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Abstract 

Three discrete studies of rotating fluids are 

presented. 

In Part A the fundamentals of vortex flow are studied 

by restricting consideration to plane axisymmetric flows, 

of an incompressible fluid. It is found to be possible 

to introduce the generalization of radial flow as from a 

constant line source along the axis without inhibiting 

the analytic development for either steady or non-steady 

cases. The solutions obtained are applicable to flow 

between porous rotating cylinders. 
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Observations of flows of water through horizontal and 

vertical tubes are reported; numerous internal temperature 

and pressure measurements made in air are presented. 

Hypotheses of the mechanism by which energy separation is 

effected are reviewed; turbulent mixing is found to be 

the most plausible explanation. A set of approximate 

relations appropriate to high-swirl flows is derived from 

Reynolds' equations. They give insight into the dynamics 

of such flows and suggest that the Ranque effect is 

chiefly due to an outwards flow of work associated with 

the tangential shear stress and an outwards heat flux 

due to mixing of the compressible fluid across the radial 

pressure gradient. Finally, a class of axisymmetric 

solutions of the Navier-Stokes equations is derived and 

studied. 
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General Introduction 

The work presented here treats three widely differ-

ing aspects of rotating fluid flow. The first is an 

exact theoretical treatment of plane axisymmetric motions, 

the analysis concentrated on the case of a viscous, in-

compressible fluid. Another is the study of the linear-

ized problem of small forced oscillations in a basically 

uniformly rotating liquid, together with the investiga-

tion of an experimental realization of the theoretical 

model. The last is a consideration of the complex swirl-

ing flow of a gas within a cylindrical chamber (the 

Banque-Hilsch vortex tube) in which the thermodynamic 

aspects of the problem are of special interest and in 

which compressibility and turbulence play important parts. 

The questions may well be asked: "Why are three so 

dissimilar studies grouped together; have they any real 

unity?" The equations of motion in terms of cylindrical 

co-ordinates hold the answer t•o these questions. They 

are obviously the most convenient starting point for the 

analysis of all axisymmetric flows as their use reduces 

the number of independent variables by one. And they 

also indicate the particular unity of swirling, axisym-

metric flows. The special dynamics of such flows are 

indicated by the acceleration terms peculiar to this 

co-ordinate system: r and , in the usual nota- 

tion. The real unity of these problems Ties not just 

in the rotary motion of the fluid, with its attendant 
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family of dynamic effects, but also in the axial symmetry 

of the flow patterns which dictates the us-e of the same 

theoretical tools in.their analysis. This is not just a 

formal division based on the words axisymmetric and swirl-

ing, but a useful one based firmly on important physical 

and mathematical kinships. 

It is not difficult to justify the study of this 

class of problems. Theoretically they are important 

because of the simplicity of the analysis in terms of 

cylindrical co-ordinates. Also, theoretical models with 

axial symmetry are among the easiest to realize experi-

mentally. Physically, their importance is supported by 

such permanent factors as the rotation of the earth about 

its axis and the ease of manufacture of surfaces of 

revolution. 

But the studies reported here are widely separated, 

although within the basically similar group of axisym-

metric swirling flows. It will perhaps be as well to 

account for this mixed bag before reaching into it. 

The present study of swirling fluids was begun as 

an investigation of the Ranque-Hilsch vortex tube. This 

problem presented a welter of the effects of compressi-

bility, turbulence and heat transfer superimposed on the 

only partially understood basic dynamic phenomena. 

This complexity, which made much of the available litera-

ture all but incomprehensible because of its lack of 

precision, was the. first major difficulty encountered. 
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It soon became apparent that a gradual approach would 

be necessary, beginning with the study of a simpler class 

of flows. 

The second major problem encountered was that of 

dealing with the extensive literature pertinent to the 

study. The underlying unity of approach expedient for 

the wide range of axisymmetric swirling flow problems 

means that useful concepts and methods are very widely 

scattered throughout scientific literature. In addition 

to the literature of the vortex tube itself, there exist 

extensive bodies of material which might contain wort 

pertinent to this investigation---the literature on 

Vortex furnaces, cyclone separators of various kinds, 

drain vortices, and the rotary phenomena of meteorology. 

Further, the literature of applied mathematics is fruit-

ful, the simplicity of axisymmetric probleMs having 

attracted mathematicians interested in testing their 

techniques. It was soon realized that a complete search 

of this vast range of material was quite impractical, 

let alone the mastery of its content. However, it seemed 

necessary to be at least on nodding terms with the various 

fields of study so that the chance of neglecting a really 

fruitful line of investigation might be reduced. 

Thus the study began with an investigation of plane, 

axisymmetric flows, a general survey of previous work on 

rotating fluids being carried on at the same time. The 

search of the literature led to the discovery of many of 
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the results obtained independently by the analysis carried 

on in parallel. It was realized, of course, that such a 

simple situation must often have attracted attention in 

the past. But just where the accounts of such analyses 

were to be found was initially a mystery. 

That any mystery whatsoever should exist about this 

essential building block in the understanding of swirling 

flows seemed undesirable. To remedy this situation it 

was decided to include a brief account of the theoretical 

work on plane axisymmetric flows, together with a some-

what more unified treatment of certain aspects of the 

problem. One of the chief aims of this investigation was 

to establish criteria for estimating whether certain 

three-dimensional problems were tractable or not. 

Thus the first study reported herein is accounted 

for. The second arose from the general survey of the 

literature. An account of a theoretical and experimental 

investigation of forced oscillations in a rotating fluid 

was encountered. As apparatus existed in the laboratories 

of the Department of Aeronautics with which the experi- 

mental realization might be repeated, it was decided to 

attempt to do so. The attempt was successful and led to 

a consideration of the theoretical side of the problem. 

These investigations comprise the second study. 

The basic investiwations---those pertaining to the 

vortex tube---formed a matrix into which these two studies 
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were set, being carried on concurrently with them. 

The reports on the three studies which follow are 

quite independent: the notation used in each is explained 

there; conclusions, references, and figures are to be 

found at the end of each.  part. A letter (A, B, or C) 

at the top of each page indicates to which part the 

page belongs. 
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Notation 

Only the frequently used symbols are listed here. 

Others are defined as introduced. 

Independent Variables 

r , e , z cylindrical polar co-ordinates 

• time 

, /:-".1%-. modified measures of time 

Fluid Properties 

density 

/4  viscosity 

• kinematic viscosity 

In specific heat 

ic thermal conductivity 

Flow Variables 

,..t4/-  radial, tangential, and axial velocity 

components 

p pressure 

Prr pee direct stress components 

2'= pre shear stress 

e internal energy 

1 temperature 

4 divergence 

• vorticity 

Q source strength per unit volume 

'' dissipation function 
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Non-dimensional Parameters 
G- nu. .1,, source Reynolds number 

c/2 

<3----"P Prandtl number 

Generalized Cylinder Functions 

Wn  (0( I") , \,,/,:(.4r) see equations (7.8 ) and (7.12 ) 

Constants of Integration 

A , B , a , iD , etc. 
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1. Introduction 

The theoretical study of rotating fluids is best 

begun by considering the simplest class of axisymmetric 

flows, those in which the flow pattern is the same in 

every plane perpendicular to the axis. For this case 

the flow variables are functions of a single spatial 

variable, the radial distance. This class of flows co 

tains the simplest two-dimensional flows, those due to 

a line source and a line vortex. 

It is obvious that a mastery of this simple class 

of problems must precede the treatment of more complex 

problems in rotating fluids. After seeing how far the 

analysis can be extended in these simple cases we will be 

in a better position to judge the tractability of more 

complex problems. Further, some insight into the special 

phenomena associated with vortex flows should be derived 

from this study. Familiarity with the relevant mathe-

matical techniques will be an additional benefit. 

We shall interest ourselves in the exact treatment 

of this class of flows. In order that such solutions can 

be obtained it is necessary that highly idealized fluids 

be postulated. Only fluids with simple equations of state 

can be treated; for example, incompressible fluids, or 

those obeying the perfect gas law. Further, the transport 

properties of the fluid (viscosity and thermal conduc-

tivity) must either be neglected or specified in some 
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very simple way (say, as constant coefficients). 

We begin the study by considering the work which has 

already been donO on this topic, dealing not only with 

what has been done, but also giving some thought to why 

it has been done, and to what seemingly remains to be done. 



-15- 	 A 

2. Previous Work 

Very many investigators have dealt with particular 

aspects of the general class of plane axisymmetric flows. 

They include not only scientists interested in such pro-

blems for their own sake or wishing to gain insight into 

some more complex problem, but also mathematicians desiring 

solely to test their techniques. Hence the contributions 

to this study are widely spread though the scientific 

literature. The preparation of a complete list and 

summary of the very numerous contributions is impractical 

and, in view of the repetitious and trivial nature of many 

of them, is probably not even desirable. But is has been 

observed that recent workers have often been unaware of 

their predecessors' treatments of similar problems. It 

does seem worthwhile then to prepare a brief.guide to 

some of these previous studies. 

The work dealt with here will be primarily that on 

laminar motions. The literature dealing with the various 

extensions to this subject---the stability study initiated 

by Taylor, the study of fully developed turbulent motions 

in a basically axisymmetric situation, the investigations 

of heat transfer in such situations, and so on---will not 

be considered. It appears that the relevant literature 

is well known to workers in these fields. 

Recently a number of devices have aroused interest 

in basic vortex flows: the vortex tube, the vortex furnace, 

the swirl atomizer, the cyclone separator. In particular, 
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study of the vortex tube has resulted in consideration of 

the radial transfer of energy in swirling fluids. Although 

these studies usually start from a two-dimensional theore-

tical model, this is often an arbitrarily or empirically 

determined one. Thus such investigations usually do not 

fall within the bounds of the present consideration. 

Rather than undertake the considerable task of listing 

and discussing all the known work, we adopt the policy of 

referring to readily available works containing discussions 

of relevant papers. While none of the bibliographies is 

complete in itself (if only because of age), combined 

they give fairly easy access to the previous work. 

The discussion is facilitated by breaking up the 

general class into three groups of increasing complexity: 

radial flows, swirling flows, and spiral flows. 

2.1. :Radial Flows 

Since radial flows are usually prescribed by requiring 

that continuity be preserved except at the axis, the 

mathematical treatment of this case is trivial for highly 

idealized fluids. Such flows usually emerge as special 

cases from more general analyses. However, Binnie and 

Hooker (1937) give separate consideration to the radial 

flow of a compressible, inviscid fluid. Wu (1956) has 

considered the steady radial flow of a viscous, compres-

sible fluid, the introduction of this degree of complexity 

into the properties of the fluid making even this 
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geometrically simple flow worthy of special treatment. 

He refers to previous work by Ringleb, Hess, Sakurai, and 

Levey. Certain unsteady problems of radial flow will also 

be of interest. Fraenkel (1959) refers to treatments of 

an acoustic line source. 

2.2. Swirling Flows 

Steady flows of this type will only be of interest 

for a. viscous fluid in which the different eletents are 

able to influence one another. For the unsteady case 

only flows of an incompressible fluid can satisfy the 

condition of zero radial velocity. Thus the sort of fluid 

which has usually been considered under this category is 

viscous and incompressible. 

Interest has concentrated on problems of two types: 

cylinder problems and vorticity diffusion problems. The 

cylinder problems involve the steady or unsteady flow 

conditioned by rotatinw, or fixed cylindrical boundaries, 

the fluid being outside or within a cylinder, or perhaps 

occupying the annular region between two cylinders. The 

two simpler cases may be thought of as limiting cases of 

the last mentioned. 

Many studies of cylinder problems are reported by 

Lamb (1932) and Bateman (1932). Lamb mentions Newton as 

being the first to attempt this sort of problem. Both he 

and Bateman give the analysis of the steady-state motion 

between concentric cylinders which is due to Stokes. 
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The elementary solutions for steady flow have also emerged 

as special cases from searches for exact solutions of the 

Navier-Stokes equations. Such analyses are given by 

Bateman and Rosenblatt (1935). 

Bateman gives in addition the results of McLeod's 

analysis of the flow within a single cylinder for arbi-

trarily prescribed initial velocity distribution and 

velocity history at the wall. The solution was, of course, 

obtained as a series of normal solutions. ?'any other less 

general contributions to the study are mentioned by Bateman, 

including some in which solutions are fixed by specifying 

the torque to be applied to the fluid by the containing 

cylinders. Goldstein (1932) has worked out a number of 

unsteady problems of the cylinder variety, being primarily 

interested in demonstrating the applicability of opera-

tional methods to parabolic problems. Recently Yih (1959) 

has given a general treatment like that of McLeod to' 

another cylinder problem, that of fluid motion within two 

concentric cylinders. Despite the considerable generality 

of these treatments it appears possible to apply boundary 

conditions in a somewhat more general manner. This matter 

will be taken up later. 

The interest in vorticity diffusion problems arose 

because of their mathematical likeness to problems in the 

conduction of heat in solids. The mathematical apparatus 

for the solution of certain hydrodynamical problems was 
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to hand and the investigation often consisted simply of 

re-interpreting the results in terms of the new problem. 

Lamb and Bateman mention work by Rayleigh and Terazawa 

on problems of this kind. Goldstein deals with several 

such problems, the most general being those of any initial 

distribution of vorticity in an unbounded fluid and of any 

initial distribution of vorticity in a region bounded by 

a cylinder. Recently, de Neufville(1957) has reviewed 

the classical work of Helmholtz, Kelvin, and Oseen on 

this sort of problem and has, generalized their results. 

It will of course be realized that this approach is 

chiefly useful in dealing with certain initial value 

problems and suffers from the disadVattage of being 

relatively inflexible with respect to the prescription of 

physically meaningful boundary conditions. However, such 

problems often represent limiting cases' of more realistic 

problems. 

2.3. Spiral Flows 

Here, as for purely radial flow, continuity is usually 

required except at the origin. This type of flow offers 

something of interest even for an inviscid fluid. Bickley 

(1953) gives an analysis of the steady spiral flow of an 

inviscid, perfect gas, based on the previous work of 

Taylor and Ringleb. Another contribution to this study 

is that of Binnie and Hooker in which an iterative method 

of obtaining solutions to compressible flow problems 
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(suggested by Taylor) is checked by.treating compressible 

spiral flow. A more recent analysis using hodograph methods 

is that of Lay (1959). Unfortunately, the experimental 

realization of this interesting problem is not straight-

forward. However, there are three-dimensional counterparts 

to the problem in nature. 

Another sort of spiral flow which has been given con-

siderable attention is that of an incompressible, viscous 

fluid. The solution for this case is given by Bateman 

without comment as to its physical meaning as an example 

following a rather complicated analysis. He refers to 

Jeffrey and Watson as having previously produced the 

result. Recently Dornbrand (1950) and Einstein and Li 

(1955) have brought forward anew this solution and have 

attempted to apply it to more complex problems---the 

vortex tube and drain vortex, respectively. Pengelley 

Y1957) has extended ,Eornbrand's work slightly. Solutions 

were fixed by Dornbrand using the method applied by Stokes 

in the sourceless case---considering the fluid to be con-

tained within concentric cylinders at which the no-slip 

condition can be applied. Pengelley rointed out that 

suitable choice of one of the radii at which the no-slip 

condition is applied allows a no-shear condition to be 

applied at a predetermined radius. Apparently he has not 

realized that the prescription of zero shear can be made 

directly. Einstein and Li introduce a vertically moving 
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core along the axis and fix a solution for the two-dimen-

sional outer flow using compatibility conditions on the 

core periphery. We see then that, from the point of view 

of pOssible applications, it is useful to be able to apply 

a variety of boundary conditions. 

A case in which the unsteady spiral flow of an incom-

pressible viscous fluid has been treated is given by Biesel 

(1955). The radial flow is due to a constant line source 

on the axis; the solution corresponding to an arbitrary 

initial swirl distribution is given in the form of a 

Fourier-Bessel integral. We shall later show that solutions 

can easily be given for various boundary conditions for 

this case of constant source strength. Fraenkel has also 

considered an unsteady problem in dealing with the pro-

pagation of a cylindrical sound pulse through a rotating 

gas. 

A generalization which has not so far been made is 

that of radially moving cylindrical boundaries. If we 

allow porous-walled bounding cylinders (and these are 

necessary already for stationary bounding cylinders in 

radial and spiral flows) we can have such moving boundaries 

in all the cases discussed here without violating the 

restrictions implicit in the equations of motion. The 

ability to apply such boundary conditions would be espe-

cially useful in extending the results to three-dimensional 

flows. Further, there may be some advantage to be gained 

(with an eye to application to three-dimensional problems) 
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by allowing the requirement of continuity to be relaxed 

throtIghout the fluid, rather than lust at the axis. These 

matters will be discussed subsequently. 
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3. Scope of the Present Work 

We shall begin by deriving the equations governing 

plane, laminar, axisymmetric flow. These are the equations 

from which all the analyses mentioned above arise. There-

after, attention will be confined primarily to the flow 

of an incompressible fluid of constant transport coef-

ficients as governed by these equations. In order to 

make significant progress it will be found necessary to 

further restrict the treatment to cases of constant radial 

flow. The problem to be dealt with is a generalized cylin-

der problem---the determination of spiral flows subject to 

conditions applied on concentric cylinders. 

Within these bounds it is possible to extend previous 

analyses considerably, particularly with regard to the 

way in which boundary data is supplied. This particular 
a 

study has been undertaken as it involves a simple model 

with some of the essential features of the flows of 

practical interest. Also it is one study in the general 

class which has not yet been attacked in a systematic 

manner. 

Parts of the analysis can be extended easily to deal 

with a fluid of variable density. But a simple .analytic 

development still requires the assumption of constant 

viscosity. Since in a real fluid significant variations 

in density must be accompanied by temperature changes 

(with attendant alterations in viscosity) this restriction 
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seems somewhat unrealistic. Dornbrand and Pengelley have, 

however, used this approach to the compressible case. 
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4. Fundamental Considerations 

The analysis of axisymmetric flows springs most 

naturally from a set of differential equations referred 

to cylindrical polar co-ordinates. Rather than take as 

starting point these-  equations in their accepted form, 

we develop them from the basic conservation principles, 

with the hope that this will render the analysis more 

meaningful. To this end we first consider the description 

of the velocity field in cylindrical co-ordinates, then 

the specification of stress components within the fluid 

in these co-ordinates, and finally the derivation of the 

equations themselves. 

We are thus retracing the course followed in the 

general analysis of fluid flow using more general methods 

of describing flow phenomena---vector and tensor notations. 

It is in these general notations that the fundamental 

concepts are most directly and fully apprehended. But 

the specialization to axisymmetry imposed here takes us 

beyond the scope of these notations. They are, indeed, 

not specialized enough to extract the advantages of this 

restriction. To orient ourselves in this co-ordinate 

system we proceed systematically as in the more general 

development, familiarizing ourselves with the forms 

adopted by various entities in this special case and 

noting the features peculiar to this system of description. 
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4.1. Description of the Velocity Field 

Consider a continuous velocity field in the neigh-

bourhood of the point (r ,e). We shall describe this 

field by obtaining expressions for the total differentials 

of the velocity components in terms of derivatives at the 

point. To do this we consider the velocities at the two 

neighbouring points (r , 9 ) and (r+Sr, 0-4-ge) as shown 

in Figure 1. Resolving 11727 into components parallel to 

those of 	we obtain 

Air 5.--  Ail -I-  X'62. Se  

S 

Then the velocity changes referred to axes radial and 

tangential at (r , e) are given approximately by 

S.GL _462.1 

G+S- 6,) - 	(9) 	 G + ©)Se 

	

o Se) 	6?) + 	e g Se 

In the limit as S r , e --.. 0 we have 
oLu. 	ot r 4-r( 	- ) d 

t 	AA- 0/ ciao- 	)- of v- +-r( 	579 ' 	) 

The coefficients coefficients of these differential expressions 

are the components of a tensor specifying the variation 

of the velocity vector in the field. We split these 

coefficients up to display this tensor as the sum of a 

symmetric and an anti-symmetric tensor: 
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01.44= 

	

v. 4_ 	 co Tr_ 	c A I I I_ 	DA„,-] 

	

r _ 	rd 

	

- 	 e- 

+-14. 2 Yk7- 	r YET 

By considering the straining of two elemental lines 

of fluid, initially radially and tangentially directed, 

interpretations can be given 

of the anti-symmetric tensor 

angular velocity of the line 

to these cpefficients. Those 

are seen to be the average 

elements, that is, the 

angular velocity of the fluid. The like coefficients of 

the symmetric tensor are seen to be the rate at which 

the lines are rotating towards one another,. that is, the 

rate of shearing strain; and the unlike coefficients 

are seen to be simply the rates of direct strain in the 

radial and tangential directions. Hence the symmetric 

tensor is termed the rate-of-strain tensor. 

The divergence of the fluid is the sum of the direct 

rates of strain. That is, 

144. A 	-- 
r 	r 4_ 

 FT; 

On comparing the forms of these quantities with 

those referred to Cartesian co-ordinates we note that these 

are somewhat more complex. The development shows clearly 

how this complexity arises from the non-Cartesian reference 

system. 
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4.2. The Stress Components 

The relationship between the stresses within a 

deforming viscous fluid and the rates of straining is 

taken to be (in the notation of Cartesian tensors): 

where 	are the components of the stress tensor, 

ezzi  are the components of the rate-of-strain 

tensor, 

is the Kronecker delta. 

In order to compute the stress components relative 

to our curvilinear frame of reference we consider the 

simultaneous description of a flow field by Cartesian and 

polar axes chosen so that the velocity components are 

locally parallel. The corresponding stress components in 

the two systems are then equal. That is, 

Px x = Per 	PYr = Pee 

PxY zF)YK = pre =per  

Further, the relationships between the rates-of-strain 

can be obtained from 

4 	1-7- 	1+-111" de 

Iti-oth„ -4- b.* 

÷ rye --11) 
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by requiring that corresponding coefficients be equal. 

Hence: a.44. ex), - .err. = 2 1-Tr 

exy 	ere = 	r 	r r  W.) 7 e 

/1 adv.- eyy 	eet9 2 ( F 
Combining these results we obtain 

Pi^ r 7-7  

Pee = P 	(2 	÷ 2 r4 	32 ) 

F )Ar.r 

The positive senses of the stresses acting on an 

elemental volume are shown in Figure 2a. 

4.3. The Case of Axial Symmetry 

Summarizing the results of the previous sections for 

the axisymmetric case which will subsequently be of interest: 
, 

Vorticity: 	= 	' 	' Er 
/ 
	' 

Divergence: 	A = 	e_ = 

Direct Stresses: pr.- = —p -4-  2/4- (-- 

pee - —P 	3, 

t?-1 
The viscosity dependent terms of the dire6t'stresses 

can be justified in terms of an underlying particle structure 

of the fluid. Consider the case of source-type flow 

(AA> 0, '67",-- 0). The effective pressure acting in the 

radial direction is augmented by the effect of viscosity, 

Shear Stress: 
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while that acting tangentially is reduced. The radial 

effect results from the deceleration of the fluid as it 

moves outwards; particles from the outer fluid possess 

greater inwards momentum than that characterized by the 

pressure. The tangential effect results from the lateral 

spreading of the outwards moving fluid. As a result of 

this apreading (which is required for continuity), elements 

of fluid have a relative lateral velocity and particles 

impinging on a radial plane produce lesser reactions than 

would be the casein parallel flow. The effect of a 

positive divergence is to increase the effective pressure 

in every direction as particles of the fluid move farther 

apart. The coefficient of viscosity/4 is thus seen to 

be generally representative of the ability of one portion 

of a continuous fluid to influence other parts dynamically. 

The shearing stress relation given above can also be 

obtained from the basic ideas of viscosity derived by 

considering the shearing of fluid between parallel walls. 

It is necessary, however, to consider the relative shearing 

motion within the fluid by assuming a suitable rotating 

frame of reference. 

4.4. Derivation of Equations governing 

Axisymmetric Flow 

Differential equations will be derived directly by 

requiring the conservation of mass, momentum, and energy 

for suitable elemental control volumes---those shown in 
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Figure 2. The quantities entering into the conservation 

laws can be expressed in terms of differential changes in 

the flow variables. The limiting forms (as Al 0) of 

these differential expressions will be given. Then they 

will be combined to give the required equations. 

4.4.1. Equation of Continuity 

Consider a fixed annular volume as shown in Figure 2b. 

aV=2-11-rcir. We require that in the incremental time St 

the increase in mass within the volume be entirely due to 

the flow in through the cylindrical boundaries and to an 

axisymmetric source distribution given by,,Q, where Q 

is the rate at which volume is produced per unit volume, 

referred to the standard density ,0  

a) Increase in mass within control volume 

-3)401 Vgt 
b) Net flow in through fixed boundaries __17.1 b4 vo/ rAA.)dVSst 
c) Production of mass within boundaries 

Q VEt 

Hence: Dt r (f91,--.44 	Q 

4.4.2. Radial Momentum Equation 

Consider the segment of an annular region depicted 

in Figure 2a, moving with the fluid. d V := rotroie We 

require that the impulse in the radial direction given by 

forces at the boundaries be equal to the change in momentum 

in the radial direction, both effects considered in the 
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interval St . We assume that any fluid created comes into 

existence with the local momentum. 

a) Impulse due to surface forces 

Due to symmetry the shear stresses do not contribute 

to this impulse. The impulse due to direct stresses is 

/U Prr 
r 

per 	P8.9)  cAV 

b) Momentum ch4gyu:17pag7veiwadial velocity /  

c) Momentum change due to rotation of the tangential 

S velocity vector 	c(W 't  

The sketches of Figure 3 indicate how this result is 

derived. 

Upon introducing the previously determined expressions 

for the stress components, we obtain 

.4t2-7 
k t 	 e- 

„ + — -or 	 2 ( 

21.4.3. Tangential Momentum Equation 

Consider the tangentially directed momentum and 

impulse for the same elemental volume. 

a) Impulse due to surface forces 

In this case the direct stresses do not contribute. 

The impulse is 

.-71L-- + 2 12) d V 
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b) Momentum change due to change in tangential velocity 

(57—txr  .A-4 	) 47{V 

c) Momentum change due to rotation of radial velocity 

vector 

 

d V S t 

  

Once again Figure 3 may be referred to for clarification. 
Finally, 

+ -r 
V- 

1.1.1" 	 N\ 
r r 

4.4.4. The Energy Equation 

Consider the annular control volume of Figure 2b, 

moving with the fluid. 

a) Increase in total energy (internal plus kinetic) 
ID 
Dt (6' + 	 c4 gt 

b) Heat transfer into control volume 

r (k k
'6 	

0( g t 
c) Work done by direct stresses on fluid in control 

volume 	r s-3- (r,a- 	d V gt 
d) Work done by shearing stresses on the fluid 

j_ 	( rA)-- 	oi VS.  t 
Requiring that energy be conserved, we have 

/CIIP`t (e ILAA-1+ -2• Ais=) 
k 	p„ 	 -) r r- 

whence, usinF, the momentum equations, we aet 
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.b,c4 	 el / 43-er 12. 

where the viscosity dependent term is the dissipation 

function, 4 

De 
f Dt 
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5. Initiation of the Study 

For an incompressible, sourceless fluid of constant 

viscosity, thermal conductivity, and specific heat the 

governing equations are 

Continuity: 	ar (r-44)- 0  ) 4 = o 	 (1 ) 

Tangential Momentum: 
/ 3 txrIv- 

zr 	r 	 r / (2) 

Radial Momentum: 

(3) 

Energy: 	
T 
	 2.] 

7./ r 1,11;) 	"ii--1(-C-;AP--  

where the coefficients (functions of /O 	, k , h ) 

are constants. 

The continuity equation has been used to simplify 

the last two equations. For a quiescent fluid the energy 

equation reduces to the simple equation of heat conduction 

in an idealized solid. The tangential velocity distribution 

contributes only a source distribution. But the radial 

velocity contributes in addition a convective effect. 

The problem posed is that of determining the four 

dependent variables xi., iv-, p 	as functions of the 

independent variables V-  , It . The equations are arranged 

above in order of complexity, the earlier having already 

been utilized to simplify th,,  more complicated. Note that 

the first two equations completely specify the velocity 

field, independent of the latter pair. This is the result 
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of the rigorous idealizations ''t,tiLt3t have been made. 

It seems expedient to attack the system in the order 

in which the equations are listed. The integration of the 

first is straightforward. The tangential momentum equation 

is somewhat more difficult, but its solution will lead to 

the Immediate integration of the other momentum equation 

and the consequent determination of the pressure distri-

bution. The energy equation appears to be formidable even 

when the velocity components have been determined, but no 

simpler approach to it seems possible. 

Beginning this line of attack, we integrate the 

continuity equation. 

rAL = -1(t) 	 (5) 
Once the arbitrary function has been specified the radial 

velocity component is known. There are many ways of 

spec&fying this function: prescribing the velocity at 

some fixed or moving point; prescribing a source strength; 

requiring that various physical conditions be satisfied, 

for example, a finite velocity at the axis or a solid 

bounding wall; and so on. But whatever the means of 

determining this arbitrary function, once it is specified 

the tangential momentum equation is reduced to an equation 

containing only one unknown function---the swirl velocity 

component. 

Actually, this result can be obtained without the 

prior integration of the continuity equation. If we use 

the unintegrated continuity equation to eliminate the 
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radial velocity component from the tangential momentum 

equation we obtain an equation for the swirl component only. 

This equation can be written in terms of the specific 

angular momentum as 

)[ra-t -- D,  12)1- k  r=  r a 

in which form it can be integrated immediately. An arbi-

trary function of time is introduced by this integration. 

comparison of the integrated form with the basic form (2) 

leads to the interpretation of the radial velocity in terms 

of the arbitrary function given in equation (5). 

Despite this promising start we are at this point 

reduced to the study of a simple special case. No analytic 

method is known for integrating the tangential momentum 

equation containing an arbitrary function of time. Hence-

forth we restrict ourselves to the case of constant source 

(or sink) strength. We take 

c 	 (6) 

where (2 --/e p̀r a is a dimensionless constant characteristic 
/". 

of the combination of radial flow rate and fluid properties. 

We shall refer to id 	as the source Reynolds number. 

With this restriction the tangential momentum equation 

can be written in 'several more convenient forms: 

4 f b r-2 	 (7) 

where 17=1A is a modified measure of time, 

CA- blr  = 	br r " b 	( 8 ) 

where a,=r,u-  is the specific angular momentum, 
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(9) 

where 	S 	is the vorticity. 

The equation for the pressure (3) becomes 

AP=  	(10) 

and the pressure can be seen to be monotonically increasing 

outwards. 

The energy equation can also be given in a consider- 

ably more compact form: 
T -I 	

2 re-1 	 (2_ = r- R5r, 	-6 	
-

' 

where a-= 	is the Prandtl number of the fluid, 

another modified measure of time, 

This equation is formally very similar to the momentum 

equation expressed in terms of the vorticity (9). The 

analogy between heat and vorticity still holds in spite 

of the superposition of convection effects on those of 

conduction. 

Having listed these results we proceed with the 

analysis arising from them, dealing first with the simple 

case of a stationary velocity field, that is, the case for 

which the swirl distribution as well as the radial flow 

is constant in time. 
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6. The Steady Velocity Field 

The radial component of velocity is given by 
-2) C 
	

(1) 

6.1. Swirl Velocity Distribution 
When the swirl distribution is stationary either 

equation (5.8) or (5.9) can be integrated directly. On 
integrating (5.8) twice we get 

Als = A r 	B/r 	for C 0 -2 

At = A Lc  .2.(2) 	f3//y, 	for C == -2 	
(2) 

where A , g , r; are constants. 
The constants of integration can be specified in 

many ways; for example, by prescribing the velocity, 

angular velocity, shear stress, or vorticity on any two 

cylindrical surfaces, by giving two of these on one surface, 

by requiring that the solution remain finite in some region, 

by specifying the total amount of some quantity in some 

region---say, the total angular momentum, kinetic energy, 

or energy dissipation. 

For the sourceless case we have 

.,U-  A r 
a superposition of "solid-body" rotation and a "potential" 

vortex. The potential vortex is also a solution for the 

general case, C 	0. The other solution for the radial 

flow case maybe thought of as a generalization of the 

solid-body type rotation. 

Those quantities which are determined solely by the 
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velocity distribution can now be determined; for example, 

the vorticity and the shear. The solid-body rotation and 

potential vortex are especially interesting in this con-

nection. The former possesses constant vorticity but 

zero shear; the latter, zero vorticity associated with a 

shear distribution tending to infinity at the axis. 

6.2. The Streamline Pattern 

The differential equation of the streamlines is 
d 	41- = 

Integrating formally, we get v-- 6) ) 	1)c r„ 
where we have taken e = 0 for r = r0  • 

Introducing the velocity distributions just found 

we obtain the equations of the streamlines 

v A = c 

	

I 	A  (r 	roc") + B 103  (*)] for C # -2 

= 	2;5:  105 (f)  + 8 1.3  (7--ri 	for C = -2 

	

As 	the streamlines tend towards circles; 

as 	C4-40. 0..to , towards straight lines . 

6.3. Particle History 

The differential equation for the radial position of 
CI 10-  

r 1  — 1'7.1  Integrating: -t
r cL-r 	rd = 

C r 	2V C 
v; 

where we have taken t = 0 for r = 

Then 

/ C 
/ 

r-,, 	--1- 	) 

(3)  

a particle is 

(4)  
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The e co-ordinate of the particle can be determined 
as a function of time by introducing this value into the 

streamline equation (3). The particle paths are thus 

specified as functions of time. 

The variations of particle velocity with time can be 

found by using (4) in conjunction with the velocity distri-

butions (1) and (2). The acceleration history follows 

immediately. 

6.4. Dynamics of the Flow 

The pressure distribution can be found by integrating 

equation (5.10). 

= r 
	

(11 Y( 	yfo  
2_ 	r;,2 

\ 
' 	

poCt 
r   

Introducing the steady-state velocity distribution 

we get 

( c2. r  2AB  ( r  

	

/0 	2C+2 	
+.

c 
-t for C 0, -1, -2 
2' 

P - Po 	A z(r2--r;') -2AB /05 

	

P 	2. 
y_
r r 

f_ 	for C 0 
2- 11 

To specify the nressure distribution we must supply 

information sufficient to determine the functions po(t) 

and V;(0. Once the pressure distribution is known the 

direct stress components can be found. The shear stress 

follows immediately from the shear distribution and is 
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not influenced by the pressure. 

6.5. Thermodynamics of the Flow 

We deal with the general case of non-steady tempera-

ture distribution by separating the problems associated 

with the steady source distribution due to dissipation and 

the possibly time-dependent boundary conditions. 

Set 	T = T, (r) + 7-,. (r, r') 
the equations for T and 1-2  being 

of. f r, -?C c117 1 .. _. _.„& 1, i - rci/iLr_ 2,  1 2. ,
2 
 AA -0-  ad 

dr J 	If ' 	Lk br r)  .1L 1 7)  
and

- 
 crc 'f.)4; = zri -ri-a-c ")-7;_j 

r ' 	
YY7 

The first equation can be integrated immediately, 

the processes of integration producing two arbitrary 

constants which may be set equal to zero as the boundary 

condition can ,be accounted for in determining 7; . The 
problem of determining a suitable solution of the partial 

differential equation for 1-2.  is similar to that of 

solving for the swirl velocity component in the time 

dependent case to be dealt with later (compare with equation 

(5.9)). Hence this problem will not be dealt with in 

detail here. A solution can be obtained in the form of a 

series in terms of orthogonal cylinder functions of order 

(- 	-*/ ). The usual boundary conditions of heat conduc-

tion problems can be satisfied by such solutions. The 

solution 11  must, of course, be taken into account in 

obtaining 11 , so that the overall boundary and initial 
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conditions are satisfied. 

For the case of steady temperature distribution, the 

introduction of the time-dependent term 1; is not 

necessary. 

6.6. General 

We see that it is possible to obtain general solutions 

for the velocity, pressure, and temperature distributions 

when all these variables are independent of time. Rut 

even for this simplest case the number of ways in which 

the constants thrown up in the integrations can be specified 

is unreckonable. However, closed algebraic formulae can 

be obtained for most of the physically meaningful quantities 

in terms of which conditions on the solutions might be 

expressed. ThuS the determination of the constants becomes 

simply the pro:firm of solving six simultaneous algebraic 

equations. 

6.7. Examples and Generalizations 

In order to investigate the nature of the solutions 

just derived we shall examine several particular cases. 

The annular region between r= 1 and r= 2 is chosen for 
examination, conditions being specified at the boundaries 

to fix solutions within this region. It seems judicious 

to avoid regions including the axis so that the singularity 

there does not introduce an unreal complexity into the 

problem. 
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The following cases will be considered: 

a)  'lir= 1 for r- 1, ,-= 1 for ke-= 2 

b)  _Ai-. 0 for r= 1, Ar. 1 for 2 

c)  1: 0 for r. 	1, Ar= 1 for ra 2 

The first two are immediately interpretable in terms of 

rotating bounding cylinders. The last represents some 

features of the swirling flow with air core. 

Representative velocity distributions for the three 

cases are given in Figures 4, 5 and 6. The most obvious 

common feature is the tendency towards the distribution 

corresponding to constant angular momentum for very large 

source Reynolds number (either due to large radial flow 

rate or to very small vidcosity). For these limiting 

cases very abrupt adjustments are necessary near the exit 

wall. For those cases for which the inlet angular momentum 

is zero ((b) and (0),42--0-06), the entire velocity change 

takes place at the exit wall. 

These properties of the solution can be found from 

the general form, equation (2), on introducing values of 

the constants of integration determined by specifying 

Al; at r; , 	at r . We find that 

r; 	for r# rz 	as  C 	c>49 

and a similar result as C --+- 	'"6  

The shear distributions corresponding to these velocity 

distributions are given in Figures 7, 8 and 9. The most 

obvious feature common to all is that the shear is usually 



-45- 	 A 

highest on the exit side of the annulus. This generP" 

zation holds even for the case (c) in which zero shear is 

specified on the inner surface. 

Both the effects discussed above indicate the tendency 

for a boundary layer to be formed at high source Reynolds 

number. 

The distribution of dissipation or heat production 

within the annular region can be visualized easily from 

the shear distribution. (Considering the case of 1) small, 

the dissipation function is proportional to the shear 

squared.) It is interesting to note that the effect of 

viscosity in those limiting cases where the dissipation 

is concentrated near the exit cylinder will be equivalent 

to a cylindrical heat source. 

r'in index of the overall effect of viscosity is the 

dissipation per unit mass transferred through the system: 
ri ? 

12.77 rx  A 	1,7  
ot 	-I- 	r- 	) fkt 06- lc' r  

This quantity can be quite simply computed for the limiting 

case of small radial flow. Then 

Hence 
= 	/ 	JeC 2  I-  "4-4 	44 B  c 	2-B2] vl  for C 

D - ICI I 	2c-i-2 	 r 	0,-1,-2 
r; 

The variation of this index of dissipation with-  C 

is given 1.n Figures 10, 11, 12 for the three cases considered. 

For the first two cases D is infinite for C 0 since 

dissipation exists even for zero throughput. For the case 

(c) the shearless velocity distribution is found for zero 



-46- 	 A 

radial flow and the behaviour of D for small radial flows 

is quite different. 

The complex forms adopted by the dissipation index 

for the various examples suggest, in conjunction with the 

principle of minimum dissipation of energy, that the two-

dimensional flow patterns modelled here will not always 

be the means of transferring the required throughput 

which is actually adopted in real flows. 

To illustrate this point we give an example relating 

to example (b). Consider a net radial flow characterized 

by(1= -10. From Figure 11, D = 1.24 But this through-

Put could also be carried by C..= -le over half the transfer 

area and (1=-2 over the other half. Then 

ID - 1'56+ 	C•55 = 1.06 2 

Of course, this crude calculation neglects the 

additional dissipation due to the more complex three-

dimensional flow pattern. Note that for very high ICI 

the dissipation is concentrated at the exit boundary and 

effective modifications of the flow pattern must introduce 

more significant three-dimensional effects. Nevertheless, 

the contention that the two-dimensional pattern is not 

always that of minimum dissipation seems plausible. 

The most noticeable common feature of the various 

D vs. C plots is the existence of asymptotic values 

towards which the dissipation index tends for very large 

Reynolds numbers. These limiting values are of considerable 
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practical interest since the kinematic viscosities of the 

most common fluids are very small, so that ICI may be 

large even for small radial flows. 

An examination of a more general solution shows that 

	

I) -21.7( nri ' 	-'111)2 	as C: 	*°° 

	

and a similar result as C 	- cm=7  

where r and C are the inner and outer radii, 

.4"; and Ali are the velocities prescribed there. 

The dissipation for the whole region is thus seen to 

be directly related to the velocity jump at exit. This is 

to be expected, since in the limiting case the whole of 

the dissipation does in fact take place just at the exit 

wall. We can see this by considering case (c) as (2-1-00. 

Here the dissipation goes to zero although the velocity 

distribution tends to the same profile as for cases (a) 

and (b). The difference between these cases is that the 

shear remains bounded for case (c), while for the others 

it is infinite at the exit boundary. 

The asymptotic values of D found on examining the 

special cases can be derived from the result given above. 

We have then a compact expression for the dissipation 

which covers those cases of practical interest for which 

ICI is large. 

The kinetic energy change at the exit wall is 
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Then the total energy transferred to the fluid at 

the exit wall is 

}c AI; 
rl 

For case (b) as C--4.-oo this quantity is zero, the dissi-

pation being entirely due to loss of kinetic energy, no 

power being supplied by the stationary wall. For the 

case (c) as (1--qw-60 the energy added at the exit wall is 

again zero, both kinetic energy addition and shear work 

being negligible in this case. 

The shear stress at the exit wall is given by 

r2. Z. 	 E) 

or 	=f9-41-2. 611-2 	r, 
ri 

Note that Z7---Im>40,4z2.,45 	as 	00 

in accordance with the well-known asymptotic result for 

uniform boundary layer suction. 

6.8. More General Steady Velocity Fields 

If we relax the condition of continuity by allowing 

an axisymmetric distribution of steady sources within the 

fluid, the equation of continuity appropriate to this 

study becomes 

The equation governing tangential momentum remains 

unchanged (assuming the created fluid to come into exist-

ence with the local momentum): 

47771.A;- 
+ 	r 
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Rewriting in terms of the vorticity we get 
S) f dr 

Separating the variables and integrating twice: 

f r  expf 11 144 dr/dr + 

The continuity equation can, of course, be integrated. 

Y 

	

r, 	c: 
-r—, • 	,„, 	r- 

Thus the whole velocity field can be determined, 

given Q and data sufficient to specify the constants of 

integration. 

The real importance of this generalization is that it 

allows an immediate extension to three-dimensional flow. 

Mote that the continuity equation is 

for three-dimensional axisymmetric flows. Thus there is 

a formal equivalence of two-dimensional flows with general 

source distribution and a class of three-dimensional flows. 

This class will be discussed further in a more appropriate 

place. 
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7. Non-steady Velocity Fields 

We shall once again restrict ourselves to the simple 

class of flows for which the radial flow is stationary 

and equivalent to that due to a line source on the axis. 

The radial velocity component is then given as before by 

rxc- = y C 	(1) 

The next problem which faces us, that which will 

occupy most of the present section, is that of determining 

the tangential velocity component. This second velocity 

component can be determined using one of the several forms 

of the equation governing tangential momentum: (5.7), (5.e), 

and (5.9). Note that the problem has been linearized by 

the integration of the continuity equation and very 

greatly simplified by the simple form we have adopted for 

the integral. 

A general solution of one of these equations might 

prove a powerful tool in investigating the flows it governs. 

However, such classical methods leading to general solutions 

as those of Monge and Ampere fail for these equations. We 

are thus reduced to searching for particular solutions, 

hoping that they can be superposed to model physical 

situations of interest. 

The solutions most useful in this respect are those 

independent of time which were previously determined 

(equations (6.2)) and those normal solutions involving 

orthogonal functions. Other normal solutions and a 

variety of singular solutions are known, but they are less 
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useful in building up solutions of general applicability, 

although in particular examples they may prove convenient 

tools. 

The analysis arises most naturally from the equation 

written directly in terms of swirl velocity: 

321"- ...- 	 -1 t (i C)-1- 3-tr- ar 

7.1. Elementary Normal Solutions 

To find normal solutions we substitute 

(r)S( 2-) 

into equation (2), obtaining 

_ R 	— ' 	C 

	

R 	
r

2 

on noting that each of the members must be independent 

of le-  and 1' and setting them equal to a negative definite 

constant. The negative constant gives rise to the most 

useful normal solutions. Those arising for other choices 

will be mentioned later. 

The first member of (3) can be integrated immediately. 

S = So 	 cels  

The second member can be written 
i.- C R i 4  ( c„(2-_ i-+c)R 	0  

So lutions in in series form can be obtained using the standard 

methods. However, a simpler approach is to introduce the 

substitution 

= Po-) where ct= 2 	(4) 

The equation for P is 

(2)  

(3)  
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(6vg)Ip. 0  

This is Bessel's equation of order (v. I ), with solutions 

I 	(a r) and '' (ocr), Bessel functions of the first and 1+1  

second kinds of order (col ). 

Finally, 2.cx r 	r)c t+r 

r Yy (ocr)e-e(It  
(5) 

are seen to be the elementary solutions of (2) arising 

from the choice of a negative constant in (3). The pair 

of solutions 

rct-i y,lo(r)e t-t  

r 	Cd r) ec"' 

arise from the choice of the constant in (3) to be-4-ce'. 

The steady-state solutions obtained previously arise for 

04=0. 

The solutions (5) are more useful than those (5') 

as they involve potentially orthogonal cylinder functions 

and also exhibit the property of remaining bounded for all 

positive time which is desirable if physical situations 

are to be represented. 

The substitution (4) can be arrived at in several 

ways: by obtaining the solution in series and identifying 

its relationship to the Bessel functions, or by realizing 

that the solutions must involve Besse' functions and 

searching a table of equations whose solutions are of this 

type for the form (2). Jahnke and Emde give such a table. 

(5') 
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A substitution equivalent to (4) might have been 

introduced earlier in the development, 

r% \fir, "t) 

leading to an equation equivalent to (2), 

\it 	V„ 	71,-. 	 I) V 

A somewhat more elegant treatment arises from this 

equation. However, some loss of physical significance 

is suffered, so we shall not investigate it further. 

7.2. More Complex Solutions 

The construction of other solutions from the elementary 

ones found above is made particularly simple by the linear-

ity and homogeneity of the equation (2) and by the existence 

of potentially orthogonal solutions to this equation. A 

class of problems which can be dealt with in complete 

generality is that of motions of fluid within an annular 

region for which the solution is specified on the cylindrical 

boundaries for all times and throughout the region at some 

one instant. The same problems can be dealt with for a 

variety of other boundary conditions. Motion within a 

cylindrical region is a special case of this annular class, 

corresponding to the specification of zero swirl at the 

axis. 

We shall consider at first somewhat sii,plifled problems 

in order to introduce the notation gradually. Various 

extensions will be treated after the straightforward 

problem is discussed. 
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7.3. The Initial Value Problem 

We first consider the problem of finding the flow 

within an annular region starting from an arbitrary swirl 

distribution and with constant values of swirl velocity 

prescribed on the boundaries: 

.41-(n ) =-4,7 	r=) 

The physical situation corresponding to this mathematical 

model is the flow of fluid contained within two concentric 

cylinders subsequent to some instant, the fluid being set 

in motion by prior rotation of the cylinders, the rotational 

speeds thenceforth being held constant. The walls of the 

cylinders will in general be porous to allow the radial 

flow to occur. 

Consider a solution of form 

= 04- r 	-4- b/e- 
(6) 

	 (cli, 	(c4L 	+ 	Y3-1-1 (e<i r)) r erc(c:2 t  

part of the solution match the prescribed boundary conditions. 

That is, 
-.c' a  a. r;  2 4  + 	b /47  

ji 	cz. vi  02_9, + 	bir;  

give olL and b . 

The time-dependent part of the solution is thus zero 

at r and v; for all time. Then each term must vanish at 

r; and rZ. To achieve this we require that 

L=i 

We specify a. and b by requiring that the steady 
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0_1 	(az.  r,) 4- b.k. Y; 	Co(;  r 1 = 0 

	

+ 6L 	 0 

or, eliminating 	and bt.., 

-Tyr (cis ri) Y14 1  (4ei r2) 	(.4L r.) 	n) =0 (7) 

This is an equation specifying suitable values of az . 

There are an infinite number of positive c which satisfy 

this condition. 

The problem is simplified by introducing a new ortho-

gonal function whose form is suggested by the result (7): 

,(or)( 	= 	(0( r.) K, (.4 r ) 	y„, (Duo J, r) 	(8)  

This function is automatically zero at r, and vanishes for 
r=r2, if the condition (7) is satisfied by 0(1. . These 

functions form a complete orthogonal set in the interval 

(V' 	ri) for the choice of oci.  dictated by (7). 

A form of solution suitable for problems of this 

type is then 

= cc r 	b/r. 
0( 2  AL V-  1,1 4.1 (04 1-• 	e-  L 

Lat 
To determine the coefficients At we require that the 

initial condition be satisfied. That is 
00 

4 ( r) = CLr14t1  -f- b/ j,- +Z'Ai 	1A/7+, to(1 r) 

or 	AL 	Coca. r) 	 Gt-r cr" 
C. c j  

Hence, using the orthogonality relationships, the 

coefficients of the Fourier-Bessel expansion are defined by 

(6') 
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f 2_ 
rL/2-  6,40, )Ar 	ri- $46,-)w (.4.Hote- 

1+1 (01i. d bvvs+ 	 
f r. / 

re' 

The fully specified integrals can be evaluated as 

follows: 

ri 
r 	ctr 

trilU, (di r) 	 1A4z6(,.. r;) 
2 

 

r, 
r 2 0+4  L/$(0/i  r, ) — = 	 r;9 42-Lict  (Oei.r.;) 	(9)  

OPLC 

 

  

  

[klat  (4LY11 

04;  

  

  

  

For later notational convenience we introduce 
ri_ 	r 

r \11/ Coe;  i-)61 r . 	
4 	

+1  r'41  Id 	(c)(-t" r) d r vi  
rf 	r # 

r_
r 	L 	

qv/3+,(.4,0 i  
I (di e.)cir. =  1,1)::, r 1, 	

ak 

The problem of determining the solution is thus 

reduced to a purely computational one. In practice, the 

computation may prove to be far from trivial, as suitable 

tables of functions may not be available. The evaluation 

of the integral involving 461may also prove to be a 

(9') 



(1) = 
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major difficulty as very few indefinite integrals involving 

cylinder functions of general order are known. That the 

evaluations given above can be made seema almost fortuitous 

since only for these particular relationships between 

powers of r in the integrand and order of the cylinder 

function are indefinite integrals known. One sort of 

problem that can be dealt with, however, is that in which 

the initial distribution of velocity corresponds to some 

stationary distribution with the same radial flow. 

7.4. The Boundary Value Problem 

Next consider the problem of finding the motion from 

rest specified by giving the solution at two fixed points 

as functions of time, 

,v-(r,) = Ai; ( ) 	du-WO = Arz (r) 

The corresponding physical situation is the motion of the 

fluid between concentric cylinders excited by arbitrary 

rotations of the bounding cylinders. We restrict ourselves 

to consideration of continuous velocity distributions 

since we are interested in dealing with physically meaning-

ful solutions. In particular, this implies that the 

bounding cylinders are initially at rest. 

Given these data we can determine a(t) and b(t) from 

a le; 21' 

	

r-Li+1 	bjr; 
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We shall deal with the problem in the first instance 

by approximating the functions 0 and b by discontinuous 

functions, jumps in a. and b occurring at intervals A T  . 
During each interval (say the jth, from jot to (j+1 )I0 

a. and b will be constant (sai and bb  ) and the problem 
is essentially an initial value problem like that just 

dealt with. 

The simplest approach is to form a solution 

.u- ( z) 
J 

where Al = 0 for 1: < 

aj r 	+ o b; 

.A B. • r-1 tpl 	 4̀.̀  	for 1-  ri  

A ot.j 2::a-j -  a j 
with 

	

	the jumps from the previous interval. 
Ala.; = 

We determine the coefficients au from the condition 

of continuity of the solution at 	that is, by 

requiring that each increment be initially zero: 

..0) (3 at) = 

Hence, by the treatment of the previous section, 

3 04.i  a.  A-t- " 	• az 	b.) 	j Z1Bij = e 	J  
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Then 

41-014 -21 = ap, r?-1-f 

Joe', A r A 4:2.• e 	 (a. He Ve1+1 
41(  1 A r 

ao 

cat  r) e-"c4 " 

We next consider the form taken in the limit as 11-.0o, 

AT--.o, setting j is = X. Since the values 110..) and ilbsi 
have been chosen to approximate the continuous functions 

- 0eX 	)601> a j 	 ) 
1) X 

= 	a (-c) r 	÷ 6 ( Tyr  

(aL 	-1- 	e't Ad A 1 0,  LA ,e , 
1-1 	° 

On noting that 

t-  ia. ) e4i2:X01 53:6 44 	= 0-() e 
0 

we obtain the alternative form: 
.0 	

r-c" 

dtt-(-r).--?-704::i )(di_ 0- 4-  EL  b)e-`~s xdA 3 r1t4/ +, 0)e; 7 L./ 
Although both solutions converge to the same values 

in the interior of the region, their behaviour on the 

boundaries is not the same. The first satisfies the 

boundary conditions by virtue of the method of defining 

cL and b. The second form does not converge to the 

prescribed values at Y, and r; 

Hence 
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7.5. The Initial Value, Boundary Value Problem 

We now deal with the problem combining the features 

of those just considered; that of finding a solution with 

specified values on two cylindrical surfaces, 

.1- (rt -z.Af,"(Z") 	 (z) 
and with a specified initial value, 

-1(1^) 

It is possible to obtain the solution by superposing 

the results obtained above, but we shall start fresh and 

use slightly more sophisticated methods to evolve the 

solution. The method to be used relies upon Duhamel's  

theorem relating to solutions of a homogeneous equation 

in the following form: 

If 3(r17) is a solution of a homogeneous differential 

equation such that 3(-,o), 0 and 3(7)11=1, 3(-i,t)=0, 
then 	 9 	-t--x)dA 

is a solution of the equation such that .U"(1;, z') 4(r) 

Ar(r, o) =0 

To demonstrate these results we integrate by parts: 

z-) = 1-1-4 ( X) 	>,) 

1(z) 0) + 4(0)9 	-r) 4- f 4 (X)3 Cr, "e 	) cOt 

From this form the results given above are seen to be the 

consequences of the assumptions of the theorem. 
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Using this result we can obtain a formal solution for 

our problem: 

AY- 

1-11',YA) -21-__X)dA + 	),) 	 --A) cle>` 
2c't 	 , 0 	 0 

where Ari.  , 	a 	are solutions of equation 

swirl component chosen so that: 

9. 	9 

(2) for the 

0 1 0 for r 
0 1 for r = ra. 

+(r) 0 for -c 

The problem is thus reduced to that of determining 

solutions with the required properties. Note that all 

are initial value problems of the type considered pre-

viously. Following the method of Section 7.3. we obtain 

rir1-1+2_6.7-14-2  _ 
31 r  

ris  
	 l(az 62 2̀ 1  2.11-1._ " 	) r kict  (0/i. r) 	*4- 't  r7   
L.1 

The solution 92  is obtained by interchanging 
	and 

ej. The third solution Arz  is just a special case of that 

obtained in Section 7.3. 

Using these results we can write 

do-,(x)..131(r, 	(r1 7t-- X) br 

d.L 0-(A) + 	6(A).1 rct- \„4+ , (di  r) e+ c`` 
Lu I 
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Finally, the required solution is 

2r 	1, 4(r) \,\44.1(c4,.. i^)(71 r 

-t-) 

cae_a-(x)-1- 13i.  6( X s) eq1A0( 	0144, 
0 

Note that this form of the solution does not converge 

to the specified values at the boundaries r, and r;. An 

alternative form can be obtained as in the previous section 

which converges suitably at the boundaries. 

that 

7.6. More General Conditions on the Solution 

Consider the problem of determining a solution such 

dy-( 	0) = Ji-(r) 

c,(, At (r; ) 	/9, 
ar 	 Ds 

and 	 (10) 
oc,Ar(ri) + 42 	 D2  

.A7-01) + 4/:(v1 	C ► 
or, more compactly, 	

,u- (r) 4 )1/4 % 	(ri)z-• Cz 
	(10' ) 

where 	0(24 , /131 	 X z  , 	, Dz ,C,  , C2, 

are prescribed constants and -(r) is an arbitrary initial 

swirl distribution. The boundary conditions (10) are of 

the generalized Sturm-Liouville type. The alternative 

forms (10') are introduced solely to contract the algebra. 
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We choose a solution of form ( 6 ) . The equations to 

determine a and b are here 

ct...r;1141  ÷ 1/4  +.),,[c2(2/÷01V-/- b/r2):..- CI  

CC 	 +1  ÷ bit;  + Xtra 	rie2q-44) 2 el— b/rf -1 Ca 

for 9,-1 
(The analysis for the ease / -1 will not be given. It is 

very similar to that which will be given for the more 

general case.) 

We require that the time-dependent part of the solution 

vanish suitably at Y, and r2 . Hence 

	

[ aL 14,+, (.4rJ + 	yv, (./z ri )] 

+ 	 (.4Lr) 	Y (.4L  r)r-ct 	= 0 

	

r,) + 	(64 I II)] 

--a-Lict • T 6/. r + IDL 	o rcti 	0 
dr 	O 	 r= 11.1 

whence we obtain, on eliminating Q. and bL, the equation 

prescribing the eigenvalues o(L. 

Cotc: 	-+ X Ict-21-e. 	r; ql X 

Y; 	Yci  6:1 	) )% 2 ofiril rx/  Ycvf t 'eC ) J.} 

	

IrisctYcyl (cCrit ) 4_ 	ot_4, vci,  y14.1 	rof? 

( 	L 	X L 4-717d  Lic_ ct 	6;kii. V01.1 

(10") 
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Here too there'are an infinite number of positive solutions. 

Again we adopt an auxiliary orthogonal function whose 

form is suggested by the equation defining the eigenvalues. 

Wm'  tdr)=fr 	 +a,avlr Tg+,c-(r,)11Yr, (oe 

11  44/  (-( 1-1) +>, 	[r; 	(04 Y; 	fp, (ow) 	(12)  

Now 	r, s 	) 4- >, 	[ 61' w4,1,14 6'4111] 

and 	tr$ 	, (64  ri.) 	 Weci+i (t4 	1 ° z 
is the condition for the o< given above 

But we can write these results in the form: 

(I t 9 3,-1) 1,41  4., ( L  r,) 	X ,6, = 
(13) 

(1-4-1 	) g  ( 	rs.) = 0 ot r 
where the conditions imposed are seen to imply the ortho- 

gonality of the set 44.1(04Lr) specified by (11) in the 

region ( Y , ri ). It is necessary to demonstrate that 
,1 

these functions as well as the functions r$W9,46101form 

an orthogonal set in order that the integrals arising 

from the steady-state solution can be evaluated as in the 

simpler cases treated previously. 

Note that the results just given reduce to those of 

Section 7.3. (equations (7) and (8)) for X, =X2=0. 

The solution of form (6) can now be written as 

.)7(r)  Z) = ct r +I  ± 6/1.- 	r 	f„/ (.4;e-) 	t 	(14) 
4 

This result is formally identical to (6'). (We shall 

deal only with those simple cases of Dini series that are 

formally similar to Fourier-Bessel series.) The method 
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Al 

A of choosing the L to satisfy the initial condition is 

identical with that of Section 7.3. The formulae for the 

integrals analogous to equations (9) will be somewhat more 

complex evaluations from the same well-known indefinite 

integrals from which the previous results were obtained. 

We have now shown how the initial value problem can 

be treated subject to the more general conditions (10). 

But the method of Section 7.5. reduces the combined 

initial value, boundary value problem to initial value 

problems. Thus we can deal with the combined problem for 

the more general conditions: 
,4)_.(r.b 0 ) .= 4 (r) 

Ir.( ) 	 ' 

0(z.. Ar (r2.1 4 oe
b

(rL ) 

where 04,04%  )(9, 	82  are still constants. 

The solution will be formally equivalent to that 

given at the end of Section 7.5. with the slightly 

altered notation of the present section. 

7.7. Conditions with Physical Meaning 

Consider the equation 
?•,t," 	-1) c‹,u- 	— 

where Ai- 	( 	-1)= D(r)  1r) 

It can by phySically meaningful only if BA has the 

dimensions of length and D those of (A /V-  , unless 01 or e 

is zero. The condition will only be physically significant 

D, (z.) 

( z-) 



„49 
0 

1 

1 

1 

0 

/A. 

are: 

a) 1 

b) 0 

c) —Yr 

d) Vt- 

e)  

f)  

g) v- 

D 

jr 

r 
aotr 

r 

/4-0'r f-) 
a ft  r (,) r 
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if we prescribe some meaningful property at the point of 

application. It then appears that I) must be some point 

function (or perhaps a point function integrated over a 

cylindrical surface) and that i8/0(  must be a length 

associated with a point function. 

Some interpretations which satisfy these requirements 

Note that the conditions (13) on the generalized 

cylinder functions adopt particularly simple forms for 

these cases. 

The use of most of these forms is obvious. The 

condition on the derivative of the velocity can be used 

to specify the position of a maximum or minimum of 

velocity. The condition on the shear can be used to 

simulate an air core. The last case gives the shear moment 

on a cylinder. 

One condition that cannot be applied in this way is 

the non-linear one that a certain power be exerted on a 
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cylindrical surface by shearing stresses. Nor is it 

possible to apply two conditions on the same surface as 

an orthogonal set of eigenfunctions cannot then be defined. 

Nevertheless, we are able to specify directly a wide 

variety of boundary conditions using this approach. 

7.8. Steady-state Solutions 

Consider the solution (14) to the initial value 

problem with fixed boundary conditions. The part of the 

solution arising from the initial condition dies away with 

time in all cases, leaving only the steady-state terms. 

The coefficients of these steady-state terms can in general 

be determined directly from (10"). But some slight 

difficulty arises for the case C, =C2=0. For this case it 

is obvious that OL=bm 0 is always a solution of the system 

(10"). But for certain combinations of X% and A2  other 

values of o. and b can satisfy the equations. 
We shall discuss two such cases which can be inter- 

preted physically; the others all involve boundary conditions 

which lack immediate physical significance. 

a) Zero source flow, zero shear specified at both boundaries, 

al -42, X, 	!p.c., a unspecified 

b) *Any source strength, zero vorticity specified at both 

boundaries. 

X,= Y7 	= rI 	= o l  b unspecified 

It is our task to decide whether the motion will tend 

towards these states or towards quiescence (0,..= lb= 0) and 
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to determine the unspecified parameters. To this end we 

shall develop a theorem relating to the angular momentum 

in an annular region. 

The doubtful cases can also be found by seeking those 

series solutions which give rise to constant kinetic energy 

within the annular region between the cylinders on which 

data is supplied. The use of Parseval's theorem to 

simplify the condition of constant kinetic energy leads 

quickly to the critical boundary conditions. Thus the 

consideration of kinetic energy, although at first seemingly 

promising additional insight, in fact gives nothing new. 

7.8.1. An Angular Momentum Theorem 

A fairly general angular momentum principle may be 

stated as: 

The variation of angular momentum in a region fixed 

in space is due only to moments of forces acting at the 

boundaries, the moments of body forces acting on the fluid 

within the boundaries, and the net convection of angular 

momentum into the region through the boundaries. 

Using the linear momentum principle this statement 

can be shown to hold for an arbitrary region provided that 

the fluid is inviscid. It is not, in general, true for a. 

viscous fluid. But we can develop such a result in a 

restricted form, suitable for the present problem. 



-69- 	 A 

Consider a. fixed annular region through which there 

is an axisymmetric flow of an incompressible fluid of 

constant viscosity, the source strength not necessarily 

constant. 

For this region the angular momentum principle is 

i

.t( MI  + P-L.) d--6- 
0 r f r's A.` 	rz_ 	ot-E 

A . M. (-6) = 	2- 	 o f 
rt 

A.M.(o) f -2.170 r 2 .7 ( dk-

r, 

M. + tiz = 	rt 	f) 
+ 2 iy,t. e;1( ar z: r v. 

F= 211 7.44 = 2-ia C 

Introducing these definitions we obtain 

/6) C-€) 	(b)) 
2 

tr  
I kr'I ST; 

0 

tr. .  

r  

)) 	--u C 
r, O 

c) KAP] oti 

A .M .(t) - A. M. (0) 4 
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But 
f tri 	ri,Lrct) 	 ) 
0 

+ 

[ r2.a'°—  r 	
-t-c r•f-] 

6  

So that 

r; 
rz  

r az 
I c 	4. I c 
r 	jr or.-L 0 

The truth of the angular momentum principle is thus 

seen to depend on that of the corresponding equation 

governing linear momentum in the tangential direction, 

equation (5.7). 

7.e.2. Application to Doubtful Cases • 

The case (a) given above can be settled immediately 

using this result. Here 

F 	= 	- c) 
so that 	A. M (t) = A. M.( 0) 

whence 4 	4 
0. = 	 rt4r(o)dr Y'4 	1/74 

is the previously unspecified value. We are thus 

not only to state that the final condition will not be 

quiescent, but also to determine it precisely. 
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The case (b) is not so easily dealt with. Here 

1: -4/A- -F 
and the angular momentum relationship is 

A.Ms(t) — A. M. ( o) = 2 /1.4 Cif c)(r,,g' r„14 cet-t 

Although we cannot say anything definite about the general 

case, two special cases can be discussed using our result. 

We note first that an initial swirl distribution of 

form b/r will not be altered by shear or convection. 

Also, for the particular case C.= -2 the angular 

momentum in the annular region remains constant. Then 

b 	2  	r2W( 0) otk- 
-2 	r, 

gives the undetermined parameter for this case. (The 

conditions (10") from which the doubtful case mere 

derived do not hold for the case C. -2. However, this 

doubtful case is also thrown up by the special conditions 

for that case. That this is to be expected may be seen 

immediately by noting that the parameter b plays the. same 

role in both the solutions (6.2).) 

Finally: there are certain cases for which we have 

not been able to determine the state towards which the 

system tends with increasing time using the methods set 

forth. The one last treated is the only one in this 

category which can be interpreted simply in physical terms. 

And even this case is highly artificial. 
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7.9. Pressure and Temperature Distributions 

The pressure field corresponding to a particular 

velocity distribution can be determined as in Section 6.4. 

on introducing the more complex function giving the swirl 

and on supplying sufficient data to fix the pressure 

level. 

Methods similar to those of Section 6.5. seem 

advisable in determining the temperature distribution. 

Take 	1- = 1; 4 I; 

such that 
- 1.1fri-crc YT:1 

determines T, , and 

22 	
r 

c  _ 1 	
r

t crc Tai 
6r 

determines -T; • 
To find T, we must deal with a non-homogeneous equation, 

the dissipation term being of extremely complex form. In 

order to indicate how this problem might be dealt with we 

shall consider a simple case---the flow conditioned by 

fixed cylindrical boundaries (a special case of the initial 

value problem of Section 7.3.). The source term in the 

equation for 1-1  is then of form: 
eut, 	 3. 

r eaL Gli 

LSO jzo  

where the '1[)4}  are known functions. 
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Let us assume a representation for T, of the same 
form: 

Ei  (r)e 
w 0 

Introducing these expressions into the equatfbn and 

equating the coefficients of the time-dependent factors 

to zero, we obtain 

r ot—r  r 1-  c -1 c) 	Q' d F:jj 
ckr 	

Li 

---a series of ordinary differential equations for the 

functions Ri • 

Even in this uncomplicated case the method proposed 

is far from simple. Its extension to more complex cases 

will make analytic solution of the problem even more 

unlikely. 

Assuming that the function 1, has been determined 

in the manner suggested, let us turn to the evaluation 

of 7; . The method of dealing with the homogeneous 

equation for Tz  has been discussed in Section 6.5. Once 

again, account must be taken of the values of the solution 

T. at the positions where data are supplied. 

7.10. Further Extensions 

There are several more general models which are 

governed by the equations (1) to (4) or Section 5: those 

for which boundary conditions are specified along arbitrary 

curves in TX-space, and those for which the radial flow 

is variable. 

otf)Ftj 
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It is possible that the present analysis can be extend-

ed to deal with the former class of problems. The normal 

solutions from which the analysis springs are still valid. 

The problem can perhaps be treated as an inverse one---

that of determining the conditions to be prescribed at some 

pair of fixed points in order that the solution adopt 

certain values at a pair of moving points. 

But the methods used here seem ill-adapted to dealing 

with the case of variable source strength. The previously 

immutable bases of the analysis---the elementary solution 

---lose their applicability. The treatment of Section 6.P. 

may give some indication of the degree of complexity to 

be expected in dealing with more general radial flows. 

It is worth noting that alternative representations 

for the solutions given above can often be obtained by 

using the integral transform approach. These representa-

tions may be valuable if numerical evaluation of the 

solutions is required. The less general classical approach 

through normal solutions has been used here because it is 

simpler and keeps closer to-the physical problems which 

are of real interest. This technique seemed to be a more 

powerful constructive tool; although this may be due in 

part to its familiarity. 
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8. Conclusions 

The previous analyses of swirling flows of an incom-

pressible fluid within cylindrical boundaries can easily 

be extended to include the case of constant radial flow 

for both the steady and non-steady swirl cases. The 

class of solutions obtained in this manner is capable of 

giving considerably more insight into the complex flows 

encountered in practical situations since the effects of 

radial convection can be studied. Further, some of the 

essential features of boundary layers can be studied 

using these models. 

Using generalized Sturm-Liouville conditions to 

specify solutions it is possible to determine time-

dependent solutions satisfying a variety of physically 

meaningful boundary conditions. These solutions may 

represent some features of steady, three-dimensional 

flows. However, the eddy loops (or reverse flows) commonly 

found in such three-dimensional patterns introduce compli-

cations not found in the plane model. A limited extension 

to three-dimensional flow is possible starting from a 

stationary two-dimensional model which includes a radially 

varying source distribution. 



-76- 	 A 

9. References 

1. Bateman, H. (1932): "Motion of an Incompressible 

Viscous Fluid," Part II of Bulletin 84 of the National 

Research Council of the United States. Also "Hydro-

dynamic's," Dover Publications, 1956, p. 155. 

2. Bickley, W. G. (1953): "Some Exact Solutions of the 

Equations of Steady Homentropic Flow of an Inviscid 

Gas," Modern Developments in Fluid Dynamics, High 

Speed Flow, Vol 1, p. 158, Oxford. 

3. Biesel, F. (1955): "Remarks on drain vortex phenomena," 

La Houille Blanche, 10, 4, p. 497. 

4. Binnie, A. M. and Hooker, S. G. (1937): "The Radial 

and Spiral Flow of a Compressible Fluid," Phil.Mag., 

23, p. 597. 

5. de Neufville, A. (1957): "The Dying Vortex," Proc. 

Fifth Midwestern Conf. on Fluid Mechanics, University 

of Michigan Press, p. 365. 

6. Einstein, H. A. and Li, H. (1955): "Steady vortex in 

a real fluid," La Houille Blanche, 10, 4, p.483. 

7. Fraenkel, L. E. (1959): "A cylindrical sound pulse 

in a rotating gas," J. Fl. Mech., 2, 4, p. 637. 

8. Goldstein, S. (1931): "Some two-dimensional diffusion 

problems with circular symmetry," Proc. Lond. Math. 

Soc. (2), 221, p. 51. 

9. Lamb, H. (1932).: "Hydrodynamics," Sixth Edition, 

Cambridge University Press. 



-77- 	 A 

10. Lay, J. E. (1959): "An Experimental and Analytical 

Study of Vortex-Flow Temperature Separation by Super-

position of Spiral and Axial Flows," A. S. M. E. 

Papers 5e-SA-71 and 5e-A-90. Later published in 

Trans. A. S. M. E. 

11. Pengelley, C. D. (1957): "Flow in a Viscous Vortex," 

J. Appl. Phys., 2e, p. e6. 

12. Rosenblatt, A. (1935): "Solutions exactes des equations 

du mouvement des liquides visqueux," Mem. Sal. Math., 72. 

13. Wu, T. Y-T. (1956): "Two-dimensional Sink Flow of a 

Viscous, Heat Conducting, Compressible Fluid," Quart. 

App. Math., XIII, 4, p. 393. 

14. Yih, C-S. (1959): "Unsteady Transfer of Momentum and 

Heat between Concentric Cylinders," A. S. M. E. 

Paper 59-Hyd-17. 



-78- 	 A 

\\\\
Direction  of 

Direction of AL, 

Figure 1. Description of the Velocity Field. 
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Figure 2. Fundamental Control Volumes 
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" 

Figure,.3• Velocity Changes due to Rotation of 

Velocity Vectors 
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