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ABSTRACT

Extending Gaussian Malliavin derivatives, to a finite moments Lévy process frame-
work, using chaos expansions has proven to be a successful approach. In this work
the theory is extended by the introduction of the Skorohod integral, and its prop-
erties are investigated. From this rather general case the scope is narrowed down-—
step by step—to a class of jump diffusion processes for which we have a Malliavin
derivative chain rule, which is important for the application of Malliavin calculus
to variance reduction of Monte Carlo simulation of contingent claim sensitivities.
Stochastic weights for these simulations are derived and examples with numer-
ical experiments are presented. These stochastic weights are well known in the
continuous case, but the introduction of discontinuous jumps allows for exten-
sions to other asset classes such as credit derivatives. Monte Carlo methods are
widely used in particular for credit derivatives, and therefore alternative methods
for faster convergence of sensitivities have previously been developed. One such
technique is the likelihood ratio method, which is closely linked with the Malliavin

weighted method. This discussion is also formalised.
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1. INTRODUCTION

1.1 Background

Malliavin calculus has recently come into fashion in quantitative finance. The
reason is its application to variance reduction techniques when the sensitivity
of a derivative contract is evaluated by Monte Carlo simulation. Using simula-
tion techniques, one obvious method to obtain the sensitivities is to evaluate the
derivative contract at different parameter inputs and approximate the sensitiv-
ity by finite difference approximation. It is easily understood that the difference
between two noisy evaluations yields an even noisier evaluation, and the conver-
gence of derivative sensitivities-Greeks—is therefore very slow.

Glasserman and Yao (1992) show that the convergence using independent sim-
ulation runs in the finite difference approximation yields a convergence rate of
n~1/3, but by using the same random number sequences for all simulation runs a

convergence rate of n~1/2

can be achieved. In practical applications however, it
is found that the convergence is still painfully slow especially for discontinuous
pay off functions. Broadie and Glasserman (1996) find a partial cure for the slow
convergence of the Greeks. They develop the likelihood ratio method and the path-
wise method in which finite difference approximations of separate simulations can
be avoided. Both methods have their pros and cons. The pathwise method is fast
but not very flexible as different payoff functions call for different derivations and
care needs to be taken if the payoff function is not differentiable. The likelihood
ratio method is pay off independent, but its use is limited to the cases where we
know the density of the underlying process explicitly.

To overcome the deficiency of knowing the density explicitly Fournié et al.

(1999) introduced stochastic weights derived using Malliavin calculus rather than
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the explicit expression of the density. The underlying price process is assumed to

be a Markov diffusion in R",
aX; = V(Xt)dt -+ U(Xt)dwt,

where {W;,t > 0} is an n—dimensional Brownian motion. They use the Malliavin
integration by parts formula to transform the problem of calculating derivatives

by finite difference approximations to calculating expectations of the form

Efp(Xr)7],

where 77 is a random variable.

The objective of this work is to derive stochastic weights for calculating the
Greeks in a jump diffusion setting where the jump amplitude is deterministic. In
particular we consider jump diffusions, X;, which can be written X; = f(X§, X9),
where X¢ is a Markov diffusion and X¢ is driven by the Poisson process and not
dependent on the the initial value Xy. Though it might seem restrictive, this case
includes some interesting price processes such as the jump diffusion version of
Black—Scholes and various stochastic volatility models with added Poisson jumps.

Recently El-Khatib and Privault (2004) considered a market driven by jumps
alone. Their setup allows for random jump sizes, and by imposing a regularity
condition on the payoff they use Malliavin calculus on Poisson space to derive
weights for Asian options. This treatment is completely orthogonal to the one
presented in this thesis since the focus here is on the Wiener process rather than
the Poisson process.

To derive stochastic wights for derivative sensitivities several results from Malli-
avin calculus are needed. An exhaustive treatment of the theory in the Gaussian
case is given in Nualart (1995), and the first task of the thesis is to extend this
theory to Malliavin calculus for general Lévy processes. The approach to exten-
sion of Malliavin calculus followed here was initiated in Nualart and Schoutens
(2000), where chaotic and predictable representation properties for a class of Lévy
processes satisfying a moment condition were derived. In the Gaussian Malliavin
calculus one choice of starting point is the analogous representation properties,

and in Leén et al. (2002) the Malliavin derivative is defined in a similar way but
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with the more general representation properties of Nualart and Schoutens (2000)
as starting point.

The work in Nualart and Schoutens (2000) and Leén et al. (2002) goes a long
way towards a Malliavin calculus for Lévy processes, but stops short of defining
the Skorohod integral. The contribution of this thesis is to start from that definition
and follow through to stochastic weights for more general price processes and

more general financial products.

1.2 Outline of thesis

Whereas the main aim of this thesis is to extend results regarding Monte Carlo sim-
ulation of contingent claim sensitivities, the theory leading up to the main chapter
is interesting in its own right. The thesis is therefore split into two parts. The first
part of the thesis is concerned with extending the existing literature on Malliavin
calculus by considering more general processes. In Chapter 2 we start with gen-
eral Lévy processes on which we put restrictions with aim to ensure existence of
moments of all orders. The existing theory of Malliavin calculus in this setting,
as presented in Nualart and Schoutens (2000) and Leén et al. (2002), is revisited
before the Skorohod integral is defined. Some properties of the Skorohod integral
are investigated and in particular it is shown how to explicitly integrate a dense
set of non—adapted stochastic processes.

In Chapter 3 the scope is narrowed from the rather general Lévy processes of
the previous chapter to jump diffusions with constant jump intensity and jump
amplitude. The structure is adopted from the previous chapter, and hence, the
extension in terms of the introduction of the Skorohod integral is preceded by a
summary of results previously published in Leén et al. (2002).

The second part of the thesis is where the theory developed earlier is applied
to the derivation of stochastic weights for calculating Greeks using Monte Carlo
simulation. The first sections of Chapter 4 follows the same steps as in Fournié
etal. (1999) to derive weights for what is known as rho, delta and vega in our gener-
alised setting. This setting gives rise to two additional Greeks, for which stochastic

weights also are derived, namely the sensitivities to jump intensity and jump am-
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plitude. Examples and numerical experiments are also presented.

The more generalised setting does not only give rise to new Greeks for prod-
ucts considered earlier. The jump diffusion setting also allows us to look at the
ever growing credit derivatives market. In Chapter 5 stochastic weights for single
name and basket credit derivative Greeks are derived, and examples are compared
to alternative variance reduction techniques.

Finally, in Chapter 6, the link between Malliavin weights and likelihood ratio
weights, as discussed briefly above, is investigated. Sufficient conditions, in terms
of properties of the price process, are derived for the existence of likelihood ratio

weights. This brings light to the close relationship between the two methods.
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2. MALLIAVIN CALCULUS FOR LEVY
PROCESSES SATISFYING A MOMENT
CONDITION

2.1 The chaotic representation property

2.1.1 Setup and strongly orthogonal martingales

Consider a probability space (Q), F,P) endowed with a filtration {F;, t > 0},
which satisfies the usual conditions. On this probability space we define a right
continuous stochastic process with left limits X to be a Lévy process if Xg = 0
and for every s,t > 0 the increment X;y; — X; is independent of the process
{X;, 0 < r < t} and has the same law as X;. We say that a Lévy process has
stationary independent increments. A Lévy process is not necessarily continuous
and we denote the discontinuous jumps by AX; = X; — X;_ where X;._ is the left
limit of the process.

The law of a Lévy process has an infinitely divisible characteristic function in
that

E "] = (p(0))"-

Further, the characteristic exponent defined by ¢ = log¢(8) satisfies the Lévy-

Khintchine formula:

6) = iag — L2 X _ 1 _ g1 d
IP( )——Zﬂ Y +/]R(€ —1—10x {|x|<l}) 1/( x),

where g € R, 02 > 0 and v is the Lévy measure satisfying [ (1A x?)v(dx) < oo. For
a more detailed description of Lévy processes see for example Bertoin (1996).
The strategy in Nualart and Schoutens (2000) is to decompose the Lévy process

X; into components, which can be used to construct pairwise strongly orthogonal

13
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martingales. Recall that two martingales M and N are strongly orthogonal if their
productis a uniformly integrable martingale. It can be shown that this is the case if
and only if their quadratic covariation [M, N] is a uniformly integrable martingale.
See for example Rogers and Williams (2000) section IV26.

The chaotic representation will be given in terms of iterated It6 integrals with
respect to the constructed strongly orthogonal martingales. The end product, The-
orem 2.1.2, has similarities to the purely Gaussian setup where the only martingale
under consideration is Brownian motion. See Nualart (1995) for an exhaustive
treatment of Gaussian Malliavin calculus.

A necessary condition for the construction of the strongly orthogonal martin-

gales is the following assumption, which we apply for the rest of the chapter.

Assumption 2.1.1: The Lévy measure v of X satisfies that there exist € > 0 and

J > (0 such that
/ My (dx) < co.
(-—e,e)c

The assumption implies that
/ |x|*v(dx) < o0, n2>2, (2.1)

and that the characteristic function E[exp(i0X;)] is analytic in a neighbourhood of
0. This, in turn, implies that X; has moments of all orders and polynomials are
dense in L*(R, Po X; ). See Nualart and Schoutens (2000) for details.

Nualart and Schoutens continue by decomposing the process X; into compo-

nents, which will be used to construct the orthogonal martingales. Define

xM =x,

xM = Y (aX)", n>2

0<s<t

The processes Xt("), n > 1arereferred to as power jump processes and are themselves

Lévy processes. They jump at the same time as X;, and further, we have that

E[Xt(l)] =E[Xi] =: mit < o0

E[Xt(”)] :t/_oo x"v(dx) =:mut < oo, n>2,
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where the claim of finite moments is given by (2.1). As a consequence we can con-

)

struct the compensated power jump processes Yt(” , which Nualart and Schoutens

refer to as Teugels martingales:
Yt(") = Xt(") —mut, n>1.

The Teugels martingales are the building blocks for our pairwise strongly orthog-

onal martingales. Since,

Y®,y®, = x5 L1 0%, k121,

we can construct processes Ht(") as linear combinations of Y(k),l < k < n such

that H"), n > 1 are pairwise strongly orthogonal. In particular we can choose

a,(("),l < k < n — 1 such that for

(n)Y(1)

Ht(n) _ Yt(n) + a(n) Y(n—l) RS al

n—1-t

we have E [[H(k),HU)]l] = 0 for k # I. In Nualart and Schoutens (2000) it is
shown how this Gram-Schmidt type orthogonalisation can be done by identifying
an isometry between the space of linear combinations of Teugels martingales and
the space of real polynomials. Examples are worked out where the coefficients a,((”)

for certain Lévy processes can be found as coefficients of well known orthogonal

polynomials.

2.1.2 The chaotic and the predictable representation property

As mentioned above the chaotic representation property will be given in terms
of iterated integrals. We define the iterated integral of n—th order of some square

integrable deterministic function f as
LGrrn) (£) = /0 - ( /O " < /O * fh,. ..,t,l)dHt(lil)) ...dHfj;l)) dH{.
It will also be useful to introduce the notation
o ={(t1,.. . ta) ERL:0< t) <2 < ... < tn},
and

k
Z,(q)(t) = {(tl,...,tk_l,tk+1,...,tn)Ezn_li

O<ty < . <t <tE<tpp1 <...<ty}.
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We are now in a position to state the main result of Nualart and Schoutens (2000),

which is the following Chaotic representation property.

Theorem 2.1.2 (Nualart and Schoutens): Let F € L2(QQ), then F has a representa-

tion of the form

F - E[P] + Z Z leilln'/i”)(.filr--lin)’

n=11y,.,0,2>1

where fi, ;. € L2(%,).

Once the chaotic representation property is established the following predictable

representation property follows as a direct consequence.

Theorem 2.1.3 (Nualart and Schoutens): Let F € L2(Q}), then F has a representa-

tion of the form
F=E[F]+ Z /0 (Pt(n)dHt(n)'

n=1

where 4)5"), n 2> 1 are predictable processes.

2.2 Malliavin calculus

2.2.1 Malliavin derivative

In Leén et al. (2002) the authors build on the chaotic and the predictable represen-
tation properties of Nualart and Schoutens (2000) and define a Malliavin deriva-
tive. The predictable representation property suggests the existence of a Clark~
Ocone formula, where the predictable process in Theorem 2.1.3 is replaced by the
previsible projection of the Malliavin derivative of the random variable in ques-
tion. This Clark—Ocone formula is one of the main results of Leén et al. (2002).

As in the Gaussian case, not all square integrable random variables are Mali-
avin differentiable. For the definition of the Malliavin derivative we must first
define the spaces of random variables, which are differentiable in the [-th direc-

tion, I > 1. In the definition below we write g;t = E [[H (i)]t] :
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Definition 2.2.1 (Differentiability in the [-th direction): We say that F is differentiable
in the I-th direction (I > 1) if F € D) where

DO = {(Fer’(Q),F=EF+Y. Y LO"(f .y

n=1 il ,...,f,, 21

Z Z Z 1{1k Dig- - - Jix1igyr - - G

n=11i,..,in>1k=
/O “.fll ln( ’ d )1{}:.,(,}‘)(1‘)}||%’2([0,00)"_1)dt < 00}

This definition ensures that the Malliavin derivative defined below is in L2(Q x
R, ). In fact, the spaces D) are all dense in L2(Q}) since random variables with
finite chaos expansion are in D(!). It can also be shown that if we remove the
discontinuous part of X; the space DY collapses to the classical Gaussian space

D 2 discussed e.g. in Nualart (1995).

Definition 2.2.2 (Malliavin derivative): For F € D such that

FY Y LG, ),

n=114y,..,0i,>1
we define the derivative of F in the [-th direction as the element of L?(Q) x Ry)

given by
I)P Z 2 E 1{lk_l}L(il_,.i.,ik—l,ikﬂ,---,in) (fll z,,( . )1{2,(,k)(t)}>'

n=1iy,...iy>1k=1
With this definition of the Malliavin derivative we can state the advertised Clark—

Ocone formula. The proof follows from the chaotic representation property, Theo-
rem 2.1.2.

Theorem 2.2.3 (Ledn, Solé, Utzet and Vives): If F € (X, DY) then
F = E[F] + Z/ P(DYF)aHY.

We end this section with a list of properties of the Malliavin derivative, which
follow directly from the definition.
e The Malliavin derivative is a linear operator;

. Dt(l)F = 0 for all l and t if and only if F is deterministic;

e fFc Fi then DVF=0foralls > tandl > 1.
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2.2.2 Skorohod integral

Now we continue where Leén et al. (2002) stopped. Since the Malliavin derivative
is a densely defined operator we can define its adjoint, which as usual will be

called the Skorohod integral.

Definition 2.2.4 (Skorohod integral): Let u; be a stochastic process in L>(Q) x R*)

not necessarily adapted such that

lE [/O(DEI)P)utﬂlzdt” < c||Fll2y

for some constant ¢ depending on u and any F € D). We say that u is Skorohod
integrable in the I-th direction or u € Dom (). We define the Skorohod integral
in the I-th direction, () (1), as the operator mapping L2(Q x R*) to L2(Q) for
which

E [/()?DEI)P)utq,dt:l =E [Pé(l)(u)] ,

for any F € DU,

Due to the linearity of the Malliavin derivative it follows from the definition that
the Skorohod integral is a linear operator. It is also immediate that the Skorohod
integral is a closed operator since adjoints to densely defined operators always
are.! To further investigate the properties of the Skorohod integral the next result

gives an explicit expression for the Skorohod integral in a simple case.

Lemma 2.2.5: Let h(t) € L*(R*) and G € L?*(Q) with finite chaos expansion:

N . .
G = E[G] + Z Z Lglll/m,l")(gi1/~~~rin)'

n=10<iy,...iy <N

Then Gh € Dom 8 for 1 < I < m and

o0 a N n+l ,ec0

s (Gh) =/ E[GIh(t)dH + Y. Y. Z/
0 n=10<iy,...in<N k=10

fd2— rla—  ph— rt2— , ; ¢ ; )

“Jo 0 /0 cee /0 gzl,..,,z,,( 17 rbk=1r et 1r e oo rbntl

h(tk)dHflll) . dH(lk—l)dH(l)dH(lk'F]) o dH(’") .

fe-1 te b [}

1 See for example Debnath and Mikusiriski (1999) Theorem 4.12.6.
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Proof. For any F € D) we have
E { / " (DOF) Gh(t)qzdt]
- / KZ X 2 i LG i (ot )l{sz)w}))

n=11i,...,i,>1k=1
N ..
(ceref T s, ) a0 a

n=10<i,...in <N

We have (by isometry as shown in Leén et al. (2002)) that

1 Gis f):n ffdtl e dtn,
E [Lgl"'"i") () Lf,{l""'j”’) ( f )] = if multi~indices identical,

0, otherwise,

so we get (note how the infinite sum for F is capped due to the above fact)

E| [“oPPotac] =q [ (fz(t)h(t)E[G]

N+1

-+ Z 2 Z 1{1k—l}q11 qik—1qik+l s iy

n=2 0<iy,.... n <N k=1

tk+2 tk+1 ta
/0/0 /0 /o fil,...,i,,(-"rt/"')l{zf,k)(t)}

gil/"'lik—llik+]I"'Iiﬂ(tl, R D K PR tn)h(t)dtl R | Y 1 T B dtn> dt.

We can ‘bring the dt integration in to the kth position’ and transform back into

stochastic integrals:

E [/Ooo(Dt(l)F)thldt:! = E{(E[F]_I_Tgi .;>1/Ooo /Ot,,_

ty— . . .
[ Fuin (i ba)dHI . dHﬁj;”dHfﬁ)

X </0 E[G]h t1)dH —|—Z 21"<N;§/00"'/0tk+2_ /Otk+1—/0!k—

n=10<1,

ty—
0 gil,...,i,, (tll ceey tk‘—'ll tk+1/ ey tn+1)h(tk)dHtpl)

dH(lk l)dH( )dH(’k+1) dH(’n))]

fe—-1 tet1 bt
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An application of the Schwarz inequality ensures that the condition in Defini-

tion 2.2.4 is satisfied, and therefore, completes the proof. O

Corollary 2.2.6: The Skorohod integral is a densely defined operator in L?(Q) x
R*).

Proof. Processes of the form Hg(t) where H € L?(Q) with finite chaos expansion
and g € L2(R") are dense in L?(Q) x R*). O

We see that Skorohod integration increases the order of the chaos expansijon with
a dH®) integral mixed in at every possible position. This is inline with Skorohod
integration in the Gaussian case as considered for example in Jksendal (1996).
The result in Lemma 2.2.5 can be extended to processes where the stochastic
part does not have a finite chaos expansion. In this more general case a condition

for Skorohod integrability is present as shown in the following Proposition.
Proposition 2.2.7: Let h(t) € L>(R*) and G € L?(Q)) with chaos expansion
G=EGl+Y. Y L (g ).
n=1 il,...,i,lzl
Then
0 o 00 n+l reo
s0(Gh) = /0 EGht)ae + Y, ¥ % /0

n=1l1y,...i,>1 k=1

fkp2—  fleai—  ph— rha—
T A R T R et
h(t )dH(il) dH(ik—1)dH(l)dH(ik+1) dH(i")
KAHY .. ag! -

L7 b1 bngr”

(2.2)
in the sense that Gh € Dom 6() if the infinite sum converges in L2(Q)).

Proof. We can approximate G by GN defined by
N (11,eveiin)
GN=E[GI+Y, Y L(gy,.i)-
n=10<iy,...,in<N
In fact, in Nualart and Schoutens (2000) it is shown that with capped chaos expan-

sions, as the one above, we can represent all polynomials with order less than or

equal to N. Hence, when N goes to infinity GVh converges to Gh.
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Using Lemma 2.2.5 we can integrate GV for all N, and §()(GN&) converges as
N goes to infinity if and only if the infinite sum in (2.2) converges. Further, since

50 is a closed operator §() (Gh) = limy_,co 67 (GVh) if the limit exists. 0O

Proposition 2.2.7 can be seen as the foundation for Skorohod integration of Lévy
processes satisfying Assumption 2.1.1. We now have a way of integrating dense
building blocks of L?(Q x R™) in the same way as elementary processes are dense
building blocks for It6 integration. In fact, since the Skorohod integral is a densely
defined closed operator we can integrate any Skorohod integrable process by ap-
proximating it by sums of Hg(#) processes as in Proposition 2.2.7.

The next task is to show that the classical relationship between It6 and Skoro-
hod integration holds in our setting. That is, when previsible processes are inte-
grated the two integrals coincide. We follow the route set out in Jksendal (1996)

and start with investigating what adaptedness means in terms of iterated integrals.

Lemma 2.2.8: Let k(t) € L?(R*) and G € L?(Q) with chaos expansion

n=11,.in>1

The stochastic process Gh(t) is F;——adapted if and only if for all (i1, ..., ix)
it in(B1r- -, tn)B(E) = O for max ¢ > ¢.
j=1..n

That is, if and only if g;,,..i, (f1, ..., tx) = 0 when the first ¢; passes the first t when
h(t) # 0.

Proof. For each term in Gh(t) we have

oo piy— th— . . )
=EVO /O 02 gil,...,i,,(tll...,tn)dHt(lq)...dHt(:’zl)dHt(;")h(t))ft_}

= ty— bh— , . .
- /0 /0 - Zirsin (b1 oo ) AH L dHE-D B R (p)

)
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An example of a g;, ._;, h—pair satisfying the condition in Lemma 2.2.8 is

gil/---/in (tl/ s tn)ﬂ{maxj=1w,, fj<f0}i:l(t)1]‘{t>t0}/

for some t; > 0. As usual we define a previsible process to be a square inte-
grable process adapted to the left limit of the filtration under consideration. The
following proposition make use of the previous lemma and shows that the It6 and

Skorohod integral coincides when previsible processes are integrated.

Proposition 2.2.9: If E [fooo (Gh(t))? dt] < oo and Gh(t) is F;-—adapted, then G €
Dom 6 for I > 1 and

60 (Gh) = /oo Gh(t)dH®.
0

Proof. By Proposition 2.2.7 we have that G € Dom 6() if the following sum con-
verges in L2(Q):

S M, v 55
[)E[G]h(tl)dHtl +), L 2/0

n=11,...in>1 k=1

b= phei—  phe— bh—
/o /0 /o A [N (VRIS TSRS TR P AR

h(tk)dH(il) gV gD g lea) dHt(i' )

H
5] te-1 b b1 n+1

(2.3)

Because Gh(t) is F;——adapted we have from Lemma 2.2.8 that all but one term in

the innermost sum vanishes so that (2.3) can be simplified as

) ) s 0 rlypq— t—
[ EGheaE + Y, ¥ A | St )

n=11i,..in21

H(tns)dHD . aHWaHD

bpv1”

(2.4)
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By the same isometry argument as in the proof of Lemma 2.2.5 we have that the

L2(Q) norm of (2.4) is equal to

co s 00 | %]
qz/o (E[G])*H*(t1)dts + iy - - 90,91 Y, ) /0 /O+

n=1i,rin>1

1]
.. /0 gt it ot (bug1)dty . dbadt g

=4 /Ow(E[G])zhz(fl)dtl + iy - Qi i )3 /0°° /o

n=11,..,ip>1

1]
Vs /0 gizl,..l,i,,(tlf e ,tn)hz(t,1+1)dt1 e dt,1dtn+1

00 o ity
hz(tn+1)dtn+12 L /0 /0

o0
0 n=11i,..in>1

= a1 [ B (EG) + g5 900 |
13
. /0 g oty te)dty . dty_qdty

—a /O " W2 (1)dEE[G?) < oo,

by assumption. Further, 6{) (Gh) is explicitly given by (2.4), so

oo =] o) o] t—
50 (Gh) = /0 EGI(t)AHY + Y. ¥ /0 /0 /O gi i (oo b)

n=1 il;---,inzl

W(tnyr)dH .. dHM aE)

_—_/Oooh(tl)dHt(ll)E[G]+/0mh(tn+1)<i y /Ooo/ot,,_

=111, >1

n+1

iy (B, ) AHD dHt(,f’i;l)dHt(:")> dHY

_ /°° Gh(1)aH. O
0

Corollary 2.2.10: If E [ f7° ufdt] < oo and u; is F;_-adapted, then u € Dom () for
[>1and
5D (uy) = / wdHY.
0

Proof. The processes considered in Proposition 2.2.9 include elementary processes.

By approximating u; by elementary processes we get
Moo My oo . o0
sOY. GOy =Y. / GO (1yaH® — / wdHY asn — oo,
i=1 =170 0

and the result follows by the fact that the Skorohod integral is a closed operator. [J



3. MALLIAVIN CALCULUS FOR SIMPLE LEVY
PROCESSES

3.1 Setup and representation theorems

Following on from the previous chapter we will now consider a special case of
Lévy process satisfying Assumption 2.1.1. On a filtered probability space (Q2, F, P),

define a simple Lévy process as given by
(1) (m)
XtZO'Wt'{‘LK]Nt +...+lx77lN[ ’ i’20,

where {W;, t > 0} is a standard Brownian motion and {Nt(j), t>0},j=1,...,m,
are mutually independent Poisson processes with intensities A1, ..., Ay, which are
also independent of the Brownian motion. The jump amplitudes «j, j = 1,...,m
are different non-null constants. Also, let the filtration F; be the one generated by
the simple Lévy process X;.

This chapter follows the previous in the way the Malliavin calculus is devel-
oped. Hence, the idea is to represent random variables on the probability space
(Q), F, P) by iterated integrals, and from there define the Malliavin derivative and
the Skorohod integral. The difference is in the way the representation is achieved.
In this much simpler case Ledn et al. (2002) derive a representation not in terms of
power jump processes as in Theorem 2.1.2, but in terms of the Brownian motion

and the compensated Poisson processes instead. We use the notation

Gt(o) = W

and define Lgf'lwin) (f) to be the iterated integral of some deterministic square in-

24
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tegrable function f with respect to Gfil), e, Gt(i"):

i1 o [ rtw ) i e i
L >(f):/0 (/O </0 f(tl,...,t,,)dct(l”)...dcg_ll))dc{").

Recall that
Zyp={(tr,.. . ty) ERL:0< t1 < hh < ... < tn},

and

k
OW = {(t1. ettt b)) € Tuey

O<h <. . <ty <t<tgp <...<ty}.

With these modified definitions of iterated integrals Leén et al. (2002) follow
Nualart and Schoutens (2000) and formulate the following chaotic representation

property, which is a modification of Theorem 2.1.2.

Theorem 3.1.1 (Ledn, Solé, Utzet and Vives): Let F € L2(Q), F,P), then F has a

representation of the form

where f; i € L (Z,).

Note that in the simple Lévy process case the number of orthogonal martingales
is finite and not infinite as in the general case, and hence the second sum in Theo-
rem 3.1.1 is finite given n. As was the case in the previous chapter the predictable

representation property follows directly from the chaotic representation.

Theorem 3.1.2 (Ledn, Solé, Utzet and Vives): Let F € L?(Q)), then F has a repre-

sentation of the form

m oo
F = E[F] + Z/ pMach,
n=1 0

where 4)5"), 1 < n < m are predictable processes.
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3.2 Malliavin calculus

3.2.1 Malliavin derivative

We continue to follow the path set out in Chapter 2. The following definitions of
differentiability and derivative are the analogues of Definition 2.2.1 and Defini-

tion 2.2.2.

Definition 3.2.1 (Differentiability in the [-th direction): We say that F is differentiable
in the I-th direction (I = 0,...,m) if F € D{) where

DO = {Ferl)(Q),F=EF+Y, ¥ L™ (i)

n=10<iy,...,ip<m

oo n
Z Z Z l{ik:l}/\il /\’k 1A1k+1 A,

n=10<i,...,in<m k=1
/0 Hfl‘],“.,l',, ( tes t/ Tt >1{Z$1k)(t)} ”%2([0[00)11—1)6“ < OO},
and Ag = 1.

Again, the spaces D) are all dense in L2(Q2) and the above definition ensures that

the Malliavin derivative defined below is in L?(Q2 x R4).

Definition 3.2.2 (Malliavin derivative): For F € D) such that

F+Y ¥ Lyg 0,

n=10<i,...,in<m
we define the derivative of F in the I-th direction as the element of L2(Q) x Ry)

given by

I)F Z Z Z 14— l}L lk 1Akt 1--s1n) (fium,in("' )1 =90 })

n=10<i,...in<mk=1

We can now state the following Clark-Ocone formula and the chain rule.

Theorem 3.2.3 (Ledn, Solé, Utzet and Vives): If F € ﬂ;”_o i) then

F= E[F]+/ th—i-Z/ DE)ND - Ajt)
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Theorem 3.2.4 (Ledn, Solé, Utzet and Vives): Let F = f(Z,Z') € L?(Q)), where Z
only depends on the Brownian motion W, and Z’ only depends on the Poisson
processes N(U, ..., N(™). Assume that f(x,y) is a continously differentiable func-
tion with bounded partial derivatives in the variable x, and that Z € D(%). Then
F € D© and

DOF = %(Z, zhDWOz

where D(®Z is the usual Gaussian Malliavin derivative.

The chain rule is one of the main results in Leén et al. (2002) and it will play a
central role in the next chapter. It allows us to calculate the Malliavin derivative in
W direction using the classical rules. This, together with the notion of Skorohod
integration, is what allows us to derive the stochastic weights for calculating the
Greeks using Monte Carlo simulation.

For the theory to work in a multidimensional setting we add Brownian motions

as

Definition 3.2.1 with I = 1,..., d defines spaces of random variables differentiable
with respect to the respective Brownian motion and we group the d Brownian mo-
tions together in one d-dimensional column vector denoted simply by W;. For a
random variable F € N7 ; D we write Dt(o) F—the Malliavin derivative with re-
spect to Brownian motion—as a row vector where each component is the Malliavin
derivative as defined in Definition 3.2.2.

For functions F € D+, [ = 1,...,m we will denote by Dt(l)P the Malliavin
derivative defined as

I ] I i eorited Aka L yeeerin
DUF=Y. ¥ YlgemaLyy i )(fil,...,z‘,,(---/t/---)l{zgp(,)})v

n=10<i,...,ip<mk=1

Note that with these new definitions Dt(O)F will be a d-dimensional row vector,

whereas Dt(i)F, i=1,...,mwill be scalars, each denoting the Malliavin derivative
with respect to the ith Poisson process. Now the above theory still holds true with

d-dimensional Brownian noise.
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3.2.2 Skorohod integral

We now continue the development of a Malliavin calculus for simple Lévy pro-
cesses by defining a Skorohod integral as the adjoint of the derivative operator.

We can do this since D is a densely defined operator.

Definition 3.2.5 (Skorohod integral): Let u; be a stochastic process in L>(Q2 x R*)

not necessarily adapted such that

‘E [/0 (Dt(l)P)ut/\,dt] ’ < c||Fllzqy,

for some constant ¢ depending on u and any F € D®). We say that u is Skorohod
integrable in the I-th direction or # € Dom (). We define the Skorohod integral
in the I-th direction, 6 (1), as the operator mapping L2(Q) x R*) to L?(Q) for
which

E [ /O OEDEI)F)ut/\ldtJ =E[rsO (W),

for any F € DU,

In the case of multidimensional Brownian motion we will denote by 6% (1) the
Skorohod integral of a vector process 1. Analogous to the It6 integral the Sko-
rohod integral is here the sum of the Skorohod integral of the components of u
integrated with respect to its respective Brownian motion. In the remainder of
this section the main results will be proven for one-dimensional Brownian motion
with multidimensional extensions given as remarks.

Below it will be shown that, as was the case in the previous chapter, the Sko-
rohod integral is a densely defined linear operator as is the Gaussian Skorohod
integral. The Skorohod integral in Definition 3.2.5 has other properties in com-
mon with its Gaussian analogue. One such similarity that will be discussed here is
the result presented in Proposition 3.2.10, which provides a good tool for calculat-
ing the Skorohod integral with respect to Brownian motion. First, however, some
results parallel to the ones in the previous chapter will be presented, starting with

the an explicit expression for the Skorohod integral for certain processes.
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Proposition 3.2.6: Let g(t) € L>(R*) and F € L?(Q)) with chaos expansion
F=EF+Y L L (f):
n=10<i,...,i,<m

Then

(5(1)(Pg)=/0°°EIF]8(tl)th(1l)+i )3 %1/0‘”

n=10<iy,...,ip<m k=1

fevo—  phei—  phe— t—
/0 /0 /0 A Firin (s oo s bkt Bt -+ s Eng1)

g(t)dGM .. aciacPacl) . acl)

te-1 bk bt biy1”

in the sense that Fg € Dom 8) if the infinite sum converges in L2(Q}).

Proof. The first step is to derive an expression for the Skorohod integral for a pro-
cess with finite chaos expansion. This can be done in an identical fashion to the
general case, Lemma 2.2.5. In addition, the approximation of general random vari-
ables in L?(Q)) with their capped sum equivalents works as well here as it did in

the proof of Proposition 2.2.7. O

Corollary 3.2.7: The Skorohod integral is a densely defined operator in L2(Q) x
R*).

Proof. Processes of the form Fg(t) where F € L?(Q)) and g € L?(R™) are dense in
L2(Q x RY). O

Skorohod integration increases the order of the chaos expansion with a dG; inte-
gral mixed in at every possible position. A point worth to be made again is that
this is inline with Skorohod integration in the Gaussian case.

With Proposition 3.2.6 it is trivial to follow exactly the same steps as in the
previous chapter to conclude that when previsible processes are integrated the Itd

and Skorohod integral coincide.

Proposition 3.2.8: If E [ f;° u?dt] < co and u; is F;_—adapted, then #; € Dom s
for1 > 1and
s () = / utht(l).
0
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Remark. When u; is a matrix—process and W; is multidimensional we have (from

the definition of the Skorohod integral) the integration by parts formula:

E KF /O oou;*dwt>*] —E [ /O OEDSO)F)utdt},

where the integration is done component-wise and * denotes transpose.

Next we set out to prove Proposition 3.2.10, which provides a nice decomposition
of the Skorohod integral for certain integrands. Proposition 3.2.10 is the equivalent
of Property (4) Section 1.3.1 in Nualart (1995), but since we do not have a powerful
enough chain rule in the present setting we have to go through a different route.
We start with a proposition, which will provide us with an explicit expression
for the Skorohod integral when Fg(t) as above is replaced by Fu;, where u; is

stochastic but previsible.

Proposition 3.2.9: For u; previsible and F € L?(Q)) with chaos expansion

F=EFl+Y, ¥ L(fi.a)

n=10<i,....in<m
such that Fu; in L2(Q) x R*) we have

] e n+l ,00
0w = [TEFuacd+Y. ¥ % [

n=10<i,... .n<m k=1

/fk—1—/fk—/fk+1— tr— (t ; ; ; )dG(il)
SR A Siyrin(B1r -+ o b1 Bt 1s -+ - Eng1 )AGy,

.. dGI)y, aGPdG . aGi, (3.1)

te_q f1 b1/

in the sense that Fi € Dom §() if the right hand side is in L2(Q x R*).
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Proof. Take any H € D),

E [ /0 c’Q(L)E’)H)I—“um] = /0 OOEKEOS » é lie=1} / / tm—/ .

ty—
I
0

tg-1 by

11 esin ( ook )1{2,(qk)(t)}

to— . ,
( +yY ¥ / / . / v ()G, ..th(q]il)ng“)>ut1dt

q=10<j1,....j;<m

T (i

n=10<iy,...in<m q=n—k 0<jfy ... fp<m k=

th(lil) dG(’k l)dG(lk+l) - th(’l;n))

tr— , , . ,
../02 By (oo sty )G ...th(;‘;‘ll)utdtht(Zﬁl)...th(:")>

t ty—
(/ /q /th, ,]q - th(lh)_ th(lq 1)dG(lq)>

" where itis understood that the 4 = 0 term equals E[F]. For the Dt(l) H contribution,

the integrals outside the dt integral can be matched up with the outer integrals in

the F—contribution with an isometry argument:

E [ /0 w(Dt(l)H)Futdt]

=E[z Y Y Y L i)

n=10Ziy,...in<m k=1 g=n—k 0<jy,...,.Jjg<m

th—  pleg— f— fz—
e [ ( [ [ o dG;;k;>>

bp—ntk+1— ty— . ;
X ( /0 R /O f]»l,_“,jq(...)th(l”)...ng:':")>utkdtk...dtn_ldtn}.
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By the same isometry argument we can now transform back into stochastic inte-

grals.

—k0<jy,ejgSm

{ae] tk+l_ tz— .
< /0 [ e )dc;(‘1 .dcg)...dcg’,"))

{ae] tq—n+k+2_ fz— . l ( )
x ( /0 A o fh,,,,,,-q(.”)d(;}lm_..utq_mﬂazc;t(qfw1 dGq’ﬁHN

ty— fo— . |
- El = </ o fy B G a6 dGHY
=10<iy,...,Iln<m
E Z Z / /'1 k2™
=n—k0<jq,..

k=1gq= jesm

b2 1 (ja)
o [ G, dGE

We can safely rewrite the last set of sums on the same form as in (3.1). Further,

adding E[H] to complete H completes the proof. ]

Proposition 3.2.10: For Fu in L2(Q x R*), where F € D® and u; previsible, we

have
O)(Fu) = F/ wdWy — / (DEO)F)utdt.
0 0
in the sense that Fu € Dom 6() if and only if the right hand side is in L2(2).
Proof. We focus on the expression F fowutht(O), where 0 denotes the Brownian

motion. By the chaos expansion of F we see that the product will be given by

terms of the form

/ / / Fooin(tr,o o, 8)AGE) L dGIV G /0 wdGY,
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and the strategy is to prove that

ooty ty . . . =)
/0 /0 /O Faroin (i £)AGEY Gl G L) /O 1dG

”"'1 tepa— /'tk+1— be— ty—
/ / / fl1 I (VR R T P SRy

th(ll) dG(lk 1) tde( )dG( k)

ey

dG(ln)

by tntl
t ;- . .
+ Z / /* /fl1 iyt - .,tn)th(lzl) o utkd[G(tk),G(O)]tk o th(:x)_ 3.2)

The first sum of the right hand side of (3.2) is the contribution from the chaos
expansion of () (Fu) and the second sum is the contribution from the chaos ex-

ansion of [~(D\VF uidt. We prove (3.2) by induction on n. For n = 1 we write
p 0\t p y
t , t 0

7 = /O fu(t)AG, v, = /0 u dG).
By It&’s formula® we have

d(Zth) =Y dZ;+ Z;_dY; + d[Zcm, ch]t/
So,

t— . t— . ,
A(Z,Y:) = /0 un dGVf;, (G + /O i (1)dGM 1 dGO+ £, (ud[GH), GO,

and the claim holds true for » = 1. Now, assume that the claim holds for n — 1

and consider

ty . .
Zy = / / / * Fin (b t)dGE) G0 aGln

Yt:/o utlth(l).

1 See for example Rogers and Williams (2000) section VI39.
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By Itd’s formula again

t— ) t—  pla1— B—
d(Zth) = /0 utlthl /O /O e 0 fi1,-~~,in (tl, R t)

th(lll) dG(ln—-Z)dG(ln 1)) th(in)

En—2

bt : .
+/0 /0 1/02 fil,‘..,z',,(tlr---/tn—lr t)dGElll) dG(I" z)dG(ln 1) d[G('"),G(O)]t,

and by substituting the expression in brackets on the first row by the induction

assumption, the result follows. O

Remark. In the case when F is a d-dimensional random column—vector and ; is a

(d x d) matrix—process Proposition 3.2.10 translates to

O (yp) = [ _ [ O
0\ (uF) P/Outth /OTr((D )ut) dt,

with the convention that the It6 integral for a matrix process is a column-—-vector.

3.3 Separable jump diffusions

We started out in the previous chapter by briefly considering general Lévy pro-
cesses. We have since constantly narrowed down the scope by considering Lévy
processes satisfying Assumption 2.1.1 and then simple Lévy processes. Now we
will make the final specialisation and consider a class of jump diffusions for which

we can use the chain rule Theorem 3.2.4.

Definition 3.3.1 (Separability): Let X; € ﬂ}’i{” D) be a Markov jump diffusion , of
the form
n
X, = b(X;_)dt + 0 (Xe=)dWs + Y (X2 ) (@NF) — Ndt), Ko =1,
k=1
for which the we have a continuously differentiable function f with bounded

derivative in the first argument such that

X = f(X5,X0), X5=-x,
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where X{ only is driven by the Brownian motion and X¢ is not dependent on x
and only driven by the Poisson processes. We say that the jump diffusion process

X; is separable.

Note that in the definition of separability there are no conditions imposed on the
drift, diffusion and jump coefficients. Relevant conditions will be discussed when

the definition is used. It is obvious that X} is a Markov diffusion and we write
dXi = be(Xf)dt + oo (XF)dW,, XG5 = x. (3.3)

An important property of the class of separable jump diffusions is that they are
differentiable with respect to Brownian motion if their first variation process (de-
fined below) is well defined. The Malliavin derivative can then be calculated using
the chain rule given in Theorem 3.2.4 . This, together with the notion of Skorohod
integration, allows us to derive stochastic weights for calculating the Greeks us-
ing Monte Carlo simulation by more or less mimicking the work of Fournié et al.
(1999). More on this in the next chapter.

The separability condition might seem restrictive at first, but it can be shown
that many interesting processes in Mathematical Finance are indeed separable. To

that end consider the stochastic volatility model:

ax(V = b (X, x) xPar+ o (xP,., %) xPaw,

+ 5 (e = DX @NE = aat),  x§ =1 )
. (3.4
ax() = b (xP,.. x{)dt+ o (xP,.., x[) aw,

xW =z, i=2..,4
where W is d—dimensional Brownian motion, b; as well as ¢; have bounded contin-
uous derivatives fori = 1,...,d and a;, k = 1,..., m are deterministic constants.
We introduce the d-dimensional continuous process X defined by

D = (b (XD, %O 45 24— ) X D

+or (%P, D) x;Paw, x5V =5

. (3.5)
ax® = (Xf(z), . .,Xf(d)) dt + o; (Xf @ . .,xf(d)) AW,

xWon, i=2..,4



3. Malliavin Calculus for simple Lévy processes 36

and the d-dimensional discontinuous process

. N )
Xt(l) = ocl R Xtc(l)

i . (3.6)
9 = x0 i=2. .4
It is clear that (X®,...,X@) and (X®),..., X)) are indistinguishable due to
pathwise uniqueness of the solutions to the SDEs, and by applying the It6 formula
to KW we
t get

. M 23(1)
agV = 95 ygxew 19X 5
2 3xc)

m
(bl (Xf@),...,xf(@) + Y A(1— (xk)> xe@
k=1

+01 (Xf(2),...,xc(d>) xc )th(l)]
N,

(t=)d[x D], + AXY

m (1) (m)
+ Y (o — Dt e xEWan®
k=1
m
- <b1 ( @, Aﬁ‘”) + Y (1 - ak)> KW a;
k=1

so that X(l) X(l)

We summarise the result in the following Lemma.

Lemma 3.3.2: Let X;, X¢ and X; be as defined in (3.4), (3.5) and (3.6) respectively.
Then X; = X; a.s.

For the diffusion process X{ in (3.3) we define the first variation process as

dYs = V,(XE)Vadt + ZOJ XHvaw?, vo=1,
i=1

where I is the identity matrix, o; is the i-th column vector of ¢, and prime denotes
derivatives. It is true that
Yt = VXXtC.

If b; and o¢ have continuous bounded derivatives the first variation process is well

defined, and then the Malliavin derivative of X can be written as?

D(O) Yt (TC( g)l{sgt}'

2 Gee Nualart (1995) section 2.3.1.
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Note that boundedness of b. and o; is not a necessary condition for the existence
of the first variation process. In deed, the stochastic volatility setup (3.4) also has
a well defined first variation process since Xfl) can be seen as a stand-alone linear

stochastic differential equation with random coefficients.



Part I

STOCHASTIC WEIGHTS FOR DERIVATIVE
SENSITIVITIES
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4. MALLIAVIN MONTE CARLO GREEKS FOR
SEPARABLE JUMP DIFFUSIONS

4.1 Sensitivity weights

In this chapter we will apply the theory of the previous chapters to the problem of
Monte Carlo convergence of derivative sensitivities. The treatment follows that of
Fournié et al. (1999), but in our more general setting of separable jump diffusions.

On a filtered probability space (2, F, (¥;), P) we consider a separable price

process of the form

m
dX; = b(Xf_)dt + U(Xt_)th -+ Z Dék(Xt_)(dNt(k) — /\kdt), Xy = x.
k=1

As before the continuous part of X; will be denoted by X| and we write
dXf{ = b.(Xf)dt + o (X7)dW;, X§=x.

An important role for the derivation of the stochastic weights will be played by
the first variation process for X{ defined by
d .
dY, = V(X)) Yidt + ) o (X)YedW,”, Yo =1,
i=1
with notation as in Section 3.3. A sufficient (but not necessary) condition for ex-
istence of Y; is that b, and o, have bounded continuous derivatives.} It is true
that
Y[ = VxXtC,

and it is also known that the Malliavin derivative of X{ can be written as?

DX = VY10 (XE) Loty (4.1)

1 See Fournié et al. (1999).
2 See Nualart (1995) section 2.3.1.

39



4. Malliavin Monte Carlo Greeks for separable jump diffusions 40

We define the payoff function

(P = (P(th, ey Xt"), (4:2)

to be a square integrable function discounted from maturity T and evaluated at

the times £y, ..., t,. The price of a contingent claim is then expressed as

v(x) = E[p(Xy, ..., Xs,)]-

The objective is to differentiate v with respect to the model parameters and for the

proofs we will need to assume the diffusion matrix to be uniformly elliptic, that is
1 >0, &o*(x)o(x)E>n|é]* foranyé, x € R,
We will also need the following technical lemma:

Lemma4.1.1: Let g : R — R be a continuously differentiable function with
bounded derivative and let G be a random variable in ﬂ?:l’" D) satisfying the
conditions for the chain rule (Theorem 3.2.4). Then

d+m )
g(G) e ( DY
j=1

Proof. The chain rule (Theorem 3.2.4) implies that ¢(G) € ﬂ}i:l D). For k €

[d +1,d + m] we can write the Malliavin derivative as®

DMG = Glw + M) — G(w),

where w + GSk) means ‘an extra jump in the kth Poisson process at time ¢'. We have,

E| [T (0¥s0) 0] = e[ [ (s(6lw+o) - g(c)) ai
< E [Mz/ow (G(w—|—9t(k))—G(w)>2dt] < o0,

where M is a bound on the derivative of g. O

3 See Le6n et al. (2002) Proposition 2.4(b).
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4.1.1 Variations in the drift coefficient

In order to assess the sensitivity of the price of the contingent claim v to changes
in the drift coefficient we introduce the perturbed process

m

AXE = (B(XE)+ ey(XE)) dt + o(XE)dW: + ) a(XE) (AN — )
k=1

X5 = x,

where € is a scalar and 7 is a bounded function. The following Proposition tells
us how sensitive the price of a claim on the perturbed process is to € in the point

e=0.

Proposition 4.1.2: Suppose that the diffusion matrix ¢ is uniformly elliptic. For

v¢(x) defined as
v*(x) = E[¢(X7)],

we have
T

a €=0 =F [(P(XT) /0(0_1 (Xe- )y (X)) dW;

&ve(x)

Proof. The proof builds on an application of the Girsanov Theorem which holds
true even in the presence of Poisson jumps. See e.g. the proof of Theorem E2 in

Karatzas and Shreve (1998). d

Remark. The result holds true even for path-dependent claims ¢ = ¢(X(.)) and
also for processes which are not separable as in Definition 3.3.1.
4.1.2 Variations in the initial condition

This is where we will make full use of the theory developed in Chapter 3 for the
first time. We rely heavily on the chain rule and the Skorohod integral, which
allow us to repeat the steps in Fournié et al. (1999).

First define the set I, of square integrable functions taking values in R, as

= {a e 12([0,T)) : /Otzz(t)dt =1, Vi= 1,...,71},

where ¢; are as defined in (4.2).
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Proposition 4.1.3: Assume that the diffusion matrix o, is uniformly elliptic. Then

foranya(t) €T

(Vo(x))* = E {fp(th,...,Xt") /OZ(t) (0;1(Xf)Yt)*th] .

Proof. First assume that ¢ is continuously differentiable with bounded gradient.
In this case it is possible to ‘differentiate inside the expectation’.* We will denote
by Vip(Xy,, ..., Xt,) the gradient of ¢ with respect to X;,, and by % the (d x d)
matrix of derivatives of the d—dimensional random variable X;, with respect to its
initial condition.

Remember that from the separability assumption X% does not depend on x so

that

Xy,

Vo(x) E {i Vip(Xey, -, X)) 5= 3
i=1

n X,
= E {Z Vio(Xey,s -, Xp,) oo > 1Y,

i=1

(4.3)

We want to rewrite Y}, in terms of the Malliavin derivative for X;, using (4.1), but

to do that we must also use the chain rule (Theorem 3.2.4). We have

0 90Xy,
DE )Xfi aXC

X,
For any a(t) € T we can express 3X—?th as

90X, T 0 -
axtc Y, = /0 a(t)(D X, )0 (XE) Yidt.

Inserting in (4.3) yields
Tn
VU(X) =E [A Z V@(th, .. .,th)(D( Xt )a(t) (Xt)Ytdt
i=1

We know from Lemma 4.1.1 that ¢(Xs,,..., Xy,) € ﬂd+’" D) since ¢ is continu-

ously differentiable with bounded gradient and X; € ﬂ;i:lm D) is separable. We

% The proof of this claim is in Fournié et al. (1999) built on the fact that almost surely convergence
together with uniform integrability implies convergence in L! norm. The almost surely convergence
holds true in the present treatment exactly as stated in the continuous case. The uniform integrability
follows from the the boundedness of % and the fact that the map x +— X; is a.s. continuous even

in the presence of jumps.
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can thus use the chain rule again to get

Vo(x) = E [ /O T(D§°)¢(th,. . .,xt,,)) a(t)or L (XE)Ydt | .

Since the diffusion matrix o is uniformly elliptic by assumption we can deduce
that a(t)o 71 (XE)Y; € L2(Q) x [0, T]). We can therefore use the integration by parts
formula implied by the definition of the Skorohod integral and Proposition 3.2.8
to get
* T 1 *
(Vo(x))* = E [¢(th, e Xe,) /O a(t) (o1 (X)) th] .

The fact that the class of continuously differentiable functions with bounded gra-
dient is dense in L? can be used, exactly as in Fournié et al. (1999), to prove the

general result for ¢ € L2. O

Remark. The above argument can easily be repeated to get derivatives of higher

order.

Remark. Proposition 4.1.3 is known as the Bismut-Elworthy formula. See Elworthy

and Li (1994) for an alternative proof in the continuous diffusion case.

We see that the discontinuities do not appear in the stochastic weight. However,
the fact that the payoff function is evaluated for the full price process ensures that

the sensitivity commonly known as delta does depend on the jump parameters.

4.1.3 Variations in the diffusion coefficient

Calculating the stochastic weight for what is commonly known as vega is a bit
more involved than the previous Greeks. It is here the need for a Skorohod integral
arises and we use Proposition 3.2.10 to interpret the result.

As in Section 4.1.1 we need to define the perturbed process with respect to the
property under investigation; in this case the diffusion coefficient:

AXE = B(XE_)dt+ (0(XE )+ ey(XE ) dW, + Z ae (X6 ) (AN® — Adt)

k=1
X5 = «x,



4. Malliavin Monte Carlo Greeks for separable jump diffusions 44

where again € is a scalar and vy is a continuously differentiable function with
bounded derivative. We will also need to introduce the variation process with

respect to the parameter €

d .
dZf = V(XE)ZEdt+ Y (01(XE) + evi(XE)) ZE_dWE) + (X5 )dW,;
i=1

+ 1 (XF)ZE (NS — Aedt), 25 =0y,
k=1
so that aXt = Zf. Further, we define the set Iy, of square integrable functions

taking values in IR, as

T, = {a e Lz([O,T)) : /tia(t)dt =1, Vi= 1,...,n}.

i1

In this setting Proposition 4.1.4 is the analog of Proposition 4.1.2.

Proposition 4.1.4: Assume that the diffusion matrix o is uniformly elliptic and
-1

that for By, = (%Ya-) Zi,i=1,...,n we have 0. 1(X°)YB € Domd®. For

v¢(x) defined as

vi(x) = E[p(X5, ... XE,)] .

we have forany a € T'y

Zvf(x)| =E [gb(th,. ..,th)5(°)<a;1(XF)Y.E.)] ,

e=0

where
n

By = Za(t) (1Bti - /gfi-l) l{te[ti—llti)}’

i=1
for tp = 0. Furthermore, if § € D the Skorohod integral can be calculated
according to

5(0)( _I(XC)Yﬁ> n ﬂ /l ( _1(XC)YI}) AW,

i=

I
g
/ttla( ) ( oz (XE)Yer 1) th}.

£
a(O)T: (DL Bry)or (XE)Y:) dt

1
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Proof. As in the proof of Proposition 4.1.3 we may assume ¢ to be continuously
differentiable with bounded gradient, and we can take the differential under the

expectation to get

a n
ive(x):E{Zv,fp( fo o XE)ZE| (4.4)

1=

—

-1
Next we define §; = (§§§; Yt) Zy = <§§£ Yt) Z£=%, and proceed as in the proof of

Proposition 4.1.3. Because of (4.1) and since a € I, we can write

TaX tigX
A aX't: (D(O)XC (XC)Ytﬁtdt = A aXi’Yt ‘Btdt
aXt £
= LY, / t — Be._, ) dt
aXC ki ]Zl tﬁl( )(ﬁf, ﬁh—l)
90X
= BXQ Y. Bt = Zt

Inserting into (4.4) we get, by using the chain rule and Lemma 4.1.1,

a €
307 (x)

19X A ven &
- {/ngo £ 'an)ax; (D§°>Xg)acl(xt)ytﬁtdt}

e=0

= B [(D10(, .., X0z (x5 Vs

By assumption and the linearity of the Skorohod integral ;"1 (X¢)Y$ € Dom (.

So,

2or)|  =Efolxg. x5) 0o (x)XB) ],

and Proposition 3.2.10 can be used to calculate the Skorohod integral. (

e=0

Remark. The assumption of 07 1(X¢)YB € Dom 6(®) might seem restrictive at first,
but it can be shown that important examples do satisfy the assumption. See the
Appendix for the explicit calculations in the case of the Heston stochastic volatility

model.

4.1.4 Variations in the jump intensity

The stochastic weight for variations in jump intensity is derived using the same

technique as for variations in drift coefficient and it is given by the following result.
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Proposition 4.1.5: Suppose that the diffusion matrix ¢ is uniformly elliptic. For

j=1,...,mwehave

av —E{QD(X )(——T / (X ey (Xo ))*dwtﬂ.

Proof. The argument will be carried out for the first of the m Poisson processes to

simplify the notation. Consider the perturbed process

dX; = b(X;{ )dt+ o(X;)dW; + aq (X5 ) (ANF — (A1 + €)dt)
m R
+ Y w(X)@N® — jdt), XE=x,
k=2

where € is a positive deterministic parameter and Ny is a Poisson process with
intensity A1 + €. As in the proof of Proposition 4.1.2 we note that by changing

measure we can write
Elp(X7)] = E [M(X1)],
where M¢ = M}¥ MV is the Radon-Nikodym derivative for which the altered drift

due to the perturbation is controlled for by M} and the increased jump intensity

is governed by MV . Explicitly,
w T * et T 1 2
Mt = exp (-6‘/0((7 (Xt_)al(Xt_)) th — ?A “0' (Xt_)Dél(Xt_)“ dS>

N
MN= <1+ i) exp(—et).
M

Note that we can write
T T
—1-¢ /0 MY (07 (X2 )ar (Ko ) ) AW, + Ail /0 MY (AN®D — ndi),

which implies that

e (42

_ E[QD(XT)(/O; (@ANO= Adt) / ))*th>].

O

Remark. As was the case for variations in the drift coefficient the above result holds

true even for path~dependent claims and non-separable price dynamics.
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4.1.5 Variations in the jump amplitude

To derive a stochastic weight for the sensitivity to the amplitude parameter « we
adopt the same technique as in the proof of Proposition 4.1.4—the diffusion coef-

ficient result. To that end, consider the perturbed process

dXE = b(XE)dt+ (X5 AW + (e (X5-) + ey (X5.))(AN{ — Mdt)

m
+ Y w(XE)@ANDY — pdb),  X§ = x,
k=2

where € is a deterministic parameter and v is a continuously differentiable func-
tion with bounded derivative. Again, for notational simplicity, we consider varia-
tions in the first of the m jump amplitudes. The variation process with respect to
the parameter € becomes
d .
dze = b(X)zEdt+ ) ol(Xe )z aw
i=1
(e (XE) + ey (XE)) ZE (N} — M)
m
+ ) (XE)ZE (@N] — Agdt) + oy (XE) (AN — adt), 26 = 0.
k=2
The stochastic weight in this context is obtained similarly to the vega weight. The

statement of the following proposition is therefore almost identical to Proposi-

tion 4.1.4.

Proposition 4.1.6: Assume that the diffusion matrix o; is uniformly elliptic and
-1

that for B, = <g§%}’ti> Zy, 1 =1,...,n we have Uc_l(Xc)Yﬁ € Domé©®. For

v¢(x) defined as

v (x) = E [p(XE,..., X)),

we have foranya € I'y

2 ¢ (x)

Jde

=E [¢(Xt1,. . ,Xt,,)é(o)(agl(X?)Y.B.)] ,

e=0
where

B = Za(t) (Bt — :Bti—l) Lireftig s

i=1
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for tp = 0. Furthermore, if § € D© the Skorohod integral can be calculated
according to
n

(o>( ~1(x9) yﬁ) Z{’B*I/’il ( ‘1(XC)Yt) AW,

1=

~ [ a(ym((D )0 (6% a

tiq

N /tia(t) (agl(Xf)Yt,Bti_l)*th}

ti1

Proof. Exactly the same proof as for Proposition 4.1.4 with redefined ; and Z;.

Remark. Aslong as & # 0 fork = 1,...,m we have B, € ﬂ;iil'”]D(f) for the

stochastic volatility models as presented earlier.

4.2 Examples

In this section we will explicitly derive examples of stochastic weights for a couple
of different pricing models. In particular we will look at jump diffusion versions
of the Black-Scholes model and the Heston model.

In the Black-Scholes model the price process follows
dXy = v Xp_dt + o X_dW; + (LK — I)Xt_ (dNt — /\dt), Xo=x, (45)

where u, 0 and « are constants and the intensity of the Poisson process is A. The
price process is clearly separable by Lemma 3.3.2 since it is a special case of a
stochastic volatility model. In particular we see that the continuous price process

contribution Xf is identical to the Black—Scholes price process with modified drift.

Proposition 4.2.1: In the jump diffusion version of the Black-Scholes model de-

fined in (4.5) we have for the following contingent claim

v=E [e*’Tqb(XT)] ,
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the sensitivity weights:
Rhogs = § = E[e7"T¢(Xr) 5] — E[Te T (X1)]

Deltags = §2 = E[e~"Tp(X1) 21|

x0T

— w2
Gamnnags = £ = E[eo(Xr) by (4 — s — 1)

) 2
VegaBS = ?Tg_ = E[€—7T(P(XT) (% — Wr — %)]

LambdaBS 1 g_j)\ = E[g—rT¢(XT) (NTX/\T _ (lx—l)WT)]

Alphags = §2 = E[e~"Tp(Xr) (% - "T> %]

Proof. Since Xf is identical to the Black-Scholes price process with modified drift
the result follows by the same arguments as can be found in Fournié et al. (1999).

(]

Rho might need some further explanation. Rho is defined as the sensitivity of the
claim with respect to interest rate, and here the interest rate appears both in the
discount factor and in the drift. Analogous to section 4.1.1 we define the Rho as
the sensitivity of the claim with respect to the factor €, as in the perturbed interest
rate r + €7, in the point € = 0.

The jump diffusion version of the Heston model

axP= rxOat +/xOXOaw® t (- 1)XO(@N, - ad), X =

(4.6)
AxP= (0 — XPYat + oVX@aw?, xP) = x,,

with E[th(l)th(l)] = pdt is also a special case of the general stochastic volatility
model of Section 3.3 Chapter 3 and the separability assumption therefore holds by
Lemma 3.3.2. Xt(l) is the process for the security on which the contingent claim is
written, and Xt(z) is a process governing the volatility. The price of the claim in this
setting is

v=E [e_rTcp(X(Tl))J ,

and the continuous process Xf is identical to the price process in the original Hes-

ton model, but again with modified drift.
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Proposition 4.2.2: The stochastic weights for calculating the Greeks for the jump

diffusion version of the Heston model (4.6) are

om0 (- - )
E[Te~"Tp(x)]

(1) (2)
Deltayy = E [e=Top(xM) L [ (LW —
eltay [6 (X7 )57 o e VAs pzf Jx@

dw(z)
X

2
) T
Gammag = E | e Top(xM) 1 T dw
H [ ¢(X1r )z | | o o) \/ﬁ-f \/T
1 qTa T aw® fT aw®
1—pZ JO X1(2) 0 \/;1(7) \/1 P2 x(z

(2,2) c(1)4,(1,2)
VegaxZ— [e_rTCP(X(Tl))%( T Y W(1 leY —pX;Y dW(2)>]

c(l)r 0 ﬂx‘(l\/—
Vega%:E[e‘rTqb(X %((W“) \/—dt)
T aw® o T aw®? T dt
0 ‘/ﬁ \/1_ ‘/7 0
Lambday = E[e‘rTfp(X(Tl)) (% -7
0 (2)
o (B - )
anpha = B o) ( (8- 2) (52" - oo ) )]

Remark. The two vegas are different in the sense that Vega;? is the sensitivity to

changes in the initial value of the volatility process and VegallfI is the sensitivity to
a perturbation as in section 4.1.3. Since the initial value of the volatility process
is just another parameter coming from the calibration Vega;? is perhaps not as

interesting as VegallfI which is the analogue of Vegag.

Proof. We write the pricing process in matrix form as

dXt = b(X[_) dt + Ll(Xt_) th + C(Xt_) (dN{ - )Ldt)
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where

rxY (x—1)xP

b(Xi-) = , , o(Xem) = and
x(6 — X2 0

VxPx® 0
o /xPp /X T=p?

The inverse of the diffusion matrix becomes

1 a\/Xt(z)\/l—pz 0
xxPVI=F o 5P, JxPx® |

lZ(Xf_) =

a(Xt_)“l =

Stochastic weight for Rho in the Heston model
We perturb the original drift with y(x) = (x1,0)* to get the perturbed process
dXf = (b(X{) +ey(XE)) dt +a(XF.)) dWi + ¢(Xf_) (AN — Adt).

Now it is clear that the row—vector that should be integrated with respect to the

Brownian motion is

1 3 p
(\/X—t(z') \/@vl—pz),

and we get the expression in the proposition.

Stochastic weight for Delta in the Heston model

The first variation process is in this case a matrix process

dY, = b (XO)Ydt + a; (XO)VedW D + ) (XE)YdW®, Yo =1,
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with
r+A(l—«a 0
Y(xXE) = 1=
0 —K
¢ 1 x<
VX : Xc(;)
f (X)) = '
o 1A=
2 Xt(cz)
0 0
! XC —
B(XE) -
2 Xf(z)

For the Delta we are interested in the first row of the matrix (a~(X{)Y;)* inte-
grated over the 2-dimensional Brownian motion. From the above we can deduce

that the row vector of interest is

—1——Yt(1'1) P 1 yan |
Xf(l) , /X:(Z) V1-p? Xtc(l) /XtC(Z)

The first-row first—column element in the first variation process can be seen to be

Y — Lyew,

X
since
c(1)
YD = (r + A1 — )Y at + /xE @y D aw® 4 L X yen o
t t t t t 2 «2) t t
Xt
Y& =1,

and Yt(z'l) = 0 due to the fact that Xf(z) does not depend explicitly on Xf(l) and
in particular not its initial value. This leaves us with the expression for Deltay

presented in the proposition.

Stochastic weight for Gamma in the Heston model

Differentiating the expression for Delta we get two contributions. One contribu-

tion comes from the derivative of the % factor and the other comes from repeating
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the steps in the proof of Proposition 4.1.3. In the latter process we end up with the
following Skorohod integral

50 <x1:r (/T aw’ /\/__ dw”) (Xc)y>

which can be evaluated using Proposition 3.2.10 to get (we are interested in the

first element of the Skorohod integral vector)

/T aw® / aw®\" 1 1 /T 1,
x1T e VI=p2 5@ (x1T)%21—p? Jo x@

This, together with the contribution from the derivative of ﬁ, leaves us with the

expression in the Proposition.

Stochastic weight for Vega™? in the Heston model

The interpretation of Vega as the sensitivity with respect to initial volatility level
follows directly from the discussion above. In this case the row—vector to be inte-

grated over the Brownian motion is

Y(ZIZ) _ XC(I) Y(LZ)

1 y(12) 1 1 [1 ]
£ t t t .
Xf(l) . /XtC(Z) V11— p2 X:(l) /Xtt?(Z) o

Stochastic weight for Vega® in the Heston model

We perturb the original diffusion matrix with 7y to get the perturbed process

AXS = b(XE_) dt + (a(XE) + ey (XE)) dW; + c(XE_) (AN, — Adt),

v(x>=(’“ °>.
0 0
(1)

does not depend explicitly on X;

where

(2)

Again using the fact that X; we can deduce

that the variation process with respect to €, Z{, has a vanishing second component.
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We write Z,_SZ) = 0. Furthermore,

_190Xf
B = Y 1aXf Z
ax(®  ax®
~ 1 (Yt(z,z) _Yt(LZ)) AT T (Zﬁ“)
T (1D (22) (1Y) x®  ax®
YUY, 0 Y, axtt(” 3}@ 0

<(1)
Z(l) axt(l) / Y(11
0

Note that by the It6 formula

20 = x (— '),
t

BY = xy (wf” - / \/X§2)ds>.
0

Except for expressions already derived, the only thing we need in order to calcu-

so that

late the weight for Vega® is the Malliavin derivative of §; in the direction of the
Brownian motion. Using the chain rule (Theorem 3.2.4) on a sequence of contin-
uously differentiable functions with bounded derivatives approximating x®@,

together with (4.1) we get

to),BT = x ( 2 \/XT X( )d8>
(2,2)
- ((1 oL [P ET 1—p2)ds>-

\/ x® y

To arrive at the expression in the proposition we note that

g y,~1y) _ 1
Tr<(Dt Br)a Yf)—— Xz(z).

Stochastic weight for Lambda in the Heston model

The quantity we need to expand in this case is 27 (X;~)c(X;-). From what was
stated in the beginning of this section it is clear that the vector to be integrated

over Brownian motion is

o (F FF)
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Stochastic weight for Alpha in the Heston model

The perturbed process is chosen as

axi = b(Xte_) dt + a(Xf_) AW + (C(Xf_) + €’)’(Xf_)) (dNt — /\dt),

v(x):(x1>-
0

As was the case for Vega® sz) does not depend explicitly on Xt(l) so we get

with

_ 1 (Yt(z'z) —Yfl'z)) o B (z}”)
e 0 Y0 ?}({ft((lz; % 0
[ A

B 0

Note that by the Itd formula
zH = xv (% - At) ,

so that

The Skorohod integral expansion in Proposition 3.2.10 is easy to compute in this
case since DSO) B: = 0. Adding up the results we arrive at the formula in the

proposition. t

4.3 Numerical experiments

To show the power of the stochastic weight technique a number of convergence
plots are presented in this section. In Figures 4.1 to 4.4 below the value of the

Delta is captured at different iterations of the simulation.
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Looking at the convergence plots it is evident that the finite difference approxi-
mation performs better for the call option, but the Malliavin weight approach per-
forms better for the digital. The reason for this is that the stochastic weight adds
some randomness to the expression to be simulated, and for the call option this ef-
fect worsens the convergence. However, for the discontinuous payoff function of
the digital option, the finite difference approximation produces large errors since
the contributions to be averaged are either zero or one. In this case the Malliavin
weight and payoff is still smooth and the effect of added randomness through the

stochastic weight is not prominent.

T T T T T T T T

T T
— Finite difference

-+ Malliavin weighted
— - Exact

0.6

Delta

10
<ot

Number of simulations

Figure 4.1: Monte Carlo simulation of Deltags for a call option using finite difference
approximation and Malliavin weighting. The model parameters are x = 100, Strike =

100, ¥ = 0.05, ¢ = 0.3, = 0.5and A = 0.1.
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Figure 4.2: Monte Carlo simulation of Deltagg for a digital option using finite difference

approximation and Malliavin weighting. The model parameters are x

100, r =0.05, 0 = 0.3, « = 0.5and A =0.1.
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Figure 4.3: Monte Carlo simulation of Deltay; for a call option using finite difference ap-

proximation and Malliavin weighting. The model parameters are x; = 100, Strike

100, x, =0.04, r =005, x=1,0 =0.04, c =0.04, p= —0.8, a =05and A =0.1.
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Figure 4.4: Monte Carlo simulation of Deltay; for a digital option using finite difference
approximation and Malliavin weighting. The model parameters are x; = 100, Strike =

100, x, =0.04, r =0.05,x=1,8 =004, 6 =0.04, p = —0.8, a =05and A = 0.1.



5. STOCHASTIC WEIGHTS FOR CREDIT
DERIVATIVE GREEKS

5.1 Intensity sensitivity for single name claims

5.1.1 Constant intensity

Remember that, as shown in Proposition 4.1.5, for a price process of the form
dX; = b(Xt_)df + a(Xt_)th + C(Xt_) (dNt — )Ldt) , Xop=x,

we have for v(A) = E [®(X7)]:
S—K —E [(’D(XT) (% —T- /()Ta—l(xf_)c(xt_)dwtﬂ .

For credit derivatives, depending only on one reference credit, the situation is

much simpler. The payoff function depends on the first jump time of some count-

ing process—the time when the reference company defaults on its debt. In the

above framework the process under consideration is dX; = dN; and the contin-

gent claim is expressed as

v=E[®(1)], (5.1)

where T = inf{t > 0 : N; = 1}. Also, remember that the above sensitivity result
is true for path-dependent payoffs such as payoffs depending on the first jump
time. Typically the payoff function ® contains an indicator function flagging for
the event that the default time occurs before maturity of the contract. This dis-
continuity suggests that the stochastic weight approach should be successful in
reducing the variance of the Monte Carlo estimator of the intensity sensitivity as

we saw in Section 4.3 Chapter 4.

59
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In the same spirit as in Section 4.1.4 Chapter 4 we introduce the perturbed
process

Xi =Ny,

where € is a deterministic parameter and Ny is a Poisson process with intensity

A + €. We further define 7° to be the first jump time of this perturbed process.

Proposition 5.1.1: The sensitivity of the claim (5.1) with respect to jump intensity

¥k [CI)(T) G—r)] .

Proof. The proof is basically the same as for the case including a continuous part,

can be written as

Proposition 4.1.5. Changing measure we can write
E[0(r%)] = E[M:®(1)],
where
N,
M = (1 + %) texp(—et).

Tt is true that
t
ME=1+ %/ ME(dN; — AdE).
0

Now, the sought after derivative can be written

2|, = imE (B —ime oo (52
_ [CID(T) (/()T%(dNt —Adt))] .
0

As will be seen in the next chapter, it is not surprising that the stochastic weight in
Proposition 5.1.1 takes exactly the same form as the well known weight obtained

via the likelihood ratio approach (c.f. Joshi and Kainth (2003)).

5.1.2 Cox processes

A natural extension of the above modelling of the default mechanism is to make
the jump intensity stochastic. This provides us with a more realistic description

of credit spreads, which in the real world are far from constant as implied by the
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assumption of constant intensities. Jump processes of this type are known as Cox
processes.

We let the jump intensity evolve according to
dA; = b(/\t)dt + a(At)th, (5.2)

and investigate the effect of perturbed intensity exactly as before. Hence, we de-
fine the perturbed jump process Nf as the process with constantly perturbed in-
tensity A: + €.

Proposition 5.1.2: For v¢ defined as

v® = E [®(7°)],

o= F 0 ()

as in the proof of Proposition 5.1.1 we note that

we have
d

=0

o€

€

Proof. Changing measure!

t
MS =1+ / ME-E (AN, — Adb),
o A
and the result follows exactly as before. g

In practice an intensity model as (5.2) is calibrated to the market. Each name has
several outstanding credit obligations with different maturities resulting in a de-
fault intensity curve—the credit curve. That is, for each maturity T;, i = 1,...,n,
we can find a Ar, such that the risk neutral probability (implied by the market
value of the debt) of survival of the company until maturity of the contract can be
written as

P(T) =e™T,i=1,...,n

The intensity model (5.2) would then be chosen as to best replicate these probabil-

ities. For a perfect fit we would get

T _ -,
E [e‘fo ’\‘dt] =eMTi i=1,...n

1 For a very general Girsanov theorem see Schénbucher (2003) Theorem 4.8.
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and thus,

E {e_ foT’(/\t+€)df} —e AT ;1

From the above we see that the sensitivity to the perturbed Cox process of Propo-
sition 5.1.2 corresponds to the sensitivity to a parallel shift in the credit curve. In
practical situations the calibration never yields a perfect fit as assumed above, but
the argument can be carried through the minimisation procedure of the calibra-

tion.

5.1.3 Example

As an example of a Cox process based credit model consider the two factor Cox—
Ingersoll-Ross (CIR) model (c.f. Schénbucher (2003) section 7.2). Both the risk—free
interest rate and the jump intensity are taken to be combinations of the stochastic

processes

dxgl) = (al — ﬁ1x§1))dt + 0 xt(l)th(l)
dxgz) = (A’,z — ‘Bzxgz))df + o0 xfz)dwt(z),

where dW() and dW? are independent Brownian motions. The risk—free interest

rate r and the jump intensity A are expressed as

e = wxgl) +(1- w)xfz)
M=wmxY + (1 —2)x?,

where w and @ are positive constants in order to ensure that the interest rate and
the intensity stay positive.

Note how this model can only generate positive correlation between the inter-
est rate and the jump intensity. This is typically not the case in the real world, but
the CIR model still serve the purpose of fitting the credit curve satisfactory.

Under the CIR assumptions there exist closed—form solutions to the risky and
the risk—free bond prices. If we assume a recovery rate for the risky bond we can
use these closed form solutions to calibrate the parameters to a credit curve and a
risk—free yield curve. We can then use Monte Carlo techniques to price and hedge

exotic claims with the estimated parameters.
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In Figure 5.1 the CIR fit to the Libor curve, the Bombardier credit spread curve
and the parallel shifted Bombardier credit spread curve is presented. Assuming a
recovery rate of 50% this calibration resulted in two sets of parameters: one set for
the original credit spread curve and one set for the parallel shifted credit spread
curve. These two sets of parameters can be used for a finite difference approxi-
mation serving as a benchmark for the sensitivity calculation suggested by Propo-
sition 5.1.2. In Figure 5.2 the Monte Carlo convergence plot for the sensitivity to
parallel shift in credit curve of a simple claim on Bombardier paying $1 at default

if this happens before maturity is shown.

Credit spread
T T

= Empirical curve
— Fitted curve

L 1 ) L 1 1 1 ) 1 1

1 2 3 4 5 6 7 8 9 10
Tenor (years)

Libor

| 1 L | 11 ]
1 2 3 4 5 6 7 8 9 10
Tenor (years)

Figure 5.1: CIR fit to Libor curve, Bombardier credit spread curve and parallel shifted
Bombardier credit spread curve as of 23 April 2004. Sources: Mark-It partners (BOMB
SNRFOR USD MR) and Citigroup.

The advantage of the stochastic weight approach is threefold. Not only is the
convergence faster, we also avoid a potentially costly second calibration. The most
important benefit is however that the two calibration errors might affect the price
in different directions. This introduces bias in the Monte Carlo simulation of the

Greek, and bias is far worse than variance. In the Bombardier example above it



5. Stochastic weights for credit derivative Greeks 64

4 D] T T T T T T T
- w== Finite difference
— Stochastic waigh!

w
o

w
)

Intensity sensitivity

«
3

3.6

3.5k 1 1 1

1 ] 1 1] I 1
1 2 3 4 5 6 7 8 9 10
Number of iterations At

Figure 5.2: Monte Carlo simulation of the sensitivity to parallel shifts in credit spread
curve for a 5 year digital credit default swap on Bombardier as of 23 April 2004.

was found that in order to obtain robustness in the two calibrations, the weights

w and @ should be kept constant.

5.2 Correlation sensitivity for baskets of credits

5.2.1 Correlated default events

When pricing credit derivatives depending on more than one reference credit, de-
fault time correlation must be taken into account. Given the above presentation,
the first method to achieve default correlation that springs to mind is perhaps
to extend the Cox process framework with several correlated default intensities.
If the intensities are strongly positively correlated, high jump intensities have a
tendency of occurring simultaneously implying positive default time correlations.
Unfortunately, this dependence is too weak and this approach gives far too low
default correlations compared to observed ones.

A cure for unrealistic default correlations is to introduce jumps in the intensity

process. If we let a default by one company trigger a jump in another, we obtain
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a positive relationship between default times, which is strong enough for realistic
default correlations. See for example the model presented in Davis and Lo (2001).
As presented in Schénbucher and Schubert (2000) jumps in the intensity process
turns out to be equivalent to the copula approach presented briefly below.

The copula approach models the individual default times as the first jump
times of either Poisson processes as in Section 5.1.1 or Cox processes as in Sec-
tion 5.1.2, and then uses a copula to impose a dependance structure. This was
pioneered in Li (2000) where constant intensities were used. An algorithm for
generating n correlated default times in what is commonly known as the Li model

can be outlined as

1. Simulate Z1, ..., Z, as correlated standard normal random numbers.

2. Generate the default times 7;,7 = 1,...,n through N (Zl) =1—e M7, where

N is the normal cumulative distribution function.

Note how the resulting default times are exponentially distributed and connected

via a Gaussian copula.

5.2.2 Correlation sensitivity

The connection of random default times through copulae seems far from the pro-
cess based approach in the preceding, but the algorithm in the previous section
gives us a hint to how to construct stochastic weights for correlation sensitivity.

The price of a claim on a basket of credits is written as
v=E[®(t,...,Tn)].

But we know that ; = — 1 log (1 — N(Z;)), so we can rewrite the price of the claim
as

v=_E [@(21,..-,Zn)] ,
for some payoff function ®. Further, the correlated normal random variables
Z1,...,Zy can be seen as the values of an n-dimensional diffusion process X; at
time 1, where X; has zero drift and a diffusion matrix replicating the relevant cor-

relation. We write

dXt = U'th, Xo = On, (53)
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where 0, is an n—dimensional column vector of zeros. With the problem rewritten
on this form we can use the diffusion matrix result of Proposition 4.1.4 to obtain
stochastic weights for the correlation Greeks.

In a basket of n credits there are %n(n — 1) default correlations. In practical
applications however, the problem is usually simplified and correlations are as-
sumed to be the same; either the same across all credits or the same within industry
sectors. In the following we will illustrate the correlation sensitivity technique for
a basket of two credits and then show how to obtain weights for the homogenous

correlation case.

We start with the correlated system of equation (5.3) and let

U=<1 0)
p VI-p2 )

The perturbed process in this case, X{ = ¢°dW, has a perturbed diffusion matrix

. 1 0
of = ,
pte VI (preP

where € is small enough for p + € to be less than 1. As in the diffusion matrix result

according to

we need the variation process to the parameter €:

ge_ | ° 0 W
E7l 1 o ete Wt(Z) ‘

1—(p+e)?

Proposition 5.2.1: Let the perturbed process Xf translate to the default times 77

fori=1,...,n. For v¢(p) defined as

v*(p) = E[®(,--- )],

we have
g_z - % | =E [@(z,..., 5)6® (07121

=E [@(Tl,...,fn)l_l—pz (( 1 —pZWl(l) +pW1(2)>W1(2) +p>] )
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Proof. The only difference from Proposition 4.1.4 is the way the diffusion matrix is
perturbed. This does not pose any problems in carrying through the argument as
before. O

Remark. In the general case with more than two credits the sensitivity to one pair-
wise correlation coefficient can always be obtained in exactly the same way as in
Proposition 5.2.1 by labelling the names under consideration as number one and

number two.

The common way of moving from a correlation matrix to a diffusion matrix is by
Cholesky decomposition. As hinted in the proof of Proposition 5.2.1 this is what
makes the correlation sensitivity different from the diffusion matrix sensitivity.
For a multidimensional correlation matrix the € perturbation is translated, via the
Cholesky decomposition, to the diffusion matrix in a non-trivial way.

One way of dealing with the homogenous correlation matrix case is to intro-
duce an additional process acting as a common factor. This will be outlined in
the next section where it will also be shown that the common factor approach will
result in higher variance than the approach presented in the following.

Assume that the basket contains n credits and that the correlation coefficient to
be used in the Li-model, p, is the same for all pairs. The strategy will be to preserve
the structure of the correlation matrix when constructing the diffusion matrix so
that all the diagonal elements are the same and all the off-diagonal elements are
the same. Two conditions must be satisfied: the variance of each component of
Xy = oW, must be equal to 1 and the correlation between two components must
bep,ie.
dt, fori=j
pdt, fori # j.

ElaxPax{) =

We end up with the diffusion matrix

. : 6
0 1—(n—1)p? 0
o ‘ (n =1 P , G
: : Y
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where § is the solution to the equation
p:p(21/1—(n—1)p2+(n——2),6>, (5.5)
which can be solved numerically.

Proposition 5.2.2: By substituting g + € for § in (5.4) we obtain the perturbed de-

fault times f,i = 1,...,n. For v¢(p) defined as

v°(p) = E[®(, ..., )],
we have
dv 9 | _ ©) (1
3 37 . E [@(Tl,...,’fn)é ((7 WW_)]
=E [(I)(Tl,...,’l.’n) (W{‘((f‘ln)*wl —Tr(a‘lﬂ))] ,
where
(n=1)p 1 1
1-p2
77 =
(n-1)p
1 1 ﬂ

Proof. The variation process with respect to €, Z{, has diffusion matrix 7. The steps

in the proof of Proposition 5.2.1 completes the argument. O

Corollary 5.2.3: By using the chain rule we get the sensitivity of the claim to the
correlation coefficient:
do _ 9p dv

dp  op I’
5.2.3 Examples and extensions

As mentioned in the previous section there is an alternative way to Corollary 5.2.3
of dealing with the homogenous default correlation matrix of # credits. Instead
of constructing a diffusion matrix using the solution to (5.5) we can introduce an
extra Brownian motion and an extra row in the diffusion matrix so that

1 0 0 . 0
xM Vi 0 0 W

t VP p e t

: =| VP 0 Vi-p .. 0

VP 0 0 1-p
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The stochastic weight for the correlation sensitivity can now be obtained in the
same fashion as in Proposition 5.2.2. In Figure 5.3 we can see that this extension
of diffusion matrix approach appears to yield a slightly noisier stochastic weight
than does the homogenous diffusion matrix approach derived in Proposition 5.2.2.

To investigate why we should focus on the quadratic form
Wl* (Uﬂlﬂ)*wl.

Both approaches will yield a quadratic form as the one above and these are the
sources of randomness for the stochastic weights. For all values of p the elements
of 071y tend to have larger magnitude in the extension of diffusion matrix ap-
proach than in the homogenous diffusion matrix approach leading to the conver-

gence behaviour of Figure 5.3.
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Figure 5.3: Monte Carlo simulation of the correlation sensitivity for a one year digital
second to default credit swap on a basket of two credits. Both jump intensities were 0.3

and the correlation was 0.3.

Since the Gaussian copula does not have tail dependence academic research
has investigated different copulae. Perhaps the most logical second step is to look
at the t-copula, which is defined from the multivariate {-distribution the same

way as the Gaussian copula is defined from the multivariate normal distribution.



5. Stochastic weights for credit derivative Greeks 70

Even though at first sight the Gaussian copula looks to be as far as we can go
with the Gaussian Malliavin calculus approach, it turns out that we can make the
extension to the t-copula.

The multivariate t—distribution with k degrees of freedom is defined as the
distribution of a normally distributed random vector (with some correlation ma-
trix) divided by the square root of a scaled x*—distributed random variable with
k degrees of freedom. The x2—distributed random variable with k degrees of free-
dom can in turn be expressed as a sum of k squared normally distributed random
variables. Everything fits perfectly in the above Gaussian framework, and the cor-
relation sensitivity can be obtained with the stochastic weight of Proposition 5.2.1.

A convergence plot is shown in Figure 5.4.
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Figure 5.4: Monte Carlo simulation of the correlation sensitivity for a one year digital
second to default credit swap on a basket of two credits. A t—copula with 2 degrees of

freedom was used, both jump intensities were 0.3 and the correlation was 0.3.

5.3 ARernative methods

In the examples of Sections 5.1.3 and 5.2.3 the stochastic weight approaches were

compared to naive finite difference methods. It could be argued that this makes the
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results look better than they actually are since there are well known methods to im-
prove on the Monte Carlo convergence of credit derivatives. An implementation
in practice would typically incorporate stratified sampling and importance sampling.

Stratified sampling is an important tool when the probabilities of default in a
basket are significantly different in magnitude. In the examples above the prob-
abilities were chosen constant across credits to avoid that type of effects, but in
practice there is no such luxury as choosing.

A serious rival to the stochastic weight approach is to use finite difference ap-
proximations of Monte Carlo runs where importance sampling has been used. By
changing measure we can ‘force’ the appropriate number of defaults to happen in
each iteration with probability one. A comparison between importance sampling
and stochastic weight is shown in Figure 5.5 where the constant intensity single
name model of Section 5.1.1 was simulated.

There is no point in combining importance sampling and stochastic weights.
Stochastic weights are efficient only for discontinuous payoff functions as seen
in Section 4.3 Chapter 4, and by using importance sampling the discontinuity is
effectively removed since the indicator function 1,7} will always be equal to
one.

The drawback with importance sampling is that it is payoff specific, and hence
not as flexible as the stochastic weight approach. The importance sampling algo-
rithm also slows up the Monte Carlo run, especially for large baskets. At some
point it is more time efficient to use the faster but less accurate method and let it

run more iterations.

2 See Joshi and Kainth (2003).
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Figure 5.5: Monte Carlo simulation of the intensity sensitivity for a one year digital credit

default swap. The constant jump intensity was 0.3.



6. THE LIKELIHOOD RATIO AND MALLIAVIN
METHODS

6.1 Preliminaries

6.1.1 Liielihood ratio weights

In this chapter we consider general Greeks in that we do not consider sensitivities
to a particular parameter of the price process. Following Broadie and Glasser-
man (1996) we assume that the claim payoff is a function of the random variable
H(w, A) on a probability space (2, F, P), where w € () and A denotes the param-

eter to which sensitivity is of interest. The value of the claim is expressed as
v(A) = E[@(H(w, 1)),

If we also assume for a moment that the payoff admits a density, which is differ-

entiable with respect to A, we can derive a stochastic sensitivity weight as

gv(A) 0 B i
T = a8 f e plu iy = [ @) Psply, A)dy
= [ @()25 (05 p(y, 1)) ply, M)y = E | @(1) = (log p(H,A)) |

The stochastic weight for a particular sensitivity is not unique. Indeed, any weights
with agreeing conditional expectations with respect to ¢'( H) will do. In this context
it should be noticed that the likelihood ratio method always yields a weight that is
measurable with respect to ¢(H), and as shown in Fournié et al. (2001) this is the
optimal weight in terms of variance reduction of the Monte—Carlo simulation.
There are striking similarities between Monte-Carlo sensitivity weights de-

rived using Malliavin techniques and the likelihood ratio method. In fact, in many

73
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circumstances when the likelihood ratio method is applicable the expressions for
the weights turn out to be identical when derived using the two different methods.

The objective of this chapter is to state conditions under which a likelihood
ratio weight is attainable, and to shed some light on the connection between the

Malliavin weight and the likelihood ratio weight for a particular sensitivity.

6.1.2 General Malliavin weight expressions

At the end of the next section we will compare the formal expressions for the
likelihood ratio weight to the Malliavin weight. To be able to do so we need to
derive an expression for the Malliavin weight in the general setting of this chapter
where no particular sensitivity is considered. The derivation presented here is an
alternative to Proposition 2.1 in Fournié et al. (2001).

We work on a filtered probability space (Q), F, (F):, P) where the filtration is
generated by a separable simple Lévy process X; as defined in Chapter 3 Defini-

tion 3.3.1. The derivative price is
v(A) = E[@(XT)], (6.1)

where A is a parameter on which the price process depend, for example its initial
value. We denote by Z; the variation process with respect to A as in Chapter 4.

In general, if F € D is satisfying the conditions for the chain rule, Theo-
rem 3.2.4, G € L2(Q), h; € L?(Q x R¥) and f(x) continuously differentiable with
bounded derivative, then we have
SO E)yat G}

[(DO Pt

—E / f’(F)D§°)F—$dt .
0 Jo (Ds”'F)hsds
So by the chain rule and the definition of the Skorohod integral we get

/ _ of __ Gh _
ErBel Elf(m <f0°°<D£°)F)hsds>}' o2

E[f'(F)G] =E {f’(F)

Ghy
[2(DOF)heds
sition 3.2 in Fournié et al. (1999), we can use equation (6.2) on general real functions

assuming that € Dom 6(%). Using the arguments in the proof of Propo-
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in L2([0, T]) not necessarily continuously differentiable. With f replaced by ¢, F

by Xt and G by Zt we get
ov(A Zh
a(/\ Lok ‘P(XT)fS(O)( T, (0) ’

where h; is an arbitrary function such that —+ € Dom 6. With, for
Jo (Ds” X1)hsds

example, A = Xp and hy = (D; D )XT) we recover the well known delta result. We

have proved the following proposition.

Proposition 6.1.1: Let X; be separable and depending on a parameter A; the vari-

ation process denoted by Z;. If there exist a process h; such that

then
9v(A)

ax F

Zh
¢(XT>5 <f0 XT Yh ds)]

6.2 Differentiability of a density and the Likelihood ratio method

We continue this chapter with a result stating sufficient conditions for when a ran-
dom variable has a density, which is differentiable with respect to a general pa-
rameter. As a byproduct we will obtain explicit expressions for the density and
its derivative, and we conclude with a discussion relating these expressions to the

Malliavin sensitivity—-weight.

Proposition 6.2.1: Let F be a random variable in ID( satisfying the conditions in
Theorem 3.2.4 and differentiable with respect to a parameter A; the derivative is

denoted by Y. Suppose that hgl), hgz) and 1) are such that

(1) (3)
hy € Doms® and Ght € Dom 6@

[0 F)RM ds 1D R ds

where G = 5(0)<W%%1—>. Then the law of F admits a bounded density dif-
o s 1s " as

ferentiable with respect to A and with bounded derivative. Furthermore, we have
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for the density p(y, A):

(1)
P(%A):E|1{P>y}‘5(°)< = (]g) Q) ﬂ
Jo (Ds ’F)hg'ds

ap(y,A) _ 0) Gh®
a/\. - E 1{F>y}5 fooo(Ds(O)P)]1§3)ds ’

Proof. By approximating the density by continuously differentiable functions with
bounded derivatives, we can use equation (6.2) to get the result. To that end, define

ge as

_ A2
ge(y,A) = E [ ! e‘%} .
2me

It is clear that g. is a density, and for the corresponding measure with fixed A we

get, by letting € — 0,

Qe(aSng):/bE

a

_2 b Y]
[ ! e‘(FZE) ] dy=E [/ ! e_(_FTey)_dy]
27te a \/27me

=E[N(b,F,e) — N(a,F,€)} = E [1f,<r<py) = P(a < F < B),

where N(x, F, €) is the cumulative normal distribution function with mean F and

variance €. So if g converges, it converges to p. We have by (6.2),

_n2
9e(y, A) =E ! 6"%}

[ (E )2 €y
—E / L -5 4,50 f
—w~/27TE (DO FyrMds

K1)
—E 1{F>y}5(0)( >

So g converges, at least pointwise, to p. To prove that p(y, A) is differentiable in

A we need uniform convergence of %% at least in a neighborhood of every A. By
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differentiating inside the expectation we get, by using (6.2) twice,

ey, A) [ ( 1
oA _E_—BT \/Znee i Y

2
:E 1 e*”‘;—ey)zé(o) = ‘Yoh( ) )
2me Jo (DO PP as

[ F = 2 1))
~0a 27re fo (D )d

Gh<3>
—E [1 {F>y}5(°)< - >
IO F)R ds

Now, consider A in [A — 7, A + 7]. The Schwarz inequality yields that

(3
E{(N(P/yfe)_l{by}) ( =D Gh ds)”
0

-
< sup \/ E
Ael—n,A+7] -

ase — 0.

sup
AE[A—1,A+7]

2
N(F,y,e) — 1{F>y}‘ ]

oot
o)) |

Since the Skorohod integral is bounded in L? for any given A, we can find a con-

Gh® ?
E |:(5(0)<f0 DO P )) :I <Cy,

for A € [A — 5, A + #]. Furthermore,

"

stant such that

E UN(Z/%G) - 1{F>y}!2J = /]R /N(z,y,e) - 1{z>y})2P(Z)dZ

< \/ /IR ’N(z,y,e) —1{z>y}}4dzﬁ[p(F,A)],

and since p is bounded given A we can find a constant such that E[p(F,A)] < C;

for A € [A —4,A +7y]. Hence, we have uniform convergence (in A) of %’f in a

neighbourhood of every A.

We have shown that
. 09e(y,A) _ 9p(y,A) (0) G

- =E|1 5 : O
) R I 20O R as
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As mentioned in Section 6.1.1 the likelihood ratio method, when applicable, al-
ways yields the optimal weight in terms of variance reduction. To investigate this
further we derive the formal expression for the likelihood ratio weight.

We assume that the conditions for Proposition 6.2.1 are satisfied, and as in
the proof of the same proposition we will approximate the density of X as in
(6.1) by continuously differentiable functions with bounded derivatives. For the

likelihood ratio weight we have

[ 1, Ut 5(o>(__0¥h<2> 2 )]

T ( Qe' y/ / V2re fom(Ds( )Xr)hg )ds

€ y qe ../' - 1 _(XI_y)Z '
\/ﬁe 2e

If we were to evaluate 7. at some random point, say ¥ = F, we would have to

rewrite the previous equation as

T = )Y S R ,
F) = E [ﬁe =0 1209 x)HP ds o(F)
7'[6( )_ ! ey .
E \/ﬁe 2¢ ‘ O'(P)
By setting F = X7 and letting ¢ — 0 we get

Yh(2)
oela® el

Comparing (6.3) with the expression in Proposition 6.1.1 we find that the likeli-

dv(A)

an F

(6.3)

hood ratio weight is, indeed, the conditional expectation of the Malliavin weight
with respect to the sigma algebra generated by Xr. Note that if the conditions for
Proposition 6.2.1 are satisfied, then we can always find a & as in Proposition 6.1.1
simply by choosing h equal to h(?). The converse is however not true; the condi-
tions for existence of a Malliavin weight are weaker than those for existence of a

Likelihood ratio weight.
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