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Abstract

Simulation-based inference (SBI) offers a principled and flexible framework for conducting
Bayesian inference in any situation where forward simulations are feasible. However, validating the
accuracy and reliability of the inferred posteriors remains a persistent challenge. In this work, we
point out a simple diagnostic approach rooted in ensemble learning methods to assess the internal
consistency of SBI outputs that does not require access to the true posterior. By training multiple
neural estimators under identical conditions and evaluating their pairwise Kullback—Leibler (KL)
divergences, we define a consistency criterion that quantifies agreement across the ensemble. We
highlight two core use cases for this framework: (a) for generating a robust estimate of the sys-
tematic uncertainty in parameter reconstruction associated with the training procedure, and (b)
for detecting possible model misspecification when using trained estimators on real data. We also
demonstrate the relationship between significant KL divergences and issues such as insufficient
convergence due to, e.g. too low a simulation budget, or intrinsic variance in the training process.
Overall, this ensemble-based diagnostic framework provides a lightweight, scalable, and model-
agnostic tool for enhancing the trustworthiness of SBI in scientific applications.

1. Introduction

Simulation-based inference (SBI) has emerged as a powerful framework to perform Bayesian inference in
diverse scientific domains (see, e.g. [1] for a review). In the broadest terms, the range of SBI algorithms,
such as neural posterior estimation (NPE) [2—4], neural ratio estimation (NRE) [5, 6], or neural likeli-
hood estimation (NLE) [7] (as well as their sequential analogues, see, e.g. [8—10]), all leverage machine
learning (ML) techniques to approximate various statistical quantities relevant for Bayesian inference. All
these approaches are based on the basic ability to sample parameters 6 from some prior p(#) and sub-
sequently generate simulated data x ~ p(x|6).

Despite the increasing sophistication and adoption of SBI methods, a fundamental challenge persists:
how do we assess the quality and reliability of the inferred posterior distribution q(8|xobs) & p(6|xops) for
a specific observed dataset x,ps? Since the true posterior is (at least in the most well-motivated use cases)
often unknown and/or analytically intractable, direct comparison is rarely possible. Without robust val-
idation methods, it remains challenging to determine whether an SBI result is accurate, whether the
algorithm has converged sulfficiently, or whether the resulting posterior approximation accurately cap-
tures the true uncertainty about the parameters. This lack of ground-truth comparison hinders the con-
fident application and interpretation of SBI results in scientific discovery.

Consequently, there is a clear and pressing need for a suite of reliable diagnostics and validation
techniques specifically tailored for SBI outputs. Several valuable approaches have already been developed
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to address this need. Simulation-based calibration (SBC) [11-13] provides a necessary condition for
correctness by checking whether, on average, the ranks of the true parameters under the inferred pos-
teriors are uniformly distributed over many simulated datasets. Probability—probability (PP) plots are
often used to assess this calibration. More recently, techniques like tests of accuracy with random points
(TARPs) [14] have been introduced to quantify the concentration and calibration of posteriors by meas-
uring the coverage probability of credible regions. Standard Bayesian techniques, such as posterior pre-
dictive checks, can also be adapted. Broadly, this involves comparing simulations generated from the
synthetic model to the observed data to check for model misspecification or goodness-of-fit. A variety
of methods have been developed to address this challenge, including approaches that learn statistics to
distinguish between data from different models [15-20], adaptations of Bayesian model comparison and
evidence estimation [21-23], deviations in different SBI algorithms [24-26], and diagnostics tailored to
specific scientific applications [27, 28]. In general, while these methods are extremely valuable, they often
assess average performance over many simulations (like SBC), or rely on visual inspection (like PP-plots
and some PPCs), and may not fully characterise the uncertainty or potential biases associated with the
posterior approximation for a single, specific observed dataset x,ps.

In this paper, we propose fully leveraging ensemble learning principles [29-31] to assess the quality
of an SBI posterior approximation. Our core idea is conceptually extremely straightforward: if an SBI
algorithm, trained on a finite set of simulations, were capable of reliably converging to the exact, true
posterior distribution, then multiple instances of the same algorithm, trained independently on the same
simulation budget or subsets thereof, should produce posterior estimates that agree perfectly with each
other. Qualitatively, then, significant disagreement between an ensemble of trained estimators would
signal potential issues such as high variance due to limited simulation data, poor convergence of the
training process (e.g. neural network optimisation), instability in the approximation architecture itself,
or data mismodelling when analysing real data.

The main idea of this work is to perform quality checks by computing and comparing discrepancy
measures between the posterior estimates produced by each member of the ensemble. In particular, we
highlight how the Kullback-Leibler (KL) divergence [32] can be efficiently computed in an SBI context
and provides a robust and interpretable quantity for comparison. This concept draws a clear analogy
with diagnostic techniques used in Markov Chain Monte Carlo (MCMC) methods. In MCMC, mul-
tiple chains are often run in parallel from dispersed starting points. The convergence of these chains
is assessed using diagnostics such as the Gelman-Rubin statistic (R) [33], which compares the variance
within individual chains to the variance between chains. High R values track differences between the
chains and indicate a lack of convergence, suggesting the samples do not yet represent the target pos-
terior. Similarly, we propose below using the consistency (or lack thereof) across an ensemble of SBI
estimators as one diagnostic for the reliability of the resulting posterior approximation.

We note that, of course, ensemble learning itself is a well-established paradigm in ML, where mul-
tiple individual models are trained and their predictions combined or compared to achieve better per-
formance, robustness, and uncertainty quantification than any single model could provide (see, e.g. [34]
for a review). Common techniques in this regard include bagging, boosting, and stacking. By training an
ensemble of SBI posterior estimators, we can not only assess convergence and stability but also poten-
tially obtain more robust posterior estimates by combining the ensemble members, for instance, through
mixture models or averaging, and gain insights into the approximation uncertainty. Ensemble meth-
ods have been explored before in the SBI context. For example, in [7], ensembles of likelihood estim-
ators were used in an active learning framework to optimally generate new simulations with the acquis-
ition protocol aimed at reducing likelihood uncertainty across the ensemble. In addition, [13] explored
the coverage properties of ensembles, and [24] demonstrated the behaviour of different SBI algorithms
under various levels of model misspecification. More closely related to the current work, [35] proposed
the general principle of using deep ensemble disagreement to diagnose sensitivities arising from both
insufficient training convergence and model misspecification. Our work provides a thorough validation
and in-depth analysis of this diagnostic approach using a KL-divergence-based disagreement metric.

The rest of the paper is structured as follows. In section 2 we establish the theoretical background
for our approach and discuss the interpretation of the KL divergence in terms of systematic uncertainty
estimation for the posteriors. Section 3 then demonstrates the practical application of these methods for
assessing the convergence and reliability of SBI posteriors. We will demonstrate how ensembles can be
used for generating a robust estimate of the systematic uncertainty in parameter reconstruction associ-
ated with the training procedure. Moreover, we show how the difference between the various networks
in the ensemble can be used as a diagnostic tool to identify model misspecification. Finally, in section 4,
we summarise our results and conclude.
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2. Ensemble learning for SBI

Building upon the need for robust validation methods in SBI, this section develops the theoretical
underpinnings of using ensemble methods in this context. We begin by very briefly reviewing the core
concepts of ensemble learning within the broader context of ML. Subsequently, we discuss how these
principles can be applied generally across different SBI methodologies. We then introduce a quantitative
metric, the KL divergence matrix, designed to measure the consistency among different posterior estim-
ators within an ensemble trained for a specific SBI task. This provides a means to assess the reliability of
the inference results for a given observation. Finally, we explain how this metric can be used to place a
lower bound on the systematic errors induced by the training and inference processes in SBI.

2.1. Principles of ensemble learning

Ensemble learning constitutes a powerful paradigm in ML in which multiple individual models, often
referred to as base learners or ensemble members, are constructed and their predictions are combined to
produce a final result [36, 37]. The fundamental principle motivating this approach is that aggregating
predictions from a diverse set of reasonably accurate models can lead to enhanced generalisation per-
formance, increased robustness against noise or model misspecification, and more reliable uncertainty
quantification compared to relying on any single constituent model.

Several techniques are common in ensemble learning to design the ensemble and aggregate the res-
ults. Bagging (or bootstrap aggregating) consists of training independent learners on different bootstrap
samples (random samples drawn with replacement) of the original training dataset. Aggregating the pre-
dictions can lead to a reduced variance, which stabilises the predictions [38]. Boosting consists of train-
ing a set of models sequentially, such that each subsequent model focuses on correcting the errors made
by the models trained earlier in the sequence [39, 40]. Boosting primarily aims to reduce the bias com-
ponent of the error. Finally, stacking involves training multiple, often heterogeneous, base learners, with
a separate meta-learner trained to optimally combine the predictions of these base learners [41].

Beyond improving aggregate predictive accuracy, ensembles inherently provide a mechanism for
assessing model stability and uncertainty. Disagreement among ensemble members trained under nom-
inally similar conditions (for example, using the same algorithm and data budget but different random
seeds or bootstrap samples) can denote high variance in the learning process or sensitivity to specific
training instances [42]. Although ensemble techniques have seen application within SBI, primarily aimed
at improving the accuracy or robustness of the resulting posterior approximation [7, 13, 43], their sys-
tematic utilisation as a diagnostic tool to gauge the reliability and convergence of the inference procedure
for a single specific observed dataset remains less explored. Addressing this problem is the central motiv-
ation for the present work.

2.2. SBI and ensemble applications

SBI addresses the fundamental challenge of performing Bayesian inference when the likelihood function
p(x]0), which quantifies the probability of observing data x given parameters 0, is intractable or compu-
tationally prohibitive to evaluate directly/sample efficiently [1].

SBI methods bypass this limitation by using a simulator, or forward model, capable of generating
synthetic data x ~ p(x|d) for any given parameter vector 6 sampled from the prior distribution p(9).
The overarching goal of SBI methods is to approximate the posterior distribution p(6|x.ps) for a spe-
cific, observed dataset x,s. A variety of SBI algorithms/strategies have been developed for this pur-
pose, including: NPE, which directly targets the posterior distribution; NLE, which instead estimates
the likelihood and subsequently samples it; and NRE, which finally constructs a neural estimator of
the likelihood-to-evidence ratio that can also be sampled. Despite these diverse mechanisms, the uni-
fying feature of modern SBI methods is the training of a statistical model using a finite set of simula-
tions to approximate the posterior g, (6|x) or a related quantity. The principles of ensemble learning
from section 2.1 can be naturally applied in this context. Instead of training a single estimator g4 (8|x),
we train an ensemble of M posterior estimators, {q,,(f|x)}*_,. Each of these can be considered as an
approximation to the target posterior for the given observation X,ps.

Our central hypothesis is that the consistency among these approximations can serve as a valuable
diagnostic. If the SBI training process is stable and has converged reliably for observation xps, the pos-
terior estimates g, (6]xobs) from different ensemble members should be measureably similar. Conversely,
significant divergence among them signals potential problems, such as insufficient simulation budget,
poor optimiser convergence, or inherent difficulties in approximating the posterior for that specific xops
(e.g. due to mismodelling).
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2.3. The KL divergence matrix for ensemble assessment

To quantify the (dis)agreement between these posterior approximations, we employ the KL divergence.
The KL divergence between a probability distribution function (PDF) Q and another PDF P measures
the information lost when Q is used to approximate P. It is defined as:

P(9)
KL (P]|Q) /P(Q)logQw) do. (1)

The measure KL (P||Q) > 0 with equality being approached if and only if P=Q almost every-
where. From the definition, we also see that the KL is in general asymmetric, i.e. KL (P||Q) # KL (Q||P)
for arbitrary P and Q. In our context, we will compute the KL divergence between pairs of posterior
approximations g;(0|xobs) and g;j(f|xobs) from the ensemble.

To systematically capture pairwise disagreements within the ensemble of posteriors { g (0]xobs) }¥_,
for a specific observation X5, we propose to construct an M x M matrix, termed the ‘KL matrix,
K. The elements of this matrix are defined to be the KL divergences between the respective posterior
approximations:

K; =KL (Qi (9|x0bs) ||Qj (9|x°bs)) ’ .

By definition, the diagonal elements Kj; are zero. The off-diagonal elements Kj; (i # j) quantify the
divergence from g; to g;, representing the information lost when approximating g; using g;.

A practical advantage, particularly relevant for SBI methods based on neural density estimators for
the posterior (such as NPE), is the feasibility of estimating these KL divergences using Monte Carlo
sampling. Specifically, Kj; can be approximated by drawing Ny samples® 6® from the distribution
qi(0|xops) and averaging the log-ratio of the probability densities:

Kij~ I\ljsi [108‘11‘ (9(k) |x0bs) —logg; (e(k)\xobs” . (3)
k

All this estimation requires is the ability to both sample from each g,,(8|x,bs) and evaluate the log-
densities logq,,(0|xbs), capabilities readily available in many modern SBI implementations. While gen-
erating samples is simple and efficient in the NPE case, it can be more costly for alternative approaches
like NRE or NLE. However, this does not mean that estimating the components Kj; is also computa-
tionally expensive. For NRE, each ensemble member learns the ratio r;(6,x) = p(x|0)/p(x), leading to
a posterior estimate g;(0|xo) o 1;(6,x0)p(6). The log-posterior difference needed for the KL calculation
in equation (3) simplifies to logr; (0%, xobs) — logri (%), xops ), as the prior p(f) cancels. As such, we
see that the primary cost for NRE is generating samples from each ensemble member with stochastic
sampling, after which computing the KL matrix only requires evaluating the learned ratio. For NLE, each
member learns the likelihood g;(x|0) ~ p(x|¢). This means that the posterior approximation is given by
qi(0|x) = q;(x|0)p(6) /pi(x), where p;(x) is the approximate evidence of the data x for each ensemble
member 7. In this case, the log-posterior difference involves both the log-likelihood difference and the
log of the Bayes factor between members. To compute this in full, this requires both posterior samples
from each estimator g;(x,ps|6)) and an estimate of the evidence for each member p;(xops). In general, this
latter component may be challenging, however, it can be computed along with posterior sampling using
techniques like nested sampling. Thus, while the KL framework is most efficiently applied in NPE, it
remains conceptually and practically applicable to NRE and NLE, with the main cost being the stochastic
sampling step already required to obtain posterior constraints.

The KL matrix K serves as a rich diagnostic tool, allowing for quantitative assessment of ensemble
consistency:

o Magnitude of off-diagonal elements: small values across all Kj; (i # j) indicate high consistency; the
ensemble members have converged to similar posterior approximations. This suggests the inference
process was stable for xops. Conversely, large values signal significant disagreement, potentially arising
from insufficient training data (simulations), poor convergence of the underlying optimisation for
some members, multimodality in the optimisation landscape, or inherent instability in approximat-
ing the posterior at Xgbs.

6 To be more precise, enough samples should be drawn such that the Monte Carlo error in equation (3) falls below a chosen threshold.

4
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e Structure and asymmetry: examining the matrix structure can reveal patterns. For instance, if one
estimator q; consistently yields large Ki or Kj; values when paired with others, it might be an out-
lier. Asymmetry (Kj; # Kj;) can indicate differences in the distributional shapes; for example, if g; is
significantly more diffuse than g;, Kj; (approximating the broader g; with the narrower g;) might be
substantially larger than Kj; (approximating the narrower g; with the broader g;).

Crucially, the KL matrix provides a way to benchmark the internal consistency of the ensemble, which
acts as a proxy for a lower bound on the systematic error associated with the inference process. A large
value in the KL matrix, specifically a large max;;Kj;, indicates significant disagreement between at least
two ensemble members. Since the true posterior p(6]xobs) is unique (assuming a well-defined problem),
if two approximations g; and g; diverge significantly from each other (i.e. Kj; or Kj; is large), they cannot
both be arbitrarily close to the true posterior. Thus, a large max;;Kj; serves as a quantitative indicator
of ensemble instability or unreliability for the given observation X,ps. It suggests that the inference pro-
cedure yields significantly different outcomes under slight perturbations (such as different initialisations
or data samples), casting doubt on the trustworthiness of any single member or even an aggregated res-
ult as a faithful approximation of the true posterior. While low KL values do not guarantee accuracy
(all members could converge to the same wrong answer), high KL values strongly signal a problem with
the consistency of the inference for that specific x,ps. This quantitative diagnostic forms the basis for the
tools and analyses presented in the following sections.

2.4. Interpreting KL divergence as systematic uncertainty

A key aspect of our framework is interpreting the KL divergence as a lower bound on the systematic
uncertainty of the posterior approximation. To understand what a given KL value implies about the dis-
agreement between posteriors, it is helpful to consider the case of two one-dimensional, Gaussian distri-
butions. For this case, it is simple to derive an analytical expression for the KL divergence,

KL (M]JAG) =1 (Uz)_i_Uf-l-(Hl—Mz)z_l (4)
(M1[|N2) = log o T PR
where p, p2, 01, and o, are the means and standard deviations of the two distributions, respectively.
Whether a given level of KL divergence is ‘too large’ depends entirely on the application context. If an
analysis requires parameter constraints more precise than this systematic uncertainty, then such a KL
value indicates that the ensemble has not achieved sufficient consistency. The translation given in this
section is most accurate for approximately Gaussian posteriors; for highly non-Gaussian or multimodal
distributions, the KL value serves as a general inconsistency metric which can be benchmarked across the
ensemble.

To better understand the mapping between the KL divergence and o-levels, let us proceed further
by considering small perturbations between the two distributions. We parametrise this as o, = o (1 +€)
and p, = py + oy such that ¢, v < 1 are perturbations in units of ;. With this parameterisation, we
can obtain the perturbative result,

2
KL(MHNZ):%HZ—W%, (5)

at the third order in the mean and standard deviation differences. An example of the KL divergence
dependence on v and € is shown in figure 1 for a simple case of two 1-d Gaussian distributions. From
equation (5), we see that the KL divergence scales quadratically for small differences in both the mean
and widths of the distributions. With large differences, however, the divergence becomes more complex
and can induce correlated effects. This suggests that the KL divergence has a simple interpretation when
the differences between distributions are small, which is the regime we aim to work in when training
SBI models. For reference, in figure 1, we show a set of benchmark examples to provide some graphical
intuition regarding typical numerical values of the KL divergence.

The generalisation of equation (4) to n-dimensional Gaussian distributions is

|2,]

Ly, 1 S
KL (MING) = 5 | (=)' 55 (72 = ) + log

+Tr(2'%) —nf, (6)

where /i), and ¥, , are the mean vectors and covariance matrices respectively. In this case, we can
gain insight into the perturbative limit using a similar approach to the one-dimensional case. We
can diagonalise the system about the eigenvector basis U of ¥; by assuming ¥; = UA?UT with A =

5
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Figure 1. Interpreting the KL divergence: A set of examples illustrating quantitatively how the KL divergence depends on the
differences in the means/variances of 1-d Normal distributions. Here, the base distribution N} has p; =0 and o1 = 1 such that
uo =y and 0, = 1 + € are the parameters of the contrasting distribution N. Left: contour plot showing the value of the KL
divergence for different values of € and . Also shown (in red) is the quadratic approximation derived in equation (5), which we
see matches well for small divergences. The coloured stars correspond to specific values reported in the legend. Right: 1d histo-
grams showing the PDFs for the values of € and «y corresponding to the stars in the left plot.

diag(cy,...,0,) and defining perturbations ¥, = UA?Ut and U'(j7, — ;) = TAT where A’ = A(I+ &),
& =diag(ey,...,€,), and I' = diag(71,...,7s) . Then, in the diagonal basis, we recover

"2
KL (J\/]Hj\/'z):z%—i-e?—ﬁEi, (7)
i

which is indicative of how the KL divergence measure scales with dimensionality in the perturbat-
ive Gaussian limit. From this equation, it is manifest that the mismatch is expected to scale linearly
with the number of dimensions. This can be useful to gauge the mismatch in higher-dimensional cases
by comparing to the limiting perturbative Gaussian case. Guided by these considerations, we propose
max;j(K/n) < 1 as a heuristic necessary condition for consistency between models in the SBI context.
Another consideration is how the KL divergence is expected to scale as the size of the training set
varies. In general, for an infinitely complex network capable of perfectly approximating the posterior,
trained with a perfect strategy, we expect the divergence to endlessly scale with the inverse of the train-
ing set size (i.e. with more and more data, we expect the approximation to become better and better).
However, for finite networks, an intrinsic variance due to imperfect training/network architecture will
eventually set a floor (see the discussion around figure 2). To better understand the scaling behaviour
of KL with the size of the training dataset #iryin, we can consider two models 131(9) and }32(9) trained
to estimate the true PDF P(6). We can assume that the offsets between estimators are small, such that
Pi(6) = P(6) + 6P; (A), with 6P;(A) denoting the residual with respect to P(6). Using this setup, we can
express the KL divergence between the two estimators as:

5P (0) + 6P5(0) — 26Py (0) 5P, (0)
P(0)

KL (131||132):/[6P1 (0) — 6P, (0) + dé. (8)

We can proceed further by assuming the estimators to be unbiased, implying the expectation value
(over the stochasticity due to initial random weights and steps involved in the training process) of the
two models is P(6), and (6P;(6)) = (6P»(6)) = 0. Then, the expectation value of equation (8) simplifies
to

(KL (2)) = [ o ©)

NTrain

where we have assumed that, since P; (0) are estimators of the true PDF, we can expect that, in the best-
case scenario, the accuracy (i.e. the standard deviation) of such an estimate scales as 1/4/f1gin. In such
a case, the expectation value of KL (}51 | |}52) would scale as 1/#1yn. In the following sections, we will
present an explicit example where we find good agreement with this analytical estimate.

6
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3. KL divergence applied to ensemble training

In this section, we restrict ourselves to the case of NPE and explore some applications of the KL matrix
as a diagnostic tool for SBI’. In section 3.1, we begin by reviewing the main ideas behind NPE. Then, in
section 3.2, we discuss the use of the KL matrix to assess the convergence among different networks in
an ensemble.

Finally, in section 3.3, we explore the usage of the KL matrix to identify model misspecification.

3.1. Basics of NPE

As discussed in section 2.2, the core idea of NPE is to approximate the posterior distribution p(6|x)
using a neural density estimator, such as a normalising flow. A standard choice of loss function to train
this type of model is

£(6) = —Eyo.n llogas (01)] = / p(6.x)logqy (6]x) do dx, (10)

where ¢ are the parameters of the network and g4(6|x) is the approximate trained posterior. In practice,
the integral in the second line of equation (10) is approximated using a finite dataset of N simulated
pairs (6;,x;) ~ p(0,x) via a Monte Carlo average:

1 N
L ¢)%—N210g‘1¢(9i|xi) : (11)

i=1

It is easy to show that, up to factors that do not depend on the network parameters, such a loss
function is proportional to the KL divergence between the true posterior p(9|x) and the learned approx-
imation q4(6|x), averaged over the marginal data distribution p(x) = [ p(x|0)p(6)dé

/p p(0]x)logqy (0|x) df dx

= x x)lo M cons (12)
/P( )(/W' Jog 01 d")‘j“ .
— Ey [KL (p(6])]|q0 (6]))] + const..

so that minimising the loss function is equivalent to minimising the KL divergence between p(f|x) and
q(8]x). This connection highlights that NPE seeks an approximation ¢, that is close to the true pos-
terior p(f|x) in an information-theoretic sense, on average across possible datasets x drawn from the
model. Moreover, it gives additional motivation for our choice of the KL divergence as a diagnostic tool
for SBI. In particular, given two learned approximants g;(f|x) and gj(0|x) of p(6|x), it is possible to con-
struct counterexamples where the KL divergences between p and g;, as well as p and g; are small, while
the KL divergence between g;, g; is larger. Thus, computing the KL divergence matrix for the networks
in the ensemble defines a test that provides independent information compared to the loss function.

As discussed above, a particular advantage of NPE in this context is the relative ease of sampling and
evaluating the log-density of the approximate posterior. This makes estimating the KL divergences across
ensembles especially fast and efficient. However, we emphasise that there are no fundamental barriers to
evaluating KL for the other SBI paradigms mentioned in section 2.2.

3.2. Assessing ensemble convergence and estimating systematic errors

For the first illustrative example demonstrating the application of the KL matrix as a diagnostic test,
we consider training an ensemble of identical networks with initial random weights for a specific infer-
ence task. For this purpose, we choose a simple case study where the simulator corresponds to a two-
dimensional Gaussian mixture model from the sbibm library [4]. In this context we can investigate a
set of features exhibited by the ensemble such as: (a) the evolution of the KL matrix as a function of
the number of training epochs, (b) the evolution of the KL matrix as a function of the training dataset
size, and (c) the comparison between these behaviours and the standard loss function in equation (10).
Before presenting the results, we note that all the relevant technical details regarding the network archi-
tectures, training settings, prior ranges, etc are provided in appendix.

7 For simplicity, for all the examples considered in this work, we have only considered the upper triangular part of the K matrix, as K;;
and Kj; provide correlated information. The asymmetry (Kj; 7 Kj;) can provide additional diagnostic information about the relative
shapes of the posteriors, but we do not explore it in this work as we found it to be a subdominant effect in our experiments.
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Figure 2. KL matrix as a training diagnostic. Left: the mean pairwise KL divergence, monitored during the training of single
ensembles. Each curve represents one ensemble trained with a specific dataset size (see legend), demonstrating how the KL mat-
rix can be used to track convergence and determine when further training is unlikely to improve consistency. Middle: value of

the KL divergences in the ensemble (averaged over the last 30 epochs) at the end of the training as a function of training dataset
size. In dashed grey, we show the expected 1/n1y,in behaviour before saturating the intrinsic variance floor. Right: value of the loss
function at the end of the training process as a function of the training dataset size.

The main results for this subsection are presented in figures 2 and 3. They demonstrate a num-
ber of core properties that justify our statement that the KL matrix can be used as a diagnostic tool
for ensembles of posterior approximations. A key use case is monitoring the KL matrix for a single
ensemble during training. As shown in the left panel of figure 2, when the KL divergence stabilises,
we can conclude that further training will not improve ensemble consistency, and the asymptotic KL
value provides an estimate of the systematic uncertainty for that training configuration. To estimate
the systematic uncertainty for a single, fixed training setup, only one ensemble of multiple members is
required.

Firstly, if we look at the left panel of figure 2, we observe the behaviour of the average KL diver-
gence in the KL matrix as a function of the training epoch for a number of different training set sizes.
Specifically, we see that for all training set sizes, the KL divergences initially decrease as the networks
learn a better approximation to the true posterior. Eventually, once the information contained in the
training dataset has been fully utilised and the networks have converged, an asymptotic value of the KL
divergences is reached. The key insight here is that this asymptotic value can be used to directly estim-
ate the systematic error associated with the specific training configuration (i.e. training set size, training
dynamics, etc) via the interpretation discussed in section 2.4. In our plots, for visual clarity, we show the
average of the off-diagonal KL matrix elements. However, the primary diagnostic for assessing conver-
gence or flagging outliers is the maximum pairwise KL divergence, max;; K, as this value provides the
lower bound on the approximation error.

If we then look at the middle panel of figure 2, we see a more detailed picture of the asymptotic val-
ues reached in the KL matrices for each experiment. These demonstrate empirically a number of key
ideas pointed out in section 2. This panel also demonstrates how the KL matrix can be used to diagnose
the source of disagreement. We observe two distinct regimes: (i) a data-limited regime at small #7in,
where the KL divergence decreases as 1/f1p, (in line with equation (9)), indicating that disagreement is
driven by insufficient training data; and (ii) an optimisation-limited regime at large #1..,, where the KL
divergence plateaus. This floor reflects intrinsic variance from the training dynamics (e.g. random initial-
isation, stochastic gradient descent, architectural instabilities), showing that simply adding more data will
not improve consistency. This saturation value can be used to compare different training strategies (e.g.
learning rate scheduling, hyperparameter choices, etc), with lower values indicating more stable perform-
ance, and to estimate the systematic error associated with the training dynamics itself. We emphasise that
this information cannot be obtained when training only a single network, but must be bootstrapped via
a trained ensemble.

The rightmost panel of figure 2 illustrates the long-term values of the validation loss for the different
training datasets. The main takeaway here is simply that whilst the loss function shows similar conver-
gence as the dataset size increases, the behaviour is subtly different from the KL matrices. This justifies
our statement that the diagnostic tests we suggest here provide complementary information to the loss
function itself.

Finally, for reference, in figure 3, we show samples drawn from the three networks in the ensemble
at the end of the training process, after conditioning to the same reference observation. The different
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Figure 3. Evolution of the posteriors. True posterior distribution (black) compared to samples drawn from the different networks
in the ensembles. The different panels (top left to bottom right) correspond to different training dataset sizes (colour code as in
figure 2). Each panel shows the results from a single ensemble trained with a specific dataset size; multiple ensembles are only
needed to compare how systematic uncertainties vary with training conditions, not to estimate the uncertainty for a single setup.

panels correspond to different training dataset sizes, which are chosen to match figure 2. In all the pan-
els, we show the true posterior in black. Once again, we can appreciate that, while all panels show qual-
itatively good agreement between the true posterior and the approximants, the KL matrix provides a
quantitative measure to assess the accuracy and consistency of the approximation. We demonstrate the
convergence of both the average, and maximum/minimum KL divergences across the ensemble in the
appendix. While visual inspection of these 2D marginals is feasible, the KL matrix is particularly power-
ful in high-dimensional problems. The KL divergence captures the full multivariate disagreement in a
single scalar per ensemble member pair, providing a quantitative and automated diagnostic that can be
integrated into training pipelines and systematic uncertainty budgets.

As a final comment, we stress that while the current work only presents results for the two-
dimensional Gaussian mixture model, we have followed the same procedure for other typical benchmark
examples from the sbibm package [4], reaching similar conclusions.

3.3. Testing model misspecification

In the previous section, we demonstrated the utility of the KL matrix as a diagnostic tool for tracking
the evolution and stability of network training. In this section, we will further develop this idea and
explore the possibility of using the KL matrix to detect model misspecification. ‘Misspecification’” in our
framework refers to the scenario where the simulator used for training does not accurately represent the
data-generating process for the real observed data. This mismatch is revealed only when we apply the
trained estimators to actual observations, as during training the model is correctly specified by defin-
ition. The underlying hypothesis is simple: given the flexibility of neural network models, we have no
guarantees on the extrapolation behaviour of a trained model beyond data in the training set. In par-
ticular, for an ensemble of models, we cannot expect that if network predictions agree (as quantified by
low values in the KL matrix, for example) within the training sample that they will each extrapolate in
an identical manner. This is broadly a statement about the large degeneracy that exists in the parameter
space of large neural networks when optimising a scalar loss function. In general, this is presented as

a negative feature, however, here we point out that one can actually leverage this fact to detect model
misspecification.

A crucial prerequisite for this test is to distinguish between training-induced variance and
misspecification-induced variance. We define two quantities: (i) the training-time KL divergence, KLiain,
which is measured on simulated test data from the same distribution as the training data, and quan-
tifies the baseline disagreement due to the training process. (ii) The inference-time KL divergence,
KL,ps, measured on the actual observed data. Our misspecification diagnostic is based on the difference
A = KLgps — KLirain- A significant positive value of A suggests the observation is out-of-distribution, as
it triggers enhanced disagreement among ensemble members compared to their baseline. Therefore, the
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test is most powerful when the ensemble has achieved a low, stable baseline KLii,, otherwise any signal
from misspecification could be lost in the noise of training variance.

To test this hypothesis, we will train an ensemble of networks until the KL divergence among the
networks in the ensemble is below a certain threshold value. Then, we will condition the density estim-
ators on some observations that do not match the model in the simulator and compare the KL matrix
on this new ensemble of posteriors to the values obtained during training. To systematically evaluate the
performance of the KL divergence as a detector for model misspecification, we introduce a parameter
to control the level of discrepancy between training and observed data. Following this procedure, we
can keep track of the changes in the KL divergence between trained networks as we increase the level
of model misspecification.

The specific example that we will study in this section is as follows: Each data realisation consists of
n=10 data points (in the following, we will label them with k € [1,n]) drawn from a normal distribu-
tion with mean

pk:0+aBk, (13)

and standard deviation oy = o = 0.01. The parameter 6 is drawn from a uniform prior 6 ~
Uniform(—1,1) and gives a constant contribution to the mean of the dataset and

0.25
/ B (14)

with By >~ 0.9326, is a symmetric bump centred at k = 1/2, with the denominator chosen to have
maxgeyy,...,10](Bx) = 1. The contribution of this bump to p is then controlled by the parameter a. Notice
that for a =0, there is no k dependence in the dataset; i.e. the samples for different values of k are inde-
pendent realisations drawn from the same statistical distribution. For this very simple model, given d,
we can determine the maximum likelihood estimator (and its variance) for the parameters analytically.
In particular, in the absence of the bump, the solution is given by § =", dy/n and o5 = o/ /n.

For the example presented in this section, we fix Ng = 10000 as the size of our training dataset® and
fix a=0 for all examples used during the training process. The ensemble used for this example consists
of N = 5 networks. After fixing the network architecture and training strategy, we train and monitor
the evolution of the KL divergence among all networks in the ensemble. At the end of our run, the max-
imal value of the KL divergence is ~ 7 x 1072, corresponding to a maximal mismatch of ~ .37¢ in the
peak position (see section 2.3 for the conversion from KL values to o-levels). As already mentioned, for
all datasets we used during the training process, we fix a =0, meaning we only train our networks on
examples that do not contain the contribution due to the bump. In other words, if the observed data
consisted solely of #, the candidate model would be correctly specified. This establishes a clear refer-
ence point against which the effects of misspecification can be assessed. Specifically, we can compare the
observed values in the KL matrix for a given (potentially misspecified) observation and compare them to
7 x 1072, or look for posteriors that differ by more than ~ .370.

In figure 4, we compare the results obtained conditioning the networks of the ensemble on an obser-
vation matching data used for the training process (left plot), i.e. =0, and an observation that is mis-
specified (right plot) with a =3 x 1072, The two plots in the first row show the data realisation with
and without adding the bump component. It is evident that with the addition of the bump, the data
deviates from the simulation model (which assumes a flat mean across the bins) used during the train-
ing process. In the bottom row, we show the posteriors obtained from the different networks in the
ensemble after conditioning on the corresponding observation. Specifically, on the left hand side, which
excludes the bump, all posteriors agree well (i.e. to the level expected from the KL matrix analysis) with
each other and with the true posterior (shown in black). On the other hand, on the right hand side,
we see a much larger spread among the posteriors given by the different networks. To be more quant-
itative, after conditioning on an observation that lies outside the training set, we find a KL divergence
among the networks of the ensemble that significantly exceeds the threshold value used during the train-
ing process. We highlight this visually by showing the orange vertical contours, which denote the +0.37¢

-1

By = 1.01‘2U<_1)

8 To be more accurate, as explained in appendix, we draw Ny values for 6, which we keep fixed during the training process and, every
time we show a pair (6, dj) to the networks in the ensemble, we draw an independent realisation of dj, given 6. Following this proced-
ure, we effectively show many instances of the data corresponding to the same parameters, which allows the networks to better learn the
statistical properties of the data.
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Figure 4. Detecting Model Misspecification. Left: Posteriors (bottom plot) obtained from networks conditioned to an observa-
tion (top plot) compatible with the data used during the training. In the top plot, the data realisation is shown in black, and the
dashed orange line represents the input theoretical model f¢4. The orange vertical band in the bottom plot shows the maximal
expected spread among estimates given the final value of the KL matrix (~ 7 x 10~2) during training. As expected, given the
small KL at the end of the training, all posteriors agree. For reference, we show the true posterior in black. The dashed grey line
represents the injected value of @ and the orange vertical line the mean value inferred from the data. Right: Posteriors (bottom
plot) from the same networks conditioned to an observation (top plot) that is not compatible with the data used during the train-
ing. It is manifest that, once conditioned to an observation that does not match the model used in the training process, the spread
in the posteriors increases significantly, which we can easily detect using the KL matrix. The orange solid and grey dashed lines
indicate the same quantities as in the left-hand figure.

variance expected from the in-sample training result. We can see that the posteriors in the misspecified
model disagree to a level that is not captured by this error.

To better explore this behaviour, in the right plot of figure 5, we show how the KL divergences
among the networks of the ensemble change as we condition on observations with increasingly large val-
ues of a in the range a € [1073,2]. For reference, in the left plots, we show the relative size of the bump
for a number of benchmark cases corresponding to the vertical lines in the right-hand figure. With these
results, we can see clearly that the deviation in the values of the KL matrix starts to become visible when
a becomes larger than the threshold value arpresn ~ 1.3 x 1072, Interestingly, this corresponds to devi-
ations in the data at about the 1-2¢ level. This suggests that our proposed misspecification test is highly
sensitive. For values of a well below arpresh, we see that the values of the KL divergence remain con-
sistent with the value achieved during the training process. However, for a above drnresh, the KL diver-
gence starts to increase significantly. Thus, we can conclude that model misspecification can induce a
significant increase in the KL divergence with respect to the value reached during training. In general,
this provides a brand new test for detecting model misspecification that directly harnesses the power of
ensemble learning.

Classical approaches to model misspecification detection include goodness-of-fit tests based on x>
statistics comparing observed and expected data distributions, posterior predictive checks, and Bayesian
model comparison via evidence ratios. In our specific example with the bump model, a x? test on
the residuals between the data and the best-fit flat model would indeed detect the misspecification at
comparable sensitivity levels (=21 — 20). While classical tests like the x? statistic are computationally
cheaper and should be a standard first check, our ensemble-based approach offers several complement-
ary advantages: (i) it does not require explicit specification of a null hypothesis or alternative model,

(ii) it provides a continuous diagnostic that can be monitored during analysis rather than requiring a
separate validation step, and (iii) it naturally accounts for parameter uncertainty through the ensemble
disagreement rather than relying on point estimates. Recent ML-enhanced approaches include using
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Figure 5. Tracking the amount of model misspecification. Left: Three examples of the injection templates p = 6 + a3y, corres-
ponding to the dashed vertical lines in the right-hand figure. The error bars correspond to the 1o noise levels in each bin, and the
horizontal dashed lines indicate the equivalent flat template with a = 0. Right: The elements of the KL matrix as a function of the
amplitude of the bump. The grey bands are the percentiles computed among networks in the regime where the bump contribu-
tion is negligible compared to the flat component. The remaining curves indicate the behaviour of the KL divergence associated
with each network combination. The mean (light blue) and maximum (orange) curves are specifically highlighted to be used as a
diagnostic for detecting model misspecification.

classifier-based test statistics [16], where a neural network is trained to distinguish between data gener-
ated under different hypotheses. Our KL-based approach is conceptually related but operates in posterior
space rather than data space, making it naturally integrated with the inference procedure itself. A system-
atic comparison of these approaches across various misspecification scenarios would be valuable future

work.
4. Outlook and conclusions

In this work, we have explored the usage of ensemble learning as a tool to diagnose convergence, stabil-
ity, and model fidelity in SBI. The core idea is very simple: if an SBI algorithm reliably approximates the
true posterior distribution, then independently trained models on the same simulation budget should
yield consistent results. In other words, since the true posterior is unique, a small discrepancy among
ensemble members is a necessary, but not sufficient, condition to ensure that all posterior estimates can
be sufficiently close to the true posterior. Therefore, disagreement among ensemble members, as quan-
tified by the KL divergence in this work, becomes an accessible and informative signal of failure modes
such as undertraining, optimiser variance, or model misspecification.

We have shown that the KL divergence between posterior approximations within an ensemble
provides a principled, quantitative diagnostic without requiring access to the true posterior. The KL mat-
rix constructed from pairwise divergences among ensemble members encodes information about con-
vergence properties, with elevated divergences signalling internal inconsistency and potential unreliability
of the inferred posterior for a specific observation. In particular, we demonstrated that as the size of the
training dataset increases, the KL divergences among the ensemble members decrease until they reach a
floor set by the intrinsic variance of the training procedure and the network architecture, which offers a
useful lower bound on the systematic errors intrinsic to the training process.

Moreover, we demonstrated in section 3 that ensemble disagreement, as measured by the KL diver-
gence, can serve as a practical detector for model misspecification. Conditioning trained estimators on
out-of-distribution observations results in a measurable increase in divergence between ensemble mem-
bers, underscoring the diagnostic power of this approach beyond mere convergence assessment. Our
experiments with controlled perturbations to observed data confirmed that the KL divergence can track
systematic deviations beyond the information provided by the loss function. It would be interesting in
future work to perform a systematic comparison of the sensitivity of this KL-based test against classical
techniques and other ML-enhanced tools. Another interesting direction would be to deliberately train on
misspecified simulations (e.g. with known simplifications) and use the KL diagnostic to assess when and
where these simplifications become problematic. It would also be interesting to explore further ways to
enhance ensemble learning for SBI. For example, by drawing inspiration from parallel tempering, train-
ing models with different learning rates, allowing occasional information exchange via the KL matrix
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could improve robustness and generalisation, as well as achieving a better balance between exploration
and exploitation. Furthermore, in analogy with reversible jump MCMC (RJ-MCMC), dynamically adapt-
ing model architectures within an ensemble would allow models to jump’ between different complexit-
ies based on performance, potentially leading to more efficient use of computational resources. Beyond
leveraging ensembles for consistency checks, combining outputs from diverse models also offers a natural
path to more stable posterior estimates by mitigating variance across architectures.

Overall, our results suggest that ensemble training, combined with internal divergence metrics such
as the KL matrix, provides a scalable, flexible, and inference-agnostic framework for improving the
transparency and reliability of SBI pipelines. This paradigm is particularly well suited for scientific set-
tings where inference is performed once, but scrutiny must be rigorous. Future work will explore gen-
eralisations to other divergence measures, combinations with SBC methods, and applications to high-
dimensional real-world inference tasks.
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Appendix. Further details and tests

In this appendix, we provide further details on the setups used for this work, along with additional plots
to clarify the training process and the behaviour of the ensembles.

All posterior density estimation performed in this work relies on the neural spline flow (NSF) archi-
tectures [44] implemented via the build_nsf function’ in the sbi library [45]. Each NSF network
models the conditional posterior distribution p(#|x), where simulated observations x are provided as
input and the network outputs a flexible approximation over parameters . Training data x is generated
on the fly and loaded in mini-batches of size 64. A particular aspect of our training process that may be
non-standard is ‘noise resampling. While the set of parameter values {6} is kept fixed throughout train-
ing, the observations {x} are dynamically regenerated by the simulator whenever data is requested. This
approach effectively augments the training data with new noise realisations for each 6, enhancing robust-
ness and reducing variance induced by fixed realisations.

For all our examples, we independently train an ensemble of networks, each with an input dimen-
sion matching the observation space of the specific simulation task. Each network is optimised using
the AdamW optimiser with an initial learning rate of 1072. A StepLR scheduler reduces the learning rate
by a factor of 0.9 every 10 epochs. As detailed in the main text, a central component of our ensemble
approach is the use of the KL divergence to assess agreement among the ensemble members. Specifically,
every 10 epochs, we estimate the pairwise KL divergence between the learned posterior distributions
using 10000 samples drawn from the estimated posteriors. Early stopping is triggered when the max-
imum absolute KL divergence across all pairs falls below a tolerance of 1072, indicating that the net-
works have converged to mutually consistent posterior approximations.

The Gaussian mixture model example used in section 3.2 follows the default configuration from the
sbibm benchmark library [4] to ensure reproducibility. The specific model details are as follows:

9 For all examples considered in this work, we stick to the default internal architecture parameters for components such as the number
of coupling layers, hidden features, and spline configurations.
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Figure 6. Training and Validation Losses. Training (light colour) versus validation loss (full colour) for the different dataset sizes
(100, 200, 500, 1000 top row, left to right, and 2000, 5000, 10 000, 20 000 left to right bottom row) as a function of epochs for all
the networks in the ensemble (red, green, blue) discussed in section 3.2.

e The prior distributions for both parameters are uniform: 6;,6, ~ Uniform(—10,10).

o The likelihood p(x|6) is a mixture of two 2D Gaussian distributions with means at (6;,6,) and
(=01, —0,), with equal weights of 0.5.

e The standard deviations of each mode are as specified in the sbibm benchmark library implementa-
tion [4].

We also provide further details as to the ensembles used in section 3.2. As explained in the main text,
the ensembles consist of three networks that are trained in parallel using different training dataset sizes
NTrain, ranging from 100 to 20000 across the various experiments. We train each network for up to

1000 epochs, fixing the validation set size to #iy, = 2 X Hirpqin. In figure 6, we show the training/validation
losses as functions of epochs. All panels, meaning all ensembles with different values of #1y,;,, exhibit a
similar, and expected, behaviour. After a steep decrease in the initial epochs, the training and validation
losses oscillate randomly around some asymptotic value. While for small #1p,in, both training and val-
idation loss exhibit quite a large variance around such asymptotic value, for larger #1r.in, the validation
loss variance is strongly reduced. This behaviour originates from our choice for ny,: for larger #rpain, the
validation dataset is larger, and the results are less subject to statistical fluctuations.

We conclude this appendix by providing further details on the models used in section 3.3. As already
mentioned in the main text, for this example, parameters 6 are uniformly sampled from [—1,1]. The
corresponding observations x are produced by a simulator that adds Gaussian noise (o =0.01) to
across the 10 independent measurements. In practice, each observation corresponds to a 10-dimensional
data vector modelling noisy measurements. The ensemble used for this example consists of five networks
trained in parallel using the procedure described above in this appendix. The training dataset consists
of 10000 # samples (the observations are resampled dynamically as discussed above), and the valida-
tion dataset has size 2000. In the left panel of figure 7, we show the training/validation losses for the
five networks in the ensemble as a function of training epochs. As expected, after a steep initial decrease,
the losses of the five networks flatten out and fluctuate randomly around an asymptotic value. In the
right panel of the same figure, we show the evolution of the KL divergences among the different net-
works in the ensemble as functions of training epochs. Again, after an initial phase, they all tend to scat-
ter around some nearly constant value. We notice that all KL divergences involving network ID 1 are
significantly larger, indicating that there is less consistency between this particular model and the oth-
ers in the ensemble. For reference, the maximum value of KL among all combinations at the end of the
training process is ~ 7 x 1072. We use this number in the main text as the lower bound to which we
compare detections of model misspecification.
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Figure 7. Training Losses and KL matrix. Left: Training and validation loss as functions of training epochs for the five networks
in the ensemble trained in section 3.3 (see legend). Right: Evolution of the KL divergence between network combinations in the
ensemble (see legend for various combinations) as a function of training epochs.
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Figure 8. Evolution of maximum/average KL divergences. Behaviour of the maximum, minimum and average values of the KL
divergences in the ensembles trained for the example discussed in section 3.2. We see that all three quantities decrease systematic-
ally as the dataset size increases until convergence is reached.
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