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Abstract

Next generation wireless communication networks are expected to be multi-
functional to support emerging requirements, e.g. high data transmission rates,
high-quality wireless connectivity supporting a large number of devices, and
highly accurate and robust sensing capability. To realize these demands, cutting-
edge technologies such as integrated sensing and communication (ISAC), mas-
sive multiple-input multiple-output (MIMO), satellite communications, and
full-duplex (FD) communications system requires further exploration and de-
velopment. Specifically, challenges persist in optimizing these systems. In
mono-static ISAC system, radar returns are drowned by the strong residual self
interference (SI) stemming from the transmitter. ISAC satellite communications
systems encounter challenges on interference control and power limitations.
Massive MIMO systems confront the high power consumption and receiver
analog-to-digital converter (ADC) saturation. Additionally, FD communica-
tion systems face the difficulties of suppressing SI. To overcome the mentioned
challenges, this thesis introduces novel approaches, which are based on con-
vex optimization techniques and unlimited sensing theorem. Subsequently,
this thesis provides introductions to the background context, followed by a
thorough review of the techniques utilized in the proposed solutions. In the
following chapters, explanations of these solutions are presented. Finally, this
thesis wraps up with a comprehensive conclusion.
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ULA Uniform linear arrays
UPA Uniform planar array
USF Unlimited sensing framework
VGA Variable gain amplifier
WMMSE Weighted minimum mean-squared error
WSE Weighted sum rate
ZF Zero forcing
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Notations
N The set of natural numbers
R The set of reals
Z The set of integers
C The set of integer complex numbers
bKe Non-negative integers until K

{k : k 2 Z \ [1, K + 1)} for K 2 R
x(t) Continuous signals t 2 R
x[k] Discrete sequences k 2 Z
Re(x) Real component of a complex number
Im(x) Imaginary component of a complex number
X Matrices are written in capital boldface
x Vectors are written in small boldface
x Scalars are written in normal fonts
[X]i,j The entry of the matrix at index (i, j)

[x]i The entry of the vector x
X

H Conjugate-transpose operation
X

> Transpose operation
bxc Floor operation that is sup{k 2 Z : k 6 x} for x 2 R
dxe Ceiling operation that is inf{k 2 Z : k > x} for x 2 R
h, i Inner-product defined by ha, bi =

R
a(x)b⇤(x)dx

� First-order difference (�x)[k]=x[k + 1]� x[k]

�L Lth order finite difference of the sequence x[k]
�
�Lx

�
[k] = �L�1(�x)[k]

⇤
T

Semi-discrete convolution operator with sampling interval T
⇤
T
: c 2 `2 7�! (c⇤

T
�) (t) =

P
n2Z c [n]� (t� nT )

⇤ Semi-discrete convolution operator with sampling interval T = 1

E (·) Statistical expectation
| · | Absolute value
k · k`p Euclidean norm
� Hadamard product
f 2 CN(R) ⌦-bandlimited or, f 2 B⌦ ,

bf(!) = [�⌦,⌦](!) bf(!)
D(t) Indicator function on domain D
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Introduction
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1.1 Overview

Next generation wireless communication networks are expected to be multi-
functional and ultra-flexible, accommodating high data transmission rates, high-
quality wireless connectivity with massive devices, while highly accurate and
robust sensing are required to be supported [5]. Fulfilling such diverse de-
mands necessitates the development of key enabling technologies. While some
technologies such as massive multiple-input multiple-output(MIMO), satel-
lite communications, and full-duplex communications have been actively ex-
plored in previous generations, there is a continuous quest for better solutions
to existing challenges. For example, in massive MIMO (M-MIMO) systems, is-
sues such as high power consumption and receiver analog-to-digital converter
(ADC) saturation have been addressed individually. Is there a method that can
simultaneously tackle both of these challenges? Additionally, is there poten-
tial to simplify the self-interference (SI) cancellation process, which depends
on both the analog and digital domains? Meanwhile, emerging technologies
i.e. integrated sensing and communications (ISAC), Low earth orbit (LEO)-
ISAC, demand thorough investigation to harness their potential for achieving
sensing capabilities. These questions raised above have become meaningful
unresolved issues deserving further attention and investigation. In the follow-
ing parts, the details, challenges, and objectives of the studied key enabling
technologies are elaborated.

1.1.1 Integrated Sensing and Communications (ISAC)

Sensing capabilities are recognized as a key technique in the next generation
of wireless communication networks (i.e. 6G) for achieving emerging applica-
tions, such as assisted navigation, activity detection and movement tracking,
and environmental monitoring [5]. Furthermore, given the significant develop-
ment in the wireless communications and radar sensing industries, spectrum
resources are becoming increasingly scarce and valuable. As a promising solu-
tion, ISAC has been proposed to meet these requirements. In ISAC, the dual-
functional signal is jointly designed to achieve both communication and sens-
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ing functionalities in a single hardware. By adopting the ISAC system, spec-
tral, hardware, and energy resources are efficiently utilized. This efficiency is
achieved through unified signal processing procedures and a shared hardware
framework between sensing and communication systems.

The original aims of sensing and communication capabilities are different. Sens-
ing, or detection, utilizes known signals to extract target information from
noisy observations. In comparison, communication focuses on transmitting
random information between devices via modulated signals. Based on the ob-
jectives, ISAC systems can be categorized into radar-centric, communication-
centric, and joint dual-functional designs [6, 7]. In radar-centric design, radar
functionality is prioritized, ensuring that the beampattern performance and
target detection capabilities are comparable to conventional radar system. How-
ever, since either pulsed or continuous radar waveforms are used, embedding
communication data to the radar signal is necessary. Typical methods of in-
formation embedding include time-frequency embedding, code-domain em-
bedding, and spatial embedding [8]. This design limits the communication
rates as communication is treated as an additional function. Conversely, in
communication-centric design, priority is given to communication function
with sensing as an adjunct. Communication waveforms, e.g. single carrier,
and orthogonal frequency division multiplexing (OFDM), are employed. To
facilitate the sensing function, enhancement on the hardware and algorithms,
e.g. beamforming design, are utilized. While communication rates remain un-
affected, radar detection performance is dependent on the scenario. The joint
dual-functional design is the most flexible and radical approach, which re-
quires fundamental redesign of the hardware, signal, and algorithm. It is thus
not limited by the existing communication and radar standards. This thesis
primarily delves into communication-centric ISAC studies as the objective is
to retain communication capabilities while integrating sensing functions to en-
able new applications.
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1.1.2 Low earth orbit (LEO)-ISAC system

Much of the past ISAC research has been primarily devoted to terrestrial net-
works, resulting in limitations in providing global services [9]. Actually, satel-
lite communications have been envisioned as a solution to satisfy the grow-
ing demand for ubiquitous and high-capacity global connectivity in unserved
(e.g. marine, and desert) and underserved areas (e.g. rural areas). The deploy-
ment of satellites and terrestrial stations offers global coverage; thus, it en-
hances the service availability in such areas. If one satellite in the non-terrestrial
network is broken, other satellites can replace it and provide the communica-
tion service, thereby ensuring service reliability. In comparison to geostation-
ary and medium earth orbit (GEO/MEO) satellites, which suffer from high
propagation delay and require large investments, low earth orbit (LEO) satel-
lites offer a lower latency, higher data rate, and near-complete visibility due to
their relatively lower orbit altitudes (i.e. 500�2000 km). Furthermore, the prox-
imity of LEO satellites to Earth has prompted the exploration of remote sensing
functionality in LEO satellite systems. In recent years, the necessity for sensing
capabilities and enhanced spectrum utilization efficiency in LEO satellites has
naturally driven the development of ISAC-LEO systems.

1.1.3 Massive MIMO (M-MIMO) systems

In early communication systems, only single antenna was used in both trans-
mitter and receiver, which is known as the single-input single-output (SISO)
system. The maximum rate of error-free data transmission under additive
Gaussian white noise condition is given in Shannon’s capacity equation [10].
However, the multipath propagation causes severe interference to the real-
world communications systems due to the different time delays of the received
signals. To address this challenge, the concept of antenna diversity or spa-
tial diversity emerged, which is realized by deployment of multiple antennas
in both transmitter and receiver. This technique, known as MIMO, has been
demonstrated to increase spectral efficiency and finds widespread application
in 4G wireless communication networks [11].
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M-MIMO architecture was proposed by Marzetta [12], and relies on a large
number of antennas at the base station (BS). This approach brings the advan-
tage that channels among users become orthogonal, and thereby enabling ef-
fective mitigation of interference among users [13]. This characteristic simpli-
fies interference mitigation, allowing for the efficacy of straightforward linear
precoding methods such as zero forcing (ZF) and maximal ratio transmission
(MRT). Additionally, M-MIMO exhibits advantages on anti-fading, suppress-
ing noise, and compensating for hardware deficiencies. Due to the above rea-
sons, M-MIMO can further improve the spectral efficiency and thus has at-
tracted much interest in the past decade [14, 15].

1.1.4 Full-duplex systems

A promising solution to the spectrum scarcity problem has been the design of
In-Band Full-Duplex (FD) wireless communications systems [16, 17]. In such
systems, data can be transmitted bi-directionally between two devices simul-
taneously. Consequently, FD systems can potentially double the spectral ef-
ficiency of communication [16, 17]. Thus, there has been a surge of research
interest towards this solution in past decades. However, when considering the
FD solution as it is, there is a price to pay. That is, the coupling between the
co-located transmitter and receiver causes severe self-interference (SI) (e.g. up
to 100 dB [16, 18]).

The SI cancellation problem has been actively studied in FD wireless commu-
nication systems [17, 19, 20]. In general, SI cancellation techniques can be im-
plemented in the propagation [21], analog [22–24], and digital domains [25,26].
As shown in Fig. 3.1, the propagation-domain cancellation aims to minimize
the coupling between the transmit and receive direct paths. This kind of can-
cellation is achieved by techniques based on path loss, cross-polarization, and
antenna directionality [27]. Beyond this, the analog-domain cancellation aims
to suppress the SI before the ADC, where a negative copy of the transmit wave-
form generated by the canceller circuit is subtracted from the received sig-
nal [20, 22, 23, 28]. Finally, as the last defense against SI, the digital-domain
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cancellation block utilizes either linear or non-linear adaptive filters to gener-
ate the negative of the residual SI [25, 26], and add it to the digital signal after
the ADC.
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1.2 Challenges, Scope and Objectives

1.2.1 Challenges and Objectives of ISAC Systems

Mono-static ISAC setup, where the transmitter and receiver are colocated, is
assumed in many ISAC studies [29–33] since there is no need to share refer-
ence signals. However, typically communication frames are much longer than
the radar echo round-trip times (RTTs). Hence, the radar echo is masked by
the severe SI from the transmitter. We term this phenomenon as the echo-miss
problem. Thus, it is important to sufficiently suppress the residual SI to man-
ageable levels. In addition, to preserve the fast-coming radar echo, full-duplex
(FD) ISAC is required.

Another challenge is the correlation between radar echo and SI, which makes it
challenging to effectively suppress the SI without distorting the radar echoes.
This is the point different from the SI cancellation techniques, which have been
actively studied in FD wireless communication systems [17, 19, 20]. Therefore,
the aim of this research is to address the echo-miss problem in mono-static ISAC
system without impairing the SoI (e.g. radar echo and uplink data).

1.2.2 Challenges and Objectives of ISAC LEO Satellite Sys-
tems

The first challenge of a ISAC LEO satellite system is the interference control,
which incorporates inter-beam interference among the users and the control of
the trade-off between communication and sensing capabilities. Another chal-
lenge is the power limitations typically faced by LEO satellites due to the lack
of suitable power sources. This issue becomes notably more severe, especially
whenever the number of transmit antennas increases for the improved spectral
efficiency and spectrum reuse factor. Therefore, a high energy efficiency (EE) is
required in ISAC LEO satellite systems.

Additionally, given the expected increase in connected devices and data rates in
forthcoming satellite communication systems [34], it is crucial to adopt EE as a
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Figure 1.1 The receiver architecture of conventional M-MIMO (M–MIMO) sys-
tem with uplink user equipment (UE). Each RF chain consists of the low noise
amplifier (LNA), mixer, variable gain amplifier (VGA), automatic gain con-
troller (AGC), and ADC.

significant performance indicator. From a system-wide viewpoint, prioritizing
total EE appears favorable. Nonetheless, this approach tends to drop links with
poor channel conditions, resulting in unfairness across all links. This can be
severe in scenarios with numerous users. Consequently, it is more prudent to
seek to maximize the minimum EE across all links, thereby ensuring fairness.

Here, the pressing issue lies in effectively managing inter-beam interference be-
tween users, while balancing the trade-off between communication and sens-
ing functionalities within the ISAC-LEO system. Simultaneously, ensuring ef-
ficient power utilization and guaranteeing minimal EE among all users.

1.2.3 Challenges and Objectives of M-MIMO Systems

The technological promise of M–MIMO is limited by two fundamental chal-
lenges [35], namely, 1) power consumption, and 2) receiver saturation. High power
consumption is due to that the M-MIMO has many antennas, where RF chains
consume high power. In the RF chain, ADC dominates the total power. In ad-
dition, the power consumption of the ADC grows linearly with the sampling
rate but exponentially with the quantization bit b.

Another impediment to the M–MIMO systems is due to receiver-ADC satura-
tion, which is prevalent in wireless communication systems. This impediment
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Figure 1.2 Illustration of output samples by conventional ADC. fInput: contin-
uous input signal before ADC. fOutput: continuous output signal shaped by
limited ADC dynamic range. Samples: Sampled fOutput signals. In conven-
tional ADC, saturation and clipping errors happen in fOutput signal and sam-
ples, because some values in fInput exceed the dynamic threshold �.

is caused by the fact that ADCs are limited by their dynamic range (DR) as il-
lustrated in Fig. 1.2. When the received signal amplitude is larger than �, the
ADC output is distorted. This results in a clipped or saturated signal. Such
undesirable, yet unavoidable, effects lead to high-frequency components in the
digital signal, thus creating aliasing in the measurements. Consequently, the
performance of the whole system deteriorates.

Hence, it is imperative to devise an approach that tackles both the challenges
of high power consumption and receiver saturation simultaneously.

1.2.4 Challenges and Objectives of Full-duplex Systems

The severe SI in the full-duplex systems drowns the signal of interest (SoI)
which contains uplink data. The composite of SI and SoI naturally necessitates
a high dynamic range (HDR) ADC to prevent clipping. Consequently, sub-
traction of an accurately estimated SI can unmask the SoI. On the other hand,
for a fixed bit budget, HDR ADCs entail higher quantization noise which can
compromise the capability of existing algorithms.

Therefore, the objective of this research is to simultaneously tackle the ADC
saturation and quantization noise issues through a fully digital-domain SI can-
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cellation method in FD wireless communications systems.
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1.3 Outline and Contributions

As the first part of the thesis’ title "Multi-functional Wireless Networks" sug-
gests, this thesis addresses the inherent challenges and/or emerging challenges
caused by integration of functionalities, which are:

• Interference/Self-interference Control;

• Power Consumption/Energy Efficiency;

• Signal Correlations;

• Receiver Saturation;

• Hardware Proof of Concept.

Thesis 
Contributions

Integrated Sensing & 
Communications 

Communications & 
Unlimited Sensing

Chapter 3

Chapter 4

Chapter 5

Chapter 6

Interference/Self-
interference Control

Power Consumption/ 
Energy Efficiency

Receiver Saturation

Signal 
Correlations

Challenges

Hardware Proof 
of Concept
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The interdependencies between the research in each chapter and focused chal-
lenges are shown in the roadmap. Specifically, this thesis builds upon two main
bodies: integration of communication and sensing, and communication with
unlimited sensing. The first body consists of Chapters 3 and 4, while the sec-
ond body comprises Chapters 5 and 6.

In Chapter 3, we address two challenges: severe SI from the transmitter in FD
ISAC and the difficulty of SI cancellation due to the correlation between the
radar echo and SI. Although FD in wireless communications without sensing
capabilities has been extensively studied for decades, it relies on the uncorre-
lated nature between the SI and SoI, such as the uplink data stream. Thus, the
SoI will not be impaired. However, the correlation between SI and radar echo
makes SI cancellation very challenging. To solve this, we utilize the angle-of-
arrival difference of incoming signals to suppress the SI in ISAC. In Chapter
4, we address the interference control problem and EE issues. In previous re-
search, inter-beam interference and the trade-off between communication and
sensing capabilities have been difficult to cope with. Additionally, LEO satel-
lites have power limitations, thereby emphasizing in the consideration of EE.
However, the total EE metric lacks fairness among all links; it may drop users
in bad channel conditions. To address these issues, we propose an approach
based on rate-splitting multiple access (RSMA), minimal EE maximization, and
low-resolution digital to analogue converters (DACs).

In Chapter 5, we focus on the high power consumption and receiver ADC sat-
uration problems. The high power consumption is due to the considerable
power consumed by a large number of RF chains in the antennas of M-MIMO
systems. Receiver ADC saturation occurs when a strong interference signal
is received (e.g. in FD systems) or when the received signals have significant
differences (e.g. near-far users in the mobile cell). These two challenges are
addressed through a new receiver-side design and the introduction of the un-
limited sensing theorem. Subsequently, in Chapter 6, we consider a more se-
vere case of receiver saturation, namely, in full-duplex systems. To cancel the
strong SI, we further explore the unlimited sensing theorem, through which we
propose a fully digital domain SI cancellation method and a modulo domain
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channel estimation approach.

The outline and the detailed contributions for each chapter are listed as follows:

• Chapter 2: Background
In Chapter 2, the related concepts and techniques for solving the prob-
lems in the following chapters are reviewed. Specifically, we briefly re-
view the details of ISAC, unlimited sampling, and RSMA. Subsequently,
to better understand the approaches for addressing the mentioned chal-
lenges, we explain the optimization techniques, i.e. block coordination
descent (BCD), penalty-dual decomposition (PDD), fractional program-
ming/Dinkelbach’s algorithm, and successive convex approximation (SCA).

• Chapter 3: Joint Transmit and Receive Beamforming Design in Full-
Duplex Integrated Sensing and Communications
In this chapter, we first model a FD ISAC mono-static system to capture
the echo-miss problem. To suppress the residual SI and preserve the two
types of SoI (e.g., radar echo and uplink data), we formulate the joint
TX-RX beamformer design problem for FD ISAC, where the objective
function incorporates (a) uplink and downlink rates as the communica-
tions metric, (b) the transmit and receive radar beampattern power at
a target as the sensing metric, and (c) the post-beamforming SI resid-
ual as a penalty term. Based on the equivalence between the rate max-
imization and the mean square error (MSE) minimization [36, 37], and
inspired by the PDD method, an iterative algorithm with guaranteed con-
vergence and acceptable complexity is developed using block coordina-
tion descent (BCD) methods. In contrast to the existing literature, our
optimization framework concentrates on joint TX-RX beamformer design
and directly cancel residual SI. The performance of the designed beam-
formers is validated via simulations, which show that up to 60dB residual
SI can be effectively suppressed with better sum-rates for the uplink and
downlink users and better radar parameter estimation performance (i.e.,
range-velocity and AoA detection) compared with the null-space projec-
tion (NSP) method [38–40].
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• Chapter 4: Max-Min Fair Energy-Efficient Beam Design for Quantized
ISAC LEO Satellite Systems: A Rate-Splitting Approach
Besides the design of FD ISAC system in Chapter 3, we further consider
the ISAC in the power limited LEO satellite scenario. Specifically, in this
Chapter, we investigate the maximization of the minimum EE problem
within the RSMA framework for an ISAC-LEO satellite system. Here,
low-resolution DACs are employed in the satellite to enhance the EE.
Specifically, we propose an RSMA-assisted ISAC satellite system design
to facilitate multi-user communications and target sensing, simultane-
ously. Considering the non-linearity of the quantization effect in low-
resolution DACs, we define a max-min fairness EE to ensure equitable EE
performance across all users. We adopt the RSMA transmission scheme to
enable effective interference control, and achieve an optimized communi-
cation sensing trade-off. Our proposed design addresses two challenges:
interference control and fairness EE guarantee among all users in the con-
text of ISAC-LEO systems. The latter is normally neglected as most previ-
ous studies adopt the total EE metric. We show that our proposed design
has a higher max-min fairness EE compared to design by total EE metric.
It is observed that adopting low-resolution DACs effectively improves
the max-min fairness EE. Specifically, it is enhanced with satisfactory de-
tection performances (i.e. Doppler, and range), when the quantization bit
decreases. Compared to previous RSMA ISAC studies [41–46], the con-
sistent observation is that radar sequence is not utilized when maximiz-
ing sum-rate metric. Consequently, a common stream is used for both
communication and sensing functions. However, the new observation is
that, when adopting the max-min fairness EE as the metric, the radar se-
quence is used for sensing. This is due to the utilization of a separated
radar sequence facilitating a higher EE; the power of the radar sequence
is used for sensing and the power consumed by common and private
streams, which determines EE, is minimized mainly for communication
use. In addition, we formulate the maximization of the minimum EE
as a non-convex optimization problem to obtain the optimal precoders.

35



The formulated problem is subject to total transmit power, communi-
cation and sensing constraints. We ensure communication performance
through quality-of-service (QoS) requirements while maintaining sens-
ing estimation performance by considering the Cramér–Rao bound (CRB)
on angle estimates. We transform the problem into a semi-definite pro-
gramming (SDP) problem. Optimal precoders can be then obtained by
solving the SDP problem through an iterative algorithm based on SCA
and Dinkelbach’s method. The numerical results are provided to illus-
trate the performance of the proposed RSMA-assisted ISAC-LEO satellite
architecture. Key observations include: (a) The proposed design outper-
forms the strategies that maximize the total EE of the system and con-
ventional space-division multiple access (SDMA) in terms of max-min
fairness EE; (b) RSMA yields an improved trade-off between communi-
cation (i.e. max-min fairness EE) and sensing functionalities; (c) RSMA,
combined with an additional precoded radar sequence with successive
interference cancellation (SIC) operation, can lead to the best max-min
fairness EE; (d) A lower DAC quantization bit results in a higher max-
min fairness EE with satisfactory detection performances.

• Chapter 5: �–MIMO: Massive MIMO via Modulo Sampling
In this chapter, we formulate the unlimited sensing framework (USF) ac-
quisition and recovery problem in the context of two typical communi-
cation systems, i.e. Narrowband single-carrier or the NBSC case, and wide-
band, multi-carrier orthogonal frequency-division multiplexing (OFDM)
M–MIMO or MIMO–OFDM. For the two setups, we consider both recon-
struction and detection performances. Here, our key contribution is the
receiver design for USF enabled M–MIMO. Since M� maps a bandlim-
ited function into a non-bandlimited one, existing receiver architectures
do not apply to our case and this is the non-trivial aspect of our work.
Our receiver design enables 1024 QAM for both (a) narrowband single-
carrier and (b) wideband OFDM signal and detection is possible with as
little as 2 bit resolution; this has not been reported in previous literature.
Addtionally, we present the Achievable sum-rate Analysis for our new ap-

36



proach considering different bit resolutions. Surprisingly, with few bits
e.g. 1- or 2-bits, the �–MIMO architecture achieves a similar sum-rate per-
formance when compared with1-bit resolution, conventional ADC. We
attribute this finding to the fact that for a given bit budget, the M�–ADC
offers a higher quantization resolution, thus resulting in a lower quan-
tization noise. We also provide approximates for the achievable sum-rate
in the context of maximum ratio combiner and zero forcing combiner.
We analyze the EE of the �–MIMO approach and contrast it with low-
resolution, conventional ADC as a baseline. Numerical results illustrate
that the EE of the M�–ADC is higher than the conventional ADC while of-
fering competitive detection performance (e.g. 1024 QAM), as listed in
C1). Finally, we validate our approach via computer simulations as well
as experiments based on the M�–ADC hardware [4], thus corroborating our
theoretical findings.

• Chapter 6: Full-Duplex Beyond Self-Interference: The Unlimited Sens-
ing Way
Similar to the system architecture for M-MIMO systems that is based on
the USF in Chapter 5, we also do not employ AGC and VGA in the system
design. However, different from the system in Chapter 5, our design con-
siders the FD case, thus it encompasses new aspects of modulo-domain
sparse channel estimation and digital SIC without any analog-domain
SIC circuitry. Specifically, we propose a full-stack FD receiver architec-
ture design, which can handle HDR signals and achieve higher quanti-
zation resolution with a given budget. The full-stack design in this paper
enables understanding of the trade-off between bit-budget and dynamic
range, and the best achievable digital SI cancellation capability. In the
algorithmic front, we present recovery algorithms for the FD case. Addi-
tionally, we also propose a novel modulo-domain sparse channel estima-
tion method, resulting in a more accurate digital SI cancellation compared
with previous methods [47]. Finally, from the hardware perspective, since
our approach is devoid of any analog-domain SIC circuitry, e.g. AGC and
VGA, it lends itself to a low complexity implementation.
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• Chapter 7: Conclusions
We conclude this thesis with a summary of its major contributions and a
discussion of possible directions for future research.
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Chapter 2

Background
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2.1 Unlimited Sampling

We replace conventional ADCs by M�–ADCs, where it maps a continuous-time
signal into folded, digital samples by injecting a modulo non-linearity in the
analog domain. This prevents distortion due to clipping/saturation that is
prevalent in conventional ADCs. This is shown in Fig. 2.1. Additionally, the
hardware of M�–ADCs is shown in Fig. 2.2 [48]. However, M�–ADC lead to a dif-
ferent form of information loss as one still needs to recover the original HDR
signal from folded samples.

This recovery is mathematically guaranteed provided that a Shannon-Nyquist
like density criterion is satisfied. Specifically, reconstruction of the HDR input
signal, r (t), from its modulo samples entails the “inversion” of the modulo
non-linearity M�(·). This is an ill-posed problem due to the many-to-one na-
ture of M�(·). The key to unfolding modulo samples is the observation that
the modulo and the finite-difference operators commute in a certain sense [1].
This allows us to extract the higher-order differences of r from its modulo sam-
ples. Then, reconstruction boils down to the problem of stably inverting the
difference-operator. Next, we focus on these two aspects separately and for the
case of non-quantized measurements (5.22). This is solely for the ease of expo-0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4
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Figure 2.1 Illustration of modulo-folded signal via USF.
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Figure 2.2 Hardware of M�–ADC.

sition as the same recovery procedure applies to the case of quantized modulo
samples in (5.23).

Accessing Higher-Order Differences. Let (�r) [k]
def
= r [k + 1] � r [k] denote the

first-order difference operator; higher-order differences recursively defined by
�Lr

def
= �L�1 (�r) , L > 1. According to the modulo decomposition property

(see Fig. 4 in [1]), we have, r (t) = M�(r (t)) + "r (t), where "r (t) 2 2�Z is a
piecewise-constant function. The same property also applies to the point-wise
samples. On one hand, since "r (kT ) 2 2�Z, we have that �L"r (kT ) 2 2�Z and
hence, M�(�L"r (kT )) = 0. On the other hand, for ⌦-bandlimited functions,
i.e. r 2 B⌦, we note that �L results in amplitude shrinkage in the oversampled
regime. This is made precise via the following Lemma.

Lemma 1 (Difference-Derivative Inequality [1, 2]). For any r (t) 2 B⌦ \ L1(C),
its samples r [n] def

= r (nT ) satisfy, k�Lrk
`1(R) 6 (T⌦e)L krk

L1(R) where e is Euler’s
number.

Clearly, choosing T < 1/ (⌦e) amounts to controlling the factor (T⌦e)L. More
precisely, choosing L? >

†
log ���r
log(T⌦e)

£
with �r > 2�Z and �r > krk

L1(R) also
ensures that k�L

?
rk

`1(R) 6 �. According to Proposition 2 in [1], we have,
M�(�L (r)) = M�(�L (M�(r))) and hence, whenever L > L?, oversampling or
choosing T⌦e < 1 implies that �Lr = M�(�Lr�). In summary, oversampling
r (t) 2 B⌦ allows us to access �Lr from its modulo samples r� [k].

Stable Inversion of �L. Instead of inverting
�
�Lr

�
[k] 2 R, the recovery algo-
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rithm in [1, 2] capitalizes the piece-wise constant structure of the residue "r (t),
that is, "r (kT ) 2 2�Z and hence, �L"r (kT ) 2 2�Z. This narrows down the
range of "r (kT ) and hence has a stabilizing effect during inversion. We initial-
ize the sequence s{0} [k] =

�
M�(�Lr�)��Lr�

�
[k] ⌘ �L"r (kT ) 2 2�Z. Next,

�L�1"r (kT ) is obtained from �L"r (kT ) by invoking the anti-difference oper-
ator S = ��1 and rounded-off to 2�Z. Note that the unknown constant-of-
integration in the kernel of � must be estimated for unique reconstruction. It
has been shown in [1,2] that for r 2 B⌦, this unknown constant can be estimated
via,

{l} =

ú
S
�
s{l+1}� [k]� S

�
s{l+1}� [J� + 1]

12�r
+

1

2

ü
,

where J� = 6�r/�, l = 0, . . . , L� 2. This completes the estimation of s{1} [k] and
more generally,

s{l+1} [k] = 2�

¢
1

2

ú
S
�
s{l+1}� [k]
�

ü•
+ 2�{l}, l = 0, . . . , L� 2.

Finally, we obtain the recovered samples er[k] up to an unknown constant,

er[k] = S
Ä
s{L�1}

ä
[k] + r� [k] + 2�Z = e"r + r� [k] . (2.1)

The reconstruction approach is summarized in Algorithm 1 which also works
with quantized measurements [1]. A flow chart as given in Fig. 2.3 is also pro-
vided for illustration. Compared with conventional ADC, adopting M�–ADC
has this additional reconstruction operation. It has a complexity of the order
of O(LNs), where Ns is the length of the samples. The recovery guarantee is
summarized below.

A figure for explaining the Algorithm is provided below. Given the sequence
of modulo samples, our basic strategy will be to apply a higher order finite
difference operators. We will be exploiting that such operators commute with
the modulo operation. So after applying the amplitude folding to the resulting
sequence, one obtains the same output as if one had started with �[k] = g(kT )

instead of y[k]. That in turn will allow for recovery if the higher order finite
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Algorithm 1: Recovery from Noisy Modulo Communication Samples
1 Input: q� [k] and 2�Z 3 �r > krk1 .
2 Output: er[k] ⇡ r(kT ).

1) Compute L =
†
log ��log �r
log(T⌦e)

£
.

2) Compute
�
�Lq�

�
[k].

3) Compute
�
�L"r

�
[k] =

�
M�

�
�Lq�

�
��Lq�

�
[k].

Set s{0}[k] =
�
�L"r

�
[k]

for l = 0 : L� 2 do
i) s{l+1}[k] =

�
Ss{l}

�
[k]

ii) s{l+1} = 2�

°
bs{l+1}

/�c

2

§
(rounding to 2�Z)

iii) Compute {l} =
õ
(S2�l

"r)[1]�(S2�l
"r)[J�+1]

12�r
+ 1

2

û

iv) s{l+1}[k] = s{l+1}[k] + 2�{l}

end
5) er[k] = S

�
s{L�1}

�
[k] + q� [k] + 2v�, v 2 Z

differences of the �[k]’s are so small that the amplitude folding has no effect.
Sub-figure (1) shows modulo decomposition, �[k] = y[k] + "�[k]. Sub-figure
(2) shows pointwise difference of (1)-a, the bandlimited function, pointwise
difference of (1)-b, that is, folded version of bandlimited function in (1)-a and
pointwise difference of the residual in (1)-c. Sub-figure (3) shows the modulo
of plots in (2)-a, (2)-b and (2)-c, respectively. When the sampling density meets
certain criterion, the differences are always bounded by the threshold �. More
precisely, T < 1/⌦e )

���N�
��
1 < �. Hence modulo operation has no effect
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s{l+1}[k]

<latexit sha1_base64="uD1P8CuF/rJl4mvLlXI5eoUO2J4=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSK4sSRS1GXRjQsXFewDklgm00k7dPJgZqKUmE9x40IRt36JO//GaZuFth64cDjnXu69x084k8qyvo2l5ZXVtfXSRnlza3tn16zstWWcCkJbJOax6PpYUs4i2lJMcdpNBMWhz2nHH11N/M4DFZLF0Z0aJ9QL8SBiASNYaalnVuR95mbo5sRGbo5yZ+T1zKpVs6ZAi8QuSBUKNHvml9uPSRrSSBGOpXRsK1FehoVihNO87KaSJpiM8IA6mkY4pNLLpqfn6EgrfRTEQlek0FT9PZHhUMpx6OvOEKuhnPcm4n+ek6rgwstYlKSKRmS2KEg5UjGa5ID6TFCi+FgTTATTtyIyxAITpdMq6xDs+ZcXSfu0Zp/V6rf1auOyiKMEB3AIx2DDOTTgGprQAgKP8Ayv8GY8GS/Gu/Exa10yipl9+APj8we4iZME</latexit>

s{L�1}[k]
<latexit sha1_base64="6x38LKJnyj9NDX+ioCMNCdi11BE=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEInkoiRT0WvXisYD8gjWWz3bRLN5uwuxFqyC/x4kERr/4Ub/4bt20O2vpg4PHeDDPzgoQzpR3n2yqtrW9sbpW3Kzu7e/tV++Cwo+JUEtomMY9lL8CKciZoWzPNaS+RFEcBp91gcjPzu49UKhaLez1NqB/hkWAhI1gbaWBX1UPWz5CD+jnKvYk/sGtO3ZkDrRK3IDUo0BrYX/1hTNKICk04VspznUT7GZaaEU7zSj9VNMFkgkfUM1TgiCo/mx+eo1OjDFEYS1NCo7n6eyLDkVLTKDCdEdZjtezNxP88L9XhlZ8xkaSaCrJYFKYc6RjNUkBDJinRfGoIJpKZWxEZY4mJNllVTAju8surpHNedy/qjbtGrXldxFGGYziBM3DhEppwCy1oA4EUnuEV3qwn68V6tz4WrSWrmDmCP7A+fwCsN5J2</latexit>

s{0}[k]

<latexit sha1_base64="wDbQas3bGMrwYM/XR6jArs1Ocek=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1gEVyUpRV0W3bisYB/QxHIzmbRDJw9mJkIJwY2/4saFIm79Cnf+jdM2C209MHA451zu3OMlnEllWd9GaWV1bX2jvFnZ2t7Z3TP3DzoyTgWhbRLzWPQ8kJSziLYVU5z2EkEh9DjteuPrqd99oEKyOLpTk4S6IQwjFjACSksD86jucJ32ATtjSBK4z5wMc+zk+cCsWjVrBrxM7IJUUYHWwPxy/JikIY0U4SBl37YS5WYgFCOc5hUnlTQBMoYh7WsaQUilm81OyPGpVnwcxEK/SOGZ+nsig1DKSejpZAhqJBe9qfif109VcOlmLEpSRSMyXxSkHKsYT/vAPhOUKD7RBIhg+q+YjEAAUbq1ii7BXjx5mXTqNfu81rhtVJtXRR1ldIxO0Bmy0QVqohvUQm1E0CN6Rq/ozXgyXox342MeLRnFzCH6A+PzB3Raltg=</latexit>

2��{l}

Figure 2.3 Flow Chart of Reconstruction Algorithm.
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Figure 2.4 Overview of the main idea behind recovering a bandlimited func-
tion from modulo samples [1].

implying that plots (2)-a and (3)-a exactly coincide. As shown in Sub-figure (3)-
b, the plots in (3)-a and (3)-b exactly coincide. Hence, starting with the modulo
measurements y[k] in (1)-b, it is possible to recover the higher differences of
1)-a, that is, �N� which is shown in (2)-a. To recover �[k] from �N�[k], we
first estimate �N"� = M�(�Ny) � �Ny. Since "� only takes amplitudes on
the grid of 2�Z, we exploit this restriction on amplitudes to recover "� in (1)-c.
There on, adding "� in (1)-c and the modulo samples y[k] in (1)-b results in the
bandlimited samples in (1)-a.

Theorem 1 (Unlimited Sampling Theorem with Bounded Noise [1]). Let r(t) be
a finite energy, bandlimited signal with maximum frequency ⌦ (rads/s) and assume
that �r 2 2�Z is known with krk1 6 �r. For the dynamic range we work with the
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normalization ⇢� = �r/�. Let the noise ✏� be the additive form on the modulo samples
with a noise bound given in terms of the dynamic range as

k✏�k1 6 �

4
(2⇢�)

� 1
↵ , ↵ 2 N. (2.2)

Then, a sufficient condition for Algorithm 1 with

L = �

°
log �� log �r � 1

log(T⌦e)

§
, (2.3)

to approximately recover the bandlimited samples r[k] in the sense that it returns
er[k] = r[k] + ✏� + 2v�, v 2 Z is that

T 6 1

2↵⌦e
. (2.4)

When ↵ increases, the sampling rate increases, as shown in (2.4). This will affect
the noise bound as given in (2.2), thereby enlarging the range of noise signals
that Algorithm 1 can handle. In our simulations, ↵ is set to 1.

Remark 1. Compared to [1], the novelty of our work on �–MIMO in chapter 3 is as
follows:

• We focus on the communication design with the USF and conduct proof-of-concept
hardware experiments.

• We derive the analysis of quantization noise and achievable uplink sum-rate for the
M�–ADC.

• We analyze the energy efficiency of �–MIMO and conventional massive MIMO
systems.
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2.2 Rate-splitting Multiple Access (RSMA)

RSMA, recognized as a generalized and powerful non-orthogonal transmission
framework and robust interference management strategy for multi-antenna
multi-user networks, has been demonstrated to be effective in handling var-
ious interference challenges in satellite communication [9, 49–52]. In RSMA,
the transmitter splits each message into common and private messages, which
are then linearly precoded at the satellite gateway. At the receiver, the common
stream is first decoded by treating all private streams as noise. Subsequently,
each user eliminates the decoded common stream and decodes their respective
private stream, treating the other private streams as noise. Due to the ability
to partially decode the interference and partially treat it as noise, RSMA out-
performs the existing multiple access schemes, e.g. SDMA, orthogonal multiple
access (OMA), and non-orthogonal multiple access (NOMA), in terms of spec-
tral efficiency and user fairness [53]. Furthermore, RSMA has been shown to
facilitate a better trade-off between the communication and sensing function-
alities, when compared to conventional beamforming techniques [41–44, 54].

We explain the structure of RSMA as shown in Fig. 2.5. We firstly assume that
this system serves K single-antenna users, indexed by K = {1, · · · , K}. The
message Wk for the kth user is categorized into a common message Wc,k and a
private message Wp,k. Subsequently, all common messages, {Wc,1, · · · ,Wc,K},

<latexit sha1_base64="0WzvN7+s2uijrrBnUwlGKhvae0U=">AAAB/nicbVDLSsNAFL2pr1pfVZdugkVwVRKR6rLgRnDTgn1AG8pketMOnUzCzEQooeDerf6CO3Hrr/gHfoaTNgvbemDgcM59zfFjzpR2nG+rsLG5tb1T3C3t7R8cHpWPT9oqSiTFFo14JLs+UciZwJZmmmM3lkhCn2PHn9xlfucJpWKReNTTGL2QjAQLGCXaSM2HQbniVJ057HXi5qQCORqD8k9/GNEkRKEpJ0r1XCfWXkqkZpTjrNRPFMaETsgIe4YKEqLy0vmhM/vCKEM7iKR5Qttz9W9HSkKlpqFvKkOix2rVy8T/vF6ig1svZSJONAq6WBQk3NaRnf3aHjKJVPOpIYRKZm616ZhIQrXJZmlLNluqQM1KJhp3NYh10r6qurXqdfO6Uq/lIRXhDM7hEly4gTrcQwNaQAHhBV7hzXq23q0P63NRWrDynlNYgvX1CziUli8=</latexit> K

<latexit sha1_base64="2pn0yvPTRXSFbxNd+b7O6yvMRPY=">AAACAXicbVDLSsNAFL2pr1pfVZduBovgqiRSqsuCG8FNBfuANpTJ9KYdOpmEmYlQQlfu3eovuBO3fol/4GeYtFnY1gMDh3Pua44XCa6NbX9bhY3Nre2d4m5pb//g8Kh8fNLWYawYtlgoQtX1qEbBJbYMNwK7kUIaeAI73uQ28ztPqDQP5aOZRugGdCS5zxk1maQH96VBuWJX7TnIOnFyUoEczUH5pz8MWRygNExQrXuOHRk3ocpwJnBW6scaI8omdIS9lEoaoHaT+a0zcpEqQ+KHKn3SkLn6tyOhgdbTwEsrA2rGetXLxP+8Xmz8GzfhMooNSrZY5MeCmJBkHydDrpAZMU0JZYqntxI2pooyk8aztCWbrbSvZ1k0zmoQ66R9VXXq1dpDrdKo5yEV4QzO4RIcuIYG3EETWsBgDC/wCm/Ws/VufVifi9KClfecwhKsr18KYJcp</latexit>sK

<latexit sha1_base64="q1U19rZQcJfxJDSXu/t/Ejrvz34=">AAACAXicbVDLSsNAFL2pr1pfVZduBovgqiRSWpcFNy4r2Ae0oUymN+3QySTMTIQSunLvVn/Bnbj1S/wDP8OkzcK2Hhg4nHNfc7xIcG1s+9sqbG3v7O4V90sHh0fHJ+XTs44OY8WwzUIRqp5HNQousW24EdiLFNLAE9j1pneZ331CpXkoH80sQjegY8l9zqjJJD10SsNyxa7aC5BN4uSkAjlaw/LPYBSyOEBpmKBa9x07Mm5CleFM4Lw0iDVGlE3pGPsplTRA7SaLW+fkKlVGxA9V+qQhC/VvR0IDrWeBl1YG1Ez0upeJ/3n92Pi3bsJlFBuUbLnIjwUxIck+TkZcITNilhLKFE9vJWxCFWUmjWdlSzZbaV/Ps2ic9SA2Seem6tSrtYdapVnPQyrCBVzCNTjQgCbcQwvawGACL/AKb9az9W59WJ/L0oKV95zDCqyvX+CTlw8=</latexit>s1

<latexit sha1_base64="64XBHIjTEWaQMA7I54U6tUTOzAQ=">AAACAXicbVDLSsNAFL2pr1pfVZduBovgqiRSWpcFNy4r2Ae0oUymN+3QySTMTIQSunLvVn/Bnbj1S/wDP8OkzcK2Hhg4nHNfc7xIcG1s+9sqbG3v7O4V90sHh0fHJ+XTs44OY8WwzUIRqp5HNQousW24EdiLFNLAE9j1pneZ331CpXkoH80sQjegY8l9zqjJJD1kpWG5YlftBcgmcXJSgRytYflnMApZHKA0TFCt+44dGTehynAmcF4axBojyqZ0jP2UShqgdpPFrXNylSoj4ocqfdKQhfq3I6GB1rPASysDaiZ63cvE/7x+bPxbN+Eyig1Ktlzkx4KYkGQfJyOukBkxSwlliqe3EjahijKTxrOyJZuttK/nWTTOehCbpHNTderV2kOt0qznIRXhAi7hGhxoQBPuoQVtYDCBF3iFN+vZerc+rM9lacHKe85hBdbXLzDol0E=</latexit>sc

<latexit sha1_base64="zom5Atg0RygMSHABVJNMiC+GO5o=">AAACAXicbVDLSsNAFL2pr1pfVZduBovgqiRSWpcFNy4r2Ae0oUymN+3QySTMTIQSunLvVn/Bnbj1S/wDP8OkzcK2Hhg4nHNfc7xIcG1s+9sqbG3v7O4V90sHh0fHJ+XTs44OY8WwzUIRqp5HNQousW24EdiLFNLAE9j1pneZ331CpXkoH80sQjegY8l9zqjJpO7QKQ3LFbtqL0A2iZOTCuRoDcs/g1HI4gClYYJq3XfsyLgJVYYzgfPSINYYUTalY+ynVNIAtZssbp2Tq1QZET9U6ZOGLNS/HQkNtJ4FXloZUDPR614m/uf1Y+PfugmXUWxQsuUiPxbEhCT7OBlxhcyIWUooUzy9lbAJVZSZNJ6VLdlspX09z6Jx1oPYJJ2bqlOv1h5qlWY9D6kIF3AJ1+BAA5pwDy1oA4MJvMArvFnP1rv1YX0uSwtW3nMOK7C+fgGzZ5bz</latexit>

W1

<latexit sha1_base64="7C0ZWYUBSQGy6zdcIzK/9a9mK8w=">AAACAXicbVDLSsNAFL2pr1pfVZduBovgqiRSqsuCG8FNBfuANpTJdNIOnUzCzI1QQlfu3eovuBO3fol/4GeYtFnY1gMDh3Pua44XSWHQtr+twsbm1vZOcbe0t39weFQ+PmmbMNaMt1goQ931qOFSKN5CgZJ3I81p4Ene8Sa3md954tqIUD3iNOJuQEdK+IJRzKTO4L40KFfsqj0HWSdOTiqQozko//SHIYsDrpBJakzPsSN0E6pRMMlnpX5seETZhI54L6WKBty4yfzWGblIlSHxQ50+hWSu/u1IaGDMNPDSyoDi2Kx6mfif14vRv3EToaIYuWKLRX4sCYYk+zgZCs0ZymlKKNMivZWwMdWUYRrP0pZstja+mWXROKtBrJP2VdWpV2sPtUqjnodUhDM4h0tw4BoacAdNaAGDMbzAK7xZz9a79WF9LkoLVt5zCkuwvn4B3SWXDQ==</latexit>

WK

<latexit sha1_base64="/DUucOaxoHtvZoa1LsDmZNtMVQE=">AAACBXicbVDLSsNAFL2pr1ofrbp0M1gEF1ISKdVlwY3gpoJ9QBvKZDpph04mYWYilNC1e7f6C+7Erd/hH/gZTtIsbOuBgcM59zXHizhT2ra/rcLG5tb2TnG3tLd/cFiuHB13VBhLQtsk5KHseVhRzgRta6Y57UWS4sDjtOtNb1O/+0SlYqF41LOIugEeC+YzgrWRet1hQi7v56VhpWrX7AxonTg5qUKO1rDyMxiFJA6o0IRjpfqOHWk3wVIzwum8NIgVjTCZ4jHtGypwQJWbZPfO0blRRsgPpXlCo0z925HgQKlZ4JnKAOuJWvVS8T+vH2v/xk2YiGJNBVks8mOOdIjSz6MRk5RoPjMEE8nMrYhMsMREm4iWtqSzpfJVFo2zGsQ66VzVnEat/lCvNht5SEU4hTO4AAeuoQl30II2EODwAq/wZj1b79aH9bkoLVh5zwkswfr6BeurmLw=</latexit>

Wc,K

<latexit sha1_base64="9AFljqEji8jooaVEeNUUYIYrt2M=">AAACBXicbVDLSsNAFL2pr1pfUZduBovgQkoipbosuHFZwT6gDWUynbRDJ5MwMxFK6Nq9W/0Fd+LW7/AP/AwnaRa29cDA4Zz7muPHnCntON9WaWNza3unvFvZ2z84PLKPTzoqSiShbRLxSPZ8rChngrY105z2Yklx6HPa9ad3md99olKxSDzqWUy9EI8FCxjB2ki97jAlV+68MrSrTs3JgdaJW5AqFGgN7Z/BKCJJSIUmHCvVd51YeymWmhFO55VBomiMyRSPad9QgUOqvDS/d44ujDJCQSTNExrl6t+OFIdKzULfVIZYT9Sql4n/ef1EB7deykScaCrIYlGQcKQjlH0ejZikRPOZIZhIZm5FZIIlJtpEtLQlmy1VoPJo3NUg1knnuuY2avWHerXZKEIqwxmcwyW4cANNuIcWtIEAhxd4hTfr2Xq3PqzPRWnJKnpOYQnW1y/B05ii</latexit>

Wc,1
<latexit sha1_base64="Xj9mawcfkOMNHfQnNm8O1xfd/TE=">AAACA3icbVDLTsJAFL3FF+ILdelmIjFxRVpD0CWJG5eYCCWBhkyHKYxMp83M1IQ0LN271V9wZ9z6If6Bn+G0dCHgSSY5Oee+5vgxZ0rb9rdV2tjc2t4p71b29g8Oj6rHJ10VJZLQDol4JHs+VpQzQTuaaU57saQ49Dl1/elt5rtPVCoWiQc9i6kX4rFgASNYG6nrDlMyrwyrNbtu50DrxClIDQq0h9WfwSgiSUiFJhwr1XfsWHsplpoRTueVQaJojMkUj2nfUIFDqrw0v3aOLowyQkEkzRMa5erfjhSHSs1C31SGWE/UqpeJ/3n9RAc3XspEnGgqyGJRkHCkI5R9HY2YpETzmSGYSGZuRWSCJSbaBLS0JZstVaDyaJzVINZJ96ruNOuN+0at1SxCKsMZnMMlOHANLbiDNnSAwCO8wCu8Wc/Wu/VhfS5KS1bRcwpLsL5+Ad66mDE=</latexit>

Wc

<latexit sha1_base64="WDQXfY5nleQEUts/Dt/ugkLb2MI=">AAACBXicbVDLSsNAFL2pr1pfUZduBovgQkoipbosuHFZwT6gDWUynbRDJ5MwMxFK6Nq9W/0Fd+LW7/AP/AwnaRa29cDA4Zz7muPHnCntON9WaWNza3unvFvZ2z84PLKPTzoqSiShbRLxSPZ8rChngrY105z2Yklx6HPa9ad3md99olKxSDzqWUy9EI8FCxjB2ki97jCNr9x5ZWhXnZqTA60TtyBVKNAa2j+DUUSSkApNOFaq7zqx9lIsNSOcziuDRNEYkyke076hAodUeWl+7xxdGGWEgkiaJzTK1b8dKQ6VmoW+qQyxnqhVLxP/8/qJDm69lIk40VSQxaIg4UhHKPs8GjFJieYzQzCRzNyKyARLTLSJaGlLNluqQOXRuKtBrJPOdc1t1OoP9WqzUYRUhjM4h0tw4QaacA8taAMBDi/wCm/Ws/VufVifi9KSVfScwhKsr1/W2Ziv</latexit>

Wp,1

<latexit sha1_base64="l0KX29yILXDg7JaJ24ZFN8mF/xU=">AAACBXicbVDLSsNAFL2pr1ofrbp0M1gEF1ISKdVlwY3gpoJ9QBvKZDpph04mYWYilNC1e7f6C+7Erd/hH/gZTtIsbOuBgcM59zXHizhT2ra/rcLG5tb2TnG3tLd/cFiuHB13VBhLQtsk5KHseVhRzgRta6Y57UWS4sDjtOtNb1O/+0SlYqF41LOIugEeC+YzgrWRet1hEl3ez0vDStWu2RnQOnFyUoUcrWHlZzAKSRxQoQnHSvUdO9JugqVmhNN5aRArGmEyxWPaN1TggCo3ye6do3OjjJAfSvOERpn6tyPBgVKzwDOVAdYTteql4n9eP9b+jZswEcWaCrJY5Mcc6RCln0cjJinRfGYIJpKZWxGZYImJNhEtbUlnS+WrLBpnNYh10rmqOY1a/aFebTbykIpwCmdwAQ5cQxPuoAVtIMDhBV7hzXq23q0P63NRWrDynhNYgvX1CwDAmMk=</latexit>

Wp,K

<latexit sha1_base64="yNYok4JL8CcBUzhyIJCJ/sA8eqg=">AAACAXicbVDLSsNAFL2pr1pfVZduBovgqiRSqsuCG5cV7APaUCbTSTt0MgkzN2IJXbl3q7/gTtz6Jf6Bn2HSZmFbDwwczrmvOV4khUHb/rYKG5tb2zvF3dLe/sHhUfn4pG3CWDPeYqEMddejhkuheAsFSt6NNKeBJ3nHm9xmfueRayNC9YDTiLsBHSnhC0Yxk54GTmlQrthVew6yTpycVCBHc1D+6Q9DFgdcIZPUmJ5jR+gmVKNgks9K/djwiLIJHfFeShUNuHGT+a0zcpEqQ+KHOn0KyVz925HQwJhp4KWVAcWxWfUy8T+vF6N/4yZCRTFyxRaL/FgSDEn2cTIUmjOU05RQpkV6K2FjqinDNJ6lLdlsbXwzy6JxVoNYJ+2rqlOv1u5rlUY9D6kIZ3AOl+DANTTgDprQAgZjeIFXeLOerXfrw/pclBasvOcUlmB9/QLopJcU</latexit>x1

<latexit sha1_base64="ntaQ/b2VsxrcQ7uHSDFUtH4JetA=">AAACBXicbVDLSsNAFJ3UV62vqks3g0VwVRKR6rLgxpVUsA9oQ5hMJ+3QySTM3IgldO3erf6CO3Hrd/gHfoaTNAvbemDgcM59zfFjwTXY9rdVWlvf2Nwqb1d2dvf2D6qHRx0dJYqyNo1EpHo+0UxwydrAQbBerBgJfcG6/uQm87uPTGkeyQeYxswNyUjygFMCRuo9eemdB7OKV63ZdTsHXiVOQWqoQMur/gyGEU1CJoEKonXfsWNwU6KAU8FmlUGiWUzohIxY31BJQqbdNL93hs+MMsRBpMyTgHP1b0dKQq2noW8qQwJjvexl4n9eP4Hg2k25jBNgks4XBYnAEOHs83jIFaMgpoYQqri5FdMxUYSCiWhhSzZb6UDn0TjLQaySzkXdadQv7y9rzUYRUhmdoFN0jhx0hZroFrVQG1Ek0At6RW/Ws/VufVif89KSVfQcowVYX7+TyJkk</latexit>xNt

<latexit sha1_base64="SRQKWeyCWBXMWHSaDUjna9Be4C8=">AAACAHicbVDLTsJAFL3FF+ILdelmIjFx1bSGoEsSNy4xWiCBhkyHKUyYTpuZqQlp2Lh3q7/gzrj1T/wDP8MpdCHgSSY5Oee+5gQJZ0o7zrdV2tjc2t4p71b29g8Oj6rHJ20Vp5JQj8Q8lt0AK8qZoJ5mmtNuIimOAk47weQ29ztPVCoWi0c9Tagf4ZFgISNYG+nBtu1BtebYzhxonbgFqUGB1qD60x/GJI2o0IRjpXquk2g/w1Izwums0k8VTTCZ4BHtGSpwRJWfzU+doQujDFEYS/OERnP1b0eGI6WmUWAqI6zHatXLxf+8XqrDGz9jIkk1FWSxKEw50jHK/42GTFKi+dQQTCQztyIyxhITbdJZ2pLPlipUs4qJxl0NYp20r2y3Ydfv67VmowipDGdwDpfgwjU04Q5a4AGBEbzAK7xZz9a79WF9LkpLVtFzCkuwvn4B5/qWgg==</latexit> ..
.

<latexit sha1_base64="SRQKWeyCWBXMWHSaDUjna9Be4C8=">AAACAHicbVDLTsJAFL3FF+ILdelmIjFx1bSGoEsSNy4xWiCBhkyHKUyYTpuZqQlp2Lh3q7/gzrj1T/wDP8MpdCHgSSY5Oee+5gQJZ0o7zrdV2tjc2t4p71b29g8Oj6rHJ20Vp5JQj8Q8lt0AK8qZoJ5mmtNuIimOAk47weQ29ztPVCoWi0c9Tagf4ZFgISNYG+nBtu1BtebYzhxonbgFqUGB1qD60x/GJI2o0IRjpXquk2g/w1Izwums0k8VTTCZ4BHtGSpwRJWfzU+doQujDFEYS/OERnP1b0eGI6WmUWAqI6zHatXLxf+8XqrDGz9jIkk1FWSxKEw50jHK/42GTFKi+dQQTCQztyIyxhITbdJZ2pLPlipUs4qJxl0NYp20r2y3Ydfv67VmowipDGdwDpfgwjU04Q5a4AGBEbzAK7xZz9a79WF9LkpLVtFzCkuwvn4B5/qWgg==</latexit> ..
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Figure 2.5 RSMA structure.
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are jointly encoded into a common stream sc. All the private parts, which are
denoted by {Wp,1, · · · ,Wp,K}, are encoded into private streams, {s1, · · · , sK}.
The transmit streams comprise common stream, private streams and radar se-
quence are expressed as s[`] = [sc[`], s1[`], · · · , sK [`], sr[`]]> 2 C(K+2)⇥1, where
` 2 L = {1, · · · , L} is the discrete time index. Subsequently, the data streams
are linearly precoded by the precoder P = [pc,p1, · · · ,pK ] 2 CNt⇥(K+1), where
pc 2 CNt is the precoder of the common stream, and {pk}k2K is the precoder of
the private stream. Thus, the resulting signal is x = Ps = pcsc +

P
k2K pksk +

prsr. The total transmit power is constrained by tr(PP
H) 6 Pt. At user sides,

all users firstly decode the common stream sc by treating all private streams,
{s1, · · · , sK}, as interference. At this step, each user decodes a portion of the
message transmitted by the other interfering users, which is encoded in the
common stream sc. Thus, we can say that the interference is partially de-
coded at each user. The signal-to-interference-plus-noise (SINR) for the com-
mon stream at the kth user is given by:

�c,k =

��hH

k
pc

��2
P

i2K |hH

k
pi|

2
+ �2

k

. (2.5)

The successfully decoded common message sc is subtracted from the received
signal yk by SIC. Subsequently, the kth user decodes its private stream sK by
treating the private streams from other K � 1 users as noise. The SINR of
private streams at the kth user is written as

�k =

��hH

k
pk

��2
P

i2K,i 6=k
|hH

k
pi|

2
+ �2

k

. (2.6)

The normalized rates of the common and private streams with regard to SINR
are written as

Rc,k = B log2 (1 + �c,k) = log2 (1 + �c,k) , (2.7a)

Rk = B log2 (1 + �k) = log2 (1 + �k) , (2.7b)

where B is the bandwidth, and we normalize it as 1. In the RSMA framework,
the common stream needs to be decodable by all receivers. To guarantee this,
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the common rate, denoted by Rc, should be set to the minimum of the Rc,k, 8k 2

K [53], i.e.
Rc = min

k2K
{Rc,k} =

X

k2K

Ck, (2.8)

where Ck is the rate of the common part of the kth user. Thus, the total achiev-
able rate of the kth user is Rk,total = Ck +Rk.
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2.3 Optimization Techniques

2.3.1 Block Coordination Descent (BCD)

BCD is an optimization framework to iteratively update one block of variables
to find the minimum of the function [55, 56]. In the application, we can divide
the original objective problems into several sub-problems via optimization of
the blocks of variables. In the descent process, it searches the direction of one
dimension. When the minimum in this dimension is achieved, it searches other
dimensions iteratively, and finally the optimal is obtained. The update order
of blocks can be certain or random. Different from gradient descent method,
BCD requires no computation of gradient of the objective function. Due to this
reason, BCD only suits for smooth functions, otherwise the BCD may stuck in
non-stationary points.

Consider the following problem

min
x

f(x) (2.9a)

s.t. x 2 X , (2.9b)

- X : X = X1 ⇥ X2 ⇥ · · ·⇥ Xm ✓ R is closed, nonempty and convex sets,

- f : X ! R is continuous function.

The general BCD algorithm can be then summarized as below. The BCD method

Algorithm 2: BCD framework
1 Find a feasible point x0

2 X and set r = 0
2 repeat
3 r = r + 1, i = (r � 1 mod m) + 1
4 Let x?

i
2 argminx2Xi f

�
xr�1
1 , . . . ,xr�1

i�1 ,x,x
r�1
i+1 , . . . ,x

r�1
m

�

5 Set xr

i
= x?

i
and xr

k
= xr�1

k
, 8k 6= i

6 until convergence criterion is met;

has the following advantages: 1) the sub-problems are easier to solve and may
have closed-form solutions. For example, in our research, we transform the
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sub-problem to a convex function with convex constraints, thus closed-form
solutions are given; 2) BCD updates are non-decreasing; 3) BCD framework is
adaptive to parallel or distributed implementations. Meanwhile, BCD method
also has some drawbacks such that the convergence rate is slower than that of
the gradient descent method.

2.3.2 Penalty-dual Decomposition (PDD)

PDD is a widely-used technique to solve optimization problems involving non-
smooth, non-convex functions [57, 58]. When the constraints involve the cou-
pling among variables, the BCD method in 2.3.1 is no longer useful. In contrast,
PDD method can be used. Not only the coupling constraints, but also the non-
convex and non-differentiable constraints can be tackled by the PDD method.
The core to solve such problems is to introduce the penalty term and adopt
the Lagrangian transformation to appropriately scale the coupling constraints.
Specifically, PDD is a double-loop optimization framework. In the inner loop,
the Augmented Lagrangian problem is approximately solved by BCD. In the
outer loop, the dual variable and/or penalty parameters are updated.

Consider a general multi-variate non-convex non-smooth problem with cou-
pling constraints and non-convex/non-differentiable constraints

min
x, y

f(x, y) +
NX

j=1

�j(sj(yj)), (2.10a)

s.t. h(x, y) = 0, (2.10b)

g(xi) 6 0, 8i, (2.10c)

- x 2 X ;

- f(x, y) is a scalar continuously differentiable function;

- �j(sj(yj)) is a composite function;

- h(x, y) is the coupling constraint;

- g(xi) 6 0, 8i is the possible non-convex constraint.
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Subsequently, we can transform the original objective problem (2.10) to an aug-
mented Lagrange function as given by

min
x, y

f(x, y) +
NX

j=1

�j(sj(yj)) + �>h(x, y) +
1

⇢
kh(x, y)k2 (2.11a)

s.t. g(xi) 6 0, 8i, (2.11b)

where � and ⇢ are the introduced dual variable and penalty parameter corre-
sponding to the coupling constraint h(x, y). Note that since PDD method is a
double-loop framework, the convergence speed of it is highly depends on the
methods utilized to solve each block in the inner loop and approaches used to
update dual variable/penalty parameter in the outer loop. Moreover, the PDD
method is sensitive to the initialization. Due to the above reasons, fine tuning
is required for specific problems. A general PDD framework is summarized
below.

Algorithm 3: PDD framework
1 initialize z0 = (x0,y0) , ⇢0 > 0,�0, set k = 1, and pick two sequences

{⌘k > 0} , {✏k > 0}
2 repeat
3

�
zk,⌫k

�
= optimize

�
P⇢k,�k

, zk�1, ✏k
�

4 if
��h

�
zk
���

1 6 ⌘k then
5 �k+1 = �k +

1
⇢k

h
�
zk
�

6 ⇢k+1 = ⇢k
7 else
8 �k+1 = �k

9 update ⇢k+1 by decreasing ⇢k
10 end
11 k = k + 1
12 until convergence criterion is met;
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2.3.3 Weighted Minimum Mean Square Error (WMMSE)

Weighted minimum mean square error (WMMSE) is to circumvent the non-
convexity of the communication rate term based on the equivalence between
the rate and MSE matrix [36, 37]. The basic idea in this method is to transform
the log(·) function in the rate term to a more tractable forms based on MSE
function.

Consider a sum-rate maximization problem in a downlink multi-user MIMO
system, where a BS serves K multi-antenna users. We assume that the precod-
ing matrix P is designed in the BS, thus the received signal at the kth user is
given by

yk = HkPksk +
X

j 6=k

HkPjsj + nk, 8k, (2.12)

where Hk is the channel matrix between the BS and the kth user, nk is the ther-
mal noise at the kth user, and sk is the stream for the kth user.

Therefore, the sum-rate maximization problem by designing transmit precoder
is written as

max
{Pk}

K

k=1

KX

k=1

log2
��I+P

H

k
H

H

k
R

�1
k
HkPk

�� (2.13a)

s.t.
KX

k=1

kPkk
2 6 Pt, (2.13b)

where Pt is the transmit power budget, and Rk is the equivalent noise covari-
ance matrix, given by

Rk = I+
X

j 6=k

HkPjP
H

j
H

H

k
. (2.14)

If all users adopt MMSE combiner, the receive matrix at kth user is expressed as

W
MMSE
k

= P
H

k
H

H

k

 
I+

KX

j=1

HkPjP
H

j
H

H

k

!�1

. (2.15)

Note that if MMSE combiner is not adopted at the users’ side, the equivalence
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between the rate and MSE matrix no longer exists. Subsequently, the MSE ma-
trix is obtained as

Ek = E
¶�

W
MMSE
k

yk � sk

� �
W

MMSE
k

yk � sk

�H©
=
�
I+P

H

k
H

H

k
R

�1
k
HkPk

��1

(2.16)
Comparing (2.13a) and (2.16), we can clearly observe the equivalence relation-
ship between communication rate term and MSE. Based on [36, 37], the sum-
rate maximization problem can be transformed to a weighted MSE minimiza-
tion problem by introducing the weight matrix Vk, given by

min
{Pk,Wk,Vk}

K

k=1

KX

k=1

(Tr(VkEk)� log2 |Vk|) (2.17a)

s.t.
KX

k=1

kPkk
2 6 Pt. (2.17b)

Finally, this reformulated multivariate optimization problem can be solved by
the BCD method.

2.3.4 Fractional Programming/Dinkelbach’s Transformation

Fractional programming (FP) is a class of optimization problems where the ob-
jective function is a ratio of two functions. The fractional structure is prevalent
in wireless communications such as:

• Energy efficiency maximization problem

max
p

log(1 + SINR(p))

P
(2.18a)

s.t. kpk
2 6 Pt, (2.18b)

where P is the total power consumption, p is the precoding vector, and
Pt is transmit power budget.
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• SINR related problem
|hk,k|

2 pkP
j 6=k

|hk,j|
2 pj + �2

. (2.19)

The above problems can be expressed by

max
x

f(x)

g(x)
(2.20a)

s.t. x 2 X , (2.20b)

- f(x) is a non-negative scalar function;

- g(x) is a positive scalar function;

- X is a non-empty constraint set.

To solve problems with fractional structure, the core solution idea is to separate
the numerator and denominator of the fractional terms, and change the form
of division into the easier-to-solve ± form to facilitate the solution. In [59],
the Dinkelbach’s method is proposed to reformulate the original optimization
problem (2.20) to

max
x

f(x)� �g(x) (2.21a)

s.t. x 2 X , (2.21b)

- � is an auxiliary variable, which is updated at each iteration as �t =

f(xt)/g(xt);

- When � is fixed and the FP is concave-convex, solving x is a convex prob-
lem, which is easier to solve.

When multi-ratio fractional programming is considered, the influence on the
value of a single fraction changes. Therefore, the optimal solution will differ
from that of the original problem, making Dinkelbach’s algorithm infeasible.
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The multi-ratio FP is required and given by

max
x

mX

i=1

hi

Å
fi(x)

gi(x)

ã
, (2.22a)

s.t. x 2 X . (2.22b)

- hi(·), i = 1, · · · ,m are non-decreasing functions.

According to [60, 61], to solve multi-ratio FP problems, the reformulated func-
tion should satisfy the following four properties: 1) (Decoupling) the trans-
formed new function F (x,�) should decouple the numerator and denominator
in the original objective function into difference or summation form; 2) (Equiv-
alent Solution) The optimal solution x? of f(x)/g(x) and the designed function
F (x,�) are equal when � is equal to a certain value; 3) (Equivalent Objective)
The objective values of f(x)/g(x) and the designed function F (x,�) are equal
when � is equal to a certain value; 4) (Concavity) Function F (x,�) is concave
over � for fixed x, i.e. @

2
F

@�2
6 0. Thus, a quadratic transform for FP problem

which meet all above conditions is proposed in [60], given by

max
x

mX

i=1

hi

⇣
2�i
»
fi(x)� �

2
i
gi(x)

⌘
, (2.23a)

s.t. x 2 X ,�i 2 R. (2.23b)

The original optimization problem is hence transformed to a multi-block opti-
mization. It can be subsequently solved by the BCD method.

2.3.5 Successive Convex Approximation (SCA)

SCA is an iterative optimization framework to solve non-convex optimization
problems [62–64]. The basic idea of SCA is to solve a sequence of simpler prob-
lems and thus solve the originally difficult problem. Specifically, SCA replaces
the non-convex components via a convex surrogate function in each iteration.
The surrogate function for SCA should satisfy the following conditions: 1) Con-
tinuity; 2) Convexity; 3) Function value consistency; 4) Gradient consistency.
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Algorithm 4: SCA framework
1 initialize x0

2 X , set t = 0, step-size {�t} 2 (0, 1]
2 repeat
3 Solve x̂ (xt) = argminx2X g (x | xt)
4 Smooth the surrogate problem xt+1 = xt + �t (x̂ (xt)� xt)
5 t t+ 1
6 until Some convergence criterion is met;
7 return xt

Consider the following optimization problem

min
x

f(x) (2.24a)

s.t. x 2 X , (2.24b)

- X : X = X1 ⇥ X2 ⇥ · · ·⇥ Xm ✓ R is closed, nonempty and convex sets,

- f : X ! R is continuous function.

Subsequently, we can construct the surrogate function g(x) by the widely adopted
gradient descent method

g
�
x | xt

�
= g

�
xt
�
+rg

�
xt
�> �

x� xt
�
+

1

2↵t

��x� xt
��2 . (2.25)

The update rule in each iteration is obtained by setting the gradient of surrogate
function g(x) to zero, yielding

rg
�
xt
�
+

1

↵t

�
x� xt

�
= 0, (2.26)

xt+1 = xt
� ↵t
rg(xt), (2.27)

where ↵t is a constant at iteration t.

The surrogate functions can be classified as 1) Taylor expansion-based method,
e.g. gradient descent method, and Newton’s method; surrogates based on 2)
block-wise convexity; 3) proximal gradient-like; 4) sum-utility function; 5) prod-
uct of function; 6) composition of functions [64]. A general SCA framework is
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summarized in Algorithm 4.

2.3.6 Karush-Kuhn-Tucker (KKT) Conditions

Karush-Kuhn-Tucker (KKT) conditions are the necessary conditions for opti-
mality in optimization problem with constraints. Consider the following gen-
eral optimization problem (primal problem)

min
x 2 Rn

f(x), (2.28a)

s.t. hi(x) 6 0, i = 1, · · · ,m, (2.28b)

`j(x) = 0, j = 1, · · · , r, (2.28c)

where (2.28b) is the inequality constraints, and (2.28c) is the equality constraints.
Subsequently, the Lagrangian function is defined by introducing the dual vari-
ables � and µ, given by

L(x,�,µ) = f(x) +
mX

i=1

�ihi(x) +
rX

j=1

µj`j(x). (2.29)

The Lagrange dual function associated with (2.28) is then given by

g(�,µ) = min
x2Rn

L(x,�,µ), (2.30)

and the subsequent dual problem is

max
�2Rm

,

µ2Rr

g(�,µ), (2.31a)

s.t. � > 0 (2.31b)

A necessary condition for x? to be a local optimal solution of the original primal
problem is the KKT conditions [65, 66] such that
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Table 2.1 Computational complexity of various algorithms.

Algorithm Computational Complexity

BCD O(Bnum · Cblock) [55]
PDD O(Cdual + Cprimal) [57]
WMMSE O((K2NtN2

r
+K2NrN2

t
+K2N3

t
+KN3

r
)) [37]

FP O(N4
t
+NtK + (N3

t
+Nt)K + (K +Nt)3) [61]

SCA O(K2(NtN2
r
+N2

t
Nr) +K(N3

t
+N3

r
)) [63]

1. Stationarity Condition

@xL(x
?,�?,µ?) = 0. (2.32)

2. Complementary Slackness

�ihi(x) = 0, i = 1, · · · ,m. (2.33)

3. Primal feasibility
hi(x) 6 0, i = 1, · · · ,m, (2.34)

`j(x) = 0, j = 1, · · · , r. (2.35)

4. Dual Feasibility
�i > 0, i = 1, · · · ,m. (2.36)

The KKT conditions are necessary but not sufficient for global optimalty. How-
ever, if the optimization problem is convex, the conditions are necessary and
sufficient.

2.3.7 Computational Complexity Comparison

We compare the per-round computational complexity of each optimization al-
gorithm as in the Table 2.1. One round refers to one update for all users of the
algorithm. In the computational complexity expressions, K,Nt, and Nr, are the
number of users, the number of transmit antenna elements, and the number
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of receive antenna elements. The users are equipped with a single antenna.
In the computational complexity of BCD, Bnum denotes the block number, and
Cblock is the complexity of each block. In addition, Cdual and Cprimal are the com-
plexities of updating the dual variables, and solving the primal subproblems,
respectively.
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Chapter 3

Joint Transmit and Receive
Beamforming Design in
Full-Duplex Integrated Sensing and
Communications
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3.1 Introduction

Next generation wireless communication networks are expected to support
high data transmission rates, high-quality wireless connectivity with massive
devices, and highly accurate and robust sensing capability [7, 67]. To realize
these requirements, ISAC, which unifies the signal processing procedures and
hardware framework between sensing and communication systems, is widely
viewed as a promising solution to efficiently utilize the available spectral, hard-
ware and energy resources.

Challenge: Echo miss. In the existing ISAC literature, many studies assume
that the sensing takes place in mono-static mode [29–33] due to its relative sim-
plicity compared to other sensing configurations (e.g., multi-static). In a mono-
static ISAC system, the transmit (TX)/receive (RX) antennas are co-located, re-
sulting in the transmit (dual-function) waveform being known at the receiver.
Hence, the receiver can use the transmit waveform as a reference waveform
to extract target information from the radar echo, thereby saving on the over-
head associated with reference sharing. However, the transmit waveform is
also expected to serve communications users in parallel, and typically commu-
nication frames are much longer than the radar echo round-trip times (RTTs).
For example, in the 5G NR specifications [68], a standard radio frame has 10ms
duration. For a target located at 100-1000m from the radar, its echo RTT is of
the order of 1-10µs - orders of magnitude smaller than even the minimum unit
of data scheduling (i.e., 1 slot = 0.5ms). Hence, the radar echo is drowned by
the severe SI from the transmitter, which causes receiver saturation, where the
power of the received signal exceeds the ADC dynamic range. Even if there is
no ADC saturation due to the use of sufficient SI cancellation techniques before
quantization, the radar echo may still be difficult to detect because it is masked
by strong residual SI. We term this phenomenon the echo-miss problem. Thus,
it is important to sufficiently suppress the residual SI to manageable levels.

To address the echo-miss problem and suppress the SI, one straightforward
method is to physically separate the TX and RX antennas. The measurement-
based study [27] shows that limited isolation capability can be achieved by a
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combination of directional isolation, absorber, and cross-polarization. Specifi-
cally, in the experiments, a 35cm separation between the TX and RX antennas,
along with an absorber, was shown to realize 45dB passive suppression. How-
ever, the power level of the SI can be large (i.e., up to 100dB larger than the
receiver thermal noise floor [16, 18]). Thus, physical separation of TX and RX
antennas may not entirely solve the echo-miss problem. Consequently, to in-
tegrate communication and sensing functions, the transceiver should work in
the full-duplex (FD) mode to simultaneously transmit a dual-functional sig-
nal, receive the echo signal, and suppress the SI, caused by the leakage of the
transmit signal to the receiver. Some attempts have been made for ISAC in the
FD context, with [69] concentrating on waveform design by utilizing the wait-
ing time of conventional pulsed radars to transmit communication signal in a
single-antenna setup. For the multi-antenna case, [70] jointly optimizes relay
beamformer, receive filter, and transmit power of the radar for a FD ISAC relay
system, wherein the residual SI is assumed to be cancelled in advance by SI can-
cellation techniques. However, for the most part, the SI cancellation problem is
underestimated by many ISAC studies [30, 31, 33, 71–73], which assume either
ideal isolation between the TX and RX or rely on the radar-function-focused SI
cancellation method in [74].

Previous Approaches for SI Cancellation. The SI cancellation problem has
been actively studied in FD wireless communication systems [17, 19, 20] (i.e.,
without the additional sensing functionality). In general, SI cancellation tech-
niques can be implemented in the propagation [21], analog [22–24], and digital
domains [25, 26]. As shown in Fig. 3.1, the propagation-domain cancellation
aims to minimize the coupling between the transmit and receive direct paths.
This kind of cancellation is achieved by techniques based on path loss, cross-
polarization, and antenna directionality [27]. Beyond this, the analog-domain
cancellation aims to suppress the SI before the ADC, where a negative copy of
the transmit waveform generated by the canceller circuit is subtracted from the
received signal [20, 22, 23, 28]. Finally, as the last defense against SI, the digital-
domain cancellation block utilizes either linear or non-linear adaptive filters to
generate the negative of the residual SI [25, 26], and add it to the digital signal
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Figure 3.1 Full-duplex integrated sensing and communication system, and il-
lustration of the boundaries and contents of the SI suppression in the propa-
gation, analog, and digital domains for multi-antenna configurations.

after the ADC.

The above SI cancellation techniques for communications rely on the uncorre-
lated nature between the SI (e.g., downlink data stream) and the SoI (e.g., the
uplink data stream); thus, the SI can be suppressed by adding its negative to
the received signal without impairing the SoI. However, since the SoI in ISAC
consists of uplink communications data and radar echoes that are correlated
with the SI, it is challenging to effectively suppress the SI without distorting the
radar echoes. To tackle this problem, we utilize the time-of-arrival (ToA) differ-
ence or the spatial angle-of-arrival (AoA) difference between the SI and echo
are two promising approaches. With respect to the first approach, the early
study [74] utilizes the temporal difference to generate a negative counterpart
of the SI signal before the ADC (cf. Fig. 3.1 (b)), based on a gradient-learning
method. Apart from adding this negative counterpart, an adaptive filter is also
employed to generate a negative signal in digital domain to cancel the resid-
ual SI (cf. Fig. 3.1 (a)). In practice, many factors (e.g., RF taps, adaptive filter
taps, and update algorithms) affect the accuracy of the generated negatives in
both domains, which in turn, have a huge impact on the SI cancellation perfor-
mance. If the SI signal is fast-changing, this approach may fail in tracking and
can have high computational complexity.

64

Figure 3.1 Full-duplex integrated sensing and communication system, and il-
lustration of the boundaries and contents of the SI suppression in the propa-
gation, analog, and digital domains for multi-antenna configurations.

after the ADC.

The above SI cancellation techniques for communications rely on the uncorre-
lated nature between the SI (e.g., downlink data stream) and the SoI (e.g., the
uplink data stream); thus, the SI can be suppressed by adding its negative to
the received signal without impairing the SoI. However, since the SoI in ISAC
consists of uplink communications data and radar echoes that are correlated
with the SI, it is challenging to effectively suppress the SI without distorting the
radar echoes. To tackle this problem, we utilize the time-of-arrival (ToA) differ-
ence or the spatial angle-of-arrival (AoA) difference between the SI and echo
are two promising approaches. With respect to the first approach, the early
study [74] utilizes the temporal difference to generate a negative counterpart
of the SI signal before the ADC (cf. Fig. 3.1 (b)), based on a gradient-learning
method. Apart from adding this negative counterpart, an adaptive filter is also
employed to generate a negative signal in digital domain to cancel the resid-
ual SI (cf. Fig. 3.1 (a)). In practice, many factors (e.g., RF taps, adaptive filter
taps, and update algorithms) affect the accuracy of the generated negatives in
both domains, which in turn, have a huge impact on the SI cancellation perfor-
mance. If the SI signal is fast-changing, this approach may fail in tracking and
can have high computational complexity.

64

Figure 3.1 Full-duplex integrated sensing and communication system, and il-
lustration of the boundaries and contents of the SI suppression in the propa-
gation, analog, and digital domains for multi-antenna configurations.

after the ADC.

The above SI cancellation techniques for communications rely on the uncorre-
lated nature between the SI (e.g., downlink data stream) and the SoI (e.g., the
uplink data stream); thus, the SI can be suppressed by adding its negative to
the received signal without impairing the SoI. However, since the SoI in ISAC
consists of uplink communications data and radar echoes that are correlated
with the SI, it is challenging to effectively suppress the SI without distorting the
radar echoes. To tackle this problem, we utilize the time-of-arrival (ToA) differ-
ence or the spatial angle-of-arrival (AoA) difference between the SI and echo
are two promising approaches. With respect to the first approach, the early
study [74] utilizes the temporal difference to generate a negative counterpart
of the SI signal before the ADC (cf. Fig. 3.1 (b)), based on a gradient-learning
method. Apart from adding this negative counterpart, an adaptive filter is also
employed to generate a negative signal in digital domain to cancel the resid-
ual SI (cf. Fig. 3.1 (a)). In practice, many factors (e.g., RF taps, adaptive filter
taps, and update algorithms) affect the accuracy of the generated negatives in
both domains, which in turn, have a huge impact on the SI cancellation perfor-
mance. If the SI signal is fast-changing, this approach may fail in tracking and
can have high computational complexity.

64

Direct 
Paths 

Target

Reflected 
Paths 

SoI

Total  
SI

TX chains
<latexit sha1_base64="XLq9Jgz2VmzMIy0upYHfHEFn/rM=">AAAB6nicbVDJSgNBEK2JW4zbqEdBGoPgKcyIqHgKePEkEc0CyRB6Op2kSc9Cd40QhnyCIB4U8eo1/+A3CB78GzvLQRMfFDzeq6Kqnh9LodFxvq3MwuLS8kp2Nbe2vrG5ZW/vVHSUKMbLLJKRqvlUcylCXkaBktdixWngS171e5cjv3rPlRZReIf9mHsB7YSiLRhFI91eN7Fp552CMwaZJ+6U5Iv2/vDr8WNYatqfjVbEkoCHyCTVuu46MXopVSiY5INcI9E8pqxHO7xuaEgDrr10fOqAHBqlRdqRMhUiGau/J1IaaN0PfNMZUOzqWW8k/ufVE2yfe6kI4wR5yCaL2okkGJHR36QlFGco+4ZQpoS5lbAuVZShSSdnQnBnX54nleOCe1o4uTFpXMAEWdiDAzgCF86gCFdQgjIw6MADPMOLJa0n69V6m7RmrOnMLvyB9f4DdUuRow==</latexit>

Nt

LNA

<latexit sha1_base64="EUDPq2bBqNfxuLVjM7YR/vYxdJs=">AAAB6nicbVDLSsNAFL2pr1pfUZeCDBbBVUlEVFwV3LiSivYBbSiT6aQdOpmEmYlQQj9BEBeKuHXbf/AbBBf+jZO2C209cOFwzr3ce48fc6a043xbuYXFpeWV/GphbX1jc8ve3qmpKJGEVknEI9nwsaKcCVrVTHPaiCXFoc9p3e9fZn79nkrFInGnBzH1QtwVLGAEayPdXrdl2y46JWcMNE/cKSmW7f3R1+PHqNK2P1udiCQhFZpwrFTTdWLtpVhqRjgdFlqJojEmfdylTUMFDqny0vGpQ3RolA4KImlKaDRWf0+kOFRqEPqmM8S6p2a9TPzPayY6OPdSJuJEU0Emi4KEIx2h7G/UYZISzQeGYCKZuRWRHpaYaJNOwYTgzr48T2rHJfe0dHJj0riACfKwBwdwBC6cQRmuoAJVINCFB3iGF4tbT9ar9TZpzVnTmV34A+v9B3JDkaE=</latexit>

Nr RX chains

ADC

DAC

(b) Analog Domain(a) Digital Domain (c) Propagation Domain

HPA

(Analog) 
Canceller 
Circuit 

Digital Interference 
Cancellation

RF Chain
<latexit sha1_base64="6qkkdfM+MAfkz6GQoIvSGb+j5wo=">AAACCHicbVDLSsNAFJ3UV019RF12YbAIrkoiUl0WXOiygn1AE8JkMmmHzmTCzEQooUs3/oHf4MaFIm4Ff8Cdf+Ok7UJbLwxzOOde7rknTCmRynG+jdLK6tr6RnnTrGxt7+xae/sdyTOBcBtxykUvhBJTkuC2IoriXiowZCHF3XB0WejdOywk4cmtGqfYZ3CQkJggqDQVWIemF3IayTHTX+5xhgdwEngMqqFgeTYJrJpTd6ZlLwN3DmrNytVj9bMXtQLry4s4yhhOFKJQyr7rpMrPoVAEUTwxvUziFKIRHOC+hglkWPr59JCJfayZyI650C9R9pT9PZFDJgururNwKBe1gvxP62cqvvBzkqSZwgmaLYozaituF6nYEREYKTrWACJBtFcbDaGASOnsTB2Cu3jyMuic1t1G/exGp9EAsyqDKjgCJ8AF56AJrkELtAEC9+AJvIBX48F4Nt6M91lryZjPHIA/ZXz8AKOJnUw=</latexit>!u

<latexit sha1_base64="5cHtoqpJnh2h7mum/7NpMivPe/g=">AAAB83icbVDLSgMxFM3UV219VF12EyyCqzIjUl0WXOhKKtgHdIaSyWTa0CQz5CGUob8hiAtF3PoZ/oA7/8ZM24W2HggczrmXe3LClFGlXffbKaytb2xuFbdL5Z3dvf3KwWFHJUZi0sYJS2QvRIowKkhbU81IL5UE8ZCRbji+yv3uA5GKJuJeT1IScDQUNKYYaSv5twOfIz2SPDPTQaXm1t0Z4CrxFqTWLF8/VT97UWtQ+fKjBBtOhMYMKdX33FQHGZKaYkamJd8okiI8RkPSt1QgTlSQzTJP4YlVIhgn0j6h4Uz9vZEhrtSEh3YyT6iWvVz8z+sbHV8GGRWp0UTg+aHYMKgTmBcAIyoJ1mxiCcKS2qwQj5BEWNuaSrYEb/nLq6RzVvca9fM720YDzFEEVXAMToEHLkAT3IAWaAMMUvAIXsCrY5xn5815n48WnMXOEfgD5+MHLIiUsQ==</latexit>

Nu chains

UL user

Precoder

<latexit sha1_base64="roBYjG1y9QT8cbS/fw2tcEwQfGM=">AAAB/nicbVDLSgMxFM34rK2PUXHVTbAIrsqMSHVZcKHLCvYB7TBkMpk2NMkMSUYow4C/4dKNC0Xc+gP+gDv/xkzbhbYeCBzOuZd7coKEUaUd59taWV1b39gsbZUr2zu7e/b+QUfFqcSkjWMWy16AFGFUkLammpFeIgniASPdYHxV+N17IhWNxZ2eJMTjaChoRDHSRvLtowFHehREWZr7Uyp5Fua+XXPqzhRwmbhzUmtWrh+rn72w5dtfgzDGKSdCY4aU6rtOor0MSU0xI3l5kCqSIDxGQ9I3VCBOlJdN4+fwxCghjGJpntBwqv7eyBBXasIDM1kkVIteIf7n9VMdXXoZFUmqicCzQ1HKoI5h0QUMqSRYs4khCEtqskI8QhJhbRormxLcxS8vk85Z3W3Uz29NGw0wQwlUwTE4BS64AE1wA1qgDTDIwBN4Aa/Wg/VsvVnvs9EVa75zCP7A+vgBCT+ZGA==</latexit>

ud

<latexit sha1_base64="IeyGlQ4RAlkUWs8VLf/aOaIIJcI=">AAAB83icbVDLSsNAFL2pr9r6qLrsJlgEVyURqS4LLnQlFewDmlAmk0k7dGYSZiZCCf0NQVwo4tbP8Afc+TdO2i609cDA4Zx7uWdOkDCqtON8W4W19Y3NreJ2qbyzu7dfOTjsqDiVmLRxzGLZC5AijArS1lQz0kskQTxgpBuMr3K/+0CkorG415OE+BwNBY0oRtpI3u3A40iPJM/C6aBSc+rODPYqcRek1ixfP1U/e2FrUPnywhinnAiNGVKq7zqJ9jMkNcWMTEteqkiC8BgNSd9QgThRfjbLPLVPjBLaUSzNE9qeqb83MsSVmvDATOYJ1bKXi/95/VRHl35GRZJqIvD8UJQyW8d2XoAdUkmwZhNDEJbUZLXxCEmEtampZEpwl7+8SjpndbdRP78zbTRgjiJU4RhOwYULaMINtKANGBJ4hBd4tVLr2Xqz3uejBWuxcwR/YH38ABKzlKA=</latexit>

Nd chains

DL user

RF Chain Combiner

<latexit sha1_base64="CZP6LEdqP1xoBjFMlcNIh0Cp8UQ=">AAACAHicbZC7TsMwFIadcisplwADQxeLCompShAqjJUY6FgkepHaKHIcp7VqJ5HtIFVRFt6CmYUBhFjZeQE23gY37QAtv2Tp03/Okc/5/YRRqWz72yitrW9sbpW3zcrO7t6+dXDYlXEqMOngmMWi7yNJGI1IR1HFSD8RBHGfkZ4/uZ7Ve/dESBpHd2qaEJejUURDipHSlmcdm+aQIzX2w6yVewUKnqW5Z9Xsul0IroKzgFqzcvNY/ewHbc/6GgYxTjmJFGZIyoFjJ8rNkFAUM5Kbw1SSBOEJGpGBxghxIt2sOCCHp9oJYBgL/SIFC/f3RIa4lFPu687ZhnK5NjP/qw1SFV65GY2SVJEIzz8KUwZVDGdpwIAKghWbakBYUL0rxGMkEFY6M1OH4CyfvArd87rTqF/c6jQaYK4yqIITcAYccAmaoAXaoAMwyMETeAGvxoPxbLwZ7/PWkrGYOQJ/ZHz8AEcamSQ=</latexit>

Hu

<latexit sha1_base64="V0kQy/ZNEs03RaNJqS+UKSfne/I=">AAACAHicbZC7TsMwFIadcisplwADQxeLCompShAqjJUY6FgkepHaKHIcp7VqJ5HtIFVRFt6CmYUBhFjZeQE23gY37QAtv2Tp03/Okc/5/YRRqWz72yitrW9sbpW3zcrO7t6+dXDYlXEqMOngmMWi7yNJGI1IR1HFSD8RBHGfkZ4/uZ7Ve/dESBpHd2qaEJejUURDipHSlmcdm+aQIzX2w6yVewUKnoncs2p23S4EV8FZQK1ZuXmsfvaDtmd9DYMYp5xECjMk5cCxE+VmSCiKGcnNYSpJgvAEjchAY4Q4kW5WHJDDU+0EMIyFfpGChft7IkNcyin3dedsQ7lcm5n/1QapCq/cjEZJqkiE5x+FKYMqhrM0YEAFwYpNNSAsqN4V4jESCCudmalDcJZPXoXued1p1C9udRoNMFcZVMEJOAMOuARN0AJt0AEY5OAJvIBX48F4Nt6M93lryVjMHIE/Mj5+AEKLmSE=</latexit>

Hr

<latexit sha1_base64="NBTspTKt8JFXHM2PD8J16D3Z2U4=">AAACAHicbZC7TsMwFIadcisplwADQxeLCompShAqjJUY6FgkepHaKHIcp7VqJ5HtIFVRFt6CmYUBhFjZeQE23gY37QAtv2Tp03/Okc/5/YRRqWz72yitrW9sbpW3zcrO7t6+dXDYlXEqMOngmMWi7yNJGI1IR1HFSD8RBHGfkZ4/uZ7Ve/dESBpHd2qaEJejUURDipHSlmcdm+aQIzX2w6yVewUKngW5Z9Xsul0IroKzgFqzcvNY/ewHbc/6GgYxTjmJFGZIyoFjJ8rNkFAUM5Kbw1SSBOEJGpGBxghxIt2sOCCHp9oJYBgL/SIFC/f3RIa4lFPu687ZhnK5NjP/qw1SFV65GY2SVJEIzz8KUwZVDGdpwIAKghWbakBYUL0rxGMkEFY6M1OH4CyfvArd87rTqF/c6jQaYK4yqIITcAYccAmaoAXaoAMwyMETeAGvxoPxbLwZ7/PWkrGYOQJ/ZHz8AC1FmRM=</latexit>

Hd

FD ISAC Transceiver

<latexit sha1_base64="alqR2oYPs/irbSjTDu9pGVZt76E=">AAACAXicbZDLSsNAFIYnXmvqJepG6GawCK5KIlJdFlzYZQV7gTaEyWTSDp1JwsxEKKFufAr3blwo4ta1L+DOt3GSdqGtPwx8/Occ5pzfTxiVyra/jZXVtfWNzdKWWd7e2d2z9g86Mk4FJm0cs1j0fCQJoxFpK6oY6SWCIO4z0vXHV3m9e0eEpHF0qyYJcTkaRjSkGCltedaRaQ44UiM/zJpTr0DBM0mnnlW1a3YhuAzOHKqN8vVj5bMXtDzraxDEOOUkUpghKfuOnSg3Q0JRzMjUHKSSJAiP0ZD0NUaIE+lmxQVTeKKdAIax0C9SsHB/T2SISznhvu7MV5SLtdz8r9ZPVXjpZjRKUkUiPPsoTBlUMczjgAEVBCs20YCwoHpXiEdIIKx0aKYOwVk8eRk6ZzWnXju/0WnUwUwlUAHH4BQ44AI0QBO0QBtgcA+ewAt4NR6MZ+PNeJ+1rhjzmUPwR8bHDxEvmZU=</latexit>

Hsi

Figure 3.1 Full-duplex integrated sensing and communication system, and il-
lustration of the boundaries and contents of the SI suppression in the propa-
gation, analog, and digital domains for multi-antenna configurations.

after the ADC.

The above SI cancellation techniques for communications rely on the uncorre-
lated nature between the SI (e.g., downlink data stream) and the SoI (e.g., the
uplink data stream); thus, the SI can be suppressed by adding its negative to
the received signal without impairing the SoI. However, since the SoI in ISAC
consists of uplink communications data and radar echoes that are correlated
with the SI, it is challenging to effectively suppress the SI without distorting the
radar echoes. To tackle this problem, we utilize the time-of-arrival (ToA) differ-
ence or the spatial angle-of-arrival (AoA) difference between the SI and echo
are two promising approaches. With respect to the first approach, the early
study [74] utilizes the temporal difference to generate a negative counterpart
of the SI signal before the ADC (cf. Fig. 3.1 (b)), based on a gradient-learning
method. Apart from adding this negative counterpart, an adaptive filter is also
employed to generate a negative signal in digital domain to cancel the resid-
ual SI (cf. Fig. 3.1 (a)). In practice, many factors (e.g., RF taps, adaptive filter
taps, and update algorithms) affect the accuracy of the generated negatives in
both domains, which in turn, have a huge impact on the SI cancellation perfor-
mance. If the SI signal is fast-changing, this approach may fail in tracking and
can have high computational complexity.
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Figure 3.1 Full-duplex integrated sensing and communication system, and il-
lustration of the boundaries and contents of the SI suppression in the propa-
gation, analog, and digital domains for multi-antenna configurations.

after the ADC.

The above SI cancellation techniques for communications rely on the uncorre-
lated nature between the SI (e.g., downlink data stream) and the SoI (e.g., the
uplink data stream); thus, the SI can be suppressed by adding its negative to
the received signal without impairing the SoI. However, since the SoI in ISAC
consists of uplink communications data and radar echoes that are correlated
with the SI, it is challenging to effectively suppress the SI without distorting the
radar echoes. To tackle this problem, we utilize the time-of-arrival (ToA) differ-
ence or the spatial angle-of-arrival (AoA) difference between the SI and echo
are two promising approaches. With respect to the first approach, the early
study [74] utilizes the temporal difference to generate a negative counterpart
of the SI signal before the ADC (cf. Fig. 3.1 (b)), based on a gradient-learning
method. Apart from adding this negative counterpart, an adaptive filter is also
employed to generate a negative signal in digital domain to cancel the resid-
ual SI (cf. Fig. 3.1 (a)). In practice, many factors (e.g., RF taps, adaptive filter
taps, and update algorithms) affect the accuracy of the generated negatives in
both domains, which in turn, have a huge impact on the SI cancellation perfor-
mance. If the SI signal is fast-changing, this approach may fail in tracking and
can have high computational complexity.
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Table 3.1 Novelty Comparison with Existing FD ISAC Literature

Our work [69] [70] [74] [38–40]
Relay X
Analog hardware design X
Waveform design X
Tx/Rx beamformers NSP design X
Tx/Rx beamformers joint design X X
Uplink user X X
Downlink user X X X X
Multi-antenna at users X
Radar performance X X X X X
Communication performance X X

In multi-antenna systems, an alternative way to suppress the SI in ISAC is by
employing the spatial AoA difference between the SI and SoI. In [38], the SI
cancellation based on TX and RX beamforming design is adopted in the digital
domain (cf. Fig. 3.1a). Specifically, the TX beamformer is the weighted sum
of two separate beams probing at a downlink communication user and a radar
target, whose power allocation is controlled by a parameter. In terms of the RX
beamformer, the NSP based on pseudoinverse operation is used to generate
nulls in the angles of the downlink communication beam and SI. In [39] and
[40], the NSP method is utilized to design hybrid TX and RX beamformers for
sensing the target and communicating to a downlink user (cf. Figs. 3.1a and
3.1b). However, in these studies, the TX and RX beamformers are separately
designed and only the RX beamformer is used for SI cancellation. Recently,
intelligent reflecting surfaces (IRS) have emerged as a means to boost the SoI,
and thus reduce the effect of SI [75,76], but this approach cannot actively cancel
SI, and induces additional hardware and beamforming design complexity.

Thus, the potential of joint ISAC TX-RX beamformer design at transceiver to fur-
ther suppress the SI has not been explored. In addition, the uplink commu-
nication performance in the FD ISAC system has not been analyzed. Given
that the research on FD ISAC is still in its infancy (cf. Table 3.1), we consider a
mono-static FD ISAC multiple input multiple output (MIMO) system. In this
system, (a) the TX-RX beamformers at the transceiver, (b) transmit precoder
at the uplink user, and (c) receive combiner at the downlink user are jointly
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optimized. The aim of the optimization is to simultaneously (a) maximize the
uplink and downlink rate, (b) maximize the transmit and receive radar beam-
pattern power at the target, and (c) suppress the residual SI. Inspired by re-
search adopting the penalty-dual decomposition (PDD) method (e.g., for FD
mmWave hybrid beamforming [77], and IRS [78]), a penalty-based iterative al-
gorithm is proposed to solve the optimization problem. Our proposed scheme
can work when the received signal exceeds ADC dynamic range by adopting
effective SI cancellation techniques before quantization.

To conclude, the main contribution is that we propose a promising approach
to tackle SI cancellation and correlation between the radar echo and SI in FD
ISAC transceiver. In this work we jointly design the transmit and receive beam-
formers at the transceiver, transmit precoder at the uplink user, and receive
combiner at the downlink user to simultaneously (a) maximize the uplink and
downlink communication rate, (b) maximize the transmit and receive radar
beampattern power at the target, and (c) suppress the residual SI. To solve this
optimization problem, we proposed a penalty-based iterative algorithm. Nu-
merical results illustrate that the proposed design can effectively achieve up
to 60 dB digital-domain SI cancellation, a higher average sum-rate, and more
accurate radar parameter estimation compared with previous ISAC FD studies.
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3.2 System Model

3.2.1 Signal Model

As shown in Fig. 3.1, we consider a single-cell narrowband FD MIMO ISAC
transceiver equipped with Nt transmit antennas and Nr receive antennas. All
antenna arrays are assumed to be uniform linear arrays (ULA) with half-wavelength
spacing between adjacent antenna elements. The transceiver simultaneously
serves one uplink user with Nu antennas, one downlink user with Nd anten-
nas, and probes a target direction. We assume perfect channel state information
(CSI) in the system model and optimization.

Let sd 2 C denote the ISAC downlink transmit symbol, and su 2 C the uplink
symbol. We assume both sd and su have unit power. The received signal yd 2

CNd⇥1 at the downlink user is given by

yd = Hdpsd + nd, (3.1)

where p 2 CNt⇥1 denotes the transmit precoder at the transceiver, Hd 2 CNd⇥Nt

the downlink communication channel, nd 2 CNd⇥1 the independent and identi-
cally distributed (i.i.d) additive complex Gaussian noise (i.e., nd ⇠ CN (0, �2

dINd
)).

At the downlink user, an estimate of sd, denoted by bsd, is obtained by filtering
yd by a combiner ud 2 CNd⇥1, as follows:

bsd = u
H

d yd = u
H

d Hdpsd + u
H

d nd. (3.2)

At the FD ISAC transceiver, the received signal incorporates the SoI (i.e., the
radar echo and the uplink symbol, su), along with residual SI. We assume that
the received signal has no clipping error due to sufficient SI cancellation tech-
niques in propagation and analog domains, and a high ADC dynamic range1,

1The dynamic range is defined by the ratio between the largest and smallest possible values
of the input signal, which are respectively the residual SI and radar echo in our system model.
From our link budget simulation, the ratio between the residual SI and radar echo is 134.15dB,
thus we assume that the SI cancellation techniques before digital domain can achieve larger
than 54.15dB SI cancellation.
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of the order of 80dB, which can be achieved by a variety of ways, e.g., log-
arithmic ADC [79], modulo ADC [80, 81]). Hence, the received signal at the
transceiver is given by

yu = Hu!usu +Hpsd + nu, (3.3)

where !u 2 CNu⇥1 denotes the precoder vector of the uplink user, Hu 2 CNr⇥Nu

the uplink communication channel, H 2 CNr⇥Nt the aggregate channel com-
prising the radar channel, Hr 2 CNr⇥Nt , and the self-interference channel, Hsi 2

CNr⇥Nt (i.e., H = Hr + Hsi), and finally nu ⇠ CN (0, �2
uINr) 2 CNr⇥1 the i.i.d

additive complex Gaussian noise. The above-mentioned channels will be elab-
orated in Section 3.2.2.

At the FD ISAC transceiver, an estimate of su, denoted by bsu, is obtained by
filtering yu by a receive beamformer w 2 CNr⇥1 as follows:

bsu = w
H
yu

= w
H
Hu!usu| {z }

Uplink stream

+w
H
Hrpsd| {z }

Radar return

+w
H
Hsipsd| {z }

Residual SI

+w
H
nu, (3.4)

In Section 3.3, we design beamformers w and p such that wH
Hsip ⇡ 0 (i.e.,

SI suppression) while the uplink symbol and the radar returns are amplified.
To decode su, we treat the interfering radar return as noise, while we use the
favorable correlation properties of communications signals [82] to isolate the
uplink data stream from the radar returns to estimate the target parameters.
We provide more details regarding this in Section 3.5.

Remark 2. It is intuitive to choose a separate radar signal, and design two separate
beamformers for radar and communications. However, for a fixed transmit power bud-
get, this leads to the important question of power allocation across the communication
and sensing symbols. Hence, it is not obvious that the radar performance may be better
with separate signals/precoders. Furthermore, for full-duplex operation, beamformer
design with separate radar and communication signals is more complex as residual SI
needs to be suppressed twice. For these reasons, we adopt the dual-functional transmit
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signal and a common beamformer.

3.2.2 Channel Model

Communication Channel

The communication channels, Hu and Hd, are assumed to experience both
small-scale and large-scale fading, which is modelled as follows, taking Hu as
an example

Hu =
p
⌘u Gu, (3.5)

where ⌘u 2 C is the large-scale fading coefficient (including geometric attenu-
ation and shadow fading), and Gu 2 CNr⇥Nu is the small-scale fading matrix
modelled by the classic Rician fading model [83], as follows

Gu =

…


+ 1
Ḡu +

…
1

+ 1
G̃u, (3.6)

where  (> 0) captures the proportion of the energy in the direct path (LoS),
relative to the energy of the scattered paths (NLoS). We assume that the size of
the antenna arrays is negligible compared with the distance between transceiver
and user. Thus, the channel matrix corresponding to the LoS path (denoted by
Ḡu in (3.6)) is given by

Ḡu = a(✓u)b
>(✓0u), (3.7)

where

— ✓u and ✓0u denote the AoA at the transceiver and angle-of-departure (AoD)
at the uplink user, respectively.

— a(✓u) =
⇥
1, ej2⇡� sin(✓u), . . . , ej2⇡(Nr�1)� sin(✓u)

⇤>
2 CNr⇥1 is the steering vector in

the direction of the AoA at the transceiver, with � = 0.5.

— b(✓0u) =
⇥
1, ej2⇡� sin(✓

0
u), . . . , ej2⇡(Nu�1)� sin(✓0u)

⇤>
2 CNu⇥1 is the steering vector in

the direction of the AoD at the uplink user.

69



Additionally, G̃u is the i.i.d. complex Gaussian matrix, where each element
follows [G̃u]i.j ⇠ CN (0, 1).

Radar Channel

We assume that the radar operates in track model, where an initial estimate
of the target’s AoA is available from previous scanning. As in (3.3), the FD
ISAC transceiver will receive a reflected echo with the target’s AoA, range and
velocity information (i.e., ✓r, r, v, respectively). Since we assume the transceiver
to operate as a mono-static radar, the AoA and AoD are both equal to ✓r. We
model the radar channel as varying slowly with time, with its expression given
by

Hr(t) = ⌘re
j2⇡fdta(✓r)b

>(✓r), (3.8)

where fd = 2vfc/c is the Doppler frequency, fc and c are the signal carrier fre-
quency and the speed of light. Moreover, ⌘r is the attenuation factor, including
round-trip path-loss and radar cross-section (RCS) �r, given in (3.9) derived
from the radar range equation [84]:

⌘r =

 
�2�r

(4⇡)3r4
. (3.9)

Self-Interference Channel

In this work, we focus on the residual digital-domain SI cancellation assuming
that the analog SI cancellation method is effective, i.e., there is no saturation at
the ADC of the receive RF chains at the transceiver.

To obtain Hsi, channel estimation methods based on classic estimation algo-
rithms (e.g., least square (LS) [25], maximum-likelihood (ML) [85]) or machine
learning-based methods [86] can be used. For illustration and without loss
of generality, we consider a channel model derived from experiments [19, 87],
which is similar to (3.6) and given by:

Hsi =
p
⌘si Gsi, (3.10)
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where ⌘si and Gsi denote the large-scale fading coefficient and small-scale fad-
ing matrix, respectively. Specifically, Gsi has the same structure as Gu in (3.6),
containing LoS and NLoS components for generalization.

3.2.3 Problem Formulation

Communication Rate

With the uplink channel Hu, radar channel Hr
2, and SI channel Hsi in (3.5), (3.8),

and (3.10), the normalized uplink communication rate is given by

Ru = log2(1 + �u), (3.11)

where �u is the Signal-to-Interference-plus-Noise Ratio (SINR) of the received
uplink signal. The expression for �u is given by

�u =
|w

H
Hu!u|

2

|wHHp|2 + kwk2�2
u

. (3.12)

Similarly, the normalized downlink communication rate is given by

Rd = log2(1 + �d), (3.13)

where �d is the SINR of the downlink signal given by

�d =
|u

H

d Hdp|
2

kudk
2�2

d

. (3.14)

In FD systems, in general, the downlink user would experience interference
from uplink transmissions, as well. However, we assume that this interference
is effectively managed by scheduling [88–90], and thus ignore its effect in (3.13).

2For notation simplicity, we drop the time instant, (t), in Hr(t).
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Radar Beampattern Power

The transmit and receive beampattern power in the target direction, denoted
by Gt and Gr, respectively, as a function of p and w, is given by

Gt = |b
H(✓r)p|

2, Gr = |w
H
a(✓r)|

2. (3.15)

Remark 3. We use beampattern power as a proxy for radar SINR. While the latter
may be a more intuitive sensing metric, its fractional form makes it non-convex – and
thus, intractable – as well as difficult to obtain good bounds. On the other hand, the
tractability of the beampattern power metric enables us to obtain closed-form solutions
for key sub-problems (see Section 3.3.2) that help Algorithm 5 converge faster.

Objective Function and Constraints

We aim to design the transmit and receive beamformer p,w at the transceiver,
precoder !u at the uplink user, and combiner ud at the downlink user to simul-
taneously maximize the uplink and downlink rate, the transmit and receive
radar beampattern power at the target, and suppress the residual SI. In addi-
tion, the following constraints should be satisfied: 1) transmit power constraint
at the transceiver and uplink user, i.e. kpk2 6 Pd, k!uk

2 6 Pu, where Pd and
Pu are the maximum transmit power permitted at transceiver and uplink user,
respectively; 2) receive power constraint at the transceiver, i.e. kwk2 = 1; 3) SI
suppression constraint, i.e., wH

Hsip = 0. With the above constraints, we can
formulate the joint ISAC TX-RX beamformers design as

max
p,w,!u,ud

↵1Ru + ↵2Rd + ↵3Gt + ↵4Gr (3.16a)

s.t. kpk
2
2 6 Pd, (3.16b)

k!uk
2
2 6 Pu, (3.16c)

kwk
2
2 = 1, (3.16d)

w
H
Hsip = 0. (3.16e)
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The weight of the four components in (3.16a) is controlled by the coefficient
↵n, 8n 2 {1, 2, 3, 4}. The problem (3.16) is difficult to solve due to the follow-
ing reasons: 1) the coupling between the transmit and receive beamformer in
constraint (3.16e); 2) the non-convex communication metrics (i.e., Ru/d) in ob-
jective (3.16a); 3) the quadratic radar metrics (i.e. Gt/r) in objective (3.16a) in
the maximization problem. To solve (3.16), we transform it into an alternative
form that permits an iterative solution with guaranteed convergence to a fea-
sible solution. Note that maximizing rates alone might lead to suboptimal use
of power resources, resulting in inefficient beampatterns. Therefore, a regular-
ization approach by adding the transmit and receive beampattern power, i.e.,
Gt/r, can be used to balance the rates and power efficiently.
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3.3 Joint TX-RX Beamformer Design

3.3.1 Problem Transformation

To address the difficulties in the previous section, we transform problem (3.16)
based on the PDD method [57], the weighted Minimum Mean Square Error
(MMSE) approach [37], and the reformulation of the quadratic beampattern
power function [91]. Each of these techniques addresses a specific difficulty, as
explained below:

Coupling Constraint Transformation by Penalty Term

To tackle the coupling between w and p in constraint (3.16e), we transform the
constraint wH

Hsip = 0 into a penalty term 1
2�kw

H
Hsipk

2
2, and add it to the ob-

jective function with the penalty parameter � > 0. In particular, � determines
the penalty intensity of the digital-domain SI suppression, with lower values
of � prioritizing SI suppression over communication and sensing performance.
Thus, problem (3.16) can be reformulated as (3.17):

max
{p,w},{!u,ud}

↵1Ru + ↵2Rd + ↵3Gt + ↵4Gr

�
1

2�
kw

H
Hsipk

2
2 (3.17a)

s.t. (3.16b)� (3.16d).

Communication Rate Transformation by WMMSE Method

To circumvent the non-convexity of the rate terms in (3.17a), we adopt the
WMMSE method to reformulate these terms based on the equivalence between
the rate and MSE matrix [36,37]. With the received signal (3.4) at the transceiver,
the MSE matrix at the transceiver is defined as

EBS , E
¶
(bsu � su) (bsu � su)

H
©

= w
H
Hu!u!

H

u H
H

u w � 2Re{wH
Hu!u}

+w
H(Hpp

H
H

H + �2
uI)w + 1.

(3.18)
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Similarly, the MSE matrix function of downlink user can be also defined as

Ed , E
¶
(bsd � sd) (bsd � sd)

H
©

= u
H

d Hdpp
H
H

H

d ud � 2Re{uH

d Hdp}

+ �2
du

H

d ud + 1.

(3.19)

Then, we introduce ⇢u and ⇢d as the auxiliary variables, and obtain the trans-
formed objective function shown in (3.20) on the basis of rate-WMMSE rela-
tionship.

max
{p,w},{!u,ud},

{⇢u,⇢d}

↵1(log2 ⇢u � ⇢uEBS) + ↵2(log2 ⇢d � ⇢dEd)

+ ↵3Gt + ↵4Gr �
1

2�
kw

H
Hsipk

2
2 (3.20a)

s.t. (3.16b)� (3.16d).

Beampattern Power Transformation

To make Gt and Gr concave, we reformulate them with Vt = kb(✓r)k2 as

Gt = |b
H(✓r)p|

2 = p
H
b(✓r)b

H(✓r)p

= p
H
b(✓r)b

H(✓r)p� VtPd + VtPd

6 p
H
b(✓r)b

H(✓r)p� p
HVtIp+ VtPd (Utilizing p

H
p 6 Pd)

= p
H(b(✓r)b

H(✓r)� VtI)p+ VtPd

= p
H
Zt(✓r)p+ VtPd,

(3.21)

where we denote Zt(✓r) = b(✓r)bH(✓r)�VtI. The equality holds when the power
of p reaches Pd. With the expression of the steering vector, it is straightforward
to know that b(✓r)bH(✓r) is a rank-1 matrix with the eigenvalue kb(✓r)k2. There-
fore, Zt(✓r) is negative semi-definite, and p

HZ(✓r)p is concave. Subsequently,
maximizing Gt can be approximated as the maximization of pH

Zt(✓r)p by ig-
noring the constant term VtPd.
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Analogous to the reformulation of Gt, the expression of Gr is given by

Gr 6 w
H
Zr(✓r)w + Vr, (3.22)

where Zr(✓r) = a(✓r)aH

r (✓r) � VrI and Vr = ka(✓r)k2. The equality holds when
kwk

2
2 = 1. Consequently, problem (3.16) is reformulated as problem (3.23)

shown below.

max
{p,w},{!u,ud},

{⇢u,⇢d}

↵1(log2 ⇢u � ⇢uEBS) + ↵2(log2 ⇢d � ⇢dEd) + ↵3p
H
Zt(✓t)p (3.23a)

+ ↵4w
H
Zr(✓r)w �

1

2�
kw

H
Hsipk

2
2

s.t. (3.16b)� (3.16d).

3.3.2 Penalty-based Block Update Algorithm

With the BCD method, an iterative approach is utilized where each variable is
optimized while keeping the others fixed, till convergence.

Block {⇢u, ⇢d}

When {p,w}, {!u,ud} are fixed, the two separate sub-problems with regards
to ⇢u and ⇢d are both convex and unconstrained given by

max
⇢u

log2 ⇢u � ⇢uEBS, (3.24)

and
max
⇢d

log2 ⇢d � ⇢dEd. (3.25)

Thus, the optimal ⇢⇤u and ⇢⇤d can be obtained by setting the partial derivative
with respect to the two optimized variables to zero. Subsequently, the expres-
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sions for ⇢⇤u and ⇢⇤d are:

⇢⇤u = E�1
BS

= (wH
Hu!u!

H

u H
H

u w � 2Re{wH
Hu!u}

+w
H(Hpp

H
H

H + �2
uI)w + 1)�1,

(3.26)

⇢⇤d = E�1
d

= (uH

d Hdpp
H
H

H

d ud � 2Re{uH

d Hdp}

+ �2
du

H

d ud + 1)�1.

(3.27)

The complexity of (3.26) and (3.27) are O(N2
r ), and O(NtNd), respectively, mainly

due to matrix multiplication.

Block {!u}

With fixed {p, w}, {⇢u, ⇢d}, the sub-problem with regard to !u is given by

min
!u

↵1EBS

s.t. k!uk
2
2 6 Pu.

(3.28)

Since the objective function is convex with the convex constraint, the Lagrange
multiplier method based on the KKT condition is used with expression:

min
!u

↵1EBS + µ(k!uk
2
2 � Pu). (3.29)

To solve this problem, we first substitute (3.29) with (3.18). Subsequently, we
take the partial derivative of the Lagrangian function with regard to !u and µ,
respectively, and set both to zero. As a result, we obtain

!u = (↵1w
H
HuH

H

u w + µ)�1↵1H
H

u w, (3.30)

and
k!uk

2
2 = Pu. (3.31)
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By substituting (3.31) with (3.30), we can then utilize the bisection search to
obtain µ⇤. Thereon, the optimal solution !⇤

u is obtained by replacing µ with µ⇤

in (3.30):
!⇤

u = (↵1w
H
HuH

H

u w + µ⇤)�1↵1H
H

u w. (3.32)

Updating !u requires O(I1NrNu) complexity due to the bisection search for µ

with I1 the number of iterations and the matrix multiplication.

Block {w}

Under the condition that p, !u, ud, ⇢u, and ⇢d are all fixed, w is only related to
the first and the last two terms in (3.23a), yielding the following convex sub-
problem

min
w

↵1⇢uEBS + ↵4w
H
Zr(✓r)↵4w +

1

2�
kw

H
Hsipk

2
2. (3.33)

Although the constraint (3.16d) that kwk22 = 1 is a non-convex constraint, we
firstly address this sub-problem with respect to w as an unconstrained com-
plex optimization problem, and normalize the obtained solution after the con-
vergence of the algorithm is satisfied. Equating the partial derivative of (3.33)
with respect to w to zero, the optimal w⇤ is given by

w
⇤ = (2Xu +

1

�
Hsipp

H
H

H

si )
�12↵1⇢uHu!u, (3.34)

where Xu is defined as

Xu = ↵1⇢uHu!u!
H

u H
H

u + ↵1⇢uHpp
H
H

H

+ ↵1⇢u�
2
uI� ↵4Zr(✓r).

(3.35)

The complexity of this step is O(N3
r ) mainly due to the matrix inversion. Note

that the high computational complexity of this step makes it infeasible for mas-
sive MIMO. Future work should focus on developing a low-complexity algo-
rithm.

78



Block {ud}

The uplink precoder is only related to the second term in (3.23a) with other
blocks fixed. Therefore, the unconstrained convex sub-problem is given by

min
ud

u
H

d Hdpp
H
H

H

d ud � 2Re{uH

d Hdp}

+ �2
du

H

d ud + 1.
(3.36)

The optimal solution is given by

u
⇤
d = (Hdpp

H
H

H

d + �2
dI)

�1
Hdp. (3.37)

Updating ud in (3.37) requires O(NtNd) complexity mainly due to matrix mul-
tiplication.

Block {p}

Under fixed ⇢u, ⇢d, w, !u and ud, the sub-problem with respect to p is a con-
vex optimization problem with a convex constraint on the transceiver transmit
power, Pd, as follows

min
p

↵1⇢uEBS + ↵2⇢dEd � ↵3p
H
Zt(✓t)p+

1

2�
kw

H
Hsipk

2

s.t. kpk
2
2 6 Pd.

(3.38)

Similar to the design of block {!u} in 3.3.2, this sub-problem with respect to
p can be reformulated by the Lagrange multiplier method based on the KKT
condition written below:

min
p

↵1⇢uEBS + ↵2⇢dEd � ↵3p
H
Zt(✓t)p+

1

2�
kw

H
Hsipk

2

+ �(kpk22 � Pd).

(3.39)

By taking the partial derivative with respect to � and p, respectively, and set-
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ting them to zero, we obtain
kpk

2
2 = Pd, (3.40)

and
p = (2Xd +

1

�
(HH

siww
H
Hsi) + 2�I)�1

· (2↵2⇢dH
H

d ud),
(3.41)

where Xd is defined in (3.42) for expression simplicity,

Xd = ↵1⇢uH
H
ww

H
H+ ↵2⇢dHdudu

H

d H
H

d � ↵3Zt(✓t)I. (3.42)

Subsequently, we substitute (3.41) into (3.40), and utilize the bisection search to
obtain the optimal �⇤. Finally, the optimal p⇤ is given by

p
⇤ = (2Xd +

1

�
(HH

siww
H
Hsi) + 2�⇤

I)�1

· (2↵2⇢dH
H

d ud).
(3.43)

The complexity of updating p in (3.43) is O(I2N3
t ) caused by the matrix inver-

sion, where I2 denotes the number of iterations in the bisection search for �.

Summary

Following the framework of penalty-based approach, iterative BCD update
process, and setting appropriate initial value of the optimized variables, ⇢u, ⇢d,
w, !u, ud, and p, the optimal solution in each block can be found after reaching
the convergence condition. To satisfy the receive power constraint of w, we
normalize w after the whole iteration as below:

w =
w

kwk
. (3.44)

We summarize our proposed joint ISAC TX-RX beamformers design algorithm
in Algorithm 5.

Remark 4. An alternative to (3.16e) is to restrict the residual SI power to below a
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Algorithm 5: Proposed Penalty-based Joint Transmit and Receive Beam-
former Design
Input: Hd, Hu, Hr, Hsi, Pd, Pu.
Output: ⇢⇤u, ⇢⇤d,p⇤,w⇤,!⇤

u,u
⇤
d.

1 Initialize p,w,!u,ud randomly, � = 10�25;
2 while no convergence of objective function (3.23a) do
3 Update ⇢⇤u by (3.26). Complexity = O(N2

r ).
4 Update ⇢⇤d by (3.27). Complexity = O(NtNd).
5 Update !⇤

u by (3.32). Complexity = O(I1NrNu).
6 Update w

⇤ by (3.34). Complexity = O(N3
r ).

7 Update u
⇤
d by (3.37). Complexity = O(NtNd).

8 Update p
⇤ by (3.43). Complexity = O(I2N3

t ).
9 end

10 Normalize w
⇤ by (3.44);

11 Return ⇢⇤u, ⇢⇤d,p⇤,w⇤,!⇤
u,u

⇤
d.

threshold (i.s., 1
2�kw

H
Hsipk

2
2 < "), which has been shown to improve the communica-

tions performance in [92]. However, we have adopted a stronger constraint in (3.16e)
because with the inclusion of sensing, where the radar returns are both very weak and
strongly correlated with the residual SI, the residual SI needs to be suppressed to a far
greater extent.

Nevertheless, enforcing such a strong constraint deteriorates both the communications
and sensing performance. Our compromise to this trade-off is detailed in the following
comment.

Remark 5. Comparison between PDD and Algorithm 5 PDD is a widely-used
technique to solve optimization problems involving non-smooth, non-convex functions
[57]. Algorithm 5 is similar to PDD due to the same problem formulation as shown in
(3.17a). However, the PDD is a two-loop iterative algorithm, wherein the inner loop
solves an augmented Lagrangian problem by the BCD method (i.e., the steps within the
while loop in Algorithm 5), and the outer loop updates the dual variable and penalty
term until convergence (i.e., �wH

Hsip + 1
2�kw

H
Hsipk

2
2 < "). In Algorithm 5, we

omit the outer loop iteration of the PDD framework because for sufficiently small �,
the residual SI power can be suppressed below a suitable threshold (e.g. noise floor).
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In contrast, having the outer loop would needlessly suppress the residual SI further
(i.e., enforcing (3.16e)), which not only deteriorates both communications and sensing
performance, but also leads to slower convergence.

Remark 6. In general, the ISAC TX-RX beamformer design problem can be formu-
lated in several ways; for instance, an alternative to (3.16a)-(3.16e) is to maximize the
communications performance by setting constraints on radar sensing performance.

However, an advantage of our formulation is that it permits a closed-form solution for
each step of the BCD (i.e., each of the subproblems in Section 3.3.2). On the other
hand, incorporating the radar sensing performance as a constraint would have made
it difficult to realize this, and would therefore slow down the convergence of our Algo-
rithm. On the other hand, a softer constraint on sensing performance can be imposed
by increasing the weights ↵3 and ↵4, which would have the effect of prioritizing the
sensing performance. Note that for simplicity, we set ↵3 and ↵4 to be the same in order
to simultaneously control the transmit and receive beampattern power.

Remark 7. The joint TX-RX beamformer design can be extended to underloaded
multi-user scenarios as well. For example, consider K downlink users and let pk de-
note the downlink precoder for the kth downlink user and P := [p1, · · ·pK ] 2 CNt⇥K .
For K < min(Nt, Nr), the rows of HsiP have a non-trivial nullspace and hence, there
exists non-zero w for which w

H
HsiP = 0.

3.3.3 Algorithm Implementation

In this thesis, we consider a centralized implementation of Algorithm 5, which
involves the overhead of communicating all the channel state information (Hu,
Hsi, Hd) and the target direction to a controller as well as transferring the op-
timized p and w to the ISAC transceiver, !u to the uplink user and !d to the
downlink user. Thus, a decentralized implementation of Algorithm 5 is key for
minimizing the overhead. Furthermore, the order in which the variables are
optimized can be different, and thus, a different ordering along with possibly
different update rates may speed up convergence. These questions are left for
future work. In the following section, we discuss the convergence behavior
and the complexity of Algorithm 5.
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3.4 Convergence and Complexity Analysis

3.4.1 Convergence Analysis

In this section, the convergence of Algorithm 5 to at least a local optimum is
proved. Let f(p,w,!u,ud) denote the objective function in (3.17a), and
f⇢(p,w,!u,ud, ⇢u, ⇢d) the reformulated objective function in (3.20a), based on
the rate-WMMSE relationship explained in Section 3.3.1. Thus, we have

f(p,w,!u,ud) > f⇢(p,w,!u,ud, ⇢u, ⇢d), (3.45)

where ⇢⇤u, and ⇢⇤d are the optimal solutions as shown in (3.26) and (3.27). The
inequality condition in (3.45) holds when ⇢u satisfies (3.26) and ⇢d satisfies (3.27)
are both the global optimum with fixed other optimized variables p,w,!u,ud.
Let fg(p,w,!u,ud, ⇢u, ⇢d) denote the objective in (3.23a). Then, we have

f⇢(p,w,!u,ud, ⇢u, ⇢d)  fg(p,w,!u,ud, ⇢u, ⇢d)

+ ↵3VtPd + ↵4Vr.
(3.46)

Let p(n),w(n),!(n)
u ,u(n)

d , ⇢(n)u , ⇢(n)d be the n-th iteration of the variables whose ex-
pressions are given by (3.43), (3.34), (3.32), (3.37), (3.26) and (3.27), respectively.
⇢(n)u , ⇢(n)d are obtained by the n-th iteration beamformers {p

(n),w(n),!(n)
u } and

{p
(n),u(n)

d }, respectively. Since the power of p(n) reaches Pd, we obtain (3.47)
from (3.45) and (3.46), given by

f(p(n+1),w(n+1),!(n+1)
u ,u(n+1)

d )

> fg(p
(n+1),w(n+1),!(n+1)

u ,u(n+1)
d , ⇢(n)u , ⇢(n)d )

+ ↵3VtPd + ↵4Vr.

(3.47)

Following Algorithm 5, the update sequences are !(n+1)
u

(a)
 {w

(n)
}, w(n+1) (b)

 

{p
(n),!(n)

u , ⇢(n)u }, u(n+1)
d

(c)
 {p

(n)
}, and p

(n+1) (d)
 {⇢(n)u , ⇢(n)d ,w(n+1),u(n+1)

d }. There-
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fore, we have
fg(p

(n+1),w(n+1),!(n+1)
u ,u(n+1)

d , ⇢(n)u , ⇢(n)d )

> fg(p
(n),w(n),!(n)

u ,u(n)
d , ⇢(n)u , ⇢(n)d ).

(3.48)

Subsequently, by using (3.45) and (3.46) and due to the power of p(n) reaching
Pd, we have

fg(p
(n),w(n),!(n)

u ,u(n)
d , ⇢(n)u , ⇢(n)d ) + ↵3VtPd + ↵4Vr

= f(p(n),w(n),!(n)
u ,u(n)

d ).
(3.49)

From (3.45) - (3.49), we obtain

f(p(n+1),w(n+1),!(n+1)
u ,u(n+1)

d ) > f(p(n),w(n),!(n)
u ,u(n)

d ), (3.50)

which shows that the objective function in (3.17a) is non-decreasing after each
BCD update iteration. Since the uplink and downlink rates are upper bounded
[11], as are the beampattern gains when beamformers p and w both probe at
target direction, ✓r, the value of objective in (3.17a) is bounded above. Con-
sequently, the proposed algorithm will converge to at least a local optimum,
which guarantees the convergence of the proposed Algorithm 5. In the fol-
lowing, we provide numerical results to demonstrate the convergence of the
proposed design.

Fig. 3.2 shows the behavior of the objective function (3.17a) and the relative
difference ⇣ , defined in (3.51), with respect to the number of iterations, for dif-
ferent Nt and SI power levels:

⇣ , f (n)
g � f (n�1)

g

f (n�1)
g

, (3.51)

where ⇣ 6 ✏ is the iteration end criterion. As shown in Fig. 3.2, objective (3.23a)
converges within a small number of iterations.
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Figure 3.2 Convergence of Algorithm 5 to a stable objective function value
with ✏ = 10�5. (a) Objective function versus the number of iterations; (b)
Relative difference versus the number of iterations.

3.4.2 Complexity Analysis

From Algorithm 5, the bottleneck step is the step 8, which updates p, with
assumption Nd < Nt 6 Nr, Nu < Nt 6 Nr. Thus, the overall complexity of
Algorithm 5 is given by

O(I3(N
2
r +NtNd + I1NrNu +N3

r + I2N
3
t ))⇡O(I3(max(N3

r , I2N
3
t ))), (3.52)

where I3 is the iteration number. In summary, Algorithm 5 has polynomial
complexity.
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3.5 Numerical evaluation

In this section, we provide numerical results to validate the performance of
the proposed joint TX-RX beamformer design for the FD ISAC system. The
number of transmit and receive antennas at the FD ISAC transceiver are set
the same, which are Nt = Nr = 16. The number of antennas at uplink and
downlink user are set to Nu = 2 and Nd = 2, respectively. The carrier fre-
quency of the FD ISAC system is fc = 2.4GHz. The sampling rate is Ts = 1/⌦,
where ⌦ = 20MHz is the bandwidth. We use the tuple (✓, r, v) to represent
a target/user’s coordinates and bearing w.r.t the transceiver, where ✓ denotes
the direction, r the range and v the velocity. The radar target is assumed to be
at (45�, 7.5m, 20m/s), the uplink user at (�50�, 10m, 0m/s), and the downlink
user at (✓d = �30�, 100m, 0m/s). The transmit powers of the ISAC transceiver
and uplink user are Pd,[dBm] = 20dBm, and Pu,[dBm] = 10dBm, respectively. The
thermal noise floor at the ISAC receiver is Pnoise,[dBm] = �94dBm. The path
loss (in dB) is modelled as follows ⌘(d) = �20 log10(�/(4⇡d0)) + 10n log10(d/d0),
where d0 = 1m is the reference distance, and n = 2.2 is the path loss expo-
nent [93], respectively. The SI power, Psi,[dBm] � Pnoise,[dBm], ranges from 10 -
60dB at the ISAC receiver. We run 1000 times Monte Carlo simulations with
perfect CSI for observing the performances of the SI cancellation, SoI over SI,
and sum-rates. The signals, su, and sd, comprise uncoded i.i.d zero mean, unit-
energy QPSK symbols.

3.5.1 SI Power After Cancellation

Firstly, we measure the SI cancellation performance of Algorithm 5 in terms of
the residual digital-domain SI power level Pres,[dB], which is defined as Pres,[dB] :=

10 log10(|w
H
Hsip|

2/1mW) � Pnoise,[dBm]. Thus, a negative value of Pres implies
that the residual SI power level is lower than the noise floor. Additionally, we
assume ↵com = ↵1 = ↵2 (i.e., equal weight for uplink and downlink commu-
nications performance) and ↵radar = ↵3 = ↵4. Furthermore, the priority given
to communications performance is captured by the parameter, % = ↵com/↵radar.
As shown in Fig. 3.3, when % varies from 1 to 1000, the SI power up to 60 dB
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Figure 3.3 Performance comparison of SI cancellation with varying priority
parameter % and level of SI. The residual SI level is computed with respect to
the noise floor.

20 25 30 35 40 45 50 55 60
SI power [dB]

200

250

300

350

So
I o

ve
r S

I [
dB

]

Figure 3.4 Performance comparison of SoI (e.g., radar echo and uplink data)
power over SI power in dB.

with regards to noise floor can be effectively suppressed due to the residual SI
power, Pres,[dB] < 0. To observe whether the SoI is preserved in the process of SI
suppression, we consider the ratio between the SoI and SI powers, defined as
PSoI/SI,[dB] := 10 log10((|w

H
Hrp|

2 + |w
H
Hu!u|

2)/|wH
Hsip|

2). The performance
of PSoI/SI,[dB] with varying % is shown in Fig. 3.4, where a positive value implies
that the SoI (e.g., radar echo and uplink data) is not drowned by the strong
SI. As expected, the performance of SI cancellation degrades and PSoI/SI,[dB] de-
creases with increasing of the SI power. Additionally, when the priority pa-
rameter % increases, the performance of SI cancellation improves and SoI over
SI power increases. This is because a higher % leads to more priority given to
communications, resulting in reduced correlation between SI and SoI. It should
be noted that this correlation is one of the challenges in suppressing SI when
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   (a)                                                                                                         (d) � = 1 � = 1

Figure 3.5 Left panel: Transmit beampattern, Right panel: Receive beampat-
tern of the ISAC FD system with a effective cancellation of 60 dB SI, where
Nt = 16, target at ✓r = 45�, and downlink user at ✓d = �30�: (a, d) % = 1; (b, e)
% = 100; (c, f) % = 0.01.

the sensing function is present. Thus, the joint ISAC TX-RX beamformers de-
sign can effectively preserve the SoI and suppress SI in FD ISAC. While NSP
method has better performances than the proposed method with some certain
parameter settings, other system capabilities of the proposed method (i.e., av-
erage sum-rate of downlink and uplink users, radar parameter estimation per-
formance) are enhanced, which are explained in Section 3.5.3 and Section 3.5.4,
respectively.

3.5.2 Beampattern Power Performance

Fig 3.5 illustrate examples of the transmit and receive beampatterns with vary-
ing priority parameters % with effective cancellation of 60dB residual SI. As
shown in Figs. 3.5a and 3.5d, when % = 1, the transmit beamformer focuses
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Figure 3.6 Frame structures of (a) half-duplex and (b) FD systems.

the transmit power towards the radar target and the downlink user directions.
Meanwhile, the receive beamformer concentrates on the uplink user and radar
target. According to Figs. 3.5b and 3.5e, the transmit and receive beams fo-
cus more on the downlink user and uplink user compared with the transmit
and receive beampatterns of % = 1, respectively, due to a higher priority on the
communication that is % = 100. When % = 0.01, the radar function has higher
priority, thus the transmit and receive beams concentrate more on the target
in comparison with the transmit and receive beampatterns of % = 1. Addi-
tionally, the residual SI power level Pres,[dB] for the cases that % = 1, 100, 0.01 are
�130.97dB,�197.37dB, and�108.48dB, respectively. Hence, the SI is effectively
suppressed.

3.5.3 Sum-rate Performance

In half-duplex systems, a fraction, �, of the (time-frequency) resources are allo-
cated for uplink and the remaining for downlink, while for FD, all the resources
are allocated simultaneously for both uplink and downlink, as shown in Fig.
3.6. The sum-rate in one unit time-frequency resource for the half-duplex sys-
tem is defined as Rhd,[unit] = �Rdl + (1 � �)Rul, and sum-rate for the FD system
is defined as Rfd,[unit] = Rdl+Rul. In our simulation, � is set as 0.5, which means
equal time-frequency resource allocation for both uplink and downlink.

The sum-rate performance with respect to SI power level with varying priority
parameter % is shown in Fig. 3.7. When % increases, the sum-rate increases cor-
respondingly. Specifically, the upper bound is given by the sum-rate of the FD
communication functions (i.e., % = 1). The lower bound is given by the sum-
rate in one unit time-frequency resource of the half-duplex system. With in-
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Figure 3.7 Average sum-rate in one unit time-frequency resource versus vary-
ing level of SI power.

creasing SI power, the sum-rate in unit time-frequency resource first decreases
and then tends to be flat thanks to the effective suppression of the residual SI.

3.5.4 Sensing Performance

For range-Doppler sensing, we explicitly consider the signal stream in (3.4) in
discrete time, ignoring the residual SI. The resulting signal can then be repre-
sented as

ŝu[n,m] = w
H
Hu!usu[n,m]

+ ⌘re
j2⇡(fdTs)mw

H
a(✓r)b

>(✓r)psd[n� i⌧ ,m]

+w
H
nu[n,m],

(n = 0, · · · , N ;m = 0, · · · ,M � 1),

(3.53)

where the indices m and n respectively capture the slow and fast time-scales
commonly assumed in range-Doppler processing3, and i⌧ 2 Z is the round-

3This framework results in a decoupling between the effects of the delay and Doppler shifts
in (3.53), which is a reasonable assumption when the Doppler frequency (320Hz in our case) is
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trip delay of the radar echo (also known as the target range bin). The signal
stream, sd[n,m] := sd[n+mM ] (and likewise, with su[n,m]) can be viewed as a
concatenation of M blocks, with each block comprising N symbols.

The range bin, i⌧ , is estimated from (3.53) by applying the matched filter w.r.t
sd[n,m] along the fast-time axis. In [82], it was shown that the cross-correlation
function between su[·,m] and sd[·,m], and the autocorrelation function of sd[·,m]

asymptotically converged to the all-zero function and �[·], respectively, for large
N . Hence, the uplink data stream has negligible impact on the range-Doppler
sensing performance. Subsequently, we perform an M -point DFT operation,
resulting in the range-Doppler map.

With respect to angular domain sensing, since we implicitly assume that the
target is in the vicinity of the direction in which w is "pointing" towards (i.e.,
the radar operates in track mode), we are more interested in the interference
suppression capability of the latter from an unwanted direction, ✓, captured by
the following metric:

P (✓) = |w
H(a(✓) +Hsip)|

2. (3.54)

Consequently, the AoA estimate is given by argmax✓ P (✓).

For comparison, we consider the NSP method, radar-only method, and com-
munication only method. Specifically, the TX and RX beamformers for the
radar-only method are given by pr = b(✓r), and wr = a(✓r), respectively. Sim-
ilarly, the TX and RX beamformers for the communication-only method are
given by pu = b(✓u), and wu = a(✓u), respectively. The priority parameter %
is set to 1. The range-velocity map is shown in Fig. 3.8. We observe that Al-
gorithm 5 has effective residual SI suppression compared with methods that
do not consider SI suppression (i.e., the radar-only and communications-only
methods), where the desired radar echo drowns in the SI, which can be seen
as a strong signal with v = 0m/s, r = 0m. Additionally, the radar-only and
communication-only methods both have interference around the original point

much smaller than the signal bandwidth (20MHz in our case).
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(a) Proposed method                                                 (b) NSP method

SISI

(c) Radar-only method                                               (d) Communication-only method
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Figure 3.8 Examples of range and velocity estimation based on the FD ISAC
system with 60 dB SI with Nt = 16, Nr = 16, M = 512 blocks, and N = 1024
symbols.

due to the unsuppressed residual SI.

Fig. 3.9 contains plots of the output power, P (✓), of different methods. In the
direction of target (45�), our method and the radar-only method have similar
output power. This indicates similar angle detection results of the two meth-
ods. The proposed method also has a similar output power compared with the
communication-only method. Additionally, the proposed method has smaller
interference compared with the NSP method, especially around the angle 0�,
where the SI is located.
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Figure 3.9 An example of angle estimation for a simulated scenario with a
target at ✓r = 45�, a uplink communication user at ✓u = �50� with antennas
Nt = 16 and 60 dB SI power.
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3.6 Summary

In this thesis, we designed the transmit and receive beamformer p,w at the
transceiver, precoder !u at the uplink user, combiner ud at the downlink user
to simultaneously maximize the uplink and downlink rate, the transmit and
receive radar beampattern power at the target, and suppress the residual SI. In
the objective function, the TX and RX beampattern gains are used as the radar
metric, and the uplink and downlink rates are used as the communication met-
ric. With the aid of the equivalence of the rate maximization and the MSE mini-
mization, and penalty-based transformation, we used the BCD method to solve
the optimization problem. Subsequently, we gave a convergence analysis. Nu-
merical results showed that up to 60 dB residual SI in digital domain can be
efficiently suppressed. Additionally, the optimized TX and RX beampatterns
can probe at the desired target, uplink and downlink user directions with a sat-
isfactory average sum-rate, a more accurate radar parameter estimation with
regards to range, velocity, and angle, and outperforms the NSP beamformer
design method, which validates the effectiveness of the proposed algorithm.
For future studies, a more effective algorithm on suppressing SI is worthy in-
vestigating. In addition, an extended transceiver design for a more general
multi-data transmission can be studied. Moreover, it would be interesting to
extend the SI cancellation technique to both the digital and analog domains in
view of more accurate residual SI model and saturation caused by analog SI.
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Chapter 4

Rate-Splitting Multiple Access for
Quantized ISAC LEO Satellite
Systems: A Max-Min Fair
Energy-Efficient Beam Design
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4.1 Introduction

Sensing capabilities are recognized as a key technique in the next generation
of wireless communication networks (i.e. 6G) for achieving emerging applica-
tions, such as assisted navigation, activity detection and movement tracking,
and environmental monitoring [5, 94]. Furthermore, given the significant de-
velopment in the wireless communications and radar sensing industries, spec-
trum resources are becoming increasingly scarce and valuable. As a promising
solution, ISAC has been proposed to meet these requirements. By adopting the
ISAC system, spectral, hardware, and energy resources are efficiently utilized.
This efficiency is achieved through unified signal processing procedures and
a shared hardware framework between sensing and communication systems.
Nonetheless, much of the past ISAC research has been primarily devoted to
terrestrial networks, resulting in limitations in providing global services [9].

On the other hand, satellite communications have been envisioned as a solution
to satisfy the growing demand for ubiquitous and high-capacity global connec-
tivity in unserved (e.g. marine, and desert) and underserved areas (e.g. rural
areas). The deployment of satellites and terrestrial stations offers global cover-
age; thus, it enhances the service availability in such areas and enables service
reliability through the redundancy in the satellite-terrestrial networks. In com-
parison to GEO and MEO satellites, which suffer from high propagation de-
lay and require large investments, LEO satellites offer a lower latency, higher
data rate, and near-complete visibility due to their relatively lower orbit alti-
tudes (i.e. 500�2000 km). Furthermore, the proximity of LEO satellites to Earth
has prompted the exploration of remote sensing functionality in LEO satellite
systems. In recent years, the necessity for sensing capabilities and enhanced
spectrum utilization efficiency in LEO satellites has naturally driven the devel-
opment of ISAC-LEO systems. However, the implementation of ISAC in LEO
satellite systems poses certain challenges, potentially limiting the technological
promise of ISAC-LEO systems, as follows.

Challenge #1: Interference Control. The first challenge is the inter-beam inter-
ference among the users and the control of the trade-off between communica-
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tion and sensing capabilities, as these factors determine the overall system per-
formance. RSMA, recognized as a generalized and powerful non-orthogonal
transmission framework and robust interference management strategy for multi-
antenna multi-user networks, has been demonstrated to be effective in han-
dling various interference challenges in satellite communication [9, 49–52, 54,
95]. In RSMA, the transmitter splits each message into common and private
messages, which are then linearly precoded at the satellite gateway. At the re-
ceiver, the common stream is first decoded by treating all private streams as
noise. Subsequently, each user eliminates the decoded common stream and
decodes their respective private stream, treating the other private streams as
noise. Due to the ability to partially decode the interference and partially treat it
as noise, RSMA outperforms the existing multiple access schemes, e.g. SDMA,
OMA, and non-orthogonal multiple access NOMA, in terms of spectral effi-
ciency and user fairness [53]. Furthermore, RSMA has been shown to facili-
tate a better trade-off between the communication and sensing functionalities,
when compared to conventional beamforming techniques [41–44].

Challenge #2: Energy Efficiency. The second challenge pertains to the power
limitations typically faced by LEO satellites due to the lack of its suitable power
sources. This issue becomes notably more severe, especially as the number of
transmit antennas increases for the improved spectral efficiency and spectrum
reuse factor. Consequently, the satellite power needs to be used with high ef-
ficiency. When considering the downlink RF chain, it has been shown that the
DAC dominates the total power consumption of the RF chain [96]. Specifically,
the power consumption of DAC grows exponentially with the number of bits
b that determine the resolution of the DAC. By leveraging this property, we
can employ low-resolution DACs, thereby reducing the power consumption in
each RF chain and the total power consumed at the satellite.

Furthermore, considering the expected increase in the number of connected
devices and data rates in future satellite communication systems [34], coupled
with the limitation of satellite power, it is crucial to adopt energy EE as a signif-
icant performance indicator in transmission scheme design. The EE is defined
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Table 4.1 Novelty Comparison with Existing RSMA-ISAC/Satellite Literature

Our work [41, 45] [42] [43] [44] [46] [100–102] [103] [104] [105] [106]
ISAC X X X X X X
Satellite X X X X X X X
Rate metric X X X X X X X X
EE metric X
Max-min EE metric X
Beampattern matching X X
CRB X X X X
Beamforming design X X X X X X X
Power allocation X X X
Low-resolution DAC X X
Radar sequence X X

as the ratio between the transmission rate and the consumed energy, measured
in bits/Joule. From a system-level perspective, it is preferable to consider a
total EE, which is defined as the sum-rate of the communication system over
the total power consumption [97]. However, this metric tends to prioritize the
EE in a few links with favorable channel conditions. This prioritization poten-
tially neglects the needs of others. In essence, the total EE metric lacks fairness
among all links, especially when dealing with a substantial number of users.
Therefore, it is more reasonable to aim for maximizing the minimum EE among
all links to ensure fairness.

Related Works. Existing ISAC studies primarily concentrate on the terrestrial
networks [9,98], exploring applications such as autonomous vehicles, environ-
ment monitoring, smart cities, smart manufacturing, and industrial IoT, etc [7].
Nevertheless, terrestrial ISAC systems fail to provide global service, and are
constrained by limited data reception and processing resources. To address
these challenges, the concept of an ISAC-LEO satellite system has naturally
emerged, driven by the development of on-board processing capacities on the
satellite. A hybrid beamforming design for ISAC-LEO systems are proposed
in [99], taking into account the effects of beam squint. This issue is formulated
as an EE optimization, subject to the constraint of matching the beampattern.
It has been demonstrated that a trade-off can be achieved between communi-
cation EE and the sensing beampattern.
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RSMA is an effective interference management strategy, resulting in enhanced
spectral efficiency and energy efficiency. Therefore, RSMA has been utilized in
satellite systems [100–106] to improve communication performances. In detail,
RSMA for multigroup multicast beamforming is investigated in (multigate-
way) multibeam satellite system [100–102] to improve the rate performance.
A deep reinforcement learning method is proposed in [103] to obtain the opti-
mal power allocation to maximize the sum rate in satellite system. In [104], the
power allocation over different beams in satellite system is optimized by max-
imizing the sum rate. A comprehensive comparison of sum rate performance
among RSMA, SDMA, and OMA in satellite systems is provided in [105]. Ad-
ditionally, the secure delivery issue in investigated in [106].

RSMA is also proposed in the ISAC design to enhance the management of
inter-beam interference among communication users, and achieve a satisfac-
tory trade-off between communication and sensing functionalities. Starting
from the RSMA-assisted ISAC system without the satellite set-up, the concept
of integrating RSMA with ISAC systems is initially introduced in [41]. Building
upon this, [45] delves into the study of RSMA-assisted ISAC systems, consid-
ering practical scenarios that involve partial channel state information at the
transmitter (CSIT) and the mobility of communication users. This investiga-
tion revealed that RSMA exhibited superior interference management capa-
bilities, thereby improving the trade-off between the weighted sum rate (WSR)
and mean square error (MSE) in beamforming approximation, when compared
to conventional strategies like SDMA and NOMA. In [44], a design for RSMA-
assisted ISAC utilizing low-resolution DACs is investigated. This design shows
the potential of RSMA to enhance EE with a reduced number of RF chains.

The sensing performance in the above research is optimized by the beampat-
tern matching constraint, which solely captures the transmitter design. In con-
trast, Cramér–Rao Bound (CRB) is a theoretical lower bound on the variance of
unbiased estimators, resulting in a focus on the optimization of estimation per-
formance [107]. Using the CRB metric, RSMA-assisted ISAC-LEO system has
been proposed recently [42, 43]. RSMA has been proven to effectively manage
different types of interference and enable a better trade-off between communi-
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cation and sensing in ISAC-LEO systems compared to SDMA-assisted meth-
ods. Though the extension of the multi-target case is recently investigated
in [46], it does not delve into aspects such as the EE fairness among users, low-
resolution DACs, and the unique features of the satellite scenario. A novelty
comparison table (cf. Table 4.1) on existing RSMA-ISAC/Satellite is provided.
In summary, previous research has not rigorously investigated the max-min
fairness EE problem and interference control in the quantized ISAC-LEO satel-
lite system, which motivates this research.

To conclude, the main contribution is that we propose an approach to effec-
tively control the interference through RSMA. On the other hand, to address the
limited power supply at the LEO satellites, we consider low-resolution quan-
tization DACs at the transmitter and the max-min fairness EE metric. Specif-
ically, we optimize the precoders for maximizing the minimal EE among all
users, considering the power consumption of each RF chain under communica-
tion and sensing constraints. To tackle this optimization problem, we proposed
an iterative algorithm based on SCA and Dinkelbach’s method. Numerical re-
sults illustrate that the proposed design outperforms the strategies that aim to
maximize the total EE of the system and SDMA in terms of max-min fairness
EE and the communication-sensing trade-off.
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4.2 System model

As depicted in Fig. 4.1, we consider a downlink ISAC-LEO satellite system
equipped with co-located Nt transmit antennas and Nr receive antennas (i.e. mono-
static setup). This system operates in full-duplex mode to prevent the echo-
miss problem, which arises from signal transmission durations being consid-
erably longer than the radar echo round-trip time [108]. This system serves
K single-antenna users, indexed by K = {1, · · · , K}, and detects a target. We
assume that all antenna arrays are uniform linear arrays (ULA) [109], featur-
ing half-wavelength spacing between adjacent antenna elements. As shown
in Fig. 4.2, since RSMA is adopted, the message Wk for the kth user is catego-
rized into a common message Wc,k and a private message Wp,k. Subsequently,
all common messages, {Wc,1, · · · ,Wc,K}, are jointly encoded into a common
stream sc. All the private parts, {Wp,1, · · · ,Wp,K}, are encoded into private
streams, {s1, · · · , sK}. The transmit streams comprise common stream, private
streams, and radar sequence are expressed as s[`] = [sc[`], s1[`], · · · , sK [`], sr[`]]> 2

C(K+2)⇥1, where ` 2 L = {1, · · · , L} is the discrete time index. Specifically, the
radar sequence is deterministic and known at the receiver for target informa-
tion extraction.
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<latexit sha1_base64="BCHGdehsxglo5bqE/eaROHNj93E=">AAACAHicbVDLSsNAFL2pr1pfVZduBovgqiQi6rLgxmVF+4A2lMn0ph06mYSZiVBKN+7d6i+4E7f+iX/gZzhps7CtBwYO59zXnCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0W3mt55QaR7LRzNO0I/oQPKQM2qs9KB7o1654lbdGcgq8XJSgRz1Xvmn249ZGqE0TFCtO56bGH9CleFM4LTUTTUmlI3oADuWShqh9iezU6fkzCp9EsbKPmnITP3bMaGR1uMosJURNUO97GXif14nNeGNP+EySQ1KNl8UpoKYmGT/Jn2ukBkxtoQyxe2thA2poszYdBa2ZLOVDvW0ZKPxloNYJc2LqndVvby/rNTcPKQinMApnIMH11CDO6hDAxgM4AVe4c15dt6dD+dzXlpw8p5jWIDz9QsFs5cv</latexit>sk
<latexit sha1_base64="rlK6ViF3Tog6zPcO7IJJLAIUyas=">AAACAHicbVDLSsNAFL2pr1pfVZduBovgqiQi6rLgxmVF+4A2lMl00g6dTMLMjVBKN+7d6i+4E7f+iX/gZzhps7CtBwYO59zXnCCRwqDrfjuFtfWNza3idmlnd2//oHx41DRxqhlvsFjGuh1Qw6VQvIECJW8nmtMokLwVjG4zv/XEtRGxesRxwv2IDpQIBaNopQfT071yxa26M5BV4uWkAjnqvfJPtx+zNOIKmaTGdDw3QX9CNQom+bTUTQ1PKBvRAe9YqmjEjT+ZnTolZ1bpkzDW9ikkM/Vvx4RGxoyjwFZGFIdm2cvE/7xOiuGNPxEqSZErNl8UppJgTLJ/k77QnKEcW0KZFvZWwoZUU4Y2nYUt2WxtQjMt2Wi85SBWSfOi6l1VL+8vKzU3D6kIJ3AK5+DBNdTgDurQAAYDeIFXeHOenXfnw/mclxacvOcYFuB8/QIQ6Zc2</latexit>sr

: common stream
: private stream
: radar stream

<latexit sha1_base64="E0G9ToAyRs/oYEtFEMIAeMhSmD8=">AAAB/nicbVDLSsNAFL2pr1pfVZdugkVwVRIp6rLgxmUL9gFtKJPpTTt0MgkzE7GEgnu3+gvuxK2/4h/4GU7aLGzrgYHDOfc1x485U9pxvq3CxubW9k5xt7S3f3B4VD4+aasokRRbNOKR7PpEIWcCW5ppjt1YIgl9jh1/cpf5nUeUikXiQU9j9EIyEixglGgjNZ8G5YpTdeaw14mbkwrkaAzKP/1hRJMQhaacKNVznVh7KZGaUY6zUj9RGBM6ISPsGSpIiMpL54fO7AujDO0gkuYJbc/Vvx0pCZWahr6pDIkeq1UvE//zeokObr2UiTjRKOhiUZBwW0d29mt7yCRSzaeGECqZudWmYyIJ1SabpS3ZbKkCNSuZaNzVINZJ+6rqXldrzVql7uQhFeEMzuESXLiBOtxDA1pAAeEFXuHNerberQ/rc1FasPKeU1iC9fULftiWVg==</latexit>x

<latexit sha1_base64="TuF1fy0oWWYFS1hWi3J/2uY8K/E=">AAAB/nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdVlw47IF+4A2lMn0ph06mYSZiRBCwb1b/QV34tZf8Q/8DCdtFrb1wMDhnPua48ecKe0431ZpY3Nre6e8W9nbPzg8qh6fdFSUSIptGvFI9nyikDOBbc00x14skYQ+x64/vc/97hNKxSLxqNMYvZCMBQsYJdpIrXRYrTl1Zw57nbgFqUGB5rD6MxhFNAlRaMqJUn3XibWXEakZ5TirDBKFMaFTMsa+oYKEqLxsfujMvjDKyA4iaZ7Q9lz925GRUKk09E1lSPRErXq5+J/XT3Rw52VMxIlGQReLgoTbOrLzX9sjJpFqnhpCqGTmVptOiCRUm2yWtuSzpQrUrGKicVeDWCedq7p7U79uXdcaThFSGc7gHC7BhVtowAM0oQ0UEF7gFd6sZ+vd+rA+F6Ulq+g5hSVYX7+AcpZX</latexit>y

Figure 4.1 Integrated sensing and communications enabled quantized rate-
splitting multiple access satellite system.
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<latexit sha1_base64="0WzvN7+s2uijrrBnUwlGKhvae0U=">AAAB/nicbVDLSsNAFL2pr1pfVZdugkVwVRKR6rLgRnDTgn1AG8pketMOnUzCzEQooeDerf6CO3Hrr/gHfoaTNgvbemDgcM59zfFjzpR2nG+rsLG5tb1T3C3t7R8cHpWPT9oqSiTFFo14JLs+UciZwJZmmmM3lkhCn2PHn9xlfucJpWKReNTTGL2QjAQLGCXaSM2HQbniVJ057HXi5qQCORqD8k9/GNEkRKEpJ0r1XCfWXkqkZpTjrNRPFMaETsgIe4YKEqLy0vmhM/vCKEM7iKR5Qttz9W9HSkKlpqFvKkOix2rVy8T/vF6ig1svZSJONAq6WBQk3NaRnf3aHjKJVPOpIYRKZm616ZhIQrXJZmlLNluqQM1KJhp3NYh10r6qurXqdfO6Uq/lIRXhDM7hEly4gTrcQwNaQAHhBV7hzXq23q0P63NRWrDynlNYgvX1CziUli8=</latexit> K

DAC

<latexit sha1_base64="2pn0yvPTRXSFbxNd+b7O6yvMRPY=">AAACAXicbVDLSsNAFL2pr1pfVZduBovgqiRSqsuCG8FNBfuANpTJ9KYdOpmEmYlQQlfu3eovuBO3fol/4GeYtFnY1gMDh3Pua44XCa6NbX9bhY3Nre2d4m5pb//g8Kh8fNLWYawYtlgoQtX1qEbBJbYMNwK7kUIaeAI73uQ28ztPqDQP5aOZRugGdCS5zxk1maQH96VBuWJX7TnIOnFyUoEczUH5pz8MWRygNExQrXuOHRk3ocpwJnBW6scaI8omdIS9lEoaoHaT+a0zcpEqQ+KHKn3SkLn6tyOhgdbTwEsrA2rGetXLxP+8Xmz8GzfhMooNSrZY5MeCmJBkHydDrpAZMU0JZYqntxI2pooyk8aztCWbrbSvZ1k0zmoQ66R9VXXq1dpDrdKo5yEV4QzO4RIcuIYG3EETWsBgDC/wCm/Ws/VufVifi9KClfecwhKsr18KYJcp</latexit>sK

<latexit sha1_base64="q1U19rZQcJfxJDSXu/t/Ejrvz34=">AAACAXicbVDLSsNAFL2pr1pfVZduBovgqiRSWpcFNy4r2Ae0oUymN+3QySTMTIQSunLvVn/Bnbj1S/wDP8OkzcK2Hhg4nHNfc7xIcG1s+9sqbG3v7O4V90sHh0fHJ+XTs44OY8WwzUIRqp5HNQousW24EdiLFNLAE9j1pneZ331CpXkoH80sQjegY8l9zqjJJD10SsNyxa7aC5BN4uSkAjlaw/LPYBSyOEBpmKBa9x07Mm5CleFM4Lw0iDVGlE3pGPsplTRA7SaLW+fkKlVGxA9V+qQhC/VvR0IDrWeBl1YG1Ez0upeJ/3n92Pi3bsJlFBuUbLnIjwUxIck+TkZcITNilhLKFE9vJWxCFWUmjWdlSzZbaV/Ps2ic9SA2Seem6tSrtYdapVnPQyrCBVzCNTjQgCbcQwvawGACL/AKb9az9W59WJ/L0oKV95zDCqyvX+CTlw8=</latexit>s1

<latexit sha1_base64="64XBHIjTEWaQMA7I54U6tUTOzAQ=">AAACAXicbVDLSsNAFL2pr1pfVZduBovgqiRSWpcFNy4r2Ae0oUymN+3QySTMTIQSunLvVn/Bnbj1S/wDP8OkzcK2Hhg4nHNfc7xIcG1s+9sqbG3v7O4V90sHh0fHJ+XTs44OY8WwzUIRqp5HNQousW24EdiLFNLAE9j1pneZ331CpXkoH80sQjegY8l9zqjJJD1kpWG5YlftBcgmcXJSgRytYflnMApZHKA0TFCt+44dGTehynAmcF4axBojyqZ0jP2UShqgdpPFrXNylSoj4ocqfdKQhfq3I6GB1rPASysDaiZ63cvE/7x+bPxbN+Eyig1Ktlzkx4KYkGQfJyOukBkxSwlliqe3EjahijKTxrOyJZuttK/nWTTOehCbpHNTderV2kOt0qznIRXhAi7hGhxoQBPuoQVtYDCBF3iFN+vZerc+rM9lacHKe85hBdbXLzDol0E=</latexit>sc

<latexit sha1_base64="zom5Atg0RygMSHABVJNMiC+GO5o=">AAACAXicbVDLSsNAFL2pr1pfVZduBovgqiRSWpcFNy4r2Ae0oUymN+3QySTMTIQSunLvVn/Bnbj1S/wDP8OkzcK2Hhg4nHNfc7xIcG1s+9sqbG3v7O4V90sHh0fHJ+XTs44OY8WwzUIRqp5HNQousW24EdiLFNLAE9j1pneZ331CpXkoH80sQjegY8l9zqjJpO7QKQ3LFbtqL0A2iZOTCuRoDcs/g1HI4gClYYJq3XfsyLgJVYYzgfPSINYYUTalY+ynVNIAtZssbp2Tq1QZET9U6ZOGLNS/HQkNtJ4FXloZUDPR614m/uf1Y+PfugmXUWxQsuUiPxbEhCT7OBlxhcyIWUooUzy9lbAJVZSZNJ6VLdlspX09z6Jx1oPYJJ2bqlOv1h5qlWY9D6kIF3AJ1+BAA5pwDy1oA4MJvMArvFnP1rv1YX0uSwtW3nMOK7C+fgGzZ5bz</latexit>

W1

<latexit sha1_base64="7C0ZWYUBSQGy6zdcIzK/9a9mK8w=">AAACAXicbVDLSsNAFL2pr1pfVZduBovgqiRSqsuCG8FNBfuANpTJdNIOnUzCzI1QQlfu3eovuBO3fol/4GeYtFnY1gMDh3Pua44XSWHQtr+twsbm1vZOcbe0t39weFQ+PmmbMNaMt1goQ931qOFSKN5CgZJ3I81p4Ene8Sa3md954tqIUD3iNOJuQEdK+IJRzKTO4L40KFfsqj0HWSdOTiqQozko//SHIYsDrpBJakzPsSN0E6pRMMlnpX5seETZhI54L6WKBty4yfzWGblIlSHxQ50+hWSu/u1IaGDMNPDSyoDi2Kx6mfif14vRv3EToaIYuWKLRX4sCYYk+zgZCs0ZymlKKNMivZWwMdWUYRrP0pZstja+mWXROKtBrJP2VdWpV2sPtUqjnodUhDM4h0tw4BoacAdNaAGDMbzAK7xZz9a79WF9LkoLVt5zCkuwvn4B3SWXDQ==</latexit>

WK

<latexit sha1_base64="/DUucOaxoHtvZoa1LsDmZNtMVQE=">AAACBXicbVDLSsNAFL2pr1ofrbp0M1gEF1ISKdVlwY3gpoJ9QBvKZDpph04mYWYilNC1e7f6C+7Erd/hH/gZTtIsbOuBgcM59zXHizhT2ra/rcLG5tb2TnG3tLd/cFiuHB13VBhLQtsk5KHseVhRzgRta6Y57UWS4sDjtOtNb1O/+0SlYqF41LOIugEeC+YzgrWRet1hQi7v56VhpWrX7AxonTg5qUKO1rDyMxiFJA6o0IRjpfqOHWk3wVIzwum8NIgVjTCZ4jHtGypwQJWbZPfO0blRRsgPpXlCo0z925HgQKlZ4JnKAOuJWvVS8T+vH2v/xk2YiGJNBVks8mOOdIjSz6MRk5RoPjMEE8nMrYhMsMREm4iWtqSzpfJVFo2zGsQ66VzVnEat/lCvNht5SEU4hTO4AAeuoQl30II2EODwAq/wZj1b79aH9bkoLVh5zwkswfr6BeurmLw=</latexit>

Wc,K

<latexit sha1_base64="9AFljqEji8jooaVEeNUUYIYrt2M=">AAACBXicbVDLSsNAFL2pr1pfUZduBovgQkoipbosuHFZwT6gDWUynbRDJ5MwMxFK6Nq9W/0Fd+LW7/AP/AwnaRa29cDA4Zz7muPHnCntON9WaWNza3unvFvZ2z84PLKPTzoqSiShbRLxSPZ8rChngrY105z2Yklx6HPa9ad3md99olKxSDzqWUy9EI8FCxjB2ki97jAlV+68MrSrTs3JgdaJW5AqFGgN7Z/BKCJJSIUmHCvVd51YeymWmhFO55VBomiMyRSPad9QgUOqvDS/d44ujDJCQSTNExrl6t+OFIdKzULfVIZYT9Sql4n/ef1EB7deykScaCrIYlGQcKQjlH0ejZikRPOZIZhIZm5FZIIlJtpEtLQlmy1VoPJo3NUg1knnuuY2avWHerXZKEIqwxmcwyW4cANNuIcWtIEAhxd4hTfr2Xq3PqzPRWnJKnpOYQnW1y/B05ii</latexit>

Wc,1
<latexit sha1_base64="Xj9mawcfkOMNHfQnNm8O1xfd/TE=">AAACA3icbVDLTsJAFL3FF+ILdelmIjFxRVpD0CWJG5eYCCWBhkyHKYxMp83M1IQ0LN271V9wZ9z6If6Bn+G0dCHgSSY5Oee+5vgxZ0rb9rdV2tjc2t4p71b29g8Oj6rHJ10VJZLQDol4JHs+VpQzQTuaaU57saQ49Dl1/elt5rtPVCoWiQc9i6kX4rFgASNYG6nrDlMyrwyrNbtu50DrxClIDQq0h9WfwSgiSUiFJhwr1XfsWHsplpoRTueVQaJojMkUj2nfUIFDqrw0v3aOLowyQkEkzRMa5erfjhSHSs1C31SGWE/UqpeJ/3n9RAc3XspEnGgqyGJRkHCkI5R9HY2YpETzmSGYSGZuRWSCJSbaBLS0JZstVaDyaJzVINZJ96ruNOuN+0at1SxCKsMZnMMlOHANLbiDNnSAwCO8wCu8Wc/Wu/VhfS5KS1bRcwpLsL5+Ad66mDE=</latexit>

Wc

<latexit sha1_base64="WDQXfY5nleQEUts/Dt/ugkLb2MI=">AAACBXicbVDLSsNAFL2pr1pfUZduBovgQkoipbosuHFZwT6gDWUynbRDJ5MwMxFK6Nq9W/0Fd+LW7/AP/AwnaRa29cDA4Zz7muPHnCntON9WaWNza3unvFvZ2z84PLKPTzoqSiShbRLxSPZ8rChngrY105z2Yklx6HPa9ad3md99olKxSDzqWUy9EI8FCxjB2ki97jCNr9x5ZWhXnZqTA60TtyBVKNAa2j+DUUSSkApNOFaq7zqx9lIsNSOcziuDRNEYkyke076hAodUeWl+7xxdGGWEgkiaJzTK1b8dKQ6VmoW+qQyxnqhVLxP/8/qJDm69lIk40VSQxaIg4UhHKPs8GjFJieYzQzCRzNyKyARLTLSJaGlLNluqQOXRuKtBrJPOdc1t1OoP9WqzUYRUhjM4h0tw4QaacA8taAMBDi/wCm/Ws/VufVifi9KSVfScwhKsr1/W2Ziv</latexit>

Wp,1

<latexit sha1_base64="l0KX29yILXDg7JaJ24ZFN8mF/xU=">AAACBXicbVDLSsNAFL2pr1ofrbp0M1gEF1ISKdVlwY3gpoJ9QBvKZDpph04mYWYilNC1e7f6C+7Erd/hH/gZTtIsbOuBgcM59zXHizhT2ra/rcLG5tb2TnG3tLd/cFiuHB13VBhLQtsk5KHseVhRzgRta6Y57UWS4sDjtOtNb1O/+0SlYqF41LOIugEeC+YzgrWRet1hEl3ez0vDStWu2RnQOnFyUoUcrWHlZzAKSRxQoQnHSvUdO9JugqVmhNN5aRArGmEyxWPaN1TggCo3ye6do3OjjJAfSvOERpn6tyPBgVKzwDOVAdYTteql4n9eP9b+jZswEcWaCrJY5Mcc6RCln0cjJinRfGYIJpKZWxGZYImJNhEtbUlnS+WrLBpnNYh10rmqOY1a/aFebTbykIpwCmdwAQ5cQxPuoAVtIMDhBV7hzXq23q0P63NRWrDynhNYgvX1CwDAmMk=</latexit>

Wp,K

<latexit sha1_base64="scAo1yRNWLaxicoAwhXt+syxXpE=">AAACAXicbVDLSsNAFL2pr1pfVZduBovgqiRSWpcFNy4r2Ae0oUymN+3QySTMTIQSunLvVn/Bnbj1S/wDP8OkzcK2Hhg4nHNfc7xIcG1s+9sqbG3v7O4V90sHh0fHJ+XTs44OY8WwzUIRqp5HNQousW24EdiLFNLAE9j1pneZ331CpXkoH80sQjegY8l9zqjJJD1UpWG5YlftBcgmcXJSgRytYflnMApZHKA0TFCt+44dGTehynAmcF4axBojyqZ0jP2UShqgdpPFrXNylSoj4ocqfdKQhfq3I6GB1rPASysDaiZ63cvE/7x+bPxbN+Eyig1Ktlzkx4KYkGQfJyOukBkxSwlliqe3EjahijKTxrOyJZuttK/nWTTOehCbpHNTderV2kOt0qznIRXhAi7hGhxoQBPuoQVtYDCBF3iFN+vZerc+rM9lacHKe85hBdbXL0j9l1A=</latexit>sr

<latexit sha1_base64="yNYok4JL8CcBUzhyIJCJ/sA8eqg=">AAACAXicbVDLSsNAFL2pr1pfVZduBovgqiRSqsuCG5cV7APaUCbTSTt0MgkzN2IJXbl3q7/gTtz6Jf6Bn2HSZmFbDwwczrmvOV4khUHb/rYKG5tb2zvF3dLe/sHhUfn4pG3CWDPeYqEMddejhkuheAsFSt6NNKeBJ3nHm9xmfueRayNC9YDTiLsBHSnhC0Yxk54GTmlQrthVew6yTpycVCBHc1D+6Q9DFgdcIZPUmJ5jR+gmVKNgks9K/djwiLIJHfFeShUNuHGT+a0zcpEqQ+KHOn0KyVz925HQwJhp4KWVAcWxWfUy8T+vF6N/4yZCRTFyxRaL/FgSDEn2cTIUmjOU05RQpkV6K2FjqinDNJ6lLdlsbXwzy6JxVoNYJ+2rqlOv1u5rlUY9D6kIZ3AOl+DANTTgDprQAgZjeIFXeLOerXfrw/pclBasvOcUlmB9/QLopJcU</latexit>x1

<latexit sha1_base64="ntaQ/b2VsxrcQ7uHSDFUtH4JetA=">AAACBXicbVDLSsNAFJ3UV62vqks3g0VwVRKR6rLgxpVUsA9oQ5hMJ+3QySTM3IgldO3erf6CO3Hrd/gHfoaTNAvbemDgcM59zfFjwTXY9rdVWlvf2Nwqb1d2dvf2D6qHRx0dJYqyNo1EpHo+0UxwydrAQbBerBgJfcG6/uQm87uPTGkeyQeYxswNyUjygFMCRuo9eemdB7OKV63ZdTsHXiVOQWqoQMur/gyGEU1CJoEKonXfsWNwU6KAU8FmlUGiWUzohIxY31BJQqbdNL93hs+MMsRBpMyTgHP1b0dKQq2noW8qQwJjvexl4n9eP4Hg2k25jBNgks4XBYnAEOHs83jIFaMgpoYQqri5FdMxUYSCiWhhSzZb6UDn0TjLQaySzkXdadQv7y9rzUYRUhmdoFN0jhx0hZroFrVQG1Ek0At6RW/Ws/VufVif89KSVfQcowVYX7+TyJkk</latexit>xNt

<latexit sha1_base64="SRQKWeyCWBXMWHSaDUjna9Be4C8=">AAACAHicbVDLTsJAFL3FF+ILdelmIjFx1bSGoEsSNy4xWiCBhkyHKUyYTpuZqQlp2Lh3q7/gzrj1T/wDP8MpdCHgSSY5Oee+5gQJZ0o7zrdV2tjc2t4p71b29g8Oj6rHJ20Vp5JQj8Q8lt0AK8qZoJ5mmtNuIimOAk47weQ29ztPVCoWi0c9Tagf4ZFgISNYG+nBtu1BtebYzhxonbgFqUGB1qD60x/GJI2o0IRjpXquk2g/w1Izwums0k8VTTCZ4BHtGSpwRJWfzU+doQujDFEYS/OERnP1b0eGI6WmUWAqI6zHatXLxf+8XqrDGz9jIkk1FWSxKEw50jHK/42GTFKi+dQQTCQztyIyxhITbdJZ2pLPlipUs4qJxl0NYp20r2y3Ydfv67VmowipDGdwDpfgwjU04Q5a4AGBEbzAK7xZz9a79WF9LkpLVtFzCkuwvn4B5/qWgg==</latexit> ..
.

<latexit sha1_base64="SRQKWeyCWBXMWHSaDUjna9Be4C8=">AAACAHicbVDLTsJAFL3FF+ILdelmIjFx1bSGoEsSNy4xWiCBhkyHKUyYTpuZqQlp2Lh3q7/gzrj1T/wDP8MpdCHgSSY5Oee+5gQJZ0o7zrdV2tjc2t4p71b29g8Oj6rHJ20Vp5JQj8Q8lt0AK8qZoJ5mmtNuIimOAk47weQ29ztPVCoWi0c9Tagf4ZFgISNYG+nBtu1BtebYzhxonbgFqUGB1qD60x/GJI2o0IRjpXquk2g/w1Izwums0k8VTTCZ4BHtGSpwRJWfzU+doQujDFEYS/OERnP1b0eGI6WmUWAqI6zHatXLxf+8XqrDGz9jIkk1FWSxKEw50jHK/42GTFKi+dQQTCQztyIyxhITbdJZ2pLPlipUs4qJxl0NYp20r2y3Ydfv67VmowipDGdwDpfgwjU04Q5a4AGBEbzAK7xZz9a79WF9LkpLVtFzCkuwvn4B5/qWgg==</latexit> ..
.

<latexit sha1_base64="SRQKWeyCWBXMWHSaDUjna9Be4C8=">AAACAHicbVDLTsJAFL3FF+ILdelmIjFx1bSGoEsSNy4xWiCBhkyHKUyYTpuZqQlp2Lh3q7/gzrj1T/wDP8MpdCHgSSY5Oee+5gQJZ0o7zrdV2tjc2t4p71b29g8Oj6rHJ20Vp5JQj8Q8lt0AK8qZoJ5mmtNuIimOAk47weQ29ztPVCoWi0c9Tagf4ZFgISNYG+nBtu1BtebYzhxonbgFqUGB1qD60x/GJI2o0IRjpXquk2g/w1Izwums0k8VTTCZ4BHtGSpwRJWfzU+doQujDFEYS/OERnP1b0eGI6WmUWAqI6zHatXLxf+8XqrDGz9jIkk1FWSxKEw50jHK/42GTFKi+dQQTCQztyIyxhITbdJZ2pLPlipUs4qJxl0NYp20r2y3Ydfv67VmowipDGdwDpfgwjU04Q5a4AGBEbzAK7xZz9a79WF9LkpLVtFzCkuwvn4B5/qWgg==</latexit> ..
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Figure 4.2 Transmitter Architecture of RSMA-assisted ISAC-LEO system.

4.2.1 Channel Model

Satellite Communication Channel Model. The satellite channel comprises
free space loss, radiation pattern and rain attenuation, thus the downlink chan-
nel between the LEO ISAC satellite and the kth user is modelled as [49, 110]

hk = bk � qk � exp {|�k} , (4.1)

where hk 2 CNt⇥1 is the downlink channel between the kth user and the LEO
satellite based on the satellite setup [111], bk = [bk,1, bk,2, · · · , bk,Nt ] 2 CNt con-
sists of satellite beam radiation pattern and free space loss. The nth

t
element of

the bk is approximated as

bk,nt '

p
GuGk,nt

4⇡ dk
�c

p
◆TsysB

, (4.2)

where Gu is the antenna gain at the user, dk is the distance between the satellite
and the kth user, �c is the carrier wavelength, ◆ is the Boltzman’s constant, Tsys is
the receive noise temperature, B is the bandwidth. Gk,nt is the beam gain from
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the nth
t

feed to kth user, and is approximated by

Gk,nt = Gmax

ñ
J1 (uk,nt)

2uk,nt

+ 36
J3 (uk,nt)

u3
k,nt

ô2
, (4.3)

where Gmax denotes the maximum beam gain for each beam and
uk,nt = 2.07123 sin (✓k,nt) / sin (✓3 dB). ✓k,nt is the angle between the kth user and
the center of nth

t
beam, and ✓3 dB is the 3 dB angle loss compared with the gain

of the beam center. J1 and J3 are the first and third order of the first-kind Bessel
function, respectively. Moreover, qk = [qk,1, qk,2, · · · , qk,Nt ] 2 CNt is the rain at-
tenuation coefficient vector, where each element qk,nt = ⇣1/2

k,nt
. The power gain

⇣k,nt in dB, ⇣k,nt(dB) = 20 log10(⇣k,nt), commonly follows the lognormal distribu-
tion, i.e. ln (⇣k,nt(dB)) ⇠ N (µ, �). Additionally, �k = [�k,1,�k,2, · · · ,�k,Nt ] 2 CNt

is the uniformly distributed phase vector, where �k,nt ⇠ U(0, 2⇡). We denote the
satellite channels between the satellite and all the users by H = [h1, · · · ,hK ] 2

CNt⇥K .

Radar Channel Model. We consider a radar operating in a track model, with an
initial AoA estimate for the target obtained from prior scanning. By processing
the received reflected echo, we can extract the information of the target, i.e. tar-
get’s AoA, ✓, range, r, and the relative velocity, v, between the LEO satellite
and target in the line-of-sight (LOS) direction. Since the AoA and AoD are the
same for the monostatic radar, they are both denoted as ✓. We assume that the
radar channel varies slowly with time, thus it is modeled by [108]

Hr(t) = ↵e|2⇡fd`Tb(✓)a>(✓), (4.4)

– ↵ is the attenuation factor, comprising the radar cross-section (RCS) and
round-trip path-loss; ⌫ is derived from the radar range equation [84], given
in (4.5); r is the distance between the receiver and the target:

↵ =

 
�2
c
⌫

(4⇡)3r4
. (4.5)
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– ` is the discrete time index; T is the sampling interval; t = `T is the time
instant; fd = 2vfc/c is the Doppler shift; the signal carrier frequency and the
speed of light are denoted by fc and c, respectively.

– Transmit and receive steering vectors of the ULA, a(✓) 2 CNt⇥1 and b(✓) 2

CNr⇥1, are respectively written as

a(✓) =
î
1, e|2⇡! sin(✓), . . . , e|2⇡(Nt�1)! sin(✓)

ó>
, (4.6a)

b(✓) =
î
1, e|2⇡! sin(✓), . . . , e|2⇡(Nr�1)! sin(✓)

ó>
, (4.6b)

where ! represents the normalized spacing between adjacent array elements in
relation to the wavelength.

4.2.2 Signal Model

The discrete baseband dual-functional signal at time index ` 2 L is as follows

x[`]=Ps[`] =

Common streamz }| {
pcsc[`] +

Private streamsz }| {X

k2K

pksk[`]

| {z }
Communication streams

+ prsr[`]

| {z }
Radar sequence

, (4.7)

where P = [pc,p1, · · · ,pK ,pr] 2 CNt⇥(K+2) is the dual-functional beamforming
matrix to be optimized. Specifically, pc 2 CNt is the precoder of the common
stream, {pk}k2K is the precoder of the private stream, and pr 2 CNt is the pre-
coder of the radar sensing sequence. Note that the radar sequence, sr, is deter-
ministic for extracting the target’s information, and it has no useful data for the
users.

Before the transmission, the baseband signal, x[`], is quantized by the DAC.
The quantization is a non-linear mapping, thus the additive quantization noise
model (AQNM) [44, 112, 113] is adopted to approximate the quantization to a
linear form. Therefore, the analog transmit signal at time ` after quantization is
given by

Q(x) ⇡ xq[`] = �x[`] + ✏[`], (4.8)
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where xq[`] = xq,c[`]+
P

k2K xq,k[`]+xq,r[`] 2 RNt⇥1. The matrix � , diag(�1, · · · , �Nt) 2

RNt⇥Nt , where �m 2 (0, 1) is the linear gain of the quantization at the mth trans-
mit RF chain when adopting bm bit DAC quantization, written as

�m = 1� % = 1�
⇡
p
3

2
2�2bm , (4.9)

where % is the quantization loss. Additionally, ✏ is the additive quantization
noise vector, ✏ ⇠ CN (0Nt ,⌃), where

⌃ = �(INt ��)E
⇥
x[`]xH [`]

⇤
. (4.10)

The coherent matrix of transmitted dual-functional waveform after quantiza-
tion is as follows

Rq = E
⇥
xq[`]x

H

q [`]
⇤
= �PP

H
�

H . (4.11)

The received signal at all K users is given by

y[`] = H
H
xq[`] + n[`], (4.12)

where n ⇠ CN (0K , �2
k
IK) is the additive complex Gaussian noise at each user.

We assume that the CSI is perfectly known at the satellite. At the kth user, the
received signal is written as

yk[`] = h
H

k
xq[`] + nk[`]

= h
H

k
�pcsc[`] + h

H

k
�

X

k2K

pksk[`]

+ h
H

k
�prsr[`] + h

H

k
✏[`] + nk[`].

(4.13)

At ISAC-LEO satellite receiver, the radar echo, z[`] 2 CNr⇥1, for the sensing
functionality is given by

z[`] = Hrxq[`] + nr[`]

= ↵e|2⇡fd`Tb(✓)a>(✓)�x[`]

+ ↵e|2⇡fd`Tb(✓)a>(✓)✏[`] + nr[`],

(4.14)
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where nr[`] is the independent, zero-mean complex Gaussian noise, and nr[`] ⇠

CN (0Nr , �
2
r
INr).
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4.3 Minimal Energy Efficiency Maximization and Prob-
lem Formulation

In this section, the metrics in the objective function and constraints for an op-
timization problem of interest are explained. Additionally, we formulate the
optimization problem.

4.3.1 Communication Metric

Communication Rates. Considering the EE of each user, we adopt the max-
min fairness EE. Since RSMA is adopted, the communication metric needs to
be modified due to the common stream. Recalling the decoding process of
RSMA [53], each user first decodes the common stream, sc, by treating all pri-
vate streams as noise. After the common stream is successfully decoded, it is
subtracted from the received signal, y, by SIC. In RSMA, the interference is
partially subtracted and the remaining interference is treated as noise, result-
ing in significant improvement of sum-rate [114] or minimum rate among all
users [115]. This is facilitated by the common and private message split and
SIC in the decoding.

The signal-to-interference-plus-noise (SINRs) for the common and private streams
at kth user with the assumption that channels vary slowly with time are respec-
tively written as

�c,k =

��hH

k
�pc

��2
P

i2K |hH

k
�pi|

2
+  |hH

k
�pr|

2
+ h

H

k
⌃hk + �2

k

, (4.15a)

�k =

��hH

k
�pk

��2
P

i2K,i 6=k
|hH

k
�pi|

2
+  |hH

k
�pr|

2
+ h

H

k
⌃hk + �2

k

, (4.15b)

where  is an index variable to unify the different processing methods for radar
sequence, sr. Specifically, we consider:

–  = 0: Since the radar sequence, sr, is commonly designed and determined
before transmission, the user side can access to the radar sequence and im-
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plement SIC to remove this interference. This case is hence denoted by  = 0.

–  = 1: SIC at the user receiver can be computationally intensive due to the
iterative interference cancellation, thus to facilitate low computational and
hardware complexity at the user side, we can adopt no SIC at the expense of
treating radar sequence, sr, as the interference.

The normalized rates of the common and private streams with regard to SINR
are written as

Rc,k = log2 (1 + �c,k) , (4.16a)

Rk = log2 (1 + �k) . (4.16b)

We recall that the common stream needs to be decodable by all receivers in the
RSMA framework. To guarantee this, the common rate, denoted by Rc, should
set to the minimum of the Rc,k, 8k 2 K [53], i.e.

Rc = min
k2K

{Rc,k} =
X

k2K

Ck, (4.17)

where Ck is the rate of the common part of the kth user. Thus, the total achiev-
able rate of the kth user is Rk,total = Ck +Rk.

Max-min Energy Efficiency. Communication rates are determined on the K

user end, making them related to the transmission design. Thus, we consider
the power consumption of the transmitter as the denominator in the max-min
EE metric. In each RF chain, the power consumption comes from the low-pass
filter, mixer, local oscillator, 90� hybrid with buffer, DAC, whose power con-
sumption are denoted by PLP, PM, PLO, PH, PDAC, respectively. Specifically, the
power consumption of one RF chain is PRF = 2PDAC+2PLP+2PM+PH+PLO/Nt,
where all transmit RF chains share one local oscillator, thus PLO is divided by
Nt for simplicity while we assume that all RF chains adopt the same quantiza-
tion (i.e. bm = b, 8m 2 Nt = {1, · · · , Nt}). The DAC power consumption PDAC in
Watt is as follows [116, 117]

PDAC (b, fs) = 1.5⇥ 10�5
· 2b + 9⇥ 10�12

· fs · b, (4.18)
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where fs is the sampling rate. Subsequently, the total power consumption for
each user is written as [116]

Pchain,k = PRF + �1PTX,k, (4.19)

where  is the power amplifier (PA) efficiency (i.e.  = PTX,k/PPA), PTX,k is the
actual transmit power for the kth user, given by

PTX,k = tr(E [xq,kx
H

q,k]) = k�pkk
2 + 1/Kk�pck

2, (4.20)

where we consider the power of the common stream for each user by dividing
user number K. Therefore, the EE of the kth user in the considered system is as
follows:

⌘k =
Rk,total

Pchain,k
=

Ck +Rk

PRF + �1(k�pkk
2 + 1/Kk�pck

2)
. (4.21)

4.3.2 Sensing Metric: Cramér–Rao Bound

For a target sensing, the target information extraction can be formed as a clas-
sic maximum likelihood estimation (MLE) problem [107]. After the estimated
parameters are obtained, the mean square error (MSE) is used as the sensing
performance metric. However, the MSE has no closed-form expression, thus
intractable. Instead, the Cramér–Rao Bound is employed as the performance
metric, which provides a lower bound for the MSE and has a closed-form ex-
pression. The CRB is calculated as CRB = J

�1, where J is the Fisher informa-
tion matrix (FIM). The FIM [107] for estimating the unknown parameter vector
⇠ = [✓,↵]> from (4.14), is written as

[J]i,j =
2

�2
r

Re

(
LX

`=1

@µ[`]H

@⇠i

@µ[`]

@⇠j

)
, i, j 2 {1, 2}, (4.22)

where µ , ↵e|2⇡fd`Tb(✓)a>(✓)�x[`]. Therefore, the FIM for estimation is parti-
tioned as

J⇠ =

"
J✓✓ J✓↵

J
>
✓↵

J↵↵

#
. (4.23)
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CRB(✓) =
⇥
J✓✓ � J✓↵J

�1
↵↵

J>
✓↵

⇤�1

=
tr
�
A(✓)RqA

H(✓)
�

2 SNRradar

Å
tr
Ä
Ȧ(✓)RqȦ

H(✓)
ä
tr (A(✓)RqA

H(✓))�
���tr
Ä
A(✓)RqȦ

H(✓)
ä���

2
ã , (4.24)

The CRB matrix for estimating AoA, ✓, is written in (4.24) [43,118] where A(✓) ,
b(✓)a>(✓); Ȧ , @A(✓)/@✓; the SNR of received radar echo SNRradar = PtL|↵|

2/�2
r
;

Pt is the transmitted power; L represents the number of transmit symbols within
one coherent processing interval (CPI), which facilities the multi-pulse process-
ing and improves the received radar SNR [119]. The expression of the elements
in FIM (i.e. [J]✓✓, [J]✓↵, [J]↵↵) are derived in Appendix 7.2.3. Note that constrain-
ing the CRB on angle effectively limits the minimum achievable error in es-
timating the AoA. Thus, it indirectly necessitates the transmit beamforming
pattern to concentrate its power on the target. This, in turn, leads to an overall
enhancement of detection performance, such as Doppler detection. In prac-
tice, the AoA of the radar echo, ✓, changes slowly compared with the adjacent
coherent transmission time blocks [120]. Thus, we assume that the AoA, ✓, is
fixed in the optimization. For the same reason, we also assume the Doppler
shift, fd, is a constant in the optimization [121].

Remark 8. We employ CRB as the sensing metric instead of radar SINR or beampat-
tern matching. This choice is made due to the non-convex and thus intractable nature
of the fractional form in radar SINR. Additionally, both of these metrics concentrate on
transmit-side design, and neglect real target detection performance. In contrast, CRB
prioritizes the optimization of the estimation performance and implicitly constrains the
beampattern direction.

4.3.3 Problem Formulation

We aim to maximize the minimum EE among all users to guarantee fairness
among users in this section. We formulate the max-min EE fairness problem
and optimize the precoders pc,pr, {pk}k2K, and the vector of common rate por-
tions, c = [C1, · · · , CK ]

>. Therefore, the optimization problem is formulated as
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max
pc,pr,c

{pk}k2K

min
k2K

(Ck +Rk)

PRF + 1/ (k�pkk
2 + 1/Kk�pck

2)
(4.25a)

s.t. k�pck
2 +

X

k2K

k�pkk
2 +  k�prk

2 6 Pt, (4.25b)

Rc,k >
X

i2K

Ci, 8k 2 K, (4.25c)

Ck > 0, 8k 2 K, (4.25d)

Rk + Ck > Rth, 8k 2 K, (4.25e)

CRB(✓) 6 ⇢, (4.25f)

where Rth is a parameter for the required rate for each user, ⇢ is a parameter
as the upper limit of CRB. Constraint (4.25b) limits the total transmit power of
the ISAC satellite. (4.25c) guarantees the successful decoding of the common
stream by all users. (4.25d) ensures all common rate portions are non-negative.
(4.25e) is imposed to guarantee the QoS requirement of each user. To guarantee
the target estimation performance, the CRB of the angle is upper limited as in
(4.25f).
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4.4 The Proposed Algorithm for Minimal Energy Ef-
ficiency Maximization

In this section, we tackle the non-convexity of problem (4.25). To have com-
putational efficiency in the problem solving, we transform the original prob-
lem to a SDP form. Since the non-convexity of the objective function (4.25a)
attributable to the fractional structure, we rewrite the objective function as a
form of the difference of concave functions (DC). Subsequently, SCA is em-
ployed to transform the communication rate expression to a convex form. To
handle the non-convexity in the fractional form of the objective function, we
adopt Dinkelbach’s algorithm [59] to transform the problem to an equivalent
linear objective function. Subsequently, the objective function is transformed to
a constraint. The constraints (4.25c) and (4.25e) are intractable due to the non-
convex rate expressions, thus we introduce auxiliary variables and adopt SCA
to have the linear approximation. The CRB constraint (4.25f) is transformed to
a linear matrix inequality (LMI) by Schur Complement. To satisfy the rank-one
constraint, a penalty function is added to the objective function. The details of
the transformation and algorithm is given below.
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4.4.1 SDP Transformation

To make our algorithm computationally efficient, the original problem (4.25) is
first transformed into a SDP problem, given by

max
Pc,Pr,c,

{Pk}k2K

min
k2K

(Ck +Rk(Pc,Pr,Pk,�, )
�

Pchain,k(Pk,�)
(4.26a)

s.t. tr(�PP
H
�) 6 Pt, (4.26b)

Pc ⌫ 0,Pr ⌫ 0,Pk ⌫ 0, 8k 2 K (4.26c)

rank(Pc) = 1, rank(Pr) = 1, rank(Pk) = 1,

8k 2 K, (4.26d)

log2 (1 + �c,k) >
X

i2K

Ci, 8k 2 K, (4.26e)

Ck > 0, 8k 2 K, (4.26f)

log2 (1 + �k) > rk, 8k 2 K, (4.26g)

Ck + rk > Rth 8k 2 K, (4.26h)

CRB(✓) 6 ⇢, (4.26i)

where we define Pc = pcp
H

c
,Pr = prp

H

r
,Pk = pkp

H

k
,Hk = hkh

H

k
for the

SDP transformation; r = [r1, · · · , rK ]> is an auxiliary variable; Pchain,k(Pk,�) =

PRF + 1/ (tr(�Pk�) + 1/K (�Pc�)),

�c,k=
tr (Hk�Pc�)P

j2K
tr (Hk�Pj�)+ tr (Hk�Pr�)+tr (Hk⌃)+�2

k

, (4.27a)

�k=
tr (Hk�Pk�)P

j2K,

j 6=k

tr (Hk�Pj�)+ tr (Hk�Pr�)+tr (Hk⌃)+�2
k

, (4.27b)

and Rk(Pr,Pk,�, ) is given in (4.28).

Objective Function Transformation by SCA and Dinkelbach’s Method. Since
the rate expression in the numerator, Rtotal,k(Pr,Pk,�, Ck, ), of the objective
function (4.26) is intractable, and it is a classic DC programming problem, we
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Rk(Pr,Pk,�, ) = log2
�X

j2K

tr (Hk�Pj�)+ tr (Hk�Pr�)+tr (Hk⌃)+�2
k

�

� log2
� X

j2K,j 6=k

tr (Hk�Pj�)+ tr (Hk�Pr�)+tr (Hk⌃)+�2
k

�

(4.28)

can tackle this problem by SCA method [122]. Thus, the numerator in (4.26a) is
rewritten as

Rtotal,k(Pk,�, Ck, ) = Ck + log2(1 + �k)

= fk(Pr,Pk,�, Ck, )� gk(Pr,Pk,�, ),
(4.29)

where
fk(Pr,Pk,�, Ck, ) , Ck+ log2

�X

j2K

tr (Hk�Pj�)

+ tr (Hk�Pr�)+tr (Hk⌃)+�2
k

�
,

(4.30a)

gk(Pr,Pk,�, ), log2
� X

j2K,j 6=k

tr(Hk�Pj�)

+ tr(Hk�Pr�)+tr (Hk⌃)+�2
k

�
.

(4.30b)

By using the SCA, the concave function gk(Pr,Pk,�, ) is upper bounded by
its linear approximation at any feasible point with respect to Pr and Pk, rewrit-
ten as

gk(Pr,Pk,�, ) 6 gk(P
(t)
r
,P(t)

k
,�, )

+
X

j2K,j 6=k

tr(rH

Pj
gk(P

(t)
r
,P(t)

k
,�, )(Pj �P

(t)
j
))

+ tr(rH

Pr
gk(P

(t)
r
,P(t)

k
,�, )(Pr �P

(t)
r
)

, eg(P(t)
r
,P(t)

k
,�, ),

(4.31)

where t represents the tth SCA iteration, and

rH

Pj
gk(P

(t)
r
,P(t)

k
,�, ) = rH

Pr
gk(P

(t)
r
,P(t)

k
,�, ) (4.32)

=
�Hk�

ln 2
, 8j.
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Since eg(P(t)
r ,P(t)

k
,�, ) is now an affine function, eRtotal,k(P

(t)
r ,P(t)

k
,�, C(t)

k
, ) ,

fk(Pr,Pk,�, Ck, ) � eg(P(t)
r ,P(t)

k
,�, ) is a concave function. Therefore, the

transformed problem is as follows

max
Pc,Pr,c,

{Pk}k2K

min
k2K

eRtotal,k(Pr,Pk,�, Ck, )

Pchain,k(Pk,�)
(4.33a)

s.t. (4.26b)� (4.26i).

Subsequently, this fractional programming (FP) problem (4.33) can be itera-
tively solved by the Dinkelbach’s algorithm [59], the transformed problem with
integral expression in the objective function (4.33a) is rewritten as

max
Pc,Pr,c,

{Pk}k2K

min
k2K

eRtotal,k(Pr,Pk,�, Ck, )�� (Pchain,k(Pk,�)) (4.34a)

s.t. (4.26b)� (4.26i).

Next, the variable � is updated as follows:

�(t+1) = min
k2K

eRtotal,k(P
(t)
r ,P(t)

k
,�, C(t)

k
, )

Pchain,k(P
(t)
k
,�)

, (4.35)

where t denotes the tth iteration in the optimization process.

To make the max-min objective function (4.34a) smooth, we introduce an aux-
iliary variable µ [123], and the equivalent problem is as follows

max
Pc,Pr,c,

{Pk}k2K,µ

µ (4.36a)

s.t. eRtotal,k(Pr,Pk,�, Ck, )� � (Pchain,k(Pk,�))

> µ, 8k 2 K (4.36b)

(4.26b)� (4.26i).

Rate Constraints Transformation by SCA. To tackle the non-convexity in (4.26e)
and (4.26g), we utilize the SCA technique to transform these two constraints.
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Inspired by [42], we first introduce slack variables ⌘c,k, ⌘k, �c,k, �k, 8k 2 K. Thus,
(4.26e) is transformed to

⌘c,k � �c,k >
X

i2K

Ci log 2, (4.37)

e⌘c,k 6 tr (Hk�Pc�)+ tr (Hk�Pr�)+tr (Hk⌃) (4.38)

+
X

j2K

tr (Hk�Pj�)+�2
k
,

e�c,k >
X

j2K

tr (Hk�Pj�)+ tr (Hk�Pr�) (4.39)

+tr (Hk⌃)+�2
k
,

where 8k 2 K. Next, (4.26g) is transformed to

⌘k � �k > rk log 2, (4.40)

e⌘k 6
X

j2K

tr (Hk�Pj�)+ tr (Hk�Pr�)+tr (Hk⌃)+�2
k
, (4.41)

e�k >
X

j2K,

j 6=k

tr (Hk�Pj�)+ tr (Hk�Pr�)+tr (Hk⌃)+�2
k
, (4.42)

where 8k 2 K. However, (4.39) and (4.42) are still non-convex, thus the first-
order Taylor approximation is utilized to tackle these two constraints, given
by X

j2K

tr (Hk�Pj�)+ tr (Hk�Pr�)+tr (Hk⌃)

+�2
k
6 e�

(t)
c,k

Ä
�c,k � �

(t)
c,k

+ 1
ä
,

(4.43)

X

j2K,j 6=k

tr (Hk�Pj�)+ tr (Hk�Pr�)

+tr (Hk⌃)+�2
k
6 e�

(t)
k

Ä
�k � �

(t)
k

+ 1
ä
.

(4.44)

(4.38) and (4.41) belong to generalized nonlinear convex programming, and
result in high computational complexity. To efficiently cope with (4.38) and
(4.41), we introduce the auxiliary variables ⌧c,k, ⌧k, and then compute a first-
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order Taylor approximation. Therefore, (4.38) and (4.41) are rewritten as

⌧c,k 6 tr (Hk�Pc�) + tr (Hk�Pr�)+tr (Hk⌃) (4.45)

+
X

j2K

tr (Hk�Pj�)+�2
k
,

⌧ (t)
c,k

log
Ä
⌧ (t)
c,k

ä
+
Ä
⌧c,k�⌧

(t)
c,k

ä î
log
Ä
⌧ (t)
c,k

ä
+1
ó
>⌧c,k⌘c,k, (4.46)

⌧k6
X

j2K

tr (Hk�Pj�)+ tr (Hk�Pr�)+tr (Hk⌃)+�2
k
, (4.47)

⌧ (t)
k

log
Ä
⌧ (t)
k

ä
+
Ä
⌧k � ⌧

(t)
k

ä î
log
Ä
⌧ (t)
k

ä
+ 1
ó
> ⌧k⌘k. (4.48)

To increase efficiency and numerical robustness of the solution, we transform
(4.46) and (4.48) to second-order cone (SOC) forms. Taking the transformation
of (4.46) as an example, (4.46) can be rewritten by multiplying 4 in both sides
as

�4⌧c,k(⌘c,k � (log
Ä
⌧ (t)
c,k

ä
+1)) > 4⌧ (t)

c,k
. (4.49)

Through completing the square in both sides of the inequality (4.49), it is fur-
ther transformed as

Ä
⌧c,k +

Ä
⌘c,k � (log

Ä
⌧ (t)
c,k

ä
+1)
ää2

+ 4⌧ (t)
c,k

6
Ä
⌧c,k �

Ä
⌘c,k � (log

Ä
⌧ (t)
c,k

ä
+1)
ää2

.
(4.50)

Therefore, the equivalent second-order cone (SOC) forms of (4.46) and (4.48)
are as follows

��⇥⌧c,k + ⌘c,k �
Ä
log
Ä
⌧ (t)
c,k

ä
+ 1
ä
, 2
q
⌧ (t)
c,k

⇤��
2

(4.51)

6 ⌧c,k � ⌘c,k + log
Ä
⌧ (t)
c,k

ä
+ 1,

��⇥⌧k + ⌘k �
Ä
log
Ä
⌧ (t)
k

ä
+ 1
ä
, 2
»
⌧ (t)
k

⇤��
2

(4.52)

6 ⌧k � ⌘k + log
Ä
⌧ (t)
k

ä
+ 1.
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Thus, the transformed problem is rewritten as

max
Pc,Pr,c,

{Pk}k2K,µ

µ (4.53a)

s.t. (4.26b)� (4.26d), (4.26f), (4.26h), (4.26i), (4.36b),

(4.37), (4.40), (4.43), (4.44), (4.45), (4.47), (4.51), (4.52).

4.4.2 CRB Transformation by Schur Complement

To handle the non-convexity in the CRB(✓) (4.24) due to the fractional structure,
we first reformulate it as

tr
Ä
Ȧ(✓)RqȦ

H(✓)
ä
�

���tr
Ä
A(✓)RqȦ

H(✓)
ä���

2

tr (A(✓)RqA
H(✓))

�
1

2⇢SNR
>0. (4.54)

By leveraging Schur complement [120,124], we have the following linear matrix
inequality, given by

"
tr
Ä
ȦRqȦ

H

ä
�

1
2⇢SNR tr

Ä
ARqȦ

H

ä

tr
Ä
ȦRqA

H

ä
tr
�
ARqA

H
�
#
⌫ 0. (4.55)

Therefore, the reformulated problem is written as

max
Pc,Pr,c,

{Pk}k2K,µ

µ (4.56a)

s.t. (4.26b)� (4.26d), (4.26f), (4.26h), (4.36b), (4.37),

(4.40), (4.43), (4.44), (4.45), (4.47), (4.51), (4.52), (4.55).

4.4.3 Rank-one Constraint Transformation by Penalty Function

The rank-one constraints (4.26d) are non-convex, we adopt the penalty function
and a corresponding iterative method to tackle this issue [49, 65]. Given that a
rank-one matrix implies the presence of only a single nonzero eigenvalue, we
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can rewrite the non-convex constraints (4.26d) in an alternative form as

tr(Pc)� �max(Pc) = 0, (4.57a)

tr(Pr)� �max(Pr) = 0, (4.57b)

tr(Pk)� �max(Pk) = 0, 8k 2 K, (4.57c)

where �max() denotes the maximum eigenvalue of a matrix. Subsequently, we
formulate a penalty function to incorporate these constraints into the objective
function (4.56a), as follows

max
Pc,Pr,c,

{Pk}k2K,µ

µ�⇠
�
[tr(Pc)��max(Pc)]+ [tr(Pr)��max(Pr)]

+
X

k2K

[tr(Pk)� �max(Pk)]
�

(4.58a)

s.t. (4.26b)� (4.26d), (4.26f), (4.26h), (4.36b), (4.37),

(4.40), (4.43), (4.44), (4.45), (4.47), (4.51), (4.52), (4.55),

where ⇠ serves as a pre-defined penalty factor to minimize the penalty func-
tion to the greatest extent possible. However, since the penalty function exists,
the objective function (4.58a) is non-concave. Next, an iterative approach is
employed to handle this challenge, leveraging the inequality given below by
taking Pc as an example

tr (Pc)�
Ä
m

(t)
c,max

äH
Pcm

(t)
c,max>tr (Pc)�⇠max (Pc)>0, (4.59)

where m(t)
c,max is the normalized eigenvector at the tth optimization iteration with

respect to the maximum eigenvalue ⇠max (Pc). Same to this definition, we de-
fine m

(t)
r,max, m(t)

k,max as the normalized eigenvectors with regard to Pc and Pk,
respectively. Finally, the approximate problem at the tth iteration is formulated
in (4.60), where PF is defined by
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max
Pc,Pr,c,{Pk}k2K,µ

µ� ⇠PF (4.60a)

s.t. (4.26b)� (4.26d), (4.26f), (4.26h), (4.36b), (4.37), (4.40), (4.43),
(4.44), (4.45), (4.47), (4.51), (4.52), (4.55).

PF , [tr (Pc)�
Ä
m

(t)
c,max

äH
Pcm

(t)
c,max]

+  [tr (Pr)�
Ä
m

(t)
r,max

äH
Prm

(t)
r,max]

+
X

k2K

[tr (Pk)�
Ä
m

(t)
k,max

äH
Pkm

(t)
k,max].

(4.61)

The transformed problem is convex and only involves SOC constraints, and
LMI, thus it can be efficiently solved via numerical tools, e.g. CVX [125]. In each
iteration, a feasible solution is given around the previous solution. We summa-
rize our proposed algorithm for addressing (4.60) in Algorithm 6, where " is the
iteration tolerance coefficient, tmax is the maximum iteration number. After iter-
ation ends, an optimal solution is given, and eigenvalue decomposition (EVD)
is used to obtain the optimized beamforming vectors, pc,pr, {pk}k2K, from the
SDP expressions.

4.4.4 Computational Complexity and Convergence Analysis

The formulated problem in (4.60) involves SDP, SOC and LMI constraints, which
can be efficiently solved by standard interior-point method (IPM) [126]. The
computational complexity is given by O

�p
n log("�1)(mn3+m2n2+m3)

�
, where

" is the convergence tolerance, n is the size of the positive semi-definite matrix,
m is the number of the SDP constraints. In our case (4.26), m = 4K + 3, n =

Nt, therefore the computational complexity of the proposed Algorithm 6 is
O
�
log("�1)(N3.5

t
+ 4KN2.5

t
)
�
.

The convergence of the proposed Algorithm 6 is also analyzed here. In each
iteration, a feasible solution is given around the previous solution. In addition,
the optimal solution {P

(t)
c ,P(t)

r ,
¶
P

(t)
k

©
k2K

,�(t), ⌘(t), �(t), ⌧ (t)} at the tth iteration
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Algorithm 6: Proposed Algorithm for Max-min Fairness Beamforming De-
sign

Input: P(t)
c ,P(t)

r ,
¶
P

(t)
k

©
k2K

,H,Hr, Pt.
Output: P⇤

c
,P⇤

r
, {P⇤

k
}
k2K ,�⇤, ⌘⇤, �⇤, ⌧ ⇤.

1 Initialize t 0,�(t) = 0, ⇠ = 0.5⇥ 10�2, " = 10�3, tmax = 100,
P

(t)
c ,P(t)

r ,
¶
P

(t)
k

©
k2K

by SVD;
2 while no convergence of objective function (4.60a) & t < tmax do
3 t t+ 1.
4 Solve problem (4.60) to obtain P

(t)
c ,P(t)

r ,
¶
P

(t)
k

©
k2K

.

5 Update �(t) = min
k2K

‹Rtotal,k(P
(t�1)
r ,P

(t�1)
k ,�,C

(t�1)
k , )

Pchain,k(P
(t�1)
k ,�)

.

6 end
7 Set �⇤ = �(t).
8 Return P

⇤
c
,P⇤

r
, {P⇤

k
}
k2K ,�⇤, ⌘⇤, �⇤, ⌧ ⇤.

is also a feasible solution of the (t + 1)th iteration. Hence, the objective func-
tion (4.60a) is non-decreasing after each iteration. Additionally, the objective
function is bounded by lower bounds to satisfy the rank-one constraint [65]
as given in (4.59), and thus guarantee a convergence. Consequently, the ob-
tained feasible solution of (4.60) satisfies the Karush–Kuhn–Tucker (KKT) opti-
mality conditions, and (4.58) and (4.60) have the same KKT conditions at con-
vergence [65, 127]. Due to the convexification of the original problem, the fea-
sible solution is a local optimum. This algorithm cannot guarantee that the
solution is a global optimum.

Note that the global optimum is not guaranteed at the given feasible solution
point.

4.4.5 Total EE maximization

The total EE maximization problem in the considered system model with low-
resolution DACs is used as a benchmark for comparison. The total EE is de-
fined by the sum-rate over the total power consumption as given in (4.62a).
This problem can be solved by a similar algorithm as Algorithm 6 due to the

121



Algorithm 7: Algorithm for Total EE Beamforming Design

Input: P(t)
c ,P(t)

r ,
¶
P

(t)
k

©
k2K

,H,Hr, Pt.
Output: P⇤

c
,P⇤

r
, {P⇤

k
}
k2K ,�⇤total, ⌘

⇤, �⇤, ⌧ ⇤.

1 Initialize t 0,�(t)total = 0, ⇠ = 0.5⇥ 10�2, " = 10�3, tmax = 100,
P

(t)
c ,P(t)

r ,
¶
P

(t)
k

©
k2K

by SVD;
2 while no convergence of objective function (4.63a) & t < tmax do
3 t t+ 1.
4 Solve problem (4.63) to obtain P

(t)
c ,P(t)

r ,
¶
P

(t)
k

©
k2K

.

5 Update �(t) =
P

k2K
‹Rtotal,k(P

(t�1)
r ,P

(t�1)
k ,�,C

(t�1)
k , )

P
k2K Pchain,k(P

(t�1)
k ,�)

.

6 end
7 Set �⇤total = �(t).
8 Return P

⇤
c
,P⇤

r
, {P⇤

k
}
k2K ,�⇤total, ⌘

⇤, �⇤, ⌧ ⇤.

summation is an operation preserving convexity [65].

max
pc,pr,c

{pk}k2K

P
k2K(Ck +Rk)

P
k2K

Ä
PRF + 1/ (k�pkk

2 + 1/Kk�pck
2)
ä (4.62a)

s.t. (4.25b)� (4.25f).

Without introducing the auxiliary variable µ to handle max-min form as in
(4.36), the transformed problem is rewritten as

max
Pc,Pr,c,

{Pk}k2K

X

k2K

eRtotal,k(Pr,Pk,�, Ck, )

��
�X

k2K

Pchain,k(Pk,�)
�
�⇠PF (4.63a)

s.t. (4.26b)� (4.26d), (4.26f), (4.26h), (4.37), (4.40),

(4.43), (4.44), (4.45), (4.47), (4.51), (4.52), (4.55),

Therefore, we have the following Algorithm 7. Subsequently, we select the
minimal EE among all the users to be the baseline.
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Remark 9. The ULA in the LEO-ISAC satellite system can be easily extended to uni-
form planar array (UPA) setup. If we assume that the transmit and receive UPAs
on the LEO satellite are equipped Mt and Mr antenna elements, respectively. Az-
imuth and elevation angles of the target regarding the satellite UPAs are denoted
by ✓h and ✓v, respectively. Thus, the radar echo model in (4.14) can be rewritten
as Z[`] = ↵e|2⇡fd`Tb(✓h, ✓v)a>(✓h, ✓v)xq[`] + Nr[`]. Here, a(✓h, ✓v) 2 CMt⇥1 and
b(✓h, ✓v) 2 CMr⇥1 denote the transmit and receive steering vectors, respectively, given
by a(✓h, ✓v) = exp(�|[rX , rY , rZ ]k(✓h, ✓v)), and b(✓h, ✓v) = exp(�|[rX , rY , rZ ]k(✓h, ✓v)),
where rZ = rZ = 0 if the UPAs are deployed within (X, Y ) plane. Additionally,
k (✓h, ✓v) = 2⇡

�c
[cos ✓h cos ✓v, sin ✓h cos ✓v, sin ✓v]

>. Subsequently, we can obtain the
FIM and CRB on the azimuth and elevation angles, and utilize a similar optimization
algorithm to design the system.
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4.5 Numerical evaluation

The objective of this section is to illustrate the superiority of the RSMA-assisted
ISAC-LEO scheme using the proposed algorithm. We start from the investiga-
tion of the convergence behaviours. Next, we solve the optimization problem
as in (4.60) to obtain the optimized precoders. We compare the communications
and sensing performances of the following schemes: max-min fairness EE op-
timization: (a) RSMA with radar sequence with SIC, (b) RSMA with radar se-
quence without SIC, (c) RSMA without radar sequence, the schemes of total EE
optimization: (d) RSMA with radar sequence with SIC, (e) RSMA with radar
sequence without SIC, (f) SDMA. Note that the SDMA’s optimization problem
can be solved via Algorithm 7 by turning off the common stream.

4.5.1 Simulation Environment

We consider an overloaded (Nt < K) RSMA-assisted ISAC-LEO satellite sys-
tem, where the LEO satellite is equipped Nt = 4 transmit antennas and Nr = 4

receive antennas. The provided method can be extended to a massive MIMO
system, e.g., Nr = 16, with a higher computational complexity. We assume that
K = 5 users are in the coverage area; the target is located at ✓ = 0� with dis-
tance r = 2000 m; the relative velocity between the LEO satellite and target in
LOS direction is v = 10 m/s. Note that no user grouping is considered in the
simulation. The transmit power budget is Pt = 20 dBm, and we normalize the
noise power by ◆TsysB, i.e. �2

k
= 1, 8k 2 K [49]. For the DAC power consump-

tion model, we set PLP = 14mW, PM = 0.3mW, PLO = 22.5mW, PH = 3mW
and  = 0.27 [116]. The simulation parameters of the LEO satellite channel
are given by carrier frequency, fc = 20 GHz, satellite height dsat = 600 km,
bandwidth B = 25 MHz, 3 dB angle equaling to 0.4�, satellite antenna gain,
Gu = 17 dBi, Boltzman’s constant, ◆ = 1.38 ⇥ 10�23 J/m, system noise tem-
perature Tsys = 517K, and rain fading parameters, (µrain, �2

rain) = (�2.6, 1.63).
In the constraint, QoS requirement for each user, and CRB threshold are set as,
Rth = 1 and ⇢ = 10�2, respectively. As for the quantized DACs, we assume that
all RF chains are equipped with the same quantization bit DACs for simplic-
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Figure 4.3 Convergence illustration for 2-bit cases (a) Algorithm 6, and (b)
Algorithm 7 with 20 dB transmit SNR and 40 dB radar SNR.

ity, i.e. bm = b, 8m 2 Z. We adopt the values for the quantization loss % when
b 6 5 as in [128]. When b > 5, we calculate % as given in (4.9). The number
CPI is L = 1024, and the signals, s, consist of uncoded i.i.d zero mean, unit-
energy quadrature phase shift keying (QPSK) symbols. Recall that the SNR of
received radar echo SNRradar = PtL|↵|

2/�2
r
. We conduct 100 Monte Carlo simu-

lations with perfect CSI to observe the performances.

Starting from the convergence analysis, Fig. 4.3 (a) and (b) respectively demon-
strate the changes of the max-min fairness EE values and total EE values with
respect to the iterations. The proposed algorithm can converge fast in 10 iter-
ations for all cases. Specifically, RSMA with pr and SIC at the receiver with
metric max-min fairness EE has the best performances in the optimization pro-
cess via Algorithm 6. In contrast, RSMA with pr and no SIC has the lowest
max-min fairness EE due to the interference from the radar sequence.
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4.5.2 Communication Performances

We investigate the max-min fairness EE of the system as shown in Fig. 4.4 un-
der the case that quantization bit, b 2 {2, 4, 8}, and QoS requirements for each
user, Rth = 1. The results are obtained by solving (4.60) for the max-min fair-
ness EE and (4.63) for the maximization of total EE. According to Fig. 4.4, the
observations are that the max-min fairness EE increases with the decrease of the
quantization bits, especially in the high transmit SNR range (i.e. 20�30 dB). The
reason behind is due to a lower power consumption caused by fewer quanti-
zation bit. Additionally, RSMA with pr and SIC at the receiver has the largest
max-min fairness EE. In contrast, SDMA has the lowest one. This is due to a
better inter-beam interference management of the RSMA compared to SDMA.
In the five RSMA scenarios, RSMA with pr and SIC has the best max-min EE
performance, followed by RSMA without pr and RSMA with pr and no SIC.
This is because that RSMA with pr and SIC has no radar sequence interference
(i.e.  = 0) compared with RSMA with pr and no SIC (i.e.  = 1). In addition,
RSMA with pr and SIC has a better communication-sensing trade-off, enabled
by the precoder, pr, for sensing, when it is compared with other cases. The
max-min fairness EE of RSMA without pr is higher than that of RSMA with pr

without SIC due to no radar sequence interference (i.e.  = 0). The max-min
fairness EE performances of the two cases, which are the maximization of the
total EE with pr and without pr, are worse than the three cases of directly maxi-
mizing minimum EE. In detail, the performance of total EE without pr is better
than total EE with pr in terms of the max-min fairness EE. This is also because
the latter case has no radar sequence interference.

We analyze the precoder power allocation here. The results are obtained by
solving (4.60) and (4.63). As shown in Fig. 4.5 (a), the power allocation of each
precoder in our proposed method is plotted. It is obvious that precoders pc

and pr are well-utilized. Since our proposed design maximizes the max-min
fairness EE under constraints, which are QoS for each user and sensing guar-
antee, a balance between communication (i.e. max-min fairness EE) and sensing
performances are achieved. However, as shown in Fig. 4.5 (e), if the sum-rate
maximization problem is considered, the power allocation of precoder pr is
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Figure 4.4 Max-min fairness EE versus transmit SNR with the quantization bit
b 2 {2, 4, 8} and 40 dB radar SNR.

almost zero. This indicates that pr is not well utilized when adopting the sum-
rate metric. This conclusion is also verified by beampattern performances of
the max-min fairness EE and sum-rate metrics. To further explain the reason
why pr is effective under the metric of max-min fairness EE, we compare the
power allocations of this metric and sum-rate metric. Based on the optimiza-
tion problem (4.25), we change the objective function to sum-rate, which is the
numerator in (4.25a) without minimization. Subsequently, we follow the same
problem and constraints transformation, and obtain the power allocation of
sum-rate metric. It is observed that the sum-rate metric tends to turn off the
radar sequence, thus pc will work for both communication and sensing func-
tionalities, and be probed at the target direction. In contrast, the metric that is
max-min fairness EE can utilize both pc and pr, resulting in a better trade-off
between communication and sensing capabilities.
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Figure 4.5 Power allocation of each precoder with 2-bit quantization and 20 dB
transmit SNR and 40 dB radar SNR for (a) RSMA with pr and SIC, (b) RSMA
with pr and no SIC, (c) RSMA without pr, (d) RSMA with pr by maximizing
total EE, (e) RSMA with pr by maximizing sum-rate, (f) SDMA by maximizing
total EE.

In addition, as shown in Fig. 4.6 (a), the max-min fairness EE decreases with b

owing to the increased power consumption.

4.5.3 Sensing performances

The sensing performance is constrained by CRB(✓) 6 ⇢, where a smaller ⇢ in-
dicates a stronger constraint and results in a better sensing performance. As
shown in Fig. 4.6 (b), RSMA with pr and SIC can achieve the best trade-off be-
tween the communication and sensing functionalities; the sensing constraint
is satisfied while the highest max-min fairness EE can be achieved. In addi-
tion, the max-min fairness EE of each curve gradually increases with a looser ⇢

128



10-4 10-3 10-2 10-1
0.002

0.004

0.006

0.008

0.01

0.012

0.014

0.016

0.018

M
ax

-m
in

 F
ai

rn
es

s 
EE

 (
)

RSMA w/ p r - SIC
RSMA w/ p r - No SIC
RSMA w/o p r

RSMA w/ p r Total EE - No SIC
RSMA w/o p r Total EE
SDMA w/o p r Total EE

2 4 6 8
bit   

0.002

0.004

0.006

0.008

0.01

0.012

0.014

0.016

0.018

M
ax

-m
in

 F
ai

rn
es

s 
EE

 (
)

<latexit sha1_base64="E9bGLAtxPfct35FpvmsFYuX7SjM=">AAAB/nicbVDLSgMxFL3js9ZX1aWbYBFclRkp6rLgxmUL9gFtKZn0ThuayQxJRihDwb1b/QV34tZf8Q/8DDPtLGzrgcDhnPvK8WPBtXHdb2djc2t7Z7ewV9w/ODw6Lp2ctnSUKIZNFolIdXyqUXCJTcONwE6skIa+wLY/uc/89hMqzSP5aKYx9kM6kjzgjBorNfxBqexW3DnIOvFyUoYc9UHppzeMWBKiNExQrbueG5t+SpXhTOCs2Es0xpRN6Ai7lkoaou6n80Nn5NIqQxJEyj5pyFz925HSUOtp6NvKkJqxXvUy8T+vm5jgrp9yGScGJVssChJBTESyX5MhV8iMmFpCmeL2VsLGVFFmbDZLW7LZSgd6VrTReKtBrJPWdcW7qVQb1XKtmodUgHO4gCvw4BZq8AB1aAIDhBd4hTfn2Xl3PpzPRemGk/ecwRKcr19c0JZE</latexit>

b

(a) EE versus quantization bit                      (b) EE versus  (CRB constraint) 
<latexit sha1_base64="E9bGLAtxPfct35FpvmsFYuX7SjM=">AAAB/nicbVDLSgMxFL3js9ZX1aWbYBFclRkp6rLgxmUL9gFtKZn0ThuayQxJRihDwb1b/QV34tZf8Q/8DDPtLGzrgcDhnPvK8WPBtXHdb2djc2t7Z7ewV9w/ODw6Lp2ctnSUKIZNFolIdXyqUXCJTcONwE6skIa+wLY/uc/89hMqzSP5aKYx9kM6kjzgjBorNfxBqexW3DnIOvFyUoYc9UHppzeMWBKiNExQrbueG5t+SpXhTOCs2Es0xpRN6Ai7lkoaou6n80Nn5NIqQxJEyj5pyFz925HSUOtp6NvKkJqxXvUy8T+vm5jgrp9yGScGJVssChJBTESyX5MhV8iMmFpCmeL2VsLGVFFmbDZLW7LZSgd6VrTReKtBrJPWdcW7qVQb1XKtmodUgHO4gCvw4BZq8AB1aAIDhBd4hTfn2Xl3PpzPRemGk/ecwRKcr19c0JZE</latexit>

b
<latexit sha1_base64="v3cYFwgpNl5KZLo3Xht60wnb43Q=">AAACAXicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZcFNy4r2Ae0Q8mkmU5oJhmSjFCGrty71V9wJ279Ev/AzzDTzsK2HggczrmvnCDhTBvX/XZKG5tb2zvl3cre/sHhUfX4pKNlqghtE8ml6gVYU84EbRtmOO0liuI44LQbTO5yv/tElWZSPJppQv0YjwULGcEmlwYqksNqza27c6B14hWkBgVaw+rPYCRJGlNhCMda9z03MX6GlWGE01llkGqaYDLBY9q3VOCYaj+b3zpDF1YZoVAq+4RBc/VvR4ZjradxYCtjbCK96uXif14/NeGtnzGRpIYKslgUphwZifKPoxFTlBg+tQQTxeytiERYYWJsPEtb8tlKh3pWsdF4q0Gsk85V3buuNx4atWajCKkMZ3AOl+DBDTThHlrQBgIRvMArvDnPzrvz4XwuSktO0XMKS3C+fgHTkJel</latexit>⇢

Figure 4.6 Under the case that 20 dB transmit SNR and 40 dB radar SNR, (a)
Max-min fairness EE versus RCRB constraint ⇢ with b = 2, (b) Max-min fair-
ness EE versus number of bits b.

constraint.

The real performances of the sensing functionality are captured by the informa-
tion extraction. Here, we investigate the range-Doppler detection and beam-
pattern performances. We use the same sensing detection pipeline as in [42,
108]. Next, we perform a discrete Fourier transform (DFT) operation to extract
the range-Doppler map based on the discrete-time signal stream in (4.14). Ac-
cording to Fig. 4.7, observations are that target’s Doppler-range information
can be extracted by solving the precoder optimization problems with CRB con-
straint. Specifically, RSMA with pr and SIC has the highest value followed by
RSMA with pr and no SIC, and RSMA without pr. In contrast, SDMA has the
smallest detection value. These results indicate the superiority of our proposed
approach in terms of the Doppler-range detection. To investigate how the pre-
coders pc and pr are utilized in the two metrics (i.e. max-min fairness EE and
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Figure 4.7 Detection results of Doppler and range with 2-bit quantization, 20
dB transmit SNR and 40 dB radar SNR: Range-Doppler Maps for (a) RSMA
with pr and SIC, (b) RSMA with pr and no SIC, (c) RSMA without pr, (d)
SDMA by maximizing total EE.

sum-rate), we plot the beampatterns under two scenarios. The two scenarios
are (1) users and target are distant (i.e. all users are located around �45� and
target is at 30�); (2) users and target are near (i.e. all users are located around
�45� and target is at �10�). As shown in Fig. 4.8, in both cases, pr is probed
at the target direction when maximizing max-min fairness EE. In contrast, pr is
not used when maximizing sum-rate. To achieve the sensing function, pc of the
sum-rate metric is probed at the target direction. This observation is consistent
with previous RSMA ISAC studies [41]. Moreover, pc of the max-min fairness

130



-100 -50 0 50 100
Azimuth Angle (Degree)

-80

-60

-40

-20

0

Be
am

pa
tte

rn
 V

al
ue

 (d
B)

RSMA w/ Pr - SIC

RSMA w/o P r
RSMA w/ Pr - SIC (Sum-rate)

-100 -50 0 50 100
Azimuth Angle (Degree)

-100

-80

-60

-40

-20

0

Be
am

pa
tte

rn
 V

al
ue

 (d
B)

RSMA w/ Pr - SIC

RSMA w/ Pr - SIC (Sum-rate)

-100 -50 0 50 100
Azimuth Angle (Degree)

-80

-60

-40

-20

0

Be
am

pa
tte

rn
 V

al
ue

 (d
B)

Target at -10°

User3 at -45 °

-100 -50 0 50 100
Azimuth Angle (Degree)

-100

-80

-60

-40

-20

0
Be

am
pa

tte
rn

 V
al

ue
 (d

B)

(a) Beampattern of precoder                                         (b) Beampattern of precoder   
<latexit sha1_base64="cangzhJr4FeGhgB5c6GLT6Wrufo=">AAACCXicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZcFNy4r2Ad0hpJJM21oJhOSjFCGfoF7t/oL7sStX+Ef+Blm2lnY1gOBwzn35h5OKDnTxnW/ndLG5tb2Tnm3srd/cHhUPT7p6CRVhLZJwhPVC7GmnAnaNsxw2pOK4jjktBtO7nK/+0SVZol4NFNJgxiPBIsYwcZKvh9jMw6jTM4GZFCtuXV3DrROvILUoEBrUP3xhwlJYyoM4VjrvudKE2RYGUY4nVX8VFOJyQSPaN9SgWOqg2yeeYYurDJEUaLsEwbN1b8bGY61nsahncwz6lUvF//z+qmJboOMCZkaKsjiUJRyZBKUF4CGTFFi+NQSTBSzWREZY4WJsTUtXcn/VjrSs4qtxlstYp10ruredb3x0Kg13aKkMpzBOVyCBzfQhHtoQRsISHiBV3hznp1358P5XIyWnGLnFJbgfP0CZoGbRA==</latexit>

pc
<latexit sha1_base64="cangzhJr4FeGhgB5c6GLT6Wrufo=">AAACCXicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZcFNy4r2Ad0hpJJM21oJhOSjFCGfoF7t/oL7sStX+Ef+Blm2lnY1gOBwzn35h5OKDnTxnW/ndLG5tb2Tnm3srd/cHhUPT7p6CRVhLZJwhPVC7GmnAnaNsxw2pOK4jjktBtO7nK/+0SVZol4NFNJgxiPBIsYwcZKvh9jMw6jTM4GZFCtuXV3DrROvILUoEBrUP3xhwlJYyoM4VjrvudKE2RYGUY4nVX8VFOJyQSPaN9SgWOqg2yeeYYurDJEUaLsEwbN1b8bGY61nsahncwz6lUvF//z+qmJboOMCZkaKsjiUJRyZBKUF4CGTFFi+NQSTBSzWREZY4WJsTUtXcn/VjrSs4qtxlstYp10ruredb3x0Kg13aKkMpzBOVyCBzfQhHtoQRsISHiBV3hznp1358P5XIyWnGLnFJbgfP0CZoGbRA==</latexit>

pc

(c) Beampattern of precoder                                       (d) Beampattern of precoder   
<latexit sha1_base64="ohctpqKMHtSlmriSZJzNy6e8HL0=">AAACCXicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZcFNy4r2Ad0hpJJM21oJhOSjFCGfoF7t/oL7sStX+Ef+Blm2lnY1gOBwzn35h5OKDnTxnW/ndLG5tb2Tnm3srd/cHhUPT7p6CRVhLZJwhPVC7GmnAnaNsxw2pOK4jjktBtO7nK/+0SVZol4NFNJgxiPBIsYwcZKvh9jMw6jTM4GalCtuXV3DrROvILUoEBrUP3xhwlJYyoM4VjrvudKE2RYGUY4nVX8VFOJyQSPaN9SgWOqg2yeeYYurDJEUaLsEwbN1b8bGY61nsahncwz6lUvF//z+qmJboOMCZkaKsjiUJRyZBKUF4CGTFFi+NQSTBSzWREZY4WJsTUtXcn/VjrSs4qtxlstYp10ruredb3x0Kg13aKkMpzBOVyCBzfQhHtoQRsISHiBV3hznp1358P5XIyWnGLnFJbgfP0CfoebUw==</latexit>

pr
<latexit sha1_base64="ohctpqKMHtSlmriSZJzNy6e8HL0=">AAACCXicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZcFNy4r2Ad0hpJJM21oJhOSjFCGfoF7t/oL7sStX+Ef+Blm2lnY1gOBwzn35h5OKDnTxnW/ndLG5tb2Tnm3srd/cHhUPT7p6CRVhLZJwhPVC7GmnAnaNsxw2pOK4jjktBtO7nK/+0SVZol4NFNJgxiPBIsYwcZKvh9jMw6jTM4GalCtuXV3DrROvILUoEBrUP3xhwlJYyoM4VjrvudKE2RYGUY4nVX8VFOJyQSPaN9SgWOqg2yeeYYurDJEUaLsEwbN1b8bGY61nsahncwz6lUvF//z+qmJboOMCZkaKsjiUJRyZBKUF4CGTFFi+NQSTBSzWREZY4WJsTUtXcn/VjrSs4qtxlstYp10ruredb3x0Kg13aKkMpzBOVyCBzfQhHtoQRsISHiBV3hznp1358P5XIyWnGLnFJbgfP0CfoebUw==</latexit>

pr

<latexit sha1_base64="ohctpqKMHtSlmriSZJzNy6e8HL0=">AAACCXicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZcFNy4r2Ad0hpJJM21oJhOSjFCGfoF7t/oL7sStX+Ef+Blm2lnY1gOBwzn35h5OKDnTxnW/ndLG5tb2Tnm3srd/cHhUPT7p6CRVhLZJwhPVC7GmnAnaNsxw2pOK4jjktBtO7nK/+0SVZol4NFNJgxiPBIsYwcZKvh9jMw6jTM4GalCtuXV3DrROvILUoEBrUP3xhwlJYyoM4VjrvudKE2RYGUY4nVX8VFOJyQSPaN9SgWOqg2yeeYYurDJEUaLsEwbN1b8bGY61nsahncwz6lUvF//z+qmJboOMCZkaKsjiUJRyZBKUF4CGTFFi+NQSTBSzWREZY4WJsTUtXcn/VjrSs4qtxlstYp10ruredb3x0Kg13aKkMpzBOVyCBzfQhHtoQRsISHiBV3hznp1358P5XIyWnGLnFJbgfP0CfoebUw==</latexit>

pr

Figure 4.8 Under 2-bit quantization, 20 dB transmit SNR, and 40 dB radar SNR.
Case 1: users and targets are distant, transmit beampatterns of (a) common
stream precoder pc, (c) radar sequence precoder pr. Case 2: users and targets
are near, transmit beampatterns of (b) common stream precoder pc, (d) radar
sequence precoder pr.

EE metric is not completely probed at the target direction, and thus enables
flexibility and a higher max-min fairness EE performance.

Remark 10. Compared to prior RSMA ISAC studies [41–46], the consistent observa-
tion is that when maximizing the sum-rate, radar sequence will not be utilized, and the
common stream will be used for both communication and sensing functions. Specif-
ically, it will be probed at the target direction for sensing guarantee. The new obser-
vation is that when adopting max-min fairness EE as the metric, radar sequence can
be utilized, resulting in the improvement of the minimal EE among users. The reason
behind this is that the utilization of a separated radar sequence is more energy-efficient
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in terms of communication use. In detail, the power of radar sequence is used for sens-
ing, and the power consumed by common and private streams, which determines EE,
is minimized mainly for communication use.
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4.6 Summary

In this chapter, we have explored an RSMA-assisted ISAC-LEO satellite sys-
tem that incorporates the low-resolution DACs at the transmitter. This system
serves multiple communication users and detects a moving target, simultane-
ously. We have investigated the max-min fairness EE of the proposed strategy
under communication and sensing constraints. This problem has been formu-
lated as a non-convex optimization problem by designing the precoders. An
iterative algorithm based on SCA and Dinkelbach’s method has been proposed
to solve the problem. Numerical results have demonstrated that the proposed
design outperforms the strategies that maximize the total EE of the system and
SDMA in terms of max-min fairness EE and communication-sensing trade-off.
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Chapter 5

�–MIMO: Massive MIMO via
Modulo Sampling
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5.1 Introduction

As the name suggests, massive MIMO or M–MIMO architecture relies on a large
number of antennas at the BS. This allows for serving a large number of users.
M–MIMO has attracted much interest in the past decade because of its signif-
icant potential for spectral efficiency gain [14, 15]. However, the technological
promise of M–MIMO is limited by two fundamental challenges [35], namely,
1. power consumption, and 2. receiver saturation. It is established wisdom that
these two bottlenecks inhibit the practical implementation of M–MIMO in fu-
ture wireless communication system. Specifically, each antenna in M–MIMO
is connected to a corresponding RF chain consisting of i) a LNA, ii) a mixer,
iii) a VGA with an AGC, and iv) an ADC. The RF-chain is illustrated in Fig. 5.1.
Next, we elaborate on the two challenges that limit M–MIMO systems.

Challenge #1: Power Consumption. Among all the components in the RF
chain, the ADC maps the received analog signal into the digital baseband sam-
ples and dominates the total power consumption of the RF-chain [129]. Note
that the power consumption of the ADC grows linearly with the sampling rate
but exponentially with the number of bits b that decide the ADC’s resolution.
Thus, the total power consumption of M–MIMO is a function of the ADC’s bit
budget considering current commercial M-MIMO BS with 64 antennas. For ex-
ample, the power consumption of the BS equipped with 256 antenna elements,
where each RF chain is equipped with two ADCs (quadrature pair), will be as
high as 256W [130], attributed to high bit resolution (8-12 bits) and high sam-
pling rate (> 20 GSample/s). Such a power consumption is unsustainable in
realistic deployments [130].

Challenge #2: Receiver Saturation. Another impediment to the M–MIMO sys-
tems is due to receiver-ADC saturation; typically this is the case with wireless
communication systems. This impediment is caused by the fact that ADCs are
limited by their dynamic range (DR), say [��,�] where the lower threshold, ��
and upper threshold � of the ADC are assumed to be symmetric (as illustrated
in Fig. 5.2 (a)). When the received signal amplitude is larger than �, the ADC
output is distorted. This results in a clipped or saturated signal. Such undesir-
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Figure 5.1 The receiver architecture of conventional massive MIMO (M–
MIMO) system with uplink user equipment (UE). Each RF chain consists of
the LNA, mixer, VGA, AGC, and ADC.

able yet unavoidable effects lead to high-frequency components in the digital
signal, thus creating aliasing in the measurements. Consequently, the perfor-
mance of the whole system deteriorates.

Previous Approaches for M–MIMO. To overcome the above stated problems—
namely, high power consumption and ADC saturation—researchers typically re-
sort to a solution strategy that disentangles the two challenges.

• High power consumption problem can be tacked by reducing the sampling
rate and/or the bit resolution. Since Shannon’s sampling theorem places a
fundamental lower bound on the sampling rate, the only degree-of-freedom
we can leverage is the bit resolution. This has been the driving force behind
the conceptualization of low-resolution ADC based solutions [129–134]. That
said, low-resolution ADCs in M–MIMO face a challenging signal detection
problem due to the quantization noise and the non-linearity caused by the
low-resolution quantization, resulting in sub-optimal system performance.
One popular solution is to adopt low-order modulation schemes (e.g. BPSK)
to increase the inter-symbol distance in the constellation diagram, thus sim-
plifying the signal detection problem. However, if a higher symbol rate is
required, higher-order modulations will have to be adopted. As a result,
signal detection becomes difficult and the system performance deteriorates.
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Figure 5.2 Illustration of output samples by conventional and M�–ADCs. fInput:
continuous input signal before ADC. fOutput: continuous output signal shaped
by limited ADC dynamic range. Samples: Sampled fOutput signals. a) In con-
ventional ADC, saturation and clipping errors happen in fOutput signal and
samples, because some values in fInput exceeds dynamic threshold �, b) In
M�–ADC, the input continuous signal fInput is modulo-folded to fOutput,(m). No
saturation occurs in the M�–ADC.

To improve the detection accuracy of higher-order modulations with low-
resolution ADCs, two techniques are adopted in general,

—• Spatial Oversampling [132, 135] leverages multiple receive antennas re-
ceiving the same signal to improve the detection performance of high-
order modulation (e.g. 16 QAM).

—• Temporal Oversampling [136] leverages a higher sampling rate to increase
the resolution of the ADC.

It is clear that both of these strategies entail an increased power consumption
thus leading to an inherent trade-off between detection performance and the
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power consumption.

• To cope with the saturation problem, automatic gain control (AGC) and vari-
able gain amplifiers (VGA) are adopted along with the ADC (cf. Fig. 5.1) to
ensure that the amplitude of the input signal is within the dynamic range.
The AGC tracks the input signal and returns the feedback information of the
signal amplitude range to the VGA. Then, the VGA adjusts the amplifica-
tion of the input signal based on the feedback. Unfortunately, the received
communication signal is fast-changing and not deterministic; thus the AGC
may sometimes fail to track the range of the signal. Consequently, clipping
errors still occur. Alternatively, the logarithmic ADC [79, 137] can be used
to extend the dynamic range of the ADC; however, the quantization resolu-
tion in the high amplitude region is coarse due to the logarithm operation,
and information in this region may be lost, leading to system performance
deterioration.

It is intuitive to note that strategies that take a decoupled approach, i.e. address
the high power consumption and receiver saturation problems independently,
run into balancing trade-offs that induce limitations on the overall system per-
formance. To the best of our knowledge, there is no combined method with
satisfactory performance that solves these two problems in a holistic fashion.
This motivates investigation of new approaches and we take a step in this di-
rection by introducing modulo ADCs in the pipeline.

Our Approach: Unlimited Sampling for M–MIMO. In this thesis, we take a
radically different approach to M–MIMO and this done by replacing a conven-
tional ADC (cf. Fig. 5.1) by a modulo ADC or M�–ADC. The resulting approach
is referred to as �–MIMO. The M�–ADCs are at the core of the Unlimited Sensing
Framework (USF) [1–4, 138–141] which enables recovery of high dynamic range
(HDR) signals by acquiring low dynamic range (LDR), modulo samples. The
M�–ADC maps a continuous-time signal into folded, digital samples by injecting
a modulo non-linearity in the analog domain. This prevents distortion due to
clipping/saturation that is prevalent in conventional ADCs [142–145]. How-
ever, as shown in the hardware example in Fig. 5.3, M�–ADCs lead to a different
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Figure 5.3 Hardware output of M�–ADC (cf. Fig. 5.15) used in the Unlimited
Sensing Framework [1–4]. An oscilloscope screen shot plotting the real com-
ponent of a quadrature phase shift keying (QPSK) signal (ground truth, red)
and its folded version (blue). The input signal with dynamic range 13.6V peak-
to-peak (⇡ 7�) is folded into a 4.02V peak-to-peak signal.

form of information loss as one still needs to recover the original HDR signal
from folded samples. This recovery is mathematically guaranteed provided
that a Shannon-Nyquist like density criterion is satisfied. We recall the modulo
sampling theorem here.

Theorem 2 (Unlimited Sampling Theorem [1, 2]). Let f(t) be a continuous-time
function with maximum frequency ⌦ (rads/s). Then, a sufficient condition for recovery
of f(t) from its modulo samples (up to an additive constant) taken every T seconds
apart is T 6 1/ (2⌦e) where e is Euler’s number.

If this sufficient condition is satisfied, the recovery algorithms can be then used
to recover the unfolded signal f(t). Subsequently, the samples of the origi-
nal HDR input are recovered by the unlimited sampling algorithm (US-Alg) ac-
companying the theorem. A hardware example of modulo acquisition of a
QPSK signal is shown in Fig. 5.3. This is further used in Section 5.5.1 to pro-
vide a proof-of-concept demonstration. We refer to Fig. 5.12 and Fig. 5.15 for
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Figure 5.4 Proposed M–MIMO uplink system architecture with M�–ADC in
each RF chain.

a first look at our hardware experiments. Apart from US-Alg, a “Fourier-Prony”
method operating at much lower sampling rates was introduced in [4,141]. Ex-
tensive experiments via a prototype M�–ADC validated the empirical robustness
of this approach while serving as the first hardware demonstration of USF. It
was shown that signals as large as ⇡ 25� can be recovered via USF. With some
side-information, e.g. the knowledge of a certain number of unfolded samples,
fs > fNyquist also suffices recovery [146], but uses a different recovery mecha-
nism. Similarly, using multiple modulo thresholds [147] e.g. Gaussian integers,
allows for a different reconstruction approach. For other signal models and
recovery methods, we refer to [141, 148–153].

To conclude, the main contribution is that we take a radically different ap-
proach to address the high power consumption and receiver ADC saturation
simultaneously. Specifically, we propose �–MIMO architecture which uses mod-
ulo ADCs (M�–ADC) instead of a conventional ADC. Our work is inspired by
the Unlimited Sampling Framework. M�–ADC in the RF chain folds high dy-
namic range signals into low dynamic range modulo samples, thus alleviating
the ADC saturation problem. At the same time, digitization of modulo signals
results in high resolution quantization. In the novel �–MIMO context, we dis-
cuss baseband signal reconstruction, detection and uplink achievable sum-rate
performance. The key takeaways of our work include, (a) leveraging higher
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signal-to-quantization noise ratio (SQNR), (b) detection and average uplink
sum-rate performances comparable to a conventional, infinite-resolution ADC
when using a 1-2 bit M�–ADC. This enables higher order modulation schemes
e.g. 1024 QAM that was previously seemingly impossible, (c) superior trade-off
between energy efficiency and bit budget thus resulting in higher power effi-
ciency. Numerical simulations and modulo ADC based hardware experiments
corroborate our theory and reinforce the clear benefits of �–MIMO approach.

To conclude, the main contribution is that we consider the USF enabled full-
duplex system to SI cancellation in fully digital domain. We show that by in-
jecting folding non-linearities in the sensing pipeline, one can not only sup-
press self-interference but also recover the SoI. This approach leads to novel
design of the receiver architecture that is complemented by a modulo-domain
channel estimation method. Numerical experiments show that the USF en-
abled receiver structure can achieve up to 40 dB digital SIC by using as few as
4-bits per sample. Our method outperforms the previous approach based on
adaptive filters when it comes to SoI reconstruction, detection, and digital SIC
performance.
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5.2 System model

In this section, we revisit the transmitter, channel, and receiver models, which
will help us build the receiver architecture of the �–MIMO system. As shown in
Fig. 5.5, we assume that there are M single-antenna users and one BS equipped
with N receive antenna elements (with N � M ) in one cell. Note that the
users transmit the information to the BS in the same time-frequency band. We
denote bKe, bMe, bNe, and bDe as the set of indices of subcarriers, users, receive
antennas, and channel taps, respectively.

5.2.1 Transmitter

At each user location, we revisit the transmitter structure. To demonstrate the
applicability of the M�–ADC in communication systems, we consider two popu-
lar scenarios, namely, NBSC and wideband MIMO–OFDM systems.

Narrowband Single-Carrier Signal Model

Let us begin our discussion with the definition of the baseband signal denoted
by xm,b (t). Starting with an upsampled sequence x"

m,b [k], filtering the same
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Figure 5.5 Channel model between mth user and nth antenna in the BS.
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with a pulse-shaping filter1 results in the continuous-time signal,

x"
m,b [k] �!  
| {z }

Pulse-Shaping

�! xm,b (t)
def
=
Ä
x"
m,b [k] ⇤T 

ä
(t)

| {z }
Baseband Signal

. (5.2)

There on, given the same for I/Q channels, denoted by xI
m,b (t) and xQ

m,b (t),
respectively, we generate the passband signal by modulating the baseband
sources,

xm,p(t) =

"
cos (!ct)

� sin (!ct)

#"
xQ
m,b (t)

xI
m,b (t)

#
⌘M!cxm

=
p
2Re

�
xm,b (t) e

|!ct
�
,

(5.3)

where M!c is the modulation matrix parameterized by the carrier frequency
!c = 2⇡fc (rads/sec).

Wideband OFDM Signal Model (MIMO–OFDM)

The baseband OFDM signal is denoted by x0
m,b(t). Starting with a modulated

complex sequence of symbols bxm,b [k] to be transmitted using OFDM. Its vector
representation is bxm,b = [bxm,b [1] , . . . , bxm,b [K]]>. By using the K-point inverse
discrete Fourier transformation (IDFT), the sequence of the baseband OFDM
symbol x0

m,b[k] with vector expression x
0
m,b = [x0

m,b [1] , . . . , x
0
m,b [K]]> is given

by
x
0
m,b = F

H

DFTbxm,b, (5.4)

where FDFT 2 CK⇥K is the normalized discrete Fourier transform (DFT) matrix
with element,

[FDFT]i,j =
1
p
K

e
�|2⇡(i�1)(j�1)

K . (5.5)

1The pulse-shaping filter can be the raised-cosine Nyquist pulse [154], with excess band-
width ↵, 0 6 ↵ 6 1, given by

fRC(t) = sinc

Å
t

Trep

ã
cos(⇡↵t/Trep)

1� 4↵2t2/T 2
rep

, (5.1)

where Trep = 1/(2⌦) is the symbol repetition rate.
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There on, a cyclic prefix with length Ncp is prepended to the sequence x0
m,b[k]

to compensate for the multipath effect, where x0
m,b[k] = x0

m,b[K + k] for k =

�(Ncp�1), ..., 0. We then upsample x0
m,b[k] resulting in the upsampled sequence

x0"
m,b [k]. Subsequently, it is filtered with a pulse-shaping filter leading to the

continuous-time OFDM signal,
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m,b [k] �!  
| {z }

Pulse-Shaping

�! x0
m,b (t)

def
=
Ä
x0"
m,b [k] ⇤T 

ä
(t)

| {z }
Baseband OFDM Signal

. (5.6)

Finally, we generate the passband signal by modulating the baseband I/Q chan-
nels, denoted by x0I

m,b (t) and x0Q
m,b (t), respectively

x0
m,p(t) =
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cos (!ct)

� sin (!ct)
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(5.7)

Therefore, we can generalize the passband signals for the two baseband signals

xm(t)=

8
<

:

p
2Re (xm,b(t)e|!ct) , if single-carrier
p
2Re

�
x0
m,b(t)e

|!ct
�
, if OFDM

, (5.8)

which is transmitted at each user location into the wireless channel.

5.2.2 Channel Model

We revisit the wideband MIMO–OFDM model. It can be simplified to the
narrowband channel model with single path. The channel of the wideband
MIMO–OFDM system encapsulates multipath propagation and hence, it is mod-
eled by D taps (D 6 Ncp). As shown in Fig. 5.5, the dth path impulse response
hn,m [d] between the mth user and the nth antenna element at the BS is the prod-
uct of a large-scale fading coefficient p⌘m and a small-scale fading parameter
gn,m[d] and is given by,

hn,m[d] =
p
⌘m gn,m[d]. (5.9)
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Here, we assume that the large fading coefficients are the same across the an-
tenna array at the BS, therefore we only have one coefficient ⌘m between the
mth user and all antenna elements.

Following the conventional propagation model2 [83], we assume that the chan-
nel fading follows an i.i.d. Rayleigh distribution, or gn,m[d] ⇠ CN (0, p[d]). Hence,
the variance of the small-scale fading in each path is its power delay profile, or
E [|gn,m[d]|

2] = p[d] that satisfies the relation,

kpk`1 = 1, p =
î
p [1] · · · p [D]

ó>
, p [d] > 0. (5.10)

In the NBSC M–MIMO system, since the multiple paths are not resolvable in
narrow bandwidth, a single path (frequency-flat) model is used, thus D reduces
to 1. The frequency-flat channel is expressed as H 2 CN⇥M ,

H =

2

664

g1,1 · · · g1,N
...

. . .
...
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3

775

| {z }
G
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p
⌘1

. . .
p
⌘M

3

775

| {z }
D⌘

⌘ GD⌘,

where gn,m ⇠ CN (0, 1). For both channels, the channel state information (CSI)
is assumed to be known at the receiver end. Channel estimation of the �–
MIMO occurs after reconstructing the unfolded signals, allowing classic chan-
nel estimation methods to be implemented on the recovered unfolded digi-
tal signals without modification. Additionally, if the thermal noise is small
enough, the modulo domain channel estimation method [157] can be used to
reduce the computational complexity of the whole system.

2Adopting large antenna arrays can result in different channel characteristics (e.g. spherical
wavefronts [155] and spatial non-stationarity [156]). For simplicity, we utilize the conventional
channel model in this work.
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Figure 5.6 Receiver architectures with M�–ADCs for single-carrier system.

5.2.3 Receiver

The received signal at the nth antenna is given by

zn(t)
def
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X

m2bMe

p
pu(hn,m ⇤T xm) (t) + ✏n(t), (5.11)

where pu is the average transmit power at the user, and ✏n(t) ⇠ CN (0, 1), 8n 2

bNe is the additive Gaussian noise at the receiver. Subsequently, the received
signal at each antenna enters the RF chain and is processed using the M�–ADC re-
ceiver. The novel RF chains and signal processing blocks for both single-carrier
and multi-carrier (OFDM) signals are shown in Fig. 5.6 and 5.7, respectively.

At the receiver side, the continuous-time signal zn(t) is firstly amplified by LNA
and demodulated to the baseband by means of coherent detection. This is fa-
cilitated by,
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Subsequently, the quadrature and in-phase signals are low-pass filtered with
 (t); this eliminates the images located outside from the baseband. Quantita-
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br1[k]

Figure 5.7 Receiver architectures with M�–ADCs for multi-carrier (OFDM) sys-
tem.

tively, we have,

rQ
n
(t) = hzQ

n,d, i and rI
n
(t) = hzI

n,d, i, (5.13)

where  (t) =  (�t) (time-reversal). Then, the baseband signal is acquired
by the M�–ADC to reduce power consumption and prevent ADC saturation, as
detailed in Section 5.3.

Single-Carrier Signal Detection

It is well known that maximum likelihood detector achieves the optimal per-
formance in theory [158]. However, the computational complexity increases
exponentially with user number M . Thus, a commonly adopted approach is
to use the maximum ratio combining (MRC), zero forcing (ZF), or minimum
mean-squared error (MMSE) linear combiners [11]. This is used to separate the
streams from each uplink user. The matrix form of the combiner is given by

exb = A
H
r, (5.14)
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where exb 2 CM⇥1 is the estimated baseband signal for all M users, r 2 CN⇥1 is
the recovered signal for all N antennas, and A

H is the combiner, i.e.

A =

8
><

>:

H, for MRC
H(HH

H)�1, for ZF
H(HH

H+ �
2
r
�2
n
I)�1, for MMSE ,

(5.15)

where �2
r

and �2
n

are the signal power and noise power, respectively.

OFDM Signal Detection

As shown in Fig. 5.7, we proceed by undoing the cyclic prefix (CP). Then, the
samples at nth antenna are transformed to frequency domain by fast Fourier
transform (FFT), which yields the frequency-domain signal brn

brn = FDFTrn. (5.16)

The received signal at the ⌫th subcarrier can also be written as (5.17)

[brn]⌫ ⌘ brn[⌫] =
X

m2bMe

p
pu⌘m bgn,m[⌫]bxm[⌫] + b✏n[⌫], 8n, (5.17)

where bgn,m 2 CK , [bgn,m]⌫ = bgn,m[⌫] is the frequency response of the small-scale
fading between the nth antenna and mth user,

bgn,m = FDFTg
pad
n,m

. (5.18)

In (5.18), gpad
n,m

= [g>
n,m

| 01⇥(K�D)]> , and b✏n[⌫] ⇠ CN (0, 1) is the unitary Fourier
transform of the noise vector. Therefore, the transmit-receive relation at the ⌫th

subcarrier can be written in matrix form as,

br[⌫] = ppu“H[⌫]bx[⌫] + b✏[⌫], (5.19)

where [“H[⌫]]n,m = ⌘mbgn,m[⌫] is the frequency response of the channel at the
⌫th subcarrier. Subsequently, frequency domain combiner given in (5.20) is
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adopted on each subcarrier, and the estimated data ebx[⌫] = “AH [⌫]br[⌫] from up-
link users at the ⌫th subcarrier is obtained [134], where

“A[⌫] =

8
><

>:

“H[⌫], for MRC
“H[⌫](“HH [⌫]“H[⌫])�1, for ZF
“H[⌫](“HH [⌫]“H[⌫] + �

2
r
�2
n
I)�1, for MMSE .

(5.20)
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5.3 Receiver Design with M�-ADC

Compared to the conventional setup, our newly designed receiver deploys a
M�–ADC to simultaneously reduce the power consumption and prevent poten-
tial ADC saturation caused by limited dynamic range. As shown in Fig. 5.8, an
arbitrary baseband signal r(t) (continuous-time) is acquired by the M�–ADC for
both the I/Q channels. This is done by implementing the modulo mapping in
hardware [4]. Formally, the centered modulo operator is defined by,

M� : r 7! 2�

Ås
r

2�
+

1

2

{
�

1

2

ã
, (5.21)

where � > 0 is the folding threshold and JrK def
= r � brc is the fractional part of

r. If |r(t)| < �, the M�–ADC works the same as the conventional ADC.

Clearly, the action of M�–ADC on r(t) results in folding r (t) into low dynamic
range signal that is upper bounded (in absolute sense), by �; this also avoids the
need for any VGA or AGC in the pipeline, thus facilitating lower complexity
hardware. Finally, the continuous-time modulo-folded signal is sampled using
impulse-train

⌦kT

def
=

X
k2Z

�(t� kT ), T > 0

where T is the sampling interval. This results in modulo samples r� [k],

r� [k]
def
= r�(kT ) = M�(r(kT )), k 2 Z. (5.22)

Data Modulo 

Mapping

Modulo 

Samples

⌦⌦⌦
<latexit sha1_base64="liK18isr4fMjGEuekoo0CRzMKSc=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8EgWIVdEbURgzaWCZgLJEuYnZxNxsxemJkVwpInsLFQxFYfxt5GfBsniYUm/jDw8f/nMOccPxFcacf5snILi0vLK/lVe219Y3OrsL1TV3EqGdZYLGLZ9KlCwSOsaa4FNhOJNPQFNvzB1Thv3KFUPI5u9DBBL6S9iAecUW2squwUik7JmYjMg/sDxYt3+zx5+7QrncJHuxuzNMRIM0GVarlOor2MSs2ZwJHdThUmlA1oD1sGIxqi8rLJoCNyYJwuCWJpXqTJxP3dkdFQqWHom8qQ6r6azcbmf1kr1cGZl/EoSTVGbPpRkAqiYzLemnS5RKbF0ABlkptZCetTSZk2t7HNEdzZleehflRyT0rHVadYvoSp8rAH+3AILpxCGa6hAjVggHAPj/Bk3VoP1rP1Mi3NWT89u/BH1us3P6WQPA==</latexit>r

Sampling

<latexit sha1_base64="3Sftn1l+9uKRlGDPAxMBdCmR+1g="></latexit>

M�(r)|t=kT| {z }
ym

M�M�M�
        ADC

Quantization Quantized Modulo 
Samples

<latexit sha1_base64="87KqsKrEdUUx7JASAwKGBlZ3hMg="></latexit>

Qb

<latexit sha1_base64="0DtbZ9o5ugmxONboxZ0068CM+GU="></latexit>X
k�Z

�(t � kT )

<latexit sha1_base64="HaT7Qhmgs79JYjyfgDeTgRNx31Y="></latexit>

M�

<latexit sha1_base64="tYuKqhfDMklkbIwfis5jQ07Fd20="></latexit>

M�-
<latexit sha1_base64="Z+iZn5sCtdL2P3vND64IO8QXWgg=">AAACB3icbVDLSgMxFL1TX7W+qi4VCRbBVZkRUZdFNy5bsA9ph5JJM21oJjMmGaEMXbpw7Va/wZ1062f4CeJPmGm7sK0HAodzz33keBFnStv2l5VZWl5ZXcuu5zY2t7Z38rt7NRXGktAqCXkoGx5WlDNBq5ppThuRpDjwOK17/Zu0Xn+kUrFQ3OlBRN0AdwXzGcHaSPcP7RY35g5u5wt20R4DLRJnSgqlw1Hl5+loVG7nv1udkMQBFZpwrFTTsSPtJlhqRjgd5lqxohEmfdylTUMFDqhyk/HBQ3RilA7yQ2me0Gis/u1IcKDUIPCMM8C6p+ZrqfhfrRlr/8pNmIhiTQWZLPJjjnSI0t+jDpOUaD4wBBPJzK2I9LDERJuMZraks6Xy1RDlTDbOfBKLpHZWdC6K5xUT0jVMkIUDOIZTcOASSnALZagCgQBe4BXerGfr3fqwRhNrxpr27MMMrM9fhhOdmg==</latexit>q�

<latexit sha1_base64="vEwnHrd6U6mrrHIwSBcyPIwWLAU=">AAACBXicbVC7SgNBFL3rM8ZXVLCxGQyCVdgVUcsQG8sEzEOSJczOziZDZmeXmVkhLKn9AFv9hHRia+NP2Nj6G84mKUzigYHDuec+5ngxZ0rb9pe1srq2vrGZ28pv7+zu7RcODhsqSiShdRLxSLY8rChngtY105y2Yklx6HHa9Aa3Wb35SKVikbjXw5i6Ie4JFjCCtZEeZLfDjdnH3ULRLtkToGXizEixfFz7ZuPKZ7Vb+On4EUlCKjThWKm2Y8faTbHUjHA6yncSRWNMBrhH24YKHFLlppODR+jMKD4KImme0Gii/u1IcajUMPSMM8S6rxZrmfhfrZ3o4MZNmYgTTQWZLgoSjnSEst8jn0lKNB8agolk5lZE+lhiok1Gc1uy2VIFamSScRZzWCaNi5JzVbqsmYgqMEUOTuAUzsGBayjDHVShDgRCeIYXeLWerLH1Zr1PrSvWrOcI5mB9/AJIHp1b</latexit>r�

<latexit sha1_base64="tUbInZ8OMs9ynZAuRc6mRMJdiAQ="></latexit>

Qb (r�)| {z }

Figure 5.8 The architecture of the M�–ADC and quantizer.
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5.3.1 Discrete-Time to Digital Modulo Samples

Accounting for finite precision operations in practice, the modulo samples in
(5.22) are quantized. Given a bit budget of b bits, each modulo sample is
rounded to the closest element in the set

⌥b,� =

ß
±
(2n+ 1)

2b
� | n 2

�
0, . . . , 2b�1

� 1
 ™

.

Hence, the “digital version” of modulo samples is written as

q� [k] = Qb(r� [k]), q� [k] 2 ⌥b,�, (5.23)

where Qb(·) is the quantization mapping. Specifically, the number of the mid-
rise quantization levels is B = 2b with the step size q0 = 2�b⇢� where ⇢� = 2� is
the dynamic range of the M�–ADC.

To measure the distortion caused by the quantization, we define the quantiza-
tion noise as eq [k] = r� [k] � Qb(r� [k]). As shown in Fig. 5.9, the synergistic
interplay between the bit budget b and dynamic range ⇢� decides the quanti-
zation noise eq. Given the same bit budget, it is clear that the quantization of
modulo samples has smaller quantization noise due to smaller dynamic range,
determined by �. The implication is that when compared to a conventional
ADC, the M�–ADC results in higher resolution of quantized samples. This ad-
vantage of the M�–ADC over quantization on the normal samples i.e. r (kT ) is
leveraged in the subsequent reconstruction.

Remark 11. In practice, given the power consumption budget Pb and antenna number
N , we can calculate the exact needed bit resolution b as

Pb = c0N2b + c1 ) b = log2

Å
Pb � c1
c0N

ã

with c0 = 10�4 Watt and c1 = 0.02 Watt [159].
To determine the value of �, we can obtain the suitable value of � from the algorithmic
and hardware perspectives. From the algorithmic viewpoint, with Lemma 2, we have
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<latexit sha1_base64="v0B2of649d7nrC1qRSBnXHo6sR4=">AAACFXicbVDLSgMxFL3js62vqks3wSK4scyIqMuiG5cV7APboWQymTY0kxmSjFiG/oQbEf0Hv8CduHXtn7jTTNuFbT0QOJxzb+69x4s5U9q2v6yFxaXlldVcvrC2vrG5VdzeqasokYTWSMQj2fSwopwJWtNMc9qMJcWhx2nD619mfuOOSsUicaMHMXVD3BUsYARrIzWP2tzU+rhTLNllewQ0T5wJKVXy8dPt6/1PtVP8bvsRSUIqNOFYqZZjx9pNsdSMcDostBNFY0z6uEtbhgocUuWmo32H6MAoPgoiaZ7QaKT+7UhxqNQg9ExliHVPzXqZ+J/XSnRw7qZMxImmgowHBQlHOkLZ8chnkhLNB4ZgIpnZFZEelphoE9HUlOxvqQI1dUnqhcOCicqZDWae1I/Lzmn55NpkdgFj5GAP9uEQHDiDClxBFWpAgMMDPMOL9Wi9We/Wx7h0wZr07MIUrM9fEpyjlA==</latexit>

��

<latexit sha1_base64="/yPJnS8YSsHmALw6dwO7XYcUeGo=">AAACF3icbVDLSsNAFL3xWeur6tLNYCsIQkmKqMuiG5cV7APbUCaTSTt0MgkzE6GE/oUbF/or7sStS//EpZM2C9t6YOBwzr1z7z1ezJnStv1trayurW9sFraK2zu7e/ulg8OWihJJaJNEPJIdDyvKmaBNzTSnnVhSHHqctr3Rbea3n6hULBIPehxTN8QDwQJGsDbSY+W8x02xjyv9Utmu2lOgZeLkpAw5Gv3ST8+PSBJSoQnHSnUdO9ZuiqVmhNNJsZcoGmMywgPaNVTgkCo3nW48QadG8VEQSfOERlP1b0eKQ6XGoWcqQ6yHatHLxP+8bqKDazdlIk40FWQ2KEg40hHKzkc+k5RoPjYEE8nMrogMscREm5DmpmR/SxWouUtSL5wUTVTOYjDLpFWrOpfVi/tauX6Th1aAYziBM3DgCupwBw1oAgEBz/AKb9aL9W59WJ+z0hUr7zmCOVhfvyRpoB4=</latexit>

+�

<latexit sha1_base64="Wwcd3ChViJM0NL8cbwEaH9FEtn0="></latexit>

kymk��

<latexit sha1_base64="FbDelibUekNf60rXfoDSFNIYwfU=">AAACKnicbVDLSgMxFM34rPVVddlNaBEEocyIqMuiG5cV7AM6ZcikmTY0yQxJRhims/Af/Ac3LvRX3BW3foRLM20XtvVA4HDOvbn3Hj9iVGnbnlhr6xubW9uFneLu3v7BYenouKXCWGLSxCELZcdHijAqSFNTzUgnkgRxn5G2P7rL/fYTkYqG4lEnEelxNBA0oBhpI3mlsjuGiedypIcqSHkG3bGXulQEOsm8UtWu2VPAVeLMSbVecc9fJvWk4ZV+3H6IY06Exgwp1XXsSPdSJDXFjGRFN1YkQniEBqRrqECcqF46PSKDp0bpwyCU5gkNp+rfjhRxpRLum8rptsteLv7ndWMd3PRSKqJYE4Fng4KYQR3CPBHYp5JgzRJDEJbU7ArxEEmEtcltYUr+t1SBWrgk9XlWNFE5y8GsktZFzbmqXT6YzG7BDAVQBhVwBhxwDergHjRAE2DwDF7BO/iw3qxPa2J9zUrXrHnPCViA9f0LACarvw==</latexit>

kymk�

<latexit sha1_base64="g+xoo7miQljZtcaJGSZ08xL7SqU=">AAACEHicbVC7SgNBFL3rM8ZXVLCxGQyCVdgVUcsQG8sEzQOSEGYns8mQmdllZlYISz7BxkK/wt5OBCv/wMbvsHQ2SWESDwwczrl37r3HjzjTxnW/nKXlldW19cxGdnNre2c3t7df02GsCK2SkIeq4WNNOZO0apjhtBEpioXPad0fXKd+/Z4qzUJ5Z4YRbQvckyxgBBsr3fodr5PLuwV3DLRIvCnJFw8r3+yl9FHu5H5a3ZDEgkpDONa66bmRaSdYGUY4HWVbsaYRJgPco01LJRZUt5PxqiN0YpUuCkJlnzRorP7tSLDQeih8Wymw6et5LxX/85qxCa7aCZNRbKgkk0FBzJEJUXo36jJFieFDSzBRzO6KSB8rTIxNZ2ZK+rfSgZ65JPHFKGuj8uaDWSS1s4J3UTiv2MxKMEEGjuAYTsGDSyjCDZShCgR68ABP8Ow8Oq/Om/M+KV1ypj0HMAPn8xfCJ6E5</latexit>

b1

<latexit sha1_base64="xfYdX+41sBND/j+LWBB+370Qtwo=">AAACEHicbVC7SgNBFL3rM8ZXVLCxGQyCVdgVUcsQG8sEzQOSEGYns8mQmdllZlYISz7BxkK/wt5OBCv/wMbvsHQ2SWESDwwczrl37r3HjzjTxnW/nKXlldW19cxGdnNre2c3t7df02GsCK2SkIeq4WNNOZO0apjhtBEpioXPad0fXKd+/Z4qzUJ5Z4YRbQvckyxgBBsr3fodt5PLuwV3DLRIvCnJFw8r3+yl9FHu5H5a3ZDEgkpDONa66bmRaSdYGUY4HWVbsaYRJgPco01LJRZUt5PxqiN0YpUuCkJlnzRorP7tSLDQeih8Wymw6et5LxX/85qxCa7aCZNRbKgkk0FBzJEJUXo36jJFieFDSzBRzO6KSB8rTIxNZ2ZK+rfSgZ65JPHFKGuj8uaDWSS1s4J3UTiv2MxKMEEGjuAYTsGDSyjCDZShCgR68ABP8Ow8Oq/Om/M+KV1ypj0HMAPn8xfAfaE4</latexit>

b0

<latexit sha1_base64="GTIbHrQK3IxpUYEZm6mwO65rdg0=">AAACEHicbVC7SgNBFL0bXzG+ooKNzWIQrMJuELUMsbFM0DwgWcLsZDYZMjO7zMwKYckn2FjoV9jbiWDlH9j4HZbOJilM4oGBwzn3zr33+BGjSjvOl5VZWV1b38hu5ra2d3b38vsHDRXGEpM6DlkoWz5ShFFB6ppqRlqRJIj7jDT94XXqN++JVDQUd3oUEY+jvqABxUgb6dbvlrr5glN0JrCXiTsjhfJR7Zu+VD6q3fxPpxfimBOhMUNKtV0n0l6CpKaYkXGuEysSITxEfdI2VCBOlJdMVh3bp0bp2UEozRPanqh/OxLElRpx31RypAdq0UvF/7x2rIMrL6EiijUReDooiJmtQzu92+5RSbBmI0MQltTsauMBkghrk87clPRvqQI1d0ni83HOROUuBrNMGqWie1E8r5nMKjBFFo7hBM7AhUsoww1UoQ4Y+vAAT/BsPVqv1pv1Pi3NWLOeQ5iD9fkLw9GhOg==</latexit>

b2

<latexit sha1_base64="4ArXUzaAlJfVXIhF8+jelcQiwew=">AAACEHicbVC7SgNBFL0bXzG+ooKNzWIQrMKuilqG2FgmaB6QLGF2MpsMmZldZmaFsOQTbCz0K+ztRLDyD2z8DktnkxQm8cDA4Zx75957/IhRpR3ny8osLa+srmXXcxubW9s7+d29ugpjiUkNhyyUTR8pwqggNU01I81IEsR9Rhr+4Dr1G/dEKhqKOz2MiMdRT9CAYqSNdOt3zjr5glN0xrAXiTslhdJB9Zu+lD8qnfxPuxvimBOhMUNKtVwn0l6CpKaYkVGuHSsSITxAPdIyVCBOlJeMVx3Zx0bp2kEozRPaHqt/OxLElRpy31RypPtq3kvF/7xWrIMrL6EiijUReDIoiJmtQzu92+5SSbBmQ0MQltTsauM+kghrk87MlPRvqQI1c0ni81HOROXOB7NI6qdF96J4XjWZlWGCLBzCEZyAC5dQghuoQA0w9OABnuDZerRerTfrfVKasaY9+zAD6/MXxXuhOw==</latexit>

b3

<latexit sha1_base64="b94ZY7CaUYpiXtcplX1YlxyvkmA=">AAACEHicbVC7SgNBFL0bXzG+ooKNzWAQrMKuBLUMsbFM0DwgWcLsZDYZMju7zMwKYckn2FjoV9jbiWDlH9j4HZbOJilM4oGBwzn3zr33eBFnStv2l5VZWV1b38hu5ra2d3b38vsHDRXGktA6CXkoWx5WlDNB65ppTluRpDjwOG16w+vUb95TqVgo7vQoom6A+4L5jGBtpFuvW+rmC3bRngAtE2dGCuWj2jd7qXxUu/mfTi8kcUCFJhwr1XbsSLsJlpoRTse5TqxohMkQ92nbUIEDqtxksuoYnRqlh/xQmic0mqh/OxIcKDUKPFMZYD1Qi14q/ue1Y+1fuQkTUaypINNBfsyRDlF6N+oxSYnmI0MwkczsisgAS0y0SWduSvq3VL6auyTxgnHOROUsBrNMGudF56JYqpnMKjBFFo7hBM7AgUsoww1UoQ4E+vAAT/BsPVqv1pv1Pi3NWLOeQ5iD9fkLxyWhPA==</latexit>

b4

<latexit sha1_base64="E+LmXZz88JvycopacaDvFw1zi3w=">AAACEHicbVC7SgNBFL0bXzG+ooKNzWIQrMKu+CpDbCwTNA9IljA7mU2GzMwuM7NCWPIJNhb6FfZ2Ilj5BzZ+h6WzSQqTeGDgcM69c+89fsSo0o7zZWWWlldW17LruY3Nre2d/O5eXYWxxKSGQxbKpo8UYVSQmqaakWYkCeI+Iw1/cJ36jXsiFQ3FnR5GxOOoJ2hAMdJGuvU75518wSk6Y9iLxJ2SQumg+k1fyh+VTv6n3Q1xzInQmCGlWq4TaS9BUlPMyCjXjhWJEB6gHmkZKhAnykvGq47sY6N07SCU5gltj9W/HQniSg25byo50n0176Xif14r1sGVl1ARxZoIPBkUxMzWoZ3ebXepJFizoSEIS2p2tXEfSYS1SWdmSvq3VIGauSTx+ShnonLng1kk9dOie1E8q5rMyjBBFg7hCE7AhUsowQ1UoAYYevAAT/BsPVqv1pv1PinNWNOefZiB9fkLyM+hPQ==</latexit>

b5

<latexit sha1_base64="nNq1t8UxtAEwlyaAnup21XUe7VY=">AAACEHicbVC7SgNBFL0bXzG+ooKNzWAQrMKuSLQMsbFM0DwgWcLsZDYZMrO7zMwKYckn2FjoV9jbiWDlH9j4HZbOJilM4oGBwzn3zr33eBFnStv2l5VZWV1b38hu5ra2d3b38vsHDRXGktA6CXkoWx5WlLOA1jXTnLYiSbHwOG16w+vUb95TqVgY3OlRRF2B+wHzGcHaSLdet9TNF+yiPQFaJs6MFMpHtW/2UvmodvM/nV5IYkEDTThWqu3YkXYTLDUjnI5znVjRCJMh7tO2oQEWVLnJZNUxOjVKD/mhNC/QaKL+7UiwUGokPFMpsB6oRS8V//Pasfav3IQFUaxpQKaD/JgjHaL0btRjkhLNR4ZgIpnZFZEBlphok87clPRvqXw1d0niiXHOROUsBrNMGudFp1S8qJnMKjBFFo7hBM7AgUsoww1UoQ4E+vAAT/BsPVqv1pv1Pi3NWLOeQ5iD9fkLynmhPg==</latexit>

b6

<latexit sha1_base64="EMJmVPHM2ydGBxtTqyXDNsNsVIE=">AAACEHicbVC7SgNBFL0bXzG+ooKNzWAQrMKuiLEMsbFM0DwgWcLsZDYZMrO7zMwKYckn2FjoV9jbiWDlH9j4HZbOJilM4oGBwzn3zr33eBFnStv2l5VZWV1b38hu5ra2d3b38vsHDRXGktA6CXkoWx5WlLOA1jXTnLYiSbHwOG16w+vUb95TqVgY3OlRRF2B+wHzGcHaSLdet9TNF+yiPQFaJs6MFMpHtW/2UvmodvM/nV5IYkEDTThWqu3YkXYTLDUjnI5znVjRCJMh7tO2oQEWVLnJZNUxOjVKD/mhNC/QaKL+7UiwUGokPFMpsB6oRS8V//Pasfav3IQFUaxpQKaD/JgjHaL0btRjkhLNR4ZgIpnZFZEBlphok87clPRvqXw1d0niiXHOROUsBrNMGudF57J4UTOZVWCKLBzDCZyBAyUoww1UoQ4E+vAAT/BsPVqv1pv1Pi3NWLOeQ5iD9fkLzCOhPw==</latexit>

b7

<latexit sha1_base64="k5BmB4M1YJ/yNBR0M4y5+JFxwpI=">AAACEHicbVC7SgNBFL0bXzG+ooKNzWAQrMKuiKYMsbFM0DwgWcLsZDYZMrO7zMwKYckn2FjoV9jbiWDlH9j4HZbOJilM4oGBwzn3zr33eBFnStv2l5VZWV1b38hu5ra2d3b38vsHDRXGktA6CXkoWx5WlLOA1jXTnLYiSbHwOG16w+vUb95TqVgY3OlRRF2B+wHzGcHaSLdet9TNF+yiPQFaJs6MFMpHtW/2UvmodvM/nV5IYkEDTThWqu3YkXYTLDUjnI5znVjRCJMh7tO2oQEWVLnJZNUxOjVKD/mhNC/QaKL+7UiwUGokPFMpsB6oRS8V//PasfZLbsKCKNY0INNBfsyRDlF6N+oxSYnmI0MwkczsisgAS0y0SWduSvq3VL6auyTxxDhnonIWg1kmjfOic1m8qJnMKjBFFo7hBM7AgSsoww1UoQ4E+vAAT/BsPVqv1pv1Pi3NWLOeQ5iD9fkLzc2hQA==</latexit>

b8

<latexit sha1_base64="YSm4K4y+Tq0mVWW/6wVoKxgsyZk=">AAACEHicbVC7TgJBFL2LL8QXaqkxE4mJFdk1RimJNpYQ5ZHAhswOszBhdnYzM2tCNpSWNhb6K3TG1j/wG/wBS2eBQsCTTHJyzr1z7z1exJnStv1lZVZW19Y3spu5re2d3b38/kFdhbEktEZCHsqmhxXlTNCaZprTZiQpDjxOG97gNvUbj1QqFooHPYyoG+CeYD4jWBvpvtcpdfIFu2hPgJaJMyOF8vG4+v10Mq508j/tbkjigApNOFaq5diRdhMsNSOcjnLtWNEIkwHu0ZahAgdUuclk1RE6M0oX+aE0T2g0Uf92JDhQahh4pjLAuq8WvVT8z2vF2i+5CRNRrKkg00F+zJEOUXo36jJJieZDQzCRzOyKSB9LTLRJZ25K+rdUvpq7JPGCUc5E5SwGs0zqF0XnqnhZNZndwBRZOIJTOAcHrqEMd1CBGhDowTO8wpv1Yo2td+tjWpqxZj2HMAfr8xfl/KFP</latexit>g8

<latexit sha1_base64="bk1tC1trCrH9PyDCgxI/bhtRhcs=">AAACEHicbVC7TgJBFL2LL8QXaqkxE4mJFdk1RiyJNpYQ5ZHAhswOszBhdnYzM2tCNpSWNhb6K3TG1j/wG/wBS2eBQsCTTHJyzr1z7z1exJnStv1lZVZW19Y3spu5re2d3b38/kFdhbEktEZCHsqmhxXlTNCaZprTZiQpDjxOG97gNvUbj1QqFooHPYyoG+CeYD4jWBvpvtcpdfIFu2hPgJaJMyOF8vG4+v10Mq508j/tbkjigApNOFaq5diRdhMsNSOcjnLtWNEIkwHu0ZahAgdUuclk1RE6M0oX+aE0T2g0Uf92JDhQahh4pjLAuq8WvVT8z2vF2r92EyaiWFNBpoP8mCMdovRu1GWSEs2HhmAimdkVkT6WmGiTztyU9G+pfDV3SeIFo5yJylkMZpnUL4rOVfGyajK7gSmycASncA4OlKAMd1CBGhDowTO8wpv1Yo2td+tjWpqxZj2HMAfr8xfkUqFO</latexit>g7

<latexit sha1_base64="qg/4fV21GzkFFydyFx4FEPZbbzc=">AAACEHicbVC7TgJBFL2LL8QXaqkxE4mJFdk1Bi2JNpYQ5ZHAhswOszBhdnYzM2tCNpSWNhb6K3TG1j/wG/wBS2eBQsCTTHJyzr1z7z1exJnStv1lZVZW19Y3spu5re2d3b38/kFdhbEktEZCHsqmhxXlTNCaZprTZiQpDjxOG97gNvUbj1QqFooHPYyoG+CeYD4jWBvpvtcpdfIFu2hPgJaJMyOF8vG4+v10Mq508j/tbkjigApNOFaq5diRdhMsNSOcjnLtWNEIkwHu0ZahAgdUuclk1RE6M0oX+aE0T2g0Uf92JDhQahh4pjLAuq8WvVT8z2vF2r92EyaiWFNBpoP8mCMdovRu1GWSEs2HhmAimdkVkT6WmGiTztyU9G+pfDV3SeIFo5yJylkMZpnUL4pOqXhZNZndwBRZOIJTOAcHrqAMd1CBGhDowTO8wpv1Yo2td+tjWpqxZj2HMAfr8xfiqKFN</latexit>g6

<latexit sha1_base64="E5lSE4dI9jORpJJjtpmi+DjQ1A4=">AAACEHicbVC7TgJBFL2LL8QXaqkxE4mJFdk1vkqijSVEeSSwIbPDLEyY2d3MzJqQDaWljYX+Cp2x9Q/8Bn/A0lmgEPAkk5ycc+/ce48Xcaa0bX9ZmaXlldW17HpuY3Nreye/u1dTYSwJrZKQh7LhYUU5C2hVM81pI5IUC4/Tute/Tf36I5WKhcGDHkTUFbgbMJ8RrI10321ftPMFu2iPgRaJMyWF0uGo8v10NCq38z+tTkhiQQNNOFaq6diRdhMsNSOcDnOtWNEIkz7u0qahARZUucl41SE6MUoH+aE0L9BorP7tSLBQaiA8Uymw7ql5LxX/85qx9q/dhAVRrGlAJoP8mCMdovRu1GGSEs0HhmAimdkVkR6WmGiTzsyU9G+pfDVzSeKJYc5E5cwHs0hqZ0XnsnheMZndwARZOIBjOAUHrqAEd1CGKhDowjO8wpv1Yo2sd+tjUpqxpj37MAPr8xfg/qFM</latexit>g5

<latexit sha1_base64="SJjpq5ykXWpzi0sn+l12wOWkdmU=">AAACEHicbVC7TgJBFL2LL8QXaqkxE4mJFdk1RC2JNpYQ5ZHAhswOszBhdnYzM2tCNpSWNhb6K3TG1j/wG/wBS2eBQsCTTHJyzr1z7z1exJnStv1lZVZW19Y3spu5re2d3b38/kFdhbEktEZCHsqmhxXlTNCaZprTZiQpDjxOG97gNvUbj1QqFooHPYyoG+CeYD4jWBvpvtcpdfIFu2hPgJaJMyOF8vG4+v10Mq508j/tbkjigApNOFaq5diRdhMsNSOcjnLtWNEIkwHu0ZahAgdUuclk1RE6M0oX+aE0T2g0Uf92JDhQahh4pjLAuq8WvVT8z2vF2r92EyaiWFNBpoP8mCMdovRu1GWSEs2HhmAimdkVkT6WmGiTztyU9G+pfDV3SeIFo5yJylkMZpnUL4rOZbFUNZndwBRZOIJTOAcHrqAMd1CBGhDowTO8wpv1Yo2td+tjWpqxZj2HMAfr8xffVKFL</latexit>g4

<latexit sha1_base64="GkAovM3GbVH+gBMrBPFLo/H1b/I=">AAACEHicbVC7TgJBFL2LL8QXaqkxE4mJFdlVo5ZEG0uI8khgQ2aHWZgws7uZmTUhG0pLGwv9FTpj6x/4Df6ApbNAIeBJJjk559659x4v4kxp2/6yMkvLK6tr2fXcxubW9k5+d6+mwlgSWiUhD2XDw4pyFtCqZprTRiQpFh6nda9/m/r1RyoVC4MHPYioK3A3YD4jWBvpvts+b+cLdtEeAy0SZ0oKpcNR5fvpaFRu539anZDEggaacKxU07Ej7SZYakY4HeZasaIRJn3cpU1DAyyocpPxqkN0YpQO8kNpXqDRWP3bkWCh1EB4plJg3VPzXir+5zVj7V+7CQuiWNOATAb5MUc6ROndqMMkJZoPDMFEMrMrIj0sMdEmnZkp6d9S+WrmksQTw5yJypkPZpHUzorOZfGiYjK7gQmycADHcAoOXEEJ7qAMVSDQhWd4hTfrxRpZ79bHpDRjTXv2YQbW5y/dqqFK</latexit>g3

<latexit sha1_base64="QKN3RC8i91A83r7E3ADHZiZa/s0=">AAACEHicbVC7TgJBFL2LL8QXaqkxE4mJFdklRi2JNpYQ5ZHAhswOszBhdnYzM2tCNpSWNhb6K3TG1j/wG/wBS2eBQsCTTHJyzr1z7z1exJnStv1lZVZW19Y3spu5re2d3b38/kFdhbEktEZCHsqmhxXlTNCaZprTZiQpDjxOG97gNvUbj1QqFooHPYyoG+CeYD4jWBvpvtcpdfIFu2hPgJaJMyOF8vG4+v10Mq508j/tbkjigApNOFaq5diRdhMsNSOcjnLtWNEIkwHu0ZahAgdUuclk1RE6M0oX+aE0T2g0Uf92JDhQahh4pjLAuq8WvVT8z2vF2r92EyaiWFNBpoP8mCMdovRu1GWSEs2HhmAimdkVkT6WmGiTztyU9G+pfDV3SeIFo5yJylkMZpnUS0XnsnhRNZndwBRZOIJTOAcHrqAMd1CBGhDowTO8wpv1Yo2td+tjWpqxZj2HMAfr8xfcAKFJ</latexit>g2

<latexit sha1_base64="N4VTIvZmm7viafhhh5eknQePLQs=">AAACEHicbVC7SgNBFL3rM8ZX1FKRwSBYhV0RtQzaWCZoHpAsYXYyuxkyO7vMzAphSWlpY6G/kk5s/QO/wR+wdDZJYRIPDBzOuXfuvceLOVPatr+speWV1bX13EZ+c2t7Z7ewt19XUSIJrZGIR7LpYUU5E7Smmea0GUuKQ4/Thte/zfzGI5WKReJBD2LqhjgQzGcEayPdBx2nUyjaJXsMtEicKSmWj0bV76fjUaVT+Gl3I5KEVGjCsVItx461m2KpGeF0mG8nisaY9HFAW4YKHFLlpuNVh+jUKF3kR9I8odFY/duR4lCpQeiZyhDrnpr3MvE/r5Vo/9pNmYgTTQWZDPITjnSEsrtRl0lKNB8YgolkZldEelhiok06M1Oyv6Xy1cwlqRcO8yYqZz6YRVI/LzmXpYuqyewGJsjBIZzAGThwBWW4gwrUgEAAz/AKb9aLNbLerY9J6ZI17TmAGVifv9pWoUg=</latexit>g1

<latexit sha1_base64="bYz3zrI+a7BDIQl6t41ppbDDi6w=">AAACGHicbVC7TsMwFHXKq4RXgZHFokJiqhKEgAVRlYWxSPQhpVHluE5r1bEj20GqonwGCwMM/AhbxcqC+BNGnLYDbTmSpaNz7/U99wQxo0o7zrdVWFldW98obtpb2zu7e6X9g6YSicSkgQUTsh0gRRjlpKGpZqQdS4KigJFWMLzN661HIhUV/EGPYuJHqM9pSDHSRvI6EdIDjFhay7qlslNxJoDLxJ2R8s3Yvo7fvux6t/TT6QmcRIRrzJBSnuvE2k+R1BQzktmdRJEY4SHqE89QjiKi/HRiOYMnRunBUEjzuIYT9e9EiiKlRlFgOnOLarGWi//VvESHV35KeZxowvF0UZgwqAXM74c9KgnWbGQIwpIarxAPkERYm5TmtuR/SxWquUvSIMpsE5W7GMwyaZ5V3IvK+b1TrtbAFEVwBI7BKXDBJaiCO1AHDYCBAE/gBbxaz9a7NbY+pq0FazZzCOZgff4CQm+kpw==</latexit>

B

<latexit sha1_base64="bhBC+JAzeY4seoGz1ybp2Dl7SyQ=">AAACG3icbVC7TsMwFHV4lpZHgZHFoiAxVQlCwFjBwlgk+pDaUDmu01q1nWA7laoo/8HCAB/BD3RDrAx8CIgRJ+1AW45k6ejc1/HxQkaVtu1Pa2l5ZXVtPbeRL2xube8Ud/fqKogkJjUcsEA2PaQIo4LUNNWMNENJEPcYaXiD67TeGBKpaCDu9CgkLkc9QX2KkTbSPenEbY50X/nxQ5J0iiW7bGeAi8SZklLl6Ot1PCx8VzvFn3Y3wBEnQmOGlGo5dqjdGElNMSNJvh0pEiI8QD3SMlQgTpQbZ64TeGyULvQDaZ7QMFP/TsSIKzXinunMLM7XUvG/WivS/qUbUxFGmgg8OeRHDOoAphHALpUEazYyBGFJjVeI+0girE1QM1fS3VL5auYnsceTvInKmQ9mkdRPy855+ezWZHYFJsiBA3AIToADLkAF3IAqqAEMJHgEz+DFerLG1pv1PmldsqYz+2AG1scv60SnYQ==</latexit>eq

<latexit sha1_base64="zEmkzgymUVouSTTiAAsVHQkMWzc="></latexit>

Qb(y) = gl, y 2 B

<latexit sha1_base64="NZJG+88/Hm8EJ4asw8eec6riFTk="></latexit>

Qb(ym) = gl,(m), y 2 Bm

<latexit sha1_base64="IZTywYQOmLMf5Bsd/7S0Vt6TEzQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkUcCGzI79MLI7Ow6M2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJb3ZpygH9GB5CFn1Fip/tgrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AN6LjP4=</latexit>q

<latexit sha1_base64="ZijMo3+/0BtY1u8e32OvpQkRz7k="></latexit>

B�

<latexit sha1_base64="vlD+8GY0uXMiBiQuXDGxz8Kk6kY=">AAACC3icbVC7SgNBFL3rM8ZX1FKQIUGwkLAroikDNpYRzAOSJczOziZDZnfWmVkhLKmsrW3NN9iJrR/hJ/gJds4mKUzigYHDOefOvRwv5kxp2/6yVlbX1jc2c1v57Z3dvf3CwWFDiUQSWieCC9nysKKcRbSumea0FUuKQ4/Tpje4yfzmI5WKieheD2PqhrgXsYARrI3ket20ct7hJu/jUbdQssv2BGiZODNSqhbHTz8nvqh1C98dX5AkpJEmHCvVduxYuymWmhFOR/lOomiMyQD3aNvQCIdUuenk6BE6NYqPAiHNizSaqH8nUhwqNQw9kwyx7qtFLxP/89qJDipuyqI40TQi00VBwpEWKGsA+UxSovnQEEwkM7ci0scSE216mtuS/S1VoEYob7pxFptYJo2LsnNVvrwzJVVhihwcQxHOwIFrqMIt1KAOBB7gBV5hbD1bb9a79TGNrlizmSOYg/X5C+oUntI=</latexit>

b8,�

<latexit sha1_base64="Bt/KElKj2aMOx4l+gA+votmHnqQ=">AAACC3icbVC7SgNBFL3rM8ZX1FKQIUGwkLArYiwDNpYRzAOSJczOziZDZnfWmVkhLKmsrW3NN9iJrR/hJ/gJds4mKUzigYHDOefOvRwv5kxp2/6yVlbX1jc2c1v57Z3dvf3CwWFDiUQSWieCC9nysKKcRbSumea0FUuKQ4/Tpje4yfzmI5WKieheD2PqhrgXsYARrI3ket20ct7hJu/jUbdQssv2BGiZODNSqhbHTz8nvqh1C98dX5AkpJEmHCvVduxYuymWmhFOR/lOomiMyQD3aNvQCIdUuenk6BE6NYqPAiHNizSaqH8nUhwqNQw9kwyx7qtFLxP/89qJDq7dlEVxomlEpouChCMtUNYA8pmkRPOhIZhIZm5FpI8lJtr0NLcl+1uqQI1Q3nTjLDaxTBoXZeeqfHlnSqrCFDk4hiKcgQMVqMIt1KAOBB7gBV5hbD1bb9a79TGNrlizmSOYg/X5C+hwntE=</latexit>

b7,�

<latexit sha1_base64="hGglqFbt8waCf+nLPl9jBlVQfzQ=">AAACC3icbVC7SgNBFL0bXzG+opaCDAmChYRdEbUM2FhGMA9IljA7O5sMmd1ZZ2aFsKSytrY132Antn6En+An2DmbpDCJBwYO55w793K8mDOlbfvLyq2srq1v5DcLW9s7u3vF/YOGEokktE4EF7LlYUU5i2hdM81pK5YUhx6nTW9wk/nNRyoVE9G9HsbUDXEvYgEjWBvJ9bqpc9bhJu/jUbdYtiv2BGiZODNSrpbGTz/Hvqh1i98dX5AkpJEmHCvVduxYuymWmhFOR4VOomiMyQD3aNvQCIdUuenk6BE6MYqPAiHNizSaqH8nUhwqNQw9kwyx7qtFLxP/89qJDq7dlEVxomlEpouChCMtUNYA8pmkRPOhIZhIZm5FpI8lJtr0NLcl+1uqQI1QwXTjLDaxTBrnFeeycnFnSqrCFHk4ghKcggNXUIVbqEEdCDzAC7zC2Hq23qx362MazVmzmUOYg/X5C96Ynss=</latexit>

b1,�

<latexit sha1_base64="eIvNSKZuYxYv3ixX4uNoAwREZuI=">AAACC3icbVC7SgNBFL0bXzG+opaCDAmChYRdEbUM2FhGMA9IljA7O5sMmd1ZZ2aFsKSytrY132Antn6En+An2DmbpDCJBwYO55w793K8mDOlbfvLyq2srq1v5DcLW9s7u3vF/YOGEokktE4EF7LlYUU5i2hdM81pK5YUhx6nTW9wk/nNRyoVE9G9HsbUDXEvYgEjWBvJ9bqpfdbhJu/jUbdYtiv2BGiZODNSrpbGTz/Hvqh1i98dX5AkpJEmHCvVduxYuymWmhFOR4VOomiMyQD3aNvQCIdUuenk6BE6MYqPAiHNizSaqH8nUhwqNQw9kwyx7qtFLxP/89qJDq7dlEVxomlEpouChCMtUNYA8pmkRPOhIZhIZm5FpI8lJtr0NLcl+1uqQI1QwXTjLDaxTBrnFeeycnFnSqrCFHk4ghKcggNXUIVbqEEdCDzAC7zC2Hq23qx362MazVmzmUOYg/X5C9z0nso=</latexit>

b0,�

<latexit sha1_base64="2EJtn8T/9E9XnGDO2DuG1Am/pdo=">AAACC3icbVC7SgNBFL3rM8ZX1FKQIUGwkLAroikDNpYRzAOSJczOziZDZnfWmVkhLKmsrW3NN9iJrR/hJ/gJds4mKUzigYHDOefOvRwv5kxp2/6yVlbX1jc2c1v57Z3dvf3CwWFDiUQSWieCC9nysKKcRbSumea0FUuKQ4/Tpje4yfzmI5WKieheD2PqhrgXsYARrI3k9rpp5bzDTd7Ho26hZJftCdAycWakVC2On35OfFHrFr47viBJSCNNOFaq7dixdlMsNSOcjvKdRNEYkwHu0bahEQ6pctPJ0SN0ahQfBUKaF2k0Uf9OpDhUahh6Jhli3VeLXib+57UTHVTclEVxomlEpouChCMtUNYA8pmkRPOhIZhIZm5FpI8lJtr0NLcl+1uqQI1Q3nTjLDaxTBoXZeeqfHlnSqrCFDk4hiKcgQPXUIVbqEEdCDzAC7zC2Hq23qx362MaXbFmM0cwB+vzF/JXntc=</latexit>g8,�

<latexit sha1_base64="i3eKMXMbaNTeNAf4djrecsw9iMs=">AAACC3icbVC7SgNBFL0bXzG+opaCDAmChYRdEbUM2FhGMA9IljA7O5sMmd1ZZ2aFsKSytrY132Antn6En+An2DmbpDCJBwYO55w793K8mDOlbfvLyq2srq1v5DcLW9s7u3vF/YOGEokktE4EF7LlYUU5i2hdM81pK5YUhx6nTW9wk/nNRyoVE9G9HsbUDXEvYgEjWBvJ7XVT56zDTd7Ho26xbFfsCdAycWakXC2Nn36OfVHrFr87viBJSCNNOFaq7dixdlMsNSOcjgqdRNEYkwHu0bahEQ6pctPJ0SN0YhQfBUKaF2k0Uf9OpDhUahh6Jhli3VeLXib+57UTHVy7KYviRNOITBcFCUdaoKwB5DNJieZDQzCRzNyKSB9LTLTpaW5L9rdUgRqhgunGWWximTTOK85l5eLOlFSFKfJwBCU4BQeuoAq3UIM6EHiAF3iFsfVsvVnv1sc0mrNmM4cwB+vzF+bbntA=</latexit>g1,�

<latexit sha1_base64="ZIaDltSQKQzKZ8YnszmsLH2UPKY=">AAACFnicbVDLSsNAFJ3UV62vqOBGkKFFcCElEVGXBTcuK9gHNCFMJpN26OThzEQoMSt/wq1u9RvciVu3foKf4M5J2oVtPTBwOOfeuYfjxowKaRhfWmlhcWl5pbxaWVvf2NzSt3faIko4Ji0csYh3XSQIoyFpSSoZ6cacoMBlpOMOL3O/c0e4oFF4I0cxsQPUD6lPMZJKcvQ94qRWgORA+OltdmwxteqhzNFrRt0oAOeJOSG1RvXp4efAi5qO/m15EU4CEkrMkBA904ilnSIuKWYkq1iJIDHCQ9QnPUVDFBBhp0X+DB4qxYN+xNULJSzUvxspCoQYBa6aLKLOern4n9dLpH9hpzSME0lCPD7kJwzKCOZlQI9ygiUbKYIwpyorxAPEEZaqsqkr+d9c+CKDFdWNOdvEPGmf1M2z+um1KqkBxiiDfVAFR8AE56ABrkATtAAG9+AZvIBX7VF70961j/FoSZvs7IIpaJ+/gMGjcA==</latexit>eq,�

<latexit sha1_base64="wgDfbo8zrbFeEgmHs0LNlAtfYzI=">AAACHnicbVDLSsNAFJ3UV62vqEs3Q4tQEUoiom6Eohs3QgX7gKaUyWTSDp08mJkIIWTrF/gBfoBb/QR34tZ+gb/hJK1gWw8MHM499zHHDhkV0jDGWmFpeWV1rbhe2tjc2t7Rd/daIog4Jk0csIB3bCQIoz5pSioZ6YScIM9mpG2PrrN6+4FwQQP/XsYh6Xlo4FOXYiSV1Nch71tM2R10aXlIDgXmyW36q1X5UV+vGDUjB1wk5pRU6mXr+Glcjxt9/dtyAhx5xJeYISG6phHKXoK4pJiRtGRFgoQIj9CAdBX1kUdEL8l/ksJDpTjQDbh6voS5+rcjQZ4QsWcrZ37tfC0T/6t1I+le9BLqh5EkPp4sciMGZQCzWKBDOcGSxYogzKm6FeIh4ghLFd7Mlmw2F65IVTLmfA6LpHVSM89qp3cqoiswQREcgDKoAhOcgzq4AQ3QBBg8ghfwCt60Z+1d+9A+J9aCNu3ZBzPQvn4A346mjw==</latexit>

r� = M�(r)

<latexit sha1_base64="7F+3awuly6y0Xan3lNBeMdzBf3Y=">AAACCHicbVDLSsNAFL2pr1pfVZduhhZBEEoioi6LblxWsA9oQplMJ+3QySTMTISQ9gdci1v9BHfi1r/oF/gbTh8L23rgwuGc++L4MWdK2/bYyq2tb2xu5bcLO7t7+wfFw6OGihJJaJ1EPJItHyvKmaB1zTSnrVhSHPqcNv3B3cRvPlGpWCQedRpTL8Q9wQJGsDaS6w6lO+y4TAQ67RTLdsWeAq0SZ07K1ZJ7/jKuprVO8cftRiQJqdCEY6Xajh1rL8NSM8LpqOAmisaYDHCPtg0VOKTKy6Y/j9CpUbooiKQpodFU/TuR4VCpNPRNZ4h1Xy17E/E/r53o4MbLmIgTTQWZHQoSjnSEJgGgLpOUaJ4agolk5ldE+lhiok1MC1cmu6UK1Mgk4yznsEoaFxXnqnL5YCK6hRnycAIlOAMHrqEK91CDOhCI4RXe4N16tj6sT+tr1pqz5jPHsADr+xdOqp5g</latexit>

krk�

<latexit sha1_base64="lHjvxkR8pGN5Iw4nr9caJsmaM5k=">AAACDXicbVDLSsNAFJ3UV62PRl26GVoEQSyJiLosunFZwT6gCWEynbRDJ5MwMxFC2m9w486tfoI7ces39Av8DSdtF7b1wIXDOffF8WNGpbKsiVFYW9/Y3Cpul3Z29/bL5sFhS0aJwKSJIxaJjo8kYZSTpqKKkU4sCAp9Rtr+8C73209ESBrxR5XGxA1Rn9OAYqS05JllZySckZedO5QHKh17ZtWqWVPAVWLPSbVecc5eJvW04Zk/Ti/CSUi4wgxJ2bWtWLkZEopiRsYlJ5EkRniI+qSrKUchkW42fXwMT7TSg0EkdHEFp+rfiQyFUqahrztDpAZy2cvF/7xuooIbN6M8ThTheHYoSBhUEcxTgD0qCFYs1QRhQfWvEA+QQFjprBau5LuFDGSejL2cwyppXdTsq9rlg47oFsxQBMegAk6BDa5BHdyDBmgCDBLwCt7Au/FsfBifxtestWDMZ47AAozvXxuDn9Q=</latexit>

krk��

<latexit sha1_base64="B4pb2pYdfhK0HBcOqI6F4sSMdz4="></latexit>

Qb(r) = gj ,

r 2 B

<latexit sha1_base64="ueZAwPR0J+yOWjAcxik30HLcAoc="></latexit>

Qb(r�) = gj,�,

r� 2 B�

Figure 5.9 An illustration of quantization process of normal samples and
modulo-folded samples with bit resolution b = 3.

the following corollary:
(T⌦e)Lkrk

`1(R) < �,

where (T⌦e)Lkrk
`1(R) is a function of sampling interval, T , and finite difference order,

L. In practice, a lower order of finite difference order, L is desirable, because it makes the
reconstruction numerically stable. Consequently, for a fixed L, and T , we can obtain
the value of � for a given �r. From the viewpoint of hardware, since the equivalent bit
of M�–ADC, b�, in terms of the bit of the conventional ADC, b, is b� = b + log2 ⇣ , thus
we can set the � to � = ⇣⇢/2 with normal setting of DR, ⇢, in conventional ADC.
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5.3.2 Recovery from Modulo Samples: The Unlimited Sam-
pling Algorithm

Reconstruction of the HDR input signal, r (t), from its modulo samples entails
the “inversion” of the modulo non-linearity M�(·). This is an ill-posed prob-
lem due to the many-to-one nature of the M�(·). The key to unfolding modulo
samples is the observation that the modulo and the finite-difference operators
commute in a certain sense [1]. This allows us to extract the higher-order dif-
ferences of r from its modulo samples. Then, reconstruction boils down to the
problem of stably inverting the difference-operator. Next, we focus on these
two aspects separately and for the case of non-quantized measurements (5.22).
This is solely for the ease of exposition as the same recovery procedure applies
to the case of quantized modulo samples in (5.23).

Accessing Higher-Order Differences. Let (�r) [k]
def
= r [k + 1] � r [k] denote the

first-order difference operator; higher-order differences recursively defined by
�Lr

def
= �L�1 (�r) , L > 1. According to the modulo decomposition property

(see Fig. 4 in [1]), we have, r (t) = M�(r (t)) + "r (t) where "r (t) 2 2�Z is a
piecewise-constant function. The same property also applies to the point-wise
samples. On one hand, since "r (kT ) 2 2�Z, we have that �L"r (kT ) 2 2�Z and
hence, M�(�L"r (kT )) = 0. On the other hand, for ⌦-bandlimited functions,
i.e. r 2 B⌦, we note that �L results in amplitude shrinkage in the oversampled
regime. This is made precise via the following Lemma.

Lemma 2 (Difference-Derivative Inequality [1, 2]). For any r (t) 2 B⌦ \ L1(C),
its samples r [n]

def
= r (nT ) satisfy, k�Lrk

`1(R) 6 (T⌦e)L krk
L1(R) where e is the

Euler’s number.

Clearly, choosing T < 1/ (⌦e) amounts to controlling the factor (T⌦e)L. More
precisely, choosing L? >

†
log ���r
log(T⌦e)

£
with �r > 2�Z and �r > krk

L1(R) also
ensures that k�L

?
rk

`1(R) 6 �. According to Proposition 2 in [1], we have,
M�(�L (r)) = M�(�L (M�(r))) and hence, whenever L > L?, oversampling or
choosing T⌦e < 1 implies that �Lr = M�(�Lr�). In summary, oversampling
r (t) 2 B⌦ allows us to access �Lr from its modulo samples r� [k].
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Stable Inversion of �L. Instead of inverting
�
�Lr

�
[k] 2 R, the recovery algo-

rithm in [1, 2] capitalizes the piece-wise constant structure of the residue "r (t),
that is, "r (kT ) 2 2�Z and hence, �L"r (kT ) 2 2�Z. This narrows down the
range of "r (kT ) and hence has a stabilizing effect during inversion. We initial-
ize the sequence s{0} [k] =

�
M�(�Lr�)��Lr�

�
[k] ⌘ �L"r (kT ) 2 2�Z. Next,

�L�1"r (kT ) is obtained from �L"r (kT ) by invoking the anti-difference oper-
ator S = ��1 and rounded-off to 2�Z. Note that the unknown constant-of-
integration in the kernel of � must be estimated for unique reconstruction. It
has been shown in [1,2] that for r 2 B⌦, this unknown constant can be estimated
via,

{l} =

ú
S
�
s{l+1}� [k]� S

�
s{l+1}� [J� + 1]

12�r
+

1

2

ü
,

where J� = 6�r/�, l = 0, . . . , L� 2. This completes the estimation of s{1} [k] and
more generally,

s{l+1} [k] = 2�

¢
1

2

ú
S
�
s{l+1}� [k]
�

ü•
+ 2�{l}, l = 0, . . . , L� 2.

Finally, we obtain the recovered samples er[k] up to an unknown constant,

er[k] = S
Ä
s{L�1}

ä
[k] + r� [k] + 2�Z = e"r + r� [k] . (5.24)

The reconstruction approach is summarized in Algorithm 8 which also works
with quantized measurements [1]. Compared with conventional ADC, adopt-
ing M�–ADC has this additional reconstruction operation. It has a complexity of
the order of O(LNs), where Ns is the length of the samples. We have explained
the reconstruction in detail in chapter 2.1.
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Algorithm 8: Recovery from Noisy Modulo Communication Samples
1 Input: q� [k] and 2�Z 3 �r > krk1 .
2 Output: er[k] ⇡ r(kT ).

1) Compute L =
†
log ��log �r
log(T⌦e)

£
.

2) Compute
�
�Lq�

�
[k].

3) Compute
�
�L"r

�
[k] =

�
M�

�
�Lq�

�
��Lq�

�
[k].

Set s{0}[k] =
�
�L"r

�
[k]

for l = 0 : L� 2 do
i) s{l+1}[k] =

�
Ss{l}

�
[k]

ii) s{l+1} = 2�

°
bs{l+1}

/�c

2

§
(rounding to 2�Z)

iii) Compute {l} =
õ
(S2�l

"r)[1]�(S2�l
"r)[J�+1]

12�r
+ 1

2

û

iv) s{l+1}[k] = s{l+1}[k] + 2�{l}

end
5) er[k] = S

�
s{L�1}

�
[k] + q� [k] + 2v�, v 2 Z
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5.4 Achievable sum-rate analysis

To show the potential impact of the lower quantization noise achieved by M�–
ADC on the performance of communication, we analyze the SQNR and achiev-
able sum-rate for both MRC and ZF combiners. Our analysis shows that with
as few as 1- or 2-bits, the �–MIMO architecture achieves very similar sum-rate
performance when compared with1-bit resolution, conventional ADC.

To be able to compare with the benchmark (i.e. conventional ADC), and clearly
show the gain of M�–ADC on the quality of quantization, we assume that the
dynamic range ⇢� of the conventional ADC matches the signal r. Hence, the
clipping error does not exist. Additionally, the quality of the quantization is
measured by the signal to quantization noise ratio (SQNR) defined by [160]

SQNR = 10 log10
�2
r

�2
q

, (5.25)

where �2
r

is the signal power with the assumption that signal r has zero mean
and �2

q is the quantization error power.

As shown in Fig. 5.9, to calculate �2
q at a given time instant during quantization,

we first partition ⇢� into J = B + 1 subsets expressed as ⇢�,j , j 2 bJe. Each
partition region is then bounded by the boundary values bj , i.e. ⇢�,j = [bj�1, bj).
Specifically, the samples inside the same region ⇢�,j are mapped to the same
quantization value gj based on the mapping (5.23). Therefore, the variance �2

q

of the quantization error is calculated as [160], [161]

�2
q = E

�
|r �Qb(r)|

2
 

=
X

j2bJe

P (r 2 ⇢�,j)

Z
bj

bj�1

(r � gj)
2 p (r | r 2 ⇢�,j) dy,

(5.26)

where

— p(r) is the probability density function (pdf) of r.

— P (r 2 ⇢�,j) =
R
⇢�,j

p(r)dr is the probability when signal r is inside the ⇢�,j
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region i.e. r 2 ⇢�,j .

— p (r | r 2 ⇢�,j) = p(r)/P (r 2 ⇢�,j) is the conditional pdf of r in region ⇢�,j .

In comparison, the quantization error of M�–ADC is decreased to �2
�,q = ⇣2�2

q due
to modulo operation. The ratio ⇣ is defined by

⇣ =
�

krk1
, krk1 = max |r (t) |. (5.27)

With the above, we derive the SQNRs for baseband sampled single carrier and
OFDM signals as follows.

5.4.1 SQNR of Uniform Distribution Signal

The baseband sampled single-carrier signal is subject to uniform distribution
[162] that r[k] ⇠ U(0, 1), hence the variance of the sample r[k] is �2

r,unif = ⇢2
�
/12,

and variance of quantization noise �2
q,unif is given by

�2
q,unif =

q20
12

= �2
r,unif 2

�2b. (5.28)

Subsequently, the SQNR of conventional ADC is

SQNRunif = 10 log10
�2
r,unif

�2
q,unif

= 6.02b (dB). (5.29)

Since the modulo-folded samples follow uniform distribution that r�[k] ⇠ U(0, ⇣2),
the quantization error of M�–ADC is decreased to �2

q,� = ⇣2�2
q,unif with the SQNR

given by

SQNRunif,� = 10 log10
�2
r,unif

�2
q,�

= 6.02b+ 20 log10(1/⇣) (dB). (5.30)

Therefore, there is a 20 log10(1/⇣) dB enhancement on SQNR by adopting M�–
ADC. Note that the oversampling is required to guarantee the successful recon-
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struction. In addition, ⇣ should satisfy the constraint

(T⌦e)L <
�

krk
L1

= ⇣,

thus ⇣ cannot be 0, and the gain in SQNR is bounded by

SQNRgain < 20 log10

Å
1

(⇡⌦e)L

ã
.

5.4.2 SQNR of Gaussian Distribution Signal

The OFDM signal is commonly assumed to be a centered, wide-sense station-
ary, ergodic Gaussian process [163], [164] that is r[k] ⇠ N (0, 1), thus the vari-
ance of quantization noise �2

q,Gau is given by [160, 161, 165]

�2
q,Gau = "2�2

r,Gau2
�2b, (5.31)

where

"2 =
1

12�2
r,Gau

ÅZ 1

�1

3
»

p(r)dr

ã3
. (5.32)

Specifically, for the case when r[k] ⇠ N (0, 1), we have "2 =
p
3⇡/2. Thus, the

SQNR in dB of the conventional ADC is given by

SQNRGau = 10 log10

Ç
�2
r,Gau

�2
q,Gau,(m)

å
⇡ 6.02b� 4.35. (5.33)

Modulo folding on the input distribution leads to a family of so-called “wrapped
distributions” [166]. In particular, when the input signal is drawn from N (0, �2)

and the modulo threshold � is chosen to be a fraction of �2, empirically, we have
found that the resulting density function for r�[k] follows a uniform distribu-
tion. Assuming that r�[k] ⇠ U(0, ⇣2), the quantization error of M�–ADC shrinks
to �2

q,� ⇡ ⇣2�2
q,unif , and the SQNR in dB is given by

SQNRGau,� = 10 log10

Ç
�2
r,Gau

�2
q,�

å
⇡ 6.02b+ 20 log10(1/⇣). (5.34)
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Figure 5.10 Fourier spectrum of r, and 4-bit quantized samples for conven-
tional ADC and M�–ADC with ⇣ = 0.1.

In summary, when capitalizing on the M�–ADC the resulting samples entail lower
quantization noise as shown in Fig. 5.10. This in turn leads to a factor 20 log10(1/⇣)+
10 log10("

2) dB enhancement in the SQNR. For bandlimited functions r(t) with
maximum frequency ⌦, from [1, 2] we know that

���Lr
��
1 6 (T⌦e)Lkrk

L1
.

Choosing T < 1/ (⌦e) for an appropriate value of L entails that,

(T⌦e)L <
�

krk
L1

= ⇣.

For example, choosing ⇣ 2 U (1/100, 1/10) we can see that SQNR (5.34) can be
increased from 24.5 dB to 44.5 dB (in noiseless conditions).

5.4.3 Achievable sum-rate Analysis for M�–ADC in MU �–MIMO.

To be able to show the benefits of using M�–ADC in communication systems,
we analyze the achievable sum-rate of MU �–MIMO architecture. The non-
linear nature of the quantization operator makes the analysis challenging. To
overcome this aspect, we adopt the AQNM model, previously described in
[112, 131, 167]. Consequently, the quantized signal rq is modeled by,

rq = ��r+ ✏q = ��
p
puHx+ ��✏ + ✏q, (5.35)
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where pu is the average transmitted power of each user, �� = 1 � �2
q,�/�

2
r
, ✏q ⇠

N (0, (1���)���2
r
) is the additive Gaussian quantization noise independent with

r. In this setting, the signal vector after the linear detection is given by

exb = A
H
rq, (5.36)

where A is given in (5.15). By substituting (5.36) into (5.35), we derive the
following expression

exb = ��
p
puA

H
Hx+ ��A

H✏ +A
H✏q. (5.37)

Then, the mth user data is [exb]m = exm,b is given by

exm,b =
p
pu��xm,b ham,hmi+

p
pu��

MX

i=1
i 6=m

xi,b ham,hii

+ �� ham, ✏i+ ham, ✏qi ,

(5.38)

where am is the mth column of A. From (5.38), we can also obtain the interfer-
ence and noise term by excluding the mth user’s data, given by

IH =pu�
2
�

NX

i=1
i 6=m

|ham,hii|
2 + �2

�
kamk

2 +
⌦
am,R✏q,✏qam

↵
(5.39)

where R✏q,✏q is the covariance of the additive quantization noise ✏q in a given
channel realization with

R✏q,✏q = ��(1� ��) diag
�
puHRxH

H + I
�
. (5.40)

Specifically, Rx is the input signal covariance, and Rx = I when r[k] ⇠ N . The
above derivations allow us to obtain the ergodic achievable uplink rate of the
mth user [131] that is,

Rm = E

®
log2

Ç
1 +

pu�2� kamk
4

IH

å´
. (5.41)
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Since the direct computation of the achievable uplink rate in (5.41) is challeng-
ing, in the sequel, we will utilize an analytical approximation for the �–MIMO
case.

MRC Analytical Approximation of Achievable sum-rate

The uplink rate of the mth user with MRC is given by [131]

eRm,(MRC) = log2

Å
1 +

pu��⌘m(N + 1)

IMRC

ã
, (5.42)

where IMRC is the expectation of the noise-plus-interference term with

IMRC = pu��

MX

i=1
i 6=n

⌘i + pu(1� ��)

 
MX

i=1

⌘i + ⌘m

!
+ 1, (5.43)

and the sum-rate for the system is R =
P

M

m=1
eRm.

ZF Analytical Approximation of Achievable sum-rate

Similarly, the uplink rate of the mth user with ZF is given by [168]

R̃m,(ZF) = log2

Ç
1 +

��pu
��

(N�M)⌘m
+ (1� ��)IZF

å
, (5.44)

where IZF is the expectation of the noise-plus-interference term given in (5.45),
� < 1 is the attenuation coefficient.

IZF = N

Å
�

N +M

ã2
(
4⌘m �

4�

N +M
⌘m

 
MX

j=1

⌘j + ⌘m

!
+N⌘m

Å
�

N +M

ã2
 

MX

j=1

⌘2
j
+ ⌘2

m

!

+ pu

MX

i=1,i 6=k

"
4⌘m⌘i � ⌘m⌘i

4�

N +M

 
MX

j=1

⌘j + ⌘m + ⌘i

!
+N⌘m⌘i

Å
8

N +M

ã2 MX

j=1

⌘2
j
+ ⌘2

m
+ ⌘2

i

!#

+8pu⌘m
2
� pu⌘m

2 8�

N +M

 
MX

j=1

⌘j + 2⌘m

!
+ pu⌘

2
m

Å
�

N +M

ã2 
(N + 1)

MX

j=1

⌘2
j
+ (3N + 1)⌘2

m

!)
.

(5.45)
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5.5 Numerical evaluation

The focus of this section is to demonstrate the advantages of our proposed �–
MIMO approach. Our experiments are based on both computer simulations as
well as modulo ADC hardware.

Starting with computer experiments, we show the recovery and detection per-
formance of the high-order modulation schemes (e.g. 1024 QAM OFDM signal)
when using the M�–ADC. The SQNRs of the uniform and Gaussian distributed
baseband samples in M�–ADC and conventional ADC are compared with theory
in Section 5.5.1. We show proof-of-concept hardware experiments in Section
5.5.2. Additionally, the ergodic achievable sum-rate of M�–ADC with MRC and
ZF detectors, and the analytic approximations are discussed in Section 5.5.3.

5.5.1 Recovery and Detection Performance

We consider two cases that NBSC and MIMO–OFDM in the simulation. Specif-
ically, NBSC is with channel tap D = 1, small-scale fading coefficients gn,m ⇠

CN (0, 1). The MIMO–OFDM considers the frequency selective channel with
channel taps D = 15 with small-scale fading coefficient3 gn,m[d] ⇠ CN (0, 1/D).
We assume that perfect CSI, maximum value of baseband signal krk1, � =
1
10krk1 are known at the receiver. To satisfy the sufficient condition for recov-
ery, we use fs > 2⇡efNyquist in the simulation.

At the receiver with M�–ADC, the received signals are modulo folded, sampled,
quantized, recovered, and combined by MMSE, ZF and MRC detectors. In
Fig. 5.11, the MMSE, ZF, and MRC receiver with M�–ADCs outputs are plotted
for the case that single-antenna multiple users transmit 64QAM modulation
signals. The observations are that the recovered signals from modulo-folded
samples can be detected by normal linear combiners. The ZF and MMSE com-
biners have close detection performances, and are better than the detection per-
formance of MRC combiner. From Fig. 5.11 (c) and (d), we can observe that a

3Uniform power delay profile is assumed for simplicity of illustration. More realistic chan-
nel models can be used.
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better mapping in the constellation can be achieved by increasing the antenna
number in the BS.

In Fig. 5.12 (a), (b), the recovery results of one user’s data for the cases that
users transmit QPSK single-carrier and QPSK OFDM signals are demonstrated.
In addition, in Fig. 5.12 (c), (d), the 1024 QAM single-carrier and OFDM signals
after the same processes are shown. The recovery performance is also analyzed
by the reconstruction mean squared error (MSE) between the input signal r and
its estimate r̃ recovered by Algorithm 8, symbol error rate (SER), and bit error
rate (BER). Specifically, the result of the recovery single-carrier signal with 1024

QAM is that MSE = 3.8 ⇥ 10�4. When adopting ZF combiner, the detection
result is that BER = 7.7⇥10�4 and SER = 7.9⇥10�3. Using the same simulation
parameters, OFDM signal with 1024 QAM can also be fully recovered with
MSE = 6.4 ⇥ 10�4. Additionally, when adopting ZF combiner, the detection
result is that BER = 3.0⇥ 10�3 and SER = 1.7⇥ 10�2.

From Fig. 5.11 and Fig. 5.12, it is known that the once incapable recovery and
detection of very high order modulation signal can be realized with only 2 bit
resolution M�–ADC with fs = 50fNyquist. According to the Fig. 5.12 (e), (f) and
Fig. 5.12 (g), (h), we can know �Lr = M�

�
�Lq�

�
, which means the modulo

samples of higher order of bandlimited samples r and modulo samples q� are
the same. This fact provides the evidence of the unlimited sampling theory’s
effectiveness on communication signals.

When the bit resolution of M�–ADC increases from b = 2 to 12, the MSE of 1024
QAM single-carrier signal decreases from 3.8⇥10�4 to 2.0⇥10�10. Additionally,
the MSE of 1024 QAM OFDM signal decreases from 6.4 ⇥ 10�4 to 2.0 ⇥ 10�10.
These results show that the recovery results of er based on Algorithm 8 become
better. Considering a noisy case, the detection performances of 2-bit quanti-
zation resolution 1024 QAM single-carrier signal are BER = 3.1434 ⇥ 10�4 and
SER = 3.1⇥ 10�3 with SNR = 55 dB and ZF combiner.

Currently, our inversion/recovery algorithm is not geared to handle low-SNR
conditions and hence, this requires some future work before the MMSE com-
biner can be tightly integrated with our framework.
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In addition, the SQNRs of single-carrier and OFDM signals with different ADC
resolutions b are shown in Fig. 5.13. Specifically, the curves with theory are cal-
culated by the theoretical SQNR equations, i.e. (5.29), (5.30), (5.33), and (5.34).
For example, if the OFDM signal is transmitted and M�–ADC is used in the re-
ceiver, the OFDM signal theory curve is calculated by (5.34), and then plot-
ted. The curves with simulation are obtained from our numerical simulations,
wherein we calculated the power of the transmitted signal, �2

r
, and the power of

the quantization noise, �2
q, from the simulated signal. Subsequently, the SQNR

is calculated by (5.25). It is clear that a higher SQNR is achieved by using M�–
ADC than the conventional ADC. We also show the eye diagrams of signal after
and before reconstruction in Fig. 5.14. The distortion of the reconstructed signal
is low, which validates the effectiveness of the reconstruction algorithm.

5.5.2 Hardware Experiment

We show proof-of-concept hardware experiments of M�–ADC in this section.
Here, we use modulo samples of the real component of the QPSK signal. Specif-
ically, the settings are fs = 50fNyquist, dynamic range 13.6V peak-to-peak (⇡ 7�),
and folded dynamic range 4.02V peak-to-peak. The experimental data and re-
covery results are shown in Fig. 5.15. We can know that the original real compo-
nent of the QPSK signal can be recovered with MSE = 4.6⇥ 10�2 and 7.5⇥ 10�1

when we use 12-bit and 2-bit quantization resolution, respectively.

5.5.3 Achievable Uplink sum-rates and Analytical Approxima-
tions

In this simulation, a hexagonal cell with a radius of 1000m and a central disk
radius dmin = 100m is considered. The large scale attenuation ⌘n is modeled
as ⌘n = zn (dm/dmin)

�v, where zn is a log-norm random variable with standard
deviation �shadow = 8dB, v = 3.8 is the path loss exponent, dm is the distance be-
tween mth user and BS. We assume a narrowband system and D = 1, therefore
the small-scale fading coefficient gn,m ⇠ CN (0, 1). Additionally, M = 10 users
are randomly distributed with a normalized transmit power pu = 10dB.
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Then, the achievable sum-rates of M�–ADC and conventional ADC are compared
in Fig. 5.16. In Fig. 5.16 (a), (c), analytical approximations and simulation re-
sults for M�–ADC and conventional ADCs with MRC detector and bit resolution
b = 1, 2,1 are shown. Moreover, results for M�–ADC and conventional ADCs
with ZF detector and b = 2, 3,1 are presented in Fig. 5.16 (b), (d). In all cases, a
clear observation can be found that by adopting M�–ADC the achievable uplink
sum-rate can approach the sum-rate achieved by b = 1. Also, the analyti-
cal approximations and simulations of achievable sum-rate for M�–ADC are in
agreement.

The power scaling law is also examined by setting the user transmit power to
pu = Eu/M . We consider a scenario that M = 10 users in the cell, Eu = 10

dB, b = 1, 2,1, and MRC detector in the BS with different number of antennas.
According to Fig. 5.17, the results show that M�–ADC has close achievable uplink
sum-rate even with b = 1 to the sum-rate of conventional ADC with perfect
quantization. In addition, with the increase of the number of BS antennas, there
is no obvious rise on the achievable sum-rate. Thus, there is no need to equip
the BS with very large quantity of antennas regarding achievable sum-rate. If
the M�–ADC is used, there is no need to have very high-resolution (8-12 bits)
ADCs.

The relationship between achievable uplink sum-rate and ADC bit resolution
b and energy efficiency are investigated. Simulation results of uplink sum-rate
versus bit resolution are presented for M� and conventional ADC with MRC
and ZF detector in Fig. 5.18 (a). The simulation settings are users, M = 10,
pu = 10 dB, and BS antennas, N = 50. The observation is that M�–ADC outper-
forms conventional ADC with respect to achievable sum-rate with low resolu-
tion b. In the case of MRC detector, the achievable uplink sum-rate of M�–ADC
with only 2 bit resolution nearly approaches the limit with infinite resolution.
The similar result is also obtained in the ZF detector case, with b = 5 bit resolu-
tion, the M�–ADC can achieve close result to the conventional ADC with perfect
quantization.

Finally, the energy efficiency ⇠ , ⌦R/P [159] is measured, where ⌦ = 1 MHz
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is the bandwidth, R is the sum-rate, P = c0N2b + c1 with c0 = 10�4 Watt and
c1 = 0.02 Watt. We can know that the energy efficiency of M�–ADC is higher than
conventional ADC when b 6 6, and lower resolutions b have higher energy
efficiency. Considering the results in Fig. 5.18 (b) that the achievable sum-rate
saturates after some resolution b in MRC and ZF, low resolution b (e.g., b = 1-3)
of M�–ADC should be selected to reach high energy efficiency and reduce power
consumption.
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Figure 5.11 Constellation diagrams. (a) M = 10 users with N = 50 BS anten-
nas and MMSE detector; (b) M = 10 users with N = 50 BS antennas and ZF
detector; (c) M = 10 users with N = 50 BS antennas and MRC detector; (d)
M = 10 users with N = 1000 BS antennas and MRC detector.
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Figure 5.13 SQNR of M� and conventional ADCs with � = 0.1krk1. The
curves with theory are calculated by the theoretical SQNR equations, i.e. (5.29),
(5.30), (5.33), and (5.34). The curves with simulation are obtained from our
numerical simulations, wherein we calculated the power of the transmitted
signal, �2

r , and the power of the quantization noise, �2
q, from the simulated

signal. Subsequently, the SQNR is calculated by (5.25).
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Figure 5.14 Eye diagrams with roll-off factor ↵ = 0.45 for signals (a) after
reconstruction, (b) before reconstruction (modulo signal).
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Figure 5.15 Hardware experiments and actual reconstruction results. (a) M�–
ADC circuit. (b) Live screen shot of the oscilloscope plotting the real part of
QPSK signal (red) and its modulo-folded signal (blue). (c) Reconstruction re-
sults with actual modulo-folded signals from the circuit as the input, and 2-bit
and 12-bit resolution quantization.
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b = 1

Figure 5.16 Uplink sum-rate per cell vs the number of BS antennas, when M =
10 users with Tx power pu = 10 dB and BS using (a), (c) MRC detector; (b), (d)
ZF detector.
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Figure 5.17 Uplink sum-rate per cell vs the number of BS antennas, when M =
10 users with scaled-down Tx power pu = Eu

M
dB and BS using MRC detector.
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Figure 5.18 (a) Uplink sum-rate versus ADC bit resolution b, (b) Energy effi-
ciency versus ADC bit resolution b.
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5.6 Summary

Modern communication systems are pivoted on the M–MIMO technology. The
success of this technology is tied to the power consumption and receiver/ADC
saturation problems. In this work, we have described a new receiver design
that can tackle the two challenges simultaneously. Our approach is based on
the use of M�–ADCs that are at the heart of the Unlimited Sensing Framework.
By introducing modulo non-linearity in the RF-chain, we are able to fold ar-
bitrary high dynamic range signals into low dynamic range modulo samples.
This folding effect offers higher quantization resolution, given a fixed bit bud-
get. The distinguishing features of our work include, (a) leveraging higher
SQNR, (b) approaching the detection and average uplink sum-rate performances
comparable to an1-bit resolution, conventional ADC, with a very few bit M�–
ADC. This is the key to enabling higher order modulation schemes e.g. 1024 QAM,
(c) higher power efficiency attributing to a superior trade-off between energy
efficiency and bit budget. We validate our approach using computer simula-
tions and M�–ADC hardware experiments.
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Chapter 6

Full-Duplex Beyond
Self-Interference: The Unlimited
Sensing Way
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6.1 Introduction

Rapidly emerging frontiers of wireless communication systems have enabled
new applications. Future growth of this area in terms of applications and trans-
mission bandwidth poses strong restrictions on the frequency spectrum [169].
A promising solution to the spectrum scarcity problem has been the design of
In-Band Full-Duplex (FD) systems [16, 17]. Recently, there has been a surge
of research interest towards this solution. This is mainly because FD systems
can potentially double the spectral efficiency of communication [16, 17]. How-
ever, when considering the FD solution as it is, there is a price to pay. That
is, the coupling between the co-located transmitter and receiver causes severe
self-interference (SI) (e.g. up to 100 dB [16, 18]). This results in an undesirable
scenario where the signal of interest (SoI) containing the uplink data irretriev-
ably drowns in the interference. On one hand, simultaneous occurrence of SI
and SoI naturally necessitates a high dynamic range (HDR) analog-to-digital
converters or ADCs, or else, there will be no hope of recovering the uplink
data when the SoI is drawn in the SI. On the other hand, for a fixed bit budget,
HDR ADCs entail higher quantization noise which can compromise the capa-
bility of existing algorithms. In this case, the only available remedy is to boost
the number of bits used for digitization. This strategy, proves to be sub-optimal
because higher bit-budget entails higher power consumption and cost. In crux,
combating the effect of SI creates an inevitable trade-off between the bit-budget
and the dynamic range.

Given the significance of this problem, several promising techniques for SI can-
cellation have been proposed in the literature, including [16, 22, 23, 170, 171].
Broadly, these methods can be classified as follows: 1) Analog Domain: The
key concept here is to generate a negative copy by the canceller circuit, and this
replica is subtracted from the received signal [22, 23]. However, the analog-
domain signal processing is especially difficult and entails high hardware com-
plexity (compared to digital implementation). And even then, this does not en-
able complete cancellation of the SI, resulting in unwanted residuals [16] and
can even sometimes increase the SI based on the experiment [172]. This has
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motivated the development of digital methods. 2) Digital Domain: In con-
trast, the SI channel estimation and signal processing for cancelling SI becomes
relatively easy in the digital domain [170, 171]. This is due to the flexibility
of the digital hardware and algorithms. However, the digital-domain cancella-
tion is limited by the ADC’s dynamic range leading to clipping errors and large
quantization noise, as introduced in the first paragraph.

Our work is based on the latter, and more prevalent approach of digital domain
SI cancellation. In this context, so that we can simultaneously tackle the ADC
saturation and quantization noise issues, we propose to use USF. In summary,
instead of using conventional ADCs, we use modulo ADCs or M�–ADCs at the
core of the USF [1,2,80]. We develop a fully digital-domain SI cancellation and
propose a full-stack, FD receiver architecture design stemming from the use
of modulo ADCs. It considers the digital signal processing, i.e. “inversion” of
the modulo non-linearity, channel estimation, digital SIC, and signal detection.
In the previous chapter, we have proposed a receiver architecture design for
Massive MIMO systems [80] that is based on the USF. Similar to that case, our
approach here does not employ any analog-domain SIC circuitry, AGC and
VGA, resulting in a low hardware complexity. Distinguished from [80], our
design considers FD case, thus it encompasses new aspects of modulo-domain
sparse channel estimation and digital SIC. This is elaborated in the contribu-
tions. We validate our approach through simulations and show its superiority
over recent approach. Specifically, our method can achieve 40 dB digital SIC
with as little as 4-bit quantization resolution.
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6.2 System model

The FD communication system we consider is shown in Fig. 6.1. The baseband
signals, �Q[k] and �I[k], are pulse-shaped and up-converted to form the pass-
band signal, xd(t). The FD transceiver simultaneously serves an uplink and a
downlink user. The received antenna signal is given by

z(t)
def
=
p
pu (hu ⇤T xu) (t)| {z }

SoI

+
p
pd (hSI ⇤T xd) (t)| {z }

SI

+n(t), (6.1)

–• ⇤
T

is the semi-discrete convolution operator with sampling interval T and
some sequence c 2 `2, defined by [173]

⇤
T
: c 7�! (c⇤

T
�) (t) =

X
n2Z

c [n]� (t� kT ) .

–• pu and pd are the transmit power of the user and BS, respectively.

–• hu and hSI are the discrete uplink and SI channels in the FD system, respec-
tively.

–• xu(t) and xd(t) are the pulse-shaped continuous-time uplink signal and down-
link signal, respectively.

–• n(t) ⇠ CN (0, 1) is the additive complex-Gaussian noise at the receiver.

Subsequently, the received signal enters the RF chain and is processed by the
M�–ADC at the quadrature and in-phase channels, respectively. As shown in
Fig. 6.1, we design a novel RF chain, signal processing blocks for SoI recon-
struction, digital SIC, and detection.

6.2.1 Receiver

Compared with conventional receiver architecture for FD system, our novel
receiver deploys a M�–ADC to simultaneously prevent drowning of SoI caused
by the saturation due to the limited dynamic range, and reduce quantization
noise. Specifically, the continuous-time signal zn(t) is firstly amplified by LNA
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Figure 6.1 FD model with modulo-domain channel estimation method and
digital cancellation based on M�–ADC.

and demodulated to the baseband by means of coherent detection. This is fa-
cilitated by, 2
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Subsequently, the quadrature and in-phase signals are low-pass filtered with
 (t); this eliminates the images located outside from the baseband. Quantita-
tively, we have,

rQ(t) = hzQ
d , i and rI(t) = hzI

d, i, (6.3)

where  (t) =  (�t) (time-reversal). Then, the continuous-time baseband sig-
nal for I/Q channels, rQ(t) and rI(t), are folded with modulo threshold � > 0 by
the M�–ADC hardware [4].

Since,

i) the modulo signal r(t) is bounded by � (in absolute sense), no VGA and
AGC [174] is needed

ii) there is no requirement for analog-domain SIC circuitry,
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our approach results in a lower hardware complexity. The continuous-time
modulo-folded signal is sampled and quantized, resulting in,

r(t)
Folding
����! M� ! r� [k]

b Bits
���! Qb ! q� [k] = Qb(r� [k]) (6.4)

where M�(·) [80,175] is the centered-modulo operator producing modulo sam-
ples, r� [k]

def
= M�(r(t))|t=kT

and Qb is the quantization operator with bit bud-
get of b bits. These quantized samples q� [k] enable the reconstruction of the SI
rSI, and thus we can achieve SIC by subtracting it from the received signal r.

6.2.2 Recovery from folded samples

To reconstruct the HDR input signal, r(t), from its modulo samples, an "in-
version" of modulo non-linearity M�(·) is needed. The key to unfolding the
modulo samples is based on the observation that the finite difference opera-
tor commutes with the modulo in some sense [1]. This allows us to obtain the
higher-order differences of r from its modulo samples, r�. Thus, the reconstruc-
tion amounts to the problem of stably inverting the difference-operator.

Let us define the Lth order finite difference of the sequence x[k] by the re-
cursion,

�
�Lx

�
[k] = �L�1(�x)[k], L > 1. When L = 1, we define x[k] =

(�x)[k]=x[k + 1] � x[k] () x = �x. Specifically, according to the unlim-
ited sampling theorem with bounded noise [1], oversampling r (t) 2 B⌦ with
T 6 1/2↵⌦e, where ↵ 2 N, ⌦ is the bandwidth, and e is the Euler’s num-
ber, allows us to access the Lth order difference, �Lr, from its modulo samples
r� [k]. A suitable L can be L? >

†
log ���r
log(T⌦e)

£
with �r 2 2�Z and �r > krk1.

To stably invert the difference operator, we use the anti-difference operation
S, defined by S : {s[k]}k2Z+ !

P
k

m=1 s[m]. Instead of recovering r via anti-
difference operation S, we capitalize the piece-wise constant structure of the
residue "r (t) = r (t) �M�(r (t)), that is, �L"r (kT ) 2 2�Z, to reconstruct the
unfolded signal. We conclude the reconstruction approach is summarized in
Algorithm 9 which also works with quantized measurements [1].
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Algorithm 9: Recovery from Noisy Modulo Samples
1 Input: q� [k] and 2�Z 3 �r > krk1 .
2 Output: er[k] ⇡ r(kT ).

1) Compute L =
†
log ��log �r
log(T⌦e)

£
.

2) Compute
�
�Lq�

�
[k].

3) Compute
�
�L"r

�
[k] =

�
M�

�
�Lq�

�
��Lq�

�
[k].

Set s{0}[k] =
�
�L"r

�
[k]

for l = 0 : L� 2 do
i) s{l+1}[k] =

�
Ss{l}

�
[k]

ii) s{l+1} = 2�

°
bs{l+1}

/�c

2

§
(rounding to 2�Z)

iii) Compute {l} =
õ
(S2�l

"r)[1]�(S2�l
"r)[J�+1]

12�r
+ 1

2

û

iv) s{l+1}[k] = s{l+1}[k] + 2�{l}

end
5) er[k] = S

�
s{L�1}

�
[k] + q� [k] + 2v�, v 2 Z

6.2.3 Modulo-domain channel estimation and digital SIC

To achieve a full-stack fully digital-domain SIC FD system, we propose a modulo-
domain channel estimation method to estimate SI channel, hSI, as in Algorithm
10. In addition, we design a corresponding digital SIC approach based on M�–
ADC, inspired by [48, 157]. Since the received signal can be acquired without
saturation, and it incorporates SI and SoI as given in (6.1), our aim is to recon-
struct SI via our proposed approach and subtract it from the received signal.

Specifically, in the proposed modulo-domain channel estimation method, a
pilot is firstly transmitted, and we assume no SoI is transmitted during the
SI channel estimation period. Since the channel is a single-tap channel and
the estimation requires good auto-correlation to estimate the delay, for sim-
plicity, we use the basic random quadrature phase shift keying (QPSK), i.e.,
xpilot = e|(2m+1)⇡4 ,m 2 {0, 1, 2, 3}, signal as the pilot. For a more complex mul-
tipath channel, other pilot sequences with good auto-correlation, low cross-
correlation, and robustness to multipath and Doppler effects should be adopted.
Considering a single path SI channel, hSI, with delay, ⌧ , and amplitude, A, the
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SI channel is hence modelled as hSI[k] = A�[k � ⌧ ]. After down-conversion, the
pointwise received SI samples are given by

rSI[k] = A�[k � ⌧ ] =
X

|p|6P

Ä
b�pbhSI

ä
e|p!0k, (6.5)

where � is a Tp-periodic baseband transmit signal (reference signal, cf. trans-
mitter in Fig. 6.1), bhSI = Ae�|p!0⌧ , P = d⌦/!0e, !0 = 2⇡/Tp, and K > 2P + 1.
Additionally, b�p is the Fourier series (FS) coefficient and b��p = b�⇤

p
. We then

have the bandlimitedness that is b�p = 0, |p| > P = [⌦/!0] denoted by f 2 B⌦.
In vector-matrix format, (6.5) is given by

rSI = U
⇤ Db� bhSI, (6.6)

–• rSI 2 RK⇥1 is the samples with [rSI]k = rSI(kT ).

–• U 2 CK⇥(2P+1) is the Discrete Fourier Transform (DFT) matrix with element
[U]k,p = e�|p!0kT .

–• Db� is the matrix of FS coefficients. It is a diagonal matrix and the FS coeffi-
cients of the kernel (transmit signal), �, are on the diagonal, i.e. [Db�]p,p = b�p.

–• bhSI 2 C(2P+1)⇥1 is a vector of exponentials parameterized by the unknown
channel, i.e. bhSI,p = bhSI,p.

In our case, the forward model takes the form of,

rSI,� = M�(U
⇤ Db� bhSI) 2 RK⇥1, (6.7)

and the goal is to estimate rSI in (6.6).

6.2.4 Estimation Procedure

Starting from the modulo decomposition property, we have

rSI,� = rSI � "SI
�
�! rSI,� = rSI � "SI, rSI = �rSI (6.8)
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Algorithm 10: Modulo-domain Sparse Channel Estimation
1 Input: {rSI[k], rSI,�[k]}

K�1
k=0 , Tp, and P .

2 Output: hSI.
1) Compute brSI,� = VrSI,� (DFT).
2) Define [z]n = �[brSI,�]n, n 2 IK�1\EP,K�1.
3) Estimate number of folds, M , by forming a Toeplitz or Hankel matrix
from [z]n [48] and then thresholding using second order statistic of
eigenvalues [176].
4) Estimate folds using Prony(z) 7!

Ä
{µm, ⌫m}

M�1
m=0 , f

ä
.

5) Construct b"
r

for n 2 [0, K � 2].
6) Estimate [brSI]n = [brSI,�]n + [b"

r
]n, n 2 EP,K�1.

7) Calculate b� with given reference signal �. Compute element-wise
division that is d = brSI/b�, where [d]n = e�|!0⌧ [d]n�1.
8) Calculate q , ([d]n � [d]n+1)/([d]n�1 � [d]n).
9) Compute e⌧ = �K arctan(q)/(2⇡), eA = E (|d|), and hSI = eA�(k � e⌧).
10) Reconstruct rSI = hSI ⇤ � and subsequently subtract it from the received
signal (r)

where � is the finite difference operator yielding, [�rSI]k = [rSI]k+1 � [rSI]k. We
use IK = {0, · · · , K�1}, K 2 Z+ to denote the set of K contiguous integers, and
EP,K = [0, P ][ [K �P,K � 1], |EP,K | = 2P +1 to denote the effective spectrum.
Applying the DFT on (6.8) results in,

VrSI,� = VrSI �V"SI, [V]n,k = e�|(
2⇡

K�1)nk, k 2 IK�1 (6.9)

where V 2 C(K�1)⇥(K�1) is the DFT matrix. Noting that VrSI is the contribution
due to the bandlimited part, choosing n 2 (IK�1\EP,K�1) + (K � 1)Z provides
us with access to the modulo folds, which in the DFT domain assume a para-
metric form. In particular, 8n 2 (IK�1\EP,K�1) + (K � 1)Z, VrSI,� = �V"SI =P

M�1
m=0 µme

�|( 2⇡
K�1)

n
T ⌫m is sum-of-complex-exponentials [48,157] which can be es-

timated via Prony’s method [177]. We denote this procedure by, Prony(z) 7!Ä
{µm, ⌫m}

M�1
m=0 , f

ä
where z = �V"SI, 8n 2 (IK�1\EP,K�1).

With b"SI known, we can remove its contribution and obtain brSI = brSI,� + b"SI. In-
stead of recovering the signal rSI, we follow a direct Fourier domain deconvolution
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approach to estimate hSI. To this end, note that,

8n 2 (EP,K�1) + (K � 1)Z, brSI[n] = b�[n]Ae�|!0n⌧ (6.10)

The process of deconvolution now entails point-wise division,

d[n] , brSI[n]

b�[n] = Ae�|n!0⌧ ⌘ bhSI[n]. (6.11)

With [d]n = d[n], we can now estimate A = |d| and more generally, via E (|d|),
where E denotes expectation operator. The unknown delay is estimated via,

[d]n/[d]n�1 = e�|!0⌧ ) ⌧ = 1
�|!0

\ ([d]n/[d]n�1) . (6.12)

Furthermore, one may leverage measurement redundancy to obtain a robust
estimate via least-squares solution. The procedural steps are outlined in Algo-
rithm 10.

Having estimated hSI via the proposed modulo-domain channel estimation
method, we can reconstruct rSI and subsequently subtract it from the received
signal (r), to obtain the SoI, rSoI.

6.2.5 Recovery Condition

For Algorithm 10 to succeed, the exponential fitting part (i.e. Prony’s method)
in step 2 requires

K > 2(P +M + 1)

while step 8 (see (6.12)) requires that P > 1. With the period ⌧ = KT , the re-
covery condition thus is, T 6 ⌧

2M+4 with P = d ⌦
!0
e > 1, resulting the following

theorem.

Theorem 3 (Modulo-domain Channel Estimation). Let g = hSI ⇤� where hSI(t) =

A�(t � t⌧ ) is the unknown 1-sparse channel, and � 2 B⌦ is a known, Tp-periodic,
transmitted signal. Given K modulo samples g�[k] = M�(g(kT )), T > 0 folded at
most M times, the sufficient condition for estimation of hSI from {g�[k]}

K�1
k=0 is that
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T 6 Tp

K
and K > 2(M + 2).
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6.3 Numerical evaluation

This section focuses on the unique advantages of adopting the USF for full-
stack FD architecture. According to the simulations, we show the saturation-
free recovered (received) signal, reconstructed SoI and detection performance.
We consider single-carrier QPSK based transmission, and the SI channel is
modelled as a single path channel with delay. Additionally, the SI power is
measured by SIR = 10 log10(PSoI/PSI) dB. We assume that no uplink data is
transmitted during the SI channel estimation period, and perfect CSI of the up-
link channel is known at the receiver. With respect to the recovery algorithm,
we follow fs > 2⇡efNyquist to reconstruct the signal in the simulation. We remind
the reader that this is a loose bound, a near Nyquist-rate recovery is also possi-
ble [178], specially with some side-information [179], which is not assumed in
this paper.

6.3.1 Recovery of received signal and SoI after SIC

Since we consider the FD system, it is natural to work with signals such that
krk1 , max |r (t) | � �. To prevent saturation, the received signal is folded
by the M�–ADCs. Subsequently, modulo-domain channel estimation as in Algo-
rithm 10 is adopted to estimate SI channel, hSI. Then, the unfolded received
signal er is recovered from the modulo samples r�. With the estimated SI chan-
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Figure 6.2 Simulation results with 4-bit quantization, 1/SIR = 40 dB, and SNR
= 40 dB of (a) modulo samples and recovery; (b) SoI reconstruction by our
proposed SIC approach.
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nel and baseband transmit signal � (reference signal), the digital-domain SIC is
applied. Specifically, we reconstruct the SI signal rSI, and subtract it from the
reconstruction of the received signal er to obtain rSoI. Finally, the QPSK signal
detection is executed on the rSoI.

As shown in Fig. 6.2, considering low-resolution quantization (i.e. b = 4) with
1/SIR = 40 dB (e.g. � = 1, krk1 = 141.1621), and SNR = 40 dB, the reconstruc-
tion error of the received signal is MSE = 1.61⇥ 10�2. The reconstruction error
of the SoI is MSE = 7.039⇥ 10�1. The bit error rate (BER) is 1.572⇥ 10�1. If we
consider a smaller SI power that is 1/SIR = 20 dB, and keep other simulation
parameters fixed, the following results are obtained. The reconstruction error
of the received signal is MSE = 1.17⇥ 10�2. The reconstruction error of the SoI
is MSE = 3.47 ⇥ 10�2. The bit error rate (BER) is 7.47 ⇥ 10�2. We attribute the
reconstruction with few bits to the fact that for a given bit budget, the M�–ADC
offers a higher signal to quantization noise ratio (SQNR). With the definition
of ratio ⇣ , �/krk1, it is shown that a 20 log10(1/⇣) dB enhancement in the
SQNR [80]. In contrast, adaptive filter based strategies [47] are not feasible as
they can not handle modulo samples, and hence, the SoI reconstruction and
detection fail in the simulations.

Remark 12. Compared to chapter 5, the main mathematical difference of this chapter
is that a modulo-domain channel estimation method is provided.
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6.4 Summary

In this work, we presented a method for full-stack FD receiver architecture, uti-
lizing the unlimited sensing framework. We demonstrated the advantages of
substituting the traditional ADC with a modulo ADC (M�–ADC). This replace-
ment effectively avoids ADC saturation, enabling the capture of high dynamic
range signals. Additionally, the low quantization noise feature of the M�–ADC
allows for the use of few-bits quantization. The us of M�–ADC necessitated the
creation of algorithms for sparse channel estimation. To address this, we in-
troduced a novel approach for sparse channel estimation in the modulo do-
main, accompanied by a digital SI cancellation method. Our numerical results
demonstrate that the proposed full-stack FD receiver structure can tackle with
very strong SI (e.g. 40 dB) with few-bits quantization, and outperforms the pre-
vious approach in terms of SoI reconstruction, digital SIC, and detection per-
formance. To summarize, our work enables: 1) fully digital-domain SI can-
cellation in FD system; 2) modulo-domain sparse channel estimation; 3) a low
complexity implementation of FD system due to no VGA, AGC and analog-
domain SIC circuitry.
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Chapter 7

Conclusions
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7.1 Summary of Thesis Achievements

Multi-functional wireless communication networks facilitate new capabilities
and applications in future networks. However, the realization of the multi-
functional wireless networks requires exploration and development of key tech-
nologies. In this thesis, we have addressed a set of designs and optimizations
in M-MIMO, satellite communications, full-duplex communications, and ISAC
systems to enable the multi-functional wireless networks.

The main achievements of our thesis are summarised as follows. We have pro-
posed the �–MIMO architecture simultaneously tackling high power consump-
tion and receiver ADC saturation problems, rather than employing decoupled
methods. We have designed a fully digital-domain SI cancellation structure
in FD communication systems. Moreover, to preserve the radar echo in the
mono-static ISAC system, we have proposed a FD ISAC structure, which sup-
presses the residual SI and preserve the two types of SoI (e.g., radar echo and
uplink data). In addition, we have designed an ISAC-LEO satellite to enable the
sensing functionality on LEO satellite. In the designed system, two challenges
namely interference control and fairness EE guarantee among all users have
been addressed. In more detail, we expand upon each of these achievements
in the following discussion.

In Chapter 3, we have firstly modelled a FD ISAC mono-static system to cap-
ture the echo-miss problem in Section 3.2. As in Section 3.3, we have jointly
designed the transmit and receive beamformers at the transceiver, transmit
precoder at the uplink user, and receive combiner at the downlink user to si-
multaneously 1) maximize the uplink and downlink communication rate; 2)
maximize the transmit and receive radar beampattern power at the target; and
3) suppress the residual SI. To solve this optimization problem, we have pro-
posed a penalty-based iterative algorithm. Using the designed algorithm, we
have illustrated that the proposed design can effectively achieve up to 60 dB
digital-domain SI cancellation, a higher average sum-rate, and more accurate
radar parameter estimation compared with previous ISAC FD studies in Sec-
tion 3.5.
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We have extended the exploration on ISAC to LEO satellite system in Chapter
4. In Section 4.2, we have designed an RSMA-assisted ISAC satellite system
design to facilitate multi-user communications and target sensing, simultane-
ously. We have illustrated the inference control is effective via RSMA. In the
design, low-resolution DACs are adopted at the transmitter to reduce power
consumption. Considering the above requirements and also the max-min fair-
ness EE among all users, we have formulated a optimization problem and pro-
posed an iterative algorithm based on successive convex approximation (SCA)
and Dinkelbach’s method as explained in Section 4.2. In Section 4.5, adopting
the designed algorithm, we have showed that the interference among users can
be effectively tackled, and the max-min fairness EE can be guaranteed. More-
over, the performance of the proposed method outperforms the strategies that
aim to maximize the total EE of the system and SDMA.

In Chapter 5, �–MIMO architecture which uses modulo ADCs instead of a con-
ventional ADC has been proposed to address the high power consumption and
receiver ADC saturation problems. The massive MIMO with single carrier and
OFDM signals, and MRC, ZF, MMSE combiners have reviewed in Section 5.2.
Specifically, the radically changed receiver design and the unlimited sampling
reconstruction guarantee have been elaborated in Section 5.3. With the newly-
designed �–MIMO, we have showed in Section 5.4, and Section 5.5 that detec-
tion and average uplink sum-rate performances comparable to a conventional,
infinite-resolution ADC when using a 1�2 bit M�–ADC, this is achieved by lever-
aging higher SQNR. This enables higher order modulation schemes e.g. 1024

QAM that seemed previously impossible, superior trade-off between energy ef-
ficiency and bit budget, thus resulting in higher power efficiency. Furthermore,
in Section 5.5, we have demonstrated that numerical simulations and modulo
ADC based hardware experiments corroborate our theory and reinforce the
clear benefits of �–MIMO approach.

Finally, to tackle the SI in FD communication system, we have designed a full-
stack fully digital domain SIC FD system in Chapter 6. We have showed that
by injecting folding non-linearities in the sensing pipeline, one can not only
suppress SI but also recover the SoI. We have elaborated the novel design of

189



the receiver architecture that is complemented by a modulo-domain channel
estimation method in Section 6.2. In Section 6.3, we have also showed that Our
method outperforms the previous approach based on adaptive filters when it
comes to SoI reconstruction, detection, and digital SIC performance.
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7.2 Future Research

To conclude, we discuss some open questions and possible directions for future
research.

7.2.1 Future Work for Chapter 3

In Chapter 3, we utilized the incoming angle difference to suppress the SI in
FD ISAC system by jointly design the transmit and receive beamformers.

• SI Suppression via Time-of-Arrival Difference: The time-of-arrival difference
between the SI and SoI can also be investigated to suppress SI in ISAC
system. Specifically, the temporal difference can be utilized to generate a
negative counterpart of the SI signal before the ADC, based on some up-
date algorithms, such as gradient-learning method. Since there is still
some residual SI left, apart from adding this negative counterpart, an
adaptive filter is also required to generate a negative in digital domain
to cancel this residual SI. In practice, many factors (e.g., RF taps, adaptive
filter taps, and update algorithms) affect the accuracy of the generated
negatives in both domains, which in turn, have a huge impact on the SI
cancellation performance. Thus, the key to implement this future SI sup-
pression method on time-of-arrival is accurate generation of SI. Moreover,
this requires tracking ability on fast-changing signals.

• Waveform Design: Waveform design can be used as a promising technique
to effectively cancel SI. It can reduce the SI in the received signal.

• SoI Boosting: Emerging techniques, e.g., intelligent reflecting surfaces (IRS)
in wireless communications can be used as a means to boost the SoI. As a
result, the effect of SI is reduced.

• Channel Estimation: The SI channel estimation affects the performance of
the beamforming design, making it necessary to further explore it in the
presence of SI. Additionally, the estimation of the SI channel is also an
important topic for future study.
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7.2.2 Future Work for Chapter 4

In Chapter 4, we solved the interference and power efficiency problem in satel-
lite ISAC system through RSMA, minimal EE, and low resolution ADCs. Some
directions in the satellite ISAC are meaningful to explore:

• Energy-efficient Transceiver Design: LEO satellites typically operate under
power constraints, which necessitates efficient power utilization. Hybrid
beamforming offers a potential solution by optimizing RF chain usage,
consequently lowering power consumption. Meanwhile, low-resolution
electronic component such as phase shifter can be adopted to increase the
energy efficiency. This is because the power consumption of electronic
components in the RF chain is proportional to their bit budget.

• Multi-Static LEO-ISAC System: The incorporation of numerous LEO satel-
lites within the constellation network can act as a multi-static radar. Such
deployment enhances detection and tracking abilities, increases surviv-
ability, and enhances flexibility in the multistatic LEO-ISAC system. How-
ever, the coordination and data exchange among LEOs, such as sharing
radar reference waveforms, require further exploration. Utilizing Inter-
Satellite Links (ISL) is a potential solution for enabling data sharing among
LEOs.

• Security: Due to the spectrum sharing mechanism as well as the broad-
casting nature of satellite communications, the ISAC system is susceptible
to unique security challenges. Since the radar tar- get has a high reception
SINR on the embedded confidential signal, it greatly amplifies the vul-
nerability of information eavesdropping by the target. Possible solutions
include cryptographic techniques, e.g., advanced encryption algorithms,
and physical layer (PHY) security techniques, e.g., secure beamforming,
artificial noise approaches jamming and cooperative security.
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7.2.3 Future Work for Chapter 5 and 6

Given the end-to-end nature of the work of �–MIMO and FD via unlimited
sensing, it opens up new research questions in the areas of theory, algorithms
and hardware design.

Theoretical Front

Using M�–ADC in the RF-chain necessitates the development of new theoretical
models. This is important for precise understanding of the fundamental limits
of our work.

• Trade-off between quantization noise and modulo threshold: Currently we have
assumed that modulo threshold is low enough to map a Gaussian source
into its uniform counterpart. Mathematical analysis based on the theory
of wrapped distributions will guide towards a clearer quantitative trade-
off between quantization noise and modulo threshold. This is the key
to leveraging higher order modulation schemes which was previously
highly challenging, specially with low-resolution ADCs.

• Tailored MMSE combiner: Due to the non-linear, many-to-one nature of
modulo mapping, its inversion is non-trivial and Algorithm 8 is one such
example. Developing robust recovery methods is the key to a tight inte-
gration of the conventional MMSE combiner which are designed to work
with pointwise samples. More generally, current MMSE combiners can
not work with encoded (modulo) measurements, which is the case in our
work. This requires a fundamental re-thinking of the MMSE combiner for
�-MIMO which remains to be investigated.

Algorithmic Front

• Noise Robustness: Practical deployment of modulo ADCs [4] may result
in non-ideal measurements. Further to this, influence of noise in the RF-
chain remains to be investigated.

• Reconstruction assisted by correlation: Since correlation among signals ex-
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ists in received antenna array, the correlation can be exploited to enhance
the reconstruction [180, 181]. Additionally, multi-channel modulo ADCs
where the modulo threshold can be adjusted variably to improve recon-
struction is also an promising direction.

These aspects necessitate the design of advanced algorithms for reconstruction
and detection, specially the ones that can operate with moderate levels of over-
sampling [4].

Communication Theory

• Full Duplex Integrated Sensing and Communications via Unlimited Sampling:
As we have discussed in chapter 3, the radar echo is drown in the strong
SI when we consider mono-static ISAC setup. To preserve the radar echo,
it naturally requires the FD functionality of the system to enable transmit
and receive signal simultaneously. Unlimited sensing, which is a promis-
ing solution to the SI cancellation problem in the FD system, can also be
adopted to address the radar echo miss problem in mono-static ISAC sys-
tem. Meanwhile, unlimited sensing facilitates high energy efficiency and
high quantization resolution, which can enhance both the communication
and sensing performances.

Hardware Front

There are steps to be taken before our proof-of-concept hardware experiments
can be implemented in practice. The first step in this direction would be a tight
integration of M�–ADC in the RF-chain. This requires custom designed hardware
with technical specifications matched to the existing communication systems.
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Derivation of The Fisher Information Matrices

The elements at the ith column and jth row in the FIM, J, is given by [107, 118]
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where the derivative of A(✓) is given by
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In (7.7), rX = [0, · · · , Nr � 1]> and r̄X = [0, · · · , Nt� 1]> represent the Cartesian
coordinates of the transmit and receive antenna arrays.
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