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ABSTRACT 

The 'problem considered is that of estimating the spectral 

density function of a time series from an incomplete set of 

observations. A general type of estimates  termed the natural 

estimates  is introduced. 

The missing data is represented as follows. The series is 

completed by inserting zeros where values are missing A new 

warless  the amplitude modulating process is constructod s  with 

the value one where an observation on the original series is 

made s  and zero where an observation is missed. The completed 

set of observations an then be regarded as the full series 

multiplied by the amplitude modulating process. For this 

reasons  it is called the amplitude modulated process. 

Several probabilistic structures for an amplitude mod-

ulating process are exan ed, and the asymptotic variances of 

two natural estimates are found in each case The first of 

these structures is one in which the amplitude modulating 

process is weakly stationarys  and has an absolutely continuous 

spectrum. In this cases, it is found that the asymptotic var.,-

iances of the two natuaNel estimates considered depend only on 

the second-order properties of the amplitude modulating pro-

cess. The ,remaining structures involve periodic effects, and 

the corresponding asymptotic variances are found to be more 

complicated. 

A computer simulation study was carried out to assess the 
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closeness of the approximations given by these asymptetiO 

results. The conclusion is drawn that the degree of aTprox 

imation is comparable with that of the approximations used 

when the data is complete. 
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ch7q1E,T1.Ammuu, 

1.1 The Problem 

Spectral analysis 	a branch of time series analysis 

vhich is concerned with the identification of dominant 

frequonc5,e3 in a time s:)ries. Moro e=plicitly it involves 

the estimation of spectal distribution and density func-

tions, In the past, the use of spectral analysis has been 

rest,ricted by theoretical and computational difficulties. 

The theoretical difficulties have now been largely 

overcome. A brief summary of the mathematical results 

involved is aiven in Section 1.2 for a fuller discussion, 

see Ros.n.blat (1959) cw Parzen (1961). 

The comp mtional difficulty is the large amount o 

computation involved in the spectral an--lysis of e time 

series of only moderato length. This has become less im 

portant with the development c the modern high-speed 

digital computer. The rediscovery of the at Fourier 

Transform has also helped, by reducing the actual awtInt 

01' 3omputation needed (Gooley, Levis and Welchy 1967). 

The problem 	uaed by incomplete data have received 

attnntion These problems are posBibly more oeL.ions 

in *Amp eevlea analysis than in other branches of statistics, 

there will often be cnly ono realisation of a were 

ave,i/able for analysis. 

The 1:irst work on such problems was by Jones (1962)0 
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who considered data in which a block.of observations is 

periodically missed. For exaliole v  the data could have been 

recorded only on weekdays v  with all weekends missed. Jones 

produced a consistent estimate of. the spectral density 

function from such, dataand derived its asymptotic var,-

:Lance, 

Parzen (1962) developed the theory of asymptotically 

stationary processes, and applied it (Parzen v  3.963) to 

to missing data problems. This generalised Jones ,s result 

to the situation in which observations are missed in a 

general perisdic pattern. 

A rather different way in which data can be ±ncomolete 

is if some random mechanism app/ies v  such as the random 

failure 

 

a recording apparatus. The only previous attempt 91. 

 

to handle such data is th t of Scheinok (1965). 	howevery 

assumed the.rather simple model in which observations are 

made or not acoording to the outcomes of a sequence of 

Bernoulli trials. This is rather restriotive. For example, 

it. would exclude the random failure of some apparatus 

resulting in the mission of a string of observations. 

Some more general models for the random deletion of 

data 

 

a 	dieaussed. The first is a model in which a certain 

gctlning.An4rehA g-vrz.,,INw.P4 is a stationary pl-ooess vvith dab ab- 

lutely continuous spectrum. Then models with IA periodic 

structure are considered. Essentially the same, estimate 

of the spectral density function is used throughout and 



its asymDtotic variance is -derived in ea911 case. 

In a recent papers  Neave (1970) discusses the spectral 

analysis oX 'initially scarce' data. Eere the sampling 

interval has been changed by aa integral -factor at some 

point in the record. For examplep  one might have daily data 

which was originally recorded on. only one day each .week. As 

this can be. retarded as a missing data problems  a. brief 

discuskdon is included. 

1.2 Preliminary Details 

The spectral analysis of a time series Is based on 

the assumption that it is a realisation of a stoChastic 

process Suppose that 1X(t) :t = 0i oeo j  is a real 

stochastic process with stationary firsts  second and :tou:Ogc, 

moments. Subsequently this - will he indicated by " X(t) is 

weakly stationary". This moans that i?,(X(t)) is a constants  

which is - assumed.to be zero. It also means. that 

E 	-t) X( t÷r).1 	Rx(r) 

is independent of t . The sequence fRx(r):r. Ostls  ...f 

is the auto-covariance function of {X(t)} . It is clear 

that r ,(4- = Rx(r). 

It is-a standard result that R
X(r) Islay be written 

7it 
RX( 

- 	-irx' r) = 	e 	: dG (z) 
X (101) 



where GX(x) is the spectral distribution function and 

is nandecreasing. Note that the variance of x(-0- is 

Rx( ) = 

Therefore 9 G1(x) 

dG (20 = G 	G (-71.  X • X 	X 

is nots  in generals  a probability 

distribution -function. Sometimes Gx(x) is normaliseds  

but this willnot be done here.' 

When GX  (x) • is absolutely continuouzs  (101) may 

be written 

Rx 	e-i(r) = 	rx
gx(m)dxv 
	(1.2) 

wh2:,?e g (x) m Ggx) is the spectral density function 

(tLo prime denotes differentiation). The function 

is normal4 only defined on the interval (-7100 0 

It will be convenient toftefine it as a function og period 

2n on 1`44e whole real line. 

Under sty.' table conditionss  (1.2) may be inverted 

to 61ve. 

00 
g (x) 	

1 	

" 
270 	( eirx 0 

xs===a,  

One such condition is 

VcRx(r4 < co.s 	 104) 

which ensures that gx(x) is continuous arid continuously . 

diflerentiable. 
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The stationarity of the fourth moments of 

[X(t)1 means that 

EtX(t)X(t+q)X(t+r)X(t+s)](q r s) x v v 

is independent of t, o The fourth oumulant function of 

zX(t)1. is 

Qx(civrps) = Px(qprPs) 	Rx(oRx(r-e) 

Rx(r)Rx(B-0 w  Rx(s)Rx(q-r)9 

which vanishes fora' 	Gaussian proceSso Thus qx.NDr99) 

measures the difference between the fourth moments of 

ScX(t)) • 4114.j,hpse of a Gaussian process with the same 

auto-covariance function. These differences are assumed 

to be so smail that 

'1Q1c(cil',$)1 
ciprr 2  

(1.5) 

Given a stretch of data 11((t)2t = 12  

its periodogram is defined by 

1; n  
IX(x) 	(2n0  i I X(t)e"x  12  t=1 

(1.6) 

(2ra-1  Ta. c .(r)eirx 
14< n  X • 

where 
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(r) - -1 n- 
 iri 

e 
X 	n 
	X(t) (t+  trl (1.7) 

Note that Ix(x) and c(r) depend on n as well as on 

X and x or r . This dependence is omitted in the 

notation. 

From (104)v  it may be shown that 

Blix(41 = gx(x) 0(n-1) 	(1.8) 

uniformly in x v  as n-tio. If (1.5) holds flit  may be 

shown that. 

CavilX 

f- 	2 I sin in(xl-x2) 

a sin i(xl-x2  

I 
11 

sin in(x1i-x2) 
+ 0(n 

 

& 205 n 
uniformly in xl andx2 9  as n 4.ao(Bril/ingerh 1967). 

It follows that 

Var(Ix(4 

as n.coov  so that although Ix(x) is an asymptotically 

unbiased estimate of gx(x) v  it is not consistentce however 

ii xl 	x2  0 it also follows that 

CoviIx(xi)vIx(x2)1 =,9(1171) 

as n -;,4 whence even adjacent values of Ilc(x) tend to 

be uncorrelated. This sug8ests that an estimate with a 

smaller asymptotic variance could be constructed by averag- 

n sin i(x1+2E2 



ing over adjacent values of x o This eives rise to 

smoothed estimate 

(1) 
gx (x) f

ICIx(y)wn(y;x)d,V 
-IT 

(1.9) 

where 	w (y;x) 	9  for fixed 	x 9  is a weighting function 

with its weight concentrated around 	x 

The following conditions are imposed on 	wn(y;x) 

f7( 
w (y;x)dy = 1 ; 

71-  2i 	wn(y ; x) 2  dy = Wn  < oo,  g '41 
7T 

2 ix 	wn(y+xl; x2) wn(y ;x2-xl) dy .-- , kern  : 
and 	"A 

 

7V 
2 iv 	w (y+xl; x2) wn(-y; x19x2) dy ,, Wn  ; n _1(  

1.10) 

(1.11) 

then 

•if 

	

:for any 	E> 0 9 	wn(y;x) --) 0 	as 	n -:p o 	fl  

x (> E ; 

	

w!. )(x) = 	IC  eirY wn(y;x)dy v  
I ..11. 

	

1 tr(,4)  (x) 	< M • 4Z G' 	for all 	r 9  n 	and 

	

I 	(1 - n711 ri) lwr(n)  (x)I 2  
ilk n 

uniformly 

(1.12) 

(1.1d) 

(1.14) --> 	1 faz (n) fx\ 	2 
r 

as i> . 

Note that (1.12) implies that Wn  co as n cZ 

henceforth the dependence of w  (ytx) and w(n)(x) 
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on n will be omitted in the notation. 

Under conditions (1.4)T  (1.5) and (1.10) to 1.14)T  

It may be shown that 

Vart (1) gx 	(x)) -1 	. = n 	liyugx(x)2 d(x) + o(n7 (1.15) 

where 

d(x) = 

do(x) = 1,x= 0,and 	do(x) = 0 	otherwise, 

1 + do(x-70 + do(x) + do(x+74 	and that 

and 

Covfg(1)(x1 	9 
g) 	(1) (x2)f  1 = o(n -/ t X 	Wo) (1.16) 

it 	x1  ±x2 	(Rosenblatt, 1959). These results may also 

be inferred from a result in Section 3.2. 

Now (l.12) is sufficient for 4 )  (x) to be asymptot- 

ically unbiased!  Thus, if the weighting functions are chosen 

so treat - 1 Wa 
	 g s  n 	0 a n 020 it follows that 	(x) X

(1) 
 

is a consistent estimate of gl.(x) . It is easy to construct 

sequences of functions with the required properties. This is 

discussed by Rosenblatt (1959). 

(1) Note that, in general, gx  (x) is a biased estimate 

g
X(x) n  since it contains estimates of at most n auto- 

covariances. Note also that since W 	o as n 0DT 

Varrg11)(x)1 tends to zero more slowly than n71  

Another way to write'(1.9), using (1,13), is 

(1) 
61c (x)  (27)-1 	c .(r)w (x) 

rr< n 	r  
(10.17) 

In order to avoid the complications arising in the - integra-

tion of random functions, the integral (1.9) will be defined 
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by the sum (1.17),;) As in (106) D  this may also be Written

.(3.) gX 	(x) 	(27m) 	X(s)X(t)w5 t (x) — . 
Bp t=1 

The most convenient or these forms will be used in each 

situation. 

The functiongx(x) is nonnegative2  and.it is sometimes 

required tl,at its estimate. 	1)  (x) should be se 'as well. X 

BoW X(x) is clearly nonnegative; and so if ,J(yoz)>0 

then g(1)  (x) will also be positiVe. Unfortunately, none 

of the estimates to be discussed in missing data situations 

share this property fl  apart from one suggested by Neave 

(bo970). 

In this section it has been assumed that the mean 

or the observed process is zero. however thip.is no re7 

strictionv  in the following sense. IX the mean is nenzero v  

it may be estimated and subtracted from the series.. The 

(:: effects of this on the mean and variance of gX
1)  .(x) are 

both 0(n- ) 9 so that the asymptotic mean and variance 

are unaltered. The same is true if the mean value Las a more 

complex linear structure (Farzen, 1957). 

1O3 Natural Estimates and the Amplitude Modulating Function 

A comparison of tae expresion (1.17) for 

iith the expresSion (103) for gx(X) shows that 'Akie estimate 

can be described as follows. The auto-covariance R (r) has 



Y(t) 
1. 0 	o therwise 

if 1 	'if X( t) is observed o  
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been replaced by cx(r) o  which under present w.:z-amptions 

is a consistent estimate of Rx(r) 5, and ,exp(i.n;.) •  has 

been replaced by r  •Nii (x) 	which for fixed r. e.p2roaches 

e.x.p(irx) as n -).0D0 

is E31,166ests a general way of constructing spectral 

estimates in situations wi-ere part of the data is missing° 

First an estimate of Rx(r) is formed o  by summing all the 

lagged _products of ti,e•form X(t)X(tfr) . and dividing the 

sum by a suitable normalising .. factor. The resu.lting estimate 

of RX(r) is then substituted for o1(r) in (1°17) to give 

an estimate o ,b,x(x) 0 Prom the way in which-. this estimate 

is constructed o  it is called a natural estimate 

In general the distribution of a natural estimate is 

difficult to determine ° It :nay . be fairly easy to find its . 

asymptotic mean because of the way it is constructed, The 

asymptotic variance depends on the particular situation .and 

will be derived fox.,  some fairly general models° 

An incomplete series is represented as followe. The.  

amplitude mod(Uating process o  fty(t) 	is defined by 

The amplitude modulated proceSs tZ(t)1 is then given by 

Z(t) = X(t)Y(t) ° Thus 1.7.,(t)j consists of the observed 

vale.ed .of tX.(t)1 with zeroes where Values are missf_i.ng. 

• It seems plausible to assume that often o  when 	t)1 
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is a random series, it will be independent of k(JOI 

TUB will always be one of the basic assumptions in later 

ghapters, whiCh exciUdes discussion of any-  topic*. where this 
• 

is not satisfied. TLus fl  for example p. censored data, where 

observations, are deleted if they lie outside certain limits, 

is not discussed. 



CHAPTER 2. A STATIONARY RANDOM AmpuTunq 

-M9DULATING  PROCESS  

2.1 Assumptions 

The first case to be considered in any detail is one 

in which observations are missed in a fairly general random 

way..This is a natural extension of the work of Scheinok 

(1965). it  is assumed that the amplitude modulating process.  

is a weakly stationary process satisfying certain conditions. 

It is shown that the amplitude modulated process {Z(t)} is 

also weakly stationary, and that it satisfies the conditions 

of Section 102, under which gz(x) , itsjspectral density 

functions  may be estimated consistently. Two consistent 

estimates of . e;x(x) s  the ,spectral. density funotion of the 

original prooes {x(t)1 1' are ,then constructed. 

Suppose that {i(t)) is a process satisfying (1.4) 

and (1.5) so that _consistent estimation of gx(x) is poss-

ible from a momplete set of observations. Suppose also that 

the mechanism which controls the missed observations gives 

rise to a random amplitude modulating proc'esa {Y(t)} satis-

fying 

Y(t) is'independent of X(s) 

ElY(t) = 1} = p = 1 - 15[1(t) = 0 

for some p with 0 <.P,,< ; 

EiY(t)Y(t 	= pur   



E[Y(t)Y(t+q)Y(t+r)Y(t+s)} 
	

P2
v qtrps 	(2.4) 

fore q9r,s9 t = 0, + 1, !.. 

Some restrictions are made on theSe quantiti'es+  

forM•depends on whether or not the sequenCe bud is ass-

umed to be known, since a slightly different estimate of 

g (I) is .used in .each case. If tpui is known, 'it is ass44

UMed that 

> 0; 
	 (2.5) 

1 + I) 	(2.6) 

for roe = 09+1, 	. If (purl is unknown, it is assumed 

that 

pur 	for known c satisfying 0 < c.c p 	2.7) 

v 	• r0:101.1.8 4 ur  us  
q.  • 

(2.8) 

for r,s = 09+19  ... 

The definitions (2.2) and (2.3) impose certain re-

strictions on p and tur) . From (2.2) it is clear that 

0 54  p 1 . The extreme values are excluded in (2.2) as they 

correspond to degenerate cases, in which Y(t) is iden 

icaily zero or unity. From (2.3) it follows that 

pu
r 	

p2  = Cov(Y(t)9Y(t+r)j D  and so tpu
r 

 p2 } -is a pos-

itive definite sequence. This implies, for example, that 
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(Pur P
2 

 I 	Pao oP
2 
 = P(1 	) 

or 2p - 1 1 ut 1 0 Eowever, if p i 0  the lower bound 

may be improved. For if p < , 0 ur  is better, while 

if p 

o 	B[11 o  y(t)1{3. Y(t+r)0 	1 - 2p + pur  

implies that 2p - 3. < pr p which is better since p < 1 . 

IncidentallY9  this shows that a sufficient condition for 

(2.5) to hold is p > i. 0 Conditions (2.7) and (2.8) are 

stronger than (2.5) and (2.6). In a senses  this compensates 

for the lack of information about fpur} Assumption (2.5) 

ensures that Rx(r) can be estimated by a sum of lagged 

products, that is by an estimate of the form 

k E X( t) X( ti-r) 

where k is a ,normalising factor. For if us  = 0 for some 

0  it follows that Y(t) Y(t+s) G  .0 .14-04 probability one. 

Thus if. 4(t) 58 observed 0  X(t+s) will certainly be 

missed 9  and no lagod products ."(t)X(t+s) will be avail-

able. 

Assumption 2.6) implies that 

Coy{ (ti)Y(ti+r)0X(t2))((t2470} 21  0 

as Iti  a  t21 -sot)° I' r and B are replaced by zero, 

(2.6) becomes 
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q 
luq  - pi < pV < 00 

	 ( 2.9) 

which implies that Cov{Y(ti),Y(t2); 	0 as It1 - t2 I.  

. Thus (2.6) ensures that the dependence between widely 

separated parts of the process (Y(t)) is small in this 

sense. Expression (2.9) implies that ur  p as r 400 

When (purl is unknown that is (2.7) holds, this means 

that for some 6 0 and for each r 9 

pr o c ÷ 6 • 	 (2.10) 

Clearly [Y(t)j is weakly stationary, with a positive 

mean. From (2.9).4. it follota that its auto-covariance sequp 

ence is summahles  and hence it has an absolutely continuous 

spectral distribution function and a continuous spectra], 

density function. Thus this model cannot contain any per-

iodic components. Some models containing periodic compon 

wits are discussed in later chapters. 

The model ,used by . Scheinok (1965) is a special case of 

the model described above!  Scheinok assumed (2.1) and (2.2), 

and that Y(t) is independent of Y(s) for t s In 

the current notations  this means that ur  = p for r g 0 
and v 	= p2  for 044cipfrils . The summation con:-

gprasp 
ditions are easily shown to hold, as only a finite number 

of terms are nonzero in each case. 
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2.2 The Amplitude Modulated Process 

Before proceeding to the .estimation of gx(x) 9 some 

properties of {Z(t)1 D the amplitude modulated process, are 

derived, as they are useful later. First, note that 

E tZ( t)1 = 0 , and- so 

Covtg t) 9Z( t+r) {z( t) z(t+r)} 

= Pur Rx(r)  
=Puce) (2,11) 

for each t . Also. 

E 	z(41 .5. 1" IrRx(r)) = Rx  < co 	(2.12) 

from (1.4), whence [Z(t)1 also satisfies (1.4). The fourth 

.cumulant function of {Z(t)} 9 Qz(q9r9S) 9  satisfies 

Qz(qprs-s) = P 2 
	

(o9r9
s)v (1.9x125  

(191'23  = 0 9 +19  0 0 0 

+R,
.p..
(q)R  (r-s)

(vq9r9s 
 - uq  u st  ) r- 

RX(r)RX(s-q)(vqprps 
 - u. u. ) 

x' 8-ci 

+ Rx(s)Rx(qr)(v 	- 	u gyr 	us s q-r'1  ') 

The fact that this is independent of t9  

together with (2.11) and EIZ(t)1 = 0 9 shows that {Z (t)} 

is weakly stationary.. 

On using (1.5) and (2.6), it may be shown that 

00 

q9r98=..... 00 

	(q
" 
r s) < a 0 
	(2.13) 
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Thus although the distribution of z(t) is distinctly 

nom-Gaussian9  as PfZ(t) = 01 ) 0 0  the fourth cumulant 

function is still sufficiently small for (2.13)9  which is 

the same as (1.5)9  to hold. 

It follows from (2.12) that gz(x) r  the spectral dens-

ity function of tZ(t)) 9  exists9  and from (2012) and (2.13)9  

it may be estimated as described in Section 1.2. That is9  

if iw(y;x)) is a sequence of weighting functions with the 

required properties9  then 

g(1)( ) = (27-)¢1 	0 (r)w r(x) rl <n 

is a consistent estimate of g?  (x) where_ c (r) is defined 

as in (107), that is 

c (a.) 	n 
1 - n-trl Z(t)Z(ti-r) 

Alsos  from (1.15) 

( Vartgz1)  ( 
-1 	 2 	Sin) Wn

. g
Z(x) d(x) 	o( -  

Now gz(x) pan be expressed in terms of g/t( ). For 

R (r) 	P 	R 	= P2  R( ) - 13(12i, m  P)Rx(r) 0 

and thus if 

a(x) = (270-1  p E (ur o p)eirx  9 

where the sum converges by (2.9)9  then 
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gz ( x)a (270-1  E Rz (r) eirx  
r 

7V 
= P2  ax( x) 	a(x-y)gx(Y)dY - 

_7T 
The integral in (2.14) is positive since a(x) is the 

spectral density function of Y( t) . Bence 

gZ(4 	P2 gg ) 

(2.10 

(2015) 

Note also that 

gZ 	< (x) 	p2 sup gy(x) 4- sup g (x) 	a ••• 

	

x 4"*. 	x X 

= P sup  gx(x) 

and Simi l rl.y p inf gy(x) v gz(x) . Thus gz (x) 
x 

smoother than gx(x) in the sense that 

sup gv.(x)/inf gv(x) 	sup gz(x)/inf gz(x) 

	

x " x " 	x 	x 

Equation (2.14) can be solved for gx(x) in terms of 

gz(x) . Let 

- 

	

br 	2 	-1 p 	(pur) 	r P)/(P2 	 (2.16) 

Then br  is finite and 

<: 
	 2.17) 

r 

by (2.5) and (2.9). Let 

b(x) = (2/)-1  eitx 
r 
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Then 

g1(x)  = gZ(4/132 	b(x-Y)8z(Y)44r 
-if 

The formulae for a(x) and b(x) are particularly 

simple when r(s) and r(t) are independent for s p1 t 

For then ur  = p for r pt 0 0  and hence 

a(x) = (270-1  p(1 

b(x) = (27()T (1 - p) /p2  

are both constants. 

203 An Estimate of gx(x) 

In this section, an estimate of gx(x) is constructed 
on tie, assumption that the sequence {purl is known. This 

gives rise to the simplest estimate. In the next section 

this assumption is dropped. 

rollowing th procedure outlined in Section 1.3, the 

sum of all available lagged products X(t)X(t+r) is formed. 

This sum is nm (r) D  where 

n- irt 
cz  (r) = n 1 L z(t)Z(t+ fri  ) 

t=1 

as in (1.7). 

Since tX(t)} and "f(t)][ are independents  let Ex  

and E denote the expectation operators for the two sequ-

ences. Later we shall use a similar notation for variances 
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and covariances. Then 

Eyez(41.  = Pur  ex(r) 

Now ox(r) is the usual estimate of Rx(r) from the com-

plete data. Thus (pur)-1  oz(r) is a suitable estimate of 

Rx(r) from the incomplete data tZ(t)1 . If this estimate 

is substituted for cx(r) in (1.17), the estimate 

(2) 	-1 	-1 gx 	(x) 	(21r) 	Y. 	(pu..„) 	ez  (r)wr( 
fry < n 

is obtained. Using (2.16), this may be written 

(2) 
gx 	(x) 8

(1)
(4/P

2 
- c2ro-1 (r) wr  (x) 

	

Iri<n 	z  

(1) 	2 
= g(l)  (20/P 0T(x) 

say. 

(2018) 

(2019) 

Expression (2.18) is the more convenient form for comp-

utation, but (2019) enables the asymptotic val,ience of 
(2) gx  (x) to be found quite easily. Similar methods are used 

later, and so this proof is given in some detail. Nov 

from (2.19), 

var igx(2)  (x)) 	Vialr ice)  (x)} /p4  m2Covt41)  ( x) , T (41 /p2  

var 	. 

The second term on the right hand side 1S -a multiple of 



twc r (x)w s- 1) bs-t 
q72.787t=1 

I T 

M2 (217n)-  2 • 

to 
M2  (2,;('n 

4 
lbs_t  Qz(X'(128'(12t-01 
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( (1) Covigz (x)  ,T(x)} p  (2nn) 2  Cov 	Z(q) (r) q r(x), 
ciprz=1 

5" z(s)z(t)b._ 
sv t.1 

n 
[wq r(x);7-72r bo-t 

q4r7s7t741 

.Cov{Z(q)Z(r),Z(s)Zq 

where the bar denotes complex conjugation. Now;  from the 

definition of Qz(qt,r0s) 9  

CovigOgr)04(:3)Z(^01 =Qz(r-q9c7(19V-(3) 

+Rz(s-q)Rz(t-r) -1-Rz(s-r)Rz(t-q) 7  

and Cov 1)(x)7T(x)) similarly splits up auto three sums, 

say Ti  T2  9 and T3  . Then 

oQz (r—gps—qpt-011 

Ibis_t Qz(r-q7s-q,t-q)1 
qpr'spt=1 

where the first inequality uses (1.13). 



M
2 

2An) I}jazooRzQ4 
mx1 j, 	0. 
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Now 	(br) is 'a bounded sequence, and so the triple 

sum converges by (2011) to a value which is clearly in-

dependent of q and n say S 0 Thus 

T1 	M2( .f.  
q=1 

f 2 	-2 1 -1 = CM (211) 	S,n 

and so Ti  = 0(n7 . Similarly 

/bs- 	Rz(t-r)) 
q,r,s,t=1 

Put j  s-t, k= 8 q v  f = t-r, m a q0 Then 

I T2 

As before, the triple sum converges to a value independent . 

of in or. n 9 because of (20l2) and (247)0- and 80 

T2 ;-4 0(n ) 0 The tam. T3  is handled in the same way as 

T2n and 	 1 may also be shown to be 001 ) . These three 

results imply that Covte (x) Mx)) = 0(117 ) a In a sim 

ilar way it may be shown that VartT.(x)) = 0(n 1) 8  so that 

finally 

VarIg12)( )1 = var141)  (x)} /p4 	 (2020) 
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It has already been pointed out that Var{41)  (x)1 decreases 

more slowly than n71 v  and.hence is the dominant term. Thins 

from (1.15) 

varce,(
X  (
2).2)) 	

n  
P -4 -1 	

.2d(x - t 	WngZM 	) + -1%) 	(2021) 

In a similar way it may be shown that 

c (2) 	(2) Covigx 	(x2)J 0( fin) 

it xi tx2 ° 

.From the construction of g(2)(x) 9  it has the same mean X 
(1) as gx  (x) 9 and hence is asymptotically unbiased.  Thiel, 

with (2.21)v  shows that if. n71  Wn  -) 0 as n 	0D fl  then 
(2) gx (x) is a consistent estimate of g (x)-. The only un-

known quantity in its asymptotic variance is gx(x) 9  which 

may also be estimated consistently. 

It is worth recalling here that the asymptotic variance 
(1) of gx  (x) v  the estimate based on complete dat&v  is 

-a 	2 	-1 	4 	2 n 	Wn  ffm(x) d(x) 4 n w 	gz  (20 d(x) 

by (2.15). Thais the asymptotic variance is always increased 

by the absence of data. An upper bound for the inbrease is 

provided by the inequality 

gZ  00 2 P2 sup 8 (x) 
2 

 

Note also that the structure of {Y(t)3 affects the 



asymptotic variance of g(2)  (x) only through p and 

gz(x) • - that is throlIgh p and a(x) . In other wordss  only 

the mean and spectral density function of (Y(t)1  affect 

the result. This seems to be essentially due to the fact 

that {y  (t)} has an absolutely continuous spectral dis-

tribution function. In some models to be discussed later 

involving periodic effectssother properties of the amplitude. 

modulating process affect the asymptotic variance of the 

estimate* 

204 A More USefUl Estimate 

In the previous sections  g(2)(x) was shown to be a 

consistent estimate of g1(x) 0 Howevers  in the constructions  

it was assumed that fpur/ was knowns  which is unlikely to 

be the case in general an this section a consistent estimate 

of gx(x) is constructed without that assumption. 

If 
;(r) = cy(r)/(1 n711r)) 

n-IPi 
= (n. 	) Y(t)r(ttriri) (2022) 

r * 	) 

	

then Etcy(r)1 	put  .+Thus it would appear that:a possible 

procedure. would be to replace put in (248) by , C(t) 

Now in genera' I4C;(r) = 0) > 0 0 As .4.(r) is a sum of 

nonnegative termss  Cy(r) = 0 would imply that each term is 

zerap and hence that 'az(r) . 0 0 Thus the ratio cz(r)/C;(t) 

would be undefined9  and could be assigned some neutral values 
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such as zero° however, it has not been possible to derive 

the asymptotic variances of the resulting estimate of 

gx(x) 

The diIficulty is caused by small positive values of 

C
*
(r) 0 The estimate of pur is modified to exclude these 

es follows. Let c be as specified in (207)9  and let 

 

o 	

if C;(r) c 

C; (r) otherwise. 

 

cr(r) (2023) 

  

The estimate Cy(r) is now substituted for put  in (2018) D  

to give an estimate g13)(x) of gx(x) „ where 

43)  (x) 	
(11,cn 

C,(rri  oZ 	r (r)w (x) 
	

2024) 

It is shown below that g13)(x) is a consistent estimate 

of gx(x) 

It was a theoretical difficulty which led to the use 

of a modified estimate of pur  . Whether or not this reflects 

any practical difficulty in the use of the unmodified est,  

.mate has not been investigated. If in an application the 

unmodified estimate did give trouble, the choice of o 

might prove to be critical. This also has not been inveat-

igated0 Neither problem should cause much trouble if 1 - p 

were. small. 

This estimate of g (x) is intuitively appealing. For 

C.„ (r) is the ratio of the number of nonzero terms in cz(r) 



in the incomplete sample to the number of terms in co(r) 

in a full sample9  and if 1 d  p is small9  Cy(r) will 

usually be the same value* Indeed9  it is to bp expected that 
( the estimate will be better than gX
2)  (x), as it uses in= 

formation about missing observations from the sample°  rather 

than ensemble properties of IY(t)} 0 It is shown below that 

43)(x)  has the same asymptotic mean and variance as 
(2) gx  (x) . This does note  of course9  exclude the possibility 

that 43)(x) would be better in small sample cases* 

Let 

D = g(2).  kx) 	gx  (x)  

( 2 ir) 	E 0,1(r) Pur) —1 
" 

Cy( r)-1}wr(x) o (2.25) 

We now show that E(D) and Var(D) are both 0(n . It 

then follows that 

415.)(c3)  (4) )} 0(n 1  

Narf43)( )1 .= Vari42) 	o n }'+n) 9  

( ) SO that gx.  (x) has the same asymptotic, mean and variance 

are 	 (2) g (30 

As before, a subscript X or Y attached to the 

expectation and variance operatore indicates that the °per,-

ation is only applied to the corresponding process. Where 

an expression P involves only one process, say 3c(t)} 
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it is clear that E(T) = Ex(T) etc., and the subscript 
will usually be omitted. 

The followine results are needed. First for r 0, 

varfc;oof = Varl(n r)-1  E Y(t)Y(t+r)) 
t=1 

L 	Co+ ( s) Y (s+r) ,Y( Y( t+r)} 
e a  t=1 

= p2 (n r 2 zl=r  
st=1 

(vi. 
"v

_s  

4 A (n- r) 2  ir 00 Iv 2 
s=1 	r 9 v-E 

n-r - It- p2 (n 	2 L V 
5=1 

= P2 V/(n r 

where the second inequality uses (2.8) . Thus", gor_any r 

VariC;(0) 	p2  V/(n 	(2026) 

Also 

E R(pur)-/  C ( ) 123 = 	Efl( y(r) puti2/cy(r)23 

• $ C-4  EDCy(r) - pule] 

E Cy*(x.) - purl 3 

= r4 vat w;(301  

by (2.7) and (2.23)- hence 
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Elf(pur) 	C.i(r)71] 23 	-132 Vc-4 (n o Irl)-11)(2027) 

and consequently 

- 	E 11(pur)-1 — C (r)-111 (pus)-3 	C ( s) 

p2 Vc'4 (n grirk (n - 1Y4 
using (2 02 7) and the Cauchy-Schwarz inequality . 

- We now show. that E(D) = Okn 1) 0 For 

Ex(D) = (276-1 r Exfoz( )1{(Pur I~i 4n 

(27F11)-1 
Irkn 

and hence 

E(D) = FiyiEx(D)1 

(-2/rn)-? 	1(n - 	)13.x(r)wr(ac) 

. 	E [Cy"(r)Alf (r)}] 
But 

} 

(2028) 

wr(x 

(2029) 

(2.30) 

Irl )RX(r)C;( °) 

° (( gar) 	Cy ( r)- 1 

and so 

0 .5. Cy(r)/Cy(r) 
{
le(r)/0 1 Y 

if C (r) > c D 

otherwise 2 

Eic;(r)/cy(r)1 	1 PK(r) 	el . 

Using Chebychev9 a inequality and (.2.26) 0 we find that 
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0 4 1 - E{C;(r)/cy(r)1 	p2 v/f(n 	021 

or, using (2.10)0  

11 ® EIC;(r)/ty(r)11 tc, p2v/{(n 	)a• r2i 0 

Thus from (1.13)0  (2.12) and (2.30)0  

IE(D)I 	(2iin)-1 	litr(r)) p2VM/&2 
111<n 41' 

Ri( )1/(2 n62) 

= 0(n-1) 

hence we have shown that E(D) = 0(n ). This could 

.have been proved walk (2.6)0  the weaker version.of 

The stronger, condition is required in the next part,. where 

.we examine V4r(D). 

We use the relationship 

Var(D) = Irary[ ±(D)I 	EyiVari( ) 
	2.31) 

and examine first the term Vary{E (D)} . Now 0 trz. Cy*(r) 1, 

and so from (1.13) and (2.29), 

lExtD4 	f4(2.,ien)71  E 1Rx(41 (n 1 1)1(puzir1 	Cy(r)-11. 
Irkn 

Thus 

varj1x(D)1 4 EytEx(D)2j 



M2(2,7m)-2 
	

(r)Rx(0)11 	-11-1)(n 
iri D (aka 

( 	Cy(r)-11/ (purr' - Cy(sr 

2 	-2 
1Yr)Rx(8)1 En 	)( 	isl) 

IF31<n 

op2v({04(n  _Irofroa -i 

using (2028), whence,, from (2.12)v  

Vary(E04 4 M2P
2 (r)Rx( /4  

= 0(n-/) a 	(2.2) 

To deal with the second term of (201)v  we rewrite 

D as 
.1 A D (210.)

i 
 Z(s)Z(t){(pus=  

sy=1 a=-0 ,(x) • 

from which 

Varx(D) 	(27va -2  Y(q)1r(r)Y(a)Y(ii) 
q vr v s v t=1 

Paq m) 	(q r) 	 (x) 

us-t)-1 C 	f.50 

.Cov{X(g)X(r) X( s)x( t)} 
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Now 

covfx(q)x(r) tx(s)x(t)1 = Qx(r-g a s—qyt—q) t Rx(s—q)Rx(t—r) 

Rx(a-r) x( 

and when this is substituted in the previous expressions  

Varx(D) splits up into three corresponding sums!)  TI 9  T2 

and T, 9  say. Then%)  using (1.13) and the fact that 

)Y(t)1 4i1 for each t 

IT 1 1 M2(2wn)-2 (r-q2s-q,t-01 
q vrts,t=1 

01(Pug-rri (q-r C (8-tr./ I/ . 

From (2.28)9  

E(' T11) 	M (2 

2 op Vc-4  (n -Iq 

2 	 2 2 -4 tr. M (27n) p Ve 
> 	I QX 

q2r9 s9 t=1 
s-q, t-q4 

As in the previous section9  it may be shown that the quad-

.ruple sum is 0(n). a  :whence 

ky(T14 < Ey(ftli) = 0(n-1) 	(2035) 



r_VOY(r)Y(B)Y(t) Rx(q7s)Rx(r-t) 
q,r,ss  t=3. 

T 	(2T) 2  2 	' 

Also 

38 

-{(1311 	Cy(q-r)-1 wq r(x) q-r 

c(e- 

We change the summation variables to 	j = q 	e s  k 	r 	ts  

• s tm=ttojve 

T2 ra ( 2 lin) 2  [Rx(J)Rx(k) E{(Plao )-1 	Cy(e)-2iwa  (x) 
9 Ikka 

4(Pui-k+Q) - -1 

rn 
yooy(r...e)y(m÷loy(.4÷i)  

where tr.te 2', a 11,S E1 Of svmmatiora over 	and m is such that 

the ar6lanerrO of each y lies -In the set l2  000 v (31.' 
2 
= Y(t) ) Thus s  since 	with unit probability s  and usin 

the Cauchy-Schwarz inequality s  

E "Y(m)Y(m+P.)Y(Ini-k)Y(ra+P÷j) 
In 

tk 
Yoummq) F  

• A. 
(n 	IP,1) 8  (n -1j-k+el) fr, 

with unit probability z, and hence from (1.13)s 

) ( j-ki.) 	x 
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2 	-2 M (21vn) 

!E(T2 	( i T t ) 

(iRx(i)Rx(k)i(r,...,k,)k 
ikkn 

(n - -k+chk 

.E 11(pu ) 	o Cy(k) 	(puj_k+t 	cy(j-k4)-11,1] 

11112(271n)-2 

Iclifrckn 

\R„(i)Rx(k)i p2V 0-4  

from (2.28). Now the summation over X = s t contains 

less titan 2n terms, and thus the summation over i  and 

k is 0(n). Hence finally 

E(T2) = 0(n71) 

The last term, 	may in a similar way be shown to 

be 0(n71)9 Combining this with (2.33), we see that 

EjVarx(D)1 = 0(1171), which with (2.31) and (2.32) implieB 

that Var(D) = 0(n 	which was. to be proved. 

Taws it has been proved that g13)(x) has the same 
( asymptotic mean and variance as g(2)  (x). To be exact, 

Eig13)(41 442)(4 	1 
	(2.34) 

Vari45)(41 = Vari42)(41 + o(n71Wn) 

= n-1W n  gZ  (x)2d(x) + o(n-lWn) ( .35) 

from (2.21). In a similar way it may be shown that 

Covi43)(x )4(x2)1 = o(n-/Wn) 
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2.5 Two Specific Cases 

In this sections  two models are discussed which describe 

missing data situations. Conditions are found under which 

tipsy satisfy the assumptions of Section 2b10 each model has 

one feature in common with the independent case considered 

by Soheinok (1965); he assumed that an observation is made 

with probability p independently of the other observations. 

This gives rise to strings of observations of mean length 

p/(1 p)s .separated by gaps of mean length (1 - p)/p D 

strings and gaps being independently geometrically distributed. 

In tLe first models  the intervals between successive 

observations are independently distribute& with a common 

arbitrary distribution. Thus observations occur in a renewal 

processs  and strings of observations are geometrically dis-

tributed. This model describes for instance a situation where 

some, recording apparatus fails with constant probability at 

each time - point when it is functionings  and repair times are 

independent. This is referred to as the renewal model. 

Suppose that the intervals between successive observations 

have probability, distribution {fr  o r =- 1s2s 0,0} 8  prob-

ability generating function lo(z) = fear  D and.  finite mean 

F 4  (l)= 	To satisfy (202) s  f < 1 0 It may be verified 
1 

that if the interval to the first observation has the .prob-

ability generating function pil F(z)J/(.i z) s  then the 

resulting amplitude modulating-process {Y(t)} -is stationary, 



-41- 

To find the properties of €Y(t)1 o  define a process 

tY '(t).1 to have the same structure except that the initial 

condition is that Y D (0) = 1 . Then the event E;4 X = 1 

is a persistent recurrent event, as defined by Feller (1968, 

p0308) 

Now from 203), 

u'r = ElY(t)Y(t+r)1/P 

PfY(t+r) = 11Y(t) = 1/ 
PlY ll (r) = 1 1 

0) and from the construction of tY (t)j a 

= PtY l (t) 	;P:'4 = 	... ,r.®  1;Y (r) = 1 

hence the definitions of (ur  s r = 0,1, ...1 and 

(fr  a r = 192,...1 coincide with those of Feller. Thus, 

for r a  0 

=f 	u • 	 (3 
' s r -s s=1 

(2.36) 

This implies that ur  1'1  ur_i  with equality for r =4 1; 

therefore (205) is satisfied if and only if Li > 0 0 

When f > 0 E is not periodic, and so 1 	, 	 p as 

r 	(Feller, 1968, p.355). however, a stronger condition is 

required to hold, namely (2.9). We show now that in :this case 

(2.9) implies (2.6), and;  with an extra condition, also iMr-
plies (2.8). 
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Suppose that 0 5q<rs. Then 

2 p vq2r18 = PiY(t) = 1, Y(t+q) = 1, Y(tfr) = 1, f(t+s) = 1} . 

= a
s-r u q 

u
q P 

Hence, if 0 r 8 9  

an 
p 	 UrnsI V   eq,q+s   q=-00 

= PtE 	
1 cam -r+ 

.,° 	Y 	): 	1E 	u u 
1 	6-r+1 6+1 	r s 

-r  
111 +riltas Pur/26 	u u 

1  -co  q 	-r71 q 	r+q-8  
s-r 

+ 5: 1U, r qU  r+q7s ".7 Putu6I 1 
u u 

s-r+111114 017s r+q7s 
+  purusl 

cr) E- purl". 
‘4.  

3pV + 2(1(111, 	pi t slue  - pi). 

We now use the symmetries of ur  and 

the general result that for any r and 

V (A ort a to state 

i lirpqr q+s lir%)  ir(ur  p)1+18(1.1.8  

Thus (2.6) holds, because. 0 ur  l 2  and we. have .shown 

that (202)9  (2.5) and (2.6) hold if and Only if 	1 
4 • 

and (2.9) holds. hence these are the conditions needed when 

[purl is known. One-  Condition which implies (2.9) is dis-

cussed later in this section. 

PUtUbl 
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.When put) is unknOwn, the extra conditions (207) 

and (208) must be satisfied. From (2037)0  (208) holds if 

(209) holds and Ir(ur  p)I 	U <cc for each r Assump-

tion (207) requires that a positive lower bound for put  be 

kmowno It has been shown that .pur  > 2p - 1 0 Hence if 

> 	is a known lower bound for p D.any c satisfying 

0 c 4.:22- I will suffice0 

Another possible way to construct c is as follows° 

Bloomfield (1970) shows that 

+ u1) log mi.} o (2.37) 

Thus if positive_ lower bounds for p and ui  are known, a 

positive value of c can be constructed to satisfy (207). 

One condition- which ensures both that (2.9) holds and 

that !r(u.r  p)I is bounded is that fr, = o(p-r) as 

r 	a for some p > 1 . This would be satisfied:, for In-

stance:  ii the intervals between observations were; essent-

iallSr bounded0 Although this is unnecessarily strong from a 

mathematical point of view, it is a mild restriction prac-

tically. 

Suppose that fr  = 0(2-r) as r +00 for some p 1. 

Then F(z) is analytic in Is! < p 

Let 

U(z),  = 	u Zr  
r=0 r 
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Feller (1968v  p0311) shows that U(z) = {1 - F(z)l-iv  and 

hence it may be shown that U(z). has no poles in Izi 	1 

apart from a simple pole at z = 1. Thus 

A(z) = U(z) o  p/(1 z) is analytic in fidf a p*  for some 
* 	• 
p > loBut 

A(z) = E (Ur o p) z
rv  

r=0 
and hence 

co 
2. 	p1 <009 
r=0 

2, 	I r(ur - 13)1 <et,. 
r=0 

Thus (2.9) holdsv  and 1r(121. 	p)I : is bounded. 

The second model discussed in thiS section is closely 

related to the first. Suppose that:the intervals between 

successive missed observations are independently distributed 

With a common arbitrary distribution. Then missed observ-

ataons occur in a renewal processv  and the gaps 12etween 

observations are geometrically distributed. This.would arise, 

for instance if a recording apparatus failed after a time 

with some general distribution independently of the pastv  

and repair times were geometrically distributed. 

The relationship with the renewal model is clear. Sym-

bols associated with the second model will be distinguished 

by an asterisk. Then the process fl Y
* 
 (t)} has the same 

structure as that of the process tY(t)] in the renewal 

model. Because of this similarity, the discussion of this 
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is brief, and consists only of a statement of conditions 

under which the various assumptione of Section 2.1 are 

satisfied. 

Suppose that the intervals between successive missed 

observations have the distribution 141. To satisfy (2.2), 

this distribution must have f*1  < 1. It may also be shown 

tLat this is sufficient for (2.5) to hold. 

As in the renewal model, (2.6) and (2.9) are equivalent, 

and (2.6) and (2.8) are both satisfied if f; = 0(p-m) as 

r 400, for some o y 1. If>i is a known lower bound 

for D 9 then any c satisfying 0 < < 22 - I will suf-

flee in (2.7). If upper and lower bounds forp*  are known, 

and also a lower bound for ul  another way to find such a 

c is through (2.57) and 

* 
p ur  1 4  2p pur  

where p and furl are the quantities associated with the 

process 11 4  Y*(t).1. 

2.6 •Nonstationary Deletion of Data 

The effect of a particular type of nonatutionarity in 

the deletion of data is discussed. Since this is contrary to 

one of the basic assumptions of Section 2.1, other effects 

of deviations from those assumptions are also discussed. 

The problems which arise when €i(t)1 does not satisfy the 

assumptions of Section 1.2 are no different from those in 
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the usual theory of spectral estimation; see for example 

Jenkins (1961) and Jenkins & Watts (1968, p.151). 

The assumptions about the amplitude modulating process 

(Y(t)1 are of three types. The first is that it .is indep= 
. 

eudent of PC.(t)} the process under observation. This is 

assumed:in order that certain product moments should tactor-k-

lee, which is the basis of the methods used. Thus any-de-

viation from this assumption which seriously affected the 

factorisation would invalidate the results given earlier in 

this chapter. As has already been stated, this:excludes top-,  

ice such as censoring. 

The third type of assumption„ - Which for convenience is 

considered next, concerns the sum of an infinite series. Such 

assumptions are, of course, difficult to assess in the light 

of a finite amount of data. In the two examples considered in 

the previous section, the required assutptions were implied 

by a plausible condition. In the models involving periodic 

effects intrOduced in later chapters, it may be verified that 

Ihesie assumptions - are not satisfied. This is also implied by 

the fact that different results are obtained. Thus it appears 

that these assumptions, possible weakened slightly, are ess-

ential to obtain the results. 

The second type of assumption concerns the stationarity 

of the lower moments of ilif(t)} . One simple example'of nom-

stationarity arises when part of the data is complete and 
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pert is incomplete evie to the action of a random amplitu.de 

modulating process,. To obtain asymptotic result it is ass-

umed that an almost constant proportion of the data is com-

plete. 

To be explicit, suppose that 1X(t) satisfies the con-

ditions of Section 1.,? 2 9  that tY(t).1 satisfies those of 

Section 2.1 and that {.#11  s n 1r2 i, .. 	is a sequence of 

intek,ers suck the.t 

0 < A 1 . 

Let 

y( 	t c(t) = 
0 	t 	An is 

< t Gn 

and let Z(n)(t) X(t)Y(n) (t) The data available £o anal- 
(n) Ysis are tZ (t) s t l 	nj and the proportion of 

tc,e record which. is complete 18 approximately A 0 

The amplitude modulating process i(t) la no-

stationaryil  but possesses certain. average properties.. :For 

inste.nce 9.  

47,r n > 
17:1 

t=1 	
A 1 (1 _ - .A.)p ÷ 0(11 I, 	z 

Eiy (11) (t)y(11.) (ti-r)1 = A + (1 - A)nur, 'r  

(2.39) 

(2.3s) 
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for r 0 . 

Suppose that these data were analysed es 3,f the amp-

litude modulating process were stationary. This would involve 

the use of the estimate 43)  (x) defined in (2.24). In order 

to simplify the discussions, it is assumed that the estimate 

g(,-2)(x) is used instead, with pux, replaced by the average 

value (2.39). The estimate becomes 

n 	• 21,4 	(n) (s) z  (n) 
s„t=11-:  

) 

(2044) 

(1 - A)pus_t1 -1  

 

 

The asymptotic variances derived below would be the same if 

an estimate based on g(̀')(x) were ulBed. The proofs, however 

are rather more complicated. 

It would be asserted that the estimate (2.40) 9 Which 

is referred to as the natural estimate, had the same dwarf- 
(1 totio mean as gx )  (x), the estimate used with complete data, 

and in particular was asymptotically unbiased. It would also 

be stated that the asymptotic variance of the estimate was 

given by (2.21), with p and gz(x) replaced by their aver-

age values, A (1 - A)p and Ag1(x) 4- (1 - A)gz(x), resp-

ectively. here gz(x) is the spectral density function of the 

stationary process Z(t)} given by Z(t) = X(t)Y(t) for 

all t. Thus it would be assumed that the asymptotic variance 
( of 	g4.4)  (x) was 

gz(x)12d(x)/{A -1- (1 - A)W. 	(2.41) 
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It is easy to verify that the natural estimate does 

indeed have the same asymptotic Mean as 811)(x). However, 

its variance is not giVen by (2.41). the correct formula is 

now derived. 

Put br fA (1 - A)pur1-1, b = PL.+ (1 - A)A 

(not'to be confused with a previous definition of br). 

Then 

where 

( ) 
gx ( ) = gl g2 83 84 ' 

Am 
2n gi 	2: gowobs-t t(x) 

s„t=1 

An n 
2wn 82  m 1: 	X(s)Z(t)bs_ 	t(x) 9 

s=1 tqAel 

n 	An. 
2nn gt  =Z . 1: ZOBI)X(t)b6.6tv764(x) 9 

s=Ael t=1 

A 
2ffn- 84 	

a r
t=y], Z (a) Z 	bs.....es...t(X) 0 

It 	easily shown that Eli), = bi < c®. An argument similar 
to that which led to (2.21) shows that 

Var(gi) ab %C /NI& ( 2C1( X) 0 ( 1Virt) 2 

Var(g4). 	(1 - A)))2n7lwag7(x)2d(2.c) 	0(n -awn) O 

.yire now show that the reraainitng terms of Varig14)(xci are 

negligible-when compared with these 
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var(62)  

   

ciw(1 (x)  bst  w 	(at) -r. -r  

 

cl.o137.1  r tz--Anir 1 

 

oCovfX(q)Z(r) vX(s)Z(t)g 

Npw 

Covf.L(q)Z(r)vX(s)Z(t)1 = 

Rx(s-q)Rx( t-r) + Rx( 	RK  

P(L11:,A 	lix(r-'0Rx( 1.1.'43) 

and Var(g2) similarly splits up into Lour sumsv  Tip T2' 
T3 and•4P  say. As in Section 20.50  T is easily shown 1 
to be 0(n I) v  and 

IT 1 	B1172  IRK(t-g)Rx  

t=An+1 

cf.; 
‹. Bn72  jilx(j) kRx(k4 

0(n-2) 

Lox' some B ‹:ag 9 since cbrl is bounds& Similaly we may 
f -. show that T 	Otn 2I. Also for some  

. • n 
.* 

1 21 .5„ 	/ 

and using the Cauchy-Schwarz inequalityv  we see that 
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-r% 
f‘i 2 .1.ix  s 	t-r)lj 6  

t(z)( 2  liRx(s-oRx(t---r) 
(2.DsFa rt't-414n-14- 

larrts=l 'art41 

.CovfX(q)X(r)0X(s)2(q 

Cov(g1032) 

But 
An 

r0012 

(103=1 rpt2zA4-/ 

co 
7"- 	iRx(i)Rx001 n lE  mortod 73) v (x) 12  

1j14/12  11.440 t  

0(W ) n 

by (le4) and (1.14)9  and clearly the same holds for the 

second factor of the upper bound for kJ. Therefore 

T2  = o(n7lVit)9  and hence Var(g) = o(n71%). A similar 

.argument shows that Wu.(g%) and Cov(g2f;s3) are also 

both o(n''''W ). 

Secondly 
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(2m)-2  

A 

Eb w (x)b v777 q-r q-r 	$-t ent 

   

gprps=1 t=Ani-1  

pfQx(r-qps-q v t-q) R(e-ORx(t-r). Rx(  t-(1)Rx(2-11 

This splits up into three sumo  each of which is easily seen 

to be 0(n7 ). Similarly Cov(g19g3); 
 

cov(vg4) 
 

and 

Cov(8-3p84) are all. 0(n7). 

Lastly 

c1D=1  sptrzA+1 

0131-18„,rfQx(r-cip5-cipt-q) R -(1)11(t=r) 

Ex(t-Q)R(ET4} 

gere the first sum may be shown to be 0(n71)and the others P 

-0 
to be 0(n. -). 

Thus we b1,1.ve proved that the correct formula for the 

( asjmototie variance of Gx4)  (x) in this situation is 

var{414) (2)1 
WnNy(x)2  (1 - A)137(m)2  4(:0 

{A + (1 

0(.71wd2 
(2042) 

rather than (2041). 

It follows that the ratio of. the true asymptotic var- 

iance to the asserted value (2.4l) is 
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r 
	(1 - A) Pi 4{Agx(x) 2  ÷ (1 - gz  (102  } 

{A + (1 - i)p21214x(x) + (1 - A)gz(x)12  

This can in general take values both greater than or less 

than one;  so that no general statement can be made about the 

values of .r However;  if gx(x) is a constant, it reduces 

to 

r 	(A+ (1 - pi2/ {A + (1- )P ) < 1. 

Hence in this case, the asymptotic variance would be asserted 

to be higher thantt is. It is expected that this would also 

be true if_ gx(x) had only small fluctuations. about a cork-

stant value. However;  this refers to the behaviour of g
X  (x) 

over the whole interval (-77v71). It would not suffice to use 

the argument that since gx(x) is continuous, it. is locally 

approximately constant. 

Thus, provided gx(x).  is fairly constant over. its whole 

range the effect of analysing this data as if the deletion 

mechanism_ were stationary is to overestimate the asymptotic 

variance pf the estimate by a factor' which is approximately 

to + (1 7 .t)p2.1(fA (1 - A) p)2. This factor is close to one 

whenever A, (1 - A) or (1 - p) is small. 

In constructing the estimate g(4)  (x);  no use is made 

of the fact that part of the record is complete and part in-

complete. Indeed, this estimate first arose in the discussion 

of an analysis of the.data under the assumption that there 
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was no complete part. It seems plausible that a better est-

imate could be constructed using this information, if it were 

available. For example, asymptotically unbiased estimates of 

gx(x) -  could be constructed from each part, such as 

An  
(c) gx (x) 	(217ka)-11  X( El) X( t)Wiii  (X) 9 

ax")( x) = 
1 

Z( )Z(t)(puip_t) t(x) 

It may be shown that 

Vari4c)(41 	(4) -1Wrigx(x)2d00 o(n-iVin), 

Varie (x)} 04)113 1frIP-  4 4gz( 2c1(2) 	o(n7  Wid 

COVi4°)  (x) 1,4i)  (x)) 	o( Wn  

by methods similar to those used in deriving the asymptotic 

variance of (4) 

These separate estimates could then be combined linearly 

as Og ‘ (0) t 	(i) „ Xxj 	Odg
x 

kxi. The- choice of 0 to minimise - 
the variance of this combination is 

Agz(x) 2/#p4  (.1 - A) 45 ( )2 	
gz(x)21° 

This involves the ratio gz(x)/gx(x) s which is unknown, and 

p s  which may be known, or can-at least be estimated easily.' 
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Suppose that g isv  in facts  known. Noting that 

7 gZ (X)dz = 	gx(1)dX1, 

the ratio gz(x)/gx(x) could be approximated by p o This 

is0  or coursas  exact when gx(x)v  and hence gz(x) n  10 con 

scant. The linear combination is then 

[Agl )(x) 	(1 - A) p24i)  (x) J A + (3.m 	1)21 D  

the asymptotic variance of which is 

n -Wn  tAgX  (x)
2 

• (1. m A)gz(x)21d(x)/fA Y  (1  - A)13212  

This is identical with (2.42)v  the asymptotic variance of 
,(4)(x)0  
‘,21.  

It iollows thatD  at least with this procedures  no asymp-

totic improvement results from the use of the information 

that part of the data is complete. As has been mentioned 

earliers  this does not imply that nothing is gained in the 

small sample case. It doeS0  however prove that there is no 

choice of 0 depending on p but not on gz(x)/g-x(x) which 

gives an estimate with a uniformly lower asymptotic variance 

than that of g 4)(x). For when gx(x) is constants  the best 

choice of 0 leads to the same asymptotic variance as that 

(4) - of 
61 (x)  

A more general nonstationary amplitude modulating pro-

cess would arise if several different stationary amplitude 
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modulating processes were .applied to different sections of 

the record. The results in this case are simple generalis-

ations of those given above. In particular, if gx(x) 'is 

constant, it is again true that the asserted asymptotic var 

iance of the natural estimate is higher than the true value. 

It is also true that if asymptotically unbiased estimates of 

gx(x) are constructed from each section and combined linearly 

as above, then the asymptotic variance of the combination is 

the same as that of the natural estimate. 
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CBAPTER 3. PERIODICALLY MISSING OBSERVATIONS  

3./ Introduction 

In the last chapter some results were found for the 

situation where observations are missed in a fairly general 

randomway. The assumptions.made about the amplitude mod-

elating process excluded the possibility of any periodic 

effect,sinee that process was weakly stationary and with an 

absolutely continuous spectral distribution 'function. 

-Two cases. in which a particular type of periodic effect 

occurs are -. diacussed in this chapter. The particular effect 

is where a ii-Xed pattern of observations is missed 'repeatedly. 

This is a completely deterministic mechanisms In the first 

case this mechanism alone is responsible for all missed ob-

servations, while in the second case a random amplitude mod-

ulating process of the type described in.Chapter 2 is, in 

action as,Well. 

The amplitude modulating function of this type of periodd. 

is mechanism: is a nonrandom sequence of period h 9 say D  de-

noted by iyt  o t = 00.19  ...1. The only assumptions made 

about thiS.sequence are that yt  = 0 or 1 for each t, so 

that yt = yt  , and that for r = 1, 

- Ry(r) =hl 	y y 	> 0. 
t..„1 	t÷r 

This notation should not be confused with 

(sA) 
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Rx(r) = CovfX(t),X(t+1 as fyt1 is a deterministic Begun-

ence,. Rowever,1R
Y 
 (r) can be thought of as a covariance 

sequencep since for r> 00  

1 ter RW = lim t 	y 
trt-cto 	s=1 	 +r 

Note that (3.1) implies a 'pOsitive lower bound fbr 

hR (0) 0  tti0.44Mber pf observationS made in each pattern of 

length h For bR(r) is integer.oValued0  and hence (3.1) 

implies that hRy(r) a: 19  

But then 

(0)) 2  ( 11 )2 

t.la Yt] 

heml 
F.% 2x, 	(r) 
r=0 

 

  

hl 
= bR (0)  

r=1 

hR„J(0) +h 

04Oh  implies that hRy(0)?: tql +.(4h m  3) l. This is in 

fact a best lower bound for bRy(0) -when ( 391) holds for 

h 	19 although apparently, not for 611 higher values of h. 

Note also that 

-1 
0 $. h 	Z

1 
 (1 - yt)(1 yt+r) = 1 2Ry(0) + (r)0  

and hence R
Y 
 (r) 2R

Y 
 (0) ® 1. Thus a sufficient condition 

for (3.1) to hold is Ry(0) 
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3.2 Periodically Missing Observations 

In this section, a natural estimate of the spectral 

density of the process under observation is constructed when 

only the periodic mechanism is in effect, The estimate is the 

same as that used in a particular case by Jones (1962). The 

asymptotic variance and covariances of this estimate are de- 

rived; the result differs slightly from that given by Jones 

and Parzen (1963). 

In order to avoid too much conflict of notation, suppose 

/or the moment that tZ(t)i is the process under observationo  

where 12;(t)1 satisfies (1.4) and (105), that 1V(t)1 is 

the amplitude modulated process, where V(t) = ytZ(t), and 

that it is desired to estimate 6Z(x)  from 

{v(t) s t 	19 -..91110 

The first step in the construction of an estimate of 

gz(x) is to find an estimate of Rz(r). If cv(r) is de-

fined as in (1.7)0  that is 

n-irl 
c (r) = n 	E vmv(ti-ira) s 

t=1 
then 

n-Irl 
lcv(r)} = R,(r)n 	E y y 

+ rl I 
t17.1 

= R,(r)Ry  (r) 	0(n 1111). 

It has been shown that R (r) is bounded away from zero, 

hence 
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and so R (r)-10 (r) is a suitable estimate of Rz(r). Thus 

a natural estimate of gz(x) is 

45) (x) = (21-1  E Rv(rricv(r)wr(x) 
Irkn 

-1 11  = (21tn) 	E R„(s-t)-1YsYtZ(s)Z(t)ws_t(x). 
e 9 t=1 47  

(3.2) 

is a periodic sequence, so that 

t 	2- Gy( i)ei°it) s 
3=1  - 

where 0 = 2n3/h, and 

NOW Yti  

(3.3) 

1 Ica 	 (ife.t) Gyo) = h 	j y+e..  j 	 (3.4) 

This notation should not be confused with Gx(x), the spectral 

distribution function. Note that the argument 3 is an int-
eger. It is clear that {Gy(3)1 is a periodic sequence, 

GY  (0) = RY  (0) and GY  (-3) 	G y O 

Also IR (r)-1} is a periodic sequence, and so 

A R (r)Q1   ;6-  L W,(i)e(10j s 
i=1  

W (j) = L R (r)-1 (iirf  e 	jr)  
Y 	r=1 Y 

Hence 171 (j)1 is a real, symmetric sequence, since 

RY  (-r) 	YR (r). 

If the expressions (3.3) and (3.5) for y$, y and 

where 
(3.5) 

(3.6) 

R (s-t)-1  are substituted in (3.2) 0  it becomes 
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n 	h 
gz5) (x) = (2nn)-1 	 ,I.(3)efi.(s_t)feji ( 

joc,R=3. Y  

oGy(k)e(1130k)Fray e•-(itgft )goz(t)ws.o

which simplifies to 

where 

45)(4 	r h (j,k)e, .(x) 
9  j 	Y 	J94 

liy(j9 k) v coG ce-DG (e-k) 
Q =1 Y 	Y 	Y 

gi  , (x) o (27n)-1 	Z(s)Z(t)ws-t(x)ei(s0 -"Vic) 
s, t=1 

(3.7) 

(3.8) 

e(3.9) 

It may be verified from (3.4) D (306) .  and (3.8) that 

Hy( JDj) {
1 if j = 0 (mod h) 

0 	otherwise 9  

that Iii  TEE) = HY  (k,j) a hy(. je-k) and that H (Lk) is 

periodic in j and ko 

In order to find the variance and covariances of 
(5) gz  (x), consider 

COVigjoc(X1)9ge vm(X2)/ 

) eXPfi ( aco .71 k  0 -so' + 0m)} -t 2 
t=1 

.{Qz(r-gps-cist-q) 	R(s-(I)Rz  t—r) 
	

t-ca)Rz  13-r)fl 

= T1  + T2 + 
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N  1 - say. It is easy to show that TI  = 0(n /. Also, putting 

s o  q =-a9  t r = b, q r = c, r = d, we see that 

T2 = (27m)-2 t- Z (a)R (b)w (x )w 	GE-T Z c a-b+c 

.expti (-of +b0-of _ 3)) cc exPcid01,...e 

where the last sum is over the range 

1 - min(0,a+c b,c) d n o  max(0 a+c,b0), 

which 18 taken to be void if the upper limit is less than the 

lower limit. If j-k-f+mg0 (mod h)„ then the sum over 

is uniformly bounded, whence T2  = 0(n-1). If 

j 
	

k,- 	m 0 (mod h), then 

-, T2 = k2unj
-2  1: gz(a)Rz(b)wc(x,)wa_ .0.0(x ) 

,b,c 

.expfi(-4 b0)1 .14 -j 
where 

N
* 

max (1 1,1131,101,1a-clilb-Pis k 	D -b+CP a v bs c = 

Nabc = max(Nabc ,, , 

Note that 

0 $. n 0 Ne. br e `4 1a1 	ib/ 	le19  

0 <-n 	,b,c 
	la-b+cl + 	+ Ibi. 

Thus, using (1.14) and the Cauchy-Schwarz inequality, it may 

be shown that 



63- 

J-2 = (2n)-2n-1  a b c[RZ
(a)RZ(b)wc(xI)wa-b÷c(x2) 00  

4-o(n lW) 

r c 
2rn 

1
7 	tez ( Psz ( YFod ( Y+P-px1)7( 3737271dYj 	 i  

o(n-lWa)p 

Where w(y;x) is extended periodically outside the interval 

(-71700. 

Now (1011) and (1.12) may be used to show that T2 is 

o(n71Wn) unless x1 - x2 =i-j • when 

-1 	CIV 
T2 	2nn  gZ(xl+Rfj)8Z(x241di w(Y414- ;x, ) w(y • x1  -0 5   

o(n 1Wn) 

= n Wngz(xli-Opez(x1+00  o(n-lWa) 

by (1.11). 

Similarly we may show that T
3 is 0(171

) unless 

j 	0 (mod h). When this holds, T
3 

ip 

o(n71Wn)„ unless xl  x-2  = -grj+m ' when  
- 1 

T3 = a lAragz(x1+0j)gz(xltO ) 	0(4. Wa). 

This completes the description of Covigidc(x1),ge,m(x2)10 

If a function do(x) is defined by do(0) = 1, do  (x) = 0 • 
otherwise, then. 

CoVi8soc(x1) 06,e,m(x2)1 
	r 1 

wngZ (x14j)Esz (x1+01k) 

odo(j-k-e+m)ido(xl.x2-40i-j) 
	

do(Xi+X2÷0i+M).0 

o(n-1Wn). 
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" jek=1  

h 
(ivit), 2  
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Prom (3.7) it follows that 

h 
Cov(45)(x1),45)(x2)] = ri n  

1
Dz(x1+10,3)gz(xl+Ork) 

j1k= 

h 

m=1 k
r( j „ k)H ( j7k+m pm) fdo( x1—x2+Oicril) 

+ o(n 11Nr? 

do(xl+x2+0,10.m)l0 

This may be stated as follows : 

cov145) (x1) 9 4 ) 	)j 

11- 
= 	w 	2- [g2(x1+0  gz (xi+fi fk)kl y(  Pk)  n  j9k=1 

(j+qpk+q) + 007054 + 0( 1Wn.)9 • y 	I 

Where the term H (j+q„k+0 arises it x2  Q x2 = Oq, and 

the term hy(j+rok+r) arises if xi  + x2  = bra  

In particular, 

(3.10) 

(3.11) 
+ H( j „k)Hy( j+r,k+r)fi + o(1371W 

where the term H (j+rok+r) is included only if 2x = Or. 

Thus when 2x X Or  for any r, 

h 
Varif45)(41 = n-lWn E gz(x+01)gz(x4A) 1H (isk) 

j kga 
12 

+ 0(0.711%) 
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, . 2 . = n:-1WnfgZtx) + gz(x+fir)gz(xtkik)Illy(j1k)121 + o(n.-1Wri) 

el2)  

and if x = 0 or +In then the asymptotic variance of 

( 	• gz5)  (x) is twice this value. however, if 2x = Or  for' some 

r 	0 	or +h$  then. (3011) must be used s and may then be 

written 

varf45)(4) = 	 8Z(x)2 	Px+0j)gz(x+00 
j7k 

ilmy(ipk)12  + hy(i,k)hy(i+rpk+r)g) + o(n7.1Wn) 

(3.13) 
The exceptional behaviour at these values of 	passes un--

noticed by Parzen (196)v  who states that (3.12) holds for 

all x 01+7r. 
(1) had the data been complete, the usual estimate gZ (x)  

would have been used, with 

() 	2 	-1 Varfl - - (x.)1 = n-/W g (x) + otn W gZ
1 	

n. Z 

Now it may be shown that the sums in (5.12) and (3.13) are 

always positive, and hence the asymptotic variance is always 

increased by the absence of data. 

Jones (1962) points out that 

h 
)Sz(x-44)gz(x+Oldilly(jfk)1 2  

j v  k=1  

h  sup gz(x)2 	(Lk 1 20 
j vk=1 Y 
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and proposes the quantity 

riY illy(39101 2 
• jpic=1 

as a measure of the increase in variance due to the absence 

of data. Parzen (1963) notes this may be simplified to 

Hy = h-2 13 	2 2 R 
Ylt  Y(1344)-2c  s ot-1  

3.14) 

Since or 10  this may be further simplified to 

h. 
zah 	L -2 a

s  t= 
t- 
1 

sr
8b

11y.„ (e-t)2  
ar  

Y6Ys+rRy(r)
-2 

rips=1 

= b71 E R (r)-1  
r=1 

It has been shown that R (r) ;',.; 2R (0) 

yr) :°4 Ry(0). Thus if Ry(0) > i9 then 

R 	91 R
Y 
 (r)-1  t2RY 

 (0) - 
•  

whence 

(3015) 

and clearly 

(3016) 

a (ori, (h - 1){2R ( ) 	1-1 R (0) 1  Y 

4 tut (o) (3.17) 

It may be shown that the right hand inequality in 0016) 

is exact if yt  ytia„,)  1 for each to  and hence that the 
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first upper. bound for 11; is exact when the pattern 

1y1, 00. ,y 	contains only one zero, when 

1,7c= (,h2  h 1)11(h - 1)(h - 2)} s a result given by Ones 

(1962), 
( 	- One feature of the asymptotic variance of gx5)  (z) is 

that it is discontinuous at each of the frequendies fro 

discontinuities at.  0 and +7r are similar to those in 

the usual case, in that the value at each freqUeday ila-twice 

the value at adjacent frequencies. The other diecontinaties 

are different, in that the value at a particular frequency 

may be less than at adjacent freqUenciet 

This may be seen as follows. Suppose that gz(x) 	1. 

Then from .(3.11) 
ra 

Wn 	iih (j )1 2  -I- E(j,k)li 	i-i* Dk+41 
j,k=1 Y 0018) 

0 

were the.term H/j,k)yj+r,k+r arises if 	Tt 
has been shOwn that 

ki 
E Ifiv(i,k)1 = 

j,k =1 

and it may more generally be shown that 

2: H,(j,k)By(j+rek+r) = 	(r). 
j,k=l 4  

Thus the value of the asymptotic variance at x = r  differs 

by 	n 1WnWy(r) from adjacent values. 
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Now it has also beery stated that for j 0 (mod h), 

(i2J) = 	w (01G ((-J)I 2  = op 
e elY 	Y 

and.  hence at least one IV (r) must be negative, in general. 
Thus for at least one r, the asymptotic value of 
Vart45)(iggi is lower than adjaoent values. 

Many of the results of this section do not depend on the 

fact .  that. yt  = 0 or a. In particular, (3.10) and (3.11) 

hold whenever fyti is a periodic seduence and (3.1) holds. 

Such general series cannot of course be'interpreted as amp-
litude modulating'functions. Later, however, the periodic 

mean value. sequence of a random amplitude modulating process 

will be substitUted in these formulae for the purposes of 
comparison with other results. 

3.3 The Mixed Model 

In tLe second Model mentioned in Section 3.1, the 

deterministic periodicmechanism acts in combination viith a 

stationary random mechanism of the type described in Chapter 

2. It is assumed that'tLe resulting:amplitude modulating pro-

cess. is the product of the two separate ones. This is referred 

to as the mixed - model. A more appealing way of combining two 

such amplitude modulating functions is described in Section 

4.4, as a special case of the more general model of Chapter 4. 

To be explicit, suppose that tK(t)1 is a process.satis-

lying (1.4) and (1.5)p  that {yti is a nonrandom periodic 
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sequence oI zeros and ones of period h„ satisfying (301) , 

and teat {Y(t)1 is a random amplitude modulatinks process 

satiSfying (2.1) to (208). Let Z(t) = X(t)Y(t) and 

V(t) = ytZ(t). ., Suppose also that it is desired to estimate 

gx(x) from {V(t) a t = 1, 0 0 0 
	rq. 

First an estimate is constructed on the assumiAion:.  that 

the sequence fpvx.Ry(r)j is known, where p is defined by 

(2.2) 9  1.11. by (2.3) and Ry(r) by (3.1). A natural eSt-

imate of gx(x) is then 

( 210-1 	fpu
r 

 R (r)1 lc 	Wr(x)9 	(3.19) 
Irk n 

where V(r) is defined as in (1.7). This estimate has the 
usual property that its asymptotic mean is the same as that 

(1) 
6X (4)°  
To find the variance and covariances of 

that 

E r  Ry  (r)ri.  p 2R (r)-1 1 < 	9 	 (3020) 

from (2.2), (2.5) and (3.1) . But (3.19) may be written 

) 	-2, 	v.-- 	-1 = p 	2717 	(r) c 6X (x) 	t 	 V(r)w(x) r JC /3. 

	

+ (27)' 	f apu_ Riy(r)i 	P
2Ry.(r)-33 (1!)wr(x) IrVn 

= P-26(5)(x) T, 

say, where gz(5) (x) is defined in (3.2). Now it was shown in 

of 

note 
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Section 2.2 that under the present assumptions, fZ(t)i 

satisfies (1.3) and (1.4). Thus the conditions of the previous 

section are satisfied. It follows that the variance and co-

variances of gz5)  (x) are given by (3010) and (3.11). Also, 

using (3.20) and an argument similar to that in Section 203, 

it may be suown that 

Var (T) = 0(n71)„ 

( 	 \ Covatgz5)  (x)j ? = 0(n 1 I, 

whence 

Vartg(6)(x)1 = 1074  VarigP)  (41 + 0(n71). 

The argument uses no property of w(y;x) other than the 

boundedness of wr(x). It may thus be easily extended to give 

t ( 	 ( Cov gx6)  (xl)D 816)(x2)1 = 1S-4  Cov[45)(x1), gZ
5) 
 (x2)  

+ 0(rCl)p 0.21) 

where Coy-145)(xi), 45)(x2)1 is given by _(3.10). 

.The requirement that the sequence ipurRy(r).1 be known 

may be relaxed, provided, of course, that (2.7), (2.8) and 

(3.1) ubld. Suppose that .4 is a positive known lower bound 

for R (r). Often tRy(r)} will be known, when 	 would 

be the lowest value in the periodic sequence 1 y(41 0 If 
tR WI is unknown, then (3.1) implies that R (r) s  h71. 

Hence some such R
Y 
 is always available. Since o <,pur  for 

each r from (2.7)4  it follows that 
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pur  Ry  (r) > c45r0 

An estimate of pu Ry  (r) is then 	(r), where r  
n-lri 

C (r) = (n 	r 4- YtY(t)YurY(t+r)9 YY 	t=1 
and 

(3022) 

cR 	if eyty(r) 	9  
C (r) = 	 (3.23) YY 	CYY (r) otherwise. 

If, in (3019)9 Pul,Ry(r) is replaced by Cyy(r)t  the 

estimate of 6x(x) becomes 

(7) 	-1 
aX (x)  = (274  C v(r)-lcv 	r(r)w(x). 	(3024) 

11<n Y' 

It may now be shown that g(7)(x) has the same asymptotic X 
(6), meant  variance and coyariaaces as gx 00. The result and 

the proof are very similar to those of Section 2.40  where it 

Was shown that 8(2)(x) and 815)(x) had the same asymptotic 

mean, variance and covariances. Thus.  

Cov(47)(x1)„47)(x2)1 = P-4  govf45) 	)945)(x),1 
(3.25 

o(n71Wn), 

(5)(xi  )Jaz  (5)(x2  )i is given in (3.10)0 where Covigz x   

The remarks made in Section 3.2 about the asymptotic 

variance of g(5)  (x) evidently also apply to that of 

46)(x). In particular, there are discontinuities at the 
freciuencies x =ifOr. It is also true that the asymptotic 
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variance is always treater than it would have been had the 

data been complete© 
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CHAPTER 4. 4 MORE GENERAL PERIODIC MODEL 

401 Assumptions 

In this chapter, a fairly general Model for a random 

amplitude modulating process with periodic effects is dis-

cussed. As one, special case, it includes the mixed model of 

Section 3.3, which, although simple, is not very appealing. 

More trivially, it contains both the stationary random amp=. 

litude modulating process of Chapter 2 and the deterministic 

periodic meahanism of Chapter 3. Two other special cases are 

examined in Section 4.3 and 404. 
The process under observation is again denoted by 

fX(t)1 The amplitude modulating process with the structure 

to be described will be denoted by flgtV, and the amplitude,  

modulated process by "ii(t)1 where V(t) = U(t)X(t). This 

use of the ,symbol (V(t)/ is consistent with its use in 

Section 3.5, as the product amplitude modulating. process 

{ytY(t)} of .that section possesses-  the structure to be des-

cribed° The:notation of Section 3.2 conflicts with this,, but 

wa adopted in order to make the results .of Section 3.3 
clearer° 

Tide aszampIione made about (11(t)1 are as followss 

U(t) . is independent of. )c(e); 

PiU(t) = 11 = st  = 1 - rtp(t) =. 0 

E €U(t) ti(ttr)) 

• 
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Eill(t)U(t+e)U(t+r)U(t+s)1 = vt,(19r,s; 	(404) 

and 	v • a 	are each t 9 ut,r 	 io llr2s 
periodic in t with period b. 	(4.5) 

These assumptions contrast with (2,1) to (2.4), in that the 

corresponding moments of €Y(t)1 were assumed to be indepen-

dent or t. 

The next assumption is that 'Rz(r) is defined by and 

satisfies (3.l), that is 

Hz(r) = 	z z 	) 0. t=1 t 

.Since zt iB not restricted to the values zero and one:  the 

inequality derived from (3.l) no longer holds. A sufficient 

Condition for (3.l) to hold is that G5(0) > i:  where G (r) 

is defined at in (304). 

Since u trr is periodic in t, it follows that' 

where 

e(it0i) 
r 

-(10 ) utor e  

(4.6) 

(4.7) 

As in the case of the stationary Model, the remaining 

assumptions depend on whether or not the values A0 r are 

known In general, they would not be known. 

If A 	is known it is assumed that 0:r 

AO :r > 0 for each r, 
	(4.8) 
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I: lvt;r1ritco.s 	cater  Ilt+q,s1 	V(Irl 	isl + 1 	
(4.9) 

<- ao 

for each t. It may be shoin that(4.8) and.(409) imply.that 

A
0 r 

 is bounded . away from zero. , 	- 
If A009r is not known, it is assumed that 

A 	> c for some known c satisfying . 0 4 c 4: Ez(1), O t p 

(4oi0) 

1tore V < 4n)  clysi-ci 	
(4011) 

for eadh to. 

.Clearly (409) is satisfied whenever;(4011) is satisfied. 

It r 'and s are replaced in (49)-  by 	it becomes . 

1: Iu  ttcl - Z  t Z  t+g, 	0,0 0 
	 (401.2) 

It is easily verified that the. product amplitude mod-

ulating process iytY(t)i.  of Section 3.3 satisfies - these 

assumptions. If the moments.of fUM1 do not depend on t, 

Ithe structure of the stationary amplitude modulatin process 

€X (t)1 .of Chapter 2 is recovered... If each zt  is either 

zero or one, then the purely periddic case of Chapter .5 

arises:. Thus the results about each of these models are con,-

tained in the results of this chapter. 

4.2 The General Result 

As before, assume first that the values 

For 

;r are known. 0 



76 

EEC
v
(r)1 = Ao:r 	(r) 	 114): 

and so 

8) (x) 	(2v)-1  I A 1  
°r °V(14)r(x)  frkn  

is a natural estimate of gx(x), and has the same asymptotic 
( mean as gx1)  (x). It :nay be shown that 

Ifoir r R.(r)-11 < 

Equation (4.13) may then be written 

48) (x) = (27v) 1  Z 117.(r)-1  cV(r)wr(x) 
irka 

+ (27)-1 Rz(r)-  lcV  (r)w (x) r Irfr n 	 j- 

= g(x) + T, 	 (4.15) 

say. As in Section 2.3, it may.  be  shown that Var(T) and 

CoviT,g(x)} are both 0(n 1). lience 

Var (818)  (x)1 = ire,rig(x)1 + 0(n-1) . 

The _same argument may be extended immediately to E,ive 

Covig18)  (xi),48)  (X2).1 = Covfg(xi),g(x2)1 + 0(n-1). 

From (3.5), it follows that 

where 

g(x) 
h 
2: w (J)T (x), 
J-1 ' 	3 

(4.13) 

O 
	 (4.14) 
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T (x) = (270-1 	cv(r) (1/14'dwr(x) irkn 

= (28m)-1 	V( ) V( t)e (i (8-  I)°,31 ws- (x) • s t=1 
Now 

( 2 nn 

CO1 fT i(X1) ptic(;c 2)1 

[!xpii(q-r)pij  Q i(s-t)Oi 
q vr,s,t=1 

fattlx(r-q,s-g at-q) 

RX(r-q)EX(/-s)(vqpr-q9s-cht-q 
+ Rx(s-Olix(t-r) vq vr-q s-q9 te-cl 

uq vr-q usvt-s)  

uq vs-q urvt-r) 

Rx(t-q)Rx(s-r)(vcisr_caos_got_q  uci  t=q eras-r) 

• ugDs-el R,(t-q) urr, RX  (t-r) 

▪ 114,t-q RX"-q) ras=r RX(8-41) 
	

(4 .16 ) 

The first four- terms of this are easily seen to be 

0(n 1)v  'usine, (1.4) and (409). From (4.6) v  the tifth may 

be written 

T
5  (2nn)'2  

  

[!xpii(q-r)rifi  

  

   

 

e vm=1 q vrve vt=1 

°
wq(x1)ws-t(x2)  AQvs-q R(s-q) 

.Ampt_r  Rx(t-r) expfi(clOrQ  

By an argument similar to that used in Section 3.2 v  the terms 

of T
5 
 with e z  m (mod h) have a sum which is 0(n-1). 



4.17) 

- 78 - 

Renee 

where 
a 

	

T59m = (2nn)-2 	/ 	Expfi(q-r)0j 	its-t)Orici 
(l orps„t=1 

°W41-r (X  )1V 	OE ) 1 s-t 2 A 	Rx  (B.P(1) M9 137,(1  

.Amot_r  Rx(t,r)e  1.01-4q 

Thus, as in Section 3.2, 

	

T51m  = 2nn71 - 	 k)1 
2 

 v(Y-fej_ki.milxi)w(y;x2) dy 
-Tr 

+ o(n 1Wn)„ 

where 

gra(Y) = (270 1 i; Am r  Rx(r) e 117  x   

From. (1.11) and (1.12), it follows that T5:m  is O(0.  

x2  = x 	0 	9  when unless 2 1 j-k+m 

m  -  = n 1 	1 W iR (x-+0j+m  )12.. + o(n wn). 

Thus 

T5  =  n 1 Wn 	i8m(x14 	
2 

44j+m) 	40 ( xi- x2 m=.1. 	
) o(n-4ffn). +m 

In a similar way, it may be shown that 

h 
T6  = n 	j "Altin E Igm(x1+04+m  )12 do j  (xi+x2+0_,+  +m  ) + o n m=1 
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It 'followS that 

Cov148) (x2),48) (x2)/ = nWn 	W.  (j) (k) 
9ky  M=3. 

I 6m( xi+Oi+m) 12  ido  (x1x2+11j_k+m) + do  (xi+x2+6j+k÷m)g 

+ o(n 1Wn) 

-1m  
= 	Wz(  1g j (x+Oi+k) I 2tWz  (i+lc+q) + Wz  ( j+k+r)] 

+ o(n-lWn) 	 (4.18) 

where the term Wz(j+k+g) arises if 	= Or 9 and 

the term W (j+k+r) arises if' x + x21 	= °r 
In particular, 

h r Var 1g(8)  (201 = n71W 	iWz 	t  gk  (j)I ( 1  +0 ) 2  n jvk=1 	j+k I 

01Wz(j+k) Wz  ( j+k+1 - + o(n71Wn) 1  

4.19) 

where the terra W(j+k+r) is included if x 

As in the' purely- periodic case:of Section 3422  there are 

discontinuities in the asymptotic variance at the frequencies 

x = 	r  . The effect of the discontinuity is to double the 

asymptotic variance at x = p,± to but is more complicated 

at the other frequencies. 

The expression .(4.19) is in fact more similar to ("al) 

than at first appears. For 
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gic(y) = (271) -1  E A,R (r) e-irY icor x 

= (2tr)."'1  E h 	u • 
L' -t  t=1 " 

Rx(r)e-irY e-(it0k) 

	

(270- 	h .1 
tti  zt  zt.t.r  Rx(r)e-iry e--(itok) =  

(27111)-1  

r t=1 2: (ut9r zt zt+r)RX(r)eirY  
h 
	

itork) 

b. 
= 5: G,(m)G (m-k) goz(y+c,,k) 	t(y)e ( t°0 0  

	

m=1 . 	t=1 
(4.20) 

where 

ht(y) = (27r)-7 r ter Q zt zttr)UX(r)iry 
	(4.21) 

If the first sum of (4.20) alone were substituted for 

gk(y) in (4.18) or (4019), the result would simplify to 

(3010) or (3011), respectively, which is the form that the 

correspondinti, covariances or variance would take if each 

U(t) were replaced by its - mean zto Thus the effect of the 

second sum in (4020) represents the effect of 	variability 

of U(t)0 

It would be expected that this effect would be to in 

crease the variance of the estimate. It may be verified that 

this is so in the mixed model of Section 3.3, and it is Shown 

later that it is also true for one S  of the other examples of 

the present model. It has notehowever, been proved in general. 

In a now familiar way, the assumption that the values 
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Apr are known may be relaxed. An estimate of Ao9r  is p 
Cu(r)9  defined precisely -as in (2.22) and (2.23), using the 

quantity c defined in (4.10). This is substituted for 

A 	in (4.15)2  to give an estimate of gx(x) with the same 09r 

	

8) 	(. asymptotic mean and variance as gx  kx). 

405 Independent Omissions 

One example of the model described in Section 401 is 

where U(s) and 11(15) are independent for a t0 This is a 

periodic generalisation of the model examined by Scheinok 

(1965). In Scheinok's model9  the probability-of missing an 

observation was, assumed to be constant. 

In We periodic generalisation9  for r pf 0 

	

'or= z z t t+r 
	(4.22) 

.and so Aopr  = Rz(r) for r 09, while A090 = G0) 	Rz(0). 

Thus (5.1) and a knoWn lower bound for Rz(r) imply (4.8) and 

(4.10).. Note that since_ zt  can take any valUe between zero 

and one, (5.1) does not imply that such a bound is known. It 

is easy to verify that (4.11)2  and hence, (4.9)9  is satisfied 

in this case, as the sum involves only a finite number of nom= 

zero terms. Thus the assumptions of Section 4.1 are satisfied9  

and the results of Section 4.2 apply. 

The function ht(y) defined in (447). now satisfies 

	

ht(y) = (2qh)-1  Rx.(0)zt(l 	zt) 
	

(4.23) 
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by (4.22) sand is thus a constant. From (4.19)$ i 	ac iedv, 

for any rp then 

Var(48)( )1 = n-1 Vin (J)Ifiz(j+c) 
jpic= 2 -1 

iGz(m)Gi(m-k) gx(x+9/j+m) 
m=1 

(0). Z. z#(1 	z )e ( tflik)/11 + o(n v4. 

(4.24) 

When the squared modulus in (4.24) isOcpanded, the Xirst 

term simplifies to (x42), as has peen noted earlier. ThP 

second term is 

h. 
(21inh)-1 Wu ~(0) (j)Wz(j+k)Gz(m)G(mkT 

    

.gx(x+0,/fm) 	z.deatc} 

(2trnh) 	Rin 1,(0) 	x 	cfzt(1 	z ) 

Wz(j)Gz(m-j)e-(itfdj) E w
z 
(k)G (m-k) e(it°1 

(2vnh)- Wn RX(°) 5: x(x4-0m) iztu z4) 

.tE wz(J)Ga( De-(it°))21j 
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and the third term is similar. The fourth term is 

(2nh)-2 Wn  Rx(0)2 	fillz(j)Wz(i+k) 
jtklet t=1 

0zs(1 zs)zt(1 - z
t)e 

-1.(6-"k  I 

h 
= (2nh)-c"

0 
 5: 	- zdzto. 
8,t=1 

criE wz
(i)e i(s-t)fd I 2/ 

o. 

Thus the variance of the estimate is not less than it 

would have been if each U(t) were replaced by its meant  zt. 

The proof used here depends heavily on the assumption of in-

dependence of U(s) and Ur(';), and cannot be extended to the 

general model of Section 4.1. 

4.4 Delayed Stationary Omisnions 

In the second example of the model of Section 401t  a 

purely periodic mechanism and a general stationary random 

mechanism of the type described in Chapter 2 are combined.0 

The way in which they are combined is more involved than the 

simple multiplication used in Section 3.3. 

Suppose that a purely periodic mechanism results in the 

deletion of some of the observations. Give each remaining ob-

servation a subsidiary index:  according to its position in the 
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sequence of remaining observations. Suppose now that extra 

observations are deleted by a random mechanism which is stet, 

ionary with respect to the subsidiary index, rather than with 

respect to the original index:, time. This could be described 

by saying that the random mechanism is delayed or'suspended 

by the.periodic mechanism. 

The structure may be described formally as follows. Let 

fyti be a periodic sequence of period h, with yt  = 0 or 10  

such that (3.1) is satisfied. Suppose that iy(t)] is a random 

amplitude modulating process satisfying (201) to (2.8). Let 

t 
2. Ys  

1.37,1 
(4025) 

and let 	= yt  Y(Tt). It Ls clear that 

MI 	yt  p= zto  

say is periodic, and 

E itJ( 	t+r)I = Yt Yt+r ElY(Tt 

= Yt Yti-r u(Tt+r Tt)  

tpr9 

'where, in this equation, the symbol ur  defined in (2.3) is 

denoted by u(r). Now if, for instance,. r > 0, then 

• t+r 
T 	T 	7 Ar t÷r 	t 	- ta=t+1 ss 
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is evidently periodic in t. The same is true for r 0, and 

so u
tr is periodic in t. Thus the first two parts of o  

(4.5) are satisfied. It is straightforward to verify that 

the last part of (4.5) is satisfied, and that the remaining 

conditions'of Section 4.1 are implied by the conditions On 

This type of deletion o: data could arise as follows. 

Suppose. that some apparatus is used to record data, and is 

liable to omit certain observations in a stationary random 

way. Suppose then that this apparatus is used to record ni  

'data items m  then the next n items are allowed to pass uh-

recorded. If the failures of the apparatus are unaffected by 

the interruption of its use, then the overall amplitude mod-

ulattng function would be of the type described. 

The expression for the asymptotic variance of the ebt4 

imate of gx(x) is not simple in this case. ThUs this would 

probably not be a suitable model to fit to any data, unless 

there were definite reasons for believing that it did. 14 fact 

describe the situation exactly. Nevertheless, it does provide 

an example of how this general type of amplitude modulating 

process could arise in practice. 

4.5 Applications 

The assumptions made about the model of Section 4.1 in 

volve many parameters. For certain moments are allowed to be 
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periodic lunctione oi time, rather than constants. If all 

those moments are known then no penalty is incurred, apart 

from the complexity o1 the formula (4.17) for the asymptotic 

covariance of the spectral estimates. 

Id general, the moments will not be known. Then it will 

be necessary to use the modified estimate. It hasebeen stated 

without' proof that the modification does not affect the asymp, 

.totic mean or. variance of the estimate. However, the rate of 

approach to the asymptotic formula may be worse, and also the 

estimation of quantities involved in the asymptotic formula 

may be difficult. 

For these reasons'it may be desirable. to restrict the 

model in some Way. The models of,Chapters. 2 and 3 are special 

cases, and could be used when suitable. The delayed stationary 

omisSions model is given more as an.example of the structure 

of Section 4.1 than as a usable:model. The model of independ-

ent omissions, on the other hands  might well give an adequate 

representation of data for which the earlier models were in

adequate. It has three attractive properties g 

(i) all the quantities involved in the expression for the 

asymptotic variance' may be found from the h values 

°°°Pzhl 

(ii) it can allow simultaneeuzly for some of the observations 

to be made certainly and some to be missed certainly ; 

(iii)the forMula for the asymptotic variance simplifies as 

has been shown. 
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There are evidently other models which satisfy the ass-

umptions of Section 4.1. One which has not been mentioned ie 

the complement of the mixed model of Section 3.3 ; an ampli 

tude modulating process [U(t)1 has this structure if the 

process (.1 - U(t)1 has the structure of the mixed model.-

The discussion of this chapter is not intended to.be exhaust-

ive. 

4.6 A Stationary Model 

• The random amplitude modulating process {Y(t)} of 

Chapter 2 has been- referred to for convenience as the stat-

ionary model. It is, however, not the only model which gives 

rise to a stationary amplitude modulating process. The models 

of Chapter 3 and Section 4.1 all give rises  in general, to 

nonstationary amplitude modulating processes.: Stationary 

models mays however, be constructed from them. 

SuDposee  for examplee  that fU(t)L satisfies the con 

dittons of Section 4.1 and that T is uniformly distributed 

on {le  ... shl , independently of all other random variables. 

Let Us(t) = U(t+T). Then it is easy to verify that {Irs,(t)1 

is, weakly stationary9  with mean Gz(0) and autocovariance 

sequence [A09r o  G5(0)2/ . However, it may also be verified 

that (Us(t)} does note  in general, satisfy the conditions 

of Chapter 2. 

The natural estimates of gx(x) from data which is in-n 

complete due to the action of ‘,11s 	Ore the same as if 
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it were [UM) . The same is -also true of their asymptotic 

variances and covariances. It is clear that the expressions 

for these covariances involve more than the mean and spectrum 

of {Us(t)} . This is in contrast with the results of Sections 

2a3 and 2.4, in which only the mean and spectrum of fY(t)) 

were required. The difference is evidently due to the periodic 

effects present in fUs(t).i. 

Thus it is clear that once periodic effects are allowedt  

no general results can be obtained which - iavolve only first 

and second order properties of the amplitude modulating 

process. 
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glimagg_5z_gTEsia. ESTIMATES OP THE 
9PECTRAL DENSYTY FUNCTION 

5.1 Introduction 

The natural estimate of the spectral density functions  

introduced in Section 1.32  is not the only estimate which 

may 'be used. In this chapters  two other ways of dealing with 

missing observations are described. 

The first is the only example in the literatureof an 

asymptotically unbiased estimate which is not a natural est 

imate. Unfortvnately s Hits use seems to be restricted to a 

rather special situation. There does not appear to be any 

way of constructing such en estimate in more general eases. 

The second•gives rise to an asymptotically biased et 

imates  but is particularly simple to apply. It is shown that 

when only few observations are missed, the asymptotic bias 

is small. A modified estimate with a smaller asymptotic bias 

is produced s  but it does not have the simplicity of the orig-

inal estimate. Thus this procedure only appears useful when 

few observations are missing. 

5.2 Neavets nAlias-improvedu  'Estimate 

The first example of en estimate of the spectral density 

function which is not a naturaleetimate is proposed in a 

recent paper by Neave (1970). The situation in which it may 

be used is where one has initially scarce -data. That is, 
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the interval between observations has been reduced by some 

integral factor at some point during the time in which obs-

ervations. have been made. Thus, for instance, one might have 

a series which was, in the past, sampled yearly, but has 

recently been sampled quarterly. 

Evidently, if sufficient data were recorded at the short-

er interval, one could ignore the older data. however, if the 

change in observation interval occurred only relatively rec-

ently, it might be very inefficient to ignore the information 

contained in the older data. 

One way to analyse such data would be to use a natural 

estimate based on all of the data. Eowever, in this case 

Neave found that this estimate had certain disadvantages.. The 

main ones are tLat it is difficult to make it nonnegative, 

and that there tend to be disturbances at certain frequencies. 

To be specific, if the final interval were one unit, and the 

original interval were h units, then there .would tend to be 

disturbances at the frequencies iOr  = ?Who  

Another way of treating these data is as follows. The 

first part of the data gives information only about the cov-

ariances whose lags are multiples of h. This means, that this 

part of the data gives .information only about the h-aliased 

spectral density function 

E1  gx r= 
Or ) 	 (5.1) 

and not about the separate terms of the sum,, for example 
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their ratios. 

An estimate of gx(x)  is constructed as follows. First 

an estimate, gi(x), of  gX(x) is constructed in the usual 

'way from the second, complete, part of the data. Then an est-.  

.13 imate g2(x), of gx(1  (x) is constructed from .the entire 

data. A second estimate, g3(x), Of gx(x)  is Constructed' 

to satisfy 

a) its hr.alias 

. • 2:
a 
 g3(x4r) 	(5 2) 

rm 

equals g2(x), and 

b) the ratios of the terms in the sum (5.2) equal, for each 

x, the corresponding ratios for gl(x). 

Neave calls this the alias-improved' estimate. It is easy 

to verify that it must be given by 

I h 
= g2( )61(21 gl(x4r)P°  l   

Because the estimates gi(x) and g2(x) may be constr-

ucted to be nonnegative, g3.(x) may also be constructed to 

have this useful property. It,is not so obvious that the: 

alias-improved estimate does not share the other disadVantage 

of the natural estimate, the disturbance at the frequencies 

i0r. However, Neave found in a simulation study that the 

alias-improved estimate was better in this respect. tie also 

found that its variance was less than that of the natural 

estimate, althouh this was not indicated by an asymptotic 

result. 
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The situation in which this estimate is used is unlike 

most missing data situations. For part of the data are come-

plete„ and part are so incomplete that gx(x) cannot be est- 

imated from that part alone. The 	lies-improved estimate 

might bee - generaltsed to some other situations with these 

properties but it is difficult to see how it could be used 

in general. - 

50 Replacement of Missing Data 

• When there are only a few observations missing, it .may 

be possible to replace them without seriously affecting the 

data. One would wish to use a value which was in some. sense 

close to the missing value.. For example, the value of. some 

highly correlated series might be used, or a weighted average 

of neighbouring values in theoriginal-series. The latter 

method was used by Brillinger (1969) to complete some phys-

ical time series. 

Since it is assumed that only few observations are miss-

ing, it seems reasonable to assume a random deletion mechanism, 

Suppose that {Xl(t);  is the series under incomplete observ-

ationp and that X2(t)} is the-series used to fill the saps, 

where both iXi(t)} and [X2(t)} • sattsfy(l.4) and (1.-55), 
and are stationarily cross-correlated. Th t is 

EiX1(t)X2(tel = R102(r) = R2,1(-r), 

independently of t. The subscripts I and 2, rather than 
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Xi  and X2D  are used .to denote quantities associated with 

t25(t)1 and {X2(t)i o  respectively. Thus for instanceo  

Cov[Xi(t)oXi(t+r)/ is denoted by Ri(r). 

Suppose also that fY(t)I is a random amplitude modF,  

ulating process satisfying (201) to (2.8). Let 

That iso  

Z(t) 	Y(t)x1(t) 	[1o r(t)1x2(t) 
= Y(t)(Xl(t) o  X2(t)i 	X2(t) 

Z(t) 	
X1  (t) when observed 

X2(t) otherwise. 

( 5 3) 

Under a suitable condition on the mixed fourth moments 

of Xl(t) and. X2(t)p it is .easy to check that fZ(t)1 oat-

isgies (103) and (1.4)D  with 

Rz(r)  = Pu4R1(r) R2(r) R1' (1) R291(;)i 

2 ( 	+ R2 
	(1 a 2p)R2(r) 

2 
= P R1(r)  (1 - p)2  R2(r) 	13(1 - p)11/1,2(r) 	R29  WI 

(ur, p) RI(r) 
	

(r) 	R1,2(r) - R2,1(01. 

Thus 
824(4 	p2 si(x) It. (1 	p)2 ( ) 	2p(1 	p)c(x) 

	

{g1(y) 	s2(y) 	2c(N)la(x:-Y) dy D 	(504) 

where 
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000 = (2t) 1  :E ifltiv2(r) 2 (r)Z eirx  91 J 

is the cospectral density function.of Xl(t) and X (t), and 

a(a)- = (2r4)- 
	

p( 	p) 	0 

Note that this BUM converges by (2.9). 

The spectral density function of fZ(t)? D  g (x) D  may be 

estimated by 41)(x), defined as in (1.9)9  and 	 1)(4 is 

asymptotic lly unbiased, and has an asymptotic variance given 

by (1.15). However, gz(a) and gi(x) are note  in general, 

identical9  so that 41)  (x) is an asymptotically biased est-. 

imate of gi(x). The asymptotic bias may be shown to be 

0(1 - p) a8 p 19  so that if 1 o  p were sma/19  it may 

well be small enough to be ignored. 

In the case where a weighted average is used to replace 

the missing value, the expression for gz(x) simplifies some-

what. It is assumed that the average is chosen in such a way 

that all the values required are certain to be available° Thia 

is convenient, and can be defended on the grounds that when 

few observations are missing they are likely to be fairly 

well separated. Thus 

x2(t) - 

where 	= 	and the sum is over a finite set. This leads to 

c(x) 	gyp (x) Re 0(00 D 
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g 2 ( 	 x) 2 9 

where 

(x) 	= L c- 0(z. e  irx 

and so 

gz(x) 	ip 	(1 - p)of.(2012  gi(30 

r. 
Il  - c(y) 12 81(Y)a(x-Y) dye 	(505) 

41T 

here Re o((x) denotes the real part of the complex function 

ot(x).. 

	

If 	gz(x) s off ($) 	a(z) and p were known, (5.5) would 

be en integral equation of the Fredhoim type for gi(x). Such 

equations cannot in general, be solved in closed form, so that 

the elimination of the bias of g(1)(4 as an estimate of 

gi(x) seems to be difficulte 

however, as has been stated, 

gZ(x)  gl(x) 0(q)  

	

as q = 	p 0, which suggests that 

( x) = gz  (x) 	x) 	(5.6) 

may be en approximate 'solution of (5.5) for small q. Sub-

stituting in (5.5) we obtain 

	

az (X) = 	+ (cc( 	Itig (x) yqh(x)i 

+ 

 qf

11 m et(y) 2(e (Y) 	qh(y)1 ta(x-y)/q}dy, 
-1Y 



- 2g + 2q Re.st(x)1gz(x) + qh(x) 

iC 
mq 	11.E 

a (x) = - ii 

at(Y) 12  gz  (y) fa y)/gldy  
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where we write a(x) as cl1a(2)/q1 since 

Tt 
Et(x)/efsdx = 	1 

-7T 

as q + 0. Ignoring terms of order g2, 

or 
f ir 

h(x) = 2 l- Re oc(x)} gz(x) v 	4 - et(Y) 12  gZ(Y){8.(x-Y)A-03- 
-Tr 

The approximate solution becomes 

gl(x) = {2- 2g - 2q Re clo(x)igz(x) 

IT 
11 - tt(Y)12  gz(y)a(x-y) dy 

or 

-2 
(x)1 gz(x) 

q(Y)12  gz(Y)a(x-Y) dye 	(507) 

where the latter expression for gi(x) differs from the for-

mer only in powers of q higher than the first. It may be 

verified that g1(x)  - 4041 is 0(q2) as .q 0. 

This suggests that :f' a new estimate orgl(x) is formed 

by substituting g(1).  (x) for gz(x) in (5.7), the resulting 

estimate might have a lover asymptotic bias than 41)(x). It 

is certainly true for small enough q. 

As in Section 2.3, the variance of this estimate is 
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p 	(1 - p)ot(201 	arle (x)1 + 0(n-1) 

If the weichts r correspond to a true average, that is if 

°Sr 	0 and ot(0) = 1, or more generally if Z rut 1 `‘.. 	then 

IP t (1 - p)04.001 < 1, 

so that the variance of this estimate is greater than that of 

41)(x). Thus the reduction in bias is achieved at the cost 
of an inflation of -the variance. 

Nothing has yet been said about the choice of .x(x). 

Intuitively, it seems plausible that the average should be 

chosen to predict the missing value well, in some sense. It 

is known that the function at(X) corresponding to the beat 

predictor in mean square is 

ot*(x) = 1 - 2irgi(x)-1/ 	(y)-1  dy. 

This does not in general give a finite average, and its use 

implies knowledge of ,gi(x). However, a finite average could 

be chosen on the basis of a preliminary estimate of g (x). 

The optimal choice of et(x) has not been examined. 

This section is not intended to be a full discussion 

of this method of analysing incomplete data. Certain Comments 

may be made s 

a) the computation involved in the modified estimate makes 

it less appealing than the original estimate ; 

b) the bias involved in the original estimate would make it 
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unacceptable unless 1 e  p were small ; 

c) provided 1 - p was sufficiently small, the unmodified 

estimate would be very simple to use, as it is the class-

ical:estimate of the spectral density function of a 

slightly modified series. 
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CHAPTER 6o MULTIVARIATE DATA 

601 Introduction 

All the previous results have been for a univariate 

series fX(t); o However, missing data problems arise also in 

the analysis of multivariate seriesg  and deserve some atten-

tion. In this chapter the stationary amplitude modulating 

process of Chapter 2 is generalised to the multivariate case, 

and two special cases are e 	 amined. The periodic models of 

Chapters 3 and 4 could also. be so extended, but they are al-

ready rather cumbersote. The general model of Chapter 4 Is 

somewhat vague, and Could only become vaguer by the extension. 

For these reasons, the discussion is Confined to the station=  

ary random model 

Let (IN} be a Weakly stationary hr-variate process, 

X s.(t) 	iXi(t) v coo DX11( t)} o 

suppose 

E{Xi(t)Xic(t+r),1 m  Rjoc(r) = Rkpj(-4. 

Here and later the subscripts j,k0, and m are assumed to be 

in the range 	... ph]. 
Evidently R. o j (r) is the autocovariance sequence of the 

j-th component of tX(t)I . The other values Rjok(r) are 

termed crosscovariances. As can be seen, they are not in 
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general symmetric. Let 

01:00 -*z (217)- irx 
J 

e 

If j k, gi (x) is the spectral.density functiop of th irk 
3 th component of (x(- )3 .and for A p k, g, Ijm) is a 

JP 

crPassoectral density function. Note .that, in general, crops-

spectral density functions ere comp1ex7-va1ued, and that 

ej k(x) 	gi Tr(-x) c9'• (6.1) 

The real and imaginary parts o 	 k(X) are sometimes dealt toD4'* 
with seearate/y, as the cospectral and quadrature spectral 

density functions, respectively. :However, it is more compact 

to.  treat: them-as a singlecomplez function. 

We make the following assumptions about 

ilarly to (1.4), the first is 

12-3.1?. 	(r)iic  r j v  

Also, if 

(14j1cv,m(qpr„P) = Eki(t)Xk(ti-Olyti,r)X1n(Us)1 

Ri vIJORe m(s—t) 	Ri ve(1") 

R(s)Rkve (r—q), 

then it is assumed that 

IQ. 
civ 	

7 (qp.r9s)! 	D iDk020111 	1P c" •ph. 	(6.3) 07'4 rDs 
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The basic result in the estimation of cross-spectral 

density functions is the following. Suppose that w(y1x) is 

as in Section 1.29  and that 

gi,k
1) 
 (x) = (27(n)

-1 
 X X4(s)Xk(t)wt,s(x). 	(6.4) 

so t=1 

Then for x f  0, :or, 

Covig(iac(44t)11104 = n
71 

Wn gJDK 
n(x) gmDk(x) 	0(2171  lc 

(605) 
while if x 0 or + fl  then 

COV{g(j3c(X) 041m(x)1 

= n 

and if 

Wilfgjo e( )gradc(x) 	gigm(x)geok(x)n 1  Wn)0 

(606) 
X1 	x2o they 

Cov14391(xl)pg(etl(x2  = o(n71  Yin) 	(607) 

Estimates of the cospectral and quadrature spectral dens-

ity functions can be constructed using (6.1). Their asymptotic 

variances and covariances can then be found from (6.5) to 

(6.7). This is the form in which these results are given in 

Rosenblatt (1959). 

Note that for complex random variables 

Cogq1,G2  = Et.k!, E(G1)} {02 9 E(G2)1]. 
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602 A Multivariate Stationary Amplitude Modulating Process 

Suppose that 1Y(t)i is an h-variate process9  satis-

fying 

Y (t) is independent of Xk  (s). 

P1Y (t) =1)  =p e1 

for some pj  with  

P{Y (t) = 01 

o ‹: rij  • 	1; 

	

j (t)Yk  (ti-01 = 	
( ); 

Yj(t)Yi(tto)yt(t+r)Ym(t+s)i = ir j,ke,m(41917 9 a) 

for all q,r90 and t. 

A processAY(t)1 satisfying these conditions is evid-

ently a generalisation of the univariate process (y(t)} of 

Chapter 29 In particular, each component of 111,*(t)1 is of 

that form. The following assumptions are made. 

If ulsx(r) is known for a/1 r and for j9k = 1,.009h9  

ii; is assumed. that ujik(r) > 09  and 

r  I 	kg m(r,q,cits m 	‘_ (r)ue (s), 	V( 	t 181 + g 	ad 	

• < 00 	(6.9) 

while if u k(r) is unknown9  it is assumed that 
s 

ujok(r) > c for some known c satisfying 0 < < pj  

(6010) 

u
12k 

(r)13. 	(an <00  0  9m 	 (6./1) 

and that 

II 
q 

ki49m(rpcIpci+B) 

(608) 
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It is clear from (6.9) or (6.11) with r = s = O D  3 = 

and e = m that 

E 1121 	pjpe i 000 
q  

The amplitude modulated process is fZ(t)l o  where 

Z 3(t) = X (t)Y (t) D  3 = 1, ... oh. It is weakly stationary, 

and its cross-covariance function is 

(Z)/ R
J 

 , %,r, 	Rjok(r)ujok(r).  lt 

The superscript (Z) is used to indicate that the quantity 

. is derived from. {Z(t)] D  rather than fram Wt).1. The cross- 

spectral density functions of A(t)}  are 

(IV (Z),  
jokkx)  = pipit g ic(x) 	trigj,k(Y)ai,k(x—MYD 	(6.13) 

where 

eirk(x) = (270 -1 {If
JP1c (r) 
	PjPki eirx. 

r  

It may be verified that {Z(t)1 satisfies (6.1) and 

(6.2) o  so that g? (x) may be estimated in the same way as 

givic(x) with asymptotic variances and covariances given by 

expressions like (6.5) to (6.7). 

If u1k(r) is know n o  a natural estimate of 

n 
gjok
2)  
(x) 	(2./rn)-1 	Zj(8)Z1c(t)ti3 9k(1-8)-1 wts(x)°(6014-) 

As in previous work, (6.10) implies that 

(6.12) 
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Covig(i2ac(x1)0421(x2)1 

( 3.) te(eZin) (1) 
k  ,x2.)] 0(n-1). = CovigN  

That is, if x ( 0 or 4.1r, then 

covfgc2)k  (x) 0421(4 n71  Wn g (z) (gmok• ) 
	

o(n 1  gin), 

while if x 0 or +irs  then 
	(6.15) 

covi421(x)sgM(x)1 = n-1  wn{g(z)(x) (z)(x) gm9k 
(6.16) 

) 	(z) 	) 
gi pm(x)g,e,t(41 + o(n-1  

and if x1 +x2' then r   

co vig(j  23 (xi) gg,1 (x2)1 = o(n -1 

If 1312k(r) is unknowns  the value c in (6.10) may be 

used to ±Orm a truncated estimate C
jok(r) of it as in (2.20) 

and (2.21). That iss  

Ci,k(r)  

where for r e 0  
ilc

* 
(r) otherwise, 

JP 

Ci,k (r) < c 

C* sk  (r) = (n r)-1 	y (t)Y
k 
 (t+r 

t=1 

and Cjsk(-r) = Cksj(r). The estimate Cjsk(r) may then be 
( substituted in (6.14) to give g 	x) 0  say. As befores  it js 
3) 

  ( 
may be shown that this substitution does not affect the asy-

mptotic mean or variance of the estimate of gisk(x). 
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6.3 Some Special Cases 

There are cases in which the formula (6.13), giving 

) 	• gi,k(x) in terms of gioc(x), simplifies to a certain extent. 

One is where the series, or some subset of series, are either 

all observed or all missed at any particular time. That is, 

P{Yi(t) = Yk(t)j = 1, j,ic = 1, ... ,h0 This might occur if 

some recording apparatus simultaneously recorded a number of 

series, and omissions were only caused by complete breakdown. 

Suppose for instance that the first two series were rec-

orded in this way. Then pi  = p and Ili  (r) = u(r), for 

jok = 1,2, and so 

) 	2 	7t 

g  j,k(1)  = P 	jir 	k(Y)a(x-Y) IV- 

jlk = 1,2. 

Thus each of these cross-spectral density functions. is 

transformed in the same way, and the same sequence u(r) or 

(2). 
gj ,k(x)  

Another case in which (6.13) simplifies is where y (B) 

and Y (t) are independent for each s and t. For then 

uipk(r) = pi  pk  for each r, and so 

(Z) 
gj,k(x)  = PjPk gj,k(x)° 

It follows that the estimate of gjk(x)  is simply a multiple 
(Z)(1) of 
Jr
a k  (x). 

This type of deletion would evidently occur in many 

C k(r) is involved in the construction of . 

gj,k 
(3)(x)9 19k = /92. 

or 



situations, for for example where completely separate apparatus 

was used to record different series, As another example, 

Brillinger (1969) performed a cross-spectral analysis of 

monthly sunspot numbers, Santa P6 rainfall, English rainfall 

and various European temperature figures. In the absence of 

indications to the contrary, it seems reasonable to assume 

that omizsionz in one series would be independenj of those in 

any other. 

A specie/ case of the second example arises vhan on 

component of {A(t)] is always observed. For then one comp-

onent of 1Y(t)} is in effect nonrandom, and all other oamp-

onenti are independent of it. 
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ChAPTER 70 A SIMULATION STUDY 

The expressions which have been derived in Chapters 2s  

and 4 for the variances of certain spectral estimates axe 

all asymptotic.- Thuss  in generals  they are not exact for any 

fiaite value of. .n A  the:length of the series being analysed. 

They dos  however -. give.an  arbitrarily close approximation 

for sufficiently large .Y4O In order to assesi the degree of 

appreximations  A simulation .study was carried Out on an IBM 

7094 computer at ImperialCollege. 

.The following procedure, was used. Firsts  250 terms of a 

second-order autoregressive process were generated by 

X(t) = 0.9x(t-1) u 008X('-2) 	U(t)), 

where fU(t)1 pas a pseudo random sample from the standard 

normal distribation e The series was started l with 

Z(-/) = IL(0) = O. 

Them 250 terms of a renewal amplitude modulating process 

(Sectiaa205) s  fy(t) s  wore generateds.ith f 	8/9 

0 otherwise. This. series was ta,tarted with 

Y(1) = 1. The corresponding incomplete series 

then obtained.. 

. Next 250 ter=ms of a complementary .tea0WaX 

isz(t), VIZE13 

process 

(Section 2 5)s  tY (q v  were generateds  with 
* * * 

ape 	f9  flo  11.5p fr, = 0 otheruise. This series was start- 
* 

ed with 	(1) = 0a prains  the amplitude modulated process 



w 	obtafm...E.4.-- 

.c/ear that Uone of theSe series is stationary as 

constructed. Tie first 50 terms of each series was disourded 

and the remiindertrGated az stationary* The relevant 	imates 

f.or the incOmplete series are those of Soctions 2 awa 204s  

the common asymDtotic 'variance of which ia _von by (2.021)0 

The estimate gil)(x) was then calculated :erom X(t) 

for a set of -values in ti)ori.] and the estimatss 	 (2)(z) and 

aP)(z) were calculated from both theeerie Z(t) and 

(t)s  rthe same values of x* 

The weighting function used vas the Parsen kernel (Parzen 

196l)-s  for wbioh 

3 
w(y13) 

sini(x-y)/4 

Ti7 .,(TC) zr-; 	) e
rx 

- 

I • - 2  	61x13- • • izi < 

Pin( x-y-)/4 4 

• 1,c(x) 

and W 	7-- O. 547k13. 0.  

2(1 -11z1)3.  

° 
. 	• - 	_ 	_ 

The quantity A is knovaa as the trtncation point of 

the estimates  Sincew(x) 	0 for 	> fe\iv: and so no co- 

Tariance estimates of higher lag th6n 'An  are used. The 

choice o 	weighting function aud a truncation point iicr been 

wthely,  discussed in the statistical literature see fo:;2 
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example Jenkins and Watts (1968) Parsers (1961) or Jenkins 

(1961).The value chosen vissA200  50. 

This propedure was repeated-100 times„,:.giving a:sample 

of 100 valuesefor each of the five:estimatee„at each value 

of xQ The mean and standard deviation.of each sample .was then 

calculatedvand compared with the corresponding aeymptotic 

va).11e. 

It vae found that for both :;the renewal. data and the comp- 
. 	rzN 

lementary renewal da 	 A. ta, the estimates g‘2)(x) and ,Odi(x) X - 

tad virtually identical sample means and standard deviations. 

This is to be, expected from the results of Section 204b for it 

may be seen there that the proof that 42) (x) and 45) (x) 

have the same asymptotic mean and variance shoWs incidently 

that their correlation is 1 zt o(n71  W )0 Since gc3)(1) is 

the more practical of the two estimates, the results for 
(2) g x 	(x) are not given. 

. 	The sample and asymptotic means and standard deviations 
of 41)(x)„ and of the estimate 45) (x) based on, the re-

newal data and the complementary renewal data, are given in 

Tables.l.to  3c; The same information is given graphicallr.in.  

Pigures 1. to 3,6 

she estimate gl )(2) was calculated in order to provide 

seme - indicatien Of how good the approxiMations.are in ;the 

usual case of complete data. It may be,Seen_that the aperme 

imations in the caees'of missing data are comparable. This 

suggests that the results of Chapter 2 provide approximations 
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which are not appreciably worse than those normally uaed 

Of courses, -Ws does not imply anything about the result 

of Chapters 3 and 4, Bpwevero  the similarity of the methods 

suggests that these also may give used approximations in 

the finite sample qase.. 

. „. 



FIGURE 1. The mean and standard devia-cion of (1) 
gy ‘xj, the est- , 

imate based on a comtlete sample. The llpper graph shows the mean, 

the lower graph the star ,rd deviation. 



\ FIGURE 2. The mean and standard deviation of g (3)  (x) caleul- 
X 

ated from the renewal deleted data. The upper graph zho' the 

mean the lower graph 1.1.e-standard deviation-. - 



0.20 

0.10_ 

0.05_ 

0.02 

0.05- 

0.02_ 

FIGURE 3. The mean and standard deviation of .0-(3)(x) caloul- cDx  

aced from the complementary renewal-deleted data. The upper 

-graph shows the meant  the lover graph the standard devicA.,ion. 
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( TABLE 1. The mean and standard deviation of gX1) 
 (x)  • 

the estimate based on a complete sample 

Prequency 	Mean 	Standa Deviation 

(25x/ T5  Sample Asymptotic Sample Asymptotic 

rd  

0./79 	0.196 	0.096 	0.144 
0.201" 	0.203 	0.084 	0.074 

0.229 	0.223 	0.083 	0.082 
0.277. 	.00264 	0.098 	0.097 
0.367 	00340 	0.148 	0.125 
00552 	00492 	0.197 	0018/ 

00897 	0.844 	0.314 	0.510 
.20131 	10874 	00825 	0068a 

4.110 	4.871 	1.807 	1.788 
3.143 	3.146 	10;73 	/0154 

/0291 	1.031 	0.510 	0.578 
0.540 	0.448 	0.197 	0.164 

12 	0.269 	0.241 	00110 	0.089 
13 	0./74 	0.149 	0.072 	0.055 
14 	0.11_2 	0.101 	0.047 	0.057 
15 	0.084 	0.074 	0.031 	0.027 
16 	0.063 	0.057 	0.024 	0.021 
17 	00050 	0045 	0.018 	0.017 
18 	0.042 	0.038 . 	0.014 	0.014 
19 	0.038 	0.032 	0.014 	0.012 
20 	0.054 	0.029 	0.012 	0.010 
21 	0.030 	0.026 	0.010 	0.010 
22 	0.027 	0.024 	00010 	0.009 
23 	0.025 	0.025 	0.012 	0.008 
24 	0.024 	00022 	0.010 	0.008 
25 	0,0024 	0.022 	000/3 	0.016 



	

0 	0.186 

0.205 

	

2 	0.222 

	

3 	0.267 

	

4 	0.370 

	

5 	00543 

	

6 	6.873 

	

7 	2.098 

	

8 	4.123 

	

9 	3.151 

	

10 	1.278 

	

11 	0.550 

	

12 	0,277 

	

13 	0.178 

	

14 	0.112 

	

15 	0.083 

	

16 	0.058 

	

17 	0.046 

	

18 	0.048 

19. 	0.043 

	

20 	0.038 

	

21 	0.028 

	

22. 	0.031 

	

23 	0.029 

	

24 	0.029 
25" 	0.027 

0.196. 

0.203.  

0.223,  

0.264 

0.340 

00492 

0.844 

1.874 

4.871 

3.146 

1.031 

00448 

00241 

0.149. 

0.101 

0.074 

0.057 

0.045 

0.038 

0.032 

0.029 

0.026 

0.024 

0.023 

0.022 

0.022 
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TABLE 2. .The mean end standard deviation o 43)  (x) X 

- oa/cttiated from the renewal de/eted data 

cYrequenoy 

(25x/710 Sample 

Mean. 

Asymptotic 
1 

 Stzndard Deviation 

Sample 	AsymptQ-Uc 
pawratusrA 

043,9. 0.190 

0408 ,0.097 

0.113 D0105 

0.115 0.120 

0.162 0.148 

0.213 6.205 

0.321 •0.335 
00841 0 714 
1.912 l815 

1.419 1.176 

0.438 0.400 

0.222 0.107 

0.13o 0.112 

0.099 0.078 

0.064 0.061 

0.060 0,052 

0.051 D.046 

0.045" 0.042 

0.039 

0045 0.038 

0.050 0.036 

0.0042 0.06 

0.050 0.03,5 

0.046' 0.05 
0 ,048 0.034 

0.055 0.069 
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TABU, 3. The mean and standard devtation o 43)  (x) 

calculated from the complementary renewal 

deleted data 

Frequency 

(25V7s) 

Mean 

Sample 	Asymptotic 

Standard Deviation 

Sample 	Asymptotic 

0 0.185 0.196 . 0.131 0.185 
1 0.201 0.203 0.108 0.099 
2 0.231 0.223 0.118 0.1/3 
3 0.276 0.264 0D131. 
4 4 00572 0.540 0.164 0.152 
5 0.565 0.492 0.198 0.201 
6 0.903 0.844 0.3,57 00J00 
7 2.106 1.874 0.851 0.709 
8 4.069 4.871 1.852 1.808 
9 3.106 3.146 1.347 1.169 
10 1.273 /.031 0.540 00593 
11 0o547 0.448 0.222 0.180 
12 00277 0.241 •0.121 0.109 
13 0.190 -  0.149 0.104 0.089 
14 0.123 0.101 0.077 0.069 
15 0.085 0.074 0.049 0.050 
16 0.058 0.057 0.050 0.040 
17 0.049 0.045 0.042 0.039 
18 0.049 0.038 0.043 0.045 
19 0.037 0.032 0.06 0.0x!-4 
20 0.036 0.029 0.039 0.0.:fl 
21 0.027 0.026 0.035 0.052 
22 0.029 0.024 0.030 0.033 
23 0.031 0.023 0.035 0.035 
24 0.023 0.022 0.033 0.036 
25 0.025 0.022 0.053 0007L 
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