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ABSTRACT

The problem considered is thet of estimating the speeivral
density function of a time serdes from an incomplete set of
observations, A general type of estimste, termed the natural
gstimate, 1s introduced.

The missing data 18 represenied as follows. The sexies is
complsted by inseriting zeros where values are nmissing. A new
sarlen, the amplilitude modulaiting process, 1s comsiructed, with
the value one where an observation on the original sexrles is
made, and 2ero whers an observation is missed. The complsied
8et of observetions ean then be regerded as the full series
multiplied by the amplitude modulatiug process. For thls
reason, it is called the amplitude modulated proecess. |

Several probabilisiic sitructursse for an amplltude mod-
wlating process sre examined, and the asympitoile variances of
two natural estimates arz found in each case. The first of
these structures is one in which the amplitude modulating
process is weakly sitstionary, and hes an absclutely continuous
spectrum. In this case, it is found that the asymptotic var-
iances of the two neturcl estimates considered depend only on
the second-order propertles of the amplitude modulsting pro-
¢ess, The remalning structures involve periodic effects, and
the corresponding asymptotlc vﬁriancea are found to be more
complicated.,

A computer simulaticn study was carried out o assess ke



closeness of the epproximetions glven by these esymptotle
results. The conclusion is drawn that the degree of approx=
imatlon is comparable witk that of the approximations used

when the deta is complete.
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CHAPTER 1. GEHERAYT, ITHTRCDUCTION

1.} The Problem

Spectral epelysis s e branch of tlme series analysis
which iz concerned with the identification of dominant
Lrequencies in a. time saries. More expliecltly 41t involven
o estimation of spsetral distribution and densiity funce
tions. In t&@ past, the use of apsciral analysis has been
restrieted by theorebtical and @@mpu ationel 4ir lcugﬁieso

The theoretical dlfficuliies have now been largely
overcome. A brief suvmmary of the mathematical resulis

inyolved iz given in Section 1.2 3 fowr & £
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see Rossenblatt (1959) ox Parzmen (1961).

The compuibaitional Alfficulty is the large amownt of

on Lnvelved in the spectral ensliyels of o time
serlies of only moderate length. This hes become less lu-

poxtont wilth the development of the modern hlgh-spaed

dilgltal computer. The rediscovery of the Fast Pourier
Trengform hee aleo helped, Dy reducing the awetual amownt
3 ] of <o
o . 3 o ) o7 o 3 . - o
of computetion nseded (Cooley, Lewie and Weleh, 196T7) .

The problems caused by incomplete Q%lﬁ hawc reealvad
Little atbention. These problems are possibly MOFS HQEL 01D
in dwme sexles enslysis than in other by an@hc@ of stavistien,
as. there will often be culy oue ﬂ@&liﬁ tion of & serles
aveilable for enalysis.

The first work on suvch problems was by Jones {1982),



7o considered dete in whiech = bDlock. of observatlions is
pariodiéally missed., For example, the data could have been
recorded only on weekdeys, with all weekends missed. Jones
produgced a c@nsiat@nt asﬁim&te of the spsciral density
function from such date, end derived its asymptotic vars
iahceo

Parzen (1962) developed the theory of asympiotically
stablonary pr@@esseés and applied it (Parzen, 1963) to
0 missing déta,problamso_ﬁhis generelised Jones's zesvlb
%o the situstion in which obmervatlons are missed in a
genexal yéri@di@ p&ttern;

& rather different wey in which dats can be'iﬁ@@mple%e
i3 if some random mechanism applies, su@h g8 the randomn
fallure of & recording epparatus. The only previous atiempt
to bandle such deie is that éf Scheinok (196%) . H@Q_h@wévars
assumed the rether simple model in which cbserveticns are
‘made or not accoxrding to the outcomes of @ a@qnﬁn@é of -
Bernoulll irials. This is vether resiri@%iveq For example,
iﬁ.woul@ exclude the randon Fallure of some apperetus
resuliing in the omission of a string of cbservations.

. Bome more gensxal m@d@ls,for the random ﬂela@ign o
date are dia@ﬁﬁsedo‘The first is a model in which & ceﬁt&in
‘gzzeciaied sequence ls o sietionary process with an abis-
_Qluzely sontinnous spectrum. Then modelé with & periedic
structure are cqnsideredo Essentially the Same_gstimate

of the spectral density function is used throughout, and



its agymptotlie variance is derived in each case.

Iin a receﬁ@ paper, Neave (1970) discusses the specizral
analysis of 'initially aearce';datao Eere the sampling
intervel vas been shanged by en integral fachor at some
point in tke record. Por example, one might have dally deta
waich was.originallyArecorded on only one day each week. ﬁa
tuds cen be regerded as e missing deate pxqble$, a briedf

discussion is included.

1.2 DPreliminary Detalls
Toe spectral analysis of & Hime sesies is based on
the assumpbion that 1t is a realisation of e sthochastls

is a weal

fognd

process. Suppese thet -{X(t)st = Q,21, oo
stochastic process with siationary Lirsh, second and Iouwith
moments. Subsequently this will be indicated by " X(1) is

weakLy_5ﬁationﬁxy"oAmhis_maans what E{K(tﬂ is & consianty,

wilek 15 assumed o be zero. It also means thedb

BR(WR(en)] =R ()

iz independent of - % . The sequence {Rx(y)gr.m Optdy ooof
13 ke aubo-covariance Iunchiion of {K(tﬁ» o I% i8 c¢lear

- thay L=r)y = Ar)o

that Rh( ) Rh(l) .

It is.e stendard result what Rx(r} may be wrivien

-
: . =Llrx- ‘ '
Rx(r) = e : dGK(x) . (1.1}

>

=T
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wuere G, (x) is the speciral distribution function and
is nondecreasing. Note tuhat the variance of X(t) is

L L - ;
By (0) = | 86,00 = 6y(m) - G 0w

Therefore, Gxtx) is not, in genersl, a probability
distribution functlon. Sometimes GX(K) is normalised,
but this will not be done here..

Waen Gx(x). is absolutely continuous; (L.1l) may

be writitan

j trx aylx)ax; {1.2)
-

wkere g (x) = G%(x) is the specirel density funchion
(tne prime demotes differeniiation). The funetion
8.{2) is normally only defined cn the interval (~i,7) o

It will be convenient to define it a5 a Lunction of perlod

Under sultable condliticns, (L.2) may be inveried

gelx) = (20 7F 2,;. 1{\,(r)eirx . C (1.3)
; r==gd '

One suchk conditlon is

2 IRyl < o0y | (1.4)

whi.ch ensures‘that‘gx(x) 15 continucus and continuously

difierentiable,
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The statlionarity of the fourth moments of
{X(t)} means that

E{R(4) X(t+Q) 2(++2) X(t+8)} = Py (q,T,8)

is independent of 3% . The fourth cumulant funection of

1X(v)} is

Qa,me8) = Br(asrss) = Ry(@By(re)
= Ry(#)Ry(e=q) - Ry(s)Ry(a-v),

which venlshes for e Gaussien process. Thus Qx(qargg)

measures the diiference between
‘. ‘ ] :

11{%)} and trose of a Gaussien
awio=covarliance function, These

to be 80 smell bhat

=2

j : '
2.1 a,T,8)] = Q<o (1.5)
X X
Q,r,8
Given a.s@retch Qf_data {K(t)zt = 1, oog ﬁn}g
iEBJPegiodogram is defined by -
n
- : ; : o
L(x) = (2m) ™Y T x(wet™ | (1.6)
t=1

= (et T ey (x)e
n

: lxi<
where '

the fourth moments of
process with the same

differsices are assumed

irx

DA'
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!
cx(r) = n‘: X(Jﬁ)X(tﬁ' %ri) © (la?)

$=1
Note that It(x) and cX(r) depend on n as well as on
X and x or r . This depehdenee is omitted in the
notation. |

From (l.4), it may be shown that
Bty (0} = gg(x) + o™ (1.8)

wiformly in x , as n -5, If (1.5) holds, it may be
shown that-

sin én(xi«xz)jz

cov{Ix(kl)sIX(xzﬁ zAgX(xl)z'{n_sin%(K ~X
Tax) Iy | n b(xy-a,

+ O(nnl)

‘ {Sin %n(x1+x2)
. _ 1
n sin»é(xl+x2

. & 'Rosenbﬁa(*{‘
uniformly in Xy and X, » 88 N @o@(Brillingeﬁé 1967) -

It follows that
var{Il, (0] + g, (x)°
D' X
as n =go, 80 that although IX(x) is an asymptotically

unblased estimate of gxﬁx) » 11 is not consistent. LBowever,

it oy # %X, , 1% almso follows that
Cov{I (%,),T(x )} = O(nfl)
XM o2 :

as n <> o, whence even adjacent values of IX(X) tend to
be uncorrelated. This suggesis that an estimate with a

smaller asympiotic variance could be construcied by averag-



ing over adjacent values of x . This glves rise to &
smootled estimate
(1) T ,
g5 (x) = 1w, (yixddy (1.9)
-—ﬂ :
wkere wh(y;x) » for fixed x , is a weighting function

with 1ts welght concentrated around Xx o

Tie followlng conditions are imposed on wn(,y;x) :

N
g w (ysx)dy = 1 ; (1.10)
~T
n o
2wgh‘wn(y5x) ay =¥ < e, A
&)
2 n - . iy % '
‘RS wn(y+&lgx2)\sfn(y;x2v=xl)dy ~ ¥y (1.11)
and ;‘?
2‘Ng wwn(;y«a-xl;xe) wn(cygxlczcz) Ay -~ W, 3
for any € » O , w (ysx) 20 es n - es, uniformly
in by - x| » & 3 ' (1.12)
ii‘ .
. o
- Wi‘n) (%) = g 1Ty wn(ygx)dy 9
- - - (1.13)

tnen %wi_n) (x)_§ € M <oo forall r  ; n and x j
_ =1 (n) 2
et 1) W™ (0

T (02

Pzl

> 1 (1.14)

as n P 6 ..
Note that (1.12) implies thet [ s n > ed .

~ henceforth, the dependence of wﬁ(ygx) and w;n) (x)
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on n will be omltted in the notation.

Under conditions (l.4), (1.5) and (1.10) Ho (1.14),

1t may be shown that

var{el™ (0} = 0t w e (02 @@ + o™t w) . (1.15)

vhere do(x) =1, x=0, acd do(x) = 0 otherwlse, and

a(x) = 1 + do(xs?a + do(x) + do(x+ﬂ) , and théﬁ

el

COV{g}(& )(xi) 9 gil)(xz)} =o(n " w) (229

ii xi # X, (Rosenblatt, 1959). TheseerSQlts.may also
be interred rroﬁ & result in Section 3.2,

Now (1.12) is sufficient for g(l)(x) to be asymptot-
'ically unblased. Thus, 1f the welghting functions are éhbsen
vao tnat nfl @ 0 as n e ; 1% folleﬁs tkat g(l)(x)
is a ¢onsistent estimate of gx(x) o I is easy t0 construct
éequenceg of iunctions witk the required properties. Tuls is
discussed by Rosenblatt (1959).

Note tnat, in.genéral, ‘gél)(x) is a biased estinmate
. of gx(x) , 8ince 1%t contalns estimates of at most n auto-
covariances. Note also that since W, p 00 88 n 9 oo,
vvarigvl)(x)} tends 1o zero moxe slowly than n -1 °
Another wey to write (L.9), using (1.13), &

(l)(x) (2mjml ¥ cx(r)wr(x) o (1.27)
‘ lrlen

In order to avoid the complications arising in the integra-

tlon ol random functions, the 1ntegral.(lo9) wlll be defined
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by the sum (L.17). A2 in (1.0), this may also ve Wwritien
(l)(K) (Eﬁn)cl i X(S)X(t)wsct(x)';
, 8,1t=1 o .

fne mos% conveniént of these fﬁrma will be ﬁsed in each
situétiono |

The'functidn gx(x) is nénnegativep and;it i8 some times
rgquired tuat 118 eﬁtimﬁte‘ &él)(xj’ should bé_sg%és well.
Now IX(K) 18 clearly nonacgative, and so0 if. w(ygx)>0 9
hh.en gﬁl)(x) " will élso be positiveo Unfortunatelyg none
ol tue esitvimates to be discussed ln ﬁissing daﬁa situations
slLare thisipropértyﬂ apart {from one suggestéd_by_Neave
(1970) - |

In thkis Section 1t kas béen assumed that the mean
ot the obéerved pfocess'is zeio; hov#evex*g this'iéjna re=
v strﬁct’ionD in the iollowing sense, IL the mean 1s nomzeroo
it may be ustimated and subtracted from the gerleao The
effects of thls on the mean and variance of gxl)(x) are
both O(n l) s S50 Lhat The usymntotic mean anﬁ varian@e

ere unaltiered. The same 1s true 1% the mean value_has 8 moxre

complex linear structure (Parzen, 1957).

153 Natural fistimates and the Amplitude quulatfdg EunctLQn
A comparisbn.oi tone expression (+.17) fér ( )(n)
‘ﬁﬁth tue expréssion'(lPB) for gX(X) shows thatfthe estimate

can be described as follows. The'autOmcovarianqe? Rx(r) LBs
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been replaced by gx(r) » which wuder presen’y assumptions
is'ﬁ sonaiszent.estiméte of Rx(rjvn aa@ ~éxp(im‘)A.Las
been reﬁlaged*by :ﬁ¥(x) 0 whichfiqr-ﬁixed r . aporoaches
exp-('ir;zc) as n: r>09 0 | | |

Thls sBugsests a general way of gonstructing‘spectﬁal
astimétes iﬁ situations where part ol itue daim is:missingo
Wirst an estﬁmabe of R (r) is fbrmed9 by summing all the
?agged aroducts of tue foxm K(t)ﬁ(t+r}.~a§d dividing the
sum by a sultable normaiiaing faétoro The resglt#ﬁg eabimaye
of RK(r) is then aubstituhed 1or e (r) in (L. 37) o give
an estimuge ox 5K(x) o From the way in whieh- this estima be
is construdted, it is calleé a natural est;matea-

In general,; the distributipé'of a gaturélieﬁﬁimate 18
gifricult o determine. It nay be feirly easy to ¥ind iis .
&Bymptotic maaﬁg because oi.t&e way ip ;s constructedo The
asymnatotic Varianqe depends on &he parpicular éituaﬁiéngiaad
will be'deﬁivaﬁ for some falrly general modélsp

: An incample%e,series is repress nﬁed as io1lom o ‘Ple

amnplitude moduluting progess, {Y{t)% s 18 def;nedyby

1 i€ "X(%) is observed,
¥{%) 1. '
O otherwvise,
Tie emplitude modulated proceés"gz(t}} is then given by
z2(t) = 2(HY{%) . Thus {Z(t{%v cqnsisﬁs of the obaexvéd
values .of Eh(t)g with zeroes where values are misa1ng

It seems plausible o assume thet ofnann when %L(“}g
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is e random series, it will be independeni of {x(tl} o

This will, always be one of the basie assumpti@nsfin later
@hgbtera, which excludes discussion of any to?ng;where this
is not satlsfied. Thus, for example?.censoreﬁﬁéagag where
ebserv&tiona'are deleted if they lle outside ééﬁﬁéin limi s,

15 not discussed..
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'CHAPTER 2. A _STATIONARY RANTOM AMPLITUDE
MODULATING _PROCESS g

2.1 Assumptions

The first case t0 be considered in any detall is one
in wkick obmervations are missed in a fairly general random
way. This is a natural extension of the work of Scheinok
(1965) . It ie assumed that the amplitude modulating process.
is a weakly stationary process satisfylng cgitain conditions.
It is shown that the amplitude modulated process {z(%)} 1e
elso weakly stationary, and that it aatipfies the connitiqns
of Section 1.2, under which »gz(x) 9 1talspgptralvdensity
f-function,‘may.be_eetimated'eonsistently; Two consistent
’ estimates of g (x) , the spectral demsity funotion of the
original process {x(t)}l;,a:e‘ghen,constructedc

Suppqse'thdt {X($)}] 1is a process satisfying (1.4)
and (1,5), 80 that consistent estimation of ,5x($) ~ia poBsS=
ible from;gugqmpleteugef'of observations. Suppose also that
" the mechaniam which controls the missed observations gives
rise to a rendom emplitude moduleting process {Y(t)] satie-
fying ‘

- Y(t) 4s independent of X(s) ;3 = (2.1)

- P{Y(%) =1} =p=1- P{Y(t) =0},
| (2.2)
for Bome p with 0 < p <1

B (DY(t+x)} = pu, 5 e (2.3)
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E{Y()Y(3+Q) Y (t+2) ¥ (+8)} = pzvq’r’s' (2.4)

:opg QorsByt = 0y £ 1, oceo0 o , B

' Some restrictions are made on these quaniijggs,'1heir
form depends on whetkher or not the sequence {ng} 18 asse
pﬁeé to be knowngisihce a slightly different'§3tfﬁate of

gx(#) is used in'each_caaeQ.If {pui} ,is'known§¢§t‘is assw«

uned that
we> 05 (2.5)
Z “-'.,ﬂ{#rgd,,'q‘rs - }',Iﬁl‘r usﬁ < v(lrl +}_-lel. _+:-1)'_ " (2.6)

g0
for T,8 = Op%l, ceo. s I {pu,} is wiknown, i1t is assumed
that |

pﬁr > ¢ for known c¢ satisfying O <»Q‘< p2; " (2.7
o % e, qpav0 7 B Yo lev - (2.8)

for ry,s = ng;g‘oeo,o' | _

The definﬂﬁions (2.2) and,(éo3) impoée certain re-
strictions on é, and r{ur} o From (2.2) 1% is élear that
‘0 € p<1 . The extreme values are excluded in (2;2) as they
correspond to degenerate cases, in which Y (%) 18 ldent~
ically zero or uni ty . From-(aoﬁ) it follows that
P, - p2 = cov{Y(t)5Y(t+r)} , and so {pur - pa} Jis 8 poOB-=
itive definite Bequence. This implies, for example, that



low, = p°| ¢ pu, = B° = BQL = p)

or 2p=1gmu, gl Eowever, if p # § , the lower bound

may be improved. For if p < & , 0 g u, is better, while
if p> & , .

0 < E[{l - (e} {1 - r(tu»)}] =1=2p+ pu,

implies that 2p - 1< pu, , which is better since p < 1 .
Incidentally, this shkows that a sufficient condition for
(2.5) to kold 18 p > # . Conditions (2.7) and (2.8) are
stronger tkan (2.5) and (2.6). In a sense, this compensates
tor the lack of information aﬁout {pur} - Assumption (295)
ensuxres that Rx(r) can be estimated by & sum of'lagged

products, that is by an estimate of ithe form
e ¥ X(B)X(s+x)

wiere 'k 18 a normalising factor. For if u, = 0 for some
8 , 1t follows that Y(%)Y(t+s) = 0 with probability one,

Thus 1f X(t) is observed, X(t+s) will certainly be |

missed, and no lagged_pxcdﬁcts _X(t)x(t+s) will be avall-

able.

Assumption (2.6) implies that
 Cov{Y (1)) Y( by +7) ;¥ () Y(tye8)} 0

- as {tl - t2ﬂ @M. If r .anqi_s are replaced by zero,

(2.6) becomes
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)2 qu - pl ¢ PV <00, (2.9)
q

which implies that Cov{Y(tl),Y(ta)} >0 as Itl - t2I'~
200 o Thus (2.6) ensures that the dependence between widely
separated parts of tie process {Y(t)} is small in this
sense. Expresslon (2.9) implies that ur‘¢ p as »r é:@bo_‘
when {pur} is unknown, that is (2.7) holds, this means

that for some & » O and for each r °
pu, > c+ 6. . (2.10)

Clearly {Y(%)} 1is weakly stationary, with a positive
mean. From (2.9), it follows that iis auto-covariance sequ-~
ence 1s summable, and hence 11 has an absolutely continuous
spectral distribution funetion and a continuous spectral
denslity function. Thus this model cannot contain any pexr-
lodliec components. Some models conitainlng perlodic compon-
snis are discussed in later cheplers. |

The modei\qsed,by{Scheinok (1965) is & speclal case of
the model described above. Scheinck assumed (2al) and (2.2),

and that Y(t) 1is independent of ¥(s) for t#s8 . 1In

tue current notatlon, this means ithat u, =P for r# 0,
and Vv_ _ = p2 for 0 q#ri¥s . The sunmmation con-
Ay T8y : , co

ditions are easily shown to Lold, as only a finite nunber

-of terms are nonzero in eacgh gase,



- 22 <

2,2 Tie Amplitude jodulated Process

Before proceeding to the estimation of gx(x) , 8ome
properties ot {Z(t)}_9 the amplitude modulated process, are
derived, as tﬁeg are\uSéful later. Filrst, note that

Efz(t)} =0 , and- 8o

Coviz(t) ,2(++r)} = {z(t)3(t+r)}
| ; = pu,, ﬁX(r) |
= Ry () (201
for each 1. Also.-"
R, = g =, (0] RENCT =R, < @0 (2.12)

from (1.4), whence {Z(t)} aelso satisfies (1.4). The fourth

. eunulent function of {Z(tﬂ'g Qz(q,rgs) » Batisfties

_ 2
Q,(a,»,8) = p QX,(qgrsrs)vqﬂ_.gg

+ .

Ry (R (2=8) (v o o= Uy B g)

+ Rx(rmx(s’”q“vq,r,s = u, us,,q)

+ .

RK(S)RK(qér)(vqsrgs - ?; “qér} p

Q,r,8 = 09319 oo o The faet that this is independent of 1,
together with (2.11) and E{Z(t)} = Q0 , shows that {Z(t)}
is wealtly stationary. | |

Oon using (1.5) and (2.6), it may be shown that

QZ = y Qz(@.ﬂr!s) < 0 o (2"1’3) ’

iz

QT y8==¢d
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Thus alithough the distribution of Z(t) 1is distinctly
non-Gaussian, as sz(t) = O} » 0 , the fourth cumulant
function is still sufficiently small for (2.13), which is
the.same as (1.5), to hold. |

It tollews from (2.12) that gz(x) , the spectral dens-
ity function of {z(t)} , exists, and from (2912)_énd (2.13),
it mey be cstimated as described in Seetion 1.2, That 13,

17 %w(y;zj} is a sequence of welghting funciions with the
_required properties, then
gt = et T o (0w (=)
| fri<n '
is & conslstent estimate of gz(x} where @Z(r)_ is delined
as in (1.7), that is
1 Belr

e, (z) = | > (%) 2(bx) .

o
=1

Also; from (1.15)
1 =1 - 2 -1
_Var{gé )(x)} =n 7 v gz(x) a(x) + o(n ~ wn)o
Now gz(x) can be expressed in terms odf g4 (%) - For
< 3 o .2 ) -
Ry(x) = pu, Ry(r) = p~ Rp(r) + p(w, p)RX_(r) 0.
and thus if

Ca(m) = (2Rt T (u, - e,
xr

vhere the sum converges by (2.9); then
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8,0 = (2m7 LRy

=P gglx) + § alx-y)eg(v)ay - (2.14)

-

The integral in (2.14) is positive since a(x) - is the

" spectral density functionof Y(t) . Eence

g (x) 3 ofgy(n) o (2.15)
Note also that
> - x
85(x) ¢ p° sup gy(x) + sup g,(x) S a(x-y)day
: x : X - -
= p sup g.(x)
1 % X

and similarly p inf g (x) g g,(x) . Thus g,(x)  is
, x oL
smoother than gX(x)H in the sense that

- sup gx(x)/inf gx(x) » sup g, (x)/inf g, (x) .
x x : ox Cox

 Bquation (2,14) can be solved for 8x(x) in terms of

' gz(i) . Let
b,=p " = (pu) " = (u,-p)/p" w). (2.16)

Then b, is finite and

o] < oo | (2.17)

H v

by (2.5) and (2.9). Let

B(x) = (2m7E L b, oM,
= L ..
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Then
8x(x) = gz(x)/p" - 5 b(x=y)g,(¥)dy -
-7 -
‘Phe formulae for a(x) and b(x) are p@:ttpularly
simple when Y(s) and Y(t) are independent-ror: s #_t °

For then w,=p for r#0, and hence
a(x) (27@ p(l - p) ,
B(x) = (2071 (1 - P/

are both cgnsta@ts,'

2.3 An Eetimate of gy (x)

In this section, an eatimate of gy (x) is constructed
on-the. aasumption that the sequence {pur} is known° This

gives riqe %o the simplest estimate. In the next section
this assumption i§'dgopped.

Following the procedure outlined in Section.l. 3, the
sum of all avallable lagged products X(t)X(t+r) 1s formed.
This sum is ncz(r) ; wWhere |

1 n- x|

Y a(8) 2%+ i)

e,(x) =

as in (lo?) °

since {X(t)} ana {Y(t)} eare independent, let E,

-and EY denote the expectation operators for the two sequ~

4énceso Later we shall use a similar notetion for variances
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gnd covarlancem. Then
?“{cz(rﬁ. = pu, oy(®) .

Now cx(r) is the usual estimate of RX(29 from the com-~
plete data. TLus (pur)al cz(r) is a suitable estimate of
Rx(r) from the incomplete data {Z(t)} » If tkis esiimate
is subsilituted for cx(r) in (1.17), the estimate

g2 (@ = en™ T (eu)™ e @ (x) (2.18)

irf<n

is obtained. Using (2.16), this may be written

e = gP A% - (2™t T b e (x)w (0)
Izj<n
= g @/ - 2w (2019)

say o

Expression (2.18) is ﬁha HoXYe convaﬁient form for comp-
wtation; but (2.19) cumbles the asynptotic va“iaace of

2)(x) to be found quite easily. Similer methods are used

later, and so this proof is given in some detall, Now |

- from (2.19),
Var {é‘ég) (2?)} - Var*{gél) (K)} /. 94 - _QCovggél) (x),2(x)} /p2
+ Var{T(x)} o

The second texm on the right hend side is s multiple of



COV{s(l)(x)DT(:_c)} = (2mm)"2 Cov{ 2()z(x)v _, (),

yA
Qy

n
T z(e)z(¥o__, wsn_b(m}

8, t=l
n
- =2
= (2rn) ; [qur(x)wgmtixs LY
Qo ¥, 8, E=l

,‘c§x}{z(g)z(r) ,z(s)Z(t)}} ’
where the bar denotes co@ﬁlex conjugation. Now; from the
definition of Qz(qargs) 0
Cov{z(a)z(x),2(s)2(%)} = QZ.(I_“.‘QQE?%J%Q)'
+ RZ(SwQ)RZ(tar) + Rz(éar)Rz(tQQ) ’

and Caﬁ{gél)(x)gm(xo} similarly splits'upfigﬁo three sums,
say T, , T, , and Ty . Then |

4 o
_l(esm)“"? Z {wqar(x)w&:t(xi_ b,

Qs T8, %=1

4

|zl

oQZ(r-qns“q,tnq)}‘

n ,
2 =2
< H° (2mm) > 1peny lr-ais-a,t-a)|
Q,r,58, %=l _
n z5¢]

A

. \ . A
Mg (2pm) 2 ' b__. @ (x=q,8=q,t-q)] ,
s=% “Z

g=k r,8, ts=-od

where the first inequality uses (1.13).
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‘Now {br} '1s'a bounded sequence, and so the triple
sum converges by (2,13) to a velue which is clearly in-

dependent of q and n , say S . Thus

|2 e wP(2m)™? (RSE s
= {uf(2m™2 shu~l

L,

end 80 T, = o{n” Simllerly
. . n
. 2 =2 . : -
o ml ¢ ¥ (2m) o ;;; | E?B%_Rz(s-q)ﬂz(t-r)J
QT 8, 1=l

CPut § = 8=t, k = 8=Q, { = t=r, m = q. Then

| LB L2 ' -
Al ¢ wi@m™ ) v 8, (00R, (0]

m=l j;k;{=—gc

As before, the triple sum converges ito a value -1n§ependent :
of m or n , because of (2.12) and (2.17), and so
~ is handled in the same way as

T, = 0(n”") o The term T

2 3
Ty s, and may a'ls‘_o be shown %0 be O(n‘"l‘) ° Thgse three

results imply that _cov{gél) (x) QT(J{)}‘ = .o'(if?“) o In & sim-
1lar way it may be shown thet Ve._r{g:._(x)} = O(nﬁl)',_' s 80 thatb

finally

_'Var{gl({g) (x)-} = Var{gz(,l).(x)}/94 + 0(,:&-;1) o {2.20)



It has already been pointed out that Var{gélz(x)} decreases

more slowly then n >

" from (1.15)

, and hence is the dominant term. Thus,

var{el® (0} = = 5% g, (0% + oY) o (2.21)

In a similar way 1t may be shown that

5 ' .
- COVf&f: )(xl) »sx 2) (xa)f = o™t )
1f x, #4X, o
From the construction of g}ga_) (x) , ’it hasj the same meen
as g(l)(x) o and hence is asymptotically unbiasedo Thiss

with (2.21), shows thet 1f nl® 50 as n 500 , then

n
(2)(x) is a consistent estimate of gx(x) o The only un=
Known quentity in its asymptotic varlance is 51(3) 0 whichf-‘
may also be estimated éonsiatentlyo
It is worth recalling here that the asymptoti@ variance

T oof (1)(k) the estimate based on complete datav is

=l =1

W, 802 a®) g 07t Wy 17 g (002 ey

?rby (2015)°'Thus the aéymptotic variance ia alweys. increased
by the absence of deta. An Upper bound for-the'iﬁbrease is

- provided by thevinequality

gz(x)2 s p° sup 8x (%) 2,

- Note also that the structure of '{Y(t)}' aeffects the



ggymptctic variance of géa)(x) only through p end

g;(x) ; thet is through p end a(x) . In other words, only
the mean end specivel demsity function of {x(+)} afrecst

the result. This seems 40 be essentlally due to the Faet

that {Y(ﬁﬁ» has an absolutely contlnuous spectral dis-
tribution functionn In some mo@els 0 be dlscussed later
invqiving periodic effects ,other propertlies ofrthg'amplituda-
modulating process afiect the asymptatié'yarianqg o£ th@
estimate. o |

2.4 A Nore USeful Estimate

In the previous section, gé?)(xb was shown 10 be a
conaistent“gstimate of }gx(ij . However, in the construection,
1t was assumed that {pur} Was knownplwhieh Lshuplikely %o
be the_éégé in géneraloIn this sectionva_consgétent estimate

of gi(g) is constructed githouﬁ that assump%iéﬁ%l

o
‘Qé(t) = czgr)/(l = nfl[rl)’
| o _y b= Jri - L
o o=dne ) zl ()Y (e irl) » 0 (2.22)

then E{C;(IQ} = pu, o Thus 1% would appe&r}that;a pdssiﬁle
procedure would be to rep}ace' pu? in {2.18) by fcg(r} o
Now in general P{C%(r) =0}>0 . a8 .G§(r) is a sum‘df_
nonnegatiﬁe terms, C§(r) = 0 would imp;y that each té:m is
ZeX0 and'hence that 'cz(r) =0 o Thqg the rﬁtio @Z(r)/c;(r)

vould be undefined, and could be assigned some neutral velug,
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guch es zero. However, 1% has not been poseible to derive
tne'asymptotic variances of the resulting estimate of
ex(x)

The dixiiculty 1s caused by small positive values of
Gg(r) o The estimate of pu, is modified to exclude these
es follows. 18t ¢ Dbe a8'8pecified in (2.7), and let

, .
e 12 Cy(r) < ¢
%(r) = B o : (202j>
c (r) otherwise. ‘
mhe estimate c (r) 18 now substituxed for pu, in (2018)9
to glve an estimate (5)(x) of gx(x) 9 where

(3)(x> = @™ T e o) o (2:26)

lrhgn

It iz shown bélow that g§5>(x3 is & consistent estimate
of gglx) o - |

I% was @ theoretical difficulty which led to the use
of a~modi£ied estimaté of U, . Whether ogino%_this refleots
. any practical‘difficulty in the use of ‘the unmddified est-
. .imate hes not been investigatedo If in an application the
uunmodifiad estimate dld give trouble, the choice of ¢
mlght prove 1o be critlcal. This alsq_hgg not been invest-
_,Lgated; Nelthexr problem should cause much trogble'if L =D
. were smallov

This estimate of gy(x) 1is intuitively appealing. For

C@{r) 1s the retio of the number of nonzero terms in @Z(r)



in tke incomplete sample to the number pf'terms in oy (T)
in a full sample, and 1f 1l = p 1is small, Cyk(r») . will
usually be the seme value. Indeed, 1% 1s to be .egpectea that
the estimate will be better than g( )(xjs asvit uses in-
formation about missing observationa from the sample, rather
than ensemble properties of fY(2} o Itis shown below that
.géﬁ) (x) has tue same asymptotic mean and variance as
(2)(x) o This does noto of course, ezcluﬁe the possibility
g
Le‘i‘a
D = (2)(x) - ())(x)

that (3) (x)  would be better in small sample cases,

@™ T e m{tm)t - o, Y (x). (2.25)
jrlen
We now show 't,ha_t E(D) and‘ Var(D) are both o(n"l), It

then Zollows that
{(5)(}:)} = Eggxe)(x)} + o(n™h) s
vesfel @) = verfgl o} + oty

80 that (5) (x) has 'bl;é' same asympiotic mean and variance
(2) | |
as gy (x) . » .
As betore, a subscript X or Y atlached to the
‘expectation end varience operators indicates that the oper-
~ation is only applied to the corresponding process. Where

an 'expre’ssiqn' T 1lnvolves only one process, say {X(t)} 9
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it is clear that E(T) = EX(T) etc., and the subscript
‘will usually be omitted.

The following results are needed. First, for r 3 0,

n-r
var{cy(r)} = var{(n - r)‘ltzl Y($)Y(t+r) }
w2 X
= (n = 1) 7. Cov{y(s)¥(e+r),Y(£)Y(t+x)}
- 8,t=l _
’ _ 2 .2 BT 2
=p (n-x) 80%=1-(Vr»tésgt~8+r uy)
2 -2 B2 o 2
£ P (n-~ r) | sél tzw%‘frstag,%mr - ur%
: D=2
¢ m-n"2F v
v s=1

= PP V@-n ,
Where_the second inequelity uses (2.8) . Thus, for any ¥ ,

var{cy(m)} ¢ »° Win = \x) . (2.26)
AlsO

e [fou)™ - @] = e sfley ) - mu oy
' BERORE N
€ 4 E[{CZZ(:&') ‘= pﬁr}‘zj

o4 lfar{c;(r)}

N

#

by (2.7) and (2.23). Hence



EU(pur)"’lé CY'(r)él} 2]_5,  COM R P PRAP E -1
and consequently

. E{i(p\;r)‘”l-'-i Qx(r)"w (pus)f?" - CY(B)“%g}

< p_? vt = e)7E (n = lsl)fé' ) (2.28)

Ty

using (2.27) end the Cauchy-Schwarz inequality.

Ve now skow that E(D) = O(ﬁezi') . For

B (D) = (27 e Befe (@} (pu) ™ - cp(m v (x)

RGO S [N E D REOLWE)

{rien

o {(pur)“’:?. = Cg('r)“;}vvl.(X)] )

and kence , o (2629)
B(D) = &{E (D)}
— . °l. Y = P |
= w7 X {(n 1) Ry () ()
B - sfe /ey f])-  (2.30)
But :
% l- B 11“0;(1‘),} & ,
0 Cy(x) /Cy(x) = =
: CY(r)/q £ 1 otherwise,

and so

L3 B{cy(m)/Cyplx} 2 2 - pley(x) g o}

Using Chebychevis inequellity and (2.26), we £ind that



0g1- E{C;(r)/cy(r)}s p° v/{(n ={z|) (pu, - )2}
or, using (2.10),
|2 - efcg(e)/e, (] ¢ p°W{m -1xNE?) .
Thus from (1.13), (2.12) and (2.30),

|z ¢ (2m)™t ¥ | B, (2)) pPvansg®

{ri<n
2 A 2
< p MRy + R (0)} /(2 nf)
= O(nml .

'Henc_e we havé shown thet E(D) = O(n"]‘) . This could
have been proved using (2.6), the weeker version of (2.8).
The strongex;, condition is required in the next part, where
_‘ wa‘- examine Ver(D).

¥e use the relationship

Var(D) a_VarY{Ex(D)}. + EYWarX(D)}, . _(2051)

and examlne firsy the term VarY{EX(D)} - Now Og;,Cj;(r)g 1,
end so from (1.13) and (2.29),
|e, (D) < m(2ma)~t ‘,r%:{nlnxmg (a =D [ (up ™ =y .

Thus

var, {5y (0} ¢ ByfEy (D)7}



< fEm? Y [zl @ -1 -tel)

=]’ Bi<n
cE{QCDur)%l = Cy(r)wlég(?us)ml - CY(8)=15}7

s e S [Iros (9] (0 = ) (a =leD)

;r; s f8f<n
229/ {et(n = (e B(a = 1e) ¥} |

using (2.28), whence, from (&12)9

Ty

var {5, (0 ¢ WPt D (R (mRg(a)] /o

Iz} 5 {sl<n

= o) . (2.52)

To deal with the second texm of (2.51), we yewrdte '

D as

B -
pe (™t ¥ aez(n {(oag_0"t - om0, (=),

8 Df_‘bal :

£rom which

) )
oo = @2 ) [ Humrem

P TP

Qpry B, =1

=1L < .
{(Puq = Cyla-m) }Wéer(kﬁ

- el SI——
o{<pu.s_,%> R o My A £

°czc.w{x{q)mr) ,K(s}x{t@ .



Now

cov{X(QX(x) X(2)X(W)} = Q(2-0,570,%-0) + Ry(S=Q)Ry(t-1)
+ Ry(s=X)Ry(t=q) ,

and when this is substituted in the previous expression,

VarX(D) splits up into three'corresponding sums Tl s Ty

‘end Ty , say. Then, using (1.13) end the fact that
l¥(¥)] €1 for each + ,

f ¢} .
|zl € u°(2m)~2 E '{lax(bq;a-q,%q)l
Q,r,8,t=1

Jtoug_ ™ = eytern ™| (o™ - cya-n72)].

From (2.28),

oon_ ‘
Eg(lTll)sME(2wn)f'2 Z {IQX(rﬂqgsmq_at»q)l
q,r,s,tsl
p2ve "4 (a -la - rj)aé(n <ls - t))“ﬁ'}

1

=2 2. - | o
¢ 1°(2m) " %pPve * > !Qx(r-q,sw,taq)ﬂ’ o
clsr‘:g:t"_'l

As in the previous section, 1t may be shown that the quad-

ruple sum 1s 0(n) , wkence

|22 < EyCIzy)) = 0(a™h) (2.33)



Also
| n | | |
T, = (2im) =2 E: EY(Q)Y(E')HM_Y(%) Ry(g=8)Ry(r=1)
Q,7,8, t=1
«{(puq_,r)“l eyla-n)"Yw (X

{9 = ogto-0 T

Ve changé the summation variables %o J=aq=8, k=1~ %

Q:; 8= %, m = 1t, to glve

7, = (2m>"‘2i eZ:" [&X(s)nxcm F g~ - cycea;”’l}wﬁm
~ 3 Ik}

{(puj K+Q) .= Cy { Jeka )T 5v: N Q(.L)'
Z Y(m)Y‘n-:»f})"‘(mm k?Y(muH]
m
where iue range of summetion ovex 7 end m is such that
the avgument of each ¥ lies in the set {1929, oo p0fe

Thus, since Y(%)7 = ¥(%) with umit probability, and using

the Cauchy-Schwarz inequality,
¥ ¥(m)¥(me) ¥ (meke) ¥ (me 43
m
. _ otk 3
S { 2. Y(m)v(m+g) ¥ Y(t{)ﬂm—:-@ﬁ)}'
mn m ! /

(a = 2% (n -]3-xea]) ¥,

A

with uoit probabllity, end kence from (1.13),
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'lE(TQ.)! < B(izp})

R AC N Z ﬁ X(J)Rx(k)lzl(n - e)¥ (n -:J-k+€'1)
“i n‘kl<n

B{ @)™t = oy | (wuy 7t - c-yu-zcw?)"”li}:i)

s Bem™ > R x(DRgC T 5 v ot
lwﬂs k-letn :
from (2.28). Now the summation over { = 8 - % céntains

~less tuan 2n terms, and thus the summation over J and

k is .O(n)° Hence finally
= -1
E(Tz) - 0(!1 ) °

The last term, Ty » mey in a similar wey be shown to
be O(nfl)q Combining this with (2.33), we see that

B, {var (D)}';_O(nfl), whiech with (2.31) and,(2°§2).implies

-1y,

Y

" that Ver(D) = 0(n which was to be provedg
Tous 1t has been proved that (5) (x) has the same

asynptotic mean and variance as gég)(x), To be exact,

Be?) ) = 26} +oah, - (2.34)
VarigXS) (x )} =’Var{g}({2) (x)} + O(Iflwn)
= nflwn gz(x)zd(x) + o(nflwn) '(2f35)

~from (2.21). In & similar way 1t may be shown that

Cov’g(g)(xl)9 (5)(x2j}v= o(nﬁlwn)

it Xy # X0



2,5 Two sﬁecific Caaés -

In thies section, two models are discussed which describe
missing date situations. Condltions are foﬁnd under which
tuey satisfy the assumptions of Section 2:1. Lach modei has
one feature in common with the independent.@ase}considered v
by Scheinok (1965); he assumed that en observation is made
witn probability p independently of the other_pbservationso
This gilves rise to stirings of observations of mean length
p/(1 - p), separated by gaps of meen length 1-9/p,
strings-ﬁnd gaps being independently geometrically distributed.

In the first model, the intervals between successive
observations are independently distributed with a common
_arbitrary'distr;butiono Thus observations oceur in a renewal
process, and strings of obaervations are geometrically dis-
tributed. This model describes for instance a situation where
some.xecording apparatus fails with constant ﬁrobability at
each time point when 14t is furict’iénlng9 and repair times are
independent. This ls referred to as the renéwal model.

Suppose’ that the intervals between successive observations
have probability distribution {fr s =Tlg2,o°¢}»9 prob-
ability generatingprunction F(z) = ijrrzr1, and}finite mean
') =54, 0 satiefy (2.2), < 1 ¢ It may be verified
that 1f the interval to the first observation has the prob-
abilltyAgeherating fugction p{i = E(z)}/(l'e z);,'then.the

resulting_gmplitudeZmodulatiﬁg-process _{Y(t)}’fis_stationary;
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To find tne properties of {'Y(t')} o Gefline _e.‘ process
.'_{Ye(t)} ﬁo_hgve the same structure except that the initial
condition is that Y"(o) = 1 o Then the event E s Y =1"
is a persistent recurient event, as deﬁ.ned. by Fellex (1968,
P.308)

Now from (2.3),

u, = E{¥()Y(t+2)} /D
P{Y(t+r) = 1]Y(%)
PiY (r) =1}

L]
[
[

and from the construction of {Yv(t)} > .

: ' ] . . 1 '
- "‘P{Y(t) =0, =1, oo ;0= 13Y (2) = l} °

Hence the definitions of {u, + r=0,1, ...} and

{fi' T T = ]-.,2,%0”} coincide with those of PFeller. Thus,

i} ur = Z fs uzbs ° (2056)

This implies trat u

3 :t'l W, 1 "with equality for »r =1

trersfore (2.5) is satisiled if and only 1f £, > 0 .
When £; > 0 , € is not periodic, and so w, > p as
roa (Fé:_l.ler,,‘ 1968, p.335). Lowever, a strouger condition is
re@uired to hold, namely (2°§) . We show now that in i.tfhis casés
| (2.9) implies (2.6), and, with an extra ‘condition, a.Lso im=
plies (2.8). | :
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Suppose trat 0 < @ g r ¢ 8 . Then

p- v = P{Y(t) = i, Y(t+q)

GoTsS 1, Y(t+rx) = L, Y(t+8) = J,} .

Ygepr %pag Yg P °

Hente, if 0 g 2r g8 ,

P qz*:oo‘vr,q,ms - uu|
-3 .0. B=x B8 g '
= Y & T + Y o+ ¥ } uun
p{u“é?a - %l % e-r+l 8¢l | Fsdsqrs X o)
= 3 l"‘qw"‘r“s purusi * r+l‘ qur+qur+q_-s - puxr“ﬁ‘f‘
8- o
* ‘% ‘uruqur-:-q -8 puru.sl * s %4-1\ q2g-sVr+q-s I ey ‘
co
+ lel q- s"‘r s = Py a‘
£ 3p¥ + 2(r(ul, - pl +_Blus = pl)‘,
We now use-the symme tries of ui.r -and vq”r’s to state

thie general result that for any » and s,

p%ivrpquw - “ru‘sl § 90V ¢ 2{ jr(u, = 9! +|e(u, = .:P)l} o
| (2.37)
Thus (2.6)_ ‘holds, - bec-aﬁse‘ 0 < u,, €1l , and v,ég havé -8hown,
that (2.2), (2.5) and (2.6) Lold if and only iz 0 <f <1
and {(2.9) hol_dso_ Henge tnege are the conditlons needed when
{'bﬁr} 15 known. One condition whick implies (2.9) is dis-~

cussed later in this secﬁiono
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‘When {pur} is uhknewn, the extra conditions (207)
- and (2.8) must be satisfied. From (2.37); (2.8) holds if
@&)MMSmm~hmr-mlgU<w’Rrwﬂ;r,g@mp
tion (2.7) requires that a positive lower bound for 'pur be
knowno. I% has been shown that pu,z2p -1, Hence’if
B > % 18 a known lower bound for p , any ¢ satiéfying
O<c «2p =1 will suffice.

Another possible way to construet c¢ 1s as follows.

Bloomfield (1970) shows that |
‘ ' -1, =1 _ , |
pu, > Puy exp{(l = u) (P =2+ u) log ui} o (2:37)

Thus if positlive lower bounds for . p.~ahd;,u1..are_kno§no a
posltlive value of ¢  can be constructed to Satisty:(?o7)o
One ¢ondition wkick ensures both that (2.9) rolds and
tiat lr(u, - p)| 1s bounded is that £, - o(p~F) as
r e for some pP > 1 . This‘would,be sgtisfied3 for in-
. stance, 11 the intervals between obse#ﬁations were{eésenta
ielly bounded. Although this is unnecessarily strong from &
mathematical point of view, it is a mild restriction prac-
tically. _
Suppose that',fr = O(p-r) as r -»00  for some P > 1,
Then F(z) is analytic in Jzl< p . |
Let
eQ

U(Z) = Z u ér °
r=0 T
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Feller (1968, p.311) shows that U(z) = {i - E(z)%”lg and
hence it may be shown that U(z) has no polés in |zl g1
apart from a simple pole at 2z = 1. Thus -

Alz) = U(z) = p/(1 - z) is analytic in (El<ﬁ p* for some

p% > 1. Bub
= »
Afz) = 2 (u,=p) 27,
=0
and hkence
eQ
L @u‘r = pg (‘0@9

=0

2 ”
% |zta, = p)|<co.

Thus (2.9) holds, and. lp(ur - p)! . is bounded.

The second modél discussed in this section is closely
related to the £irst. Suppose that the intervals betwéen
successiﬁevmiesed»ob&erv&tione are independently distributed
with & common arbitrary distribuﬁione Then missed'ebser§»
ations occur in & renewel progess, aﬁd the géps'@étween
observations are geometricelly distribuied. This would arise,
for instence, if & reéording‘apparatus'failed'éfter & time |
with some general distribution ihdepeﬁdently of ‘the past,
and repair times were geometrically distributed. |

' The relationship with thevrenewal model is clear. Sym-
bols associated with the second model wil;'be distinguished
by an asterisk. Then the DProcess {l - I%(ﬁj} haa thevsame
structure as that.of the process"{Y(t)} 'iﬁ thé renewal

model. Because of this similaxity, the discussion of this
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is brief, and coneists only of a étatement Qf_conditions
under which the various assumptions of Section 2.1 are
satisfied.,

Suppose that the intervals between suﬁcessive mis§ed
observations have.the distribution {f*}o Td satisfy (2.2),
this distribuiion nust have fl < 1l. It may also be shown
that this is sufficient for (2 5) to hold.

As in the renewal model (2 6) ana (2. 9) are equivalenta
and (296) and (2.8) are both satisfied if f = 0(0 ¥y as.
r 9, for some o > l. If . p>% is e lmown lower bound
for p', then any © sausfying 0O<e <2p ~1 will suf-
fioce iﬁA(2 7) If upper and lower bounds for p are‘knownD
and also a lower bound for ul 9 another'way to Iind such a

¢ is tnrough (2.37) and

. ¥ ¥

. Pw,=1-2p+ pu,

- where p and {ur} are the guantities associated vith the
procesas {l=> Y (‘b)}

2;6.-Nonstationary Deletion of Daia

A Thg‘gf?ect‘ot @ particuler type of nonstationarity in
the delé%idh of data is discussed Since this is contrary to
one of the basic assumptions or ‘Section 2. 1, other effects
of deviations from those assumptions are also discussed.

The problems which arise when {X(th does not satisfy the

assunptions of Section 1.2 are no differeat from those in
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the usual theory of apeciral estimation; see for example
denkine (1961) and Jenkins & Watis (1968, p.l51).

The,aséumptions about the amplitude modulating process
{Y(®)} are of three types. The first 1s that it is indep-
endent 6£' {x(t)}, the process under observation. This is
assumed in order txat cértain product momenis should factorw
ise9 which 13 tl.e basis of the methods used. Thus any de-
'viation from this assumption which seriously affected the
| factorisation would invalidate the results given earlier in
this cnaptero~As hes already been stated, tnisvexcludes top=
ica such as censoring_,°

| The third type of assumption, which for convenience is

conslidered next, concerns the sum of an infinite series. Such
"éésumptions are,; of course, difificult o assess in.the light
of a finite amount of data. In the two examples considered in
the previdus section, the requiredgssﬁmptions were implied
by a‘élausible conditioho In the models involving periodic
effects introduced in later chapters, it may be verified that
 theBe_assum§£i9ns‘are not satisfied. This is also implied by
thevract that diiferent results are obtainedo'Thus_it_appeara
tuat these assumptions, possible weakened slightly, are ess=
ential to obtain the resulis. . |

The second type of asgumption"conqerng‘the stationarity
" of the lower moments of {Y(tﬁ o One simple example of non-

stationarit& arisesAwhen part of the data is complete and
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pert 18 incomplete due to the ection of & repdom emplitude
modulating process. To obtein ssympiotic resulis, 1% is ase-
uned et én alqut‘constanﬁ propvorticn of the dmta'ié-comp
pleis.

.To be explicitgksugpose that {X(t)} satisri@s the cou=
ditions,of'ségiioﬁ 1.2, that {Y(tﬁ» satlisfles thosa of
Section 2.1 and %55$. {$n,8vn = 1,2, ccof i8 & sequence of

integers such et

IR | D (2038)
%ﬁé&ﬁ@@dh0<ﬂalp
Ias | |
Y(n>_(t) g'{ S A e
L Y(®) A, €« B gn

and let 7(2) (fe.)‘f}":;(i;)'i("i‘) (%) o The Gate avellable Fox saal=
ysis ere {Z(n)(?).ﬁ b= Ly ooo n} , and the proportiocn of
e reecord whish is compleue 1is epproximately 4 o ‘

The amgl.s.tuﬂe modulating process { Y(n) { b)} ’33 non=

stationary; but pgs§esses certain average propaftﬁggp;rmr

instance,
Z (“)(1,)} = A+ (L =2a)p+ 0ln )
n"l ni E (n) (-L)z(n) ( U.;,r)j = 8 + (1 o .é.) FU.-? T 0(.11&1:’:'}
=l | S
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for » » 0 o

Suppose  tat these data were analysed as 7% the ampw
litvde modulating process were stationaryo This vould involve
the use of the estimate (3)(x) deflned in (2 24) . In order
to simplify tie discussion, it is assumed that the estimate

())(x) is used 1nsteadn wlth pu,, replaced by tie average

value (2.39). The estimate becomes

- o |
gi({“(x) = (ar.jn)él _ }%‘zl%(“) ()2 (t)w_ (x) '.
. . Y o (2040)

O{A + {1 - A)pu t}”%} o

The aaymptgti@ variances derived below Would be the same iT
an estim&te based on gﬁﬁ)(r) ware uscdo The proofs, however,
are rather moxe @omplica@ado

It WGuld.be?éééefteé thaﬁ the estimete (2.40); which
is referred 0 as the natural estimate, had the same asympw'

totio mean as ( )(x)9 the estimete wused with complete data,

and in particular.was asympioiically unbiased. I+ would also
be stated that tbe:asympxoﬁic veriance of the es%imaié was
lgiven oy (2021),.wi£h p and gz(x) replaced by thelr aver-
age valués, L+ (L - A)p end Agx(x) + (1 = A)gz(x), resp-
ectively. Here gz(x) is the spectral density function of the
stetionary process {Z(t)} given by 32(t) = X(3)Y(¥) for

all +t. Thus 1% would be assumed that the ésymptotic variance
of g§4)(x) was

n~ty olaer(®) + @ uAA)gz(x)}ad(x)/{A + (1 - A)p}4, - (2.42)



I% 1o eany to verify that the naitural estimate doss
indeed have the same asymptotic mean as gxl) (x) . Howevex,
1ts varlance is not given by (2.41). The coriect formula is

- now qierived. _
Put b, = fa+ (@- A)pur}'fl, b= fa+ (L= A)pzf"l
(not to be confused with a previous aéfinition of b.).

Then
| 8&4)§§E)=8l+82+85 + 8

where

2m g = _ ';l X(B)X(D) b w (%) ;

" By
b g .
2 gy = Bil u% +1 X(8)Z(¥)by_ ¥ o)
8=l ted +1
i o
2 g, = 3 2{8)2(t)b, W, (%) o

B8y t:-‘An-e-l

It ip easily shown that JL|b_ = bj < ¢©. An argument similar
to that whick led to (2.21) shows thet

Var(gl) = Ab —— gx(x) d(x) + o{n ~ly ) 9
Val‘(64) = (1 - A)b n 1‘W g?(x) d(x) + o(n” 1y ) o

.Fe now show tha.t the: remaini.‘ng terms of Var{gy) (zc)j ars

n&gligihle when compared with these:
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Mrat

An

-2 L
Var(g,) = (aﬁ\m ) } (LA L e )
q,8=1 rgtmgn+l

oCOV{X(Q)Zir)§X(B)Z(t}gL

pow

Covi{x(@)2(x) X(8)2(1)} = pu,_ fQ (1-q,5-0,%-0)
+ By(s=@) Ry (v7) + Ry(im)ay(s-2)}
+ pluy o = PIR(2=Q)R (%-8),

end V&r(ge) similarly splits up into Four sums, Ty By
T§ and ?ég'ﬂayc 48 in Section 2,3, T, 18 easily mhown

%0 be O{m )9 and

l2,] ¢ Ba~2 } } |8, (=) Ry (5mr)

qp8=l Tyb _An 1

¢80 % L |am(3) umyom)

jgl‘::‘:’w
= 0(n"2)
for scme B <co, since {br§ is bovnded. Bimilaxly, we may

show %hat ,?4?$;Q(nfg)?A;so’ for some iB%<.@@ .

J1] & 8%07% ) - r(xﬁ?"“‘“‘?""f‘a (2-q) Ry -
Qy8 ’

and using ithe Cenchy-Sehwartz inequality, we see thatb
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A,
izl < B‘”n”l’{n”l >y

4,8=1 r, tzﬂn-ﬂ

{ cul
» q,,s..l T, %=

(2»)’ 2} ,;Rv(s-@-q)ﬂzﬁmr)i}

“‘/ﬁf

t(x) ERX(S<=Q)RK{‘ET~:.K’)B%% o

n

¥

I
A +1

But |

-l T T xRy (om0 R (i)

qum.a I, @~An+l

el |
3\‘" 6)7-" [a (NH=r (:g:)g n‘°12' ¥ mex( 0] ,m)|w, (= )§

gV, ¢
iélfsﬁ lkk.n=An e |
= o(W,)

by (1.4) and (1.14), spd clearly the same Lolds £or the
second factor of the upper bound Zoxr | "1‘2] » Thereicre
"22 = o(n‘”lw )}, and nence Va:ve(ga') = o(n”lﬁl )o ﬂ, similer
.&x-w.mano shows that Vax(gj) and Cov(ga,,g}) are 8lsoc
both ofa ?4 )

.Secomi;ly -

Ly &

Cov(g, ,85) = (2m)~2 ; 7
Qpr,s=l 't':--Anﬂ.

[qu rqu r(:;) [+ - - ()

.,Cov{x( Q)X{») X{2)% ("b)é]'
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QP 8=l tmﬁ +1

-
°9{ng(-"""%8"% t-q) + Ry(8~Q)Ry(t=x). + RX(%Q)RK(;E;GI:);}’(,

This spli‘es. up in'to three svms, each of which is scasily seen

%o be O{n"" ) Similarly Cov(glsgj), Cméga,,gé) ané
Cov(g¢9g4) are all. o{n )

Las‘fuly_
| A

) n

-2 e

Gov(ésjgg4) = (23n)~ > > qu_mrwq‘,r(x)bsm.g e
q,r=1 8 thn-srl '

Puscx-{ Qg {P=Q8=Q, t=q) + Ry (8-, (¥=x)

+ Rx(taq)RK(beﬂijo

o=l A .
Here the first sum may be shown o be O(n 7}, and the ovhews
. : )
w0 ba Oln ")
Thus we have proved +thait the correct formwlia Forx the

egymnptotliec veriance of _3&4) (x) 4in this sltwation ism

w ], 2 : o 2 ‘
n, Wn{ﬁg};(:«:) + (1 = A}@z{&} % afx)
g {A s (L= A)QEEE

V&Z‘{gj(;}) (;;)g =
{2.42)

=1,
+ oln W),

e th@?" man (2.41).
It follows that the ratlo of the 'i'r-"wa asymptotlie vampe

(IR

lanee %0 the asserited value (2.41) is



{A + (1= A)p}4{Agx(x) + (1 = A)gz(x)a}
TR fagy(x) + (1 - A)gz(x)}

This can in general take values both greater than or less
than one, B0 that no general statement cen be made about the
values of =z . However, if g, (x) is a constant, it reduces

to

=fa+ (1-ap%fa+ @- 5%} <.

Hence.iﬁlihis case, the asymptotic vafiance wguid be asserted
to bevhighef_than_it_is. It is expected thet this would also
be tru& 11. gx(x) had only small fluctuations about a can
stant value. Lowever, this refers to the beuaviour of gx(x)
over tLe whole interval (=W3roo It would not suffice %o use
the argument_that §1nge, gx(x) is continuous, itlis locally
approximately eonaténtq " |

Thus, prpvided _gx(x)_ is fairly constant over its whole
| raﬁge; the efiect of analysing this daté as 1f tre deletion

mechénism.Were_statiopary is to over-estimate the asymptotiec

variance of tie estimate by a factor which is &pprox imately
_{A + (1 - A)p }/{A + (1 = A)p} . This factor is close to one
wkenever A, (1 - A) or (1- p) is small.

In constructing the estimate (4)(1(:)n no use ie made
of the fact that part of the record is complete and part in-
_ eompleteo Indeed,’tnis estimete first arose in the discussion

of an analysis of the deta under ithe assumption that there



- 54 =

was no complete part. It seems plausible that a better est-
imaté‘could be constructed using this informetion, if Lt were
avallable. For example, asymptotlcelly unblased estimates of

‘ gx(x)- could_bé_conatructed from each part, such as

Ay
<°’<x> - (2m, . Y XXy (s
B, K= :
n
(U(x) = {ertnea )}t Z 2(8)Z () (pug_) " twg_ ()«
8 t=An+l :

It mey be showa that

var{e!® (x)} = (an)” e (0 %) + ol

var{gt) (x)} ~;{(l=ﬁA).l?}f.anpf4gz(x) %a(x) + oaTMwy),
.cov{s;fcc). <x)»gxi’ @} = ot M),

by methods similar to those used in deriving the asympﬁotic
varience of gX4)(x)

These separate-estimates pould_then'be combined linearly
as Qg(c)(x) + (1L = e)g(i)(x)n The choice of 6 1o minimise

tlie variance of this combination is
N2, 4 a2 2
0 = Ag, (x)°/{p" (1 - A.)gx(x) + Agy (%)}

This involves the ratio gz(x)/'gx(x)9 which is unknown, and

p » which may be known, or can at least be estimated easily.
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Suppose that p 1s,; in fect, known. Noting that
¥ W
‘g gy (xX)dx = pj By (x)dx,
-TX -
the watio gz(x)/gx(x) could be approximated by p o This
is, of course, exact whken gX(x)g'and hence gz(x)g-ls con=

stant. The liﬁear combination 1s then
e) (1) 2
(a0 + @ - 2% @/AL + @ - %Y,

the asymptétié variance of which is
ml' » 2 Ly 2 ) ) 2
n o {ag (07 + (- Dgy (0 ta@Aa + - P}

Phis is identical'with (2.42) , the msympiotic varlence of
t"'ﬁ’)(.;:) |

8z
I% follows that, at least with this procedu:fe9 no asymp-
totlic imprcvemen% results from the use oi the Lnformation
that paxt of the date is complete. As has been mentioned
earlier, this doeé not imply that nothing is gained in the
sma1L sample case. It does, haweverg prev that there 1s.no
choice of 2 depending on p but not on gz(g)/gx(x) which
gives an estimate with a uniformly lower asymptotle variance
X
cholce 01, © . leads 1o the same asympiotic variance &5 that

oF géé)(x)p

thian tuat of g<4)(x)° For when gx(x) is constant, the best

A more general nonstationayy amplitude modulating peo=

gess would avise LT several different stationary ampli tude
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‘modulating processes were applied o different sections of
tlhie record. The results Iin this case are_simple generxalis-
'ations of those given above. In particular, ii gx(x) is
constant, 1t 1= agaln itrue that the asserted esympiotic var-
lance or the patural estlmate 1s higher than the itrue value.
It is_alsortrue that if asymptoiically unbissed estimates of
'gx(x) are constructed trom each section and cbmb}ned linearly
as a;ibove9 then the asymptotic veriance of the combination is

tre seme as ihat of the natural estimate.
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CHAPTER 3. PERTODICALLY WMISSING OBSERVATIONS

3.1 Introduction

In the lasi chapter some results were found for the
situation where observations are missed in a fairly general
random way.imﬁe assumptions mede about the amplituﬁe mog-
ulating process excluded the possibility of any pefiodic
efréctgsihcé that process was weakly stétionary ané with an
ébsolutely»pontinubus speétral distribﬁtion'funeticnat '

-Two caﬁeg.in which a particular type of periodic'effec%
oceurs arefdiscuSSed in this_chaptero The particuiar:effect
is where a:fiied sattern of observations ié ﬁissed*réﬁeatedlyo
This is a completely deterministic mechenism. In the first
case this mechanism alone 1is responsible fqr éll missed ob-
servations, @@ile in the second case a random amplitude mod~
ulating,procéss ol the type described in.chapter 2 ia-ih
actlon as Welle .

Tue amplitude modulating function of this type ox perio&a
ie muchanism-is a nonrandom sequsnce of period h 9 say9 de-

noted by {yt s b= 0,21, cco} The only assumptions made
about this sequence are tnat ¥y = O or 1 for each t, so

that yi = g4 » and that for r =1, ...,h,

| 'k S _
Ry(zr) = h & T tr > O (3.1)

This notation should not be confused with



Rx(r) = COV{X(t),X(ti-r)} , 88 {yt} is a deterministic sequ-
ence. However, u;iRy(r) ' can -be thought of as ™ covariance

sequence, since for r > 0,

_-R&'(r) - J{in;@t sg ys g+r.°

Note that (3.1) impliess a positive lower bound for
hBy_(O) R the ‘number of observations made in each pattem of
‘length &L . For hRy(_-r) is integexfcaval-u_ed, and hence ‘(301)
implies that hRy(r)_ 21 '

But then

| 2
{ur (0)]

i
e
-
e
o+
e’

i
™
%“;
A

n=1
bR (0) + ;, hRy(r)

il

‘which implies that hRy.(O). > & l + (4h <= 3) é} This is in

fact a best’ lower bound for hRy(O) when (201) holds for

L < 19 , although apparently not for all kigher values of h,
Note &lso that |

=1 L g | _
o HT X Q- T (L Vyup) = 2 2R (0) + Ry(r),

and Lence R (r) 2R (0) = 1. Thus a sui‘riciunt condl tion
for (3.1) to hold is Ry(O) > o
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3.2 Periodically Missing Observations

In thls section, & netural ecstimate of the spectral
density of tke process under observation is constructed when
only the periodic'mechanism is in effect. The estimaie is the
same as that used in a particular case by Jones (1962). The
asymptotic variance and ccv&riancesbof this estimate are de-
rived; the résult difiers slightly from thet given by Jones
and Parzen (1963).

In oxder to avold too much confliect of notation, suppose
tor the moment that {Z(t)}. is the process under observation,
where {z(t)} satisfies (l.4) and (1.5), that '{V(tﬂ' is
the amplliude modulated process, where V(1) = ytz(t),‘and
that 11 ie desired to estimate gz(x} from
fv(e) & ¢ = 1, eosnjo

The Lirst step in the consiruction of an estimate of
gz(x) is to find an estimate of Rz(r)n If cv(r) is de=
fined as in (1.7), that is

.y =izl
ey{r) =n"" F V(RV(trlr]),
then
. _q n=lr]
Bley(®} = R (2™ ¥ e,

-

B

Ry (TIR (x) + OCa [=]) .

It hes been shown that Ry(r) is bounded away from zero.

Hence

E{Fﬂrflcvw)} = 1y(2) + oMz,
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and so Ry(r)“lcv(r) - is a sultable estimate of Rz(r). Thus
& natural estimate of gz(x) is
s§5) (x} = (2™t T R (r)’“lcv(r)wr(X)

A
jrien (3.2)

= (2m) ™t B i—-l Ry(set)“&ﬁytz(s)z(t)ws_t(x).

Now fyt} is a periodlc sequence, sc that
dll -ig T») :
o= 2 G (er™y™, (3.3)
¥
J=1
‘where Q’J = Qﬂj/h, and

-1

G,(3) =& -0 (3-4)

h

él ¥4
This notation should not be confused with Gx(x) s the spectral
distribution function. Note that the argunent j is en int-
eger. It is clear that {Gy(j)} is a periodic sequence,

G,(0) = R, (0) end G (-]) = E)P

y A
Also {Ry(r)"’l} is a periodic sequence, and so

h
R ()7t = £ v (e, (3.5)
wkere - o '
h .
= R, (r)"2e™ (W7, (3.6)
= ' f

Hence »{Wy(.j)} is & real, symmetric sequence,; since
Ry(gr) = Ry(r) ] |

If the expressions (3.3) and (3.5) for Ygo ¥4 and
Ry(sat)-l are substituted in (3.2), it becomesA
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n_ h _
(5) (x) = (2ﬂn)-l > > | Egy(j)e{i(s“t)gj} o
| 8,t=1 j,k,j=1 |

oGy(k) e (iSﬁk)Gy'(' 'Q")"e';"(itﬁe ) Z (B) Z( t)ws‘; t(xﬂ 9

whiph simplifies to

g(5)(x) = 52 H (3,K)e,  (x) (3.7)
. J.k=1 ¥ doc™00 ’
where .
no e _
Hy(J,K) = QZQ.WY(Q)Gyﬁycj)GY(e"k)’ - (3.8)
n - .
gy . (®) = (2m)™ 3 2(8)z(D)wy_ ()l (PP #)

8, t=1 O (3.9)

It may be verified from (3.4), (3.6) and (3.8) that

' "1 if § =0 (mod h)s
B (§,J) =

0 otherwise,

et E(J,0) = B (kJ) = K (=J,~k) end that H&(jgk) 18
periodic in j end k.
In order to find the variance and covariances of

(5)(x), consider

Covigy i (xy) "3q',m("2)}‘ '
n

= ()™ Z E’q%r(xl,) Vo 1(52) eip{i(qgj'frgr:“sﬁ 1)}

QDrvs_vtzl
o{QZ(raQ»B=q»t=q) + R, (8=q)R; (t~1r) + Rz'(t—_q)Rz(sar)}]

= Tl + Ta + TS (]
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gay. It is easy to show that T, = o(n“’l), Also, putting

§~Qq=8; t-r=Db, g=r=c¢, r=4d, we see that

= (2m)"2 [@ (@)R, (bYW, (x;) a~b+cf#§?'

.oexp{i(-,-ag' +bﬂm-=¢¢'q___, j)}é exp(idg joleg _l_mﬂ 5
where the lest sum is over the rahge

-

1- min(o,a+c,b,,c) gdgn- ms,x(o,?g+c,~b,c), .

which is teken to be void if the upper limit is less than the
lower Mimit. J2 j-k - £ + m £ 0 (mod h), then the sum over
d is uniformly bounded, whence T, = O(n"l) . IT

3 =k=§ +m=0 (med h), then

1]

T, = (2un)"2 L L[5 ()R, (D)W, (x) T ()
&,

eegp{i(-aﬁ '+bﬁm‘°©gqa 3)'§ -Na;g;c] s

- where o o

Ny oo = 1= max(lal, o], fol ,Ja=el s b=cl ,Ja=brel) ,

Na,b,c = max(N

a,b,c ”0)
Note tuat

Oga=N, po glal + ol + e,
B

0<£Ln - Né,,b e g je=b+el + la| + fol.

Thus, using (1.14) and the Cauchymséhwai-z_ 1ne§u511ty, 1t may
be shown that
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T, = (2m L c[Rz(a)Rz(b)“'c("l)"’A»bw(?‘a)

o.exp{i (»aQEZ +bya’m-=c% -aj)g + o(_rf'lwn)

iy ‘
= %n’lfw {gz(ym@)gz(ﬁﬁm)wwmee J;xl)W(y;KES dy

+ o(n”lﬁ’n) o
where w(y;x) is extended periodiéally outside the interval
(“1797")0

Now (1.11) and (1.12) mey be used to show that T, is

-] .
o(n"W,) unless x; - X, = ﬁe_’J » When

D, = Enn'lsz (xy+05) &5 (x518)) LK Wy, 53 %) wlysx =y _ 4)dy
+ o(n"lwn) |
= n"lwngz (x,+8 j) &g (xl~:~f3k) + 0 (n‘al\‘l o)
by (1.11).

Similerly we mey show that T, is O(ncl) unless

3

J=-kXx=-f{+m=0 (mod h). When this holds, 7T, 1is

3
o(n‘lwn) s unless X v Xy = mgj+m , when

T§ = n“lwngz(xl-m"j)_gz(xl-»-p'.&) + :o(nf’lwn), o

This completes the description of Cov{gj,k(xl)’ge,m(XQ)} °
If a function do(x) is defined by 'do(o) =1, do(x) =0

otherwise, - then
Covigs (%)) o8y p(x ] = [n“lw (%140 ) g7 (%1 +8%)
3Lk 20 ,mt 2 n8z\¥1¥P j/ 621X

-]
+ o{n Wn) o
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From (3.7) it follows that

. -
°°"{gr§;5) (x) °3§5) (xp)f = a"h, j%:l[gz(xl*g LA R

h . | '

.mi_l Hy(J,k)Hy(J-eka-m,m) ido(xl"xz"'gk-m) + do(xj,*xg*g‘-j _m)}]
+ o(n"lw hp

This may be stated as follows :

Cov{gém (xq) ,g,és) ,(xa)}

h
= nﬁlwn J%___-l[gz(xla;-e’a)gz(xi+¢k)ﬂy(3ok) | (3.10)

.{Hy(3+q,,qu) + ,Hy(;]+r,1c+r) }] + o(nal\‘ln) )

vwlLere tke term HyTj+q,k+q) arises 11 x; = x, = qu, and

the term ‘Hy(_,j+r,k+r) arises 1f X, + x, = {dro
In particular,

h | s
‘%z(x*'%)ﬁz(xf“k) {Iliy(zsk)l

(3.11)

var{gi® (@)} = n"lvy Jaéwil

+ Hy(jgk)Hy(J+r,,k+r)}] + o(n'ﬂlwﬁ),

where the term Hy(J+r,,k+r) is included only if 2x = Q'ro

Thus when 2x ,er for eny o,

h
Var{géf') (=)} = oy ;; %3 . 85 (x40 1) g, (%407 ]Hycg,k)lz

+ o(“n_”lwn)
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= nflwn{gz(x)a + 3§k gz(x+¢j)gz(x+¢k)‘ﬁy(3sk)rz} + o(nflwn)

‘ (3012)
end if x = 0 or & 7, then the asymptotic varlence of
gé5>(x). ;S'twibejthis value. Lowever, ij 2x = ﬁ; " for some
r#0 or +h, the@A(S.ll) must be used,~and may then be

wrlitten

Ver {e5? ) = nwlwn(gz(x)a +3§k [gz("*gj)gz(x*ﬁk)

voilH&(j,k)le + hy(jpk)ﬁy(j+rgk+r)}1) + o(nleﬁ)
o - (3.13)
The exceptional behaviour at these values ofA X pesses un-
noﬁiced by Parzen (1963), who states ﬁhai (3.12) holds for
all x # 0,47«
~Hed the date been completie, the usual estimate gél)(x)

“would have been used, with
Var{gé%)(x{} n‘n°%wngz(x)2 + o(p%lwn)o_

Now it may be shown that the sums in (3.12) and (3.13) are
alvays positive, and hence the‘asymptotic variance is alwhys
inéreaeéd by the absence of data.
Jénes (1962) poihts out that
. ‘
L eyt e, () B (3,50) 2

]

2 & 2
g sup g,(x) ;3 L ERGRO]
I .
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and proposes the guantity

5= 3 w2
H 9
Hy ju‘E"" ya

as s measure of the inerease in variance due %o the absence

of date. Parzen (1963) notes this may be simplifled - to
(3.14)

i o=n? Y ¥ y2R (S@ﬁ)“ .
v S,t=1 8
Since y, =0 or 1, thie may be further simplified to
n
B =02 § yy.R(s-1)°
4 8,41 2 ¥
e
= R (r
5= E'f'ry
= ﬁl Z R(l’)l
o Y=l
= ¥ (o). (3.15)

It has been shpwn that B (r) > 23 (0) = %, and clearly

Ry (©) . Thus iz R,(0) > &, then

R.(r) ¢
R0l g R0t s fom (0) - 27T, (3.16)
whence - \
R (0" ¢ H < (8~ D{zmgo) - 17+ ()"
(5017>

- -1
£ {aay(o) - 1;, .

It may be shown that the right band inequality in (3.16)

is ekact if Tg * yt+r 1l Zfor eack 1%, and hence that the
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Tirst upper_ﬁognd for ﬁ} is.exact when the pattern
{yl, eoe sV} contains only one zera, when |
ﬁ&: (% - & - 1y/{(n - 1) (h - 2)},'& result given oy Jones
(1962) . S
One feature of the asymptotic variance of g§5J(x) is
that 1t is discontinuous &t each of thé'ffequen01es> égéo'
Tue discoqtinuities at 0 and +79r are similar to thbse in
- the usual case, in that the value at each frequeney is twice
tue value at adjacent frequenéieso The other discomtinuities
are diffefénig'in that the velue at a pafticuléf frgguéncy
may be less then at ad jacent freQueﬁéies; : |
This may;be seen as fbllowso_SupPoée ihat gz(;) =1
- Tuen from (3.11), |

var{el? (0} = n‘lw . {lh (30]2 + B (O E (e ED )
(3.18)
+ o(nélﬁn);

where the term H&(jgk)ﬂg(j+rgk+r) arises if x = 3. It
has beén shown that

2 ;
L e (0] 2 = w00,
,,k_.
and it may more generally be shown that

h
Lo H(3 B (3rr vy = w )
; Hy j+r +T | (r

e

p k=]

Thus tke value of the asymptotie variance at x = gﬁé ditrters

-1

by n thy(r) from adjacent values.,
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Now it has also been stated that for J £ 0 (med k),

I~

Ay(30) = W, (£) ]Gy(,efj)j .

g=1
and hence at least one Wy(r) must be negative, in general.

fous for at leaét one r, the asymptotic value of

{ (5)(éﬂ )} is lower than adjacent values.
Meny of woe resulis of this section do not depend on the

fact that. y, = 0 or 1. In particuler, (3.10) and (3.11)
liold whenever {yt}‘ is a periodic sequence end (3.1) holds.

Such genexral series cannot of course be interpreted as amp='

litude modulating functions. Iater, however, the periodlic
mean value sequence of a random amplitude'modulating prbcess

will be substituted in these formulee for the purposas of

comparison with otherxr resultso,

3.3 The Mixed Model

In tné seéond nodel mentioned in Secitiom 3.1, the |
deterministic periodle mechanism acis in combination with s
stationexry random mechanism of the type descriﬁed in Chapter
2. Tt is &ssﬁmeé that:the'resulting;amplitﬁde mddulating ﬁrou
cess.is tue.producﬁ of the two separate ones., This is referred
10 as the mixea model. A more‘éppéaling way of combinlng two
suck ampli tude modulaﬁing functions is descrioed in Section
4.4, s a special case of thb more general model of Chapter 4,

To be explicit, suppose that {x(t)} is a process satis-

tying (1o4) and (l 5), that {ytz is a nonrendom perlodiec
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seQuence of zeroslanﬂ'ones of perlod h, satlsfying (3.1),
and tuat {Y(t)} is a random amplitude modulatiag proces°
Batisi’ying, (2.1) to (2.8). Let 2z(%) = x(t)!(t) and_-

v{t) = ytz(t), Suppose also thet it is desired to_eétiﬁéte

&g (x) from V() s =1, .o, n}e |

Firet an estimate 1s constructed on the. assumption that
" the sequence {pu Ry(r)} is known, where p is defined by
(2. 2), ur by (2 }) and Ry(r) by (3.1). A natural est=
imate of gx(x) 1is then ’

r<:n

“")m = (am X {p w R ()} c'(;)'wl;m,_ (3.19)

where v(r) is deiined as in (1.7). This estimate has the
usual progerty tnat its asymptotic mean 1is the same as that

of (1)(x) |

| . To f£ind tbe'variance.and covariancéé of g§6)(33,'note
et | |

Z | R (r)} p"any(r)”l.l < %0, (3.20)

from (2;2), (2.5) and (3.1). But (3,19)fmay be wriften
‘5’(x) =5 %™ T om0 e(w ()
lr;<n ¥

+ (2m)°2 N R e P

[rp<n

28é5)-(x) + | T,

i

say, where géS)(x) is defined in (3.2). Now it was shown in



Section 2.2 thet under the présent aésumptions, fz(t)}
'satisfiés (103) and (1.4). Thus the conditions of tke previous
section ure satistied. It follows that .the variance and co-
 variances of 325) (x) ere given by (3.10) and ;:(3.,11) o AlsoO,
using (5oé0) and an argument similar to that in section 2.3,

it may be snown that

var (7) = O(nal) 9
cov{i',gé‘s),(x)f = O(nal) s

whence

Var{sj(f) (0} =% Var{sés) (x} + o@™h).

The argument uses no property of w{(y;x) other than the

' boundedness of wz_(_x) o It may thus be easily extended to give

CQV{‘gJ(f) (x3)5 g§6)--(x2),} =p? COV{@és)-(xl) 5 gés') ()}

+ oY,  (3.21)

where ACov{géS) (x4)5 géS) (3&_2)} is given by (3.10).
. The requir_ementithat the sequence f_pnrﬂy(r)} be known
may be relaxed, provided, of course, that (2.7), (2.8) and
(3-1) nold. Suppose that gy is a positive known lowexr bound
foxr Ry(r).. often ,_{Ry(r)} will be known, whexf'zl B, would
" be the lowest value in the periodic sequence {Ry(r)} o If
$iRy(r)} is unknown, then (3.1) implies that Ry(r) > hc»’lo
Lence some such R, is always avallable. Since ¢ <. pu, for

each r from (2.7), i1t follows that
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purRy(r) > cgwo

An estimate of puray(r) is then CyY(r), where

" -1 bedrl ‘
Coy(x) = (n =lx]) Z ytY(t)ym_ Y(t+r), (3.22)

'and

%
if CJY(r) < CR

cR o
¢ Y(r) = { *.V ' ¥ ". v (3.23)
’y ‘ CyY(r) otherwise.

I1£, in (3.19), purRy(r) is replaced by Cy!‘r?” the
estimate of gX(x) becomes

&7 (x) = CON

(r)"Lte (B (x). (3.24)
|ri<n

yY
It mey now be shown that géT)(x) has the same asymptotic
mean, varlance and covariances as gés)(x) The result and

the prooi are very similar to those of Section 2 4, where it
was shown that (2)(x) and (’)(x) had the same asymptotlc

mean, variance and covariances. Thus .

. COV{Sé'?) (xl)s (7) (x )} COV{ (5) (X (5) (xa)} (5 25‘
o+ o(nflwn),

where va{é§5)(xl),g(5)(xz)} 1s given in (3.10). |

Tre remarks nade in Section 3.2 about‘tﬁe asymptotic
| variance of gés)(x) evidently also apply to that of _
(6)(x) In particular, there are discontinulties at the

frecuencies =x = éﬁéo It is also itrue that the asymptotic
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variance is always greater than 1t would have been had the

deta been complete.
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CHAPTER 4. A MORE GENERAL PERIODIC HODEL

4.1 Assumptions

In this chaptér, a fairly‘générallmbdel tor a random
‘amplitude modulating process with periodic effects is dls-
cussed. Aé one special cace, it iﬁcludés the”mixed model of
Section 3.5, which, although simple, is not very apﬁgaLingo
More trivially, it conteins both the stationary ran@o§ gmpe
1litude modulating process of Chapter 2 and ihe deterministic
periodic mechanism of Chepter 3. Two o@bgpmspecial ééaeé are
examined in Section 4.3 and 4.4. |

The process under obServatlon'ls again denoted'by
{X(0)} . '.i}h.e'ampli.t_ud'ern‘xodula'.ting process with the structure
to be descrived iyi.lj. be denoted by {U(V)}, axid_ the "Amputune"_ :
mpdulated piocéés_ﬁy .Sv(t)}' where V(t) = U(t)X(t). This i
use of the:symbdl {v(tﬁ is cansistent with its use in
Sebtidn 303, a8 fhe'product amplituﬂe modulating process
{in(tﬂ. of that séction ppssegses-the Btrucfure to be des-
crived. Tne notation of Section 3.2 conflicts with this, but
_@asanOpted in order to make the results of Section 3.3
clearerxr, |

The assumpiions made about {U(t)} are as follows:

u(t) 'ié independent of X(s); '  (4.1)
P{U(t) = 1} =z, = 1 - B{u(¥) =0}; (4.2)

B UCEr)} = uy (4.3)



E{u(fc) U UHR U] = vy o (404)
By oo ut,r ’ an@» vt,é,r,s'_ are each
~periodic in t with period h. . (4.5)

These assumptions contrast with (2.1) to (2.4), in that the
corresponding moﬁenté“bf {Y(t)} were assumed to be lndepen-
dent’oi te |

The next assumption is that - R, (r) 4is defined by and
satisfles (3.1), that is o
h

B(r) =0T ¥

O«
t=1 '

ztzt+f z
‘8ince =z, 1is not restricted to the valuss zero and one, the
inequality éerived rrom»(j 1) nd longer holds. A suificient
condition for (3.1) to hold is that G 2(0) > & where G (r)
is detined as in (3.4) .

Since Yy op is periodic in ¢, it follows that

n -
& ay oWy, (4.6)
where :
y |
ST R A A (4.7

As in the case of the stationary model, the remaining

assumptions depend on whether or not the values Aﬁgr are
kmown. In general, they would not be known. '
It A p is known, i1t is assumed tkat
? .
A > 0 for each r, (4.8)

O,r
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< VOxj + is} + 1)

o ™M

Jvtor:‘la(i"'s = Y,r ut"'q’si - (4.9)

< 6o
for eachh t. It may be sﬁbﬁn fhat'(4a8) and (4.9) imply ibat
Ao,r ”islboundedfaway from zero, - |
- If Ao,r 18 not known, it 1s assumed that -
AO;;~>’°1 for aomélgnowﬁf ¢ satistylng 0< ¢ <R (1),
) | | (4210)
% ‘vtnl_';q,;s_i-g i -ut,r‘_?ti».ﬂ.\ss ls v <@ (4.11)
tor é'ac’h te |
;Clearlyv(4p9) iB satisfied whanever;(éolly-1s;satigfied.

It r ‘and = are replaced in (4.9) by zero, it becomes

| _}% lut”q - 2y Byql€ed o o (4e12)

It is easily verified that the product smplitude mod-
ulating brOcess {ytY(t)}‘Aof Section 3.3 satisiies these
assumptions. If the momenis of {U(t)}f ﬁovnot’depend on 1,

- the stfuctﬁre 0t the stationary amplitude modulating process
i,
zero or one, then the purely periodic case of Chapter 5

{¥(¥)} .of cuapter 2 is recovered. If each 2z 1is slther
arises: Thus the resultis about each of those models are con-

tained in the resulis of this chapter.

4.2 The General Result

Ae before, assume first that the values AO - Aare Xnown.
: ]

For
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E{cv(r)} = A (r) + o(n” ‘1;1)9

O,x X
and so
g () = (27t "?j A ey ()W, (%) O (4013)
' rlen 7? :

is a natural estimate of 'gx(x), end has the same asymptotic

mean as (1)(x) It may be shown that

gt - Ry <0 (4a14)
r .

'Equation (4015) may then be written

6@ = ™ T R eyv ix)

|rl<n

- R, ('r)”l} ey (x)w (x)

(4.15)

i
]
prm—

el
LS

+
3

say. As in Seetlon 2.3, 1% may be shown that Var(T) and

COV{T,g(x)} are both O(nél)o lience
Var{ (8) (x)}. = -Var{g(x)} + o(ﬁ“l),
The same argument may be extended immedlately to give
COV{EJ((B) (xl),gf;a) (x2)} = COV{g(xl),g(xg)} v oYy,
From {3.5), it Ioilows that.

b o
6) = L w0,

where



T3

Now

= (2m)~2

-{Qg(r=0,8=0,1%=q) v
+ Rp(r=q)Re(t=8) (
+ Rx(s-_nq) Rx(tar) (v

¢ Ry(t-q)Ry(8-1) (v
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e

irli<n _

@ =™t T ey (nelty ()

=(2m1)"l 5? V(a)v(t)e{i(s‘”t_m,j‘}ws_at(\x).
. t=

8, t=l

Cov{Tj(xl) ,Tk(xa)}
.n :
3— [eécp{i(q=r)ﬂj - i(s—t)ﬁk} wq;r(xl)%s.;t(xg) '

Q,r=q,8~qQ,t~-q

.QDr"Q9S“Q»t”Q~§'uQ9r‘q us»t°s)
QpT=0Q,8=0, t=g = Xq,8-g Yr,ter)

Qs1=Q,8=0,1~q = Yq,t-q “r,s-r)

+'u%smq I{X(t—q) ur,'t.ﬂ-r Rx(t-r)

L

uq,tmq RX(.&"Q) Up s-p R}{(s"r)g ° (4.16)

‘Ihe first four terms of this are easily seen to: be

o(n™!), using (1.4) end (4.9). From (4.6), the fifth may

be written

n

| L
T = (2m)~° > T %xp{i(qw)fa’j - (-0}

Q',,_m;l q},r,s,t:l

: owq_r(xl)»wsgt(xe) A Rx(s-=q)

st;q
| .m RX(‘t-»r) exp{i(qﬂg = r{b’m)}] o

By an argument similar to that used in Section 3.2, the terms

of- T5 wl

fhh ¢ £Zm (mod h) have a sum which is O(n':l)..,
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Eence
. 'k -1
| Ts = mlz.l Tspm 3 O(H )D
where
n
iy = (2 n)"a > ex {i( - )ﬂ - 1(s-%)g %
5,m = VY [ PR k
QsXr,8,t=1 '

Vo-r(Z) Ve (X2 Ay 0_g

Ry(t~r)e 1(9“”)‘54- o

R, (8~q)

'Am,t-»r
Thus, as in Sectlon 3.2,

. _ 7t

T5,m = 2ﬁn‘°ljﬁ," ‘gm(é’i-ﬁk)l 2 W(y"gjnk}mgxl)w(y;xﬂ dy
o+ O(HQ?'WA),

_ where

g = YT A, R Y L (4D
r T '

- From. (1.11) and (1.12), it follows ﬁhat '.1.‘5 n 18 c“(‘n'r'lwn)D
o ) S
" unlegs Xy = X5 4 gj—kﬂh , When
, R W ' 2 - =1
B5s_m =n :Wnlgm(xl{'gjf-m)’ .+ o(n Wn)‘n

Thus

h .
nalwn mgl [gm(xl+¢ j+m)§2 d-o(xlmxfg _jmk—:-m) * O(n‘:lwn) °

T A
i

In a similar way , 1t may be shown that

. h

Tg=n an mgl ]gm(xl+9' j+m) '2 do(xl+x2+gj+k+m) * -o(hglwn) °
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It follows that

n |
covg_g)({8) (x,) s,&3]({’3) (x)} = n‘“lwn.j kznrl W (¥, (k)

. 12 .
°53m(xl+¢3+m)i {do(xlnx2+gj~k+m) + do(xl+x2+gj+k%n9§]i

=]
+ o{n ,Wn)

] . _h _ ‘ i 2 . \ '
=n mn-J Lo w0 lgy(xedy ) {Wz(:l+k+@) + .Wz(-dfkw)}

STy
oo

+ O(ﬂelwn) 3 . (4"1'8)

where the term W,(J+k+q) earises if Xy =X, = ﬁa » and
: the term Wz(3+k+r)' arises if - X + Xy = ﬂr ’
In particuler,
var§ (8-)(2:)} = "ty E ﬁv‘ (i) g (x40, 332
Yarex = n o, e L B Y e
Lo Jv at
. ‘ el
| 0§WZ(3+k) e Wz(3+k&xﬂz].»+ o(n Wn),
| | (4.19)
where the term ¥, (J+k+r) is included i x = 39 .
As in the purely periodic case of Section 3.2, there are
- discontinuities in the esymptotic variahcé-at the frequencies
X = éﬁi - The effect of the discontinuity is to double the
asymptotic variaence at x = O,+%, but is more complicated
~at t.e otuer frequencies. :
- The expression (4.,19) is in fact more similar,tqﬁtjgll)

than at first appears. For
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gk('y) '= (21’1’)-1 z Ak r Rx(r) aﬂiry
. r 9 .
Lyt ¥ ry I<1w )
= (2rm) ;h 1:1 - R'X(r)e "
r .
h .
* (27‘1’1)‘1% ‘b§1 (ug o= 2y t+r)ﬂx(r)e iry (“ﬁk)
= Z G, (m)_ﬁmmlc e+, + Z n (,)e (1%)
| (4.20)
where

by(y) = (2w~ -1 Z(ut o= By z.bﬂ,')RX(.r)e"iry - (4.21)

If the first suﬁ of (4.20) aloﬁeewere substituted for
8. in (4.18) or (4.19), whe result would slmpiify %0
(3.10) or (3.11), resﬁectively, wnich is the ferm that the
‘fcorreapondin& covariances or varianee would teke i each
fU(t) were replaced by its mean Zo Thus the efiect ot the‘
:second sum in (4020) represente the efiect of “the variabiliny
ot U(-t;° R |

It would be expected that this effect would be %o inp
_crease the variance of the estimatea Itlmay be?verified that
:this is so 1n the mixed model of Section 3.3, and it is shown
1later that iv is also true for one of the other examplee of
the present modelo It has nou,however, been proved in general,

In & now iamiliar way the assumption that the values



A are known may be relaxed. An estimate of A} is
O,xr Q,r

C,(r), detlned precisely as in (2.22) and (2.23), using the
quantity ¢ defined in (4.10). This is subs tituted for

Aonr in (4.13), to give an estimate of gx(x) with the same

gés)(X)o

-asymptotlc mean and variance as

4.5 Independent Omissions

One example of the model described in Section,4ol is
where TU(s) and U(t) are independent for s ¥ . This is a
periodic generalisation of the model examined by Scheinok
(1965) . In Scueinok's model, the probability -of missing an
observation was:assumed 70 be constant.

In the periodiec genevalisation, Tfor »r #0

n ‘- Z z . (4022)

.and 50 onr = Rz(r) for »r # 0, while ono

Thus (3.1) and a known lower bound for R,(r) imply (4.8) and

= €,(0) 3 R,(0).

(4-10) - Note that siﬁce, zZ, can take any vélﬁe between 2ero
and one, (3.l) does not imply that suck a bound is..lcnown° It

. is easy to_&erify~that (4.11), and hence (4.9), iS¢satisried_
in this case, as the sum involves only a fianite number of non-
zero terms. Thus tﬂe assumpibions of.Sectiqﬁv4ol are Satiéfigd,
and tne'fesults of Section 4.2 apply.

The function k. (y) defined in (4.17) nov satisiies

By (y) = (2r) 7" R (0)z (1 = 5y) (4023)
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by (4.22),and is thus a constant. From (4.19), if .x;! 5@’_?

- for any ry thien

=1

h
Varlg(a) ,(x»)} =n - W y [ (J)W (3+k)

B 5 k=1

gg {Gz(m)E;TE:ET_sX(X+ﬁj%m)

- b ~(11,}) 2

_— (27rh) lﬁ.x(o & zt)e.‘. ; kf}] + o(n -W )
| | . - (4 24)
When the sq_uared moaulus in (4.24) is. expanded the :t?irst
term sim;__),lizies vto (3. .12) ; @3 has peen noted earller. ‘J.‘_he

second term is.

(et ¥, (@) D (¥, (0w, (1), (T, e
Jolkomy b=l |

ch(x+g3+m)th1 SERTLL S
= (2mh) ™" g R (0) z gx(m ) Z{ NEREEN

og%umgmnfuwﬁ§wJM%m¢>J“%?]A

W

e, 2 (0) T [y sy RENCEEN]
m ;

p;; (96, (m-3)e” (1Y) 32}]

\'%
o
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end the third term is similar. The fourth %term is

(2m)~2 W, &, (0)2 Z {wz(.i)wz(3+k)
o jok,8, t=1 |

.ze(l - zs)zt(l - 2

= 2h‘=2 & :
= (2wnh) ‘s%::l {zs(l—zs)zt(lazt)

Igeioe <9
% 0.

‘Thus the variance of thé estimate 1s not less than 1t
would have been if each U(t) were replaced by its mean, Z,.
.The proof used here depends heevily on the assumption of in-
dependence of U(s) and U(%), and cannot be extended to the

. seneral model of Section 4.1,

4.4 Delayed Statlonary Omissions

In the second example of the ﬁodel ot Section 4.1, a
purely periodic mechanism ana‘a general stationary random
mectanism of the type described in Chapter 2 are combined,
The way in which they are combined is more involved than the
o 8imple multiplicaticn used in Seetion 3.3.

Suppose that a purely perlodic mechanism results in the
deletion of some of the observations. Give each reﬁa;niné Qb=

servation & subsidiary index, according to its position in the
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gequence of remaining obsexrvations. Suppose now that extra
observations are deleted by a random mechanism which is #tat—
ionary with respect to the subsidiary index, rather than'with
. respect 10 the origiral index, time. This could be described
by saylng thet the random mechanism is delayed or suspsnded
by the.periodic mechanisme

mhe structure may be described fOrmally as follows. Let
{yt} be a periodic.sequehce of periocd h, with yt =Q or 1,
such that (3.1) is satisfied. Suppose that {Y(ti} is a random
amplitude modulating process satisfying (2.1) to (2.8). Let'

S
Iy = = Vs (4025)

and let U(%) = ¥y Y(Tt)

. It £s clear that
e{u(e) =y, p= 2,

2ay, 15 perlodic, and

E§U(t)U(t+rﬁ = ¥y Viyup BO(TY(E, ]

=¥y Vi WPy = Ty

= u
e r?

‘where, in this equation, the symbol u, - defined in (2.3) is

denoted by wu(r). Now 1f, for instance,  r > 0, then



1s evidently periodic in t. The seme is true for » g 0, and
80 . u%,r' is periodic in t. Thus the first two parts of |
(4.5) are satisfied. It is straightforward to verify that
~the last part of (4.5) is satisfied, and thet the remsining
- eonditions - of Section 4.1 are implied by the conditlons On
fx(9)}.

~ Thls type of deletion of date could arise as follows;
Suppose  that some epparatus is used to'recqrd data, and ;s
liable %0 omlt certain observations in a stationaxry random :
‘way. Suppose then that this apparatus 1s used 1o record nl
‘date items, then the next n, 1tems are allowed %0 pass un@
regorded, If the iailures of.gha,appaiatug are-ﬁnaffacteﬁﬂby
the imterruption of its uee, then the overall emplitude mod%
'ulating'function would be of the iype described;

The expression for the asymptooic variance of the estw
imate of gx(x) is5 no% simp“e in this case. Thus this would
probably not be s sultable m@del 1o rlt to any data, unleas
there were definite reasons £or believins that it did, in fact
describe the aibuatlon e&actlyo Nevarthelessﬂ it does provide
‘ an example of now this general type of amplitude modulating

process could arise ln practices

4.5 Applications
The assumptions made about the)modei of Sectidh 4,1 in-

- volve many parameters. For certain moments are allowed to be
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periodic luncitions ui timeg rather than constants ix all
those moments are known then no . penalty is incurred apaxﬁ
from the complexity ox ine formula (4.17) 1or the asymptctic
cqvariance ot the spect;al~estimateso

In gengrél,_the mémenté will no% be knovm. Then 1% wili
be necessar§ toAQSe_ﬁyé modiﬁied estimaie; 1% has been étated
withcut'nrdof that-iﬁe @odificatioﬁ ddes not afiect the ssymp-
“totic mean ox _variance 01 the estimaueo Lowever, the rate of
_apgroacn to the asymptotic formula may be worse, and also the
estimaﬁiontof guanitities involved in the asymptotic formuls
may be difficult. | |

For these reasons 1t mey be desirable to restrict the
mddel'ih some Way;_Thé models of:ChapﬁerS,Z andri are special
ca§es;'&nd cduld be'uﬁed when suliable. The dél&yed stationary
omissions modéi'is giveﬁ more as an. exemple of the structure
oF Séction‘épl then aé a usaﬁlé;mQQelp The model-of independ-
ent omiés:i.qns9 dn ﬁhé other hand, might:wé;l give.§n’adéquate
',”répﬁésentaﬁidn of data fsr which}tHe'eérlie: models were in-
adeqﬁateo it has ;hreeattractive prbper@igs g , _
(1) aillthe qﬁantities_involved in ﬁhé'expression Tor the

asymptotic variénce‘may be found from the n v&lueé

RCTREEAEE :
- (i1) 1t can allow simultaneously'ror some of the observations
| 10 be made certainly and some %0 ba missed certainly :

(ili)the formula for the asymptotic variance simpliiieo as

has been shown,
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There are evidently other models which satisfy the ass-
umptions ot Section 4.l. One which has not been mentioned is
the complement of the mixed model of Section 5.3 3 en ampli{
'tude‘modulating process {U(%)} has this structure if the
process {l - U(tD} has the structure of the mixed models
The discussion of this chapter is not intended to.be exhausi~

ive.

4,6 A Stationary Model
The random emplitude modulating process {I(t)} of

Chapter 2 hes been referred to for convenience as the stat-

_ t;ionary model. It is, however, not the only model which gives

rise to a‘station&fy ampli tude modulatiﬁg process. The models
- 0f Chapter 3 and Section 4.1 all giveirises in general, to
nonstationary amplitude modulating processes.. Stationary
models may; Lowever, be constructed from them.

Suppose, for example, that {U(%)} satisfies the c@né
ditions of Section 401, and thet 7T 18 uniformly distributed
on {l9 oeo sh} , independenily of all other random vari;hléso
Let Ug(t) = U(t+T). Then 1t is easy to verify that {U (%)}
is weakly stationary, with mean .GZ(O) and auwtocovariance
sequence {Aoor - Gz(Q)Q} . However, it may also be verified
»that {Us(t)} does"noto in general, satisty the conditi§n3"
of Crapter 2. |

The natural estimates of ,gx(x) from dats which is in-

oomplete due to the action of gys(tOE are. the seme as if



it were {U(t)}. The samé'is~also true of their esymptotic
variances and covariances. It 1s clear that the expressiona'
for these covariances involve more than the mean and spectirum
of {Ug(%)} . This is in contrast with the results of Sections
205‘and 2.4, in which only the mean and spectirum of {Y(f)}
were required. The dlfference is evidently due to the pexiodic
effects present in {US( t)} o |

Thus it 18 clear that once periodic eifects are allowed,
' no'general results can be obtained ﬁhichiihvolve only first
and second order propérties of the amplitude modulating

Process.



CHARTER 5. OTEER GETIMATES OF THE

SPECTRAL _DENSLTY _FUNCTION

5.1 ZIntroducstion

The natufal estimate of the spectral density funciion,
introduced in Sectlon 1.3, is not the only estimete which
‘may be used. In this chapter, two other ways of dealing with
missing observations ere demcribed. | | | B

The Llrvst is the only example in the ilterature of en
asympietlcally unblesed estimate which i3 not & natural esi-
imate. Unﬁortunaﬁelyg‘its vse seems 0 be resitricted o a
rather special situaiion, There does nct appearJto he an&
way oi constructing such an esiimaie in more éénex&l ceses.

The second gives rise 10 an asympiotically biased est-
4 , 5
imate, but is particulerly simple o apply. I% is shown that
when only few obaerﬁations ars misgsed, the asympte%ié blas
iﬂ'gmallo A modified estimate with a smallew asymptotic bies
is produeed, but 1t does not have the simpliciiy of the orig-

inal estimate. Thus this precedure only appears useful when

few observations are missing.

5.2 Neave's ﬁﬁliaawimproveﬁ” - Estimate

The 1irsﬁ example of an estimate ot the speciral denaity
function wﬁich‘is not a natuyal%estimaﬁe_is proposed in a
recent paper by Neave (lé?o)c The siiuation in which i+t mey

i §i 7]
be used is where oue has  Iniiially scerce data. Thaty is,
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the interval between observations has been reduced by some
~integral factor at some point durihg the time in which oﬁsé,
ervations have been made. Thus, for insiance, one might have
- & serles which was, in the past, sampled yearly, but has
recently been sempled quarterly.

BEvidently, if surficlent date were recordec at the short-
er iﬁterval, one could ignore the older dats. Howéver, if the
change in observetion interval occurred oﬁly relatively rec-
ently, 1t might be very inefticient to ignore the information
contained in the older data. |
| One way 10 analyse suck date would be to use a naﬁural
estimate based on all of the date. EHowever, in this case‘
Neave found that this estimate had ceritain dlsadvantages. The
main ones are that it is difiiéult to make it nénnegativg,
and?that thiere tend to be disiturbances at cartain frequepcieso
To be specific, if the finel interval were one unit, anﬁ‘the
original interval were h units, then there would tén@ 1o be
disturbances at the‘frequencies %d& = ?ﬁn/h,

Another way of_tfeating these deta is as Follows. The
firat part of the data gives information oaly about the cov-
. arilances whose lags are multiples of h. This means that this
part of the data‘givea.inférmation only about the h-allased

spectral density function
h e ‘
) ’
g (x) = )} g (x0) : (501)
X el X rA

énd not about the separaie texms of the sum, for exemple



- 91 -

%heir ratios.

An estimate of gx(x) 15 constructed as tollows. Flrst
an eetimate, @ (x), of g (%) 18 construeted in the usual
‘way from tie second, complete, part of tke data. Then an egt~
imate; gz(x)9 of ggéa(x) is consiruected from the entire
date. A second estimaﬁeg gj(x)v of gx{x) is consitructed
to_satisfy
a) its be-alies

n o
CLoelme) (5.2)
r=

- equals ga(x), and

b) the ratios of the texms in the sum (5.2) equal, for each
%, the corresponding ratios for 8y (x)

Neave calls this the "aliaémimprovedﬁ estimate. It is easy

'to'verify thet 1t must be given by
(x) (x) { fﬁ =3
£5(x) = gy(x)g,(x) g (x+d )}- o
3 2 kS e it

Becavse ihe estimates £ (%) and go(x) may be consir-
ucted to be ndnnegati#e, gj(x) mey also be consiructed ﬁo
have this useful property. I 18 not so obvious that the
alias-improved estimate does not shere the other disadvantage
- of the netural estimate, the disturbénce at the frequencies
- 38, However, Neave found in a simulation study tkat the
aliag-improved estiméte was better in +this respect. He aLSO
: found.that iﬁs variance wes less than that of the naﬁural
estimate, alithovgh this waé not indicated by an asymptotic

‘resuli.
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The situation in which this eatima&e is used i% unlike
most missing data situm%ionso For pard of the daﬁa are conm-
plete, end part ara_ao:inpomplete ﬁhat gx(x) cannuob ba est~
iﬁated from that part él@ﬂ@olThe "éliéé—improvedﬂ estiﬁate
might bc ganer&jiaed to some other situ&tions aimh these
proparties, but it is didficult to see how i% could be used

in 5eneral.

53 Replacemenu of Misslng Data

‘When there are only e few observa%iens missing, it may
be possible tc,replgce ‘them wiﬁhou% seriously affecting the
data. One Wduld wish %o use & valué-which was in some sense
close to the mlséing value; For exsmple, the value of. mome
bighly correl&ted serles might be used, or & weighted aver@&e
ol nelghbouring values in the original seriesn The latier
‘method wes umeﬁ by Brilllnger (1969) to complete some physw
jcal ﬁime Lerieso

Sinece it is aasumed thed enly few oﬁservationé axre misg-
5nu9 i% seems rsason&ble e assume & random de¢eﬁien mechanismo
Suppose tha {Yl(tlg %a the series vnder incamplate obaerve
ationpkand that {ke(tﬁ 15 the. seriea used o *ill the gaps,
where bhotkh ‘§Xl(t)} and g&z(tﬁ : satisfy (l 4) and (1 5)9

and are ﬁt&t@dnarily cross=corralated. That is
Bfx; (0)Xy(tex) = Ry () = Ry 3(~7),

independently of %. The subscripis 1 and 2, rather then
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xl and xeg are uwsed 1o denote quantities assceciated with

{Xl(t)} and {xz(t)f, respectlively. Thus for imstence, |
COV{X1(t),Xl(t+r)} is denoted by Rl(r)o

Suppose also that {Y(tx., is a.randcm.amplitudé nod-

ulating proc@as satisfying (2.1) to (2.8). Lst

Z(t) = XX, (%) + {2 ~ ¥(8)]}Zy(8)

YO{E, (8 = X(0] + Zy(%)

]

8

That is,
L Xl(t)_ when observed,
z{%) = : o
Xa(t) otherwise.

E ( 505)

Under & sultable condition on the mixed fourth moments

of Ky (%) and. xam,, it is e&s,y $0 @hec}; mat {z(-@)}
lsfies (2, §) and (194)5 with '

'.Rz(”) = pudR () + Ry(x) - By H(0) - -Regz,(:l’)}
+ pfRy H(m) Réﬁl(r)} + (1 - 2p>R;._(r)
+ pu, - P?{Rl(r) + Rp(x) = By 5(2) = By o (2)]
Thus | |
gy lx) = p° g, (x) +._€l - p)’g gx(x) + 2p(1 - p)e(x)

. , |
+ g {gl(y) + &(¥) - 2@(3)‘} a(x~y) dy ,

where (1

Bot=

=B By + (1= 02 By + D01 - DRy o) + By ()]

(5.4)
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N .4 «)l 2 o ixvx
o(x) = (2™ L 4Ry »(=) + Ry (2N e
is the compeciral densliy function. of. Xl‘(t) and Xé(‘b) , and

at) = (2™t £ oplu; = p) M
: S

- Note thet this sum . converges by-(2;9)o |
Phe spectral denslty Tunction of {z(ﬁ)} . gz(x)g may be
-estimated vy g(3)<x), defined as in (1.9), and gzl)(x) is
agymptaﬁically’unbiageﬂ; end has an asympiobtlic variance g;ven‘
5by (iolS)n ngavergf‘gz(x) and wgi(x) are no%, in general,
1dentical, so thet .gz(;l) (x) 1s en esyuptoticelly viased est
imate of gl(xQQAThe ésymptatic’h;as mey be shown thbe_
0L -p) =us P> 1, so that if' 1 = p were small, 1% may
well be small enough %0 be ignored. o
In the case where a welghied average is used to replece
- the missing valus,;the exyre&éion fowx gz(x) simplifies‘s@maa
what. It ia_assumed that the average is chosen in such a way
-that all the values requireﬁfara*cert&in to be availaﬁle; Thi@l
‘is convenient, and can be defended on the grounds that when
- Lew observations are missing, they are'likely to be falrly

well separated. Thus
}{.2(;“&3) = Zczgxl(tmr)
- wherse &y = 0, and the sum i® over & finite setho This leads %o

e(x) = gl(x) Réo((}t),,
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i

8o(%) = & (%) [x(x) |5,

where v
«(x) = T o, o,
and 80 i
g8(x) = |p + (2 - plaa(x) |2 8y (%)
(ﬁg : 2 E .
* } i1 =@ g e(x-y) dy. (5.5)
=5 ,
here Re «(x) denotes the real pert of thé complex function
ot (x) . | .
If g,(x)s otx), a(x) and P wééeiﬁnOWn, (5.5) would
" be an'integral eqﬁation'0£ the Fredholm type fq: gl(x); Suchf
eqnations;cannot in gener&i be solved in closed form, so that
the elimination of the bias.of gél)(xb as an estimate of
' g,(x) seema 0 be aifficult.

However, as has been stated,
‘gy(x) = g (x) + 0(Q)
és g=1-p=>0, which suggests that
g (%) = g, (x) + an(x) | (5.6)

mey be an approximate solution of (5.5) for smell q. Sube

stitutlng in (5.5), wé obtain
g (x) = |G - Q) + e(x) ﬂa{gz(x) + qh(x)} |

() : :
* qf ll = o) ge{gz(y) + qh(y)} {a(x-y)/a}ay,
- -
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where we write a(x) as qza(x)/q, since

Tf
j {a(x)/ﬁgdx = l-gqg = 1

as g = 0. Ignoring terma of order q2,

32(x)_ = {1 - 29 + 2q Re m.(x)} éz(X) + gh(x)

- qg |1 -« |2 g, (¥){a(x-y) /a}ay
-~

ox
i

u(x) = 2{1 - e (@) gy(x) ~ f 1~ () P gy atz-y)/a}ay-
The approximete solutlon becomes

s;(X) = {1 + 2q = 2q Re éﬂ(zc)}gz(xi

o
- [ |2 - ) |2 gyn)etz-n) ay
-~ ’ .

or

A&i(ﬁ) =J1-q+ qwix)gng gZ(X)
X ll - a) P gz(y)e_(*{-ny) W, (57
T

where the latter e&pression for gl(xg differs from the £ox- :
mer only in powers oi Q@ higher than the first. It mey be
verified that {gl(x) - gl(;x)}' is 0(a®) ~as g = 0.

'}rhis suggeéts that_if 2 new estimate of ng(x) ig formed
by substituiing (1)(x) for gz(x) in (5. 7), the resulting
estim&te might have a lover asymytotic bias than gél)(x) I%
is certainly true for small enou@h ‘éo

As in Section 2°§, the variance of this estimate is
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ip + (1 ~ P)m(x)ﬂ Var{ él)(x)} + o@™h.

1t tne weights “r gcorrespond 10 & true average, that is if

of, » 0 and et(0) = 1, or more generally if 7 Ig{ | € 1, then
|p + (l - p)os(x)l < 1,

80 that the veriance of this estimaie is greater th_e.n thet of

( )(x) Thus the reduction in ﬁias is achieved at the cést
oi’ an inilation of -the variance.

‘ Nothines hes yet been sald abou't the ehoice of 6‘&(2{)
.Intuitively, it seems plausible that the average shuald be
chosen to predict the missing value well,.in some sense. It
is known :t.hat *éhe function o¢(x) }.corresponding to the best

predictor in mean square is
* -1, (N =1
< (%) = 1« 2yg,(x) /g g (y) ~ day
: . e |

. This doss not in general éive_a'finiﬁe éverage, and 1ts use
_imnliés knéwledge of 'gléx) However, a finiie average could
.be chosen on the basis of & praliminavy estimate oi gl(x)
The optimal cholice of of{x) has not been examined°
Thia section is not intended to be a full dlscussion

of this method of analys&ng incomplete aa%ao Certain commentg
may be made 8
a) the computation invoived in the modified estlmate makeo'

it less appealing than the origina“ ektimate 5

9

b) the bias involved in the origina1 estimate would make 1%
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unaceeptable unless 1 - p were swall ;

provided 1 - p ‘was sutficiently smell, the uamodified
estimate would be very simple to use, aé i1t is the class-
lcal estimate of the séectr&l density funciion of a
8llghtly moditled series.
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CHAPTER 6. MULTIVARTATE DATA

Gol Introduction
All the previous results have been for a univariate
series {X(t);o However, missing data problems arise also in
the analysis of multivariate seriesg and deserve.somé attéﬁu
tion; In this chapter the stationary empliitude modulating
-process of Chapter 2 is generalised to the.mul%ivariate case,
and wo Spécial cases are examined. The periodic models of
Chapters 3 and 4 @ould also be so extended, but they are al- _
' ready rather cumuersome The general model of Chapter 4 is
i somewhat vague, and could only become vaguer by the axtension°
' For these reasons, the discussion is confined to the statlon-
ary random model
Let {g(tﬁ ‘be a weakly statlonary h-veriate process,
() = (8, «oo oE (D)},

Suppose
By (0} = o,
B{X (DX, (ber)] “‘g?jpk(”) = Ry, gl=mdo

‘Eere and leter the subscripts jpkag and m axe assumned %o bse
in the range {l” voo ﬂh}o

| Evidently Rjgj(r) i3 the autocoveriance sequence oFf the
jmth component of {é(tﬁ o The dther,valuas ijk(r) are

teimed crosscovariences. As can be seen, they ave not in
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general symmetric. Letb

L]
Conto
=y
o~
i
L
1
~
i\
ﬁ
N
Cts
(-]
'w"
5]
(v

Iz j +{¥) is the spsciwval der ensity funcilon of the
0 ‘ .

& th component of {h(tﬁ s -&nd Tor J % i, Gj I x) iz g
crosg-speetral d@nﬁlty funetion. Note that, in general, eroas~

apeciral d.enssi‘ty functions sre compl ex=-valued, and the

The real and imaginary paris Qf gﬁ'k{K} are sometlmes deald
) @ g

with %cO%E&%@lV; a8 the cospectral end quadraiture spaciral

density Tunctions, respectively. However, 1t 18 mose SOmPACSH
te treat them as a aingle complex funecdion.

Ve meke the lmLEQWing essumptions sbout {

b
Caa
ot
Starno”
St
[+]
e
Paudy
=
i

Llarly %o {(1.4), the firma is

'%;}rﬁjskﬂg)i<:aﬁ'o . (6.2)
L» :

Also, 1%

v : o= A a e <4 4w

TP TS {z,.,(t) (@)L (b0} B (b0m) ]

then 1t 1s assumed +that

o o : ; - . PN
2, . ? QQ939332‘<60 o doliodom = 1, L., 580 (6.3
do&ol, .
g2y 8 ‘
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Tue basio result in the estimation of cross-spectiral
density functions is the following. Suppose thet w(y;x) 1is
a8 in Seotion 1.2, and that |

&5,ic(®) = (2mm) % \ Xy (B)E (V)w,_ (). (604
Sg =

Then for x #‘03 o | ST T

covfg{th @ afh] = uh gy (Rey () ¢ o Y

(6.5)
while if x =0 ox +ng then
Cov{g(l)(xb,gél;(xbz
-t ﬁh{éjse(xbsmgk(X) + gjsm(X)g@&k(x)} + o™t W) o
(6.6)
and if xl‘#'t Xy, then '
Gov{g(l)(xl),gél&(32}; = o(n.'°l Wn)o {6.7)

Estimates of the cespectral and guadrature spectral dens-
ity functions can be constructed using (6.1). Thelr asymptotic
varianceé and covariances cen then be found from (6.5) %o
(6.7). This is the form in which these resulis are given in
Rosenblatt (1959).

'Note that for complex random variables

Cov{sloeag = E_[{e-l = B(6))} {65 = E(C) }] )
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6.2 &4 Multivariate'stationjary Amplitude Modulating FProcess
Suppose.,tha.,t_ {X,("?)} is an h-variate process, sat1§=

fyine .
Yj(t) is independent of Xk(s); ]

Py (1) = 3 = py=1 - p{Y (1) =0}

for some p; with 0 <p; €1 L (6.8)

E_{Yj(i)*ik(t+r)} = uj’k(r)g‘

E{Yj(t)YK(tf@.),xg,(t+r)¥m(t+8)¥ = vj',kpg,m(q'a:‘fas) y

for 8ll q,r,8 and ‘%o

A process {g(t)} saﬁsfying these conditions is evid-
ently & generalisation of the univeriate process {I(t)} of
' Chapier 2. n particular, each componenti of {g_ﬁ)} is of
that form. The following assumptions are made. ’

1t “3,1«:(33 is known for ell r and for j,k = l,oof,,hp

it is essumed that us,k(r) > 0, and
S 49 ‘ -

2 13k, £ym (s 2 @88) = wy ((Dup (&) ¢ V(I +lsl+ 1)

o | & oo, o ‘ (6.9)
while 1if uy k{¥) 18 vnknowm, 1% is assumed that

‘ 3

U‘Jgk(r) > ¢ for some known ¢ satisfying 0 < ¢ <« Py Pys

_ (6.,10)
and that

% {vjskgggm(rpq,q+s) - ujgk(r)uﬁ,m(s)g < 00, (6.11)
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It is clear from (6.9) or (6.11) with r=8=0, J =k
and 0 =m +that

% la; o(@ = pyppl< o0 (6.12)

- The amplitude modulated process is {g (t)} o Where
Z.‘_}‘(t) = Xj(‘b)fj('@)» J =3, evo yho It 18 weakly stationaxy,

and ii8 cross-covariance functlon is

(2)
R (¥

1

= Rj,,k(r) ujgk(r) o

- The superscript (2) is used to indicate that the quantity
. is derived from. {z(%)} , rether than fvom {X(%)} . The cross-

spectral density functions of {g (t)} are

w
‘f’gf})c"‘) = PyPy 8y (%) + iﬁgsek‘y)aapk(x°"f”dy° (6e13)

whexre

ajpk(x) = (2?r)=1 %{uénk(r) - pjpk} ei?xo

It may be verified thet § gﬂ(t)} satisfies {(6.1) and
(6.2), so that gg‘?{(x)’ may be estimated in the seme way as
g:j,,k(x) with asymptoilc variances and covariances given by
‘expressions like (6.5) to (6.7).

it uavk(r) is known, & natuwral estimate of 33,1’:(:‘) is

(@) (%) = (2mm)~* % Z (s)z. (+) (t-5) "+
B = A %y Byl ny (18] T e (e

(6.24)

A8 in previous work, (6.10) implies thet
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Cov{ggei)c(hl) ,g(a) (xa)}
= covfglH M () ,séfgfl’ (x)} + o).

That is, 1f x # 0 or i,;r, then

-1

Cov{gcg) (x) »8é23n(li)} = If W, (z) (X) gézl){(X) + ofn W),
| - | (6.15)
while 1f X =0 or +4y, then

cov{e$?) (x) ,g;%;m = a7 {aii %) (x) |

| | (6.16)

+ ggzi(X)géfi(x)} + O(n."l W)

and 1f. | X, # +x2, then
Cov{g(z) (x,) ggcz) (xa)} = o(n°1 Wn) .

it u, k.(r) is unlmown,, the value ¢ in (6.10) may be

used to :form a truncated estima‘te C;] k(z') of 1t a8 in (2.20)

9 .
end (2. 21). That is, -

c C§ k,_(Jr.') <

Cye(®) = # -
g C;j k(;r:') othexrwise,
9 .

where for r > 0
1 | ' -1 BF
C,jﬂk:(r) = (n - ») “sél Yj(t)Yk(t+r)

' #® 3%

and CJ k=¥) = C J(z‘) The estimate Cy. k:(.1?) may then be
substi tuted in (6.14) to give 3(5) (x) , say. As before,; it
may be shown that this su,bstltution does not é..ffec‘t the asy-

mptotic meen ox varience of the estimate of g P w(E) e
. E . ! . g
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6.3 Some Special Caées

There are cases in which the formule (6:13), giving
&gzi(x) }in’terms‘of gjnk(x),‘simplifies to & certain extent.
One is where the series, or aomé subset of series, are either
éil observéd or gll missed at any'particﬁlar time. That is,
P{Ys(t) =Y, (1) =13, ik = 1, eeo ohe This might ocour if
‘some recording apparatus simdltanebusiy-recorded é numbex of
series, and omissions were.only caﬁéed by completé'breakdowno'

Suppose for instance fhat the first two series were rec-
orded in this way. Then pj = p and u.'j k(r) = u(r), for

j,k = 1,2, and s0

ggz%c(x) = p° gy 1(X) + j:gjsk(y)a(x-y) 4y,

jok = 1,2.
Thus each of thése cross-spectral density functions is
transformed in the seme way, end the same séquenée -u(r) or
j k(2 i in#dlved iﬁ the consiruction of gggi(x) or
3351{(3:), ik =1,2. |
AnOuher case in which (6. 15) simplifies is where Y (s)

and Y (t) are independent for each s and tq For then

jpk(r) = pj P, for each r,vand 80

2) @

ga k = P;}plt gj k(x)e

It follows thati the estimate of gj k:(zc) is simply a multiple

ot 'ggzi(l)(x)

Trhis type of deletion would evidently occur in meny
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situatloné, Loz examble where completely separaté apparatus
was used o record diiferent'serieéo As anothey examplep
jBrillinger (1969) performed a croas=sp90ural analysia o£
monthly sunspot numbers, Santa Fé rainfall, English rainfall
and various European temperature Iiggresovln the‘absence'of |
‘indications to the contravy, it éééhs reasoneble’ 0 assume
‘thet emissions in ome series would be inﬁepenﬁe§§ of those in
'any ‘other, | | | '

A speo al caee of ‘the second examnls arises ‘when oue

_ component of {g(t)} is always observedo Eor_ﬁhen ane comp-
onent of f;(tj} is in efféct nonranﬂom,'and ail othe# gomp-

onents are independent of it.
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CCHAPTPER 7. A STMULATION STUDY

ke expreésions which have been derived in Chaptews 2,
5.anﬂ 4 for the ﬁariances of certein speciral esilmaies are
all asympiotle. thus, in general, they are now exact for any
Linite value of 0, the length of ke aexias being &n&lysoag
They do, howeverg ‘glive an arbiﬁrarily-close approximation
for suiricienﬁly large  n° :n order to essess the degree of
apprdxim&@ionp a simuiation,stuﬁy was carried oub on an IBH
7094 @em§@$e3>aﬁ Impa&i#lrcélleg@o

- The féllowiﬁg progedur@fwas“uséqq,ﬁirsﬁ? 250 texms of &

second-ordex autc?agressive;preae&s«were geucrated by
Z(t) = 0 9%{%=1) = 0.8BX(%-2} + U(t)@

where {U(%ﬁ was avpaéuﬁ@ﬁrandqm ganple m:@m %he standand
normal dlistyibuibion. The series was sgamweﬁ;wi%h

X(=1) = X{0)
Then 250 tormd @fﬁa réﬁéwal &mpli?.ﬂe mo@ulauaab REOSLLH

,{S@@tion,EQS)s {Yétx 0 wéye,genera%e@g,giﬁh ,fi = 879,

_2 = L/9, £, =0 o%herwiseu-mhia 8@&ie$ was siaried with

Y1) = L. mhe c@rvecpandlng incomple e serles gziﬁbg was

then ab@ainadm o

Hext, 250 temmus of & eemplementarv renevwal process

(Sectl on. 2 5), {Y (i@}a were gon@r&ucﬁg with

R ol
. '

¥ . 3 i .
£g = £ = flg = 1/3, £, = 0 othervise. This sories wes start-

ed with ¥ kl) = Qo Agein, the amnl&mxg@ modulated 7 ﬁ@w@nu
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'{Z%(%}} wag obtalnsd.

% iz cleaw %haﬁ'nana of ‘these gerles s statlonevy as
chatrﬁ@tedq The £irsiy 50 texms of each soxies was dlscardsd,
and the zeméinder‘tr&aﬁéd as gtatlonery. The relevant @aﬁiqatas
Zor the incomplete meries are those of Besilohs 2.3 amifégés
 %he Gommor, asvmnu l@ yarience of wh&ch %3rgﬂv@n<bg (2;21}0

‘@he-estimat@- .(“}(x) was then @alcula@ea xw@m SZK($)
for a 8@@ of values 1 [@Dé] an& he esuﬁmﬂnaa gﬁg)(g} end

A

VLre eai@ula&ga from both the series "Z{%) and
'(t)n for %hn semé values of X.

The waighﬁing’fuﬁétion used wes the Ea&zen kernel L (Parsen,
1961), for which

3 {s {? (Xm}f‘b x’.s’%-} ¢

w{y;x) =

v (x) = E(l ) @

where
. {lm 65" + 6Jul7  lal < B
e x) = 1 2(1 élxapﬁ" b xt 21y

and Vi, nf005¢%n5 | |
The quaniity A ‘is kaown as the trimcation point of
the estlmate, since w (%) = 0 for étégg A, exd 20 2o co-
varience estimates of higher lag %héﬁ"%é gxre uzed. The
choice of e welghting function &nd g truncailion point has been

- widely discussed in the steitistical Literature; seo fow



example Jankins and Watts (1968), Parzen (1961) or Jemkins
(1963) The valus chosen was - 2200 = 50°>A_:
This procedure vias repaated 300 timss, giving a sampla :

@f 100 valuea for each of the xive estima*’ceeF a% eaeh value
Qf >- 9 The mean and sitandaxrd deviation of each sample Was - then
calculated,, and eompared with 'i;he correslmnding aaymptotic

valugo '
o It was Lound that for both . the renewa] data and ths comp=
Vl,em.ntary renewal da.'ha, 'tsha estimaztes g( )(x) anﬂ gg ) (x)
nad Tixrtuslly 1dentical sample means and utanaard deviatiouﬁo
This is ta be expegtad fxcm the reaults aof Secbion 20,9 for 1%
mey be Been th@re that the proof that (2)(5) and (5)(33
have the same asymptotic meen ‘end variance Bhows inciaently
@h&t theix correlation is 1 +‘o(n 14 ) Slnca gﬁﬁ)ﬁx) is
the ‘moxre pzac%i@al ot the +wo estumates, bhe results for

(2)(a) ‘are not giveno |

The sample and aaymptotie means and stanaard ﬁeviatjans

- of g(l)(x)g and of the estimate (j)(x) hasea on thc rew
.'newal data and the complementary renewul daﬁa, are given Ln
‘Tables 1 to 3. The same informatlon is given graphically in

Figures 140 30 N | ‘
| ’”he estimate gél)(x) was calculated in order %0 provida
some indication of how good the appxoximations are in the
| usual case of complete data. It may be seen that the apnroxp

1mations 1n the cases of miesing da%a are comparableo This

suggests that the results of Chapter 2 provxde aporoximationa
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which are not appreciably worse than,@hése,@érma@ly uzsed.

oz coqrse,wthia'dpes not implyianyﬁhing%abégﬁ,the[rggults
of Chapters 3 and 4. However, the sgmilggity of{the’mé%bqés
Buggests that these also may give useful approximations in

the finits sample case.
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asymplotic valus ———o
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FIGURE 1. The mean and siendard deviation of g§1)(x), the esi~
. N N o

imate based on a complete sample. The upper graph shows the mean,

the lower graph the standard deviation.
grep :
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2,00_ | o

1.00_ A  asymptotic value @ ——o

- sample value = —x—

0.02

.02

g

(x) ecalcul-

FIGURE 2. The mesn and siandard deviation of g%j

e - FO% IR . ! e 3. -~ e a - \ Ay I A
&ied Irom the renewal-deleted data,. The uppey graphn shows 1he

S

mean, tae lower graph ihz siandard deviatlon.
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PIGURE 3., The mean and standard deviation of gij)(x)  celoul-

ated from the complemeniary renewal-deleted data. The uppsar

graph shows the mean, the lower graph ithe stendard deviatlon.



TABLE 1. The mean and standard deviation of gél)(x)ﬂ.

the estvimate based on a complete sample

Freguency

Standard Deviatioen

LI

Hean
(25x/%§ Sample Asympiobic Samg;e As{%gﬂeﬁia
0 0,179 0.196 0,086 0.144
1 0.20% " 00203 0.084 0.074
2 0.229  0.223 0,083 0.082
3 0.277 00264 0.098 0.097
4 00367 00340 00148 0.125
5 0,552 00492 06297 0,181
6 0.897 0.844 0.314 0,310
7 2,132 1.874 0.825 0.688
8 2,110 40871 1,807 1.788
9 3.143 5,146 1.573 1154
10 1,291 1,031 0.510 00378
11 0.540 - 0.448 0197 0.164
12 00269 00241 0.110 0.089
13 0.174 00149 0,072 0,055
14 0.2 0,101 0.047 0,037
15 0.084 0.074 0.03% 0.027
16 0,063 0.057 0.024 0.021
17 - 0.050 0.045 0.018 0.0L7
i8 0.042 - 0.038 05014 0,014
19 0.038 0.032 0,014 0.012
20 0.034 0.029 0.012 0,010
21, 0,030 0.026 0,030 0.010
22 0.027 0.024 0.010 0,009
23 0.025 0,023 0,012 0.008
24 0.024 0,022 0.010 0.008
25 0.024 0,022 0,013 0,016
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TABLE 2. The mean and standard deviation of gég)(x)

‘galeulated fyom the renewal deleted data

i Trequency Mean Standard Devietion
- (25x/70 - Sample Asymuptotie |  Saaple Asympibotic
0 0.186 00196 0,235 0.180
% 00203 00203 0.308  .0.097
2 - 0.222 0.223" 10,113 0,105 .
5 0.267 00264 0.115 0,120
4 00370 00540 0.162 00148
5 06543 Go492 0,213 0.205
6 0.873 0844 0.52% 00335
7 2,098 1.874 0.84% . 0.7i4
8 4,123 4,872 1,932 1.815
9 3,151 5,146 1,419 1,176
10 1.278 1,031 00438 004G0
11 04550 10.448 0,222 0,387
12 0,277 00241 0.130 0,112
13 0.178 0,149 0.099 0,078
14 00112 0,20L" 0,064 0,061
15 0083 0.074 0.060 0,052
16 0.058 0,057 0,051 0.046
17 0,046 & '0.045 0.045 0,042
18 0.048 0,038 0,051 0,039
19 - 0.043 - 0.032 0,045 0.058
20 0,038 0,028 0.0%50 0,036
21 - 0.028 0,026 0.042 0.036
22 0,031 0,024 0,050 0.035
23 - 0.029 0.025 0,046 0,035
24 0.029 0.022 0.048  0.034
25- 0.027 0.022 0.055  0.069

sews
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PABIE 3. The mean and standard deviation o géy)(x)
caleuleted Lrom the complementary renswal

deleted data

| Fraquency Mean Standard Deviadion

(25x/+0 | Sewmple Asympiotie | Smmple  Asymptotic
o | 0.185 00196 00131  0.183
1 0.201 0,203 0,208 = 0,099

2 00251 0,223 0,118 0,113
3 00276 - 0264 0s132 . Qo134
4 0.572 00540  0:364 | 0.152
5 00565 00492 05198 0,201
6 0,903  0e844 | 04337 00530
7 2,106  1.874 0851 00709
8 4,069 4,871 1.852  1.808
9 3.106 3,146 1.347 1,169

10 1,275 1,031 0540 0.393

11 00547 0,448 0.228 0,280

12 0.277 Q.24 00221 0.109

13 00190 0.149 05104 0,089

14 0,123 00101 0.077 ~  0.069

15 0.085 0.074 0.049 0.050

16 . 0,058 0.057 0.050 0.040

17 0,049 0,045 04042 0.039

18 - 0.049 0,038 0,043 0,045

19 0.037 0,032 | 0,056 0.04¢

2 | 0036  o.m | oom o087

21 00027 0,026 = | = 0.035 0.032

22 0.029 0024 1 0.030 0,033

23 0.03% 10,023 0.035 0.035

24 0.023 0.022  0.03% 0.036

25 |, 0,025 = 0.022 0053 007
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