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Abstract

Many features of Bloch oscillations in one-dimensional quantum lattices with a static force can be
described by quasiclassical considerations for example by means of the acceleration theorem, at least
for Hermitian systems. Here the quasiclassical approach is extended to non-Hermitian lattices, which
are of increasing interest. The analysis is based on a generalised non-Hermitian phase space dynamics
developed recently. Applications to a single-band tight-binding system demonstrate that many
features of the quantum dynamics can be understood from this classical description qualitatively and
even quantitatively. Two non-Hermitian and PT-symmetric examples are studied, a Hatano—Nelson
lattice with real coupling constants and a system with purely imaginary couplings, both for initially
localised states in space or in momentum. It is shown that the time-evolution of the norm of the wave
packet and the expectation values of position and momentum can be described in a classical picture.

1. Introduction

Non-Hermitian quantum mechanics has in recent years generated substantial amounts of research interest. In
particular the realisation of PT-symmetric quantum dynamics in the context of optics [ 1-3] has opened up a
whole new field of investigations. In this context, periodic potentials play an important role and have been
studied extensively in the literature [4—10]. One of the most striking features of unitary quantum dynamics in
periodic potentials is the phenomenon of Bloch oscillations [11-13]. If a static force is applied to a periodic
lattice, instead of being transported in the direction of the force, quantum particles perform the famous Bloch
oscillations, which have been observed in a variety of experimental systems reaching from semiconductor
superlattices to optical waveguide structures [ 14—18]. Recently the effect of static forces and the modification of
Bloch oscillations in PT-symmetric and more general non-Hermitian lattices has been investigated both
theoretically and experimentally [6, 9, 19, 20].

Interestingly, in the unitary case, despite their counterintiuitive nature, Bloch oscillations can be understood
on the basis of a simple quasiclassical argument building on Hamilton’s equations of motion. Many features of
the exact quantum dynamics can be qualitatively recovered from such a quasiclassical description. The dynamics
of the classical counterpart of non-Hermitian quantum systems, however, is more subtle. It has been recently
argued in [9] that a quasiclassical description of Bloch oscillations in the non-Hermitian case is of little use. Here,
however, we show that the classical dynamics recently developed in [21-24] as a counterpart of non-Hermitian
quantum dynamics, is capable of describing the main features of Bloch oscillations as well in the non-Hermitian
case, as long as only a single Bloch band is involved in the dynamics (a constraint that also holds in the
Hermitian case).

The paper is organised as follows: we first introduce the model system studied here, a non-Hermitian single-
band tight-binding Hamiltonian, and summarise some of the important properties of the quantum description.
We then review the quasiclassical description of Bloch oscillations in the Hermitian case, and the equations of
motion arising as a semiclassical limit of quantum dynamics generated by non-Hermitian Hamiltonians. Finally
we study two example systems in detail, a Hatano—Nelson lattice with real coupling constants and a system with

©2016 IOP Publishing Ltd and Deutsche Physikalische Gesellschaft
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purely imaginary couplings. It is shown how basic features of the dynamics can be understood from the
quasiclassical description both for initially localised states in space or in momentum.

2. A non-Hermitian single-band tight-binding Hamiltonian

Here we study a non-Hermitian extension of a single-band tight-binding system with Hamiltonian

+00
H= Zg1|n><n + 1| + gln + 1) (n| + 2Fn|n) (n|, 1

n=—0oQ

with an orthogonal basis |n) (for example the Wannier states of a periodic potential). The parameters g; and g,
describe the hopping between neighbouring sites and 2F is the static force. Here we restrict the discussion to real
force parameters F € R. For gf’< = g, the system is Hermitian, and performs Bloch oscillations (see, e.g., [13]
and references therein for more information). In what follows we shall use units with Z = 1, and confine
ourselves to time-independent parameters. While in the following we adopt the language of quantum
mechanics, the Hamiltonian (1) can be realised in an optical setup using waveguides or fibre loops (see [9, 10]
and references therein).

Let us start by reviewing some elementary properties of the system described by the Hamiltonian (1) based
on the well-known results for the Hermitian case (see, e.g., [13] and references given there). It is convenient to
define the operators

K= >ln) (n + 1], K= >In+ 1)(n|, and N = > “n|n) (n] 2)

n

with N* = N. The operators K and K "are unitary and act on the |n) states as ladder or shift operators, i.e.,
Kln) = |n — 1), I%Tln> =|n+1). 3)
The operators (2) satisfy the commutation relations

[K,N1=k, [K,N1=-K', [K,K7=0, (4)

and form a Lie algebra denoted as the shift operator algebra [25, 26]. The Hamiltonian (1) written in terms of the
operators (2) reads

N A

H=gR + gk + 2FN. (5)

Itis often convenient to introduce the quasi-momentum operator & defined via
K = e, (6)
as the conjugate observable of the discrete position operator N . They fulfil the canonical commutation relation
[N, A] = i. 7)
In these operators the Hamiltonian can be written as
H = E(&) + 2FN, (8)
where
E(R) = ge'* + ge i* 9)
is the dispersion relation for the field free case F = 0. In what follows it is convenient to decompose the
Hamiltonian into Hermitian and anti-Hermitian partsas H = Hg — iHj, with
Hy = Re g,cos(R) — Im g_sin (&) + 2FN, (10)
H = —-Im g, cos(k) — Re g_sin(R), (11)

where we have defined g, = g =+ g,.Itis straightforward to verify that for real values of g; , the Hamiltonian is
PT-symmetric, i.e., invariant under the PT-transformation K — —#,1 — —i,and N — N ®. The Hamiltonian
is in fact PT-symmetric under the more general transformation K — 0—kx,1 — —i, N — N, whenever the two
complex parameters g; , have the same phase 6.

3 . - . . .
Note that this non-standard PT-symmetry can be brought to the more familiar form by first introducing the canonical
transformation K — —N, N — k.
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The Bloch waves

el |n) (12)

are eigenstates of K and K " with

Rlk) = ef|r), K'|r) = e7i¥|x), (13)

where k is the quasimomentum. They are orthogonal and normalised to 27-periodic delta-comb functions as

1 (ke
(k|K") = —Zem(’” M = 8, (K — K). (14)
2m 7,
The matrix elements of the position operator in the Bloch basis are given by
(kINIK') = —i8h, (K — k) = 16 (K — n)j—. (15)
K
Therefore, the Hamiltonian is diagonal in the quasimomentum representation, (x|H|x') = H (k)8 (k' — k) with
H(k) = glei” +g2e*i" + iZFdi. (16)
K

For time-independent parameters, the eigenstates of this Hamiltonian for periodic boundary conditions
U(0) = P(2m)are

; in_ 8 i
U, (k) o e imrtapet g e (17)
with eigenvalues
En=2Fm, m=0,+1,+2, ... (18)

It should be noted that these eigenvalues are the same as for the Hermitian case, they are real valued, equidistant
and independent of the coefficients g;as has already been observed in [9]. Due to the equidistance of the
eigenvalues the quantum dynamics is necessarily periodic with Bloch period Ty = 7/F. Nevertheless the
dynamics is influenced by the non-Hermiticity in a nontrivial manner, due to the modification of eigenstates
(17), and in particular due to the fact that they are not orthogonal in general.

3. Quantum dynamics and quasiclassical description

In terms of the coefficients ¢, of the wave function in the basis |n) the time-dependent Schrédinger equation
reads

.d
1 ﬁ =gcn+1+ &l + 2Fnc,, (19)

which can of course be solved numerically. In the Hermitian case (i.e., g, = gl*), the time-evolution can be
obtained analytically using algebraic techniques [13]. We note that these techniques can be extended to the non-
Hermitian case, and analytic results for the time-evolution can be obtained. Here, however, we focus on the
quasiclassical description of the dynamics.

In the Hermitian case the Heisenberg equations of motion for the expectation values of the quasimomentum
and discrete position operators are given by

d i~ e

E<H>7 2F and (20)
d o [OE®)

dt<N>_< ok > 1)

where E (%) is the field free dispersion relation (9). The equation of motion for (%) is trivially integrated to yield a
linearly changing quasimomentum, (&) (t) = —2Ft + (&) (0), aresult known as the acceleration theorem [27].

;) to

In the spirit of Ehrenfest’s theorem one can replace the (real valued) expectation value < OF (K) > with E{;i:

obtain the quasiclassical equations of motion given by Hamilton’s equations of motion

(22)
0q op op

where we have introduced the classical momentum and position variables p and g as the expectation values of &
and N respectively, and with the classical Hamiltonian function

3
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H= gleiP + gze_ip + 2Fgq, (23)
with g, = gl*. The equation for the position variable is integrated to yield
E(py)) — E(p(1))

2F ’

with p(t) = p, — 2Ft, where p, = p(0) and equivalently for 4. That is, the position variable maps out the
periodic dispersion relation over time—which is the quasiclassical explanation of the phenomenon of Bloch
oscillations [9, 13, 28].

q(t) = q, + (29)

In the non-Hermitian case, the equation of motion for expectation values (A) = % ismodifiedina
non-trivial way to [21, 29, 30] |
,od e PN PN A A
155<A> = ([A, Hrl) — i(([A, Hil) — 2(A) (H)). (25)

That is, the dynamical equations for observables depend on the covariances with the anti-Hermitian part of the
Hamiltonian. In [9] it has been argued that the resulting dynamics for the variables p and g are of little use for the
understanding of the dynamics in the non-Hermitian case. In the following we shall show, however, that while it
may indeed be difficult to proceed directly from equation (25) for position and momentum, the semiclassical
limit of the quantum dynamics generated by non-Hermitian Hamiltonians, as derived in [22] is capable of
accurately describing basic features of the quantum dynamics.

Using a Gaussian wavepacket approximation in the spirit of Heller [31], it has been shown that the classical
dynamics associated to a non-Hermitian Hamiltonian H = Hy — iH;, depending on the real valued canonical
coordinates p, qare given by [22, 23]

. OHg OH; OH;
== _y == - == 26
p 04 pp ap Pq 4 (26)
_ OHg > OH; OH; 27)

) p Pq 9 p Lol 8q >
where X is a real symmetric matrix, proportional to the covariance matrix, that is, it encodes the (co)variances of
position and momentum according to

2 2 2
Spp = —(Ap)% Xy =(Ag?  and Xy =g = Ay, (28)
/2 7z 72
where the determinant of ¥ is one. Note that we have included the 7 here for clarity, while we shall continue to
use rescaled units with /2 = 11in the following. The covariances are also time-dependent, following the classical
dynamical equations

Y = QHRY — SHYQ — QH/Q — SH/'S, (29)

0= (? _01), (30)

and Hy, and H{' denote the matrices of second phase-space derivatives of Hg and H; respectively. The most
striking difference to standard Hamiltonian dynamics is the dissipative term in the equations of motion for the
canonical variables that couples to the dynamics of the width parameters. In addition we have a classical
approximation for the time evolution of the squared norm (or the total power, in the context of optics)

P = (¢|)) of the wave packet given by

where (2 is the standard symplectic matrix

P= 7(2HI - %Tr(QHI”QZ*I))P. (31)

Note that we constrain the discussion to one-dimensional systems here, and use the scaled covariance matrix
instead of its inverse G thatis used in [22, 23].
In the present case for general parameter values we have

Hr = Re g, cosp — Im g sin p + 2Fg, (32)
Hp = —Im g cosp — Re g_sin p. (33)

Thus, most of the elements of the Hessian matrices Hj', are zero, and we find the relatively compact classical
equations of motion

p = —2F — (Im g sin p — Re g cos p)%,, (34)
g= —Reg,sinp —Img cosp — (Img, sinp — Reg cos p)¥,, (35)

4
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pr = —(Im g, cosp + Re g sin p)le,P, (36)

qu = (—Reg,cosp + Img sinp — (Im g, cos p + Re g_sin p)35;) 3y, 37)
qu = —2(Reg, cos p — Im g_sin p)3p; + (Im g, cosp + Re g_sin p)(1 — Ef,q), (38)
P = (Img, cosp + Reg sinp) (2 - %EPP)P, (39)

where again we have used the notation g, = g £ g,.

The classical dynamics are expected to be a good approximation of the quantum dynamics as long as the
width in momentum space (described by X,,,) stays small, since the Hamiltonian is anharmonic in momentum.
Itis interesting to note that indeed if 33, is negligible initially, according to equation (36) it will stay negligible
during the time evolution. In this case we can perform a further approximation, by setting ¥, to zero in the
equations of motion, from which it follows that 3, stays constant. Thus, we find the approximate dynamics for
narrow momentum wave packets given by

p = —2F, (40)

g=—Reg sinp —Img cosp — (Im g, sinp — Re g_cos p)X,, (41)

qu = —2(Re g, cos p — Im g_sin p)3y; + (Im g, cos p + Re g_sin p)(1 — Z;q), (42)
P= 2(Im g.cos p + Re g_sin p)P. (43)

In this approximation the acceleration theorem still holds and the momentum changes linearly with time
according to

p(t) = p, — 2Ft. (44)
The dynamical equation for the position can be rewritten as

. ORe(E(p)) , OIm (E(p))
q= +
op op

where E(p) is the field-free dispersion relation given by

E(p) = ge? + ge P
=Reg cosp — Img_sinp + i(Im g, cos p + Re g_sin p), (46)

qu > (45)

and where the covariance 3, stays constant in time. That is, for vanishing covariance the motion in space
follows the real part of the field-free dispersion relation, similar to the Hermitian case, as has been observed in
[9]. For non-vanishing covariance of p and g, however, the imaginary part of the dispersion relation also
contributes to the dynamics. In general the time dependence of the position for narrow momentum wave

packets is given by
q(6) = gy — T (cos (1) — cos py) + T (sin p(r) — sin py), (47)
and the squared norm evolves as
P(t) = exp (7 ImFg+ (sin p(t) — sinp,) — Re%(cos p(t) — cos po))Po. (48)

For initial states with small but non zero width in momentum, the classical dynamics is modified from this
simple picture. Note that the classical equations in general do not lead to periodic motions in space, in contrast
to the full quantum dynamics.

It may at first seem impossible to use the quasiclassical description for wave packets that are narrow in
position space, since a small value of 3, implies a large value of ¥, due to the uncertainty relation. However,
we can decompose a narrow wave packet in position space into wave packets that are narrow in momentum
space and broad in position. In particular, we can interpret the Fourier transform of a narrow wave packet in
position space as a superposition of plane waves, which we can then approximate by a classical ensemble of plane
waves with the appropriate momentum distribution. Each of these plane waves is an extreme case of a Gaussian
wave packet with ¥, = 0 centredatq = 0 and arbitrary p. Following this argument each of the individual
ensemble trajectories evolves in time according to equations (40)—(42). They must be weighted with their
respective squared norm which evolves according to equation (43). That is, we replace the weighted average of a
variable A for a state localised initially in position g, denoted by (A)@, by the integral over the weighted average
of states localised initially in momentum, denoted by (A)?), that s

2
p(q)<A>(q) = i]; dp p(p)<A>(p)' (49)
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This argument provides a remarkably good approximation of the dynamics and in fact reproduces the exact
quantum results for the mean value of the position and the squared norm of the wave packet in the case of initial
wave packetlocalised in a single site, as will be demonstrated for the two examples discussed in the following. In
an appendix we provide an analytical quantum mechanical argument why the ensemble method is expected to
yield exact results for the expectation values of operators that are within the algebra spanned by K, K " N,and
the identity operator.

4. Examples

To demonstrate the strength of the quasiclassical description we consider two PT-symmetric examples with
non-Hermitian coupling constants leading to complex dispersion relations that have been discussed in [9].

4.1. Hatano—Nelson lattice

As a first example we consider a model inspired by the Hatano—Nelson Hamiltonian [32], which was introduced
in the context of magnetic flux lines in superconductors. In this model the coupling constants are real, but
asymmetric, g , = ge*/, with g, 1 € R describinga biased coupling. That s, the Hamiltonian is given by

H = 2g cosh pt cos p + 2ig sinh p sin p + 2Fq. (50)
An experimental implementation of this model using optical resonator structures has been proposed in [10].

The quantum model can be mapped to an isospectral Hermitian Hamiltonian by the substitution ¢, = e™#"¢,
with [9]

. dé, . - -

15 =g Cpy1+ g Gy + 2Fné,. (51)
Therefore, the solution of the quantum dynamics can be obtained from that of the Hermitian system (51), the
time evolution matrix of which is given by

Unn’ (t) = ]n—”/ (_ ZF_g sin (Ft) ) ei(ﬂ—ﬂ/)(%—Ff)—iﬂlef’ (52)

where J,,,(z) is the Bessel function. Hence the time evolution matrix for the non-Hermitian case is simply given
by[9]

Unn’ (t) = e—p(n—n’) Unn’ (t)

=T (_zF_g Sin(Ft))ei(n—n’)(g—qu)—in’zpt (53)
and the c,(¢) coefficients are

cu(t) = ZUnn’ (). (0). (54)

The classical equations of motion are given by
p = —2F + 2gsinh p cos p Xpps (55)
4 = —2g cosh pusin p + 2g sinh i cos p X, (56)
¥,y = —2g sinhusinp Ef,p, (57)
Ypg = —2g(cosh g cos p + sinh psin p 3,,) %, (58)
qu = 2g sinh g sin p(1 — Zf,q) — 4g cosh pcos p Xy, (59)
P = —gsinhp sin p (X, — 4)P. (60)

In the limiting case of infinitely narrow momentum wave packets with 3J,, = 0 the momentum moves
according to the acceleration theorem (44), and we find the simplified dynamical equations

4 = —2g cosh pusin p + 2g sinh 1 cos p ¥, (61)
P = 4g sinh usin p P, (62)

for the position and the squared norm. That is, g performs oscillations
q(t) = qy — P sin(E)sin(py — Fr) — 22 sin(Fr)cos(py — Ft) Yy, (63)

which for vanishing initial covariance ¥, between position and momentum follow the real part of the
dispersion relation, and are only modified by a scaling factor depending on the non-Hermitian parameter y in
comparison to the Hermitian case ;# = 0. For non-vanishing covariance there is a qualitative change in the
dynamics compared to the Hermitian case. The squared norm is in both cases strongly influenced by the non-

6
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Figure 1. Renormalised beam propagation in the full quantum (left) and quasiclassical (middle) description for an initial wide
Gaussian beam as specified in the main text for the Hatano—Nelson Hamiltonian (50), as well as the dynamics of the centre (right) in
the quantum (dashed black line), classical (solid blue line) and zero momentum width classical (dashed dotted green) descriptions.
The parameter valuesare F=0.1,¢ = 1,and y = 0.2 (top) and p = 0.4 (bottom) and 3(0) = 0.02 (top) and 3 (0) = 0.004(1 — 2i)
(bottom).

Hermiticity and varies according to

P(t) = exp (@ sin(Ft)sin(p, — Ft))PO. (64)

This simple picture gives a good understanding of the quantum dynamics of broad wave packets, as
demonstrated in figure 1. In the left panel we show the (renormalised) quantum evolution of an initial broad
Gaussian wave packet

cn(0) ox e P, (65)
where the parameter (3 encodes the covariances of the wave packet according to

1
5_22

(1 — i), (66)
99

and which we choose as 5 = 0.02 in the topand 5 = 0.004(1 — 2i) in the bottom panel, correspondingto a
broad wave packet with g, = 0, p, = 0, and vanishing and non-vanishing covariance between position and
momentum, respectively, with the same small value of X,,,. The wave packet with vanishing initial covariance
performs typical Bloch oscillations similar to the Hermitian case. The packet with non-vanishing initial
covariance depicted in the lower panel, also oscillates, but it can be clearly seen that the oscillation is also
influenced by the imaginary part of the dispersion relation, leading it to also oscillate to the left. In addition the
covariance induces pronounced modulations of the width 33,,. Note that we have chosen alarger value of 2 for
the case with non-vanishing covariance, to make the effect more obvious. The middle panel of the figure shows
the corresponding classical approximations, in which the wave packet is assumed to stay a Gaussian for all times,
described by the distribution

cu(t) o Pe i=iptia), (67)

where (is related to the covariances via (66), and where the parameters g, p, >, and P follow the classical
dynamics (55)—~(60). The initial value of the momentum width described by ¥,,, follows from the condition
det > = 1. Theright panel shows the comparison of the motion of the wave packet centre in the full quantum
dynamics, the classical approximation, and the simplified classical approximation for infinitely narrow
momentum distribution. We observe a good agreement between the quantum and classical descriptions, and
both can be well understood in terms of the simplified dynamics for vanishing 3.

In figure 2 we depict the squared norm of the propagated beam for two examples, one corresponding to the
example on the left in figure 1, and the other to the same initial conditions where the sign of 11 is reversed. We
note a striking difference in the behaviour for the different signs of 1, belonging to a biased transport to the left or
right, respectively. It might be surprising that the evolution of the renormalised beam in the lattice differs only
very little for the two cases. This behaviour is in fact well described by the classical approximation, which is
shown in comparison to the full quantum evolution in the figure, and agrees perfectly on the depicted scale. We

7
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Figure 2. Dynamics of the squared norm P for the same parameters as in the upper example in figure 1 with x = 0.2 (left) and
= —0.2 (right).
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Figure 3. Numerical evolution of the momentum p (¢) + 2Ft according to the quantum description (black), the classical dynamics
(55) (blue), and the approximate solution (70) (red dashed) with F=0.1,¢ = 1, 5(0) = 0.02and p = 0.2 (left), 3(0) = 0.08 and
1 = 0.2 (middle), 5(0) = 0.02 and p = 0.8 (right).

also plot the results obtained from the simplified classical approximation for 33, given by equation (64), in
which the opposite behaviour depending on the sign of 1 is immediately obvious, and which agrees well with the
two more accurate descriptions. In the simplified classical dynamics it is also obvious why the path of the beam
in the lattice is not influenced by the sign of i, since for vanishing initial covariance, it simply maps out the real
part of the dispersion relation, which depends only on the absolute value of 1.

While much of the dynamics of broad wave packets is well explained using the simplified picture of zero
width in momentum, there are visible deviations from the acceleration theorem in the dynamics of p even for the
examples shown in figure 1. As has already been observed in [9] the expectation value of the momentum shows
small periodic fluctuations around the value p, — 2Ft. Infigure 3 on the left we show these deviations for the
example in figure 1, using both the quantum and the classical descriptions, which agree in this case. We can
obtain an analytical approximation for the periodic deviations from the acceleration theorem for small but non-
zero X, from equations (55) and (58) in the following way. Formally integrating equation (55) we find

t
p(t) = p, — 2Ft + 2g sinh f 3, cos (p(t))dt. (68)
0
Integration by parts and using the fact that pr ~ O(Eip) yields
t
p=p,— 2Ft +2g sinh,u[Epp (1) f cos(p (T))d’T] + O(Eép). (69)
0

Using the zeroth order approximation p(7) ~ p, — 2Fr in the integral finally yields the first order
approximation

p(t) ~ py — 2Ft — EXE(S, (1) sin (p, — 2Ft) — By (0)sin (py)). (70)

To approximate X, (t) in this expression, we substitute the zeroth order approximation for p(#) in the dynamical
equation for 3, and integrate to find

Ypp R

: 2 (0) (71)
gsi

nh ’
1+ T"( cos(2Ft — py) — <08 py) Spp(0)
This approximation starts to fail for larger values of the initial momentum width X, (0), as well as for larger
values of 1, as in both cases higher orders would have to be taken into account. These, however, are the cases
where the classical approximation as such starts to break down. We demonstrate the onset of this failure in the
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Figure 4. Renormalised beam propagation in the full quantum description (top left) and an ensemble of 300 classical trajectories (top
right) for awave function initially localised at n = 0 for the Hatano—Nelson Hamiltonian (50) for F=0.1,¢ = 1,and y = 0.1. The
second row shows a comparison of the dynamics of () (left) and of the squared norm P (right) between the quantum (black) and
classical ensemble (green dashed) descriptions.

middle and right panels in figure 3, where we compare the quantum mean value of the momentum to the
classical result and the approximation using (70) for the same example as in the left panel, however, with larger
initial momentum uncertainty (middle) and a larger value of y (right panel).

Having analysed the behaviour of broad wave packets, let us now turn to the other extreme case where
initially only one lattice site is populated. For convenience we choose the central site, i.e., we consider the
dynamics of the initial wave function ¢y (0) = 1, ¢,-.(0) = 0.In the Hermitian case this leads to a so-called
breathing mode [ 13], where the centre of the wave packet does not move, while the width oscillates with Bloch
frequency. In the non-Hermitian system, this behaviour gets modified, as can be seen in the exact quantum
dynamics for an example in the upper left panel in figure 4. we observe that the typical breathing behaviour is
strongly biased to one side (depending on the sign of 1), this can be analytically understood from the time-
evolution matrix, yielding the time-dependent wave function

cu () = ]n(_Z?g sin(Ft))ei(%‘FH'i/")”, (72)
thatis
e (P = J2 (% sin(F) )e 2. (73)
The squared norm of the wave packet can be deduced as
P@) = Iy (@ sin (Ft)) (74)

and the centre is given by

4g sinh g sin(Ft)
L —

4g sinh p sin(Ft) >
Iy —

(N) () = =20 sin (Fr) (75)

where I,, denotes the modified Bessel functions of first kind.

In the Hermitian case it has been shown in [13] that the breathing behaviour can be understood qualitatively
in terms of the propagation of a classical ensemble. We shall now demonstrate that this is also true in the non-
Hermitian case, and that the classical ensemble dynamics in fact accurately reproduces the dynamics of the
centre, the mean momentum, and the squared norm. The initial condition can be interpreted as an extreme case
of a Gaussian wave packet, with ¥,, = 0and ¥,, — oo. However, we do not expect the classical dynamics to be
valid in this case. Thus, we can use the following trick: We can interpret the Fourier transform of our infinitely
narrow position Gaussian
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2m

2w
b= [ e, (76)
0

as a superposition of plane waves e!”, i.e. Gaussians that are infinitely narrow in space. On the classical side we
interpret this superposition as an ensemble of trajectories with initial values g, = 0, ¥,, = 0, 3,;, = 0,and
uniformly distributed py. Each of them is then propagated according to equation (61), and weighted with its
corresponding squared norm that moves according to equation (62). The resulting propagated classical
ensemble is depicted in the upper right panel of figure 4. It can be seen that the breathing feature and the
modulation towards the left side are accurately reproduced by the ensemble. Since the classical ensemble does
not account for the phases in the quantum superposition features related to interference, such as the horizontal
patterns of the propagated beam, are not present in the classical ensemble.

In the bottom panel of figure 4 we show a comparison between the quantum and the classical ensemble
averages for the centre and the squared norm of the propagated beam, and observe an excellent agreement. In
fact, it can be seen analytically that the ensemble reproduces the exact quantum result for these quantities as
follows. The total squared norm of the ensemble is given by the ensemble average of the individual squared
norms given in equation (64), that is

2T
<P>ensemble = i,f(; P(t) po)dpo

2
— 1 g e4gsmh” sin(Ft)sin(p,— Ft)dp
2 0
4, h
A ( g sinh sm(Ft)) 77)

where we have assumed that all individual trajectories are initially normalised to one. This result is identical to
the quantum squared norm (74) deduced from the time-evolution matrix. The centre of the classical ensemble is
similarly given by the ensemble average, weighted by the corresponding squared norms as

2T
= P p)ae pdp,

(@ensemble =
eembie <P>ensemble
inh
L(“Sb_” n(Ft))
- CESh”sm(Ft) - F ) , (78)
I (% sin (Ft))

which exactly reproduces the quantum result (75).
We can find the mean value of the quasi momentum from the classical ensemble using a similar argument, as
the circular mean of the classical weighted ensemble as

<p>ensemble = arg( <eip>ensemble) (79)
with
1 2T .
5 | Pt ppe?@rdp,
<elp>ensemble -
<P>ensemble
1 m e“g Sh I Sin (Fr)sin(p, — Ft) (P —2F0) dp,
_ 2T 0
<P>ensemble
Il(4gsmhu si n(Ft)) '
= — elG =11, (80)
I (% sin (Ft))
Thus, we have

™
<p>ensemble = E - Ft) (81)

which also agrees with the exact quantum result that can be obtained using the time-evolution matrix (53).

Let us finally investigate to which extent the ensemble method can be used for intermediately broad wave
packets. For this purpose we consider an initial quantum wave packet of the form (65), with 5 = 0.15,
corresponding to ¥, = 0.3, X, = %, and vanishing covariance, i.e., ¥,; = 0. Infigure 5in the left upper
panel we show the renormalised beam propagation for the same parameters as for the previous example, using
the exact quantum dynamics. As one might have expected, the observed behaviour is a combination of the
dynamics for the two extreme cases of broad and localised wave packets. In the middle panel on the top we show

10
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Figure 5. Renormalised beam propagation in the full quantum description (top left), a classical ensemble of 300 particles (top middle)
and quasiclassical dynamics (top right) for a Gaussian wave function for the Hatano—Nelson Hamiltonian (50). The bottom row
shows a comparison of the dynamics of () (left) and the squared norm P (right) between the quantum (black), quasiclassical (blue dot

dashed) and ensemble (green dashed) descriptions. The parametersare g = 1, F=0.1, u = 0.1, 8 = 0.15 (i.e., ¥y, = 0.3, g = L

3
and ¥, = 0).

the corresponding classical ensemble dynamics, where the ensemble is distributed according to the Fourier
transform of the quantum wave packet, and each trajectory is weighted with its squared norm, as in the previous
example. While the classical ensemble fails to correctly describe interference effects as well as the width of the
wave packet at the initial state and (correspondingly at times that are multiples of the Bloch period), it describes
the dynamical behaviour, and even the width of the beam at most times remarkably well. In comparison we also
show the classical propagation of the initial wave packet interpreted as a single classical trajectory with the
corresponding initial values of ¥ in the right upper panel. Unsurprisingly this classical approximation is not very
good, due to thelarge value of . In the bottom panel we show the corresponding comparisons of the
dynamics of the centre and the squared norm. We observe that the ensemble and the quantum descriptions
agree for both, while the simple classical dynamics gives wrong results for the centre motion, but accurately
describes the squared norm.

4.2. Purely imaginary coupling constants
Asasecond example we considered a system with purely imaginary coupling constants g = g, = ig and areal
force F € R. Thatis, the classical Hamiltonian is given by

H = 2ig cos p + 2Fq. (82)
This model was also considered in [9], where an experimental realisation using optical structures has been
proposed. The time-evolution matrix for the quantum system can be analytically obtained as [9]

Uy (£) = I, (%g sin(Ft))e“"*"’)(”*”)*i”‘”’. (83)

Since I,,(x) is real for real arguments and I_, (x) = I, (x), this has the immediate consequence that for an initial
state fulfilling c_,, = ¢, (that is in particular, for an initially real symmetric state), the symmetry is conserved

cq,(t) = C:f(t), (84)
and therefore we have
(N) () = . (85)

This has already been observed for the special case of broad Gaussian wave packets in [9]. We shall now show
that this and other features of the quantum dynamics can again be explained on the grounds of the classical
dynamics.

The classical equations of motion for the Hamiltonian (82) are given by

p = —2F — 2gsinp 3, (86)
g = —2gsinp X, (87)
Spp = —2g cosp X7, (88)

11
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Figure 6. Renormalised beam propagation in the quasiclassical (top) and full quantum (middle) description as well as the norm
dynamics (bottom) for both the quasiclassical (blue) and quantum (black dashed) descriptions for three different initial Gaussian
beams for the Hamiltonian (82). The parameters are F=0.1,¢ = 1,and 3 (0) = 0.05 (left), 0.05 + 0.025i (middle) and 0.05 + 0.05i
(right).

qu = —2gCos P YipgXpps (89)
Sqq = —2¢ cosp(E;q — 1), (90)
P=—gcosp(X,, — 4P. (91)

Thus, independently of the width of the wave packet, if the initial covariance of position and momentum
vanishes, i.e., ¥pq(0) = 0, it stays zero throughout the time evolution. As a consequence also the mean value of
the position is constant in time as in the full quantum dynamics. It is interesting to note that this does not imply
the conservation of the squared norm, which changes according to the dynamics of the momentum as can be
seen for an example in the lower left panel of figure 6.

If, however, the covariance is initially non-zero the position performs oscillations in time, induced by the
imaginary part of the free dispersion relation. This behaviour is also found in the exact quantum dynamics as
demonstrated for a relatively broad initial wave packet with different initial covariances in an example in
figure 6, where we observe an excellent agreement between the quantum and the classical dynamics.

For small but non-zero initial momentum uncertainty we again observe periodic modulations of the mean
momentum around the linear behaviour predicted by the acceleration theorem, as shown for three examples in
figure 7. Using a similar expansion as in the previous example we can approximate these modulations as

p(t) ~ p, — 2Ft — %Epp(cos (2Ft — p,) — cos(p,))> (92)
2ipp(0)
1 — Z(sin(p, — 2Ft) — sin py) 3, (0)

This is a good approximation, as long as 33, (0) and gare small, as can be seen in figure 7.
Let us finally investigate the ensemble dynamics for an initial state localised in the central lattice site n = 0.
The exact quantum evolution is given by

Spp (1) & (93)

(1) = In(—i—gsin(Ft))ei”(”*Ft), (94)

thatis, |c, (t)|* = I? (— %g sin (Ft)). As discussed above, due to the preserved symmetry, the centre remains
stationary at 0, and the wave packet breathes slightly, however, to a much lesser extent than in the previous

12
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Figure 7. Numerical evolution of the momentum p (¢) + 2Ft according to the quantum description (black), the quasiclassical
equation (86) (blue) and the approximate solution (92) (red dashed) with F=0.1, 5 (0) = 0.05 and g= 0.1 (left), 3(0) = 0.05and
g=10.2 (middle), 5(0) = 0.1and g=0.1 (right).
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Figure 8. Renormalised beam propagation for the imaginary coupling Hamiltonian (82) in the full quantum (left) and ensemble
(middle) description for a wave function initially localised at# = 0 and a comparison of the squared norm P (right) in the quantum
(black) and ensemble (green dashed) descriptions for F=0.land g = 1.

example or the Hermitian case, as can be seen for an example in the left panel in figure 8. In the middle panel of
the same figure we show the classical ensemble propagation, where the dynamics for the individual ensemble
trajectories are given by

b= —2F, (95)
q=0, (96)
P =4gcospP. 97)

That is, the momentum follows the acceleration theorem, the position stays constant, and the squared norm
evolves as

P(t) = exp (‘%g sin(Ft)cos(Ft — po))PO. (98)

Obviously, since none of the individual trajectories moves, the ensemble prediction is that the whole beam is
stationary in the central site, and it fails to describe the breathing of the exact propagation. The squared norm,
however, as depicted in the figure on the right is again exactly recovered by the classical ensemble. Similar to the
Hatano—Nelson case we find from equation (98)

2w

4¢ sin(Ft)
<P>ensemble = i . egf cos (Ft*Po)de
— I (‘%g sin(Ft)), ©99)

which agrees exactly with the quantum result that can be obtained from the propagator (83). It is interesting to
note that in contrast to the Hatano—Nelson model, this always leads to an overall gain. We further find for the
circular mean of the quasi momentum
. 1 m .
<e‘p>ensemble _ f e4F sin (Ft) cos(thpo)el(pU—ZFt)dpo
2T <P>ensemble 0

B L (4F—g sin (Ft))

A Vi (100)
I (‘%g sin (Ft))
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which also agrees with the exact quantum result, and which yields

<p>ensemble = —Ft. (101)

5. Summary and outlook

We have demonstrated that a quasiclassical description can be used to explain qualitative and even quantitative
features of Bloch oscillations in a non-Hermitian single-band tight-binding model. While the examples
considered in the present paper are PT-symmetric, the methods developed here can be applied in the same way
to more general non-Hermitian systems.

The quasiclassical treatment is a good approximation for wave packets that are narrow in momentum, as the
Hamiltonian is anharmonic only in the momentum. For wave packets that are narrow in position space, on the
other hand, we have introduced an ensemble method, where we represent the narrow position wave packet as a
coherent superpositions of waves that are narrowly localised in momentum space. When evaluating expectation
values of observables we approximate this coherent superposition by an incoherent superposition of the mean
values of the relevant observable in each of those plane waves. We have observed that this method yields exact
results for the norm, the mean position and the mean momentum of wave packets that are initially localised in a
single lattice site. In an appendix we provide an analytical derivation of this observation based on the properties of
the exact quantum dynamics. The questions of the validity of the results provided by the classical ensemble for other
characteristic quantities such as the width of the wave packet, and for initial states that are less localised, as well as to
what extent the method is applicable to more general models are interesting topics for future investigations.

We note that the quasiclassical treatment introduced here is a priori only applicable in a single-band
approximation, as it is also the case for Hermitian systems. There has been considerable interest in effects of
multiband dynamics and non-Hermitian degeneracies between energy bands on Bloch oscillations recently
[19,20]. Itis an interesting question to which extend the quasiclassical method could be applied to these cases.
Similar to the Hermitian case transitions between the bands would have to be taken into account for example via
surface hopping procedures [33].

We have only touched upon the exact quantum dynamics for the two example models considered, but we
note that algebraic techniques developed for Hermitian tight-binding systems [26] can be extended to the non-
Hermitian case, yielding analytic results for the quantum dynamics, which will be discussed in a forthcoming
publication.
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Appendix

Here we show that the conjectured interrelation between expectation values of states localised in position and states
localised in (quasi)momentum in equation (49) is indeed valid for the present system for operators in the algebra
spanned by K, K T N,andthe identity, and for wave packets that are initially localised in a single lattice site. Let us
denote the squared norm of a state localised initially in the state |1) as well as a state initially in a Bloch state | <) by

PO = () = (n|0'Oln),  P® = (¥ly) = (50" Vlw), (102)
respectively, where U = U (t) is the time evolution operator. The conjectured relation
A 27T ~
PW(AYM = 1 dr P (A)R), (103)
2w Jo
is equivalent to
Ata A 1 2w PP
(n|OTA0|) = —f dr (K|OTAU|K). (104)
2w Jo
Rewriting the left-hand side as
At A A 1 2w (k! — e At A A
(n|O A0 ) = — // dr dw’ "% (R OTAO K'Y, (105)
7w o

immediately shows that equation (104) is valid if UTAU is diagonal in the quasimomentum.
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This can be conveniently analysed for the present case of a shift algebra formed by the operators N, K and
I by employing the Wei and Norman exponential product form of the time evolution operator

U= e*i”Ne*ixlke*inﬁ, (106)
where the coefficients in the exponents are time dependent satisfying the differential equations
n=2F, X =ge", X,=ge" (107)
with initial conditions 7 (0) = x;(0) = x,(0) = 0 (see, e.g., [26]). We note that ) is real valued for real force

. . . . . ~ T
constants F, which will be assumed in the followmg. With U7 = eiiKeiiK einN we find
UTAU —_ elXZKel)(l l'/NA67"1N67‘X1 eleZK , (108)

which is diagonal in the quasimomentum if eV Ae—inN i diagonal. This is obviously the case if the operator A is

the identity, that is, the norm of a wave packet that is initially localised in space can be exactly deduced from the
ensemble method. For A = K or K" we can use the operator relation eVKe " = e~k or eNK e = ek"

which shows that (108) is diagonal. For A = N we have e"VNe " = N, which is diagonal in the
quasimomentum as already stated in the the discussion of the Hamiltonian in section 2.
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