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Exponential stability of data-driven nonlinear MPC based on
input/output models

Lea Bold!, Irene Schimperna?, Karl Worthmann'!, Johannes Kéhler3

Abstract— We consider nonlinear model predictive con-
trol (MPC) schemes without stabilizing terminal conditions,
where the model used in the optimization step is generated
based on input-output data only. We establish exponential
stability for sufficiently long prediction horizons assuming
exponential stabilizability and a proportional error bound.
Moreover, we verify the imposed condition on the approx-
imation using kernel interpolation and demonstrate the
practical applicability to nonlinear systems by numerical
simulations.

Index Terms— Predictive control for nonlinear systems;
Data-driven control; Input-Output models; Stability analysis
of nonlinear systems

[. INTRODUCTION

Model predictive control (MPC) is nowadays a well-
established advanced control technique, where the input is
determined by solving a finite-horizon constrained optimal
control problem [1]. For the stability analysis, terminal con-
ditions are often utilized, see [2] and the references therein.
Alternatively, stability can be established using a sufficiently
long prediction horizon and some stabilizability condition
related to the stage cost [3]-[6], see [1] for an overview.
These results rely on positive-definite stage cost penalizing
the deviation from the desired set point. However, in practice,
output weighting is often preferred since state measurements
might not be available necessitating the use of input/output
models. Moreover, output weighting is closely related to
closed-loop performance. Then, the resulting stage cost is only
positive semi-definite in the system state, and the stability
analysis requires more general tools, based on detectability
conditions on the stage cost [7], [8].

MPC relies on a reliable and accurate model, which explains
the recent research interest in data-driven approaches [9]. To
this end, a plethora of modeling techniques has been employed
in MPC. For linear system, an effective method is based on
the use of Willems’ fundamental lemma [10], which allows
to directly solve the optimization problem in MPC based
on non-parametric models using input/output data only. For
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nonlinear systems, the explored approaches include Gaussian
processes [11], Koopman operator theory [12], [13], neural
networks [14], and many more. Despite the availability of
many different modeling techniques, data-driven models come
with the presence of model-plant mismatch, which may impact
the stability properties of the MPC scheme. To fill this gap, re-
cent works have derived conditions, in which data-driven MPC
preserves stability and closed-loop performance. Considering
MPC without terminal conditions, [15] shows that asymptotic
stability can be obtained in presence of proportional bounds
on the modeling error, and proposes a framework based on
Koopman operator theory to generate data-driven models sat-
isfying the required bounds. Similar results have been derived
for MPC with terminal conditions in [16], considering models
with parametric uncertainty. Finally, exponential stability of
Koopman MPC with terminal conditions has been studied
in [17], [18], where the latter also introduces a constraint-
tightening approach to guarantee robust constraint satisfaction
despite model-plant mismatch.

These existing stability results [15]-[18] rely on state-space
models and, thus, require state measurements. However, in
many practical applications, only the system outputs are mea-
surable, and, thus, MPC is designed on the base of input/output
models. The goal of this paper, is to extend the results of
asymptotic stability of MPC in presence of approximation
errors to models in input/output form. In particular, we con-
sider an MPC formulation with output-weighting stage cost,
but without terminal conditions, in which stability is studied
relying on a sufficiently long optimization horizon and a cost
detectability property [8]. We show that exponential stability
of the data-driven MPC closed loop can be achieved if the
surrogate model satisfies proportional error bounds and the
system is exponential stabilizable. Further, we show that kernel
interpolation is a suitable learning technique to provide data-
driven surrogate models satisfying our requirements. Finally,
we demonstrate our findings in numerical simulations.

The paper is organized as follows. Section II introduces
the considered control problem and the MPC algorithm.
Stability properties of the closed loop system are analyzed in
Section III. In Section IV, we show how models satisfying the
required conditions can be learned using kernel interpolation.
Finally, numerical experiments are reported in Section V and
conclusions are drawn in Section VI.

Notation: For a symmetric matrix M, A\(M) and A(M) denote
its maximum and minimum eigenvalue, resp. I, € R"*",
Onxm € R™™ denote the identity and the zero matrix,
resp. (dimensions are omitted when clear). diag denotes block
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diagonal matrices, || - || the Euclidean norm, ||z|?, := ' Qux
for a matrix () and a vector x. For integers a,b, a < b, we
abbreviate [a : b] == Z N [a,b] and z(b : a) = [x(b) T, (b —
DT, ..., 2(a)"T]T. We write +a = +a — a.

[I. PROBLEM FORMULATION AND MPC ALGORITHM

The aim of the paper is to control a nonlinear system
using a surrogate model inferred from input/output data. The
considered system is described by

y(k +1) = Fy(x(k), u(k)) (D
ek)=[yk: k—v+DT uwk—-1:k—v+1)"]T

where y(k) € RP is the system output and u(k) € U is its
control input. U C R™ is a compact set containing the origin in
its interior, and z(k) € R™ for n = vp+ (v — 1)m is a vector
consisting of inputs and outputs from the last v steps. The
parameter v € N defines how many of the past observations
are required to characterize the dynamics, and corresponds
to the lag of the system. For sake of simplicity, we assume
z(k) € Q C R™, where Q2 contains the origin in its interior
and is a positive invariant set w.r.t. system (1) under inputs
ue Ut

We assume that F, : R" xR™ — RP is Lipschitz continuous
w.rt. its first argument uniformly in wu, i.e., there exists a

Lipschitz constant L F, >0, such that
|Fy(z,u) = Fy(z',u)|| < Lp, lz —2'[  YuelU

for all z,2’ € Q. The system (1) can also be written in an
equivalent state-space form as

w(k +1) = Fx(a(k), u(k)) with @)
Fy(x,u)
Fx($7u) — [I(Vfl)pa0(1/711/)Lp><p+(y71)m]l' (3)

[O(V—Q)mxu;m I(V—Z)m7 O(V—Q)TYLXm]x

where Fy(z,u) has a Lipschitz constant Lp,. We assume
that the origin is a controlled equilibrium of system (2), i.e.
Fy(0,0) = 0 and Fx(0,0) = 0.

The MPC design is based on a data-driven surrogate model

y(k +1) = Fy(x(k), u(k)) )

with right-hand side approximation Fy of Fy, where the
superscript £ € (0,&], & > 0, stands for the approximation
accuracy and is used in the following to indicate a dependence
on the surrogate dynamics. In Section IV we introduce kernel
regression as a possible method to compute such a surrogate
model in a data-driven fashion. The surrogate system also has
an equivalent state dynamics given by FZ, analogously defined
to (3), which is also assumed to render the set ) positive
invariant to streamline the exposition.

The goal of the paper is to show that in presence of suitable
bounds on the modeling error, MPC using the surrogate
model (4) in the optimization step stabilizes the controlled

IThe case in which the invariance condition does not hold is studied in [15],
[18], in which a uniform error bound is leveraged to tighten the constraints
and, then, to determine a set in which stability holds.

system (1). The MPC is designed considering the quadratic
input/output stage cost £ :RP x R™ — R>q given by

Uy, u) = [yl + llull%, (5)

where Q € RP*P and R € R™*™ are symmetric positive-
definite weighting matrices. The MPC cost function J%; : €2 x
Uy - R>¢ is given by

N-1
Ji@w) =3 gk +12),u(k) (62)
r,(0;2) = 2 (6b)
2 (k+1;2) = FE (a5, (k; @), u(k)), k€ 0: N — 1] (60)
yﬁ(k,i) = [Ipaopxm—p)]xi(k;ﬁ)vk € [0 : N] (6d)

Finally, the MPC algorithm is reported in Algorithm 1.

Algorithm 1 Data-driven nonlinear MPC

Input: Horizon N € N, surrogate F, stage cost /,
input constraints U

Initialization: Set k = 0, and initialize the state as
z=1y(0: fl/)T,u(fl : —Z/)T]T

(1) If k > 0, measure output y(k) and set
d=zk)=yk:k—v+1D) T uk—-1:k—v+1)7]T"
(2) Solve the optimal control problem

Vi (2) =min J°(&,u)

s.t.  (6b)-(6¢)-(6d) (OCP)
= {u(@)}g c U
to obtain optimal control sequence u* = {u* (i)} ;!

(3) Apply the MPC feedback law u5 (%) = u*(0) to the
plant to generate the closed loop

y(k +1) = Fy(2(k), py (x(k))),

increment k = k + 1, and go to Step (1).

For the closed-loop analysis, we also introduce the nominal
cost function Jpy, and the nominal (optimal) value func-
tion Vy, that are defined analogously to J§; and V5, but using
the actual system dynamics FY instead of the surrogate Fy
in (6¢). In case we have a linear surrogate model F3, (OCP)
is a computationally efficient convex optimization problem,
assuming also U is convex. In general, we consider a nonlinear
true dynamics Fy and hence a nonlinear surrogate dynamics
FZ and hence (OCP) is a nonlinear program, as standard in
nonlinear MPC [2].

[1l. STABILITY ANALYSIS
Our goal is to prove exponential stability of the data-driven
MPC closed-loop system. To this end, we require the following
properties of the model F¢, see, e.g., [19].
Assumption 1: For every € € (0,&], € > 0, let the surrogate
model (4) satisfy
1) proportional error bounds

1Ey (2, u) = Fy (2, w)|| < Gllzl + cgllull (D



for all z € Q, v € U with parameters cand ¢, satisfying
lim. o max{cZ,c5} = 0.

2) uniform Lipschitz continuity in the first argument on (2,
i.e., there exists L > 0 such that, for every € € (0,2,
there is a Lipschitz constant Lp: with Lge < L
satisfying, for all z, 2’ € Q, u € U,

|Fg(,w) = F (' u)]| < Ligllz — o) 8)
Assumption 1 can be rigorously verified for, e.g., kernel-based
surrogate models as shown in Section IV.

To derive the stability results, it is important to notice that
the considered stage cost (5) only penalizes the system output,
and is therefore only positive semi-definite in the state x.
Hence, the standard stability results for positive definite stage
cost, cf. [1], cannot be applied directly. Instead, the stability
proof relies on cost detectability [3], [8]. In view of the
NARX structure of the system (1) and model (4), the following
result, which is a straightforward adaptation of [8, Remark 3],
establishes this detectability condition.

Proposition 1: (Cost detectability)
For weighting matrix P = diag(Q, . ..

LQ,R,...,2R), the

quadratic storage function W (x) = ||z||% is given by
v—1 v—1

Wa(t) = 5yt = k)G + D = ult — k)%
k=0 k=1

€))

For any z € Q,u € U, 27 = Fy(x,u) and y* = Fy(z,u),
the following inequality holds:

W) < LA W) + (). (10)
This proposition verifies cyost detectability with the storage
function W. In particular, recursive application of (10) ensures
that bounded cumulative costs ensure convergence of the state
to zero. This connection will be crucial in the theoretical
analysis to establish stability of the MPC scheme, which
minimizes the input-output cost /. Note that Proposition 1
holds for any system in NARX form of (1) including the
surrogate models Fy, F.

Since the MPC algorithm does not include terminal condi-
tions, the stability proof utilizes the following cost controlla-
bility condition adapted from [8, Assumption 2].

Assumption 2 (Cost controllability): System (1) is cost
controllable with stage cost (5) on the set (2, i.e., there exists a
monotonically increasing bounded sequence (By)nen, such
that, for every & € 2 and every N € N, there exists a control
sequence u € UV satisfying the growth bound

Vn(#) < Jn(&,u) < By||2]. (1)
Cost controllability with a quadratic cost ¢ means that the
system can be exponentially stabilized to the origin. Compared
to the positive-definite-cost case [1], we cannot have only the
stage cost ¢ on the right hand side, see [8] for an in-depth
discussion.

In the following, we show that, if the system under control is
cost controllable, then the same property is preserved by the
surrogate model, and vice versa. This proposition follows a
similar reasoning like [15, Proposition 1]. However, since the
stage cost is only semi-definite, it cannot be used to bound

the state prediction error, and the cost detectability function
W has to be used instead.

Proposition 2: Let Assumptions 1 and 2 hold. Then, for
given N, the growth bound (11) is satisfied for the sur-
rogate model (4) on Q for all N € [1 : N] uniformly
in ¢, i.e., there exists a monotonically increasing sequence
(B¥)Nep:n)» parametrized in e, such that, for each pair
(#, N) € Q x [1: N], there exists u € UV satisfying

V(@) < J§(2,u) < By [l2]*. (12)

Moreover, lim.\ 0By = By for all N € [1 : N|. The
statement holds also upon switching the roles of Iy and F;,
i.e., if the growth bound condition (11) holds for the surrogate
model Fy, then its counterpart (12) holds for the original
system dynamics Fy for all N € [1: N].

Proof:  Since the proof follows similar steps as [15,
Prop. 1], we only provide a sketch and refer to the extended
arXiv version, see arxiv.org/abs/2603.16808, of our
paper for a detailed proof. We leverage standard norm in-
equalities, the growth condition (11) and the proportional error
bound (7) to bound the difference between J%(Z,u) and
Jn(Z,u). The main technical extension relies on the storage
function W from Proposition 1, which is applied iteratively
to derive bounds on the state ||zy (k)| k € {0,..., N — 1},
and enables us to deduce an explicit formula for B%; in (12),
where BS; —+ By as € — 0. u

Since the considered stage cost is positive semi definite, the
stability proof needs to consider

Yo =Ve+ W (13)

as candidate Lyapunov function and cannot rely on the optimal
value function V5 only, see [3]. Consequentely, [15, Thm.1]
cannot be applied directly. Hence, we first state the following
theorem as an auxiliary result, which is a direct adaptation of
[8, Thm. 3] to our setting. Theorem 1 establishes a relaxed
Lyapunov inequality for the surrogate model Fj assuming
that a condition on the interplay of prediction horizon N
and approximation accuracy holds. The verifyability of that
condition will be the key challenge in showing our main result,
i.e., Theorem 2.

Theorem 1: Let the growth bound (12) hold for the (OCP)
using the surrogate model F;. Further, let the prediction
horizon satisfy the inequality

log(7°) — log()

MR ) oG Y

with 7° = %, n = Y=L Then, there exists ay > 0
such that for all x € Q and Y} given by (13)

W(z) <Yx(z) < (v + W (), (15a)

Vi (FE(e,w) < V(@) - S5 - W(2).  (15b)

Condition (14) holds for sufficiently lljarge horizon N and
implies ay > 0. Then, inequalities (15) ensure that Y3 () is
a Lyapunov function. Therein, ay € (0, 1] is a suboptimality
index that bounds the closed-loop performance compared
the infinite-horizon optimal controller, cf. [§, Thm. 1]. One
can show that o approaches one as the prediction horizon



N approaches infinity, i.e., can essentially recover the best
possible performance using MPC.

In the following theorem we derive the main result of the
paper, i.e., exponential stability of the data-driven MPC closed
loop. To do so, we rely on the error bounds of Assumption 1
to show that Y is also a Lyapunov function for the system (2)
under the control law ;1% provided that ¢ is sufficiently small.

Theorem 2: Let the assumptions of Proposition 2 and of
Theorem 1 hold. Then, there exists €9 € (0, | such that the
MPC controller of Algorithm 1 ensures exponential stability
of the origin for all 2(0) € Q and for all £ € (0,¢¢).

Proof: In Theorem 1, we have shown the relaxed
Lyapunov inequality
N N an N
Yy (FL(2,u) = YN(2) < —— - W(2) (16)
v

for the surrogate model F.
dynamics F, we have that

() £
Loy

Considering the real system

Yy (Fy(2 YR (FL (2, iy (2)))

)

+Va( z( N(@)) = VR (FL(@, piy (2))) (A7)
AW(E (2, iy (2))) = WL (2, piy (2)))- - (18)

Next, we exploit the proportional bounds of Assumption 1 to
derive bounds for (17) and (18). While the term in (17) is
analogous to what is obtained in the proof of [15, Thm. 1],
the term in (18) is due to the considered input-output setting.
To this end, we recall that FS(Z, u5 () = x5-(1; &), where
u* is the optimal solution of (OCP) with initial state 33, and
we denote the real successor state of the system by z7 :=
Fo(2, 15 (%)) uf = (uf(i)) N5, represents the solution of the
MPC optimization problem initialized with Z := 2. (1; 1),
which is never computed in the practice but needed to define
VR (FL (@, 15y (2))). w5 (537) = [L0(n—p)xplags (4:27)
and y°, (i;2%) = [1,00—p)xplyS (i;27) for all i € [0 : N].
Then, optimality of MPC yields

Vi (B, ui())) = Vi (B (@, 1y (2)) (19)
=V5 (et)<JS (zh,ut)

N-1

<3 (P i+ Lia®) () — s i+ 131, (0) )
=0

Consider now the i-th term of this summation

Oy (i 4 L), uf (0) — L(ygs (i + 1,27, ub(4))
=g i+ Lz )G — llvg: i+ L,2)5
< QIyee (i + Liz™) —yga (i + ;27|
yge (G4 L) +y5: (i + 1E%) Tyle (i 4+ 1;27)|
<2/|Qyge (i + ;27 [Mlyge 0 4+ 1;57) — ygu (i + L)
+ QI (i + 1;2%) — ygu (i + L), (20)

where we have used ||a||%; — [|b]|2; = (a +b)T M(a —b) <
[M][l|a = bll[|a + bl].
In the following, we derive upper bounds for the terms

s, (i+1;2%) =4S, (4 1;27)| and [Jys, (i +1;Z7)]|. First,

we consider the term ||y, (i + 1;27) — 35, (i 4+ 1;27)||, and
we leverage (7) and (8) of Assumption 1 to infer

lyge (i +1527) —y5u (i 4 L;27) |

< lafe i+ LaET) —af (i + L)
< Ll (0;87) — 25, (02|
< LGl + G llus @)D

Second, we consider the term ||y, (i+1; Z7)||. For the growth
bound of F; derived in Proposition 2 and for the relaxed
Lyapunov inequality (16), we have that

N-1
i @) = 3 s (4 1) ()
< Vi(#) < Byllz]*.
Since, we have the inequality ¢(y,(i + 1;37),u(i)) >
lye: (i+1; 7)) foralli € [0: N— 1] we also have ||y¢, (i+

1; x+)||Q < B}f\,||:c||2 By exploiting standard inequalities of
weighted squared norms and taking the square root, we have

lys: (i + 1;27)|| < é||z[], where ¢ == /B%/A(Q). Then,

substituting these inequalities in (20), we get
ySe i+ L), uf (i) — £(yS: (i + 1; i), uf(0))
< 2lQleLFE (cSlizP +  cillzllluk (@) )
x —,_/
<zeg (12]12+llpg (@)112)

2 QULEEY ()22 + (22l (@)]12). @D

The terms in (18) can be studied with a similar reasoning by
noting that

Vi (F (2,

W(E(Z, py (2))) = W(FL(Z, piy (2)))
=W([Fy (2, piy (@) T, (I1,012) T, iy (@) T, ([0, 1,002) T]T)
= W(EFS (&, iy (@) T ([1,0]2) T, wiy () 7, ([0,1,002) '] T)
=|1Fy (@, uy (@)g - HFE( i ()15

=5 (052113 — 1 (053113
1
<2NQUEAEIIEIP + 55 (13112 + 15y (B)]2)
+20QI ()21 + (52l (@),

where the last bound is obtained applying the same reasoning
we used for (20) considering ¢ + 1 = 0.
Substituting this back in (17), (18) and (19), we obtain

Yy (F(&, piy (2)))
o1 R R e a
< YR(@) = —anW(@) + Call2]” + Cullpn (2)]1%,

where C; := 2IIQH Yiso (5Liw (¢ + 5¢3) + (Liec5)?) and

Cy:= 2||Q|| Zz 0 (CL}E 5Co+ (L}?Ec )?). The values of C,
and C, can be made arbltrarlly small with sufficiently small
proportionality constants c;, and c;,. Moreover, in view of the
results of Proposition 2, we have that ||u5,(2)[% < Vg(2) <
B[22, which implies that [|u5,(2)]| < \/Bi/AUR)|I2].
Then, there exists a sufficiently small gq such that ¢, c;, are
sufficiently small to ensure the inequality

1 . . c 1
—= axW (@) + Call#l]* + Cull iy (DI* < —-aWW (@)



for & € (0,an) and for all € € (0,&¢). This completes the
proof and, thus, shows exponential stability of the MPC closed
loop based on the surrogate model (4). ]

The proof of Theorem 2 shows that for any desired sub-
optimality index @& € (0, ay), there exist a sufficiently small
€p such that the data-driven MPC closed-loop converges with
the corresponding rate. In particular, the convergence rate of
the data-driven MPC approaches the convergence rate of the
MPC with an exact prediction model as the approximation
error tends to zero.

V. KERNEL INTERPOLATION: DATA-DRIVEN MODELS

In the following, we show how we can learn a function FyE
satisfying Assumption 1 from input-output data using kernel
interpolation [20].

Specifically, we have a data set X consisting of & =
(wiyu;) € AxU =: Qe CR™ ™ and y; = Fy(&), 1 € [1: D).
Since we can identify each component independently, we focus
on estimating Fy for a scalar output (p = 1) to simplify the
exposition. We denote the fill distance of this data by

hy = sup min ||(z, w) — (s, ui)||-

(z,u)eQxU (zi,ui)EX
Suppose that this data set contains the origin, i.e., 0 € X'. Let
k: Q¢ x Q¢ = R>o be a symmetric, strictly positive kernel
with corresponding reproducing kernel Hilbert space (RKHS)
denoted by M. Furthermore, suppose that F, € H. Kernel
interpolation yields the unique function that interpolates the
data with the minimal RKHS norm, which is given by

FE(€) =ka (&) TKR'Y, (22)

with kx : Q¢ = RP, ky(€) = (k(&,&))2 ,, kernel matrix
Kx = (k(& &)= € RP*P and YV = (y;)2, € RP.
Kernel interpolation enjoys the following error bound (cf. [21,
Sec. 14.1))

[F5 (&) = Fy ()] < PO || Fy |l

with the power function P : ¢ — R>,

P(&) = k(€. &) — kae (&) T K3 kae(€).

Suppose the RKHS is norm equivalent to the Sobolev space of
order s, e.g., by choosing a corresponding Matern or Wendland
kernel k of sufficient smoothness. Then, according to [22,
Thm. 5.4], the power function satisfies

P(€) < OnSy "M ¢

VEEQ  (23)

for some constant C' > 0, where we use the fact that 0 € X,
i.e., the origin is contained in the data set. By setting s >
14 (n+m)/2, we satisfy the proportional error bounds with
¢ given by the fill distance hy. Furthermore, if kernel k is
twice continuous differentiable with a bounded Hessian, then
both functions F;, F, € H are also Lipschitz continuous [23].

In conclusion, Assumption 1 holds by using kernel interpo-
lation if: (i) the data has a small enough fill distance hy — 0,
(ii) the equilibrium at the origin is contained in the data set,
and (iii) the unknown function F}, lies in the RKHS H with a
suitably chosen kernel k.

10—2 ]
10—3 ]
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10—6 ]
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10—10_

D = 2500

Error

0 10 20 30 40 50
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Fig. 1. Output errors ||h1 (k) — h1|| of the data-driven MPC and the
nominal MPC closed-loops for k € [0 : 50], where the models are
obtained with D € {100, 500, 2500} data points.

V. NUMERICAL EXAMPLE

The exponential stability of the data-driven MPC is illus-
trated in a two-tank example [24] described by

hi=ci2vhas—h1 + CQ\/E

hy = Ailu —c12vVhs — 1
with constants A; = 0.001, ¢;,2 = 0.0254, c; = 0.0261. The
system (24) is integrated by using the classical fourth-order
Runge—Kutta method (RK4) using a sampling time At = 10s.
The output of the system is given by y = hq, and the control
objective is to steer the system to the equilibrium point h =
(0.0438,0.09) T, @ = 5.461 - 1075, while respecting the input
constraint u € U := [3.16 - 1076,4.76 - 1075].

The MPC algorithm is based on a surrogate model obtained
via kernel interpolation, using the Wendland kernel function
k(z,2') = ¢(|lz — 2'[|), with ¢(r) == 55(1 — r)*(5r + 1) for
r € [0,1] and O otherwise. The lag of the system is v = 2,
leading to a model with a state # € 2 C R3. We consider
the domain = [0,0.5]2 x U. To ensure proportional error
bounds, the first data point is in the reference equilibrium, i.e.
21 = [h1,h1,4), u; = @ and y; = hy. For the simulations,
we consider datasets with D € {100,500, 2500} data points.
In order to obtain models with an equilibrium point in the
origin, the input and output data are shifted with respect to
their reference and rescaled before the model identification.

For MPC, we consider a prediction horizon N = 20 as well
as weights Q = 1 and R = 107!, As comparison strategy, we
consider the nominal MPC which uses the exact model (24)
for prediction. The nominal MPC is implemented with the
same cost function and prediction horizon of the data-driven
MPC.

The simulation results are reported in Figs. 1 and 2. Fig. 1
illustrates the tracking errors ||hi(k) — hy| of the data-
driven MPC closed-loop, comparing the models computed
with different numbers of data points, and of the nominal
MPC closed-loop. It can be observed that the convergence
rate is faster with a larger dataset, even if it does not reach
the convergence speed of the closed-loop obtained with perfect

(24)
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Fig. 2. Optimal value function V5, and Lyapunov function Y, (bottom)
for horizon N = 20 and where the models are obtained with D &
{100, 500, 2500} data points.

system knowledge. Moreover, Fig. 2 shows the corresponding
trajectories of the optimal value function V5 and the Lyapunov
function candidate Y. It is evident that Vg fails to serve
as a Lyapunov function for any of the surrogate models.
When considering Yy, we observe similar non-monotonic
behaviour for D = 100 as seen with the optimal value
function, however, with an increasing number of data points,
i.e., D € {500,2500}, Y5 is monotonically decreasing. This
verifies the findings of Theorem 2, indicating that a sufficiently
small modeling error ensures exponential stability.

VI. CONCLUSIONS

In this paper, we have provided sufficient conditions such
that data-driven MPC without terminal conditions ensures
exponential stability for nonlinear input-output systems. The
key requirement is the combination of cost detectability and
a proportional error bound. The latter can be achieved using
kernel interpolation. Future work could consider investigating
other data-driven models for proportional error bounds. More-
over, an interesting open research direction is the inclusion
of general noise in this framework using Gaussian process
models [11].
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