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Experimental demonstration of generalized quantum
fluctuation theorems in the presence of coherence

Hui Li't, Jie Xie't, Hyukjoon Kwon?31, Yixin Zhao*, M. S. Kim3*, Lijian Zhang1*

Fluctuation theorems have elevated the second law of thermodynamics to a statistical realm by establishing a
connection between time-forward and time-reversal probabilities, providing invaluable insight into nonequilib-

rium dynamics. While well established in classical systems, their quantum generalization, incorporating coherence
and the diversity of quantum noise, remains open. We report the experimental validation of a quantum fluctuation

Copyright © 2025 The
Authors, some rights
reserved; exclusive
licensee American
Association for the
Advancement of
Science. No claim to
original U.S.
Government Works.
Distributed under a
Creative Commons
Attribution License 4.0
(CCBY).

theorem (QFT) in a photonic system, applicable to general quantum processes with nonclassical characteristics,
including quasi-probabilistic descriptions of entropy production and multiple time-reversal processes. Our ex-
periment confirms that the ratio between the quasi-probabilities of the time-forward and any multiple time-reversal
processes obeys a generalized Crooks QFT. Moreover, coherence induced by a quantum process leads to the imaginary
components of quantum entropy production, governing the phase factor in the QFT. These findings underscore the
fundamental symmetry between a general quantum process and its time reversal, providing an elementary toolkit

to explore noisy quantum information processing.

INTRODUCTION

Irreversibility is a universal and predominantly unavoidable feature
of nature. In thermodynamics, this feature is explained through the
concept of entropy production, described in terms of the system’s en-
tropy change and heat exchange with the surrounding environment.
While the second law of thermodynamics states that entropy produc-
tion is nondecreasing on average, the development of fluctuation
theorems (FTs) allows for a deeper understanding of thermodynamic
quantities under nonequilibrium processes beyond their average be-
haviors. Especially, the Crooks FT establishes a fundamental symme-
try between the probability distributions of entropy production o for
the forward [P_ ()] and time-reversal [P_(— ®)] processes (1)

O M
P_(-w)
which leads to the integral FT e=® = 1by averaging over all possible
trajectories (2). As being equality conditions containing all the high-
order moments, FTs provide a precise description of nonequilibrium
dynamics in the microscopic scale, which readily implies the second
law of thermodynamics (@ > 0), where w is the average entropy pro-
duction in the macroscopic scale. For the past two decades, FTs for
classical systems (1, 3-5) have achieved a great success for understand-
ing the irreversibility in nonequilibrium dynamics of a wide range of
systems from biological systems to nanoscale heat engines (6-11).
With the development of quantum information science along with
the precise control of quantum systems, there has been a demand for
the quantum generalization of FT to better understand the nonequi-
librium dynamics in quantum devices. However, extending FTs to the
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quantum regime presents considerable challenges, as work and heat
are not well defined in quantum systems due to the existence of co-
herence (12), which is the notable difference between classical and
quantum mechanics. A systematic way to define thermodynamic quan-
tities with two-point measurement (TPM), i.e., measurements per-
formed both before and after the evolution of the system, is extended
to quantum systems, from which classical FTs can be recovered in the
language of quantum mechanics (4, 5, 13) and have been verified ex-
perimentally (14-22). Despite the benefits of the TPM approach, its
projective nature represents a fundamental limitation: It irreversibly
destroys the coherence in initial states, thereby prohibiting investiga-
tions of the role of coherence in the quantum FTs (QFTs) (12, 23, 24).
To address this problem, considerable efforts have been devoted to
understanding the role of coherence in thermodynamics (25-30) and
establishing a fully quantum version of FTs (31-34).

Another intriguing direction in both classical FT and QFT is to
generalize the theory to be applied to a wider class of nonequilibrium
processes (35-37), which can involve coherence in quantum chan-
nels. This generalization holds particular significance in quantum
information processing, as noisy quantum operations can go beyond
the description of the thermodynamic process. In this vein, the QFTs
that can be applied to a quantum system coupling to the environment
in a more general way (37-40) were recently proposed and demon-
strated. However, these methods necessitate the measurement on the
environment, which may not be feasible in most situations, or require
a specific condition on system-environment coupling.

Here, we explore QFTs that can be applied to an arbitrary quan-
tum channel, which was introduced in (41). A distinctive feature of
quantum systems is that coherence, captured by the oft-diagonal el-
ements of the density matrix, also fluctuates during a quantum pro-
cess. As these off-diagonal elements are generally complex valued,
the corresponding FTs may be formulated to incorporate complex
values, extending their classical counterparts. Building on this idea,
the FT presented in (41) involves the quasi-probability P_, . (w)and
complex-valued entropy production ® = wy + io; as

P—’ ((0) _ e(uR—ZiGmI

P‘e_(—(x)*) - (2)
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where @™ is the complex conjugate of @. Here, the probability distri-
bution of entropy production is generalized to the quasi-probability
distribution that can have nonreal values to fully incorporate the ef-
fect of coherence both within states and during the quantum process.
Our construction of the complex-valued quasi-probability shares a
common structure with the Kirkwood-Dirac distribution (42, 43),
which has been widely explored (23, 44-46) as a possible replace-
ment for the TPM scheme in QFTs (24). The occurrence of negative
or nonreal values in quasi-probability distributions indicates the
nonclassical nature of quantum systems when considering the joint
distribution of incompatible quantum observables (47). In our case,
quantum observables corresponding to entropy and heat are incom-
patible, as they do not commute, in general. Another important
characteristic is that depending on the time-translation symmetry of
the quantum process (48, 49), its time reversal may not be uniquely
defined for a quantum process. Different choices of the time-reversal
process can be parameterized by a rotational degree of freedom (df) 6,
which will be described in more details later. We note that the imag-
inary component ®; in Eq. 2 is closely related to the phase factor
arising from multiple time-reversal processes.

We experimentally test the validity of the QFT in Eq. 2 for a non-
unitary quantum channel with a quantum photonic system. These sys-
tems have been demonstrated as versatile tools for the investigation of
quantum thermodynamics recently (50-54). The quasi-probability
distributions of the quantum entropy production are reconstructed for
both forward and time-reversal processes based on a two-point gener-
alized measurement protocol. The experimental data follows the QFT
for both covariant (with time-translation symmetry) and incovariant
(with broken time-translation symmetry) quantum channels. Com-
pared to other QFTs focusing on covariant channels (33, 37), we test a
more general form of QFTs, in which the imaginary entropy produc-
tion plays a crucial role in capturing fully quantum effects during inco-
variant coherence transitions. Our experimental results demonstrate
the universal relationship between a quantum channel and its time-
reversal channels, setting fundamental limitations on the reversibility
of quantum operations.

RESULTS

Quantum entropy production and multiple

time-reversal processes

We characterize the quantum entropy production through a general

quantum channel A" in terms of the initial state p' = ZPPL|¢L>
<¢L| = ZJL&)L and the final state p* = N (ﬁ[) =0k
ZUPS&\)S. We assume that 3= Y.r, i) (il = X711, is the channel’s
stationary state such that N'(7)
Neumann entropy S(p) = — Tr[plnp| and a nonequilibrium po-
tential (—In7), average entropy production can be generally defined
as o =AS— Tr[(ﬁF

contact with the heat bath with temperature T, this definition recov-

ers the conventional entropy production, ® = AS — Q / T with Q be-
-A/T

=7. By introducing the von
—ﬁ1> ( —ln?)] (37). For a thermal channel in

ing heat exchange, by taking ¥ e , the equilibrium state when
the Hamiltonian of the system is a. Consequently, ® > 0is regarded
as a quantum generalization of the second law of thermodynamics.

The fluctuation of the quantum entropy production can then

be explored by considering transitions between the eigenstates,
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{q)p } - {CDV }, with the probability TH~" = Tr [J\f <(IJp ) C[)v]. How-
ever, a critical issue arises when the quantum operator correspond-
ing to heat or, more generally, the nonequilibrium potential ( —In7)

A A . oAl ~F
does not commute with pI or pF. In this case, the transition (I>u - @V

may contain the transitions between the off-diagonal elements
[#) (jl —1k) (I] with respect to the eigenstates of the stationary
state ¥, and this transition cannot be described by classical prob-
ability. Nevertheless, this problem can be detoured by introducing
a complex Valued transition amplitude T” y ,; between operators

i, CD H and HkCD 1, (see the Materials and Methods) For each transi-
tion, the complex-valued entropy production can be written as (41)

(5 o(25)

Now, we define the distribution of the quantum entropy pro-
duction P_ (w), which correctly indicates the average entropy pro-
duction Y, wP_ (w) = ®, where ® = oy + io; and ) denotes the
summation over oy and o; (see Materials and Methods). Such a
distribution can be constructed in terms of the transition ampli-

tude as (41)
uov 1
Z 6((1) wz]—>kl>Pp Tij—>kl
[TRARN

©)

P = i @

A major difference in the quantum entropy production in Eq. 3
compared to its classical counterpart in Eq. 1 is that the quantum
entropy production can be complex valued, as well as its quasi-
probability distribution. However, it is not always the case that a
quantum process results in complex-valued entropy production. A
trivial case is when p p p and ¥ have common eigenstates, in which
case, Eq. 2 reduces to the classical Crooks FT in Eq. 1, as such a
process can be regarded as a classical stochastic process. A non-
trivial case happens when a quantum channel is covariant under

group transformation /U?((-l) = ¢~ parameterized by a rotation-
al df 0, satisfying

N [ﬁ?(e)ﬁﬁ; (e)] =0,V (5)0]0) VoeR )
in which case, both entropy production m and P_, (®) are real valued
(41). For a thermodynamic process, this condition coincides with
the time-translation symmetry generated by the system Hamiltonian
a. Conversely, an incovariant quantum channel can be witnessed by
the imaginary part of entropy production (see Table. 1).

The covariance of a quantum channel is closely related to the
multiplicity of its time-reversal process. A primitive form of the
time-reversal quantum channel was introduced by Crooks (55)
as J\f( ) Z KR KRl with the time-reversal Kraus operator

= yZKly : when the forward process has the Kraus repre-

sexntat10n N S ) > K pKl (see the Materials and Methods). The
time- “reversa channel was later extended to include an additional

AN (p)= O [U?(G)pU; (e)] 05(0) (49). We note that N is
~1 —e=0

the special case with @ =0, i.e., N'= N . This equation implies

that multiple time-reversal channels can coexist when the forward

channel N is incovariant under the group transformation UA(G)
In contrast, when N satisfies Eq. 5, all the time-reversal processes

coincides, i.e., N = N for every 6.
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While multiple time-reversal processes are possible in the quan-
tum regime, a universal symmetry relation in Eq. 2 can be found
between the forward and each time-reversal process parametrized
by 6, regardless of the channel’s covariance (41). Moreover, the inte-
gral form of the QFT

e—or+2ibo; — ]

(6)
for all @ € (— o0, o0) plays a central role in the derivation of the sec-

ond law of thermodynamics @ = Y, wP_ (w) > 0 for the nonreal
quasi-probability distribution P_ (w) (41, 49).

Experimental demonstration

We experimentally demonstrate the generalized QFT applicable to
both covariant and incovariant quantum channels by reconstructing
the quasi-probability distribution of the quantum entropy produc-
tion using a quantum photonic setup. We encode a qubit system in
the polarization df of a single photon by taking |0) and |1) as hori-
zontally and vertically polarized states, respectively. To highlight the
quantum signatures in entropy production, we design the follow-
ing channel

N (p)=pp+(1-p)[1=9R () +sD(p)] (7)

where R is a mixture of two +x /2 rotations around the y axis of the
Bloch sphere and D maps any input states to |0) (0| (see Fig. 1A). The
Kraus representation of N (ﬁ) is given in Materials and Methods. We
note that the channel covers two types of decoherence: dephasing and
amplitude damping, as R (p) is a fully dephased state in y basis. The

= (4) 10 01+ () mal
Since the dephasing and amplitude damping processes are with re-
spect to different axes, the channel N contains a nontrivial transi-
tion between off-diagonal elements, from |0) (1|to|1) (0. Thus, the
channel does not meet the covariance condition.

To compare the covariant and incovariant quantum channels, we
design the covariant counterpart of A satisfying Eq. 5 with the form
of Ny (P) = pP + (1—p)7, which shares the same stationary state
with N The Kraus representation is given in Materials and Methods
as well. This channel can be interpreted as statistically mixing the in-
put state P and the stationary state ¥. In contrast to N, the covariant
channel N, allows only the transitions from the initial off-diagonal
element |0) (1| and |1) (0| to themselves, i.e., |0) (1| —|0) (1] and
|1) (0] —=|1) (0|, while all other transitions such as transitions
from off-diagonal elements to diagonal elements or transitions be-

tween off-diagonal elements are forbidden. Evidently, N, covers

stationary state of the channel is ¥

Table 1. Quantum entropy production (®) and time-reversal channel for different types of quantum channels. Covariant: A channelwith translational
symmetry satisfying Eq. 5. Time reversal: A single time-reversal channel N exists for classical and covariant cases, and multiple channel N' coexist for

incovariant cases.

Classical Covariant Incovariant
® Real Real Complex
P_ (o) Non-negative Real Complex
Coherence transfer No No Yes
i ~ o~ ~ ~ o~
Time reversal N = N (single) N = N (single) N # N (multiple)
A B I
Measurement 1 Neov Measurement 2
|1) M.} I I M.}

—-b-l- Ti:sapphire

State
preparation

-

Neor (P)

BBO BBO IF

HWP QWP Polarizer E-QWP E-Polarizer PR Reflector NPBS

APD

FC

Fig. 1. Descriptions of quantum channels N and N, in the Bloch sphere and its experimental setup. (A) Descriptions of quantum channels A" and N,,, in the
Bloch sphere. The incovariant channel N is composed by mixing p and states R(ﬁ) and D(ﬁ) after passing two processes R and D (see main text for details), while the
covariant channel NV, is composed by mixing the input state p and the stationary state §. (B) Experimental setup. Pairs of photons are generated from spontaneous
parametric down-conversion by pumping a p-barium borate (BBO) crystal. One photon is directly detected by an avalanche photodiode (APD) as the trigger, and the
other is sent to the following setup including a state preparation module (orange-shaded box), the two-point generalized measurement (two red-shaded boxes), and
quantum channels (two green-shaded boxes) and detected by another APD. The probability of the two-point generalized measurement outcomes P(m, m’) is obtained
by the coincidence between two APDs. IF, interference filter; E-QWP, electrically controlled QWP; E-polarizer, electrically controlled polarizer; FC, fiber coupler.
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only the limited set of quantum channels such as thermalization,
while A is more general that it allows all possible transitions involv-
ing off-diagonal elements. For a quantum state only with diagonal
elements in {|0), [1)} basis, the two channels " and N, , lead to the
same dynamics. More general forms of covariant channels can be
found in the Supplementary Materials.

Another feature shared between A and N, is that their time-

reversal channels (for A/, one poggioble time-reversal channel) are the

=Nanch J\f =N,

same as themselves, i.e, N = N cov cov-
This time-reversal symmetry substantially reduces the experimental
complexity without compromising the applicability of the theorem,
since this symmetry is independent of the channel’s covariance (see
Materials and Methods). However, we note that there are other

~0
time-reversal channels N'  # N, as N is not covariant.

The experimental setup shown in Fig. 1B consists of four modules:
the state preparation module, the quantum channel and two mea-
surement modules. In the preparation stage, a state plis prepared us-
ing two half-wave plates (HWPs), a quarter-wave plate (QWP), and
phase retarders (PRs), which introduce time delays between two
polarizations to control the mixture of the state. Two quantum
channels N and NV_,, are implemented using different combina-
tions of two nonpolarizing beam splitters (NPBSs), wave plates, and
PRs. The first NPBS splits the input photon into two paths. For the
implementation of N, the transmitted path goes through the chan-
nel R?(p) = cosgp + (1—cosp)R (p) achieved by QWPs and PRs,
which realizes the first two terms of M, while for the covariant
channel V_, the path passes directly with no operation. The re-
flected path is dissipated through the channel D and becomes
|0y (0| for N by passing through wave plates, PRs, and a polarizer at
a constant success probability independent of the input state,
while for NV, extra wave plates and PRs are used to generate ¥
from |0) (0|. The reflected path then combines with the transmitted
path at the second NPBS incoherently, achieving the desired channel
N and WV,

cov*

In the experiment, the channel parameters are calibrated as
p =0.2864 and s = 0.1316, from which we can calculate the station-
ary state as ¥ = 0.5658 |0) (0| + 0.4342|1) (1|. We first verify that
7 is the stationary state of N and N, by experimentally preparing
7 and charactering V' (7)and NV, (¥) via quantum state tomography.
The results show high fidelity (= 98.99 %) between the three states.
Through full quantum process tomography, the fidelity between the
matrix of the reconstructed channel M and the theoretical one is
99.97 %, and that for the channel N, is 99.99 %. These high fideli-
ties surpass previous works (56-58) and are crucial for the dem-
onstration of the QFT. These high fidelities are achieved by using
auxiliary temporal and path dfs of single photons and deliberately
designed coupling involving multiple dfs to reduce the experimental
complexity and imperfections. In addition, we use a rotating polar-
izer instead of the PBSs and HWP combination to improve the
precision of the state preparation and the measurement (see the

Supplementary Materials for more details).
To investigate the QFT, we prepare the initial state p _Zupu | ¢! ><¢ ‘

with p0 =4/5, p1 =1/5, ‘(I)O =sin(n/6)|0) —icos(n/6)|1), and

|d)1> = cos(n/6)|0) + isin(n/6)|1), such that the quasi-probability

distribution P_ () for the forward process only has real values for
both A and N We additionally perform the state tomography of

cov*
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the initial and final states, from which the entropy production is cal-
culated according to Eq. 3. A major challenge in investigating QFTs
is that a standard TPM protocol with the projection operator {1/'\[,-}
erases all the off-diagonal elements, thus preventing access to the
transition amplitude T}l s

We circumvent this problem by extending the TPM protocol to gener-
alized measurements described by sets of operators {M }and {M ,Jwith
outcomes m and m’ before and after the state undergoes the quantum
channel NV, respectively. The distribution of the measurement out-

comes (41, 59) is given by P(m,m')= Tr[M' ./\f(M pMT>

MZ,]. We take appropriate measurement operators {Mm} =

f®, né, & 56, {]\7[’} &Fﬁ ;cﬁ
VR ueog and U S Ve v=0,1

us1ng the combinations of ¢> d) HZ, and the phase gate

=]0) (0] + i|1) (1] The quasi- probablhty distribution can be obtained
from a linear transform ofP(m, m ) asP_(0)= Y, (xmm,P(m, m’)
with some complex coefficients &, (see the Materials and Methods).
In the experiment, the generalized measurements are realized by
polarizers and QWPs before and after the channel, followed by photo-
detection using an avalanche photodiode (APD). P(m, m’) is obtained
by collecting the photon number statistics for different combina-
tions of m and m’. ~ ~

By using the fact that N'=N and N, = N, the time-
reversal quasi-probability distribution Pe 0(oo) P_(w)for®=0is
obtalned by changing the input state to p and exchanging <I> and

u:)

dJ in the measurement setting while keeping all the other conﬁgu—
rations the same.

We also note there exist some alternative approaches, including
the weak measurement (60) and interferometric protocols (17, 61),
for estimating the quasi-probabilities P_, () and P (®) by regarding
the transition amplitude T;::l as a variant of the Kirkwood-Dirac

distribution [for more details, see recent review papers (47, 62)].

Verification of the QFT
The reconstructed quasi-probability distributions P_ (@) and
P_(w) and the theoretical predictions for N, and N are pre-

sented in Fig. 2A. We observe that the deviations between the
experimentally obtained quasi-probabilities and the theoretical
ones 3, [P70 (@) — P the"r"(m)| for both channels N and NV, a
within 0.0734 + 0.0136 (see the Supplementary Materials for more
details). The strong consistency between experimental results and
the theoretical prediction demonstrates the high precision for the
reconstruction of the quasi-probability distribution, which is in-
dispensable for validating the QFT. The incovariant channel N
can be distinguished from the covariant channel N, , by its

nonvanishing quasi-probability of the imaginary entropy produc-

) ~ +0.2647, which

+ ln( - ) ~
corresponds to the incovariant transition between off-diagonal
elements |0) (1] < |1) {0].

We first test the QFT for the time-reversal channel with © = 0, in
which case, Eq. 2 reduces to P_ (®) / P_(—®*) = €%, independent of
®;. This fact allows us to focus only on the real part of entropy production
by averaging over all imaginary parts, which yields a real-valued

tion. This feature happens at @; =

40f10
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Fig. 2. Reconstructed quasi-probability distributions. (A) Theoretically predicted
(bars) and experimentally reconstructed quasi-probability distributions (points) for
the forward process P_ (w) (blue) and the time-reversal process P,_(w) (red) for N,,
(left column) and AN (right column). (B) Quasi-probability distributions of the
real part of the entropy production by averaging over all imaginary parts
P_(wg) = Yo, P- (0p +iw;) (blue) and P_(wg) = Yo, P (wp +iwy) (red) for N,
(left column) and WV (right column). (C) The log magnitude of the ratio between the
forward and time-reversal quasi-probability distributions P_ (mR)/F_, (—og).

quasi-probability distribution 1_3_,@_) (mR) = ZmIP_,«_) (mR+imI)
(see Fig. 2B). We also observe negative values appearing in P_ and
P_ for M. Our experimental results confirm that both channels
obey a Crooks-like relation P_ (wy) /P_(—wg) = €, as shown
in Fig. 2C. We test the average entropy production @ and the integral
FT when 0 = 0 for the incovariant and covariant channel (see Table 2).
For a more general time-reversal channel with 0 # 0 of the incovariant
channel V', we first test the integral FT e~x+21%1 = ] using the ex-
perimentally measured P_ (), which holds for every 0 (Fig. 3A). To
test the Crooks-like relation with 0 # 0, we implement the unitary

operation IAJ?(G) =10) (0] + eﬂn(lﬁ)e [1) (1] and 0;(9) before and
after NV by realizing z-axis rotations with the QWP-HWP-QWP

configurations (see Fig. 3B). We then take two specific values

0=-n/8 and 8= —n/4 for the time-reversal process N' and
experimentally measure the quasi-probability distribution P? (o)
(Fig. 3C) to demonstrate the fully quantum Crooks FT. To this end,
we evaluate the ratio between the forward and time-reversal quasi-
probability distributions for each ® = wy + iw; and take its log mag-
nitude and argument to test the relations In|P_, (®) / P?_( —0%)| = oy
(Fig. 3D) and arg|P_ (0)/P® (—w*)| = —2iBa; (Fig. 3E), which are
equivalent to Eq. 2. The slopes obtained from the experimental data
points [wg,In|P_(0)/P? (—w*)|| are 1.04+£0.08 (for 6 = 0),
1.03 + 0.06 (for 6 = —xt / 8), and 0.98 + 0.07 (for 6 = —x / 4), which
match the theory well. We also verify that the slopes obtained from
the points{ o}, arg[P_ (@)/P? (—0*)] }are0.8 + 0.12 (for® = -1/ 8)
and 1.5+ 0.6 (for 6 = —xnt/4), close to the values (—20) from the
theory. These results confirm that while various choices can be made
for the time-reversal processes of quantum channel, they all obey a
quantum generalization of the Crooks FT.

DISCUSSION

In conclusion, we provide the experimental validation of general-
ized QFT in the presence of coherence using quantum photonic
setups. The quasi-probability distributions of entropy production
are reconstructed from the outcomes of the two-point generalized
measurement protocols. The quantum generalization of the Crooks
FT is successfully demonstrated for both covariant and incovariant
quantum channels. Compared to the classical FTs, the nonclassical
characteristics of the QFT are highlighted by the imaginary part of
entropy production originating from the multiple choices of the
reverse channel for the incovariant channel and nonreal quasi-
probability distributions.

Our experimental demonstration confirms the fundamental sym-
metry between a general quantum process and its time reverse with
the notion of the imaginary part of entropy production. Formalisms
and methodology introduced in this work will shed light on investi-
gating the role of coherence and noise during the quantum informa-
tion processing applications (63), which will also lead to applications
including quantum error correction (64) and error suppression in
continuous-time dynamics (65, 66).

MATERIALS AND METHODS

Entropy production for quantum channels

Suppose that a quantum system with time-independent Hamiltoni-
an H is in thermal contact with a reservoir at temperature T. After a
sufficiently long time, the system will arrive at the equilibrium
eH/T

———. When an initial quantum state N undergoes the
Tr[e*H/ T]

state ¥ =

Table 2. Average entropy production ® = Y ©P° _ (®)and integral FT e® = e-:+2% when § =0,

=(<)

Incovariant channel N

Covariant channel N,

Experiment Theory Experiment Theory
Average entropy production 0.1447 +0.0311 0.1182 0.2187 +0.0142 0.2224
Integral FT (6 = 0) 0.9699 + 0.0447 0.9887 + 0.0300 1
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Fig. 3. Verification of the QFT. (A) Verification of integral FTs e=0r+200 = 3 P (@)e~“r*2%i for— n < 0 < musing experimentally reconstructed P_ (o) with ® = g + i,

@R,

Blue and orange lines stand for the real part and the imaginary part of the integral, respectively, while the shaded gray represents the error bar. (B) Description of rotated re-

covery map for the time-reversal process N e. The map comprises three components: (i) the group transformation UA(G) from the state p Fto the state P = Uy(e)ﬁug (0), (ji) the
time-reversal channel ﬁ with N = A inour experiment, and (jii) the inverse group transformation U;’(e) from the state J\/'( )toJ\f ( ) = U;(G)N [U?(G)ﬁFU;(G)] LA/?(G).
(C) Real parts (top) and imaginary parts (down) of the ratio between the quasi-probability distributions of entropy production of the forward and time-reversal processes. The
red bars and points indicate the theoretical predictions and experimental values of the ratio, respectively. Experimental data are plotted with error bars. (D and E) Testing the
QFT for both log magnitude and phase of the quasi-probability ratio P_ (w) / P® (—*) with 8 = 0 (green open square), —/8 (purple open rhombus), and —/4 (blue open
circle). Black dashed line in (D) is the theoretical prediction for the real partIn|P_ (0) / P® (—®*)| = wp, independent of w,. Purple and blue dashed lines in (E) are the theo-
retical predictions for the imaginary partarg|P_ (0) / P? (—w*)| = —20, for® = —n /8and 0 = —r / 4, respectively. Experimental data are plotted with error bars.

thermalization process and evolves to the final state ﬁF, the average average of their eigenstates, p = Y ppp|¢ ><¢I | =Y PPL&)L and

entro roduction can be expressed as @ = AS — Q/ T, where
Py E P / =Y. = Zypftbu. Here, pl((F)) and ‘¢I(F)> are the ei-

genvalues and eigenstates of the initial (final) quantum states,
respectively. We assume that § = Yy (il = Ziriﬁi is the chan-

AS=S (6F) - S<'p\1> is the difference in the von Neumann entropy
S(p) := — Tr[plnp| and Q = Tr[(ﬁF —ﬁl>ﬁ ] corresponds to aver-

age heat transfer. The average entropy production can be rewritten nel’s stationary state such that N(?) =7. The fluctuation of the

— AL A AF A .
as 0= S(P Il Y) - S(P I Y), in terms of the quantum relative en-  quantum entropy production then can be explored by considering

tropy S(p | ¥) = Tr[p(Inp—In7) | between { and the equilibrium state  transitions between the eigenstates <I> - CD with probabilities
¥. That is, the non-negativity of average entropy production ® >0  u-v _ 1, [ N( > ]
12

R ! : . g The system’s entropy change for each tran-
implies that the system is always getting close to its equilibrium state.

Such an approach can be readily extended to a general nonunitary sition can be defined as (8s)"" = 1n<p /p, ) so that averaging it

quantum channel N having a stationary state N’ (?) =7.Whenan over all possible transitions leads to the system’s average entropy

N N N . 1 — -V
initial quantum state pI evolves to N/ < pI> = pF, average entropy pro- change, i.e., Zp,l)pp TH=Y 8sh™Y = aS,
S(ﬁF” ?> _ A complex-valued transition amplitude can be designed to in-

duction can be analogously defined asw = § (AI A) -
gousy Pl corporate the transition between the off-diagonal elements as

AS — Tr[(ﬁp —ﬁl> ( —ln?)], by replacing H/T with (—1Ing), as

known as a nonequilibrium potential (37). This formulation can be N

apolied . . . . ) ™Y =Tr|N
pplied to a generic noisy quantum channel without having a well iji—kl

defined temperature, where @ > 0is regarded as a quantum general-

ization of the second law of thermodynamics (67), guaranteed by

the monotonicity of the quantum relative entropy.

OLIJ ) 6vkl] (8)

A PN PN ~ AFa
from OI i = 1L;®,II; to OF =TI, ® II;. We highlight that the mar-

ginal dlstrlbutlon of Tp reduces to proper transition probabilities

Constructing quasi-probabilities of the quantum of T**and T, =Tr [N(Hi>nk]'

entropy production o ) For the time-reversal process N, PY (w) is obtained by ex-
To explore FTs for a quantum process, we take a statistical point R

of view by regarding the initial and final states as the ensemble changing (p Ow> © (pf, Ofkl> and taking u)kl_f; = —wz,:zl.
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One can check that the transition amplitudeT.H_’:l = [./\/ (OI ) ot ]
ij— pij vkl

contains the transition probabilities of both entropy change and in-
formation exchange. We note that the transition probability of the
entropy change T#~" can be obtained by adding up all the indices
but leaving p and v as

T = Z "
ijkl ij—kl
z]kl [

(8%
= [N(ﬁ
J

p—v

)

[( o

from the completeness relation Y, iﬁi = 1, where 1 is the identity op-
erator. The transition probability of the information exchange for
i — k can be obtained in a similar manner as

Ti—>k

DI
povol

ij—kl

_ Al \AF
- ZH)VJ)ZTr[N(OW )kaz] o
A Al A A AlA
- Zp)yJ)lTr[Af(H, unj)nkopvnl]
_Tr[j\f<ﬁi)ﬁk]
from ), <I> =1, (D =land i fi —611H1

We show that the average entropy production becomes w=
meP_,(m)zs(ﬁI ||?) —S(ﬁF ||?). From Eq. 4, the average en-
tropy production can be written as w= ) wP_(w)=
Y0P (0) = Zw’i ,j,k,lpl TH ob”"  in terms of the complex-
valued transition amplitude T;-»kl and the stochastic entropy pro-
in Eq. 3. By defining (§) = X, ... 0, Tl*];klg as the
average of stochastic variable & over all possible transitions, the real

and imaginary parts of the average entropy production then can be
expressed as

t]—>kl ij—kl

duction "~

EE) o
and
() w

respectively. From the completeness relation (see the Supplementa-
ry Materials for more details), we note that

<lan> =Tr [ﬁllnﬁl
(tngt) =Te[p100]
) = 1o = i)

(13)

Lietal, Sci. Adv. 11, eadq6014 (2025) 30 May 2025

This leads to wy=Tr [ﬁllnﬁl] —Tr [ﬁFlnﬁF] +Tr [ﬁFln?] —Tr=
s(3'119)
Kraus representations of the incovariant and covariant

quantum channels
The Kraus representation of the incovariant process N in Eq. 7 is

given by V' (D)

-S (ﬁF ||?> and ®; = 0, which completes the proof.

= Zi:o I%xﬁl?; with the following Kraus operators

g =\/}_)<10>

01

()
-11
k_wqw:%14>
2

P 11
()
()

Similarly, the Kraus representation of the covariant process

cov(p p6+ (1_p)/y\ iS given by cov( ) ZX =0
with the following Kraus operators

(14)

xXcov pKJ-cI-cov

~ 1— 1—
chov = —( p)( S) (1 0>
2 00
~ 1-p)(1+
KZcov = w<o 0> (15)
V 2 10
S ETETE
2 00

~ 1-p)(1+y5)
K4c0v = %( >
01

More details on the derivation of the Kraus representation of the
incovariant process and the covariant process can be found in the
Supplementary Materials.

The time-reversal quantum process
We confirm the validity of the time-reversal quantum channel defined as

Vs INA A=t AL PRAR
) = SRR - TR 0o
X

where KR = \(21(T Fand KR' =5: xyl We first note that N is a
valid quantum channel descrlbed by the Kraus operator Kf, satisfying

Api s P O PN VO - S | P T R | P
2 KRIKRzz (Y K yz)(yzK Y 2)=ZX<Y 2 xyK‘yz):y 2
7Y, ( xvKT)v :

stationary state N’ (y) = ZxnyK; =79. We can easily check that
N(7)

Amian-L

=% 2¥y 2 =1 from the definition of the

=7 so that ¥ is also a fixed point of the time-reversal channel.

7 of 10
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Moreover, sequential applications of the Kraus operators
leadtop(xl,xz, X, |y) Tr[K \(KJr KJr KT]forthe
forward process. By applying the Kraus operators for the time-
reversal process, we note that Tr[KﬁKf KRyK "KE‘K?]

f’(xn’ X, 2 17) = p g, 2 00, W), which is given in the re-
verse order compared to the forward probabilities. Such a property
can be regarded as a quantum mechanical generalization of clas-
sical Markov chain time reversal (55).

By introducing an additional rotation df 8 with UA(O)— eIt =
37", a general family of the time-reversal channels is deﬁned as

0
N (p) =0 (G)J\/(UA(O)pUT(e)) 0:(0)
=Y (R )p( R

— Z KfeﬁK;{m

ie> (17)

by defining I?Re = ?%HSI?W_LZ'S This family incorporates the
standard time- reversal channel A as the special case of 8 = 0. Simi-
larly to N N satisfies all the properties described above.

Independence of time-reversal symmetry on

channel’s covariance o=

We discuss that imposing time-reversal symmetry, N=N = =N,
in such a way that one of the reverse channels coincides with the for-
ward channel does not trivialize the QFT, as it does not reduce to
the covariance condition. To show this explicitly, we rewrite the
condition of the time-reversal symmetry in terms of the eigenbasis
of the stationary state as

(KIN (1)) 1) = kTN (1)1 1)

=k X (#RIT a1 (7R3 )b

(18)
Ione
=,/ﬂ<jw(|l><k|)|i>
1t
This implies that the transition amplitudes Tj_; = (KN
(|z)(]|)|l)andT,k_>ﬂ GIN (1)¢k]) |i ysatisfy the ratio it Ty =

/7.1 T~ ji. However, it is worth noting that such a condition does
not prohibit transitions between off-diagonal elements.
On the other hand, the covariance condition in Eq. 5 implies

e O) (R INGi DT = O kNG 1) (19)
for any 0 € R, so that the transition T, is possible only if
Inr; — Inr; = Inr; — Inr;. This condition imposes a strong restriction,
forbidding certain transitions between off-diagonal elements. More
explicitly, for a two-level system with r,, # r,, the allowed transitions
between off-diagonal elements by a covariant channel are Ty, _,,; and
T\0-1¢> 1€, transitions to themselves, while transitions to different
oft-diagonal elements, T,_,,, and T},_,,, are forbidden. Therefore,
time-reversal symmetry and covariance are independent conditions

from each other, and all essential features of generalized FTs for
incovariant channels, such as imaginary entropy production, can

Lietal, Sci. Adv. 11, eadq6014 (2025) 30 May 2025

still be observed even when considering a channel with time-
reversal symmetry.

Reconstructing the quasi-probability distribution from

generalized measurements

We show that the quasi-probability distribution of the entropy

production can be reconstructed from the generalized measure-
i, 0,é, & 33,

, , =L, and{l\A/I',}=
\/5 \/E 2 2 }u=0,1 "

, performed before and after that the
v=0,1

Al Anl

ment operators {A/;Im} = {

AFA AF A AF  AFA
{qnvno &0, 8, &3

=

8,1, )
MRV

state undergoes the quantum channel. For simplicity, let us express

the measurement operators as

M, =M,=L®
: "
A~ N PUN (20)
r
M, —M(V’S)—CI)VLS
by deﬁnlngL = 7‘1 L,= 3—1 f = 1, and f4 = § . Denominators in

L are chosen to ensure the completeness condltlon > M i M =1

and 2 M, WM /m’ =1, As® and <I) are projectors onto two differ-
ent eigenstates with p = {0, liland v = {0, 1}, respectively, each mea-
surement has 2 X 4 =8 outcomes. As a combination, the TPM
has 8 X 8 = 64 measurement outcomes. To reconstruct the quasi-
probability distribution, we first note that
> /\I i
Ry PRE = pl L& 1 (1)
We then used the fact that any operator A described by a2by2
matrix satisfies the following relation

MyAfl, =2L,AL]

AT, =-(1+)L,AL] - (1 +i)L,AL; +2L,AL] +2iL,AL] )
,Afl, =-(1-)L,AL] - (1-)L,AL] +2L,AL] - 2iL AL}
L,Af, =2L,AL]

which can be summarized as H AH =), ”L ALT with the com-
plex coeflicients c] Therefore, one can express the operator at the
initial point

AT /\I/\_ i 14 /\I/\T_ ij 2 AL
=p L@ I1;= Zc,pquCDer - ZCT MiurP M) (23)

r

OI
PuOi
as a linear combination of the effects of the first measurement. For
the second set of measurement operators, we observe

~AFA

MM =LI® L,

(5)"" (vs) (24)

Similarly, we can find the following relation for any operator A
M,Afl, =2LiAL,
A, =-(1-)LIAL, —(1-i)LIAL, +2L{AL, —2iL} AL,
fi,Afl, =—(1+)LAL, - (1 +)EIAL, +201AT, + 27 AL, )

A A

,Af, =2I!AL,
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or equivalently, ﬁﬁﬁj =y rdij /L\Igi\, = rcii/L\ij, by compar-
ing Eqs. 22 and 25. We can express the operator at the final point

Ap o AFa PPN N S
Of, =0 @ 0= ) o L= ) i i, (26)
By combining Egs. 23 and 26, we obtain
povo
ppT]—>kl Tr[N<p Opt]) vkl]
_ ij T Ik Ortt ’
=Tr [N( Zrcr M(H,r)p M(p, r))( Z M(u s)M(U,S)>] (2 )
~ s 7
_ 1] 113 xs
= Zr cc Tr[ME )J\f(M(W)p }”)>M(U’S)]
_ Ik
= chr% P(m,m'’)
where m = (y, r) and m’ = (v, s). This result directly leads to
p=v \ T oep—v
P_ () Z 5(“’ mg—»kl>ppTij—>kl
Wikl
= Z 8(0) mJ kl) Zc]clkP m, m)
Wikl
- Z Z ZS(&) 0 kl)cl]clkp(m m')  (28)
Wr o Us ikl
_ H—V Ik
= Z ZS(m—wij_)ch c*p(m,m’)
m,m’i,j,k,l
= Za(:’nm’P(m’ m’)
m,m’
by defining of , := Z,]kl (oo (Dt]—>kl> Jcik and noting that
()= Zp,r(')andzmr(')= 205
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Sections S1to S3
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