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ABSTRACT 

Extending Gaussian Malliavin derivatives, to a finite moments Levy process frame-

work, using chaos expansions has proven to be a successful approach. In this work 

the theory is extended by the introduction of the Skorohod integral, and its prop-

erties are investigated. From this rather general case the scope is narrowed down-

step by step-to a class of jump diffusion processes for which we have a Malliavin 

derivative chain rule, which is important for the application of Malliavin calculus 

to variance reduction of Monte Carlo simulation of contingent claim sensitivities. 

Stochastic weights for these simulations are derived and examples with numer-

ical experiments are presented. These stochastic weights are well known in the 

continuous case, but the introduction of discontinuous jumps allows for exten-

sions to other asset classes such as credit derivatives. Monte Carlo methods are 

widely used in particular for credit derivatives, and therefore alternative methods 

for faster convergence of sensitivities have previously been developed. One such 

technique is the likelihood ratio method, which is closely linked with the Malliavin 

weighted method. This discussion is also formalised. 
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1. INTRODUCTION 

1.1 Background 

Malliavin calculus has recently come into fashion in quantitative finance. The 

reason is its application to variance reduction techniques when the sensitivity 

of a derivative contract is evaluated by Monte Carlo simulation. Using simula-

tion techniques, one obvious method to obtain the sensitivities is to evaluate the 

derivative contract at different parameter inputs and approximate the sensitiv-

ity by finite difference approximation. It is easily understood that the difference 

between two noisy evaluations yields an even noisier evaluation, and the conver-

gence of derivative sensitivities-Greeks-is therefore very slow. 

Glasserman and Yao (1992) show that the convergence using independent sim-

ulation runs in the finite difference approximation yields a convergence rate of 

but by using the same random number sequences for all simulation runs a 

convergence rate of can be achieved. In practical applications however, it 

is found that the convergence is still painfully slow especially for discontinuous 

pay off functions. Broadie and Glasserman (1996) find a partial cure for the slow 

convergence of the Greeks. They develop the likelihood ratio method and the path-

wise method in which finite difference approximations of separate simulations can 

be avoided. Both methods have their pros and cons. The pathwise method is fast 

but not very flexible as different payoff functions call for different derivations and 

care needs to be taken if the payoff function is not differentiable. The likelihood 

ratio method is pay off independent, but its use is limited to the cases where we 

know the density of the underlying process explicitly. 

To overcome the deficiency of knowing the density explicitly Fournie et al. 

(1999) introduced stochastic weights derived using Malliavin calculus rather than 
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the explicit expression of the density. The underlying price process is assumed to 

be a Markov diffusion in IR", 

(iXf = -f cr(Xt)(iVVt, 

where {Wf, i > 0} is an n-dimensional Brownian motion. They use the Malliavin 

integration by parts formula to transform the problem of calculating derivatives 

by finite difference approximations to calculating expectations of the form 

E [(p(XT)7r], 

where tt is a random variable. 

The objective of this work is to derive stochastic weights for calculating the 

Greeks in a jump diffusion setting where the jump amplitude is deterministic. In 

particular we consider jump diffusions, Xt, which can be written Xf = / (Xf , X f ) , 

where Xf is a Markov diffusion and Xf is driven by the Poisson process and not 

dependent on the the initial value Xq. Though it might seem restrictive, this case 

includes some interesting price processes such as the jump diffusion version of 

Black-Scholes and various stochastic volatility models with added Poisson jumps. 

Recently El-Khatib and Privault (2004) considered a market driven by jumps 

alone. Their setup allows for random jump sizes, and by imposing a regularity 

condition on the payoff they use Malliavin calculus on Poisson space to derive 

weights for Asian options. This treatment is completely orthogonal to the one 

presented in this thesis since the focus here is on the Wiener process rather than 

the Poisson process. 

To derive stochastic wights for derivative sensitivities several results from Malli-

avin calculus are needed. An exhaustive treatment of the theory in the Gaussian 

case is given in Nualart (1995), and the first task of the thesis is to extend this 

theory to Malliavin calculus for general Levy processes. The approach to exten-

sion of Malliavin calculus followed here was initiated in Nualart and Schoutens 

(2000), where chaotic and predictable representation properties for a class of Levy 

processes satisfying a moment condition were derived. In the Gaussian Malliavin 

calculus one choice of starting point is the analogous representation properties, 

and in Leon et al. (2002) the Malliavin derivative is defined in a similar way but 
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with the more general representation properties of Nualart and Schoutens (2000) 

as starting point. 

The work in Nualart and Schoutens (2000) and Le6n et al. (2002) goes a long 

way towards a Malliavin calculus for Levy processes, but stops short of defining 

the Skorohod integral. The contribution of this thesis is to start from that definition 

and follow through to stochastic weights for more general price processes and 

more general financial products. 

1.2 Outline of thesis 

Whereas the main aim of this thesis is to extend results regarding Monte Carlo sim-

ulation of contingent claim sensitivities, the theory leading up to the main chapter 

is interesting in its own right. The thesis is therefore split into two parts. The first 

part of the thesis is concerned with extending the existing literature on Malliavin 

calculus by considering more general processes. In Chapter 2 we start with gen-

eral Levy processes on which we put restrictions with aim to ensure existence of 

moments of all orders. The existing theory of Malliavin calculus in this setting, 

as presented in Nualart and Schoutens (2000) and Leon et al. (2002), is revisited 

before the Skorohod integral is defined. Some properties of the Skorohod integral 

are investigated and in particular it is shown how to explicitly integrate a dense 

set of non-adapted stochastic processes. 

In Chapter 3 the scope is narrowed from the rather general Levy processes of 

the previous chapter to jump diffusions with constant jump intensity and jump 

amplitude. The structure is adopted from the previous chapter, and hence, the 

extension in terms of the introduction of the Skorohod integral is preceded by a 

summary of results previously published in Leon et al. (2002). 

The second part of the thesis is where the theory developed earlier is applied 

to the derivation of stochastic weights for calculating Greeks using Monte Carlo 

simulation. The first sections of Chapter 4 follows the same steps as in Fournie 

et al. (1999) to derive weights for what is known as rho, delta and vega in our gener-

alised setting. This setting gives rise to two additional Greeks, for which stochastic 

weights also are derived, namely the sensitivities to jump intensity and jump am-
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plitude. Examples and numerical experiments are also presented. 

The more generalised setting does not only give rise to new Greeks for prod-

ucts considered earlier. The jump diffusion setting also allows us to look at the 

ever growing credit derivatives market. In Chapter 5 stochastic weights for single 

name and basket credit derivative Greeks are derived, and examples are compared 

to alternative variance reduction techniques. 

Finally, in Chapter 6, the link between Malliavin weights and likelihood ratio 

weights, as discussed briefly above, is investigated. Sufficient conditions, in terms 

of properties of the price process, are derived for the existence of likelihood ratio 

weights. This brings light to the close relationship between the two methods. 



Part I 

MALLIAVIN CALCULUS FOR LEVY PROCESSES 

12 



2. MALLIAVIN CALCULUS FOR LEVY 

PROCESSES SATISFYING A MOMENT 

CONDITION 

2.1 The chaotic representation property 

2.1.1 Setup and strongly orthogonal martingales 

Consider a probability space endowed with a filtration {Tt, t > 0}, 

which satisfies the usual conditions. On this probability space we define a right 

continuous stochastic process with left limits X to be a Levy process if Xq = 0 

and for every s,t > 0 the increment Xt+s — Xf is independent of the process 

{Xr, 0 < r < i} and has the same law as Xs- We say that a Levy process has 

stationary independent increments. A Levy process is not necessarily continuous 

and we denote the discontinuous jumps by AXf = Xf — Xf_ where Xf_ is the left 

limit of the process. 

The law of a Levy process has an infinitely divisible characteristic function in 

that 

E = (<^(8))'. 

Further, the characteristic exponent defined hy ip = \o§cp(d) satisfies the Levy-

Khintchine formula: 

^p{d) = iaO - y 0^ + - 1 - v{dx), 

where « 6 R, > 0 and v is the Levy measure satisfying A x^)v{dx) < oo. For 

a more detailed description of Levy processes see for example Bertoin (1996). 

The strategy in Nualart and Schoutens (2000) is to decompose the Levy process 

Xt into components, which can be used to construct pairwise strongly orthogonal 

13 
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martingales. Recall that two martingales M and N are strongly orthogonal if their 

product is a uniformly integrable martingale. It can be shown that this is the case if 

and only if their quadratic covariation [M, N] is a uniformly integrable martingale. 

See for example Rogers and Williams (2000) section rV26. 

The chaotic representation will be given in terms of iterated Ito integrals with 

respect to the constructed strongly orthogonal martingales. The end product. The-

orem 2.1.2, has similarities to the purely Gaussian setup where the only martingale 

under consideration is Brownian motion. See Nualart (1995) for an exhaustive 

treatment of Gaussian Malliavin calculus. 

A necessary condition for the construction of the strongly orthogonal martin-

gales is the following assumption, which we apply for the rest of the chapter. 

Assumption 2.1.1: The Levy measure v of X satisfies that there exist e > 0 and 

J > 0 such that 

[ e^^^^v(dx) < 00. 

The assumption implies that 

f \x\"v{dx) < oo, n > 2, (2.1) 
V—00 

and that the characteristic function E[exp(z0Xf)] is analytic in a neighbourhood of 

0. This, in turn, implies that Xf has moments of all orders and polynomials are 

dense in L^(]R, P o X^^). See Nualart and Schoutens (2000) for details. 

Nualart and Schoutens continue by decomposing the process Xf into compo-

nents, which will be used to construct the orthogonal martingales. Define 

x}" ) - ^ (AX, ) " , M > 2. 
0<s<t 

The processes Xj n > 1 are referred to as power jump processes and are themselves 

Levy processes. They jump at the same time as Xf, and further, we have that 

E[Xp'] =E[Xf] = : mif < oo 

E[x|" '] =t f x^v{dx) = : rUnt < oo, n >2, 
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where the claim of finite moments is given by (2.1). As a consequence we can con-

struct the compensated power jump processes Yf"\ which Nualart and Schoutens 

refer to as Teugels martingales: 

y(") = x}") - M > 1. 

The Teugels martingales are the building blocks for our pairwise strongly orthog-

onal martingales. Since, 

we can construct processes as linear combinations of 1 < k < n such 

that n > 1 are pairwise strongly orthogonal. In particular we can choose 

<k <n — l such that for 

we have E = 0 for 7̂  Z. In Nualart and Schoutens (2000) it is 

shown how this Gram-Schmidt type orthogonalisation can be done by identifying 

an isometry between the space of linear combinations of Teugels martingales and 

the space of real polynomials. Examples are worked out where the coefficients 

for certain Levy processes can be found as coefficients of well known orthogonal 

polynomials. 

2.1,2 The chaotic and the predictable representation property 

As mentioned above the chaotic representation property will be given in terms 

of iterated integrals. We define the iterated integral of n-th order of some square 

integrable deterministic function / as 

d," i f ) = l " •••{£' ^ 

It will also be useful to introduce the notation 

6 R+ : 0 < < f2 < . . . < tn}, 

and 

^ (0 ~ {(^1/ • • • / ft-1, ^k+l/ • • • f^n) G 2̂ —1 : 

0 < < . .. < (t-l < ^ < ft+l < . .. < . 
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We are now in a position to state the main result of Nualart and Schoutens (2000), 

which is the following Chaotic representation property. 

Theorem 2.1.2 (Nualart and Schoutens): Let F G L^(n), then F has a representa-

tion of the form 

n = l 

w h e r e G 

F = E[F] + X: E '" ' (A /„), 
n = l 

Once the chaotic representation property is established the following predictable 

representation property follows as a direct consequence. 

Theorem 2.1.3 (Nualart and Schoutens): Let F e L^(n) , then F has a representa-

tion of the form 

F = E [ F ] + E 
n=l 

where (p^^\ n > 1 are predictable processes. 

2.2 Malliavin calculus 

2.2.1 Malliavin derivative 

In Leon et al. (2002) the authors build on the chaotic and the predictable represen-

tation properties of Nualart and Schoutens (2000) and define a Malliavin deriva-

tive. The predictable representation property suggests the existence of a Clark-

Ocone formula, where the predictable process in Theorem 2.1.3 is replaced by the 

previsible projection of the Malliavin derivative of the random variable in ques-

tion. This Clark-Ocone formula is one of the main results of Leon et al. (2002). 

As in the Gaussian case, not all square integrable random variables are Mali-

avin differentiable. For the definition of the Malliavin derivative we must first 

define the spaces of random variables, which are differentiable in the l-th direc-

tion, Z > 1. In the definition below we write qit = E 
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Definition 2.2.1 (Differentiability in the /-th direction): We say that F is differentiable 

in the Z-th direction (Z > 1) if F € where 

DM = { F e L " ( n ) , F - E [ F ] + 2 ^ 4 ' : , . J : 
n=l 

00 n 

X j X j Z j • • • ̂ 'Ic-ll'k+l • • • 9',, 

ji=l fc=l 

\\fh,-,hX- • - / f / - • • )^{EW(t)].llL2([0,oo)"-i)^^ 

This definition ensures that the Malliavin derivative defined below is in L^(n x 

]R+). In fact, the spaces are all dense in L^(Q) since random variables with 

finite chaos expansion are in It can also be shown that if we remove the 

discontinuous part of Xf the space collapses to the classical Gaussian space 

D discussed e.g. in Nualart (1995). 

Definition 2.2.2 (Malliavin derivative): For F G such that 

F = E[F] + ^ E ' "V, , J , 
n-l 

we define the derivative of F in the Z-th direction as the element of L^(n x IR+) 

given by 

o f f = E E E i { i . w i 4 ' - r " - " " " { h . .(•••. 

With this definition of the Malliavin derivative we can state the advertised Clark-

Ocone formula. The proof follows from the chaotic representation property. Theo-

rem 2.1.2. 

Theorem 2.2.3 (Leon, Sole, Utzet and Vives): If F € then 

F = E[F] + E (DPF)dHP. 

;=1 

We end this section with a list of properties of the Malliavin derivative, which 

follow directly from the definition. 

• The Malliavin derivative is a linear operator; 

• d | '^F = 0 for all Z and t if and only if F is deterministic; 

• If F G then D ^ F = 0 for all s > t and Z > 1. 
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2.2.2 Skorohod integral 

Now we continue where Leon et al. (2002) stopped. Since the Malliavin derivative 

is a densely defined operator we can define its adjoint, which as usual will be 

called the Skorohod integral. 

Definition 2.2.4 (Skorohod integral): Let ut be a stochastic process in L^(n x R+) 

not necessarily adapted such that 

< c| |f ||L2(n)/ 

for some constant c depending on u and any F G D^'). We say that u is Skorohod 

integrable in the Z-th direction or u € DomS^^\ We define the Skorohod integral 

in the Z-th direction, as the operator mapping L^(n x R+) to L^(0) for 

which 

for any F E 

Due to the linearity of the Malliavin derivative it follows from the definition that 

the Skorohod integral is a linear operator. It is also immediate that the Skorohod 

integral is a closed operator since adjoints to densely defined operators always 

are.^ To further investigate the properties of the Skorohod integral the next result 

gives an explicit expression for the Skorohod integral in a simple case. 

Lemma 2.2.5: Let h{t) G L^(]R+) and G G L^{Cl) with finite chaos expansion: 

G = E [ G ] + f ; ^ 4 ' : 
n=l 

Then Gh G Dom ^O for 1 < Z < m and 

N foo , IV n+1 fco 
jm(Gk) = / E[G];i(fi)dHg) + ][; ^ / 

rh+2- rh+\- rk- rh-
•••I / / ••• / ' ' '' ^k—1'^k+l/• • •' l-n+lj 

Jo Jo Jo Jo 

. 

^ See for example Debnath and Mikusiriski (1999) Theorem 4.12.6. 
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Proof. For any F 6 we have 

r (Df''t)Gh(t)ci,dt 

E E E ( • • • - ( - • • )i,4>i(,))) 
LV=iii i„>ifc=i t " 

N 
E[G ]+r E ,J k(f) 

\ n = l 0<ii , . . . , ;„<N / 

dt. 

We have (by isometry as shown in Leon et al. (2002)) that 

94 • • • lin JE„ 

if multi-indices identical. 

0, otherwise, 

so we get (note how the infinite sum for F is capped due to the above fact) 

N + l 

Xj ZJ XJ • • • '?!ic-Wl|:+l • • • ?!" 

n=2 0<ii,...,i„<N k=l 

r°° rh+2 fh+i rh r°° rh+2 nk+i rn 

Vo Vo 

Shr'--Ak-i'h+ifwhi (^1/ • •' / ^k+1/ • • • / ... dtj^ dt. 

We can 'bring the dt integration in to the kth position' and transform back into 

stochastic integrals: 

. . . A (^1 A 

r^2~ /• 
' ' ' JQ Sh/-"/^rt (̂ 1/ • • • / ^k-^X/ • • • / 

X 
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An application of the Schwarz inequality ensures that the condition in Defini-

tion 2.2.4 is satisfied, and therefore, completes the proof. • 

Corollary 2.2.6: The Skorohod integral is a densely defined operator in L^{Cl x 

R + ) . 

Proof. Processes of the form Hg{t) where H G L^(n) with finite chaos expansion 

and g e L^(]R+) are dense in L^(n x R+) . • 

We see that Skorohod integration increases the order of the chaos expansion with 

a integral mixed in at every possible position. This is inline with Skorohod 

integration in the Gaussian case as considered for example in 0ksendal (1996). 

The result in Lemma 2.2.5 can be extended to processes where the stochastic 

part does not have a finite chaos expansion. In this more general case a condition 

for Skorohod integrability is present as shown in the following Proposition. 

Proposition 2.2.7: Let h{t) € L^(]R"'") and G E L^(n) with chaos expansion 

G = E[G] + f ; 4 '^ J . 

n=l 

Then 

foo ,,, OQ n+l yoo 

•̂ 0 ""J 

rik+2- rh+\- rh- rh-
••• I / / ••' / • • • r^n+lj 

Jo Jo Jo Jo 
(2.2) 

in the sense that Gh G Dom <5̂ '̂  if the infinite sum converges in L^{C1). 

Proof. We can approximate G by G^ defined by 

G'" = E [ G ] + f ; E Li" '")(g,, J . 
n=l 0<) | , . . . , i„<N 

In fact, in Nualart and Schoutens (2000) it is shown that with capped chaos expan-

sions, as the one above, we can represent all polynomials with order less than or 

equal to N. Hence, when N goes to infinity G^h converges to Gh. 
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Using Lemma 2.2.5 we can integrate for all N, and (G^h) converges as 

N goes to infinity if and only if the infinite sum in (2.2) converges. Further, since 

is a closed operator (G/z) = lim]v-+oo (G^h) if the limit exists. • 

Proposition 2.2.7 can be seen as the foundation for Skorohod integration of Levy 

processes satisfying Assumption 2.1.1. We now have a way of integrating dense 

building blocks of L^{C1 x in the same way as elementary processes are dense 

building blocks for Ito integration. In fact, since the Skorohod integral is a densely 

defined closed operator we can integrate any Skorohod integrable process by ap-

proximating it by sums of Hg{t) processes as in Proposition 2.2.7. 

The next task is to show that the classical relationship between Ito and Skoro-

hod integration holds in our setting. That is, when previsible processes are inte-

grated the two integrals coincide. We follow the route set out in 0ksendal (1996) 

and start with investigating what adaptedness means in terms of iterated integrals. 

Lemma 2.2.8: Let h{t) € L^(R+) and G G L^{Cl) with chaos expansion 

G = E [ G ] - H ^ E '"^(^'1 J -
n=l 

The stochastic process Gh{t) is JFf_-adapted if and only if for all ( i i , . . . , i„) 

gh in ( f l / • • •' tn)Ht) = 0 fo r m a x tj > t. 

That is, if and only if (ti,.. .,tn) = 0 when the first t, passes the first t when 

^ 0. 

Proof. For each term in Gh{t) we have 

d,' ' '-Hgh OKtm 

oo rtfj— rh~ 
= E 

r r ' - r " 

= {h/ • • • / fn)l{maxy=i „ 

• 
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An example of a . j„fz-pair satisfying the condition in Lemma 2.2.8 is 

(̂ 1' • • •' "̂)̂ {maxy=i „ 

for some to > 0. As usual we define a previsible process to be a square inte-

grable process adapted to the left limit of the filtration under consideration. The 

following proposition make use of the previous lemma and shows that the Ito and 

Skorohod integral coincides when previsible processes are integrated. 

Proposition 2.2.9: If E (Gh{t))^ dt < co and Gh{t) is .Ft_-adapted, then Gh € 

Dom for I > 1 and 

Proof. By Proposition 2.2.7 we have that Gh E Dom if the following sum con-

verges in L^(n): 

rCO CO n+l 

k = l 

rtk+2- rh+i- rh- rh-
••• / / "•" / (̂ 1/• • •' 1/̂ fc+1/• • • / ̂ n+l) 

Jo Jo Jo Jo 

(2.3) 

Because Gh{t) is .Ff_-adapted we have from Lemma 2.2.8 that all but one term in 

the irmermost sum vanishes so that (2.3) can be simplified as 

/ + E E A A - A (̂ 1 w 

(2.4) 
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By the same isometry argument as in the proof of Lemma 2.2.5 we have that the 

L^(n) norm of (2.4) is equal to 

I-CO OO fOO rt„^i 

"'o n=l/i 
r^2 

••• (fl, • • •' {in+l)dh • • • dtndt„+i 

pco 00 fOO rco 

= qi {E[G]fh^{h)dti + qi^ ... qi^qi 12 L L 
•^0 n = l !i !„>1 -^0 

r^2 _ 

••• ( f l , • • •' inW{t„+l)dh • • • dt„dtn+l 

poo rco oo roo rt„ 

= qi h^{ti)dti{E[G]f+ qi^...qi„qi h {tn+i)dtn+\Y, E / / 
•̂ 0 -̂ 0 n=l!i 

rti 
' ' ' JQ (^1'' ' ' / 

fOO 
= (?/ y h^{t)dtE[G 

< oo. 

by assumption. Further, j(') (Gh) is explicitly given by (2.4), so 

rh-

roo ,,, foo ( ~ /-oo /-f; 

% MW) E, E i I 

<^0 (c;,) = r E[G]k(fi)dHg) + ^ ^ / / . . . / ' g,, ( f i , . . . , f») 

rco ftn-

\n=l% ^>1^ 

• a i. Ci ' • • • 

= r Gh{t)dHfK • 
Jo 

Corollary 2.2.10: If E ujdt] < oo and ut is ^ ( - - adap ted , then u 6 DomtJ^') for 

I > 1 and 

Proof. The processes considered in Proposition 2.2.9 include elementary processes. 

By approximating Ut by elementary processes we get 

1=1 /=1 

and the result follows by the fact that the Skorohod integral is a closed operator. • 



3. MALLIAVIN CALCULUS FOR SIMPLE LEVY 

PROCESSES 

3.1 Setup and representation theorems 

Following on from the previous chapter we will now consider a special case of 

Levy process satisfying Assumption 2.1.1. On a filtered probability space (O, T, P), 

define a simple Levy process as given by 

X( = (rWt + ( > 0, 

where {Wf, t > 0} is a standard Brownian motion and t > 0}, j = 1,..., m, 

are mutually independent Poisson processes with intensities Ai , . . . , which are 

also independent of the Brownian motion. The jump amplitudes ccj, j = 1,... ,m 

are different non-null constants. Also, let the filtration Tt be the one generated by 

the simple Levy process Xf. 

This chapter follows the previous in the way the Malliavin calculus is devel-

oped. Hence, the idea is to represent random variables on the probability space 

(O, T, P) by iterated integrals, and from there define the Malliavin derivative and 

the Skorohod integral. The difference is in the way the representation is achieved. 

In this much simpler case Leon et al. (2002) derive a representation not in terms of 

power jump processes as in Theorem 2.1.2, but in terms of the Brownian motion 

and the compensated Poisson processes instead. We use the notation 

= Wt 

gP = i = 1,... ,m, 

and define to be the iterated integral of some deterministic square in-

24 
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tegrable function / with respect to . . . , c f ; 

! • » ' ' " ' ( / ) = / " • • • . . . 

Recall that 

Zn = {{ti, . . ., e ]R" : 0 < < . . . < in} / 

and 

^ (0 ~ {(^1/ • • • / tk—l' ifc+1/ • • • / ^n) G ^n—1 • 

0 < < . . . < < t < tj^+i < .. . < tn} . 

With these modified definitions of iterated integrals Leon et al. (2002) follow 

Nualart and Schoutens (2000) and formulate the following chaotic representation 

property, which is a modification of Theorem 2.1.2. 

Theorem 3.1.1 (Leon, Sole, Utzet and Vives): Let F e L?-{C1,^,P), then F has a 

representation of the form 

CO _ . . 
f = + ^ Li': J , 

n—1 

where/i-^^j, G L^(Zn). 

Note that in the simple Levy process case the number of orthogonal martingales 

is finite and not infinite as in the general case, and hence the second sum in Theo-

rem 3.1.1 is finite given n. As was the case in the previous chapter the predictable 

representation property follows directly from the chaotic representation. 

Theorem 3.1.2 (Leon, Sole, Utzet and Vives): Let F € L^(0) , then F has a repre-

sentation of the form 

n=l 

where (p^^\ 1 <n < m are predictable processes. 



3. Malliavin Calculus for simple Levy processes 26 

3.2 Malliavin calculus 

3.2.1 Malliavin derivative 

We continue to follow the path set out in Chapter 2. The following definitions of 

differentiability and derivative are the analogues of Definition 2.2.1 and Defini-

tion 2.2.2. 

Definition 3.2.1 (Differentiability in tlie /-th direction): We say that F is differentiable 

in the l - th direction (Z = 0 , . . . , m) if F £ where 

= { F € L : ^ ( n ) , F = E[F] + ^ ^ 4 ' : 
n=l 

oo n 

^k+l • • • 
n = l 0<ii,...,i„<m k=l 

IIA/.../4, (' • - t i f • • )^{sW(t)}llL2([0,oo)"-l)^^ < 

and Ao = 1. 

Again, the spaces are all dense in L^(n) and the above definition ensures that 

the Malliavin derivative defined below is in L^(n x R+) . 

Definition 3.2.2 (IVIalliavin derivative): For F G such that 

oo \ 

n = l 0<ii,...,i„<m 

we define the derivative of F in the Z-th direction as the element of L^(0 x IR+) 

given by 

DI"R= E E E ( A ..{•••. 
n = 1 0 < ! i i„<mk=l 

We can now state the following Clark-Ocone formula and the chain rule. 

Theorem 3.2.3 (Leon, Sole, Utzet and Vives): If F 6 then 

F = E[F] + rP{D'fh)dWt + f ; rP{Dl'^F)d{Nl'^ - \jt) 
Jo Jo 
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Theorem 3.2.4 (Leon, Sole, Utzet and Vives): Let F = f{Z, Z') e 1^ (0 ) , where Z 

only depends on the Brownian motion W, and Z' only depends on the Poisson 

processes Assume that /(x, i / ) is a continously differentiable func-

tion with bounded partial derivatives in the variable x, and that Z E Then 

F e and 

E ' 

where D^^^Z is the usual Gaussian Malliavin derivative. 

= ^ ( Z , Z ' ) D ( ° ) Z 

The chain rule is one of the main results in Leon et al. (2002) and it will play a 

central role in the next chapter. It allows us to calculate the Malliavin derivative in 

W direction using the classical rules. This, together with the notion of Skorohod 

integration, is what allows us to derive the stochastic weights for calculating the 

Greeks using Monte Carlo simulation. 

For the theory to work in a multidimensional setting we add Brownian motions 

as 

= (N^^ ^ j = d 1 , d in. 

Definition 3.2.1 with Z = 1 , . . . , d defines spaces of random variables differentiable 

with respect to the respective Brownian motion and we group the d Brownian mo-

tions together in one d-dimensional column vector denoted simply by Wf. For a 

random variable F € nf=i we write —the Malliavin derivative with re-

spect to Brownian motion—as a row vector where each component is the Malliavin 

derivative as defined in Definition 3.2.2. 

For functions F G I = 1 , . . . , m we will denote by d | '^F the Malliavin 

derivative defined as 

O!"F=E E "'(A ..(• 
n = 1 0 < i i i„<mk=l 

Note that with these new definitions D^^^F will be a rf-dimensional row vector, 

whereas Dj''F, i = 1,... ,m will be scalars, each denoting the Malliavin derivative 

with respect to the zth Poisson process. Now the above theory still holds true with 

d-dimensional Brownian noise. 
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3.2.2 Skorohod integral 

We now continue the development of a Malliavin calculus for simple Levy pro-

cesses by defining a Skorohod integral as the adjoint of the derivative operator. 

We can do this since D is a densely defined operator. 

Definition 3.2.5 (Skorohod integral); Let iLt be a stochastic process in L ^ ( n x R + ) 

not necessarily adapted such that 

< c||F||L2(n)/ 
10 

for some constant c depending on u and any F € We say that u is Skorohod 

integrable in the Z-th direction or m G Dom j('). We define the Skorohod integral 

in the Z-th direction, as the operator mapping L^(n x R+) to L?{0,) for 

which 

/o 

for any F 6 

In the case of multidimensional Brownian motion we will denote by the 

Skorohod integral of a vector process u. Analogous to the Ito integral the Sko-

rohod integral is here the sum of the Skorohod integral of the components of u 

integrated with respect to its respective Brownian motion. In the remainder of 

this section the main results will be proven for one-dimensional Brownian motion 

with multidimensional extensions given as remarks. 

Below it will be shown that, as was the case in the previous chapter, the Sko-

rohod integral is a densely defined linear operator as is the Gaussian Skorohod 

integral. The Skorohod integral in Definition 3.2.5 has other properties in com-

mon with its Gaussian analogue. One such similarity that will be discussed here is 

the result presented in Proposition 3.2.10, which provides a good tool for calculat-

ing the Skorohod integral with respect to Brownian motion. First, however, some 

results parallel to the ones in the previous chapter will be presented, starting with 

the an explicit expression for the Skorohod integral for certain processes. 
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Proposition 3.2.6: Letg( i ) € and F 6 L^(0) with chaos expansion 

J. - j -r ^ 

n=l 0<ii,...,i„<m 

Then 

F = M + L E '")(A J. 
n=l 0<ii,...,i„<m 

?I+1 /•o 

lo 
I(')(FG)= RELFLG((I)<IG<" + E E E 

n=l 0<zi,...,(„<m k=l ' 

rtk+2- rk+1- r k - r h -

• • • / I / • ' ' / fhf-Au (/l/ • • • / ^k—1/ ^k+1/ • • • / ^n+l) 
Vo ^ Vo Vo 

g{h)dGf'... . . . dcli, 

in the sense that Fg G Dom 5^'^ if the infinite sum converges in L^(n). 

Proof. The first step is to derive an expression for the Skorohod integral for a pro-

cess with finite chaos expansion. This can be done in an identical fashion to the 

general case. Lemma 2.2.5. In addition, the approximation of general random vari-

ables in L^(fl) with their capped sum equivalents works as well here as it did in 

the proof of Proposition 2.2.7. • 

Corollary 3.2.7: The Skorohod integral is a densely defined operator in L^(C1 x 

R+). 

Proof. Processes of the form Fg{t) where F G L^(Q) and g G L^(JR~^) are dense in 

L 2 ( n X R + ) . • 

Skorohod integration increases the order of the chaos expansion with a dGj inte-

gral mixed in at every possible position. A point worth to be made again is that 

this is inline with Skorohod integration in the Gaussian case. 

With Proposition 3.2.6 it is trivial to follow exactly the same steps as in the 

previous chapter to conclude that when previsible processes are integrated the Ito 

and Skorohod integral coincide. 

Proposition 3.2.8: If E ufdt] < oo and Ut is -adapted, then Wf 6 DomjC) 

for / > 1 and 

<^W(w)= F u f d c P . 
J 0 
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Remark. When Ut is a matrix-process and Wt is multidimensional we have (from 

the definition of the Skorohod integral) the integration by parts formula: 

F y 

where the integration is done component-wise and * denotes transpose. 

Next we set out to prove Proposition 3.2.10, which provides a nice decomposition 

of the Skorohod integral for certain integrands. Proposition 3.2.10 is the equivalent 

of Property (4) Section 1.3.1 in Nualart (1995), but since we do not have a powerful 

enough chain rule in the present setting we have to go through a different route. 

We start with a proposition, which will provide us with an explicit expression 

for the Skorohod integral when Fg{t) as above is replaced by Fut, where Ut is 

stochastic but previsible. 

Proposition 3.2.9: For ut previsible and F E L^(Cl) with chaos expansion 

n = l 

such that Fut in L^(n x R+) we have 

«/0 «/0«/0 »/0 

(i.) 

. . . i G f c ' ' u „ d G j ; ' d G » i . . . (31) 

in the sense that Fu G Dom<5'') if the right hand side is in L^(Q x R"*"). 
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Proof. Take any H € 

k+2- rh+i-

rf2-
. s . - . „ • • • ' ' c r r w c ™ ' . . . dc ; ; 

X m + E E 
9=10<;i,...,;,<m 10 JO 

dt 

= E ][: i : i : : i : i t * : . } 
n=l 0<ii,...,i„<m q=ti-k 0<ji,...,j^<m k=l 

ti-

rtk+2-rh+i- r t -

/o Jo Jo 

k,, . . . )dGg:) . . . . . . dCg") 

rco rtif- ft2-

JQ Jo JO 
X I ' I ••• I A (......dGEl;''dGE''' 

where it is understood that the cj = 0 term equals E [F]. For the H contribution, 

the integrals outside the dt integral can be matched up with the outer integrals in 

the F-contribution with an isometry argument: 

F ( D P H ) f W ( d f 
Vo 

= E 
_n—l /c=l q=n-kO<j-[,...,j(j<m 

dc: (ik-l)] 
h-l 

X 
O'g—n+ft) 
q—n+k 
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By the same isometry argument we can now transform back into stochastic inte-

grals. 

E E E E E 
n = l 0<ii,...,i„<mk=l q=n-kO<ji,...,i^<m 

[ {DPH)Futdt = 
yo 

( r • • • • • • i a 

( r • • • A - ' " (• • • • • • < 

= E E E I 
_n=l 

M 00 

fOO ffn— 
K 

iiq) 

l+i 

0 JO Jo 

°° f^q-n+k+l ft W * 

E E E 1 - 1 
k=l q=n-kO<ji,...,j^<m'^^ 

We can safely rewrite the last set of sums on the same form as in (3.1). Further, 

adding E [H] to complete H completes the proof. • 

Proposition 3.2.10: For Fu in L^(n x R+) , where F E and Ut previsible, we 

have 

Jo Jo 

in the sense that Fu G Dom if and only if the right hand side is in L^(Q). 

Proof. We focus on the expression F f^UtdGj°\ where 0 denotes the Browruan 

motion. By the chaos expansion of F we see that the product will be given by 

terms of the form 

f I ' - • I ' h Ci - . . •. [u,dGf\ 
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and the strategy is to prove that 

• % ' X . . ( ' i fuidc, 
(0) 

1^1 /-co rh+2- rh+i- r h - r h -

/ / ••• / /^i/•••/III (^i'• • •' 1'^fc+1'• • •' ^"+l) 
^ JO JO 

dG!;-'. ^. dG£->'u,.dG<°'dG!»;.. ^ dGg'J 

+ E ,.{h,...,t„)iGll'K^.u,,d[Gf».Cf%,...dGl';K (3.2) 
^ 0 «/0 

The first sum of the right hand side of (3.2) is the contribution from the chaos 

expansion of (Fu) and the second sum is the contribution from the chaos ex-

pansion of JJ°(D|^^F)wtd(. We prove (3.2) by induction on n. For n = 1 we write 

By Ito's formula^ we have 

(f(Zty() = Y(_dZt + Z,_dYt + d[Z"", 

So, 

d(Z(Yt) = (f)dG(' ')+ A (OW[G('':), 

and the claim holds true for M = 1. Now, assume that the claim holds for n — 1 

and consider 

Y( = 

^ See for example Rogers and Williams (2000) section VI39. 
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By Ito's formula again 

d { Z t Y t ) = " J o (^1'• • •' 0 

... dGl'"-'-UG9"-'AdGl'"^ 
n ^tt-2 tfi-i I f 

+ A ,.(^1 

*/ (J JO JO 

and by substituting the expression in brackets on the first row by the induction 

assumption, the result follows. • 

Remark. In the case when F is a d-dimensional random column-vector and Uf is a 

(d X d) matrix-process Proposition 3.2.10 translates to 

= F* ((Dr^F)w() dt, 

with the convention that the Ito integral for a matrix process is a column-vector 

3.3 Separable jump diffusions 

We started out in the previous chapter by briefly considering general Levy pro-

cesses. We have since constantly narrowed down the scope by considering Levy 

processes satisfying Assumption 2.1.1 and then simple Levy processes. Now we 

will make the final specialisation and consider a class of jump diffusions for which 

we can use the chain rule Theorem 3.2.4. 

Definition 3.3.1 (Separability): Let Xt G Ctjli be a Markov jump diffusion, of 

the form 

m , , 

k=l 

for which the we have a continuously differentiable function / with bounded 

derivative in the first argument such that 

Xg = %, 
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where Xf only is driven by the Brownian motion and Xf is not dependent on x 

and only driven by the Poisson processes. We say that the jump diffusion process 

Xf is separable. 

Note that in the definition of separability there are no conditions imposed on the 

drift, diffusion and jump coefficients. Relevant conditions will be discussed when 

the definition is used. It is obvious that Xf is a Markov diffusion and we write 

(fXf = bc(Xndf + (7-c(Xn(fW(, X§ = %. (3.3) 

An important property of the class of separable jump diffusions is that they are 

differentiable with respect to Brownian motion if their first variation process (de-

fined below) is well defined. The Malliavin derivative can then be calculated using 

the chain rule given in Theorem 3.2.4 . This, together with the notion of Skorohod 

integration, allows us to derive stochastic weights for calculating the Greeks us-

ing Monte Carlo simulation by more or less mimicking the work of Fournie et al. 

(1999). More on this in the next chapter. 

The separability condition might seem restrictive at first, but it can be shown 

that many interesting processes in Mathematical Finance are indeed separable. To 

that end consider the stochastic volatility model: 

( x } ^ \ . . . , x } ' ' ) ) x} ! ) -I- (7-1 ^ x } ^ \ . . . , x } ' ' ) ) 

dx}') = b, ( x P , . . . , X}'')) df + (7-, , X}'')) dWt, 

Xg'^ = Xi, i = 2,...,d, 

where W is d-dimensional Brownian motion, b, as well as c,- have bounded contin-

uous derivatives for z — . ,d and a.^, k = 1,... ,m are deterministic constants. 

We introduce the d-dimensional continuous process Xf defined by 

dX^(^) = 

(3.5) 
-hcT-i xg(^) = %i 

= Xi, i = 2,... ,d, 
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and the d-dimensional discontinuous process 

X<" = X,"", i = 

It is clear that and are indistinguishable due to 

pathwise uniqueness of the solutions to the SDEs, and by applying the Ito formula 

to we get 

axc(i)\ / ( 2 axe (1)2 

— lA-kJ j ^ 
k=l 

+ (7-1 . . . , X^ 

/c=l 

= f + f ; A x i -
\ k=l J 

+(ri W + E ( « t -
k=l 

sothatX) '^ = X( (1) _ yd) 
t — • 

We summarise the result in the following Lemma. 

Lemma 3.3.2: Let Xt, Xf and % be as defined in (3.4), (3.5) and (3.6) respectively. 

Then % = Xt a.s. 

For the diffusion process X[ in (3.3) we define th.e first variation process as 

dYt = b^(X^) ^ (7^.(xn Yfdwf'), Yo = L 
! = 1 

where I is the identity matrix, is the z-th column vector of Cc and prime denotes 

derivatives. It is true that 

Y( = V:rXr 

If be and ac have continuous bounded derivatives the first variation process is well 

defined, and then the Malliavin derivative of Xf can be written as^ 

D(°)X^ = Y(Yr^(7-^(X^)l {s<0' 

^ See Nualart (1995) section 2.3.1. 
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Note that botmdedness of be and (Tc is not a necessary condition for the existence 

of the first variation process. In deed, the stochastic volatility setup (3.4) also has 

a well defined first variation process since can be seen as a stand-alone linear 

stochastic differential equation with random coefficients. 



Part II 

STOCHASTIC WEIGHTS FOR DERIVATIVE 

SENSITIVITIES 
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4. MALLIAVIN MONTE CARLO GREEKS FOR 

SEPARABLE JUMP DIFFUSIONS 

4.1 Sensitivity weights 

In this chapter we will apply the theory of the previous chapters to the problem of 

Monte Carlo convergence of derivative sensitivities. The treatment follows that of 

Fournie et al. (1999), but in our more general setting of separable jump diffusions. 

On a filtered probability space (j^t),P) we consider a separable price 

process of the form 

m 

k—1 

As before the continuous part of Xf will be denoted by Xj and we write 

dX^ bc(Xndf + (7-c(XndW(, Xg = 

An important role for the derivation of the stochastic weights will be played by 

the first variation process for Xf defined by 

dYt = + E (7^(XnY(dW('\ Yo = f, 
1=1 

with notation as in Section 3.3. A sufficient (but not necessary) condition for ex-

istence of Yf is that be and have bounded continuous derivatives.^ It is true 

that 

Y( = V:,X^, 

and it is also known that the Malliavin derivative of Xj can be written as^ 

D(°)x^ = Y(YrVc(X:)l{,<,}. (4.1) 

^ See Fournie et al. (1999). 

^ See Nualart (1995) section 2.3.1. 
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We define the payoff function 

(p — <p(Xt^,..., )/ (4 20 

to be a square integrable function discounted from maturity T and evaluated at 

the times The price of a contingent claim is then expressed as 

v(x) = E [(p(Xt^,..., )]. 

The objective is to differentiate v with respect to the model parameters and for the 

proofs we will need to assume the diffusion matrix to be uniformly elliptic, that is 

3r] > 0, ^*o-*{x)o-{x)^ > for any x e IR". 

We will also need the following technical lemma: 

Lemma 4.1.1: Let g : R —> R be a continuously differentiable function with 

bounded derivative and let G be a random variable in satisfying the 

conditions for the chain rule (Theorem 3.2.4). Then 

d+m 

g(G) 6 r i 
;=i 

Proof. The chain rule (Theorem 3.2.4) implies that g(G) E For k 6 

[d + l,d + m] we can write the Malliavin derivative as^ 

D}'')G = G(( j + 9 r ) - G ( a ; ) , 

where co + gj*) means 'an extra jump in the kth Poisson process at time t'. We have. 

= E 

< E M ^ r (G{u< + e , ® ) - G ( w ) ) ^ < l 

dt 

< oo, 

where M is a bound on the derivative of g. 

^ See Le6n et al. (2002) Proposition 2.4(b). 

• 
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4.1.1 Variations in the drift coefficient 

In order to assess the sensitivity of the price of the contingent claim v to changes 

in the drift coefficient we introduce the perturbed process 

IV\ 

k = \ 

where e is a scalar and 7 is a bounded ftmction. The following Proposition tells 

us how sensitive the price of a claim on the perturbed process is to e in the point 

e = 0. 

Proposition 4.1.2: Suppose that the diffusion matrix a is uniformly elliptic. For 

v^{x) defined as 

we have 
A 

—• E 
e=0 

Proof. The proof builds on an application of the Girsanov Theorem which holds 

true even in the presence of Poisson jumps. See e.g. the proof of Theorem E2 in 

Karatzas and Shreve (1998). • 

Remark. The result holds true even for path-dependent claims cp = <p(X(.)) and 

also for processes which are not separable as in Definition 3.3.1. 

4.1.2 Variations in tlie initial condition 

This is where we will make full use of the theory developed in Chapter 3 for the 

first time. We rely heavily on the chain rule and the Skorohod integral, which 

allow us to repeat the steps in Fournie et al. (1999). 

First define the set F, of square integrable functions taking values in R, as 

r = | a G L 2 ( [ 0 , T ) ) : = h V/ = l , . . . , n | , 

where ti are as defined in (4.2). 
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Proposition 4.1.3: Assume that the diffusion matrix (Tc is uniformly elliptic. Then 

for any a{t) 6 F 

rT 

Proof. First assume that (p is continuously differentiable with bounded gradient. 

In this case it is possible to 'differentiate inside the expectation'.^ We will denote 

by .. • /Xf„) the gradient of (p with respect to Xf,., and by ^ the {d x d) 

matrix of derivatives of the d-dimensional random variable Xf,. with respect to its 

initial condition. 

Remember that from the separability assumption X j does not depend on x so 

that 

Vz?(x) = E 
n 3 V 

n 

!=1 
(4.3) 

We want to rewrite Yt. in terms of the Malliavin derivative for Xf, using (4.1), but 

to do that we must also use the chain rule (Theorem 3.2.4). We have 

ax,. 
For any a{t) E F we can express -^Yti as 

axf. 

Inserting in (4.3) yields 

= ^a(f)(D(°)X(,)(7-r:(xnY((ff. 

Vv{x) = E 
rTn 

/o ; i=l 

We know from Lemma 4.1.1 that ^ ( X t j , . . . , Xf J G flyi '" since (p is continu-

ously differentiable with bounded gradient and X( E is separable. We 

^ The proof of this claim is in Fournie et al. (1999) built on the fact that almost surely convergence 

together with uniform integrability implies convergence in O norm. The almost surely convergence 

holds true in the present treatment exactly as stated in the continuous case. The uniform integrability 

follows from the the boundedness of and the fact that the map x i—> Xf is a.s. continuous even 

in the presence of jumps. 
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can thus use the chain rule again to get 

rT. 

Vv{x) 

Since the diffusion matrix ac is uniformly elliptic by assumption we can deduce 

that G L^{C1 x [0, T]). We can therefore use the integration by parts 

formula implied by the definition of the Skorohod integral and Proposition 3.2,8 

to get 

(VD(z))* = E 

The fact that the class of continuously differentiable functions with bounded gra-

dient is dense in can be used, exactly as in Fournie et al. (1999), to prove the 

general result for cp & L^. • 

Remark. The above argument can easily be repeated to get derivatives of higher 

order. 

Remark. Proposition 4.1.3 is known as the Bismut-Elworthy formula. See Elworthy 

and Li (1994) for an alternative proof in the continuous diffusion case. 

We see that the discontinuities do not appear in the stochastic weight. However, 

the fact that the payoff function is evaluated for the full price process ensures that 

the sensitivity commonly known as delta does depend on the jump parameters. 

4.1.3 Variations in the diffusion coefficient 

Calculating the stochastic weight for what is commonly known as vega is a bit 

more involved than the previous Greeks. It is here the need for a Skorohod integral 

arises and we use Proposition 3.2.10 to interpret the result. 

As in Section 4.1.1 we need to define the perturbed process with respect to the 

property under investigation; in this case the diffusion coefficient: 

iv\ 
= b(Xf_)df + ((r(X^_) + e 7 ( X L ) ) « t ( X f _ ) ( d N r ) - A^df) 

k=l 
xg = %, 
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where again e is a scalar and 7 is a continuously differentiable function with 

bounded derivative. We will also need to introduce the variation process with 

respect to the parameter e 

d 

1=1 

ni 
+ E ((iNr) - Atdf), zg = 

k=l 

so that ^ = Zf. Further, we define the set In, of square integrable functions 

taking values in IR, as 

Tn = | f l G L^([0,r)) : a{t)dt = 1, Vz = 1,.. . , n | . 

In this setting Proposition 4.1.4 is the analog of Proposition 4.1.2. 

Proposition 4.1.4: Assume that the diffusion matrix Cc is uniformly elliptic and 

that for jSf, = Z ^ z = 1,.. . ,n we have cr~i(X'^)y/3 E Dom(j(°). For 

(x) defined as 

= E X f J ] , 

we have for any a G r„ 

— E 
£=0 

where 

A = A_i) 
1=1 

for 0̂ = 0. Furthermore, if ^ E the Skorohod integral can be calculated 

according to 

-^ \ ( f )Tr ( (D(° ) ,3 ( , )DT\xnY() 

J f;_i \ / 
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Proof. As in the proof of Proposition 4.1.3 we may assume <p to be continuously 

differentiable with bounded gradient, and we can take the differential under the 

expectation to get 

de 
v^(x) = E 

!=1 
(4.4) 

Next we define and proceed as in the proof of 

Proposition 4.1.3. Because of (4.1) and since a G r„ we can write 

Zf;. 

Inserting into (4.4) we get, by using the chain rule and Lemma 4.1.1, 

= E 
J( 

' (Di"V(Xf, Xl))a-\X',)Y,^idt 

e=0 

= E 

0 ,=1 oAj, 

0 

By assumption and the linearity of the Skorohod integral cr̂  E Dom 

So, 

de 
D (̂%) = E 

£=0 

and Proposition 3.2.10 can be used to calculate the Skorohod integral. • 

Remark. The assumption of cr^^{X'^)Yp 6 Dom might seem restrictive at first, 

but it can be shown that important examples do satisfy the assumption. See the 

Appendix for the explicit calculations in the case of the Heston stochastic volatility 

model. 

4.1.4 Variations in the jump Intensity 

The stochastic weight for variations in jump intensity is derived using the same 

technique as for variations in drift coefficient and it is given by the following result. 
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Proposition 4.1.5: Suppose that the diffusion matrix a is uniformly elliptic. For 

i = 1,...,m we have 

dv 
= E 

Proof. The argument will be carried out for the first of the m Poisson processes to 

simplify the notation. Consider the perturbed process 

(fXf = + «i(Xf_)(dN^ - (Ai + 
m 

+ E - Akdf), Xg -

k=2 

where e is a positive deterministic parameter and Nf is a Poisson process with 

intensity Ai + e. As in the proof of Proposition 4.1.2 we note that by changing 

measure we can write 
E[(^(X^)] = E[M!.<^(Xr)], 

where Mf = is the Radon-Nikodym derivative for which the altered drift 

due to the perturbation is controlled for by M f and the increased jump intensity 

is governed by M ^ . Explicitly, 

r2 rT 

MJ^= exp 

r(l) 

mJ^= ( 1 + — ) exp(—et). 
MJ 

Note that we can write 

rT 
M j = 1 — e 

Jo M JO 

which implies that 

(p{Xj) — (pi^Xj) 

= E 

e 

r^l 

= lim E 
e—»0 

^(X t ) 
M ^ - 1 

<^(XT)N — A i ( i t ) ^ (o r - i (X(_)« i (X,_) )*dW, 

• 

Remark. As was the case for variations in the drift coefficient the above result holds 

true even for path-dependent claims and non-separable price dynamics. 
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4.1.5 Variations in the jump amplitude 

To derive a stochastic weight for the sensitivity to the amplitude parameter a we 

adopt the same technique as in the proof of Proposition 4.1.4—the diffusion coef-

ficient result. To that end, consider the perturbed process 

m 
+ ^ - Akdf), x g = 

k=2 

where e is a deterministic parameter and 7 is a continuously differentiable func-

tion with bounded derivative. Again, for notational simplicity, we consider varia-

tions in the first of the m jump amplitudes. The variation process with respect to 

the parameter e becomes 

1=1 

+ M ( X L ) + - Aidf) 

+ E 4 ( X L ) Z L W ' ' ) - -k 7(Xf_)(dN(^) - Aidt), Zg = 0. 

k=2 

The stochastic weight in this context is obtained similarly to the vega weight. The 

statement of the following proposition is therefore almost identical to Proposi-

tion 4.1.4. 

Proposition 4.1.6: Assume that the diffusion matrix ac is uniformly elliptic and 

ax,, ' that for j6f,. = Z,,., % = 1 , . . . , M we have (7̂  ^(X'^)y^ € Dom<5(°\ For 

v^{x) defined as 

we have for any a g T „ 

— E 
e=0 

where 

A = ~ 
! = 1 



dt 
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for fo = 0. Furthermore, if j6 G the Skorohod integral can be calculated 

according to 

Proof. Exactly the same proof as for Proposition 4.1.4 with redefined and Z(. 

Remark. As long as ^ 0 for fc = we have /Sf, G for the 

stochastic volatility models as presented earlier. 

4.2 Examples 

In this section we will explicitly derive examples of stochastic weights for a couple 

of different pricing models. In particular we will look at jump diffusion versions 

of the Black-Scholes model and the Heston model. 

In the Black-Scholes model the price process follows 

dXf = rXf—dt + o'Xt—dWt "f" — 1)X(_ — ?idt^, Xq — x, (4.5) 

where a and ot are constants and the intensity of the Poisson process is A. The 

price process is clearly separable by Lemma 3.3.2 since it is a special case of a 

stochastic volatility model. In particular we see that the continuous price process 

contribution Xf is identical to the Black-Scholes price process with modified drift. 

Proposition 4.2.1: In the jump diffusion version of the Black-Scholes model de-

fined in (4.5) we have for the following contingent claim 

v='E e~''^^(Xx) , 
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the sensitivity weights: 

R h o B s - I ; = - E [ T e - : r ^ ( X T ) ] 

Deltass = |# = 

GammaBs = 

Vegags = ^ = E[e"'^<^'(Xr) - Wt -

Lambdass = ^ = E [e - ^ , ^ (XT) - M ^ ) ] 

Alpha^s = i i = E [e''''^cp{XT) - at^ . 

Proof. Since Xf is identical to the Black-Scholes price process with modified drift 

the result follows by the same arguments as can be found in Fournie et al. (1999). 

• 

Rho might need some further explanation. Rho is defined as the sensitivity of the 

claim with respect to interest rate, and here the interest rate appears both in the 

discount factor and in the drift. Analogous to section 4.1.1 we define the Rho as 

the sensitivity of the claim with respect to the factor e, as in the perturbed interest 

rate r + e j , in the point e = 0. 

The jump diffusion version of the Heston model 

dX^^L rXji^df + yxpxI I^dW^^) + (« - l ) x ( i ) - Adf), X^ )̂ = 
(4.6) 

d X p L K(0 - Xp))(ff + x(^) = %2/ 

with E[dWf = pdt is also a special case of the general stochastic volatility 

model of Section 3.3 Chapter 3 and the separability assumption therefore holds by 

Lemma 3.3.2. X^^ is the process for the security on which the contingent claim is 

written, and Xp^ is a process governing the volatility. The price of the claim in this 

setting is 

V = E e-' ' :^f(Xp)) 

and the continuous process Xf is identical to the price process in the original Hes-

ton model, but again with modified drift. 
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Proposition 4.2.2: The stochastic weights for calculating the Greeks for the jump 

diffusion version of the Heston model (4.6) are 

RhoH = E , - r T 
(1) T 

/c 

(2) 

Deltan = E 

- E [ T c - ' X x ? ' ) ] 

Gamman = E 

r'^ T 
l - f J o af) ' ( J o r 

T dW 

T dw; T dW 

Vega-g = E Ic 

T dW/ 

Vegan = E ,-rT 

Ic 
T dW} 

0 /Ilm 
(1) 

f c 
T dW^ 

(2) 

~ f o 
T dt 

Lambdan = E — T 

• ( ^ - 1 ) /c 
T p rT dWl (2) 

Alpha^ = £ - " 4 K ' ) ( a - A ) 

Remark. The two vegas are different in the sense that Vega^ is the sensitivity to 

changes in the initial value of the volatility process and Vega^ is the sensitivity to 

a perturbation as in section 4.1.3. Since the initial value of the volatility process 

is just another parameter coming from the calibration Vega^ is perhaps not as 

interesting as Vega^ which is the analogue of Vega^g. 

Proof. We write the pricing process in matrix form as 

% = b(Xf_) df + g(X,_) + c(X(_) - A(ft) 
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where 

b(Xt_) = 
rX (1) \ 

t-

\ k(0 - J 

c(X,_) 
(a - 1)X 

and 

fl(Xt_) = 
0 \ 

The inverse of the diffusion matrix becomes 

1 I a p t - ) - 1 

Stochastic weight for Rho in the Heston model 

We perturb the original drift with 7(x) = {xi, 0)* to get the perturbed process 

dX^ = (b(XT_) + e7(Xf_)) df + a(X^_)) + c(X^_) (dNt - Adf). 

Now it is clear that the row-vector that should be integrated with respect to the 

Brownian motion is 

and we get the expression in the proposition. 

Stochastic weight for Delta in the Heston model 

The first variation process is in this case a matrix process 

dY( = b' ( x n + 4 ( x n + a^(X^) YtdW(2), = Z, 
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with 

= 

r + A(1 — OL) 

0 \_£P 

y 

4(X(_) = 

0 

V 
0 

xf") / 

For the Delta we are interested in the first row of the matrix (a~^(X()Y()* inte-

grated over the 2-dimensional Brownian motion. From the above we can deduce 

that the row vector of interest is 

=y; ( W ) 1 
t ' 

y, (1,1) 

The first-row first-column element in the first variation process can be seen to be 

smce 

/ 1 "V̂Ĉ) 
= (r + A(1 - -K - / 

2 / „ c ( 2 ) 

y(l'l) 1 
•tQ ~ 

and Yp'̂ ^ = 0 due to the fact that does not depend explicitly on and 

in particular not its initial value. This leaves us with the expression for Deltay 

presented in the proposition. 

Stochastic weight for Gamma in the Heston model 

Differentiating the expression for Delta we get two contributions. One contribu-

tion comes from the derivative of the ^ factor and the other comes from repeating 
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the steps in the proof of Proposition 4.1.3. In the latter process we end up with the 

following Skorohod integral 

yJo \/x^ Jo 

which can be evaluated using Proposition 3.2.10 to get (we are interested in the 

first element of the Skorohod integral vector) 

2 
1 / dWl'' _ p dWr \ _ 1 1 

(xiT)2 I io Jo y i - xp) 

This, together with the contribution from the derivative of leaves us with the 

expression in the Proposition. 

Stochastic weight for Vega"^ in the Heston model 

The interpretation of Vega as the sensitivity with respect to initial volatility level 

follows directly from the discussion above. In this case the row-vector to be inte-

grated over the Brownian motion is 

y(l,2) 
f 

ly(2,2) _ 

Stochastic weight for Vega^ in the Heston model 

We perturb the original diffusion matrix with 7 to get the perturbed process 

dXf = &(XL) dWf + c(Xf_) (dN, - Adf), 

where 

7(x) = 
\ 0 0 

Again using the fact that does not depend explicitly on Xp^ we can deduce 

that the variation process with respect to e, Zf, has a vanishing second component. 
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We write — 0. Furthermore, 

= 
^ a x / 

Y, (2,2) 

y (1,1) y (2,2) 

/ y ( i ) a ^ 

_y(U) 

Y(1A) 

f ax(̂ ) 
ax^ )̂ 
axP 

/ Y; (1,1) 

\ 
0 

Note that by the It6 formula 

(1) 

so that 

Except for expressions already derived, the only thing we need in order to calcu-

late the weight for Vega^ is the Malliavin derivative of j6f in the direction of the 

Brownian motion. Using the chain rule (Theorem 3.2.4) on a sequence of contin-

uously differentiable functions with bounded derivatives approximating Xp', 

together with (4.1) we get 

= % i ( ( i , o ) - ; 
2 v . 

x F r P i f 1 rT ! \ 
= %1 (^(1,0) - 2 / 

To arrive at the expression in the proposition we note that 

Tr r(D(°)jgT)a-'YA = 

Stochastic weight for Lambda in the Heston model 

The quantity we need to expand in this case is fl'"^(Xf_)c(Xf_). From what was 

stated in the beginning of this section it is clear that the vector to be integrated 

over Brownian motion is 

1 P 

0 % - l ) 
/ x p y r 
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Stochastic weight for Alpha in the Heston model 

The perturbed process is chosen as 

(fXf = + a(Xf_) + (c(Xf_) + e7(Xf_)) (dNf - Adf), 

with 

?(%) = 

As was the case for Vega^ does not depend explicitly on Xf^' so we get (1) 

A = V ' I f z , 

Y, (2,2) 
-Y< 

(1,2) 
/ 

,(1,1) v(2^) Y, (1,1) 

•c(l) 
An 

3X, c(l) 
(2) 

/ y ( l ) 3 ^ . y(l,l) \ 

V ; 

ax} 

V axP' axp' 

Note that by the Ito formula 

so that 

f—-At 

= *i ( ^ 

The Skorohod integral expansion in Proposition 3.2.10 is easy to compute in this 

case since = 0. Adding up the results we arrive at the formula in the 

proposition. • 

4.3 Numerical experiments 

To show the power of the stochastic weight technique a number of convergence 

plots are presented in this section. In Figures 4.1 to 4.4 below the value of the 

Delta is captured at different iterations of the simulation. 
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Looking at the convergence plots it is evident that the finite difference approxi-

mation performs better for the call option, but the Malliavin weight approach per-

forms better for the digital. The reason for this is that the stochastic weight adds 

some randomness to the expression to be simulated, and for the call option this ef-

fect worsens the convergence. However, for the discontinuous payoff function of 

the digital option, the finite difference approximation produces large errors since 

the contributions to be averaged are either zero or one. In this case the Malliavin 

weight and payoff is still smooth and the effect of added randomness through the 

stochastic weight is not prominent. 

0.67 

0.665 

0.66 

0.655 

0.65 

0.645 

Fmite difference 
Malliavin weighted 

J W 

3 4 5 6 7 

Number of simulations 

Figure 4.1: Monte Carlo simulation of Deltagg for a call option using finite difference 

approximation and Malliavin weighting. The model parameters are x = 100, Strike = 

100, r = 0.05, a = 0.3, cc = 0.5 and A = 0.1. 
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Figure 4.2: Monte Carlo simulation of Deltagg for a digital option using finite difference 

approximation and Malliavin weighting. The model parameters are x = 100, Strike = 

100, r = 0.05, cr = 0.3, a = 0.5 and A = 0.1. 
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Figure 4.3: Monte Carlo simulation of Deltan for a call option using finite difference ap-

proximation and Malliavin weighting. The model parameters are %% = 100, Strike = 

100, %2 = 0.04, r = 0.05, K — 1, 6 = 0.04, cr = 0.04, p = —0.8, a = 0.5 and A = 0.1. 
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Figure 4.4: Monte Carlo simulation of Deltay for a digital option using finite difference 

approximation and Malliavin weighting. The model parameters are %i = 100, Strike = 

100, = 0.04, r = 0.05, x = 1, 0 = 0.04, cr = 0.04, p = —0.8, OL = 0.5 and A = 0.1. 



5. STOCHASTIC WEIGHTS FOR CREDIT 

DERIVATIVE GREEKS 

5.1 Intensity sensitivity for single name claims 

5.1.1 Constant intensity 

Remember that, as shown in Proposition 4.1.5, for a price process of the form 

% = , Xo = %, 

we have for w(A) = E [^(Xx)]: 

dv 

aA ^ 
0(XT) - T - ^^a-:(X(_)c(Xt_)dWf^ 

For credit derivatives, depending only on one reference credit, the situation is 

much simpler. The payoff function depends on the first jump time of some count-

ing process—the time when the reference company defaults on its debt. In the 

above framework the process under consideration is dXt = dNt and the contin-

gent claim is expressed as 

I, = E[0(T)], (5.1) 

where T = inf{f > 0 : Nf = 1}. Also, remember that the above sensitivity result 

is true for path-dependent payoffs such as payoffs depending on the first jump 

time. Typically the payoff function 0 contains an indicator function flagging for 

the event that the default time occurs before maturity of the contract. This dis-

continuity suggests that the stochastic weight approach should be successful in 

reducing the variance of the Monte Carlo estimator of the intensity sensitivity as 

we saw in Section 4.3 Chapter 4. 

59 
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In the same spirit as in Section 4.1.4 Chapter 4 we introduce the perturbed 

process 

where e is a deterministic parameter and Nf is a Poisson process with intensity 

A + e. We further define to be the first jump time of this perturbed process. 

Proposition 5.1.1: The sensitivity of the claim (5.1) with respect to jump intensity 

can be written as 

I -
Proof. The proof is basically the same as for the case including a continuous part. 

Proposition 4.1.5. Changing measure we can write 

E[0(T ' ) ] = E[M^0(T)] , 

where 

It is true that 

Mf — ^1 + — J exp(—et). 

Mf = 1 + 1 M^{dNt-Mt). 
A Jo 

Now, the sought after derivative can be written 

de e=0 

= lim E 
e-»0 

0(T^) - 0 ( T ) 
= lim E 

e->0 
0 (T) 

# (T) 

• 

As will be seen in the next chapter, it is not surprising that the stochastic weight in 

Proposition 5.1.1 takes exactly the same form as the well known weight obtained 

via the likelihood ratio approach (c.f. Joshi and Kainth (2003)). 

5.1.2 Cox processes 

A natural extension of the above modelling of the default mechanism is to make 

the jump intensity stochastic. This provides us with a more realistic description 

of credit spreads, which in the real world are far from constant as implied by the 
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assumption of constant intensities. Jump processes of this type are known as Cox 

processes. 

We let the jump intensity evolve according to 

dXt = b{At)dt + a{\t)dWt, (5.2) 

and investigate the effect of perturbed intensity exactly as before. Hence, we de-

fine the perturbed jump process Nf as the process with constantly perturbed in-

tensity Af + e. 

Proposition 5.1.2: For defined as 

= E[0(T")] , 

we have 

de 
= E 

6=0 

Proof. Changing measure^ as in the proof of Proposition 5.1.1 we note that 

Jo A( 

and the result follows exactly as before. • 

In practice an intensity model as (5.2) is calibrated to the market. Each name has 

several outstanding credit obligations with different maturities resulting in a de-

fault intensity curve—the credit curve. That is, for each maturity T,, i = 

we can find a A ,̂ such that the risk neutral probability (implied by the market 

value of the debt) of survival of the company until maturity of the contract can be 

written as 

P{Ti) 

The intensity model (5.2) would then be chosen as to best replicate these probabil-

ities. For a perfect fit we would get 

So ' = e f = 1, . . . ,n . 

^ For a very general Girsanov theorem see Schdnbucher (2003) Theorem 4.8. 



5. Stochastic weights for credit derivative Greeks 62 

and thus. 

=>~ /o 

From the above we see that the sensitivity to the perturbed Cox process of Propo-

sition 5.1.2 corresponds to the sensitivity to a parallel shift in the credit curve. In 

practical situations the calibration never yields a perfect fit as assumed above, but 

the argument can be carried through the minimisation procedure of the calibra-

tion. 

5.1.3 Example 

As an example of a Cox process based credit model consider the two factor Cox-

Ingersoll-Ross (CIR) model (c.f. Schonbucher (2003) section 7.2). Both the risk-free 

interest rate and the jump intensity are taken to be combinations of the stochastic 

processes 

dxp' = (ai — + cTiy 

dxf^ = (&2 - /S2Xp^)di -I- a2\J 

where and are independent Brownian motions. The risk-free interest 

rate r and the jump intensity A are expressed as 

rt = + (1 — w)%P^ 

Af = zDx\̂ ^ + (1 — w)xp^ 

where w and iu are positive constants in order to ensure that the interest rate and 

the intensity stay positive. 

Note how this model can only generate positive correlation between the inter-

est rate and the jump intensity. This is typically not the case in the real world, but 

the CIR model still serve the purpose of fitting the credit curve satisfactory. 

Under the CIR assumptions there exist closed-form solutions to the risky and 

the risk-free bond prices. If we assume a recovery rate for the risky bond we can 

use these closed form solutions to calibrate the parameters to a credit curve and a 

risk-free yield curve. We can then use Monte Carlo techniques to price and hedge 

exotic claims with the estimated parameters. 
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In Figure 5.1 the CIR fit to the Libor curve, the Bombardier credit spread curve 

and the parallel shifted Bombardier credit spread curve is presented. Assuming a 

recovery rate of 50% this calibration resulted in two sets of parameters: one set for 

the original credit spread curve and one set for the parallel shifted credit spread 

curve. These two sets of parameters can be used for a finite difference approxi-

mation serving as a benchmark for the sensitivity calculation suggested by Propo-

sition 5.1.2. In Figure 5.2 the Monte Carlo convergence plot for the sensitivity to 

parallel shift in credit curve of a simple claim on Bombardier paying $1 at default 

if this happens before maturity is shown. 

Credit spread 
Empirical curvc 
Fitted curve 

5 6 7 
Tenor (years) 

Libor 
Empii-ical curvc 
Fitted curve 

4 5 6 7 
Tenor (years) 

Figure 5.1: CIR fit to Libor curve. Bombardier credit spread curve and parallel shifted 

Bombardier credit spread curve as of 23 April 2004. Sources: Mark-It partners (BOMB 

SNRFOR USD MR) and Citigroup. 

The advantage of the stochastic weight approach is threefold. Not only is the 

convergence faster, we also avoid a potentially costly second calibration. The most 

important benefit is however that the two calibration errors might affect the price 

in different directions. This introduces bias in the Monte Carlo simulation of the 

Greek, and bias is far worse than variance. In the Bombardier example above it 
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Figure 5.2: Monte Carlo simulation of the sensitivity to parallel shifts in credit spread 

curve for a 5 year digital credit default swap on Bombardier as of 23 April 2004. 

was found that in order to obtain robustness in the two calibrations, the weights 

w and IV should be kept constant. 

5.2 Correlation sensitivity for baskets of credits 

5.2.1 Correlated default events 

When pricing credit derivatives depending on more than one reference credit, de-

fault time correlation must be taken into account. Given the above presentation, 

the first method to achieve default correlation that springs to mind is perhaps 

to extend the Cox process framework with several correlated default intensities. 

If the intensities are strongly positively correlated, high jump intensities have a 

tendency of occurring simultaneously implying positive default time correlations. 

Unfortunately, this dependence is too weak and this approach gives far too low 

default correlations compared to observed ones. 

A cure for unrealistic default correlations is to introduce jumps in the intensity 

process. If we let a default by one company trigger a jump in another, we obtain 
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a positive relationship between default times, which is strong enough for realistic 

default correlations. See for example the model presented in Davis and Lo (2001). 

As presented in Schonbucher and Schubert (2000) jumps in the intensity process 

turns out to be equivalent to the copula approach presented briefly below. 

The copula approach models the individual default times as the first jump 

times of either Poisson processes as in Section 5.1.1 or Cox processes as in Sec-

tion 5.1.2, and then uses a copula to impose a dependance stiucture. This was 

pioneered in Li (2000) where constant intensities were used. An algorithm for 

generating n correlated default times in what is commonly known as the Li model 

can be outlined as 

1. Simulate Z i , . . . , as correlated standard normal random numbers. 

2. Generate the default times t,-, i = 1,... ,n through N{Zi) = 1 — where 

N is the normal cumulative distribution function. 

Note how the resulting default times are exponentially distributed and connected 

via a Gaussian copula. 

5.2.2 Correlation sensitivity 

The cormection of random default times through copulae seems far from the pro-

cess based approach in the preceding, but the algorithm in the previous section 

gives us a hint to how to construct stochastic weights for correlation sensitivity. 

The price of a claim on a basket of credits is written as 

v = E [<I)(ti,. . . ,T„)] . 

But we know that '̂ i = —j log (l — N(Z,)), so we can rewrite the price of the claim 

as 

V = E 1^0(Zi,.. .,Z„) , 

for some payoff function 0 . Further, the correlated normal random variables 

Z i , . . . , Z„ can be seen as the values of an n-dimensional diffusion process X( at 

time 1, where Xt has zero drift and a diffusion matrix replicating the relevant cor-

relation. We write 

oLX;, = JKo = 0%, (5.3) 
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vfhere 0„ is an n-dimensional column vector of zeros. With the problem rewritten 

on this form we can use the diffusion matrix result of Proposition 4.1.4 to obtain 

stochastic weights for the correlation Greeks. 

In a basket of n credits there are ^n(n — 1) default correlations. In practical 

applications however, the problem is usually simplified and correlations are as-

sumed to be the same; either the same across all credits or the same within industry 

sectors. In the following we will illustrate the correlation sensitivity technique for 

a basket of two credits and then show how to obtain weights for the homogenous 

correlation case. 

We start with the correlated system of equation (5.3) and let 

a = 

The perturbed process in this case, Xf = o^dW, has a perturbed diffusion matrix 

according to 

^ 1 0 
= 

p + e y i - (p + e)2 

where e is small enough for p + e to be less than 1. As in the diffusion matrix result 

we need the variation process to the parameter e: 

Zf = 
0 
p + e 

\ 
w, 

y/l-{p+e)^ J 

(ly 

(2) 

Proposition 5.2.1: Let the perturbed process Xf translate to the default times rf 

for f = 1 , . . . , n. For v^{p) defined as 

v%p) = E [ 0 ( T F , . . . , O ] , 

we have 

Br a 
Bp ~ de^ 6 = 0 

— E . . . / Tfi) 
1-p^ 

yjl-p^ w f ^ + p w f ^ \ w f ' + p 
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Proof. The only difference from Proposition 4.1.4 is the way the diffusion matrix is 

perturbed. This does not pose any problems in carrying through the argument as 

before. • 

Remark. In the general case with more than two credits the sensitivity to one pair-

wise correlation coefficient can always be obtained in exactly the same way as in 

Proposition 5.2.1 by labelling the names under consideration as number one and 

number two. 

The common way of moving from a correlation matrix to a diffusion matrix is by 

Cholesky decomposition. As hinted in the proof of Proposition 5.2.1 this is what 

makes the correlation sensitivity different from the diffusion matrix sensitivity. 

For a multidimensional correlation matrix the e perturbation is translated, via the 

Cholesky decomposition, to the diffusion matrix in a non-trivial way. 

One way of dealing with the homogenous correlation matrix case is to intro-

duce an additional process acting as a common factor. This will be outlined in 

the next section where it will also be shown that the common factor approach will 

result in higher variance than the approach presented in the following. 

Assume that the basket contains n credits and that the correlation coefficient to 

be used in the Li-model, p, is the same for all pairs. The strategy will be to preserve 

the structure of the correlation matrix when constructing the diffusion matrix so 

that all the diagonal elements are the same and all the off-diagonal elements are 

the same. Two conditions must be satisfied: the variance of each component of 

Xt = crWt must be equal to 1 and the correlation between two components must 

be p, i.e. 

We end up with the diffusion matrix 

dt, for i = j 

p dt, for i ^ j. 

a = 

( VI - { n - l)p2 p 

P l)p2 

\ 

P 

P 
(5.4) 
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where p is the solution to the equation 

p = j6 (2^Jl - (n-l)p^ + (n - 2)p^ , (5.5) 

which can be solved numerically. 

Proposition 5.2.2: By substituting p + e for p in (5.4) we obtain the perturbed de-

fault times Tf, i = For v^{p) defined as 

v'{p) = 

we have 
dv 

¥ de 
= E 

e=0 

— E 

where 
/ ("-i)p 1 

v 1 1 
/ 

Proof. The variation process with respect to e, Zf, has diffusion matrix tj. The steps 

in the proof of Proposition 5.2.1 completes the argument. • 

Corollary 5.2.3; By using the chain rule we get the sensitivity of the claim to the 

correlation coefficient: 

dv _ dp dv 
dp dp dp' 

5.2.3 Examples and extensions 

As mentioned in the previous section there is an alternative way to Corollary 5.2.3 

of dealing with the homogenous default correlation matrix of n credits. Instead 

of constructing a diffusion matrix using the solution to (5.5) we can introduce an 

extra Brownian motion and an extra row in the diffusion matrix so that 

/ 1 0 0 . . . 0 \ 

/ x P \ ^/P - P 0 

\/p 0 P 

\ VP ^ 0 

w<"' / 

\ / w / 
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The stochastic weight for the correlation sensitivity can now be obtained in the 

same fashion as in Proposition 5.2.2. In Figure 5.3 we can see that this extension 

of diffusion matrix approach appears to yield a slightly noisier stochastic weight 

than does the homogenous diffusion matrix approach derived in Proposition 5.2.2. 

To investigate why we should focus on the quadratic form 

Both approaches will yield a quadratic form as the one above and these are the 

sources of randomness for the stochastic weights. For all values of p the elements 

oi a~^r] tend to have larger magnitude in the extension of diffusion matrix ap-

proach than in the homogenous diffusion matrix approach leading to the conver-

gence behaviour of Figure 5.3. 

Finite (Imerence 
Homogenous inatrb 
Extended matrix 

0.135 

» 0.125 

0.105-

4 5 6 7 

Number of itera tions 

Figure 5.3: Monte Carlo simulation of the correlation sensitivity for a one year digital 

second to default credit swap on a basket of two credits. Both jump intensities were 0.3 

and the correlation was 0.3. 

Since the Gaussian copula does not have tail dependence academic research 

has investigated different copulae. Perhaps the most logical second step is to look 

at the (-copula, which is defined from the multivariate (-distribution the same 

way as the Gaussian copula is defined from the multivariate normal distribution. 



5. Stochastic weights for credit derivative Greeks 70 

Even though at first sight the Gaussian copula looks to be as far as we can go 

with the Gaussian Malliavin calculus approach, it turns out that we can make the 

extension to the (-copula. 

The multivariate (-distribution with k degrees of freedom is defined as the 

distribution of a normally distributed random vector (with some correlation ma-

trix) divided by the square root of a scaled %^-distributed random variable with 

k degrees of freedom. The %^-distributed random variable with k degrees of free-

dom can in turn be expressed as a sum of k squared normally distributed random 

variables. Everything fits perfectly in the above Gaussian framework, and the cor-

relation sensitivity can be obtained with the stochastic weight of Proposition 5.2.1. 

A convergence plot is shown in Figure 5.4. 

Finite difference 
Mailiavin weiglit 

.2 0.13 

O 0 12 

4 5 6 7 

Number of iterations 

Figure 5.4: Monte Carlo simulation of the correlation sensitivity for a one year digital 

second to default credit swap on a basket of two credits. A (-copula with 2 degrees of 

freedom was used, both jump intensities were 0.3 and the correlation was 0.3. 

5.3 Alternative metliods 

In the examples of Sections 5.1.3 and 5.2.3 the stochastic weight approaches were 

compared to naive finite difference methods. It could be argued that this makes the 
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results look better than they actually are since there are well known methods to im-

prove on the Monte Carlo convergence of credit derivatives. An implementation 

in practice would typically incorporate stratified sampling and importance sampling. 

Stratified sampling is an important tool when the probabilities of default in a 

basket are significantly different in magnitude. In the examples above the prob-

abilities were chosen constant across credits to avoid that type of effects, but in 

practice there is no such luxury as choosing. 

A serious rival to the stochastic weight approach is to use finite difference ap-

proximations of Monte Carlo runs where importance sampling has been used.^ By 

changing measure we can 'force' the appropriate number of defaults to happen in 

each iteration with probability one. A comparison between importance sampling 

and stochastic weight is shown in Figure 5.5 where the constant intensity single 

name model of Section 5.1.1 was simulated. 

There is no point in combining importance sampling and stochastic weights. 

Stochastic weights are efficient only for discontinuous payoff functions as seen 

in Section 4.3 Chapter 4, and by using importance sampling the discontinuity is 

effectively removed since the indicator function will always be equal to 

one. 

The drawback with importance sampling is that it is payoff specific, and hence 

not as flexible as the stochastic weight approach. The importance sampling algo-

rithm also slows up the Monte Carlo run, especially for large baskets. At some 

point it is more time efficient to use the faster but less accurate method and let it 

run more iterations. 

^ See Joshi and Kainth (2003). 
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0.7262 Stochastic weight, 
Importance sampling 

0.726 
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0.7254 

0.7252 

0.7248 

0.7246 

0.7244 

0.7242 
4 5 6 7 
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Figure 5.5: Monte Carlo simulation of the intensity sensitivity for a one year digital credit 

default swap. The constant jump intensity was 0.3. 



6. THE LIKELIHOOD RATIO AND MALLIAVIN 

METHODS 

6.1 Preliminaries 

6.1.1 Lii<elihood ratio weights 

In this chapter we consider general Greeks in that we do not consider sensitivities 

to a particular parameter of the price process. Following Broadie and Glasser-

man (1996) we assume that the claim payoff is a function of the random variable 

H{cv, A) on a probability space (O, P), where co E CI and A denotes the param-

eter to which sensitivity is of interest. The value of the claim is expressed as 

i;(A) = E[0(H(a;,A))]. 

If we also assume for a moment that the payoff admits a density, which is differ-

entiable with respect to A, we can derive a stochastic sensitivity weight as 

9p(.V/A) 
ao(A)_ a 

9A 3A 

0 ( H ) A ( i o g p ( H , A ) ) 

The stochastic weight for a particular sensitivity is not unique. Indeed, any weights 

with agreeing conditional expectations with respect to (r{H) will do. In this context 

it should be noticed that the likelihood ratio method always yields a weight that is 

measurable with respect to o'(H), and as shown in Fournie et al. (2001) this is the 

optimal weight in terms of variance reduction of the Monte-Carlo simulation. 

There are striking similarities between Monte-Carlo sensitivity weights de-

rived using Malliavin techniques and the likelihood ratio method. In fact, in many 

73 
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circumstances when the likelihood ratio method is applicable the expressions for 

the weights turn out to be identical when derived using the two different methods. 

The objective of this chapter is to state conditions under which a likelihood 

ratio weight is attainable, and to shed some light on the connection between the 

Malliavin weight and the likelihood ratio weight for a particular sensitivity. 

6.1.2 General Malliavin weight expressions 

At the end of the next section we will compare the formal expressions for the 

likelihood ratio weight to the Malliavin weight. To be able to do so we need to 

derive an expression for the Malliavin weight in the general setting of this chapter 

where no particular sensitivity is considered. The derivation presented here is an 

alternative to Proposition 2.1 in Fournie et al. (2001). 

We work on a filtered probability space {T)t,P) where the filtration is 

generated by a separable simple Levy process Xf as defined in Chapter 3 Defini-

tion 3.3.1. The derivative price is 

t,(A) - E[0(Xr)], (6.1) 

where A is a parameter on which the price process depend, for example its initial 

value. We denote by Zf the variation process with respect to A as in Chapter 4. 

In general, if F G is satisfying the conditions for the chain rule. Theo-

rem 3.2.4, G e L^(0), ht e X R""") and f{x) continuously differentiable with 

bounded derivative, then we have 

E[f'iF)G] =E 

=E -dt 

So by the chain rule and the definition of the Skorohod integral we get 

E{f'{F)G] = E /(F),^(0)^ Gh 

\jo°°(D(o)F)ksds 
(6.2) 

assuming that Gh, G Dom . Using the arguments in the proof of Propo-

sition 3.2 in Fournie et al. (1999), we can use equation (6.2) on general real functions 
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in L^{[0, T]) not necessarily continuously differentiable. With / replaced by F 

by XT and G by Z j we get 

_ F 

dA 

Zhi 

ve re< 

have proved the following proposition. 

where ht is an arbitrary function such that — — ^ G Dom(5(°). With, for 

example, A = Xq and ht — we recover the well known delta result. We 

Proposition 6.1.1: Let Xt be separable and depending on a parameter A; the vari-

ation process denoted by Zf. If there exist a process ht such that 

G 

then 

_ 
9A 

6.2 Differentiability of a density and the Lilcelihood ratio method 

We continue this chapter with a result stating sufficient conditions for when a ran-

dom variable has a density, which is differentiable with respect to a general pa-

rameter. As a byproduct we will obtain explicit expressions for the density and 

its derivative, and we conclude with a discussion relating these expressions to the 

Malliavin sensitivity-weight. 

Proposition 6.2.1: Let F be a random variable in satisfying the conditions in 

Theorem 3.2.4 and differentiable with respect to a parameter A; the derivative is 

denoted by Y. Suppose that h\^\ and are such that 

where G = ^ ^ ). Then the law of F admits a bounded density dif-

ferentiable with respect to A and with bounded derivative. Furthermore, we have 
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for the density p(j/. A): 

p(i/,A) = E 
hW 

9A 
= E ^(0) 

/ Gk(3) 

Proof. By approximating the density by continuously differentiable functions with 

bounded derivatives, we can use equation (6.2) to get the result. To that end, define 

qe as 

It is clear that qe is a density, and for the corresponding measure with fixed A we 

get, by letting e —> 0, 

Qe(a < f < b) = / E zC 2s 
ne 

dy = E 
'' 1 (f-y)̂  , ' 

e dy 
J a \/2 Tce 

^ E [l{,<f<b}] = P(a < F < b), 

where N(x,F,e) is the cumulative normal distribution function with mean F and 

variance e. So if q^ converges, it converges to p. We have by (6.2), 

'7e(l//A) —E 

=E 

. V ^ e 

1 

(f-y)' e 2̂  

J-co \j2ne 
(z-y)' 

e 2c 
'dz3^^^( 

hW 

hW 
3.S € —̂  0. 

So qe converges, at least pointwise, to p. To prove that p(i/. A) is differentiable in 

A we need uniform convergence of ^ at least in a neighborhood of every A. By 
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differentiating inside the expectation we get, by using (6.2) twice. 

99X1/, A) 
3A 

= E 

— E 

— E 

\y/2ne 

(F-vX 
=e 2̂  

I y 

\ /2m 
J ( 0 ) | 

Trh(2) 

3S € —> 0. 

Now, consider A in [A — 77, A + ?/]. The Schwarz inequality yields that 

sup 
Ae[A—I7,A+!7] 

e ) - l {f>y} 4(0) 
GA(̂ ) 

< sup J E 
Ae[A-;7,A+;/] V 

N{F,y,e) - l{F>y} 

\ 
(5(0) 

Gk(3) 

Since the Skorohod integral is bounded in for any given A, we can find a con-

stant such that 

for A G [A — J/, A + 77]. Furthermore, 

2] /• 2 
N ( z , y , e ) - l { z > y } p(z)d. 

< N ( z , y , e ) d z E [ p ( F , A ) ] , 
'R 

and since p is bounded given A we can find a constant such that E[p(F, A)] < C2 

for A € [X — rj,X + fj]. Hence, we have uniform convergence (in A) of ^ in a 

neighbourhood of every A. 

We have shown that 

dqejy,^) ^ 9p(y,A) ^ 
e^o 9A 9A 

Gk^) 
• 
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As mentioned in Section 6.1.1 the likelihood ratio method, when applicable, al-

ways yields the optimal weight in terms of variance reduction. To investigate this 

further we derive the formal expression for the likelihood ratio weight. 

We assume that the conditions for Proposition 6.2.1 are satisfied, and as in 

the proof of the same proposition we will approximate the density of X7 as in 

(6.1) by continuously differentiable functions with bounded derivatives. For the 

likelihood ratio weight we have 

^ ^ (Xr-y)̂  

7re(y) := A) = 
\/2tI£ 

Yhi^) 

1 _ (XT-y)̂  

If we were to evaluate rCe at some random point, say y = F, we would have to 

rewrite the previous equation as 

1 (XT-ry 
e a(o) 

By setting F = X j and letting e 

99(A) 

YhP) 
(2). a{F) 

aA 
= E f (XT)E 

\Jlne 

> 0 we get 

(̂0)1" 

Comparing (6.3) with the expression in Proposition 6.1.1 we find that the likeli-

hood ratio weight is, indeed, the conditional expectation of the Malliavin weight 

with respect to the sigma algebra generated by Xt . Note that if the conditions for 

Proposition 6.2.1 are satisfied, then we can always find a ^ as in Proposition 6.1.1 

simply by choosing h. equal to The converse is however not true; the condi-

tions for existence of a Malliavin weight are weaker than those for existence of a 

Likelihood ratio weight. 

c7-(Xr) (6.3) 
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