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ABSTRACT

The concept of controllability and the development of the
topic for linear and nonlinear systems, following the initial
work in the 1960's, is discussed and some of the relevent work
in stability theory is introduced in Chapter One.

{fathematical tools, including some stability theory
techniques, are given in the next chapter and this is followed
by a discussion of a set of possible bounds upoﬁ the nonlinear
function f£{y,u ,t) which occurs in the nonlinear state-space
equation ¥ = A(t)y(t) + B(t)uy(t) + f(y,uy,t) .

Chapter Three introduces the first of the new results
concerning the nmull controllability of these nonlinear systems
when the bound upon the norm of the nonlinearity involves only
state variables. Two theorems are presented and discussed.

The extension of these results to encompass nonlinearities
bounded by state and control is given in Chapter Four where
three more norm bounds are considered and corresponding
null controllability results presented,

Weaker resvrictions can be placed upon the nonlinearity
in the form of immer product bounds and in Chapter Five it is
shown how null controllability results can be derived when
the nonlinearity is bounded in this way. An inner product
condition for the uniqueness of the nonlinear system solution
is given.,

Chapter Six contains a result showing the asymptotic equi-
valence of a pair of linear and nonlinear state equation
provided the nonlinearity is weakly linear. This is followed
by some examples of the preceeding results, On the basis of
the possible implementation which is given next, the results
are discussed and compared., Some areas of possible extensions

are indicated,
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CHAPTER 1

1.1 Representation and structure of dynamical systems.

1.2 Definitions of controllability for linear dynamical
systems. |

1.3 Some nonlinear controllability'definitioné.

1.4 Controllability of nonlinear systems

1.5 Stability of nonlinear differential equations.

1.6 Outline of the new results.



1.1 THE REPRESENTATION AND STRUCTURE OF DYNAMICAL SYSTEMS

The relationship between the signals entering and leaving
-a plant may be mathematically described in more than one way.
It is often useful to postuléte the existence of additional
variables whose behaviour governs the interaction between the
incoming and outgoing signals. As long as the number of
these variables in the mathematical model is finite we have a
finite dimensiona} system, and these additional variables are
known as the "states" of the planf. In order to discuss more
easily the concept of controllability we shall briefly
devélop the general structure of dynamical systems and then
consider various special types of sysfem for which
controllability results are known. Following Kalman, Falb

K1

and Arbib we first define the states by _ '

DEFINITION 1.1

The set X, with elements xeX, where x:T+Rn is called
the state set if knowledge of the state x at any time teT is
enough to fully déscribe the system at time t. |

The state represents the internal dynamics of the plant
and hence relates the two other fundamental concepts: the
inputs to the system and the outputs from the system. 1In
general the outputs from the system depend upon the present
inputs to the system and the present state. The states may
be regarded as some form of information storage or accumuiation
of past events. 1In common with the state, the inputs and
outputs also relate to the independent parameter set T and
may be seen as a mapping from T into an appropriate space, e}g.

u: T + UcR® the input map and .

T + yYcRP the dutput map.

Y

These concepts are formalised in the following definition-



DEFINITION 1.2
.S is called a dynamical system and is represented by
{T, X,w, ¢, g} such that
(1) T = {ulu:T>U}
(2)‘ X is the set of states
(3) w = {y[y:T > Y}
(4) ¢(t1;xo,to,u) is defined by

x(tl) = ¢(tl;xo,to,u) vt. 3t

(5) 4 a function g s.t. g: TxX x U~> RP
and y(t) = g(x(t),t,u(t)) V¥xeX, ul(t)er
teT
This definition gives tﬁe system dynamics in terms_of
the function ¢. We usually require that systems be causal
and this in turn requires a special form of system dynamics.
The independent time set T is an order set and hence time has
a preferred direction and thus the past behaviour of the
system may influence‘the future but not vice versa. In
addition the function ¢ is required to satisiy the
important composition property where the state at any
time t2, given the state af time to' can also be obtained

from the state at any intermediate time tl

¢tyix st u) = ¢t 5t ix ,t ,u),ty,u)
Vt, 4t &ty
Such a definition of a dynamical system is too general
to enable us to develop much mathematical theory, or to
provide a basis for practical deduction; we require the
imposition of more structure upon the system.
A special class of dynamical systems is one where the

dynamics of the states may be represented by the set of



first-order differential equations

dx (t)
dt

= £(x(t),u(t),t) | ' 1.1
where x(t) is a nxl vector and
' u(t) is a mxl vector

and f: R®"x Ux T+ R

The output y(t) is also considered to be a finite
dimensional vector given by

(6 = glx(t),6) 1.2

‘where g: R x T+ v

In general it will not be possible to determine the
states exactly by examining the output y(t); in fact there
may well be more states than outputs. The problem of
reconstructing the states given the values of the‘ogtputs
is é pfoberty of the functibn g which Kalman called
"obserVébility". In a similar way it may not be possible
to fofée the state to take any given value by a particular
choice of input u(t); this is the "controllability" problem.
These problems were initially founded in the framework of
linear systems when the general functions f(+,+,t) and g(+,t)
in equations 1.1 and 1.2 are replaced by linear transformatién;

represented by matrices.

DEFINITION 1.3

A linear time-varying dynamical éystem with linéar output
is given by the equation pair

x(t)

y (t)

A(t)x(t) + B(t)u(t) 1.3

1l

c(t)x(t) ‘ 1.4
where x(t)sRn, q(t)eUcRm

y(t)eYcRp, teT



and the métrices A(t), B(t) and C(t) have appropriate
dimensions. | .

This type of system is frequently represented by‘the'
block diagram in Fig. 1l.1.

FIG.1.1

u(t)

e ————

- c(t) y (£)

BLOCK DIAGRAM OF LINEAR TIME-VARYING

DYNAMIC SYSTEM

In treating linear dynamical systems it was recognised
at an early stage that certain regularity assumptions on the
modelé were important for the validity of the techniques
whiéh Qere being employed. It was originally thought that
these were mathematical devices; however it was soon realised
that thesé qualitative properties were of importance in their
own right. This was first emphasised in Kalman, Ho and
NarendraK2 . The authors show how controllability and
observability ére particularly important in the design of
linear optimal controllers and linear filters. For example,
in the case of the optimal controller, if the linear system
is controllable then the linear feedback system, obtained by
using the time optimal control with quadratic cost, is an
asymptotically stable system. The concepts of controllability

and observability are also important in the context of

mathematical model building, where one may start with an



input/output model obtained experimentally and require a
statespace model in order to use the analytic design

- techniques available. In this case it is usually desirable
that the model has the minimum possible dimension whilst
still satisfying the input/output description. It can be
shown that this minimality is closely related to the

principles of controllability and observability.

1.2 DEFINITIONS OF CONTROLLABILITY FOR LINEAR DYNAMICAL

SYSTEMS

Consider the following question, originally posed in
Kalman, Ho and NarendraK2 : |

"Can any initial state of a given dynamic system be
transferred to any desired final state in a finite length of
time by some control action?"

It is from this basic question that the property of
controllability was developed. If the answer is in the
affirmative then fhe given system is said to be controllable.,

A current standard definition of controllability is

DEFINITION 1.4

A dynamical system is said to be "completely controllable"
on the interval (§;'tl) if for any initial state Xo and final
state Xy there exists a control u(t)eU such that the condition
x(to) = X implies x(tl) = X,. |

Kalman et alK2 produced a criterion to test this
property in linear dynamical systems which involves considering
the rank of the controllability matrix, W(t), given by

t

wee) b 15 e, BB (e (b ,nar

t



where ¢ ( -,-)}is the state transition matrix for the linear
system 1.3.

In practice, as the transition matrix may not be known
analytically, it is not generally possible to use this
criterion. The authors also developed a simple test by which
the controllability of linear time invariant dynamical
systems may be examined.-

THEOREM 1.1 (KALMAN, HO & NARENDRA 1963)

Thevlinear time invariant syétem given by

X = Ax + Bu 1.5

y = Cx 1.6

where xeRn, u;Rm; yeRP and
A, B and C are matrices of appropriate
dimensions

is completely controllable if and only if the n by m.n matrix

(B AB --—- A" !g) 1.7
is of full rank.

We note that'there exists a similar analytic criterion
for observability of linear time invariant systems. The
extension of these simple tests to time-varying systems is
not straightforward and to fully describe the controllability
of time-varying systems we need to introduce two more
definitions:

A special property of linear time invariant systems'is
that if they are controllable, then the state transfer may be
made in an arbitrarily short interval of time, by some contrél
action. Thus if a time-varying system were to be controllable,
over some small time interval in the time period of interest,

it would be possible to effect the state transfer in this short



interval. This would not implydthe controllability of theA
system over the whole time period. 1In order to distinguish
" between these two cases Silverman and Meadows82 define a
more restrictive property - total controllability:

DEFINITION 1.5

A dynamical system is said to be "totally controllable"
on the interval (to,tl)'if it is completely controllable on
any open subinterval in (to,tl).

Any time invariant system that is completely controllable
is also totally controllable: the system matrices are
constant, so if they satisfy the criterion in Theorem 1.1
at any time in (to,tl), this property.must hold on any open
interval in (to’tl)'

It is important for many applications to have a somewhat
stronger controllability definition than these basic ones.

In the above case we note that it is possible to transfer
between any two statés in an arbitrarily short time,; however
this may imply thé use of controls which are arbitrarily large.
The following definition from Silverman and Meadowsszavoids
this practical difficulty.

DEFINITION 1.6

A dynamical system is said to be "uniformly controllable"
on (to,tl) if there exists a tfg(to,tl) and continuous function

& :R>R such that for any initial state Xq there exists a

u
O

control u(t)eU such that x(to) = X and ¢(tf;xo,to,u)
and

t
FE Huts)11%as g atllx 1)
tO

Note that all uniformly controllable systems are



controllable, but the converse is not true: in general it is
not possible to transfer a linear system exactly to zero in
-a finite time using bounded control energy.

S2 derive a similar criterion to

Silverman and Meadows
that given in Theorem 1.1 which can be used with time-varying
linear systems:

THEOREM 1.2 (SILVERMAN & MEADOWS 1967)

The linear time—varying system given by equation 1.3 is:
a) compietely controllable on (té'tl) if the matrix
(p (&), (8), ===, P _;(t))
has full rank for some ts(to,tl)
b) totally controllable on (to'tl) if the matrix
(P, (£),Py(£), ===, P__, ()]
has full rank on any subinterval of (to,tl)
where P_(t) = B(t)
and P,y () = -A(t)P, (t)+P, (t) j =0,1, ===, n-2
There exists a parallel theorem for the observability of
time-varying systéms with output map given by equation 1.4.
Notice that the criterion for linear time invariant systems
is a necessary and sufficient condition that the system be
completely controllable. 1In the case of time-varying systems,
however, it is only possible to give a sufficient condition
for controllability. It is possible that there exist systems
which are completely controllable and yet do not satisfy |

the condition given in Theorem 1l.2(a).

1.3 SOME NONLINEAR CONTROLLABILITY DEFINITIONS

The controllability of linear systems is a qualitative

property which characterisés the extent to which the system



states may be influenced by control actions. In a control
sense it may be seen as a measure of the "wellposedness" of
. the system equations and hence controllability has a
considerable bearing throughout linear systems theory. When
attempting to extend this property of nonlinear systems it
must be recognised that, in order to put some additional
structure on the problem, it has been necessary to use a
series of somewhat restricted definitions. Because of this,
the rather special properties of a linear controllable system
do not carry over to nonlinear systems, with the result that
the controllability of nonlinear systems has been reduced to
something similar to a stability probiem.

One assumption that is generally made, in ofde: to
simplify the controllability problem for nonlinear systems,
is to take the desired final state always to be the origin.
We shall generally call this problem the null controllability
problem and assume a transformation of the state space has
been made such that x(tf) = 0.

In an early attempt at tackling the null controllability

problem MarkusM1 considered the nonlinear autonomous equation
dx _
dE - f(x,u) ‘ 1.8

By taking a local linearisation around the origin, he
produced a local null controllability result analogous to the
preceding condition given for linear systems in equation 1.7.

Consideration of the rank of the matrix

(B, AB, ——-—,An-lB} where )
: 1.9

Nt

AAJf (0,0) and B A3 f (o,0)
3 X

Q)

enables Markus to derive the result that the system 1.8 will

be null controllable within some neighbourhood of the oxrigin,

10



provided that matrix 1.9 has full rank and that the space of
admissible controls, U, contains zero and u(t) can.be
arbitrarily small whilst still spanning Rw. In order that
the null solution be a trivial solution to equation 1.8 he
also required that £(o,0) = O, 1.10

No further developments follbwea this approach and later
workers in the field have concentrated upon controllability
definitioné and derivations which do not lean heavily upon
linea; system results. The criterion of Markus may, however,
be usefﬁl when using a "global" theorem which cannot show
controllability. exactly to the origin, but only to within a
neighboﬁrhood of the origin. The final check upon the
controllability of the system may then be made using the
result éiven above. - .

Mofe'recent work in the field of nonlinear controllability
has led to the introduction of many new definitions and the
structure of these definitions depends upon the techniques
used in the derivation of the results. Some of these
definitions aré:

DEFINITION 1.7 (HERMESH2 )

The dynamical system given by l.1 is said to be "locally
controllable” along a solution ¢(};xo,to,u) corresponding to
control u(t) if for some tl> to all points in some neighbour-
hood of ¢(tl;xo,to,u) are obtainable at time tl using some
u(t)eU. |

DEFINITION 1.8 (HAYNES & HERMESHZ,)

\
The dynamical system given by 1.2 is said to be "locally-

locally controllable" if for any e€>0 there exists a §>0; §< €

such that all points in a "6 neighbourhood"of X, can be

11



attained by a trajectory not leaving an "¢ neighbourhood"

of xo. _
DEFINITION 1.9 (GERSHWIN & JACOBSONG1 )

The dynamical system given by 1.1 is said to ‘be
"controllable from (xo,to) to (O,tff'if'for some u(t)eU the
solution of 1.1 with x(to) = x is such that x(tg) = O where
tf is a preassigned terminal time., If a system is controllable.
for all X, at t = to it will be called "completely controllable
from to to (O,tf)".

DEFINITI:ON 1.10 (MIRZRA & WOMACKM2)

An initial state of the dynamical system given by 1.1l is
said to be controllable at to if for some tl>to there exists
a piecewise continuous control function u(t) defined on
(to,tl],such that if ¢(t;x6}to,u) exists then ¢(tl;xo,tou) = 0.

DEFINITION 1.11 (TOKUMARU, ADACHI & INOUET1 )

If for an arbitrary given 1>0 there exists a u(t)eU
which transfers the initial state X, given at time t = tO to

the state x, at time tl: (tl—to)< T then the state Xq is said

1
to be "well controllable to x.".

1
DEFINITION 1l.12 (BEN LASHIHER & STOREY82 )

The dynamical system given by 1.1 is (a,B,tle(to,T))

~ controllable if there exists a control u(t)eU such that for
any trajectory x(t) = ¢(t;to,xo,u) the condition X €0 implies
x(tl)eB.

These definitions form a cross-section of typical
definitions used. Every contributor to the field of
controllability is consistent and this implies that each
writer must introduce a series of definitions ; for instance,

definition 1.11 is one of a series of ten definitions given by

12



fokumaru, Adachi and Inoue, From the above set of definitions
we can see that, although there is a genéral consensus of
opinion which says that controllability involves the trans-
formation of one state to another in the sﬁate space, the
particular definitions used to study nonlinear system vary

in detail on a number of points. For instance only definition
1.12 requires that the transformation be from a set of points
in the state space to another set of points. This is due to
the fact that the definition used by'Ben Lashiher & Storey is
an extension of the definition of final stability introduced
by Wiess as a more practical type of stability. Some of the
above definitions define a final time't1 'a priori' whereas
others do not; instead they are satisfied with the existence
of a finite time interval over which the pheﬁomenon holds true.
The definitions used in this work will be similar to definition
1.12; however, they will use some of the ideas introduced by

other authors.

1.4 CONTROLLABILITY OF NON LINEAR SYSTEMS

In this section we shall look at the results of two or
three papers in the field and analyse their progress in
workipg towards some general theory of controllability for
nonlinear systems. At this stage it is useful to point out
that many of the approaches used to obtain criteria are not
obviously related. It would seem that it is sometimes possible
for an author to be working in a similar field and almost |
accidently derive a controllability criterion which is
applicable to some class of nonlinear systems.,

Davison ahd Kunze (1970”32 give sufficien; conditions

13



for a nonlinear system, with controls appearing linearly, to
be controllable in either a global or local sense. They
consider the system given by

X = A(t,x)x + B(t,x)u 1.11

In order to infer something about the behaviour of this
system they show necessary and sufficient conditions that the
simpler system given by

% = A(t,z)x + B(t,z)u - 1.12
be completely (or totally) controllable. Here z is some
‘continuoug function on“(to,tf) taking values in R". Then for
each choice of z,1.12 is a linear system with solutions
parameterised by é. Thus the controllability Gramian (see
Silverman & Meadows82 ) is given by

t
G(to,tf;z) = ftf ¢(tO,T;Z)B(T,Z)BT(T,Z)¢T(tO,T;Z)dT 1.13

o
Using a Schauder Fixed Point Theorem the authors are able to
show that if
a) inf G(to,tf;z) > C>0 | 1.14
2eC" (t_,tg)
b) The elements of A(t,x), B(t,x) are bounded, continuous in
X and piecewise continuous in t
then there must exist at least one function z* which is also
a solution to 1.12 with any required initial and final states

*

*
xO and Xl' Hence x = z will be a solution to 1l.11 on the

interval (t_,t jwith end point conditions x(t ) = x_ and
x(tf) = X Using the controllability matrix introduced by
Silverman and Meadows they establish a simple computational

criterion for the controllability of single input nonlinear

systems.

14



The controllability studies of Gershwin and JacobsonG
(1971) centre around the joint ideas of Lyapunov functions and
optimal controllers. Their main result is very similar to a
stability theorem; however, by application of this in
particular cases, some well known results are rederived and
new results for nonlinear systems presented. They demand the
existence of a Lyapunov function: a scalar function V(x,t),
-with first derivatives existing and such that

lim c(t) # 0 = 1lim V(c(t),t) = = 1.13
t->t t>t

f f
Then, if a solution to eguation 1.1 with initial condition
x(to) = X exists and is unique and if the total time
derivative of V(x,t) over the interval (to,ff) is uniformly
bounded above, the system 1.1 is. controllable from (xo,to)
to (O,tf) in the sense of definition 1.9.

By applying this technique to a linear time-varying
system, as in equation 1.3, and by choosing a Lyapunov
function of the quadratic form, Gershwin & Jacobson are able
to rederive Kalman's original criterion, with the restriction

of the feedback control law to the form

u(t) = -1 BT (£)S (£)x (k) 1.14
2

where the Lyapunov function is given by
V(x,t) = x©(£)S(t)x(t) 1.15
Other examples given by the authors show the use of this
method for various forms of nonlinear system where equation 1.3
is perturbed in some way on the right hand side. For instance.
ekample 2 yilelds conditions that the following equation be

controllable (Definition 1.9).

.15



The nonlinear system given by

%X = A(t)x(t) + B(t)u(t) + h(x,t) 1.16
is controllable from (xo,to) to (O,tf) using the control law

u(t) = -1 BT (£)S(t)x(t) + q(x,t) 1.17
if the linearzsystem 1.3 is controllable from (xo,to) to
(O,tf) and if there exists some function g(x,t) such that v
given by

vV = ZXT(t)S(t)(B(t)q(x,t) + h(x,to. A 1.18
is uniformly bounded above. We also require thatvsolutions
idue to the control givéh by 1.17 exist and are unique. We
can see that, in common with other forms of control law of
this type, if we wish to control the systems given by 1.3
and 1.16 exactly to zero in finite time-then the control
used approaches infinity as the solution approéches zZero.
This is in order that the quadratic Lyapunov function, 1.15,
should satisfy the limiting condition 1.13 at t=tf. That is.
to say we require

lim (s™1 (1)) = o | 119
trtg '

Despite this dréwback this is an important paper which
adds to the structure of the problem and uses some of the
mathematical tools from stability theory to good effect.

More sophisticated stability theory'techniques are used
by Ben Lashiher and Storsz when tackling the controllability
problem from definition 1.12. Instead of using a total time
derivative of the Lyapunov function to provide information
about the solutions of the system the authors use a scalar
comparison function to ensure that the system solutions are

sufficiently stable under appropriate controls.

16



Comparison functions, which will be discussed more fully
in the next chapter, are a more general way of putting some
-measure upon the Lyapunov functions used with the system
equations. The usual Lyapunov function is a scalar function
V(x,t) which is positive definite but has a negative total
time derivative V(x,t), wﬁich determines the stability of the
system considered. Comparison functions, however, enable the
bounds upon the system solution to be implied from a scalar
function without demanding either-of these restrictions., By
suitably choosing a comparison function it is usually possible
to obtain the normal Lyapunov-type results as a special case
of this method. |

In common with other forms of stability, thé final
stability concept, from which definition 1.12 stems, considers
the possible value of the solution norm at the initial and
final time. 1In the case of final stability we are concerned
that a solution which is in some zone a at time t=tO (vhere
o A {x| ||x]] < a} ) should then necessarily lie in B at time
t=t; (where B A (x| [|x]l €8 }). It is for this reason
that definition 1.12 defines controllability from some zone o
into a zone B. Considering that we are concerned with non-
linear systems this would seem to be more realistic than
demanding, as Gershwin & Jacobson do, that the final solution
be exactly equal to zero. By use of examples Ben Lashiher
and Storey show how this method, of using a scalar comparison
function, may be applied to certain specific types of control
system and a suitable control law determined, such that the

system is controllable in the sense of definition 1.12.

17



1.5 STABILITY OF NONLINEAR DIFFERENTIAL EQUATIONS

From the above two papers it would seem that there exist
.stability techniques that can usefully be applied to the
controllability problem., To illustrate this we next consider
two papers which give us some information about the
asymptotic behaviour of differential systems.

LoveladyL considers two nonlinear systems,vwithout
ény control functions, and gives conditions which.will imply
that they are asyﬁptotically equivalent., That is to say

lim | |w(t) - z(t)]] =0 - 1.20

t>oo

where w(t) and z(t) are solutions to the two nonlinear
differential equations

w(t)

F(t,w(t)) ‘ : 1.21

i

Z(t) F(t,z(t)) + G(t,z(t)) . 1.22
where w(t),z(t)eRn and F and Gltake values in R

He assumes that the n vector valued function F is such
that solutions to 1.21 exist, are . unique and can be continued
indefinitely to tﬁe right. He then proceeds to show the
existence of solutions to 1.22, despite the fact that G need
not be differentiable, by considering a mapping between the
two solutions when the function G is "driven" by the solution
to 1.21. The verification of a fixed point in this map
confirms the existence of solutions to 1.22 and the asymptotic
equivalence follows under much the same assumptions. As G is
not differentiable it is necessary for Lovelady to use a more
generalised Dini derivative in order to examine the behaviour
of terms like ||w(t) - z(t)|| as time evolves. Scalar

comparison functions are also used throughout as a way to

obtain a bound upon the solution to the differential inequalities
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arising in the proof.

One of the five conditions Lovelady requires is that for
any x,yeRn and positive c there exists a function a(t) such
that

|| (x=y) = ¢ (F(t,x) - F(t,»)} || » (T~ca(t)} [|x-y[]  1.23

If F(t,w(t)) is a linear function it is possible to say
more about the function a(t) which satisfies this'inequality
and we shall introduce, in Chapter Two, a scalar function of
the matrix H(t) (say) which will satisfy this relationship
‘when F(t,y(t)) = H(t)yit). Obviously in this case a(t) will,
in some way, be related to the eigen-values of H(t).

Another receﬁt paper presenting stability results which
are of relevance to the controllability problem is by Péop1,
an author who more usually works with infinite dimensional
systems. Thié is evident‘in the approach Pao uses in this
paper when he develops a Stability theory for finite
dimensional systems ﬁsing as the basic tools the ideasof
iﬁner products and equivalence of inner products. This
enables him to give Lyapunov-like results without resorting
to the actual construction of a Lyapunov function.

The precise form of the equations examined by Pao is

% = A(t)x + £(x,t) 1.24

where x(t)eRp
f takes values in R™ and A(t) is a continuous
matrix of appropriate dimension
f is a continuous function of x at each t but is
not necessarily differentiable. Many theorems  concerning the

stability of the equation 1.24 are given but here we examine

only Theorem 3.2 as being typical of the approach used by the
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author. Pao shows that if the matrix A(t) "dowinates" the
nonlinearity at every time and.if A(t) is a stability matrix
then the equation 1.24 is asymptotically stable to the null
solution. In order to characterise this dominance Pao
considers the nonlinearity to be bounded in the following
way |

<E(x,t),x > < k@) ||x]|® 1.25
and shows that if B(t) is the smallest eigen-value of

-l(A(t)+AT(t)) and if B(t) 2> k(t) then the system given by
2 .

1.24 is stable to the null solution.
Paq arrives at this result by considering an estimate of

2 .
él%%LL— arising from the differential equation 1.24.
Integration of this inequality using a comparison function

yields ‘the estimate of ||x(t)|]| given by

N t
[1x(t) ] sexp{ft —B(s) +k(s)ds}l|x0[| 1.26

o
Now if -B(s)+k(s) <O Vts(to,W) then ||x(t)||+ 0 as t»= and
the solution is asymptotically stable.

| Pao extendé this type of result to cover various
situations; For example when the inner product bound upon £

given by 1.25 is of the form

< £lx,t), vk > < k(t)]|x]]? , 1.27
: whare ¥ 18 a posdve dgwlz, e walGax
and if A(t) is a 5Stability matrix which exists as to=, i.e,
lim A(t) = A exists, then a similar result concerning
toro ‘

dominance is éhown.

These papers represent two particular ways of studying
the behaviour of differential equations. The approaches used
will be reflected in the results presented in the following

chapters.
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Much of the classical stability theory for differential
equations is developed in HahnH1 , Wwhere most of the
-traditional stability techniques are outlined. For discussion
upon differential and integral inequalities and their
relevance to the stability problem see either Lakshmikantham
and LeelaL1 or WalterW1 .

Most of the essential theory in the area can be found

C1
well presented in the short monograph by Coppel = .

1.6 OUTLINE OF THE NEW RESULTS

We consider now the results presented in this thesis;
they concern the controllability of the equation
X = A(t)x(t) + B(t)u(t) + £(x,u,t) _ 1.28
where x(t)sRn, u(t)sRm
and f is a continuous function
taking values on R®
The new results which follow consider the controllabilitf
of equation 1.28 by extending the ideas which have been
presented in sections 1.5 and 1.6. Both Lovelady and Pao are
concerned with the behaviour of differential equations which
have no control term,but here we are interested in determining
whether or not a control exists which ensures that the above
system has an adequately stable behaviour. In order to
structure the nonlinearity in the equation, various bounds
upon f(x,u,t) are introduced in Chapter Two and these are
conditions not previously considered in discussing the
controllability of equation 1.28. The approach used by
Lovelady when descfibing the asymptotic behaviour of systems

is to consider the norm of the system solutions. Pao, on the
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other hand, describes the stability of differential equations
through inner products. Correspondingly the bounds used

upon f(x,u,t) take two basic forms: those where norms are
used to restrict f£(x,u,t) and those whgre inner products are
used and the equivalent résults are given in Chapters Three
and Four and Chapters Five and Six. Throughout the following
work a greater emphasis than usual is placed upon the measure
of a matrix given by DahlquistD1 and it is through this
scalar function that we characterise the behaviour of the
linear éomponents in equation 1.28.

Chapter Three presents the first new controllability
theorem for equation 1.28 and in this caée we consider the
nonlinearity to be bounded in norm by some scalar multiple
of theinorm of the solution. If the linear section.of the
equatioh is totally controllable then, by relating the
solution of the nonlinear equation 1.28 to the solution of
its linear counterpart 1.3, we show that this implies the
controllability of the nonlinear equation using linear feed-
back control léws. As we do not assume that the nonlinearity
f(x,u,t) satisfies a Lipschitz condition a major part of the
proof is taken up in showing that a controllable solution to
equation 1.28 exists.

In Chapter Four we show how these results can be extended
to give more general results for the case where the nonlinearity
f(x,u,t) is more easily bounded in norm by somé combination
of the norm of the solution and the norm of the control. .In
this case we consider a specific linear feedback control law
which is closely related ﬁo that used by Gershwin & Jacobson

and hence to the optimal control law for a linear system with
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a. quadratic cost function. Using this control law we develop
two more theorems concerning the controllability of equation
1.28 when the nonlinearity is bounded in norm: in one case
the bound consists of the sum of scalar multiples of the norm
of the solution and the norm of the control and in the second
case it consists of a scalar multiple of the product of these
two norms. In this chapter we also show how the uniqueness
of the controllable solution may be shown if the nonlinearity
‘satisfies a Lipschitz condition.

| Thesg bounds uponuf(x,u,t) involving norms may in some
cases be unnecessarily pessimistic and in chapter Five the
nonlinearity is considered to be bounded, not in norm but
instead in an inner product with the state x(t). Using-some
of the techniques adopted by Pao for his stability results,
together with comparison functions and the measure givenvby
Dahlqguist, we derive some new controllability results
concerning equation 1.28; here the inner product constraints
on the nonlinearity have inner product terms on the right
hand side involving either just the state or else both the
state and the control. These results are extended to include
the case where the inner products considered have structure
characterised by the inclusion of a real positive definite
symmetric matrix. This yields a result which is related to
the more usual Lyapunov-type conditions.

A new theorem which gives a simple equivalence

result for equation 1.28 when the nonlinearity can be shown
to be weakly linear in x(t) is presented in Chapter Six.
A heuristic argument is given and this is backed up by a

rig&&ous proof which follows the results of earlier chapters.
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In the final chapter the main results are considered
in the light of their development and we indicéte ways in
which they might be used to establish the controllability
of a given nonlinear plant. 1In conclusion the relationships
of the results obtained are discussed with respect to those
given by previous authors and in the light of this discussion

possible extensions of value are proposed.
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CHAPTER 2

2.1 TInner products and norms.

2.2 The measure u{*} and its propertieé.

2.3 Derivaties, Lipschitz conditions and comparison
functions.

2.4 An application of these techniques in stability theory.

2.5 Norm bounds.

2,6 Weék linearity bounds.

2.7 Inner product bounds.
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2.1 INNER PRODUCTS AND NORMS

This chapter is almost exclusively concerned with the
. mathematical preliminaries for use in subsequent chapters.
Both the stability problem and the controllability problem
involve the estimation of vectors and matrices in order to
predict the behaviour of nonlinear differential equations
as time evolves. The solutions of these nonlinear equations
take values in the linear vedtor space rR® and, in order to
put some structuré on Rn, we define the usual inner product
of x and y; with x,ysRn, and components Xi0 ¥y by:

n

A
<X,y> = El X5 ¥y 2.1

Y

i
Using this we can define a distance measure on r". First,
however, it is convenient to define the measure from a more
general point of view: any real valued scalar function, lx[,
of xeR™ which satisfies the following three axioms is said to
be a norm of vector x.*
(1) |[x][>» o with |[x] = 0 iff x =0
2.2

(2) Jax| = |«a

x| for any scalar o

(3) |x +y| £ |x| + |yl ¥x,yeR"

The inner product defined by 2.1 may be used to construct -
a norm on R" by considering <x,x>. The resulting measure is
called the Euclidean norm and is given by:

n %
REN b &,x>% = (= xiz) 2.3
i=1

It is clear that ||x|| satisfies the three norm axioms.

The norm of a square matrix D is any real valued function |D]|

*NOTE: We use the symbol to represent any general norm
in R}, However, when the absolute value of a scalar
guantity is required we shall use the same symbol.
The correct usage may be inferred from the context.
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which satisfies the above norm axioms and also satisfies:

|p;.D,] ¢ [D D, | ' 2.4

1l
. n D .

. The norm chosen for the vectors in R may be used in forming

a norm for matrices and this matrix norm is said to be

subordinate to the vector norm, i.e.:

D] A su Dx| = sup [Dx]| 2.5
[x]#0 Tx IXT=1

It is known that all norms on a finite dimensional space,

n o . . .
such as R, are egquivalent, i.e. if we choose any two possible

norms, |-° 1 and [+],, then there exist two positive constants

2'
o and 8 such that:

alyl; € lvl, g 8lyl; wyer” . 2.6

2.2 THE MEASURE u{+) AND ITS PROPERTIES

In subsequent chapters we shall make use of another
measure for matrices which does not satisfy the three norm
axioms, but is subordinate to the norm chosen for vectors.
Consider the scalar function defined Ey: |

w(dD) 4 lim ]I+hp| -1 | 2.7
T h>0+ h

This function, sometimes known as the "logarithmic norm",
was introduced by DahlquistD1' and has been used to some
extent in the stability literature (see Lakshmikantham and
LeelaL1 ).

We make note of some properties of this scalar measufe
u(-] : the function is convex and continuous for continuous D,
its convergence is locally uniform and it can take negative

values.

From the definition of u(+} we can see that
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u(aD] = au(D] o >0 -

e

w(4E) < u(d) + u(E)
~and also |u(D)| <€ |D] | 2.9
From equation 2.8 notice that, although u(+) can take negative
values, it does satisfy the remaining two norm axioms:
scalar multiplication and triangle inequality.
NOTE 2.l: Functions with these properties are called Kamke
functions or K-norms in the stability literature and
WalterW1 uses'K—norms to derive stability and existence
theorems for many classes of differential inequality.

Using 2;9 and 2.8 we can also see that:

lu(a) - u(B)| < |a-B] - 2.10
If we choose the Euclidean norm for vectors then two

interesting characterisations of the matrix norm and u(-] are

available.
n L
— 2
£ ] x|] —<z .xiz)
=1
then ||D|| = square root of largest eigenvalue of DD )
) 2.11
and u(D] = largest eigenvalue of %(DT+D) )

Thus, when the norm chosen for vectors is Euclidean, then
u(-] is some measure of the symmetric part of a matrix.

These two characterisations of the matrix norm and nf{*)
are related by an inequality which simplifies to an equality
when D is a normal matrix.

Consider first the case for the equality:

We define the symmetric part of D by

DS A %5(D + DT) and the unsymmetric part of D by

DU A (D - DT); and notice that DU’ being skew-symmetric
has the following property:
T——
DU = DU
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Now DU and DS commute if and only if D is a normal matrix

(i.e. iff DDT = D'D).
DDDTDT
So if we consider IIeDIIZ = Apax <e Ug S¢S oV )

= X e?PS)  iff D is normal
max - ,
Then IIeD||2 = exp (A _ (2Dg)} = gxp'{Amax(D+DT)}
Hence ||eP|| = exp {u(D)} iff D is normal 2.12

The following proof of the inequality relationship for

these characterisations, when D is not 'a normal matrix,

follows Wiess and LeeW3.

The Rayleigh quotient representation of an eigenvalue

83
(see 26) vields:

2u (D) = max <x, (D +D) x>
=70 111
1 o
= max S <x(t), (D7+D)x(t)> dt
x(-) llx(t)”z

And if we make the limitation % = Dx(t)

max 1 T T :
> x() ;R (B)x(t) + X (B)k(t) 4¢
%=Dx 0 | [x(t) ]
x (1) 2
> ﬁax Iy d(IIX(t)£] ) > max In x (1) [ |2
o o |]x(t)|] Xq Xq
D 2 2
=1
T _"e_xoL.'. > In(]]eP|])
| 1% 1]
2
So we have 2u(p) > 1n (||eP|])
u(p} > 1n||eDP|| _ 2.13

with equality if DTD = DDT, i.e. if D is normal.

It is due to this relationship that the measure u(:) may
be called a logarithmic noxrm.
From the computational viewpoint p(-} is a very useful

estimate of ||eP|| and has the advantage that it only requires
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exponentiation of a scalar rather than exponentiation of a
matrix. The application of either measure requires

eigenvalue evaluation.

2.3 DERIVATIVES, LIPSCHITZ CONDITIONS & COMPARISON FUNCTIONS

The nonlinear equations that we consider are not
necessarily differentiable and in order to overcome this
difficulty we consider one of the four Dini derivatives that
is given by:

pHi(e) A limsup% (M(t+h) - M(t)) 2.14

h->0+

.This is an'upper righthand derivative of M(t), some
vector valued function; there also exist lower and left hand
derivatives and these are denoted by D+,D—,D_. We shall only
consider the derivative given by'2.1I in this thesis. We
note that if a derivative exists for some function M(t) then
it élso exists for |M(t)|. (See CoppelC1 ).

Wﬁen considering the stability of

¥ = f(x,t) 2.15

a Lipschitz condition upon £ in x is often demanded, this
will guarantee the existence and.uniqueness of solutions
to 2.15. If £ satisfies the following inequality then it is
said to be Lipschitz in x:

[]f(xl,t) - £lx,,t) || < L||xl.- Xy | 2.16

The Lipschitz constant L is a bound upon the absolute
value of fx(x,t) and hence contains no information as to
whether the solutions are increasing or decreasing. To a&oid
this we could consider a one-sided Lipschitz condition of
the form (for x scalar)

£lxq,t) - £(x,,t) & Lix;-x,) for xi> X, 2.17
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where we now allow L to be negative.

For some common nonlinear'ordinary differ;ntial equations
the right hand side of the equation does not satisfy a
Lipschitz condition. The equation

% = x° with xeR ' 2.18
is a simple example. In this case |

f(xl,t) - f(xz,t) = xl2 - x22 = (xl—xz)(xl+x2)
which is not < IAxl—xz) for xl>x2.

A common procedure to extend the Lipschitz condition to
cover equations of this type is to consider the function
f(x,t) only on some set for which x is bounded. Call DcR™
the éet.of all x with norm less than x say, i.e.

D A {x|xer",||x|| <k} 2.19

Then in the above example we can see that the Lipschitz

conditip_'n is satisfied for Xy 1%y eDcR with L3> 2%X. The bounds
that we introduce upon f(x,u,t) at the end of this chapter
will be treated in a similar way, so that they may be extended
to fit fupctions Which do not contain only linear terms.

The estimate of the growth rate of the solution to the
nonlinear -equation, arrived at by using some of the above
techniques, generally takes the form of a differential
inequality. Aﬂ important method of extending this to yield
an estimate of the solution to the inequality involves looking.
at the extremal solutions of the corresponding differential
equation. This theory hinges around comparison theorems
which are extensively discussed in Lakshmikantham & LeelaL1 .
Theorem 2.1 (LAKSHMIKANTHAM & LEELA) |

Let D be some open set in R and let g(x,t) be a continuous

scalar function defined on (to,to+a) x D over which the maximal
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solution r(t) of

¥ = g(r,t) r(to) = ry exists everywhere.

Let m(t) be a scalar function defined on (tofto+a) with
initial condition m(to) € r,- Then for some fixed Dini

derivative (say D+)

D m(t) € g(m(t),t) vte (t_,t_+a)
implies
m(t) g r(t) - wee(t,t va)

This comparison theorem is one of the simplest as it
involves only scalar functions. For the proof of this theorem
and others in a similar vein see (L1).

Comparison theorems of this type say that if some unknown
function, m(t), has an initial condition less than some known
function, r(t), and grows less quickly than r(t), then over
the whole range of definition of r(t), the unknown function,
m(t), is always less than r(t). In many cases we use this
theorem to avoid outright integration of a differential
inequality and then the unknown function is the derivative
on the lefthand side of the inequality and the known function
is the assumed solution of the differential equality that is
the upper bound. Here the initial conditions are equal.

This type of theorem makes it possible to avoid some of
the usual problems associated with Lyapunov functions. For
instance, if the function m(t) were replaced by a Lyapunov
function V(x,t), then the theorem will yield an estimate of
V(x,t) for any given solutién x(t) and by choice of end poin£
conditions upon V(x,t) it is possible to avoid the requirement
that the Lyapunov function be positive definite with non-

~positive derivative.
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2.4 AN APPLICATION OF THESE TECHNIQULS IN STABILITY THEORY

In order to illustrate the means by which a stability
. result may be derived using some of the above techniques let
us consider the stability of the differential equation
X(t) = A(t)x(t) ’ 2.20
with initial condition x(to) = X

From the stability viewpoint we are concerned with the rate

of change of ||x(t)|] so let us consider
p*[|x(t)|] = lim sup & (||x(em) || - [[x®)]]) 2.21
h+o+

Or from equation 2.20

D[ |x(t) || = lim sup = (||x(t)+h A(t)x(t) ||-]]x(t)])

hrot D 2.22

< limsup § (|]z+nace) || [1xe) | |-]1x)]]) 2.23
h+o+ '

From the definition of.the logarithmic norm u(o) we can see
that:

p*[1x(e) [ n(ace)) [ ]xte) || 2.24
We postulate now the existence of a differential equation

r = g(r,t) = p(Aa(t))r(t) 2.25

with initial condition r(to)=|[xo[|

As u(A(t)) is continuous if A(t) consists of all continuous
elements, let us assume that equation 2.25 has a unique
(maximal) solution. This will certainly be true if equation
2,20 has a unique solution. Now using the comparison theorem
we can say that

[x(8) ]| < x(t) vte (£, ) 2.26

But equation 2.25 has a well known solution given by:
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t
r(t) = r(t ) exp { s p(A(s))ds } . 2.27

t .
o

Substitution of 2.27 and the initial condition into 2.26 gives
ot A
[xe) [ [Ix I exp { /  u(ats))as } 2.28
tO :
NOTE 2.2: 1If we make the change of variable t=—-t we can
derive a lower bound for ||x(t)]|| given by
t
x| exp { =/ wu(-a(s))as } < |[x(t)]] 2.29
tO :

" From the above development, notice that the stability'
behaviour of the vector equation 2.20 is governed by the
stability behaviour of scalar equation 2.25. This, in turn,
depends upon the estimate of ||x(t)]|| given by 2.28.

Hence we can say that equation 2.25 is stable, that is
to say:bounded as t»» , if:

. . |

‘lim sup S u(A(s))ds < = 2.30

t> tO
and that it is aSymptotically stable, that is to say
eventually the solution will become arbitrarily close to the

zero solution, if

t
lim / u(a(s))as

tro  Fo

2.31

i
|
8

If we wish to imply that the solution is always decreasing
in norm as time evolves, that is uniformly asymptotically
stable, then we need to examine equation 2.28 at every time,
i.e.

u(a(s)) € - a <0 vE> £ ' 2.32
The above results are well known in stability theory and

their derivation is given here in some detail only to
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illustrate the use of the mathematical tools we have
introduced. ©Notice that, althéugh the results ha&e been
given using the Euclidean norm for vectors and hence u{-)
subordinate to this norm, the above analysis will hold

equally well for‘any consistent norm in R".

2.5 NORM BOUNDS

This section introduces some restrictions which may be
imposed upon the vector valued function f(x,u,t) so that
simiiar'procedures may be developed to examine the behaviour
of the control differential equation:

% = A(t)x + B(t)u + £(x,u,t) ' 2.33
Some qualitative properties of this equation, such as
controilability and asymptotic behaviour, may be imblied
from tHe linear counterpart if the nonlinear function f is
bounded in some way. We shall always consider f(x,u,t) to.be
a continuous function taking values in R%:

more rigorously feC(R® x R" x (t_,®), R")
When these bounds are used to derive controllability results
we shall mainly be concerned with linear feedback control
policies of the form u(t) = K(t)x(t), where K(t) is a feedback.
matrix of appropriate dimension..

Let @ represent those u(t) which are constructed in
this way:

0 A { ult) [u(e)=k(t)x(t) ;uer",xeR", te (t_,=) } 2.34

Also let Qk represent a more restricted set of admissible
controls parameterised by the maximum allowable norm of the
feedback matrix:

QA { u(t)|utt)eq, |[K(t)][< Kk} ' - 2.35
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Consider first the Lipschitz condition, q}ven in equation
2.16 applied to the function ka,u,t): |

| 1£(xq yu,t)=£(xy,u,8) [ [€ L] |xy=%, ] ' 2.36

‘ Vxl,x2 eRn

Yue

Vte(to,w)
Here f satisfies a Lipschitz cgndition in x for every uef,
and it is known (see Belhmnlgie) that this is enough to
guarantee the existence and uniqueness of a solution to the
conffol'equation 2.33 using continuous control policies. If
we cqns?der bounds which do not imply that £ is Lipschitz in
x,then'not only will we be concerned with showing that a
particular initial state has a controllable solution, but
also in showing that such a solution exists.

We‘often require that the solution x(t)=0 be a trivial
solution of the equation 2.33 in order that if at any time,
t=t say, the solution should have value x(t)=0 then this
implies x(t)=0 ¥t>t.

This propérty requires that we demand

£(0,0,t) = 0O vte (t ) 2.37
A weakerxr bound upon f than the Lipschitz condition and one
which .still makes some restriction upon the growth rate of
f 'but does not imply differentiability is given by

|| £(x,u,t)]] €& p(t)]]|x(t)]] 2.38

sz:Dchl
ueQ, , te[to,w)

Notice first that this inequality can be minimised at

each time using p(t) rathér than minimised over the whole

interval using a constant, say, L. It is of course possible
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to replace p(t) by L = sup p(t) and the inequality will
te (t,,®) .

still be valid. Note, also, that we have restricted u(t) to

be contained in @, rather than the more general class §{ and

k
thus p(t) is implicitly a function of k. However, by
restricting both u(t) and x(t) to lie in closed domains in
their respective spaces we can alwayé find a scalar p(t)
which will satisfy equation 2.38. This restriction, of %eD

and u(t)e is analogous to the restrictions made in order

K’
to extend the Lipschitz condition to cover functions which
are not necessarily less than linear. When using this bound
upon £ to show null controllability of nonlinear systems we
will ensure that x(t) is contained in D throughout and the
choice of the restricted class of feedback controls-Qk will
ensure some bounded region of control.

This inequality bound upon £ can be made more general by
explicitly including the control term on the right hand side.
In this case we need not restrict the feedback matrix norm
'a priori' and can admit controls in Q.

We may thus consider

[1E£(x,u,t) || < plt)][xe) || + q(t) | fu(t)]] 2.39

yxeDcR™
ueQ,te(to,w)
If some knowledge of the overall performance of the non-
linearity exists then it is possible to choose between
different inequality bounds such as 2.38 and 2.39 in order
to reduce the scalar multipliers p(t) and q(t) for any given
nonlinearity.

With this in mind we can also look at the inequality

37



bound givén by
|| £(x,u,t) || € p(t).(llx(t)ll.ll u(t)ll)% 2.40
¥xeDCR'
ueQ,te(to,W)

For nonlinearities with dominant terms which are
multiplicative in nature this inequality may well yield a
smaller value of p(t) to be used in the subsequent analysis.
To this extent the theory is adaptable -to fit the nonlinearity
in the most appropriate way and is consistent with the body
" of opinion claiming that nonlinearities should be treated
individually without any attempts at general theories.

It is interésting to note that fhe control term ||u(t)]]
appears explicitly on the right hand side of the inequaiities
2.39 and 2.40 and this provides some motivation for
considering the minimum ehergy control which will also
satisfy the controllability boundary value conditions. We
are interested in keeping the term ||u(t)]| as small as
possible commensurate with u(t) being an acceptable control
for the system. In this context we can relate the control
policy which would be chosen to the controllability matrix

given by Kalman and discussed in Chapter One:

t T T
W(t) = [ d(t,T) B(T) B (1) (t,T) drt 2,41

to

and we can also see a relationship.with det(w—l(t)} which has

been used to characterise the degree of controllability of

J

1 ) R

The three norm bounds upon f(x,u,t) given above do not

linear systems (see Johnson

allow, at any time instant, negative terms to occur on the

right hand side. These bounds are similar to the Lipschitz
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condition 2.16, in that they are restrictioﬁs‘upoh the
absolute size of the nonlinearity. They ignore aﬁy cases
where the nonlinearity may be stabilizing. It will later.
be shown that the solution to the equation 2.33 is related
in norm to.the solution of the correspénding linear equation
1.3 by the time integral of the right hand side of the bound
used to restrict the nonlinearity. As in the stability
results developed in section 2.4 this will be via the monotonic
exponential operator. Thus it would be useful to be able to
acceét negative values of p(t) which would be reflected in
the estimate of D'||x(t)||, via the exponential.

.Ra£her than just measuring the éize'of the nonlinearity
we wish to also incorporate some knowledge of its direction
into the inequalities. To this end we shall now consider

some inner product bounds upon f(x,u,t).

2.6 WEAK LINEARITY BOUNDS

As an introdﬁction to bounds involving inner products
let us first consider the weak linearity condition. Although
this bound includes inmner products it does not exhibit the
property we desire, namely negative values of p(t). It is,
however, an interesting bound to consider as it incorporates
some information about the direction of £. The nonlinearity
f(x,u,t) is said to be weakly linear if there exists some
p(t)>0 such that:

< f(x,u,t),ﬂz> £ plt)|<x,z>]| 242
Vx;DcRn
uer
te(to,w)

yzeRr™
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We are obviously concerned with the way tpis condition
relates to those given previouély. First it is inferesting
to note that weak linearity does not imply that a function
is Lipschitz, nor is the converse true.

To clarify this point consider thé following two examples.

Example 2.1 A function f(x,u,t) that is Lipschitz in x

but is not weakly linear:

Consider the rotation in R2 given by

£(x,u,t) = f[f{lz-) [";ﬂ 2.43

f here is independent of u and t and takes vectors x in R2

and rotates them anticlockwise through Tr/2

— — f(X)

a) To show that f£(x,u,t) defined in equation 2.43 is
Lipschitz:
. 2 T T
Choose any two vectors in R™, say: (xl,xz) ’ (yl,yz)
and then the left hand side of the Lipschitz inequality 2.16

becomes:
» 2 2
|| £(x,u,t) - f(y,u,t)_H = (xyty,) T+ (xg-yq)
Now the right hand side of the inequality is:

L
2 2
L||x(t) - y(&)|] = L((xl—yl) + (-x2+y2)2>
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So we can see that any Lipschitz constant L>1 will satisfy

inequality 2.16 for the particular case when f(x,u,t) is

defined by 2.43.

b) To show that f(x,u,t) defined in equation 2.43 is not
weakly linear we need only consider any vector in R2, say
(xl,xz)T. Now the left hand side of the weak linearity
condition is
T
< f(x,u,t),z > = (—xz,xl).(zl,zz)
stR2
If we make the particular choice of z = (—xz,xl)T then:
, . 2
<f(x,u,t),z > = II(—lexl)Il .
However for this choice of z the right hand side of the weak
linearity condition becomes:
| < x,2z>] = I(xl,xz).(—xz,xl) l =0
As there is no choice of p(t) (#«) which will satisfy
inequaiity 2.42 for this case, we can see that this particular

f(x,u,t) is not weakly linear.

Example 2.2 A function of f(x,u,t) that is weakly linear

but is not Lipschitz in x.

Consider the function in R given- by

o =0 Vx <1 )
f(x,u,t) 1 ) 2,44
= 5 (x-1) /3 yx»1 )

In this example f is again independent of u and t and has

the following graph:
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£(x)

a) To show that f(x,u,t) defined in 2.44 is weakly iinear:
.éoﬁsider this function when x< O. Then in this case the
weak linearity condition
< f(x,u,t),z> € plt)]<x,2z>| is trivially satisfied
for any positive p(t). When x2>1 the weak linearity condition
becomeé;'

/4

S ax=1) "z < pv)x.2]

Due . to.the positivity of both x and f(x,u,t) we can cancel z

without loss of generality and then:

1
3 -1 ¢ po.x.

By considération of the graph we can see that there will

be a p(t) which will satisfy this inequality for x>O.

b) To show that f(x,u,t) as defined in 2.44 is not Lipschitz
in x,
Consider any two points xl,xzeR. Then substitution in

the Lipschitz condition will yield:

1 1
120172 - 2 -1 3 g

if we make the change of wvariable Yy = (xl-l); Yo = (xz—l)

p(t) lxl_le

this becomes:

1/3 1/3

3 -3
l'z" y]_ -'Q'YZ l Sp(t)h’l-yzl,
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Now, without loss of generality, choose yl> y2>O and we can

then write:

3 1/3 1/3
S P -y, g e vy
We need a p(t) such that:
. 1 1 -1
2 /3 /3
3 pt) 5 fvq - Y, = Y1 - Y,
Y1 T ¥ ys /3
M Y2
2/ 1 1/ 2/, -1
3 /3 3 /3
= vy Ty Ty, Ty, )

which is unbounded as yl,y2+0 .

Thus the Lipschitz constant for 2.44 needs to be unbounded -
at x=1 and hencg the function does not satiéfy a Lipschitz
conditién.

We may extend the weakly linear condition 2.42 for
f(x,u,t), in the same way as with the norm inequality 2.38,
to explicitly involve the controi term on the right hand side.
In order to match the dimensions of the general n vector z and
the control u(t), which has dimension m, the scaling factor
g(t) is generaliséd in this inner product term, in the form
of the m x n matrix Q(t):

< f(x,u,t),2z> £ p(t) [<x,z>] + [<Q(v)u(t),z>| 2.45

VzeRn, xeDcR™
Yuell

te(t )

o’

These weak linearity conditions, although incorporating
some information about the direction of £, are still
restricted to positive definite terms on the right handvside.
In fact the norm inequality 2.38 is a less restrictive

condition upon f(x,u,t) than the weak linearity condition

2.42, for any function f which satisfies 2.38 will also
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satisfy 2.42.
Consider the weak linearity condition:

< f(x,u,t),z> £ p(t)|< x,2z>|

For the particular choice 2z = f(x,ﬁ,t) this becomes:

[]f(x,u,t)ll2 < plt)] < x(t),£(x,u,t)>|
or equivalently _
|G, [12 g po) [x) [ [£6,u,0) (]
Division by ||£(x,u,t)]|]| gives the norm bound

[[£x,u,t) || € po)|[x(t)]].

The following two diagrams indicate the properties of

these two inequalities and the possible range of values of

f(x,u,t) they admit for wvarious p(t)ﬁ

Figure 2.1 Circles parameterised by p(t) for the norm bound

2.38 and typical vector x(t) €R2

X

x(t)

The possible range ,/

of f(x,u,t) for \ |
’ X

various p(t) \ 1

‘\ p(t)
\

)

‘. ,increasing values of
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Figure 2.2 Circles parameterised by p(t) for the weak
. ‘ A

linearity bound 2.44 and typical vector x(t)eR

The possible range of
f(x,u,t) for varipus p(t)

P S x ()
~ “,"‘s-‘ l
- T

\\\ e increasing values of p(t)

The relationship showﬂ above for the norm inequality
2.38 aﬁd fhe weak linearity condition 2.44 can be readily
exténééd to cover the two equivalent conditions which have
u(t) explicitly on the right hand side: inequality 2.39 and

inequalit§'2.45.

2.7 INNER PRODUCT BOUNDS

The specific choice of z = f£(x,u,t) in the weak linearity
cqndiﬁidh yields the norm bound 2.39. An alternative choice
for z, in order to generalise the weak linearity condition,
is z = x(t). This substitution yields the following bound:

< £(x,u,t),x(8) > plt)]|x (k) []2 2.46

¥xeDcRD
uéQk

te(to,m)
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In this case we are felating the projeét%Pn of f(k,u,t)
in the direction of x(t) to thé size of the vector x(t)
itself. So this bound incorporates the information about
the size of the nonlinearity f and its direction - both
relative to the state vector x(t). Ob&iously, as we have
made a specific choice for the atbitrary vector z, this bound
is implied by the weak linearity bound. It is also implied
by the norm bound 2.38:

The left hand side of the inner product bound 2.46 can
alwa&s be written as: | .

< £(x,u,t) ,x(t)> < |[£6,u,0) ]| ]x(t)]]
and if we assume f satisfies 2.38 then substitution on the
right hand side yields:

<E(x,u,t) ,x(0)> € ple) | |x(e) []?

In inequality 2.46 negative‘values of the scalar p(t)
are permitted and this gives some additional information about
the direction of f(x,u,t); a negative p(t) will imply that £
is a stable function.

The following diagram illustratés the possible range of
values of f(x,u,t) when parameterised by p(t) for the case

£(x,u,t) eR®:

The possible range

Fi . 2.
}gure 3 LXZ \\ of values of f for.
. o s the case p(t)=1 in
The possible L />//’L/’/
values of £ for - v the norm bound

the weak linearity——————71 ,
bound with p(t)=1 §

s

[

- X

- , \ 1
‘\ ,/a \g
. -
. g - ”/v/ :
\5\\““,// .-~ increasing values of p(t) in

\\\ - the inner product inequality
\\“\_\ . 2 . 46
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This diagram also shows the relationship between
inequalities that we have just shown theoretically; Any
f(x,u,t) which satisfies the weak linearity condition will
also satisfy the norm inequality and hence will also satisfy
the inner product inequality. |

Notice that we can also introducelyet another inequality
bound upon f(x,u;t) which is the extension of the inner
product condition 2.46 to include a term < Q(t)u(t),x(t) >
on thg right hand side where Q(t) has appropriate size.

Thus: | |
< £0x,u,t) ,x(0)> § ple) ] ]x(e) |12 + q(t) [<Qe)ule) ,x () >]
| | 2.47
¥xeDcRY
uef
te(t_, )

Again both p(t) and g(t) can take negative values and
the matrix Q(t) ensures that the inner product can be formed.
Some special choices for Q(t) can be made when using 2.47.

' The relationships between the above bounds upon f(x,u,t)
are illustrated in the following diagram. A full line (~———)
indicates that any function f(x,u,t) which satisfies the
bound at the starting point will also satisfy the bound at
the end of the line. A broken line (---+) indicates that the
bound at the end of the line is more general than the bound
at the start of the line, due to the introduction of control

terms specifically on the right hand side.
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Figure 2.4

THE LIPSCHITZ
CONDITION

WEAK LINEARITY BOUND
WITHOUT EXPLICIT

A///”’///’ ule) TR \\\\\\\\\\A

INNER PRODUCT ——  NORMS BOUND WITHOUT
BOUND WITHOUT - EXPLICIT U(t) TERM
EXPLICIT U(t) TERM

USRI (.

1

| WEAK LINEARITY BOUND

i WITH EXPLICIT U(t) TERM .
|:
|

i / | \

- mw e wm e

\ _
INNER PRODUCT — NORM BOUNDS WITH
BOUND WITH - EXPLICIT U(t) TERM

EXPLICIT U(t) TERM

In conclusion we add that when considering controllability
in finite time we may be satisfied with these bounds upon
f(x,u,t) holding over the interval (tO,T]. This will not
restrict the functions in any additional way and may admit a

function not previously covered by these inequalities.
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CHAPTER 3

3.1 Introduction.
3.2 1u{*} and controllable linear systems.
3.3 Statement of a null controllability theorem.
3.4 Proof of the null controllability theorem.
3.4.1 Some initial definitions.
3.4.2 The continuity of map L.
3.4.3 L{D(20)} is an equicontinuous family of functions.
3.4.4 Comparison of the solutions to equations.3.l and
3.2.
3.4.5 Extension of this property to cover (to,m).
3.5 Discussion of the nu;l controllability result.

3.6 'A stronger null controllability result.
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3.1 INTRODUCTION

This chapter introduces the definitions of controllability
- used to describe the control behaviour of the nonlinear
differential equations with which wé are concerned. A basic
lemma is presented relating the logarithmic norm of
A(t)+B(t)K(t) for a linear system to -the controllability
properties of this system and,using this result, the first
null controllability theorem for nonlinear systems is
established.

Since we need to distinguish between the solutions and
controls of the nonlinear and linear systems the folldwing
notation will be used throughout: we éhall use y(t) to
represent the solution to the nonlinear system which is given
by

7(E) = A(B)Y(E) + BE)u, (t) + E(y,u,t) 3.1

where the state y(t)eRn and the control uy(E)eUchm
with te(t_,*)
The nonlinearity f(y,uy,t) is a vector valued function taking
values in R" and A(t) and B(t) are matrices of.continuous,bmﬂﬁ“ﬁ/
possibly time-varying, elements which have appropriate
dimensions. Usually f(y,uy,t)'will be considered to be
continuous, but not necessarily differentiable, in y for
every uy and t.

The linear system, whose solution x(t) will be used to
establish the controllability of equation 3.1, is given by

2(t) = A(t)x(t) + B(t)ux(t) 3.2

where the state x(t)eRn and the control ux(t)eUXcRn
with te(t_,*)

The matrices A(t) and B(t) are those defined in
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equation 3.1 and hence this equation describes the linear
dynamics in the nonlinear equation 3.1.

The theorem will show the existence of a linear state
variable feedback control for equation 3.1 with initial
condition y(to) = Y, such that a solution to the nonlinear
equation exists aﬁd that given an arbitrary €>o then there
is some time t; when [IY(tf)||.< €. In order to formalise
these ideas we now introduce the relevant definitions of
controllability. These definitions embody the ideas of those
given in Chapter gne, but have the advantages of suitability
and simplicity. None of the concepts put forward here are
new and in fact, by small modification; to the theorems and
their proofs, many of the results may be stated using
controllability definitions given by other authors. 1In
addition to the following definitions we shall also require
the definitions of complete,total and uniform controliability
stated in Chapter()né.

When considering the nonlinear system 3.1 we are
interested in controllability to within some neighbourhood
of the trivial solution y(t) = 0. This restricted form of
controllability can be defined as

DEFINITION 3.1

The nonlinear system 3.1 is said to be "null controllable"
on (tO,T) from Yor if for any €>0 there exists aﬁ admissible
control uy(t) and a time tfe(to,T) such that y(to) =Y,
implies ||y(tf)|| < g,

This definition is similar to that given by Ben Lashiher
and Storesz; in their case, however, the initial condition

Yo is not defined specifically but restricted to ‘be contained
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in some domain o, where a is usually defined by the sphere
round the origin given by IIy(tO)Il <a.

The other slight difference between the definitions is
that whereas Ben Lashiher and Storey fix the final time in
the definition statement, in our case the time at which the
€ bound on the solution is satisfied is unfixed though
bounded above by T.

Although this definition has been developed primarily
for use with nonlinear systems, where we have made the
assumption that the désired final state is the origin, it
also has meaning when appliéd to linear systems. Obviously
any completely controllable linear system is also null
controllable, but if the admissible control set is bouﬁded
in some way the converse may not hold.

By analégy with the éomplete and total controllability
definitions for linear systems we may also define total null
controllability. |

DEFINITION 3,2

A system is said to be "totally null controllable" on
(tO,T) from Yo if it is null controllable from Y, On every
open subinterval in (tO,T).

The total céntrollability concepts defined here and in
Definition 1.5 require that a controllability condition be
satisfied upon an arbitrarily short time interval; for this
reason we shall only consider these definitions with systems

where the available controls are unrestricted in magnitude.
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3.2 u(-) AND CONTROLLABLE LINEAR SYSTEMS

Throughout this work .we shall be concerned with bounding
above the scalar matrix function
u(A(t) + B(t)K(t)) in order to show that various linear
bounds upon the nonlinear system 3.1 are stable to the null
solution. Now the measure u(*) is related to the eigenvalues
of the matrix considered and in Chapter Two it was stated
that in the specific case of the Euclidean norm upon vectors

u(D(t)] took the value of 1 A ax (D(t)+DT(t)).

M
It is well known B 12:hat, if the linear system 3.2 is
completely controllable, then by choice of the feedback
matrix K(t) it is‘possible to arbitrarily assign the eigen-
values of the matrix A(t) + B(t)K(t). In particular, if the
linear system is null controllable, then there exists some
K(t) such that A(t) + B(t}K(t) is a stability matrix.
Unfortunately the controllability of the linear system 3.2
is not a sufficient éondition to enable the arbitrary
assignment of pu(A(t) + B(t)K(t)) by choice of some feedback
matrix and some stronger condition upon the linear system is
required. _
We shall frequently demand
w(ace) + BOK(D)) < - alt) ; a(t) > 0 Wee(t,,tg) 3.3
given that the system 3.2 is either totally controllable or
totally null controllable on (to,tf) and the following lemma
points out some of the sufficient conditions for this to be
satisfied.

We shall require the following two definitions in

addition to some well known matrix properties.
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DEFINITION 3.2

The square nxn matrix D with elements dij is said to be

"diagonally dominant" if

" DEFINITION 3.3

The équare nxn matrix D with elements dij is said to be

"diagonally dominant to degree e" if

[
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LEMMA 3.1
If the system 3.2 is totally controllable on (to,tf)
using a control ux(t)EQ then any of the following are
sufficient conditions that there exists a K(t) so that 3.3
is satisfied.
1) B(t) has rank n
2) There exists K(t) such that
Apax (A(E)+B(E)K(t)] s -a(t) and A(t)+B(t)K(t) is
a symmetric matriﬁ.
3) There exists K(t) such that
Apax (B(E)+B(E)K(t)} < =-a(t) and A(£)+B(t)K(t) is

a normal matrix.
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4) There exists a K(t) such tbat A(t)+B(t)K(t) is a
stability matrix, diagonally dominant to degrée o(t).

5) There exists a K(t) such that A(t)+B(t)K(t) is a
stability matrix with positive offjdiagonal elemenfs and

there exist positive T i=1 —— n such that

n
3 ri[A(a+B«uK(u]ij < -B(t)
i=1
n o
> ri[A(t)+B(t)K(t)]ji $ -B(t) j=1,—,n
L i=l
with B(t) > max (ri).a(t) > Q.
.. ©i
PROOF
Although the conditions 1) - 5) overlap to some extent

it is simpler and more enlightening to show them individually
and the'subsequent proof is divided into the appropriate
sections. |

1) If the matrix B(t) has rank n then there exist K(t) such
that each element of A(t)+B(t)K(t) can be individually
detérmined and clearly this is a sufficient condition for
this lemma;

2) If the feedback matrix can be_cﬁoéen so that A(t)+B(t)K(t)
is symmetric then the matrix is unchanged as

")

1

L (A(E)+B(E)K(E)  + A(L)+B(t)K(t)

N

and hence the eigen-
values are unchanged; so
n(A(L)+B(E)R(t) )} = Apax (B(E)4B(B)K(t))
and Section 2) of the lemma is proved.
3) The field of values of a matrix is defined by

F (D) é'{XTDx | x is 'a complex n vector with x'x = 1}
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In the case of a normal matrix F(D) is the compact

closure of the set of eigenvalues of D.

- W2
From Wiedlandt

, F(D) = F(DY)

and F(D+E) ¢ F(D) + F(E)

So

F [ (A(t)+B(t)K(t)) + (A(£)+B(t)K(t)) "]

< 2 F[A(R) +B(E)K(t) ]

Then if A(t)+B(t)K(t) is normal the value of u(A(t)+B(t)K(t))

can be bounded above by A ax (A(t)+B(t)K(t)) and Section 3)

m

of the lemma is proved. Notice that, as all symmetric

matrices are normal, this also proves Section 2) of the lemma.

4) If E is a diagonally dominant matrix then consider the

square, symmetric matrix D A %(E+ET).

n

Z Idij' =
i=1

#J

/A

°
N
—/
®
[N
(W8
+
0]
(-]
P
—

|

L
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®
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ol
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1

l._l.
i

s
[

From the diagonal dominance of E

i=1

#J

L |+ .
2 [Iejjl Iejjl]

:z: |dij| < Idjjl and D is also diagonally dominant.

In a similar way, if the matrix E is diagonally dominant to
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degree £ then the matrix D is glso diagonally dominant to
degree €. |
For notational convenience we write
D(t) 4 %(A(E)+B()K(E) + A(E)+B(E)K(E) 7
theﬁvif A(t)+B(t)K(t) is diagonally dominant to degree €
so is D(t). | |

Consider the eigenvector z(t) corresponding to

(D(t)) . Then

Max , n
Adax .(D(t)) z; (t) = Z dij(t) 25 (t) vte (t . te)
Now if |z_(t)| = max |z, (t)|
¢ (D(¥)) zm(t) =d (t).z (%) +Z A (V)24 (1)
%m
. n
Max(D(t)) dpp () € 3 dpy (B)zy (%)
j=1 '
#m
z  (t)
Or
. n
| Max(D(t)) Ln® 1 s 3 dum
: j=1
#m

From the diagonal dominance of A(t)+B(t)K(t) and hence D(t)
[ Agaxe (D(B)) = d ()] < ]a_ (£)] - a(t)
Now D(t) has negative diagonal elements equal to those
of A(t)+B(t)K(t) and so the maximum eigenvalue of D(t) is

contained in an interval on the real line bounded away from

zero by -a(t) and section 4) of the lemma is proved.

5) 1If the feedback matrix can be chosen so
n
Z r; [A(t)+B(£)K(t)] iy § - B(®)
i=1l

57



n
2 r, [A(t)+B(t)K(t)]-ji < = B(t)
1 :

’-I-
I

Then if dij(t) are the elements of D(t) defined above

n .

Soxrpdgyle) <k {-8(t)-B(t) }

: s -B(t) |

Consider the eigenvector z(t) corresponding to

(D(t)) and define w,(t) A z; (£)/.
Ty

Max
Then

n
Max(D(t)) rw (t) = Z £y ;4 () wy(E) vee (t,tg)

Now if Iym(t)l = mix lwi(t)|, .
% (D(t)) r wm(t) =r_ wm(t) d () + 3 dmj(t).rjwj(t)
j=1
Fm
n
(D(t)) r, §«r (t) + 1 3

Max m mm

] dmj(t) rj'wj(t)
#m
So

n
l>‘Max (D(t)) r, - rmdmm(t)l £ 3 ld_..r.|

w.(t)
3 5 (t)
J=1

v t)

and simplifying the right hand side this becomes
Aoy 1D(0)) x = x d (&) § -z d (t) - 8(t)
Oxr

Ay, (D(E)) = d (0] s =a (&) - Bt)/,

m
Then if B(t) > max (ri) a(t)
i

| Apax IDCEV] = d (B) ] & - d () = alt)

Max
and, similarly to section 4) the maximum eigenvalue of D(t)
is bounded away from zero by -o(t) and section 5) of the lemma

is proved.

In addition to the sufficient conditions for the existence
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of K(t) such that 3.3 is satisfied given in Lemma 3.1 there
also exists a stronger correspondence between the controllability
. of the linear equation and the logarithmic norm u(A(t)+B(t)K(t)).
The scalar functionl(-) can be defined in terms of any
matrix norm subordinate to a vector norm on R" and in those
cases where the norm for vectors takes the form ||ZI!V A<z,vz >
(where V is some real, positive definite, symmetric matrix),
then complete controllability of the linear equation 3.2 is a
sufficient condition that, given any a(t), there exists some
feedback matrix K(t) and some V such that
b, (A(E)4B(E)R(E)) < -a(t)  for some te(t ,tg)
If the linear equation is totally controllable then this
can be replaced by
b, (AR 4B(E)R(R)) s -a(t) Vte(toftf}
This relationship is discussed in greater detail in Chapter
Five where the work is formulated in this framework. ‘It should
be noted at this stage that the results in this and the following
chapter do not depend upon the fact that the Euclidean norm is
used and that the absence of this assumption does not
substantially alter the form of the results or their derivation.
Throughout these two chapters it is assumed that there
exists some K(t) such that inequality 3.3 is satisfied at least
with a(t) = O 'and, depending upon the form of the bound upon the
nonlinearity f£(¢,*,t), the results enable some value to be
placed upon the upper bound on ﬂ(A(t)+B(t)K(t)}.
We can now develop the main theorem of this chapter.
Here we use the inequality bound, 2.38, upon the nonlinear
function f(y,uy,t) and recall that for this bound to be
useful it is essential to restrict the state y (t). to be

contained in some bounded region of the state space D, say.
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As there is no lluy(t)ll term appearing explicitly on the
right hand side of the bound it is also necessary to restrict

. the controls to be contained in Qk.

3.3 STATEMENT OF A NULL CONTROLLABILITY THEOREM

THEOREM 3.1

The nonlinear differential equation given by 3.1 with
initial conditioq y(to) =Y, is null controllable on (to,m)
using control uy(t)eﬂk provided that the linear system
given by 3.2 with initial condition x(to) =Y, is totally
null controllable on (to,m) using uX(t)eﬂ; and the following
conditions are satisfied: |

1) £f{o,o,t) = o ' vte (t_, )
2) 3, p(t), scalar, p{t) > o such that:

Hety,u, 0l < pe)[ly(0) ] yeDcR", dg(t)eﬂk
te(t,, )

3) For scalars c c, and A with

17 72
o <c, < Y

1 and “1/1c; ¢ A <1

Then there exist {ti}, with t, <¢t, ; in (to,w) with

1
i=0,1, ----, N such that over each interval (ti, ti+l) the

following are satisfied:

a) ti1
ft.. plr) dr <« cy
1
b) ey - gl ¢ ey < o

c) 3 uX(’c)eQk such that

tin
ft _ u[A(s) + B(s)K(s)) ds < ln( A—(1+A)cl)

i
l—cl
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NOTE 3.1

This theorem statement provides a means of looking at
the null controllability of 3.1 by considering the behaviour
of the linear system 3.2 and the "size" of the nonlinearity.
In this case, the admissible controls Qk are given 'a priori'
and a value for p(t), which will be valid for any possible
control in Qk’ calculated. This value would then be used to
determine the intervals over which condition 3a) is
satisfied. It is necessary that these intervals be bounded
" above so Fhat any number of such intervals (ti, ti+1) will
exist in (to,w); condition 3b) ensures that this is ‘so.

If there existsa'control in the admissible controls Qk which
will satisfy condition 3c) over each interval (ti, ti+i)
then the nonlinear system will be null controllable from Yo
on (to,w) using controls in Qk.

Notice that the term on the right hand side of the
inequality in condition 3;5 is negative. Thus the smaller
the time interval (ti, ti+1) needed to satisfy the condition
3a) then the more negative it will be necessary for
u(A(s) + B(s)K(s)) to be in order to satisfy condition 3b).
It is via this mechanism that the linear system is compared

with the nonlinear system to determine if the linear section

of 3.1 "dominates" the nonlinearity.

3.4 PROOF OF THE NULL CONTROLLABILITY THEOREM

The procedure shown in the proof is given for the
interval (to,tl) but can be applied to any of . the open
intervals (ti, ti+l) in (to,w). The null controllability

definition demands that for any €>o there exists a time tf
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in (t_,«) such that ||y(tf)||A< e. The following analysis
shows that over the typical interval (to,tl) the solution of
the nonlinear system can be made decreasing in noxm.

A map L is established, similar to that used in
LoveladyL2 , which takes solutions of system 3.2 into
solutions of 3.1 when the nonlinearity is driven byvthe
states and controls appropriate to the linear system. This
map, L, is shown to be a continuous map from a domain of»
solutions DcR™ back into D; when mapped through L this
~domain of functions foéms an equicontinuous set and a
Schauder Fixed Point Theorem is then used to show the
existence of a sdlution to the given system 3.1. The lemma
and condition 3) are then used to show the existence of a
linear state variable feedback control policy forcing the
solution of 3.1 to soﬁe ffaction of its initial value.
Finally it is shown that this transfer may be accomplished

using a continuous feedback matrix K(t).

3.4.1 SOME INITIAL DEFINITIONS

Choose oeR, 0>0 such that for a solution x(t) to system

3.2 with control ux(t)eQ and initial condition x(to) =Yg

k

||x(t) || g o vte (t_,t)

Consider t
ty
£ p(r) dr £ ¢; <%

1 > to such that

s

and define B as
B A 5x(t)|x(t) a solution to 3.2 over (to,tl) with

l

initial condition x(to), ux(t)eQk 3.5
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and also

N(x(s)) A{d|sup |[x(s)|] = a, x(s)eB 3.6
. se(to,tl) |
We can now define the domain of solutions which will be
considered; the domain of solutions are given by
D(d) A § x(s)eB|N(x(s)) < d, selty,ty), d>.o$‘ 3.7

The map L, which relates solutions of equation 3.1 to
solutions of equations 3.2 when they have the same feedback
matrix and initial conditions, is defined by considering
any z(t)eB,

L(z(t)) A w(t) where w(t) is the solution to the
following differential equation

w(t) = A(t)w(t) + B(t)uw(t) + f(z,uz,t) ;

w(to) = x(to) | ; 3.8

te(to,tl) )

Now consider thé range of map L when z(t)sD(O/cl) and
define y(t) = L{z(t)}.

Under this mapping y(t) représents the solution to the
differential equation

y(t) = A(t)y(t) + B(t)uy(t) + f£(z,u,,t) )

y(t,) = x(t) | telty,t) )

This equation describes the behaviour of a solution to
equation 3.1 when the nonlinearity is driven by the state and
aduaissiboa P (m,0z)

control appropriate toL# solutlonlof the linear system 3. 2
Now if R{t) A ||y(t) - x(t)]|| the norm of the difference
between the solution of équations 3.9 and 3.2 then R(to) = 0.
Using the upper right Dini derivative we can see that if
K6
the feedback matrices K (t)Land K (t) are restricted to be

equal for each system then
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DTR(t) = lim sup 1(]|y (£)-x (£)+h(A(t) +BLE)K(£))y (t)
h ‘ -

h-o™

- h(A(t)+B (£)K(t))x(t) + hf(z,uz,t)ll - |lyw)=-x)|])
So

DTR(t) < lim sup (| lye)-x(t) + h(A(t)+B(t)K(t)(y(t)-x(t))ll
h _

hsot

thllfzu, 0l - [lye-xw|])
By definition of R(t) thié can be written as

pTR(t) g lim sup 1(||I+h(A(t)+B(£)K(t))||R(t)-R(t)

h+ot h +h||f(z,uz,t)|[]
Using the definition of the logarithmic norm u(-)

‘DTR(t) < u(A(t)+B(E)K(£))R(t) + | 1£(z,0,,t) || 3.10
Using the total _ controllability of the linear system together
with the conditions in Lemma 3.1 we restrict the choice of the
feedbaék_métrix to a K(t) such that

p+R(t) < -o(t) R(t) + [[f(z,uz,t)ll a(t)>0

“ te(to,tl)

As in the stability example given earlier it is necessary

to use a éomparison function to give an estimate of R(t).
We postulate the existence of a solution r(t) to the scalar
differential equation
Dr(t) = —a(t)r(t) + [1£(z,u,,t) ]| 3.11
§ver (to,tl) with initial condition r(to) = R(to) = 0
It is well known that the solution to 3.1l is given by

r(t) = ft ||f(z,uz,s)|| exp{ft -a(r)dr} ds
»to s

then from the comparison function an estimate of R(t) is
given by

t : t
R(t). « [ ||f(z,uz,s)|| exp { I —a(r)dr} ds 3.12
" _

o S
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But as the feedback matrix K(t), for both ux(t) and

uy(t), is  chosen such that o(xr) > O, re(to,tl), then

t .
R(t) € [ ]|f(z,uz,s)||ds
» t
o
Now from the inequality bound plaéed upon f in the

theorem condition 2)

t
R(t) < sup [z(s)]|] f 1 p(x)dr
t
se(to,t) o)
. . t)
£ sup [lz(s)|]| / © plx)dr 3.13
se(to,tl)‘ to

However z(s)eD(O/cl), and hence
‘R(t) < (O/Cf.cl = 0
Thus for z(t)eB |
He(z®)) 1 = llye) ] s ywr-x@) ] + |Ixe) ]|

0+ 0 = 20

So for the worst choice of c, = % we have L:D{(20) - D(20),
and'fo} any ¢, <% L is an injective map from D(O/cl) into
D(20).'

3.4.2 THE CONTINUITY OF MAP L

The nonlinear function f is a'continuous function over
R® x R x [to,ﬁ) and so the restriction of f to (to,tl) is
uniformly continuous.
NOTE: If f is uniformly continuous then, given € > O
1
q 8,6 > 0 such that Y1r¥,€D Ilyl(t)—yz(t)||< 8,

[u, (t)-u (t)ll < 61 implies that
Y1 Y2

llf(yl,uyl,t) - fly,u, B <e | weelt,,t))

Yy
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To show the continuity of map L, consider two solutions

x, (£) ;x5 (£)€B such that ||x1(t)—x2(t)||< § and
1
[u, (£)-u, (£)|[< 6~ .
Xy X,

The two corrésponding solutions of the equation 3.9 are given
by

y; (8) = Lx, (¢)) i=1,2 telt ,t))
Now define P (t) A ||y1(t) - y2(t)||, P(t)) = O and use a
similar development to that which yielded bounds upon R(t) to
make an estimate of P(t) -

DTP(t) = lim 'sup l(l[xl(t)-x2(t)+h(A(t)+B(t)K(t))xl(t)
h+0+ h .

) .
- L(A(t)+B(t)K(t))x('2+h(f(x,uX rs)—£(xy,u, »s) ||
1 2

_ +] [xq (B) =%, (£) | ])
Then, following the previoﬁs procedure
DIP(t) s p(A(E)+B(E)K(E)}P (£)+] [£(xy,u, ,s)-E(x,,u, ,8)]]
1 2
3.14

The lemma 3.1 and a comparison function yield the estimate

. t ! t
P(t) < ftélIf(xl,uxl,s)-f(xz,uxz,s)|Iexp {fs —a(r)dr}ds

So if the linear system 3.2 is totally null controllable
and the nonlinear function f is continuous, then
= 1 ‘
P(t) s (t-t_Je = ¢ te (t_,t) 3.15

and hence the restriction of L. to D(20) is continuous.

3.4.3 LID(ZO)} IS AN EQUICONTINUOUS FAMILY OF FUNCTIONS

The definition of equicontinuity given by CoppelC1 is:
"A family of functions F defined on an interval I is said to
be equicontinuous at a point tel if for every >0 3 §>0

such that for all feF
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1£EYH-£(®)||. < ¢ providea ||E}-E[] <&, Tler »

Consider a solution to equation 3.2 given by x(t)eB
and consider also the solution to equation 3.9 given by
z(t) = L(x(t)).
At the times S1r S,5 8y < 8, in (to,tl)
. S,
[ztsp-zts) [] < 1 % [[zt)|]ax
.2 - S
1
s, S,
< J_|lamz(x)+B(r)K(x)||de + S_ ||€(x,u_,r)]|]|dr 3.16
51 . 51 X
Now there exists some ¢ such that
¢ 2 [[a(x)z(x)+B(x)K(x) [] Yre (t ,t;)
and some ¥ such that 4 |
o2 [[£x,u,n) ] vre (t_,t;)
So, from inequality 3.16,.
[lz(sy)-z(s) || & (9+9) (s,-54)
and this holds for any possible solution in D(20); hence
from the definition it can be seen that the family of
functions L(D(Zo)) is equicontinuous at every point in (to,tl).
We now know enough about the map L to enable us to use a
Schauder Fixed Point Theorem and establish the existence of
a solution y(t)eD(20) such that
y(t) = L{y(t)) y(to) = x(to) =Y, 3.17
Here y(t) is a fixed point under the map L which takes
solutions, in D(2¢), of the equation 3.2 into solutions of
the equation 3.9. The substitution of this fixed point y(t)
into equation 3.9 yields the original nonlinear differential
equation 3.1: we have thus shown the existencé of a solution

to system 3.1 over (to,tl) with initial condition y(to) = yo‘
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Note that at this stage, although the existence of a solution
to equation 3.1 has been shown, such a solution is not

- necessarily unique; not enough is known about the map L to
invoke a Schauder Fixed Point Theorem which guaranﬁees the

uniqueness of the fixed point.

3.4.4 COMPARISON OF THE SOLUTIONS TO EQUATIONS 3.1 AND 3.2

As before consider x(t)eB, x(to) = Yor and now lef y(t)
be a solution to equation 3.1 with y(to) = Y-

Consider next the difference between these two solutions
given by Q(t) A ||y (t)-x(t)]|]; Q(t) = 0. We wish to be able
to bound Q(t) above and hence say something about the
behaviour of the nonlinear system solution given knowledge
of the linear system solution. The estimate for Q(t) is
again developed using a Dini derivativev—

DQ(t) < lim sup L{||y(£)=-x(£)+h (A(L)+B(£)K(£)) (v (£)-x(£))]]
: h

h+o+

+hlEty,u,, 0 ] + [y -xe) )

3.18
From the definition of u(-)
pDTQ(t) < u(A(L)+B(E)K(t))Q(t) + [1£ty,u,,t) ||
DTO(t) £ -alt)Q(t) + llf(y,uy,t)ll te(t_,t;) 3.19

Now from condition 2) in the theorem statement we can bound
the nonlinearity, and
p*Q(t) € -a(t)alt) + pit)||y(t)]]
< (ma(t)+p(t))Q(t) + p(t) ||x(t)]] 3.20
From this differential inequality an estimate
of Q(t) cén be found using a scalar comparison function.

Inequality 3.20 has the same form as equation 3.11 and the
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same procedure is valid; however by writing the estimate of
Q(t) in a-slightly expanded form, we have

t t s
Q(t) g exp{f§:-a(5)+P(SﬂdS}- ft exp{ft[a(r)—p(rﬂdr}.p(s)]Ix(s)llds
t.

© °© °© 3.21
If we define

I é.ft expgfs[a(r)—p(rﬂgr p(s)ds
t

tO o

we can bound Q(t) above by

Q(t) < exp{ft[_a(s)+p(sﬂds}.max Plxts)]]. 1 3.22
, t

se(to,tl)

o
To arrive at an estimate for Q(t) from inequality 3.22
some bound is required for the integral I. Integration_by

parts yields

: s=t

s . ( s
I =|/ pl()dr. exp{ [ [a(r)—p(rﬂdr;
to to s=t
' o
t s s
- ft fto p(r)dr. (a(s)-p(s)). exp{ftga(r)—p(r)]dr}ds

o)

Substitution of the boundary conditions and expanding the
second term gives

t ( t t
I =/ plr)dr.exp{/ [Q(r)-P(rﬂdr$ -/ 1% p(r)dr.a(s).
t t t t

o} o o ©
_ . ,
exp;f [a(r)—p(rﬂ@r:ds
& :
o

t ' s
+ f js p(r)dr.p(s).expjf [a(r)~p(rﬂdr$ds.
tg t, tg <
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s
So, as the second term is positive and as ft p(r)dr is
’ o

maximised at s=t

t (ot ' t
p(r)dr.exp{/ [a(r)—p(rﬂﬁr + / p(r)dr.I. 3.23
. t

o tO O

IS
' t

Now from condition three in the theorem statement it is

t N 0
known that ft p(r)dr < ¢y < ¥ and so, after manipulation 3.23
o

becomes R
t : ) st p(r)dr
I exp{ft[a(r)—p(rﬂdr}. t

o) t
(l —ft p(r)dr)
O .

Substituting this estimate for I into inequality 3.22 the

bound upon Q(t) is given by

t
Q(t) < max |IX(S)ll.expgft[—a(r)+p(rﬂdr§.
sé(to,t) ©

£ ,
expgft[a(r)—p(rﬂdrg
o

t
ft p(r)dr
O
( t
1 -7 p(r)dr)
tO
Q(t) < max [[xs)]]. 1 3.24
se(t_,t) -

But we have chosen K(t) such that uX(t) and uy(t) belong to
@, and u(A(s)+B(s)K(s)) <0. In this case ||x(s)|], se(t_,tg)

takes its magimum value at s = t_ and max [ |x(s)|] = lIxO[I.

So, from 3.24, at t = tl

. C
1
[y e =x (e 1] < x 1. T=o
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We require an estimate of |[y(tl)|[ and from the above
[lytep ] < Hytep==e) |1+ [lxtep|]
s =l (1 ‘1 )-*llx(tl)ll 3.25

However

t
[Ixte | s [l llexp{s * u(ats)+B(s)K(s))as}
] |

Now if condition 3) in the theorem statement is satisfied
then substitution into inequality 3.25 gives
Hytep Il < gl 2 = Tyl A 3.26
' where A< 1
So over the interval (to,tl) we have shown thatAlly(tl)Il

is some fraction of the initial value ||y0||.

3.4.5 EXTENSION OF THIS PROPERTY TO COVER (to,w)

The above procedure can be applied to each consecutive
interval on (to’m) o?er which condition three holds. Each
of these intervals is of bounded length and hence for any
€ >0 there exists some N such that llyOIIAN <e and t < =,
By the above method we have shown that there exists some
time T & t < @ such that for any €>0,||y(T)|] <e. This shows
the existence of a control uy(t)eQk which ensures that the
nonlinear system 3.1 is null controllable from Y, on (to,w).
It remains to show the existence of a continuous feedback
matrix K(t).

From the theorem statement we know that over each
interval (ti,t.

1+l)

fti+l

t,
l .

u(A(s)+B(s)K(s)}ds < some constant y say 3.27
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and as uy(t)eﬂk then at every tE(ti:ti+l),||K(t)||$1€-

Consider two adjacent intervals (ti—l'ti) and (ti’ti+l)‘

Over each interval there exists a control feedback matrix

Ry (t), telt,_i,t;)

satisfies 3.27. These two feedback matrices lead to

and Kz(t), te(ti,ti+l), each of which

boundary values for u(A(s)+B(s)K(s)) of, say,
Lim n(a(e)+B(E)R, (t)) = ai

lim u(A(t)+B(t)Kl(t5) = a,
tre, ;

and |
lim u(A(t)+B(t)K2(t)} = b

t>t,+
i

Lim  u(A(t)+B(E)K,(t)) = b,

Bt
Now if a, = bl we can choose Kl(t) = Kz(t) and then K(t)
is continuous over (ti—l'ti+l)' In general, however, a, # bl

and in this case we note that either

u(A(ti)+B(ti)Kl(ti)] > u(A(ti)+B(ti)K2(ti)) 3.28
or vice versa.

Without loss of generality assume that the condition
given by 3.28 exists; it is necessary that Kl(t) and Kz(t)
both satisfy 3.27 and ||X(t)]||< k. To show that K(t) can be
continuous assume that the condition given by 3.28 exists.
Then let Kl(ti) = Kz(ti) and choose Kl(t) to be continuous

t.).

over (ti—l' i

Then as [[K,(t;) || sk we know that [ X, (£) || sk and

also, from 3.28
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n(A(s)+B(s)K (s))ds S 7 <Y "
i-1

and condition 3) of the theorem is still satisfied. By this
method we can see that K(t) can be chosen to be continuous
over (to,m) such that the nonlinear syétem is null

controllable from Y, on (to,w) and the theorem is proved.

3.5 DISCUSSION OF THE NULL CONTROLLABILITY RESULT

This theorem provides a means of comparing the solution
to the nonlinear equation 3.1 with the solution to the linear
equation 3.2. The nonlinearity is bounded in norm and thus
it ié nécessarf always to consider the "worst case" situation
when the nonlinearity f(y,u?,t) is regarded as unstable.

The theorem compares the possible values of p(A(t)+B(t)K(t))
(whenvqy(t)eﬂk) at every time with the largest possible
value, of ||f(y,uy,t)l| at every time. The fact that a norm
is used to bound f means that no information about the
direction’of £ is‘assumed in the analysis. The bound upon
f(y,uy,t) involves no control terms explicitly and hence the
value of ||f(y,uy,t)|] is taken to be the maximum possible
at each time te(to,tf). The size of the nonlinearity is
characterised By the inequality bpund'in condition 2)

together with the length of the intervals (ti,t. If a

1+l)'
control exists which makes the linear equation sufficiently
stable ovef each of these intervals then the nonlinear
system is null controllable. ' This restriction upon the
linear system is given by condition 3).

The above proof does not show the uniqueness of the

solution to 3.1 when the nonlinearity is required to satisfy
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the bound upon the norm given in condition 2). The

fixed point for the map I. may not be unique and hence
more than one solution may exist. This can be avoided by
constructing the proof in such a way that the mapping

L : D(20) -~ D(20) is a contraction. The additional
restriction upon £ in order that this be satisfied is a
Lipschitz.condition and we consider this in detail in the
next chapter (see Coppelc1 or for the original text,

SchauderS1 )

In géneral the léék of a uniqueness condition does not
affect the controllability condition. Any solution which is
shown to exist, Qia the Schauder Fixed Point theorem will
satisfy those conditions given in 3.4.4 and hence will be
null controllable.

In the theorem statement, condition 3), we give the

bound

t ' A= (1+A) ¢y
ft u(A(s)+B(s)K(s)]ds £ 1n (—————-———)
1l - cl

We require this in order that the bound upon ||y(t)]]
at the end of each interval will be a uniform one over

(E st In practise if X = 1 this bound could be replaced

f).
by

t l—ch
ft u(A(s)+B(s)K(s)]ds < ln.(——————
- 1l - c,

and the strict inequality here should ensure that, in any
nonpathological cases, the solution of 3.1 will satisfy

| ly(tg)[| < & for any ¢ >0 at some time te.
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3.6 A STRONGER NULL CONTROLLABILITY RESULT

The above result may be modified to yield a stronger

. controllability theorem: in certain cases it may be useful
to be able to say more about the solution of equation 3.1
than is implied by Theorem 3.1 and so an upper bound upon
the solution y(t) is imposed in the following definition of
strong null controllability.

DEFINITION 3.3

The system givén by eéuation'3.l is said to be "strongly
null controllable" from Yy, on (tO,T) if there exists an
admissible control uy(t) which implies th?t given any €>0
there exists a time tfe(tO,T) such thét for all t>tf,te(tO,T)
ly(e)]<e. |

| Theorem 3.1 may be modified to yield a strong null
controllability result for system 3.1 when the nonlinearity
is bounded by inequality 2.38, 1In this case, rather than'
requiring the property given by condition 3) to hold upon
consecutive time intervals (ti,ti+l) we require that this
condition be satisfied for every t in (to,m) so that there
exists a t such that

t

/ u(as)+B(s)K(s))ds < 1n 7 (1HA)cy
t . 1- cy

3.28

In this way the solution behaviour over any interval
(t,t) upon which this condition is satisfied is reflected in
the solution behaviour over subsequent intervals. It is then
sufficient to ask that there exists an admissible control
which ensures that the solution is decreasing over (tO,EO),

an interval upon which 3.28 holds. This will ensure that the
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solution to 3.1 is bounded above by some decreasing function
of time and hence the system 3.1 will be strongly null
controllable. This is more rigorously stated in the
following corollary.

COROLLARY 3.1

The system given by equation 3.1 is strongly null
controllable from Yo OB (to,w) if the linear system given
by 3.2 is totally null controllable on (to,w) and if:
1) f(o,0,t) =0 vte (t,») |
2) |lety,u, 0 || < pto) ] ]y(e) ][] vte (t_,*)

y(t)sDCRé, u, (£) ey

where b(t) is a continuous, non zero, positive function of t.
3) For scalars Cy+Cy and A with 0« cy< % and Cl/l-—cls A <1,

Then Vte(to,w) there exists t such that:

a) f p(r)dr = ¢y

o ot

b) |t-t] < c, <=
c) 4 u (t)e@ such that

rt u(a(s)+B(s)K(s))ds < 1n A~ (1¥A)ey
t

l - ¢y
4) The control uy(t) = K(t)y(t),with K(t) as defined above
is such that the nonlinear system 3.1 has solution ||y (t)]]

bounded above by a monotonic decreasing scalar function

r(t); r(t)) =”y(tOH[over the interval (t_,&)).

PROOE:
The existence of a solution to equation 3.1 may be

inferred using the method given in sections 3.4.2 - 3.4.4.

It remains t§ show that such a solution is strongly null

controllable.

76



Consider the condition

t ;
ft plx)dr = €y 3.29

If p(r)>0 vre(t_,=) then for each te(t_,») there exists a
unique T such that 3.29 is satisfied, and also, given any >0
there exists a unique €>0 such that

t+e
J pl(r)dr = cq
t+e
Note that this relationship does not hold if, over any time
. interval, p(r) has zero value. However, this is a special
limiting ¢ase: p(r)=0 implies a zero value for the non-
linearity f(y,u;,t), however, this may still be bounded by
some positive value for p(r). |
Now from the monotonicity of the bound upon solution
over (to,t;) there exists.o < 8§ <1 such that
[lytegrer [l = 811y e ||
But, as the corollary demands that condition 3) be
satisfied Vte[to,w) we can apply the proof of Theorem 3.1 to
(to+s, E;+E) and (to,ﬁg):
[yted I < AMlyte) ]
and | [yt +e) [[ < Ally(e+e) [
In order to show that ||y(t)]|]| is bounded above by a
decreasing function we need to show some upper bound for
|y (€ +e) |1,

From the above inequalities

Hytegre) [ < rs.flyle) ]
< 61 r(to) where 61< 1
By extending this procedure forward in time we can show

the existence of some monotonic decreasing, positive scalar -
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function r (t) such that

[y ) ] szv) vte (£, )
This in turn shows that the solution is strongly null
controllable according to definition 3.3 and the corollary
is proved.

It is not possible by this means to show that the
solution to equation 3.1 with control uy(t) is itself mono-
tonic decreasing in norm because the‘tﬁeorem gives no

information about a lower bound for ||y(t)ll.

NOTE 3.2. The stability results qﬁoted in chapter two may

be used directly to give bounds upon ||y(t)]||: consider the

stability of the nonlinear differential equation |
y(t) = (A(E)+B(B)K(t)) y(t) + f(y:K(t)g,t) 3.30
If there exists a K(t) such that uy(t)eﬂk and
p(A(s)+B(s)K(s)) + p(s) <O ¥se (t, ) 3.31

then the differential equation 3.30 is uniformly stable.

This shows the existence of a contfol uy(t)‘such that for

any €>0 there exists a time tfe(to,W) so that for all

t>tf lly(t)|| <e and hence the system given by 3.1 is strongly

null controllable.
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4.1 INTRODUCTION

The bound used to restrict the nonlinearity when

- developing the results in the previous chapter is independent
of control. The extension of these results to the case

where the bound involves terms in control is considered in
this chapter. Of the bounds introduced.in Chapter Two the
norm bounds involving control terms are considered here.

A similar approach td that given in Chapter Three is used,
but the norm of possible feedback control matrices is not
restricted beforehand. Instead the feedback matrix is of

the form K(t) ='% BT(t)S(t) where S(t) is a solution to the

matrix Riccati equation

a_
dt

The matrix solution S(t) to this equation, when

S(t) = - AT(£)S(t) - S(E)A(t) + S(£)B(t)BT(t)S(¥) 4.1

considered in norm, can be related to the growth of the

solution of the linear system equation

X(t) = A(t)x(t) + B(t)ux(t) ' . 4.2
with the control ux(t) =‘% BT(t)S(t)x(t)

and x(t)sDcRn, tg(to,w)

The introduction of this control into the previous
analysis leads to restrictions not only upon the size of the
scalar multip%iers but also upon the integral of ||BT(t)||
over the time intervals considered.

Consider the bound given by

£tvou, 0 112 sp v || [lu, e[| 4.3
(2.40)

The use of a linear feedback control policy, together

with this inequality bound leads to a restriction similar to
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that used in Chapter Three. Say uy(t) = K(t) y(t) , then
4.3 implies |

ey e (1< (e )y
and in this case the scalar function of time (p(t)IIK(t)H)'!i
depends explicitly upon the feedback matrix. The use of a
control where the matrix S(t) is a solution to the Riccati
equation 4.1 enables that part of the function (p(t)[[K(t)|0 g
which is dependent upon S(t) to be characterised by a function
involving the logarithmic norm of the matrix
[at) - 3 BB (®)s(e)]. s the solution to the linear

equation 4.2 and the solution to the nonlinear equation

g(t) = A(t)y(£) + Blt)u (£) + f(y,uy,t) 4.4
when uy(t) = % BT(t)S(t)y(t)

and y(t)eDcRY, te[to,m)‘
are also characterised by a term involving the logarithmic
norm of [A(t) - % B(t)BT(t)S(t)] this enables these rélation;
ships to be combined using a similar technique to that used

in Chapter Three.

4.2 EXAMINATION OF SOLUTION TO MATRIX RICCATI EQUATION

The control which minimises the cost function

t
g=1r*% I_|ux(t)ll2 dt
o]

for the linear system 4.2 is known to be of the form

u (t) = -%BT(t)s(t)x(t)

where S(t) is a real positive definite symmetric matrix.
which satisfies the Riccati equation 4.1 with boundary condition

given by S(tf) = Sf, say. .
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If the matrix S(t) satisfies the Riccati equation then

the term %E |[s(t)|| can be bounded and this in turn
" implies a bound upon the value of ||S(t)]|| at any time.
LEMMA 4.1

The matrix solution S(t) to the Riccati equation 4.1
with end point condition Sf = S(tf) satisfies the following

bound:

' t
s | < Ilsgl] exp{ s T u(a(s)-B(s)B (s)S(s))ds} 4.5
¢ 2

PROOF

From the usual definition of a derivative

allse[]_ Lim [IIS(t+h)ii - IIS(t)ll]

dt h-o
2
Then for dllsét)ll
allse)[]? _ lim 1[ max < ZlS(t+h) /S (t+h)z, >
dt ~ h»o h |l lll
- max < ZZS(t),S(t)z2 >] 4.6
||22I|=l

< lim 1 [ max < lS(t+h) zZS(t),S(t+h)zl>
Shvo & [lzqllo] 12,1131

max < z.8({t),S(t+h)z,~-S(t)z >]
IERIRI 2 . 2

Now as h-»o 2= 2, =2 and

.
dLJgét)!l < [I max < zdS(t) /5., S(t)z >

|z]|=1

+ max < 2S(t), dS(t)/dt z >] 4.7

[1=]]=1

2
dl[gét)l[ < 2.max < zdS(t)/dt, S{t)z >

[z]]=1
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However S(t) is a solution. to the Riccati equation 4.1 and
hence

al|s ) ]
dt

leiTaX <z (-aT(v)s(v)-s (0)A(E)
z||=1
+S(£)B(£)BT(£)S(£)) ,S(t)z > 4.8

From the definition of the logarithmic norm u(-)

2 .
§llSéE)lJ S 2“(—AT(t)S(t)—S(t)A(t)
+S(t)B(t)BT(t)s(t)),|IS(t)||

which leads to

SU%%?&ELLL < U(—AT(t)S(t)—S(t)A(t)+s(t)B(t)BT(t)s(t)) 4.9

Now from the properties of u(']

§lé%i£ill < u(-aT(v)s(t) + s)BR)BT(B)S(E))

2

+ u(-S(t)A(t) + S(t)B(E)BT(t)S(t))
2

Hence from the symmetry of the function u(-)

dt

al [s(t)]] < 2u(-S(E)A(t) + S (£)B(£)B (£)S (t)) 4.10
)

Now S(t) is é symmetric, positive definite matrix and
so, from the structure of the logarithmic norm subordinate
to the Euclidean norm for vectors used here and from the
eigenvalue properties given by Wielandtvvz, the right hand

side of equation 4.10 can be written as

AL ¢ 2ister |l u(-ate) + B0 (015 @) -1
2

‘'This scalar differential inequality bears a strong
resemblance to the inequality bound upon ||x(t)||, the
solution to 4.2, which arises when using the techniques

shown in the previous chapter. In a similar way a scalar
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comparison function for equation 4.11 yields the estimate

s=t¢ 1 Le T |
fs=t TISETT d]]S(s)||sJ; u(—A(s)+B(s)B2(s)S(s))ds 4.12

By change of variable s = -s inequality 4.1l also yields the
estimate
t

/
t

£

~pu(+A(s) - B(s)B (s)S(s))ds
2

=ty
< fs=t TS TT al|sts) ||

This leads to an estimate for S(t) given by

t
s ] < lsgll exp{ s u(a - B(r)BZ(r)S(r)]dr ! 4.13

and the lemma is proved.
NOTE 4.1

From the inequality 4.11 a number of possible bounds
upon |[|s(t)|]| are available using the usual techniques for
differential ineéualities. We wish to be able to bound
[|s(t)|| by a term directly related to the exponential
function used to bound the estimates of the solutions to

equations 4.2 and 4.4. ©Notice also that the sign of the

_ B(t)BT(t)S(t)-
2

state matrix for the linear equation 4.2 using the above

matrix A(t) which would be the resultant
control has been changed in equation 4.11 describing the
evolution of |[|s(t)]].

Using this lemma and the bound upon the nonlinearity
given by inequality 4.3 a technique similar to that used in
Chapter Three yields a null controllability condition for
the nonlinear equation 4.4. Here the coptrol is bounded at

the end of each interval (ti’ ) and the Riccati equation

tid
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solved in revefse time, as in optimal control, to yield a
value of S(t) which then satisfies the bound upon ||S(t)|].
© It is through this bound upon |[s(t, ;)|| that the value of
lluy(@ll over the intervals (t,, t; ;) is restricted. B&s
the feedback matrix has the form - % BT (t)S(t) it is also

necessary to impose some integral bound on the value of

|[8T () | .

2

4.3 A NULL CONTROLLABILITY THEOREM FOR NONLINEARITY

BOUND 2.40

THEOREM 4.1

The nonlinear differential equation given by 4.4 with
initial condition y(to) = Y, is null controllable on (to’w)
using control uy(t)aQ provided that the linear system given
by equation 4.2 with initial condition x(t ) =y, is totally
null controllable on (t ,=) using u (t)e® and that the

following conditions are satisfied:

1) f(o,0,t) =0 vte (t, )
2) p(t), scalar, p(t) > O such that
[Hetyiu 0112 ¢ e ly®Il, [lu ]
y (t) eDeRY, u (t)e®, te (t , )
3) There exist times'{ti}, i=o0,1l, --- a[to,W)
and a feedback matrix K(t) = - % BT(t)S(t) where S(t) is the

solution to the matrix Riccati equation 4.1 with end point

condition S(ti+1) = Si+l such that

t, T %
ay s AL gk (JJEL.E&LLL) s

t. 2
bR

T
o)
)]

/A
Q
A
(N
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- < < oo
i+l )

c)§3 S(t), a solution to the Riccati equatioﬁ, with S5+

t.

b) |t il

satisfying a) and

fti+l
£,
RN

NOTE 4.2

w(aA(t) - B(E)B (t)S{t))dt < In (1-cy)
2 -

This theorem enables the null controllability of
equation 4.4 to be determined from the behaviour of the

equivalent linear system 4.2 under the particular control

1
2

which holds for uy(t)chRm and y(t)eDcRn, is determined and

law given by - BT(t)S(t)x(t). In this case a value for p(t),
this 'is'used, together with the value ||BT(t)||, to give

the relationship between the length of (ti, ti+l) and the
final value of |[[s; ;|- As before, it is necessary to

bound fhe time intervals above, in order that any finite
number.of‘such intervals will exist in (to,m). The existence
of a ﬁétrix S(t) which satisfies the above condition implies
that the system given by 4.4 is null controllable using the

above control law.

4.4 PROOF OF THEOREM 4.1

The proof has a similar structure to that used for
Theorem 3.1; however there are differences in detail due to
the use of Lemma 4.1 together with a knowledge of the
particular structure of the control law. As with Theorem 3.1
the proof is épplied to time intervals (ti’ ti+l) and is
illustrated here for (to’ tl)‘ The map L is used to compdre
solutions to equations 4.2 and 4.4 and to show that the

solutions are suitably bounded at the end of each interval.
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4.4.1 THE EXISTENCE OF A SOLUTION TO EQUATION 4.4

Choose tle(to,m) and-S(tl) = Sl such that
t1 T L L
! Gﬂs) I (s)||)2 as s 1% ¢ <%
t . 2
o
Now consider geR, ¢>0 such that, for a solution x(t) to
equation 4.2 with initial condition x(to) = Y, and control
u (t) = -3 B (£)S(t)x(t) and S(t) a solution to 4.1 with
S(ty) =8y,
[ |x(e)]] <o - Ve (tg, t))

Define, as in Chapter Three,

B A {x(t) [x(t) a solution to 4.2 over (to,tl),

x(t) =y, u (t) = -3 BT (t)s(0)x(t)} 4.1

N(x(s)) A {a]lsup ||x(s)]] = 4, x(s)eB} 4.15
(t )

D(d) A {x(s)eB|N(x(s)) sd, se(t_,t;), d>0} 4.16

The map L(z(t)] A w(t) is defined exactly as in Chapter Three
and hence w(t) is the solution to equation 3.8.
Now consider the range of map L when z(t)aD(o/cl) and

define y(t) = L{z(t))

y(t) = A(t)y(t) + B(t)u (t) + £(z,u_,t) )

¥ ) 4.17
y(t)) = X(to) te(t ,ty) )
Now if R(t) _ [[|y(t)-x(t) || then, as in Chapter Three,

an estimate for D+R(t) is given by

D'R(t) < u(a(t) + B(t)BT()S(t))R(t)
2 1T
+ ||f(z,-§B Sz,t) || 4.18
As the system given by equation 4.2 is totally null
controllable on (to,tf), by using Lemma 3.1 equation 4.18

can be written as
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DTR(t) € —alt)R(t) + [lf(z,--%BTSz,t)ll 4.19

and a comparison function.of the usual form gives

N v
R(ty) < Jf Y £z, % BTSz,s) || .
. to t

exp{ / 1 _atryarlas 4.20
s

The nonlinearity f£(*,*,t) can be bounded as in inequality
4.3 and this, together with the defined control policy, leads
to .
Y T y
R(tl).<f (:p(s). |8 (s>S(s)ll)’ [1z(s) ]
to ) 2 .
-t
exp{ [
s

1 -a(r)drl}ds. 4,21

Then froh Lemma 4.1

t 3 -
R<t1><fl(p<s> [[BT2<SH|) s, 1% [zt 11

t
o
. ) tl
exp{ J -2a(r)dr}ds  4.22
Then
0y T € )
R(ty) & f p(s)Z(llB (s)ll) ds. |[|sy|]%.
t 2
o
. =
sup (llz(s)ll. expl J_ -2a(r)dr})
se(t_,t,)
o’ "1
!
and since sup exp{ J =~ -2a(r)dr} <1
selt_,tg) S

the estimate for R(tl) becomes
Y L/ T 3
R(t)) < sup |1z (s)]] - I p(s)2< |B"(s)]]) as.
se(t_,ty) o) 2
o’ "1
%
l[slll 4.23
Noticing that z(s)sD(c/cl) then the condition 3a) in

the Theorem yields

R(tl) s(g/cg.cl =g
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and thus for any z(t)eB
Ho(zw)) ] = [y ] s [y =@ || + [|xe)]]
and then L is an onto map from D(2¢) = D(20).

The continuity of map L and the equicontinuity of the
family L(D(20)) follow in exactly the same way as sections
3.4.2 and 3.4.3 respectively. Again a Schauder Fixed Point
Theorem may be used to show the existence of a solution y(t)
such that y(t) = L(y(t)); y(to) = x(toy =Y, and this y(t)

is a solution to the nonlinear equation 4.4.

4.4.2 COMPARISON OF THE SOLUTIONS TO EQUATIONS 4.2 AND 4.4

As before let x(t)eB, x(to) =Yg and y(t) be a solution

to equation 4.4 with y(t ) = Yoe

a(t) A [ly(e)-x()[[; (k) =0
Using the Dlnl derlvatlve an upper bound upon Q(tl) is
developed in a similar way to section 3.4.4; however, because
of the specific form'of the contfol policy and also because
of the different bound upon the nonlinearity, the resultant
condition differs slightly from that given in Chapter Threé:
D'Q(t) < lim sup = (||y(t) ~x(t) + h(A(t)+B(t)K(t)) (v (0 ~x () ||
oo el 0 1]+ ytexo 1)
Then we know that
p'o(t) s -a(t)a(t) + ||£(y,~5B sy, t) ]| 4.24
using the control policy defined by K(t) = —lBT(t)S(t)
Bounding ||£(+,+,t)|| by the inequality 4.3, the equation

4.24 becomes

DTQ(t) & -alt)Q(t) + p t)zll— Teyse) |12 |1y ||
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Thus

D' (t) < (-a(t)+p(t)%ll-%BT(t)S(t)ll%)Q(t)

+pte)*] - (s [ [x (0]

This yields the estimate for Q(tl)

t
atey) < [ e -3 [ s ) | 1] xs) |1
. |

© t

exp{ f 1 ;a(r)+p(r)%|]BT(r)]I%IIS(r)ll%dr}ds
s : 2

4.25
From the Lemma 4.1
2 T |
[Ists) 117 < |Isyl]? exp{ f © -alx)ar} 4.26
s
where S, = S(t,)
and also, from the stability theory in Chapter Two
s
I[x(s)||$|]XO|| exp{ [/ -oa(r)dr} _ 4.27
to
Combining 4.26 and 4.27
) T | .
IHstsy 12 xts) ] < = L 1Isy[1? exp{ [ © -a(g)ar}
. : tO
Introducing this into inequality 4.25 and expanding the
integral
k! © X /14T ¥ !
0tty) < [Ix. || expls —a(r)dr}.f p(s)2<HB (s)]]) I1s. 1%
1 o) 1
t t 2
o o
i 5 1aT (o | I\ 5
exp{/ a(r)-p(xr) (1113 (r)||> . |lstx)|]*ar}as.
to 2
- 1 T L '
exp{f -a(r)+p(r)2(l|B (r)ll)zlls(r)lldr} 4.28
to 2
This can be written as
t
. L L
Qlty) < ||x0||exp{f 1 -20(r)dr + p(r)"(HBT(r)H)2
t 2
o

|1s(x)|]dr} . I 4.29
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where

t ‘ s
IA fl p(S)%(HBT(S)H)%HSlH% exp{/ alr)-p(r)*
tO 2 t

.0

Q|§E§£1||)%||s<r>||%dr}ds 1.30

As in Chapter Three an estimate for I is needed. This follows

much the same procedure; however, it is necessary to make some

additional estimates due to the inclusion of the term

L
s ] 1%

Integration of equation 4.30 by parts yields

.
= e *(leZ@m 1) ¥ls, |1 ¥ar.

t
(e}
s S=t1
3
expl/ e -p(n* (1122 1) *11s @) || %ax)
t 2 s=t
e} e}
f1 s L T L X '
| et (R ) F s, | e |
t :

s ©

[a(s)—p(s)% OlBT(S)l|)%||SKS)||%]
. 2

t

] ' _
.exp{/ a(r)—p(r)%(ILBT(r)||)%||S(r]||% drlds 4,31
2 .
o

So, substituting limits in the first term and neglecting the

negative semidefinite term

t
1 s
—f I p<r>%(||BT<r)||)%|1sll|*'= ds. al(s).
t 2
o

t
o

s
exp {/ Ot(r)--p(r)'li(l]BT(r)||>!E||S(r)H;2 drl}ds
t 2
o

1

the estimate for I becomes

91



t

t
1 ! !
.Isf p(r (||132 II) Isy 117 ar.

O
.t X

expl/ * a(r)—p(r)%(llBT(r)ll)%lls(r)ll “dr}

t, 2

t .

1l s o L
+f 2o (112wl ) Hls, |1 ax.

t 2
t O
O

o(s)¥ (l 22 o) ll)"il Ists) |5

S
expls a(x)-p(r)® [I18%(o) || %[|s(x)]]% ar}ds 4.32
L T2

t
o}

The second term in this estimate is less than
t ' t

1 ; 1
[T (st s 1 e [ e (11wl ) s 1
’ 2
tO tO
exp{/ ---- drlds
t
o}

t

Then, as [lS(s)Il% s.IISl||% exp{/ T -a(r)dr}, the bound
s

upon I becomes

tl N
e [T ewt (il s ar.
£ 2

O

t

t
expls 1 a(r)-p(r)%(|IBT(r)ll)%IIS(r)ll% dr}
2
O

t
5 o (HENm 1) ¥1s, 1% ax. 3
t 2

o
Substitution of the resulting estimate for I into 4.29 yields

. t L .
£ st p(r>2(l|BT<r>||)%dr.||sl||z
Qty) < %o |[exp (s “-a(r)dr}. to 2

o (1-f: 5 (1125w ll)zdrlISII)
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This yields an estimate for ||y(t;)]|| given by

ytep || <
1 = t
| 1, 5 /][] 3 3
: .t f B (x) dr}| S
[lxollexp{ftl—a(r)dr} £ px) (ll é ]I> | 1II _
o o
+ 1 4.33
t L L L
1 -7 px) 2(1 IBT(r)II)zdrlIslll’
Tt 2
o
Now, as ||x || = ||y,|| -and the integral is bounded as in

condition 3a) of the theorem statement, then

t
. 1 1
||y(tl)||.$ ||y0||exp{ft -a(r)dr}. T-o; 4.34
o
The existence of a control policy such that condition 3c) is
satisfied ensures that
Hytepll <allzgll  o<a<t
This procedure, which has been applied above to the
interval (to,tl), may be shown for each consecutive interval
(ti, ti+1)' Just as for Theorem. 3.1 this shows that the
nonlinear system 4.4 with nonlinearity bounded by 4.3 is null

controllable provided that the conditions of the theorem can

be satisfied.

NOTE 4.3

As in Theorem 3.1 the null controllability of the
nonlinear system-4.4 hinges around the controllability of
thé linear system 4.2. It is necessary that the linear
system be sufficiently responsive to control in order to
dominate the nonlinearity f(+,+,t). This domination is
characterised by condition 3). However, the specific form

of the control is now given and this leads to a set of
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conditions which determine the control feedback gain
throughout the interval. 1In this case the length of the
interval (ti, ti+l) is not bounded above purely by condition
3a) but instead an extra degree of flexibility is introduced
by the term ||Si+l||%. The circular nature of the conditions
is completed via condition 3¢) which specifies a bound over

(t., t

. .~) relating the linear system matrices to the
i i+l d

solution of the Riccati equation with S(ti+l) = Si+l"

This circularity of condition 3) is similar to that
giveﬁ iﬁ Theorem 3.1. However, because the control has
additional structure imposed upon it, the condition 3a)
yieldiﬁg the necessary bound upon R(t) is, in this case,
too stringent. In fact, in this theorem the condition 3a)
may beireplaced by the weaker condition

£ e ¥ [ae) [1\F aslls,, 11% s <1 4340

. ( > ) i+l S 71 )

This, together with condition 3c¢), is enough to ensure that

the wvalue. of R(ti+l) in equation 4.22 R(tl)) satisfies

. a
Rit; 40 < ( /cl)‘cl

Consider the case for the interval (to,t ) and notice

1

that, from equation 4.22 we can write

t

4 1 1

reey) < e ll [ " (11zga1l1)as 15, 1

t 2
o

tl :

exp{/ = -a(r)dr} 4.35
t
o

owing to the fact that

' ) S
Hxts) ] s [lx ]| expls -a(r)ar}
t

o
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t, .
and sup expi{/ 1 -a(r)d;} < 1 .
se(to,tl) s :
This is analogous to 4.23 and for this inequality to yield

a bound upon R(tl) we need

tl N
L L
J 201z 1) as. 15, 1%
t 2 ‘
O
ot |
exp{/ = ~a(r)dr} c; < % _ 4,36
t
O

This bound could replace condition 3a) in the theorem.
However- the condition 3c¢), used to show that Q(tl) is
sufficiently small, remains the same. This condition
results from eiamining inequality 4.34; an equivalent, but
more cumbersome, bound resulting from 4.33 is

. , t . .
exp{/ b _o(r)dr} < [l - st p(s)%(l|B(s)||)%ds||Sl||%] 4.37
+ t 2

_ B(s)BT(s)
2

then the bound 4.36, which is analogous to condition 3a) is

(o] O

Now if u(A(s) S(s)) satisfies inequality 4.37
also satisfied and hence bound 4.36 is redundant. However,

in order to derive 4.37 it was assumed that

t

' .t L L L
o<1 - flp(s)z(lléﬂll)zds-llslll’
2

and so it is still necessary that this be satisfied.
To summarise this note: the modified condition 3a)
given by 4.36 is implied by the condition 3c) or 4.37 but
in order that 4.37 may be derived it is necessary that
t ! ! X , |
S T pls) (||B(s)||)2ds.||Sl||2.5 c, < 1 4.38
t 2

o]

Hence the Theorem 4.1 may be restated with condition 3a)

replaced by the inequality 4. #y 34\

95



4.5 NULL CONTROLLABILITY OF EQUATION 4.4 WITH UNIFORMLY

CONTROLLABLE LINEAR EQUATION 4.2

The conditions upon the linear system in Theorem 4.1
and the control law used have a close resemblance to the
conditions demanded of a uniformly controllable linear
system. In the case of uniform controllability bounds can
be placed upon the system which are independent of time:
another definition of uniform controllability, which is
equivalent to definition 1.6, bounds the controllability.
matrix W(t,t+o) above.énd below by scalars which are
dependent upon the interval length o but independen£ of t.
Notice that a controllable system satisfies this boundedness
condition upon the controllability matrix except that the
bound will not be independent of time - hence the name uniform.

KalmanK2 has shown that if a linear system is uﬁiformly
controllable, there exists a continuous feedback matrix, of
the form -%BT(t)S(t); such that the linear system under this
control is exponentially stable.

The system is given by

%x(t) = <A(t) - B(t)BT (&) S(t»x(t) 4.39
—

and there exist positive scalars M and Bl, independent of
time, such that
[lx(s)[l < llxoll Mexp (-B;(s-t))
A consequence of this condition is that the transition
matrix corresponding to equation 4.39 can be bounded by
[1eCs,t )] s N exp (-8,(s-t )}
where N and 82 are positive scalars independent of to'

These necessary and sufficient conditions for the exponential
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stability of 4.39 are determined by the uniform controllability
of 4.2 and are very similar to the bounds implied by
condition 3c¢) in Theorem 4.1. If condition 3c¢) is modified

to become a uniform bound upon u[A(s) + B(s)BT(s) S(s)) then
2

this can imply that the differential equation 4.39 is
exponentially stable.

Consider the following result in which condition 3c¢) is
replaced by a bound upon p(+) which is independent of time.
Then the condition 3d) need only be checked over one interval
whilst still ensuring the null controllability of the

nonlinear system over (t_,«).

THEQOREM 4.2

The nonlinear differential equation given by 4.4 with
initial condition y(to) =Y, is null controllable on (to,w)
using control uy(t)eﬂ provided that the linear system.given.
by equation 4.2 with initial condition x(to) =Y, is totally
controllable on (to,w) and the following conditions are
satisfied

1) f(o,0,t) = O Vta[to,w)

2) J p(t) > 0, scalar such that

ey, 0112 spwlly@]] [lu @]

y (t) eDCRY, uy(t)chRm |
te(to,w)

| 3) There exist {t;} i=o,1,2 --- a(to,w) and a feedback
. . . I

matrix K(t) defined on (ti' ti+l) with K(t) = jB (t)s(t),

where S(t) is a solution to the Riccati equation 4.1 with

end condition S(ti+1) = Sf such that
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t., 1L L
ay g i+ p2<s>(l|BT<s>H)2 [Is,l1%as <o) <%
2

t,
i

b) |t - t, < @

il

n

1+l €2
c) For all te(t_,») the above feedback with end
condition S(t) = Sfféuch that
u(a(s) - B(séBT(s) S(s))s -8 <0

se(t-c,, t)

X
& =Bty - t) § In (1 - cp)
where (tj, tj+l) is the smallest of the intervals
(t5r Ei41)-
PROOF
The proof follows from the proof of Theorem 4.1, the
only changed required is to notice that the combination of
conditions 3c¢) and 3d) in the theorem comprise a sufficient
condition that 3c) of Theorem 4.1 be satisfied: if condition
3c) is satisfied then certainly, at times t = ti+l' we can

write

T T
exp { f u(a(s) - B(s)B (s)S(s))ds}sexp(-B(t, 5 - t;))

t, 2
i

and if B(ti+ - ti) satisfies condition 3d) on the smallest

1
interval (tj, tj+l) it also satisfies 3d) on the'remaining
intervals.

It is interesting to notice how 3c) and 3d) are related
to uniform controllability via exponential stability of
equation 4.39. Thé transition matrix ¢(+,*) of equation 4.39
can be related to u(*) via

.S T
[lo(s,t )] ¢ exp{/ n(A(r) - B(x)B” (r)S(r))dr}
t 2

o

and so, if p(+)} is uniformly bounded as in 3c), the linear
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equation 4.39 has transition matrix such that.

[lots,t ) || & exp(-B(s-t))
and hence is exponentially stable. Equation 4.39 is also

exponentially stable if 4.2 is uniformly controllable.

4.6 FOR A NONLINEARITY BOUND INVOLVING ONLY TERMS IN CONTROL

As an introduction to the situétion where the nonlinearity
is bounded in norm by inequality 2.39, it is instructive to
cons;der the special case when the bound upon the term
||f(~,-;t)|| depends only upon control.

Hetyoug 0 [ & ate) [u o) [

| ' VyéDcRn, uychRm 4.40
te(tp,w)

Tﬁe choice of this boﬁnd upon f£(°,*,t) is motivated by
the facf that, when the control is of the form specified
in Theorem 4.1, a weaker restriction than that used in
Theorem 3.1 can be demanded in condition 3c). In the proof
of Theorem 4.1 the bound upon Q(tl) given by 4.29 contains
an additional ferm of the form exp{f:l—a(r)dr}. For the
controls éonsidered ~0(r) € 0 and hence this term is less than
unity. This is used to advantage to weaken the conditions
demanded of the linear system 4.2. The ability to bound the
nonlinearity by 4.40 would enable us to introduce a term
exp{le -20(r)dr} at an equivalent position in the bound
upon Q(tl) and this would allow a still weaker restriction
upon the linear components in the nonlinear equation.

We shall show later that the analysis which leads to a

result when bound 4.40 is in force may be generalised and
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applied to the problem when the nonlinearity is bounded by
a linear function of |[[y(t)]|]| and Iluy(t)||.

THEOREM 4.3

The nonlinear equation given by 4.4, with initial
condition y(to) =Y, is null controllable on (to,w) using
control uy(t)eQ provided that the linear system given by
equation 4.2, with initial condition x(to) =Y, is totally
null controllable and the following conditions are satisfied:

1) f(o,0,t) =0 Vte(to,w)

‘2)' There exists gq(t), scalar g(t) > O such that

ey 1] < ae) o 01 1]
vy (t) eDcRY, u?(t)chRm
te(to,w)
35 There exists‘{ti}; i=0,1,2 --- e(to,W)
| and a feedback matrix K(t) defined upon (ti' ti+1)
by K(t) = -%BT(t)S(t) where S(t) is a solution to

the Riccati equation 4.1 with end condition

S(ti+1) = S;.1 such that
ti+1 | T
a) /. q(s)(llB <s>||)as I8y !l € o)< ¥
t. 2
i
N R N

c) There exists S(t), a solution to the Ricecati

equation such that

t.

s yacs) - Bis)BT(s) s (s}
t. 2
i .

+ q(s)(||Bz(s)||>||Si+l||ds <0 4.41
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The proof follows the usual procedures given in detail
in the previous theorems. As in Theorem 4.1 the restrictions
given in condition 3) are those bounds necessary to impose
the desired ﬁpper limits upon R(tl) and Q(tl). As in the
previous cases the bound upon R(tl), ih order to use the
Schauder Fixed Point Theorem upon L(-),follows without
difficulty. The development of the bound for Q(tl) follows
that for Theorem 4.1 but the introduction of the extra
exponenfial term exp{f:l -a(r)dr} leads to the simpler
bound in condition 3c).

With R(t) defined as before the expression equivalent

to 4.21 is
. tl T
R(t) < ~ats) B ()] llsts)I] [lz(s)]].
: t 2
o
' tl
exp{/ = -a(r)drlds 4.42
s
From the lemma bounding ||S(s) || this may be written
oty T .
R(ty) < [ “ats) [[B (a)[] [ls |] 1lz(s)]].
t 2
o
exp{/ — -3a(r)drlds 4.43
s

As o(r) is positive a sufficient condition for

R(tl).‘<c is
£ T
ft al(s) ||B2(s)|lds||81|| s oy <% 4.44
(@]

and condition 3a) ensures that this is satisfied.

The Schauder Fixed Point Theorem again shows the
existence of a solution to. equation 4.2 over (to’tl)' If

the difference between the solutions to 4.2 and 4.4 is
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given by Q(t) A ||y(t¥) - x(t)|| then, equivalent to 4.25,

we have
t T
otey) <[ Taw 2@ 11 @ 1. 11x6 1.
t, 2
% LT '
exp{/ ©~ -a(x) + q(r) [|B (x)|] ||s(x)|]|arlas 4,45
s 2

This may be written as

£ Y T
alt;) < IIXO[[ exp{/ ~ ~a(r)dr}. g(s)|[B (s)|] [[sq11.
t t 2
o o .
. tl . tl T
exp{/ = ~a(r)dr}. exp{/ = -a(r) + q(x)|[B (x)|] |Is(x)||dr}ds
s s —_— ‘
2 4.46
Or eéui&alently
t
ate)) s |z |l. exs U ' —2a(x) + @ |1B%@ || |Is(x)]]ar}. 1
t 2
o
where )
’ t
I é.]tl q(s)IIBT(s)II ||Sl|[. exp{/ ' -a(r) dr}.
Jt 2 s
. .o
S - T .
exp{/ a(r) - q(x)||B (x)]] |[|s(xr)]||drl}ds
t 2
.o

However, as in Theorem 4.1, if
‘1 T &
¢ A [[B )] [[sy[[. exp{s = -a(r)dr} < 1
e} 2 ‘ s

then a bound for I is

tl P tl
I g | als)|]|B_(s)]] HSlll. exp{/ ~ -a(r)drlds
) R 2 S :
t t
! —./tl q(S)IIEELE)II [Is, 1. exptls 1 _a(r)arlas
o 2 S
tl T .
exp{/ ~ a(xr)-q(x)||B (x) || ||S(x)|]|dr} 4.47
t 2
o
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So the bound for Q(tl) given by 4.46 becomes

t
Q(ty) < ||XO|| exp{/S 1 -o(r)dr}.

t
o
t . t
.I;l ats) | 8T (s) || ||Sl||. exp{/ T -a(r)drlds
o) 2 S 4,48
& T £
-1, q(s)||B (s) || ||Sl||. exp{/ = -a(r) drlds
o 2 s

Note that, apart from the extra terms, exp{f:l -a(r)dr},
this expression has the same fbrm as that given for Theorem
4.2 in inequality 4.33.

This leads to a bound upon y(tl) given by

) t
IlY(ti)l! < llxollexp{f L _a(r)ar}.
t

O

1

' £ T | RS
L= [ a@ 158 11 115 ]]exp s ~atmiasias
. t 2 .

S
O

Now. in.order that l[y(tl)lls Mly lle o <a <1

we need
& & T
exp{f ~ =a(r)dr} < 1 —.]. qa(s).||B (s) ]| IENER
t _ t 2
- o
£
exp{/ = -a(r)drlds 4.49
s
t s=t, . t
Now 1 - exp{/S 1 -a(r) dr} =~[ L gg exp{/f L -0 (r)drlds
. to s=tO S

= =
= .f a(s) exp{s -a(r)drlds.
t S

o)
So 4.49 is satisfied if
tl )
-o(r)drlds

t
0 < ~{ ! (a(s)“q(s)llBT(s)ll ||Slll). exp{/
£, N | s

This requires that
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t
1
J; (a(s)-a(s) [[BE=) [|.[]s 1) > 0 - 4.50
o} 2

which is exactly condition 3c¢c) of Theorem 4.3 and the proof
of the theorem is completed in the same way as Theorem 4.1.

The implications of this result afe clear from bound
4.50: if there exists a control law such that the linear
section of the nonlinear equation "dominates" the maximum
possible value of ||f(+,*,t)]|| over the intervals (k5 7ty )
then such a control will drive the nonlinear system towards
the ﬁuli solution., An obvious sufficient condition whichtg
illustrates more clearly this "dominance" is

- u(ats) - B(s)BT()s(9)) > a(s)|1BTas) || [Isy 11
2 2

Vse(ti,ti+l)

The scélar term -u[A(s) - B(s)BT(s)S(sﬂ represents the
2

dynamic performance of the linear section of the nonlinear
equation and if this is greater than the scalar term

q(s)]lBT(s)Il ||Si+1|| which is known to bound the value of
2 .

||f(y,uy,S)]| over the interval (t,,t, ;) then the solution
of the nonlinear equation has norm which decreases over the

interval.

4.7 TFOR A NONLINEARITY BOUND INVOLVING TERMS IN STATE

AND CONTROL

We are now in a position to consider the case where the

nonlinearity is bounded by

HEsu, 0 || s pe) [ ly@ ] + al®) [|u, (o) ]] 4.51
| n Y (2.39)
¥y (t) eDcR, uy(t)chR
te(t_,*)
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It can be seen from the previous sectionjthat the form
of the bound on the nonlineari£y implies the form of the
restriction upon the linear section of the nonlinear equation
given in condition 3c) of the theorems. Condition 3c)
derives from the ﬁeed to put an upper 5ound upon Q(tl). If
the nonlinearity is bounded by 4;51 then it is possible to
rewrite this bound so that a similar approach to Theorems
3.1 or 4.1 or 4.3 may be used.

For instance, following 3.1, when 4.51 is the bound

used, thl) is given by

1 T |
Qlty). < (p(s)+q(s)I|B (s) ] IIS(s)II).IIx(s)II.
to 2
WS T,
exp{/ = ~a(x)+p(x)+q(x) | IB (x)]] |[s(x)|]|drlds 4,52
. S : 2 :

then defining a new scalar ﬁ(t)

p(t) A (p(t)+q(t)llBT(t)ll IIS(t)II) te(t_,=)
e 5 .

gives a condition 3c) of the form,

oty € -
exp{/ ~ -a(r)dr} <« 1 -2 p(s)ds
' * - %
| tl . 4.53
1 - p(s)ds
J.
. o o

The most ﬁseful fesult can be obtained when the approach
used in the proof is similar to that adopted for Theorem 4.3.
In this case the proof takes advantage of additional terms
of the form exp{f:l ;Za(r)dr} and this results in an
interesting condition imposed upon the linear system in
condition 3c¢) of the theorem.

In order to extend Theorem 4.3 it is‘necessary to define

another ﬁ(t) by

105



t .
B(t) A expl/ T 2a(x)dr} p(t) e (t, ) 4.54
t

Now the expression 4.52 bounding Q(tl) can be written

t
1 T
Q(ty) < B (s) ] [IsqI1\-
1 J; ) 1

o]

(5(s)+q(s) |

exp{/ & -20(r)dr}. [|x@s)|].
s

ot
exp S T —a(r)+p(r)+q(x) | |B (x) || [Is(x)]|ar}as
s 2

This bound for Q(tl) has the same form as 4.46 and the
" analysis proceeds exactly as before. The condition that
results in order that [[y(tl)ll < A||y0||, 0 < A <1,

equivalent to 4.50 is

tl T _ :
¢ (a(s) - a(s) [1B () || [Isyl| - p(s)} as > 0 4,55
o 2
or, substituting from 4.54
t1 .
¢ as)=as) B2 ) ] [ls ]l -
o 2
. tl '
p(s). exp{/S 20(r)dr}ds > O 4,56
s _

The following theorem states more rigorously the ideas
put forward above. ‘Although the equation 4.54 is introduced
only to enable the analysis of Theorem 4.3 to be applied to
the bound 4.51, it can also be seen in a slightly different
light: the term exp{f:l -a(r)dr} is related to the transition
matrix ¢(s,tl) of the linear equation

%(t) = (A(t) - B(t)BT(t)S(tﬂ) X ()
—

In fact, from Chapter Two, we know

.t
|[¢(Srtl)|[ < expls 1 _a(r)ydar}
s
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: t
The term p(s).exp'{fs1 =20 (r)dr} is certainly greater than
|[¢(s,t1)||2 p(s) which can be regarded as the net
effect of p(t) upon the linear system trajectory carried

forward in time to be compounded at tl.

THEOREM 4.4

The nonlinear equation given by 4.4, with initial
condition y(to) = Yor is null controllable on (to,w) using
control uy(t)eﬂ provided that the linear system given by
equation 4.2, with initial condition x(to) = Yqr is toﬁally
null controllable and the following conditions are satisfied.

1) f(o,0,t) =0 Vte(to,w)

2) There exist scalars p(txq(t).> 0 such that

Hewu 0]l < pd iy L+ ate) [u (o) ]
y(t)eDcRp, uy(t)chRm
| te[to,m)
3) There exist {ti}’ i=0,1, --- S[to,”) and a feedback

matrix Kft) defined upon.(ti,ti+l) with
1T

K(t) = -EB (t)s(t) and end condition S(ti+l) = Si+1
such that
ti+l T
a)j; p(s) +ats) Bl 1] 115, llas <o)
i
B) e,y -yl € oy < @

¢) There exists S(t) a solution to the Riccati

equation such that

fti+1 T T |
g, MAEIBEE 1SE)) +as) B e 1] s, ]

t,
+ p(s)exp{s *11

2p (A(x)-B.(x) B (x)§ (r) )dr}ds < O
s 2
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PROOF | -

The proof follows exactly that given for Theérem 4.3
with the substitution of
i+l

- -t
p(s) expl{/s
S

-2a(r)dr} = p(s) . ss(ti,ti+l)

in order that the bounds are of the required form.

It is interesting to note here two points regarding
the restriction 3c¢):
- An obvious sufficient condition which can replace

bound 3¢) and which may be siméler to evaluate is

Eiv1 Cotiar ti41
c. p(s)ds.exp{/ *" 2a(xr)dr} < a(s)ds
i t. t. .
i i
t1+l T
—-vt q(S)HBZ(S)IIdSHSi_,_lH . ‘ 4,57

i

or equivalently

141 ) 41 .
o op(s)as. [lx 17 < -1 (A(s)-B(s)B (s)S(s))ds
v EEp 12 7 5 2

- ﬁ”l q(s)llgg_(_g)lldsllsiﬂll 4.58
i
- If the nonlinearity is bounded by 4.51 and g(t) = O
over (to,w) then how does this result relate to that of
Theorem 3.1? '

The bound upon Q(ti+l) in Theorem 3.1 requires that

t, t.
exp {/ i+l -a(r)dr} < 1 - ZU{ i+l p(s)ds
t. ‘

i | £y

= .
1 - f i+l () ds

whereas the equivalent bound upon Q(ti+l)'in Theorem 4.4

with g(t) = O requires that
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ti4 tin ot
& a(s)ds - + p(s).exp {/ 20(r)dr}ds > O
i i ' 5.

and a sufficient condition for this to be satisfied is

t. s

t, ok, t,
jr l+la(s).exp'{f l+l—20L(r)dr}ds > ./-l+1p(s)ds

t.

i i

or

t, t, | £y
% .[ i+l %— exp U *t1-2a(r) arlas 2-‘[ 1+l p(sias 4.60
t S s t.
1

i
'So one condition that eénsures that the bound on Q(ti+l) in

Theorem 4.4 is sufficiently small is

ot : t,
exp U 1*1 2a(ryar? ¢ 1-2 [ peas
t. t,
i i
But any a&(r) which satisfies this will also satisfy

ot . : t, 2
exp {/ Hlooa(r)arl s ( 1 - .f l+lp(s)ds)
t. t.
i i
and hence will satisfy

t,
ritlamart ¢ 1- [ psyas 4.61

21 | £

exp {

A comparison of inequalities 4.59 and 4.61 shows that
any o (r) which satisfies the conditions of Theorem 3.1 will
also satisfy inequality 4.61 which is a sufficient
condition for Theorem 4.4 in the special case when g(t) = 0.
So, when the'nonlinearity is bounded by 2.38, Theorem 4.4
with g(t) = 0 will allow bigger wvalues of p{(s) and hence a
larger class of nonlinearities for any particular o (r) on
(ti,ti+l) than Theorem 3.1. 1In Theorem 3.1, however, the
form of the feedback is not specified and the conditions

are somewhat simpler. This may make the implementation of
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the earlier theorem more attractive when the nonlinear

bounds involve only ||x(t)]].

4.8 CONCLUSIONS

The results given in this chapter illustrate several
methods of approaching the null controllability problem for
the case Where the nonlinear function can be bounded by a
first order term involving state-and/of control. The
control law used has a specific form related to the minimum
enérgy controller for £he linear system 4.2;

Gershwin and JacobsonG1 use a similar control iaw in

their péper for the cases where the nonlinearity can be

written
f(y,uy.t.) = - my,t) .y (t) 4.62a
m(- ,t) scalar
or  fly,u,t) == mly,u,t).y(E) 4.62b

In the cases where m(-,t) is positive semidefinite for
this specific choice of control law Gershwin & Jacobéon
conclude that this linear control policy will force the
system to be null controllable. They are unable to handle
those nonlinearities where the scalar m(- ,t) can take
negative values cﬁrresponding to an unstable function. In
their Example Two, Gershwin and Jacobson show that the
system 4.4 is null controllable using a linear feedback
control of the form

u, (t) = 387 (£)S (t)y (&)
if the nonlinearity is a stable function which can be written
as in 4.62. This situation is a special case of the Theorems

discussed in this chapter: if f can be written to satisfy 4.62
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then it can certainly satisfy at least one of the norm
bounds considered here. The bounds used in the last two
" chapters do not differentiate between stable and unstable
functions and hence are applicable to those cases where
m(- ,t) has either positive or negative values.

In the light of Gershwin and Jacobson's results and
their statement that stable functions of the form 4.62
(positive values of m(- ,t)) may be ignored when designing
the contfoller, it is possible to restate some of the above
results for the particular case where the nonlinearities
satisfy either 4.62a or 4.62b. For instance, Theorem 3.1
can be applied to nonlinearities satisfying 4.62a when m(y,t)
is negative, but Gershwin and Jacobson state that the
nonlinearity can be ignored for m(y,t) poéitive. So if the
nonlinearity f is written as |

f(y,uy,t) = - m(y,t).y(t)

m(y,t) scalar
y(t)eDcRn,uy(t)EchRm
te (t )

and then if p(t) in bound 2.38 is defined by

p(t) A sup |m(y,t)] : m(y,t) <O
yeD
p(t) 4 © : m(y,t) 30
the setting of p(t) = O when the nonlinearity is stable means

that when the intervals (ti’ti+l) are calculated the effect
of the nonlinearity is ignored and the control chosen as if
for a linear system. During the periods when p(t) # O the
analysis from Theorem 3.1 applies as before.

Although the fact that the previous theoxry does not
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distinguish between stable and.unstable nonlingarities
enables the consideration of a wider class of funétions
£(+,-,t) it also leads to the demand for unnecessarily
large values of control in some situations and this is due
to the fact that we have chosen to bound the nonlinearities
by norm functions. In an effort to use information about
the direction of the vector f(-,',t) inner product bounds

are considered in the following chapter.
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CHAPTER 5

5.1 Introduction.
5.2 An upper bound for solution norms using inner products.
5.3 A null controllability theorem for inner product
bounded nonlinearities.
5.4 Uniqueness of the solution to equation 5.1.
5.5 Extension of these results to equivalent inner products.
5.6 For ;hé case whefé the nonlinearity is bounded by
inner products involving control terms.

5.7 Conclusions.
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5.1 INTRODUCTION

The inner product bounds upon nonlinear functions

" discussed in Chapter'Two are of two types: those where the
function is weakly linear and hence the inner products
involve an arbitrary vector zeR" and those bounds where this
arbitrary vector is specifically chosen to be y(t)eR% the
state vector. It is these latter bounds that are considered
here, These bounds are the logical extension of the norm
bounds, used in Chapters Three and Four, to allow negative
terms to occur on the righthand side and thus take into
account the occasions when ‘the nonlinear function is a
stable one.

In this chapter we shall consider the null controllability
propertieé of the nonlinear system

v(t) = 2a(t)y(t) + B(t)uy(t) + f(y,uy,t)

where y(t)eRn, uy(t)eRm
£(y,u_,t)er"
: Y

and where A(t), B(t) are matrices of continuous,

possibly timevarying, elements which have appropriate

dimensions.,

The definition of null controllability given in Chapter
Three will be considered, but in addition it will be useful
to look at another definition of null controllability where
the norm of the solution at the final time is specified in
- the definition.

DEFINITION 5.1

The system given by 5.1 is said to be "null controllable
from (yo,to) to (¢,T)" if there exists an admissible control

uy(t) such that y(t)) =y, implies that llym |l < e.
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This definition is exactly equivalent to that given by
Ben Lashiher and StoreyB2 ; Definition 4.5 with their o = Yo
and B = e and their time interval J being (tO,T). The
results of the previous two chapters could have been cast in
the framework of this definition; however, it is then
necessary to state a relationship between the length of the
interval (tO,T), the length-of the intervals

(ti’ti+l) i =0,1,2 --- and the size of the multiplier A <1

such that ||y(t

i+1)Il < A [[y(ti)ll. This is not required

for definition 3.1.

The above definition is closely related to the concept
of final stability, introduced initiaily by Weiss (see fbr
instance W3 ', and this serves.txa illustrate the parallel
between controllability and stability when the controllability
problem is set up with the desired final state contained in
a sphere around the origin. This parallel relationship can
lead to other definitions of controllability each corres-
ponding to an equivalent definition in stability theory.

The results given previously used the scalar comparison
functions as a fundamental tool in the proof to bound above
the solution to a differential inequality of the form
D+m(t) € =a(t)m(t) + g(m(t),t). In order to use a
comparison theorem for a differential inequality it is
necessary to ensure that the function g(m(t),t) is positive
semidefinite, as stated in Lakshmikantham and LeelaL1 .

This is not necessarily so in the case where inner product
bounds are used. TFor this reason the approach given

previously cannot be applied to yield a null controllability:

result for equation 5.1 when the nonlinearity f(-,+,t) is
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bounded by
< £y u,0) .0 > s e |lye ] 5.2
when f(y,uy,t)eRn, y(t)sDcRp, uy(t)chRrn (2.46)
te (t ,»)
or by
<E(y,u 8,y () > < pee) | [y(e) ||
| +oqt) ] <abu (6, v > | 5.3
when f(y,uy,t)eRn, y(t)eDcRn,uy(t)ch R (2.47)
te(to,w)
Instead a more direct ﬁethod is appropriate where the solution
norm to the nonlinear equation 5.1 is directly bounded above
'using estimates derived from the inner product.
The next section considers, as an example, this

technique applied to a differential equation involving no

control terms.

5.2 AN UPPER BOUND FOR SOLUTION NORMS USING INNER PRODUCTS

Consider the differential equation
X(t) = A(t)x(t) + g(x,t) 5.4
where g(-,t),x(t)sRn
Now, by definition, we can write
plx(6)|% = lim sup £ [x(t+h) [ - [x(t)]? 5.5
h»o*

-[ represents a scalar function of

Here, as in Chapter Two,

is the norm

subordinate to the inner product <+,+> following Paop1 ’

R® satisfying the norm axioms. Now if

equation 5.5 can be written

D¥|x(t) |* = lim sup & <x(t+h),x(t+h)> = <x(8) ,x(t)>
4 5
h>0
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From the linearity of the inner product this is equivalent
to

D+|x(t)|2 = lim sup %[} x(t+h)-x(t) ,x(t+h) > - <x(t),
: +
h>0"- X (t+h)-x(t) >] 5.6

As h+O+ this becomes

DT x(t)]% = 2 <DTx(t),x(t) >

2 < (a(t)x(t)+g(x,t)), x(t) >
Now in the special case g(x,t) =0

ptx(t) |2 = 2 < A(t)x(t),x(t) > 5.7
If <a,b> is defined as a'b then

p*| |x(t) | ]2 = xT(t>[A<t)+AT(t)] x (t)

p*1x®) [12 ¢ 2u(ae) e 12
or D+||x(t)|| < n(a@ ) =) ]
which is equivalent to the bound upon ||x(t)|| given in
Chapter Two, section 2.5, as a demonstration of the use of
the logarithmic norm in stability theory and a scalar

comparison function yields an estimate of |[x(t;)]]

]|x(tl)|| < ||x(to)||.exp{f:_l n(a(s))ds} 5.8

For the above example, if thg perturbing function g(x,t)
is non zero this leads to an addition term in equation 5.7
of the form <g(x,t),x(t) > and if this term can be bounded
by some scalar multiple, p(t) say, of ||x(t)||2 then an
upper bound for D+|]x(t)[|2 is

o x(0) 1% ¢ 2[u(ace) + por] [1xc0 |12

In a similar fashion this can give the estimate for
JEICRIY

[TxCep ] s Tlxte)) |

t
.exp{ftl p(A(s)} + p(s)ds}
o

Inequality 5.8 results from the choice of the inner
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product < a,b > = aTb and the norm, the Eucli@ean norm,
subordinate to that inner prodﬁct.

The choice of other equivalent inner products yield
similar inequalities: consider those equivalent inner
products which can be characterised by'a real symmetric
positive definite matrix V,,

Say < a,b >y = aTVb
This is an inner product in RnAand it satisfies the criterion
for equivalence of inner products <,> and ¢,¢V with .the two
éonsfanfs Oyr O set to be the largest and smallest eigen-
values of Vv, i.e.

- 2 2 2
Apin W Tall® < laly s A, (v [lall 5.9

max
Under this inner product equation 5.7 becomes

D+|x(t)[$ =2 < A(t)x(tj,vX(t) > + < g(x,t),vx(t) >

or in particular, if g(x,t) = O
DT | % (t) |\2/ = X7 (t) [A(t)v + VAT(t)] x(t) 5.10

Now as u(A(t)] is defined by

p(A(t)) = lim % I]II—hA(t)II —1]

‘nrot

we can equivalently define

uV(A(t)) = lim+ % [|I+hA(t) Iy ‘-l]

h~+0 :

and then _

g (B(8)) < AmaX(V)yy(A(t))

and u,(A(t)) =% A [A(t)V+VAT(t)]

nmax

So 5.10 becomes
D+|X(t)|V s wgla@) x|l 5.11

and the stability behaviour of equation 5.4 can be deduced

by considering the inequality

118



£
|x(t s Hxgll exptr,t ug(ace))at) 5.12

) |
1 v o

The above methods enable the direct consideration of fhe
controllability of equation 5.1 by examining the stability of
the equation when controls are applied.

If the nonlinearity is bounded in inner product by a
function of Hy(t)l[2 then the above method may be used to
give an upper bound for D' ||y(t)]|. This differential
inequality can yield a bound for |]y(tf|l via a scalar
.comparison function because there will be no additive term
upon the right hand side. Considerations on these lines

yield the following controllability theorem,

5.3 A NULL CONTROLLABILITY THEOREM FOR INNER PRODUCT

BOUNDED NONLINEARITIES

This first theorem results from considering the simplest
inner product bound upon the nonlinearity and as such it is
equivalent to Theorem 3.1; however, in this case the scalar
p(t) is allowed to take negative values. As the bound is
independent of_uy(t) upon the right hand side it is necessary
to assume that the control uy(t) is contained in the bounded

control set §, and the wvalue of p(t) is such that the bound

k
is wvalid for all u _(t)ef, .

Yy k
THEOREM 5.1

The nonlinear system given by 5.1 is null controllable
from (y,to) to (g,T) provided that
1) flo,0,t) =0  ¥telt_,®)
2) There exists p(t), scalar, such that
<Ely,u,,t),y) > s pe [y |2
Vy(t)eDcRn,uy(t)er4cRm
te(to,m)_
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3) There exists an admissible control uy(t)

K(t)y(t), uy(t)er such that

T .
A +B K(s + s) ds & 1n €

ftou[ (s)+B(s)K(s)) + p(s) < -
PROOF

As the condition 2) upon the nonlinearity is not a
Lipschitz condition, it.ié first necessary to show the
existence of a solution to 5.1. This can be done using a
similar technique-to that used in Chapters Three and Four.
Notice that if £(-,-,t) satisfies condition 2) it also
satisfies |

Hf(Yru rt)ll < lp(t)l Ily(t)ll-

Y
Then a fixed point for the map L may be shown in the
usual way and this will imply the existence of a solution
to 5.1. Alternatively a solution may be shown to exist
locally using the well known techniques outlined in CoppelC1 .
The assumption tﬁat A(t) and B(t) are continuous and that |
f(y,K(t)y,t) is continuous for y(t)eD ensures that the local
solution'to equation 5.1 may be extended arbitrarily to the
right.
Alternatively the existence problem may be circumvented
by assuming, as Ben Lashiher and Storey B2 do, that the
nonlinearity is sufficiently smooth so that a solution to 5.1

always exists for continuous controls.

The remainder of the proof is concerned with showing

the solution of the nonlinear system, with a control uy(t)sQk

to be stable to the trivial solution y(t) = 0.
Consider the expression for the derivative D+[ly(t)[[2
given by

DTy (e) 1% = lim sup hl-[l |y (e+n) |12 = [y ()| lz.] 5.13
h>ot ,
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This will lead to an upper boupd for D+|ly(t)L|2 given by
pllye) |12 ¢ 2 <{a()+BBIKRE)} y(£) '
+ f(y,Ky,t),y(t) > 5.14
From the linearity of the inner product this can be split
into two terms:
p*|ly ()% s 2<{a(o+B®IR(E) } y(&),y() >
+ 2< f(y,Ky,t),y(t) > 5.15
Now the nonlinearity £(-,-,t) satisfies the bound given by
5.3 and so this yields
p*[ly)[] s » (A 4B ©K®)]]y® ]
+p(t) ]|y ]| 5.16
where the scalar p(t) is not necessarily positive.

The scalar comparison funétion which is needed to
derive a bound for Ify(t)lf from 5.16 is the simple'function
which Satisfies

m(t).={ u[A(t)+B(t)K(t)) + p(t)} m(t) 5.17
This has the well'known solution |

m(t) = m(t) exp{f:(u[A(s)+B(s)K(s)) + p(s)\ds}
so the correspbnding gnequality bound resulting from 5.16,

after the use of a scalar comparison function is
t . .
Hy) [ < [yl exp{ftkp[A(s)+B(s)K(s)) + p(sﬂ ds} 5.18
o :
By hypothesis there exists a control uy(t) = K(t)y(t)

such that

T
exp{ft(u[A(sHB(S)K(S)) +'p(S)) dsls _ €
© ' . Yo

Then by substitution in 5.18
[ly(T)|]] < € and the theorem is proved.

The corresponding result for the case where definition 3.1
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is considered and the final time, T, is not stated 'a priori'
is given below.

COROLLARY 5.1

The nonlinear system given by 5.1 is null controllable
from Y, on (to,w) provided that conditions 1) and 2) of

Theorem 5.1 are satisfied and there exists a control

uy(t)er‘such that
t .
3) lim [ u(aA(s)+B(s)K(s)) + p(s) ds = - =
tro Tt
(o)

" PROOF

This'result follows from Theorem 5.1 noticing that the
controllability behaviour of equation 5.1 is determined by
the stability behaviour of the scalar equation 5.17.
Condition 3) of the corollary implies that 5.17 is
asymptotically stable and this in turn implies that the
nonlinear system is null controllable from Y, on (to,w) and
so the corollary is proved.

For the case when p(t) in 5.2 is a positive scalar
these two results can be related to those of the previous
Chapters. Consider Corollary 5.1; if p(t) is positive then
the inner product bound 5.2 is equivalent to the norm
bound 238 andhence the main restriction upon the linear
section of the equation occurs in condition 3) of both
theorems. We have shown in the previous chapter that the

restriction of Theorem 4.4 to the case where g(t) = 0

Theorem 3.1. The condition 3) for this

special case of Theorem 4.4 is certainly satisfied if

£,
S u(ats)+B(s)K(s)) + p(s)ds < O  i=0,1,2 -- 5.19
£, | |

* ROBLICIEY
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and if this is satisfied then condition 3) of Corollary 5.1
is also satisfied. So if there exists a control which
. satisfies 5.19 then this control will certainly satisfy the
appropriate condition in either Corollary 5.1 or the special
case of Theorem 4.4 with g(t) = O,
NOTE 5.1 |
A simple condition which is sufficient to imply 5.19 is

u(A(s)+B(s)K(s)) +p(s) < O vse(t ) 5.20

For the case when the nonlinearity can be bounded
independently of control, or when the nonlinearity itself is
independent of control, condition 5.20 reflects the fact that
the nonlinear system is always null controllable if the
linear system is totally controllable. This is equivalent
to Gershwin and Jacobson'sG1 result in Example 5.

The relationship between Theorems 5.1 and 4.4 is
somewhat concealed because the two theorems are stated for
different controllability definitions. Theorem 4.4 can be
modified to apply'to null controllability from (yo,to) to

(e,T) if the number of intervals and the size of A (in

. €
||y(ti+l)|| < A ||y(ti)||) are related to the ratio TT?;TT.
In this case inequality 4.55 can be replaced by (notice
— 1
g(s) = 0 and p'(s) < p(s) Yse (ti,ti+l))
t. .
3 _a(s) + p(s)ds < (3‘—?) A<l 5.21
t. '
i {ti}e(tO,T)

in order that the bound upon Ily(ti+l)|| is Ally(ti)ll.
For N of these intervals this modification to Theorem 4.4

would require ANllyoll < ¢ and this, together with 5.21 implies
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) _
f —a(s) + p(s)ds < N(l;—l) ] 5.22
J. , _
o |

The equivalent condition for Theorem 5.1 is
T c ’ '
-a H s)ds £ 1n 5.23
ft (s) # p(s) T™voT
o
But by definition of A we know that
NlIn A & 1ln €
, < Ineliy

then, as A%l < 1n A, if there exists an admissible control

which satisfies 5.22 this control certainly satisfies 5.23.
From the above we can see that the special version of
Theorem 4.4 modified explicitly to cover the case where
q(t).=’6 and the null controllability is from (yo,to) to
(e, T) will always be more restrictive than the result from
Theorem 5.1 which also admits a wider class of nonlinearities.
Notice{:however, that Theorem 5.i says less about the solution
to the nonlinear equation over the interval (tO,T) than does
the restricted Theorem 4.4, in the sense that Theorem 4.4
places an upper béund upon the solution at each of the times
ti‘whereas no intermediate restriction is placed on the

solution in Theorem 5.1.

5.4 UNIQUENESS OF THE SOLUTION TO EQUATION 5.1

B2 inat

It has been argued by Ben Lashiher and Storey
in the controllability problems where the target and starting
points are characterised by sets in the state épace it is no
longer_necessary to show uniqueness of the solution to thg
system equation when the control is applied. If all the
solutions originating in a certain zone under the action ofA

a particular control can be shown to be contained in the

desired zone at the final time, then this is enough for the
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problem to be solved and to say any more about the solution
is unnecessary and beyond the écope of the controilability |
problém. In the case where the nonlinearity f£(.,.,t) is
bounded by 5.2 or 5.3 there exists a particularly attractive
way of showing uniqueness of the solution asking slightly
less than the conventional Lipschitz condition.

The normal Lipschitz condition for £(-,*,t), with the

linear state wvariable feedback control uy(t)eQk is

”f.(yl’uyl’t) = Elygeuy BT < By (8) -y ()] 5.24
yq (£) ¥, () eDeR"
te(to,w)
Pao P1 has shown the uniqueness of solutions to linear

differential equations with nonlinear disturbing functions
by asking a onesided condition which when modified to
include control terms becomes

< f(ylluyllt) - f(Y2,U It)IYl(t) = yz(t) >

Y2
s k) |y (8) - yo(0) |2 5.25
yq (t) ,y, (£) eDeR"
| tE(tO,m),qu(t),uyz(t)sﬂk
Following Pao's technique we can show the uniqueness
of solutions to the nonlinear systém 5.1 when £(*,*,t)
satisfies the condition 5.25 ins£ead of inequality 5.2,

Consider any two solutions yl(t) and y2(t) to

equation 5.1 with control uy (t) = K(t)yi(t) i=1,2 and
_ i .

initial conditions yl(to) = y2(to) =Yg Then if
R(t) & |1y (8) = y,(8)[|?, R(t)) = O we have, from 5.14
D'R(t) & 2 <{A(t)+B(L)K(t)} R(t)

+ f(ylruyllt) - f(y2ru t), yl(t> - yz(t) >

Yy'
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fience
DTR(t) < 2u(A(t)+B(£)K(t)).R(t)

+ < f(ylluyl,t) - f(yysu, st), vy (8) = yy(k) >

Y2

Nowrif f(',',f) satisfies 5.25 this becomes

Nﬁu)s[u@uuﬁuqun +k&qlﬂu
with initial condition R(to) = 0.

Hence for bounded values of u(A(t)+B(t)K(t)) and k(t)

R(E) = |ly, (t) - yy(e]] =0
and the'solutions to 5.1 with initial condition y(to) = Yo
are thus unique.

Notice also that if f(.,.,t) satisfies 5.25 then it
also sétisfies 5.2 if f(o,0,t) = O by substitution of

y2(t) = 0 in 5.25,

5.5 EXTENSION OF THESE RESULTS TO EQUIVALENT INNER PRODUCTS

The above results have been confined to the case where
the Euclidean norm in R" has been used for vectors and

matrices. Interesting parallels can be seen when the same

results are developed using the norm v

THEOREM 5.2

The nonlinear systeh given by 5.1 is null controllable
from (yo)to) to (¢£,T) provided there exists some positive
définite real symmetric matrix V defining the inner product
< o, >V and

1) £f(o,o0,t) =0 Vte[to,w)
2) There exists pv(t), scalar, such that
2
< Elyou, 8y (e) >y s pyle) [lyier]]
Vy(t)eDcRn,uy(t)SchRm

te (t =)
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3) There exists an admissible control uy(t).= K(t)y(t)

such that
1 T [ ) : €
———re He, [A(S)+B(s)K(s) ) + p.,(s)ds £ 1n TT——TT
Amin(v), '[to v v yo
PROOF

The proof is essentially that given for Theorem 5.1

for the Euclidean norm.

with the substitution of ||
Assuming the existence of a solution has been shown in one
way or another the upper bound for D+|y(t)|$, equivalent to
5.15 is®
D+|y(t)|‘2,< 2 <{a(t)+B(O)K(t)}y(v),Vy(t) >
Y ' + 2 <£(y,u,,t),Vy(t) > 5.26
From the bound demanded in condition 2) the second term may

be bounded above b P, (T) | [y (L) 2 whilst the first term can
. Y Py

be bounded by a term in py(+). This leads to

p*ly(0 12 < 2 wylammnr®) [ ly@ 12 + 2,0 ly 0] |2
- <2 [uV(A(t) +B(t)K(t)) + pV(t)] [y e) |12
Equivalently
p*lly(e)]]? < T}j_ﬁ [MV(A(tHB(t)K(t)) + Pv(t)]lly(t)ll2
5,27
A comparison function etc. lead to ||y(t)||satisfying
~ the ingquality
Hy@ 1 < vl ept, e wy(a6)48 (K6 ) +py(s) ds)
(o] min

and the theorem follows.

It is possible to consider this problem ffom a stability
point of view and then, for the nonlinear system with feédback
gain K(t) to be sufficiently stable so that the null
controllability is from (yé,to) to (g,T), it is necessary

that the value of uy(+) dominates the value of py(t) so that
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the sum uV(A(s)+B(s)K(s)]+pV(s) has a negative, integral
over (to,T). The upper bound upon this integral is
determined by [|yo||, € and V in the form of its smallest eigen-
value. The symmetric positive definite matrix V bears a
strong resemblance to the choice of a quadratic Lyapunov
function. In this case the value of uV(A(s)+B(s)K(s)] is
serving an equivalent purpose to the negative definiteness
of the matrix -R(t) in the Lyapunov matrix equation which
would in this case be

(a8 ORI}V + viaw+B oK) }T = -R(t) 5.28
The similarity with quadratic Lyapunov functions is more
clear in the equivalent inner product fofmulatioh of

Corollary 5.1,

COROLLARY 5.2

The nonlinear system given by 5.1 is null controllable
from 'yb on (to’m) provided that conditions 1) and 2) of
Theorem 5.2 are satisfied and there exists a control
uy(t)sﬂk such that

3 ' t
) iiﬂ J' uV[A(s)+B(s)K(s)) + p(s)ds = - @
PROOQOF

The proof-follows that of Corollary 5.1 and in this
case the asymptotic stability of the scalar comparison
function used to imply a bound upon ||y(t)]|| from 5.28
ensures the null controllability of equation 5.1 from
(yo,to). The more stringent condition of uniform stabiiity
of the scalar equation will also guarantee the null
controllability of 5.1 and a sufficient condition for

uniform stability would be
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Uy (A(s)+B(s)K(s)]) + py(s) < © vse (t_,») 5.29

o’
The resemblance to the Lyapunov matrix equation is now
clearer: inequality 5.29 is the equivalent to the demand
that V(y,s) be negative.
In the case of a quadratic Lyapunov function yi(s)vy(s)
the value of V(y,s) for equation 5.1 is given by
Viges) = 2 yT(£)vi(s)

= 2 yT(s).V.[A(s)+B(s)K(s)y(é) + f(y,Ky,é))}

A

2{ yT(s) V[a(s) +B(8)K ()] y(s) } + 2py(s) |y (s)|]?

Then.V(y,s)< O if ineguality 5.29 is satisfied and hence
the system 5.1 with feedback matrix K(t) is shown té be stable
under the conditions implied by inequality 5.29.

This particular formulation of the Lyapunov function
when applied_to the controllability problem is similar to
the work of Gershwin and Jacobson where the matrix V is
consistently chosen to be the matrix S(t) used in the feed-
back law K(t) = —% BT(t)S(t). Ben Lashiher and Storey also
produce results of a similar form in their example 6;3 where
final stability is applied,in a controllability sense, to the
simple equation

X(t) = A(t)x(t) + u(t) 5.30

Ben Lashiher and Storey consider this linear case and
use only the Euclidean norm in their example, however the
framework exists for this technique to be applied at least
to problems of linear systems in the form of

%(t) = A(t)x(t) + B(t)ul(t) 5.31

using the equivalent norm I'IV.

This is not explicitly stated by the authors.

129 -



5.6 FOR THE CASE WHERE THE NONLINEARITY IS BOUNDED BY

INNER PRODUCTS INVOLVING CONTROL TERMS

In Chapter Four results were presented which extended
those of Chapter Three to the case where control terms are
introduced on the right hand side of the norm bound upon
£f(+,+,t) and where the controls are contained in @ rather
than Qk. In order to develop the results it was necessary

to put an implicit restriction upon K(t) in the form of

S( The extension of the above results to the case

SFARE
where £(*,*,t) is bounded by inner product terms involving
control is considered in this section.

The above inner product bound upon £f(«-,*,t) involves no
.terms in control explicitly on the right hand side, however,
the extension to the case where uy(t) is involved can be

made using similar techniques. As an introduction to this

form of bound consider first the case where £(*,*,t) is

bounded by
< f(y,uy,t),y(t) >y $ Q) < Q(t)uy(t),y(t) > 5.32
y(t)sDcRn,uy(t)EQcRm
te (t,)

where Q(t) is some arbitrary nxm matrix of possibly time
varying elements taking the control vector into R'. Notice
that the general V inner product occurs on the left hand side
of this inequality but it is bounded above by a multiple of

a Euclidean inner product.Far the case where feedback controls
are considered the development is similar to that of the
previous theorems, however, in this case the scalar multipliér
depends explicitly upon K(t). Special case results are

vavailable for some choices of qv(t) and Q(t) .
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THEOREM 5.3

The nonlinear system given by 5.1 is null coﬁtrollable
from (yo, to) to (e,T) provided there exists some positive

definite real symmetric matrix V defining the inner product

v and

1) f(o,o,t) =0 Vte(to,w)

2) There exists some qv(t), scalar, and Q(t) a nxm matrix
such that
< f(YIuyrt) $y (t) >V qu(t) < Q(t)uy(t) iy () >
. y(t)eDcRn,uy(t)chRm

)

3) There exists an admissible control uy(t) = K(t)y(t)

te (b,

such that

‘ T B
— l(v).[ uy (a(s)+B(s)K(s)} + ay(s)uy(Q(s)K(s))as
.min t

o
< 1n €

HyoH

PROOF

Again, as wevassume £f(+,*,t) to be continuous in y for
every Uy, the existence of a solution to equation 5.1 may
be shown in a wvariety of ways. The bounding of such a
solution to ensure the null controllability of 5.1 to (g,T)

requires that we consider

D+[y(t)|$ € 2<{A()+B(E)K(t) } y(t) + Ely,u, ), Vy(t) >
From the bound in condition 2) this may be written
D+|y(t)[§ <2< | A(L) +B (DK (t)y (£) ,Vy (£) >

+ 2q,(t) < Q(E)K(E)y (t) ,y(t) >

or equivalently
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p*ly (6112 < Z[UV(A(t)HB(t)K(t)) | i
+ gyt (Q(t)K(t))] Iy ey [ 5.33

This may be rewritten involving only Euclidean norms and.use

of a scalar comparison function results in ||y(t)|| being
bounded by.
t
Hye s [y ll expty,  y—gy [ 1yt (=)K(=)
o “min

+ qV(S)u(Q(S)K(S))] ds}
and the theorem follows. ‘
‘This inner product bound upon £(*,*,t) exhibits an
extra degree of freedom over the previous bounds and this
is chHaracterised by the choice of the matrix Q(t). One
choice of the matrix which yields interesting results is
Q(t) = B(t) Vts(to,m)
In thié.case the bound given by 5.33 becomes
p¥ly(t) |2 € 2 uy(A()+B(BIK(E)) + qu(thu (B(OIK(E))
o Hyw [1? 5.3
The specific choice of the feedback matrix of
K(t) = —%BT(t)S(t), whexre S(t) is the solution to the matrix

Riccati equation, leads to

D'y () |g < Z[uV(A(t) - B(t)BY(t) s(t))
| s "

v ag(o (- st s©) ]y ||

aﬁd, as the product B(t)BT(t)S(t) is a real symmetric matrix,
the bound for D'||y(t)|| is given by

D*|[y(e) || < [UV(A(t) - o) (t)s(t))
2

T 1 |
" dy(t)u(BlE)B (t)S(t))]'y——“ﬁfy [y (e) [

-"nin
This leads to the foilowing bound upon ||y (T)]||;
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T

v 1] sy |l ex8 U, v—2my wy(a(s)-Bs)B (s)s(s))a
0 min 2 .
o T 1 T
R R ay(s)u(B(s)B” (s)S(s)}ds}
o} min 2

Then, from previous results, the (e,T) null controllabil
of 5.1 is guaranteed by the existence of an S(t) such that

the linear part of the equation is null controllable and

- fT q (S)u(B(s)BT(s)s(s))ds < 0 5.36
Amin(v) to' v —

COROLLARY 5.3

The nonlinear system given by 5.1 is null controllable
from (qaﬁto) to (e,T) provided that conditions 1) and 2) of
Theorem 5.3 are satisfied with Q(t) A B(t), fz dy

3) There exists a control of the form

(s) > O and

u, (t) = ~ZB(t)S(t)x(t), with S(t) a solution to the
Riccati equation, such that
T .
f 1 T
e 7) uV(A(s)+B(s)B (s)S(s))ds & 1n ¢
O "min 2 ||y0||

PROOF

The proof of Corollary 5.3 follows from the above
discussion and inequality 5.36, noticing that
u(B(s)gT(s)S(s)] is positive semi definite.

T .
Then ft qV(s)ds > O is enough to ensure that 5.36 is
o

satisfied.

This corollary is of value for nonlinearities depending .
only upon control. If the function £ has an inner product
upon y(t) of the same sign as inner product B(t)u (t) upon

y(t), and this is characterlsed by f (s)ds > 0, then

th
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from the point of view of null controllability of 5.1 the
nonlinearity may be neglected.

The class of functions £(°,°,t) which satisfies the
above inequality bound is somewhat limited due to the fact
thét the right hand side of the bound can take both
positive and negative values, depending upon the choice of
K(t). Consider the scalar example of

f(y,u _,t) = uyl:sin(y) + l]

Y
For this function the bound becomes

uy sin(y)+l .y £ qV.Q.uy.y. Vuyer
veD

Without loss of generality in this scalar case assume
Q = 1, then as the product uy.y can take both positive and
negative values according to the choice of feedback, it is
not possible to find a dy such that the above inequality is
satisfied. The bound 5.32 can be modified to admit a wider
class of functions, including the example given above, but
then some of the édvantages of bound 5.32 are lost.

Consider

< Ely,ug t) v () >y sqp(t) | <atlu (y),y(t)>] 5.37

A\
Vy(t)eDcRn,uy(t)chRm
te (t )

In this case the sign of < Q(t)uy(t),y(t)> is rendered
irrelevant by the absolute value function whilst qv(t) can
still take negative values if the left hand side is always
less than zero.

In the case of this bound Theorem 5.3 follows almost asv

before, however in condition 3) it is necessary to replace

u(Q(s)K(s)) by |u(Q(s)K(s)| to account for the absolute value
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introduced in the inner product.

The most general inner product bound considered here,
" 5.3, which is a combination of 5.2 and 5.37 can be used in
a similar formulation to.the previous theorems to yiéld
another null controllability theorem.

In this case uy(t)eQ and for generality the absolute
value inner product is used for the control term on the right
hand side. The resulting theorem is the iﬁner product
eqﬁivalent to Theorem 4.4 which is the most general theorem
involving norm bounds.

THEQOREM 5.4

The nonlinear system given by 5;1 is null controllable
from (yo,to) to (e,T) provided there exists some positive
definite real symmetric matrix V defining the inner product
<*,*>y and

1) f(o,0,t) =0 Vte(to,M)i
2) There exist pv(t),qv(t) scalars and Q(t) a nxm matrix
such that |

2
< Ely,u ),y (8) > S pylt) |y (&) ||
+ gy (t) | < Q(t)u, (t) Y (£)>]
y(t)eDcRn,uy(t)eschm
te (tg )
3) There exists an admissible control uy(t) such that
T
1 f uV(A(s)+B(S)K(s)) + py(s)
A ()Yt
min o

+ ay(s) |u(a(s)K(s))|ds < 1n _¢

Ilyol]
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The structure of the proof is essentially similar to
those given previously: a solution having been shown to exist,
an upper bound upon ||y(t)|| is deduced from

D |y (t) |3 < 2< [A(E)+B(L)R(t)] v (¥) +-f(y,uy,t) ,Vy (E) >
In this case the bound upon f(',',t) leads to |

D]y (t) |:‘, < 2< [A(R)+B(B)K(E)] y(t),Vy(t) >

+ 2pV(t)||y(t)||2 + 2qy,(t) [ < Q)RR y (t) ,y(£) >|
5.38

whicﬁ becomes

D+|y(t)|3 s 2{uy (AR +B(OIK(E)) + py(t)

' +q,(6) [ulo®x@) 1} Hyer 12

A comparison function leads to the bound

. £ :
|y e) || < ||yo]|'exp{ft X_TETTW'{“V(A(S)+B(S)K(S))
. o min

+py(s) + qy(s) [u((s)k(s)) | } as}
and the theorem follows.

Although Thebrem 5.4 is the equivalent result to
Theorem 4.4 for the case where the nonlinearity is bounded
by an inner product, the two fesults are not easily shown to
be explicitly related. However, Theorem 5.1 has already been
shown to be connected with Theorem 4.4 when g(s) = O and
a'similar connection can be shown between Theorem 5.4 and
Theorem 4.4.

Theorem 4.4 concerns null controllability-from Y, on
(to’m) whereas Theorem 5.4 considers null controllabilityv
from (yo,to) to (g,T), but Theorem 4.4 can be rederived to

give a sufficient condition for null controllability from
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(yo,to) to (eg,T) if the interval (tO,T) is divided into N
subintervals (ti'ti+l) over which the solution norm satisfies

Iy e 0 I s Ay e [l

This is guarahteed if the crucial condition 3c) is replaced

by
tid1 T i
f u{a(s)-B(s)B (s)s(s)} + a(s)|[B () || |Is; ]l
t, | 2 2
+ p'(s)ds < {————)‘;\l} 5.39
Then if ||§|l A max |]s. || a sufficient condition for 5.39
- . L
. L
to be satisfied is
T T T =
f u(a(s)-B(s)B (s)s(s)) + as)|[B () |I, |ISI] +
. 2 2
O

+ p(s)ds < N{l%}-} >-40
because p(s) > p'(s) Vse(tO,T).

Theorem 5.4, for the épecial case where V is the
identity matrix and the control is chosen so that

K(t) ¥'—%BT(t)S(t), has condition 3) given by

T
[ w@aes) - pep@se) +ppis) +aglloeE @],
2

to : 2

l|s(s)||ds ¢ 1n _« 5.41

l[Yoll
and it is then seen that 5.40 is also a sufficient condition
for 5.41 to be satisfied if q(s) qI(s)IIQ(s)||.

So although Theorems 5.4 and 4.4 have not been shown to
be interdependent they can be shown to be interrelated by
showing that inequality 5.41 is a sufficient condition for
special casesvof both theorems.

5.7 CONCLUSIONS

The results presented in this chaptef, concerning null

controllability when the nonlinearity is bounded in inner
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product, are related to stability results of a similar
nature. If the nonlinearity is sufficiently well understood
to be bounded by some inner product this may enable a null
controllability result to be developed using the criteria
presented in this chapter, which generally involve weaker
conditions that are easier to satisfy than those of
Chapters Three and Four. 1In cases where an inner product
bound can be found then, as shown in Chapter Two, a norm
bound can also be found. The converse, however, is not
always trge and so, aiﬁhough the results of this chapter
are generally similar to those of Chapter Four, cases may
exist where the ﬁonlinearity‘cannot be bounded by inner
products and a norm bound must be used.

These results have been shown within the more flexible
framework of équivalent iﬁner products and this facility can
be useful when bouqding the nonlinear vector function. It
has been indicated in the first part of this chapter how in
general both types of null controllability result (either
from (yo,to) to (¢,T) or from y, on (to,T)) can be derived

using these techniques.
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CHAPTER 6

6.1 Introduction

6.2 Asymptotic equivalence of linear and‘nonlinear systems
when the nonlinearity is weakly linear.

6.3 Examples of some of the preceding results.

6.4 A conceptual procedure for a basic implementation.

6.5 Conclusions and suggested areas of further work.
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6.1 INTRODUCTION

This final chapter can conveniently be divided into

" three major parts: a result showing the asymptotic
equivalence of the linear and nonlinear systems which have
been the basis of the previous results is followed by a
series of examples illustrating the form which our results
would take when applied'to nonlinear plants. These examples
of the various results have certain points>in common and this
has enabled a procedure describing the form of a
computational implementation to be developed. The third
part of the chapter uses this procedure as a means of |
collectively discussing the results, summing up the work and
putting forward areas of further research. However, before
‘this concluding stage the one further result concerning

asymptotic equivalence is presented.

6.2 ASYMPTOTIC EQUIVALENCE OF LINEAR AND NONLINEAR SYSTEMS

WHEN THE NONLINEARITY IS WEAKLY LINEAR

It has been shown in Chapter Two that, of the considered
bounds upon the nonlinearity, weak linearity is the most
restrictive: any function which satisfies the weak linearity
condition

< f(y,uy,t);z > < p(t)]|<y(t),z > 6.1
wzeR™,y (t) eDcR™
u, (€ ey, te (tgr=)
will also satisfy a corresponding norm bound. Obviously
then, if the nonlinear system given by
y = A(t)y(t) + B(tlu (t) + f(y,uy,'t) : 6.2

has a perturbing function which satisfies 6.1 it may be
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péssible to derive a null cont;ollability result for this
system using the criteria given in Chapters Three.and Four.
An additional result is available when £(-,°,t) is weakly
linear. In Chapters Three and Four the solution to
equation 6.2 is compared with the solution to the equation

X = A(t)x(t) + B(t)u (t) 6.3
when the feedback control law is chosen to be the same in
each case. In these results we were concerned with the
behaviour of z(t) é y(t) - x(f) in order to show the null
cOntroliability of equation 6.2. |

L2 we can define equations 6.2

Now following Lovelady
and 6.3 to be "asymptotically equivalentﬁ if ||z(e)|] » o
as t » o under some choice of feedback matrix K(t). In the
earlief chapters the nonlinear system 6.2 was shown.to be
null coﬁtrollable with a control which also drives the linear
system-to the origin. 1In this case ||z(t)|] =+ O and the
systems are asymptotically equivalent. 1In this section the
systems are explicitly shown to be asymptotically equivalent

).

and an upper bound is given for ||z(t)]|| over (to,w

THEOREM 6.1

The nonlinear system given by equation 6.2 and the
lineaf system given by equation 6.3 under the control laws
defined by uy(t) = K(t)y(t) and ux(t) = K(t)x(t) and with
initial conditions x(to) = y(to) = x, are asymptotically
equivalent if

1) f(o,o,t) =0 Vte(to,w)
2) <l bz > <ple) |<y),z ]
VzeRn,y(t)EDcRn

uy () ey, te (t

Orm)
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3 ;1 u(a(s)4B(s)IK(s)) + p(s) ds » -was ty> e
) . :
O
PROOF

The existence of a solution to 6.2 can be shown using
one of the methods discussed earlier. If the solution is
required to be unique it will bernecessary to also ask that
a Lipschitz condition is satisfied because although the
nonlinearity is weakly linear it does not necessarily
satisfy a Lipschitz condition. |

Gi&en that a solution to equation 6.2 exists then to
show that the two solutions are asymptotically equivalent
considér the function z(t) A y(t) - x(t)} z(to) = 0. Now
from Chapter Five we know that an upper bound for ||z (t)]|
can bejdeduced from the differential inequality .

D+||£(t)||2 < 2u[A(t)+B(t)K(t))llz(t)||2
+ 2p(t) | < y(t),z(t)>] 6.5
and so, to show that equations 6.2 and 6.3 are asymptotically
equivalent under the feedback controls defined by K(t), it
islenough to sﬁow that the above inequality is asymptotically
stable to the null solution.
Now from 6.5
p*llzt) |2 s2{n(att)+B(B)K(E)) +p(t)} ||zt ]]?
‘ + 2p(t) | < x(t),z(t)>] 6.6
or equivalently
p*llzt) |12 ¢ 2fu(am+BOIK(D)) +p(t) } |]|z(t)]]? |
+ 2p(k) | < x(8),y(t)> = |lx@)||? | 6.7
The term | < x(t),y(t)> - [Ix(t)llzl in 6.7 involves

implicitly z(t) and so a comparison function, similar to
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those used in previous chapters, cannot be applied with the
equation in this form. However, if an upper bouﬁd for this
term can be found which is independent of z(t) then the
analysis can proceed in the usual way.
A bound for < x(t),y(t)> can be derived from
D' < x(t),y(£)> & 2u(A(R)+B(RIK(t)) <x(t),y(t)>
+ o< f(y,uy,t),x(t)> 6.8
Using condition 2) from the theorem this becomes
DY < x(t),y(t)> < 2p(A(t) +B (DK (L)) < x(t),y(t)>
| + ple) ] < x(8) ,y(£)>]
Hence
pt< x(t) ,y(£)> < {2n(a(t)+B(L)IK (L))
+ p(t) sgnl< x(t),y(t)>]} <x(t),y(t)> 6.9
Now x(t)) = ylt) = xé and so <x(t_),y(t)> = ]Ixoll2

A scalar comparison function for inequality 6.9 is

D" w(t) = {2u(A(t)+B()K(t)) + p(t) sgn [w(t)]} wit)
which has solution
-t
w(t) = w(t)) exp{ft 2u(A(s)+B(s)K(s)) + p(s) sgn [w(s)] as}

. . O
Now, as p(t) > O Vte(to,w)

w(t) < W(to) exp{ft 2u(A(s)+B(s)K(s)) + p(s) ds}
o _ o

and hence an upper bound for < x(t),y(t)> from inequality 6.9

is

[1? exp{s§ 2u(als)+B(s)K(s)) + p(s) ds}

<x(t),y0> s |lx,
(o]

| 6.10
This upper bound for < x(t),y(t)> together with the
bound for llx(t)ll2 given by
||x(t)||2 < ||x0||2 exp{ft 2u (A (s)+B(s)K(s) }ds}
o 2I

enables the term |< x(t),y(t)> - ||x(t)]] in 6.7 to be
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bounded by a function independent of z(t). Substitution of
this bound into inequality 6.7 gives

ptllz(e) |1 ¢ 2{u(a®)+BORM®) +p)} ||z ]]?

., .t
| | exp{/, 2u (A(s) +B(s)K(s) )dsl.

+ 2p(t)||#
© o

t
lexp{ftp(s)as} - 1] 6.11
(o]

This inequality is now quite suitable for the application

of a scalar comparison function and this yields

t s
ace) 112 s [ 2p(s) x| 1% exp U -Ba(r)arl.
t (o}
. o ‘
Iexé{fi p(r)drl —l|.ex§{f: 2(~o(r)+o(r))drlds 6.12

o
where we have made the substitution -o(r) = u(A(r)+B(er(r))_

So simplifying this expression

| ot
Hze) 112 s 1x |1? expls_ ~20(r)ard.
o
t .. S .t '
'f 2p(s)|exp{Jt p(r)dr} —llpxp{fs 2p(r)drlds 6.13.
t

o O

Now the second half of the righthand side of this inequality
satisfies
t

, . t
f 2p(s)|exp{fi p(r)dr} -l|£xp{fs 2p(r)drlds
o)

t
o

.t t -
< exp{ft 2p (r)dr}l. j' 2p(s){exp{ft -p(r)dr}
t o}

(o]
o

. .S
- exp{ft -2p(r)darltlds 6.14
o
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But

t s s
f 2p(s) § exp{ft —p(r)dr}—exp{ft -2p(r)dr}}ds
t

o o
o
- s=t . s s=t
= - 2 exp{,ft -p(xr)dr} + exp{ft -2p(r)dr}
o} s=t ' (o) s=t
o o
t 2
= [exp{ft —p(r)dr}—l] ' 6.15
o

Substitution of equation 6.15 and inequality 6.14 into

6.13 yields

.t ' .t 2
Hze) 12 < [ xg |1 Poexp U] 2(—a(r)+p(r))dr}.[}xp{ft —p(r)dr}-l]

O O

and from cdondition 3) the theorem follows.

6.3 EXAMPLES OF SOME OF THE PRECEDING RESULTS

By the use of some simple examples this section
illustrates how our results may be used to examine the
null controllability of nonlinear systems. The examples
consist of straightforward applications of some of the
typical results to systems with nonlinearities of the
appropriate type and serve to indicate the form which the
results would take when used upon a plant with known

nonlinear dynamics.

Example 1
As an example of the application of Theorem 3.1 consider

the system y = Ay+Buy+f(y)

00} B=|[1]; £f(y) = 0 EL
1 -3 0 - (sat(y,) +l)y,

Examining the conditions of Theorem 3.1 notice that the

I

*
where A

* sat (y2)

e

Yé? |Y2| <1

= 1; otherwise
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matrix pair A,B is completely controllable and that the
following conditions of the theorem are satisfied:

1) £(o,o0,t) = 0O, Vte[to,w)

2) There exists a p(t) so that llf(y)|| K3 p(t)||y||
e ] = Misatly,)+1) %7,2 < 2/v,% <2|lyl|
and the choice p(t) = 2 Vts(to,M) satisfies this condition.
3)a) fzi+l plr)dr € ¢y < Y
i

The choice Iti+1'— til = 1/lO will ensure that this

condition is satisfied with cy = l/e.

b) Ity -yl € ey <o
This is certainly satisfied from condition 3a).
te
c) J i+l M(A(s)+B(s)K(s)}ds < 1n<)\-(l+)\)cl>
t. —_———
i 1 cy
. = 1 . _ 1
F?r the choice of cy /5 and interval Iti+1 til < /10
this condition,K is equivalent to
1,10 u(a+Bk) < 1n 3/4
or
u(A+BK) < - 2.8
The choice of the feedback gain matrix [kl kz] such
that the above condition is satisfied is equivalent to
the choice of kl and k2 so that
k k
U [ 1 2] < = 2.8
1 -3
The choice kl = =2.9, k2 = -1 satisfies the theorem
conditions and hence E1 is null controllable on [to,w). This

choice of K makes (A+BK) + (A+BK)' diagonal and so p(A+BK) is

easily determined. This feedback matrix does not lead to A+BK
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satisfying any of the conditions given in Lemma 3.1 and this
emphasises that the Lemma gives Jjust sufficient conditions

- for u(A+BK) to be bounded above. In this particular example

if a5y, = -4 then the choice kl = -4, k2 = 1 makes A+BK symmetric
with u(A+BK) = -3 and the conditions of Theorem 3.1 are again
satisfied.

The controlllaw ié linear and to some extent independent
of the nonlinearity: it will drive the system to the origin
whenever the nonlinearity satisfies condition 2) with p(t) = 2.
This flexibility in the structure of the nonlinearity in the
system which can be controlled by a particular feedback law
is due to.the somewhat stronger demands made upon the linear
part of the equations in the form of a bound upon u(A+BK}.

As our conditions have been derived using norm bounds upon
the system equations and because we have shown that the norm
of the solution tends to zero this has led to no restrictions
upon the form of the nonlinearity satisfying the norm bound.
This can be illusﬁrated by considering Example 5 in Gershwin

and Jacobson. They consider the case where

A=|o0o|; B=|1|; f(y) = 0
11 0 ~(sat(y2)+1)y2

and show controllability to the origin with control defined
by u = =% Ky'-.(sat(y2)+1)yl

It is not possible to show the above system to be null
controllable using Theorem 3.1 because of these stronger
demands upon the linear part of the equation - there is no
choice of K which makes u(A+BK} sufficiently negative to
dominate the nonlinearity. The example has shown how, if the

linear section of the equation is sufficiently controllable,
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our results, unlike those of Gershwin and Jacobson, are not

concerned with the exact form of the nonlinearity.

Example 2

An example with time-varying parameters is necessary to
illustrate the use of Corollary 3.1 because the corollary is
an obvious consequence of Theorem 3.1 if these parameters are
time invariant. Let us consider a simple alteration to

Example 1 where

a=[oo];B=01]; f£,t) = 0 E2
1 -3 of 1_ (sat(y,)+l)y,

(1+t)

Then, examining individually the conditions of the Corollary
on the interval (o,)

1) f(o,t) =0 ¥wte(o,=)

2) There exists some p(t) such that ||f(y,t)]]|s p(v)]|y]|

Following Example 1 let us choose p(t) = T%E

3)a) There exisﬁs t such that ft p(r)dr = ¢y < Y
t .

Such a time T is unique and in this case is given by

t = exp {4c ). (L+t)-1

!
and so Eo = exp{%cr}—l

b) [t-t]| g C, <o
On the interval bounded away from infinity this

condition is satisfied although the lengths of

consecutive intervals are increasing.

t
c) ft p(A+BK}ds < 1n A= (1+1) ¢y
Say we choose again cp = l/5 then we need to choose
kiky
(exp{1/10}-1) (1+t).u(A+BK} < -0.29

such that

148



But in this case the intervals (ti'ti+I) a;e
increasing and so if this condition is satisfied at
t=0, t=t_ it is satisfied ¥te(o0,%).

So we need to satisfy

p(Aa+BK) ¢ -0.29 1 = -2.75
(exp{l/lo}—l)

and the choice of kl=-2.8,‘k =-1 ensures that this

2

is satisfied.

4) In this example, because the linear section of the
equations are not time-varying, the condition which
requires that ||y(t)]|| be bounded above by a monotonic
decreasing function r(tf is satisfied by the solution to

£(t) = u(a+BK) r(t) ; xity) = ||yl
In-situations where u(A+BK) is not constant and- hence
noﬁinecessarily negative Vte(tO,Eo) this definition of
tﬁe function r(t) would not suffice and some other function
muét be determined.
Hénce the system given by equation E2 is shown to be

strongly null controllable using the conditions given in

Corollary 3.1.

Example 3

The introduction of control.terms into the bounds upon
the nonlinearities enables systems with nonlinearities which
involve control terms to be examined. This form of
nonlinearity is not inappropriate for consideration using
the results of Chapter Three provided that the state is
contained within some subset of the state-space, but the

introduction of control explicitly into the bounds enables
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this form of nonlinearity to be considéred with possibly
smaller values for the scalar multipliers. The results
: presentéd in Chapter Four require the solution of a Riccati
equation and, in order that these examples can be worked by
hand, only scalar systems are considered. The choice of
scalar examples still enables the application of the theorems
to be illustrated, however it is important to note that in
the scalar case the controllabilitf of the linear equation is
guaranteed.

As an example of Theorem 4.1 consider the nonlinear

control system given by

g(t) = alt)y(t) + blE)u, (8) + £y,u,,t) E3
where a(t) =1 ; b(t) = 2
and f(y,uy,t) = (sat(y))!5 uy%(l—exp(-t))

Examining the conditions of the theorem we can see that
the linear system is controllable and
1) f(o,0,t) =0 Vte(to,w)

2) There exists p(t) so that

[£tyuy,tl1? s peor [y |1

In this example

lu, (€1 1]

llf(u,uy,t)H2 < | sat(y).ub'(l-exp(—t))2 |

lﬁl

and this condition can be satisfied with

< |y

.

p(t) =1 Vte(to,w)

3) For times'{ti} and feedback matrix K(t) = —%BT(t)S(t)
the following conditions must be satisfied:
t.
i+l % r L
3 7.7 pits) BT syl 17 s <oy <
i

If we choose [t; , - &,

il = l/¢ and c, = 1/3 then this

1

requires
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b)

c)

[1.@)%1 8140 11%] < £ o

2

ol

|ls < 4

vl
This condition defines the end condition for the

solution to the Riccati equation which describes the
evolution of S(t). In this scalar example the Riccati

equation simplifies to

&(t) = -2as(t) + b2s2(t)

and it is well known that (see for example BarnettB1 )

. this equation has solution given by

s(t) = V2(t)/ vl(t) where

v () = avl(t) - b2v2(t)

vy (t) = - av, (t)
and so solving these equations and substituting

Ss(t) = s(ty,,) exp(alty ,-t)) ety ty,q)

2
1+ Db /2a-5(ti+l)(exp(2a(ti+l—ti))—1)

The values of a,b and ,ti+l - til given in this example

lead to
1
s(t,) = 4d.e /3 = 1.33
1 + 2.4. (el/3-1)
Iti+l -t € g <o

This is cértainly satisfied by the above choice of

, _1
ey, - &1 = Vs

There exists S(t), a solution to the Riccati equation

with ||Si+l|| satisfying condition a) such that

t.
f u(am - BBt (e)s(#))dt < In (1-c))
i 2

This condition reduces to
t, . .
s - % s(t))dt < 1In (2/3) = - 0.4

t,
i
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v v
Substituting for s(#) from above this becomes

t
i1 .
Jf ('1 _ 2. 4.e 2(t3 7t ) dt
t, 1+ 2. 4. (2 Fia1m 8y
t, _
=.f'l+1( -1 )dt
£ 8/7 2ty ")/
-8
=1 log [é:l] ¢ /7
_l 1.4 _ In (2/9) = -
=5 log 5 = 0.55 < 1n (4/3) 0.4

and hence the conditions of the theorem are satisfied
and the system given by E3 is shown to be null controllable

on (to,W).

Example 4
Theorem 4.3 considers the case where the nonlinearity is
bounded by a term involving IIuy(t)II and this example again
requires the solution of a Riccati equation. As an
illustration of this theorem consider the equation
y(t) = ay(t) + buy(t) + f(y,uy,t)

where a = 2, b = 3 ahd f(y,u _,t) = e_Zt.(y(t).siny(t)).u (t)
¥ — 10 ¥

then, if the solutions are restricted to evolve in the sphere
where ||y(t)|| <4, £ly,u,,t) can be bounded by a term
q(t)lluy(t)ll.

Examining individually the conditions of the theorem
gives
1) £(o,0,t) =0 ¥te(t_,)
2) There exists g(t) such that ||f(y,uy,t)|| < q(t)]luy(t)||
For y(t)eDcRn where D is those solutions with |ly(t)]| <10
then we can chodse.either q(t) = 1 or more exactly,

2t

q(t) = e “" over (o,»).
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3) TFor timesA{ti} and feedback matrix —%BT(t)S(t) the

following are to be satisfied:

t.
a) i+1 m
o, at iz i 1] as. Vsl <ey<
i 2 ‘
Say we choose q(s) = e” 2% then we need
t.
3 s 1] <
i
or equivalently ||5i+1||.< 2 e2ti
3 (1-e”2(t47E)y
b) Ity -] sy < @
The choice c, = % gives wvalues of
||Sl|| =2 1 ; ||52|| =2 e 7 ete
3 3 1
(1-1/¢) (1-1/¢)

c¢) There exists S(t), a solution to the Riccati equation
with end condition llSi+l||satisfying condition a), such

that
t

i
ft u(A(t)—B(s)BT(s)S(s)}ds

i ~ 2
+aq(s) [IB(s) [[ sy, llas <0

2
For the choice of c, = % then ||51|| < 1/.995 so if
we put ||Si|| = 1 in the Riccati solution given in the

previous example then s(t) is given as

s(t) = e2ftp - t) te(o,%)
1+ 978 (2(t178) _q,
S(t) = 4 ez(%‘t) tE(O,%)

L
-5+9e2 (57t

Now using this value of s(t) the above condition becomes

o .
st (2 - g . 4e2l5s) )+ e 2s (%). 1.05 ds <O
= o
to © 2 —5+9e2(2 s)
Or equivalently
' t
= =L -
et 3 ~20 ds + 3.15 J % %% g5 < o
L =
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which after integration becomes

4.1 1n [d_—_l]d=9/5' + 3.15 [;_ e—-2s] s
2 d Ja=9/5 ¢ ~2 s=t_=o
P - 1.57(e71-1)
O/se -1
= 2 1ln (0.58) + 1.57. 0.63
= 2.-0.55 + .99 <0 - the conditions of the theorem

are satisfied over the interval (o.¥] and it only remains to
extend this to the intervals [tl,tz) etc. In this case we
have chosen g(t) = e 2t ana so, if the choice [t2 - tll = %

is made then condition 3a)will permit greater values of IISZII
than those used forvllslll above and hence the appropriate
condition 3c)will be satisfied. This process can be cafried
forward to the remaining intervals. Alternatively it is quite
possible to choose a largér bound for ]t2 - tll with a
consequentially smaller bound for IISZII. It is over the
interval (to,tl) that a nonlinearity, bounded above by e”2F,
has greatest effect upon the linear equation and the behaviour
of the solution over remaining intervals can be inferred from

the behaviour over [to,tl). The nonlinear system given by

equation E4 has been shown to be null controllable from

vor Iy Il € 5 on {0,

Example 5

The results presented in Chapter Five are somewhat
different from those presented in previous chapters and have
the advantage that only one integral need be evaluated to check
the null controllability of the nonlinear sysﬁem.

The following éxample of an application of Theorem 5.1
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serves to illustrate how these results, which all have
essentially the same form, might be implemented.

Consider the null controllability of the following system

from (yo,to) to (g,T) where ||yol[ = 3{,5 = l/10, to=O and T = 3.
¥ =A y(t) + B u_(t) + f(y,uy,t) E5
where A = |3 6 |§; B= 121},
2 -4 1
and f(y,uy,t) = [(Yl -y, (- exp {-t})]
(y; +v,) (1 - exp{-t})
with initial condition y(o) =y, t, = O.

The conditions required in Theorem 5.1 are that the
linear system with matrices defined by A(t), B(t) be
controilable and
1) f(o,o,t) = 0 wte(o,®)

2) The;e exists p(t) such that
<flyugt), yie> s p|lyw]]?
"For this particular example f(y,uy,t) satisfies the above
bound with p(t) = (l-exp{-t}). The influence of the
rotation increases as t*~and (l-exp {-~t}) = 1.

3) There exists an admissible feedback control such that

T
S u(A(s)+B(s)K(s)) + p(s) ds € 1n >
t : N
o ' Ilyoll
In this application the above condition becomes
3
Jo {n(a+Bk) + (1-e"®)}ds « In 1 = -3.4
30

The choice of K = (-4 -1) gives

A+BK = (-5 4
2 -5

and hence 1 ((A+BK) + (A+BK)T) is given by
> _

[_g _g] which has eigenvalues -2, -8 and so
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u(a+BK) = -2 . .
Condition 3) requires that IZ (-2 +1 —e—s)ds-s -3.4
which is easily seen to be satisfied.

In this example the system, given'by E5, has been shown
to be null controllable from (3,0) to (1/10,3) using controls
defined by the feedback matrix (—4 —l). In fact, the system
has been shown to be null controllable from (yozllyol|s 3, 0)
to (e = 1/10,3).

The other results given in Chapter Five take a similar

form and examples of these results have a similar structure.

6.4 A CONCEPTUAL PROCEDURE FOR A BASIC IMPLEMENTATION

The preceding examples illustrate how some of the
controilability results can be used to ascertain whéther some
simple éystems are null controllable. Examination of these
examples enables a procedure which would form the basis of a
computer implementation to be established. 1In this procedure
the basic steps and decisions made in a typical implementation
are formalised.and some possible areas of computational
difficulty indicated.

STAGE 1:

Each of the theorems requirés that certain 'a priori'
information about the system is available. This includes:

a) a full knowledge of the linear part of the dynamics and
hence the elements of the matrices A(t) and B(t);

b) a knowledge of the nonlinearity f(-,+,t) such that it can
be bounded by an appropriate inequality; c) the range of
possible initial conditioné, or a specific value for y(to)

must be given; d) some of the theorems require that an upper
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limit be placed upon ||K(t)||, and hence the possible control
feedback matrices are restricted.
STAGE 2:

It is necessary that the linear section of the equation
be completely or totally controllable and this can be
verified using well known criteria given in the constant case
by KalmanK2 , or in the time-varying case by Silvérman and
Meadows52 . |
STAGE 3:

‘ Determine, from tﬁe knowledge of the nonlinearity,
permissible values for the scalars used in the inequélity

bound. If the state y(t) needs to be bounded, y(t)EDcR#, in

order to yield a value for these scalars then D is that sphere

in the state space given by ||y(t)|| S 2||y0| . Likewise, if
the control uy(t) needs to be bounded in terms of y(t) a value
for a bound upon ||K(tl)|| has been specified in Stage 1.
STAGE 4:

Choose a time t.l+1 and if necessary ||Si+l|| such that
condition 3a) is satisfied. The integral that forms the
basis of condition 3a) in the appropriate theorem requires
that the length of the interval being considered (initially
(to,tl) and subsequently (ti,ti+l)) and the maximum wvalue of

ER are balanced against each other so that the integral

1+1||
can be bounded by cy < %.
STAGE 5:

[in theorems where the form of the feedback matrix is
left undefined this stage_is omitted.]
Using the value of |[S; ;|| specify a feedback control

matrix over the interval being considered. A value for
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S ( which satisfies the bound upon llsi+lll is

Ei41) = Sin
used via a reverse time solution of the Riccati equation to
define S (t) over (ti’ti+l)'

STAGE 6:

Check condition 3c¢) in the theorem statement using the
interval (ti'ti+l)' feedback matrix and scalar multipliers
specified'earlier.

If the condition is satiéfied over'(fi,ti+l) proceed to
the next time interval and return to Stage 3.

‘ If the condition is not satisfied either return to
Stage 5 and choose another feedback matrix satisfyiné the
previous'conditions or, if this is not possible, return'to

Stage 4 and choose another time ti+l and ||Si+l|| which

satisfy the inequality bound.

The results of Chapters Three and Four consider the
nonlinearity to be bounded by norms and take a similar form
whereas those of Chapter Five consider the nonlinearity to be
bounded by inner products and take a slightly different form.
The inner product results consider only the interval (to,T)
in the integral inequalities and these inequalities need only
be satisfied once but the earlier theorems require the interval
to be split into (ti'ti+l) over which the necessary inequalities
are satisfied. Thus an application of the results in Chapter
Five would only require one run through the above procedure.

In Stage 3 the choice of scalars which will bound the
nonlinearity can sometimes simplify the remainder of the
criteria. In many cases the nonlinearity can Ee crudely

bounded by a constant or more accurately by some time—varyin§
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function and it may be worth making a series of.tests'using
the simple constant bound before entering into the more
complex situation of a timevarying function p(t) (or g(t)).

The choice of the constant c, in Stage 4 appears to be

1
straightforward in applications of those results presented
in Chapter Four: a reduction in the value of cq does lead

to a less negative value on the righthand side of the bound
in condition 3c¢), however thié is compensated for by either
a smaller value for |lSi+1|| or a smaller time interval éver
which to.evaluate condition 3c¢). An application of the
results in Chapter Three seems to require a sligﬁtly
differeht choice for ¢y because a value close to % leads to
almost impossible conditions in 3c¢). However, because in
this caée the feedback matrix is not implicitly restricted
by a boﬁnd upon llsi+l|| as it is in Chapter Four this may
not prove prohibitive.

There will be a number of choices of elements of tﬁe
matrix S, , which will satisfy the constraint upon l|Si+ll|
and'when propagéted via the Riccati equation these will lead
to different possible feedback control matrices. Having made

a choice of Si+ the Riccati equation solution can be

1
obtained using established computér algorithms and the feed-
back is defined by K(t) = % BT(t)S(t) over the time interval
considered.

The checking of condition 3c) undertaken in Stage 6 will
require that, having formed the matrix A(t)+B(t)K(t), iﬁs
logarithmic norm subordinate to the vector norm considered

be calculated: in the case of the Fuclidean norm this will

involve eigenvalue calculation but for some other norms this
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may only involve the summation of row or column elements.
The numerical integration.of the scalar resulting from the
formation of the lefthand side of the condition 3c¢) would

use conventional algorithms.

6.5 CONCLUSIONS AND SUGGESTED AREAS OF FURTHER WORK

The éonceptual procedure given in the previous section
provides a means of collectivély describing the results.
Generally these fall into a framework where the linear
‘dynamics are compared With the additive nonlinearity in some
integral inequality. In some cases a control law is derived
and this is used in the comparison of the linear and nonlinear
sections. Some well known computational problems are
immediately evident in the procedure but these can be tackled
using conventional methodé. The reverse time solution of
the matrix Riccati equation, given an end point condition

for S(ti has been considered in some detail and suitable

s1)
computer programs exist. The calculation of the logarithmic
norm of a matrix may involve evaluation of the largest eigen-
value and again this is relatively simple. Note that the
use of the logarithmic norm does mean that some of the
computational 1oaa associated with a more direct method
involving evaluation of
| |lexp {f/A(s)+B(s)K(s)ds}|| is avoided.

The procedure also serves to illustrate that in the

algorithm it is necessary to choose some values for the

parameter Cy» the interval (ti, t ) and, if called for,

i+l
| sty ) [

simple systems the choice is straightforward; more care needs

These values are interrelated and for some
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to be exercised when choosing these valqgs for larger

systems. Given this upper bound on lls(ti+l)|| it is

"necessary to choose the elements of S(ti+l) and one possible

way of doing this would be to choose S(ti+l) diagonal and

change the elements of the matrix if this is not satisfactory.
The procedure follows the form of the theorems closely

and does not attempt to ensure that if a possible feedback

matrix exists, it is always generated in the algorithm.

This convergence property would be a function of the choice of

e;ements of S(ti+l) which is made given a bound upon

| |s(t,

1+l)l|’ .
the procedure by drawing upon the work in the area of

It may be possible to improve this aspect of

optimal control where the Riccati equation is used in a
similar way.

The computational complexity of the algorithm is much
reduced when the nonlinearity can be bounded by a constant
or monotonic decreasing value for p(t), or alternatively when
the linear sectioﬁ of the equation is not timevarying. In
some applications the computational load may be rather high

but because the property of controllability is a qualitative
one it should only be necessary to test the plant once for
some given initial conditions.

The results require that the logarithmic norm, a
symmetric scalar function, of the system matrices can be
bounded above by some scalar dependent upon the nonlinearities.
But, it has been shown in Chapter Three that it is not always
possible to assign the value of u(A(t)+B(t)K(t)) by choice of
K(t) even when the matrices A(t), and B(t) form a controllable

pair. From this point of view the work presented here places
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slightly stronger conditions than usual upon the linear
equatibn. On the other hand our approach has enabled weak
-conditions to be placed upon the nonlinearity. This means
that the nonlinearity need not be fully described by some
functional relationship but instead need only be sufficiently
understood to be bounded in either norm or inner product.

The development of a practical algorithm to test the
null controllability of nonlinear systems requires that some
aspects of the procedure be examined in greater detail and
some of these have been mentioned above. The problems
associated with choosing ¢y, lti+l - tll and ||S(ti+l)||
would form the basis of any additional work and these areas
are worthy of consideration in some depth if the results are
to be fully implemented. It may be possible( via analytic
work, to show the length of the interval (ti' ti+l) to be
immaterial in some applications. Due to the interdependentv
nature of the conditions the length of this interval can be
shown to be irrelevant if in Theorem 3.1 both the linear
section of the equation and the scalar bound p(t) are
constant. Further work may enable this property to be
extended to more general situations.

In the field of linear systems theory a deeper study of
the relationship between the controllable pair A(t) ,B(t) and
the possibility of assigning u(A(t)+B(t)K(t)) by choice of
feedback matrix K(t) could lead to an improvement in Lemma 3.1
and consequentially strengthen the subsequent results. 1In |
Chapter Four it was indicated that, by choice of a quadratic
norm for vectors, it was always possible to bound

R;A(t)+B(t)K(t)] to be less than any arbitrary value.
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This is one way of weakening the restrictions upon the
linear part of the equations and instead putting further
'requirements upon the nonlinearity. The choice of the norm
under which to structure an application of the results is
similar to the choice of a quadratic Lyapunov function but
again this area of work requires further investigation.
Alternatively work éould_be centred around the
possibility of finding a better scalar bound to the solution
of the nonlinear and linear systems. In some cases the
function used here can be a rather coarse measure of
stability of the trajectories and further results could
lead to weaker condition upon the nonlinear system.
Throughout this thesis the controllability results have
required that the final state is the origin. This is a
common simplification of the problem when considering non-
linear systems and stems from the analogy with stability
theory, where, without loss of generality, one can assume
that the stability properties are being considered with
regard to the null solution. For linear systems the concept
of controllability is considerably more general than this.
Our controllability definitions, and those of Ben Lashiher
and StoreyB2 are suitable for situations where the final
zone 1is not nécessarily centred around the origin and it may
be possible to show null controllability from (a, to) to
(8, T) where max(||y|leB8) < min(]]y||ea) using similar
arguments to those used here. When the time interval is

finite the requirement that

T . .
exp{ft u(A(s)+B(s)K(s))ds} is negative does not restrict
O .
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the final state to be zero but only to have norm less than

the initial state. Using this property it may be possible

to show the linear and nonlinear systems to have solutions'

sufficiently close together at time T to ensuré that the

nonlinear system satisfies the controllability condition.
Interconnected systems have dynamic behaviour which can

be bounded by functions of each basic system. An.application

of some of the techniques used here would result in a system

of smaller dimension whose stability properties imply bounds

upon the larger system. Siljak S3 has considered inter-

connected systems_and following his work should enabie null
controllability criteria to be developed for these systems.
Difficulty may be encountered in characterising the non-
dynamic interconnections between the systems when it is
necessary to aistinguish between connections which add to,
or detract from, the controllability of the total system.

The analysis of.a linear system with a nonlinear feed-
back function may be simplified by using a technique similar
to the above to show asymptotic equivalence with the same
linear dynamics under a linear feedback law. This might be
extended to show the null controllability of linear, or
possibly nonlinear, systems with nonlinear state variable
feedback.

In Chapter Four the bounds upon the nonlinearity can be
regarded as a special case of the quadratic cost function
used in optimalvcontrol and the form of the feedback matrix
is the same as £hat which would result from an application
of optimal control theory. This also applies to the work of

Gershwin and Jacobson (see also Feljd F1 ). This similarity
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might be exploited by using, in the feedback calculation

the solution to the optimal control problem with cost function
“based ‘upon the righthand side of the inequality bound on the -
nonlinearity. The null controllability problem would then

be reduced to examining the behaviour of the nonlinear

system when controls are applied which minimise a positive
function which is an upper bound for the norm of the
nonlinearity. .

Comparisons between the results presented here and those
of other researchers in the area of null controllability fall
into two categories: those where the analysis has some common
ground and those where the main similérity is in the problem
considered. In the initial stages of their paper Gershwin
and Jacobson discuss some problems using a similar control
policy and although their results are of a slightly different
form it has been possible to make direct comparisons. The
approach of Ben Lashiher and Storey bears some similarity to
the earlier chapters of this work and sometimes their results
can be case in the framework used here. However it should be
noted that although the same mathematical tools are sometimes
used, they are often used in different situations: whereas
the authors use scalar comparison functions to bound directly
the systems considered, comparison functions are used in this
work only as a method of circumventing an integral inequality.
Other null controllability results cannot be compared so
directly with our results but again some superficial
resemblances can be seen in the methods used. The Schauder

M2 V1

Fixed Point Theorem is used by some authors , to show

the existence of a map between solutions of linear and
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nonlinear systems and hence show the existence of a
controllable solution.

The results presented in this thesis yield.some
sufficient conditions for the null controllability of a
class of nonlinear systems, based upon techniques derived
from stability theory, where nonlinear differential equations
have been examined in some detail. A number of different
ways of characterising the nonlinearities are considered
and a series of null controllability results derived.

Some comparisons have been drawn between these results and
previous work in the area. It is considered by some
researchers that nonlinear systems are so complex that they
need to be considered individually and that it is very
difficult to develop general results. By considering linear
systems with an added nonlinearity this work provides a way
of classifying eertain nonlinearities and examining the null

controllability of some nonlinear. systems.
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