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ABSTRACT
A theoretical and experimentzal investigation of ine-

viscid hypersonic flow over concave surfaces and corners is des-
cribed. The approximate theories available for inviscid hypersonic
flow over slender bodies are reviewed, and it is ghown that they
give widely differing estimates of the surface pressure when applied
to a concave surface. The similar solutions to the hypersonic small
disturbance eéuations, which have previously bzen used to study the
blunted slender convex body, are extended to cusped concave sur~
faces. A class of non-similar surfaces is obtained from the similar

solutions. The regions on the cusped body where the similar solutions

- give physically unsatisfactory behaviour are exmmined, aud a

conmistent dnterpretation is given. It is shown that, if a concave
surface does not have discontinuities in slope or curvature, then
the Newbonian plus centrifugal theory gives a fairly accurate
slumple estimate of the surface pressure. Approﬁima%e solutions for
twe of the mechanisms which can occur in concave surface flows =
the formation of shock waves by compression waves, eand the inter-
action of two shock waves of the same family - are presented. The
reflected waves generated in these flows are shown to become very
strong at hypersonic speeds and to have considerable effect on the
surface pressures. Both the inadequacy of the exlisting approximate
pethods and the usefulnese of the new similar scolutions are

demongtrated experimentelly.
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1) Introduction

1.1) Scope of Investigation

~ This thesis describes an investigation of inviscid.

hypersonic flow over concave surfages.

In recbﬁt years the subject of inviscid flow at high
Mach numbers has re.ceived considerable attention. Becausc of the
difficulty of solving the exact equations of inviscid compressihle
fluid motion, much of the published work in this field has been
concerned with the development of approximate methods. These methods
are based on simplifying assumptions suggested by the features
peculiar to hypersonic flow and appropriate to the body geometry.

The slender bhody problem is more difficult than the
corresponding task for supersonic sgpeeds. The shock waves are
strongly curved and the flow behind them is highly rotational.
For a giveﬁ angle of deflection, the difference between the pressure
rise producéd by é Prandtl-Meyer compression wave and a shock wave
increases rapidly with increase in Mach number M. This is in con~
trast to flows at moderate My for which Busemann's wave theory shows
that the difference is only of third order in the angle of dqflectione

To date, most investigations have considered only
convex bodies. The flow about the slender convex airfoil and the
blunted slender body have been éxamined in somé_detail.Anax#ellent
survey of the contributions to the field is given by Hayes and

Probstein (1959, Chaps. 2~6 ). The reader is referred to this work
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for detailed references.”®

The current intercst in such probloms as ram-jet intakes
énd ibckek flares has directed attention to the flow gemerated by
- concave surfaces and corneés.'ﬂowever, the published work has to
date been mainly confined to invesﬁigations of the viscous phenomena.

Inviseid concave surface flows can differ significantly
from those over a convex qurfaée. In addition to the leading edge
shock, the compression waves generated at the surface can form
shoclt waves. The shogk layer is much more likely to be thin and
dense. Leading edge bluntness effects are not as significant.

The Mach waves generated in the supersonic regions of
any field can be divided inte two groups or familiesm. The principsl
family consists of those waves generated et the surface and which
travel outwards from the body. The reflected waves are thosc
generated at the shock waves and the slip-~lines in the fleld and
which travel towards the body. In the flow over concave surfaces,
the reflected waves generated at the shock waves add to the
roflected waves generated at the slip-lines. The resultant reflected
waves are often strong when compared with the principal waves.

This is in contrast to the flow over a comvex surface whero the two
types of reflected wave usually tend to cancel, so that the
resultant reflecéed waves can be much weaker then the principal

wWoves .

“References are listed in alphabetical order in the Bibliogrephy.



It is convenient to introduce the followling classiii-
cation for concave surface flows. An underfocussed flow occurs
when the compression waves generated by a concave surface intersect
the leading edge shock wave before they themselves form shock waves.
If the compression waves form shock waves, then reglons of the
field will be overfocussed. The field generated behind a concave
shock wave is underfocuesed.

1.2) Approximaée Theories.

To simplify the theoretical discussion the following
assumptions will be made:

(i) The flow is two-dimensioral or axially symmetric.

(ii) The leading edge is sherp. Then the corresponding
inviscid field is everywhere locally supersonic.

(iii) The surfaces are slender.

(iv) The gas 1is perfect.

The theory appropriate for slender bodies in hyper-
sonic flow is known as the small disturbance theory. In this theory
the velocity perturbations are small compared with the free stream
velocity, and the pressure pérturbations are small when ccmpared
with the free stream dynamic vressure. However, in contrast to the
behaviour at supeérsonic speedé, the shock waves ars strong, the
velocity perturbations are not small when compared with the free
stream sound speed, and the pressure perturbations are large

when comparéd with the free stream static pressure.
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Consequently the hypersonic theory is non-linear, and inherently
more difficult to utilise than the supersonic theory.

Hypersonic small disturbancé theory introduces two
major simplifications into the analysis. The first is the hyper-
sonic similarity rule, by which the free stream Mach number M.
appears only in combination with a typical slope T. The number
of characteristic parameters defining the problem is then reduced
by one. The second 3s the equivalence principle, by which a two-~
dimeénsional steady hyvpersonic small disturbance flow is equivalent
to a one-dimensional unsteady flow. An in@icaﬁion of the simplific-
atlion introduced by the equivalence principle is obtained by
comparing the equations descrlbing the obligque shock wave and
‘Prandtl-Meyer wave deflections as given by the exact and'the
emall disturbance theories. In the sxact theory theAcenditiona of
the fluid just downstream of the shock or Prandtl-Meyer wave can
only be expressed as implicit functions of the angle of defs
lectlion. Consequently the equations must be solved by iteration
procedures. In the small disturbance theory, the conditions downste-
ream can be expressed explicitly in terms of the deflection,.

Even with this simplification, numerical methods are still required
for the construction of the field about general shapes.

To avoid using numerical methods, additional assumptions
have to be madm. A number of methods have been developed in this

way. Those applicable to this problem are:
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(i) the theory of thin shock layers,

(ii) shock expansion or simple wave theory,

(iii) tangent wedge and tangent cone rules,

(iv) Newtonian theory.
These theories will be outlined in § 2 and the applicability of
the underlying assumptions %o concave surface flows examined.

The approximate methods noted above can alsc be deve V

eloped without making the slenderness assumption. They then assune

a more complex form.

1.3) Similar Solutions to the Hypersonic Small Disturbance Equations.

From an analytic¢ viewpoint, the most significant result
of the hypersonic small disturbauce theory is that it allows the
use of the self-similar solutions %o the one-dimensional unsteady
flow equations. These solutions are obtained by imposing certain
reéztrictions on the choice of boundary and initial conditions to
reduce the problem to ordinary differential equations. With one ex-
ception, numericel methods are still reguired %o szolve the equations,
but the methods are now much simpler.

Bach similar solution has the property that the distrib-
ution in the space variable y at any given time t (or streamwise
variable x in the egquivalent hypersonic flow) is similar to the
distribution in y at any other t. Similar solutions are available

only for bodies of the form y = Diﬁ} Yy = e or y ={nxo
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The gas must be perfect, and M, must be infinite so that the

single shock wave present can be strong. The shock shape is similer

R

to the body shape. The specific heat ratio ¥ and the exponent
specily the solution completely.

A complete accout of the similar solutions and their
extensions has been given by Sedov (1957, Chapter &) and a summary
of some of the parts relevant to hypersonic flow is given by
Hayes and Probstein (1959, pp.52 ~ 67).

The solution which is svailaole in analytic Torm is the
well known blast wave or constant energy flew. It is a singular
solution of the differential equations and it oceurs when the
exponent'%_='4%E= % in plane flow and when #i = 7 in exially
symmetric flow. Its most important feature is that the body ord-
inate is vanilshingly small, so that in the hypersonic flow it rep=-
resenits the flow over a blunted flat plate.

When 4%E<(’%.<3.the body is a blunted slender convex
ogive of aerofoil. when k = 1, the body is a wedge or a coneg. tihen
k > 1, the surface is cusped and concave. The single shock present
is also concave, so that it is an underfocussed flow.

To dabe only the similar solutions in the range

k. £ k £ 1 have been studied. Numerical results for the axially

(=
symmetric case are quoted by Chernyi (1961, p. 66) and given by

Kubota (1957). Kubota has also extended the solutions to a finite Mo
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‘There are a number of physical difficulties associated
with the similar solutions. On the convex body the equivelence
principle fails st the nose, since dy/dx-> ® as x -=~03 and the
strong shock assumption does not hold far downstream, where
dy/dx-+ O, Lees and Kubota (1957) concluded that similar solutions
were available only in the range kE:s k &1, since for k< kE they
apparently require the introduction of an infinite amount of energy
at the origin. On the convex bodies (k < 1) the similar solutions
predict zero density at the body surfsasce, although the pressure
is finite.

On the concave body the strong shock condition is not
satisfied at the cusped leading edge, and the equivalence principle
fails at & point well downstream because the body is no longer.slender,
The solution then predicts infinite density at the surface.

The systemalic investigation of the behaviour of the field
on convex power law bodies for lafge Mo in the regions w@ere the
similar solutions are not uniformly valid has not heen undertaken
until recently. Yskura (1962) by considering the inverse problem,
and Freeman (1963) by considering the direct problem have provided
a more satisfactory interpretation of the field.

In § 3 the behaviour of the hypersonic flow cver a
cusped body will be examined in the basic hypersonic limit M=o
The firet order differential equations for the rogions near the

cusp and close to the body (where the similar solubions are not valid)
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will be obtained. It will be shown that there is a region for which
the similar solutions are the correct first order approximatlon to
the field, and further that they predict the correct firsi order
pressure on the body surface.

In § L the similar solutions for councave two-dimension-
&l shapes will be obtained. By consiructing the eguations for the
streamlines, the similar solutions will be extended to a class of
surfaces which have non-zero leading edge asngles. Because they may
be regarded aps exact solutions to the hypersonic small disturbeance
equations for infinite M, , the similar solutions will bs used as
standards against which other approximaite solutions to the small
disturbance equations will be compared. Confirmaiion of the con~

clusions so drawn will be sought in the experimental resulis.

1.4) Investigation of Overfocussed Flows.

A characteristic feature of an overfocussed flow is the
presence of discontinuities in the field in addition to that gen-
erated at the leading edge shock. This impliss that even on simple
surfaces the inviscid fieid is composed of several analytically
different regions. This precludes the existence of any simple sol-
utions such as are available for underfocussed flows.

Two basic mechanisms can be distingulshed in an over-

focussed flow. These are :

(i) the interaction of two shock waves of the same fTanily,
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(ii) the formation of shock waves by tompression waves.
Both of these mechanisms generate finite refleected shesk or
expansion waves. Idealised examples of the basic mechanisms will
be studied in §5<« These are:

(i) the flow over a double wedge, and

(ii) fhe centered compression and shoclk waves
By constructing epproximate solutions to the idealised flows,

the strength of the rveflected waves will be examined.

1.5) Experimental Worlk

Pressure messurenments, taken in the Imperial Ceollege
gon tunnel on concave surfaces, were intended to confirm the theor-
etical studies. Te simplify interpretation, two-dimensional models
ware used in all tesits. The shapes of the models were chosen 5o
that viscous effactes were not important. Three surfacgs were
eramined. Bach wmms designed to generate a specific type of flow:

’ (?) an overfocusssd field,
(ii) an underfocussed field,
(iii) the flow over a powsr law surface.

A number of subsidiary experiments were comnducted
during the investigation. These fgll into two groups:

(i) Aseessment of the aceuracy of the pressurs measurements

taken in the gun tunnel,



$44) Determination of a correcting prqcedure to apply for
the effects of the Mach number gradient produced by & conical
nozzlie on the measursments.

(11i) Investigation of the effects of side-plates on the
two~dimensional models.
Because of their current lnterest, deteils of these experiments

are Iincluded.

1.6 Note om Previous Work.

Surprisingly little attention has been given to
Invisecid concave surface flows. When this investigabtion began
only twp references were aveileble. Johannesen (1952) conducted
some experiments at M, = 2 on slender surfaces, and showed that all
of the effects which were important ai large M, were negligible.
Barenblatt (1954) obtained a self-similar sclution for an axially-
symmetric exponential surface. Subsequently, Bird (1963) investe
igated the fields generated by bodies with positive disconitine-
uities in profile slope by using the numerical method of character-

istics. The relevant paris of his paper ace discugsed in % 5.5,
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2) ipproximatc Theories in Inviscid Hypersonic Filow.

2.1) The Theory‘of Thin Shock Layers.

A characteristic feature of hypersonic flows is the
tendency of the leading edge shock wave to wrap itself around the
body as M, increases. For sufficiently large M, the shock shape
in the neighbourhood of the forepart of a body sppreoaches the body
shape. The region between the shock wave and the body, knova as the
shock layer, is thin. The fluid in it is dense when compaved with
the freé strean density, end is travelling et spocds whlch are not
much less bthan the free stream speed. The shape of the Ftreamlines
in the shock laver is not much difierent from the body shape.

Becauge it is thin, space rates of chenge of quantities
ecross the layer are assumed to be much greater than rates of change
elong it. In this reaspect, the fluvid behaves as in the classical
viscous boundary layer.

These observations have been used to develop a
succesgive approximation scheme for constructing solutions (e.g.
Freeman, 1956, and Chester, 1956 ). The density ratio across an

oblique shock wave in a periect gas is given by

-1
.:ﬁ{".. = E—:i. ~§- a (2@1
o g+] (8+1) My sin'o-
When I'Iqo:cxov.;% %—%}%o Hence as ¢ —» 4 at M, =c0, £, o

and the shock wave must collapse cnto the body. Therefore
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in a perfect gas the thin shock layer method is developed by
epplying the limit 2
e= ¥t 0, M, ~o(g
+1 .
to the equations.

If the body is slender, the first approximation is
partvicularly simple. This analysis ﬁag given by Cole (195%), ard
Chernyi (1961). Their results are quoted here. Let the shape of
" the body be given by /ﬁ =B(I:) vhere L and f%f are co=ordinatas
parallel aad porpendicunlar to the frec strecam. The stream is
moving at velocityft%gg and has density-ﬁm and presau?e'ﬁﬁg o

Let jg be the velue 2= for which a streamline U
paseing through any voint (151§> crosses the shock wave.

Then

'ZP = BMJ@E) + O(é) (2.3

The pressure at any point in the layer is given by i

P63 | BI o+ B BE -BUE)

: : S (2.4
2.
tyw U i+ B (x)
The pressure on the surface of the body is
1’(JCAD> = ]5;%(;%) -+ E%:gx;(mé) ES(XD (2.5

2 4+ r

Jo Voo !

This is the slender body form of the well known Newbtonian plus

Centrifugal formula. The first term on the right hand side of
Eq. 2.5 is the shock pressure rise., Tue sscond term 1s the

difference in pressure across the shock layer essociated with



ites curvature; it is identically mero if the body profile
curvature { i.e. B_mc(l‘:) ) is zero. |

The density can be calculated from the entropy con-
servation law, which becomes

b 2 2
?@C'E) = UO‘J(EJE/)'& T BS(B>> (2.6

D

The stresmline shape is given by

= B0+

(=3 -
(1+J)j [Ma* +eBE} B'(x) By o3
o 1

1) B2 33 S _ By
( J) ! i Dxax ‘{B(.) Bj(l‘:) }

(2.7

The shock position is found by calculating /3(1519 Irom Bg. 2.7
The applicetion of this method to power law shapes
{lk)::g>3;l) is of particular interest. The surface pressure on

such bodies is

B
m;sz , = .g{ 1 + .,,i';mi } (2.8
‘% Um @b ( J& i+‘)>
where @}%:&Di&“l is the local body slope. The density at bhe
surface is given by o
2 _ .
-??‘3 = EM@ 29b {i + _;%;.i} .- (209

Foo £ (143
when "&?i « According to this formula, fb —>e0 a8 MX)—’@OQ o
When applied to convex surfaces; BEq. 2.5 is found to

considerably underestimate the surface pressure. This ocecurs
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.

because the shosk layer is ravely thin, pariicularly if the body

a

is slender. Usually the shock layer is thin only in the neighbour-
hood of the stagpation region; but in this region a differeni
enalysis is required beceause the shape of the sireamlines does not
appreoach the body shapéo

) There are three other situations in which %he tbhin
shock layer theory exhibits a physically unsatisfactory behavicur,
According to Egq. 2.5, on a convex surface, for which B;Cx < (39

at some point suificiently far downsiream from the leading edge,

the pressure difference scross the shock layer will balance the
shock pressure rise. At this point (for which B)C >0 ) the
surface pressure becomes identically zero. According te Eq. 2.7,
’1%<x; g)%%@ wheén this cccurs, so that theory is not uniformly valid.
The theory also fails downstream of vpoints of discontinuity of
profile curvatire and slope. At discontinuiiies in curveiture, the
theory predicts & discontinuity in the surface pressure, when il

is known from the theory of characteristics that discontinuitier

in pressure gradient will occur. The behaviour downstresm of dige

ol

contlnuities in slope is of interest when b increages through
the discontinuity. The theory falls in this case because it does

not take account of the shoeck pattern. (C{foéé 5).
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2.2) ShosckeBxpansion ( Simple Wave ) Theory.

The method of charscteristics provides a technique for
the exact zeolution of the supersonic regions of an inviscid flqw
field. Howsver it usually reqﬁires the use of numerical %technigques,
so that in practice ils application is extremely laboXious.

Lpstein (1931) sugpested a miéthed, known es the shock-
expansion or simple wave theory, which is & simplification of the
method of characteristics. By this method, the properties on the
surface of a two-dimensional éerofoil immersed in a flow which is
everywhere supersonic are calculated by neglectinpg the effect of
the reflected Mach waves. Hence the pressure distribution on the
surface of a convex aerofoil is obtained by calculating conditions
at the leading edge by the oblique shock relations, and then match-
ing a Pfandtl-Meyer expansion to the body geometry. It is simple
to &pplyg and it yields an estimate of the pressure which depends
only on %#he¢ local body shape.

The method has been extended by Eggers and Syvertsén
(1952) to permit the calculation of the shock shape and the Field,

end has been ﬁdapte& to the construction of astially symmétric £flows.

Conmsider its extension to coacave surfaces. A3 on a
convex body, at the leading edge and ai positive discontisuities
in prufiie slope, the obligue shock relaticus Gre used té cbtain
the pressure just downstream. Over the remainder of the profile

isentropic simple wave theory is used.,



FIG. 2.1 : REFLECTION OF A PRINCIPAL WAVE
AT A SHOCK WAVE

O 1 T 1
b _oal 4
v
m —
- 08 .
- 10 : ' *
10 l.2 (4 [.6 .8
Y —

FIG.2,2: EFFECT OF ¥ ON REFLECTION AT
‘A SHOCK WAVE,
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Hayes and Probstein (1959), giving an analysis originally due to
Lighthill (1949) and Chu (1952), show that for Mmz @ and if the

shock angle U< fl., then

Rg ~ 2t - (-9 pad-0 (2,11
20e + A¥(-8)

This limiting velue of ?\Sdepends only on¥. A plot of Rs againsi:\é

is given in Fig. 2.2. RS is negative and is small 1f ¥ is not clese
to one. Hence on a convex surface (A% < 0) the incident expansion
will be reflected as a weak compression. However as ¥ 1, R+ (-1),
so0 that a principal wave is reflected undiminished in strength.

The reflection process at the slip~lines is depicted

in Fig. 2.3. A reflection coefficient Rv is defined ms before:

Re = %;;% (2.12
2 T Ty

By metching. the pressures on either side of the slip-line just
downstream of the reflection, it can be shown that, if M, >>1 and as

AP = O

Ry n Mg-My (2.3
Me,'ﬁ' Mﬂ

When the slip-~line is weak, Msg MA and RW% 0.

The analysis of the effect of RV’ on %the reflected waves
given by Hayes and Probstein (1959, p. 271) tacitly assumes that
the generating surface is convex, so that M@A> Mao Then, since Ry
is positive and the incident principal wave is an expansion, the

reflected wave generated at the slip-lines is an gxXxpansion.



FIG. 2.3: THE |IDEALISED SUPERSONIC SHEAR LAYER.
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Therafore the reflected waves generated at the shock and at the
slip-lines in a convex surface flow tend to céncel,and will be
much weaker than consideration of either mechanism alone will
indicate.,

Congider now the behaviour of ?\V in thg flow over a
concave surface, in which the principal waves are compressions.
As R@ vemains negative the reflected waves generated at the shock
will be expansions° But a3 the shock is concave, in Eg. 2.13,
M§< Mﬁ and Rv is now negatlive. Hence the reflected waves gen- -
erated at the slip-lines are exXpansions. In contraet to the behaviour
on a convex surface, the two types of reflected wave generated on
a concave suriace a&df The strength of the reflected waves will
therefore increase with increase in the strengﬁh of the =lip-
lines.

Numerical comparisons with exact solutions obiained
by the method of characteristics® have shown that, if J > 1.3,
the simple wave method gives excellent resulis on slender convex
bodiee with sharp leading edges. As ¥ 1 the error increases
rapidly. It is expected that the method will overestimate the
surface pressure when it is applied to an underfocussed flow on @

a concave surface. The error should increase withiincrease in

¥ see for exampie the results quoted in
(1) Hayes and Probstein (1959) p274 &p276.
(1i) Chernyl (1961) p193, Fig. &.15.
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and tho curvature of the profile.

For slender bodles the hypersonic small disturbance
approximations to the shock end simple wave relations can be used.
The application of the method is particularly simple. The angle of

shock wave at the leading edge ( OL ) is given by

K = M T = K!; o i o (2.14
3L 0 L 2,(!"&) 4/(20—&) ‘

where Kui =Eﬁ»fi and 19L is the leading edge slopc. The pressure

and Mach number behind the shock are then given by

a 2
Nl okioe (-1
[=%0]
2 2.
M, _ Key \ . (2.16

Moy {0+ QK- e} e xd + @G-}

The Mach number and pressure distribution over the rest of the

profile ars then gliven by

18
Aol oo & [#0-B]5 ¥ - M
M M, - a-aga;usg" LJ 7 /;jgl= ”j;/M%;(aﬂ?

vhere M is the Mach number, %D is the pressure end & is thoe

local body slops.



2.3) Tonpent Wedge and Newbonian Rules.

According tc¢ the taugent wedge rule, the pressure at
2 given point om the surfece of a two-~dimensiongl body is estimated
by caleulating the pressure generated om am "equivalent' wedge of

angle equal %o the loceal slope of the body, and which is immersed

in the samz f£ree stream. The method is based on the physical idea
that, if the shock layer is thin, then the properiies on the surface
cannot differ greatly from thosme Just behind the sheck wave. Thig

is discussed by Lees (1955).

The advantage of this method is its simpliclity. When
the body is slender the equivalent wedge pressure may be obtained
by using the hypersonic small disturbance equations, (Eq. 2.15)
and the surface preassure iz then given by a simvle expliclt express-
ion. The method yields an estimate which dspends only on the loeal
surface slope.

The rule has been found usefuvl on slender convex sur-
faces, particularly when %the simple wave method bresks dovm: sSuch
235 when ?fis close Lo one, or when a blunt leading edge gencrates
a strong shear layer adjoacent to the surface.

This method neglects the wave siructure of the Ifield
completely, and therefore is totally inadequate .in regions where
strong or finite waves of either family ave genersied. In contrast
to the simple wave theory, the tangent wedge rule cennot be applied

to those reglons of the slender body having a negative slopc.
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The agreement mentioncd above is therefore fortuitous.

A method which has often been used because of its
extrome simplicity is based on cne of the concepts of Wewion's
gas dynemics. The individual gas particles in the free sirecam are
assumed to move in straight Lioes. When they hit the body they
lose only their novmal momentum mormal to the swrface end then

slide alonpg the surface in an extremely thin layer. The momentum

law then requires that

"
?b = foo Uoo sw /)95 (2.18

Examination of the oblique shock relatioms shows thab
this sxpression is exact in the thin shock layer 1limit Eq. 2.2 for
the flow over a wedge. Hence it can be ccngidereé as an
spproximation to the tangent wedge rule.

The thin shock layer theory shows thai the centrifugal
pressure diffevence scross the shock layer is oif the same ovder of
megnitude ss the shock pressure rise, Therefore the use of the
Howtonian formla without the centrifugal term is inconsistent.

In splite of this, Eq 2.18 gives a better astimate of the surface
pressure on convex surfaces thaen does the Newbonien plus
contrifugal formula. This | oceurs because the Newtgnién
foramla uvnderestimabtes the shock pressure rise, ang tH@Aceﬁﬁm

»ifugal term subtracte from the shock pressure rise,
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2.4) Application to Cencave Surfaces

The approximate methods ars =zpplied to an under-
focussed flow on a congave surface. The forward part of the body

has the form:s

i}

G = W (F ey (2219

5

; ¢ . ; - . " -
WHOTE 251} ig the leading zdge angle. To demounstrate the effect of

gisconbinuity in curvabture, the surfsce is contvinted as a ramp

. . , 0 . .
( that is, at constant slope ZQR = 2%, ) for x » 4

The slender body forms cf the theorices ars used.

Therefore { Hayes and Probstein, 1959,p36 )

Ce - f@’écﬂQ&, , 8 (2.20

The surface pressure disitrib utions for ZQH = 01,

?§ = 1.4 znd M 10 are given in Fig. 2.4, The thoories give
g g g

widely differing estimates. The tangent wedgs rule given the

correct pressure at the leading edge, and farLag&%%eam on the

ranp. ALL of the theories predict a constant pressue on the ramp.

The Newtonian plus centrifugal gives a disceontinuity at the junction.
To demonsitrate the accuracy of the smeall disturbance

asgumption, the pressure on the ramp, estimated by the simple

wave theory, using the exact shock and Prandtl-Meyer wave relations

is given. The error is less than 2%.

In Fig. 2.5, the effect of variation of WLQ and 12¥
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on the estimates of ramp pressuve ie glven. The differences belweeen

the estimates lnérease as Mmﬁg“l LNCTeases,
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2} Inviseid Hypersonic [leow over Cueped Bodies.

The equations describing the two-dimensional or

~

gwially symmetric rot ational flow of an inviseid peri

= (5w ¥ ig———%(fv) fYP/w = 0, s

ect gas are:

oy Giﬂi + df Yy 4 ~15Q5P = O
0x ’3457/ 5 o=

w Qv
X ?)jé/

/ D0
%Q;ﬂ(/__i.b> & U”EL{{L.T.J‘}:: 0. .
RN oyl 3%,

where AL and V™ ave the components of veloeidy in the X0 and /%gj

d¢lrastions vespoctively, {7 io the densiiy and/%

s
1
(133
<

4

FIed

G

PreSsUT0.

)

Ths aperator 2}::(3 for two-dims ﬂgzemiizmxig;r L. for axislly

gymmetric flows. Sulficiently fazr vpstream; the siresm is wniform

L
4

and is travelling in the 00 -direction, thus:
./’JI? N = 7 AT = 20 0= f’
vy Al 4 s TV O > 3 ico
D0~ e 8O J
The boundary condition at the body, which is described by

A, = A (2z) is that the surface is & streamline:
2/ Q‘.)>
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L&

|
r— = el O/L /‘13/ Cbb 2z (jnj
1 e,
It is asssumcd that there is omnly one shocl present in the field,

and that it iz attached Lo the leading edge of thz body. Iis shape,
] 3

wnich is part of the selution to the problem, is expressed as

Ag/ ) /12/4 (31.; 7 %‘S = JFCH'L’ &~ (3.4
L

The Jump conditions which hold across the shock wave can he cast
into the fornm:

I}

ji = s 4 (- E—){S“”/z@”“ 3! (3.5a

!

— — e
Jo = o=+ Q-e3% (3.5
594 3w g
£ . :
< . G -gcste {sinto- 8] (3.5¢
Uso
ol . 2 —
ﬁ;ﬂ‘ = 1 — Q“ &:}) '\3;$WL g - Q@gf (354
Uso
wheve © = M;f’and the subscript 4 denotes guantities just

dovmatrean of tie shock. The slope of the streamlines just
i J

“downstream of the shock is



W

cot @ = fano- 4 A -8 _ 4l
1(51&20“- S) j (3.5

The bekezviour of the field will be examined in %he

~2

basic hypersonic 1imit S = MOO-’»>=Oe A characteristic feature of

P

o

his problem is that the parameter Mc@ appears in the formulation
only in the shock jump conditions. Hence the behaviour cf the 7ield
in the limit & = 0§ is determimed by the behaviour of the shock
conditions in thai 1iimit. If im some region U’ becomes much larger
2
than & “as =% 0, then the shock is said to b2 stirong ir the
hyparsonic semse, and the field behind it is said ¢o be Mach number
independent. The shape of the shock wave is then determined prim-
arily by the body shape. If, on the other hand, ihere iz a region
where the Mach number is at least as important as the body slope
in determining the shock slope, then the shock is sald to ko weak
and the flow behind it is Mach number dependent. Such bshaviour
occurs abt sufficiently large distances from any body, or if for

sufficiently slender,

o

given M@Q, the bedy is

L)

3.2) Analysis of Conditions Near the Leading Edge

’ﬂq

The shape of a cusped body may be couveniently expressed

in the form

Yo =

n
1+ ' C&iﬁc
T

¢

&
¥
T
#o
A
431
Eat
o4
(9

(‘L
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The s8lope 1§£ of such a body tends to gzero as ¢ —> O , There-
fore at the origin, the leading edge shock becomes a Mach wave,
2
sin ¢r(0)= &% For some reg;:i.o'nI dovnstream of the origin therefore
ek : % -
2

O~ O(% a) . Hence 79;)’\’0(% )in this region, which will be
called the leading edge section. Since ’%b ) O(I. )as x+Q , it

follows that in the leading edge section

Y= £ /6 (-
x o~ 0(52(&—')); %MO(S Ack ')) (3.7

' To find the limiting behaviour of the shock conditions
in the skender section put 0= & T , 80 that T O(l) in
the leading edge secction. In the limit 8~ O, the first order

approximations to Egs. 3.5 become

LT Ve oo+ (- 7*-1 (3.8
foo U {’ J

|

Feo - & + (-9 (3.8b

P =

47 = (-~ 5‘"l£ G — 1.} (3,80
U,8"%

M o 4 - 5("‘9{_5‘2“ l} (3.8a

Thus the properties of the fluid which has passed through the
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the leading edge section are Mach number dependeont. Typlcally,

Mo~ 0(87
behind the shock wave, S’V and the slope of the

Mach lines is ),
. 2.
(u *P) ~ o(8*) (3.9

Guided by the orders jumst behind the shock wave the

following reduced quantities are introduced to study the behaviour

of Egs. 3.1 in the limit o ® O

IO £ - 7

N s —rn (3&10&
fooU foo

%I{?‘“ U
oS = R R (3.10b
U, -

Alsog-put
- %: tja(f-) é‘g%/E(%-O
/ﬁ £ (3.11

where 45 is a typical lengih. Eq. 3.6 shows that a conVﬁnient
if1-B
‘{? 1) . All the reduced quantities are assumed to be ()(i)

in the leading edge section.

The first order approximation to Eq. 3.1 is

A, A 4, L% - 0(8) (s
9

{3.12b

VG T o(s)
?
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(3.12¢

) ® )00

The body condifion bhecomes -

L.

AT = diys = Szt 0(55/&(&-1)» (3.13

Egs. 3.12 are identicael with the hypersonic small disturbance
equations. The boundary conditions imply that solutions te this
system of equabtions cen only be oblained by numerical techniques
such a8 the method of characteristics. The lesding edge section
contains a smaller section adjacent %o the origin, where E%sfl'QEJ,
v L<L 4 « The classical perturbation theecry applies in this

region.{ See Appendix 9.)

%.3) Equations of the Outer Region

Juct downstream of ithe leading edge section there must
Y
be a region for wvhich "= O as ? -~ O but for which (7’/5 *5 00

as 0 >0 , In this region (which is in the outer region )
g t
J ~ @(8@)9 ~§3>»(§/}3©6 (3.14

(GO %
et O = ST G s then T~ @(i) when Bg. 3.14 holds.

Consider the behaviour of the oblique shock relations
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in this region. Typically, Eq. 3.58 becomes

: i-2
_;3;?2@ = -9 7" - % 5 4 0(326) (3,15
o U5

Heuce
‘b’-‘z = (1‘ E’)U:gz + O(S'U) (3.16a
f, U0
- vihere
T = 1-2@ : g > 1/4_
]
ft:i/’z ’ (5.:-’;/%_ Ve e
T = EQ§ , ﬁ < /q

. . . . l
Hence the error is due to the strong shock assumption if é’>’/é,
and to the slenderness approximation if (3‘<'L%,a The other shock

relations hecome

T U
fo

Mo o @-&on + 0(ST), G
U, 8¢

i%A/Uw -4 } = —@-¢) 52@0"; {:H 0(8?)}.,(3016@

Accordingly the following set of reduced :variables are introduced



to replace.Bgs. 3.12;
b r -
——— = P , £/ =%
2
fooU 82(3 /fog
Ar T A _ 4+ SER

——
p—]

TG
) U"f, @(s‘%’*“) A o(s%"‘/&‘}

(3.18

In the region where Eq. 3.1% holds, X

Hence the 00*ordinate distortions are introduced:

x /{ - 5(5/‘%“5@; % ; 5‘%@/‘%"@/ (3.19

The introduction of the reduced variables into
Egs. 3.1 leads to Egs.3.12 as the first approximation, but the
order of oxrro? 18 now ég . Hence there is a reglon just downstream
of the leading edge section where the shock is strong and where
the hypersonic small disturbance equations hold. The rggion of
the body where the small disturbance equations hold will be ;
called the slender section. ) o

It should be noted that the derivation of the hyper-
sonic small disturbance equations given above is not valid when
€3 = 0. However for sufficiently small 8 there must be a region
for which O"~ 0(1) as 8~ 0 and yet << 1., The slenderness
approximations hold and the small disturbance equations apply.
Therefore to define the downstream bound of the slender section

the usual slenderness parameter must be introduced.

In the limit 5% 0, the leading edge section becomes
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vanishingly smell, while the slender section has a finlite length.

5.4) The Self-Similar Solutions to the Piston Equatilons

Egs. 3.12 can be rewritten in the physical variables
and transformed to the pisten eguations. If XL = Uoo-t , then

the equations for }D, § and AV~ become

@i? 4 4 ¥ L9 - o
21 '}% S 3’\3 (3.20a
¢ p) {§U [y = O o
ot i S% ( f/v) vy /% (3.20b
:f)m P 4 f/\)' L P = O Lo
21 (’ /5?5‘) }% < /fz> (3.20¢

The corresponding shock conditions become ( with the Mach depend-

ence retained )

3_@;% = (-9 {’1 - qoi/vs;}, a2-U's , (3.21a
To Vs .
Fo = e + (+- &)Qo;/\/sz- (3.21b

Va = " (l "5) il - aoi’/\{;'} (3.21¢
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on
% B \(s(.'t.>§ dYs - Vs = U‘e@@J (3.22

The body condition becomes

AT = %\%9 (3023

A = Y (D t® ? C@ta (3,24

A’ frequently used method of obtaining solutionz to

fl
&
e

on

)

partlal differential eguations is to search for the conditions
under which they may be reduced %o ordinary differential equations.

Solutions obtained in this way are called self-similar. The
conditions under which the piston equations have self-sinmilar
sclutiong cen be obtained by the TL =theorem of dimensional analysis.

An abbreviated account of the origins of the gimilarity
exploited here is given below. Sedov (1959) gives a rigorous and
detailed discussion of the similarity.

Inspection of Eqs. 3.22 and Eaah‘ahows that the depend-
ent variable'#>, which may be taken as typical, is a funetion of

(s+7) independent variables and perameters; thus

j‘( P z%,*t‘; %@,j?%p*é’, ’&9 (ZQ»CQ_?CZ.‘CQ (3.25
By theII -theorem, since there are three independent,dimensions,

Ego. 3.25 can be reduced to a relation between (s5+5) non-dimensional

groups. The quantities chosen as having the independent dimensions
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are picked so thet , in the non-dimensional expression, certain of
the non-dimensidnal groups can be set to zero or a constant without
making the problem itrivial. Here AZ/, -t ,-f have independent:

co
dimensions and satisfy this eriterion. Hence the non~dimensional

groupse corregponding to the dependent variables are:

‘P:i’mz , R= % , V=2% '(,,26
f{(gz fao ’%/ 3.26a
® -

and to the independent variables and parameters are .

H : q—f‘%;t o Co SC/%:'&, ‘ .Cl =C°:%§'%“ b A QS (3.26b

Hence
= ~ C ~
’P’ = -P( HOQ’ CO) Cl)"' C&\Q Q) ’y§> (30266
and corresponding relations hold for R and V .

Exsminatlion of Egs. 3.26 shows that there are just
two cases in which.P, R ana \/ depend only on a single combination,

QP, of X andt, $= %(x,t), These are:

(i) if 'E|= C;; = Cs T, = C§,= 0 and ’& = 1.

Hence :
P =P C@j , ng)-_-?(c@ where (?"i (3.27
_ (_’%’ ¢/ A Y
(ii) if C| = Cz = v = C5= 0 and G, = O.
Then

P = —P( Qgg,@,& = P(P) were 4 = c.i* (3.28
IOy
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In both cases there is now only one independent variable CP s0
that P,R,,\/ satisfy ordinary differential equations. In the
equivalent hypersonic flow, case (i) corresponds toc the flow over
a wedge or cone, whilst case (ii) corresponds to the flow over a
power law body at M= m.

We set up the equations for case (ii). Introducing

.26 into Egs. 3.21, we obtain

1 £, Qﬂ;\l 4 + | \/= «29a
% QV )+ d(,y} @3V =0 G

(v- &) dY 1 4P 4 vlv-D)+2P_0
Cf{ _ CM’P + P\d(ﬂ} ( )E (3.29b

(v- & L %Ry 2(v-0)= 29
i ){p ad S AR

These are the eéquations given by Sedov (1959) p.155)- The boundary
condition at the body becomes
’& at W = 71 " (3.30
Since. Oy = 0, the shock position /35 , and hence Cﬂ@
can only be a function of 3'9 ’& . Co ,v-fw, t . Bug (& is dim=-
ensionless. Since (o, -j’m, T s have inde;per}.dent dimensions, it
is inmpossible to form a non-dimensional combination from them,

Therefors (ﬂ@ = constant, and

Yy l& (¢, %) G A (331
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By Eq. 3.1, Bgs. 3.21 become, when Q. = O :

Voo -k

R (&) (3.32
P _ (- &2

S =
at /% = CFA Cc,-t/’&

Bgqs, 3.29 exhibit a singular behaviour near the body

1

where V = ’K’«.. It can be showm that

V-4 Vo(@—1>+" (3.33a

P Po + Pu(d~ 1)2-04 (3.33b
R R, (- 15"" (3.33¢

il

where

oL = 2 (/?,Q _ i) c
Z('&-l) <+ bf’&(i-{} J) (3.33d

and Yo , R, ana P, are constants which depend on the boundary

conditions at the shock. Hence, when ’g‘~> T, R - @ as dd) - 43
and when R < 1, R= 0 as C? - 4, This behaviour was first noted
by Lees and Kubota (1957). Since P remains finite at the body, the

temperature is infinite at the body for & < 1 and zero when k> 1,

%.5) The Low-Entrony Layer.
So that Egqs. 3.32 may hold at Mgy = @ it is necessary
that the oblique shock relations tend to the Mach-independent form

Egs. 3.16 as$ 4> 0. But in the (vanishingly small) leading edge
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section the shock relations tend to the Mach~dependent form Ega. 3.8
This implies that certain of the properties of the fluid which has
passed through the shock in the leading edge seciion will be Mach-
dependent.

The asymptotic behaviour of the field in the limit 8+ 0
is depicted in Fig. 3.1. Region I is the leading edge section. That
vart of the body upstream of CG is the slender section. Regions II
and IV comprise the outer region. Region III contains the fluigd
which has crosse& the éhock in the leading edge section and has
pasged dovnsiream. The entropy in region III is much less than

that of the field‘above it:

S-'B/Sﬁ S~ O(%S)

For this reason it is called & low-entropy layer. It corresponds
to the conventional entropy léyer generated downstream on 2 blunted
slender convex body.

Consider the effect of the entropy layer on the outer

region. The quantity of fluid which has passed through region I is
£ (1+1) Wi
=}
./ W = % ~ O 8208 1)= 0 s¥&) .
701

where O{ is defined in Eq. 3.33d. Sufficiently far downstream of I,

/p/ U n Q(i) as 8% 0 in the shock layer. From Eq. 3.1d and

sz.nce -y/fmw()(l> and ?l/j’UM O(g>1n1 then in IIT &



FIG.3.1 : REGIONS OF FLOW ON POWER LAW BODY,
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~
y/j,w ~ 0(s™7) (3035

In the ouber region -Y/f v 0(1) s >0,

By continuity and from Eq. 3.38, the quentity of fluid

( Yo (M1
in IXI is 2—%" ~ 0O(3 ) Hence, if the velocity along
the layer remains 0(1), the thickness oi‘ the layexr must be
cas
Tm ~ 0(s”™) (336

The quantity /&% ie plotted against-&. in Fig. 3.2. FPFor ‘@:»15
1/l > &;t;‘;@,ﬁ‘,@ . Hence in the slender section, the first order

inner boundary on the outer region is
\foos
U, gt + 0(5 ) G

that is, the Z!.ow-e-entropy layer displeces the outex region by am

,.%

x
smount O(S ) Therefore the similer solutions are the corrcct

iy

:?.rét ort_l_e::‘ approximation to the £ield in \‘:-hg region IT on a povey
lasr body. F‘tt_l:ther the error in::zmsaé by the lov-entrvopy layer is
alvaya 9:2‘ higher order then that imposed. by the strong shoeli
approximation. The 1a'b‘i'ier remark.also applies wien O~ O{ Sg)
Then, T@' %4 ) O(S &8-2@) and the error ip the sirong shogk
appréximat:’a.on is O (S'v)

To construct the equations of the .lowéeni;ropy lsyer
the usual boundary layer type co-ordinates are introduced. -In |
this system, which is orthogonal curvilinear, a point ls specified

n
by z.ns d:.stance $ along & normal from the body surface, end the

arc 1ength ﬂﬂ/ e.long the body neasured from some suitable reference
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A% Y
point. If 4 and A are the components of velocity in the S and M.

directions respectively, then the Eqs. 3.1 assume the form :

%5(5&:435) +-%T;VLU&%5{M%/R})E 0 (3500

RAl L + 0% + A& +L R %-0 G0

R+m 9s By Rim, P Rim?2s
RW W + TW — 4" 4 1% -0 (538
R+m, 3s Om, R+ § om

. R4 2 4p ¥ (P gy
L Rem ol /g) ¢ VR0 oo

where K is the radius of curvature of the body proiile @

{{i + <d%/0h©>l}s/a (3.39
P4/

In III, %/‘(E s O(S ), Hence since %/U 0(1), if continuity

is to be non-trivial, A ~ 0 5 This suggests the imtro-
Ve

duction of the reduced variables : B/ p
6

= b 7
%Uﬁ: P ' /ﬁa : (3.40
~ zfm
WL’“@’ = 5 %/U
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0
Sfp = 3 wfp = 2w (3.40
/(@ 7 /%; (cont,.)

Introducing these reduced quantities into Egs. 3.17 and rstaining

lowest order terms, it ie found that :

: |
( o' Ay "’d v 2 (50@5/‘%}: o(s éﬁ (3.41a
D :
’&’5 Qi_@q + i’ @_@J = @( %%> (3.410
9! Am,’
3 1 -1
?ﬁﬂ = O ( ® AX( “ >) (3.l1c

B2 () @'M@/ v @@/M) (3.6

{
Eq. 3.20b asserts that’M; %&(Z%), where Z% ~0(1).
Since in the slender section” | & —= @) % = (’% + 'U) 2= U L @(S}

then
(5 %f) Us 4 ©<%/K> (3.k2

Eq. 3.20¢ asserts that the pressure is constant along
normals to the body surface in the entropy layer and equal to its
value at the body, Since, in the limit S-= 0, the entropy layer

becomes vanishingly thin, the inner boundary of the outer region
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co-ingides with the body. Hence
] f f v : 1 ! _ ]
—Fb = ?(59 %>5 ’P(S,OQ)— ?(S;Q) (3.43
The error term in Bqg 3.20c is contributed entirely by the

curvature berm in Eq .17¢c. The convective terms convribute an

/a(‘%z ﬁ)}

eryoy which is

The density distribution in the entropy layerx, written

{’P/f@ z}“/ (3.44
ﬁ% szi 2@) S» <%§% Xﬂ)@%w >}

and the streamline distrlbutieon is given by

g
N C%—@ﬂé@ (3.45
® -5

in the vahymmgﬂ, varicbles is

& =
7 (W

7 (%)

Since @(@C) iz only given m a solution for region I, 1t is not
given explicitly here. However, since 7(@) =5 . the surface
denglty is given by

c OB N W}W (5.16

= ] 5 leo

f@@ :ﬁ«*@U

Henco J‘%/ﬁ,@ 00 as M, > 60. .
The above sualysle shows that the similar solutlens

predict the correct firat order pressure on the é@wer law body.

Eq. 3.46 suggests that they may be é@gard@@ as exact solutions te

°



50

the hypersonic smell disturbance equations at ﬁqﬁﬁg el .

It ie intsresting to compare the properiies of the
low=entropy layer ﬁith those of the conventionsel layer. Both have
constant pressure across the layer, but in other respectis they have
different propertiés. The low-cntropy layer is cold and dense and
the veloclty along thg layer is slmost constant throughout it.

The entropy layer is hot and at low density, and ﬁhé velocity

elong it varies rapidly across it. It is also possible for the
dimplecement effect of the entropy layer to impose a lower order

on the selution in the ovier region than bthat imposed by the strong
shock approximation. Freeman (1962) has shown that the displace-

ment; effﬁf? of the entropy layer on a power law convex body (%%411)
is @(é éx) where &0 £ O . Por %<"%E in Pig. 3.2,
~ 1 fay <t

Although the analysis gliveon above hes considered only

the cusped body, 1t can be extended to a bedy having finite 7&%3

b,
provided that '@4@(; v Q(S g)'
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L) Avplicabtion of the Similar Solutions to Concave Surfaces.

L,4) Integration of the equations.

Egqs. 3,29 are invariant under the change of variable
k = A_QL # (L!‘o‘l

where & is a constant. %p is replaced by %’ as the independent
vaviable. AQais chosen such that ?\ = 1 at the shogk., As the problem
ié now formulated,; the bedy corndition is speciiied at a point which
is itself part of the solution to the problem. low since \h§and Vs
are functions of ¥ and ’&aonly, thie difficulty is removed if VY

is chosen as independent variable. Let
Y o= g+ %, 8,=0 (.2
Aiso, put
Z = 8P = A R T A N w3

Here A, is the non-dimensionsl speed of sound.

After some algebra, the following equations are obtained:

de. _ z {AZ3 BE?’ s CF - 22(5+ DV (hba
d¥ 534% { 53 4 *+ F3% —=Z%Q*j>§‘*60}

= . Q_P((Zo S | (4 Lo
¢ (z.3)
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The equation for A is decoupled frem those for'7 and
A Hence Eq. k.lka may be solved independendtly, and Egs. 4.4b and
L. be are reduced to quadratures. This, in ?rizzciple9 is a simpli-
fication. Egs. 4.4 are modified forms of tho equations of self
similar flow given by Sedov (1959, p.155) and ﬁéyes and Probstein
(1959, p.55)-

There are nine singularities of Eq. 4.4a, but when
ﬁ£;> 4 only omne is of interest.

In Eg. %.lta, assume that Z/E - @ as S = 0.

Then, as },:_,,. o :
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QL, E ) (4.5
(§ s G

ere 2J%/G = is the quantity definsd in Eg. 3.33d.

B

Hence by Bg. 4.5
~s @g'\,‘.
Z = X 8 (4.6

which is comsistent with Eg. 3.26. %o iz the constant of

integration. How

2 > o 2 0 3 @3 o= L (b7
2% z%g‘(’&-u)
Hendée Z, =0 am _:% =0, but ézdg & wan :f =0

s0 that this is an ordinary poini ef Bg. fi.k.

- =Y

The integral curves in the Z;“;S piang arve depistad
in Fig. %.2. Numerical integradion procedures are requived to oh-
tain solutiouns to Eg. &4.4a. The method iz %o integrate from the
shock wvave point towards the origin. But zince the origin iz a node,
numnerical methods will become unsteble as Li is spproached. Theraw
fore it 1s necessavry to change to a sories soluntlon ot some point
jgﬁb,bafore this occurs. S5in an infinity of dantsgral cur s pass

through the origin, the required path to the origin is detormined

by matching the meries solution (by choosing ZLe ) to the value of



FIG.41 : THE CLASS OF NON-SELF-SIMILAR SURFACES.

FIG. 42: THE 3-Z PLANE .
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A at Egmbobtained by numerical integration uwp to the natch point.
The cquations were integrated on the Unliversity of
London digital electronic ;omputer using & fourth order Runge-Kutta
variable step length method. The error of computation at the body
was less then 0.2% (see Appendix 2). The series solutions for £, ,

’7? and /W to third order inS are given in Appendix 2.

b.2) Derivation of Non Self Similer Surfaces.

By constructing the egquations for the streamlines in
the field, the solutions for similar surfaces may be extended to a
certain class of surfaces which have non=gerc leading edge angles.
Although omly the case'4% > 1 will be considered here, the procedure
to be given below applies to convex surfaces for which “%<< 1. This
technigne has not been exploited in the liferature.

Fig. 4.1 depicts the field for a self-similar flow
when 4& > 1. The curve ABC is the body and ADGE is the shock. The
shape of a streamline ZP = constant not passing through the origin
is depicted by GHJ. In the hypersonic flow, GHJ may be replaced by
& surface of the same shape.

1f XL, is the value of 2C for which the derivéd surface

has the required leading edgse angle, then

COE @=&>@=g@;@p&xf"ﬂ (5.9
Ny



This oxpression is obtained from Eq. 2.14 by letiing Nt @3

the shock shape is given by /% " =D/7be, - By continuity,
U [ 4y 2 ¥ :
- o AQ S
Heo @ %&, /ﬂj}ls } = f «fl& Yo 0\1\30 (k.10
L+ ) ,3@
This equa:i;io‘z; may be non-dimensionalized to give
.N) ‘ . |
= L4} 3
QP = _L {(Iﬂ) -3l = R(}M;}}\@ O, (4,11
A+ L

U As'"’i

@8 is a non-dimensional siream function. Eq. 4.11 can be written as

0L/ = {enp( mly)+@DAEN

(&.12

wher§ @ 2%(9)

Since @ is a function ofS only, it may be evaluated

simultaneously with Egs. 4.4

To construct a non-similar surface, the following

procedure is adopted:

(1) Given & , ’% s D ana ’ﬁ § X, is determined from Eq. 4.9
9

(41) Given an x , @ is determined from Egq., %.11.
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&

(iii) The values of V7 R ﬁ‘P and %% corresponding
are obiteined from the tabulated solution.

(iv) The ordinate of the surface is given by

A = %b Dx* (415

(v) The slope is
T = oL Vw (416
[V x

(vi) The pressure is
' 2 g v
b oo 2L PB)

Since the streamline chosen o bo the non-similar
snrface does mot paess through the oxigin, then For M@§ sufficienﬁly
large, the solution is valid at the lesding cdge and near the aure
face of the derived body. When £ < 1, the derived surface also
hes a sharp leading edge. If X is sufficicntly far from the
origin it then sabtisfles the eguivelence prineciple ai-the leading

edga.

4.3) Resulis and Comments.

~J
The volmes of Y o R s P eana %’ for certein values
of’& and € in the ranges 1.5 & P ¢ 6.0 ana 1.15€ B € .67
for:j = 0 ave tabulated in Appendix 3. The distzibuiion of £, ﬁi

and P within the shock layer for 4& = 4,0 and ¥ = 1.4 are given
in Figo 403n
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In Fig. L.k, the quantity

i%:ﬁ = FP‘?/ '&2 (.22

ol %
a5 plotted égainst /% for € = 1.4 andg/ = 0. The other curves are
the tangéﬁt wedge estimate for Mgg= o (Egs. 2.k and 2,15), the
Nowtonian (Eq. 2.18) and the Newbonian plus Centrifugal (Eq. 2.5)
theories. The Newtonlan plus Centrifugel estimate sgrees moderately
well with the similar solution, except near J«?i = 1.

As M g ®, the simpie wave estimace (Bq. 2.17) for

a cusped body becomes

%

Q;Eb? o B (Moo A  (ha23

JoU 2 =
Hence Pb -g» ®as Mgy @ . In Fig. L5, Pb/,&% is plotied ageinst
R:4 fdr’& = &, and is compared with the approximate estimates used
in Fig. 4.4t The similer solution depends only weskly on ¥ and
tends %o the estimate given by Newtonian plus Centrifugal theory
as & % 1. |

The results for & = 1.4 and '&Q = & have been used to
construct a solution for a non-similar surface and to estimate the
pressure distribution on- it. The 1oading edge angle '&gg = 10 o
The shape of the surface and the presszure distribution om i% are
given in Fig. 4.6. The simple wave theory can be appliecd to this

shape at M 0 = @ since the leading edge angle is finite; and
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The simple wave theory overestimates the suriace pressure , pari-
icularly towards the reer of the body. The tangent wedge theory
uvnderestinates it. This example shows thet the reflected waves
generated lun an underfocuesed flow con be very stroang, pawvticularly
vhon M oD ig very high.

The relatively good agrecment bebweon tho ostimates of
surface pressure given by the similor solutions and the Newbonilan
plus Contrifugel theory occurs bhecause the shock laygr genératad on
2 concave surface is thin. Hence, if the flow ig underfocusaed, and
'if the shape of the surface can be expressed as an analybic fuaction,
then the methods demeribed in ‘§ 2.1 will be useful.

The similer solutions moy be uscd to indicobe the effect
of disconbinnity in profile curvabure on the surface pressure dis-
tribution. Consider o power law beody which im continued =28 » ramp
for $i2> QC@h (i.e. at constant slope, P = i%i ). The similer sol-
utions will give the most nccurate estimate of surimee pressure at
the beginning of the ramp. Sufficieontly for downstreem on the ramp,
the pressure tends to the tangent wedgpe velue. Homes the fall-off in

pressire wlll be the differcnce bebtwesn these two:

“ A Newbonizn plus Centrifugal estimste wes not roadily available,

since the body shepe is in tabular form.
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Figs. L.k and 4.5 show that there will be a significent fall-off
in pressure along the ramp. The approximate methods described in

this thesis cannot describe the flow in this region.
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53 On Overfocussed Flows.

594)IWave Structure of the Tdealised Flows.

The wave strueture of the idealised flows introduced
in éé 1.4 will be described briefly. A detailed discussion of the
interaction procéss ie given by Coursnt and Freidrichs (1948, p.343).

5.11) Doubls Wedge Flow. Referring to Fig. 5.1, the shosk waves

geﬁeraﬁed at A and B by sucessive wedges of sngles cfi gnd q@L
réépectivaly, intersect at C. Downsiresm of G, & tﬁird shock wave
Cﬁ beianging to the same femily as AC and BC, & sliplinge CE, and a
cehi;gd reflected wave CFG. are generakted. At ﬁyp@rsonic speeds
CFZ is an expension (Bird, 1963). Across the sliﬁlim@ CE there ore
digeontinuities in density, temperature and eniropy. The pressure
mnd the streamline inelination are continuocus across it.

The interaction can be viesualised on & wave polay dia~
gramAin which the pressure ]3 snd the streamling inclinetion & are
the co-ordinates. The diagram io givén in Fig? 5?5; The curve ADBG
is the locuz of &1l the points attsineble from the froe stresam .
cénéitions by a single shock deflection. The point D, given by
4 = f, denotes conditions behind the firat shock AG in Fig. 5.1.
The curve DHF is the locus of the points accessible by a éingle ob-
lique shock waﬁe with {he conditions in régioﬁ (1) of Fig. 5.3 as
initial conditions. H, given by & = cfﬂ‘ + cﬁg = @M corresponds o
conditions in rééioh.(ﬁjo just dovmstiream of the 8econé-shocko The

curve GEKJ is the locus of points attainable from conditions in (2)
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by a simple wave. The pressure and deflection prodused by the shock
CD in wegion (3) of TFig. 5.1 iie on the polar ABC. Since the presse
vre and the defleciion ( qg@-& % ) iz the same both sides of the
slipline CBE, the point K gives the conditions just downstream of
the intermeiion.

The squations fescribing this system ave

(i) aecross the oblique shosk CD :

2 .
'Pa/jgm = (1+ &) M, sinfo; - € (5

C'OT( ' #§-+1§J>» =
r Ma

i . i (5.2
sy i &

{ii) ecross the expansion wave CFG 3

Ton G

3 &

& e 2€

RN LA
‘:‘"i — N 9 (505

2 (5.4

% 2 ) i 2
Y, = & “arcton{e(M]-1)) ar@im(Mf’“l)
(4i1) across the slipline CE :

'F.% = F‘%" | (5.5
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impinges en the second wedgo. £ principal wave FOE is gonerated,

ond this weve dntersects the slipline and iz pavsly reflocitsd and

LY g ey F3F N s I 5 Nl D emenary AR DRy eme g s e Aoy ymy e
partly brunsmitied. The troamsmitbed wave intersceve the ouven

hich i defleocted
only by simpls ilmeniropic woves in pessing fvros reogloa (2) o
ragion (5) in Pig. 5.1, Pherefore tho pressure in region (5)
can be obbtained by the use of simple wave relatlons. Since the
defloction of a stvoamline which goos from (&) to (5) in Fig 5.9
ie é? ), tho pres seure 45 given by the .point M in Fig. 5.3,

5.12) Centered Compression eud Shock Wave: The pressure in reglon

(2), Fig. 5.2 is gensrated by the compredsion wave AB; centerad
at C. The wave patbern downsitream of C. ls the samne asz for the
double wedge flow.

Since Egs, 5.1 to 5.5 balence the chunge in pressurs
and deflectlon through the third shack CR and the cxpansion fan

CFG without reference to the method by which the pressure in

region (2) was obtained, they apply to the cenbtered compression Zlow.
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The wave polar diegrsm is given in Fig. 5.%.
The curve AEB is the locus of points attainsble by isentropic
compression from the free stream conditions, The rest of the
polar is the same as for the double wedge flow.

Johannesen (1952), by using Busemann's third order
slmple wave theory, which is valid for qzk <L i‘g has shown that

the zimple wave CFG is a shock wave when

bo2¥= 2,851 o MI & b-2¢% 20%*4 (56
5~ 3% E—-3Y

is 2 = 1.4, then the range is

1.256 < M, < 2.54

Outside this range it is an eXpansion.

5.2) Solutions to the Interaction Equations

Anslytic solutions to EBgs. 5.1 to 5.5 im the limit

qg-@ O have been given by Lighthill (1949) and by Chu (7952).
When C?i and QRQ are finite, molutiocns in c¢losed form are not
svailable. To obtain solutions a mimple iteration procedure can
ke used, This is summerised below.

(i) Given en epproximation 'Zgéi to Zgb , calculate Uy
from Eq. 5.2. ‘

(ii) Giv&n_oz s caleculate 1%%? from Eg. 5.1,

. R [
(iii) Frem Eq. 5.3 end the condition ?3 "—"’an caleulato M4

(iv) From Eq. 5.4 calcu].a.*;@ 2)4. and 29\/‘&’.%, q
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It
Qo

In the absence of any other epproximation, put ’lgv
initially,

Eg. 5.2 cannot be sclved for Og in terms of @3 in
closed form. Consequently an iteration pirocedure such as that des-
cribed by Cellar (1959) must be usged. If Xx; is the 4 -th approxim-

ation %o cob Gé s then Eg. 5.2 can be cast into the form:
L/a A
Liyg =4 A —_B (5.7
' x.+ C .

whoere
A= M, ‘-1 B = (u&)'ﬁm& ¢ ( +1>+om19

The psfac@dure which is the reverse of that given abov@ is simpler,
Binge ZQV iz calculated Irom % in Bg. 5.2. However tho reverse

precedure was found to diverge.

5.3) An Exect Sclution of The Flouw Over a Double Wedge.

A sovlution of the flow over & double wé*-ge was
constructed using the method of characteristice (Ferri, 1955).
The Interaction equations were solved by using the method deamcribed
in é 5.2. The values of the pavamsters ares

o O

P, = 10°, =20, M=10, ¥=14
The wave pattern is given im Fig. 5.5. The values of the variables
in the regions ©f constant property are marked. The arrows on the

Maeh lines indicate the sense of the local =assgociated positive-
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pregsura grédienta

Most of the pressure variation occurs acroés the region
FG, In some regiong, the pressure falls below its value faw
downsﬁreemniak, Dowmstrean of JK the disturbances sre relatively
weak. There are lerge discontinuities in Mach rumber, (emperature
end density across the slipline CEH, The gas unde.;'.- the slipline. is
denser, colder, aand has a larger Mach number than the gas above it.
It corrosponds to ﬁhe lov-entropy layer generated on the cuzped
body, t 3§ 3). The initial angle of the slipline relative to the
second wodge is smell when compered with the mamtimum deflections
i the field : thus 79\! / (?gg << 4

Dovnstream of C tho £i21d conalists of o series of
analyticelly dlfferent regions matched togethor along chavacteristics.
This shows that flows involving the dnteracilon of two shock waves
of the mpame family or the formabion of shocks by compression uaves
cennot be descridved by tho spproximabe methods reviewed :mg 2,
Step-by-step nunerical sclutions of the Full equations wounld bhe
reqguized.

The wave patitera in ithe reflectlen region EMG is given
in Fig. 5.6. The Mach number amd prossure ratio ig merked at ceach
lattice point. A notable feabturc is that, elthouga thore ave large
changes in progourc throughout the region, the charactoristics ave
nearly streight lines.

The prescsure disiribution on the second wedge is given
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in Fig. 5.7. The simple wave estimate, which gives the correct
pressure in regiomn (2), and the tangent wedge estimate are included.
Fig. 5.8 is a Schlieren photograph of the flow at

I;i N 7.5 over a double wedge ( c{)’ = ‘IOO, % = 200) taken in the
Imperial College Gun Tunnel. The boundary layer formed a small
separation bubble in the corner. However, the photograph shows a
remarkable qualitative similarity to Fig. 5.5. A similar photograph
was taken ab Mev = 10, but in this case a much larger separation

bubble was formed, so that the wave pattern was wore complex,

S5.t) An Approximate Solution to the Interaction Eguations.

It Moy =1 and Lﬂk £ 1, then am apprexzimate solution
to Eqs. 5.1 to 5.5 which is valid for finite wave strengths can be
obtained.

The quantitiesth/t%gand My in the regions (2) in the
double wedge and the centred compression flows, and the pressure
ratio ?*/q%obn th¢ second wedge or ramp far downstream can, con-
sistently with the above assumptions, Ee calcu1a£ed using the hyper-
sonic small disturbance equations® (c.f. Egs. 2.14 to 2.17).

¥ow the pressurz ratio for region (3) in Figs. and 5.2

ig, from Egs. 2.1 %o 2.17 &

*For certain values oi‘?‘ and ranges of %b, these quantities can be
obtained from charts. However, for small q@: and large M,, the

error involved in reading such charts can be large.
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2 .2
.‘Ps 'i)oo' = (1# 2) MOOG; - & 9 (5.8a
whers

MaTy = £+ J€+ 1 ;3 £ =M (dtd) o
2(1L-¢&)
The pressure change across CFG (region (2) %o region (&)) is
H’E

’P“;’/'bg_ = {i. - iaé M 19} (5.9

The minus sign inslide the brackets occurs becauss osi’oive ?gv

corresponds to an expansion.
Guided by the oxample in § 5.3 it is assumed that
lgv/d& <€ 1. Eqs. 5.8 aund 5.9 can be erpanded in Taylor's series
3>

about f& = 0 te obtain 1

?3/;; my + 28, {P7 § é}@* %("”:% )} :5 10

'PQ,Pﬁ'sz{i"( )Mlg}r (5.1

By using the mabtching condition FB = 1@3% peross the slipline CB

and

an equabtion for ’Egv iz obtained :

_’eil-gv = 'Pa’%;;:* { UM, %‘.4, 2.(%: {»' g)@i-% { !i E!\&\/}

(5.12

By using this expression and Edo S5.11, the verieblec in rogions
(3) end (4) may be caleulated. Also the pressurc in region (5) is

simply
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ofp - (BB o

The solution is velid in the limit M, + O and the error is
O(Mzigv). Eqg. 5.11 is the first term approximation %o the Busemann's
series for simple wave in the limit of large Meg » Hence Eg. 5.11 is
algo valid when CFG is a shock wave. 'lpv is then negative.

In general, even if the hypersonic small disturbance
thoory is used, construction of the field downstream of the

interaction would require the uvse of step=-by-step procedures.

5.5) Strength of the Reflecied Waves in the Double Wedge Flow.

The pressures Pz, ) ?3 = P‘-&- 5 ’PS and '%)* in the

double wedge Flow can be used to measure the strength of the

reflected waves. Variation coefficlents ?{4 and ‘g are defined as
K o= Po~-Ps | £ ="Ta—% (5.1
’Pz, 1’2. - Pg
% ip the rati® of the fall-off in pressure through IFG in Fig. 5.1
to the meximum pressure generated on the surface, and "g iz the
ratio of the change across subsequent waves to that through FG,

Now

%and*ﬁwgns(MOO?(t)i;d)zvx) (5,15

When the hypersonic small disturbance conditions hold,

Xand € ~ fas (Myd,, P/g, , %) s
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and the number of independent variables is veduced by one, (Hayes
and Probstein, 1959, p.36).
Numerical resulis calculated by using tho solution in
"J&- are now glven. In Tig. 5.9, ’}L and ﬁ are plotied égains%;
¢2‘/(f$ zor K = M ¢iL = 1.74 and X = Tebts % is lorge snd ine
creases with increase ing,é / (%x 0 -g remains moderately small,
indicating thot most of the pressure variation cccurs through the
first reficcted wvave (F& in Pig. 3.1). In Fig. 310, % zud ﬁ

are plo’tt@d' agaimat 'Z{ for K = 1,74 amd @;_ Qoi = 2, ’)6 increases

¥ > 13 whilst ‘g remains almost independent of .
ATter this investigabtion wes cempleted, Bird (1963)

publishod some resulitzs for the double wedge prcblem, which were
besed on numerical selubions to the exast ecsu.aii wm. An fnbteresting

comparison with this work csn bo madeo. Thals will be combined with

the investigation of the effesgt of &= “’3@% on X end §
Bird's results are given in the form of reilection coe cfficionks.

Thess are . ’

R’ﬂ_ = ?g Pa g R’z. = 'pa, ®*=
P& "’le, ' . ‘pz. - Pa

in which the veriations are, now compared wiith the sitrength of the

second shock. In Fig. ),‘H, }6 and g aras given for X o4 and

(pa /‘@, = 1 in the range 0.5 € ¥ £ 3.5. The exact solutions are

. . @ . : .
thoge given by Bird (Moo= 8, and 16, ab @i = 10 ) and the author

: . 0 : :
(Mm:' 10 and L? 3 # 10 ). The excellent agreément beotween the iLwo
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demonstrates the usefulness of the hypersonic smell disturbance
theory when inwyestiggti_mg this iype of problem,

The coeificients R.‘ and Rg increase rapidly with in-
crease in K = Mﬁb(?i’ thus indicating that the rellected waves arve
strong in hypersonic flow. It has beén noted thet at hypersonic
Mach numbers, *}35, £ ‘P% . Consequently it sppears that a better
measure of the effect of the reflscted waves on ﬁhé wedge might be

given by

Rﬁ": ?z,"’—bs’

—— e 2 (5.18
Pz. = —Pﬂ.

rather thanRgo Ré is given im Fig. 5.11. Rg cxceeds R& and
the difference betwesn them increases as K increesss.
The gquantity @v/df)zs is plotted against K for
%/c{)i =1 and 32 = 1.4t in Fig. 5.12. The sssumpiion that ’&@V/&.%<<j

made in § 5.k ip confirmed.

5.6) Strength of the Reflected Waves in the Centred Compression

end Shock Flow.

The quantities % and ‘é are defined as for the double

wedge flow. When Eg. 5.12 applics

% and ﬁ ~ :Y“S (Moo C&,; K) (5.12

In Figs. 5.93 and 5.1k, % and ﬁ are plotted against
K and *6” respectively. % increasses repidly with inerease in

either Mm or (}7* ; 1% increases moderately as ¥~ 1. In both
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cases fg remains relatively small.
Fxamination of the hypersonid small disbturbance relations
for the shock and simple wave deflections, shows that, in the limit

MDO%% W 4

€
%sézmﬁ* = 1+ O(M iy&?) (5.20

This model shows that the formation of shock waves by
compression waves will generate reflected Mach waves which will

be strong at hypersonic speeds.
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&) Bxperimental Facility and Models

6.1) Degoription of Facility

The Imperiazl Col legb Cun Tunnel is 2 ccld blowdown
hyporsonic frgility in which the reservoir conditiocns eve generated
by free piston compression. &n oputline drawing of the tunrel is
given in Fig. 6.1. High pressure elr, stored initially in the driver
regervoir A is releassod into the barrel C by bursting a metald
diaphragm B. This accelerstes & piston D, which is brought to resi
by compressing the ges initislly in the barrsl into a small spase
Just mshead of the tunnel nozzle E. Thiz slug of gas forma the -
effective tunnel regervoir. The gas expends through the nozzle T
into the working cectiocn F and the dump tank G. Prior to each Tun,
the working section - which is ovecuated - is isolated frem the
barrel by an adbhesive tepe dispbragm pleced seross the throst,
Detells of the tunnel design and operation are given by Heodham
{1963},

The flow iz deliversd to the open Jet working scction
by a conicsl nozzle havling sn ineluded angla(}!M = aoc,an@ an
oxit plane dismeter ])E 8 inches. The noszsle ism fitted with
interchengeable throatz which permit the flow to be deliversd ab
nomine!. Mach mumbers (M) of 7.5, 10, end 15.

For & given tunnel geomeiry, the effegtive reservelr

pressure ’F& is determined only by the initial piston drive pressge

ure‘Fb 3+ whersas the reservoir temperature —ﬂ% and the Sunnel
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FIG. 61 : DIAGRAM ILLUSTRATING MODE OF OPERATION OF THE GUN TUNNEL.
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running time iﬂg depend on the ratio'$$/%>® .. The abtainable
flow conditions ere summarized in table 6.1.
TABLE 6.1
ATTATNABLE TUNNEL CONDITIONS
'Fﬁ = 0I5 psio ) ‘PR = 1520 psiw

UNIT REYNOLDS WUMBER AND RUNNING TIMES

! . -
| T Me=75 | M,=10 || M, =05
B i :
psiwv K Re/m t&i g&hm, Repw t&
. | !‘
: i . 5
7 | 13000 || 3.0x qois’j 12 ﬂ{ 7.6 %10 05535'505 Loo
50 800 | 509;6105 32 324 ?05 o ) 1.2 %10 1000
8o 780 2.8x10% | o i k23 90° 7.6%10%
100 670 8.9%10° | 45 EJ 5.0%10° 1.8%90°
L Te in rmilliseconds.
The tunnel is equipped with eorventionral Schlieren flow

vigualisation spparatus. The light source iz sn electric spazhk
having = duration of less them 3 micreseconds. The spark timiug

is controlled by an elecireonic delay umit.

6.2) Structurs of the Flow in The Working Section

It is common practice to use coniesl mozzles in
hyp@rsoﬂic wind tunnels. Such nozzles produce a correspondivng
conicel or scurce-like flow in the working section{ see, for

exazple Vas and Bogdonoff, 1959 ). This Flow has = comsiderable
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effect on the pressure distributions generated on the models
tested in the tunnel. Such effectz can be minimised by making the
models as as possible in relation to the Jjet size: [M / DE << :L,
In the tests desceribed here, instrumentation requirements imposed
/gM/DE = 0.9. For models as large as this, the measurements
must be corrected to account for the effects of the source flow.
The distribution of Mach number (M = M(2)) and free
stream statiec pressure (’Fcbfon the Jet centre line in the College
tunnel are given in Fig. 6.2
| The slope of the streamlines relative to the jet
axis can be calculated from the measured Mach number distribution.
Near the jet axis, if 'tj/RE <L 1 3
(%) = B Re = Def2 (6.1
Re Re '{"aﬁ.((x wlR)

RE is & characterlstic length, and is the distence from the nozzle
cone apex to the exit plane, and (22,5) are co-ordinates parallel
and perpendicular to the jet axis, with origin in the 6xit plane,
~y
An approximate expression for &L is given in Appendix &,
- IV - .

and the calculated values of & in the working section are given
4An Pig. A1. The geometric estimate is based on the assumption that
the nozzle flow is inviscid., Then L = ™ / DE o The values of &

at the nozzle/'e:dt plane are given in Table 6.2.
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TABLE 6.2
INCIDENCE FACTOR (3 ( DEGREES / INCH )
Geometrie i M M-
| = 7.5 = 10
205 202 2.9

To illustrate the way in which such a field affects the
pressure distributions on a model, consider the flow on a wedge of
angle @ o Using the concepte of Newtonlan impact theory, it is

W

easily shown that

b = U0 s (F,-%(9) s

where all guentities are evaluated at the point of impact. This

can be put in the form

b)) = K {Moc)}" ﬁ' B (a- my>~wka} .3

where K, and Kz are constents. Since dM /c‘x) 0 in & conical
flow, dp / dx < 0 on the wedge. This can be convenienily considered
to arise from two é:ausgs : |
(i) the Mach number gradient, and -
(1i) the change of incidence of the free stream along the model.
In general, both of these effects will superpose a neg-
ative pressure gradient on the pressure distribution obtained on
the model in a uniform flow. Eq. 6.3 shows that, for a giwen Maech

number distribution, an inerease in the angle of ths wedge
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wlll increase the gradient of the superposed curve. Oaly the Mach.
number gradient will affect the pressure disiribution on & flat
“plate which is mounted along the jot axis.

Two empirical methods Zor correcting resulis oblainod
‘in a conical flow have been proposed in the literature. Vas and
Bogdonoff (1959) suggested that the measured pressure'?(Ig be

espressed in the form:
Pe= 2x) , Cp P (6.4
() . Yo " M) P

‘R: is the corrected pressure ratio,‘#(;)is the meesured pressure

i)

on the model, and ‘Pco (3.':) is the free stream stabic pressure
distribution on the tunnel axis. The corrected pressure coofficient
Cp c follows from the definition of ?; 3 M(IL) is the free
stream lach number just ahead of the leading edge of the modol.
The resulté are then corrected to the free stream conditions aﬁ
the m;dél leading edge, This is known as the ﬁlécal pressure!
corrscﬁion; |

The sepond is theo "buoyanoy" method ( Baradell and
Bertram, 1960 ). This is & linear correction, in which the

pressure decrement gradient;.
;! 1 — b (x)/% (=) (6.5

is added to Ehe measured pressure ratios

Pe= PEBENY A e

Baradell and Bertram examinad these correction procedures
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by epplying them to the pressure distributions geﬁerated on a flat
plate with azblupt leading edge in an ideal source flow as
caleulated by the gonic wedge characteristics theory. The
corrected results were then compared with the soluiion obtained
for a uniform flow having the same free stream éonditiéns as that
generated by the souree flow at the leading edéeeAThe "local
préééﬁfe" method was found to consliderably overcorrect, wiereas the
"bgﬁyanpy" method was found to give good agreement.

In these comjarisons the caleulated proasures on the
plete wore of the order of the fres stream Atatic
~ pressure. In the present tests, the measured suriace pressures
arc noymally much greater than ( up to 100 times ) the froe stream
static pressure. Under such conditions the "buoyency! method does

not give useful corrections, since in Eq. 6.6, b(x)/ Pl >> A

6.3) lodels

6.31) Model "A", 20 Wedge: This model was used to investigate the

effect of the conical flow on the preasure}dist:ibutions obtained
on the other models. |

The layout of the tappings is given in Fig. A2,
Appendix. Two sets of tappings ( Generators A and B ) were fitted
to permit the spanwise pressure disiribution to be examined.
Detachable slde wedges were fitted.

The effect of leading edgé bluntness and shock-boundary layer
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on the ﬁreasure distribution near the leading edpge was examined
(Appendix 5). The celculations showed that both of these effects

were negligible at the firat tapping.

6.32) Model V"B", Cverfocusszed Surface; The profile aund layout of

the pressure tappings on the surface ave given im Fig. A3, Appendix.
The surface comprises a 10°‘wedge forebody, a conceve curve, and a
30° ramp. The geometry was chosen (by trial amd error) so that the
flow was overfocuésed.

The simple wave theory ( § 2.2) .predicte a constant
prassure on the ramp. Thus (in a uniform flow) pressure variations
on the ramp wonld be caused entirely by reflected waves. The model
was desligned so that all of the reflected waves intersected the
model surface at the ramp.

Generators A, B and C were included to exemine the
spanwise pressure distributions. Tappings nos. 10 and 11 on gen-
erature B were fitted with different size tubes to examine the
effect of tapping size on the measurements.

During the tests it was found necessary to use side
plates on this model. The calculations in § 6.2 indicated that
the streamlines in the jet were inclined at approximately 5"tb the
axis at the sides of the model. Hence, i1f the side-plates were
mounted parallel to the axis, they would have been at E‘Dincidence

to the free piresm. This in turn would have caused them to generate ..
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strong shock waves over the medel, and %o produce undesirable three-
dimensionel effects. To minimise such effects, the sides of the
nodel were cut at 5° to the axim, se¢ that the side-plabes would be
approximetely aligned with the local strosm.

The leading edge effects examined in Appendiz 5 were
estimated to be negligible at generator MA",

6.33) Model "C", Underfocussed Surface; This model comprised a 10

wedge forcbody, a curved surface, and a Zoaramp. The geometry of
the mod_el was chosen so that, at MM= 10 :

(1) The principal waves generated by the curved surface inter=~
sected the leading edge shock before they formeé. a shock wavs, and

(il) the first reflected wave intersected the surface upstiream
of the ramp. The design wave structure is given in Fig. Ak, which
also gives the layout and distribution of tappings on the model.

Initial experiments on a pilot model indicated that at

MM = 7.5 the first reflected waves hit the ramp well downstream.
Hence significant pressure fall-off was expected only at Hy = 10.
Estimation of the effect of shock~boundary layer interaction indi-

cated that at tapping no. 1 on the wedge,
b /pu = 120 D10, e

where F*)w is the theoretical inviscid 10°wedga Pressure.

6.34) Model "D", Cubic Surface; This model was designed to test the

similar solutions described in § 4. The equation of the surface is
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Ay = x3/150 (6.8

The slope at the end of the surface is ’(QR = 28°, The surface was
continved as a ramp to measure the céntrifugal pressure rise across
the shock layer at the end of the cubic surface.

Sufficiently far downstream on the ramp, the pressure
should mpproach the tangent wedge value. Hence, for ’&.= 3 and

g = 1.%, we expect (Eq. 4.24)
"FC ——_bR :\__’ 0'55 as Mog-‘”oo; (6.9
2 2.
' 'Yoo Uoo 29R

where ‘}Dc is the pressure at the end of the cubic surface and -‘DR.

is the pressure far downstream on the ramp.

The theory given in g 5 shows thet in the first order
problem, the behaviour in the leading edge seciion does not affect
the region where the similar solutiogs are valid., It is therefore
expected that small changes in the shape of the leading edge region
such as that caused by the boundary layer growth will not affect

the experimental results significantly.

6.4) Instrumentation.

6.41) Electronics; Pressures were measured by unbonded strain-gauge,

absolute pressure d.c. excited C.E.C. type transducers. The outputs
were transmitted to Tektronix 502 oscilloscopes and recorded on
Polaroid-Land Cameras. Up to seven measurements could be taken per

tunnel run. The outputs of the transducers varied between 1.5
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and 0.25 rmthoHs + The meximum sensitivity of the oscilloscopes
was ZDQAJV!Cnu, so that the minimum pressure that counld be detected
was 05 psi +.10% on one chamnel and 0.15 psi % 0% on the
others. This limitation restricted tests to Mach aumbers M, & 10.

6.42) Pneoumatic Considerations Affecting Model Design; The shortest

running time of the tunnel occurs when M‘gz 7.5 and is approximately
50 milllseconds. Consequently the pneumatic rise time of the meas-
uring system had to be less than 10 milliseconds. However, the
system had o be constructed so as %o allow each transducer to be
connected to any tapping.

The arréngement chosen is given in Fig. 6.3. The model 4
was mounted on the stimg B . The tube from each tapping, such as
‘G- was brought to one of a number of short tubes D mmuntéd in a
framework E (the tapping exchange) bolted to the rear of the model.
' The trausducers and enclosing chambers (typicelly, F) waere mounted
in a box etftached to the rear of the exchange. Each transducer was
connected to a tube in the exchange. The transducer was connected
to the selected tapping by a bridge pipe G. The structure was pro-
vided with a detached fairing. With this arrangement the rise time
was usnally less than S milliseconds. Average tube dimensions wére
1/16" dia. by 5" to 8" long.

The natural frequency of the transducer diephragms was
about 12 k. During the preliminary tests, it was found that if the

connecting pipes were made sufficiently short (say 2" long), then



FIG. 63 : ARRANGEMENT OF PRESSURE TRANSDUCER
PIPEWORK ' ' :



82

the oscllloscope traces shoved a spurious cseilletion or "ringing®
et about this freguenecy. To suppross this, the pipes were kept not

This arvongenent did not sllow the modols to be tested

typlcel oseilloscope

the giffective regorvolr pressure. This is cousoed

&
ol
]
-
&
D
g
&
=
o
E..J

by the veflceciions of waves in the driver go

Corresponding fluctuvaibions cccur in the statle pressure Lraced.

To mininlise erveors from this source, the reading on

o

the ftrace was btaken ¢o be bthe sverage ordinate over a small rogion
about a point ab & speglific time %%§ afier the comuencement of the
run. The time T&. wag mede long enough to ensure that the tepping

tube lag did not influonce the rsading.
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7) Test Programme and Resultis.

7.1) Programme;

7.11) Preliminary Experiments;

(i) Repeafability and Accuracy Tests: To obtain the required

number of measurements af any given combination of test conditions,
the tunnel had to be fired severasl times. A test was conducted to
examine the overall accuracy and repeatability of the tunnel and
measuring system. Measuremenis were taken on gonerators B and C of
Model B at Mpg = 7.5 end 10. Repeated readings were taken at cach
tepping. Between readings, the tappings and transducers were inter~
changed, so that each of the readings at a given tapping wes
interpreted by & different transducer.

(ii) Effect of Tepping Size emd Pipe Length: Checks for possible

effects of tapping sizme viere cgonducted by comparing measursments
taken through the gsymmetricelly pleced tappings numbered 10 and 11
on generator B, model B, Tapping number 8 was fitted with a tube
of length greater than the standard to exemine the effect of var-
iation of tube length, Both of these checks were carried out sim-

ultaneously with (i) above.

(iii) Effects of Barrel Pressure P@; A1l of ths runs but ome in
]

(i) above were taken with%: S0 posiy the other vas taken with ?B =85psia

(iv) Bffect of Side-Plates on Spaawise Pressure Distributions;

The spanwise pressure distéributions on generator C of model B, were

examined with three pairs of side-plates fitted in turn.
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The approximate dimensions of the smide-plates are :
(o) = 5" &n ox 3/16m
( @) : 5tx 2% % 3/96%
(%)

The side-plates are shown superimpoéed on the model B in Fig. 46,

L 13

3n X 147 X 0.010.

One of the met @ (designated (% - B) was fitted with a blunt lead-
ing edge { ¥, ~ 1/16") to eramine the effect of plate bluntness.

7.12) Pressure Distribution on lModel A Wedge;

(1) Two-Dimensional Flow Tesits; 0f the geometry of the four models,

that of modsl A wes the least favourshle %o the generation of a
core of two-dimensional flow. Consequently, tests were conducted
to ensure that there was & region near the centreline fovr which the
flow was two-dimensionel. The pressure distribution on generator B,
was examined for three configursitions :

(i) no side-wadges or side-plates,

(ii) side-plaies (D ) Fitted,

(iii) side-wedges fitted.
Side-plates (%) are shown superimposed on the model in Fig. A2.

(ii) Axial Pressure Distributions; These were taken with side-wedges

fitted.

7.13) Pressure Distributicns on Models B, C and D; The spanwise

pressure distribution at the rear of each model was checked to en-
sure that there was a core of two-dimensional flow; after which the

axisal measurements were taken.
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7.2) Results of Preliminary Experiments

(i) Repeatability and Accuracy; The pressure distribution on

generator C of model B at M= 7.5 is given in Fig. 7.1. Results
obtained from individusl runs sre marked. The pressure on gener-
ator C appears constant within the range of the tappings. A1l
points lie within 3% of the mean. The distributions on generator B
at M= 7.5 18 given in Fig. 7.2; the scatter is less than 3%.
However at M = 10 on generator B (10<)wedge) the scabtter ihéreased

te 6%.

(ii) Tapping Size and Pipe Lengith; The pressures messured on tapping
numbers 8 (tube lengith), 10, and 11 (tapping size) were not detect-

ably different from the mean.

(iii) Effect of Barrel P-es&ure’%% ;5 The resulis ol the run iasken
with ?ﬁ5 = 85 psia are marked in Figs. 7.1 end 7.2. There was no
1,

detectable differcnce from the mean.

(iv) 8ide~-plate Tests; The pressure disiributions obtained at ¥ = 10

on generator C of model B with the side~plates G(,(Q . and K'fitted
in turn sre given in Fig. 7.3. Curve (1) is the distribution obtain-
ed with the largest set () fitted. Curves 24 and 2B are those for
the set (p ). Curve 2A is the distribufion obtained when the plate
@-B wasg filtted to the side of the model marked R in Fig. 7.3,
whilst 2B gives the distribution obtained when.@ =B was fitted to
the mside L. Curve 3 is the distribution obtained when the set (6’)

V was fitted.
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Four points should be noted:

(1) A1l curves are asymmetriec,

(ii) The megnitude of the gpanwise variation decfeases with
decrease in the size of the sids-plates.

(iii) The higher side of the asymmetry in curves 2A snd 2B
oceurs on the side of the model to which (F«wB) (the plate with
the blunt leading edge) was attached.

{iv) The pressurs ab the centre of the model ieg independent

of the slze of the slde-platem.

7.5} Prespure Distributions on Model A - the Wedge

7.31) Results

(1) Pwo-Dimensiopal Flow Tesis: The prassure distributions obtained

on generetor B of medel A are given for My = 7.5 &nd'Meﬂs 10 in
Figeo. 7.k and 7.5.

A% both M&a: 7.5 andé Msﬁm 10, the centre~line pressurs
is éh@ some for the three configurations given 1n § 7%12 (i).

Th;s suggests . that the two-dimensional wedge pressure has been
atteined at the rear of this model.

The pressure distribution at Mfﬁz 7.5 obtained when the
slde=platen 8 wers attached, ghowed lerge spanwise variations.
However a similay variation was noi detected at Mee= 40. Because
the tappings on generator B were spaced at lavge intervels, it

seemns possible that a variation corresponding to that obtained at



PRESSURE, RS.I—
no

NOTATLON

e SIDE PLATES'D" | ATTACHED. .
4 SIDE WEDGES ~
———— 0 NO FITTINGS.

E\‘T‘\ \‘\*\\\ﬁ*“\\\T\f\\“\"\“‘l

0O I ) [ i 1 1
20 I9 18 17 16 5

TAPPINGS

FIG7.4 : SPANWISE PRESSURE DISTRIBUTION ON MODEL 'A°
AT M=75.



PRESSURE, PS.|—»=

0.6 r i
04 .
02 r —- * GSIDE PLATES "D"ATTACHED -
————— s SIDE WEDGES |,
—— o NO FITTINGS
I —
7 rd 4 7 x 7 7 7 7 7 7 7 7 i rd 77 7 7 77 7 77 rd 7 Vi
O | 1 1 ! | i 1
20 19 18 17 16 15
TAPPINGS =~ """

FIG.7.5 :SPANWISE"  PRESSURE. DISTRIBUTION ‘ON MOBDEL A +1vs .., -
AT M=10



87

Mt\! = 7.5 could have occurred at MN.: 10 and yet remained undetected.
The side-wedges were found to improve the spanwise

pressure digtribution slightly at M = 10, but ai MN= 7-5 no app-

N

arent benefit was obtained.

(3i) Axial Pressure Distributions: The axial distributions of sur-

face pressurc are given in Figs. 7.6 and 7.7 for N = 7.5 and

M%s 10 rvespectively. The abscissa is the gquantity 5?/ 1)@ , where

’bU is the inviscid wedge pressgure based on the measured free stream
conditions at the leading edge of the model. The ordinabte is :x./ RM
where M is the distance of the model leading edges from the nozzle
gone apex, and JC Ls the distance dowmsiream from the leading edge
of the model slong the tunnel axis.

In both cames the pressure at the leading edge of the
model is grester than the theoretical value. It falls continually
aleng the wedge until, at the rear, it is well below the theoretical
value. An explanatlon of this behaviour is that, in Fig. 7.6, since
@’ im negative at the leeding edge, the effeciive angle of the
wec;ge relative te the local stresm is greater than the wedge angle
relative to the jet axis ( @w). It follows from Fig. A1 that

(1) at =0, (-0t ) = 25°
(i) at X = £y, (f,~ot) ~ 8°
At the rear of the wedge its effective angle is less than @w

7.32) Derived Correction Procedure:

According to the correction procedure of Eg. 6.4, the measured
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pressure distribution on the wedge would be given by
P = PO, Pel)/%, ) (7.1

where'F (0) is the messured wedge pressure at the leading edge.

Eq. 7.1 is plotied in Figs. 7.6 and 7.7. It appearz to cstimate the
pressure gradient reascnably well on the forward parte of the wvedge;
but it vnderecetimates the gradient towards the resr of the wedge.

In contrast, Vas and Bogdoncfif showed that it oversstimated the
gradient superipposed by the conical flow when applied (o measure-

meats telken on & flat plate. Since the methoed slways gives a

G

correction facteor of unity =t the leading edge of the model, it
¢oes not account for the incidence effscitz in the conical flow.

in adequate correction procedure must ascount for the
incidence cifecte as well az the Mach number gradisnt. 1t is ax-
pected that incidenge cifects are primerily dependsant on the digte
ence (ﬁgﬁ from the tunnel awis. Honce ia the subsequent tests, the
correched pr@ssure’?c at any point = is computed Trom the product:

P ) = P(x) Pale) F(ay, ) (7.2
© A e 2 N o
Po) -

Fh ile en lncidence correction Factor zssumed to be a function of
Mﬁg&ﬂd /%{only, wiere ég is the distence of the peint on the model
£rom the jet exis. F is chosen so that when Bg. 7.2 is spplied

to the measured pressure distribution on the wedge,‘?% (=} is the
inviseid wedge pressure for the free stream conditions at the

loeding edge of the wedgs, The functiocn I ss detorminmed from
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the wedge measurements ls ploited agalﬂat,&vfwlba quas parameter

in Fig. A6.

7.4) Pressure Distributions on Model B , Overfocussed Surface.

7.4+1) Resulis end Discussion; The pressure distributicns

obbaingd on meodel B and corrected as in é% 732 are given in

Figs. 7.8 snd 7.9. Schlieren phetographs of the ficld are giren
in Fige. 7.10 and 7.11. The two theorsiical estimates given in
Figs. 7.8 and 7.9 are from the simple wave theory sad the tangent
wedge rule. The simple wave theory gives the meximunm possible.
praezsuwre thet con occur on the remp; whilst the tangent wedge rule
gives the correct remp pressure far downsirean.

The corrected expsrimental measuremsnis and the
theoreticel estimates of the pr eDEurs on the wedge fovebody and
the mexdimum remp pressure are comparad in Table 7o

TABLE 7.1

COMPARISON OF THEOPF“ICAL AND EXPEQIMTETA“ Pnd SURES ON THE

WEDGE AND THERE RAMP.

(:,3 q,’i" MN =l@

(ngm
)

0
&
3

Thoory Expto. Theory Exot. Erreor
0.120 6.119 0.101 0,04 +3%
1 170 1 Ll 15 ‘i o‘!‘:‘l‘!‘o ‘g e““f"s '&2%

The good agreement betwsen the corrected experimental
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the theoretical wedge prossures demonsirahes the usefulness of
the adopted correctien procedure |

Te compere the effect of MN on the surface pressurve
disiribution, the results azre replotted in Fig. 7.12 in the form
iy%hw » Where 1>w is the pressure on the wedge forebody. For the

Apoerim i : s only the average values ars pleotted, and
Lo belben ar the corrected meesured wedge pressurs. For the theoret-
icsl gurves, ihé is taken zs the thecretical wedge pressure. The

srongth of the waves generated on the surfmce imcreases rapidly

¥

with dneresse in Mvg Algo the distiributions om thoe remp suggest
that the shape ss well a3z the mqgnlﬁudn af the preseure varlatlions
iz changing markesdly with change of MN’
The interpretaiion of the Zield gsneraved at Mﬁam 7.5
s given in Fig. 7.13. The compression waves COF formed by the curved
auriace, degenerate inte & shoclk EDB, zmd form a slipline DR and
reflected waves BG, Dd. This slipline dis the inner of ithe two slipe
iines vigible in Flg. 7.10. The reflected waves DG, BE ceusme the
fivpt fall-off in the ramp pressurce (Fig. 7.8). ghoclt EDE inter-
actz with the leading edge shock AB to generate the shock BK, the
silipline BL, and the reflected wave BM. Thizs rellected wave causes
geecont fall-off in the ramp pressure. Both 3M and BL can be seen in
Fig. 7.10.

The fleld generated at M%éz 40 is similar to that at

Méég 7.5, except that the itwo groups of reflectsd waves have moved
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c¢loser together.

Since the dinner slipline in Figs. 7.10 and 7.11 is
formed away from the ramp surfsce, there should be a region adjacent
to the beginning of the ramp for which no reflected waves hit
the ramp. This suggests that the maximum pressure on the Teamp
should be the simple wave velue. The measurements coufirm tﬁis
inference.

The measured pressure at the reaxr of the model is

below the tangent wedge value in both cases. This is consistent

with the behavicur of the idealised flows diszussed in §»5, in
which the pressure just downstresm of the first refiected waves
to uit the surface ( region 5 in Figs. 5.1 and 5.2 ) is less than
the pressure far dovnstream.

7.42) Viscous Effects on Model B

(1) Separation on the Curved Surface; The pressure distribution at

M’a= 10 shows a region of consitant pressure on the curve.

Initial measurements on generator C at Miq= 10
showed that the flow was not repeatable. When side-plates vere
fitted, the flow was found to be repeatable. Consequently #he
axial distribution was taken with side-plates W fitted.

The axial tests revealed the presence of the constant

pressure region. Care was taken to ensure that experimental scatter

was eliminated by taking several readings at each tavping in



FIG. 713 : STRUCTURE OF THE FIELD ON MODEL"'B",
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the region of'constaﬁt pregsure. It was concluded that a
- seperation bubble formed, and that this generated tile non-
repﬁatability? The high pressures on the model forced fluid
through the sides of the bubble and caused it to collapee
prriodically. The side=plates blocked this side-flow and so
canaed the :flow to be steady and repeatable, |

(ii) Boundary Layer Displacement Effects: Although the simple

wae theory predicte the correet maximum ramp pressure, the
mcasured pressure near the beginning of the ramp differ from
the inviscid distributions. This is caused by boundary layer

displacement offects. The deviation increases with imcrease in Mh!

7.5) Pressure Distribution on Model C, the Underfccusse@ Surface
The pressure distribution aﬁvﬁka: 10 ont model G
ic given in Figa 7.4%4, The measured wedge pressure excee@ed the
theoretical value by 20% at the first tapping. This could be
coused by shock-boundary layer interaction ( c.f. Eq. 6.7 ). The
measured maximum pressure was greater than the theoretical simple
wave value. Presumably this was caused by the viscous interaction
effects on the wedge.
The theoretical estimates of vnressure generated on the
ramp rmultiplied by the ratio of the measured to theoretical wedge
pressures is marked in Fig. 7.14 ("compensated" pressures). The

compensated simple wave estimate is greczter than the measured
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mextimum. This confirms that the first reflected waves to be gen-
erated by the concave part of the surface intersect the body
upstream of the ramp.

Significent pressure fall-off on the ramp occurred

only at M'q= 10 on this model.

7-6) Pressure Distributions on Model D -~ Cubic Surface

The corrected pressure distributions obtained on
model D at M1£= 7.5 and M n= 10 are given in Fig. 7.15. A photo-

graph of the field generated at M _ = 10 is given in Fig. 7.16.

N

The leading edge of the model generates a shock.
Between this shock and the body, the compression waves form a
concave curved shock which intersects the leading edge shock. Since
the concave shock is not deflected by the leading edge shock, it
appears likely that the leading edge shock is very weak. It is
neglected in the interpretation of the results.

The pressure distributions obtained on the model agree
closely with the similar solutions. In contrast to the field gen~
erated on the overfocussed surface, this field is. almost indeﬁend—
ent of Mach number. The pressure diétribution on ths ramp appears
to approach a constant value, suggesting that the tangant-wedge
value has been attained. The theoretical and measursed values of the
centrifugal pressure differential ( N in Figs 7.15) are compared
in Table 7.2. |
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TABLE 7.2

MEASURED CENTRIFUGAL PRESSURE DIFFERENTIAL
At Theoretical MN=75 Ma=1°
p Ullgz 0.55 0.54 0.58
R Yo VR )

There is'good agreement, but the measurements need to be confirmed

by taking the distributions on an extended ramp.

In this experiment a strong concave shock wave was
formed only over a relatively small region exterding upstream from
the rear of the curved part of the surface. A larger region would
be obtained on a body with the exponent-&&,neérer one, since it
would have a higher slope nearer the origin. Alternatively, the
shock wave would be strong over a larger regioﬁ on a non-gimilar
surface derived es in gg 4.2. The latter surface would have the
additional advantage that the effects of shock-wave boundary layer
interaction would be minimised, since the leading edge angle

would now be finite.
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8) Comments on Experimental Facility

The accuracy and repeatebility of pressure neasurements
taken in the Imperlal College Gun Tunnel was found to be within
33%.

Side-plates on two-dimensional models can causc groas
spanwise distortions of the field. The spamwise pressure distrib-
ution is sensitive to plate size, shape and thickness. In general,
their use should be avoided. If they are required tc suppross an
instability or interference, themn they should bec no larger than is
necessary to suppress {he phenomenon.

The source-like flow generated by a conlcal hypersonic
nozzla has considerable effect on the pressures generated oan models
tested in i%. For large models the "local pressure" and Ybhuoyancy*
correction methods were found to be inadequate, asince they do not
account for the incidence effects associated with the frece stream.
The empirical correction procedure devised and used hore appears

to be satisfactory.’
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9) Conclusions

Two principalntypes of inviscid flow over a concave
surface are distinguished. One is an underfocussed. flow, which is
generated downstream of a concave curved shock wave. The other is
an overfocussed flow, in which shocks are formed bj compression
waves,and shock waves of the same family interact.

The approximate theories which are available for slender
bodies in hypersonic flow give widely differing eétimates of the
surface pressure on & body which generates an underfocussed flow.
In the field downstream of & concave shock wave the reflected Mach
waves generated at the shock wave and at the sliplines are both
expansions. They combine and tend to reduce the pressure generated
on the surface by the principal waves. This may be contrasted with
the flow over a slender convex surface,; where the reflected waves
generated at the shock are weak compressions, and those at the
sliplines are expansions. The two types of reflected wave tend to
cancel, and can have negligible strength.

Because the shock wave generated in the hypersonic flow
over a cusped body is a Mach wave.at the leading edge, the field
far downstream contains a thin layer of gas adjacent to the body
across vhich the pressure is constant to first order. In this
respect it is similar to the entropy layer generated in the field
far downstresm on a blunted slender body, but other then this it

has different properties. The fluid in it is cold and dense and
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has a much 1ower.en%ropy than that of the fluid in the region
above it. The velocity along the layer is bonstant throughout
the layer and is not much less than the free stream velocity.
Its displacement effgct on the fluid in the outer region-is.always
of higher order than the effect of variation in M on the shqpk
wave boundary conditions. The analysis of the flow over cusped
bodies shoﬁed that the similar solutions to the hypersonic small
disturbance equations are the correct first order appoximation to
the field generated in the outer region of a concave power law
body. They predict the correct p;essure on the surface of the body.
Compafison of the approximate methods with the-results
from the similar solutions for bath the similor and the derived
non-similar surfaces, shows that if the body shape does not have
any discontinuities in slope or curvature, then the thin shock
layef theory gives a fairly accurate simple estimate of the surface
pressure. The simple wave (shock expansion) theory overestimates
tﬁe surface preséure because it neglects the eifect of the
reflected Mach waves, and the error ingreasea rapidly with increase
in Moy The tangent wedge rule underestimates the surface pressure
bgcauee it gccounts only for the shock pressure rise and neglects
the centrifugal'prgssure differonce across the shock layer. All of
the appioximate methods give triviel results downstream of a dis-

continuity in profile curvature.

The vorincipal nechanisns present in an overfocussed



flow -« the formation of shock waves by compression waves and the
nteraction of shock waves of the same family - both genorate
gtrong finite reflscted Mach waves at hypersonic conditions.
These in turn csuse very large pressure variations on the body.
The wave structure of an overfocussed flow is usually complex.

and numericsl methods are reguired to construct solutions.

The experimental measurements confirmed the theoretical

eonclugions. Good sgreement was obbtained betwesn the asimllar

solubloneg and the messurenents on the ¢ubic suricce.



APPENDICES

1) Bohaviour at the Leading Edge of a Power Law Body

Since O = 1 at & = O, and the obligue shock relations
are functions of &%~ 1, a simplification occurs as &F-k= 1. Put

&:-. 1 +Y, T << 1. The oblique shock relations becone, as ¥ =+ 0O

;E;‘E__ + O(ﬁ?) = 3 . 0(8'57)
foo Uiy $o U, g

73 1+ o(r)

|

1

w . 0(5*%)

B . f =  O(sv)
U

These are the orders of magnitude required for the small

periurbation theory %o apply-
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2) Seriesc Solution of Eq. k.l Wear Orismin

'4

oL
Since Z o 7;05 near the origin, terms like
2ot -4 of+4 .
E 9 B ’ 5 will appear in expansion of Eq. %.4. Hence i%

1o acsumed that:
33 =23

4= 4
subject only to the conditions that
- . = . Ny
Oui b O(' } Zb %O ﬁ Otht,i ( o’\) > CE',&<&§:>
Similar expregsions are assumed for g” and f %/‘::‘w
5

The polutions are, to third order
1
(1) 12 0oL <%
vl

Z = Z°§“ - (H)E xS 7;‘0(,2 -—%; f;}o{):g;i-m

SRR Fe2 %, 4xd ¥
”) G &(d-2)Zo £GP
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'{F ’"C
(id) lj- c{ >”t" A0S = ..S:mm
’ 2. 7 G - 2D
w 2=-9 '
! - 20§a+ o0fF -Cc 4+ %° ﬁ{dF*C))
G~ 2D Lo Y& VG- 2D
2 -ol o 3200
V=Y m 3 v LA+ Eleof)s
B CRE R 25 G2 (3-2<)
- 1= of - 2-2¢
e = pho = —gns + E BT, F(F-eu)x
G 2GR

The quentities %, af‘;e anci/u—o eve determined at tho masch ,
soe T
point 5%:

Frror of -Computetion

Since ?}E in Bq. 4.12 is a function of A and ?.;f, it

is posslble to form its series near the origin

Al WA, 1= 6
ZL = q} - e .:;é -t [
b g A (}! J
: G B N

12 1p determined from the computed velue of ?‘E atjﬁ: = E"""
But by definitign 'L]:.)b = E]E\B:: O): — i o.Hﬁnce {1 'g’"l:g-:'o)

whers 2;[2

-y

is a messure of the truncation error, lé)o is given in the {ablea.



APPENDI1X

TABLE OF SELF-SIMILAR SOLUTIONS FOR POWER LAV BODIES.

CONCAVE TWO-DIMENSIONAL SURFACES.

X = 1.5, = 1.4
N v
3.0000, O 1.2500,
" 9,9499, -1 1.2625,
9089969 "‘1 102750,
9.8491, -1 1.2875,
9.7984, =1  1.3000,
9.7477, -1 1.3125,
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k = 300; Xz 191’*‘9
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L4) Streemline Disbribution in the Working Sectilon

Consider a streambube having a cross-sectional avea A
b do s ] B Pf""r.{% o
at pome distance X which expands Lo an area = Rl over a
length 020 . Since similar areas are proportional to corresponding

lengthe squared,

A $ df = (/_l‘j-% C{G‘f;@/}zg o L0
ja) AL

where ﬁg/is the distancy of a given stresmline (having a slope ()

from the centre of symmetry. Honce, ss oOm >0
148 _ 2
® dor Ay

It can be shown” by using the concepts of cng-

dimensional gasdynamics that for an isentropic flow ¢
x i f¥rd
%4) ~-5l &=
4 I e Ja 8
p 0::.:
A R 2.

where 5kgia the cross-seclional area of a streamtube at M=1

If Mexd’

21 .‘
By o MUY dh (Y -y ddd
a A £ M
Hence
S= 8o L/'i.m@é@i:“f:
A z\¢ M oo

"Sae, for sxemple, Liepmann end Roshko (1957).



This expression was used tc estimate the incidence
factor dy in the Imperial College Guﬁ Tunnel from the measured
axial Mach number M = M(22). Curves of ( E:/RE) ageinst ( x/ﬂﬁ)
are given in Fig. A1. The scatter of the calculated points is
caused by the graphicel differentiation of the Mach number

distribution.
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5) Leading Edge LEffects on Models

Only two possible effects were considered; these were!
(i) the effect of leading edge bluntnesz on inviscid attached
shock wedge pressure,
(ii) shock-boundary layer interaction
Estimation of the effect (1) was based on caleculations
given by Cherayi (1961, p.222) for'§%0= ®”, For a leading edge
thickness tL_E = 0.002: effects were negligible (i.c. less than 2%)
at 0,10",
Estimation of effect (ii) based on the formula for weak

-

interaction ( ¥ << 1) (Hayes and Probstein, 1959, p.349)

3 greomaen
NF ar ) '
‘b = 4 0+ O-y N 3 * = i;‘;'.:”l _{J Sty
) ety
2 W : ,\j 124 Ew

where {_. is the Chepman-Rubesin factor, and the subscript W de-
notes inviscid conditions behind the attached shock. According to
this formula ?%/%w‘< 1.02 at the first set of tappings on models

A and B, but on model C "P/}«,N = 1.25 at M, = 10.

*The drag coefiicient (:Qof the leading edge was sssumed to be

the Newtonian velue, Sgq = 2.
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LIST OF SYMBOLS

Aj = B (%) cxpreseion for body shape
pressure coefficient Cp = "P/ % ‘?@UO;Z

pressure coefficlent corrected for conical flow

diameter of gun tunnel nozzle at exit plane

hypersonic similarity parameter K= ﬂm'cp_g

Mach number

nominal tunnel Mach number

free stream Mach number in uniform flow

non~dimensional pressure in similar solutions Eq. 3.26

corrected pressure ratio (Eq. 6.4)

non-dimensional density in similer solution (&g. 3.26)}

distance from nozzle exit plane to nozzle cone apex

reflection coefficients, § 5,5 ”

free stream velocity

non-dimensional velocity in similar solutioms (Eq. 3.26)

velocity of shock and piston in unsteady flow (Eq. 3.21)

speed of sound

§f= 0 for two-dimensional flow
y:1fwaﬁﬂmsmmwmfuw
exponent in cusped body shape (Eq. 3.6)
typical length |

normals to surface in boundary layer co-ordinates
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static pressure

barrel pressurs in gun tunnel

drive preaaufe in gun tunnel

effective reservoir pressure

theo?etical pressure generated on wedge forebodies on
the models ,
local speed @, = (’u} 1 vz)!’; = ("x’z"' G * )Va,
distance along the body surface in bouﬁdary layer
co-ordinates

time, in similar solutions % = Un® (Eq. 3.21)
veloelty in 3C = direcition

veleocity in S ~ direction

velocity in 46/ - direction

velocity in M/ - direction

streanwise co-ordinate

normal co~ordinate

‘t’l
non-~dimensional speed of sound, W& = ?EW“jFL
non-dimensionsl stream function defined in Eg. 4,11

n
exponent in £ ¥ ZOS : (Eq,.E-BBd)
tunnel nozzle cone angle
error exponent

epecific heat ratio
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free; stream Mach number paremeter

infinite density vatio & = .\"-"‘”5./%"" i

varistion parameter in § S.lh

In X

locel body slops dl:;b’,; dx = tan ’E"u

slipline angle relative to the second wedge or ramp in
idealized flowus, § 5

transformed independent variable in similar solubtions
(BEqe 4o1)

’gWR. s (Eqo 3.26)

V- ’?&in similar solutlons

incidence distribution function

gas density

shock wave angle measﬁred with respect to incident
stream dﬂs/o\oc = tan G

srror exponent

independent variable in similar solutions (Eq. 3.26)

’ é%_ wedge angles in double wedge problem Cg,. = CPJ t G‘QA

variation coefficient in § 5.4
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Subscripts

Those generally used are :

L denotes conditions at model leading edge
N nominal gun tunnel conditions

b danotés conditione at the body

s denotes conditlons at the shock

oD conditions in free stream
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