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ABSTRACT

Templated copolymerization, in which information stored in the sequence of a heteropolymer template is copied into another polymer prod-
uct, is the mechanism behind all known methods of genetic information transfer. A key aspect of templated copolymerization is the eventual
detachment of the product from the template. A second key feature of natural biochemical systems is that the template-binding free ener-
gies of both correctly matched and incorrect monomers are heterogeneous. Previous work has considered the thermodynamic consequences
of detachment and the consequences of heterogeneity for polymerization speed and accuracy, but the interplay of both separation and het-
erogeneity remains unexplored. In this work, we investigate a minimal model of templated copying that simultaneously incorporates both
detachment from behind the leading edge of the growing copy and heterogeneous interactions. We first extend existing coarse-graining meth-
ods for models of polymerization to allow for heterogeneous interactions. We then show that heterogeneous copying systems with explicit
detachment do not exhibit the subdiffusive behavior observed in the absence of detachment when near equilibrium. Next, we show that
heterogeneity in correct monomer interactions tends to result in slower, less accurate copying, while heterogeneity in incorrect monomer
interactions tends to result in faster, more accurate copying, due to an increased roughness in the free energy landscape of either correct or
incorrect monomer pairs. Finally, we show that heterogeneity can improve on known thermodynamic efficiencies of homogeneous copying,
but these increased thermodynamic efficiencies do not always translate to increased efficiencies of information transfer.

© 2025 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(https://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0245687
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I. INTRODUCTION

Genetic information transfer, through the processes of transla-
tion, transcription, and replication, underpins all life." Underlying
these processes is the same fundamental motif, wherein a long
information-carrying heteropolymer, known as a template, has the
information stored in its sequence of monomers copied into another
polymer, known as the copy. The copy itself may or may not be
composed of the same types of monomers. As demonstrated by the
sheer breadth of biological form and function, this templated poly-
mer copying motif is capable of specifically assembling a massive
space of structures from a small handful of subunits. To give a brief
idea of the scale of the challenge, consider the converse approach of

self-assembly without an underlying template. In this counterfactual
biology, a cell would need to obtain all its proteins (tens of thousands
in humans), in their correct proportions, by mixing together the
20 natural amino acids. This task would be impossible as there is not
enough information stored in the interactions between the 20 amino
acids to create anything but a mess of partially formed or malformed
assemblies.”

Given the central role of templated polymer copying in biology,
understanding its fundamental principles will likely play a crucial
role in attempts at building artificial life® or understanding life’s
origins.” A key test of our understanding of these principles is our
ability to build synthetic copying systems without relying on highly
evolved enzymes such as polymerases. Our progress here has been
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far slower than in template-free self-assembly,” "~ highlighting the
difficulties that come with engineering templated copying systems.
The earliest attempts at building synthetic copiers resulted in copies
that remained stuck to the template, rendering the template unable
to catalyze the production of more copies.!! Later designs tended
to utilize time-varying external conditions such as temperature and
pressure to induce separation.12 N

The need to separate copies from templates is, in fact, the crux
of the difficulty in engineering synthetic polymer copying systems.
Accurately producing a state where the correct copy monomers
are bound to their correct positions along the template is relatively
straightforward, simply requiring a large free-energy advantage for
correct monomer pairings.” '’ However, the copy and template will
then tend to remain bound due to cooperative interactions, prevent-
ing the production of further copies. Cells are able to supply the free
energy needed to separate chemically, without requiring changes in
conditions external to the cell, through the use of ATP-consuming
enzymes. This separation occurs after the completion of copying in
the case of replication'® or during copying in the case of transcrip-
tion'” and translation.'®* Mimicking this autonomy without enzymes
is challenging, but approaches based on DNA nanotechnology'”
and organic chemistry’>” that use the free energy of backbone for-
mation to drive the product off the template have shown some
promise.

Limited progress in the development of artificial copying sys-
tems highlights a lack of understanding of the basic theory of
polymer copying. To remedy this knowledge gap, high-level models
have been devised that emphasize the thermodynamic consequences
of separation from the template.”' > The fundamental challenge in
templated copying is the production of a polymer or ensemble of
polymers with low sequence entropy. Although specific bonds form
during the production of a copy, they are transient and, thus, cannot
supply the free energy to compensate for this drop in entropy rel-
ative to random sequences. Hence, extra chemical work is required
to produce low entropy polymer ensembles, and an efficiency can
be defined by comparing this chemical work to the free energy
stored in the low entropy ensemble.”*”” Furthermore, maintaining
such an ensemble in a non-equilibrium, low entropy steady state
imposes thermodynamic constraints on the network that maintains
the steady state.””’

More detailed models have also been made that focus
on the polymerization mechanism, typically discrete state
Markov models. The simplest ones involve one step per added
monomer;”” " more complex ones have multiple steps’® and
sometimes added cycles.” " Some models explicitly consider
microscopic reversibility,”**>*" while others incorporate irre-
versible steps.”” "**""**  Another distinction is whether they
assume a symmetry between all correct pairings and, separately,

. . 28,29,31,33,35-44 .
all incorrect pairings (homogeneous) or consider

explicit differences between them (heterogeneous).””’" Finally,
some approaches are not preoccupied with copy-template
separation.’“"’“'”'“‘4"h 404244 0Op the other hand, other works

consider models in which the copy explicitly separates from the
template,’""” including some that attempt to understand the
thermodynamic consequences of separation.”””>’>*’

Although there are multiple theoretical frameworks to treat
heterogeneity in the context of separating copolymerization
systems """ (in particular,”® explicitly applying their framework
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to RNA polymerase), existing work has not considered both sep-
aration and heterogeneity in models with thermodynamic self-
consistency. Thermodynamically self-consistent models have been
constructed for homogeneous systems,”””">* but it remains
unclear if and how the effects of heterogeneity interplay with the
thermodynamic consequences of separation. We fill this gap by
incorporating heterogeneity into a known thermodynamically con-
sistent model of polymer copying that incorporates separation from
behind the growing tip of the product, analogous to transcription
and translation.”” The addition of each monomer in our model con-
sists of multiple steps, following.”> We first introduce a method
of coarse-graining the model to a single-step description, allowing
existing methods (Refs. 32 and 43) of analysis to be used. Using
these methods, we demonstrate qualitative differences between het-
erogeneous copying with and without separation. We then identify
regimes where heterogeneity facilitates or hinders fast, accurate, and
efficient copying.

We organize our work as follows: In Secs. II A and II B,
we introduce our coarse-grained and fine-grained Markov copy-
ing models with separation. We briefly describe Gaspard’s*> and
Qureshi et al.’s* analysis methods in Sec. IT C and our extended
iteration for state visits in Sec. II D. In Sec. II E, we describe the para-
meter sets we initially consider. We begin our results in Sec. III A
by comparing velocities of heterogeneous copying with and without
separation. In Sec. III B, we investigate the effect of heterogeneity
on error and completion time for our limiting regimes. Finally, in
Sec. 111 C, we show that in the low driving regime, the thermody-
namic efficiency of copying can be improved by heterogeneity. We
conclude our paper in Sec. I'V.

Il. METHODS

A. General coarse-grained model of templated
polymer copying with heterogeneity and product
separation

We consider the coarse-grained model of polymer copying in
Fig. 1(a), well-known in the literature.’”*>**** In this section, we will
define the model in a general sense, without enforcing separation or
thermodynamic consistency (we shall define a parameterization of
this model that fulfills these conditions in Sec. IT E). The state of the
model (x,y) is defined by the two sequences x = niny ... nr of the
template polymer and y = mym; ... m; of the copy polymer (Note
that L and [ are indices of the last monomer in x and y, respectively).
The sequences draw their elements from finite templates and copy
alphabets {1,...,N} and {1,2,...,M}, respectively. We list a few
notational conventions before we proceed. First, for both x and vy,
we use ;7 and m, to refer to the subsequences of x and y between
indices i and i’, inclusive. Second, we will often use & as a shorthand
for my._, for convenience, writing y = &m_m;.

From each state (x, &mj_1m;), two types of transitions
are allowed. Monomer addition at a propensity of ®*(my,;,x,
&my_ymy) results in the state (x, & m;_;mymy,; ), while monomer
removal at a propensity of @ (x, &m_1m;) results in the state
(x, &my_1) (we use the term propensity at the coarse-grained level
to distinguish ®* from the rates of the fine-grained process intro-
duced in Sec. II B). Hence, changes to the template are forbidden in
the model, as are monomer additions and removals away from the
tip of the copy. From this generic framework, the only additional
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FIG. 1. Polymer copying with continuous separation of the product from the template. (a) lllustration of the coarse-grained model for a two-monomer system. Each monomer
type is assigned a unique number (1 or 2 in this case) and color (light blue for 1 and red for 2). Square monomers correspond to the template polymer, while round monomers
correspond to the copy polymer. A coarse-grained state is represented by the full sequence of the copy and the template polymers. Purple dotted arrows represent the
coarse-grained state transitions corresponding to either monomer addition (forward arrow) or monomer removal (backward arrow). Each coarse-grained transition may be
further subdivided into fine-grained steps. (b) lllustration of the fine-grained steps that occur between coarse-grained states. In particular, the fine-grained steps corresponding
to the leftmost purple dot in subfigure (a) are depicted (only monomers in the final 3 positions of the copy and template are depicted). First, a new monomer binds to the
template with both a generic (dashed line) and sequence-specific (solid line) bond. Then, the newly bound monomer is covalently incorporated into the growing polymer,
breaking the generic bond in the process. Finally, the previously added monomer unbinds from the template. (c) Labeling of fine-grained states for a given coarse-grained
state, with indices f denoted by bold bracketed numbers. Arrows here correspond to the fine-grained state transitions. Transitions to other states of index f = 0 (denoted here
by the dotted arrows) change the coarse-grained state (x,y). Note that these fine-grained state indices f are not valid when returning from a different coarse-grained state
(via a dashed arrow) as fis dependent on the last completed state visited. For simplicity, general and sequence-specific interactions are not depicted separately in subfigures
(a) and (c).
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constraint imposed is that propensities of monomer addition and
removal are only dependent on copy monomers within a small local-
ity of the copy tip, such that ®* (my,1,x, &my_ym;) = O (x, mymyy, )
and O (x, &m_1m;) = D] (x, mp_ymy).” 7" These forms are
physically justified by our mechanism in Sec. II E, but for now it
is sufficient to note that these forms are an appropriate first-order
approximation for processes such as transcription and translation
that are composed of reactions that occur in a small neighbor-
hood of the tip of the growing polymer.’””* Hence, local transitions

and propensities from (x,y) are fully determined by (x,m;_;m;, 1),
known as the tip state.

For finite L, once the copy reaches the length of the template
I =L, the copy has a certain propensity of detaching from the tem-
plate. Detachment terminates copying, and hence a detached copy
is an absorbing state of the model. Formally, we need to distinguish
between a complete copy still attached to the template and one com-
pletely detached; purely as a trick of notation, we append the integer
0 to the end of a detached copy sequence (resultingin [ = L + 1).
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B. Fine-grained reaction steps

The monomer addition and removal steps in Sec. II A are
not elementary chemical reactions, and in a general model will be
described through a series of smaller, fine-grained steps. Properties
of the fine-grained system can be preserved in the coarse-grained
system if an appropriate coarse-graining procedure is followed
(we cover this procedure for our case in Secs. II C and II D; refer
to Qureshi et al.*’ for more detail). Fine-grained steps for our sys-
tem follow from earlier work® on a copying system that separates as
it is being copied; in brief, monomer binding, polymerization, and
unbinding of the copy from the template are each treated as separate
steps. Note that although we use the term fine-grained, these states
should still be understood as biochemical macrostates.*

To define the state space, we assume that no more than two
monomers are bound to the template at any given time, and fully
incorporating a new monomer onto the copy requires breaking the
existing template-copy bond. The exact process of monomer addi-
tion, summarized in Fig. 1(b) and Table I, consists of three steps.
First, a monomer binds to the next empty site on the template. Then,
a covalent bond is formed between the new monomer and the tip
of the copy. Finally, the previous tip detaches from the template.
The reverse processes occur for monomer removal. Copy-template
bonds have a generic component and a sequence-specific com-
ponent. The generic bond is broken during polymerization; this
mechanism was found to reduce product inhibition in Ref. 35, and
so we incorporate it here.

We use the notation (x,y,f) to specify the fine-grained
states, consisting of the coarse-grained state as well as an index
f€{0,...,6} that specifies the fine-grained state given the coarse-
grained state [Fig. 1(c)]. We treat the fine-grained process as a
series of sub-processes in which the system transitions between
“completed states” with f = 0 and “transitory states” with f # 0, as
in Ref. 43. The coarse-grained label (x,y) is given by the completed
state that was visited most recently, with f then defined relative to
that state. Hence, biochemical macrostates with f # 0 have two dif-
ferent fine-grained state descriptors, y and f, depending on whether
they were approached “from the back” or “from the front.” For
example, starting from (x, &m,,0), binding and then polymeriza-
tion of a type 1 monomer would yield (x, &my,3). On the other
hand, the same state would be labeled (x, & m;1,1) if (x, &m;1,0)
was the last completed state visited.

C. Solving for distributions of complete polymers

We will cover here and in Sec. II D, the analysis methods used in
this work. Readers interested only in our physical results may skip to

ARTICLE pubs.aip.org/aipl/jcp

Sec. IT E. To be able to discuss our methods and results precisely, we
must first distinguish between the various stochastic processes that
arise from our models and clarify the relationships between them.
Let t refer to (continuous) time, and k refer to the discrete num-
ber of steps taken (number of state transitions). For a fixed template
X =x, the stochastic processes Y(t) and F(t), giving the coarse-
grained and fine-grained index of the copy, respectively, together
define a Markov process Sp(t) = (Y(¢), F(¢)|X = x). From Sg(¢), we
can extract an embedded discrete-time Markov chain Sg[k] repre-
senting the sequence of states visited. If we remove any information
about the fine-grained index F(¢) and only record Y (¢), we obtain
the continuous, non-Markovian stochastic process Sk(t) and the
embedded discrete sequence of states S [k]. If we are only interested
in the distribution of final copies, it is sufficient to consider S§[k],
since it records any change in the composition of the copy.

There are many alternative ways that Sf(¢) can be coarse-
grained with a view to avoiding the need to handle non-Markovian
processes. Qureshi et al’s coarse-graining procedure’’ can be
applied if the full state space of the system can be partitioned into
transitory and completed states such that every transitory state is
only encountered during a transition between two unique completed
states. In such systems, between any two completed states is a “petal”
of transitory states. Each petal between completed states can then be
analyzed independently.

For our model, transitory states (x, & mymy,1, f) for f e {1,2}
[Fig. 1(c)] are accessible only during transitions from the com-
pleted state (x, &mymyy;,0) to (x, &my,0). All other transitory
states are accessible only during transitions from (x, & mmy,;,0) to
(x, &mymy,ymyy,,0) for some my,,. Hence, the entire set of states
and transitions in Fig. 1(b), which connect two completed states
together, is a “petal” that can be analyzed independently of others.
Qureshi et al.’s procedure® is based on a graphical interpretation of
discrete-state Markov processes, where states in a petal are nodes in a
directed weighted graph and transitions between states are directed
edges in the graph with weights equal to transition rates. Qureshi
et al. then consider rooted spanning trees of this graph for a single
petal—subgraphs without cycles where the out-degree of every node
is equal to 1 except for the root node, which has an out-degree of
zero (we say the spanning tree is “rooted at” the root node). Given
a starting state (x,y,0) and target state (x,y",0), the key quantity
A3 (y,y") can be calculated by multiplying the rates of all transi-
tions in each spanning tree rooted at (x,y*,0) and then summing
over these spanning trees. A; (y,y") can be obtained by doing the
same over spanning trees rooted at (x,y,0). Summing over spanning
trees rooted at (x,y,0) for a modified process where all transitions to
(x,¥%,0) are redirected back to (x,y,0) yields a second key quantity,

TABLE I. A summary of the fine-grained events and their associated rates.

Event

Forward rate

Backward rate

Binding a monomer to the template
Polymerization of the tip monomer
to the newly bound monomer
Detachment of the previous

tip monomer (tail unbinding)

i
Kb_i'_nd(nlan) mymy )
Kpol(”l”l-v—l’ M)

K (g, mymyyy )

Rina (1m0, my_ymy)
Koot (11— m, my_ymy)

Kot (mi_ymy, my_ymy)
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Ax(y,¥"). Qureshi et al.’s procedure® assigns the coarse-grained
backward and forward propensities from y to y* as follows:

oo Ay
cDx(Y’ )_ Ax(Y,Y*)' (1)

This coarse-graining procedure, yielding both the Markov process
St(t) = (Ye(1)|X = x) and the embedded sequence of states S¢[k],
has two advantages. First, the resultant addition and removal rates
obey the constraints ®* (my,1,x,y) = @/ (x, mymy;;) and ©(x,y)
= @; (x,m;_ymy), facilitating the use of Gaspard’s iterated func-
tion system,’” which we will describe shortly. Second, it preserves
the distribution of the sequence of coarse-grained states visited:
SE[k] = SE[k]. Hence, if we are interested in the distribution of com-
plete polymers (defined as the distribution of polymers obtained
after complete detachment from the template) and derivative quan-
tities such as error rate, then we can work with the Markovian
coarse-grained processes S¢.(¢) and St[k], while completely ignor-
ing the fine-grained steps other than when calculating Ay (y,y*)
and Ax(y,y*). However, in general, S5(t) # S§(t), which means
that polymer completion times and velocities are not preserved by
this mapping. In the presence of cycles in the fine-grained steps,
free-energy consumption will also not be preserved (this fact is less
important for us as our fine-grained system has no cycles). Qureshi
et al. describe a method for recovering these properties in the homo-
geneous case,”’ but we need to derive an additional result (Sec. II D)
in order to adapt his method to the heterogeneous case.

Having argued that quantities of the fine-grained model can
be obtained from solutions of a Markovian coarse-grained model,
we now proceed to discuss the method we use to actually solve
for quantities of the coarse-grained model. Gaspard and Andrieux

1-1 1

1-Qy i (11)
P(-21)
@ L OO
O Absorbing State Initial Stat? Qui(12)
Ryi(-121) e
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showed that the distribution of consecutive copy monomers, con-
ditioned on the entire template, is Markovian if transition rates are
only dependent on tip states.””’” Moreover, the conditional proba-
bility distributions Py ;(m|m,_; ) for complete polymers given a fixed
template x and position indices / can be obtained through the solu-
tion of an iterated function system. We discuss here a brief intuition
for Gaspard’s iterated function system®” in terms of absorbing prob-
abilities of Markov chains and performing a full derivation for our
system in Appendix A (refer to Ref. 32 for a full treatment).

Consider a system at a state (x, &m;_;m;). We can construct
a Markov chain that includes all possible coarse-grained transi-
tions from (x, &m;_1m;), including monomer addition to form
(x, &my_ymymyy;) and monomer removal to form (x, &m_;).
(x, &my_;) is treated as an absorbing state. Trajectories that
reach each of the monomer-added states (x, &my_ymmy )
must eventually either get absorbed into a complete polymer
(x, &my_ymymyy; ... mr0) with a probability of Q or undergo
monomer removal to (x, & m;_;m;) with a probability of 1 — Q. Due
to the local nature of propensities ®* and ®~, Q cannot depend
on &my_; and can be written as a function Q;,;(mmy,;). Refer
to Fig. 2 for an example. Assuming that we know all the values of
Qy 41 (mymyy) for this Markov chain centered on (x, & my_1m;), we
can calculate the absorption probability into the backward absorb-
ing state Ry;(—|m;_ym;) and each of the forward absorbing states
Ry (myy1|m_1my) through standard methods (details for a generic
chain of the form in Fig. 2 are given in Appendix A). Then,

Qui(mp_ymy) = Zp,, Ry (M [m_ymy). ()

As each Ry (myi|mi_ym;) is wholly determined by local
propensities ®@; (x,mymy,;) and @ (x,m_ym;) as well as

1+1 L
{1)
Q-1 o OO
_’

'-1_1 Absorbing State
- R, (1121)

pu(121)

Pxi(2121)

' Yor Y0
' Yor Y
EEHE T EEE

. Absorbing State
Ry (2[21)

FIG. 2. Markov chain absorption probability problem for the calculation of complete polymer distributions with a length / product polymer as an initial state. Single arrows
(without corresponding reverse counterparts) represent the transitions to absorbing states (monomer removal to a copy of length / — 1 and copy completion to some complete
polymer for some given monomer at position / + 1), and the probability of absorption to each absorbing state is considered. The length of the copy for each state is given at
the top of the figure (note the jump from | + 1 to L, indicating absorption into a complete and fully detached polymer). The p, ;(m.1|m;_4m;) variables are local transition
probabilities that can be obtained by considering coarse-grained propensities ®; or ®. The Q variables are local probabilities of absorption (into some arbitrary complete
polymer) occurring before monomer removal. The absorption probabilities Ry ;(m.1|m—1m;) follow from values of Q for the next position index Q1 (mmi1). The Q
values (since these are the probabilities of absorption before removal) for the current iteration step can then be calculated by summing over all the non-backward absorption
probabilities; in this case, Qy;(21) = Rx;(1]21) + Rx;(2]21). With this current Q value, the next step of the backward iteration may proceed.
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Qus1 (mymyy1), Eq. (2) implies that Qy;(mj_;m;) is obtainable
from Qg (mymyy;) and the local propensities. From this con-
struction, the entire ensemble of probabilities Qy;(m_;m;) can
be obtained through a backward iteration. These variables can in
turn be used to obtain conditional monomer probabilities (in the
ensemble of complete polymers) Py .1 (m,1|m;) as follows:

CDI+(X) mlml+1)Qx,l+1(mlml+l)
zml'ﬂ ®1+ (X’ mlm;+1 )Qx,l+1 (mlmllﬂ)

3)

Py (mpa|my) =

This form for Pyjy;(my,1|m;) comes from analyzing a modified
version of the Markov chain in Fig. 2 that completely omits the prob-
ability of moving back to (x, & m_; ). This procedure works because
the rate of production of complete copies . .. mjmy,; .. .0 is the rate
of addition of my,; after m; such that m; is never removed again
(Appendix A and Ref. 32 have further details).

For the very first monomer, analysis of these Markov chains
results in a row vector of probabilities Py; representing the dis-
tribution of monomers in the first index for complete polymers.
Conditional distributions for other template positions are defined
by matrices Py;. The absolute distributions Py; can, therefore,
be obtained by serial multiplication of the conditional probability
matrices as follows:

1
Px,l = Px,ln Px,j~ (4)
j=2

Once we define correct and incorrect monomer pairings, these
absolute distributions can then be used to define an error prob-
ability. In this work, we will consider systems where the copy
(excluding the end of copy character 0) and template monomers
draw from the same set {1,2}, and pairings are considered cor-
rect if the copy monomer at a given location equals the template
monomer.

D. Recovering further properties of the fine-grained
system from the coarse-grained system

While the probabilities Py can be directly obtained from anal-
ysis of the coarse-grained system, other properties of interest, such
as the average free-energy consumption and time to completion,
cannot be directly obtained in this manner, as they are dependent
on the details of the fine-grained system. However, if an observ-
able O(x) is extensive in the number of visits to coarse-grained
tip states (x,m_ymy,1) (for instance, the time elapsed and the free
energy consumed), then we can evaluate its expectation by first per-
forming a count of the local tip states visited. Let V;(m;_m;) be
a random variable representing the number of visits to a tip state
(x,m_ymy, 1), and let O, ;(m;_,m;) be a random variable represent-
ing the value of the observable O for a given visit of the tip state
(x,m_ymy,1). Throughout this paper, we use angled brackets () to
refer to per-site averages (i.e., averages over [) in the L — oo limit for
a stationary distribution of templates X (that is, joint probability dis-
tributions of monomers in X at some fixed distance from each other
do not change with polymer length; in practice we use Bernoulli
template distributions throughout, which are always stationary) and
assuming a self-averaging variable. On the other hand, we use the
expectation operator E[] (without any subscripts) acting on a vari-
able with dependencies on x or [ of the form Oy, which refers to
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expected values associated with a particular position  for some fixed
x. Ev[] is an expectation for each tip state visit. Then,"’

(0) = Llinolo%ZIL:@m,,,mIE[Vx,z(ml-lml)]Ev[Ox,z(mZ—lmz)]- (5)
Since our fine-grained model lacks cycles, we do not need to perform
this procedure to calculate the free energy consumed for each visit.
In Appendix B, we show how the expected waiting time for each
visit of a given coarse-grained copy tip state Ev[6y;(m_1m;)] can
be calculated for our specific case.

E[Vyis1(mmy;)] can be obtained through the following
iteration:

E[ Vi1 (mmi)] = Y B[ Vi (my, mygy) [my_ymy]

mj—y

x B[ Vyi(mp_ymy)]. (6)

Here, E[Vy (m, my1)|m_,m] is the expected number of vis-
its to tip state (x,mymy, 1,1+ 1) from each visit of (x,m_;my,1).
E[Vy(my, myy1)|m—, m;] can be obtained from the Markov chain
constructed in Fig. 3. This Markov chain is similar to that in Fig. 2
with two important changes. First, instead of considering absorp-
tion probabilities from (x, & my_jmymy,,), we further extend the
chain to (x, & m;_ymym,1my4,) before allowing absorption (these
absorption probabilities are again the Q probabilities from Gaspard’s
iteration in Sec. II C), allowing visits to (x, & m_ymymy,;) from
(x, &my_ymymy1myy,) to be counted. Second, monomer removal
from (x, &m_ymymy,1) results in an artificial absorbing state
instead of returning to (x, &m;_;m;). This approach prevents the
double counting of visits to (x, &my_;mymy,;) from distinct vis-
its of (x, & m;_;m;). Note that we have not imposed any additional
assumptions unique to our system for this iteration to work, and it is
applicable to any polymerization system whose coarse-grained form
(applying Qureshi et al.’s procedure*’) obeys the assumptions in Ref.
32. The derivation of a general form for E[ Vy ;41 (mymyyy ) |my_ymy] is
provided in Appendix D.

E. Thermodynamically consistent parameterization
for heterogeneous separating copiers

Refer back to Fig. 1(b) and Table I for the rates of our fine-
grained system. In this section, we will assign parameters to these
fine-grained rates such that thermodynamic consistency is main-
tained. We first assume that monomer concentrations [M] are
equal and chemostatted (unchanging over the copy process). We
assume that binding of a monomer to a template obeys mass-
action, so K4 (mi_1m, my_ymy) = kying(mi_ym, my_, ) [M]. The rate
constants for monomer binding are set to be invariant between
the different tip states, as they are chemically difficult to tune, so
Kiina (miing, m_ymy) = kying[M]. Tail binding is similarly difficult
to tune and obeys a pseudo-mass action rule where rates are pro-
portional to an effective local concentration of the tail monomer
around the tip of the growing polymer, so Ky (n_ny, m_im;)
= kil [M Jefr. Monomer polymerization rates, on the other hand, can
conceivably be engineered, and here we envision a parameterization
Koor (mi—ymys my_ymy) = kpot (my—ymg, my_ymy).

Since copying terminates on detachment, there is a net flow
of molecules producing complete polymers, so the system does not
satisfy a global detailed balance and is thus out of equilibrium.
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FIG. 3. Markov chain from which expected visitation counts per visit of the previous tip state [ Vx;(my, mi.1)|mi—1, m;] can be calculated. Solid arrows represent the local
transition probabilities that can be calculated from coarse-grained rates ®* or ®~, while dotted arrows represent the Q variables obtained via Gaspard's iteration®? (Fig. 2).
To avoid over-counting, the tip states whose visitation counts are of interest are not permitted to move back into the initial state; rather, they point to a virtual absorbing state
at a rate equal to the rate of monomer removal. Complete polymers are again treated as absorbing states. Starting from the initial state, we can now count, through standard
methods, the average number of times either tip state of interest [denoted by “Tip(my, m; + 1),"] is visited before either the initial tip state is revisited or polymerization

terminates.

However, each fine-grained reaction step constitutes an elemen-
tary reaction step, and hence a generalized local detailed balance
condition applies as follows:*’

k* ( -AG + 6) o

—=exp| ——— |

P T

Here, k' is the rate of some elementary forward reaction, k™ is
the rate of its corresponding backward reaction, AG is the free-
energy change of the forward reaction, § is an external driving, ks
is Boltzmann’s constant, and T is the reservoir temperature. This
generalized local detailed balance condition, along with the need
for the polymer to separate as it copies, enforces constraints on the
rates of the fine-grained reactions based on the free-energy changes
incurred during transitions. Note that we use negative free energies
when defining free-energy parameters (i.e., more positive parameter
values correspond to greater stability) and then include the minus
signs in the rate expressions. Furthermore, there is a single global
heat reservoir, and all free-energy terms are measured in units of
kgT.

As in Ref. 35, we assume the binding free energy between
monomers #; and m; can be divided into a specific monomer-
dependent free energy AGrr(n;,m;) and a generic monomer-
independent free energy AGgen [Fig. 1(b)]. Coupling the breaking
of this generic bond to backbone formation was found to reduce

product inhibition and allow detachment.”” Monomer binding
incurs a free-energy change of —In[M]— AGrr(n;,m;) — AGgen,
polymerization incurs a free-energy change of —AGss + AGgen,
and tail unbinding results in a net free-energy change of
AGrr(m_y, m_y) + In[M].f.

Due to the need to separate, copy-template interactions must
be transient. Observe that AGge cancels during the incorpora-
tion of a single monomer. Similarly, the —~AGry(n;, m;) free-energy
change from monomer binding is offset by the AGrr(n),m;)
change from tail unbinding during the incorporation of the next
monomer. The persistent net polymerization free-energy change
per incorporated monomer is then ~AGpol = ~AGpp - In %, free
of any AGrr or AGgen terms and, hence, consistent with transient
copy-template interactions. The resulting forward and backward
rates, with the ratio determined by generalized local detailed balance,
are summarized in Table II.

Now that the fine-grained system has been parameterized, we
can proceed to define transition propensities.*” These propensities
are derived in full in Appendix B, and the results are given in
Egs. (8) and (9). Due to the forms taken by our fine-grained
steps, we can impose a more restrictive condition on locality
than required by Gaspard’s method: that the propensities are
also dependent only on local template monomers, as well as
O (myyy,x, &my_ymy) = O (mynyey, mymy,,y)

copy  monomers,
find

and O (n_n, &mp_ymy) =0 (n_yn,mp_ymy). We

TABLE II. Parameterized forms of each of the fine-grained reaction steps after local detailed balance is imposed and further simplifications are made.

Forward reaction Forward rate

Parameterized form

Backward rate Parameterized form

—AGrr (n1,m) =AGgen

s . + —
Binding Kping (mi—yny, my_ymy) Koind [M] Kping (mi—yny, my_ymy) koinae
i + - —AGp+AG,
Polymerization Koo (m_ymy, my_ymy) kpol (11113, my_y 1my) Kool (m1-ymy, my_ymy) Kpol (1111 1y, my_y g ) ™ BT A e
. 1. — —AGrr (nj—1,m;— +
Tail unbinding Ko (ny_ymy, mp_ymy) ke~ G (ni=omi-1) Ko (ny_yny, mp_ymy) keait[ M ]ete
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.
o (”l—1ﬂl,ml—1ml)
—AGrr(m,
kyinakpot (111, my_ymy) keasre rrmm) ] ®)
- _ _ _ _ _ b
o AGop AGTT(nI,mI)kbindkpol(”l—lnls ml—lml) re AGrr (n-y,m—y ) =AGrr (n,mp) AGgenkbindktail
—AGrr(n_y,m_
+ g A0 (m-nm 1)kpol(nl—lnl> my_y ) Keail
O (n_yny, my_ymy)
—AGp—AGrr(m,
B Koinakpol (111111, mi_y 11y ) e~ A0 ) [ ] e ©)
e_AGBB_AGTT(m’m[)kbindkpol(”l—lnla ml—lml) + e_AGTT(nl—bmFl)_AGTT(nme)_AGgenkbindk‘aﬂ

+e

The binding rate constants kping and ki, are unlikely to be very dif-
ferent from each other (although binding and unbinding rates can be
tuned by the concentration terms), and hence we can set kping = ktail-
To start with, we assume a sequence-independent k1, although we
later relax this assumption. We begin by investigating the following
limits:

1. Slow binding and unbinding of the free monomers, [M] — 0

and AGgen, AGpp — oo. For simplicity, we let [M] = ¢~ *C
and we normalize rates such that kyjng[M] = 1. Then,

O (m_ynp, mp_ymy) =1, (10)
O (i mpy my_ymy) = e*AGpol+AGTT(”lflxmlfl)7AGTT(HI!W‘I). (11)

2. Slow polymerization, kyo < kbing. Here, rates are normalized
so that ko [M] = 1. Then,

O (np_yng, my_ymy) = 2, (12)

O (np_yngy my_ymy) = ¢ SCRAOTT () (13)

Case 1 corresponds to a discrimination on backward
propensities (consistent with the “temporary thermodynamic
discrimination” described in Ref. 33). Case 2, on the other hand,
corresponds to a thermodynamically driven discrimination on
forward propensities (consistent with “combined kinetic and
thermodynamic discrimination,” as described in Ref. 33).

Ill. RESULTS

A. Consequences of separation for the velocity
and energy landscapes of heterogeneous copying

We wish to compare the velocity profile of separating templated
copolymerization (STC) and non-separating templated copolymer-
ization (NTGC; note the phrase “templated self-assembly” has been
used in some literature®®) as studied by Gaspard.’” In Fig. 4(a),
we illustrate a fine-grained model of NTC, which we will compare

—AGrr (m—y,m_y) k

pol (nl—l np, mp_; ml)ktail

(

against our model of STC. The fine-grained dynamics is similar
to that in Sec. II E, with the exception that the tail binding step
has been removed. We assume here that the binding free energy
of any given monomer pair is independent of any other monomer
pair, giving rise to the parameterization in Table III. We consider
here the slow binding limit, leading to the following coarse-grained
propensities:

@*(nl,ln,,ml,lml) =1, (14)

—AGpo —AGpr (ny,my)

O (m_yn, m_ymy) = e (15)

This choice again corresponds to discrimination on back-
ward propensities. We denote the sequence-independent non-
equilibrium drive provided by monomer binding and backbone
formation by AGp, = AGgp + In[M] (similar to copying with sepa-
ration, but with the [ M ]t term absent). However, observe that in the
absence of separation, the sequence-dependent free-energy change
AGpr incurred on the addition of each monomer persists as the copy
is produced (note AGrr was used in Ref. 33 to refer to a “temporary
thermodynamic” discrimination factor, which is no longer present
after separation. To maintain consistency with the intended mean-
ing in Ref. 33, we have introduced a “permanent thermodynamic”
discrimination factor AGpy for NTC).

We begin by considering how the velocity profiles for STC
change with increasing nonequilibrium drive AG,1. As with NTC,
we consider backward propensity discrimination (that is, the slow
binding limit). The binding free energies of the incorrect monomer
(we remind readers that a correct pair is defined by m; = n)) pairs
are kept constant, such that AGrr(1,2) = AGrr(2,1) = 0. The free
energy of a correct monomer 1 pair is held at AGrr(1,1) = 2, while
AGrr(2,2) is varied from 2 to 10. Gaspard’s iterated function sys-
tem” was applied to obtain the absorption probabilities Q for the
copying of a polymer sequence of length L = 10 000. Then, the meth-
ods in Sec. IT D and Ref. 43 were used to find 74, defined as the
average amount of total time spent at position [ for a template
sequence x before a complete polymer forms and detaches. 7y is
calculated by multiplying visits to each state by the waiting time
for each visit to said state and then summing over all states of copy
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FIG. 4. Fine-grained steps for a model of copying where the copy does not sepa-
rate from the template. Only monomers in the vicinity of the copy tip are depicted.
(@) New monomers bind and polymerize in separate steps, but there is no tail
unbinding of the previously added monomer. (b) Labeling of fine-grained states
associated with a given coarse-grained state. Indices f are denoted by the bold
bracketed numbers. Transitions to other states of index f =0 (denoted here by
the dotted arrows) change the coarse-grained state (x,y).

length I. The average completion times f. = %;74; can then be calcu-
lated, and the average copying velocity was calculated as v = % Asin
Ref. 33, the value of AGy, at equilibrium is given by AGpgjeq = ~In 2,
and we report copy velocities as a function of the difference in AGp,|
from this equilibrium value up to AGpo = 2 in Fig. 5(b).

We now consider velocity profiles for NTC. We must first
calculate the equilibrium point AGyoleq, Which follows from the par-
tition function of the product. As the monomer binding free energies
are uncorrelated in our NTC system, the (negative of) free energy
Gy, of the ensemble of length [ product polymers can be calculated
as follows:

2 = LGN | MG (21), (16)
2 = P22 | AG(12) (17)
Zyl = Zx,le(hHZ)AGP"'zll' zéz, (18)

Gy = In[2)]. (19)
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Here, z; is the partition function for a template monomer of type
i over its copies, Zy is the partition function of length I products
for a template x, Zy is the partition function of the very first copy
monomer, /; and , are the numbers of monomers of types 1 and
2, respectively, in the template x up to index I excluding the first
monomer, and /=1 + L + 1. We now introduce a new expecta-
tion operator [Ex averaging over all templates x for a fixed template
distribution. Then, for equilibrium between polymer growth and
shrinking, the system free energy averaged over templates Ey[Gy]
should not change with length index I. Furthermore, the average
over positional indices in the L — oo limit (G) should be the same
as the per-site expectation Ex[Gy,],

EX[GX,I] = ]Ex[Gx,l] = <G> (20)

As the system free energy is self-averaging, the equilibrium drive
AGpo1eq can be calculated as follows:

poleq
. —In 2k
AGpoleq = lhm L72

,L— oo (l] + lz) ’ (21)

We plot the normalized copy velocity (obtained by dividing velocity
by its maximum value over the range of AG considered; in prac-
tice this maximum value always occurs at our maximum considered
drive AGy,l = 0) U = v/(maxag,,v) as a function of AGpol = AGypoleq
for NTC in Fig. 5(a). Comparing Figs. 5(a) and 5(b), we observe a
few common features. First, velocity tends to zero as the equilib-
rium AG,, is reached. At equilibrium, there should be no net flux,
and hence this behavior is expected. Copy velocity increases with
increasing AGy,, as the rate of monomer removal decreases.

However, the models approach zero velocity in different ways.
As noted by Gaspard,” the heterogeneous model of NTC displays
a long tail of near-zero velocity as it approaches equilibrium. Such
behavior is not observed in our model of heterogeneous copying
[Fig. 5(b)]. This difference can be explained by considering sam-
ple free-energy landscapes in the heterogeneous NTC model and the
STC model. We plot free-energy deviation Gy — (G) for a fixed sam-
ple template at various copy lengths I for both heterogeneous NTC
[Fig. 5(c)] and heterogeneous STC [Fig. 5(d)].

For heterogeneous STC, the free-energy deviations switch
stochastically between two levels, determined by the template
monomer at position /, and Gy, — (G) is, therefore, constrained to
be close to zero. By contrast, the free-energy deviations for het-
erogeneous NTC are large. On scales of length I; we expect to see
barriers of height ~ /1, that trap the system, resulting in slow sub-
diffusive motion close to equilibrium driving.”””’ Hence, we observe
a region of zero velocity in Fig. 5(a). These tall barriers do not occur
for separating copiers, as the length of the product interacting with
the template at any given time is bounded. In our system, only two

TABLE Il Parameterized forms of each of the fine-grained reaction steps for a model of copying where the copy does not separate from the template.

Forward reaction Forward rate

Backward rate

Binding
Polymerization

Kiina (i—11 mi_ymy) kyina[M]
Koor (mi-1mg, my_ymy) kot (niyny, my_ymy)

~AGpr (n,my)
—AGgp

Kping (111, m_ymy) kpinge
Kp_ol(”l—lnla ml—lml) kpol(”l—lnl, mz_lml)e
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FIG. 5. Comparison of velocity profiles and free energy landscapes for STC and NTC. Graphs of normalized average velocity as a function of AGpe — AGpgieq are shown
for NTC in (a) and STC in (b). Equilibrium Gy, — (G) free-energy landscapes (at AGyo = AGpol,¢q) are shown for NTC in (c) and STC (d). A zoom inset is provided in (d).
The long tails of zero velocity for copying without separation, caused by a rougher free-energy profile, do not occur for copying with simultaneous separation, where the

velocity profile is linear close to AGpo — AGpgjeq = 0.

monomers may be bound at a given time, but this intuition general-
izes to other parameter sets and even completely different models
that include separation as the copy grows (even realistic models
of transcription and translation). If only a finite number of copy
monomers bind to the template simultaneously, the roughness of
the free-energy landscape associated with sequence heterogeneity is
inherently limited.

B. Effects of separation and heterogeneity on error
probability and average time spent per site

We now investigate the effect of heterogeneity on two key indi-
cators of a copy system: the error probability, €, and the total
time spent at a site [ before the monomer is permanently incor-
porated, 7y; (contrast with 6y, the waiting time for each visit of a
tip state). We also consider visitations to a given position Vy; for
reasons that will become apparent. As indicated by the subscripts,
these three quantities depend on the positional index ! underlying
template x. We assume these properties are self-averaging if the
underlying template distribution is stationary,’ such that in the
limit L — oo, (€) = @, (V)= %, and (1) = @ are well-
defined. Throughout this section, we will calculate these averages
for a single long template x of length L = 10> whose monomers are
drawn from a Bernoulli distribution B(L,p,) with p, representing
the average proportion of monomers of type 2, similar to Ref. 32.

The quantities {¢), (V), and (7) are then dependent on p,, the
proportion of monomers of type 2. Consider now random variables

€1 and e;. €1 is the error rate (in the large L limit) for copying a
homogeneous template with monomers of type 1, while ¢, is the
error rate for copying a homogeneous template with monomers
of type 2. Let €/x; be a random variable that takes on a value €;
if the monomer at position [ for template x is of type 1, and e,
if the monomer at position [ for template x is of type 1. In the
long L limit, for a given probability p, of monomer 2, then (er)
= (1-p,)e1 +p,e2. Similarly, we can apply analogous definitions
to 7 and V such that (V) = (1-p,) V1 +p,V, and (1) = (1 - p,)
71 + p,T2. If the copying of subsequent monomers were indepen-
dent of each other, we would expect (€) = (er), (V) =(Vr), and
(7) = (71). However, these equalities generally do not hold due to
inter-monomer correlations in the product.””***’ To infer whether
heterogeneity tends to improve or worsen copying performance for
a particular parameter set, we now consider, for specific parameter
regimes, the sign of log-ratio-averages In %, In %, and In % As
an example, In % > 0 would imply that for a given parameter set,
heterogeneity in monomer interactions tends to increase average
errors.

We will separately consider both limits mentioned in Sec. II E,
that is, the slow binding limit with backward propensity discrim-
ination and the slow ko limit with forward propensity discrimi-
nation. Where parameters tend to oo, a multiplier of e'? is used
for the numerics. For the backward propensity discrimination case,
[M] = e 2 and kpjng = €'2. In Sec. 111 B 1, we consider the case where
the interactions between correct monomer pairs (1, 1) and (2, 2) are
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made heterogeneous, while in Sec. IT1 B 2, we consider the case where
the interactions between incorrect pairs (2, 1) and (1, 2) are made

heterogeneous For each section, we will be plotting In <€)) In <( >)

and In Y2 as a function of p,» and we provide a framing for our

W
findings in Sec. 111 B 3.

1. Heterogeneity in correct monomer interactions

Consider the coarse-grained dynamics given in Eqgs. (10)-(13).
To investigate the effects of heterogeneous correct monomer inter-
actions, we fix AGyr(2,2) =2 and AGrr(1,2) = AGrr(2,1) =0,
while varying AGrr(1,1) from 2 to 10. Keep in mind that with
backward propensity discrimination, AGrr modifies the rates of
monomer unbinding, while in the case of forward propensity dis-
crimination, AGyr modifies the rate of monomer binding (Sec. IT E).
Throughout, AG, is arbitrarily held at 0, which corresponds to
relatively weak but non-zero driving.

a. Backward propensity discrimination. Plots are shown in
Figs. 6(a)-6(c). We see that In ﬁ > 0, implying that in this regime

errors tend to be increased by heterogenelty The trend in In <( )

is
more complex, as there appears to be a small dip below 0 for high
p,- Note that the time spent per site is obtained by modulating the
total number of state visits with the average waiting time at each tip
state (Sec. II D). If we instead turn our attention to the visitation
counts, we once again obtain In é“,/ >) > 0, implying that heterogene-
ity in this regime tends to increase the number of tip states visited
before completion.

b. Forward propensity discrimination. Plots are shown in
Figs. 6(d)-6(f). Again, In )
regime due to heterogene1ty Here, both time spent per site 7 and the
number of state visits tend to increase as a result of heterogeneity.

> > 0, so errors tend to increase in this

ARTICLE pubs.aip.org/aipl/jcp

2. Heterogeneity in incorrect monomer interactions

We now consider the case where the binding strengths of
incorrect monomers are heterogeneous, AGrr(1,2) # AGrr(2,1)
while AGrr(1,1) = AGyr(2,2) = 6. AGpq is again arbitrarily held
at 0. AGrr(2,1) =2 is kept constant and AGrr(1,2) is varied from
0to 6.

a. Backward propensity discrimination. Plots are shown in
Figs. 7(a)-7(c). We see that In % < 0, implying that in this regime
errors tend to be decreased by heterogeneity. Unlike in the case
where heterogeneity is applied to the binding free energies of cor-
rect pairs, both ln ) <0andIn ¢ ) 1) < 0. Hence, heterogeneity here
tends to decrease visitation counts. The graphs have similar shapes,
and hence waiting time modulation does not result in qualitative
differences in the total time spent per site.

b. Forwards propensity discrimination. Plots are shown in
Figs. 7(d)-
turn to a different measure, (In ). This average-log-ratio of errors
is a measure of changes in relative error at each site that occur due to
heterogeneity in monomer interactions. For example, (In i) >0 if
the average factor of error increase for one monomer is greater than
the average factor of error decrease for the other monomer. We will
argue the significance of this error measure in Subsection IIT B 3.
For now, observe that (In £) <0 in Fig. 8, implying that relative
errors on each site are, on average, reduced. We continue to observe

1n<<>)<0andln )) <0.

3. Discussion

7(f). We see that there is no clear trend in In < R Let us

Heterogeneity on the correct monomers tends to make copy-
ing both slower (up to modifications due to waiting time) and more
error-prone, while heterogeneity on incorrect monomers tends to
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make copying faster and more accurate (in some cases, only the
average relative error is made better). We now attempt to explain
these results. We can divide the overall coarse-grained state-space
into two: one in which the correct monomer is bound at the tip and
one in which the incorrect monomer is bound at the tip. Due to
the detachment of the copy behind the tip, this division is enough
to specify the chemical free energy at each step (the same does not
apply to models of NTC). Copying can then be thought of as a
special example of 1D diffusion with a choice of the free-energy
landscape at each step (Fig. 9). The addition of a correct monomer
corresponds to moving through a more favorable landscape (the
“correct landscape”), while the addition of an incorrect monomer
involves moving through a less favorable landscape (the “incorrect
landscape”). To understand the effects of heterogeneity, we only
need to consider transitions with free-energy changes modified by

0.01" G 12
-0.2 —— 0

1

M:ITE_OA .9
< -0.6 —— 3
e 4

-0.8 s
-1.0 6

0.00.20.40.60.81.0
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FIG. 8. Mean-log-ratios of error (In f,) for forward propensity discrimination with
heterogeneity on incorrect monomers. (In fl) is negative for all values of p, and
AGrr 12 with heterogeneous interactions.

0.00.20.40.60.81.0

Pt
()

heterogeneity (purple lines in Fig. 9), as all other transitions would
be found in equivalent forms in corresponding homogeneous copy-
ing systems. Observe that the introduction of heterogeneity in the
interaction of correct monomers results in an increased roughness of
the correct landscape, while the introduction of heterogeneity in the
interaction of incorrect monomers results in an increased roughness
of the incorrect landscape. This relative roughness is particularly evi-
dent as the overall variability in AGy; is constrained within finite
bounds [Fig. 5(d)].

Upward slopes tend to slow down motion more than down-
ward slopes tend to speed up motion, and this asymmetry drives
the well-documented observation that rough landscapes tend to be
harder to traverse than smoother ones.”” A “choice of landscape”
model, therefore, explains why heterogeneity in the interaction of
correct monomers tends to increase errors—traversing the incor-
rect landscape becomes more favorable relative to the correct one
(compared to a copying system with homogeneous interactions).
Similarly, incorrect monomer interaction heterogeneity tends to
reduce errors, as the incorrect landscape becomes harder to traverse.
This effect is most robust when viewed in terms of averaging over
relative errors at each site rather than average absolute errors. A
sweep over copying systems with various heterogeneous discrim-
ination factors for both backward and forward discrimination at
AGp,l = 0 (we expect the effect to be stronger with weaker driving)
uniformly shows (In f}) > 0 when correct monomer interactions are
heterogeneous and (In ?61> < 0 when incorrect monomer interactions
are heterogeneous (figures are presented in Appendix E).

The sign of (In £ ) influences the sign of In %, but the latter
may experience a sign reversal, for instance, if monomer 2 is the
monomer that experiences an error reduction and €; < €; already.
This argument suggests that, generally, the potential benefits of het-
erogeneity on copying error rates are more limited than the potential

drawbacks. Heterogeneity will not tend to increase the probability
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FIG. 9. Conceptual diagram of the “choice of landscape” model. Three cases are considered: (a) Heterogeneous correct monomer interactions AGrr = (2 0, 0 4). (b)
Heterogeneous incorrect monomer interactions AGrr = (4 0, 2 4). (c) Homogeneous copying AGrr = (2 0, 0 2). The dashed red line represents the landscape that must be
traversed to form incorrect pairings and the dashed blue line represents the landscape that must be traversed to form correct pairings. The dashed green line is a sample
path including both correct and incorrect monomers. This sample path is colored purple instead when transitions occur within a landscape with free-energy changes altered
as a result of heterogeneity. The dotted lines in graphs (a) and (b) represent the landscapes of homogeneous analogs (i.€., free energy landscapes of the two homogeneous
systems that involve a template with only monomer 1 and only monomer 2). A template x = 1112212112 is used throughout, and the sample path taken by the dashed green

line corresponds to y = 1212122121.

of finding a correct monomer after another correct monomer but
instead can reduce the probability of finding an incorrect monomer
placed after another incorrect monomer by making the landscape
of incorrect monomers more difficult to traverse. However, finding
an incorrect monomer after another incorrect monomer is usually
a rare event for a good copying system, and reducing the occur-
rences of such events would have a smaller impact on the average
error rates of a copying system. Conversely, deleterious effects would
be expected to be larger as correct monomer pairs would be domi-
nant in a good copying system, and there is more room to reduce
the probability of consecutive correct monomers. This reasoning is
consistent with the fact that the deterioration factors in Fig. 6 tend
to be larger than the improvement factors in Fig. 7.

The observed trends in In (?VI) also follow from this “choice
of landscape” model after a few additional considerations. When
correct monomer interactions are made heterogeneous, moving
through the correct landscape becomes more difficult, and hence
more state visits are required. This trend is again very robust
(Appendix E). On the other hand, when incorrect monomer interac-
tions are made heterogeneous, barriers to movement in the incorrect
landscape are increased. Here, we need to consider two separate
effects. First, traversal of the incorrect landscape gets harder, increas-
ing the number of visits to states on average. Second, the system
preferentially traverses the correct landscape. The expected num-
ber of steps of the coarse-grained model along the correct landscape
will be less than that along the incorrect landscape since the cor-
rect tip will be harder to remove on average, thus decreasing state
visits. The second effect is usually dominant (Appendix E), but
exceptions occur when the correct and incorrect landscapes have a
small free-energy gap (implying a small benefit to visitation counts

when traversing the correct landscape). The sign of In % feeds

forward into the sign of In %, but the latter may experience a
sign reversal depending on the waiting times at each template
monomer.

We perform a sweep over parameters to identify regimes where
heterogeneity results in the greatest improvement in error rate
(results in Appendix F). Interestingly, our parameter sweep revealed

0.45
0.40-
w0.351

0.30;

0255700204 0.6 0.8 1.0
Pt

FIG. 10. Graph of (¢) against p,; showing (¢} dipping below the values of (¢) at
both p, = 0 and p; = 1. Parameters are AGyy = —0.3, AGrr11 = AGrr 22 = 6.0,
AGTT'12 = 5.0, and AGWﬂ =0.0.

parameter sets where a heterogeneous system has a lower mean
error than either of its constituent monomers used in isolation.
Consider, for instance, the plot in Fig. 10. There is a clear mini-
mum in (e} at p, = 0.4, implying that some combination of the two
considered monomers performs better than either one on its own.
Thus, it is generally untrue that the error performance of a hetero-
geneous copying system is bounded by the error performance of its
constituent monomers.

C. Entropy, mutual information, and efficiency
in the low AG regime

Recall that Y is the random variable representing the product
sequence, and X is the random variable representing the template
sequence. As the sequence of copy polymers Y conditioned on a tem-
plate x is Markov, the template-conditioned entropy rate of complete

32,33

polymers can be calculated as follows:™"**"
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N
h(Y|X =x) = LIEEOZZI:1H(YI|Y1:I—DX =Xx)
N )
= lim -2, H(Y)|Yi0, X = %)

N
= _Llirgoizlzlzijpx,l—l(ml—l)
x Py (my|my_y) In Py (my|my_y). (22)

Assuming this entropy rate is self-averaging for stationary distribu-
tions p(x) of X,*> h(Y|X = x) is the same for any typical’! instance
x of X. Then,

h(YX) = Zep(x)h(Y|X = x) = h(Y|X = x). (23)

For our investigations here, we average entropy over the mid-
dle 80% of a long template to mitigate edge effects. Similarly to the
error rate, the entropy rate captures uncertainty in the identity of
successive monomers in the copy. It is, however, the more ther-
modynamically relevant parameter, as it is directly bound by the
drive AGp,1. For AGpe > 0, copying can, in principle, be arbitrar-

M]

ily accurate. However, if AGpo < 0 (as AGpo = AGpp + In ﬁ and

generally [M] < [M].s, this regime corresponds to one where the
chemical free-energy drop due to backbone formation cannot com-
pensate for the entropic drop as a result of attaching a monomer to
the polymer tail), then there is a fundamental limit on how accurate
a copying system can be when operating in the limit of long polymer
length.*

At equilibrium, copying has no accuracy, as every possible
polymer product has the same chemical free energy given by
(L —1)AGp,. For our model of copying, this equilibrium point
occurs when AGyo = ~In2, as this is the point where the forward
drive provided by the sequence entropy of the copied polymer is
exactly canceled by the polymerization drive AGy,, resulting in no
net free-energy change with increasing length of the copy polymer.*
Furthermore, if —In2 < AGpo <0, then the entropy rate decreases
relative to the equilibrium entropy rate of In2 per monomer,
In2 - h(Y]X), is bounded by AGpo +In2, leading to a thermody-
namic measure of efficiency,

In 2 - h(Y|X)

HTherm = AGpol T1n2 . (24)
Hrherm 18 the efficiency with which free energy is converted into the
low entropy of the product state. Poulton observed in Ref. 33 that
the entropy drop during (homogeneous) copying tends to be quite
far from the fundamental bound at most values of AGy,|, and hence
it would be instructive to see if we can get closer to this funda-
mental bound by permitting heterogeneity. One important caveat in
this discussion is that this bound is only valid in the infinite length
limit.”> At the polymer length we consider, L = 10, the behavior
of most monomers far from polymer boundaries approaches the
behavior for the infinite length limit, and hence, while methodolog-
ical limitations force us to work with finite length polymers, we
are endeavoring to make statements on the efficiency of copying of
infinite length polymers.

Setting L = 10%, and using the coarse-grained model defined
by the propensities in Egs. (10)-(13) with AGrr(1,1) = AGrr(2,2)
=6, AGrr(2,1) =0, and varying AGrr(1,2) from 0 (the homo-
geneous case) to 6, we plot maxy #therm in the low AGq region

ARTICLE pubs.aip.org/aipl/jcp

as a function of AGy, for copying with backward propensity and
forward propensity discrimination in Figs. 11(a) and 11(c), respec-
tively. We see quite significant increases in efficiency relative to the
homogeneous case. The source of this increased efficiency is the
mechanism identified in Sec. III B: roughness in the free-energy
landscape of incorrect monomers makes correct monomers more
favorable. Interestingly, these increases in efficiency occur despite
combining a monomer with another monomer having worse dis-
crimination than itself; hence, (congruent with our observations of
error performance in Sec. 11 B), the thermodynamic performance of
a heterogeneous copying system is not bounded by the performance
of its constituent monomers. Note that because of finite size effects
and sampling, h(Y|X) does not quite achieve In2 at AGpe = —In 2,
so the leftmost data points are calculated at AGp, = —In2 + 0.0001
and L = 10° to prevent numerical instabilities.

Instead of the entropy rate drop In 2 — h(Y|X), we may instead
wish to consider the mutual information rate I(X,Y) = h(Y)
— h(Y|X), where h(Y) is the product entropy rate unconditioned
on the template,

1
h(Y) = nggozzlelH(Yz|Y1;z-1)~ (25)

Per Shannon’s coding theorem,’’ the mutual information quantifies
our ability to uniquely distinguish a message encoded in our original
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FIG. 11. Thermodynamic (#ye) and (estimated) information (7) efficiencies
as a function of AGy when incorrect monomer interactions are made heteroge-
neous by varying AGrr (1, 2) from 0. Plots for backward propensity discrimination
are shown in (a) and (b), and plots for forward propensity discrimination are shown
in (c) and (d). For both types of discrimination, the entropy rate is reduced by
heterogeneity, and hence 7y, is increased in (a) and (c). 7 for backward
propensity discrimination is increased by heterogeneity up to about AGy = —0.2
to —0.3, after which it starts decreasing. For forward propensity discrimination,
heterogeneity tends to reduce 7, except for very low values of AGy, < —0.55.
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template from our obtained copy or, equivalently, tell which tem-
plate a copy came from. The mutual information maximized over
input distributions defines a channel capacity C = max,x)I(X,Y).
We shall now explore this channel capacity, although for practical
purposes we will consider optimizing over Bernoulli input distribu-
tions. In the case of homogeneous copying, the channel capacity is
exactly equal to the entropy rate drop In2 — h(Y|X), as the entropy
rate h(Y|X) is independent of the template distribution, and due
to symmetry, h(Y) = h(X) = In2 when the template is drawn from
a Bernoulli distribution with p; = % To understand how C differs
from the entropy drop In2 — h(Y|X) in the case of heterogeneous
copying, consider a hypothetical copying system that always maps
template monomers to a copy monomer of type 1. This copying
system would have a maximum entropy rate drop of In2 but a
mutual information rate of 0. For a given template distribution,
I(X,Y) =h(Y) - h(Y|X) <In 2 -h(Y|X) and In2 - h(Y) can be
regarded as the proportion of the entropy drop from the equilibrium
distribution that does not contribute toward information transfer.
Maximizing over p(X) should maintain our inequality such that
C = max,x)h(Y) — h(Y|X) < maxyx) In2 - h(Y|X). We may thus
define an information efficiency #;,; < MaXp(x) ¥y as follows:

C

—_—. 26
AGpol +1n 2 ( )

Ninf =

The entropy rate h(Y) is difficult to calculate exactly for
heterogeneous polymer copying. It can be expressed as follows:

1
h(Y) = LILIEOZZIL:1H(Y1|Y1:1—1)

L1
- _nggizilz’”lzlp(mb Mo, ..., ml)
x In p(mylmy, ma,.,my_y), 27)

These probabilities are marginalized over the template X. The joint
and conditional probabilities can be expanded as follows:

plmylmi,ma, .. my_y)

= pr(m;|m1, my, ., ml_l,x)p(x\ml, my, ... ml_l)

= Zxp(mylm_y, x)p(X|my, ma, . ..my_y), (28)

p(ml,mz, - ml_l,ml)
= pr(ml, M2, ., Mi_1, ml,x)
= p(my,my,...m_y) Exp(my, xX|mi, ma, ...m_)

:p(ml,mz,. ..ml,l)p(ml|m1,m2,.. .ml,l). (29)

In Eq. (28), the p(x,mi,ma,...,m;_;) term means that we
cannot assume p(my|mi,ma,...,mp_1) = p(my|m;_;). In order to
proceed, we first make the assumption that Y, having marginal-
ized over X, has finite-length, templated-mediated correlations and
can be approximated as an ith-order Markov process (Appendix G).
Remarkably, numerical evaluations show that the change in esti-
mated entropy going from i =1 to i = 8 is not significant for the
parameters we consider when sampling the middle 80% of a length
L=10" template. Furthermore, by sampling length L =10 and
L=10° templates at select parameter values, we found that a
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significant proportion of this error (at least for some regimes) is
likely attributable to sampling issues instead of genuine long-range
correlations (Appendix G), and hence we are justified in estimat-
ing entropies by treating Y as a first-order Markov chain. Formally,
this assumption means that the information efficiency we calculate
fiinf is an upper bound of some true information efficiency #,  for
Bernoulli templates. However, Appendix G suggests that 7 is a
very tight upper bound. On the other hand, #;  may be higher when
considering non-Bernoulli templates.

In Figs. 11(b) and 11(d), we plot our estimated fji,f as a
function of AGy,| for the backward propensity and forward propen-
sity discrimination regimes, respectively. As expected, we observe
finf € MaXp, Hherm. Increases in efficiency relative to the homo-
geneous case AGrr(1,2) =0 are better preserved with backward
propensity discrimination compared to forward propensity discrim-
ination. P(Y) is, in essence, more skewed in the forward propensity
discrimination case, which is detrimental to mutual information.

IV. CONCLUSION

Using minimal models with fine-grained steps,’ we have inves-
tigated how heterogeneity interacts with separation to affect copying
error, velocity, and thermodynamic efficiency in STC. We have
thus far investigated heterogeneity in monomer binding energies
and kinetics; the effects of heterogeneous monomer concentrations,
which would naturally manifest as heterogeneity in binding rates,
will be an interesting topic for future research. Our first contribu-
tion is an approach for extending Qureshi et al.’s coarse-graining
method® to generalize to heterogeneous systems. We have thus far
used this method to find polymer completion times for our coarse-
grained model. A natural extension would be to use the method
to investigate a heterogeneous version of kinetic proofreading, "’
where it can be used to find the average expected free-energy
consumption per polymer copy.

Using this method, we were able to characterize the velocity
profiles of a heterogeneous separating templated copolymerization
system. In contrast to non-separating templated copolymerization
systems,”> we do not observe a long tail of zero velocity as equi-
librium is approached. This absence makes sense in light of the
template-dependent free-energy profiles of partial copies, which
have significantly higher barriers (scaling as \/Ip for a length scale
Ip) in the case of NTC. Put another way, each monomer type in
heterogeneous NTC has a different pseudo-equilibrium point, and
copying with a drive lower than a monomer’s pseudo-equilibrium
point makes traversing a long stretch of said monomer more dif-
ficult. This effect is totally absent in the case of STC since the
sequence-specific interactions with the template are transient. We
expect that this observation would generalize to more realistic mod-
els of transcription or translation, as long as the copy continuously
separates from the template and the number of copy monomers
interacting with the template at a given time is effectively bounded.

Our results on the effect of heterogeneity on error rates are
more surprising. It was not initially obvious that discriminating on
correct monomer interactions, arguably the more natural form of
heterogeneous discrimination, would tend to increase errors. There
is evidence that in protein translation, the ribosome grips on tRNA
have identical strengths.”> This grip is analogous to our transient
copy-template bond, as it is not persistent, and so it is plausible
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that the homogeneity of this grip was selected due to similar mech-
anisms that increase heterogeneous error rates (consider that in our
case, error increase factors of up to % = 3.5-fold were observed).
In the context of artificial systems, our results would suggest that it
would be wise to minimize interaction heterogeneity on correct pairs
of monomers.

The relative error reduction observed when discriminating on
incorrect monomers is equally surprising. Applying heterogeneity
to incorrect monomer interactions could be a useful design motif
for the design of accurate copiers, and we have made some attempts
toward this goal by scanning over parameter space. We find that
having backward and forward propensity discrimination on sepa-
rate monomers, with roughly equal effect sizes, tends to produce
the best results. However, we emphasize that the usefulness of this
design motif depends on the space of accessible parameter sets.
Under some chemical restrictions (in particular, if we had to operate
in the low AGy, regime, or if our copying mechanism only permits
backward propensity discrimination), it may make sense to apply
heterogeneity to incorrect monomer interactions for the roughly
10%-20% improvement in error rates. Note that operating under
low AGp, may be necessary for synthetic systems. Reassuringly,
there does not appear to be a trade-off between using heterogene-
ity to reduce error or using it to speed up copying, as regimes that
tend to reduce error tend to reduce copying time as well. Both
performance measures prefer heterogeneity on incorrect monomer
interactions as opposed to correct monomer interactions, as het-
erogeneity on incorrect pairs makes it harder to move through the
landscape of incorrect monomers.

Our final result relates to the entropy drop and mutual informa-
tion in heterogeneous copying systems. In homogeneous copying,
the entropy drop from equilibrium is exactly the mutual informa-
tion when template monomers are equally distributed. In contrast,
we showed that there is a meaningful difference between this entropy
drop and mutual information in the case of heterogeneous copying
due to the skewing of the copy polymer distributions. For a given
template distribution, we can evaluate a channel capacity, the mutual
information maximized over input distributions. Channel capacity
can in turn be used to define an information efficiency measure. We
showed that both thermodynamic and information efficiencies can
be improved by heterogeneity in the incorrect monomer interac-
tions at low AG),y, but that information efficiency is always less than
or equal to thermodynamic efficiency. Per Shannon’s channel cod-
ing theory, channel capacity represents the minimal bitrate above
which arbitrarily accurate decoding is possible, and hence some of
the thermodynamic entropy drop in heterogeneous copying systems
does not contribute to reducing this bitrate. On the other hand, for
homogeneous copying systems, there is always a template distribu-
tion (p; = }) where the thermodynamic entropy drop in the copy
(relative to equilibrium) fully contributes to the reduction of this
bitrate.
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APPENDIX A: GASPARD’S METHOD VIA ABSORBING
PROBABILITIES OF MARKOV CHAINS

Consider again Fig. 2 in the main text. We wish to calculate
the probability Ry;(my,|m_1m;) of being absorbed into a com-
plete polymer with my,, after m; starting from the initial state
(x, &m_ymy), without going back a step. To aid in our calculations,
we introduce the absorption probabilities Ry ;(m,1|m_1mym,), the
probability of completing polymerization with my,, after m starting
from a system state (x, & m;_m;m;,) in the context of the Markov
chain given in Fig. 2 (m;; may be the same or different from m;).
To clarify, this probability includes the probability that we move
backward from (x, & m;_ymm,) to (x, &m;_;m;) and then, after
an arbitrary non-absorbing set of moves, eventually absorb into
(x, &my_ymymyy; ... 0), where 0 indicates a detached, complete
polymer. Note: moving back two consecutive times from m, always
results in the backward absorbing state. In addition, if m, = m,,
then absorption without moving back is included in the absorption
probability Ry ;(myy|m_ymym,).

We can now use the fact that for an arbitrary Markov chain, the
absorbing probability to an absorbing state A from a transient state
x can be calculated as p, (Alx) = Zip(xi|x)p,.(Alxi) + p(Alx),
where x; are all states with transitions from x [setting p(Alx)
=0 if x cannot directly transition into A]. Reminding readers that
Py (mis1|my_ymy) are the local transition probabilities for the addi-
tion of monomer my,, in a single coarse-grained step, the system of
Egs. (A1) and (A2) is obtained,

Ryi(myr|mi_ymy) = S, pxy(me|mi_ymy) Ry (mpgq [m_ymym,),
(A1)
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1- X r Rx — 5 * My,
Ry (i [y gy ) = (1 = Qi1 (mymy) )Ry (mys [my—ymy) My #m (A2)
(1 = Qe (mymy) )Ry (mypa[my_ymy) + Quuer (mymysr), mypyy = my.
Substitution of (A2) into (A1) yields
Ry (mugim_ymy) = pyi(mys[mi_imy) Qurey (mymyyy)
+ Z, Pt (me|my_ymy ) (1 = Qgrer (mymy) )Ry (myga | my_ymy). (A3)
Equation (A3) can be rearranged with all Ry ;(m,;|m;_1m;) terms to the left, yielding
(Mg |mi_imy) Qg piq (myum
Ry (s |y i) = Pt (Mg [m_ymy) Qurer (mymygy) (A4)

We can perform the substitutions
— (D;-(x’mlmlﬂ)
O (x,my_ymy)+2,, O (x;mym,.)

summation in Eq. (2) of the main text to obtain Eq. (A6),

Pxi(Mpg|my_ymy)

to obtain Eq. (A5), and then perform the

O (x, mymyy 1) Quurr (mymyyy)
O (x, my_ymy) + Zm, OF (X, mym, ) Qu e (mymy) ’
(A5)

Ry (myg1myp_ymy) =

Zon, @ (%, gy ) Qs (mymy )
O (%, my_ymy) + Zn, OF (%, mymy ) Quy (mymy)”
(A6)
A slight difference from the derivation in Ref. 32 is that we have
opted to express our iteration in terms of Q instead of local veloc-
ities vy, as our derivation of expected visits in Appendix D uses Qy
rather than vy ;. However, we emphasize that the underlying math-
ematics is the same, and the local velocities vy in Ref. 32 can be
obtained using vy; = ., O (x, mymyy ) Qurer (Mymyyy ).

The monomeric conditional probabilities Py 41 (m41|m;) can
be calculated by considering the Markov chain in Fig. 2 and then
omitting the possibility of removal of monomer m;. To understand
why, note that for complete polymers, the distribution of my,; is
only affected by the copying trajectory after my is added for the final

Qui(my_ymy) =

J

1 = Zon, pyg(me|my_ymy) + S, pry(me|my_ymy) Qg ey (mymy )’

time and then never removed. Py i(my,q|m;) is then simply the
absorption probability into (x, & m;_;mmy,; ... 0) for this mod-
ified Markov chain. The calculation of absorbing probabilities is
identical to our previous derivation up to Eq. (A4). Our final substi-

tution now must omit the backward rate such that py ; (1,1 |m;_ym;)
_ O (mymy)

= SO o) resulting in

O (x, myms1) Qur (Mymysy)
Zmyq)?— (X) mlm‘r)Qx,l+1 (mlmr)

Pyj1(myga|my) = (A7)

APPENDIX B: DERIVATION OF COARSE-GRAINED
PROPENSITIES

We use the method in Ref. 43 to derive our coarse-grained
propensities for the model with detachment. Refer to Eq. (1) and
assume a starting completed state (as a reminder, completed states
are states with f=0) (x, &m;_;,0) and a second completed state
(x, &my_ym;,0). In Fig. 1(b), there is only one spanning tree rooted
at either of these completed states (the leftmost and rightmost
states), and a straightforward multiplication of forward rates results
in Af (ny_yn;, m_ymy) [Eq. (B1)], while a multiplication of backward
rates results in Ay (n_n, m_ymy) [Eq. (B2)],

Ax (g, my_ymy) = Kogna (mi-y g, my_ymy) Kot (niy g, my_ymy) Kega (- ngs my_ymy)

= kpinakpol (i1, my_ymp) ke 0[], (B1)

Ay (n_ymg, my_ymy) = Kgng (mi-yng, my_ymy) Koy (ni_yng, my_ymy) Kegy (ni—yng, my_ymy)

= kpindKpol (11—1 11y, my_ymy) kpaite

~AGgp—AGrr (ny,my) [M]eff- (B2)
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The modified process used to obtain Ax(n;_n;, m;_1m;) [with tran-
sitions to (x, &my_ym;) redirected back to (x, &m;_;)] and its
spanning trees rooted at (x, & m;_;) are depicted in Figs. 12(a) and
12(b), respectively. The resulting Ax(n_;n;, m;_1m) is given in the
following equation:

Ax(m_yng,my_ymy) = Kng (mp-ymg, my_ymy) Kol (mg-y g, my_ymy)
+ Kping (1111, my_ymy) Kt (mi—y 1y, my_ymy)
+ Kot (n-y 1, my_ymy) K (my_y ng, my_ymy)
= ¢ BOm AT () o o (i 1y, mi_ymy)

—AG _1,mi_1)—AG , —AGgen
te 1 (m-1,mi ) =AGrr (n,m)) —AGy Kpindkiail

—AGrr (1y—y,m)—
+ ¢ A (s l)kpol(nl—lnb my_1my) kgl

(B3)

ARTICLE pubs.aip.org/aipl/jcp

Equations (B1)-(B3) are consistent with the coarse-grained
propensities in Egs. (8) and (9). Now refer to Fig. 4(a) for the case of
non-separating templated copolymerization. Afrc (111, my_1my)
[Eq. (B4)] and Axrcx(mi—in,mi_ym;) [Eq. (B5)] can again be
obtained by a straightforward multiplication of forward and
backward rates,

Afrex(m-n, mi_ymy) = Kying (g, my_ymy) Kpoy (ng_yng, my_ymy)

= kvindkpol (m1—1 11y, my_ymy ) [M], (B4)

Axtex(moyn, mi_ymy) = Kyng (m-ymg, my_ymy) Koo (-, my_ymy)
—AGpg—AGrr (ng,my)

(B5)

= kvinakpol (1-115, my_ymy)e

® oo oo
H — : : — H H
BH-Ha — BHHE — BHHE
K'hing Ko
K
(a)
K-l-pol

- 00

N

K tail

B HE

o OO0

00

B{HE « B{HE « EHE

K pind
(b)

Kol

FIG. 12. Enumeration of spanning trees for the calculation of coarse-grained propensities. (a) The modified network for the calculation of A. (b) Spanning trees of the network

rooted at the initial coarse-grained state.
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For Antcx(m—1m;, mj_ymy), note that the only two spanning trees
for a modified process with polymerization redirected back toward
the initial state are the single-step processes of unbinding and
polymerization, leading to the form in the following equation:

Antex(m—ymy, m_ymy) = Kygg (mymg, my_ymy) + K;ol(nl—lnlx my_ymp)

= e A0 ) oo+ kpot (g g, my_ymy).
(B6)

APPENDIX C: DERIVATION OF AVERAGE TIP WAITING
TIMES

We apply the method in Ref. 43 to calculate the expected wait-
ing times Ey [0y;] at a given tip state of the coarse-grained model.
Note the waiting times will be dependent on the template as well as
copy monomers near the tip; hence, in this section, a tip state will
refer to (n_ymny 1, mi_ymy). For each coarse-grained tip state, we
wish to consider the network of reactions into and out of the com-
pleted state corresponding to f =0 [Fig. 1(c)]. Refer to Fig. 13 for
the first passage network from a completed state, with all transitions
to other completed states redirected back to the initial completed
state. As our propensities are dependent only on local template
and copy monomers, Ev[0y;] = Ev[0(n_1nmn1, m_ym;)] for our
case. As per,” By [0(n_ymnyy, mp_ymy)] = 1/](n_ymngy, my_ymy)
where J(n_ymmny,y,m_ymy) is the flux into completed states cor-
responding to distinct coarse-grained states. To find this flux,

J

King (m141) Koo (1)

ARTICLE pubs.aip.org/aipl/jcp

we will need to calculate the stationary probability distribu-
tion p_(x, &m_ymy,f) of fine-grained states in the network
in Fig. 13.

Our discussion for the remainder of this section will take place
in the context of a single network of the type in Fig. 13 [with state
indices given by Fig. 1(c)]. Hence, x and & m_;m; are fixed, and
we can omit them from variables for simplicity. Rates of the form
K*(mmny,y, mymy,;) (with dependence on my,;) are abbreviated to
K*(my,,), rates of the form K*(n_yn;, m_ym;) (without depen-
dence on my, ) are abbreviated to K* (=), J(n_imny,, m_ymy) is
abbreviated to J, and p_(x, &m_ymy, f) is abbreviated to p_(f).
Finally, we introduce a function x(mj1) = 2 + 2 x my,; that maps
a monomer my; to the transitory state index feir such that
(x, & my_1my, fexit) has a transition into (x, &my_mymy,;,0). That
is, y returns the last fine-grained state encountered before the com-
plete addition of a monomer .. Then, the flux J can be calculated
as follows:*

J = Koina(=)Pss(2) + Zom, Kt (m11)pss (X (m11:1))- (€1

Here, the first term is the backward flux, and the second term is the
sum of all forward fluxes. The steady state probabilities of states with
transitions to other coarse-grained tip states can be found through
standard methods, and they are expressed in Egs. (C2) and (C3) [and
a normalization variable N expressed in Eq. (C4)],

N

+ me

NTC. The function yy;c(#41) = 1 + my; now maps each my,; to
fexit, its final state before transition. The flux Jyrc is then calculated
as follows [refer to Fig. 4(b) for state indices]:

IntC = Keing (=)pssntc (1) + Zom,, Koot (m141)pss (e (m1:1)).
(

Steady state probabilities and normalization variables for NTC with-
out detachment, calculated through standard methods, are given in

55 m = = = = — 5 (CZ)
Pos((misr) N (Kiing (m15:1) (Kot (m141) + Ky (m141)) + Ko (mi1) Kooy (m141))
K (=) Kpor ()
55(2) = — = — i — — > (C3)
Pt = N Kt () K () + Kina(4) + Kia () Ka (4))
-1+ Kt:il(_)Kp_ol(_) (1 N K§ol(—) + Kiina (=) )
Kt (=) (Koo (=) + Kping (=) + Kina (=) Ko (-) Kool (-)
King (m141) Koo (m141) ( Koor(mig1) + Kegy (mys1) ) (C4)
Kpina (mi1) (Koot (m141) + K (m141)) + K (mye1 ) Ko (i) Kpor(mis1) .
Analogous definitions and abbreviations can be applied to K[;nd(mm)
55, m = - , (Cé6
pxreovtc (i) NNTC(Kbind(ml+1) + K;ol(mm)) (€
Kiol(_)
ss,NTC(l) = P — > (C7)
P Nvtc (Ko (-) + Kina(4))
C5) ) .
K~ Kia (i)
Nxrc =1+ polt + Sy, ————oind T :
e K1 (=) + Kpina () ! Kping (m111) + Koy (mi11)
(C8)

the following equations:
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FIG. 13. Fine-grained network for calculating first passage between coarse-grained states. Transitions leading to other coarse-grained tip states are redirected back to the
initial coarse-grained state. Rates for the bottom arm are omitted but are analogous to those for the top arm with (12, 12) in place of (12, 11).

APPENDIX D: ITERATION FOR THE EXPECTED
NUMBER OF VISITS TO A TIP STATE

Let a tip state (m;, myy1 )y 41 refer to a class of states with tem-
plate x and a copy of length [ + 1 ending in my, my, ;. This definition
extends to longer tails; for example, (m;_y, mj, my;1 )y 41 would refer
to states ending in my_;,m;, my,;. In this section, we aim to cal-
culate B[ Vy;(my, my1)|m_;, m;], the expected number of visits to
(my, myyq )x 41 for each visit to (my_1, m;)y). We argue that this quan-
tity can be calculated by considering visits to transient tip states
in the Markov chain in Fig. 3. We will use abbreviations of the
form Vi1 (myyq) = E[ Vi (my, myyy ) |my—y, my] for convenience, not-
ing that we always refer to the Markov process in Fig. 3, and hence
the conditioned tip m_;, m;, and template x are defined.

Each tip state (m_y, my, My )xe1 will be visited an expected
Pyi(Mis1|m_y,m;) number of times from each transition out of
(my_1,m;); (we call this visit, resulting directly from monomer
addition, a “forward” visit). We can count “backward” visits
to (my_y, my, My )y from (my_y, my, My, Mo )yie by noting
that each visit of (m_y, m;, my1,mps)x 42 has a probability of
1 - Qquia(mimyyy) of returning back to (my_y, my, Mgy )x e
Hence, denoting forward visits to (m_y, my, my,1, My )x ez in the
Markov chain given in Fig. 3 by V. /iz(mmmm), we obtain an
expression for V. (my;1) in the following equation:

Vier (M) = pxi(mpami_ymy) + Zm,,,

x (1= Quia (mpimi2) )V, (my1,myys). (D1)

We further know that visits to (m;_y, m), my11, M43 )y 42 are just the
visits to (my_1, my, myyq )x 41 weighted by the probability of adding

My, so that V+2(m1+1, Mit2) = pxit (M |mym ) Vi (mpq),
leading to the following equation:

Vier (mpr) = pxg(mper[mi_ymy) + Sy, (1= Qgrea (mipmyy)
X Px,l+1 (ml+2|mlml+1)vl+1(ml+1)- (D2)

Rearranging for V.1 (my,;), we obtain the following equation:

E[ Vi (my, mypy)|my_y, my] = Vi ()

Pxi(mp|my_ymy)
= Quir2(Mpmiga) )P ior (Mg |mymyy)

= D3
1- z””lﬁ (1 ( )

E[Vy(my, myyy)|m_y, m] is then calculable from previously calcu-
lated Q variables (and local rates). Then, the absolute visitations to
any tip state (m_;m;)y; can be calculated using Eq. (6) of the main
text.

APPENDIX E: PARAMETER SWEEP OF RELATIVE
ERROR AND TOTAL VISITATIONS

To test the robustness of our qualitative predictions on the
effect of heterogeneity on relative error and state visits, we perform
a sweep of parameter space. Letting AGpo = 0, L = 10*, and consid-
ering a high discrimination level AGyr,y and a low discrimination
level AGrr with AGrry > AGrr,, we consider forward/backward
discrimination matrices of the following form for heterogeneity on
correct monomers:

(E1)

AG 0
- (20 0 )

0 AGTT,L '
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On the other hand, for heterogeneity on incorrect monomers,
we consider matrices of the following form:

(E2)

AG AG
AGyy = ( TT.H TT,L)

0 AGrry)

We then sweep over these parameters for different p,. In the case
of heterogeneity on correct monomers, we want to show that
relative error and state visits are always increased, and we thus

expect miny, (In £) > 0 [Figs. 14(2) and 14(b)] and miny, In & > 0
[Figs. 15(a) and 15(b)]. On the other hand, for heterogeneity on

incorrect monomers, maxp, (In f{) <0 [Figs. 14(c) and 14(d)] and

maxp, In ¢ (v) <0 [Figs. 15(c) and 15(d)] are expected. In this L = 10*
regime, the noise due to edge effects becomes significant, and so we
extract values from the central 80% of the polymer. Only the upper
right triangle of all of the heat maps is plotted. Despite allowing
the system to optimize over p,, the maximum and the minimum
in each case stay very close to 0, implying that error and visits
never improve when correct monomer interactions are heteroge-
neous and never degrade when incorrect monomer interactions are
heterogeneous. The exception to this observation is the deviation in
In % observed in the small discrimination regime for heterogeneity

on incorrect monomer interactions. For heterogeneity on incorrect

10

m|n(|n )
0. 0010

0.0005

AG']T, H *

0.0000

—0.0005

AGrT, L * AGrr, * —0.0010

10

max(ln )
0. 0010

0.0005

AG"T, H *

0.0000

—0.0005

0o 2 4 4 6 8 10
AG']T’L* AG'[T'L*

() (d)

—0.0010

FIG. 14. Heat map illustrating the resulting relative error change (In f’) from
parameter sweeps for heterogeneity, having extremized over p,. We consider
heterogeneity on correct [backward propensity discrimination: (a) and forward
discrimination propensity discrimination: (b)] and incorrect [backward propensity
discrimination: (c) and forward propensity discrimination: (d)] monomers. In the
case of heterogeneity on correct monomer interactions, this relative error change
is minimized over p;; for heterogeneity on incorrect monomer interactions, it is
maximized over p,. Only the upper triangle AGrr > AGrr, is plotted. For hetero-
geneity on correct monomers, minp, (In fl) = 0, so relative error decreases do not

occur, and for heterogeneity on incorrect monomers, maxj, (In fl) = 0, so relative
error increases do not occur.
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)
0.10

m|nln

0.05
0.00
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—0.05

6 8 10
AGr, * AGyr, * -0.10
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FIG. 15. Heat map illustrating the resulting log heterogeneous change in state
visits In % from parameter sweeps for heterogeneity, having extremized over
p;. We consider heterogeneity on correct [backward propensity discrimination:
(a) and forward discrimination propensity discrimination: (b)] and incorrect [back-
ward propensity discrimination: (c) and forward propensity discrimination: (d)]
monomers. In the case of heterogeneity on correct monomer interactions, In ((v))
is minimized over p;; for heterogeneity on incorrect monomer interactions, it is
maximized over p;. Only the upper triangle AGrr > AGrr, is plotted. For het-

erogeneity on correct monomers, minp, In V)~ 0, so decreases in state visits

Vi)
do not oceur. For heterogeneity on incorrect monomers, max;, In (v> = 0 for the
vast majority of parameters so increases in state visits do not occur. However,
deviations maxp, In (< W > 0 are observed in the small discrimination regime for

heterogeneity on incorrect monomer interactions.

monomer interactions, there is tension between increased visitation
in the incorrect landscape and the higher probability of traversing
the correct landscape. Hence, when the correct and incorrect land-
scapes have a small gap, to begin with (true for small discrimination),
the effect of increased visitations through the incorrect landscape
becomes more significant.

APPENDIX F: INVESTIGATIONS ON ERROR
REDUCTION THROUGH HETEROGENEITY
FOR SEPARATING COPIERS

Section 111 B revealed an interesting phenomenon that hetero-
geneity on correct monomers tends to increase error rates, while
heterogeneity on incorrect monomers tends to decrease error rates.
We believe it would be illustrative to attempt to find levels of forward
and backward heterogeneity that are (in a heuristic sense) optimal
for extracting benefits from heterogeneity.

In our fine-grained copying model, we can obtain varying
forward and backward discrimination factors in the slow polymer-
ization limit, kpol << Kpind. Instead of forcing kyo to be sequence-
independent, we allow it to be a function of the added monomer pair
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TABLE IV. Parameter sets investigated in Appendix F.

Index AGTT AGK
* ~% *
i Grr Grr Gg 0
0 Gy Gy Gy
T x Ok
B G 30 Gy 0
ii Ty 3Gy .
0 Grr -

~%

... 6, G
iii ™y
*

0 Gip

kpol (111, m;) and set kpoi (1, ml)eAGTT(’”"”’) [M] = BGx(mm) 4 obtain
the following form:

(D+(nl,1nl,ml,1m1) = eAGK(m’mI)’ (F1)

O (m_yny, my_ymy)

_ eAGK (1) =AGpo +AGrr (m—y,my—y )*AGTT("r,ml). (FZ)

Copying is thus parameterized by a scalar parameter, AGy,l, and two
matrix parameters, AGx and AGry.

Based on Sec. I1I B, we anticipate that error reduction is maxi-
mized when correct monomer pairs are kept homogeneous while the
heterogeneity in the incorrect pairs is maximized, and so we make
that assumption. We first consider the limit where one monomer is
purely backward propensity discriminated, while the other is purely

10 [ ] 10 10
8 8 8
*':6 ' *':6 *':6
Q4 Q4 O 4
< < <
2 2 2
0 0 0
0 2 4 6 8 10 0 2 4 6 8 10 0 2 4
NGk * AGk * AGk *

forward propensity discriminated. Then, we gradually shift the dis-
crimination until one monomer has half the forward propensity
discrimination (and the other has half the backward propensity
discrimination) of the other.

We list our constrained parameter sets in Table I'V. For each
constrained set, we allow for baseline amounts of forward and
backward propensity discrimination, AGgx and AG}y, to vary inde-
pendently. Two values of AG,, are considered, 0 and —0.3 (note
that —0.3 is weaker driving). For each parameter set, we consider
the average error ratio |, [%] (here, the expectation is taken over
a uniform distribution of the parameter p,), a measure of how much
heterogeneity helps decrease errors averaged over the content of
monomer 2 for Bernoulli templates. Sweeping over different base-
line values G and GJ, we obtain heat maps of E,, [%], plotted in
Fig. 16.

Consider first AGyo = 0. We observe that in the limit of
pure opposite discrimination (i.e., one monomer is purely forward
propensity discriminated, and the other purely backward propen-
sity discriminated), the largest decreases in error tend to be obtained
when backward and forward propensity discrimination is present
at roughly similar amounts. However, as discrimination is shifted
in parameter sets (ii) and (iii), ]Epl[%] tends to increase in this
region [Figs. 16(a)-16(c)]. This response is consistent with what
we saw in Sec. III B, since shifting the discrimination results in a
smoothing of the incorrect monomer potential. In the best cases,
heterogeneity tends to decrease errors by about 10-20 percent (aver-
aged over all p,) relative to the naive, uncorrelated estimate of the

error probability e;. On the other hand, for the lower value of

10 0o 2 4

8 10 FIG. 16. Identifying regimes where het-
erogeneity has large impacts on error.
Ept[%] is plotted for parameter sets
£ indexed (i), (i), and (i) in Table |V,
Pee for AGpol = 0 (a)~(c) and AGyy = —0.3
1.2 (d)~(f). When AGy =0, the greatest
decreases in error tend to occur when
AGg ~ AGy; for parameter set (i), and
11 AGy =0 for parameter sets (i) and
' (iii). When AGy = —0.3, the greatest
decreases in error tend to occur when
AGg =00r AGY; = 0.
1.0
0.9
8 10
0.8
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AGpo1 = —0.3, beneficial effects tend to peak when one monomer
is purely backward or forward propensity-discriminated, while the
other experiences no discrimination at all [Figs. 16(d)-16(f)].

APPENDIX G: MARKOV APPROXIMATIONS
FOR ENTROPY AND INFORMATION

Applying an ith-order I-independent Markov assumption on Y,
having marginalized over X, we get the following joint probability
distribution:

p(ml—i’ “en ml—l)ml)
= Zxp(myjs . . . my_y, myx)p(x)
1
= Llin;ZZzL:lp(WZ—iw . my_y, my|x)
.1 -
= Llir{.loszzlp(ml—ih)nj:llfip(m]+1‘mj’x)' (G1)

We have applied a self-averaging assumption here, which follows
from our ith-order Markov assumption. Similarly,

p(ml|m1_i, e ml_l)
= Zxp(mylm_y, xX)p(X|m_j, . .. m_1)
p(m]_i, . ml_1|x)p(x)
= 2xp(my|mi_1, X
PO X) s - A P ()
_ limz— oo 2 p(mylmy_1, X)p(my_i, . . . my_y, my|x)

iMoo i, p(My_is - . my_y, 1y |X)
limy oo X0 p(mylmy_, X)p(my_, . . .1y, my|x)

= . . (G2)
S limp— o 2 p(mlmy_1, x)p(mp_j, . . . my_1, my|x)

The final step of Eq. (G2) is based on the trivial identity
Emp(m|m;_1,x) = 1. It is included simply to avoid small deviations
in the sums of estimated probabilities away from 1.

Differences in estimates of (Y assuming a first order Markov
chain, h;(Y), and an eighth order Markov chain, hg(Y), for
AGrra1 = 0 and AGrr,11 = AGrry; = 6, maximized over p, for each
point, are presented in Fig. 17. The differences are not signifi-
cant, suggesting that h;(Y) is a tight estimate of h(Y). Strangely,
errors seem to be largest in the homogeneous case AGp, = 0 and

h1(Y) = hg(Y)
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FIG. 18. Entropy estimation error for h(Y) — h;j(Y) for a homogeneous back-
ward propensity-discriminated copying system. Estimation error is plotted for (a)
L =10* and (b) L = 10°. Parameters are AGrr11 = AGrr2 = 6, and p; =0.5.
We observe an error increase due to taking higher order i. However, the error
decreases massively going from L = 10* to L = 108, implying that sampling is the
source of this error.

AGrr,12 = 0at p, = 0.5, where Y should be Markov and h(Y’) should
be exactly In 2 due to symmetry. However, for this parameter set, it
appears that sampling errors are the primary contributor to the dif-
ference h (Y) — hg(Y). To better illustrate the effect of sampling, we
plot the estimation error h(Y) — h;(Y) for both L = 10* and L = 10°
in Fig. 18, for a homogeneous backward propensity-discriminated
copying system with p, =0.5 [note h(Y) is exactly calculable:
h(Y) =1n2 in this regime]. Here, h;(Y) is the entropy estimated
by assuming an ith order Markov process. Strangely, the estima-
tion error actually increases with increasing i. However, as the
overwhelming majority of the difference vanishes for L = 10°, this
estimation error is likely due to sampling (genuine errors due to
correlations in Y should persist in the L — oo limit).

Note that we estimate entropy by considering the probability
of follow-up monomers conditioned on previous length i strings
[Eq. (G2)]. As i increases for a fixed L, we expect the estimate of this
conditional probability to become worse as there are fewer samples
of each length i string, leading to undersampling. This homogeneous
case is unique in that we can attribute all errors to sampling; for
most parameters, the error in entropy is likely some combination

h1(Y) = hs(Y)

0.008
0.006
FIG. 17. Heat maps illustrating the difference in estimated
0.004 entropy h(Y) assuming a first vs eighth order Markov
Y for (a) backward propensity and (b) forward propensity
discrimination, showing insignificant differences throughout.
0.002
0.000
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of sampling errors (these errors likely get worse with increasing i)
and genuine correlations in Y (these errors likely get better with
increasing ).
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