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Abstract

We establish the monotonicity property for the mass of non-pluripolar products
on compact Kahler manifolds, and we initiate the study of complex Monge-Ampere
type equations with prescribed singularity type. We prove existence and uniqueness
of solutions with small unbounded locus. We give applications to Kéhler—Einstein
metrics with prescribed singularity, and we show that the log-concavity property
holds for non-pluripolar products with small unbounded locus.

1 Introduction and main results

Let X be a compact Kéahler manifold of complex dimension n, and let # be a smooth
closed (1,1)-form on X such that {0} is big. Broadly speaking, the purpose of this
article is threefold. First, we develop the potential theory of non-pluripolar products,
by combining techniques of Witt Nystrom [WN17] and previous work of the authors
[DDL16]. Second, given ¢ € PSH(X,#), we introduce and study the spaces £(X, 6, ¢)
and E1(X, 0, ¢), generalizing related work of [BEGZ10]. These spaces contain potentials
that are slightly more singular than ¢, and satisfy a full mass/finite energy condition.
Lastly, with sufficient potential theory developed, we focus on the variational study of the
complex Monge-Ampere equation

(0 +i00u)" = fuw", (1)

where f >0, f € LP(w"™), p > 1, and the singularity type of u € PSH(X, ) is the same
as that of ¢. As it will turn out, this equation is well posed only for potentials ¢ with a
certain type of “model” singularity, that includes the case of analytic singularities, and
we provide existence of unique solutions with small unbounded locus. As we will see, on
the right hand side of (1) one may even consider more general (non-pluripolar) Radon
measures.

When 6 is a Kahler form, f > 0 is smooth, and ¢ = 0, the above equation was solved
(with smooth solutions) by Yau [Au78, Ya78], resolving the famous Calabi conjecture.
Using both a priori estimates and pluripotential theory, this result was later extended in
many different directions (see [Kol98, Kol03, GZ07, BEGZ10, BBGZ13, Ber13, PS14)).
Our approach seems to unify all existing works (in the compact setting), under the theme
of solutions with arbitrary prescribed (model) singularity type.

At the end of the paper, we give applications of our results to singular Kéahler—Einstein
metrics and establish the log-concavity property for certain non-pluripolar products.
Other applications will be treated in a sequel.
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Though we will work in the general framework of big cohomology classes throughout
the paper, we note that all our results seem to be new in the particular case of Kéhler
classes as well.

Monotonicity of non-pluripolar products and relative finite energy. Unless
otherwise specified, we fix an arbitrary Kéahler structure (X, w) for the remainder of the
paper.

We say that a potential u € L!'(X,w") is #-plurisubharmonic (f-psh) if locally u is the
difference of a plurisubharmonic and a smooth function, and 6, := 6 + i00u > 0 in the
sense of currents. The set of f-psh potentials is denoted by PSH(X, 6). We say that {6} is
pseudoeffective if PSH(X, #) is non-empty. Along these lines, {0} is big if PSH(X, § — cw)
is non-empty for some € > 0.

If v and v are two #-psh functions on X, then u is said to be less singular than v
if v < u+ C for some C € R. We say that u have the same singularity type, if u is
less singular then v and v is less singular then u. This defines an equivalence relation on
PSH(X, 0), whose equivalence classes are the singularity types [u], u € PSH(X,w).

Given closed positive (1,1)-currents Ty := 6, ,...,T, = 0%, . where ¢/ are closed
smooth (1, 1)-forms, generalizing the construction of Bedford-Taylor [BT87] in the local
setting, it has been shown in [BEGZ10] that one can still define the wedge product between
currents. In particular they defined the so called non-pluripolar product:

Opy Ao AL = (Ty A NT).

The resulting positive (p, p)-current does not charge pluripolar sets and it is closed. For
a 0-psh function u, the non-pluripolar complex Monge-Ampére measure of u is simply
08 =0, N...N0O,.

It has recently been proved by Witt Nystrom that the complex Monge-Ampere mass
of #-psh potentials decreases as the singularity type increases [WN17, Theorem 1.2].
Our main result about monotonicity of non-pluripolar products generalizes this result
to the case of different cohomology classes {67}, fully proving what was conjectured by
Boucksom-Eyssidieux-Guedj-Zeriahi (see the comments after [BEGZ10, Theorem 1.16] in
which they prove that the result follows for potentials with small unbounded locus):

Theorem 1.1. Let 67,5 € {1,...,n} be smooth closed (1,1)-forms on X. Let uj,v; €
PSH(X, 67) such that u; is less singular than v; for all j € {1,...,n}. Then

/9}“/\.../\93”2/951/\.../\93”.
X X

To prove the above theorem and initiate the study of relative full mass products, we
first need to generalize the main convergence theorems of Bedford-Taylor theory ([BT87],
see also [X96, X09]). This is done collectively in the next result:

Theorem 1.2. Let 07,5 € {1,...,n} be smooth closed (1,1)-forms on X. Suppose that
we have u;, ué“ € PSH(X, ¢7) such that uf — u; in capacity as k — oo, and

/911“/\.../\92”Zlimsup/eik/\.../\QZk. (2)
X k—soo Jx 1 "

Then 0, A .. N0 — 0L A ... AO" in the weak sense of measures.
uy Uy, 1 n
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We recall that a sequence (uy) converges in capacity to w if for any § > 0 we have

lim Cap,{|u* —u| > 6} =0,
k—4o00

where Cap,, is the Monge-Ampere capacity associated to w (see e.g. [GZ17, Definition
4.23]).

We note that condition (2) is necessary in this generality, even in the Kéhler case.
Indeed, if v € PSH(X,w) is a pluricomplex Green potential, then the cut-offs u; :=
max(u, —j) € PSH(X,w) satisfy u; \, u. However [, wy, = Jxw" > 0 for all j, and
[x wi =0, hence w,, cannot converge to w; weakly.

As noted above, Theorem 1.2 generalizes classical theorems of Bedford-Taylor (when
u¥, u; are uniformly bounded) and also results from [BEGZ10] (when u, u; have full
mass). In both of these cases, there are severe restrictions on the singularity class of the
potentials uf,uj. On the other hand, the above theorem shows that there is no need
for restrictions on singularity type of the potentials involved. Instead, one needs only a
semicontinuity condition on the total masses.

In view of the variational approach to equation (1), with the above general results
in hand, we initiate the study of relative full mass/relative finite energy currents. Let
¢ € PSH(X,0). We say that v € PSH(X, 6) has full mass relative to ¢ (v € £(X,0,¢))
if v is more singular than ¢ and [ <0 = | + 05 In our investigation of these classes, the
following well known envelope constructions will be of great help:

PSH(X,0) 3¢ — F(v,¢), BlY](9), Pyl] € PSH(X, ).

These were introduced by Ross and Witt Nystrom [RWNI1] in their construction of
geodesic rays. Due to the frequency of these operators appearing in this work, we
choose to follow slightly different notations. The starting point is the “rooftop envelope”

Py(1, @) := usc(sup{v € PSH(X, ), v < min(¢, ¢)}). This allows to introduce
Rll(9) = ( Jlim Py +C,0))
—+o00
It is easy to see that Py[¢](¢) only depends on the singularity type of 1. When ¢ =0
or ¢ = Vp, we will simply write Py[¢)] := Fp[10](0) = Py[t)](Vp) and refer to this potential
as the envelope of the singularity type [1)].
Using the techniques of our recent work [DDL16], we can give a generalization of

[Dar13, Theorem 3] (paralleling [DDL16, Theorem 1.2]). This result characterizes mem-
bership in £(X, 0, ¢) solely in terms of singularity type:

Theorem 1.3. Suppose ¢ € PSH(X,0) and [, 0% > 0. The following are equivalent:
(1) ue E(X,0,0).

(i1) ¢ is less singular than u, and Pylu](p) = ¢.

(111) ¢ is less singular than u, and Pylu] = Py¢).

Without the non-zero mass condition [, 0% > 0 this characterization cannot hold (see
Remark 3.3). The equivalence between (i) and (iii) in the above theorem shows that
Py[u] is the same potential for any u € £(X, 60, ¢), and equals to Py[¢]. Given this and
the inclusion £(X,0,¢) C E(X, 0, Py|¢]), one is tempted to consider only potentials ¢
in the image of the operator v — Py[t)], when studying the classes of relative full mass
E(X,0,¢). These potentials seemingly play the same role as Vj, the potential with minimal
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singularities from [BEGZ10]. Implementation of this idea will be further motivated by
the results of the next paragraph.

Along with the above result, we also establish analogs of many classical results for
E(X,0,¢), like the comparison, maximum and domination principles. Some of these are
routine while others, like the domination principle, require new techniques and a more
involved analysis compared to the existing literature (see Proposition 3.11).

Complex Monge-Ampere equations with prescribed singularity. With the po-
tential theoretic tools developed, we focus on solutions of the equation (1). A simple
minded example shows that this equation is not well posed for arbitrary ¢ € PSH(X, )
(see the introduction of Section 4). Instead, one needs to consider only potentials ¢ that
are fixed points of the operator ¢ — Py[t)]. These are the potentials with model type
singularity, and in this direction we have the following result:

Theorem 1.4. Suppose ¢ € PSH(X,0) has small unbounded locus, and ¢ = Py|¢p|. Let
feLP(w"),p>1 such that f >0 and [y fu™ = [, 0% > 0. Then the following hold:
(i) There exists u € PSH(X,0), unique up to a constant, with the same singularity type
as ¢, such that

o = fu 3)

(ii) For any X\ > 0 there exists a unique v € PSH(X,0), with the same singularity type as
¢, such that
O" = e fun, (4)
That ¢ has small unbounded locus means that ¢ is locally bounded outside a closed
complete pluripolar set A C X. It will be interesting to see if this condition is simply
technical, or otherwise necessary. This seemingly extra condition on ¢ does have some
benefits. Indeed, in this setting our solutions are locally bounded on X \ A, hence one can
interpret that u and v satisfy (3) and (4) on X \ A, simply in the Bedford-Taylor sense.

Remark 1.5. As argued in Theorem 4.34, if (3) can be solved for all f € LP(X), p > 1,
then ¢ must have model type singularity, hence our choice of ¢ in the above theorem is
not ad hoc, but truly natural!

In our study of the above equations we will start with a much more general context.
In particular, we will show in Theorem 4.28 and Theorem 4.23 below that instead of fw"
one can consider on the right hand side of (3) and (4) non-pluripolar measures, thereby
generalizing [BEGZ10, Theorem A, Theorem D].

Remark 1.6. Naturally, V, = B[V}, but our reader may wonder if there are other
enough interesting potentials with model type singularity. We believe this to be the case,
as evidenced below :

e By Theorem 3.12 below, Py[t)] = Py[Py[i)]] for any ¢ € PSH(X, 6) with [, 67 > 0.
In particular, Py[¢)] has model type singularity for such potentials, giving an abundance
of potentials with model type singularity.

e By Proposition 4.35 below, if ¢ € PSH(X,#) has small unbounded locus, and
0 /w" € LP(w"), p > 1 with [, 67 > 0, then 1) has model type singularity.

e All analytic singularity types (those that can be locally written as clog (Z] 1£i1%) +g,
where f; are holomorphic, ¢ > 0 and g is smooth) are of model type ([RWN1, Remark 4.6],



[RS05], see also Proposition 4.36). In particular, discrete logarithmic singularity types are
of model type, making connection with pluricomplex Green currents [CG09, PS14, RS05].

e By [RWNI1, Darl13, DDL16], potentials with model type singularity naturally arise
as degenerations along geodesic rays and in particular along test configurations.

Complex Monge-Ampere equations with bounded/minimally singular solutions have
been intensely studied in the past ([Kol98, Kol03, GZ07, BEGZ10, BBGZ13], to name
only a few works in a fast expanding literature). To our knowledge, in the compact case,
only the paper [PS14] discusses at length solutions that are not “minimally singular”.
They treat the case of solutions to (3) with isolated algebraic singularities in the Kéhler
case, with a view toward constructing pluricomplex Green currents on X. Given the
specific setting, [PS14, Theorem 3] obtains more precise regularity estimates compared
to ours, using blowup techniques. In our general framework better estimates are likely
not possible. However for smooth f, we suspect that away from the singularity locus
our solution u should be as regular as ¢ (up to order two). For a general result on the
regularity of potentials with model type singularity we refer to [RWN2, Theorem 1.1].

Lastly, let us mention that in [Berl3, Section 4] solutions to complex Monge-Ampere
equations with divisorial singularity type are used in the construction/approximation of
geodesic rays corresponding to certain test configurations. In [Ber13, Section 5] Berman
speculates that solutions with more general singularity type should allow for better un-
derstanding of degenerations along test configurations/geodesic rays, and we believe our
treatise will lead to more results of this flavor.

In addition to the results in the compact setting mentioned above, finding singular /non-
bounded solutions to the related Dirichlet problem on domains in C", or more generally
on compact manifolds with boundary, was studied by a number of authors. We only
mention [L.83, BD88, Gu98, PS09, PS10] to highlight a few works in a fast expanding
literature.

Solutions of complex Monge-Ampere equations are linked to existence of special Kéahler
metrics. In particular, we can think of the solution to (3) as a potential with prescribed
singularity type and prescribed Ricci curvature in the philosophy of the Calabi-Yau the-
orem. As an immediate application of our solution to (4) we obtain existence of singular
Kahler-Finstein (KE) metrics with prescribed singularity type on Ké&hler manifolds of
general type. An analogous result also holds on Calabi-Yau manifolds as well, via solu-
tions of (3).

Corollary 1.7. Let X be a smooth projective variety of general type (Kx > 0) and let h be
a smooth Hermitian metric on Kx with 0 :== ©(h) > 0. Suppose also that ¢ € PSH(X,0)
is of model type, has small unbounded locus and fX 0% > 0. Then there exists a unique
singular KE metric he 55 on Kx (OZ;KE = e?xETog"  where fy is the Ricci potential of
0 satisfying Ric 0 = 0 +i00fy), with ¢xp € PSH(X, 8) having the same singularity type
as ¢.

As another application we confirm the log-concavity conjecture [BEGZ10, Conjecture
1.23] in the case of currents with potentials having small unbounded locus:

Theorem 1.8. Let T}, ..., T, be positive closed currents on a compact Kdahler manifold X .
Assume that each T has a potential with small unbounded locus. Then

/X<T1/\.../\Tn>2 (/X<T{L>>i...</X<T:>)i.
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Possible future directions. It is well known that for A < 0 the equation (4) does not
always have a solution. More importantly, solvability of this equation is tied together
with existence of KE metrics on Fano manifolds. It would be interesting to see if the
techniques of [DR17] apply to give characterizations for existence of KE metrics with
prescribed singularity type in terms of energy properness.

By [Darl3, DDL16] the geometry of geodesic rays and properties of (relative) full
mass potentials seems to be intimately related. In a future work we hope to explore
this avenue further, by introducing a metric geometry on the space of singularity types,
via the constructions of [Dar13, DDL16]. By understanding the metric properties of this
space, we hope to extend Theorem 1.4 for potentials with model type singularity that
don’t necessarily have small unbounded locus.

Organization of the paper. Most of our notation and terminology carries over from
[DDL16], and we refer the reader to the introductory sections of this work. In Section 2
we prove Theorem 1.1 and Theorem 1.2. In Section 3 we develop the theory of the relative
full mass classes £(X, 0, ¢) and we exploit properties of envelopes to prove Theorem 1.3.
In Section 4 we generalize the variational methods of [BBGZ13] to prove Theorem 1.4.
Finally, Theorem 1.8 is proved in Section 5.

2 The monotonicity property and convergence of non-
pluripolar products

To begin, from the main result of [WN17] we deduce the following proposition:

Proposition 2.1. Let 67,5 € {1,...,n} be smooth closed (1,1)-forms on X whose co-
homology classes are pseudoeffective. Let uj,v; € PSH(X,07) such that u; has the same
singularity type as v;, j € {1,...,n}. Then

/Q;IA...A%:/eilA...Aegn.
X X

The proof of this result uses the arguments in [BEGZ10, Corollary 2.15].

Proof. First we note that we can assume that the classes {67} are in fact big. Indeed, if
this is not the case we can just replace each 67 with 6’ + cw, and using the multi-linearity
of the non-pluripolar product ([BEGZ10, Proposition 1.4]) we can let ¢ — 0 at the end
of our argument to conclude the statement for pseudoeffective classes.

For each t € A = {t = (t1,....t,) € R" [ 1; > 0} consider u; := 3, tju;, vy := ). t;v;
and 6" =Y i t;67. Clearly, {6'} is big, and u; has the same singularities as v;. Hence it
follows from [WN17, Theorem 1.2] that [, (6 )" = [, (6,)" for all t € A. On the other
hand, using multi-linearity of the non-pluripolar product again ([BEGZ10, Proposition
1.4]), we see that both ¢t — [ (0 )" and t — [, (6% )" are homogeneous polynomials of
degree n. Our last identity forces all the coefficients of these polynomials to be equal,
giving the statement of our result. O

We recall a classical convergence theorem from Bedford-Taylor theory. We refer to
[GZ17, Theorem 4.26] for a proof of this result, which is merely slight generalization of
[X96, Theorem 1].



Proposition 2.2. Let Q C C™ be an open set. Suppose { f;}; are uniformly bounded quasi-
continuous functions which converge in capacity to another quasi-continuous function f
on Q. Let {u]};, {ud};,...,{ul}; be uniformly bounded plurisubharmonic functions on
Q, converging in capacity to uy,Us, ..., u, respectively. Then we have the following weak
convergence of measures:

£5i00u] Nidduy A ... NidOul — fidduy A iDDug A ... A iDDu,.

The following lower-semicontinuity property of non-pluripolar products will be key in
the sequel:

Theorem 2.3. Let 67,5 € {1,...,n} be smooth closed (1,1)-forms on X whose coho-
mology classes are big. Suppose that for all j € {1,...,n} we have uj,uj? € PSH(X,67)
such that uf — uj in capacity as k — oo. Then for all positive bounded quasi-continuous
functions x we have

liminf/xejb,f/\.../\egkz/XG}“/\.../\GQR.
b'e " X

k——+o00
If additionally,
/eilA...Aejjnzlimsup/eikA.../\ezk, (5)
X x ! "

k—o0

then 0}, A .. ANO" — 0L A .. AO" in the weak sense of measures on X.
Uy Uy, 1 n

Proof. Set Q :=(}_, Amp(#?) and fix an open relatively compact subset U of Q. Then
the functions Vj; are bounded on U. Fix C' > 0, > 0 and consider

fk,C,a - max(uf —Vyi +C,0)
j :

— , j=1,...,n, ke N
max(uf — Vyy + C,0) +2 7 "

and

u?’c = max(uf, Voi — C).

Observe that for C,j fixed, the functions uf’c > Vpi — C are uniformly bounded in U

(since Vp; is bounded on U) and converge in capacity to ujc as k — +oo. Moreover,
fk?,C,E _

; 0 if uf < Vi — C. By locality of the non-pluripolar product we can write

fk,C,sXQllLlf A A QZﬁ _ fk,C,efX@ik’C VANAN 92%,0,

1

where fFC = ff O L fkCe. For each O, ¢ fixed the functions f*¢< are quasi-continuous,

uniformly bounded (with values in [0, 1]) and converge in capacity to f&¢ := flC o fCe
Ce -

where f; is defined by

max(u; — Vpi + C,0)
max(u; — Vpi + C,0) + ¢

Ce . _
£ =
With the information above we can apply Proposition 2.2 to get that

FEOXO e N AN Oe = X0 N N as B — oo,



in the weak sense of measures on U. In particular since 0 < f*¢¢ < 1 we have that

lim inf/ X@i,f AN A > lim inf/ fk’C’EXellLk,c A AO .
X U

k—+o0 n k—+o0 1 Un
Cie 1 n

Now, letting ¢ — 0 and then C' — +o00, by definition of the non-pluripolar product we
obtain

liminf/X@ik/\.../\ezk2/)(97}“/\.../\92.
x ! " Ju !

k——+o0

Finally, letting U increase to €2 and noting that the complement of €) is pluripolar we
conclude the proof of the first statement of the the theorem.
To prove the last statement, we set p, := 6L, A ... A" and p =60, A... A6} .
1 n

Note that the total mass of these measures is bounded by [, 61 A ... A6, ([BEGZ10,
Definition 1.17]). As a result, by the Banach-Alaoglu theorem, it suffices to show that
any cluster point of {u}, coincides with u. Let v be such a cluster point and assume
(after extracting a subsequence) that py converges weakly to v. Condition (5) implies
that v(X) < u(X). It suffices to argue that v > u, which is a consequence of the first
statement, thus finishing the proof. O

Now we move on to the monotonicity of non-pluripolar products:

Theorem 2.4. Let 67,5 € {1,...,n} be smooth closed (1,1)-forms on X whose cohomol-
ogy classes are pseudoeffective. Let uj,v; € PSH(X,67) such that u; is less singular than
vj forall j € {1,...,n}. Then

/QilA...AHZ7L2/6’11)1/\.../\9&.
X X

Proof. By the same reason as in Proposition 2.1, we can assume that the classes {67} are
in fact big. For each t > 0 we set v§ = max(u; — t,v;) for j = 1,...,n. Observe that the
v§ converge decreasingly to v; as ¢ — oo. In particular, by [GZ05, Proposition 3.7] the
convergence holds in capacity. As v;f and u; has the same singularity type, it follows from

Proposition 2.1 that
/ O, A...NO" :/ NN
X x "

Letting ¢t — o0, the first part of Theorem 2.3 allows to conclude the argument. O

Remark 2.5. We note that condition (5) in Theorem 2.3 is automatically satisfied if
uf ' uj a.e. as k — o0o. Indeed, in this case uf — u; in capacity (see [GZ17, Proposition
4.25]), and by Theorem 2.4 we have [, 0, A... A0} >limsup, [, ‘911/; Ao A

On the other hand, if uf,uj € £(X,07), by Corollary 3.2 below, it follows that (5)
is again automatically satisfied. Moreover, in the next section we will show that this
last property holds for potentials of relative full mass as well (see Corollary 3.15), giving
Theorem 2.4 a more broad spectrum of applications.



3 Pluripotential theory with relative full mass

3.1 Non-pluripolar products of relative full mass

Suppose ¢, j € {1,...,n} are smooth closed (1, 1)-forms on X with {6’} pseudoeffective.
Let ¢;,1; € PSH(X, 67), be such that ¢; is less singular than ;. We say that 6, A... A6}
has full mass with respect to 6} A ... A6 (notation: (¢r,...,¢,) € E(X, 05 ,...,00 )

if
1 n n
/0%/\.../\0%2/ei)lA.../\Q%.
X X

By Theorem 2.4, in general we only have that the left hand side is less than the right
hand side in the above identity.

In the particular case when the potentials involved are from the same cohomology
class {6}, and ¢, € PSH(X,0) with ¢ less singular than ¢ along with [, 0 = Ix 0y,
then we simply write ¢ € £(X,0,¢), and say that ¢ has full mass relative to 0. When
¢ = Vp, we recover the well known concept of full mass currents from the literature (see
[BEGZ10]).

As a consequence of Theorem 2.3, we prove a criteria for testing membership in
E(X, 0;51, 0% ):

Proposition 3.1. Let 07, j € {1,...,n} be smooth closed (1,1)-forms on X with co-
homology classes that are pseudoeffective. For all j € {1,...,n} we choose ¢;,1; €
PSH(X, 67) such that ¢; is less singular than ;. If Pyi[th;](¢;) = ¢; then (Y1, ... ,) €
E(X, 9;51, 0y ).

Proof. If Pyi[;](¢;) = ¢, then vf := Py (¢; + C,¢;) / ¢; ae., as C — oo. Theorem
2.3 and Remark 2.5 then imply that

Cl_l)I}_loo XQU? VARRTRIVAN (91,7? = /X¢9¢1 NN Q¢n

As Ppi(¢; + C, ¢;) has the same singularity type as ¢; for any C, the result follows from
Proposition 2.1. O

As a result of this simple criteria, we obtain that condition (5) in Theorem 2.3 is
satisfied if the potentials u¥,u; are from £(X, 67):

Corollary 3.2. Let¢?, j € {1,...,n} be smooth closed (1,1)-forms on X with cohomology
classes that are pseudoeffective. If o; € E(X,607), j € {1,...,n}, then

/%l/\.../\egn—/91%1/\.../\990”,
X X
or equivalently, (1, ...,10,) € E(X, 9‘1/91, 08

Proof. By [DDL16, Theorem 1.2] we have Py;[1);] := FPpi[1;](Vgi) = Vpi. Hence Proposi-
tion 3.1 yields the conclusion. O

Remark 3.3. Unfortunately, the reverse direction in Proposition 3.1 does not hold in
general. Indeed, let X = CP! x CP' with § = mjwrs + Tjwrs, where 1, T are the
projections to the first and second component respectively.



Consider ¢(z,w) := u(z) +v(w) € PSH(X, ) where u,v < 0 satisfy wpg + i00u = 6.,
and wrg + 100v = buwy, Where 0,0, are Dirac masses for some zg, wy € CP!. Clearly,
Jx 03 = [ 0%, = 0, and since ¢ < m3v, we have that ¢ € (X, 0, m3v).

On the other hand, we know that ¢ has the same Lelong numbers as Fy[¢] ([DDL16,
Theorem 1.1]). As Py[¢](msv) < Pyl¢], it follows however that Py[¢](miv) < mhv, since at
some points of CP! x CP! the Lelong number of mjv is zero, but the Lelong number of ¢
1S non-zero.

As we will see below (Theorem 3.14), a partial converse of Proposition 3.1 is still
possible under the assumption of non-vanishing total mass.

In the remaining part of this subsection we prove basic properties of non-pluripolar
products with relative full mass, that will be used later in this work.

Lemma 3.4. Suppose ¢;,10; € PSH(X,07). Then (¢1,...,v,) € E(X, 0} ,...,0; ) if and
1

@17
only if ¢; is less singular than 1;, and fU'{zb AN Hgax(% ont) = 0
j »y¥n

i <¢;—k} Qmax(%@l*k)
as k — oo.

Proof. 1If ¢; is less singular than ;, then max(t;, ¢; — k) has the same singularity type
as ¢;. Consequently, Proposition 2.1 gives that

1 _ 1
A0¢1 /\ PP /\ an — \/)( emaX(zﬁl@l—k) /\ ... /\ ezlax(wn,d)n—k)

_ 1 n 1 n
_ / oL A NG+ / O torinty N AN O i
N;{v;>¢;—k} U {vi<é;—k}

Since fmj{ijrk} Op, N A0 — [0 A A} as k — oo, the equivalence of the
lemma follows after we take the limit £ — oo in the above identity. n

As a consequence of this last lemma and the locality of the non-pluripolar product
with respect to the plurifine topopolgy we obtain the following uniform estimate

. 1 1
k}LI& ‘ /Be,‘/}l /\ PR /\ 017;” - /Bemax(d)hdjl_k) /\ P /\ 0218.)((1!)",(#”—]9) S
1
<2 / Omax(ro1—k) /N - -+ N Omax( k) = 0-
U, (v <6;—k}

for any Borel set B C X and (¢y,...,¢,) € E(X,05,...,0% ).
Lastly, we note the partial comparison principle for non-pluripolar products of relative
full mass, generalizing a result of Dinew from [Dw09b]:

Proposition 3.5. Suppose ¢y, 1, € PSH(X,0%),k = 1,---j < n and ¢ € PSH(X,¥0).
Assume that (u, ..., u, V1, ..., 05), (v, ..., v, 01, .., ;) € E(X, 04, ...,04,04,,...,04,). Then

n—j 1 ] n—j 1 ]
/ HUJAle/\.../\Q{bjg/ 007 NOy N N
{u<v} {u<v}

Proof. The proof follows the argument of [BEGZ10, Proposition 2.2] with a vital ingre-
dient from Theorem 2.4.
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Since max(u,v) is more singular than ¢, and vy, is more singular than ¢y, for k =
1,...,7, it follows from the assumption and Theorem 2.4 that

n—j 1 J _ —j 1 J
/Xed) NOL AN = /X@Z}j/\ewl/\.../\%j
n—j 1 J
< /X 03y NS A A
n—j 1 J
< /XQ¢ /\9¢1/\.../\9¢j.

Hence the inequalities above are in fact equalities. By locality of the non-pluripolar
product we then can write:

A PNYNY A...A&j,z/
/X max(u,v) 1 P; (usv)
_ n—j 1 ] n—j 1 j
—/QUJ/\%/\.../\%J_—/ 00" NOy, Ao NG
X {u<v}
+/ AN N
{v>u} !

_ n—j 1 J n—j 1 J
_/Xemax(u,v)w 1/\.../\9%—/ 01T NOL A NG,

{u<ov}
n—j 1 j
+/ 057 NOy, Ao NG,
{v>u}

n—j 1 J n—j 1 J
0779 A0 1/\"'/\%+/{v>u}9“ NSNS

We thus get

n—j 1 j n—j 1 j
/ QUJ/\leA.../\bejS/ O NOy, Ao Ny
{u<v} {u<v}
Replacing v with u + € in the above inequality, and letting ¢ ~\, 0, by the monotone

convergence theorem we arrive at the result. O

In the next subsection, after we explore the class £(X, 0, ¢), we will give a partial com-
parison principle specifically for this class, as a corollary of the above general proposition.
Here we only note the following trivial consequence:

Corollary 3.6. Suppose ¢ € PSH(X,0) and assume that u,v € £(X,0,¢). Then

/ o < / o,
{u<v} {u<v}

Note that the above result generalizes [BEGZ10, Corollary 2.3].

3.2 The envelope P[¢| and the class £(X, 6, ¢)

Let 6 be a smooth closed (1,1)-form on X which represents a big class and fix ¢ €
PSH(X,0) such that ¢ < 0. In this short subsection we focus on the relative full mass
class £(X, 0, ).

Based on our previous findings, one wonders if the following set of potentials has a
maximal element:

11



F¢::{UEPSH(X,9)|¢§USOand/93:/92}.
X X

In other words, does there exist a least singular potential that is less singular than ¢ but
has the same full mass as ¢. As we will see, if [ « 05 > 0, this is indeed the case, moreover
this maximal potential is equal to Py[¢]| (Theorem 3.12).

Linking the envelope Py[¢] to the class £(X, 0, ¢), observe that ¢ < Py[¢] < 0 and
Ix 0% e = [ 0}, in particular Pyl¢] € Fy and ¢ € £(X, 0, Py[¢]). Indeed, since Py(¢ +
C,0) 7 Py[¢](0) = Pyl¢] a.e. as C' — +o00, using Theorem 2.4 and Theorem 2.3 we can
conclude that [, 0%, = [ 0%.

In our study, we will need the following preliminary result, providing an estimate for

the complex Monge-Ampere operator of rooftop envelopes, that builds on recent progress
in [GLZ17]:

Lemma 3.7. Let ¢, € PSH(X,0). If Py(p,) # —oo then

Oy (o) < Lipy(ow)=0} 00 + Lipy(pary=p) 0

Proof. For each t > 0 we set ¢, := max(¢p, Vo—t), ¢y := max(1), Vo—t) and v, := Py(pr, Uy).
Set v := Py(¢, ). Since ¢y, 1, have minimal singularities, it follows from [GLZ17, Lemma
4.1] that

egt < ﬂ{vt=s0t}9$t + ﬂ{vt=wt}%t- (6)
For C' > 0 we introduce
Go:={v>V,—C}, v :=max(v,Vy —C), and vf :=max(v, Vy — O).

Since Py(p, 1) < @, 1, vy, we have Go C{Vp — C < o} N{Vy — C <y} n{Vy — C < v, }.
For arbitrary A > 0 and ¢ > C, this inclusion allows to build on (6) and write:

HGCQZE = ILGCQZ < ﬂ{vt=¢t}ﬁGcegt + ﬂ{mzwt}mcc%
< To=en{esve-100, + L=en{vsve -0y,
= Lp=pantesve-00s + Liv=pinfu>ve-105
< eA(Ut—%Ot)QZ + eA(Ut—lDt)g:z‘ (7)

To proceed, we want to prove that

lim inf 16,0 > L, 0. (8)

t—o0
More precisely, alluding to the Banach-Alaoglu theorem, we want to show that any weak
limit of {]lgcﬁgc}t is greater than 15.07c.
t
Let U := Amp(f). The potential Vj is locally bounded on U, hence so is v& and v°.
To obtain (8), we employ an idea from the proof of Theorem 2.3. For £ > 0 consider

fo= max(v — Vp + C,0)
" max(v—Vy+C,0)+ ¢’

and observe that f. > 0 is quasicontinuous on X. Moreover, f. increase pointwise to 1¢,,
as € goes to zero. Since v< N\, v% as t — oo, from [GZ17, Theorem 4.26] it follows that
J07c ‘U — [0 ‘U weakly. Using this we can write

t

> lim f.0

liminf 1 "‘ "‘ = "‘ )
t—o00 Go UtC U t—-+o0 UtC U fs v U
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Since X \ U is pluripolar, we let ¢ — 0 and use the monotone convergence theorem to
conclude (8).
Now, letting ¢ — oo in (7), the estimate in (8) allows to conclude that:

ﬂGceg’lax(Pg(ap,w),Vg—C) < 6A(Pe(s0,w)—¢)92 + eA(Pe(so,w)—w)gz‘

Letting C' — oo, and later A — oo, we arrive at the conclusion. O

We prove in the following that the non-pluripolar complex Monge-Ampeére measure of
Py[¢](x) has bounded density with respect to 6. This plays a crucial role in the sequel.

Theorem 3.8. Let 1, x € PSH(X,0), such that ¢ is more singular than x. Then
ege[w](x) < ]l{PGM(X):X}Q;. In particular, Q%M < ﬂ{pg[w]zo}cgn.

This result can be thought of as a regularity result for the envelope Py[¢)](x). For a
more precise regularity result on such envelopes in a the particular case of potentials with
algebraic singularities we refer to [RWN2, Theorem 1.1].

Proof. Without loss of generality we can assume that ¢, y < 0. For each ¢ > 0 we consider
Py(¢ +t, x). Since 1 is more singular than x, we note that Py(v) + t, x) has the same
singularity type as ¥ and Py(v +t,x)  Pa[t)](x) a.e.. It follows from Lemma 3.7 that

Oy wrtn) < Lpswrtn=v+0305 + Lpywrtn=x) V-

Since {Py(¢p +t,x) = +t} C{v+t < x} C{Y+t < Vy}, and the latter decreases to
a pluripolar set, the first term on the right-hand side above goes to zero, as t — oo. For
the second term, we observe that {FPy(¢ +t,x) = x} C {Py[¢](x) = x}. Hence applying
Theorem 2.3 the result follows.

For the last statement, we can apply the above argument to y := Vj, and note that
from [Ber13, (1.2)] (see also [DDL16, Theorem 2.6 (arXiv version)], [GLZ17, Proposition
5.2]) it follows that 07, < 1¢y,—0y0". O

Using the above result, we can establish a non-collapsing property for the class of
potentials with the same singularity type as ¢, when 63 (X) > 0:

Corollary 3.9. Assume that ¢ € PSH(X,0) is such that [, 0} > 0. IfU is a Borel subset
of X with positive Lebesgue measure, then there exists ¢ € PSH(X,0) having the same
singularity type as ¢ such that 0;,(U) > 0.

Proof. 1t follows from [BEGZ10, Theorem A,B] that there exists h € PSH(X,0) with
minimal singularities such that 0} = clyw”, for some normalization constant ¢ > 0. For
C' > 0 consider p¢c := Py(¢ + C,h) and note that ¢ has the same singularities as ¢. It
follows from Lemma 3.7 that

O < Lipo=prcrbg + Lipo=nyth < Ligro<myby + clipo=npnow".

Since 67 is non-pluripolar, we have that limc_, e / (6+O<h) 0% = 0. Thus for C' > 0 big
enough, by the above estimate we have that

[
X\U {p+C<h} X

where in the last inequality we used the fact that [, 67, = [ 6% > 0. This implies that
fU 05 > 0 for big enough C' > 0, finishing the argument. O
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A combination of Corollary 3.9 and [WN17, Corollary 4.2] immediately gives the
following version of the domination principle, making the conclusion of [WN17, Corollary
4.2] more precise:

Corollary 3.10. Assume that u,v € PSH(X,0), u is less singular than v and [, 67 > 0.
If w > v a.e. with respect to 0, then u > v on X.

Proof. Assume by contradiction that {u < v} C X has positive Lebesgue measure. Then,
by Corollary 3.9 we can ensure that there exists v € PSH(X, ) having the same singu-
larity type as u such that 67 ({u < v}) > 0. On the other hand, since 0;({u < v}) = 0,
[WN17, Corollary 4.2] gives that 0}, ({u < v}) = 0, which is a contradiction. O

The non-collapsing mass condition | + 0 > 01is trivially seen to be necessary. We now
give the version of the domination principle for the relative full mass class £(X, 0, ¢):

Proposition 3.11. Suppose that ¢ € PSH(X, 0) satisfies [, 0% >0 and u,v € E(X, 0, 9).
If 0" ({u < v}) =0 then u > v.

Proof. First, assume that v is less singular than w. In view of Corollary 3.9 it suffices to
prove that 0 ({u < v}) = 0 for all h € PSH(X, #) with the same singularity type as u. Let
h be such a potential, and after possibly adding a constant, we can assume that h < u,v.
We claim that for each t € (0,1), (1 —t)v+th € £(X,0,¢). Indeed, since (1 —t)v + th is
less singular than u, and more singular than v, by Theorem 2.4 we can write

/ o < / O v < / o,
X X X

The comparison principle (Corollary 3.6) allows then to write:

e[ o< e N
{u<(1—t)v+th} {u<(1—t)v+th} {u<v}

Since 0 = ) ({u < (1—t)v+th}) /07 ({u < v}),ast — 0, it follows that 6 ({u < v}) = 0.
For the general case, we observe that 07 ({u < v}) = 6({u < max(u,v)}), and the
first step implies u > max(u,v) > v. ]

Next we show that Fy, the set of potentials introduced in the beginning of this sub-
section, has a very specific maximal element:

Theorem 3.12. Assume that ¢ € PSH(X, 0) satisfies fX 05 >0 and ¢ <0. Then

Pyl¢] = sup v.

vEFy
In particular, Pylp] = Py|Pp[d]].

As remarked in the beginning of the subsection, Py[¢] € F, hence by the above result
Py[¢] is the maximal element of F.

Proof. Let u € F;. By Theorem 3.8 we have

071;9[¢}({P0[¢] < u}) S ﬂ{Pg[¢}:0}9n({P9[¢] < U}) S ﬂ{pe[@:o}gn({Pg[Qﬁ] < O}) =0.
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As ¢ < wu, and [0} = [, 07, by Theorem 2.4 and Theorem 2.3 we have [ O%is) =
Jx 05 = [ 00 = [ 0% > 0. Consequently, Pp[¢],u € E(X, 0, Pylu]) and Proposition
3.11 now insures that Py[@] > u, hence Pp[¢] > sup,ep, v. As Ppl¢] € Fy, it follows that

Fyl¢] = sup,ep, v.
For the last statement notice that Fy[¢] = sup,cp, v > Sup,e Fryy V= Fo [Py¢]], since

Fy D Fp,jg. The reverse inequality is trivial. O

Remark 3.13. Sadly, the assumption f <05 > 0 is necessary in the above theorem.
Indeed, in the setting of Remark 3.3, it can be seen that FPp[¢] < SUPjep, h, as the
potential on the right hand side is greater than 73v, since m5v € Fy.

As a consequence of this last result, we obtain the following characterization of mem-
bership in £(X, 0, ¢), providing a partial converse to Proposition 3.1:

Theorem 3.14. Suppose ¢ € PSH(X,0) with [, 03 > 0 and ¢ < 0. The following are
equivalent:

(i) ue E(X,0,0).

(i1) ¢ is less singular than u, and Pylu](¢) = ¢.

(111) ¢ is less singular than u, and Pylu] = Py[d].

As a consequence of the equivalence between (i) and (iii), we see that the potential
Py[u] stays the same for all u € £(X, 0, ¢), i.e., it is an invariant of this class. In particular,
since £(X,0,¢) C £(X,0, Py|¢]), by the last statement of Theorem 3.12, it seems natural
to only consider potentials ¢ that are in the image of the operator ¢» — P[], when
studying classes of relative full mass £(X, 6, ¢). What is more, in the next section it will
be clear that considering such ¢ is not just more natural, but also necessary when trying
to solve complex Monge-Ampere equations with prescribed singularity.

Proof. Assume that (i) holds. By Theorem 3.8 it follows that Py[u](¢) > ¢ a.e. with
respect to 6 1.4 Proposition 3.11 gives Fy[u](¢) = ¢, hence (ii) holds.

Suppose (ii) holds. We can assume that u < ¢ < 0. Then Py[u] > Py[u](¢) = ¢. By
the last statement of the previous theorem, this implies that

Pylu] = Py[Py[u]] > Pyle].

As the reverse inequality is trivial, (iii) follows.
Lastly, assume that (iii) holds. By Theorem 2.4 and Theorem 2.3 it follows that

Jx0n =[x O = Ix 04 = J5 0%, hence (i) holds. L

Corollary 3.15. Suppose ¢ € PSH(X, 0) such that [, 03 > 0. Then E(X,0,¢) is convex.
Moreover, given iy,... 1, € £(X,0,¢) we have

/9;11/\.../\9;2’;:/0;}, (9)
X X

where s; > 0 are integers such that z;l:1 5; = n.

Proof. Let u,v € £(X,0,¢) and fix t € (0,1). It follows from Theorem 3.14 that
Py[v](¢) = Pylu](¢) = ¢. This implies that

Bylto + (1 = t)ul(9) = th[vl(¢) + (1 — 1) Pylul(¢) = ¢
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As the reverse inequality is trivial, another application of Theorem 3.14 gives that tv +
(1-thue&(X,0,9).

We now prove the last statement. Since £(X,0,¢) is convex, given ©y,...,1, €
E(X,0,¢) we know that any convex combination v := 2?21 s;¢; with 0 < s; < 1 and
Zj s; = n, belongs to £(X, 0, ¢). Hence

/X( sjew) /%_/%_/( w).

As a result, we have an identity of two homogeneous polynomials of degree n. Therefore
all the coefficients of these polynomials have to be equal, giving (9). O

Lastly, we provide another corollary, in the spirit of the partial comparison principle
from Proposition 3.5:

Corollary 3.16. Suppose ¢ € PSH(X,0) with [, 0% > 0. Assume that u,v,1,...,1; €
E(X,0,¢) for some j €{0,...,n}. Then

/ eg‘j/\ewl/\.../\ﬁwjg/ 07 A Oy, A Ay,
{u<wv} {u<v}

Proof. The conclusion follows immediately from (9) together with Proposition 3.5. O

4 Complex Monge-Ampere equations with prescribed
singularity type

Let 6 be a smooth closed (1,1)-form on X such that {6} is big and ¢ € PSH(X,0). By
PSH(X, 0, ¢) we denote the set of -psh functions that are more singular than ¢. We say
that v € PSH(X, 0, ¢) has relatively minimal singularities if v has the same singularity
type as ¢. Clearly, £(X,0,¢) C PSH(X, 0, ¢).

Let p be a non-pluripolar positive measure on X such that u(X) = [ <05 > 0. Our
aim is to study existence and uniqueness of solutions to the following equation of complex
Monge-Ampere type:

Oy =, Y e&(X,0,9). (10)
It is not hard to see that this equation does not have a solution for arbitrary ¢. Indeed,
suppose for the moment that = w, and choose ¢ € £(X,w) := £(X,w,0) unbounded.
It is clear that £(X,w,¢) C £(X,w,0). By [BEGZ10, Theorem A], the (trivial) equation
wy =w", Y e (X,w,0) is only solved by potentials ¢ that are constant over X, hence
we cannot have ¢ ¢ £(X,w, ¢).

This simple example suggests that we need to be more selective in our choice of ¢, to
make (10) well posed. As it turns out, the natural choice is to take ¢ such that Fy[¢] = ¢,
as suggested by our study of currents of relative full mass in the previous subsection.
Therefore, for the rest of this section we ask that ¢ additionally satisfies:

¢ = Byl] (11)

Such a potential ¢ is of model type, and [¢] is a model type singularity. As Vo = Py[Vy], one
can think of such ¢ as generalizations of Vj, the potential with minimal singularity from
[BEGZ10]. Wee refer to Remark 1.6 for natural constructions of model type singularities.
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As a technical assumption, we will ask that ¢ has additionally small unbounded locus,
i.e., ¢ is locally bounded outside a closed pluripolar set A C X. This will be needed to
carry out arguments involving integration by parts in the spirit of [BEGZ10].

One wonders if maybe model type potentials (those that satisfy (11)) always have
small unbounded locus. Sadly, this is not the case, as the following simple example
shows. Suppose 6 is a Kahler form, and {z;}; C X is a dense countable subset. Also let
v; € PSH(X,0) such that v; < 0, fX v;0" = 1, and v; has a positive Lelong number at
;. Then ¢ = Y. -v; € PSH(X, ) has positive Lelong numbers at all z;. As we have
argued in [DDL16, Theorem 1.1], the Lelong numbers of P[] are the same as those of
1, hence the model type potential Py[t¢)| cannot have small unbounded locus.

The following convergence result is important in our later study, and it can be implic-
itly found in the arguments of [BEGZ10], as well as other works:

Lemma 4.1. Let uy, u), € PSH(X, 0, ¢) and C > 0 such that
—C<u,—¢<C,

forallj € N and k € {1,...,n}. Assume also that ui — ug, k € {1,...,n} in capacity.
Suppose also that f, f; are uniformly bounded, quasi-continuous, such that f; — f in
capacity. Then fjHujl- N NOy = [Ou Ao A By, weakly.

Proof. Let A C X be closed pluripolar such that {¢ = —oo} C A. We set u; :=
Hu{ AN %p and p = 0, N ... N6, . Fix a continuous function y on X, ¢ > 0 and U
an open relatively compact subset of X \ A such that u(X \ U) < e. Fix V a slightly
larger open subset of X \ A such that U € V € X \ A. Fix p a continuous non negative
function on X which is supported in V and is identically 1 in U. Since all functions
], are uniformly bounded in V (along with w) it follows from [GZ17, Theorem 4.26]
that xf;u; converges weakly to xfu in V. Also, Bedford-Taylor theory gives that s,
converges weakly to p in V. Thus liminf; p;(U) > p(U), hence limsup; p;(X \ U) <
(X \U) < e since p;(X) = p(X). Since x,p, fj, f are uniformly bounded it follows
that lim sup, fX\U plx fjl 45, lim sup; fX\U Ixfil, fX\Up|Xf]u, fX\U |xflu are all bounded
by Ce for some uniform constant C' > 0. On the other hand, since x f;; converges weakly
to xfur in V and p = 0 outside V', we have

lim / px fidu; = / px.fdp.
J Jx X
Thus,

lim sup
J

/ xfidp; — / xfdu‘ < limsup / pX fidp; — / prdu‘+406
X X X X

J

It then follows that

lim sup
J

/ X Jfidp; —/ deu‘ < (.
X X

Letting ¢ — 0 we arrive at the conclusion. O
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4.1 The relative Monge-Ampere capacity

We introduce the relative Monge-Ampére capacity of a Borel set B C X:

Capy(B) := SUP{/B%’ Y € PSH(X,0), ¢ <oy < ¢+1}.

Note that in the Kéhler case a related notion of capacity has been studied in [DiLul4,
DiLul5]. In the case when ¢ = Vj we recover the Monge-Ampere capacity used in
[BEGZ10, Section 4.1]. As is well known, the (generalized) Monge-Ampere capacity and
the global relative extremal functions play a vital role in establishing uniform estimates
for complex Monge-Ampere equations (see [Kol98], [BEGZ10], [DiLul4, DiLul5]). Along
these lines the capacity Cap, will play a crucial role in proving the regularity part of
Theorem 1.4.

Lemma 4.2. The relative Monge-Ampére capacity Capy is inner reqular, i.e.
Capy(E) = sup{Cap,(K) | K C E; K is compact}.

Proof. By definition Capy(E) > Cap,(K) for any compact set K C E. Fix € > 0. There
exists u € PSH(X, ) such that ¢ <u < ¢+ 1 and

/ 0y > Capy(E) —e.
E

Since ' is an inner regular Borel measure it follows that there exists a compact set
K C E such that [, 07 > [0 —c > Cap,(E) — 2e. Hence Cap,(K) > Cap,(E) — 2e.
Letting ¢ — 0 and taking the supremum over all the compact set K C E, we arrive at
the conclusion. O]

By definition, Capy(B) < Capy(X) = [, 0. Next we note that if Cap,(B) = 0 then
B is a very “small” set:

Lemma 4.3. Let B C X be a Borel set. Then Capy(B) = 0 if and only if B is pluripolar.

Proof. Fix w Kahler with w > . Recall that a Borel subset £ C X is pluripolar if and
only if Cap,,(E) = 0 (see [GZ05, Corollary 3.11] which goes back to [BT82]).

If B is pluripolar then Cap,(B) = 0 by definition. Conversely, assume that Capy(B) =
0. If B is non-pluripolar then, Cap,(B) > 0. Since Cap,, is inner regular ([BBGZ13,
Remark 1.7]), there exists a compact subset K of B such that Cap,,(K) > 0. In particular
K is non-pluripolar, hence the global extremal function of (K,w), V;; x is bounded from
above (i.e. it is not identically +o00) by [GZ17, Theorem 9.17]. Since w > 6 we have
Vi <V, g, hence Ve is also bounded from above.

We recall that Hﬁe*K is supported on K ([GZ17, Theorem 9.17]), and we consider

up = Pp(d + 1, Vyy), t > 0. By the argument of Corollary 3.9 there exists ¢y > 0 big
enough such that ¢ := u;, € PSH(X, #) has the same singularity type as ¢ and fK by > 0.
We can assume that ¢ < ¢ < ¢ + C for some C' > 0. If C' < 1 then v is a candidate in
the definition of Cap,(B), hence Cap,(B) > 0, which is a contradiction. In case C' > 1,
then (1 — £)¢ + ¢ is a candidate in the definition of Capy(K), hence

n 1 n
Cap,(B) > Capy(K) > /}(9(11)¢+éw > G /Kﬁw > 0,

C

a contradiction. O
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4.1.1 The ¢-relative extremal function

Recall that ¢ has small unbounded locus, i.e. ¢ is locally bounded outside a closed
complete pluripolar subset A C X. Recall that by PSH(X, 0, ¢) we denote the set of all
f-psh functions which are more singular than ¢.

Let E be a Borel subset of X. The relative extremal function of (E, ¢,0) is defined as

hgs =sup{u € PSH(X,0,¢) |[u<¢—1on E; u<0on X}

Lemma 4.4. Let E be a Borel subset of X and hg 4 be the relative extremal function of
(E,¢,0). Then hy, 4 is a 0-psh function such that ¢ —1 < hy, , < ¢. Moreover, 923‘9(;5

vanishes on {h}, 5 < 0} \ E.

Proof. Since ¢ — 1 is a candidate defining hg 4 it follows that ¢ —1 < hgy < hp 4 Any
u € PSH(X, 0, ¢) with u < 0 is a candidate of Py(¢+ C,0), for some C' € R. By Theorem
3.12 we get that u < Fy[p] = ¢, hence b}, 4 < ¢.

By the above, hf , is locally bounded outside the closed pluripolar set A, and a
standard balayage argument (see e.g. [BT76], [GZ05, Proposition 4.1], [BBGZ13, Lemma
1.5]) gives that 0. , vanishes in {h}, , < 0} \ E. O

Theorem 4.5. If K is a compact subset of X and h := hy , then

Capa(K) = [ = [ (0= )6y

Proof. Set h := h} , and observe that h + 1 is a candidate defining Cap,,. Since 0} puts
no mass on the set {h < ¢} \ K and h = ¢ — 1 on K modulo a pluripolar set we thus get

Cany(K) = [ 0= [ (6.

Now let u be a #-psh function such that ¢ —1 < u < ¢. For a fixed ¢ € (0,1) set
us := (1 —e)u + e¢. Since h = ¢ — 1 on K modulo a pluripolar set and ¢ — 1 < u. it
follows that K C {h < u.} modulo a pluripolar set. By the comparison principle we then

get
O N N N S
K {h<uc} {h<uc} K

where in the last equality we use the fact that 6} vanishes in {h < 0} \ K. Since u was
taken arbitrarily, letting ¢ — 0 we obtain Cap,(K) < [, 6p. This together with the
previous step gives the result. O

Corollary 4.6. If (K;) is a decreasing sequence of compact sets then

Cap¢(K) = lim Cap¢(Kj),

Jj—+oo
where K = ﬂj K;. In particular, for any compact set K we have

Capy(K) = inf{Capy(U) | K CU C X ; U is open in X}.
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Proof. Let h; := hj, , be the relative extremal function of (K}, ¢). Then (h;) increases
almost everywhere to h € PSH(X, #) which satisfies ¢ —1 < h < ¢, since ¢ —1 < h; < ¢.

Next we claim that ¢ ({h < 0} \ K) = 0. Indeed, for each j we have that 6 ({h; <
0} \ K;) =0 (Lemma 4.4) and {h < 0} \ K,,, C {h; < 0} \ K for any j > m. Using the
continuity of the Monge-Ampeére measure along monotone sequences (Theorem 2.3 and
Remark 2.5) we have that ¢ converges weakly to 6. Since {h < 0} \ K, is open it
follows that

0p({h <0} \ K) < l;gglof O, ({h < 0} \ Kn) = 0.

The claim follows as m — +o00. It then follows from Theorem 4.5 and Lemma 4.1 that

Jim Cap, () = Tim [ (0= )03, = [ (0=10p = [ 67 < Can, ()
As the reverse inequality is trivial, the first statement follows.

To prove the last statement, let (K;) be a decreasing sequence of compact sets such
that K is contained in the interior of K for all j. Then by the first part of the corollary
we have that

v

Capy(K) = lim Capy(Kj) lim Cap(Int(Kj))

j—+oo Jj—+oo

inf{Cap,(U) | K CU C X ; U is open in X},

V

hence equality. O
Corollary 4.7. If U is an open subset of X then

Capo(U) = [ (6= huo)h,

Proof. Let (Kj) be an increasing sequence of compact subsets of U such that UK; = U.
For each j we set hj := h}‘(j’(b. By Theorem 4.5 we have that

Cap,(K;) = /X (6= h))6}.

Since h; decreases to hy g it follows from Lemma 4.1 that the right-hand side above
converges to [ (@ — hU7¢)92LU¢. Moreover, by the argument of Lemma 4.2 we have
lim; Cap,(K;) = Cap,(U), hence the result follows. ]

4.1.2 The global ¢-extremal function
For a Borel set ¥ C X, we define the global ¢-extremal function of (E, ¢,0) by

Vi :=sup{¢y € PSH(X,0,¢), v < ¢ on E}.
We then introduce the relative Alexander-Taylor capacity of F,

Ty(E) := exp(—My(E)), where My(E) :=sup Vj ;.
X

Paralleling Lemma 4.3, we have the following result:

Lemma 4.8. Let E C X be a Borel set. If My(E) = +o00, then E is pluripolar.
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Proof. Let w be a Kahler form such that w > 6. By definition we have
Veo < Vg :=sup{y € PSH(X,w), » <0on E}.

This clearly implies My (E) < supy Vj; ,, and so by assumption we know that supy Vi, =
+00. It then follows from [GZ05, Theorem 5.2] that F is pluripolar. O

If My(E) < +oo then Vi 4 € PSH(X, 0), and standard arguments give that 0y , does

not charge X \ E (see [GZ17, Theorem 9.17] or [GZ05, Theorem 5.2]). Now, we claim
that

¢ < Vi < Bolo] + My(E) = ¢+ My(E). (12)
The first inequality simply follows by definition, since ¢ < 0 is a candidate in the definition
of Vg ¢. If My(E) = 400 then the second inequality holds trivially. Assume that M,(E) <
+00. The inequality then holds, since Vi , — My(E) < 0, and each candidate potential
¢ in the definition of Vs is more singular then ¢, i.e., ¢ — My(FE) is a candidate in the

)

definition of Py(¢+ C,0), for some C' > 0. Finally, the last identity follows from Theorem
3.12.

In particular, since ¢ has small unbounded locus, so does the usc regularization Vg ,.
Also, from (12) we deduce that if My(FE) < +o0, the f-psh functions Vi , and ¢ have the
same singularity type, hence Proposition 2.1 insures that

The Alexander-Taylor and Monge-Ampere capacities are related by the following esti-
mates:

Lemma 4.9. Suppose K C X is a compact subset and Cap¢(K) > 0. Then we have
oty
1< =——— < max(1l, My(K)).
G (1, M,(K)

Proof. The first inequality is trivial. We now prove the second inequality. Note that we
can assume that My(K) < +o0, since otherwise the inequality is trivially satisfied. We
then consider two cases. If My(K) <1, then Vi, < ¢+ 1, hence Vi ; is a candidate in
the definition Cap,(K). Since 9{}}2,9 is supported on K, we thus have

Cap¢(K)2/[(93;@:/)(9@@:/)(93,

and the desired inequality holds in this case.
If M := My(K) > 1, then by (12) we have ¢ < M~'V¢ ;+ (1 - M) < ¢+ 1, and
by definition of the relative capacity we can write:

1 1 1
C K) > 0% 1y iy > | 0 =— | 00, =— [ 0}
ap¢( )— /K M 1VK,¢+(1—M g = Mn /K Vi.o Mn/X Vi Mn/X o}

implying the desired inequality. [
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4.2 The relative finite energy class £1(X, 0, ¢)

To develop the variational approach to (10), we need to understand the relative version
of the Monge-Ampere energy, and its bounded locus (X, 0, ¢).

For u € £(X,0,¢) with relatively minimal singularities, we define the Monge-Ampeére
energy of u relative to ¢ as

Iy(u) := 0)0F en’f

In the next theorem we collect basic properties of the Monge-Ampere energy:

Theorem 4.10. Suppose u,v € E(X,0,¢) have relatively minimal singularities. The
following hold:

(i)1¢< >_I¢():n+12k ofx ek/\enk

(i) If u < ¢ then, [, (u 9"<I¢( ) < g S (u—)or.

i is non-decreasing and concave aong affine curves. itionally, the following
Iy d d [ 1 Add lly, the foll

estimates hold: [ (u— )0 < Iy(u) ) < [y (u

Proof. Since ¢ has small unbounded locus, it is possible to repeat the arguments of
[BEGZ10, Proposition 2.8] almost word for word. As a courtesy to the reader the de-
tailed proof is presented here.

To start, we note that the non-pluripolar products appearing in our arguments are
simply the mixed Monge-Ampere measures defined in the sense of Bedford and Taylor
[BT76] on X \ A, where A is a closed complete pluripolar subset of X, such that ¢ is
locally bounded on X \ A (consequently, u and v are locally bounded in on X \ A). Since
u — v is globally bounded on X, we can perform integration by parts in our arguments
below, via [BEGZ10, Theorem 1.14].

For any fixed k € {0,....,n — 1}, set T = 0% A 9"~""1. Using integration by parts
[BEGZ10, Theorem 1.14], we can write

/){(u—v)@ﬁ/\@’}k:/X(u—v)(Q—l—ia@v)/\T
:/X(u—maé(v—u)AT+/X(u—v)@'aéuAT+/X(u—v>eAT
:/X(v—u)iaa(u—v)m+/(u—v)euAT

X

> / (= )0y AT = / (1 — 0)OF+ A gt (13)
X X

where in the last inequality we used that [, (—¢)i00p AT =i [, dp A Op AT > 0 with
¢ := u —v. This shows in particular that the sequence k — [, (u — ¢)0% A 9;"“ is
non-increasing in k, verifying (ii).

Now we compute the derivative of f(t) := Is(w),t € [0, 1], where u; := tu + (1 —
t)v. By the multi-linearity property of the non-pluripolar product we see that f(¢) is a
polynomial in ¢. Using again integration by parts [BEGZ10, Theorem 1.14], one can check
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the following formula:

f’(t) = n+1<2/ ek /\en k+2/ ut Zaau_v)/\ek 1/\071 k)
N n+1<2/ ek/\QnkJr;/Xk(u—v)(@ut—9¢)A91’L1A93k)

_ /X(u—v)egt.

Computing one more derivative, we arrive at

() = n/X(u —0)idd(u — v) NG = —ni /X I(u—v)AI(u—v)di " <0.

This shows that I, is concave along affine curves.
Now, the function ¢t — f'(t) is continuous on [0, 1], thanks to convergence property of
the Monge-Ampere operator (see Lemma 4.1). It thus follows that

I¢(u1)—l¢(ug):/ol f’(t)dt:/ol/x(u—v)é’ztdt.

Using the multi-linearity of the non-pluripolar product again, we get that

n

[ v = £ ([ (o) oo

k=0
1 n
= —v)0E A or
—7> [ w-vne
k=0
This verifies (i), and another application of (13) finishes the proof of (iii). O

Lemma 4.11. Suppose uj,u € E(X,0,¢) have relatively minimal singularities such that
u; decreases to u. Then 1,(u;) decreases to 1,(u).

Proof. From Theorem 4.10(iii) it follows that |I4(u;) — Is(u)| = I4(u;) — ) < Sy (u;
w)0r. An application of the dominated convergence theorem finishes the argument O

We can now define the Monge-Ampere energy for arbitrary u € PSH(X, 0, ¢) using a
familiar formula:

Iy(u) = inf{ls(v) | v € E(X,0, ), v has relatively minimal singularities, and v < v}.
Lemma 4.12. If u € PSH(X, 0, ¢) then I(u) = lim;_, Is(max(u, ¢ —1)).

Proof. 1t follows from the above definition that I,(u) < lim,_, I;(max(u, ¢—1t)). Assume
now that v € PSH(X, 0, ¢) is such that v < v, and v has the same singularity type as
¢ (i.e. v is a candidate in the definition of I;(u)). Then for ¢ large enough we have
max(u, ¢ —t) < v, hence the other inequality follows from monotonicity of . O

We let £1(X, 0, ¢) denote the set of all u € PSH(X, 6, ¢) such that Is(u) is finite. As
a result of Lemma 4.12 and Theorem 4.10(iii) we observe that I is non-decreasing in
PSH(X, 60, ¢). Consequently, £1(X, 0, ¢) is stable under the max operation, moreover we
have the following familiar characterization of £'(X, 6, ¢):
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Lemma 4.13. Let u € PSH(X,0,¢). Then u € EY(X,0,9¢) if and only if u € £(X, 0, ¢)
and [ (u— @)0 > —oo.

Proof. We can assume that u < ¢. For each C' > 0 we set u® := max(u,¢ — O). If
Is(u) > —oo then by the monotonicity property we have I(u®) > I,(u). Since u® < ¢,
an application of Theorem 4.10(ii) gives that [, (u” — ¢)0". > —A, VC, for some A > 0.

From this we obtain that A
/ ZO S - — 07
{u<p—C} C

as C' — +o0o. Hence it follows from Lemma 3.4 that u € £(X,0,¢). Moreover by the
plurifine property of the non-pluripolar product we have that

/X (u’ — 9)fllc < /{ u>¢_(;}(u — )0

Letting C' — oo we see that [ (u — ¢)0} > —A.

To prove the reverse statement, assume that u € £(X,0,¢) and [, (u— ¢)07 > —co.
For each C' > 0 since 6]} and 0" have the same mass and coincide in {u > ¢ — C} it
follows that f{u§¢—0} e = f{u§¢—C} 7. From this we deduce that

/X(uc — )0l = — /{US(M} cor + /{u>¢_0}(u — )" = /X(u — )" > —A.

It thus follows from Theorem 4.10(ii) that Is(u®) is uniformly bounded. Finally, it follows
from Lemma 4.12 that I4(u) \ I4(u) as C — oo, finishing the proof. O

We finish this subsection with a series of small results listing various properties of the
class £1(X, 0, ¢):

Lemma 4.14. Assume that (u;) is a sequence in EY(X, 0, ¢) decreasing tou € E1(X, 0, ¢).
Then 1,(u;) decreases to 1,(u).

Proof. Without loss of generality we can assume that u; < ¢ for all j. For each C > 0
we set u§ 1= max(u;,¢ — C) and u® := max(u, ¢ — C). Note that u§,u” have the same
singularities as ¢. Then Lemma 4.11 insures that lim; I4(u¢) = I;(u®). Monotonicity of
I, gives now that Iy(u) < lim; I4(u;) < lim; I,(u§) = I¢(ucj). Letting C' — oo, the result
follows. [l

Lemma 4.15. Assume that (u;) is a decreasing sequence in E1(X, 0, ¢) such that 1,(u;) is
uniformly bounded. Then the limit u := lim; u; belongs to EX(X, 0, ¢) and 1,(u;) decreases

to I¢(u) .

Proof. We can assume that u; < ¢ for all j. Since Iy(u;) < [y (u; — @)%, Ty(uy) is
uniformly bounded and 6§ has bounded density with respect to w", it follows that | § Uw"
is uniformly bounded, hence u # —oo.

By continuity along decreasing sequences (Lemma 4.14) we have lim;_, o Ls(max(u;, p—
C)) = Iy(max(u, p—C))) . It follows that I,(max(u, —C')) is uniformly bounded. Lemma
4.12 then insures that I(u) is finite, i.e., u € E(X, 0, ¢). O

Corollary 4.16. I, is concave along affine curves in PSH(X, 6, ¢). In particular, the set
EYX,0,9) is conver.
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Proof. Let u,v € PSH(X,0,¢) and u; := tu + (1 — t)v,t € (0,1). If one of u,v is not in
EYN(X,0,$) then the conclusion is obvious. So, we can assume that both v and v belong
to E1(X, 0, ¢). For each C > 0 we set u¢ := t max(u, ¢ — C) + (1 — t) max(v, ¢ — C). By
Theorem 4.10)(iii), ¢t — I4(uf) is concave. Since ul decreases to u; as C' — oo, Lemma
4.15 gives the conclusion. O]

4.3 The variational method

Recall that ¢ is a 6-psh function with small unbounded locus such that ¢ = Py[¢], and
Jx 05 > 0. For this subsection we additionally normalize our class so that [, 6} = 1.

We adapt the variational methods of [BBGZ13] to solve the complex Monge-Ampere
equations in our more general setting:

0r = M, u € E(X,0,9). (14)

where A > 0, p is a positive non-pluripolar measure on X. If A = 0 then we also assume
that u(X) = 1 which is a necessary condition for the equation to be solvable.
We introduce the following functionals on (X, 0, ¢):

Fy(u) := Py, (u) == Ty(u) — Ly, (u), u € EY(X, 0, 9).

Where Ly, (u) == § [y edp if X > 0 and L,(u) := Lou(u) := [y (u— ¢)du. Note that
when \ > 0, F) is finite on £Y(X, 0, ¢). It is no longer the case if A = 0 in which case we
will restrict ourself to the following set of measures. For each constant A > 1 we let M4
denote the set of all probability measures p on X such that

p(E) < A-Capy(E), for all Borel subsets £ C X.
Lemma 4.17. My is a compact convexr subset of the set of probability measures on X.

Proof. The convexity is obvious. We now prove that M, is closed. Assume that (p;) C
M4 is a sequence converging weakly to a probability measure p. Then for any open set
U we have

u(U) < Timinf 1, (U) < ACap,(U).
J

Now, let K C X be a compact subset. Taking the infimum over all open sets U D K in
the above inequality, it follows from Corollary 4.6 that u(K) < ACap,(K). Since y and
Cap, are inner regular (Lemma 4.2) it follows that the inequality holds for all Borel sets,
finishing the proof. O

Lemma 4.18. If p € My then Fy,, is finite on EY(X, 0, ¢). Moreover, there is a constant
B > 0 depending on A such that for all w € PSH(X, 0, ¢) with supy u = 0 we have

/X (u— ¢ < B(|To(u)] +1).

The proof given below is inspired by [BBGZ13, Lemma 2.9].

Proof. Fix u € PSH(X, 0, ¢) such that supy v = 0. By considering u, := max(u, ¢ — k)
and then letting £k — +o00, we can assume that u — ¢ is bounded. We first prove that

/+OO tCapy(u < ¢ — 2t)dt < C(—Ig(u) + 1), (15)

25



for some uniform constant C' := C'(n) > 0.

Indeed, for each t > 1 we set u; :=t'u+ (1 —t1)¢. We also fix v € PSH(X, 6) such
that ¢ — 1 < ¢ < ¢. Observe that u;, 1 € £(X,0,¢)) and that the following inclusions
hold

(u<op—2)C(y<tb—1)C(u<p—t), t>1.

It thus follows that
Op(u <o —2t) <Op(u <9 —1) <Oy (u < —1) <0y, (u<o—t), (16)

where in the second inequality we used the comparison principle (see Corollary 3.6).
Expanding 6;;, we see that

O, <Ct' Y 0EA0TF 40y, V> 1, (17)
k=1

for a uniform constant C' = C'(n). Since 0} has bounded density with respect to Lebesgue
measure (see Theorem 3.8), using [GZ17, Theorem 2.50] we infer that

Og(u < ¢ —1t) < A/ W' < Ae™ ™, (18)

{us—t}

for some uniform constants a, A > 0 depending only on n,w, X. Combining this with (16)
and (17) we get that

[ 100 < 6 — 20)dt < [ 107 (u < ¢ — t)dt

< (J/ Zé){j/\eg‘k(u<¢—t)dt+/ 0 (u < ¢ — t)dt
1 k=0 1
< C(n+ D|Ig(u)|+C".

Taking the supremum over all candidates 1) + 1 we arrive at
+oo
/ tCapy(u < ¢ — 2t)dt < C(n+ 1)[Ty(u)| + C",
1
proving (15). Finally, we can write
“+o0o “+o0o
/(u—gzﬁ)Qdu = 2/ t,u(u<gz§—t)dt§2+4/ tu(u < ¢ — 2t)dt
X 0 1
+oo
< 24 4/ AtCapy(u < ¢ — 2t)dt < B(|I4(u)| + 1),

1

where B > 0 is a uniform constant depending on n, C,C". n

Observe that Lemma 4.18 above together with Holder inequality give that Fp ,, is finite
on (X, 0, ) whenever u € M, for some A > 1. Indeed

1/2
Jru=olan< ([ w-ora) w0 <canw ey a9
X X
for a suitable C' > 0.
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4.3.1 Maximizers are solutions

Proposition 4.19. I, : £1(X, 0, ¢) — R is upper semicontinuous with respect to the weak
L' topology of potentials.

Proof. Assume that (u;) is a sequence in £'(X, 6, ¢) converging in L' to u € £(X, 0, ¢).
We can assume that u; < 0 for all j. For each k, ¢ € N we set vy 1= max(uy, ..., Ug4s)-
As E1(X, 0, ¢) is stable under the max operation, we have that vy, € E(X, 6, ).
Moreover v, @i = (suijk uj)* , hence by the monotonicity property we get
Lo(pr) > Ly(vee) > Ig(ug) > —oo. As a result, ¢, € E1(X,0,¢). By Hartogs’ lemma
©r \yu as k — co. By Lemma 4.14 it follows that I4(yy) decreases to Ls(u). Thus, using
the monotonicity of Iy we get Is(u) = limy_ Ls(pr) > limsup,_, . Is(uy), finishing the
proof. O]

Next we describe the first order variation of I, shadowing a result from [BB10):

Proposition 4.20. Let u € £Y(X,0,¢) and x be a continuous function on X. For each
t >0 set uy := Py(u+tx). Then uy € EY(X,0,9), t — Ly(u;) is differentiable, and its
derivative is given by

d
—1 = " R.
dt ¢(ut) /XXQu” te

Proof. Note that u + tinfy x is a candidate in each envelope, hence u + tinfx x < wy.
Montonicity of I, now implies that u, € (X, 0, ¢).

As the singularity type of each u; is the same, we can apply Lemma 4.21 below and
conclude:

/X(Ut+s =)y, < lp(uirs) —Tp(w) < /X(Ut+s — w0y,

It follows from [DDL16, Proposition 2.16] that ¢7, is supported on {u; = u + tx}. We

thus have
[ e — w8 = [ (= w00, < [ s,
X X X

since usrs < u+ (t+ s)x. Similarly we have

/ (Utys — w)Oy, . = / (u+ (t+s)x —w)ly,, . > / sx0,, .-
X X X

Since uzys converges uniformly to u; as s — 0, by Theorem 2.3 it follows that 07
converges weakly to 6 . As y is continuous, dividing by s > 0 and letting s — 0" we see
that the right derivative of I,(u,) at t is [, x0.,. The same argument applies for the left

derivative. n

Lemma 4.21. Suppose u,v € E1(X,0,¢) have the same singularity type. Then
=0 <L - L) < [ w- v
X X

Proof. First, note that these estimates hold for u¢ := max(u, ¢ — C), v := max(v, ¢ —C),
by Theorem 4.10(iii). It is easy to see that u“ —v® is uniformly bounded and converges to
u —v. Also, by the comments after Lemma 3.4 it follows that the measures 07 converge
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uniformly to 62 (not just weakly!). Putting these last two facts together, the dominated
convergence theorem gives that

@ =~ [ -y

J @ =)0 —o| + | [ @ =0~ [ ez

as C' — o0o. A similar convergence statement holds for the left hand side of our double
estimate as well, and using Lemma 4.12, the result follows. O

Theorem 4.22. Assume that Ly, is finite on E1(X,0,¢) and u € EY(X, 0, ¢) mazimizes
Fy, on EY(X,0,¢). Then u solves the equation (14).

<

<

+ — 0,

Proof. First, let’s assume that A # 0. Let x be an arbitrary continuous function on X
and set u; := Py(u + tx). It follows from Proposition 4.20 that u; € £Y(X, 0, ¢) for all
t € R, that the function
g(t) = Id)(ut) — L,\“LL(’UJ + tx)

is differentiable on R, and its derivative is given by ¢'(t) = [, x07, — [ xe*""™dp.
Moreover, as u; < u+ty, we have g(t) < F) .(ur) < supgi(x ) Fap = Fu) = g(0). This
means that g attains a maximum at 0, hence ¢’(0) = 0. Since x was taken arbitrary it
follows that 0" = e*u. When A = 0, similar arguments give the conclusion. O]

4.3.2 The case A >0

Having computed the first order variational of the Monge-Ampere energy, we establish
the following existence and uniqueness result.

Theorem 4.23. Assume that i is a positive non-pluripolar measure on X and A > 0.
Then there exists a unique @ € EY(X,0,¢) such that

0, = M. (20)

Proof. We use the variational method as above (see also [DDL16]). It suffices to treat the
case A = 1 as the other cases can de done similarly. Consider

F(u) :=Tg(u) —/Xe”d,u, u € ENX,0,0).

Let (¢;) be a sequence in £'(X,6,¢) such that lim; F(p;) = supgi(x g4 F > —0o. We
claim that supy ¢; is uniformly bounded from above. Indeed, assume that it were not
the case. Then by relabeling the sequence we can assume that supy ¢; increase to +oo.
By compactness property [GZ05, Proposition 2.7] it follows that the sequence v; :=
©; — supy p; converges in L'(X,w") to some ¢ € PSH(X,#) such that supy ¢ = 0. In
particular [, e¥dy > 0. It thus follows that

/ ePidy = ePx ¥ / ew]-du > ce®Px ¥i (21)
X X

for some positive constant c. Note also that 1; < ¢ since ¢; € £(X, 0, ¢) and ¢; < 0 and
¢ is the maximal function with these properties (see Theorem 3.12). It then follows that

Ly(0j) = Lg(15) + SUp < SUP 9 (22)
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From (21) and (22) we arrive at

[ Fe;) < lim (sup g; — ce™x ) = —oo,
which is a contradiction. Thus supy ¢; is bounded from above as claimed. Since F'(¢;) <
I,(¢;) < supy ; it follows that I4(p;) and hence supy ¢; is also bounded from below.
It follows again from [GZ05, Proposition 2.7] that a subsequence of ¢; (still denoted by
¢;) converges in L'(X,w") to some ¢ € PSH(X,#). Since I, is upper semicontinuous
it follows that ¢ € EY(X,0,¢). Moreover, by continuity of u — [ + €'dp we get that
F(p) > supgi(x g4 F. Hence ¢ maximizes F on £'(X,6,¢). Now Theorem 4.22 shows
that ¢ solves the desired complex Monge-Ampere equation. The next lemma address the
uniqueness question. ]

Lemma 4.24. Let A\ > 0. Assume that ¢ € E(X,0,¢) is a solution of (20) while
Y € E(X,0,¢) satisfies 0, > M. Then o > on X.

Proof. By the comparison principle for the class £(X,w, ¢) (Corollary 3.6) we have

/ 9:; < / 9;.
{p<t} {eo<y}

As ¢ is a solution and ¢ is a subsolution to (20) we also have

/ e)‘wdu §/ 93) S/ GZ :/ e’\@d,u §/ e)‘wdu.
{p<y} {p<y} {p<} {p<y} {p<t}

It follows that all inequalities above are equalities, hence ¢ > 1 p-almost everywhere on
X. Since p = e_’\‘PGZ, it follows that 67 ({¢ < ¢}) = 0. By the domination principle 3.11
we get that ¢ > 1 everywhere on X. O]

4.3.3 The case A =0

Theorem 4.25. Assume that € M4 for some A > 1. Then there exists u € EY(X, 0, ¢)
such that 07 = p.

Proof. In view of Theorem 4.22 it suffices to find a maximizer in £}(X, 0, ¢) of the func-
tional F':= F{, defined by

F(u) :=Iy(u) — /X(u — ¢)du, u € EYX,0,0).

Note that F'(u) is finite for all u € E1(X, 6, ¢) since p € M 4 (see Lemma 4.18). Let (u;) be
asequence in (X, 0, ¢) such that supy u; = 0 and F'(u;) increase to SUPg1(x,9,4) I > —00.
By compactness property [GZ05] a subsequence of (u;) converges to u € PSH(X, 0, ¢),
and supy u = 0. Moreover, since u € M4, by (19) we have that

F(uy) < Ls(uy) + Clly(uy)|'? + C, V.

It thus follows that I4(u;) is uniformly bounded. Since 1, is upper semicontinuous it
follows that u € £'(X,0,¢). Also, since [y (u; — ¢)*dp is uniformly bounded (Lemma
4.18) it follows from the same arguments of [GZ17, Lemma 11.5] that [ (u; — ¢)du
converge to [, (u — ¢)dp. Since I, is usc we obtain that F(u) > limsup; F'(u;). Hence u
maximizes F on (X, 0, $), and the result follows. a
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Lemma 4.26. If i is a positive non-pluripolar measure on X and A > 1 then there exists
veEMyand 0 < f e LYX,v) such that p = fu.

The short proof given below is due to Cegrell [Ce98].

Proof. 1t follows from Lemma 4.17 that My is a convex compact subset of M(X), the
space of probability measures on X. It follows from [KS, Lemma 1] that we can write

p=v+o,

where v, 0 are non-negative Borel measures on X such that v is absolutely continuous
with respect to an element in M 4 and o is singular with respect to any element of M4,
i.e. o L m for any m € M 4. It then follows from [Rai69, Theorem| that o is supported
on a Borel set E such that m(F) = 0 for all m € My. If u is a candidate defining the
capacity Capy(E), then clearly 6] € My, hence [, 607 = 0. It follows that Cap,(E) = 0,
hence by Lemma 4.3 FE is pluripolar. Therefore, 0 = 0 since p does not charge pluripolar
sets. O]

To prove the main existence result in this subsection we also need the following lemma.
The argument uses the locality of non-pluripolar Monge-Ampere measures with respect
to the plurifine topology, and is identical with the proof of [GZ07, Corollary 1.10].

Lemma 4.27. Assume that v is a positive non-pluripolar Borel measure on X and u,v €
PSH(X,0). If 0] > v and 0} > v then 6" > v.

max(u,v) —

Theorem 4.28. Assume that i is a positive non-pluripolar measure on X such that
w(X) = [0 Then there exists u € E(X,0,¢) (unique up to a constant) such that
0 = p.

Proof. Tt follows from Lemma 4.26 that y = fv where v € M; and 0 < f € L}Y(X,v).
For each j it follows from Theorem 4.25 that there exists u; € £'(X,0,¢) such that
supy u; = 0 and

0., = ¢ min(f, j)v.
Here, ¢; is a normalization constant and ¢; — 1 as j — +o0o. We can assume that 1 <
¢; <2 for all j. By compactness [GZ17, Proposition 8.5] a subsequence of (u;) converges
in L'(X,w") to u € PSH(X, 0, ¢) with supy u = 0. We will show that u € £(X, 0, ¢). For
each k € N we set vy := (sup;>;, u;)*. Then v, € (X, 6, ¢) and (v;) decreases pointwise
to u. For each k fixed, and for all j > k we have 0 > min(f, k)v. Thus for all £ € N it
follows from Lemma 4.27 that 0, , > min(f, k)v, where wy ¢ := max(ug, -, up4¢). Since
(wge) increases almost everywhere to vy as ¢ — oo it follows from Theorem 2.3 and
Remark 2.5 that

0, > min(f, k)v.

Thus for each C' > 0 setting v{ := max(vy, Vy — C), using the plurifine property of the
Monge-Ampere measure and observing that {u > Vp — C} C {v, > Vy — C'} we have

9:}% Z ﬂ{vk>V0*C}9:}k 2 l{vk>ngC} min(f, k‘)l/ 2 1{u>V970} min(f, k‘)l/

Since (v¢) decreases to u := max(u, p—C) and v$, u® € (X, 0), it follows from Theorem
2.3 that 07 converges weakly to 67, hence
k

Ope > Liusv,—cypt
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Since g is non-pluripolar it follows by letting C' — 400 that

92 = CLIII] ]l{u>vg }QZC > hm ﬂ{u>V970}lL = M.

Moreover by [WN17, Theorem 1.2] the total mass of #; is smaller than [, 67 = j(X) since
u < ¢. Hence [, 0} = u(X fX 07. It thus follows that u € £(X,6 gzﬁ) and 0] = p.
Uniqueness is addressed in the next theorem. O

Theorem 4.29. Assume u,v € E(X,0,¢) are such that 07! = 0. Then u—v is constant.

The proof of this uniqueness result rests on the adaptation of the mass concentration
technique of Kolodziej and Dinew [Dw09b] to our more general setting (see also [BEGZ10],
[DL15]). The arguments carry over almost verbatim, but as a courtesy to the reader we
provide a detailed account.

Proof. Set p = 0] = 0;). We will prove that there exists a constant C' such that p is
supported on {u = v+ C'}. This will allow to apply the domination principle (Proposition
3.11) to insure the conclusion. Assume that it is not the case. Arguing exactly as in
[BEGZ10, Section 3.3] we can assume that 0 < pu(U) < pu(X) = [ 07 and pu({u = v}) = 0,
where U := {u < v}. Let ¢ > 1 be a normalization constant such that f{u@} dp = p(X).
It follows from Theorem 4.28 that there exists h € £(X, 6, ¢), supy h = 0, such that 0} =
"1y p. In particular, h < ¢. For each t € (0,1) we set U; := {(1—t)u+tp < (1—t)v+th}
and note that, since h < ¢, the sets Uy increase as t — 07 to U \ {h = —o0}.

By the mixed Monge-Ampere inequalities [BEGZ10, Proposition 1.11] (which go back
to Dinew [Dw09a] and Kotodziej [Kol03]), we have that

O NG, > Tyep, OFAOTF > k=0,..,n. (23)

Moreover, since u, v, h € £(X, 0, ¢), it follows from Corollary 3.15 that all the above non-
pluripolar products have the same mass. Consequently, 0 A" % =y, k= 0,...,n. Using
the partial comparison principle (Proposition 3.5) we can write that

/ 07 A B porin < / 671 A B yesis.
U U

Expanding, and using the fact that 0" = 6"~1 A 6, we get

/ A6, < / o1 A6, (24)
U Uy

Combining (23) and (24) we have cu(Us) < [, 007" A0, < [, 027" A0y, Letting t — 0,
and noting that g is non-pluripolar (hence p put no mass on the set {h = —oo}) we
obtain

cu(U) < / N
Now, applying the same arguments for V' := {u > v} we obtain
(V) < | 017 n o
v

where b > 1 is a constant so that b"u(V) = u(X). Using that pu({u = v}) = 0, we can
sum up the last two inequalities and obtain

0 < min(b, c)u(X) < / 0t A0y = p(X).
X

where the last equality follows again from Corollary 3.15. This is a contradiction since
min(b, c¢) > 1. O
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4.4 Regularity of solutions

Recall that we work with ¢ € PSH(X, #) with small unbounded locus such that Fy[¢] = ¢,
and [ 05 > 0. Let f € LP(w") with f > 0. In the previous subsection we have shown
that the equation
0y = fu", v el (X,0,0)

has a unique solution. In this subsection we will show that this solution has the same
singularity type as ¢. This generalizes [BEGZ10, Theorem B], that treats the particular
case of solutions with minimal singularities in a big class. Analogous results will be
obtained for the solutions of (20) as well.

Our arguments will closely follow the path laid out in [BEGZ10, Section 4.1], which
builds on fundamental work of Kolodziej in the Kéhler case (see [Kol98, Kol03]). As we
shall see, the fact that ¢ has model type singularity plays a vital role in making sure that
the methods of [BEGZ10] work in our more general context as well.

We first prove that any measure with L'™¢ density is dominated by the relative ca-
pacity:

Proposition 4.30. Let f € LP(w™), p > 1 with f > 0. Then there exists C > 0 depending
only on 0,w,p and ||f||L» such that

C
/ Ju" < —m— - Cap¢(E)2
2 (Jx %)
for all Borel sets £ C X.

Proof. Since Cap, is inner regular we can assume that E' is compact. Thanks to Lemma
4.8 we can also assume that My(E) < +o0.

We introduce vy := supy, v(T, x), where v € X, T'is any closed positive (1, 1)-current
cohomologous with 0, and v(7', z) denotes the Lelong number of 7" at z. As a result, the
uniform version of Skoda’s integrability theorem [GZ17, Theorem 2.50] yields a constant
C > 0, only depending on 6 and w such that [, exp(—v, '¢)w" < C for all ¢ € PSH(X, 6)
with supy 1 = 0. Applying this to Vj; , — My(E) we get

/ exp(—v, Vi 4w < C-exp(—v, ' My(E)).
X

On the other hand, Vg , < 0 on E a.e. with respect to Lebesgue measure, hence
Vol, (F) = / w" < C - exp(—v, ' My(E)). (25)
E
An application of Holder’s inequality gives
[ 1 < Vol (2 (26)

> 1. Indeed, if this were not the case, then
f %, yielding the desired estimate of the
5) and (26) we get:

At this point we may assume that M¢,( )
Lemma 4.9 would imply that Cap,(E) =
proposition. Putting together Lemma 4 9, (2

. C E —1/n
/ fuo < €TV - exp |~ ( ap¢(n )> '
E 27 I« 03

The result now follows, as exp(—t~*/") = O(t?) when t — 0. O
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Before we state the main result of this subsection, we need one last lemma, which is
a simple consequence of our comparison principle:

Lemma 4.31. Let u € £(X,0,¢). Then for allt >0 and § € (0, 1] we have
1
Capy{u<¢p—t—0} < / g.
" Jtu<osy
Proof. Let ¢» € PSH(X,0,¢) be such that ¢ < ¢ < ¢ + 1. In particular, note that
Y e E(X,0,¢0). We then have
{lu<p—t—90yC{u<dp+(1—-06)¢p—t—0} C{u<op—t}

Since 0"6, < 9§¢+ =) > U has relative full mass and £(X, 6, ¢) is convex, Corollary 3.6

yields
0" / Oy < / 055+ (1-0)0
{u<d—t—8} {u<dp+(1—8)p—t—5}
< / 0 < / ;.
{u<éyp+(1-8)p—t—46} {u<op—t}
Since ¢ is an arbitrary candidate in the definition of Cap,, the proof is complete. O

We arrive at the main results of this subsection:

Theorem 4.32. Suppose ¢ = Py[¢] has small unbounded locus and fX 0% > 0. Let also
e E(X,0,¢) withsupy v = 0. If 0 = fw" for some f € LP(w"), p > 1, then ¢ has the

same singularity type as ¢, more precisely:

gb - C<||f||Lp7p7w707/ 9;) S ¢ S ¢
X
Proof. To begin, we introduce the function

1/n
g(t) = (Capy{v < ¢ —t})", t > 0.
We will show that g(M) = 0 for some M under control. By Lemma 4.3 we will then have
Y > ¢ — M a.e. with respect to w™, which then implies ¢¥» > ¢ — M on X.
Since 8 = fw", it follows from Proposition 4.30 and Lemma 4.31 that

1/n

g(t+0) < g(t)?, t>0,0<6<1.

Consequently, we can apply [EGZ09, Lemma 2.3] to conclude that g(M) = 0 for M :=
to + 2. As an important detail, the constant t5 > 0 has to be chosen so that

. 1
9(lo) < 5617

On the other hand, Lemma 4.31 (with § = 1) implies that

serrs | g s [l vl < gl e (e + o)

where in the last estimate we have used Hélder’s inequality with ¢ = p/(p—1). Since ¢ and
¢ both belong to the compact set of §-psh functions normalized by supy v = 0, their L9
norms are bounded by an absolute constant only depending on #, w and p. Consequently,
it is possible to choose to to be only dependent on || f||z», 6, w, [, 6} and p, finishing the
proof. O
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Corollary 4.33. Suppose ¢ = Py[¢] has small unbounded locus and [, 0} > 0. If X >0
and 0, = e fwm for some f € LP(w"), p > 1, then 1) has the same singularity type as ¢.

Proof. Since 1) is bounded from above on X and A > 0 it follows that e’V f € LP(X,w"),
p > 1. The result follows from Theorem 4.32. m

4.5 Naturality of model type singularities and examples

Our readers may still wonder if our choice of model type potentials is a natural one in the
discussion of complex Monge-Ampere equations with prescribed singularity. We hope to
address the doubts in the next result.

Theorem 4.34. Suppose i € PSH(X,0) has small unbounded locus and the equation
0y = fw"

has a solution u € PSH(X, 0) with the same singularity type as ¥, for all f € L™, f >0
satisfying [ 07 = [ fw™ > 0. Then ¢ has model type singularity.

Proof. Our simple proof follows the guidelines of the example described in the beginning
of Section 4. Indeed, suppose that 1 is not of model type. Then P[] is strictly less
singular than ¢, but of course £(X,0,v) C E(X,0, B[Y]), as [ 0 = [ 03, -
By Theorem 3.8, there exists g € L such that ‘97%9[111] = gw". By the uniqueness theo-
rem (Theorem 4.29), Py[¢] is the only solution of this last equation inside £(X, 0, Py[v)]).
Since £(X, 0,¢) C E(X, 0, Py[v]), but Py[¢p] ¢ E(X, 0,1), we get that 6 = gw™ cannot
have any solution that has the same singularity type as 1. O

Next we point out a simple way to construct model singularity types:

Proposition 4.35. Suppose that ) € PSH(X, 0) has small unbounded locus and oy = fw"
for some f € LP(w"™), p> 1 with fX fw™ > 0. Then ¢ has model type singularity.

Proof. We first observe that ¢ € £(X, 0, Pp[t)]). Since 6} has LP density with p > 1, it
thus follows from Theorem 4.32 that ¢ — Py[¢] is bounded on X, hence [¢)] = [FPp[¢]],
implying that ¢ has model type singularity. O]

Using this simple proposition, one can show that all analytic singularity types are
of model type, which was previously known to be true using algebraic methods (see
[RWN1, RS05]):

Proposition 4.36. Suppose ¥ € PSH(X, 0) has analytic singularity type, i.e., 1 can be
locally written as clog (Z] |/i1?) + g, where f; are holomorphic, ¢ > 0 and g is smooth.
Then 1 is of model type.

Proof. We can assume that our fixed Kéhler form w satisfies w > 26. Since Py[¢)] < P,[]
it suffices to prove that ¢» — P,[¢] is globally bounded on X. In fact we will prove the
following stronger result:

n

w
pi=—L¢e LP(X,w"), for some p> 1. (27)
wn

As w/2 > 0 it follows that [, wj} > 27" [\ w" > 0, hence Proposition 4.35 will imply that
1 — P,[1] is globally bounded on X.
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We now prove (27). Since X is compact it suffices to prove that there exists a small
open neighborhood U around a given point x € X (which will be fixed) such that p €
LP(U,dV) for some p > 1. Since 1 has analytic singularities we can find a holomorphic
coordinate chart €2 around x such that

N
w=clog) Ifi"+g

Jj=1

in a neighborhood of €2, where ¢ > 0 is a constant, f; are holomorphic functions in
2 and ¢ is a smooth real-valued function in Q2. Let A > 0 be large enough so that
(A —1)w+i0dg > 0 in €.

In X\ {t) = —oc}, since ¢ is smooth we can write w;;, = pw", where p > 0 is smooth.
We extend p to be 0 over the set {1p = —oo}. Then pw™ is the non-pluripolar Monge-
Ampere measure of 1) with respect to w as follows from [BEGZ10], hence

[mr< fore [
Q X X

Similarly we can write (Aw-+i00Y)" = paw™ in Q\{¢p = —co}, where 0 < py € LY(Q,dV).
Now, we ° Carry out the computatlon in Q\ {¢ = —oc0}. For notational convenience we
set h 1= z] fil ¢ = logZ] L 1£j]? and we compute i9d:

Zj’vﬂ iafj A a_fj ¢ <Z§V=1 f_jafj> A (Zjvzl f]a_fy>
h B 2 .
For each 1 <j <k < N we set oy, := f;0fr — fxOf;. Then we obtain

i00p =

i00p = W™ iaj, Ay (28)
j<k
Let C' > 0 be large enough such that C~!'3 < Aw +i00g < Cf in ), where J3 is the

standard Kéhler form in C". For each £ = 0,--- ,n, set vy, := (i00¢)* A f*~*. Then there
exists a constant B > 1 (depending on ¢,C > 0) Such that in Q\ {¢ = —oo} one has

—ZW Z i000) Nt < (Aw+i0dY)" < BZ i00p) N BZW (29)

ZO p=0

By definition of «;j it follows that the (¢,0)-forms oy, 4, A ... A oy, k, are of the type
> Fydzp,, where |I;| = £, and each F}, is holomorphic in 2. By the above identity in (28),
each ~y, is the sum of (n,n)-forms of type |F|?h=24", where F is holomorphic in Q. By
the first estimate in (29) it follows that for each ¢,

/ |F|2h=2%p" < B/ paw™ < 400,
Q Q

hence |F|?e=21°8" ig integrable in €. From the resolution of Demailly’s strong openness
conjecture [Dem]| due to Guan-Zhou [GZh] (see also [Hiep] for an alternative proof) it
follows that each |F|2h=2¢ is in LP(U,dV) for some p > 1 and a smaller neighborhood
U C Q of z. Finally, from the second estimate in (29) we see that wj/w™ € LP(U,dV),
that is what we wanted. O
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5 Log-concavity of non-pluripolar products

Theorem 5.1. Let T4, ..., T, be positive currents on a compact Kahler manifold X. As-
sume that each T; has potential with small unbounded locus. Then

[anamy=(] <T1n>)?._( / <T;;>>?

Proof. We can assume that the classes of T are big and their masses are non-zero. Other-
wise the right-hand side of the inequality to be proved is zero. Consider smooth closed
(1,1)-forms ¢, and u; € PSH(X,67) with small unbounded locus such that T; = ¢ .
For each 7 = 1,...,n Theorem 4.28 insures that there exist a normalizing constant
¢; >0 and ¢; € E(X, 07, Pyluy]) such that (67,)" = c;w™.
We can assume that fX w" =1, thus we can write

o= [ @) = [ @)= [ @)= [ .

A combination of Proposition 2.1 and Theorem 2.3 then gives

1 noo__ 1 n _ 1 no__
X X X X

An application of [BEGZ10, Proposition 1.11] gives that 6, A... A0} > c}/" ol

The result follows after we integrate this estimate. O
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