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S1. Maximum likelihood flow estimates under heterogeneous sampling1

We here describe derivation of the maximum likelihood estimates of the Poisson model2

(10),3

p(n|λ, ξ) ∝
∏
a,b

(λabξaξb)
nab exp(−λabξaξb),4

when the number of sampled individuals in a, N s
a =

∑
i∈a 1 {si = 1}, is a Binomial sample5

of the number of all individuals in a, Na. We denote the vector of sampled individuals6

across population strata by N s = (N s
a)a∈A, and similarly the vector of individuals in7
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each population group by N = (Na)a∈A. Then the product likelihood is8

p(n,N ,N s|λ, ξ) =

(∏
a,b

Poisson(nab;λabξaξb)

)(∏
a

Binomial(N s
a ;Na, ξa)

)
. (S1)9

Taking the derivative of the log-likelihood (S1) to zero gives10

π̂abη̂ =
nab

ξ̂aξ̂b

ξ̂a =
N s
a

Na

(S2)11

As
∑

ab π̂ab = 1,12

η̂ =
∑
a,b

nab

ξ̂aξ̂b
, (S3)13

and we obtain14

π̂ab =
nab

ξ̂aξ̂b

/∑
a,b

nab

ξ̂aξ̂b
. (S4)15

S2. Numerical inference algorithms16

We here describe numerical algorithms for estimating transmission flows with the Poisson17

flow model (10).18

It is possible to implement the flow model (10) in the Stan computing language (Car-19

penter et al., 2017). We hope this feature enhances robust numerical inference in a20

well-tested software environment, facilitates model sharing and model extensions, and21

gives end-users the option to apply alternative inference algorithms. For the work pre-22

sented in this paper, we have used the dynamic Hamiltonian Monte Carlo algorithm of23

the Stan probabilistic programming framework in Stan version 2.21. Section S2.1 de-24

scribes the Stan model specification for inference of the joint posterior distribution (12)25

when population strata are unordered and the prior density on the transmission intensi-26

ties λ is independent Gamma (14). Section S2.2 describes the Stan model specification27

for inference when population strata can be ordered and the prior densities for the trans-28

mission intensities are correlated through a Gaussian process prior (15). For simplicity,29

we describe models and algorithms for the case that sampling probabilities are the same30

among source and recipient cases. Extensions to different sampling probabilities are31

straightforward. Stan is not necessary for numerical inference. To illustrate this, we32

describe in Section S2.3 a custom MCMC within Gibbs sampler for inference of the joint33

posterior distribution (12) when population strata are unordered and the prior density34

on the transmission intensities λ is independent Gamma (14).35
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S2.1. Stan implementation using independent prior on transmission intensities36

When population strata are unordered, we focus on inference of the posterior distribution37

p(λ, ξ|n, s,X) ∝ p(n|λ, ξ, s,X)p(λ|ξ, s,X)p(ξ|s,X)

= p(n|λ, ξ)p(λ|ξ)p(ξ|s,X)

=

(∏
a,b

Poisson(nab;λabξaξb)

)(∏
a,b

Gamma(λab;αab, β)

)
p(ξ|s,X)

(S5)38

where39

λ vector of transmission intensities from group a to group b, with length L,
ξ vector of sampling proportions for each population group a, a ∈ A,
n vector of observed transmission counts, with length L,
s sampling status vector, with length N ,
X matrix of sampling characteristics, with dimension N × p,

and αab, β are as in (14), and the flow vector π is obtained from the transformation40

πab = λab/(
∑

c,d λcd).41

To specify the posterior density p(ξ|s,X) in Stan, we further approximated its com-42

ponents p(ξa|s,X) through a suitable closed-form density. In our applications, we opted43

for Beta densities with shape and rate parameters estimated via maximum likelihood.44

The resulting Stan model file was provided in the file named prior_gamma.txt.45

Use of the Stan model is illustrated in the online example script https://github.com/46

BDI-pathogens/phyloscanner/blob/master/phyloflows/vignettes/07_age_analysis.47

md.48

S2.2. Stan implementation using Gaussian process prior on transmission intensities49

When population strata can be ordered as in the application to age-specific transmission50

flows, we focus on inference of the posterior distribution (S5) with the independent51

Gamma priors replaced by a two-dimensional Hilbert space Gaussian process priors on52

the non-zero components of λ, (15). To implement this in Stan, Equation (17) can be53

more compactly written as54

kHSGP((a, b), (a′, b′)) = φ(a, b)T∆ φ(a′, b′), (S6)55

where φ(a, b) = (φj(a, b))
m
j=1 ∈ Rm is the column vector of eigenfunctions and ∆ ∈ Rm×m56

is the diagonal matrix whose (j, j)th entry is Sθ(
√
λj). Consequently the HSGP Gram57

matrix for n observations and associated inputs {(ai, bi)}ni=1 ∈ Ω is58

KHSGP = Φ∆ΦT , (S7)59
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where60

Φ =


φ1(a1, b1) · · · φm(a1, b1)

...
. . .

...
φ1(an, bn) · · · φm(an, bn)

 ∈ Rn×m.61

The two-dimensional zero-mean HSGP model is fully defined in terms of the kernel (17),62

as the stochastic process for which any finite set of two-dimensional inputs in Ω follows a63

multivariate normal distribution with variance-covariance matrix specified by (17), and64

this is vectorised as (S7). Using Cholesky decomposition, the HSGP model (17) can be65

conveniently calculated from m standard normal random variables through66

f(a, b) =

m∑
j=1

√
Sθ(
√
λj))φj(a, b)βj (S8)67

where βj ∼ N (0, 1) for j = 1, . . . ,m. The resulting Stan model file is prior_gpapprox.txt.68

Use of the Stan model is illustrated in the online example script https://github.com/69

BDI-pathogens/phyloscanner/blob/master/phyloflows/vignettes/07_age_analysis.70

md. We explored optimal choices of the tuning parameters of the HSGP approximation71

on simulations, please see Section 3.2 and S3.4 for details. The Stan file using the GP72

prior without approximation is in prior_gp.txt as a comparison to approximated GP73

priors.74

S2.3. Markov Chain Monte Carlo within Gibbs algorithm75

This section describes implementation details of a custom Metropolis-within-Gibbs algo-76

rithm to estimate the posterior distribution (S5),77

p(λ, ξ|n, s,X) ∝
(∏

a,b

Poisson(nab);λabξaξb)

)(∏
a,b

Gamma(λab;αab, β)

)
p(ξ|s,X).78

The algorithm is also implemented in the phyloflows R package, version 1.2.0.79

S2.3.1. Overall structure of algorithm80

The algorithm exploits the factorisation of the posterior density (S5) into the full condi-81

tionals82

p(ξa|ξ−a,λ, s,n,X) for all a,

p(λab|ξ,λ−ab, s,n,X) for all a, b,
83

where ξa is the sampling probability of the ath population group, λab denotes the84

average transmission counts from population group a to population group b, ξ−a =85
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ξ \ ξa and λ−ab = λ \ λab. The density p(ξa|ξ−a,λ, s,n,X) is not available in closed86

form, and we performed Metropolis-within-Gibbs updates for each ξa. The density87

p(λab|ξ,λ−ab, s,n,X) is of Gamma form, and so a Gibbs step can be used to update88

λab. The resulting MCMC algorithm iterates through Metropolis-within-Gibbs updates89

for each ξa, followed by a series of Gibbs updates for each λab.90

S2.3.2. Metropolis-Hastings within Gibbs steps91

The algorithm starts by updating in turn the sampling proportions ξa of each population92

group a ∈ A. The full conditional distribution of ξa is93

p(ξa|ξ−a,λ,n, s,X)

∝ Πc=aord=ap(ncd|λcd, ξcξd)p(ξa|s,X)

∝ Πc=aord=aPoi(ncd;λcdξcξd)Gamma(λcd; ξcξd)p(ξa|s,X),

(S9)94

which does not have closed form, and so a Metropolis-Hastings update is used. We sought95

to avoid tuning parameters as much as possible, and for this reason proposed moves from96

the prior,97

q(ξ′a|ξa) = p(ξ′a|s,X). (S10)98

The resulting Metropolis Hasting ratio is99

r =
p(ξ′a|ξ−a,λ,n, s,X)

p(ξa|ξ−a,λ,n, s,X)
× q(ξa)

q(ξ′a)

=
Πbp(nab|λab, ξ′aξb)Πb6=ap(nba|λba, ξbξ′a)Πbp(λab|ξ′)Πb 6=ap(λba|ξ′)p(ξ′a|s,X)

Πbp(nab|λab, ξaξb)Πb6=ap(nba|λba, ξbξa)Πbp(λab|ξ)Πb 6=ap(λba|ξ)p(ξa|s,X)

× p(ξa|s,X)

p(ξ′a|s,X)

=
Πbp(nab|λab, ξ′aξb)Πb6=ap(nba|λba, ξbξ′a)Πbp(λab|ξ′)Πb 6=ap(λba|ξ′)
Πbp(nab|λab, ξaξb)Πb6=ap(nba|λba, ξbξa)Πbp(λab|ξ)Πb 6=ap(λba|ξ)

,

(S11)100

where for brevity we denoted by ξ′ the vector of sampling probabilities such that ξ′c = ξc101

for all indices c 6= a and ξ′a inserted at index a. Proposed moves are accepted with102

probability min(1, r).103

In our applications, different sampling cascades apply to source and recipient popu-104

lation groups, which we denote respectively by ξsa and ξra. Equations (S9-S11) generalise105

straightforwardly to this setting, and the algorithms updates the sampling probabilities106

ξs and ξr in turn.107
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S2.3.3. Gibbs step108

The conditional distribution p(λab|ξ,λ−ab, s,n,X) is109

p(λab|ξ,λ−ab, s,n,X) ∝ p(λab)p(nab|λab, ξa, ξb)

∝ exp(−λcdξcξd)(λcdξcξd)ncdλαcd−1
cd exp(−βλcd)

∝ exp(−λcd(ξcξd + β))λncd+αcd−1
cd

∼ Gamma(ncd + αcd, ξcξd + β).

(S12)110

Each λab is updated in turn by sampling from the right hand side.111

S3. Simulation experiments112

We here describe several simulation experiments that we implemented to validate the113

hierarchical Poisson model (10) to estimate transmission flows in the context of sampling114

heterogeneity. Our overall strategy was to simulate transmission counts, re-estimate115

transmission flows. and compare the estimated flows with the true simulated flows.116

S3.1. ODE-based simulations experiments117

The first experiment was a minimal example to assess (1) the impact of sampling dif-118

ferences on flow estimates and (2) the basic performance of our approach. The main119

results were reported in Figure 3B. We here provide further detail on these simulation120

experiments.121

We considered transmission flows between two population groups A = (a, b), which122

for ease of illustration we refer to as individuals living in rural areas or small commu-123

nities (group a), and individuals living in large communities (group b). The population124

was further structured by men and women, yielding in total 4 population strata. We125

then simulated epidemics based on the compartmental model (4) among susceptible, in-126

fected, and treated individuals in the four population strata. The parameters of the127

model were specified such that 40% of were in group a and 60% of were in group; half128

of individuals in each group were men and women respectively; and HIV prevalence was129

approximately 60% at equilibrium. Stochastic simulations in a population of 30000 in-130

dividuals were performed using MASTER (Vaughan and Drummond, 2013), and run131

for 400 time units. The simulations are specified in the xml file https://github.com/132

BDI-pathogens/phyloscanner/blob/master/phyloflows/inst/misc/Master.xml. Ta-133

ble S2 lists the model parameters that we used in the simulations, where in terms of134

notation we replaced the population subscripts l with a and h with b compared to (4).135

To assess the impact of sampling heterogeneity on flow estimates, we kept the sampling136

probability in population group a at 60%, and varied the sampling probability in group137
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Table S2. Parameter values used for the ODE-based simulations
Parameter Symbol Value
transmission rates
female to male
(further divided by pop size)

a->a βfm,aa 0.0713
b->a βfm,ba 0.0071
a->b βfm,ab 0.0122
b->b βfm,bb 0.0713

transmission rates
male to female
(further divided by pop size)

a->a βmf,aa 0.1019
b->a βmf,ba 0.0173
a->b βmf,ab 0.0224
b->b βmf,bb 0.1019

viral suppression rate γ 0.0444
birth/death rate µ 0.01667

b from 60% to 35% in order to assess the impact of sampling differences of 0%, 5%,138

10%, 15%, 20%, 25%. The sampling status of each individual in a was simulated under139

a Bernoulli draw with probability ξa, and respectively for each individual in b with140

probability ξb, and observed transmissions nrab from group a to group b were calculated141

as in (S15).142

From the simulated data, we first re-estimated the transmission flows while ignoring143

sampling heterogeneity. We estimated the posterior distribution (12) with the phyloflows144

MCMC-within-Gibbs sampler of section S2.3, with p(ξa|s,X) and p(ξb|s,X) set to Beta(25.5, 25.5).145

Thus, the specified sampling densities ignored sampling heterogeneity. Code is available146

at https://github.com/BDI-pathogens/phyloscanner/blob/master/phyloflows/inst/147

misc/ode_estimation.R. For each simulation, we then calculated the worst case error.148

The main results are shown in Figure 3B, and indicate that worst case error increased149

substantially with sampling heterogeneity.150

Second, we re-estimated the transmission flows while accounting for sampling hetero-151

geneity. The posterior distribution of sampling probabilities p(ξa|s,X) was estimated152

from the number of sampled individuals in the populations N s
a , assuming we know the153

total population size Na, through154

p(ξa|s,X) = Beta(ξa, N
s
a + αξ, Na −N s

a + βξ), (S13)155

where we set αξ = 0.5, βξ = 0.5, and similarly for ξa. Figure S1 illustrates the estimated156

posterior sampling distributions, in comparison to the true values. We then estimated the157

posterior distribution (12) with the phyloflows MCMC-within-Gibbs sampler of section158

S2.3, using the posterior distribution of sampling probabilities (S13). Figure 3B reports159
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sampling in location a sampling in location b

0% 25% 50% 75% 100% 0% 25% 50% 75% 100%
0

10

20

30

sampling probabilities

posterior density estimated 
from simulated sampling status data

Beta(25.5, 25.5)
used when ignoring 
sampling heterogeneity

Fig. S1. Re-estimated sampling probabilities in the ODE-based simulations. We simulated
transmission flows between men and women in two locations a and b under the ODE model (4)
in Section S3.1. From the simulated sampling status data, posterior estimates of the sampling
proportions in a and b were obtained with Equation (S13), and then used in flow inference.
We show posterior densities of the sampling probabilities in a and b (grey), compared to a
Beta(25.5, 25.5) prior density. Vertical lines indicate the true sampling fractions, ξa = 0.6 and
ξb = 0.35.

the worst case error of posterior flow estimates.160

S3.2. Sensitivity to overall sample size of observed transmission flows161

We further assessed the accuracy of flow inferences as a function of overall sample size162

of the observed transmission flows, n+ =
∑

a,b nab. We re-considered the ODE-based163

simulation experiments of Section S3.1, with a 25% sampling difference between a and164

b locations. The overall population size parameter was set to 11200, 18000, 52000 such165

that the overall sample size was n+ ≈ 100, 300, 600.166

Figure S2 (grey bars) shows posterior estimates of the transmission flows on 4 ran-167

domly selected simulated data sets, for the case that 60% of the population in a and168

35% of the population in b were sampled, and sampling heterogeneity was ignored. Fig-169

ure S2 (orange bars) shows posterior estimates of the same transmission flows on the170

same 4 randomly selected data sets, when sampling heterogeneity was accounted for as171

in (S13). There was considerable variability in the flow data sets when sample size was172

low (n+ = 100). However, information on population sampling substantially improved173

flow estimates regardless of sample size. Figure S3 summarises the worst case error in174

these simulations. When sampling heterogeneity was not accounted for, variability in175

flow estimates decreased with increasing sampling size, but error magnitude did not de-176
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Fig. S2. True and re-estimated flows in four ODE-based simulations, varying in
sample size. We simulated transmission flows between men and women in two locations a
and b under the ODE model (4) in Section S3.2. Columns show results for four simulated
data sets, and rows show results for increasing samples size. The true transmission flows are
show in blue. Posterior flow estimates (median and 95% credibility intervals) are shown when
sampling heterogeneity was ignored (grey), and when sampling heterogeneity was accunted for
as in (S13) (orange).

crease. When sampling heterogeneity was accounted for, both the variability in flow177

estimates and error magnitude decreased with increasing sampling size.178

S3.3. More complex simulation experiments179

The second experiment mimicked the more complex population structure and sampling180

heterogeneity as observed in the Rakai case study and described in Section S4.181

We considered simulated populations stratified into 24 population sub-groups, by182

gender (male, female), location (inland,fishing), in-migration status (in-migrant, resi-183

dent), age (15-24, 25-34, 35-50 years), and simulated 576 transmission flows between184

the male-female and female-male sub-group combinations. For simplicity, we did not185

generate epidemic trajectories and instead simulated transmission counts nab from pre-186

specified transmission flows π0, and pre-specified sampling probabilities ξa. For a fixed187



10 on behalf of Rakai Health Sciences Program and PANGEA-HIV

0.0%

5.0%

10.0%

100 300 600

 sampling differences 

 w
or

st
 c

as
e 

er
ro

r 

Adjustment for sampling differences yes no

Fig. S3. Worst case error in estimated transmission flows with increasing sample size.
We simulated transmission flows between men and women in two locations a and b under the
ODE model (4) as described in Section S3.1. Transmission flows were re-estimated with the
hierarchical Poisson model (10) on simulated data sets that varied in sample size n+ = 100, 300,
600 (x-axis). In the first set of inference runs (dark grey), sampling differences across locations
a, b were not adjusted for, and in the second set of inferences (light grey), sampling differences
were accounted for based on counts of sampled and infected individuals. The worst case error
between the true transmission flows and median posterior estimates was calculated in each
scenario, and the median (bar) and 2.5% and 97.5% quantiles (error bars) are shown. Errors
decreased with increasing sample size, although errors remained very large when sampling
differences were not accounted for.

target sample size n+, the total number of actual transmissions z+ were simulated from188

z+ ∼ Poisson(n+/ξ), where ξ = 1
24

∑
a ξa was the average sampling probability in the189

population. Then, the actual transmission counts between population groups were sim-190

ulated from z ∼ Multinomial(Z,π0). The sampling status of each individual in a was191

simulated under a Bernoulli draw with probability ξa, and respectively in population b192

with probability ξb, and observed transmissions nab from group a to group b were calcu-193

lated as in (S15). 100 such simulated data sets were generated, for a target sample size194

n+ = 300.195

The difference between sampling proportions in inland and fishing communities was196

about 10%. We transformed the sampling proportions with a sine function to obtain197

a greater range of average sampling differences between inland and fishing communities198

from 5% to 25%. Additional simulations were then generated under these sampling199

scenarios.200

From the simulated data, we re-estimated the 576-dimensional transmission flows201

while ignoring sampling heterogeneity, and then while accounting for sampling hetero-202
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Fig. S4. True and re-estimated flows in more complex simulations between 24 pop-
ulation groups. We simulated transmission flows by gender, 3 age bands, and location under
model parameters similar to those obtained for the Rakai analysis; see Section S3.3. Panels
show results for four simulated data sets. Posterior flow estimates (median and 95% credibil-
ity intervals) are shown when sampling heterogeneity was ignored (grey), and when sampling
heterogeneity was accounted for as in (S13) (orange).

geneity as described in Section S3.1. To facilitate comparison, we aggregated the true and203

re-estimated flows into the 4-dimensional vector of flows within and between inland and204

fishing communities, and calculated worst case errors between them. Figure S4 shows pos-205

terior estimates of the transmission flows on 4 randomly selected simulated data sets, for206

the baseline case that the difference in sampling probabilities between inland and fishing207

communities was 10%. Figure S5 shows that in these more complex simulation scenarios,208

trends in worst case error were overall similar compared to the more simple ODE-based209

simulation experiments in Section S3.1. When ignoring sampling heterogeneity, worst210

case error increased considerably with average sampling differences between inland and211

fishing communities. When accounting for sampling heterogeneity, worst case error re-212

mained largely unaffected by increasing average sampling differences, and was overall213

slightly higher compared to that in the ODE-based simulation experiments.214
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Fig. S5. Worst case error in estimated transmission flows in more complex simulations of
transmission flow between 24 population groups. We simulated transmission flows between
men and women in 24 population groups as described in Section S3.3. Simulation scenarios
varied in average sampling differences between simulated inland and fishing communities (x-
axis). Inferences were performed while ignoring for sampling heterogeneity (dark grey), and
while accounting for sampling heterogeneity (light grey). In each simulation, worst case error
was reported, after aggregating flow estimates to the 4 flow combination within and between
inland and fishing combinations for comparison with the ODE-based simulations, and its median
and 2.5% and 97.5% quantiles are shown (y-axis). Overall, trends in worst case error were
similar those found in the more simple ODE-based simulation experiments.

S3.4. Accuracy of HSGP approximation215

We finally assessed the accuracy of HSGP approximation in the context for heterogenous216

sampling. The main results are summarised in Section 3.2. This supplementary material217

provides more details of this simulation experiment and visualises the performance of the218

final model specification. We considered transmission flows between one-year-increment219

age groups between 15 and 24 by gender and locations and simulated transmission in-220
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Table S3. Parameter values used to simulate transmission flows in
populations stratified by 1-year age bands under the extension of GP
model (15).

Parameter Symbol Value
intercept
female to male

h->h µfm,hh -1
h->l µfm,hl -10
l->h µfm,lh -9
l->l µfm,ll -2.5

intercept
male to female

h->h µmf,hh -0.5
h->l µmf,hl -9
l->h µmf,lh -9
l->l µmf,ll -1

lengthscale
female to male `fm (4.1,2.3)
male to female `mf (2.3,4.6)
marginal standard deviation
female to male σfm 1.8
male to female σmf 1.5

tensities and counts via a slight extension of Equation (15),221

n ∼ Poisson(λξT ξR)

logλ = µmf,hh1mf,hh + µmf,hl1mf,hl + µmf,lh1mf,lh + µmf,ll1mf,ll

+ µfm,hh1fm,hh + µfm,hl1fm,hl + µfm,lh1fm,lh + µfm,ll1fm,ll + f ,

f = (fTmf ,f
T
fm)T ,

fmf ∼ GP(0, kmf ), ffm ∼ GP(0, kfm),

kmf
(
(a1, b1), (a2, b2)

)
= σ2mf exp

(
−
[(a2 − a1)2

2`2mf,a
+

(b2 − b1)2

2`2mf,b

])
kfm

(
(a1, b1), (a2, b2)

)
= σ2fm exp

(
−
[(a2 − a1)2

2`2fm,a
+

(b2 − b1)2

2`2fm,b

])
,

(S14)222

under the hyper-parameter values in Table S3.223

This extension allows to capture average transmission intensities by locations and gen-224

ders and varying age-dependent transmission dynamics from male to female and from225

female to male. Meanwhile, samples from models for sampling probability (Supplemen-226

tary Material S4) were reused and their means were taken as ground-truth sampling227

intensities. 20 replicates of transmission intensities and counts were generated.228

Flows and hyperparameters were re-estimated using both Gaussian Process model229

and Hilbert Space Gaussian Process model based on observed counts in the simulation,230



14 on behalf of Rakai Health Sciences Program and PANGEA-HIV

GP HSGP
infected w

om
en

 aged 15 years
infected w

om
en

 aged 18 years
infected w

om
en

 aged 21 years
infected w

om
en

 aged 24 years

15 16 17 18 19 20 21 22 23 24 25 15 16 17 18 19 20 21 22 23 24 25

0.0%

10.0%

20.0%

30.0%

40.0%

0.0%

10.0%

20.0%

30.0%

40.0%

0.0%

10.0%

20.0%

30.0%

40.0%

0.0%

10.0%

20.0%

30.0%

40.0%

 age of male sources

so
ur

ce
 

Fig. S6. Estimated sources of infection in women under the final HSGP approx-
imation. We simulated age-specific transmission flows under the kernel parameters shown
in Table S3, and re-estimated transmission flows along with all other parameters under HSGP
approximations to (15). The subfigures on the left illustrate the estimated sources of infec-
tion in women under the GP prior from which the data were simulated. The subfigures on the
right illustrate the estimated sources under the final HSGP approximation. Shades illustrate
the estimated posterior credibility intervals, showing 40% credibility intervals in dark red to 80%
credibility intervals in light red. Posterior medians are shown as a red line. True values are
shown in black. We found no systematic differences in source estimates when using the final
HSGP approximation over the GP prior.

under priors231

σ2mf , σ
2
fm ∼ Half-Normal(0, 10)

`d,i ∼ Inv-Gamma(αd,i, βd,i)

µmf,hh, µmf,hl, µmf,lh, µmf,ll, µfm,hh, µfm,hl, µfm,lh, µfm,ll ∼ Normal(0, 10).

232



15

sigma_mf sigma_fm

mu_fmll mu_mflh mu_mfll

mu_mfhh mu_mfhl mu_fmlh

ell_fm2 mu_fmhh mu_fmhl

ell_mf1 ell_mf2 ell_fm1

1 2 3 4 5 1 2 3

−4 −2 0 −40−30−20−10 0 −3 0 3 6

−8 −4 0 4 −30 −20 −10 0 −40 −30 −20 −10

2.5 5.0 7.5 10.0 −2 0 2 4 −40 −30 −20 −10

1 2 3 4 5 6 5 10 15 20 25 10 20
0.0
0.1
0.2
0.3

0.00
0.02
0.04
0.06
0.08

0.00
0.02
0.04
0.06
0.08

0.0
0.1
0.2
0.3
0.4
0.5

0.0
0.1
0.2
0.3

0.0
0.3
0.6
0.9

0.00
0.02
0.04
0.06
0.08

0.00
0.02
0.04
0.06
0.08

0.0
0.4
0.8
1.2

0.0
0.2
0.4
0.6

0.0
0.1
0.2
0.3
0.4
0.5

0.0
0.1
0.2
0.3
0.4

0.0
0.2
0.4
0.6

0.0
0.3
0.6
0.9

method GP HSGP

Fig. S7. Estimated covariance kernel parameters under the final HSGP approxi-
mation. We simulated age-specific transmission flows under the kernel parameters shown in
Table S3, and re-estimated transmission flows along with all other parameters under HSGP
approximations to (15). The subfigures illustrate the marginal posterior densities of the kernel
parameters for under the GP model (in red) and the HSGP approximation (in blue) based on
B = 1.25,m = 30 (right panels).
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Here, we illustrate further the performance of the HSGP approximation under the final233

tuning parameters, B = 1.25,m = 30. Figure S6 compares the marginal posterior distri-234

bution of the sources of infections in women when using the chosen HSGP approximation,235

compared to using the GP prior. We found no particular differences in the estimated236

sources of infection when using the HSGP approximation over the GP prior. Figure S7237

compare the marginal posterior densities of the kernel parameters between the chosen238

HSGP approximation and the GP prior. Again, we found no systematic differences in239

the estimated kernel parameters when using the chosen HSGP approximation compared240

to the GP prior.241

S4. Modelling and estimation of the sampling cascade242

We here describe the statistical models used to characterise each step of the sampling243

cascade of transmission events, shown in Figure 5A.244

To recall our setting, we defined in the main text transmission events as HIV infection245

events to individuals who lived in RCCS communities, were aged 15-49 years, and were246

infected in the study period T = {2009/10/1, 2015/01/30}. The main study objective247

was to estimate transmission flows and related quantities (1-3) among different population248

groups, expressed in proportions relative to this denominator of transmission events,249

denoted by Z. Each transmission event in Z can be indexed by its source i and recipient250

j in the population of individuals that were infected by the end of T , and we denote251

transmission from i to j with the indicator variable zij = 1, and no transmission with252

zij = 0. Thus, recipients are individuals in P that were infected during the study253

period T , i.e. in our case 2009/10/1-2015/01/30. Sources are infected individuals who254

transmitted to one of the recipients. In our applications, population groups were defined255

by location (inland and fishing communities), gender, and 1-year age bands from age256

15 to age 49, yielding A = 140 population strata. The actual transmission events from257

group a to group b are258

zab =
∑

i∈a,j∈b
zij , (S15)259

and observing any such event depends on the sampling status of the source and recipient,260

nab =
∑

i∈a,j∈b
1
{
sSi = 1

}
1
{
sRj = 1

}
zij . (S16)261

To make inference on transmission flows, our strategy is to explicitly account for sampling262

heterogeneity in order to reduce bias in the flow estimates. We propose estimating263

sampling proportions and then propagate these estimates into inference of transmission264

flows. Overall, we assume that sources and recipients are independently sampled, and265
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conditionally at random within each population sub-group a with probabilities ξS =266

(ξSa )a∈A and ξR = (ξRa )a∈A. For sake of brevity, we derived the flow model in equations (8-267

12) using the same sampling probabilities for sources and recipients. In our applications268

we consider its extension to distinct sampling probabilities for sources and recipients,269

with equations generalising straightforwardly.270

We modelled the overall sampling probabilities ξSa , ξRa as the product of conditional271

sampling probabilities along the sampling cascade of Figure 5A, see the forthcoming272

Equations (S20) and (S23).273

The sampling cascade involved that sources and recipients participate in the cohort,274

report no ART use, and that virus was successfully deep-sequenced. Section S4.1 de-275

scribes estimation of participation probabilities for source cases, and Section S4.2 de-276

scribes estimation of sequence sampling probabilities conditional on participation among277

source cases. Section S4.3 describes estimation of participation probabilities for recipi-278

ent cases, and Section S4.4 describes estimation of sequence sampling probabilities con-279

ditional on participation among recipient cases. Section S4.5 illustrates the resulting280

sampling probabilities of transmission events.281

In each step of the cascade, we compared the prediction accuracy of candidate models282

through the ten-fold cross validation. To do it, the data y ∈ RN is divided into 10 sets,283

the kth test set is denoted as yk and the rest of observations forms the training set y−k.284

Here we defined accuracy measures.285

• Hold-out data in 95% PPCrI (Posterior Predictive Credibility Interval): we sim-286

ulated data (sampled individuals) from the fitted model on y−k, found the 95%287

credibility intervals of the simulated data, and counted the percentage of observed288

data yk included in the credibility interval.289

• MAE (Mean Absolute Error): we simulated data (sampled individuals) from the290

fitted model on y−k, found the median estimates, and calculated the absolute dif-291

ferences of the observations yk and the median estimates.292

• ELPD (expected log point-wise predictive density for a new dataset): this evaluates293

the log predictive density at each data point in the kth fold,294

ELPDk =

Nk∑
i=1

ELPDki =

Nk∑
i=1

log(
1

S

S∑
s=1

p(yki|θk,s)), (S17)

where Nk is the number of data in the kth fold, yki denotes the ith observation in295

the kth test set, and θk,s denote the sth samples drawn from p(θ|yk).296
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S4.1. Modelling and estimating participation probabilities of source cases297

We are interested in participation probabilities among infected individuals who transmit-298

ted virus. In general, HIV infections in surveyed locations may have their source outside299

these locations, with previous work suggesting that approximately 30% of infections in300

RCCS communities originate from outside the cohort (Grabowski et al., 2014). Sources301

from outside the RCCS communities by definition did not participate in any survey302

round, and in the absence of any data we focused on sources from RCCS communities.303

This is a general limitation of our flow inferences.304

As part of demographic surveillance, the RCCS conducts a population census imme-305

diately prior to each survey round in the cohort communities, which provides an enu-306

meration of the underlying age-eligible population of 15-49 years. We used these data to307

estimate participation probabilities ξpa over the survey period in each of the underlying308

population sub-groups a, and thereby approximated the participation probabilities of309

sources cases. This involved three assumptions. First, we assumed that individuals par-310

ticipated regardless of infection status, and second regardless of being a source or not, and311

third that participation probabilities were the same in the survey period (2011/08/10-312

2015/01/30) and in the slightly longer study period (2009/10/01-2015/01/30), during313

which transmission flows were estimated.314

We used a Beta-Binomial regression framework to estimate the posterior distribution315

of population participation probabilities ξp = (ξpa)a∈A. Denote by N e
a the number of316

participation-eligible individuals in population group a, by Np
a the number of participants317

in population group a, by Xa ∈ {0, 1}p a row vector of p predictor variables associated318

with population a, including location status, gender, age band, and possible interaction319

terms, and by X ∈ {0, 1}A×p the design matrix that stacks the row vectors Xa for each320

population group a. The general form of the regression models considered was321

Np
a ∼ Beta-Binomial(N e

a , ξ
p
a, γ), ∀a

logit(ξp) = β01 + βX

β0 ∼ N (0, 100)

β ∼ N (0, 10I)

γ ∼ Exp(1)

(S18)322

where the Beta-Binomial is parameterised in terms of the number of Bernoulli trials, the323

mean of the marginal probabilities of successes and the dispersion parameter, β0 ∈ R is324

the baseline participation probability, β ∈ Rp is the vector of regression coefficients, and325

I is the p × p identity matrix. Four models were considered and assessed using 10-fold326

cross-validation.327
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Table S4. Prediction accuracy of models P1-P4 on hold-out population
participation data in 10-fold cross-validation.
Model Hold-out data MAE ELPD

in 95% PPCrI
median (range) median (range) median (std dev)

P1 93.1% (91.5% - 95.1%) 1.79 (1.50 - 1.92) -3705.27 ( 26.78 )
P2 98.0% (97.2% - 99.2%) 1.76 (1.49 - 1.98) -4168.58 ( 37.05 )
P3 93.1% (92.4% - 95.3%) 1.67 (1.58 - 1.90) -3651.39 ( 27.61 )
P4 98.4% (96.5% - 98.8%) 1.70 (1.53 - 1.90) -4072.42 ( 37.21 )

PPCrI is posterior predictive credibility interval
MAE is abbreviated from mean absolute error
ELPD is the abbreviation of expected log predictive density.

• Model P1. Model (S18) with indicator variables on location, gender, and 1-year328

age bands as contrasts, leading to p = 36 predictors. The corresponding regres-329

sion coefficients were given independent normal prior densities, and the dispersion330

coefficient was set to γ = 0 to reflect no overdispersion.331

• Model P2. As model P1 but with γ estimated to allow for overdispersion.332

• Model P3. Model (S18) with indicator variables on location, and gender and 1-year333

age band interactions as contrasts, leading to p = 70 predictors. The correspond-334

ing regression coefficients were given independent normal prior densities, and the335

dispersion coefficient was set to γ = 0 to reflect no overdispersion.336

• Model P4. As model P3 but with γ estimated to allow for overdispersion.337

The models were fitted in Stan version 2.21, convergence diagnostics (Vehtari et al., 2019)338

were checked, and effective sample sizes were� 10000. Table S4 shows the proportion of339

hold-out data in 95% posterior predictive credibility intervals (PPCrI), the mean absolute340

error (MAE), and the expected log predictive density in 10-fold cross-validation (ELPD)341

for each model. Based on these statistics, model P4 was chosen to model participation342

probabilities across population strata. Figure S8 summarises the marginal posterior343

densities of the regression coefficients under model P4. Figure S9 shows the marginal344

posterior participation probabilities by location, gender, and age-bands.345
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Fig. S8. Marginal posterior densities of regression coefficients of model P4 to estimate
population participation probabilities. Circle: median; bar: interquartile range; line: 95%
credibility interval. The first variable a refers to the intercept.
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Fig. S9. Marginal posterior densities of population participation probabilities under
model P4. Circle: median; line: 95% credibility interval.
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S4.2. Modelling and estimating sequencing probabilities of source cases346

We are now interested in the probability that (participating) source cases report no ART347

use, and the probability that source cases and reported no ART use also had virus suc-348

cessfully deep-sequenced. We combined both steps and sought to estimate the probability349

that source cases had virus successfully deep-sequenced. Considerable demographic and350

clinical data were collected among RCCS participants, which allowed us to relax the351

assumptions of Section S4.1 when modelling and estimating sequencing probabilities of352

source cases. In general, many infected individuals do not transmit the virus onwards, and353

individuals who transmitted virus in the study period T must have had unsuppressed354

HIV at some point in T . A routinely collected proxy variable of viral suppression is355

self-reported ART use (Grabowski et al., 2018). On this basis, we excluded from con-356

sideration of potential source cases infected individuals who consistently reported ART357

use, defined as reporting ART use at each survey visit, and approximated the probability358

of obtaining a deep-sequence sample from source cases who participated in the cohort359

by the probability of obtaining a deep-sequence sample from infected participants who360

reported no ART use on at least one visit during the survey period. In this approxima-361

tion, we further assumed that individuals who consistently reported ART use during the362

survey period (2011/08/10-2015/01/30) would also have consistently reported ART use363

during the study period (2009/10/01-2015/01/30).364

We again used a Beta-Binomial regression framework to estimate the posterior distri-365

bution of deep-sequencing probabilities ξs = (ξsa)a∈A, where ξsa denotes the probability366

of obtaining a deep-sequence sample from potential source cases, defined as infected par-367

ticipants who reported no ART use on at least one visit during the survey period in368

population sub-group a. However due to smaller numbers we also considered regularised369

regression models with correlations imposed among the regression coefficients. We follow370

Table S5. Prediction accuracy of models S1-S8 on hold-out deep-
sequencing data in 10-fold cross-validation.
Model Hold-out data MAE ELPD

in 95% PPCrI
median (range) median (range) median (std dev)

S1 99.2% (98.6% - 100.0%) 0.60 (0.55 - 0.65) -1082.79 ( 12.99 )
S2 100% (99.2% - 100%) 0.58 (0.54 - 0.65) -1130.18 ( 15.91 )
S3 99.2% (98.4% - 100.0%) 0.60 (0.53 - 0.70) -1057.71 ( 13.1 )
S4 99.2% (99.2% - 100.0%) 0.61 (0.56 - 0.70) -1097.95 ( 15.9 )
S5 99.2% (99.2% - 100%) 0.58 (0.56 - 0.61) -1106.56 ( 12.79 )
S6 100% (99.2% - 100%) 0.57 (0.55 - 0.62) -1159.65 ( 15.77 )
S7 99.2% (98.4% - 100%) 0.58 (0.56 - 0.61) -1118.38 ( 12.58 )
S8 100% (99.2% - 100%) 0.58 (0.55 - 0.61) -1174.11 ( 15.6 )

PPCrI is posterior predictive credibility interval
MAE is abbreviated from mean absolute error ELPD is the abbreviation
of expected log predictive density.
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Fig. S10. Marginal posterior densities of regression coefficients of model S5 to estimate
conditional deep-sequencing probabilities. Circle: median; bar: interquartile range; line:
95% credibility interval. The first variable a refers to the intercept.

the notation of (S18) and further denote by Nnaïve
a the number of infected participants in371

a who did not report consistent ART use, and by N s
a the number of infected participants372

in a who did not report consistent ART use and had virus deep-sequenced successfully.373

We considered models of the form374

N s
a ∼ Beta-Binomial(Nnaïve

a , ξsa, γ), ∀a

logit(ξs) = β01 + βX

β0 ∼ N (0, 100)

β ∼ N (0, 10I)

γ ∼ Exp(1),

(S19)375

and similar models with 1st-order intrinsic conditional auto-regressive (ICAR) prior dis-376

tributions across adjacent age bands (Rue and Held, 2005). Eight models were considered377

and assessed using 10-fold cross-validation.378

• Model S1. Model (S19) with indicator variables on location (1), gender (1), and379

1-year age bands (34) as contrasts, leading to p = 36 predictors. The correspond-380

ing regression coefficients were given independent normal prior densities, and the381

dispersion coefficient was set to γ = 0 to reflect no overdispersion.382

• Model S2. As model S1 but with γ estimated to allow for overdispersion.383

• Model S3. Model (S19) with indicator variables on location (1), and gender and384

1-year age band interactions (69) as contrasts, leading to p = 70 predictors. The385

corresponding regression coefficients were given in independent normal prior densi-386

ties, and the dispersion coefficient was set to γ = 0 to reflect no overdispersion.387

• Model S4. As model S3 but with γ estimated to allow for overdispersion.388

• Models S5-S8. As models S1-S4 respectively, but using an ICAR prior density on389

adjacent age bands.390
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Fig. S11. Marginal posterior densities of source sequencing probabilities under model
S5. Circle: median; line: 95% credibility interval.

The models were fitted in Stan version 2.21, convergence diagnostics (Vehtari et al.,391

2019) were checked, and effective sample sizes were again � 10000. In Table S5 we392

report as before the proportion of hold-out data in 95% PPCrI, the MAE, and the ELPD393

for each model in 10-fold cross-validations. Based on these figures, model S5 was chosen394

to model deep-sequencing probabilities (conditional on participation) across population395

strata. Figure S8 shows the marginal posterior densities of the regression coefficients396

under model S5. Figure S11 summarises the marginal posterior deep-sequencing proba-397

bilities by location, gender, and age-bands.398

To summarise, the sampling probability of source cases was approximated by399

ξSa = ξpa ∗ ξsa (S20)400

for all population sub-groups a.401

S4.3. Modelling and estimating participation probabilities of recipient cases402

We are now interested in participation probabilities among recipients, i.e. individuals403

who acquired infection in the study period T , 2009/10/01-2015/01/30. We proceeded404
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Table S6. Prediction accuracy of models N1-N3 on hold-out infection time data in
10-fold cross-validation.
Model Hold-out data MAE ELPD

in 95% PPCrI
median (range) median (range) median (std dev)

N1 87.3% (85.0% - 88.9%) 0.1458 (0.1364 - 0.1830) -537 (10.1)
N2 97.2% (95.6% - 98.5%) 0.0284 (0.0152 - 0.0467) -103 (3.61)
N3 97.3% (95.6% - 98.5%) 0.0303 (0.0152 - 0.0438) -101 (3.56)

PPCrI is posterior predictive credibility interval
MAE is abbreviated from mean absolute error
ELPD is the abbreviation of expected log predictive density.

as in Section S4.1 and used the RCCS census data to approximate the participation405

probabilities among individuals who acquired HIV in T by participation probabilities406

over the survey period in each of the underlying population sub-groups. This involved407

two assumptions. First, we assumed that individuals participated regardless of infec-408

tion status, and second that participation probabilities were the same in the survey409

period (2011/08/10-2015/01/30) and in the slightly longer study period (2009/10/01-410

2015/01/30), during which transmission flows were estimated. Following Section S4.1,411

we adjusted for heterogeneity in participation probabilities among newly infected indi-412

viduals using the posterior estimates under model P4, reported in Figure S9.413

S4.4. Modelling and estimating sequencing probabilities of recipient cases414

We are finally interested in the probability that newly infected participants report no415

ART use, and the probability that newly infected participants reporting no ART use416

had virus successfully deep-sequenced. As in Section S4.2, we combined both steps, and417

sought to estimate the probability that newly infected participants had virus successfully418

deep-sequenced.419

Based on available data collected among RCCS participants, we could again relax the420

assumptions of Section S4.3. Our approach here differed in two aspects from the approach421

we employed to estimate sequencing probabilities among source cases in Section S4.2.422

First, we predicted who of the infected participants acquired infection during the study423

period T , as opposed to before the start of T . We used longitudinal individual-level424

serostatus data and phylogenetic estimates of the infection time for this step (Grabowski425

et al., 2017; Golubchik et al., 2017). Second, we estimated the probability that infected426

participants who were classified to have acquired HIV in T (regardless of ART use, in427

contrast to Section S4.2) also had virus successfully deep-sequenced.428

We now describe step 1. Of 5032 infected participants, 883 (17.5%) had a positive429

HIV test before the start of T , 65 (1.3%) had a phylogenetically estimated mean time of430

infection before T , 1698 (33.8%) had a phylogenetically estimated time of infection in T .431
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Fig. S12. Marginal posterior densities of regression coefficients of model N3 to estimate
conditional deep-sequencing probabilities. Circle: median; bar: interquartile range; line:
95% credibility interval. The first variable a refers to the intercept.

Information on last negative test was not available for this analysis. The remaining 2,386432

(47.4%) had no data or phylogenetic estimates on the likely time of infection. Based on433

the 2646 individuals with data on infection times, we trained Bernoulli regression models434

to estimate predictor variables associated with HIV acquisition in T (Yi = 1) versus435

before T (Yi = 0). The predictive accuracy of several models was compared using 10-436

fold cross-validation. Using the best model, we predicted the timing of HIV acquisition437

among the 2,386 infected participants with no such data. We then retained for further438

analysis the individuals with evidence of HIV acquisition during T , plus those individuals439

for whom HIV acquisition during T was predicted.440

The Bernoulli regression models had the form441

Yi ∼ Bernoulli(ηi), ∀a

logit(η) = β01 + βX

β0 ∼ N (0, 100)

β ∼ N (0, 10I)

(S21)442

where ηi is the probability that the ith infected participant acquired HIV in T , and the443

design matrix was based on the covariates gender (indicator variable), first survey visit444

date (real valued), age of individual at first visit date (real valued), in-migration into445

the current RCCS community of residence in the two years prior to the first survey visit446

(indicator variable), date of first HIV positive test (real valued), residence in fishing or447

inland communities at time of first positive test (indicator variable), and ART use at448

first visit date when infected (indicator). Three models were considered.449
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• Model N1. Model (S21) with the aforementioned covariates except ART status and450

time of first positive test, leading to p = 5 predictors.451

• Model N2. Model (S21) with the aforementioned covariates except ART status,452

leading to p = 6 predictors.453

• Model N3. Model (S21) with the aforementioned covariates, leading to p = 7454

predictors.455

The models were fitted in Stan version 2.21, convergence diagnostics (Vehtari et al., 2019)456

were checked, and effective sample sizes were � 5000. Table S6 reports as before the457

proportion of hold data in 95% PPCrI, the MAE, and the ELPD for each model in 10-458

fold cross-validations. Model N3 was chosen to model HIV acquisition during the survey459

period across population strata. Figure S12 shows the marginal posterior densities of the460

regression coefficients under model N3. Participants without evidence of infection times461

were classified as having acquired HIV infection in T if the median marginal posterior462

estimate of ηi was above 0.37, and were otherwise classified as having acquired HIV463

infection before T . The threshold was selected by maximising the F1 score for binary464

outcomes. Table S7 summarises the number of infected participants classified as having465

acquired infection before or during the study period 2009/10/01-2015/01/30.466

We now describe step 2. To estimate the deep-sequencing probabilities among newly467

infected participants, we excluded from further consideration the 1698 participants that468

were classified to have acquired HIV before the start of the study period T , and based469

estimates on the 3311 participants that were classified to have acquired HIV in T . As470

in Section S4.2 we used a Beta-Binomial regression framework to estimate the posterior471

distribution of deep-sequencing probabilities ξs
′

= (ξs
′

a )a∈A, where ξs
′

a denotes the prob-472

ability of obtaining a deep-sequence sample from (classified) newly infected participants473

in population sub-group a. We follow the notation of Section S4.2 and further denote474

by N study
a the number of infected participants in a who were classified to have acquired475

HIV during the study period T , and by N s′
a the number of infected participants in a476

who were classified to have acquired infection during the study period and had virus477

deep-sequenced successfully. We considered models of the form478

N s′

a ∼ Beta-Binomial(N study
a , ξs

′

a , γ), ∀a

logit(ξs
′
) = β01 + βX

β0 ∼ N (0, 100)

β ∼ N (0, 10I)

γ ∼ Exp(1),

(S22)479

and potentially including regularising ICAR prior densities as in Section S4.2. We com-480
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Table S7. Demographic characteristics of infected participants by estimated infection time.
Community Gender Age Infection Infection Proportion of

before T in T infection in T

Fishing
communities

Male
15-19 years 0 (0.0%) 15 (1.6%) 100%
20-24 years 6 (3.9%) 104 (11.2%) 94.5%
25-29 years 16 (10.5%) 256 (27.5%) 94.1%
30-34 years 49 (32.0%) 253 (27.2%) 83.8%
35-39 years 39 (25.5%) 162 (17.4%) 80.6%
40-44 years 25 (16.3%) 116 (12.5%) 82.3%
45-50 years 18 (11.8%) 25 (2.7%) 58.%
subtotal 153 931 85.9%

Female
15-19 years 7 (2.5%) 63 (5.9%) 90%
20-24 years 27 (9.5%) 225 (21.2%) 89.3%
25-29 years 50 (17.5%) 314 (29.6%) 86.3%
30-34 years 85 (29.8%) 236 (22.2%) 73.5%
35-39 years 71 (24.9%) 145 (13.7%) 67.1%
40-44 years 35 (12.3%) 55 (5.2%) 61.1%
45-50 years 10 (3.5%) 23 (2.2%) 69.7%
subtotal 285 1061 78.8%

Inland
communities

Male
15-19 years 9 (2.2% 14 (3%) 60.9%
20-24 years 14 (3.5%) 72 (15.5%) 83.7%
25-29 years 34 (8.5%) 129 (27.8%) 79.1%
30-34 years 83 (20.8%) 99 (21.3%) 54.4%
35-39 years 103 (25.8%) 85 (18.3%) 45.2%
40-44 years 81 (20.2%) 44 (9.5%) 35.2%
45-50 years 76 (19%) 21 (4.5%) 21.6%
subtotal 400 464 53.7%

Female
15-19 years 19 (2.2%) 78 (9.1%) 80.4%
20-24 years 62 (7.2%) 220 (25.7%) 78.0%
25-29 years 143 (16.6%) 228 (26.7%) 61.5%
30-34 years 203 (23.6%) 174 (20.4%) 46.2%
35-39 years 208 (24.2%) 37 (4.3%) 15.1%
40-44 years 137 (15.9%) 91 (10.6%) 39.9%
45-50 years 88 (10.2%) 27 (3.2%) 23.5%
subtotal 860 855 49.85%
total 1698 3311 66.1%

Table S8. Prediction accuracy of models S′1-S′8 on hold-out deep-
sequencing data among patients infected in T in 10-fold cross-validation.
Model Hold-out data MAE ELPD

in 95% PPCrI
median (range) median (range) median (std dev)

S′1 98.5% (56% - 100%) 0.65 (0.52 - 1.07) -817.49 ( 14.23 )
S′2 100% (98.6% - 100%) 0.62 (0.48 - 0.72) -951.26 ( 15.04 )
S′3 100.0% (98.1% - 100.0%) 0.66 (0.50 - 0.73) -883 ( 12.3 )
S′4 100.0% (98.3% - 100.0%) 0.67 (0.49 - 0.77) -917.12 ( 15.12 )
S′5 99.5% (99% - 100%) 0.60 (0.51 - 0.68) -930.96 ( 11.93 )
S′6 100% (99% - 100%) 0.61 (0.51 - 0.67) -980.39 ( 14.95 )
S′7 99.5% (97.5% - 100%) 0.62 (0.49 - 0.68) -940.31 ( 11.77 )
S′8 100.0% (98.5% - 100.0%) 0.62 (0.47 - 0.66) -992.35 ( 14.84 )

PPCrI is posterior predictive credibility interval
MAE is abbreviated from mean absolute error ELPD is the abbreviation
of expected log predictive density.



28 on behalf of Rakai Health Sciences Program and PANGEA-HIV

● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ●

−10

−5

0

5

10

a
m

ale

fis
hin

g

sig
m

a
ph

i15
ph

i16
ph

i17
ph

i18
ph

i19
ph

i20
ph

i21
ph

i22
ph

i23
ph

i24
ph

i25
ph

i26
ph

i27
ph

i28
ph

i29
ph

i30
ph

i31
ph

i32
ph

i33
ph

i34
ph

i35
ph

i36
ph

i37
ph

i38
ph

i39
ph

i40
ph

i41
ph

i42
ph

i43
ph

i44
ph

i45
ph

i46
ph

i47
ph

i48
ph

i49

Fig. S13. Marginal posterior densities of regression coefficients of model S′5 to estimate
conditional deep-sequencing probabilities among infected participants who were classi-
fied to have acquired HIV during the study period. Circle: median; bar: interquartile range;
line 95% credibility interval. The first variable a refers to the intercept.

pared eight models S′1-S′8 that were analogous to models S1-S8 in Section S4.2. The481

models were fitted in Stan version 2.21, convergence diagnostics (Vehtari et al., 2019)482

were checked, and effective sample sizes were � 10000. Table S8 reports the propor-483

tion of hold-out data in 95% PPCrI, the MAE, and ELPD for each model in 10-fold484

cross-validation. We chose to model deep-sequencing probabilities among newly infected485

participants across population strata with model S′5. Figure S13 shows the marginal486

posterior densities of the regression coefficients under model S′5, and Figure S14 shows487

the resulting deep-sequencing probabilities among recipients. We further compared the488

estimated deep-sequencing probabilities among recipients (approximated among newly489

infected participants regardless of ART use) to those among potential source cases (ap-490

proximated among all infected participants that reported no ART use) in Figure S15.491

Deep-sequence sampling probabilities were estimated to be slightly lower among newly492

infected populations in older age groups when compared to source populations, but were493

overall very similar. Note that during the study period immediate start of treatment was494

not yet recommended by guidelines, and so infected populations were mostly ART naive495

at time of their first survey date, which explains why sampling probabilities in the two496

groups were overall similar.497

To summarise, the sampling probability of recipient cases was approximated by498

ξRa = ξpa ∗ ξs
′

a (S23)499

for all population sub-groups a.500
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Fig. S14. Marginal posterior densities of recipient sequencing probabilities under model
S′5. Circle: median; line: 95% credibility interval.
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Fig. S16. Estimated sampling probabilities of transmission events in RCCS inland com-
munities, by 1-year age bands. Sampling probabilities of transmission events were calculated
by multiplying the sampling probabilities of source and recipient populations. Shown are the
posterior median estimates of the sampling probabilities by the age of source and recipient
populations at the midpoint of the study period. Left panel: female to male transmission. Right
panel: male to female transmission.

S4.5. Pairwise sampling probabilities of sources and recipients501

We then used the sampling probabilities of source and recipient cases, ξSa and ξRb in502

(S20) and (S23), to calculate the sampling probability of transmission events from sub-503

population a to sub-population b as ξSa × ξRb . Doing so we assumed that source and504

recipient cases are independently sampled. Figure S16 illustrates the resulting sampling505

probabilities of transmission events in inland communities, and Figure S17 illustrates the506

sampling probabilities of transmission events in fishing communities.507
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Fig. S17. Estimated sampling probabilities of transmission events in RCCS fishing com-
munities, by 1-year age bands. Shown are the posterior median estimates of the sampling
probabilities by the age of source and recipient populations at the midpoint of the study period.
Left panel: female to male transmission. Right panel: male to female transmission.

S5. Analyses using different age bands508

In the main text, we stratified and analyzed data by 1-year age bands to obtain detailed509

estimates of age-specific transmission flows. In this section, we present results on analyses510

using data that is stratified by 2-year age bands, and 5-year age bands. For the 5-year age511

band analysis, we consider two stratifications, 15−19, 20−24, . . . and (12.5−17.5], (17.5−512

22.5], . . . . We used the same methodological approach as for 1-year age bands, except513

that based on the fitted GP model in Equation (15), we also predicted transmission514

flows at 1-year age bands from the model fitted to 2-year or 5-year stratified data. To515

illustrate the impact of using different age stratifications, we here focus on the proportion516

of transmissions from men that are of same age or younger than female recipients, up to517

5 years older, or > 5 years older than their female counterparts.518

Figures S18A-D show the observed data, the phylogenetically likely source-recipient519

pairs, respectively by 1-year, 2-year and 5-year age stratifications. To facilitate compari-520

son across the choice of age strata, the observed counts were divided by the average sam-521

pling fractions, and show the expected number of phylogenetically likely source-recipient522

pairs after adjusting for sampling differences. To characterise sources of infections in523
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young and adolescent women, our primary interest is to estimate if male source partners524

are more than 5 years older, i.e. for 17 year old women, interest is in men aged ≥ 23525

or < 23 and for 24 year old women interest is in men aged ≥ 29 or < 29, and these526

cut-offs are indicated as a dashed lower diagonal line in Figure S18. Intuitively, it is clear527

analyses stratified by 5-year age strata are very coarse to address the primary analytic528

aims.529

Figure S19A illustrates the estimated age-specific transmission flows at 1-year age530

stratification (posterior median) from data stratified by 1-year age bands, and Fig-531

ures S19B-D illustrate the predicted age-specific transmission flows at 1-year age strat-532

ification (posterior predictive median) from data stratified respectively by 2-year and533

5-year age bands. The figures show that when using coarser age stratifications, the in-534

ferred peak of male to female transmission flows shifts to younger ages, and falls more535

strongly into the diagonal band indicating transmission from men aged up to 5 years536

older. We also find that the predicted transmission flows shift considerably depending537

on how exactly the start and end points of 5-year stratifications are chosen. Figure S20538

shows that using 5-year age stratifications with different start and end points provide539

significantly different estimates into the sources of infections in young and adolescent540

women, while estimates using 1-year and 2-year age stratifications are very similar.541

These analyses suggest that statistical models that are able to borrow information542

across the exact ages of the individuals in likely transmission pairs are an important543

technique to estimate age-specific transmission flows, and in particular the sources of544

transmission in young and adolescent women. Comparing the findings from 1-year and545

2-year age stratifications suggests further that analyses could have been performed by546

2-year age bands at smaller computational cost.547
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Fig. S18. Aggregated male-to-female transmission counts. We compared male-to-female
transmission counts (in colour) aggregated by 1-year (Panel A), 2-year (Panel B) and 5-year age
bands (Panel C-D). These counts were adjusted by average sampling fractions per stratum. The
two black dashed lines are reference lines, representing sources are as same age as recipients
(top) and 5 years older than recipients.
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Fig. S19. Estimated male-to-female transmission flows. Using the aggregated counts in
Figure S18, we modelled the transmission intensities using the GP prior densities (15), and
predicted flows by 1-year age bands. Panel A-D show the estimated transmission flows (in
colour) from men (x-axis) to women (y-axis) using corresponding data in S18. The two black
dashed lines are reference lines, representing sources are as same age as recipients (top) and
5 years older than recipients.



36 on behalf of Rakai Health Sciences Program and PANGEA-HIV
m

en younger 
 or sam

e age
m

en 1−
 5yrs older

m
en >

5 yrs older

20 30 40 50

0%

25%

50%

75%

100%

0%

25%

50%

75%

100%

0%

25%

50%

75%

100%

 age of female recipients

es
tim

at
ed

 s
ou

rc
es

 
 o

f i
nf

ec
tio

ns
 in

 w
om

en

1−year age band 2−year age band 5−year age band (12.5−17.5,17.5−22.5,...) 5−year age band (15−19,20−24,...)

Fig. S20. Source of infections in women under 4 types of aggregation. Using the ag-
gregated counts in Figure S18, we modelled the transmission intensities using the GP prior
densities (15), predicted flows by 1-year age bands and evaluate the proportion of infections
from men in three age categories (younger or of the same age, aged 1-5 years older and aged
> 5 years older). The proportions of infections from 3 age categories (in facet) were shown
against ages of female recipients in the bar plots, and estimations were based on 4 types of
aggregations (in colour)
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Table S9. Estimated sources of infections in women, Rakai, Uganda, 2009-2015.
Infected Estimated sources by age
women Men younger or Men 1- 5yrs Men >5 yrs

same age older older
Age Posterior mean Posterior mean Posterior mean

(95% credibility interval) (95% credibility interval) (95% credibility interval)
15 0.6% (0.1% - 3.2% ) 7.6% (2.1% - 20% ) 91.8% (77.6% - 97.7% )
16 1.1% (0.1% - 4.9% ) 9.7% (3.7% - 20.5% ) 89% (75.2% - 95.9% )
17 1.7% (0.3% - 6.4% ) 12.3% (5.9% - 23.1% ) 85.6% (72.9% - 93.4% )
18 2.5% (0.6% - 7.6% ) 15.6% (8.8% - 26.2% ) 81.5% (69.2% - 89.9% )
19 3.5% (1% - 8.9% ) 19.4% (12% - 29.3% ) 76.7% (65.1% - 85.6% )
20 4.8% (1.8% - 10.5% ) 23% (15.5% - 32.6% ) 71.8% (60.6% - 80.7% )
21 6.6% (3% - 12.6% ) 26.4% (18.6% - 35.3% ) 66.8% (56.1% - 76% )
22 8.7% (4.6% - 15.2% ) 29.1% (21.2% - 37.8% ) 61.9% (51.6% - 71.4% )
23 11.3% (6.4% - 18.2% ) 31.3% (23.5% - 40.1% ) 57.1% (47% - 66.9% )
24 14% (8.6% - 21.1% ) 33.2% (25.4% - 41.6% ) 52.5% (42.6% - 62.1% )
25 17% (11% - 24.3% ) 34.9% (27.6% - 43.1% ) 47.8% (38.2% - 57.4% )
26 20.2% (13.8% - 28.1% ) 36.1% (28.6% - 44.7% ) 43.4% (34.2% - 53.1% )
27 23.9% (16.6% - 32.5% ) 36.6% (28.6% - 45.9% ) 39.2% (30.3% - 49.3% )
28 28.1% (20.2% - 37.2% ) 35.8% (28% - 45.3% ) 35.8% (26.7% - 45.7% )
29 32.8% (24.5% - 42.1% ) 33.8% (26.6% - 42.7% ) 32.9% (24.2% - 43.3% )
30 37.7% (28.6% - 47.6% ) 31.2% (24.3% - 39.1% ) 30.8% (22.4% - 40.6% )
31 42.2% (32.1% - 52.7% ) 28.6% (21.2% - 36% ) 28.9% (20.6% - 39.1% )
32 46% (34.8% - 57% ) 26.6% (18.8% - 34.5% ) 27.2% (18.6% - 38.2% )
33 48.9% (36.4% - 60.3% ) 25.6% (17.5% - 34.6% ) 25.1% (16.6% - 37.7% )
34 51.6% (36.9% - 63.6% ) 25.3% (16.9% - 34.8% ) 22.5% (13.9% - 35.7% )
35 54.6% (39.3% - 66.9% ) 25.5% (17.1% - 35.2% ) 19.4% (11.1% - 32.7% )
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