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To Gigia and Ninuccia.

Abstract

The study of scaling limits in neural networks, particularly as the number of param-
eters grows large, provides crucial insights into their generalization properties, training
stability, and information processing e!ciency, making it an area of significant em-
pirical interest. However, existing approaches often lack mathematical rigor and are
specific to certain architectures and hyperparameters. Our research introduces a novel
mathematical framework for analyzing the scaling limits of arbitrary architectures. By
utilizing genus expansion techniques from random matrix theory, we represent neural
networks as Taylor-like series of operator graphs, separating the e"ects of activation
functions from the network’s random weights.

We then leverage these expansions to study the statistical properties of Feed For-
ward Neural Networks, State Space Models, and Neural Controlled Di"erential Equa-
tions, discovering new expressive kernels on path spaces.
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Introduction

“It should be one’s sole endeavour to see everything afresh and create it anew”
- Gustav Mahler

0.1 Motivation

As deep learning models increase in size and complexity, they demand exponentially
more computational resources [122, 126], making e!ciency in resource utilization a
critical concern [11]. By understanding the limiting behavior as the number of pa-
rameters grows without bounds, practitioners can optimize resource allocation [132],
ensuring that models are trained e!ciently and without unnecessary computational
overhead—an essential consideration in environments where computational power is
limited or costly [116].

Traditionally, this regime has been studied in the context of networks at initializa-
tion, such as the Gaussian Process (GP) limit of Neal [91]. However, recent research has
begun to address training dynamics in the infinite-width regime [58, 117], revealing that
di"erent parameterizations yield distinct behaviors during gradient descent. Notably,
recent work on µP parameterization [132] has highlighted a clear connection with hy-
perparameter transfer, a process that significantly reduces the resource-intensive task
of hyperparameter tuning by enabling the reuse of optimized parameters across similar
tasks or models; particularly advantageous for large-scale models, where tuning new
instances from scratch would be prohibitively expensive.

Despite these advances, the field is still hindered by the lack of a unified treatment
and broad applicability of these results, which are derived through diverse and often
fragmented mathematical techniques [24, 39, 103, 130]. This fragmentation makes ex-
isting results and techniques obscure, requiring highly specialized knowledge to study
di"erent architectures. In particular, existing techniques do not extend to the controlled
di"erential equation case [65], encompassing modern architectures such as linear trans-
formers [133] and state space models [88]. The need for a unified, theoretically sound
framework built on first principles is therefore evident.
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0.2 Contributions

This thesis introduces a unified mathematical framework for analyzing neural net-
work scaling limits that directly addresses the theoretical fragmentation identified
above. Our approach centers on genus expansion techniques from random matrix the-
ory [28, 51], through which we represent neural networks as Taylor-like series indexed
over decorated graphs. The summands of these series systematically decompose the
e"ects of inputs, activation functions, and network weights according to the topological
properties of their corresponding graphs, creating a natural separation of concerns that
has been absent in previous approaches.

The core innovation lies in establishing a functorial correspondence between ana-
lytic operations on neural networks and combinatorial operations on their graphical
representations. This correspondence transforms seemingly intractable probabilistic
scaling limit problems into highly structured combinatorial ones, leveraging the rich
topological properties of the underlying graphical objects. Through this transforma-
tion, we achieve what previous approaches could not: a unified treatment that recovers
classical results while enabling fundamentally new computations.

Our framework provides the first rigorous unified derivation of foundational results
in neural network theory. We recover both the Gaussian Process limit of Neal [91]
and the Neural Tangent Kernel limit of Jacot et al. [58] as special cases of our general
combinatorial theory, eliminating the need for the disparate analytical techniques tra-
ditionally required for each result [24, 130]. More significantly, our approach enables
previously impossible computations, such as explicit combinatorial formulas for the
moments of network Jacobians [103], providing new quantitative tools for understand-
ing network behavior that extend far beyond existing characterizations. Furthermore
we believe our theory to be well suited to study training dynamics, as of now fully
understood for the linear case [13], in the general case.

The power of our unified approach becomes particularly evident when applied to
modern architectures that have resisted traditional analysis. We provide the first scal-
ing limit results for neural networks defined as controlled di"erential equations [88, 89],
establishing convergence theorems for Neural Controlled Di"erential Equations and de-
riving scaling limits for State Space Models, including recent architectures such as linear
transformers and Mamba models [44, 63]. Through our combinatorial lens, we precisely
characterize the expressive power of these modern sequence-to-sequence models [89], re-
vealing fundamental connections between their architectural choices and their limiting
behaviors.

Our theoretical analysis reveals the existence of previously unknown mathematical
structures: a new class of signature kernels on path space with enhanced expressive
properties compared to existing methods. The discovery of these kernels represents
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not merely a theoretical curiosity but a genuine advance in our mathematical toolkit
for analyzing sequential data.

0.3 Thesis Outline

The thesis proceeds systematically from theoretical foundations to practical applica-
tions. Here we present an outline of the contents of each chapter.

In chapter 1, we establish the mathematical groundwork by presenting genus ex-
pansion techniques and demonstrating the connection between graphs and analytic
operators. The main character of this chapter, and arguably of the whole work, are
operator graphs: these are graphs where each vertex is associated to a vector, each edge
to a matrix, and whose topological structure defines a scalar value as shown in fig. 1.

W1

W2

W1

xc xd

xa

xb → x→

a
W2[xb ↑ W1[xc] ↑ W1[xd]] =: WGG :=

Figure 1: An operator graph G and its corresponding scalar value WG (↑
stands for componentwise multiplication).

Throughout the chapter, we will establish both a remarkable correspondence be-
tween graphical manipulations of such graphs and analytic operations on their corre-
sponding scalar values, and the elegant genus expansion which relates the expectations
of random graphs with “random edges” to deterministic graphs obtained through a
grapho-combinatorial procedure taking the simple form

E[WG] =
∑

ε

WGω
.

This di"ers from, while generalising, similar results in the literature [28] in that the
objects in the right and left hand sides are of the same type and can all be analitycally
manipulated with graphical operations, providing a new method for studying nonlinear
random matrix theory that underlies all subsequent developments.

Following, chapter 2 applies these techniques to construct Taylor expansions of
neural networks

N N (x) =
∑

G↑F

c(G)WG (1)

not indexed on natural numbers, but in terms of decorated graphs which, in this case,
are all elements of a family of “nicely-structured” trees.

We then employ our framework by graphically manipulating these trees to obtain
dot-products and di"erentials, and subsequently applying the genus expansion to com-
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pute expectations in a combinatorial fashion. Through this approach, we recover the
Gaussian Process and Neural Tangent Kernel limits and compute Jacobian moments,
demonstrating both the consistency of our method with existing results and its ca-
pacity to enable new calculations previously beyond reach. In chapter E we moreover
present how to derive the results of Chizat et al. [13] (studying the µP dynamics of
linear networks) within our framework, commenting on how to extend to the general
non-linear case.

We then proceed to extend the framework to State Space Models in chapter 3,
identifying these state of the art [44] models, whose core mechanism we recognize as
being a linear controlled di"erential equation of type

dZx

t
=

∑

i

AiZ
x

t
dxi

t

with series (unsurprisingly) indexed over graphs, simple ladders in this case, whose
terms are the corresponding values weighted by signature entries:

Zx

t
=

∑

ϑ↑L

Wϑ Sig(x)ϑ

0,t
↓ R

N . (2)

As in the feed-forward case studied in the preceeding chapter, using our methods we
characterise their limiting kernels and using these their expressive power, providing as
a result the first rigorous analysis of these modern sequence-to-sequence architectures.

Two chapters are then devoted to the extension of results to the more general Neural
Controlled Di"erential Equation case for which the driving vector fields become feed-
forward networks instead of just linear maps:

AiZt ↔↗ N N i(Zt)

In chapter 4 (historically preceding the graph expansions) we consider the shallow case
in which N N i(z) = Aiω(z) using the formalism of tensor programs [131] and uncover
as a result a new class of path-valued kernels, neural signature kernels, extending the
signature kernel of Salvi et al. [112] (which corresponds to the case ω = id) and likewise
solving the partial di"erential equation

Kx,y

ω
(1, 1) =

d∑

i=1

∫ 1

0

∫ 1

0

(
ε2

A
Vω(!x,y

ω
(s, t)) + ε2

b

)
dxi

s
dyi

t

with border conditions given by Kx,y

ω
(0, 0) = Kx,y

ω
(s, 0) = Kx,y

ω
(0, t) = 1, and where

Vω(!) = Ez↓N (0,!)[ω(z1)ω(z2)], !x,y

ω
(s, t) =



Kx,x

ω
(s, s) Kx,y

ω
(s, t)

Kx,y

ω
(s, t) Ky,y

ω
(t, t)



 .
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In chapter D we formally use the graphical techniques to extend results of the literature
to the general case of the networks N N i having arbitrary depth, thus for the first time
computing the respective GP and NTK limits which, albeit being formal derivations,
nonetheless generalise naturally the corresponding results in simpler cases.

Author’s note: Further acknowledgements
The principal part of this thesis emerged from several published collaborations, and I
am grateful to the colleagues who contributed to the ideas and experiments reported
here. The Genus Expansion was developed in its full form with the help of Jad Hamdan,
particularly with regards to the study of the Jacobian moments and connections to
Random Matrix theory. For the material on State Space Models I’m indebted to
Ben Walker and Maud Lemercier for their experimental contributions, and to Antonio
Orvieto for his exceptional knowledge of the relevant literature. I also wish to thank
my supervisor, Cristopher Salvi, for his guidance on the conception of the presented
works.

Where contributions were joint, they are acknowledged explicitly in the correspond-
ing chapters by citing the relevant works; any remaining errors are my own.
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Chapter 1

Genus Expansion

Both this chapter and chapter 2 closely follow Cirone et al. [16], a joint work with Jad
Hamdan and Cristopher Salvi.

1.1 Introduction
The genus expansion technique, the main charachter of the present chapter, has its roots
in the connection between matrix integrals and the enumeration of (combinatorial)
maps, which was first discovered in the context of quantum field theory (see [7, 34, 54],
as well as [137] for an accessible introduction to the subject).

The link to random matrix theory was later established by Harer and Zagier [51]
in a seminal work investigating moduli spaces of curves, and has since been used to
study various matrix ensembles and their asymptotic first and second-order freeness
(e.g. [85, 93, 107, 108], as well as [28] and the references therein). Roughly speaking,
the approach consists of expanding traces of random matrix products and evaluating
their expectation using Wick’s principle. This yields a sum whose terms are in bijection
with a set of graphs, and one determines which terms are of leading order by embedding
their corresponding graphs into surfaces and computing their Euler characteristic.

In a recent work, Dubach and Peled [28] used this approach to study products of
non-Hermitian random matrices, and in particular showed that it can be adapted to
non-Gaussian and sparse matrices with relative ease. This would, at least in principle,
make it ideal for the study of multilayer neural networks, but the presence of non-linear
activations in that setting prohibits one from being able to apply Wick’s formula.

We circumvent this problem by developing a graphical language to express a large
class of matrix/vector products, deriving with it, in chapter 2, an expansion for neural
networks in terms of this language. This linearises the e"ect of the activation functions,
allowing for the use of Wick’s formula and the connection to the enumeration of maps
to be made. To the best of our knowledge, this is the first use of the genus expansion
technique in deep learning and non-linear RMT.

7



CHAPTER 1. GENUS EXPANSION 8

1.1.1 Overview of our method.

A graphical language for neural network computations.

The idea of using a graphical language to simplify computations involving multilinear
maps is not new, dating back to at least the 1970s with the introduction of Penrose
diagrams [104], which have more recently been applied in the context of machine learn-
ing (see [5, 15]). Graphs have also been used to evaluate expectations of products of
Gaussian variables, and this forms the basis of the genus expansion technique.

The graphs that we introduce are novel and accomplish both of these tasks at once.
On the one hand, they can be used to express deterministic products and operations
involving multilinear maps. On the other, when dealing with tensors with Gaussian
entries, the expectation of these operations can once again be expressed in terms of
graphs (in the sense of eq. (1.1)). We explain this briefly below, deferring to section 1.2
for more details.

In what we call a product graph G = (V, E), edges will correspond to matrices
and vertices to vectors, which we call the inputs of their respective edge/vertex. The
graph’s structure then dictates a well-defined product involving these inputs, the result
of which we call the value of the graph and denote by WG. For instance, a path of
length k can be used to express an (ordinary) product of k matrices, while trees can be
used to express Hadamard (entrywise) products (this is depicted in figs. 1.1 and 1.2).

If we omit inputs for some vertices and edges of the graph and view them as vari-
ables, then the resulting graph can be associated to a (multi)linear map and we call it
an operator graph. Di"erentiation, composition and other operations involving these
maps then turn out to be expressible using simple manipulations of their correspond-
ing graphs (composition, for instance, reduces to attaching graphs by a vertex), as
explained in section 1.2.1 and the figures therein.

Remark. After completing this work, we were made aware of the theory of tra!c prob-
ability [79], with which the graphical formalism developed here overlaps significantly.
We leave the task of reconciling both theories to future work, but point out similarities
between the two across section 1.2.

Wick’s principle and genus expansion.

When G is a product graph whose edge inputs have Gaussian entries, our main tool
to evaluate EWG is Wick’s principle, which reduces the expectation of products of
Gaussian variables to the sum of their pairwise covariances. Applied to WG, it yields
the following simple identity

EWG =
∑

ε

WGω
, (1.1)
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(see theorem 1.15), where the sum is taken over admissible pairings ϑ of the edges of
G (see theorem 1.14), and Gε is the graph obtained from G after identifying edges
paired by ϑ (meaning that we consider such edges to be the same edge in Gε). Under
additional assumptions on G (c.f. theorem 1.19), we find that WGω

= εGN |V (Gω)| for
every ϑ, where |V (Gε)| is the number of vertices in Gε and εG is a variance parameter.
The leading order of WG is thus determined by the pairings for which |V (Gε)| is
maximised.

Instead of counting this quantity directly, it turns out to be much simpler to embed
the graph onto a surface Sε (as defined in eq. (1.12)) and to then compute |V (Gε)|
using the Euler characteristic formula

|V (Gε)| ↘ |E(Gε)| + f(Gε : Sε) = 2 ↘ 2g(Sε),

where |E(Gε)| is the number of edges of Gε, f(Gε : Sε) the number of faces of Gε in
Sε and g(Sε) the genus of Sε. This formula allows us to identify which ϑ give rise to
leading and sub-leading order terms in eq. (1.1), which we call atomic and bi-atomic
pairings, respectively, following [28]. We use this to give a more explicit version of
equation (1.1), and to extend it to centred mixed moments E{∏

G(WG ↘ EWG)} as
well (see theorem 1.17). Lastly, we combine these results to obtain a limit theorem for
the joint moments of product graphs (theorem 1.22), reminiscent of a celebrated result
of Diaconis and Shahshahani [25] for traces of powers of random unitary matrices and
its recent extension generalisation in Dubach and Peled [28][Theorem 1.2].

When the edge inputs in G are complex, non-Gaussian or sparse matrices (or any
combination of the three), we show that the expressions for EWG and E{∏

G(WG ↘
EWG)} hold up to an o(1) error term (see sections A.1 to A.3, respectively).

1.1.2 Notation and nomenclature

Given a matrix A ↓ R
N↔M and a vector v ↓ R

N we write [A]
ij

and [v]
j

for their i, j

and j-th coordinate, respectively. More generally, we will use square brackets with sub-
scripts to denote coordinates of tensors. We use the notation IM,N ↓ R

M↔N , 1N ↓ R
N

to denote the matrix and vector having all entries equal to 1 (omitting the subscripts
whenever it does not hurt comprehension, and IM = IM,M), Eij ↓ R

M↔N and ei ↓ R
N

to denote the canonical basis matrices/vectors in R
N , and IdN to denote the identity

matrix in R
N↔N . ≃, ⇐ will denote the standard inner product, with the space in subscript

when it is not clear from the context. If A is a matrix with complex entries, we use Ā to
denote its conjugate and A↗ its Hermitian transpose. N (µ, ε2) will denote a Gaussian
with mean µ and variance ε2, and similarly NC(0, 1) will denote a standard complex
Gaussian (with real and imaginary parts each having variance 1/2). We will use stan-
dard asymptotic notation, writing f(T ) = o(g(T )) to mean that |f(T )/g(T )| ↗T ↘≃ 0
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and f(T ) = O(g(T )) to mean that lim sup
T ↘≃

|f(T )/g(T )| is bounded. For any posi-
tive integer N , we will use [N ] to denote the set {1, . . . , N}. Whenever G is a directed
graph, we let V (G), E(G) denote its set of vertices and edges respectively, and omit the
dependence on G whenever the graph is clear from the context. For any edge e = (u, v)
we call u the head and v the tail of e, and say that e is adjacent to u, v and vice versa.

Symbol Meaning
d Dimension function associated to cells of a graph G (Sec. 1.2).

Xc ↓ R
d(c) Input of cell c in a graph G (Sec. 1.2).

C Set of cell inputs of a product graph (Def. 1.1).
F = (Fin, Fout) Free cells (Sec. 1.2.1) of an operator graph, comprised of a se-

quence of in-cells and a sequence of out-cells.
WG Operator associated to a graph G (Def. 1.3), noting that if G is

a product graph, WG is its value.
•Xv

, Xe↘↗ Cell fixed to Xc (Sec. 1.2.1).
•, ↗ Cell fixed to 1 or I (Sec. 1.2.1).
, ↭↭↫ In-cell (Sec. 1.2.1).
, ↭↭↫ Out-cell (Sec. 1.2.1).

•x ↔↗ •y Switching the input of a cell (Def. 2.5).
G1 ⇒ G2 Out-vertex identification (corresponds to a Hadamard product)

(Def. 1.5).
s(·) Symmetry factor of trees (Sec. 2.2).

P(G) Admissible pairings of edges of G with random inputs (Def.
1.14).

PA(G), PB(G), PAF(G) Atomic, bi-atomic and atom-free pairings of G (Def. 1.16).
Gε Graph resulting from identification of G’s edges according to ϑ

(Sec. 1.3).

Table 1.1: Notation and symbols used throughout this chapter.

1.2 Graphical Descriptions of Analytic Operations
In this section we explain how various matrix-vector products can be expressed by
means of directed graphs.

Consider a directed graph G = (V, E). We associate a vector Xv ↓ R
d(v) to each

vertex v ↓ V and a matrix Xe ↓ R
d(u)↔d(v) to each edge e = (u, v) ↓ E, calling Xe and

Xv the inputs of the edge e and vertex v respectively. Here, d(v) is a positive integer
which we call the dimension of the vertex v, and we extend d to edges by using the
shorthand d(e) = (d(u), d(v)) for e = (u, v) ↓ E (in which case R

d(e) := R
d(u)↔d(v)).

As we are often going to talk about vertices and edges simultaneously, it will be
useful to have a single term to refer to both types of objects. For this purpose we will
use the term cells. Every cell in C := V ⇑ E will thus have a dimension assigned to
it by d, and this map is entirely determined by the values that it takes on vertices by
definition.
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As we will soon make precise, G can be seen as describing a type of product of its
inputs. This motivates the naming in the following definition, which summarizes what
we have introduced so far.

Definition 1.1 (Product graph). A product graph is a triple (G, d,C), where
• G = (V, E) is a directed graph with vertex set V and edge set E ⇓ V ⇔ V .
• d assigns a dimension to each vertex in V , and thus to each cell of G.
• C = {Xc ↓ R

d(c) : c ↓ C = V ⇑ E} is a collection of inputs (vectors/matrices)
associated to the cells C of G.

When d, C are clear or implied from the context, we will omit them and simply
use G to denote the product graph (G, d,C). To a product graph G we can uniquely
associate the following value.

Definition 1.2. The value WG ↓ R of a product graph (G, d,C) is defined as the
following scalar

WG :=
∑

(iv)v→V

∏

(u,v)↑E

[X(u,v)]iuiv

∏

w↑V

[Xw]iw
=

∑

iV

∏

c↑C

[Xc]ic
↓ R (1.2)

where the sum on the right hand side is taken over all indexations iV = (iv)v↑V ↓
∏

v↑V {1, . . . , d(v)} and where for c = (u, v) ↓ E we define ic := iuiv.

Remark. The constraints imposed by d on the dimensions of the elements of C in
theorem 1.1 ensure that product (1.2) is well-defined. Furthermore, if G is disconnected
with connected components {Gi}i, then WG = ∏

i WGi
. In the event that some of its

inputs are random, WG then becomes a random variable.

Remark. Note how theorem 1.2 inherently depends on the bases relative to which the
coordinates of the Xc are being taken. This will always be the canonical basis. In
general, taking Av ↓ GL(Rd(v)) for each v ↓ V and substituting

Xv ↔↗ A⇐1
v

Xv, ↖v ↓ V. X(u,v) ↔↗ A⇐1
u

X(u,v)Av, ↖(u, v) ↓ E, (1.3)

can change the value of WG. On the other hand, the latter is invariant to (1.3) if
each Av is a permutation matrix: this mimics Lemma 1.4 in [79], with their *-graph
monomials corresponding to (1.2) without vertex inputs.

We illustrate this definition with some examples.

Example. If G is the product graph in fig. 1.1, then WG = x→

a
W3W2W1xd since

x→

a
W3W2W1xd =

d(a)∑

ϖ=1

d(b)∑

ϱ=1

d(c)∑

ς=1

d(d)∑

φ=1
[W3]ϖ,ϱ[W2]ϱ,ς[W1]ς,φ[xa]ϖ[xd]φ.



CHAPTER 1. GENUS EXPANSION 12

1d(b) 1d(c)
W3 W2 W1

xdxa

Figure 1.1: A product graph giving rise to a word of matrices multiplied
by vectors on either side. 1N is the N ⇔ 1 vector of ones.

Example. If G is a tree, then the corresponding value WG is defined by means of
Hadamard products of matrices. For instance, taking G to be the product graph in
fig. 1.2 gives

WG = x→

a
W2

(
xb ↑ (W1xd)↑(W1xc)

)

where A↑B denotes the Hadamard product of A and B, since

WG :=
d(a)∑

ϖ=1

d(b)∑

ϱ=1

d(c)∑

ς=1

d(d)∑

φ=1
[W2]ϖ,ϱ[W1]ϱ,ς[W1]ϱ,φ[xa]ϖ[xb]ϱ[xc]ς[xd]φ.

W1

W2

W1

xc xd

xa

xb

Figure 1.2: Trees give rise to Hadamard products.

Note that while the previous two examples can be described in terms of ordinary
matrix/vector multiplication and entry-wise products, it isn’t necessarily so straight-
forward in general. For instance, taking G to be the product graph in fig. 1.3 gives

zWG = Tr
{[

xa1→ ↑ W1
] [

(xb ↑ W3xc)1→ ↑ W2
]}

W1

W2

W3
xa xcxb

Figure 1.3: A simple product graph leading to a more involved analytical
expression for its value.

1.2.1 Operator graphs and their associated linear map

So far, we have associated a vector/matrix to each cell in our graphs. By freeing some
of these cells-meaning that we consider their inputs as variables-we can use graphs to
define more general linear maps between tensors.
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Consider for example the product graph (G, d,C) in fig. 1.2, noting how the product
defining WG is linear in xa. If we consider xa to be a variable, this yields a well-defined
linear map R

d(a) ↗ R, or equivalently a vector in R
d(a). In this particular case, the

linear map in question would be x ↔↗ x→W2
(
xb ↑ (W1xd)↑(W1xc)

)
, and its vector

representation is W2
(
xb ↑ (W1xd)↑(W1xc)

)
.

More generally, let G be a directed graph with dimensions assigned by d, and let
F be an (ordered) sequence of free cells of G (meaning vertices and edges which are
considered as variables), assuming that the remaining cells c which do not belong to
F are each fixed to some input Xc. Then for any input sequence (Xc)c↑F , the product
defining W(G,d,{Xc}c→C) = WG is |F|↘linear in these inputs.

Any map defined this way will be scalar-valued, but we can generalize to vector-
valued maps through partial evaluation. Namely, given a partition of F into two
subsequences Fin and Fout, we can consider the multilinear map

(Xc)c↑Fin ↔↗
(

↙c↑Fout Xc ↔↗ WG

)
. (1.4)

This is equivalent to considering the map

(Xc)c↑Fin ↔↗ Y, ≃Y, ↙c↑FoutXc⇐ = WG for any (Xc)c↑Fout (1.5)

where Y ↓ ⊗
c↑Fout R

d(c) is the Riesz representation of
(

↙c↑Fout Xc ↔↗ WG

)
. Note

that the input and output dimensions of this map depend on the partition of F that is
being taken. We refer to it as the operator associated to G, which we define below. In
what follows, we abuse notation slightly and write c /↓ F to mean c ↓ C \ (Fin ∝ Fout).

Definition 1.3 (Operator associated to a graph). Let G and d be as in theorem 1.1.
Let F = (Fin, Fout) be a sequence of free cells of C. Then:

• The operator associated to (G, d, F , {Xc}c/↑F) is defined as

WG :
∏

c↑Fin

R
d(c) ↗



c↑Fout

R
d(c), WG

(
(Xc)c↑Fin

)
= Y

where Y ↓ ⊗
c↑Fout R

d(c) is the unique vector satisfying

≃Y, ↙c↑FoutXc⇐ = W(G,d,{Xc}c→C),

namely the Riesz representation of ↙c↑FoutXc ↔↗ W(G,d,{Xc}c→C).

Note that if Fin is empty but Fout isn’t, then WG is a constant map from {0}
to ⊗

c↑Fout R
d(c) which we then identify with its value (see the top right example in

fig. 1.4).
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Just as we did for product graphs, we will abuse notation and just use G to denote
an operator graph when F , {Xc}c/↑F and d are clear from the context. As a result, WG

can denote both an operator (when G is an operator graph) and a scalar (when G is a
product graph).

M

x

WG = y
→

Mx ↓ R

y

M

x

WG = Mx ↓ R
n

M

x

M
WG : Rn ↗ R

nWG : Rn ↗ R

=

y ↔↗ y

→
Mx


= (x ↔↗ Mx)

Figure 1.4: A simple product graph G (top left), from which we can free
vertices to make WG either a vector, a scalar-valued map, or
a vector-valued map (top right, bottom left, and bottom right
respectively).

Some examples to illustrate these definitions might be in order, and are given in
fig. 1.4 and in fig. 1.5. When depicting a graph, a free vertex is drawn as a circle (e.g.
′) and is depicted in blue if it is in the set of outputs Fout, while a vertex fixed to x
is drawn as a black dot labeled by said vector (e.g. •x). Similarly, we draw free edges
with dotted directed lines (e.g. ↭↭↫) and in blue if they are in the set Fout of output
cells, while fixed edges are drawn as solid lines labeled by their input matrix (e.g. W↘↗).
For simplicity, we will omit labels from vertices (resp. edges) whose input is 1 (resp.
I) when drawing them. We will also not indicate dimensions given by d nor the order
of the sequence F on the graph itself.

Example. Let G be the graph in fig. 1.5 (left). To turn this into an operator graph, let
a, b, c, d refer to its vertices from bottom to top/ left to right and let d : {a, b, c, d} ↗ N

be any fixed dimension map. Then if we consider Fin = (d, (a, b)), Fout = (a) and fix
the remaining cells as

b ↔↗ xb, c ↔↗ 1, (b, d) ↔↗ I, (b, c) ↔↗ W1

(c.f. fig. 1.5), then WG is the map (xd, W(a,b)) ↔↗ W(a,b)
(
xb ↑ (W11) ↑ (I xd)

)
.

1.2.2 Operations on graphs.

Having outlined the correspondence between graphs and operators, we can now go
further and show how various analytic operations can be expressed as binary operations
on graphs.

Proposition 1.4 (Evaluation). Let (G, d, (Fin, Fout), {Xc}c/↑F) be an operator graph,
WG its associated map and c0 ↓ Fin be a free cell of G. Let G[Xc0 ] denote the graph
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W1
xb

Figure 1.5: Example of an operator graph (right) obtained from a graph
(left) by a choice of Fin, Fout, d and (Xc)c/↑F . Note how on
the right, we omit labels from vertices and edges whose inputs
are 1 or I respectively.

obtained by fixing c0’s input to some Xc0 ↓ R
d(c0). Then if |Fin| = 1, we have WG[Xc0 ] =

WG(Xc0). Otherwise,

WG[Xc0 ] :
∏

c↑Fin\c0

R
d(c) ↗



c↑Fout

R
d(c)

WG[Xc0 ]
(
(Xc)c↑Fin\c0

)
= WG

(
(Xc)c↑Fin

)
.

In particular,
WG[(Xc)c→Fin ] = WG

(
(Xc)c↑Fin

)
.

Proof. This is an immediate consequence of theorem 1.3.

For example, let G be the operator graph on the left in fig. 1.6 below and denote
its top-right vertex by v. Note that Fin = (v) and Fout = (). Ignoring dimensions for
the sake of this example,

WG : x ↔↗ W2
(
(W11) ↑ (W1x)

)
,

and fixing the unique in-vertex’s input to Xv (c.f. fig. 1.6, right) gives W2((W11) ↑
(W1Xv)).

Xv

W1W1W1W1

W2 W2

Figure 1.6: Fixing a free in-vertex (left) with the vector xv (right).

Recall that by definition, an operator graph (G, d, ((), Fout), {Xc}c/↑F) gives rise to
WG ↓ ⊗

c↑Fout R
d(c) (see fig. 1.4). For two such graphs G1 and G2, it therefore makes

sense to talk about the Hadamard (entrywise) product of WG1 and WG2 .

Proposition 1.5 (Hadamard product). Let

G1 = (G1, d1, ((), (v1)), {Xc}c↑C1\{v1}), G2 = (G2, d2, ((), (v2)), {Xc}c↑C2\{v2})
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be operator graphs with unique free out-vertices v1 ↓ V (G1) and v2 ↓ V (G2) respec-
tively. Assume that d1(v1) = d2(v2) = d > 0.

Define G1 ⇒ G2 to be the operator graph obtained by identifying v1 and v2 (meaning
that we take the union of the two graphs and consider v1 = v2 to be the same vertex).
Then

WG1⇒G2 = WG1 ↑ WG2 ↓ R
d,

where ↑ denotes the Hadamard product.

Proof. Let v1 ⇒ v2 be the unified vertex in G1 ⇒ G2, and let V ⇐

i
= V (Gi) \ {vi} for

i ↓ {1, 2}. Then for any X ↓ R
d, theorem 1.4 yields ≃WG1⇒G2 , X⇐ = W(G1⇒G2)[X],

which by definition equals

∑

iV (G1),iV (G2)

ϖiv1 iv2


∏

c1↑C1\{v1}

[Xc1 ]ic1


∏

c2↑C2\{v2}

[Xc2 ]ic2



[X]iv1

=
d∑

iv1 ,iv2 =1
ϖiv1 iv2


∑

i
V

↑
1

∏

c1↑C1\{v1}

[Xc1 ]ic1


∑

i
V

↑
2

∏

c2↑C2\{v2}

[Xc2 ]ic2



[X]iv1

=
d∑

k=1
[WG1 ]k[WG2 ]k[X]k =

d∑

k=1
[WG1 ↑ WG2 ]k[X]k

= ≃WG1 ↑ WG2 , X⇐,

where the first sum is over indexations iV (Gj) ↓ ∏
v↑V (Gj)[d(v)], j ↓ {1, 2} and ϖij is the

Kronecker delta. The proposition then follows by uniqueness of the Riesz representa-
tion.

G1

G2

G1 ⇒ G2

WG1⇒G2 = WG1 ↑ WG2

W1

W1

W2

W2

W3W3

W1

W2

W3W3

W2

W1

Figure 1.7: Identifying two graphs by their unique free (out-)vertex gives
rise to a Hadamard product.

Note that the graph operation ⇒ is associative and symmetric much like its analytic
counterpart ↑, meaning that there is no confusion in writing G1 ⇒ · · · ⇒ Gn = 

i↑[n] Gi.
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Proposition 1.6 (Transpose). Let G = (G, d, (Fin, Fout, {Xc}c/↑F)) be such that Fin

and Fout have at most one element, but are not both empty. Define

G→ := (G, d, (Fout, Fin, {Xc}c/↑F).

Then WG↓ is the adjoint of WG.

Proof. Assume that Fin = (c1) and Fout = (c2). Then by definition, for any fixed
Xc1 , Xc2 ,


WG

(
Xc1

)
,Xc2


= W(G,d,(Xc)c→C) =


Xc1 , WG↓

(
Xc2

)
.

The proof is essentially identical if one of Fin or Fout is (()).

Proposition 1.7 (Composition). Let G1 = (G1, d1, F1 = ((a1), (b1)), {Xc}c/↑F1) and
G2 = (G2, d2, F2 = ((b2), (c2)), {Xc}c/↑F2) be such that d1(b1) = d2(b2). Define G2 ′ G1

to be the graph obtained by identifying b1 and b2 and fixing the resulting cell’s input
to 1 if the bi are vertices, and I if they are edges. In the event that vertices v1, v2 get
identified as a result (e.g. when b1, b2 are edges), the resulting vertex is given input
Xv1 ↑ Xv2. Then we have

WG2⇑G1 = WG2 ′ WG1

where on the right hand side, ′ denotes composition.

Proof. Assume that b1, b2 are vertices (the proof is essentially identical if they are
edges) for which d(b1) = d(b2) = d > 0. Fix a pair of inputs Xa1 , Xc2 for a1 and c2.
Then on the one hand, theorem 1.4 yields


WG2⇑G1

(
Xa1

)
, Xc2


=


WG2⇑G1[Xa1 ], Xc2


,

which is by definition equal to the value of the product graph obtained from G2 ′ G1

by fixing a1 and c2 to have input Xa1 and Xc2 respectively. Letting V ⇐

i
= V (Gi) \ {bi}

and C⇐

i
= Ci \ {bi} for simplicity, this equals

∑

iV (G1),iV (G2)

ϖib1 ib2

∏

s1↑C
↑
1

[Xs1 ]is1

∏

s1↑C
↑
2

[Xs2 ]is2

=
d∑

ib1 ,ib2 =1
ϖib1 ib2


∑

i
V

↑
1

∏

s1↑C
↑
1

[Xs1 ]is1


∑

i
V

↑
2

∏

s2↑C
↑
2

[Xs2 ]is2



. (1.6)
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On the other hand, theorems 1.5 and 1.6 yield


WG2

(
WG1(Xa1)

)
, Xc2


=


WG1

(
Xa1

)
, W

G
↓
2

(
Xc2

)

=


WG1

(
Xa1

)
↑ W

G
↓
2

(
Xc2

)
, 1



Rd

which is equal to the right-hand side of (1.6).

W1W2W3W4 G1G2

W3W4 W1W2

G2 ′ G1

Figure 1.8: Two graphs G1, G2 for which WG1(x) = W2W1x and
WG2(x) = W4W3x. Composing them yields the map
WG2⇑G1(x) = W4W3W2W1x.

This operation is depicted in fig. 1.8 when c1, c2 are vertices. A concrete example
of composition by identifying edges will be given in section 2.4 when computing the
neural tangent kernel.

Proposition 1.8 (Trace). Let G = (G, d, ((c1), (c2)), {Xc}c↑C\{c1,c2}) be such that
d(c1) = d(c2). Define the trace Tr(G) of G to be the graph obtained by identifying
c1 with c2 and fixing the resulting cell to 1 or I accordingly. Again, if any vertices
v1, v2 are identified as a result (e.g., when c1, c2 are edges), the resulting vertex is given
input X1 ↑ X2 where X1, X2 are the respective inputs of v1 and v2. Then we have

Tr(WG) = WTr(G).

Proof. Assume that c1, c2 are vertices (the argument is essentially identical if they are
edges). Let c1 ⇒ c2 denote the unified vertex in Tr(G), and C ⇓ be the set of cells of
Tr(G). Then there is a canonical map ϑ : C ↗ C ⇓ which restricts to a bijection
between C \{c1, c2} and C ⇓ \{c1 ⇒c2}, and such that ϑ(c1) = ϑ(c2) = c1 ⇒c2. Moreover,
this map induces a bijection between the indexations of V (G) for which ic1 = ic2 and
the indexations iV (Tr(G)) of V (Tr(G)), which is given by iv ↔↗ iε(v) and under which
[Xc]ic

= [Xε(c)]iω(c) for all c ↓ C \ {c1, c2}. It follows that

Tr(WG) =
∑

iV (G)

ϖic1 ic2

∏

c↑C\{c1,c2}

[Xε(c)]iω(c) =
∑

iV (Tr(G))

∏

c↔↑C↔\{c1⇒c2}

[Xc↔ ]i
c↔

=
∑

iV (Tr(G))

∏

c↔↑C↔\{c1⇒c2}

[Xc↔ ]i
c↔ [1]ic1↗c2

= WTr(G).
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Note that the cyclic property of the trace translates into the formation of a cycle
in Tr(G), as depicted in fig. 1.9).

W1W2 W0

WG(x) = W2W1W0x

W1

W2

W0

WTr(G) = Tr(W2W1W0)

Figure 1.9: The trace of a path graph.

Remark. Note how theorems 1.5 to 1.7 are analogous to the rules for entry-wise prod-
ucts, transposition and composition in Male [79] (namely (7), (4) and (3) in Example
1.3, respectively).

We close this section by showing how di"erentiation can be performed graphically.
To that end, it will be convenient to introduce the notion of sums of graphs.

Let {Gi}i be a set of operator graphs for which the associated {WGi
}i all belong

to the same space. Let F = (F({Gi}i), +) denote the free abelian group generated by
the Gi. Then the map G ↔↗ WG can be uniquely extended to F by

WaG1+bG2 := aWG1 + bWG2 , ↖a, b ↓ N, aG1 + bG2 ↓ F.

In what follows, linear combinations of operator graphs are always understood as ele-
ments of an underlying free abelian group (which we will not specify).

Definition 1.9 (Di"erential). Let G = (G, d, (Fin, Fout), {Xc}c/↑F) for which Fin =
(c1, . . . , cd) for some d > 0. Fix a sequence (Xcj

)d

j=1 of inputs and a sequence of
increments (Hcj

)d

j=1
1, and define

(diG)(Xcj
)j→[d] [Hci

] := (G, d, ((), Fout), {Xc}c↑C\(Fout⇔{ci}) ⇑ {Hci
}),

namely the graph obtained from G by inserting Xcj
in cj for all j ∞= i, and Hci

in ci.
Then the di"erential of G at (Xcj

)j↑[d] computed in the increment (Hcj
)d

j=1 is defined
as

(dG)(Xcj
)j→[d] [(Hcj

)d

j=1] :=
d∑

i=1
(diG)(Xcj

)j→[d] [Hci
].

Proposition 1.10. Let (G, d, (Fin, Fout), {Xc}c/↑F) be such that |Fin| = d > 0. Denote

1These are the increments of the Frechét derivative, meaning that each Hcj has the same dimen-
sionality of the corresponding Xcj , and that these are the inputs to the Frechét di!erential at the
point (Xcj )d

j=1.
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its i-th partial derivative by diWG and its total di"erential by dWG. Then

(dWG)(Xcj
)j→[d] [(Hcj

)d

j=1] =
d∑

i=1
(diWG)(Xcj

)j→[d] [Hci
]

=
d∑

i=1
W(diG)(Xcj

)
j→[d] [Hci

] = W(dG)(Xcj
)
j→[d] [(Hcj

)d

j=1]

Proof. It su!ces to show that (d1WG)(Xcj
)j→[d] [Hc1 ] = W(d1G)(Xcj

)
j→[d][Hc1 ] . The claim

then follows by definition of the total Frechét di"erential.
Let Fin = (c1, . . . , cd), so that d1WG denotes the partial derivative with respect to

the cell c1’s input. Then since


WG

(
(Xci

)i↑[d]
)
, ↙c↑FoutXc


=

∑

iV (G)


∏

c↑C\Fin

[Xc]ic


d∏

j=2
[Xcj

]icj



[Xc1 ]ic1
,

and (d1WG)(Xcj
)j→[d] is linear (by definition), we have that


(d1WG)(Xcj

)j→[d] [Hc1 ], ↙c↑FoutXc


=

∑

iV (G)


∏

c↑C\Fin

[Xc]ic


d∏

j=2
[Xcj

]icj



[Hc1 ]ic1

=
∑

iV (G)


∏

c↑C\{c1}

[Xc]ic



[Hc1 ]ic1

=
∑

iV ((d1G)(Xcj
)
j→[d]

)


∏

c↑C\{c1}

[Xc]ic



[Hc1 ]ic1

=:


W(d1G)(Xcj
)
j→[d]

[Hc1 ], ↙c↑FoutXc



for any increment Hc1 , where C = C(G) denotes the set of cells of G.

a

b

ha

xb

+ +
W

xa

hb
xb

xa

W H

Figure 1.10: An operator graph (top) and its total di"erential at
(xa, xb, W ) (right) evaluated in the increment vector
(ha, hb, H).
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1.3 Genus Expansion and Limit Theorems
In this section, we develop tools to compute quantities of the form E{WG}, where G is
a product graph whose edge inputs are matrices with Gaussian entries. We will extend
our methods to non-Gaussian and sparse inputs in section A.1. These results are all
consequences of the classical Wick’s Theorem, which we now recall.

For any set S of even size k, define a pairing ϑ of S to be a partition of S into pairs
Sj = {ϑj,1, ϑj,2} for 1 ∈ j ∈ k/2. Then Wick’s theorem reduces the task of computing
expectations of a product of Gaussian random variables to that of computing pairwise
covariances.

Theorem 1.11 (Wick’s theorem). Let (Zi)i↖1 be a real centered Gaussian vector. Then
for any sequence of integers i1, . . . , ik,

E

 k∏

j=1
Zij


=

∑

ε

k/2∏

j=1
E

{
Ziωj,1

Ziωj,2

}
.

where the sum is taken over all pairings of {1, . . . , k}.

The arguments below are inspired by those of Dubach and Peled [28], albeit with
substantial modifications to accommodate our more general setting.

1.3.1 Wick expansion for product graphs with random inputs

Throughout this section, we will let W denote the following sequence of random ma-
trices.

Definition 1.12. Let W := (Wi)i↑N, where Wi ↓ R
Nri

↔Nci are independent Gaussian
random matrices with i.i.d. entries distributed as NR(0, ε2

i
).

Assumption 1.13. We assume that any graph G considered throughout the section is
a product graph whose inputs are either deterministic or matrices in W.

For any product graph G satisfying theorem 1.13 and edge e ↓ E, we will say that
e is an “ϱ-edge” if its input is fixed to W↼ ↓ W . For simplicity, we label such edges by ϱ

instead of W↼ when depicting the graph, as the latter can quickly become cumbersome.
We will consider pairings of edges of G whose inputs are matrices in W , denoting

the set of such edges by EW . Such a pairing is said to be admissible if it only pairs
ϱ↘edges with ϱ↘edges.

Definition 1.14 (Admissible pairing). Let G be a product graph, and EW = {e ↓ E :
Xe = W↼ for some ϱ(e) := ϱ ↓ N}. Then a pairing ϑ of EW is said to be admissible if
any two paired edges {e, e⇓} ↓ ϑ satisfy ϱ(e) = ϱ(e⇓). We denote the set of all admissible
pairings of EW by P(G).
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x

0 0 0 0 0 0

B11A

ej yei x

0 0 0 0 0 0

B11A

ej yei

A B

x ↘ yej

ei

Figure 1.11: Here A and B are determinitstic matrices. Left: A pairing
which is not admissible (in red), since a 1-edge is paired to a
0-edge. Right: An admissible pairing (in red) and the corre-
sponding Gε (note that not all edges are necessarily paired).

For any product graph G and admissible pairing ϑ ↓ P(G), let Gε be the product
graph constructed by identifying the edges of G paired by ϑ coherently with their
orientation2 (see, e.g., fig. 1.11). The inputs of the cells in Gε are assigned as follows:

• When identifying two edges fixed to W↼, the resulting edge will be fixed to E[W↼↑
W↼] = ε2

↼
I.

• When identifying two vertices u, v (e.g. by pairing edges which have u and v as
their respective endpoints), the resulting vertex will have input xu ↑ xv.

Examples of pairings which are and aren’t admissible are depicted in fig. 1.11, along
with the graph Gε that arises when admissibility holds.

In the event that the graph G is not connected, we write it as a disjoint union
Gε = ∝c(Gω)

i=1 (Gi)ε of its connected components (Gi)ε, where c(Gε) denotes the number
of connected components of Gε.

Theorem 1.15 (Wick expansion). Let G be a (possibly disconnected) product graph
satisfying theorem 1.13. Then

E {WG} =
∑

ε↑P(G)
WGω

. (1.7)

where ϑ runs over all of G’s admissible pairings.

Proof. Let G = (G, d, {X}c↑C) be a product graph and consider the set of indexations
IG := ∏

v↑V (G)[Nv]. Recall that for each e = (u, v) ↓ E, ie = iuiv. Then for any
iV ↓ IG,

E

 ∏

c↑C

[Xc]ic


=

∏

c↑C\EW

[Xc]ic
E

 ∏

e↑EW

[Xe]ie


.

By Wick’s theorem, we have

E

 ∏

e↑EW

[Xe]ie


=

∑

ε

∏

{e,e↔}↑ε

E


[Xe]ie

[Xe↔ ]i
e↔



2As will become clear from theorem 1.15’s proof, paired edges must be identified in the same
orientation since by Wick’s theorem the matrices’ ordered index has to coincide to obtain a non-
vanishing term.
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where the sum is over all pairings ϑ of EW . Note that if ϑ /↓ P(G) then

∏

{e,e↔}↑ε

E


[Xe]ie

[Xe↔ ]i
e↔


= 0

and we can therefore write

E{WG} =
∑

iV


∏

c↑C\EW

[Xc]ic


∑

ε↑P(G)

∏

{e,e↔}↑ε

E


[Xe]ie

[Xe↔ ]i
e↔



=
∑

ε↑P(G)

∑

iV


∏

c↑C\EW

[Xc]ic


∏

{e,e↔}↑ε

ε2
↼(e)ϖiei

e↔ , (1.8)

where ϖij := 1(i = j) is the Kronecker delta function.

For any vertices u, v ↓ V , we write u ∋ε v if they are identified after identifying
edges according to ϑ. Similarly, we write e ∋ε e⇓ if {e, e⇓} ↓ ϑ. If we let VW be the set
of vertices adjacent to edges in EW , we then have canonical bijections

V (Gε) △ V c

W
∝ (VW/ ∋ε), E(Gε) △ Ec

W
∝ (EW/ ∋ε)

Note that each element in ς ↓ EW/ ∋ε corresponds to a block ω(ς) ↓ ϑ, while each
element of φ ↓ VW/ ∋ε corresponds to a subset ω(φ) ▽ V (these are the pre-images
under the quotient maps). Then for any ϑ ↓ P(G) we can write the product of Gε in
terms of indexations of G as

WGω
=

∑

i↑I
G

ω

∏

c↑E
c

W ⇔V
c

W

[Xc]ic


∏

↽↑(EW /↓ω)
ε2

↼(↽)


∏

⇀↑(VW /↓ω)

∏

u↑ω(⇀)
[Xu]iε



=
∑

i↑IG

∏

c↑E
c

W ⇔V
c

W

[Xc]ic


∏

{e,e↔}↑ε

ε2
↼(e)ϖiei

e↔


∏

⇀↑(VW /↓ω)
ϖi|ε

∏

u↑ω(⇀)
[Xu]iu



Here ϖi|ε
:= 1 (↖u, u⇓ ↓ ω(φ), iu = iu↔) and ε↼(↽) = ε↼(e) for any choice of e ↓ ω(ς), since

they all yield the same ε↼(e). By definition, there exists a φ ↓ (VW/ ∋ε) such that
u, u⇓ ↓ ω(φ) if and only if we have {e, e⇓} ↓ ϑ such that u, u⇓ are either the respective
heads or or respective tails of e, e⇓, it follows that

∏

{e,e↔}↑ε

ϖiei
e↔ =

∏

⇀↑(VW /↓ω)
ϖi|ε

.

Using this, the claim then follows from the equality

∏

c↑C\EW

[Xc]ic
=

∏

c↑E
c

W ⇔V
c

W

[Xc]ic

∏

⇀↑(VW /↓ω)

∏

u↑ω(⇀)
[Xu]iu

.
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We now derive a centered version of theorem 1.15 (theorem 1.17), which we will
need to derive limit theorems for WG. To that end, we need to single out the admis-
sible pairings which give rise to leading and subleading order terms in the limit. The
nomenclature below is borrowed from [28], the following is essentially Definition 2.3.

Definition 1.16. Let G = ∝c(G)
i=1 Gi be a product graph, given as a disjoint union of its

connected components, and fix an admissible pairing ϑ ↓ P(G) of its edges.

1. ϑ is said to be atomic if and only if for every 1 ∈ i ∈ c(G), the edges in E(Gi) are
paired between themselves and (Gi)ε|Gi

is a tree, where ϑ|Gi
denotes the pairing

induced by ϑ on the edges of Gi.
2. ϑ is bi-atomic if and only if for every 1 ∈ i ∈ c(G), there exists a j ∞= i such that

ϑ pairs edges of E(Gi) ∝ E(Gj) between themselves and (Gi ∝ Gj)ε|Gi≃Gj

is a tree.
3. ϑ is atom-free if and only if there is no Gi for which ϑ pairs the edges in E(Gi)

between themselves and (Gi)ε is a tree.

We denote the set of (admissible) atomic, bi-atomic and atom-free pairings of G by
PA(G), PB(G), and PAF(G) respectively, note that these pairings do not fully cover
the set of admissible pairings. With these definitions, we can now state and prove the
following centered version of theorem 1.15.

Proposition 1.17. Let G = ∝c(G)
i=1 Gi be a product graph satisfying theorem 1.13, with

disjoint connected components Gi. Then

E


c(G)∏

i=1


WGi

↘
∑

⇁↑PA(Gi)
W(Gi)ϑ



=
∑

ε↑PAF(G)
WGω

(1.9)

Proof. Let [c(G)] := {1, . . . , c(G)}, and for any T ⇓ [c(G)] define GT := ∝i↑T Gi. Then
by expanding the expectation in (1.9), we get

E


∏

i


WGi

↘
∑

⇁↑PA(Gi)
W(Gi)ϑ



=
∑

T ↙[c(G)]
(↘1)|T

c
|
E


∏

i↑T

WGi

 


∏

i/↑T

∑

⇁↑PA(Gi)
W(Gi)ϑ





Using theorem 1.15, we have

E


∏

i↑T

WGi



=
∑

ε↑P(GT )
W(GT )ω
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and in turn

=
∑

T ↙[c(G)]

∑

ε↑P(GT )
(↘1)|T

c
|W(GT )ω

∏

i/↑T

∑

⇁↑PA(Gi)
W(Gi)ϑ

=
∑

T ↙[c(G)]
(↘1)|T

c
|

∑

ε↑P(GT )↔(
∏

i→T c PA(Gi))
WGω

and the conclusion follows from the inclusion-exclusion principle since

PAF(G) =
c(G)

i=1
(P(G[c(G)]\{i}) ⇔ PA(Gi))c = P(G) \

c(G)

i=1

(
P(G[c(G)]\{i}) ⇔ PA(Gi)

)

and


i↑T c

(
P(G[c(G)]\{i}) ⇔ PA(Gi)

)
= P(GT ) ⇔

∏

i↑T c

PA(Gi).

More generally, the same proof gives the following.

Proposition 1.18. Let G = ∝c(G)
i=1 Gi be a product graph satisfying theorem 1.13, with

disjoint connected components Gi. Given any sequence Pi ⇓ P(Gi) and setting P, :=


i[P(G[c(G)]\{i}) ∝ Pi]c one has

E


c(G)∏

i=1


WGi

↘
∑

⇁↑Pi

W(Gi)ϑ



=
∑

ε↑Pϖ

WGω
. (1.10)

1.3.2 Genus expansion

We now study a particular setting in which it will be possible to explicitly express WGω

for each ϑ. Recalling that W is the sequence of random matrices serving as inputs to
edges in EW(G) ▽ E(G), we assume the following.

Assumption 1.19. W is such that all Nci
= Nri

= N for some integer N > 0, and
G is such that d(v) = N , Xv = 1N for all v ↓ V and Xe = I for all e ↓ E \ EW(G).

Under theorem 1.19, the definition of WGω
then directly yields

WGω
= εGN |V (Gω)|, εG =

∏

e↑EW

ε↼(e), (1.11)

given that all the edges of Gε are labeled by IN↔N . The order of WGω
is thus determined

by the number of vertices in Gε.
Instead of counting the number of vertices |V (Gε)| directly, it will be simpler to

associate a surface to Gε and use its Euler characteristic to express |V (Gε)| in terms
of this surface’s genus, number of edges and connected components. This forms the
basis of the genus expansion technique.
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To use it, we will need some basic notions from topological graph theory (see [43]
for a more in-depth introduction). Any connected graph G = (V, E) can be viewed
as a topological space, by viewing vertices as distinct points and edges as subspaces
homeomorphic to [0, 1] joining their ends, such that edges only meet at their endpoints.
An embedding ↼ of G on some orientable, compact surface S without boundary is then
defined as a homeomorphism from G (viewed as a space) to S, and is said to be
cellular if the resulting faces are all homeomorphic to the open disk. For our purposes,
all embeddings are assumed to be cellular.

The connected components of S\↼(G) are referred to as the faces of the embedding,
and we denote the total number of faces by f(G : S). Lastly, we denote the genus of
S is denoted by g(S). For any cellular embedding, we have the following formula.

Proposition 1.20 (Euler Characteristic formula). Let ↼ be a (cellular) embedding of
a connected G = (V, E) on an orientable surface S. Then we have

|V | ↘ |E| + f(G : S) = 2 ↘ 2g(S).

For instance, if G is a planar graph with F faces, then its drawing on the plane is
a cellular embedding and this reduces to the famous identity |V | ↘ |E| + F = 2.
Further, it is well known that all compact, orientable surfaces without boundary of
genus g are equivalent up to homeomorphism (as a representative of their equivalence
class, one can for instance take the surface obtained by adding g “handles” to a 2-
sphere, an idea going back to [6]). For any g ̸ 0, it thus makes sense to talk about
the surface of genus g, which we henceforth denote by Sg.

Lastly, we can define embeddings of disconnected graphs by considering each con-
nected component separately. Letting c(G) denote the number of components and
G = ∝c(G)

i=1 Gi, an embedding of G is given by embedding each Gi on an oriented surface
Si. We can also extend the definitions of f and g by writing S = ∝c(G)

i=1 Si,

g(S) :=
c(G)∑

i=1
g(Si), and f(G : S) :=

c(G)∑

i=1
f(Gi : Si),

and we note that the Euler characteristic formula still holds with these definitions.

Going back the setting of theorem 1.19, let G be such a product graph and ϑ ↓ P(G)
be an admissible pairing of its edges. Recalling that Gε is the graph obtained from G

after identifying edges paired by ϑ, we let

Sε := min
g↖0

{Sg : there exists an embedding ↼ : Gε ↗ Sg}. (1.12)

if G is connected. Otherwise, let (Si)ε be the surface obtained this way from each
connected component Gi of G, and define Sε = ∝c(G)

i=1 (Si)ε.
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Remark. This minimum in (1.12) is always attained, and the value of g for which
Sg = Sε is often referred to as the minimum orientable genus of G in the literature
(see [43]).

We do not dwell on the details of these concepts and definitions, as we essentially
only care about the case when Gε is a tree in our arguments. In that case, g(Sε) = 0
and we concern ourselves with f(Gε : Sε) and c(Gε) instead.

Note also that we obtained Sε from Gε in a di"erent way than in [28]: in their
case, G is always a cycle, which naturally gives rise to a closed surface after identifying
edges. No such construction seems to exist in our case.

For any G satisfying theorem 1.19 and ϑ ↓ P(G) we note that Gε always has the
same number of edges, which we denote by

ě(G) := |E(Gε)| = |EW(G)|/2 + |E \ EW(G)|, (1.13)

since the random edges are paired up by ϑ and the rest are left untouched. Then
theorem 1.15 yields the following:

Corollary (Genus expansion). Let G be a product graph satisfying theorem 1.13 and
theorem 1.19. Then for any ϑ ↓ P(G),

WGω
= εGN2(c(Gω)⇐g(Sω))⇐f(Gω:Sω)+ě(G), (1.14)

and it follows that

E {WG} = εGN ě(G) ∑

ε↑P(G)
N2(c(Gω)⇐g(Sω))⇐f(Gω:Sω). (1.15)

Proof. This follows directly from eq. (1.11) and the Euler characteristic formula, which
gives

|V (Gε)| = 2(c(Gε) ↘ g(Sε)) + |E(Gε)| ↘ f(Gε : Sε). (1.16)

Let us demonstrate how this result can be used to study words of random matrices,
as defined in [28]. As explained in the following example, this amounts to computing
the values of polygonal product graphs.

Example. Under theorem 1.19, let w = W1W T

4 W T

2 W5W T

3 be a word of matrices in
W. Then taking G to be the product graph in fig. 1.12 below gives WG = Tr(w).
Products of such traces (the subject of Theorem 2.2 in Dubach and Peled [28]) can then
be evaluated using section 1.3.2 by considering disjoint unions of such graphs.
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W1

W2
W3

W4

W5

Figure 1.12: A product graph whose value is the trace of a word of Ginibre
random matrices.

In this specific setting, we can also refine our result on centered mixed moments.

Lemma 1.21. Let G satisfy theorem 1.13 and theorem 1.19. Then for every ϑ ↓
PAF(G), we have

2(c(Gε) ↘ g(Sε)) ↘ f(Gε : Sε) ∈ c(G)
2 .

Further, equality holds if and only if ϑ is bi-atomic, giving

E






c(G)∏

i=1

(
WGi

↘ εGi
N ě(Gi)+1|PA(Gi)|

)



 = εGN ě(G)+ c(G)
2


|PB(G)| + O

 1
N


.

Proof. Assume that c(Gε) ∈ c(G)/2. Then it su!ces to prove that for each connected
component Gi of G and its corresponding surface Si,

2(1 ↘ g((Si)ε)) ↘ f
(
(Gi)ε : (Si)ε

)
∈ 1

and that the equality holds if and only if (Gi)ε is a tree.

Since f
(
(Gi)ε : (Si)ε

)
̸ 1 and g

(
(Si)ε

)
̸ 0, we have

2(1 ↘ g
(
(Si)ε

)
) ↘ f

(
(Gi)ε : (Si)ε

)
∈ 2(1 ↘ 0) ↘ 1 = 1

with equality if and only if f
(
(Gi)ε : (Si)ε

)
= 1 and g

(
(Si)ε

)
= 0 (which is equivalent

to (Gi)ε being a tree). Now if c(Gε) > c(G)/2 instead, then there must be at least

2


c(Gε) ↘ c(G)
2



components of Gε of the form (Gj)
∣∣∣
ε

for some 1 ∈ j ∈ c(G). Letting k be the number
of components obtained this way, then we must have that k ̸ 2(c(Gε) ↘ c(G)/2):
assuming otherwise, the inequality

c(G) ̸ k + 2(c(Gε) ↘ k) = 2


c(Gε) ↘ k

2


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quickly gives a contradiction. Since ϑ is atom-free,

f((Gi)ε : (Si)ε) = 1 ⇒ g((Si)ε) > 0

for these components, and it follows that

2(1 ↘ g
(
(Si)ε

)
) ↘ f

(
(Gi)ε : (Si)ε

)
∈ 0.

As for the remaining components (of which there are strictly less than c(G)/2) this
quantity is ∈ 1 as proved above, and the lemma follows.

Corollary. Let G be a product graph satisfying theorem 1.13 and theorem 1.19, and
↽G := (εGN ě(G)+1)⇐1

E

{
(↽GWG ↘ |PA(G)|)2}

= 1
N


|PB(G)| + O

 1
N


. (1.17)

Lastly, we note that by combining the previous two results, we can derive the
following limit theorem for the joint distribution of product graphs.

Theorem 1.22. Let (Gi)i↖1 be a sequence of connected product graphs satisfying the-
orem 1.13 and theorem 1.19. Then for any m ̸ 1,

(
(εGi

N ě(Gi)+ 1
2 )⇐1WGi

↘ |PA(Gi)|
∀

N
)

m

i=1
d↘↗ Z =

(
Z1, . . . , Zm

)
→

where the limit is a centered Gaussian vector with covariance function C := E[ZZ→]
having entries [C]i,j = |PB(Gi ∝ Gj)|.

Proof. We use the method of moments. Setting

Z̃i := (εGi
N ě(Gi)+ 1

2 )⇐1WGi
↘ |PA(Gi)|

∀
N

we want to compute the expectations

E


m∏

i=1
(Z̃i)ki



for non-negative integers ki. We are in the setting of theorem 1.21 and the leading
term of the expectation is the number of bi-atomic pairings of the induced graph.
Given a possible pairing of its connected components, for each of its pairs (G̃, G̃⇓) this
contributes a factor |PA(G̃ ∝ G̃⇓)| to the total sum. But this is exactly the result of
computing

E


m∏

i=1
(Zi)ki



by applying Wick’s theorem.
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Chapter 2

Graph Expansions of Neural
Networks

2.1 Introduction
Randomly initialised neural networks and non-linear random matrix theory

Deep neural networks (NNs) whose weights’ and biases’ entries are initialised as ap-
propriately rescaled, independent and identically distributed (i.i.d.) Gaussian random
variables converge to Gaussian processes (GPs) as their width tends to infinity. This
well-known fact was originally observed by Neal [91] for shallow feedforward networks
and more recently by de G. Matthews et al. [24] for multi-layer feedforward networks,
by Novak et al. [94] and Garriga-Alonso et al. [39] for deep convolutional networks,
and by Yang [129] for more general architectures, including recurrent and attention-
based networks. The study of such random initializations is of practical interest, as
a better understanding of their properties can help make design choices that improve
training. For instance, the concentration of the spectrum of the network’s input-output
Jacobian can help prevent vanishing and exploding gradients [41, 103, 115], a crucial
ingredient for the stability of training dynamics. Other relevant objects which have
been studied include the Gram [100] and Fisher information [101] matrices, as well
as the neural tangent kernel (NTK) [58]. From a theoretical viewpoint, these o"er
natural non-linear generalizations of the classical questions of random matrix theory
(RMT) and free probability, and as such have attracted the attention of both commu-
nities [3, 29, 97, 98, 128].

Albeit of a similar nature, these results have been derived using a wide array of tools
which do not always o"er a clear path towards universality (meaning initialisations with
non-Gaussian random weights). Our goal is to propose a unifying framework that is
naturally suited to this task, and is built on the genus expansion techniques developed
in chapter 1.

31
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Main results of this chapter

Fix sequences (ω↼ : R ↗ R | ϱ ↓ N>0) of polynomial activation functions, (N↼ ↓
N>0 | ϱ ↓ N) of layer dimensions and (W↼ ↓ R

Nϱ+1↔Nϱ | ϱ ↓ N) of weight matrices. We
define a feed-forward neural network ”L of depth L by the recursion

”0(x) = W0x, ”↼+1(x) = W↼+1ω↼+1(”↼(x)), (2.1)

where each ω↼ is applied entry-wise. We omit bias terms and restrict ourselves to poly-
nomial activations for simplicity here (generalizations are discussed in section 2.1.2).

To illustrate the proposed method, we prove three results on NNs initialised with
sparse random weights, beginning with the following Gaussian process limit, a crucial
result in the theory of expressivity of neural networks.

Theorem 2.1 (Gaussian process limit for sparse neural networks). Let N↼ = N when
ϱ > 0, and assume that each W↼ has i.i.d. entries drawn from a symmetric, centred
distribution with finite moments and variance 1

N
1(ϱ > 0) + 1(ϱ = 0).

Then for any M, L ̸ 1 we have

([”L]1, . . . , [”L]M) d↘↘↘↗
N↘≃

GP(0, KL ↙ IdM) (2.2)

where the right-hand side is a Gaussian Process indexed on R
N0, with diagonal covari-

ance function defined by

K0(x, y) = ≃x, y⇐RN0 , K↼+1(x, y) = E [ω↼+1(X↼)ω↼+1(Y↼)] (2.3)

(X↼, Y↼) ∋ N


0,



K↼(x, x) K↼(x, y)
K↼(y, x) K↼(y, y)







 , (2.4)

and IdM is the M ⇔M identity matrix. Furthermore, the same result holds if the weight
matrices in (2.1) are replaced by W̃↼ := W↼ ↑ 1

∝
pN

B↼, where W↼ are as above and the B↼

are independent matrices with i.i.d., Bernoulli distributed entries with parameter pN

satisfying NpN ↗ ∃.

Proof. The claim for W↼ with Gaussian entries is theorem 2.9, and the corollaries in
chapter A generalize this to the non-Gaussian and sparse cases.

This adds to the growing list of generalisations of the result of de G. Matthews et al.
[24] to non-Gaussian settings, such as that of Huang et al. [55] to orthogonal weights,
and Hanin [50] to weights with i.i.d. entries satisfying finite moment assumptions.
More recently, Saada et al. [111] encompassed both of these results by showing that
one can relax the i.i.d. assumption to a class of weights which they call Pseudo-IID.
In particular, this class includes structured sparse weights, making their work the first
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to rigorously show that the Gaussian process limit holds in a sparse setting. That said,
while their result holds for more general activations than the ones considered here, it
only deals with sparsification using a fixed binary mask B, whereas theorem 2.9 allows
for masks B↼ whose expected proportion of ones decreases as N↼ tends to infinity.

Our second result concerns the NTK ([27, 58]), which is defined as the matrix
representation #L(x, y) ↓ R

NL+1↔NL+1 of

L∑

↼=0
↽2

↼
(d”L(x))Wϱ

′ (d”L(y))→

Wϱ
, (2.5)

where (d”L(y))→

Wϱ
denotes the adjoint of (d”L(y))Wϱ

, and the (↽↼)↼ are the so-called
layer-wise learning rates. We show that at initialisation and under “NTK parametrisa-
tion”, #L converges in L2 to a deterministic kernel matrix (in the space of NL+1 ⇔NL+1

matrices equipped with Frobenius norm), at a rate that is inversely proportional to the
layer width. Note that the implicit constant in this estimate depends on the depth L.

The importance of NTK theory is in its o"ering a theoretical explanation for the
empirical success of overparameterized deep neural networks, which are able to gener-
alise well to unseen data even when having many more parameters than training data
points. In the infinite-width limit, these networks behave as kernel machines during
training and converge to a global minimum on the training loss landscape, much like
other well-understood kernel methods (see Jacot et al. [58]). This contrasts with tra-
ditional statistical learning theory which often predicts overfitting in such scenarios.1

Theorem 2.2 (Convergence in L2 of the NTK at intialisation). For each 0 < ϱ ∈ L,
let N↼ = N and assume that W↼ has i.i.d. entries drawn from a symmetric, centered
distribution with finite moments and variance ε2

↼
= 1

N
1(ϱ > 0) + 1(ϱ = 0). Moreover,

assume that the layer-wise learning rates are ↽↼ = ε2
↼
.

Then
E

∥∥∥∥#L(x, y) ↘ #≃

L
(x, y) ↙ IdNL+1

∥∥∥∥
2

= O


N2
L+1
N



(2.6)

where ¬ · ¬ denotes the Frobenius norm, and #≃

L
: RN0 ⇔ R

N0 ↗ R is a scalar-valued
kernel defined recursively as

#≃

0 (x, y) = ≃x, y⇐RN0 , #≃

L
(x, y) = KL(x, y) + K̇L(x, y)#≃

L⇐1(x, y). (2.7)

(K̇↼ is defined in the same way as K↼ only substituting ω↼ for ω⇓

↼
in (2.3).)

1The story is more nuanced: in the NTK limit, the features learned by networks remain “frozen” at
their initialization values and cannot evolve. This limitation hinders performance in practice, leading
to recent proposals of new parametrizations that enable controlled “feature learning” regimes (see
Chizat et al. [13], Yang and Hu [132]). See chapter E for a derivation of Chizat et al. [13]’s results
within our framework.
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The same result holds with a rate of O(N2
L+1/(NpN)) if the weight matrices in (2.1)

are replaced by W̃↼ := W↼ ↑ 1
∝

pN

B↼, where W↼ are as above and the B↼ are independent
matrices with i.i.d., Bernoulli distributed entries with parameter pN satisfying NpN ↗
∃.

Proof. The claim for W↼ with Gaussian entries is theorem 2.14, and the corollaries in
chapter A generalize this to the non-Gaussian and sparse cases.

Previous results regarding the NTK at initialization have only been shown for Gaus-
sian and orthogonal weights [55, 58]. With the caveat of only holding for polynomial
activations, our result is one of the few quantitative results on the NTK for deep net-
works, and to the best of our knowledge, the only result to hold with universal and
sparse weights.

We then move on to the problem of analysing the Jacobian spectrum of (the post-
activations of) ”L. Defining JL,x := d(ωL ′”L⇐1)x, we’re interested in the macroscopic
behaviour of the squared singular values of JL,x, and study the empirical spectral
distribution of JL,xJ→

L,x
, defined as

↼L := 1
N

N∑

I=1
ϖξi

(2.8)

where {⇀1, . . . , ⇀N} are the eigenvalues of JL,xJ→

L,x
and ϖξi

denotes a Dirac mass on ⇀i.
This distribution plays a crucial role in network stability, as shown by Glorot and

Bengio [41], who demonstrated that when its second moment is close to 1, it prevents
gradient explosion and vanishing, thereby maintaining stability and leading to signifi-
cantly faster learning in practice ([102, 103]). The measure is known to converge to a
deterministic limiting measure as N ↗ ∃, following the works of Collins and Hayase
[18] and Pastur [97] for orthogonal and Gaussian weights, respectively. These works
justify an asymptotic freeness assumption, under which Pennington et al. [103] first
identified the limit of ↼L using the analytic machinery of free probability. The result
of Pastur [97] was then extended to non-Gaussian weights in a recent work of Pastur
and Slavin [98].

All of these works characterise the limiting measure through an implicit functional
equation for its Stieltjes transform. This allows one to compute the first two mo-
ments m1,L and m2,L by expanding and solving for coe!cients (see Equation (21) in
Pennington et al. [103]), but this approach breaks down for higher moments.

Our main result (theorem 2.3) computes the entire sequence of moments for the
first time, by expressing them as weighted sums over non-crossing partitions. As with
our previous two results, we also show that these formulae hold for non-Gaussian and
sparse weights.
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Theorem 2.3 (Moments of the limiting spectral distribution of the Jacobian). For each
ϱ ̸ 0, assume that N↼ = N and that W↼ has i.i.d. entries drawn from a symmetric,
centered distribution with finite moments and variance 1/N . Let x ↓ R

N be such that
1
N

≃x, x⇐ ↗ x2 ↓ R, and define ↼L as in eq. (2.8).
Then for every k ̸ 0, ∫

tkd↼L(t) ↘↗
N↘≃

mk,L(x)

where {mk,L(x)}k,L is defined by the recursion in eq. (2.53).
Furthermore, the same result holds if the weight matrices in (2.1) are replaced by

W̃↼ := W↼ ↑ 1
∝

pN

B↼, where W↼ are as above and the B↼ are independent matrices with
i.i.d., Bernoulli distributed entries with parameter pN satisfying NpN ↗ ∃.

Proof. The claim for W↼ with Gaussian entries is theorem 2.19, and the corollaries in
chapter A generalize this to the non-Gaussian and sparse cases.

The recursion of eq. (2.53) sheds light on the relationship between the moments
mk,L and the Fuss-Catalan numbers FC(k)

L
(see [93]): they are obtained by inserting

activation-dependent coe!cients in the latter’s defining recursion (see section 2.5)2.
The limit of ↼L can thus be seen as a non-linear generalisation the Fuss-Catalan or
Raney distribution, which is known to be the universal first-order limit of squared
singular values for products of Ginibre matrices (in the language of free probability, it
is the L-fold free multiplicative convolution of the Marchenko-Pastur law).

2.1.1 Overview of our method.

Graph expansions of neural networks.

Having outlined in chapter 1 our correspondence between analytic and graphical oper-
ations, we now show how to express neural networks and related quantities using these
graphs. The connection is made by expanding the output of neural networks at a given
input x as a linear combination of product graphs

”(x) =
∑

G↑F

c(G)WG (2.9)

for some family of graphs F and combinatorial factors c(G).
This is achieved in theorem 2.6, which generalizes Faà di Bruno’s formula (see [19,

61]) to the case of an arbitrary number of compositions. In similar tasks, trees have
been shown to be a natural combinatorial tool to keep track of terms (see the literature
on Butcher series [47, 83], and, more generally, on Runge-Kutta methods for ordinary
di"erential equations [48]), and this is reflected here in the fact that F (in eq. (2.9))
turns out to be a set of rooted trees.

2when expressed as a sum over non-crossing partitions of k elements.
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By applying the graphical rules of chapter 1 to each term in this sum, we derive
similar expansions for various related quantities, namely the k-th coordinate of ”(x),
the neural tangent kernel, and the trace of the input-output Jacobian of ” times its
transpose, raised to an arbitrary power. The moment method then reduces the study of
the asymptotic distribution of these quantities to computing EWG for various operator
graphs G.

2.1.2 Possible generalizations

We imposed two simplifying assumptions in order to better illustrate our method (poly-
nomial activations and the absence of biases in (2.1)). We briefly discuss how these
can be lifted below.

Random biases

Typically, one defines ”L as

”0(x) = W0x, ”↼+1(x) = W↼+1ω↼+1(”↼(x)) + b↼+1

for some vectors {b↼}↼ (the biases) which can also be initialized at random. The method
presented here can be adapted to this setting, albeit at the cost of additional combi-
natorial bookkeeping (namely a more complicated set of graphs F in eq. (2.9)). When
applying Wick’s theorem to compute the resulting EWG, one would also have to pair
vertices first, before being able to pair edges as explained in section 1.1.1.

Non-polynomial activations

Restricting to polynomial activations will allow us to ignore issues of convergence in
theorem 2.6. That said, the expansion in the latter formally holds for any (reasonably
well-behaved) function, and extending the results here to more commonly used activa-
tions (e.g. Sigmoid, ReLU) should thus be feasible by an approximation argument as
was done by Benigni and Péché [3].
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Symbol Meaning
”L Neural network of depth L (Eqn. 2.10).
JL,x Neural network Jacobian JL,x = d(ωL ′ ”L⇐1)x (Eqn. 2.17).
TL Input-independent operator trees space for NN expansion (Sec.

2.2).
TL(x) Input-dependent operator trees space for NN expansion (Def.

2.5).
(TL(x))↗ Input-dependent operator trees with pruned root (Sec. 2.2.1).
⇁xTL(x) Space of derivative operator trees with respect to input x (Sec.

2.2.1).
⇁↼TL(x) Space of derivative operator trees with respect to matrix W↼ (Sec.

2.2.1).

Table 2.1: Notation and symbols used throughout this chapter.

2.2 Tree Expansion of Feed Forward Neural Net-
works

Fix sequences (ω↼ : R ↗ R | ϱ ↓ N>0) of polynomial activation functions, (N↼ ↓
N>0 | ϱ ↓ N) of layer dimensions and (W↼ ↓ R

Nϱ+1↔Nϱ | ϱ ↓ N) of weight matrices.
Recall that a feed-forward neural network ”L of depth L with no bias term is defined
by the recursion

”0(x) = W0x, ”↼+1(x) = W↼+1ω↼+1(”↼(x)). (2.10)

As explained in the introduction, we aim to derive an expansion for ”L(x) that lin-
earizes the e"ect of the activation functions.

This is achieved in the main result of the section (theorem 2.6), in which we expand
”L as a sum of operator graphs which are rooted trees (see theorem 2.4). Some exam-
ples of the trees arising in this expansion are plotted in fig. 2.1: they all have weight
matrices as edge inputs, basis vectors as leaf inputs and their internal nodes all have
input 1. Each of these trees has a unique free vertex (its root) which is an out-vertex,
and the latter always has out-degree one.

W0 W0

W1

W1 W1

W2W0

W0
W0

W0

ei

ei ek

ej ei ej

Figure 2.1: Examples of trees arising in the expansion of ”3

Consider k such trees τ1, . . . , τk (along with the data required to make them operator
graphs), assuming that their respective root edges are all fixed to the same W↼⇐1 for
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some ϱ > 1 (which implies that the dimension assigned to each of the root vertices is
N↼). We define [τ1 · · · τk]↼ to be the tree ( Wω )′(⇒k

i=1τi), where ′ denotes composition
as defined in section 1.2.2 and where for Wω the dimension of the vertices is given
by d( ) = N↼, d( ) = N↼+1 (recalling that empty products in R

N are valued as 1N , we
have [ ]↼ = Wω ). Then using this bracket operation, any tree like those in fig. 2.1 can
be constructed from the following family of operator graphs:

{[•ei
]0}i↑[N0], where [•ei

]0 = W0
ei so that d(•) = N0, d( ) = N1,

where d is the dimension function for [•ei
]0. For instance, the first and second tree in

fig. 2.1 can be written as [•ei
]0 and [[•ei

]0[•ej
]0]1.

Definition 2.4. Fix L > 0, TL is the set of operator graphs defined inductively by

T0 = {[•e1 ]0, . . . , [•eN0
]0}, T↼+1 := {[τ1 · · · τM ]↼+1 | M ̸ 0, ↖i ↓ [M ] τi ↓ T↼}.

Remark. Note that for any τ ↓ T↼, there is a unique dimension function d that
is compatible with its inputs: if an edge (u, v) is labeled by Wk then we must have
d(u) = Nk+1 and d(v) = Nk. In what follows, we will implicitly assume this choice of
dimension function for all of the trees being considered.

By definition of the bracket operation [ · ] and the graph operations ⇒ and ′ (see
theorems 1.5 and 1.7), we have that

W[ϑ1···ϑM ]ϱ+1 = W↼+1(↑M

i=1Wϑi
)

for every τ = [τ1 · · · τM ]↼+1 ↓ T↼+1.
Note that by construction, the trees in TL are non-plane, meaning that the order

of the edges coming out of each vertex is ignored. For any τ ↓ T↼, it will thus be useful
to keep track in how many ways it can be obtained from plane trees (where the order
of edges is not ignored). Following Gubinelli [47], we call this quantity the symmetry
factor s(τ) of τ , and define it recursively as

s([•ei
]0) = 1, s([(τ1)k1 · · · (τm)km ]↼) =

∏

i

(ki!)s(τi)ki , (2.11)

where τ1, . . . , τm are assumed to be distinct and τ k1
1 denotes the repetition of τ1, k1

times. Lastly, we introduce the following bit of notation: for any vector x, we let

x[•ei
]0 = [x]i, x[ϑ1···ϑM ]ϱ =

M∏

i=1
xϑi

↓ R, (2.12)
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and for any activation function ω,

ω[•ei
]0 = 1, ω[ϑ1···ϑM ]ϱ+1 = ω(M)

↼+1 (0) ·
M∏

i=1
ωϑi

↓ R, (2.13)

where ω(M) is the M -th derivative of ω.

Definition 2.5. Given x ↓ R
N0 we define the sets T↼(x) of operator graphs obtained

from the trees in T↼ by changing all the leaves’ inputs from •ei
to x. We will henceforth

denote this operation by •ei
↔↗ •x.

If we extend s(η) and ω▷ to T↼(x) setting the base cases as s([•x]0) = ω[•x]0 = 1,
then clearly ωϑ = ωϑ(x) for all τ ↓ T↼ since the definition of ω only depends on the
out-degree of the vertices, which is left unchanged. While it is not generally true that
s(τ) = s(τ(x)), we nonetheless have the useful equality for η ↓ T↼(x)

1
s(η)W▷ =

∑

ϑ↑Tϱ:ϑ(x)=▷

xϑ

s(τ)Wϑ . (2.14)

This follows from the fact that s(τ(x))/s(τ) counts the number of ways in which the
non-plane tree τ is obtained from τ(x) by applying the operation •x ↔↗ •ei

.

Example. Consider the trees η := [[•x]0 [•x]0]1 and τ := [[•1]0 [•2]0]1. Then η = τ(x),
but s(η) = 2!s([•x]0) = 2 while s(τ) = s([•1]0)s([•2]0) = 1. Notice that τ can be
obtained both by [[•x]0 [•x]0]1 ↔↗ [[•1]0 [•2]0]1 and [[•x]0 [•x]0]1 ↔↗ [[•2]0 [•1]0]1, so in
2 = s(η)/s(τ) ways.

We can now state the main result of this section.

Theorem 2.6 (Tree expansion). Let ”L be as defined in eq. (2.10). Then for any
x ↓ R

N0, ”L(x) admits the following expansion over T↼:

”↼(x) =
∑

ϑ↑Tϱ

ωϑ

s(τ)xϑ Wϑ =
∑

▷↑Tϱ(x)

ω▷

s(η)W▷ ↓ R
Nϱ+1 . (2.15)

Remark. For ϱ = 1 this expansion reduces to the classical (vector valued) Taylor
expansion since s([[•e1 ]k1

0 · · · [•ed
]kd

0 ]1) = ∏
i(ki)!.

Remark. Despite the space T↼ being infinite, this sum is always well-defined since only
finitely many ωϑ are non-zero (having assumed that the ω are polynomials).

Proof. We proceed by induction on depth ϱ for the first equality. If ϱ = 0 then ”0(x) =
W0x and

∑

ϑ↑T0

ωϑ xϑ

s(τ) Wϑ =
N0∑

i=1

1 · [x]i
1 W0ei = W0




N0∑

i=1
[x]iei



 = W0x ↓ R
N1
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as needed.
Now assume then the claim holds for ϱ. For y ↓ R

Nϱ , we write ω↼+1(y) to mean
ω↼+1 applied componentwise to y. Then by Taylor expansion around the origin,

ω↼+1(y) =
≃∑

M=0

ω(M)
↼+1 (0)
M ! y′M

where ↑ denotes the Hadamard product. Note that this sum is actually finite, since
ω↼+1 is assumed to be a polynomial.

If y = ∑
ϑ↑Tϱ

ως

s(ϑ)Wϑ xϑ then theorem B.3 yields

y′M =
∑

ϑ̄=!ϑ1···ϑM "↑X
M

T
ϱ

M !
s(τ̄) ↑M

i=1


ωϑi

s(τi)
Wϑi

xϑ



.

Here, XM

Tϱ
denotes the set of cardinality-M multisets of elements of T↼, and the s(τ̄)

are symmetry factors defined as

s(!") = 1, s(!(η1)k1 · · · (ηm)km") :=
m∏

i=1
(ki)!.

(!(η1)k1 · · · (ηm)km" is the multiset containing ηi ↓ T↼ with multiplicity ki.) Letting
XTϱ

= ⇑M↖0X
M

Tϱ
, we have a natural bijection between T↼+1 and XTϱ

given by

τ := [τ1 · · · τm]↼+1 ↔↗ τ̄ := !τ1 · · · τm".

Put simply, we identify a rooted non-plane tree in T↼+1 with the multiset of subtrees
(↓ T↼) rooted at its depth-1 vertices. Under this identification, s(τ) = s(τ̄) ∏

i s(τi)
and we conclude that

W↼+1ω↼+1(y) = W↼+1

≃∑

M=0

ω(M)(0)
M ! y′M

=
≃∑

M=0
ω(M)(0)

∑

ϑ̄=!ϑ1···ϑM "↑X
M

T
ϱ

1
s(τ̄)W↼+1

[

↑M

i=1


ωϑi

s(τi)
Wϑi

xϑi

]

=
≃∑

M=0

∑

ϑ̄=!ϑ1···ϑM "↑X
M

T
ϱ

ω(M)(0) ∏
i ωϑi

s(τ̄) ∏
i s(τi)

(
W↼+1

[
↑M

i=1Wϑi

]) 
∏

i

xϑi



=
∑

ϑ↑Tϱ+1

ωϑ xϑ

s(τ) Wϑ ↓ R
Nϱ+1 .

The second equality in the theorem statement readily follows from

∑

▷↑Tϱ(x)

ω▷

s(η)W▷ =
∑

▷↑Tϱ(x)

∑

ϑ↑Tϱ:ϑ(x)=▷

ωϑ

s(τ)Wϑ xϑ =
∑

ϑ↑Tϱ

ωϑ

s(τ)Wϑ xϑ .
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2.2.1 Expansions for related quantities

Combined with the dictionary in section 1.2.2, this expansion allows us to express the
coordinates of ”L and various related quantities as linear combinations of values of
product graphs. Note that in the figures below, we label an edge with input W↼ by ϱ

for simplicity.

Entry-wise expansion

We use theorem 2.6 to derive an expansion for the k-th entry of ”L(x) (in the standard
basis). To that end, let T↼,k be the set of trees obtained from T↼ by fixing the root to
ek (i.e. applying ↔↗ •ek

), noting that this makes the tree a product graph. Then we
can write the k-th entry of ”L as

[”L(x)]k =
∑

ϑ↑TL,k

ωϑ

s(τ)Wϑ xϑ =
∑

▷↑TL,k(x)

ω▷

s(η)W▷ ↓ R. (2.16)

where s(τ), ωϑ and xϑ are defined as in equations (2.11),(2.12) and (2.13), as these
definitions only depend on τ through its set of vertices and edges.

Input-output Jacobian

Consider the (post-activation) Jacobian of ”L with respect to an input x, which we
define as the matrix representation JL,x ↓ R

NL↔N0 of

d(ωL ′ ”L⇐1)x. (2.17)

Note that, following the same arguments as in the proof of theorem 2.6, we can write

(ωL ′ ”L⇐1)(x) =
∑

▷↑TL(x)

ω▷⇐

s(η↗)W▷⇐ ↓ R
Nϱ+1 (2.18)

where η↗ denotes the tree obtained from η by deleting the root and the edge which
stems from it, and where ω▷⇐ and s(η↗) are equal to ω▷ and s(η), respectively. This
operation is depicted in fig. 2.2, and let (TL(x))↗ = {η↗ : η ↓ TL(x)}.

We now take the derivative. For any tree η ↓ (T(x))↗, we want to see it as a
multi-linear map in the x’s and compute the total derivative of said map at (x, . . . , x).
To be precise, let k denote the number of vertices in η with input x, and ηi denote the
tree obtained from η by applying •x ↔↗ to the i-th such vertex (respectively). Then



CHAPTER 2. GRAPH EXPANSIONS OF NEURAL NETWORKS 42

x

η↗η ↓ T2(x)

x x

x x x

0 0 0

0 00

1
1

1

1
1

1
2

Figure 2.2: A tree η ↓ T2(x) (left) and η↗ (right).

by theorem 1.10,

(dη)x =
k∑

i=1
ηi

and, arguing similarly as we did to get (2.14) yields

1
s(η)W(d▷)x

=
∑

▷⇐:▷⇐(x)=▷

1
s(η↗)W▷⇐ . (2.19)

This equality holds since s(η↗)/s(η) is equal to the number of ways in which η↗ can be
obtained from a tree in (⇁xTL(x))↗ as defined below, which is equal to the number of
times it appears in the total derivative of η.

We let ⇁xTL(x) denote the space of trees which can be obtained from trees in TL(x)
by applying •x ↔↗ to exactly one of their leaves. Summarizing what we have said so
far, we have

d(ωL ′ ”L⇐1)x =
∑

▷↑(◁xTL(x))⇐

ω▷

s(η)W▷, (2.20)

noting that ω▷ is invariant under •x ↔↗ .

Recall that JL,x denotes the matrix representation of d(ωL ′”L⇐1)x. Later on in the
chapter, we will study the distribution of the singular values of JL,x when the weight
matrices of ”L are chosen at random. This will amount to estimating the elements of
the sequence

Tr
(
(JL,xJ→

L,x
)k

)
, k ↓ N.

We note that every η in the expansion of JL,x has exactly two free vertices: its root ( )
and one of its leaves ( ). The transpose of JL,x can thus be obtained from the same
expansion by taking W▷↓ instead of W▷ (noting that ω▷ and s(η) are invariant under
η ↔↗ η→). We can thus write

JL,xJ→

L,x
=

∑

▷1,▷2↑(◁xTL(x))⇐

ω▷1ω▷2

s(η1)s(η2)
W

▷1⇑▷
↓
2

(2.21)
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which by linearity of the trace gives

Tr(JL,xJ→

L,x
) =

∑

▷1,▷2↑(◁xTL(x))⇐

ω▷1ω▷2

s(η1)s(η2)
WTr(▷1⇑▷

↓
2 ). (2.22)

x xx
x x

x

x

x

x

τ η τ ′ η→ Tr
(
τ ′ η→

)
1 1 1 1 1

1

1
11

0
0 0

0

0

0
00

0000000

Figure 2.3: Operator graphs arising in the expansion of Tr(J2,xJ→

2,x
).

Similarly, for k = 2 we can repeat the above procedure to obtain

∑

▷
(1)
1 ,▷

(1)
2 ,▷

(2)
1 ,▷

(2)
2 ↑(◁xTL(x))⇐




2∏

i=1

2∏

j=1

ω
▷

(i)
j

s(η(i)
j

)



 W
Tr

(
▷

(1)
1 ⇑(▷(1)

2 )↓⇑▷
(2)
1 ⇑(▷(2)

2 )↓
), (2.23)

and the case for general k follows analogously, with the final expression involving prod-
uct graphs of the form Tr

(
η(1)

1 ′ (η(1)
2 )→ ′ · · · ′ η(k)

1 ′ (η(k)
2 )→

)
. This will be discussed in

detail in section 2.5, and is depicted in fig. 2.8.

Neural tangent kernel

The same procedure can be used to compute the NTK #L(x, y) ↓ R
NL+1↔NL+1 , which

we recall is the matrix representation of

L∑

↼=0
↽2

↼
(d”L(x))Wϱ

′ (d”L(y))→

Wϱ
, (2.24)

for layer-wise learning rates (↽↼)↼ ↓ R.
To find an expansion for #L, let ⇁↼TL(x) denote the space of trees which can be

obtained from trees in TL(x) by freeing exactly one of its height ϱ edges (i.e one edge
with input W↼), making it an in-edge. We can then write

(d”L(x))Wϱ
=

∑

ϑ↑◁ϱTL(x)

ωϑ

s(τ)Wϑ , (2.25)

where Wϑ : RNϱ+1↔Nϱ ↗ R
NL+1 , noting that the s(τ) take care of any overcounting.

Arguing as we did above, we then find that

[(d”L(x))Wϱ
′ (d”L(y))→

Wϱ
]ij =

∑

ϑ↑◁ϱTL,i(x)

∑

▷↑◁ϱTL,j(y)

ωϑ ω▷

s(τ)s(η)Wϑ⇑▷↓ . (2.26)
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2.2.2 Atomic pairings of trees

We begin with the following useful lemma, which highlights important features of
atomic pairings of edges of trees. It will be used in the proof of theorems 2.12 and 2.16
below.

In what follows, for any tree τ , we refer to edges whose head is the root as root
edges and denote them by r(τ). Given any e ↓ E(τ), we also let τ |e denote the sub-tree
of τ rooted at e’s head. This new tree τ |e then has a unique root edge (which is e),
and a sub-tree rooted at e’s tail. Lastly, recall that admissible pairings only pair edges
in EW (namely edges with random matrices as inputs), and that an ϱ↘edge in EW is
one that has been fixed to the random matrix W↼ ↓ W .

Lemma 2.7. Let τ be a connected, directed graph with all vertices having in-degree 1,
except for the root rϑ ↓ V (τ) which has in-degree 0 (so that τ is a directed tree). Then
for any ϑ ↓ PA(τ), the following holds:

1. ϑ only pairs edges which are equidistant from the root.
2. Let e, e⇓ be arbitrary edges in τ . If {e, e⇓} ↓ ϑ, then ϑ is an atomic pairing of the

edges in τ |e ⇒ τ |e↔ (the tree formed by identifying the roots of τ |e and τ |e↔).
3. For any k ̸ 0, let e0, . . . , ek and e⇓

0, . . . , e⇓

k
be two sequences of edges forming

paths of length k + 1 which start at rϑ (so that ei, e⇓

i
are at distance i from the

root and e0, e⇓

0 are root edges). Then

{ek, e⇓

k
} ↓ ϑ ⇒ {ei, e⇓

i
} ↓ ϑ or ei = e⇓

i
for all 0 ∈ i ∈ k.

Proof. We begin by proving that root edges have to be paired with other root edges:
consider a root edge e = (rϑ , v) ↓ EW(τ) and assume that it is paired to a non-root
edge e⇓ = (u⇓, v⇓) by ϑ.

Assume first that e⇓ ↓ EW(τ |e) with u⇓ ∞= rϑ . Then consider the image in (τ)ε

of the path from rϑ to u⇓ in τ : it starts and ends at the same vertex of (τ)ε, while
only traversing the (undirected) edge corresponding to {e, e⇓} once (cf. fig. 2.4 left).
This is a cycle, which contradicts the fact that ϑ ↓ PA(τ). Now assume that e⇓ ↓
EW(τ) \ EW(τ |e) with u⇓ ∞= rϑ . By what we have just shown, there must be another
root edge ẽ = (rϑ , ṽ) such that e⇓ ↓ EW(τ |ẽ), and which is not paired to any edge
in EW(τ |ẽ). Arguing as above, the image of the path from rϑ to u⇓ is a cycle in
(τ)ε traversing the image of ẽ only once (cf. fig. 2.4 (middle)), giving the desired
contradiction.

We now prove (2). Assume that {e, e⇓} ↓ ϑ, and for contradiction that {ς, ς⇓} ↓ ϑ

for some ς ↓ EW(τ |e) (which is ∞= e) and ς⇓ ↓ EW(τ) \ E(τ |e ∝ τ |e↔). Then consider the
path which starts at the head of ς⇓, goes through rϑ without using edges in τ |e ∝ τ |e↔

and ends at the head of ς using the edge e (cf. fig. 2.4 right). This path’s image in



CHAPTER 2. GRAPH EXPANSIONS OF NEURAL NETWORKS 45

(τ)|ε is then once again a cycle since it traverses {e, e⇓} only once, we conclude that
ϑ|ϑ |e∞ϑ |

e↔ ↓ PA(τ |e ⇒ τ |e↔)
To prove (3) we proceed by induction. Assume that {ek, e⇓

k
} ↓ ϑ. If ek⇐1 = e⇓

k⇐1,
there is nothing to prove. Otherwise, assume that ek⇐1 /↓ EW(τ), so that it is not paired
by ϑ. Then the path which starts at the head of ek, goes to rϑ through ek⇐1 and ends at
the head of e⇓

k
via e⇓

k⇐1 is a cycle in (τ)ε. We must therefore have ek⇐1, e⇓

k⇐1 ↓ EW(τ).
Now if these edges were not paired together by ϑ, then {ek, e⇓

k
} /↓ ϑ by (2), giving

us a contradiction. This proves (3) by induction on k.
Finally (1) follows from (3) by induction on the distance from the root, using the

fact that root edges have to be paired with other root edges.

ϑ |e ϑ |e

ϑ |e

ϑ |ẽ

e

e
↔

rς rς

rς

e

e
↔

e e
↔

ẽ

ϑ |e→

↽
↔

↽

u
→

v
→

v v ṽ

u
→

v
→

Figure 2.4: Paths in τ which are cycles in (τ)ε in the proof of theorem 2.7.
Red dotted lines denote vertices/edges which are the same in
(τ)ε, and paths highlighted in blue are cycles in the latter.

2.3 Gaussian Process Limit
Assumption 2.8. The input dimension N0 of ”L is fixed, and N↼ = N for all other
layers ϱ > 0. Assume also that ε0 = 1 and ε↼ = N⇐1/2

↼
for ϱ ̸ 1,

Theorem 2.9. Under theorem 2.8, for any M, L ̸ 1 we have

([”L]1, . . . , [”L]M) d↘↘↘↗
N↘≃

GP(0, KL ↙ IdM) (2.27)

where the right hand side is a Gaussian Process indexed on R
N0, with diagonal covari-

ance function defined by

K0(x, y) = ≃x, y⇐RN0 , K↼+1(x, y) = E [ω↼+1(X↼)ω↼+1(Y↼)] (2.28)

(X↼, Y↼) ∋ N


0,



K↼(x, x) K↼(x, y)
K↼(y, x) K↼(y, y)







 . (2.29)

To prove this, we first consider the coordinate-wise tree expansion of ”L given in
eq. (2.16):

[”L(x)]k =
∑

▷↑TL,k(x)

ω▷

s(η)W▷ ↓ R.
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Finding a distributional limit of ”L using this expansion thus amounts to finding the
limiting distribution of (

W▷ | η ↓ ⇑M

i=1TL,ki
(xi)

)

as N ↗ ∃, for any fixed sequences (xi ↓ R
N0 | i ↓ [M ]) and (ki ↓ [NL+1] | i ↓ [M ]).

The mixed moments of the W▷ can be computed using theorem 1.17, which yields

E


m∏

i=1

(
W▷i

↘
∑

ε↑PA(▷i)
W(▷i)ω

)

=
∑

ε↑PAF(∞i▷i)
W(∞i▷i)ω

. (2.30)

To identify the leading order terms on the right-hand side, we must therefore identify
the pairings ϑ ↓ PAF(∝iηi) which maximize W(∞i▷i)ω

. This is done in the following
lemma.

Lemma 2.10. Under theorem 2.8, for any L ̸ 0 and fixed sequences (xi ↓ R
N0 | i ↓

[M ]), (ki ↓ [NL+1] | i ↓ [M ]) and (ηi ↓ TL,ki
(xi) | i ↓ [M ]), we have

↖i ↓ [M ], PA(ηi) = ∅, and thus
∑

⇁↑PA(▷i)
W(▷i)ϑ

= 0, (2.31)

∑

ε↑PAF(∞i▷i)
W(∞i▷i)ω

= ε∞i▷i
N

1
2 (|E(∞i▷i)|⇐|L0(∞i▷i)|)


▷(∝iηi) + O

 1
N


, (2.32)

where L0(∝iηi) denotes the set of leaves of ∝iηi which are endpoints of 0-labeled edges,

▷(∝iηi) :=
∑

ε↑PB(∞i▷i)
ϖε≃x, x⇐ε

where ϖε is equal to one if roots paired by ϑ are fixed to the same ei and zero otherwise,
and

≃x, x⇐ε :=
∏

{•xi
,•xj

}↑(L0(∞i▷i)/↓ω)
≃xi, xj⇐RN0 .

Proof. For the first assertion, we just have to prove that given any η ↓ T↼,k(x) one
has PA(η) = ∅. This is clear, since the tree η only has one ϱ↘edge (namely, the one
stemming from its root), which then cannot be paired with any other edge.

For the second assertion, recall that the elements of L0(∝iηi) are the only cells in
C(∝iηi) which are tails of 0-labeled edges. This means that any ϑ ↓ P(∝iηi) identifies
these vertices in pairs as shown in fig. 2.5. It follows that for any pair of vertices
•xi

, •xj
↓ L0(∝iηi), if we let G denote the product graph obtained from ∝iηi by deleting
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these vertices along with their adjacent edges (see fig. 2.5), then

W(∞i▷i)ω
=

∑

ϖ,ϱ

[WGω
]ϖ[ε2

0I]ϖ,ϱ[xi ↑ xj]ϱ

= ε2
0

∑

ϖ,ϱ

[WGω
]ϖ[xi]ϱ[xj]ϱ = ε2

0≃xi, xj⇐RN0 WGω
. (2.33)

G

xi

0

0

xj

ω

Gε

xi ↘ xj

φ
2
0I

Figure 2.5: Any admissible edge pairing induces a pairing of leaves.

A similar argument holds for every pair of roots (heads of ϱ↘edges) in ∝iηi, of which
there are c(∝iηi) many. Repeating (2.33) for each pair of leaves and roots then yields
the following equality for any ϑ ↓ P(∝iηi):

W(∞i▷i)ω
= ε|L0(∞i▷i)|

0 εc(∞i▷i)
↼

≃x, x⇐εϖεWG
1
ω

(2.34)

where G1 is obtained from ∝iηi by removing all leaves, roots and their adjacent edges,
and

≃x, x⇐ε :=
∏

{•xi
,•xj

}↑(L0(∞i▷i)/↓ω)
≃xi, xj⇐RN0 .

Note that here, ϖε arises from the roots in the same way as ≃x, x⇐ε did from the leaves,
except that since the roots all have inputs ei for some i, the resulting inner product
must either equal zero or one.

Further, note that under theorem 2.8, G1 is a product graph satisfying theorem 1.19,
in particular a product graph with all vertices having dimension d = N , fixed to 1N

and with all edges fixed to random Gaussian matrices (E \ EW(G1) = ∅). We can
thus leverage the genus expansion results of section 1.3.2 to compute the values WGω

explicitly.
Note that any ϑ ↓ PAF(∝iηi) must induce an atom-free partition of the edges of G1,

since each of the removed edges shares a vertex with G1. By theorem 1.21 we know
that WG

1
ω

is maximized when this induced partition is bi-atomic, in which case

WG
1
ω

= εG1N (|E(G1)|+c(G1))/2.

This yields the claim, since ε∞i▷i
= ε|L0(∞i▷i)|

0 εc(∞i▷i)
↼

εG1 ,

|E(G1)| = |E(∝iηi)| ↘ |L0(∝iηi)| ↘ c(∝iηi), c(G1) = c(∝iηi),
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and
{◁ ↓ PB(G1) : ◁ is induced by some ϑ = PB(∝iηi)} = PB(G1).

Here, ▷(∝iηi) is essentially a weighted version of the cardinality of PB(∝iηi).
Applying this lemma to (2.30) gives

E


m∏

i=1
W▷i



= ε∞i▷i
N

1
2 (|E(∞i▷i)|⇐|L0(∞i▷i)|)


▷(∝iηi) + O

 1
N


. (2.35)

Remark. To have a well-defined distributional limit for ”L, the ε↼ must be chosen
in a way that makes the above quantity O(1) for all ηi ↓ TL,ki

. This is equivalent to
requiring that ε▷N

1
2 (|E(▷)|⇐|L0(▷)|) = O(1) for all L, k ̸ 1 and η ↓ TL,k, which is in turn

equivalent to
ε0 = O(1) and ε↼ = O(N⇐1/2

↼
) ↖ϱ ̸ 1. (2.36)

The canonical choice would then be the one for which ε▷N
1
2 (|E(▷)|⇐|L0(▷)|) = 1, which

explains our theorem 2.8 and is known as the “GP limit” parametrisation (see [68]).

The proof of theorem 1.22 (replacing |PB(∝iηi)| with ▷(∝iηi)) then gives the following
limit.

Proposition 2.11. Assume that theorem 2.8 holds. Then for any M, L ̸ 1 and fixed
sequences (xi ↓ R

N0 | i ↓ [M ]), (ki ↓ [NL+1] | i ↓ [M ]) and (ηi ↓ TL,ki
(xi) | i ↓ [M ])

we have 

W▷i

∣∣∣∣∣ i ↓ [M ]


d↘↘↘↗
N↘≃



Z▷i

∣∣∣∣∣ i ↓ [M ]


d= GP(0, C) (2.37)

where the right-hand side denotes a Gaussian process indexed on (ηi ↓ TL,ki
(xi) | i ↓

[M ]) with covariance C(η, φ) = ▷(η ∝ φ), d= denotes equality in distribution and ▷ is
defined as in the statement of theorem 2.10.

Lastly, we will need the following decomposition of the covariances ▷(η ∝ φ).

Lemma 2.12. Let ▷ be as in theorem 2.10 and fix ϱ ̸ 1. For any τ = [τ1 · · · τn]
↼

↓
T↼(x1) and η = [η1 · · · ηm]

↼
↓ T↼(x2), let τ (i) denote the tree obtained from τ by fixing

its unique out-vertex to ei, and similarly for η(j). Then we have that

▷(τ (i) ∝ η(j)) = ϖij

∑

0

∏

{01,02}↑0

▷(01 ∝ 02)

where the sum is over all pairings 0 of the elements of (τ (i)
1 , . . . , τ (i)

n
, η(j)

1 , . . . , η(j)
m

).

Proof. Let ϑ ↓ PB(τ (i) ∝ η(j)) be arbitrary. Denote by r(τ) (resp. r(η)) denote the
unique edge whose head is the root of τ (resp. η). Then r(τ) and r(η) are the only
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ϱ↘edges in their respective trees, and must thus be paired by ϑ. Since ϑ must then
pair ϱ ↘ 1-labeled edges with each other (which are precisely the edges {r(τ (i)

k
)}

n

k=1,
{r(η(j)

k
)}

m

k=1) this induces a pairing 0 of the trees in

(τ (i)
1 , . . . , τ (i)

n
, η(j)

1 , . . . , η(j)
m

)

via the bijection τ (i)
k

↔↗ r(τ (i)
k

) (and similarly for the η(j)
k

).
By theorem 2.7, (1) and (2), for each {01, 02} ↓ 0, ϑ contains a bi-atomic pairing

of the edges of 01 ∝ 02, which we denote by ϑ
∣∣∣
01∞02

(↓ PB(01 ∝ 02)). In other words,
we can decompose ϑ as

ϑ =
{
{r(τ), r(η)}

} ⊔

{01,02}↑0

ϑ|01∞02 , (2.38)

and the lemma then follows since we can write

≃x, x⇐ε =
∏

{01,02}↑0

≃x, x⇐ε|↼1≃↼2
.

We are now ready to prove theorem 2.9.

Proof of theorem 2.9. It follows directly from theorem 2.11 and eq. (2.16) that

([”L]1, . . . , [”L]
M

) d↘↗ GP(0, KL ↙ IdM)

where for any ϱ ̸ 0, K↼ is defined by

K↼(x, y) =
∑

▷x↑Tϱ,1(x)

∑

▷y↑Tϱ,1(y)

ω▷x
ω▷y

s(ηx)s(ηy)▷(ηx ∝ ηy) ↓ R. (2.39)

What’s left is to show that this definition of K↼ coincides with the one in the theorem
statement. We proceed by induction on ϱ. The base case ϱ = 0 follows from T0,i(x) =
{ W0

ei x } and ▷( W0
ei x ∝ W0

ei y ) = ≃x, y⇐RN0 .
For the inductive step, we assume that the claim holds for ϱ and apply theorem B.4

with A1 = T↼,1(x), A2 = T↼,1(y) and

↽(η, φ) = ω▷ω⇀

s(η)s(φ)▷(η ∝ φ).

Note that T↼+1,1(x) and XA1 are in bijection via η := [η1 · · · ηm]
↼+1 ↔↗ η̄ := !η1 · · · ηm"

and under this identification we have

s(η) = s(η̄)
∏

i

s(ηi), ω▷ = ω(m)
↼+1

∏

i

ω▷i
.
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theorem 2.12 thus gives

▷(η ∝ φ) =
∑

0↑P(▷̄∞⇀̄)

∏

{01,02}↑0

▷(01 ∝ 02),

and this completes the proof since

ω▷ω⇀

s(η)s(φ)▷(η ∝ φ) = ω▷̄ω⇀̄

s(η̄)s(φ̄)
∑

0↑P(▷̄∞⇀̄)

∏

{01,02}↑0

↽(01, 02).

2.4 Neural Tangent Kernel
Recall that #L(x, y) ↓ R

NL+1↔NL+1 is the matrix representation of

L∑

↼=0
↽2

↼
(d”L(x))Wϱ

′ (d”L(y))→

Wϱ
, (2.40)

for (↽2
↼
)↼↖0. We prove convergence of #L(x, y) to its limit under the following condi-

tions.

Assumption 2.13. Assume that the input and output dimensions N0 and NL+1 of ”L

are fixed, and that N↼ = N for all other layers 0 < ϱ ∈ L. Assume also that ε0 = 1
and ε↼ = N⇐

1
2 for ϱ > 0 (the “GP limit” initialization).

Theorem 2.14. Under theorem 2.13 and if ↽2
↼

= ε2
↼
1(ϱ > 0) + 1(ϱ = 0), we have

E

∥∥∥∥#L(x, y) ↘ #≃

L
(x, y) ↙ IdNL+1

∥∥∥∥
2

= O


N2
L+1
N



, (2.41)

where

#≃

0 (x, y) = ≃x, y⇐RN0 , #≃

L
(x, y) = KL(x, y) + K̇L(x, y)#≃

L⇐1(x, y) (2.42)

and K̇↼ is defined in the same way as K↼ but substituting ω↼ for ω⇓

↼
in (2.28).

Recall that the i, j-th entry of the NTK can be expressed by the following graph
expansion (see eq. (D.19))

L∑

↼=0
↽2

↼
[(d”L(x))Wϱ

′ (d”L(y))→

Wϱ
]ij =

L∑

↼=0

∑

ϑ↑◁ϱTL,i(x)
▷↑◁ϱTL,j(y)

ωϑ ω▷

s(τ)s(η)↽2
↼
Wϑ⇑▷↓ . (2.43)

We once again use theorem 1.17 to study the joint distribution of the product graphs
on the right-hand side, from which the following lemma follows.
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Lemma 2.15. Under theorem 2.13, for any τ ↓ ⇁↼TL,i1(x1) and η ↓ ⇁↼TL,i2(x2), we
have

E


ε2

↼
Wϑ⇑▷↓ ↘ a(τ ′ η→)

2

= O
 1

N


, (2.44)

where3

a(τ ′ η→) :=
∑

⇁↑PA(ϑ⇑▷↓)
ϖi1i2≃x, x⇐⇁. (2.45)

Proof. By theorem 1.17 we know, setting G := τ ′ η→, that

E


WG ↘

∑

⇁↑PA(G)
WGϑ

2

=
∑

ε↑PAF(G∞G)
W(G∞G)ω

. (2.46)

We begin by proving the claim for 0 < ϱ < L ∞= 0. We will be reasoning as we did
to prove theorem 2.10, namely by analyzing the structure of a pairing in PA(G). To
that end, note that the elements of L0(G) are the only cells of G which are tails of
0-labeled edges, while the roots of τ and η are the only heads of L-labeled edges.

It follows that for any ◁ ↓ PA(G), these vertices will necessarily all get paired,
yielding

WGϑ
= ε|L0(G)|

0 ε2
L
≃x, x⇐⇁ϖi1,i2WG

1
ϑ

where the product graph G1 is obtained from G by removing all leaves, roots and
their adjacent vertices. Under theorem 2.13, G1 is then a product graph satisfying
theorem 1.19: all of its vertices have dimension d = N and are fixed to 1N , all edges
except one are fixed to random Gaussian matrices, the remaining one is fixed to I. We
thus apply the genus expansion formula (section 1.3.2) with

|EW(G1)| = |E(G1)| ↘ 1 = |E(G)| ↘ (|L0(G)| + 2) ↘ 1,

|E \ EW(G1)| = 1,

and since any atomic partition of G induces an atomic one on G1, we conclude that

WG
1
ϑ

= εG1N
1
2 (|E(G)|⇐|L0(G)|⇐3)+2,

∑

⇁↑PA(G)
WGϑ

= εGN
1
2 (|E(G)|⇐|L0(G)|+1)a(G).

The same reasoning applied to PAF(G ∝ G) gives

3Recall how i1 and i2 are fixed when choosing ω and ε, and stand for the eis at their roots.
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W(G∞G)ω
= ε2

G
N |E(G)|⇐|L0(G)|≃x, x⇐εϖε (for ϑ ↓ PB(G ∝ G)),

∑

ε↑PAF(G∞G)
W(G∞G)ω

= ε2
G

N |E(G)|⇐|L0(G)|


▷(G ∝ G) + O
 1

N


.

We now turn to the cases when ϱ = 0 or ϱ = L, noting that the pruned graphs do
not contain any I this time. In the ϱ = L case, we get

WGϑ
ℜ εGN

1
2 (|E(G)|⇐(|L0(G)|+1))+1 = εGN

1
2 (|E(G)|⇐|L0(G)|+1),

W(G∞G)ω
ℜ ε2

G
N

1
2 (2|E(G)|⇐2(|L0(G)|+1))+1 = ε2

G
N |E(G)|⇐|L0(G)|,

respectively, while for ϱ = 0 we get

WGϑ
ℜ εGN

1
2 (|E(G)|⇐(|L0(G)|+2))+1 = εGN

1
2 (|E(G)|⇐|L0(G)|),

W(G∞G)ω
ℜ ε2

G
N

1
2 (2|E(G)|⇐2(|L0(G)|+2))+1 = ε2

G
N |E(G)|⇐|L0(G)|⇐1.

Putting everything together, for any ϱ and under theorem 2.8 (in which case εG =
N⇐

1
2 (|E(G)|⇐|L0(G)|⇐1(↼>0))), we always obtain

E


ε2

↼
WG ↘ a(G)

2

= 1
N


▷(G ∝ G) + O

 1
N


. (2.47)

Remark. This implies that we need to take ↽2
↼

= ε2
↼

to get a well-defined limit, as
assumed in theorem 2.14. This is known as the “NTK parametrization” (see Jacot
et al. [58]).

As with theorem 2.12 in the previous section, we will need a combinatorial de-
composition of the limiting covariances a(τ ′ η→) in order to prove theorem 2.14 by
induction.

Lemma 2.16. For L ̸ 1, there is a canonical bijection

⇁↼TL,i(x) ↗ TL,i(x) ⇔ ⇁↼TL⇐1,1(x), η ↔↗ (η+, η⇐)

under which

a(τ ′ η→) = ▷(τ+ ∝ η+)a(τ⇐ ′ η⇐→), s(τ+)s(τ⇐) = s(τ), ωϑ = ω̇ϑ+ωϑ↑

where ω̇[ϑ1···ϑn]L := ω(n+1)
L

∏
i ωϑi

and a is defined as in the statement of theorem 2.15.
Further, if ϱ = L, we have ⇁↼TL⇐1,1(x) := {•} so that ⇁↼TL,i(x) △ TL,i(x) and a(τ ′
η→) = ▷(τ+ ∝ η+).
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Proof. Each tree in TL,i(x) has exactly one L↘edge, namely the unique edge adjacent
to its root. If ϱ = L, the canonical bijection in the lemma’s statement is the map
which assigns to η ↓ ⇁LTL,i(x) the tree η+ obtained by fixing η’s root edge to WL.
Since each bi-atomic pairing of τ+ ∝η+ has to necessarily pair the root edges, it follows
that PB(τ+ ∝ η+) and PA(τ ′ η→) are in canonical bijection, and in particular that
a(τ ′ η→) = ▷(τ+ ∝ η+).

W2 W2

W3

W1
W1 W1

W0W0 W0 W0 W0

W2 W2

W3

W1
W1 W1

W0W0 W0 W0 W0

x x x x x x x x x x

ε ↓ ϑ1T3,i(x)

ε
⇐ ↓ ϑ1T2,1(x)

ε
+ ↓ T3,i(x)

eiei

Figure 2.6: Decomposition of a tree in ⇁1T3,i

If ϱ < L, then any η ↓ ⇁↼TL,i(x) can be viewed as a tree τ⇐ ↓ ⇁↼TL⇐1,1(x), which is
attached by its root to a tree τ+ ↓ TL,i(x) as in the example of fig. 2.6. Note that this
decomposition is unique. It thus remains to show that PA(τ ′ η→) is in bijection with
PB(τ+ ∝ η+) ⇔ PA(τ⇐ ′ (η⇐)→).

Let M ↓ R
N↔N be a random matrix which is independent from the {W↼}↼, and is

populated with i.i.d. standard Gaussian random variables. Consider the trees τ [M ],
η[M ], which we recall are obtained from τ and η by inserting M into their unique free
in-edge, respectively.

Clearly, PA(τ ′ η→) is then in bijection with PA(τ [M ] ⇒ η[M ]), since any pairing in
the latter must necessarily pair the edges given M as input, as well as the root edges
r(τ [M ]) and r(η[M ]) (since they are the only L-labeled edges).

We can now use theorem 2.7, (3). Fix any pairing ϑ ↓ PA(τ [M ] ⇒ η[M ]). In τ [M ],
the path starting at the root and ending at the head of the unique M -labeled edge
must be paired by ϑ with the analogous path in η[M ], meaning that edges which are
equidistant from the respective roots are paired with each other. In particular, this
will end up pairing r(τ⇐[M ]) with r(η⇐[M ]).

Furthermore, by theorem 2.7, (2), ϑ will only pair edges of τ⇐[M ] with edges
of η⇐[M ] (and similarly for τ+, η+ as a consequence). This implies that ϑ can be
decomposed into the union of some ϑ⇐ ↓ PA(τ⇐[M ]⇒η⇐[M ]) with some ϑ+ ↓ PA(τ+ ⇒
η+).

Repeating this argument for the unique ϑ̃ ↓ PA(τ ′ η→) corresponding to ϑ, we
conclude that PA(τ ′ η→) is in bijection with

PA(τ+ ∝ η+) ⇔ PA(τ⇐ ′ (η⇐)→),
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and it follows that
a(τ ′ η→) = ▷(τ+ ∝ η+)a(τ⇐ ′ η⇐→).

We can now derive the rate of convergence of the NTK to its limit.

Proof of theorem 2.14. Let i, j ↓ {1, . . . , NL+1} be arbitrary, and recall from eq. (2.43)
that

↽2
↼
[(d”L(x))Wϱ

′ (d”L(y))→

Wϱ
]ij =

∑

ϑ↑◁ϱTL,i(x)

∑

▷↑◁ϱTL,j(y)

ωϑ ω▷

s(τ)s(η)↽2
↼
Wϑ⇑▷↓

for any 0 ∈ ϱ ∈ L. Note that the number of terms in this sum is finite, and crucially
does not depend on N nor N0, NL+1. The same is true for the factors ωϑ , ω▷ and
s(τ), s(η). Thus theorem 2.15 and repeated applications of the elementary inequality
(a + b)2 ∈ 2(a2 + b2) yield

E

 ∑

ϑ,▷

ωϑ ω▷

s(τ)s(η)a(τ ′ η→) ↘
∑

ϑ,▷

ωϑ ω▷

s(τ)s(η)↽2
↼
Wϑ⇑▷↓

2

= O


1
N



, (2.48)

where the implicit constant depends on L.
For ϱ = L, theorem 2.16 then gives

∑

ϑ,▷

ωϑ ω▷

s(τ)s(η)a(τ ′ η→) =
∑

ϑ+,▷+

ωϑ+ω▷+

s(τ+)s(η+)▷(τ+ ∝ η+)

which is in turn equal to ϖijKL(x, y) by the proof of theorem 2.9. Otherwise, noting
that s(τ) = s(τ+)s(τ⇐) and ωϑ = ω̇ϑ+ωϑ↑ , we instead have

∑

ϑ,▷

ωϑ ω▷

s(τ)s(η)a(τ ′ η→)

=
∑

ϑ+,▷+

∑

ϑ↑,▷̃

ω̇ϑ+ω̇▷+

s(τ+)s(η+)
ωϑ↑ω▷↑

s(τ⇐)s(η⇐)▷(τ+ ∝ η+)a(τ⇐ ′ η⇐→)

which is equal to

ϖijK̇L(x, y) lim
N↘≃

ε2
↼
[(d”L⇐1(x))Wϱ

(d”L⇐1(y))→

Wϱ
]1,1,

(once again by the proof of theorem 2.9).
It follows that [#L(x, y)]ij converges in L2 to [#≃

L
(x, y) ↙ IdNL+1 ]ij at a rate of

O(1/N) for each i, j ↓ {1, . . . , NL+1}. The theorem then follows since NL+1 is finite.
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2.5 Jacobian Moments
Consider the input-output Jacobian JL,x, which we defined in eq. (2.17) as the matrix
representation of

d(ωL ′ ”L⇐1)x ↓ R
NL↔N0 . (2.49)

Letting {⇀1, . . . , ⇀NL
} be the eigenvalues of JL,xJ→

L,x
, recall that the empirical spectral

distribution (ESD) of this matrix is defined as the random measure

↼L := 1
NL

NL∑

i=1
ϖξi

(2.50)

where ϖξi
denotes a Dirac mass at ⇀i. Fix x = (limN↘≃

1
N

≃x, x⇐)1/2 and let m(N)
k,L

(x)
denote the k-th moment of ↼L, noting that

m(N)
k,L

(x) = 1
N

Tr
(
(JL,xJ→

L,x
)k

)
. (2.51)

We will assume the following for the remainder of this section.

Assumption 2.17. For all ϱ ̸ 0, N↼ = N and ε2
↼

= 1/N . Assume also that the
x ↓ R

N in (2.49) satisfies 1
N

≃x, x⇐RN ↗ x2 ↓ R as N ↗ ∃.

Our goal is to show that under this assumption, m(N)
k,L

(x) ↗ mk,L(x), where mk,L is
defined by the recursion in eq. (2.53). This is the content of theorem 2.19. In order to
state the latter, we must first introduce the notion of a non-crossing partition and its
Kreweras complement.

Definition 2.18. A partition 0 of {1, . . . , n} is said to be non-crossing if, whenever
a, b belong to a block (disjoint subset) of 0 and c, d to another, we cannot have a < c <

b < d. We denote the set of all such partitions by NCn.

To visualize the non-crossing property, plot the sequence (1, . . . , n) in clockwise
order as evenly spaced points on a circle. For every block {a1, . . . , aj} of 0 ↓ NCn,
connect the points corresponding to each ai to form polygons with these points as
vertices, as depicted in fig. 2.7 (if j = 2, simply form a line segment). If 0 is non-
crossing, the resulting polygons and line segments will never intersect.

Further, interpreting the circle as a cycle graph whose vertices are the same points
1, . . . , n and edges are the arcs connecting these points, such a 0 ↓ NC8 induces a
partition on the edges as follows. Label by i the edge connecting vi and vi+1 and by
n the edge connecting vn and v1. Then two edges are put in the same block if we can
draw a line inside the circle connecting them without intersecting a polygon (or line
segment) corresponding to a block of 0. This resulting edge partition is known as the
Kreweras complement of 0 (see Nica and Speicher [93]), and denote it by 0↗. Note that
this is also an element of NCn.
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1
2

5

7

0↗ = {{1, 2}, {3}, {4, 5, 6, 8}, {7}}

3

46

8

0 = {{1, 3, 4}, {2}, {5}, {6}, {7, 8}} ↓ NC8

0

1

2

5

7
3

4
6

8

0↗

8

Figure 2.7: A non-crossing partition 0 of eight elements (red), and its
Kreweras complement 0↗ (blue).

Theorem 2.19. Define

µk,↼+1(x) := E[ω⇓

↼+1(X↼)2k] for X↼ ∋ N (0, K↼(x)), (2.52)

where K↼ is defined recursively by

K0(x) = x2, K↼+1(x) = E[ω↼+1(X↼)2].

Then under theorem 2.17,
m(N)

k,L
(x) ↘↗

N↘≃

mk,L(x),

where mk,L is defined recursively as follows:

mk,0(x) = 1, m1,L(x) = µ1,L(x)m1,L⇐1(x),

mk,L(x) =
∑

0↑NCk

µ0,L(x)m0⇐,L⇐1(x), (2.53)

where µ0,L(x) := ∏
B↑0 µ|B|,L(x) and similarly for m0⇐,L⇐1(x).

Remark. The moments mk,L can be seen as a non-linear (activation-dependent) gen-
eralisation of the Fuss-Catalan numbers (see, e.g., Nica and Speicher [93])

FC(k)
L

= 1
kL + 1


(L + 1)k

k



, FC(k)
L

=
∑

0↑NCk

∏

B↑0

FC(|B|)
L⇐1 .

Indeed, if we consider the linear case with ω = Id in the above, then µ0,↼ = 1 for any
0, ϱ and we recover mk,L = ∑

0↑NCk
m0,L⇐1 (noting that 0 ↔↗ 0↗ is a bijection).

Since x is fixed a priori by theorem 2.17, we omit it from the notation in what
follows.
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Proof of theorem 2.19

Recall that we have derived a graph expansion for m(N)
k,L

in eqs. (2.22) and (2.23). For
general k, the latter takes the form

1
N

∑

▷
(i)
j




2∏

i=1

k∏

j=1

ω
▷

(i)
j

s(η(i)
j

)



 W
Tr

(
▷

(1)
1 ⇑(▷(1)

2 )↓⇑···⇑▷
(k)
1 ⇑(▷(k)

2 )↓
), (2.54)

where the sum if taken over all trees η(i)
j

in (⇁xTL(x))↗, for i ↓ [2] and j ↓ [k].
We call the graphs

Tr
(
η(1)

1 ′ (η(1)
2 )→ ′ · · · ′ η(k)

1 ′ (η(k)
2 )→

)
,

arising in this expansion decorated cycles, owing to their particular form: they each
consist of a unique undirected cycle (meaning that one obtains a cycle after ignoring
edge directions in the graph) which in this case is of length 2kL, and trees rooted at
vertices belonging to this cycle. An example for L = 2 is depicted in fig. 2.8.

x xx

η(1)
1 η(1)

2
x

x
x x

η(2)
1 η(2)

2

0 0 0 0 0

0 0 0

1 1 1

1 1 1

0 0

0 0

1

1 1
1

0 0 0

1
1

0

x

Tr
(
η(1)

1 ′ η(1)→
2 ′ η(2)

1 ′ η(2)→
2

)

Figure 2.8: A decorated cycle (right) formed by four trees (left), with the
latter’s unique (undirected) cycle highlighted in red.

It will turn out to be convenient to work directly with the trees rooted at at the
cycle instead of the initial η(j)

i
. To that end, note that in any η(j)

i
↓ (⇁xTL(x))↗, we

have a unique path of length L from the root to the (unique) free leaf, which we call the
trunk. The tree η(j)

i
then consists of this trunk, together with L subtrees η(j)

i,1 , . . . , η(j)
i,L

belonging to (T1(x))↗, . . . , (TL(x))↗, respectively which come out of the trunk. This
bijection is depicted in fig. 2.9 below.

Using this bijection, any graph of the form

Tr
(
η(1)

1 ′ (η(1)
2 )→ ′ · · · ′ η(k)

1 ′ (η(k)
2 )→

)
, (2.55)

thus corresponds to a unique sequence of trees
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0 0

1 1

x x

0 0 0

1 1

x x

2 2

x

0

x x

0 0 0

1 1

x

2

0

1

x

x

0

η1 ↓ (⇁xT3(x))↗ η1,1 η1,2 η1,3

2
2

Figure 2.9: A tree in (⇁xT(x))↗ is in bijection with the sequence of trees
rooted at its trunk (highlighted in red).

ω = (η(j)
i,l

)j↑[k],i↑[2],l↑[L] ↓
k∏

i=1
((T0(x))↗ ⇔ · · · ⇔ (TL(x))↗)2, (2.56)

(which are product graphs) and so we adopt the notation G(ω) to denote the graph,
as well as C(ω) to denote its cycle. Lastly, we use DC(k, L) to denote the space of all
such graphs. With this notation, we can rewrite the expansion in eq. (2.54) as follows.

Lemma 2.20.
Tr

(
(JL,xJ→

L,x
)k

)
=

∑

G(ω)

ω̇ω

s(ω)WG(ω),

where the sum is taken over all G(ω) ↓ DC(k, L) (or equivalently, all ω = (η(j)
i,l

)i,j,l,
c.f. eq. (2.56)), and

ω̇ω

s(ω) :=
∏

i,j,l

ω̇
▷

(j)
i,l

s(η(j)
i,l

)
.

Proof. This follows from the aforementioned observation, and the fact that



2∏

i=1

k∏

j=1

ω
▷

(j)
i

s(η(j)
i

)



 =
∏

i,j,l

ω̇
▷

(j)
i,l

s(η(j)
i,l

)

where ω̇ is defined as in theorem 2.16.

We thus need to determine the limits of (values of) decorated cycles, which is
achieved in the following proposition.

Proposition 2.21. Let k, L ̸ 0 and G = G(ω) ↓ DC(k, L) be a decorated cycle. Then
under theorem 2.17, we have that

E

{
(↽GWG ↘ a(G))2}

= O


1
N



, (2.57)

where
↽G = 1

εGN ě(G)+1 , and a(G) :=
∑

⇁↑PA(G)

∏

{•x,•x}↑(L0(G)/↓ϑ)

≃x, x⇐
N

. (2.58)
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Proof of theorem 2.21. Let G = G(ω) be a decorated cycle. We first show that for any
admissible pairing ϑ ↓ P(G), WGω

= O(εGN |V (Gω)|). Indeed, for any such ϑ, we have

WGω
= εG

∏

0↑V (G)/↓ω

N∑

ϖ=1
[↑•y↑0y]ϖ = εGN |V (Gω)| ∏

0↑V (G)/↓ω

∑
N

ϖ=1[↑•y↑0y]ϖ
N

,

and as argued in the proof of theorem 2.10 (see fig. 2.5), the only vertices with input
x in G are of in-degree 1. All other vertices have input 1.

For any 0 ↓ V (G)/ ∋ε, we therefore have

↑•y↑0y ↓ {1, x, x ↑ x},

so that ∑
N

ϖ=1[↑•y↑0y]ϖ
N

↓


1,

∑
N

ϖ=1[x]ϖ
N

,
≃x, x⇐

N



.

Since ≃x, x⇐/N ↗N↘≃ x and

∑
N

ϖ=1[x]ϖ
N

∈ ¬x¬1
N

∈
∀

N ¬x¬2
N

= ¬x¬2∀
N

↗N↘≃

∀
x,

we can conclude that
WGω

∈ CxεGN |V (Gω)|

for some constant Cx depending on x. The order of WGω
is therefore determined by

the number of vertices in Gε.
Following section 1.3.2, it su!ces to prove that

∑

⇁↑PA(G)
WGϑ

= εGN |E(Gϑ)|+1a(G),

which is true in the event that

∏

0↑V (G)/↓ϑ

∑
N

ϖ=1[↑•y↑0y]ϖ
N

=
∏

{•x,•x}↑(L(G)/↓ϑ)

≃x, x⇐
N

holds for every ◁ ↓ PA(G).
The latter is equivalent to proving that the edges whose input is equal to x are

paired between themselves.
Note that on the one hand, these are 0-labeled edges. On the other, 0-labeled edges

arise in one of two ways. They are either:
1. Edges whose tails are leaves of G (meaning vertices for which the sum of the in

and out-degree equals one), and which therefore have input x, or
2. Edges belonging to the cycle C(ω).
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Since ◁ is atomic, the result then follows by theorem 2.22, as it prohibits ◁ form pairing
edges inside of C(ω) with edges outside of it in G.

Remark. Note that by theorem 2.17, ↽G = 1
N

for all decorated cycles G since ε↼ = 1
∝

N

for all ϱ ̸ 0.

Since ε↼ = 1
∝

N
, we then have that

1
N

Tr
(
(JL,xJ→

L,x
)k

)
=

∑

G(ω)↑DC(k,L)

ω̇ω

s(ω)↽G(ω)WG(ω)
L

2
↘↗

∑

G(ω)↑DC(k,L)

ω̇ω

s(ω)a(G(ω))

with rate O
(

1
N

)
, since these are finite sums.

Now letting
m̃k,L =

∑

G(ω)↑DC(k,L)

ω̇ω

s(ω)a(G(ω)),

it su!ces to show that m̃k,L satisfies the recursion in (2.53).
To derive a recursive formula for the coe!cients mk,L, we analyze the structure of

atomic pairings for decorated cycles, beginning with the following result.

Lemma 2.22. Let G(ω) ↓ DC(k, L), C(ω) be this graph’s cycle ( i.e. the subgraph
which is a cycle after forgetting about edge orientations), and ϑ ↓ PA(G(ω)). Then
ϑ = ϑC ∝ ϑG\C for some ϑC ↓ P(C(ω)). In particular, all of the L-edges of C(ω) are
paired between themselves by some pairing ϑL ⇓ ϑC.

Proof. For ϑ to be atomic, it must pair edges in a way that collapses the undirected
cycle C(ω) without creating any new cycles in the process. But this is only possible
if edges of C(ω) are paired between themselves, as any edge that isn’t paired this way
would end up in a cycle as depicted in fig. 2.10 below.

G(ω)

ϖ

G(ω)ε

Figure 2.10: A cycle formed by pairing edges that belong to C(ω) with
edges that do not.

Further, since edges can only be paired with other edges with the same input, ϑ

must contain a pairing ϑL of the L-edges in C(ω).

Now let ϑ ↓ PA(G(ω)), and ϑL be as in the lemma above. Note that in G(ω), the
trees η(j)

1,L
, η(j)

2,L
share a root for each j, which belongs to C(ω). For each j ↓ [k], we let
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vj := root(η(j)
1,L

⇒ η(j)
2,L

) denote said roots, and note that each vj is the head of exactly
two L-edges in C(ω). All other vertices in the latter are heads of edges with inputs Wi

with i < L.
Said di"erently, the k pairs of L-edges of C(ω) are in bijection with v1, . . . , vk, and

through this bijection, ϑL ⇓ ϑ induces a unique partition 0 of {1, . . . , k} defined by
letting a and b be in the same block of 0 if they label endpoints of edges which have
been paired by ϑL. This is depicted in fig. 2.11, and we write ϑL ∋ 0 to denote the
fact that ϑL induces 0.

0 0↗

e4

e3 e2

e1

v4

v3

v2

v1

ϑL

LL

L

L

LL

L

L

Figure 2.11: A pairing ϑL of the L-edges of a cycle C(ω) (left), the par-
tition 0 ↓ NC4 that is induced by ϑL (right, in red), and its
complement 0↗ (in blue).

For atomic ϑ’s, we notice that the only 0 that arise this way must be non-crossing.
Indeed, if ϑL ∋ 0 and 0 admits a crossing, then a cycle is formed as depicted in fig. 2.12
below.

Figure 2.12: If ϑL ∋ 0 and 0 has a crossing, then identifying edges ac-
cording to ϑL creates a cycle.

Next, recall that by definition, vj is the root of η(j)
1,L

⇒ η(j)
2,L

for every j ↓ [k]. Upon
identifying L-edges of C(ω) by ϑL, such trees get joined at their roots. More precisely,
if ϑL ∋ 0, then for every block B = {j1, . . . , jl} of 0 we obtain the tree

(η(j1)
1,L

⇒ η(j1)
2,L

⇒ · · · ⇒ η(jl)
1,L

⇒ η(jl)
2,L

) := ⇒l

i=1(η
(ji)
1,L

⇒ η(ji)
2,L

).

Furthermore, for ϑ to be acyclic, it must at the very least pair edges of such trees
internally within each tree (otherwise, a cycle would be formed at their roots). We
therefore get, for each block B = {j1, .., jl} of 0, a pairing ϑB ↓ PA(⇒l

i=1(η
(ji)
1,L

⇒ η(ji)
2,L

))
Having now paired L-edges belonging to C(ω) (using ϑL), and those belonging to

trees of height L decorating this cycle (using the ϑB’s), we must describe how ϑ pairs
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the remaining edges. Crucially, observe that the unpaired edges have inputs Wi for
i ↓ {1, . . . , L ↘ 1} and form disjoint decorated cycles themselves. To be precise, we
will need the following definition.

Definition 2.23. Let G(ω) ↓ DC(k, L), ϑL be as above and ϑL ∋ 0 for some 0 ↓ NCk.
Let B̃ be a block of 0↗ ↓ NCk. Then the restriction of G(ω)εL

to B̃ is the decorated
cycle in DC(|B̃|, L ↘ 1) determined by the trees

ω|
B̃

= (η(j)
i,l

)i,j,l, i ↓ [2], l ↓ [L ↘ 1], j ↓ B.

Returning to our previous point, the leftover edges (that were not paired by ϑL or
ϑB) form one decorated cycle per block of 0↗, which are given by

G(ω|
B̃

), B̃ ↓ 0↗.

For ϑ to be atomic, we claim that the edges of each of these G(ω|
B̃

) must once again
be paired internally. This is because the G(ω|

B̃
) are connected to one another in

G(ω)εL∞{εB}B→↼
by paths whose edges that have already been paired by ϑB or ϑL;

pairing some e ↓ G(ω|
B̃

) to another e⇓ ↓ G(ω|
B̃↔) would then create a cycle which we

cannot collapse (as in fig. 2.12). Put di"erently, this implies that any pairing ϑ⇓ of the
remaining edges can be decomposed into a disjoint union as follows:

ϑ⇓ =
⊔

B̃↑0⇐

ϑ⇓

B̃
.

Summarizing everything we have said so far, any pairing ϑ ↓ PA(G(ω)) consists of the
following:

1. A pairing ϑL of the L-edges of C(ω), such that ϑL ∋ 0 ↓ NCk.
2. For every block B = {j1, . . . , jl} of 0, a pairing ϑB ↓ PA(⇒l

i=1(η
(ji)
1,L

⇒ η(ji)
2,L

)).
3. For every block B̃ of 0↗

k
, a pairing ϑ

B̃
↓ PA(G(ω)|

B̃
).

Noting how the quantity
∏

{•x,•x}↑(L0(G(▷))/↓ω)

≃x, x⇐
N

then factors into



∏

B↑0

∏

{•x,•x}↑(L0(G(▷))/↓ωB
)

≃x, x⇐
N








∏

B̃↑0⇐

∏

{•x,•x}↑(L0(G(▷))/↓ω
B̃

)

≃x, x⇐
N



 ,

the decomposition of ϑ ↓ PA(G(ω)) given by (1), (2), (3) yields the following result.
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Lemma 2.24.

a(G(ω)) =
∑

0↑NCk




∏

B={ji}
l

i=1

a(⇒l

i=1(η
(ji)
1,L

⇒ η(ji)
2,L

))








∏

B̃↑0
⇐
k

a(G(ω|
B̃

))



 . (2.59)

Before finishing the proof of theorem 2.19, an example illustrating this lemma and
the heavy notation that we have introduced for it is well in order. Consider the case
when we’re computing m4,2, for which we end up studying decorated cycles G(ω) ↓
DC(4, 2). Then the decomposition of a(G(ω)) given in theorem 2.24 is depicted in full
detail in the fig. 2.13 below.

2
2

22

1
1

1 1

0

0

0

0

0

1 1

0

0

1 1

0

1

10

0

1

1

0

0

ϑ2

G(ω)
∣∣∣
{2}

G(ω)
∣∣∣
{3}

G(ω)
∣∣∣
{1,4}

ε
(2)
4,3 ⇒ ε

(1)
4,3 ⇒ ε

(2)
2,3

⇒ε
(1)
2,3 ⇒ ε

(2)
3,3 ⇒ ε

(1)
3,3

ϑ2 ∋ 0 = {{1}, {2, 3, 4}}
0↗ = {{2}, {3}, {1, 4}}

0

0

0

0

2 2

2 2

1 1

11

v1

v4

v3

v2

▷
(1)
1,1

▷
(1)
1,2

▷
(1)
1,3 ▷

(2)
1,3

▷
(2)
1,2

▷
(2)
1,1

▷
(1)
1,3 ⇒ ▷

(2)
1,3

▷
(1)
1,2 ▷

(2)
1,2

▷
(1)
1,1 ▷

(2)
1,1

▷
(1)
2,1

▷
(1)
2,2

▷
(1)
2,3

▷
(2)
4,3

▷
(2)
4,2

▷
(2)
4,1

▷
(1)
4,3

▷
(1)
4,2

▷
(1)
4,1

▷
(2)
3,1

▷
(2)
3,2

▷
(2)
3,3

▷
(2)
2,1

▷
(2)
2,2

▷
(2)
2,3

▷
(1)
3,3

▷
(1)
3,2

▷
(1)
3,1

▷
(2)
4,1

▷
(2)
4,2

▷
(1)
2,1

▷
(1)
2,2

▷
(2)
3,2

▷
(2)
3,1

▷
(1)
4,1 ▷

(1)
4,2 ▷

(2)
2,2 ▷

(2)
2,1

▷
(1)
3,2

▷
(1)
3,1

Figure 2.13: Let ϑ ↓ PA(G(ω)) and ϑ2 ▽ ϑ be as in theorem 2.22 (depicted
in red on the left in this figure). Then ϑ2 corresponds to a
non-crossing partition 0: here, 0 only has two blocks, which
gives rise to the trees η(1)

1,3 ⇒ η(2)
1,3 and η(1)

4,3 ⇒ η(2)
4,3 ⇒ η(1)

2,3 ⇒ η(2)
2,3 ⇒

η(1)
3,3⇒η(2)

3,3. Its complement has three blocks, giving rise to three
decorated cycles: G(ω)|{1,4} ↓ DC(2, 1), G(ω)|{2} ↓ DC(1, 1)
and G(ω)|{3} ↓ DC(1, 1).

We now have the tools to prove theorem 2.19.

Proof of theorem 2.19. Recall that

m̃k,L =
∑

G(ω)↑DC(k,L)

ω̇ω

s(ω)a(G(ω))
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by theorem 2.21. We can then use the decomposition given in theorem 2.24 for each
a(G(ω)) in this sum to get

∑

G(ω)↑DC(k,L)

ω̇ω

s(ω)
∑

0↑NCk




∏

B={ji}
l

i=1↑0

a(⇒l

i=1(η
(ji)
1,L

⇒ η(ji)
2,L

))








∏

B̃↑0
⇐
k

a(G(ω|
B̃

))



 .

The next step will be to interchange the order of summation.
To that end, we must first distribute the factor ω̇ω

s(ω) . The same arguments of theo-
rem B.4 used to prove theorem 2.9 show that

µk,L =
∑

(▷(j)
i,L

)j→[k],i→[2]↑((TL(x))⇐)2k




k∏

j=1

ω̇
▷

(j)
2,L

ω̇
▷

(j)
1,L

s(η(j)
1,L

)s(η(j)
2,L

)



 a(⇒k

j=1(η
(j)
1,L

⇒ η(j)
2,L

)).

Notice that the sum over NCk does not depend on a specific G(ω). Splitting the sum
over G(η) into two sums, the first over (η(j)

i,L
)j↑[k],i↑[2] ↓ ((TL(x))↗)2k and the second

over the remaining trees in ω, interchanging the sums then gives

∑

0↑NCk


∏

B↑0

µ|B|,L


∏

B̃↑0⇐

∑

G(ω|
B̃

)

ω̇ω|
B̃

s(ω|
B̃

)a(G(ω|
B̃

))


.

Lastly, we note that

∑

G(ω|
B̃

)

ω̇ω|
B̃

s(ω|
B̃

)a(G(ω|
B̃

)) =
∑

G↔↑DC(|B̃|,L⇐1)

ω̇G↔

s(G⇓)a(G⇓) = m̃
|B̃|,L⇐1.

It follows that
m̃k,L =

∑

0↑NCk

µ0,Lm̃0⇐,L⇐1,

and we conclude that m̃k,L = mk,L for every k, L, where mk,L is as in the Proposition’s
statement.

2.6 Observations on the Algebra of Trees

The trees which emerge from our expansions are remarkably similar to those appearing
in the context of Butcher series [83], which constitute a related type of Taylor-like
expansion. The context of Butcher series has been extensively studied, and a rich
Hopf -algebraic structure has emerged as playing a crucial role [35, 90].

It becomes natural to ask whether a similar structure is expressed by our objects,
which, as we have shown in this chapter, do exhibit a complex combinatorial structure.
We leave this as a promising avenue for further research.
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Note that the trees of chapter D, which can fundamentally be seen as Butcher trees
where each branch is a tree of the type studied in this chapter, seem amenable to a
natural extension of the algebraic structure found in the literature.

Before concluding, note that thanks to theorem 2.11, it is possible to imbue the
vector space generated by trees with a Hilbert structure given by ≃τ, η⇐ := ▷(τ ∝ η),
fundamentally identifying τ with the Gaussian variable Zϑ in L2. This corresponds to
taking the dot product of the trees with independent Gaussian weights as in the propo-
sition, and then taking the limit as N ↗ ∃. Interestingly, as we present in chapter E,
it is possible to construct a (limiting) orthonormal basis of this space combinatorially
by working on trees, in the same way as Chizat et al. [13] construct their orthonormal
basis in the linear case: by restricting the sum over indexations in theorem 1.2 to those
indexations where each index appears only once. These objects are orthonormal and
each tree can be decomposed into them, with a methodology expressible in a recursive
way. These observations might open a way to study the training regime, extending the
rigorous arguments of Chizat et al. [13] to the non-linear case.
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Chapter 3

State Space Models

In this chapter we study how the genus techniques of chapter 1 can be applied to the
analysis of State Space Models (SSMs), a modern class of machine learning models
for processing sequential data that have emerged as a compelling alternative to Trans-
former architectures [44, 123]. SSMs have gained prominence in language modeling
and other sequential tasks due to their unique computational profile, which addresses
key limitations of attention-based models.

The appeal of SSMs lies in their dual computational advantages. During inference,
their stateful nature enables extremely e!cient autoregressive generation with O(1)
complexity per step, in stark contrast to the O(L) complexity of Transformers, where
L denotes sequence length. This e!ciency stems from the model’s ability to maintain a
fixed-size hidden state that is updated incrementally. Simultaneously, during training
and prefill phases, SSMs retain the parallelizability that makes modern deep learning
tractable, with operations that are rich in matrix multiplications and thus well-suited
to contemporary hardware accelerators [21].

This combination of e!cient inference and parallelizable training has positioned
SSMs at the forefront of recent breakthroughs in language modeling, where they demon-
strate remarkable performance across diverse tasks while o"ering significant computa-
tional advantages [44, 134].

This chapter follows the theoretical foundations laid out in Muca Cirone et al. [89],
while extending the analysis in section 3.3 with the linear case proofs from Muca Cirone
et al. [88] using genus expansion techniques. The final section 3.6, extending results to
structured matrices, appeared in Movahedi et al. [87], Walker et al. [125].

3.1 Introduction
Sequence-to-sequence blocks are fundamental components of modern deep learning
models for language, images, video, audio, time series, and genomics. For the last five
years, attention [26, 123] has been the dominant mechanism powering these architec-

67
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tures. However, competitive results have recently been achieved without attention, by
using state-space models (SSMs): GPU-e!cient linear recurrent sequence-to-sequence
blocks stemming from S4 [46]. SSMs achieve state-of-the-art results on long-range-
reasoning benchmarks [121] and show outstanding performance in various domains
including vision [92], audio [42], biological signals [46], reinforcement learning [73] and
online learning [136]. SSMs recently have gained significant interest in the community
since their computational complexity scales linearly in sequence length, while attention
scales quadratically; moreover, unlike other recurrent mechanisms such as LSTMs [52]
and GRUs [14], they can be e!ciently parallelized on GPUs during training using
parallel scans [81, 118].

While standard SSMs were shown to be particularly powerful on signal processing
tasks, their computation power is limited: the core sequential mechanism of S4 is
equivalent to a convolution (filtering) [71]. This represents a drawback in challenging
domains such as text and genetics, where the ability to select data e!ciently in an
input-dependent manner i.e., perform content-based reasoning is crucial (see [2, 38,
127]). Towards reaching this goal with recurrent models, various adaptations of S4
have been proposed in the last few months. Notably, Mamba [44] implements simple
and e!cient gating mechanisms on the S4 recurrence, unlocking input selectivity in
the memory update. Mamba achieved state-of-the-art performance in various language
modeling tasks while greatly improving the inference throughput. Similar ideas can be
found in recent developments inspired by attention, such as RWKV [99], RetNet [119],
Gateloop [64], Gated Linear Attention (GLA) [133], and HGRN2 [105]. Very recently,
[23] surpassed the performance of Mamba with a gated RNN architecture - Gri!n -
based on an improved version of the LRU [95], and [30] introduced minimal versions
of GRU and LSTM as gated SSMs.

Contributions At the core of the models discussed above is a time-varying dynami-
cal system, where reasoning is performed through an e!cient and parallelizable update
linear in the hidden state. We generalize the structure of such models, drawing a direct
link to controlled di"erential equations (CDEs) [32, 53, 67, 75, 86, 114, 124, 135] and
use tools from rough path theory [77] to study expressivity. Our framework not only
provides significant theoretical insight regarding some recently proposed SSM architec-
tures, but we also envision it to be a useful tool in analysing, and perhaps developing,
future architectural advances.

3.2 State Space Models and Linear CDEs

As sequence to sequence models, SSMs process a d-dimensional input sequence x1, . . . , xL ↓
R

din and produce a output sequence y1, . . . , yL ↓ R
dout , to do this these models use a
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hidden state z1, . . . , zL ↓ R
dhidden produced by a recurrence of the form

z↼ = z↼⇐1 + A(x↼) · z↼⇐1 + B(x↼), (3.1)

where A : Rdin ↗ R
dhidden↔dhidden and B : Rdin ↗ R

dhidden are learnable functions map-
ping the input to the transition matrices defining the recurrence. The input dependecy,
refered to as gating and introduced in the seminal work of Gu and Dao [44], is a key
feature that allows SSMs to process sequential data in an expressive way as we will see
in the next section. The output is then computed as

y↼ = F (z↼, x↼), (3.2)

where F : Rdhidden ⇔R
din ↗ R

dout is a learnable function mapping the hidden state and
the input at a given time step to the corresponding output.

3.2.1 Linear CDEs

Most State Space Models can be viewed as discretized versions of Linear Controlled
Di"erential Equations (Linear CDEs). Considering them in this continuous-time set-
ting allows us to study their expressivity in a unified way leveraging the rich theory of
Rough Paths (c.f. chapter C). According to their continuous-time formulation, SSMs
process input data sampled from a continuous path X : [0, 1] ↗ R

d. By X i

t
we denote

the input channel i, evaluated at time t ↓ [0, 1]. More formally, we consider input
trajectories in the separable Banach space X = C1,0([0, 1];Rd) of absolutely continuous
R

d dimensional paths starting in the origin. In this space, one can write X =
∫

t

0 Ẋs ds

since Ẋ ↓ L1([0, 1];Rd); and the norm is ¬X¬1;[0,1] :=
∫ 1

0 |Ẋs| ds.

To model the input dependency of transition matrices, we introduce three maps
transforming the path X: two path-valued maps with output trajectories 1X, ⇀X living
in potentially di"erent dimensions, and one vector-valued map for the initial condition

(·)0 : X ↗ R
d0 ; 1 : X ↗ C1,0([0, 1];Rd↽), ⇀ : X ↗ C1,0([0, 1];Rd⇀)

where we used the shorthand notation 1X := 1(X), ⇀X = ⇀(X). Akin the notation for
the i-the channel of X (i.e. X i), we denote by 1X,i the i-th channel in 1X.

Definition 3.1 (Linear CDE). Fix N ↓ N (hidden-state dimension), transition matri-
ces A1, ..., Ad↽

↓ R
N↔N and B ↓ R

N↔d⇀ . The hidden state ZX := Z(X) : [0, 1] ↗ R
N is

computed by the Linear CDE through a linear (in the hidden state) di"erential equation
driven by 1X, ⇀X:
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dZX
t

=
d↽∑

i=1
AiZ

X
t

d1X,i

t + Bd⇀X
t
, ZX

0 = (X)0 ↓ R
N (3.3)

Notable examples

We show that both S4 [46] and Mamba [44], two of the most popular SSMs, can be
written in continuous-time as systems of parallel Linear CDEs. The key ingredient
setting the two models apart is the choice of drivers 1 and ⇀.

S4 as a Linear CDE In S4 each channel X i : [0, 1] ↗ R is processed independently
to generate a hidden state Zi : [0, 1] ↗ R

Ni , these hidden states are then linearly
combined to produce the output. Thus it su!ces to consider the setting d = 1, N = Ni.

The original formulation of S4 defines the hidden state as

dZt

dt
= AZt + BXt, Z0 = Z0 ↓ R

N (3.4)

where A ↓ R
N↔N is diagonal matrix, often structured i.e. initialized deterministically

through HiPPO theory [45] in diagonal form, and B, Z0 ↓ R
N are fixed vectors.

The discrete version is obtained by sampling the continuous-time path X at a fixed
stepsize $ and using the Zero-Order Hold discretization1. In continuous-time, this can
be equivalently written as a Linear CDE with 1X

t
= t ↓ R and ⇀X

t
=

∫
t

0 Xsds ↓ R.

(X)0 = Z0, 1X
t

= t ↓ R, ⇀X
t

=
∫

t

0
Xsds ↓ R, (3.5)

since d1X
t

= dt and d⇀X
t

= Xtdt. As the reader can promptly notice, here 1X is not a
function of X – this will have a crucial role in expressivity (see section 3.4.1).

Mamba as a Linear CDE For Mamba, to each channel i is again associated a
hidden state Zi : [0, 1] ↗ R

Ni , but instead of being independent these are now coupled
through the input-dependency of the transition matrices Ai and Bi. In particular, the
recurrence can be written as

dZi

t

dt
= Ai(Xt)Zi

t
+ Bi(Xt), Zi

0 = Zi

0 ↓ R
Ni (3.6)

where Ai : Rd ↗ R
Ni↔Ni and Bi : Rd ↗ R

Ni depend on all input channels at once as

Ai(Xt) = $i(Xt)Ai, Bi(Xt) = X i

t
$i(Xt)(B · Xt)

1This corresponds to: (i). considering the continuous underlying signal Xt to be piecewise con-
stant, (ii). solving exactly ODE (3.4) and finally (iii). sampling Zt at the sample times of Xt. See
section C.4.1
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where
$i(x) := softplus(▷i · x + 2i) ↓ R, ▷i ↓ R

din , 2i ↓ R

is a non-linear function of the input channels, B is a channel-independent linear func-
tion and the Ai are diagonal matrices. Once again, the discrete version is obtained by
sampling the continuous-time path X at a fixed stepsize $ and using the Zero-Order
Hold discretization. This is a system of Linear CDEs with channel-dependent gates
(X)i;0 = Zi

0 and drivers 1i, ⇀i chosen as:

1X
i;t =

∫
t

0
softplus(▷i · Xs + 2i)ds ↓ R, ⇀X

i;t =
∫

t

0
Xs X i

s
softplus(▷i · Xs + 2i)ds ↓ R

d.

Remark (Are hidden state components recurrently mixed?). In the Linear CDE de-
fined by dZX

t
= [∑d↽

j=1 Ajd1X,j

t ] · ZX
t

+ B · d⇀X
t

the channels of the transformed input
path 1X are mixed in a linear way in the recurrent step and stored in a shared hidden
state ZX . This allows our framework to be more general compared to S4 and Mamba,
where each channel of the input is processed individually, and hidden states are later
combined. We know already from Merrill et al. [84] that this distinction between hid-
den state mixing strategies is crucial for expressivity. Our discussion in section 3.4.2
provides an in-depth look at the e"ects of separate channel processing. This can be
achieved in our framework by choosing the Ais to be diagonal and non-zero only around
a channel-specific portion.

3.2.2 Taylor expansion for Linear CDEs

A great advantage of the Linear CDE formalism is that it allows to leverage the theory
of Rough Paths. A crucial tool in this context is the Taylor expansion of the solution of
the Linear CDE, a result which allows to completely decouple the e"ect on the hidden
state of the gates (the time and input dependent part), and of the transition matrices
(the proper parameters of the system).

To present this result, we briefly introduce the signature transform [33, 66, 77],
a fundamental tool from stochastic analysis that transforms paths into sequences of
iterated integrals. The signature transform will play a central role in studying the
expressivity of Linear CDEs - much like monomials form building blocks for approxi-
mating functions on Euclidean spaces, linear functionals on the signature provide the
essential components for approximating continuous functions on path space, a fact that
follows from the Stone-Weierstrass theorem.

Consider then a path 3 ↓ C1,0([0, 1];Rd⇁ ) and define as Wd⇁
the set of words (i.e.

ordered sequences) in {1, . . . , dς} 2. The signature transform is the following infinite

2So when we write I ↓ Wdε we mean I = i1i2 · · · iM for some integer M ̸ 0 and letters im ↓
{1, . . . , dω}, then Ii will be the word i1i2 · · · iM i for i ↓ {1, . . . , dω}.
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collection of scalar iterated integrals

Sig(3)s,t :=
(
Sig(3)I

s,t

)

I↑Wd⇁

, Sig(3)I

s,t
:=

∫

s<u1<...<un<t

3̇(i1)
u1 ...3̇(in)

un
du1...dun.

We refer to chapter C for additional details and references on the signature.

Proposition 3.2 (Taylor expansion for Linear CDEs, theorem C.18). For any choice
of matrices A1, ..., Ad↽

, B = [B1| . . . |Bd⇀
] and C = [C1| . . . |Cdin

] ↓ R
N↔din, the unique

solution of the Linear CDE (3.3) with (·)0 gate X ↔↗ CX0 is, using the notation
AI := Ain

...Ai1, given by the absolutely convergent series

ZX
t

=
din∑

i=1

∑

I↑Wd↽

AICi X i

0Sig(1X)I

0,t
+

d⇀∑

j=1

∑

I↑Wd↽

AIBj

∫
t

0
Sig(1X)I

s,t
d⇀X,j

s
↓ R

N . (3.7)

Notice that this result does not rely on any assumptions on the nature of C, Ai,
and B; for any such choice the result is a time-independent linear map on a feature
vector given, at time t, by

T (X)0,t :=


X i

0Sig(1X)I

0,t
,
∫

t

0
Sig(1X)I

s,t
d⇀X,j

s
: i ↓ [din], I ↓ Wd↽

, j ↓ [dξ]


(3.8)

Note also that the AICi and AIBj terms can be expressed as operator graphs, which
we call ladders, of the form

Bj

Ain Ai1

Figure 3.1: Operator graph of AIBj. The operator graph of AICi is ob-
tained by replacing the Bj node with the Ci node.

In fact if we define τI,i,0 to be the ladder of AICi, τI,0,j to be the ladder of AIBj, and
L → L(din, d1, dξ) to be the set of all ladders of this form for I ↓ Wd↽

, i ↓ {1, . . . , din}
and j ↓ {1, . . . , dξ}, then the solution of the Linear CDE can be written as

ZX
t

=
∑

ϑ↑L

Wϑ T (X)ϑ

0,t
↓ R

N (3.9)

with clear abuse of notation for the entries of the feature vector T (X)0,t.

Remark. A property highlighted by this expansion is the interpretability of these mod-
els. After training the CDEs one can compute the matrix multiplications and observe
which entries of the signature the model chooses to take into consideration, to attend.



CHAPTER 3. STATE SPACE MODELS 73

3.3 Signature Kernel as Limit of SSMs

We have just seen how Linear CDEs can always be written in terms of the signature
transform, which is a universal feature map on path space. It follows that to study the
expressiveness of these systems, a crucial question is how well the signature information
is stored and to what extent it can be recovered from the Linear CDEs.

We now proceed to study how signature kernels can be obtained as kernel limits,
in an L2 sense, of randomly initialised Linear CDEs. These systems therefore act as
random Fourier feature expansions [106] for signature kernels and, in the limit N ↗ ∃,
capture all the information contained in the signature kernel.

By writing the solution of the Linear CDE as a sum over ladders, we can leverage
the results of chapter 1 to compute the distributional properties of these objects.

Assumption 3.3. We assume the entries of all the matrices Ai ↓ R
N↔N to be inde-

pendent Gaussian random variables with mean 0 and variance 1
N

, while, for any i, j,
the entries of the vectors Ci, Bj ↓ R

N to be iid Gaussians with mean 0 and variance 1.

Proposition 3.4. Under theorem 3.3, for any τ, η ↓ L we have that

∥∥∥∥
1
N

≃Wϑ , W▷⇐RN ↘ ϖϑ,▷

∥∥∥∥
L2

∈ 2
|E(ς)|+|E(η)|

2
∀

N
(|E(τ)| + |E(η)|)!! (3.10)

Proof. This is an application of theorem 1.17 to the graphs G = (τ→η) ∝ (τ→η) since
≃Wϑ , W▷⇐RN = Wϑ↓▷, the arguments will be the same used to prove theorems 2.10
and 2.15. Recall, theorem 1.17 gives us that

E


Wϑ↓▷ ↘

∑

⇁↑PA(ϑ↓▷)
W(ϑ↓▷)ϑ

2

=
∑

ε↑PAF(G)
WGω

. (3.11)

For a pairing ◁ ↓ P(τ→η) to be atomic, the terminal leaves of τ and η must clearly
be fixed to the same Ci or Bj. The pairing of these terminal leaves gives us a cycle
with |E(τ)| + |E(η)| edges needing to be paired, and we know that the only way for
this pairing to lead to a tree is if it produces a ladder. Note that the cycle is split
in two halves, corresponding to τ and η, with edges running in opposite directions.
The arguments employed in proving theorem 2.22 then show how the pairing leads to
a ladder if and only if each edge of τ is paired with the one in η at the same depth,
meaning that atomic pairings exist if and only if τ = η and in that case the only one
is the “identity” pairing. Such identity pairing ◁id leads to

W(ϑ↓ϑ)ϑ
= 1

N |E(ϑ)| N
|V (ϑ)| = 1

N |E(ϑ)| N
|E(ϑ)|+1 = N.
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Consider the pairings ◁ ↓ PAF (τ→η ∝ τ→η), since trivially PAF (G) ⇓ P(G) we have

|PAF (G)| ∈ |P(G)| ∈ (2 · E(τ→η))!! = (2 · (E(τ) + E(η)))!!

and also (2 · (E(τ) + E(η)))!! = 2|E(ϑ)|+|E(▷)|(|E(τ)| + |E(η)|)! Moreover for any ◁ ↓
PAF (G) it must hold under our assumptions

|WGϑ
| ∈ 1

N
E(G)

2
N

V (G)
2 = 1

NE(ϑ)+E(▷) NE(ϑ)+E(▷)+1 = N

so that
|

∑

ε↑PAF(G)
WGω

| ∈ N2|E(ϑ)|+|E(▷)|(|E(τ)| + |E(η)|)!

Putting all together we have

E


Wϑ↓▷ ↘ Nϖϑ,▷

2

∈ N2|E(ϑ)|+|E(▷)|(|E(τ)| + |E(η)|)!

which, multiplying by 1
N2 , proves that

∥∥∥∥
1
N

≃Wϑ , W▷⇐RN ↘ ϖϑ,▷

∥∥∥∥
2

L2
∈ 2|E(ϑ)|+|E(▷)|

N
(|E(τ)| + |E(η)|)! (3.12)

to conclude note that by definition of double factorial

(|E(τ)| + |E(η)|)! = (|E(τ)| + |E(η)|)!! (|E(τ)| + |E(η)| ↘ 1)!!

so we have that √
(|E(τ)| + |E(η)|)! ∈ (|E(τ)| + |E(η)|)!!

Remark. We have found that the vectors 1
∝

N
Wϑ are almost orthogonal, becoming

increasingly so as the dimension N increases. The quality of this orthogonality is
controlled by the length of the ladders, and for any fixed length L there is an exponential
number O(dL) of ladders. Analogous to the Johnson-Lindenstrauss lemma [22, 60],
we thus find, for a fixed dimension N ℑ 1, an exponential number (in d) of almost
orthogonal vectors. Intuitively, as N increases, the randomized signature has more
freedom to accurately mimic the dynamic behavior of the true signature. The dynamics
of the signature make it continuously move into orthogonal directions; the presence of
more dimensions allows its randomized counterpart to act similarly, at least over small
time frames.
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3.3.1 L2 convergence to the signature kernel

Theorem 3.5. For N ↓ N let AN

i
↓ R

N↔N and CN

i
, BN

i
↓ R

N satisfy theorem 3.3,
let ZN(X) : [0, 1] ↗ R

N be the solution to (3.3) for these matrix choices. For any
X, Y ↓ X we have that

1
N

≃ZN(X)t, ZN(Y )s⇐RN

L
2

↘↘↘↗
N↘≃

≃T (X)0,t, T (Y )0,s⇐ :=
∑

ϑ↑L

T (X)ϑ

0,t
T (Y )ϑ

0,s
(3.13)

this is of order O( 1
∝

N
), uniformly in s, t ↓ [0, T ] and on bounded sets of X, Y ↓ X.

Proof. Note how

1
N

≃ZN(X)t, ZN(Y )s⇐RN ↘ ≃T (X)0,t, T (Y )0,s⇐

=
∑

ϑ,▷↑L

1
N

≃Wϑ , W▷⇐RN T (X)ϑ

0,t
T (Y )▷

0,s ↘
∑

ϑ↑L

T (X)ϑ

0,t
T (Y )ϑ

0,s

=
∑

ϑ,▷↑L

 1
N

≃Wϑ , W▷⇐RN ↘ ϖϑ,▷


T (X)ϑ

0,t
T (Y )▷

0,s

so that
∥∥∥∥

1
N

≃ZN(X)t, ZN(Y )s⇐RN ↘ ≃T (X)0,t, T (Y )0,s⇐
∥∥∥∥

L2

∈
∑

ϑ,▷↑L

∥∥∥∥
1
N

≃Wϑ , W▷⇐RN ↘ ϖϑ,▷

∥∥∥∥
L2

|T (X)ϑ

0,t
T (Y )▷

0,s|

∈ 1∀
N

∑

ϑ,▷↑L

2
|E(ς)|+|E(η)|

2 (|E(τ)| + |E(η)|)!! |T (X)ϑ

0,t
T (Y )▷

0,s|

∈ 1∀
N

∑

ϑ,▷↑L

2
|E(ς)|+|E(η)|

2 (|E(τ)| + |E(η)|)!! ¬X¬|E(ϑ)| ¬Y ¬|E(▷)|

|E(τ)|!|E(η)|!

where we have used both theorem 3.4 and the factorial decay of the signature.
Setting D = din + d1 + dξ we have that for all k ↓ N

|{τ ↓ L : |E(τ)| = k}| ∈ Dk+1

so that

1∀
N

∑

ϑ,▷↑L

2
|E(ς)|+|E(η)|

2 (|E(τ)| + |E(η)|)!! ¬X¬|E(ϑ)| ¬Y ¬|E(▷)|

|E(τ)|!|E(η)|!

∈ D∀
N

∑

i,j↑N

Di+j2
i+j

2 (i + j)!! ¬X¬i ¬Y ¬j

i!j!

∈ D∀
N

∑

i,j↑N

M i+j
(i + j)!!

i!j!
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for some finite M . Note now that

(i + j)!!
i!j! ∈ 4i+j

(i + j)!! (3.14)

In fact, this is equivalent to
((i + j)!!)2 ∈ 4i+ji!j!

and we have that

((i + j)!!)2 ∈ (i + j + 1)! = (i + j + 1)(i + j)!

∈ (i + j + 1)2i+ji!j! ∈ 4i+ji!j!

where we have used the fact that (i + j + 1) ∈ 2i+j and the inequality

(i + j)!
i!j! =


i + j

i



∈ 2i+j.

Thus we have that

D∀
N

∑

i,j↑N

M i+j
(i + j)!!

i!j! ∈ 1∀
N

∑

i,j↑N

M̄ i+j

(i + j)!!

for some finite M̄ .

We want to show that this sum is convergent, to this end by [120][8.2.1 and 8.2.2]
we have to find a bijection ϑ : N ↗ N ⇔ N such that, if

f(i, j) = M̄ i+j

(i + j)!!

then
∑

k↑N

f(ϑ(k)) < ∃

Consider then ϑ as the inverse of the map (i, j) ↔↗ 1
2(i + j)(i + j + 1) + j i.e. ϑ

is the map enumerating pairs (i, j) starting from (0, 0) and proceeding with diagonal
motions of the form

(m, 0) ↗ (m ↘ 1, 1) ↗ · · · ↗ (0, m)

and then (0, m) ↗ (m + 1, 0). Notice that such diagonal strides have length m + 1 and
comprise all couples (i, j) such that i + j = m.

Since there are exactly m + 1 choices of (i, j) such that i + j = m, corresponding
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to the couples (i, m ↘ i) for i = 0, . . . , m, using the above ϑ it su!ces to prove

∑

m↑N

(m + 1)M̄m

m!! ∈
∑

m↑N

2m
M̄m

m!! =
∑

m↑N

(2M̄)m

m!! ∈
∑

m↑N

(2M̄)m

∀
m!

< ∃

This is the case by the ratio test: set am = (2M̄)m

∝
m! and note that

am+1
am

= 2M̄∀
m + 1

so that
lim

m↘≃

∣∣∣∣
am+1
am

∣∣∣∣ = 0

thus the series is absolutely convergent and we can conclude that
∥∥∥∥

1
N

≃ZN(X)t, ZN(Y )s⇐RN ↘ ≃T (X)0,t, T (Y )0,s⇐
∥∥∥∥

L2
= O( 1∀

N
)

as desired.

Remark. Note how, given paths X, Y ↓ X such that X1
0 , Y 1

0 = 1, for the choices of
Ci = 0 for i > 1, ⇀ → 0 and 1 → Id, the limit is given by the signature kernel i.e.

1
N

≃ZN(X)t, ZN(Y )s⇐RN

L
2

↘↘↘↗
N↘≃

SigKer(X, Y )s,t :=
∑

I↑Wdin

Sig(X)I

0,t
Sig(Y )I

0,s
(3.15)

3.3.2 Convergence to a Gaussian process

We can use the L2 limit to prove a distributional result on the readouts of the randomly
initialised Linear CDEs we are considering, showing how the outputs converge to a
Gaussian process indexed on path space with covariance structure given by the limiting
kernel.

In the setting of theorem 3.5, under theorem 3.3, let X := {X1, . . . , Xm} ⇓ X and
let ZN

X
:= [ZN(X1)1, . . . , ZN(Xm)1] ↓ R

N↔m.

Proposition 3.6. Let vN ↓ R
N be sampled from N (0, 1

N
). Then the vectors

”N

X
:= [≃vN , ZN(Xj)1⇐RN ]j=1,...,m = (ZN

X
)→vN ↓ R

m

converge in distribution to a N (0, KT (X , X )1,1) where

[KT (X , X )1,1]i,j := ≃T (Xi)0,1, T (Xj)0,1⇐L2

Proof. By Lévy’s continuity theorem it su!ces to study the limiting behavior of the
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characteristic functions
ωN(u) := E[exp

{
iuT ”N

X

}
].

In particular we want to show that they converge pointwise to the characteristic
function of a N (0, SigKer(X , X )1,1), which would imply convergence in distribution.

Note how

ωN(u) = E[exp
{
iuT (ZN

X
)→vN

}
]

= E[exp
{
i(ZN

X
u)→vN

}
]

= E[E[exp
{
i≃ZN

X
u, vN⇐

}
|{AN

i
, CN

j
, BN

k
}i,j,k]]

But if we know all the AN

i
, CN

j
, BN

k
then the ZN(Xj)1 are deterministic objects,

and vN is normally distributed; thus

ωN(u) = E[E[exp
{
i≃ZN

X
u, vN⇐

}
|{AN

i
, CN

j
, BN

k
}i,j,k]]

= E[exp
{

↘ 1
2N

≃ZN

X
u, ZN

X
u⇐

}
]

= E[exp
{

↘ 1
2N

≃u, (ZN

X
)→ZN

X
u⇐

}
]

= E[exp
{

↘ 1
2≃u, GN

X
u⇐

}
]

where

GN

X
= 1

N
(ZN

X
)→ZN

X
↓ R

m↔m i.e. [GN

X
]i,j := 1

N
≃ZN(Xi)1, ZN(Xj)1⇐

Now, since we have proven that

1
N

≃ZN(Xi)1, ZN(Xj)1⇐ L
2

↘↘↘↗
N↘≃

[KT (X , X )1,1]i,j

we have
GN

X

L
2

↘↘↘↗
N↘≃

KT (X , X )1,1 =: !

We want to show that this implies for all u ↓ R
m the convergence

E[exp
{

↘ 1
2≃u, GN

X
u⇐

}
] ↘↘↘↗

N↘≃

exp
{

↘ 1
2≃u, !u⇐

}

which would allow us to conclude. To this end note how L
2 convergence implies con-

vergence in distribution, by the classical Portmanteau theorem we must have

E[h(GN

X
)] ↘↘↘↗

N↘≃

E[h(!)] = h(!)
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for every continuous and bounded h : Rm↔m ↗ R

Fix u ↓ R
m and consider

fu : Rm↔m ↗ R s.t. A ↔↗ exp
{
↘1

2≃u, Au⇐
}

We would like to take h = fu, unfortunately if u ∞= 0 then fu is not bounded: taking
A = ↘Im↔m we have

f(kA) = exp{k

2 ¬u¬2
2} ↘↘↘↗

k↘≃

+∃

Fortunately we are only interested in evaluating fu on the GN

X
which are all positive

semidefinite matrices:
GN

X
= 1

N
(ZN

X
)→ZN

X

thus for any u ↓ R
m it holds that

uT GN

X
u = uT

1
N

(ZN

X
)→ZN

X
u = ( 1∀

N
ZN

X
u)T

1∀
N

ZN

X
u =

∥∥∥∥∥
1∀
N

ZN

X
u

∥∥∥∥∥

2

2
̸ 0

Since the GN

X
↓ R

m↔m are always semidefinite we have 0 < fu(GN

X
) ∈ 1 for any

u, hence we always have fu(GN

X
) = ◁ ′ fu(GN

X
) where ◁ : R ↗ R is defined by

◁(x) := min{x, 2}. To end notice how ◁ ′ fu : R
m↔m ↗ R is continuous, being

composition of continuous functions, and bounded, since

0 < ◁ ′ fu(A) ∈ 2

Then we have, for every u ↓ R
m, that

E[fu(GN

X
)] = E[(◁ ′ fu)(GN

X
)] ↘↘↘↗

N↘≃

(◁ ′ fu)(!) = fu(!)

where we have used the semidefinitiveness of !. With this we finally conclude that

ωN(u) ↘↘↘↗
N↘≃

exp
{
↘1

2≃u, !u⇐
}
.

3.4 Expressive Power of SSMs

Equipped with the previous results, we now embark on answering the following ques-
tion:

“What is the most one can achieve using a recurrence which is
linear in the hidden state and potentially non-linear in the input?”
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3.4.1 Characterization of the closure: Dense Case

For any path 3 ↓ C1,0([0, 1],Rd⇁ ) and any sub-interval [s, t] ▽ [0, 1], we denote by
3[s,t] ↓ C1,0([0, 1],Rd⇁ ) the path 3[s,t](u) = 3t⇒u ↘ 3s⇒u, where a ⇒ b = min(a, b).

Statement of Main Result

Here we present the unified expressivity result in its most general form:

Theorem 3.7. Fix a compact set K ⇓ X and continuous gates (·)0, 1, ⇀ with 3 1X,1
t → t

and 1X,2
t → t2. For any 4 > 0 and any

F ↓


(X, t) ↔↗ %(1X
[0,t]) · X0 +

∫
t

0
”(1X

[s,t]) · d⇀X
s


(3.16)

where % ↓ C0(C1,0;Rdin) and ” ↓ C0(C1,0;Rd⇀), there exist a choice of hidden di-
mension N ̸ 1 and parameters v ↓ R

N , Ai ↓ R
N↔N , B ↓ R

N↔d⇀ , C ↓ R
N↔din such

that
sup

(X,t)↑K↔[0,1]
|F (X, t) ↘ ≃v, ZX

t
⇐| ∈ 4 (3.17)

Moreover generic parameters su!ce with high probability in the sense that under theo-
rem 3.3 the following holds:

lim
N↘≃

P

[
⊤v ↓ R

N : (3.17) holds
]

= 1

Moreover the “reverse” also holds in the sense that, given any choice of matrices
Ai, B, C there is an 4-close map F in the family.

Intuition on the closure result: role of gates

We note how theorem 3.7 shows that dense Linear CDEs have drastically superior
expressive power compared to dense linear RNNs, for which 1X

t
= t and ⇀X

t
=

∫
t

0 Xsds.
This contrast is to be attributed completely to the gate 1.

Linear RNNs. We can see theorem 3.7 as a generalization of the Universal Approx-
imation for Linear RNNs presented by Li et al. [72][Thm. 7] for generic gates 1, ⇀. In
fact, their setting is restricted to 1X

t
= t and ⇀X

t
=

∫
t

0 Xsds. This is also the case for
S4, S5 and the LRU [46, 95, 118]– which are linear RNNs at test time. Then the only
information contained in 1[s,t] is the increment t ↘ s so that family (3.16) reduces to


(X, t) ↔↗ ◁(t) +

∫
t

0
ϑ(t ↘ s) · Xsds


.

3These assumptions are of technical nature and can be relaxed at the cost of talking about tree-like
equivalence of paths cf. [49]. Intuitively ϱ

X,1
t = t ensures general X-uniformity while ϱ

X,2
t = t

2 ensures
[0, 1]-uniformity.
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This is, fundamentally, the set of linear filters on the input. As shown in [44], such
processing is unable to modulate information flow in-context.

How does a Linear CDE process inputs? Take without loss in generality4 1X
t

=
Xt. The first term in the function class {%(X[0,t]) +

∫
t

0 ”(X[s,t]) · d⇀X
s
} is already enough

to establish that the output CZX
t

is a nonlinear function of all previously seen inputs
X[0,t] – interestingly, ⇀ could be set to zero. The term %(X[0,t]) is however non-trivial
only in the Z0 ∞= 0 case: picking ⇀X

t
= 0 ↓ R

N for all t indeed leads to dZX
t

=[∑
d↽

i=1 Aid1X,i

t

]
ZX

t
, which is evolving only if Z0 ∞= 0. While this setting is interesting

and suggests a clear direction for future research, a case more similar to Mamba (see
section 3.4.2) is Z0 = 0 and (ignoring input gating) ⇀X

t
=

∫
t

0 Xsds. Here, we can
approximate arbitrarily well outputs of the form


(X, t) ↔↗

∫
t

0
”(X[s,t]) · Xsds


(3.18)

where ” is any continuous function of the input path, restricted to the portion [s, t].
This clearly shows that dense Linear CDEs are capable of context-dependent filtering:
the output is again a linear combination of previously seen inputs, but weights are not
predetermined as in Linear RNNs (S4) – they are a function of the context. A similar
yet less powerful processing is happening in the diagonal setting, which we explore
next.

Remark. The specific restriction of 1 to subsets of [0, 1] is a crucial part of (3.16).
The family of approximable maps does not include all path-to-path causal5 functions
t ↔↗ Y X

t
but a subset of them, of type t ↔↗ Y X

t
:= %(1X

[0,t]), satisfying the specific
time-homogeneity specified by the form of the restriction, akin to that in Li et al. [72].

The feature map T and its RKHS

Definition 3.8. Let Wdin,d↽ ,d⇀
be the set of words in the alphabet

Adin,d↽ ,d⇀
:= {ei}i=1,...,din

⇑ {εξ

j
}j=1,...,d⇀

⇑ {ε1

k
}k=1,...,d↽

Fix the gates (·)0, 1, ⇀, we define T (X) : [0, 1] ↗ l2(Wdin,d↽ ,d⇀
) ⇓ T ((Adin,d↽ ,d⇀

)) as the
unique solution to:

T (X)0,t =
d∑

i=1
X i

0ei +
d⇀∑

j=1
⇀X,j

t εξ

j
+

d↽∑

k=1

∫
t

0
T (X)0,s d1X,k

s
↙ ε1

k
(3.19)

4Let us ignore the terms t, t
2 at this stage; their role is purely technical due to possible path

equivalences.
5A causal map is one which does not “look in the future”.
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In fact one readily sees that the only non-zero terms of T (X)0,t are

≃T (X)0,t, ei⇐ = X i

0

≃T (X)0,t, ei ↙ ε1

Ik
⇐ =

∫
t

0
≃T (X)0,s, ei ↙ ε1

I
⇐d1X,k

s
= X i

0 Sig(1X)Ik

0,t

≃T (X)0,t, εξ

j
⇐ = ⇀X,j

t =
∫

t

0
d⇀X,j

s

≃T (X)0,t, εξ

j
↙ ε1

Ik
⇐ =

∫
t

0
≃T (X)0,s, εξ

j
↙ ε1

I
⇐d1X,k

s
=

∫
t

s=0

∫
s

r=0
Sig(1X)I

r,s
d⇀X,j

r
d1X,k

s

=
∫

t

r=0

∫
t

s=r

Sig(1X)I

r,s
d1X,k

s
d⇀X,j

r
=

∫
t

0
Sig(1X)Ik

r,t
d⇀X,j

r

This is similar to the tensor-valued CDE defining the signature as a tensor i.e. [112]

Sig(1)0,t = () +
∫

t

0
Sig(1)0,s ↙ d1s

with the addition of two terms to track X0 and ⇀X. One could also understand T (X)s,t

as a sub-tensor of
X0 ↙ Sig((1X, ⇀X))s,t

but in doing this one would have to explicitly ignore most of the terms of this vector;
the CDE (3.19) does exactly this, but implicitly. In any case the subtensor view shows
that T : X ⇔ [0, 1]2 ↗ l2(Wdin,d↽ ,d⇀

) is well defined and continuous.
To the feature map T (·)0,t with values in the Hilbert space l2(Wdin,d↽ ,d⇀

) is then
associated a Reproducing Kernel Hilbert Space [4], where the Kernel is the one induced
by the l2 product, which we denote by

H(·)0,1,▷

t ⇓ C0(X;R) (3.20)

Classical RKHS theory tells us that we can characterize its elements as:

Proposition 3.9. A map F (·)t : X ↗ R is an element of H(·)0,1,▷

t if and only if it is
of the form

F (x)t =
din∑

i=1
X i

0≃▷i, Sig(1X)0,t⇐ +
d⇀∑

j=1

∫
t

0
≃2j, Sig(1X)s,t⇐d⇀X,j

s
(3.21)

for ▷i, 2j ↓ l2(Wd↽
). Moreover ¬F (·)t¬2

H
(·)0,↽,η

t

is equal to the minimal value of

din∑

i=1
¬▷i¬2

l2(Wd↽
) +

d⇀∑

j=1
¬2j¬2

l2(Wd↽
)

taken over those 3, 2 for which the above equality holds.

Signature kernels [112] are a class of universal kernels on sequential data which have
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received attention in recent years thanks to their e!ciency in handling path-dependent
problems [17, 57, 69, 70, 80, 88, 96, 113]. Just as signature kernels, the kernel associated
to T (X)0,t can be explicitly written as the solution of a two-parameter CDE:

Lemma 3.10. Let KX,Y(s, t) := ≃T (X)0,s, T (Y )0,t⇐l2 then

KX,Y(s, t) = ≃X0, Y0⇐ + ≃⇀X
s
, ⇀Y

t
⇐ +

∫
s

▷=0

∫
t

ϑ=0
KX,Y(η, τ)≃d1X

▷
, d1Y

ϑ
⇐ (3.22)

or, directly in terms of Signature, also

KX,Y(s, t) =≃X0, Y0⇐≃Sig(1X)0,s, Sig(1Y)0,t⇐ +
∫

s

▷=0

∫
t

ϑ=0
≃Sig(1X)▷,s, Sig(1Y)ϑ,t⇐≃d⇀X

▷
, d⇀Y

ϑ
⇐

(3.23)

Proof. The first expression follows immediately from (3.19) the second one by summing
the products of T (X)0,s’s and T (Y )0,t’s entries given above.

Definition 3.11. Define H (·)0,1,▷

[0,1] ⇓ C0(X⇔ [0, 1];R) as the space of functions of form

(X, t) ↔↗
din∑

i=1
X i

0≃▷i, Sig(1X)0,t⇐ +
d⇀∑

j=1

∫
t

0
≃2j, Sig(1X)s,t⇐d⇀X,j

s
(3.24)

for ▷i, 2j ↓ l2(Wd↽
). Thus for all t ↓ [0, 1] and F ↓ H(·)0,1,▷

[0,1] it holds F (·, t) ↓ H(·)0,1,▷

t .

Linear maps on ZX

t
are close to the RKHS

The following proposition will show how linear maps on ZX
t

cannot be more expressive
than elements of the RKHS H(·)0,1,▷

[0,1] since their closure is in the closure of H(·)0,1,▷

[0,1] . In
this precise sense these spaces act like upper bounds to expressiveness.

Proposition 3.12. Assume X compact. Consider fixed the gates and Ai ↓ R
N↔N , B ↓

R
N↔d⇀ and C ↓ R

N↔din. Consider a linear readout v ↓ R
N . For any 4 > 0 there exist

choices of ▷i, 2j ↓ l2(Wd↽
) defining a F ↓ H(·)0,1,▷

[0,1] , such that

sup
(X,t)↑X↔[0,1]

|≃v, ZX
t
⇐ ↘ F (X, t)| ∈ 4. (3.25)

In other words, linear maps on the ZX
t

are in the uniform closure of H(·)0,1,▷

[0,1] .

Proof. By (3.2) we see that ≃v, ZX
t

⇐ is a linear map on T (X)0,t with coe!cients

v→AIBj v→AICi

using Cauchy-Schwartz it’s moreover easy to see the existence of a constant ↽ ̸ 0 such
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that for all I, i, j one has

|v→AIBj| ∈ ↽|I| |v→AICi| ∈ ↽|I|.

Since |Sig(1)I

s,t
| ∈ 1

|I|! ¬1¬|I|

1⇐var,[s,t] we have that, given an integer M ̸ 0, the bound

RM(t) :=

∣∣∣∣∣∣

din∑

i=1

∑

|I|↖M

v→AICi X i

0Sig(1X)I

0,t
+

d⇀∑

j=1

∑

|I|↖M

v→AIBj

∫
t

0
Sig(1X)I

s,t
d⇀X,j

s

∣∣∣∣∣∣

∈ (¬X0¬1 + ¬⇀X
t
¬1)

≃∑

m=M

↽mdm

1
¬1X¬m

1⇐var,[0,t]
m!

∈ (¬X0¬1 + ¬⇀X
t
¬1)

≃∑

m=M

↽mdm

1
¬1X¬m

1⇐var,[0,1]
m! ∈ K

≃∑

m=M

(↽d1K)m

m!

where K ̸ 0 is a constant which must exist by compactness of X and continuity of the
gates. Since K

∑
≃

m=M

(2d↽K)m

m! is just the tail of the taylor expansion of Ke2d↽K there
must be an M such that sup

t↑[0,1] RM(t) ∈ 4. But then the choice

▷I

i
:= v→AICi I(|I| < M) 2I

j
:= v→AIBj I(|I| < M)

su!ces for the required bound.

Uniform closure of the RKHS

Now that we have established the theoretical interest of the H(·)0,1,▷

[0,1] we proceed to
characterize which maps (X, t) ↗ R can be uniformly approximated through them.

Proposition 3.13. Fix a compact input set X and continuous gates (·)0, 1, ⇀ with
1X,1

t → t and 1X,2
t → t2. For any 4 > 0 and any

F ↓


(X, t) ↔↗ %(1X
[0,t]) · X0 +

∫
t

0
”(1X

[s,t]) · d⇀X
s


(3.26)

where % ↓ C0(C1,0;Rdin) and ” ↓ C0(C1,0;Rd⇀), there exist a G ↓ H(·)0,1,▷

[0,1] such that

sup
(X,t)↑X↔[0,1]

|F (X, t) ↘ G(X, t)| ∈ 4 (3.27)

Proof. Note first that the map

X ⇔ [0, 1] ⇔ [0, 1] ↗ C1,0([0, 1];Rd↽) (X, s, t) ↔↗ 1X
[s,t]

is a continuous map from a compact space, thus the image must be compact too.
Moreover by theorem C.12 the Signature separates the points in this image. Since any
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G as above has form

G(X, t) =
din∑

i=1
X i

0≃▷i, Sig(1X)0,t⇐ +
d⇀∑

j=1

∫
t

0
≃2j, Sig(1X)s,t⇐d⇀X,j

s

=
din∑

i=1
X i

0≃▷i, Sig(1X
[0,t])0,1⇐ +

d⇀∑

j=1

∫
t

0
≃2j, Sig(1X

[s,t])0,1⇐d⇀X,j

s

the proof follows from the uniform density on compact sets of linear functionals on the
(truncated) Signature (theorem C.10), by also uniformly bounding thanks to compact-
ness and continuity the norms of X0 and ⇀X

1 .

Remark. The specific restriction of 1 to subsets of [0, 1] is a crucial part of the result.
The family of approximable maps does not include all path-to-path causal6 functions
t ↔↗ Y X

t
but a subset of them, of type t ↔↗ Y X

t
:= %(1X

[0,t]), satisfying the specific
time-homogeneity specified by the form of the restriction, akin to that in Li et al. [72].

Generic Weights are fully expressive

We have seen how linear maps on ZX
t

are in the uniform closure of H(·)0,1,▷

[0,1] , and we
have explicitly characterized this closure. It is then natural to ask “how much” of
this closure the ZX

t
are able to “explore”. The present section not only shows that the

ZX
t

“explore” all the closure, but also that a generic choice of weights is enough to
eventually do this with high probability.

The fact that these maps are “universal” in the above sense is not surprising, since
it is well known that Linear CDEs are universal for path-to-point tasks cf. [65], what
is surprising is that this universality can be achieved probabilistically with one of the
standard parametrizations used in ML practice (LeCun)7.

Theorem 3.14. Fix X compact and 4 > 0. For all F ↓ H(·)0,1,▷

[0,1] there exist a choice of
hidden dimension N ̸ 1 and parameters v ↓ R

N , Ai ↓ R
N↔N , B ↓ R

N↔d⇀ , C ↓ R
N↔din

such that
sup

(X,t)↑X↔[0,1]
|F (X, t) ↘ ≃v, ZX

t
⇐| ∈ 4 (3.28)

Moreover generic weight choices su!ce with high probability, in the sense that under
theorem 3.3 the following holds

lim
N↘≃

P

[
⊤v ↓ R

N : (3.28) holds
]

= 1

We propose two proofs, the first one of a deterministic character concerns the first
claim in the theorem, the second one is probabilistic and concerns the whole result.

6A causal map is one which does not “look in the future”.
7It can be proved, using the results of [28], that the sampling measure does not have to be Gaussian

if it satisfies certain moment requirements.
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The deterministic proof follows the same arguments employed by Kidger [65] and is
included to highlight the main idea of the probabilistic result, which reduces to a “spin”
on the central argument of this proof.

Deterministic Proof. Any F ↓ H(·)0,1,▷

[0,1] has form

F (X, t) =
din∑

i=1
X i

0≃▷i, Sig(1X)0,t⇐ +
d⇀∑

j=1

∫
t

0
≃2j, Sig(1X)s,t⇐d⇀X,j

s
(3.29)

for fixed ▷i, 2j ↓ l2(Wd↽
). Consider an integer M ̸ 0 such that

sup
(x,t)↑X↔[0,1]

|F (X, t) ↘
din∑

i=1
X i

0≃0M▷i, Sig(1X)0,t⇐ ↘
d⇀∑

j=1

∫
t

0
≃0M2j, Sig(1X)s,t⇐d⇀X,j

s
| ∈ 4

(3.30)
where 0M is the truncation at length M .

Fix d = din + d1 + dξ. Consider µ(M, d) ↓ N such that R
µ(M,d) △ T M(Rd). We

are going to write eI ↓ R
µ(M,d) to mean the image of eI ↓ T M(Rd) through this

identification. Note that (·) ↙M ek : T M(Rd) ↗ T M(Rd) is a linear map, it does then
correspond to a matrix &k ↓ R

µ(M,d)↔µ(M,d). Write ςξ

j
:= edin+j for j = 1, . . . , dξ and

ς1

k
:= edin+d⇀+k for k = 1, . . . , d1. Then the solution to

R
µ(M,d) ⊥ Z̃t =

din∑

i=1
X i

0ei +
d⇀∑

j=1
⇀X,j

t ςB

j
+

d↽∑

k=1

∫
t

0
&din+d⇀+kZ̃sd1X,k

s
(3.31)

is the object in R
µ(M,d) corresponding to the truncated tensor 0M(T (X)0,t).

This Z̃t is of the form ZX
t

with N = µ(M, d), Ak = &din+d⇀+k, B =
[
ςξ

1| · · · |ςξ

d⇀

]
and

C = [e1| · · · |edin
].

In particular note how these matrices are such that

eT

J
AICi = I(eJ = ei ↙ ς1

I
), eT

J
AIBj = I(eJ = ςξ

j
↙ ς1

I
), (3.32)

since it holds that
AICi = ei ↙ ς1

I
, AIBj = ςξ

j
↙ ς1

I
, (3.33)

and for all |I| > M one has necessarily AI = 0.
Our strategy is that of using these equaities to create a vector v ↓ R

N corresponding
to the 0M▷i and 0M2j. Define the vector

v :=
din∑

i=1

∑

|I|∈M

▷I

i
ei ↙ ς1

I
+

d↽∑

j=1

∑

|I|∈M

2I

j
ςξ

j
↙ ς1

I
↓ R

µ(M,d) (3.34)
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Then expanding ZX
t

and using the equalities above one has

≃v, ZX
t

⇐ =
din∑

i=1

∑

I

v→AICi X i

0Sig(1X)0,t +
d↽∑

j=1

∑

I

v→AIBj

∫
t

0
Sig(1X)s,td⇀X,j

s

=
din∑

i=1

∑

|I|∈M

▷I

i
X i

0Sig(1X)0,t +
d⇀∑

j=1

∑

|I|∈M

2I

j

∫
t

0
Sig(1X)s,td⇀X,j

s

=
din∑

i=1
X i

0≃0M▷i, Sig(1X)0,t⇐ +
d⇀∑

j=1

∫
t

0
≃0M2j, Sig(1X)s,t⇐d⇀X,j

s

proving that for such v and ZX it holds

sup
(x,t)↑X↔[0,1]

|F (X, t) ↘ ≃v, ZX
t

⇐| ∈ 4 (3.35)

The crucial ingredient for the success of this proof is the possibility to recreate the
space T M(Rdin+d↽+d⇀) as an euclidean space. To do this one needs µ(M, din +d1 +dξ) ∋
(din +d1 +dξ)M orthogonal vectors and a way to express them using the matrices Ai, B

and C, the essential equations which capture this are given by (3.32).

The core idea of the following probabilistic proof of this same result is that of
allowing for some error in (3.32), so the idea is that of exhibiting only approximately
orthogonal vectors. At the cost of losing exactness, one can leverage results of the
Johnson-Lindenstrauss [22] type to find on the order of ∋ e↽

2
N vectors in R

N orthogonal
up to an ς error, using random projections. This idea in the context of Signature goes
back to Cuchiero et al. [20], and allows for much smaller hidden dimensions.

Probabilistic Proof. Any F ↓ H(·)0,1,▷

[0,1] has form

F (X, t) =
din∑

i=1
X i

0≃▷i, Sig(1X)0,t⇐ +
d⇀∑

j=1

∫
t

0
≃2j, Sig(1X)s,t⇐d⇀X,j

s
(3.36)

for fixed ▷i, 2j ↓ l2(Wd↽
). Consider an integer M ̸ 0 such that

sup
(x,t)↑X↔[0,1]

|F (X, t) ↘
din∑

i=1
X i

0≃0M▷i, Sig(1X)0,t⇐ ↘
d⇀∑

j=1

∫
t

0
≃0M2j, Sig(1X)s,t⇐d⇀X,j

s
| ∈ 4

(3.37)
where 0M is the truncation at length M .
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From theorem 3.4 we know that
∥∥∥∥

1
N

C→

i
A→

I
AJCj ↘ ϖjJ

iI

∥∥∥∥
L2

= O( 1∀
N

)2
|I|+|J|

2 (|I| + |J |)!! (3.38)
∥∥∥∥

1
N

C→

i
A→

I
AJBj

∥∥∥∥
L2

= O( 1∀
N

)2
|I|+|J|

2 (|I| + |J |)!! (3.39)
∥∥∥∥

1
N

B→

i
A→

I
AJBj ↘ ϖjJ

iI

∥∥∥∥
L2

= O( 1∀
N

)2
|I|+|J|

2 (|I| + |J |)!! (3.40)

Our strategy is that of using these bounds to create a vector v ↓ R
N “acting” like the

0M▷i and 0M2j. Define, noting that the Ai, Ci, Bj depend on N , the vector

vN := 1
N




din∑

i=1

∑

|I|∈M

▷I

i
AICi +

d↽∑

j=1

∑

|I|∈M

2I

j
AIBj



 (3.41)

Then expanding ZX
t

RM :=

∥∥∥∥∥∥
sup

(X,t)↑X↔[0,1]

∣∣∣∣∣∣
≃vN, ZX

t
⇐ ↘

din∑

i=1
X i

0≃0M▷i, Sig(1X)0,t⇐ ↘
d⇀∑

j=1

∫
t

0
≃0M2j, Sig(1X)s,t⇐d⇀X,j

s

∣∣∣∣∣∣

∥∥∥∥∥∥
L2

∈
din∑

i=1

∑

|I|∈M

∥∥∥(vN)→AICi ↘ ▷I

i

∥∥∥
L2 sup

(X,t)↑X↔[0,1]
|X i

0Sig(1X)I

0,t
|

+
din∑

i=1

∑

|I|>M

∥∥∥(vN)→AICi

∥∥∥
L2 sup

(X,t)↑X↔[0,1]
|X i

0Sig(1X)I

0,t
|

+
d↽∑

j=1

∑

|I|∈M

∥∥∥(vN)→AIBj ↘ 2I

j

∥∥∥
L2 sup

(X,t)↑X↔[0,1]
|
∫

t

0
Sig(1X)I

s,t
d⇀X,j

s
|

+
d↽∑

j=1

∑

|I|>M

∥∥∥(vN)→AIBj

∥∥∥
L2 sup

(X,t)↑X↔[0,1]
|
∫

t

0
Sig(1X)I

s,t
d⇀X,j

s
|

Note how for |I| ∈ M one has

∥∥∥(vN)→AICi ↘ ▷I

i

∥∥∥
L2 ∈ OM( 1∀

N
)

and that similarly for |I| > M

∥∥∥(vN)→AICi

∥∥∥
L2 ∈ OM( 1∀

N
)2

|I|
2 (M + |I|)!!

Which leads, thanks to the same bounds of [88][Appendix C], to

RM = 1∀
N

OM,X(1) (3.42)
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But then by Markov’s inequality it holds that

P



 sup
(X,t)↑X↔[0,1]

∣∣∣∣∣∣
≃vN, ZX

t
⇐ ↘

din∑

i=1
X i

0≃0M▷i, Sig(1X)0,t⇐ ↘
d⇀∑

j=1

∫
t

0
≃0M2j, Sig(1X)s,t⇐d⇀X,j

s

∣∣∣∣∣∣
∈ 4



 ↗ 1

(3.43)
and thus there must be a choice of N, {Ai}, B, C such that the inequality holds,

and we thus obtain using (3.37)

sup
(X,t)↑X↔[0,1]

|F (X, t) ↘ ≃vN, ZX
t

⇐| ∈ 24

and we conclude by arbitrariness of 4.

3.4.2 Characterization of the closure: Diagonal Case

In practice using dense transition matrices Ai is computationally infeasible, thus all
main SSMs models employ some type of diagonal transition. Unfortunately this choice
of diagonal weights8 considerably restricts the family of learnable functionals. Intu-
itively the diagonal choice corresponds to running N independent 1-dimensional sys-
tems, this absence of mixing between the di"erent hidden dimensions is the main culprit
for the loss of expressivity. The full power can however be recovered by chaining the
diagonal schemes (cf. theorem 3.18).

What we’ll discover is that the ZX
t

cannot di"erentiate between Sig(1X)I

s,t
and other

Sig(1X)3(I)
s,t for any permutation ε of the letters in the word I.

Diagonal Expansion for ZX

t

Proposition 3.15. For any choice of V ↓ R
N↔d↽ , B ↓ R

N↔d⇀ and C ↓ R
N↔din, writing

Ai := diag(Vi), the unique solution to

dZX
t

=
d↽∑

i=1
AiZ

X
t
d1X,i

t + Bd⇀X
t

ZX
0 = CX0 ↓ R

N

(3.44)

is given by
ZX

t
= ediag(V 1

X
t

)CX0 +
∫

t

0
ediag(V (1X

t
⇐1

X
s ))Bd⇀X

s
(3.45)

8It is equivalent to ask for them to be commuting.
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which can be expanded as

ZX
t

=
din∑

i=1

∑

I↑Wd↽

Asym

I
Ci X i

0Sig(1X)sym,I

0,t +
d⇀∑

j=1

∑

I↑Wd↽

Asym

I
Bj

∫
t

0
Sig(1X)sym,I

s,t d⇀X,j

s
↓ R

N

(3.46)
where

Asym

I
:= 1

|I|!
∑

3↑Sk

A3(I) = AI Sig(1X)sym,I

s,t := 1
|I|!

∑

3↑Sk

Sig(1X)3(I)
s,t . (3.47)

Proof. By theorem C.13 and theorem C.18 we know that the solution of

ZX
t

= ZX
0 +

d↽∑

i=1

∫
t

0
AiZ

X
t

d1X,i

t +
∫

t

0
Bd⇀X

t
(3.48)

is explicitly given by
ZX

t
= W X

0,t
ZX

0 +
∫

t

0
W X

s,t
Bd⇀X

s
(3.49)

where Ws,t is the unique solution to

W X
s,t

= Id +
d↽∑

i=1

∫
t

s

AiW
X
s,r

d1X,i

r
(3.50)

In case the Ais are commuting matrices one can explicitly write the solution as

W X
s,t

= exp



d↽∑

i=1

∫
t

s

Aid1X,i

r



 = exp (diag(V (1X
t

↘ 1X
s
))) (3.51)

since for fixed s one has, using commutativity, that

dW X
s,t

= W X
s,t




d↽∑

i=1
Aid1X,i

t



 =
d↽∑

i=1
AiW

X
s,t

d1X,i

t

On the other hand we know, theorem C.14, that

W X
s,t

=
∑

I↑Wd↽

AISig(1X)I

s,t
=

≃∑

k=0

∑

I↑W
k

d↽

AISig(1X)I

s,t
(3.52)

The two views are reconciled by noticing that the symmetric group Sk acts on W
k

d↽
,

the space of words of length k, by permuting the letters and, by commutativity,

↖ε ↓ Sk.↖I ↓ W
k

d↽
. AI = A3(I)
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Then we have

∑

I↑W
k

d↽

AISig(1X)I

s,t
=

∑

I↑W
k

d↽

1
k!

∑

3↑Sk

A3(I)Sig(1X)3(I)
s,t =

∑

I↑W
k

d↽

AI

k!
∑

3↑Sk

Sig(1X)3(I)
s,t

recalling then how eI1 · · · eIk
= ∑

3↑Sk
e3(I) (see theorem C.3) we get to

∑

I↑W
k

d↽

AISig(1X)I

s,t

=
∑

I↑W
k

d↽

AI

k!
∑

3↑Sk

Sig(1X)3(I)
s,t =

∑

I↑W
k

d↽

AI

k!

k∏

i=1
Sig(1X)Ii

s,t

=
∑

I↑W
k

d↽

1
k!

k∏

i=1
AIi

Sig(1X)Ii

s,t
= 1

k!




d↽∑

i=1
AiSig(1X)i

s,t




k

= 1
k!




d↽∑

i=1

∫
t

s

Aid1X,i

r




k

In particular we see how in the commuting case

W X
s,t

=
∑

I↑Wd↽

Asym

I
Sig(1X)sym,I

s,t (3.53)

where

Asym

I
:= 1

|I|!
∑

3↑Sk

A3(I) = AI Sig(1X)sym,I

s,t := 1
|I|!

∑

3↑Sk

Sig(1X)3(I)
s,t .

Diagonal Expressiveness

Theorem 3.16. Fix a compact input set X and continuous gates (·)0, 1, ⇀. For any
4 > 0 and any

F ↓


(X, t) ↔↗ ◁(1X
t
) · X0 +

∫
t

0
ϑ(1X

t
↘ 1X

s
) · d⇀X

s


(3.54)

for ◁ ↓ C0(Rd↽ ;Rdin) and ϑ ↓ C0(Rd↽ ;Rd⇀), there exist a choice of hidden dimension
N ̸ 1 and parameters v ↓ R

N , B ↓ R
N↔d⇀ , C ↓ R

N↔din and diagonal Ai ↓ R
N↔N such

that
sup

(X,t)↑X↔[0,1]
|F (X, t) ↘ ≃v, ZX

t
⇐| ∈ 4 (3.55)

Moreover the “reverse” also holds i.e. given any choice of matrices Ai, B, C there
is an 4-close map F in the family.

Proof. This is just a repetition of the arguments used for the dense case with little
more care to get the uniformity in time.
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One defines the subset Sym(H(·)0,1,▷

[0,1] ) ▽ H(·)0,1,▷

[0,1] of those F of type (3.24) defined
by ▷i, 2j ↓ l2(Wd↽

) such that for any word I and any permutation ε(I) of it

▷I

i
= ▷3(I)

i
2I

j
= 23(I)

j
(3.56)

The same argument of theorem 3.12 shows that the uniform closure of the space of
linear maps on the ZX

t
is contained in the uniform closure of Sym(H(·)0,1,▷

[0,1] ), and the
same bounds show that this latter closure is the same as that of its subset composed
of those F ↓ Sym(H(·)0,1,▷

[0,1] ) having entries eventually equal to 0.
Since

Sig(1X)sym,I

s,t := 1
|I|!

∑

3↑Sk

Sig(1X)3(I)
s,t = 1

|I|!

|I|∏

i=1
(1X,Ii

t ↘ 1X,Ii

s
),

such maps can be expressed exactly in the form

P (1X
t
) · X0 +

∫
t

0
Q(1X

t
↘ 1X

s
) · d⇀X

s

for polynomial maps P, Q fixed in time. The usual compactness and continuity argu-
ment, together with an application of Stone-Weiestrass, thus proves that the uniform
closure of Sym(H(·)0,1,▷

[0,1] ) has the form needed.
The final ingredient is the density of the space of linear maps on the ZX

t
in Sym(H(·)0,1,▷

[0,1] );
this is another consequence of Stone-Weiestrass as seen from theorem 3.17.

Remark. Notice how here there is no need to augment the paths in creative ways in
order to ensure separability of the points. The map (1, s, t) ↔↗ 1[s,t] ↓ C1,0([0, 1];Rd↽)
is replaced by (1, s, t) ↔↗ 1t ↘ 1s ↓ R

d↽ and the space of polynomials always separates
points in R

d↽ .

Remark. It is not necessary to pass through Sym(H(·)0,1,▷

[0,1] ) to prove the previous re-
sult, since it directly follows from theorem 3.17. This choice of presentation has been
motivated by the conviction of the usefulness of drawing parallels and comparisons.

Proposition 3.17. Fix a compact set K ▽ R
d and a d-dimensional convex cone C

containing the origin. The space

E := Span
(
K ⊥ x ↔↗ e∋ϖ,x△Rd ↓ R : ▷ ↓ C

)

is uniformly dense in C0(K;R).

Proof. This is an application of Stone-Weiestrass: E is a sub-algebra since

e∋ϖ,x△e∋ϱ,x△Rd = e∋ϖ+ϱ,x△Rd
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and ▷, 2 ↓ C ⇒ ▷ + 2 ↓ C by convexity of the cone; E contains the constant function
e∋0,x△ = 1 and is clearly point separating since the cone, being d-dimensional, it contains
a basis of the whole space.

Remark. The usefulness of stating the previous result in such a general setting is the
following: with this formalism we can, for example, restrict to ▷ ∈ 0, in this way we
would have a method to control the stability of the Linear CDEs by choosing the gate
with a.s. 1̇X ̸ 0.

Corollary (Mamba Case). In the Mamba setting, the closure reduces to



(X, t) ↔↗
d↽∑

i=1
◁i(1X,i

t ) +
d↽∑

i=1

∫
t

0
ϑi(1X,i

t ↘ 1X,i

s
) d⇀X,i

s




 (3.57)

for continuous ◁i : R ↗ R and ϑi : R ↗ R.

Proof. In this setting one runs in parallel d1 diagonal systems and then takes a linear
combination of the stacked hidden state. The maps in the closure of the whole system
are then just the sums of maps in the closure of the subsystems.

3.5 Chaining of Diagonal Systems

Fortunately it is possible to re-gain expressivity without sacrificing the computational
advantages of diagonal schemes through chaining. This means driving a new Linear
CDE by the solution of a previous Linear CDE, and repeating this procedure K times
(cf. section 3.5).

Proposition 3.18. Assume a compact X ▽ C1,0([0, 1];Rd). For any functional F :
X ⇔ [0, 1] ↗ R of the form (3.16) and 4 > 0 there exists a sequence of linear maps
Wk ↓ R

Mk↔Nk , diagonal weights A(k)
i

and B(k) for the following family of chained
diagonal Linear CDEs

Z0,X
t → 0, dZk+1,X

t =
d+Mk∑

i=1
A(k+1)

i
Zk+1,X

t d



WkZk,X

X




i

t

+ B(k+1)dXt ↓ R
Nk+1 , (3.58)

such that as k ↗ ∃, there exists Ck ↓ R
1↔Nk with sup

(X,t)↑X↔[0,1]
|F (X, t) ↘ CkZk,X

t | ∈ 4.

Intuitively, with chaining one recovers the mixing between the input dimensions
which was so important for the expressiveness of dense Linear CDEs. This does not
happen immediately but crucially depends on the length of the chain, the result in fact
tells us that the recovery holds for long enough chains (and big enough hidden states).
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The diagonal case di"ers from the general one not only in the fact that the class of
approximable functions is much weaker but also in the necessity for the presence of ⇀X

in order to obtain any path-dependence. The term
∫

t

0
ϑ(1X

t
↘ 1X

s
) · d⇀X

s

becomes then a crucial component. At first sight one might think that such a term
allows to recover at least level two components of the Signature of (1X, ⇀X), unfortu-
nately things are not as easy as they may seem. Notice how inside of the integral time
is “going backwards” from the perspective of 1X, thus we can in general approximate
terms of type

∫
t

0

∫
t

s

d1X,i

r
d⇀X,j

s
=

∫ 1

1⇐t

∫
r

1⇐t

dℵ↘1 X,i

r
d
ℵ↘
⇀ X,j

s
= Sig((ℵ↘1 X,

ℵ↘
⇀ X))i↽j⇀

1⇐t,1

which are indeed terms of the Signature, but of the reverse paths ℵ↘1 X
r

= 1X
1⇐r

and
ℵ↘
⇀ s = ⇀X

1⇐s
.

Proposition 3.19. Fix a compact input set X, continuous gates (·)0, 1, ⇀ and X1
0 = 1.

If the components of ⇀X are linear combinations of those of 1X, with time-independent
weights, then linear functionals on ZX

t
can, uniformly in X ⇔ [0, 1], approximate arbi-

trarily well the following level 2 terms of Sig((1X, ⇀X))0,t:

∫
t

0

∫
s

0
d1X,i

r
d⇀X,j

s
= Sig((1X, ⇀X))i↽j⇀

0,t

Proof. Under these hypotheses we know that linear functionals on ZX
t

are uniformly
dense, for continuous ◁, ϑ, in


(X, t) ↔↗ ◁(1X

t
) · X0 +

∫
t

0
ϑ(1X

t
↘ 1X

s
) · d⇀X

s


.

Assume ⇀X,j

s
= ≃▷j, 1X

t
⇐ and consider the choices

◁(x) = (xi≃▷j, x⇐, 0, . . . , 0)→, ϑ(x) = ↘(0, . . . , 0, xi, 0, . . . , 0). (3.59)

so that
◁(1X

t
) · X0 = 1X,i

t ⇀X,j

t ϑ(1X
t

↘ 1X
s
) · d⇀X

s
= ↘(1X,i

t ↘ 1X,i

s
)d⇀X,j

s
. (3.60)

To conclude note that

1X,i

t ⇀X,j

t =
∫

t

s=0

∫
t

r=0
d1X,i

r
d⇀X,j

s
=

∫
t

s=0

∫
s

r=0
d1X,i

r
d⇀X,j

s
+

∫
t

s=0

∫
t

r=s

d1X,i

r
d⇀X,j

s

=
∫

t

0

∫
s

0
d1X,i

r
d⇀X,j

s
+

∫
t

s=0
(1X,i

t ↘ 1X,i

s
)d⇀X,j

s
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hence
∫

t

0

∫
s

0
d1X,i

r
d⇀X,j

s
= 1X,i

t ⇀X,j

t ↘
∫

t

s=0
(1X,i

t ↘ 1X,i

s
)d⇀X,j

s
= ◁(1X

t
) · X0 +

∫
t

0
ϑ(1X

t
↘ 1X

s
) · d⇀X

s

If X ↓ C1,0([0, 1];Rd) we can use the previous result to compute its Signature entries
by chaining diagonal Linear CDEs.

Theorem 3.20. Assume a compact input set X ▽ C1,0([0, 1];Rd). For any I ↓ Wd

with |I| ̸ 2 and 4 > 0 there is a sequence of linear maps Wk ↓ R
Nk↔1 and weights for

the following family of chained Linear CDEs

dZ1,X
t =

d∑

i=1
A(1)

i
Z1,X

t dX i

t
+ B(1)dXt ↓ R

N1 , Z1,X
0 = Z1

0 , (3.61)

dZk+1,X
t =

d+1∑

i=1
A(k+1)

i
Zk+1,X

t d



WkZk,X

X




i

t

+ B(k+1)dXt ↓ R
Nk+1 , Zk+1,X

0 = Zk+1
0 ,

(3.62)

such that for some v ↓ R
N|I|↑1 one has

sup
(X,t)↑X↔[0,1]

|Sig(X)I

0,t
↘ ≃v, Z |I|⇐1,X

t ⇐| ∈ 4 (3.63)

Proof. For |I| = 2 we can apply theorem 3.19. Assume the theorem holds for |I| ∈ k

and let M := sup
X↑X

¬X¬1⇐var
. Fix |Ij| = k + 1 and Wk⇐1 ↓ R

Nk↑1↔1 such that

sup
(X,t)↑X↔[0,1]

|Sig(X)I

0,t
↘ Wk⇐1Z

k⇐1,X
t | ∈ 4

M
.

Again by theorem 3.19 there are a Nk and v ↓ R
Nk such that

sup
(X,t)↑X↔[0,1]

|
∫

t

0
Wk⇐1Z

k⇐1,X
s

dXj

s
↘ ≃v, Zk,X

t ⇐| ∈ 4.

Then

|Sig(X)Ij

0,t
↘ ≃v, Zk,X

t ⇐| ∈|
∫

t

0
Sig(X)I

0,s
dXj

s
↘

∫
t

0
Wk⇐1Z

k⇐1,X
s

dXj

s
|

+ |
∫

t

0
Wk⇐1Z

k⇐1,X
s

dXj

s
↘ ≃v, Zk,X

t ⇐|

∈
∫

t

0
|Sig(X)I

0,s
↘ Wk⇐1Z

k⇐1,X
s

||dXj

s
| + 4

∈
∫

t

0

4

M
|dXj

s
| + 4 ∈ 24

thus concluding the proof.
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Then theorem 3.18 follows as a corollary by running in parallel the systems above
to recover simultaneously multiple Signature entries.

3.6 Extensions to Structured Matrices

Here we extend some of the previous results to the case of more general assumptions
on the matrices Ai, B, C. We will consider the simpler case

dZt =
d↽∑

i=1
AiZtd1i

t
, Z0 = Z0 ↓ R

N

but the similar results hold for the more general setting. We write Z((Ai)i, Z0, 1)t for
the solution of the above equation.

Recall how theorem 3.2 shows that any linear readout of ZX
t

is expressed as a series
in signature terms, independently on the nature of the matrices Ai, B, C as

ZX
t

=
∑

I↑Wd↽

(AIZ0) Sig(1X)(I)
0,t

Consequently, such systems are inherently limited to learning functions that are close
to these (uniformly convergent) series. Maximal expressivity is then achieved when any
finite linear combination in signature terms can be approximated by a linear readout
on ZX

t
through appropriate choices of the matrices Ai, B, C.

Definition 3.21. Fix a set of paths X ⇓ C1⇐var([0, 1];Rd). We say that a sequence
(AN , HN)N↑N, where HN ⇓ R

N and AN ⇓ R
N↔N , achieves maximal expressivity

for X whenever for any positive tolerance 4 > 0 and any finite linear combination
coe!cients ▷ ↓ T (Rd), there exist a choice of parameters v, (Ai), Z0 in R

N , AN , HN

in the sequence, such that v→Z((Ai), Z0, 1)· is uniformly close to ≃▷, S(1)[0,·]⇐ up to an
error of 4, i.e.

↖4 > 0, ↖▷ ↓ T (Rd), ⊤N ̸ 0, ⊤(v, (Ai), Z0) ↓ R
N ⇔ Ad

N
⇔ HN s.t.

sup
(1,t)↑X ↔[0,1]

|≃▷, S(1)[0,t]⇐ ↘ v→Z((Ai), Z0, 1)t| < 4.

If we are given a sequence of probabilities PN on Ad

N
⇔ HN such that ↖4 > 0, ↖▷ ↓

T (Rd), it holds that

lim
N↘≃

PN



⊤v ↓ R
N s.t. sup

(1,t)↑X ↔[0,1]
|≃▷, S(1)[0,t]⇐ ↘ v→Z((Ai), Z0, 1)t| < 4



= 1, (3.64)

then we say that (AN , HN ,PN)N↑N achieves maximal probabilistic expressivity for X .
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The deterministic argument by Kidger [65] reproposed above in proving theo-
rem 3.14 demonstrates the existence of a specific choice of AN , HN mimicking the
algebraic structure of tensors and provides maximal expressivity for compact sets of
paths. Furthermore, in the same proof we established that matrices (almost) replicat-
ing the algebraic structure of tensors are, in fact, abundant, showing that the triplet
(RN↔N ,RN ,PN), where PN is a Gaussian measure achieves maximal probabilistic ex-
pressivity for compact sets.

This result implies that for dense matrices Ai, if the hidden dimension N is suf-
ficiently large, there is a significant abundance of parameters capable of achieving
uniformly and arbitrarily low error rates. These parameters should therefore be read-
ily discoverable through classical optimisation methods. Unfortunately using dense
matrices is infeasible in practice due to computational constraints. In this section,
we present three alternative choices of parameters that lead to maximal probabilistic
expressivity for compact sets. These alternatives o"er better computational properties
compared to the naive use of dense matrices, their empirical performance is studied
in Walker et al. [125].

3.6.1 Sparse Matrices

Proposition 3.22. The sequence of triplets (RN↔N ,RN ,PN) where PN is such that
• the initial value has independent standard Gaussian entries [Z0]ϖ iid∋ N (0, 1),
• the weight matrices are distributed as Ai

iid∋ 1
∝

NpN

W ↑ B with W and B indepen-
dent matrices having entries [W ]ϖ,ϱ

iid∋ N (0, 1) and [B]ϖ,ϱ

iid∋ Ber(pN),
• the sparsity parameter pN satisfies NpN ↗ ∃ as N ↗ ∃,

achieves maximal probabilistic expressivity for compact sets.

Proof. Following the proof of theorem 3.14, we only need to prove a bound of type
∥∥∥∥

1
N

≃AIZ0, AJZ0⇐RN ↘ ϖI,J

∥∥∥∥
L2(PN )

∈ (5(|I| + |J |))!! O( 1∀
N

) (3.65)

as in the dense Gaussian case. That such sparse matrices present the same bounds as
dense Gaussian ones follows from section A.2, where it is shown that the bounds can
only di"er by a correction term of order OI,J( 1

∝
N

) where the constants are bounded by
the number of pairings of I ⇑ J ⇑ I ⇑ J .

3.6.2 Walsh-Hadamard Matrices

Proposition 3.23. The sequence of triplets (AN ,RN ,PN) where AN and PN are such
that

• AN := {Wdiag($) : $ ↓ R
N , W ↓ R

N↔N , WW → = IN},
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• the initial value has independent standard Gaussian entries [Z0]ϖ iid∋ N (0, 1),
• the weight matrices are distributed as Ai

iid∋ 1
∝

N
Hdiag($) for a fixed H ↓ R

N↔N

satisfying HH→ = NIN and having entries bounded uniformly in N by a constant
C, and $ ↓ R

N having entries [$]ϖ iid∋ N (0, 1),
achieves maximal probabilistic expressivity for compact sets. In particular one can
choose H to be a Walsh-Hadamard matrix of order N for computational e!ciency.

Proof. Following the proof of theorem 3.14, we only need to prove a bound of type
∥∥∥∥

1
N

≃AIZ0, AJZ0⇐RN ↘ ϖI,J

∥∥∥∥
L2(PN )

∈ (5(|I| + |J |))!! O( 1∀
N

). (3.66)

Notice that for x ↓ R
N one has the equivalence Wdiag($) · x = W · ($ ↑ x) which can

be represented graphically as in fig. 3.2.

W

diag(!)

→
W

!

Figure 3.2: Graphical representations of the matrix Wdiag($). Here }
edges correspond to identity matrices.

This leads to the product graph representation GI,J for 1
N

≃AIZ0, AJZ0⇐RN , where
I = i1 . . . in and J = j1 . . . jm, given in fig. 3.3, which allow us to use the genus
expansion of chapter 1 to obtain the bounds.

1
N

≃AIh0, AJh0 ⇐ → 1
N

1
N

n+m

2 H
h0H HH

!in

h0

!in↑1 !i1 !j1 !jm↑1 !jm

Figure 3.3: The product 1
N

≃AIZ0, AJZ0⇐RN as a product graph G.

In the present setting, the vertices labelled Z0 must be identified, and the remaining
decorated vertices must be paired such that $a is identified with $b only if a = b.
Each of these admissible pairings ϑ produces a graph (GI,J)ε in which each vertex is
assigned the vector of ones. Note that since |[H]ϖ,ϱ| ∈ C, one has |[H′k]ϖ,ϱ| ∈ Ck.
The procedure is shown in fig. 3.4 for all pairings when I = J = 11.

Under these boundedness assumptions, note how leading-order pairings of GI,J are
the ones having the maximum number of surviving vertices, meaning having |I|+|J |

2 + 1
vertices. This can happen i" I = J , and even in this case, there exists only one pairing
(the middle one in fig. 3.4) for which it holds that (GI,I)ε → 1

N

1
N

2|I|
2

N |I|+1 = 1. To

see this, note that only the “middle” vertex of GI,J is not paired, so to get |I|+|J |

2 + 1,
all other vertices have to be identified in couples. This implies that the left and right
adjacent vertices (call them vl and vr) must be paired together: in fact the sub-graph
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H h0H HH

!

h0

! ! !

H h0H HH

!

h0

! ! !

H h0H HH

!

h0

! ! !

h0h0

h0h0

h0h0

Figure 3.4: Construction of (GI,J)ε. Here, we display all the pairings,
represented by the red dashed lines, for I = J = 11 along with
their intermediate stages. For simplicity, we omit the H labels
from edges with arrows.

comprising the middle vertex and the two adjacent edges corresponds to the matrix
HH→ = NIN , hence we can remove this sub-graph, identify the adjacent vertices and
take the factor N in front without changing the value of the graph; but then if vl and
vr were paired with other vertices we would identify at least 4 vertices. Hence i1 has
to be equal to j1 and vl and vr must be identified. Proceeding by induction, from the
middle out, we see that only the identity pairing has non-vanishing value.

To conclude we are left to prove that any pairing ◁ of GI,J ∝ GI,J not inducing the
identity one on any of the two copies produces | (GI,J ∝ GI,J)

⇁
| ∈ 1

N
, since the number

of these pairings is less than the total number of pairings of the $-labelled vertices of
GI,J ∝ GI,J , which is (2(|I| + |J |))!!. Then the inequality would hold with 5 = 2C4

since from the definition of product-graph, we see that the bound

| (GI,J ∝ GI,J)
⇁

| ∈ 1
N2

1
N2 |I|+|J|

2
NVϑC2(|I|+|J |) (3.67)

must hold, where V⇁ is the number of vertices in (GI,J ∝ GI,J)
⇁
. Thus it su!ces to

show V⇁ ∈ |I| + |J | + 1.
To see this notice that in any case V⇁ ∈ |I| + |J | + 2 and that V⇁ = |I| + |J | + 2 i"

◁ identifies the random vertices in pairs. Once again there are special vertices which
are not paired, the “middle” ones, the sub-graphs containing them correspond to the
matrix HH→ = NIN and can thus be removed by identifying the adjacent vertices and
taking the N factor out, so these vertices must be paired between themselves, and so
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on. This shows that ◁ has to separately pair both copies of GI,J in GI,J ∝ GI,J with
identity pairings, but then such a ◁ would not be an atom-free pairing! Hence such a
◁ cannot exist and V⇁ ∈ |I| + |J | + 1 always holds.

Remark. Just as in the sparse case, and following, it is possible to prove that the
$ matrices can be taken to have i.i.d. entries drawn from a centered, symmetric, but
possibly heavy-tailed distribution, provided that the even moments are finite. This dis-
tributional adjustment is a useful technique for controlling the eigenvalue distribution
of 1

∝
N

Hdiag($), ensuring it has favourable computational properties while providing a
theoretical guarantee of preserving expressive power.

3.6.3 Block Diagonal

Proposition 3.24. The sequence of triplets (AN ,RN ,PN) where AN and PN are such
that

• AN := {BlockDiag(B1, B2, . . . , BkN
) : bN = Alog(N)B, kN = AN/bNB, Bh ↓

R
kN bN },

• the initial value has independent standard Gaussian entries [Z0]ϖ iid∋ N (0, 1),
• the weight matrices are distributed as [Bi]ϖ,ϱ

iid∋ 1
∝

bN

N (0, 1).
achieves maximal probabilistic expressivity for compact sets.

Proof. Once again, we only need to prove a bound of type
∥∥∥∥

1
N

≃AIZ0, AJZ0⇐RN ↘ ϖI,J

∥∥∥∥
L2(PN )

∈ (5(|I| + |J |))!! O(1). (3.68)

It su!ces to notice that

1
N

≃AIZ0, AJZ0⇐RN = 1
kN

kN∑

l=1

1
bN

≃BI

l
h0;l, BJ

l
h0;l⇐RbN

where h0;l := [Z0](l⇐1)bN +1,...,lbN
, since we then know that

∥∥∥∥
1

bN

≃BI

l
h0;l, BJ

l
h0;l⇐RbN

↘ ϖI,J

∥∥∥∥
L2(PN )

∈ (5(|I| + |J |))!! O( 1∀
bN

). (3.69)

From the sum and the initial factor 1
kN

we obtain

∥∥∥∥
1
N

≃AIZ0, AJZ0⇐RN ↘ ϖI,J

∥∥∥∥
L2(PN )

∈ (5(|I| + |J |))!! O( 1∀
bN

). (3.70)
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3.7 Experiments

Datasets. The first task is based on a dataset from Walker et al. [124] where the
aim is to predict terms in the anti-symmetric part of the input path’s signature. The
dataset’s objective aligns with the proofs of theorem 3.7, which characterise the clo-
sure using the path’s signature. We created two datasets with dimensions 2 and 3
respectively. The increment in each channel at each step is an integer-rounded sam-
ple from a standard Normal distribution. The 2D dataset’s target is an area integral
∫ 1

0
∫

v

0 dX1
u
dX2

v
, and the 3D dataset’s target is a volume integral

∫ 1
0

∫
w

0
∫

v

0 dX1
u
dX2

v
dX3

w
.

The second task is the A5 benchmark from Merrill et al. [84]. It tests models
on state-tracking, a crucial ability for tasks involving permutation composition, such
as chess. The dataset comprises sequences from the group of even permutations on
five elements, A5, where the target is the cumulative composition of all preceding
permutations. Datasets vary by sequence length, ranging from 3 to 20.

Models. On the anti-symmetric signature task, we considered seven models: (i-ii) S4
or Mamba recurrence with linear readout, (iii-iv) two stacked S4 or Mamba recurrences
with a linear mixing layer in-between and a linear readout, (v-vi) two stacked S4
or Mamba recurrences with a linear mixing layer + GeLU in-between, and a linear
readout, (vii) a linear CDE with gates 1X

t
= ⇀X

t
= (t, Xt) and a linear readout. All

state space models have trainable matrices in their recurrences, whereas the linear
CDE is using fixed matrices. All models use a hidden dimension of 256, with the state
space models using a state dimension of 256. The state space models are trained using
gradient descent with a batch size of 32 and Adam with a learning rate of 10⇐4. The
output from the linear CDE’s recurrence is obtained using the Tsit5 adaptive ODE
solver, with an absolute and relative tolerance of 10⇐2. The linear CDEs linear readout
is optimised via ordinary least squares.

On the A5 benchmark, we consider five models: a linear CDE, a RNN, a trans-
former, and S4 and Mamba recurrences. All models use an embedding layer followed
by a series of blocks that combine the sequence-to-sequence model, linear mixing with a
non-linear activation function, layer normalization, and a residual connection. Further-
more, all models have trainable matrices in their recurrences and are trained using
batch gradient descent with a batch size of 32 and AdamW with a weight decay of 0.01.
The RNN, transformer, S4, and Mamba use a hidden dimension of 1024, with the state
space models using a state dimension of 64 and the transformer using 64 heads. Due
to memory constraints, the linear CDE uses a hidden dimension of 256. Note that the
IDS4 recurrence introduced by Merrill et al. [84] corresponds directly to a linear CDE
with dense transition matrices, hence we did not include the model as a baseline.
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Figure 3.5: Comparison of the Linear CDE, Mamba, and S5 on the anti-
symmetric signature prediction tasks. For each model, we plot-
ted the mean and range of the validation accuracy over 5 in-
dependent runs.

Results. Results on the anti-symmetric signature prediction task (fig. 3.5) empiri-
cally demonstrate a number of the theoretical results presented in this paper. Firstly,
as discussed in section 3.4.1, recurrences which are linear in the input, such as S4, re-
quire a non-linearity in-between the layers to perform well. Furthermore, as stated in
theorem 3.16 and theorem 3.18, even if the recurrence is non-linear in the input, such
as Mamba, the expressivity of models with diagonal matrices is improved by stacking.
Additionally, the inclusion of the non-linearity in-between the Mamba layers does not
improve performance, as the recurrences themselves are expressive enough. Finally,
as stated in theorem 3.7, dense matrices can achieve strong expressivity with random
initialization, no stacking, and only a trainable linear readout.

In fig. 3.6 we plot the results on the A5 benchmark. The figure shows that the
number of blocks S4, Mamba, and the transformer require to achieve greater than
90% validation accuracy grows with the sequence length. In fact, given our model
architecture, none of these models could achieve greater than 90% validation accuracy
for sequences of length twenty9. On the other hand, the RNN and Linear CDE are able
to achieve greater than 90% validation accuracy for all lengths considered using only
one block. These empirical results further validate theorem 3.16 and theorem 3.18:

9Merrill et al. [84] show that with tailored architectures, S4, Mamba, and a Transformer can achieve
over 90% validation accuracy on length-20 sequences using 4 blocks. However, in our experiments we
wished to keep the architecture consistent between models, only changing the sequence-to-sequence
model.
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Figure 3.6: For each sequence length, the plot shows the minimum num-
ber of blocks required to achieve at least 90% validation accu-
racy, with each grey band corresponding to a number of blocks.
Missing points mean the model did not achieve at least 90%
validation accuracy with 4 blocks or less.

there exists a gap in expressivity between diagonal and dense transition matrices, and
stacking is required to recover the expressivity. Furthermore, they provide empirical
evidence that even for simple state-tracking problems, the number of blocks required
can grow quickly with sequence length.
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Chapter 4

Neural Signature Kernels

In chapter 3 we introduced Linear Controlled Di"erential Equations (Linear CDEs) and
studied their expressive power, showing how they naturally recover signature kernels
as a special case of the associated kernels (c.f. theorem 3.5 and following remark).

Building on this foundation, and following Muca Cirone et al. [88], this chapter
considers Neural CDEs [67], a broader and more flexible class of models for processing
continuous-time data. These models extend Linear CDEs by substituting the linear
operator defining their transition dynamics with a neural network. Our key contribu-
tion, presented in this chapter, is showing that Neural CDEs give rise to a novel family
of path-based kernels. These kernels, which we dub beural signature kernels, naturally
generalize the classical signature kernel through their dependence on neural network
activation functions.

4.1 Introduction

Definition 4.1. A Neural CDE is a Controlled Di"erential Equation of the form

Z1

t
= Z0 +

d∑

i=1

∫
t

0
”i;Li

(Z1

t
)d1i

t
(4.1)

defined by Feed Forward Networks (FFNs) ”1;L1 , . . . , ”d;Ld
: RN ↗ R

N .

Note how this definition extends that of linear CDEs, recovered by taking the FFNs
to be a!ne functions. In particular, in this chapter we will consider the case where the
FFNs are of form

Aiω(z) + bi

for some Ai ↓ R
N↔N , bi ↓ R

N and shared nonlinearity ω : R ↗ R. These we will
call homogeneous controlled ResNets, since they take the form of a controlled residual
network where the transition matrices are homogeneous in time. We will prove that,

105
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under suitable choices of weight matrices, such systems converge in distribution to
Gaussian processes on path space with covariance structure defined by the kernel

(x, y) ↔↗ Kx,y

ω
(1, 1) =

d∑

i=1

∫ 1

0

∫ 1

0

(
ε2

A
Vω(!x,y

ω
(s, t)) + ε2

b

)
dxi

s
dyi

t

where

Vω(!) = Ez↓N (0,!)[ω(z1)ω(z2)], !x,y

ω
(s, t) =



Kx,x

ω
(s, s) Kx,y

ω
(s, t)

Kx,y

ω
(s, t) Ky,y

ω
(t, t)





and with initial conditions, for any s, t ↓ [0, 1], given by

Kx,y

ω
(0, 0) = Kx,y

ω
(s, 0) = Kx,y

ω
(0, t) = 1

The proof strategy diverges from the linear case, where we relied on the genus
techniques developed in chapters 1 and 2. Here, we adopt a fundamentally di"erent
approach for two principal reasons. First, the theory presented in this chapter was
developed independently and predates the genus framework. Second, while the genus
techniques can indeed be extended to this setting, their application remains primarily
at a formal level. As we detail in chapter D, at this formal level the approach yields pre-
cisely the expected results, recovering and generalising those obtained via the method
presented in this chapter.

Our approach will therefore be di"erent, inherently discrete in nature, employ-
ing careful limit arguments to extend discrete-time results to the continuous setting
through delicate (due to the need of absolute convergence) commutativity considera-
tions. We note that the graph expansion techniques of chapter 2 were, in fact, originally
conceived within the Neural CDE framework specifically to avoid such discrete-time ap-
proximations, representing a more direct path to the continuous-time results presented
in this chapter.

4.2 Neural Signature Kernels

4.2.1 Notation

Since we are mainly interested in studying multivariate time-series, our data space will
be a space of continuous paths on the interval [0, 1]1 and with values in R

d, for some

1The choice of the interval [0, 1] is not at all restrictive and has been made to ease the notation.
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d ↓ N. More specifically, we consider the space2

X := {x ↓ C0([0, 1];Rd) : x(0) = 0, ⊤ẋ ↓ L2([0, 1];Rd)}

of continuous paths with a square integrable derivative.
We denote by xj(t) ↓ R the jth coordinate of a path x ↓ X for j ↓ {1, . . . , d}.

Given n paths X = {x1, . . . , xn} ▽ X and functions f : X ↗ R, G : X⇔X ↗ R we will
write f(X ) ↓ R

n for the vector [f(X )]ϖ = f(xϖ) and G(X , X ) ↓ R
n↔n for the matrix

[G(X , X )]ϱ
ϖ

= G(xϖ, xϱ) for any ▷, 2 ↓ {1, .., n}.
We will consider partitions D = {0 = t0 < · · · < tM = 1} of the interval [0, 1] and

write their length as ¬D¬ := M and their mesh size as |D| := max
i=1,...,▽D▽

|ti ↘ ti⇐1|.

For an activation function ω : R ↗ R and a positive semidefinite matrix ! ↓ R
2↔2,

in the chapter we will repeatedly make use of the following function

Vω(!) = Ez↓N (0,!)[ω(z1)ω(z2)]

The explicit form of Vω changes significantly depending on the activation function. We
list it for a restricted class of them in theorem 4.10 in the appendix.

4.2.2 The Model

Define a randomly initialized, 1-layer homogeneous controlled ResNet OM,N

ω
: X ↗ R

as follows
OM,N

ω
(x) := ≃o, ZM,N

tM
(x)⇐RN

where o ↓ R
N is the random vector [o]ϖ iid∋ N (0, 1

N
), and where the random functions

ZM,N

ti
: X ↗ R

N satisfy the following recursive relation

ZM,N

ti+1 = ZM,N

ti
+

d∑

k=1

(
Akω(ZM,N

ti
) + bk

)
$xk

ti+1

with initial condition Zt0 = a with [a]ϖ iid∋ N (0, ε2
a
), and Gaussian weights Ak ↓ R

N↔N

and biases bk ↓ R
N sampled independently according to

[Ak]ϱ
ϖ

iid∋ N


0,
ε2

A

N



, [bk]ϖ iid∋ N
(
0, ε2

b

)

4.2.3 The infinite-width-depth regime

In this regime, as theorem 4.2 states, these architectures converge weakly to GPs in-
dexed on the path space X with kernels satisfying a two-parameters di"erential equa-

2This is the Sobolev space H
1
0 .
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tion.

Theorem 4.2. Let {DM}M↑N be a sequence of partitions of [0, 1] such that |DM | ↗ 0
as M ↗ ∃. Let the activation function ω be linearly bounded, absolutely continuous
and with exponentially bounded derivative. Then the following weak convergence holds

lim
M↘≃

lim
N↘≃

OM,N

ω
= GP(0, Kω) (4.2)

where the positive semidefinite kernel Kω : X ⇔ X ↗ R is defined for any two paths
x, y ↓ X as Kω(x, y) = Kx,y

ω
(1, 1) where the function Kx,y

ω
: [0, 1] ⇔ [0, 1] ↗ R is the

unique solution of the following di"erential equation

⇁s⇁tKx,y

ω
=

[
ε2

A
Vω

(
!x,y

ω
(s, t)

)
+ ε2

b

]
≃ẋs, ẏt⇐ (4.3)

where

!x,y

ω
(s, t) =



Kx,x

ω
(s, s) Kx,y

ω
(s, t)

Kx,y

ω
(s, t) Ky,y

ω
(t, t)





and with initial conditions for any s, t ↓ [0, 1]

Kx,y

ω
(0, 0) = Kx,y

ω
(s, 0) = Kx,y

ω
(0, t) = ε2

a
.

If moreover ω is Lipschitz the limits can be exchanged and

lim
M↘≃

lim
N↘≃

OM,N

ω
= lim

N↘≃

lim
M↘≃

OM,N

ω
= GP(0, 5ω).

Remark. It is non-trivial to show not only that the problem is well-posed but even
that eq. (4.3) is well defined because the “instantaneous rate of change” ⇁s⇁tKx,y

ω
(s, t)

at times s < t depends on the “past” values Kx,x

ω
(s, s), on the “present” values Kx,y

ω
(s, t)

and on the “future” values Ky,y

ω
(t, t). The nonlocal nature of these dynamics is such

that it is a priori not clear that the RHS of (4.3) even has meaning since the matrix
!x,y

ω
(s, t) could be not positive semidefinite and Vω is only defined on PSD matrices.

Idea of proof. This result is proved in several steps in section 4.3.1. The first step
consists of showing that the infinite width limit is well defined for any choice of DM .
This will be done using the tensor program formalism of Yang [131], and will be a GP
defined by a kernel KDM ↔DM

found as the terminal value of a finite di"erence scheme
having the same form as that of an Euler discretization, on DM ⇔ DM , of (4.3). The
second step consists in proving that the kernels {KDM ↔DM

}M constitute, in a suitable
metric, a Cauchy sequence as |DM | ↗ 0, that the limit is independent from the chosen
sequence of partitions and that it does indeed uniquely solve eq. (4.3). The final step,
proved in section 4.3.4, concerns the exchange of limits. After a characterization of
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the infinite-depth limits, we will prove that the distributional limit as depth goes to
infinity is uniform in the width, thus we will be able to use the classical Moore-Osgood
theorem to justify the exchange.

When the activation function ω is the identity, eq. (4.3) reduces to a linear hyper-
bolic PDE. Upon inspection, we unveil a surprising link with the signature kernel, a
well-studied object in rough analysis corresponding to an inner product between two
path-signatures, and that was shown by Salvi et al. [112] to satisfy a similar PDE. This
is the content of the next corollary.

Corollary. Using the same notation and assumptions as in theorem 4.2, choosing
ω = id the limiting kernel satisfies the following identity

Kx,y

id
(s, t) =

(
ε2

a
+ ε2

b

ε2
A

)
k3Ax,3Ay

sig
(s, t) ↘ ε2

b

ε2
A

where kx,y

sig
is the signature kernel from [112] which for any two paths x, y ↓ X and

s, t ↓ [0, 1] satisfies the following linear hyperbolic PDE

⇁s⇁tk
x,y

sig
= ≃ẋs, ẏt⇐kx,y

sig
(4.4)

with initial conditions kx,y

sig
(s, 0) = kx,y

sig
(0, t) = 1.

In other words we have unveiled a novel family of kernels indexed on continuous
paths which generalizes the signature kernel in Salvi et al. [112]. We name this new class
of kernels neural signature kernels. We note that this generalization is done directly at
the level of the driving PDE unlike the extensions studied in Cass et al. [9] which use
a di"erent inner product structure on the space where signatures live.

Figure 4.1: Fixed input y(t) := cos(15t) + 3et. Histogram of 700
independent realizations of N⇐1≃Z1(y), Z1(y)⇐RN for ReLU-
RandomizedSignatures S(y) ↓ R

N , N ↓ {50, 100, 200}, plot-
ted against Closest Gaussian Fit, ReLU-NeuralSigKer and id-
NeuralSigKer.

Remark. For non-linear activation functions ω, the neural signature kernel non-linear
PDE (4.3) and the id-neural signature kernel linear PDE (4.4) might in principle admit
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the same solution, which would mean essentially that linear and non-linear controlled
ResNets behave in the same way in the infinite-width-depth regime. In in fig. 4.1 we
show empirically that this is not the case in general, by comparing the limiting empirical
distributions for ω = id and ω = ReLU .

4.2.4 The finite-width, infinite-depth regime

Our next result states that when their width N is fixed, homogeneous controlled
ResNets converge in distribution, in [0, 1], to a Neural CDE with random vector fields.

Theorem 4.3. Let {DM}M↑N be a sequence of partitions of [0, 1] such that |DM | ↗ 0
as M ↗ ∃. Assume the activation function ω is Lipschitz and linearly bounded.
Let x ↓ X and let ↼M(t) := sup{s ↓ DM : s ∈ t}. Then, the R

N -valued process
t ↔↗ ZM,N

4M (t)(x) converges in distribution3, as M ↗ ∃, to the solution ZN(x) of the
following Neural CDE

dZN

t
(x) =

d∑

j=1

(
Ajω(ZN

t
(x)) + bj

)
dxj

t (4.5)

where Aj ↓ R
N↔N and bj ↓ R

N are sampled according in the definition of the homoge-
neous controlled ResNet.

Idea of proof. If we fix a, the Aks and the bks to be the same for all DM then we have
uniform convergence by classical results. The rate of convergence can be bounded with
some constants depending on the entries of a, Ak, bk and which, thanks to Gaussianity,
have finite expectation. It is just a matter of applying the classical portmanteau lemma
to conclude.

Remark. This can be naturally extended in order to take into consideration the joint
distribution for di"erent input choices.

The solutions to eq. (4.5) have been informally introduced in Akyildirim et al.
[1], Cuchiero et al. [20] as lower dimensional approximations of path-signatures, and
have been dubbed by the authors randomized signatures.

Taking directly the infinite width limit is far from trivial, reasoning à la Tensor
Program [131] quickly collapses and there is no clear possible future path corresponding
to the McKean-Vlasov ideas for the inhomogeneous case studied in Muca Cirone et al.
[88]. The problem is that the randomness is in the vector fields themselves and not
in the driving paths, courtesy of the cross-layer dependencies in the homogeneous
networks. This is why it’s necessary to sidestep the problem by proving the existence
of uniform convergence bounds.

3As random variables with values in L
↑([0, 1];RN ).
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4.2.5 Assumptions on path regularity

Since we are mainly interested in studying time-series, our data space will be a space
of paths, more specifically we are going to consider the space

X := {x ↓ C0([0, 1];Rd) : x(0) = 0, ⊤ẋ ↓ L2([0, 1];Rd)}

i.e. X is the space of continous paths which have a square integrable derivative. X is
the closed subset of the Sobolev space

(
W 1,2([0, 1])

)
d

made of those functions starting
at the origin. Note that every path x ↓ X can be uniquely written as

xt =
∫

t

0
ẋsds

thus it naturally corresponds to the space L2([0, 1];Rd) trough the identification x ↔↗ ẋ.
This identification gives the space the natural norm ¬x¬

X
= ¬ẋ¬

L2 .
This norm is equivalent to the induced norm from

(
W 1,2([0, 1])

)
d

since

¬ẋ¬2
L2 ∈ ¬x¬2

W 1,2 =
∫ 1

0
|xs|2ds + ¬ẋ¬2

L2 =
∫ 1

0
|
∫

s

0
ẋrdr|2ds + ¬ẋ¬2

L2

∈
∫ 1

0

∫ 1

0
|ẋr|2drds + ¬ẋ¬2

L2 = 2 ¬ẋ¬2
L2

for x ↓ X, hence (X, ¬·¬
X
) is a Banach space. Moreover one can easily see that every

x ↓ X has bounded variation and

¬x¬1⇐var,[0,1] =
∫ 1

0
|ẋt|dt ∈

√∫ 1

0
|ẋt|2dt = ¬x¬

X

Given n paths X = {x1, . . . , xn} ▽ X and functions f : X ↗ R, G : X ⇔ X ↗ R

we will write f(X ) ↓ R
n for the vector [f(X )]ϖ = f(xϖ) and G(X , X ) ↓ R

n↔n for the
matrix [G(X , X )]ϱ

ϖ
= G(xϖ, xϱ) for any ▷, 2 ↓ {1, .., n}.

4.2.6 Assumptions on the activation function

Now we are going to state the main assumptions on the activation function ω : R ↗ R

and prove some important technical results of which we will frequently make use in the
following sections. We will particularly be interested in how regularity assumptions
made on ω influence the regularity of the expectations of eq. (4.3).

Here are the crucial assumptions we make on the activation:

Assumption 4.4. The activation function ω : R ↗ R is linearly bounded i.e. such
that there exist some M > 0 such that |ω(x)| ∈ M(1 + |x|).



CHAPTER 4. NEURAL SIGNATURE KERNELS 112

Assumption 4.5. The activation function ω : R ↗ R is absolutely continuous and
with exponentially bounded derivative.

Lemma 4.6. If the activation function ω : R ↗ R is K-Lipschitz then its component-
wise extension ω : RN ↗ R

N is K-Lipschitz too. If the activation function ω : R ↗ R

is M-linealy-bounded then its componentwise extension is
∀

2NM -linealy-bounded.

Proof. Regarding the first proposition, for x, y ↓ R
n we have

¬ω(x) ↘ ω(y)¬2
RN =

N∑

i=1
|ω(xi) ↘ ω(yi)|2 ∈

N∑

i=1
K2|xi ↘ yi|2 = K2 ¬x ↘ y¬2

RN

Concerning the second, notice how

¬ω(x)¬2
RN =

N∑

i=1
|ω(xi)|2 ∈

N∑

i=1
M2(1 + |xi|)2 ∈ 2M2

N∑

i=1
(1 + |xi|2)

= 2M2(N + ¬x¬2
Rn) ∈ 2NM2(1 + ¬x¬2

RN )

thus ¬ω(x)¬
RN ∈

∀
2NM(1 + ¬x¬

RN ) since
∀

1 + 4 ∈ 1 +
∀

4 for all 4 ̸ 0.

Remark. Note how we have proved also that, under the linear boundedness assumption,
using the same final bound

¬ω(x)¬
RN ∈

∀
2M(

∀
N + ¬x¬

RN ) (4.6)

4.2.7 Positive semidefinite matrices and the map Vς

Definition 4.7. Let PSD2 denote the set of 2 ⇔ 2 positive semidefinite matrices

PSD2 := {! ↓ R
2↔2 : ! = !T ; ([!]21)2 ∈ [!]11[!]22; 0 ∈ [!]11 ⇒ [!]22}

For a fixed R > 0 we define the space

PSD2(R) := {! ↓ PSD2 : 1
R

∈ [!]11, [!]22 ∈ R}

Lemma 4.8. Under theorem 4.5 and for any R > 0 the function Vω : PSD2(R) ↗ R

defined for any ! ↓ PSD2(R) as

Vω(!) = E(zx,zy)↓N (0,!)[ω(zx)ω(zy)]

is 5R-Lipschitz for some 5R > 0, i.e.

|Vω(!) ↘ Vω(!̃)| ∈ 5R

∥∥∥! ↘ !̃
∥∥∥

≃
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Proof. This is the content of theorem F.4 in [94].

Proposition 4.9. Under theorem 4.4, there exists a positive constant M̃ > 0 such that

|Vω(!)| ∈ M̃


1 +
√

[!]11
 

1 +
√

[!]22


Proof. By Cauchy-Schwartz one has

|Vω(!)|2 ∈ E[ω(zx)2] · E[ω(zy)2]

and since for positive reals a, b it holds (a + b)2 ∈ 2(a2 + b2) we obtain

E[ω(z)2] ∈ M2
E[(1 + |z|)2] ∈ 2M2(1 + E[|z|2])

hence
|Vω(!)|2 ∈ 4M4(1 + [!]11)(1 + [!]22).

We conclude by noticing that for a ̸ 0 one has
∀

1 + a ∈ 1 +
∀

a since

1 + a ∈ 1 + a + 2
∀

a = (1 +
∀

a)2.

We end the section showing the explicit characterization of the maps Vω for some
selected4 activation functions. We write Vω with the obvious meaning.

Proposition 4.10. Defining 3(!) := [!]21∀
[!]11[!]22

we have

Vid(!) = [!]21 = [!]12

VReLU(!) = 1
20



0 +

√
1 ↘ 3(!)2

3(!) ↘ arccos(3(!))


 [!]21

Verf (!) = 2
0

arcsin



 [!]21√
(0.5 + [!]11)(0.5 + [!]22)





(4.7)

Proof. See [129][Facts B.2, B.3].

4by the availability in the literature.
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4.3 Proofs for homogeneous controlled ResNets

In this section we prove all the results for the homogeneous case. Recall that a randomly
initialised, 1-layer homogeneous controlled ResNet OM,N

ω
: X ↗ R is defined as follows

OM,N

ω
(x) := ≃o, ZM,N

tM
(x)⇐RN

where o ↓ R
N is the random vector [o]ϖ iid∋ N (0, 1

N
), and where the random functions

ZM,N

ti
: X ↗ R

N satisfy the following recursive relation

ZM,N

ti+1 = ZM,N

ti
+

d∑

k=1

(
Akω(ZM,N

ti
) + bk

)
$xk

ti+1

with initial condition Zt0 = a with [a]ϖ iid∋ N (0, ε2
a
), and Gaussian weights Ak ↓ R

N↔N

and biases bk ↓ R
N sampled independently according to

[Ak]ϱ
ϖ

iid∋ N


0,
ε2

A

N



, [bk]ϖ iid∋ N
(
0, ε2

b

)

The section too will be subdivided in two main parts: in the first we consider the
infinite-width-then-depth limit and in the second we reverse the order and consider the
infinite-depth-then-width limit.

4.3.1 The infinite-width-then-depth regime

The main goal is that of proving theorem 4.2, which we restate here:

Theorem 4.11. Let {DM}M↑N be a sequence of partitions of [0, 1] such that |DM | ↗ 0
as M ↗ ∃. Let the activation function ω be linearly bounded, absolutely continuous
and with exponentially bounded derivative. For any finite subset X = {x1, . . . , xn} ▽ X

of paths the following convergence in distribution holds

lim
M↘≃

lim
N↘≃

OM,N

ω
(X ) = N (0, Kω(X , X )) (4.8)

where the positive semidefinite kernel Kω : X ⇔ X ↗ R is defined for any two paths
x, y ↓ X as Kω(x, y) = Kx,y

ω
(1, 1), where Kx,y

ω
: [0, 1]2 ↗ R is the unique solution of the

following di"erential equation

⇁s⇁tKx,y

ω
=

[
ε2

A
Vω

(
!x,y

ω

)
+ ε2

b

]
≃ẋs, ẏt⇐ (4.9)

where

!x,y

ω
(s, t) =



 Kx,x

ω
(s, s), Kx,y

ω
(s, t)

Kx,y

ω
(s, t), Ky,y

ω
(t, t)




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and with initial conditions for any s, t ↓ [0, 1]

Kx,y

ω
(0, 0) = Kx,y

ω
(s, 0) = Kx,y

ω
(0, t) = ε2

a

Once again, it is clearer to subdivide the proof of this result in two parts:
1. The infinite width-convergence of the finite dimensional distributions

OM,N

ω
(X ) N↘≃↘↘↘↗ N (0, KDM ↔DM

(X , X ))

to those of a Gaussian process GP(0, KDM ↔DM
) defined by a Kernel computed as

the final value of a di"erence equation on the partition DM ⇔ DM of [0, 1] ⇔ [0, 1].
This will be done using Tensor Programs [129] in section 4.3.1.

2. The infinite-depth convergence of the discrete kernels KDM ↔DM
to a limiting Ker-

nel Kω which solves the di"erential equation eq. (4.9). This will be done in
section 4.3.1.

Infinite-width limit with fixed-depth

We prove convergence in the finite-depth, infinite-width limit to a GP endowed with
discrete kernels using the formalism of Tensor Programs.

Definition 4.12. Fix two partitions D := {0 = s0 < · · · < sM = 1} and D⇓ := {0 =
t0 < · · · < tM ↔ = 1}. For any x, y ↓ X define

Kx,y

D↔D↔ : D ⇔ D⇓ ↗ R

as the map satisfying the following recursion

KD↔D↔(sm, tn) = KD↔D↔(sm⇐1, tn) + KD↔D↔(sm, tn⇐1) ↘ KD↔D↔(sm⇐1, tn⇐1)

+


ε2
A

Vω

(
!x,y

D↔D↔(sm⇐1, tn⇐1)
)

+ ε2
b


≃$xsm

, $ytn
⇐Rd (4.10)

with initial conditions

Kx,y

D↔D↔(0, 0) = Kx,y

D↔D↔(0, tn) = Kx,y

D↔D↔(sm, 0) = ε2
a

and where

!x,y

D↔D↔(s, t) =


Kx,x

D↔D
(s, s) Kx,y

D↔D↔(s, t)
Kx,y

D↔D↔(s, t) Ky,y

D↔↔D↔(s, s)





Theorem 4.13. Let ω : R ↗ R be linearly bounded 5. For any subset X = {x1, . . . , xn} ▽

5in the sense that ⊤C > 0. such that |ς(x)| ∈ C(1 + |x|).
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X the following convergence in distribution holds

lim
N↘≃

OM,N

ω
(X ) = N (0, KDM ↔DM

(X , X )).

Proof. We use Yang [129][Corollary 5.5] applied to the Tensor Program of Algorithm
algorithm 1 where the input variables are independently sampled according to

[Ak]ϱ
ϖ

∋ N (0,
ε2

A

N
), [v]ϖ ∋ N (0, 1), [Z0]ϖ ∋ N (0, ε2

a
) and [bk]ϖ ∋ N (0, ε2

b
)

Note how the sampling scheme follows [129][Assumption 5.1] and how linearly bounded
functions are controlled in the sense of [129][Definition 5.3] since for all x ↓ R one has
|ω(x)| ∈ C(1 + |x|) ∈ e|x|+log(C). Thus we are under the needed assumptions to apply
[129][Corollary 5.5].

There are two things to notice, done in order to satisfy the required formalism:

• In the program the output projector v is sampled according to N (0, 1) while the
original o ∋ N (0, 1

N
). This does not pose any problems since the output of the

formal programs uses v/
∀

N ∋ N (0, 1
N

).
• The input paths xi enter program algorithm 1 not as Inputs but as coe!cients of

LinComb, this means that for any choice of input paths we must formally consider
di"erent algorithms. In any case, for any possible choice, the result has always
the same functional form; hence a posteriori it is legitimate to think about one
algorithm.

Note that Zx

m
stands for the formal variable in program algorithm 1, not for ZM,N

t
DM
m

(x)
even thogh this is the value which it "stores" for a fixed hidden dimension N .

The result in [129][Corollary 5.5] tells us that the output vector converges in law,
as N ↗ ∃, to a Gaussian distribution N (0, K̃M) where

[K̃M ]j
i

= Ez↓N (µ,!)

[

zZ
xi

▽DM ▽zZ
xj

▽DM ▽

]

= !(Zxi

▽DM ▽
, Z

xj

▽DM ▽
)

with µ, ! computed according to [129][Definition 5.2] and defined on the set of all
G-vars in the program i.e.

µ(g) =






µin(g) if g is Input G-var
∑

k akµ(gk) if g is introduced as ∑
k akgk via LinComb

0 otherwise
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!(g, g⇓) =






!in(g, g⇓) if both g and g⇓ are Input G-var
∑

k ak!(gk, g⇓) if g is introduced as ∑
k akgk via LinComb

∑
k ak!(g, g⇓

k
) if g⇓ is introduced as ∑

k akg⇓

k
via LinComb

ε2
W
Ez↓N (µ,!)[ϑ(z)ϑ⇓(z)] if g = Wh, g⇓ = Wh⇓ via MatMul w/ same W

0 otherwise

where h = ϑ((gk)m

k=1) for some function ϑ and ϑ(z) := ϑ((zgk)m

k=1), similarly for g⇓.

In our setting µin → 0 since all Input variables are independent, from which µ →
0; furthermore !in(g, g⇓) = 0 except if g = g⇓ when it takes values in {ε2

a
, ε2

b
, ε2

A
}

accordingly.

Following the rules of !, assuming mi, mj ↓ {1, . . . , ¬DM¬}, we obtain

!(Zxi

mi
, Zxj

mj
) = !(Zxi

mi⇐1, Zxj

mj
) + !


d∑

k=1
3i

mi,k
$(xi)k

tmi

, Zxj

mj



= !(Zxi

mi⇐1, Zxj

mj
) + !


d∑

k=1
3i

mi,k
$(xi)k

tmi

, Z
xj

mj⇐1



+!


d∑

k=1
3i

mi,k
$(xi)k

tmi

,
d∑

l=1
3j

mj ,l
$(xj)l

tmj



= !(Zxi

mi⇐1, Zxj

mj
) + !(Zxi

mi
, Z

xj

mj⇐1) ↘ !(Zxi

mi⇐1, Z
xj

mj⇐1)

+
d∑

k,l=1
!(3i

mi,k
, 3j

mj ,l
)$(xi)k

tmi

$(xj)l

tmj

Now

!(3i

mi,k
, 3j

mj ,l
) = ϖk,lε

2
A
E[ω(z1)ω(z2)] + !(bk, bl) = ϖkl

[
ε2

A
E[ω(z1)ω(z2)] + ε2

b

]

where [z1,z2]→ ∋ N (0, !̃mi⇐1,mj⇐1(xi, xj)) with

!̃m,m↔(xi, xj) =


 !(Zxi

m
, Zxi

m
) !(Zxi

m
, Z

xj

m↔)
!(Zxi

m
, Z

xj

m↔) !(Zxj

m↔ , Z
xj

m↔)





thus if we set, for tmi
, tmj

↓ DM , Kxi,xj

DM ↔DM
(tmi

, tmj
) := !(Zxi

mi
, Z

xj

mj
) then we get

Kxi,xj

DM ↔DM
(tmi

, tmj
) = Kxi,xj

DM ↔DM
(tmi⇐1, tmj

) + Kxi,xj

DM ↔DM
((tmi

, tmj⇐1)

↘ Kxi,xj

DM ↔DM
((tmi⇐1, tmj⇐1)

+
d∑

k=1

(
ε2

A
Vω

(
!̃mi↑1,mj↑1(xi, xj)

)
+ ε2

b

)
$(xi)k

tmi

$(xj)k

tmj
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which is exactly what eq. (4.10) states. Then note how

!(Zxi

mi
, Z

xj

0 ) = !(Zxi

mi⇐1, Z
xj

0 ) = · · · = !(Zxi

0 , Z
xj

0 ) = ε2
a

Thus finally we can conclude and write the entries of the matrix K̃M as

[K̃M ]j
i

= Kxi,xj

DM ↔DM
(1, 1)

Algorithm 1 ZM,N

1 as Nestor program
Input: Z0 : G(N) 6 initial value
Input: b1, . . . , bd : G(N) 6 biases
Input: A1, . . . , Ad : A(N, N) 6 matrices
Input: v : G(N) 6 readout layer weights
for i = 1, . . . , n do

// Compute ZDM ,N

1 (xi) (here Zxi

0 is to be read as Z0)
for m = 1, . . . , ¬DM¬ do

for k = 1, . . . , d do
▷i

m,k
:= ω(Zxi

m⇐1) : H(N) 6 by Nonlin;
2i

m,k
:= Ak▷i

m,k
: G(N) 6 by Matmul;

3i

m,k
:= 2i

m,k
+ bk : G(N) 6 by LinComb;

end for
Zxi

m
:= Zxi

m⇐1 + ∑
d

k=1 3i

m,k
[(xi)k

tm
↘ (xi)k

tm↑1 ] : G(N) 6 by LinComb;
end for

end for
Return: (vT Zxi

||DM ||
/
∀

N)i=1,...,n

Actually we have proved the even stronger statement that

Corollary. For all t, s ↓ DM one has the following distributional limit

≃oN , ZM,N

t (X )⇐≃oN , ZM,N

s
(X )⇐ ↘↘↘↗

N↘≃

N (0, KX ,X

DM ↔DM
(t, s))

where [oN ]ϖ ∋ N (0, 1
N

) are independently sampled.

Moreover with the same proof but considering di"erent partitions, D and D⇓, for
di"erent paths x, y ↓ X in the algorithm we see that:

Proposition 4.14. For all t ↓ D, for all s ↓ D⇓, with a clear abouse of notation, one
has the following distributional limit

≃oN , ZD,N

t (x)⇐≃oN , ZD
↔
,N

s
(y)⇐ ↘↘↘↗

N↘≃

N (0, Kx,y

D↔D↔(t, s))
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where [oN ]ϖ ∋ N (0, 1
N

) are independently sampled and the matrices !x,y

D↔D↔(t, s) are
always in PSD2.

Remark. The fact that the matrices !x,y

D↔D↔(t, s) are always in PSD2 will be crucial in
the following.

Uniform convergence to neural signature kernels

We now prove that the sequence of discrete kernels convergence uniformly to our neural
signature kernels. First we need definitions for extending the discrete kernels to [0, 1]2:

Definition 4.15. We extend the map Kx,y

D↔D↔ : D ⇔ D⇓ ↗ R to the whole square
[0, 1] ⇔ [0, 1] in two ways: for any (s, t) ↓ [sm⇐1, sm) ⇔ [tn⇐1, tn)

1. (integral interpolation) using a slight abuse of notation that overwrites the previ-
ous one, define the map Kx,y

D↔D↔ : [0, 1] ⇔ [0, 1] ↗ R as

Kx,y

D↔D↔(s, t) = Kx,y

D↔D↔(sm⇐1, tn) + Kx,y

D↔D↔(sm, tn⇐1) ↘ Kx,y

D↔D↔(sm, tn⇐1)

+
∫

s

▷=sm↑1

∫
t

ϑ=tn↑1

(
ε2

A
Vω

(
!x,y

D↔D↔(sm⇐1, tn⇐1)
)

+ ε2
b

)
≃ẋ▷, ẏϑ ⇐Rddηdτ

We extend in a similar way the matrix !x,y

D↔D↔.
2. (piecewise constant interpolation) define the map K̃x,y

D↔D↔ : [0, 1] ⇔ [0, 1] ↗ R as

K̃x,y

D↔D↔(s, t) =






Kx,y

D↔D↔(sm, tn) if (s, t) ↓ [sm, sm+1) ⇔ [tn, tn+1)
Kx,y

D↔D↔(1, tn) if (s, t) ↓ {1} ⇔ [tn, tn+1)
Kx,y

D↔D↔(sm, 1) if (s, t) ↓ [sm, sm+1) ⇔ {1}
Kx,y

D↔D↔(1, 1) if (s, t) = (1, 1)

and similarly for the matrix !̃x,y

D↔D↔.

Next we prove that the discrete kernels converge in distribution to a limiting kernel
that satisfies a two-parameters di"erential equation.

Theorem 4.16. Let {DM}M↑N be a sequence of partitions [0, 1] with |DM | ↗ 0. Then
we have the following convergence in (C0([0, 1] ⇔ [0, 1];R), ¬·¬

≃
)

Kx,y

DM ↔DM
(s, t) ↗ Kx,y

ω
(s, t)

where Kx,y(s, t) satisfies the following di"erential equation

⇁s⇁tKx,y

ω
=

[
ε2

A
Vω

(
!x,y

ω

)
+ ε2

b

]
≃ẋs, ẏt⇐ (4.11)

where

!x,y

ω
(s, t) =



 Kx,x

ω
(s, s), Kx,y

ω
(s, t)

Kx,y

ω
(s, t), Ky,y

ω
(t, t)




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and with initial conditions for any s, t ↓ [0, 1]

Kx,y

ω
(0, 0) = Kx,y

ω
(s, 0) = Kx,y

ω
(0, t) = ε2

a

The limit is independent of the chosen sequence and the convergence is, in x, y,
uniform on bounded sets of X.

The proof will rely on classic arguments used to prove convergence of Euler schemes
to CDE solutions (see Friz and Victoir [37] and Huang and Tsai [56]). However, our
setting is more complex than the ones we found in the literature; this is due to the
presence of two "independent" driving signals and on the unique nature of the driving
fields, which not only depend on the "present" but also on "past" and "future". This
complex dependency structure of the driving fields makes them completely non-local
and requires more involved arguments for the solution to be made sense of. Note that
due to their definition as limiting kernels the !̃x,y

DM ↔DM
are always PSD. However we

are going to need a more quantitative result, in the form of a uniform membership in
some PSD(R), in order to later leverage theorem 4.8. We first prove such a result for
the case x = y and D = D⇓, the general case will follow easily. The first "ingredient" is
a uniform, in x ↓ X, bound from below of the kernels for t = s.

Lemma 4.17. ↖x ↓ X.↖t ↓ D. K̃x,x

D↔D
(t, t) ̸ ε2

a
for any choice of D.

Proof. We have

Kx,x

D↔D
(tm, tm) = ε2

a
+

∑

0 ∈ k1 < m

0 ∈ k2 < m

d∑

k=1

(
ε2

A
Vω

(
!x, x

D↔D
(tk1 , tk2)

)
+ ε2

b

)
$xk

tk1+1$xk

tk2+1

and by Tensor Programs we know that

∑

0 ∈ k1 < m

0 ∈ k2 < m

d∑

k=1

(
ε2

A
Vω

(
!x, x

D↔D
(tk1 , tk2)

)
+ ε2

b

)
$xk

tk1+1$xk

tk2+1 = lim
N↘≃

E

[
≃ZDN

tm
(x) ↘ ZN

0 , ZDN

tm
(x) ↘ ZN

0 ⇐
N

]

̸ 0

The second step is another bound, this time from above, which will be uniform on
bounded subsets of X.

Lemma 4.18. There is a constant Cx > 0 independent of D such that

∥∥∥Kx,x

D↔D

∥∥∥
≃,[0,1]↔[0,1]

:= sup
(s,t)↑[0,1]2

|Kx,x

D↔D
(s, t)| ∈ Cx

Moreover Cx only depends on ¬x¬1⇐var
and is increasing in it, thus there is a uniform

bound on bounded subsets of X.
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Proof. Let us prove this result for K̃x,x first. Wlog (s, t) ↓ [sm, sm+1) ⇔ [tn, tn+1).
Remember how

K̃x,x

D↔D
(s, t) = Kx,x

D↔D
(sm, tn)

= ε2
a

+
∫

sm

▷=0

∫
tn

ϑ=0

(
ε2

A
Vω

(
!̃x, x

D↔D
(η, τ)

)
+ ε2

b

)
≃ẋ▷, ẋϑ ⇐Rddηdτ

thus

|K̃s,t| ∈ ε2
a

+
∫

sm

▷=0

∫
tn

ϑ=0
|ε2

A
Vω(!̃▷,ϑ )||≃ẋ▷, ẋϑ ⇐Rd |dηdτ +

∫
sm

▷=0

∫
tn

ϑ=0
|ε2

b
||≃ẋ▷, ẋϑ ⇐Rd |dηdτ

= ε2
a

+ ε2
b

¬x¬1⇐var,[0,sm] ¬x¬1⇐var,[0,sn] + ε2
A

∫
sm

▷=0

∫
tn

ϑ=0
|Vω(!̃▷,ϑ )||≃ẋ▷, ẋϑ ⇐Rd |dηdτ

∈ ε2
a

+ ε2
b

¬x¬2
1⇐var,[0,1] + ε2

A

∫
sm

▷=0

∫
tn

ϑ=0
M̃

(
1 +

√
K̃η,η

) (
1 +

√
K̃ς,ς

)
|≃ẋ▷, ẋϑ ⇐Rd |dηdτ

= ε2
a

+ ε2
b

¬x¬2
1⇐var,[0,1] + ε2

A
M̃

∫
sm

η=0

(
1 +

√
K̃η,η

)
|ẋη |d▷

 ∫
tn

ς=0

(
1 +

√
K̃ς,ς

)
|ẋς |dϑ



In particular

K̃s,s = |K̃s,s| ∈ ε2
a

+ ε2
b

¬x¬2
1⇐var,[0,1] + ε2

A
M̃

∣∣∣∣
∫

sm

▷=0


1 +

√
K̃▷,▷


|ẋ▷|dη

∣∣∣∣
2

∈ ε2
a

+ ε2
b

¬x¬2
1⇐var,[0,1] + ε2

A
M̃ ¬x¬1⇐var,[0,sm]

∫
sm

η=0

(
1 +

√
K̃η,η

)2
|ẋη |d▷



∈ ε2
a

+ ε2
b

¬x¬2
1⇐var,[0,1] + 2ε2

A
M̃ ¬x¬1⇐var,[0,1]

∫
sm

▷=0
(1 + K̃▷,▷)|ẋ▷|dη

∈ ε2
a

+ ε2
b

¬x¬2
1⇐var,[0,1] + 2ε2

A
M̃ ¬x¬1⇐var,[0,1]

∫
s

▷=0
(1 + K̃▷,▷)|ẋ▷|dη

and we can use Gronwall Inequality ([37], lemma 3.2) to obtain

1 + K̃s,s ∈ (1 + ε2
a

+ ε2
b

¬x¬2
1⇐var,[0,1]) exp{2ε2

A
M̃ ¬x¬2

1⇐var,[0,1]}

hence the thesis with

C̃x = (1 + ε2
a

+ ε2
b

¬x¬2
1⇐var,[0,1])e

23
2
A

M̃▽x▽
2
1↑var,[0,1] ↘ 1

In order to extend the bound to Kx,x notice that

|Kx,x

D↔D
(s, t)| = |ε2

a
+

∫
s

▷=0

∫
t

ϑ=0

(
ε2

A
Vω

(
!̃x, x

D↔D
(η, τ)

)
+ ε2

b

)
≃ẋ▷, ẋϑ ⇐Rddηdτ |

∈ε2
a

+
(
2ε2

A
M̃(1 + C̃x) + ε2

b

) ∫
s

▷=0

∫
t

ϑ=0
|≃ẋ▷, ẋϑ ⇐Rd |dηdτ

∈ε2
a

+
(
2ε2

A
M̃(1 + C̃x) + ε2

b

)
¬x¬2

1⇐var,[0,1] =: Cx
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Thus finally we can conclude, as promised, that

Lemma 4.19. There is an R = Rx ↓ R such that !̃x,x

D↔D
↓ PSD2(R) for every D.

Moreover, as before, this Rx only depends on ¬x¬1⇐var
and is increasing in it.

Proof. The diagonal elements K̃x,x

D↔D
(s, s) are bounded above by a common constant

Cx and below by ε2
a

We thus can simply choose Rx = Cx C ε⇐2
a

.

We are ready to extend the result to the general case.

Proposition 4.20. Fix a ▷ > 0. There exist a constant Cϖ such that for all x, y ↓ X

with ¬x¬1⇐var
, ¬y¬1⇐var

∈ ▷ and partitions D, D⇓ it holds

sup
0∈t,s∈1

|Kx,y

D↔D↔(s, t)| ∈ Cϖ

Moreover for Rϖ := Cϖ C ε⇐2
a

we get

!̃x,y

D↔D↔(s, t) ↓ PSD(Rϖ)

Proof. Remember how the maps !̃x,y

D↔D↔ are PSD2 since they arise as such from Tensor
limiting arguments, in particular by positive semidefinitiveness and the previous bounds

|K̃x,y

D↔D↔(s, t)| ∈
√

K̃x,x

D↔D
(s, s)K̃y,y

D↔↔D↔(t, t) ∈
√

C̃xC̃y ∈ C̃x C C̃y

For Kx,y(t) we proceed similarly to before:

|Kx,y

D↔D↔(s, t)| = |ε2
a

+
∫

s

▷=0

∫
t

ϑ=0

(
ε2

A
Vω

(
!̃x, y

D↔D↔(η, τ)
)

+ ε2
b

)
≃ẋ▷, ẏϑ ⇐Rddηdτ |

∈ε2
a

+
(
2ε2

A
M̃(1 + C̃x C C̃y) + ε2

b

) ∫
s

▷=0

∫
t

ϑ=0
|≃ẋ▷, ẏϑ ⇐Rd |dηdτ

∈ε2
a

+
(
2ε2

A
M̃(1 + C̃x C C̃y) + ε2

b

)
¬x¬1⇐var,[0,1] ¬y¬1⇐var,[0,1] ∈ Cϖ

The second part follows from the definition of PSD(Rϖ).

Proof of theorem 4.16.

The central idea will be proving that, given any sequence Dn ⇔D⇓

n
with |Dn|C|D⇓

n
| D

0, the maps {Kx,y

DM ↔D↔
n
}n form a Cauchy sequence in the Banach space (C0([0, 1] ⇔

[0, 1];R), ¬·¬
≃

). By completeness of this space the sequence will admit a limit Kx,y,
which we will prove to be independent from the chosen sequence. Finally we will prove
that this limit is the sought after kernel.
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Note that trivially the set {x, y} is bounded in X, we can thus fix two constants
Cx,y, Rx,y with the properties given in theorem 4.20. We will often, for ease of notation,
refer to them as C and R.

Part I: how close are KD↔D↔ and K̃D↔D↔ ?

We have

|Kx,y

D↔D↔(s, t) ↘ K̃x,y

D↔D↔(s, t)|

=|
∫

s

▷=0

∫
t

ϑ=0
(ε2

A
Vω(!̃x,y

D↔D↔(η, τ)) + ε2
b
)≃ẋ▷, ẏϑ ⇐Rddηdτ

↘
∫

sm

▷=0

∫
tn

ϑ=0
(ε2

A
Vω(!̃x,y

D↔D↔(η, τ)) + ε2
b
)≃ẋ▷, ẏϑ ⇐Rddηdτ |

=
∣∣∣∣∣

∫

”s,t

(ε2
A

Vω(!̃x,y

D↔D↔(η, τ)) + ε2
b
)≃ẋ▷, ẏϑ ⇐Rddηdτ

∣∣∣∣∣

with
’s,t := [0, s] ⇔ [0, t] \ [0, sm] ⇔ [0, tn]

Note that
’s,t ⇓ ([sm,sm+1] ⇔ [0, 1]) ⇑ ([0, 1] ⇔ [tn, tn+1])

thus
L2(’s,t) ∈ |D| + |D⇓| ∈ 2(|D| C |D⇓|)

hence

|Kx,y

D↔D↔(s, t) ↘ K̃x,y

D↔D↔(s, t)| ∈
∫

”s,t

|ε2
A

Vω(!̃x,y

D↔D↔(η, τ)) + ε2
b
||≃ẋ▷, ẋϑ ⇐Rd |dηdτ

∈ε2
A

∫

”s,t

M̃


1 +
√

K
x,x

D⇒D(▷,▷)
 (

1 +
√

K
y,y

D→⇒D→ (ϑ ,ϑ)
)
|≃ẋ▷, ẏϑ ⇐Rd |dηdτ

+ ε2
b

∫

”s,t

|≃ẋ▷, ẏϑ ⇐Rd |dηdτ

∈ε2
A

M̃
(
1 +

√
Cx,y

)2 ∫

”s,t

|≃ẋ▷, ẏϑ ⇐Rd |dηdτ + ε2
b

∫

”s,t

|≃ẋ▷, ẏϑ ⇐Rd |dηdτ

∈(2ε2
A

M̃(1 + Cx,y) + ε2
b
)

∫

[0,1]↔[0,1]
I”s,t

(η, τ)|≃ẋ▷, ẏϑ ⇐Rd |dηdτ

∈(2ε2
A

M̃(1 + Cx,y) + ε2
b
)
√

L2(’s,t)
√∫

[0,1]↔[0,1]
|≃ẋ▷, ẏϑ ⇐Rd |2dηdτ

∈(2ε2
A

M̃(1 + Cx,y) + ε2
b
)
√

L2(’s,t)
√∫

[0,1]↔[0,1]
|ẋ▷|2|ẏϑ |2dηdτ

∈(2ε2
A

M̃(1 + Cx,y) + ε2
b
)
√

L2(’s,t)
√

¬x¬2
X

¬y¬2
X

∈2(2ε2
A

M̃(1 + Cx,y) + ε2
b
)
√

|D| C |D⇓|
√

¬x¬2
X

¬y¬2
X
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In particular as (|D| C |D⇓|) ↗ 0 we have

sup
[0,1]↔[0,1]

|Kx,y

D↔D↔(s, t) ↘ K̃x,y

D↔D↔(s, t)| ∈

2(2ε2
A

M̃(1 + Cx,y) + ε2
b
)
√

|D| C |D⇓|
√

¬x¬2
X

¬y¬2
X

↗ 0

Notice that, since we can repeat the argument for Kx,x

D↔D
and Ky,y

D↔↔D↔ , we have

sup
[0,1]↔[0,1]

∥∥∥!x,y

D↔D↔(s, t) ↘ !̃x,y

D↔D↔(s, t)
∥∥∥

≃
∈

2(2ε2
A

M̃(1 + Cx,y) + ε2
b
)
√

|D| C |D⇓|(¬x¬2
X

C ¬y¬2
X
) =: (x,y

√
|D| C |D⇓|

Part II : Cauchy Bounds
Consider now another partition Ď ⇔ Ď⇓, we have

|Kx,y

Ď↔Ď↔(s, t) ↘ Kx,y

D↔D↔(s, t)|

=
∣∣∣∣ε

2
A

∫
s

▷=0

∫
t

ϑ=0
[Vω(!̃x,y

Ď↔Ď↔(η, τ)) ↘ Vω(!̃x,y

D↔D↔(η, τ))]≃ẋ▷, ẏϑ ⇐Rddηdτ
∣∣∣∣

∈ε2
A

∫
s

▷=0

∫
t

ϑ=0
|Vω(!̃x,y

Ď↔Ď↔(η, τ)) ↘ Vω(!̃x,y

D↔D↔(η, τ))||≃ẋ▷, ẏϑ ⇐Rd |dηdτ

∈ε2
A

∫
s

▷=0

∫
t

ϑ=0
kR

∥∥∥!̃x,y

Ď↔Ď↔(η, τ) ↘ !̃x,y

D↔D↔(η, τ)
∥∥∥

≃
|≃ẋ▷, ẏϑ ⇐Rd |dηdτ

∈ε2
A

kR

∫
s

▷=0

∫
t

ϑ=0

∥∥∥!̃
Ď↔Ď↔(η, τ) ↘ !

Ď↔Ď↔(η, τ)
∥∥∥

≃
|≃ẋ▷, ẏϑ ⇐Rd |dηdτ

+ ε2
A

kR

∫
s

▷=0

∫
t

ϑ=0

∥∥∥!
Ď↔Ď↔(η, τ) ↘ !D↔D↔(η, τ)

∥∥∥
≃

|≃ẋ▷, ẏϑ ⇐Rd |dηdτ

+ ε2
A

kR

∫
s

▷=0

∫
t

ϑ=0

∥∥∥!D↔D↔(η, τ) ↘ !̃D↔D↔(η, τ)
∥∥∥

≃
|≃ẋ▷, ẏϑ ⇐Rd |dηdτ

∈ε2
A

(x,y

√
|Ď| C |Ď⇓|

∫
s

▷=0

∫
t

ϑ=0
|≃ẋ▷, ẏϑ ⇐Rd |dηdτ

+ ε2
A

kR

∫
s

▷=0

∫
t

ϑ=0

∥∥∥!
Ď↔Ď↔(η, τ) ↘ !D↔D↔(η, τ)

∥∥∥
≃

|≃ẋ▷, ẏϑ ⇐Rd |dηdτ

+ ε2
A

(x,y

√
|D| C |D⇓|

∫
s

▷=0

∫
t

ϑ=0
|≃ẋ▷, ẏϑ ⇐Rd |dηdτ

∈ε2
A

2(x,y

√
|D| C |D⇓| C |Ď| C |Ď⇓|(¬x¬2

1⇐var,[0,1] C ¬y¬2
1⇐var,[0,1])

+ ε2
A

kR

∫
s

▷=0

∫
t

ϑ=0

∥∥∥!x,y

Ď↔Ď↔(η, τ) ↘ !x,y

D↔D↔(η, τ)
∥∥∥

≃
|≃ẋ▷, ẏϑ ⇐Rd |dηdτ

Assume to be in the case x = y, D = D⇓, Ď = Ď⇓ and define the following quantity:

)t := sup
0∈▷,ϑ∈t

∥∥∥!x,x

Ď↔Ď
(η, τ) ↘ !x,x

D↔D
(η, τ)

∥∥∥
≃

= sup
0∈▷,ϑ∈t

|Kx,x

Ď↔Ď
(η, τ) ↘ Kx,x

D↔D
(η, τ)|
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One has, from the previous inequality, that

)t ∈ ε2
A

2(x,x

√
|Ď| C |D| ¬x¬2

1⇐var,[0,1]

+ε2
A

kR

∫
t

▷=0

∫
t

ϑ=0

∥∥∥!
Ď↔Ď

(η, τ) ↘ !D↔D(η, τ)
∥∥∥

≃
|≃ẋ▷, ẋϑ ⇐Rd |dηdτ

and since
∫

t

▷=0

∫
t

ϑ=0

∥∥∥!
Ď↔Ď

(η, τ) ↘ !D↔D(η, τ)
∥∥∥

≃
|≃ẋ▷, ẋϑ ⇐Rd |dηdτ

∈
∫

t

▷=0

∫
t

ϑ=0
)▷̸ϑ |≃ẋ▷, ẋϑ ⇐Rd |dηdτ

=
∫

t

▷=0

∫
▷

ϑ=0
)▷|≃ẋ▷, ẋϑ ⇐Rd |dηdτ +

∫
t

▷=0

∫
t

ϑ=▷

)ϑ |≃ẋ▷, ẋϑ ⇐Rd |dηdτ

∈
∫

t

▷=0
¬x¬1⇐var,[0,▷] )▷|ẋ▷|dη +

∫
t

ϑ=0

∫
ϑ

▷=0
)ϑ |ẋ▷||ẋϑ |dηdτ

=
∫

t

▷=0
¬x¬1⇐var,[0,▷] )▷|ẋ▷|dη +

∫
t

ϑ=0
¬x¬1⇐var,[0,ϑ ] )ϑ |ẋϑ |dτ

∈2 ¬x¬1⇐var,[0,1]

∫
t

▷=0
)▷|ẋ▷|dη

we get

)t ∈ ε2
A

2(x,x ¬x¬2
1⇐var,[0,1]

√
|Ď| C |D|

+2ε2
A

kR ¬x¬1⇐var,[0,1]

∫
t

▷=0
)▷|ẋ▷|dη

thus, by Gronwall,

)t ∈ 2ε2
A

(x,x ¬x¬2
1⇐var,[0,1]

√
|Ď| C |D| · e23

2
A

kR▽x▽
2
1↑var,[0,1]

Coming back to the general case and setting

&x,y := ¬x¬2
1⇐var,[0,1] C ¬y¬2

1⇐var,[0,1]

we can now say that

)x,y

t := sup
0∈▷,ϑ∈t

∥∥∥!
Ď↔Ď↔(η, τ) ↘ !D↔D↔(η, τ)

∥∥∥
≃

∈ 2ε2
A

(x,y

√
|Ď| C |Ď⇓| C |D| C |D⇓|&x,y(1 + e23

2
A

kR#x,y)

+ε2
A

kR

∫
t

▷=0

∫
t

ϑ=0

∥∥∥!
Ď↔Ď↔(η, τ) ↘ !D↔D↔(η, τ)

∥∥∥
≃

|≃ẋ▷, ẏϑ ⇐Rd |dηdτ
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and since
∫

t

▷=0

∫
t

ϑ=0

∥∥∥!
Ď↔Ď↔(η, τ) ↘ !D↔D↔(η, τ)

∥∥∥
≃

|≃ẋ▷, ẏϑ ⇐Rd |dηdτ

∈
∫

t

▷=0

∫
t

ϑ=0
)x,y

▷̸ϑ
|≃ẋ▷, ẏϑ ⇐Rd |dηdτ

=
∫

t

▷=0

∫
▷

ϑ=0
)x,y

▷
|≃ẋ▷, ẏϑ ⇐Rd |dηdτ +

∫
t

▷=0

∫
t

ϑ=▷

)x,y

ϑ
|≃ẋ▷, ẏϑ ⇐Rd |dηdτ

∈
∫

t

▷=0
¬y¬1⇐var,[0,▷] )x,y

▷
|ẋ▷|dη +

∫
t

ϑ=0

∫
ϑ

▷=0
)x,y

ϑ
|ẋ▷||ẏϑ |dηdτ

=
∫

t

▷=0
¬y¬1⇐var,[0,▷] )x,y

▷
|ẋ▷|dη +

∫
t

ϑ=0
¬x¬1⇐var,[0,ϑ ] )x,y

ϑ
|ẏϑ |dτ

∈(¬x¬1⇐var,[0,1] C ¬y¬1⇐var,[0,1])
∫

t

▷=0
)x,y

▷
(|ẋ▷| + |ẏ▷|)dη

we get
)x,y

t ∈ 2ε2
A

(x,y&x,y

√
|Ď| C |Ď⇓| C |D| C |D⇓|(1 + e23

2
A

kR#x,y)

+2ε2
A

kR(¬x¬1⇐var,[0,1] C ¬y¬1⇐var,[0,1])
∫

s

▷=0
)x,y

▷
(|ẋ▷| + |ẏ▷|)dη

thus, by Gronwall,

)t ∈ 2ε2
A

(x,y&x,y

√
|Ď| C |Ď⇓| C |D| C |D⇓|(1 + e23

2
A

kR#x,y)

·e23
2
A

kR(▽x▽1↑var,[0,1]̸▽y▽1↑var,[0,1])(▽x▽1↑var,[0,t]+▽y▽1↑var,[0,t])

hence ∥∥∥Kx,y

Ď↔Ď↔ ↘ Kx,y

D↔D↔

∥∥∥
≃,[0,1]2

∈

2ε2
A

(x,y&x,y

√
|Ď| C |Ď⇓| C |D| C |D⇓| · (1 + e23

2
A

kR#x,y) · e23
2
A

kR#x,y

Part III : Existence and Uniqueness of limit Given any sequence of partitions
{Dn ⇔ D⇓

n
} with |Dn| C |D⇓

n
| ↗ 0, due to the bounds we have just proven we have

{Kx,y

DM ↔D↔
n
}is a Cauchy sequence in (C0([0, 1] ⇔ [0, 1];R), ¬·¬

≃
)

and the limit Kx,y

ω
does not depend on the sequence (i.e. the limit exists and is unique).

The limit is indeed unique: assume Kx,y and Gx,y are limits along two di"erent
sequences of partitions {Dn ⇔ D⇓

n
} and {Gn ⇔ G ⇓

n
}; then the sequence {Pn ⇔ P ⇓

n
} such

that P2n⇔P ⇓

2n
:= Dn⇔D⇓

n
and P2n+1⇔P ⇓

2n+1 := Gn⇔G ⇓

n
is still such that |Pn|C|P ⇓

n
| ↗ 0

hence the associated kernels have a limit which must be equal to both Kx,y and Gx,y.

Since PSD matrices form a closed set we moreover have that the matrices !x,y

ω
(s, t)

obtained as limits using the previous result are all PSD. We can actually say more:
they belong to PSD(R).
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Part IV : Limit Kernel solves equation (4.9) We can finally conclude by proving
that Kx,y

ω
is, in fact, a solution of the PDE:

∣∣∣∣Kx,y

ω
(s, t) ↘ ε2

a
+

∫
s

▷=0

∫
t

ϑ=0
(ε2

A
Vω(!x,y

ω
(η, τ)) + ε2

b
)≃ẋ▷, ẏϑ ⇐Rddηdτ

∣∣∣∣

∈|Kx,y

ω
(s, t) ↘ Kx,y

D↔D↔(s, t)|

+ ε2
A

∫
s

▷=0

∫
t

ϑ=0
|Vω(!̃x,y

D↔D↔(η, τ)) ↘ Vω(!x,y

ω
(η, τ))||≃ẋ▷, ẏϑ ⇐Rd |dηdτ

∈o(1) + ε2
A

kR

∫
s

▷=0

∫
t

ϑ=0

∥∥∥!̃x,y

D↔D↔(η, τ) ↘ !x,y

ω
(η, τ)

∥∥∥
≃

|≃ẋ▷, ẏϑ ⇐Rd |dηdτ

∈o(1) + ε2
A

kR

∫
s

▷=0

∫
t

ϑ=0

∥∥∥!̃x,y

D↔D↔(η, τ) ↘ !x,y

D↔D↔(η, τ)
∥∥∥

≃
|≃ẋ▷, ẏϑ ⇐Rd |dηdτ

+ ε2
A

kR

∫
s

▷=0

∫
t

ϑ=0

∥∥∥!x,y

D↔D↔(η, τ) ↘ !x,y

ω
(η, τ)

∥∥∥
≃

|≃ẋ▷, ẏϑ ⇐Rd |dηdτ

=o(1) + o(1) + o(1) = o(1)

thus
∣∣∣∣Kx,y

ω
(s, t) ↘ ε2

a
+

∫
s

▷=0

∫
s

ϑ=0
(ε2

A
Vω(!x,y

ω
(η, τ)) + ε2

b
)≃ẋ▷, ẏϑ ⇐Rddηdτ

∣∣∣∣ = 0

i.e
Kx,y

ω
(s, t) = ε2

a
+

∫
s

▷=0

∫
t

ϑ=0
(ε2

A
Vω(!x,y

ω
(η, τ)) + ε2

b
)≃ẋ▷, ẏϑ ⇐Rddηdτ

- Part V : Uniformity in x, y on bounded sets
Note that, once again, the bounds we have just proven only depend on the norms

¬·¬1⇐var,[0,1] and ¬·¬
X

of the paths, and they do so in an increasing manner. Since
¬·¬1⇐var,[0,1] ∈ ¬·¬

X
this means that we have uniform convergence rates on bounded

sets on X.

Remark. Being careful one could maintain uniform bounds, at the cost of slower con-
vergence, and state the result for x ↓ W 1,1+5([0, 1];Rd) for any 4 > 0. More specifically
the bound would be proportional to |D|

ε

1+ε .

Proposition 4.21 (Uniqueness). Under the previous assumptions on the activation
function, fix x, y ↓ X. Then any two triples

K(s, t) := (Kx,x(s, t), Kx,y(s, t), Ky,y(s, t))

G(s, t) := (Gx,x(s, t), Gx,y(s, t), Gy,y(s, t))

defined on [0, 1] ⇔ [0, 1],satisfying equation (4.9)and such that

Kx,x(s, s), Ky,y(t, t), Gx,x(s, s), Gy,y(t, t) > 0
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for all t ↓ [0, 1] must be equal.

Proof. We will write ¬K¬
≃

:= |Kx,x| C |Kx,y| C |Ky,y|. To satisfy equation (4.9) the
associated covariance matrices !K(η, τ), !G(η, τ) must be always PSD2. Using the
assumed bound from below the one from above given by continuity we can assume
that they uniformly in time are contained in some PSD2(R̄). This true for all choices
(x, x), (x, y), (y, y).

|Kx,y(s, t) ↘ Gx,y(s, t)|

=|
∫

s

▷=0

∫
t

ϑ=0
ε2

A
(Vω(!x,y

K
(η, τ)) ↘ Vω(!x,y

G
(η, τ)))≃ẋ▷, ẏϑ ⇐Rddηdτ |

∈
∫

s

▷=0

∫
t

ϑ=0
ε2

A
|Vω(!x,y

K
(η, τ)) ↘ Vω(!x,y

G
(η, τ))||≃ẋ▷, ẏϑ ⇐Rd |dηdτ

∈
∫

s

▷=0

∫
t

ϑ=0
ε2

A
k

R̄
¬!x,y

K
(η, τ) ↘ !x,y

G
(η, τ)¬

≃
|≃ẋ▷, ẏϑ ⇐Rd |dηdτ

∈ε2
A

k
R̄

∫
s

▷=0

∫
t

ϑ=0
( sup

0∈t1,s1∈▷̸ϑ

¬K(t1, s1) ↘ G(t1, s1)¬≃
)|≃ẋ▷, ẏϑ ⇐Rd |dηdτ

Moreover this holds substituting (x, y) with (x, x) and (y, y).
Let )t := sup0∈t1,s1∈t

¬K(t1, s1) ↘ G(t1, s1)¬≃
then

|K(s, t) ↘ G(s, t)|≃ ∈ ε2
A

k
R̄

∫
s

▷=0

∫
t

ϑ=0
)▷̸ϑ |≃ẋ▷, ẏϑ ⇐Rd |dηdτ

∈ ε2
A

k
R̄

∫
s

▷=0

∫
t

ϑ=0
)▷̸ϑ |ẋ▷||ẏϑ |dηdτ

thus

)t ∈ ε2
A

k
R̄

∫
t

▷=0

∫
t

ϑ=0
)▷̸ϑ |ẋ▷||ẏϑ |dηdτ

∈ε2
A

k
R̄

∫
t

▷=0

∫
▷

ϑ=0
)▷|ẋ▷||ẏϑ |dηdτ +

∫
t

▷=0

∫
t

ϑ=▷

)ϑ |ẋ▷||ẏϑ |dηdτ


∈ε2
A

k
R̄


¬y¬1⇐var,[0,1]

∫
t

▷=0
)▷|ẋ▷|dη + ¬x¬1⇐var,[0,1]

∫
t

ϑ=0
)ϑ |ẏϑ |dτ



∈ε2
A

k
R̄

(¬x¬1⇐var,[0,1] C ¬y¬1⇐var,[0,1])
∫

t

▷=0
)▷(|ẋ▷| + |ẏ▷|)dη

By Gronwall we finally conclude that )t = 0 for all t, which concludes the proof.z

4.3.2 Proof of theorem 4.2: Part I

It is finally time to prove the first part of main result of the chapter, which we restate
below for the reader’s convenience.

Fix partitions {DM}M↑N of [0, 1] with |DM | D 0. Write ODM ,N

ω
(·) = ≃vN , ZDM ,N

1 (·)⇐.
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Theorem 4.22. Let the activation function ω : R ↗ R be a linearly bounded, ab-
solutely continuous map with exponentially bounded derivative. For any subset X =
{x1, . . . , xn} ▽ X the following convergence in distribution holds

lim
M↘≃

lim
N↘≃

OM,N

ω
(X ) = N (0, Kω(X , X ))

where the map Kω : X ⇔ X ↗ R is given by the unique final values Kx,y

ω
(1, 1) of the

following integro-di"erential equation

Kx,y

ω
(s, t) = ε2

a
+

∫
s

▷=0

∫
t

ϑ=0

[
ε2

A
Ez↓N (0,!x,y

η,ς )[ω(z1)ω(z2)] + ε2
b

]
≃ẋ▷, ẏϑ ⇐Rddηdτ (4.12)

with

!x,y

s,t =


 Kx,x

ω
(s, s), Kx,y

ω
(s, t)

Kx,y

ω
(s, t), Ky,y

ω
(t, t)





Proof. The proof is now just a matter of combining theorem 4.13 and theorem 4.16.
Under our hypotheses theorem 4.13 tells us that, for any subset X = {x1, . . . , xn} ▽

X, we have in distribution

lim
N↘≃

ODM ,N

ω
(X ) = N (0, KDM ↔DM

(X , X ))

thus to conclude we just have to prove that, still in distribution, it holds

lim
M↘≃

N (0, KDM ↔DM
(X , X )) = N (0, Kω(X , X ))

or, equivalently, that in Rn↔n it holds limM↘≃ KDM ↔DM
(X , X ) = Kω(X , X ).

This last needed limit follows from theorem 4.16 with the sequence {DM ⇔DM}M↑N.
The uniqueness follows from theorem 4.21.

We can explicitly write the Kernel for the simplest case:

Corollary. If ε = id, then

Kx,y

id
(s, t) =

(
ε2

a
+ ε2

b

ε2
A

)
k3Ax,3Ay

sig
(s, t) ↘ ε2

b

ε2
A

(4.13)

Proof. We readily see that

Kx,y

id
(s, t) = ε2

a
+

∫
s

▷=0

∫
t

ϑ=0

[
ε2

A
Kx,y

id
(η, τ) + ε2

b

]
≃ẋ▷, ẏϑ ⇐Rddηdτ (4.14)

By substituting (4.13) for Kx,y

id
(η, τ) in the integral and using [112][Theorem 2.5]
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we have

ε2
a

+
∫

s

▷=0

∫
t

ϑ=0

[
ε2

A

{(
ε2

a
+ ε2

b

ε2
A

)
k3Ax,3Ay

sig
(η, ε) ↘ ε2

b

ε2
A

}
+ ε2

b

]
≃ẋ▷, ẏϑ ⇐Rddηdτ

=ε2
a

+
∫

s

▷=0

∫
t

ϑ=0
ε2

A

(
ε2

a
+ ε2

b

ε2
A

)
k3Ax,3Ay

sig
(η, ε)≃ẋ▷, ẏϑ ⇐Rddηdτ

=ε2
a

+
(
ε2

a
+ ε2

b

ε2
A

) ∫
s

▷=0

∫
t

ϑ=0
k3Ax,3Ay

sig
(η, ε)≃εAẋ▷, εAẏϑ ⇐Rddηdτ

=ε2
a

+
(
ε2

a
+ ε2

b

ε2
A

)
(k3Ax,3Ay

sig
(s, t) ↘ 1)

=
(
ε2

a
+ ε2

b

ε2
A

)
k3Ax,3Ay

sig
(s, t) ↘ ε2

b

ε2
A

which means, by uniqueness of solutions (theorem 4.21), that the thesis holds.

4.3.3 The infinite-depth-then-width regime

The infinite-depth limit with finite-width

Proposition 4.23. Let {DM}M↑N be a sequence of partitions of [0, 1] such that |DM | ↗
0 as M ↗ ∃. Assume the activation function ω is Lipschitz and linearly bounded. Let
x ↓ X and let ↼M(t) := sup{s ↓ DM : s ∈ t}. Then, the the R

N -valued process
t ↔↗ ZM,N

4M (t)(x) converges in distribution, as M ↗ ∃, to the solution ZN(x) of the
following Neural CDE

ZN

t
(x) = a +

∫
t

0

d∑

j=1

(
Ajω(ZN

s
(x)) + bj

)
dxj

s
(4.15)

where Aj ↓ R
N↔N and bj ↓ R

N are sampled according in the definition of the homoge-
neous controlled ResNet.

Proof. Assume the Ak and bk to be fixed for all choices of DM . The system has unique
solution by Friz and Victoir [37][Theorems 3.7, 3.8] with

Vi(x) = Aiω(x) + bk

noting that these are Lipschitz since composition of Lipschitz and linearly bounded.
By reasoning as in the proof of theorem 4.2 one gets that

∥∥∥ZM,N(x) ↘ ZN(x)
∥∥∥

≃,[0,1]
∈

√
|DM | exp



K▽x▽X(¬a¬
RN +

d∑

k=1
¬Ak¬

F
+ ¬bk¬

F
)


for some constant K▽x▽X depending in an increasing fashion on the norm of the input
path.
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Taking the expectation over Ak,bk and the initial condition leads to

E[
∥∥∥ZM,N(x) ↘ ZN(x)

∥∥∥
≃,[0,1]

] ∈ K̃▽x▽X

√
|DM |

for some other constant K̃▽x▽X since the matrices and vectors are all distributed as
Gaussians. One then concludes by portmanteau lemma considering Lipschitz functions
on C0([0, 1];RN).

Remark. Since the bounds K̃▽x▽X depend increasingly on the norm of the input path
they are uniform on bounded sets of X and this result can be extended to arbitrary finite
sets of paths X ⇓ X with exactly the same portmanteau arguments.

Definition 4.24 (Randomized Signatures). We call Randomized Signatures the solu-
tions to

ZN

t
(x) = a +

d∑

k=1

∫
t

0

(
Ak[ω(ZN

ϑ
(x))] + bk

)
dxk

ϑ

These are the same objects defined in Cuchiero et al. [20].

4.3.4 Commutativity of Limits

In this section we are going to prove the commutativity of limits in the homogeneous
case. The core arguments are the same as those employed for the inhomogeneous
counterpart, this time however we won’t be able to take advantage of ready-made
results from stochastic analysis, thus we are going to carefully obtain bounds in more
direct ways.

Let {DM}M↑N be a sequence of partitions of [0, 1] such that |DM | ↗ 0 as M ↗ ∃.
Fix N and the matrices Z0, Ak, bk for all partitions. For any x ↓ X let ZM,N(x) : DM ↗
R

N be the homogeneous cResNet corresponding to the above quantities.

Definition 4.25. Given x ↓ X and a partition DM define

↼M(t) := sup{s ↓ DM : s ∈ t}

Then define the piecewise constant extension Z̃M,N(x) : [0, 1] ↗ R
N

Z̃M,N

t (x) := ZM,N

4M (t)(x) (4.16)

and the integral extension ZM,N(x) : [0, 1] ↗ R
N

ZM,N

t (x) = ZN

0 +
d∑

k=1

∫
t

0

(
Akω(Z̃M,N

s
(x)) + bk

)
dxk

s
(4.17)
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Note how the two extensions coincide on DM .

Proposition 4.26. Assume the activation function ω is Lipschitz and linearly bounded.
There is a constant Kx > 0 independent of N, M and increasing in ¬x¬1⇐var

such that

E

[∥∥∥Z̃N,M

t (x)
∥∥∥

2

≃,[0,1]

]
∈ NKx

where the expectation is taken over the joint distribution of Z0, {Ak, bk}k=1,...,d

Proof.

∥∥∥Z̃N,M

t (x)
∥∥∥ =

∥∥∥ZN,M

tm
(x)

∥∥∥ ∈
∥∥∥ZN

0

∥∥∥ +
d∑

i=1

∥∥∥∥
∫

t

0
AN

i
ω(Z̃N,M

r
(x)) + bN

i
dxi

r

∥∥∥∥

∈
∥∥∥ZN

0

∥∥∥ +
d∑

i=1

∫
t

0

∥∥∥AN

i
ω(Z̃N,M

r
(x)) + bN

i

∥∥∥ |dxi

r
|

∈
∥∥∥ZN

0

∥∥∥ +
d∑

i=1

∫
t

0

( ∥∥∥AN

i

∥∥∥
op

∥∥∥ω(Z̃N,M

r
(x))

∥∥∥ +
∥∥∥bN

i

∥∥∥
)
|dxi

r
|

∈
∥∥∥ZN

0

∥∥∥ +
d∑

i=1

∫
t

0

( ∥∥∥AN

i

∥∥∥
op

∀
2C(

∀
N +

∥∥∥Z̃N,M

r
(x)

∥∥∥) +
∥∥∥bN

i

∥∥∥
)
|dxi

r
|

∈
[∥∥∥ZN

0

∥∥∥ + (
d∑

i=1

∀
2NC

∥∥∥AN

i

∥∥∥
op

+
∥∥∥bN

i

∥∥∥) ¬x¬1⇐var,[0,1]

]

+
∀

2C(
d∑

i=1

∥∥∥AN

i

∥∥∥
op

)
d∑

i=1

∫
t

0

∥∥∥Z̃N,M

r
(x)

∥∥∥ |dxi

r
|

thus by Lemma 3.2 of [37] we obtain

∥∥∥Z̃N,M

t (x)
∥∥∥ ∈

[∥∥∥ZN

0

∥∥∥ + (
d∑

i=1

∀
2NC

∥∥∥AN

i

∥∥∥
op

+
∥∥∥bN

i

∥∥∥) ¬x¬1⇐var,[0,1]

]

· exp
{∀

2C(
d∑

i=1

∥∥∥AN

i

∥∥∥
op

) ¬x¬1⇐var,[0,t]

}

∈
[∥∥∥ZN

0

∥∥∥ + (
∀

2NC +
d∑

i=1

∥∥∥bN

i

∥∥∥) ¬x¬1⇐var,[0,1]

]

· exp
{
(

d∑

i=1

∥∥∥AN

i

∥∥∥
op

)(1 +
∀

2C ¬x¬1⇐var,[0,t])
}

∈
[∥∥∥ZN

0

∥∥∥ + (
∀

2NC +
d∑

i=1

∥∥∥bN

i

∥∥∥) ¬x¬1⇐var,[0,1]

]

·
d∏

i=1
exp

{
(1 +

∀
2C ¬x¬1⇐var,[0,1])

∥∥∥AN

i

∥∥∥
op

}
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Hence using independence

E[ sup
t↑[0,1]

∥∥∥Z̃N,M

t (x)
∥∥∥

2
] ∈

2E
[∥∥∥ZN

0

∥∥∥
2

+ (2NC2 +
d∑

i=1

∥∥∥bN

i

∥∥∥
2
) ¬x¬2

1⇐var,[0,1]

]
d∏

i=1
E

[
exp

{
2(1 +

∀
2C ¬x¬1⇐var,[0,1])

∥∥∥AN

i

∥∥∥
op

}]

Note that
∥∥∥AN

i

∥∥∥
op

=
√

↼((AN

i
)T AN

i
) is the square root of the biggest eigenvalue

lN of (AN

i
)T AN

i
. The distribution of eigenvalues 1

3
2
A

(AN

i
)T AN

i
is well understood as

converging to the Marchenko–Pastur distribution (a classical distribution supported
on the interval [0, 4]), and lN converges almost surely to 4ε2

A
[40, 62] with fluctuations

around this limit having exponential tails [59, 78]. It follows that E[exp{↽
∥∥∥AN

i

∥∥∥
op

}] is
uniformly bounded in N , with the bound depending on εA and ↽.

Moreover by Hölder

E[
∥∥∥ZN

0

∥∥∥
2
] = E[

N∑

i=1
|[ZN

0 ]i|2] = ε2
a
N

and similarly E[
∥∥∥bN

i

∥∥∥
2
] ∈ ε2

bi
N .

Hence

E[ sup
t↑[0,1]

∥∥∥Z̃N,M

t (x)
∥∥∥

2
] ∈

2N



ε2
a

+ (2C2 +
d∑

i=1
ε2

bi
) ¬x¬2

1⇐var,[0,1]



E

[
exp

{
2(1 +

∀
2C ¬x¬1⇐var,[0,1])

∥∥∥AN

1

∥∥∥
op

}]
d

=: NKx

Proposition 4.27. Assume the activation function ω is Lipschitz and linearly bounded.

E

[∥∥∥ZN,M

t (x) ↘ Z̃N,M

t (x)
∥∥∥

2

≃,[0,1]

]
∈ N |DM |K̃x

where K̃x is a universal constant depending only on ¬x¬
X

in an increasing manner.
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Proof. Let t ↓ [tm, tm+1) then, using the bound in section 4.2.6,

∥∥∥ZN,M

t (x) ↘ Z̃N,M

t (x)
∥∥∥ =

∥∥∥∥∥

d∑

i=1

∫
t

tm

(
AN

i
ω(ZN,M

tm
(x)) + bN

i

)
dxi

r

∥∥∥∥∥ ∈

d∑

i=1

∫
t

tm

( ∥∥∥AN

i

∥∥∥
op

∥∥∥ω(ZN,M

tm
(x))

∥∥∥ +
∥∥∥bN

i

∥∥∥
)
|dxi

r
| ∈

d∑

i=1

∫
t

tm

( ∥∥∥AN

i

∥∥∥
op

∀
2C(

∀
N +

∥∥∥ZN,M

tm
(x)

∥∥∥) +
∥∥∥bN

i

∥∥∥
)
|dxi

r
| ∈

[ d∑

i=1

∥∥∥AN

i

∥∥∥
op

∀
2C(

∀
N +

∥∥∥Z̃N,M

tm
(x)

∥∥∥) +
∥∥∥bN

i

∥∥∥
]

¬x¬1⇐var,[tm,t] ∈

[ d∑

i=1

∥∥∥AN

i

∥∥∥
op

∀
2C(

∀
N +

∥∥∥Z̃N,M

tm
(x)

∥∥∥) +
∥∥∥bN

i

∥∥∥
]

¬x¬
X

√
|DM |

where we have used

¬x¬1⇐var,[s,t] =
∫

t

s

|ẋr|dr ∈
√∫ 1

0
|ẋr|I(r ↓ |t ↘ s|)dr ∈ ¬x¬

X

∀
t ↘ s

thus

E

[

sup
t↑[0,1]

∥∥∥ZN,M

t (x) ↘ Z̃N,M

t (x)
∥∥∥

2
]

∈

2E
[

sup
tm↑DM

[ d∑

i=1

∥∥∥AN

i

∥∥∥
2

op
2C2(N +

∥∥∥Z̃N,M

tm
(x)

∥∥∥
2
) +

∥∥∥bN

i

∥∥∥
2 ]

¬x¬2
X

|DM |
]

∈ NK̄x ¬x¬2
X

|DM |

Proposition 4.28. Assume the activation function ω is Lipschitz and linearly bounded.

E

[∥∥∥ZN,M

t (x) ↘ ZN,M
↔

t (x)
∥∥∥

2

≃,[0,1]

]
∈ NK̃x(|DM | C |DM ↔|)

where K̃x is a universal constant depending only on ¬x¬
X

in an increasing manner.

Proof. Let t ↓ [tm, tm+1) then

∥∥∥ZN,M

t (x) ↘ ZN,M
↔

t (x)
∥∥∥ ∈

d∑

i=1

∫
t

0

∥∥∥AN

i

(
ω(Z̃N,M

t (x)) ↘ ω(Z̃N,M
↔

t (x))
)∥∥∥ |dxi

r
| ∈

d∑

i=1

∫
t

0

( ∥∥∥AN

i

∥∥∥
op

∥∥∥ω(Z̃N,M

t (x)) ↘ ω(Z̃N,M
↔

t (x))
∥∥∥

)
|dxi

r
| ∈

d∑

i=1

∫
t

0

∥∥∥AN

i

∥∥∥
op

K
∥∥∥Z̃N,M

t (x) ↘ Z̃N,M
↔

t (x)
∥∥∥ |dxi

r
| =

K
d∑

i=1

∥∥∥AN

i

∥∥∥
op

∫
t

0

∥∥∥Z̃N,M

t (x) ↘ Z̃N,M
↔

t (x)
∥∥∥ |dxi

r
|
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Using triangle inequality we obtain
∥∥∥ZN,M

t (x) ↘ ZN,M
↔

t (x)
∥∥∥ ∈

K
d∑

i=1

∥∥∥AN

i

∥∥∥
op

∫
t

0

∥∥∥Z̃N,M

t (x) ↘ ZN,M

t (x)|
∥∥∥ dxi

r
|+

K
d∑

i=1

∥∥∥AN

i

∥∥∥
op

∫
t

0

∥∥∥ZN,M

t (x) ↘ ZN,M
↔

t (x)
∥∥∥ |dxi

r
|+

K
d∑

i=1

∥∥∥AN

i

∥∥∥
op

∫
t

0

∥∥∥ZN,M
↔

t (x) ↘ Z̃N,M
↔

t (x)
∥∥∥ |dxi

r
|

Note how

K
d∑

i=1

∥∥∥AN

i

∥∥∥
op

∫
t

0

∥∥∥Z̃N,M

t (x) ↘ ZN,M

t (x)
∥∥∥ |dxi

r
| ∈

K
d∑

i=1

∥∥∥AN

i

∥∥∥
op

∫
t

0

[ d∑

k=1

∥∥∥AN

k

∥∥∥
op

∀
2C(

∀
N +

∥∥∥Z̃N,M

tm
(x)

∥∥∥) +
∥∥∥bN

k

∥∥∥
]

¬x¬
X

√
|DM ||dxi

r
| ∈

K(
d∑

i=1

∥∥∥AN

i

∥∥∥
op

)
[ d∑

i=k

∥∥∥AN

k

∥∥∥
op

∀
2C(

∀
N + (x) +

∥∥∥bN

k

∥∥∥
]

¬x¬1⇐var
¬x¬

X

√
|DM | =: &x

√
|DM |

with

(x =
[∥∥∥ZN

0

∥∥∥ + (
∀

2NC +
d∑

i=1

∥∥∥bN

i

∥∥∥) ¬x¬1⇐var,[0,1]

]
d∏

i=1
exp

{
(1 +

∀
2C ¬x¬1⇐var,[0,1])

∥∥∥AN

i

∥∥∥
op

}

Hence it follows that
∥∥∥ZN,M

t (x) ↘ ZN,M
↔

t (x)
∥∥∥ ∈

(
√

|DM | +
√

|DM ↔|)&x + K
d∑

i=1

∥∥∥AN

i

∥∥∥
op

∫
t

0

∥∥∥ZN,M

t (x) ↘ ZN,M
↔

t (x)
∥∥∥ |dxi

r
|

and with Gronwall

∥∥∥ZN,M

t (x) ↘ ZN,M
↔

t (x)
∥∥∥

≃
∈ 2

√
|DM | C |DM ↔|&x exp{K

( d∑

i=1

∥∥∥AN

i

∥∥∥
op

)
¬x¬1⇐var

}

Taking expectations of the squares and proceeding as before we have the thesis.

We can finally prove the main bound which will allow the exchange of limits:

Theorem 4.29. Let {DM}M↑N be a sequence of partitions of [0, 1] such that |DM | ↗ 0
as M ↗ ∃. Assume the activation function ω is Lipschitz and linearly bounded. Fix
the matrices Z0, Ak, bk for all partitions. Let ZN(x) be the solution of the following
Neural CDE

ZN

t
(x) = ZN

0 +
d∑

k=1

∫
t

0

(
Akω(ZN

s
(x)) + bk

)
dxk

s
(4.18)
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Then there exist a constant Kx independent of N, M and increasing function of ¬x¬
X

such that
E[ sup

t↑[0,1]

∥∥∥ZM,N

t (x) ↘ ZN

t
(x)

∥∥∥
2

RN
] ∈ N |DM |Kx (4.19)

Proof. Note first that ZN(x) is well defined since the system has unique solution by
Friz and Victoir [37][Theorems 3.7, 3.8] with

Vk(x) = Akω(x) + bk

noting that these are Lipschitz since composition of Lipschitz and linearly bounded.
Moreover the proof tells us that ZN,M

t (x) is a cauchy sequence in C0([0, 1];RN)
hence for any M > 0, eventually in M ⇓ it holds

sup
t↑[0,1]

∥∥∥ZM,N

t (x) ↘ ZN

t
(x)

∥∥∥
RN

∈ 2 sup
t↑[0,1]

∥∥∥ZM,N

t (x) ↘ ZM
↔
,N

t (x)
∥∥∥
RN

Then theorem 4.28 gives the sought after bound.

Theorem 4.30. Assume the activation function ω is Lipschitz and linearly bounded.
There is a constant C depending only on ¬x¬

X
in an increasing way such that:

sup
N↖1

sup
t↑[0,1]

W1(µM,N

t (x), µN

t
(x)) ∈ K̄x

√
|DM |

where µM,N

t is the distribution of ≃vN , ZM,N

t (x)⇐ and µN

t
(x) that of ≃vN , ZN

t
(x)⇐ for

some independent vector with iid entries [vN ]ϖ ∋ N (0, 1
N

).

Proof. Let G : R ↗ R be 1-Lipschitz, we have

E[|G(≃vN , ZM,N

t (x)⇐) ↘ G(≃vN , ZN

t
(x)⇐)|] ∈ E

[
|≃vN , ZM,N

t (x)⇐ ↘ ≃vN , ZN

t
(x)⇐|

]

which leads to

E

[
|≃vN , ZM,N

t (x)⇐ ↘ ≃vN , ZN

t
(x)⇐|

]
= E

[
|≃vN , ZM,N

t (x) ↘ ZN

t
(x)⇐|

]

∈
(
E

[
|≃vN , ZM,N

t (x) ↘ ZN

t
(x)⇐|2

]) 1
2

=
 1

N
E

[∥∥∥ZM,N

t (x) ↘ ZN

t
(x)

∥∥∥
2] 1

2

∈


1
N
E

[

sup
t↑[0,1]

∥∥∥ZN

t
(x) ↘ ZM,N

t (x)
∥∥∥

2
] 1

2

∈
√

Kx|DM |
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hence
W1(µM,N

t (x), µN

t
(x)) ∈

√
Kx|DM |

Remark. Note that the exact arguments, being of L2 type, can be repeated for the
"stacked" vector (ZN,M(x1), . . . , ZN,M(xN)) extending (qualitatively) the bounds to the
multi-input case.

Corollary (theorem 4.2). The limits in theorem 4.16 commute.

Proof. By the classical Moore-Osgood theorem we need to prove that one of the two
limits is uniform in the other, for example that the limit in distribution as M ↗ ∃ is
uniform in N in some metric which describes convergence in distribution. But this is
just the content of the previous result, extended to the multi-input case.

4.4 Numerics
We start by illustrating the convergence in distribution of a homogeneous controlled
ResNet to a GP endowed with neural signature kernel as per Theorem 4.2. To this
aim, we consider a homogeneous ResNet ”M,N

ω
with activation function ω = ReLU,

and (εa, εA, εb) = (0.5, 1., 1.2). For R = 250 realizations of the weights and biases, we
run the model on a 2-dimensional path x : t ↔↗ (sin(15t), cos(30t) + 3et) observed at
100 regularly spaced time points in [0, 1]. We then verify that, as N increases, ”M,N

ω
(x)

converges to a Gaussian random variable with mean zero and variance Kω(x, x). This
limiting variance is computed by solving eq. (4.3) on a fine discretization grid. As it
can be observed on Figure 4.2 the Gaussian fit for this one-dimensional marginal gets
better as N increases.

Figure 4.2: Empirical quantiles against the theoretical quantiles of
N (0, Kx,x

ω
(1)) for N ↓ {10, 100, 500} with ω = ReLU

We then provide empirical evidence for the order of convergence provided in the-
orem 3.5, corresponding to the case ω = id. Here, we consider a linear homogeneous
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ResNet, controlled by x and y, two sample paths from a zero-mean GP with RBF
kernel rRBF(s, t) = exp (↘5(s ↘ t)2) with 50 observation points in [↘2, 2]. Similarly to
the previous setup, we run the model with M = 250 di"erent random initializations
to estimate the mean squared error E[( 1

N
≃ZN

1 (x), ZN

1 (y)⇐ ↘ Kid(x, y))2] increasing the
width N . Our empirical results, as displayed on Figure 4.3, align with the theoretical
convergence rate.

Figure 4.3: Mean squared error of 1
N

≃ZN

1 (x), ZN

1 (y)⇐RN , the estimator of
Kx,y

id
(1, 1), as a function of the width N on a logarithmic scale.

Standard deviations were obtained by repeating the experiment
5 times.



Appendix A

Genus Expansion for non-Gaussian,
sparse and complex weights.

A.1 Non-Gaussian Weights
All of the results obtained in the chapter 2 can be extended to neural networks ” with
non-Gaussian random weights, under moment assumptions. Consider the following
more general sequence W .

Definition A.1. Let N > 0 and W := (Wi | i ↓ N), where the Wi ↓ R
N↔N are

independent matrices with entries [Wi]j,k ∋ εiZi, where {Zi}i↖0 is a family of i.i.d.
random variables satisfying

E{Z2
i
} = 1, E{Z2k+1

i
} = 0, E{Z2k

i
} < ∃ ↖k ̸ 0.

Note that we take the matrices in this sequence to be square for simplicity only, the
results in this section carrying over to rectangular matrices as in chapter 1 by straight-
forward modifications. The graphs considered in this section are all assumed to satisfy
the following condition.

Assumption A.2. G is a product graph with inputs which are either elements of W,
or deterministic vector/matrices with entries uniformly bounded in N .

We define EW and the set of admissible pairings of EW in exactly the same way
as in the Gaussian case. Recall also that for any G, ě(G) := |E(Gε0)| for any fixed
admissible pairing ϑ0 of its edges (the choice of ϑ0 is irrelevant, as the value of |E(Gε0)|
is constant over pairings).

Theorem A.3 (Approximate Wick expansion). For any (possibly disconnected) prod-
uct graph G

E {WG} =
∑

ε↑P(G)
WGω

+ εGO(N ě(G)+c(G)⇐1) (A.1)
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where ϑ runs over all of G’s admissible pairings.

Proof. Consider the set of indexations IG := ∏
v↑V (G){1, . . . , Nv}. Recall that for each

e = (u, v) ↓ E, ie = iuiv. Then

WG =
∑

i↑IG

∏

c↑C

[Xc]ic
, E{WG} =

∑

i




∏

c↑C\EW

[Xc]ic



E





∏

e↑EW

[Xe]ie






Following [28] we write i ↬ ϑ whenever

↖{e, e⇓} ↓ ϑ, ie = ie↔

and say that an indexation i is balanced whenever there exists a ϑ ↓ P(G) for which
i ↬ ϑ. Note how for unbalanced i, due to the vanishing of odd moments, one has
E

{∏
e↑EW [Xe]ie

}
= 0 so that we can write the expectation as

E{WG} =
∑

ε↑P(G)

∑

i↬ε

1
|{ϑ ↓ P(G) | i ↬ ϑ}|




∏

c↑C\EW

[Xc]ic



E





∏

e↑EW

[Xe]ie






For simplicity write (ε := ∑
i↬ε

1
|{ε↑P(G) | i↬ε}|

(∏
c↑C\EW [Xc]ic

)
E

{∏
e↑EW [Xe]ie

}
so

that
E{WG} =

∑

ε↑P(G)
(ε.

Note that for all ϑ ↓ P(G) it holds, for constants depending on G but not on N ,
that

(ε =
∑

i↬ε

εGO(1) = εGO(|{i | i ↬ ϑ}|) = εGO(N |V (Gω)|)

Notice that the maximum value of |V (Gε)| is reached only when ϑ is fully atomic, in
which case one has

|V (Gε)| = ě(G) + c(G)

where we recall that ě = |E(Gε)| (otherwise, this is a strict inequality).
Furthermore, for such ϑ, we have

(ε =
∑

I
G

(1)7i↬ε




∏

c↑C\EW

[Xc]ic



E





∏

e↑EW

[Xe]ie




 + εGO(N ě(G)+c(G)⇐1) (A.2)

where

IG

(1) := {i ↓ IG | ↖e, e⇓ ↓ EW , ie = ie↔ ⇒ Xe = Xe↔ and ie ∞= ie0 ↖e0 ↓ EW \ {e, e⇓}},

(A.3)
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noting that if i ↓ IG

(1), there exists exactly one ϑ ↓ P(G) for which i ↬ ϑ.
But in this case, we also have

WGω
=

∑

I
G

(1)7i↬ε




∏

c↑C\EW

[Xc]ic



E





∏

e↑EW

[Xe]ie




 + εGO(N ě(G)+c(G)⇐1),

so that we can write

E{WG} =
∑

ε↑PA(G)
(ε +

∑

ε↑P(G)\PA(G)
(ε

=
∑

ε↑PA(G)
(ε + εGO(N ě(G)+c(G)⇐1)

=
∑

ε↑PA(G)

(
WGω

+ εGO(N ě(G)+c(G)⇐1)
)

+ εGO(N ě(G)+c(G)⇐1)

=
∑

ε↑PA(G)
WGω

+ εGO(N ě(G)+c(G)⇐1)

=
∑

ε↑P(G)
WGω

+ εGO(N ě(G)+c(G)⇐1)

where in the last equality we have used the fact that

↖ϑ ↓ P(G) \ PA(G), WGω
= εGO(N ě(G)+c(Gω)⇐1) = εGO(N ě(G)+c(G)⇐1).

Proposition A.4. Let G = ∝c(G)
i=1 Gi be a product graph with disjoint connected com-

ponents Gi. Then

E


c(G)∏

i=1


WGi

↘
∑

⇁↑PA(Gi)
W(Gi)ϑ

+ εGi
O(N ě(Gi))



=
∑

ε↑PB(G)
WGω

+ εGO(N ě(G)+c(G)/2⇐1).

Proof. For any ϑ ↓ PA(G), let (ε = WGω
+εGO(N ě(G)+c(Gω)⇐1) and define (εi

similarly
for each ϑi ↓ PA(Gi). Proceeding as in theorem 1.17 we obtain

E


c(G)∏

i=1


WGi

↘
∑

ε↑P(Gi)
(ε



=
∑

T ↙[c(G)]
(↘1)|T

c
|

∑

εT ↔i→T c εi


(εT

∏

i↑T c

(εi



where the last sum is over P(GT ) ⇔ (∏
i↑T c PA(Gi)).

Arguing as in the proof of the previous lemma, we find that

(εT

∏

i↑T c

(εi
= (εT ↔i→T c εi

+ O(N |V (GωT ⇒
i→T c ωi

)|⇐1) (A.4)
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where the implicit constants do not depend from N .
But then using inclusion exclusion, we obtain on the one hand

∑

T ↙[c(G)]
(↘1)|T

c
|

∑

εT ↔i→T c εi

(εT ↔i→T c εi
=

∑

ε↑P̃(G)
(ε

where P̃(G) ⇓ P(G) is the set of pairings of G such that none of its connected com-
ponents are paired within themselves, and on the other hand,

∑

T ↙[c(G)]
(↘1)|T

c
|

∑

εT ↔i→T c εi

O(N |V (GωT ⇒
i→T c ωi

)|⇐1) = O
 ∑

ε↑P̃(G)
N |V (Gω)|⇐1


. (A.5)

We conclude by arguing as before that the maximal order of the (ε is reached when
the partition is bi-atomic, which is the only case when V (Gε) = ě(G) + c(G)

2 and when

(ε = WGω
+ O


N ě(G)+c(G)/2⇐1


.

Reiterating the arguments in chapter 2 then yields the following.

Corollary. Let ” be a neural network with weights W↼ with entries as in theorem A.1.
Then the conclusions of theorems 2.9, 2.14 and 2.19 still hold.

A.2 Sparse Weights
Following [28], we can also go further and consider sparse matrices with i.i.d. entries
satisfying the same moment assumptions as in theorem A.1.

Consider the sequence W̃ of matrices W̃i := Wi ↑ Bi, where Wi ↓ W as defined
above and the Bi are independent matrices with i.i.d., Bernoulli distributed entries
with parameter pN satisfying NpN ↗ ∃. Note that

E{[W̃i]2k

ϖ,ϱ
} = pNε2k

i
E{Z2k

i
}, E{[W̃i]2k+1

ϖ,ϱ
} = 0, ↖k ̸ 0.

If G is a product graph whose random inputs are from W̃ , we will use X̃e = Xe ↑ Bi

to denote such inputs.

Assumption A.5. G is a product graph with inputs which are either elements of W̃,
or deterministic vector/matrices with entries uniformly bounded in N .

Proposition A.6. Let G be a product graph satisfying theorem A.5. Then

E {WG} =
∑

ε↑PA(G)
WGω

+ εGp|EW |/2⇐1
N

O(N ě(G)+c(G)⇐1) (A.6)
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Proof. Consider the set of indexations IG := ∏
v↑V (G){1, . . . , Nv}, and define IG

(1), bal-
anced and unbalanced indexations as in the proof of theorem A.3.

If i ↓ IG is unbalanced, one has E

{∏
e↑EW [X̃e]ie

}
= 0 while if i ↓ IG

(1),

E





∏

e↑EW

[X̃e]ie




 = εGp|EW |/2
N

.

If i /↓ IG

(1) is balanced, then

E





∏

e↑EW

[X̃e]ie




 = εGpl

N
O(1)

for some 1 ∈ l < |EW |/2. We can thus partition the set of balanced indexations as
∝|EW |/2

l=1 J G

l
where J G

l
is the subset of indexations which result in a factor pl

N
. Noting

that J G

|EW |/2 = IG

(1), we can write

E{WG} =εGp|EW |/2
N

∑

i↑I
G

(1)




∏

c↑C\EW

[Xc]ic



 +
|EW |/2⇐1∑

l=1

∑

i↑J
G

l




∏

c↑C\EW

[Xc]ic



 εGpl

N
O(1)

=εGp|EW |/2
N

∑

i↑I
G

(1)




∏

c↑C\EW

[Xc]ic



 +
|EW |/2⇐1∑

l=1
εGpl

N
O


|J G

l
|


Note also that |J G

l
| = O


N |E\EW |+c(G)+l


.

In fact, each i is compatible to some ϑ ↓ P(G) by virtue of being balanced, thus
any i takes at most c(G) + |E \ EW | + |EW |

2 di"erent values, this being the maximal
number of vertices in any Gε. Note though that, by definition of J G

l
, the indices

corresponding to the |EW |/2 pairs take exactly l di"erent values. Each i ↓ J G

l
thus

takes at most c(G) + |E \ EW | + l values, ranging from 1 to N .
Hence we can write

|EW |/2⇐1∑

l=1
εGpl

N
O


|J G

l
|


= εGO


N |E\EW |+c(G) max{NpN , (NpN)|EW |/2⇐1}


= εGp|EW |/2⇐1
N

O(N ě(G)+c(G)⇐1).

The claim then follows from the fact that

∑

ε↑PA(G)
WGω

= εGp|EW |/2
N




∑

i↑I
G

(1)




∏

c↑C\EW

[Xc]ic



 + O(N ě(G)+c(G)⇐1)





= εGp|EW |/2
N

∑

i↑I
G

(1)




∏

c↑C\EW

[Xc]ic



 + p|EW |/2
N

O(N ě(G)+c(G)⇐1),
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and that p|EW |/2
N

O(N ě(G)+c(G)⇐1) = p|EW |/2⇐1
N

O(N ě(G)+c(G)⇐1) (since pN ∈ 1).

Similar arguments prove the centered version of this result, giving

E


c(G)∏

i=1


WGi

↘
∑

⇁↑PA(Gi)
W(Gi)ϑ

+ εGi
p|EW (Gi)|/2⇐1

N
O(N ě(Gi))



=
∑

ε↑PB(G)
WGω

+ εGp|EW (G)|/2⇐1
N

O(N ě(G)+c(G)/2⇐1).
(A.7)

We may then conclude the following.

Corollary. Let ” be a neural network with weights W̃↼ (as defined above) and param-
eters. Then after rescaling standard deviations as ε↼ ↔↗ 1

∝
pN

ε↼, the conclusions of
theorems 2.9, 2.14 and 2.19 still hold.

Figure A.1: We consider a ReLU network ”2 (meaning that the acti-
vations are all x ↔↗ max(x, 0)), where (N0, N1, N2, N3) =
(2, 700, 700, 1). We fix two inputs x = (0, 1), y = (e, 3) ↓ R

2,
and sample the weight matrices W0, W1 and W2 700 times
from 4 di"erent ensembles and plot (”2(x), ”2(y)). The con-
tour plots in light blue in all three figures serve as a reference,
and correspond to W0, W1, W2 being Gaussian. The leftmost
scatter plot (dark blue) shows the result of multiplying W1
and W2 entry-wise by p⇐1/2

N
Ber(pN) for pN = 1

∝
300 (so that

roughly 96.22% of their entries are set to 0). In the middle
(green), the Wi have Weibull entries multiplied by a random
sign, while on the right (orange) the entries are uniformly
distributed in {↘1, 0, 1}.

A.3 Complex Weights
We end this section by showing how all of our results (including the extensions to
sparse matrices in the previous section) hold for complex-valued matrices. Noting that
the definition of product graphs and the extensions in chapter 2 hold mutatis mutandis
in the complex case, we will once again only need to adapt the arguments of chapter 1.
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Definition A.7. Let WC := (Wi | i ↓ Z \ {0}), where for i > 0, the Wi ↓ C
Nri

↔Nci are
independent matrices with i.i.d. entries equal to εiZ where Z ∋ NC(0, 1). For i < 0,
we set W⇐i := W i.

Assumption A.8. G is a product graph whose inputs are either deterministic, or
matrices in WC.

Recall how a complex random variable Z ∋ NC(0, 1) satisfies the following moment
assumptions

E[|Z|] = 1, n ∞= m ⇒ E[ZnZ̄m] = 0

where Z̄ denotes the conjugate of Z.
This means that, in view of Wick’s theorem (which takes the same form as in the

real case), the correct notion of admissible pairing is given as follows.

Definition A.9 (Complex admissible pairing). Let G be a product graph, and EW =
{e ↓ E : We = W↼ for some ϱ(e) := ϱ ↓ Z \ {0}}. Then a pairing ϑ of EW is said to
be admissible if any two paired edges {e, e⇓} ↓ ϑ satisfy ϱ(e) = ↘ϱ(e⇓). We denote the
set of all admissible pairings of EW by P(G).

At this point notice that the arguments of chapter 1 follow verbatim, with the
exception of theorem 1.22 which now takes the following form.

Theorem A.10. Let (Gi)i↖1 be a sequence of connected product graphs satisfying the-
orem A.8 and theorem 1.19 (for WC). Then for any m ̸ 1,

(
(εGi

N ě(Gi)+ 1
2
)

⇐1
WGi

↘ |PA(Gi)|
∀

N)m

i=1
d↘↗ Z =

(
Z1, . . . , Zm

)
→

where the limit is a centered complex Gaussian vector with covariance function C :=
E[ZZ→] having entries [C]i,j = |PA(Gi ∝ Gj)| and pseudo covariance ( := E[ZZH ] with
entries [(]i,j = |PA(Gi ∝Ḡj)| where Ḡ is obtained from G by conjugating all the random
matrices..

As for non-Gaussian complex-valued matrices, we replace the entries of Wi (for
i > 0) with εiZi, where {Zi}i↖0 is now a family of i.i.d. random variables satisfying

E[|Z|] = 1, n ∞= m ⇒ E[ZnZ̄m] = 0, E[|Z|k] < ∃.

Complex analogues of section A.1 and section A.2 then follow straightforwardly.



APPENDIX A. GENUS EXPANSION FOR NON-GAUSSIAN, SPARSE AND
COMPLEX WEIGHTS. 146



Appendix B

Technical Combinatorial Lemmas

The goal of this section is to prove theorem B.4, which is a key ingredient in the proof
of theorems 2.6 and 2.9. We begin with the following technical lemma.

Lemma B.1. Consider a sequence of sets (Ai | i ↓ N>0) and absolutely summable
sequences of vectors (va | a ↓ ∝iAi) ⇓ R

d indexed by them. Let v(a1,...,aM ) := ↙M

i=1vai

with the convention that empty products have value 1 and ai ↓ Ai. Then for M ↓ N,

(Rd)∀M ⊥ ↙M

i=1




∑

ai↑Ai

vai



 =
∑

aM ↑↔
M

i=1Ai

vaM
. (B.1)

Proof. We proceed by induction on M . If M = 0 then the result holds by convention.
For the inductive case assume the lemma true up to M , then

↙M+1
i=1

∑

ai↑Ai

vai
=



↙M

i=1
∑

ai↑Ai

vai



 ↙



∑

aM+1↑AM+1

vaM+1





=




∑

aM ↑↔
M

i=1Ai

vaM



 ↙



∑

aM+1↑AM+1

vaM+1





=
∑

aM+1↑AM+1

∑

aM ↑↔
M

i=1Ai

vaM
↙ vaM+1

Letting aM = (a1, . . . , aM), we have vaM
↙ va = v(a1,...,aM+1) and the claim follows.

The next step will be to prove an analogous result with Hadamard products ↑
instead of tensor products ↙. Given that the Hadamard product is commutative,
it will be convenient to write the results in terms of multisets (meaning sets where
elements can appear more than once) since they are unordered.

Definition B.2. Given a set A we define the set of its symmetric M-tuples as the
quotient AM/SM where aM is the symmetric group of M elements acting on AM by

147
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permuting the elements as

ε · (a1, . . . , aM) ↔↗ (a3(1), . . . , a3(M)). (B.2)

We denote this set and its elements as

X
M

A
:= AM/SM = {!a1 · · · aM" : ↖i ↓ [M ]. ai ↓ A}, (B.3)

We also set XA = ⋃
≃

M=0 X
M

A
. For a symmetric tuple ϑ = !(a1)k1 · · · (aN)kN " ↓ XA,

where a1, . . . , aN are distinct elements of A, we define the symmetry factor of ϑ as

s(! ") = 1, s(ϑ ) :=
N∏

i=1
(ki)! (B.4)

Informally a symmetric tuple !a1 · · · aM" is just the tuple (a1, . . . , aM) where we
have forgotten about the order of its elements. Note that this is not the same thing
as the set {a1, . . . , aM}, we want to keep track of multiple appearances of the same
objects but while !a a b" ∞= !a b" for sets {a, a, b} = {a, b}.

Given a set A, let X
M

A
be the set of multisets of elements of A of cardinality M ,

and XA = ⋃
≃

M=0 X
M

A
. For any multiset τ = !(a1)k1 · · · (aN)kN " ↓ XA, where a1, . . . , aN

are distinct elements of A, its symmetry factor is defined recursively as

s(! ") = 1, s(τ) :=
N∏

i=1
(ki)!. (B.5)

Using these definitions, we can express Hadamard products of sums of vectors in
the following compact form.

Proposition B.3. Consider a set A and a summable sequence (va)a↑A ⇓ R
d indexed

by A. We have for any M ↓ N

(Rd)∀M ⊥


∑

a↑A

va


′M

=
∑

ϑ↑X
M

A

M !
s(τ)vϑ (B.6)

where for τ := !a1 · · · aM" we define vϑ := va1 ↑ · · · ↑ vaM
.

Proof. Considering M copies of A as di"erent sets and using theorem B.1, we have on
the one hand that

↙M

i=1


∑

a↑A

va



=
∑

a↑↔
M

i=1A

↙M

i=1(vai
).

On the other hand if we define linearly

⊙
: (Rd)∀M ↗ R

d, v1 ↙ · · · ↙ vM ↔↗ v1 ↑ · · · ↑ vM
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we have


∑

a↑A

va


′M

=
⊙


∑

a↑A

va


∀M

=
⊙ ∑

a↑AM

↙M

i=1(vai
) =

∑

a↑AM

↑M

i=1(vai
)

by definition. Note that for any a = (a1, . . . , aM), a→ = (a⇓

1, . . . , a⇓

M
) ↓ AM ,

↑M

i=1(vai
) = ↑M

i=1(va
↔
i
)

whenever
(a1, . . . , aM) = (a⇓

3(1), . . . , a⇓

3(M)).

for some ε ↓ SM i.e. ↑ is invariant to the action of SM . Therefore we can write


∑

a↑A

va


′M

=
∑

ϑ↑X
M

A

M !
s(τ)vϑ .

since the cardinality of orbit τ is exactly M !
s(ϑ) .

We are now equipped to prove theorem B.4, which we do using the previous propo-
sition and Wick’s theorem. This proposition gives an expansion for covariances of
type E[ω(X)◁(Y )], where ω, ◁ are polynomials and (X, Y ) is a Gaussian vector with
covariance of the form (B.7).

Proposition B.4. Let ω, ◁ : R ↗ R be polynomial functions. Fix index sets A1, A2

and ↽ : (A1 ⇑ A2) ⇔ (A1 ⇑ A2) ↗ R a symmetric and summable function. Then if

(X, Y ) ∋ N


0,




∑

(a,a↔)↑A1↔A1 ↽(a, a⇓) ∑
(a,b)↑A1↔A2 ↽(a, b)

∑
(b,a)↑A2↔A1 ↽(b, a) ∑

(b,b↔)↑A2↔A2 ↽(b, b⇓)







 (B.7)

is well defined ( i.e. the covariance matrix is positive definite), the following expansion
holds

E{ω(X)◁(Y )} =
∑

ϑ↑XA1

∑

▷↑XA2

ωϑ ◁▷

s(τ)s(η)
∑

0↑PX(ϑ∞▷)

∏

{01,02}↑0

↽(01, 02) (B.8)

where ω!ϖ1···ϖm" := ω(m)(0) and PX(τ ∝ η) is the set of pairings of the entries of τ and
η.



APPENDIX B. TECHNICAL COMBINATORIAL LEMMAS 150

Proof. Using Wick’s theorem we have

E{ω(X)◁(Y )} =
≃∑

M,N=0

ω(M)(0)◁(N)(0)
M !N ! E{XMY N}

=
≃∑

M,N=0

ω(M)(0)◁(N)(0)
M !N !

∑

0↑P([M ]∞[N ])

∏

{01,02}↑0

01<02

E{Z01Z02}

=
≃∑

M,N=0

ω(M)(0)◁(N)(0)
M !N !

∑

0↑P([M ]∞[N ])

∏

{01,02}↑0

01<02

∑

ς1,ς2↑A1∞A2

↽01,02(31, 32).

Here [M ] ∝ [N ] := ((1, 1), . . . , (1, M), (2, 1), . . . , (2, N)) is ordered lexicographically,
where with a slight abuse of notation P([M ] ∝ [N ]) is the set of pairings of elements in
[M ] ∝ [N ] and

↽(i,↗),(j,↗)(c, c⇓) = ↽(c, c⇓)1(c ↓ Ai)1(c⇓ ↓ Aj).

The claim would thus follow from the equality

1
M !N !

∑

0↑P([M ]∞[N ])

∏

{01,02}↑0

01<02

∑

ς1,ς2↑A1∞A2

↽01,02(31, 32)

=
∑

ϑ↑X
M

A1

∑

▷↑X
N

A2

1
s(τ)s(η)

∑

0↑PX(ϑ∞▷)

∏

{ς1,ς2}↑0

↽(31, 32),

which we now prove. Begin by noticing that

∑

0↑P([M ]∞[N ])

∏

{01,02}↑0

01<02

∑

ς1,ς2↑A1∞A2

↽01,02(31, 32) (B.9)

=
∑

$1:[M ]↘A1

∑

$2:[N ]↘A2

∑

0↑P([M ]∞[N ])

∏

{01,02}↑0

01<02

↽(((01), ((02)) (B.10)

where (((i, k)) = (i(k). We are simply double counting: the left-hand side in (B.9)
is obtained by labeling the elements of [M ] ∝ [N ] after having paired them, while the
right-hand side is obtained by reversing the order of the operations with the functions
(1, (2 specifying the labels.

Then for any fixed τ ↓ X
M

A1 and η ↓ X
N

A2 , we have

∑

0↑PX(ϑ∞▷)

∏

{ς1,ς2}↑0

↽(31, 32) =
∑

0↑P([M ]∞[N ])

∏

{01,02}↑0

01<02

↽(((01), ((02)) (B.11)

whenever (1 : [M ] ↗ A1 and (2 : [M ] ↗ A2 satisfy

τ = !(1(1) · · · (1(M)" and η = !(2(1) · · · (2(N)".
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Letting ’ϑ,▷ denote the set of all such pairs ((1, (2), we note that

|’ϑ,▷| = M !
s(τ)

N !
s(η)

and, in turn, that

⊔

ϑ↑X
M

A1

⊔

▷↑X
N

A2

’ϑ,▷ = {(1 : [M ] ↗ A1} ⇔ {(2 : [N ] ↗ A2}. (B.12)

This allows us to conclude that

∑

ϑ↑X
M

A1

∑

▷↑X
N

A2

1
s(τ)s(η)

∑

0↑PX(ϑ∞▷)

∏

{ς1,ς2}↑0

↽(31, 32)

=
∑

ϑ↑X
M

A1

∑

▷↑X
N

A2

1
s(τ)s(η)

1
|’ϑ,▷|

∑

($1,$2)↑”ς,η

∑

0↑P([M ]∞[N ])

∏

{01,02}↑0

01<02

↽(((01), ((02))

= 1
M !N !

∑

ϑ↑X
M

A1

∑

▷↑X
N

A2

∑

($1,$2)↑”ς,η

∑

0↑P([M ]∞[N ])

∏

{01,02}↑0

01<02

↽(((01), ((02))

= 1
M !N !

∑

$1:[M ]↘A1

∑

$2:[M ]↘A2

∑

0↑P([M ]∞[N ])

∏

{01,02}↑0

01<02

↽(((01), ((02))

= 1
M !N !

∑

0↑P([M ]∞[N ])

∏

{01,02}↑0

01<02

∑

ς1,ς2↑A1∞A2

↽01,02(31, 32)

where the first equality follows from (B.11), the second from |’ϑ,▷| = M !
s(ϑ)

N !
s(▷) , the third

is (B.12) and the last (B.9).
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Appendix C

Background on Rough Paths
Theory

We here give a brief overview of Rough Paths theory, citing without proof the results
we are using for our proofs. We follow Chevyrev [12], Friz and Hairer [36], Lyons and
Qian [76], to which we refer the reader for further details. In addition to the above
references, we refer to Cass and Salvi [8] for the reader focused on applications to
Machine Learning.

C.1 Basic Definitions

Denote by (Rd)∀n := R
d ↙ · · · ↙R

d the tensor product of n copies Rd, set (Rd)∀0 := R.
Let T (Rd) := ⊕

≃

k=0(Rd)∀k be the tensor algebra equipped with sum and tensor product.
We will denote by T (M)(Rd) := ⊕

M

k=0(Rd)∀k the truncated tensor algebra.

Definition C.1. Let {e1, . . . , ed} be the canonical basis of Rd, then

{ei1 ↙ · · · ↙ eik
: (i1, . . . , ik) ↓ [d]k}

is a basis of (Rd)∀k. We equip (Rd)∀k with the inner product ≃·, ·⇐(Rd)⇑k defined on basis
elements as

≃ei1 ↙ · · · ↙ eik
, ej1 ↙ · · · ↙ ejk

⇐(Rd)⇑k = ϖ(j1,...,jk)
(i1,...,ik)

and we extend it to T (Rd) by

≃A, B⇐T (Rd) :=
≃∑

k=0
≃ak, bk⇐(Rd)⇑k

where A = (a0, a1, . . . ) and B = (b0, b1, . . . )

Note how for any A, B ↓ T (Rd) we have ≃A↙ei, B ↙ej⇐T (Rd) = ≃A, B⇐T (Rd)≃ei, ej⇐Rd .
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Definition C.2 (Infinite Tensor Algebra). The infinite tensor algebra is defined as the
space T ((Rd)) := ∏

≃

k=0(Rd)∀k equipped with the operations + and ↙ which act in the
natural algebraic way; its elements are called tensor series.

It is easily seen that (T ((Rd)), +, ↙) is an algebra with unit 1 = (1, 0, 0, · · · ) and
we can endow it with a natural product .

Another point of view could be taken on the definitions of these spaces, one that
we will prefer later on. If we define Wd to be the set of words in d letters then
T ((Rd)) ∋ R

Wd , T (Rd) is the subset of such functions with finite support and

≃A, B⇐T (Rd) =
∑

I↑Wd

AIBI =
≃∑

k=0

∑

|I|=k

AIBI

where |I| is the length of the word I. The empty word, the only one with length 0, is
denoted by () and corresponds to the basis element of (Rd)∀0. In this view the tensor
product coincides with concatenation of words accordingly distributed and the closure
of T (Rd) with respect to its product is just the l2 space l2(Wd).

The product ↙ is not the only one available on the space T (Rd), in fact one can
define on it what is known as the shu#e product , which

Definition C.3. The shu#e product : T (Rd)⇔T (Rd) ↗ T (Rd) is defined inductively
on basis elements as

↖I ↓ Wd, eI e() = e() eI = eI

↖I, J ↓ Wd, ↖a, b ↓ {1, . . . , d}, eIa eJb = (eI eJb) ↙ ea + (eIa eJ) ↙ eb

and extended to the whole space by linearity. Here for I = i1 . . . i|I| we write eI :=
ei1 ↙ · · · ↙ ei|I|.

The notion of shu#e product is important in the context of geometric rough paths.

C.2 Rough Paths Primer
Rough paths theory was developed by Lyons in the 1990’s to make path-wise sense of
equations of type

Yt =
∫

t

0
F (Ys)dXs ↓ R

N (C.1)

where X : [0, 1] ↗ R
d is a ▷-Holder path with ▷ ∈ 1

2 , for some F : RN ↗ R
N↔d.

This class of paths includes Brownian motion and semi-martingales. While their
integration theory, stochastic calculus, is extensively studied (see [109]), it is always
understood in a distributional, probabilistic sense.

In fact, in the semi-martingale case, while the map X ↔↗ Y is measurable, it is
not continuous. This means that there is no canonical way to construct the solution
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Y given a realization of X. It is not possible to extend the theory from smooth
paths to the entire path space in a unique way, as evidenced by the fact that Itô and
Stratonovich integration, while coinciding on smooth paths, generally yield di"erent
results for semi-martingales.

The situation is even more problematic: Lyons [74] showed that there exists no
separable Banach space V ▽ C0([0, 1];Rd) containing Brownian trajectories almost
surely and such that the bilinear map (X, Y ) ↔↗

∫
·

0 YsdXs, defined on smooth elements
of V , extends to the entire space V ⇔ V .

Rough paths theory, in contrast, provides a pathwise understanding of such inte-
grals. The main insight of the theory is that, in order to guarantee existence and
uniqueness of solutions to eq. (C.1), the information contained in the path X alone
is not su!cient. Additional higher-order information is required, corresponding to
su!ciently many (up to M := E 1

ϖ
F) iterated integrals

∫

s∈r1∈...rm∈t

dXr1 ↙ · · · ↙ dXrm
↓ (Rd)∀m. (C.2)

More precisely, this means the collection of integrals for all combinations of coordinate
indices: 


∫

s∈r1∈...rm∈t

dX i1
r1 . . . dX im

rm





1∈i1,...,im∈d

. (C.3)

To develop intuition for why iterated integrals are essential, consider the case ▷ > 1
3

and, for some smooth F : Rd ↗ R
d↔d, the simpler case of an integral

∫
t

0
F (Xs)dXs.

Using a first-order Taylor expansion, we have locally F (Xt) △ F (Xs) + dFXs
[Xs,t],

where we wrote as it’s custumary Xs,t = Xt ↘ Xs =
∫

t

s
dXr, so that for some partition

P of [0, 1] one has

∫ 1

0
F (Xr)dXr △

∑

[s,t]↑P


F (Xs)

∫
t

s

dXr + dFXs

∫
t

s

∫
r

s

dXu ↙ dXr


+ higher order terms.

The second term involves the second-order iterated integral
∫

t

s

∫
r

s
dXu ↙ dXr, demon-

strating why such higher-order information might be necessary for a well-defined the-
ory of integration. In fact, iterated integrals play, on path space, a similar role to
that played by monomials on R

d — they provide the fundamental building blocks for
representing more complex functions.

This necessity is also evident in the stochastic setting: when X is a semi-martingale,
equation (C.1) can be understood in either the Itô or Stratonovich sense. These two
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notions of stochastic integration di"er, and this di"erence is precisely quantified by
a second-order object: the quadratic variation of X. Thus, regardless of whether
we approach the problem from a deterministic or stochastic perspective, higher-order
information beyond the path itself is essential for a coherent theory of integration.

It turns out that the extra information needed is encoded in continuous (according
to the normed structure of the truncated tensor algebra T (M) (c.f. Friz and Hairer [36,
2.4])) maps

X : {(s, t) ↓ [0, 1]2 | s ∈ t} =: $ ↗ T (M)(Rd) :=
M⊕

m=0
(Rd)∀m

extending X in the sense that X1
s,t

= Xt ↘Xs and behaving like iterated integrals both
algebraically, meaning that Chen’s relation

Xs,t = Xs,u ↙ Xu,t (C.4)

holds for any 0 ∈ s ∈ u ∈ t ∈ 1, and analytically, meaning that there exist C > 0 such
that

↖ |I| ∈ M, ↖s ∈ t, |≃Xs,t, eI⇐| ∈ C|s ↘ t||I|ϖ. (C.5)

Definition C.4. The space of functions X : $ ↗ T (M)(Rd) satisfying Chen’s rela-
tion (C.4) and the analytic requirement (C.5) is the space of ▷-Hölder rough paths,
denoted by C ϖ([0, 1];Rd).

While the set of ▷-Hölder rough paths does not have a vector-space structure, it can
be endowed with a distance, and hence constitutes a metric space (c.f. Friz and Hairer
[36, 2.4]). Importantly, every smooth path X ↓ C≃([0, 1];Rd) can be canonically
lifted to an element of C ϖ([0, 1];Rd) for any ▷ ↓ (0, 1) by defining Xm

s,t
as the iterated

integrals (C.2), which are always well-defined under the smoothness assumption. The
space of such lifts is denoted L ≃(C≃) ▽ C ϖ.

With this lifting procedure, one can extend the solution map X ↔↗ Y from L ≃(C≃)
to the entire space C ϖ, in the sense that the classical solution map X ↔↗ Y on smooth
paths factors through both the canonical lift and the rough path solution map. Cru-
cially, this extended map is continuous under the rough path metric, which accounts
for the higher-order data.

Returning to the stochastic setting, consider Brownian motion B : [0, 1] ↗ R. One
can probabilistically define its second-order integrals in two ways: the Stratonovich
integral BS

s,t
:=

∫
t

s
Br ′ dBr and the Itô integral BI

s,t
:=

∫
t

s
BrdBr. Then, almost surely,

both (B,BS) and (B,BI) define elements of C ϖ for ▷ ↓ (1
3 , 1

2). The corresponding
solution maps B ↔↗ (B,BS) ↔↗ Y and B ↔↗ (B,BI) ↔↗ Y yield the solutions of
eq. (C.1) in the Stratonovich and Itô senses, respectively.
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The generality of rough path theory makes it particularly attractive: it extends be-
yond semi-martingales to rougher settings, such as fractional Brownian motion, which
is crucial in financial applications. This broad applicability motivates our choice to
work directly in the rough path framework.

For our purposes, we need to give meaning to simpler integrals than (C.1), namely
“linear” integrals of the form ∫

t

0
YsdXs.

To accomplish this, we introduce the key notion of controlled rough paths:

Definition C.5 (Def. 4.6 in Friz and Hairer [36]). Let ▷ ↓ (0, 1), M = E 1
ϖ
F and W

a Banach Space. Given X ↓ C ϖ([0, 1];Rd) we define the space of controlled (by X)
W -valued rough paths as the set

DMϖ

X
([0, 1]; W ) ⇓

{
[0, 1] ↗ L(T (M⇐1)(Rd); W )

}

of functions Y satisfying

↖|I| ∈ M ↘ 1, ¬≃Yt, eI⇐ ↘ ≃Ys, Xs,t ↙ eI⇐¬
W

∈ C|t ↘ s|(M⇐|I|)ϖ (C.6)

We say that Y lifts Yt = Y()
t ↓ W .

With this framework in place, we can now rigorously define the desired integrals.
Given a controlled rough path Y driven by X, the following proposition shows that
the integral is well-defined and extends classical integration theory:

Proposition C.6 (Ex. 4.18 in Friz and Hairer [36]). Given X ↓ C ϖ([0, 1];Rd) and
Y ↓ DMϖ

X
([0, 1]; W ) the integral1

∫
t

0
Ys dXi

s
:= lim

|P|↘0

∑

[s,t]↑P

∑

|I|<M

YI

s
XIi

s,t
↓ W

is well defined and exists, for all i ↓ 1, . . . , d.

Given W = L(Rd; V ), using the identification

L((Rd)∀m; W ) △ L((Rd)∀m+1; V ) as ϑ(x)[y] ∋ ϑ[x ↙ y],

one can then define

∫
t

0
Ys[ dXs] =

d∑

i=1

∫
t

0
Ys[ei] dXi

s
:= lim

|P|↘0

∑

[s,t]↑P

Ys[Xs,t] ↓ V

1Following standard convention in the literature (c.f. Friz and Hairer [36][ eq. 4.35]), we write∫ t
0 Ys dX

i
s rather than

∫ t
0 Ys dX

i
s when the lift Y is clear from context.
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C.3 Signature

We have seen that to define a well-posed integration theory for ▷-Hölder paths, it
su!ces to consider iterated-integral-like objects (rough paths) up to level E 1

ϖ
F. In fact,

given the data up to this level, there exists a unique and canonical way to obtain all
remaining iterated integrals:

Proposition C.7 (Thm. 3.7 Lyons et al. [77]). Given X ↓ C ϖ([0, 1];Rd) there exists
a unique element Sig(X) of $ ↗ T ((Rd)) extending X : $ ↗ T ∃

1
▷

¬(Rd), satisfying
Chen’s relation

Sig(X)s,u ↙ Sig(X)u,t = Sig(X)s,t

and such that

↖I, ⊤C|I| ̸ 0, ↖s ∈ t, |≃Sig(X)s,t, eI⇐| ∈ C|I||t ↘ s||I|ϖ

This object, the collection of all iterated integrals, has recently emerged as a topic
of significant interest in machine learning, independent of its origins in rough paths
theory, due to its remarkable properties.

This section presents the key aspects of this object, in the context of machine
learning, so considering the space of paths with finite variation C1,0([0, 1] : Rd), part of
the ▷ > 1

2 case. For a comprehensive treatment, we refer to Cass and Salvi [8].

Definition C.8 (Signature). Given 3 ↓ C1,0([0, 1];Rd) and s, t ↓ [0, 1] s.t. s ∈ t, the
signature Sig(3)s,t ↓ T ((Rd)) of the path 3 over [s, t] is defined as

Sig(3)s,t := (1,
∫

s<u1<t

d3u1 , · · · ,
∫

· · ·
∫

s<u1<···<uk<t

d3u1 ↙ · · · ↙ d3uk
, · · · ) (C.7)

where the integral is intended in the Riemann-Stjeltes sense. Equivalently Sig(3)s,t is
that element of l2(Wd) defined recursively on words as

Sig(3)()
s,t = 1, Sig(3)Ij

s,t =
∫

t

s

Sig(3)I

s,r
d3j

r
. (C.8)

C.3.1 Notable Results

Here we present some notable results of which we will make use through the paper.
We omit the proofs if they can be easily found in the suggested references.

The first result is about bounding the norm of Signature entries:

Proposition C.9 (Factorial Decay Rate). Given 3 ↓ C1,0([0, 1];Rd), for all k ̸ 1 and
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s, t ↓ [0, 1] s.t. s ∈ t one has
∥∥∥∥∥∥∥

∫
· · ·

∫

s<u1<···<uk<t

d3u1 ↙ · · · ↙ d3uk

∥∥∥∥∥∥∥
(Rd)⇑k

∈
¬3¬k

1⇐var,[s,t]
k! (C.9)

The most important fact about Signature is that it acts as the basis for a Taylor
expansion in path space. In fact just as finite linear combinations of monomials are
dense in the continuous functions with a compact input set, finite linear combinations
of Signature entries are dense in continuous functions from compact path-spaces:

Theorem C.10 (Universal Approximation [31]). Fix K ▽ C1,0([0, 1];Rd+1) compact
such that for any 3 ↓ K it holds 31

t
= t. For any F ↓ C0(K;R) and 4 > 0 there is an

integer N ̸ 0 such that

sup
ς↑K

|F (3) ↘
∑

|I|∈N

▷ISig(3)I

0,1| ∈ 4 (C.10)

for some finite sequence (▷I)|I|∈N of real numbers.

Remark. There is no magic in this result, it is just an application of Stone-Weiestrass
enabled by the rich algebraic structure of iterated integrals, that of the shu#e algebra,
studied originally in Chen [10].

We will need to restrict some paths to sub-intervals of [0, 1] in such a way to still
be able to consider them meaningfully as elements of C1,0([0, 1];Rd), this is done in the
following way:

Definition C.11. Given any path 3 ↓ C1,0([0, 1];Rd) we define its restriction on a
sub-interval [s, t] ⇓ [0, 1] as the path 3[s,t] ↓ C1,0([0, 1];Rd) with values

3[s,t](r) :=






0 if r < s

3r ↘ 3s if s ∈ r ∈ t

3t ↘ 3s if r > t

(C.11)

This definition is such that the following important equation holds

Sig(3)s,t = Sig(3[s,t])0,1. (C.12)

With the right augmentation of the paths one can see that the Signature distin-
guishes between di"erent sections of paths, this will be crucial for some of the original
results presented in this work.
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Lemma C.12. Assume 1, 3 ↓ C1,0([0, 1];Rd+2) with 11
t

= 31
t

→ t and 12
t

= 32
t

→ t2.
Then

Sig(1)s,t = Sig(3)s↔,t↔ G 1[s,t] = 3[s↔,t↔] (C.13)

Proof. The if part follows from Sig(3)s,t = Sig(3[s,t])0,1. For the only if part, If s = s⇓

and t = t⇓ the statement holds; this is because if the signatures over the time interval
[s, t] of two time-augmented paths are equal, then the two paths must be equal on [s, t].
We now show that augmenting the path with t2 and imposing equality of signatures,
implies s = s⇓ and t = t⇓, which will in turn allow us to conclude the proof by the
previous remark. Assume Sig(1)s,t = Sig(3)s↔,t↔ , in particular we must have

∫
t

s

d(r2) = t2 ↘ s2 = (t⇓)2 ↘ (s⇓)2 =
∫

t
↔

s↔
d(r2) (C.14)

∫
t

s

d(r) = t ↘ s = t⇓ ↘ s⇓ =
∫

t
↔

s↔
d(r) (C.15)

which reduces to the system





t2 ↘ s2 = (t⇓)2 ↘ (s⇓)2

t ↘ s = t⇓ ↘ s⇓






t + s = t⇓ + s⇓

t ↘ s = t⇓ ↘ s⇓






2t = 2t⇓

2s = 2s⇓

Hence it must be true that t = t⇓ and s = s⇓.
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C.4 Wronskian Theory

In this section we obtain a unified theory studying the solutions to general Linear
CDEs. The results presented here are not new and can be found in di"erent terms
in the literature [37], despite this we have decided to reproduce them from scratch for
completeness, notational reasons and to present a self-contained theory.

Theorem C.13. For any choice {A1, . . . , Ad} ⇓ C0([0, 1];RN↔N) and 1 ↓ C1([0, 1];Rd)
there exist a unique map W ↓ C0([0, 1] ⇔ [0, 1];RN↔N) solving the following CDE

Ws,t = IdN +
d∑

i=1

∫
t

ϑ=s

Ai

ϑ
Ws,ϑ d1i

ϑ
(C.16)

Proof. We will use Banach fixed point theorem leveraging the completeness of the space
’ := C0([0, 1] ⇔ [0, 1];RN↔N) with the uniform norm

¬X¬
≃

:= sup
s,t↑[0,1]

¬Xs,t¬op

Define the map ( : ’ ↗ ’ as

((X)s,t = IdN +
d∑

i=1

∫
t

ϑ=s

Ai

ϑ
Xs,ϑ d1i

ϑ

One has, for X, Y ↓ ’ and k ↓ N setting (0 = Id”, that

(k+1(X)s,t ↘ (k+1(Y )s,t =
d∑

i=1

∫
t

ϑ=s

Ai

ϑ

(
(k(X)s,ϑ ↘ (k(Y )s,ϑ

)
d1i

ϑ

which iterated gives

(k+1(X)s,t ↘ (k+1(Y )s,t =
∑

I↑Wd

|I|=k+1

∫
t

ϑk+1=s

· · ·
∫

ϑ2

ϑ1=s




1∏

j=k+1
AIj

ϑj



 (Xs,ϑ1 ↘ Ys,ϑ1)
k+1∏

j=1
d1Ij

ϑj

=
∑

I↑Wd

|I|=k+1

∫

ϑ↑%k+1
[s,t]

AI

ϑ
(Xs,ϑ1 ↘ Ys,ϑ1) d1I

ϑ

where Wd is the set of words in the alphabet {1, . . . , d} and

$k

[s,t] := {(τ1, . . . , τk) ↓ [0, 1]k : ↖j ↓ 1, . . . , k ↘ 1. τj ∈ τj+1}

AI

ϑ
:=

1∏

j=k+1
AIj

ϑj
d1I

ϑ
:=

k+1∏

j=1
d1Ij

ϑj
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By defining M = max{¬Ai¬
≃

: i ↓ {1, . . . , d}} then one clearly has

∥∥∥(k(X) ↘ (k(Y )
∥∥∥

≃
∈

(dM ¬1¬1⇐var
)k

k! ¬X ↘ Y ¬
≃

(C.17)

thus definitely (in k) the map (k is a contraction. By Banach fixed point there exist a
unique fixed point W ↓ ’.

Theorem C.14. Under the assumptions of the previous theorem one can write Ws,t

explicitly as
Ws,t =

∑

I↑Wd

∫

ϑ↑%|I|
[s,t]

AI

ϑ
d1I

ϑ
(C.18)

moreover if for all i the matrix-valued maps are constant on all [0, 1] i.e. Ai

t
→ Ai then

Ws,t =
∑

I↑Wd

AISig(1)I

s,t
(C.19)

where Sig(1)I

s,t
is the Signature of the path 1.

Proof. The second assertion follows from the first by definition of the Signature of a
path.

Regarding the first notice how the series is absolutely convergent in R
N↔N , uni-

formly in s, t since

∑

I↑Wd

∥∥∥∥∥

∫

ϑ↑%|I|
[s,t]

AI

ϑ
d1I

ϑ

∥∥∥∥∥
op

∈
≃∑

k=0
dkMk

¬1¬k

1⇐var,[s,t]
k!

=edM▽1▽1↑var,[s,t] ∈ edM▽1▽1↑var,[0,1]

thus for any s, t ↓ [0, 1] the series defines an element of W̃s,t ↓ R
N↔N .

Using the uniformity of this bound and the fact that for all I ↓ Wd one has

W̃ I

s,t
:=

∫

ϑ↑%|I|
[s,t]

AI

ϑ
d1I

ϑ
↓ ’

as a function of (s, t), which moreover is uniformly continuous

∥∥∥W̃ I

s1,t1 ↘ W̃ I

s2,t2

∥∥∥
op

=

∥∥∥∥∥∥

∫

ϑ↑%|I|
[s1↗s2,t1⇓t2]

(ϖ
ϑ↑%|I|

[s1,t1]
↘ ϖ

ϑ↑%|I|
[s2,t2]

)AI

ϑ
d1I

ϑ

∥∥∥∥∥∥
op

∈M |I|

∫

ϑ↑%|I|
[s1↗s2,t1⇓t2]

∣∣∣∣ϖϑ↑%|I|
[s1,t1]

↘ ϖ
ϑ↑%|I|

[s2,t2]

∣∣∣∣ |d1I

ϑ
|

∈M |I|¬1¬|I|

[s1⇒s2,s1̸s2]⇔[t1⇒t2,t1̸t2],
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one concludes that W̃s,t ↓ ’. Finally notice that W̃s,t is a fixed point of (

((W̃s,t) =IdN +
d∑

i=1

∫
t

ϑ=s

Ai

ϑ




∑

I↑Wd

∫

ϑ↑%|I|
[0,1]

AI

ϑ
d1I

ϑ



 d1i

ϑ

=IdN +
∑

I↑Wd

|I|↖1

∫

ϑ↑%|I|
[0,1]

AI

ϑ
d1I

ϑ
d1i

ϑ

=
∑

I↑Wd

∫

ϑ↑%|I|
[0,1]

AI

ϑ
d1I

ϑ
= W̃s,t

and conclude by uniqueness.

Proposition C.15. Under the previous conditions, the unique solution of the N-
dimensional CDE

Xt = X0 +
d∑

i=1

∫
t

ϑ=0
Ai

ϑ
Xϑ d1i

ϑ
(C.20)

is given by
Xt = W0,tX0 (C.21)

Proof. The solutions are unique by standard results [37][Thm. 3.7], moreover

W0,tX0 =


IdN +
d∑

i=1

∫
t

ϑ=0
Ai

ϑ
W0,ϑ d1i

ϑ



X0 = X0 +
d∑

i=1

∫
t

ϑ=0
Ai

ϑ
(W0,ϑ X0)d1i

ϑ

Proposition C.16. The Wronskian matrix has the following properties:
1. ↖r, s, t ↓ [0, 1]. Wr,t = Ws,tWr,s

2. ↖s, t ↓ [0, 1]. W ⇐1
s,t = Wt,s

3. ↖s, t ↓ [0, 1]. Ws,t = IdN + ∑
d

i=1
∫

t

3=s
W3,tAi

3
d1i

3

Proof. Regarding the first statement notice that for all X0 ↓ R
N one has

X̃t :=Ws,tWr,sX0 =


IdN +
d∑

i=1

∫
t

ϑ=s

Ai

ϑ
Ws,ϑ d1i

ϑ



Wr,sX0

=Wr,sX0 +
d∑

i=1

∫
t

ϑ=s

Ai

ϑ
(Ws,ϑ Wr,sX0)d1i

ϑ

=Wr,sX0 +
d∑

i=1

∫
t

ϑ=s

Ai

ϑ
X̃ϑ d1i

ϑ

and by the previous proposition also

Xt := Wr,tX0 = Wr,tX0 +
d∑

i=1

∫
t

ϑ=r

Ai

ϑ
Xϑ d1i

ϑ
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thus Xt and X̃t solve the same CDE and coincide at time t = s. This means, by
uniqueness, that Xt and X̃t coincide for all times; hence Ws,tWr,s and Wr,t coincide for
all times too since for any choice of X0 one has Ws,tWr,sX0 = Wr,tX0.

The second statement follows from the previous one setting first r = t and subse-
quently exchanging s and t.

To prove the third equality note that

0 = ds(Ws,tWt,s) = (dsWs,t)Wt,s + Ws,t(dsWt,s)

hence

dsWs,t = ↘Ws,t(dsWt,s)W ⇐1
t,s

= ↘Ws,t(
d∑

i=1
Ai

s
Wt,sd1i

s
)W ⇐1

t,s
= ↘

d∑

i=1
Ws,tA

i

s
d1i

s

Proposition C.17 (Liouville’s Formula). Under the assumptions of the previous the-
orems, if 1 ↓ C1([0, 1];Rd) then

det(Ws,t) = 1 +
d∑

i=1

∫
t

ϑ=s

tr(Ai

ϑ
) det(Ws,ϑ )d1i

ϑ
= exp


d∑

i=1

∫
t

ϑ=s

tr(Ai

ϑ
)d1i

ϑ



(C.22)

Proof. This just follows from the classical case since we can write

d∑

i=1

∫
t

ϑ=s

Ai

ϑ
Ws,ϑ d1i

ϑ
=

∫
t

ϑ=s


d∑

i=1
Ai

ϑ
1̇i

ϑ



Ws,ϑ dτ

thus Liouville’s Formula gives us

det(Ws,t) = det(Ws,s) exp
∫

t

ϑ=s

tr(
d∑

i=1
Ai

ϑ
1̇i

ϑ
)dτ



.

We can now state the main result of the section:

Theorem C.18. Under the assumptions of the previous theorems, given continuous
functions {B1, . . . , Bt} ↓ (Rd)[0,1] the unique solution of the N-dimensional CDE

Xt = X0 +
d∑

i=1

∫
t

ϑ=0

(
Ai

ϑ
Xϑ + Bi

ϑ

)
d1i

ϑ
(C.23)

is given explicitly by

Xt = W0,tX0 +
d∑

i=1

∫
t

0
Ws,tB

i

s
d1i

s
(C.24)
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where Ws,t ↓ C0([0, 1] ⇔ [0, 1];RN↔N) is the Wronskian matrix defined by

Ws,t =
∑

I↑Wd

∫

ϑ↑%|I|
[s,t]

AI

ϑ
d1I

ϑ
(C.25)

Proof. Given the unique solution Xt one has

ds(Ws,tXs) =ds(Ws,t)Xs + Ws,tds(Xs)

=
d∑

i=1

(
↘Ws,tA

i

s
Xs + Ws,tA

i

s
Xs + Ws,tB

i

s

)
d1i

s

=
d∑

i=1
Ws,tB

i

s
d1i

s

hence
Xt ↘ W0,tX0 = Wt,tXt ↘ W0,tX0 =

d∑

i=1

∫
t

s=0
Ws,tB

i

s
d1i

s

C.4.1 ZOH and Exact Solutions

Consider the linear CDE
dZt =

d↽∑

i=1
AiZtd1i

t
+ Bd⇀t

and recall how the solution can be explicitly written, for times s < t, as

Zt = Ws,tZs +
∫

t

s

Wr,tBd⇀r

Assume moreover that in the interval [s, t] both drivers have constant derivative

1r = 1s + w(r ↘ s) ⇀r = ⇀s + v(r ↘ s)

Then if Aw := ∑
d↽

i=1 Aiwi we get that Wr,t = eAw(t⇐r) thus

Zt = eAw(t⇐s)Zs +
∫

t

s

eAw(t⇐r)Bvdr = eAw(t⇐s)Zs +
∫

t

s

eAw(t⇐r)dr


Bv (C.26)

But the integral can be explicitly solved as
∫

t

s

eAw(t⇐r)dr =
(
↘A

⇐1
w eAw(t⇐r)

∣∣∣
t

r=s
= A

⇐1
w

(
eAw(t⇐s) ↘ I

)
(C.27)

leaving us with
Zt = eAw(t⇐s)Zs + A

⇐1
w

(
eAw(t⇐s) ↘ I

)
Bv (C.28)
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which, setting $ = t ↘ s, can be rewritten as

Zt = eAw%Zs + (Aw$)⇐1
(
eAw% ↘ I

)
(B$)v (C.29)

i.e. what is known as the ZOH scheme.



Appendix D

Graph Expansion for Neural CDEs

In this chapter we will give formal proofs of the GP limit and NTK results for the case
of Neural Controlled Di"erential equations with arbitrary MLPs as vector fields. The
reason for the formal nature of such results is the presence of infinite sums coming from
the expansion in terms of branched signatures. Similar expansions have been studied
by Gubinelli [47] in a simpler setting, rigorously proving their absolute convergence
remains a challenging open question.

D.1 Preliminaries

We are now interested in using the genus expansion technique to study NCDEs of the
form

Z1

t
= z0 +

d∑

i=1

∫
t

0
”i;Li

(Z1

s
)d1i

s
(D.1)

where ”1;L1 , . . . , ”d;Ld
are generic (polynomial) MLPs of possibly di"erent depths. As

done in chapter 2 for the MLP case we want to expand this into a sum over graphs
splitting the parameter-dependent from the input dependent part.

Imagine then to have an expansion for Z1

s
= ∑

g↑G ▷g(1|0,s)Wg at each time s, note
how this has to be consistent with eq. (D.1) and how when expanding the NNs gives
”L(x) = ∑

ϑ↑TL(•x)
ως

s(ϑ)Wϑ . Substituting ∑
g ▷g(1|0,s)Wg for x in this latter expansion

we conclude then that the graphs of G must have a nested structure: each of them
must be written as a τ ↓ TL(•x) where the vertices fixed to x are replaced by arbitrary
graphs g1, . . . , gk coming from G itself!

This nested structure will play a crucial role, this preliminary section will present
combinatorial results in order to later meaningfully and conveniently talk about it.

Recall how by theorem B.4

Proposition D.1. Let ω, ◁ : R ↗ R be polynomials. Fix index sets A1, A2 and

167
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↽ : (A1 ⇑ A2) ⇔ (A1 ⇑ A2) ↗ R a symmetric and summable function. Then if

(X, Y ) ∋ N


0,




∑

(a,a↔)↑A1↔A1 ↽(a, a⇓) ∑
(a,b)↑A1↔A2 ↽(a, b)

∑
(b,a)↑A2↔A1 ↽(b, a) ∑

(b,b↔)↑A2↔A2 ↽(b, b⇓)









the following expansion holds

E{ω(X)◁(Y )} =
∑

ϑ↑XA1

∑

ω↑XA2

ωϑ ◁ω

s(ϑ )s(ω)
∑

0↑P(ϑ∞ω)

∏

{ϖ,ϱ}↑0

↽(▷, 2) (D.2)

where ω!ϖ1···ϖm" := ω(m)(0) and P(ϑ ∝ ω) is the set of pairings of entries of ϑ and ω.

Our immediate goal is that of extending this result to a nested expectation set-
ting. It will be thus important to consider nested sequences of symmetric tuples, this
structure is naturally encoded in non-planar rooted trees. We define these as

Definition D.2. Given a set A we define the set of depth-ϱ non-planar rooted trees
with A-decorated terminal leaves T↼(A) recursively as

T0(A) = A, T↼+1(A) = XTϱ(A) (D.3)

Finally we define the set of non-planar rooted trees with A-decorated terminal leaves
as the union T(A) := ⇑≃

↼=0T↼(A). For any tree ϑ = !(ϑ 1)k1 · · · (ϑ N)kN " ↓ T↼+1(A),
where ϑ 1, . . . , ϑ N are distinct elements of T↼(A), we define the symmetry factor s of
ϑ as

s(! ") = 1, s(ϑ ) := s(ϑ )
N∏

i=1
s(ϑ i)ki (D.4)

where for all a ↓ A we set s(a) = 1. We also write ϑ = ϑ !a1, . . . , am" to show the fact
that ϑ has exactly m leaves from A and that these are a1, . . . , am.

The choice of nomenclature becomes clear after noticing how naturally nested sym-
metric tuples are graphically represented by non-planar trees c.f. fig. D.1.

! ! " !a1 a2 a3" "

a1
a2

a3

Figure D.1: A simple example of the correspondance between trees and
nested symmetric tuples.

Definition D.3. Given sets A1, A2 and ϱ ↓ N0 we define the nested pairings of the
terminal leaves of two trees ϑ ↓ T↼(A1) and ω ↓ T↼(A2) as the set Pnest(ϑ ∝ ω)
recursively defined as

↖(a, a⇓) ↓ A1 ⇔ A2. Pnest(a ∝ a⇓) = { {{a, a⇓}} } (D.5)
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and for ϑ = !ϑ 1 · · · ϑ n" ↓ T↼+1(A1) and ω = !ω1 · · · ω
m

" ↓ T↼+1(A2) as

Pnest(ϑ ∝ ω) =
⊔

0↑P(ϑ∞ω)



{ϖ1,ϖ2}↑0

Pnest(ϖ1 ∝ ϖ2) (D.6)

where P(ϑ ∝ ω) is the set of pairings of the entries of ϑ and ω as symmetric tuples,
and where for sets A, B

A ↙ B := {a ∝ b | ↖a ↓ A, ↖b ↓ B}

Remark. The definition of Pnest(ϑ ∝ ω) implies the following combinatorial equality

∑

ε↑Pnest(ϑ∞ω)
▷ε =

∑

0↑P(ϑ∞ω)

∏

{ϖ1,ϖ2}↑0

∑

ε↔↑Pnest(ϖ1∞ϖ2)
▷ε↔ (D.7)

where {▷ε}ε↑Pnest(ϑ∞ω) is a subset of some arbitrary vector space.

Remark. Note how if ϑ = ϑ !a1, . . . , am" and ω = ω!a⇓

1, . . . , a⇓

n
" then any element of

Pnest(ϑ ∝ ω) is a pairing of (a1, . . . , am, a⇓

1, . . . , a⇓

n
). On the other hand, a pairing of

(a1, . . . , am, a⇓

1, . . . , a⇓

n
) might appear “multiple times” in Pnest(ϑ ∝ ω) e.g.

Pnest(! ! " ! " !a" " ∝ ! ! " ! " !b" ") = { {{a, b}} } ∝ { {{a, b}} } ∝ { {{a, b}} }

In fact Pnest is encoding information about the pairing of all subtrees of ϑ ∝ω, not only
of the labelled leaves.

Definition D.4. Let (ω↼ : R ↗ R | ϱ ↓ N) be a sequence of polynomials and A a set.
We define the tree-derivatives of the ω on T(A) as

↖a ↓ A. ωa := 1, ↖ϑ = !ϑ 1 · · · ϑ m" ↓ T↼+1(A). ωϑ := ω(m)
↼+1(0)

m∏

i=1
ωϑ i

(D.8)

Theorem D.5. Let ((ω↼, ◁↼) | ϱ ↓ N) be a sequence of tuples of polynomials. Fix index
sets Ax, Ay and ↽ : (Ax ⇑ Ay) ⇔ (Ax ⇑ Ay) ↗ R a symmetric and summable function.
Then if



K0(x, x) K0(x, y)
K0(y, x) K0(y, y)



 =



∑

(a,a↔)↑Ax↔Ax
↽(a, a⇓) ∑

(a,b)↑Ax↔Ay
↽(a, b)

∑
(b,a)↑Ay↔Ax

↽(b, a) ∑
(b,b↔)↑Ay↔Ay

↽(b, b⇓)





and we define recursively

K↼+1(x, y) := E{ω↼+1(X↼)◁↼+1(Y↼)}, (X↼, Y↼) ∋ N


0,



 K↼(x, x) K↼(x, y)
K↼(y, x) K↼(y, y)








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the following expansion holds

K↼(x, y) =
∑

ϑ↑Tϱ(Ax)

∑

ω↑Tϱ(Ay)

ωϑ ◁ω

s(ϑ )s(ω)
∑

ε↑Pnest(ϑ∞ω)

∏

{ϖ,ϱ}↑ε

↽(▷, 2) (D.9)

Proof. By induction on ϱ. If ϱ = 0 the thesis is clear by definition of the constituent
objects. Assume then expansion true for ϱ and let’s show it for ϱ + 1. By theorem D.1
we have

E{ω↼+1(X↼)◁↼+1(Y↼)} =
∑

ϑ↑XT
ϱ

(Ax)

∑

ω↑XT
ϱ

(Ay)

(ω↼+1)ϑ (◁↼+1)ω

s(ϑ )s(ω)
∑

0↑P(ϑ∞ω)

∏

{01,02}↑0

↽↼(01, 02)

where for ϑ ↓ T↼(Ax) and ω ↓ T↼(Ay) one defines

↽↼(ϑ , ω) := ωϑ ◁ω

s(ϑ )s(ω)
∑

ε↑Pnest(ϑ∞ω)

∏

{ϖ,ϱ}↑ε

↽(▷, 2)

and similarly if ϑ , ω live in the same space then in this definition either ω ↔↗ ◁ or
vice-versa.

Putting things together we notice, from the definitions of T↼(A), s and ωϑ , that

K↼+1(x, y) =
∑

ϑ↑Tϱ+1(Ax)

∑

ω↑Tϱ+1(Ay)

ωϑ ◁ω

s(ϑ )s(ω)
∑

0↑P(ϑ∞ω)

∏

{01,02}↑0

∑

ε↑Pnest(01∞02)

∏

{ϖ,ϱ}↑ε

↽(▷, 2)

and the conclusion follows using the equality

∑

ε↑Pnest(ϑ∞ω)

∏

{ϖ,ϱ}↑ε

↽(▷, 2) =
∑

0↑P(ϑ∞ω)

∏

{01,02}↑0

∑

ε↑Pnest(01∞02)

∏

{ϖ,ϱ}↑ε

↽(▷, 2)

D.1.1 Tree expansion for MLPs

Since the vector fields defining the NCDE are by definition MLPs it will be useful to
first have an expansion for these, we recall here the results of chapter 2, contextualized
in the richer language just developed.

Remark. Given sequences (W↼ ↓ R
Nϱ+1↔Nϱ | ϱ ↓ N0) and (xa | a ↓ A) there is a

natural way to associate to each ϑ ↓ T(A) an operator graph τ :

↖a ↓ A. a ↔↗ ↘W0 •xa
, ↖ϑ = !ϑ 1 · · · ϑ m" ↓ T↼+1(A). ϑ ↔↗ ( ↘Wϱ+1 ) ′ (⇒iϑ i)

We will use the notation ϑ ↔↗ τ ( i.e. un-bolding the greek letter) for this map.
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a1
a2

a3
W0

W0

W0

W1W1

W2

xa1 xa3
xa2

↔↗

Figure D.2: The mapping between the tree ! ! " !a1 a2 a3" " ↓ T2(A) and
its operator-graph image.

Proposition D.6. Given a (polynomial) NNs ”L : RN ↗ R
N and x = ∑

a↑A ↽axa for
some summable sequence (xa ↓ R

N | a ↓ A)

”L(x) =
∑

ϑ !a1,...,am"↑TL(A)

ωϑ

s(ϑ )


∏

i

↽ai



Wϑ

Proof. We proceed by induction on L. For L = 0 by definition we have ”0(x) = W0x,
TL(A) = A and for each a ↓ A also ωa = 1, s(a) = 1 and Wa = W0[xa]. Hence

∑

a↑T0(A)

ωa

s(a)↽aWa =
∑

a↑T0(A)
W0[↽axa] = W0x = ”0(x).

Reasoning by induction and using the Taylor expansion in 0 we have

”L+1(x) = WL+1[ωL+1(”L(x))]

=
≃∑

m=0

ω(m)
L+1(0)
M ! WL+1[




∑

ϑ !a1,...,am"↑TL(A)

ωϑ

s(ϑ )


∏

i

↽ai



Wϑ




′m

]

=
∑

!ϑ 1···ϑ m"↑XTL(A)

(ωL+1)!ϑ 1···ϑ m"
s(!ϑ 1 · · · ϑ m")WL+1[↑m

i=1
ωϑ i

s(ϑ i)




∏

j

↽ai,j



 Wϑ i
]

where we have used the equality


∑

a↑A

va


′M

=
∑

ϑ↑X
M

A

M !
s(ϑ )vϑ

from theorem B.3. We can continue the equality using the definition of TL+1(A)
obtaining

=
∑

ϑ=!ϑ 1···ϑ m"↑TL+1(A)

ωϑ

s(ϑ )WL+1[↑m

i=1




∏

j

↽ai,j



 Wϑi
]

=
∑

ϑ !a1···am"↑TL+1(A)

ωϑ

s(ϑ )


∏

i

↽ai



Wϑ
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D.2 Graph Expansion

In this section we expand in terms of operator-graphs a generic Neural Controlled
Di"erential Equation with initial value z0 ↓ R

N

Z1

t
= z0 +

d∑

i=1

∫
t

0
”i;Li

(Z1

t
)d1i

t
(D.10)

defined by (polynomial) MLPs ”1;L1 , . . . , ”d;Ld
: RN ↗ R

N .
For each ”i;Li

let Ti;Li
(•x) be the set of trees appearing in its graph expansion, then

for all m ↓ N fix Ti;Li
[ 1, . . . , m] to be the set of operator-graphs obtained from the

trees in Ti;Li
(•x) with exactly m •x-labelled leaves by replacing each •x-vertex with a

unique i. Note that ⋃
m↖0 Ti;Li

[ 1, . . . , m] ⊜ Ti;Li
(•x).

Definition D.7 (CDE Trees). Given (polynomial) NNs ”1;L1 , . . . , ”d;Ld
: RN ↗ R

N ,
define T

CDE(•z0) as the smallest set of operator graphs containing ↘Id •z0 and closed
by full composition with trees in ⋃

i,m Ti;Li
[ 1, . . . , m] i.e. if η1, . . . , ηm ↓ T

CDE(•z0) and
η̂ ↓ Ti;Li

[ 1, . . . , m] then η̂[η1, . . . , ηm] ↓ T
CDE where η̂[η1, . . . , ηm] is produced by, for

each k = 1, . . . , m, composing the (out-)root of ηi with η̂ at its in-vertex i.

Note how there is a natural bijection

T
CDE(•z0) H { ↘Id •z0}

d⊔

i=1
TLi

(TCDE(•z0)) (D.11)

By this we mean that in case τ ↓ T
CDE(•z0) is written as τ̂ [τ1, . . . , τm] for τ1, . . . , τm ↓

T
CDE(•z0) and τ̂ ↓ Ti;Li

[ 1, . . . , m], then τ △ ϑ = ϑ !τ1 · · · τm" ↓ Ti;Li
(TCDE(•z0)). For

simplicity we write Ti;Li
:= TLi

(TCDE(•z0)).

1 2

W3;0W3;0

W3;1

W1;0W1;0

W1;1

W3;1

W3;2

W2;2

W2;2

W2;1

W2;0

W3;0W3;0

W3;1

W1;0W1;0

W1;1

W3;1

W3;2

W2;2

W2;2

W2;1

W2;0

=⇒
ω1 = ω̂1[ω3]

ω2

ω̂
ω = ω̂ [ω1, ω2]

z0

z0
ω3

z0

z0

Figure D.3: An example of tree τ ↓ T
CDE(•z0) and its construction as

composition of trees.
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Moreover, under such a bijection, for τ △ ϑ = ϑ !τ1, . . . , τm" ↓ Ti;Li
one has

ωϑ = ωϑ

m∏

i=1
ωϑi

, s(τ) = s(ϑ )
∏

i

s(τi)

Note finally how we can associate to each τ ↓ T
CDE(•z0) a tree τgub ↓ Td (cf. [47])

corresponding to the “tree-of-trees” structure of τ inherited from the definition. This is
defined recursively for τ △ ϑ = ϑ !τ1 · · · τm" ↓ Ti;Li

as τgub = [(τ1)gub · · · (τm)gub] where
( ↘Id •z0)gub is the empty tree. Then if we define

Sig(1)ϑ

0,t
:=

∫
t

0

m∏

j=1
Sig(1)ϑj

0,sd1i

s
, Sig(1) ⇐Id•z0

0,t := 1

we recover the branched signature entries of 1 corresponding to τgub ↓ Td.

W3;0W3;0

W3;1

W1;0W1;0

W1;1

W3;1

W3;2

W2;2

W2;2

W2;1

W2;0

z0

z0

=⇒

Sig(1)ϑ

0,t
=

∫
t

0 (
∫

s

0 (
∫

r

0 d12
u
) d11

r
) (

∫
s

0 d12
r
) d13

s

3

21

2

τgub
τ

Figure D.4: A color-coded example of how a tree τ , taken from fig. D.3,
gives rise to τgub and to the corresponding Sig(1)ϑ

0,t

Theorem D.8 (Formal NCDE Expansion). Given (polynomial) NNs ”1;L1 , . . . , ”d;Ld
:

R
N ↗ R

N , consider the NCDE

Z1

t
= z0 +

d∑

i=1

∫
t

0
”i;Li

(Z1

t
)d1i

t
(D.12)

then we can write explicitly

Z1

t
=

∑

ϑ↑TCDE(•z0 )

ωϑ

s(τ)Wϑ Sig(1)ϑ

0,t
(D.13)

Proof. We reason formally, only absolute summability of the series is needed to make
the arguments rigorous. Let’s prove that Z1

t
thus defined solves the CDE. Using the
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bijection of TCDE(•z0) given above

Z1

t
=

∑

ϑ↑TCDE(•z0 )

ωϑ

s(τ)Wϑ Sig(1)ϑ
0,t

= z0 +
d∑

i=1

∑

ϑ !ϑ1,...,ϑm"↑Ti;Li

ωϑ

s(τ)Wϑ Sig(1)ϑ

0,t

= z0 +
d∑

i=1

∫
t

0

∑

ϑ !ϑ1,...,ϑm"↑Ti;Li

ωϑ

s(ϑ )




m∏

j=1

ωϑj

s(τj)
Sig(1)ϑj

0,s



 Wϑ d1i

s
.

By theorem D.6 we see that

∑

ϑ !ϑ1,...,ϑm"↑Ti;Li

ωϑ

s(ϑ )




m∏

j=1

ωϑj

s(τj)
Sig(1)ϑj

0,s



 Wϑ = ”i;Li
(x)

where
x =

∑

ϑ↑TCDE(•z0 )

ωϑ

s(τ)Wϑ Sig(1)ϑ

0,s
= Z1

s
.

Thus, as needed, we can write

Z1

t
= z0 +

d∑

i=1

∫
t

0
”i;Li

(Z1

s
)d1i

s
.

D.3 Assumptions

In what follows we will assume the following architecture for our Neural CDE:

Assumption D.9. Assume given d sequences Wi = (Wi;n | n ̸ 0) of independent
N ⇔ N matrices with real Gaussian N (0, 1

∝
N

) entries, a vector z0 ↓ R
N , independent

from the matrices, having iid Gaussian N (0, 1) entries and a matrix V ↓ R
Nout↔N with

real Gaussian N (0, 1
∝

N
) entries.

The sequences Wi define d (polynomial) NNs ”1;L1 , . . . , ”d;Ld
: RN ↗ R

N with all
dimensions equal to N . Given a path 1 ↓ C1([0, 1];Rd) we recall how the hidden state
is defined as

Z1

t
= z0 +

d∑

i=1

∫
t

0
”i;Li

(Z1

t
)d1i

t
. (D.14)
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D.4 GP limits

Lemma D.10. Given τ, η ↓ T
CDE(•z0), with τ △ ϑ !τ1, . . . , τm" ↓ Ti;Li

and η △
ω!η1, . . . , ηn" ↓ Tj;Lj

we have a bijection

PA(≃τ, η⇐) H ϖi,j

⊔

ϱ↑Pnest(ϑ∞ω)



{01,02}↑ϱ

PA(≃01, 02⇐)

which we write as ϑ ↔↗ (ϱ, (ϑϖ)ϖ), where {01, 02} is a pair in (τ1, . . . , ηn) and using
which one defines

a(≃τ, η⇐) := |PA(≃τ, η⇐)| = ϖi,j

∑

ϱ↑Pnest(ϑ∞ω)

∏

{01,02}↑ϱ

a(≃01, 02⇐)

Proof. With the same arguments of theorems 2.10 and 2.15 one sees that any atomic
pairing of ≃τ, η⇐ must pair edges at the same distance from the joined root. This means
that any atomic pairing ϑ of ≃τ, η⇐ induces an atomic pairing ϑ̂ of the “base tree”
≃τ̂ , η̂⇐ such that whenever the bases of two trees in (τ1, . . . , ηn) are paired by ϑ̂ then ϑ

induces an atomic pairing of those two trees. Vice versa, any choice of ϑ̂ and atomic
pairings of the paired (τ1, . . . , ηn) can be combined to form a unique atomic pairing ϑ

of ≃τ, η⇐. The bijection then follows from the definition of Pnest(ϑ ∝ω), which is natural
in bijection with PA(≃τ̂ , η̂⇐) giving the pairings of roots of (τ1, . . . , ηn) induced by the
atomic ϑ̂.

Lemma D.11. Given any τ, η ↓ T
CDE(•z0) one has

∥∥∥∥
1
N

W∋ϑ,▷△ ↘ a(≃τ, η⇐)
∥∥∥∥

L2
= O( 1∀

N
)

Proof. The proof is a repetition of the arguments used to prove theorem 3.4, where
instead of one cycle to collapse generated from connecting only two terminal leaves one
has to collapse the cycles generated from connecting all terminal leaves.

Proposition D.12 (Formal Limiting Kernel). Under theorem D.9

1
N

≃Z1

s
, Z 1̃

t
⇐ L

2
↘↘↘↗
N↘≃

K1,1̃

CDE(s, t) = 1 +
d∑

i=1

∫
s

3=0

∫
t

ϑ=0
K1,1̃

i;Li
(ε, τ)d1i

3
d1̃i

ϑ
(D.15)

where
K1,1̃

i;0 (ε, τ) := K1,1̃

CDE(ε, τ), K1,1̃

i;↼+1(ε, τ) = E [ωi;↼+1(X↼)ωi;↼+1(Y↼)]

(X↼, Y↼) ∋ N


0,



K1,1

i;↼ (ε, ε) K1,1̃

i;↼ (ε, τ)
K1,1̃

i;↼ (ε, τ) K 1̃,1̃

i;↼ (τ, τ)








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Proof. From eq. (D.13) we can write

1
N

≃Z1

s
, Z 1̃

t
⇐ = 1

N

∑

ϑ↑TCDE(•z0 )

∑

▷↑TCDE(•z0 )

ωϑ ω▷

s(τ)s(η)W∋ϑ,▷△Sig(1)ϑ
0,s

Sig(1̃)ω
0,t

Using theorem D.11 and noticing that if τ = ↘Id •z0 then PA(≃τ, η⇐) ∞= ∅ i" η = τ

in which case the L2 limit is ∑
ε↑PA(∋ϑ,▷△) W∋ϑ,▷△ω

= N we have that the scaled product
formally converges to

∑

ϑ↑TCDE(•z0 )

∑

▷↑TCDE(•z0 )

ωϑ ω▷

s(τ)s(η)a(≃τ, η⇐)Sig(1)ϑ

0,s
Sig(1̃)▷

0,t

= 1 +
d∑

i=1

∑

ϑ !ϑ1,...,ϑm"↑Ti;Li

∑

ω!▷1,...,▷n"↑Ti;Li

ωϑ ω▷

s(τ)s(η)a(≃τ, η⇐)Sig(1)ϑ

0,s
Sig(1̃)▷

0,t

Now, for τ △ ϑ !τ1, . . . , τm" and η △ ω!η1, . . . , ηn" ↓ Ti;Li
, by theorem D.10 and with

a small abuse of notation writing 10 instead of 1̃0 below whenever 0 ↓ {η1, . . . , ηn}:

ωϑ ω▷

s(τ)s(η)a(≃τ, η⇐)Sig(1)ϑ

0,s
Sig(1̃)▷

0,t

=
∑

ϱ↑Pnest(ϑ∞ω)

ωϑ ω▷

s(τ)s(η)




∏

ϖ↑ϱ

a(≃01, 02⇐)


 Sig(1)ϑ

0,s
Sig(1̃)▷

0,t

=
∫

s

0

∫
t

0

ωϑ ωω

s(ϑ )s(ω)
∑

ϱ↑Pnest(ϑ∞ω)

∏

ϖ↑ϱ


ω01ω02

s(01)s(02)
a(≃01, 02⇐)Sig(101)01

0,s↼1
Sig(102)02

0,s↼2



d1i

s1d1̃i

t1

where we have used that for all ϱ ↓ Pnest(ϑ ∝ ω) one has

ωϑ ω▷

s(τ)s(η) = ωϑ ωω

s(ϑ )s(ω)
∏

ϖ↑ϱ

ω01ω02

s(01)s(02)
,

and
Sig(1)ϑ

0,s
Sig(1̃)▷

0,t =
∫

s

0

∫
t

0

∏

ϖ↑ϱ

(
Sig(101)01

0,s↼1
Sig(102)02

0,s↼2

)
d1i

s1d1̃i

t1

Now using theorem D.5 with

↽(01, 02) = ω01ω02

s(01)s(02)
a(≃01, 02⇐)Sig(101)01

0,s↼1
Sig(102)02

0,s↼2

we obtain

∑

ϑ !ϑ1,...,ϑm"↑Ti;Li

∑

ω!▷1,...,▷n"↑Ti;Li

ωϑ ω▷

s(τ)s(η)a(≃τ, η⇐)Sig(1)ϑ

0,s
Sig(1̃)▷

0,t

=
∫

s

0

∫
t

0
K1,1̃

i;Li
(s1, t1)d1i

s1d1̃i

t1

which allows to conclude.
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Corollary. For K1,1̃

CDE(s, t) the following expansion holds formally

K1,1̃

CDE(s, t) =
∑

ϑ,▷↑TCDE(•z0 )

ωϑ ω▷

s(τ)s(η)a(≃τ, η⇐)Sig(1)ϑ

0,s
Sig(1̃)▷

0,t (D.16)

D.5 NTK

Recall how the NTK is defined as

#1,1̃

N
(s, t) :=

d∑

i=1

Li∑

↼=0
↽i;↼(dWi;ϱv · Z1

s
)(dWi;ϱv · Z 1̃

t
)→ ↓ R (D.17)

where the ↽↼ denote the layer-wise learning rates.
To find an expansion for #, let ⇁i;↼T

CDE(•z0) denote the space of trees which can be
obtained from trees in T

CDE(•z0) by freeing exactly one of its (i; ϱ)-labeled edges (i.e.
one edge with input Wi;↼), making it an in-edge. We can then write

(d≃v, Z1

t
⇐)Wi;ϱ =

∑

ϑ↑◁i;ϱTCDE(•z0 )

ωϑ

s(τ)W∋v,ϑ△Sig(1)ϑ

0,t
, (D.18)

where ≃v, τ⇐ denotes τ with out-vertex fixed to v and thus Wϑ : RNϱ+1↔Nϱ ↗ R. Arguing
as we above, we find that

↽i;↼(dWi;ϱ≃v, Z1

s
⇐)(dWi;ϱ≃v, Z 1̃

t
⇐)→ (D.19)

=
∑

ϑ↑◁i;ϱTCDE(•z0 )

∑

▷↑◁i;ϱTCDE(•z0 )

ωϑ ω▷

s(τ)s(η)↽i;↼W∋v,ϑ△⇑∋v,▷△↓Sig(1)ϑ

0,s
Sig(1̃)▷

0,t. (D.20)

Assumption D.13. Assume ↽i;n = 1
N

.

Proposition D.14. Under theorem D.13

E

(
↽i;↼W∋v,ϑ△⇑∋v,▷△↓ ↘ |PA(≃v, τ⇐ ′ ≃v, η⇐→)|

)2
= O( 1

N
) (D.21)

Proof. The proof is a repetition of the arguments used to prove theorem 2.15, noticing
that given τ, η ↓ ⇁i;↼T

CDE(•z0), if their open edges are not at the same distance from
the root then |PA(≃v, τ⇐ ′ ≃v, η⇐→)| = ∅, and that in any ϑ ↓ PA(≃v, τ⇐ ′ ≃v, η⇐→) the two
root edges are paired together.

Theorem D.15 (Formal NTK Kernel Limit). Under theorem D.13

#1,1̃

N
(s, t) L

2
↘↘↘↗
N↘≃

#1,1̃

CDE(s, t) =
d∑

i=1

∫
s

s1=0

∫
t

t1=0
#1,1̃

i;Li
(s1, t1)d1i

s1d1̃i

t1 (D.22)
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where

#1,1̃

i;0 (s, t) = K1,1̃

CDE(s, t) + #1,1̃

CDE(s, t), K1,1̃

i;0 (s, t) = K1,1̃

CDE(s, t), (D.23)

#1,1̃

i;↼ (s, t) = K1,1̃

i;↼ (s, t) + K̇1,1̃

i;↼ (s, t)#1,1̃

i;↼⇐1(s, t) (D.24)

with

K1,1̃

i;↼+1(s, t) := E [ωi;↼+1(X↼)ωi;↼+1(Y↼)] , K̇1,1̃

i;↼+1(s, t) := E [ω̇i;↼+1(X↼)ω̇i;↼+1(Y↼)]

(X↼, Y↼) ∋ N


0,



K1,1

i;↼ (s, s) K1,1̃

i;↼ (s, t)
K1,1̃

i;↼ (s, t) K 1̃,1̃

i;↼ (t, t)









Proof. We assume L1 = · · · = Ld = L, the general case following. Using the tree
expansion and the L2 convergence we obtain

#1,1̃

N
(s, t) L

2
↘↘↘↗
N↘≃

d∑

i=1

L∑

↼=0

∑

ϑ,▷↑◁i;ϱTCDE(•z0 )

ωϑ ω▷

s(τ)s(η) |PA(≃v, τ⇐ ′ ≃v, η⇐→)|Sig(1)ϑ

0,s
Sig(1̃)▷

0,t.

Define #1,1̃

CDE(s, t) as the right hand side of the limit.

Any tree τ ↓ T
CDE(•z0) is of form τ = τ̂ [τ1, . . . , τm], we will call τ̂ its base (note

this might or might not contain an open edge) and write T
CDE
i;L := Ti;L(TCDE(•z0)) for

the set of trees with i-labelled base. More generally given two sets of trees T1 with
open in-terminal leaves and T2 with open out-root we write T1(T2) for the set of trees
created by composing T2 in the open terminal leaves of trees in T1.

Now we reason as in theorem 2.16, looking for convenient bijections of the spaces
⇁i;↼T

CDE(•z0) = ∝j⇁i;↼
(
Tj;L(TCDE)

)
, where we have dropped the (•z0) from T

CDE(•z0)
for ease of notation. It will be necessary to study the more general spaces

∝j⇁i;↼
(
Tj;↼↔(TCDE)

)

for 0 ∈ ϱ, ϱ⇓ ∈ L.

Each tree τ ↓ ⇁i;↼
(
Tj;↼↔(TCDE)

)
can be of one of two kinds: either the root edge is

open (thus also (j, ϱ⇓) = (i, ϱ)) or this is not the case. In the second case we can however,
just as in theorem 2.16, uniquely identify the tree as a pair (τ+, τ⇐) ↓ Tj;↼↔(TCDE) ⇔
⇁i;↼Tj;↼↔⇐1(TCDE) where τ⇐ is the subtree attached to τ ’s base containing the open edge,
and τ+ is its complement. Note that vice versa each couplet (τ+, τ⇐) ↓ Tj;↼↔(TCDE) ⇔
⇁i;↼Tj;↼↔⇐1(TCDE) defines a tree of the second kind, while any tree of the first kind can
be identified uniquely with the tree Ti;↼(TCDE) produced by fixing the root edge to Wi,↼.
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We thus have the bijections

%j;↼↔

i;↼ : ⇁i;↼
(
Tj;↼↔(TCDE)

)
↗ ϖi,jϖ↼↔,↼Ti;↼(TCDE) ∝

(
Tj;↼↔(TCDE) ⇔ ⇁i;↼Tj;↼↔⇐1(TCDE)

)

(D.25)
for ϱ⇓ > 0 and

%j;0
i;↼ : ⇁i;↼

(
Tj;0(TCDE)

)
↗ ϖi,jϖ↼↔,↼Ti;0(TCDE) ∝ Ti;0(⇁i;↼T

CDE) (D.26)

Let i = j, ϱ = ϱ⇓, % = %j;↼↔

i;↼ and τ, η have open root edges. Then

|PA(≃v, τ⇐ ′ ≃v, η⇐→)| = |PA(≃%(τ), %(η)⇐)| (D.27)

since the v-fixed vertices must be paired just as the roots %(τ) and %(η) in any atomic
pairing. Moreover it is clear that

ωϑ = ω&(ϑ), s(τ) = s(%(τ)), Sig(1)ϑ

0,s
= Sig(1)&(ϑ)

0,s .

In the generic case with ϱ⇓ > 0, let % = %j;↼↔

i;↼ and τ, η be trees without open roots
so that %(τ) = (τ+, τ⇐) and similarly for η. Arguing as in theorem 2.16 the roots of
τ⇐ and η⇐ must be paired by any atomic pairing of ≃v, τ⇐ ′ ≃v, η⇐→, so that we can split

PA(≃v, τ⇐ ′ ≃v, η⇐→) = PA(≃τ+, η+⇐) ⇔ PA(≃v, τ⇐⇐ ′ ≃v, η⇐⇐→)

and thus obtain

|PA(≃v, τ⇐ ′ ≃v, η⇐→)| = |PA(≃τ+, η+⇐)||PA(≃v, τ⇐⇐ ′ ≃v, η⇐⇐→)| (D.28)

Moreover, just as in theorem 2.14’s proof, we have in this setting that

ωϑ = ω̇ϑ+ωϑ↑ , s(τ) = s(τ+)s(τ⇐).

Finally, recall how for τ = τ̂ [τ1, . . . , τm] ↓ T
CDE
j;↼ , and similarly for trees in ⇁i;↼T

CDE
j;↼↔ ,

one defines recursively
Sig(1)ϑ

0,s
=

∫
s

0

m∏

k=1
Sig(1)ϑk

0,s↔d1j

s↔ ,

if we define Ŝig(1)ϑ

0,s
:= ∏

m

k=1 Sig(1)ϑk

0,s then Sig(1)ϑ

0,s
=

∫
s

0 Ŝig(1)ϑ

0,s↔d1j

s↔ and for τ ↓
⇁i;↼

(
Tj;↼↔(TCDE)

)
without open root

Sig(1)ϑ

0,s
=

∫
s

0
Ŝig(1)ϑ

+
0,s↔ Ŝig(1)ϑ

↑

0,s↔ d1j

s↔ .



APPENDIX D. GRAPH EXPANSION FOR NEURAL CDES 180

We thus obtain, writing T
CDE
j;↼ := Tj;↼(TCDE), in case ϱ⇓ > 0 that

d∑

i=1

L∑

↼=0

∑

ϑ,▷↑◁i;ϱ(Tj;ϱ↔ (TCDE))

ωϑ ω▷

s(τ)s(η) |PA(≃v, τ⇐ ′ ≃v, η⇐→)|Sig(1)ϑ

0,s
Sig(1̃)▷

0,t

=
∑

ϑ,▷↑T
CDE
j;ϱ↔

ωϑ ω▷

s(τ)s(η) |PA(≃τ, η⇐)|Sig(1)ϑ

0,s
Sig(1̃)▷

0,t

+
d∑

i=1

L∑

↼=0

∑

ϑ+,▷+↑T
CDE
j;ϱ↔

∑

ϑ↑,▷↑↑◁i;ϱTCDE
j;ϱ↔↑1

ωϑ ω▷

s(τ)s(η) |PA(≃v, τ⇐ ′ ≃v, η⇐→)|Sig(1)ϑ

0,s
Sig(1̃)▷

0,t,

and since, in the context of the last equation above,

ωϑ ω▷

s(τ)s(η) |PA(≃v, τ⇐ ′ ≃v, η⇐→)|Sig(1)ϑ

0,s
Sig(1̃)▷

0,t

=
∫

s

0

∫
t

0

ω̇ϑ+ω̇▷+

s(τ+)s(η+) |PA(≃τ+, η+⇐)|Ŝig(1)ϑ
+

0,s↔ Ŝig(1)▷
+

0,t↔ ·

· ωϑ↑ω▷↑

s(τ⇐)s(η⇐) |PA(≃v, τ⇐⇐ ′ ≃v, η⇐⇐→)|Ŝig(1)ϑ
↑

0,s↔ Ŝig(1)▷
↑

0,t↔ d1j

s↔d1̃j

t↔

we can write

d∑

i=1

L∑

↼=0

∑

ϑ+,▷+↑T
CDE
j;ϱ↔

∑

ϑ↑,▷↑↑◁i;ϱTCDE
j;ϱ↔↑1

ωϑ ω▷

s(τ)s(η) |PA(≃v, τ⇐ ′ ≃v, η⇐→)|Sig(1)ϑ

0,s
Sig(1̃)▷

0,t

=
d∑

i=1

∫
s

0

∫
t

0

L∑

↼=0




∑

ϑ+,▷+↑T
CDE
j;ϱ↔

ω̇ϑ+ω̇▷+

s(τ+)s(η+) |PA(≃τ+, η+⇐)|Ŝig(1)ϑ
+

0,s↔ Ŝig(1̃)▷
+

0,t↔



 ·

·




∑

ϑ↑,▷↑↑◁i;ϱTCDE
j;ϱ↔↑1

ωϑ↑ω▷↑

s(τ⇐)s(η⇐) |PA(≃v, τ⇐⇐ ′ ≃v, η⇐⇐→)|Ŝig(1)ϑ
↑

0,s↔ Ŝig(1̃)▷
↑

0,t↔



 d1j

s↔d1̃j

t↔ .

The case ϱ⇓ = 0 is similar but simpler and one gets

d∑

i=1

L∑

↼=0

∑

ϑ,▷↑◁i;ϱ(Tj;0(TCDE))

ωϑ ω▷

s(τ)s(η) |PA(≃v, τ⇐ ′ ≃v, η⇐→)|Sig(1)ϑ

0,s
Sig(1̃)▷

0,t

=
∑

ϑ,▷↑T
CDE
j;0

ωϑ ω▷

s(τ)s(η) |PA(≃τ, η⇐)|Sig(1)ϑ

0,s
Sig(1̃)▷

0,t

+
d∑

i=1

L∑

↼=0

∑

ϑ↑,▷↑↑Tj;0(◁i;ϱTCDE)

ωϑ ω▷

s(τ)s(η) |PA(≃v, τ⇐ ′ ≃v, η⇐→)|Sig(1)ϑ
↑

0,s
Sig(1̃)▷

↑

0,t ,
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and

d∑

i=1

L∑

↼=0

∑

ϑ↑,▷↑↑Tj;0(◁i;ϱTCDE)

ωϑ ω▷

s(τ)s(η) |PA(≃v, τ⇐ ′ ≃v, η⇐→)|Sig(1)ϑ

0,s
Sig(1̃)▷

0,t

=
d∑

i=1

∫
s

0

∫
t

0

L∑

↼=0

∑

ϑ,▷↑◁i;ϱTCDE

ωϑ ω▷

s(τ)s(η) |PA(≃v, τ⇐ ′ ≃v, η⇐→)|Sig(1)ϑ

0,s↔Sig(1̃)▷

0,t↔ d1j

s↔d1̃j

t↔

from which we recognise

d∑

i=1

L∑

↼=0

∑

ϑ,▷↑◁i;ϱTCDE

ωϑ ω▷

s(τ)s(η) |PA(≃v, τ⇐ ′ ≃v, η⇐→)|Sig(1)ϑ

0,s↔Sig(1̃)▷

0,t↔ = #CDE(s⇓, t⇓)

If we define, omitting the dependence on 1, 1̃,

#i;↼
j;↼↔(s, t) :=

∑

ϑ,▷↑◁i;ϱTCDE
j;ϱ↔

ωϑ ω▷

s(τ)s(η) |PA(≃v, τ⇐ ′ ≃v, η⇐→)|Ŝig(1)ϑ

0,s
Ŝig(1̃)▷

0,t (D.29)

#CDE
j;↼↔ (s, t) :=

d∑

i=1

L∑

↼=0
#i;↼

j;↼↔(s, t) (D.30)

Ki;↼(s, t) :=
∑

ϑ,▷↑T
CDE
i;ϱ

ωϑ ω▷

s(τ)s(η) |PA(≃τ, η⇐)|Ŝig(1)ϑ

0,s
Ŝig(1̃)▷

0,t (D.31)

and
K̇i;↼(s, t) :=

∑

ϑ,▷↑T
CDE
i;ϱ

ω̇ϑ ω̇▷

s(τ)s(η) |PA(≃τ, η⇐)|Ŝig(1)ϑ

0,s
Ŝig(1̃)▷

0,t (D.32)

we obtain from the previous computations that for ϱ⇓ > 0 it holds

d∑

i=1

L∑

↼=0
#i;↼

j;↼↔(s, t) = Kj;↼↔(s, t) + K̇j;↼↔(s, t) ·


d∑

i=1

L∑

↼=0
#i;↼

j;↼↔⇐1(s, t)


i.e.
#CDE

j;↼↔ (s, t) = Kj;↼↔(s, t) + K̇j;↼↔(s, t) · #CDE
j;↼↔⇐1(s, t) (D.33)

and for ϱ⇓ = 0
Kj;0(s, t) = KCDE(s, t), (D.34)

#CDE
j;0 (s, t) = KCDE(s, t) + #CDE(s, t) (D.35)

To conclude note how

#CDE(s, t) =
d∑

j=1

∫
s

0

∫
t

0

d∑

i=1

L∑

↼=0
#i;↼

j;L(s⇓, t⇓) d1j

s↔d1̃j

t↔ (D.36)
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so that
#CDE(s, t) =

d∑

j=1

∫
s

0

∫
t

0
#CDE

j;L (s⇓, t⇓) d1j

s↔d1̃j

t↔ . (D.37)

and how, from the proof of theorem D.12 one has

Ki;↼+1(s, t) = K1,1̃

i;↼+1(s, t), K̇i;↼+1(s, t) = K̇1,1̃

i;↼+1(s, t).



Appendix E

Scaling Limits of Training
Dynamics

An obvious question motivates this chapter: can the tools developed in the main body of
this work be used to analyse the training dynamics of neural networks under Stochastic
Gradient Descent (SGD) in the feature-learning (non-kernel) regime? This regime is
substantially richer than the Neural Tangent Kernel (NTK) setting, where training is
described by a fixed kernel obtained by linearising the network around its initialization
and representation learning is e"ectively suppressed [132]. To date, a satisfactory
theory exists primarily in the linear case—where a network reduces to a composition
of linear maps—as developed by Chizat et al. [13].

In this chapter we show how the constructions and results of Chizat et al. [13]
emerge naturally from our framework. Our focus will be on interpreting their objects
within our graphical formalism and clarifying the correspondences between the two
viewpoints; for complete proofs we refer the reader back to Chizat et al. [13]. For these
reasons the chapter is placed in the Appendix, serving chiefly as a guidepost, shedding
light on the underlying combinatorial structure, toward a full extension to the general,
genuinely nonlinear setting.

We conclude by presenting a new result that identifies the SGD-driven neural dy-
namics with a flow in an appropriate space of polynomials (c.f. Theorem E.4).

E.0.1 The Model

To fix notation, consider the MLP model ”L for L ̸ 1 defined as

”0(x) = W0x, ”↼+1(x) = W↼+1[ω↼+1(”↼(x))] (E.1)

183
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for matrices Wk ↓ R
Nk↔Nk+1 . If 7 = (W0, . . . , WL) is the sequence of weights we will

also write
”L(x) = ”L(x; 7) = ”(x; 7)

E.0.2 Stochastic Gradient Descent

We consider a supervised learning probelm with SGD, meaning that we fix a finite-
dimensional data space X ⇔ Y ⇓ R

N0 ⇔ R
NL of input-output pairs, a sequence of

probability measures
(↼k ↓ M(X ⇔ Y) | k ↓ N)

having uniformly bounded second moments in the first variable

sup
k

∫
|x|2d↼k(x, y),

and we update the model weights W↼ as1

W↼(k + 1) = W↼(k) + ↽↼IWϱ
Lk(7(k)) (E.2)

where 7(k) := (W0(k), . . . , WL(k)) and

Lk(7) :=
∫
L(”L(x; 7), y) d↼k(x, y) (E.3)

for some smooth loss function L : Y ⇔ Y ↗ R. Note that

dWϱ
Lk

6
[H] =

∫
d1L(’(x;6),y)[dWϱ

”(x;6)[H]] d↼k(x, y)

=
∫

≃ I1L(’(x;6),y) , dWϱ
”(x;6)[H] ⇐ d↼k(x, y)

=
∫

≃ (dWϱ
”(x;6))→[I1L(”(x; 7), y)] , H ⇐ d↼k(x, y)

= ≃
∫

(dWϱ
”(x;6))→[I1L(”(x; 7), y)] d↼k(x, y) , H ⇐

so that

IWϱ
Lk(7) =

∫
(dWϱ

”(x;6))→[ I1L(”(x; 7), y) ] d↼k(x, y) ↓ R
Nϱ↔Nϱ+1 . (E.4)

We note that dWϱ
”(x;6) : RNϱ↔Nϱ+1 ↗ R

NL+1 and I1L(”(x; 7), y) ↓ R
NL+1 .

1Here φε < 0, we write it like this for simplicity, not to keep track of the sign explicitly.
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E.1 The Linear Case
In what follows we analyze the linear case of Chizat et al. [13], taking ω↼ = id for all
ϱ. We recast their constructions in our graphical framework, which, we argue, a"ords
a clearer view of the underlying algebraic mechanisms of the dynamics.

For clarity we restrict the exposition with the depth-2 model, ”(x; 7) = W2W1W0x.

E.1.1 Graphical expansion

Naturally, the starting point is writing eq. (E.2) and eq. (E.4) in terms of operator
graphs, only then we will be able to follow the update rule. Recall how as an operator
graph our linear network ” is represented by

W1

W0

W2

!(x, ↼) =

x

so that, as an operator graph, the gradient of the loss (eq. (E.4)) becomes

W1

W2

IW0Lk
ϑ =

x

⇔1L(”(x, ◁), y)

∫ d↽k(x, y)

W2

W1x

⇀ϑ(x, y)

Id

= ∫
d↽k(x, y)

=
∫

d↽k(x, y) =:

W1

W2

x

⇔1L(”(x, ◁), y)

Id

W2

W1

↖x, ⇀ϑ↙k

Id

W2

W1

↖x, ⇀ϑ↙k

=:

where we write ≃x, ⇀6⇐k :=
∫

x ↙ ⇀6(x, y) d↼k(x, y) ↓ R
din ⇔ R

dout .
Similarly for other ϱs we obtain

W2

W1

↖x, ⇀ϑ↙k

Id

IW0Lk
ϑ =

W2

↖x, ⇀ϑ↙k

W0

IW1Lk
ϑ =

W0

Id

↖x, ⇀ϑ↙k

W1

IW2Lk
ϑ =

Observe how this operation corresponds to substituting in ”(·) the matrix with
respect to which we are di"erentiating with ≃x, ⇀6⇐k, and then transposing the graphs
attached to this edge’s in and out-vertices.
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E.1.2 Training dynamics

Let us now look at the graphical training dynamics: in terms of operator graphs the
update rules (E.2) dictate the following equalities

W
k
2

W
k
1

↖x, ⇀ϑ↙k

W
k
2

↖x, ⇀ϑ↙k

W
k
0

W
k
0

↖x, ⇀ϑ↙k

W
k
1

W
k+1
0

= W
k
0 + φ0 W

k+1
1

= W
k
1

+ φ1 W
k+1
2

= W
k
2

+ φ2

Consider then the matrix W0 after two updates, the operator graph representation
of W 2

0 is obtained as

W
1
2

W
1
1

↖x, ⇀ϑ↙1

W
2
0

= W
1
0 + φ0

W
0
2

↖x, ⇀ϑ↙0

W
0
0

W
0
1

+ 21

W
0
2

W
0
1

↖x, ⇀ϑ↙0

= W
0
0 + φ0

↖x, ⇀ϑ↙1

+ φ0

W
0
0

↖x, ⇀ϑ↙0

W
0
1

W
0
2

+ 22

where in orange we have highlighted the application of the update rule to W 1
0 and

in violet the implied one for W 1
1 and W 1

2 . Since we can expand the last term as

W
0
0

↖x, ⇀ϑ↙0

↖x, ⇀ϑ↙1

+ φ1

↖x, ⇀ϑ↙0

W
0
2

W
0
1

↖x, ⇀ϑ↙1

↖x, ⇀ϑ↙1

+ φ2
W

0
2

W
0
1

W
0
1

W
0
0

W
0
2

↖x, ⇀ϑ↙0

↖x, ⇀ϑ↙1

+ φ1φ2
W

0
1

W
0
0

W
0
0

↖x, ⇀ϑ↙0

W
0
2

W
0
2

↖x, ⇀ϑ↙0

W
0
0

W
0
1

+ 21

↖x, ⇀ϑ↙1

W
0
0

↖x, ⇀ϑ↙0

W
0
1

W
0
2

+ 22

=

we finally get to the complete expansion of W 2
0 in terms of the original W 0

i
:

W
2
0

W
0
0

↖x, ⇀ϑ↙0

W
0
2

W
0
1

↖x, ⇀ϑ↙0

=
W

0
0 + φ0

↖x, ⇀ϑ↙1

+ φ0φ1

↖x, ⇀ϑ↙0

W
0
2

W
0
1

↖x, ⇀ϑ↙1

+ φ0

↖x, ⇀ϑ↙1

+ φ0φ2
W

0
2

W
0
1

W
0
1

W
0
0

W
0
2

↖x, ⇀ϑ↙0

↖x, ⇀ϑ↙1

+ φ0φ1φ2
W

0
1

W
0
0

W
0
0

↖x, ⇀ϑ↙0

W
0
2
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The usefulness of this reduction in terms of the original matrices lies in the fact
that the distributional properties of the initial weights W 0

i
are completely understood,

which enables a systematic study of operator graphs through the tools introduced
earlier. Although this procedure can be iterated arbitrarily, it does so at the cost of
rapidly increasing combinatorial complexity. The central insight of Chizat et al. [13] is
to circumvent this di!culty by introducing a simpler system with the same asymptotic
properties—in particular, one reproducing the same bi-atomic pairings.

Let us continue the study of the training dynamics, now using our machinery to
study the asymptotic properties of these objects, starting from the first gradient step:

↖x, ⇀ϑ↙0

↖x, ⇀ϑ↙0

↖x, ⇀ϑ↙k

W
1
0

= 0 + φ0 W
1
1

= + φ1 W
1
2

= + φ22

1

1

21 0

2

0

where we have decorated edges with ϱ → W 0
↼

since we will write everything in terms
of these starting matrices. For simplicity we place ourselves in the µP case, but this
is the point where one can reason for general parametrizations as well. Under µP one
sets (↽0, ↽1, ↽2) = (N, 1, 1

N
) and (ε0, ε1, ε2) = (1, 1

∝
N

, 1
N

) so that

↖x, ⇀ϑ↙0

↖x, ⇀ϑ↙0

↖x, ⇀ϑ↙k

W
1
0

= 0 + N W
1
1

= +
W

1
2

= + 1
N

2

1

1

21
02

0

↖x, ⇀ϑ↙0

= 0 + N2

1

↖x, ⇀ϑ↙0= 1

0
+ 1

N

N2
↖x, ⇀ϑ↙k

= + 1
N

1

2
0

This rewriting is useful since both NW 0
2 and W 0

0 have variance 1 and are the
matrices adjacent to the bounded-dimensional vertices labelled by x and ⇀, think of
them as collections of a fixed size of standard multivariate Gaussians of arbitrary
dimension. Moreover the 1

N
factors in $W 1

1 and $W 1
2 will force a dot-product as we

will shortly see.

Remark. Before proceeding a quick word on the terms ≃x, ⇀6⇐k: these are random 2-
tensors, dependent on W0, W1, W2; fortunately by carefully leveraging bounds on the loss
function one can prove that the part which does not vanish asymptoticallu is actually
independent from them ( c.f. Chizat et al. [13][Step 3]). As such we will treat these
terms as deterministic in this simplified exposition.
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After the first update, all the increments we are dealing with have form

↖x, ⇀ϑ↙0

G1

G2

for ladders G1, G2 such that

N2

1

0N2
0

1
{ }G

↓
1 , G2 ↑

,,,

Let’s use our graphical tools to study the entries of these matrices in L2 sense:

The entries
of the first
matrix

N2

1

i

j

all have mean 0 since there are no atomic partitions of itself
and variance ε2

N2ε
2
1N = 1 1

N
N . We can prove that these are

actually iid N (0, 1) with method of moments.

Consider
the columns
↓ R

N

N2

1

i and consider the
scaled L2 prod-
ucts

N2

1

i

≃ ⇐, N2

1

j

=
N2

1

i j

N2

1RN

1
N

1
N =: G

We evince that E[WG] = ϖi,j since partitions exist i" i = j, in which case only one
exists and for it WGω

= 1
N

ε2
N2ε

2
1N2 = 1

N
1 1

N
N2 = 1. Since this is also the only atomic

partition we have that

Var(WG) = |{ϑ bi-atomic for G}| · 1
N2 ε4

2N
ε4

1 · N3 J 1
N4 · N3 = 1

N
↗ 0

In fact all bi-atomic partitions result in
WGω

= 1
N2 ε4

N2ε
4
1

i j

N
3

We have just proved that the columns of (W 0
1 )→(NW 0

2 )→ are orthonormal in a limit-
ing L2 sense. In this way we can prove that all the matrices corresponding to the ladders
above have iid standard Gaussian entries, and that their columns are orthonormal in
this limiting L2 sense.
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We are now ready to compute the full network after 1 gradient step, one matrix
multiplication at the time. Recall first the expansions of W 1

0 and W 1
1

W
1
0

= =
↖x, ⇀ϑ↙0

0 + N 2

1

↖x, ⇀ϑ↙01

0
+ 1

N

N 2

W
1
1

so that (where we have highlighted the components we are about to consider in
more detail) their composition is

W
1
0

W
1
1

0

1

↖x, ⇀ϑ↙0

N2

1

1

↖x, ⇀ϑ↙0

0

1
N

N2

0

↖x, ⇀ϑ↙0

0

N2

↖x, ⇀ϑ↙0

N2

1
1
N

= + + +

From our study above we know that

0

0

0

N2

1
1
N

1
NR

din↓din ⊥ L2
↘↘↗ Iddin

R
din↓dout ⊥ L2

↘↘↗ 0

hence we can conclude that W 1
1 W 1

0 behaves, at the limit, just as

W
1
0

W
1
1

0

1

↖x, ⇀ϑ↙0

N2

1

1

↖x, ⇀ϑ↙0

N2
ℜ + +
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In the same vein, since

↖x, ⇀ϑ↙k

W
1
2

= + 1
N

1

2
0

we obtain

W
1
0

W
1
1

0

1

↖x, ⇀ϑ↙0

N2

1

1

↖x, ⇀ϑ↙0

N2ℜ + +

W
1
2 2

2

2

↖x, ⇀ϑ↙k
+

0

1

↖x, ⇀ϑ↙0

N2

1

1

↖x, ⇀ϑ↙0

N2ℜ + + ↖x, ⇀ϑ↙k
+1

N

N2

N2

1
N 1

N

N2

ℜ ↖x, ⇀ϑ↙k3

Note how W 0
2 W 0

1 W 0
0

L
2

↘↗ 0, and how we are able to compose the limiting operations
as the presence of deterministic matrices rules out the possibility of new,un-accounted
for, non-vanishing pairings. Bounding the loss function we can prove that ≃x, ⇀⇐0

converges in L2 to a deterministic quantity (what Chizat et al. [13] call ⇀→

0,ϑ
in (2.10))

x , ⇀6

0
↓ R

dout ↔ din

Using this we can write (in orange the corresponding objects in Chizat et al. [13])

W
1
0

= W
1
1

=
↖x, ⇀ϑ↙0

0 + N2

1

↖x, ⇀ϑ↙01

0
+ 1

N

N2
↖x, ⇀ϑ↙k

= + 1
N

1

2
0

W
1
2

ℜ
ℜ

0 + N2

1

1

0

+ 1
N ℜ + 1

N2

x , ξ◁

0
x , ξ◁

0

N2
x , ξ◁

0

1

0

A

$

U∝(1) ⇐ U∝(0)

$

$̃

G

W ∝(1) ⇐ W ∝(0) V ∝(1) ⇐ V ∝(0)

B

$̃

Remark. The entries of these matrices behave, in the limit, as Z→

1 MZ2 for standard
Gaussians Z1, Z2 and deterministic matrices M .
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With the first gradient step under our belt, let’s consider the successive stages:

W
2
0 ℜ

↖x, ⇀ϑ↙0

+ + NW
1
2

W
1
1

x , ξ◁

1

W
1
0

NW
1
2

W
1
1

W
1
0=

so that, since we already know that

W
1
0

ℜ
W

1
1

ℜ ℜ
W

1
20 + N2

1

1

0

+ 1
N + 1

N2

x , ξ◁

0

x , ξ◁

0

N2
x , ξ◁

0

1

0

we obtain

W
2
0

= 0 + +

1

1

0
+ 1

0

+ N2

1

x , ξ◁

1

+ N2

1

x , ξ◁

0

x , ξ◁

0

N2

0

N2
1
N

x , ξ◁

1
x , ξ◁

0

x , ξ◁

1
x , ξ◁

0

x , ξ◁

1

x , ξ◁

0
0

N2

1
N

Once again we see how we can write the entries in terms of deterministic matrices
multiplying operators corresponding to the matrices represented by

N2

1

1

1

N2

1

1

1

1

0

1

1

1

1

1

1

1

0

By induction one proves this happens for all layers and steps.
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In the k = 1 case the columns of the ladders above were orthonormal in the limiting
L2 sense, behaving as vectors with standard normal entries. This is not the case
anymore:

take as example
the following
term appearing
in W 2

0 :

0

1

1

Its entries have mean 0 since this graph ad-
mits no admissible pairings, but the variance
is 2 since it admits the following bi-atomic par-
titions

0

1

1

i

j

0

1

1

i

j

=⇒

i

j

⇁
2
0⇁

4
1 = 1

N2 · N
2 = 1

0

1

1

i

j

0

1

1

i

j

=⇒
i

j

⇁
2
0⇁

4
1 = 1

N2 · N
2 = 1

Still, the convergence is to a Gaussian by moments method. Note that the added
complexity arises from the terms corresponding to (W 0

1 )→(W 0
1 ), since partitions can

fold such pieces! Chizat et al. [13] control this problem by providing a decomposition
into terms which cannot fold by contruction. This is done by enforcing the indices in
the definition of product graphs to be di"erent,

Graphically we use the color green to stand for parts of graphs unable to pair to
other green pieces of themselves. Then

0 0=
0 0

=
1 1

0

1

1

0

1

1

0= +3
2
1

0

1

1

0= +

no fold

fold

1
N

N

Chizat et al. [13]
call the

N2

1

1

0

1

1

k k

and the respectively Jk and K→

k
.

These Jk and K→

k
are orthogonal, in the limit, as the only bi-atomic pairings possible

are the ones with exact copies of themselves since no self-pairing, like the folds singled
out above, is allowed. This result, which readily follows from our theory, is the subject
of Chizat et al. [13, Theorem 3.2, Proposition 3.6]
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Then, for example,

W
2
0

ℜ 0 + +

1

1

0
+ N2

1

x , ξ◁

1

+ N2

1

x , ξ◁

0

x , ξ◁

0

x , ξ◁

1

0

x , ξ◁

0

x , ξ◁

1

ℜ 0 + +

1

1

0+ N2

1

x , ξ◁

1

+ N2

1

x , ξ◁

0
x , ξ◁

0

x , ξ◁

1

0

x , ξ◁

0

x , ξ◁

1

+

0

x , ξ◁

0

x , ξ◁

1

Chizat et al. [13] write everything in terms of these orthonormal objects, which are
easy to manage and recursively handle. Note also that at every step the limiting ”
is a deterministic object, since the Jk and Kk disappear in the dot-products. More-
over as in the t = 1 case, the limiting distributions of the matrices are of the form
∑

i,j Z→

i
MijZj for Gaussian Zs and deterministic matrices M , deterministic matrices

which graphically constitute the building blocks for the limiting ”.
Finally, the last step of Chizat et al. [13] can be interpreted as that of finding fixed

linear operators

A : Rdin ↗ H1, B : H1 ↗ H2, C : H2 ↗ R
dout

between Hilbert spaces H1, H2 △ ϱ2 such that the operators

B

#

#

A

#

#

and
have the same behavior (as de-
tailed in the next section) as the
limiting L2 one of the matrices

and

N2

1

1

0

1

1

Running gradient descent with rates (↽A, ↽#, ↽B) = (1, 1
N

, 1
N

) on

8 : Rdin ↗ R
din , x ↔↗ (B ′ & ′ A)(x)

would then produce the L2-limiting training dynamics of ” as N ↗ ∃, just as in
Chizat et al. [13, Theorem 2.2 and Eq. 2.16].
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E.1.3 The L2 limit

Let us then look for such operators mimicking the limiting dynamics. Using our graph-
ical tools we have written these dynamics in terms of the matrices Jk, Kk defined as2

J2k = ((W1)→W1)kW0 ↓ R
N1↔din , J2k+1 = W1((W1)→W1)kW0 ↓ R

N2↔din

K2k = (W1(W1)→)k(W2)→ ↓ R
N2↔dout , K2k+1 = (W1)→(W1(W1)→)k(W2)→ ↓ R

N1↔dout

Proposition E.1 (Chizat et al. [13], Proposition 3.3). The matrices Jm, Km satisfy
the following equalities

1
N

≃Jk[ei], Jk↔ [ej]⇐ ℜ lim
N↘≃

1
N

≃Kk[ei], Kk↔ [ej]⇐ ℜ ϖi,jϖk,k↔ , (E.5)

1
N

≃Jk[ei], Kk↔ [ej]⇐ ℜ 0 (E.6)

and also, setting J⇐1 = 0 and K⇐1 = 0,

W1J2k ℜ J2k+1 + J2k⇐1, (W1)→J2k+1 ℜ J2k+2 + J2k (E.7)

(W1)→K2k ℜ K2k+1 + K2k⇐1, W1K2k+1 ℜ K2k+2 + K2k (E.8)

Proof. This is an immediate consequence of the definition of these objects and theo-
rem 1.17.

Direct Systems

Consider then the Hilbert Spaces

HN

1 := (Span{J2k[ei], K2k+1[ej] | k ↓ N, i, j},
1
N

≃·, ·⇐N1) (E.9)

HN

2 := (Span{J2k+1[ei], K2k[ej] | k ↓ N, i, j},
1
N

≃·, ·⇐N2) (E.10)

If we consider the maps ϑ1
n,m

: Hn

1 ↗ Hm

1 given by J2k, K2k+1 ↔↗ J2k, K2k+1 and
similarly ϑ2

n,m
: Hn

2 ↗ Hm

2 then

(Hn

1 , ϑ1
n,m

), (Hn

2 , ϑ2
n,m

)

define direct systems over N thus producing direct limits H≃

1 and H≃

2 .

Definition E.2 (Direct Limit). A directed system of vector spaces over N is the pair
of sequences ((Vn)n↑N, (fn,m)n∈m↑N) where

2Recall here din := N0 and dout = N3 are fixed dimensions, while N1 and N2 scale as ”(N), a
dependence which is hidden in the notation.
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• Each Vn is a vector space and the fn,m : Vn ↗ Vm are linear maps.
• For all n ↓ N holds fn,n = IdVn

.
• For all n ∈ k ∈ m holds fn,m = fk,m ′ fn,k.
The direct limit of the directed system ((Vn)n↑N, (fn,m)n∈m↑N) is defined as the quo-

tient space

V≃ :=



⊔

n↑N

Vn



 / ∋ (E.11)

whith the equivalence relation defined as

↖n ∈ m. ↖x ↓ Vn. x ∋ fn,m(x)

i.e. each element of the product is equivalent to all its images under the fn,m. In this
case we write fn for the quotient maps induced on each Vn.

Since the scalar products of the spaces converge pointwise their limit defines a scalar
prouct on the corresponding direct limit, leading to Hilbert Spaces

(H≃

1 , ≃·, ·⇐1) and (H≃

2 , ≃·, ·⇐2) (E.12)

Remark. Being direct limits these spaces are universal targets. This means, taking
H≃

1 as example, that for any vector space Y and linear maps ◁n : Hn

1 ↗ Y satisfying
↖n ∈ m. ◁m ′ ϑ1

n,m
= ◁n there exist a map u : H≃

1 ↗ Y such that ↖n. ◁n = u ′ ϑ1
n
.

Note that this pair of spaces is not unrelated thanks to (E.7) and (E.8), we would
like to find a "transition" map W ≃

1 : H≃

1 ↗ H≃

2 corresponding to W n

1 ”at the limit”
but we cannot apply the universality property of direct limits right away since (E.7)
and (E.8) are not equalities. Fortunately the following result proves that the space Y

has to be a target only in the limit:

Proposition E.3. Fix a direct system of Hilbert spaces (Hn, ϑn,m) with direct limit
(H≃, ϑn) and uniformly bounded ¬ϑn,m¬

op
. Given a Hilbert space Y and linear functions

◁n : Hn ↗ Y satisfying ↖n ∈ m. ¬◁m ′ ϑn,m ↘ ◁n¬
op

= on(1) uniformly in m, there
exists a map u : H≃ ↗ Y such that ↖n. ¬u ′ ϑn ↘ ◁n¬

op
= on(1).

Proof. Note how for any n ∈ m ∈ m⇓ one has

◁m↔ ′ ϑn,m↔ ↘ ◁m ′ ϑn,m = ◁m↔ ′ ϑm,m↔ ′ ϑn,m ↘ ◁m ′ ϑn,m

= (◁m↔ ′ ϑm,m↔ ↘ ◁m) ′ ϑn,m

= om(1) ′ ϑn,m = om(1)

so that for all x ↓ Hn. limm↘≃ ◁m ′ ϑn,m(x) ↓ Y is well defined by completeness of
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Hilbert spaces. Define then u : H≃ ↗ Y as

↖n.↖x ↓ Hn. u(ϑn(x)) := lim
m↘≃

◁m ′ ϑn,m(x) (E.13)

This is a well definition since

u(ϑn(x)) = lim
m↔↘≃

◁m↔ ′ ϑ1
n,m↔(x)

= lim
m↔↘≃

◁m↔ ′ ϑ1
m,m↔ ′ ϑ1

n,m
(x)

= lim
m↔↘≃

◁m↔ ′ ϑ1
m,m↔ ′ ϑ1

n,m
(x) = u(ϑm ′ ϑn,m(x))

moreover, and this concludes the proof, for all n

∥∥∥u ′ ϑ1
n

↘ ◁n

∥∥∥
op

∈ sup
m↖n

∥∥∥◁m ′ ϑ1
n,m

↘ ◁n

∥∥∥
op

= on(1) (E.14)

Considering diagram E.1 and theorem E.3 we obtain the maps W ≃

1 : H≃

1 ↗ H≃

2

and (W ≃

1 )→ : H≃

2 ↗ H≃

1 relating the two spaces.

Hn

1 Hn

2

H≃

1 H≃

2

Hm

1 Hm

2

W
n

1

ε
1
n

ε
1
n,m

ε
2
n

ε
2
n,m

W
∝
1

ε
1
m

W
m

1

ε
2
m

Figure E.1: The "approximatively commutative" diagram defining W ≃

1 .

If we define J≃

2k
:= ϑ1

n
(J2k) and similarly for the other basis elements we see that

these are orthonormal basis elements and

W ≃

1 J≃

2k
= J≃

2k+1 + J≃

2k⇐1, (W ≃

1 )→J≃

2k+1 = J≃

2k+2 + J≃

2k
(E.15)

(W ≃

1 )→K≃

2k
= K≃

2k+1 + K≃

2k⇐1, W ≃

1 K≃

2k+1 = K≃

2k+2 + K≃

2k
(E.16)

Similarly we are able to define the maps in diagram E.2 and we see how

W ≃

0 = J≃

0 , W ≃

2 = (K≃

0 )→ (E.17)
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R
din Hn

1 Hn

2 R
dout

R
din H≃

1 H≃

2 R
dout

W
n

0

Id

W
n

1

ε
1
n

(W n

1 )↓

nW
n

2

ε
2
n

Id

W
∝
0

W
∝
1

(W ∝
1 )↓

W
∝
2

Figure E.2: The limiting diagram for our directed systems.

Explicit limiting spaces

Working with these direct limits is not practical, therefore we look for representations
of these spaces in more practical terms. In particular it would useful to have isometric
embeddings 91, 92 of these spaces into some L2 spaces H1,H2.

We show that this is possible in the linear case, where the isometric embedding is
in a space of polynomials.

Theorem E.4. Consider independent random variables

Z ∋ N (0, Iddin
), Z̃ ∋ N (0, Iddout

)

and let ↼(z, z̃) be the density of (Z, Z̃) on R
din+dout. Let H1 = H2 be the closure of

Span{


Wn(x)Zi

0



 ,



 0
Un(x)Z̃j



 , | n ↓ N, i ↓ [din], j ↓ [dout]} (E.18)

in the space L2([↘1, 1] ⇔ R
din+dout ; µW ↙ ↼) K L2([↘1, 1] ⇔ R

din+dout ; µW ↙ ↼) for

Wn(x) :=
sin

(
(n + 1

2) arccos (x)
)

sin
(

1
2 arccos (x)

) , Un(x) := sin ((n + 1) arccos (x))
sin (arccos (x)) (E.19)

and dµW (x) := 1
0

√
1⇐x

1+x
dx and dµU(x) := 2

0

√
(1 ↘ x)(1 + x)dx.

Then the maps 91, 92 defined on basis elements by

91J2n[ei] :=


Wn(x)zi

0



 , 91K2n+1[ej] :=


 0
Un(x)z̃j



 (E.20)

92J2n+1[ei] :=


 0
Un(x)zi



 , 92K2n[ej] :=


Wn(x)z̃j

0



 (E.21)

define isometric embeddings.
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Proof. Start noting how from (E.15) we obtain

(W ≃

1 )→W ≃

1 J≃

2k
= (W ≃

1 )→[J≃

2k+1 + J≃

2k⇐1]

= J≃

2k+2 + (2 ↘ ϖk,0)J≃

2k
+ J≃

2k⇐2

so that setting !1 := (W ≃

1 )→W ≃

1

J≃

2 = (!1 ↘ 1)J≃

0 , J≃

2(k+1) = (!1 ↘ 2)J≃

2k
↘ J≃

2(k⇐1) (E.22)

Similarly

J≃

3 = (!→

1 ↘ 2)J≃

1 , J≃

2(k+1)+1 = (!→

1 ↘ 2)J≃

2k+1 ↘ J≃

2(k⇐1)+1 (E.23)

K≃

2 = (!→

1 ↘ 1)K≃

0 , K≃

2(k+1) = (!→

1 ↘ 2)K≃

2k
↘ K≃

2(k⇐1) (E.24)

K≃

3 = (!1 ↘ 2)K≃

1 , K≃

2(k+1)+1 = (!1 ↘ 2)K≃

2k+1 ↘ K≃

2(k⇐1)+1 (E.25)

Consider (J2k | k ↓ N). To find the images 91J2k[ei] we look for a space of orthogonal
polynomials (Pk | k ↓ N) satisfying the recurrence relation

P1(x) = (!̃1 ↘ 1)P0(x), Pk+1(x) = (!̃1 ↘ 2)Pk(x) ↘ Pk⇐1(x)

for the operator !̃1 := 91!19
⇐1
1 . These properties are satisfied by the Chebyshev Poly-

nomials of the fourth kind [82], also known as airfoil polynomials [110], defined by

Wn(x) :=
sin

(
(n + 1

2) arccos (x)
)

sin
(

1
2 arccos (x)

) (E.26)

with the choice !̃1p(x) := 2(x + 1)p(x) given that

W0(x) = 1, W1(x) = 2x + 1 = 2(x + 1) ↘ 1, (E.27)

Wk+1(x) = 2xWk(x) ↘ Wk⇐1(x) = (2(x + 1) ↘ 2)Wk(x) ↘ Wk⇐1(x). (E.28)

Since ∫ 1

⇐1
Wn(x)Wm(x) 1

0

√
1 ↘ x

1 + x
dx = ϖn,m

the polynomials we look for can be defined as

Pn(x) := Wn(x) (E.29)

orthonormal under dµW (x) := 1
0

√
1⇐x

1+x
dx on [↘1, 1].

Similarly for (J2k+1 | k ↓ N) we look for a space of orthogonal polynomials (Qk | k ↓
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N) satisfying the recurrence relation

Q1(x) = (!̃→

1 ↘ 2)Q0(x), Qk+1(x) = (!̃→

1 ↘ 2)Qk(x) ↘ Qk⇐1(x).

Chebyshev Polynomials of the second kind defined by

Un(x) := sin ((n + 1) arccos (x))
sin (arccos (x)) (E.30)

fit the bill with the choice !̃→

1 p(x) := 2(x + 1)p(x) given that

U0(x) = 1, U1(x) = 2x = 2(x + 1) ↘ 2, (E.31)

Uk+1(x) = 2xUk(x) ↘ Uk⇐1(x) = (2(x + 1) ↘ 2)Uk(x) ↘ Uk⇐1(x) (E.32)

Since ∫ 1

⇐1
Un(x)Um(x) 2

0

√
(1 ↘ x)(1 + x)dx = ϖn,m

the polynomials we look for can be defined as

Qn(x) := Un(x) (E.33)

orthonormal under dµU(x) := 2
0

√
(1 ↘ x)(1 + x)dx on [↘1, 1].

Consider defining the spaces H1 and H2 by

91J2n[ei] := Wn(x), 91K2n+1[ej] := Un(x) (E.34)

92J2n+1[ei] := Un(x), 92K2n[ej] := Wn(x). (E.35)

Doing so would satisfy the images of eqs. (E.15) and (E.16) hold in these polynomial
spaces. In fact these two families of polynomials are related by the following equalities
[110]:

Wn(x) = Un(x) + Un⇐1(x) (E.36)

2(x + 1)Un(x) = Wn+1(x) + Wn(x). (E.37)

This implies, using eq. (E.15), both

92W
≃

1 9⇐1
1 : Wn(x) ↗ Wn(x) = Un(x) + Un⇐1(x)

and also

91(W ≃

1 )→9⇐1
2 = (92W

≃

1 9⇐1
1 )→ : Un(x) ↔↗ 2(x + 1)Un(x) = Wn+1(x) + Wn(x),
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this last one since

≃(92W
≃

1 9⇐1
1 )Wn, Um⇐µU

= ≃Wn, Um⇐µU

= ≃Un + Un⇐1, Um⇐µU

= ϖn,m + ϖn⇐1,m

= ϖn,m + ϖn,m+1

= ≃Wn, Wm + Wm+1⇐µW

= ≃Wn, 2(x + 1)Um⇐µW

Completely analogous arguments hold for K using eq. (E.16).

But such a definition of H1 and H2 lacks one last crucial property: in order to prove
that 91, 92 are isometries is then left to considered the orthogonality condition

≃91J2n[ei], 91J2m[ej]⇐H1 = ϖm,nϖi,j

across di"erent choices of ei, ej.

This is why in the theorem statement we make use of independent Gaussians.
Consider in fact independent r.v.

Z ∋ N (0, Iddin
), Z̃ ∋ N (0, Iddout

)

and let ↼(z, z̃) be the density of (Z, Z̃) on R
din+dout . Define finally H1 = H2 as the

closure of

Span{


Wn(x)zi

0



 ,



 0
Un(x)z̃j



 , | n ↓ N, i ↓ [din], j ↓ [dout]} (E.38)

in the space L2([↘1, 1] ⇔R
din+dout ; µW ↙ ↼) K L2([↘1, 1] ⇔R

din+dout ; µW ↙ ↼) and define
91, 92 by

91J2n[ei] :=


Wn(x)zi

0



 , 91K2n+1[ej] :=


 0
Un(x)z̃j



 (E.39)

92J2n+1[ei] :=


 0
Un(x)zi



 , 92K2n[ej] :=


Wn(x)z̃j

0



 (E.40)

to obtain the two isomorphisms.

Proposition E.5. Under these isomorphisms

&1 := 92W
≃

1 9⇐1
1 :=



0 2(x + 1)
1 0



 = &→

1 = 91(W ≃

1 )→9⇐1
2 (E.41)



APPENDIX E. SCALING LIMITS OF TRAINING DYNAMICS 201

Proof. On one hand 92W ≃

1 9⇐1
1 :=



0 2(x + 1)
1 0



 follows from eq. (E.36) and eq. (E.37);

on the other &1 = &→

1 follows from the following chain of equalities:

≃&1



Wn

Um



 ,



Wn↔

Um↔



⇐H = ≃


2(x + 1)Um

Wn



 ,



Wn↔

Um↔



⇐H

= ≃


Wm+1 + Wm

Un + Un⇐1



 ,



Wn↔

Um↔



⇐H

= ≃Wm+1 + Wm, Wn↔⇐µW
≃Un + Un⇐1, Um↔⇐µU

= (ϖm+1,n↔ + ϖm,n↔)(ϖn,m↔ + ϖn⇐1,m↔)

= (ϖm,n↔⇐1 + ϖm,n↔)(ϖn,m↔ + ϖn,m↔+1)

= ≃Um, Un↔ + Un↔⇐1⇐µU
≃Wn, Wm↔+1 + Wm↔⇐µW

= ≃Wn, 2(x + 1)Um↔⇐µW
≃Um, Wn↔⇐µU

= ≃


Wn

Um



 , &1



Wn↔

Um↔



⇐H

Under these identifications

A := 91W
≃

0 =


1
0



 z→, B := W ≃

2 9⇐1
2 =




∑

j z̃j

0




→

R
din H≃

1 H≃

2 R
dout

R
din H1 H2 R

dout

W
∝
0

Id

W
∝
1

71

(W ∝
1 )↓

W
∝
2

72 Id

A

#1

#↓
1

B

Figure E.3: The commutative diagram between limiting spaces.
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Note how, as expected, we obtain

”≃(x) : = W ≃

2 W ≃

1 W ≃

0 x = B&1Ax

= B&1



≃z, x⇐
R

din

0



 = B



 0
≃z, x⇐

R
din





= ≃
∑

j

z̃j, 0⇐µW ∀4≃0, ≃z, x⇐
R

din ⇐µU ∀4 = 0

Moreover

&1&→

1 = &→

1 &1 =


2(x + 1) 0
0 2(x + 1)



 = 2(x + 1)IdH

An equivalent characterization

With the change of variable x ↔↗ t := x+1
2 we observe how we can equivalently define

the polynomials as
Pk(t) = 1, Pk(t) = 4t ↘ 1 (E.42)

Pk+1(t) = (4t ↘ 2)Pk(t) ↘ Pk⇐1(t) (E.43)

now satisfying
∫ 1

0
Pn(t)Pm(t) 2

0

√
1 ↘ t

t
dt = ϖn,m

thus orthonormal under dµP (t) = 2
0

√
1⇐t

t
dt which is the density of a Beta(1

2 , 3
2) distri-

bution. Analogously
Qk(t) = 1, Qk(t) = 4t ↘ 2 (E.44)

Qk+1(t) = (4t ↘ 2)Qk(t) ↘ Qk⇐1(t) (E.45)

now satisfying ∫ 1

0
Qn(t)Qm(t) 2

0

√
t(1 ↘ t)dt = ϖn,m

thus orthonormal under dµQ(t) = 2
0

√
t(1 ↘ t)dt which is the density of a Beta(3

2 , 3
2).

Finally in this case

&1 =


0 4t

1 0



 .
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E.2 The Non-Linear Case

Let us try to consider the non-linear case, as to observe the limitations of our approach.
The operator graphs now appearing in the graphical expansion of ”2 are trees of form

0

1

2

1

00 0 0

1

N2

1

00 0

= 1
N

Training dynamics follow a completely analogous pattern and we easily see how
where in the first equality the fist sum is over the trees defining the graph expansion

0

0

1

N2

1

00

x xxx

⇀

W 1
0 = W 0

0 + 20
N

∑

ϑ↑T

ως

s(ϑ)
∑ ∫

d↼0(x, y)

x

Id

0

1

N2

1

00

x xx

⇀

= W 0
0 + 20

N

∑

ϑ̃↑d0T

ω̇ς̃

s(ϑ̃)
∫

d↼0(x, y)

of the network, the second over 0-labelled edges, and where in the second equality we
highlight the sub-graph excised for the equivalent representation. Using the braket
notation to indicate integration, proceeding similarly for W 1

1 and W 1
2 , we get to

W 1
0 = W 0

0 + 20
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Note that in these representations the bracketed objects, even if disjoint, are inte-
grated jointly under the same measure.

Consider what happens when computing W 1
1 ω(W 1

0 x): in each tree we have to sub-
stitute the new matrices W 1

,
with sums over trees. For example in te case of the simple

term W 1
1 W 1

0 , under µP where (20
N

, 21
N

, ↽2) = (1, 1
N

, 1
N

) we obtain 3

W
1
0

W
1
1

= 1

0

+ ∑

ϑ↑d0T
(· · · )

0

1
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1
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↖ x ↙
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x

0
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0
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↖ ⇀ ↙

x

0

1

00

↖ x x ↙

0
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ϑ↑d0T

∑

▷↑d1T
(· · · ) 1

N

0

1
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1

00

↖ x x ↙

↖ ⇀ ↙

↖ x ↙

Id

x ↙ ↖ xx ↙↖ x

0

1

N2

1

00

↖ x x ↙x

↖ ⇀ ↙

x

0

(a)

(b)

Since the variance of (a) and (b) is of order 1
N

these objects do converge in L2 to their
expectations, mimicking what happens in the linear case. However now expectations
depend on the graphs’ topology and might not vanish, as in the case of (a).

One sees that our theory is not confined to the linear regime: it is, at least in
principle, possible to track gradient updates and obtain limiting dynamics for non-
linear networks as well. Analogues of the Js and Ks could be introduced to form
an orthonormal basis, realized as graphs with a recursive tree-like structure that do
not fold onto themselves. The challenge, however, lies in the combinatorial complexity
inherent in the non-linear case, in these recursive compositions of arbitrarily wide trees.
To move forward, we therefore posit the necessity of an algebraic description, one which
we do not yet possess. The purpose of this appendix has been precisely to lay some
preliminary groundwork: by recasting the linear case in our language, we aim to show
that the extension to non-linear dynamics, while daunting, remains approachable in
principle. It is our hope that future work will build upon these observations to fully
develop the non-linear case.

3In the last term of the sum we colored brackets in two di!erent ways to keep track of terms
integrated jointly, c.f. previous remark.
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