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Abstract

We prove the existence of global-in-time weak solutions to a general class of models that arise
from the kinetic theory of dilute solutions of nonhomogeneous polymeric liquids, where the polymer
molecules are idealized as bead-spring chains with finitely extensible nonlinear elastic (FENE) type
spring potentials. The class of models under consideration involves the unsteady, compressible,
isentropic, isothermal Navier-Stokes system in a bounded domain 2 in R¢, d = 2, for the density
p, the velocity u and the pressure p of the fluid, with an equation of state of the form p(p) = ¢,p”,
where ¢, is a positive constant and v > 1. The right-hand side of the Navier-Stokes momentum
equation includes an elastic extra-stress tensor, which is the classical Kramers expression. The
elastic extra-stress tensor stems from the random movement of the polymer chains and is defined
through the associated probability density function that satisfies a Fokker—Planck-type parabolic
equation, a crucial feature of which is the presence of a centre-of-mass diffusion term. This extends
the result in our paper [J. W. Barrett & E. Sili: Existence of global weak solutions to compressible
isentropic finitely extensible bead-spring chain models for dilute polymers, Math. Models Methods
Appl. Sci., 26 (2016)], which established the existence of global-in-time weak solutions to the
system for d € {2,3} and v > %, but the elastic extra-stress tensor required there the addition
of a quadratic interaction term to the classical Kramers expression to complete the compactness
argument on which the proof was based. We show here that in the case of d = 2 and v > 1
the existence of global-in-time weak solutions can be proved in the absence of the quadratic
interaction term. Our results require no structural assumptions on the drag term in the Fokker—
Planck equation; in particular, the drag term need not be corotational. With a nonnegative initial
density po € L*°(Q) for the continuity equation; a square-integrable initial velocity datum ug for
the Navier—Stokes momentum equation; and a nonnegative initial probability density function g
for the Fokker—Planck equation, which has finite relative entropy with respect to the Maxwellian
M associated with the spring potential in the model, we prove, via a limiting procedure on a
pressure regularization parameter, the existence of a global-in-time bounded-energy weak solution
t — (p(t),u(t),(t)) to the coupled Navier-Stokes—Fokker—Planck system, satisfying the initial

condition (p(0), u(0),%(0)) = (po, o, o).
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1. Introduction

In Barrett & Siili [9] we established the existence of global-in-time weak solutions to a large
class of bead-spring chain models with finitely extensible nonlinear elastic (FENE) type spring
potentials, — a system of nonlinear partial differential equations that arises from the kinetic
theory of dilute polymer solutions. We first restate the model considered there, and we then
discuss the aims of the extensions of the results of [9] contained in the present paper.

In the model studied in [9], the solvent is a compressible, isentropic, viscous, isothermal New-
tonian fluid confined to a bounded Lipschitz domain Q ¢ R, d = 2 or 3, with boundary 9. For
the sake of simplicity of presentation, 2 is assumed to have a ‘solid boundary’ 9€2; the velocity
field y will then satisfy the no-slip boundary condition 4 = 0 on 9€2. The equations of continuity
and balance of linear momentum have the form of the compressible Navier—Stokes equations (cf.
Lions [18], Feireisl [14], Novotny & Straskraba [20], or Feireisl & Novotny [15]) in which the elastic
extra-stress tensor T (i-e., the polymeric part of the Cauchy stress tensor) appears as a source term
in the conservation of momentum equation:

Given T € R-g, find p : (z,t) € Q x [0,T] — p(z,t) € Ry and u : (z,t) € Q x [0,T] —
u(z,t) € R? such that

%+~Vx~(7jp)=0 in Q x (0,77, (1.1a)
p(aNC, 0)= Po(ff) Va €, (1.1b)

d(pu) ,
g T Ve (pu@u) = Vo S p) +Vap(p) =pf+ Vo7 inQx(0,T], (1.1c)
u= (3 on 00 x (0,77, (1.14d)
(pu)(x,0) = (pouo)(x) vz € Q. (1.1e)

It is assumed that each of the equations above has been written in its nondimensional form; p
denotes a nondimensional solvent density, u is a nondimensional solvent velocity, defined as the
velocity field scaled by the characteristic flow speed Uy. Here S(u, p) is the Newtonian part of the
viscous stress tensor defined by

Stu.p) = 15(0) [ D) - 5

D(w) = 5 (Vo) | + 1" (p) (Va0 L, (12)

where [ is the d x d identity tensor, D(v) := % (Vv + (Vo v)7) is the rate of strain tensor, with

(Vav)(z,t) € R4 and (V. Q)ij = gz; . The shear viscosity, 1°(-) € Rsg, and the bulk viscosity,

uB(-) € Rxg, of the solvent are both scaled and, generally, density-dependent.
In addition, p is the nondimensional pressure satisfying the isentropic equation of state

p(s) =cps” Vs € R, (1.3)

where ¢, € R5o and v > %. Our analysis also applies, without alterations, to other monotonic
equations of state, see Remark 1.1 in [9)].

On the right-hand side of (1.1c), f is the nondimensional density of body forces and 7 denotes
the elastic extra-stress tensor. In a bead-spring chain model, consisting of K + 1 beads coupled
with K elastic springs to represent a polymer chain, 7 is defined by a version of the Kramers
expression depending on the probability density function ¢ of the (random) conformation vector
q = (g?,...,g};)T € RE? of the chain (see equation (1.10) below), with q; representing the
d-component conformation/orientation vector of the ith spring, ¢ = 1,..., K. The Kolmogorov
equation satisfied by % is a second-order parabolic equation, the Fokker—Planck equation, whose
transport coeflicients depend on the velocity field u, and the hydrodynamic drag coefficient ap-
pearing in the Fokker—Planck equation is, generally, a nonlinear function of the density p.

The domain D of admissible conformation vectors D ¢ R¥? Wlﬂl be assumed to be a K-fold
Cartesian product Dy x - - X D of bounded open balls D; = B(0,b7) in R centred at € R% and



of radius bl-%, with b; € Rsg, i =1,..., K. We consider the spring potentials U; € C'*(]0, %); R>0),
i =1,..., K, and will suppose that U;(0) = 0 and that U; is unbounded on [O,%) for each
it =1,..., K; the resulting bead-spring chain models are referred to as FENE (finitely extensible
nonlinear elastic) type models; in the case of K = 1, the corresponding models are called FENE
type dumbbell models.

The elastic spring-force F; : D; € R? — R? of the ith spring in the chain is defined by

The partial Maxwellian M;, associated with the spring potential U;, is defined by

1 —u,(iig,2 _U.(Lig.1?
M;(q:) == e Ui(3 1q;l )’ z ::/D o ~Ui(31g] )dg“ i1, ..K

The (total) Maxwellian in the model is then

K K
~ i=1 ~ ~ ~ ~ i=1
Observe that, for i =1,..., K and qeD,
-1 _ -1 _ (L1 02V — T (10 12Y
M(q) Vo, [M(q)]™" = —[M(q)] ™" V. M(q) = Vo, (Us(3la:1*) = Ui (51a:*) ¢, (1.6a)
and, by definition,
/ M(q)dg = 1. (1.6b)
D ~

We shall assume that for ¢ = 1,..., K there exist constants ¢;; > 0, j = 1,2,3,4, and 6; > 1
such that the spring potential U; € C([0, %);RZO) and the associated partial Maxwellian M;
satisfy

cit [dist(gi, D)% < M;(g:) < ez [dist(gq, oD;))% Vq; € Dy, (1.7a)

It follows from (1.7a,b) that (if §; > 1, as has been assumed here,)
/D {1+[U2(%‘g1|2)]2+ [U{(%|gz|2)]2:| Mz(gz) dg, < 00, 1= 1,...,K. (18)

Example 1.1. In the classical FENE dumbbell model, introduced by Warner [25], K = 1 and
the spring force is given by F(q) = (1 — |g|2/b)_1 ¢, with ¢ € D = B(0,b?), corresponding to
U(s) = —% log (1 - 2%), s €0, g), b > 2. More generally, in a classical FENE bead spring chain,
one considers K + 1 beads linearly coupled with K springs, each with a classical Warner type
FENE spring potential. Direct calculations show that the partial Maxwellians M; and the elastic
potentials U;, i = 1,..., K, of the classical FENE bead spring chain satisfy the conditions (1.7a,b)
with 6; := %, provided that b; > 2,4 =1,..., K. Thus, (1.8) also holds and b; > 2,i=1,..., K.
Note, however, that (1.8) fails for b; € (0,2], i.e., for 6; € (0,1], which is why we have assumed in
the statement of (1.7a,b) that §; > 1 fori=1,..., K.

Tt is interesting to note that in the (equivalent) stochastic version of the classical FENE dumb-
bell model (K = 1) a solution to the system of stochastic differential equations associated with
the Fokker—Planck equation exists and has trajectorial uniqueness if, and only if, g > 1; (cf. Jour-
dain, Leliévre & Le Bris [16] for details). Thus, in the general class of FENE-type bead-spring
chain models considered here, the assumption 6; > 1, ¢ = 1,..., K, is the weakest reasonable
requirement on the decay-rate of M; in (1.7a) as dist(gi, 0D;) —» 0. o



The governing equations of the general nonhomogeneous bead-spring chain models with centre-
of-mass diffusion considered in [9] are (1.1a-e), where the extra-stress tensor T as the difference of
the classical Kramers expression and a quadratic interaction term; i.e.,

3

() = 1:1(0) 3 ( / wdg>2l, (19)

with 3 € R>¢. Here, Zl(w) is the Kramers expression; that is,

Zi( [(ZC ) K+1)/D¢dg4, (1.10)

where k € Rs(, with the first term in the square brackets being due to the K springs and the
second to the K +1 beads in the bead-spring chain representing the polymer molecule; see Chapter
15 in [10]. Further,

ZZQ

/uj |q1|) qf dq, i=1,..., K. (1.11)

The function [, ¢(z,q,t)dg, appearing in (1.9) and (1.10), is called the polymer number density
and will play an important role in our analysis below; we shall therefore define

Q(%,t) iz/Dl/J(CE»Q»t)dg

We alert the reader at this point not to confuse the notation o for the polymer number density
with the notation p introduced at the beginning of the paper for the fluid density.

The probability density function 1 is a solution of the Fokker-Planck (forward Kolmogorov)
equation
o = (

0 T Ve (¢)+Z~ti- g(g)q#)

:EA””<CZJ)>+41/\ZiAiqui'(Myqf(c(gM)) in Qx D x(0,T], (1.12)

with g(v) = V. v and a, generally, density-dependent scaled drag coefficient ((-) € R~¢. A concise
derivation of the Fokker—Planck equation (1.12) can be found in Section 1 of Barrett and Sili [4].
Let OD; :== Dy X --- x D;_1 x OD; x D;y1 x --- x Dg. We impose the following boundary and
initial conditions on solutions of (1.12):

12K:Aijquj(¢)—o(u)qm R
AN~ ~IN\C) M) = ail
on Qx dD; x (0,T), fori=1,...,K, (1.13a)
<Czﬁ)> -n =0 on 002 x D x (0,7, (1.13b)
( ,0) =vo(,) >0  onQxD, (1.13¢)

where g; is normal to 0D;, as D; is a bounded ball centred at the origin, and n is normal to 0€Q.

The nondimensional constant k& > 0 featuring in (1.10) is a constant multiple of the product
of the Boltzmann constant kp and the absolute temperature T. In (1.12), ¢ € Ry is the centre-
of-mass diffusion coefficient defined as e := (¢o/Lo)?/(4(K + 1))\) with L a characteristic length-
scale of the solvent flow, ¢y := 1/kpT/H signifying the characteristic microscopic length-scale and



A= iﬁgg, where (y € Ry is a characteristic drag coefficient and H € R+ is a spring-constant.

The nondimensional parameter A € R.g, called the Deborah number (and usually denoted by
De), characterizes the elastic relaxation property of the fluid, and 4 = (Aij)i{{jzl is the symmetric
positive definite Rouse matriz, or connectivity matrix; for example, A = tridiag [-1,2,—1] in

the case of a (topologically) linear chain; see, Nitta [19]. Concerning these scalings and notational
conventions, we remark that the factor ﬁ in equation (1.12) above appears as a factor i in the

Fokker—Planck equation in our earlier papers [3, 5, 7, 2].

Definition 1.1. The collection of equations and structural hypotheses (1.1a—e)—(1.13a—c) together
with the assumption that the Rouse matriz A is symmetric and positive definite (as is always the
case, by definition,) will be referred to throughout the paper as model (P), or as the compressible
FENE-type bead-spring chain model with centre-of-mass diffusion. It will be assumed throughout
the paper that the shear viscosity, i° € Rsq, the bulk viscosity, u® € Rsq, and the drag coefficient,
¢ € R+, are independent of the density p. For the ease of exposition we shall set ( = 1.

A noteworthy feature of equation (1.12) in the model (P) compared to classical Fokker—Planck
equations for bead-spring-chain models for dilute polymers appearing in the literature is the pres-
ence of the g-dissipative centre-of-mass diffusion term € A, on the right-hand side of the Fokker—
Planck equation (1.12). We refer to Barrett & Siili [1] for the derivation of (1.12) in the case of
K =1 and constant p; see also the article by Schieber [22] concerning generalized dumbbell models
with centre-of-mass diffusion, and the paper of Degond & Liu [11] for a careful justification of the
presence of the centre-of-mass diffusion term through asymptotic analysis. In the case of vari-
able density, viscosity and drag, the derivation of the Fokker—Planck equation with centre-of-mass
diffusion appears in [4] (cf. also [5, 6]).

In [9] we proved the existence of global-in-time weak solutions to problem (P) for d = 2 or 3,
provided that v > 2 in (1.3) and 3 > 0 in (1.9). Here, in the case of d = 2, we extend these results
toy > 1 and 3 = 0. It is unclear whether for d = 3 and v > % the existence of global-in-time
weak solutions can also be shown to hold when 3 = 0. As in [9], we assume a nonnegative initial
density po € L () for the continuity equation; a square-integrable initial velocity datum ug for
the Navier—Stokes momentum equation; and a nonnegative initial probability density function g
for the Fokker—Planck equation, which has finite relative entropy with respect to the Maxwellian
M associated with the spring potential in the model.

In the next section, we introduce a regularized problem (P,) depending on a parameter x €
R-o, where the pressure p(s) in (1.3) is replaced by p,(s) = p(s) + & (s* +s'') with T' = max{~, 8},
~v > 1. We end that section by recalling our notation and a number of auxiliary results. In Section
3 we recall from [9] the existence of a global-in-time weak solution (p,, ux, ¥x) to (Py) if 3 € Rso.
On setting 3 = k, we then establish a number of a priori bounds on (py, ux, ¥ ) independent of k.
Finally, we pass to the limit k — 04 to establish the existence of a global-in-time weak solution
(psu, ) to (P) for d =2, with 3 =0 and v > 1.

2. The polymer model (P,;)

Let Q C R? be a bounded open set with a Lipschitz-continuous boundary 9, and suppose
that the set D := D; x --- x Dk of admissible conformation vectors ¢ := (¢7,...,qx)" in (1.12)

is such that D;, i = 1,..., K, is an open ball in R? centred at the origin, with boundary dD; and
radius v/b;, b; > 2; let

K
oD := U 851-, where 63, = D1 X X Di—l X 6Dl X Di+1 X oo X DK (21)
i=1

Collecting (1.1a—), (1.2) and (1.9)—(1.13a—c), with z% € Rsq, uf € Rsg and ¢ = 1, we then
consider the following regularized initial-boundary-value problem, dependent on the following
given regularization parameter x € Rsg. As has been already emphasized in the Introduction, the



centre-of-mass diffusion coefficient € € Ry is a physical parameter and is regarded as being fixed
throughout.

(Py) Find p,; : (z,t) € Qx[0,T] = pu(z,t) € Ryp and u, : (z,t) € Ax[0,T] — uy(z,t) € R?
such that

ag,{ + Vo (tr pr) =0 in Q x (0,7], (2.2a)
pr(2,0) = po(x) Vo e, (2.2b)
O(pr ur) .
T;‘i»wvr'(pﬂfg%@fg%)iwvr §( )+vzpm(pﬁ)*pnf+vr 7_(7/}1-@) IHQX(OaT]a
(2.2¢)
Uy =0 on 99 x (0,71, (2.2d)
(b w)(@,0) = (pouo)(@) Vo€, (2.2¢)

where ¥, @ (z,q,t) € Qx D x[0,T] = vz, q¢,t) € Rxq. Here p,(-) is a regularization of p(-),
(1.3), defined by

Pe(s) == p(s) + r (s* + sY), where k € Ryg, I' = max{~,8} and v > 1. (2.3)

The Fokker—Planck equation satisfied by ), is:

a;imrv (unwﬁ)+2vql< )qzw,€>

_EAM/}ML—ZZA Va, ( VY, (j’;)) in Qx D x (0,T]. (2.4)

=1 j=1
Here, g(v) = V. v, and
A e REXE is symmetric positive definite with smallest eigenvalue ag € Rsg. (2.5)

We impose the following boundary and initial conditions:

1iA"MV.(wK>O'(U )i Yn| - = =0
4)‘3‘:1 i Ve \ JR) i) 10T

on Q2 x0D; x (0,T], i=1,...,K, (2.6a)
eVethe - =0 on 9Q x D x (0,77, (2.6b)
U2, q,0) = ¢o(z,q) 2 0 V(z,q) € 2 x D, (2.6¢)

where n is the unit outward normal to 9Q. The boundary conditions for ¢, on 9Q x D x (0,7
and © x 9D x (0,T] have been chosen so as to ensure that

Yz, )dq dz = Y (z, )dq dx vt € (0, 7). (2.7)
QxD ~ ~ QxD ~

Henceforth, we shall write

1% "_@

Fo= B=10 28)

We end this section by stating our notation and collecting together some auxiliary results.



2.1. Notation and Auziliary Results

For later purposes, we recall the following Lebesgue interpolation result and the Gagliardo—
Nirenberg inequality. Let 1 < r < v < s < 00, then, for any bounded Lipschitz domain O,

Inllzeco) < ity 0l ¥ € L*(O), (2.9)

where ¥ = z((ls’::g Let 7 € [2,00) and ¥ = 2 (3 — ). As Q C R?, there is a constant C' = C(Q,7),
such that
il @) < C lnllEsty Inln ¥ € HY(S), (2.10)

Let F € C(Rso) be defined by F(s) := s(logs —1) + 1, s > 0. As limy_,o, F(s) = 1, the
function F can be considered to be defined and continuous on [0,00), where it is a nonnegative,
strictly convex function with F(1) = 0. Hence F(s) > F(e) + (s —e)F'(e) = s —e+ 1, and so it
follows that

F(s)>[s—e+ 1]+ Vs > 0. (2.11)
We assume the following:
d=2, 90eC* 6ec(0,1); po € L(Q); o € 52(9);
o >0 ae. on Q x D with F(thy) € L1, (2 x D) and/ Yol q) dg € LT (Q);
1% € Rsg, uP € Rsp; the Rouse matrix A € RK”? satisfies (2.5);

p, pr € C'(R>0,R>¢) are defined by (1.3), with v > 1, and (2.3);
FEL?(0,T;L%°(Q) and  Dy=B(0,b3), 6;>1, i=1,....K, in(L7ab). (2.12)

On recalling (1.3) and (2.3), we introduce P, P,, € C'(R>o,R>0), for £ € R+, such that

§ Py (8) = Ploy(s) = p(wy(s) and  P)(0) = P()(0) =0

st st

= P(s) = 'f(—S)l = % s7 and P.(s)=P(s)+k <3 tro 1) . (2.13)

In the first line of (2.13), and henceforth, throughout the rest of the paper, the subscript “(-)”
means with and without the subscript “-”.
In (2.12), L,(2 x D), for r € [1,00), denotes the Maxwellian-weighted L" space over £ x D

with norm )
Iells () = { | lelag dz}
QxD

Similarly, we introduce L}, (D), the Maxwellian-weighted L™ space over D. Letting

2 2 3
el a1, ox y = {/2 M [|302—|—‘NV@<,0‘ + |Vap } dng} , (2.14)

QxD

we then set
H3 (@ % D) i= { € Lioo(® % D) : Il iy sy < o0} - (2.15)

We recall the Aubin—Lions—-Simon compactness theorem; see, e.g., Simon [23]. Let Xy, X and
X1 be Banach spaces with a compact embedding Xy — X and a continuous embedding X — X;.
Then, for ¢; € [1,00), i = 0,1, the embedding

{n € Lo(0,T;X) : % € L9(0,T; %) } < L(0,T; X) (2.16)



is compact. We recall also a generalization of the Aubin—Lions—Simon compactness theorem due
to Dubinskil [12]; see also Barrett & Siili [8]. Prior to stating Dubinskii’s theorem we introduce
the necessary prerequisites.
Let X be a linear space over the field R of real numbers, and suppose that 91 is a subset of X
such that
AneM VA € Rso, Vne M. (2.17)

In other words, whenever 7 is contained in 9, the ray through 7 from the origin of the linear
space X is also contained in 9. Note in particular that while any set 9t with property (2.17) must
contain the zero element of the linear space X, the set 91 need not be closed under summation.
The linear space X will be referred to as the ambient space for 9. Suppose further that each
element 7 of a set M with property (2.17) is assigned a certain real number, denoted by [n]m,
such that:

(1) [n]om > 0; and [n)or = 0 if, and only if, n = 0; and
(i) [An]om = A[n]on for all A € R>g and all € X.

We shall then say that 9 is a seminormed set. A subset B of a seminormed set 9t is said to be
bounded if there exists a positive constant Ky such that [n]om < Ky for all n € B. A seminormed
set 9 contained in a normed linear space X with norm || - ||z is said to be embedded in X, and we
write 9T C X, if there exists a Ky € Ry such that

Inllx < Ko[n]om Yn € M.

Thus, bounded subsets of a seminormed set are also bounded subsets of the ambient normed linear
space the seminormed set is embedded in. The embedding of a seminormed set 97 into a normed
linear space X is said to be compact if from any bounded, infinite set of elements of 9T one can
extract a subsequence that converges in X.

Theorem 2.1 (Dubinskil’s compactness theorem). Suppose that M is a semi-normed set that
is compactly embedded into a Banach space X, which is, in turn, continuously embedded into a
Banach space X1. Then, forg; € [1,00), i = 0,1, the embedding

{n e LeO,T:;M) : % € L(0,T; X1) } — L(0,T; X) (2.18)

18 compact.

Let X be a Banach space. We shall denote by C,([0,T];X) the set of all functions n €
L*>(0,T; %) such that t € [0,T] — (p,n(t))x € R is continuous on [0,T] for all ¢ € ¥’, the dual
space of X. Here, and throughout, (-, -)x denotes the duality pairing between X’ and X. Whenever
X has a predual, €, say, (viz. ¢ = X), we shall denote by C.([0,T]; X) the set of all functions
n € L>(0,T;X) such that ¢t € [0,T] — (n(t),{)e € R is continuous on [0, 7] for all ¢ € €. We note
the following results.

Suppose that Xy, X; are Banach spaces; then,

In addition, if the first embedding is compact so is the second.
Lemma 2.1. Let X and Q) be Banach spaces.

(a) Assume that the space X is reflexive and is continuously embedded in the space 9); then,
L>(0,T;%X) N Cw([0,T];9) = Cu([0,T]; X).

(b) Assume that X has a separable predual € and ) has a predual § such that § is continuously
embedded in €; then, L>(0,T;X) N Cyw«([0,T);) = Cu«([0,T]; X).

Proof. Part (a) is due to Strauss [24] (cf. Lions & Magenes [17], Lemma 8.1, Ch. 3, Sec. 8.4);
part (b) is proved analogously, via the sequential Banach—Alaoglu theorem. a



We note from Lemma 2.1(a) above and Lemma 6.2 in Novotny & Straskraba [20] that if
{1 }nen is such that

0
17| o< 0,757 () + Han: <C, 7,5,v € (1,00), (2.20a)

Ls(0,T;Wy " (2))

then there exists a subsequence (not indicated) of {1, tnen and an n € Cy, ([0, T]; L™(£2)) such that

M — 1N in C,([0,T]; L™ (). (2.20Db)
For r € [1,00), let
Zp i ={p € Ly(Q2xD):9p>0ae onQx D} (2.21)
For r, s € (1,00), let
Lam::geLqmzlfdfzm, (2.22a)
E™*(Q) :={w e L"(Q) : Vo - w € L*(Q)} (2.22b)
and  Bg*(Q) = {w € E™* () :w-n =0 on 90} (2.22¢)

The equality w - n = 0 on 9 should be understood in the sense of traces of Sobolev functions,
with equality in W'~ (9Q)’, where 1+ L =1 and v=min{r,s}; cf. Lemma 3.10 in [20].
We now introduce the Bogovskii operator B : L5(Q) — Wy (), r € (1,00), such that

/ (vm B(C) — g) nde=0  VyeL71(Q); (2.23)
g\ E ’
which satisfies
||§(C)HWM(Q) < ClCllzr o V¢ € Ly(Q?), (2.24a)
IB(Va - w)llpre) < Cllwllr@)  Yw e Eg°(Q), (2.24b)

see Lemma 3.17 in Novotny & Straskraba [20].
We shall require the following regularity result for a parabolic initial-boundary-value problem,
with a homogeneous Neumann boundary condition and right-hand side in divergence form:

Lemma 2.2 (Lemma 7.38 in [20]). Let 6 € (0,1], r,s € (1,00), and suppose that G is a bounded
domain in R%. Suppose further that

oG e C*, o eRyy, 2 € L(Q), beL"0,T;L*(G)).
Then, there exists a unique z € L™ (0, T; W15(GQ)) N C([0,T]; L*(G)), such that

d _
G [ndrra [ Yoz Vande =~ [ boVands i (GFO.TY i€ C¥(O),
dt Ja G e

z(z,0) = z0(g) for a.e. z € G, and

_1 _1
o772l Lo 0,10 (@) + A Vel Lr o520 () < Crys,G) a7 lzoll e ey + Bl 0,7525 ()] -

Due to the presence of the extra stress term in the momentum equation, we require a modifi-
cation of the effective viscous flux compactness result, Proposition 7.36 in Novotny & Straskraba
[20]. Such results require pseudodifferential operators defined via the Fourier transform §. We
briefly recall the key ideas, and refer to Section 4.4.1 in [20] for the details.



For the sake of clarity, the definitions below, preceding Lemma 2.3, will be stated for the
general case of d > 2; we shall, thereafter, make use of them in the special case of d = 2 only.
With

G(RY) :={ne C®RY: sup |25 -2 S| SCO(sLIAl) Vs, e N¢ B (2.25)
ZTeR 8x11 ce 69:5 ~o ~r

the space of smooth rapidly decreasing (complex-valued) functions, we introduce the Fourier trans-

form § : G(R?) — G(R?), and its inverse F~! : G(R?) — &(R?), defined by

1 —iz-y . 1 iz-y
wmmyzgﬂgéfe Ip@) e and (5 mmp—@ﬂgéf n(y) dy.

(2.26)

These are extended to §, § ! : G(R?Y) — S(RY), where G(RY), the dual of G(R?), is the space
of tempered distributions, via

Fm), @y = MF())ewsy and (F '), eme) =0T ())ewrsy VEESRY). (2.27)

We now define the ‘inverse divergence operators’ A; : G(R?) — &(R?Y)’, j =1,...,d, by

Ay = =57 | I | (225)

It follows from Theorems 1.55 and 1.57 in [20] and Sobolev embedding that, for j =1,...d,

IV Ai )| r@ay < C) [nllpr@ay V0 € SRY), 1€ (1,00), (2.29a)
A, s oy < CO) sy V€ SEY, 7€ (1), (2.290)
Hence, we deduce from (2.29a,b) that A; can be extended to A; : L"(R?) — D" (R) for r €
(1,00), 7 = 1,...,d, where D" (R?) is a homogeneous Sobolev space; see Section 1.3.6 in [20].
In addition, by duality, A; can be extended to A; : DM (RY) — DL(RY) for r € (1,00),
j=1,...,d; see (4.4.4) in [20]. Moreover, as A;(n) is real for a real-valued function 7, from the

Parseval-Plancherel formula we have, for all n € L"(R%) and ¢ € L™1(R%), r € (1,00), having
compact support that

A€ dz=— [

nA;(€) de,  j=1,....,d. (2.30)
Rd ~

Rd
Finally, we introduce the so-called Riesz operator Ry; : L"(R%) — L"(R?), r € (1, 00), defined by

iAj(n), jk=1,....d (2.31)

Rij(n) = B,

We note for all n € L"(R?%) and ¢ € L7 (R%), r € (1,00), that

(]
&
<
o
M-

0
A = (232

<
Il
—_

<
Il

Rij(n) =Rjx(n)  and /R Rijk(n) € dz = /R NRk(€) dz,  jk=1,....d (232D)

Below we use the notation A(-) and R(:) with components A;(-) and Ry;(-), j,k = 1,...,d,
respectively, and with d = 2. We shall adopt the convention that whenever any of these operators
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is applied to a function or a distribution that has been defined on 2 C R? only, it is tacitly
understood that the function or distribution in question has been extended by 0 from €2 to the
whole of R2.

We now have the following modification of Proposition 7.36 in Novotny & Stragkraba [20],
which is adequate for our purposes.

Lemma 2.3. Given {(gn,Un, Mns P> Tns frn, Fn)fnen, we assume for any ¢ € C§°(Q) that, as
n — 0o,

gn — g in Cy ([0, T]; L9(£2)), weakly (-%) in L*(Qr), (2.33a)
Un = U weakly in L*(0,T; {{3(9)), (2.33b)
My, — M in Cy ([0, T7; %Z(Q)), (2.33¢)
Pn =D weakly in L"(Qr), (2.33d)
Tn =T strongly in L'(0,T; gﬁ (€)), (2.33¢)
}n — } weakly in L*(0,T; HNl(Q)’), (2.33f)
A(C fa) = A(CS)  strongly in L*(0,T; L==7(Q2)), (2.33g)
Fy = F weakly in gs(QT), (2.33h)

where q € (2,00), 1, s € (1,00), w € [max{2, 25}, 00| and z € (qfql,oo),
In addition, suppose that

gn

omy,
5t + V- (mn ®un) _HAacun - (,U"')\)vx (vx un) + Vaipn

=F,+V,- -7, in C5°(Qr)'. (2.34b)

It then follows that, for any ¢ € C§°(Q) and n € C5°(0,T),

Jim OTn(/Qan[pn—@quA)NVz-gn]df) dt:/OTU(LCQ@—(2M+A)Yx'y]df) dt.
(2.35)

Proof. We adapt the proof of Proposition 7.36 in [20] which is for d = 3, see also Lemma 5.6 in
[9], by just pointing out the key differences. As ¢ > d = 2, then ¢*, the Sobolev conjugate of
¢ in the notation (1.3.64) of [20], is such that ¢* = co. Hence our restrictions on r,s,w satisfy
the restrictions of Proposition 7.36 in [20] and Lemma 5.6 in [9]. The restriction on z in [20]

and Lemma 5.6 in [9], z € (%,oo), gives rise to 7L > S and hence, on recalling (2.19), that
L=7(Q) < HY(Q)' is compact. As d = 2 here, this can be relaxed to - > 1 yielding our
restriction on 2, z € (;47,00).

With any ¢ € C§° (), it follows from (2.34a) and properties (2.30)—(2.32a,b) of A; and Ry;
that, for i = 1, 2,
0~ 2 ~ ; ~ ~
j=1
where we adopt the notation u/ for the j'® component of u,. With any ¢, Z € C°(Q) and
n € C§°(0,T), we now consider ¢ .A(¢ g,) as a test function for (2.34b). It follows from (2.33a)
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and (2.29a,b) that A(C gn) € L(0,T; Wh4(2))NL¥ (0, T; W(Q)), and hence A(C gn) € L (1)
as ¢ > 2. As d = 2, (2.33a—) yield that

Gntn € L2(0,T; L5(Q))  Vsy €[1,q)
and My @ up, € L2(0,T; L*2(Q)) Vsq € [1, 2).

As z € (
that

o0), and therefore %5 € (1,¢), it follows from (2.36), (2.29a,b), (2.31) and (2.33g)
9
ot
Noting the above and (2.33b—e,h), we see that nC.A(ggn) is a valid test function for (2.34b). The
rest of the proof is the same as that of Lemma 5.1 in [9]. O

q
q—1’

A gn) € L*(0,T; L77(Q)).

We need also the following variation of Lemma 2.3 for later use in Section 3.

Corollary 2.1. The results of Lemma 2.3 hold with the assumptions (2.33f,q) replaced by
fn— f weakly in L*(Qr), as m — oo. (2.37)

Proof. The proof is a simple adaption of the proof of Corollary 5.1 in [9]. We just highlight the
differences. One can still pass to the limit n — oo in (2.34a) using (2.37) in place of (2.33f,g). We
deduce from (2.37), (2.29b) and (2.30) that for any ¢ € [1, 00)

A(Cfa) = A(Cf)  weakly in L*(0,T; L*(Q)),  asn—oc. (2.38)

As £ < ¢, (2.38) ensures that one can still deduce from (2.36) that nC.A(Egn) is a valid test

z—1

function for (2.34b). The only other change to note is that, it still follows from (2.33c), (2.29a,b)
and Sobolev embedding, as d = 2 and z > 1, that

A(Cmy) = A(Cm)  weakly in L®(0,T; W*(Q)),  strongly in L(0,T; L*()), (2.39)

where v € [1,00). The rest of the proof is the same as the proof of Corollary 5.1 in [9]. O

3. Existence of a solution to (P)

First, we state an existence result for problem (P,), (2.2a—e)—(2.6a—), on recalling (2.8).

Theorem 3.1. Under the assumptions (2.12) and the definitions (1.2), (1.10), (1.11) and (2.13)
with T = max{~y,8}, there exists a global weak solution (py,ux,¥s) to problem (P.) for any
K, 3 € Ryq, in the sense that

pr € Co([0, T LEg()) N HY 0, Ts HH(Q)) N LT (Qr), e € LP(0, T3 Hg(Q)),  (3.1a)
Pt € Cop([0,T); LT (Q)) AW (0,75 W™ (), (3.1)

Ve € LY0,T: Z0) NH (0, Ts M HYQ x D)), F(dh) € L(0,T5 Ly, (2 x D)),

Vs € X0, T HY(Qx D)) and  m1(My) € L'(Qr), (3.1c)

where v € [1,00), s > K +2 and r € [1, %), satisfy

T T
/ <85’f ’77> dt —/ /pn U, -Vendr dt=0  Vne L*0,T; H(Q)), (3.2a)
0 H() o Ja ~ ~ ~
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with p(-,0) = po(-),

T [ O(pr )

/ <N,w> dt+// — il @ U — D (pr) } Vg, w dz dt

0 ot ~ 1,041 ~l = ~ ~
Wy ()

T
:/ /[pnf.w—(Tl(Mizn)—ggzI):Vmw} de dt
0o JQ ~ ~ e B

vw e L0, T; Wt (),  (3.2b)

with (pr w)(+,0) = (po uo)(:), and

T 612 1 K T N
/O <M o ,<p> dt+ﬂZZAij/ MV Yy dg da di
H#(QxD)

i=1 j=1 0 JOxD

T
+/ / M EVNZJK* r Uk ] 180 dq d(L’ dt
QxD ~

//Q DMZ[ } U - Vg dg do dt =0 Yo € L?(0,T; H*(Q x D)), (3.2¢)
x i=1 L~ ~

with 1y (-,0) = 1o (-). Here
o = / M dy dg € L(0,T; L24(9) 1 L2(0, T3 HY(52)). (3.3)
D ~

In addition, (pmgmzz;m ox) satisfy, for a.a. t' € (0,T),

5 [ o) ) ot [ Pulputt)) ot Mf@ﬁ(t/))dg do

2 QxD
2
+u 00/ HUHHHl )dt+k/ / [ \/1/% +28 Ve[ ¥x ] dg dz dt
QxD ~ ~
T3 ot Bay + 252 / 19000y
1 ~
<el [ /po |uo|2dx+/PK(p0)dm+k M F(vho) dq dw
2Ja ~ ~ Ja ~ QxD ~
. 2 1t
+s (/ M%dq) dot s | ||f|%oo<mdt/podx]
o \JD ~ ~ 0~ Q ~
<c (3.4)

where C' € Ry is independent of k, 3 € (0,1].

Proof. In [9], after going through several regularization steps, we finally established in Theorem
5.1, via Lemmas 5.1, 5.2 and 5.4, the results (3.1a—c)—(3.4) under the stated assumptions, except
that in contrast with the discussion herein, with d = 2 and v > 1, the proofs there were for d = 2
or 3 and v > 2. Due to the form of the regularized pressure p,(-), see (2.3) and (1.3), it is easy to
check that the above existence result for (P,) is not effected by relaxing the lower bound on « to
~ > 1. This lower bound only plays a crucial role in establishing an existence result for (P); see
Section 6 of [9] where 3 > 0 and d = 3 is allowed. O

From now on, we consider problem (P,) with the specific choice 3 = « for any x € (0, 1].
Throughout this section, C' € R+ will denote a generic constant independent of . In addition,
s' € (1,00) will denote the conjugate of s € (1,00), i.e. * + ﬁ =1.

S
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Lemma 3.1. Under the assumptions of Theorem 3.1 we have that, for all k € (0,1] with 3 = &,
there exists a C' € Ry, independent of k, such that

oo LY K : % K sl H KR YK
lpwllzo 0,750 2 + 1l 20,72 ) + AT llpwlle ((),T,LF(Q))+"VP 2l b 0,720

<C, (3.5a)

L2(0,T3L%2 (%)

o ]

H pr

L(0,T;L7FT (92)) *lles ELHHLZ(O’T;LSI(Q)) * ‘

e (3.5b)

It N 20, 0w 1 @)

where s1 € (1,7) and s2 € [1, 12_%7)
Hence, there exist functions

ue L*(0,T; JNLI})(Q)) and  p e Cy([0,T]; L1, () N H'(0,T; whsi(Q)) (3.6)

and for a subsequence of {(pmg,{,zz,i)},ﬁe(o,l] it follows that, as k — 04,

U —> U weakly in L*(0,T; H5(Q)), (3.7
pe—=p i Cyu([0,T;LV(Q),  weakly in H(0,T; W1 (Q)"), (3.8a)
P = P strongly in L*(0, T; W' (Q)"), (3.8b)

and, for any nonnegative n € C[0, T,

/OT (/Q Plp) d%") 7 df < lim fnf OT (/Q P(ps) dg) n dt. (3.8¢)

Proof. The first four bounds in (3.5a) follow immediately from (3.4). The fifth bound in (3.5a)
follows from the first and fourth bounds. The sixth and seventh bounds in (3.5a) follow from com-
bining the first and fifth bounds, respectively, with the second bound and the Sobolev embedding
result (2.10). The bound (3.5b) follows immediately from (3.2a) and the sixth bound in (3.5a).
The result (3.6) and the convergence results (3.7) and (3.8a,b) follow immediately from (3.5a,b),
(2.20a,b), (2.16) and (2.19).
Finally, it follows for any nonnegative n € C[0,T7], on noting (2.13) and the convexity of P(-),

that
T T
/ (/ P.(px) dx) ndt > / (/ P(px) dx) n dt
0 Q ~ 0 Q ~
T
> [ ([0 + Poa - ) @)
0 ~
This yiclds the desired result (3.8¢) on noting (3.8a) and that P'(p.) € L'(0,T; L7 (2)). O

As 3 = K, bounds, independent of k, on g, do not follow directly from the bounds on g, in
(3.4); we shall therefore proceed as follows. By choosing ¢ = (z,q,t) = é(z,t) ® 1(q), for any

¢ € L?(0,T;C%(1)), in (3.2¢) yields, on noting (3.3) and (2.12), that

T T
/ <8Q”,¢> dt—i—/ / [vagn—u,igﬁ] Ve de dt=0 Vo € L*(0,T;C(Q)),
0 ot C=>=(Q) oJat ~ ~ ~ ~
(3.10a)

with
0.0 = [ M@ o) da = [ wu(a) da € L5, (3.100)

Thus we arrive at the following result.
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Lemma 3.2. Under the assumptions of Lemma 3.1 there exists a C' € R, independent of k,
such that

el Lo 0,7:21, (2x D)) + H o\ s
lnllzoe 0,225 (0)) + lenllzzo,rwr2-s (@) +llewll o g pp 3 () T l0xlle-sr) =€ (3.11D)
”Tl(Mwﬁ)”Ll(O TiL2-5(0) HTl(M%)HLﬂ an = O (3.11c)

Va5

~

<C, (3.11a)

L2(0,T; L2 I(QXD)) L2(0,T;L2, (2x D))

where § € (0, 2].

Proof. The first bound in (3.11a) follows from the third bound in (3.4) and (2.11). The second
and third bounds in (3.11a) follow immediately from the fifth bound in (3.4).

Choosing ¢(z,t) = 1(x) ® X0+, Where x[o,4 is the characteristic function of the interval [0, ],
for any ¢t € [0,7] in (3.10a) yields, on noting (3.10b) and the nonnegativity of g, that

/ on(,1) dr = / 0@ 0) de Ve[0T = odicom@y <C  (3.12)
Q ~ ~ Q ~

It follows from (3.3) that
‘ <202 IVo\/¥ellzz, 0y ae in Q. (3.13)

|vmgﬁ|—2/M D Ve B dg

We deduce from Sobolev embedding, (3.13), (3.12) and (3.11a) that
lloxllz20,1;02(0)) < C lloxlz20,mmw11(0))

< Cllosllzzorias@y + Clonl i o.zur e H Vo0 <c

L2(0,T3L3,(2x D))

(3.14)
It follows from (3.12), (3.14) and (2.9) that
S C Yve (1,2] = ||Q,{HL2+6(07T;L2—5(Q) S C Ve [0, 1) (315)

HQK||L1,Z1 (O,T;L“(Q))

One can deduce from (3.15), the second bound in (3.5a) and the Sobolev embedding result (2.10)
that

1
||Q’i ’IN’LN||L1+%(O,T;L2(175)(Q)) S C V(S € (O? 5] (316)

One can now apply Lemma 2.2 to (3.10a,b) with b = —p, ux, to obtain, on noting (3.16) and
(3.10b) and relabelling ¢, that

||QN||L°°(O,T;L2*5(Q)) S C Vo € (O, 1] (317)

Similarly to (3.16), one can deduce from (3.17), the second bound in (3.5a) and the Sobolev
embedding result (2.10) that

llow unllL20ri02-5(0)) <C V6 € (0,1]. (3.18)
Similarly to (3.17), on applying Lemma 2.2 to (3.10a,b) and now noting (3.18), we obtain that
HYUJ@KHLQ(O,T;LZ_‘S(Q)) <C Vo € (0, 1]. (319)

The bounds (3.17) and (3.19) yield the first two bounds in (3.11b). We have from Sobolev em-
bedding, for r € [1,2), that

1,r
Il 2, g < Cllnllwrriey Vi€ W (). (3.20)
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The third bound in (3.11b) then follows from (3.20) and the second bound in (3.11b). Furthermore,
we have from (2.9), for r € [1,2), v = 2r and s = ;2= yielding v} = 2, and (3.20) that

2(r—1
o Il

2(r—1 T
Il < Il <D e Yne W@, (3.21)

27
77 ()

Hence (3.21) and the first two bounds in (3.11b) yield the fourth bound in (3.11b).
Now we turn our attention to the bound (3.11¢). First, we deduce from (1.11), (1.6a) and as
M =0 on 0D that, fori =1,..., K and a.e. (g,t) € Qr,

Hence, for r € [1,2), on noting (3.3) and that quZn =24/ yqi\/zﬁm we have for a.a. £ € (0,7)

that
s 1
dq> dz + / o dx
~ ~ (9] ~

2
ICM Bollzrin < © | [ F ( / M]vqi\/wm

<C |||V \/ ¥ nE + ol e | - 3.23
<c||vava. e oy 10l g el @] (323)
Hence, for r, s € [1,2), it follows that
”gi(M Vi)l 0,507 ()
< C |||V Un N il oo e | - (3.24
<OTaBl el g g e (m)] (3:24

We deduce from (3.24) and (3.11a) that, for i =1,..., K,

1Ci(M iﬂ)HLS(O,T;LT(Q)) <C <C, (3.25)

if ”QnHLﬁ (0,T;L77 (Q))

where 7, s € [1,2). The desired results (3.11c) then follow from (1.10), (3.25) and the third and
fourth bounds in (3.11b). 0

Next, we bound the time derivative of 1@6.
Lemma 3.3. There exists a C' € R+, independent of k, such that
D
ot

<C, (3.26)

L8(0,T;H*(Qx D)")

where s > K + 2.
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Proof. Tt follows from (3.2¢c) and (3.11a,b) that, for any ¢ € L5(0,T; W1 (Q x D)),

M 81[;'{ pdgdxdt

QxD 0

T
0 JQxD ~ ~ oo~
ZZAU// @nyqj\/; qlapdqdazdt

=1 j=1

< 2¢

T
+ / M ux - Vypdgdadt
0o JaxbD ~ ~ ™

MZ%[ q] Vo, dg dzdt

QxD i=1 &

Vo5

< Clloxllzs o102 (0) {
L2(0,T;L2,(2x D))

NEN

+ ||uf€||L2(0,T;H1(Q)):| llell Lo (0,7:w 1. (@x DY)
L2(O,T;LiI(Q><D)) ~

< C ol s o,1;w 12 (2x DY) (3.27)

The desired result (3.26) then follows on noting that H*(Q x D) — W (Q x D) for s > K + 2,
as d = 2. O

Following on from Lemma 3.1 we have the next lemma.

Lemma 3.4. There exists a function
¢ € L¥(0,T; Z,) N HY (0, T; M~ (H*(Q x D))"), (3.284)
where v € [1,00) and s > K + 2, with finite relative entropy and Fisher information,
F() € L®(0,T; L, (2 x D)) and ﬁ € L*(0,T; Hi;(Q x D)), (3.28D)

such that, for a further subsequence of the subsequence of {(psw, U, QZN)}NG(O,I] in Lemma 8.1, we
have the following convergence results, as k — 04,

MEV D = MEVASG weakly in L2(0,T: 2@ x D)), (3.292)
M? Vy\/ths — M7V ﬁ weakly in L2(0,T; L2(Q x D)), (3.29b)
8% —~ M o9 weakly in L% (0,T; H*(Q x D)), (3.29¢)

ot ot
) strongly in L"(0,T; Ly, (2 x D)), (3.29d)
(M) = 71 (M {b\) strongly in L%_‘;(QT) NLY0,T; L*7°(Q)), (3.29¢)

where ¢ € (0, %], and, for a.a. t € (0,T),

/Q N M(q) f@(x 1) dg dz < limnf M(q) F(a(a, ¢,1)) dg da. (3.29f)

~ ~ ~ =204 Joxp o~
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In addition, we have that

0:= / M dg € L=(0,T; L*~5()) N L2(0, T; W?9()), (3.30)
D ~
and, as k — 04,
O0x — 0 weakly-x in L>=(0,T; L*~°(Q)), weakly in L?(0,T; WH27°(Q)), (3.31a)
0k — 0 strongly in L"(0,T; L*(Q)), (3.31b)

where r € [1, %) and s € (1,00).

Proof. In order to prove the strong convergence result (3.29d), we will apply Dubinskii’s compact-
ness result (2.18) with X = L,(Q x D), X; = M~! H*(Q x D)’ and

M = {(p €7 : / M [|Vq\/@|2 + |Vm/@2} dgdz < oo}. (3.32)
QxD ~ ~ ~

See Section 5 in [3] for the proof of the compactness of the embedding Mt — X, and the continuity
of the embedding X — X;. Hence, the desired result (3.29d) for v € [1,2] follows from (2.18)
with g = 2, ¢ = g, and the stated choices of MM, X and X; above, on noting (3.11a) and (3.26).
The desired result (3.29d) for v € (2, 00) then follows from (3.29d) for v = 1, the first bound in
(3.11a) and an interpolation result; see Lemma 5.1 in [3]. The weak convergence result (3.29c¢)
follows immediately from (3.26). The weak convergence results (3.29a,b) follow immediately from
(3.11a), on noting an argument similar to that in the proof of Lemma 3.3 in [3] in order to identify
the limit. The result (3.29f) follows from (3.29d), Fatou’s lemma and the third bound in (3.4), see
(6.46) in [3] for details. In addition, the convergence results (3.29a—d,f) yield the desired results
(3.28a,b).

The results (3.31a) for some limit function g follow immediately from the bounds (3.11b). The
fact that o = [}, M@dg follows as (3.3) and (3.29d) yield, for v € [1,00), that, as k — 0,

Ok — 0 strongly in LV(0,T; L'(f2)). (3.33)

Hence, we have the desired result (3.30). The desired strong convergence result (3.31b) follows
from (3.33), (3.11b), and the fact that (2.9) yields, for s € (1, 00),

170l 0,725 ) < Il o zenr ) 1Ml 220 msn =y Y1 € LP(0,T; L*(R)), (3.34)
where ¢ € (1,3), J = :((;:B and r = 2(1_219%.

Finally, we need to prove (3.29¢). One can deduce from (3.11a), (3.29d) and (1.7a,b), on
adapting the argument (4.106)—(4.117) in the proof of Lemma 4.8 in [9], that, as k — 0,

T1(M ) = T1(M ) strongly in L' (). (3.35)

This, together with (3.11¢) and (2.9), yields the desired result (3.29¢). O

)
It follows from (3.2b), (3.5a), (3.11b,c), (2.12), on noting that v > 1, and (2.10) that, for any
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w e L®(0,T; Wy (Q)) with 7 = max{T' + 1,v} and v > max{-17,2},

T [ O(pr ur) T
/ —w dt—/ /pn(p,i)vm-wdx dt
0 ot ~ W1,F+1(Q 0 Q ~ ~o

< Cllpellne=o,r;07 @) ||u,§|| _2yv [w|[ oo 0,710 (02))
L2(0,T;L ("= 1)U T(Q) ™

+ Cllunll 20,10 @) Wl L2071 ()
7 2
O IO Tl 5y 1661 1 e o | 1Tl 0000

+ ||Pn||L°°(0,T;LV(Q)) ”fHL?(O,T;LOO(Q)) ”"NUHL?(O,T;L?'(Q))
<cC ||7;U||L°°(07T;W1v“(9))- (3.36)
We deduce from (3.36) with w = nu, where € C§°(0,T) and v € L(0,T; Wy () N

HY(0,T; L*(2)), for v > max{-17,2} and s1 € (1,7), on noting (3.5a) and (2.10), as v > 1,
that

n pn(pn) V:r v do dt
Q ~ ~ o~

0
T a(nv)
< P U+ —=—— da dt
[ [ g e

< Cllpw u

+ Clinllze=o.m) vl @wrv @)

L( OT) ~ L"°(1L7 T (@)

27
L (0,T;L7FT (Q))

+ Clnllzeo,r) |llos uellL2 0,100 @) + ol L (w0

L2(I;L°1(Q))

dn v
<C Hdt Hlnllze oy | (10l @wre@) + |57 ’ (3.37)
L1(0,T) L2(I;L°1 ()
where I = supp(n) C (0,T). With v = v(~) thus defined, let
v v—1 for 1 <y <2,
V()= —==9 , (3.38)
v(y) 7 for 2 < ~.

With 9() € R defined as above and ¢ € N, we now introduce b : R>g — Rx>g and by : R>¢ —
R>q such that

b(s) for 0 < s <Y,

b(¢)  for £ <s. (3.39)

b(s) := s? and be(s) := {

We note from (3.39), (3.5a) and (2.10) that, for v(y) > max{-23,2} as in (3.37) and J(y) as in
(3.38), we have, for v1 € [1,v(y)), that

||bz(pﬁ>||L°°(0,T;LU(Q)) < ||p1/z||L°°(O,T;L'U(Q)) < ||pn||rl[9/oc((]’T;Lw(Q)) < C) (3403)
18e(pn) will2 05201 2)) < Pl Zoc (0,752 () Nl 20,71 02y < € (3.40b)
0o Vel o < el iy luell 20 mmcay < G (3.400)

L2(0,T;L7+27 (Q2))

where C' € R+ is independent of k,9 and /.
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As T > 2, it follows from (3.5a) and (3.2a), on extending p, and u, from 2 to R? by zero, that

8(,;); + Ve (peus) =0 in C5°(RY x (0,7)), (3.41)

see Lemmas 6.8 in Novotny & Straskraba [20]. Applying Lemma 6.11 in [20] to (3.41), we have
the renormalized equation, for any ¢ € N,

by (ps o
M) G (o0l ) + (0 (00 () — b)) Ve =0 i CEE(RY x (0,T))'
(3.42)
where (bg)’ (-) is the right-derivative of by(-) satisfying
b'(s) for0<s< /¢
! = - ’ 3.43
(00,9 { pe = (3.49

For any ¢ € (0, %), we now introduce the Friedrichs mollifier, with respect to the time variable,

Ss : LY(0,T; L9(Q)) — C>(5, T — §; L9(Q)), q € [1, 0],

T —s
Sg(n)(awx,t) = %/0 w (t 5 ) 77(.13,8) ds a.e. in Q x (6,7 —9), (3.44)

where w € C§°(R), w > 0, supp(w) C (—1,1) and [wds = 1. Tt follows from (3.42) and (3.44)
that

885(b€(pr€))

ot + NV$ : [S5(bg(p,€> gm)} + 85([@1 (be){‘r(pli> - b@(pn)] va . 'IN//N) =0

in C°(RY x (5,7 —6)). (3.45)
In addition, it follows from (3.44), (3.39), (3.5a), (2.10), (3.43) and (3.45), for 5 € (1,00), that
Ss(be(pr)) € C(8,T — 6; L=(RY)),  S5(be(pe) ur) € C=(8,T — &5 L*(RY)),
Ss([pw (0)'4(Pr) = be(p) | Vi - ), Vi - [S5(belpi) )] € O%(8,T = §; L*(RY)).  (3.46)
One can deduce from u,, € L*(0,T; H{(2)) and (3.46), for s € (1, 00), that

Sé(bf(pn) En) € 000(57T_5;?6(’2(Q))7 (347)

where we recall (2.22c). We note from (2.24a), (3.44), (3.39) and (3.40a) that B((I—F )[Ss(b(px))])
€ L®(8,T — 6; W5 (Q)), r € [1,00), and, for v(y) > max{%ﬂ} as in (3.37), that

IB((I = £ )[Ss(be(pe))Dll e 5. 7—s55w100)) < CISs(bepi)) e s7-5i20(02))
< Cloe(ps)ll Lo 0,7:00)) < C, (3.48)

where C' € Ry is independent of x,¢,¢ and §. In addition, we have from (3.45), (3.20) with

r = -2 vielding 2> = 2 = v on recalling (3.38), (3.47), (2.24a.,b), (3.44), (3.39), (3.43) and
y+29 2—1r 9
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(3.40b,c), for vy € [1,v), that

| BT~ FSsCoro )

< 1BV, - [S5(be(p) )
BT - ISl
)
)(S5(

L2(8,T—6;L"1(9))
Mrze,r—s001 9))
P (b0) (p pr) = 0e(p) | Va - u) )l L2 6,0-5:001 ()
Mrz,r—s000))

e (60 (92) — b1(p) 1 Vs - )

KZ

< IB(Ve - [Ss(be(pr
+ BT = £)Ss

H

1,27
L2(6,T—6;W " 7+29 (Q))

< C [ Ioe(pn) el rorzoniay + 1pe (60 (00) = eI Vool |

L2(0,T;L+29 (Q))

<C [Hbe(Pn) 7:%||L2(0,T;Lv1 ) + [[be(px) NVm . En”
where C' € R+ is independent of x, 9, ¢ and §. We now have the following result.

Lemma 3.5. With s1 € (1,7), v(y) > max{s},2} > max{-27,2} and ¥(y) as defined in (3.38),
we have that

_1 1
okl Loy + 877 |lpellLatop) + K77 |pellLrio @) < C, (3.50)

where C' € R+ is independent of k.

Proof. Forany ¢ € Nand § € (0, Z), we choose v = B((I—f )[Ss(be(px))]) € L™(6, T, Wy (),
any r € [1,00), and n € C§°(0,T'), with supp(n) C (6,7 — ¢), in (3.37) to obtain, on noting (2.23),
(3.1a), (2.3), (3.48), (3.49) as s} < v, and (3.5a), that

n Qpn(pn)‘%(bé(pn))df dt

0
dn
< _
<c [H i
dn
< —_
<c [H i

We now consider (3.51) with n = n, € C5°(0,T) with supp(ne) C (3,7 —¢), £ € N with £ > 7,
where 7 € [0,1] with ne(t) =1 for t € [2,T — 2] and || e oo,y < 20 yleldlng I de L1 (0,1) < 4
For a fixed ¢, we now let 6 — 0 in (3.51) and using the standard convergence properties of molhﬁers
we obtain that

+ 1l 2o o,y | [1+ Ipe(or) |2t @) | F Ss(be(pe)) | Loe (5.7—6)]

L1(0,T)

+ [l o< (0,7 (3.51)

L*(0,7)

e <C, (3.52)

o pn(pn) bé(pn) d%‘ dt

where C' € R is independent of £ and k. Letting £ — oo in (3.52), and noting that 7, — 1 pointwise
n (0,7), be(ps) — b(p.) = p? pointwise in Q7 and Fatou’s lemma, we obtain that

T
/ / Pr(pr) p? da dt < C. (3.53)
0o Ja ~

Hence the desired result (3.50) follows from (3.53), (2.3) and (1.3). O
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Similarly to (3.36), it follows from (3.2b), (3.5a), (3.11b,c) and (2.12), since v > 1, that, for

any w € LU0, T; W™ (€2)) with 2 = max{T' + 1,5} and s, € (1, %),

T [ O(pr n) T
/ —_—w dt—/ /p,{(pﬁ)vm-wdx dt
0 ot ~ WO1,F+1(Q) 0 Q ~ ~o

< C [llow lunl?ll 20,z ) + lellzo i o | 1012 o giapt o o,

+C (I (M Pl g, + loxlaganm] 172 wlis@n)

+ lollzoe 0,152 @)) IfllL2 07505 (2 lwll 22 0,75 22(2)

<C HEU||L3(07T;WL53(Q))7 (3.54)

where s3 = max{3, s5}. We now have the following result.

Lemma 3.6. There exists a C € Ry, independent of k, such that

a(pn gn)

< .
5 C, (3.55)

+9
LT (0,TWy " ())

where 9(7) is defined as in (3.38), r = max{F? sh}, s1 € (1,7), and s € (1, ?)
Hence, for a further subsequence of the subsequence of Lemma 3.1, it follows t %at as k — 04,

Pr Ui = pU weakly in W ( 0,T; Wé "(Q)", (3.56a)

Pr Uy = PU in Cy([0,T]; L ( )), strongly in L*(0,T; f]l(Q)’), (3.56Db)

Pr Ui = pU weakly in L2(O T; {’ (Q)), (3.56¢)
Pl @ Ux — pu@u  weakly in L*(0,T; L** (), (3.56d)
P = P weakly in L”J“g(qu), (3.56¢)

pl = p7 weakly in L= (Qr), (3.56f)

K (pt+ph) =0 weakly in L' (Qr), (3.56g)

ato
where p7 € Loy (Qr) remains to be identified.

Proof. Tt follows from (3.54), (2.3) and (3.50) that, for all w € L= (0 T; W (),

T a(pn ELIQ) da
/O o </
W, (Q)

< Cllwllzerawrsa@) + pslon)ll o llwll ) r

(Qr) 52 0, mw b ()

<
C||w|| F+ (OTW“(Q)) (3.57)

where we have noted from (3.38) that X% > "’j,%ﬂ = v+ 1 > 3. The desired result (3.55) then
follows from (3.57).

The results (3.56a—d) follow from (3.5a), (3.55), (2.20a,b), (2.16), (3.8b), (3.7) and (2.19). The
results (3.56e—g) follow immediately from (3.50) and (2.3). O

We now have the following result.
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Lemma 3.7. The triple (p,u, ), defined as in Lemmas 3.1 and 3.4, satisfies

T T
/ <gj ’77> , dt— / / pu-Vzndrdt=0 vn € L2(0,T; W"*1(Q)),  (3.58a)
0 w1 (Q) o Jo ~ =~ ~

with p(70) = pO() and s1 € (17’7);

T [O(pu) T

/ < N7w> dt—l—//[S(u)—pu@u—cppTYI :Vyw de dt

0 o "~ [ .. 0o Jalts "~ o~ =l =T~
Wy ()

y+9
[

r 0
= / / |:pf cw—T11 (M) : V, w] dedt Ywe L (0,T; Wy (), (3.58b)
o Jal ~ ~ = ~ ~] 0~ ~ ~

with (pu)(-,0) = (pouo)(+), I(v) defined as in (3.38), r = max{%,s’g} and s3 € (1, %), and

/T o 1 KK T R
M ’S0> dt+ 33y [ [ MY,T Ve dg do
0 < ot H#(QxD) 42 i=1 j=1 0 JQxD ~ ™~

T
+// M[svzw—w}.vx@dq de dt
0 JOxD ~ ~ ~ ~

T K
—/ / MZ [U(u)qi]w “Vgpdgdrdt=0 Ve L50,T; H*(Q x D)), (3.58¢c)
0o Jaxp Il ~ ~ ~

with 12(-,0) = @0(-) and s > K + 2.

-~

In addition, the triple (p,u, ) satisfies, for a.a. t' € (0,T),

1 ~
3 [ PO )P o [ P etk [ MFGE) dg do
2 Q ~ ~ Q ~ QxD ~
t/ t/ 2 2
ﬂﬁcO/ ||u||%,1(ﬂ)dt+k/ / M ;‘—i vq\/; + 2 vxﬂ ] dg dz dt
0 ~ 0 QxD ~ ~ ~
1 —~
<el |:/p0 |u0\2dx+/P(p0)dx+k M F(vho) dq dx
2 Q ~ ~ Q ~ QxD ~
LA
0 ~ Q ~

Proof. Passing to the limit x — 04 for the subsequence of Lemma 3.6 in (3.2a) yields (3.58a)
subject to the stated initial condition, on noting (3.8a) and (3.56¢).

Passing to the limit x — 04 for the subsequence of Lemma 3.6 in (3.2b), by recalling that
3 = K for any w € C§°(Qr) yields (3.58b) for any w € C§°(2r) subject to the stated initial
condition, on noting (3.7), (3.8a), (3.56a,b,d,f,g), (3.29¢) and (3.31a,b). The desired result (3.58b)
for any w € L#(O,T; W (€)) then follows from (3.54), (3.56f) and noting from (3.38) that
r> # =v+1>3.

Passing to the limit x — 04 for the subsequence of Lemma 3.6 in (3.2c) yields (3.58¢c) subject
to the stated initial condition, on noting (3.7), (3.29a—d), (3.11b) and (2.10); see (4.120)—(4.124)
in [9] for a similar argument.

Finally, we deduce (3.59) from (3.4) by multiplying (3.4) by any nonnegative n € C5°(0,T),
integrating over (0,7"), and passing to the limit k — 0. using the results (3.56d), (3.8¢), (3.29a,b,f)
and (3.7). The desired result (3.59) then follows from the well-known variant of du Bois-Reymond’s
lemma according to which, if ¢ € L(0,T), then

T
/d)ndtZO Vne Cy°(0,T) withn>0on (0,7) = ¢>0 ae in(0,7). (3.60)
0

O
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We need to identify p7 in (3.58b) and (3.56f). Similarly to (3.39), with £ € N, we now introduce
t: RZO — RZQ and to: RZO — RZO such that

t(s):=s and te(s) ==

{ t(s) for0<s<{, (3.61)

t(6)  for £ <s.

Then, similarly to (3.42), we have the renormalized equation, for any ¢ € N,

mgtp’“) + Vo - (te(pe) ue) + (pr (t)s (pn) = te(pr) ) Vi - ue =0 in C°(R? % (0,T))", (3.62)

where (ty)’, (-) is defined similarly to (3.43). It follows from (3.61), (3.5a) and (3.62) that, for any
fixed £ € N,

atf(pn)
ot

< C(0).
L2(0,T;H1(Q)")

o)y + 10 (6, () = 4(9) Vs el + |
(3.63)

In order to identify p7 in (3.58b) and (3.56f), we now apply Corollary 2.1 with (2.34a,b) being
(3.62) and (3.2b) with 3 = & so that u = —S and A\ = pf %, gn = te(ps) for a fixed £ € N,

Un = Uk, Mn = Pr Uk; Pn = pn(ﬂf) In =711 (M wm) — kK Qn s fn = _(pn (tf) (pm) - tﬁ(pm)) Vi U
and I, = pi f. With {(ps, Us, i) te>0 being the subsequence (not indicated) of Lemma 3.6, we

have that (2.33a—d) hold with g = t,(p), u = u, m = pu and p = ¢, p7 for any ¢ € [1,0), w = oo,

z = % and r = F+19, on recalling (3. 63) (2.20a,b), (3.7), (3.56b) and (3.56f,g). As vy > 1, we

can choose ¢ > o7 S0 that z = 72_:1 > 1 . Hence, the constraints on ¢,r,w and z in Lemma 2.3

hold. In addltlon, the result (2.33¢) holds with 7 = 71(M ¢) on recalling (3.29¢) and (3.31a,b).
The result (2.33h) with I' = p f and s = min{y,2} follows from (3.8a) and (2.12). Finally, the

result (2.37) holds with f = —(p (t)!, (p) — te(p)) Va - u on recalling (3.63). Hence, we obtain from
(2.35) for the subsequence of Lemma 3.6 that, for any fixed £ € N and for all { € C§°(Q2) and
n € G52 (0, 7),

i [0 ([ o) et e Vi wa) a

k=04 Jo
T e —
= / Ui </ Cte(p) [ep p? — W Vg - dz) de, (3.64)
0 Q ~T N
where p* = %us + u®.

We deduce from (3.64), (3.61), (2.3), (1.3), (3.56f,g) and (3.7) that, for any fixed £ € N,

& (6@~ L 7] =t (W) Ve u -G Voru|  aeinQr (365)

where, as Kk — 04,

te(pr) ) — te(p) p7 weakly in L™ 5 (QT) (3.66a)
and te(pr) Vi -ty — (o) Ve -u weakly in L*(Qr). (3.66b)
]

We now follow the argument (6.40)—(6.48a,b) in [9], which is a brief summary of the discussion in
Sections 7.10.2-7.10.5 in Novotny & Straskraba [20], to deduce that p(p) = p(p). First, it follows
from (3.56f) and (3.66a) that, for any fixed ¢ € N,

[ [ -] as

= lim [/QT(te(pm) —te(p)) (p} —p7) da olt+/Q (te(p) = te(p)) (p7 — p7) da dt

R—>O+ T

> timsup [ (o)~ (o) do . (3.67)
Qr ~

k=04
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where we have noted that the second term on the second line is nonnegative as the function
te : s €[0,00) > tg(s) is concave and the function s € [0,00) — s7 is convex.

We now introduce £ : R>9 — R>¢, £ € N, such that s £)(s) — £¢(s) = te(s) for all s € [0, 00),
so that

= <s<
Su(s) = { £(s) slog s for0<s </, (3.68)

slogl+s—/ for ¢ < s.

Next, one deduces, via renormalization, from (3.58a) and (3.2a) that, for any fixed £ € N and for
any t' € (0,71,

/Q[Ee( )(t') = Le(po)] da = / /tg V, -udz dt, (3.69a)
/ [u(p)(t) — Selp)] da = — / / (p) Vi -, o . (3.69D)

Although proving (3.69b) is straightforward as p,;, € Cy, ([0, T]; LL,(£2)), the proof of (3.69a) is not,
since p € Cyp([0,T]; LL,(R)), and so p may not be in L*(Qr) as v > 1. Nevertheless, (3.69a) can
still be established by adapting Lemma 7.57 in [20], as its proof only requires v > 1 and 9(y) > 0.
Subtracting (3.69a) from (3.69b), and passing to the limit k — 04, one deduces from (3.66b) that,
for any fixed £ € N and for any ¢’ € (0,77,

/ [sg( ) — Lolp t’ dz = / / t(p) Ve -u— (p) V., - u du dt, (3.70)
where, on noting (3.8a) and the convexity of £y,

Lo(pe) () = Lelp) (') > Le(p)(t) weakly in L7(Q), as £ — 0. (3.71)
It follows from (3.67), (3.65), (3.70), (3.71) and (3.28a) that, for any fixed ¢ € N,

timsup [[te(p) — te(pe) |15t g < / () Vo u = 4() V- u] dzat
QT ~ ~ ~ ~

k=04 Cp ~

g“—/ﬂ (o) ~ ©()] Ve udradt

< Cllte(p) = ()l L2 ()
< C limsup [[t(p) — te(pw)ll L2 (0r)

k=04

< C Timsup [lte(p) — ()l 17+ 20, (3.72)

k=04

where C' € Ry is independent of ¢ and x. It is easily deduced from (3.50), (3.56¢) and (3.61)
that, for all £ € N, k > 0 and r € [1,vy + ),

'y+

i = te(pe)llrr) + o = te(p)llLror) + o = te(P)ll gy < C 7 (3.73)
where C' € Ry is independent of ¢ and . It follows from (3.72), (3.73) and (2.9) that
le)rélo lim sup ||[t¢(p) — tf(pn)”L’erl(QT) = 0. (3.74)

){—>0+

It immediately follows from (3.73), (3.74), (3.50), (2.9) and (3.56f), on possibly extracting a further
subsequence (not indicated) of the subsequence in Lemma 3.6, that, as k — 0,

Pr = P strongly in LS(QT) for any s € [1,v +9(v)), (3.75a)
pr = p? weakly in L™ 5 (QT) that is, p7 = p7. (3.75Db)

Finally, we have the following result.
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Theorem 3.2. The triple (p,u,v), defined as in Lemmas 3.1 and 3.4, is a global weak solution
to problem (P) ford=2,~v > 1 and 3 =0, in the sense that (3.58a,c), with their respective initial
conditions, hold and

T [0(pu) T
/ ~—w dt+//{5(u)fpu®ufcppvl 1 Vyw de dt
0 ot T~ . 0 Jal=~ LT 9 IV ol
Wy ()

T
:/ /[pfﬂw—Tl(M@):VIw} dedt  Ywe L0, T; Wi (9Q)), (3.76)
o JalL ~ ~ = oo ~ ~ ~

with (pu)(-,0) = (pouo)(-), I(v) defined as in (3.38), r = max{%,sé} and sg € (1,%). In

addition, the weak solution (p,y,{p\) satisfies the energy inequality (3.59).

Proof. The results (3.58a,c) and (3.59) have already been proved in Lemma 3.7. Equation (3.76)
was established in Lemma 3.7 with p” replaced by p7; see (3.58b). The desired result (3.76) then
follows immediately from (3.58b) and (3.75b). O

4. Conclusions

We have proved the existence of global-in-time weak solutions to a general class of models
that arise from the kinetic theory of dilute solutions of nonhomogeneous polymeric liquids, where
the polymer molecules are idealized as bead-spring chains with finitely extensible nonlinear elastic
(FENE) type spring potentials. The class of models under consideration involved the unsteady,
compressible, isentropic, isothermal Navier—Stokes system, with constant shear and bulk viscosity
coefficients, in a bounded domain €2 in R, d = 2, for the density p, the velocity u and the pressure
p of the fluid, with an equation of state of the form p(p) = ¢,p?, where ¢, is a positive constant
and v > 1. The right-hand side of the Navier-Stokes momentum equation included an elastic
extra-stress tensor, defined as the classical Kramers expression. The elastic extra-stress tensor
stems from the random movement of the polymer chains and involves the associated probability
density function that satisfies a Fokker—Planck-type parabolic equation, a crucial feature of which
is the presence of a centre-of-mass diffusion term. Our analysis required no structural assump-
tions on the drag term in the Fokker—Planck equation; in particular, the drag term need not be
corotational. With a nonnegative initial density po € L (2) for the continuity equation; a square-
integrable initial velocity datum ug for the Navier-Stokes momentum equation; and a nonnegative
initial probability density function 1 for the Fokker—Planck equation, which has finite relative
entropy with respect to the Maxwellian M associated with the spring potential in the model,
we proved, via a limiting procedure on a pressure-regularization parameter, the existence of a
global-in-time bounded-energy weak solution ¢ — (p(t), u(t),(t)) to the coupled Navier-Stokes—
Fokker—Planck system, satisfying the initial condition (p(0), u(0),%(0)) = (po, %o, o). This shows
that the quadratic interaction term, which the classical Kramers expression was supplemented by
in our proof of the existence of global-in-time weak solutions to the compressible Navier—Stokes—
Fokker—Planck system for d € {2,3} in [9], can be omitted in the case of d = 2.

Our analysis applies, without alterations, to some other familiar monotone equations of state,
such as the (Kirkwood-modified) Tait equation of state (cf. Remark 1.1 in [9]). As a starting point
for the extension of this work to nonmonotone equations of state we refer the reader to the work
of Feireisl [13] in the context of the compressible Navier—Stokes equations; see also Section 7.12.3
in [20], which explains how, in the case of the compressible Navier—Stokes equations at least, the
existence proof for monotone equations of state can be extended, with minor modifications, to the
case of nonmonotone equations of state. For the limiting case of a barotropic compressible Navier—
Stokes system with a linear pressure law (y = 1), in a bounded domain Q C R?, d = 2, Plotnikov
and Weigant [21] have recently shown the existence of finite-energy global weak solutions, the main
additional technical difficulty in this case being the lack of gain in the integrability of the pressure.
Their proof was based on properties of the Radon transform of the (spatially localized) density,
and its connections with the H~2 (©) norm. Whether a similar result can be shown to hold, with
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d =2 and v = 1, for the coupled Navier—Stokes—Fokker—Planck system considered herein remains
unclear.

The reason why in the case of d = 3 we are unable to admit 3 = 0 is because the bounds
(3.11b) in Lemma 3.2 heavily rely on d being equal to 2; with 3 = 0 and d = 3 we cannot prove
a strong enough uniform bound on g,; to be able to establish the analogue of Lemma 3.3, that is
the bound R
Oy

<C, (4.1)

L7(0,T;Hs (Q2xD)")

with r > 1, s > 0, and a positive constant C, independent of x. Consequently the proof of Lemma
3.4 fails, and we are then unable to pass to the simultaneous limits xk = 3 — 0, as we were able
to do in the case of d = 2, where, thanks to Lemma 3.3, the bound (4.1) holds with r = g and
s > K +2. In [9] we proved the existence of global-in-time weak solutions to problem (P) for
d = 2,3, provided that v > % in (1.3) and 3 > 0 in (1.9). Here, in the case of d = 2, we have
extended these results to v > 1 and 3 = 0. It is unclear whether for d = 3 and ~v > % the
existence of global-in-time weak solutions can also be shown to hold when 3 = 0. This difficulty is
specific to the compressible Navier—Stokes—Fokker—Planck system and does not arise in the case
of the incompressible Navier—Stokes—Fokker—Planck model, where the value of 3 plays no role
whatsoever and any value of 3 € R is admissible in the proof of existence of a global weak solution

for both d =2 and d = 3.
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