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Abstract: Understanding of pump-induced lensing in laser amplifiers is essential for the
optimized design of high-power lasers with high spatial quality, but there is usually incomplete
knowledge of the interplay between thermal and population induced lensing mechanisms, lensing
under lasing and non-lasing conditions, and transient lensing effects under pulsed operation.
This paper provides quantitative insight of pump-induced lensing effects by using experimental
transient pump-probe measurements in an alexandrite laser amplifier end-pumped by a short
pulse pump beam with Gaussian spatial intensity distribution. Lensing results are presented
showing a large difference in lensing under both non-lasing and lasing conditions and distinction
of the population lens and thermal lens contributions from their different response time. Different
pump beam sizes are used to show the variation of the relative strength of the lensing mechanisms.
Comparison of experimental results with the analytical transient theory developed in this paper
for the Gaussian pump beam gives excellent agreement and quantitative information on the
thermal and population contributions to the amplifier lens. This paper provides a methodology
for quantitative investigation of pump-induced lensing in general laser amplifier systems, and
potentially other classes of optical materials with residual optical absorption.
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1. Introduction

Pump-induced lensing in a laser gain medium is one of the main limits to power scaling of laser
systems. As pump power is increased, the increasing lensing strength in the gain medium can
negatively impact the cavity design, dynamically changing its stability range, and altering the
fundamental mode size which, together with lensing aberrations, leads to degradation in laser
beam quality. The primary physical mechanism usually considered is thermally-induced lensing
due to heat deposited in the gain medium by the pump excitation [1]. This thermal lens results
from the temperature-dependence of the medium refractive index (dn/dT) and in a solid-state
medium can have further contributions from the surface bulging and photo-elastic effect due to
differential expansion and strain [2]. Many solid-state gain media have also been found to display
an inversion-dependent refractive index change caused by the difference in the polarizability of
excited and ground state ions leading to what is often referred to as a population lens [3]. The
population component of the pump-induced lens has been relatively neglected in consideration
of amplifier lensing in the literature and is almost unmentioned in laser textbooks. This is even
though the population mechanism has been shown to occur in many classes of solid-state gain
media including the important classes of Nd-doped crystals [3–6], Cr-doped crystals [7–11],
and Yb-doped crystals [12–14], and the population-induced refractive index change ∆np can
even dominate over the thermally-induced refractive index change ∆nT in some gain media [6].
This means that induced lensing based solely on thermal mechanisms can lead to imprecise
calculated lensing or lensing measurements can infer wrong thermal properties. In pulsed laser
systems, this incomplete consideration of pump-induced mechanisms can be much worse as the
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population lens mechanism based in inversion will usually operate on a much faster timescale
than the slower thermal diffusion lensing process. Self-Q-switching has been observed in some
lasers [15–16] for which the only plausible explanation is hypothesized to be caused by the fast
modulation of the population lens. Hence, it is important for optimize and control of this pulsing
(or to avoid it) to have rigorous information and be able to make distinction between different
lensing mechanisms and their relative impact.

Many experimental methods have been employed for determining pump-induced lensing in
laser amplifiers [17]. One common but indirect technique is to measure mode size from the
output of a laser cavity and together with an ABCD cavity analysis to infer the lensing power of
the gain medium [18]. However, this technique (like many others) is a steady-state method and
does not discrimination between different lensing mechanisms. This method also cannot provide
lensing information on the non-lasing amplifier case, that might be required if gain medium is
used as a power amplifier. Alternatively, time-resolved measurements do provide a potential
means to discriminate between different lensing mechanisms by their different response times,
usually characterized by a relatively fast inversion population dynamics N(t) and slower thermal
diffusion timescales governed by the heat-diffusion equation for the spatio-temporal variation
of the medium temperature distribution T(r, t). Time-resolved studies have been performed on
pump-induced refractive index changes ∆n(t) in laser amplifier media using interferometry and
Z-scan methods [3,12]. These methods can quantify the polarizability difference between the
excited and ground state electronic population if the inversion population can be calculated but
they do not directly provide lensing data that are needed for laser cavity design and understanding
of laser performance. Direct pump-induced lensing measurement can be made by wavefront
sensing using a probe beam and lateral shearing interferometry [19] or a Shack-Hartmann
wavefront sensor [2,10]. Shack-Hartmann wavefront sensors (SH-WFS) are particularly good
due to their accurate determination of wavefront curvature but the time response to compute
the wavefront is too slow to directly supply fast transient information on the sub-millisecond
timescale.

In this work, we perform experimental time-resolved pump-probe measurement of the transient
growth and decay of the pump-induced lens in a laser amplifier combined with some new
analytical theory of the temporal dynamics of the thermal and population lens mechanisms. Our
experimental method uses a repetitively pulsed pump beam (pump duration, tp) with Gaussian
spatial intensity distribution Ip(r) to end-pump a gain medium (alexandrite crystal) and a time-
delayed short (nanosecond) probe pulse with a time-gated Shack-Hartmann wavefront sensor
(SH-WFS) to directly monitor the transient variation of the dioptric power of the pump-induced
lens D(t) = 1/f (t) with high temporal resolution. The analytical theory of this paper is developed
for the transient thermal DT (t) and population DP(t) lens components for the Gaussian end-
pumping case for both growth and decay of the lensing under short-pumping pulse conditions.
The development of these analytical solutions is shown in this paper to support quantitative
interpretation of the experimental measurements.

2. Theoretical analysis of transient pump-induced lensing

For the theoretical analysis, we consider an “ideal” four-level gain medium system, as shown
in Fig. 1, with upper laser level population distribution N(r, z, t) and in which the lower laser
level population remains zero due to a fast relaxation to the ground state. The gain medium
is considered as a cylindrical rod with end pumping centred at radial coordinate (r = 0) and
incident at its end face (z = 0) by a pump beam with Gaussian spatial intensity profile:

Ip(r, z, t) =
2P(t)
πw2

p
e−2(r2/w2

p)e−αpz (1)



Research Article Vol. 32, No. 7 / 25 Mar 2024 / Optics Express 12785

with waist size wp, pump absorption coefficient αp, and pump power P(t) taken as a square
pulse with constant power P and duration tp. We develop an analytical theory of the transient
pump-induced lens formed in the gain medium with dioptric power D(t) = 1/f (t) = DT (t)+DP(t)
modelled as a combined thermally-induced lens DT (t) and an inversion-induced (population)
lens DP(t). The thermal lens is formed by some fraction ηH of the absorbed pump power being
converted to heat producing a temperature distribution T(r, z, t) and related thermal refractive
index change ∆nT (r, z, t). In the thermal analysis we account for heat input coming in two steps
after a pump photon is absorbed (see Fig. 1): an immediate upper-level heating factor ηH1 = βηH
(with partial fraction β of the quantum defect) due to fast non-radiative relaxation from the pump
level to the upper laser level, followed by a delayed lower-level heating factor ηH2 = (1 − β)ηH
by non-radiative decay of the lower laser level to the ground-state after spontaneous emission.
The population lens is formed by the polarizability of excited state ions (αe) and ground state
ions (αg) being different (∆αp = αe − αg) and the population distribution N(r, z, t) resulting in a
population refractive index change ∆nP(r, z, t).

inversion-induced (population) lens 𝐷𝑃(𝑡). The thermal lens is formed by some fraction 𝜂𝐻 of 
the absorbed pump power being converted to heat producing a temperature distribution 𝑇(𝑟,𝑧,𝑡) 
and related thermal refractive index change ∆𝑛𝑇(𝑟,𝑧,𝑡). In the thermal analysis we account for 
heat input coming in two steps after a pump photon is absorbed (see Fig. 1): an immediate 
upper-level heating factor 𝜂𝐻1 = 𝛽𝜂𝐻 (with partial fraction 𝛽 of the quantum defect) due to fast 
non-radiative relaxation from the pump level to the upper laser level, followed by a delayed 
lower-level heating factor 𝜂𝐻2 = (1 ― 𝛽)𝜂𝐻 by non-radiative decay of the lower laser level to 
the ground-state after spontaneous emission. The population lens is formed by the polarizability 
of excited state ions (𝛼𝑒) and ground state ions (𝛼𝑔) being different (∆𝛼𝑝 = 𝛼𝑒 ― 𝛼𝑔) and the 
population distribution 𝑁(𝑟,𝑧,𝑡) resulting in a population refractive index change ∆𝑛𝑃(𝑟,𝑧,𝑡).

Fig. 1. Four-level laser amplifier system with combined thermally-induced lensing and 
population lensing.

2.1 Thermally-Induced Lens, 𝐷𝑇(𝑡)

Heat deposition in the gain medium by the absorption of the pump beam results in a spatio-
temporal evolution of the temperature governed by the transient heat diffusion equation: 𝜌𝐶𝑝

𝜅
∂𝑇
∂𝑡

= ∇2T + 𝑄
𝜅 where 𝑇(𝑟) is temperature, 𝑄(𝑟) is heating power per unit volume, and 𝜅, 𝜌, 𝐶𝑝 are 

the medium thermal conductivity, density, and specific heat capacity, respectively. In 
cylindrical coordinates with axially-symmetric heating 𝑄(𝑟,𝑧), where 𝑟 and 𝑧 are transverse 
radial and axial coordinates, respectively, the heat equation can be written as:

∂𝑇
∂𝑡 =

𝛼
𝑟

∂
∂𝑟 𝑟

∂𝑇
∂𝑟 + α

𝑄
𝜅                                                       (2)

where 𝛼 = 𝜅/𝜌𝐶𝑝 is thermal diffusivity, and we have neglected axial (𝑧) second derivative 
assuming heat flow is predominantly in transverse radial direction. This is a realistic 
approximation for an end-pumped case with pump waist size small compared to absorption 
depth in the amplifier (𝑤𝑝 ≪ 1/𝛼𝑝) which is commonly valid, as is the experimental case of 
this work (𝑤𝑝 ≈  0.2 mm; 1/𝛼𝑝 ≈ 2 mm). A Gaussian optical pump beam (Eq. (1)) produces a 

Gaussian heating distribution 𝑄(𝑟,𝑧,𝑡) = 𝜂𝐻𝛼𝑝 2𝑃(𝑡)/𝜋𝑤2
𝑝 𝑒―2 𝑟2/𝑤2

𝑝 𝑒―𝛼𝑝𝑧 where heat 
factor 𝜂𝐻 is fraction of absorbed pump power converted to heat power. 

In most theory of pump-induced lensing, the heat factor 𝜂𝐻 is taken as the quantum defect, 
𝜂𝐷 = 1 ― 𝜆𝑝/𝜆𝐿, the fractional difference between the absorbed pump photon energy at 
wavelength 𝜆𝑝 and the emitted spontaneous (or stimulated) emission photon energy at 
wavelength 𝜆𝐿. However, this commonly used assumption is not strictly true at short timescales 
as the heat comes in two steps, and we use this two-step approach in this analysis. After 
absorption of a pump photon, there is an instantaneous upper-level heating factor 𝜂𝐻1 = 𝛽𝜂𝐻, 
followed by a delayed lower-level heating factor after spontaneous emission 𝜂𝐻2 = (1 ― 𝛽)𝜂𝐻, 

Fig. 1. Four-level laser amplifier system with combined thermally-induced lensing and
population lensing.

2.1. Thermally-induced lens, DT (t)

Heat deposition in the gain medium by the absorption of the pump beam results in a spatio-temporal
evolution of the temperature governed by the transient heat diffusion equation: ρCp

κ
∂T
∂t = ∇2T+ Q

κ
where T(r) is temperature, Q(r) is heating power per unit volume, and κ, ρ, Cp are the medium
thermal conductivity, density, and specific heat capacity, respectively. In cylindrical coordinates
with axially-symmetric heating Q(r, z), where r and z are transverse radial and axial coordinates,
respectively, the heat equation can be written as:

∂T
∂t
=
α

r

[︃
∂

∂r

(︃
r
∂T
∂r

)︃]︃
+ α

Q
κ

(2)

where α = κ/ρCp is thermal diffusivity, and we have neglected axial (z) second derivative
assuming heat flow is predominantly in transverse radial direction. This is a realistic approximation
for an end-pumped case with pump waist size small compared to absorption depth in the
amplifier (wp ≪ 1/αp) which is commonly valid, as is the experimental case of this work
(wp ≈ 0.2 mm; 1/αp ≈ 2 mm). A Gaussian optical pump beam (Eq. (1)) produces a Gaussian
heating distribution Q(r, z, t) = ηHαp(2P(t)/πw2

p)e−2(r2/w2
p)e−αpz where heat factor ηH is fraction

of absorbed pump power converted to heat power.
In most theory of pump-induced lensing, the heat factor ηH is taken as the quantum defect,
ηD = 1 − λp/λL, the fractional difference between the absorbed pump photon energy at
wavelength λp and the emitted spontaneous (or stimulated) emission photon energy at wavelength
λL. However, this commonly used assumption is not strictly true at short timescales as the heat



Research Article Vol. 32, No. 7 / 25 Mar 2024 / Optics Express 12786

comes in two steps, and we use this two-step approach in this analysis. After absorption of a
pump photon, there is an instantaneous upper-level heating factor ηH1 = βηH , followed by a
delayed lower-level heating factor after spontaneous emission ηH2 = (1 − β)ηH , as indicated
in Fig. 1. This produces a time-dependent heating rate Q(t) which is the sum of the rates
of pumping and spontaneous emission weighted by their respective partial heating factors:
Q(t) = ηH[βαpIp + (1 − β)hνpN(t)/τ] where τ is upper-state lifetime and hνp is pump photon
energy. Using the solution of rate equation for upper-state population N(t) = αpIpτ/hνp(1 − e−t/τ)

during pumping pulse, we obtain Q(t) = αpIpηH[β + (1 − β)(1 − e−t/τ)] from which we can
identify a time-dependent heating factor:

ηH(t) = ηH
[︂
β + (1 − β)

(︂
1 − e−

t
τ

)︂]︂
. (3)

For short times (t ≪ τ), only the upper-heating factor is important ηH(t) = βηH but heating
factor increase with time and at long times (t ≫ τ) reaches its quantum defect value ηH(t) = ηH
when in steady-state the rates of pump-inversion and spontaneous emission are equal.

For pumping on short timescales when thermal diffusion can be neglected, the medium tem-

perature given by Eq. (2) increases due to the integrated heat input T(r, z, t) = α
κ

t
∫
0

Q(r, z, t′)dt′ =
α
κ αpIpηH{βt + (1 − β)[t − τ(1 − e−t/τ)]} and has the same Gaussian spatial distribution as the
pump beam Ip(r, z) = 2P

πw2
p
e−2(r2/w2

p)e−αpz. The pump-induced change in optical path length W(r, t)
is found by integrating over the amplifier length (l) and given by:

W(r, t) =
(︃

dn
dT

)︃
2ηHαPa

κπw2
p

[t − (1 − β)τ(1 − e−t/τ)]e−2(r2/w2
p) (4)

where (dn/dT) is the thermo-optic coefficient that relates temperature to refractive index change,
and Pa = P(1 − e−αpl) is the absorbed pump power. The thermo-optic coefficient is the major
heat-induced lensing effect but can be modified (dn/dT)eff to include lensing contributions due
to end-face bulging and strain-induced photoelastic effect, but these together add usually small
relative contribution (∼10-20%) [10]. The axial dioptric strength of thermally-induced lens is
given by DT (t) = 1

fT (t) = − 1
r

dW(r,t)
dr

|︁|︁|︁
r=0

, leading to transient dioptric thermal lens:

DT (t) =
(︃

dn
dT

)︃
8ηHαPa

κπw4
p

[t − (1 − β)τ(1 − e−t/τ)] (5a)

Using the steady-state axial thermally-induced lensing solution for a Gaussian pump beam
DT ,SS =

(︂
dn
dT

)︂
ηHPa
κπw2

p
[10], the transient thermal lensing formula, we can also be written in a more

convenient form:
DT (t) = DT ,SS

[t − (1 − β)τ(1 − e−t/τ)]

t0
(5b)

where the quantity t0 = w2
p/8α is a characteristic thermal diffusion response time for a Gaussian

pump size wp. Equation (5b) provides the thermal lensing during the pumping and valid with
neglect of transverse heat diffusion for short pumping time t ≪ t0.

After the end of the pump pulse at time t = tp there is still a fraction of heat stored in the
upper-state population N(tp) = αpIpτ/hνp(1 − e−tp/τ) that is release by spontaneous emission
at a rate Q(t) = ηH(1 − β)(hνp/τ)N(tp)e−t/τ , where time t is with respect to end of pump pulse.
Inclusion of this heating, again with neglect of thermal diffusion, leads to decay of thermal lens
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DT (t) at time t after pump pulse:

DT (t) = DT ,SS
[tp − (1 − β)τ(1 − e−tp/τ)e−t/τ]

t0
. (5c)

The quantity (1 − β)τ(1 − e−tp/τ) in Eq. (5c) is proportional to the stored heat in the medium
which is released at an exponential (spontaneous) decay rate after end of pump pulse.

We now consider the case after the pump is switched off (and any residual heat release) and
Q = 0 in the transient heat diffusion equation. The general solution of the heat diffusion in this
case is given by [20]:

T(r, t) =
1

8(παt)3/2

∫
T0(r

′

) exp−

[︄
(r − r′)2

4αt

]︄
d3x′ (6)

where T0(r
′

) is the initial temperature profile at t = 0, and there is a triple integral over a general
3-D coordinate system. The integral has no general solution, but a special case solution can
be found when the initial temperature profile is a point source (mathematically, the Dirac delta
function, δ(r)). For radial heat diffusion into a 2-D cylindrical coordinate system with initial
temperature profile T0(r, z) = T0(z)δ(r), which can be considered a line of point sources along
the z-axis, the form of the transient solution is [20]:

T(r, z, t) =
A0(z)

t
exp−

(︃
r2

4αt

)︃
. (7)

The temperature at any z-coordinate evolves in time as a Gaussian distribution T(r, t) =
A(t) exp−(r2/w(t)2) with an expanding width w(t) =

√
4αt, and decaying amplitude A(t) = A0/t,

but with overall conservation of energy of the total medium heat stored in the distribution. This
solution is helpful to understand the mathematical form of the transient temperature evolution,
but a point source is not a realistic initial temperature distribution at time t = 0 for the finite pump
beam size used in the medium. However, we can perform a mathematical “trick” by knowing the
initial temperature distribution T0(r, z) has a Gaussian transverse form (or could be approximated
to one) at t = 0. We find an offset time t0 when the delta function solution (Eq. (7)) produces
a Gaussian distribution with transverse size matching the known initial Gaussian temperature
distribution produced by the short pump pulse with Gaussian pump size wp:

T0(r, z) = T0 exp−2

(︄
r2

w2
p

)︄
e−αpz. (8)

Matching Gaussian exponents in Eqs. (7) and (8), 4αt0 = w2
p/2 provides an offset time given

by

t0 =
w2

p

8α
. (9)

This is the same characteristic thermal response time we found previously for neglect of
transverse diffusion in the transient solution of Eq. (5(b)). Knowing the initial Gaussian
temperature distribution is the same as would have been produced by a delta-function heat
impulse after a time t = t0, we also know this Gaussian distribution will evolve as an expanding
Gaussian at later times by using Eq. (7) with a shifted time coordinate t′ = t + t0, where time t is
relative to end of pump pulse, with solution given by

T(r, t′ = t + t0) =
A0
t′

exp−
(︃

r2

4αt′

)︃
t ≥ 0. (10)

Following same procedure in Eqs. (4) and (5), we can use the expanding temperature profile to
obtain the evolving optical path length W(r, t) and derive a transient dioptric power of decaying
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thermal lens DT (t) after the end of the pulsed pump. It is given by,

DT (t) = DT (0)
t20
t′2
=

DT (0)
[1 + (t/t0)2]

; t ≥ 0 (11)

where DT (0) is the initial dioptric thermal lens power at end of pump pulse.

2.2. Population lens, DP(t)

The rate equation for the upper-laser population N(r, z, t) of an ideal four-level laser transition is
given by:

dN(r, z, t)
dt

=
αpIp(r, z)

hνp
−

N(r, z, t)
τ

(12)

where hνp is pump photon energy, h is Planck’s constant, νp is pump frequency, and τ is
upper-state lifetime. It has solution during a pumping pulse with constant power:

N(r, z, t) =
αpI(r, z)τ

hνp
[1 − e−t/τ] (13)

The relationship between upper-state population N and refractive index change ∆np is given by
[10,13]

∆np(r, z) = C.
N(r, z)

NT
(14)

where C = 2πf 2
L NT∆αp/n0, ∆αp = αe − αg is the polarizability difference of the excited and

ground state ions, n0 is the unperturbed refractive index, fL = (n2
0 + 2)/3 is the Lorentz factor,

and NT is the total laser active population density. Following a similar analysis as used for the
thermally-induced lens for the change in optical path length W(r, t), we can derive from Eqs. (13)
and (14) the transient dioptric population lens formed by a Gaussian pump beam:

DP(t) =
1
fP
=

8CPa

αpπw4
pIS

[1 − e−t/τ] = DP,SS [1 − e−t/τ] (15a)

where Pa = P(1 − e−αpl) is the absorbed pump power, IS = hνp/σpτ is the saturation intensity for
absorption, σp is the absorption cross-section, and DP,SS is the steady-state population lens as
t → ∞.

After pumping pulse duration tp, the population lens decays exponentially according to

DP(t) = DP,SS[1 − e−tp/τ]e−t/τ (15b)

where time coordinate t in Eq. (15b) is redefined as relative to end of pump pulse.

2.3. Combined thermal and population lens

During pump pulse for short time t ≪ t0, when thermal diffusion can be neglected and with time
t relative to start of pumping, the combined thermal lens power (Eq. (5b)) and population lens
power (Eq. (15a)) is given by:

D(t) = DT (t) + DP(t) = DT ,SS
[t − (1 − β)τ(1 − e−t/τ)]

t0
+ DP,SS [1 − e−t/τ] (16)

where DT ,SS =
(︂

dn
dT

)︂
ηHPa
κπw2

p
, DP,SS =

8CPa
αpπw4

pIS
, and t0 = w2

p/8α.
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For very short times t ≪ t0, τ, the initial combined dioptric lens grows linearly in time:

D(t) =
(︃
DT ,SS.β

t0
+

DP,SS

τ

)︃
t (17)

The decay of dioptric power of combined thermal and population lens when pumping is ended
is given by Eqs. (5c) and (15b)

D(t) =
DT (0)

[1 + (t/t0)2]
+ DP(0)e−t/τ (18)

where DT (0) = DT (tp) from Eq. (5b) and DP(0) = DP,SS[1 − e−tp/τ] from Eq. (15).

3. Experimental setup

Figure 2 shows the experiment setup used for the transient pump-probe measurements of an
end-pumped gain medium. The gain medium in this study was alexandrite end-pumped by a
pulsed diode laser and using a short pulse probe beam to directly monitor the time-evolution of
the pump-induced lens with a Shack-Hartmann wavefront sensor (SH-WFS).

𝐷(𝑡) = 𝐷𝑇(𝑡) + 𝐷𝑃(𝑡) = 𝐷𝑇,𝑆𝑆
𝑡 ― (1 ― 𝛽)𝜏(1 ― 𝑒―𝑡/𝜏)

𝑡0
+ 𝐷𝑃,𝑆𝑆 [1 ― 𝑒―𝑡/𝜏]    (16)

where 𝐷𝑇,𝑆𝑆 = 𝑑𝑛
𝑑𝑇

𝜂𝐻𝑃𝑎

𝜅𝜋𝑤2
𝑝
, 𝐷𝑃,𝑆𝑆 =

8𝐶𝑃𝑎
𝛼𝑝𝜋𝑤4

𝑝𝐼
𝑆
, and 𝑡0 = 𝑤2

𝑝/8α.
For very short times 𝑡 ≪ 𝑡0,𝜏, the initial combined dioptric lens grows linearly in time:

𝐷(𝑡) =
𝐷𝑇,𝑆𝑆.𝛽

𝑡0
+

𝐷𝑃,𝑆𝑆

𝜏 𝑡                                                   (17)

The decay of dioptric power of combined thermal and population lens when pumping is ended 
is given by Eqs. (5c) and (15b)

𝐷(𝑡) =
𝐷𝑇(0)

[1 + (𝑡/𝑡0)2]
+  𝐷𝑃(0)𝑒―𝑡/𝜏                                        (18)

where 𝐷𝑇(0) = 𝐷𝑇(𝑡𝑝) from Eq. (5b) and 𝐷𝑃(0) = 𝐷𝑃,𝑆𝑆 [1 ― 𝑒―𝑡𝑝/𝜏] from Eq. (15a).

3. Experimental setup
Figure 2 shows the experiment setup used for the transient pump-probe measurements of an 
end-pumped gain medium. The gain medium in this study was Alexandrite end-pumped by a 
pulsed diode laser and using a short pulse probe beam to directly monitor the time-evolution of 
the pump-induced lens with a Shack-Hartmann wavefront sensor (SH-WFS).

Fig. 2. Schematic of the experimental system for transient pump-probe measurement of pump-
induced lensing in laser gain medium (Alexandrite) under non-lasing and lasing conditions

The fibre-delivered laser diode pump module with wavelength 634 nm was operated by a 
pulsed diode driver to produce a square pump pulse with controllable duration 𝑡𝑝 at a pulse 
repetition frequency of 50 Hz. Its output was transmitted through a plate polarizer (PP) to give 
linear polarization that was matched to the high absorbing b-axis of Alexandrite. The pump 
beam was focused onto the Alexandrite crystal end face with pump lens 𝑓1. The spatial beam 
quality of the pump was measured as  𝑀2 = 70 and its spatial form had near Gaussian intensity 
profile. Its beam size 𝑤𝑝 at the crystal was measured for each pump lens used. From crystal 
transmission measurements, the pump absorption coefficient 𝛼𝑝 = 560 𝑚―1 was deduced.

The Alexandrite laser crystal was a plane-plane rod with 4 mm diameter, 8 mm length, and 
0.22 at.% Cr doping and mounted in a temperature-controlled copper holder. To investigate 
pump-induced lensing under lasing conditions, the Alexandrite crystal was placed in a laser 
cavity consisting of a back mirror BM (high reflectivity at laser wavelength 𝜆𝐿 = 760 nm and 

Fig. 2. Schematic of the experimental system for transient pump-probe measurement
of pump-induced lensing in laser gain medium (alexandrite) under non-lasing and lasing
conditions

The fibre-delivered laser diode pump module with wavelength 634 nm was operated by a
pulsed diode driver to produce a square pump pulse with controllable duration tp at a pulse
repetition frequency of 50 Hz. Its output was transmitted through a plate polarizer (PP) to give
linear polarization that was matched to the high absorbing b-axis of alexandrite. The pump beam
was focused onto the alexandrite crystal end face with pump lens f1. The spatial beam quality of
the pump was measured as M2 = 70 and its spatial form had near Gaussian intensity profile. Its
beam size wp at the crystal was measured for each pump lens used. From crystal transmission
measurements, the pump absorption coefficient αp = 560 m−1 was deduced.

The alexandrite laser crystal was a plane-plane rod with 4 mm diameter, 8 mm length, and
0.22 at.% Cr doping and mounted in a temperature-controlled copper holder. To investigate
pump-induced lensing under lasing conditions, the alexandrite crystal was placed in a laser
cavity consisting of a back mirror BM (high reflectivity at laser wavelength λL = 760nm and
high transmission at pump wavelength λp = 634nm) and an output coupler OC (reflectivity
ROC = 99% at laser wavelength λl = 760nm). The length of the laser cavity was LC = 18mm.
The alexandrite laser output was taken to a power meter (PM) via reflection from a dichroic
mirror (DM) which transmitted the probe beam and isolated the probe laser from the alexandrite



Research Article Vol. 32, No. 7 / 25 Mar 2024 / Optics Express 12790

laser system. Pump-induced lensing under non-lasing conditions was measured by misaligning
the output coupler (OC) to suppress lasing.

The short pulse probe beam (λpr = 532nm) was generated by an in-house built Q-switched
Nd:YVO4 laser which was frequency-doubled by an LBO crystal. It had 11 ns pulse duration. A
pair of lenses was used to provide a near to plane probe wavefront at the laser crystal and adjust
its size (2wpr = 1.3mm) to overfill the pump region in the crystal. The probe beam wavefront
after passing through the laser crystal is reshaped by the pump-induced lensing and was then
relay imaged by pump lens f1 and a second lens f2 = 300mm onto a Shack-Hartmann wavefront
sensor, SH-WFS (Thorlabs, WFS20-7AR/M). The imaging magnification was m = −f2/f1 and
the lens combination was chosen to match the pump region size to the chosen sensor pupil size
for good measurement accuracy by covering sufficient micro-lenslet elements (with separation
150 µm) and range of wavefront curvatures to be measured. A green 532 nm bandpass filter
was used to reject any residual pump wavelength or alexandrite lasing or spontaneous emission.
The SH-WFS was operated in a time-gated mode with trigger timed to measure the radius of
curvature (RoC) at the sensor for each individual probe pulse. The probe laser was operated at
same pulse rate as the pump laser (50 Hz) and with controlled timing delay of the probe pulse
relative to the start of the pump pulse. This made it possible to map the time evolution of the
transient pump-induced lensing f (t) in the laser crystal with repetitive pumping. The induced
transient lens in the laser crystal was calculated from the formula f (t) = (RoC(t))/m2 from the
RoC(t) SH-WFS measurements, which were averaged over 100 pulses for each time delay.

4. Experimental results

4.1. Steady-state pump-induced lensing measurements

As an initial study, the dioptric lensing in alexandrite gain medium was measured under steady-
state pumping conditions using a continuous-wave pump beam (λp = 636 nm) with Gaussian
spatial distribution and a continuous wave probe at wavelength 532 nm onto the Shack-Hartmann
wavefront sensor (SH-WFS). The pump was supplied by the fibre-coupled red-diode laser module
(operating in continuous-wave mode) described in Section 3 with a focusing lens f1 = 50 mm,
producing a minimum waist size wp = 0.14 mm. Due to finite pump divergence over the laser
crystal, an effective beam size wp,e is defined using the mean squared beam size w2

p weighted

by the exponentially-absorbed pump intensity, w2
p,e =

l∫
0

e−αpzw2
p(z)dz/

l∫
0

e−αpzdz [21], giving

wp,e = 0.167 mm.
Figure 3 shows the measured dioptric lensing power D(m−1) as a function of absorbed pump

power under both non-lasing conditions (black data) and lasing conditions (red data) as well
as the lasing output power (green data). The non-lasing lensing has a near-linear dependence
with absorbed pump power. Under lasing conditions, the lensing strongly diverges from the
non-lasing case with much lower lensing strength after the onset of lasing. This strong difference
between lasing and non-lasing pump-induced lensing was seen in a previous investigation of
diode-pumped alexandrite by our group [10] and explained by hypothesizing that the lensing is
a combination of a thermal lens and population lens components that is clamped under lasing
conditions.

4.2. Transient pump-probe pump-induced lensing results

One aim of using pulsed pump and probe lensing measurements is to confirm the presence of the
population lens by its different temporal signature to the thermal lens. This section presents some
key results of this investigation of the transient lensing together with analysis and modelling
based on the theory of Section 2 of this paper.
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Fig. 3. Measured steady-state lensing dioptric power under non-lasing (red) and lasing (green) 
conditions, and lasing power (black) as function of the absorbed pump power.

4.2 Transient pump-probe pump-induced lensing results

One aim of using pulsed pump and probe lensing measurements is to confirm the presence of 
the population lens by its different temporal signature to the thermal lens. This section presents 
some key results of this investigation of the transient lensing together with analysis and 
modelling based on the theory of Section 2 of this paper.

Figure 4 shows the results of the measured temporal evolution of pump-induced lens for a 
relatively long pump pulse with pump duration 𝑡𝑝 = 4 ms, operating at 50 Hz pulse rate (20 ms 
between pump pulses). The same red diode-pump was used as in the steady-state case with 
absorbed pump power 7.47 W (during the pulse on-time) and focusing lens 𝑓1 = 50 mm, 
producing minimum waist size 𝑤𝑝 = 0.14 mm, and effective beam size 𝑤𝑝,𝑒 = 0.167 mm.  

Figure 4a shows the time evolution of the dioptric lensing power 𝐷(𝑡) for both the non-
lasing amplifier (with only spontaneous emission) and the lasing amplifier in an aligned lasing 
cavity (with combined spontaneous and stimulated emission). With this “long” duration pump 
the pump-induced lens approaches quasi-steady-state at the end of the pump. For non-lasing 
the quasi-steady-state dioptric lensing power is ~ 21 m―1 in agreement with the steady-state 
lensing data for the CW pump in Fig. 3. The lensing decays to near zero (~0.1 m―1) after 20 
ms when the next pump pulse arrives, so each pump pulse can be considered independently. 
Under lasing conditions, the pump-induced lensing has a much lower quasi-steady-state value 
~ 7 m―1. Figure 4b shows the transient lasing output power has an initial period of relaxation 
oscillation evolving to a steady state. The dioptric powers under lasing and non-lasing cases 
follow the same initial increase up to ~ 4 m―1 until the first relaxation oscillation output occurs 
from the laser cavity (~ 60 s after pumping starts) when the dioptric power drops to ~ 1.5 m―1 
for the lasing case, as shown in the enlarged Fig. 4c for the non-lasing lensing. 

Fig. 3. Measured steady-state lensing dioptric power under non-lasing (red) and lasing
(green) conditions, and lasing power (black) as function of the absorbed pump power.

Figure 4 shows the results of the measured temporal evolution of pump-induced lens for
a relatively long pump pulse with pump duration tp = 4 ms, operating at 50 Hz pulse rate
(20 ms between pump pulses). The same red diode-pump was used as in the steady-state case
with absorbed pump power 7.47 W (during the pulse on-time) and focusing lens f1 = 50 mm,
producing minimum waist size wp = 0.14 mm, and effective beam size wp,e = 0.167 mm.

Fig. 4. a) Transient pump-induced lensing and its decay for a 4 ms pump pulse, under non-lasing 
conditions (black data) and lasing conditions (red data), b) shows example of a transient lasing 
pulse with relaxation oscillation (red trace), and c) is an enlargement of the early part of the 
lasing lens.

The rapid drop in dioptric lens power cannot be explained by a slow thermal lensing mechanism 
but is fully consistent with the presence of an inversion-induced (population) lens. After the 
gain medium reaches threshold inversion for the laser cavity, there is a transient build-up of the 
intracavity flux during which time the inversion has grown above threshold value. The first 
relaxation oscillation depletes the inversion below threshold, and there follows further 
oscillation of laser output and inversion until steady-state is reached. The lensing follows a 
step-wise drop in the population component of the lens to its clamped population lens value at 
threshold inversion together with a slow transient growth of the thermal component of the lens. 
The transient pump-induced lens is therefore fully explained, at least in a qualitative sense, by 
this combined thermal and population lens model. The significant decrease in lensing under 
lasing seen in Fig. 4 with clamped population lens indicates that the majority contribution of 
the pump-induced lens under non-lasing conditions is the population lens in this case.

To investigate the impact of beam pump size, the transient pump-induced lensing was 
measured using three different pump lenses (𝑓1 = 50 mm, 60 mm, and 75 mm) producing 
different effective pump sizes (𝑤𝑝,𝑒 = 0.167 mm, 0.182 mm, and 0.215 mm, respectively) 
all at the same 7.47W absorbed pump power and 4 ms pump duration. Figure 5 shows the 
results for these three cases. With increasing pump waist size, the quasi steady-state lensing 
strength reduces as expected due to decreased intensity and weaker curvature of the induced 
refractive distribution.

Fig. 4. a) Transient pump-induced lensing and its decay for a 4 ms pump pulse, under
non-lasing conditions (black data) and lasing conditions (red data), b) shows example of a
transient lasing pulse with relaxation oscillation (red trace), and c) is an enlargement of the
early part of the lasing lens.

Figure 4(a) shows the time evolution of the dioptric lensing power D(t) for both the non-lasing
amplifier (with only spontaneous emission) and the lasing amplifier in an aligned lasing cavity
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(with combined spontaneous and stimulated emission). With this “long” duration pump the
pump-induced lens approaches quasi-steady-state at the end of the pump. For non-lasing the
quasi-steady-state dioptric lensing power is ∼ 21 m−1 in agreement with the steady-state lensing
data for the CW pump in Fig. 3. The lensing decays to near zero (∼0.1 m−1) after 20 ms when
the next pump pulse arrives, so each pump pulse can be considered independently. Under
lasing conditions, the pump-induced lensing has a much lower quasi-steady-state value ∼ 7 m−1.
Figure 4(b) shows the transient lasing output power has an initial period of relaxation oscillation
evolving to a steady state. The dioptric powers under lasing and non-lasing cases follow the same
initial increase up to ∼ 4 m−1 until the first relaxation oscillation output occurs from the laser
cavity (∼ 60 µs after pumping starts) when the dioptric power drops to ∼ 1.5 m−1 for the lasing
case, as shown in the enlarged Fig. 4(c) for the non-lasing lensing.

The rapid drop in dioptric lens power cannot be explained by a slow thermal lensing mechanism
but is fully consistent with the presence of an inversion-induced (population) lens. After the
gain medium reaches threshold inversion for the laser cavity, there is a transient build-up of
the intracavity flux during which time the inversion has grown above threshold value. The first
relaxation oscillation depletes the inversion below threshold, and there follows further oscillation
of laser output and inversion until steady-state is reached. The lensing follows a step-wise drop in
the population component of the lens to its clamped population lens value at threshold inversion
together with a slow transient growth of the thermal component of the lens. The transient
pump-induced lens is therefore fully explained, at least in a qualitative sense, by this combined
thermal and population lens model. The significant decrease in lensing under lasing seen in
Fig. 4 with clamped population lens indicates that the majority contribution of the pump-induced
lens under non-lasing conditions is the population lens in this case.

To investigate the impact of beam pump size, the transient pump-induced lensing was measured
using three different pump lenses (f1 = 50 mm, 60mm, and75mm) producing different effective
pump sizes (wp,e = 0.167 mm, 0.182 mm, and 0.215 mm, respectively) all at the same 7.47W
absorbed pump power and 4 ms pump duration. Figure 5 shows the results for these three cases.
With increasing pump waist size, the quasi steady-state lensing strength reduces as expected due
to decreased intensity and weaker curvature of the induced refractive distribution.

In these measurements, the pump duration tp = 4 ms was longer than calculated time constant
t0 = 600 µs from Eq. (9). Large amount of diffusion will have occurred to increase the thermal
extent to much larger than the input pump size and makes the time constant larger than t0 for the
subsequent lensing decay after pump is switched off. The experimental transient decay of the
lens D(t) after the pump pulse stops in the three cases of Fig. 5 was fitted with the function in
Eq. (19) with a larger time constant tT to extract information on the relative contribution of the
thermal and population lens in these three cases:

D(t) =
DT (0)

[1 + (t/tT )2]
+ DP(0)e−t/τ (19)

where DT (0) and DP(0) are the initial thermal and population lens strengths in the fitting when
the 4 ms pump pulse stops (taken as time t = 0), τ = 260 µs is the known upper-state lifetime
for alexandrite at 25°C [22], and tT is a time constant for the (slower) decay of the thermal
component of the lens. The results of the fitting for the relative contributions of the thermal and
population lens are summarized in Table 1. The value tT ∼ 1.5 ms was found in the fitting. For
the smallest pump size (0.167 mm), the induced lens is dominated by the population lens which
is 77% is the total lens. The relative contribution of the population lens decreases with larger
pump size, with a value of 65% of the total lens for the largest pump size (0.215 mm). This
relative decrease of the population lens is consistent in trend with the theoretical modelling since
the steady-state thermal lens scales as DT ,SS ∝ 1/w2

p, whereas the steady-state population lens
scales as DP,SS ∝ 1/w4

p. This difference in scaling is due to the local nature of the population lens
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Fig. 5. Transient pump-induced lensing under non-lasing conditions for a 4 ms pump pulse with 
different effective pump waist sizes 𝑤𝑝,𝑒: 0.167 mm (black data); 0.182 mm (red data); 0.215 
mm (green data).

In these measurements, the pump duration 𝑡𝑝 = 4 ms was longer than calculated time constant 
𝑡0 = 600 𝜇𝑠 from Eq. (9). Large amount of diffusion will have occurred to increase the thermal 
extent to much larger than the input pump size and makes the time constant larger than 𝑡0 for 
the subsequent lensing decay after pump is switched off. The experimental transient decay of 
the lens 𝐷(𝑡) after the pump pulse stops in the three cases of Fig. 5 was fitted with the function 
in Eq. (19) with a larger time constant 𝑡𝑇 to extract information on the relative contribution of 
the thermal and population lens in these three cases: 

𝐷(𝑡) =
𝐷𝑇(0)

[1 + (𝑡/𝑡𝑇)2]
+  𝐷𝑃(0)𝑒―𝑡/𝜏                                   (19)

where 𝐷𝑇(0) and 𝐷𝑃(0) are the initial thermal and population lens strengths in the fitting when 
the 4ms pump pulse stops (taken as time 𝑡 = 0), 𝜏 = 260 μs is the known upper-state lifetime 
for Alexandrite at 25℃ [22], and 𝑡𝑇 is a time constant for the (slower) decay of the thermal 
component of the lens. The results of the fitting for the relative contributions of the thermal and 
population lens are summarized in Table 1. The value 𝑡𝑇~1.5 ms was found in the fitting. For 
the smallest pump size (0.167 mm), the induced lens is dominated by the population lens which 
is 77% is the total lens. The relative contribution of the population lens decreases with larger 
pump size, with a value of 65% of the total lens for the largest pump size (0.215 mm). This 
relative decrease of the population lens is consistent in trend with the theoretical modelling 
since the steady-state thermal lens scales as 𝐷𝑇,𝑆𝑆 ∝ 1/𝑤2

𝑝, whereas the steady-state population 
lens scales as 𝐷𝑃,𝑆𝑆 ∝ 1/𝑤4

𝑝. This difference in scaling is due to the local nature of the 
population lens formed directly from the Gaussian population distribution, whereas the thermal 
lens is formed by a larger non-local steady-state radial temperature distribution following 
thermal diffusion. 

Fig. 5. Transient pump-induced lensing under non-lasing conditions for a 4 ms pump pulse
with different effective pump waist sizes wp,e: 0.167 mm (black data); 0.182 mm (red data);
0.215 mm (green data).

formed directly from the Gaussian population distribution, whereas the thermal lens is formed by
a larger non-local steady-state radial temperature distribution following thermal diffusion.

Table 1. Fitted data for relative contribution of thermal and population lens
component to pump-induced lens

Effective pump waist
size (wp,e)

Total Lens D (m−1) Thermal Lens DT
(m−1)

Population Lens DP
(m−1)

0.167 mm 20.8 4.7 16.1

0.182 mm 13.7 4.2 9.5

0.215 mm 6.9 2.4 4.5

Figure 6 shows transient modelling of build-up and decay of the thermal lens (blue), population
lens (green) and combined theoretical lens (black) for a long (4 ms) pump pulse and comparison
to the experimental data (red data points) for the non-lasing alexandrite laser amplifier with 4 ms
pump pulse and 0.167 mm waist size (experimental black data set of Fig. 5). The model matches
the experimental data for the transient pump-induced lens extremely well, with steady-state
population lens DP,ss = 16.1 m−1, steady-state thermal lens DT ,ss = 6.5 m−1, and thermal time
constant tT = 1.56 ms. The combined pump-induced lens Dss = 22.6 m−1 for this modelling
is well matched to the experimental steady-state lensing value ∼22.5 m−1 for this pump power
(see Fig. 3). The population component is seen to dominate the lensing. A further independent
validation of the high value of population lens is its consistency with the transient pump-probe
alexandrite measurement seen in Fig. 4(a) with a large drop in lensing from ∼ 21 m−1 (non-lasing)
to ∼ 7 m−1 (lasing) when the population lens is clamped.

Further quantitative information on the pump-induced lens was obtained by using a shorter
duration pump pulse and using the theoretical analysis for the transient lens growth and decay
provided in Section 2. Figure 7 shows the transient pump-induced lensing under non-lasing
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Table 1. Fitted data for relative contribution of thermal and population lens component to pump-induced lens.

Effective pump 
waist size (𝑤𝑝,𝑒)

Total Lens 
𝐷 (m-1)

Thermal Lens 
𝐷𝑇 (m-1)

Population Lens 
𝐷𝑃 (m-1)

0.167 mm 20.8 4.7 16.1
0.182 mm 13.7 4.2 9.5
0.215 mm 6.9 2.4 4.5

Figure 6 shows transient modelling of build-up and decay of the thermal lens (blue), population 
lens (green) and combined theoretical lens (black) for a long (4 ms) pump pulse and comparison 
to the experimental data (red data points) for the non-lasing Alexandrite laser amplifier with 4 
ms pump pulse and 0.167 mm waist size (experimental black data set of Fig. 5). The model 
matches the experimental data for the transient pump-induced lens extremely well, with steady-
state population lens 𝐷𝑃,𝑠𝑠 = 16.1 𝑚―1, steady-state thermal lens 𝐷𝑇,𝑠𝑠 = 6.5 𝑚―1, and 
thermal time constant 𝑡𝑇 = 1.56 ms. The combined pump-induced lens 𝐷𝑠𝑠 = 22.6 𝑚―1 for 
this modelling is well matched to the experimental steady-state lensing value ~22.5 𝑚―1 for 
this pump power (see Fig. 3). The population component is seen to dominate the lensing. A 
further independent validation of the high value of population lens is its consistency with the 
transient pump-probe Alexandrite measurement seen in Fig. 4a with a large drop in lensing 
from ~ 21 m-1 (non-lasing) to ~ 7 m-1 (lasing) when the population lens is clamped.

   

Fig. 6. Modelled transient thermal and population lensing and comparison to experimental 
pump-induced lensing data for long duration 4 ms pump pulse.

Further quantitative information on the pump-induced lens was obtained by using a shorter 
duration pump pulse and using the theoretical analysis for the transient lens growth and decay 
provided in Section 2. Figure 7 shows the transient pump-induced lensing under non-lasing 
conditions for a short 𝑡𝑝 = 130 𝜇𝑠 pump pulse with different effective pump waist sizes 𝑤𝑝,𝑒
= 0.167 mm, 0.182 mm, and 0.215 mm, using different pump lenses, 𝑓1.

Fig. 6. Modelled transient thermal and population lensing and comparison to experimental
pump-induced lensing data for long duration 4 ms pump pulse.

conditions for a short tp = 130 µs pump pulse with different effective pump waist sizes
wp,e = 0.167 mm, 0.182 mm, and 0.215 mm, using different pump lenses, f1.

Fig. 7. Transient pump-induced lensing under non-lasing conditions for a short 130 s pump 
pulse with different effective pump waist sizes 𝑤𝑝,𝑒 : 0.167 mm (black); 0.182 mm (red); and 
0.215 mm (green).

The experimental Alexandrite laser amplifier data for the short pump pulse can be made using 
the model developed in this paper for the transient evolution and decay of the thermal and 
population lens. The model parameter values used are summarized in Table 2 taken from the 
literature for Alexandrite and using the known pump parameters of the experimental system. 
These values are used as the basis for calculating lensing values based on the analytical theory 
of Section 2, with no fitting parameters except the factor 𝐶 that relates the constant of 
proportionality between the dependence of the refractive index change ∆𝑛𝑝 on the fractional 
inversion given by the relationship in Eq. (14). 

Table 2 Alexandrite and pump parameters used in the modelling and data fitting analysis.

Parameter Symbol Value

Thermal conductivity 𝜅 23 Wm―1K―1

Density 𝜌 3690 kgm―3 
Specific heat capacity 𝐶𝑝 1050 Jkg―1K―1

Thermal diffusivity 𝛼 5.9 m―2s―1

Thermo-optic coefficient (@ 532nm) 𝑑𝑛/𝑑𝑇 9.1 10―6 K―1

Effective thermo-optic coefficient (𝑑𝑛/𝑑𝑇)𝑒𝑓𝑓 1.1 10―5 K―1

Heat factor (quantum defect) 𝜂𝐻 0.134

Upper-state heating fraction 𝛽 0.51

Upper-state lifetime (@25℃) 𝜏 2.6 10―4 s
Pump saturation intensity 𝐼𝑆 1.42 108 Wm―2

Pump absorption coefficient 𝛼𝑝 560 m―1

Absorbed pump power 𝑃𝑎 7.47 W

Pump waist size (effective) 𝑤𝑝,𝑒 1.67 10―4 m

Inversion refractive index coefficient 𝐶 4.5 10―5

Fig. 7. Transient pump-induced lensing under non-lasing conditions for a short 130 µs
pump pulse with different effective pump waist sizes wp,e : 0.167 mm (black); 0.182 mm
(red); and 0.215 mm (green).

The experimental alexandrite laser amplifier data for the short pump pulse can be made using
the model developed in this paper for the transient evolution and decay of the thermal and
population lens. The model parameter values used are summarized in Table 2 taken from the
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literature for alexandrite and using the known pump parameters of the experimental system.
These values are used as the basis for calculating lensing values based on the analytical theory of
Section 2, with no fitting parameters except the factor C that relates the constant of proportionality
between the dependence of the refractive index change ∆np on the fractional inversion given by
the relationship in Eq. (14).

Table 2. Alexandrite and pump parameters used in the
modelling and data fitting analysis

Parameter Symbol Value

Thermal conductivity κ 23 Wm−1K−1

Density ρ 3690 kgm−3

Specific heat capacity Cp 1050 Jkg−1K−1

Thermal diffusivity α 5.9 m−2s−1

Thermo-optic coefficient (@ 532 nm) dn/dT 9.1 10−6 K−1

Effective thermo-optic coefficient (dn/dT)eff 1.1 10−5 K−1

Heat factor (quantum defect) ηH 0.134

Upper-state heating fraction β 0.51

Upper-state lifetime (@25°C) τ 2.6 10−4 s

Pump saturation intensity IS 1.42 108 Wm−2

Pump absorption coefficient αp 560 m−1

Absorbed pump power Pa 7.47 W

Pump waist size (effective) wp,e 1.67 10−4 m

Inversion refractive index coefficient C 4.5 10−5

The known upper-state lifetime τ = 260 µs for alexandrite at 25°C is used [22]. The pump
wavelength is λp = 634 nm, the average spontaneous emission (fluorescence) wavelength in
alexandrite is λf = 732 nm [10] which corresponds to a quantum defect heating factor ηH = 0.013.
The upper-laser level has a direct pump band wavelength λ0 = 680 nm inferring an upper-level
heating fraction β = 0.51. The thermo-optic coefficient at the probe wavelength 532 nm, is
dn/dT = 9.1 10−6 K−1 [23], but to include small contributions from surface bulging and
photoelastic effect we take a slightly larger (+20%) effective value (dn/dT)eff = 1.1 10−5 K−1

[10].
Figure 8 shows the theoretical modelling results of Section 2 for the transient growth (Eq. (16))

and decay (Eq. (18)) of the individual transient thermal lens DT (t) (blue curve) and population
lens DP(t) (green curve), and the combined lens D(t) (black curve) for short pump pulse duration
130 µs with 0.167 mm effective pump waist size (the case for the black data set in experimental
graph of Fig. 7).

The theoretical combined lens has good matching to the experimental data (red data points).
The thermal time constant t0 = 600 µs is calculated from Eq. (9) in this case. In the growth
phase, the population lens is seen to be dominant with a faster growth rate than the thermal lens
component during the build-up phase of the pumping pulse. In the decay phase, the population
lens decays at with a faster (exponential) upper-state lifetime, τ = 260 µs than the thermal lens
at slower rate (non-exponential) time constant t0 = 600 µs. A good match to the experimental
data is found with inversion refractive index coefficient C = 4.5 10−5. This value is consistent
with a calculated value C = 4.75 10−5 based on the linearity of steady-state dioptric power with
absorbed pump power when account of excited state absorption is included [10]. The analytical
model predicts steady-state population and thermal lensing powers are DP,ss = 20.2 m−1 and
DT ,ss = 5.5 m−1, respectively, based on an idealized four-level amplifier system.
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The known upper-state lifetime 𝜏 = 260 μs for Alexandrite at 25℃ is used [22]. The pump 
wavelength is 𝜆𝑝 = 634 nm, the average spontaneous emission (fluorescence) wavelength in 
Alexandrite is 𝜆𝑓 = 732 nm [10] which corresponds to a quantum defect heating factor 𝜂𝐻
= 0.013. The upper-laser level has a direct pump band wavelength 𝜆0 = 680 nm inferring an 
upper-level heating fraction 𝛽 = 0.51. The thermo-optic coefficient at the probe wavelength 
532 nm, is 𝑑𝑛/𝑑𝑇 = 9.1 10―6 K―1 [23], but to include small contributions from surface 
bulging and photoelastic effect we take a slightly larger (+20%) effective value (𝑑𝑛/𝑑𝑇)𝑒𝑓𝑓
= 1.1 10―5 K―1 [10].

Figure 8 shows the theoretical modelling results of Section 2 for the transient growth (Eq. 
(16)) and decay (Eq. (18)) of the individual transient thermal lens 𝐷𝑇(𝑡) (blue curve) and 
population lens 𝐷𝑃(𝑡) (green curve), and the combined lens 𝐷(𝑡) (black curve) for short pump 
pulse duration 130 s with 0.167 mm effective pump waist size (the case for the black data set 
in experimental graph of Fig. 7). 

Fig. 8. Modelled transient build-up and decay of thermal (blue) and population (green) lensing 
and comparison of theoretical combined lens (black) with experimental data for measured pump-
induced lens (red data points) for short duration 130 s pump pulse.

The theoretical combined lens has good matching to the experimental data (red data points). 
The thermal time constant 𝑡0 = 600 𝜇𝑠 is calculated from Eq. (9) in this case. In the growth 
phase, the population lens is seen to be dominant with a faster growth rate than the thermal lens 
component during the build-up phase of the pumping pulse. In the decay phase, the population 
lens decays at with a faster (exponential) upper-state lifetime, 𝜏 = 260 𝜇𝑠 than the thermal lens 
at slower rate (non-exponential) time constant 𝑡0 = 600 𝜇𝑠. A good match to the experimental 
data is found with inversion refractive index coefficient 𝐶 = 4.5 10―5. This value is consistent 
with a calculated value 𝐶 = 4.75 10―5 based on the linearity of steady-state dioptric power 
with absorbed pump power when account of excited state absorption is included [10]. The 
analytical model predicts steady-state population and thermal lensing powers are 𝐷𝑃,𝑠𝑠 = 20.2 
m―1 and  𝐷𝑇,𝑠𝑠 = 5.5 m―1, respectively, based on an idealized four-level amplifier system.

5. Discussion

Fig. 8. Modelled transient build-up and decay of thermal (blue) and population (green)
lensing and comparison of theoretical combined lens (black) with experimental data for
measured pump-induced lens (red data points) for short duration 130 µs pump pulse.

5. Discussion

The results of the theoretical modelling fit very well both in qualitative trend and quantitative
agreement with transient pump-probe experiments of pump-induced lensing in the alexandrite
gain medium. The comparison with a simple analytical theory of this paper provides quantitative
information on the relative contribution of the thermal and population lenses and their transient
growth and decay. A related experimental technique of transient pump-induced lensing measure-
ment was used recently in a transversely-pumped Nd:YAG rod [24]. The interpretation of the
results in that study, however, required complicated COMSOL numerical modelling of the heat
diffusion equation and assumptions of the transverse heating profile. Their measured lensing
modulation was just a few percent on a large steady-state background lens due to the long thermal
time constant resulting from the large transverse extent of the heating profile. With the Gaussian
end-pumping pulse methodology of this paper, the heating profile is known, and its size was also
able to be readily varied. The small transverse pump size of this end-pumped case, is shown to
allow almost complete erasure of the thermal lens between pulses, giving a simpler modelling
analysis of single pump pulse without persistent background lensing effects, using repetitive
pulsing required for the delayed probe experimental procedure.

The theoretical modelling in this paper is based on an ideal four-level system. However,
alexandrite is known to have excited-state absorption (ESA) for the pump beam [10,25,26]. At
high inversions of the gain medium, ESA leads to an additional heating factor which would
increase the thermal lens component, and inversion saturation leads to a reduced population lens.
This trend is seen in the difference in modelled values of steady-state population and thermal
lenses for short and long pump pulses The analytical prediction with the short 130 µs pump
pulse (when inversions are lower and closer to ideal four-level behaviour) gives DP,ss = 20.2 m−1

and DT ,ss = 5.5 m−1, respectively. This can be compared to the long 4 ms pump pulse (when
inversion is highest, and ESA and saturation strongest) where modelled fitting to experimental
results predicts lower population lens DP,ss = 16.1 m−1 and higher thermal lens DT ,ss = 6.5 m−1.
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It is noted that the lensing measurement is the refractive index distribution perceived by the
probe beam which was at 532 nm in this study. The thermal component of the pump-induced
lens for the laser wavelength (∼ 760 nm, in alexandrite) should be modified as the thermo-
optic coefficient has a slightly lower value dn/dT ∼ 7.5 10−6 K−1 at ∼ 760 nm than its value
dn/dT = 9.1 10−6 K−1 at probe wavelength 532 nm [23]. The polarization lens factor C(λ) may
also need some modification if the polarizability difference between excited and ground state is
wavelength-dependent. In V. Pilla’s study, they measured the polarizability difference at 514 nm
of alexandrite as ∆αp = 2.7 10−31 cm3 [27]. A probe beam at the laser wavelength can be used
to establish the wavelength dependence of the lensing although it is harder to spectrally separate
the probe from the spontaneous or stimulated emission from the inverted amplifier.

In the analysis of this paper, it is assumed that every absorbed pump photon produces an
upper-level population (pump quantum efficiency, ηQ = 1) and all upper-level population decays
radiatively without non-radiative routes (radiative quantum efficiency, ηr = 1). These quantum
efficiency factors can be readily included but for brevity are not considered in this analysis, as
these are equal (or close to equal) to unity in alexandrite [22] as well as in most commonly-used
gain media.

6. Conclusions

A transient analysis has been developed of pump-induced lensing in a laser amplifier with
combined thermal and population components in an end-pumped laser amplifier by a pulsed
pump beam with Gaussian intensity distribution. Whilst incorporating physical mechanisms
well-known in the literature for pump-induced lensing, to our knowledge, the analysis of this
paper develops new features of the transient development of the thermal lens based on the solution
of the heat-diffusion equation for a delta-function heating impulse and the analysis provides the
rigorous incorporation in the lensing analysis of two-step heating from the four-level amplifier
with time-delayed heating component following spontaneous emission. Transient pump-probe
measurements have been made of the pump-induced lensing in an alexandrite gain medium
under end-pumping by a pulsed Gaussian pump beam and short-pulse probe with a time-gated
Shack-Hartmann wavefront sensor to provide high temporal resolution of the growth and decay
of the induced lensing.

The modelling results of the transient pump-analysis show excellent agreement in qualitative
trend and quantitative correspondence with experimental lensing results for short pumping
pulse duration, and with fitting to longer pumping pulse when evolution towards quasi-steady-
state lensing is reached. The transient results confirm unambiguously the presence of a
strong population component to the pump-induced lens in red-diode-pumped alexandrite that is
demonstrated to be considerably stronger than the thermal lens. Varying pump size is shown to
change the relative contribution of the population lens, which is largest for smallest pumping
beam size, in correspondence to our theoretical prediction. Experimental measurement of the
transient lens under lasing conditions provides insight into the significant decrease in the lensing
strength compared to the non-lasing case. This difference is well-explained and quantified in this
study by the presence of the large population lens component under non-lasing conditions that is
clamped to a low value under lasing conditions. The full transient evolution of the lensing at the
onset of lasing is also clearly able to be monitored by our transient pump-probe methodology.

The transient experiment and theoretical modelling on pump-induced lensing in alexandrite
in this work provides useful insight for future pulsed pumping experiments for Q-switched
alexandrite laser operation which is an active and attractive prospect for atmospheric and
vegetation remote sensing lidar [28,29]. The fast response of the population lens to inversion
change is also the likely mechanism for self-Q-switching that has been observed in alexandrite
[16] and in the related material Cr:LiCAF [15]. The transient analysis of this paper can be used
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as a basis to model the self-Q-switching mechanism and to optimize its performance or to avoid
its occurrence.

Alexandrite is known to have excited-state absorption (ESA) for the pump beam [25,26] that
will provide additional heating. The effect of ESA heating and inversion saturation is consistent
with the trend in population and thermal lens components of our modelling results between
the short pump pulse (low inversion case) and long pump pulse (high inversion case). The
consideration of ESA heating factor and population inversion saturation will be the subject of a
future paper on alexandrite with more extensive transient pump-probe experiments including
with a blue pump with higher quantum defect heating, using different crystal temperatures which
changes the upper-state lifetime in alexandrite, and pumping of plane-plane and Brewster-cut
crystal geometries.

Whilst this study focused experimentally on the alexandrite gain medium, the theory and
experimental methodology developed in this paper should be able to be successfully applied more
generally to other gain media and possibly also (non-gain) optical media with residual absorption
at the pump laser wavelength. We therefore believe the methods employed in this paper will be
beneficial to serve the community to understand, control and develop future laser technology.
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