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Abstract

In many areas of science and technology data describing a phenomenon or

a system of interest and its individual components can be obtained from different

types of instruments, using different acquisition techniques and experimental setups.

Furthermore, many systems can be characterized by different data sets obtained by

observing the system from different perspectives, under different conditions, or at

different points in time. For example, in biology and biomedicine, rapid technological

advances have led to the production of such heterogeneous and multimodal data, and

enabled construction of complex networks with various types of interactions between

diverse biological entities. Conventional network data analysis methods were shown

to be limited in dealing with such multi-relational network data, as they are designed

specifically for analysis of single-relational networks.

Therefore, in this Thesis, we propose novel integrative methods that can collec-

tively mine multiple types of biological networks and create more accurate integra-

tive models capable of producing more holistic, systems-level biological insights. The

proposed methods are based on Non-negative Matrix Factorization, a dimensionality

reduction technique, that is further extended for learning and modelling dependen-

cies between large-scale heterogeneous and multimodal network data. Our methods

have a wide range of applications of which we focus on those from systems biology

and biomedicine, including protein function prediction, multiple network alignment,

extraction of composite functional modules from multimodal biological networks, and

problems in precision medicine, including patient stratification, drug repurposing

and cancer driver gene prediction. In each of these applications we show that our

methods outperform existing methods, provide biological insights and generate novel

hypothesis that could guide future research and biological experiments.
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Chapter 1

Introduction

1.1 Motivation and objectives

In many areas of science and technology data describing a phenomenon or a system

of interest and its individual components can be obtained from different types of

instruments, using different acquisition techniques and experimental setups. Also,

we may collect different data sets that are directly describing the system, or data sets

that are indirectly related to the system, but when combined with other data sets

they could provide very informative insights into the system. Thus, various data sets

are often heterogeneous. Mining heterogeneous data sets introduces new challenges

and questions that are beyond those related to mining each data set separately.

For example, when classifying patients into different categories of disease severity,

patients’ clinical data together with their exposomics data (demographics, habits,

living environments, etc.) represent a valuable complement to the patients’ genetic

data. Collective analysis of all data types results in a more accurate classification

than the classification obtained when a single data type is considered.

Furthermore, many systems can be characterized by different data sets obtained

by observing the system from different perspectives, under different conditions, or at

different points in time. Thus, many data sets are dynamical (i.e., time-dependent

data) or characterized with multiple modalities (i.e., multimodal data). One such

example of a system, to which we will pay more attention in this Thesis, is the hu-

man cell. The human cell is one of the most studied complex systems. However, its

functioning is still largely unknown. It comprises diverse molecular structures, form-

ing complex, dynamical molecular machinery, which can be naturally represented

as a system of various types of interconnected molecular and functional networks

(see Fig. 1.1 for an illustration). Recent technological advances in high-throughput

biology have generated vast amounts of disparate biological data describing different

14



1.1. Motivation and objectives 15

aspects of cellular functioning also known as omics layers. For example, yeast two-

hybrid (Y2H) assays [1–5] and affinity purification with mass spectrometry (AP/MS)

[6, 7] are the most widely used high-throughput methods for identifying physical in-

teractions (bindings) among proteins. These interactions, along with the whole set

of proteins, comprise the proteome layer. Other experimental technologies, such as

Next Generation Sequencing (NGS) [8, 9], have enabled construction and analyses of

other omics layers. Figure 1.1 illustrates these layers and their constituents: genes

in the genome, mRNA in the transcriptome, proteins in the proteome, metabolites in

the metabolome and phenotypes in the phenome. The figure illustrates one impor-

tant fact related to why collective analysis of all layers is important. Namely, if we

want to understand a mechanism by which genes (in the genome layer) lead to com-

plex phenotypes (in the phenome layer), we must take into account all intermediate

layers and their mutual relationships (e.g., protein-DNA interactions).

Genome

Transcriptome

Proteome

Metabolome

Obesity

Phenotypes

Atherosclerosis

diabetes
Diabetes

Stroke
Heart 

failure

Aneurism

tubal 

pregnancy
Hypertension

Figure 1.1: An illustration of the representation of a cell’s molecular organization.
The representation includes four omics layers each of which could be represented
by a molecular network. Interactions between components in different layers are
represented by dashed lines. The figure is taken from Gligorijević and Pržulj [10].

It has largely been accepted that a comprehensive understanding of a biological

system 1 can only come from a joint analysis of all its parts (i.e., omisc layers [11, 12].

Such analysis is often referred as data fusion (or data integration). Data integration

collectively analyses all data sets and builds a joint, predictive model that captures

all data sets concurrently.

In this Thesis, we will be mostly focusing on the biological networked data sets.

Thus, a starting point in a data integration analysis is to use a mathematical concept

1henceforth the term biological system will either refer to a cell or a patient
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of networks to represents omics layers. A network (or a graph) consists of nodes (or

vertices) and links (or edges). In biological networks, nodes usually represent dis-

crete biological entities at a molecular (e.g., genes, proteins, metabolites, drugs etc.)

or phenotypic level (e.g., diseases), whereas, edges represent physical, functional,

or chemical relationships between pairs of entities [13] (for a detailed summary of

types and classification of biological networks considered in this Thesis, see Sec-

tion 2.2). Recent advances in biotechnology have led to previously unseen rates of

growth in the number of different types of biological entities (e.g. genes, RNAs, pro-

teins, metabolites, drugs, diseases, etc.) captured with different technologies having

varying coverage, bias, and noise robustness [10]. These data sets have provided

an opportunity for construction of heterogeneous, multi-relational networks capable

of capturing more comprehensively different types of biological entities and their

mutual relations (see Figure 1.1 and Section 2.2 for details) [14]. Standard network

data analysis methods were shown to be limited in dealing with such heterogeneous

networked data. Hence, new methods that can cope with these complexities and that

can collectively mine multiple types of biological data and produce more holistic,

systems-level biological insights are needed.

1.2 The need for data integration in systems bi-

ology and biomedicine

Abundance of different types of biological data has made data integration approaches

increasingly powerful and popular over the past decade. Understanding cellular pro-

cesses and molecular interactions by integrating omics layers is one of the challenges

in systems biology. Some of the other challenges, that could benefit from integrative

approaches, include biological network inference, protein function prediction, drug

repurposing and challenges related to precision medicine, such as patient stratifica-

tion (or disease subtyping), biomarker discovery and personalized treatment predic-

tion. Here we briefly summarise these biological challenges and point out to the

importance of integrative approaches in addressing them. These challenges will be

addressed by our methods in more details in the rest of this Thesis. For definitions

of biological terms used in this Thesis, please refer to glossary in Appendix A.

Biological network inference. Network inference is one of the major problems in

systems biology aiming to understand gene interactions and their mutual influence

[15, 16]. It aims to construct network topology (or wiring between genes or other

biological entities) based on the information contained in different data types. The

special focus in the literature has been on the inference of gene regulatory networks

(GRNs), whose nodes are genes and edges are regulatory interactions[17]. Standard
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methods for GRN inference have mostly been based on gene expression data. How-

ever, integration of expression data with other data types, such as genome sequence

or protein-DNA interaction data, has been shown to improve the GRN inference

process [16]. In addition to GRN, functional linkage (or association) network (FLN)

is another type of network that is often referred to in the literature. FLN cap-

tures all possible gene associations, constructed from multiple data types. FLN has

demonstrated its potential in studying human diseases, postulating for new disease

causing genes and predicting novel gene functions and interactions [18, 19].

Protein function prediction. A protein function is a broad term and it usually

represents a set of roles of any particular protein inside an organism [20]. The Gene

Ontology (GO) represents a systematic classification of all known protein functions

organized as well-defined terms (also known as GO terms) divided into three main

categories, namely Molecular Function (MF), Biological Process (BP) and Cellular

Component (CC) [21]. Protein function prediction has demonstrated to be a good

alternative to the time consuming experimental protein function characterisation.

It aims to computationally assign functions to unannotated or incompletely anno-

tated proteins. The accuracy of these methods has largely improved with the use

of integration methods that can incorporate multiple different biological data repre-

senting complementary information about protein functions [22–26]. For example,

a single protein can be characterized by its amino acid sequence, a set of its inter-

acting neighbors in protein-protein interaction network, or the expression level of

its corresponding gene. These bits of information represent valuable complements

to each other and can be jointly utilized to make a more accurate model of protein

function prediction. Furthermore, interactions between proteins are important for

understanding intracellular signalling pathways and other cellular process. However,

structure of PPI networks and protein functions for many species are still largely

unknown and therefore, many computational techniques for PPI interaction predic-

tion and transfer of annotations from one specie to another have been proposed.

Much attention has been paid to the data integration methods capable of inferring

new PPIs by integrating various types of heterogeneous biological data [19, 27, 28].

Drug repurposing. It aims to find new uses for existing drugs and thereby

drastically reduce the cost and time for new drug discovery [29]. Accumulation

of various biological data involving interactions between drugs, diseases and genes,

and protein structural and functional similarities, provide new opportunities for

data integration methods to generate new associations between diseases and existing

drugs [30].

Precision medicine. It deals with the identification of risk factors and adapta-

tion of management and treatment to individual patients [31]. Unlike traditional

diagnosis and treatment, personalized medicine hopes to offer better, data-driven
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diagnoses. The major problem of precision medicine is the molecular diversity of

patients even with the same clinical phenotypes. Thus, integrative approaches that

utilize patient-specific molecular genomic information as well as clinical data (e.g.,

patient history, laboratory analysis, ultrasound parameters, etc.) are expected to

overcome this problem. Data integration methods have started contributing to this

growing field [32]. Such a data-driven diagnosis could lead to earlier intervention

and more efficient drug deployment and treatment [33]. Some of the challenges of

precision medicine include, patient stratification (or disease subtyping), i.e., grouping

patients into subgroups with different clinical outcomes [34], biomarker discovery,

i.e., detecting any measurable diagnostic indicator that is used to assess the risk, or

presence of a disease [35] and personalized treatment prediction [36].

Although different, these challenges have the same general approach used to

address them - integrative approach. The approach is general and it is reflected in

the fact that each individual data set, describing one aspect of the problem at study,

often contains complementary or incomplete information. Thus, the model built on

all data sets is believed to be more reliable and accurate than the model build on

any single data set alone. This stresses the need for integrative methods in systems

biology and biomedicine.

1.3 Thesis contributions and overview

This Thesis introduces a new class of data integration methods for mining homoge-

neous and heterogeneous multi-relational and time-dependent networked data. The

major applications of these methods will be demonstrated on the biological problems

introduced in the previous section and presented in Chapter 3; however, in Chap-

ter 4 we will also introduce other types of systems for which integrative analysis is

also beneficial. The contribution of the Thesis can be divided into two parts:

Methodological contributions: Development of novel machine learning methods

for mining and integration of homogeneous and heterogeneous multi-relational and

time-dependent networked data.

• Novel Matrix Factorization-based data integration methods for mining hetero-

geneous multi-relational networks, i.e., networks with multiple types of nodes

and edges (see Fig. 2.1, left). The methods are designed to address the fol-

lowing tasks: heterogeneous link inference, co-clustering of nodes of different

types and inference of networks with homogeneous and heterogeneous links.

• Novel Matrix Facotirization-based data integration methods for mining homo-

geneous multi-relational networks, i.e., networks with different types of links
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connecting the same type of nodes (see Fig. 2.1, right). The methods are

designed to address the followings tasks: composite community detection and

integrated network inference.

Biological contributions: The developed methods were applied to real-world

biomedical problems, introduced in the previous section, providing the following

results:

• Prediction of novel functions of partially annotated yeast’s proteins by inte-

grating existing annotations with various types of yeast molecular networks;

and prediction of novel hierarchical associations between the functions (GO

terms) themselves. Inference of GO hierarchical associations solely from molec-

ular networks.

• Comparison of different species by integrating protein sequence and protein-

protein interaction networks; and prediction of proteins pairs that are evolu-

tionary and functionally conserved across species, and that could be used for

transfer of annotations from well-observed proteins, in one species, to partially

observed proteins in another species.

• Identifying subgroups of ovarian cancer patients having different clinical out-

come by integrating somatic mutation data, molecular networks and drug data;

predicting novel driver genes responsible for the ovarian cancer progression;

and predicting novel drug candidates for repurposing, that could be used in

the treatment of ovarian cancer patients.

• Finding composite clusters of functionally consistent genes in a collection of

molecular interaction networks.

This Thesis will first provide the reader with a background and basic concepts

from network science, matrix factorization and molecular biology. Then it will

provide a reader with a review of existing methods for data integration. Finally, it

will present new integrative analysis methods and techniques and demonstrate their

application in addressing the biological problems introduced in the previous section.

Therefore, the Thesis is grouped into the following chapters (see Fig. 1.2 for an

illustration):

Chapter 2 describes basic concepts and definitions for understanding this Thesis.

The chapter will provide two types of reviews: a review of types and classes of

biological networks and data sets and repositories used for their construction; and

finally, a literature review about current state-of-the-art machine learning techniques
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Figure 1.2: The roadmap of the topics that will be covered in this Thesis.

and methods for data analysis and integration, with a special focus on existing

matrix factorization techniques, based on which we will propose novel methods.

Chapter 3 proposes an existing approach, namely Non-negative Matrix Tri-

Factorizaton, with novel modifications introduced in this chapter, as a new gen-

eral framework for integration of biological data represented as heterogeneous multi-

relational networks. The framework is applied on heterogeneous biological data in

three seemingly unrelated biological problems: 1) protein function prediction and

GO inference (Section 3.1); 2) multiple network alignment of protein-protein in-

teraction networks (Section 3.2); and 3) addressing precision medicine challenges,

namely patient stratification, driver gene prediction and drug repurposing, for ovar-

ian cancer patients (Section 3.3).

Chapter 4 introduces a novel class of Non-negative Matrix Factorization methods

for mining homogeneous multi-relational networks. The methods utilize all link types

(network layers) contained in different data sets to construct consensus clusters

covering all data sets. The methods are applied to various types of multimodal

(multiplex) networks, ranging from biological networks to social and world trade

networks, and their performance is compared to existing state-of-the-art methods.

Chapter 5 will provide a concluding summary and general discussion of the novel

methods and results presented in the Thesis, as well as an outlook on possible future

work.
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Chapter 2

Background

In this chapter, first, we cover important concepts from network (graph) theory

and introduce two important network representations that will be extensively used

in the rest of this thesis: homogeneous and heterogeneous multi-relational network

representations (Section 2.1). Then, we present two literature reviews: 1) a review

of different types of networks and available biological data commonly used in the

their construction, presented in Section 2.2; and 2) a review of general, machine

learning approaches to biological data integration, including bayesian, kernel-based

and matrix factorizaton methods, presented in Section 2.3. Concepts and some parts

of this chapter have previously been published in: Gligorijević and Pržulj [37] and

Gligorijević and Pržulj [10].

2.1 Network representation and basic network prop-

erties

Biological networks have revolutionized our approach to studying biological systems

and disease, as they enabled a shift from a single-gene to a system-level perspective.

A network (or a graph), usually denoted as G = (V,E), consist of a set of nodes,

V , of size n = |V |, and a set of edges, E, of size m = |E| [38]. Depending on a

type of data they represent, network edges can be directed or undirected, weighted

or unweighted [39]. For example, an edge in a PPI network is undirected, as it

represents a physical binding between two proteins, whereas an edge in a metabolic

network is directed, as it represents a one-way chemical reaction that converts one

metabolite into another. A network connectivity pattern is often represented by an

adjacency matrix [38]: for an undirected and unweighted network G = (V,E), its

adjacency matrix, A, is a square matrix of size n× n, where each row and column

22
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denotes a node and entries in the matrix are either Aij = 1, if nodes i ∈ {1, . . . , n}
and j ∈ {1, . . . , n} are connected, or Aij = 0, otherwise. In the case of a weighted

network, instead of binary values, entries in an adjacency matrix are real numbers

representing the strengths of associations between the nodes. The Laplacian matrix

of G, denoted as L, is another mathematical concept widely used in spectral graph

theory [40] and machine learning problems [41]. It is defined as: L = D − A,

where D is the diagonal degree matrix; that is, entries on the diagonal, Dii, where

i ∈ {1, . . . , n}, are node degrees (the degree is the number of edges connected to a

node), whereas off-diagonal entries, Dij, i 6= j, are zeros.

Networks can also be used to model relations between different types of biolog-

ical entities, such as genes and diseases. Such relations are usually represented by

using bipartite networks. Namely, a bipartite (or in a more general case, a k-partite)

network, G = (V1, V2, E), consists of two (or k) disjoint sets of nodes (partitions),

V1 and V2, and a set of edges, E, connecting nodes between different partitions

[38]. For example, gene-disease associations could be represented by a bipartite

network. A connectivity pattern of an unweighted, undirected bipartite network

can be represented by an adjacency matrix, R, of size |V1| × |V2|, where each row,

i ∈ {1, . . . , |V1|}, denotes a node in V1 and each column, j ∈ {1, . . . , |V2|}, denotes a

node in V2, and entries in the matrix are either Rij = 1, if nodes i ∈ V1 and j ∈ V2
are connected, or Rij = 0, otherwise.

Network wiring (also called topology) has intensively been studied over the past

couple of decades by using methods from graph theory and statistical physics [39].

The first studies of molecular networks have shown that many molecular networks

are characterised by a complex, scale-free structure. Namely, they have a small

number of highly connected nodes (hubs) whose removal disconnects the network and

a large number of low-degree nodes [42]. Unlike the structure of random networks,

such scale-free structures indicate that molecular networks emerge as a result of

complex, dynamical processes taking place inside a cell. This property has been

exploited in devising null models of these networks [43–45].

Combinations of unipartite and bipartite network representations are usually

used to link multiple types of networks into a single, complex, multi-relational net-

work. Such a representation is more suitable for describing complex, heterogeneous

biological data comprising of different types of entities. Here, we distinguish between

two types of multi-relational networks1:

1note that in the literature, different research communities use different terms to denote these
networks [46]. Formally, in the graph theory community, these networks are known as edge-
labeled multigraphs and multipartite edge-labeled multigraphs, respectively. However, a standardized
naming convention is still lacking. Some of the frequently used terms include multidimensional,
multimodal, multilayer, multiplex, multilevel, interconnected, etc.
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• heterogeneous multi-relational networks, G(
M⋃
i=1

Gi, ER), representing a collec-

tion of L interconnected network layers, Gi = (Vi, Ei), each of which having a

different type of vertices, Vi, and intra-layer edges, Ei, connecting them; and

a set of inter-layer edges, ER, connecting vertices of different network layers.

See Fig. 2.1 (left panel) for an illustration.

• homogeneous multi-relational networks, G(V,
M⋃
i=1

Ei), representing a collection

of M networks (also referred as layers), Gi(V,Ei), having in common a set of

vertices, V , whereas a set of intra-layer edges, Ei, varies across network layers.

See Fig. 2.1 (right panel) for an illustration.

For example, in many network integration studies, genes in a gene-gene inter-

action network and diseases in a disease-disease association network are linked by a

gene-disease association bipartite network, jointly forming a complex, heterogeneous,

multi-relational network [47]. The most general type of multi-relational network is

obtained by combining these types of representations. For example, by replacing

each layer of the heterogeneous multi-relational network, Gi(Vi, Ei) by a set of, Mi

layers of homogneous multi-relational network, G
(j)
i (Vi, E

(j)
i ), where j ∈ {1, . . . ,Mi}.

Figure 2.1: Left: Heterogeneous multi-relational network consisting of three inter-
connected networks having three types of nodes represented by blue circles, red
squares and green triangles, respectively. Right: Homogeneous multi-relational net-
work consisting of three types of layers, each of which having the same type of
nodes.

Over the past couple of decades, a variety of mathematical tools for extraction

of biological knowledge from real-world molecular networks has been proposed. In
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Network type Network Entities/Nodes Interactions/Edges Data resource

Molecular interactions
PPI proteins physical bindings BioGRID [49]
MI enzymes (proteins) reaction catalyzation KEGG [50]
DTI drugs/targets physical bindings DrugBank [51], PubChem [52]

Functional associations
GI genes (proteins) genetic interactions BioGRID [49]
GDA genes/diseases associations OMIM [53], GWAS [54]

PheWAS [55]
ON GO (DO) term hierarchical relations GO [21], DO [56]

Structural/Functional
similarities

Co-Ex genes expression correlations GEO [57], ArrayExpress [58],
SMD [59]

DCS drugs structural similarities DrugBank [51], PubChem [52]
DSES drugs side-effect similarities SIDER [60]
PSeqS proteins sequence similarities RefSeq [61]
PStrS proteins structural similarities PDB [62]

Table 2.1: Table of different types of biological network (the first two columns),
types of biological entities and relations (interactions) between them (the second
two columns) and some databases containing the data (the last column).

this Thesis, we do not provide a review of these methods, because they are mainly

used for single-type network analyses. These methods have recently been reviewed

in [48]. Here, we present a brief description of different types of biological networks

and review integrative methods commonly used in their analysis.

2.2 Review of biological data types and molecular

networks

Based on the criteria under which the links in the networks are constructed, we

divide biological networks into the following three categories (see Table 2.1 for a

summary of network types and data repositories):

1) Molecular interaction networks. They include the following network data types.

• A protein-protein interaction (PPI) network consists of proteins (nodes) and

physical bindings between them (undirected edges). A large number of studies

have dealt with detection and analysis of these types of interactions in different

species [63, 64]. As proteins are coded by genes, a usual way to denote nodes in

a PPI network is by using gene notations. Such notations are more common,

as they allow a universal representation of all molecular networks and enable

their comparison and integration.

• A metabolic interaction (MI) network contains all possible biochemical reac-

tions that convert one metabolite into another, as well as regulatory molecules,

such as enzymes, that guide these metabolic reactions [65]. A usual way to

represent a metabolic network is by representing enzymes as nodes and two en-

zymes are linked if they catalyze (participate in) the same reaction [66]. Since
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enzymes are proteins (i.e., sintesized from the genome), they can be denoted

by a gene notation.

• A drug-target interaction (DTI) network is a bipartite network representing

physical bindings between drug compounds in one partition and target proteins

in the other [67]. Many databases containing curated DTIs from scientific

literature have been published (see Table 2.1).

2) Functional association networks. They include the following network types:

• A genetic interaction (GI) network is a network of genes representing the

effects of paired mutations onto the organism’s phenotype. Two genes are said

to exhibit a positive (negative) genetic interaction if their concurrent mutations

result in a better (worse) phenotype than expected by mutations of each one

of the genes independently [13, 68]. Genetic interactions may not represent

physical “interactions” between the proteins, but their functional associations.

• A gene-disease association (GDA) network is a bipartite network representing

associations between diseases in one partition and disease-causing genes in the

other partition [69].

• Ontology networks (ON) are valuable biological components in many network

integration studies [70] and they are often integrated with other molecular

network data. The two commonly used ontologies in network data integration

literature are Gene Ontology (GO), which unifies the knowledge about func-

tioning of genes and gene products [21], and Disease Ontology (DO), which

unifies the knowledge about relationships between diseases [56]. The hierar-

chical structure of the ontologies is represented as a Directed Acyclic Graph

(DAG) - a graph with no cycles, where nodes represent GO terms (or DO

terms) and edges represent parent-child semantic relations.

3) Similarity networks. They include the following network data types:

• A gene co-expression (Co-Ex) network represents correlations between gene ex-

pression levels across different samples, or experimental conditions. Usually,

Pearson Correlation Coefficient (PCC) between all pairs of genes is computed

based on their vectors of expression levels across different samples, or exper-

imental conditions. Then, using a statistical method, a significant value of

PCC (threshold) is determined. Two genes are linked if their PCC is higher

than the threshold value. The choice of the threshold greatly influences the

resulting topology of the co-expression network. Therefore, it is essential to
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properly determine the appropriate threshold. For that purpose, a couple of

methods have been proposed. Some methods use prior biological knowledge

(e.g., known functional associations)[71] or network topology [72] to constrain

the network construction; others use statistical comparison with randomised

expression data [73], or random matrix theory [74]. However, these studies

do not account for the number of samples (experimental conditions), which

has been shown to greatly influence the choice of the correlation threshold.

Hence, methods to overcome such limitations have been proposed. They rely

on a combination of partial correlation and information theory approaches to

determine a local correlation threshold for each pair of genes [75]. Unlike the

single correlation threshold applied across the entire network, this approach

allows for identification of more meaningful gene to gene associations [75].

• A drug chemical similarity (DCS) network represents similarities and differ-

ences between drugs’ chemical structures. Each drug is composed of chemical

sub-structures, which define its chemical fingerprint. These chemical finger-

prints are usually represented by binary vectors whose coordinates encode the

presence (“1”) or absence (“0”) of a particular sub-structure from a set of all

known sub-structures. The chemical similarity between two drugs is computed

based on the similarity between these vectors. Various measures for computing

the similarity have been proposed [76, 77]. A commonly used one is Tanimoto

coefficient [76]. The procedure for network construction is similar to the one

of co-expression networks. First, the statistically significant similarity thresh-

old is determined and then based on the threshold, links between drugs are

constructed. Other types of drug-drug similarity networks have also been used

in the network data integration literature. A frequently considered one is the

drug side-effect similarity (DSES) network. Namely, clinical side-effects of

each drug have been collected and stored in numerous databases. The side-

effects provide a drug with a profile and allow for a construction of pairwise

side-effect similarities between two drugs using the Jaccard Index [78].

• Protein similarity networks represent networks of proteins with similar se-

quences (PSeqS) [79] or structures (PStrS) [80]. Similarities between protein

sequences are usually computed by using BLAST algorithm [81], whereas the

similarities between three-dimensional protein structures are usually computed

by using DaliLite algorithm [82].

Each of the above described biological network represents an important, com-

ponent of the system at study. The networks often complement each other. For

example, by comparing the number of common links between biological networks,

many studies have reported a large overlap of the links between PPI and gene Co-Ex
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networks [83], while a small overlap of links has been observed between PPI and GI

networks [84]. Hence, in the tasks such as, protein function prediction, or disease

gene prioritization, GI network has been shown to be a valuable complement to

the PPI network, as it captures some hidden functional associations between genes

that cannot be captured by experimental techniques designed for PPI identification

[26, 70, 85].

2.3 Review of machine learning methods for bio-

logical data integration

Different data integration methods utilize different strategies to build integrative

models. Different strategy often yields models with different levels of accuracy.

Thus, choosing the right integration strategy for given data types is of great im-

portance in many biological problems. According to many data integration studies,

based on the stage at which the integration takes place, we can distinguish between

the following three integration strategies [22, 86–91]:

• Early data integration strategy, combines the data sets into a single data set

on which the data model is built. This often requires a transformation of the

data sets into a common representation, which in some cases may result in

information loss [22, 88].

• Late data integration strategy builds a model for each data set separately, then

it combines these models into a unified model. Building models from each data

set in isolation from others disregards their mutual relations, often resulting

in a reduced performance of the final model [86, 88].

• Intermediate data integration combines data through inference of a joint model.

This strategy has often been preferred due to its superior predictive accuracy

reported in many studies (regardless of the chosen methods)[22, 86–89, 91].

This strategy does not require any data transformation and thus, it does not

result in information loss.

Here, we review three widely used classes of machine learning techniques in

the context of different biological problems, namely Bayesian, Kernel-based (KB),

and Matrix factorization (MF) - based techniques. First, we provide a general and

brief introduction into these techniques, then we demonstrate their utility in data

integration through some examples in systems biology and biomedicine. The special

focus will be on the MF-based techniques, as this Thesis provides novel methods

that are based on this type of technique.
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2.3.1 Bayesian data integration

Bayesian methods build statistical models, in which starting from some prior knowl-

edge, p(θ), about the model parameters, θ, they learn from the data, x, and compute

the updated posterior probability, p(θ|x) making use of the Bayes’ rule: p(θ|x) ∝
p(θ)p(x|θ) [92]. Bayesian networks (BN) are one of the most commonly used meth-

ods for data integration, especially in problems such as network inference [93] and

gene function prediction [25]. A BN is a directed acyclic graph, where nodes repre-

sent random variables (e.g., gene expression levels) and directed edges between the

nodes represent conditional probabilities between pairs of variables. BNs provide

an elegant way to represent the structure of the data and their sparsity enables a

compact representation and computation of the joint probability distribution over

the whole set of random variables.

Recently, BNs have been used as a suitable framework for integration and mod-

elling of various types of biological data. Disparate data sources can be incorporated

in either one of two steps of BN construction, i.e., parameter learning, or structure

learning. Such networks play an important role in describing and predicting complex

behaviour of a system supported by evidence from a variety of different biological

data [94].

For example, Zhu et al. [95] combined gene expression data, expression of quan-

titative trait loci (eQTL), transcription factor binding site (TFBS) and PPI data

to construct a causal, probabilistic network of yeast. In particular, they used the

eQTL data to constrain the BN construction, so that cis-eQTL acting genes are

considered to be parents of trans-eQTL acting genes. They tested the performance

of the constructed BN in predicting GO categories and they demonstrated that the

predictive power of the integrated BN is significantly higher than that of the BN

constructed solely from the gene expression data [95]. A similar procedure has also

been applied by Zhang et al. [96], who constructed a gene-regulatory network by

integrating data from brain tissues of late-onset Alzheimer’s disease patients.

One of the first studies that integrates clinical and patient-specific omics data is

presented by Gevaert et al. [86]. They integrated the gene expression data of tissues

from breast cancer patients whose clinical outcome was known. They constructed

the BN with genes and outcome variable (representing clinical data) as nodes and

used it for a classification task: they classified patients into good and poor prognosis

groups. They compared the performance of BN in reproducing the known outcomes

in three different strategies, early, late and intermediate (see above). They show

that the intermediate strategy is the most accurate one. A similar conclusion was

drawn by van Vliet et al. [87].
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Most studies have utilised the simplest BN, the so called näıve BN, for combin-

ing multiple heterogeneous biological data and constructing an integrated gene-gene

association network (also called a functional linkage network) [18, 19, 97, 98]. The

structure of a näıve BN consists of a class node as a parent to all other independent

nodes representing different data sources. Such a simple BN structure enables a

much faster learning and inference. For example, in gene-gene association predic-

tion, the class node may represent a set of interacting or non-interacting proteins,

while the other variables in the näıve BN represent input biological data, often in

pairwise format. In addition to the input data, a gold standard data (e.g., gene pairs

with known functional relations, usually from GO) is used for learning, i.e., for con-

structing the probability distributions. The basic assumption of a näıve BN is that

different data sources are conditionally independent, i.e., that the information in the

data sets are independent given that a gene pair is either functionally associated or

not.

Although simple, the näıve BNs have yielded good results in many data inte-

gration studies. For example, Troyanskaya et al. [25] developed a framework called

MAGIC (Multi-source Association of Genes by Integration of Clusters) for gene

function prediction. They integrated systems-level PPI and GI data along with

GExD and TFBS data of Saccharomyces cerevisiae. By using GO as the gold stan-

dard, they demonstrated an increased accuracy of their method applied on all data

sets, compared to its performance on each input data set separately. Furthermore,

näıve BNs have demonstrated usability in patient-specific data integration. Namely,

a recent study used a näıve BN to integrate gene expression and copy number varia-

tion (CNV) data of prostate and breast cancer patients [99]. Unlike other methods,

this method successfully detected a new subtype of prostate cancer patients with

extremely poor survival outcome. Moreover, unlike many data integration studies

that force incompatible data types to be fused, this is the first study that system-

atically considered compatibility of input data sources. That is, the method was

able to distinguish between concordant and discordant signals within each patient

sample.

Bayesian networks are a good framework for biological network integration,

because of their ability to capture noisy conditional dependence, that naturally exist

in most of the biological data. However, they also have several disadvantages: 1) in

the network inference problems, their sparse representation captures only important

associations, while other associations are discarded; 2) their acyclic representation

cannot be used for modelling networks with loops, which are important in many

biological networks, as they represent control mechanisms; 3) the most important

limitation of BNs is computational: learning and inference processes of BNs are

computationally intractable on large data, which is a major reason why many studies
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focus only on a small subset of nodes (genes) when constructing a BN.

2.3.2 Kernel-based data integration

Kernel-based (KB) methods belong to the class of statistical machine learning meth-

ods used for learning tasks, such as clustering, classification, regression, correlation,

feature selection, etc. They work by mapping the input data, that is originally

non-linear, into a higher dimensional space, called the feature space, where the data

representation is hopefully linear and in which the pattern analysis is performed (e.g.,

for a data point, xi, the mapping is given by a function φ: xi → φ(xi)). Such a map-

ping, is represented by a kernel matrix [91], K; a symmetric, positive semi-definite

matrix (i.e., having non-negative eigenvalues [100]) with entries Ki,j = k(xi, xj)

representing similarities between all pairs of data points, xi, xj. Function k(xi, xj)

is called a kernel function and its explicit definition is the only requirement of the

kernel method, while the mapping function φ and the properties of the feature space

do not need to be explicitly specified. For example, given a set of proteins and their

amino acid sequences, entries in the kernel matrix are usually generated by using the

BLAST pairwise sequence alignment algorithm [81]. Hence, computing the protein

embedding function, φ, and constructing the feature space, is not necessary. Other

kernel functions for measuring similarities between two proteins include the spec-

trum kernel [101, 102], the motif kernel [103] and the Pfam kernel [104]. In addition

to string data, molecular network data are frequently used in KB integration stud-

ies. Molecular networks are usually represented by diffusion kernels, which encode

similarities between network’s nodes [105], defined as: K = e−βL, where β > 0 is the

parameter that quantifies the degree of the diffusion and L is the network Laplacian

(see Sec.2.1 for further details). The elements of the diffusion kernel matrix, Kij,

quantify the closeness between nodes i and j in the network.

Methods using kernel-based approach include: support vector machines (SVM)

[106], principal component analysis (PCA) [107], canonical correlation analysis (CCA)

[108]. SVM classifiers have frequently been used for classification tasks in computa-

tional biology due to their high accuracy [109].

Kernel matrices represent a principled framework for representing different

types of data including strings, sets, vectors, time series and graphs [110]. This

property provides the KB methods with an advantage over the BN-based methods,

as the BN-based methods are mostly suited for pairwise data sets due to easier con-

struction of conditional probabilities in that case. However, choosing the “right”

kernel function is not straightforward. Therefore, instead of constructing a single

kernel, usually multiple candidate kernels for a single data set are constructed using
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Figure 2.2: (A) Heterogeneous drug-target interaction network. Inter-type relations
are represented by DTI network, whereas intra-type connections are represented by
four molecular networks: PPI, GI and MI, and DCS network of drugs (see Sec.2.2 and
Table 2.1). (B) An illustration of a KB data integration method for drug clustering.
All kernel matrices are expressed in the drug similarity feature space based on the
closeness between their targets (proteins) in each molecular network (K1,K2 and
K3) and based on the similarity between their chemical structures (K4). All kernel
matrices are linearly combined into a resulting kernel matrix, K, on which the drug
clustering is performed by using KB clustering methods. (C) An illustration of
a NMTF-based data integration method for drug clustering: factorization of the
DTI relation matrix under the guidance of molecular (L1,L2 and L3) and chemical
similarity (L4) constraint matrices. Drugs are assigned to clusters based on the
entries in obtained G2 cluster indicator matrix. The figure is taken from Gligorijević
and Pržulj [10] and modified.

different measures of similarity [111]. These kernels are then linearly combined into
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one kernel that is then used for further analysis. Such an approach is called a multi-

ple kernel learning (MKL) and has been shown to lead to a better performance than

single KB methods, especially in genomic data analysis [112]. The mathematical

basis for this approach is in the closure property of kernel matrices [110]. Namely,

all elementary mathematical operations (e.g., addition, subtraction, multiplication)

between two kernel matrices do not change the property of the final matrix (i.e.,

the positive semi-definite property stays preserved). This property provides the

foundation for using KB methods for data integration by MKL. Namely, given a

set of kernel matrices, {K1, . . . ,Kn}, representing n different data sets, the sin-

gle kernel matrix representing integrated data is obtained by a linear combination,

K =
n∑
i=1

ωiKi, where non-negative coefficients, ωi, determine the weights of each data

set and they are obtained through an optimisation procedure of the KB method

[23, 113]. Namely, the non-negativity constraint imposed on weights reduces the

optimisation problem to qudratically constrained quadratic problem (QCQP) [22].

The solution of this optimisation problem gives the weightning coefficients. Thus,

the obtained weights, ωi, allow us to distinguish between more and less informative

data sets. Notice that all kernel matrices, Ki, representing different data sets, need

to be constructed over the same feature space to be correctly combined. In the case

of heterogeneous data integration, this often requires data to be transformed, or

projected onto the same feature space, which often results in information loss. This

is the biggest drawback of KB data integration methods.

KB methods have first been proposed as a technique for data integration by

Lanckriet et al. [22]. In that paper, they trained a 1-norm soft margin SVM 2 to

classify proteins into membrane or ribosomal groups. They constructed 7 different

kernels representing three different types of data: amino acid sequences, gene ex-

pression and PPI data. They showed that the performance of their classifier is the

highest when all data sets are taken into account. A similar approach was applied

for function prediction of Baker’s yeast proteins [23] and demonstrated that an SVM

classifier trained on all data performs better than a classifier trained on any single

type of data.

KB methods have also demonstrated their power in integrating molecular, struc-

tural and phenotypic data for drug repurposing. A recent study integrates three dif-

ferent layers of information represented in a drug-centered feature space [30]. Their

kernel matrices represent: 1) drug chemical similarities based on their structures;

2Soft margin refers to the SVM method that allows for data points to be mislabeled. It is used
when the hyperplane cannot cleanly separate data points onto −1 and +1 class. In that case,
the soft margin method will choose a hyperplane that separates data points as cleanly as possible
by introducing non-negative slack variables which measure the degree of misclassification. 1-norm
refers to the norm of slack variables introduced into the SVM objective function as penalisation
terms [109].
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2) drug similarities based on the positions of their targets in the PPI network; 3)

and drug similarities based on the correlations between gene profiles under the drug

influence. Based on the combination of these three kernel matrices and the existing

drug classification, the authors trained the classifier and proposed the top misclassi-

fied drugs as new candidates for repurposing [30]. In a similar study, method called

PreDR (Predict Drug Repurposing) for predicting novel drug-disease associations

was proposed. A SVM classier was trained on integrated kernel matrices of drugs

based on their chemical structure, target proteins and side-effect profiles [114].

Along with BN methods, KB methods can also be used for integration of clin-

ical data with genomic data. An example study that integrates gene expression

and clinical data of breast cancer patients is demonstrated by Daemen et al. [115].

They applied a Least Square SVM [116] on the combination of two patient-centric

kernel matrices: the first is constructed based on patients’ gene expression similari-

ties, while the second is constructed based on similarities between patients’ clinical

variables. The authors reported 70% accuracy of their approach to correctly classify

patients according to the appearance of distant sub-clinical metastases based on the

primary tumor. They also demonstrated that both data sets, the expression and

the clinical data, contribute to the performance of the classification.

From these examples, we can see that the KB data integration methods have

several advantages. The main advantage is that they can integrate a wide range

of data types. Moreover, a liner combination of kernels provides a selective way of

accounting for data sets, by assigning lower weights to less informative and noisier

data sets. However, a big disadvantage is that heterogeneous data sets need to be

transformed into a common feature space to be properly integrated, which can lead

to information loss (see example shown in Fig. 2.2 (A,B)). In the case of hetero-

geneous networks, the data transformation prevents modelling of multi-relational

data, i.e., a simultaneous modelling of different types of relations in the data.

2.3.3 Matrix factorization-based data integration

In the last decade, matrix factorization (MF) methods have gained in popularity

due to their efficiency in data clustering and missing data imputation. Specifically,

the special focus has been on Non-negative Matrix Factorization (NMF) methods

that have recently been proposed for data integration [88].

NMF method has been initially proposed for dimensionality reduction and clus-

tering problems. It aims to find two low-dimensional, non-negative, latent feature

matrices, U ∈ Rd×k+ and V ∈ Rn×k+ , whose product provides a good approximation

of the input non-negative data matrix, X ∈ Rd×n+ , i.e., X ≈ UVT . The method
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was originally introduced by Lee and Seung [117] for parts-based decomposition of

images, and later on it has found applications in many areas including document

clustering, signal processing, bioinformatics, recommendation systems and social sci-

ences. The non-negativity constraints provide matrix factors, U and V, with a more

meaningful interpretation than previous approaches, such as the principal compo-

nent analysis (PCA) [107] and vector quantization (VQ) [118], while the choice of

parameter k � min{d, n} (also called the rank parameter) provides a dimensionality

reduction [119].

It has been shown that NMF is closely related to K-means clustering, one of

the most widely used unsupervised learning algorithms [120]. Namely, NMF can

be applied to clustering as follows: a set of n data points in d-dimensional space,

represented by a data matrix X, can be assigned to k clusters, based on the entries

in V ∈ Rn×k+ . In particular, each data point, i, is assigned to cluster, j, if Vij is the

largest entry in row i of matrix V. This procedure is called hard clustering, as each

data point belongs to exactly one cluster [121]. The non-negativity of V matrix is

exactly what provides the clustering interpretation, and thus the V matrix is also

called a cluster indicator matrix.

The biggest application of NMF comes with its extension to handle heteroge-

neous data. Namely, the above described NMF can only be used for homogeneous

data clustering (clustering object of the same data type). Therefore, the formalism

was further extend by Ding et al. [122] to simultaneously clustering rows and columns

(i.e., bi-cluster) of the data matrix by defining Non-negative Matrix Tri-Factorization

(NMTF). For example, given a data matrix, R12 ∈ Rn1×n2
+ , encoding relations be-

tween two sets of objects of different types (e.g., adjacency matrix of DTI bipartite

network representing interactions between n1 genes and n2 drugs, see example in

Fig. 2.2 (A)), NMTF, decomposes matrix R12 into a product of three non-negative

matrix factors as follows: R12 ≈ G1S12G
T
2 , where G1 ∈ Rn1×k1

+ ,G2 ∈ Rn2×k2
+ are, in

analogy with matrix V in NMF, the cluster indicator matrices of the first and the

second data set, respectively, and S12 ∈ Rk1×k2+ is a low-dimensional representation

of the initial matrix. In analogy with NMF method, rank parameters k1 and k2

correspond to numbers of clusters in the first and the second data set (i.e., genes

and drugs respectively). In addition to co-clustering, NMTF can also used for ma-

trix completion [123]. Namely, after obtaining low-dimensional matrix factors, the

reconstructed data matrix, R̂12 = G1S12G
T
2 , is more complete then the initial data

matrix, R12, featuring new entries, unobserved in the data, that emerged from the

low-dimensional latent structure captured by the non-negative matrices. Therefore,

NMTF provides a unique approach for modelling multi-relational heterogeneous net-

work data and predicting new, previously unobserved links.

The problem of finding optimal low-dimensional non-negative, latent feature
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matrices whose product is equal to the initial data matrix is known to be NP-

hard [124]. Thus, heuristic algorithms for finding approximate solutions have been

proposed [125]. They involve solving an optimisation problem that minimises the

distance between the input data matrix and the product of low-dimensional matrix

factors. The most common measure of the distance used in construction of the

objective (cost) function is the Frobenius norm (also called the Euclidean norm)

[100]. Hence, the objective function to be minimised can be defined as follows
3: min

G1≥0,G2≥0
J = min

G1≥0,G2≥0
‖ R12 − G1S12G

T
2 ‖2F . The low-dimensional matrix

factors, G1,G2 and S12, are computed by using iterative update rules derived by

applying standard procedures from constrained optimisation theory [127]. These

update rules ensure decreasing behaviour of the objective function, J , over iterations.

The most popular rules are multiplicative update rules, which preserve the non-

negative property of the matrix factors through update iterations. They start with

randomly initialised matrix factors and iteratively update them until the convergence

criterion is met [122, 128]. Other ways and strategies for matrix initialization that

lead to much faster convergence have been proposed [125, 129].

The NMF optimization problems belong to the group of non-convex optimisa-

tion problems (i.e., the objective function, J , is a non-convex function of its vari-

ables) [125]. Unlike convex optimisation problems, which are characterised by the

global minimum solution and whose algorithms scale well with the problem size

[130], non-convex optimisation problems face a range of difficulties, including find-

ing the global minimum (and thus the unique solution) and a very slow convergence

to a local minimum. Nevertheless, even a local minimum solution of NMF has been

shown to have meaningful properties in many data mining applications [125].

Depending on the type of constraints imposed on the low-dimensional latent

feature matrices, various variants and improvements of the NMTF method have

been proposed in the literature [131]. One of the most widely used one is the graph

regularized NMTF (GNMTF) [132] (see Fig. 2.2, C). Namely, the NMTF model is

extended by incorporating additional, prior information about pairwise relations of

data points into the objective function to guide the bi-clustering process. Namely,

in many studies, the data points itself can lie on a low-dimensional manifold, or have

pairwise structure present in an external data source often represented by a network.

For example, in Fig. 2.2 (A), in addition to inter-type drug-gene relations represented

by relation matrix, R12, both biological entities, genes and drugs, are characterised

by intra-type relations represented by different networks, i.e., molecular networks

connecting genes and a chemical similarity network connecting drugs, respectively.

3without any loss of generality, we can remove the non-negativity constraint imposed on S
matrix. In this case, the method is referred as Semi-Nonnegative Matrix Tri-Factorization, or
Semi-NMTF [126]
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These relations are represented by Laplacian matrices, Li, and they are incorporated

into the objective function as constraints to guide the bi-clustering of genes and

drugs, by enforcing two connected genes (or two connected drugs) to belong to the

same gene (or drug) cluster, respectively (Fig. 2.2, C). For instance, the last two

terms in the formula displayed in Fig. 2.2 (C) represent graph-regularization terms

through which these constraint matrices are incorporated into the objective function.

Thus, graph-regularization offers an elegant way to integrate additional data sets,

and analyse heterogeneous multi-relational networks (see Section 2.1 where this

network type was first introduced).

MF-based techniques provide a principled way to integrate many different data

sets. The basic principle behind all MF-based data integration methods is that they

jointly factorize matrices representing different data sets by sharing one or more

low-dimensional latent feature matrices across the decompositions. For example,

one of the first methods of this kind was introduces by Zhang et al. [133], and

it was proposed for simultaneous decomposition od 2D images, Xk ≈ UVk, by

sharing one of the latent matrices, i.e., Vk. The same decomposition was later used

in biology for for discovering microRNA-gene regulatory modules [134], for finding

integrative modules by integrating genomic data [135], and for analysing multiple

gene expression data sets [136]. On the other hand, simultaneous tri-factorization,

for handling any number of heterogeneous multi-relational data sets (e.g., sets of

interconnected genes, drugs, diseases, etc.), have been proposed by Wang et al.

[137]. In their method, they simultaneously tri-factorize relation matrices, Rij ≈
GiSijG

T
j , representing pairwise relations between data points of different types, i

and j. In addition to simultaneous decomposition of relation matrices, Rij, Wang

et al. [138] further constrained construction of Gi matrices by introducing constraint

matrices representing intrinsic pairwise relations of data points of each data set, i.

Within the same objective function, they introduced graph-regularization terms

with the goal to guide the co-clustering process of each data set. This method, with

minor mathematical improvements, was proposed to be used for heterogeneous data

integration (fusion) by Žitnik and Župan [88]. The key ingredients of their approach,

termed Data Fusion by Matrix Factorization (DFMF), are low-dimensional factors,

Gi, that are shared across the decomposition of all relation matrices, ensuring the

influence of all data sets onto the resulting model. A pioneering application was

demonstrated on predicting new disease-disease associations [70] by fusing large-

scale heterogeneous networked data, including gene–DO-term, gene-drug and gene-

GO-term inter-type associations (where data types are genes, DO terms, GO terms

and drugs) together with intra-type associations represented by 5 different molecular

interaction networks (PPI, GI, MI, Co-Ex and cellular signalling) connecting genes,

a DSES network connecting drugs, and GO and DO semantic relations connecting

GO and DO terms, respectively.
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Hence, NMF methods provide a principled framework for integration of both

homogeneous and heterogeneous data. Moreover, MF-based methods have numer-

ous advantages over the other two methods outlined in this section. First, they

do not require any data transformation, or any special matrix construction, but

instead, they integrate networks naturally represented by adjacency matrices. This

drastically reduces chances for information loss. Second, the great accuracy of the

method, whose superiority over KB has been demonstrated, stems from the inter-

mediate integration strategy [88]. Finally, the biggest advantage of the method is in

its ability to simultaneously model all types of relations in the data, i.e., to simul-

taneously cluster and create predictive models of all types of data without any data

transformation. In contrast, KB methods can only model only one type of data at

a time by transforming all data sources into a common feature space. In Fig. 2.2,

we illustrate the differences between these two methods. Unlike KB, NMTF can be

used to bi-cluster genes and drugs simultaneously, as well as to create a model of

gene-drug relations, by using evidence from all available networks. In contrast, KB

methods can only be used to classify one entity at the time (either drugs or genes

or their relations).

More detailed literature reviews about the MF-based methods for specific bi-

ological problems studied in this Thesis are given in the introduction parts of the

corresponding chapters.



Chapter 3

Integration and analysis of

heterogeneous multi-relational

networks

In this chapter we focus on the tri-factorization method applied on heterogeneous

multi-relational networks. The methodological part of this chapter is largely based

on works by Wang et al. [137] and Wang et al. [138]. However, the method is further

extended to address three seemingly different biological problems. The problems are

presented in order according to the complexity of the underlying objective function

used for modeling the data in these problems, from the least complex to the most

complex objective function.

In the fist problem (presented in Section 3.1), we deal with gene function predic-

tion in yeast model organism using heterogeneous network setup. Here, we integrate

various types of molecular interaction networks along with existing gene-GO annota-

tions and GO hierarchical associations to postulate for new annotations. We also ask

how much of GO hierarchy can be reconstructed solely from topology of molecular

networks, and specifically which network type contributes the most to the quality

of our predictions. The results of this section have previously been published in

Gligorijević et al. [26]. In the second problem (presented in Section 3.2), we shift

our focus on precision medicine, and propose a general and versatile framework for

integrating cancer genomic data along with molecular networks to address the three

key questions, patient stratification, cancer driver prediction and drug repurposing.

The results of this section have previously been published in Gligorijević et al. [139].

Finally, the third problem (presented in Section 3.3) deals with multiple alignment

of PPI networks of 5 different species. Here, we integrate PPI network along with

protein sequence similarity of different species to find structurally and functionally

39
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consistent clusters of proteins across different species. The results of this section

have previously been published in Gligorijević et al. [140].

3.1 Network integration for protein function pre-

diction and GO reconstruction

Recently, a shift was made from using GO to evaluate molecular network data to

using these data to construct and evaluate GO. Dutkowski et al. [85] provide the

first evidence that a large part of GO can be reconstructed solely from topologies

of molecular networks. Motivated by this work, we develop a novel data integration

framework that integrates multiple types of molecular network data to reconstruct

and update GO. We ask how much of GO can be recovered by integrating various

molecular interaction data.

We introduce a computational framework for integration of various biologi-

cal networks using Graph-regularized Non-negative Matrix Tri-Factorization (GN-

MTF). It takes all network data in a matrix form and performs simultaneous cluster-

ing of genes and GO terms, inducing new relations between genes and GO terms (an-

notations) and between GO terms themselves. To improve the accuracy of our pre-

dicted relations, we extend the integration methodology to include additional topo-

logical information represented as the similarity in wiring around non-interacting

genes.

Surprisingly, by integrating topologies of baker’s yeast protein-protein interac-

tion, genetic interaction and co-expression networks, our method reports as related

96% of GO terms that are directly related in GO. The inclusion of the wiring sim-

ilarity of non-interacting genes contributes 6% to this large GO-term association

capture. Furthermore, we use our method to infer new relationships between GO

terms solely from the topologies of these networks and validate 44% of our pre-

dictions in the literature. In addition, our integration method reproduces 48% of

cellular component, 41% of molecular function and 41% of biological process GO

terms, outperforming the previous method in the former two domains of GO. Fi-

nally, we predict new GO annotations of yeast genes and validate our predictions

through genetic interactions profiling.

3.1.1 Introduction

In many areas of biomedical research ontologies play an important role in unification

of knowledge as a hierarchy of terms and their mutual relationships. Among widely
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used ontologies is Gene Ontology (GO), which describes genes and gene products

in terms of their associated biological process (BP), molecular function (MF) and

cellular component (CC) [21]. GO is a current major source of information for anno-

tating genes and proteins across various species and providing tools for systematic

assessment of experimental gene sets via enrichment analysis.

Since its foundation, GO has been growing in size and complexity containing to-

day vast amounts of annotated biological data. Initially, GO was manually curated

by domain experts and members of the research and annotation communities. How-

ever, due to their inconsistency in translation to GO terms and relations, manual

curations have encountered many difficulties [141]. Additionally, rapid development

of technologies for biological data acquisition has resulted in an accumulation of

biological data exceeding our ability to interpret [142].

To overcome these problems, many computational tools for automatic gene and

protein annotation have been devised. Much effort has been invested in assessing

the accuracy of such annotation predictions [143]. Methods for gene annotation pre-

diction have either followed approaches that transfer annotations from well-observed

to partially observed genes based solely on sequence similarity [144] or approaches

that directly predict function of unknown genes using machine learning methods

[145]. Recent methodologies focus more on integration of distinct biological data

sources which contribute to more accurate predictions of gene annotation.

The availability of genomic-level information from high-throughput measure-

ments of genetic and protein interactions, mRNA expression profiles and metabolic

pathways has created new opportunities for function prediction. A major challenge

is how to integrate all these diverse data to predict annotations of yet unannotated

proteins. Among the widely used computational methods addressing this problem

are Bayesian reasoning [142], network-based analysis [146, 147], kernel-based statisti-

cal learning [22] and matrix factorization-based data fusion[148]. All these methods

have demonstrated that the integration of complementary biological data signifi-

cantly improves accuracy of gene function annotation prediction.

Recent work incorporated large gene and protein interaction networks into a

probabilistic clustering procedure to reconstruct the Gene Ontology [85]. It iden-

tified new terms and relations that were missing from GO based solely on network

topology. This work provides evidence that a large part of GO can be reconstructed

using only topologies of molecular networks.

In this work we propose a new data integration method for prediction of GO

term annotations of unannotated genes and finding new relations between existing

GO terms purely from network topology. The method is based on GNMTF for

heterogeneous data clustering [137, 138]. It has been used for prediction of disease
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associations [70], identification of cancer subtypes [149], predicting protein-protein

interactions [28], and detecting phenotype-gene associations [150].

Here, we extend this method to take multiple types of molecular network data

and utilize them to reconstruct and update GO with new information. We apply

our method to Saccharomyces cerevisiae data used by [85]: protein-protein interac-

tion (PPI) network, genetic interaction (GI) network, gene co-expression (Co-Ex)

network and integrated functional network known as YeastNet [151].

Our method takes all data in a matrix form and performs simultaneous clus-

tering of genes and GO terms inducing new associations between genes and GO

terms and between GO terms themselves. We extend the integration methodol-

ogy to include similarity in wiring around non-interacting genes. We measure this

by distance graphlet degree vectors (GDV) [152]. Graphlets and graphlet-based

measures have bridged molecular network topology and biological function. For in-

stance, simple homogeneous clustering of proteins in a PPI network based on the

GDV similarity has revealed groups of proteins with a common biological function

[153, 154]. Therefore, we add these to incorporate more topology into the integration

process and improve accuracy of predictions. Using various measures for assessing

the quality of our prediction, we systematically examined the contribution of these

additional topological constraints to GO prediction. Graphlet-based similarity has

not been exploited in any of the previous network integration approaches.

Surprisingly, we find that our method can successfully reconstruct almost the

entire GO by using solely topology of molecular interaction networks. Furthermore,

we predict new GO term associations and gene annotations from integrated topolo-

gies of molecular interaction network and validate our predictions.

3.1.2 Methods

We use GNMTF (see Section 2.3 for a brief introduction to this methods) to integrate

all available information on genes and GO terms presented in the network form, in-

cluding both inter-type relations (gene-GO term relations) and intra-type constraints

(molecular interactions between genes and hierarchical relations between GO terms)

[137]. We factorize gene-GO term annotation matrix by incorporating GO graph

and different types of molecular networks as constraints into the GNMTF objective

function. From the obtained low-dimensional latent feature matrices, we infer new

relations between genes and GO terms (i.e., new gene annotations) that were not

present in the initial data, and we also infer new relations between GO terms.

The relations between n1 genes and n2 GO terms (i.e., also known as inter-type
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relations) are represented by R12 ∈ Rn1×n2 matrix, with R12(i, j) = 1 if a gene i

is annotated by a GO term j, and R12 = 0 otherwise. Simultaneous clustering

of genes and GO temrs can be seen as a solution of the semi-nonnegative matrix

tri-factorization (NMTF) 1 problem where the relation matrix, R12 ∈ Rn1×n2 , is

approximated as the product of three low-dimensional latent feature matrices:

R12 ≈ G1S12G
T
2 , (3.1)

where non-negative G1 ∈ Rn1×k1
+ and G2 ∈ Rn2×k2

+ correspond to soft clustering

membership matrices of genes and GO terms, respectively, and S12 ∈ Rk1×k2 corre-

sponds to compressed low-dimensional version of the initial relation matrix. Rank

parameters, k1 and k2, are chosen to be much smaller than the corresponding matrix

dimensions (k1 � n1, k2 � n2), and they also represent the number of clusters of

genes and GO terms, respectively.

To compute low-dimensional matrices, NMTF algorithm minimizes the follow-

ing objective function:

min
G1≥0,G2≥0

J = min
G1≥0,G2≥0

‖ R12 −G1S12G
T
2 ‖2 (3.2)

This objective function can be further used to incorporate network constraints

(also known as intra-type constraints) whose violation causes penalties. Namely,

biological entities, such as genes and proteins engage in various molecular interac-

tions, whereas, GO terms are connected through GO hierarchical relationships. We

represent these as networks and incorporate them into the objective function (Eq.

3.2) as network Laplacians [150, 155]:

min
G1≥0,G2≥0

J = min
G1≥0,G2≥0

(
‖ R12 −G1S12G

T
2 ‖2 +tr(GT

1 L1G1) + tr(GT
2 L2G2)

)
(3.3)

where, L1 = D1−A1 and L2 = D2−A2 are Laplacian matrices of a gene interaction

network and GO graph, respectively, and tr denotes the trace of a matrix. The first

Laplacian-based (penalty) term encourages the connected genes (proteins) in the

network to be placed into the same cluster and similarly the second term encourages

the hierarchically related GO terms to be placed into the same cluster.

This optimization problem (Eq. 3.3) is known as GNMTF problem. Its solution

produces two low-dimensional latent feature matrices, G1 and G2, that can be

interpreted as soft cluster indicator matrices of genes and GO terms respectively.

1”semi-nonnegative“ refers to the fact that S12 matrix is not required to be nonnegative
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Specifically, matrix G1 is used to assign n1 genes to k1 clusters, and similarly, matrix

G2 is used to assign n2 GO terms to k2 clusters. Here we adopt the consensus

clustering procedure proposed by Brunet et al. [156]. Namely, we first use the

clustering assignment procedure, described in Section 2.3, to assign genes and GO

terms to clusters of genes and GO terms, respectively. For example, gene i is placed

into a cluster j if G1(i, j) is the largest entry in row i. Then, we construct binary

connectivity matrix of genes, C1, of size n1 × n1 with entry C1(p, q) = 1 if genes

p and q belong to the same cluster and C1(p, q) = 0 otherwise. The procedure

can be repeated (usually with different initialization strategy, see Section 3.1.5 for

more details) resulting in an consensus connectivity matrix, C1, from which the final

clusters can be extracted. Similar procedure applies to GO terms.

3.1.3 Integration of various molecular networks

Most of the biological data sets include various types of interactions (i.e., constraints)

over the same set of entities. For instance, genes might interact via genetic inter-

actions and they also might be related based on the correlation of their expression

profiles. The former is known as a GI network, and the latter as a Co-Ex network

(see Table 2.1 for abbreviations). To properly integrate this information into the

clustering procedure, we make an improvement to the GNMTF optimization prob-

lem. We extend it to take into account multiple types of connections between genes.

Suppose we have a set of N adjacency matrices: {A(1)
1 ,A

(2)
1 , . . . ,A

(N)
1 }, representing

N data network types (modalities) of gene relations. We add this matrices as addi-

tional Laplacian-based constraints, L
(α)
1 = D

(α)
1 −A

(α)
1 , into our objective function

(Eq. 3.3), and obtain the following:

min
G1≥0,G2≥0

J = min
G1≥0,G2≥0

(
‖ R12−G1S12G

T
2 ‖2 +

N∑
α=1

tr(GT
1 L

(α)
1 G1)+tr(GT

2 L2G2)
)

(3.4)

Integration of all available gene (protein) interaction networks is believed to

lead to better and more accurate predictions of new gene annotations. For example,

the integration of all available human molecular networks has already shown to yield

a successful reproduction of the existing and prediction of new associations between

diseases [70].

Unlike previous works where only directly connected genes are considered as

pairwise constraints [28, 70, 134, 149, 150], our approach takes a step further by

incorporating additional pairwise constraints in the form of topological similarity
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between genes in a network that are not necessarily linked. Here, we use the topo-

logical similarity measure based on graphlet degree vectors (GDVs). Graphlets are

small non-isomorphic induced substructures of a large network (Fig. B.1 panel A

in Appendix B) [44]. There are 30 graphlets containing 2-5 nodes. By taking into

account the symmetries between nodes in a graphlet, we can distinguish between 73

automorphic orbits. Counting how many times a particular node touches any of 73

different orbits, we can define a 73-dimensional graphlet degree vector (GDV) (see

Figure B.1 in Appendix B). GDV vector represents local structural properties of a

node and therefore, it can be used to compare topologies around nodes in a network

(Fig. B.1 panel B). For that purpose a measure of distance between nodes u and v

is introduced as [153]:

D(u, v) =

∑73
i=1Di(u, v)∑73

i=1wi
, (3.5)

where Di(u, v) is defined as a logarithmic distance between nodes’ i-th orbits:

Di(u, v) = wi ×
| log(ui + 1)− log(vi + 1)|

log(max{ui, vi}+ 2)

To take into account mutual dependencies between orbits, a weight wi = 1 −
log(oi)
log(73)

is assigned to each orbit i ∈ {0, . . . , 72}. The weight, wi, measures to which

extent orbit i is affected by other orbits. Higher weights are assigned to orbits that

are less affected by the orbits while lower weight are assigned to orbits that are

affected by many other orbits. The number of orbits that affect orbit i is given by

oi. Using the distance measure defined in equation (3.5), GDV similarity between

nodes u and v is measured as:

σ(u, v) = 1−D(u, v) (3.6)

GDV similarity measure has been used for predicting biological function of

unclassified proteins [153], classification of cancer and non-cancer genes [154] and

prediction of new cardiovascular disease genes [157].

Here, we include GDV similarity measure into our objective function (Equation

3.4) as follows. For each of the given biological network β = {1, . . . , N}, we construct

a GDV similarity matrix σ(β) ∈ Rn×n according to equation 3.6. Then, by computing

a statistically significant threshold for topological similarity of two nodes in each of

the GDV similarity matrices, we consider only gene pairs with GDV similarity higher

than the computed threshold (see Figure B.2 in Appendix B):
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Figure 3.1: Schematic representation of multi-relational network used in this study.
Two types of objects are represented: genes interconnected via four types of inter-
action networks (PPI, GI, Co-Ex and YeasNet) and GO terms interconnected via
directed, semantic relations from GO hierarchy. The figure is taken from Gligorijević
et al. [26].

Σ(β)(u, v) =

{
1, if σ(β)(u, v) ≥ σ(β)

threshold

0, if σ(β)(u, v) < σ
(β)
threshold

Topological similarity constraints are again implemented into the objective func-

tion (Equation 3.4) through Laplacian regularization:

min
G1≥0,G2≥0

J = min
G1≥0,G2≥0

(
‖ R12 −G1S12G

T
2 ‖2 +

+
N∑
α=1

tr(GT
1 L

(α)
1 G1) +

N∑
β=1

tr(GT
1 Λ

(β)
1 G1) + tr(GT

2 L2G2)
) (3.7)

where, Λ(β) = ∆(β) − Σ(β) is a Laplacian of Σ(β) matrix and ∆(β) is the diagonal

matrix with entries equal to the row summation of Σ(β) matrix.

3.1.4 Multiplicative update algorithm

We extend the original algorithm by Wang et al. [137] for optimizing objective

function in equation 3.3 to handle the additional network regularization terms in

equation 3.7. The modified multiplicative update rules for low-dimensional matrices

G1, G2 and S12 [137] are as follows:
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S12 ← (GT
1 G1)

−1GT
1 R12G2(G

T
2 G2)

−1 (3.8)

G1(i, j)← G1(i, j)

√√√√ (R12G2ST12)
+
ij + [G1(ST12G

T
2 G2S12)−]ij + [

∑
β(A

(β)
1 + Σ

(β
1 ))G1]ij

(R12G2ST12)
−
ij + [G1(ST12G

T
2 G2S12)+]ij + [

∑
β(D

(β)
1 + ∆

(β)
1 )G1]ij

(3.9)

G2(i, j)← G2(i, j)

√√√√ (R12G1S12)
+
ij + [G2(S12GT

1 G1ST12)
−]ij + [A2G2]ij

(R12G1S12)−ij + [G2(S12GT
1 G1ST12)

+]ij + [D2G2]ij
(3.10)

where we use + and − sign in superscripts to denote nonnegative matrices M+ and

M− of a matrix M defined as: M+ = |M|+M
2

and M− = |M|−M
2

. The algorithm

starts by randomly initializing matrices G1 and G2, which are iteratively updated to

minimize objective function in equation (3.7). The rigorous proof of the correctness

and convergence of these update rules can be found in [137]. Under these update

rules, the objective function J (equation 3.7) is guaranteed not to increase. Hence,

we look at the change in the objective function between two consecutive iterations

and define the stopping criterion as: |Jn−Jn−1|
|Jn−1| < ε. In all our runs, parameter ε is

set to 10−5 which was shown to be significant to minimize the objective function.

Compared to the probabilistic clustering approach for GO reconstruction presented

by Dutkowski et al. [85], our approach is computationally more demanding due to

slow convergence of multiplicative update rules. However, our approach is more

general, since it can integrate any number and type of heterogeneous data, that

could lead to more accurate predictions.

3.1.5 Predicting associations between GO terms

Each factorization run produces matrix factors: G1 related to gene set, and G2

related to GO terms. We use G2 factor to construct connectivity matrix C2 as

described in the Section 3.1.2. Relations between GO terms are obtained from the

connectivity matrix. To assess reliability and robustness of GO term associations

prediction, we use the stochastic property of our algorithm. We perform multiple

runs with the same rank parameters and different initial random initializations and

construct a set of 20 different connectivity matrices: {C(1)
2 , . . . ,C

(20)
2 }. Then, we

compute the consensus matrix, C2, defined as the average over all connectivity

matrices. Thereby entries in the consensus matrix range from 0 to 1 and they can

be interpreted as probabilities that two GO terms, GOi and GOj, belong to the
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same cluster. To predict new GO term associations, we are only interested in values

of probability equal to one, because they correspond to the case of hard clustering,

in which there is no overlap between clusters and hence, there is no ambiguity in

predicted GO term associations. The complete algorithm for prediction of new GO

term association is summarized in Algorithm 1.

Algorithm 1 GO term associations prediction
Input: Annotation matrix: R12; Constraint matrices: Λ

(β)
1 , L

(β)
1 , for networks

β ∈ {1, 2, 3, 4}; Lβ
2 for Gene Ontology; Rank parameters: k1 and k2

Output: Consensus matrix C2

for i ∈ [1, 20] do
Initialize G1 and G2

while not |Jn − Jn−1|/|Jn−1| < ε do
Update S12 using equation (3.8) while keeping fixed G1 and G2

Update G1 using equation (3.9) while keeping fixed G2 and S12

Update G2 using equation (3.10) while keeping fixed G1 and S12

Compute connectivity matrix C
(i)
2 for GO terms using G2 for class assignment

Compute the average connectivity matrix as: C2 = 1
20C

(i)
2

Extract new GO term relations:
G =

{
(GOi, GOj) | ∀GOi,∀GOj ∈ {all GO terms} ∧C2(i, j) = 1

}
To assess the statistical significance of GO term associations, we compute the

p-value in the following way. First, we remove any prior knowledge on GO term

relations (i.e., we remove matrix L2). Then, we run our algorithm 100 times, each

time with different relations matrix obtained by permuting the entries of the original

relations matrix, R12. In total, we obtain 100 × 20 = 2000 different connectivity

matrices. We define the p-value of a particular GO term association as the fraction

of connectivity matrices in which that particular association is observed.

3.1.6 Rank parameters selection

Input parameters of our algorithm are factorization ranks, k1 and k2, which we

systematically examine and choose to achieve a correct reduction of dimensionality

of our data. These factorization ranks capture the meaningful information that can

further be decomposed into clusters.

There is no agreed-upon procedure for choosing the right factorization ranks.

The most common approach, widely used in many dimension reduction problems is

cophenetic correlation coefficient, as a quantitative measure of stability for clustering

[156]. For a given factorization rank, cophenetic correlation coefficient is computed

over the values of the consensus matrix, ρ(C). It is defined as the Pearson’s corre-

lation coefficient between the distance matrix, 1−C, and the matrix of cophenetic

distances obtained by the linkage used in hierarchical clustering for re-ordering C.
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Data Matrix representation Matrix dimension NNZ∗

PPI L
(1)
1 3401× 3401 26596

GI L
(2)
1 3090× 3090 22480

Co-Ex L
(3)
1 228× 228 3410

YeastNet L
(4)
1 3351× 3351 21146

GDV similarity (PPI) Λ
(1)
1 1609× 1609 93536

GDV similarity (GI) Λ
(2)
1 1550× 1550 89434

GDV similarity (Co-Ex) Λ
(3)
1 122× 122 2524

GDV similarity (YeastNet) Λ
(4)
1 1453× 1453 88986

L2 GO semantic structure 3993× 3993 15872
R12 Gene annotation 5051× 3993 45782
∗number of nonzero entries in a matrix

Table 3.1: All networks used in this study. Matrix dimensions are given before
unioning genes in all data to obtain the same dimension of matrices (see Section
3.1.7). GDV matrices are of different dimension than L- matrices because they
contain only genes that are statistically significantly similar (see Section 3.1.3)

If the clustering is stable, i.e., the entries in C are close to 0 or 1, then ρ(C) ≈ 1,

otherwise, if the entries are scattered between 0 and 1, ρ(C) < 1.

A simple generalization of this procedure applied to two types of our data (genes

and GO terms) includes computation of cophenetic correlation coefficient for each

of the consensus matrices, Cg (for genes), CGO (for GO terms), and then we define

the average cophenetic correlation coefficient as:

ρavg =
ρ(Cg) + ρ(CGO)

2
(3.11)

We search for the values of, k1 and k2, that maximize ρavg. We do this by

running our algorithm for all (k1, k2) pairs such that 0 < k1, k2 < 60, so that we

would capture the best dimensionality of our data (see Figure B.3 in Appendix B

for optimal rank parameters).

3.1.7 Data sets and preprocessing

To make our study directly comparable to the competing method for reconstructing

GO from network data, we run our method on the same Saccharomyces cerevisiae

data as Dutkowski et al. [85]: PPI network from BioGRID [49], GI network from

DRYGIN [68], gene Co-Ex network from SMD [59] and integrated function net-

work, YeastNet, from [151]. For each of the these networks we construct Laplacian

constraint matrices, {L(1)
1 ,L

(2)
1 ,L

(3)
1 ,L

(4)
1 }, respectively.
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To apply multiplicative update rules, we make all data matrices of the same

dimension: we construct them over the union of genes presented in all four data

sources. The semantic structure of Gene Ontology is also taken into account in

our integration algorithm. We extract all GO terms for S. cerevisiae and create L2

constraint matrix as follows. First, we construct an ontology graph using the four

basic semantic types of GO relations: is a, part of, regulates and has part. Then, we

assign value 0.9l to each pair of GO terms as a measure of association strength, where

l is the length of directed shortest path between terms in the ontology graph. This

allows us to also take into account mutual influence of hierarchically distant non-

adjacent GO terms [158]. The value of 0.9 is chosen from empirical observations, as

described by [70]. Finally, we construct the Laplacian constraint matrix, L2, by using

these values of association strengths. Annotation files from GO are used to construct

the binary relation matrix, R12, with entries R12(i, j) = 1 if gene i is annotated by

GO term j and 0 otherwise. For each of the above mentioned biological networks,

we also compute GDV similarity constraint matrices: {Λ(1)
1 ,Λ

(2)
1 ,Λ

(3)
1 ,Λ

(4)
1 }. As we

describe in Section 3.1.3, we only consider gene pairs with statistically significant

GDV similarity. All these network data are schematically represented in Figure 3.1.

3.1.8 Results and discussion

We apply our algorithm to identify new GO term relations and annotate proteins

with existing GO terms by integrating multiple independent network sources given

in the Table 3.1. We find that the optimal rank parameters k1 and k2 are 58 and

56, respectively (see Fig. B.3 in Appendix B). We examine the contribution of each

data source to the integration model.

Contribution of networks to the integration model

We estimate the influence of each network on our integration model by compar-

ing the quality of the initial model (consisting of four networks and their corre-

sponding GDV similarity matrices) with the quality of the model with one data

source removed from the initial set. Models are evaluated through residual sum of

squares (RSS), RSS(R12) =
∑

ij[R12(i, j)− (G1S12G
T
2 )(i, j)]2, and explained vari-

ance, Evar(R12) = 1 − RSS(R12)/
∑

ij[R12(i, j)]
2, that measure the performance

of the matrix factorization algorithm and its ability to accurately reproduce the

gene-GO term relation matrix. Low values of RSS and high values of Evar indicate

better quality of the model [159].

We find that with the removal of each of the four data sources (a network along

with its corresponding GDV similarity matrix) the value of RSS increases, while the
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Figure 3.2: Relative contribution of each data source to the integration model mea-
sured by residual sum of squares (RSS), blue, and explained variance (Evar), red.
The top panel shows the relative changes in RSS and Evar with the removal of a
particular network and its corresponding GDV similarity matrix. The bottom panel
shows the same measures, but only with removal of GDV similarity matrices. The
figure is taken from Gligorijević et al. [26].

value of Evar decreases, implying that each data source contributes to the quality of

the model. Relative increase of RSS and relative decrease of Evar (with respect to the

initial model containing all the data), computed by removing a particular network

along with its corresponding GDV similarity matrix, are shown in the top panel of

Figure 3.2. We find that the largest model degradation is achieved with the removal

of GI network and its corresponding GDV similarity matrix. A similar result was

reported by [70]: they found GIs to be the most informative data source in prediction

of disease-disease associations. Exclusion of the gene co-expression network and its

corresponding GDV similarity matrix results in the smallest changes in RSS and

Evar indicating that co-expression data contribute the least to the quality of the

model.

To examine the contribution of GDV similarities to our model, we conduct

the same experiment by removing only the GDV similarity matrix of each of the

biological networks from the initial data set. The results are shown in the bottom

panel of Figure 3.2. We see that GDV similarities contribute to the quality of the

models. The smallest contribution to the model, a relative increase of 0.32% in

RSS, is that of the gene co-expression network. Also, we examine contributions of

all pairs of the four networks. We confirm the observation of [85] that a combination

of YeastNet and co-expression network contributes the least to the to the quality of

the model (RSS = 0.8%, Evar = 1%).
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Recovering existing knowledge

To evaluate the performance of our methodology in reproducing GO term associa-

tions, we look at the overlap between GO term associations obtain from connectivity

matrix, ĈGO and associations in existing GO hierarchy. We find that on average 92%

of highly associated GO terms are directly connected via semantic relations in GO.

These cluster-induced GO-term relations are confirmed to be statistically significant

(p ≤ 0.01, computed as explained in Section 3.1.5). A slightly lower score of 90% is

achieved when considering only the network data without GDV similarity matrices,

indicating that graphlet similarity matrices contribute to capturing relations which

would otherwise be missed. Furthermore, we examine the robustness of this result

to the removal of particular data sets. Surprisingly, we find that omission of GDV

similarity matrix of gene co-expression network contributes the most to the predic-

tive performance of our algorithm, leading to the maximum of 96% of recovered GO

terms. Hence, inclusion of GDV similarity of gene co-expression network introduces

noise into the integration procedure, wrongly guiding the clustering process which

in turn results in lower prediction performance. This is a consequence of the ran-

dom GDV similarity distribution over all genes in the gene Co-Ex network (see Fig.

B.2 in Appendix B). Given that inclusion of GDV similarity matrix of the Co-Ex

network impairs the predictive performance of our algorithm and since we shown

that its exclusion makes minimal effect on the quality of the model we discard that

data source from further analysis.

Surprisingly, recovering 96% of GO terms that are directly related in GO by is a,

part of, regulates, and has part associations, indicates that entire Gene Ontology

could, in principle, be reconstructed solely from topologies of molecular interaction

networks. Reporting this statistic is consistent with what previous studies using a

similar methodology reported [70]. Our set of 96% of GO terms contains 78% of

all relations currently present in GO. To our knowledge, since a large part of GO is

sequence derived, this is the first conformation that network topology and sequence

carry very similar biological information.

To further validate the performance of our methodology in reconstruction of

GO terms, we use the gene-GO term relation matrix, reconstructed from matrix

factors: R̂12 = G1S12G
T
2 . Its entries indicate the annotation strength of a gene, i,

related to a GO term j, with R̂12(i, j) = 0 denoting absence of annotation, while

R̂12(i, j) = 1 denoting the highest confidence of annotation. We define GO term j∗

as a candidate to annotate gene i if the association score R̂12(i, j
∗) is larger that

the mean of association scores over all known annotations of gene i. To identify

only high confidence gene-GO term predictions we pick j∗ that are in the top 5%

of largest association scores between GO term j∗ and all other genes. As before, we
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Figure 3.3: (a) The fraction of GO terms in each of CC (cellular component) BP (bi-
ological process) and MF (molecular function) obtained from entries of reconstructed
gene-GO term relationship matrix obtained with and without GDV similarities (de-
noted in red and yellow color respectively). (b) Distribution of correlations of genetic
interaction profiles among predicted genes associated to GO terms plotted against
distributions of randomly selected gene pairs. Value of correlation, presented here,
is shifted in the positive range: [0,2]. The figure is taken from Gligorijević et al.
[26].

run our algorithm with an without GDV similarities (we exclude GDV similarities

of Co-Ex network, for reasons presented above).

We compute the percentage of reproduced, high confidence GO terms for cel-

lular component (CC), biological process (BF) and molecular function (MF) sepa-

rately. The results are shown in Figure 3.3 (panel A). Better results are achieved

when GDV similarity matrices are included in the prediction model. Specifically,

we capture 41% of BP terms, 41% of MF terms and 48% of CC terms. The BP and

MF results outperforms those of Dutkowski et al. [85], while they achieve a higher

percentage of reproduced GO terms in CC.

Validating predictions

Among all the statistically significant (p ≤ 0.01) GO term association predictions,

we find 132 not presented in GO2. To further increase confidence, we extract these

associations from clusters with fewer than three GO terms that are stable over

multiple factorization runs. We find that 14 out of the 132 associations are between

GO terms that have high semantic similarity and also confirm that additional 31

associations agree with predictions of [85]. For example, our approach predicts term

GO:0035267 (NuA4 histone acetyltransferase complex) as a parent of GO:0032777

(Piccolo NuA4 histone acetyltransferase complex), which was also reported by [85]

and submitted to the GO Consortium for inclusion into the ontology. We further

2 see online supplementary table at https://www.doc.ic.ac.uk/~vgligori/docs/go_

predictions.xlsx

https://www.doc.ic.ac.uk/~vgligori/docs/go_predictions.xlsx
https://www.doc.ic.ac.uk/~vgligori/docs/go_predictions.xlsx
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perform literature curation to validate the remaining predicted GO associations. We

find literature support for another 13 of them2. Hence, we validate 58 out of 132 of

our predictions.

Our approach not only identifies novel GO term association, but it also makes

highly reliable predictions for new gene-GO term relations. We predict new func-

tional annotation of 972 genes2. Highly reliable predictions are those with associa-

tion strength in the top 5%, as described in the previous section. For instance, we

predict three genes, YDR101C, YDR49C and YNL132W, to be involved in riboso-

mal subunit biogenesis (GO:0042273) and find that the same functional prediction

was previously reported through different approaches by Chen and Xu [142] and

Joshi et al. [160]. To validate the 972 predicted annotations we use the new, unpub-

lished, full set of yeast’s genetic interaction profiles from Boone Lab [161]. The data

consist of Pearson’s correlation coefficients of genetic profiles between gene pairs.

We create the distribution of these correlations between newly annotated gene pairs

for which we predict GO annotations. We compare this distribution of genetic pro-

file correlations between the same number randomly sampled pairs of genes (we

sampled multiple times and got consistent results). We observe higher correlations

for predicted gene pairs than for random pairs (Fig. 3.3 (panel B)). Moreover, us-

ing two-sample Kolmogorov-Smirnov (KS) test we show that these two distributions

significantly differ (KS statistics, D = 0.2 and p-value, p = 1.5× 10−6). Thus, these

results are highly consistent with our predictions of new annotations. This validate

our predicted GO annotations. Even though genetic interaction profiling analysis

provides evidence that our algorithm is able to successfully predict new gene func-

tions, additional biological validation would be needed for better understanding of

these newly assigned functions.

3.1.9 Conclusions

We introduce a method for reconstruction of GO that is based on integrating solely

the topology of biological networks. It captures 96% of the existing GO term re-

lations and is capable of successfully identifying additional GO term associations

as well as predicting gene annotations. Our method is general in the sense that it

can integrate any heterogeneous systems-level interaction data. Therefore, it can

easily be extended with new data that could consequently enhance the model’s pre-

dictive performance. This work suggests that the entire Gene Ontology could be

reconstructed from molecular interaction networks.
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3.2 Data integration for precision medicine

According to Cancer Research UK, cancer is a leading cause of death accounting for

more than one in four of all deaths in 2011. The recent advances in experimental

technologies in cancer research have resulted in the accumulation of large amounts

of patient-specific data sets, which provide complementary information on the same

cancer type.

We introduce a versatile data fusion (integration) framework that can effectively

integrate somatic mutation data, molecular interactions and drug chemical data to

address three key challenges in cancer research: stratification of patients into groups

having different clinical outcomes, prediction of driver genes whose mutations trigger

the onset and development of cancers, and repurposing of drugs treating particular

cancer patient groups. Our proposed framework is based on GNMTF technique

introduced in the previous sections. We apply our framework on ovarian cancer

data to simultaneously cluster patients, genes and drugs by utilising all data sets.

We demonstrate superior performance of our method over the state-of-the-art

method, Network-based Stratification, in identifying three patient subgroups that

have significant differences in survival outcomes and that are in good agreement with

other clinical data. Also, we identify potential new driver genes that we obtain by

analysing the gene clusters enriched in known drivers of ovarian cancer progression.

We validated the top scoring genes identified as new drivers through database search

and biomedical literature curation. Finally, we identify potential candidate drugs

for repurposing that could be used in treatment of the identified patient subgroups

by targeting their mutated gene products. We validated a large percentage of our

drug-target predictions by using other databases and through literature curation.

3.2.1 Introduction

Cancer is a leading cause of morbidity worldwide. It is a complex genetic disease

in which the genomes of normal cells accumulate somatic mutations and other al-

terations that are eventually perturbing vital cellular functions. Recent advances

in DNA sequencing technologies have enabled identification of somatic mutations

across tumor genomes and exomes of individual patients [162, 163]. These somatic

mutations provide a new and rich source of data for addressing many challenges in

cancer research, such as identifying driver genes (i.e., genes whose mutations lead

progression of oncogenesis), stratifying patients into biologically meaningful classes

with different clinical outcomes and creating new opportunities for development of

successful personalized treatment strategies [164]. Cancer is also a highly heteroge-
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Figure 3.4: The top 25 most frequently mutated genes in the 535 serous ovarian
cancer patients from TCGA. For each gene (x-axis), we report the number of patients
having the gene mutated (y-axis, log-scaled). The red line corresponds to 10% of
the patients. Only two genes, TP53 and TTN, are mutated in more than 10% of
the patients.

neous disease with large genetic diversity even between tumors of the same cancer

type. Namely, two clinically identical tumors rarely have a large set of common mu-

tated genes. Moreover, very few genes are frequently mutated across tumor samples

(see Fig. 3.4 for top 25 genes most frequently mutated in ovarian cancer). This

makes the use of somatic mutations for identification of driver genes, as well as for

patient stratification into subtypes, much harder [162, 165, 166]. However, despite

this genetic diversity between tumor samples, the perturbed pathways are often

similar [162]. Therefore, integration of somatic mutations with other genomic data,

such as with molecular networks that contain pathways, is a promising direction for

addressing these problems.

Development of computational methodologies that can efficiently integrate genome-

scale molecular information and address the above mentioned challenges in cancer

research is of foremost importance. A majority of previous studies do not utilise data

on somatic mutations, but instead, they are mainly based on mRNA expression and

methylation data. Because of noisiness of these data, the patient stratification stud-

ies for cancer types often do not produce patient subgroups that agree well with any

clinical or survival data [167]. Therefore, a recent study proposed the use of somatic

mutation data in combination with biological networks as a new source of infor-

mation for tumor stratification [166]. However, the proposed methodology cannot

account for additional data types (e.g., drug data) and cannot be used for identify-

ing novel driver genes, nor for predicting a personalised therapy. Moreover, previous

data integration methods can only be used for either cancer patient stratification
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[166], driver gene prediction [168] or drug repurposing [169].

Here, we present a versatile patient-specific data integration (fusion) method-

ology capable of: 1) uncovering patient subgroups (stratification) with prognostic

survival outcome, 2) predicting novel driver genes and 3) repurposing drugs, i.e.,

predicting new candidate drugs for targeting mutated gene products in individual

patients and that can be used in treatment of identified patient subgroups. To our

knowledge, this is the first method that can address all three challenges simultane-

ously.

We use GMTF to integrate somatic mutation profile (SMP) data of serous

ovarian cancer patients from TCGA [165] with molecular networks (MNs) from

BioGRID[170] and KEGG [171], drug-target interaction (DTI) and drug chemical

similarity (DCS) data from DrugBank [172] (detailed in Sec. 3.2.3). We perform

consensus clustering by using GNMTF to simultaneously cluster patients, genes and

drugs based on the evidence from all data sets. First, we stratify patients into three

groups that we assess by using clinical data. We show significant difference in sur-

vival outcomes between these groups, as well as a good agreement with other clinical

data. Second, from clusters of genes, we identify those enriched in known driver mu-

tations; we postulate genes strongly related to known driver genes in these clusters

as potential drivers genes, i.e., genes responsible for ovarian cancer progression. Fi-

nally, we use the matrix completion property of NMTF to predict new drug-target

relations and to identify new drug candidates that could be used for repurposing and

treatment of identified ovarian cancer patient groups. Furthermore, we evaluate the

influence of all combinations of data sets onto the accuracy of drug-target predic-

tions by performing a 5-fold cross validation. We shown that the highest accuracy is

achieved when all data sets are taken into account, proving the utility of integrating

all considered data sets (detailed in Sec. 3.2.4).

3.2.2 Methods

Patient-specific data fusion framework

We consider there different data sets: patients, genes and drugs. Patients and genes

are related to each other by somatic mutation profiles (SMPs), constructed for n1

patients over n2 genes and encoded in high-dimensional relation matrix, Rn1×n2
12 . Its

entries are binary values, with R12(p, g) = 1 if gene g is found to be mutated in

patient p, and zero otherwise. Genes and drugs are related to each other according

to drug-target interactions (DTIs). DTIs between n2 genes and n3 drugs are encoded

in relation matrix, Rn2×n3
23 . Its entries are also binary values, with R23(g, d) = 1, if
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Figure 3.5: Our patient-specific data integration framework.

the product of gene g is a target of drug d and zero otherwise. See Section 3.2.3 and

Figure 3.6 for details of construction of the relation matrices and for an illustration

of these data sets.

We use NMTF to simultaneously decompose both relation matrices into a

product of three non-negative low-dimensional latent feature matrices as follows:

R12 ≈ G1H12G
T
2 . and R23 ≈ G2H23G

T
3 . The low dimensional matrices can be

obtained by solving the following optimisation problem:

min
Gi≥0,1≤i≤3

J = min
Gi≥0,1≤i≤3

(
‖ R12 −G1H12G

T
2 ‖2 + ‖ R23 −G2H23G

T
3 ‖2

)
,

where J is the objective function. The non-negativity constraints imposed on Gi

matrices, for 1 ≤ i ≤ 3, provide easier interpretation of their values in the clustering

assignment. As we have seen in the previous section (Sec. 3.1) many of the data

types are characterised by additional, internal connectivity structure represented by

graphs (networks). In this study, genes are connected by molecular networks (MNs),

while drugs are connected based on the similarity of their chemical structures, i.e.,

drug chemical similarity (DCS) network (illustrated in Fig. 3.6). We incorporate

these networks (MN and DSC) into the above objective function by adding two

regularisation terms to constrain the construction of G2 and G3 matrices. Thus, we

arrive again to GNMTF technique. Namely, the aim is to enforce two interacting

genes to belong to the same cluster (similarly with drugs) and a violation of these

constrains results in penalties to our objective function. Hence, the final objective

function has the following form:
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Figure 3.6: Schematic illustration of data sets used in this study. Three types of
objects (nodes) are represented: n1 ovarian cancer patients (in green), n2 genes (in
red) and n3 drugs (in blue), and their inta-type and inter-type relations. The figure
is taken from Gligorijević et al. [139].

min
Gi≥0,1≤i≤3

J = min
Gi≥0,1≤i≤3

[
‖ R12 −G1H12G

T
2 ‖2F + ‖ R23 −G2H23G

T
3 ‖2F +

+ tr(GT
2 L2G2) + tr(GT

3 L3G3)
]

(3.12)

where, L2 and L3 are graph Laplacians of MN and DCS networks, respectively.

The key idea of our GNMTF-based data fusion approach is in sharing low-

dimensional matrix G2 whilst simultaneously learning from (i.e., decomposing) re-

lation matrices, R12 and R23 (see Fig. 3.5)3. Such decomposition accounts for

collective influence of all data sets (along with molecular and chemical constraints

effectively integrated within the same framework) onto the resulting clustering of

patients, genes and drugs. This approach corresponds to the intermediate data fu-

sion in which the structure of the data is preserved during the model inference. Such

an approach has been shown to result in the best accuracy among all data fusion

approaches [70].

Minimisation of the objective function, J , is done by multiplicative update rules

used to compute all low-dimensional matrices; under these multiplicative rules, the

objective function is non-increasing [137]. The minimisation starts by randomly

initialising Gi matrices for 1 ≤ i ≤ 3 and then iteratively updating their values

until the convergence criterion is reached. In all our runs, we use Random Acol

initialisation strategy [129] and the convergence criterion is reached when |Jn+1−Jn|
|Jn| <

3Note that objective function in Equation 3.12 is more general than objective function in Equa-
tion 3.7 as it contains also the decomposition term of another relation matrix, i.e., R23, whose
factorization is coupled with the factorization of R12 matrix trough G2 matrix.
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10−5. The multiplicative update rules, their derivation and proof of convergence can

be found in Wang et al. [137].

Co-clustering of patients, genes and drugs. Matrices Gn1×k1
1 , Gn2×k2

2 and

Gn3×k3
3 from Equation 3.12 above are soft cluster membership indicator matrices

for patients, genes and drugs, respectively; based on their entries, n1 patients are

assigned to k1 patient clusters, n2 genes are assigned to k2 gene clusters and n3

drugs are assigned to k3 drug clusters, respectively. In particular, following the hard

clustering procedure of Brunet et al. [156], matrix Gn1×k1
1 , with rows representing

patients and columns representing clusters, is used to place patient p into cluster k if

G1(p, k) is the largest entry in row p. This assignment procedure results in the binary

connectivity matrix for patients, Cn1×n1
1 , with entry C1(p1, p2) = 1 if patients p1 and

p2 belong to the same cluster and C1(p1, p2) = 0 otherwise. We apply this procedure

for all cluster membership indicator matrices. The number of clusters (also called

rank parameters) for each data set are chosen to be k1 � n1, k2 � n2 and k3 � n3,

which provides dimensionality reduction of the relation matrices. Matrices Hk1×k2
12

and Hk2×k3
23 in Equation 3.12 above represent compressed, low-dimensional versions

of R12 and R23, respectively.

An important step in our methodology is estimating rank parameters, which

are the numbers of clusters of patients, genes and drugs, k1, k2 and k3, respectively.

Similar to the problem of protein function prediction, these parameters need to be

known before factorisation is performed. We use the same procedure for estimating

rank parameters as described in Section 3.1 [156, 173]. We take the values of param-

eters for which the most stable clustering is achieved. In particular, multiplicative

update rules converge to a different solution in each run, depending on the random

matrix initializations (i.e., initial clustering assignment given by the initial values in

matrices Gi, 1 ≤ i ≤ 3). For example, if a clustering of patients into k1 classes is

stable, we expect small variations in the assignment to clusters from run to run. To

measure this, we perform multiple factorisation runs with the same values of rank

parameters. Each time, a connectivity matrix is computed (e.g., C1 for patients);

based on these, an averaged connectivity matrix (also called the consensus matrix)

over all runs is computed, Ĉ1. If the clustering is stable, then the entries in C1 (also

referred to as the cluster association scores) will be either close to zero, or close to

one. Otherwise, the entries will be scattered in the interval [0, 1]. We use the disper-

sion coefficient, ρk1(Ĉ1), introduced by Kim and Park [173], as a measure of cluster

stability. The values of the dispersion coefficient range in 0 ≤ ρk1(Ĉ1) ≤ 1, where 1

denotes a stable clustering. In our study, for each rank parameter, we perform a grid

search in intervals of 1 for 1 ≤ k1 ≤ 5, 5 ≤ k2 ≤ 30 and 5 ≤ k3 ≤ 30, and compute

dispersion coefficients, ρk1(Ĉ1), ρk2(Ĉ2) and ρk3(Ĉ3) for patients, genes and drugs,
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respectively. We choose the values for k1, k2 and k3 for which dispersion coefficients

are of the highest values.

Matrix completion property. In addition to co-clustering of patients, genes

and drugs, we model the existing and predict new drug-target interactions by using

the matrix completion property of NMTF. Namely, after obtaining low-dimensional

matrices, the reconstructed drug-target matrix, R̂23 ≈ G2H23G
T
3 , is more dense

than the initial matrix, R23, and it can be used for extracting new, unobserved

drug-target relations and therefore, finding new drug candidates for repurposing.

Drug repurposing, patient stratification and driver gene pre-

diction

Drug repurposing. We use the reconstructed drug-target relation matrix, R̂23,

to extract new, previously, unobserved drug-gene interactions and to postulate new

candidates for drug repurposing in the treatment of ovarian cancer patients. We ap-

ply a combination of row-centric and column-centric rules to extract new, strongly

associated drug-gene pairs [88]. Namely, a drug-gene pair, (d, g), is considered to be

predicted, if the estimated association score, R̂23(g, d), is greater than the mean as-

sociation score of all relations of gene g, as well as greater than the mean association

score of all relations of drug d.

Patient stratification. We stratify ovarian cancer patients into groups, according

to the consensus matrix, Ĉ1. We use the approach of Brunet et al. [156]: we use the

off-diagonal entries of Ĉ1 as a measure of patient similarity and apply average linkage

hierarchical clustering to group patients into k1 classes. Results and validations are

shown in Section 3.2.4 below.

Cancer driver gene prediction. Similar to the patient consensus matrix, we use

the gene consensus matrix, Ĉ2, to extract gene clusters and identify those that are

enriched in mutations and known driver genes by using the standard model sampling

without replacement test (i.e., hypergeometric test). In clusters that are enriched

in known drivers, we identify genes that are highly associated with known driver

genes based on the clustering association scores from the gene consensus matrix.

We postulate that these genes are new driver genes for ovarian cancer. Results and

validations are presented in Section 3.2.4 below.



3.2. Data integration for precision medicine 62

Clinical and biological validation of results. For all patients, we also down-

loaded clinical follow up data from TCGA database, including the overall patients’

survival information (days to the last follow-up and vital status), age, tumor grade,

size and tumor position. We used these data to assess the clinical relevance of the

patient clusters that we obtain after data fusion. We used Kaplan-Meier survival

curves, as well as the log-rank p-value, to measure the significance of the difference

in survival profiles between different patient clusters. The log-rank p-value measures

the probability of the null hypothesis that patients in each cluster are drawn from

the same underlying survival distribution [174]. From TCGA database, we also re-

trieved a list of 83 known ovarian cancer driver genes, out of which 76 are present

in our set of mutated patient genes. We use this set of genes to assess gene clusters

obtained after fusion and to identify clusters enriched in drivers.

To validate the predicted drug-target interactions, we use two different drug-

target databases: Comparative Toxicogenomics Database (CTD) [175] and Manually

Annotated Targets and Drugs Online Resource (MATADOR) [176]. Both databases

assemble DTIs by automated text-mining followed by manual curation. We choose

these databases because of their complementarity to DrugBank database. For each

predicted drug-target pair, we report whether or not it appears in any of the two

databases.

3.2.3 Datasets, preprocessing and matrix construction

We downloaded high-grade serous ovarian cancer somatic mutation data from TCGA

data portal [165] on the 2nd of July 2015. We only consider data generated by using

Illumina GAIIx platform, having the largest number of patients. Following the same

procedure for data filtering as in Hofree et al. [166], we retain only the patients

with more that 10 mutated genes. This results in n1 = 353 serous ovarian cancer

patients with mutations in the total of 11, 148 genes. Mutated genes are mapped onto

the Molecular Network (MN) that we obtain by merging three different biological

networks: PPI and GI network from BioGRID database (version 3.4.126) [170], and

MI network from KEGG database [171] (see Table 2.1 for network abbreviations).

This results in MN of 236, 751 interactions among n2 = 19, 118 genes (mutated and

normal). We represent these interactions by Laplacian matrix, Ln2×n2
2 , computed as:

L2 = D2−A2, where A2 is the adjacency matrix of MN and D2 is the diagonal degree

matrix of MN (i.e., whose entries on the diagonal are row sums of A2 and all other

entries in D2 are zeros). For each patient, we create an n2- long binary (0, 1) somatic

mutation profile (SMP) vector, where “1” indicates the existence of a mutated gene

in the patient and all other entries are “0”. These mutation profiles for all n1 patients

are captured in a binary relation matrix Rn1×n2
12 consisting of these SMP vectors.
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Due to the sparsity of matrix R12, we apply a network propagation technique as

the preprocessing step to smooth the patient profiles, by spreading the influence of

each mutation over its neighbours in MN network. We use the network propagation

method proposed by Vanunu et al. [177], based on which the new patient-gene

relation matrix is computed iteratively as follows: Rt+1
12 = αRt

12Ā2 + (1 − α)R0
12,

where Ā2 is the normalised adjacency matrix of MN network computed as Ā2 =

A2D
−1
2 , R0

12 = R12 is the initial patient-gene matrix and α is a tuning parameter

that controls the distance of diffusion through MN network. In all our runs, we set

α = 0.6 (as it produced the best results), and we took the final network-smoothed,

patient-gene matrix (after convergence, |Rt+1
12 −Rt

12| < 10−6, is achieved) as input

to GNMTF. This preprocessing step has been shown to lead to much better and

more robust patient stratification results in previous studies [166], hence we use it

as well.

Drug-target interactions (DTIs) are downloaded from DrugBank database (ver-

sion 4.3) [172]. We retrieved n3 = 6, 620 drugs (FDA-approved and experimental)

targeting 1, 385 genes in MN. These interactions are captured by DTI binary relation

matrix, Rn2×n3
23 . SMILES chemical representation of the n3 drugs are also retrieved

from DrugBank database. The two-dimensional chemical similarity between drugs

are computed by using Tanimoto similarity coefficient [77]. We retain only the top

5% most similar drug pairs, which results in 1, 069, 393 links in the drug chemical

similarity (DCS) network. We represent these links by Laplacian matrix, Ln3×n3
3

(computed in the same way as for MN network, described above).

3.2.4 Results

Patient stratification

We perform the consensus clustering, as described in Section 3.2.2, with 20 differ-

ent random initialisations (initial cluster assignment) of GNMTF and compute the

consensus matrices of patients, genes and drugs. We observe that rank parameters

of k1 = 3 (the number of patient clusters), k2 = 25 (the number of gene clus-

ters) and k3 = 20 (the number of drug clusters), lead to the most stable clustering

(with the largest dispersion coefficients: ρk1=3(Ĉ1) = 0.56, ρk2=25(Ĉ2) = 0.91 and

ρk3=20(Ĉ3) = 0.88).

To assess the prognostic capabilities of our patient-specific data fusion approach

on ovarian cancer patients, we perform clinical validation of the three obtained

patient clusters. The Kaplan-Meier survival curves, shown in Fig.3.7 (A), reveal

the low-survival group (Cluster 2) with 56% of death cases and the good outcome
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Figure 3.7: Kaplan-Meier survival curves for 3 different patient groups produces
by GNMTF (A) and NBS (B). The total number of patients and the number of
deceased patients for each cluster are shown in the legend, the first and the second
number in brackets, respectively. The figure is taken from Gligorijević et al. [139].

group (Cluster 1) with 38% of death cases. We observe that the identified clusters

are highly discriminative with the log-rank p-value of 5.3× 10−3. The same number

of clusters has been also reported in previous studies done on somatic mutation and

molecular interaction data [166], and also in study done only on miRNA expression

data [165]. Furthermore, the identified clusters display a good agreement with the

median age of patients in clusters, with Cluster 2 having the oldest patients. In

addition, Cluster 2 has the largest number of patients with abnormal growth of

tissue (tumor), 78%, as compared to Cluster 1 with 60% of such patients.

We compare the performance of our method with the state-of-the-art somatic

mutation-based stratification method called Network-based Stratification (NBS)[166].

NBS takes as input a patient-gene post-smoothing relation matrix and a molecular

network matrix. We apply it on the same set of data described in Section 3.2.3,

excluding drug data, which only our framework can take into account. We test

NBS for different numbers of patient clusters (i.e., k ∈ {2, 3, 4, 5}) and compute the

Kaplan-Meier survival curves [174] for the obtained patient clusters. We compare

the survivability results of NBS with our method with the same number of patient

clusters (Fig. 3.7 (A, B)). Unlike our method, which can produce clusters with sig-

nificantly different survival outcomes (i.e., p-val = 5.3 ×10−3), NBS cannot (p-val

≥ 0.74 for all k ∈ {2, 3, 4, 5}). Thus, our framework is the only one able to extract

personalised knowledge from somatic mutation profiles.
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Figure 3.8: Clusters enriched in mutated (red) and driver (blue) genes. For each
cluster, −log(pval) is plotted as a measure for enrichment (y-axis). The figure is
taken from Gligorijević et al. [139].

Identification of driver genes

We performed biological assessment of the k2 = 25 gene clusters that we obtain from

the gene consensus matrix, Ĉ2. We identify 9 gene clusters that are significantly

enriched in mutations and 5 gene clusters that are significantly enriched in known

drivers (p − val ≤ 0.05, see Fig. 3.8). Out of these clusters, cluster number 8 has

the largest number of driver genes (26) and the highest enrichment in driver genes

(with p− val = 2.06× 10−4). To identify new driver genes, we further analyse this

cluster as follows: first, based on the cluster association scores in the gene consensus

matrix, we extract the mutated genes that are strongly associated with the known

driver genes. In particular, we focus only on genes associated with the known driver

genes with the cluster association score ≥ 0.9 (as explained below). That is, out of

20 restarts of GNMTF, we extract genes that appear 18 times in cluster 8 with other

driver genes. Then, for each of these genes, we compute the average cluster score

based on its associations with all driver genes. We provide the list of the top 20

genes (out of 809 predicted drivers in total) that we postulate as new driver genes of

ovarian cancer progression and we sort it according to the average cluster association

score, as shown in Table 3.2. This procedure is motivated by the observation that

out of the 76 known driver genes, 67 of them are strongly related (with cluster

association score ≥ 0.9) among themselves through all gene clusters.

We assess our predicted driver genes against two cancer driver gene databases,

COSMIC database Cancer Gene Census [178] and IntOGen [179], as well as against

a database of putative cancer driver genes, the Candidate Cancer Gene Database
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(CCGD) [180]. Our results show that ∼ 40% of our 809 predicted driver genes

(with scores ≥ 0.9) have either been already proposed as drivers (in CCGD), or

validated by experts (Census, or IntOGen). The list of our 20 top-scoring predicted

cancer driver genes is presented in Table 3.2. Also, we investigated the literature to

assess the relevance of our two top-scoring predictions that are not found in other

databases and found evidence that they are biologically relevant. Our top-scoring

cancer driver gene prediction is ADAM32, which is strongly clustered with driver

gene BMPR2 (Table 3.2). The association between the two genes is biologically

relevant, because both are involved with transforming growth factors (TGFs). Our

prediction of ADAM32 as a cancer driver gene is also relevant, because ADAM

genes are known to be responsible for cancer cell proliferation and progression [181].

The second best prediction is REG1P (from the REG family of proteins), which

is strongly clustered with driver gene CLASP2. Our prediction of REG1P as a

cancer driver gene is also relevant, because the REG family plays different roles in

proliferation, migration, and anti-apoptosis through activating different signalling

pathways; their dis-regulation is closely associated with cancer and REG proteins

have been proposed as markers for prognosis of cancers [182].

Drug-target interaction prediction

To demonstrate the predictive power of our data fusion approach and to assess the

contribution of each data set on the drug-target interaction prediction, we perform

a 5-fold cross validation for each combination of the datasets shown in Fig. 3.6. In

all our experiments, true positives are correctly predicted DTIs, while false positives

are predicted DTIs that are not present in the initial data set.

We compute average Area Under the Receiver Operator Characteristic (ROC)

and Precision-Recall (PR) curves (over 20 repetitions) to evaluate the performance

of our methodology for each combination of data sets included in the integration

process. The results are shown in Fig. 3.9. The lowest values of average AUC ROC

and AUC PR are observed when only DTI data set is used. The values increase

with the inclusion of other data sets, resulting in the highest average AUC ROC

when all data sets are taken into account. With all data sets taken into account by

GNMTF, we use the reconstructed DTI relation matrix, R̂23, to extract new drug-

target interactions, as described in Sec. 3.2.2. We assess our prediction accuracy

against two different large drug-target interaction databases, MATADOR [176] and

CTD [175]. Out of our 225, 947 predicted DTIs, 37% have already been confirmed

in MATADOR, or CTD. The list of our 20 top scoring predicted DTIs is shown in

Table 3.4, out of which 17 are confirmed in CTD, or MATADOR database. Second,

we investigated the literature to assess the relevance of our two top-scoring predicted
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New driver Function Known drivers Score DB
ADAM32 Tumor development and

inflammation
BMPR2 1.000 -

REG1P Unknown CLASP2 1.000 -
PCDHA2 Cell adhesion and cell-cell signaling CHD4 1.000 -
NCR1 Natural killer cell activation BMPR2 1.000 -
USPL1 Cell proliferation CLASP2 1.000 -
GDPD3 Phosphoric diester hydrolase

activity
DDX5 1.000 -

LECT1 Cell differentiation CLASP2 1.000 CCGD
IL25 Cytokine activity CDK12, CCAR1 0.975 -
BAK1 Apoptotic signaling pathway ATRX, TFDP1,

NDRG1
0.967 -

MOGAT2 Acetyltransferase activity ATRX, TFDP1,
NDRG1

0.967 -

CHAF1A Cell cicle & DNA repair ATRX, TFDP1,
NDRG1

0.967 CCGD

PITX2 Wnt signaling pathway ATRX, TFDP1,
NDRG1

0.967 -

SIN3B RNA polymerase II transcription
corepressor activity

ATRX, TFDP1,
NDRG1

0.967 -

RPL30 RNA & protein binding ATRX, TFDP1,
NDRG1

0.967 -

GRWD1 Histone methylation ATRX, TFDP1,
NDRG1

0.967 -

SNAI1 Signal transduction by p53 class
mediator

ATRX, TFDP1,
NDRG1

0.967 CCGD

RBMXP4 Unknown ATRX, TFDP1, NDRG1 0.967 -
CPNE7 Transporter activity ATRX, TFDP1, NDRG1 0.967 -
HIPK3 ATP binding &

apoptotic process
ATRX, TFDP1,
NDRG1

0.967 CCGD

EPOR Signal transduction &
erythropoietin receptor activity

ATRX, TFDP1,
NDRG1

0.967 CCGD

Table 3.2: The list of the top scoring proposed driver genes (1st column) and their
associated known driver genes (2nd column), with the association score (3rd column),
and the confirmation of their presence in CCGD database (4th column).

DTIs that are not found in other databases and found evidences that they are bio-

logically relevant. The top scoring target gene KIT (C-Kit) is particularly relevant.

It is a receptor tyrosine kinase (e.g., it catalyses ATP/ADP reactions). It has been

shown that unregulated activity of this gene leads to occurrence of tumors and thus,

it has been proposed as a potential drug target in cancer [183]. Interestingly, we

predict the drug candidate for targeting this gene to be Adenosine triphosphate (or

ATP), for which a precise role in cancer is still under investigation. Increasing ATP

intake is known to improve cancer patient conditions [184]. The reason could be

that ATP is linked to cancer cell metabolism and either activates cell death me-

diated by restoration of normal mitochondrial function, or alterates the cytosolic

ATP/ADP ratio, which is postulated to deactivate glycolysis (Warburg effect) in

a cancer cell [185]. Another drug-target in Table 3.4 whose predicted drug is not

present in CTD and MATADOR databases is GRIN3A. GRIN3A (NMDAR-l) is a

sub-unit of NMDA receptor (a glutamate-regulated ion channel). NMDA receptor
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New driver Official gene name
ADAM32 ADAM metallopeptidase domain 32
REG1P regenerating family member 1 gamma, pseudogene
PCDHA2 protocadherin alpha 2
NCR1 natural cytotoxicity triggering receptor 1
USPL1 ubiquitin specific peptidase like 1
GDPD3 glycerophosphodiester phosphodiesterase domain containing 3
LECT1 chondromodulin
IL25 interleukin 25
BAK1 BCL2 antagonist/killer 1
MOGAT2 monoacylglycerol O-acyltransferase 2
CHAF1A chromatin assembly factor 1 subunit A
PITX2 paired like homeodomain 2
SIN3B SIN3 transcription regulator family member B
RPL30 ribosomal protein L30
GRWD1 glutamate rich WD repeat containing 1
SNAI1 snail family transcriptional repressor 1
RBMXP4 RNA binding motif protein, X-linked pseudogene 4
CPNE7 copine 7
HIPK3 homeodomain interacting protein kinase 3
EPOR erythropoietin receptor

Table 3.3: Official gene names of the predicted ovarian cancer driver genes.

has been proposed as a target for cancer chemotherapy [186]. It has been proposed

that glutamate antagonist molecules should be used as potential drug targets [186].

Interestingly, our predicted drug, Pethidine (also known as Meperidine), is a glu-

tamate antagonist that is known to bind NMDA receptors [187], which provides

evidence that our prediction of Pethidine as a drug for targeting GRIN3A is biolog-

ically relevant. However, evidence that Pethidine can bind to GRIN3A in particular

has not yet been established. Furthermore, based on the mutated genes of particular

patients, we propose these newly discovered drugs (see column four in Table 3.4) for

treatment of the three patient groups described in the previous section.

3.2.5 Conclusions

We propose a data fusion framework that can effectively integrate somatic mutation

data along with molecular networks and drug chemical data. It is based on GNMTF

method for co-clustering heterogeneous data and it can be even further extended

to incorporate any number and type of data. One important advantage of our

framework is that when applied to a specific cancer, it can simultaneously perform

three different tasks: patient stratification into clinically different groups, novel
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Gene Drug Score Clusters DB
KIT ATP 0.873 1, 2, 3 -
GABRQ Adinazolam 0.808 1 M
GABRQ Fludiazepam 0.808 1 M
GABRQ Cinolazepam 0.809 1 M
GABRQ Clotiazepam 0.809 1 M
HTR2A Dopamine 0.809 1, 3 C, M
GRIN3A Pethidine 0.801 1, 2 -
CACNA2D1 Verapamil 0.761 1, 3 M
PDGFRB ATP 0.724 1, 2 -
KDR ATP 0.724 1, 3 C
HTR1A Mirtazapine 0.720 1, 2 C ,M
GABRA6 Adinazolam 0.688 1 M
GABRA6 Fludiazepam 0.688 1 M
GABRA6 Cinolazepam 0.688 1 M
GABRA6 Clotiazepam 0.688 1 M
GABRA4 Adinazolam 0.687 1, 3 M
GABRA4 Fludiazepam 0.687 1, 3 M
GABRA4 Cinolazepam 0.687 1, 3 M
GABRA4 Clotiazepam 0.687 1, 3 M
CACNA1D Magnesium Sulfate 0.676 1, 2, 3 M

Table 3.4: The list of predicted top scoring drug-target associations (first two
columns), the association scores (third column), and the confirmation of their pres-
ence in CTD (C) or MATADOR (M) database (fifth column). All drugs are FDA-
approved.

driver gene identification and drug repurposing predictions for treating cancer.

We apply the GNMTF-based data fusion framework to ovarian cancer pa-

tients and identify three substantially different groups of patients with different

survival outcomes. In addition, from the obtained gene clusters, we identify a list

of genes that we postulate as potential drivers of ovarian cancer progression due to

their strong cluster associations to known ovarian cancer driver genes. We perform

biomedical literature curation for the top scoring predictions, ADAM32 and REG1P,

and show that they are related to cancer cell proliferation and tumor progression,

while 40% of other predictions we validate in other databases. Moreover, our frame-

work is capable of predicting new drugs that could be used for targeting mutated

genes and thus, for treatment of identified groups of ovarian cancer patients. We

provide a list of predicted drug-target interactions, a good number of which is match-

ing those reported in other databases. Other, non-validated predictions for driver

genes and drug-target interactions could be true, awaiting experimental validation.

Our analysis also suggests that somatic mutation data is a valuable comple-

ment to other molecular data, whose integration with those data could lead to an

improvement in the performance of data fusion methods. Our approach has a po-
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Figure 3.9: Area under the ROC and PR curves for GNMTF runs done on the
combination of particular input data sets listed on x-axis. The results are sorted
increasingly according to the AUC ROC values. See Fig. 3.6 for the abbreviated
names of the data sets. The figure is taken from Gligorijević et al. [139].

tential to enable the derivation of new hypotheses, improve drug selection and lead

to improvement in patient genomics-tailored therapeutics for cancer.
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3.3 Multiple Network Alignment via network and

sequence integration

Discovering patterns in networks of protein-protein interactions (PPIs) is a central

problem in systems biology. Alignments between these networks aid functional un-

derstanding as they uncover important information, such as evolutionary conserved

pathways, protein complexes and functional orthologs. However, the complexity of

the multiple network alignment problem grows exponentially with the number of

networks being aligned, and designing a multiple network aligner that is both scal-

able and that produces biologically relevant alignments is a challenging task that

has not been fully addressed. The objective of multiple network alignment is to

create clusters of nodes that are evolutionarily and functionally conserved across

all networks. Unfortunately, the alignment methods proposed thus far do not meet

this objective as they are guided by pairwise scores that do not utilize the entire

functional and evolutionary information across all networks.

To overcome this weakness, we propose Fuse, a new multiple network alignment

algorithm that works in two steps. First, it computes our novel protein functional

similarity scores by fusing information from wiring patterns of all aligned PPI net-

works and sequence similarities between their proteins. This is in contrast with the

previous tools that are all based on protein similarities in pairs of networks being

aligned. Our comprehensive new protein similarity scores are computed by GNMTF

(previusly described in Sections 3.1 and 3.2) that predicts associations between pro-

teins whose homology (from sequences) and functioning similarity (from wiring pat-

terns) are supported by all networks. Using the five largest and most complete PPI

networks from BioGRID, we show that GNMTF predicts a large number protein

pairs that are biologically consistent. Second, to identify clusters of aligned proteins

over all networks, Fuse uses our novel maximum weight k-partite matching approx-

imation algorithm. We compare Fuse with the state of the art multiple network

aligners and show that: (1) by using only sequence alignment scores, Fuse already

outperforms other aligners and produces a larger number of biologically consistent

clusters that cover all aligned PPI networks, and (2) using both sequence align-

ments and topological NMTF-predicted scores leads to the best multiple network

alignments thus far.

3.3.1 Introduction

Understanding the patterns in molecular interaction networks is of foremost im-

portance in systems biology, as it is instrumental to understanding the functioning
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of the cell [188]. A large number of studies focused on understanding the topol-

ogy of these networks [189, 190]. Network alignment started as a pairwise problem:

given two networks, aligning them means finding a node-to-node mapping (called an

alignment) between the networks that groups together evolutionarily or functionally

related proteins between the networks. These methods uncovered valuable informa-

tion, such as evolutionarily conserved pathways and protein complexes [191, 192],

and functional orthologs [193]. Finding these allows transfer of information across

species, such as performing Herpes viral experiments in yeast or fly and then apply-

ing the insights towards understanding the mechanisms of human diseases [194].

The pairwise network alignment problem is computationally intractable due to

NP-completeness of the underlying sub-graph isomorphism problem [195]. Hence,

several pairwise network alignment heuristics have been proposed. Early methods,

called local network aligners, search for small, but highly conserved sub-networks

[196–198]. As such sub-networks can be duplicated, local network aligners often

produce one-to-many or many-to-many mappings, in which a node from a given

network can be mapped to several nodes of the other network. While these multiple

mappings can indicate gene duplications, they are often biologically implausible

[199]. Hence, global network aligners, which perform an overall comparison of the

input networks and produce one-to-one mappings between the nodes of the two

networks have been introduced Clark and Kalita [200].

The number of known protein-protein interactions (PPIs) increased dramati-

cally over the last two decades thanks to the technological advances in high-throughput

interaction detection techniques, such as yeast two-hybrid [201, 202] and affinity pu-

rification coupled to mass spectrometry [203]. With the availability of PPI networks

of multiple species came the multiple network alignment problem, where given k

networks, aligning them means to group together the proteins that are evolution-

arily or functionally conserved between the networks. Similar to pairwise network

alignment, multiple network alignment can be local or global, with node mappings

one-to-one or many-to-many. As the complexity of the problem grows exponentially

with the number of networks to be aligned, the proposed multiple network alignment

algorithms use simple and scalable alignment schemes. The pioneering multiple net-

work alignment algorithm is NetworkBLAST [204, 205], which greedily searches for

highly conserved local regions in the alignment graph constructed from the pairwise

protein sequence similarities. Graemlin [198] produces local multiple network align-

ments using a progressive alignment scheme, by successively performing pairwise

alignments of the closest network pairs. IsoRank [206] and its successor IsoRankN

[207] are the first multiple network aligners that do not only use pairwise sequence

similarity to guide their alignment processes, but they also take into account the

topology (i.e., wiring patterns) around the two nodes in their corresponding networks
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to build up global many-to-many multiple network alignments, using a derivative of

Google’s PageRank algorithm. Smetana [208] also produces global many-to-many

multiple network alignments using both pairwise sequence scores and pairwise topo-

logical scores, which are derived from a semi-Markov random walk model. While

NetCoffee [209] does not use topological information to build its global one-to-one

alignment, it is the first multiple network aligner in which the score for mapping

two nodes does not only depend on the scores in pairs of networks, but also on their

conservation across all PPI networks being aligned, by using a triplet approach sim-

ilar to the multiple sequence aligner, T-Coffee [210]. Beams [211] is a fast heuristics

that constructs global many-to-many multiple network alignments from the pairwise

sequence similarities of the nodes by using a backbone (seed) extraction and merge

strategy. CSRW [212] follows the Smetana methodology, but uses a context-sensitive

random walk model. Finally, Node-Handprinting (NH) [213] produces global many-

to-many multiple network alignments from topological information only, by using a

progressive alignment heuristic. In the above mentioned aligners, most of the node

mapping scores are local, in the sense that they only consider the sequence similarity

or the topological similarity of the nodes. The only exception is NetCoffee, but its

global scores are only based on sequence similarity and do not take into account the

topology of the networks.

To overcome these limitations, we4 propose Fuse, a novel multiple network

alignment method that consists of two parts. In the first part, we compute novel

similarity (association) scores between proteins by integrating sequence similarities

and network wiring patterns over all proteins in all PPI networks being aligned.

Our objective is to link together proteins whose homology (from their sequence sim-

ilarity) and functioning similarity (from their wiring patterns in PPI networks) are

supported by all networks. We do this by using the most general form of GNMTF

technique. We apply GNMTF on the PPI networks of the five species that have

the largest and the most complete sets of PPIs in BioGRID database [214]. On

this dataset, the fusion process changes the values of sequence similarities between

proteins based on network topologies, so that some of the sequence similarities that

existed before the fusion disappear (about 40% in our experiments), while a large

set of new ones is created by the matrix completion property of NMTF [215]. This

new set of similar protein pairs is 13 times larger than the set of sequence-similar

protein pairs due to fusion of sequence information with network topology. More-

over, the new set of protein pairs has a higher functional consistency (i.e., shared

GO terms across the pairs) than the set of protein pairs found to be similar by

sequence alignment. To control the contribution of topology versus sequence, our

final functional similarity score for a pair of proteins is a weighted sum of their

4this study is a result of collaborative work with Dr. Nöel Malod-Dognin whose role was in
developing and implementing novel maximum weight k-partite matching algorithm.
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sequence similarity and their similarity predicted by GNMTF based on their wiring

and sequence similarity with proteins in all networks being aligned. In the second

part of Fuse, to construct a global one-to-one multiple network alignment, first we

construct an edge-weighted k-partite graph, with the proteins of each of the k PPI

networks being partitions of its node set and the above described functional similar-

ity scores being edge weights. To construct a multiple network alignment, we find a

maximum weight k-partite matching in this graph. As finding a maximum weight

k-partite matching is NP-hard [216], and because GNMTF predicts a large number

of similarities in the Fuse’s k-partite graph, we propose a novel k-partite matching

heuristic algorithm.

We evaluate the performance of Fuse against other state of the art multiple

network aligners and show that Fuse produces the largest number of functionally

consistent clusters that map proteins over all aligned networks. Unlike other align-

ers, Fuse is able to predict functional associations between proteins that are not

sequence related (i.e., whose sequence similarity is not significant). These associ-

ations can contribute to the identification of functionally consistent clusters that

cannot be identified by the previous aligners, as the previous aligners cannot predict

new protein associations that are not sequence-based. Furthermore, these predicted

clusters could be used for transfer of annotations across proteins of different species

that are not sequence-related. Moreover, we show that Fuse is scalable and com-

putationally more efficient than all of the previous aligners except Smetana (but

Smetana’s aligned proteins are not as functionally consistent as Fuse’s; detailed be-

low). Specifically, the data-fusion step is the most time consuming in Fuse with

the time complexity of O(n3), where n is the total number of proteins in all PPI

networks being aligned, while the alignment step has a smaller time complexity

of O(kn2 log n + kne), where k is the number of networks and e is the number of

functional associations (similarity scores) between the proteins in them.

3.3.2 Methods

The PPI of each species i is represented by a graph (network), Ni = (Vi, Ei), where

the nodes in Vi represent proteins, and where two proteins are connected by an edge

in Ei if they interact. Our multiple network alignment strategy consists of two steps.

In the next two paragraphs, we give a short overview of these steps, before giving

the full details of the methodology.

First, we use all PPI networks to be aligned and all the protein sequence sim-

ilarities between them, as inputs into the GNMTF-based data fusion technique to

compute new protein similarity scores between the proteins of the networks. Con-
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sidering the obtained normal distribution of similarity scores for aligning the 5 PPI

networks described above, we define as significant the scores that are in top 5%.

We combine significant scores with the original sequence similarities to derive the

final functional scores between pairs of proteins for the reasons explained in section

3.3.3. We construct an edge-weighted k-partite graph G = (
⋃k
i=1 Vi, E,W ), where

the node set is the union of the nodes sets (proteins) Vi of the input PPI networks;

two nodes u ∈ Vi, v ∈ Vj, i 6= j, are connected by an edge (u, v) in E if their

functional score is greater than zero; the corresponding edge weight in W is their

functional score. No edge exists between nodes coming from the same subset Vi by

definition of a k-partite graph.

Second, we construct a one-to-one global multiple network alignment by using

an approximate maximum weight k-partite matching solver on G.

Datasets and pre-processing

From BioGRID (v3.2.111, April 25th, 2014) [214], we obtained the PPI networks

of the 5 organisms having the largest and the most complete sets of physical PPIs:

Homo sapiens (HS), Saccharomyces cerevisiae (SC), Drosophila melanogaster (DM),

Mus musculus (MM), and Caenorhabditis elegans (CE). We retrieved the correspond-

ing protein sequences from NCBI’s Entrez Gene database [217] and computed their

pairwise similarities using BLAST [218]. We also retrieved from NCBI’s Entrez

Gene database the Gene Ontology (GO) annotations of the proteins. Note that we

only used experimentally validated GO annotations (i.e, excluding the annotations

from computational analysis evidence such as sequence similarity) and that we addi-

tionally excluded annotations derived from protein-protein interaction experiments

(code IPI). To standardize the GO annotations of proteins, similar to the evaluation

methods of Singh et al. [206], Liao et al. [207], Alkan and Erten [211], we restrict the

protein annotations to the fifth level of the GO directed acyclic graph by ignoring

the higher-level annotations and replacing the deeper-level annotations with their

ancestors at the restricted level. The network statistics are detailed in Table 3.5.

Collective GNMTF

In this case, we consider proteins belonging to different species as different data

types. In the case of two species, i and j, the sequence similarity scores between

their proteins are recorded in the high-dimensional relation matrix, Rij ∈ Rni×nj ,

where, ni is the number of proteins in the species i and nj is the number of proteins

in the species j. Entries in the relation matrix are e-values of the protein sequence
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Id # Nodes BP Ann. (%) MF Ann. (%) CC Ann. (%) # Edges
HS 14,164 37.2 23.2 9.6 127,907
SC 6,004 65.0 41.7 17.4 223,008
DM 8,125 36.1 13.4 6.3 38,892
MM 5,100 53.3 23.9 10.6 11,061
CE 3,841 35.0 7.3 4.2 7,726

Table 3.5: The five PPI networks considered in this study. For each PPI network
(row), the table presents its Id (column 1), its number of nodes (column 2), its per-
centage of nodes that are annotated with at least one GO term from either biological
process category (BP, column 3), molecular function category (MF, column 4), or
cellular component (CC, column 5), and finally, its number of edges (column 6).

alignments computed by using BLAST. Specifically, we use 1 − eval (for eval ≤
1) as a measure of association between protein pairs. NMTF estimates the high-

dimensional matrix, Rij as a product of low-dimensional non-negative, latent feature

matrices: Rij ≈ GiSijG
T
j , where, Gi ∈ Rni×ki+ and Gj ∈ Rnj×kj+ correspond to the

cluster indicator matrices of proteins in the first and the second species respectively,

and Sij ∈ Rki×kj is a low-dimensional, compressed version of Rij, where the choice

of rank parameters, ki, kj � min{ni, nj}, provides dimensionality reduction.

Some entries in the initial relation matrix Rij are zero (due to lack of sequence

similarities between the corresponding proteins) and they can be recovered from

the obtained low-dimensional matrix factors using the reconstructed relation matrix:

R̂ij = GiSijG
T
j (detailed below). Here we use the matrix completion property

to predict new and recover the existing association between proteins. To obtain

the low-dimensional matrix factors, Gi,Sij,Gj, we solve the following optimization

problem:

min
Gi≥0,Gj≥0

J = min
Gi≥0,Gj≥0

‖ Rij −GiSijG
T
j ‖2 (3.13)

We incorporate PPI network topology as constraints into our optimization

problem; violation of these constraints causes penalties to our objective function.

Namely, the aim is to allow proteins interacting within a PPI network to belong to

the same cluster. Interactions between proteins in PPI network, i, are represented

by a graph Laplacian matrix, Li = Di − Ai, where Ai is the adjacency matrix of

network i and Di is the diagonal degree matrix of i (i.e., diagonal entries in Di are

row sums of Ai). For all five of our PPI networks we construct a Laplacian matrices,

resulting in the set: {L1, . . . ,L5}.

Collective factorization of all relation matrices, Rij, ∀i, j ∈ {1, . . . , 5}, and

graph-regularization terms can be mathematically represented by using block-based

matrix representation. Namely, we use a block-based representation of relation (R)
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and Laplacian (L) matrices and low-dimensional latent feature matrices (S and G)

for our 5 PPI networks as follows:

R =


0 R12 . . . R15

RT
12 0 . . . R25

...
...

. . .
...

RT
15 RT

25 . . . 0

 , L =


L1 0 . . . 0

0 L2 . . . 0
...

...
. . .

...

0 0 . . . L5

 ;

S =


0 S12 . . . S15

ST12 0 . . . S25

...
...

. . .
...

ST15 ST25 . . . 0

 , G =


G1 0 . . . 0

0 G2 . . . 0
...

...
. . .

...

0 0 . . . G5


To simultaneously factorize all relation matrices, Rij ≈ GiSijG

T
j , 0 ≤ i, j ≤ 5, under

the constraints of PPI networks, we minimize the following objective function:

min
G≥0

J = min
G≥0

[
‖ R−GSGT ‖2 +γTr(GTLG)

]
(3.14)

where, γ is a regularization parameter which balances the influence of network

topologies in reconstruction of the relation matrix. The second term of equation

3.14 is the penalization term. It takes into account protein connections within the

PPI network in the following way: connected pairs of proteins are represented with

negative entries in the Laplacian matrix of the corresponding PPI network, and

these entries act as rewards that reduce the value of the objective function, J , forc-

ing the proteins to belong to the same cluster. Note that when γ = 0, the topology

is ignored and thus Equation 3.14 is equivalent to Equation 3.13 [137].

The optimization problem (Equation 3.14) is solved by applying the algorithm

following multiplicative update rules used to compute matrices G and S and under

which the objective function, J , is non-increasing [137]. These update rules are

derived by minimizing the Langragian function, L, constructed from the objective

function and all additional constraints, including positivity of matrix factors G,

as in paper by Wang et al. [137]. The update rule for S is obtained by fixing

the other matrix factor, G, and finding the roots of the equation: ∂L/∂S = 0. A

similar procedure is followed for obtaining the update rule for matrix factor G. The

multiplicative update rules, their derivation and the proof of their convergence can

be found in [137].

The central idea of the collective GNMTF-based data fusion approach lies in

the fact that the relation matrices are not factorized separately, but instead, are

coupled by the same low-dimensional matrix factors, Gi, which participate in their
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simultaneous decomposition [219] (see Figure 3.10 for an illustration). This corre-

sponds to the intermediate data fusion approach (which keeps the structure of the

data while inferring a model), that has been shown to be the most accurate from all

data fusion approaches [219–221].

Figure 3.10: An illustration of the basic principle of GNMTF-based data fusion of
5 PPI networks. Low-dimensional matrix factor G1, shown in red, is shared in the
decompositions of data sets represented by relation matrices: R12,R13,R14,R15.
Therefore, the decomposition of R12 depends on the other relation matrices through
the shared matrix G1. The figure is taken from Gligorijević et al. [140].

In our study, we use the the following values of parameters for GNMTF: (a) fac-

torization ranks, k1 = 80, k2 = 90, k3 = 80, k4 = 70 and k5 = 50, which we estimated

by computing principal components of relation matrices by using Principal Compo-

nent Analysis (PCA) [222]; (b) we chose the regularization parameter, γ = 0.7, since

it gives the best biological quality of the predicted associations. Namely, for each

value of γ ∈ {0., 0.001, 0.01, 0.1, 0.5, 0.7, 0.9}, we compute the functional consistency

of the GNMTF-predicted protein similarities. We find that the highest number of

highly associated and biologically consistent protein pairs is obtained when γ = 0.7,

which highlights the importance of incorporating the network topology in the fac-

torization scheme (see Section C.1 in Appendix C for details).

After the convergence of GNMTF, we compute the reconstructed relation ma-

trices over all pairs of networks, i and j: R̂ij = GiSijGj. Further, we threshold

the matrices by keeping only the top 5% of all associations of each protein of each

species. This “thresholding strategy” leads to better biological results than sampling

strategies based on statistical significance (see Appendix C Section C.3).



3.3. Multiple Network Alignment via network and sequence integration 79

Since a large number of initial associations is not recovered after the GNMTF

procedure (see Section 3.3.3 for details), to balance between the contribution to

protein similarity from sequence and from GNMTF, we compute the final protein

functional score w(u, v) between proteins u ∈ ni and v ∈ nj in the k-partite network,

as a linear combination of their sequence similarity seq(u, v) and their GNMTF-

predicted score R̂ij(u, v):

w(u, v) = αseq(u, v) + (1− α)R̂ij(u, v), (3.15)

where α is a balancing parameter in [0, 1] to either favour the sequence similarities

(when α = 1, only sequence similarities are used) or the novel predicted associations

(when α = 0, only GNMTF scores are used). These are the weights in the k-partite

network.

Approximate maximum weight k-partite matching

Using the weighted k-partite graph representation described above, we globally align

multiple networks by finding a maximum weight k-partite matching in G (defined

above). The maximum weight k-partite matching problem is known to be NP-hard

for k ≥ 3 [216, 223]. Given the large number of links between the proteins across the

networks produced by GNMTF, we must use a heuristic for finding an approximate

solution.

To handle this large number of link and to achieve a better approximation

of the maximum weight k-partite matching problem, we propose a novel maximum

weight k-partite matching heuristic, which we base on the clique clustering algorithm

proposed by He et al. [224] that has a low time-complexity. To this aim, we define

the following graph merge operation. Let G = (
⋃k
i=1 Vi, E,W ) be an edge-weighted

k-partite graph, and G[Vi, Vj] be the edge-weighted bi-partite subgraph of G that

is induced by the two subsets of nodes Vi and Vj. Let Fi,j = {u1 ↔ v1, u2 ↔
v2, . . . , ul ↔ vl} be a matching of G[Vi, Vj], where uk ↔ vk means that node uk ∈ Vi
is matched with node vk ∈ Vj. We merge Vi with Vj into Vij by identifying the

mapped nodes uk ↔ vk and by creating a corresponding merged node ukvk ∈ Vij.

These merged nodes inherit the edges from their parent nodes, and multiple edges

are replaced by a single edge with the sum of weights of the multiple edges as the

new weight of the edge. We also move into Vij the nodes of Vi and Vj that are not

matched. The new weighted graph Gij is called the merge of Vj to Vi from G along

Fi,j. We note that Gij is an edge-weighted (k − 1)- partite graph.

Our approximated maximum weight k-partite matching algorithm can be seen

as a progressive aligner which first maps and merges the two first networks, and then
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successively adds into the “merge graph” the remaining networks (see Algorithm 2).

The performance of our algorithm depends on the order in which the networks

(i.e., the partitions in the k-partite graph) are merged. We tested two different order-

ing strategies: merging starting from the smaller towards the larger networks, and

merging networks according to the phylogenetic-tree constructed from the weights

of the maximum weight bi-partite matching between the networks (i.e., merging the

most similar networks first). In the rest of this section, we only report the align-

ments obtained by merging from the smaller network to the larger one, as it leads

to the best multiple network alignment results (the comparison of the multiple net-

work alignments that are obtained using each strategy is presented in Figure C.5 in

Section C.2).

Algorithm 2 Approximate maximum weight k-partite matching.

Input G = (
⋃k
i=1 Vi, E,W )

for i = {2, . . . , k} do
Find maximum weight bipartite matching F1,i of G[V1, Vi]
Construct G1i, the merge of V1 and Vi from G along F1,i

Set G = G1i, and relabel V1i as V1
C = {∅}
for each merged node u in V1 do

Cluster Cu is the set of nodes that are merged into u
Add Cu to C

Output C

The main operation in Algorithm 2 is finding a maximum weight matching in

an induced bi-partite graph, which takes O(n2 log n+ ne) time [225, 226], when the

k-partite graph has n nodes and e edges. There are k − 1 such operations, hence

Algorithm 2 computes an approximate solution for the maximum weight k-partite

matching problem in O(kn2 log n+ kne) time.

3.3.3 Results and Discussion

Biological assessment of GNMTF predicted protein similari-

ties

The input data consist of 1, 477, 372 sequence similarities between all proteins in the

PPI networks of the 5 species. Using these similarities as input along with topologies

of the five PPI networks, GNMTF outputs 19, 175, 378 significant similarities (i.e.,

those obtained by keeping the top 5% of the associations of each protein that are

obtained from the reconstructed relation matrices). These associations, resulting

from GNMTF, cover 60% of the input sequence similarities (reconstructed), while

the remaining associations resulting from GNMTF are predicted.
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Figure 3.11: Functional consistency of GNMTF associations. For both GNMTF
associations and sequence similarity of protein pairs, we plot the cumulative number
of protein pairs with both proteins annotated (x-axis) against the percentages of
them sharing GO terms (y-axis). Biological process (BP) and molecular function
(MF) annotations are considered separately. The figure is taken from Gligorijević
et al. [140].

To estimate the impact of PPI network topology on prediction of protein as-

sociations and to understand why 40% of the initial sequence similarities are not

reconstructed through factorization process, we perform the following experiment:

for each reconstructed, predicted and non-reconstructed protein pair, we count the

number of sequence similarities between their neighbours in the corresponding PPI

networks. For the protein pairs with reconstructed sequence similarities, we find

that their neighbours share the highest number of sequence similarities, 20.4 on

average. We also find that protein pairs with predicted associations share 12.1 se-

quence similarities between neighbouring proteins on average. In contrast, a much

smaller number of sequence similar neighbours, 8.6 on average, is observed for the

protein pairs with non-reconstructed similarities. This means that GNMTF induces

new and reconstructs existing associations between proteins that have many se-

quence similar neighbours in the corresponding PPI networks. Hence, the sequence

similarity of protein pairs without many sequence similar neighbours in their PPI

networks will be lost in GNMTF process.

To assess the functional consistency of GNMTF’s protein associations, we com-

pute the cumulative number of associations between annotated proteins and the

percentage of them sharing GO term (we considered BP and MF annotations sepa-

rately). Compared with input sequence similar annotated proteins, GNMTF achieve



3.3. Multiple Network Alignment via network and sequence integration 82

both larger numbers of functionally consistent paired proteins and higher functional

consistency for the top-scoring pairs (Figure 3.11). This higher functional consis-

tency is very important in the context of clustering and alignment, where the highest

associations are considered first. Also, the best GNMTF scores are obtained with

γ = 0.7. This means that topologies of PPI networks contribute to functional co-

herence of protein pairs predicted to be similar by GNMTF.

To illustrate the cases where GNMTF predicts functionally consistent proteins

that cannot be identified by using only sequence similarity, we extracted from the

GNMTF’s predictions the pairs of proteins such that: (1) their sequence similarity

is not significant (i.e., e-value ≥ 1), and (2) that share at least one level 5 molecular

function GO annotation. We investigated the top scoring such pairs and fond that

these new associations are relevant. E.g., the five highest scoring pairs are: CTK1

(yeast) and MAP3K7 (mouse), SGV1 (yeast) and MAP3K7 (mouse), MEK1 (yeast)

and MEK2 (worm), MAP3K7 (human) and CTK1 (yeast), and SVG1 (yeast) and

MAP3K7 (human). All these proteins are kinases that catalyse phosphorylation

reactions.

Fusing PPI networks

We fuse the five PPI networks and assess its results against state-of-the-art multiple

network aligners; Beams [211], Smetana [208], CSRW [212] and NH [213]. We tried

to obtained alignments from IsorankN [207] and NetCoffee [209], but the compu-

tations did not finish after more than one week. We use BLAST e-values as input

sequence scores for all methods, using 1 − evalue as the similarity measure. Both

Fuse and Beams use parameter α ∈ [0, 1] to balance the amount of input protein

sequence similarity versus network topology. For these methods, we sample α from

0 to 1, in increments of 0.1. We left the other parameters of Beams and all the

parameters of Smetana, CSRW and NH at their default values.

Evaluation based on coverage. First, we compare the network alignment meth-

ods on their ability to form protein clusters that cover all five of the input PPI

networks. We refer to these clusters as “good” clusters, as opposed to “bad” clusters

that cover proteins from fewer than 5 PPI networks. The k-coverage is the number

of clusters containing proteins from k different PPI networks. Because the number

of proteins per cluster may vary, the k-coverage is also expressed in terms of the

number of proteins that are in these clusters. The total coverage considers all clus-

ters containing proteins from at least two networks. The coverage statistics of the

alignments are summarised in Figure 3.12.
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Figure 3.12: Coverage analysis. Left: for each alignment produced by the compared
alignment methods (for a specific value of α for Fuse and Beams), the bar chart
shows the number of clusters containing proteins from k species (see the colour
coding on the top). Right: the figure shows the same, but in terms of the number
of proteins in these clusters. The figure is taken from Gligorijević et al. [140].

Fuse produces a larger number of good clusters (i.e., containing proteins from

all five species; in dark blue in Figure 3.12), producing 3,841 of such clusters. Beams

achieves the highest total coverage (with up to 11,302 clusters containing proteins

from two to five species), but it does so by producing the largest number of bad

clusters (i.e., containing proteins from only two species; in red in Figure 3.12),

producing up to 6,046 of such clusters, and the smallest number of good ones (937

clusters containing 4,803 proteins). When the coverage is expressed in terms of

number of protein in the clusters (right panel of Figure 3.12), the total coverages of

all methods are similar. However, Fuse outperforms all other methods by putting

the largest number of proteins (19,205) in good clusters.

Interestingly, when Fuse uses sequence information only (i.e., when α = 1), it

already outperforms all the other approaches, which demonstrates the superiority of

our alignment heuristic (see Fig. 3.12). Moreover, Fuse achieves the best coverage

for α ≈ 0.8, when the functional similarity between the proteins is a combination of

their sequence similarity and of their GNMTF predicted similarity, which shows the

complementarity of network topology and protein sequence as sources of biological

information.

Evaluation based on functional consistency. We assess functional homogene-

ity of the clusters obtained by each method. We say that a cluster is annotated if

at least two of its proteins are annotated by a GO term. We say that an annotated

cluster is consistent if all of its annotated proteins have at least one common GO
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Figure 3.13: Functional consistency analysis. Left: for each alignment produced by
the compared alignment methods (for a specific value of α for Fuse and Beams), the
bar chart shows the number of clusters that contain proteins from all five species
and that are BP consistent (in green) or MF consistent (in blue). Right: the figure
shows the same, but in terms of the number of proteins in these clusters. The figure
is taken from Gligorijević et al. [140].

term. The ratio of all consistent clusters to all annotated clusters we call speci-

ficity. Another consistency measure that is used in previous studies [207, 208, 211]

is the mean normalized entropy (MNE). The normalized entropy of an annotated

cluster c is defined as NE(c) = − 1

log d

d∑
i=1

pi × log pi, where pi is the fraction of

proteins in c with the annotation GOi, and d represents the number of different GO

annotations in c. MNE is the average of the normalized entropy of all annotated

clusters. We compare Fuse, Beams, Smetana, CSRW and NH on their ability to

uncover functionally conserved proteins across all input networks, by measuring the

consistency, specificity and MNE of their clusters that contain proteins from all five

networks (see Figure 3.13 and Table 3.6). We consider GO annotations from bio-

logical process (BP) and molecular function (MF) separately and do not consider

cellular component (CC) annotations, as CC only annotate 9.7% of the proteins in

the five networks.

When using sequence information only (i.e., α = 1), Fuse already outperforms

other aligners, by creating a larger number of functionally consistent clusters that

consist of a larger number of proteins than previous methods (see Fig. 3.13). Fuse

creates 418 clusters that are functionally consistent with respect to GO Biological

Process (BP) (containing jointly 2,090 proteins), while the best competing method,

Smetana, produces only 188 BP consistent clusters (containing jointly 1,086 pro-

teins). Fuse also creates 564 functionally consistent clusters with respect to GO
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Fuse Beams Smetana CSRW NH
α =0 0.4 0.6 0.8 1 α = 0 0.2 0.3 0.7 1

BP: #C 159 439 452 459 418 147 158 159 154 149 188 185 108
#P 795 2,195 2,260 2,295 2,090 751 809 815 790 762 1,086 1,103 540
Spec. 6.7% 14.3% 14.8% 14.9% 14.2% 18.3% 19.2% 19.4% 18.8% 18.2% 14.7% 15.3% 6.3%
MNE 1.97 2.05 2.05 2.05 2.07 1.97 2.19 2.22 2.22 1.97 2.16 2.06 2.04

MF: #C 189 575 586 588 564 303 308 312 312 309 300 308 17
#P 945 2,875 2,930 2,940 2,820 1573 1,601 1,619 1,628 1610 2,262 2,205 85
Spec. 21.0% 40.7% 41.1% 41.3% 41.8% 66.4% 65.8% 66.0% 68.3% 68.2% 42.1% 45.8% 2.4%
MNE 0.91 0.85 0.83 0.84 0.84 0.73 0.72 0.75 0.73 0.73 0.80 0.79 0.95

Table 3.6: Functional consistency analysis. Each column represents one of the com-
pared alignment methods (for a specific value of α for Fuse and Beams). Numbers in
cell report (from top to bottom): the number of consistent clusters (#C), the num-
ber of proteins in consistent clusters (#P), the specificity (Spec.), and the mean
normalized entropy (MNE). In each row, the highest value is shown in bold.

Molecular Function (MF) (containing jointly 2,820 proteins), while the best com-

peting method, CSRW, produces only 308 MF consistent clusters (containing jointly

2,205 proteins).

Fuse obtains the best results when it uses a combination of sequence similarities

and GNMTF predicted similarities. Including predicted similarities (α = 0.8) allows

for finding up to 9% more of BP consistent clusters and for up to 4% more of MF

consistent clusters than when using sequence similarity alone (α = 1). Also, we

note that these larger numbers of consistent clusters and proteins in them are not

obtained at the cost of specificity, or of mean normalized entropy (see Table 3.6).

Because Fuse produces almost twice as many consistent clusters as the compet-

ing approaches, comparing methods’ outputs directly may not be fair. To this end,

first we score each cluster produced by Fuse with the sum of its proteins’ pairwise

similarity scores. Then, we sort Fuse’s clusters by decreasing scores (i.e., from the

cluster whose proteins are the most similar to the cluster whose proteins are the

least similar) and consider the number of consistent clusters in that ordering.

To compare Fuse against other methods, but on the same number of clusters

that other methods produce, we take from Fuse’s output the same number of clusters

as produced by other methods, that are top scoring in Fuse. E.g., Smetana outputs

1,279 BP annotated clusters out of which 188 are functionally consistent (note that

Fuse outputs 3,080 BP annotated clusters out of which 459 are functionally consis-

tent). When we take from Fuse’s output the 1,279 BP highest scoring annotated

clusters, we get 247 that are BP functionally consistent (in contrast to the 188 that

are BP consistent by Smetana). Similarly, Fuse outperforms Smetana, CSRW and

NH in both BP and MF consistent clusters (see C.3 in Section C.1) and it outper-

forms Beams in BP consistent clusters. For MF, Beams achieves a slightly larger

number of MF consistent clusters, 312 of them out of 457 MF annotated clusters,
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as opposed to Fuse’s 299 clusters that are MF consistent (out of the 457 top scoring

Fuse’s MF annotated clusters, C.3). However, the number of proteins in the 312 of

Beam’s MF consistent clusters is only 1,628, while Fuse produces in total 588 MF

consistent clusters that contain in total 2,940 proteins.

Another advantage of Fuse over other aligners is that in the GNMTF step,

it can predict new associations between proteins whose sequence similarity is not

significant (i.e., e-value ≥ 1). These associations can contribute to the identification

of functionally consistent clusters that cannot be identified by other aligners. For

example, Fuse can identify a cluster of 5 proteins (across 5 species) where only a

subset of them have similar sequences (e-value < 1), while others are predicted to be

related based on the GNMTF scores. In this case, the other aligners cannot identify

5-protein clusters because their performance is based only on sequence similarity

scores, and they cannot predict new protein associations. We identify 18 clusters

covering all 5 species (see Appendix C, Section C.4). One of them includes proteins:

HPS6 (human), HPS6 (mouse), SEC72 (yeast), ABU-1 (worm) and NIMC2 (fly);

since the first three and the last two proteins have similar sequences, if the alignment

was based only on sequence similarity, it would have resulted in two clusters covering

three and two species, respectively. However, because of the predicted association

between HPS6 (mouse) and ABU-1 (worm), Fuse was able to identify a cluster of

related proteins in all 5 species. These proteins are all involved in the immune

response and also the first four proteins are located in the endoplasmic reticulum

(details are in Section C.4 in Appendix C).

Fuse is also computationally efficient and scalable. The matrix factorization

step is an O(n3) time operation, where n is the total number of proteins in all PPI

networks. On our dataset, the matrix factorization step is the most time consuming

and requires ≈ 10 hours to complete. The alignment step has a smaller time com-

plexity of O(kn2 log n+kne), where n is the number nodes in Fuse’s k-partite graph

(i.e., the total number of proteins in all PPI networks), and e is the total number of

edges in Fuse’s k-partite graph, and on our data set the alignment process requires

less than 15 minutes. The time complexity of Beams is O(ndk+1), where d is the

maximum degree of a node in Beams’ k-partite graph. Beams complexity becomes

larger than Fuse’s one when its k-partite graph becomes denser (i.e., when d tends

to n). Aligning our PPI networks with Beams requires ≈ 78 hours. NH also has

a large time complexity, O(kn4), although on our dataset it takes a short running

times of ≈ 1 hour. Finally, Smetana and CSRW have the smallest time complexities

of O(k3ne) and on our data set their computations require ≈ 1 hour for Smetana

and ≈ 3 hours for CSRW.
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3.3.4 Conclusions

In this section we propose Fuse, a novel global multiple network alignment algorithm

which can efficiently align even the largest currently available PPI networks. Fuse

computes novel similarity scores between the proteins in PPI networks by fusing

all PPI network topologies and their protein sequence similarities by GNMTF. We

show that these new similarities complement solely sequence-based ones: GNMTF

predicts as similar 13 times more protein pairs than sequence alone does and these

predicted protein pairs are functionally consistent. This demonstrates the power of

data integration and contribution of network topology to sequence-based methods

for finding functionally consistent proteins in different species.

We define new functional similarity scores between the proteins by combining

the similarity scores obtained by GNMTF with the sequence-based ones using a

user-defined balancing parameter α to either favour one or the other. Fuse uses

these functional scores to construct global one-to-one multiple network alignment

by using a novel maximum weight k-partite matching heuristic algorithm.

We compare the alignments of Fuse to the ones of the state-of-the art aligners,

Beams, Smetana, CSRW and NH. We find that even when using solely protein se-

quence similarity, Fuse already outperforms all other network aligners by producing

a larger number of functionally homogeneous clusters that cover all aligned net-

works. This shows the superiority of our k-partite matching heuristic to produce

biologically meaningful multiple network alignments. Additionally, we find that the

results of Fuse are even better when functional similarity scores are created from

both sequence and GNMTF scores (when α = 0.8) rather than when using sequence

information only (when α = 1). This again demonstrates complementarity of se-

quence and network topology in carrying biological information.



Chapter 4

Integration and analysis of

homogeneous multi-relational

networks

In Chapter 3, we have seen how heterogeneous multi-relational network representa-

tion can be useful for representation and analysis of heterogeneous biological data.

We have also seen how NMTF-based methods are the most suitable for mining such

networks. In this Chapter, we shift our attention to homogeneous multi-relational

network representation and propose two novel classes of methods, based on NMF

technique, for mining such networks. In particular, we focus on methods for extrac-

tion of communities (i.e., clusters, or modules) from such multi-relational networks.

To be consistent with the majority of studies dealing with the same network rep-

resentation, in the rest of this chapter, we refer to homogeneous multi-relational

networks as multilayer or multiplex networks.

First, we start this Chapter by providing a comprehensive review of exist-

ing state-of-the-art methods for community detection in single-layer and multi-

layer networks (presented in Section 4.1). Next, in Section 4.2, we review most

commonly used measures for clustering evaluation that we use in our comparison

studies. Then, in Section 4.3, we introduce two novel methods, coined Weighted

Simultaneous Symmetric NMTF (WSSNMTF) and WSSNMTF with natural gra-

dient (NG-WSSNMTF), that simultaneously decompose network layers to find a

low-dimensional representation common to all layers, from which the composite

communities can be extracted. Finally, in Section 4.4, we propose further improve-

ments of these methods, and introduce a general framework, termed Network Fusion

for Composite Community Extraction (NF-CCE), composed of four novel methods

based on four different NMF techniques that are extended for collective decompo-

88
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sition of network layers. We conduct extensive experiments on variety of different

types of networks, including biological, social, telecommunications, citation and

brain networks, and demonstrate a superior clustering performance of our methods

over the existing state-of-the-art methods. Results of this chapter have previously

been published in Gligorijević et al. [227] or prepared for publication in Gligorijević

et al. [228].

4.1 Introduction: from single-layer to multilayer

networks

Networks along with their theoretical foundations are powerful mathematical tools

for representing, modeling, and analyzing complex systems arising not only in biol-

ogy, but also in several other scientific disciplines including sociology, physics, and

engineering among others [229]. Concretely, social networks, economic networks,

biological networks, telecommunications networks, etc. are just a few examples of

graphs in which a large set of entities (or agents) correspond to nodes (or vertices)

and relationships or interactions between entities correspond to edges (or links).

Structural analysis of these networks have yielded important findings in the corre-

sponding fields [230, 231].

Community detection (also known as graph clustering or module detection) is

one of the foremost problems in network analysis. It aims to find groups of nodes

(i.e., clusters, modules or communities) that are more densely connected to each

other than they are to the rest of the network [232]. Even thought the volume

of research on community detection is large, e.g., [233–241], the majority of these

methods focus on networks with only one type of relations between nodes (i.e.,

networks of single type interaction). However, many real-world systems are naturally

represented with multiple types of relationships, or with relationships that chance

in time. Such systems include subsystems or layers of connectivity representing

different modes of complexity (see also Section 2.1 for a brief introduction into

these types of networks, where we refer to these networks as homogeneous multi-

relational networks). For instance, in social systems, users in social networks engage

in different types of interactions (e.g., personal, professional, social, etc.). In biology,

different experiments or measurements can provide different types of interactions

between genes. Reducing these networks to a single type interactions by disregarding

their multiple modalities is often a very crude approximation that fails to capture

a rich and holistic complexity of the system. In order to encompass a multimodal

nature of these relations, a multilayer network representation has been proposed

[46]. Multilayer networks (also known as multidimensional, multiview or multiplex
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networks) have recently attracted a lot of attention in network science community.

They can be represented as a set of graph layers that share a common set of nodes,

but different set of edges in each layer (see Fig. 4.1 for an illustration). With

the emergence of this network representation, finding composite communities across

different layers of multilayer network has become a new challenge [46, 242].

G1(V,E1)

G2(V,E2)

G3(V,E3)

c1

c1

c1

c2

c2

c2

Figure 4.1: An example of multilayer networks with 11 nodes present in three com-
plementary layers denoted in different colors. Two different communities across all
three layers can be identified. The figure is taken from Gligorijević et al. [228].

Before introducing our methods, here we provide a systematic review of exist-

ing methods for single-layer and multilayer networks. To make this chapter self-

contained, we start our review by repeating basic network definitions and concepts

previously introduced in Section 2.1.

4.1.1 Single-layer (monoplex) networks

In graph theory, a monoplex network (graph) can be represented as an ordered pair,

G = (V,E), where V is a set of n = |V | vertices or nodes, and E is a set of m = |E|
edges or links between the vertices [243]. An adjacency matrix representing a graph

G is denoted by A ∈ {0, 1}n×n, where Aij = 1 if there is an edge between vertices

i and j, and Aij = 0 otherwise. Most of the real-world networks that we consider

here in this chpater are represented as edge-weighted graphs, G = (V,E,w), where

w : E → R assigns real values to edges. In this case, the adjacency matrix instead

of being a binary matrix, is a real one i.e., A ∈ Rn×n, with entries characterizing

the strength of association or interaction between the network nodes.

Although, there is no universally accepted mathematical definition of the com-

munity notion in graphs, the probably most commonly accepted definition is the

following: a community is a set of nodes in a network that are connected more

densely among each other than they are to the rest of the network [46]. Hence,

the problem of community detection is as follows: given an adjacency matrix A

of one network with n nodes and k communities, find the community assignment
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of all nodes, denoted by matrix H ∈ {0, 1}n×k, where Hij = 1 if nodes i belongs

to community j, and Hij = 0 otherwise. We consider the case of non-overlapping

communities, where a node can belong to only one community, i.e.,
∑k

j=1 Hij = 1.

To address the community detection problem in monoplex networks, several

methods have been proposed. Comprehensive surveys of these methods are [232]

and [241]. Here, we briefly review some of the most representative approaches,

including graph partitioning, spectral clustering, hierarchical clustering, modularity

maximization, statistical inference and structure-based methods, as well as method

that rely on non-negative matrix factorizations:

• Graph partitioning aims to group nodes into partitions such that the cut size,

i.e., the total number of edges between any two partitions, is minimal. Two

widely used graph partitioning algorithms that also take into account the size

of partitions are Ratio Cut and Normalized Cut [244]. Graph partitioning

algorithms can be alternatively defined as spectral algorithms in which the

objective is to partition the nodes into communities based on their eigenvectors

obtained from eigendecomposition of graph Laplacian matrix [245].

• In hierarchical clustering the goal is to reveal network communities and their

hierarchical structure based on a similarity (usually topological) measure com-

puted between pairs of nodes [246].

• Modularity-based algorithms are among the most popular ones. Modularity

was designed to measure the strength of partition of a network into commu-

nities. It is defined as a fraction of the edges that fall within the commu-

nity minus the expected fraction when these edges are randomly distributed

[233, 247]. Various algorithms have been proposed for modularity optimiza-

tion, including greedy techniques, simulated annealing, spectral optimization,

etc. [232].

• Statistical inference methods aims at fitting the generative model to the net-

work data based on some hypothesis. Most commonly used statistical inference

method for community detection is the stochastic block model, that aims to

approximate a given adjacency matrix by a block structure [248]. Each block

in the model represents a community.

• Structure-based methods aim to find subgraphs representing meta definitions

of communities. Their objective is to find maximal cliques, i.e., the cliques

which are not the subgraph of any other clique. The union of these cliques

form a subgraph, whose components are interpreted as communities [249].
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• More recently, graph clustering methods that rely on the Non-Negative Matrix

Factorization (NMF) [250] have been proposed e.g., [251, 252]. Their goal

is to approximate a symmetric adjacency matrix of a given network by a

product of two non-negative, low-rank matrices, such that they have clustering

interpretation, i.e., they can be used for assigning nodes to communities. The

proposed methods here, follow this line of research but as opposed to the

existing methods [251, 252], they can effectively handle multilayer networks.

4.1.2 Multilayer networks

A multilayer network is a set of N monoplex networks (or layers), Gi(V,Ei), for

i = 1, . . . , N . The number of nodes in each layer is the same, n = |V |, while the

connectivity pattern and the distribution of links in each layer differs, mi = |Ei| (see

Fig. 4.1). Similarly to monoplex networks, we consider the case where each layer

represents a weighted, undirected graph, i.e., Gi(V,Ei, wi). A multilayer network

can be represented as a set of adjacency matrices encoding connectivity patterns of

individual layers, A(i) ∈ Rn×n, for i = 1, . . . , N . The goal of community detection

in multilayer networks is to infer shared, latent community assignment that best

fits all given layers. Given that each layer contains incomplete and complementary

information, this process of finding shared communities by integrating information

from all layers is also known in the literature as network integration (fusion) [253,

254].

Unlike the case of monoplex networks, research on community detection in

multilayer networks is scarce. Existing methods extract communities from multilayer

networks first by aggregating the links of all layers into a single layer, and then

applying a single-layer method to that single layer [254–256]. However, this approach

does not account for shared information between layers and treats the noise present

in each layer uniformly. Clearly, this is not the case in real-world multilayer networks

where each level is contaminated by different noise in terms of magnitude and,

possibly, distribution. Thus, by aggregating links from different layers the noise in

the aggregated layer significantly increases, resulting in a poor community detection

performance.

Current state-of-the-art methods are built on monoplex approaches and fur-

ther generalized to multilayer networks. They can be divided into the following

categories:

• Modularity-based approaches generalize the notion of modularity from single-

layer to multilayer networks. Namely, to alleviate the above mentioned lim-
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itations, the Principal Modularity Maximization (PMM) [254] has been pro-

posed. First, for each layer, PMM extracts structural features by optimizing

its modularity, and thus significantly denoising each layer; then, it applies

PCA on concatenated matrix of structural feature matrices, to find the princi-

pal vectors, followed by K-means to perform clustering assignment. The main

drawback of this approach is that it treats structural feature matrices of all

layers on equal basis (i.e., it is not capable of distinguishing between more and

less informative network layers, or complementary layers). Even though the

noise is properly handled by this method, the complementarity aspect cannot

be captured well by the integration step.

• Spectral clustering approaches that generalize the eigendecomposition from

single to multiple Laplacian matrices representing network layers. One of the

state-of-the-art spectral clustering methods for multilayer graphs is the Spec-

tral Clustering on Multi-Layer (SC-ML) [257]. First, for each network layer,

SC-ML computes a subspace spanned by the principal eigenvectors of its Lapla-

cian matrix. Then, by interpreting each subspace as a point on Grassmann

manifold, SC-ML merges subspaces into a consensus subspace from which the

composite clusters are extracted. The biggest drawback of this methods is

the underlying spectral clustering that always finds tight and small-scale and,

in some cases, almost trivial communities. For example, SC-ML cannot ade-

quately handle network layers with missing or weak connections, or layers that

have disconnected parts.

• Information diffusion-based approaches that utilize the concept of diffusion

on networks to integrate network layers. One of such methods is Similarity

Network Fusion (SNF) proposed by Wang et al. [258]. SNF captures both

shared and complementary information in network layers. It computes a fused

matrix from the similarity matrices derived from all layers through parallel

interchanging diffusion process on network layers. Then, by applying a spectral

clustering method on the fused matrix they extract communities. However,

for sparse networks, the diffusion process, i.e., information propagation, is not

very efficient and it may results in poor clustering performance.

• Matrix and tensor factorization-based approaches that utilize collective factor-

ization of adjacency matrices representing network layers. A few matrix and

tensor decomposition-based approaches have been proposed so far [259–262].

Tang et al. [259] introduced the Linked Matrix Factorization (LMF) which

fuses information from multiple network layers by factorizing each adjacency

matrix into a layer-specific factor and a factor that is common to all network

layers. Dong et al. [260], introduced the Spectral Clustering with General-

ized Eigendecomposition (SC-GED) which factorizes Laplacian matrices in-
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stead of adjacency matrices. Papalexakis et al. [261] proposed GraphFuse, a

method for clustering multilayer networks based on sparse PARAllel FACtor

(PARAFAC) decomposition [263] with non-negativity constraints. Cheng et

al. introduced Co-regularized Graph Clustering based on NMF (CGC-NMF).

They factorize each adjacency matrix using symmetric NMF while keeping

the Euclidean distance between their non-negative low-dimensional represen-

tations small. One of the major limitations of all of these factorization methods

is that they treat each network layer on an equal basis and, unlike PMM or

SC-ML, for example, they cannot filter out irrelevant information or noise.

To alleviate the drawbacks of the aforementioned methods in Sections 4.3 and

4.4 we introduce two novel classes of methods that are built upon NMF decompo-

sition methods.

4.2 Clustering evaluation measures

Here we discuss the evaluation measures used in our experiments to evaluate and

compare the performance of our proposed methods with the above described state-of-

the-art methods. Given that we test our methods on multilayer networks with known

and unknown ground truth cluster, we distinguish between two sets of measures:

• Known ground truth. We use the following three widely used clustering accu-

racy measures: Purity [264], Normalized Mutual Information (NMI) [265] and

Adjusted Rand Index (ARI) [265]. All three measures provide a quantitative

way to compare the computed clusters Ω = {ω1, . . . , ωk} with respect to the

ground truth classes: C = {c1, . . . , ck}. Purity represents percentage of the

total number of nodes classified correctly, and it is defined as [264]:

Purity(Ω, C) =
1

N

∑
k

max
j
|ωk ∩ cj|

where N is the total number of objects, and |ωk ∩ cj| represents the number of

nodes in the intersection of ωk and cj. To trade-off the quality of the clustering

against the number of clusters we use NMI. NMI is defined as [265]:

NMI(Ω, C) =
I(Ω;C)

|H(Ω) +H(C)|/2

where I is the mutual information between node clusters Ω and classes C,

while H(Ω) and H(C) represent the entropy of clusters and classes respec-

tively. Finally, Rand Index represents percentage of true positive (TP ) and
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true negative (TN) decisions assigns that are correct (i.e., accuracy). It is

defined as:

RI(Ω, C) =
TP + TN

TP + FP + FN + TN

where, FP and FN represent false positive and false negative decisions re-

spectively. ARI is defined to be scaled in range [0, 1] [265]. All three measures

are in the range [0, 1], and the higher their value, the better clustering quality

is.

• Unknown ground truth. For biological networks, the ground truth clusters are

unknown and evaluating the clustering results becomes more challenging. In

order to evaluate the functional modules identified by our methods, we use

Gene Ontology (GO) [21], a commonly used gene annotation database. GO

represents a systematic classification of all known protein functions organized

as well-defined terms (also known as GO terms) divided into three main cate-

gories, namely Molecular Function (MF), Biological Process (BP) and Cellular

Component (CC) [21]. GO terms (i.e., annotations), representing gene func-

tions, are hierarchically structured where low-level (general) terms annotate

more proteins than high-level (specific) terms. Thus, for each gene in a net-

work, we create a list of its corresponding BP GO term annotations. We then

analyze the consistency of each cluster, i, obtain by our method, by computing

the redundancy [234], Ri as follows:

Ri = 1−

(
−

NGO∑
l=1

pl log2 pl

)
log2NGO

where, NGO represents the total number of GO terms considered and pl rep-

resents the relative frequency of GO term l in cluster i. Redundancy is based

on normalized Shannon’s entropy and its values range between 0 and 1. For

clusters in which the majority of genes share the same GO terms (annotations)

redundancy is close to 1, whereas for clusters in which the majority of genes

have disparate GO terms the redundancy is close to 0. When comparing clus-

tering results obtained by different methods, we use the value of redundancy

averaged over all clusters. Furthermore, the redundancy is a very suitable

measure for clustering performance comparisons because its value does not

depend on the number of clusters and unlike others evaluation measures for

biological network clustering [266], it is parameter-free.

In addition to redundancy, we also perform GO term enrichment analysis

[267], on each individual gene cluster, to further examine their functional ho-
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mogeneity. Using GO annotations of genes in each individual cluster, enrich-

ment analysis finds GO terms that are over-represented in that cluster. To do

so, for each GO term, GOj, we compute the p-value, pj, that represents the

probability that a given cluster of genes is enriched in GOj term purely by

chance. The p-value is computed using cumulative hypergeometric cumulative

distribution as follows:

pj = 1−
X−1∑
i=0

(|GOj |
i

)(
n−|GOj |
|C|−i

)(
n
|C|

)
where, n is the number of genes in the network, |GOj| is the total number of

genes annotated with GOj, X is the number of genes in cluster C annotated

with GOj and |C| is the total number of genes in cluster C; pj represents

the probability that at least X genes out of total |C| genes in cluster C are

annotated with GOj, given the proportion of genes in the network annotated

with GOj. The smaller value of pj indicates the larger significance association

between GO term GOj and the group of genes in cluster C. After computing p-

values for each cluster obtained by our methods, we apply Benjamini-Hochberg

correction procedure [268] to decrease the false discovery rate (FDR) and a

probability of obtaining significant p-values in a larger number of experiments

merely by chance. Thus, in all our experiments, we report the adjusted p-values

computed by applying this procedure. Also, we use pj ≤ 0.05 as a threshold,

below which we consider a cluster to be statistically significantly enriched in

GOj.

4.3 Decomposition of network layers into a com-

mon non-negative representation

Here, we propose two novel methods for network fusion and community extraction

from multiple network layers. Both methods are based on Symmetric Non-negative

Matrix Tri-Factorization (SNMTF) [122, 251], in which an adjacency matrix, repre-

senting a graph, is decomposed into a product of three low-dimensional non-negative

latent feature matrices. We extend this approach on multiple graph layers, and we

introduce our methods Weighted Simultaneous SNMTF (WSSNMTF) and WSSN-

MTF with Natural Gradient (NG-WSSNMTF). Both methods simultaneously fac-

torize adjacency matrices representing network layers by using SNMTF, while keep-

ing the low-dimensional latent feature matrices shared across the decomposition;

this enables the structural information shared between graph layers to be taken into

account during decomposition. Furthermore, both methods take into account the
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missing values in each matrix (i.e., the missing links in each network layer). To this

end, for each layer, we introduce a symmetric weight matrix, in which the entries

are equal to one for the observed and zero for missing edges. Thus, we formulate

the objective function to factorize only observed values. Furthermore, we impose

sparsity penalties to our learned low-dimensional latent feature matrices by adding

`1 norm regularization terms to our objective function. This will make the learned

matrices more robust to noise and outliers, which is the case for many incomplete

graph layers. Consequently, this leads to much stable clustering results. To the best

of our knowledge, these are the first methods for multilayer community detection

that consider missing and incomplete network layers. While WSSNMTF uses regular

gradient, NG-WSSNMTF uses normal gradient to optimize the objective function

by imposing the low-dimensional latent feature matrices to be orthonormal, and

thus, leading to better clustering results (see Section 4.3.4).

4.3.1 Weighted Simultaneous SNMTF: formulation of the

problem

In a multilayer network, each A(i) is constructed over the same number of nodes

n. For some network layers, this may result in A(i) having zero rows and columns.

Therefore, to treat this as missing values properly, for each network layer we define

a weight matrix, W(i), introduces in the following way:

∀i, W
(i)
ab =

1 if a is connected with b in layer i,

0 otherwise
(4.1)

In analogy with the SNMTF, we tri-factorize each symmetric matrix A(i) into

a product of three non-negative matrices in the following way:

A(i) ≈ HS(i)HT , where, S(i) ≥ 0, H ≥ 0

Note that matrix H, also called soft cluster indicator matrix, is shared across the

decompositions. To factorize only the observed entries in matrices (i.e., the observed

links) we formulate the following objective function:

L =
N∑
i=1

‖W(i) ◦ (A(i) −HS(i)HT ) ‖2 +
N∑
i=1

ηi ‖ S(i) ‖1 (4.2)

where ◦ denotes Hadamard product of matrices; `1 norm of the second terms imposes
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sparsity constraint to S(i) matrices. Parameters ηi for i ∈ {1, . . . , N} are trade-off

parameters for balancing the influence between the two terms.

4.3.2 Optimization with ordinary gradient

We minimize the objective function shown in (4.2) under the following constraints:

H ≥ 0 and S(i) ≥ 0 for ∀i ∈ {1, . . . , N}. We derive the update rules for minimizing

the objective function following the procedure from the constrained optimization

theory [130]. Since the objective function is not jointly convex in both H and S(i),

we present an alternating procedure to find a local optimal solution. That is, we

optimize the objective function with respect to one variable while fixing others. The

procedure is repeated until convergence.

We follow the strategy employed in the derivation of NMF [250] to obtain the

multiplicative update rules for both S(i) and H matrices that can be used for finding

a local minimum of the optimization problem (4.2).

The derivative of the objective function with respect to S(i) is as follows1:

∇S(i)L = −

[∇
S(i)L]−︷ ︸︸ ︷

2HT (W(i) ◦A(i))H +

[∇
S(i)L]+︷ ︸︸ ︷

2HT (W(i) ◦HS(i)HT )H + 2
1

2
ηi

= [∇S(i)L]+ − [∇S(i)L]−

where, [∇S(i)L]+ ≥ 0, [∇S(i)L]− ≥ 0 are non-negative terms.

Using the Karush-Kuhn-Tucker (KKT) complementarity condition [130] for the

non-negative constraint on S(i), S(i) ← S(i) ◦
(

[∇
S(i)L]−

[∇
S(i)L]+

) 1
2

, we obtain the following

multiplicative update rule for each S(i) matrix:

S(i) ← S(i) ◦

√
HT (W(i) ◦A(i))H

HT (W(i) ◦HS(i)HT )H + 1
2
ηi

(4.3)

The derivative of the objective function with respect to H is as follows:

1In the derivation procedure we use the following mathematical properties: Tr(ABC) =
Tr(BCA) = Tr(CAB); Tr(AT ) = Tr(A) and ‖ A ‖2F= Tr(AAT ); if A ≥ 0 then ‖ A ‖1=
Tr(1TA);Tr((WT ◦AT )(W ◦B)) = Tr(AT (W ◦W ◦B))
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∇HL = −

[∇HL]−︷ ︸︸ ︷
N∑
i=1

4(W(i) ◦A(i))HS(i) +

[∇HL]+︷ ︸︸ ︷
N∑
i=1

4(W(i) ◦HS(i)HT )HS(i)

Again, from the Karush-Kuhn-Tucker (KKT) complementarity condition [130]

for the non-negative constraint on H, H← H ◦
(

[∇HL]−
[∇HL]+

) 1
4

, we obtain the following

update rule for H matrix:

H← H ◦

( ∑N
i=1(W

(i) ◦A(i))HS(i)∑N
i=1(W

(i) ◦HS(i)HT )HS(i)

) 1
4

(4.4)

Given randomly initialized non-negative matrices H and S(i), we use multi-

plicative update rules (4.3) and (4.4) to find a local minimum of the optimization

problem (4.2).

4.3.3 Optimization with natural gradient

Ding et al. [122] have proved that the orthonormality constraint imposed on non-

negative low-dimensional latent feature matrix, H, in SNMTF leads to a more rig-

orous clustering interpretation. Moreover, under this constraint, they showed the

equivalence between NMF and k-means clustering [122]. We adopt the same idea

in our optimization problem (4.2) by imposing the orthonormality constraint on the

low-dimensional non-negative latent feature matrix H: HTH = I. On the other

hand, it can be shown that columns of H matrix span a vector subspace known

as Grassmann manifold G(k, n), i.e., span(H) ∈ G(k, n) [269]. Moreover, Amari in

[270] has showed that when an optimization problem is defined over a Grassmann

manifold, the ordinary gradient of the optimization function does not represent its

steepest direction, but natural gradient does.

Therefore, we define a natural gradient to optimize our objective function (4.2)

under the orthornormality constraint. Following Panagakis et al. [269], we introduce

a tangent vector, ∆ ∈ Rn×k at H that satisfies: HT∆ = 0. The projection onto

the tangent space can be given as: ΠH = I − HHT . By fixing Si and using the

projection, we can define a natural gradient of L(H) on Grassmann manifold at H

in the following way:
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∇̃HL = ΠH∇HL = ∇HL −HHT∇HL

where, ∇HL is the ordinary gradient, computed as in 4.3.2.

Following the Karush-Kuhn-Tucker (KKT) complementarity condition [130]

and preserving the non-negativity of H, we re-write the update rule for H ma-

trix using the natural gradient: H ← H ◦
(

[∇̃HL]−

[∇̃HL]+

) 1
4

, where ∇̃HL can be written

in the following way:

∇̃HL = [∇HL]+ − [∇HL]− −HHT [∇HL]+ + HHT [∇HL]−

The multiplicative update rule for H is:

H← H ◦

(
[∇HL]− + HHT [∇HL]+

[∇HL]+ + HHT [∇HL]−

) 1
4

(4.5)

The update rule for S stays the same as in (4.3).

4.3.4 Experiments

In this section, we evaluate the performance of our proposed algorithms WSSNMTF

and NG-WSSNMTF on several synthetic and real world multilayer networks. First,

we describe the multilayer networks that we use for clustering evaluation, and then

provide a brief description of algorithms that we use for clustering comparison.

Finally, we present the results in terms of the three different clustering evaluation

measures introduced in Section 4.2.

Synthetic and real-world datasets

Synthetic data generation. We generate three synthetic multilayer graphs each

with N = 3 different layers (see Fig. 4.2) by using the planted partition model

approach described in [261]. For each multilayer network, we choose n = 400 nodes

partitioned into three communities with n1 = 150, n2 = 50 and n3 = 200 nodes

respectively in each community. For each layer, we split the corresponding adjacency

matrix into blocks defined by the partition. Entries in each diagonal block, are

filled with ones randomly, with probability pii, representing the edge connectivity
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Figure 4.2: Spy-plots of three random synthetic multilayer networks with three lay-
ers. (top) SYNT-1 is composed of three complementary layers with communities of
different connectivity probabilities and fixed probability of noise between commu-
nities. (middle) SYNT-2 is composed of three layers with different levels of noise
between communities and fixed connectivity probability of communities. (bottom)
SYNT-MIX is composed of three layers generated by combining approaches from
SYNT-1 and SYNT-2. The figure is taken from Gligorijević et al. [227].

probability; it is also referred as community’s edge density. We also add random

noise between each pair of blocks, ij, with probability pij, representing links between

communities. The larger the values of pij are the harder the clustering is. Similarly,

the smaller the values of pii are the harder the clustering is.

To demonstrate the ability of WSSNMTF and NG-WSSNMTF to efficiently in-

tegrate complementary network layers and to demonstrate their robustness against

different levels of noise we generate three different synthetic random multilayer net-

works. SYNT-1 (Fig. 4.2, top) has three layers with different community connectiv-

ity and fixed noise between communities. Connectivity probabilities of communities

in each layer correspond to one cyclic permutation of the following probabilities:

p11 = 0.4, p22 = 0.2, p33 = 0.1. Noise between communities is p12 = p13 = p23 = 0.05

and it is the same in all layers. In that way, in each layer we have only one commu-

nity that is fully represented, while other two are partially represented. SYNT-

2 (Fig. 4.2, middle) has fixed probabilities of communities’ connectivities (i.e.,

p11 = 0.4, p22 = 0.2, p33 = 0.1) but noise between blocks in each layer corresponds

to one cyclic permutation of the following probabilities: p12 = 0.05, p13 = 0.03,
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p23 = 0.01. SYNT-MIX corresponds to the mixture of SYNT-1 and SYNT-2 and it

is generated by permuting both pii and pij probabilities when generating different

layers.

Real data description We use three different real data multilayer networks.

Two of them are constructed from bibliographic datasets, and the third one is a

mobile phone dataset. The first dataset is CiteSeer 2 dataset, consisting of 3312

papers belonging to 6 different research categories. We consider these categories as

the ground truth classes. We construct two layers: citation layer, representing the

citation relations between papers extracted from the paper citation records; and the

paper similarity layer, constructed by extracting a vector of 3703 most frequent and

unique words for each paper, and then computing the cosine similarity between each

pair of papers. The spy plots of the adjacency matrices of these layers are represented

in Fig. 4.3 (top). The second dataset is a subset of CoRA dataset [271] consisting of

1662 Machine Learning papers grouped into 3 different research categories. Namely,

Genetic Algorithms, Neural Networks and Probabilistic Methods. We use the same

approach as for CiteSeer dataset to construct the citation and similarity layers.

The spy plots of the adjacency matrices of these layers are represented in Fig. 4.3

(bottom). The third dataset we adopt is the MIT Reality Mining Dataset (not

shown), which consists of 87 mobile phone users on the MIT campus. The network

consist of three layers constructed based on the three types of information: physical

location, bluetooth scans and phone calls [260].

Algorithms for clustering multilayer networks

We adopt two baseline approaches, SNMTF(e) and SNMTF(l), that are based on

SNMTF algorithm. Since SNMTF is a single network method, in order to apply

it on multilayer networks, we consider the early and late fusion of network layers

respectively. In addition to that, we also consider three state-of-the art techniques,

namely Co-regularized Graph Clustering based on NMF (CGC-NMF) [262], tensor

factorization approach based on PARAFAC decomposition with sparse latent factors

(GraphFuse) [261] and a spectral method based on the subspace representation of

multilayer graphs (SC-ML) [257]. Below we briefly explain each of the method and

provide the implementation details:

SNMTF(e): we first merge all the network layers into a single network described

by the following adjacency matrix: A = 1
N

∑N
i=1 A(i). Then we apply SNMTF on

A. To initialize cluster indicator matrix, we use SVD approach for SNMTF [272].

2http://linqs.umiacs.umd.edu/projects//projects/lbc/
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To extract clusters from the obtained cluster indicator matrix, H, we applied Ncut

algorithm [244] on the similarity matrix HHT .

SNMTF(l): we first apply SNMTF on each network layer, A(i), separately,

and obtain clustering assignment. Then we merge obtained individual clustering

assignments into a consensus clustering assignment. We use the same strategy for

initialization and clustering extraction as in the case of SNMTF(e).

CGC-NMF: Co-regularized multi-domain Graph Clustering based on symmetric

NMF proposed in [262]. In CGC-NMF each domain represents a single network

layer. There is a set of parameters γij ≥ 0 that balance between single-domain and

cross-domain clustering objective for each pair of layers ij. Given that in all our

experiments the relationship between node labels for any pair of layers is one-to-one,

we set γij = 1 (as in [262]) for all pairs of layers and throughout all our experiments.

We use the result of SNMTF applied on each network layer separately to initialize

the cluster indicator matrices of network layers in CGC-NMF.

SC-ML: Spectral clustering on Multi-Layer graphs proposed in [257]. In SC-ML

there is a single regularization parameter, α , that balances the trade-off between

two terms in the SC-ML objective function. In all our experiments we choose the

value of α that leads to the best clustering performance. In the case of CiteSeer,

CoRA and MIT, the optimal parameters are α = 0.1, 0.1 and 0.2, respectively.

GraphFuse: Tensor factorization approach using PARAFAC decomposition with

sparse latent factors proposed in [261]. The single parameter, sparsity penalty factor

λ, is chosen to lead to the best clustering performance (λ = 0.10, 0.01 and 1, 000 for

CiteSeer, CoRA and MIT, respectively.

WSSNMTF and NG-WSSNMTF: we use the same strategy for matrix initial-

ization and extraction of clusters as described in SNMTF(e). The maximum number

of iterations, max iter = 100, has been proven sufficient for reaching the conver-

gence in all our experiments. The sparsity penalty parameter, η, for both methods,

is chosen to lead to the best clustering performance (WSSNMTF: η = 1.0, 0.01

and 1.0); NG-WSSNMTF: η = 1.0, 10.0 and 1, 000 for CiteSeer, CoRA and MIT,

respectively.

4.3.5 Results and discussion

The clustering accuracy of the described methods applied on synthetic multilayer

network is shown in Table 4.1, with each column representing a different method.

The results are shown in terms of the previously introduced clustering evaluation

measures (see Sec. 4.2). For each of the three synthetic network, the best result is
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Table 4.1: Clustering accuracy measures for three synthetically generated multilayer
networks: SYNT-1 (top), SYNT-2 (middle) and SYNT-MIX (bottom).

SNMtF (e) SNMtF (l) CGC-NMF SC-ML GraphFuse WSSNMTF NG-WSSNMTF

S
Y
N
T
-1 Purity 0.878 0.645 0.798 0.993 0.912 1.000 1.000

NMI 0.698 0.166 0.434 0.961 0.717 1.000 1.000
ARI 0.705 0.150 0.435 0.983 0.709 1.000 1.000

S
Y
N
T
-2 Purity 0.937 0.893 0.892 1.000 0.950 1.000 1.000

NMI 0.810 0.692 0.699 1.000 0.872 1.000 1.000
ARI 0.798 0.696 0.674 1.000 0.866 1.000 1.000

S
Y
N
T
-M

Purity 0.963 0.623 0.663 0.993 0.912 0.998 1.000
NMI 0.885 0.171 0.240 0.966 0.728 0.993 1.000
ARI 0.891 0.178 0.247 0.985 0.707 0.996 1.000

Figure 4.3: (top) CiteSeer multilayer network of 3312 papers. Two layers represent
citation connections between papers and similarity of papers’ 3703 most frequent
words, respectively. (bottom) CoRA multilayer network of 1662 papers. Two layers
represent citation connections between papers and similarity of papers’ 1443 most
frequent words, respectively. The figure is taken from Gligorijević et al. [227].

highlighted in bold. We observe that both WSSNMTF and NG-WSSNMTF outper-

form other methods when applied on SYNT-1. Recall that SYNT-1 is designed to

have complementary layers; that is, one community is more present in one layer than

in other layers. Given that, we can observe that both of our proposed methods are

capable of successfully utilising complementary information contained in all layers

and achieving the highest clustering results. Performance of our proposed methods

on SYNT-2, with layers having different levels of nosy links, is also better than the

performance of other factorization methods, and comparable to the performance of

SC-ML spectral clustering method. On the other hand, baseline methods and other
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Table 4.2: Clustering accuracy measures for three real world multilayer networks:
CiteSeer (top), CoRA (middle) and MIT (bottom).

SNMtF (e) SNMtF (l) CGC-NMF SC-ML GraphFuse WSSNMTF NG-WSSNMTF

C
it
eS

ee
r Purity 0.558 0.212 0.566 0.630 0.446 0.629 0.639

NMI 0.280 0.014 0.275 0.330 0.159 0.331 0.337
ARI 0.249 0.000 0.248 0.308 0.107 0.316 0.329

C
o
R
A

Purity 0.662 0.492 0.687 0.794 0.645 0.796 0.809
NMI 0.345 0.009 0.388 0.496 0.193 0.497 0.519
ARI 0.264 0.001 0.303 0.495 0.187 0.498 0.526

M
IT

Purity 0.656 0.437 0.663 0.678 0.655 0.575 0.689
NMI 0.440 0.184 0.443 0.460 0.463 0.281 0.491
ARI 0.270 0.037 0.276 0.347 0.316 0.149 0.395

factorization methods are characterized with significantly lower clustering perfor-

mance. The clustering result on the last synthetic network, SYNT-MIX, as being

the hardest one to cluster, indicate the best performance of our NG-WSSNMTF.

Comparable results are obtained when using WSSNMTF and SC-ML methods.

With respect to the real multilayer networks, shown in Table 4.2, both of our

methods perform better than other methods on both CoRA and CiteSeer multi-

layer networks. Specifically, performance of NG-WSSNMTF on CiteSeer dataset is

slightly better than the performance of WSSNMTF and SC-ML, but it is signif-

icantly better than the performance of other factorization methods. As for MIT

multilayer networks, performance of both WSSNMTF is somehow disappointing in

comparison to methods. However, performance of NG-WSSNMTF is significantly

better than the performance of other methods. On the other hand, note that unlike

CoRA and CiteSeer networks, clustering MIT networks is more challenging due to

the approximative groundtruth information that is obtained by manual annotation

[260].

4.3.6 Conclusion

In this Section, we address the problem of community detection in multilayer net-

works by proposing two novel methods, WSSNMTF and NG-WSSNMTF, based on

the symmetric non-negative matrix factorization. Both methods work by simulta-

neously decomposing adjacency matrices representing graph layers while keeping

the low-dimensional latent factor matrices the same across the decomposition. In

this way both methods ensure to take into account the correlated effect and shared

information between network layers. Moreover, both methods are designed to take

into account both missing, as well as, noisy links. In terms of clustering accuracy,

we demonstrate the superior performance of both of our methods over some base-
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line and state-of-the-art methods on synthetic data. We show that simple averaging

of adjacency matrices representing network layers usually leads to the worst clus-

tering performance. While our first method utilizes ordinary gradient to optimize

the objective function, the second method uses natural gradient which forces the

common low-dimensional latent matrix factors to be orthonormal which ultimately

leads to better clustering results. This has been clearly indicated by significantly

better clustering performance on real-world multilayer networks.

4.4 Fusing nonnegative representation of graphs

on Grassmann manifold

Here, we improve the previously proposed methods and propose a novel and general

model along with its algorithmic framework for clustering multlayer networks. In-

spired by recent advances in non-negative matrix factorization (NMF) techniques for

graph clustering [251, 252] and by using tools for subspace analysis on Grassmann

manifold [257, 269, 270], we propose a general framework for extracting compos-

ite communities from multilayer networks. In particular, the framework, termed

Network Fusion for Composite Community Extraction (NF-CCE), utilizes four dif-

ferent NMF techniques, each of which is generalized for collective factorization of

adjacency matrices representing network layers, and u for computing a consensus

low-dimensional latent feature matrix shared across the decomposition. The collec-

tive factorization facilitate us to obtain a consensus low-dimensional latent represen-

tation, shared across the decomposition, and hence to reveal the communities shared

between the network layers. To this end, a general model involving factorization of

networks’ adjacency matrices and fusion of their low-dimensional subspace represen-

tation on Grassmann manifold is proposed in Section 4.4.1. Unlike the methods in-

troduced in the previous Section and a few previously proposed matrix factorization-

based methods for multilayer community extraction, e.g., [254, 260, 262, 269], that

directly decompose matrices representing network layers into a low-dimensional

representation common to all network layers, NF-CCE is conceptually different.

Namely, it works in two steps: first, it denoises each network layer by computing its

non-negative low-dimensional representation. Then it merges the low-dimensional

representations into a consensus low-dimensional representation common to all net-

work layers. This makes our method more robust to noise, and consequently, it

yields much stable clustering results.

Four efficient algorithms based on four different NMF techniques are developed

for NF-CCE using the concept of natural gradient [269, 270] and presented in the

form of multiplicative update rules [250] in Section 4.4.1.
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The advantages of the NF-CCE over the state-of-the-art in community detection

are demonstrated by conducting extensive experiments on a wide range of real-

world multilayer networks, including biological, social, economic, citation, phone

communication, and brain multilayer networks. In particular, we compared the

clustering performance of our four methods with 6 state-of-the-art methods and 5

baseline methods (i.e., single-layer methods modified for multilayer networks), on 9

different real-world multilayer networks including 3 large-scale multiplex biological

networks of 3 different species. Experimental results, in Section 4.4.6, indicate

that the proposed model yields much stable clustering results than the state-of-

the-art and baseline methods, by robustly handling incomplete and noisy network

layers. The experiments conducted on multilayer biological networks of 3 different

species indicate NF-CCE as a superior method for finding composite communities

(in biological networks also known as functional modules). Moreover, the results also

indicate that NF-CCE can extract unique and more functionally consistent modules

by considering all network layers together than by considering each network layer

separately.

4.4.1 Model setup

Here, we present four novel algorithms that are built upon four non-negative matrix

factorization techniques, SNMF [251], PNMF [273], SNMTF [122] and Ssemi-NMTF

[274], and extended for fusion and clustering of multilayer networks. Since each

of the algorithm is derived in the same way, we present the model using general

mathematical notation. We derive a general algorithm, i.e., NF-CCE, that can

choose either one of the factorization techniques to extract composite clusters from

the collection of network layers. The general algorithm consists of two steps:

• Step 1 for each network layer, i, we obtain its non-negative, low-dimensional

representation, H(i), under the orthonormality constraint H(i)TH(i) = I, by

using either one of the non-negative factorization techniques mentioned above.

• Step 2 we fuse the low-dimensional representations into a common, consensus

representation, H, by proposing a collective matrix factorization model. In the

model, we collectively decompose all adjacency matrices, A(i) into a common

matrix, H, whilst keeping the non-negative low-dimensional representations of

network layers, H(i) (computed in the previous step), close in distance to the

consensus low-dimensional representation, H. The general objective function

consisting of these two properties can be written in the following way:
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min
H≥0
J =

N∑
i=1

J (i)(H; A(i)) + α

N∑
i=1

J (i)
c (H; H(i)) (4.6)

where, J (i) is an objective function for clustering ith layer and J (i)
c is the

loss function quantifying the inconsistency between each low-dimensional rep-

resentation H(i), computed in Step 1, and the consensus representation H.

Below we provide the details of the second step for each individual factorization

technique.

Collective SNMF (CSNMF)

We factorize each individual adjacency matrix using Symmetric NMF in the follow-

ing way:

A(i) ≈ HHT

under the following constraints: H ≥ 0 and HTH = I; where, i = 1, . . . , N .

The first part of our general objective function in Step 2 (Eq. 4.6) has the

following form:

J (i)(H; A(i)) =‖ A(i) −HHT ‖2F (4.7)

where H is the consensus, non-negative low-dimensional matrix, and F denotes

Frobenius norm.

Collective PNMF (CPNMF)

We factorize each individual adjacency matrix using Projective NMF in the following

way:

A(i) ≈ HHTA(i)

under the following constraints: H ≥ 0 and HTH = I; where, i = 1, . . . , N .

The first part of our general objective function in Step 2 (Eq. 4.6) has the

following form:

J (i)(H; A(i)) =‖ A(i) −HHTA(i) ‖2F (4.8)
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where H is the consensus, non-negative low-dimensional matrix.

Collective SNMTF (CSNMTF)

We tri-factorize each individual adjacency matrix using Symmetric NMTF in the

following way:

A(i) ≈ HS(i)HT

under the following constraints: H ≥ 0 and HTH = I; where i = 1, . . . , N .

The first part of our general objective function in Step 2 (Eq. 4.6) has the

following form:

J (i)(H; A(i),S(i)) =‖ A(i) −HS(i)HT ‖2F (4.9)

where H is the consensus low-dimensional matrix.

In the derivation of our algorithm, we distinguish between two cases. In the

first case we consider S matrix to be non-negative, i.e., S(i) ≥ 0. We call that case

CSNMTF. In the second case, we consider S(i) matrix to have both positive and

negative entries. We call this case collective symmetric semi-NMTF, or CSsemi-

NMTF (or CSsNMTF).

4.4.2 Merging low-dimensional representation of graph lay-

ers on Grassmann Manifolds

For the second term in our general objective function (Eq. 4.6) in Step 2, we utilize

the orthonormal property of non-negative, low-dimensional matrices, H(i), and pro-

pose a distance measure based on this property. Namely, Dong et al. [257] proposed

to use the tools from subspace analysis on Grassmann manifold. A Grassmann

manifold G(k, n) is a set of k-dimensional linear subspaces in Rn [257]. Given that,

each orthonormal cluster indicator matrix, Hi ∈ Rn×k, spanning the corresponding

k-dimensional non-negative subspace, span(Hi) in Rn, is mapped to a unique point

on the Grassmann manifold G(k, n). The geodesic distance between two subspaces,

can be computed by projection distance. For example, the square distance between

two subspaces, Hi and Hj, can be computed as follows:
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d2proj(Hi,Hj) =
k∑
i=1

sin2θi = k −
k∑
i=1

cos2θi = k − tr(HiH
T
i HjH

T
j )

To find a consensus subspace, H, we factorize all the adjacency matrices, A(i),

and minimize the distance between their subspaces and the consensus subspace on

Grassmann manifold. Following this approach, we can write the second part of our

general objective function in the following way:

J (i)
c (H,H(i)) = k − tr(HHTH(i)H(i)T ) (4.10)

=‖ HHT −H(i)H(i)T ‖2F

4.4.3 Derivation of the general multiplicative update rules

In Step 1, we use well-known non-negative factorization techniques, namely SNMF,

PNMF, SNMTF and Ssemi-NMTF, for which the update rules for computing low-

dimensional non-negative matrices, H(i), have been provided in the corresponding

papers [122, 251, 273, 274], respectively. They are summarized in Table 4.3 (second

column). As for the Step 2, we derive the update rules for each of the collective

factorization techniques presented in the previous Section 4.4.1. The details of the

derivation are in Section D.2 in Appendix D. Here we provide a general update rule

for Equation 4.6.
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We minimize the general objective function shown in Equation 4.6, under the

following constraints: H ≥ 0 and HTH = I. Namely, we adopt the idea from Ding

et al.[122] to impose orthonormality constraint on H matrix, i.e., HTH = I; that

has been shown to lead to a more rigorous clustering interpretation [122]. Moreover,

assignments of network nodes to composite communities can readily be done by

examining the entries in rows of H matrix. Namely, we can interpret matrix Hn×k as

the cluster indicator matrix, where the entries in i-th row (after row normalization)

can be interpreted as a posterior probability that a node i belongs to each of the k

composite communities. In all our experiments, we apply hard clustering procedure,

where a node is assign to the cluster that has the largest probability value.

Following the same constrained optimization procedures explained in Sections

4.3.2 and 4.3.3, we derive the update rule, for matrix H, for minimizing the objective

function (Eq. 4.6). Specifically, we follow the strategy employed in the derivation

of NMF [250] to obtain a multiplicative update rule for H matrix that can be used

for finding a local minimum of the optimization problem (Eq. 4.6).

The derivative of the objective function (Eq. 4.6) with respect to H is as follows:

∇HJ =
N∑
i=1

∇HJ (i)(H; A(i))− α
N∑
i=1

H(i)H(i)TH (4.11)

where the first term under summation can be decomposed into two non-negative

terms, namely:

∇HJ (i)(H; A(i)) = [∇HJ (i)(H; A(i))]+ − [∇HJ (i)(H; A(i))]−

where, [∇HJ (i)(H; A(i))]+ ≥ 0, [∇HJ (i)(H; A(i))]− ≥ 0 are non-negative terms.

Depending on the type of collective factorization technique, represented in the pre-

vious Section, the first term represents the derivative of the corresponding objective

function. The second term represents a derivative of Equation 4.10 with respect to

H .

To incorporate the orthonormality constraint into the update rule, we introduce

the concept of natural gradient by following the work of Panagakis et al. [269].

Namely, we have shown in Section 4.4.2 that columns of H matrix span a vector

subspace known as Grassmann manifold G(k, n), i.e., span(H) ∈ G(k, n) [269].

Therefore, following the similar procedure as in Section 4.3.3, we define a nat-

ural gradient to optimize our objective function (4.6) under the orthornormality

constraint. Following Panagakis et al. [269], the natural gradient of J on Grass-

mann manifold at H can be written in terms of the ordinary gradient as follows:
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∇̃HJ = ∇HJ −HHT∇HJ (4.12)

where, ∇HJ is the ordinary gradient given in Equation 4.11.

Following the Karush-Kuhn-Tucker (KKT) complementarity condition [130]

and preserving the non-negativity of H, the general update rule for H matrix using

the natural gradient is as follows:

Hjk ← Hjk ◦
[∇̃HJ ]−jk

[∇̃HJ ]+jk
(4.13)

where, “◦” denotes Hadamard product.

[∇̃HJ ]− = HHT

N∑
i=1

[∇HJ (i)(H; A(i))]+

+
N∑
i=1

[∇HJ (i)(H; A(i))]− + α
N∑
i=1

H(i)H(i)TH

[∇̃HJ ]+ = HHT

N∑
i=1

[∇HJ (i)(H; A(i))]−

+
N∑
i=1

[∇HJ (i)(H; A(i))]+ + αHHT

N∑
i=1

H(i)H(i)TH

The concrete update rule for each collective factorization method is summarized

in Table 4.3 and united within NF-CCE Algorithm 3.

4.4.4 Experiments

We test our methods on synthetic, as well as on real-world data. We designed

synthetic multilayer networks with clear ground truth information and different

properties in terms of noise and complementary information of network layers, us-

ing the planted partition model described in Section 4.3.4. The goal is to address

the robustness of our methods against noise and their ability to handle complemen-

tary information contained in layers. The real-world multilayer networks are taken
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Algorithm 3 NF-CCE
Input: Adjacency matrices, A(i) for each networks layer i ∈ {1, . . . , N}; number
of clusters k ; parameter α; factorization technique: FACTORIZATION ∈ {SNMF,
PNMF, SNMTF}
Output: Consensus cluster indicator matrix H

switch (FACTORIZATION)
case ’SNMF’:

for i ∈ [1, N ] do
H(i) ← FACTORIZATION(A(i), k)

Aavg ←
N∑
i=1

A(i) + α
2 H(i)H(i)T

H← FACTORIZATION(Aavg, k)
case ’PNMF’:

for i ∈ [1, N ] do
H(i) ← FACTORIZATION(A(i), k)

Aavg ←
N∑
i=1

A(i)A(i)T + αH(i)H(i)T

H← FACTORIZATION(Aavg, k)
case ’SNMTF’:

for i ∈ [1, N ] do
(H(i),S(i))← FACTORIZATION(A(i), k)

H← CSNMTF({A(i)}Ni=1, {H(i)}Ni=1, {S(i)}Ni=1, k)
end switch

from diverse experimental studies to demonstrate the applicability of our meth-

ods in a broad spectrum of disciplines. Namely, we consider social and biological

networks, networks of mobile phone communications, brain networks and networks

constructed from bibliographic data. The biological networks are treated as a spe-

cial case because of their lack of ground truth clusters. We provide detailed analysis

of such networks based on the functional annotations of their nodes, i.e., genes (see

Section 4.2). We present results of comparative analysis of our proposed methods

against state-of-the-art methods described in Section 4.1.2. Specifically, we compare

our methods against PMM, SC-ML, SNF, LMF, GraphFuse and CGC-NMF. More-

over, we adopt the following single-layer methods, SNMF, SNMTF, PNMF and MM

(modularity maximization) to be our baseline methods.

Synthetic multilayer networks

Using the planted partition model, we generate two sets of synthetic multilayer net-

works. First type, that we denote SYNTH-C, is designed to demonstrate comple-

mentary information in layers; whereas the second type, that we denote SYNTH-N,

is designed to demonstrate different levels of noise between communities contained

in layers.

SYNTH-C. We generate two-layer multilayer networks with n = 200 nodes and

N = 2 communities with equal number of nodes each. We generate 11 different mul-
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tilayer networks with different amounts of information between two layers. Namely,

we vary the within-community probability p11 = {0.05, 0.075, . . . , 0.3} of the first

community of the first layer across different multilayer networks, while fixing the

within-community probability of the second community, p22 = 0.2. In the second

layer, we represent the complementary information by fixing the within-community

probability of the first community to p11 = 0.2 and varying within-cluster prob-

ability of the second community p22 = {0.05, 0.075, . . . , 0.3} across the multilayer

networks. For all multilayer networks, we set the same amount of nosy links, by

fixing between-community probability to p12 = 0.05.

SYNTH-N. Similar to SYNTH-C we generate two-layer multilayer networks with

two communities (n and N are the same as in SYNTH-C). We fix the within-

community probability of both communities and both layers to p11 = 0.3 and p22 =

0.3 across all multilayer networks. We vary the between-community probability

p12 = {0.02, 0.04, . . . , 0.2} of the first layer, while keeping the between-community

probability of the second layer fixed, p12 = 0.02, across all multilayer networks.

The spy plots of adjacency matrices representing layers of SYNTH-C and SYNTH-

N are given in Section D.1 of Appendix D.

Real-world multilayer networks

Below we provide a brief description of real-world multilayer networks used in our

comparative study:

Bibliographic data, CiteSeer : the data are adopted from [271]. The network

consist of N = 3, 312 papers belonging to 6 different research categories, that we

grouped into k = 3 pairs categories. We consider these categories as the ground truth

classes. We construct two layers: citation layer, representing the citation relations

between papers extracted from the paper citation records; and the paper similarity

layer, constructed by extracting a vector of 3, 703 most frequent and unique words

for each paper, and then computing the cosine similarity between each pair of papers.

We construct the k-nearest neighbor graph from the similarity matrix by connecting

each paper with its 10 most similar papers.

Bibliographic data, CoRA: the data are adopted from [271]. The network consists

of 1, 662 machine learning papers grouped into k = 3 different research categories.

Namely, Genetic Algorithms, Neural Networks and Probabilistic Methods. We use

the same approach as for CiteSeer dataset to construct the citation and similarity

layers.
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Mobile phone data (MPD): the data are adopted from [260]. The network consists

of N = 3 layers representing different mobile phone communications between n = 87

phone users on the MIT campus; namely, the layers represent physical location,

bluetooth scans and phone calls. The ground truth clusters are known and manually

annotated.

Social network data (SND): the data are adopted from [275]. The dataset rep-

resents the multilayer social network of a corporate law partnership, consisting of

N = 3 layers having three types of edges, namely, co-work, friendship and advice.

Each layer has n = 71 nodes representing employees in a law firm. Nodes have many

attributes. We use the location of employees’ offices as well as their status in the

firm as the ground truth for clusters and perform two different experiments, namely

SND(o) and SND(s) respectively.

Worm Brain Networks (WBN): the data are retrieved from WormAtlas3, i.e.,

from the original study of White et al. [276]. The network consist of n = 279 nodes

representing neurons, connected via N = 5 different types of links (i.e., layers),

representing 5 different types of synapse. We use neuron types as the ground truth

clusters.

Word Trade Networks (WTN): the data represents different types of trade rela-

tionships (import/export) among n = 183 countries in the world [277]. The network

consist of 339 layers representing different products (goods). Since, for some prod-

ucts layers are very sparse, we retain the layers having more than n− 1 links, which

resulted in N = layers. We use geographic regions (continents) of countries and

economic trade categories for defining ground truth clusters4.

Multiplex biological networks

We obtained multiplex biological networks of 3 different species, i.e., human biolog-

ical network (HBN), yeast biological network (YBN) and mouse biological network

(MBN)5, from the study of Mostafavi and Morris [146]. The network layers are

constructed from the data obtained from different experimental studies and from

the publicly available databases. The network layers represent different types of in-

teractions between genes6, including protein interactions, genetic interaction, gene

co-expressions, protein localization, disease associations, etc. The number of nodes

and layers in each network is summarized in Table 4.4. For each network and its

genes, the corresponding GO annotations has also been provided by Mostafavi and

3http://www.wormatlas.org/
4data about countries are downloaded from http://unctadstat.unctad.org
5The network can be retrieved from: http://morrislab.med.utoronto.ca/~sara/SW/
6genes and their coded proteins are considered as the same type of nodes in networks layers

http://morrislab.med.utoronto.ca/~sara/SW/
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Table 4.4: Real-world multilayer networks used for our comparative study. For each
multilayer network we provide the number of nodes, n, number of layers, N , and
the number of ground truth clusters, k.

Net name n N ground truth Ref.
CiteSeer 3,312 2 known (k = 3) [271]
CoRA 1,662 2 known (k = 3) [271]
MPD 87 3 known (k = 6) [260]
SND 71 3 known (k = 3) [275]
WBN 279 10 known (k = 10) [276]
WTN 183 14 known (k = 5) [277]
HBN 13,251 8 unknown (k = 100) [146]
YBN 3,904 44 unknown (k = 100) [146]
MBN 21,603 10 unknown (k = 100) [146]

Morris [146]. For details about network statistics and layer representation we refer

a reader to Mostafavi and Morris [146].

In Table 4.4 we summarize the important statistics and information of real-

world multilayer networks used in our experiments.

4.4.5 Setup for state-of-the-art methods

Each of the state-of-the-art method takes as an input parameter the number of

clusters k that needs to be known in advance. Also, some of the methods take

as input other types of parameters that needs to be determined. To make the

comparison fair, below we briefly explain each of the comparing method and provide

the implementation and parameter fitting details that we use in all our experiments

(for detailed procedure onm parameter fitting refer to Section D.3 in Appendix D.3):

Baseline, single-layer methods (MM, SNMF, PNMF, SNMTF and Ssemi-NMTF).

In order to apply them on multilayer network we first merge all the network layers

into a single network described by the following adjacency matrix: A = 1
N

∑N
i=1 A(i).

PMM [254] has a single parameter, `, which represents the number of structural

features to be extracted from each network layer. In all our runs, we compare

the clustering performance by varying this parameter, but we also noted that the

clustering performance does not change significantly when l� k.

SNF [258] is parameter-free. However, the method prefers data in the kernel

matrix. Thus, we use diffusion kernel matrix representation of binary interaction

networks as an input to this method.
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Figure 4.4: The clustering performance of our proposed and other methods on 11
different SYNTH-C multilayer networks measured by NMI. On x-axis we present
within-community probability, representing the density of connections of communi-
ties in the two complementary layers.

SC-ML[257] has a single regularization parameter, α , that balances the trade-off

between two terms in the SC-ML objective function. In all our experiments we

choose the value of α that leads to the best clustering performance.

LMF [259] has a regularization parameter, α, that balances the influence of regu-

larization term added to objective function to improve numerical stability and avoid

over fitting. We vary α in all our runs, and choose the value of α that leads to the

best clustering performance.

GraphFuse[261] has a single parameter, sparsity penalty factor λ, that is chosen

by exhaustive grid search to lead to the best clustering performance.

CGC-NMF [262] has a set of parameters γij ≥ 0 that balance between single-

domain and cross-domain clustering objective for each pair of layers ij. Given that

in all our experiments the relationship between node labels for any pair of layers is

one-to-one, we set γij = 1 (as in [262]) for all pairs of layers and throughout all our

experiments.

4.4.6 Results and Discussion

Clustering evaluation on artificial multilayer networks

The ability of our proposed methods to extract clusters from complementary layers,

represented by SYNTH-C networks, is shown in Figure 4.4. The performance of

our methods is compared with other methods and it is measured by NMI. By de-

creasing the within-community probability of complementary clusters in both layer,
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Figure 4.5: The clustering performance of our proposed and other methods on 10
different SYNTH-N multilayer networks measured by NMI. On x-axis we present
between-community probability, representing the noise level between communities
in the first layer.

i.e., by decreasing the density of connections withing communities and thus making

communities harder to detect, we see a drastic decrease of performance in many

methods, including SC-ML, PMM, SNF and CGC-NMF (Fig. 4.4). Furthermore,

below some value of within-community probability, i.e., < 0.1, the performance of

these methods is equal or close to zero. Unlike them, our proposed methods, par-

ticularly CSNMF, CSsNMTF and CPNMF show significantly better performance.

Specifically, CPNMF demonstrates constant performance for all values of withing-

community probability. The similar results can also be observed for GraphFuse and

LMF. Given that, we can observe that CPNMF method is mostly successful in uti-

lizing complementary information contained in all layers and achieving the highest

clustering results.

In terms of noise, incorporated into SYNTH-N networks, the ranking between

the methods in terms of clustering performance is different. By increasing the

between-community probability of the first layer, and thus introducing more noise

between communities, the clustering performance of all methods decreases (Fig.

4.5). Our proposed methods, CSNMF, CSNMTF and CSsNMTF, along with SC-

ML demonstrate the best performance across different values of within-community

probability, which makes them more robust to noise than other methods. On the

other hand, other methods methods are characterized with significantly lower clus-

tering performance. Surprisingly, CPNMF method, which is giving the best per-

formance for complementary layers, perform significantly worse on noisy networks

than other methods.
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Clustering evaluation on real-world multilayer networks

Table 4.5 presents the Purity, NMI and ARI of our four proposed collective factor-

ization methods, along with five different baseline methods and six different widely

used state-of-the-art methods on 9 different real-world networks. The first important

observation is that all four proposed collective NMF methods (CSNMF, CPNMF,

CSNMTF and CSsemi-NMTF) perform better than their corresponding baseline

methods (SNMF, PNMF, SNMTF and Ssemi-NMTF) on all real-world multilayer

networks. Thus, the strategy of merging layers into a single layer always leads to un-

derperformance. Moreover, single-layer modularity maximization (MM) algorithm

is outperformed by baseline, single-layer NMF methods in almost all real-world

networks, except for WTN networks where MM significantly outperforms baseline

NMF methods, and SND(o) where MM performs better than SNMF, SNMTF and

Ssemi-NMTF, but not better than PNMF. In comparison to the multilayer networks

state-of-the-art methods (PMM, SNF, SC-ML, LMF, GraphFuse and CGC-NMF),

at least one of our proposed methods outperforms them all (in terms of either Purity,

NMI or ARI or all three measures) in all real-world multilayer network. Moreover,

for example, on MPD network, both CSNMF and CSsemi-NMTF perform better

than all other methods, with CSemi-NMTF being the best in terms of Purity and

NMI; on SND(s) network, CSNMF, CSNMTF and CSsemi-NMTF perform better

than all other methods, with CSNMTF performing the best in terms of all three

measures; on WBN network, both CSNMF and CSNMTF perform better than all

other methods, with CSNMTF being the best in terms of Purity and ARI, and

CSNMF being the best in terms of NMI; on WTN network, CSNMF, CSNMTF and

CSsemi-NMTF perform better than other methods, with CSNMF being the best in

terms of all three measures.

Clustering evaluation on multiplex biological networks

In table 4.5, we also present the average redundancy (Ravg) obtained by clustering

multiplex biological networks with our four methods, as well as with state-of-the-art

and baseline methods. The results, again, indicate the superior performance of our

methods over the state-of-the-art and baseline methods, except in the case of MBN,

where SNMTF, applied on merged network layers, yields the highest redundancy.

Furthermore, we compare the functional consistency of clusters obtain by col-

lective integration of all network layers with the functional consistency of clusters

obtained from each individual network layer. We report the results both in terms

of redundancy and also in terms of average number of statistically significant GO

terms computer over the obtained clusters. Redundancy for all three multilayer



4.4. Fusing nonnegative representation of graphs on Grassmann manifold 122

Figure 4.6: Average redundancy of each individual network layer (in blue), computed
by SNMF, and of their fused representation (in red), computed by CSNMF, for
networks: (A) HBN, (B) YBN and (C) MBN. Method parameters are: k = 200 and
α = 0.01.

biological networks, obtained by applying SNMF on each individual network layer

and CSNMF on all network layers together, is depicted in Fig. 4.6. We observe

that each individual network layer has biologically consistent clusters. However,

the highest level of biological consistency, measured by the average redundancy, is

achieved when all the layers are fused together (red bars in Fig.4.6).

The similar observation stems from Fig. 4.7 that represents the average number

of statistically significant GO terms detected by analysing each individual network

layer and by fusing all network network layers together. The results indicate that

the larger number of significantly enriched GO terms is extracted by integrating all

network layers than by considering each network layer separately.

4.4.7 Conclusion

In this Section we address the problem of composite community detection in multi-

layer networks by proposing NF-CCE, a general model consisting of four novel meth-

ods, CSNMF, CPNMF, CSNMTF and CSsemi-NMTF, based on four non-negative

matrix factorization techniques. Each of the proposed method works in a similar

way: in the first step, it decomposes adjacency matrices representing network lay-

ers into low-dimensional, non-negative feature matrices; then, in the second step, it
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Figure 4.7: Average number of GO terms significantly enriched (i.e., p-val ≤ 0.05)
in clusters of each individual network layer (in blue), computed by SNMF, and of
their fused representation (in red), computed by CSNMF, for networks: (A) HBN,
(B) YBN and (C) MBN. Method parameters are: k = 200 and α = 0.01.

fuses the feature matrices of layers into a consensus non-negative, low-dimensional

feature matrix common to all network layers, from which the composite clusters are

extracted. The second step is done by collective matrix factorization that maximizes

the shared information between network layers by optimizing the distance between

each of the non-negative feature matrices representing layers and the consensus fea-

ture matrix.

The ability of our methods to efficiently integrate complementary as well as

noisy network layers has been demonstrated on artificially generated multilayer net-

works. In terms of clustering accuracy, we demonstrate the superior performance

of our proposed methods over the baseline and state-of-the-art methods on nine

real-world networks. We show that simple averaging of adjacency matrices repre-

senting network layers, the strategy usually utilized in the literature, leads to the

worst clustering performance. Moreover, our experiments indicate that widely-used

modularity maximization methods are significantly outperformed by NMF-based

methods.

NF-CCE can be applied on multilayer networks from different domains, rang-

ing from social, phone communication and bibliographic networks to biological, eco-

nomic and brain networks, demonstrating the diverse applicability of our method.



Chapter 5

Conclusion

In this chapter, we provide a brief summary of our results and contributions in both

methodological and biological aspects. We conclude the Thesis by presenting some

future directions on how the presented methods can be improved, and by indicating

the other biological problems to which they can be applied.

5.1 Summary of Thesis Achievements

Experimental technologies have enabled us to measure and analyse an ever-increasing

volume and diversity of biological and biomedical data. A variety of data reposi-

tories (reviewed in Section 2.2) containing partially independent information about

human genes, proteins, diseases, drugs, patients, etc. are continuously increasing.

With an increasing number and heterogeneity of these data available, there is an

increasing need for developing efficient and biologically meaningful computational

methods for their analysis and integration. Data integration methods (reviewed in

Section 2.3) have provided a way of comprehensively and simultaneously analysing

data towards more complete understanding of biological and biomedical systems.

In the last two decades, complex networks along with their theoretical foun-

dations have proven to be adequate and very powerful mathematical tool for rep-

resenting, modeling, and analyzing biological data. However, the multiplicity of

biological data sources and their heterogeneous nature have led to the construction

of multi-relational networks with heterogeneity reflected in different types of links

connecting the same or different types of nodes. In this Theses, in Section 2.1, we

have provided one possible classification of such networks. Namely, according to

how many types of nodes multi-relational networks have, they can be divided into:

heterogeneous multi-relational networks, having different types of links connecting

124
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nodes of different types, and homogeneous multi-relational networks, having differ-

ent types of links connecting nodes of the same type. Standard tools for network

analysis have proven to be limited in extracting knowledge from such networks, and

thus, in this Thesis, motivated by the recent advances in NMF techniques, we have

presented novel methods for analysis and integration of multi-relational network

data.

In Chapter 3, we propose NMTF method with graph regularization (also de-

noted as GNMTF) as a general framework for analysis and integration of biologi-

cal data represented by heterogeneous multi-relational network representation. The

framework is well suited for simultaneous clustering (co-clustering) of different types

of interconnected biological entities, due to its connection to existing clustering tech-

niques; as well as for heterogeneous link prediction in heterogeneous network setup,

due to its matrix completion property. The applicability of the proposed framework

has been demonstrated on a variety of different biological problems. Particularly,

in Section 3.1, we apply the framework on gene annotation prediction and GO re-

construction problems. Using the framework, we integrate four different molecular

interaction networks of yeast along with existing gene annotations and GO hierar-

chy to predict novel gene-GO term annotations and associations between GO terms.

Furthermore, we extended the objective function used to model these data by incor-

porating additional constraints in the form of graphlet-based similarities, to increase

the topological information extracted from the molecular interaction networks. We

evaluated our predicted associations between GO terms through literature cura-

tion, and our novel gene annotations through genetic interaction profiling. Next,

in Section 3.2, by further extending the GNMTF technique, we propose a versa-

tile framework for integrating patient-specific somatic mutation data together with

molecular networks and drug data, with the goal to address important challenges

in precision medicine. Namely, by applying our patient-specific data integration

framework on ovarian cancer data, we have identified three groups of patients with

significantly different clinical outcomes (measured by survivability analysis). More-

over, our framework can effectively identify novel driver genes responsible for cancer

progression, as well as predict drug candidates that could be used for repurposing

in the treatment of ovarian cancer. Novel driver gene predictions and drug candi-

dates for repurposing, made by our patient-specific data integration framework, are

validated by using external databases that were not included in our study. Possible

improvements of the current approach include: 1) integration of additional infor-

mation on drugs’ molecular action, as opposed to chemical structure considered in

our study, with a purpose of improving drug repurposing step of our methodology.

The key idea is to allow predictions of novel drugs for repurposing that are not only

structurally similar with the known drugs already used in the treatment, but also

drugs that have similar molecular mechanism of action to drugs that have already
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used in the treatment of ovarian cancer. For example, a database such as SIDER

[60], which contains data about drug side effects, can be considered as appropriate

source of information that can be incorporated into our framework to achieve this

goal; 2) including only meaningful and cancer-related patient mutations. Namely,

including all possible genes found to be mutated in ovarian cancer introduces a lot

of noise. Thus, filtering out genes that have been shown to be mutated in healthy

populations, might reduce the noise and consequently lead to more meaningful drug-

target predictions. Finally, in Section 3.3, introduce the most general extension of

GNMTF technique, and propose Fuse, a novel multiple network alignment method.

Fuse can effectively integrate PPI networks of various species, along with sequence

similarity computed between proteins of different species and extract clusters of pro-

teins that are functionally and structurally conserved across different species. We

demonstrate the superior performance of Fuse over existing aligners in terms of the

number of extracted clusters covered by all species and in the terms of the number

of them that are functionally consistent; this stems from the fact that Fuse can

integrate sequence and network topology more comprehensively than other aligners.

Using Fuse, we have also predicted novel clusters of proteins that could be used

for transfer of annotations between species (e.g., withing the same identified cluster

transfer of annotation from annotated protein of one species to unannotated protein

of another species). Possible improvements to our approach include integration of

other types of molecular networks that contain complementary information to PPI

network. This will require methodological improvements of the existing framework

to handle additional layers of information of each species. Thus, instead of aligning

PPI networks, the improved framework will allow alignment of more informative,

integrated networks of species.

In Chapter 4, we propose two novel types of methods for analysis and inte-

gration of data represented by homogeneous multi-relational networks (also referred

in this Thesis as multilayer networks) with the focus on extracting composite com-

munities from the collection of networks. The main difference between these two

types is in the strategy used for collective decomposition of network layers. The first

type of methods (namely, WSSNMTF and NG-WSSNMTF), presented in Section

4.3, directly factorize network layers into a common low-dimensional representation

from which the composite communities are extracted; whereas, the second type of

methods (namely, the NF-CCE framework consisting of four different factorization

techniques), presented in Section 4.4, first decomposes each layer separately, then

it integrates low-dimensional representations of network layers into a common low-

dimensional representation from which the composite communities are extracted.

The second type of methods have proven more robust to noisy layers, due to de-

noising step that is absent in the case of WSSNMTF and NG-WSSNMTF. We

demonstrate the superior performance of our proposed methods in comparison to
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other state-of-the-art methods, by conducting extensive experiments on both syn-

thetic and a wide range of real-world multilayer networks, including biological, social,

economic, citation, phone communication and brain multilayer networks.

5.2 Future Work

Here, we present three ideas for further improvements of our methods presented in

Chapter 3 and 4, as well as some preliminary results on these ideas.

5.2.1 Clustering dynamical multilayer networks

There is a recently increasing interest in developing methods for mining time-

evolving network data. Thus, extending the NF-CCE for multilayer network anal-

ysis to handle dynamical data is one of the possible direction of our future work.

Potential application could be in extracting stage-specific and evolving clusters of

genes from dynamical multilayer network representing different biological networks

of gene interactions (e.g., co-expression and co-methylation networks, etc.) at dif-

ferent stages in cancer.

In particular, the only improvement to the objective function of NF-CCE (Equa-

tion 4.6) is an additional temporal smoothing term. Furthermore, in this Section,

we also provide a framework for tracking time-evolving clusters from dynamical

multilayer networks.

The schematic representation of dynamical multilayer networks is shown in

Figure 5.1. Each time step, corresponding to a particular stage in the dynamics

of a system, is represented by layers of networks representing different types of

relations between its components. For example, in cancer research, a tumor can

be represented as dynamical system, where at each stage, we could have layers

representing different biological networks of gene interactions.

Problem formulation

Dynamical multilayer network represents the most general concept of multilayer net-

works [46]. A temporal multilayer network can be represented as a set of T multilayer

networks havingN layers at each time step, {G(i)
1 (V,E

(i)
1 , w

(i)
1 ), . . . , G

(i)
T (V,E

(i)
T , w

(i)
T )},

where i = 1, . . . , N . We restrict our attention to temporal networks in which only

edges in network layers vary in time, E
(i)
t , whereas, the same set of nodes V is present
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Figure 5.1: An illustration of dynamical multilayer network with T = 4 time steps
and N = 3 layers in each time step.

in all layers and through all time steps. Connectivity patterns of temporal multilayer

network can be represented as a set of adjacency matrices, ~At = [A
(1)
t , . . . ,A

(N)
t ],

at each time step t = 1, . . . , T .

Here we define a problem of extracting evolving clusters from temporal multi-

layer networks, consisting of t = 1, . . . , T time steps (snapshots) and i = 1, . . . , N

network layers at each time step, using collective Non-negative Matrix Factorization

(NMF). Our framework, termed Evolutionary Collective Orthonormal Symmetric

Non-negative Matrix Factorization (ECO-SNMF), represents a generalization of our

previous method, NF-CCE (with SNMF as the underlying technique for network de-

composition), for multilayer networks, extended, here, for time-dependent networks.

Namely, building on top of NF-CCE framework, we formulate our a new framework

to also satisfy the following two criteria:

• Network integration: composite clusters obtained at time t should be consistent

with the structure of all network layers, i = 1, . . . , N , at that time step (see

Fig. 5.1).

• Temporal smoothing: node assignment to clusters at time step t should not

differ much from the node assignment to clusters at the previous time step

t− 1.

Similar to NF-CCE, ECO-SNMF extractins clusters from evolving multilayer

networks using the following two steps:

• Step 1: find clustering assignment matrices, G
(i)
t , for each layer i = 1, . . . , N
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and at each time step t = 1, . . . , T :

A
(i)
t ≈ G

(i)
t G

(i)T
t , where, G

(i)T
t G

(i)
t = I and G

(i)
t ≥ 0 (5.1)

by solving the following optimization problem ∀i = 1, . . . , N and ∀t = 1, . . . , T :

min
G

(i)
t ≥0
J (G

(i)
t ) = min

G
(i)
t ≥0
‖ A

(i)
t −G

(i)
t G

(i)T
t ‖2F , s.t. G

(t)T
t G

(i)
t = I (5.2)

• Step 2: find the consensus clustering assignment matrices, Ht, for each time

step, t = 1, . . . , T , that satisfy both criteria described above, by solving the

following optimization problem:

min
H1≥0,...,HT≥0

J (H1, . . . ,HT ) = min
H≥0

{ T∑
t=1

N∑
i=1

‖ A
(i)
t −HtH

T
t ‖2F (5.3)

+ α
T∑
t=1

N∑
i=1

[k − tr(G(i)
t G

(i)T
t HtH

T
t ]

+ β

T∑
t=1

[k − tr(Ht−1H
T
t−1HtH

T
t ]

}
s.t. ∀t, HT

t Ht = I

where, the second term represents the distance between consensus clustering

assignment matrix Ht and each individual clustering assignment matrices G
(i)
t

at time step t (fulfilling the first criterion), whereas the third term represents

the distance between consensus clustering assignment matrices between time

step t and the previous time step, t−1 (fulfilling the second criterion). Param-

eters α and β are trade-off parameters balancing the influence of the second

and the third term onto the total cost function, J(H1, . . . ,HT ).

Algorithm for detecting clusters in dynamical multilayer network

To solve the optimization problem given by equation 5.2 in Step 1, we use SNMF

multiplicative update rules (MUR) that are derived in Kuang et al. [251]. Starting

with some randomly initialized matrix, G
(i)
t , the MUR for updating G

(i)
t matrix are

as follows [251]:

G
(i)
t ← G

(i)
t ◦

A
(i)
t G

(i)
t

G
(i)
t G

(i)T
t A

(i)
t G

(i)
t

, ∀t = 1, . . . , T, ∀i = 1, . . . , N (5.4)
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As for the Step 2, we derive the update rules for minimizing the objective func-

tion (Equation 5.3). We following the procedure from the constrained optimization

theory [130]. Specifically, we follow the strategy employed in the derivation of NMF

[250] to obtain a multiplicative update rule for updating each Ht matrix that can

be used for finding a local minimum of the optimization problem.

The derivative of the objective function (Eq. 5.3) with respect to Ht is as

follows:

∇HtJ = −4
N∑
i=1

A
(i)
t Ht + 4

N∑
i=1

HtH
T
t Ht − 2α

N∑
i=1

G
(i)
t G

(i)T
t Ht − 2βHt−1H

T
t−1Ht

(5.5)

To incorporate the orthonormality constraint, HT
t Ht = I into the update rule,

we introduce the concept of natural gradient by following the work of Panagakis et

al. [269], who used a natural gradient to optimize an objective function under the

orthornormality constraint. Following Panagakis et al. [269], the natural gradient

of J at Ht can be written in terms of the ordinary gradient as follows:

∇̃HtJ = ∇HtJ −HtH
T
t ∇HtJ (5.6)

where, ∇HJ is the ordinary gradient given in Equation 5.5.

The natural gradient of our objective function (Eq. 5.3), can be written as

follows:

∇̃HtJ = −4
N∑
i=1

A
(i)
t Ht − 2α

N∑
i=1

G
(i)
t G

(i)T
t Ht − 2βHt−1H

T
t−1Ht (5.7)

+ 4
N∑
i=1

HtH
T
t A

(i)
t Ht + 2α

N∑
i=1

HtH
T
t G

(i)
t G

(i)T
t Ht + 2βHtH

T
t Ht−1H

T
t−1Ht

Following the Karush-Kuhn-Tucker (KKT) complementarity condition [130]

and preserving the non-negativity of H, the general update rule for Ht matrix using

the natural gradient is as follows:

Ht ← Ht ◦
[∇̃HtJ ]−

[∇̃HtJ ]+
(5.8)
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where, “◦” denotes Hadamard product. The final update rule, can be written in the

following form:

Ht ← Ht ◦
Aavg
t Ht

HtHT
t Aavg

t Ht

∀i = 1, . . . , T (5.9)

where, Aavg
t =

N∑
i=1

(
A

(i)
t + α

2
G

(i)
t G

(i)T
t

)
+ β

2
Ht−1H

T
t−1, with H0 = 0 is the boundary

case. It is interesting to notice that equation 5.9 has the same mathematical form

as equation 5.4.

The algorithm, named Evolutionary Collective Orthonormal Symmetric Non-

negative Matrix Factorization (ECO-SNMF), that summarizes both Step 1 and Step

2 can be represented in Algorithm 4.

Algorithm 4 ECO-SNMF
Input: Adjacency matrices, A

(i)
t , ∀i = 1, . . . , N, ∀t = 1, . . . , T ;

number of clusters k; parameters α and β;
Output: Consensus cluster assignment matrices Ht, ∀t = 1, . . . , T

for t ∈ {1, . . . , T} do
for i ∈ {1, . . . , N} do

G
(i)
t ← SNMF(A

(i)
t , k)

Aavg
1 =

N∑
i=1

(
A

(i)
1 + α

2 G
(i)
1 G

(i)T
1

)
H1 ← SNMF (Aavg

1 , k)
for t ∈ {2, . . . , T} do

Aavg
t =

N∑
i=1

(
A

(i)
t + α

2 G
(i)
t G

(i)T
t

)
+ β

2Ht−1H
T
t−1

Ht ← SNMF (Aavg
t , k)

Algorithm for tracking clusters’ evolution

After obtaining the integrated and temporally smoothed clusters for each network

stage, t = 1, . . . , T , we propose to apply the following approach for tracking the

dynamics of clusters. The approach is composed of two steps and it is based on

Netgram [278], an algorithm for pruning bipartite graphs.

• Step 1: Construct weighted bipartite networks between gene clusters, Ct−1
and Ct, representing partitions, obtained at two consecutive stages, t− 1 and

t. Each of the partitions, Ct is composed of k nodes representing clusters of

genes obtained at stage t, Ct = {C(t)
1 , . . . , C

(t)
k }. The link weights between

partitions, Ct−1 and Ct, is computed via Jaccard index:

w
(t)
ij =

|C(t−1)
i ∩ C(t)

i |
|C(t−1)

i ∪ C(t)
i |

(5.10)
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• Step 2: Pruning bipartite networks, by removing insignificant links as de-

scribed in Netgram [278].

5.2.2 Inference in multi-relational networks

In the last decade, network inference, i.e., reconstruction of network topology of gene

interactions from high-throughput biological data, has become one of the foremost

problem in systems biology [15, 16, 279–281]. The major focus has been on under-

standing regulatory interactions between genes by inferring GRN from gene mRNA

expression data [16] (see also Section 1.2). Two major computational approaches for

inferring GRN networks from biological data are either based on Bayesian networks

[16] or Information theory (e.g., correlation-based approaches) [72, 75]. Besides

GRN, much effort has also been devoted to inference of other types of biological

networks from data, such as signal transduction networks [282, 283] and metabolic

networks [284, 285].

An increasing availability of heterogeneous biological data types has imposed

new computational challenges and created new opportunities for developing inte-

grative methods in the network inference problem. Based on our previous studies

presented in Chapters 3 and 4, here, we propose a novel approach, termed Network

Inference by Matrix Factorization (NIMF), for inferring biological networks using

NMF and heterogeneous multi-relational network data representation introduced in

Section 2.1. Unlike previous methods that mostly focus on inferring interactions

between genes, NIMF could also be used for inferring biological networks of asso-

ciations (interactions) between any type of biological entities represented by nodes,

e.g., inferring ON, DTI or GDA networks (see Section 2.2 for abbreviations).

Using heterogeneous multi-relational network representation, we distinguish be-

tween two types of network inference:

• heterogeneous network inference, i.e., inference of a network comprising two

types of nodes (bipartite network). See Fig. 5.2 (A).

• homogeneous network inference, i.e., inference of a network comprising one

type of nodes (‘’monopartite” network). See Fig. 5.2 (B).

For example, drug-gene-disease associations could be represented by a heteroge-

neous multi-relation network having three types of nodes schematically represented

in Fig. 5.2; namely, drugs represented by red squares, genes by green triangles and

diseases by blue circles. For example, in this setup, the first type of network infer-

ence refers to an inference of DTI network (i.e., matrix R13), given drug-disease (i.e.,
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Figure 5.2: Two types of inference in multi-relational networks: (A) inference of
bipartite network (associations between red and green nodes) represented by R13

adjacency matrix; (B) inference of ‘’monopartite” network (associations between
blue nodes) represented by A2 adjacency matrix;

R12 matrix) and gene-disease (i.e., matrix R23) associations, as well as a drug-drug

similarity network (i.e., matrix A1), a gene interaction network (i.e., matrix A3)

and a disease-disease association network (A2); whereas the second type of infer-

ence refers to an inference of disease association network (i.e., matrix A2), given the

same set of adjacency matrices as in the first case including also R13 matrix.

Majority of studies use very simple methods, such as the projection method (i.e.,

collapsing multi-relational network to a single-relational network) to infer networks.

For example, in the case of the drug-gene-diseases associations in Fig. 5.2, the

interactions between genes and drugs could be inferred in the following way: a gene

is a target of a drug (i.e., in Fig. 5.2, DTI link between a red square and a green

triangle exists) iff the gene and the drug have a disease in common (a blue circle); the

more diseases they have in common the link between them is stronger. However,

such a simplistic method cannot handle well nosy links that are often present in

network layers. Thus, based on NMF and the principle of sharing low-dimensional

factors (introduced in Section 2.3), we propose a novel method, i.e., NIMF, for

inferring networks from multi-relational data. To formulate our model we use the

same notation as the one we used in Chapter 3. Also, we formulate the model for

a general case of N interconnected networks comprising a multi-relational network,

i.e., a network of N different types of nodes (e.g., N = 3 in Fig. 5.2), with Rij

representing adjacency matrices of inter-type relations between nodes of type i and

j, and with Ai representing adjacency matrices of intra-type relations between nodes

of type i, where, i = 1, . . . , N .
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Problem formulation

Similar to GNMTF, for ni nodes of type i, we compute their non-negative k-

dimensional latent feature vectors represented by matrix Gi ∈ Rni×k+ by jointly

factorizing all adjacency matrices in the following way:

• adjacency matrices of intra-type relations are decomposed by using SNMF:

Ai ≈ GiG
T
i

• adjacency matrices of inter-type relations are decomposed by using NMF:

Rij ≈ GiG
T
j . The main difference between this decomposition and NMTF,

i.e., Rij ≈ GiSijG
T
j , is in matrix Sij that in our case is absorbed by factors

Gi, and Gj.

After learning low-dimensional latent feature matrices, Gi from the observed

(given) adjacency matrices, the inference of either inter-type or intra-type relations

can be done. To jointly factorize the observed matrices, we formulate the optimiza-

tion function as follows:

J (G1, . . . ,GN) =
N∑
i=1

N∑
j>i

‖ Rij −GiG
T
j ‖2F +

α

2

N∑
i=1

‖ Ai −GiG
T
i ‖2F (5.11)

where, α is the trade-off parameter which balances the influence of the first and

second term; also, the sum goes only over known (i.e., observed) Rij and Ai matrices.

To derive the update rules for computing low-dimensional latent feature ma-

trices, we follow the same procedure as in the previous section. We arrive to the

following general update rule:

(
Gk

)
st
←
(
Gk

)
st
◦

[ N∑
i<k

RT
ikGi +

N∑
i>k

RkiGi + αAkGk

]
st[ N∑

i 6=k
GkGT

i Gi + αGkGT
kGk

]
st

(5.12)

where, k = 1, . . . , N . For example, in the case of N = 3 interconnected networks

(see Fig. 5.2), the corresponding three update rules are as follows:
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Figure 5.3: ROC curves representing the performance of (A) DFMF and (B) NIMF
in reconstructing x% of links removed from DTI network. The AUC scores are
computed for x = 10, 20, 50, 90, 100. The curves represent results averaged over 10
different trials.

(
G1

)
st
←
(
G1

)
st
◦

[
R12G2 + R13G3 + αA1G1

]
st[

G1(GT
2 G2 + GT

3 G3 + αGT
1 G1)

]
st(

G2

)
st
←
(
G2

)
st
◦

[
RT

12G1 + R23G3 + αA2G2

]
st[

G2(GT
1 G1 + GT

3 G3 + αGT
2 G2)

]
st(

G3

)
st
←
(
G3

)
st
◦

[
RT

13G1 + RT
23G2 + αA3G3

]
st[

G3(GT
1 G1 + GT

2 G2 + αGT
3 G3)

]
st

(5.13)

Note that the update rules in Equations 5.13 are derived under the assumption

that all the adjacency matrices of the multi-relational network shown in Fig. 5.2

are know a priori. However, in the heterogeneous network inference problem shown

in Fig. 5.2 (A), matrix R13 is unknown. Thus, when using the update rules for

computing Gi matrices, with i = 1, 2, 3, the terms involving matrix R13 should be

left out from the first and the second update rule. After obtaining Gi matrices, the

DTI adjacency matrix can be inferred from R13 matrix computed as: R13 = G1G
T
2 .

Similarly, in the homogeneous network inference problem shown in Fig. 5.2 (B),

matrix A2 is unknown. Thus, when using the update rules the term in the second

update rule involving A2 matrix should be left out. After obtaining Gi matrices,

disease-disease association network can be inferred from A2 matrix computed as:

A2 = G2G
T
2 .
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Our method is mathematically very similar to DFMF method [88] introduced in

Section 2.3, which is nothing else than collective GNMTF applied on multi-relational

networks. However, there are two major differences: 1) the underlying method of

DFMF is GNMTF that requires computation of Sij matrices, that in turn require

existence of the corresponding Rij matrices. So, for example, to make a computation

of S13 matrix possible, at least a small part of R13 has to be known. Thus, when

the whole matrix is missing, the network inference is impossible (see the experiment

below); 2) unlike DFMF that uses intra-type adjacency matrices as constrains in the

computation of low-dimensional latent feature matrices, NIMF ‘’learns” intra-type

adjacency matrices by simultaneously decomposing them together with inter-type

adjacency matrices, which in turns enables NIMF to perform homogeneous network

inference.

To test our method and prove its superior performance in comparison to DFMF,

we conduct an experiment on drug-gene-disease data (as in Fig. 5.2) adopted from

Yamanishi et al. [169] 1. We tested NIMF and DFMF in the reconstruction of DTI

network, by first starting with the whole network as it was known a priori. Then,

we remove a percentage of known links (i.e., we remove a percentage of observed

entries in R13 matrix), and test the performance of both DFMF and NIMF in their

reconstruction. Preliminary results on the performance of the methods for different

percentages of removed links are measured by AUC-ROC and are shown in Fig.

5.3. With already 10% of links removed from the DTI network, the NIMF (with

AUC = 0.995) outperforms DFMF (with AUC = 0.970). As the number of removed

links increases, the performance of both methods drops with the performance of

DFMF being lower than the performance of NIMF. When the whole DTI network is

removed (i.e., when 100% of links are missing from DTI network), DFMF is not able

to produce any meaningful result (AUC . 0.5), whereas NIMF can still reconstruct

the whole DTI network with the accuracy of AUC = 0.766.

From these results, it follows that, using our method, the whole DTI network

can be reconstructed from the topology of indirect interactions involving drugs and

genes. Furthermore, NIMF can be used for predicting new drug-target interactions

and thereby postulate for new drug repurposing candidates.

5.2.3 Gene function prediction from multilayer networks

Predicting functions of genes based on their connectivity patterns in a functional in-

teraction network has been a focus of many studies in the last decade [286]. However,

1the network are freely available from: http://members.cbio.mines-paristech.fr/

~yyamanishi/pharmaco/

http://members.cbio.mines-paristech.fr/~yyamanishi/pharmaco/
http://members.cbio.mines-paristech.fr/~yyamanishi/pharmaco/
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Figure 5.4: Schematic representation of NF-CCE framework for combining different
networks and computing compact, low-dimensional topological feature representa-
tion of genes (denoted by vectors hi) further used for gene function prediction.

combining different interaction networks constructed from different heterogeneous

biological data sources (e.g., genetic interactions, expression data, physical bind-

ing, etc.) for the purpose of effective gene function prediction is still an unsolved

problem. Developing methods for addressing this problem has become an important

challenge in computational biology [147, 287, 288].

Here, we present another view of our network integration framework, NF-CCE,

introduced in Chapter 4. We propose NF-CCE as an underlying approach for gene

function classification problem (see Fig. 5.4). Namely, NF-CCE could represent

a principal framework for combining topological information of genes contained

in different molecular interaction networks, and for creating fused compact low-

dimensional topological feature representation of genes. Specifically, from each of

N different network layers, each having n genes, NF-CCE extracts non-negative

k-dimensional feature vectors, h
(j)
i , where i = 1, . . . , n and j = 1, . . . , N (see

Fig. 5.4). These vectors represent rows of non-negative cluster indicator matrix

H(j) = [h
(j)
1 , . . . ,h

(j)
n ]T (see section 4.4 for notations). Then, NF-CCE fuses these

vectors into a final non-negative k-dimensional feature vectors, hi, representing the

overall topological information of genes, i = 1, . . . , n, contained in all network layers.

These feature vectors could further be used as an input to a multi-label classifier,

trained on a known gene-GO annotations. Namely, low-dimensional topological fea-

ture vectors could be used for the construction of a kernel matrix, i.e., K(hi,hj), in

the SVM muilti-label classifier [289].

We believe that the gene topological feature representation, obtained by inte-

grating different network with NF-CCE, leads to better predictive performance of

gene functions that the topological features obtained from any individual network.

However, the predictive power of gene topological feature vectors, constructed in

this way, is yet to be explored in future work.
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Appendix A

Important concepts from

molecular biology

Here, we present terminology and basic definitions from molecular biology that are

used through the thesis.

• Gene. A gene is a stretch of DNA encoding functional biomolecules and cor-

responding to a unit of heredity in living organisms.

• Allele. An allele is an alternative form of a gene occupying a given position on

a specific chromosome. Individuals inherit two alleles for each gene, one from

each parent.

• Genotype/phenotype. Genotype/phenotype is an organisms full gene-based

hereditary information (excluding only epigenetic information, see below). The

phenotype corresponds to the observable properties of an organism, i.e. the

expressed hereditary information resulting in a specific morphology, develop-

ment or behaviour.

• Genome is the full set of an organisms hereditary information that is en-

coded in DNA or in RNA for some viruses. It includes both genetic and

non-coding nucleotide sequences, but does not include epigenetic information

(see Epigenome below).

• Epigenome is the full set of an organisms hereditary information encoded by

other structures than genomic DNA and RNA sequences. Epigenetic inheri-

tance mechanisms include DNA methylation and chromatin remodelling (e.g.

histone acetylation/de-acetylation), RNA signalling and certain transcription

factor activity.
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• Transcriptome is the full set of all RNA molecules (transcribed from the genes

in a genome) in a certain cell type under well-defined conditions. In contrast

to the genome, which is mostly static for a given cell line, the transcriptome

can change in response to alterations in environmental conditions.

• Proteome/Metabolome is the full set of proteins (metabolites) in a given cell

type under well–defined conditions. Similar to the transcriptome, the pro-

teome (metabolome) can vary in response to changes in environmental condi-

tions.

• Protein complex is a complex containing multiple proteins that (stably) inter-

act with each other.

• Orthologs are genes in different species that evolved from a common ancestral

gene by speciation (an evolutionary process by which reproductively isolated

biological populations evolve to become distinct species).

• eQTLs are genomic loci (specific locations on a gene) that regulate expression

levels of mRNA. eQTLs that regulate expression of their gene-of-origin are

referred as cis-eQTL, whereas eQTLs that regulate expression of distant genes

are referred as trans-eQTL.

• Copy Number Variations (CNVs) are regions in the genome having signifi-

cantly more or less copies than the reference human genome sequence.

• Methylation is a process by which methyl groups are added to DNA segments.

Methylation changes the activity of a DNA segment without changing the

sequence. This is known as an epigenetic modification. When located in a

gene promoter, DNA methylation typically acts to repress gene transcription.

• Model organism is a species that has been widely studied usually because it is

easy to maintain in the laboratory conditions.
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Reconstruction of GO by

integration of molecular networks

B.1 Supplementary figures
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Figure B.1: (A) Above: Graphltes containing 2-5 nodes, denoted by G0, G1, . . . G29

and their automorphic orbits i ∈ {0, 1, . . . , 72}. Nodes within a graphlet belonging
to the same orbit (i.e. invariant under the symmetry group) are represented by the
same shade. Below: An example of a GDV vector for a node v. The node touches
G0 graphlet (orbit 0) two times; end node of G1 graphlet (orbit 1) one time and
middle node of the same graphlet (orbit 2) one time; and orbit 5 of the graphlet
G3 one time. (B) An example of the graph containing 6 nodes along with the GDV
vectors of nodes A and B. Identical GDV vectors of nodes A and B indicate that
these two nodes have the same local topology even though they are not directly
connected. (C) Adjacency and Laplacian matrices for the graph shown in panel
(B). Zer oentries in red indicate that nodes A and B are not connected.
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Figure B.2: GDV similarity distributions: Distribution of gene pairs according to
their GDV similarity in four different networks of Saccharomyces cerevisiae: (A)
protein-protein interaction (PPI) network; (B) genetic interaction (GI) network; (C)
gene co-expression network; (D) integrated function network (YeastNet). Vertical
red line represents a threshold for a given distribution obtained by selecting top 1%
of the most similar gene pairs (corresponding to a p-value of 0.01).
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Figure B.3: Estimation of rank parameters by computing cophenetic correlation
coefficient: For each pair (k

(i)
1 , k

(j)
2 ) of ranks, depicted in the (x, y) plane we compute

averaged cophenetic correlation coefficient for two data sets - genes and GO terms.
Averaged coefficient is represented on the z axis. We identified a set of parameters
(k1, k2) = (58, 56), as our optimal ranks, for which there is a maximum value of
cophenetic correlation coefficient (a peak on this 3D color plot). Around this value,
correlation coefficient significantly drops.
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Multiple network alignment

C.1 Study of different parameters

Study of different values of parameter γ

To determine the influence of the regularization parameter γ, we perform NMTF

runs for γ ∈ {0.0, 0.001, 0.01, 0.1, 0.5, 0.7, 0.9}. For each run, we evaluate the func-

tional consistency of the protein associations that are predicted by GNMTF (Fig.

C.1), as well as the functional consistency of the obtained clusters after the align-

ment step (Fig. C.2). In both cases, we follow the same methodology as in the main

document.
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Figure C.1: Functional consistency of GNMTF and sequence-based associations for
different values of γ. For all of sequence similarities and NMTF based similarities
with different values of γ, we plot the cumulative number of annotated protein pairs
(x-axis) against the percentages of them sharing GO terms (y-axis). Biological
process (BP) and molecular function (MF) annotations are presented on the left
and on the right panels, respectively.

As presented in supplementary Figure C.1, NMTF achieves similar functional
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consistencies for γ ∈ {0.5, 0.7, 0.9}, with γ = 0.7 produces the highest number of

consistent protein pairs with the top association scores. Moreover, the corresponding

curves are above the ones corresponding to γ ∈ {0.0, 0.001, 0.01, 0.01}; this indicates

that a larger influence of PPI networks (measured by parameter γ) results in higher

functional consistency of the predicted associations between proteins. Finally, after

the alignment step, the highest functional consistency of the produced clusters is

achieved for γ = 0.7 (see supplementary Figure C.2). Therefore, in the main docu-

ment and in the the rest of this supplementary material, we consider the results of

Fuse with γ = 0.7.
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Figure C.2: Functional consistency of Fuse’s clusters for different values of γ. For
Fuse’s protein clusters with different values of γ, we plot the cumulative number of
annotated clusters containing proteins from all 5 species (x-axis) against the number
of them that are functionally consistent (y-axis). Clusters are ranked according to
the scores computed as the sum of association scores between their proteins. We
also report the total number of annotated and consistent clusters for the compet-
ing aligners (points in the plots). Biological process (BP) and molecular function
(MF) annotations are considered separately in the left-hand-side and right-hand-side
panels, respectively.

Study of different values of parameter α

To estimate the influence of parameter α onto the functional consistency of Fuse’s

clusters, we evaluate the functional consistency of the obtained clusters after the

alignment step, when using γ = 0.7 and when α varies in {0.0, 0.2, 0.4, 0.6, 0.8, 1.0}.

As presented in supplementary Figure C.3, Fuse achieves the highest consistency

of its clusters for α = 0.8. Interestingly, with only the sequence taken into account

(α = 1.0) our alignment method already outperforms the other aligners.

To assess whether an optimal value of α can be learnt, we use the following 2-fold

cross-validation experiment. We randomly split each of the five PPI networks into
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Figure C.3: Functional consistency of Fuse’s clusters for different values of α. For
Fuse’s protein clusters with different values of α, we plot the cumulative number of
annotated clusters containing proteins from all 5 species (x-axis) against the number
of them that are functionally consistent (y-axis). Clusters are ranked according to
the scores computed as the sum of association scores between their proteins. We
also report the total number of annotated and consistent clusters for the compet-
ing aligners (points in the plots). Biological process (BP) and molecular function
(MF) annotations are considered separately in the left-hand-side and right-hand-side
panels, respectively.

two sub-networks having same numbers of nodes. For each PPI network, one sub-

network is assigned to the training set, and the other one is assigned to the testing

set. Then, we learn on the training set the value of α (from 0 to 1 in increments of

0.1) that results in the largest number of functionally consistent clusters, and use

this predicted value to align the corresponding testing set. To measure how good

this alignment is in comparison to alignments that used other values of α, we also

align the testing set using the other values of α, and report if the learnt value of α

was optimal (i.e., if it lead to the largest number of functionally consistent clusters).

We also compute the percentage of functionally consistent clusters that are found

in the testing set when using the learnt value of α with respect to the number of

functionally consistent clusters that are found in the optimal alignment. We repeat

this procedure 100 times to account for the randomness in the experiments. Hence,

as we test 11 different values of α, we generated and evaluated 2,200 alignments.

We obtained the following results. First, as presented in the top panels of

supplementary Figure C.4, the learnt values of α are optimal in only 10% of the

experiments when functional consistency is based on GO biological process (BP)

annotations and in only 16% of the experiments when functional consistency is

based on GO molecular function (MF) annotations. In comparison, setting α = 0.9

is optimal in 18% of the experiments according to BP and in 24% of the experiments

according to MF. Second, as presented in the bottom panels of supplementary Figure

C.4, using the learnt values of α and using a fixed value of α between 0.1 and 0.9 (as

α=0 and α=1 never result in the largest number of functionally consistent clusters)
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both lead to comparable functional consistencies. We find, on average, 94.2 - 95.4%

of clusters to be BP consistent and 94.2 – 96.9% of clusters to be MF consistent,

over clusters obtained for all values of α (percentage with respect to the optimal,

i.e., most functionally consistent alignment). The lowest functional consistency is

observed when α is set to 0, which finds on average 44.2% of the optimal number of

BP consistent clusters and 37.4% of the optimal number of MF consistent clusters.

Overall, learning the values of α on training sets does not result in functionally

more consistent alignments than when using a fixed value of α in between 0.1 and

0.9.
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Figure C.4: 2–fold cross validation of α. Top: The red bars in the charts present the
percentage of the experiments for which using the values of α that are learnt on the
training sets to align the corresponding testing sets result in the largest numbers
of functionally consistent clusters. The grey bars in the charts present the same,
but when using a fixed values of α. Bottom: The red box-and-whiskers present
the minimum, the first-quartile, the median, the third quartile and the maximum
number of functionally consistent clusters that are uncovered on the testing sets
when using the values of α that are learnt on the corresponding training sets. The
numbers of functional consistency are presented as percentages of the maximum
number of consistent clusters that are found on the testing sets when α varies from
0 to 1. In the left panels, functional consistency is based on GO biological process
(BP) annotations while in the right panels it is based on GO molecular function
(MF) annotations.
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C.2 Study of different alignment orderings

In the alignment step of Fuse, different ordering strategies can be used to merge the

networks. We consider two such strategies: 1) “min-size”, which merges networks

from the smaller towards the larger one; and 2) “Hierarchical”, which merges net-

works according to the phylogenetic tree constructed from the pairwise alignments

of the networks. To evaluate the influence of the ordering strategy, we compare the

functional consistency of the obtained clusters after the alignment step, when Fuse

is set to use either min-size, or hierarchical ordering (γ and α are set to 0.7 and 0.8,

respectively).
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Figure C.5: Functional consistency of Fuse’s clusters when using different alignment
step orderings. For Fuse’s protein clusters with different ordering strategies, we plot
the cumulative number of annotated clusters containing proteins from all 5 species
(x-axis) against the number of them that are functionally consistent (y-axis). The
clusters are ranked according to the scores computed as the sum of association scores
between their proteins. We also report the total number of annotated and consistent
clusters for the competing aligners (points in the plots). Biological process (BP) and
molecular function (MF) annotations are considered separately in the left-hand-side
and right-hand-side panels, respectively.

As presented in supplementary Figure C.5, Fuse achieves the highest functional

consistency when merging from the smallest network towards the largest one.

C.3 Permutation test for determining p-values of

predicted associations

To determine the statistical significance of NMTF predicted associations, we use the

following permutation test. We perform 200 NMTF runs, each time with a different

random permutation of relation matrices. In each run, for each pair of species, i and

j, we permute the entries in the corresponding relation matrix Rij while keeping
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the same distribution of degrees of proteins in species i and j. After factorizing

the permuted relation matrices, we infer predictions from each reconstructed matrix

R̂ij. We define the p-value of a predicted association as a fraction of NMTF runs in

which this association was observed.

As presented in supplementary Figure C.6, filtering associations according to

p-value results in filtered associations having lower functional consistencies in com-

parison with the non-filtered ones.
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Figure C.6: Cluster BP (left panel) and MF (right panel) consistency of all GNMTF–
predicted protein associations (black line) and filtered GNMTF–predicted associa-
tions with p-value ≤ 0.05 (red line).

C.4 Transferring annotations across species

To demonstrate the advantage of Fuse over the previous aligners in enabling new

biological findings, we focus on clusters that cannot be identified based only on se-

quence similarity. Namely, NMTF can predict new associations between proteins

that are not related by sequence similarities (i.e., whose sequence similarity is not

significant; e-value ≥ 1). These associations can contribute to the identification

of functionally consistent clusters that cannot be identified by the previous align-

ers, as the previous aligners cannot predict new protein associations that are not

sequence-based. Furthermore, these predicted clusters could be used for transfer of

annotations across proteins of different species that are not sequence-related.

To identify such clusters, we perform the following procedure. After the align-

ment step (for the best scoring parameters γ = 0.7, α = 0.8), we obtain the list

of clusters. For each obtained cluster, we construct an induced subgraph over its

proteins in the k-partite graph composed only on sequence similarity links. We

identify all the subgraphs (clusters) that are disconnected in the k-partite sequence-

based graph, i.e., we identify all the clusters whose number of sequence-based links
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is < n−1, where n is the number of proteins in the subgraph (cluster). It is evident

that without NMTF predicted associations, it would not be possible to identify such

clusters.

The list of 474 clusters with predicted associations is presented in the supple-

mentary excel spreadsheet.In addition to the clusters, we also report their sequence-

based and NMTF-based predicted protein associations. We further focus on clusters

covering all 5 species and on their biological validation through literature. We use

CiteXplore tool [290] to search for articles and biological concepts common for all

5 proteins. Due to the lack of annotations for many proteins, we validate only 5

clusters (out of 18 clusters covering all 5 species). An example of a validated clus-

ter includes the following proteins: HPS6 (human), HPS6 (mouse), SEC72 (yeast),

ABU-1 (worm) and NIMC2 (fly), where, the first three and the last two proteins

are sequence-related. It is evident that if the alignment was based only on sequence

scores, the identified clusters would cover either three or two species. However, due

to the predicted association between proteins HPS6 (mouse) and ABU-1 (worm),

Fuse was able to identify this cluster covering all 5 species. We validate this cluster

through literature curation. We observe the following: protein HPS6, located in the

endoplasmic reticulum, belongs to the family of Hermansky-Pudlak syndrome (HPS)

proteins whose role has been shown in primary immunodeficiency disorders, i.e., a

group of disorders of the immune system [291]; protein ABU-1, an integral compo-

nent of the endoplasmic reticulum membrane, has been implicated in the normal

physiology of immune defence [292]; protein SEC72, also located in the endoplasmic

reticulum, has been shown to be involved in a mechanism protecting immunity of

a virus-infected yeast [293]; protein NIMC2 belongs to a Nimrod gene superfamily

that is an important component of the innate immune response [294]. Thus all 5

proteins play important roles in immune responses of the five species and the first

four are located in the endoplasmic reticulum.

The non-validated clusters could be used for transfer of annotations from an-

notated to unannotated proteins in the clusters. For example, in the cluster cov-

ering proteins, BTLA (human), BTLA (mouse), ARN2 (yeast), ORK1 (fly) and

ABU-7 (worm) (see supplementary excel spreadsheet), the first four proteins are

sequence-related, and they are annotated to be located in the integral component of

membrane (GO:0016021); the last protein, ABU-7 (worm), is predicted to be a part

of the cluster due to its predicted association with protein BTLA (mouse), and it

is not annotated for cellular component. Hence, by transferring annotation to this

protein, we can postulate that ABU-7 (worm) is located in the membrane.



Appendix D

Fusing network layers on

Grassmann manifold

D.1 Artificial Multiplex Networks

Figure D.1: SYNTH-N: Spy-plots of five different 2–layer artificial multiplex net-
works used in our experiments to demonstrate the effect of noise on the performance
of our methods. Clusters in the top and bottom layer have fixed within-community
probability, p11 = 0.3, p22 = 0.3 across all five networks. The between-community
probability of the second layer is also fixed, p12 = 0.10 across networks, whereas, it
varies in the first layer, i.e., p12 = {0.02, 0.06, 0.10, 0.14, 0.18}.

D.2 Derivation of update rules for NF-CCE algo-

rithm

We use the same mathematical notation as in the main manuscript.

174
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Figure D.2: SYNTH-C: Spy-plots of five different 2-layer artificial multiplex used
in our experiments to demonstrate the ability of our methods to integrate comple-
mentary layers. Top and bottom layer of each of the five multiplex networks is
generated to represent different, complementary information about clusters. In the
first layer, the within-community probability of the first cluster varies across dif-
ferent networks, i.e., p11 = {0.05, 0.10, 0.15, 0.20, 0.25}, while the within-community
probability of the second cluster is fixed across layers, p22 = 0.2. In the second layer,
the information is reversed. Namely, the first cluster has a fixed within-community
probability, p22 = 0.2, whereas the within-community probability of the second
cluster varies across networks, i.e., p11 = {0.05, 0.10, 0.15, 0.20, 0.25}. The level of
noise between clusters, i.e., between-community probability, is fixed in all layers and
across all five multiplex networks.

Collective SNMF

Step 1: Optimization problem for each layer (SNMF):

∀i ∈ {1, . . . , N}, J = min
H(i)≥0

‖ A(i) −H(i)H(i)T ‖2F (D.1)

The update rule for minimizing J is:

H
(i)
jk ← H

(i)
jk ◦

[
A(i)H(i)

]
jk[

H(i)H(i)TA(i)H(i)
]
jk

(D.2)

Step 2: Collective optimization problem (CSNMF):

min
H≥0
J = min

H≥0

N∑
i=1

‖ A(i) −HHT ‖2F︸ ︷︷ ︸
J (i)(H;A(i))

+α
N∑
i=1

(k − tr(HHTH(i)H(i)T ))︸ ︷︷ ︸
J (i)
c (H;H(i))

(D.3)
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The derivative of J with respect to H is:

∇HJ = −
N∑
i=1

4A(i)H︸ ︷︷ ︸
[∇HJ (i)(H;A(i))]−

+
N∑
i=1

4HHTH︸ ︷︷ ︸
[∇HJ (i)(H;A(i))]+

−2α
N∑
i=1

H(i)H(i)TH (D.4)

The non-negative parts of the normal gradient, ∇̃HJ = ∇HJ −HHT∇HJ can be

written as follows:

[∇̃HJ ]− =
( N∑
i=1

A(i) +
α

2
H(i)H(i)T

)
H

[∇̃HJ ]+ = HHT
( N∑
i=1

A(i) +
α

2
H(i)H(i)T

)
H

Using the natural gradient, the update rule for updating elements of H can be

obtain from:

Hjk ← Hjk ◦
[∇̃HJ ]−jk

[∇̃HJ ]+jk
(D.5)

Introducing the average adjacency matrix as: Aavg =
∑N

i=1 A(i) + α
2
H(i)H(i)T ,

the update rule for minimizing objective function in Equation D.3 can be written

as:

Hjk ← Hjk ◦

[
AavgH

]
jk[

HHTAavgH
]
jk

(D.6)

which is of the same mathematical form as the update rule for SNMF (Equation

D.2).

Collective PNMF

Step 1: Optimization problem for each layer (PNMF):

∀i ∈ {1, . . . , N}, J = min
H(i)≥0

‖ A(i) −H(i)H(i)TA(i) ‖2F (D.7)

The update rule for minimizing J is:
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H
(i)
jk ← H

(i)
jk ◦

[
A(i)A(i)TH(i)

]
jk[

H(i)H(i)TA(i)A(i)TH(i)
]
jk

(D.8)

Step 2: Collective optimization problem (CPNMF):

min
H≥0
J = min

H≥0

N∑
i=1

‖ A(i) −HHTA(i) ‖2F︸ ︷︷ ︸
J (i)(H;A(i))

+α
N∑
i=1

(k − tr(HHTH(i)H(i)T ))︸ ︷︷ ︸
J (i)
c (H;H(i))

(D.9)

The derivative of J with respect to H is:

∇HJ = −
N∑
i=1

4A(i)A(i)TH︸ ︷︷ ︸
[∇HJ (i)(H;A(i))]−

+
N∑
i=1

2A(i)A(i)THHTH + 2HHTA(i)A(i)TH︸ ︷︷ ︸
[∇HJ (i)(H;A(i))]+

(D.10)

− 2α
N∑
i=1

H(i)H(i)TH

The non-negative parts of the normal gradient, ∇̃HJ = ∇HJ −HHT∇HJ can be

written as follows:

[∇̃HJ ]− =
( N∑
i=1

A(i)A(i)T + αH(i)H(i)T
)
H

[∇̃HJ ]+ = HHT
( N∑
i=1

A(i)A(i)T + αH(i)H(i)T
)
H

Similar to CSNMF, we introduce an average adjacency matrix as Aavg =∑N
i=1 A(i)A(i)T + αH(i)H(i)T . The update rule for H for minimizing the objective

function J in Equation D.9 is as follows:

Hjk ← Hjk ◦

[
AavgH

]
jk[

HHTAavgH
]
jk

(D.11)

which again has the same mathematical form as the update rule for SNMF (Equation

D.2).
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Collective SNMTF

Step 1: Optimization problem for each layer (SNMTF):

∀i ∈ {1, . . . , N}, J = min
H(i)≥0,S(i)≥0

‖ A(i) −H(i)S(i)H(i)T ‖2F (D.12)

The update rules for minimizing J are:

H
(i)
jk ← H

(i)
jk ◦

[
A(i)H(i)S(i)

]
jk[

H(i)H(i)TA(i)H(i)S(i)
]
jk

(D.13)

S
(i)
jk ← S

(i)
jk ◦

[
H(i)TA(i)H(i)

]
jk[

H(i)TH(i)S(i)H(i)TH(i)
]
jk

(D.14)

Step 2: Step 2: Collective optimization problem (CSNMTF):

min
H≥0
J = min

H

N∑
i=1

‖ A(i) −HS(i)HT ‖2F︸ ︷︷ ︸
J (i)(H;A(i)),S(i))

+α
N∑
i=1

(k − tr(HHTH(i)H(i)T ))︸ ︷︷ ︸
J (i)
c (H;H(i))

(D.15)

The derivative of J with respect to H is:

∇HJ = −
N∑
i=1

4A(i)HS(i)︸ ︷︷ ︸
[∇HJ (i)(H;A(i))]−

+
N∑
i=1

4HS(i)HTHS(i)︸ ︷︷ ︸
[∇HJ (i)(H;A(i))]+

−2α
N∑
i=1

H(i)H(i)TH (D.16)

The non-negative parts of the normal gradient, ∇̃HJ = ∇HJ −HHT∇HJ can be

written as follows:

[∇̃HJ ]− =
N∑
i=1

A(i)HS(i) +
α

2
H(i)H(i)TH

[∇̃HJ ]+ = HHT
( N∑
i=1

A(i)HS(i) +
α

2
H(i)H(i)TH

)

The update rule for H for minimizing the objective function in Equation D.15

is as follows:
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Hjk ← Hjk ◦

[ N∑
i=1

A(i)HS(i) + α
2

N∑
i=1

H(i)H(i)TH
]
jk[

HHT
( N∑
i=1

A(i)HS(i) + α
2

N∑
i=1

H(i)H(i)TH
)]
jk

(D.17)

Collective Ssemi-NMTF

Step 1: Optimization problem for each layer (Ssemi-NMTF):

∀i ∈ {1, . . . , N}, J = min
H(i)≥0,S(i)

‖ A(i) −H(i)S(i)H(i)T ‖2F (D.18)

where S(i) is allowed to have both positive and negative elements.

The update rules for minimizing J are:

H
(i)
jk ← H

(i)
jk ◦

[[
A(i)H(i)S(i)

]+
+ H(i)H(i)T [A(i)H(i)S(i)

]−]
jk[[

A(i)H(i)S(i)
]−

+ H(i)H(i)T [A(i)H(i)S(i)
]+]

jk

(D.19)

S(i) ←
(
H(i)TH(i)

)−1
H(i)TA(i)H(i)(H(i)TH(i)

)−1
(D.20)

Step 2:Collective optimization problem (CSsemi-NMTF):

The objective function is the same as for CSNMTF (Equation D.15), however,

in the derivation of update rules, the terms having S(i) matrix needs to be separated

into the non-negative parts.

The non-negative parts of the normal gradient, ∇̃HJ = ∇HJ −HHT∇HJ can be

written as follows:

[∇̃HJ ]− =
N∑
i=1

[A(i)HS(i)]+ +
α

2
H(i)H(i)TH

+ HHT [A(i)HS(i)]−

[∇̃HJ ]+ =
N∑
i=1

[A(i)HS(i)]− +
α

2
HHTH(i)H(i)TH

+ HHT [A(i)HS(i)]+
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The update rule for H for minimizing the objective function in Equation D.15

is as follows:

Hjk ← Hjk

[ N∑
i=1

[
A(i)HS(i)

]+
+ HHT

[
A(i)HS(i)

]−
+ α

2
H(i)H(i)TH

]
jk[ N∑

i=1

[
A(i)HS(i)

]−
+ HHT

([
A(i)HS(i)

]+
+ α

2
H(i)H(i)TH

)]
jk

(D.21)

D.3 Parameter estimation

The state-of-the-art methods, in our comparison study, require a parameter fitting.

To make the fair comparison between state-of-the-art methods and our methods,

we apply the following parameter estimation strategy. For each of the methods

requiring user-defined parameter, we test the method for the values of parameter

given in the predefined range, and choose the optimal value of the parameter that

leads to the best clustering performance in terms of Purity, NMI, ARI and Ravg

(in the case of biological networks). The values of parameters of different methods

applied on different real-world networks are summarized in Table D.1.

Table D.1: Optimal parameters for (from left to right): PMM, SC-ML, LMF, Graph-
Fuse, CSNMF, CPNMF, CSNMTF, CSsemi-NMTF applied on real-world multi-
layer networks (from top to bottom): CiteSeer, CoRA, MPD, SND, WBN, WTN,
HBN and YBN

.
PMM (l) SC-ML (α) LMF (α) GF (λ) CSNMF (α) CPNMF (α) CSNMTF (α) CSsNMTF (α)

CiteSeer 10 0.9 1,000,000 0.1 0.05 0.45 0.4 0.2
CoRA 6 0.3 0.000001 0.00001 0.15 6.5 0.7 1.0
MPD 7 0.5 10.0 1.0 0.3 0.7 0.05 0.3
SND(o) 4 0.10 10.0 0.001 0.05 0.25 0.05 0.35
SND(s) 3 0.4 1,000 1.0 0.6 0.5 0.7 0.2
WBN 14 0.1 1,000 0.000001 0.15 0.05 0.8 0.65
WTN 7 0.2 0.00001 0.00001 0.35 0.55 1.0 0.65

HBN 102 0.3 0.01 0.01 0.01 0.00001 0.01 0.001
YBN 100 0.4 0.01 0.1 0.01 0.000001 0.001 0.001
FBN 102 0.5 0.1 0.001 0.01 0.01 0.1 1.0
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