model' of eloctrodis-

integration. He confined his analysis to outgoing electron energies and 

angles corresponding to the quasi-elastic peak in the cross-section, where 

the electron virtually scatters off a single nucleon, the other nucleon 

remaining as a 'spectator'. 

Since there are now two nucleons in the final state, an important 

feature of the scattering may well be a strong final-state interaction 

between these two particles. Durand investigated this in potential theory, 

using the partial-wave expansion and finding the difference between the 

cross-sections calculated (a) with the free-particle final-state wave-

functions and (b) with the actual ones, which must have the appropriate 

phase of nucleon-nucleon scattering. These results cannot be regarded 

as complete, as the final-state effect was only calculated for two momentum- 
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transfers, and also the wave-functions wore approximated by those derived 

from an 'equivalent square-well potential'. Both these shortcomings 

should be eliminated in a work projected by Durand , in which the 

calculation will be programmed for a computer and the wave-functions 

calculated from a phenomenological n-p potential. 

We might enquire whether anything can be learned of the final-state 

8 /\ interaction by a more modest programme. Jankus k ) estimated it by using 

the Born approximation in the framework of potential theory. This is 

hardly reliable, however, as the Born approximation is only valid for large 

q, when the problem is no longer non-relativistic. However for large q 

we can use an interaction in dispersion theory corresponding to the Born 

approximation; namely we consider the lowest anomalous threshold in the 

double dispersion relations, corresponding to the graph of Fig. 33. This 

can be expected to give us a reliable estimate of the final-state 

interaction for large q. 

The kinematics have been considered by Gourdin (35), and we will 

quote his results for completeness71. We will also consider the single 

dispersion relations again by the Cutkosky method and see how Durand's 

results arise from this approach. 

private communication. 

The formalism used for elastic scattering, eqns.(44)-(46) is based on 

the approach of this paper. 
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11, Kinematics. 

As in the case of elastic scattering, we consider only single-photon 

exchange, so that we are primarily concerned with the virtual photo-

disintegration matrix element. 

M =<nplj Id> =
11
V(n.) 

tt  

FIG.24.  

The scalar invariants are defined as 

s  = ( ,p+n)2  

t = (d-n)2  

u = (d-P)2  

In terms of CM variables 

s = 4E2 = 4(m2+22) 

t m2= -2 (a2+p241.2-..a) 

Further useful relations are 
2 2,  2 

4 (2 +a )-1-(1 g. 

(137) 
1212 = Id  12 	(q

2 	
-ma)2)(q2-(5 +mc1)2) 

4s 
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The connection with the lab. scattering angle and electron energies 

is 
2 

- 4Ee e  E' sin220 

and E'
Ee_1 /m  (2.1.a2) / 

  

(138)  

  

  

1 Ee/m sin220 

  

 

/\ 
The quasi-elastic peak in the cross-section (c.f.k

36 
 ) and § 14 (a)) 

occurs at 2 = 4q2, giving 

E
e 

1 2E0/m sin2-b 

We will write202.2 coscp q2  = -q29 and p for 12 khere this can iN A 

cause no confusion. 

Following Gourdin (35) vie write 

3 	spins <np 1j Id.><3. I j 	I np > 

(140) 

gpvlo  d -1-1-(n pd V1 - 111,  V
d
A
)1
3 PgPv/12' 

since we may once again drop contributions proportional to q1.1. 

Integration over an unobserved angle then gives the cross-section as 

d20 	e2 	1 2 Mp 
( 141 ) ) 4'x ft E dEe'd(coss) 

1 cost 	v., 2 

4E2sinI4mdVi 
21  \ -2Votan Ta), 

1 
where V(21,1 = 	U

o91
dz 

-1 

(139)  E' e 
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uo 
= o 1  +,32,(1—z2)1Kp2 

2 

(142) 
U 	= " r L. 	2  

Z(10)  
1_ 2 	' 	2 	11  1 	' 

)L12+  (1 	K2( 1-Z  "FI(1)0+  Z(3-013 1 	)1 k  
V1

2 PO
d 

(The notation here is W=2E, Ic p= p9  Ica  =I d I f  z = -cos(P) 

Just as in the case of elastic scattering, essentially the same 

form factor serves to describe the annihilation process oe --> dnp . 

Taking the cross-section as a function of 
Ep,En 

and cos$, where 8 is the 

angle between the line of collision and the normal to the production plane, 

we find, after integration over unobserved angles, 

2  CI 	 1 	02 
( 	) 	[-21 +i( 1+00s20 ) (l K2+1 K K 	 1(2)] p nCOS01-42  

where a is the angle between 2 and n. This formula, reinterpreted 

appropriately, gives the differential cross-section for annihilation into 

p
r
n
s
g
t
p
i
n
m
q
n 
 for any three particles. In particular the form It 

first 

T111) reproduces the cross-section for annihilation into three pions given 

by Cabibbo and Gatto (37). Note once again the C+Dcos20 form of the cross- 

section. 

Eqns. (142) simplify somewhat for special kinematical situations. 

dEpdEnd(cos0) 	4 	4 7C 	4q4 	° 

At the peak we may neglect g
o, while near the proton pole, which occurs 

a2 at coscp = 1+ 

	

	we may neglect 1-z2. 
 

2pc. 
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The equations then reduce to 

u
o 

= o 
(142') 	

U
1 	

= I1  +il 2 - 3 

and T
pv 

to 

(140') 	T
pv 

= g
pV 

U
o 
+ P

p
PyU

1 2 

where 	P = 	(Near the pole we may effectively put d=2n9 c.f.§14(a)) 

12. 	The Physical and Spectral Rmions.  

We consider the Mandelstam diagram for rµ. It has the rather 

unusual feature of an 'imaginary mass' iq, but this causes no difficulty, 

although the relation 

s+t+u 2 2 2 m +m
d
-q_ 

2 
causes the triangleof reference to shrink to a point for q

2  =2m
2  +mci,  and 

thereafter to become inverted. 

/38\ The boundary of the physical region is k ) 

(143) 	stu m  
_2(_2, 

q
2)2 	2 stm _m2wm24.(12)  

me- 	d ik  

(Aids in drawing this curve are that it touches u,t = (md+m)2, s=0,4m2 
m2(Infii. q2)2 

and crosses u,t=0 on the line s -- ) 
(md-m)2(m4q2  ) 

The nucleon poles are at u,t = m
2 and the anomalous thresholds in the 

single dispersion relations are at u9t.to
=m2+2p(p+2a). 



-2- 	
{(1+2.2. ) 	1+ ct, 	- 	a 	N 

J  cl 	 4m2  + q- _ 
(148) 	 x = 

0 	2 	2 	2 7 
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A very useful variable is y, defined by 

(144) t-m2 = 2(y -a2) 

In terms of y the proton pole is at y=a2 and the lowest anomalous 

threshold at 

(145) Y = (11+a)2  

The boundary of the double spectral function is given by the square 

diagram, Fig. 33, as (6a,38)  

(146)  2 
J = 16 2 2m2 2m2  -md 	4

2 %m2  -s 

2 2m2-m2 2m2 m2+42-t 2m2  +1_ 

4
2 m2+µ2-t 2p2 4

2 

2m2-s 	2m2  -1-q2 	A
2 2m2 

= 0  

   

    

in which we take the larger root in t. 

The anomalous threshold to is obtained by setting the minor 

   

(147)  2m2 2m2-md
2 	2  

2m 2 -md2 2m2 m2+µ2-t 

2 m21-µ2-t 	242  

= 0), 

   

yielding (145) 

Of interest later on will be the roots y1,y2  (y.1
?py2) of (146) for 

s= 4m
2 
 +q_
2
. Setting y = a2+p2+20x we obtain after a certain amount of 

algebras 
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2 For q.... >>112 we can expand the square-root, obtaining 

 

Y1 	
2 ( 

(e+p • ) 	2 ) 
(4_ 

(149) 
Y2 4 (a-12 )2  

Also of interest is 

2 
(150) 	s(to) = 4m2+q51-4a(p+m)i- 	a(u+2a) 

And finally, we quote the value of s at which the boundary of the 

physical region touches u = (m
d-m)

2: 

and
-m  

We show the general features of the physical and spectral regions in 

Fig. 25, for q2 m2. Of particular note is the closeness of the two near 

2 2 
s = 	+q_ , as already indicated in eqns. (150) and (151). 

(151) (m+91) 
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Double Spectral 

Region 

s=0 

Fig.25  

Physical 

Region 
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13. Partial Waves.  

It does not seem to be generally realised that the cuts for the 

partial wave amplitudes can also be obtained very easily from the Mandelstam 

diagram, and we think it worth-while at this stage to demonstrate the 

procedure. 

The partial-wave amplitude Al(s) is defined as 

1 
A
1
(s) 	= 	2 f d(cosp) P1(cosT) A(s,t) 

-1 

Considering only the dispersion integral in t, we have 

,1 	dt' p(sIt') 
A1(s) 	= 	d(cosT) P1(cos9) 

-1 	
t 	t' -t(s,cosT) 
o 

This last integral is singular when we have an end-point singularity 

i.e. when 

(152) 
	

t(s0-1) 

The roots s+9- of this equation are clearly the s-values of the 

points in which the line t=t' cuts the boundary of the physical region. 

Thus to find the cuts wo take search linos t=t' for t' greater than 

the threshold of the spectral region. The roots 	then trace out the 

cuts in the s-plane. The cuts are actually lines of branch-points. 

A similar procedure applies for the cuts due to the u-channel. In the 

present case the Mandelstam diagram is symmetric in u and t so that this 

gives no extra information. 

So for electrodisintegration we first consider the pole term tt=m2• 
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This gives two complex conjugate roots very near to the value of s given 

in (151). Then for t'; to 
we have two complex conjugate roots, whose real 

2 
part decreases until the roots come together for ti=(md+m)

2 at s= -(m
d 

x m 	Thereafter the roots are real, one tending to zero, the other to 
m d m+  
- 0. . Vie thus got the cuts illustrated in Fig. 26. 

FIG.26  

If we take q small and transform into the loplane, the cuts in 

the neighbourhood of s = 4m2 become those shown in Fig. 27, which are 

those quoted by Bosco (39) and De Alfaro and Rossetti (5), and obtained 

from potential theory by a similar method to § 5(a) 

        

     

     

12 

X 

11 	• 

X 

p -plane 

   

FIG.27  

   

        



- 81 - 

40 .\ Bosco k ) has attempted to use the dispersion relations associated 

with Fig. 27 to calculate the final-state interaction. However, this does 

not seem a very fruitful approach, as he fits the parameters from electro-

disintegration near the break-up threshold and then applies the formula 

to electrodisintegration at the quasi-elastic peak, where the kinematics 

are vastly different (c.f. Loyal Durand's remarks at the recent Stanford 

Conference (41) ).  

We shall not attempt to use the partial-wave dispersion relations, 

as it seems to the author that the partial-wave approach is applicable for 

small q, where the potential theory formalism of Durand might be expected 

to give a good approximation for the final-state interaction. Durand's 

approach becomes cumbersome for high momentum-transfers, since we have to 

take into account many partial-waves. This is where dispersion theory can 

be useful; it is then better not to split the amplitude into partial-waves. 

Before leaving the subject of partial-waves we might mention that 

we have applied the present method to the examples considered by Kennedy 

and Spearman in their paper on partial-wave cuts for a general process (42)  

and that it shows up clearly a slight mistake in the position of the cuts 

for photoproduction. The Mandelstam diagram is shown in Fig. 28. 

The conversion from q2 to the corresponding lab. kinetic energy 

2 for np scattering is approximately T = 20q_ where T is in MeV and 

-1 q in f . 
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FIG.28  

in the u-channel due to 

\ (m2-mw-µ2) as the 
m+12 
to the point A where the 

We are concerned here with partial-waves 

the s-channel. Kennedy and Spearman give u = 

upper end of the left-hand cut, corresponding 

two roots of u 

upper end of the 

coincide. It is however clear from Fig. 28 that the 

\ 
cut is in fact u (m-p)

2  corresponding to the point B. 

This is because the larger root does not fall monotonically to zero, but 



FIG.29.  

2 a, +p2  

plat 
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. first increases to (m-µ)2 and then falls to zero. A similar mistake 

occurs in Fayazuddin's work on photoproduction of strange particles (43).  

We hope that this brief discussion of the graphical method of 

finding partial-wave cuts has been sufficient to show its utility, 

especially in getting the 'feel' of the process under discussion. 

14. Single Dispersion Relations.  

In this section we discuss the single dispersion relations, which 

lead to the Durand-Goldberg formula, and in particular the term in Go, 

which Durand neglects. 

(a) Pole Terms  

The contribution of the proton 

pole, Fig. 29, to M
:11 

is 

T (153) M 	-eu(p)(F y- F2/M14)(ili-m)(FoOGo .n)v(n) A 	m 1.1 	 t-m2 

We can write the denominator variously as 

(154) t-m2 	2(y-a2) = -21)1.2 I (x-cos9), 	x = 

(10. The position of the quasi-elastic peak 	) is obtained by 
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maximising J1(t-m2)-2  dz. With the help of eqn. (137) and some algebra 

this gives 

(155) 

or, to a good approximation, p = 

With these kinematics we find from (154) that 

(156) y 	=- 2p2  (1- cos9) 

Durand also exploited the weighting of the denominator in (153) 

towards small values of y by putting d=2n in the numerator, which gets 

rid of the term in on, since .c1= 0. 

In the lab. frame we find yet another expression for t-m
2 : 

(157) t-m2 	(a2.1.n2) 	0 (,4)  2  

so that the above approximation is equivalent to putting y=0, or z=-1. 

The numerator of (153) then simplifies considerably, giving 

(153') 
2mF0  

t - m2 
e7x(p) (Fmyti  - F24111012) gv(n) 

To get the cross-section Durand then essentially forms the T
PV 
 of 

(140') with this form of I! 	and finds that 

2 	2 	2p2 
P2  = 	a ( 1 	--7 ) 7 

 

VT =  2i 0 
e
2 

m
2 

e
2 

N2  

2 
P a2  

N
2 

27 P 

g2 F2 
Fm 

 

  

(158) 
V
T = 27[ 

2 
(F- q  /4m2  1 F2) 
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giving 

(159)  
d2 	0 	m2 N

2 
mott  

dE' d2 	4 7z 	PE 

where F has been expressed in terms of N from (29) with neglect of p. 

Eqn. (159) will be recognised as the proton tail contribution to 

the Durand-Goldberg formula (130). 

However, groat care must be exercised with the term in Go. Here we 

have neglected it on the grounds that 	= 0. However, in view of the 

relative si zos of Fo and mGo 
eqn.(29), we see thatn has only to ho of 

thoorder a,mfortheG6 term to be non-nogligible in comparison with 

that in Fo. 

Lot us therefore examine the form of T without making the above 
AV  

approximation. 

After some algebra we find that 

ir dz 	e2 

(160) ST 	dz 	Tr[(i+m)(F - F2/mPON(Fmyv-F2 Pv)] 11  V 	(t-m2  )2 12m2 	M P. 

where 

(161) NT  

	

2(Fo-mG0) 	2(Fo-mG0)4 ( 	 -1-m) 

2 

	

2(y-a2) [ F0( 32.--2--a 	G 

	

and 	2 	
o 2  .} 

(3*.GN)11.(p.4.0(md.4.m2..t)..(11m)(t_m2)1 
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and we have written k=d - 2n. n
2  is given in Eqn. (21) 

The leading terms in (161) are 

(162) NT a  (3F2m2 	8myF 
o 
 G 
o) (y(+m) o d  

The combination of
o 

and G
o 

in this equation will be recognised 

as essentially the S-wave part of eqn. (24). Using the values of FolGo  

given in (29) we find 

(163) 
NT = 3m2N2 8E yf+m) [ 	p 	( 1  - 	) 

From this last equation we see that the approximation which in fact 

leads to (159) is not y 0, but y = a2 or t =-• m
2 As we have seen, 

the approximation y = 0 must be supplemented by a neglect of p to give 

the correct form of (159). 

If we do not make the approximation y = a
2 but simply evaluate 

(160) with the form (163) for NT, we find, using the relations 

2 

(164) - 	
dy 	1 	q dy 	a2 

0 	(y_a2)2 	0  9 "'" 	= lo '7  9 

that the factor a72  in (159) is replaced byWa 2, where 

2 
(165) W = 	1 + pif log 

a  

which represents quite an appreciable correction to ( 159). 

This is another example of a difficulty of the type found in § 2(a). 

We have put in the mass-shell forms of the vertices in Fig. (29), and 

yet the spinor factors and traces have produced terms in (t-m2) in the 

\ numerator. Any terms in which a (t-m2) appears should clearly be 

considered in conjunction with the single dispersion-relations, which 
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in dispersion theory represent off-mass-shell corrections to the pole 

terms. Since in the contribution from the pole term we have F0,00  etc., 

it seems in the spirit of this approach to put t = m2  in the remaining 

terms. 

The ambiguity in the present case is emphasized by two factors, 

firstly that the coefficient of these extra terms is large, and secondly 

that in the integration over the angle T we are integrating over values of 

t far away from the pole. The latter difficulty can be avoided by not 

integrating over (p , ie. by making coincidence experiments of the type 

suggested by Durand in his first paper (36) ) and recently carried out at 

\ Cornell (44). These experiments pick out the kinematical situations in 

which first the proton and then the neutron is a spectator particle, 

corresponding to z = -1, +1. In this way the experiments are performed 

close to the poles t,u = m2 It is perhaps significant that the form 

factors obtained from these experiments differ from earlier deteluinations 

using the Durand formula. 

Returning to the present problem, we regard the term in (y-a2) in 

eqn. (163) as a contribution from the non-asymptotic wave-function, which 

we will now discuss. 

First we must mention that the treatment of the neutron pole term 

is exactly similar, and will give the neutron tail contribution to (130). 
at 	10 

The n-p interference term is known to be entirely negligible 	( the peak 	) 

and will be dropped. 



FIG.30 FIG.31  

The contribution of this diagram is 

2 
lE_ 
32A' 

ImAM1  =  
t m

2 el(P)(F10-117F2/m 134)(P+m)y.5(/+m) 
'— 
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(b) Anomalous Threshold Cuts  

The next most important contribution to the single dispersion 

integrals comes from the anomalous threshold diagram, Fig. 31, which is 

a special case of the general reduced graph, Fig. 30. 

x (F06-Go .$)(/—m)r5v(n) 

(166) 	— ea(P)(Fm^(4—F2/n1 	1-42 j:2112  
t'—m 

1 
32A' 27c  5 dif (/-m)(Fog+G0.1)Xv(11) 

x 3e2 



gg 

where A' is the area of LABD in Pig. 32, the dual diagram of Fig. 30, 

and * is again the angle on the circle on which P is constrained to 

move. 

FIG.32 

The use of mass-shell form factors in eqn. (166) is defended by 

Durand (33), the argument being that structure effects in r(t) should be 

more important than those for the nucleon form factors, since the 

former has the anomalous threshold at y = (will)2, while the latter have 

only a normal threshold at t = (m+4)2. From the dispersion-relations 

for the form factor he estimates the off-mass-shell corrections as about 

-5%. Another way of estimating these corrections is to compare the 

contributions from two different forms for the VIN vertex which are 

equivalent on the mass-shell, e.g. the two forms of (54) and (63). 

This method has been used by Tanh Van (32) in estimating off-mass-shell 

corrections to elastic scattering. 
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Eqn. (166) clearly factorises, the second factor being the 

imaginary part of the np-d vertex with the proton off the mass-shell 

(g 2(b)). i.e. 

(167) 	ImAll 
= 

eTz(p) 	F2/m111.1) 
t 	

Imr(y')v(n) 
'-m2  

A discussion of ordinary singularities similar to that of § 6(b) then 

enables us to write 

(168)
A 
 = 0.71(p)(F4- 112/W4) 

•  
r(y)v(n), 

in which 

-(il+m)11(y). [ (/'+m)F(t)-(t-m2)H(t)] 	+[(ii+m)G(b)-(t-m2)I(tn6n 

Durand's result then follows by neglecting the term in.n, putting it=m 

and writing 

2mF - (t-m2)H 
(169) D(t) - 	 

2mFo(t -)

where V2  m2+2((32....a2). 

	

1 	1 

	

t m 	t-V2  9 

This form of D(t) is chosen since it corresponds to the Hulth6n 

wave-function (45) 

(170)  
N 	e -ar-e -Pr 

= 
‘/4 

 

 

The whole of the cut for r has been replaced by a suitably-placed 

pole. It appears that the cross-section is fairly insensitive to the 

form of wave-function used (unlike elastic scattering), so that the 

HulthL wave-function offers an adequate description of the scattering. 



s' 9 
*k 

FIG. 33  
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The combined contributions of (153') and (168) then give 

(171) m I = -241F0D(t) ea(p)(Fmyti- F2/mp)v(n), 

or equivalently 

N
I 	

y_a2 
(172)  3F2m2  (1 	;';17137 	) (i4m)9 o d 

which, neglecting p, gives the oroton term in (130). 

The essential simplifications lie in the form of D(t), eqn. (169), 

which seems to be justified by the wave-function approach, and the 

transition, whose accuracy is unfortunately not easy to estimate, from 

(167) to (168). Any attempt to perform the dispersion integrals for the 

invariant amplitudes of M would involve considerable difficulties, 

notably unknown subtraction constants. 

The treatment of the neutron terms, or the dispersion-relations 

in u, proceeds on exactly similar lines. Once again we neglect the n-p 

interference term. The final result is eqn. (130). 

15. Double Dispersion Relations.  

Vie will confine our attention to the square diagram, Fig. 33, which 

is another special case of Fig. 30. 
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Let us first ignore the complications due to spin. 

(a) Scalar Case.  

Writing 

(173) 1 
7C It o  

dt' 
A2(st') t' -t 

the contribution to A2 from Fig. 33 is : 

FrG2 1  

32A 	2')T 	st-m2_ic 

We find from the dual diagram that (s'-m2) is of the form 

, 2 s -m 	= a 1- boos * 

1 	,f so that the circular integral Io = 2 7C 

d* 
2 	. is 

s'-m -le 

(175) Io  
(a2.4)2)-i 

i(b2-a2)4 9 

a2> b2 

b2  > a2  

Fig.34 shows the part of the double spectral region of present interest. 

  

=4m
2 

 -1.1
2 

 

s=4m
2 

Y2 

 

FIG.34  

(174) A
2
(s
'
V) - 
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The singular point b2=a2 where Io becomes imaginary is obviously A, 

the point where the line of constant s, s = 4m2  -1-g, meets the boundary of 

the double spectral region. The important feature of eqn. (175) is that the 

principal part of A2(st') vanishes inside the double spectral region. 

This enables us to express A2(s,t') in terms of a(s,t'). 
s+ 

s—S— 
	' ds

i  

	

For A2(s,t') = 	,r. 	0. (s t t  
7C  

from which it is clear that 

ImA
2(s0) = a(s,t') for 	s < s+  

(s_,s+  are the s-values of the points in which the line of constant t cuts 

the double spectral region). 

Eqn. (175) thus shows that 

A
2(st') = ia(s,t') inside the double spectral region, and' further 

that outside the double spectral region A2(s,t') is the analytic continuation 

of ia(s,t'). 

This enables us to express A2(s,t') in terms of the simple form (6a) 

for a(sIti) s 

a(s,t') 	= 	
4J 

, where J is given by (146) 

rG2  
(176) A2(sIt')- 

F i 

4J 

2 From (146) and specialising to s 4m2  +GI_ 9  

(177) J2 = 64q_ (4m
2 

 -1-g_2  )(Y-Y1)(Y-Y2) 

so that finally 
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dy' 
(178) 	M (s,t) 	. 

Y 	y' -Y 

 

1 

 

AY1  -Y 1 )(Y T  -Y2) 

where 

FrG2  

(179) 32V404m2+cA 

There is a fundamental difference between (178) and (167), in that the 

factor A' no longer remains; it has been absorbed in J(b2-a2) to give J. 

Hence we can no longer avoid actually performing the dispersion integrals by 

an argument of the kind leading from (167) to (168). (This does not seem 

to have been realised by Cutkosky, who does apply such an argument to the 

similar case of;v..d scattering (6b))•  

Let us therefore proceed with the evaluation of eqn. (178). Since we 

will only require the interference term of (178) with (171)9  we need only 

ReM ; so that the integration on y' now rune up to y1: 

Y1 

	

dy' 	1 
(180) 	Re M (s1t) 	= 

	

Yt-Y 	\hr.' -Y 1 )(Y I -Y2) 
Yo 

2 Y1-Y;  Changing the variable of integration to u, given by u = 	, yields 
Y -Y2 

ir 	2du 
(181) ReM (s,t) 	= A I 	 ---7-- 

0 	bi+u L2  
where L(y') = y'-y 

Hence 

ReM (s2t) 
2A 

AL1L2) 
tan-1 u 

A 
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From (148) we find that 

(183)  

	

u2 	(a+02  (2a+11),2  

	

0 	• *4-7- .1'
4M4C12 4M2  

which is small for momentum-transfers for which the Born approximation 

in the final state can be expected to be valid, viz. p>4. 

Eqn. (182) then reduces to 

(184) Rel'AR(s,t) 
2A uo  

L1  

which is negligible compared to the contribution from the single dispersion 

integral : 

2L(a2) 	32md 	Yo 

the determining factor being the very close proximity of y0  and y1  as 

displayed in (149). 

If we do not wish to make the approximation leading to (184), the 

interference term of And MI.is best evaluated by using the form (181) and 

performing the y-integration first. The u-integration can then by a change 

of scale be transformed into the form 

vo 
dv a2+bv2 

I 	
,/(x1x2) o 7 	log 	 77 02+d

2
v
2 

where we have written x = y- a2. This last integral can be expressed as 

a sum of imaginary parts of Spence functions of complex arguments (Clausen 

functions). 

MA(-e, t) 
Fr 2 	1 	2 tan-

./ -Y  
) 
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(b) Spinor Case.  

Eqn. (174) is now replaced by 

3g
2 

1 Jr  d*  
a(p)A2(s,t')v(n) 

32A' 27c 	st-m2-is 
a(p)X(F.1,4+P2/m112)(X—m)(F047Go .$)Xv(0 

-3g
2 

 
(185)  

32A' - 27c 1 sl_m2_1.6  71(13)14F ",.t
+F2/mill)pv(n) 

where 

(186) P = [2(Fo-mG0)X 	(2k.1+112)G0  - G0XX].1 

- F0  [(2k.1+µ2) + XX] g 	2F0 .kX 

The circular integrations in (185) can now in principle be performed, 

yielding the imaginary parts of the invariant amplitudes of Mµ. However, 

since the integrations involve up to four powers of h, they will involve 

considerable algebraic difficulties. Moreover it is not at all clear which 

\ are the amplitudes free from kinematic singularities (c.f.(46  )) 

These difficulties can be obviated by using (185) in conjunction 

with (153) to obtain the contribution of the interference term of the pole 

diagram and the square graph to the imaginary parts of V0  and V1. We take 

advantage of the fact that the operations of circular integration, summation 

over g and taking the trace commute, and perform the last two operations 

first. In the circular integrations then remaining we have only two 

powers of h. 

Neglecting the term in g.n, the numerator of the pole term is 

-2emFoa(p)(F Y -F2/m Pv)g v(n). m v 
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We therefore have to perform the trace 

Fn  

(187) S 	= -2omF 2 Tr [ (i+m)V(Frny + 2/M1p) P 	r m  ip \ ( Yf 
F 	

11iv - `"imPv) 
AV  

The summation over yields 

(188) 2p(37...m) ' .-(A-BV)(y4m), 

where 

A 2F 	[ 2(y 
,_a2)4112 ] 	(,t-a2)2 G Go  - m  " 

d 	
.7  

(189)  

and B 	7 2mF
o 

2(50-a )G
o 

and then, performing the trace, we find after some algebraic endeavour : 

F 

(190) SµV 	8emF o 
	

r 
fA mF

2 
 q.ke 	

m P µ PV 
 (F

1 
 P.k 

m 	0.1)  

2 
F
2 

- -01 F 	/2m P
AV 

 mF
M 

 F 
C
k
AV  
P" ] 

F
2  

A  

( 2F
m
B 	

41 
k.PPV 

 2  
+ F

m  q
2k )k 

2 	- 
31.1 2 r f„,2 - q/4m2q)pl.zpv+ci2Fm2gliv+F2Fekttpv 

Then 

(191) ImT 
1-tV 

-3g
2 	

1 	1 	1 
° —d*S 

3210 	 tt-m2 	2 7C 	A V 

The circular integrals remaining are of the form 

1  21 d*(cosOni(sinif)n  

2 	 0 	a + b cos*-18 



a 
b I0 1 
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I mn 
 evidently vanishes for n odd. Writing Im = Imo  we can express 

Im 2n in terms of the Ir 
by expansion of (siri4)2n  , giving 

n 
Im,2n . r0 	

1 (-1) r 01 
'ri  m+2r* = 

The Im are evaluated by writing (cos1V)m  as 
[(a+bcos*) b-m and 

expanding the binomial. I0  is given in eqn. (175), while 

(192) 
- 1

2 	b I1 Io2 	
I - I

2 

With the aid of these equations and the geometry of Fig. 32 we finally 

obtain 

e2F g2 
= 	 D 

32m2/Y1(y -0.2) 

	

2 	2 

Fm  2 

14? 	4m2  
[2Am'1+ 	

) 

e2F0g2 	A 	qm?. 	8122 	q2 
(F F -F (F-F ))+— P2Fc  

	

32m2477(7_a2) [42 4m2 	1 	m m c 2 4m
2 

aB ] 

(193) 

Im Uo 

Im U1 

 

  

2. 

+ 	

F

2

B 	n 
  

(ki 
± - -- --- 

c
-
l- ±- 2 

k 
1 

.7 1:  2m 41 4n - 2mdn 2mdn2 { 

where, in view of the considerations of the previous section, we have 

neglected contributions proportional to Io. 

A and B have already been given in (189), while approximate expressions 

for k1,k2 
a and W are obtained from Fig. 32 (c.f. Appendix D) as 
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k1 

k
2 

a 

and 

      

 

and 
y1 411.2_a2 

   

(194) 
2n2  

1 y , (cf 2+112—y , ) 

2 

2 
- 	( 1+  

412 
ql 

2  

 

yi _a2)(y1.1224.a2) 

    

A comparison of (193) with a typical contribution to Im %from (167): 

2 2 2 	2 	, 2N2 e Fng 	 q 	2 2 (Y-1  / 1  
Im U

o 	
- 	--=-- F [1.1 + 	J 

32m IF(y-a2) y'-a2 m 	4Y' 

shows that the ratio of the two contributions is of the order µ
2 /  2 

which must be small for the use of the square diagram as a final-state 

correction to be meaningful. Similarly, the ratio of the respective 

contributions to Im U1 is of order 
2An2 	which is small. 

Thus we see that the final-state correction is small for two main 

reasons. Firstly, the range of integration for I0  is very small, and 

secondly the terms not involving Io do not have the factor (30-a
2)-1  which 

appears in the single dispersion integrals and which makes this contribution 

appreciable. 

16. Final-State Interaction and Intersecting Ellipses. 

We would like to close this Part with a brief discussion of the 

effect of final-state interaction on the method of intersecting ellipses, 

which is widely used to obtain form factors from the Rosenbluth formula (61) 



R 
NS 

intercept Ro  on the R-axis given by 

The other way of obtaining Fo end Fm  from (62) is to plot the ratio 
do 
/d2 	21 against tan T0. Clearly this should give a straight line with 0 
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and (62) and the deuteron break-up formula (ian), 

Taking (62) as an example we see that this is the equation of an 

ellipse in (F c  ,Fm 
 ) space whose characteristics are functions of E and 0. 

i.e. 	C (E,0) 	= A(E,0)(Fo  ((12))2 	B(E90)(Fm(c12))2  

Choosing several values of E and 0 which give the same value of q
2 gives 

us several ellipses, which should have the common intersections (+F 	). c m 

It appears (47) that with the present analysis using eqn. (130) the 

ellipses fail to intersect in a common point, and one may enquire if a final- 

state correction can rectify this. To answer this question it is easier 

1  
to talk in terms of tan

2  70 plots, whose relation to intersecting ellipses 

we will explain. 

(195) R
o 

2/ 
Fc
2 - q 4m2 F

m
2 
 

1- q2 /4m2 

and slope m given by 

2 2  
(196) 	2F2 (144m 

If the experimental points do not lie on a line then clearly the 

cross-section is not of the form A (q2)+ B(q2)tan20, and this corresponds 

to the ellipses having no common point of intersection. The final-state 

21  interaction cannot, whatever its nature, affect the A-i-B tan 	form, 
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which is simply a consequence of single—photon exchange. 

do 
Even if the experimental points lie on a line, this is still not 

necessarily compatible with the Rosenbluth form (48). For real Fc 
and F

m 

We must of course have R
o 
and m positive, and further 

( 197) 
2 	0  

m 4 2(1 — q  /4m2) Ro. 

A slope greater than this value corresponds to imaginary intersections 

of the ellipses. The final—state interaction can reduce the slope of the 

graph to a permissible value, i.e. it can make imaginary points of 

intersection real. 

Since the non—intersection of ellipses is not affected by the final—

state interaction it seems that we must look elsewhere for the reason. 

A possible reason lies in enhanced two—photon effects, which are currently 

under investigation in polarisation experiments at Orsay (49) and in 

e 	e —p experiments at Stanford(" ). The size of these effects is not 

yet certain. 
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Appendix A 

Writing a2 = me, where c is the deuteron binding-energy, 2.225 Ea., 

approximate values for the various masses are 

an
d = 9.5 f 

. 4.75 f-1 

p = 0.71 f-1 

a = 0.23 f 1 

These can be converted to MeV by 1f 1 = 197.2 MeV. A useful rough 

. 	- 
conversion into pion masses is obtained by noting that µ2 -0 f 2  

The deuteron static propertica are 

µ
d  = 0.857 °

/2m  

0 4  
24.6

/ 
 

The asymptotic D-S ratio p is usually taken as 

p = 0.03 

Finally the triplet range 

re  = 1.7f 

determines the asymptotic normalisation constant le,which in turn 

determines the parameter p in the Hulthen wave-function (170) as 

p = 1.43f-1 



(B4) a2 

(B5) X
2 

4y' 

2,57  

((o+11)2-Y1)(Y'-(c-02) 

3,1 _112+a2 
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Appendix B.  

In Fig. B1 we show the plane ABC, in which we take axes as 

indicated. 

FIG. BI  

From the plane geometry alone, knowing that 0 is equidistant from 

A and B, we find 

(B1) c i  

(B2) n
2 

V :77  

a2 and X are now determined by 

na2 
 = a 	mg +x2 

(B3)  

whence 

1
12 = (a2-,57)2 	

(yt_0,2)2 	2 +X 
m d  

y  

an
d 
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From (B2) and (B4) we find 

(B6) c
2 

= 
-112 -a

2 
 

y, 12 

247  
The figure is now completely determined, and we are in a position to 

find the projections of the various vectors on to ABC. 

(B7) tc 
y,+12-a2  

(p'-n) 
4y,  

A 	 A 
We only need 1 in the combination x.19 this is easy to calculate, 

since 	.1 = 

(B8) (tS.n 

Finally we need the projection of . This is obtained from the 

supplementary condition 	.0, giving 

(B9)  

(0, 	) 

n2 
.1•1 
2y' (n-p') 

The equations developed now enable us to evaluate the circular 

integrals in eqn.(34). 
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Appendix C.  

In Fig. C1 we show the plane ABC , in which we take axes as 

indicated 

FIG.C1  

The symmetry of the problem tells us that 0 is the circumcentre 

of A ABC. Thus everything exceptx2 can be obtained from the geometry 

of Fig. C1 alone. 

We will express the results in terms of cps with 

4s 
(C1) sinp = 

2md  

The projections of the momentum vectors are 

(C2) q = (02k/s) 

(C3) D = (2macosp, o) 

(C4)  

(C5)  

and 
0) - k - (

2cosp 9  

- 
(mdcos2p 

 0) _ cosp 

D  
4cos2Cp 

Dcos2p  
2cos2p 9 
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while the projections of the polarisation 1i3ovulovectors, obtained from .d 

= El*.d 1  = 0 are 

= 	t 	 
q ) 

9  + 	) 
2mdcosq yc 	4mdcos (

1) 

(c6) 
* 	1 	1 	* 	D 

= 	t • (1(.6 	
r- / 	1.`1( 4m'2cos 	

) 
2mdcos(p as 

Then, forming the various scalar products, we have 

A A 

.k 

* 
k 

Esq. 

4cos cr 
-E

t*
*(2.  

4coslp 

* 

(c8) 
* A 	•q.E 1 •acos2p 

4m
2  
dcos2  qsin2  

We are now able to evaluate the circular integrals of 

Using eqns. (33) we find that 

(84) and (87). 

	

A 	A * A 

	

= P 	.krt 2•T 	 [1. 	

0 	0 7t4f .)-x2Cg' 4%.1\c 

where we have written q q-q for any vector qg 

Thus 
9 	 9 	 * 

.rdig.ke .1cP = -PCP*  E'** 	
+ 	.k) 

27c 

A • * 
+ P 	.k - 

* 	 * A 
+")t-  (E t E.k + 	.k 	) 

The use of oqns. (C5),(C7) and(C8) then yields the xqsult of eqn. (84). 
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Similarly 

1 	* 	* 	, 
(.kV .q 	.1‹.q.) 

27c 

= '1%)v.( 14+ aci -eScE•cl) -leke•cl 2 1 *cq) 

A 	
4;1.1 •(11 X 	•q- µ •q) = / ./iZ14ficresi .q.). ...x2(ciEt 

which gives (87) on using eqns. (C5), (C6) and (C7). 

Finally, we determine )1:by the geometry of Fig. 17, giving 

x2 	
m2 

(C9) 	 m2 	d  
4cos2T 
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Appendix D.  

The geometry of PAM has already been dealt with in Appendix B. 

This gives the values of k1  and k2  quoted in (194). 

The position of D 	is determined from 

(d1_81)2 	(d2 a2)2+ 2  

(D1)  q2 (d1+81)2  + (d2-a2)2  +7,.2 

m2 (a1-c1)2 
	

(d2-c2)2 
+7‘,2  

where we have written c3  = X. 

After some algebra we find 
2 	2 q_ 2m +  

and 

(D2) 2d2n2 	µ + 	) 	 2 	/ 	2. 
m2 

2 
2 / 

A.
2 	

5 -q 	-I- --2- ) 
4M 

We are now in a position to find sI9  and thus a and b. 

Thus 	s' 	= d2  + d2 	(xcos* 3) 2  + x2sin2* 2 

d2 	2 	d2 	 - 2d
3
x cos* 1 

(D4) 
	

b = -2.Xx 

a - 

2 
2m +1.

2  

(D3)  
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012 +d2 -  	_ m2 

x2 + m2  + 2d2a2 - a2  - a2 from (D1) 

	

1 	2 

2 (X2+a2d2) from (B3) 

and 

a 

Hence finally 
(12 

	

1 	
L 	(a2+µ2-y')) 	(yl_a2)(y,_11 24. a2)] 

2 

	

n2 	
'mom

d 
(D5) 
	a= 
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Summary. - The anomalous threshold discontinuities of the deuteron 
form factors are calculated by an extension of Cutkosky's method to 
the spinor case. The form factors are then evaluated in a tail » approx-
imation and substituted into the single photon exchange term for elastic 
e-d scattering. The resulting expression is very similar to the Jankus 
formula, but shows that the usual modification 	eF should more 
correctly be e--)- eFesh(1 — s/4i4)-1. The bare form factors should also 
be multiplied by (1 — s14'14)-1. Small angle scattering is re-analysed 
with the new formula; the changes are largely masked by the experimental 
uncertainties, but result in a small increase in the neutron form factor F. 

Introduction. 

Up to now the neutron form factors have been obtained from elastic e-d 
scattering by means of the Jankus formula (1), modified to allow for nucleons 
with electromagnetic structure (2.4). This « modification », however, is not 
unique, as all we have to go on is the analogy with the Rosenbluth formula, 
which can be written in a number of different ways (5 ), and the static limits, 
which are the same, e.g., for 1 and R„ (6). 

(') The research reported in this document has been sponsored in part by Air 
Force Office of Scientific Research, OAR, through the European Office, Aerospace 
Research, United States Air Force. 

(1) V. Z. JANKUS: Phys. Rev., 102, 1586 (1956). 
(2) J. A. 11:IcINTYHE and S. HIIAR: Phys. Rev., 106, 1074 (1957). 
(3) J. I. FRIEDMAN, H. W. KENDALL and P. A. M. GRAM: Phys. Rev., 120, 992 (1960). 
(1) N. K. GLENDENNING and G. KRAMER: .Phys. Rev. Lett., 7, 471 (1961). 
(5) L. N. HAND, H. G. MILLER and R. WILSON: Phys. Rev. Lett., 8, 110 (1962). 
(6) F. J. ERNST, R. G. Smuts and K. C. \VALI: Phys. Rev., 119, 1105 (1960). 

For a further discussion of F h , P„,a., see K. J. BARNES: Phys. Lett., 1, 166 (1962). 

CV 
CI 



2 	 DISPERSION THEORY OF THE DEUTERON FORM FACTOR ETC. 	 [791] 

The first step in a completely relativistic approach has been made by 
GLASER, and JAKke (7 ), who derive the differential cross-section for the elastic 
scattering in the single photon exchange (SPE) approximation; this involves 
three deuteron form factors Fa , Fa , Go  (or equivalently F,, 	3). To 
complete this work we need to know the covariant expressions for these form 
factors in terms of those of the nucleons. 

In the present paper we are able to go some way towards this; we calcu-
late the contributions to the absorptive parts of the deuteron form factors 
from the lowest anomalous threshold, using the method of Cutkosky (8 ), ex-
tended slightly to include spin (Section 2). The calculation is the relativistic 
counterpart of simply using the tail of the deuteron wave function. 

Then we evaluate the form factors to the order required by the SPE term 
and substitute them therein (Section 3). In this way we obtain a modified 
Jankus formula, which differs from the usual one, and shows the more funda-
mental significance of FCh.  

In Section 4 we apply the formula to the results of GLENDENNTNG and 
KRAMER (4 ) and find a small increase in Fni , which lends further weight to 
these authors' speculation that 	could be zero up to about q= 3F-1  (remem- 
bering that F19'(0) is very small (9 )). The disagreement with inelastic scattering 
still of course remains. 

Notation. - As in ( 10 ), except that we use covariant normalization 

<ki  ki,>27( 6( -"(7‘ — n4)27t (5(+)(k7 — m21 ) = (2704 64(k, — k ri )27r 	(kt2  — .m7)6i7 

and normalize F, by F2(0)— r (in units ei2m). 

1. - The SPE formula. 

With D = di d, q= d'— d we write the deuteron form factor as (11) 

(1) 	Fit, = <di Ij p(0) I  d> = e{— F,.,(q2 )$'* • .11)1,— F2 ,(q2 )(epei* • q— e 4' • q) 

F3 d(q2 )D„$'*  • (le • grim2d1 • 

(7) V. GLASER and B. JAKgia: Nuovo Cimento, 5, 1197 (1957). 
(8) R. E. CUTKOSKY : (a) „fount. Math. Phys., 1, 429 (1960); (b) Proc. of the 1961 

Ann. Int. Conf. on High-Energy Physics at Rochester, p. 236. 
(9) See e.g. ref. (10 ), p. 22. 

(10) S. D. DRELL and F. ZACHARIASEN : Electromagnetic Structure of Nucleons 
(London, 1962) 

(11) L. DURAND III: Phys. Rev., 123, 1393 (1961). The different appearance of (1) 
is of course due to the different metric. 
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The static limits are (12) 

Fid(0) = 1  , 

(2) 	 1+'24(0) 	,a„ 	in units e/2/0,, , 

/73,(0) = 2 Q 	2(u.,— 1) , Q in units elm:1 

Then the single photon exchange approximation gives (cf. (7 )) 

1 
(3) 	dQ1  = dq,  3 (P14)2 

\ (12 	

2m2d  

2 	2 	 Jo, 	 2  2 	) — 	 r id- 3d 	(1—  2m5 	3 	m2,  

 

2  
±

3 
-
1 

fil,d _v 	_1 	
q
m1 
	2 

 (F2,)2  
4m,; 
q2 	+ 2 tg2 	 sec F//) — m5  

3 
. 	1 	q' 

— -1P2d-F3c1 	(F3(1)- 
0  

3  M44   

where we have written F3, = Io3d(1 — q2//m,1). In the notation of Glaser and 
Jaksic -= — q2/4m,2,. 

That this formula Must have the form 

dQ1 = dqoP(q2 ) B(q2 ) tg2 2-0) 

is probably well known; it can easily be shown in a similar fashion to a proof 
of Go-13E4)1N (13 ) for the inelastic scattering. The formula of BLANKENBECLER (14) 
does not appear to have this feature. 

We shall only require (3) to order q2 ; to this order it reads 

(4) 	dQ1 = dqo  IlFid 	
2 	q' 

(2F30 + F14 F243)1
2 2  q2 

(F2,1)2  (1 + 2  tg2 -119) } • 3 4md 	 3 4m,1 

It is already clear that unless it is contained in 1114  there is to this order no 
interference term between the anomalous magnetic moment- and charge-scat-
tering, in contrast to (14), since the static limit of Ii7„-H1''id— F20 is simply Q. 

(12) In  ref.  (7 ) the contribution to £34(0) from the deuteron's anomalous magnetic 
moment is omitted, while in ref. (11) the units should involve the deuteron mass rather 
than the nucleon mass and the Q refers to a quadrupole operator r2P2(cos /9) rather 
that the more usual 2r2P2(cos 0). The static values are obtained by evaluating the 0 
and i components of (1) in the brick-wall frame d= (E, — 	(d =E, lip. The author 
is very grateful to Loyal Durand for help on this point. 

(13) M. GOURDIN: .,Vuovo Cimento, 21, 1094 (1961). 
(14) R. BLANKENBECLEE: (unpublished) discussed in ref. (3) and by R. HOFSTADTER: 

Ann. Rev. Nucl. Sci., 7, 259 (1957). 
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2. - Absorptive parts of F„ from lowest anomalous threshold. 

2'1. - The Cutkosky graph (") for the lowest anomalous threshold is shown 
n Fig. 1 and the corresponding dual diagram in Fig. 2. 

Fig. 1. - The reduced diagram for the 
lowest anomalous threshold of the deu- 

teron form factor. 
Fig. 2. - The dual diagram correspond-

ing to Fig. 1. 

The vertices occurring in Fig. 1 are as follows: 

<P' I i ps  (0) IP> = e ii(P' )(FT y1, + ia1„q,F:12m)11(P) 1 

= e ft(p1 )(F„,s  ag yi ,-- P m .F12m)11(p) , 

with static values 

(6) 	1'19(0) = 1 , 	/q(0) = 	 in units e/2m 

(the superscript S means «isotopic scalar s). 
The relation between .F1,2 and 1 -0 	is 

(5 ) 
P 	P +Pi  

F 	= 	q2/4m2  • -F12 	Fmag = ± F2 

<k I f(0) I d> = — 	• y Go e • k) v(k) 	on the mass shell, 

F0Om\ (1 + e/A/2) 
?//,) 	(1 + ey- 	' 

=± 	 + V2)-1 ) , 
ma  a2

1 3em 

where 11T = (24(1— are ))}. 

(15 ) R. BLANKENBECLER, M. L. GOLDBERGER and F. R. HALPERN : Nita Phys.,  
12, 629 (1959). 

(9 ) 



[794] 	 11. F. JONES 	 5 

The absorptive part may be found by the standard contraction procedures, 
and proceeds very similarly to ('s). 

We will not go through this, however, as the answer can be written down 
almost immediately by inspection of Fig. :1.; it reads (cf. (')): 

2n 
1 1 1 

(10) 	'MT  Fcd(S) — 
2 

• 
16A 27( 

1.4 • 
0 

• Tr [(FL.g y„ — P „ .F112 m) (7 • p+ m)(F oy • $ Go$ • k)(y • k — m) • 

• (F0 y • $1* 	G0 	1i)(y • p' 	.111)] 

where A is the area of ABC, and the superscript T  on InIT  means the 
contribution from Fig. 1, corresponding to the tail of the deuteron wave 
function. With our metric s = q2. 

2.2. The circular integration. - In the scalar case the integration over 
is trivial: in the present case we have to take it seriously. 

We write every vector q as g+h, where it is the vector OP and q is the 
projection of q on to the plane ABC, and then make use of the formulae 

I 1 
	1 

dlph„ = —
27t

. I dqpit„ho lo, = 0 etc. , 

1 	 1 
I 

2 
1(11p 	= .1 , 	-,--- dvh„ h o  = 

2
1
- K 2(g„,,— ep,,) , .7r 	 ) I --qr 

where K is the radius of the [4] circle on which P moves. 
From the geometry we readily see that 

(12) K2  = M2  — m2,/(4 cost q))(rx2 -8/16) sect q, . 

Having performed the integrations (11), we will have expressions involving 
4-vectors q and also their projections q. These latter can be expressed in terms 
of 4-vectors—for momenta it is easy, while for $, $' we have 

(13)  
= e• q + s 

(I N 
s 

4 -»4 cos'. 

D 
4»ti cos2 T 

(19 R. -BLANKENBECI,EIL and Y. NAMBU: Suovo Ciinento, 18, 595 (1960). 
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obtained from 

(14) 	 • d = el * • d' = 0 . 

We find cp an extremely convenient variable and will express most of our 
results in terms of it (sin IT = Vs12md ). 

A very similar method can be applied to the anomalous threshold for the 
np-d vertex, eq. (8), reproducing the results of (17 ) for Im F2 and Im G2  very 
simply. 

2.3. The absorptive parts. — The traces involving 11 are found to be 

(15) 	(clip F6'  {M.e" • e D „ (i0 — 	cos 299 + • get* • q:D p  cos 2(p cos2(p 
+ 8e • ke'* • k 	cos' 99] — 

— fil ag [et* • eD,(14 cos 2(p + 	c2mg(E,''' • q — 	• q) 4- 8e' k 	• cos' (p]} , 

in which we have already performed the integrals involving 1, h 
integration remaining is 

. The only v 

1 	 K2 
(16) 7t fdyve • kef* • k P„,=

.10 cos 2(p 
e'* • eli„ -4-• 	 (e et* • q— e'',;$ • q) — 

2 4 cost T 	' 4 cos ,  (7) " 

D, e • qr • q [  cos 299 + 2K2 (cos2 2T _L 	1 

8 cos' 99 	(2 cost 9;)2 n4.' \ sin2  299 	2 cost q) 

Expressing (15) in terms of Fsi  and .111',6„a  and sorting out the contributions 
to the various F„ we get: 

Fa 
=- 

32A 	cos2T 
tn(ml 	?-,,s+ 2 K 2) cos 2cp Fl ag s cos , 	, 

IniT F2,1 = K , 	21)41-(taj , 32A cost 9.2 - 
(17) 

F,,, 
mi 

 

11;1; 

 

P "0  32A cost 9 

    

1 	)1+ _nag cos 29, . • I— /f, cos 299 
(2 cost Cr 2 	'm3 sin2  299 	2 eos2 (p 

(17 ) R. BLANKENBECLER and L. F. COOK jr.: Phys. Rev., 119, 1745 (1960). 

f cos 2(p 	2K2  cost 297 
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The traces involving E.G. are found to be 

(18)
2 	2 

2-7T  f 	— 	1
,I nt.($ • k * • q—$ • k$ • q) P„-÷ (8m"— 	• k r • kP„ 

mIta, 
COS-,  9% 2 	"< 	•q —  • q 	e • q) f  it,e • gel* • q 16e• k $1* • k P„ cos2 d . 

The y integrations still to be performed are (16) and 

(19) 	1 fdy)  ( . 7,•,1* • q - $r* • 	• q) P„ 	— K2 (&,,, $1 * u _ 	q) 

D
1' 	

$ • q $1* • q (cos 292 
± 

2K-)  
• + • 	4 cos` y 	COS' q 	2  

From (18), (19) and (16) we get the contributions to the Fi„. We will be 
content with Im Fid, Im Fad  to 1st order (in q2  and cc2) and 1m F3, to zeroth 
order. In this approximation 

FG0  
- 32A eos299 

4mK2 cos 2y , 
Folio  

ImT  Fed 

(20) 

and 

ImT Fad 

FO G. 	• m(4K'+ -1.$) • Fs., , 
Foao - 32A cos2 y 

2m 	 9)  
1 	2K 2  cos' 2 	. 

poo  - 32A cos' 99 	m,21  sin'  2y)1f1"-  

We will also quote the result of the traces involving Go : 

(21) 	—fdy • 2G-';''e • k r • k [(1x2  — J2- s)P,,11— (4a2P, — sk,)F,11,1 , 
27c 

but will neglect these, as their contributions to the absorptive parts are all 
one order smaller than those of (20). 

Finally we collect together the contributions to the absorptive parts from 
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(17) and (20), using the values of F., G. given in (9). The result is 

7072  sec2  92 
'MT  Fla  ----     11,4  me, 0052 299 + Fina  8 cos' ry) — 

2mma1/ (1•— 814m1) 

— A/2 	
(6m'-K2 

x2 

'MT  F25 = 	:
--
11\7-2  set-'2-  	 2K211 	(2mcl — — 2K2 ) — (22) 	 2mmdA/8(1-8/4mg) 

— A/2 ell, (3m2  
2K2  fs 

2m,)} 

  

1 	 7c=2.1T 2 sec2 	1 pg+ Fs  +3v2tal  m2  (1 2K:'\ F„-= 
2mindVs(1— s/4 -ml) 	2 I 	ma' 	

oc2 	)1 • 

3. — Dispersion integrals. 

3.71. The « bare » form factor and the 8-wave contribution. — If all the spinor 
factors are omitted and the nucleon assumed to have no electromagnetic struc-
ture, the result corresponding to eq. (22) is simply (8.16 ) 

1 	aN 2  (23) ImT  Fd — 32A -a —  	 ' 1/5 (1— s14m2) 

which corresponds to 

(24) P1,;(x) — 
N 	—1 
	  tg--1

1p  
	 74 8= — 4x2 , 

and  x1/(1 + 	
,
X cot 

x 2 ) 	(1 + x2 ) 0././ 

on doing the dispersion integral. 
In what follows we will ignore the contribution from the upper limit 0, 

which is 7r/6 if we take the integration up to the normal two-nucleon thresh- 
old s= 4m2. 

The corresponding results in potential theory are ( 18) 

(25)  
1V-27r ImT f = — , 

(18 ) See ref. (16) ) and also: A. MARTIN: Lecture notes from 1961 summer school 
in Yugoslavia (CERN 1775 Th/195). 
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giving 

(26) 	g(x)
_37-2 

ss 
	s  

tg-" =I exp[— 2ocr]jo  ( 2- qr) dr . 
2 	 1. 

0 

With neglect of P  the absorptive parts in (22) are of the form 

= ImT E,„ .10 A (P,., FL) 

and we will adopt the point of view that the same relation should hold with 
out the superscript T. This is what we call the <c tail » approximation. 

Then, with neglect of s nonadditive parts 0 (8b ), we may write 

= d A(Fi , FL) . 

This procedure gives (19) 

Fd 
Fid = 	 411 

COS' 99 

s 2K2  2K2  
-F2d 	d 1(  cos- 	4m,21  m2i) FL+ 

Fad 
=IP 	-  ma,z 	F11 I 

COS-  rp 	2 

which reproduces the correct static limits (2) (9 would be zero for e  = 0). 

3'2. The D-wave contribution. - We regard the extra factors accompanying 
e as belonging to the bare form factor and integrate accordingly. 

m2(1 2K2  i) Thus for 	we have to integrate Im'rFd(s)•3,e2V2.— - — 
I( 

a' 4 
 

In view of (12) this mean that we have to integrate (och ImTF5(s). This 
is quite simple as it is like a subtraction in (24), and yields 

1 r 	ds' 	
.P do') = 	
 oc  2 	_y2 

	t 	
x ctg99 

 	ImT 	 2   g -1 	 (28) 
.;-r s'— s s' 	 4md x2  and  xV(1 	x2 ) 	1(1 	x2) 

 

a2 _y2 
• — 'v2 ctg2 4nigx 2  and 	3 	aim 

48 
—
1 

F'S(w) , 

neglecting the contribution from the upper limit. 

 

   

(10 ) We do not regard the factor 2ntlat, as significant here, as it is neglected in 
several places in the derivation of eq. (9) (ref. (15 )). 

O 
eft 

CO 

(27) 
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Thus the 2 contribution to FL is 

= 	• 30, 	• '1i! 1-3  — 1 	7 
`8e 	 a2  	24) 

e-V2 • 112 • FT  ce 2 	d  

Taking static limits we get 

(30) 	 _n1(0) --. 	 • — • 
m2 3T2 	2 (1 eAT 2  

0:2 	2a 	nid 
2 V8 a') 

2, -V2  

 

1 _ 
QT 17y-, 2 

since the contribution to 9 from the tail of the deuteron wave function is (20) 

(31) 
eS2 

 

A/8 a3  

Thus (30) completes the correct static limit for 113,. 

ii) Now let us consider the 2 contribution to the imaginary part of 
Fid --1(s/mDF3d , which we see we require from (4). It is 

I s [
6, • .1f 2  Im 	— --,Im Fad = 	I'd • A/2 9 	n22 , — 3 md 	 mrt 	cc- 

,==. 0 to this order . 

m2( s 

—
a 2 — 2K2)] 

This result enables us to determine to what an imaginary part of s in the 
bare form factor corresponds. (This can not be done as in (28), (29) for a2/s, 
as in this case the contribution from the upper limit is the more important.) 
We do it by requiring that 

s 
3 ml Fid  — — Fad 

where .F3,12  is determined from (29). 
Let us write 

(33) 1 f  ds1  Rs') MIT Fd(s`) = <f(s)>FI(x) . 
:7 	8 — 8 

(20) See, e. g. H. A. BETHE and P. MORRISON : Elementary Nuclear Theory (New 
York, 195(1). 

(29) 

(32) = 0 , 
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Then (32) gives 

i.e. 

(34) <.K 2> = 

'0 

- 3 
2 1 

(3 <1(>  — 

	

2 	a2  

	

— 	s 
18 

+1  
1 	3  

or 

8 	= 0 , 

1 0 

 +15 	' 

21/2 x2  

1 	1 
<s> = 

iii) We can now consider then contribution to R„. 

From (22) 

 

IlinT F d , 	 3 nt 2  
= — 	• V 2 (— 	--s) F 

nt  ,2, 	 8 062 TII1T  F2c1 

So, applying (34), 

 

.rq s 	_ In 2  s . 
Ina  

	

= — 	• A/2 — • 3—  7  cx2  

1 

	

— 	± 	)QT  s 7  

from (24) and (31). 
Now with neglect of w2  the magnetic scattering term in the Jankus for-

mula is, cf. (1), 

(36) 2
• 1  • 9 	• 2 q2  (2 tg2  -

1 
0 + 1

) 
(p„ bi„) 2  (2fu 	qt) dr -\/ f ,y,(—  qr)dry 

3 4n4 	2 	 9 

The second integral here is 

1 
A/2fitzvj2  (-12 

 qr) dr L7-2 — -6 
 Q q2  

which corresponds very closely to (35). 

3.3. - Finally, combining (27), (32), (35) with eq. (4) we get our main result: 

(37) 	1191 = dqo {1 j_d ( :774m)2 	4q11.11  G:1 	2 tg2 	(FL 2  , 

to order q2. 11, and G, are the relativistic generalizations of the bare charge 
and magnetic moment form factors respectively occurring in the Jankus for-
mula. 

(35) 
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Comparison of (24) and (26) suggests that 

(38) ta  Fd  -̀7"--' 1 - s/474 

and similarly for Gd . 
The occurrence of Ils„/(1-,9/4m,2 ) in place of the more usual Fs, in eq. (37) 

is not really surprising in view of the results of ( 6 ), where it is shown that it 
is Feh  and not F1  which measures the interaction with the electrostatic field. 
Also it is well known that the Rosenbluth formula takes on a simpler form 
when expressed in terms of F„ and Frnag  (5 ). 

The factor 1- s/4m,2  is, among other things, the ratio - q 21q 2  where 
is the 3-momentum transfer in the laboratory system. 

One would perhaps expect the magnetic scattering term, which to zeroth 
order contains Frnsa„ to contain Frnsag/(1-44m2d ) to first order. From (27) this 
does not appear to be the case, and in fact to first order we are unable to give 
any simple expression. 

4. - In view of the remarks at the end of the last section we can offer no 
new interpretation of the results of ref. (3); the corrections will in any case 
be small. 

For small angle scattering, however, we take eq. (37) seriously and use 
it to reinterpret the results of ref. (4 ). In principle the difference between Fe, 
and 11, should be very important for the neutron, since F;(0) = 0, but in fact 
this tends to be swamped by the experimental uncertainties. 

Equation (37) implies that the last column of Table I of ref. (4 ) is not really 

FABLE I. - The relevant parts of Table I of ref. ( 4) together with the correction term of (40) 

q (F-1) F li'.  exp 1.52 riFi' 
lower 	upper 

0.99 0.901 - 0.120 - 0.024 0.004 
1.07 0.889 --- 0.100 0.001 0.004 
1.36 0.839 --- 0.060 0.058 0.006 
1.51 0.809 -- 0.093 	0.015 0.008 
1.79 0.748 - 0.110 	0.003 0.010 
1.99 0.706 - 0.132 - 0.021 0.012 
2.22 0.658 - 0.048 0.086 0.014 
2.41 0.619 - 0.130 -0.019 0.015 
2.61 0.578 - 0.111 0.020 0.016 
2.82 0.538 - 0.125 - 0.001 0.018 
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, but 

(39) z 	/11, 
(1— s/ 410)2  

(The extra factor of (1 —2/4m2a )-1  comes from (38)•) 
Thus to order ?I, with n = — q2/47/ad, 

z= 4.1  — 	47IF: , 

bilq(u p  

= z 	1.52111'1'. 

From this table we see that the effect of (40) is to increase _Fin slightly, though 
it still retains a small negative bias. 

5. - Discussion. 

We would like here to comment on the « tail » approximation of Section 3'1. 
This seems to us the most reasonable (and simplest!) way of including the 
effect of the higher thresholds. An attempt to calculate the higher anomalous 
thresholds directly, besides involving one in a prohibitive amount of spinology, 
also involves one in the rather unsatisfactory business of taking pole terms ("). 
The 37r cut is largely taken into account via the nucleon form factors; the rest 
is the « nonadditive » part of ( 81 ). 

I would like to thank Mr. C. LOVELACE for suggesting the problem and 
Dr. T. W. B. KIBBLE for many helpful discussions. I am also grateful to 
D.S.I.R. for a maintenance grant. 

RIASSUNTO (*) 

Con una estensione del metodo di Cutkosky al caso spinoriale, si calcolano le discon-
amnia di soglia anomale dei fattori di forma del deutone. Si valutano poi i fattori di 
forma in una approssimazione ce a coda 4 e si sostituiscono nel termine di scambio di 
un solo fotone dello scattering elastico e-d. L'espressione risultante c molto simile ally 
formula di Jankus, ma rnostra the la sostituzione usuale e ---> e .11 dovrebbe essere pitt 
correttamente 	eFesh(1-44ntd )-1. I nudi fattori di forma dovrebbero anche essere 
moltiplicati per (1—s/4n/d )-I. Si riesamina con la nuova formula lo scattering a piccolo 
angolo; i cambiamenti sono abbondantemente nascosti dalle incertezze sperimentali, 
ma producono un piccolo ailment° del fattore di forma F„1  del neutrone. 

(*) 	T rad a,--ione a ea ra (Mtn Hedrrzione. 

-e4 

(40)  
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The relation between F d  and fd is not as simple as stated in this paper. Equa-
tion (38) is true only for x < alm, or q < 0.5 F-1. For x >> alm the relation is 

1/(1—
fd  

s/414) 

and eq. (40) should be replaced by 

Y1= z ± 1.02 	. 

The corrected values for the last column of Table I are 

3, 3, 5, 6, 7, 8.5, 10, 11, 12, 13 (•10-3) . 

We would like to take this opportunity to remark that Gourdin's diagonal-
ization (1) of (3) as 

2 q2 	 1 ) 	1 q4  21 dQ, = 	 (F„,02  (1 + 2 tg2 - 	— F Q r  
3 4ind 	 2 	18 md  

with 

q2 
F Ch = rid- 6m2d  Q  

2F3d Fld --F2d 

now enables us to extend (37) to include the quadrupole term. 

(,) M. GounnIN: Orsay preprint Th 21/7, submitted to Nuovo Cirnento. 
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