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%&'!)8 $'/-)0 '/ &!5 ',-& (.,8') -,# ,--!"#% *!) &') !((!#'#%/T ,-%0!#/4  8 ,//07#0#7 +',#0#7*".

()! , 0.0%0'/ %! %&'+ ,#$ %&'# ,$D"/%0#7 &') $'-0/0!# ,--!)$0#7 %! %&!/' ()! , 0.0%0'/2 K# !") /'%%0#74

%&' (.,8')/ '#7,7' 0# -!+('%0%01' 7,+'/ 5&')' %&'8 W#!5 %&'0) !5# ,/ 5'.. ,/ %&'0) !((!#'#%/T (!%'#%0,.

)'5,)$/2 C!5'1')4 (.,8')/ *,-' 'S!7'#!"/ "#-')%,0#%8 0# %&,% %&'8 $! #!% W#!5 %&'0) !((!#'#%/T 'S,-%

)0/W ()'*')'#-'/4  "% !#.8 %&,% %&'8 ,)' )0/WJ,1')/' !) %&,% %&'8 &,1' #!#J/,%0,%'$ ()'*')'#-'/2 3&0/ 0/

,# 'S,+(.' !* ,# 0#-!+(.'%' 0#*!)+,%0!# 7,+' 50%& ()01,%' W#!5.'$7'2 3! %&'  '/% !* !") W#!5.'$7'4

#! ,.7!)0%&+ &,/  ''# (" .0/&'$ %&,% -,# /!.1' /"-& 7,+'/4 '1'# *!) %&' %5!J(.,8') %5!J,-%0!# -,/'2

K# 9&,(%') R4 5' $'1'.!( , /!."%0!# +'%&!$!.!78 *!) %&'/' 7,+'/  ,/'$ !# %&' )! "/% '="0.0 )0"+

-!#-'(% Y@Z4 5&0-& 5' $'+!#/%),%' %!  ' , /"0%, .' -!#-'(% *!) %&' /('-06- ()! .'+2 3&0/ -&,(%') 0/

%&' -!#%'#% !* %&' *!..!50#7 5!)W0#7 (,(')2



 

 ! "! #! $%&'()(%**(+, -! -(.+./%** %*& 0! 123*! 4/5(6272+ 28(9(8(.+ (* 8:7;<9%).= 6%/.+!

-7=>(*6 <%<.=,  !"#$%&!'% () *(&"+%,'-. /&"!$,#0 *(00!-! 1('2(',



  !"#$%& '( )*$&+,-.$/+*



 !"#$%& '

(")*+&,-./ 0!%,&1

 !" #$%&'()$*& +,$*-*.($*%/

 !"#$%&!'# "(!')'*%!'"+ '& % #")(,!%!'"+%- (%.%/'0) !$%! '& !1('#%--1 ,&2/ !" 3".),-%!2 %+/ &"-42

/2#'&'"+ (."5-2)& '+4"-4'+0 &!"#$%&!'# 26"02+",& ,+#2.!%'+!1 789: ;<: =>?@ A+ '!& &')(-2&! 3".): %

&!"#$%&!'# "(!')'*%!'"+ (."5-2) !%B2& !$2 3".) "3

min E [f (u, ξ)]

&@!@ u ∈ R
n

gi (u, ξ) ≤ 0 PC%@&@ i = 1, . . . ,M,

D$2.2 u ∈ R
n
'& !$2 /2#'&'"+ 42#!".: ξ ∈ R

k
'& !$2 ,+#2.!%'+ (%.%)2!2. !$%! '& .2%-'*2/ %##"./'+0

!" !$2 B+"D+ (."5%5'-'!1 /'&!.'5,!'"+ P %+/ E [·] '& !$2 26(2#!%!'"+ "(2.%!". D'!$ .2&(2#! !" !$%!

/'&!.'5,!'"+@ E$2 3,+#!'"+ f : Rn ×R
k 7→ R '& .232..2/ !" %& !$2 "5F2#!'42 3,+#!'"+: D$'#$ '+ !$'& #%&2

)'0$! .2(.2&2+! % )2%&,.2 "3 #"&! ". .'&B !$%! D2 D'&$ !" )'+')'*2 '+ 26(2#!%!'"+@  '+#2 D2 %&&,)2

3,-- B+"D-2/02 %5",! !$2 /'&!.'5,!'"+ P "3 !$2 ,+#2.!%'+ (%.%)2!2. ξ: D2 #%+ ("!2+!'%--1 #")(,!2

!$2 ),-!'C/')2+&'"+%- '+!20.%- '+ "./2. !" 24%-,%!2 !$2 26(2#!%!'"+ '+ !$2 "5F2#!'42@ E$2 3,+#!'"+&

gi : Rn × R
k 7→ R, i = 1, . . . ,M : %.2 .232..2/ !" %& #"+&!.%'+! 3,+#!'"+& %+/ !$21 .2(.2&2+! % &2! "3

#"+/'!'"+& !$%! %+1 %##2(!%5-2 /2#'&'"+ 42#!". u +22/& !" &%!'&31  !"#$% $&'(!)@ E$2 -%!!2. ')(-'2& !$%!

!$2 #"+&!.%'+!& &$",-/ $"-/ 3". %-- ("&&'5-2 .2%-'*%!'"+& "3 !$2 ,+#2.!%'+ (%.%)2!2. ξ '+ !$2 &,((".!

"3 '!& (."5%5'-'!1 /'&!.'5,!'"+ P: 26#2(! ("&&'5-1 3". &")2 &2!& D'!$ *2." )2%&,.2@ E$2.23".2: '3 P '& %

 



  !"#$%& '( )"*+,&-./0 1!%-&2

 !"#$"%!%& '(!)*)$+$#, -$&#($)%#$!". $# /$++ 0*12 *" $"3"$#2 &%''!(# /0$ 0 /$++ $4'+, #0*# #02 '(!)+24

0*& *" $"3"$#2 "%4)2( !5  !"&#(*$"#&6

7#! 0*&#$ !'#$4$8*#$!" !92(& #02 *-1*"#*:2 #0*# $#  *" 4!-2+  !"#$%& 2"1$(!"42"#& /02(2 #02 %";

 2(#*$" '*(*42#2(& *(2 (212*+2- $" * &2<%2"#$*+ 4*""2( *& #$42 '(!:(2&&2&. *++!/$": 5!( -2 $&$!"& #! )2

#*=2" -,"*4$ *++, *& #02&2 '*(*42#2(& )2 !42 !)&2(12-6 >" &% 0  *&2&. #02 !'#$4$8*#$!" '(!)+24 $&

:$12" *&

min E

[

∑T
t=1 ft

(

ut
(

ξt
)

, ξt
)

]

&6#6 ut ∈ L2
kt,n, t = 1, . . . , T

git
(

ut
(

ξt
)

, ξt
)

≤ 0 P;*6&6, i = 1, . . . ,Mt, t = 1, . . . , T.

?0$& -,"*4$ -2 $&$!" '(!)+24 /$#0 &#! 0*&#$ 2@!:2"!%& %" 2(#*$"#, 0*& #02 5!++!/$": &#(% #%(26 A#

#$42 t. #02 -2 $&$!" 4*=2( !)&2(12& * (2*+$8*#$!" !5 #02 %" 2(#*$" '*(*42#2( ξt ∈ R
k
6 ?02". )*&2- !"

#02 0$&#!(, !5 !)&2(1*#$!"& %' #! #0*# #$42 '2($!- t. -2"!#2- ), ξt = (ξ1, . . . , ξt) ∈ R
kt
. &02  0!!&2&

* -2 $&$!" ut
(

ξt
)

∈ R
n

$" !(-2( #! 4$"$4$82 #02 !)B2 #$12 5%" #$!"6 ?0$& &2<%2" 2 !5 *+#2("*#$":

!)&2(1*#$!"& *"- -2 $&$!"& !  %(& 5!( *++ #$42 '2($!-& t = 1, . . . , T . /02(2 T $& #02 3"$#2 '%$()*+,%-+"

!5 #02 '(!)+246 >" !(-2( #! *  !%"# 5!( #02 *(($1*+ !5 "2/ $"5!(4*#$!" *# 2* 0 #$42 '2($!- t = 1, . . . , T .

#02 -2 $&$!" 12 #!(& ut ∈ L2
kt,n *(2 "! +!":2( 3"$#2 12 #!(& $" R

n
. )%# $"&#2*- #02, *(2 5%" #$!"& !5

#02 0$&#!(, ξt !5 *++ #02 %" 2(#*$" '*(*42#2(& #0*# 0*12 )22" !)&2(12- %' #! #0*# '!$"#6 C%(#02(4!(2.

#02 5%" #$!"& ut (·) 4%&# )2 &<%*(2;$"#2:(*)+2 &! *& #! 2"&%(2 #0*# #02 2@'2 #*#$!" $" #02 !)B2 #$12

$& /2++;-23"2-6 C$"*++,.  *(2 $& #*=2" &! #0*# 2* 0 5%" #$!" ut (·) -2'2"-& !"+, !" #0!&2 '*(*42#2(&

ξ1, . . . , ξt #0*# 0*12 )22" !)&2(12- %' #! #0*# '2($!- t. *"- -!2& "!# -2'2"- !" *", !5 #02 '*(*42#2(&

ξt+1, . . . , ξT #0*# 0*12 "!# ,2# )22" !)&2(12-6 ?0$& 52*#%(2 (2D2 #& #02 "+")#"'%&%.#'%/( "*#%(2 !5 #02

-,"*4$ -2 $&$!" '(!)+24 *"- 2"&%(2& $#&  *%&*+$#,6

7#! 0*&#$ !'#$4$8*#$!" *+&! *++!/& #02 4!-2++$": !5 '(!)+24& /$#0 0'#'(  !"#$%&06 ?02&2 '(!)+24&

*(2 '(21*+2"# $"  !"#(!+ #02!(,. /02(2 #02 -2 $&$!" 4*=2( *$4& #! -2&$:" * &+"',+1 .+1%&! #0*# -($12& *

-,"*4$ *+ &,&#24 #!/*(-& * -2&$(2- &#*#2 /0$+&# &$4%+#*"2!%&+, &*#$&5,$": * "%4)2( !5  !"&#(*$"#& *"-

4$"$4$8$": * &'2 $3 !)B2 #$126 >" !(-2( #! *  !44!-*#2 5!( #0$& 52*#%(2. * &#*#2 1*($*)+2 $& $"#(!-% 2-



 !"! #$%&'()$*& +,$*-*.($*%/  

 !"#$ %&'(  )*#+'&"# ,-.+/&0&#$ '(- .' '- ,1# 2&+.3 4*+( 5/"0!-2.  /- -65/-..-,  .

min E

[

∑T
t=1 ft

(

ut
(

xt
)

, xt
(

ξt−1
)

, ξt
)

]

.3'3 ut ∈ L2
mt,n, t = 1, . . . , T

xt ∈ L2
k(t−1),m, t = 2, . . . , T + 1

xt+1

(

ξt
)

= ht
(

xt
(

ξt−1
)

, ut
(

xt
)

, ξt
)

P7 3.3

git
(

ut
(

xt
)

, xt
(

ξt−1
)

, ξt
)

≤ 0 P7 3.3 i = 1, . . . ,Mt











t = 1, . . . , T

giT+1

(

xT+1

(

ξT
))

≤ 0 P7 3.3 i = 1, . . . ,MT+1.

8-/-9 '(- .1.'-2 .' /'.  '  :#"%# .' '- x1
(

ξ0
)

= x1 ∈ R
n
3 ;' - +( '&2- 5-/&", t = 1, . . . , T 9

'(- ,-+&.&"# 2 :-/ "0.-/<-. '(- /- !&=-, .' '- xt
(

ξt−1
)

∈ R
m
9  #, ,-+&,-. "#  #  +"#'/"! &#5*'

ut
(

xt
)

∈ R
n

0 .-, "# '(- (&.'"/1 ") '(- "0.-/<-, .' '-. *5 '" '( ' '&2- 5-/&",9 $&<-# 01 xt =
(

x1
(

ξ1
)

, . . . , xt
(

ξt−1
))

∈ R
mt

3 >#+- '(- &#5*' &. +(".-#9 '(- .' '- -<"!<-.  ++"/,&#$ '" '(- .' '-

,1# 2&+ ! )*#+'&"#. ht (·)3 ?(-/-  /-  )-% 0*' &25"/' #' ,&@-/-#+-. %(-# +"25 /-, '" '(- 5/"0!-2

%&'("*' .' '- ,1# 2&+.3 ?(- "0A-+'&<- )*#+'&"#  #, '(- +"#.'/ &#'. ,-5-#, A"&#'!1 "# '(- .' '-.  #,

'(- &#5*'.9 %(&!.' '(- '-/2&# ! .' '- xT+1

(

ξT
)

#--,. '" . '&.)1  .-' ")  !"#$%&' ()%* "&$% *3 ?(-

<-+'"/ ") '(- *#+-/' &# 5 / 2-'-/. ξt ∈ R
k
9 "/ %)$*!9 #"%  @-+'. ("% '(- +*//-#' .' '- xt

(

ξt−1
)

%&!!

-<"!<- '" '(- #-6' .' '- xt+1

(

ξt
)

9  #, &. /- !&=-,  )'-/ '(- +*//-#' .' '- xt
(

ξt−1
)

( . 0--# "0.-/<-,

 #, '(- +"#'/"! &#5*' ut
(

xt
)

( . 0--# +(".-#3 ?(*.9 '(- .' '- < /& 0!- xt ∈ L2
k(t−1),m  ' '&2- 5-/&",

t = 2, . . . , T + 19 ,-5-#,. "# '(- (&.'"/1 ") '(- /- !&=-, #"&.- ξt−1 = ξ1, . . . , ξt−1 ∈ R
k(t−1)

*5 '" '(-

5/-<&"*. '&2- 5-/&",3 B*/'(-/2"/-9 '(- ,-+&.&"# 2 :-/ #"% ,"-. #"' "0.-/<- '(- *#+-/' &# 5 / 2-'-/.

ξt ∈ R
k
,&/-+'!19 0*' + # "#!1 &#,&/-+'!1 "0.-/<- '(-2 '(/"*$( '(-&/ &#C*-#+- "# '(- .' '- xt+1

(

ξt
)

3

?(*.9 '(- +"#'/"! )*#+'&"#. D+"#'/"! 5"!&+&-.E ut ∈ L2
mt,n9 t = 1, . . . , T 9  /- #"% )*#+'&"#. ") '(- (&.'"/1

") '(- "0.-/<-, .' '-. xt &#.'- , ") '(- (&.'"/1 ") '(- /- !&=-, *#+-/' &# 5 / 2-'-/. ξt3 >#- + # -6'-#,

'(-.- 5/"0!-2. )*/'(-/ 01 &#'/",*+&#$  2- .*/-2-#' < /& 0!-9 '( ' &.9  5"'-#'& !!1 #"&.1 5/"A-+'&"#

") '(- .' '-3 ?(- ,-+&.&"# 2 :-/ '(-# #" !"#$-/ "0.-/<-. '(- .' '- ,&/-+'!19 0*' "#!1 '(/"*$( &'.

#"&.1 2- .*/-2-#'9  #, '(*. '(- +"#'/"! 5"!&+&-.  ' - +( '&2- 5-/&",  /- #"% )*#+'&"#. ") '(- .' '-

2- .*/-2-#'3

F# G( 5'-/ H9 %- &#<-.'&$ '- .*+( ,1# 2&+ ! +"#'/"! 5/"0!-2. %&'( I* ,/ '&+ .' '-  #, &#5*' "0A-+7

'&<-9 !&#- / A"&#' .' '-  #, &#5*' +"#.'/ &#'.9 !&#- / .' '- ,1# 2&+.  #, !&#- / 2- .*/-2-#'.9 0"'( ")

%(&+(  /-  @-+'-, 01 0"*#,-, *#+-/' &#'13 G"25*'&#$  # "5'&2 ! +"#'/"! 5"!&+1 )"/ .*+( .1.'-2. &.



 !  !"#$%& '( )"*+,&-./0 1!%-&2

 !"#$%&%'!(&))* '(%+& %&,)- '( .-(-+&) /0123 4-%5!67 8!+ 7!)9'(. 7$ 5 #+!,)-"7 %*#' &))* +-)* !( 7!"-

9&+'&%'!( !8 +!,$7% 6*(&"' #+!.+&""'(. /:;2< "$)%'=#&+&"-%+' #+!.+&""'(. %- 5('>$-7 /?@< @A2 !+

9-+%-B -($"-+&%'!( "-%5!67 /0:2< &(6 %5-* %*#' &))* +->$'+- %5- 7!)$%'!( !8 !#%'"'C&%'!( #+!,)-"7

%5&% .+!D -B#!(-(%'&))* D'%5 %5- 7'C- !8 %5- #+!,)-" 6&%&3 E( %5'7 %5-7'7< D- '(9-7%'.&%- &(!%5-+ 7!=

)$%'!( "- 5&('7" ,&7-6 !( &( &##+!B'"&%'!( !8 %5- !+'.'(&) #+!,)-"< D5-+- %5-  !(%+!) #!)' '-7 &+-

+-7%+' %-6 %! ,- &F(- 8$( %'!(7 !8 %5- "-&7$+-"-(%73 G5'7 &##+!& 5 5&7 ,--( 7%$6'-6 ,* & ($",-+

!8 &$%5!+7< &(6 '% '7 &  !""!( %5-"- '( %5- )'%-+&%$+- !8  !(%+!) %5-!+* &(6 7%! 5&7%' !#%'"'C&=

%'!( /::< 1:< 10< 1H< IJ< A:< A?< A@< 01< 0A23

 ! "#$%&' ()'*+*,-'*#.

K!,$7% !#%'"'C&%'!( '7 & #!D-+8$) "!6-))'(. #&+&6'." 8!+ 6- '7'!( "&L'(. $(6-+ $( -+%&'(%* /H< :J<

::< :123 E% '7 %&')!+-6 %! 6- '7'!( #+!,)-"7 '( D5' 5 %5- 6'7%+',$%'!( !8 %5- $( -+%&'( #&+&"-%-+7

'7 $(L(!D( -B -#% 8!+ '%7 7$##!+%3 M* 6-N('%'!(< %5- 7$##!+% +-#+-7-(%7 %5- +&(.- !8 &)) #!77',)-

#&+&"-%-+ +-&)'C&%'!(7 &(6 '7  !""!()* +-8-++-6 %! &7 %5-  !"#$%&'!%( )#%3 K!,$7% !#%'"'C&%'!( "!6-)7

&+- 6-7'.(-6 %! N(6 %5- ,-7% 6- '7'!( '( 9'-D !8 %5- D!+7%= &7- +-&)'C&%'!( !8 %5- $( -+%&'( #&+&"-%-+7

D'%5'( %5-'+ $( -+%&'(%* 7-%3

O)&77' &) )%&%'" +!,$7% !#%'"'C&%'!( "!6-)7 '(9!)9- !()* *#)'+! *#"')',!)< D5' 5 &+- !8 5-+-=&(6=(!D

%*#- &(6 "$7% ,- 7-)- %-6 ,-8!+- &(* !8 %5- $( -+%&'( #&+&"-%-+7 &+- !,7-+9-63 P %*#' &) 7%&%' +!,$7%

!#%'"'C&%'!( #+!,)-" 5&7 %5- 8!+" !8

min max
ξ∈Ξ

f (u, ξ)

73%3 u ∈ R
n

gi (u, ξ) ≤ 0 ∀ξ ∈ Ξ i = 1, . . . ,M,

D5-+- u ∈ R
n

'7 %5- 6-7'.( 6- '7'!(< ξ ∈ Ξ '7 %5- 9- %!+ !8 $( -+%&'( #&+&"-%-+7 &(6 Ξ ⊆ R
k
'7 %5-

7$##!+% !8 %5-7- $( -+%&'( #&+&"-%-+73 G5- .!&) '7 %!  5!!7- & 6- '7'!( %5&% "'('"'C-7 %5- !,Q- %'9-

8$( %'!( $(6-+ %5- &77$"#%'!( %5&% %5- +-&)'C-6 $( -+%&'( #&+&"-%-+ D')) ,- !(- %5&% "&B'"'C-7 %5&%

!,Q- %'9-3 K!,$7% !#%'"'C&%'!( #+!,)-"7 &+- $7$&))* +-8!+"$)&%-6 $7'(. &( -#'.+&#5 9&+'&,)-3 G5&%



 ! ! "#$%&' ()'*+*,-'*#.   

 !" #$  %&'()*+ %, - !+-.-' t ∈ R" &/0 1'(#.02 +-% #0 031'0!!0) -!

min ρ

!4&4 u ∈ R
n, ρ ∈ R

f (u, ξ) ≤ ρ

gi (u, ξ) ≤ 0 i = 1, . . . ,M











∀ξ ∈ Ξ.

56478

9/0 +(%!&'- %& f (u, ξ) ≤ ρ" ∀ξ ∈ Ξ ,*-'-%&00! &/-& &/0 2-3:;*%+& (% max
ξ∈Ξ

f (u, ξ) ≤ ρ" -%) ! %+0 &/0'0

 ! %( (&/0' +(%!&'- %& < &/ '0,-')! &( =-' -#.0 ρ" &/0 2 % 2 >-& (% (=0' ρ 0%!*'0! &/-& &/ ! +(%!&'- %&

 ! !-& !?0) -& 0@*-. &$4 9/0 +(%!&'- %&!  % &/0 (1& 2 >-& (% 1'(#.02 -'0 0%;('+0) '(#*!&.$"  !"! ;(' -..

1(!! #.0 '0-. >-& (%! (; ξ ∈ Ξ4 A/0% &/0 *%+0'&- %&$ !0& Ξ  !  %?% &0" &/0 1'(#.02 56478 '01'0!0%&!

- !02 : %?% &0 (1& 2 >-& (% 1'(#.02" -!  & /-! ?% &0.$ 2-%$ =-' -#.0! #*&  %?% &0.$ 2-%$ +(%!&'- %&!

5 !"! ;(' 0-+/ (; &/0 0.020%&!  % Ξ8" </ +/ '0%)0' &/0 1'(#.02  %&'-+&-#.0 B76" CDE 0=0%  % &/0 +-!0 </0'0

&/0 +(%!&'- %& ;*%+& (%! -'0 . %0-'4 F('&*%-&0.$" )010%) %, (% &/0 !*11('& Ξ -%) &/0 %-&*'0 (; &/0

+(%!&'- %&! (; &/0 1'(#.02" (%0 +-% )0' =0 -% 0@* =-.0%& ?% &0:) 20%! (%-. '0;('2*.-& (% (; 1'(#.02

56478" </ +/  ! '0;0''0) &( -! &/0 #$%&'( )$&*("#+,#( BG" 76" 7DE4 9/ !  ! -+/ 0=0) #$ *& . > %, - H%(<%

'0!*.& ;'(2 )*-. &$ &/0('$" #-!0) (% &/0 -&,. )$*" (; &/0 !0& Ξ4

I +(%0  ! )0?%0) -! - !0& &/-&  ! +.(!0) *%)0' 2*.& 1. +-& (%! < &/ %(%:%0,-& =0 !+-.-'!4 J0&

K := cone (Ξ) =
{

z ∈ R
k : z = λξ, λ ≥ 0, ξ ∈ Ξ

}

#0 &/0 +(%0 ,0%0'-&0) #$ &/0 !0& Ξ4 9/0 )*-. +(%0  ! &/0% )0?%0) -! ;(..(<!4

 !"#$%$&# '('() 5K*-. +(%08( /001 20!3!45 6$# ,*7 )$*" K ⊆ R
k
1  (' -&,. )$*"  ' 8 9"* %7

K∗ =
{

σ ∈ R
k : σ>z ≥ 0, ∀z ∈ K

}

.

:;" -&,. )$*" K  ' ,.<,7' )$*9"= "9"*  > (;" +# ?,. )$*" K  ' *$(!

9/0 )0?% & (% (; &/0 )*-. +(%0  ! &/0 H0$  %,'0) 0%&  % '0;('2*.-& %, &/0  %?% &0 %*2#0' (; +(%!&'- %&!

 % 1'(#.02 56478  %&( ?% &0.$ 2-%$ 0@* =-.0%& +(%!&'- %&!4 L%)00)" ;(' -%$ . %0-' ;*%+& (% (; ξ

g (u, ξ) := u>Aξ + µ>ξ =
(

u>A+ µ>
)

ξ,



 !  !"#$%& '( )"*+,&-./0 1!%-&2

 !"#" A ∈ R
n×k

$%& µ ∈ R
k
'  " !$(" )* +,%"$# !-.-/"%",0* 0!$0

(

u>A+ µ>
)

ξ ≤ 0 ∀ξ ∈ Ξ ⇐⇒
(

u>A+ µ>
)

z ≤ 0 ∀z ∈ K.

1!"%' )* &"2%,0,-% -3 0!" &4$+ 5-%"' 0!" 3-++- ,%/ "64,($+"%5" $+7- 3-++- 78

−
(

u>A+ µ>
)

z ≥ 0 ∀z ∈ K ⇐⇒ −
(

u>A+ µ>
)>

∈ K∗.

93 Ξ !$7 $ )"%,/% 70#4504#"'  !"! ,0 5$% )" ":;#"77"& $7 $% ,%0"#7"50,-% -3 !$+3<7;$5"7 $%& "++,;7-,&7'

0!"% 0!" +$00"# 5-%70#$,%0 0$="7 0!" 3-#. -3 $ 2%,0"' 0#$50$)+" 5-%" -# +,%"$# 5-%70#$,%0 >?@' ?ABC D"

 ,++ 47" 0!,7 #"74+0 0!#-4/!-40 0!" 0!"7,7 $%& ,%("70,/$0" ,0 ,% .-#" &"0$,+ ,% E"..$7 FCFC? $%& GCFC?C

H-%7"64"%0+*' ,3 ;#-)+". IAC?J ,%(-+("7 $% -)K"50,(" $%& 5-%70#$,%0 34%50,-%7 0!$0 $#" +,%"$# ,% ξ'  !,+70

0!" 74;;-#0 Ξ !$7 $ )"%,/% 70#4504#" $++- ,%/ 3-# 0!" "L5,"%0 5$+54+$0,-% -3 ,07 &4$+ 5-%" K∗
' 0!"% 0!"

$)-(" #"74+0 5$% )" 47"& 0- #"3-#.4+$0" ;#-)+". IAC?J $7 $ 0#$50$)+" -;0,.,M$0,-% ;#-)+".C

N"5"%0+*' 0!,7 #"74+0 !$7 $+7- )""% 47"& ,% #$%&' ( #-)470 -;0,.,M$0,-% ;#-)+".7 >O' P' ?@' ??' ?A' AABC

Q45! ;#-)+".7 ,%5-#;-#$0" $&&,0,-%$+ &#&)* +" #"( , -%,'  !,5! $#" -3  $,0<$%&<7"" 0*;" $%& 5$% )"

7"+"50"& $30"# 0!" 4%5"#0$,% ;$#$."0"#7 !$(" )""% #"("$+"&C R 0*;,5$+ &*%$.,5 #-)470 -;0,.,M$0,-%

;#-)+". 0$="7 0!" 3-#.

min c>u1 +max
ξ∈Ξ

d>u2 (ξ)

7C0C u0 ∈ R
n1 , u1 ∈ Lk,n2

gi (u1, u2, ξ) ≤ 0 ∀ξ ∈ Ξ i = 1, . . . ,M,

 !"#" u1 ∈ R
n1
,7 0!" 2#70<70$/" &"7,/% &"5,7,-% 0!$0 &-"7 %-0 &";"%& -% 0!" 4%5"#0$,% ;$#$."0"#7'

$%& u2 ∈ Lk,n2
,7 0!" 7"5-%&<70$/" $&$;0,(" &"5,7,-%' $+7- =%- % $7 $ #"( , -% ./0"'  !,5! ,7 $ 34%50,-%

3#-. 0!" 4%5"#0$,%0* 7"0 Ξ 0- R
n2
C S* #"70#,50,%/ 0!" $&$;0,(" &"5,7,-%7 0- )" +,%"$# ,% ξ' "!1! u2(ξ) =

Uξ 3-# 7-." U ∈ R
n2×k

'  " "%74#" 0!$0 0!" -)K"50,(" 34%50,-% ,7 $+7- +,%"$# ,% ξC 1!"%' ,3 0!"

5-%70#$,%0 34%50,-%7 gi (·) $#" $+7- +,%"$# ,% ξ  !"%  " .$=" 0!" 74)70,040,-% u2(ξ) = Uξ'  " 5$% 47"

0!" $3-#"."%0,-%"& #"74+0 0- 7-+(" 745! ;#-)+".7 ,% ;-+*%-.,$+ 0,."C 1!"7" ;#-)+".7 $#" 0!" 74)K"50

-3 ,%("70,/$0,-% ,% H!$;0"# GC



 !"! #$%&'(&) *(+,+(- ./&01-  !

 !" #$%&'(&) *(+,+(- ./&01-

 !"#$%#& '%()(%* + ,- %.#/0* (1 2 &#$(1(/3 %.#/0* &#1$0(4(35 ./6 &#$(1(/3 728#01 92)'# &(:#0#3% 0(18*

"0/"/1(%(/31 '1(35 %.# 292()24)# (3;/072%(/3< (3 /0&#0 %/ $.//1# %.# /3# %.#* "0#;#0 %.# 7/1%= >.#1#

"0/"/1(%(/31 20# #!"0#11#& 21  !""#$%#&< 6.($. 20# #11#3%(2))* "0/424()(%* &(1%0(4'%(/31 /9#0 2 83/63<

?3(%# 1#% /; "/%#3%(2) /'%$/7#1=  !"#$%#& '%()(%* %.#/0* %02$#1 (%1 0/'%#1 42$8 %/ @23(#) A#03/'))(< 6./

(3%0/&'$#& %.# 3/%(/3 /; 2 '%()(%* ;'3$%(/3 21 2 7#231 %/ 0#1/)9# %.# B%= C#%#014'05 C202&/! DEFG=

>.# B%= C#%#014'05 "202&/!< ?01% 1%2%#& 4* H($/)21 A#03/'))( (3 EIEJ< (1 2 )/%%#0* 527# .(5.)(5.%(35

%.# &(1$0#"23$* 4#%6##3 %.# 92)'# %.2% "#/")# 20# 6())(35 %/ 211(53 %/ 2 1"#$(?$ )/%%#0*< $/7"20#& %/

%.2% )/%%#0*K1 #!"#$%#& 0#620&= >.# B%= C#%#014'05 "202&/! &#1$0(4#1 2 527# /; $.23$# ;/0 2 1(35)#

")2*#0 (3 6.($. 2 ;2(0 $/(3 (1 %/11#& 2% #2$. 1%25#= >.# "/% 1%20%1 6(%. 2 &/))20 23& (1 &/'4)#& #9#0*

%(7# 2 .#2& 2""#201= >.# ?01% %(7# 2 %2() 2""#201< %.# 527# #3&1 23& %.# ")2*#0 6(31 6.2%#9#0 (1 (3

%.# "/%= >.'1< 2% %.# ?01% %/11< %.# ")2*#0 .21 2 50%L$.23$# /; 6(33(35 /3# &/))20 23& 50%L$.23$# /;

"0/$##&(35 %/ %.# 3#!% 0/'3& 6.#0# %.# "/% (1 &/'4)#& 23& %.# 527# (1 0#"#2%#&= >.# #!"#$%#& 92)'#

/; %.(1 527# +6.#0# X &#3/%#1 %.# )/%%#0* 0#"0#1#3%(35 %.# 527#- (1 %.#3 5(9#3 4*

E [X] = 1
21 +

1
2

(

1
22 +

1
2

(

1
24 +

1
2 (. . . )

))

= 1
21 +

1
42 +

1
84 +

1
168 . . .

=
∑∞

i=1
1
2 = ∞.

M3* "#01/3 %.2% %28#1 (3%/ $/31(&#02%(/3 /3)* %.# #!"#$%#& 92)'# /; 2 )/%%#0* (3 .#0 &#$(1(/31< 6/')&

"0#;#0 %/ "20%($("2%# (3 %.2% 527# %.23 %/ 0#$#(9# 23* $#0%2(3 1'7 /; 7/3#*< 0#520&)#11 /; ./6 5#3#0/'1

(% (1< 2 $./($# %.2% "0#1'724)* 3/ 02%(/32) (3&(9(&'2) 6/')& 4# 2$%'2))* 6())(35 %/ %28#=

A#03/'))(K1 0#1/)'%(/3 /; %.# "202&/! (3 EIJN +0#"'4)(1.#& (3 DEFG- $27# 6(%. %.# #!")($(% (3%0/&'$%(/3

/; 2 '"% %"( )'*+"%!*< 23 #,-#+"#. '"% %"( /(-!"/#&%&< 23& %.# "0#1'7"%(/3 /; .%0%*%&/%*1 02$1%*2 '"% %"(

!) 0!*#(= O3 @23(#) A#03/'))(K1 /63 6/0&1P Q>.# &#%#07(32%(/3 /; %.# 92)'# /; 23 (%#7 7'1% 3/%

4# 421#& /3 %.# "0($#< 4'% 02%.#0 /3 %.# '%()(%* (% *(#)&1D = = = G= >.#0# (1 3/ &/'4% %.2% 2 52(3 /; /3#

%./'123& &'$2%1 (1 7/0# 1(53(?$23% %/ %.# "2'"#0 %.23 %/ 2 0($. 723 %./'5. 4/%. 52(3 %.# 127#

27/'3%Q= >.#3< 2$$/0&(35 %/ %.# #!"#$%#& '%()(%* .*"/%.#1(1< "#/")# 92)'# 23* 0(18* "0/"/1(%(/3 421#&

R'1% /3 (%1 #!"#$%#& '%()(%*< 3/% (%1 #!"#$%#& 7/3#%20* 0#620&= A#03/'))( 6#3% 21 ;20 21 %/ 1'55#1%

%.# )/520(%.7($ ;'3$%(/3 21 2 "/%#3%(2) '%()(%* ;'3$%(/3< 6.#0# 2 7/3#%20* 0#620& c 0#1')%1 (3 2 '%()(%*



 !  !"#$%& '( )"*+,&-./0 1!%-&2

 ! u(c) = log(c)" #$% & '()*+$,*- .+*&*+/ !.0-+* 01 (&2 30 40 (2 & '5.+*&*+/1 $(2 +$% (67(0+('% +$(+

*+ , 6%&2 +$% - 0-%8+  ! 6*,*0*2$*0' ,()'*0(& .+*&*+/  ! , 0%/1 4$%)% $*'$%) )%4()62 6 0 + )%2.&+

*0 ( 8) 8 )+* 0(& *0-)%(2% *0 .+*&*+/" 9 '(,:&%) 4*+$ ( & '5.+*&*+/ 4 .&6 7(&.% +$% '(,% *0 +$% ;+"

<%+%)2:.)' 8()(6 = (2

E [u (X)] = 1
2u(1) +

1
2

(

1
2u(2) +

1
2

(

1
2u(4) +

1
2 (. . . )

))

=
∑∞

i=1
1
2i
u
(

2i−1
)

=
∑∞

i=1
1
2i
log

(

2i−1
)

<∞.

>$*&2+ ?%)0 .&&* 2%+ +$% ! .06(+* 02  ! @A +$% )/1 *+ 4(2 7 05B%.,(00 (06 C )'%02+%)0 +$(+ +)(025

! ),%6 ?%)0 .&&*D2 @A $/8 +$%2*2 *0+ ( )*' ) .2 +$% )/" E0 FGHI1 7 05B%.,(00 (06 C )'%02+%)0

8) 8 2%6 ( 2%+  ! ! .) (=* ,2 +$(+ %7%)/ )(+* 0(& *06*7*6.(& 2$ .&6 (6$%)% + 4$%0 8)%2%0+%6 4*+$ (

-$ *-% :%+4%%0 (0/ '*7%0 & ++%)*%2 L1 M (06 N " #$%2% ! .) (=* ,21 -(&&%6 +$% JBC5(=* ,21 )%8)%2%0+

( 2%+  ! (=* ,(+*- 2+(+%,%0+2 4$*-$ 6%2-)*:% )(+* 0(& :%$(7* .) (06 ()% (2 ! && 42K

• 9=* , L MN ,8&%+%0%22OK @*+$%) & ++%)/ L *2 8)%!%))%61 *0 4$*-$ -(2% M ≺ L1 & ++%)/ M *2

8)%!%))%61 *0 4$*-$ -(2% L ≺ M 1  ) +$%)% *2 0 8)%!%)%0-% :%+4%%0 +$% +4 1 *0 4$*-$ -(2%

L ≈M "

• 9=* , P M#)(02*+*7*+/OK E! L ≺M (06 M ≺ N +$%0 L ≺ N "

• 9=* , Q MN 0+*0.*+/OK E! L ≺ M ≺ N 1 +$%0 +$%)% %=*2+2 ( 8) :(:*&*+/ p ∈ (0, 1) 2.-$ +$(+

pL+ (1− p)N ≈ M "

• 9=* , R ME06%8%06%0-%OK E! L ≺M 1 +$%0 ! ) (0/N (06 p ∈ (0, 1] , pL+(1−p)N ≺ pM+(1−p)N "

>$*&2+ +$% ! .) (=* ,2 ()% !(*)&/ .0(22.,*0'1 +$%*) - 02%S.%0-% *2 +$% -%0+)(& 8*&&()  ! @A +$% )/1 (2

2+(+%6 *0 +$% ! && 4*0' +$% )%,"

 !"#$"% &'(') M@=8%-+%6 A+*&*+/ #$% )%,O'  !"# $%& '() '*+(, -.%/+ 0&+1+&+(2+/ /',3/1) ,.+ 4567

'83%9/: ,.+&+ +83/,/ ' 1;(2,3%( u (·) '//3*(3(* ,% '() %;,2%9+ c: 3( ,.+ <%,,+&3+/ L '(= M : ' &+'< (;9>+&

u(c): /;2. ,.',

L ≺M ⇐⇒ E [u (L)] < E [u(M)] ,

-.+&+ E [u (L)]: E [u (M)] =+(%,+ ,.+ +80+2,+= ?'<;+/ %1 u (·): *3?+( ,.+ 0&%>'>3<3,3+/ '//%23',+= -3,. +'2.

%;,2%9+ 3( L '(= M &+/0+2,3?+<)@ A%(?+&/+<): '() '*+(, '2,3(* ,% 9'8393B+ ,.+ +80+2,',3%( %1 ' ;,3<3,)

1;(2,3%( u (·) -3<< %>+) ,.+ 1%;& 4567'83%9/@



 !"! #$%& '(&)*+  !

 !!"#$%&' (" ()* +, ()*"#*-. /&0 #/(%"&/1 /'*&( /$)*#%&' (" ()* 2"3# 4567/8%"-9 "2 #/(%"&/1%(0

:%11. :)*& )/;%&' (" !)""9* /-"&' $%<*#*&( =#"="9%(%"&9. !)""9* ()* "&* ()/( -/8%-%>*9 )*# =*#9"&/1

3(%1%(0 23&!(%"& %& *8=*!(/(%"&?

@&* "2 ()* -/A"# !#%(%!%9-9 "2 +, ()*"#0 %9 %(9 ="9(31/(%"& "2 ()* /B9"13(*&*99 "2 =#"B/B%1%(%*9. :)*#*

#/(%"&/1 /'*&(9 39* ()* 9/-* =#"B/B%1%(%*9 (" !/1!31/(* ()*%# *8=*!(*$ 3(%1%(0. #*'/#$1*99 "2 ()* $%<*#*&!*

%& %&2"#-/(%"& ()/( %9 /;/%1/B1* (" */!) "&* "2 ()*-?  &0 $%<*#*&!* %& ()*%# $*!%9%"&9 %9 "&10 $3* (" ()*

$%<*#*&!* %& ()*%# 3(%1%(0 23&!(%"&9. &"( ()*%# =*#9"&/1 B*1%*29 "# =*#!*=(%"&9? C& "#$*# (" ";*#!"-* ()%9

1%-%(/(%"&. D/;/'* %&(#"$3!*$ ()* 93BA*!(%;* *8=*!(*$ 3(%1%(0 ED+,F ()*"#0 GHIJ. :)*#* )* !"-B%&*$ ()*

=*#9"&/1 3(%1%(0 23&!(%"& :%() / =*#9"&/1 K/0*9%/& =#"B/B%1%(0 $%9(#%B3(%"&? D/;/'* ()*& 9)":*$ ()/( %2

/& /'*&( %9 4567#/(%"&/1 :%() / =*#9"&/1 3(%1%(0 23&!(%"& u (·) /&$ / =*#9"&/1 B*1%*2 PL(ci) #*'/#$%&'

()* =#"B/B%1%(0 "2 */!) "3(!"-* ci. i = 1, . . . , n %& ()* 1"((*#0 L -/(*#%/1%>%&'. ()*& ()* /'*&( /99%'&9

/ 93BA*!(%;* *8=*!(*$ 3(%1%(0 (" ()* 1"((*#0

EPL
[u (L)] =

n
∑

i=1

PL(L = ci)u(ci).

L)39. (:" /'*&(9 :%() ()* 9/-* 3(%1%(0 23&!(%"& -/0 ;/13* / 1"((*#0 $%<*#*&(10 B*!/39* ()*0 )/;*

$%<*#*&( B*1%*29 /B"3( ()* =#"B/B%1%(%*9 "2 */!) "3(!"-* %& ()/( 1"((*#0 -/(*#%/1%>%&'?

D3BA*!(%;* *8=*!(*$ 3(%1%(0 ()*"#0 %9 "&* "2 ()* -"9( ="=31/# $*!%9%"& ()*"#%*9. 39*$ :%$*10 %& '/-*

()*"#0 /&$ *!"&"-%!9? M":*;*#. ()* ()*"#0 )/9 9%'&%N!/&( 9)"#(!"-%&'9. /9 $*-"&9(#/(*$ B0 ()*

+119B*#' GOPJ /&$ ()*  11/%9 GQJ =/#/$"8*9? L)*9* =/#/$"8*9 )/;* 1*$ (" ()* $*;*1"=-*&( "2 /$$%(%"&/1

()*"#%*9. 93!) /9 ()* -/87-%& *8=*!(*$ 3(%1%(0 ()*"#0 GROJ. ()* S#"T3*( *8=*!(*$ 3(%1%(0 GRQJ. /&$ "()*#

&"&7*8=*!(*$ 3(%1%(0 ()*"#%*9 GUPJ? V*9*/#!)*9 )/;* /19" =#"="9*$ /B/&$"&%&' 3(%1%(0 ()*"#0 /1("'*()*#.

:%() =#"9=*!( ()*"#0 B*%&' ()* -/%& !/&$%$/(* (" #*=1/!* %( GPPJ? W"# / #*;%*: "2 /1(*#&/(%;* 3(%1%(0

()*"#%*9 :* #*2*# ()* #*/$*# (" GQX. PP. UPJ?

 !" #$%& '(&)*+

Y/-* ()*"#0 %9 / B#/&!) "2 $*!%9%"& 9!%*&!* ()/( %&;*9(%'/(*9 $*!%9%"& -/Z%&' %& *&;%#"&-*&(9 %&;"1;%&'

-31(%=1* /'*&(9 :%() $%9(%&!( -"(%;*9 /&$ =#%"#%(%*9? L)* !*&(#/1 ()*-* "2 '/-* ()*"#0 %9 ()/( */!)

=1/0*#[9 #*:/#$ %& / =/#(%!31/# '/-* $"*9 &"( $*=*&$ "&10 "& ()/( =1/0*#[9 $*!%9%"&. B3( "& ()* $*!%9%"&9



 !  !"#$%& '( )"*+,&-./0 1!%-&2

 !"# $% !&& '(# )&!%#*+ ,- '(# .! #/

0 '%)12!& +1 3&'!4#,3+5 ,4#6+(,'5 '7,6)&!%#* '7,6!2'1,4 .! # 1+ .18#4 14 +'*!'#.12 -,* 3+14. '(#  !'*19

4,'!'1,4 !+ -,&&,7+:

a21 a22

A C

a11 a b

B C

a12 c d

7(#*# )&!%#* 1 "#'#* 14#+ '(# *,7 ,- '(#  !'*19 7(#*# '(# ,3'2, # ,- '(# .! # *#+1"#+5 7(1&+' )&!%#* 2

"#'#* 14#+ '(# 2,&3 4/ ;#42#5 #!2( )&!%#* i 3+' 2(,,+# !4 !2'1,4 -*, '(# +#'Ai :=
{

ai1, a
i
2

}

5 i = 1, 2/

<(#4 $,'( )&!%#*+ 2(,,+# '(#1* =*+' !2'1,4 ai15 '(#4 )&!%#* 1 ,$'!14+ ! )!%,> ,- a !4" )&!%#* 2 ! )!%,>

,- A/

?4 ! 2, )&#'# 14-,* !'1,4 +#''14.5 !&& '(# )!*! #'#*+ ,- '(# .! #5 +32( !+ #!2( )&!%#*@+ !2'1,4 +#' !4"

)!%,>+5 !*#  !""!# $#!%&'()' !"#$%$&' () *  ! "#!!$%&'()*% $)%(&")+$), ,-$ ./*0$&1 *&$ 2)*3/$

," .&$45"++(, ," * 1.$5(65 *5,(") "& 5"++2)(5*,$ ,-$(& (),$),(")1 ,&2,-72//0 ," ,-$ "..")$),1 81 *

&$12/,' ,-$ ./*0$&1 +*0 )$$9 ," 5-""1$ ,-$(& *5,(")1 *55"&9(): ," * .&"3*3(/(,0 9(1,&(32,(")' &$7$&&$9 ,"

*1 * +),%- .(&'(%/0 ;/*0$& i<1 +(=$9 1,&*,$:0 ,-$) &$1(9$1 () * .&"3*3(/(,0 1(+./$= ∆i
5"),*()(): *//

.&"3*3(/(,0 9(1,&(32,(")1 "%$& -$& *5,(") 1$, Ai
 >"& * +(=$9 1,&*,$:0 si ∈ ∆i

' ,-$ j4,- $/$+$), "7 si

9$)",$1 ,-$ .&"3*3(/(,0 #(,- #-(5- ./*0$& i 5-""1$1 -$& j4,- *5,(") ?-$) ,-$ ./*0$&1 ./*0 *55"&9():

," +(=$9 1,&*,$:($1 si ∈ ∆i
' i ∈ N ' #$ 5*) 5*/52/*,$ ,-$ $=.$5,$9 .*0"@ ,-*, ,-$0 &$5$(%$ 30 21():

,-$(& ()9(%(92*/ .*0"@ +*,&(5$1

P 1 =







a b

c d






*)9 P 2 =







A B

C D






.

A-$)' $*5- ./*0$& i &$5$(%$1 *) $=.$5,$9 .*0"@ "7

π
[

si; P i, s−i
]

:= si
>
P is−i,

#-$&$ −i 9$)",$1 ,-$ "..")$), "7 i 

B*+$ ,-$"&0 1,29($1 -"# $*5- ./*0$& 9$5(9$1 ") -$& +(=$9 1,&*,$:0 () )")45"".$&*,(%$ :*+$1' *)9



 !"! #$%& '(&)*+  !

 !" #$% &'"()*"+ %$*, -$+ .$+."& -% /,"  $ 0)%! 12345 6!$ -+  ,'+ 7,-*/% $+ ($+ 0",#)++8% )+/

9$':"+% "'+8% ;<  !"$'= 1>24? @..$'/-+:  $ ;<  !"$'=5 ) /".-%-$+ #)A"'  !) )/!"'"%  $  !" B09C

)D-$#% $E ') -$+)*- = )*6)=% .!$$%"%  !" ). -$+%  !) #)D-#-F" !"' "D&". "/ , -*- =? G!,%5 0)%!

&$% ,*) "/  !) -E ) &*)="' i -% ') -$+)* )+/ A+$6%  !) !"' $&&$+"+ .!$$%"% ) % ') ":= s−i ∈ ∆−i
5

 !"+ &*)="' i #,% .!$$%" )+ ). -$+ $+*= E'$#  !" %" $E % ') ":-"%

Si
[

s−i
]

:= argmax
si∈∆i

π
[

si; P i, s−i
]

,

 !) #)D-#-F" i8% "D&". "/ , -*- =? 0)%!  !"+ /"H+"/ )+  !"#$#%&#"' )% ) &)-' $E %,.! % ') ":-"%5 $+" E$'

").! &*)="'5 6!"'" +$ ') -$+)* &*)="' !)% )+ -+."+ -("  $ ,+-*) "')**= /"(-) " E'$# !"' .$''"%&$+/-+:

% ') ":=? G!) -%5 +$ &*)="' .)+ -+.'")%" !"' "D&". "/ , -*- = 7= ,+-*) "')**= &*)=-+: ) % ') ":= $ !"'

 !)+ !"' '"%&". -(" "I,-*-7'-,# % ') ":=? J"+."5 -+ )  6$C&*)="' :)#"5 )+ "I,-*-7'-,# -% ) &)-' $E

% ') ":-"% si ∈ ∆5 i = 1, 25 %) -%E=-+:

si ∈ Si
[

s−i
]

, i = 1, 2.

K+ !-% E)#$,% &'$$E 12345 0)%! %!$6"/  !) )+= .$#&*" " -+E$'#) -$+ :)#" 6- ! H+- "*= #)+= &*)="'%

)+/ H+- " ). -$+ %" % 6-** )*6)=% )/#- %,.! )+ "I,-*-7'-,# -+ #-D"/ % ') ":-"%?

 !"#$%&'('  !)#*$+(,#! -+$'.

K+.$#&*" " -+E$'#) -$+ :)#"% )'" :)#"% 6!"'" &*)="'% /$ +$ A+$6 6- ! ."' )-+ = )**  !" &)')#" "'% $E

 !" :)#"8% % ',. ,'"? K+% ")/5 %$#" $E  !" &)')#" "'%5 %,.! )%  !" &*)="'%8 )()-*)7*" ). -$+% $' &)=$L%5

)'" "- !"' ')+/$# )+/ '")*-F"/ $+*= )E "'  !" &*)="'% .!$$%"  !"-' ). -$+%5 $'  !"= )'" $+*= A+$6+  $

%$#" $E  !" &*)="'% 7, +$  $ "("'=$+"? K+.$#&*" " -+E$'#) -$+ :)#"% 6"'" -+- -)**= &'$&$%"/ 7= ($+

0",#)++ )+/ 9$':"+% "'+ -+ MNOO 1>245 7,  !"= 6"'" +$ %$*("/ ,+ -* MNP2 6!"+ J)'%)+=- -+ '$/,."/

Q)="%-)+ :)#"% )+/  !" .$+."& $E  !" Q)="% "I,-*-7'-,# 1ON4?

Q)="%-)+ :)#"% )'" ) .*)%% $E -+.$#&*" " &'-() " -+E$'#) -$+ :)#"%5 6!"'" &'-() " -+E$'#) -$+ '"E"'%

 $ A+$6*"/:"  !) %$#" &*)="'% !)("  !) -% +$ )()-*)7*"  $  !" $ !"'%5 %,.! )%  !"-' &"'%$+)* , -*- =

E,+. -$+5 )()-*)7*" ). -$+%5 ".$+$#-. .$+% ')-+ % $' &!=%-.)* '"%$,'."%? J)'%)+=- ,%"/  !" +$ -$+ $E

()* +5 6!"'" ").! &*)="'8%  =&" θi ∈ Θi
-% )+ "+.$/-+: $E )**  !" &'-() " -+E$'#) -$+ )()-*)7*"  $  !) 
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 !"#$% i& '$ ()*+$, -)"- "!! .*%/( *.  %01"-$ 02.*%/"-0*2 3"2 4$ %$ %$($2-$, "(  %01"-$ 02.*%/"-0*2

"4*5- $"3)  !"#$%6(  "#*7 /"-%08& 9)5(: "  !"#$%6( -# $ θi ∈ Θi
0( 5($, -* ,$-$%/02$ )$%  "#*7 /"-%08:

5(02; )$%  "#*7 .523-0*2 ri
(

θi
)

:= P i& <23*/ !$-$ 02.*%/"-0*2 0( -)$2 /*,$!!$, 4# )"102;  !"#$%(

=2*+ -)$0% *+2 -# $ 45- 4$ 0;2*%"2- *. -)$0% *  *2$2-(6 $8"3- -# $(& <2(-$",:  !"#$%( ()"%$ "  !""!#

$%&!% P: -)"- 0(: " 3*//*2 =2*+!$,;$ >*02-  %*4"40!0-# ,0(-%045-0*2 *1$% "!! -)$  !"#$%(6 ($-( ×
i
Θi

*.

 *((04!$ -# $(& ?"%-035!"%!#: "2# @"#$(0"2 023*/ !$-$ 02.*%/"-0*2 ;"/$ +0-)  %01"-$ =2*+!$,;$ 3"2 4$

%$.*%/5!"-$, (* -)"- $"3)  !"#$%6( ($- *.  *-$2-0"! "3-0*2( Ai
: ($- *.  *-$2-0"! -# $( Θi

:  "#*7 .523-0*2(

ri (·) "2, 3*//*2  %0*% P *1$% -)$ ($-( *. -# $(: "%$ 3*//*2 =2*+!$,;$& A"3)  !"#$% i =2*+( )$% *+2

-# $ θi ∈ Θi
45- ,*$( 2*- =2*+ )$% *  *2$2-6( -# $: *2!# -)"- 0- 4$!*2;( 02 -)$ -# $ ($- Θ−i

"2, -)"-

0- 0( %$"!0B$, "33*%,02; -* -)$ 3*//*2  %0*% P&

'"%("2#0 *4($%1$, -)"- " 5-0!0-#C/"80/0B02;  !"#$% +*5!,  !"# " ,07$%$2- (-%"-$;# .*% $"3) *. )$% -# $(

θi ∈ Θi
: "33*%,02; -* )$% -# $C,$ $2,$2-  "#*7 /"-%08 ri

(

θi
)

& 9)5(: $"3)  !"#$% 2*+  !"#( "33*%,02;

-* " '()*+&!,%*- .,# /&!#

bi : Θi 7→ ∆i.

D( *  *($, -* 3*/ !$-$ 02.*%/"-0*2 ;"/$(:  !"#$%( 2*+ ."3$ "2 *  *2$2- -)"- ,*$( 2*- )"1$ " 520E5$!#

,$F2$, (-%"-$;#& <2(-$",: -)$ *  *2$2-6( (-%"-$;# ,$ $2,( *2 )$% -# $: +)03) -)$  !"#$% ,*$( 2*- =2*+

+0-) 3$%-"02-#& D2 $E50!04%05/ /5(- -)5( 4$ ,$F2$, 02 -$%/( *. 4$)"10*5%"! .523-0*2(: 2*- 02,010,5"!

(-%"-$;0$(&

'"%("2#06( /">*% 4%$"=-)%*5;) +"( -* ()*+ -)"-  !"#$%( 3"2 ,$%01$ (54>$3-01$ 45- /$"202;.5!  %*4"C

40!0-0$( %$;"%,02; -)$0% *  *2$2-6( 52=2*+2 (-%"-$;#& <2 *%,$% -* ,* (*: -)$  !"#$%( 5($ -)$ 3*//*2

 %0*% "!*2; +0-) -)$0% -# $ -* ,$%01$ -)$ 3*2,0-0*2"!  %*4"40!0-0$( *1$% -)$ *  *2$2-6( -# $ ( "3$& 9)$#

-)$2 5($ -)0( 3*2,0-0*2"!  %*4"40!0-# -* 3"!35!"-$ -)$0% (54>$3-01$ 4$!0$.( "( -* )*+ " %"-0*2"! *  *2$2-

+0!!  !"#& 9)$2: "33*%,02; -* GAH -)$*%#: 0. -)$  !"#$%( ",)$%$ -* -)$ IJKC"80*/( *. %"-0*2"!0-# LMNO:

-)$# +0!! 3)**($ (-%"-$;0$( -)"- /"80/0B$ -)$0% (54>$3-01$ $8 $3-$, 5-0!0-# ;01$2 -)$($ 4$!0$.(& P*%C

/"!!#: 0.  !"#$% i 0( *. -# $ θi ∈ Θi
"2, ;01$2 )$% *  *2$2-6( 4$)"10*5%"! .523-0*2 b−i (·) "!*2; +0-)

-)$ 3*//*2  %0*% P: -)$2  !"#$% i6( 4$(- %$( *2($ ($- 0( ;01$2 4#Q

Si
[

θi ; b−i (·)
]

:= argmax
si∈∆

EP

[

π
[

si; ri(θi), b−i
(

θ−i
)]

|θi
]

.

9)5(: (0/0!"% -* -)$ 3*/ !$-$ 02.*%/"-0*2 3"($: "2 $E50!04%05/ 0( ,$F2$, "( " ($- *. 4$)"10*5%"!



 !"! #$%& '(&)*+  !

 !"#$%&"'( &")  &* )+#, -.+/)*( 0,)*) "& *+$%&"+. -.+/)* ,+' +" %"#)"$%1) $& !"%.+$)*+../ 2)1%+$)  *&3

$,) '$*+$)4/ -*)'#*%5)2 5/ ,)* 5),+1%&!*+.  !"#$%&"  &* )+#, & ,)* -&''%5.) $/-)'6 7,!'(  &* + $0&8

-.+/)* 4+3)( +" )9!%.%5*%!3 %' 4%1)" +' + -+%* & 5),+1%&!*+.  !"#$%&"' bi (·)( i = 1, 2( '+$%' /%"4

bi(θi) ∈ Si
[

θi ; b−i (·)
]

∀θi ∈ Θi, i = 1, 2.

:) %"1)'$%4+$) '!#, 4+3)' %" ;,+-$)* <6 =&* 3&*) 2)$+%.' 0%$, *)4+*2' $& 4+3) $,)&*/ +"2 %"#&3-.)$)

%" &*3+$%&" 4+3)'( 0) *) )* $,) *)+2)* $& >?@( AA( BC( B<D6



 !  !"#$%& '( )"*+,&-./0 1!%-&2



 !"#$%& '

()*% +%%,-"./  0*$&011%&2 3* 4$0.!"2$3.

 0*$&01 5&0-1%62

 ! "#$% &#'(")*+ ,) &-!%$.)* *-/0%" 1))./'&2 &-!"*-3 -1 "$4)56'*7$!8+ 3$!)'* .$%&*)")5"$4) %7%")4%

-()*'"$!8 -6)* ' 9!$") #-*$:-!; <-* %0&# %7%")4%+ ,) &-!%$.)* "#) (*-/3)4 -1 .)%$8!$!8 *-/0%" &'0%'3

&-!"*-33)*% "#'" 4$!$4$:) "#) )=()&"). 6'30) -1 ' &-!6)= >0'.*'"$& &-%" 10!&"$-!+ %0/?)&" "- 4$=).

3$!)'* %"'") '!. $!(0" &-!%"*'$!"%; @)")*4$!'"$-! -1 '! -("$4'3 &-!"*-3 (-3$&7 1-* %0&# (*-/3)4% $%

8)!)*'337 &-4(0"'"$-!'337 $!"*'&"'/3)+ /0" %0/-("$4'3 (-3$&$)% &'! /) &-4(0"). /7 *)%"*$&"$!8 "#)

&3'%% -1 '.4$%%$/3) (-3$&$)% "- /) 'A!) -! "#) -/%)*6'"$-!; B7 0%$!8 ' %0$"'/3) *)5('*'4)")*$:'"$-! '!.

*-/0%" -("$4$:'"$-! ")&#!$>0)%+ "#)%) '((*-=$4'"$-!% &'! /) %-36). )A&$)!"37 '% &-!6)= -("$4$:'"$-!

(*-/3)4%; C) $!6)%"$8'") "#) 3-%% -1 -("$4'3$"7 .0) "- "#) 0%) -1 %0&# 'A!) (-3$&$)%; D%$!8 .0'3$"7

'*804)!"% '!. /7 $4(-%$!8 '! 'A!) %"*0&"0*) -! "#) .0'3 6'*$'/3)%+ ,) (*-6$.) '! )A&$)!" 4)"#-.

"- )%"$4'") ' 3-,)* /-0!. -! "#) 6'30) -1 "#) -("$4'3 &-%" 10!&"$-! 1-* '!7 &'0%'3 (-3$&7+ /7 %-36$!8 '

&-!) (*-8*'4 ,#-%) %$:) $% ' (-37!-4$'3 10!&"$-! -1 "#) (*-/3)4 .'"'; E#$% 3-,)* /-0!. &'! "#)! /)

0%). "- >0'!"$17 "#) 3-%% -1 -("$4'3$"7 $!&0**). /7 "#) 'A!) (-3$&7;

 !" #$%&'(%&$)

C) '*) $!")*)%"). $! &#'*'&")*$:$!8 "#) .)8*)) -1 %0/-("$4'3$"7 -1 'A!) 1))./'&2 (-3$&$)% 1-* 3$!)'*
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 !"#$ %&'()

*+$ ,-&."$/ &0 %&/,#(123 !2 &,(1/!" %&2(-&" ,&"1%4 0&- '#%+ '4'($/'5 $1(+$- 12 ! /121/!6 &- $6,$%($7

 !"#$ '$2'$5 1' %&/,#(!(1&2!""4 12(-!%(!."$ 12 3$2$-!"5 !27 %#--$2( '&"#(1&2 /$(+&7' 12 &" $ &,(1/18!9

(1&2 ,-&."$/' (+!( (4,1%!""4 3-&: $6,&2$2(1!""4 :1(+ (+$ '18$ &0 (+$ ,-&."$/ 7!(! ;<=5 >?5 ?@5 A<B) C'

! -$'#"(5 '1321D%!2( -$'$!-%+ $E&-( +!' 0&%#'$7 &2 /$(+&7' 0&- D27123  !"#$%&'() %&2(-&" ,&"1%1$' (+!(

%!2 .$ %&/,#($7  1! '&"#(1&2 &0 ! (-!%(!."$ &,(1/18!(1&2 ,-&."$/)

C %&//&2 !,,-&!%+ 1' (& -$'(-1%( (+$ %"!'' &0 %&2(-&" ,&"1%1$' %&2'17$-$7 (& (+&'$ .!'$7 &2 ,$-(#-.!(1&2'

(& '&/$ D6$7 '(!.1"18123 "12$!- %&2(-&""$- ;@<5 @?B) F&-$ 3$2$-!""45 &2$ %!2 %&/,#($ ! %&2(-&""$-

.!'$7 &2 !G2$ 71'(#-.!2%$ &- /$!'#-$/$2(9$--&- 0$$7.!%H5 ! ($%+21I#$ '#33$'($7 .4 ! 2#/.$- &0

!#(+&-' ;<<5 @>5 A@B) J2 (+$ !G2$ 0$$7.!%H %!'$5 %+!-!%($-18!(1&2 &0 (+$ '$( &0 %&2'(-!12( !7/1''1."$
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:1(+ "12$!- 7$%1'1&2 -#"$'5 "$!7123 (& ! %&/,#(!(1&2!""4 (-!%(!."$ &,(1/18!(1&2 ,-&."$/)

C2 !((-!%(1 $ 0$!(#-$ &0 '#%+ !G2$ ,!-!/$($-18!(1&2' 1' (+!( (+$4 %!2 .$ '+&:2 (& .$ $I#1 !"$2( K12

(+$ '(!($ 0$$7.!%H %!'$L (& ,!-!/$($-18!(1&2' &0 %&2(-&" ,&"1%1$' !' !G2$ 0#2%(1&2' &0 ,-1&- '(!($' ;MA5

AMB5 &- K12 (+$ &#(,#( 0$$7.!%H %!'$L !' !G2$ 0#2%(1&2' &0 ,-1&- /$!'#-$/$2(' ;N5 M@B) *+$ 17$!

#27$-,122123 (+$'$ $I#1 !"$2%$ -$'#"(' 1' !H12 (& (+!( &0 (+$ :$""9H2&:2 O&#"! ,!-!/$($-18!(1&2 K&-

P9,!-!/$($-18!(1&2L 12 "12$!- '4'($/' ;N<B5 !27 -$"1$' &2 ! '1/1"!- 2&2"12$!- (-!2'0&-/!(1&2 (& ,-&7#%$

! %&2 $6 '$( &0 %&2'(-!12( !7/1''1."$ ,&"1%1$' & $- :+1%+ &2$ %!2 &,(1/18$)

Q#-(+$- -$D2$/$2(' (& (+$ .!'1% 17$! &0 !G2$ #2%$-(!12(4 0$$7.!%H ,&"1%1$' +! $ !"'& .$$2 ,-&,&'$75

*+,+ ,&"1%1$' $/,"&4123 R'$3-$3!($7S 71'(#-.!2%$ 0$$7.!%H .!'$7 &2 '&/$ ,!-(1(1&2123 &0 (+$ #2%$-(!12(4

'$( ;M<5 AAB) T&:$ $-5 ! 0#27!/$2(!" 71G%#"(4 :1(+ !"" &0 (+$ ,-$'$2( ,-&,&'!"' 1' (+!( (+$4 3$2$-!""4 7&

2&( ,-& 17$ !24 $'(1/!($ &0 (+$ 7$3-$$ &0 '#.&,(1/!"1(4 12(-&7#%$7 .4 -$'(-1%(123 (+$ &,(1/!" %&2(-&"

,-&."$/ (& (+$ ,!-(1%#"!- %"!'' &0 %&2(-&" ,&"1%1$' ,-&,&'$7) U2$ 2&(!."$ $6%$,(1&2 (& (+1' 1' 12 (+$

%!'$ &0 !G2$ 71'(#-.!2%$ 0$$7.!%H ,&"1%1$' 0&- VJVU '4'($/'5 0&- :+1%+ '#%+ ,&"1%1$' %!2 .$ '+&:2 (&

.$ &,(1/!" 0&- /121/!6 ,-&."$/' 12  $-4 "1/1($7 %1-%#/'(!2%$' ;<AB)

J2 (+1' %+!,($- :$ ,-& 17$ ! 3$2$-!" /$(+&7 0&- $'(1/!(123 (+$ 7$3-$$ &0 '#.&,(1/!"1(4 &0 !G2$ 0$$7.!%H

%&2(-&""$-' :+$2 /121/18123 (+$ $6,$%($7  !"#$ &0 ! I#!7-!(1% %&'(5 0&- '4'($/' :1(+ ,&"4+$7-!" '(!($

!27 12,#( %&2'(-!12(' !27 #2%$-(!12(1$' :+&'$ '#,,&-( 1' %+!-!%($-18$7 .4 %&21% %&2'(-!12(') U#-

!,,-&!%+ 0&""&:' (+$ 3$2$-!" /$(+&7 &0 ;@WB5 !27 1' ,-$71%!($7 &2 ! 7#!"18!(1&2 &0 (+$ &-1312!" &,(1/!"
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 !"#$!% &$!'%() *!%%!+(, '- . $(/#$0 #0!" !* #1( ,2.% 3.$0.'%(/ #! #1!/( &.$.)(#($04(, '- . %0"(.$

,( 0/0!" $2%(5 610/ $(/2%#/ 0" . #$. #.'%( !&#0)04.#0!" &$!'%() #1.# &$!30,(/ .  !"#$ '!2", !" #1(

7"0#( 1!$04!"  !/# . 10(3.'%(8 .", 0/ . ".#2$.%  !2"#($&.$# #! #1( %&&#$ '!2", !" #1( . 10(3.'%(  !/#

#1.# 0/ *!2", +1(" $(/#$0 #0"9 #1(  %.// !*  !"#$!% &!%0 0(/ #! #1!/( 0" .:"( *((,'. ; *!$)5 61( 9.&

'(#+((" #1(/( '!2",/ #1(" /($3(/ ./ ." (/#0).#( !* #1( +!$/#< ./( /2'!&#0).%0#- !*  !"#$!%%($/ './(,

!" .:"( *((,'. ; &!%0 0(/5

61( .'0%0#- #!  !)&2#( #1( /2'!&#0).%0#- 9.& 0" ." (: 0("# ).""($ &$!30,(/ . 3.%2.'%( 0"/091# #!

."-!"( +0/10"9 #! ,(/09" .  !"#$!% /-/#()5 =* #1( 9.& 0/ /).%%8 #1(" .:"( &!%0 0(/ .$( "(.$<!&#0).% .",

#1($( 0/ %0##%( $!!) *!$ 0)&$!3()("#5 >" #1(  !"#$.$-8 0* #1( 9.& 0/ %.$9( !"( ).-  !"/0,($ 0"3(/#0"9

)!$( #0)( .", (?!$# #! 0)&$!3( !" #1( .:"( &!%0 0(/8 #'(' '- 2/0"9 ,(@( #(, !$ /(9$(9.#(, &!%0 0(/ ./

0" ABC8 BD8 EEF5 >"( .##$. #03( &$!&($#- !* #1( &$!&!/(, .&&$!. 1 0/ #1.# ,2( #! #1( /-))(#$- '(#+(("

#1( 2&&($ .", %!+($ '!2",8 !"( ).- 0)&$!3( '!#1 '!2",/ .", #12/ ,( $(./( #1( !&#0).%0#- 9.& '-

()&%!-0"9 /0)0%.$ #( 1"0G2(/ !" '!#1 #1( &$0).% ./ +(%% ./ #1( ,2.%  !"#$!%%($/ H#'(' /(9$(9.#0!" !* #1(

2" ($#.0"#- /&. ( ABCFI5

61(  1.&#($ 0/ !$9."04(, ./ *!%%!+/J K( #0!" L5M ,(/ $0'(/ #1( &$!'%() !* 0"#($(/# .", ,(#.0%/ . "2)'($

!* /#.",0"9 .//2)&#0!"/5 K( #0!" L5L !2#%0"(/ #1( $(/#$0 #0!" !*  !"#$!% &!%0 0(/ #! #1!/( 0" .:"( *!$)8

.", /1!+/ 1!+ /2 1 &!%0 0(/  ." '(  .% 2%.#(, 30. . #$. #.'%(  !"0 !&#0)04.#0!" &$!'%()5 K( #0!" L5B

,(/ $0'(/ . )(#1!, *!$ (/#0).#0"9 #1( ,(9$(( !* /2'!&#0).%0#- !* .:"( *((,'. ; &!%0 0(/8 './(, !" .

"!3(% .&&$!N0).#0!" #! #1( ,2.% !* #1( !&#0).%  !"#$!% &$!'%() !* 0"#($(/#5 O( /1!+ 1!+ #10/ )(#1!,

.%%!+/ 2/ #!  !)&2#( %!+($ '!2",/ !" #1( !&#0).%  !/# 30. /!%2#0!" !* . #$. #.'%(  !"0 !&#0)04.#0!"

&$!'%()5 K( #0!" L5D /2)).$04(/ . "2)'($ !* 9("($.% !'/($3.#0!"/ .'!2# #1( $(%.#0!"/10& '(#+((" #1(

%!+($< .", 2&&($<'!2",0"9 &$!'%()/ ,0/ 2//(, 0" #1( &$(30!2/ /( #0!"/5 K( #0!" L5P &$(/("#/ "2)($0 .%

(N.)&%(/ 0%%2/#$.#0"9 #1( (: . - !* #1( &$!&!/(, )(#1!,8 +0#1 /!)(  !" %2/0!"/ ,$.+" 0" K( #0!" L5Q5

 !"#$%& '($"$)(* R%% $.",!) 3( #!$/ .&&(.$0"9 0" #10/  1.&#($ .$( ,(7"(, !" ." .'/#$. # &$!'<

.'0%0#- /&. ( (Ω,F ,P)5 E(·) ,("!#(/ #1( (N&( #.#0!" !&($.#!$ +0#1 $(/&( # #! P5 S.",!) 3( #!$/ +0%%

'( $(&$(/("#(, 0" '!%,*. (8 +10%( #1(0$ $(.%04.#0!"/ +0%% '( ,("!#(, '- #1( /.)( /-)'!%/ 0" "!$).%

*. (5 T!$ "!#.#0!".%  !"3("0(" (8 +( ,("!#( '- L2
n := L2(Ω,F ,P;Rn) #1( /&. ( !* .%% F<)(./2$.'%(8

/G2.$(<0"#(9$.'%( $.",!) 3( #!$/ 3.%2(, 0" R
n
5 U03(" . /#! 1./#0 &$! (// z := (z0, . . . , zT )8 +( +0%%

,("!#( ./ zt := (z0, . . . , zt) #1( 10/#!$- !* #1( z &$! (// 2& #! #0)( t5



 !  !"#$%& '( )*+% ,%%-."/0  1+$&122%&3 4+ 5$1/!"3$4/  1+$&12 6&1.2%73

 !" #$"%&#&' ()&*#+ #% R
n
#, $"%-&"$ I(n) . &!" ,/0"*,1*#0& 2#33 4" -(#&&"$ 2!"% &!" $#("%,#-% #,

13")* 5*-( &!" 1-%&"+&6 7-* ()&*#1", (A,B) ∈ R
m×n

8 ker(A) $"%-&", &!" 9"*%"3 -* %/33 ,0)1" -5 A8 A†

#&, 0,"/$-:#%;"*,"8 )%$ A ≥ B $"%-&", 1-(0-%"%&:2#," #%"</)3#&'6 7-* ";"*' C ∈ R
n×n tr(C) $"%-&",

&!" &*)1" -5 C6 =" $"%-&" &!" p:%-*( #% R
n
), ‖·‖p 5-* )%' p ∈ [1,∞]6  !" p:-*$"* 1-%" #% R

n+1
#,

$"%-&"$ Kp := {(t, x) ∈ R
n+1 : ‖x‖p ≤ t}8 )%$ #&, $/)3 1-%" ), K∗

p = Kq8 2!"*" 1/p+1/q = 16 7-* )%'

(y, z) ∈ R
n+1

&!" *"3)&#-% y �Kp z #(03#", &!)& (y− z) ∈ Kp6 7-* ) ()&*#+ D ∈ R
(n+1)×(n+1)

8 D �Kp 0

$"%-&", 1-3/(%:2#," #%13/,#-% #% Kp6  !" ;"1&-* e0 $"%-&", &!" /%#& ;"1&-* e0 = (1, 0, . . . , 0)6

 !" #$%&'() *+,+()(-+ ,-. /001)2+3%-0

>% &!#, 1!)0&"* 2" )*" 1-%1"*%"$ 2#&! 3#%")* &#(":;)*'#%? ,',&"(, 2#&! 9%-2% ,&)&" $'%)(#1,

xt+1 = Atxt +Btut + Ctξt 5-* t = 1, . . . , T − 1, @A6B)C

2!"*" xt ∈ L2
nx
$"%-&", &!" ,&)&" -5 &!" ,',&"( 2#&! x1 = x1 9%-2%8 ut ∈ L2

nu
$"%-&", &!" 1-%&*-3

#%0/&8 )%$ ξt ∈ L2
nξ
&!" 0*-1",, %-#,"6  !" ,&)&" -5 &!" ,',&"( #, 0)*&#)33' -4,"*;)43" #% &!" ,"%," &!)&

&!" ("),/*"$ -/&0/& yt ∈ L2
ny
)& &#(" t $"0"%$, 3#%")*3' -% &!" ,&)&" )%$ &!" %-#,"8  !"!

yt = Dtxt + Etξt 5-* t = 1, . . . , T − 1. @A6B4C

 !" ,',&"( "</)&#-%, @A6BC 1)% 4" *"2*#&&"% 1-(0)1&3' #% ()&*#+ %-&)&#-% ),

x = Bu+ Cξ )%$ y = Dx+ Eξ , @A6DC

2#&!

x := (x1, . . . ,xT ) ∈ L2
Nx
, Nx := nxT

u := (u1, . . . ,uT−1) ∈ L2
Nu
, Nu := nu(T − 1)

ξ := (ξ0, . . . , ξT−1) ∈ L2
Nξ
, Nξ := 1 + nξ(T − 1)

y := (y0, . . . ,yT−1) ∈ L2
Ny
, Ny := 1 + ny(T − 1),

2!"*" ξ0 )%$ y0 *"0*","%& $"?"%"*)&" *)%$-( ;)*#)43", &!)& )*" )3(-,& ,/*"3' "</)3 &- 16  !" ()&*#1",

B ∈ R
Nx×Nu

8 C ∈ R
Nx×Nξ

8 D ∈ R
Ny×Nx

)%$ E ∈ R
Ny×Nξ

#% @A6DC )*" "),#3' 1-%,&*/1&"$ 5*-( &!"



 !"! #$%&'() *+,+()(-+ ,-. /001)2+3%-0  !

 !"#$%& '()( *+ ,-./0 (+' (!% '%1+%' (2

B :=

































0

A2
2B1 0

A3
2B1 A3

3B2 0

.

.

.

.

.

.

.

.

. 0

AT
2B1 AT

3B2 · · · · · · AT
TBT−1

































, C :=



























A1
1x1

A2
1x1 A2

2C1

A3
1x1 A3

2C1 A3
3C2

.

.

.

.

.

.

AT
1 x1 AT

2 C1 AT
3 C2 · · · AT

TCT−1



























,

D :=



















0

D1 0

.

.

.

.

.

.

DT−1 0



















(+' E :=



















1

E1

.

.

.

ET−1



















,

34%!% At
s := At−1At−2 · · ·As 5"! s < t6 At

t := I(nx)
6 (+' x1 *2 )4% 7*8%+ 8($9% "5 )4% *+*)*($ 2)()% x1.

:% ;($$ x )4% 2)()%  !";%226 u )4% ;"+)!"$  "$*;< "! ;"+)!"$  !";%226 ξ )4% +"*2% "! '*2)9!#(+;%  !";%22

(+' y )4% &%(29!%&%+) "! "#2%!8()*"+  !";%22. :% *+;$9'% )4% '%7%+%!()% !(+'"& 8(!*(#$%2 (ξ0,y0)

(2 ( ;"+;% )9($ '%8*;% )4() 3*$$ 2*& $*5< 2*7+*1;(+)$< $()%! &()4%&()*;($ '%8%$" &%+)2 *+ )4% ;4( )%!.

 !"#$% &'(')'  ! "##$%! &'()*$( +*## *, -!.!/"+'(0 ()"( ()! '.'('"+ #("(! x1 '# 1.*&. ".2 -'3!.

40 x15 6, ()"( '# .*( ()! 7"#!8 &! 7". #!( x1 (* ". "/4'(/"/0 3"+$! ".2 '2!.(',0 x2 &'() ()! '.'('"+ #("(!5

 ! 7". ()!. "##'-. (* x2 " 9/!#7/'4!2 2'#(/'4$('*. 40 (0'.- '( (* ξ1 ()/*$-) " #$'("4+! 7)*'7! *, ()!

20."%'7 #0#(!% %"(/'7!# ,*/ t = 15

:% ;"+2*'%! "+$<  4<2*;($$< *& $%&%+)(#$% 7"$#"+ ;"+)!"$  "$*;*%26 34*;4 !%$< 2"$%$< "+ *+5"!&()*"+

(8(*$(#$% #< "#2%!8*+7 )4% &%(29!%&%+)  !";%22 y. =" )4*2 %+'6 3% $%) N #% )4% $*+%(! 2 (;% "5 ($$

7"$#"+ ;"+)!"$  "$*;*%2

N := ×T−1
t=1 L2(Ω,Fy

t ,P;R
nu) ⊆ L2

Nu
,

34%!% Fy
t := σ(y0, . . . ,yt) *2 )4% σ>($7%#!( 7%+%!()%' #< )4% 4*2)"!< "5 )4% "#2%!8()*"+  !";%22 9 )"
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 !"# t$ %# &'# !( #'#) #* !( ) +,-&) !, +. !"&/ ,+( '+/ .'+0/#") +1  -# 1+//+2!(3  4.#5

inf E
[

u>Juu+ x>Jxx
]

)$ $ u ∈ N , s ∈ L2
Ns

x = Bu+ Cξ

Fuu+ Fxx+ Fss = h

s ≥ 0























P6&$)$

7P8

9:' &!" !)  + ;(* & ,&:)&/ ,+( '+/ .+/!,4 u ∈ N  -& "!(!"!<#)  -# #=.#, & !+( +1  -# >:&*'& !, ,+) 

u>Juu+x>Jxx$ ?-# '#>:!'#"#(  -& u ∈ N !) #>:!@&/#(  +  -& +1 #&,- ut 0#!(3 & 1:(, !+( +1  -#

+0)#'@& !+( -!) +'4 yt = (y0, . . . ,yt) &@&!/&0/# &  -&  !"#$ ?-# ,+( '+/ .+/!,4 !) )#/#, #* ):0A#,  +

/!(#&' A+!( ) & # &(* ,+( '+/ ,+() '&!( ) +1  -# 1+'" Fuu+Fxx+Fss = hB 2-#'# h ∈ R
Nc

B Fu ∈ R
Nc×Nu

B

Fx ∈ R
Nc×Nx

B Fs ∈ R
Nc×Ns

B 2-#'# Nc !)  -# (:"0#' +1 ) & # &(* ,+( '+/ ,+() '&!( )$ ?-# '&(*+"

@#, +' s ∈ L2
Ns

,&( 0# !( #'.'# #* &) & @#, +' +1 Ns )/&,C @&'!&0/#)B '#) '!, #*  + 0# (+(6(#3& !@#$ D+ #

 -& &(4 '+2 +1 Fs  -& ,+( &!() +(/4 <#'+) ,+''#).+(*)  + &( #>:&/! 4 ,+() '&!( !(@+/@!(3 +(/4 u &(*

x$ E// + -#' ,+() '&!( ) !(,/:*# )/&,C @&'!&0/#) &(*  -:) ,+''#).+(*  + !(#>:&/! 4 ,+() '&!( ) 1+' u

&(* x$ F !) &)):"#* 2! -+: /+)) +1 3#(#'&/! 4  -&  -# "& '!= Fs -&) 1:// ,+/:"( '&(C$ G!(&//4B 2#

'#>:!'#  -# *4(&"!, )4) #" #>:& !+( x = Bu + Cξ  + -+/*$ H#,&//  -&  -!) ,+() '&!( !(,/:*#)  -#

'#>:!'#"#(  -&  -# !(! !&/ ) & # x1 = x1$

I+"# ,+(*! !+() (##*  + 0# !".+)#* 1+' .'+0/#" P  + 0# 2#//6*#;(#*$ %# &)):"#  -&  -# "& '!,#) Ju

&(* Jx &'# .+)! !@# )#"!*#;(! #  + #():'# ,+(@#=! 4 +1  -# +0A#, !@# 1:(, !+($ E**! !+(&//4B 2# &)):"#

 -&  -# ):..+' +1  -# (+!)# .'+,#)) ξ !) (+(6#". 4B ,+".&, &(* '#.'#)#( &0/# &)

Ξ :=
{

ξ ∈ R
Nξ : Wiξ �Kp 0, i = 1 . . . l, e>0 ξ = 1

}

7J$J8

1+' )+"# "& '!,#) Wi ∈ R
Nξ×Nξ

$ ?-# /&) ,+() '&!( !( 7J$J8 #():'#)  -& ξ0 = 1 1+' &// ξ ∈ ΞB 2-!,- !)

,+()!) #( 2! - +:' .'#@!+:) &)):". !+(  -& ξ0 = 1 &/"+) ):'#/4$ %# &)):"#  -&  -# )#,+(*6+'*#'

"+"#( "& '!= &))+,!& #* 2! -  -# (+!)# .'+,#)) ξ !) C(+2( &(* *#;(#* &)

M := E

(

ξξ>
)

. 7J$K8

%# 1:' -#' &)):"#  -&  -# ):..+' Ξ ).&()  -# ) & # ).&,# R
Nξ

+1  -# (+!)# .'+,#))$ ?-!) !) #>:!@&/#( 



 !"! #$%&'() *+,+()(-+ ,-. /001)2+3%-0  !

 ! "##$%&'(  )"  )*+* &# " ξ ∈ Ξ  )" #" &#,*#  )* # +&- &'*.$"/& &*# Wiξ �Kp 0 0!+ "// i = 1 . . . l1 2! *

 )"  )&# /"# "##$%3 &!' &# '!'4+*# +&- &5* "'6 -"' !0 *' 7* *'0!+-*6 78 +*6$-&'(  )* 6&%*'#&!' !0  )*

'!&#* 3+!-*##1 9)&# "##$%3 &!' "/#! *'#$+*#  )" M &# &'5*+ &7/* "'6 -!'#*.$*' /8  )" M � 01

9)* -"#*# !0 (+*" *# (*'*+"/ &' *+*# "+* p ∈ {1, 2,∞}1 :' 3"+ &-$/"+; & &# *"#8  ! #)!<  )" "'8 #$7#* 

!0  )* )83*+3/"'* {ξ ∈ R
Nξ : ξ0 = 1}  )" +*#$/ # 0+!% " ,'& * &' *+#*- &!' !0 "+7& +"+8 *//&3#!&6# "'6

)"/0 #3"-*# &# +*3+*#*' "7/* &'  )* 0!+% =>1>? 0!+ p = 2; #!  )"  )* -/"## !0 6&# $+7"'-*# <* -!'#&6*+

&'-/$6*#  )!#* <& ) 3!/8)*6+"/ #$33!+ 1

 !"!# $%&'(%))*( +&,%(-.'/%& 0'(12'1(*

9)* &'0!+%" &!' "5"&/"7/*  !  )* -"$#"/ -!' +!//*+# u ∈ N " *"-)  &%* &'# "'-* t -"' 7* &' *+3+* *6

"#  )* σ4"/(*7+" Fy
t ;  !"!  )* &'0!+%" &!' "5"&/"7/* 78  )* )&# !+8 !0  )* !7#*+5" &!' 3+!-*## y $3  !

 &%* t1 @!+ "'8 -"$#"/ 3!/&-8 u ∈ N ; ut %$# 7* Fy
t 4%*"#$+"7/* 0!+ *"-) t = 1, . . . , T − 11 A&'-*  )*

!7#*+5" &!' 3+!-*## y 6*3*'6# !'  )* -!' +!/ 3!/&-8 u;  )* ,/ +" &!' F
y := {Fy

t }T−1
t=0 #**%#  ! 6*3*'6

!' u "# <*//1 :' !+6*+  ! #)!<  )" F
y
&# &' 0"- &'6*3*'6*' !0 u; <* -!'#&6*+  )* 3$+&,*6 !7#*+5" &!'

3+!-*##

η := (η0, . . . ,ηT−1) ∈ L2
Ny

<& ) η = (DC + E)ξ = Gξ; <)*+* G := (DC + E) ∈ R
Ny×Nξ

1 B# 6*#-+&7*6 &' CDE;  )* 3$+&,*6 !7#*+4

5" &!' ηt -"' 7* &' *+3+* *6 "#  )* 6&F*+*'-* 7* <**'  )* "- $"/ !7#*+5" &!' yt "'6  )* !7#*+5" &!'

 )" <!$/6 )"5* +*#$/ *6 "  &%* t 0+!% " -!%3/* */8 '!&#*40+** #8# *% !7*8&'(  )* #"%* -!' +!/ 3!/&-81

2! *  )" y &# /&'*"+ &'  )* -!' +!/ 3!/&-8 u "'6  )* 3$+&,*6 !7#*+5" &!' 3+!-*## η;  !"! y = DBu+η1

2!< /* Ft := σ(η0, . . . ,ηt) 7*  )* σ4"/(*7+" (*'*+" *6 78  )* )&# !+8 !0  )* 3$+&,*6 !7#*+5" &!'

3+!-*## $3  !  &%* t1 G8 -!'# +$- &!'; η "'6  )* ,/ +" &!' F := {Ft}T−1
t=0 "+* &'6*3*'6*' !0  )*

-!' +!/ # +" *(8 u1

 !"#"$%&%"' ()*)+) #$" %&'()' *+, F
y

)+- F )("  -"+' .)&!

/(**0! 9)* # " *%*' &# 3+!5*6 78 &'6$- &!'1 @!+ "'8 -"$#"/ 3!/&-8 u ∈ N ; ut %$# 7* Fy
t 4%*"#$+"7/*

0!+ *"-) t = 1, . . . , T − 11 9)&# &# *.$&5"/*'  ! "##*+ &'(  )* *H&# *'-* !0 G!+*/4%*"#$+"7/* 0$'- &!'#

ϕt : R1+nyt → R
nu

#$-)  )" ut = ϕt(y0, . . . ,yt); #** *1(1 CI; 9)*!+*% J1K1L =-?E1 : &# -/*"+  )" 

Fy
0 = F0 #&'-* y0 = η0; <)&-) &# M "/%!# #$+*/81 B##$%* '!<  )" Fy

s = Fs 0!+ "// 0 ≤ s < t <)*+*



 !  !"#$%& '( )*+% ,%%-."/0  1+$&122%&3 4+ 5$1/!"3$4/  1+$&12 6&1.2%73

0 < t ≤ T − 1 !"#$% &"'(' )(' *+(',-.')$#()/,' 0#12&3+1$ ψs )14 χs $#2" &")& ys = ψs(η0, . . . ,ηs)

)14 ηs = χs(y0, . . . ,ys) 0+( ),, 0 ≤ s < t 5+('+6'(% /7 &"' 2)#$),3&7 +0 &"' 2+1&(+, 8+,327 u 9' ")6'

yt =
∑t−1

s=1
DtA

t
s+1Bsus +

∑t−1

s=0
DtA

t
s+1Csξs + Etξt

=
∑t−1

s=1
DtA

t
s+1Bs ϕs(ψ0(η0), . . . , ψs(η0, . . . ,ηs)) + ηt

=: ψt(η0, . . . ,ηt),

:; <=

)14 0(+. :; <= 9' 310'( &")&

ηt = yt −
∑t−1

s=1
DtA

t
s+1Bs ϕs(y0 . . . ,ys)

=: χt(y0, . . . ,yt).

:; >=

!"' (',)&3+1 :; <= 3.8,3'$ &")&

Fy
t = σ(ψ0(η0), . . . , ψt(η0, . . . ,ηt)) ⊆ σ(η0, . . . ,ηt) = Ft, :; ?)=

)14 &"' (',)&3+1 :; >= 3.8,3'$ &")&

Ft = σ(χ0(y0), . . . , χt(y0, . . . ,yt)) ⊆ σ(y0, . . . ,yt) = Fy
t . :; ?/=

!"' 312,#$3+1$ :; ?)= )14 :; ?/= 73',4 Fy
t = Ft% )14 &"#$ &"' 2,)3. 0+,,+9$ 

@(+8+$3&3+1 ; A B $"+9$ &")& &"' 310+(.)&3+1 $&(#2&#(' C'1'()&'4 /7 &"' +/$'(6)&3+1 8(+2'$$ 3$ 1+&

4'23$3+1-4'8'14'1& D#(&"'(.+('% 3& $"+9$ &")& &"' +/$'(6)&3+1 8(+2'$$ y )14 &"' 8#(3E'4 +/$'(6)&3+1

8(+2'$$ η 2+16'7 &"' $).' ).+#1& +0 310+(.)&3+1 !"3$ 31 &#(1 3.8,3'$ &")& &"' $'& +0 ),, 2+1&(+,

8+,323'$ &")& )(' )4)8&'4 &+ y 3$ 'F#36),'1& &+ &"' $'& +0 ),, 8+,323'$ &")& )(' )4)8&'4 &+ η G$ ) ('$#,&%

9' 2)1 ('-4'E1' &"' $'& +0 ),, 3.8,'.'1&)/,' 2)#$), 2+1&(+, 8+,323'$ N 31 &'(.$ +0 &"' σ-),C'/()$

{Ft}T−1
t=0  

H1 &"' ('.)314'( +0 &"' 2")8&'( 9' 93,, 8(+634' &()2&)/,' .'&"+4$ 0+( 2),2#,)&31C #88'( )14 ,+9'(

)88(+I3.)&3+1$ &+ &"' 8(+/,'. P #$31C )J1' 4'23$3+1 (#,'$ G,&"+#C" 1+ 0#(&"'( )$$#.8&3+1$ )('

('F#3('4 0+( &"' #88'( /+#14 &+ /' 8('$'1&'4 31 K'2&3+1 ; ;% $+.' 0#(&"'( )$$#.8&3+1 (',)&31C &+ &"'

8#(3E'4 +/$'(6)&3+1 8(+2'$$ η 93,, /' ('F#3('4 0+( &"' ,+9'( /+#14$ 8('$'1&'4 31 K'2&3+1 ; LM



 !"! #$%&'() *+,+()(-+ ,-. /001)2+3%-0  !

 ! "#$%&' ()$*'&&+  !" "#$"%&'&()* )+ &!" *)(," $-)%",, ξ %)*.(&()*". )* &!" $/-(0". )1,"-2'&()*

$-)%",, η (, 3(*"'- (* η4  !"! &!"-" "#(,&, ' 5'&-(# L ∈ R
Nξ×Ny

,) &!'&

E [ξ |η] = Lη P6'7,. #$!%&

8/-&!"-5)-"4 &!" %)*.(&()*'3 "#$"%&'&()* )+ η 9(2"* (&, !(,&)-: ηt := (η0, . . . ,ηt) /$ &) &(5" t4 (, 3(*"'-

(* ηt4  !"! &!"-" "#(,& 5'&-(%", Ht ∈ R
Ny×(1+tny)

,) &!'&

E
[

η|ηt
]

= Htη
t
P6'7,7 +)- '33 t = 1, . . . , T − 1. #$!'&

()" *++,-./ 01+ 02  ! *.."*3 /0 4" 3"+/3 5/ 6"! 708"6"39 /)": *3" +*/ +;*4<"  1 /80 +."5 *< 5*+"+ 02

501+ ="3*4<" .3*5/ 5*< *1= /)"03"/ 5*<  1/"3"+/>

()$,$&%-%$. /0101 #?<< ./ 5*<<: @01/0,3"= A +/3 4,/ 01+&0  !" %)*.(&()*, )+  ! '-" ,'&(,0". (+ &!"

.(,&-(1/&()* )+ &!" *)(," $-)%",, ξ +)33);, '* "33($&(%'33: %)*&)/-". .(,&-(1/&()*7

<-))+7 (0 ="-01+/3*/" /)*/ #$!%& )0<=+9 8" 5*1 ,+" BCD9 ()"03"- EF /0 +)08 /)*/ /)" G0 1/ 3*1=0-

6"5/03 (ξ,η)9 *+ /)"  -*H" 02 ξ ,1="3 /)" < 1"*3 /3*1+203-*/ 01

(

I(Nξ), G>
)>

9 *<+0 20<<08+ *1 "<< ./ 5*<<:

501/0,3"= = +/3 4,/ 01! () + 3"+,</ *<<08+ ,+ /0  160I" BCD9 @03! JF 8) 5) H,*3*1/""+ /)*/ /)" 501= / 01*<

"K."5/*/ 01 02 ξ H 6"1 η  + *<-0+/ +,3"<: < 1"*3  1 η! L + - <*3 *3H,-"1/ 5*1 4" ,+"= /0 "+/*4< +)

#$!'&!

()" .3"5"= 1H 3"+,</ 501;3-+ /)*/  !  + 6"3: 430*=<: *..< 5*4<"9 + 15" /)" 5<*++ 02 "<< ./ 5*<<:

501/0,3"= = +/3 4,/ 01+ 506"3+ * 8 =" 3*1H" 02 = +/3 4,/ 01+  15<,= 1H -,</ 6*3 */" 103-*<9 <0H +/ 59

+:--"/3 5 +/*4<"9 H"1"3*< M"=N):."340< 5 *1= /N= +/3 4,/ 01+ *+ 8"<< *+ /)" 3 /3,15*/"= 6"3+ 01+ B$OF!

P1 /)" 5*+" 02 ."32"5/ +/*/"  1203-*/ 019 * 8"*I"3 +"/ 02 501= / 01+ *3" 3"Q, 3"= /0 "1+,3" +*/ +2*5/ 01

02  !>

()$,$&%-%$. /010/ #R"32"5/ S/*/" P1203-*/ 01&0  !" %)*.(&()*, )+  ! '-" ,'&(,0". (+ &!" +)33);(*9

%)*.(&()*, '33 !)3.=

(>  !" ,:,&"5 ,&'&" %'* 1" 5"',/-". $"-+"%&3:4  !"! yt = xt +)- '33 t = 1, . . . , T − 17
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  ! "#$%$ $& '( )*(% +$' Nt ∈ R
Nξ×(1+tnξ)

',+# (#*(

E
[

ξ| ξt
]

= Ntξ
t
P-*.'. /0% *11 t = 1, . . . , T.  !"#$%

   ! "#$ )*(% +$' Ct #*2$ /,11 +01,)3 %*34 /0% *11 t = 1, . . . , T − 1.

5%00/. &' ()* +*,-*.( /'-0,12(/0' .23* 4'5*, .0'3/5*,2(/0'6 ()* 373(*1 *842(/0'3  !"#% 3/1+9/-7 :*.243*

ny = nx ;)/9* Dt = I 2'5 Et = 0 -0, 299 t = 1, . . . , T − 1" <)* 12(,/= G ()*' 3/1+9/>*3 (0

G =
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;)*,* ()* 923( nξ .0941'3 .0'(2/' 0'97 ?*,03" @* .2' '0; 5*>'* Ĝ 23 ()* 34:A12(,/= 0- G ;)/.) /3

0:(2/'*5 :7 ,*10B/'C ()* 923( nξ .0941'3 0- G" D7 .0'3(,4.(/0'6 ;* )2B* η = Gξ = ĜξT−2
3/'.* η

50*3 '0( 5*+*'5 0' ξT−1 ;)*' ET−1 = 0" E0(* ()2( Ĝ )23 -499 .0941' ,2'F6 2'5 ()43 ()* +4,/>*5

0:3*,B2(/0' +,0.*33 η 2'5 ()* (,4'.2(*5 '0/3* +,0.*33 ξT−2
C*'*,2(* ()* 321* σA29C*:,2" <)/3 /1+9/*3

()2(

E [ξ|η] = E[ξ|ξT−2] = NT−2 ξ
T−2

= NT−2 Ĝ
† Ĝ ξT−2 = NT−2 Ĝ

† η.

G 3/1/92, 2,C41*'( .2' :* 43*5 (0 *3(2:9/3)  !"H%"

 !"#$% &'('(' "#$ +036 ( 03' %$7, %$6  3 5%080' ( 03 9.:.9 *%$ 2$%; ) 16. <036 ( 03   !  ' (% 2 *11;

'*( '=$6  /> /0% $&*)81$> (#$ 30 '$ 2$+(0%' ξt *%$ '$% *11;  36$8$36$3(. <036 ( 03    !  ' * +0))03

*'',)8( 03 /0% +03(%01 8%0?1$)' 0/ (#$ (;8$ P @ (# 8$%/$+( '(*($ )$*',%$)$3('> *36 +*3 ,',*11; ?$

$3/0%+$6 ?; %$6,+ 3A (#$ 6 )$3' 03 0/ (#$ 30 '$ 8%0+$''.



 ! ! "##$% &##%'()*+,)'-. '/ P +-0 1%)*+2 &3-$ 4'-,%'2 1'2)5)$.  !

 ! "##$% &##%'()*+,)'-. '/ P +-0 1%)*+2 &3-$ 4'-,%'2

1'2)5)$.

 !" #$%&'&()%&#* $+#,-"' P ."*"+)--/ &*0#-0"1 )* &*2*&%" *3',"+ #4 5"6&1&#* 0)+&),-"1 )*5 6#*1%+)&*%17

8&%!#3% ) 13&%),-" )$$+#9&')%&#*: %!&1 $+#,-"' &1 *#% )'"*),-" %# *3'"+&6)- 1#-3%&#*7 ;* %!&1 1"6%&#*

<" &'$#1" ) +"1%+&6%&#* #* %!" 4")1&,-" 1"% %# )6!&"0" 6#'$3%)%&#*)- %+)6%),&-&%/7 =*/ +"536%&#* #4 %!"

4")1&,-" 1"% 6#++"1$#*51 %# ) 6#*1"+0)%&0" )$$+#9&')%&#* #4 %!" #+&.&*)- $+#,-"' )*5 %!31 +"13-%1 &* )*

3$$"+ ,#3*5 #* %!" %+3" #$%&')- 0)-3" #4 P 7 >"+": <" 6)-63-)%" 136! )* 3$$"+ ,#3*5 ,/ +"1%+&6%&*.

%!" 6-)11 #4 6)31)- 6#*%+#- $#-&6&"1 N %# %!" 13,6-)11 #4 )-- 6#*%+#- $#-&6&"1 %!)% )+" )?*" <&%! +"1$"6%

%# %!" #,1"+0)%&#*17  !" )?*" #,1"+0)%&#*@4""5,)6A $#-&6&"1 6)* ," <+&%%"* )1

ut = ut,0 +

t
∑

s=1

Ut,sys 4#+ t = 1, . . . , T − 1,

4#+ 1#'" ')%+&6"1 Ut,s ∈ R
nu×ny

7 ;* 6#'$)6% *#%)%&#*: <" !)0" u = Uy )-'#1% 13+"-/ B1&*6" y0 = 1

)-'#1% 13+"-/C: <!"+"
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. BD7EEC

8" 5"*#%" ,/ U %!" -&*")+ 1$)6" #4 )-- ,-#6A -#<"+ %+&)*.3-)+ ')%+&6"1 #4 %!" 4#+' BD7EEC7

 !"#"$%&%"' ()()*)  ! "##$% &'"!( )' )*$ #%'&+$, P -.! &$ /'"!( &0 1'+23!4 )*$ /'++'53!4 '#)3,36.7

)3'! #%'&+$,8 5*$%$ )*$ -'!)%'+ #'+3-0 u 31 #.%.,$)$%36$( .1 .! .9!$ /"!-)3'! '/ )*$ '")#")1 y:

inf E
[

u>Juu+ x>Jxx
]

1;); U ∈ U , s ∈ L2
Ns

x = Bu+ Cξ, u = Uy

Fuu+ Fxx+ Fss = h

s ≥ 0
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P7.;1;

<*$ .&'2$ #%'&+$, 31 3)1$+/ $="32.+$!) )' )*$ /'++'53!4 '#)3,36.)3'! #%'&+$,8 5*$%$ )*$ -'!)%'+ #'+3-0 u
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 ! "#$#%&'&$ (&) #! #* #+*& ,-*.' /* /, '0& "-$ 1&) /-'"-'! η = Gξ2

inf E
[

u>Juu+ x>Jxx
]

!3'3 Q ∈ U , s ∈ L2
Ns

x = Bu+ Cξ, u = QGξ

Fuu+ Fxx+ Fss = h

s ≥ 0










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

P4#3!3

 Pu!

"#$% $&'$ $&% $(# %)*+,'-%.$ /0#1-%2 3#02*-'$+#.4 +. 50#/#4+$+#. 67678 9+:%0 #.-; +. $&%+0 0%/0%4%.<

$'$+#. #3 $&% =#.$0#- /#-+=; u7 >. $&% ?04$ ='4%@ $&% =#.$0#- +./*$ +4 /'0'2%$%0+A%9 '4 ' ='*4'- 'B.%

3*.=$+#. #3 /0+#0 2%'4*0%2%.$4 y@ (&+-% +. $&% 4%=#.9 ='4% $&% +./*$ +4 /'0'2%$%0+A%9 '4 ' ='*4'- 'B.%

3*.=$+#. #3 $&% /*0+?%9 #*$/*$4 η = Gξ7 >. 1#$& ='4%4@ $&% 4%$ #3 3%'4+1-% =#.$0#- /#-+=+%4 +4 ' 4*14%$

#3 $&% 4%$ #3 '-- /#44+1-% =#.$0#- /#-+=+%4 N 7

C%3#0% /0#=%%9+.D $# $&% /0##3 #3 50#/#4+$+#. 67678@ (% .#$% $&'$ /0#1-%2 Pu 0%2'+.4 4%%2+.D-;

+.$0'=$'1-% 9*% $# $&% /0%4%.=% #3 3*.=$+#.'- 9%=+4+#. ,'0+'1-%4 '.9 =#.4$0'+.$47 E% $&%0%3#0% 0%)*+0% '.

'99+$+#.'- 0%4*-$ $&'$ /0#,+9%4 ' 2%$&#9 3#0 4#-,+.D $&% /0#1-%2 Pu '4 ' $0'=$'1-% =#.,%F #/$+2+A'$+#.

/0#1-%27

 !"#"$%&%"' ()()*) 5 !/6-' /* '/ "$/76&% Pu .#* 7& ,/-*) 78 !/69 *: '0& ,/66/; *: &<- 9#6&*' ./*9&=

/"' % (#' /* "$/76&%2

inf tr
(

G>Q>(Ju +B>JxB)QGM + 2C>JxBQGM + C>JxCM
)

!3'3 Q ∈ U , S ∈ R
Ns×Nξ , Λi ∈ R

Nξ×Ns , µ ∈ R
Ns

(Fu + FxB)QG+ FxC + FsS − he>0 = 0

S = µe>0 +
∑l

i=1 Λ
>
i Wi

Λi �K∗
p
0, i = 1 . . . l, µ ≥ 0,

 P̃u!

>0& "$/76&% P̃u  ! # '$#.'#76& ./* . /"' % (#' /* "$/76&% #*) .#* 7& !/69&)  * "/68*/% #6 ' %& ,/$ #*8

p ∈ [1,+∞]3

G&% /0#1-%2 P̃u +4 #3 +.$%0%4$ 1%='*4% +$ /0#,+9%4 ' $0'=$'1-%  $&#*D& 4*1#/$+2'-! 4#-*$+#. $# P 1;

0%4$0+=$+.D $&% =-'44 #3 =#.$0#- /#-+=+%4 #,%0 (&+=& $&% #/$+2+A'$+#. +4 /%03#02%97 H#(%,%0@ $&%0% '0%

'$ /0%4%.$ .# 4#/&+4$+='$%9 2%$&#94 ','+-'1-% 3#0 %4$+2'$+.D $&% 9%D0%% #3 4*1#/$+2'-+$; +.$0#9*=%9



 ! ! "##$% &##%'()*+,)'-. '/ P +-0 1%)*+2 &3-$ 4'-,%'2 1'2)5)$.   

 ! "#$%&"'( &)*+ , -.&/-"*/"%'0 1' 2.*/"%' 3045 6. 7.8.9%$ , #./+%7 :%- *,9*)9,/"'( ,  !"#$  %)'7

%' P  ! :%-#)9,/"'( , $-% 9.# 7),9 /% P ,'7 -.&/-"*/"'( /+. 7),9 8,-", 9.& /% ,;'. :%-# /% .'&)-.

/-,*/, "9"/!0 <+"& 6"99 .', 9. )& /%  %)'7 /+. &) %$/"#,9"/! "' P̃u "' 2.*/"%' 30=0

 !"#$% &'&'(' %&# '#(!)* +,$- !. /$!+!'0-0!) 12123 +$!40*#' , 5#-&!* .!$ !+-05060)7 !4#$ ,8)#

!9-+9- .##*:,(; +! 0(0#' u = Uy :< $#=+,$,5#-#$060)7 -&# +$!: #5 0)-! !)# !. !+-05060)7 !4#$ , *0.=

.#$#)- :9- #>904, #)- ( ,'' !. +,$,5#-$0( +! 0(0#'? .!$ "&0(& u ,)* x :#(!5# ,8)# .9)(-0!)' !. -&#

+,$,5#-#$' @A? BC? DBE2 %&# $#'9 -0)7 !+-0506,-0!) +$!: #5 (,) -&#) :# '! 4#* 9'0)7 /$!+!'0-0!) 1212F2

%&# 0*#, 9)*#$+0))0)7 -&0' $#=+,$,5#-#$06,-0!) .!  !"' , '050 ,$ ,++$!,(& -! -&# ( ,''0(, G!9 ,= !$ H=

+,$,5#-#$06,-0!) +$!(#*9$# @A3E2 %&# :#)#I- !. -&0' ,++$!,(& 0' -&,- 0- ,4!0*' *0$#(- !+-0506,-0!) !4#$

-&# +,$,5#-#$ U ∈ U ? "&0(& 0' 05+$,(-0(, '0)(# :!-& u ,)* x :#(!5# )!) 0)#,$ J$,-0!), K .9)(-0!)'

!. -&# (!#8(0#)-' !. U 2 L) !$*#$ -! .,(0 0-,-# (!5+,$0'!) "0-& -&#  !"#$ :!9)*0)7 5#-&!*' !. M#(-0!)

12B? "# ';#-(& -&# +$!!.' 9'0)7 !9$ )!-,-0!)2

)*$*++#$, &'&'(' N -$040, 9++#$ :!9)* -! P (,) :# .!9)* :< (!)'0*#$0)7 !) < '-,-0!),$< J "0.0 !+#)=

 !!+K +! 0(0#'O

inf u>(Ju +B>JxB)u+ 2u>B>JxCE [ξ] + tr
(

C>JxCM
)

'2-2 u ∈ R
Nu , S ∈ R

Ns×Nξ , Λi ∈ R
Nξ×Ns , µ ∈ R

Ns

(Fu + FxB)ue>0 + FxC + FsS − he>0 = 0

S = µe>0 +
∑l

i=1 Λ
>
i Wi

Λi �K∗
p
0, i = 1 . . . l

µ ≥ 0.

>Puu?

"&#$# u ∈ R
Nu

0' -&# 4#(-!$ !. -&# '-,-0!),$< (!)-$! '2 L- 0' #,'< -! 4#$0.< -&,-

P ≤ Pu ≤ Puu.

@-% 9.# Puu "& , *%'/-%9 %$/"#"A,/"%' $-% 9.# %8.- %$.'B9%%$ -% )&/ *%'/-%99.-&0 C%/. /+,/ Puu "&

, -.&/-"*/"%' %: Pu0 D'. *,' 7.-"8. Puu :-%# Pu  ! -.&/-"*/"'( /+. *%'/-%9 $%9"*".& /%  . &/,/"%',-!

"'&/.,7 %: ,;'. %' y0 E& , -.&)9/ Pu "& , /"(+/.- )$$.-  %)'7 /% P /+,' Puu0

1' /+. -.#,"'7.- %: /+"& &.*/"%' 6. &)$$9! $-%%:& :%- @-%$%&"/"%'& 3030F ,'7 3030G0
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 !""# "#  !"$"%&'&"( )*)*+

 !""# "# $%& '!($ )*!$ "#  !")"(+$+", -.-./ +( ($!*+0%$#"!1*!23 (+,4& *,5 4",$!"6 6*1 +, $%& *7,& #"!8

u = Uy +( 4*9(*6 29& $" $%& 6"1&! $!+*,096*! ($!94$9!& +8)"(&2 :5 $%& 4",($!*+,$ U ∈ U 3 %&,4& u ∈ N .

;" )!"<& $%& (&4",2 )*!$3 1& (%"1 $%*$ *,5 4",$!"6 6*1 +, $%& *7,& "9$)9$ #&&2:*4= #"!8 u = Uy #"!

("8& U ∈ U 4*, :& 8*$4%&2 &>*4$65 :5 * 4",$!"6 6*1 +, $%& )9!+'&2 "9$)9$ #&&2:*4= #"!8 u = Qη =

QGξ #"! ("8& Q ∈ U 3 *,2 <+4&?<&!(*. ;" )!"<& $%& '!($ 4*(&3 *((98& $%*$ u = Uy *,2 ("6<& #"! $%&

4",$!"6 +,)9$ u +, $&!8( "# $%& )9!+'&2 "9$)9$( η3 5+&62+,0

u = (I − UDB)−1Uη.

@& $%&, (&$ Q = (I −UDB)−1U 3 ,"$+,0 $%*$ $%& !&A9+!&2 8*$!+> +,<&!(& &>+($( (+,4& UDB +( ($!+4$65

6"1&! $!+*,096*!3 1%+4% *6(" &,(9!&( $%*$ Q ∈ U .  !""# "# $%& (&4",2 4*(& +( )!"<+2&2 :5 * (+8+6*!

*!098&,$.

 !""# "#  !"$"%&'&"( )*)*,

B"$% u *,2 x *!& 6+,&*! +, ξ +, $%& )!":6&8 Pu. B5 )!&?896$+)65+,0 $%& C"+,$ ($*$& *,2 4",$!"6

4",($!*+,$ "# Pu 1+$% $%& 6&#$ +,<&!(& "# Fs D1%+4% &>+($( (+,4& Fs +( *((98&2 $" %*<& #966 4"698, !*,=E3

+$ 4*, :& (&&, $%*$ $%& <&4$"! "# (6*4= <*!+*:6&( s *))&*!+,0 +, Pu +( *6(" 6+,&*! +, ξ3 (" $%*$ s = Sξ

#"! ("8& 8*$!+> S ∈ R
Ns×Nξ

. F"$+,0 *6(" $%*$ h = he>0 ξ *68"($ (9!&653 1& 4*, !&1!+$& $%& )!":6&8

Pu *(
inf E

[

u>Juu+ x>Jxx
]

(.$. Q ∈ U , S ∈ R
Ns×Nξ

x = Bu+ Cξ, u = QGξ
(

(Fu + FxB)QG+ FxC + FsS − he>0
)

ξ = 0

Sξ ≥ 0























P?*.(.

D-./GE

H:(&!<& $%*$ 29& $" $%& 4",$+,9+$5 "# $%& 4",($!*+,$ #9,4$+",( +, ξ3 $%& *68"($ (9!& 4",($!*+,$( +,

D-./GE 89($ %"62 #"! *66 ξ ∈ Ξ. @& 4*, $%&!&#"!& !&)6*4& $%& *68"($ (9!& 4",($!*+,$( 1+$% (&8+?+,',+$&



 ! ! "##$% &##%'()*+,)'-. '/ P +-0 1%)*+2 &3-$ 4'-,%'2 1'2)5)$.  !

 !"#$%&'"$# $! !($&'" $)* *+,'-&.*"$ #*/'0'"1"'$* 2%!(.*/

inf tr
(

G>Q>(Ju +B>JxB)QGM + 2C>JxBQGM + C>JxCM
)

#3$3 Q ∈ U , S ∈ R
Ns×Nξ

(Fu + FxB)QG+ FxC + FsS − he>0 )ξ = 0

Sξ ≥ 0











∀ξ ∈ Ξ,

453657

8)*%* 8* )&-* &.#! *.'/'"&$*9 u &"9 x &"9 %*8%'$$*" $)* !(:* $'-* ;," $'!" '" $*%/# !; $)* #* !"90!%9*%

/!/*"$ /&$%'< M = E
[

ξξ>
]

3

=)* *+,&.'$>  !"#$%&'"$# '" 453657 /,#$ )!.9 ;!% &.. ξ ∈ Ξ? /*&"'"@ $)&$ $)* .'"*&% ),.. !; Ξ (*.!"@#

$! $)* ",.. #2& * !; $)* .'"*&% !2*%&$!% (Fu + FxB)QG + FsS + FxC − he>0 3 A'" * Ξ '# &##,/*9 $!

#2&" $)* *"$'%* #2& * R
Nξ

? $)*#* #*/'0'"1"'$* *+,&.'$>  !"#$%&'"$# &%* *+,'-&.*"$ $! $)* /&$%'< *+,&.'$>

(Fu + FxB)QG+ FsS + FxC − he>0 = 03 B*<$? 8* #'/2.';> $)* #*/'0'"1"'$* '"*+,&.'$>  !"#$%&'"$# (>

,#'"@ $* )"'+,*# $)&$ &%*  !//!".> ,#*9 '" %!(,#$ !2$'/'C&$'!" D6E? 6F? 65G3 =)* ;!..!8'"@ .*//&?

8)' ) '# & #2* '&.  &#* !; D65? =)*!%*/ 536G? 9*# %'(*# $)* H*> *"&(.'"@ /* )&"'#/I

 !""# $%$%&%  !" #$% z ∈ R
Nξ
& '() *!++!,-$. /'#')0)$'/ #") )12-3#+)$'4

-5 z>ξ ≥ 0 *!" #++ ξ ∈ Ξ

--5 6()") )7-/' 3)8'!"/ λi ∈ R
Nξ

*!" i ∈ {1 . . . l} #$9 # /8#+#" µ ≥ 0 /28( '(#'

z> = µe>0 +

l
∑

i=1

λ>i Wi

λi �K∗
p
0 , i = 1 . . . l.

:"!!*; =)* 2%!2!#'$'!" ;!..!8# ;%!/ & #$%!"@ 9,&.'$> &%@,/*"$3 A$&$*/*"$ 4'7 '# *+,'-&.*"$ $!

0 ≤ min z>ξ

#3$3 ξ ∈ R
Nξ

Wi ξ �Kp 0, i = 1 . . . l

e>0 ξ = 1.

4536J7

K,* $! !,% &##,/2$'!"# !" $)* #,22!%$ Ξ? $)* ;*&#'(.* %*@'!" !; $)* /'"'/'C&$'!" 2%!(.*/ 4536J7 )&#
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 ! "#$%& '"()%*+" * %"'*!', -& .%'! / 0! *0 12)(*%&3 45,678 %9"'":!'" *. ";2*+)(" % %!

0 ≤ max µ

.,%, µ ∈ R, λi ∈ R
N
ξ

z> =
∑l

i=1 λ
>
i Wi + µe>0

λi �K∗
p
0, i = 1 . . . l,

<9*09 *. #) *:".%(& ";2*+)(" % %! .%)%"#" % 4**8, =92. %9" 0()*# :!((!<.,

>"% z>κ 1" !%" %9" κ?%9 '!< !: %9" #)%'*@ S * $'!A("# 45,658, B" 0) %9" 2." >"##) 5,5,6 %!

'"$()0" %9" ."#*?* C *%" 0! .%')* % z>κ ξ ≥ 0 ∀ξ ∈ Ξ A& C *%"(& #) & (* ")' 0! .%')* %. * +!(+* / %9"

 "< 1"0*.*! +)'*)A(". µκ ∈ R ) 1 λκ,i ∈ R
Nξ

:!' i = 1, . . . , l, =9" 0! .%')* % Sξ ≥ 0 ∀ξ ∈ Ξ 0) %92.

A" '":!'#2()%"1 * %"'#. !: µ = (µ1, . . . , µNs)
> ∈ R

Ns
) 1 Λi = (λ1,i · · · λNs,i) ∈ R

Nξ×Ns , i = 1, . . . , l

%! &*"(1 %9" !$%*#*D)%*! $'!A("# P̃u, E!(+)A*(*%& !: P̃u * $!(& !#*)( %*#" :!' ) & p ∈ [1,+∞] *.

" .2'"1 A& FGHI,

 !" #$%&' ())'$*+,-.+$/0 $1 P -/2 34-5 (6/& 7$/.'$5

8$5+9+&0

=9" 2." !: $'*#)( )J " 0! %'!( $!(*0*". (")1. %! ) 0! ."'+)%*+" )$$'!@*#)%*! :!' %9" !'*/* )( $'!A("#

P3 <9!." 0!#$2%)%*! )( 0!#$("@*%& .0)(". /')0":2((& <*%9 %9" 9!'*D! (" /%9 ) 1 %9" 1*#" .*! !: %9"

.&.%"# 45,68, K% )(.! &*"(1. ) *#$("#" %)A(" 0! %'!( $!(*0& <9*09 *. :").*A("3 A2% %&$*0)((& .2A!$%*#)(3

* P, L2' #)* /!)( *. %! ".%*#)%" %9" (!.. !: !$%*#)(*%& 12" %! %9" 2." !: )J " $!(*0*"., =! %9*.

" 13 <"  !< ".%)A(*.9 ) (!<"' A!2 1 ! P A& "@%" 1* / %9" 12)( (* ")' 1"0*.*! '2(" %"09 *;2". %9)%

<"'" '"0" %(& * %'!120"1 * %9" 0! %"@% !: .%!09).%*0 $'!/')##* /M ."" FNHI, =9" (!.. !: !$%*#)(*%&

* 02''"1 A& 2.* / )J " 0! %'!(("'. 0) %9" A" A!2 1"1 A& %9" 1*O"'" 0" A"%<"" %9" 2$$"' ) 1 (!<"'

A!2 1. ! %9" !$%*#*D)%*! $'!A("# P, K !'1"' %! 1"'*+" %9" (!<"' A!2 13 <" C'.% '":!'#2()%" P ).

) #* ?#)@ $'!A("# A& * %'!120* / ) 12)( 0! %'!( $!(*0& ν ∈ L2
Nc

) 1 A& #!+* / %9" P!* % .%)%" ) 1



 !"! #$%&' ())'$*+,-.+$/0 $1 P -/2 34-5 (6/& 7$/.'$5 8$5+9+&0  !

 !"#$!%  !"&#$'("#& #! #)* !+,* #(-* ./" #(!"0 #! !+#'("

inf sup
ν∈L2

Nc

E
[

u>Juu+ x>Jxx

+ν> [Fuu+ Fxx+ Fss− h]
]

&1#1 u ∈ N , s ∈ L2
Ns

x = Bu+ Cξ

s ≥ 0











P2'1&1

3P ′
4

5)* (""*$ 6'7(6(8'#(!" !-*$ #)* 9/'%  !"#$!% :!%( (*& (" P ′
*"&/$*& #)'# '"; -(!%'#(!" !. #)* &#'#*

'"9  !"#$!%  !"&#$'("#& !" ' &*# !. &#$( #%; :!&(#(-* :$!+'+(%(#; (" /$& '" ("<"(#* :*"'%#;1 5)* #=!

:$!+%*6& P '"9 P ′
'$* *>/(-'%*"#1 ?" !$9*$ #! 9*$(-* ' #$' #'+%* %!=*$ +!/"9("@ '::$!7(6'#(!" .!$ P0

=* =(%% '9!:# #)* &'6* '::$!' ) '& (" #)* :$(6'% :$!+%*6 (" A* #(!" B1B '"9 $*&#$( # #)* &:' * !. '%%

9/'%  !"#$!% :!%( (*& #! #)!&* #)'# 9*:*"9 %("*'$%; !" #)* "!(&* :$! *&&0 '"9 '$* #)/& $*:$*&*"#'+%* '&

ν = Y ξ .!$ &!6* Y ∈ R
Nc×Nξ

1 C* =(%% #)*" &)!= #)'# #)* $*&/%#("@ '::$!7(6'#(!" :$!+%*6  '" +*

&!%-*9 +; &!%-("@ '" *>/(-'%*"# #$' #'+%*  !"( !:#(6(8'#(!" :$!+%*61

5)* <$&# !. #)*&* $*&/%#& .!$6& ' "'#/$'% %!=*$2+!/"9("@  !/"#*$:'$# #! D$!:!&(#(!" B1B1EF

 !"#"$%&%"' ()*)+)  !"#$% &"'() *" *+$ ,%"&!$- P .$/'012!$(*!3 P ′
4 52( &$ 6"'() &3 7"!10(8 *+$

6"!!"#0(8 ",*0-092*0"( ,%"&!$-: #+$%$ *+$ )'2! ,"!053 12%02&!$ ν 07 ,2%2-$*$%09$) 27 2( 2;($ 6'(5*0"(

"6 *+$ )07*'%&2(5$ ξ<

inf sup
Y ∈R

Nc×Nξ

E
[

u>Juu+ x>Jxx

+ν> [Fuu+ Fxx+ Fss− h]
]

7=*= u ∈ N , s ∈ L2
Ns

x = Bu+ Cξ

ν = Y ξ, s ≥ 0











P>2=7=

?+$ 2&"1$ -0(>-2@ ,%"&!$- 07 0*7$!6 $/'012!$(* *" *+$ 6"!!"#0(8 -0(0-092*0"( ,%"&!$-: #+"7$ 7"!'*0"(
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 !"#$%&' ( )"*&! +",-% ." ./&  !"+)&0 P1

inf E
[

u>Juu+ x>Jxx
]

'2.2 u ∈ N , s ∈ L2
Ns

x = Bu+ Cξ

E
[

(Fuu+ Fxx+ Fss− h) ξ>
]

= 0

s ≥ 0























P3(2'2

 P`!

"#$%&# '&%(##)*+, -% -.# '&%%$ %$ /&%'%0*-*%+ 123245 6# +%-# -.7- 78-.%9,. P` .70 %+8: ;+*-#8: <7+:

0-7-# 7+) (%+-&%8 (%+0-&7*+-05 *- &#<7*+0 0##<*+,8: *+-&7(-7=8# 0*+(# *- *+>%8>#0 $9+(-*%+78 )#(*0*%+

>7&*7=8#0 7+) $9+(-*%+78 *+#?978*-: (%+0-&7*+-02 @# -.#&#$%&# &#?9*&# 7 <#-.%) $%& 0%8>*+, -.# '&%=8#<

P` 70 7 -&7(-7=8# (%+>#A %'-*<*B7-*%+ '&%=8#<2 C.# $%88%6*+, &#098- '&%>*)#0 7 0%89-*%+ -% -.*0 '&%=8#<

7+) $%&<0 7 +7-9&78 8%6#&D=%9+)*+, (%9+-#&'7&- -% /&%'%0*-*%+ 1212EF

 !"#"$%&%"' ()*)+) 45  ! /")%'6 ./&- ( )"*&!3+",-%$-7 '"),.$"- ."  !"+)&0 P` 8(- +& 5",-% +9 '")#$-7

./& 5"))"*$-7 8"-#&: " .$0$;(.$"-  !"+)&01

inf tr
(

G>Q>(Ju +B>JxB)QGM + 2C>JxBQGM + C>JxCM
)

'2.2 Q ∈ U , S ∈ R
Ns×Nξ

(Fu + FxB)QG+ FsS + FxC − he>0 = 0

WiMS> �Kp 0, i = 1 . . . l

e>0 MS> ≥ 0.

 P̃`!

</&  !"+)&0 P̃` $' ( .!(8.(+)& 8"-$8 " .$0$;(.$"-  !"+)&0 (-% 8(- +& '")#&% $-  ")9-"0$() .$0& 5"! (-9

p ∈ [1,+∞]2

,-./!0 ()*)1) </&  !"+)&0 P` 8(- +& '/"*- ." +& &=,$#()&-. ." ./& >-$.&3%$0&-'$"-()  !"+)&0 P̃`
*/&-&#&! P` 8"-.($-' ( '.!$8.)9 5&('$+)&  "$-.2 ?!""5 "5 ./$' 8)($0 $' +('&% "- ./& "+'&!#(.$"- ./(. ./&

8"-'.!($-.' $- P̃` !& !&'&-. ./& 8)"',!& "5 ( '&. "5 8"-'.!($-.' $- (  !"+)&0 &=,$#()&-. ." P` @(-% */$8/

$' 8"-'.!,8.&% $- ./&  !""5A2 B& "0$. %&.($)' "5 ./$' (!7,0&-. 5"! ./& '(C& "5 +!&#$.92

C.# '&%=8#< P̃` '&%>*)#0 7 -&7(-7=8#  -.%9,. 09=%'-*<78! <#-.%) $%& ;+)*+, 7 8%6#& =%9+) -% P5 7+)

-.#&#$%&# 788%60 90 -% =%9+) -.# )#,&## %$ 7''&%A*<7-*%+ *+ -.# 7G+# '%8*(: %'-*<*B7-*%+ '&%=8#< P̃u2



 !"! #$%&' ())'$*+,-.+$/0 $1 P -/2 34-5 (6/& 7$/.'$5 8$5+9+&0  !

 !"#$%"&'"%( #$%"% )* +, +##"+-#).% *#"!-#!"+/ *)&)/+")#0 #' #$% -',*#"+),#* ), P̃` +,1 P̃u 2 3% %/+4'"+#%

', #$%*% 5'),#* ), 6%-#)', 7898

 !"!##$"% &'(')'  !"#$#%& &'()" *'+,- !' P .%, *) /'+,- *0 .',1#-)"#,2 % .)"!%#,!0 )3+#$%&),.)

4"'*&)56

inf u>Juu+ x>Jxx

17!7 u ∈ R
Nu , s ∈ R

Ns

x = Bu+ CE [ξ]

Fuu+ Fxx+ Fss− h = 0

s ≥ 0

. :P``;

8! #1 )%10 !' $)"#/0 !9%! P ≥ P` ≥ P``.

<"'4/%& P`` )* + -%"#+),#0 %=!).+/%,-% 5"'4/%& 3$%"% ',/0 #$% &%+, '> #$% !,-%"#+),#0 )* -',*)1%"%18

?'#% #$+# #$% >%+*)4/% "%@)', '> P`` )* + *!4*%# '> #$% >%+*)4/% "%@)', '> P`8 A,% -+, "%#")%.% #$% >%+*)4/%

"%@)', '> P`` 40 "%*#")-#),@ #$% 1!+/ 5'/)-0 .+")+4/% ν ∈ L2
Nc

), P ′
#' 4% *#+#)',+"0 ),*#%+1 '> +B,% ',

ξ8  !"#$%"&'"%( C%,*%,D* E,%=!+/)#0 %,*!"%* #$+# #$% '4F%-#).% >!,-#)', ), P`` )* + /'3%" 4'!,1 #' #$%

'4F%-#).% >!,-#)', ), P`8 G* + "%*!/# P` )* + #)@$#%" /'3%" 4'!,1 #' P #$+, P``8

E, #$% "%&+),1%" '> #$)* *%-#)', 3% *!55/0 5"''>* >'" <"'5'*)#)',* 78H8I +,1 78H8J8

 !""# "#  !"$"%&'&"( )*+*,

<"''> '> #$% K"*# 5+"# '> <"'5'*)#)', 78H8I )* *#"+)@$#>'"3+"1( *),-% +,0 1!+/ .+")+4/% ), #$% +B,% >'"&

ν = Y ξ +/*' *+#)*K%* ν ∈ L2
Nc
8 L%,-% #$% ),,%" &+M)&)N+#)', '.%" Y )* + /'3%" 4'!,1 ', #$% ),,%"

&+M)&)N+#)', #$+# +55%+"* ), #$% 5"'4/%& P ′
8

<"''> '> #$% *%-',1 5+"# >'//'3* >"'& #$% K"*# *),-%

sup
Y

E

[

ξ>Y > [Fuu+ Fxx+ Fss− h]
]

=sup
Y

E

[

tr
{

[Fuu+ Fxx+ Fss− h] ξ>Y >
}]

=















0 )> [Fuu+ Fxx+ Fss− h] ξ> = 0 PO+8*8

∞ '#$%"3)*%.
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 !"#$%& P` '( )$%*!$+ * !%$*,*-'". "/ P ('.)% *.+ (u, s) (*-'(/+'.0 -1% *$&"(- (2!% (-*-% *.3 )".-!"$

)".(-!*'.-( '. P 4'$$ -1%!%/"!% *$(" (*-'(/+ -1% %,5%)-*-'". )".(-!*'.- '. P`6

 !""# "#  !"$"%&'&"( )*+*,

7% 8!(- %$'&'.*-% -1% (-*-% 5!")%(( x '. P` #+ (2#(-'-2-'.0 -1% 3+.*&') (+(-%& )".(-!*'.- '.-" #"-1

-1% "#9%)-':% /2.)-'". *.3 -1% %,5%)-*-'". )".(-!*'.- '. P`6 ;%)*$$'.0 -1% 3%8.'-'". "/ -1% (%)".3<"!3%!

&"&%.- &*-!', M = -1% *55!",'&*-% 5!"#$%& P` )*. -1%. #% !%4!'--%. *(

inf E
[

u>(Ju +B>JxB)u
]

+ 2 tr
(

C>JxBE
[

uξ>
])

+ tr
(

C>JxCM
)

(6- u ∈ N , s ∈ L2
Ns

(Fu + FxB)E
[

uξ>
]

+ FsE
[

sξ>
]

+ (FxC − he>0 )M = 0

s ≥ 0 P<*6(6

>?6@AB

C1% "5-'&'D*-'". 5!"#$%& >?6@AB )".-*'.( * :*!'%-+ "/ -%!&( )"&5"(%3 "/ -1% /2.)-'".*$ 3%)'('". :*!'<

*#$%( (u, s)6 E. -1% !%&*'.3%! "/ -1% 5!""/= 4% '.-!"32)% * .2&#%! "/ -%)1.')*$ $%&&*( -1*- 4'$$ %.*#$%

2( -" %$'&'.*-% %*)1 "/ -1%(% -%!&( '. -2!.= !%5$*)'.0 -1%& 4'-1 8.'-%<3'&%.('".*$ :*!'*#$%(6

C1% 8!(- !%(2$- 4'$$ *$$"4 2( -" %$'&'.*-% -%!&( '. -1% /"!& E[uξ>] *.3 E[s ξ>]F

 !""# $%&%'%  !" #$#"% s ∈ L2
Ns

&'#"# #()*&* + ,+&")( S ∈ R
Ns×Nξ

&'+& *+&)*-#*

SM = E[s ξ>]. >?6@GB

.)/#0)*#1 )2  ! '!34*1 &'#5 2!" #$#"% u ∈ N &'#"# #()*&* + 63!7/ 3!0#" &")+5893+" ,+&")( Q ∈ U &'+&

*+&)*-#*

QGM = E[uξ>]. >?6@HB

:"!!2;  !""/ "/ -1% 8!(- (-*-%&%.- '( '&&%3'*-% ('.)%M '( '.:%!-'#$% *.3 4% '&5"(% ." (5%)'*$ (-!2)-2!%

>(2)1 *( #$")I $"4%! -!'*.02$*!'-+B ". -1% &*-!', S6

 !""/ "/ -1% (%)".3 (-*-%&%.- '( (2#3':'3%3 '.-" -1!%% 5*!-(6 J%/"!% #%0'..'.0 -1% 5!""/= 4% '.-!"32)%



 !"! #$%&' ())'$*+,-.+$/0 $1 P -/2 34-5 (6/& 7$/.'$5 8$5+9+&0  !

 !"#$"%&" '( )*$%& )+'% ',"* )'*!

Pt : R
Ny → R

1+tny , η 7→ ηt = (η0, . . . , ηt), t = 1, . . . , T − 1. -./012

3) +! " !4 )' 5"*+(4 )6 ) Ptη = PtGξ = Gtξ 76"*" Gt ∈ R
(1+tny)×Nξ

+! )6" !$89: )*+; '( G 76+&6 +!

'8) +%"< 84 *":'5+%= )6" > !) ((T − 1)− t)ny *'7! '( G/

 !"# $ ?" @*!) !6'7 )6 ) ('* "5"*4 u ∈ N )6"*" ";+!)!  : )*+; Qt ∈ R
nu×(1+nyt)

)6 ) ! )+!@"!

QtGtMG>
t = E

[

ut (Gtξ)
>
]

. -./0A2

B+%&" )6" : )*+; M +! ,'!+)+5" <"@%+)" 84  !!$:,)+'%C )6" %$>> !, &" *"> )+'%!6+, ker(GtMG>
t ) =

ker([GtMG>
t ]

†) = ker(G>
t ) 6'><!/ ?" !")

Qt = E
[

ut (Gtξ)
>
]

(GtMG>
t )

†.

D6"% Qtv = 0 ('*  >> v ∈ ker(G>
t )C  %< QtGtMG>

t v = E
[

ut (Gtξ)
>
]

v ('*  >> v +% )6" '*)6'='% >

&':,>":"%) '( ker(G>
t )C 76+&6 =$ * %)""! -./0A2/

 !"# % E";) 7" !6'7 )6 ) ('* "5"*4 u ∈ N )6"*" ";+!)!  Q ∈ U !' )6 )

QGMG = E

[

uη>
]

. -./FG2

H4  !!$:,)+'%C )6"*" ";+!)!  : )*+; Ht ∈ R
Ny×(1+tny)

!' )6 ) E
[

η|ηt
]

= HtPt η = HtGt ξ P9 /!/

D6"*"('*"C 7" @%<

E[ut η
>] = E[ut E[η|ηt]>] = E[ut (Gt ξ)

>]H>
t

= QtGtM G>
t H

>
t = Qt E[Gt ξ (HtGt ξ)

>]

= Qt E[η
t
E[η|ηt]>] = Qt E[η

t η>]

= QtGt E[ξ ξ
>]G> = Qt PtGM G>,

-./F02

76"*" )6" @*!) >+%" ('>>'7! (*': )6" > 7 '( +)"* )"< &'%<+)+'% > ";,"&) )+'%!  %< )6" Ft 9:" !$* 8+>+)4

'( ut/ D6" !"&'%< >+%" 6'><! <$" )' -./0A2  %< )6" <"@%+)+'% '( M C  %< )6" )6+*< >+%" ('>>'7! (*':
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 !" #"$%& &'% '( Ht )%#  !" *)+ '( & ",) "# -'%#& &'%)* "./"- ) &'%01 2!" *)0 *&%" ('**'+0 (,'3  !"

#"$%& &'% '( Gt )%# M 1 4&%)**56 +" #"$%"

Q :=



















Q0P0

Q1P1

1

1

1

QT−1PT−1



















∈ U .

75 -'%0 ,8- &'%6 Q 0) &0$"0 9:1;<=1

 !"# $ 2' -'%-*8#"  !" /,''(6 +" 80"  !" ,"*) &'% 9:1;<= &% -'%>8%- &'% +& ! )0083/ &'%  !  !) 

E [ξ|η] = Lη P?)101 @" !)A"

E
[

uξ>
]

= E

[

uE (ξ|η)>
]

= E
[

uη>
]

L>

= QGMG>L> = QGM,

9:1;;=

+!","  !) *)0 "B8)*& 5 ('**'+0 (,'3

GMG>L> = GE
[

ξ ξ>
]

G>L> = E
[

η η>
]

L>

= E

[

η E (ξ|η)>
]

= E
[

η ξ>
]

= GM.

9:1;:=

2!&0 'C0",A) &'% -'3/*" "0  !" /,''( '(  !" 0"-'%# 0 ) "3"% 1

"#$%&' ()*)+)  !" #$% Q ∈ U & '() #*$) +!$'"!,,)" u = Qη ∈ N -#'.-/)- 9:1DE= -.$+)

E[Qη ξ>] = QGE[ξξ>] = QGM.

0() -)+!$1 2#"' !3 4)55# 67879 .$:)-'.;#')- '() +!$:)"-) -.'<#'.!$ .$ =(.+( -!5) u ∈ N >$!' $)+)-?

-#".,% #*$) .$ η@ .- ;.:)$& #$1 =) -))A -!5) Q ∈ U -#'.-3%.$; 9:1DE=7

2!" ,"08* 0 '( F"33) :1G1D )**'+ 80  ' )## %"+ #"-&0&'% A),&)C*"0 Q ∈ U )%# S ∈ R
Ns×Nξ

 ' /,'C*"3

9:1DH= )%# )//"%# 9:1DI= )%# 9:1DE= )0 )##& &'%)* -'%0 ,)&% 0 +& !'8 -'%0 ,)&%&%J  !" -!'&-" u ∈ N



 !"! #$%&' ())'$*+,-.+$/0 $1 P -/2 34-5 (6/& 7$/.'$5 8$5+9+&0  !

 !" s ∈ L2
Ns

#! $%&'()& *+,-,./-, $%&'() #0 ,12#3 4,!5 5/ 5+, /65#7#8 5#/! 6-/94,7

inf E
[

u(Ju +B>JxB)u>
]

+ 2 tr
(

C>JxBQGM
)

+ tr(C>JxCM)

0&5& u ∈ N , Q ∈ U , S ∈ R
Ns×Nξ

(Fu + FxB)QGM + FsSM + (FxC − he>0 )M = 0

QGM = E
[

uξ>
]

∃s ∈ L2
Ns

: SM = E
[

s ξ>
]

, s ≥ 0 P: &0&

$%&;<)

=, !,>5 #!5-/"2?,  5,?+!#? 4 @,77 5+ 5 A#44 ,! 94, 20 5/ ,4#7#! 5, 5+, .2!?5#/! 4 ",?#0#/! 3 -# 94,

u #! $%&;<) 9B ,>64#?#54B 7#!#7#8#!C 5+, 6 -5 /. 5+, /9D,?5#3, .2!?5#/! ?/!5 #!#!C 5+#0 5,-7E

 !""# $%&%'%  !"#$%&' ()& *!"+&, !-($.$/0($!" -'!12&.

min E
[

u>Ju
]

#3(3 u ∈ N

QGM = E
[

u ξ>
]

$%&;()

4)&'& J $# -!#$($+& #&.$5%&6"$(& 0"% Q ∈ U $# 6,&%3 7 .$"$.$/&' 8!' ()$# -'!12&. $# u∗ = QGξ3

9'!!83 =, F-05 ?/!0#",- 5+, -,4 >," 6-/94,7

min
u∈L2

Nu

{

E

[

u>Ju
]

: QGM = E

[

u ξ>
]}

, $%&;G)

A+,-, u #0 !/5 -,05-#?5," 5/ 9, #! N & =, A#44 0+/A 5+ 5 5+#0 6-/94,7 + 0  0/425#/! #! N H A+#?+ #0

5+,-,./-,  40/  0/425#/! ./- $%&;()& I/!0#",- 5+, @ C- !C# ! /. 5+, -,4 >," 6-/94,7 $%&;G)H

L(u,Λ) = E

[

u>Ju
]

+ tr
(

Λ>
(

QGM − E

[

uξ>
]))

, $%&;J)

A+,-, Λ ∈ R
Nu×Nξ

#0 5+, 7 5-#> /. @ C- !C, 7245#64#,-0  00/?# 5," A#5+ 5+, ,12 4#5B ?/!05- #!50& K

0,5 /. F-05:/-",- /65#7 4#5B ?/!"#5#/!0 #0 ./2!" 9B 0,55#!C 5+, LM5, 2> "#N,-,!5# 4 /. 5+, @ C- !C# !

A#5+ -,06,?5 5/ u 5/ 8,-/ ./-  44 ",0?,!5 "#-,?5#/!0 h ∈ L2
Nu

&

δL(u,Λ;h) = E
[

h> (2 J u− Λ ξ)
]

= 0 ∀h ∈ L2
Nu

⇐⇒ 2Ju− Λξ = 0 P: &0&

$%&;O)
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 ! "#$ %& '&()*&+ !,#! Λ∗ = 2JQG #$+ u∗ = QGξ = Qη -#!)-./ %0!, !,& 01!)2#3)!/ "0$+)!)0$- 456789

#$+ !,& "0$-!(#)$!- 0. 1(0%3&2 4567:96 ;,<- u∗
"0$-!)!<!&- # '#3)+ %<! $0! $&"&--#()3/ <$)=<& -03<!)0$

0. !,& "0$'&> 1(0%3&2 4567:96 ?<(!,&(20(&@ -)$"& Q )- #$ &3&2&$! 0. U @ !,& #A$& 103)"/ u∗
)- $0$B

#$!)")1#!)'&@ !,#! )- u∗ ∈ N 6 C- # (&-<3!@ u∗
)- #3-0 #$ 01!)2#3 -03<!)0$ .0( 1(0%3&2 4567D9@ E,)", )-

20(& (&-!()"!)'& !,#$ 4567:96 ;,<- !,& "3#)2 .0330E-6

F& "#$ #113/ G&22# 56H67 E)!, J := (Ju +B>JxB)  ! "#$%&' ()* +,-.(/, u 01 QGξ$ 2345 14,.*5  3,

6!..!74)8 !- 494:( 4!) -+!0.,9;

inf tr
(

G>Q>(Ju +B>JxB)QGM + 2C>JxBQGM + C>JxCM
)

5$ $ Q ∈ U , S ∈ R
Ns×Nξ

(Fu + FxB)QG+ FsS + FxC − he>0 = 0

∃s ∈ L2
Ns

: SM = E
[

s ξ>
]

, s ≥ 0 P<($5$

"#$%='

>! , (.5!  3( 7, +,9!?,*  3, 5,/!)*<!+*,+ 9!9,) 9( +4@ M 6+!9  3, 5 ( , ()* /!) +!. /!)5 +(4) 

01 -!5 <9A. 4-.14)8  3, /!++,5-!)*4)8 /!)5 +(4) 4) "#$%&' 74 3 M−1
$

23, .(5 /!)5 +(4) 4) "#$%=' +,BA4+,5  3, 5!.A 4!) !6 Ns 9!9,) -+!0.,95C  !"! 6!+ ( 84?,) S ∈ R
Ns×Nξ

7, 9A5 (55,+  3, ,@45 ,)/, !6 Ns )!)<),8( 4?, D!+,. 9,(5A+,5 73!5, ?,/ !+5 !6 :,+!< ()* E+5 <!+*,+

9!9,) 5 /!4)/4*, 74 3  3, +!75 !6 SM ()* 734/3 3(?, 5BA(+, 4) ,8+(0., *,)54 4,5 74 3 +,5-,/  ! P$

23, 6!..!74)8 .,99( -+!?4*,5 ( 9,()5 6!+ *,(.4)8 74 3  345 /!)5 +(4) 01 +,-.(/4)8 4 74 3 ( 5, !6

/!)4/ /!)5 +(4) 5  3( ,)/.!5, 4 5 6,(540., +,84!);

 !""# $%&%$% #"$%" &'" ()%"* C ⊆ R
Nξ

+%, Cξ ⊆ R
Nξ

+*

Cξ :=
{

z ∈ R
Nξ : ∃s ∈ L2

1 - &' z = E [sξ] , s ≥ 0 P.+!*

}

C :=
{

z ∈ R
Nξ : Wi z �Kp 0, i = 1 . . . l, e>0 z ≥ 0

}

= cone(Ξ).

/'"% ∅ 6= int C ⊆ Cξ ⊆ C.

01))2! F4+5 C !05,+?,  3( ∅ 6= int C$ 2345 6!..!75 6+!9  3, (55A9- 4!)  3( Ξ 3(5 ( )!)<,9- 1 +,.( 4?,

4) ,+4!+ ()* 5-()5 R
Nξ

$ G)  3, +,9(4)*,+ !6  3, -+!!6 7, 53!7  3( int C ⊆ Cξ ⊆ C$ H, 74.. 53!7  345

A54)8  3, 9, 3!*!.!84,5 A5,* 4) IJKC L+!-!54 4!) #M$



 !"! #$%&' ())'$*+,-.+$/0 $1 P -/2 34-5 (6/& 7$/.'$5 8$5+9+&0  !

 !" M+
#! "$! %!" &' ()) *&*+*!,("-.! /*-"! 0!(%12!% &* (Ξ,B(Ξ)) 3-"$ /*-"! %!4&*5 0&0!*"%6 (*5

)!" M+
ξ #! "$! %1#%!" &' ()) 0!(%12!% -* M+

"$(" $(.! ( %71(2!+-*"!,2(#)! 5!*%-"8 3-"$ 2!%9!4" "& "$!

5-%"2-#1"-&* Pξ &' ξ: ;!/*! "3& 4&*.!< 4&*!% -* R
Nξ

(%

C̃ :=

{∫

Ξ
ξ µ(5ξ) : µ ∈ M+

}

(*5

C̃ξ :=

{∫

Ξ
ξ µ(5ξ) : µ ∈ M+

ξ

}

.

=8 4&*%"214"-&* C̃ξ ⊆ C̃: >-*4! "$! 5!*%-"8 &' (*8 µ ∈ M+
ξ 3-"$ 2!%9!4" "& Pξ 4(* #! -5!*"-/!5 3-"$

( '1*4"-&* -* L2
16 -" -% 4)!(2 "$(" C̃ξ = Cξ: ?12"$!20&2!6 (% M+

ξ -% 3!(@)8 5!*%! -* M+
A%-*4! Ξ

4&*%"-"1"!% "$! %199&2" &' PξB6 (*5 "$! -5!*"-"8 0(99-*, ξ 7→ ξ -% 4&*"-*1&1%6 -" '&))&3% "$(" C̃ξ -%

5!*%! -* C̃: C!!9-*, -* 0-*5 "$(" C̃ξ -% ()%& 4&*.!<6 "$! (#&.! /*5-*,% -09)8

int C̃ ⊆ C̃ξ = Cξ ⊆ C̃ . AD:DEB

F! *&3 92&4!!5 "& %$&3 "$(" C̃ = C6 3$-4$ 3-)) 4&09)!"! "$! 92&&': ?&2 (*8 z ∈ C "$!2! !<-%"% (

z′ ∈ Ξ (*5 ( %4()-*, '(4"&2 λ ≥ 0 %14$ "$(" z = λz′: G!<"6 3! 5!/*! µz := λδz′ 3$!2! δz′ -% "$! ;-2(4

0!(%12! 3$-4$ 4&*4!*"2("!% 1*-" 0(%% (" "$! 9&-*" z′: H" -% !(%8 "& .!2-'8 "$(" µz ∈ M+
: F! "$!*

$(.!

z =

∫

Ξ
ξ µz(5ξ) ∈ C̃,

8-!)5-*, "$! 2!)("-&* C ⊆ C̃: H* &25!2 "& 5!2-.! "$! &99&%-"! 2!)("-&*6 3! %!)!4" (*8 z ∈ C̃: =8 "$!

5!/*-"-&* &' C̃ "$!2! !<-%"% ( µ ∈ M+
%& "$(" z =

∫

Ξ ξ µ(5ξ): F! %!" λ := µ(Ξ): H' λ = 06 "$!*

z = 0 ∈ C6 %-*4! µ -% ( *&*+*!,("-.! 0!(%12!: ?2&0 *&3 &* 3! "$1% (%%10! "$(" λ > 0 (*5 %!"

z′ := 1
λ

∫

Ξ ξ µ(5ξ): I#%!2.! "$(" µ/λ 4&*%"-"1"!% ( 92&#(#-)-"8 0!(%12!: J$!*6 -" -% !(%8 "& .!2-'8 "$("

z′ ∈ Ξ6 %-*4! z′ -% "$! 0!(* .()1! &' ( 92&#(#-)-"8 5-%"2-#1"-&* %199&2"!5 &* "$! 4&*.!< %!" Ξ: >-*4!

λ > 06 3! $(.! z = λz′ ∈ C: K% "$! 4$&-4! &' z ∈ C̃ 3(% (2#-"2(286 3! $(.! C̃ ⊆ C6 (*5 "$1% 3!

4&*4)15! "$(" C̃ = C: >1#%"-"1"-*, "$-% 2!%1)" -*"& AD:DEB 4&09)!"!% "$! 92&&':
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 !"#$ %&' (')#"%"*# *+ Cξ "# ,'--. /010/2 3' 4.# 5'35"%' 6/0789 "# %&' +*5-

inf tr
(

G>Q>(Ju +B>JxB)QGM + 2C>JxBQGM + C>JxCM
)

!0%0 Q ∈ U , S ∈ R
Ns×Nξ

(Fu + FxB)QG+ FsS + FxC − he>0 = 0

(MS>)i ∈ Cξ, ∀i ∈ {1, . . . , Ns},

6/0/:9

3&'5' (MS>)i ('#*%'! %&' i
th
4*;<-# *+ MS>

0 =&' >5*?;'- 6/0/:9 "! %&'5'+*5' '@<"A.;'#% %* P`0 B

;*3'5 ?*<#( %* 6/0/:9 4.# %&'# ?' +*<#( ?C %.D"#$ %&' 4;*!<5' *+ "%! 4*#!%5."#%! A". .>>;"4.%"*# *+

,'--. /010/2 5'>;.4"#$ Cξ 3"%& C2 3&"4& 5'!<;%! "--'(".%';C "# %&' >5*?;'- P̃`0 E% 4.# ?' !&*3# %&.%

%&' .>>;"4.%"*# *+ %&"! 4;*!<5' *>'5.%"*# (*'! #*% .F'4% %&' *>%"-.; A.;<' 'G4'>% +*5 >.%&*;*$"4.; 4.!'!

*+ ;"%%;' >5.4%"4.; "#%'5'!% 640+0 H'-.5D /010:92 !* %&.% "# -*!% 4.!'! P̃` "! .4%<.;;C '@<"A.;'#% %* 6/0/:90

I*%' %&.% C "! %&' 4*#' $'#'5.%'( ?C Ξ0

J*;A.?";"%C *+ P̃` "# >*;C#*-".; %"-' +*5 .#C p ∈ [1,+∞] "! '#!<5'( ?C K8LM0

 !" #$%&$'()* +(%,$(')$-

E# %&"! !'4%"*# 3' -.D' . #<-?'5 *+ $'#'5.; *?!'5A.%"*#! .?*<% %&' 5';.%"*#!&"> ?'%3''# %&' ;*3'5N

.#( <>>'5N?*<#("#$ >5*?;'-! P` .#( Pu0 O&'5' #'4'!!.5C +*5 4;.5"%C2 3' 3";; -.D' %&' ('>'#('#4'

*+ %&' >5*?;'- P *# %&' "#"%".; !%.%' x1 'G>;"4"% ?C ('#*%"#$ "% P(x1)2 .#( "%! *>%"-.; A.;<' P∗(x1)0

O' .(*>% . !"-";.5 #*%.%"*# "# 5';.%"*# %* %&' >5*?;'-! P` .#( Pu .#( %&'"5 %5.4%.?;' 5'+*5-<;.%"*#!

P̃` .#( P̃u0 =&' )5!% 5'!<;% "! . #.%<5.; 4*#!'@<'#4' *+ P5*>*!"%"*#! /0/07 .#( /0107 .#( "! %&' 4'#%5.;

5'!<;% "# %&' 4&.>%'5Q

 !"#$"% &'(')'  !" #$%&'() *()+", #- %!" $.#/)"' P (01 %!" %.(2%(/)" $.#/)"', P̃u (01 P̃` ,(%&,-3

P̃`∗(x1) ≤ P∗(x1) ≤ P̃u∗(x1) ∀x1 ∈ R
nx .

=&' .?*A' 5'!<;% "! !"$#")4.#% ?'4.<!' "% .;;*3! *#' %* ?*<#( %&' ('$5'' *+ !<?*>%"-.;"%C "#4<55'( 3&'#

'->;*C"#$ .R#' ('4"!"*# 5<;'! %* !*;A' .>>5*G"-.%';C %&' "#%5.4%.?;' *>%"-"S.%"*# >5*?;'- P(x1)0

T<5%&'5 "#!"$&% "! >*!!"?;' ?C 4*->.5"#$ %&' !'%! *+ +'.!"?;' ('4"!"*# A.5".?;'! "# %&' )#"%' ("-'#!"*#.;



 !"! #$%&$'()* +(%,$(')$-  !

 !!"#$ %&' ()*"#$+) &',&- !#)+("./ P̃u(x1) %&' P̃`(x1)0 1"2&" 34" /"3/ )5 5"%/,+(" '"6,/,)& 7%#,%+("/

5)# 34"/" !#)+("./ %/

Πu(x1) :=











(Q,S) :
P̃u(x1) ,/ 5"%/,+(" 5)# /)."

µ ≥ 0, Λi �K∗
p
0, i ∈ {1 . . . l}











Π`(x1) :=
{

(Q,S) : P̃`(x1) ,/ 5"%/,+("
}

,

%&' '"2&" 34" /"3/ )5 ,&,3,%( /3%3"/ x1 5)# *4,64 % 5"%/,+(" !)(,68 6%& +" 5) &' 5)# 34"/" !#)+("./ %/

Xu := {x1 ∈ R
nx : Πu(x1) 6= ∅}

X` := {x1 ∈ R
nx : Π`(x1) 6= ∅} .

94" &":3 #"/ (3 - %#%&3""/ 34%3 34"/" /"3/ %#" &"/3"';

 !"#"$%&%"' ()*)+)  !" #$%&'( )"*) Πu(x1) +,- Π`(x1) )+*&).(

Πu(x1) ⊆ Π`(x1) ∀x1 ∈ R
nx ,

+,- *!" &,&*&+% )*+*" )"*) Xu +,- X` )+*&).( Xu ⊆ X`/

01$$./ 9) !#)7" 34" 2#/3 !%#3< %// ." 34%3 (Q,S) ∈ Πu(x1) ,/ /!"6,2"'< /) 34%3 S = µe>0 +
∑l

i=1 Λ
>
i Wi

5)# /)." Λi �K∗
p
0< i = 1, . . . , l< %&' µ ≥ 00 94"&

WiMS> = WiM(e0µ
> +

∑l
i=1W

>
i Λi)

= E [Wiξ]µ
> +

∑l
i=1WiMW>

i Λi

= E [Wiξ]µ
> +

∑l
i=1 E

[

(Wiξ)(Λ
>
i Wiξ)

>
]

�Kp 0,

/,&6" Wiξ �Kp 0 %&' Λ>
i Wiξ ≥ 0 ∀ξ ∈ Ξ< i = 1, . . . , l0 94,/ "&/ #"/ 34%3 34" 6)&,6 ,&"= %(,38 ,& P̃`(x1)

,/ /%3,/2"'0 > #34"#.)#"<

e>0 MS> = e>0 M(e0µ
> +

∑l
i=1W

>
i Λi)

= µ> +
∑l

i=1 e
>
0 MW>

i Λi

= µ> +
∑l

i=1 E
[

(Λ>
i Wiξ)

>
]

≥ 0.
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 !"# $%#&'$# (!)( (!$ *%)+ "%$,&)+"(- ./%#(')"%( "% P̃`(x1) "# #)("#*$01 2"%.$ )++ /(!$' ./%#(')"%(# "%

P̃`(x1) )%0 P̃`(x1) )'$ "0$%(".)+3 (Q,S) ∈ Π`(x1)1

 !$ #$./%0 4)'( /5 6'/4/#"("/% 71819 5/++/:# ";;$0")($+- 5'/; (!$ *'#( 4)'(1

 !"#$% &'(')'  ! "#$%&'(!' ($$)"*('"%! +%& ,%)-'"%!, '% &%.-,' /!"'0 1%&"2%! $&%.)0#, ,-*1 (, P ", "!

&0*03"!4 1%&"2%! *%!'&%) 56789: ;+ %!0 0<-"$, $&%.)0# P 5()'0&!('"=0)>? P̃u9 @"'1 ($$&%$&"('0 '0&#"!()

*%!3"'"%!, %! '10 *%!,'&("!', (!3 %.A0*'"=0 +-!*'"%!? '10! ( 678 )(@ ,>!'10,"203 +&%# &0$0('03 ,%)-'"%!,

'% P *(! .0 ,1%@! '% 0!3%@ '10 &0,-)'"!4 *)%,03B)%%$ ,>,'0# @"'1 30,"&(.)0 ,'(.")"'> (!3 "!=(&"(!*0

$&%$0&'"0,C *:+: DEF? GHI?DHJ? FFI:

;' ", 3"K*-)' "! 40!0&() '% (,,0,, '10 304&(3('"%! %+ $0&+%&#(!*0 5"+ (!>9 %+ ,-*1 ( *%!'&%))0& "+ %!0

,-.,'"'-'0, &0*03"!4 1%&"2%! "#$)0#0!'('"%! %+ ,%)-'"%!, '% $&%.)0# P @"'1 ,%)-'"%!, '% "', ,-.B%$'"#()

($$&%L"#('"%! P̃u: ;! $(&'"*-)(&? '10&0 ", !% %.="%-, #0'1%3 +%& 3"&0*')> "!+0&&"!4 ,'(.")"'> $&%$0&'"0,

5 $1<1 "!$-'B'%B,'('0 4("!9 +&%# '10 =()-0 +-!*'"%! P∗
? @1"*1 '>$"*())> $)(>, '10 &%)0 %+ ( M>($-!%=

+-!*'"%! "! 678: N! '10 %'10& 1(!3? "+ %!0 30/!0, X := {x : P(x) ", +0(,".)0} , '10! *)0(&)> Xu ⊆

X ⊆ X`: O"=0! ($$&%$&"('0 '0&#"!() *%!3"'"%!,? '10 ,0' X 5()'0&!('"=0)>? Xu9 ", '10 &04"%! %+ (''&(*'"%!

%+ ,-*1 ( 678 *%!'&%))0&? (!3 '10 ,0' 3"P0&0!*0 Xu\X` $&%="30, (! 0,'"#('0 %+ '10 *%!,0&=('",# %+ (

678 ,>!'10,"203 +&%# P̃u @"'1 &0,$0*' '% &04"%! %+ (''&(*'"%!:

="%)++-3 :$ #!/: (!)( (!$ &44$' )%0 +/:$' >/&%0# .)+.&+)>+$ ?") P̃u )%0 P̃` ./"%."0$ 5/' 4'/>+$;# :"(!

$,&)+"(- ./%#(')"%(# /%+-3 :!".! 0$;/%#(')($# (!)( /&' )44'/@";)("/% ;$(!/0# )'$ %/( &%%$.$##)'"+-

./%#$'?)("?$ "% (!"# .)#$A

*+$+,,#$- &'(')' ;+ Fs = 0 '10! '10 %$'"#() =()-0, (*1"0=03 "! '10 -$$0&B (!3 )%@0&B.%-!3"!4 $&%.)0#,

P̃u (!3 P̃` *%"!*"30? "1$1

P̃`∗(x1) = P∗(x1) = P̃u∗(x1) .

Q&%%+: B5 Fs = 03 (!$% >/(! /5 (!$ 4'/>+$;# P̃` )%0 P̃u )'$ ./%#(')"%$0 /%+- >- (!$ .)&#)+"(- ./%0"C

("/% Q ∈ U )%0 (!$ $,&)+"(- (Fu + FxB)QG + FxC − he>0 = 01  !"# $%#&'$# (!)( Πu(x1) = Πl(x1)3

)%0 ./%#$,&$%(+- P̃`∗(x1) = P̃u∗(x1)1  !$ '$#&+( (!$% 5/++/:# 5'/; 6'/4/#"("/% 7171D3 71E1D )%0  !$/C

'$; 718191

 !"#$% &'('.' R10 (.%=0 &0,-)' 0!,-&0, '1(' (K!0 $%)"*"0, *%#$-'03 -,"!4 .%'1 '10 $&"#() (!3 3-()

#0'1%3, %+ S0*'"%! T:T (!3 T:H (&0 %$'"#() +%& *%!'&%) $&%.)0#, %+ '10 '>$0 P "+ u (!3 x (&0 &0,'&"*'03



 !"! #$%&'()*+ ,-*%.+&/  !

� � � � � �� �� �� �� �� �� �� � �� � �� � �
	
 ��
 � ��� �� � � P̃

∗

`

P̃∗

u

P∗

``

P∗

uu

"#$%&' ()*+ ,--'& ./0 123'& 42%/05 62& 78' -'&6'97 57.7' :'.5%&':'/75 ';.:-1')

 !"# $ % &'(&)%*+, -! $.+ )%/$0*'"%/ *%&+ $.%$ (Jx, Ju) %/+ (" *1 20%3 !%" %!2 (Fx, Fu, Fs) = 04 ( $.

)/ ("+5& /+2'*+ $ $.+ &$%!2%/2 60!+%/ 7'%2/%$0* 8+3'"%$ / )/ ("+54 9 / :.0*. "0!+%/ 9++2(%*1 ) "0*0+&

%/+ :+"";1! :! $ (+  )$05%" <=>,

 !" #$%&'()*+ ,-*%.+&/

 !"!# $%&'%() *)+)% ,%+-.&%/%0)-

 ! "#$%&'!( )*! +#,,#-&$. )&/!0&$12(&2$)3 '&%"(!)!0)&/! ,&$!2( %4%)!/3 -*&"* 2,,#-% +#( 5!(+!") %)2)!

/!2%6(!/!$)%7

xt+1 =







1 1

0 1






xt +







0.2

1






ut +







0.1

0.1






ξt, yt = xt,

-*!(! t = 1, . . . , T − 18 9*! &$&)&2, %)2)! #+ )*! %4%)!/ &% %!) )# x1 = (4.7, 0)>8  ! 2%%6/! )*2) )*! ξt

2(! &$'!5!$'!$) 2$' 6$&+#(/,4 '&%)(&:6)!' #$ [0, 2] +#( t = 1, . . . , T 3 -*&,! ξ0 = 1P028%8 ;6( #:<!")&1!

&% )# /&$&/&=! E
[

u>u+ x>x
]

%6:<!") )#

(−5,−5)> ≤ xt ≤ (5, 5)>, t = 1, . . . , T

(1, 1)xt ≤ 5, t = 1, . . . , T

(1,−1)xt ≤ 5, t = 1, . . . , T

|ut| ≤ 1, t = 1, . . . , T − 1



































P028%8

 ! %#,1! )*! 255(#>&/2)! 5(#:,!/% P̃` 2$' P̃u 2% -!,, 2% )*! )(&1&2, :#6$' 5(#:,!/% P`` 2$' Puu +#(
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� � � � � � � � � �� �� �� �� �� ����
� � � � �  ! " # ! $ % $ � ! & ' () *+,-./ ,01,-*-2 ,3 4 5

X`

Xu

"#$%&' ()*+ ,'-. /0 #1#-#23 .-2-'. X` 214Xu 0/& 5/&#6/1 T = 87 0/& -5' 8'&0'9- .-2-' :'2.%&':'1-.

';2:83')

T = 2, . . . , 10 !"#$%& ' ( )*+,) %&)$-.) /+% .*& +0."12- 32-$& 24*"&3&5 67 )+-3"8# .*&)& 0%+6-&1) /+%

.*& #"3&8 *+%"9+8 -&8#.*) !+% .*") 02%."4$-2% &:210-&; .*& $00&% 285 -+,&% 6+$85) P̃u 285 P̃` 2%&

4-+)& .+ &24* +.*&% 6$. 5"3&%#& )-+,-7 <*& 6+$85) 5+ 8+. 4+"84"5& )$##&)."8# .*2. 2=8& 0+-"4"&) 127

8+. 6& +0."12-; &)0&4"2--7 2) .*& ."1& *+%"9+8 "84%&2)&) 6&7+85 4 <*& .%"3"2- 6+$85) P`` 285 Puu
/2"- .+ 5&.&4. .*& 8&2%>+0."12-".7 +/ 2=8& 0+-"4"&) /+% ."1& *+%"9+8) -&)) .*28 4 !"#$%& ' ? )*+,) .*&

.,+ %&#"+8) X` 285 Xu +/ "8"."2- ).2.&) x1; /+% ,*"4* 2 /&2)"6-& 0+-"47 428 6& /+$85 /+% P̃` 285 P̃u
%&)0&4."3&-7; /+% 2 ."1& *+%"9+8 +/ T = 8 @6)&%3& .*2. Xu ⊆ X` 

 !"!# $%&'()'*+ ,+-+' .'-/0('%'1+/

A& 4+8)"5&% 2 )"1"-2% )7).&1 6$. ,".* "10&%/&4. ).2.& "8/+%12."+8 285 1&2)$%&1&8. &%%+%) <*&

)7).&1 &B$2."+8) 2%&C

xt+1 =







1 1

0 1






xt +







0.5

1






ut +







1 0 0

0 1 0






ξt

yt =

[

1 1

]

xt +

[

0 0 1

]

ξt

/+% 2-- t = 1 . . . T − 1 <*& "8"."2- ).2.& ") )&. .+ x1 = (0, 1)> 285 .*& )$00+%. Ξ ") 5&D8&5 2)

Ξ :=
{

ξ ∈ R
Nξ : ξ �K2

0, e>0 ξ = 1
}

.
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P̃∗
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P∗

``

P∗

uu

"#$%&' ()(* +,' %--'& ./0 123'& 42%/05 62& 7,' #8-'&6'97 57.7' 8'.5%&'8'/75 ':.8-1') +,'

732 42%/05 P̃` ./0 P̃u 92#/9#0' 8'./#/$ 7,.7 62& 7,#5 -&241'8 #/57./9' .;/' -21#9#'5 .&'

2-7#8.1)

 !" #$%&"'' (%)'" ξ )' *()+%$,-. /)'0$)1*0"/ %( Ξ2 3*$ %14"&0)5" )' 0% ,)(),)6" E
[

u>u+ x>x
]

'*14"&0

0%

(−5,−5)> ≤ xt ≤ (5, 5)>, t = 1, . . . , T

|ut| ≤ 2, t = 1, . . . , T − 1











P782'2

9" '%-5" 0!" 8##$%:),80" #$%1-",' P̃` 8(/ P̃u 8(/ 0!" 0$)5)8- 1%*(/ #$%1-",' P`` 8(/ Puu +%$ T =

2, . . . , 202  !" $"'*-0' 8$" '!%;( )( <)=*$" >2>2 <%$ 0!)' ":8,#-"? 0!" 1%*(/' P̃` 8(/ P̃u &%)(&)/"?

,"8()(= 0!"$" )' (% %#0),8-)0. =8# 8(/ 0!*' 8@(" #%-)&)"' 8$" %#0),8- )( 0!)' )('08(&"2  !)' )' %+

&%*$'" (%0 0$*" )( ="("$8-? 1*0 8' 0!" #$%#%'"/ 1%*(/' 8$" #$%1-",7'#"&)A&? 0!". &8( 800"'0 /)'0)(&0

)('08(&"' %+ #$%1-",' ;!"$" 8@(" &%(0$%--"$' 8$" %#0),8-2 B$%1-", Puu 1"&%,"' )(+"8')1-" +%$ T ≥ 6?

$"(/"$)(= 0!" 0$)5)8- *##"$ 1%*(/ ,"8()(=-"'' +%$ 0!%'" !%$)6%('2

 !" #$%&'()*$%

9" )(5"'0)=80" /)'&$"0" 0),"? 0),"758$.)(= -)("8$ '.'0",' ;)0! )(#*0 8(/ ,"8'*$","(0 *(&"$08)(0.2

<)(/)(= &8*'8- &%(0$%--"$' 0!80 ,)(),)6" 8( ":#"&0"/ &%'0 +*(&0)%( )' &%,#*080)%(8--. )(0$8&081-" )(

0!" #$"'"(&" %+ '080" &%('0$8)(0'2  !"$"+%$"? ;" $"'0$)&0 800"(0)%( 0% 8@(" &%(0$%--"$' %5"$ ;!)&! %("

&8( %#0),)6" )( #%-.(%,)8- 0)," 1. '%-5)(= 8 0$8&081-" &%()& %#0),)680)%( #$%1-",2  !" %#0),8- 58-*"

%+ 0!)' #$%1-", &%('0)0*0"' 8( *##"$ 1%*(/ %( 0!" ,)(),8- &%'0 8&!)"581-"2 C'0),80)(= 0!" /"=$""

%+ '*1%#0),8-)0. %+ 0!" 1"'0  !"# &%(0$%--"$ !8' 1""( 8 -%(=7'08(/)(= %#"( #$%1-",2 D. -)("8$)6)(=

0!" /*8- 58$)81-"' )( 0!" %$)=)(8- &%(0$%- #$%1-",? ;" /"5)'" 8 $"-8:"/ #$%1-", ;!%'" %#0),8- 58-*"



 !  !"#$%& '( )*+% ,%%-."/0  1+$&122%&3 4+ 5$1/!"3$4/  1+$&12 6&1.2%73

 !"#$%&' ( )"*&! +",-% "- ./& 0$-$0() 1"'. (1/$&#(+)& +2 (-2  !"#!$ 1"-.!"))&!3 4& (!5,& ./(. ./$'

 !"+)&0 $' (5($- &6,$#()&-. ." ( .!(1.(+)& 1"-$1 " .$0$7(.$"-  !"+)&03 8/& %$9&!&-1& +&.*&&- ./& .*"

+",-%' 1"-'.$.,.&' (- (  "'.&!$"!$ 0&(',!& :"! ./& %&5!&& ": ',+" .$0()$.2 ": ./& +&'. (;-& 1"-.!"))&!3

8/$' &!!"! &'.$0(.& %& &-%' "- ./& '.!,1.,!& ": ./& ,-%&!)2$-5 1"-.!")  !"+)&0 (-% 1(- +& 1()1,)(.&%

$-  ")2-"0$() .$0&3



 !"#$%& '

()*%"& +%,)-).* /01%- )* 23.4-$"5%

/.60-$ 7#$)8)9"$).* :&.61%8-

 ! "#$% &#'(")*+ ,) %"-./ ",01%"'2) *03-%" 0("$4$5'"$0! (*036)4% ,$"# 6$!)'* *03-%" &0!%"*'$!"% '!. '

4$!14'7 6$!)'* 038)&"$9): ;,01%"'2) *03-%" 0("$4$5'"$0! (*036)4% '*) &04(-"'"$0!'66/ $!"*'&"'36) $!

2)!)*'6: ;*'&"'36) -(()* 30-!.$!2 '((*07$4'"$0!% &'! 3) 03"'$!). 3/ *)<-$*$!2 "#) '.'("$9) .)&$%$0!%

"0 3) *)(*)%)!"'36) '% 6$!)'* .)&$%$0! *-6)%:  ! "#$% &#'(")* ,) $!9)%"$2'") ='4$6$)% 0= "*'&"'36) 60,)*

30-!.$!2 '((*07$4'"$0!%+ ,#$&# %)*9) "0 )%"$4'") "#) .)2*)) 0= %-30("$4'6$"/ 0= "#) 3)%" 6$!)'* .)&$%$0!

*-6): ;#)%) '((*07$4'"$0!% '*) 03"'$!). )$"#)* 3/ %069$!2 ' .-'6 9)*%$0! 0= "#) *03-%" 0("$4$5'"$0!

(*036)4 $! 6$!)'* .)&$%$0! *-6)% 0* 3/ .$%&*)"$5$!2 "#) (*036)4>% -!&)*"'$!"/ %)": ;#) <-'6$"/ 0= "#)

*)%-6"$!2 60,)* 30-!.% .)()!.% 0! "#) .$%"*$3-"$0! '%%$2!). "0 "#) -!&)*"'$! ('*'4)")*% 0* "#) &#0$&)

0= "#) .$%&*)"$5'"$0! (0$!"% ,$"#$! "#) -!&)*"'$!"/ %)"+ *)%()&"$9)6/: ?) (*09) "#'" $.)!"$=/$!2 "#)

3)%" (0%%$36) 60,)* 30-!. $% 2)!)*'66/ $!"*'&"'36) $! 30"# &'%)% '!. (*0(0%) '! )@&$)!" (*0&).-*) "0

&0!%"*-&" %-30("$4'6 60,)* 30-!.%: ?) '6%0 .)40!%"*'") !-4)*$&'66/ "#'" "#) *)%-6"$!2 $!%"'!&)1,$%)

30-!.% 0-"()*=0*4 A!0,! ,0*%"1&'%) 30-!.% $! "#) 9'%" 4'80*$"/ 0= (*036)4 $!%"'!&)%:

 !" #$%&'(%&$)

B03-%" 0("$4$5'"$0! (*036)4% $!9069$!2 '.'("$9) .)&$%$0!% '*) A!0,! "0 3) &04(-"'"$0!'66/ $!"*'&"'36) CDD+ DEF

$! 2)!)*'6: ;0 *).-&) "#$% &04(6)7$"/+ 4)"#0.% =0* *)%"*$&"$!2 "#) %('&) 0= '.'("$9) .)&$%$0! *-6)% #'9)

 !



 !  !"#$%& '( )*+%"& ,%-*.*/+ 012%. *+ 34/5.$"6% 0/71.$ 8#$*9*:"$*/+ ;&/72%9.

 !!" #$%%!#&!'(  !"!  ) *!#&*+,&+"% &-! '!,+#+." *$/!# &. &-.#! 0+&- /+"!1* 2334( 5+!,!0+#! /+"!1* 267( 894 .*

5./)".:+1/ #&*$,&$*! 2374; <!,1$#! .= &-!+* '!#+*1 /! #,1/1 +/+&) 5*.5!*&+!#( /+"!1* '!,+#+." *$/!# !">.)

&-! 0+'!#& 5.5$/1*+&); ?"'!!'( &-!  !#& /+"!1* '!,+#+." *$/! =.* 1 %+@!" *. $#& .5&+:+A1&+." 5*. /!:

,1" &)5+,1//)  ! ,.:5$&!'  ) #./@+"% 1 &*1,&1 /! /+"!1* .* #!,."'B.*'!* ,."! 5*.%*1:;

C"=.*&$"1&!/)( /+"!1* '!,+#+." *$/!# :1)  ! #!@!*!/) #$ .5&+:1/ .* !@!" +"=!1#+ /! +" &-! .*+%+"1/ .5&+B

:+A1&+." 5*. /!:; ?" .*'!* &. 1##!## &-! 155*.5*+1&!"!## .= $#+"% /+"!1* '!,+#+." *$/!#( ."! &-$# "!!'#

&. !#&+:1&! &-!+* /.## .= .5&+:1/+&); D! '+#&+"%$+#- &0. ,.:5/!:!"&1*) 155*.1,-!# =.* &-+# 5$*5.#!E #

$%&'%& :!&-.'# !@1/$1&! &-! 0.*#&B,1#! 155*.F+:1&+." *1&+. .= /+"!1* '!,+#+." *$/!# .@!* 1 0-./! ,/1##

.= 5*. /!:#( 0-+/! # $'() %&'%& :!&-.'# !#&+:1&! &-! 155*.F+:1&+." !**.* =.* !1,- 5*. /!: +"#&1",!

+"'+@+'$1//);

D! G*#& *!@+!0 &-! !F+#&+"% 1 5*+.*+ :!&-.'#; H+"!1* '!,+#+." *$/!# -1@!  !!" #-.0" &.  ! .5&+:1/ =.*

&0.B#&1%! :+"B:1F 5*. /!:# 0+&- #+:5/+,+1/ $",!*&1+"&) #!&# 1"' =.* ,!*&1+" ."!B'+:!"#+."1/ *. $#&

,."&*./ 5*. /!:# 23I4; J.0!@!*( +"#&1",!# #1&+#=)+"% &-!#! +'!1/+A!' ,."'+&+."# 1*! *1*!/) !",.$"&!*!'

+" 5*1,&+,!; C"'!* *!#&*+,&+@! "."B"!%1&+@+&) ,."'+&+."# ." &-! 5*. /!: '1&1( +& -1# 1/#.  !!" #-.0"

&-1& &-! 0.*#&B,1#! 155*.F+:1&+." *1&+. .= /+"!1* '!,+#+." *$/!# +" &0.B#&1%! :+"B:1F 5*. /!:# 0+&-

m /+"!1* ,."#&*1+"&# +# .= &-! .*'!* Ω(
√
m) 23K4; L@!" &-.$%- +& +# .,,1#+."1//) &+%-&( &-+# 0.*#&B,1#!

5!*=.*:1",!  .$"' +# &.. 5!##+:+#&+, =.* &-! @1#& :1>.*+&) .= 5*. /!: +"#&1",!#;

M-$#( &-!*! +# ,."#+'!*1 /! :!*+& +" '!@!/.5+"% %..' 1 5.#&!*+.*+ :!&-.'#; ?"#&1",!B0+#! $55!* 1"'

/.0!*  .$"'# ." :$/&+B#&1%! ()'*+#()&* 5*.%*1:# ,1"  ! . &1+"!'  ) #./@+"%  .&- &-! .*+%+"1/ 5*. /!:

1"' +&# '$1/ +" /+"!1* '!,+#+." *$/!#N #!! O-15&!* P .= &-+# &-!#+#( #!! 1/#. 2QR4; M-! %15  !&0!!" &-!

 .$"'# 5*.@+'!# 1" 1 5.#&!*+.*+ :!1#$*! =.* &-! #$ .5&+:1/+&) .= /+"!1* '!,+#+." *$/!#; M-+# 155*.1,-

+# '+*!,&/) 155/+,1 /! &. *. $#& .5&+:+A1&+." 5*. /!:#; J.0!@!*( &-! '$1/ S/.0!*T  .$"'  !,.:!# "."B

$"+U$! +" &-! *. $#& ,1#! 1# +& '!5!"'# ." &-! 5*. 1 +/+&) '+#&*+ $&+." .= &-! $",!*&1+" 51*1:!&!*#

S0-+,- ,1"  ! ,-.#!" =*!!/) =*.: 1:."%#& '+#&*+ $&+."# 0+&- 155*.5*+1&! #$55.*&T;

?" &-+# ,-15&!* 0! '!:."#&*1&! &-1& &-! U$1/+&) .= &-! '$1/ /+"!1* '!,+#+." *$/!  .$"' =.* *. $#&

5*. /!:# +# -+%-/) #!"#+&+@! &. &-! ,-.+,! .= &-! '+#&*+ $&+." %.@!*"+"% &-! $",!*&1+" 51*1:!&!*#; D!

#-.0 &-1& &-!  !#& S:1F+:$:T /.0!*  .$"' +# 1,-+!@!'  ) 1 ,&(*% ) '+#&*+ $&+."; J.0!@!*( 0! =$*&-!*

#-.0 &-1& G"'+"% &-+# '+#&*+ $&+." +# 1# -1*' 1# #./@+"% &-! .*+%+"1/ S+"&*1,&1 /!T 5*. /!:; V '+W!*!"&

,/1## .= &*1,&1 /! /.0!*  .$"'# +# . &1+"!'  ) *!5/1,+"% &-! .*+%+"1/ $",!*&1+"&) #!& 0+&- 1 G"+&!

#,!"1*+. #!&; V%1+"( G"'+"% &-!  !#& #,!"1*+. #!& .= 1 5*!#,*+ !' ,1*'+"1/+&) +# %!"!*+,1//) -1*'; D!



 !"! #$%&'() *+,+()(-+ ,-. /001)2+3%-0   

 !"#"$%#" &#%&%'" () "*+,") -" !%. ,) /!,+! '+")(#,% '" ' (#"  (0") $#%-  !" 1(2#()2" -34 ,&4,"#'

(''%+,( ". /, !  !" &#,-(4 4,)"(# ."+,',%) #34" &#%54"-6 7"8 9 /" "' (54,'! ( 4,)0 5" /"")  !" .3(4

4,)"(# ."+,',%) #34" -" !%. ().  !" '+")(#,% (&&#%(+!6 :!,' ()(4;',' (44%/' 3'  % ,.") ,$; )"/ &#%54"-

+4(''"' $%# /!,+! 4,)"(# ."+,',%) #34"' (#" %& ,-(46 <8 ")',=" )3-"#,+(4 "8&"#,-") ' ."-%)' #( "  !( 

%3# '+")(#,%>5('". 4%/"# 5%3). +%)',' ") 4; %3 &"#$%#-'  !" 0)%/) ( &#,%#, 5%3).' (' /"44 ('  !" .3(4

4,)"(# ."+,',%) #34" 5%3). (''%+,( ". /, ! )(,=" .,' #,53 ,%)(4 +!%,+"'6

:!,' +!(& "# ,' ' #3+ 3#". (' $%44%/'6 ?"+ ,%) @6A ,) #%.3+"'  !" &#%54"- $%#-34( ,%) (). #"=,"/' ()

(&&#%8,-( " '%43 ,%) -" !%. 5('". %) 4,)"(# ."+,',%) #34"'6 ?"+ ,%) @6@6B (). @6@6A ."'+#,5" 5%3).,)2

 "+!),C3"' $%# "' ,-( ,)2  !" '35%& ,-(4, ; %$ 4,)"(# ."+,',%) #34"' 5; 3',)2 .3(4 4,)"(# ."+,',%) #34"'

(). ( .,'+#" ,D( ,%) %$  !" 3)+"# (,) ; '" 9 #"'&"+ ,="4;6 :!" &"#$%#-()+" %$  !" #"'34 ,)2 5%3).' ,'

()(4;'". ,) ?"+ ,%) @6E %) ( '" %$ #().%-4; 2")"#( ".  "' &#%54"-'9 (). '%-" +%)+43',%)' (#" .#(/)

,) ?"+ ,%) @6F6

 !"#$%& '($"$)(* :!" %& ,-(4 =(43" %$ (); %& ,-,D( ,%) &#%54"- P ,' .")% ". 5; P∗
6 G%#

-( #,+"' S, T ∈ R
k+1×l

(). ( &#%&"# +%)" K ⊆ R
k+1

9  !" #"4( ,%) S �K T HS �K T I ,).,+( "'  !(  !"

+%43-)' %$ S − T HT − SI (#" ,)+43.". ,)  !" +%)" K6 :!" .3(4 +%)" %$ K ,' .")% ". K∗
6 J%#"%="#9

 !" 0"#)"4 %$ ( -( #,8 A ,' .")% ". ker(A)6 G,)(44;9 /" 3'" A(i)
 % .")% "  !" i> ! #%/ %$ ( -( #,8 A9

(). A(i)  % .")% " , ' i> ! +%43-)6

 !" #$%&'() *+,+()(-+ ,-. /001)2+3%-0

K" ' 3.; 4,)"(#  /%>' (2" #%53' %& ,-,D( ,%) &#%54"-' /, ! (*)" #,2! !(). ',." 3)+"# (,) ; (). (

-,)>-(8 %5L"+ ,="6 ?3+! &#%54"-' +() 5" #"&#"'") ". ('

inf c>x + sup
ξ∈Ξ

d>y(ξ)

'6 6 Ax + By(ξ) ≤ Cξ ∀ξ ∈ Ξ,

HPI

/!"#" Ξ ⊆ R
k+1

#"&#"'") '  !" 3)+"# (,) ; '" 6 :!" M#' >' (2" ."+,',%) x ∈ R
n1

,' ( #,2,. ."',2)

."+,',%)9 ().  !" '"+%).>' (2" ."+,',%) y ,' ( $344; (.(& ,=" ."+,',%) #34"9  !( ,'9 ( +%) ,)3%3' $3)+ ,%)

$#%- R
k+1

 % R
n2

6 K" .")% " 5; m  !" )3-5"# %$ +%)' #(,) '6 K, !%3 -3+! 4%'' %$ 2")"#(4, ;9 /"

(''3-"  !( P∗
,' M), " ().  !(  !" -,),-3- ,' (  (,)". 5; () %& ,-(4 ."+,',%) (x∗, y∗)6 J%#"%="#9



 !  !"#$%& '( )*+%"& ,%-*.*/+ 012%. *+ 34/5.$"6% 0/71.$ 8#$*9*:"$*/+ ;&/72%9.

 ! "#$! %&! '())( *+, #--."/%*(+ #0(.% Ξ1

 ! "#$%&'( )%*'+,-.%,/ 0',1  !" #"$ Ξ %# $!" %&$"'#"($%)& )* +')+"' ()&" K ⊆ R
k+1

,%$! $!"

!-+"'+./&"

{

ξ ∈ R
k+1 : e>0 ξ = 1

}

0 ,!"'" e0 1"&)$"# $!" 2'#$ (/&)&%(/. 3/#%# 4"($)' %& R
k+1

5

Ξ :=
{

ξ ∈ R
k+1 : ξ ∈ K, e>0 ξ = 1

}

.

6" /##78" $!/$ Ξ %# &)&9"8+$- /&1 3)7&1"1:

2'3-+4 56!676 ;&$')17(%&< / 1"<"&"'/$" 7&("'$/%& 4/'%/3." ξ0 $!/$ %# "=7/. $) > )& Ξ /..),# 7# $)

"?+'"## /&- /@&" *7&($%)& )* $!" &)&91"<"&"'/$" 7&("'$/%& +/'/8"$"'# (ξ1, . . . , ξm) )& Ξ %& / ()8+/($

,/- /# / .%&"/' *7&($%)& )* ξ = (ξ0, . . . , ξm):

 !" #$$%& '$$&()*+,-*(./ (0 P ,.1 2&*+,3 4*.%,& 5%6*7

/*(. 893%/

23(0)!" P *- 4("/.%#%*(+#))5 *+%3#4%#0)! 6778 9&!(3!" :1:;8 *+<()<*+, #+ *+=+*%! +."0!3 (' 4(+-%3#*+%-

#+> >!4*-*(+ <#3*#0)!-1 9&!3!'(3!8 =+>*+, # -.0(/%*"#) -().%*(+ +!4!--*%#%!- # %3#>!?(@ 0!% !!+ #44.?

3#45 #+> %3#4%#0*)*%58 .-.#))5 *+ %&! '(3" (' # 3!-%3*4%*(+ (+ %&! -%3.4%.3! (' %&! #>#/%*<! >!4*-*(+ 3.)!-

*+ P1 A+ %&*- 4&#/%!38  ! *+<!-%*,#%! -.4& #+ #//3(B*"#%*(+8  &!3! %&! -!4(+>?-%#,! #>#/%*<! >!4*-*(+

3.)! y *- 3!-%3*4%!> %( 0! # )*+!#3 '.+4%*(+ (' ξ8 %:":8 y(ξ) = Y ξ '(3 -("! "#%3*B Y ∈ R
n2×(k+1)

1 9&!

/3(0)!" (' *>!+%*'5*+, #+ (/%*"#) )*+!#3 >!4*-*(+ 3.)! 4#+ 0! 3!/3!-!+%!> #-

inf c>x + sup
ξ∈Ξ

d>Y ξ

-1%1 Ax + BY ξ ≤ Cξ ∀ξ ∈ Ξ,

CUD

 &!3! %&! -!4(+>?-%#,! >!4*-*(+ *- +( !+4(>!> 05 %&! "#%3*B Y *+-%!#> (' %&! 4(+%*+.(.- '.+4%*(+ y1

23(0)!" U 4(+-%*%.%!- # )*+!#3 3(0.-% (/%*"*E#%*(+ /3(0)!"  *%& -!"*?*+=+*%! 4(+-%3#*+%-1 F5 .-*+,



 !"! #$$%& '$$&()*+,-*(./ (0 P ,.1 2&*+,3 4*.%,& 5%6*/*(. 783%/  !

 !"#$% !&%'(')*%'!+ %,-.+'/#,$ 01123 '% -*+ ",  ,4! (#5*%,6 *$ * -!+'- !&%'(')*%'!+ & !"5,( !4 %., 4! (

inf c>x+ t

$7%7

(

d>Y − te>0
)> �K∗ 0

(

Axe>0 +BY − C
)> �K∗ 0.

8Ũ9

: !"5,( U *+6 '%$ ,/#';*5,+% -!+'-  ,4! (#5*%'!+ Ũ * , 6, ';,6 ;'* *  ,$% '-%'!+ !4 %., $,% !4 *6('$$'"5,

$,-!+6<$%*=, 6,-'$'!+$ '+ P7 >+ =,+, *53 *+ !&%'(*5 4#55? *6*&%';, 6,-'$'!+  #5, y∗ '$ -!+%'+#!#$

&',-,@'$, 5'+,* '+ ξ3 @'%. * &!$$'"5? ,A&!+,+%'*5 +#(", !4 &',-,$ 0B27 C,$% '-%'+= y %! ", 5'+,* '+

ξ '+% !6#-,$ *+ !&%'(*5'%? =*& ",%@,,+ P *+6 U @'%. P∗ ≤U∗ = Ũ∗
7 D., 5!$$ !4 &, 4! (*+-, 6#,

%! %., #$, !4 5'+,* 6,-'$'!+  #5,$ ;* ',$ = ,*%5? *--! 6'+= %! %., & !"5,( 6*%*7 >6,+%'4?'+= * "!#+6

!+ %.'$ !&%'(*5'%? =*&  ,/#' ,$ %., 6, ';*%'!+ !4 * 5!@, "!#+6 4! P∗
%*'5! ,6 %! %., $&,-'E- & !"5,(

'+$%*+-,7 >+ %.,  ,(*'+6, !4 %.'$ -.*&%, @, 6,(!+$% *%, .!@ !+, -*+ 6, ';, $#-. & !"5,(<$&,-'E-

5!@, "!#+6$ '+ *+ ,F-',+% (*++, 7

 !"!# $%&' (&)*&+',- &./ 01, )2+%-0 32%.0,)4&)0 Ũ

G,4! , @, 6'$-#$$ %., E $% 5!@, "!#+63 @, -!((,+% !+ %.,  ,5*%'!+$.'& ",%@,,+ %., $,('<'+E+'%,

& !"5,( U *+6 '%$ -!+'- ,/#';*5,+% Ũ *+6 6,(!+$% *%, .!@ !+, -*+ 6, ';, Ũ 4 !( U #$'+= %@! 6'$%'+-%

*&& !*-.,$7 D., E $% *&& !*-.  ,5',$ !+ %., 4!55!@'+= 5,((*3 @.'-. -*&%# ,$ %., ,$$,+-, !4  !"#$%

!&%'(')*%'!+ 8$,, H,((* I7I71 4! 6,%*'5,6 & !!49J

 !""# $%&%' 801I3 D.,! ,( I7129%  !" #$% σ ∈ R
k+1

&' (#)'

σ>ξ ≥ 0 ∀ξ ∈ Ξ ⇐⇒ σ ∈ K∗,

&('"' K *+ ,(' -!$' .'$'"#,'/ 0% Ξ1 #$/ K∗
*,+ /2#3 -!$'4

: !"5,( Ũ -*+ ", 6, ';,6 4 !( U ;'* *&&5'-*%'!+ !4 H,((* K7I713 @.'-. .*$ %., ,L,-% !4  ,&5*-'+= %.,

$,('<'+E+'%, 5'+,* '+,/#*5'%? -!+$% *'+%$ '+ U @'%. * $,% !4 E+'%, 6'(,+$'!+*5 -!+$% *'+%$ %.*% 6,E+,

%., 6#*5 -!+, K∗
7

M, $#==,$% +!@ *+ *5%, +*%';, 6, ';*%'!+ "*$,6 !+ H*= *+='*+ 4#+-%'!+$3 @.'-. & !;'6,$ * 6'L, ,+%

'+$'=.% '+%! %.,  ,5*%'!+$.'& ",%@,,+ U *+6 Ũ 7 H,% Md
+ ", %., $&*-, !4 *55 d<6'(,+$'!+*5 +!+<+,=*%';,



 !  !"#$%& '( )*+%"& ,%-*.*/+ 012%. *+ 34/5.$"6% 0/71.$ 8#$*9*:"$*/+ ;&/72%9.

 !"#$ %#&'("#' !) Ξ* +#, f -# &). /!),0)(!(' 1()/,0!) 1"!% R
k+1

,! R
d
* 23#) 4# 3&5#

sup
ψ∈Md

+

∫

Ξ
f(ξ)>ψ(dξ) =











∞ 01 ∃ξ ∈ Ξ : f(ξ) > 06

0 !,3#"40'#*

78*9:

+#, q ∈ Mm
+ &); z ∈ M+ -# m<;0%#)'0!)&$ &); !)#<;0%#)'0!)&$ )!)<)#=&,05#  !"#$ %#&'("#' !) Ξ6

"#'>#/,05#$.*  . ('0)= 78*9:6 4# /&) ;#"05# ,3# +&="&)=0&) !1 U ('0)= q &); z &' ,3# ;(&$ 5&"0&-$#' 1!"

,3# '#%0<0)?)0,# 0)#@(&$0,. /!)',"&0),'6  !"!6

LU (x, Y, t; q, z) = c>x+ t+
(

d>Y − te>0
) ∫

Ξ ξz(dξ)

+ tr
[

(Axe>0 +BY − C)
∫

Ξ ξq
>(dξ)

]

.

23# #%#"=#)/# !1  !"#$ %#&'("#' &' ;(&$ 5&"0&-$#' 0) ,3# +&="&)=0&) 0' & /!)'#@(#)/# !1 ,3# '#%0<

0)?)0,# )&,("# !1 ,3# /!)',"&0),' 0) P* A!4#5#"6 ,3#'# ;(&$  !"#$ %#&'("#' !)$. &B#/, ,3# +&="&)=0&)

,3"!(=3 ,3#0" ?"', %!%#),'* C!)'0;#" ,3#"#1!"# ,3# 5&"0&-$# '(-',0,(,0!) Λ =
∫

Ξ ξq
>(dξ) &); λ =

∫

Ξ ξz(dξ)6 43#"# ,3# )#4 5&"0&-$#' Λ &); λ &"# ,3# ?"', %!%#),' !1 ,3#  !"#$ %#&'("#' q &); z6

"#'>#/,05#$.* 23# )!)<)#=&,050,. /!)',"&0),' q ∈ Mm
+ &); z ∈ M+ ,"&)'$&,# ,! ,3# )#4 5&"0&-$#' &'

(λ,Λ) �K 0* D(-',0,(,0)= ,3#'# )#4 5&"0&-$#' 0),! LU .0#$;'E

LU = c>x+ t+
(

d>Y − te>0
)

λ+ tr
[

(Axe>0 +BY − C)Λ
]

= LŨ (x, Y, t;λ,Λ) ,
78*F:

430/3 0' >"#/0'#$. ,3# +&="&)=0&) !1 Ũ 6 43#"# Λ &); λ &"# ,3# ;(&$ 5&"0&-$#' !1 ,3# /!)0/ 0)#@(&$0,.

/!)',"&0),'*

23# >"#/#;0)= $0)# !1 &"=(%#), >"!50;#' &) &$,#")&,# >#"'>#/,05# !) 3!4 ,3# /!)0/ >"!-$#% Ũ "#$&,#'

,! ,3# '#%0<0)?)0,# >"!-$#% U * 23# #',&-$0'3#; 0),#">"#,&,0!) ;0/,&,#' ,3&, >"!-$#% Ũ 0' ;#"05#;

1"!% 0,' '#%0<0)?)0,# #@(05&$#), 50& & %&)0>($&,0!) !1 ,3# /!)',"&0),' !1 U ,3&, (,0$0G#' /!)5#H ;(&$0,.

&"=(%#),'6 ,3"!(=3 ,3# %#/3&)0'% !1 +#%%& 8*I*9* 230' &$,#")&,05# ;#"05&,0!) /&) -# 0),#">"#,#; &'

& '0%>$# 5&"0&-$# '(-',0,(,0!) 0) ,3# +&="&)=0&)'6 43#"# ,3# ;(&$  !"#$ %#&'("#' 0) LU &"# '(-',0,(,#;

-. ,3#0" "#'>#/,05# %!%#),' ,! !-,&0) ,3# +&="&)=0&) LŨ *



 ! ! "#$%& '((&#)*+,-*#./ #0 P  !

 ! "#$%& '((&#)*+,-*#./ #0 P

 ! "#! $%&!#!'&!( $% )*"#")&!#$'$%+ &*! ',-./&$0"1$&2 .3 1$%!"# (!)$'$.% #,1!' $% &4.5'&"+! #.-,'& /#.-5

1!0'6 7. &*$' !%(8 4! %!!( &. (!#$9! " 1.4!# -.,%( .% &*! /!#3.#0"%)! .3 "%2 (!)$'$.% #,1! :$%)1,($%+

&*! +1.-"1 ./&$0"1 .%!; 3.# &*! +$9!% &4.5'&"+! #.-,'& ./&$0$<"&$.% /#.-1!06 =% &*$' )*"/&!#8 4!

(!')#$-! &4. 0!&*.(.1.+$!' 3.# (!#$9$%+ ',)* " -.,%(6

 ! !" #$%& '()*%+ #*,(-(.) /$&*- 011+.2(3%4(.)

7*! /#.-1!0 .3 (!#$9$%+ " 1.4!# -.,%( 3.# &4.5'&"+! (!)$'$.% /#.-1!0' 4"' "((#!''!( ',))!''3,112 $%

&*! '&.)*"'&$) /#.+#"00$%+ '!&&$%+ >?@A8 4*!#! " 1.4!# -.,%( 4"' /#./.'!( 3.# 1$%!"# /#.-1!0' '$0$1"#

&. P8 -,& 4$&* !B/!)&"&$.% .-C!)&$9! "%( " /#!')#$-!( /#.-"-$1$&2 ($'&#$-,&$.% 3.# ξ6 7*! -.,%( (!#$9!(

$% >?@A !0/1.2!( " (,"1$<"&$.% .3 &*! .#$+$%"1 (!)$'$.% #,1! /#.-1!08 3.11.4!( -2 " #!'&#$)&$.% .3 &*! (,"1

9"#$"-1!' &. -! 1$%!"# $% ξ6 7*! #!',1&$%+ '!0$5$%D%$&! /#.-1!0 $' " #!1"B"&$.% .3 P 8 4*!#! &*! $%D%$&!12

0"%2 1$%!"# ).%'&#"$%&'8 .%! 3.# !")* ,%)!#&"$%&2 #!"1$<"&$.%8 "#! 0,1&$/1$!( -2 &*!$# ).##!'/.%($%+ ξ

"%( "++#!+"&!( $%&. D%$&!12 0"%2 !B/!)&"&$.% ).%'&#"$%&'6

E!& C -! &*! '!& .3 "11 /#.-"-$1$&2 ($'&#$-,&$.%' ',//.#&!( .% Ξ6 F.# "%2 +$9!% P ∈ C8 4! )"% 3.11.4 &*!

"//#.")* .3 >?@A :4*$)* 4"' "1'. ,&$1$<!( $% G*"/&!# H;8 &. ).%'&#,)& " 1.4!# -.,%( 3.# &*! 0$%50"B

/#.-1!0 P "'
inf c>x+ t

'6&6 EP

[(

d>y(ξ)− t
)

ξ>
]

≤ 0

EP

[

(Ax+By(ξ)− Cξ) ξ>
]

≤ 0.

:L(P);

I9!% &*.,+* L(P) $%9.19!' 3,%)&$.%"1 (!)$'$.% 9"#$"-1!' "%( $' &*!#!3.#! '!!0$%+12 $%&#")&"-1!8 $&

*"' -!!% '*.4% &*"& ,%(!# " 0$1( '&#$)& 3!"'$-$1$&2 ).%($&$.%8 L(P) )"% -! #!3.#0,1"&!( "' " ).%$)

./&$0$<"&$.% /#.-1!0 >?@A6 J%! )"% $00!($"&!12 9!#$32 &*"& L(P) /#.9$(!' " 1.4!# -.,%( .% P 3.# "%2

/.''$-1! ($'&#$-,&$.% P ∈ CK

 !"#"$%&%"' ()()*)  !" #$% &"!'#'()(*% +(,*"('-*(!$ P ∈ C. /0 1#20 L∗(P) ≤P∗ ≤U∗
3

L%2 '.1,&$.% &*"& $' 3!"'$-1! $% P 4$11 .3 ).,#'! "1'. '"&$'32 &*! 1!'' #!'&#$)&$9! !B/!)&"&$.% ).%'&#"$%&'

$% L(P)8 #!+"#(1!'' .3 &*! /#.-"-$1$&2 ($'&#$-,&$.% ,'!(6 M.4!9!#8 &*! )*.$)! .3 " ($'&#$-,&$.% P *"' "

)!%&#"1 #.1! $% &*! /!#3.#0"%)! .3 &*! -.,%( L∗(P)6



 !  !"#$%& '( )*+%"& ,%-*.*/+ 012%. *+ 34/5.$"6% 0/71.$ 8#$*9*:"$*/+ ;&/72%9.

 !"#$%&'"$# '" $() !%'*'"&+ ,%!-+). P /!%%)#,!"0'"* $! 1"/)%$&'"$')# 2'$( ('*()% ,%!-&-'+'$3 .&## 1"0)%

P &%) .!%) +'4)+3 $! -) #&$'#5)0 -3 $() !,$'.&+ #!+1$'!" !6 L(P)7 8" $() &-#)"/) !6 &"3 '"6!%.&$'!"

&-!1$ $() 0'#$%'-1$'!" P9 &# '# $() /&#) 2'$( P9 2) &%) 6%)) $! #)+)/$ &"3 0'#$%'-1$'!" 6%!. C $! -) 1#)0

'" L(P)7

8" $() ):$%).) /&#)9 !") /&" &0!,$ & ;'%&/ 0'#$%'-1$'!" 6%!. C $(&$ /!"/)"$%&$)# ,%!-&-'+'$3 .&## !"

& #'"*+) 1"/)%$&'"$3 %)&+'<&$'!" ξ ∈ Ξ7 = #!+1$'!" $! L(P) 2'++ $()" !"+3 "))0 $! #&$'#63 $() /!"#$%&'"$#

/!%%)#,!"0'"* $! $(&$ #'"*+) 1"/)%$&'"$3 %)&+'<&$'!"9  !"!9 $() ,%!-+). -)/!.)# 0)$)%.'"'#$'/7 8" $()

)>)"$ $(&$ #1/( /!"#$%&'"$# &%) "!$ -'"0'"*9 $() !,$'.&+ >&+1) !6 L(P) '# −∞9 &"0 $() +!2)% -!1"0 '#

$%'>'&+7

 !"#)?1)"$+39 '6 !") 2'#()# $! !-$&'" & 1#)61+ +!2)% -!1"0 6%!. L(P)9 $()" $() 0'#$%'-1$'!" P .1#$ -)

/&%)61++3 /(!#)"9 '0)&++3 6%!. $() #)$ !6 2!%#$@/&#) 0'#$%'-1$'!"#

Cw := argmax
P∈C

L(P),

2('/( /&" -) #(!2" $! -) "!"@).,$37 A)+)/$'"* &"3 0'#$%'-1$'!" Pw ∈ Cw )"#1%)# $(&$ L∗(Pw) /!"#$'@

$1$)# $() -)#$ ,!##'-+) +!2)% -!1"0 6!% P &.!"* &++ 01&+ +'")&% 0)/'#'!" %1+) -!1"0#7 B"6!%$1"&$)+39

5"0'"* &" )+).)"$ Pw ∈ Cw &"0 )>&+1&$'"* L∗(Pw) '# "! +)## 0'C/1+$ $(&" /!.,1$'"* $() !,$'.&+

>&+1) !6 PD

 !"#$"% &'&'(' #$" %"& Cw  % '(')"*+&,- .'/ 0(1 .', 2(1%&)3.%" / %&1 45& (' Pw ∈ Cw- &$" 6(2"1

4(5'/ '7 +1(46"* L(Pw) %.& %8"%

L∗(Pw) = P∗.

#$5%- 3(*+5& '7 &$" 4"%& +(%% 46" /5.6 6 '".1 /"3 % (' 156" 4(5'/  % .% $.1/ .% 3(*+5& '7 &$" (+& *.6

9.65" (0 P!

:1((0! E'%#$ 0)5") $() !,$'.&+ #)/!"0@#$&*) /!#$ !6 P9 2('/( 0),)"0# ,&%&.)$%'/&++3 !" $() 5%#$@#$&*)

0)/'#'!" x &"0 $() 1"/)%$&'"$3 %)&+'<&$'!" ξ9  !"!9

Q(x, ξ) := min
y

d>y

#7$7 Ax+By ≤ Cξ.

FG7HI

J() !,$'.&+ >&+1) 61"/$'!" Q '# 4"!2" $! -) /!">): &"0 /!"$'"1!1# !" '$# )K)/$'>) 0!.&'"7 L%!-+).



 ! ! "#$%& '((&#)*+,-*#./ #0 P  !

P  !" "#$ %& &'()&**&+ !* ,-& .#//#$0"1 20"32!' ()#%/&24

P = inf

[

c>x + sup
ξ∈Ξ

Q(x, ξ)

]

.

5&, x∗ %& !" #(,02!/ 6)*,3*,!1& +& 0*0#" !"+ Ξw %& ,-& *&, #. $#)*,3 !*& * &"!)0#* .#) ,-&  #))&*(#"+0"1

#(,02!/ *& #"+3*,!1& (!)!2&,)0  #*,7

Ξw := argmax
ξ∈Ξ

Q(x∗, ξ). 89:9;

<#,& ,-!, Ξw 0* "#"3&2(,= *0" & Q 0*  #",0">#>* #" 0,* &?& ,0@& +#2!0" !"+ Ξ 0*  #2(! ,: A#) !"=

* &"!)0# ξw ∈ Ξw !"+ !"= x ∈ R
n1

7 $& -!@& Q(x, ξw) ≥ Q(x∗, ξw): <#$ /&, δw %& !"= B0)! +0*,)0%>,0#"

 #" &",)!,0"1 2!** #" ! *0"1/& &/&2&", ξw ∈ Ξw: C-&"7 $& 6"+

L∗(δw) = infx c>x + Q(x, ξw)

= c>x∗ + Q(x∗, ξw)

= P∗.

C->*7 Cw 0* "#"3&2(,=7 !"+ !"= Pw ∈ Cw )&*>/,* 0" !" &'! , /#$&) %#>"+ L∗(Pw) = P∗
: D0" &

,-& ()#%/&2 L(δw) 0* ! ,>!//= 6"0,& !"+ ,-&)&.#)& ! ,)! ,!%/&  #"@&'  #"& ()#1)!27 6"+0"1 ! B0)! 

+0*,)0%>,0#" 0" δw ∈ Cw -!* ,-& *!2&  #2(/&'0,= !* 6"+0"1 ,-& #(,02!/ @!/>& #. P:

C-&#)&2 9:9:E -!* ,$# 02(#),!", 02(/0 !,0#"*: A0)*,7 6"+0"1 ,-& %&*, +>!/ /0"&!) +& 0*0#" )>/& %#>"+ 0*

! ,>!//= !* -!)+ !* +&)0@0"1 ,-& #(,02!/ @!/>& #. ,-& #)010"!/ ()#%/&2 P: F*0"1 !"= /#$&) %#>"+ L∗(P)

!**# 0!,&+ $0,- ! +0*,)0%>,0#" P /∈ Cw $0// ()#@0+& #"/= !  #"*&)@!,0@& &*,02!,& #. ,-& *>%#(,02!/0,= #.

/0"&!) +& 0*0#" )>/&*:

D& #"+7 ,-& ()##. #. C-&#)&2 9:9:E 0//>*,)!,&* ,-!, ,-&)& &'0*, *(& 06 >" &),!0",= )&!/0G!,0#"*7 "!2&/=

,-& &/&2&",* #. Ξw7 .)#2 $-0 - B0)! +0*,)0%>,0#"* Pw  !" %&  #"*,)> ,&+ ,-!, ()#@0+& ,01-, /#$&)

%#>"+* L∗(Pw) = P∗
:

H* ! )&*>/,7 ! +0?&)&", 2&,-#+ #. %#>"+0"1 P  !" %& +&*01"&+7 $-0 - 0* 0"*(0)&+ %= ,-& &'0*,&" & #.

,-& *&, Ξw !"+ )&/0&* #" ! +0* )&,0G!,0#" #. ,-& >" &),!0",= *&,:



 !  !"#$%& '( )*+%"& ,%-*.*/+ 012%. *+ 34/5.$"6% 0/71.$ 8#$*9*:"$*/+ ;&/72%9.

 ! !" #$%&'()* +',%- .//(*0)1'2)*&

 ! "#$"$%! & "#$'!()#! *+ ,-*'- ,! *(!+.*/0 & (*%'#!.! %)1%!. Z ⊂ Ξ &+( %$23! P(Z)4 & 3&#*&+. $/ .-!

"#$12!5 P *+ ,-*'- .-! )+'!#.&*+.0 %!. Ξ *% #!"2&'!( 10 Z6 7-*% #!%)2.% *+ & %$2).*$+ .-&. *% #$1)%.

$+20 ,*.- #!%"!'. .$ & 8+*.! %)1%!. $/ &22 %'!+&#*$% ξ ∈ Ξ4 +&5!20 .-! !2!5!+.% $/ Z6 9#$12!5 P(Z) *%

.-)% &2%$ 8+*.!4 ,-$%! %$2).*$+ "#$3*(!% & 2$,!# 1$)+( $+ P∗
6

 !"#$"% &'&'('  !" #$% &$'() *+,*)( Z ⊂ Ξ- ."!,/)0 P(Z) ."!1'2)* # /!3)" ,!+$2 !$ P (4#( 5#$ ,)

!,(#'$)2 1'# (4) *!/+('!$ !6 # &$'() /'$)#" ."!7"#08  +"(4)"0!")- 6!" #$% 2'*("',+('!$ Pz ∈ C *+..!"()2

!$ Z- P(Z) ."!1'2)* # ('74()" /!3)" ,!+$2 !$ P (4#$ L(Pz)- (4#( '*-

L∗(Pz) ≤ P∗(Z) ≤ P∗.

9"!!68 7-! "#$$/ $/ .-! 8#%. %.&.!5!+. /$22$,% *55!(*&.!20 1!'&)%! Z ⊂ Ξ6 7-)%4 &+0 %$2).*$+ .-&.

*% /!&%*12! *+ P ,*22 &2%$ 1! /!&%*12! *+ P(Z) 4 #!%)2.*+: *+ .-! *+!;)&2*.0 P∗(Z) ≤ P∗
6 7-! %!'$+( "&#.

$/ .-! "#$$/ /$22$,% 10 .-! (!8+*.*$+ $/ L∗(Pz)4 ,-*'- *% (!%*:+!( .$ 1! & 2$,!# 1$)+( $+ .-! "#$12!5

P(Z)6

7-! ;)&2*.0 $/ .-*% 2$,!# 1$)+( (!"!+(% $+ .-! '-$*'! $/ Z4 *+ & 5&++!# !;)*3&2!+. .$ .-! (!"!+(!+'!

$/ L(P) $+ & %!2!'.*$+ $/ .-! (*%.#*1).*$+ P6 7-! +!<. #!%)2. /$22$,% *55!(*&.!20 /#$5 .-! "#!'!(*+:

(*%')%%*$+ &+( *% & :!+!#&2*=&.*$+ $/ 7-!$#!5 >6>6?6

 !"#$"% &'&')' :4)") );'*(* # $!$<)0.(% *)( Ξw ⊆ Ξ- *! (4#( 6!" #$% Z ⊆ Ξ 3'(4 Z
⋂

Ξw 6= ∅- 3)

4#1)

P∗(Z) = P∗.

 ! +$.! .-&. 7-!$#!5 >6>6@ *% #!5*+*%'!+. $/ 7-!$#!5 >6>6?6  -*2! 7-!$#!5 >6>6? #!2&.!% .$ .-!

!<*%.!+'! $/ ,$#%.A'&%! (*%'#!.! (*%.#*1).*$+% .-&. 5&<*5*=! .-! ()&2 2*+!&# (!'*%*$+ #)2! 1$)+( L∗(P)4

7-!$#!5 >6>6@ :)&#&+.!!% .-! !<*%.!+'! $/ 8+*.! ,$#%.A'&%! %'!+&#*$ %!.% Z .-&. 5&<*5*=! .-! (*%A

'#!.*=&.*$+ 1$)+( P∗(Z)6 B/ '$)#%!4 8+(*+: & ,$#%.A'&%! %'!+&#*$ %!.4 $# !;)*3&2!+.20 &+ !2!5!+. $/

Ξw *% &. 2!&%. &% -&#( &% '$5").*+: P∗
&+( .-)% *% *.%!2/ *+.#&'.&12!6 7-)%4 $+! 5)%. #!%$#. .$ $.-!#

5!.-$(% /$# '-$$%*+: .-! %!. Z6

C +&D3! &""#$&'- *% .$ 2!. Z 1! .-! %!. $/ &22 !<.#!5! "$*+.% $/ Ξ6 E. *% F+$,+ .-&. Ξw '$+.&*+% &.

2!&%. $+! $/ .-!%! !<.#!5! "$*+.% G?HI4 &+( .-!#!/$#! %)'- Z *% :)&#&+.!!( .$ 0*!2( & .*:-. 1$)+(6



 ! ! "#$%& '((&#)*+,-*#./ #0 P  !

 !"#"$%&%"' ()()*)  !" Zv := !#"(Ξ) $! "%! &!" '( !#")!*! +',-"& '( Ξ. /%!- Ξw
⋂

Zv 6= ∅ 0-1

P∗(Zv) =P∗
.

 ! Ξ "# #$%"&$'( &)*+,-. $/,* Zv /0# "*1*"$, &0%2"*0'"$(. 0*2 P(Zv) %,30"*# 0* "*1*"$, 4%)5',36  *

$/, 40%$"&7'0% &0#, 8/,%, Zv "# 1*"$,. !.2. !)% 4)'(/,2%0' 7*&,%$0"*$( #,$#. "$ "# "* 4%"*&"4', 4)##"5', $)

,*73,%0$, $/, +,%$"&,# )! Ξ6 9)8,+,%. P(Zv) "# #$"'' :,*,%0''( "*$%0&$05',6

+,-.!/ ()()0) 3" ,& 04&' +'&&,$4! "' 2!-!)0"! "%! 1,&5)!"! &!" Z $6 1)07,-2 8-,"!46 *0-6 &0*+4!& ()'*

0-6 1,&"),$9",'- P ∈ C &9++')"!1 '- Ξ. /%! )!&94",-2 &5!-0),' +)'$4!* P(Z) 6,!41& 0 &"'5%0&",5 4'7!)

$'9-1 (') P 7%'&! :904,"6 1!+!-1& '- "%! -9*$!) '( &0*+4!& 0-1 "%! 5%',5! '( P. ;5!-0),' +)'$4!*&

'( "%,& "6+! %0<! $!!- ,-<!&",20"!1 ,- =>?@ ABC.

 !" #$%&%'() *"& ∆

;/,)%,3 <6<6= :70%0*$,,# $/0$ 4%7*"*: $/, 7*&,%$0"*$( #,$ !%)3 Ξ $) 0*( *)*>,34$( #75#,$ )! Ξw

2),# *)$ 0'$,% $/, )4$"30' +0'7, )! P. ,+,* $/)7:/ #7&/ 0 %,27&$")* 03)7*$# $) 0 %,'0-0$")* )! $/,

&)*#$%0"*$# "* P6 9)8,+,%. 1*2"*: #7&/ 0 #75#,$ "# "*$%0&$05',6

?, $/,%,!)%, $7%* $) $/, 5"*2"*: 7*&,%$0"*$( %,0'"@0$")*# "* $/, '"*,0% 2,&"#")* %7', 4%)5',3 U 0# 0

4%)-(. ,.!.. 8, 4%)4)#, $) 7#, 0 1*"$, #&,*0%") #,$ ∆. 8/"&/ "# 2,%"+,2 !%)3 U "* 0 #"3"'0% 80( 0# Ξw

"# 2,%"+,2 !%)3 P6 A7&/ 0 #,$ &0* 5, &)*#$%7&$,2 ,B&",*$'( 0*2 ,*C)(# 4%)4,%$",# 8"$/ %,#4,&$ $) $/,

'"*,0% 2,&"#")* %7', 4%)5',3 U #"3"'0% $) $/)#, )! Ξw 8"$/ %,#4,&$ $) $/, )%":"*0' 4%)5',3 P6

12,"!,- ()()() /%!)! !#,&"& 0 -'-D!*+"6 &!" D ⊆ 2Ξ@ 7%!)! !05% ∆ ∈ D ,& 0 8-,"! &9$&!" '( Ξ 7,"%

|∆| ≤ m+ 1 0-1 &0",&8!&

U∗(∆) = U∗.

E!)!@ U(Z) 1!-'"!& 0 <0),0-" '( +)'$4!* U ,- 7%,5% Ξ ,& )!+405!1 $6 Z. F-! +0)",5940) &!" ∆ ∈ D 50-

$! 5'-&")95"!1 !G5,!-"46 <,0 "%! &'49",'- '( "%! 1904 '( "%! 5'-! +)'2)0* Ũ .

H)''(. ?, 1%#$ 2,%"+, ,-4'"&"$ 0* !)%37'0$")* )! 4%)5',3 U(∆)6 D,$ [∆] 5, $/, 30$%"- 8/)#, &)'73*#

0%, $/, ,',3,*$# )! $/, &%"$"&0' #,$ ∆6 E,&0'' $/0$ ∆ ⊂ Ξ &0* /0+, 0$ 3)#$ m+ 1 ,',3,*$#6 ;/7#. $/,



 !  !"#$%& '( )*+%"& ,%-*.*/+ 012%. *+ 34/5.$"6% 0/71.$ 8#$*9*:"$*/+ ;&/72%9.

 !"#$% [∆] &!' !"  ('" m+ 1 )(*+ ,' (- .$ /,'$(, k + 10 1/ )!, 2#$"/ U(∆) !'

inf c>x+ t

'0"0 d>Y [∆]− te>0 [∆] ≤ 0

Axe>0 [∆] +BY [∆]− C [∆] ≤ 0.

3U(∆)4

1/ )(,'"#+)" "&/ '/" ∆ $, ! 5!#"$)+*!#  !,,/#6 '+)& "&!" !,7 '(*+"$(, (x∗, Y ∗, t∗) (- Ũ 2$** !*'( 8/

(5"$ !* $, U(∆)6 7$/*.$,9 "&/ #/*!"$(, U∗(∆) =Ũ∗ =U∗
0

  ! "#$%&'&#$( )#* Ũ :(,'$./# "&/ ;!9#!,9$!, -+,)"$(, (- Ũ ./')#$8/. $, 3<0=46 2&/#/ λ ∈

R
k+1

!,. Λ ∈ R
(k+1)×m

!#/ "&/ ;!9#!,9/  +*"$5*$/#' -(# "&/ )(,$) $,/>+!*$"7 )(,'"#!$,"' (- Ũ 6 2$"&

(λ,Λ) �K 00 ?#( "&/ ;!9#!,9$!,6 2/ ./#$@/ "&/ (5"$ !*$"7 )(,.$"$(,'

A#$ !* ?/!'$8$*$"7B











(d>Y − te>0 )
> �K∗ 0

(Axe>0 +BY − C)> �K∗ 0

C+!* ?/!'$8$*$"7B



































1− e>0 λ = 0,

ΛB + λd> = 0

e>0 ΛA+ c> = 0

(λ,Λ) �K 0

:( 5*/ /,"!#$"7B











(

d>Y − te>0
)

λ = 0

tr(
(

Axe>0 +BY − C
)

Λ) = 0.

3<0D4

;/" (x∗, Y ∗, t∗;λ∗,Λ∗) 8/ ! EEF 5($," (- Ũ 0 1/ )!, (8"!$, (λ∗,Λ∗) 87 '(*@$,9 "&/ .+!* (- Ũ 0 ?#( 

"&/ EEF )(,.$"$(,' 2/ &!@/ "&!" (λ∗,Λ∗) �K 0 !,. λ∗ ∈ Ξ0 ?(# /!)& )(*+ , Λ∗
(i)6 i = 1, . . . ,m, "&/#/

!#/ "2( 5(''$8$*$"$/'B

G0 Λ∗
(i) 6= 00 H' Λ∗

(i) 6= 0 !,. Λ∗
(i) ∈ K6 "&/, e>0 Λ

∗
(i) > 0 3'$,)/ Ξ $' )( 5!)"40 F&+'6 "&/#/ /%$'"' !

5('$"$@/ ')!*!# si '( "&!" ξi = siΛ
∗
(i) ∈ Ξ0 I("/ "&!" ξi  !J/' "&/ iK"& )(,'"#!$," 8$,.$,96  !"!6

A(i)x∗ +B(i)Y ∗ξi = C(i)ξi0

=0 Λ∗
(i) = 00 H' Λ∗

(i) $' @!,$'&$,96 "&/ iK"& )(,'"#!$," .(/' ,(" 8$,. "&/ (5"$ !* ;CL !,. )!, 8/

( $""/. -#( 3<0=4 2$"&(+" !M/)"$,9 "&/ #/ !$,$,9 EEF 5($,"0



 ! ! "#$%& '((&#)*+,-*#./ #0 P  !

 !"#$%"&'"%( ξ0 = λ∗ ∈ Ξ )* + ,'"*#-.+*% "%+/)0+#)'1 2'" #$% '3#)&+/ 456( &%+1)17 #$+# d>Y ∗ξ0 = t∗8

9% .+1 1', .'1*#"!.# #$% .")#).+/ *%# +* ∆ = {ξi : i ∈ I}⋃{ξ0}( ,$%"% I )* #$% )1:%; *%# '2 #$% 1'10%"'

.'/!&1* '2 Λ∗
8

  ! "#$%&'&#$( )#* U(∆) 4%# v ∈ R
m+1

+1: V ∈ R
(m+1)×m

<% #$% :!+/ &!/#)3/)%"* 2'" #$%

/)1%+" )1%=!+/)#> .'1*#"+)1#* '2 U(∆)8 ?$% @@? .'1:)#)'1* '2 U(∆) +"%A

B")&+/  %+*)<)/)#>A











d>Y [∆]− te>0 [∆] ≤ 0

Axe>0 [∆] +BY [∆]− C [∆] ≤ 0

5!+/  %+*)<)/)#>A



































1− e>0 [∆] v = 0

[∆]V B + [∆] vd> = 0

e>0 [∆]V A+ c> = 0

(v, V ) ≥ 0

C'&3/%&%1#+")#>A











(

d>Y − te>0
)

[∆] v = 0

tr
(

(Axe>0 +BY − C) [∆]V
)

= 0.

DE8FG

9$%1 ∆ )* :%H1%: +* <%2'"%( )# )* %+*> #' *$', #$+# #$%"% %;)*#* (v∗, V ∗) ≥ 0( *' #$+# [∆] v∗ = λ∗

+1: [∆]V ∗ = Λ∗
8 I* + "%*!/#( #$% :!+/ 2%+*)<)/)#> +1: .'&3/%&%1#+")#> .'1:)#)'1* )1 DE8FG <%.'&%

):%1#).+/ #' #$'*% )1 DE8JG8  !"#$%"&'"%( +1> *'/!#)'1 '2 Ũ ,)// *+#)*2> #$% 3")&+/ 2%+*)<)/)#> .'1:)#)'1*

)1 DE8FG *)1.% U(∆) )* + "%/+;+#)'1 '2 Ũ 8 ?$!*( #$% '3#)&+/ *'/!#)'1 (x∗, Y ∗, t∗) '2 Ũ )* +/*' '3#)&+/ )1

U(∆)8

9% #$%"%2'"% 3"'3'*% #' !*% P∗(∆) 2'" *'&% ∆ ∈ D +* + /',%" <'!1: '1 P∗
8 ?$% &'#)K+#)'1 2'"

#$)* .$').% )* 3"%:).+#%: '1 #$% "%+*'1+</% %;3%.#+#)'1 #$+# #$%"% &+> %;)*# +# /%+*# '1% ,'"*#-.+*%

!1.%"#+)1#> "%+/)0+#)'1 2'" P #$+# )* +/*' + ,'"*#-.+*% "%+/)0+#)'1 2'" U (  !"!( #$+# #$%"% %;)*#* ∆ ∈ D

*!.$ #$+# ∆
⋂

Ξw 6= ∅8

L1 .+*%* ,$%"% #$% +<'K% +**!&3#)'1 $'/:* +1: ∆ ∈ D )* .$'*%1 .'""%.#/>( P∗(∆) ,)// <% %=!+/ #'

#$% #"!% '3#)&+/ K+/!% '2 P( +1: #$% '3#)&+/)#> 7+3 U∗−P∗(∆) ,)// <% +1 %;+.# .$+"+.#%")0+#)'1 '2

#$% *!<'3#)&+/)#> '2 /)1%+" :%.)*)'1 "!/%*8 M1 #$% '#$%" $+1:( '!" +33"'+.$ .+1 "%#!"1 + .'1*%"K+#)K%

'3#)&+/)#> 7+3 2'" '1% '2 #,' "%+*'1*A

)G ?$%"% :'%* 1'# %;)*# +1> ∆ ∈ D ,)#$ ∆
⋂

Ξw 6= ∅8 N!.$ + *)#!+#)'1 )* )//!*#"+#%: )1 O;+&3/%



   !"#$%& '( )*+%"& ,%-*.*/+ 012%. *+ 34/5.$"6% 0/71.$ 8#$*9*:"$*/+ ;&/72%9.

 !"!#!

$$% &'()( *+(, (-$,. ,+/( ∆ ∈ D 0$.' ∆
⋂

Ξw 6= ∅1 23. |D| ≥ 2 45* .'()( $, 5+ /(6'45$,/ +7

,(8(6.$59 .'( )$9'. +5(! :5 .'( 53/()$648 (-4/;8(, +7  !"!<1 0( (56+35.()(* ,(=()48 ;)+28(/

$5,.456(, 7+) 0'$6' P∗(∆) <U∗
0'(5 $5 746. P∗ =U∗

!

>(,;$.( .'$, 8$/$.4.$+51 0( '4=( 7+35* .'( 4;;)+46' .+ ;()7+)/ 0(88 $5 ;)46.$6( 45* .+ )(8$428? $*(5.$7?

;)+28(/ $5,.456(, 7+) 0'$6' 8$5(4) *(6$,$+5 )38(, 4)( +;.$/48!

@3).'()/+)(1 ;)+;().$(, +7 4 9$=(5 ,(. ∆ ∈ D 645 $5 6().4$5 6$)63/,.456(, 2( 3,(* .+ $*(5.$7? $//(A

*$4.(8? .'4. 8$5(4) *(6$,$+5 )38(, 4)( +;.$/48 0$.'+3. 6+/;3.$59 4 8+0() 2+35*!

 !"#$"% &'&'( BC;.$/48$.? +7 8$5(4) *(6$,$+5 )38(,%'  ! "#$%$ $&'("( ) ∆ ∈ D *#+($ $,$-$."( )%$

,'.$)%,/ '.0$1$.0$."2 "#$. ,'.$)% 0$3'('+. %4,$( )%$ +1"'-), !+% "#$ )((+3')"$0 '.(").3$ +! P2 ).0 "#$

+1"'-),'"/ 5)1 0$%'6$0 !%+- (43# ) ∆ '( 7$%+2 $!(!2

P∗(∆) = P∗ = U∗(∆) = U∗.

8%++!9 &'( )$9'./+,. (D348$.? 7+88+0, 7)+/ &'(+)(/  ! ! ! &'( )(/4$5*() +7 .'( ;)++7 )(8$(, +5 .'(

746. .'4. 8$5(4) *(6$,$+5 )38(, 4)( +;.$/48 7+) ,$/;8$6$48 356().4$5.? ,(., E#FG! :7 .'()( (-$,., 4 ∆ 0$.'

8$5(4)8? $5*(;(5*(5. (8(/(5.,1 .'(5 .4H$59 .'( 6+5=(- '388 +7 ∆ 0$88 ;)+*36( 4 B/4?2( *(9(5()4.(%

,$/;8(-! I(. ∆c 2( .'( 6+5=(- '388 +7 ∆! J, ∆ 6+5.4$5, 488 .'( (-.)(/( ;+$5., +7 ∆c1 0( '4=(

U∗(∆c) = U∗(∆) 45* ,$/$84)8? P∗(∆c) = P∗(∆) ! @3).'()/+)(1 ,$56( 8$5(4) *(6$,$+5 )38(, 4)( +;.$/48

7+) ∆c1 $. 7+88+0, .'4. U∗(∆c) = P∗(∆c)!

)"%*$+ &'&',' :#$+%$-( ;9;9; ).0 ;9;9< "+5$"#$% 1%+6'0$ ) 3+.6$.'$." -$"#+0 !+% $(")=,'(#'.5 "#$

+1"'-),'"/ +! ,'.$)% 0$3'('+. %4,$( !+% ) (1$3'>3 '.(").3$ +! P *'"#+4" $&1,'3'",/ 3),34,)"'.5 ) ,+*$%

=+4.09 ?.$ .$$0 +.,/ +=")'. "#$ ($" ∆ 6') "#$ (+,4"'+. +! "#$ 04), +! Ũ ).0 3#$3@ *#$"#$% '"( $,$-$."(

)%$ ,'.$)%,/ '.0$1$.0$."9

-#$#..*$/ &'&'0' A$" P∆ =$ )./ 1%+=)=','"/ 0'("%'=4"'+. (411+%"$0 +. ∆9 B.0$% "#$ )((4-1"'+.( +!

:#$+%$- ;9;9<2 *$ >.0

L∗(P∆) = P∗(∆) = P∗ = U∗(∆).

:#4(2 "#$ ,+*$% =+4.0 L∗(P∆) ),(+ 3$%"'>$( "#$ +1"'-),'"/ +! ,'.$)% 0$3'('+. %4,$( '. "#$($ ('"4)"'+.(9



 ! ! "#$%& '((&#)*+,-*#./ #0 P  !

 !"#$%& '($%&#)"*&#+% +, -+./&01*/$ 2"$%*.#+/

 !"#$%! %&! '!(!)*+ $(%)*,%*-$+$%. )!"/+% 01 2&!0)!3 454567 $% $" "03!%$3!" #0""$-+! %0 ,03#/%! *(

!+!3!(% 01 Ξw $( *( !8,$!(% 3*((!)5

 !"#$"% &'&'('  !""#$% &'(& ker(B>) ⊆ ker(C>)) *'%+,

Ξw = argmax
ξ∈Ξ

−µ>Cξ, 945:;

-'%.% µ /$ (+0 $%1#+23$&(4% 2!(5 6%($/75% 8(./(75% 6#. ".#75%9 P $(&/$60/+4 &'% 2!(5 6%($/7/5/&0 1#+2/&/#+$

µ ≥ 0 (+2 B>µ = −d)

:.##6) <0("$=!) %&! 0#%$3*+ "!,0(=>"%*'! ,0"% Q(x, ξ) =!?(!= $( 945@;5 A. +$(!*) #)0')*33$(' =/*+$%.7

B! 0-%*$(

Q(x, ξ) = µ>(Ax− Cξ) + max
p

p>(Ax− Cξ)

"5%5 B>p = 0

p ≥ −µ.

C&!(!D!) %&! E!)(!+ ,0(=$%$0( &0+="7 %&! 3*F$3$G*%$0( %!)3 $( %&! *-0D! !F#)!""$0( $" $(=!#!(=!(%

01 ξ5 H!,*++$(' %&! =!?($%$0( 9454; 01 Ξw B! &*D!

Ξw = argmax
ξ∈Ξ

Q(x∗, ξ) = argmax
ξ∈Ξ

µ>Cξ,

*(= %&/" *( !+!3!(% 01 Ξw ,*( -! 10/(= -. "0+D$(' * ,0(D!F 0#%$3$G*%$0( #)0-+!35

I$3$+*) )!"/+%" ,*( -! 0-%*$(!= B&!)!-. *+%!)(*%$D! *""/3#%$0(" %0 %&0"! $( 2&!0)!3 4545J !("/)! %&*%

"0+/%$0(" %0 945:; *)! ,0(%*$(!= $( Ξw7 *(= ,0("!K/!(%+. %&*% P $" !8,$!(%+. "0+D*-+!5 L0) !F*3#+!

0(! ,*( )!#+*,! %&! *""/3#%$0( %&*% ker(B>) ⊆ ker(C>) B$%& %&! *""/3#%$0( %&*% -0%& A = 0 *(=

C> ker(B>) ⊆ K∗
M $( %&$" ,*"! %&! 3*F$3$G*%$0( %!)3 D*($"&!" 10) *++ #0""$-+! x *(= ξ ∈ Ξ7 *(= %&/"

2&!0)!3 4545J "%$++ &0+="5 I/,& * "$%/*%$0( 0,,/)" $( NF*3#+! 45O565



 !  !"#$%& '( )*+%"& ,%-*.*/+ 012%. *+ 34/5.$"6% 0/71.$ 8#$*9*:"$*/+ ;&/72%9.

 !" #$%&'()*+ ,&-$+.-

 !"#$%!#$& &!'( ()*&'#+, -) *#./$&) 0#-)" 1#$+2( #+ P 13 (#04'+% P(Z) -!)")5 Z = ∆ '( &!) ()&

2)6+)2 '+  !)#"). 787879 Z = {ξm} '( : ('+%0) (*)+:"'# ()&, -!)") ξm '( *!#()+ 4': : (#0$&'#+ #; <78=>9

:+2 Z = Zv '( &!) ()& #; 4)"&'*)( #; &!) ($//#"&8
 

?#" *#./0)&)+)((, -) :0(# /"#4'2) : ()& #; 2$:0 0'+):"

2)*'('#+ "$0) 1#$+2( L∗(P), /:":.)&"'@)2 13 &!")) 2'A)")+& $+*)"&:'+&3 2'(&"'1$&'#+(5 P = PΞ '( &!)

$+';#". 2'(&"'1$&'#+ #+ &!) ($//#"& Ξ9 P = P∆ '( &!) $+';#". 2'(&"'1$&'#+ #+ &!) ()& ∆9 :+2 P = PZv

'( &!) $+';#". 2'(&"'1$&'#+ #+ &!) ()& #; 4)"&'*)( Zv #; &!) ($//#"&8  !) )(&'.:&)2 #/&'.:0'&3 %:/(

/"#4'2)2 13 ):*! 1#$+2 :") &!)+ *:0*$0:&)2 :( &!) 2'A)")+*) 1)&-))+ Ũ∗
:+2 &!) 2'A)")+& 0#-)" 1#$+2(

2)(*"'1)2 :1#4), -!'0(& &!) /)"*)+&:%) %:/( *#"")(/#+2 &# &!:& 2'A)")+*) 2'4'2)2 13 &!) ")(/)*&'4)

0#-)" 1#$+2(8

 !"!# $%&'()*+ ,%-.()/0 12*&'+%

B) '+4)(&'%:&) : (/)*'6* '+(&:+*) #; : &)./#":0 +)&-#"C /"#10). 2)(*"'1)2 '+ DEFG, ;#" -!'*! 0'+):"

2)*'('#+ "$0)( :") C+#-+ &# 1) ($1#/&'.:08

inf sup
ξ∈Ξ

y2(ξ)

(8&8

y1(ξ) ≥ max(ξ1, 1− ξ1)

y2(ξ) ≥ y1(ξ) + max(ξ2, 1− ξ2)











∀ξ ∈ Ξ

<78E>

 !)") :") &-# ;$003 :2:/&'4) #+)H2'.)+('#+:0 2)*'('#+( y1 :+2 y2 1$& +# 2)('%+ 2)*'('#+(8  !) $+H

*)"&:'+&3 ()& '( %'4)+ 13 Ξ :=
{

ξ ∈ R
3 : ξ1 = 1, (ξ1 − 1

2)
2 + (ξ2 − 1

2)
2 ≤ (12)

2
}

8  !) #/&'.:0 4:0$) #;

<78E> *:+ 1) *:0*$0:&)2 :+:03&'*:003 DEFG8 ?$"&!)".#"), #+) *:+ 6+2 : -#"(&H*:() (*)+:"'# '+ Ξw 13

(#04'+% <78=>8  !) ")($0&( ;#" &!) 4:"'#$( 0#-)" 1#$+2( :") ")/#"&)2 '+  :10) 78I8

 !"!3 4*56(&+7 8%5%)*-%6 950-*5:%0

B) :(()(( &!) /)";#".:+*) #; &!) 2'A)")+& 0#-)" 1#$+2( 1:()2 #+ : (:./0) #; ":+2#.03 %)+)":&)2

'+(&:+*)( #; P -'&! 6J)2 2'.)+('#+( k = 16, m = 16, n1 = 3 :+2 n2 = 58  !) '+(&:+*)( :") %)+)":&)2

 

 !"#$$ %&'( )&'*'+,-,'. /0/01 -2#- P∗(Zv) =P∗
3 +' -2#- U∗ −P∗(Zv) (!#+4&!+ -2! -&4! 5!6&!! '% +47'*-,8
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 !"! #$%&'()*+ ,&-$+.-  !

"#$%&'( )*+, -.&/' 0.* 1 0.*

Ũ 2,33 4 4

P 5,65 3,2! 5 1

P({ξm}) 5,65 3,2! 5 1

P(∆) 5,73 3,73 881

L(P∆) 5,93 3, 3 981

L(PΞ) 5,27 3,67  31
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.6 Ω(
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m) = 4 +,  $% 4!&' -"'%7 8$+' )%",'  $" 5+,%"& #%-+'+!, &(5%' -", +,-(& " *%&-%, "9% 9"* !:

(*  ! 300%7 8$% *&!.5%) +,' ",-%' "&% 9%,%&" %# "' :!55!4';

• < -!,' ", '6))% &+- (,-%& "+, 6 '% Ξ +' #%=,%# "' Ξ :=
{

(1, ξ)> ∈ R
k+1 : ‖ξ‖p ≤ 1

}

:!&

p ∈ {1, 2,∞}7

• 8$% %5%)%, ' !:  $% )" &+-%' A ",# B "&% (,+:!&)56 #+' &+.( %# !,  $% +, %&>"5 [−5, 5]7

• 8$% )" &+? C +' &",#!)56 9%,%&" %# '!  $" %"-$ &!4 !: C +' +,  $% #("5@-!,% K∗
7 8$+' 9("&", %%'

 $" Cξ ≥ 0 :!& "55 ξ ∈ Ξ7

• < #("5 >%- !& µ ∈ R
m
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P(Zv)  7!; <!! <!!

P(∆) <!7= >?7 ; ??7@

P({ξw}) = 7=< =7<; >7A< 

L(PZv
) A?7A? ! !

L(P∆) ==7  A7?; B7!A=

L(PΞ) >;7@< ! !
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#00#$*$(?3 3*( #, 0#(*$(.!% 6(.%.(" ,6$-(.#$3 !$4 )*+ -#  #$ &$#'%*4/*  #$*(!+" 0!"#73: ># ()* 9*3(
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1. 9) .!%- (0&"& )""'45(!,%": ;0& ,'(& ) &) "0,7" )** (0& &<'!*!1 !) (0)( ) & -&%& )(&8 1. )** (0&
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 !"#$%&' (!  )%( #)*# #)$ *++,%*") *,$ ! &*#-,*../ ()!& +.*/!, *,! *01$2-$#/3*4!, !' *&5 )* #)!

*54*&#*2! %6 .!*5$&2 #% !7-$.$1,$* #)*#  %.4! #)! %,$2$&*. +,%1.!0 ($#)%-# #)! &!!5 6%, *55$#$%&*.'

-&*5-.#!,*#!5 *  -0+#$%& ,!2*,5$&2 #)! %++%&!&#8 ,$ 9 *##,$1-#! *&5 -#$.$#/ 6-&"#$%& :

 !" #$%&'() *+,+()(-+ ,-. /001)2+3%-0

;! "%& $5!, #(%3+.*/!, #(%3*"#$%& 2*0! : ;! 5!&%#! 1/ P i ∈ R
2×2

' i = 1, 2' #)! 0%&!#*,/ +*/%<

0*#,$= 6%, #)! i3#) +.*/!,' ()!,! +.*/!, i8  #,*#!2/ 5!#!,0$&! #)! ,%( %6 )!, 0%&!#*,/ +*/%< 0*#,$=

6,%0 ()$") )!, +*/%< $ ")% !&' ()$. # #)! %++%&!&#8  #,*#!2/ 5!#!,0$&! #)! "%.-0&: ;! - ! −i #%

5!&%#! #)! %++%&!&# %6 #)! i3#) +.*/!,: ;! - !

∆ :=
{

s ∈ R
2 : s ≥ 0, s1 + s2 = 1

}

#% 5!&%#! #)! #(%35$0!& $%&*.  $0+.!= ()!,! *.. 0$=!5  #,*#!2$! %6 1%#) +.*/!, ,! $5!: >6 #)! +.*/!, 

+.*/  #,*#!2$! si ∈ ∆' i = 1, 2' #)!& +.*/!, i ,!"!$4! *& !=+!"#!5 0%&!#*,/ +*/%< 2$4!& 1/

π(si; P i, s−i) := si
>
P is−i.

;! 0*9! *  !+*,*#$%& 1!#(!!& #)! 0%&!#*,/ +*/%< !*,&!5 1/ +.*/!, +.*/$&2 #)! 2*0! *&5 #)!

+!,"!$4!5 4*.-! #)*# !*") +.*/!, *  $2& #% !*") +*/%<: ;)$. # #)! +.*/!, ,!"!$4! * "%00%& 9&%(.3

!52! 0%&!#*,/ +*/%< 5!+!&5$&2 %& #)! 2*0!8 %-#"%0!' !*") +.*/!, 4*.-! #)! !*,&$&2 5$<!,!&#./'

*""%,5$&2 #% )!, %(& +,$4*#! -#$.$#/ 6-&"#$%&: ?)! $&6%,0*#$%&  #,-"#-,! %6 #)! 2*0! )* #)! 6%..%($&2

+,%+!,#$! @

• #)! 0%&!#*,/ +*/%< 0*#,$"! P i' i = 1, 2' *,! "%00%& 9&%(.!52!'

• !*") +.*/!, )* * #/+! θi ∈ Θi
()$")  )! $ 6-../ *(*,! %6: A +.*/!,8 #/+! 5!#!,0$&! #)!

+.*/!,8 +!, %&*. -#$.$#/ 6-&"#$%&: ?)- ' * #/+! θi ∈ Θi
"%,,! +%&5 #% *  +!"$B" -#$.$#/ 6-&"#$%&

ui
θi
: R 7→ R'

• * +.*/!, i 5%! &8# 9&%( )!, %++%&!&#8 #/+!' 1-#  )! 9&%( $# 1!.%&2 $& *  !# Θ−i
: >6 +.*/!, i
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 !"#$ %&'% $&( )$ *'+)!, ' -)$ .'/(-$( "00"!(!%1 %&(! $&( +"!$)2(-$ ' %30( $(%

Θ−i =
{

θ : u−iθ (·) '!3 $%-)+%43 )!+-('$)!, +"!+'/( *5!+%)"!

}

,

'!2 )* $&(  !"#$ $&( )$ *'+)!, ' ,-((23 "00"!(!%1 %&(! $&( +"!$)2(-$ %&( %30( $(%

Θ−i =
{

θ : u−iθ (·) '!3 $%-)+%43 )!+-('$)!, *5!+%)"!

}

.

6'+& 04'3(- +&""$($ ' $%-'%(,3 2(0(!2)!, "! &(- %30(7 8&5$ ('+& 04'3(- i = 1, 21 04'3$ '++"-2)!, %"

&(- 9(&'/)"5-'4 *5!+%)"!

bi : Θi 7→ ∆.

:)/(! %&'% %&( 04'3(-$ 04'3 '++"-2)!, %" %&( 9(&'/)"5-'4 *5!+%)"!$ bi (·)1 i = 1, 21 '!2 %&(3 '-( "* %30($

θi1 i = 1, 21 %&(! 04'3(- i -(+()/($ '! (;0(+%(2 5%)4)%3 0'3"< "*=

π
[

bi(θi); ri
(

θi
)

, b−i(θ−i)
]

,

#&(-(

ri : Θi 7→ R
2×2,

ri
(

θi
)

:= ui
θi
(P i),

)$ %&( +">0"!(!%.#)$( '004)+'%)"! "* 04'3(- i?$ +"--($0"!2)!, 5%)4)%3 *5!+%)"! ui
θi
(·) %" %&( (4(>(!%$ "*

&(- >"!(%'-3 0'3"< >'%-); P i7

8&)$ 0-"94(> )$ '! (;'>04( "* '! )!+">04(%( 0-)/'%( )!*"->'%)"! ,'>(1 #&(-( 04'3(-$ 2" !"%  !"#

#)%& +(-%')!%3 '44 %&( 0'-'>(%(-$ "* %&( ,'>(?$ >'%&(>'%)+'4 $%-5+%5-(7 @!$%('21 ('+& 04'3(-?$ 0(-$"!'4

5%)4)%3 *5!+%)"!1 '!2 &(!+( ('+& 04'3(-?$ 5%)4)%3 '$$"+)'%(2 #)%& ('+& "* %&( ,'>(?$ "5%+">($1 )$ "!43

 !"#! %" %&'% 04'3(- '!2 !"% %" %&( "00"!(!%7

8-'2)%)"!'4431 )!+">04(%( 0-)/'%( )!*"->'%)"! ,'>($ '-( >"2(44(2 '$ A'3($)'! ,'>($ '!2 $"4/(2 5$)!,

%&( +"!+(0% "* A'3($ (B5)4)9-)5>1 )!%-"25+(2 93 C'-$'!3) DEFG )! HFIJ7 C"#(/(-1 A'3($)'! ,'>($ 95)42

"! K'/',(?$ $59L(+%)/( (;0(+%(2 5%)4)%3 MK6NO %&("-3 DJFG '!2 '$ $5+& 2(0(!2 "! %&( '/')4'9)4)%3 "* '

5!)B5( +">>"! 0-)"- *-"> #&)+& 04'3(-$ +'! 2(-)/( $59L(+%)/( 0-"9'9)4)%)($ -(,'-2)!, %&( 5!+(-%')!%3

%&(3 *'+(7 8&)$ '$$5>0%)"! &'$ '%%-'+%(2 $">( +-)%)+)$> DJPG1 '!2 -($('-+&(-$ &'/( $59$(B5(!%43 -(4';(2

)%1 >"$% )>0"-%'!%43 #)%& %&( )!%-"25+%)"! "* 5!)/(-$'4 %30( $0'+($ 4'-,( (!"5,& %" '++">>"2'%(
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%(&@; '*(2* %$/$%& ), 102$%)"(0)# /,% '*(2* -(&)%(.1)(,0"! (0/,%3")(,0 (& ":"(!".!$ 4O678 P,)* 2,3 !$)$

(0/,%3")(,0 +"3$& "0- P"#$&("0 +"3$& ,0!# -$"! '()* %(&@8 Q!"#$%& 2"0 1&$ )*$(%  %(:")$ "0- 2,33,0

@0,'!$-+$; "!,0+ '()* )*$ 2,33,0 @0,'!$-+$ ,/ &,3$ /,%3 ,/ %")(,0"!()#; $()*$% /%,3 FG )*$,%#

,% CFG )*$,%#; (0 ,%-$% ), "&&(+0 ,.R$2)(:$ ,% ,)*$%'(&$ 3$"0(0+/1!  %,.".(!()($& ), )*$(% ,  ,0$0)A&

2*,(2$ ,/ "2)(,0&8 =0 ,1% &$))(0+;  !"#$%& /"2$ .,)* %(&@ "0- "3.(+1()#8 S(&@ "%(&$& (0 )*$ )%"-()(,0"!

+"3$<)*$,%$)(2 &$0&$; /%,3 )*$ 102$%)"(0)# )*$  !"#$%& /"2$ ".,1) )*$ ,  ,0$0)A& & $2(T2 &)%")$+#;

"&&13(0+ )*") )*$# @0,' )*$(% ,  ,0$0)A& $D"2) )# $8 N3.(+1()#; ,0 )*$ ,)*$% *"0-; "%(&$& /%,3 )*$

$ (&)$3(2 $D,+$0,1& 102$%)"(0)# )*")  !"#$%& /"2$ ".,1) )*$(% ,  ,0$0)A& $D"2) )# $; "& )*(& 102$%)"(0)#

(& 0,) "22,3 "0($- .# "0# -(&)%(.1)(,0"! (0/,%3")(,0; 0$()*$% T%&)<,%-$% 0,% *(+*$%<,%-$%8 L*$ 0$$-

), -(&)(0+1(&* .$)'$$0 )*$&$ )', /,%3& ,/ 102$%)"(0)# '"& T%&) 0,)(2$- (0 )*$ $2,0,3(2 !()$%")1%$ .#

U0(+*) 4O678 =) '"& !")$% &,!(-(T$- .# F!!&.$%+A& )*,1+*) $D $%(3$0)& 4IO7; '*(2* -$3,0&)%")$- )*")

-$2(&(,0 3"@$%& )%$") )*$ )', 2,02$ )& -(V$%$0)!#; (0 " 3"00$% )*") :(,!")$& )*$ %")(,0"!()# "D(,3& ,/



 !  !"#$%& '( )*+,-./.0 1$,2,$,%0 ,3 45/672"8%& 9"*%0

 !"# "#$ %& '() *%& "#$!+,-

.#$ /'0!12 %332 $+4 5'+')!6 2#!7$) "#'" 8( "#$ 5+$2$(9$ !/ '0 8418",: )$9828!( 0';$+2 "$() "! ')!5"

' 7!+2"<9'2$ '55+!'9# '() '""$05" "! 08"84'"$ "#$8+ 3!22$2  , '22108(4 "#$ 7!+2" 5!228 3$ !1"9!0$-

.#82 0'6<08(  $#'=8!1+ #'2 28(9$  $$( 2155!+"$)  , $6"$(28=$ $=8)$(9$:  !"# $65$+80$("'33, >?@: ABC

'() "#$!+$"89'33, >D?: DE: BFC- G( "#$8+ H%& "#$!+, >DEC: I83 !' '() *9#0$8)$+ 5+!5!2$ ' 2$" !/ '68!02

7#89# $(9'5213'"$ '0 8418", '=$+28!( '2 ' 5+$/$+$(9$ !/ ;(!7( +82;2 !=$+ 1(;(!7( +82;2- .#$(:  ,

0!)$338(4 '0 8418", '2 ' 2$" !/ 013"853$ 5+8!+2: "#$, 2#!7 "#'" 8/ )$9828!( 0';$+2  $#'=$ '99!+)8(4 "!

"#$2$ '68!02: "#$, 7833 9#!!2$ "#$ '9"8!(2 "#'" 0'6808J$ "#$8+ 7!+2"<9'2$ $65$9"$) 1"838", !=$+ "#'" 2$"

!/ 5+8!+2- K!(28)$+ "#$ 2$""8(4 7#$+$ 53',$+ i 82 48=$( "#$ !55!($("L2  $#'=8!1+'3 /1(9"8!( b−i (·)- M!+

$'9# !/ #$+ ",5$2 θ−i ∈ Θ−i
: "#$ !55!($(" 53',2 ' 086$) 2"+'"$4, '99!+)8(4 "! #$+  $#'=8!1+'3 /1(9"8!(

b−i
(

θ−i
)

- .#12: /+!0 53',$+ iL2 5$+25$9"8=$: $=$+, 5!228 3$ $='31'"8!( !/ "#'" /1(9"8!( +$5+$2$("2 '

5+8!+- *8(9$ 53',$+ i 3'9;2 '(, )82"+8 1"8!('3 8(/!+0'"8!( !=$+ "#$ !55!($("L2 ",5$ '() "#12 !=$+ "#$

5+8!+2: 8/ i 82 +'"8!('3 '2 5$+ I83 !'L2 '() *9#0$8)$+L2 '68!02: 2#$ 7833 "';$ ' 7!+2"<9'2$ '55+!'9# !=$+

'33 !/ "#$ 5!228 3$ 5+8!+2: !+ $N18='3$("3,: !=$+ '33 !/ "#$ !55!($("L2 5!228 3$ ",5$2- .#12: 8/ 53',$+2

'+$ '0 8418",<'=$+2$ '() +'"8!('3 '2 5$+ I83 !' '() *9#0$8)$+: "#$( 53',$+ i: 48=$( #$+ !55!($("L2

 $#'=8!1+'3 /1(9"8!( b−i (·) '() /!+ ' 25$98O9 ",5$ θi ∈ Θi
: 2#$ 7833 9#!!2$ ' 2"+'"$4, /+!0 "#$ 2$"

P)$(!"$) "#$  $2"<+$25!(2$ 2"+'"$4,<2$"QR

Si
[

θi ; b−i (·)
]

:= argmax
si∈∆

min
θ−i∈Θ−i

π
[

si; ri
(

θi
)

, b−i
(

θ−i
)]

≡ argmax
si∈∆

min
s−i∈range(b−i)

π
[

si; ri
(

θi
)

, s−i
]

,
PS*Q

7#$+$ range
(

b−i
)

)$(!"$2 "#$ +'(4$ !/ "#$ !55!($("L2  $#'=8!1+'3 /1(9"8!( b−i (·): 7#89# 9'( '32!  $

5$+9$8=$) '2 "#$ 2$" !/ 013"853$ 5+8!+2- .#$(: 28083'+ "! "#$ S',$28'( 9'2$: '( $N1838 +810 82 )$O($)

'2 ' 2$" !/  $#'=8!1+'3 /1(9"8!(2: !($ /!+ $'9# 53',$+: 2! "#'": $'9# 53',$+L2  $#'=8!1+'3 /1(9"8!(

+$"1+(2 ' 2"+'"$4, "#'" 0'6808J$2 "#$ 53',$+L2 7!+2"<9'2$ $65$9"$) 1"838", /!+ $'9# !/ #$+ ",5$2: 48=$(

"#$ !55!($("L2 9!++$25!()8(4  $#'=8!1+'3 /1(9"8!(- M!+0'33,: '( $N1838 +810 82 48=$( '2 ' 5'8+ !/

 $#'=8!1+'3 /1(9"8!(2 bi (·): i = 1, 2: 2'"82/,8(4

bi(θi) ∈ Si
[

θi ; b−i (·)
]

∀θi ∈ Θi, i = 1, 2. P%TQ
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 !" #$%&'$()'* %+ ,%-.*( /0.)1)-$)2

 !"!# $%&'()*%)+%*, %) -.&*/0.&1()&. 2*03*.4%.&

 !"# $%" &'()%$"&$ *+,()-($. *,/-$ "*0% 1'*."23& -$('($. 4-#0$(/#& 0*# %*!" * 52*+*$(0 "6"0$ /# $%"

)*+"3& #*$-2" *#5 /# $%" "7-('(,2(-+ &$2*$")("&8 9$2*$")("& $%*$ *2" *$ "7-('(,2(-+ (# * 0/+1'"$"

(#4/2+*$(/# )*+" ,"0/+" &-,/1$(+*' *& &//# *& :" (#$2/5-0" *+,()-($. (# $%" -$('($. 4-#0$(/#& /4

"*0% 1'*."28 ;%(& (& 5"+/#&$2*$"5 (# $%" 4/''/:(#) "<*+1'"8

 !"#$%& '()(* =>(&?.@&*4" )*+"A "6"0$& /4 *+,()-($. /# $%" "7-('(,2(-+ &$2*$")("&B(  !"#$%&' (

)(*& +$,- ,-& .!//!+$") *!"&,('0 1(0!2 *(,'$34

5'6 5#6

0 3

5'6 10 0

10 3

5#6 3 3

7(8- 1/(0&' -(# ( '$#90 #,'(,&)0 5'6: 0$&/%$") 1(0!2# !. &$,-&' £0 !' £10: ("% ( #(.& #,'(,&)0 5#6 +-$8-

);('(",&&# ( 1(0!2 !. £3< =-& )(*& -!+&>&' $# "!, #0**&,'$8: ?&8(;#& ,-& '!+ 1/(0&': %&"!,&% (#

@/(0&' 1: !?,($"# -&' *(3$*;* 1(0!2 !. £10 +-&" ?!,- -&' ("% -&' !11!"&", 8-!!#& ,-& '$#90 #,'(,&)0

5'6: +-$/#, ,-& 8!/;*" 1/(0&': %&"!,&% (# @/(0&' 2: !?,($"# -&' *(3$*;* 1(0!2 +-&" #-& 8-!!#&# -&'

'$#90 #,'(,&)0 5'6 +-$/#, -&' !11!"&", 8-!!#&# ,-& #(.& #,'(,&)0 5#6<  !"#$%&' ,-& 8(#& +-&'& ?!,- 1/(0&'#

-(>& ( 8!**!" 9"!+/&%)& 8!"8(>& ;,$/$,0 .;"8,$!" u (·): +-&'& u(0) = 0: u(3) = 5 ("% u(10) = 10

5#-!+" (# ,-& %(#-&% /$"& $" A$);'& B<C6< =-$# $# ( 8!*1/&,& $".!'*(,$!" )(*& +-$8- -(# ( ;"$D;&

E(#- &D;$/$?'$;* )$>&" ?0 {0.5, 0.5}: +-&'& ?!,- 1/(0&'# '("%!*$F& ?&,+&&" ,-&$' ,+! (8,$!"# +$,- &D;(/

1'!?(?$/$,0< G" &31&8,(,$!": ?!,- 1/(0&'# '&8&$>& (" &31&8,&% ;,$/$,0 !. 5< H# ( '&#;/,: "&$,-&' 1/(0&'
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+-&'& 1/(0&'# %!"I, 9"!+ ,-&$' !11!"&",I# &3(8, ;,$/$,0 .;"8,$!"< J"#,&(%: ,-&0 9"!+ ,-(, ,-& !11!"&",

-(# ("0 ;,$/$,0 .;"8,$!" +-&'&: (# ?&.!'&: u(0) = 0 ("% u(10) = 10: ?;, +-&'& u(3) 8(" "!+ ?& ("0

>(/;& $" ,-& #&, 5 + [−ε,+ε] .!' #!*& ε > 0 5#-!+" (# ,-& #&, +$,-$" ,-& #!/$% /$"&# $" A$);'& B<C6<

K;8- ;"8&',($",0 8(" ?& )&"&'(,&% $" $"#,("8&# +-&'& ,-& 1/(0&'# 9"!+ ,-& !11!"&",I# '$#9 1'&*$;*#
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u (c)

£c3

5

10

10

5 + ε

5− ε

"#$%&' ()!* +,' -./#-01 %2#1#23 4%-52#.- 67,.8- 07 2,' 907,'9 1#-': 4.& 2,' &#7;3<704' $0/')

+,' 28. 7.1#9 1#-'7 &'=&'7'-2 2,' .%2'& '->'1.=' .4 011 =.77#?1' %2#1#23 4%-52#.-7 .4 '05, =103'&@

$#>'- 2,' 0/?#$%#23 0?.%2 2,' %2#1#23 2,'3 077#$- 2. £3)

 !"#$%& '()*+ ,%& )*( -./"/.$ 0-(1./)( 2-. (). .,#. )0 .,% )!!)(%(.3  !"#$%&4+ .$!% 1)(.#/(+ /(0)&5#6

./)( )("$ #2)-. ,%& -./"/.$ 0-(1./)(7 #(8 +!%1/91#""$ .,% -./"/.$ +,% #++/:(+ .) ,%& +#0% 5)(%.#&$ !#$);

)0 £33 <. /+ .,-+ %#+$ .) =%&/0$ .,#. .,%&% /+ # )(%6.)6)(% &%"#./)(+,/! 2%.*%%( %#1, !"#$%&4+ .$!% +%. Θi

#(8 .,% /(.%&=#" [−ε,+ε]3 >%(1%7 0)& θ1, θ2 ∈ [−ε,+ε]7 .,% 1)&&%+!)(8/(: -./"/.$ !#$); 5#.&/1%+ 0)& .,%

.*) !"#$%&+ #&% :/=%( 2$

r1
(

θ1
)

=







10 0

5 + θ1 5 + θ1






#(8 r2

(

θ2
)

=







0 10

5 + θ2 5 + θ2






.

 !"#$% &'(')' ?,% )&/:/(#" %@-/"/2&/-5 /+ () ")(:%& #( %@-/"/2&/-5 )0 .,/+ :#5%3 ?) +%% .,/+7 1)(+/8%&

.,% 1#+% *,%&% A"#$%& 1 ,#+ # .$!% θ1 > 03 ?,%(7 /0 A"#$%& 2 !"#$+ ,%& 1)5!"%.% /(0)&5#./)( %@-/"/2&/-5

+.&#.%:$ )0





0.5

0.5





7 A"#$%& 14+ 2%+.6&%+!)(+% */"" 2% ,%& +#0% #1./)( B+C /(+.%#8 )0 ,%& )*( %@-/"/2&/-5

+.&#.%:$ )0





0.5

0.5





7 #(8 /0 A"#$%& 14+ #1./)( /+ B+C .,%( A"#$%& 2 +,)-"8 &%+!)(8 */., B&C %.13

D% 1#( 1)5!-.% .,% &)2-+. %@-/"/2&/-5 -+/(: .,% .%1,(/@-%+ )0 .,/+ 1,#!.%&7 #(8 *% )2.#/( # !#/& )0

2%,#=/)-&#" 0-(1./)(+ .,#. &%!&%+%(. .,% -(/@-% %@-/"/2&/-5 )0 .,/+ :#5%3 A"#$%& 14+ 2%,#=/)-&#" 0-(1./)(

#. .,% %@-/"/2&/-5 /+ :/=%( 2$E

b1
(

θ1
)

=























0

1



 ≡ B+C, θ1 ∈ (−ε,+ε] ,




0.5− ε
10

0.5 + ε
10



, θ1 = −ε,
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 !"#$% &#'()* 2+$ ,)!'-"./*'# 0/12%".1 "$ 3"-)1 ,(

b2
(

θ2
)

=























1

0



 ≡ 4*5, θ2 ∈ [−ε,+ε) ,




0.5− ε
10

0.5 + ε
10



, θ2 = +ε.

6-)1  "%!./% 71. #)83) .0 %!) 2.9:/%'%".1 :*.2)8/*)  ) 2'1 $%"## -)*"0( %!'% %!)$) ,)!'-"./*'# 0/12%".1$

'*) '% );/"#",*"/9< ,( 2!)27"13 %!'% %!)( $'%"$0( %!) );/"#",*"/9 2.18"%".1  !"#  !)1 %!) ,)$%=*)$:.1$)

$%*'%)3(=$)% "$ '$ 8)>1)8 "1  $%#? @.1$"8)* &#'()* 1+$  .*$%=2'$) /%"#"%( 0.* )'2! .0 !)* '2%".1$< 3"-)1

&#'()* 2+$ ,)!'-"./*'# 0/12%".1 b2 (·) 8)$2*",)8 ',.-)? A!)1 &#'()* 1 !'$ ' %(:) θ1 ∈ [−ε,+ε]< %!)1

0.* )'2! .0 !)* '2%".1$ $!)  "## *)2)"-) '  .*$%=2'$) /%"#"%( .0 4/$"13 *. = "$) 9"1"9"B'%".15

min
θ2∈[−ε,+ε]

π
[

: ; r1
(

θ1
)

, b2
(

θ2
)]

= min

















10 0

5 + θ1 5 + θ1






s2 : s2 ∈

{





1

0



,





0.5− ε
10

0.5 + ε
10





}











=























5− ε, "0 *. :#'($





1

0



,

5 + θ1, "0 *. :#'($





0

1





?

C% "$ )'$( %. $)) %!'% &#'()* 1+$ ,)$%=*)$:.1$) "$ %!) $'0) $%*'%)3( 4$5< 4.* );/"-'#)1%#(





0

1





5 0.* '##

!)* %(:)$ θ1 ∈ (−ε,+ε]? A!)1 &#'()* 1 !'$ ' %(:) .0 θ1 = −ε< %!)1 $!) "$ "18"D)*)1% ,)% ))1 %!) % .

'2%".1$< '18 %!/$ %!) $%*'%)3( b1 (−ε) =




0.5− ε
10

0.5 + ε
10





"$ ' -'#"8 ,)$%=*)$:.1$)? E)12)< 3"-)1 &#'()* 2+$

,)!'-"./*'# 0/12%".1< &#'()* 1+$ ,)!'-"./*'# 0/12%".1 ,)#.13$ "1 %!) ,)$%=*)$:.1$) $%*'%)3(=$)% 8)>1)8

"1  $%# 0.* '## .0 !)* :.$$",#) %(:)$? F $(99)%*"2 '*3/9)1% 2'1 ,) 9'8) 0.* &#'()* 2+$ ,)!'-"./*'#

0/12%".1? G!/$< %!) );/"#",*"/9 2.18"%".1  !"# !.#8$?

G!) )D)2%$ .0 %!) /12)*%'"1%( '*) 8*'9'%"2? A!"#$% "1 %!) 2.9:#)%) "10.*9'%".1 3'9) ,.%! :#'()*$

2!..$) %. *'18.9"B) ,)% ))1 %!)"* % . '2%".1$  "%! );/'# :*.,',"#"%(< %!) "1%*.8/2%".1 .0 '9,"3/"%(

0.*2)$ %!) :#'()*$ %. :#'( .1) .0 %!)"* :/*) $%*'%)3")$ "1 '#9.$% '## .0 %!)"* %(:)$< ':'*% 0*.9 .1)?

G!) *)$/#%$ '*) 1.% %!'% $/*:*"$"13? F1 '9,"3/"%(='-)*$) :#'()*  "## :*)0)* ' 71. 1 *"$7 .-)* '1

/171. 1 .1)? G!/$< "% "$ 1.% /1*)'$.1',#) 0.* :#'()*$ %. :*)0)* %!) $'0) '2%".1  !.$) )H:)2%)8 *) '*8

"$ 1.% 'D)2%)8 ,( '9,"3/"%(< "1$%)'8 .0 2!..$"13 %!) *"$7( '2%".1  !)*) %!) )H:)2%)8 *) '*8 I/2%/'%)$

8):)18"13 .1 %!) .::.1)1%+$ '2%/'# %(:)? G!"$ ,)!'-"./* "$ *)I)2%)8 "1 &#'()* 1+$ ,)!'-"./*'# 0/12%".1?

&#'()* 1< !'-"13 1. 8"$%*",/%".1'# "10.*9'%".1 ',./% !)* .::.1)1%+$ %(:)< 2!..$)$ !)* $'0) $%*'%)3( 4$5
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 ! "#$%&' "## %( )*+ ',-*& *./*-' (+%$ ')* %!* 0)*+* &)*  & #*"&' + &12"3*+&* 4/%++*&-%!5 !6 '% θ1 = −ε78

9)*! :#",*+ 1  & #*"&' + &12"3*+&*; &)*  & 0 ## !6 '% +"!5%$ <* =*'0**! ')* '0% "/' %!&8 >!* 0%?#5

*.-*/' ')"' :#",*+ 2 0 ## *.) = ' " & $ #"+ =*)"3 %?+8 @%0*3*+; :#",*+ 2 )"& ')* "53"!'"6* ')"' &)*

+*/* 3*& )*+ $". $?$ -",%A 0)*! ')* %--%!*!' -#",& ')* &"(* &'+"'*6,8 B)?&; :#",*+ 2 -+*(*+& )*+

+ &1, &'+"'*6,  ! "#$%&' "## %( )*+ ',-*& *3*!  ! ')* -+*&*!/* %( "$= 6? ',; "-"+' (+%$ ')* %!* 0)*+* &)*

)"& ')* $%&' + &12"3*+&* ?' # ', (?!/' %! 4/%++*&-%!5 !6 '% θ2 = ε78 9)*! :#",*+ 2  & $%&' + &12"3*+&*;
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,))-#*!'&/# ,)"-8#'# &.4)*"!'&). 2!"#$ @ABC6 7(&$ !--*)!,( 8#!3$ ') '(# ,#8#0*!'#3 :!$( #D1&8&0*&! &.
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1$#3 &. )*3#* ') ")3#8 $&'1!'&).$ %(#*# -8!?#*$ #.'#*'!&. !"0&21&'? !0)1' /!*&)1$ !$-#,'$ )4 '(# 2!"#6

I)* #9!"-8#G '(# %)*$'+,!$# !--*)!,( %!$ 1$#3 ') 3#J.# #D1&8&0*&! &. ,)"-8#'# &.4)*"!'&). 2!"#$ %(#*#

#!,( -8!?#* (!$ ! ,#*'!&. 3#2*## )4 3)10' *#2!*3&.2 (#* )--).#.'$; !0&8&'? )* %&88&.2.#$$ ') &"-8#"#.'

! $-#,&J, $'*!'#2? @KLG MAG NMC6 O&"&8!*8?G '(# %)*$'+,!$# !--*)!,( %!$ 1$#3 ') 3#J.# #D1&8&0*&! %(#*#

-8!?#*$ 4!,# !"0&21&'? 0#,!1$# '(# )--).#.'$ (!/# "18'&-8# 0#$'+*#$-).$#$ ') ,())$# 4*)" @NPC6 7(#

%)*$'+,!$# !--*)!,( %!$ 1$#3 &. &.,)"-8#'# &.4)*"!'&). 2!"#$ !$ %#886 I)* &.$'!.,#G &' %!$ 1$#3 &.

&.,)"-8#'# &.4)*"!'&). 2!"#$ %&'()1' -*&/!'# &.4)*"!'&).G %(#*# -8!?#*$ (!/# #-&$'#"&, 1.,#*'!&.'?

!0)1' '(#&* )%. -!?)5 41.,'&).$ !$ %#88 !$ '(#&* )--).#.';$ !0&8&'? ') &"-8#"#.' ! 0#$'+*#$-).$#

$'*!'#2? @BLC6 Q. &.,)"-8#'# &.4)*"!'&). 2!"#$ %&'( -*&/!'# &.4)*"!'&).G '(# %)*$'+,!$# !--*)!,( %!$

1$#3 &. ! R!?#$&!. $#''&.2 %(#*# -8!?#*$ 4!,# !"0&21&'? 0#,!1$# '(#? (!/# "18'&-8# ,)""). -*&)*$

&.$'#!3 )4 H1$' ).# @MNC6 I&.!88?G 4)* 2!"#$ %&'( -*&/!'# &.4)*"!'&). !.3 .) ,)""). -*&)* 8&S# '(# ).#$

%# $'13? (#*#G '(# %)*$'+,!$# !--*)!,( (!$ 0##. -*)-)$#3 &. '(# ,).'#9' )4 *)01$' 2!"#$ @TC %(#*# '(#

0#$'+*#$-).$# $'*!'#2?+$#' &$ 3#J.#3 !$ &. UROVG !$ %#88 !$ &. '(# ,).'#9' )4 "#,(!.&$" 3#$&2. %(#*#

'(# 0#$'+*#$-).$# $'*!'#2?+$#' &$ 3#J.#3 1$&.2 ! "&.&"!9 *#2*#' ,*&'#*&). @MLC6 7(&$ ,(!-'#* 01&83$ ).

'(# *#$18'$ )4 @TCG %(#*# &' (!$ 0##. $()%. '(!' '(# 0#$'+*#$-).$# $'*!'#2?+$#'$ 3#J.#3 &. UROV !3"&'

!. #D1&8&0*&1" &. 0#(!/&)1*!8 41.,'&).$G #/#. &. '(# ,!$# %(#*# '(# '?-# $#'$ Θi
G i = 1, 2G !*# &.J.&'#



 !"! #$%&'$()'* %+ ,%-.*( /0.)1)-$)2  !

 !" #$%&'%( )*+

#$% %,-./-01 (%/$&2&3&1-%. 4&' .&35-01 -06&(73%/% -04&'(8/-&0 18(%. 9-/$ 7'-58/% -04&'(8/-&0 802 0&

6&((&0 7'-&' :/-3-;% 58'-&:. &7/-(-;8/-&0 /%6$0-<:%.+ =0  !*" /$% 7'&>3%( &4 ?02-01 '&>:./ %<:-3->'-8

-. '%4&'(:38/%2 8. 8 3-0%8' 6&(73%(%0/8'-/@ 7'&>3%(+ A-(-38'3@" -0  BC* /$% 7'&>3%( -. '%4&'(:38/%2

8. 8 .%(-D-0?0-/% (-,%2 -0/%1%' 3-0%8' 7'&>3%(+ E$-3./ /$%.% 7'&>3%(. 8'% -0 1%0%'83 -0/'86/8>3%  BF*"

/$% 6:''%0/ ./8/% &4 /$% 8'/ .&35%'. 680 '%82-3@ $8023% /9&D738@%' /9&D86/-&0 18(%.+ G&9%5%'" >&/$

(%/$&2. 8'% '%./'-6/%2 /& 18(%. 9$%'% 738@%'. $85% ?0-/% /@7% .%/." 8. &77&.%2 /& /$% 18(%. 9-/$

-0?0-/% /@7% .%/. /$8/ 9% ./:2@ -0 /$-. 6$87/%'+ H&'/:08/%3@" /$% 9&'./D68.% 877'&86$ 833&9. 4&' .&(%

6&(73%,-/@ '%2:6/-&0 &4 /$% &'-1-083 7'&>3%(" 9$%'% /$% (8I&'-/@ &4 /$% /@7%. -0 /$% /@7% .%/. Θi
"

i = 1, 2" 680 >% -10&'%2+ #$-. -. -0 6&0/'8./ /& /$% J8@%.-80 877'&86$" 9$%'% %86$ 738@%' 0%%2. /&

866&:0/ 4&' 833 &4 $%' &77&0%0/.K 7&..->3% /@7%. 866&'2-01 /& /$% 6&((&0 7'-&'+ #& /$-. %02" 9% (8L%

/$% 4&33&9-01 &>.%'58/-&0M

 !"#$%&'()* +,-,.,  !"#$%& i '#( ')(*+&,'+ -%& .%*+/&%*!)(*% *+&#+%0$/*%+ Si [·] 1%2(%1 3( NJAO

43+-),+ -#53(0 # 6,"" 1%*'&3!+3)( )6 -%& )!!)(%(+7* .%-#53),&#" 6,('+3)( b−i (·)8 9(*+%#1: !"#$%& i )("$

(%%1* +) ;()4 +-% %<+&%=% *+&#+%03%* )6 -%& )!!)(%(+7* .%-#53),&#" 6,('+3)(: 035%( .$ ext range
(

b−i
)

8

>&))68 #$-. 4&33&9. -((%2-8/%3@ 4'&( /$% 3-0%8'-/@ &4 /$% %,7%6/%2 :/-3-/@ &7%'8/&' π (·)M

Si
[

θi ; b−i (·)
]

≡ argmax
si∈∆

min
s−i∈ext range(b−i)

π
[

si; ri
(

θi
)

, s−i
]

, ∀θi ∈ Θi.

P&0.%<:%0/3@" /$% 738@%'. &03@ 0%%2 /& L0&9 /$% &77&0%0/K. %,/'%(% /@7%." /$8/ -." /$% /@7%. /$8/

6&''%.7&02 /& /$% %,/'%(% ./'8/%1-%. &4 /$% &77&0%0/K. >%$85-&:'83 4:06/-&0" 1-5%0 >@ /$% .%/

 

Θ̃i :=
{

θ̃i ∈ Θi : bi
(

θ̃i
)

∈ ext range
(

bi
)

}

.

#$% 4&33&9-01 '%38/-&0.$-7 /$%0 /'-5-833@ $&32.M

Si
[

θi ; b−i (·)
]

≡ argmax
si∈∆

min
θ̃−i∈Θ̃−i

π
[

si; ri
(

θi
)

, b−i
(

θ̃−i
)]

, ∀θi ∈ Θi,

 

 !"# #$% &'( )*+%'"+ %(,$# %!'% )*--$#,*+. %* %!$ #'&$ $/%-$&$ #%-'%$0(1 2*- *3- ,3-,*#$#4 "% "# #35)"$+%

%* )*+#".$- '+( #$% )*+%'"+"+0 $/')%6( *+$ %(,$ 7*- $')! $/%-$&$ #%-'%$0(1  !'% "#4 8$ )'+ )*+#".$- '+( #$% Θ̃i

*7 )'-."+'6"%( $93'6 %* %!'% *7 %!$ #$% ext range
(

bi
)

#* %!'% ∀s̃ ∈ ext range
(

bi
)

, ∃θ̃ ∈ Θ̃i : bi
(

θ̃
)

= s̃.



 !  !"#$%& '( )*+,-./.0 1$,2,$,%0 ,3 45/672"8%& 9"*%0

 !"#! "$%&"'( )!*) *+, ) - .'!*/"-01*& 20+#)"-+( bi (·)3 i = 1, 23 )!*) *1' *) '40"&".1"0$ 2-1 )!' 5*$'

 ")! )!' 20&& ),%' (')( Θi
3 i = 1, 23 *1' *&(- *) '40"&".1"0$ 2-1 )!' 5*$'  ")! )!' '6)1'$' ),%' (')( Θ̃i

7

8+ )!' #*(' -2 ) -9*#)"-+ 5*$'(  !'1' )!' .'!*/"-01*& 20+#)"-+( $*% )- ) -9:"$'+("-+*& ("$%&"#'(3

)!'1' *1' *) $-() ) - '6)1'$' ()1*)'5"'(3 )!0( )!'1' -+&, +'': )- .' ) - ),%'( "+ '*#! -2 )!' '6)1'$'

),%' (')( Θ̃i
7 ;( * 1'(0&)3 )!'1' "( *) &'*() -+' '40"&".1"0$ 2-1 )!' 5*$'  ")! )!'(' <+")' ),%'( (')(

Θ̃i
)!*) "( *&(- *+ '40"&".1"0$ 2-1 )!' 5*$'  ")! )!' "+<+")' ),%'( (')( Θi

7 =!' #-+>'#)01' "( )!*) -+'

$*, .' *.&' )- -.)*"+ )!"( '40"&".1"0$ ., (-&/"+5 )!' <+")' 5*$' 0("+5 )!' '6"()"+5 $')!-:(7

?"+:"+5 )!' '6)1'$' ),%' (')( Θ̃i
"( +-) )1"/"*&7 8+ 2*#)3 ") "( *( !*1: *( (-&/"+5 )!' -1"5"+*& %1-.&'$7

; +*"/' *%%1-*#!  -0&: #-+(":'1 )!' ),%'( )!*) #-11'(%-+: )- )!' '6)1'$'( -2 )!' 1*+5' -2 )!' 0)"&"),

20+#)"-+ ri (·)3 "+()'*: -2 )!-(' -2 )!' .'!*/"-01*& 20+#)"-+ bi (·)7 =!*) "(3 "+()'*: -2 (-&/"+5 5*$'(

 !'1' )!' ),%' (')( *1' Θ̃i
3  ' (-&/' 5*$'( 2-1 )!' ),%' (')( Θ̂i

 !'1'

Θ̂i :=
{

θ̂i ∈ Θi : ri
(

θ̂i
)

∈ ext range
(

ri
)

}

. @A7BC

D"/'+ )!' (%'#"<# +*)01' -2 -01 0+#'1)*"+),3  '  "&& (!- )!*) )!'(' (')( *1' '*(, )- #-+()10#) *+:

 "&& *& *,( .' <+")'7 E+2-1)0+*)'&,3 '40"&".1"* :'1"/': 0("+5 )!'(' <+")' (')( :- +-) +'#'((*1"&, #-19

1'(%-+: )- '40"&".1"* 2-1 )!' -1"5"+*& 5*$'  ")! )!' "+<+")' ),%' (')(7 =!"( 1'(0&) "( :'$-+()1*)': "+

F6*$%&' A7G7H7

 !"#$%& '()(* @I"J'1'+#'( "+ '40"&".1"* -2 )!' 5*$'  ")! "+<+")' ),%' (')( Θi
21-$ )!' '40"&".1"*

-2 )!' 5*$'  ")! )!' <+")' ),%' (')( Θ̂i
C(  !"#$%&' ()& *!++!,$"- -./& -$0&" $" #('.(&-$1 *!'/ ,$()

/!"&(.'2 3.2!4 /.('$56

7+8 7'8

0.1 0.2

7(8 1 0.2

1 0

798 0 0.3

:!() 3+.2&'# .'& ;"1&'(.$" .9!;( ()&$' !33!"&"(<# ;($+$(2 *;"1($!"= 9;( ()&2 >"!, ()&$' !33!"&"( $#

-'&&%2 ."% '$#>?.0&'#&@ A);#= 9!() 3+.2&'# #!+0& ()& -./& ,)&'& ()& !33!"&"( 1." ).0& ."2  !"#$!%&

#'$"() #'*

 

."% $+'$),( ;($+$(2 *;"1($!"@ B& %&"!(& ()& '!, 3+.2&' .# C+.2&' 1 ."% ()& 1!+;/"

 

 !" #$%&'$'()*)#!( "'*+!(+, * +)"#-)&. #(-"'*+#(/ 01(-)#!( #+ $!2'&&'2 *+ *(. 01(-)#!( u : R 7→ R 3#)4 *

+&!%' /"'*)'" !" '51*& )! +!$' +!&6'" %*"*$')'" ε > 07



 !"! #$%&'$()'* %+ ,%-.*( /0.)1)-$)2  !

u (c)

£c0.2 0.3 1

1
1− ε

1− 1.1ε

 !" #$% &'()*+%,-&!. !+/ -$% 01(- &'()*!2%&(%

,-'.'-3 41& 5.!3%& 16 #$% -71 (1.'/ .'+%( &%8&%*

(%+- -$% 1,-%& %+2%.18% 14 !.. 81(('9.% :1+:!2%

,-'.'-3 4,+:-'1+(6

u (c)

£c0.2 0.3 1

1
1− ε

2
3
(1− ε)

 9" #$% ,-'.'-3 4,+:-'1+ -$!- :1&&%(81+/( -1 -$%

-$'&/ %;-&%0% 81'+- '+ -$% &!+<% 14 -$% 8!31= 4,+:*

-'1+ r1 (·)> .!9%..%/ !( θ13 '+ ?'<,&% @6A!6

"#$%&' ()*+ ,-' %.#/#.0 1%23.#425 41 6/70'& 1) ,-' .-&'' 1%23.#425 #28#37.'8 9#.- 54/#8 /#2'5 #2

"#$%&'5 ()*7 728 ()*: 34&&'5;428 .4 .-' .-&'' '<.&'=' ;4#2.5 41 range (r1))

 !"#$% "& '!"#$% 2( )$* Θi
+ i = 1, 2+ ,$-.*$ */$  !"#$%&0 1-2-1*$ *# $ &$*& $-3.,1-4 "!! 1-3%$"&1-4

3.-3"5$ 6*1!1*# 76-3*1.-&( 8# */$ $9615"!$-3$ .7 6*1!1*# 76-3*1.-& 6 *.  .&1*15$ ":-$ *%"-&7.%;"*1.-&+

<$ .-!# -$$, *. 3.-&1,$% */$ &$* .7 "!! 1-3%$"&1-4 3.-3"5$ 6*1!1*# 76-3*1.-& <1*/ u (0) = 0 "-, u(1) = 1

=3(7( '%. .&1*1.- >(?(@A( B/$ &$* .7 "!! 6*1!1*# 76-3*1.-& 7.% '!"#$% 1 1& 1!!6&*%"*$, 1- C146%$ >(D"+ </$%$

"!! 3.-3"5$ 1-3%$"&1-4 6*1!1*# 76-3*1.-& <1*/ u (0) = 0 "-, u(1) = 1 !1$ <1*/1- */$ *<. &.!1, !1-$& 1- */$

246%$(

E- .6% &$**1-4+ "  !"#$%0& *# $ 3.-*"1-& 1-7.%;"*1.- .-!# "F.6* */$ &";$  !"#$%0& 6*1!1*# 76-3*1.-+ "-,

& $3123"!!#+ */$ 6*1!1*# 5"!6$& */"* &/$ "&&14-& "* $"3/ .7 /$% ;.-$*"%#  "#.G&( H1-3$ */$  !"#$%& /"5$

3.-&*"-* 6*1!1*# 5"!6$& "* */$1% $I*%$;$  "#.G& £0 "-, £1+ */$1% *# $& θi ∈ Θi
+ i = 1, 2+ 3.-*"1-

1-7.%;"*1.- .-!# "F.6* */$ 6*1!1*# 5"!6$& */"* */$  !"#$%& "&&14- *. */$1% 1-*$%;$,1"*$  "#.G&+ </13/

7.% '!"#$% 1 "%$ £0.2 "-, £0.3( J.-&$96$-*!#+ <$ 3"- %$ !"3$ */$ *# $ &$*& Θi
+ i = 1, 2+ <1*/ */$

*<.K,1;$-&1.-"! &$*& U i+ i = 1, 2+ </$%$ U1
1& ,$2-$, 7.% '!"#$% 1 "&

U1 :=























(a, b) ∈ R
2 :

a = u (0.2) , b = u (0.3) ,

u (·) "-# 3.-3"5$ 1-3%$"&1-4 6*1!1*# 76-3*1.-

<1*/ u(0) = 0, u(1) = 1























,

"-, U2
1& ,$2-$, &1;1!"%!# 7.% '!"#$% 2( E* 1& $"&# *. &/.< */"* */$ &$*& U i+ i = 1, 2+ /"5$ */$ 7.%;

1!!6&*%"*$, 1- C146%$& >(?" "-, >(?F =3(7( '%. .&1*1.- >(?(LA(



   !"#$%& '( )*+,-./.0 1$,2,$,%0 ,3 45/672"8%& 9"*%0

a

b0.3

0.2

1− ε

1− 1.1ε

2
3
(1− ε)

θ12

θ11

θ13

6
9

4
9

b−a
1+b−a

= 0.2
1.1

 !" #$!%&' 1() )&* U1
+,&'& a = u(0.2) !-. b =

u(0.3)/

a

b0.2

0.1

1− ε

1− 1.1ε

1
2
(1− ε)

θ22

θ21

θ23

 0" #$!%&' 2() )&* U2
+,&'& a = u(0.1) !-. b =

u(0.2)/

!"#$%& '()* +,-.&% 1/0 -12 2/0 0&30 U i
4 i = 1, 2 %&05&63"7&,.( 89& 39%&& &:3%&;& 5<"130 =,->&,,&2

6,<6?@"0&A 6<%%&05<12 3< 39& 39%&& &:3%&;& $3","3. B$163"<10 <B &-69 5,-.&%(

 ! "#$ %&'(! ()! *+#,!&-. /('+'(, 0#(&'"!- 1'2!$ 3, ri (·)4 i = 1, 24 #- 5/$"('6$- 65 ()! *6+,)!7&#+ -!(-

U i4 i = 1, 28 9)/-4 56&
(

ai, bi
)

∈ U i4 i = 1, 24 ()! /('+'(, 0#(&'"!- #&! 1'2!$ #-

r1
((

a1, b1
))

=







1 a1

0 b1






#$7 r2

((

a2, b2
))

=







a2 1

b2 0






.

:- # &!-/+(4 ()! !;(&!0! (,*!- '$ Θ̂i
7!<$!7 '$  1/2" "6&&!-*6$7 (6 ()! !;(&!0! *6'$(- 65 U i8 :""6&7'$1

(6 ()! 7'-"/--'6$ !#&+'!&4 6$! %6/+7 )6*! ()#( ()! !=/'+'3&'/0 56& ()! 1#0! %)!&! ()! *+#,!&- "6$-'7!&

6$+, ()! ()&!! !;(&!0! *6'$(- '$ ()! -!(- U i4 i = 1, 24 '- #$ !=/'+'3&'/0 56& ()! 1#0! %)!&! ()! *+#,!&-

"6$-'7!& ()! !$('&! -!(- U i4 i = 1, 28 >6%!2!&4 ()'- '- $6( ()! "#-!8 ?$ 6&7!& (6 '++/-(&#(! ()'-4 %!

"#+"/+#(! ()! !=/'+'3&'/0 3!)#2'6/&#+ 5/$"('6$- 56& 36() ()! 1#0! %'() ()! '$<$'(! /$"!&(#'$(, -!(-

@1'2!$ 3, U i4 i = 1, 2A #- %!++ #- ()! <$'(! -!(- @1'2!$ 3, ext{U i}4 i = 1, 2A8  ! 7!$6(! %'() bi (·)4

i = 1, 24 ()! !=/'+'3&'/0 5/$"('6$- 65 ()! 1#0! %'() ()! '$<$'(! -!(-4 #$7 %'() b̂i (·)4 i = 1, 24 ()!

!=/'+'3&'/0 5/$"('6$- 65 ()! 1#0! %'() ()! <$'(! -!(-8

9)! !=/'+'3&'/0 56& ()! '$<$'(! 1#0! '- "#+"/+#(!7 /-'$1 ()! (!")$'=/!- 65 ()'- ")#*(!&8 9)! 3!)#2'6/&#+

5/$"('6$- bi (·)4 i = 1, 24 #&! 1'2!$ #- 5/$"('6$- 65 ()! -!(- U i4 i = 1, 28 B6& C+#,!& 14 56& #$, (a, b) ∈ U1
4



 !"! #$%&'$()'* %+ ,%-.*( /0.)1)-$)2  !

 !" "#$%&%'(%$) '"!*+%,$(*& -$./ %,. %0 *.1 -$./ %,. 0* %0-1%.2 3/4-4 5!",(") 6464789

b1 ((a, b)) =











































1

0



, :!".

b−a
1+b−a <

0.2
1.1 ,





x

1− x



, x ∈
[

b
1+b−a , 1

]

, :!".

b−a
1+b−a = 0.2

1.1 ,

1
1+b−a





b

1− a



, , !"(:%0".

;, "  !*  !" 0 (* "21

1
1+b−a





b

1− a





%0 %.<-*/  !" )*=<)%. 0 (* "21 :!". >&*1"( 1 %0 ,-  1?" (a, b) ∈

U1
4 5!* %0@  !" 0 (* "21

1
1+b−a





b

1− a





%0  !" ,."  !* 2$*(*. ""0  !" !%2!"0 ?,00%'&" ?*1,A 3"#$*&

 , b !"# $%&'(# 1 #()&#*%(++ "! ,-&. .-( "//"0(0. *"(+ 123!3 $#"/"+4.4"0 53536 3 7-8+9 &22"#*40) ." .-(

(:84%4;#48< ;(-&=4"8#&% !802.4"0 b1 (·)9 $%&'(# 1 /%&'+ (4.-(# .-( /8#( +.#&.()' 1. 9 .-( <&>?<40 +.#&.()'

1
1+b−a





b

1− a





9 "# 4+ 40*4@(#(0. ;(.,((0 &0' 2"0=(> 2"<;40&.4"0 "! .-( .,"3 A0( 2&0 4<<(*4&.(%'

=(#4!' .-&. .-( -4)- (>.#(<( "! .-( #&0)( "! bi (·) 1,4.- #(+/(2. ." 4.+ B#+. *4<(0+4"0 4+





1

0





3 C( 2&0

2&%28%&.( .-( 2"##(+/"0*40) %", (>.#(<( "! .-( #&0)( ;' B0*40) .-( %",(+. =&%8( 1,4.- #(+/(2. ." .-( B#+.

*4<(0+4"0 "! .-( <&>?<40 +.#&.()'

1
1+b−a





b

1− a





!"# &0' (a, b) ∈ U1
!"# ,-42- $%&'(# 1 /%&'+ .-&.

+.#&.()'3 7-&. 4+9 ,( 0((* ." B0* .-( +<&%%(+. =&%8( "!

b
1+b−a 9 !"# &0' (a, b) ∈ U1

,4.-

b−a
1+b−a ≥ 0.2

1.1 3

D402( .-( <&>?<40 +.#&.()' 4+ :8&+4%40(&# "0 (a, b)9 4. ";.&40+ 4.+ %",(+. =&%8( &. "0( "! .-( (>.#(<(+

"! 4.E+ !(&+4;%( #()4"03 F. 4+ (&+' ." =(#4!' .-&. .-4+ <404<8< <&.(#4&%4G(+ &. (a, b) =
(

6
9 ,

4
9

)

1+(( H4)8#(

53I& 9 #(+8%.40) 40 & %", (>.#(<( +.#&.()' "!

1
1.1





0.6

0.5





3 7-8+ .-( #&0)( "! &0' ;(-&=4"8#&% !802.4"0 "!

.-( &;"=( !"#< 4+

ext range
(

b1
)

=

{

1

1.1





0.6

0.5



,





1

0





}

.

D4<4%&#%'9 $%&'(# 6E+ (:84%4;#48< ;(-&=4"8#&% !802.4"0 4+ 804:8(%' *(B0(* ." ;( .-( <&>?<40 +.#&.()'

!"# &%% "! -(# .'/(+J

b2 ((a, b)) =
1

1 + b− a





b

1− a



, ∀ (a, b) ∈ U2.

K+40) & +4<4%&# &#)8<(0. &+ &;"=(9 ,( 2&0 B0* $%&'(# 2E+ #&0)( (>.#(<(+ ;' (=&%8&.40) .-4+ +.#&.()'

&. (&2- "! -(# (>.#(<( .'/(+ 1+-",0 &+ .-( +(2"0* #", 40 7&;%( 53L; 3 C( .-8+ ";.&40

ext range
(

b2
)

=

{

1

1.1





0.2

0.9



,
1

1 + 0.1ε





1− ε

1.1ε





}

.



 !  !"#$%& '( )*+,-./.0 1$,2,$,%0 ,3 45/672"8%& 9"*%0

"#$%&%'(%$) *+(,+-.%-* /0( 1&,2-( 1
,+ 3-( +3(-- -4+(-)- +25-* %6 ext{U1}

θ11 θ12 θ13
7%6%+- b̂1 (·) 1

3−ε

(

2
1− ε

) (

1
0

)

1
4−ε

(

3− 3ε
1 + 2ε

)

8696%+- b1 (·)
(

1
0

) (

1
0

)

1
4−ε

(

3− 3ε
1 + 2ε

)

 !" #$!%&' 1() )*'!*&+,&) !* *-& &.*'&/& *%0& )&*) ext{U1}1 2-& $!3&$) 45 *-& &.*'&/& *%0& )&*) 64''&7

)0489 *4 *-& $!3&$$&9 04,8*) ,8 :,+;'& <1=!1

"#$%&%'(%$) *+(,+-.%-* /0( 1&,2-( 2
,+ 3-( +3(-- -4+(-)- +25-* %6 ext{U2}

θ21 θ22 θ23
7%6%+- b̂2 (·) 1

1.1

(

0.2
0.9

)

1
1+0.1ε

(

1− ε

1.1ε

)

1
1.1

(

0.1
1

)

8696%+- b2 (·) 1
1.1

(

0.2
0.9

)

1
1+0.1ε

(

1− ε

1.1ε

)

1
3−ε

(

2− 2ε
1 + ε

)

 3" #$!%&' 2() )*'!*&+,&) !* *-& &.*'&/& *%0& )&*) ext{U2}1 2-& $!3&$) 45 *-& &.*'&/& *%0& )&*) 64''&7

)0489 *4 *-& $!3&$$&9 04,8*) ,8 :,+;'& <1=31

:,'&- ;<=> :3- *+(,+-.%-* +3,+ -,?3 5&,2-( 5&,2* ,+ +3-%( -4+(-)- +25-* ext{U i}@ i = 1, 2@ ,+

'0+3 -#$%&%'(%$) '-3,A%0$(,& /$6?+%06* b̂i (·)@ i = 1, 2@ ,6B bi (·)@ i = 1, 2<

 !" #$% &'(#% #)*% +,-%. /% +,' +,0+10,#% #$% %21(0(3"(14 3%$,5(!1",0 61'+#(!'-

b̂i : ext{U i} 7→ ∆, i = 1, 2,

,- /%00 ,- 5%"(6) #$%(" 1'(21%'%-- 1-('7 #$% #%+$'(21%- 8%-+"(3%8 (' 9:;< =,+$ 3%$,5(!1",0 61'+#(!' b̂i (·).

i = 1, 2. (- "%*"%-%'#%8 ,- , -%# !6 #$"%% -#",#%7(%-. +!""%-*!'8('7 #! #$% #$"%% #)*%- (' ext{U i}< >$1-.

#$% %21(0(3"(14 3%$,5(!1",0 61'+#(!'- !6 #$% &'(#% 7,4% b̂i (·) ,"% (001-#",#%8 (' #$% &"-# "!/ (' >,30%-

?<:, ,'8 ?<:3 6!" *0,)%"- 1 ,'8 2 "%-*%+#(5%0)< >$% 0,3%0- !6 #$% %@#"%4% #)*%- (' >,30%- ?<:, ,'8

?<:3 +!""%-*!'8 #! #$% 0,3%00%8 *!('#- ('  (71"%- ?<A, ,'8 ?<A3<  !" +!4*,"(-!'. (' #$% -%+!'8 "!/ !6

>,30%- ?<:, ,'8 ?<:3. /% -$!/ #$% B1'(21%0) 8%&'%8C -#",#%7(%- #$,# #$% *0,)%"- *0,) ,# %,+$ %@#"%4%

#)*%. 1'8%" #$% %21(0(3"(14 3%$,5(!1",0 61'+#(!'- !6 #$% #$% ('&'(#% 7,4% bi (·)<

D'% +,' (44%8(,#%0) 5%"(6) #$,# 6!" %,+$ *0,)%" i. #$% #/! 3%$,5(!1",0 61'+#(!'- bi (·) ,'8 b̂i (·) 4,* #!

8(E%"%'# -#",#%7(%- (' ,# 0%,-# !'% !6 #$% %@#"%4% #)*%-< F!/%5%". #$% 8(E%"%'+%- ,"% 4!"% -(7'(&+,'#

#$,' #$,#. ,'8 /% $(7$0(7$# #$%4 (' #$% 6!00!/('7 #/! "%4,"G-H

 !"#$% &'(')' >$% %21(0(3"(14 3%$,5(!1",0 61'+#(!'- bi (·). i = 1, 2. !6 #$% 7,4% /(#$ ('&'(#% -%#- U i.

i = 1, 2. ,"% '!# ,# %21(0(3"(14 6!" #$% 7,4% /(#$ #$% &'(#% -%#- ext{U i}. i = 1, 2<

I"!!6< >& ?,$$ 0'4@& *-,) 3% 648),9&',8+ #$!%&' 1() &A;,$,3',;/ 3&-!@,4;'!$ 5;86*,48 b1 (·) 48$% !*



 !"! #$%&'$()'* %+ ,%-.*( /0.)1)-$)2  !

 !"#$% 1&' $()%$*$ )#+$', -./$0 1# ext{U1} 23$ 4'$ )5$ !"1$!' 67 8.-4%$' 9:;" "0< 8.-4%$' 9:;1 )6

.<$0).7# )5$ $()%$*$ )#+$'=: ># )"?.0-  !"#$% 1&' 1$5"/.64%"! 740@).60 60!# ") )5$ )#+$' .0 ext{U1},

3$ 3.!! +%6@$$< )6 @"!@4!")$  !"#$% 2&' 1$')A%$'+60'$ ") 5$% $()%$*$ )#+$ !"1$!!$< "' θ23: B$ 3.!! )5$0

'563 )5") )5.' 1$')A%$'+60'$ .' 40.C4$ "0< .) .' <.D$%$0) )5"0 35")  !"#$% 2 +!"#' ") )5") )#+$ 40<$%

5$% $C4.!.1%.4* 1$5"/.64%"! 740@).60 b2 (·): E5.' 3"#, 3$ <$*60')%")$ )5") b2 (·) .' 06) " 1$')A%$'+60'$

)6 b1 (·), 35$0 3$ 60!# @60'.<$% )5$ )#+$' .0 ext{U1}, i = 1, 2:

86% )5$ $()%$*$ )#+$' θ1 ∈ ext{U1}, b1 (·) 5"' )5$ 76!!63.0- 76%*F

b1
(

θ1
)

=























1

0



, .7 θ1 .' )#+$ θ11 6% θ
1
2,

1
4−ε





3− 3ε

1 + 2ε



, .7 θ1 .' )#+$ θ13:

G63, @60'.<$%  !"#$% 2&' 4).!.)# +"#6D *")%.( ") 5$% )#+$ θ23, -./$0 1# r
2
(

θ23
)

=







1
2 (1− ε) 1

1− ε 0






: B$

@"!@4!")$  !"#$% 2&' 36%')A@"'$ 4).!.)# 76% $"@5 67 5$% +6''.1!$ "@).60', -./$0 1# 2%63A3.'$ *.0.*.H").60=

min
θ1∈ext{U1}

π
[

: ; r2
(

θ23
)

, b1
(

θ1
)]

= min

















1
2 (1− ε) 1

1− ε 0






s1 : s1 ∈

{





1

0



,





3−3ε
4−ε

1+2ε
4−ε





}











=























1+2ε+ 3

2
(1−ε)2

4−ε , .7  !"#$% 2 +!"#'





1

0



,

3(1−ε)2

4−ε , .7  !"#$% 2 +!"#'





0

1





:

I' ε → 0,  !"#$% 2&' 1$')A%$'+60'$ .'





0

1





, 35.@5 .' <.D$%$0) )5"0 )5$ ')%")$-# +%$'@%.1$< 1# )5$

$C4.!.1%.4* 1$5"/.64%"! 740@).60 b2
(

θ23
)

= 1
3−ε





2− 2ε

1 + ε



=⇒
ε→0

1
3





2

1





:

 !"#$% &'(') *+,*-+,*./ .*! 01/0+.#2+-+.3 45 0/+1, .*! !60+-+2$+0" 2!*#7+40$#- 5018.+41/ 45 .*! +191+.!

,#"! .4 :!$+7! !60+-+2$+0" 2!*#7+40$#- 5018.+41/ 54$ .*! 91+.! ,#"!' ;4<!7!$= <! #$! "4$! +1.!$!/.!:

+1 .*! 4>>4/+.! 8#/!= .*#. +/= 0/+1, .*! !60+-+2$+0" 2!*#7+40$#- 5018.+41/ 45 .*! 91+.! ,#"! .4 :!$+7!

!60+-+2$+# 54$ .*! +191+.! ,#"!' ?! 14< /*4< .*#. .*+/ +/ 14. >4//+2-! !+.*!$' @884$:+1, .4 A2/!$7#.+41

&'('B= >-#3!$ i 41-3 1!!:/ #88!// .4 .*! 4>>41!1.C/ $#1,! !D.$!"!/= ,+7!1 23 ext range
(

b−i
)

= +1 4$:!$ .4

8#-80-#.! *!$ 2!/.E$!/>41/! /.$#.!,3E/!. Si [·] 47!$ *!$ !1.+$! .3>! /!. U i' F*0/= 41! <40-: *4>! .4 0/!

.*! $#1,! !D.$!"!/ >$47+:!: 23 .*! !60+-+2$+0" 2!*#7+40$#- 5018.+41/ b̂i (·)= i = 1, 2= 45 .*! 91+.! ,#"!=



 !  !"#$%& '( )*+,-./.0 1$,2,$,%0 ,3 45/672"8%& 9"*%0

 ! "#$%# &" $%# '% %() * +# ), +%-.' ")#.* /)!0& "!1 /"# &-%  !2! &% 3.,%4 5- 1  1 !"& &-% 0.1% .1 6%

6 ** $%,"!1&#.&%  ! &-% /"**"6 !3 #%,.#78

 !"#$% &'('(' 5-% %() * +# ), +%-.' ")#.* /)!0& "!1 b̂i (·)9 i = 1, 29 "/ &-% 2! &% 3.,% 6 &- &:;% 1%&1

ext{U i}9 i = 1, 29 0.!!"& +% )1%$ &" 0.*0)*.&% .! %() * +# ), /"# &-% 3.,%1 6 &- &-%  !2! &% 1%&1 U i4

<#""/4  !"# $%&'() *+,% %-. *+,&/ 0( 1%- 2(!345 67%6 67( !%-8( (96!(#() "4 67( (:;3'3&!3;# &(7%23";!%'

4;-163"-) b̂i (·)/ i = 1, 2/ %!(

ext range
(

b̂1
)

=

{

1

3− ε





2

1− ε



,





1

0





}

%-.

ext range
(

b̂2
)

=

{

1

1.1





0.1

1



,
1

1 + (δ − 1)ε





1− ε

δε





}

.

<&)(!2%63"- *+=+, )6%6() 67%6 0( 1%- 1%'1;'%6( 1"!!(16'5 67( &()6>!()?"-)( )6!%6(85>)(6) Si [·]/ 4"! %-5

65?( 3- U i/ &5 ;)3-8 67( !%-8( (96!(#() "4 67( "??"-(-6@) &(7%23";!%' 4;-163"-+  "! A'%5(! 1/ 4"! %-5

(a, b) ∈ U1
/ 832(- ext range

(

b̂2
)

/ 67( &()6>!()?"-)( )6!%6(85>)(6 3) B1+4+ $7("!(# *+*+,CD

S1
(

(a, b) ; b̂2 (·)
)

=











































{





1

0





}

, 07(-

b−a
1+b−a <

0.1
1.1 ,

{





x

1− x



 : x ∈
[

b
1+b−a , 1

]

}

, 07(-

b−a
1+b−a = 0.1

1.1 ,

{

1
1+b−a





b

1− a





}

, "67(!03)(.

E"-)3.(! % 4;-163"- b̄1 : U1 7→ ∆ 67%6 )%63)F() b̄1 (θ) ∈ S1
[

θ; b̂2 (·)
]

∀θ ∈ U1
+ G( 1%- 3##(.3%6('5

2(!345 67%6 %-5 4;-163"- "4 673) 4"!# 3) 3-7(!(-6'5 .3H(!(-6 6" 67( &(7%23";!%' 4;-163"- b1 (·) 0( 1%'>

1;'%6(. (%!'3(!/ 07317 0( %!8;( 3) 67( "-'5 4"!# "4 (:;3'3&!3;# 67%6 (93)6) 3- 673) 8%#(+ I(2(!67('())/

1"-)3.(! );17 % 4;-163"- b̄1 (·)+ J)3-8 67( )%#( !(%)"-3-8 %) &(4"!(/ 36 3) (%)5 6" )7"0 67%6

ext range
(

b̄1
)

=

{

1

1.1





0.3

0.8



,





1

0





}

6= ext range
(

b̂1
)

.

$7;)/ 4"! A'%5(! 1/ %-5 4;-163"- 67%6 3) % &()6>!()?"-)( 832(- A'%5(! 2@) ext range
(

b̂2
)

/ 03'' 7%2( !%-8(

(96!(#() 67%6 %!( .3H(!(-6 6" ext range
(

b̂1
)

+ K- 4%16/ &5 ;)3-8 67()( -(0 !%-8( (96!(#() 6" 1%'1;'%6(

A'%5(! 2@) &()6>!()?"-)( )6!%6(85>)(6) 3- % )3#3'%! #%--(!/ 0( "&6%3- % &(7%23";!%' 4;-163"- 4"! A'%5(! 2



 !"! #$%&'$&%() *+,-%.&)($/-0  !

 !"# $%&'( ()"$(*(+ "#%" %$( ,!-($(&" ". ext range
(

b̂2
)

/ 0.&+(12(&"345 &(!"#($ .6 "#( " . (12!3!7$!2*

7(#%8!.2$%3 62&9"!.&+ b̂i (·)5 i = 1, 2, .6 "#( :&!"( '%*(5 $(;.$" "#( 9.$$(9" $%&'( ()"$(*(+ !& .$,($ ".

9%3923%"( "#( (12!3!7$!2* 7(#%8!.2$%3 62&9"!.&+ .6 "#( !&:&!"( '%*(/

<. 9.&932,(5  #!3+" .&( *%4 7( %73( ". .7"%!& %& (12!3!7$!2* .6 "#( !&:&!"( '%*( 8!% % +.32"!.& .6 %

:&!"( '%*( 2+!&' "#( ()"$(*( "4;(+ !& Θ̃i
5 "#( +%*( !+ &." "$2( !6  ( 2+( "#( ()"$(*( "4;(+ !& Θ̂i

/ <.

"#( 7(+" .6 .2$ =&. 3(,'(5 "#($( %$( &. "(9#&!12(+ 6.$ ,($!8!&' "#( +(" Θ̃i
5 &.$ 6.$ +.38!&' +29# '%*(+

 !"# !&:&!"( "4;( +("+/ >+ % $(+23"5 % &( %3'.$!"#* !+ ,(8(3.;(, !& "#!+ 9#%;"($ "#%" 9%& ;$.8!,( %

+.32"!.& ". "#( ;$.73(*  ( !&8(+"!'%"(5  #!9#  (  !33 ,(*.&+"$%"( !& "#( +27+(12(&" +(9"!.&+/

 !" #$%&'$&%() *+,-%.&)($/-0

?& "#( ;$(8!.2+ +(9"!.&+5  ( !&"$.,29(, .2$ ;$.73(* %&, #!'#3!'#"(, .2$ !&%7!3!"4 ". +.38( !" 2+!&'

()!+"!&' "(9#&!12(+/ >+ % $(+23"5 !& "#( $(*%!&,($ .6 "#!+ 9#%;"($  (  !33 ,(8(3.; % &( %3'.$!"#* "#%"

9%& +.38( +29# '%*(+  #($( ;3%4($+ 6%9( !&:&!"( %*7!'2!"4 $('%$,!&' "#(!$ .;;.&(&"@+ 2"!3!"4 62&9"!.&/

A( 7('!& "#!+ (&,(%8.2$ 74 $(6.$*23%"!&' "#( ;$.73(* +. "#%" !" !+ %*(&%73( ". % +.32"!.& *("#.,/

<#($( %$( " . ,!B923"!(+ "#%" %$!+(  #(& "$4!&' ". +.38( "#!+ '%*(C

%D "#( "4;( +("+ Θi
5 i = 1, 25 $(+!,( !& !&:&!"(E,!*(&+!.&%3 62&9"!.&%3 +;%9(+5

7D "#( (12!3!7$!2* 9.&,!"!.& FGHD !&8.38(+ "#( !&:&!"(E,!*(&+!.&%3 62&9"!.&%3+ bi (·)5 i = 1, 2/

?& "#( &()" " . +27+(9"!.&+5  (  !33 %,,$(++ 7."# "#(+( !++2(+ +(;%$%"(34/ I. (8($5 7(6.$(  ( ;$.9((,5

 ( +"%"( " . $(+23"+ "#%" "$!8!%334 #.3, 7(9%2+(  ( .&34 9.&+!,($ +"$!9"34 !&9$(%+!&' 2"!3!"4 62&9"!.&+C

 !""# $%&%' FJ.*!&%&" +"$%"('!(+ !& "#( *.&("%$4 ;%4.- *%"$!) P iD%  !" #$%&'(") *+,-!&!. /.0&.1

%2" -! .3% ,+!%.&0" 4&"+5 ,&.0-6 P i $-(( 0%,&-! #$%&'(") *+,-!&!. -! .3% 7.-(-." 4&"+5 ,&.0-6 uθi
(

P i
)

8+0 &!" /.0-9.(" -!90%&/-!2 7.-(-." 87!9.-+! uθi (·): ;8 .3%0% -/ & $%&'(" *+,-!&!. /.0&.%2" -! P i 8+0 /+,%

4(&"%0 i ∈ {1, 2}< .3%! .3% %=7-(->0-& 0%,&-! .3% /&,% $3%.3%0 $% 9+!/-*%0 .3% 9+,4(%.% -!8+0,&.-+!

2&,% $-.3 4&"+5 ,&.0-9%/ P i< i = 1, 2< +0 .3% -!9+,4(%.% -!8+0,&.-+! 2&,% $3%0% 4(&"%0/ ,&" 3&?%

&!" /.0-9.(" -!90%&/-!2 #+0 /.0-9.(" -!90%&/-!2 9+!9&?%) 7.-(-." 87!9.-+!:



 !  !"#$%& '( )*+,-./.0 1$,2,$,%0 ,3 45/672"8%& 9"*%0

 !""#$  !" #$% &'"()'*% ($)"+#&($, -'(*('% .-$)'(!$ uθi (·)/ θi ∈ Θi
/ '0+ !"1+"($, !. '0+ +*+2+$'& !.

'0+ -'(*('% 2#'"(3 uθi
(

P i
)

(& '0+ &#2+ #& '0+ !"1+"($, !. '0+ +*+2+$'& !. P i/ #$1 0+$)+ #$% 45+#6*%7

1!2($#$' &'"#'+,% ($ '0+ 2!$+'#"% 8#%!9 2#'"(3 P i 5(** "+2#($ 45+#6*%7 1!2($#$' ($ '0+ -'(*('% 8#%!9

2#'"(3 uθi
(

P i
)

:  !" # '5!;8*#%+" '5!;#)'(!$ ,#2+/ *+' 8*#%+" i 0#<+ # 5+#6*% 1!2($#$' &'"#'+,%: =*#%+"

i 5(** #*5#%& )0!!&+ '0#' 1!2($#$' &'"#'+,%/ -$*+&& '0+ !88!$+$' #*5#%& 8*#%& '0+ 8-"+ &'"#'+,% '0#'

2#6+& i ($1(9+"+$' !$ 50+'0+" '! )0!!&+ '0+ 1!2($#$' !" '0+ 1!2($#'+1 &'"#'+,%: >0-&/ .!" #$%

+?-(*(@"(-2/ #' *+#&' !$+ !. '0+ 8*#%+"& 2-&' 8*#% '0+ &#2+ 8-"+ &'"#'+,% .!" #** !. 0+" '%8+&: >0+ 8"!!.

'0+$ .!**!5& #& ($ A+22# B:C:D:

 !""# $%&%' 4=-"+ +?-(*(@"(# ($ '0+ )!28*+'+ ($.!"2#'(!$ ,#2+ P i/ i = 1, 27% %&' ()!* *+),-,.!,)/

,& 01* 2"/(-*0* ,&#"!/30,"& 43/* 5,01 (3'"6 /30!,2*7 P i8 i = 1, 28 5,-- !*/3,& 3& *+),-,.!,)/ ,&

01* ,&2"/(-*0* ,&#"!/30,"& 43/* 51*!* (-3'*!7 /3' 139* 3&' 70!,20-' ,&2!*37,&4 :"! 70!,20-' ,&2!*37,&4

2"&239*; )0,-,0' #)&20,"&$

 !""#$  !" #$% &'"()'*% ($)"+#&($, -'(*('% .-$)'(!$ uθi (·)/ θi ∈ Θi
/ '0+ !"1+"($, !. '0+ +*+2+$'& ($

uθi
(

P i
)

(& '0+ &#2+ #& '0+ !"1+"($, !. '0+ +*+2+$'& !. P i: E!$&(1+" '5! 8-"+ &'"#'+,(+& ei '0#' #"+ #'

+?-(*(@"(-2 ($ '0+ )!28*+'+ ($.!"2#'(!$ ,#2+: >0+$ '0+ .!**!5($, 0!*1&F ei ∈ argmax
s∈∆

π
[

s; P i, e−i
]

/

i = 1, 2: >0(& 2+#$& '0#' &'"#'+,% ei &+*+)'& '0+ *#",+&' +*+2+$' ($ '0+ )!*-2$ !. P i 1+'+"2($+1 @%

'0+ !88!$+$'G& 8-"+ &'"#'+,% e−i: E!$&+?-+$'*%/ .!" #$% &'"()'*% ($)"+#&($, -'(*('% .-$)'(!$ uθi (·)/ '0+

.!**!5($, #*&! 0!*1&F ei ∈ argmax
s∈∆

π
[

s; uθi
(

P i
)

, e−i
]

/ i = 1, 2: >0-&/ #&&-2($, '0#' '0+ !88!$+$'

8*#%& '0+ 8-"+ &'"#'+,% e−i/ 8*#%+" iG& @+&';"+&8!$&+ &'"#'+,%;&+' 5(** #*5#%& ($)*-1+ '0+ 8-"+ &'"#'+,%

ei .!" #$% !. 0+" '%8+&/ #$1 0+$)+ &0+ )#$ )0!!&+ # @+0#<(!-"#* .-$)'(!$ bi
(

θi
)

= ei .!" #** θi ∈ Θi
:

H% # &%22+'"()#* #",-2+$'/ '0+ !88!$+$' )#$ )0!!&+ # @+0#<(!-"#* .-$)'(!$ b−i
(

θ−i
)

= e−i .!" #**

θ−i ∈ Θ−i
/ #$1 0+$)+ '0+ '5! 8-"+ &'"#'+,(+& #"+ #*&! #' +?-(*(@"(-2 .!" '0+ ,#2+ 5('0 ($)!28*+'+

($.!"2#'(!$ 5('0 '%8+ &+'& Θi
/ i = 1, 2:

I))!"1($, '! A+22# B:C:J/ ,#2+& 50+"+ '0+ 2!$+'#"% 8#%!9 2#'"(3 P i 0#& # 5+#6*% 1!2($#$' &'"#'+,%

0#<+ '0+ &#2+ +?-(*(@"(# 50+'0+" 5+ '"+#' '0+2 #& )!28*+'+ ($.!"2#'(!$ ,#2+& 5('0 8#%!9 2#'"()+&

P i/ i = 1, 2/ !" ($)!28*+'+ ($.!"2#'(!$ ,#2+& 50+"+ '0+ 8*#%+"& 0#<+ '0+ '%8+ &+'& Θi
5+ )!$&(1+" ($

'0(& )0#8'+": K+ '0-& $#""!5 !-" .!)-& !$ ,#2+& 50+"+ '0+"+ #"+ $! 5+#6*% 1!2($#$' &'"#'+,(+& ($

P i: >! '0(& +$1/ 5+ 2#6+ '0+ .!**!5($, #&&-28'(!$F



 !"! #$%&'$&%() *+,-%.&)($/-0  !

 ! "#$ %&'()* +$,-.'./ 0/1'/&2-&034  !"#" $#" %& '"$()* +&,-%$%. /.#$."0-"/ -% P i1 i = 1, 22

 !$. -/1 3&# P i :=







4 5

6 7






1 &%" &3 .!" .'& /"./ &3 -%"89$)-.-"/ ,9/. !&)+:

• A > C $%+ D > B1 -% '!-;! ;$/" <)$*"# i -/ $ ;&&#+-%$.-&% <)$*"#1 /-%;" /!" #";"-="/ 0#"$."#

#"'$#+/ '!"% ;!&&/-%0 .!" /$," $;.-&%/ $/ !"# &<<&%"%.1 &#1

• A < C $%+ D < B1 -% '!-;! ;$/" <)$*"# i -/ $% $%.->;&&#+-%$.-&% <)$*"#2

 !"!# $%& $'(& )&*+ Θi
,-. *%& /*010*' 2,*304 )&*+ U i

 ! "#$ %&#'!!( )# !*+,-"! -" ,#&! (!)+-. )/! )0%! 1!)1 Θi
2 3/! )0%! θi ∈ Θi

#4 !+'/ %.+0!& i -1 51!(

)# (!6"! /!& 5)-.-)0 45"')-#" uθi (·) +"( $! +115,! )/+) "# #)/!& %&-7+)! -"4#&,+)-#" !*-1)12 3# )/-1

!"(8 $! 1)+)! )/! 4#..#$-"9 %&#%#1-)-#":

51$6$0-/-$. 73839 ;30%! 1!) Θi
<3 6&%/-+"# $ 0$," '!"#" $ <)$*"# -/ (%&'% .& ?" #-/(>$="#/" '-.!

%&%>/$.-$."+ <#"3"#"%;"/2  !" /,$))"/. .*<" /". ;&%.$-%-%0 $)) &3 .!" <)$*"#@/ <&//-?)" .*<"/ -/ 0-="% ?*

Θi :=























θi :

uθi : R 7→ R,

uθi
(

min
{

P i
})

= 0, uθi
(

max
{

P i
})

= 1,

uθi (·) /.#-;.)* -%;#"$/-%0, uθi (·) ;&%;$="























,

'!"#" min
{

P i
}

$%+ max
{

P i
}

+"%&." .!" /,$))"/. $%+ )$#0"/. ")","%. &3 .!" <$*&A ,$.#-B P i2 C3 .!"

<)$*"# -/ %&. (%&'% .& ?" #-/(>$="#/" ?9. -/ &%)* (%&'% .& ?" 0#""+*1 .!"% '" ;$% &,-. .!" ;&%;$=-.*

#"89-#","%.2

D#&&32 =) -1 $!.. >"#$" )/+) -"(-7-(5+.1 $-)/ "#"?1+)-+)!( %&!4!&!"'!1 /+7! + 5)-.-)0 45"')-#" )/+) -1

1)&-').0 -"'&!+1-"9 -" )/! ,#"!)+&0 %+0#@12 A5&)/!&,#&!8 -4 )/! -"(-7-(5+.1 +&! &-1>?+7!&1!8 )/!" )/!-&

5)-.-)0 45"')-#" -1 +.1# '#"'+7! -" )/! ,#"!)+&0 %+0#@12  ! $-.. "#$ 1/#$ )/+) )/! &!B5-&!,!")1 )/+)

+.. 5)-.-)0 45"')-#"1 uθi (·) +11-9" 0 +"( 1 )# )/! 1,+..!1) +"( .+&9!1) ,#"!)+&0 %+0#@1 -" P i8 !"15&!

)/+) $! #".0 '#"1-(!& 5"-B5!.0 (!6"!( -"'&!+1-"9 5)-.-)0 45"')-#"12

 ! +&! -")!&!1)!( -" 5)-.-)0 45"')-#"1 )/+) &!%&!1!") )/! 5)-.-)0 )/+) + &+)-#"+. +9!") +11-9"1 )# + 1%!'-6'

$!+.)/ .!7!.2 C5'/ 45"')-#"1 +&! 5"-B5! 5% )# %#1-)-7! +D"! )&+"14#&,+)-#"1 EFGH2 I#"1!B5!").08 +"0



 !  !"#$%& '( )*+,-./.0 1$,2,$,%0 ,3 45/672"8%& 9"*%0

 !"# $% &'"("') %&*+'"$*, u (·) , w (·)- ,!'",%)"*.

u (c) =
1

λ
w (c)− t

λ
,

!#/ /0&"1!(/*' %$# !*) t ∈ R !*2 !*) λ > 0 !*2 ,"*+/ '3/ %$(($4"*. ,/'5/0&"1!(/*+/ 3$(2,

argmax
s∈∆

min
s−i∈range(b−i)

π
[

s; u(P i), s−i
]

≡ argmax
s∈∆

min
s−i∈range(b−i)

π
[

s; w(P i), s−i
]

,

 (!)/#, 4"'3 /"'3/# $% '3/ '4$ &'"("') %&*+'"$*, 4"(( 6/ "*2",'"*.&",3!6(/ "* '3/ ,/*,/ '3!' '3/) 4"((

6/ +3$$,"*. ,'#!'/."/, %#$7 '3/ ,!7/ 6/,'5#/, $*,/ ,'#!'/.)5,/'8 9$4 (/' w (·) 6/ ! ,'#"+'() "*+#/!,5

"*. +$*+!1/ &'"("') %&*+'"$* +$##/, $*2"*. '$ ! #",:5!1/#,/  (!)/#- !*2 !,,&7/ '3!' w (·) 1"$(!'/, /"5

'3/# w
(

min
{

P i
})

= 0 $# w
(

max
{

P i
})

= 18 ;/' t = w
(

min
{

P i
})

!*2 λ = w
(

max
{

P i
})

−

w
(

min
{

P i
})

8 <"*+/ w (·) ", ,'#"+'() "*+#/!,"*. !*2 !,,&7"*. P i 3!, 7$#/ '3!* $*/ 2",'"*+' /*'#"/,-

'3/* λ > 08 =3&,- w (·) ", /0&"1!(/*' '$ "',  $,"'"1/ !>*/ '#!*,%$#7!'"$* u (·) 2/?*/2 !6$1/8 @, !

#/,&('- !*) #",:5!1/#,/  (!)/# 4"'3 ! &'"("') %&*+'"$* w (·) +!* 6/ #/ #/,/*'/2 4"'3 '3/ &'"("') %&*+'"$*

u (·)8 <"*+/ u (·) ", ,'#"+'() "*+#/!,"*. +$*+!1/ 4"'3 u
(

min
{

P i
})

= 0 !*2 u
(

max
{

P i
})

= 1- '3/#/ ",

!(#/!2) ! ') / "* Θi
+$##/, $*2"*. '$ u (·)- !*2 '3&, w (·)8

=3/ ,/' Θi
2/,+#"6/2 "* A#$ $,"'"$* B8C8D "*+(&2/, !(( &*"0&/ ,'#"+'() "*+#/!,"*. +$*+!1/ &'"("') %&*+'"$*,

'3!' ! #",:5!1/#,/  (!)/# 7!) 3!1/8 E$4/1/#- %$# '3/  &# $,/, $% ,$(1"*. '3/ .!7/- '3/ $*() #/(/1!*'

"*%$#7!'"$* ", ."1/* 6) '3/ &'"("') 1!(&/, '3!' '3/  (!)/# !,,".*, '$ '3/ 7$*/'!#)  !)$F, "* '3/"#

7$*/'!#)  !)$F 7!'#"+/, P i- i = 1, 28 @, ! #/,&('- "*,'/!2 $% +$*,"2/#"*. .!7/, 43/#/  (!)/# iG,

 #"1!'/ "*%$#7!'"$* H!*2 3/*+/ ') /I ", /*+$2/2 "* '3/ ,/' Θi
2/?*/2 "* A#$ $,"'"$* B8C8D- 4/ +!*

+$*,"2/# .!7/, 43/#/  (!)/# iG,  #"1!'/ "*%$#7!'"$* 6/($*., "* '3/ &'"("') 7!'#"J ,/'

U i =
{

uθi(P
i) ∈ [0, 1]2×2 : θi ∈ Θi

}

, HB8KI

43/#/ U i ", !  #$L/+'"$* $% '3/ ,/' Θi
!($*. '3/ 1!(&/, $% P i8 =3&,- '3/ 6/3!1"$&#!( %&*+'"$*, bi (·) +!*

6/ /J #/,,/2 !, %&*+'"$*, $% '3/ &'"("') 7!'#"+/, "*,'/!2 $% '3/ ') /,

bi : U i 7→ ∆.



 !"! #$%&'$&%() *+,-%.&)($/-0  !

 !"!#$%#&' ()* +*,(-%*,./0,* ,(%$(*1&-,*(, Si 2$0 +* *3.%*,,*4 $,

Si
[

U i; b−i(·)
]

:= argmax
s∈∆

min
s−i∈range(b−i)

π
[

s; U i, s−i
]

56 7

$04 ()* *89!#!+%!9" 2/04!(!/0 5:;7 $,

bi(U i) ∈ Si
[

U i; b−i(·)
]

∀U i ∈ U i, i = 1, 2. 5:;7

<)!#,( ()* (&.* ,*(, Θi
$%* 4!=29#( (/ 2/0,(%92(' ()* 9(!#!(& "$(%!3 ,*(, )$>* $ ./#&)*4%$# %*.%*,*0($-

(!/0? @/ ()!, *04' A* ,($(* ()* B/##/A!01 .%/./,!(!/0C

 !"#"$%&%"' ()*)+ 5D/#&)*4%$# %*.%*,*0($(!/0 /B U i7)  !" #$%&!' i (! % ')*+,%-!'*! #$%&!' .)"/ % "&#!

*!" Θi
0!12!0 )2 3'4#4*)")42 567689 %20 $!" "/! :")$)"& ;%"')< *!" U i (! "/! #'4=!>")42 4? Θi

%$42@ P i9

%* 0!12!0 )2 5E?F76 A/! :")$)"& ;%"')< *!" U i /%* % #4$&/!0'%$ '!#'!*!2"%")42B

U i ≡























U i ∈ [0, 1]2×2 :

Ceq
(

P i
)

vec
(

U i
)

= (1, 0)> ,

Cin(P
i) vec

(

U i
)

< 0,

Ccon(P
i) vec

(

U i
)

≤ 0























.

A)*%* vec
(

U i
)

!, $ >*2(/% %*.%*,*0($(!/0 /B ()* "$(%!3 U i' A)!#,( Ceq(P
i)' Cin(P

i) $04 Ccon(P
i) $%*

2/0,(%$!0( "$(%!2*, 5/B $..%/.%!$(* ,!G*7 ()$( 4*.*04 /0 P i?

3'44?6 <* ,($%( A!() ()* *89$#!(& 2/0,(%$!0(,? H22/%4!01 (/ D%/./,!(!/0 E?I?J' $## 9(!#!(& B902(!/0, !0

()* ,*( Θi
"$. ()* ,"$##*,( $04 ()* #$%1*,( *#*"*0(, /B P i (/ ()* >$#9*, 0 $04 1 %*,.*2(!>*#&? K( !, ()9,

*$,& (/ >*%!B& ()$( $0& "$(%!3 U i !0 ()* ,*( U i 4*L0*4 !0 5E?F7' "9,( ,$(!,B& ()* *89$#!(& 2/04!(!/0

Ceq
(

P i
)

vec
(

U i
)

= (1, 0)> B/% $0 $..%/.%!$(* .%/M*2(!/0 "$(%!3 Ceq
(

P i
)

? <* 0/A *3$"!0* ()* ,(%!2(-

!0*89$#!(& 2/0,(%$!0(,? @)*,* 2/0,(%$!0(, $%* *89!>$#*0( (/ ()* 2/04!(!/0 ()$( $0& "$(%!3 U ∈ U i !, $

,(%!2(#& !02%*$,!01 (%$0,B/%"$(!/0 /B ()* .$&/N "$(%!3 P i? @)!, B/##/A, +& ()* 4*L0!(!/0 /B $ ,(%!2(#&

!02%*$,!01 B902(!/0 u (·)' A)*%*

x > y ⇐⇒ u(x) > u(y).

O/% $0& (A/ *#*"*0(, /B ()* "$(%!3 P i !04*3*4 +& j $04 k' 0$"*#& P ij $04 P
i
k' $04 B/% $0& U i ∈ U i'

A* )$>* P ij < P ik ⇐⇒ U ij < U ik? <* 0**4 (/ 2)*2P ()$( ()!, %*#$(!/0,)!. !, (%9* B/% $## ./,,!+#* .$!%,



 !  !"#$%& '( )*+,-./.0 1$,2,$,%0 ,3 45/672"8%& 9"*%0

 ! "#"$"%&' (% &)" $*&+(,"'- .(%," &)"+" *+" /%(&"#0 $*%0 "#"$"%&' (% P i1 &)"+" *+" /%(&"#0 $*%0 2*(+'

& ,)",3- 4)5'1 &)"+" (' * $*&+(6 Cin(P
i) ' &)*& Cin(P

i) vec
(

P i
)

< 0 "62+"''"' *## 2 ''(7#" 7(%*+0

'&+(,& (%"85*#(&("' &)*& ) #9 *$ %: &)" 9(;"+"%& 2*(+'  ! "#"$"%&' (% P i- <; P i '*&('/"' &)"'" '&+(,&

(%"85*#(&("'1 &)"% *%0 U i ∈ U i $5'& *#' '*&('!0 &)"'" (%"85*#(&("'- =(%*##01 >" "6*$(%" &)" (%"85*#(&0

, %'&+*(%&'1 >)(,) "%'5+" &)*& &)" $*&+(,"' (% U i , ++"'2 %9 & , %,*?" 5&(#(&0 !5%,&( %'  % P i- 4)"

*+:5$"%& (' ?"+0 '($(#*+ & &)"  %" *7 ?"- @ !5%,&( % u (·) (' , %,*?" (; (& '*&('/"'

u (tx+ (1− t)y) ≤ tu (x) + (1− t)u (y) ,

! + *%0 t ∈ [0, 1] *%9 ! + *%0 x, y- A" %""9 & ,)",3 &)*& &)(' +"#*&( %')(2 ) #9' *& &)" "#"$"%&'  !

P i- B"& P ij < P ik < P iz 7" &)+"" 9('&(%,& "#"$"%&'  ! P i1 >(&) P ik = tk P
i
j + (1− tk)P

i
z ! + ' $" '2",(/,

tk ∈ (0, 1)- 4)"%1 ! + *%0 U i ∈ U i1 >" )*?"

U ik ≤ tkU
i
j + (1− tk)U

i
z.

4)(' +"#*&( %')(2 %""9' & ) #9 ! + *## 2 ''(7#" 9('&(%,& &+(2#"&' (% P i *%9 ! + &)" *22+ 2+(*&" ?*#5"'  !

t- 4)" +"'&  ! &)" *+:5$"%& 2*+*##"#' &)" +"*' %(%: (% &)" '&+(,&#0 (%,+"*'(%: ,*'"-

 !"!# $%& '()*&+& ,)*-)&./&0 '12/3/4*/2+ 5678/)/67

A" % > 9"+(?" * /%(&" "85(?*#"%&  ! &)" "85(#(7+(5$ , %9(&( % CDEF- G %9(&( % CDEF '&*&"' &)*& &> 

7")*?( 5+*# !5%,&( %' bi (·)1 i = 1, 21 *+" *& "85(#(7+(5$ (; "*,) !5%,&( %*# bi (·) $*2' & '&+*&":("' (%

&)" 7"'&H+"'2 %'" '&+*&":0H'"& Si
[

U i; b−i (·)
]

9"/%"9 (% CI.F ! + "?"+0 U i ∈ U i- <% &)(' '",&( %1 >" >(##

+"! +$5#*&" &)(' , %9(&( %  % &)" &> (%/%(&"H9($"%'( %*# !5%,&( %*#' bi (·)1 i = 1, 21 *' *% "85(?*#"%&

, %9(&( %  % &> 2*(+'  ! '&+*&":("' C %" 2*(+ ! + "*,) 2#*0"+F (% &)" '&+*&":0 '($2#"6 ∆-

@,, +9(%: & J7'"+?*&( % K-L-M1  %" ,*% , %'&+5,& &)" 7"'&H+"'2 %'" '&+*&":0H'"& Si
[

U i; b−i (·)
]

!+ $

&)" "6&+"$" '&+*&":("' (% &)" +*%:"  ! b−i (·)1 9"% &"9 70 ext range
(

b−i
)

- .(%," bi (·)1 i = 1, 21 $*2' & 

'&+*&":("' (% &)" &> H9($"%'( %*# 2+ 7*7(#(&0 '($2#"6 ∆ >)(,) , %'&(&5&"' * #(%" '":$"%& (% R
2
1 &)"+"

*+"  %#0 &> "6&+"$"' (% &)" '"&' ext range
(

bi
)

1 i = 1, 2- B"& bi, bi ∈ ∆ +"2+"'"%& &)" &> '&+*&":("'

(% ext range
(

bi
)

1 ! + i = 1, 2- A" &)"% 9"% &" >(&) Si
[

U i; b−i, b−i
]

&)" 7"'&H+"'2 %'" '&+*&":0H'"&

Si
[

U i; b−i (·)
]

75& 2*+*$"&+(N"9 (% &)" &> "6&+"$" '&+*&":("' b−i, b−i (%'&"*9  ! &)" 7")*?( 5+*#



 !"! #$%&'$&%() *+,-%.&)($/-0   

 !"#$%&" b−i (·)'

()*  +#$ $)+$ ,* #+" *-./*00 $)* 1*0$2/*0.&"0* 0$/+$*3420*$0 %" $*/50 & $)* *-$/*5* 0$/+$*3%*0 %"0$*+6

& $)* 1*)+7%&!/+8  !"#$%&"0 +88&,0 !0 $& /* &/5!8+$* $)* *9!%8%1/%!5 #&"6%$%&" :;<=  &/ $)*  !"#$%&"+80

b−i (·)> i = 1, 2> +0 +" *9!%7+8*"$ #&"6%$%&"  &/ $)* *-$/*5* 0$/+$*3%*0 bi, bi ∈ ∆> i = 1, 2' (& $)%0 *"6>

,* 0$+$* $)*  &88&,%"3 $)*&/*5?

 !"#$"% &'(') :;-$/*5* 0$/+$*3%*0 *9!%8%1/%!5='  !" bi (·)# i = 1, 2# $! % &%'( )* $!+%,')-(%. *-/0"')/1

%/2 .!"

{

bi, bi
}

= ext range
(

bi
)

, i = 1, 2# $! "+! &%'( )* "+!'( "3) !4"(!5! 1"(%"!6'!1 (!1&!0"',!.78 9+!

*)..)3'/6 1"%"!5!/"1 %(! !:-',%.!/";

%< "+! $!+%,')-(%. *-/0"')/1 bi (·)# i = 1, 2# 1%"'1*7 "+! !:-'.'$('-5 0)/2'"')/ :;<=#

$< "+! "3) &%'(1 )* !4"(!5! 1"(%"!6'!1 bi, bi# i = 1, 2# 1%"'1*7;

∀U i ∈ U i : Si
[

U i; b−i, b−i
]

⋂

[ bi, bi ] 6= ∅,

∃U i1, U i2 ∈ U i : U i1 6= U i2,

bi ∈ Si
[

U i1; b
−i, b−i

]

,

bi ∈ Si
[

U i2; b
−i, b−i

]

,







































i = 1, 2.

=)( %/7 "3) &%'(1 )* 1"(%"!6'!1 "+%" 1%"'1*7 "+! %$),! 0)/2'"')/# )/! 0%/ 2!(',! "3) $!+%,')-(%. *-/0"')/1

"+%" 1%"'1*7 "+! !:-'.'$('-5 0)/2'"')/ :;<=# %/2 ,'0! ,!(1%8

>())*8 @* ,%88 A/0$ 0)&, )&, &"* #+" !0* $)* $,& .+%/0 & 0$/+$*3%*0 bi, bi ∈ ∆> i = 1, 2> 0+$%0 4%"3

$)* #&"6%$%&"0 %" ()*&/*5 B'C'D> $& #&"0$/!#$ $,& 1*)+7%&!/+8  !"#$%&"0 bi (·)> i = 1, 2> 0+$%0 4%"3 $)*

*9!%8%1/%!5 #&"6%$%&" :;<=' E*$ bi, bi ∈ ∆> U i1, U
i
2 ∈ U i> i = 1, 2> 6*"&$* $)* 0$/+$*3%*0 +"6 !$%8%$4

5+$/%#*0  &/ ,)%#) $)* #&"6%$%&"0 %" $)* $)*&/*5 +/* 0+$%0A*6' F&"0%6*/ $,& 1*)+7%&!/+8  !"#$%&"0

zi : U i 7→ ∆> i = 1, 2> 6*A"*6 +0?

zi
(

U i
)

:=























bi ,)*" U i = U i1,

bi ,)*" U i = U i2,

+"4 *8*5*"$ %" Si
[

U i; b−i, b−i
]

⋂

[ bi, bi ] &$)*/,%0*'

:B'G=

H&/ 1&$) i = 1, 2> $)*  &88&,%"3 0$+$*5*"$0 +/* $/!*?

+= $)* 1*)+7%&!/+8  !"#$%&"0 zi (·) +/* ,*88 6*A"*6>



 !!  !"#$%& '( )*+,-./.0 1$,2,$,%0 ,3 45/672"8%& 9"*%0

 ! "#$  $#%&'()*%+ ,)-."'(-/ zi (·) #%&$ $0"*$1$ /"*%"$2'$/ $3)%+ "( bi, bi4 5#%" '/6 ext range
(

zi
)

=
{

bi, bi
}

6

.! ,(* $&$*7 U ∈ U i6 "#$ .(-8'"'(- zi
(

U i
)

∈ Si
[

U i; b−i, b−i
]

#(+8/4

5#)/6 '" '/ $%/7 "( /$$ "#%" "#$ "9(  $#%&'()*%+ ,)-."'(-/ zi (·)6 i = 1, 26 /%"'/,7 "#$ $3)'+' *')1

.(-8'"'(- :;<!4 =$ 9'++ -(9 >*(.$$8 "( /#(9 "#$ .(-&$*/$ '1>+'.%"'(-4 ?$" "9(  $#%&'()*%+ ,)-."'(-/

bi (·)6 i = 1, 26 /%"'/,7 "#$ $3)'+' *')1 .(-8'"'(- :;<!6 %-8 +$" "#$ "9( >%'*/ (, /"*%"$2'$/ bi, bi, i = 1, 2

 $ "#$ $0"*$1$ /"*%"$2'$/ '- "#$ *%-2$ (, bi (·)4 5#%" '/6
{

bi, bi
}

= ext range
(

bi
)

4 5#$-

{

bi, bi
}

= ext range
(

bi
)

⇐⇒ range
(

bi
)

⊆
[

bi, bi
]

⇐⇒ ∀U i ∈ U i : bi
(

U i
)

∈
[

bi, bi
]

.

@)*"#$*1(*$6  7 8$A-'"'(- (, :;<!6 9$ #%&$ ∀U i ∈ U i : bi
(

U i
)

∈ Si
[

U i; b−i, b−i
]

. B(1 '-'-2

"#$ "9(6 9$ 8$*'&$ "#$ *$3)'*$1$-" ∀U i ∈ U i : Si
[

U i; b−i, b−i
]

⋂

[ bi, bi ] 6= ∅4 5#$ *$1%'-'-2 "9(

.(-8'"'(-/ ,(++(9 '11$8'%"$+7  $.%)/$ bi6 bi %*$ '- "#$ *%-2$ (, bi (·)4

5#$ $3)'+' *')1 *$,(*1)+%"'(- (, 5#$(*$1 C4D4E %++(9/ ,(* "#$ *$>*$/$-"%"'(- (, %- $3)'+' *')1 -(" %/ %

>%'* (, '-A-'"$F8'1$-/'(-%+  $#%&'()*%+ ,)-."'(-/6  )" %/ % >%'* (, "9( /"*%"$2'$/ '- "#$ "9(F8'1$-/'(-%+

/'1>+$04 5#'/ *$,(*1)+%"'(- '/ -(" *$/"*'."$8 "( "#$ >*( +$1 9#$*$ >+%7$*/ ,%.$ )-.$*"%'-"7 % ()" "#$

(>>(-$-"G/ )"'+'"7 ,)-."'(-/6 %/ $-.%>/)+%"$8 '- "#$ /$"/ U i6  )" '" %>>+'$/ "( %-7 "9(F>+%7$* "9(F%."'(-

>*( +$1/ 9#$*$ "#$  $/"F*$/>(-/$ /"*%"$27F/$" '/ 8$A-$8 %/ '- :HI!4 J(9$&$*6 "#$ .(-8'"'(- '- 5#$(*$1

C4D4E /"'++ '-&(+&$/ %- '-A-'"$ -)1 $* (, .(-/"*%'-"/6 -%1$+7 (-$ ,(* $%.# U i ∈ U i ,(* $%.# >+%7$*4 K- "#$

*$1%'-8$* (, "#'/ .#%>"$*6 9$ 9'++ $0>+('" "#$ />$.'A. >*(>$*"'$/ (, "#$ 1%"*'0 /$"/ U i %+(-2 9'"# />$.'A.

>*(>$*"'$/ (, "#$  $/"F*$/>(-/$ /"*%"$27F/$"/ Si
[

U i; b−i, b−i
]

6 "( *$,(*1)+%"$ "#$/$ '-A-'"$ .(-/"*%'-"/

'- % 1%--$* %1$-% +$ "( % /(+)"'(-6 %-8 #$-.$ 8$*'&$ %++ $0"*$1$ /"*%"$2'$/ "#%" /%"'/,7 "#$ .(-8'"'(-/

(, 5#$(*$1 C4D4E4 5#'/ '- ")*- 9'++ $-% +$ )/ "( .(-/"*)." %++  $#%&'()*%+ ,)-."'(-/ "#%" /%"'/,7 "#$

$3)'+' *')1 .(-8'"'(- :;<!4



 ! ! "#$ %$&'()$&*+,&$ -.,/'0+,&  ! 

 ! "#$ %$&'()$&*+,&$ -.,/'0+,&

 !" #$%& %&'%(!) *+  !"*,"# -./.0 %' )!$) $&1 "23%4%5,%3# *+ )!" ($#" 6$& 5" "78,"''"9 $' $ 6*&9%)%*&

*& )!" "7),"#" '),$)"(%"' *+ )!" 5"!$:%*3,$4 +3&6)%*&'; %&')"$9 *+ )!" 5"!$:%*3,$4 +3&6)%*&' )!"#'"4:"'.

 !3'; <" !$:" ,"936"9 )!" %&=&%)">9%#"&'%*&$4 9"'6,%8)%*& *+ $& "23%4%5,%3# )* )!$) *+ $ =&%)" &3#5",

*+ 8*%&)' %& ∆; &$#"41 )!" )<* 8$%,' *+ '),$)"(%"' 9"&*)"9 51 bi, bi ∈ ∆; i = 1, 2. ?*, $&1 )<* '36! 8$%,'

'$)%'+1%&( )!" 6*&9%)%*&' %&  !"*,"# -./.0; <" 6$& 6*&'),36) )<* 5"!$:%*3,$4 +3&6)%*&' %& $& $9>!*6

#$&&", )!$) <%44 '$)%'+1 )!" "23%4%5,%3# 6*&9%)%*& @ABC. D" <%44 &*< 9":%'" $ )"6!&%23" )* =&9 '36!

'),$)"(%"' <%)! )!" !"48 *+ $ &"< 5"')>,"'8*&'" +3&6)%*&. E& )!" ),$9%)%*&$4 ($#" )!"*,")%6 +,$#"<*,F;

<!"," )!" "23%4%5,%3# %' "78,"''"9 $' $ 8$%, *+ '),$)"(%"' @*, 5"!$:%*3,$4 +3&6)%*&'C; 84$1", iG' 5"')>

,"'8*&'" +3&6)%*& ,")3,&' )!" '") 6*&)$%&%&( $44 *+ 84$1", iG' '),$)"(%"' @*, 5"!$:%*3,$4 +3&6)%*&'C )!$)

3&%4$)",$441 '$)%'+1 )!" "23%4%5,%3# 6*&9%)%*&' %& :%"< *+ =7"9 '),$)"(%"' @*, 5"!$:%*3,$4 +3&6)%*&'C *+

)!" *88*&"&). E& *3, 6$'"; )!" "23%4%5,%3# %' "78,"''"9 $' $ 8$%, *+ "7),"#" '),$)"(%"'; )!3' 84$1",

iG' 5"')>,"'8*&'" +3&6)%*& )$F"' )!" *88*&"&)G' "7),"#" '),$)"(%"' b−i, b−i ∈ ∆ $' %&83) $&9 ,")3,&'

)!" '") 6*&)$%&%&( $44 8$%,' *+ 84$1", iG' "7),"#" '),$)"(%"' bi, bi ∈ ∆; )!$) 3&%4$)",$441 '$)%'+1 )!"

6*&9%)%*&' %&  !"*,"# -./.0 +*, )!$) '8"6%=6 b−i, b−i.  !3'; $ 5"')>,"'8*&'" +3&6)%*& +*, 84$1", i 6$&

5" 9"=&"9 $' $ '")>:$43"9 #$88%&( E i : ∆2
⇒ ∆2

@9"&*)"9 $' )!" 5"')>,"'8*&'" "7),"#"'>'")C

E i
[

b−i, b−i
]

:=











(

bi, bi
)

∈ ∆2 :

(

bi, bi
)

'$)%'="' )!" 6*&9%)%*&'

+*, i %&  !"*,"# -./.0; (%:"& b−i, b−i











. @HAC

I& "23%4%5,%3# 6$& )!"& 5" +*3&9 51 =&9%&( $ 8$%, *+ "7),"#" '),$)"(%"' bi =
(

bi, bi
)

∈ ∆2
; i = 1, 2;

<!","

bi ∈ E i
[

b−i
]

, i = 1, 2.

E& )!%' '"6)%*&; <" <%44 9",%:" $& "78,"''%*& +*, )!" 5"')>,"'8*&'" "7),"#"'>'") 9"=&"9 %& @HAC; <!%6!

<" <%44 '35'"23"&)41 3'" )* 6$4634$)" )!" "23%4%5,%$ *+ )!" ($#". J*<":",; 5"+*," <" 8,*6""9 <%)!

*3, $&$41'%'; <" &""9 )* %&),*936" $ *&">9%#"&'%*&$4 ,"8,"'"&)$)%*& *+ )!" 5"!$:%*3,$4 +3&6)%*&';

5"')>,"'8*&'" '),$)"(1>'")' $&9 "7),"#" '),$)"(%"' )!$) <%44 5" 3'"9 %& )!" ,"#$%&9", *+ )!%' 6!$8)",.

 !" 5"!$:%*3,$4 +3&6)%*&' bi (·) #$8 3)%4%)1 #$),%6"' )* )!" )<*>9%#"&'%*&$4 '%#84"7 ∆. D!%4') )!"

+3&6)%*&' bi (·) !$:" $ )<*>9%#"&'%*&$4 ,$&("; )!"1 *&41 !$:" *&" 9"(,"" *+ +,""9*#.  * )!%' "&9; 4")

bi1 (·) ∈ [0, 1] 5" )!" =,') "4"#"&) *+ bi (·); 6*,,"'8*&9%&( )* )!" 8,*5$5%4%)1 )!$) 84$1", i $''%(&' )* !",



 !"  !"#$%& '( )*+,-./.0 1$,2,$,%0 ,3 45/672"8%& 9"*%0

 !"# $%#&'( )(*+! bi (·), -'! $(. U i ∈ U i/ 0+ %$( *+ (+ bi (·) )"&(1 bi1 (·) $"

bi(U i) =







bi1(U
i)

1− bi1(U
i)






.

2' #3&" +(*/ 0+ 0&44 )"+ bi1, b
i
1 ∈ [0, 1] #' *+('#+ #3+ +5#!+6+ "#!$#+1&+" &( ext range

(

bi1
)

/ 03+!+

bi1 := min
U i∈U i

bi1(U
i), bi1 := max

U i∈U i
bi1(U

i), 78,9:

%'!!+";'(* #' #3+ 4'0+"# $(* 3&13+"# ;!'<$<&4&#&+" #3$# ;4$.+! i $""&1(" #' 3+!  !"# $%#&'( )(*+! #3+

<+3$=&')!$4 >)(%#&'( bi (·), ?+#

L :=
{

(b, b) ∈ [0, 1]2 : b ≤ b
}

<+ $ #!&$(1)4$! ")<"+# '> R
2
, 23+( $(. ;$&! '> #3+ '(+@*&6+("&'($4 +5#!+6+ "#!$#+1&+" *+ (+* &( 78,9:

%$( <+ *+"%!&<+* $" $ "&(14+ ;'&(# &( L,

-&($44./ 4+# $ 1+(+!&% )#&4&#. 6$#!&5 U i ∈ U i >'! ;4$.+! i <+ !+;!+"+(#+* $"A

U i =







$ <

% *






∈ U i.

B. %$!!.&(1 ')# #3+ 6$#!&5 6)4#&;4&%$#&'(" +5;4&%&#4./ 0+ %$( !+@>'!6)4$#+ #3+ <+"#@!+";'("+ "#!$#+1.@"+#

Si
[

U i; b−i, b−i
]

$" $ ")<@&(#+!=$4 '> [0, 1]A

Si1
[

U i; b−i1 , b−i1

]

:= argmax
x∈[0,1]

min
y∈{b−i

1 , b−i
1 }

x [ay + b(1− y)] + (1− x) [cy + d(1− y)] ,
7BC:

03+!+

(

b−i1 , b−i1

)

∈ L $!+ #3+ ';;'(+(#D" '(+@*&6+("&'($4 +5#!+6+ "#!$#+1&+" *+ (+* &( 78,9:, -'!

#3+ !+6$&(*+! '> #3&" %3$;#+!/ $(. !+>+!+(%+ #' #3+ <+"#@!+";'("+ "#!$#+1.@"+# Si [·]/ #3+ <+"#@!+";'("+

+5#!+6+"@"+# E i [·] $(* #3+ <+3$=&')!$4 >)(%#&'(" bi (·)/ 0&44 <+ #' #3+&! '(+@*&6+("&'($4 !+;!+"+(#$#&'("

!+";+%#&=+4.,

E+ $!+ ('0 &( $ ;'"&#&'( #' ;!+"+(# #3+ #0' 6$&( !+")4#" '> #3&" %3$;#+!/ 03&%3 $!+ #3+ +($<4&(1

6+%3$(&"6" #3$# $44'0 )" #' "'4=+ #3+ ;!'<4+6, F( #3+ (+5# ")<"+%#&'(/ 0+ 0&44 *+!&=+ $( $($4.#&%$4

+5;!+""&'( '> #3+ <+"#@!+";'("+ "#!$#+1.@"+# Si [·], 23+(/ &( #3+ 4$"# ;$!# '> #3&" "+%#&'(/ 0+ 0&44 )"+

#3$# +5;!+""&'( #' *+!&=+ $ >'!6)4$#&'( '> #3+ <+"#@!+";'("+ +5#!+6+"@"+# E i [·]/ 03&%3 0&44 $44'0 >'! #3+



 ! ! "#$ %$&'()$&*+,&$ -.,/'0+,&  !"

 !"# $% "&'()%*%#&$ &+ *,, (*#-. &+  /%- ' .%-*% 0# .

(

b1, b2
)

∈ L2
.*%#.+1#$0 bi ∈ E i

[

b−i
]

2 i = 1, 22

*$3 %4). %4  !"# $% "&'()%*%#&$ &+  5)#,#6-#* #$ 6 4*7#&)-*, +)$"%#&$. &+ %4 0*' . 3#.").. 3 #$ %4#.

"4*(% -8

 ! !" #$% &%'()*%'+,-'% .(*/(%01)'%(

9$ &-3 - %& :$3 %4 (*#-.

(

b1, b2
)

∈ L2
.*%#.+1#$0 bi ∈ E i

[

b−i
]

2 i = 1, 2 *$3 .&,7 %4 0*' 2 #% #.

"-)"#*, %& )$3 -.%*$3 4&; %4 6 .%<- .(&$. .%-*% 01<. %. Si
[

U i; b−i, b−i
]

"4*$0 ;#%4 %4 &((&$ $%=.

 /%- ' .%-*% 0# .

(

b−i, b−i
)

∈ L2 +&- *$1 U i ∈ U i8 9$ %4#. .)6. "%#&$2 ; ;#,, 3 -#7 *$ *$*,1%#"*,

 /(- ..#&$ +&- Si [·] 4#04,#04%#$0 &)- '*#$ - .),%> 3 ( $3#$0 &$ 4 - )%#,#%1 '*%-#/ *$3 %4 &((&$ $%=.

 /%- ' .%-*% 0# .2 * (,*1 -  #%4 - (,*1. * ()- .%-*% 012 %4 '*/<'#$ .%-*% 012 &- #. #$3#? - $% 6 %;  $

*$1 "&$7 / "&'6#$*%#&$ &+ %4 %;&8

@.#$0 %4 "&$7 $%#&$ U i =







* 6

" 3






∈ U i2 ; 3 :$ %;& 6 4*7#&)-*, +)$"%#&$. %4*% ;#,, (,*1 *$

#'(&-%*$% -&, #$ %4 - '*#$3 - &+ %4 "4*(% -8 A . %

gi : U i 7→ [0, 1] ,

mi : U i 7→ [0, 1] ,

;4 - 

gi
(

U i
)

:=
d− b

a− c+ d− b
,

*$3

mi
(

U i
)

:=























0, d−c
a−c+d−b < 0,

1, d−c
a−c+d−b > 1,

d−c
a−c+d−b , &%4 -;#. .

 !""# $%$%&%  ! "##$%&'()*  ! +),-#. '+/ !$*0'()*# gi (·) 1*- mi (·) 12/ 3/,,4-/5*/-6

72))!6 A ;#,, .4&; %4*% %4 3 $&'#$*%&- a− b+d− c 3& . $&% 7*$#.4 +&- *$1 )%#,#%1 '*%-#/ U i ∈ U i8

B1 3 :$#%#&$ &+ %4 )%#,#%1 '*%-#/ . % U i2 *,, '*%-#" . U i ∈ U i (- . -7 %4  , ' $%<;#. &-3 -#$0 &+

%4 '&$ %*-1 (*1&? '*%-#/ P i8 C4 $2 61 D..)'(%#&$ '(2 a− c *$3 d− b 4*7 %4 .*' .#0$ *$3 *- 

$ 7 - 0 +&- *,, %4 )%#,#%1 '*%-#" . U i ∈ U i2 *$3 %4). a − c + d − c 6= 08 9% - '*#$. %& 6 .4&;$ %4*%



 !"  !"#$%& '( )*+,-./.0 1$,2,$,%0 ,3 45/672"8%& 9"*%0

 !" #$%& '(% gi (·) )*+),- .)/-  ( ) %$.0"1 '% [0, 1]2 3 '- ")-,  ( -""  !) 

gi
(

U i
)

=
1

1 + a−c
d−b

.

4!" &*)'.  !"% #(**(+- #1(.  !" (0-"15) '(%  !) 

a−c
d−b > 02

 !"#"$%&%"' ()()* 63%7'8"1"%&" - 1) "9,:)  !" #$%&'()% gi
(

U i
)

*"+*","%', '!" -"."- )# '!" )++)%"%'/,

,'*0'"12 #)* 3!(&! +-02"* i (, (%4(5"*"%' 0, ') 3!0' ') +-026 3!"% ,!" !0, 0 $'(-('2 70'*(8 U i ∈ U i9

 !0' (,6 3!"% '!" )++)%"%'/, ,'*0'"12 s−i ∈ [0, 1] (, ":$0- ') gi
(

U i
)

6 '!"%

∀si ∈ [0, 1] : π
[

si; U i, s−i
]

=
ad− bc

a− c+ d− b

0%4 '!$, +-02"* i !0, %) +*"#"*"%&" 0, ') 3!(&! ,'*0'"12 si ∈ [0, 1] ') +-029

;*))#9 4!" /1((# #(**(+- '.."7') "*, 0, &)11,'%9 ($  !" .$* '/*'&) '(%-2 ;(1 )%, si ∈ [0, 1] +" !)5"<

π
[

si; U i, s−i
]

=





si

1− si





>

U i




s−i

1− s−i



 =





si

1− si





>

U i




gi
(

U i
)

1− gi
(

U i
)





= ab−dc
a−c+d−b





si

1− si





>



1

1



 = ab−dc
a−c+d−b .

 !"#"$%&%"' ()()+ 6=)>?.'% - 1) "9,:) <%4"* 0,,$7+'()%  !6 '!" #$%&'()% mi
(

U i
)

*"+*","%', +-02"*

i/, $%(:$" 708=7(% ,'*0'"126 3!"% ,!" !0, 0 $'(-('2 70'*(8 U i ∈ U i9  !0' (,6 3!"% '!" )++)%"%' &0%

&!))," 0%2 ,'*0'"12 s−i ∈ [0, 1]6 '!"%

{

mi
(

U i
)}

= argmax
si∈[0,1]

min
s−i∈[0,1]

π
[

si; U i, s−i
]

.

;*))#9 4!" /1((# #(**(+- '.."7') "*,@ 0"&)$-" si '-  !" .)>'.'A"1 (#  !" /('% ?+'-" .'%'.'A) '(% (#

 !"  +( *'%")1 #$%& '(%- 6#($%7 0, -"  '%9 s−i )  !" "> 1"."- (# ' B- #")-'0*" 1"9'(%:

π
[

si; U i, 0
]

= si (b− d) + d, )%7 π
[

si; U i, 1
]

= si (a− c) + c.

4!$-@

d−c
a−c+d−b '-  !" 5)*$" (# si )  !" '% "1-"& '(% (#  !"-" *'%"-2 3 '- ")-,  ( 5"1'#,  !) '#  !) 

'% "1-"& '(% *'"- +' !'%  !" #")-'0*" 1"9'(% [0, 1] (# si@  !"% ' '-  !" $%'C$" .)>'.'A"12 3#  !" '% "1-"& '(%



 ! ! "#$ %$&'()$&*+,&$ -.,/'0+,&  !"

 !"# $% &'"  "(& $( &'" (")#!* " +",!$%- &')& !#

d−c
a−c+d−b < 0 &'"% si = 0 !# &'" .)/!.!0"+ 1'! #& !( !&2# $%

&'" +!,'&- &')& !#

d−c
a−c+d−b > 1- &'"% si = 1 !# &'" .)/!.!0"+3

4" %$1 #&)&" $5+ .)!% &'"$+".6

 !"#$"% &'&'( 78"#&9+"#:$%#" #&+)&",;9#"&<'  !"# $%&'"( i )* & +,,(-)#&.),# $%&'"( &* -"*+()/"- )#

0**12$.),#  !3 .!" /"*.4("*$,#*" *.(&."5'4*". Si
[

U i; b−i, b−i
]

⊆ [0, 1] )*

Si
[

U i; b−i, b−i
]

=































































{1}, )6 gi
(

U i
)

< b−i,

[

mi
(

U i
)

, 1
]

, )6 gi
(

U i
)

= b−i,

{mi
(

U i
)

}, )6 b−i < gi
(

U i
)

< b−i,

[

0,mi
(

U i
)]

, )6 gi
(

U i
)

= b−i,

{0}, )6 b−i < gi
(

U i
)

.

 !"# $%&'"( i )* &# &#.)4+,,(-)#&.),# $%&'"( &* -"*+()/"- )# 0**12$.),#  !3 .!" /"*.4("*$,#*" *.(&."5'4

*". Si
[

U i; b−i, b−i
]

⊆ [0, 1] )*

Si
[

U i; b−i, b−i
]

=































































{0}, )6 gi
(

U i
)

< b−i,

[

0,mi
(

U i
)]

, )6 gi
(

U i
)

= b−i,

{mi
(

U i
)

}, )6 b−i < gi
(

U i
)

< b−i,

[

mi
(

U i
)

, 1
]

, )6 gi
(

U i
)

= b−i,

{1}, )6 b−i < gi
(

U i
)

.

8"($+" 1" :+$=""> 1!&' &'" :+$$( $( ?'"$+". @3@3A- 1" #5..)+!0" &'" &'"$+". !% &'" ($  $1!%, +".)+B

1'!=' '" :# = )+!(; &'" +" )&!$%#'!: *"&1""% &'" *"#&9+"#:$%#" #&+)&",;9#"& Si [·] )%> !&# :)+)."&"+#6

)"%*$+ &'&'(' 7"$"#-)#5 ,# .!" ,$$,#"#.8* "9.("2" *.(&."5)"*

(

b−i, b−i
)

∈ L &#- !"( )#-):"("#+"

*.(&."5' gi
(

U i
)

∈ [0, 1] 6,( .!" *$"+);+ 1.)%).' 2&.()9 U i ∈ U i3 $%&'"( i8* /"*.4("*$,#*" *.(&."5' *".

+,#*)*.* ,6

&< .!" $1(" *.(&."5' =5)>"# &* &# "%"2"#. ,6 {0, 1}<3

/< .!" 2&942)# *.(&."5' mi
(

U i
)

6,( .!&. 1.)%).' 2&.()93 ,(3



 !"  !"#$%& '( )*+,-./.0 1$,2,$,%0 ,3 45/672"8%& 9"*%0

 ! "##  $%&'(  $)*+%",+$%- $. " /01' "%2 ,3' )"(4)+% -,1",'567

81$$. $. 93'$1') :7:7;7  ! "#$$ %&'(! )*! )*!'&!+ ',$- .'& / 0''&1#,/)#', %$/-!&2 3 4-++!)&#0/$

/&56+!,) 0/, 7! 64!1 )' 1!&#(! )*! 7!4)8&!4%',4! 4)&/)!5-84!) .'& /, /,)#80''&1#,/)#', %$/-!&2 9'"!(!&:

.'& )*! 4/;! '. 7&!(#)-: "! '+#) )*! $/))!& %&''.2  ! ,'" 4*'" )*/) )*! 7!4)8&!4%',4! 4)&/)!5-84!) Si [·]

.'& / 0''&1#,/)#', %$/-!& #4 /4 4*'", #, )*! )*!'&!+2 <!0/$$ )*/) / 0''&1#,/)#', %$/-!& */4 / %/-'=

+/)&#> P i =







3 ?

@ A






"#)* A > C /,1 D > B2 B'& /,- 6)#$#)- +/)&#> U i =







/ 7

0 1






∈ U i: $!)

m̂i
(

U i
)

= d−c
a−c+d−b −mi

(

U i
)

1!,')! )*! 1#4)/,0! 7!)"!!, )*! .&/0)#',

d−c
a−c+d−b /,1 )*! #,)!&(/$ [0, 1]2

C')! )*/)

m̂i
(

U i
)

= 0 "*!, mi
(

U i
)

∈ [0, 1] ,

m̂i
(

U i
)

≥ 0 "*!, mi
(

U i
)

= 1, /,1

m̂i
(

U i
)

≤ 0 "*!, mi
(

U i
)

= 0.

D#,0! %$/-!& i #4 /446+!1 )' 7! / 0''&1#,/)#', %$/-!& /4 1!40&#7!1 #, 3446+%)#',  !: /,1 4#,0! /$$

+/)&#0!4 U i ∈ U i %&!4!&(! )*! !$!+!,)8"#4! '&1!&#,5 '. )*! +',!)/&- %/-'= +/)&#> P i: "! */(! a > c

/,1 d > b2 @',4!E6!,)$- a− c+ d− b > 0 .'& /$$ U i ∈ U i: /,1 )*64: "! F,1

Si
[

U i; b−i, b−i
]

= argmax
x∈[0,1]

min
y∈{b−i, b−i}

x [ay + b(1− y)] + (1− x) [cy + d(1− y)]

= argmax
x∈[0,1]

min
y∈{b−i, b−i}

x ((a− c+ d− b)y + b− d) + (c− d)y + d

= argmax
x∈[0,1]

min
y∈{b−i, b−i}

x
(

y − d−b
a−c+d−b

)

− d−c
a−c+d−by +

d
a−c+d−b

= argmax
x∈[0,1]

min
y∈{b−i, b−i}

x
(

y − gi
(

U i
))

−
(

mi
(

U i
)

+ m̂i
(

U i
))

y,

"*!&! )*! 4!0',1 )' $/4) $#,! .'$$'"4 7- 1#(#1#,5 /$$ )!&+4 7- )*! %'4#)#(! 0',4)/,) a− c+ d− b: "*#$4)

)*! $/4) $#,! .'$$'"4 7- &!+'(#,5 )*! 0',4)/,) )!&+ .&'+ )*! '7G!0)#(! .6,0)#', /,1 64#,5 )*! 1!F,#)#',4

'. gi
(

U i
)

/,1 mi
(

U i
)

+m̂i
(

U i
)

2 B&'+ )*! $/4) $#,! '. )*! !E6#(/$!,0!: "! 0/, #++!1#/)!$- (!&#.- )*/)

#. y− gi
(

U i
)

> 0 .'& /$$ y ∈
{

b−i, b−i
}

: )*!, x = 1 #4 )*! 6,#E6! +/>#+#H!&2 D#,0! b−i ≥ b−i "! */(!

∀y ∈
{

b−i, b−i
}

: y − gi
(

U i
)

> 0 ⇐⇒ b−i > gi
(

U i
)

,

/,1 )*64 "! */(! %&'(!, )*! 0/4! "*!&! Si
[

U i; b−i, b−i
]

= {1} #. gi
(

U i
)

< b−i2 D#+#$/& /&56+!,)4

0/, 7! 64!1 )' !4)/7$#4* )*/) Si
[

U i; b−i, b−i
]

= {0} #. b−i < gi
(

U i
)

2

 ! "#$$ ,'" 1!/$ "#)* )*! 0/4! b−i < gi
(

U i
)

< b−i: "*#0* "#$$ &!46$) #, )*! 7!4)8&!4%',4! 4)&/)!5-84!)



 ! ! "#$ %$&'()$&*+,&$ -.,/'0+,&  !"

Si
[

U i; b−i, b−i
]

=
{

mi
(

U i
)}

 !""#$ %&' ()*+),#' -.,-%+%.%+/0 x = mi
(

U i
)

+ α, 1&'*' α ∈ [0, 1]−

mi
(

U i
)

 2/%' %&)% mi(U i) ∈ [0, 1] 3/* )## U i ∈ U i4 )05 %&.- 0 +- )#1)$- +0 %&' -'% [0, 1]−mi
(

U i
)

3/*

)0$ U i ∈ U i 6&'0 1' &)('

Si
[

U i; b−i, b−i
]

= argmax
x∈[0,1]

min
y∈{b−i, b−i}

x
(

y − gi
(

U i
))

−
(

mi
(

U i
)

− m̂i
(

U i
))

y

= argmax
α∈[0,1]−mi(U i)

min
y∈{b−i, b−i}

α
(

y − gi
(

U i
))

− m̂i
(

U i
)

y.

7/* b−i < gi
(

U i
)

< b−i4 1' 8)0 5+-%+09.+-& %&' 3/##/1+09 %&*'' 8)-'-:

• +3 m̂i
(

U i
)

= 04 %&'0 min
y∈{b−i, b−i}

α
(

y − gi
(

U i
))

≤ 0 3/* )## α ∈ R4 )05 %&.- α = 0 +- %&' .0+;.'

<)=+<+>'* 6&+- 8/**'-"/05- %/ %&' /"%+<)# -%*)%'9$ x = mi
(

U i
)

 

• ?3 m̂i
(

U i
)

> 04 1' 8)0 8/08#.5' %&)% mi
(

U i
)

= 14 )05 %&.- α ∈ [−1, 0] @+08' ,/%& α ≤ 0

)05 −m̂i
(

U i
)

< 04 %&' +00'* <+0+<.< +- )%%)+0'5 )% y = b−i4 )05 -+08' b−i > gi
(

U i
)

4 1'

&)(' α
(

b−i − gi
(

U i
)

)

+ m̂i
(

U i
)

b−i ≤ m̂i
(

U i
)

b−i 6&'*'3/*'4 α = 0 +- /"%+<)# +0 %&' /.%'*

<)=+<+>)%+/0 "*/,#'< 6&+- 8/**'-"/05- %/ %&' /"%+<)# -%*)%'9$ x = mi
(

U i
)

 

• ?3 m̂i
(

U i
)

< 04 1' 8)0 8/08#.5' %&)% mi
(

U i
)

= 04 )05 %&.- α ∈ [0, 1] @+08' ,/%& α ≥ 0

)05 −m̂i
(

U i
)

> 04 %&' +00'* <+0+<.< +- )%%)+0'5 )% y = b−i4 )05 -+08' b−i < gi
(

U i
)

4 1'

&)(' α
(

b−i − gi
(

U i
))

+ m̂i
(

U i
)

b−i ≤ m̂i
(

U i
)

b−i 6&'*'3/*'4 α = 0 +- /"%+<)# +0 %&' /.%'*

<)=+<+>)%+/0 "*/,#'< 6&+- 8/**'-"/05- %/ %&' /"%+<)# -%*)%'9$ x = mi
(

U i
)

 

7+0)##$4 1' +0('-%+9)%' %&' 8)-' b−i = gi
(

U i
)

4 1&+8& 1+## *'-.#% +0 %&' ,'-%A*'-"/0-' -%*)%'9$A-'%

Si
[

U i; b−i, b−i
]

=
[

mi
(

U i
)

, 1
]

 B' &)(' b−i = gi
(

U i
)

< b−i !- ,'3/*'4 %&'*' )*' %&*'' 8)-'-:

• +3 m̂i
(

U i
)

= 04 %&'0 min
y∈{gi(U i), b−i}

α
(

y − gi
(

U i
))

≤ 0 3/* )0$ α ∈ R 6&.- α ∈
[

0, 1−mi
(

U i
)]

+-

/"%+<)# +0 %&' /.%'* <)=+<+>)%+/0 "*/,#'< 6&+- -'% 8/**'-"/05- %/ ) ,'-%A*'-"/0-' -%*)%'9$A-'%

%&)% 8/0%)+0- )## -%*)%'9+'- +0

[

mi
(

U i
)

, 1
]

 

• ?3 m̂i
(

U i
)

> 04 %&'0 %&' )*9.<'0% +- )- +0 %&' 8)-' 1&'*' b−i < gi
(

U i
)

< b−i4 1&'*' %&'

+00'* <+0+<.< +- )%%)+0'5 )% y = b−i )05 %&' .0+;.' <)=+<+>'* +- α = 0 6&+- 8/**'-"/05-

%/ %&' .0+;.' -%*)%'9$ x = mi
(

U i
)

 C/1'('*4 m̂i
(

U i
)

> 0 1&'0 mi
(

U i
)

= 1 6&.-4 %&' -'%

[

mi
(

U i
)

, 1
]

8/0%)+0- /0#$ %&' -%*)%'9$ mi
(

U i
)

4 /* ';.+()#'0%#$ %&' ".*' -%*)%'9$ 1 



 !"  !"#$%& '( )*+,-./.0 1$,2,$,%0 ,3 45/672"8%& 9"*%0

•  ! m̂i
(

U i
)

< 0" #$%& #$% '()*+%&# ,- '- ,& #$% .'-% /$%(% b−i < gi
(

U i
)

< b−i" /$%(% #$% ,&&%(

+,&,+*+ ,- '##',&%0 '# y = b−i = gi
(

U i
)

1 2$*-" #$% 34#,+,5'#,3& 6'(,'78% α 6'&,-$%- !(3+ #$%

3*#%( +'9,+,5'#,3& 4(378%+ '&0 $%&.% 48':%( i ,- ,&0,;%(%&# '- #3 /$'# #3 48':1 <3&-%=*%&#8:"

#$% 34#,+'8 -#('#%): !3( 48':%( i ,- '&: -#('#%): ,& [0, 1]1 >,&.% m̂i
(

U i
)

< 0 /$%& mi
(

U i
)

= 0"

#$% -%#

[

mi
(

U i
)

, 1
]

.3&#',&- '88 #$% -#('#%),%- '&0 #$*- (%4(%-%&#- #$% 7%-#?(%-43&-% -#('#%):?-%#1

2$*-" !3( b−i = gi
(

U i
)

#$% 34#,+'8 7%-#?(%-43&-% -#('#%):?-%# ,- ),6%& 7: Si
[

U i; b−i, b−i
]

=
[

mi
(

U i
)

, 1
]

1

>,+,8'( '()*+%&#- .'& 7% *-%0 #3 4(36% #$'# Si
[

U i; b−i, b−i
]

=
[

0,mi
(

U i
)]

/$%& b−i = gi
(

U i
)

1

 ! !" #$% &%'()*%'+,-'% ./(*%0%')'%(

 & #$% 8'-# 4'(# 3! #$,- -%.#,3&" /% /,88 *-% #$% 4(34%(#,%- 3! #$% 7%-#?(%-43&-% -#('#%),%-?-%# 0%-.(,7%0

,& 2$%3(%+ @1@1A #3 .3&-#(*.# B' 3&%?0,+%&-,3&'8 (%4(%-%&#'#,3& 3!C #$% 4'('+%#(,. 7%-#?(%-43&-%

%9#(%+%-?-%# E i [·] '- 0%D&%0 ,& BEFC1 2$'# ,-" /% /,88 .3&-#(*.# #$% 7%-#?(%-43&-% %9#(%+%-?-%#-

E i
[(

b−i, b−i
)]

⊆ L #$'# +'4 #$% 3443&%&#G- %9#(%+% -#('#%),%-

(

b−i, b−i
)

∈ L #3 '88 %9#(%+% -#('#%?

),%-

(

bi, bi
)

∈ L #$'# *&,8'#%('88: -'#,-!: #$% .3&0,#,3&- ,& 2$%3(%+ @1H1A !3( 48':%( i1

E: 2$%3(%+ @1@1A" ' 48':%( %,#$%( 48':- ' 4*(% -#('#%):" #$% +'9?+,& -#('#%): 3( ,- ,&0,;%(%&# 7%#/%%&

'&: .3&6%9 .3+7,&'#,3& 3! #$% #/31 I3( %6%(: *#,8,#: +'#(,9 U i ∈ U i" 48':%( iG- 7%-#?(%-43&-% 0%4%&0-

3& #$% (%8'#,3&-$,4 7%#/%%& #$% 3443&%&#G- %9#(%+% -#('#%),%- b−i, b−i '&0 #$% -#('#%): #$'# +'J%-

48':%( i ,&0,;%(%&# !3( #$'# U i" ),6%& 7: gi
(

U i
)

1

23 #$,- %&0" ),6%& #$% 3443&%&#G- %9#(%+% -#('#%),%- b−i, b−i" /% .'& 4'(#,#,3& 48':%( iG- *#,8,#: +'#(,9

-%# U i ,&#3 #$(%% 34%& -*7-%#- '&0 #$%,( 73*&0'(,%-" /$%(%K

A1 U ib
[

b−i
]

:=
{

U i ∈ U i : gi
(

U i
)

< b−i
}

" /$,.$ /% 0%&3#% '- #$% 73##3+ -%#"

L1 U im
[

b−i, b−i
]

:=
{

U i ∈ U i : b−i < gi
(

U i
)

< b−i
}

" /$,.$ /% 0%&3#% '- #$% +,008% -%#" '&0

M1 U it
[

b−i
]

:=
{

U i ∈ U i : gi
(

U i
)

> b−i
}

" /$,.$ /% 0%&3#% '- #$% #34 -%#1

2$%& !(3+ 2$%3(%+ @1@1A" /% 0%(,6% #$% !3883/,&) #/3 <3(388'(,%-K



 ! ! "#$ %$&'()$&*+,&$ -.,/'0+,&  !"

 !"!##$"% &'&'('  !"# $%&'"( i )* & +,,(-)#&.),# $%&'"(/ .!"#

Si
[

U i; b−i, b−i
]

=























{1}, ∀U i ∈ U ib
[

b−i
]

,

{mi
(

U i
)

}, ∀U i ∈ U im
[

b−i, b−i
]

,

{0}, ∀U i ∈ U it
[

b−i
]

.

01(.!"(2,("/ 3!"#"4"( & 1.)%).' 2&.()5 U i ∈ U i )* &. .!" 6,1#-&(' ,7 .3, $&(.).),#*/ .!"# .!" 6"*.8

("*$,#*" *.(&."9'8*". +,#.&)#* &%% +,#4"5 +,26)#&.),#* ,7 .!" .3, *.(&."9)"* +,(("*$,#-)#9 ., "&+! $&(8

.).),#:

Si
[

U i; b−i, b−i
]

=











[

mi
(

U i
)

, 1
]

, ∀U i ∈ ∂U ib
[

b−i
]
⋂

∂U im
[

b−i, b−i
]

,

[

0,mi
(

U i
)]

, ∀U i ∈ ∂U it
[

b−i
]

⋂

∂U im
[

b−i, b−i
]

.

 !"!##$"% &'&')'  !"# $%&'"( i )* &# &#+),-..(/)#&+).# $%&'"(0 +!"#

Si
[

U i; b−i, b−i
]

=























{0}, ∀U i ∈ U ib
[

b−i
]

,

{mi
(

U i
)

}, ∀U i ∈ U im
[

b−i, b−i
]

,

{1}, ∀U i ∈ U it
[

b−i
]

.

12(+!"(3.("0 4!"#"5"( & 2+)%)+' 3&+()6 U i ∈ U i )* &+ +!" 7.2#/&(' .8 +4. $&(+)+).#*0 +!"# +!" 7"*+,

("*$.#*" *+(&+"9',*"+ -.#+&)#* &%% -.#5"6 -.37)#&+).#* .8 +!" +4. *+(&+"9)"* -.(("*$.#/)#9 +. "&-! $&(,

+)+).#:

Si
[

U i; b−i, b−i
]

=











[

0,mi
(

U i
)]

, ∀U i ∈ ∂U ib
[

b−i
]
⋂

∂U im
[

b−i, b−i
]

,

[

mi
(

U i
)

, 1
]

, ∀U i ∈ ∂U it
[

b−i
]

⋂

∂U im
[

b−i, b−i
]

.

 !" #$%&!' i (! % )**'+,-%",*- #$%&!'. /0!-1 2'*3 4*'*$$%'& 5.5.61 7! 8-*7 "0%"1 9,:!- "0! *##*-!-";<

!="'!3! <"'%"!9,!<

(

b−i, b−i
)

∈ L1 ,2 "0! (*""*3 <!" U ib
[

b−i
]

,< -*->!3#"&1 "0!- "0!'! ,< % ?",$,"&

3%"',= ,- U i 70!'! #$%&!' i;< (!<">'!<#*-<! <"'%"!9& ,< ?-,@?! %-+ !@?%$ "* 1. A- "0%" )%<!1 #$%&!' i;<

0,90 !="'!3! <"'%"!9& bi ,< !@?%$ "* 1. B,3,$%'$&1 ,2 "0! "*# <!" U it
[

b−i
]

,< -*->!3#"&1 "0!- #$%&!' i;<

$*7 !="'!3! <"'%"!9& bi ,< !@?%$ "* 0.

C- "0! *"0!' 0%-+1 ,2 %$$ *2 #$%&!' i;< ?",$,"& 3%"',)!< U i ∈ U i <%",<2& b−i < gi
(

U i
)

< b−i1 "0%" ,<

U i = U im
[

b−i, b−i
]

70!'! %$$ 3%"',)!< (!$*-9 ,- "0! 3,++$! <!"1 "0!- #$%&!' i 3?<" #$%& 0!' 3%=>3,-

<"'%"!9& mi
(

U i
)

2*' !:!'& 3%"',= U i ∈ U i. A- "0%" )%<!1 #$%&!' i;< !="'!3! <"'%"!9,!< %'! 0!' $*7!<"



  !  !"#$%& '( )*+,-./.0 1$,2,$,%0 ,3 45/672"8%& 9"*%0

b−i

b−igi gi

gi

gi

0 1

1

Ai

(0, 0)

Bi

(

0,mi [b−i]
)

C i

(

mi,mi

)

Di

(0, 1)

Ei

(mi [b−i] , 1)

F i

(1, 1)

"#$%&' ()(* +,' -'./0&'.123.' '4/&'5'.0.'/ E i [b−i] ⊆ L 26 7 822&9#37/#23 1:7;'&) +,' /&#73$:'

&'1&'.'3/. /,' /<209#5'3.#237: 9257#3 26 /,' 17&75'/'& b−i = (b−i, b−i) ∈ L= <,#:./ /,' :7-':.

26 /,' 17&/#/#23. Ai, . . . , F i, &'1&'.'3/ /,' %3#>%' ?7:%'. /,7/ /,' 82&&'.1239 /2 E i [b−i] <,'3
b−i #. #3 '78, 17&/#/#23)

 !" #$%#&'( ) *+)$! '(, (&%$&'- %$.&! /0 (#& . 12& 32!4($5!'

mi
[(

b−i, b−i
)]

:= inf
U i∈U i

m[(b−i, b−i)]
mi

(

U i
)

,

 !"

mi
[

b−i, b−i
]

:= sup
U i∈U i

m[b−i, b−i]
mi

(

U i
)

,

5, &62$. 1&!(10- '$!4& U im
[

b−i, b−i
]

= U i- /0 (#& '( ($4 57($)$8 ($5! 7,5/1&)'

mi := inf
U i∈U i

mi
(

U i
)

 !" mi := sup
U i∈U i

mi
(

U i
)

.

95!'&62&!(10- :& 4 ! "&,$.& 71 0&, i;' &*(,&)& '(, (&%$&' /0 &* )$!$!% #5: (#& 5775!&!(;' &*(,&)&

'(, (&%$&'

(

b−i, b−i
)

∈ L 7 ,($($5! 71 0&, i;' 2($1$(0 ) (,$* '&( U i $!(5 $(' (#,&& '2/'&('< =5 (#$' &!"-

1&(

gi := inf
U i∈U i

gi
(

U i
)

 !" gi := sup
U i∈U i

gi
(

U i
)

>?<?@



 ! ! "#$ %$&'()$&*+,&$ -.,/'0+,&    

b−i

b−igi gi

gi

gi

0 1

1

Ai

(1, 1)

Bi

(mi [b−i] , 1)

C i

(

mi,mi

)

Di

(0, 1)

Ei

(

0,mi [b−i]
)

F i

(0, 0)

!"#$%& '()* +,& -&./0%&.123.& &4/%&5&.0.&/ E i [·] ⊆ L 26 73 73/"0822%9"37/"23 1:7;&%(

 !"#$! %&'(!) i*+ &#,!+$ '" -./-!+$ ." .0!)!"1! +$)'$!/.!+ gi (·) /.2!" -!) 3$.&.$( 4'$).5 +!$ U i6 7-!"

.$ .+ !'+( $# +!! $-'$ ,-!" b−i > gi8 $-! 9#$$#4 +!$ U ib
[

b−i
]

.+ "#":!4%$(8 '" $-3+ %&'(!) i*+ !5$)!4!

+$)'$!/( .+ bi = 16 ;.4.&')&(8 .< b−i < gi8 $-!" $-! $#% +!$ U it
[

b−i
]

.+ "#":!4%$(8 '" $-3+ bi = 06 =(

!5%'" ."/ $-.+ '"'&(+.+ $# !"1#4%'++ '&& %#++.9&! #) !)."/ +1!"').#+ 9!$,!!" $-! #%%#"!"$*+ !5$)!4!

+$)'$!/.!+ b−i, b−i '" %&'(!) i*+ !5$)!4! ." .0!)!"1! +$)'$!/.!+ gi, gi8 ,! 1'"  !).2! '" '"'&($.1'&

!5%)!++.#" <#) %&'(!) i*+ 9!+$:)!+%#"+! !5$)!4!+:+!$ E i [·]6

 !"#"$%&%"' ()()* >=!+$:)!+%#"+! !5$)!4!+:+!$?)  !"!#$%#& '# ()! '""'#!#(*+ !,(-!.! +(-/(!&%!+

b−i =
(

b−i, b−i
)

∈ L /#$ )!- 0'1!+( /#$ )%&)!+( %#$%2!-!#3! +(-/(!&%!+ gi, gi ∈ [0, 1] 4'- )!- 5(%06

%(7 ./(-%, +!( U i8 "0/7!- i*+ 0'1 !,(-!.! +(-/(!&7 bi %+

/9 / "5-! +(-/(!&7 4-'. 1%()%# {0, 1}8

:9 ()! 0'1!+( ./,6.%# +(-/(!&7 mi
[

b−i
]

8 '-8

39 /#7 3'#;!, 3'.:%#/(%'# '4 ()! (1'<

=%.%0/-078 "0/7!- i*+ )%&) !,(-!.! +(-/(!&7 bi %+ / "5-! +(-/(!&78 ()! )%&)!+( ./,6.%# +(-/(!&7 mi
[

b−i
]

8

'-8 /#7 3'#;!, 3'.:%#/(%'# '4 ()! (1'<

>)! :!+(6-!+"'#+! !,(-!.!+6+!( E i
[

b−i
]

⊆ L %+ /+ %005+(-/(!$ %# ?%&5-! @<@8 1)!# "0/7!- i %+ / 3''-6

$%#/(%'# "0/7!-8 /#$ /+ %005+(-/(!$ %# ?%&5-! @<A8 1)!# +)! %+ /# /#(%63''-$%#/(%'# "0/7!-< >)! /,!+
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 !" !#!$% %&! %'()*+,!$#+($-. *(,-+$ (/ %&! "- -,!%! b−i =
(

b−i, b−i
)

∈ L0 1$ !-2& 2-#!3 %&! *(,-+$

L (/ %&! "- -,!% +2 #!% E i [·] +# "- %+%+($!* +$%( %&! 4  !5+($# Ai, . . . , F i0 6&! .-7!. +$ !-2& (/ %&! "- %+)

%+($# Ai, . . . , F i3  !" !#!$%# %&! 8-.9! (/ %&! 9$+:9! !.!,!$% 7!.($5+$5 +$ %&! 7!#%) !#"($#! !;% !,!#)#!%

E i
[

b−i
]

3 '&!$ b−i +# +$#+*! %&-% "- %+%+($0 <&!$ b−i +# -% %&! 7(9$*- +!# (/ %'( ( ,( ! "- %+%+($#3 %&!

7!#%) !#"($#! !;% !,!#)#!% +# !:9-. %( %&! #,-..!#% +$%! 8-. 2($%-+$+$5 -.. %&! 8-.9!# (/ E i
[

b−i
]

'&!$

b−i +# +$ !-2& (/ %&! "- %+%+($# +$8(.8!*0 =( !;-,".!3 /( b−i ∈ L -% %&! 7(9$*- > (/ "- %+%+($# Ai -$*

Bi
+$ =+59 ! ?0?3 '! &-8! E i

[

b−i
]

=
[

(0, 0),
(

0,mi
[

b−i
]

)]

.

@ ((/0  ! "#$% &'"(! )*! &'"&"+,),"# -"' . /""'0,#.),"# &$.%!' 1+!! 2,34'! 56578 .#0 "#$% -"' )*!

9'+) 0,:!#+,"# "- )*! +!) E i [·]8 ;*,/* /"''!+&"#0+ )" &$.%!' i<+ $"; !=)'!:! +)'.)!3% bi6 >%::!)',/.$

.'34:!#)+ /.# ?! 4+!0 )" &'"(! )*! /.+! -"' )*! +!/"#0 0,:!#+,"#8 /"''!+&"#0,#3 )" &$.%!' i<+ *,3*

!=)'!:! +)'.)!3% bi8 .+ ;!$$ .+ -"' )*! /.+! "- .# .#),@/""'0,#.),"# &$.%!'6

A"#+,0!' . &.,' "- )*! "&&"#!#)<+ !=)'!:! +)'.)!3,!+ b−i =
(

b−i, b−i
)

∈ L6 B- b−i < gi8 ,:&$%,#3 )*.)

b−i $,!+ ,# "#! "- )*! &.'),),"#+ Ai8 Bi
8 "' Di

8 )*!'! !=,+)+ . 4),$,)% :.)',= U i ∈ U i ;,)* b−i < gi
(

U i
)

6

C*4+8 )*! )"& +!) U it
[

b−i
]

,+ #"#@!:&)%8 .#0 &$.%!' i<+ $"; !=)'!:! +)'.)!3% ,+ 06 D# )*! ")*!' *.#08

,- b−i ≥ b−i > gi8 :!.#,#3 )*.) b−i $,!+ ,#+,0! &.'),),"# F i8 )*!# b−i > gi
(

U i
)

-"' .$$ U i ∈ U i 6 C*4+8

.$$ :.)',/!+ U i ∈ U i ?!$"#3 ,# )*! ?"))": +!) U ib
[

b−i
]

6 E+ . '!+4$) &$.%!' i<+ $"; 1.#0 *,3*7 !=)'!:!

+)'.)!3% ,+ 16

 ! #"; /"#+,0!' )*! /.+! ;*!'! b−i < gi .#0 b−i > gi8 ;*,/* /"''!+&"#0+ )" &.'),),"#+ Ci .#0 Ei6

E+ b−i > gi8 )*!'! ,+ #" 4),$,)% :.)',= U i ∈ U i ;,)* b−i < gi
(

U i
)

6 C*4+8 )*!'! ,+ #" 4),$,)% :.)',= ,#

)*! )"& +!) U it
[

b−i
]

8 .#0 )*! &4'! +)'.)!3% 0 ,+ #!(!' . ?!+)@'!+&"#+!6 D# )*! ")*!' *.#08 .+ b−i < gi8

)*!'! .'! 4),$,)% :.)',/!+ )*.) +.),+-% b−i < gi
(

U i
)

< b−i8 :!.#,#3 )*.) )*! :,00$! +!) U im
[

b−i, b−i
]

,+

#"#@!:&)%6 F!#/!8 )*! $";!+) :.=@:,# +)'.)!3% )*.) &$.%!' i &$.%+8 .#0 *!#/! &$.%!' i<+ $"; !=)'!:!

+)'.)!3%8 ,+ 3,(!# ?% )*! (.$4! -4#/),"# mi
[

b−i
]

6 2"' .#% b−i =
(

b−i, b−i
)

,# &.'),),"# Ci8 ;! *.(!

b−i < gi .#0 b−i > gi8 )*4+ .$$ :.)',/!+ U i ∈ U i +.),+-% b−i < gi
(

U i
)

< b−i6 F!#/! U im
[

b−i, b−i
]

= U i

.#0 )*! (.$4! -4#/),"# mi
[

b−i
]

,+ /"#+).#) .#0 !G4.$ )" mi
6

2,#.$$%8 ;! ,#(!+),3.)! )*! /.+! ;*!'! b−i $,!+ .) )*! ?"4#0.'% "- );" "' :"'! &.'),),"#+6 B- b−i $,!+

"# )*! ?"4#0.'% "- &.'),),"#+ Bi
.#0 Ci8 )*!# b−i = gi .#0 b−i ≤ gi6 C*4+ b−i ≤ gi

(

U i
)

≤ b−i -"'

.$$ U i ∈ U i8 .#0 )*! -"$$";,#3 +).)!:!#)+ .'! )'4!H mi
[

b−i
]

= mi
.#0 mi

[

b−i
]

= mi
6 24')*!':"'!8

)*! :,00$! +!) U im
[

b−i
]

,+ #"#@!:&)%8 .#0 )*4+ &$.%!' i :4+) &$.% )*! +)'.)!3% mi
-"' +":! :.)',= ,#



 ! ! "#$ %$&'()$&*+,&$ -.,/'0+,&   !

U im
[

b−i
]

 !" # $%"&'() *'#+%$ i," '-. %/($%0% "($#(%1+ 2" #( 0-"( mi
 3-.%4%$) "256% b−i = gi) (7%$%

2" 5- &(2'2(+ 0#($2/ .2(7 gi
(

U i
)

> b−i 87&") (7%$% 2" 5- &(2'2(+ 0#($2/ 25 (7% (-* "%( U it
[

b−i
]

.7%$%

*'#+%$ i 0&"( *'#+ (7% *&$% "($#(%1+ 0 95 (7% -(7%$ 7#5:) (7%$% 2" #( '%#"( -5% 0#($2/ #( (7% ;-&5:#$+

-< (7% (-* "%( #5: (7% 02::'% "%() (7#( 2") (7%$% %/2"(" # 0#($2/ U i ∈ U i "#(2"<+251 gi
(

U i
)

= b−i 

=-$ (72" 0#($2/) *'#+%$ i 6#5 67--"% #5+ "($#(%1+ <$-0 (7% 25(%$4#'

[

0,mi
(

U i
)]

) .7%$% ;+ :%>52(2-5

mi
(

U i
)

≥ mi
 ?%6#''251 (7#( bi ≤ mi

) .% 6-56'&:% (7#( *'#+%$ i," %/($%0% "($#(%1+ 6#5 ;% #5+ "($#(%1+

25 (7% 25(%$4#'

[

0,mi
]

 @202'#$ #$1&0%5(" 7-': <-$ (7% ;-&5:#$+ -< (7% *#$(2(2-5" Ei #5: F i) .7%$%

(7% '-. %/($%0% "($#(%1+ 2" #5+ %'%0%5( 25

[

mi
[

b−i
]

, 1
]

 

 !""# $%$%& AB25%#$ $%<-$0&'#(2-5 -< mi
[

b−i
]

#5: mi
[

b−i
]

C%  !"#! m, g, d ∈ R
4
$% &'(& )%* (#+

U i ∈ U i

mi
(

U i
)

=
m> vec

(

U i
)

d> vec (U i)
(#, gi

(

U i
)

=
g> vec

(

U i
)

d> vec (U i)
.

-'!*! vec
(

U i
)

.$ ( /!0&%* !12*!$$.%# %) &'! 3(&*.1 U i4 5'!# i .$ ( 0%%*,.#(&.%# 26(+!*7 &'!# )%* (#+

b−i =
(

b−i, b−i
)

∈ L7 -! '(/!

mi
[

b−i
]

= inf m>v

$4&4 v ∈ R
4, τ ∈ R

b−i ≤ g>v ≤ b−i

d>τ = 1, τ > 0

v ∈ cone
(

vec
(

U i
))

,

AD EC

-'!*! vec
(

U i
)

.$ ( /!0&%* *!2*!$!#&(&.%# %) &'! $!& U i7 $% &'(& U i ∈ U i ⇐⇒ vec
(

U i
)

∈ vec
(

U i
)

7 (#,

cone
(

vec
(

U i
))

.$ &'! 0%#! 8!#!*(&!, 9+ &'(& $!&4 :'! /(6;! );#0&.%# mi
[

b−i
]

.$ .,!#&.0(6 !10!2& &'(&

&'! .#"3;3 .# &'! %9<!0&./! .$ *!26(0!, 9+ ( $;2*!3;34 =%* (# (#&.>0%%*,.#(&.%#7 &'! 2*%96!3$ (*!

(8(.# .,!#&.0(6 !10!2& &'(& &'! 6($& &-% 0%#$&*(.#&$ (*! τ < 0 (#, −v ∈ cone
(

U i
)

7 *!$2!0&./!6+4

?*%%)4 !**'+ (7% F7#$5%"GF--*%$ ($#5"<-$0#(2-5 HIJK) .7%$% v =
vec(U i)
d> vec(U i)

) #5: τ = 1
d> vec(U i)

 B%(

U =







a b

c d






∈ U i 87%5 d> vec

(

U i
)

= a − c + d − b 87&") .7%5 i 2" # 6--$:25#(2-5 *'#+%$

.% 7#4% d> vec
(

U i
)

> 0 <-$ #'' U i ∈ U i) #5: (7&" τ ≥ 0 =&$(7%$0-$%) #" vec
(

U i
)

= v
τ
) .% >5:

vec
(

U i
)

∈ U i ⇐⇒ v ∈ coneU i 

'!"#() $%$%& ALM62%5( 6-0*&(#(2-5 -< E i [·]C% @./!# &'! %22%#!#&A$ !1&*!3! $&*(&!8.!$ b−i ∈ L7 (#,
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 !"#$% i&'  (!#)$*%"! +,-!-,# .",%-/ '$, U i *$'0%-1$* -2 3%( ('-,-(2 456578 0(. +,-29 ,)$ 1$',:%$' (2'$

$/,%$.$':'$, E i
[

b−i
]

%$;+-%$' ,)$ '(!+,-(2 (< ,)$ <(!!(=-29 ( ,-.->",-(2  %(1!$.'?

• ,)$ ',",-0 ( ,-.->",-(2  %(1!$.' gi "2* gi "2*

• ,)$  "%".$,%-0  %(1!$.' -2@(!@$* -2 ,)$ @"!+$ <+20,-(2' mi
[

b−i
]

"2* mi
[

b−i
]

(% ,)$-% ',",-0

0(+2,$% "%,' mi
"2* mi

5

A)$ "1(@$  %(1!$.' "%$ !-2$"%:<%"0,-(2"! ( ,-.->",-(2  %(1!$.' =-,)  (!#)$*%"! 0(2',%"-2,' "2*8 -2 ,)$

0"'$ (< ,)$  "%".$,%-0  %(1!$.' mi
[

b−i
]

"2* mi
[

b−i
]

8 =-,) "**-,-(2"! !-2$"%:<%"0,-(2"! 0(2',%"-2,'5

B(2'$;+$2,!#8 "!! ,)$'$  %(1!$.' 0"2 1$ %$<(%.+!",$* "' !-2$"%  %(9%".' +'-29 ,)$ B)"%2$':B(( $%

,%"2'<(%.",-(2 C7DE "' *$.(2',%",$* -2 F$.." 454578 "2* ,)+' ,)$ 1$',:%$' (2'$ $/,%$.$':',%",$9# '$,

E i [·] 0"2 1$ 0(. +,$* -2 $G0-$2,!#5

 !"#$% &'&'(  !"#"$"#%&%$' "( E i [·])' A)$ 1$',:%$' (2'$ $/,%$.$':'$, E i [b−i] -' 2(2:*$0%$"'-29 H2(2:

-20%$"'-29I (2 -,'  "%".$,$% b−i ∈ L =-,) %$' $0, ,( 0(. (2$2,:=-'$ -2$;+"!-,#8 =)$2$@$%  !"#$% i -' "

0((%*-2",-(2 H"2,-:0((%*-2",-(2I  !"#$%5 A)", -'8 <(% "2# b−i1 , b−i2 ∈ L =-,) b−i1 ≥ b−i2 8 =$ )"@$

∀bi1 ∈ E i
[

b−i1

]

, ∀bi2 ∈ E i
[

b−i2

]

: bi1 ≥ (≤) bi2.

*&&"+,%#- $" .+"/"0%$%"# 121234 ("+ 5 b−i ∈ L4 $67 870$9+70/"#07 7:$+7;70907$ E i
[

b−i
]

%0 0%#-<7,9=5<>7,

%# ;"0$ "( %$0 ,";5%# ?%$6 5 @#%$7 /%7&79?%07 +7/+707#$5$%"#4 ?67+7 ;"0$ "( $67 /%7&70 5+7 &"#0$5#$2

.<5'7+ iA0 7:$+7;7 0$+5$7-%70 7%$67+ %#="<=7 5 />+7 0$+5$7-'4 5# 7:$+7;7 ;5:9;%# 0$+5$7-' mi
[

b−i
]

"+

mi
[

b−i
]

4 "+ 5<< &"#=7: &";8%#5$%"#0 "( $67 $?"4 ,7/7#,%#- "# ?6%&6 /5+$%$%"# Ai, . . . , F i4 "( $67 ,";5%#

"( E i
[

b−i
]

4 $65$ &"#$5%#0 $67 /5+5;7$7+ b−i2 B%#&7 5#' 7C>%<%8+%>;

(

b1, b2
)

∈ L2
05$%0@70 bi ∈ E i

[

b−i
]

4

i = 1, 24 $67+7 5+7 "#<' 5 @#%$7 #>;87+ "( ("+;0 $65$ 5# 7C>%<%8+%>; ;5' 5,"/$2 D# $67 #7:$ 07&$%"#4

?7 >$%<%E7 $6%0 +70><$ $" ,7=7<"/ 5 (><< 7#>;7+5$%"# 5<-"+%$6; ("+ @#,%#- 5<< 7C>%<%8+%5 "( $67 -5;72



 !"! #$%&'&()&* #+%,-)*.&/+   !

 !" #$%&'&()&* #+%,-)*.&/+

 ! "#$%&%'(%$) %! "*+(")" ,+(-+".%", %, -!/ 0-%( 12 +3145%)"!,%1!-& "&")"!+, b1, b2 ∈ R
2
,-+%,2/%!.

bi ∈ L

bi ∈ E i
[

b−i
]











i = 1, 2. 6EQ7

 !-%8" -00(1-9: 21( ;!5%!. "#$%&%'(%- %, +1 9-&9$&-+" - ;*"5 01%!+ 12 +:" 0(15$9+ 2$!9+%1!

f : L2
⇒ L2

f
(

b1, b2
)

:= E1
(

b2
)

× E2
(

b1
)

,

3:"("< 21( -!/ ;*"5 01%!+ 3" :-8"

(

b1, b2
)

∈ f
(

b1, b2
)

⇐⇒ b1 ∈ E1
[

b2
]

-!5 b2 ∈ E2
[

b1
]

,

-, ("#$%("5 '/ +:" "#$%&%'(%$) 91!5%+%1!,= >!21(+$!-+"&/< +:" 0(15$9+ 2$!9+%1! f (·) %, !1+ - 91!+(-9+%1!

-!5 !1( %, %+ !"9",,-(%&/ )1!1+1!" 69=2= ?")-(@ A=A=B7= C1!,"#$"!+&/< ;!5%!. - ;*"5401%!+ 12 f (·) -!5

:"!9" -! "#$%&%'(%$) 12 +:" .-)" 9-!!1+ '" .$-(-!+""5 3%+: -! %+"(-+%8" 0(19",, %!81&8%!. f (·)=

 !"#$% &'(') 6D#$%&%'(%$) "*%,+"!9" 0(1127'  !!"#$%&' (" )*#'*+, -./%-0- (1*"#*-2 (1* 3*,(4

#*,5"&,* */(#*-*,4,*( E i
[

b−i
]

%, 055*# 1*-%4!"&(%&0"0,6 710, (1* 5#"$0!( 80&!(%"& f (·) %, .9," 054

5*# 1*-%4!"&(%&0"0,6 :*&!* "&* !.& 0,* ;.<0(.&%+, =/*$45"%&( (1*"#*- (" 5#">* (1* */%,(*&!* "8 .

=/*$45"%&( %& (1* 5#"$0!( 80&!(%"& f (·) .&$ *?0%>.9*&(9@ (1* */%,(*&!* "8 .& *?0%9%3#%0- %& 3*1.>%"0#.9

80&!(%"&,6 71%, #*.,"&%&' 5#">%$*, .& .9(*#&.(* */%,(*&!*45#""8 (" (1* "&* 5#*,*&(*$ %& ABC6

E+ ,""), %)01,,%'&" +1 "*0(",, 6EQ7 -, - 2"-,%'%&%+/ 0(1'&") +:-+ 3" 9-! ,1&8" 91)0$+-+%1!-&&/< 5$"

+1 +:" 91)0&%9-+"5 ,+($9+$(" 12 +:" '",+4(",01!," "*+(")",4,"+ E i [·] 18"( +:" 51)-%! L= F13"8"(<

+:" ,+($9+$(-& 9:-(-9+"(%G-+%1! 12 E i [·] 5",9(%'"5 %! H(101,%+%1! A=A=B< -&&13, 21( +:" 21()$&-+%1! 12

2"-,%'%&%+/ 0(1'&"), %!81&8%!. 1!&/ ,0"9%;9 0-(+%+%1!, 12 +:" 51)-%!< 3%+:%! 3:%9: +:" '",+4(",01!,"

"*+(")",4,"+ E i [·]< i = 1, 2 :-8" - ,%)0&" 5",9(%0+%1!= I:-+ %,< %!,+"-5 12 ,1&8%!. +:" 2"-,%'%&%+/ 0(1'&")

6EQ7 %! 1(5"( +1 1'+-%! -&& "#$%&%'(%-
(

b1, b2
)

∈ L2
< 3" ,"&"9+ +31 ,$',"+, P i ⊂ L< i = 1, 2 -!5 ,1&8"

+:" 0(1'&")

b−i ∈ P i

bi ∈ E i
[

b−i
]











i = 1, 2 6A=J7



  !  !"#$%& '( )*+,-./.0 1$,2,$,%0 ,3 45/672"8%& 9"*%0

 ! "#$%# &" #%&# %'% ()) %*+ ) ,# ( -(& -./ !0

(

b1, bi
)

∈ P2 × P1
1 23% -+,-%&- P i ⊂ L4 i = 1, 24 5+-& ,%

63"-%! -" &3(& ."# (!/ b−i ∈ P i
4 &3% ,%-&7#%-8"!-% %9&#%5%-7-%& E i

[

b−i
]

3(- ( - 58)% $%-6# 8& "!4 ."#

:3 63 &3% .%(- , ) &/ 8#",)%5 ;<1=> 6(! ,% -")'%$1 2" &3 - %!$4 $%?!% E i
P i

[

b−i
]

-" &3(&

∀b−i ∈ P i : bi ∈ E−i
[

bi
]

⇐⇒ bi ∈ E iPi

[

b−i
]

.

 !"!##$"% &'(')'  !" P i
#! $%! $& "'! ()*"+"+$%, Ai- Ci- Di

$* F i- !./012+%3 "'!+* #$1%2)*+!, 4+"'

$"'!* ()*"+"+$%,- $* 0!" P i
#! $%! $& "'$,! #$1%2)*+!,5 6'! ,!" E i

Pi

[

b−i
]

+, +001,"*)"!2 7+) /$%2+"+$%,

$% bi =
(

bi, bi
)

+% "'! "'+*2 )%2 &$1*"' /$018% $& 6)#0! 95: &$* ) /$$*2+%)"+$% ;<==>? )%2 )% )%"+@

/$$*2+%)"+$% ;A@<==>? (0)B!* i- *!,(!/"+7!0B5 C$* )%B ,1/' P i
- "'! ,!" E i

Pi

[

b−i
]

+%7$07!, $%0B 0+%!)*

/$%,"*)+%",5

*+,,$ &'(')'  !" b−i ∈ L- )%2 b, b ∈ [0, 1]5 6'! /$%2+"+$%, b = mi
[

b−i
]

)%2 b = mi
[

b−i
]

/)% #!

!.(*!,,!2 ), "4$@2+8!%,+$%)0 0+%!)* /$8(0!8!%")*+"B (*$#0!8, "')" 2$ %$" +%/012! "'! ()*)8!"!* b−i

+% "'! /$8(0!8!%")*+"B /$%2+"+$%,5

D*$$&5 23% "8& 5 @(& "! 8#",)%5-  !'")'%$  ! mi
[

b−i
]

(!$ mi
[

b−i
]

6(! ,% #%."#5+)(&%$ (- ) !%(#

"8& 5 @(& "! 8#",)%5- (- $%5"!-&#(&%$  ! A%55( <1<1B4 :3%#% &3% 8(#(5%&%# b−i (88%(#- (- &3% # 03&7

3(!$7- $% ". &3% ) !%(# 6"!-&#( !&- 1 C/ %98#%-- !0 &3% 8#",)%5 (- ( -")+& "! ". &3% DD2 6"!$ & "!-4

:% ",&( ! ( ) !%(# 6"58)%5%!&(# &/ 8#",)%51 E !6% &3% 8(#(5%&%# b−i  - &3% # 03&73(!$7- $% ". ( ) !%(#

6"!-&#( !&4  & $"%- !"& (88%(#  ! &3% 6"58)%5%!&(# &/ 6"!$ & "!1

 !"!##$"% &'('-'  !" P i
#! $%! $& "'! ()*"+"+$%, Bi

- Ei- !./012+%3 "'!+* #$1%2)*+!, 4+"' $"'!* ()*"+@

"+$%,- $* 0!" P i
#! $%! $& "'$,! #$1%2)*+!,5 6'! ,!" E i

Pi

[

b−i
]

+, +001,"*)"!2 7+) /$%2+"+$%, $% bi =
(

bi, bi
)

+% "'! "'+*2 )%2 &$1*"' /$018% $& 6)#0! 95E &$* ) /$$*2+%)"+$% ;<==>? )%2 )% )%"+@/$$*2+%)"+$% ;A@

<==>? (0)B!* i- *!,(!/"+7!0B5 C$* )%B ,1/' P i
- "'! ,!" E i

Pi

[

b−i
]

+%7$07!, $%0B 0+%!)* /$%,"*)+%",5

F"!-%*+%!&)/4 ()) %*+ ) ,# ( ". &3% 0(5% 6(! ,% ."+!$ ,/ -")' !0 &3% .%(- , ) &/ 8#",)%5

b−i ∈ P i

bi ∈ E i
Pi

[

b−i
]











i = 1, 2, ;EQP >

:3%#% P i
(!$ P−i

&(G% &3% '()+%- -3":!  ! 2(,)%- <1B (!$ <1H1 23% 6"!-&#( !&- ". 8#",)%5 ;EQP > (#%



 !"! #$%&'&()&* #+%,-)*.&/+   !

E i
P i [b−i]

"#$%&%&'( P i
)**+ ,-)**+

Ai
[

0, gi
)

×
[

0, gi
) bi = 0

bi = 0

bi = 1

bi = 1

C i
[

0, gi
)

×
(

gi, 1
] bi = mi

bi = mi

bi = mi

bi = mi

Di
(

gi, gi
)

×
(

gi, gi
) bi = 0

bi = 1

bi = 0

bi = 1

F i
(

gi, 1
]

×
(

gi, 1
] bi = 1

bi = 1

bi = 0

bi = 0

Ai
⋂

Bi
[

0, gi
]

×
{

gi
} bi = 0

0 ≤ bi ≤ mi
[(

0, gi
)]

mi
[(

0, gi
)]

≤ bi ≤ 1

bi = 1

Bi
⋂

C i
[

0, gi
]

×
{

gi
} 0 ≤ bi ≤ mi

bi = mi

bi = mi

mi ≤ bi ≤ 1

C i
⋂

Ei
{

gi
}

×
[

gi, 1
] bi = mi

mi ≤ bi ≤ 1

0 ≤ bi ≤ mi

bi = mi

Ei
⋂

F i
{

gi
}

×
[

gi, 1
]

mi
[(

gi, 1
)]

≤ bi ≤ 1

bi = 1

bi = 0

0 ≤ bi ≤ mi

[(

gi, 1
)]

Ai
⋂

Di
{(

gi, gi
)} bi = 0

0 ≤ bi ≤ 1

0 ≤ bi ≤ 1

bi = 1

F i
⋂

Di
{(

gi, gi
)} 0 ≤ bi ≤ 1

bi = 1

bi = 0

0 ≤ bi ≤ 1

C i
⋂

Di
{(

gi, gi
)} 0 ≤ bi = mi

mi ≤ bi ≤ 1

0 ≤ bi = mi

mi ≤ bi ≤ 1

.#/01 2345 .61 71% E i
P i [b−i] 8'$ 9#$%&%&'(7 Ai

: C i
: Di

: F i
: 1;9$1771< %6$'=>6 ?'(<&%&'(7 '( bi =

(bi:bi@ 8'$ /'%6 ?#717 A61$1 i &7 # ?''$<&(#%&'( B)**+@ #(< #( #(%&-?''$<&(#%&'( B,-)**+@

90#C1$3



  !  !"#$%& '( )*+,-./.0 1$,2,$,%0 ,3 45/672"8%& 9"*%0

E i
P i

"#$%&%&'( P i
)**+ ,-)**+

Bi
[

0, gi
)

×
(

gi, gi
) bi = 0

bi = mi

[

b−i
]

bi = mi [b−i]

bi = 1

Ei
(

gi, gi
)

×
(

gi, 1
] bi = mi [b−i]

bi = 1

bi = 0

bi = mi [b−i]

Bi
⋂

Di
{

gi
}

×
(

gi, gi
)

bi = 0

b ≤ bi ≤ 1

b = mi

[

b−i
]

0 ≤ bi ≤ b

bi = 1
b = mi [b−i]

Ei
⋂

Di
(

gi, gi
)

×
{

gi
}

0 ≤ bi ≤ b

bi = 1
b = mi [b−i]

bi = 0

b ≤ bi ≤ 1

b = mi

[

b−i
]

.#/01 2345 .61 71% E i
P i [b−i] 8'$ 9#$%&%&'(7 Bi

: Ei
1;9$1771< =&# >'(<&%&'(7 '( bi = (bi:bi) 8'$

/'%6 >#717 ?61$1 i &7 # >''$<&(#%&'( @)**+A #(< #( #(%&->''$<&(#%&'( @,-)**+A 90#B1$3

.61 >'(<&%&'(7 b=mi[b−i] #(< b = mi [b−i] >#( /1 1;9$1771< %6$'CD6 %?'-<&E1(7&'(#0 0&(1#$

>'E901E1(%#$&%B 9$'/01E73

 ! "#$%&' ()$*+'&#$+* )'

,! "#$%&' ()-."%-%$+&'#+/ ()$*+'&#$+*!

0$ 1)+2 (&*%*3 &"" 4%&*#1"% .)#$+* (&$ 1% %$5-%'&+% %6(#%$+"/ 78,3 89:!

 !" #$%&'()*+ ,-*%.+&

;)$*#<%' & +=)>."&/%' +=)>&(+#)$ ?&-% =#+2 +2% 4)"")=#$? (2&'&(+%'#*+#(*@

 ! +2% ?&-% #* */--%+'#(3 1)+2 ."&/%'* &'% &$+#>())'<#$&+#)$ ."&/%'* =#+2 +2% *&-% .&/)A -&+'#B

P i =
0.33 0.67

1 0
, i = 1, 2,

,! 1)+2 ."&/%'* (&$ 2&C% &$/ 5+#"#+/ 45$(+#)$ +2&+ #* #$('%&*#$? &$< ()$(&C%! D25*3 +2% 5+#"#+/



 !"! #$%&'()*+ ,-*%.+&   !

 !"#$% &'" ()*+* ,#-.-&$"$-/ 0*1*234 +-# 5-"6 i = 1, 2 $&

U i =









































a b

c d






∈ [0, 1]2×2 :

d = 0, c = 1

d ≤ε a ≤ εb ≤ε c

c+ a− 2b ≤ 0

b+ d− 2a ≤ 0



































,

76'#' a ≤ε b ⇐⇒ a ≤ b − ε $& "6' &-89'# $ .8' '/"!"$-/ -+ "6' &"#$)" $/':;!8$"< )-/&"#!$/"

a < b4 +-# ! .!#! '"'# ε = 10−5
*

=#- "6' &'" U i4 7' )!8);8!"' "6' +-88-7$/> :;!/"$"$'& 9$! &-8;"$-/& -+ 8$/'!# .#-58' & !& ?'&)#$5'? $/

@'  ! 0*0*2A

gi = 0.5 !/? gi = 1,

mi = 0.67 !/? mi = 1,

mi
[(

0, gi
)]

= 0.75 !/? mi
[(

gi, 1
)]

= 1.

B< &-89$/> "6' +'!&$5$8$"< .#-58' (EQP 3 +-# "6' .!#"$"$-/& $/ C!58'& 0*2 !/? 0*D4 7' -5"!$/ "6' +-88-7$/>

"6#'' "<.'& -+ '%"#' ' &"#!"'>$'& "6!" &!"$&+< "6' ':;$8$5#$; )-/?$"$-/& $/ C6'-#' 0*1*E4 +-# 5-"6

i = 1, 2 (&$/)' "6' >! ' $& &<  '"#$)3A

!3 bi =
(

0, bi
)

!/? b−i = (1, 1)4 76'#' bi ∈ [0, 0.5]4

53 bi = (0.5, 1) !/? b−i = (0.5, 1)*

)3 bi = (0, 1) !/? b−i = (0.67, 1)4

C6' F#&" .!$# -+ '%"#' ' &"#!"'>$'&4 bi =
(

0, bi
)

!/? b−i = (1, 1)4 76'#' bi ∈ [0, 0.5]4 +-# &- '

i ∈ {1, 2}4 $/?$)!"'& "6!" 76'/'9'# -/' -+ "6' .8!<'#& .8!<& "6' .;#' &"#!"'>< 1 +-# !88 -+ 6'# "<.'&4

 !"! b−i
(

U−i
)

= 1 +-# !88 U−i ∈ U−i
4 "6'/ "6'#' $& !/ $/F/$"' &'" -+ '%"#' ' &"#!"'>$'& +-# .8!<'# i "6!"

7$88 &!"$&+< "6' )-/?$"$-/& $/ C6'-#' 0*1*E* =-# "6' >$9'/ '%"#' ' &"#!"'>$'&4 76'/ 5-"6 .8!<'#& !#'

#$&GH/';"#!84  !"! U i = P i4 i = 1, 24 "6'/ .8!<'# i .8!<& "6' .;#' &"#!"'>< 0 !/? −i "6' .;#' &"#!"'><

1* C6'&' &"#!"'>$'& +-# ! .;#' ':;$8$5#$; $+ 7' "#'!" "6$& >! ' !& ! )- .8'"' $/+-# !"$-/ >! '*

I))-#?$/> "- "6-&' &"#!"'>$'&4 "6' .8!<'#& #')'$9' !  !"'#$!8$J'? ;"$8$"< -+ 1 !/? 0.67 #'&.')"$9'8<*

C6' &')-/? .!$# -+ ':;$8$5#$; '%"#' ' &"#!"'>$'& bi ∈ [0, 0.5]4 i = 1, 24 #'&;8"& $/ ':;$8$5#$; 5'H

6!9$-;#!8 +;/)"$-/& 76'#'4 76'/ 5-"6 .8!<'#& !#' #$&GH/';"#!84 "6'< 5-"6 .8!< "6'  $%'? &"#!"'>< 0.5*



 !"  !"#$%& '( )*+,-./.0 1$,2,$,%0 ,3 45/672"8%& 9"*%0

 !"# $%&! '()*"+, -!%%," &!)& ,&+)&".*/ &!"* "#0 1' '()*2#. &!" 1#231" 425"0 ,&+)&".* "312(2$+214

%6 &!" -%4'("&" 2#6%+4)&2%# .)4"/ 7!"+" $%&! '()*"+, +"-"28" ) ')*%9 %6 0.5:

;2#)((*/ &!" (),& ')2+ %6 "5&+"4" ,&+)&".2",/ bi = (0, 1) )#0 b−i = (0.67, 1)/ 6%+ %#" %6 i ∈ {1, 2}/

-%++",'%#0, &% )# "312(2$+214 7!"+" '()*"+ i '()*, 6+%4 &!" "#&2+" ,24'("5 ∆/ )#0 &!1, '()*"+ −i

'()*, &!" 4)5<42# ,&+)&".* 6%+ )(( %6 !"+ &*'",/  !"! '()*"+ −i !), )# "312(2$+214 $"!)82%1+)( 61#-&2%#

b−i
(

U−i
)

= mi
(

U−i
)

6%+ )(( U−i ∈ U i:  !"# $%&! '()*"+, )+" +2,=<#"1&+)(/ &!"# '()*"+ i '()*, &!"

'1+" ,&+)&".* 0 7!2(,& '()*"+ −i '()*, !"+ 4)5<42# ,&+)&".* 6%+ &!)& &*'"/ 7!2-!/ 7!"# U−i = P−i
/

2, "31)( &% mi
(

U−i
)

= 0.75: >!"," ,&+)&".2", 0% #%& -%++",'%#0 &% )# "312(2$+214 2# &!" -%4'("&"

2#6%+4)&2%# .)4":  !"# $%&! '()*"+, '()* )--%+02#. &% &!%," ,&+)&".2",/ &!"# '()*"+ i +"-"28", ) 1&2(2&*

%6 0.75 )#0 '()*"+ −i ) 1&2(2&* %6 0.67:

 !" #$%&'()*$%

?# &!2, -!)'&"+/ 7" 2#8",&2.)&" .)4", 7!"+" 7" "5'(2-2&(* 02,&2#.12,! 4%#"&)+* +"7)+0, 6+%4 1&2(2&*

8)(1",:  " 0"4%#,&+)&" &!)& &+")&2#. .)4", 72&! =#%7# 4%#"&)+* ')*%9, ), -%4'("&" 2#6%+4)&2%#

.)4",/ 7!"+" &!%," ')*%9, -%2#-20" 72&! &!" '()*"+,@ 1&2(2&2",/ (")0, &% "312(2$+214 ,&+)&".2", &!)&

0% #%& #"-",,)+2(* 4)5242A" ) '()*"+@, -%++",'%#02#. "5'"-&"0 1&2(2&* 7!"# &!)& '()*"+ 2, #%& +2,=<

#"1&+)(: >!1,/ "8"# 7!"# &!" 4%#"&)+* ')*%9, %6 &!" .)4" )+" =#%7#/ '()*"+, ,!%1(0 ,&2(( ),,14"

&!)& &!"* )+" "#.).2#. 2# )# 2#-%4'("&" 2#6%+4)&2%# .)4" 7!"+" &!"* 0% #%& =#%7 &!"2+ %''%#"#&,@

+2,= '+"6"+"#-", )#0 !"#-" &!" 1&2(2&2", &!)& &!"* )&&)-! &% &!"2+ 4%#"&)+* +"7)+0,: >!" +",1(&2#. .)4",

)+" "5'+",,"0 ), 2#-%4'("&" '+28)&" 2#6%+4)&2%# .)4", 72&! #% -%44%# '+2%+/ 7!"+" ")-! '()*"+ -)#

!)8" )#* 1&2(2&* 4)&+25 6+%4 ) ,'"-2B- 1&2(2&* 4)&+25 ,"&:  " ,!%7 &!)& &!"," 1&2(2&* 4)&+25 ,"&, !)8" )

'%(*!"0+)( +"'+","#&)&2%# 7!"#"8"+ 7" -%#,20"+ .)4", 7!"+" '()*"+, )+" =#%7# &% !)8" #%#<,)&2)&"0

'+"6"+"#-", %+ &% $" +2,=<)8"+,": ?6 &!" '()*"+, )+" )4$2.12&*<)8"+,"/ &!"* -!%%," &!"2+ $"!)82%1+)(

61#-&2%#, ,% ), &% 4)5242A" &!"2+ 7%+,&<-)," "5'"-&"0 1&2(2&*:  " ,!%7 &!)& 2# &!2, -),"/ '()*"+, "2&!"+

'()* ) '1+" ,&+)&".*/ &!" 4)5<42# ,&+)&".* %+ ,%4" -%#8"5 -%4$2#)&2%# %6 &!" &7%/ 0"'"#02#. %# &!"

%''%#"#&@, $"!)82%1+)( 61#-&2%# )#0 &!"2+ %7# 1&2(2&* 4)&+25: C* "5'+",,2#. &!" "312(2$+214 -%#02&2%#

2# $"!)82%1+)( 61#-&2%#, ), )# "3128)("#& -%#02&2%# 2# "5&+"4" ,&+)&".2",/ 7" 0"8"(%' )# )(.%+2&!4 &!)&

'+%820", )(( "312(2$+2) %6 &!" .)4" 82) &!" ,%(1&2%# %6 ) B#2&" #14$"+ %6 (2#")+ 6"),2$2(2&* )#0 (2#")+

-%4'("4"#&)+2&* '+%$("4,:



 !"#$%& '

 ()*+,-.()- ")/ 0,$,&% 1(&2

 ! "#$% "#&%$% '& $!(&%"$)*"&+ "#,&& %&-*,*"& .&" ,&/*"&+ -,01/&2% 3,02 %"04#*%"$4 40!",0/ "#&0,.5 +.6

!*2$4 "'06%"*)& ,017%" 0-"$2$8*"$0! *!+ )*2& "#&0,.9 :// "#,&& -,01/&2% $!(0/(& 0-"$2*/ +&4$%$0!

2*;$!) $! "#& -,&%&!4& 03 7!4&,"*$!".5 *!+ "#& 2*$! +$<&,&!4&% *20!) "#&2 4*! 1& *"",$17"&+ "0 "#&

%07,4& 03 "#& 7!4&,"*$!". *!+ "#& +$%",$17"$0!*/ $!30,2*"$0! '& #*(& *107" "#& 7!4&,"*$! -*,*2&"&,%9

=7, 2*$! 40!",$17"$0!% 4*! 1& %722*,$%&+ *% 30//0'%>

• ?& +&(&/0-&+ *! &@4$&!" */)0,$"#2 "#*" 107!+% "#& -&,30,2*!4& /0%% 03 *@!& -0/$4$&% 0-&,*"$!)

$! +$%4,&"&6"$2&5 A!$"&6#0,$80!5 %"04#*%"$4 %.%"&2% '$"# &B-&4"&+ C7*+,*"$4 40%"% *!+ 2$B&+ /$!&*,

%"*"& *!+ $!-7" 40!%",*$!"%9 D&%$)!$!) *! 0-"$2*/ 40!",0/ -0/$4. 30, %74# -,01/&2% 4*! /&*+ "0

402-7"*"$0!*/ $!",*4"*1$/$"$&%5 *!+ * 40220! ,&%0/7"$0! $% "0 *--,0B$2*"& "#& 0-"$2*/ %0/7"$0!

1. * %7160-"$2*/ 17" &@4$&!"/. 402-7"*1/& *@!& 40!",0//&,9 ?& +&(&/0-&+ * 2&"#0+0/0).

"#*" -,0($+&% * 40!%&,(*"$(& &%"$2*"$0! 03 "#& -&,30,2*!4& -&!*/". $!47,,&+ 1. 7"$/$8$!) "#&%&

%710-"$2*/ 40!",0//&,%9 E#& 2&"#0+0/0). $% 1*%&+ 0! * +7*/$8*"$0! 03 "#& 0,$)$!*/ -,01/&2 *!+

"#& $2-0%$"$0! 03 * /$!&*, %",74"7,& 0! "#& +7*/ (*,$*1/&%9 E#& ,&%7/"$!) /0'&, 107!+ $% * 40!$4

0-"$2$8*"$0! -,01/&2 "#*" 4*! 1& %0/(&+ &@4$&!"/.9

• ?& +&%$)!&+ *! &@4$&!" */)0,$"#2 "0 &%"$2*"& "#& %710-"$2*/$". 03 /$!&*, +&4$%$0! ,7/&% $!

"'06%"*)& ,017%" 0-"$2$8*"$0! -,01/&2%5 '#&,& "#&. #*(& 1&&! %#0'! "0 %7<&, * '0,%"64*%& -&,6

30,2*!4& /0%% 03 "#& 0,+&, Ω(
√
m) 30, -,01/&2% '$"#m /$!&*, 40!%",*$!"%9 =7, */)0,$"#2 $% 1*%&+

0! * %4&!*,$0 %&/&4"$0! "&4#!$C7&5 '#&,& "#& 0,$)$!*/ -,01/&2 $% %0/(&+ 30, 0!/. * A!$"& %71%&"

 ! 



 !!  !"#$%& '(  )*+,-./)*. "*0 1-$-&% 2)&3

 ! "#$ %&'$(")*& +)(),$"$(-. /#*- -%0-$" *- ' &-"(%'"$1 )'' (1*&2 " "#$ 3)2()&2$ ,%4"*+4*$(-

)-- '*)"$1 5*"# "#$ ' ,+%")"* &  ! "#$ 4*&$)( )1)+"*6$ 1$'*-* & (%4$-. /#*- )42 (*"#, 1 $- & "

($47  & "#$ $8*-"$&'$  ! +( 0)0*4*-"*' *&! (,)"* & 5*"# ($2)(1- " "#$ %&'$(")*& +)(),$"$(-9 )&1

#)-  %"+$(! (,$1 :& 5& 0 %&1-9 *&'4%1*&2 "#$ )! ($,$&"* &$1 1%)4 0 %&19 *& "#$ 6)-" ,); (*"7

 ! +( 04$, *&-")&'$- 5*"# $+*-"$,*' %&'$(")*&"7.

• <$ 1$6$4 +$1 )& )42 (*"#, "#)" $&%,$()"$- )44 0$#)6* %()4 !%&'"* &- "#)" )($ )" $=%*4*0(*%,

*& ) 2),$ 5#$($ +4)7$(- !)'$ $+*-"$,*' %&'$(")*&"7 ($2)(1*&2 "#$*(  ++ &$&">- %"*4*"7 !%&'"* &-.

/()1*"* &)4479 "#$-$ 2),$- )($ - 46$1 )- ' ,+4$"$?*&! (,)"* & 2),$- 5#$($ +4)7$(- )($ )--%,$1

" 0$ (*-:?&$%"()49 5*"# ) %"*4*"7 !%&'"* & "#)" *- + -*"*6$47 )@&$ *& "#$ , &$")(7 +)7 A-. /#*-

)--%,+"* & *,+ -$- -$6$($ 4*,*")"* &-  & "#$ +( 04$, -"(%'"%($9 5#*4-"  %( )++( )'# )44 5- ! (

"#$-$ 2),$- " 0$ ! (,%4)"$1 )&1 - 46$1 )- *&' ,+4$"$ +(*6)"$ *&! (,)"* & 2),$- 5#$($ $)'#

+4)7$( ,)7 #)6$ )&7 *&'($)-*&2  ( *&'($)-*&2 ' &')6$ %"*4*"7 !%&'"* &. B%( ($-%4"*&2 )42 (*"#,

')& $&%,$()"$ )44 $=%*4*0(*)  ! -%'# 2),$-.

C%(*&2  %( ($-$)('#9 5$ #)6$ *1$&"*D$1 -$6$()4 *&"$($-"*&2 )6$&%$- ! ( !%"%($ 5 (:. E*(-"479 "#$ 0 %&1

1$6$4 +$1 *& F#)+"$( G ($4*$-  & "#$ ($-"(*'"* &  ! "#$ 1%)4 1$'*-* & (%4$- " 0$ )@&$ *& -"(%'"%($. H&

$8"$&-* & 5 %41 0$ " ' &-*1$( 1%)4 1$'*-* & (%4$- "#)" )($ + 47& ,*)4  ( +*$'$5*-$?4*&$)( *& -"(%'"%($.

<#*4-" "#$-$ $8"$&-* &- 5 %41 -"*44 ($-%4" *& 4 5$( 0 %&1- " "#$  (*2*&)4 +( 04$,9 "#$7 5*44 0$ 4$--

' &-$(6)"*6$ 1%$ " "#$ #*2#$( I$8*0*4*"7  ! "#$ 1%)4 (%4$- 5#$& ' ,+)($1 " "#$ )@&$ ')-$. H11*"* &)4

$8"$&-* &- 5 %41 0$ " ' &-*1$( H −∞ ' &"( 4 +( 04$,-9 5#$($ "#$  0;$'"*6$ !%&'"* & ' &-*1$(- "#$

5 (-"?')-$ ' -" *&'%(($1  6$( "#$ "*,$. H -$' &1 " +*' ! ( !%"%($ ($-$)('# *- "#$ 1$6$4 +,$&"  ! )

-'$&)(* ?0)-$1 4 5$( 0 %&1 ! ( ,%4"*?-")2$ -" '#)-"*'  +"*,*J)"* & +( 04$,-. <#*4-"  %( 0 %&1 *&

F#)+"$( K #)- 0$$& -%''$--!%4 *& "5 ?-")2$ +( 04$,-9 $8"$&1*&2 *" " "#$ ,%4"*?-")2$ ')-$ *- & &?

"(*6*)49 1%$ " "#$ )11*"* &)4 & &?)&"*'*+)"*6*"7 ' &-"()*&"-. E%("#$( $8"$&-* &- ' %41 )1)+" "#$ 0 %&1

" +( 04$,- *&6 46*&2 -$2($2)"$1 L+*$'$5*-$M 4*&$)( 1$'*-* & (%4$- NKO9 PPQ. E*&)4479 )& *&"$($-"*&2 0%"

'#)44$&2*&2 +( 04$, ! ( !%"%($ ($-$)('# 5*44 0$ " $8"$&1  %( ( 0%-" 2),$ ,$"# 1 4 27 1$6$4 +$1 *&

F#)+"$( R " "#$ ')-$  ! ,%4"*?)'"* &  ( $6$& ,%4"*?+4)7$( 2),$-. S&! ("%&)"$479 "#$ +( 04$,  ! D&1*&2

) T)-# $=%*4*0(*%, *& "5 ?+4)7$( 2),$- *- UUHC?' ,+4$"$ $6$& ! ( & (,)4 ! (, 2),$- 5*"# ' ,+4$"$

*&! (,)"* & NGVQ. <*"# "#($$  ( , ($ +4)7$(-9 "#$ +( 04$, 0$' ,$- EWXU?' ,+4$"$ $6$& ! ( "#$ J$( ?

-%, ')-$ NGYQ. Z 5$6$(9  &$ ' %41 + "$&"*)447 $8+4 ($ )++( 8*,)"* & -'#$,$- "#)" #)6$ 5 (:$1 5$44

5*"#  "#$( '4)--$-  ! 2),$-9 -%'# )- -,  "#*&2 "$'#&*=%$- NR[Q  (  "#$(  "#$( ,$"# 1 4 2*$- "#)" 4$)1



 !"

 ! ε"#$%&'&()&* +,-./



 !"  !"#$%& '(  )*+,-./)*. "*0 1-$-&% 2)&3



 !!"#$%&  

'()"*%+,- .,-+(-,/%0#1 02 .3,!/"* 4

 !" #$%&$'( )(*($ +$*,-%$.$/(, 01*.23$

 ! "#$%&'! ()*+ ,# $'!-&.#/ 0 %&1#2&!30/&0!%+ .&-$/#%#2%&1# 4&!#0/ -5-%#1 ,6&$6 044',- 7'/ 8#/7#$% -%0%#

1#0-9/#1#!%-) :6# -5-%#1 60- %6# 7'44',&!; .5!01&$-<

xt+1 =







1 1

0 1






xt +







0.2

1






ut +







0.1

0.1






ξt, yt = xt,

,6#/# t = 1, . . . , T − 1) :6# &!&%&04 -%0%# '7 %6# -5-%#1 &- -#% %' x1 = (4.7, 0)>) =# 0--91# %60% %6# ξt

0/# &!.#8#!.#!% 0!. 9!&7'/145 .&-%/&>9%#. '! [0, 2] 7'/ t = 1, . . . , T + ,6&4# ξ0 = 1 P20)-) ?9/ '>@#$%&3#

&- %' 1&!&1&A# E
[

u>u+ x>x
]

-9>@#$% %'

(−5,−5)> ≤ xt ≤ (5, 5)>, t = 1, . . . , T

(1, 1)xt ≤ 5, t = 1, . . . , T

(1,−1)xt ≤ 5, t = 1, . . . , T

|ut| ≤ 1, t = 1, . . . , T − 1



































P20)-)

=# -'43# %6# 088/'B&10%# 8/'>4#1- P̃` 0!. P̃u 0- ,#44 0- %6# %/&3&04 >'9!. 8/'>4#1- P`` 0!. Puu 0

%'%04 '7 !&!# %&1#-+ 7'/ #0$6 '7 %6# %&1# 6'/&A'!- 4#!;%6- T = 2, . . . , 10) :6# /#-94%&!; '8%&104 3049#-

0/# &449-%/0%#. &! C&;9/# ()D+ >9% 0/# 04-' 8/#-#!%#. 6#/# &! :0>4# E)D)

 !"
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T P∗
ll P̃∗

l P̃∗
u P∗

uu

! ##$%&'! ##$"(&% ##$"(&% ##$"(&%

( %&$)!&* "%$ (*) "%$ #'% "%$ *  

# " $!*(! & $&##" & $&%(# &!$' ()

% " $*### '!$#%"& '!$%&"* '*$)"&(

" " $*'#! '*$(! " '&$)'*)  )"$'(')

* " $*'%& '&$#!#)  ))$( (!   !$#!(!

& " $*''' '&$") %  ) $!%%*   #$')&*

' " $& )* '&$"#"%  ) $%'((   "$)# !

 ) " $&!%# '&$"&!!  ) $&*))   *$ **'

+,-./ 0$ 1 +2/ 34567,. 8,.9/: 3; 52/ 944/< ,=> .3?/< -39=>: 3; 52/ 4/<;/@5 :5,5/ 7/,:9</7/=5

/A,74./B ;3< /,@2 3; 52/ 23<6C3= ./=D52: T = 2, . . . , 10$

 !!"#"$%&''() "% *"+,-. /01) 2. "'',3#-&#. #4. #2$ -.+"$%3 X` &%! Xu $5 "%"#"&' 3#&#.3 x1) 5$- 24"64

& 5.&3"7'. 8$'"6( 6&% 7. 5$,%! 5$- P̃` &%! P̃u -.38.6#"9.'() 24.% #4. #":. 4$-";$% "3 T = 80 <% #4"3

3.6#"$%) 2. 2"'' !.36-"7. "% !.#&"' #4. 38.6"=6 $8#":";&#"$% 8-$7'.:3 #4&# &-. 3$'9.! "% $-!.- #$ !.-"9.

#4. !.:$%3#-&#.! -.3,'#30

 !"!" #$% &'()%* +,)-./%(

*-$: #4. 8-$7'.: !.36-"8#"$% $%. 6&% -.&!"'( 9.-"5( #4&# #4. 3#&#.>!(%&:"63 :&#-"6.3 &-.

At :=







1 1

0 1






, Bt :=







0.2

1






&%! Ct :=







0.1

0.1







5$- t = 1, . . . , T −10 *,-#4.-:$-.) &3 #4. 3(3#.: &''$23 5$- 8.-5.6# 3#&#. :.&3,-.:.%#3) 2. 4&9. yt = xt

5$- &'' t = 1, . . . , T − 1) 24"64 6$--.38$%!3 #$ #4. :.&3,-.:.%# :&#-"6.3

Dt :=







1 0

0 1






, &%! Et :=







0

0







5$- t = 1, . . . , T − 10

?. 6&% %$2 6$%3#-,6# #4. 6$:8&6#>%$#&#"$% :&#-"6.3 B) C) D) E 34$2% "% .@,&#"$% A/01B0 *$- #4.

38.6"=6 6&3. 24.-. #4. #":. 4$-";$% '.%+#4 "3 T = 4) &%! +"9.% #4&# #4. "%"#"&' 3#&#. x1 = (4.7, 0)>)



 !"! #$%&$'( )(*($ +$*,-%$.$/(, 01*.23$  !"

 !" #"$%"& '(" )* #'&"$ *#"

B :=















































0 0 0

0 0 0

0.2 0 0

1.0 0 0

1.2 0.2 0

1.0 1.0 0

2.2 1.2 0.2

1.0 1.0 1.0















































, C :=















































4.7 0 0 0

0 0 0 0

4.7 0.1 0 0

0 0.1 0 0

4.7 0.2 0.1 0

0 0.1 0.1 0

4.7 0.3 0.2 0.1

0 0.1 0.1 0.1















































,

D :=









































0 0 0 0 0 0 0 0

1 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0

0 0 1 0 0 0 0 0

0 0 0 1 0 0 0 0

0 0 0 0 1 0 0 0

0 0 0 0 0 1 0 0









































*+, E :=









































1 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0









































.

 !"!# $%& '()*&+,-(.&** /01-).&*

-" *$$.)"  !*  !" .+&"# *'+ %*#*)" "#$ ξt ∈ R *#" '+,"%"+,"+ *+, .+'/0#)12 ,'$ #'3. ", 0+ [0, 2]

/0# t = 1, . . . , T 4 5!'1" ξ0 = 1P6*7$7 8!.$4 /0#  !" &*$" 5!"#"  !"  ')" !0#'90+ 1"+: ! '$ T = 44  !"

$.%%0# Ξ &*+ 3" ,";+", *$

Ξ :=

{

(

1, ξ>
)>

∈ R
5 : ξ ∈ R

4, 0 ≤ ξ ≤ 2

}

<+" &*+ #"*,'12 ("#'/2  !*  !" $.%%0# Ξ &*+ 3" ,";+", '+ * )*++"# &0+$'$ "+  0  !" ,";+' '0+ =>7>?4

*$

Ξ =
{

ξ ∈ R
5 : Wiξ �Kp 0, i = 1, 2, e>0 ξ = 1

}
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 !"#"

W1 :=



















0 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1



















$%& W2 :=



















0 0 0 0

2 −1 0 0

2 0 −1 0

2 0 0 −1



















,

$%& p '$% (" $%) %*#+ ,#*+ {1,∞}-

.%&"# /!" $001+2/3*% /!$/ "$'! *, /!" ξt4 t = 1, . . . , T − 1 30 3%&"2"%&"%/ $%& '*%/3%1*105) 1%3,*#+5)

&30/#3(1/"& *% [0, 2]4 /!" +*+"%/ +$/#36 7,*# T = 48 30 &"#39"& $%$5)/3'$55) /* ("

M := E

[

ξξ>
]

=



















1.0000 1.0000 1.0000 1.0000

1.0000 1.3333 1.0000 1.0000

1.0000 1.0000 1.3333 1.0000

1.0000 1.0000 1.0000 1.3333



















.

:!" ;#0/ '*51+% $%& ;#0/ #* ,*55* 0 ("'$10" ξ0 = 1 $5+*0/ 01#"5)- :!" #"+$3%3%< '*51+%0 ,*55* 

,#*+ /!" ,$'/ /!$/ ,*# $ +15/3&3+"%03*%$5 #$%&*+ 9$#3$(5" ξ ∈ R
5
4 /!" '*9$#3$%'" +$/#36 Σ ∈ R

5×5

0$/30;"0

Σ = E

[

ξξ>
]

− E [ξ]E [ξ]> ,

 !350/ ,*# "$'! ξt4 t = 1, . . . , T − 14 E [ξt] = 14 σ (ξt, ξt) =
1
3 4 $%& /!" '*9$#3$%'" ("/ ""% $%) 2$3# *,

/!"+ 30 0-

 !"!# $%&'(&%)*+, )-. /.,*0+1 X` %+2 Xu

=% >3<1#" ?-@4  " 35510/#$/" /!" / * #"<3*%0 X` $%& Xu *, 3%3/3$5 0/$/"0 x14 ,*#  !3'! $ ,"$03(5" 2*53')

'$% (" ,*1%& ,*# P̃` $%& P̃u #"02"'/39"5)4  !"% /!" /3+" !*#3A*% 30 T = 8- B" '$5'15$/" /!"0" #"<3*%0

() '*+21/3%< /!"3# 9"#/3'"0- :!30 30 &*%" () #"2"$/"&5) 0*593%< $ 2$3# *, (3C53%"$# ,"$03(353/) 2#*(5"+04

 !"#" /!" 3%3/3$5 0/$/" x1 30 +$63+3A"& $5*%< $ 02"'3;' &3#"'/3*%4 01(D"'/ /* '*%0/#$3%/0 /!$/ "%01#"

/!$/ P̃`(x1) $%& P̃u(x1) #"+$3% ,"$03(5"-

E"'$55 ,#*+ F"'/3*% ?-@4 /!$/ 3% /!" G#*(5"+ P4 *%5) /!" +$/#36 C &"2"%&0 *% /!" 3%3/3$5 0/$/" x14

 !3'! 30 $001+"& /* (" H%* % 7'-,- E"+$#H ?-@-I8- J"/ C (x1) &"%*/" /!" +$/#36 C4  !"#" /!" 3%3/3$5

0/$/" x1 30 2$00"& $0 $ 2$#$+"/"#- :!"% G(x1) = (DC (x1) + E) 30 /!" +$/#36 G  !"% x1 30 2$00"& $0



 !"! #$%&$'( )(*($ +$*,-%$.$/(, 01*.23$  !"

 ! " #$%$"& '(" )*+$, *,*%* - .% %$ x1/ 0"(1-$# P̃u(x1) *. 2$ .*1-$ *3 %4$ 5(,.%" *,%.

(Fu + FxB)QG (x1) + FxC (x1) + FsS − he>0 = 0

S = µe>0 +
∑l

i=1 Λ
>
i Wi

Λi �K∗
p
0, i = 1 . . . l, µ ≥ 0

5 , 1$ . %*.6$7 2(" .(#$ Q ∈ U , S ∈ R
Ns×Nξ , Λi ∈ R

Nξ×Ns , i = 1 . . . l  ,7 µ ∈ R
Ns

&

8$ 5 , $9!"$.. x1 :.*,) %4$ !(- " 5(("7*, %$ .;.%$#& '("  %<(=7*#$,.*(, - x1 ∈ R
2
<$ 4 +$

x1 = α







sin θ

cos θ







2(" .(#$ α ∈ R  ,7 .(#$ " 7* , θ ∈ [0, 2π]& >4:./ *, ("7$" %( 5 -5:- %$ %4$ $9%"$#$. (2 "$)*(, Xu

 -(,)  .!$5*65 7*"$5%*(, θ/ <$ .(-+$ %4$ (!%*#*? %*(, !"(1-$#

max
α,Q,S,Λi

α

.&%& α ∈ R, x1 = α







sin θ

cos θ







Q ∈ U , S ∈ R
Ns×Nξ , Λi ∈ R

Nξ×Ns , µ ∈ R
Ns

(Fu + FxB)QG (x1) + FxC (x1) + FsS − he>0 = 0

S = µe>0 +
∑l

i=1 Λ
>
i Wi

Λi �K∗
p
0, i = 1 . . . l, µ ≥ 0.

8$ 5 , %4$, 6,7  ,  !!"(9*# %*(, (2 %4$ $,%*"$ "$)*(, Xu 1; .(-+*,) %4$ !"(1-$# "$!$ %$7-; 2("

θ = κπ/ <4$"$ κ = 0.01, 0.02, . . . , 1.99, 2.00& @1.$"+$ %4 % %4$ 1*=-*,$ "*%*$.  !!$ " (,-; *, %4$ 6".%

%$"# (2 %4$ A(*,% .% %$  ,7 5(,%"(- 5(,.%" *,% (Fu + FxB)QG (x1)/ <4$"$ <$ (!%*#*?$ (+$" 1(%4 Q

 ,7 x1& B(<$+$"/ 7:$ %( *%. -(< 7*#$,.*(,./ %4$ !"(1-$# 5 , 1$ .(-+$7 %( (!%*# -*%; :.*,) 5:""$,%-;

 + *- 1-$ )-(1 - (!%*#*? %*(, %((-.&

C .*#*- " !"(5$.. *. 2(--(<$7 *, ("7$" %( 5 -5:- %$ %4$ $7)$. (2 "$)*(, X`& >4$ (!%*#*? %*(, !"(1-$#
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 !" #$ %&'($ )%

max
α,Q,S

α

%* * α ∈ R, x1 = α







sin θ

cos θ







Q ∈ U , S ∈ R
Ns×Nξ

(Fu + FxB)QG (x1) + FxC (x1) + FsS − he>0 = 0

WiMS> �Kp 0, i = 1 . . . l

e>0 MS> ≥ 0.

+&,- "% .$+&,$- θ = κπ- κ = 0.01, 0.02, . . . , 1.99, 2.00*

 !" #$%&'(&)* +*,*& -&,./'&$&0*. 12,$%3&

/&,  !$ )01$,+$2 % " $ 0$"%3,$0$4 $5"01'$ 6$%2,).$6 )4 7$2 )&4 8*9-  !$ 1,&.'$0% P̃`- P̃u "46 P``
"46 Puu #!$,$ %&'($6 "  & "' &+ 19  )0$%- +&, $"2! &+  !$  )0$ !&,):&4 '$4; !% T = 2, . . . , 20* <!$

,$%3' % ",$ )''3% ," $6 )4 /);3,$ 8*8- .3 #$ "'%& %!&#  !$0 !$,$ )4 <".'$ =*>*

?4  !)% $5"01'$-  !$ 342$, ")4 1","0$ $,% ",$ 34)+&,0'@ 6)% ,).3 $6 )4 " 2),2'$ #) ! 2$4 $, "  !$ &,);)4

"46 ,"6)3% $A3"'  & &4$* <!$ 0&0$4 0" ,)5 2"4 .$ "4"'@ )2"''@ 2"'23'" $6 .$2"3%$ +&, $"2! ξt ∈ R
3
-

t = 1, . . . , T − 1- E [ξt] = 0- σ (ξt, ξt) =
1

3T−1 B3%)4;  !$ +&,03'" σ = r2

d+2 - #!$,$ r )%  !$ ,"6)3% &+  !$

%311&, "46 d )%  !$ 6)0$4%)&4 &+  !$ 342$, ")4 1","0$ $,%- #!)2! )% $A3"'  & Nξ − 1 = 3(T − 1)- )*$*

#$ $52'36$  !$ 6300@ (",)".'$ ξ0 = 1PC"*%*D* /)4"''@- "%  !$ 342$, ")4 1","0$ $,% ξt- t = 1, . . . , T −1

",$ )46$1$46$4 -  !$ 2&(",)"42$ .$ #$$4  !$0 )% E* <!3%- +&, "  )0$ !&,):&4 '$4; ! $A3"'  & T = 3-

 !$ 0&0$4 0" ,)5 )%

M := E

[

ξξ>
]

=









































1 0 0 0 0 0 0

0 0.125 0 0 0 0 0

0 0 0.125 0 0 0 0

0 0 0 0.125 0 0 0

0 0 0 0 0.125 0 0

0 0 0 0 0 0.125 0

0 0 0 0 0 0 0.125









































.



 !"! #$%&'(&)* +*,*& -&,./'&$&0*. 12,$%3&  ! 

T P∗
uu P̃∗

u P̃∗
l P∗

ll

" "#$$$$ "#%$$$ "#%$$$ "#%$$$

! "#%&! !#"&%$ !#"&%$ !#!!' 

% "#(&%! !#)& " !#)& " %#"$$)

( "#('"' %#$*)" %#$*)" (#%%$$

& "#('&( %#!!!( %#!!!( +,-

) "#(')! %#($%% %#($%% +,-

' "#(')% %#&!" %#&!" +,-

* "#(')( %#)!$) %#)!$) +,-

 $ "#(')( %#'$*$ %#'$*$ +,-

  "#(')( %#')"& %#')"& +,-

 " "#(')( %#*"(! %#*"(! +,-

 ! "#(')( %#*&*) %#*&*) +,-

 % "#(')( (#$$)& (#$$)& +,-

 ( "#(')( (#$%$% (#$%$% +,-

 & "#(')( (#$&'* (#$&'* +,-

 ) "#(')( (#$*%$ (#$*%$ +,-

 ' "#(')( (#  &! (#  &! +,-

 * "#(')( (# !&" (# !&" +,-

"$ "#(')( (# (% (# (% +,-

./012 3#"4 .52 6789:/1 ;/1<2= 6- 852 <772> /,? 16@2> 06<,?= 6- 852 9:72>-2A8 =8/82 :2/=<>2B

:2,8 2C/:712D -6> 2/A5 6- 852 56>9E6, 12,F85= T = 2, . . . , 20#
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 !" #$%&'()* +,%,-$.,& /-'0),(1

 ! "#$%&'! ()*)+ ,# -..#.. %/# 0#12'13-!$# '2 - !435#1 '2 6&7#1#!% 8',#1 5'4!6. 5-.#6 '! - .-308#

'2 1-!6'389 :#!#1-%#6 01'58#3 &!.%-!$#.) ;/# &!.%-!$#. -1# :#!#1-%#6 %' -6/#1# %' %/# -..430%&'!.

6#.$1&5#6 &! <=>?@ ,/#1# &% /-. 5##! ./',! %/-% 8&!#-1 6#$&.&'! 148#. &!$41 - ,'1.%A$-.# 0#12'13-!$#

8'.. 59 - 2-$%'1 '2 4) B# ,&88 !', &884.%1-%# .%#0A59A.%#0 /', .4$/ 01'58#3. -1# :#!#1-%#6 -!6 /',

%/# 0#12'13-!$# 3#%1&$. &! ;-58#. ()+ -!6 ()C -1# $-8$48-%#6)

 ! "#$%&'! ()*)+ %/# 01'58#3 6&3#!.&'!. 2'1 #-$/ 1-!6'389 :#!#1-%#6 &!.%-!$# -1# .#% %' k = 16@

m = 16@ n1 = 3 -!6 n2 = 5) D'1 %/# .-E# '2 1#-6-5&8&%9@ /#1# ,# $'!.&6#1 - 01'58#3 ,&%/ 6&3#!.&'!.

k = 4@ m = 10@ n1 = n2 = 3) ;/# 01'58#3 &. :#!#1-%#6 -$$'16&!: %' %/# 2'88',&!: .%#0.F

• ;/# 4!$#1%-&!%9 .#% Ξ &. 6#G!#6 -. Ξ :=
{

(1, ξ)> ∈ R
k+1 : ‖ξ‖p ≤ 1

}

@ ,/#1# 2'1 '41 &!.%-!$#

p = 1) ;/&. $'11#.0'!6. %' - 6&-3'!6A./-0#6 4!$#1%-&!%9 .#% ,&%/ H#1%&$#. I01#.#!%#6 -. %/#

 !!
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 !"#$%& !' ()* $+(,-./0

[Zv] :=



























1 1 1 1 1 1 1 1

−1 1 0 0 0 0 0 0

0 0 −1 1 0 0 0 0

0 0 0 0 −1 1 0 0

0 0 0 0 0 0 −1 1



























.

• 1)* *"*$*%(& !' ()* $+(,- *& A ∈ R
m×n1

+%2 B ∈ R
m×n2

+,* #%-'!,$"3 &+$4"*2 ',!$ ()*

-%(*,5+" [−5, 5]6 7% ()-& 4,!8"*$ -%&(+% *9 ()* &+$4"* $+(,- *& +,*

A :=





























































−1.68 −1.86 −4.24

0.19 −0.66 2.23

−2.33 2.08 2.48

−4.54 −2.50 3.22

−2.46 1.26 2.25

−2.14 −3.61 −1.88

1.92 −4.07 −2.27

−3.91 2.95 3.57

−1.04 −1.96 1.58

−1.19 3.95 −3.53





























































+%2 B :=





























































−1.44 −2.14 −2.49

3.72 −3.10 −1.87

3.71 −3.56 −4.80

3.21 −0.11 4.11

2.49 −3.76 −0.80

−0.31 −1.09 1.54

3.12 2.68 3.07

−4.57 −2.68 −3.62

−4.92 3.52 −2.83

−2.65 −0.21 0.26





























































.

• 1)* $+(,-. C ∈ R
m×(k+1)

-& ,+%2!$"3 :*%*,+(*2 &! ()+( *+ ) ,!; !' C -& -% ()* 2#+"  !%* !' Ξ9

%+$*"3 C> �K∗ 09 ;)- ) :#+,+%(**& ()+( Cξ ≥ 0 '!, +"" ξ ∈ Ξ6 1)-& -& + )-*5*2 +& '!""!;&0

<6 =* :*%*,+(* m ,+%2!$ 5* (!,& λi ∈ R
k
9 i = 1, . . . ,m9 2,+;% ',!$ ()* -%(*,5+" [−5,+5]

+  !,2-%: (! ()* #%-'!,$ 2-&(,-8#(-!%6

>6 ?!, *+ ) ,+%2!$ 5* (!, λi ∈ R
k
9 i = 1, . . . ,m9 ;* &*( τi = ‖λi‖p∗ + εi9 ;)*,* p∗ -& ()* 2#+"

%!,$ !' p @()#& '!, p = 1 ;* )+5* p∗ = ∞/9 +%2 εi -& + ,+%2!$ & +"+, #%-'!,$"3 2-&(,-8#(*2

!% ()* -%(*,5+" [0, 10]6

A6 1)* $+(,-. C -& ()*% 2*B%*2 +&

C :=













τ1 λ>1
6

6

6

6

6

6

τm λ>m













.



 !"! #$%&'()* +,%,-$.,& /-'0),(1  !"

 !"# "$%" #%&$ '!( !) C *+

(

τi, λ
>
i

)

∈ R
k+1
, i = 1, . . . ,m, (*"$ ‖λi‖p∗ ≤ τi- .$/+, 01

2#34*"*!4 C> �K∗ 0-

5!' !/' 6'!07#8 "$# +%867# 8%"'*9 C *+

C :=





























































9.06 −1.99 1.32 −0.73 −3.10

5.87 −1.23 −3.78 −0.20 −1.74

6.14 1.30 −1.60 −2.53 −4.87

8.97 1.30 −0.87 −0.58 3.74

10.01 1.11 −2.40 −0.25 −4.75

11.35 −1.71 3.56 3.56 −0.44

5.09 −1.52 0.51 −4.74 3.54

4.30 −3.73 −1.79 1.53 0.37

10.72 3.85 2.81 −2.69 0.21

5.93 −0.05 2.72 1.52 −0.04





























































.

• .$# !0:#&"*;# )/4&"*!4 ;#&"!'+ c ∈ R
n1
%42 d ∈ R

n2
%'# <#4#'%"#2 %&&!'2*4< "! "$# 8%6=

6*4<+ c = −A>µ %42 d = −B>µ- .$# ;#&"!' µ ∈ R
m
*+ '#6#%"#271 +%867#2 )'!8 [0, 1]m

/4"*7 0!"$ c ≥ 0 %42 d ≥ 0 %'# +%"*+3#2- .$# 4!4=4#<%"*;*"1 '#+"'*&"*!4+ )!' c %42 d %'#

4#&#++*"%"#2 01 "$# %++/86"*!4+ *4 >?@A- .$# #9*+"#4&# !) % ;#&"!' µ +%"*+)1*4< "$# %0!;# *+

'#B/*'#2 01 "$# 6!+"/7%"#2 2/%7 )#%+*0*7*"1 !) "$# !'*<*4%7 6'!07#8 P- C4 !/' 6'!07#8 *4+"%4&#,

µ := (3.71, 1.75, 0.66, 1.85, 2.87, 3.91, 4.84, 4.35, 2.91, 2.86)> , $#4&#

c :=













45.40

23.11

6.06













%42 d :=













11.19

20.03

12.69













.

D# !0"%*4 %4 /66#' 0!/42 !4 P 01 +!7;*4< "$# 6'*8%7 7*4#%' 2#&*+*!4 '/7# 6'!07#8 Ũ

inf
x,Y

c>x+ t

+-"- x ∈ R
n1 , Y ∈ R

n2×(k+1)

(

d>Y − te>0
)> �K∗ 0

(

Axe>0 +BY − C
)> �K∗ 0

EŨF

'#+/7"*4< *4 %4 !6"*8%7 ;%7/# Ũ∗ = −111.46-
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 !" #$% &!'%" (!)*+,- '% ,!&.% ,/0 ,%12"2#% 1"!(&%3,4 5$"%% !6 #$%,% 1"!(&%3, 2"% /*,#2*7%, !6 #$%

,7%*2"/!8(2,%+ &!'%" (!)*+ P (Z)- 6!" #$"%% +/9%"%*# :*/#% )*7%"#2/*#; ,%#, Z ⊂ Ξ4 <1%7/:72&&;- '$%*

#$% :*/#% ,%# Z ⊂ Ξ $2, l %&%3%*#, =+%*!#%+ (; ξi ∈ Z- i = 1, . . . , l>- '% ,!&.% #$% :*/#% !1#/3/?2#/!*

1"!(&%3

inf
x,yi

c>x+ t

,4#4 x ∈ R
n1 , yi ∈ R

n2 , i = 1, . . . , l

d>yi ≤ t

Ax+Byi ≤ Cξi











i = 1, . . . , l

. =P (Z)>

6!" #$% #$"%% +/9%"%*# ,%#,@

2> Z = ∆- '$%"% |∆| ≤ m + 1 /, #$% 7"/#/72& ,%# !6 +)2& .2"/2(&%, +%"/.%+ 6"!3 #$% 1"!(&%3 Ũ - 2,

+%,7"/(%+ /* <%7#/!* A4A4B4  !" !)" /*,#2*7%- #$% ,%# ∆ /, =1"%,%*#%+ /* 32#"/0 6!"3>

[∆] :=



























1 1 1 1 1 1 1 1 1

0.55 0.38 0 0.28 0 0 0.37 −0.37 0

0 −0.10 0 0.19 −1 0 0.20 07 −1

−0.45 0 0 −0.07 0 1 0 0.63 0

0 0.52 −1 −0.06 0 0 −0.43 −0 0



























.

(> Z = {ξm}- '$%"% ξm /, 2 ,!&)#/!* !6 C"!(&%3 =A4D>4 E* #$/, /*,#2*7%- ξm =



























1

1

0

0

0



























4

7> Z = Zv #$% ,%# !6 .%"#/7%, !6 #$% ,)11!"#4

 !" 7!31&%#%*%,,- '% 2&,! 1"!./+% 2 ,%# !6 +)2& &/*%2" +%7/,/!* ")&% (!)*+, L∗(P)- 12"23%#"/?%+ (;

#$"%% +/9%"%*# )*7%"#2/*#; +/,#"/()#/!*,4 <1%7/:72&&;- '% ,!&.% #$% !1#/3/?2#/!* 1"!(&%3 =+%,7"/(%+ /*



 !"! #$%&'()* +,%,-$.,& /-'0),(1  !"

 !"# $#%&'( ') *+&,%#" -.

inf
x,Y

c>x+ t

/0%0 x ∈ R
n1 , Y ∈ R

n2×(k+1)

(

d>Y − te>0
)

EP

[

ξξ>
]

0
(

Axe>0 +BY − C
)

EP

[

ξξ>
]

≤ 0.

1L(P).

2!" %+# 2!((!3')4 $'/%"'56%'!)/7

&. P = PΞ %+# 6)'2!" $'/%"'56%'!) !) %+# /6,,!"% Ξ0 8+# 9!""#/,!)$')4 /#9!)$:!"$#"  ! #)% '/

EPΞ

[

ξξ>
]

:=



























1 0 0 0 0

0 0.0667 0 0 0

0 0 0.0667 0 0

0 0 0 0.0667 0

0 0 0 0 0.0667



























,

5. P = P∆ %+# 6)'2!" $'/%"'56%'!) !) %+# /#% ∆; 3+#"#

EP∆

[

ξξ>
]

:=



























1 0.1340 −0.1893 0.1230 −0.1106

0.1340 0.0883 0.0101 −0.0556 0.0018

−0.1893 0.0101 0.2319 −0.0015 −0.0172

0.1230 −0.0556 −0.0015 0.1785 0.0007

−0.1106 0.0018 −0.0172 0.0007 0.1628



























, &)$

9. P = PZv %+# 6)'2!" $'/%"'56%'!) !) %+# /#% !2 <#"%'9#/ Zv !2 %+# /6,,!"%; 3+#"#

EPZv

[

ξξ>
]

:=



























1 0 0 0 0

0 0.25 0 0 0

0 0 0.25 0 0

0 0 0 0.25 0

0 0 0 0 0.25



























8+# !,%' &( <&(6#/ !2 %+# /'= (!3#" 5!6)$/ &)$ %+# 6,,#" 5!6)$ &"# /+!3) ') 8&5(# >0?0 8+# 4&, '/

$#@)#$ &/ %+# $'A#"#)9# 5#%3##) #&9+ (!3#" 5!6)$ 3'%+ %+# 6,,#" 5!6)$; 3+'(/% %+# "#(&%'<# 4&, 1B
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#$%&'()* Ũ P(Zv) P(∆) P({ξw}) L(PZv
) L(P∆) L(PΞ)
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90, 2 6.:6 7.7" :.3   .57  :."! 64.:"

%90, 2 6.6; 4.:; 3.4; 5.7;  6;  5;
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 !"# $% &'!& ($)*+*,-* ($.$(*( /0 $&% +*%"*-&$.* 123*+ /24,(5 6% *7"*-&*(8 P∗(Zv) $% &'* &$9'&*%& 123*+
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