

View

Online


Export
Citation

LETTER |  MAY 11 2022

Study of preferential concentration in turbulent flows using
combined graph theory and Voronoï analysis 
Paul Andrade   ; Yannis Hardalupas; Georgios Charalampous  

Physics of Fluids 34, 051704 (2022)
https://doi.org/10.1063/5.0091469

 26 M
arch 2024 16:31:13

https://pubs.aip.org/aip/pof/article/34/5/051704/2846540/Study-of-preferential-concentration-in-turbulent
https://pubs.aip.org/aip/pof/article/34/5/051704/2846540/Study-of-preferential-concentration-in-turbulent?pdfCoverIconEvent=cite
javascript:;
https://orcid.org/0000-0002-1010-2137
javascript:;
javascript:;
https://orcid.org/0000-0001-5555-712X
https://crossmark.crossref.org/dialog/?doi=10.1063/5.0091469&domain=pdf&date_stamp=2022-05-11
https://doi.org/10.1063/5.0091469
https://servedbyadbutler.com/redirect.spark?MID=176720&plid=2291239&setID=592934&channelID=0&CID=842328&banID=521636198&PID=0&textadID=0&tc=1&scheduleID=2211452&adSize=1640x440&data_keys=%7B%22%22%3A%22%22%7D&matches=%5B%22inurl%3A%5C%2Fpof%22%5D&mt=1711470673179258&spr=1&referrer=http%3A%2F%2Fpubs.aip.org%2Faip%2Fpof%2Farticle-pdf%2Fdoi%2F10.1063%2F5.0091469%2F16621172%2F051704_1_online.pdf&hc=291253622298297e64aec60a8d45c2891dcdada5&location=


Study of preferential concentration in turbulent
flows using combined graph theory
and Vorono€ı analysis

Cite as: Phys. Fluids 34, 051704 (2022); doi: 10.1063/5.0091469
Submitted: 15 March 2022 . Accepted: 25 April 2022 .
Published Online: 11 May 2022

Paul Andrade,1 Yannis Hardalupas,1 and Georgios Charalampous2,a)

AFFILIATIONS
1Mechanical Engineering Department, Imperial College London, London, United Kingdom
2Mechanical Engineering Department, University of Thessaly, Volos, Greece

a)Author to whom correspondence should be addressed: georgios.charalampous@uth.gr

ABSTRACT

Collisions between particles in turbulent flows may be enhanced by the formation of clusters due to the preferential concentration effect.
However, the internal sub-structure of the clusters remains unclear. This paper describes using the “degree of a node” and the “shortest path
length” from graph theory, in combination with Vorono€ı analysis, to gain further insight into both the structure and internal sub-structure
of a cluster. This is demonstrated on experimental measurements obtained from a confined counter-flow/jet system. A minority of the par-
ticles, which comprise large clusters, are found to have a significantly large number of neighboring particles for collisions. However, particles
which comprise small clusters typically have a random number of neighbors.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0091469

Solid or liquid particles dispersed in turbulent flows are found in
many natural and industrial processes such as cloud physics and spray
drying.1,2 Under certain flow conditions, an interesting peculiarity of
these flows is the tendency of the particles to disperse in a nonrandom
way, due to interactions between particles and surrounding turbulent
fluctuations. This leads to regions in space where there exists a signifi-
cantly higher concentration of particles than the mean concentration,
called “clusters.” In addition, there also exist regions where there is a
very low concentration of particles than the mean, called “voids.” This
effect is commonly referred to as preferential concentration and is
most pronounced when an appropriate Stokes number, StF, which
characterizes the interaction between the particles and the local flow
eddies, is of the order of unity.3,4

The preferential concentration effect is believed to enhance the
probability of collisions, which may occur in the flow.5 The collision of
particles in turbulent gas flows is often an important feature in the
processes described above, specifically in the formation of rain (cloud
physics) and agglomeration (spray drying). Several methodologies
have therefore been used to gain insight into the preferential concen-
tration effect and, in particular, obtain statistical information about the
structure of the clusters which form. Some of these methods include
“box counting,” “Vorono€ı analysis,” “skeletonization,”6–8 and “the
radial distribution function.”5

The box counting method, described in Ref. 6, partitions an
image of particles into small rectangular boxes, and the number of par-
ticles in each box, denoted N P, is counted. Let r represent the stan-
dard deviation of the set of values ofN P for the image of particles. Let
rp represent the standard deviation of the set of values of N P for the
idealized case where the same number of particles is instead distrib-
uted randomly in space. A nondimensional number, D, uses this infor-
mation to characterize the extent of the preferential concentration
effect observed in the image, where D ¼ r�rp

c . Here, c is the mean par-
ticle number density, that is, the total number of particles divided by
the total number of boxes. If D > 0, then clusters are present in the
image. If D! 0, the particles in the image are distributed in space in
a random way. If D < 0, the particles are distributed in an ordered
manner. The box counting method also provides a simple way to
determine a characteristic length scale of the clusters. This corresponds
to the length of the box used to partition the image. However, deter-
mining the size of the box, which best partitions the image to observe
the preferential behavior, is not always simple. Also, since each box
has the same shape and size, it is not possible to identify accurately
individual clusters in the image. This is because a cluster may have a
wide range of different shapes and sizes and therefore cannot be
described with an integer number of boxes of the same shape and size.
The radial distribution function quantifies particle density as a
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function of distance from a central particle. As such, it averages out
information across the investigated domain and does not provide
information on individual clusters.

The Vorono€ı analysis method, proposed in Ref. 7, is in many
ways an improvement to box counting. It can also be used to quantify
the extent of the preferential concentration effect. In addition, it is pos-
sible to identify individual clusters. A 2D image of particles is parti-
tioned into “Vorono€ı cells,” where each cell contains one and only one
particle. It follows that for all points within each cell, the distance to
the particle enclosed by the cell is shorter than the distance to any par-
ticle outside the cell. The shape and size of each Vorono€ı cell is deter-
mined by the position of all the particles in the image. In a small
neighborhood, if the particles are close together, the Vorono€ı cells in
that region must be very small in size in accordance with the definition
that each cell can contain only one particle. The size of the i th
Vorono€ı cell is characterized in two dimensions by its area, Ai.
Therefore, if the area of the Vorono€ı cells in a small neighborhood is
found to reduce in size, the concentration of particles in that neighbor-
hood must have increased. The standard deviation of the set of all nor-
malized Vorono€ı cell areas, Ai=hAi, is denoted rA, where hAi is the
mean area of all the Vorono€ı cells in the image. The standard deviation
of the set of all normalized Vorono€ı cell areas for the case where the
particles are distributed randomly in space is denoted rAp . Using an
analytical fit from simulated data,9 it is estimated that rAp � 0:53.7 If
rA > 0:53, clusters are present in the flow. If rA � 0:53, the particles
are distributed randomly in space. Alternatively, if rA < 0:53, the par-
ticles are distributed in an ordered way. Individual clusters are identi-
fied by assuming that Vorono€ı cells below a threshold for the area, s,
may comprise a cluster. The threshold used for the area is determined
by the point of intersection on the left tail of two probability density
functions (PDFs). These two functions describe Ai=hAi for the result
obtained from the image domain and the case where the particles are
distributed randomly in space. Suppose Zi corresponds to a Vorono€ı
cell, which is below the threshold s. An adjacency matrix is con-
structed to determine the connectivity between the set of Zi. In other
words, a cluster is identified when several Vorono€ı cells, which fall
below a certain size, denoted by Zi, share a common boundary. The
structure of the cluster such as its area and perimeter, as well as its ori-
entation, may then be determined. The technique can also be applied
in three dimensions using Vorono€ı cells characterized instead by their
volume. The main drawback to the Vorono€ı technique is that it does
not provide a direct means to obtain a characteristic length scale of the
clusters.

Skeletonization is an image analysis technique used to simplify a
2D object into a simpler “skeleton” object containing a series of lines,
which together retain the main features of the original object. This is
analogous to drawing a stick figure to represent the human body. The
method may require image filtering and also pruning, where certain
lines are removed to ensure the remaining skeleton only contains what
are considered to be the most important lines. The method was
recently used8 to identify cluster objects in dense multiphase flows.
The advantage of the method is that it allows the possibility of obtain-
ing a characteristic length scale of the clusters. However, it is not
always clear what are the important lines to retain.

Despite the use of the methods described above, little is known
about how the sub-structure of a particular cluster can promote colli-
sions. For example, it may be desirable to have particle clusters which

span a large area since these clusters may contain more particles.10

However, large clusters may be elongated in appearance, and therefore,
many of the particles in such a cluster may not be in close proximity
for a collision to occur. Smaller clusters in comparison may contain
fewer particles, but the collision probability may be higher because the
particles may be in close proximity due to the more rounded cluster
shape. The purpose of this study is to put forward the idea of using
graph theory, after using the Vorono€ı analysis technique, to give
insight into this issue. It will also be shown that graph theory can be
used to obtain an approximate skeleton-like structure of a cluster iden-
tified from the Vorono€ı analysis, therefore providing a means to esti-
mate its characteristic length scale.

Graphs are a mathematical diagram, which represent interactions
between collections of objects. The objects are represented as nodes,
and the interaction between the objects are represented as edges, which
connect to adjacent nodes. A simple graph is one where the interaction
between any two adjacent nodes is represented using one and only one
edge and a node cannot interact with itself (where such an edge is
called a loop). Otherwise, the graph is said to be a multigraph.
Examples of simple graphs and multigraphs are shown in Fig. 1. A
path is the edges traversed to go from one node to another node in the
graph, without visiting the same node twice.

A graph is described as unweighted if the strength of the interac-
tion for each edge is the same. On the other hand, if the graph is
weighted, each edge is associated with a weight, which signifies the
strength of the interaction for that particular edge and its node(s). A
graph is connected if for all nodes, there exists an edge path to all other
nodes. A graph is described as regular if each node has the same num-
ber of edges, which are connected to it. A complete graph is one where
all nodes are directly connected to each other by a single edge.

Now consider a single cluster, Ck of N-Vorono€ı cells, that is,
Z1;…;ZN. Let the symbol G denote a graph where all particles of
cluster Ck constitute its nodes. Each Vorono€ı cell, Z i, is associated
with a single node, xi. The set of all nodes is referred to as V . An edge
of a graph, ei;j, is defined whereby two Vorono€ı cells Zi and Zj share a
common boundary. The shared part of the boundary between the i th
and j th cell is denoted Bi;j (Fig. 2). In other words, an edge exists if
two Vorono€ı cells, Zi and Zj, are directly connected to each other.
The set of all edges is referred to as E. A graph that represents the
cluster is therefore GC ¼ ðV ;EÞ. An example of a cluster obtained
using Vorono€ı analysis and its associated representation as an
unweighted graph is shown in Fig. 2. The figure shows only a portion
of the cluster and graph for clarity. Note that there are many different
ways to visualize the cluster and they are morphologically the same, as
long as they share the same nodes and edge interactions.

Let di;j represent the Euclidean distance between particle i and
particle j, which reside in the cluster. If there exists an edge that con-
nects node i and node j, then this edge can be assigned a weight, wi;j,
as a function of distance. In this way, a simple weighted graph may be
constructed, which accounts for distance between particles. The weight
can be defined in many ways depending on the performed analysis.
For unweighted simple graphs, the value of the weight for all edges is
unity.

The graph GC is computed directly for a given cluster, Ck by con-
struction of a weighted adjacency matrix, A, as shown in Eq. (1).11

This equation states that if two Vorono€ı cells Zi and Zj from the
cluster Ck share a common boundary, the value in the i th row and j th
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column is given by the weight, wi;jðdi;jÞ. Since wi;j ¼ wj;i, A is a square
symmetric matrix. If an element is along the diagonal of the matrix,
which determines whether a boundary exists between a cell Zi and
itself, the value is given as zero (hollow matrix). All other elements in
the adjacency matrix have the value of zero, as no boundaries are
shared between the respective cells

Ai;j ¼
wi;j; if i 6¼ j and Zi&Z j share a boundary;

0; if i ¼ j no loopsð Þ;
0; otherwise no shared boundaryð Þ:

8><
>:

(1)

Other matrices that are also used to characterize graphs include the
degree matrix, D and the Laplacian matrix, L. These matrices and their
properties are not explored in the present paper. The graphs associated
with the clusters, as presented above, must have the following
properties:

• The graphs are simple, since the connection between two
Vorono€ı cells is represented by one and only one edge and a
Vorono€ı cell cannot interact with itself.

• The graphs are connected, since all the Vorono€ı cells which com-
prise a given cluster, Z1;…;ZN , are known to be connected to at
least one other Vorono€ı cell.

• In general, the graphs are not regular nor complete. This is
because Vorono€ı cells located at the periphery of a cluster may
have a smaller neighborhood of surrounding cells than Vorono€ı
cells found in the bulk of the cluster.

In this work, two tools from graph theory are utilized to supple-
ment Vorono€ı analysis, which are the degree and the shortest path
length. This is shown in the schematic in Fig. 3. In a unweighted
graph, the degree of a node refers to the notion of counting the num-
ber of edges connected to that node. In this context, if an arbitrary
Vorono€ı cell Zi is chosen, the degree is then the number of neighbor-
ing cells connected to Zi. For example, in Fig. 2, the degree for Z1 is 2,
and for Z3, it is 3. In a weighted graph, the degree of a node is the
summation of the weights assigned to the edges, which are connected
to it. A large degree for Zi corresponds to particle i having a greater
number of particles which neighbor it, which suggests that locally,

FIG. 1. Visualizations of several different graphs. Figure (I) is an example of a simple graph. Figures (II) and (III) are examples of multigraphs because they contain some com-
bination of multiple edges between two nodes or loops.

FIG. 2. Each cluster contains N-Vorono€ı cells, with each Vorono€ı cell in the cluster denoted by Z1;…;ZN. Each Vorono€ı cell (or the particle which resides inside it) corre-
sponds to node x1;…; xN on the graph. An edge on the graph, denoted by ei;j, represents two Vorono€ı cells Z i and Z j , which share part of their cell boundary. The figure
shows the interaction between the Vorono€ı cells Z1 and Z3 and the corresponding representation as a graph.
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there is a possibility that more collisions may occur. A distribution of
the degree of all the nodes can then be obtained. A skewed distribution
would suggest that locally within the cluster, there exist some particles,
which could undergo a significantly higher or lower number of colli-
sions than the mean. This may also suggest that the clusters have some
sub-structure.

The shortest path length is the fewest number of edges it takes to
get from one node of a graph to another. In Fig. 2 on the graph, there

are several ways to get from node 5 to node 1. One path goes from
node 5 to node 6, then to node 3 and finally to node 1. However, the
path that uses the fewest edges is the path from node 5 to node 2 and
then to node 1. Since the graph is connected, a shortest path length
can be found between any pair of Vorono€ı cells, Zi and Zj. Suppose
each edge in the graph is weighted by the distance between the par-
ticles. Then, an approximate skeleton can be constructed between any
pair of Vorono€ı cells, more specifically the particles, which reside in

FIG. 3. Schematic of the Vorono€ı analysis and graph theory methodology to identify and characterize clusters of particles from an image. Parts in the dashed lines are addi-
tional tools, which may also give further insight. The experimental data used for the figure are obtained from a counter-flow/jet experiment system, which is described in further
detail in the text.
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those cells, by traversing all the edges along the shortest path. The
maximum shortest path may then be considered as a characteristic
length scale of the cluster, since it expresses the minimum distance tra-
versing along edges between the two remotest particles in the cluster.
Its length is obtained by summation of the distances with which each
edge in the path is associated. An example of this is shown in Fig. 4.
This avoids the need to carry out a skeletonization, which typically
requires some form of image filtering.8 It also avoids a bounding box
approach or area equivalent circle,12 which may not accurately repre-
sent the cluster shape.

In brief, the Vorono€ı analysis provides information about the
extent of the clustering, identification of individual clusters, and exter-
nal structure of each cluster (such as area and perimeter). Graph the-
ory additionally provides further external structure (characteristic
length scale) and internal structure (neighboring particle distribution).
While graph theory is not limited by Reynolds or Stokes numbers
directly, it is limited to dilute flows as the Vorono€ı analysis requires
individual particles to be clearly identified from images.8

It is worth pointing out here that the study of degree distributions
and the concept of using the maximum shortest path length have also
been used previously to study graphs. One example is the seminal
work by the authors of Ref. 13 where degree distributions were used to
study graphs, which model the Web, and the maximum shortest path
length, referred to as the diameter of the graph, was used to study con-
nected components.

Graph theory is now demonstrated on 2D experimental data
acquired by particle image velocimetry, obtained from a confined
counter-flow/jet system. The jet flow was seeded with inertial 80lm
sized spherical particles of density, 1050Kgm�3. The Reynolds num-
ber of a single phase gas jet with the same flow conditions as used in
the experiment, based on the nozzle exit conditions, is about 4460.
The Reynolds number of the single phase counter-flow without the jet
present, based on the area-averaged velocity, is about 2192. The mea-
surements were obtained at the stagnation region of the gas flow,
located at about 21:4DJET from the nozzle of the jet, where DJET is the

diameter of the nozzle. The Stokes number of the particles is 4:64,
based on an estimated Kolmogorov scale of the jet at this location. The
volume fraction is about 5:5� 10�5. Further details about the experi-
ment are found in Ref. 14. Vorono€ı analysis was carried out on a sam-
ple of 1000 images each about 45 � 45mm2 in size. The total number
of clusters identified from all images was Oð7000Þ. The present paper
and subsequent figures focus only on data collected from the same
experiment system and conditions as described above.

The degree of each node is calculated from the weighted graphs
of each cluster containing exactly n¼ 10, 20, 30, or 40 particles. For
each cluster, the mean and the skewness from the distribution of the
degrees are then obtained and plotted against the square root area of
the cluster,

ffiffiffiffiffiffi
CA
p

, nondimensionalized by the Kolmogorov scale, g.
This is shown in Figs. 5 and 6, respectively.

For clusters with a fixed number of particles, the mean degree of
the cluster reduces with increasing cluster size (Fig. 5). This suggests
that larger clusters of the same number of particles typically have fewer
number of collision pairs. Within the range of cluster particle sizes
explored, this effect appears to be independent of the number of par-
ticles contained in the cluster. If the number of particles is kept the
same, as the size of the cluster increases, intuitively the distance
between the particles must also increase. This corresponds to the
reduction observed in the mean degree, which may lead to fewer num-
ber of collision pairs. There is significant scatter present in Fig. 6, with
values of both positive and negative skewness observed, suggesting a
nonrandom particle distribution within the cluster. A positive skew-
ness suggests that particular areas within the cluster have a higher local
collision probability. A negative skewness suggests that particular areas
within the cluster have a lower local collision probability, as they have
a small number of neighbors. This may represent particles, which are
on the periphery of the cluster boundary, such as Z1 in Fig. 2.

FIG. 4. An example of producing an approximate skeleton-like structure of a cluster
identified from Vorono€ı analysis. The single (black) line is the maximum shortest
path of the weighted graph between any two particles in the cluster. The weight
used for each edge is the distance between the positions of the particles, denoted
by di;j.

FIG. 5. A plot of the mean degree for a weighted graph of the cluster, Dc , against

the nondimensionalized square root of the area of the cluster,
ffiffiffiffiffi
CA
p

g , obtained from
the Vorono€ı analysis. The Kolmogorov scale of the surrounding flow is estimated for
flow conditions in a single-phase jet and is denoted by g. The weight used for each
edge is the inverse distance between the positions of the particles, denoted by 1

di;j
.
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It is important to note that the Vorono€ı analysis and subsequent
cluster identification are based on the area of the cells, compared to a
threshold area. Sometimes, a Vorono€ı cell that falls below the thresh-
old area is determined to comprise a cluster, but the position of the
particle inside this cell is quite far from the other particles in the clus-
ter. This is shown for the particle labeled 69 in Fig. 7 and for the par-
ticles around the hole on the top left of the figure. This is addressed by
graph theory using a weight on the edges based on distance. In this
case, the weight is 1

di;j
, since the objective is to increase the edge weight

as the distance between the particles decreases.

In Fig. 6, the clusters with a higher fixed number of particles are
typically larger in size. As the number of particles inside the clusters
increases, the skewness values appear to become more positive. This is
shown more clearly in Fig. 8 for the histograms of the skewness values,
conditioned on clusters containing n¼ 10, 20, 30, or 40 particles.
Clusters containing a higher fixed number of particles are therefore
more likely to have concentrated regions of particles.

Next, the maximum shortest path length for the weighted graph
of each cluster is calculated, for all cluster sizes. In this case, the weight-
ing used for each edge is di;j. Figure 9 shows a histogram of the values
and indicates that the characteristic length scale of the clusters, as
determined from the mode of this data set, is Oð10gÞ. This is half the
predicted length scale using box counting, which was found to be
Oð20gÞ.14 The discrepancy can be attributed to the inflexible rectangu-
lar shape of the sampling boxes in the box counting method, which
are not able to accommodate the fractal-like shape of the clusters.

A feature in the proposed method that distinguishes it from skel-
etonization is that it provides an estimate of the cluster length along an
unbranched line, capturing the main body of the cluster.
Skeletonization produces a series of smaller lines, which can deviate
from the main body of the cluster. It is desirable to only have a single
line when estimating the characteristic length scale of clusters. This is
because the length of any branches is not relevant to the cluster length
scale. The proposed method is however complementary and not a
replacement for skeletonization as it may not be ideal for clusters that
bifurcate significantly or contain large holes. It is also possible that the
path line may sometimes cross the boundaries of the cluster, as shown
in Fig. 4, but such deviations are small and unlikely to have an appre-
ciable effect on the evaluation of the cluster length scale.

One aspect of clusters readily observed is that they come in a
wide range of complex shapes and sizes, which has previously been
described as fractal-like.3,15 The characteristic length scale estimated
by the maximum shortest path length in the present paper,Oð10gÞ, is

FIG. 6. A plot of the skewness of the distribution of the degree for a weighted graph
of the cluster, Sc , against the nondimensionalized square root of the area of the

cluster,
ffiffiffiffiffi
CA
p

g , obtained from the Vorono€ı analysis. The Kolmogorov scale of the sur-
rounding flow is estimated for flow conditions in a single-phase jet and is denoted
by g. The weight used for each edge is the inverse distance between the positions
of the particles, denoted by 1

di;j
.

FIG. 7. The particle labeled 69 is far from all other particles inside the cluster, but it
is still considered part of the cluster since its corresponding Vorono€ı cell falls below
the area threshold.

FIG. 8. A probability density function (PDF), of the skewness values shown in Fig.
6. For each sub-figure, the range of skewness values, Sc , are sub-divided into 10
bins; however, a similar result is also observed if an automated binning method
(with arbitrary number of bins) is used instead.
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in the range of values found in previous studies.3,15 Using the mean
and skewness of the distribution of degrees of the network graphs, the
present work also hints at a complex sub-structure inside the clusters.
Consider now the group of clusters which contain an exact number of

particles. An averaged cluster square root area, h
ffiffiffiffi
CA
p

g i, can be obtained

by summation of the areas in the group followed with division by its
total number [Fig. 10(a)]. Similarly, an averaged mean degree, hDci
[Fig. 10(b)] and averaged skewness degree, hSci [Fig. 10(c)], can be
obtained. As the size of the cluster increases, it appears that three
effects occur: (i) increased number of particles, which comprise the
cluster [Fig. 10(a)]; (ii) a lower mean value for the distribution of
degrees (Fig. 5); and (iii) a higher skewness value for the distribution
of degrees [Fig. 10(c)].

These three effects provide physical insight into how different
sized and populated clusters influence collision pairs, therefore

promoting particle collisions. For clusters comprised of a fixed number
of particles, a wide range of cluster shapes and sizes exist, with larger
cluster sizes less favorable as the number of collision pairs is reduced
(Fig. 5). However, upon averaging out the effects of the different clus-
ter sizes for each particle group, collision pairs were found to increase
with large cluster sizes [Figs. 10(b) and 10(c)]. This suggests that inter-
nal structure exists within the cluster, which increases the collision
probability and its affect is more profound on larger clusters.

In general, most particles that comprise a large cluster have few
neighboring particles in comparison with a minority, which happen to
be surrounded by a very large number of particles. The finding is simi-
lar to the idea of “coherent clusters,”10,16 where sufficiently large clus-
ters exhibit self-similarity, which means characteristics of the clusters
remain scale independent. This is because positively skewed values
suggest the particles in the large size clusters locally arrange themselves
in a nonrandom way, similar to the particles preferentially concentrat-
ing in a nonrandom way in the entire flow domain. Conversely, the
particles that comprise a small cluster are typically positioned
randomly.

The behavior of both the mean and skewness of the degree of dis-
tributions, as well as the number particles that comprise the clusters,
therefore reveals a complex picture of the influence of large or small
size clusters in turbulent collision processes. It is noted here that these
observations may be flow or location dependent. A future study that
examines clusters formed in homogeneous isotropic turbulence would
give insight into this issue.

One question to ask is whether the sub-structure is topologically
equivalent. Study of the isomorphism property of two graphs may give
insight into this issue. If a graph representing a cluster is found to be
isomorphic with several other graphs representing other clusters, it
may be that there exists a universal structural pattern to the cluster
sub-structure. This requires a great number of clusters, with the same
number of particles, to be observed and therefore is a tool more suited
to numerical simulations at present.

Finally, one issue highlighted with the Vorono€ı analysis was that
sometimes, a cell is included in a cluster where the particle which
resides in it is far from other particles in the cluster, such as the case of
particles of cells around cluster holes. This leaves some ambiguity
about how to identify such cells if and when they occur and also
whether to include them as part of the cluster. It is feasible that for
each image domain, a single graph could be constructed and the
degree of clustering, determined by a global clustering coefficient,17

could describe the extent of the clustering. However, it is not easy to
identify individual clusters from this single graph of all the particle
positions. There also exists a possibility of using graph theory to track
clusters in time. Graph theory was previously used to track the merg-
ing and splitting of coherent structures in single-phase turbulent
flows,18 and it has been suggested that this type of tracking may also
be used for clusters.19 However in Ref. 18, the nodes of the graph rep-
resent instead individual specific structures, which means a method is
still needed beforehand to identify each cluster.

In conclusion, the Vorono€ı analysis technique to identify clusters
in turbulent flows was extended using graph theory. This new
approach provides additional insight into the internal structure of a
cluster and a new way to measure its characteristic length scale.
Additional tools also exist in graph theory, which may give further
insight. The use of graph theory in the present paper requires Vorono€ı

FIG. 9. A probability density function (PDF), of the maximum shortest path length p
of each cluster Ck for weighted graphs, normalized by the estimated Kolmogorov
scale. The weighting used for each edge is di;j .

FIG. 10. Plots of particle number, which comprise a cluster (a), averaged mean
degree (b), and averaged skewness (c) against the averaged normalized square
root area.
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analysis, but there is scope to use it independently or with other tech-
niques, which are capable of identifying clusters. The next step should
therefore be to investigate further the new technique, with additional
tools, on a wider range of other flow systems.
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