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Abstract

Three dilscrete studles of rotating flulds are
presented.

In Part A the fundamentals of vortex flow are studied
by restricting consideration to plaﬁe axisymmetric flows{
of an 1lncompressible fluid. It is found to be possible
to 1ntrodﬁce the generalizatlion of radlal flow as from &
constant line source along the'axis without inhibiting
the analytic development for either ateady or non-steédy
cages. The solutions obtained are applicable to flow

between porous rotating cylinders.

forcing regime.

Studies of vortex motion directed towards an under-

standing of the Ranque-~Hilsch vortex tube comprise Part C.
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Observations of flows of water through horizontal and
vertlcal tubes are reported; numerous internal temperature
and pressure measurements made 1ln alr are presented.
Hypotheses of the mechanlsm by which energy separation is
effected are reviewed; turbulent mixing is found to be
the most plausible explanation. A set of approximate
relations appropriate to high-swirl flows is derived from
Reynolds' equatlions. They give insight into the dynamics
of such flows and suggest that the Ranque effect 1s
chiefly due to an outwards flow of work assoclated with
the tangential shear stress and an outwards heat flux
due to mixing of the compressible fluld across the radilal
pressure gradlent. Filnally, a class of axisymmetric

solutions of the Navier-Stokes equatlons 1s derived and

studlied.
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General Introduction

The work presented here treats three widely differ-
ing aspects of rotating fluld flow. The first 1s an
exact theoretical treatment of plane axisymmetric motions,
the analysis concentrated on the case of a viscous, in-
compressible fluid. Another 13 the studv of the linear-
ized problem of small forced oscillatlions in a basically
uniformly rotating 1liquid, together with the investiga-
tion of an experimental realization of the theoretical
model. The last 1s a consideration of the complex swirl-
ing flow of a gas within a cylindrical chamber (the
Ranque-Hilsch vortex tube) in which the thermodynamic
agspects of the problem are of speclal interest and 1n
which compressibillity and turbulence play 1mportant parts.

The questions may well be asked: "Why are three so
dissimilar studles grouped together; have they any real
unity?" The equations of motion in terms of cylindrical
co—ordinates hold'the answer to these questions. They
are obviously the most convenlent starting point for the
analysis of all axisymmetric flows as thelir use reduces
the number of independent variables by one. And they
3lso indicate the particular unitvy of swirling, axlsym-
metric flows. The special dynemlcs of such flows are
indicated by the accelerstion terms peculiar to this
co-ordinate system: Tzf- and é%é!: in the usual nota-
tion. The realzunity of these broblems Iies not jJust
in the rotary motion of the fluid, with its attenrdant
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family of dynamic effects, but 2130 in the axlal symmetry
of the flow patterns which dictates the use of the same
theoretical tools in .their analysis. This 1s not Just 2
formal division based on the words axisyvmmetric and swirl-
ing, but é ugseful one based firmly on important physical
and methematical kinshilps.

It 13 not 4difficult to justify the study of this
class of problems. Theoretically they are important
because of the simplicity of the analysis in terms of
¢ylindrical co-ordinates. Also, theoretical models wilth
axial symmetry are among the easiest to realize experi-
mentally. Physlcally, their 1importance 1s supported by
such permanent factors as the rotation of the earth about
its axls and the ease of manufacture of surfaces of
revolution.

But the studles reported here are wildely senarated,
although within the basically similar group of axisym-
metric swirling flows. It will perhaps be as well to
account for this mixed oag befofe reaching into 1it.

The present study of swirling fluids was begun as
an 1nvestiéation of the Ranque-Hllsch vortex tube. This
problem presented a welter of the effects of compressi-
biiity, turbulence and heat tranafer superimposed on the
only partially understood basic dynamic phenomena.

This complexity, which made much of the avallable 1itera-
ture a2ll but incomprehensible because of its lack of

orecision, was thg.flrst ma jor difficulty encountered.



-7~ -
It soon became apparent that a gradual approach would
be necessary, beginning with the study of a simpler class
of flows.

The second ma jor problem eﬁcountered was that of
dealing with the extensive literature pertinent to the
study. The underlying unity of approach expedient for
the wilde range of axisymmetric swirling flow problems
means that useful concepts and methods are very widely
scattered throughout sclentific literature. 1In addition
to the literature of the vortex tube 1itself, there exist
extensive bodies of material which might contain worg
pertinent to this 1nvestiggtion~-~the literature on
vortex furnaces, cyclone separators of various kinds,
drain vortices, and the rotary phenomena of meteorology.
Further, the literature of applied mathematics is fruit-
ful, the simplicity of exisymmetric problems having
attracted mathematiclans interested in testing their
techniques. It was soon realized that a complete search
of this vast range of material was quite impractical,
let alone the mastery of its content. However, it seemed
necessary fo be at least on nodding terms with the various
flelds of study so that the chance of neglecting a really
fruitful line of investigation might be reduced.

Thus the study began with an investigation of plane,
axisymmetric flows, a general survey of previougs work on
rotating fluids being carried on at the same time. The

search of the literature led to the discovery of many of
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the results obtained independently by the analvais carried
on in parallel. It was reallized, of course, that such a
simple situétion must often have attracted attention in
the past. 32ut Jjust where the accounts of such analyses
were to be found was initially a mystery.

That any mystery whatsoever should exist about this
essentlal building block in the understanding of awirling
flows seemed undeslirable. To remedy this situation it
was declided to include a brief account of the theoretical
work on plane axisymmetric flows, together with a2 some-
what more unified treatment of certain sapects of the
problem. One of the chief alms of this investigation was
to establish criteria for estimstling whether certain
three-dimensional problems were tractable or not.
| Thus the first study reported herein is accounted
for. The second arose from the general survey of the
llterature. An account of a theoretical‘and experimental
investlgation of forced oscillations in a rotating fluild
was encountered. As apparatus exlisted In the laboratories
of the Department of Aeronautics with which the experi-
mental realizatlion might be repeated, it was declded to
attempt to do so. The attempt was successful and led to
a conslderation of the theoreticai side of the problem.
These investigations comprise the second study.

The basic investigations---those pertaining to the

vortex tube~--formed a matrix into which these two studies
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were set, being carried on concurrently with them.

The reports on the three studies which follow are
gulte independent: the notatlon used in each 1s explained
there; conclusions, references, and flgures are to be
found at the end of each part. A letter (A, B, or C)
at the top of each page indicates to which part the

page belongs.
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Notation
Only the frequently used symbols are listed here.
Others are defined as introduced.
Independent Varilables
¥ , & , Z cyvlindrical polar co-ordinates
T time
T=vt , T'= Y modified measures of time
Fluld Properties
ya density
//4 viscosity
Y kinematlc viscosity
lh specific heat
K thermal conductivity
Flow Varilables |
AL , A~ , v~ radial, tangentlal, and axilal veloclty
components
P pressure

Pre s Pee dlrect stress components

ft=F»9 shesar stresas

source strength per unit volume

. € internal energy
T temperature
A divergence
F vorticity
Q
P

dissipation functlon
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Non-dimensional Parameters

C= £ gource Reynolds number

q= /2

€=é§h Praﬁdtl number

Generalized Cylinder Functions

ygfmr),MWX«r) see equations (7.8) and (7.12)
Constants of Integration

A ,B ,a , b , etc.
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1. Introduction

The theoretical studvy of rotating fluids is best
begun by considering the simplest class of axisymmetric
flows, those in which the flow pattern 13 the same in
every plane perpendicular to the axis. For this case
the flow variables are functions of a single spatial
variable, the radial distance. This class of flows co
tains the simplest two-dimensional flows, those due to
a line source and a line vortex.

It 1s obvious that a mastery of this simple class
of problems must precede the treatment of more complex
problems in rotating fluids. After seeing how far the
analysis can be extended in these simple cases we will be
in a better position to judge the tractabllity of more
complex problems. Further, some insight into the specilal
phenomena assoclated with vortex flows should be derived
from this study. Familiarity with the relevant mathe-
matical techniques will be an additional benefit.

We shall interest ocurselves in the exact treatment
of this class of flows. In order that such solutions can
be obtained it is necessary that highly idealized fluids
be postulated. Only fluids with simple eguations of state
can be treated; for example, incompressible fluids, or
those obeving the perfect gas law. Further, the transport
properties of the fluid (viscosity and thermal conduc-

tivity) must either be neglected or specified in some
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very simple way (say, as constant coefflcients).
We begin the study by considering the work which has
already been doné on this toplc, dealing not only with
what has been done, but also giving some thought to why

it has been done, and to what seemingly remains to be done.
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2. Previous Work

Very many investigators have dealt with particular
aspects of the general class of plane axisymmetric flows.
They lnclude not only scienﬁista interested in such pro-
blems for thelr own sake or wishing to gain insight into
some more complex problem, but also mathematiclans desiring
s0lely to test thelr techniques. Hence the contributionS'
to this study are widely spread thouch the scientific .
literature. The preparation of a comﬁlete 1ist and
sunmary of the very numerous contributions 1s impractical
and, In view of the repetitious and trivisl nature of many
of them, 1s probably not even desirable. But is has been
observed that recent workers have often been unawére of
thelr predecessors' treatments of similar problems. It
does seem worthwhile then to prepare a brlef-guide to
some of these previous studles.

The work dealt with here will be primarily that on
laminar motions. The literature dealing with the various
extensions to this subject---the stabllity study initiated
by Taylor, the study of fully developed turbulent motions
in a basically axlsymmetric sltuation, the investigations
of heat transfer in such situations, and so on---will not
be considered. It z2ppears that the relevant literature
1s well known to workers in these fields.

Recently a number of devices have arcused 1lnterest
in basic vortex flows: the vortex tube, the vortex furnace,

the swirl atomizer, the cyclone separator. In particular,
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study of the vortex tube has resulted in consideration of
the radial transfer of energy in swirling fluids. Although
thegse studies usually start from a two-dimensional theore-
tical model, this is often an arbitrarily or empirically
determined one. Thus such investigations usually do not
fall within the bounds of the present consideration.

Rather than undertake the considerable task of listing
and discussing all the known work, we adopt the pollcy of
referring to readlly available works contalining discussions
of relevant papers. While none of the blbliographles is
complete in itself (if only because of age), combined -
they glive fairly easy access to the previous work.

The discussion is facilitated by breakling up the
general class into three grours of increasing complexity:

radial flows, swirling flows, and spiral flows.

2.1. Radial flows

Since radial flows are usually prescribed by requlring
that continuity be preserved except at the axls, the
mathematical treatment of this case is trivial for highly
jdealized fluids. Such flows usually emerge as special
cases from more general analyses. However, Binnle and
Hooker (1937) give sepérate consideration to the radial
flow of a compressible, inviscid fluid. Wwu (1956) has
considered the steady radial flow of a viscous, compres-
sible fluld, the introduction of this degree of complexity

into the properties of the fluid making even this
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geometrically simple flow worthy of special treatment.
He refers to previous work by Ringleb, Hess, Sakurai, and
Levey. Certain unsteady problems of radial flow willl also
be of interest. Fraenkel (1959) refers to treatments of

an acoustic line source.

2.2. Swirling Flows

Steady flows of this type will only be of interest
for a viscous fluld in which the different elements are
able to influence one another. For the unsteady case
only flows of an Incompressible fluid can satisfy the
condition of zero radial velocity. Thus the sort of flﬁid
whlich has usually been considered under this category 1is
viscous and incompressible.

Interest has concentrated on problems of two ﬁypes:
cylinder problems and vorticlty diffusion problems. The
¢ylinder problems involve the steady or unsteady flow
conditioned by rotating or fixed cylindrieal boundaries,
the fluid being outside or within a cylinder, or perhaps
occupying the annular region between two cylinders. The
two simpler cases may be thought of as 1limiting cases of
the lést mentioned.

Many studles of cylinder problems are reported by
Lamb (1932) and Bateman (1932). Lamb mentions Newton as
being the first to attempt this sort of problem. Both he
and Bateman give the analysis of the steady-state motion

between concentric cylinders which 1s due to Stokes.
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The elementary solutions for steady flow have also emerged
as speclal cases from searches for exact solutlons of the
Navier-Stokes equations. Such analyses are glven by
Bateman and Rosenblatt (1935).

Bateman gives in addition the results of McLeod's
analysis of the flow within a single cylinder for arbl-
trarily prescribed inlitisl veloclty distribution and
velocity history at the wall. The solution was, of course,
obtained as a series of normal solutions. Many other less
general contributions to the study are mentioned by Bateman,
including some in which solutions are fixed by specifying
the torque to be applied to the fluld by the containing
cylinders. Goldstein (1932) has worked out a number of
unsteady problems of the cylinder variety, belng primarily
interested in demonstrating the applicability of oﬁera-
tional methods to parabolie problems. Recently Yih (1959)
hes given a general treatment like that of McLeod to-
another cylinder problem, that‘of fluid motion wlithin two
concentric eylinders. Despite the considerable generality
of these treatments it aprears possible to apply boundary
conditions in a somewhat more general manner. Thls matter
wlll be taken up later.

The interest in vorticity diffusion problems arose
because of their mathematical likeness to problems in the
conduction of heat 1n so0lids. The mathematical apparatus

for the solution of certain hydrodynamieal problems was
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to hand and the investigztion often consisted simply of
re-interpreting the results in terms of the new problem.
Lamb and Bateman mentlon work by Rayleigh and Terazawa
on problems of this kind. Goldsteiln deals with several
such problems, the most general being those of any initial
distribution of vorticity in an unbounded fluid and of any
initial distribution of vorticity in a reglion bounded by
a cylinder. Recently, de Neufvlille (1957) has reviewed
the cléssical work of Helmholtz, Kelvin, and Oseen on
this sort of problem and has generalized their results.

It will of course ve realized tﬁat this approach is
chiefly useful in dealing with certzin initial value
problems ard suffers from the disadvantage of being
relatively inflexible wlth respect to the prescription of
physlieally meaningful boundary conditions. However, such
problems often represent limiting cases of more realistic

provlems.

2.3. Spiral Flows

Here, as for purely radial flow, continulty 1is usually
required except at the origin. This type of flow offers
something of interest even for an inviscid fluid. Bickley
(1953) gives an analysis of the steady splral flow of an
inviscid, perfect gas, based on the previous work of
Taylor and Ringleb. Another contribution to this study
1s that of Binnle and Hooker in which an iterative method

of obtaining solutions to compressible flow problems
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{suggeated by Taylor) 1s checked by.treating compressible
spiral flow. A more recent analysls using hodograph methods
is that of Lay (1959). Unfortunately, the experimental
realization of this interesting problem is not straight-
forward. However, there are three-~dimensional counterparts
to the problem in nature.

Another sort of spiral flow which has been glveﬁ con-
siderable attention is that of an incompressible, viscous
fluid. The solution for this case is given by Bateman
without comment as to its physical meaning as an example
following a rather complicated analyslis. He refers to
Jeffrey and Watson'as having previously produced the
result. FRecently Dornbrand (1950) and Elnstein and L1
(1955) have brought forward anew this solution and have
attempted to apply it to more complex problems---the
vortex tube and drain vortex, respectively. Pengelley
{1957) has extended Dornbrand's work slightly. Solutions
were fixed by Dornbrand using the method applied by Stokes
in the sourceless case-~--consldering the fluld to be con-
tained within concentric cylinders at which the no-slip '
condition can be applied. Pengelley prolnted out that
suitable choice of one of the radll at which the no-slip
condition i3 apnlied allows a no-shear condition to be
applied at a predetermined radius. Apparenrtly he has not
realized that the prescription of zero shear can be made

directly. Einstein and L1 Introduce a vertically moving
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core along the axis and fix a solution for the two-dimen-
sional outer flow using compatibllity conditions on théb
core periphery. We see then that, from the point of view
of possible applications, it 1is useful to be able go apply
a varlety of boundary conditions. -

A case in which the unsteady spiral flow of an incoﬁ-
pressible viscous fluid has been treated is glfen by Blesel
(1955). The radial flow 1is due to a constant line source
on the axis; the solution corresponding to an arbitrary
initial swirl distribution 1is given in the form of a
Fourler-Bessel integral. Ve shall later show that solutions
can easily be given for various boundary condltions for
this case of constant source strength. Fraenkel has also
considered an unsteady problem in dealing with the pro-
pagetion of a cylindrical sound pulse through a rotating
gas.

A generalization which has not so far been made is
thst of radially moving cylindrical boundariles. If we
allow porous-walled bounding cylinders (and these are
necessary already for stationary bounding cylinders in
readial and spiral flows) we can have gsuch moving boundaries
in all the cases discussed here without violating the
restrictions implicit in the equations of motion. The
abilitv to apprly such boundary conditions would be espe-
cially useful in exterding the results to threc-dimensional
flows. Further, there may be some advantage to be gained

(with an eye to application to three-dimensional problems)
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by allowing the requlrement of continulity to be relaxed
throughout the fluid, rather than just at the axis. These

matters will be discussed subsequently.
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3. Scope of the Present Work |

We shall begin by deriving the equations governing
"plane, laminar, axisymmetric flow. These are the equatlons
from which all the analyses mentioned above arilse. There-
after, attention will be confined primarily to the flow
of an 1lncompressible fluid of constant transport coef-
ficients as governed by these equatlons. 1In order to
make significant progress it will be found necessary to
further restrict the treatment to cases of constant radlal
flow. The problem to be dealt with is a generalized cvlin-
der problem---the determination of spiral flows subject to
conditions apolied on concentric cylinders.

wWithin these bounds 1t 1s possible to extend previous
analyses considerably, particularly with regard to the
way in which boundary data 1s supplled. Thils partlcular
study has been undertaken as\;t involves a simple model
with some of the essential features of the flows of
practical interest. Also it 1s one study in the general
class which has not yet been attacked in a systematic
manner.

Parts of thée analysls can be extended easily to deal
with 2 fluld of variable density. But a simple analytic
development 3t111 requires the assumption of constant
viscosity. Since in a real fluid éignificant variatlons
in density must be accompanied by temperature changes

(with attendant alterations in viscosity) thls restriction
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seems somewhat unreelistic. Dornbrand and Pengelley have,

however, used thls approach to the compressible case.
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4, Fundamental Considerations

The analysis of axisymmetric flows springs most
naturally from a set of differential equations referred
to cylindrical polar co-ordinates. Rather than take as
starting point these egquations in their accepted form,
we develop them from the basic conservation principles,
with the hope that this will render the analysis more
meaningful. To this end we first consider the description
of the velocity field in cylindrical co-ordinates, then
the specification of stress components within the fiuid
Iin these co-ordinates, and finally the derivation of the
equations themselves.

We are thus retracing the course followed 1n the
general analysis of fluld flow using more general methods
of describing flow phenomena---vector and tensor notations.
It is in these general notations thet the fundamental
concepts are most directly and fully apprehended. But
the speclalization to axlisvmmetry imposed here takes us
beyond the scope 0f these notstlons. They are, indeed,
not speclallized enough to extract the advantages of this
restriction. To orlent ourselves in this co-ordinate
svstem we proceed systematically as in the more general
development, familiarizing ourselves with the forms
adopted by various entities in this speclal case and

noting the features neculiar to this gvstem of deseription.
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4,1. Description of the Velocity Field

Consider a contlinuous veloclity fleld in the neigh-
bourhood of the point (r ,8 ). We shall describe this
field by obtaining expreasions for the total differentials
of the velocity components in terms of derivatives at the
point. To do this we consider the velocities at the two
neighbouring points (r ,€ ) and (r+%r, ©+86) 23 shown
in Figure 1. Resolving 45 into components parallel to

those of AJ} we obtain
A5 F A Y, B
aky F by - s §6
Then the veloclty changes referred to axes radizl and
tangential at (r ,® ) are glven approximately bj
o = el ~ ek,

T (r+Sv, ©+56) — w(r ©) —an(r+Sr, O+ 50156

Sur = s - e
T A4 (risr, 6+ 858 ~ 4~(, ) +(r+8v, @+ §$p) 50

In the 1imit as §r , $@ — O we have
dat = a dr—”{r d%'“%)de

The coefficients of these differertial expressions
are the components of a tensor specifying the variation
of the veloclty vector in the flileld. ¥%e split these
coefflclents up to disvlay this tensor azs the sum of a

svmmetric and an antl-symmetric tensor:
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o= §dv + 3[F 5 - F 28 s
o, A
~ L[ E-E ] rde
L Qee
dir=z[7 88 - # 4 5] +[F 3+ Frele
) !
v §+ - 5 ]dr

By conslidering the straining of two elemental lines

of fluid, initially radially and tangentlally directed,

interpretations can be glven to these cpefficlents.

Those

of the anti-symmetric tensor are seen to be the average

angular veloclty of the line elements, that is, the

angular veloclity of the fluid.

The like coefficlents of

the symmetric tensor are seen to be the rate at which

the lines are rotating towards one egnother, that is, the

rate of shearlng strailn;

and the unlike coefficients

are seen to be simply the rates of direct straln in the

radial and tangentlal directions.

Hence the gsymmetric

tensor is termed the'rate-of~strain tensor.

The divergence of the fluid 1s the sum of the direct

rates of strain. That 1is,
dae | e
A - S"F'*‘ r

On comparing the forms
those referred to Carteslan

are somewhat more complex.

A

+v 5o

4
=
of these quantitles with

co-ordinates we note that these

The development shows clearly

~how this complexity arilses from the non-Cartesian reference

system.
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4.2. The Stress Components
The relationshlp between the stresses within a
deforming viscous fluid and the rates of straining is

taken to be (in the notation of Cartesian tensors):
pij = —-(‘D#—:}/’J.A) S‘J +/¢<eg

where }Dg are the components of the stress tensor,

are the components of the rate-of-strain

ey
D D
oL o
tensor, 3%, + 'S?Z'&
SE} 1s the Xronecker delta.

In order to compute the stress components relative
to our curvilinear frame of reference we consider the
simultaneous description of a flow field by Cartesian and
polar axes chosen so that the veloclty components are
locally parallel. The corresponding stress components in

the two systems are then equai. That is,

Pxx = Prr 4 Pyvy = Pse

Pxy = Pyx = Pre =Per = T
Further, the relationships between the rates-of-strain

can be obtalned from

At = $=cdx + 5§$<iﬁy

"
Qr
R
L
5
+
~
Sh=
ol
S
by
Q
O

>
dar =GR do + L oly
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by requlring that corresponding coefficlents be equal.

Hence: Cuxx = Erp =2 %‘f:‘t
P | dat
€xy = Cro = Cor = rﬁ(?)'*'?—ié—
-2
yy = Loe = 2(?—‘ e * ‘;1-()

Combining these results we obtain
. b,u-__ 2
py-’- = —p +/a(2 ’D—F 3“A)

Q-

Poe = —p + (25 +24L 22 24)

A

dr D
- e S pqmptn— ___M
\c"/"‘(br r‘+r'z>9)
The positive senses of the stresses acting on an

elemental volume are shown in Figure 2a.

4.3. The Case of Axial Symmetry
Summarizing the results of the previous sections for

the axlsymmetric case which will subsequently be of interest:

d .
Vorticity: F= 55 + &= 2% (rv)
Divergence: A = aé-}?+ <= = _y{.s_?;..(v—,u)
: ' e A
Direct Stresses: Ppry = —-p + z/u.( > =
2L b
Pes = -P +'2/("‘( r 3 )
Shear Stress: _ dar ) L D
T (5 - F) = ursp(#)

The viscosity dependent terms of the direct stresses
can be Jjustified 1n terms of an underlyiﬁg pafticle structure

of the fluld. Consider the case of source-type flow

Dl :
(4> 0,35~< 0). The effective pressure acting in the

radial direction is augmented by the effect of viscosity,
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while that acting tangentlally 1s reduced. The radial
effect results from the deceleration of the fluid as it
moves outwards; particles from the outer fluild possess
greater inwards momentum than that characterized by the
prressure. The tangential effect results from the lateral
spreading of the outwards moving fluild. As a result of
this spreading (which 1s required for continuity), elements
of fluld have a relative lateral velocity and particles
lmpinging on a raaial plane produce lesser reactlons than
would be the case 1in parallel flow. The effect of a
positive divergence 1s to increase the effective pressure
in every direction as particles of the fluld move farther
apart. The coefflclent of viscositv//u. is thus seen to
be generally representative of the ability of one portion
of a continuous fluid to influence other parts dynamically.

The shearing stress relstion given above can also be
obtained from the basic ideas of viscosity derived by
considering the shearing of fluid between parallel walls.
It 1s necessary, however, to consider the relative shearing
motion wlthin the fluid by assuming a sultable rotating

frame of reference.

4.4. Derivation of Equations governing
Axlsymmetric Flow
Differential equations will be derived directly by
requiring the conservation of magss, momentum, and energy

for suitable elemental control volumes---those shown 1in
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Flgure 2. Theiquantities enterinz into the conservation
laws can be expressed 1n termsvof differential changes in
the flow variables. The 11ﬁ1t1ng forms (as ol\/—= 0) of
these differentlal expresslons will be given. Then they

wlll be combined to give the requlred equations.

4.4.1. Equatlion of Continulty

Conslder a fixed annular volume as shown in Filgure 2b.
AV=2TTrdr. ye require that in the incremental time S+t
the increase in mass wlthin the volume be entirely due to
the flow in through the cylindrilcal voundaries and to an
axisymmetric source distribution given by//%.@’, where &
is the rate at which volume 13 produced per unlt volume,
referred to the standard densltv/g% .

a) Increasebin mags within control volume
224Vt
b) Net flow in %Frough fixed boundaries
!
‘FST/"(/Or"’L)dVSt
¢) Production of mass within boundaries

SO R VSt
Hence: —b#f? +—}—§;(/0Y‘/U-) =-'/0o &

ot
4.4.2." Radlal Momentum Equation
Consider the‘segment of an annular region depicted
in Pigure 2a, moving with the fluid. oV =rpredlvrde. ve
require that the impulse in the radial directlion given by
forces at the boundaries be equal to the change in momentum

in the radial direction, both effects considered in the
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interval $t . We assume that any fluld creasted comes into
existence with the local momentum.

a) Impulse due to surface forces
Due to symmetry the shear stresses do not contribute

to this impulse. The impulse due to direct stresses 1s

b re rr— Pos
SPer, Bre—Pee) Vst

b) Momentum chang e due to change in radial velocity
P55+ §2) VSt

c) Momentum change due to rotation of the tangentlal

-veloclity vector /o i cy(\/g‘t

The sketches of Figure 3 indicate how this result 1is
derived.
Upon introducing the previously determined expressions

for the stress components, we obtain

%%%9-+ /éi—é%ff ﬁ%? ) .
24 s deo
R 8 R IIE - SR

d ™ _B_ d
=“'b_g S_Sa’ﬁ_f:%( or r)A

4.4.3. Tangential Momentum Equation

Consider the tangentially directed momentum and
impulse for the same elemental volume.

a) Impulse due to surface forces

In thls case the direct stresses do not contribute.
The impulse is

0T T
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b) Momentum change due to change In tangential veloclty

/o(bt + e 2 S5 )o(“\/gf

c) Momentum change due to rotation of radial velocity

vector ,LLA)‘ +
Vo AV 5§

Once agaln Flgure 3 may be referred to for clarification.

Finally,
(3 + o SE + <)
(I ) ($E-FN

4.4.4. The Energy Equation
Consider the annular control volume of Figure 2b,
moving with the fluld.

a) Increase 1n total energv (internal plus kinetic)

_~ ,. 2 \

b) Heat transfer into control volume

2T
%SPF(%K'W)O(VST

¢) Work done by direct stresses on fluld in control

(r,ccpr..) dVst

volume r'ar

d) Work done by shearing stresses on the fluid

L2 (rarz)olvst

Requirl z th t enermy be conserved, we have
( 1‘37/09 +‘{vbhz)

L 2T 4 «upy. +4T
=Fa*r:'”(k‘or pre +47T)

whence, using the momentum equations, we get



(-] 4 2 () +2(%) -3

=

where the viscosity dependent term 1s the dissipation

function, é@ .



-35- - A
5. Initiation of the Study

For an incompressible, sourceless fluid of constant
viscosity, thermal conductivity, and specific heat the
governing eguations are

Continuity: 5—2—(““')’—’ o, 4d=0 (1)

Tangential Vo%:ntum- 3o Y o
2L )= \?(-‘r‘z*rr'"ﬁ) (2)

Radial Momentum:
Dt ALt __,L_§$2

2t r Sy (3)
Energy: %{4—#%{ . §
< L2 ) L2 ] o

where the coefficients (functions Of,/o s AL kK , h )
are constants.

The continuity equation has been used to simplify
the last two equations. For a quliescent fluid the energy
equation reduces to the simple equation of heast conduction
in an idealized solid. The tangential velocity distribution
contributes only a source distribution. But the radial
velocity contributes 1n addition a convective effect.

The problem posed 1s that of determining the four
dependent varilables ., A, ID ,'r as Tunctions of the
independent variables ¥ , t . The equations are arrenged
above in order of complexity, the earlier having alreedy
been utilized to simplify the more complicated. lMNote that
the first two equations completely specify the velocity

field, independent of the latter pair. This 13 the result
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of the rigorous idealizations that have been made.

It seems expedlent to attack the system in the order
in which the equatlons are listed. The integration of the
first 1s straightforward. The tangential momentum equation
is somewhat more difficult, but its solution will lead to
the lmmedlate Integration of the other momentum equation
and the consequent determination of the pressure distri-
bution. The energy equation appears to be formidable even
when the velocity components have been determined, but no
simpler approach to it seems possible.

Beginning this line of attack, we integrate the
continulty equation.

VAL =‘¥(t] (5)
Once the arEitrary function has been specified the radiel
veloclty component is known. There are many ways of
specifying this function: prescribing the veloclty at
some fixed or moving point; preseribing a source strength;
requiring that various physicel conditions be satisfied,
for example, a finite velocity at the axis or a solid
bounding wall; and so on. But whatever the means of
determining this arbitrary function, once it 1s specifiled
the tangential momentum equation is reduced to an eguation
containing only one unknown function---the swirl velocity
component.

Actually, this result can be obtained without the
prior integration of the continuity equation. If we use

the unintegrated continuity equation to eliminate the
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radial velocity component from the tangential momentum
equation we obtain an equation for the swirl component only.
Thls equation can be written in terms of the specific

angular momentum 23

(or e — ) e =01 *55(F) )

in which form it can be integrated immediately. An arbi-
trary function of time 1is introduced by this integration.
comparison of the integrated form with the basic form (2)
leads to the iInterpretation of the radial velocitv in terms
of the erbitrary function given in equation (5).

Desplte thils vromising start we are at this point
reduced to the study of a simple speciallcase. Mo analytic
method 13 known for integrating the tangentisl momentum
equation containing an arbitrary function of time. Hence-
forth we restrict ourselves to the case of constant source
(or sink) strength. Ve take

ruet =VC (6)
where C::=,f%55£ 13 a dimensionless constant characteristic
of the combination of radial flow rate and fluid properties.
We shall refer to ﬂ:! as the source Reynolds number.

With thls restriction the tanzential momentum equation

can be written irn 'several more “onvenient forms:

A
%4‘—_2_’:. brz-\‘-() rbr {1+ ) (7)

where T =Vt 1s a moaifieé measure of tirme,

14C B( ba)

rl+C ’5"F

da _
st = I

where Q=Y 13 the srecific angular momentum,

(g)
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Bf c ~] ___.b Y‘"C_B._f
T T e or
(9)

where f 1s the vorticity.
The equation for the pressure (3) becomes
E)E L+
¥ =T (10)
and the pressure can be seen to be monotonlecally increasing
outwards.

The energy equation can also be glven in a corsider-

ably more compact form:
2T _ rc-} O [i-cc 57] l'bw &
55 [r + A2 (3% +(2"“) (11)

where G’;/%%iis the Prandtl number of the fluid,

T's T/ 18 another modified measure of time.- -
This equation is formally verv similar to the momentum
equation expressed in terms of the vorticity (9). The
analogy between heat and vorticlty still holds in spite
of the sunernosition of convection effects on those of
conduction.

Having listed these results we proceed with the
analysis arising from them, dealing first with the simple
case of a gstationary velocitv field, that 1is,the case for
which the swirl distribution a2s well 23 the radial flow

13 constant in time.



~39- A
6. The Steady Velocity Field

The radlal component of veloclty 1s given by

6.1. Swirl Velocity Distribution
Wher the swirl distribution is stationary either
equation (5.8) or (5.9) can be integreted directly. On

integrating (5.8) twice we get

A~ = Arctip Bo for € # -2 (2)
r 2
”sA)"ﬁ(/n) + B/y for € = =2
r
where A , B , ¥, are constents.

The constants of integration can be specified in
many ways; for example, by prescribing the velocity,
angular velocity, shear stress, or vorticity on any two
cylindrical surfaces, by giving two of these on one surface,
by reguiring that the solution remain finite in some region,
by svecifying the totzl amount of some gquantity in some
reglon---say, the total angular momentum, %inetic energy,
or energy dissipation.

For the sourceless case we have

= Ar + Bj-

a supervosition of "solld-body" rotation and a "potential"
vortex. The potential vortex 1s also a solution for the
general case, C # 0. The other solution for the radial
flow case may oe thought of as a generallzatlon of the
solid-body tvpe rotation.

Those quantities which are determined solely by the
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velocity distribution can now be determined; for example,
the vorticity and the shear. The s0lid-body rotation and
potentlal vortex are especlally interesting in this con-
nection. The former possesses constant vorticity but
zero shear; the latter, zero vorticity associated with a

ghear distribution tending to infinlty at the axis.

6.2. The Streamline Pattern

The differential equation of the streamlines is
A8 _ A

Far =«
r
Integrating formally, we get o= f A dy _pé f el
ro
where we have taken 8 = 0 for r=vr, .
Introducing the velocity‘distributions Just found
wWe obtain the equations of the streamlines
= —-—[CA (r**=1r*2) L Blog ()] for C #
e A A oo (X 1o (XY = -
\)9— 3?[2/03(".)1.8]103(";) for C 2

As C—=0 the streamlines tend towards circles;

(3)

as |C|-= o0, towards straight 1ines.

6.3. Particle History
The differential equation for the radial position of
d
a particle 1is a'—r:#

r 2
Integrating: 4 . y dr __7__( ol v < rt-r
“ “yc ),
o

°

where we have taken t = 0 for v=vr, .

Then

T)"‘ (4)
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The © co-ordinate of the particle can be determined
as a functlion of time by introducing this value into the
streamline equation (3). The particle paths are thus
specifled as functions of time.

The varlatlons of particle velocity with time can be
found by using (4) in conjunction with the §elocity distri-
butions (1) and (2). The acceleration history follows

lmmediately.

6.4. Dynamics of the Flow
The pressure distribution can be found by integrating

equation (5.10).
Yot (ve) ! ! &y
= Eecanl S 7255 I SE U o
P//O“f,r”"”’ 2+ c‘)*‘P /e
Introducing the steadv-stete velocity distribution

we get

< < ¢
P/;/Oo _ ZC/}FZ (V’Ac-a-z’_ r;?.c-t-z) + 22:'\8 (r- —-r; )

—

2 = l '
B+ (¥<) (;LL—;?) for C# 0, =1, =2
. 2~ .

=% z 2 2 J:)
PP o (=) -2amls

YA | -
_ .2.-.8., -F‘—‘CL) for C = 0

To specify the preésure distribution we must supply

information sufficlent to determine the functions po.(t)

and ¥,(t). Once the pressure distribution 1s known the

direct stress components can be found. The shear stress

follows lmmedlately from the shear distribution and is
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¢

not influenced by the pressure.

6.5. Thermodynamics of the Flow

We deal with the general case of non-steady tempera-
ture distribution by separating the problems assoclated
with the steady source distribution due to dissipation and
the possibly time-dependent boundary coqditions.

set T = T.(r) + T, (r, t)

the equations for T and T. belng

[r.i-crc dT /ég r:—rc[(t)u' ,oU') {2 ) ]
and r._o-c%_%% zé_?_[r:-o"cg_;?

The flrst equation can be integrated immediately,
the processes of integration producing two arbitrary
constants which may be set equal to zero as the boundary
condition can ‘be accounted for in determining 7: . The
problem of determining a sultable solution of the partial

differential equation for 'T 1s similar to that of

S
solving for the swirl velocity component in the time-
dependent case to be dealt with later (compsrg with equation
(5.2)). Hence this problem will not be dealt with in

detall here. A solution can be obtained in the form of a
series 1n terms of orthogonal cylinder functions of order
(ggg =1 ). The usual boundary conditions of hezt conduc-
tion problems can be satiafied by such solutions. The

solution T, must, of course, be taken into seccount in

obtaining 7; s 80 that the overall boundary and initial
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conditions are satiafied.
For the case of steady temperasture distribution, the
introductlion of the time-dependent term [, 1s not

necessary.

6.6. General

We see that 1t 1s possible to obtain zeneral solutions
for the veloclity, pressure, and temperature dlstrlbutlons
when all these variables are independent of time. But
even for this simplest case the number of ways in which
the constants thrown up in the integrations can be specified
1s unreckonable. However, closed algebraic formulae can
be obtained for most of the physically meaningful quantities
in terms of which conditlions on the solutions might be
expressed. Thua the determination of the constants becomes
simply the proalém of solving six simultaneous algebralc

equations.

6.7. Examoles and Generalizations

In order to investlgate fhe nature of the solutions
Just derived we shall examine several particular cases.
The annular region bétween =1and =2 1s chosen for
examination, conditibns belng specifled at_the boundaries
to fix gsolutions within this region. It seems Jjudliclous
to avoid regions including the axis so that the singularity
there does not introduce an unreal complexity into the

problem.
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The following cases will be considered:

a) A= 1 for ¥=1, # =1 for v=2

b) 4w =0 for r=1, A~= 1 for V=2

c) T=0 for r=1, /=1 for V=2
The first two are immediastely interpretable in terms of
rotating bounding cylinders. The last represents some
features of the swirling flow with air core.

Repreéentative velocity distributions for the three
cases are given in Flgures 4, 5 and 6. The most obvious
common feature 1s the tendency towards the distribution
corresponding to constant angular momentum for very large
sour?e Reynolds number (either due to large radial flow
rate or to very small vidcosity). For these limiting
cases very abrupt adjustments are necessary near the exit
wall. For those cases for which the inlet angular momentum
is zero ((b) and (B8), C—= ), the entire velocity change
takes place at the exit wall.

These properties of the solution can be found from
the general form, equation (2), on introducing velues of
the constants of integration determined by specifying
A at i, ; at r; . We find that

A —— r?r_/"'f for r#t; as C—=—o2

and a similar result as C —e =2
The shear distributions corresponding to these velocity
distributions are given in Figures 7, & and 9. The most

obvious feature common to all i3 that the shear is usually
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highest on the exit side of the annulus. This genere"*
zation holds even for the case (c¢) in which zero shear 1is
specified on the inner surface.

Both the effects discussed above indlicete the tendency
for a boundary layer to be formed at high source Reynolds
number.

The distribution of dissipation or heat production
within the annular region can be visualized easlly from
the shesr distribution. (Considering the case of VY small,
the disslpation funcetion is proportional to the shear
squared.) It is interesting to note that the effect of
viscosity in those 1limiting cases where the dissipation
1s concentrated near the exit cylinder will be equivalent
to a2 ¢vlindrical hezt source.

41 Index of the overall effect of viscositv 1s the
dissipation per unit mass transferred through the system:

D= 21 __ rzrq—r""" = rél"(‘:li"(%)olr

2T rowul /-
This quantity can be gquite simply computed for the limiting

case of small radial flow. Then
b - éﬁzéff
T/A‘ D C

~
_ 0 Azczrzc-c—z B ~C i@’ > for C #
Hence D = IC} [ 2C+2 4AB r’ 0,-1,-2

-
The variation of this index of dissipation with C

is given in Flgures 10, 11, 12 for the three cases considered.
For the first two cases 1 18 infinite for C = 0O since
dissipatlion exists even for zero throughput. For the case

(c) the shearless velocitv distribution is found for zero
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radial flow and the behaviour of D for smell radial flows
is quite different.

The complex forms adorted by the dissipation index
for the various examples suggest, in conjunctlon wlth the
principle of minimum dissipation of energy, that the two-
dimensional flow patterns modelled here will not always
be the means of transferring the required throughput
which 1s actually adopted in real flows.

To 1llustrate this point we glive an example relating
to example (b). Consider a net resdial flow charzcterized
by C= -10. From Flgure 11, D=1.24 Put this through-
put could also be carried by €= -12 over half the transfer
area and C=-2 over the other half. Then

D - L6t 55 | g

Of course, this crude calculation neglects the
additional dissipation due to the more complex three-
dimensional flow pattern. VWYote that for veryAhigh i C|
the dissipatlon 1is concentrated at the exit boundary and
effective modifications of the flow pattern muét 1n£roduce
more significant three-dimensional effects. Nevertheless,
the contention that the two-dlmensional pattern 1s not
always that of minimum dissipation seems vlausible.

The most notliceable common feature of the various
D vs. C plots is the existence of asymptotic values
towards which the dissipation index tends for very large

Reynolds numbers. These 1imitinz values are of considerable’
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practical interest since the kinematic vliscosities of the
most common fluids are very small, so that\cﬂ may be
large even for small radlal flows.

An examinatlion of a more general solution shows that

D—=#{5& -4) e e

and a similar result as (C — —o<
where ¥; and ¥; are the inner and outer radii,
A, and w4y are the velocities prescribed there.

The dissipation for the whole reglon is thus seen to
be directly related to the velocity Jump at exit. Thils 1is
to be expected, since in the 1imiting case the whole of .
the dissipation does in fact take nlace Just at the exit
wall. We can see this by considering case (c) as C—=-w.
Here the dissipation goes to zero although the velocity-
distribution tends to the same profile as for czses (a)
and (b). The difference between these cases is that the
shear remains bounded for case {(¢), while for the others
it is infinite at the exit boundary.

The asymptotic values of D found on examining the
special cases can be derived from the result given above.
We have then a compact expression for the dlssipation
which covers those cases of practical interest for which

|C| 1s large.

Thne kinetic energy chanme at the exit wall is

E = fait - 4(52m)
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Then the total energy transferred to the fluid at

the exit wall 1isa

D+E=»¢G(/‘fx‘n?f)
For case {b) a8 (C—e-o0 this quantity 1is zero, the dissi-
pation belng entirely due to loss of kinetic energy, no
power belng supplled by the stationary wall. For the
case (¢} as C—w-o0 the energy added at the exit wall is
again zero, both kinetlic energy addition and shear work
belng negligible in this case.

The shear stress at the exit wall is given by
RAL T = o0 .u, (D+E)

or .ti=,/9/°°2(;0: _ V}ib’ )

Note that Z“——,/o,“,_,{/;_ as |, —= oo
1n accordance with the weli-known asymptotic result for

3

uniform boundary layer’ suction.

6.8. More General Steady Velocity Fields

If we relax the condition of continulty by allowing
an axlsymmetric distribution of steady sources within the
fluld, the equation of continuity appropriaste to this
study becomes

L d(pu)y= @

v

The equation governling tangentizl momentum remains
unchanged (assuming the created fluid to come into exist-

ence with the local womentum):

wlF+ #) = o( G F - 7
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Rewriting in terms of the vorticity we get
A%
e § =Y 75
Separating the variables and integrating twlce:

r r
= _é-(r exp[(*,;"'“ol" Avr + ?B

The continuity equation can, of course, be integrated.

e c
S = Qdr + =

Thus the whole veloclty fleld can be determined,
given & and data sufficlent to specify the constants of
integration.

The real importance of thls generallization is that 1t
allows an immedlate extension to three-dimensional flow.

Mote that the continuity equation is

I . Qur
Far (™) = - 3%

for three-dimensional axisymmetric flows. Thus there is

a formal equivalence of two-dimensional flows with general
source distribution and a class of three-dlmensional flows.
This class will be discus;ed further 1n a more appropriate

place.
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7. Non-steady Velocity Flelds

We shall once again restrict ourselves to the simple
class of flows for which the radial flow is statlonary
and equivalent to that due to a 1llne source on the axis.

The radial velocity component is then given as before by
rat = v C (1)

The next problem which faces us, that which wlll
occupy most of the present section, is that of determining
the tangential veloclty component. This second veloclty
component can be determined using one of the several forms
of the equation governing tangential momentum: (5.7), (5.8),
and (5.9). Note that the problem hzs been linearized by
the integration of the continuity ejustion and very
greatly simplified by the simpole form we have adopted for
the integral.

A general solutlion of one of these equations mlight
prove a powerful tool in investigating the flows it governs.
However, such classicel methods lesding to general solutlons
ags those of Monge énd Ampere fall for these equations. We
are thué reduced to searching for particular solutlons,
hoping that they can be superposed to model physical
situations of interest.

The solutions most useful in this respect are those
independent of time which were previously determined
(equations (6.2)) and those normal solutiong involving
orthogonal functions. Other normal solutions and a |

variety of singular solutions are known, but they are less
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useful 1in bullding up solutions of general applicabllity,
although in particular examples they may vprove convenlent
tools.

The analysis arises most naturally from the eguation

written directly in terms of awirl velocity:
2% A
2L 2 (-o) L2 (1)

rm—— S —— -

>T ~ or*" Y (2)

7.1. Elementary Normal Solutions
To £ind normal solutlions we substitute

w= R{r)S(T)

into equation (2), obtaining
s'. R", I=¢ R’ +C Lt (3)

e —= s L = = —

S R ¥ R r*

on noting that each of the members must be indepnendent
of v and T and setting them equal to a negative definite
coﬁstant. The negative constant gives rise to the most
useful normal 3solutlons. Those asrising for other cholces
will be mentioned later.

The first member of (3) can be integrated immediately.

§=5,e ¢
The second member can be written

7 j-C ’ r )+ < = QO

Soiutions in series form can be obtalned using the standard
methods. However, z simpler apprdéch is to irtroduce the
aubstitution .

R=r*Pn) where q = -g— (4)

The equation for P 1is
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! (q +1
PP [~ —%—-)—]P =0
This 1s Bessel's equation of order (q4~l ), with solutions
J;ﬁ,gxr) and Y;*,(a<r), Bessel functions of the first and
second kinds of order (q+l Y.

fMinall -
v w=ri ], (xr)e =T

e (5)

are seen to be the elementary solutions of (2) arising
from the choice of a negative constant in (3). The pair
of solutions

L'
= rwzr,(«r)e"‘ T

. (5")
=t Ko (xr) @™ T

arise from the choice of the constant in (3) to be + o™
The ste;dy-state gsolutions obtalned previously arise for
=0,

, The solutions (5) are more useful than those (5')

as they involve potentially orthogonal cylinder functions
and also exhibit the property of remaining bounded for all
poaitive time which is desirable i1f physical situations
are to be represented.

The substitution (4) can be arrived at in several
ways: by obtaining the solution in serles and identifylng
its relationship to the Bessel functions, or by reallzing
that the solutions must involve Zessel functions agnd

searching a table of equations whose solutions are of thils

type for the form (2). Jahnke and Emde give such a table.
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A substitution equivalent to (4) might have been
introduced earlier in the development,
= rai\/(r )

leading to an equation equivalent to (2),
2

Vi = Vi + LV (a2 y

=
A somewhat more elegant treatment arises from thisa
equation. However, some loss of physical significance

is suffered, so we shall not investigate it further.

7.2. More Complex Solutions

The construction of other solutions from the elementary
ones found above 1s made particularly simple by the linear-
ity and homogeneity of the equation (2) and by the exlistence
of potentiaslly orthogonal solutions to this equatlion. A
class of problems which can be dealt with in complete
generality is that of motions of fluld within an annular
reglion for which the solution is specified on the cylindrical
boundaries for all times and throughout the region at some
one Instant. The same problems can be dealt wlth for a
varlety of other boundary conditions. WYotlon within a
cylindrical region is & special case of this annuler clsss,
corresponding to the speclification of zero swirl at the
axis.

We shall consider at first somewhat simrlified problens
in order to introduce the notation graduslly. Various
extensions will be treated after the straightforward

problem is discussed.
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T7.3. The Initlal Value Froblem

We Tirst consider the problem of finding the flow
_withih an annular region starting from an arbitrary swirl
distributlon and with constent values of swirl veloclty
prescribed on the boundaries:

(1) = () =y

The physical situation corresponding to this mathematical
model 1s the flow of fluld contained within two concentric
cylinders subsequent to some instant, the fluild belng set
In motion by prilor rotation of the cvlinders, the rotational
speeds thenceforth belng held constant. The walls of the
¢ylinders will in general be porous to a2llow the radial
flow to occur.

Consider a solution of form

= a2t 4 b/

| (6)
) -«gt
+§(Q" ‘]:;1—1(°(i. r) + b Yq',,,,(O(;_ r))r“e

We specify a and b by requiring thazt the steady
part of the solution match the vrescribed boundary conditions.

That 1isa,
= an?tt 4 b

S

- '1%-[-'
= av; + b/n

give a and b .
The time-dependent part of the solution is thus zero

at ¥, and v;

a

for all time. Then each term must vanish at

' and r3;. To achieve this we require that
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J,;,,, (. 1,}) + by Yqu (teri) = 0
oL J;_-H (di.r;.) + b( Ytii-l (g G.) =90
or, eliminating a; and b,

Tyni(ih) Yo, 0 3) = T, (ar) Yy r) =0 ()

This is an equation specifying sultable values of o
There are an infinite number of positive o« which satisfy
this condition.

The problem 1s simplified by introducling a new ortho-

gonal function whose form 1s suggested by the result (7):
Wher) = T, () Yo (otr) = Youu (k) Jo(er) (8D

This function is automatically zero at !\ and venlishes for
F=v;, if the condition (7) 1s satisfied by o{ . These
functions form a coﬁplete orthogonal set 1in the interval
(#©7 » rp) for the choice of ot dictated by (7).
A form of sgolution sultadble for problems of thia
type is then
A= arit + b/

+ZA Y Wo (ir) e

To determine the coefficlents /Atwe require that the

(6')

initial condition be satisfled. That 1s
{(r) = ar*1t + bfy +3 ALr ¥ («ir)

(=t

oo : . b
or 2! AL Waulair) = :SF%)‘ - ardt e
(:.:'

Hence, using the orthogonality relationships, the

coefficlents of the Fourler-Bessel expansion are defined by
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£ 2 ' v
A f V’\A{lﬂ(oqk)a(v- = f f“?'*((l")\ﬂ/.”(o(cl")olr
¥,

LY
-af r2*el/ (tirldvr - j \/\/"""'(O( ) dr
v; ™ b rs

{
The fully specifled integrzls can be evaluated as
follows:
¢ W, R — WL
a 2 z A ) — 2 (o('r)
BEWe ihi = % W (il
f rW,,, dr >

l

f r* i, 1+xdr = y-‘qﬂ\,,/,'(o(.&r.) . V;qu\"/‘i("(‘r‘;)

OL(

(9)
£

\'\/gﬂo‘r - _L[\A/ﬂ (< 1) _ M(d;ﬁ)}

r T3 | oy y:‘l rz"l

For later notational convenience we introduce
VL

%
af r\/\/‘w(oz Pdr = { e \/\/1+, (et r) d v

£ ‘ | (9")

B‘ S v W +1 ("(Lr)dl" 5 \/\/“l*‘(d"r)ol
L

!

The problem of determining the solution 1s thus
reduced to a purely computational one. Ih practice, the
computation may prove to be far from tfivial, as sultable
tables of functions may not be avallable. The evaluation

of the integral involving {ﬂﬁ‘m&y slso prove to be a
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major difflculty as very few indefinite integrals involving
cylinder functions of general order are known. That the
evaluastions given asbove can be made seems almost fortultous
since only for these particulsr relationships between
powers of I in the integrand and order of the cylinder
function are indefinite integrals known. One sort of
problem that can be dealt with, however, is that in which
the initial distribution of velocity corresponds to some

stationary distribution with the seme radial flow.

T7.4. The Boundary Value Problem

Next consider the problem of finding the motion from
rest specifled by giving the solution at two fixed points
as functions of time,

A () = (7)) () = 43 (7T)

The corresponding physical situstion is the motion'of the
fluld between concentric cylinders excited by arbitrary
| rotatlons of the bounding cylinders. Ve restrict ocurselves
to consideration of continuous velocity distributions
since we are interested in dealing with physically meaning-
ful solutions. 1In particular, this impllies that the
bounding cylinders are initially at rest.

Given these data we can determine a(x) and Wt) from

ZAT) = CLVI”IH + b/’T

,U{(‘t) - &Clqﬂ + b/rz
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We shall deal with the problem in the first instance
by approximating the functions a. and b by discontinuous
functions, Jjumps in & and b occurring at intervals AT ,
During each interval (say the Jth, from JAT to (j+! )Af)
a and b will be constant (a; and b; ) and the problem
13 essentially an initial value problem like that just
desalt with.

The slmplest approach is to form a solution

n
o (T) =Z"‘"j

J:.-O
where /UJ = 0 for T <Tj
/U—j = zﬁaj r*t 4+ o bJ/Y‘

o kS
+ZAB;J V“ﬁr(ﬁ/qq.,(v/ar)fi" for T > T;

AT Oy -~ Qjey
with the jumps from the previous interval.

aAb;= bj -b;-,

We determine the coefficients ABU from the condition
of continulty of the solution at ZU==jAT} that is, by
requiring that each increment be initially zero:

/U_j (J o t) =

Hence, by the treatment of the previous sectlon,

AB, =- it [an i v ot B
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Then

7 (NAT) = a,r=*' + bn /e

_.;EZ‘&Z fﬁj{:zxcl.ez“* Atj>r‘L\~4+‘Gx re -n«iaz

L=l
= z J'v(': AT 9 (4 ) "'”“‘:At
*E BL{ZAb}e }r‘ We, ()€™
is] °
We next conslder the form taken in the 1lmlt as N— oo,
AT—=0, setting jaT = X\. Since the values 4a; and Ab;
have been choaen to approximate the contlnuous functions
. e 2b
Hence (1) = a(T)r*t + b))/,
bb <L A oq‘t
— :>: {f(ag =+ B sy)e st dAprt \,\/w(cz r)
L | .

On noting that

T 2
j da e-«. A\ = am e it ga()\)e““)\dk
2N “

©

we obtaln the alternative form:

AM(T) Zd {[(d a.+B hle™ XQ()\}V‘ \,\/“(o( r)e “<T

L=/
Although both solutlons converge to the same values

in the interlior of the reglon, thelr behaviour on the
boundsries 1s not the same. The filrst satisfles the
boundary conditions by virtue of the method of defining
o. end b . The second form does not converze to the

prescribed values at ¥, and Y, .
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7.5. The Initial Value, Boundary Value Problem

We now deal with the problem combining the features
of those Just consldered,; that of finding a solution with
specifled values on two cylindrical surfaces,

AN = 47 (T) (1) = i CT)
and -with a2 specified initial value,
(o) = £(r)

It 1s possible to obtain the solutlon by superposing
the results obtained above, but we shall start fresh and
use slightly more sophisticasted methods to evolve the
solution. The method to be used relles upon Duhamel’s
theorem relating to solutlons of a homogeneous equation
in the following form: ! ’

If‘3031)13 a solution of a homogeneous differential
equation such that 3(r,o)= O and 9(r.,"c)=1, 3('5.,1')=O,

then ) = fﬂx) %—g(v—, -2l A

[~

is a solution of the equation such that (I, T) = ()
a(rn,T)=o0
o (r 0) = 0O

To demonstrate these results we integrate by parts:
T d
- (r, ) = ( 4(X)§§(Yfr‘x)dA
o]

. T, ]\
o =--¥(T)9(",o) + -{(_o)a(k‘.,'t‘)_;. f-f(X)S(r‘, t_A)a(

From thls form the results glven above are seen to be the

consequences of the assumptlons of the theorem.
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Using this result we can obtain a formal solution for

our problem:
AT =

T b . e 2
+[°»:(A) 2 2 dh + £,U;(,\) 2201, -2) )
where 47 , ¢, , g4, sre solutions of equation (2) for the

swirl component chosen so that:

/U—L 3' 9

0 1 0 for Y =17,
0 0 1 for r=V.
{-(I") 0 0 for T =0

The problem 1s thus reduced to that of determining
golutions with the required properties. DNote that sll
are initial value problems of the tyve considered pre-
viously. Following the method of Section 7.3. we obtailn

8 r11+2‘_~n17+2
31 T rnrAtt—p >t

A 2 d 1g+2 q ] —0(‘..17-'
= 2 (-7 B )iy, e

LG+ Tq4+2 L
A A

=

The solution g, 1s obtained by Iinterchangling ¥, and
r; - The third solution &7 is just a speclal case of that
obtained in Section 7.3.

Using these results we can write

SN 2L, wN) + z N 2E )

S diath) + B bW} P\ i) €7

i}

2
K T
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Finally, the required solution 1s

o ( (Grn—z{(r)\%+|(x¢ rdr

LV, T) =Z

(=1

I
(" g el

r

—T

+ [ (A aN+ B, un‘)e“fou] rL,, Car)E

Note that this form of the solution does not converge
to the specified values at the boundaries ¥, and V¥, . An
alternative form can be obtalned as in the previocus section

which converges suitably at the bounderies.

7.6. ¥ore General Conditions on the Solution

Conaider the problem of determining a solutlion such

that w(r,0) = £(r)
oL, (V) + B, 2%,‘3‘(!6) = D,
and S (10)
A (B) + B, 3—;0@_) =D,
M(h)+>\.%‘?(“\= C
or, more compactly, (10')

o R)+ M2 ()= s

where ak| N 0‘(1 ’ ﬁ, » lﬂz » )\' ’ )\1’ :D' s DZ sCl ’ CZ
are prescribed constants and {(r) is an arbitrary initial
swirl distribution. The boundary conditions (10) are of

the generalized Sturm-Liouville type. The alternative

forms (10') are introduced solely to contract the algebra.
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We choose a solution of form (6). The equations to

determine Q and b are here

orratl 4 b/‘f +)\,[a_(2?+1)]/"11- b/r;zjz

wh*#* 4 by + Mat2geNR?™= )= c,
forq+ -1

(10")

(The analysis for the case q-= -1 will not be given. It is
very simllar to that which will be given for the more

general case.)

We require that the time-dependent vpart of the solution

vanish sultably at v, and V,. Hence

r;“l[a‘.' J;.H (L n) + bi. Yc{,-rl("zir;)]

d _
+ A a.J, () r3+ b Y, (wrird =
’dr‘ gt qt! r=r

Wﬁ[a.;j L, (Aon) + b Y7+, Mzﬁ_)]

+ A, [ 14,(\»‘( PNrd+b; Yq+‘(o(‘r)f‘7']r- V:—" o

kS
whence we obtaln, on eliminating Q& and bt, the equation

prescribing the elgenvalues AL,

{ML,M ,)u\ ARV an)ﬂx
{03 Y, @) +xz_.-[va.<«m]}
{V‘“Y,,,(o( v) o+ V Yo (i1)] ?x
{r‘ij’ (din) + N, ‘[[v* Tou1 (4 r)]?

(11)
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Here too there'are an infinite number of positive solutions.
Agaln we adopt an auxiliary orthogonal function whose

form is suggested by the equation defining the eigenvalues.

W,:(ar)={nij;,,(dh)+A'ﬁ[h$2+.(*”)]}ﬂ(dr)
~{r, VY o (<) + A,O%,[m}{wcom)]}x\mr) (12)
Now nq’\"/q‘u (dh) + x'%[n%%‘-&l(dh)]z e

' d {
and ﬁ1b4puh“1\+A1J?D11M/H<“n)]=0
1s the conditlon for the ([ given above
But we can write these results in the form:

(1+ c;—%‘\-‘-}\,\/ow(d n) +>\,ff;\»/qﬁ,(x r)=o

’+Clx,~) _‘_'(o( rx)'l"xzo‘ \"/ct-u('l"‘i)—

where the conditiona 1mposed are seen to imply the ortho-

(13)

gonality of the set WA {<;r) specified by (11) in the

q+1
region (V; , v; ). It 1s necessary to demonstrate that
]

these functions as well as the functions rik‘&ﬁ%f?form
an orthogonal set in corder that the integrals arising
from the steady-state solution can be evaluated 2s in the
gimpler cases trezted previously.

Note that the results Just given reduce to those of

Sectlon 7.3. (equations (7) and (8)) for X,=X{=CL

The solution of form {6) can now be written a8

LA T) = At e b 42 ALY T, (= e T a8

L=

This result is formally identicsl to (6'). (We shall
deal only with those simple cases of Dini series that are

formally similsr to Fourier-Bessel seriles.) The method
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of choosing the A:_ to satisfy the initial condition 1s
identical with that of Section 7.3. The formulse for the
integrals analogous to equations (9) will be somewhat more
complex evaluations from the same well-known indefinite
integrals from which the previous results were obtained.

We have now shown how the initlal value problem can
be treated subject to the more general conditions (10).
But the method of Section 7.5. reduces the combined
initial value, boundary value problem to initisl value
problems. Thus we can deal with the combined problem for
the more general conditions:

/U-(Y‘s O)-‘: -{-(V‘)

X, () + ngvﬁr(” = D7)

) + 8, (n) = D, ()

where of, , o, , é% » B, are still constants.
The solutlon will be formally equlivalent to that
given at the end of Section 7.5. with the slightly

altered notation of the present section.

7.7. Conditions with Physical Meaning
Conslder the equation
i+ 82 =D
where - = _o (V") j) =D(r, T)
It can by physically meaningful only 1if A%Q‘ has the
dimensions of length and D those of K AS, uﬁless o or &

1s zero. The condition will only be physically significant
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if we prescribe some meaningful property at the polint of
application. It then appears that D must be some point
function (or perhaps a point function integrated over a
cylindrical surface) and thatf%; must be a length
associated with a point function.

Some interpretations which satisfy these requlrements

are:
< 5 I)
a) 1 0 Vs
b) 0 1 2o
c) -y 1 g%f-fgr
a) Yr 1 S+ E
e) r 0 AT
£) -~ and /’L(‘abg #)
g) —2T v 2Tt 117/Lr‘(,§{'-’;‘f

Note that the conditions (13) on the generalized
cylinder functions adopt varticularly simple forms for
these cages.

The use of most of these forms 1s obvious. The
condition on the derivative of the velocity can be used
to specify the position of a maximum or minimum of
velocity. The condition on the shear can be used to
simulate an air core. The 1ast caese glves the shear moment
on a cylinder.

Orie condltion that cannot be applied in this way is

the non-linear one that a certain power be exerted on a
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cylindrical surface by shearing stresses. Yor is it
possible to apply two conditions on the same surface as
an orthogonal set of eigenfuncti&ns cannot then be defined.
Neverthéless, we are able to specify directly a wide

variety of boundary donditions using this approach.

7-8. Steedy-state Solutions
Consider the solution (14) to the initial value
problem with fixed boundary conditions. The part of the
solution arising from the initial condition dies away with
time in all cases, leaving only the steady-state terms.
The coefficlents of these ségady-state terms can in general
be determined directly from (10"). RBut some slight
difficulty arises for the case C,=C,=0. For this case it
is obvious that a=b = 0 is always a solution of the system
(10"). But for certain combinations of A, and A, other
values of &« and b can satisfy the equations.
we shall discuss two such cases which can be inter-
preted physically; the others all involve voundary conditions
which lack immediate physical significance.
a) Zero source flow, zero shear svecified a2t both boundaries.
q=0, N=-n, Xz‘“ﬁ, b=0, a unspecified
b) ‘Any source strength, zero vorticity specified at both
bogndaries.
N=v;  XN=np y «=0, b unspecified
It is our tesk to decide whether the motion will tend

towards these states or towards quiescence {o.=zb = 0) and
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to determine the unspecified parameters. To this end we
shall develop a theorem relating to the angular momentum
in an annular region.

The doubtful cases can also be found by seeking those
series solutlions which give rise to constant kinetic energy
within the annular reglon between the cylinders on which
data 1s supplied. The use of Parseval's theorem to
8lmplify the condition of constant kinetic energy leads
qulckly to the critical boundery conditions. Thus the
consideration of kilnetic energy, although at first seemingly

promising additional insight, in fact gives nothing new.

7.8.1. An Angular Momentum Theorem

A falrly general angulsr momentum principle may be
stated as:

The variation of angular momentum in a region fixed
in space is due only to mbments of forces acting at the
boundaries, the moments‘of body forces acting on the fluid
within the boundarles, and the net convection of angular
momentum 1into the region through the boundaries.

Using the linear momentum principle this statement
can be shown to hold for an arbitrary region vprovided that
the fluld is inviscid. It is not, in general, true for a
viscous fluid. Put we can develop such a result in a

restricted form, suitable for the present problem.
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Consider a fixed annular reglon through which there
is an axisymmetric flow of an incompressible fluid of
constant viscosity, the source 3trenzth not necessarlly
constant.

For this region the angular momentum principle is

.
AM(t) = A M (o) + ((M.‘I-M;)d-é

f
+[ F(rns — nax)dt

v
AM(¢) = [ 2forie(ticdy

n

A M.(0) = [R'z_’fy rio(o)dvr

N

M+ M, = —27“:/4/. nz(?%"__;[)f

or - £)

+27u £
F= ’Zﬁf;a,u__ ::.fyc

Introducing these definitions we obtain

/qur"[xr&) ~/f(o>]dr
Y,

v

A Y 2 ¢ r.
< [ T # e o[ clew] e

= U ft[ 3 - (1<) mr] oAt
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t
K27 = P - (0)
L rr 2t r [,wct) ,u(o]
2 % Q-
S, [r‘3;1~+0-qrg;-o+cyf]dJ~
r

)_a/()“ V‘z
= yo—== - ([—f(f)k)Ur
0

dY
So that
ot 2
du _ QA 1=C Y It c
df o7 G4 I Con -
jr[b.t — — 55+t oA drdt=0
r, :

The truth of the angular momentum principle is thus
seen to depend on that of the corresponding equation
governing linear momentum in the tangentlal direction,

equation (5.7).

7.8.2. Application to Doubtful Cases -

The case (a) given sbove can be settled immediately

usinz this result. Here

F=M=M,=0
so that AM @)= AMCo)

r
4 z

whence = rartodelr
. 1 Y;

1s the previously unspecifled value. We are thus tile

not only to state that the final condition willl not be

quiescent, but also to determine it precisely.
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The case (b) 1s not so easily dealt with. Here

T:—Z/(A‘y‘/.;r

and the angular momentum relationship is
t
AM((t) - A M. (0) = zf}u[(u c)(r;,a.'——n_,u.)d‘é

Although we cannot say anything definite about the general

case, two special cases can be discugssed using our result.
We note first that an initial swirl distribution of

form b/} will not be altered by shear or convection.
Also, for the particular case C = -2 the angular

momentum in the annulsar region remalins conatant. Then

£

b = ___2_____( (o) o
LA i

gives the undetermined parameter for this case. (The

conditions (10") from which the doubtful case: rere
derived do not hold for the caze C = -2. However, this
doubtful case 1s also thrown up by the speclal conditions
for that case. That this is to be expected may be seen
immedlately by noting that the parameter b rlays the.same
role in both the solutions (6.2).)

Finally: there are certaln cases for which we have
not been able to determine the state towards which the
system tends with increasing time using the methods aet
forth. The one last treated 1s the only one in this
category which can be interpreted simply in physical terms.
And even this case 1s highly artiflclal.
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7.9. Pressure and Temperature Distributions

The pressure field corresponding to a particular
velocity distribution can be determined as in Section 6.4.
on introduéing the more complex function giving the swirl
and on supplying sufficlient data to fix the pressure
level.

Methods similar to those of Sectlon 6.5. seem
advisable in determining the temperature distribution.

Take T=T + T,

such that . 2 2
2T, _poc-dfpimre T, el 2o )2 4] |
sT=r’e '&"[r S5l ller «) +(>%]

determines 7j » and

2T, 4 d [t~ dT2
il S 'ar[r F

determines T, .

To find 7: we must deal with a non-homogeneous equation,
tﬁe dissipation term being of extremely complex form. In
order to indicate how this problem might be dealt with we
shall consider a simple case---the flow conditloned by
fixed cylindrical boundariles (a special case of the initial
value problem of Sectlon 7.3.). The source term in the

equation for 1] 1s then of form:

>3 & et
i=0 =0

where the @‘—) are known functions.
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Let us assume a representation for’T: of the samne

T = ZZ F‘Lj CV‘)S—ML T

Lro =0
Introducing these expressions into the equatibn and

form:

equating the coefficlients of the time-dependent factors

to zero, we obtailn

, 2 - Ol |-0‘ch] .
-o~(of-L+o<J-)FZj = r7e ‘OTFU | @‘-J

---a gerles of ordinary differential equations for the

functions F{j .

Even in this uncomplicsated case the method proposed
1s far from simple. Its extension to more complex cases
will make analytic solution of the problem even more
unlikely.

Assuming that the function T, has been determined
in the manner suggested, let us turn to the evaluation
of '7;. The method of dealing with the homogeneous
equation for'T; has been discussed in Section 6.5. Once
again, account must be taken of the values of the solution

1: at the positions where data are supplied.

7.10. Further Extensions

There are several more general models which are
governed by the equations (1) to (4) or Section 5: those
for which boundary conditions are specified along arbitrary
curves 1n Yy ,T-space, and those for which the radiasl flow

is wvariable.
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It is possible that the present analysis can be extend-
ed to deal with the former class of problems. The normal
aolutions from which the znalysis springs are still valig.
The problem can perhaps be treated as an inverse one---
that of determining the conditions to be prescribed at some
pair of fixed polnts in order that the solution adopt
certain values at a palr of moving points.

But the methods used here seem 1l1l-adapted to dealing
with the case of variable source strength. The previously
immutable bases of the analysls---the elementary solutior
~---1lose thelr applicability. The treatment of Section 6.°.
may glve some iIndication of the degree of complexitv to
be expected in dealing with more general radisl flows.

It i3 worth not}ng tﬁat alternatlive representations
for the solutions given above can ofter be obtained by
using the integral transform approach. These representa-~
tions may be valuable if numericsal evaluation of the
solutlions 1s required. The less generalAclassical approach
through normal solutions has been used here beczuse it is
silmpler and keeps closer to.the physical problems which
are of real interest. THis technique seemed to be a more
powerful constructive tool, elthough this may be due in

part to its familiarity.
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8. Conclusions

The previous analyses of swirling flows of an incom-
predsible fluid within cylindrical boundaries can easily
be extended to include the case of constant radial flow
for both the steady and non-steady swirl cases. The
class of solutions obtained in this manner 1is capable of
giving conslderably more insight into the complex flows
encountered in practical situations since the effects of
radisl convection can be studled. Further, some of the
essential features of boundary lavers can be studied
using these models.

Using generalized Sturm-Llouville conditions to
speclfy solutions it 1s possible to determine time-
dependent solutlons satisfying a varlety of physically
meaningful boundary conditions. These solutions may
represent some festures of steady, three-dimensional
flows. However, the eddy loops {(or reverse flows) commonly
found in such three-dimensional patterns introduce compli-
cations not found in the plasne model. A 1limited extension
to three-dimensional flow 1s possible starting from a
stationary two-dimensional model which includes a radlally

varying source distribution.
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