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Abstract

Network theory studies complex interdependencies, commonly observed in our

interconnected world. Many of those networks express an important constraint

leading to a characteristic order; examples include publication dates of papers

in a citation network, dependency of packages in computer software, and prey

species in a food web. If edges respect this order, they exist only if they are

directed from one node to a node later in the order and there can be no cycles—

we observe a Directed Acyclic Graph (DAG). So in a DAG a link between two

nodes represents an order of the pair, not necessarily their similarity as links

are often interpreted in standard network analysis. To better understand these

common network topologies, we need to adapt our tools so that they respect the

order implicit in a DAG.

In this thesis our question is what are the implications of this order on the

paths, observed in a network. In particular, we study the relation between network

paths and geometric geodesics, the statistics of the longest path, the meaning of

centrality, and community detection in DAGs. We demonstrate how the presence

of an order of nodes changes the network structure itself, as well as the analysis

of it.
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Chapter 1

Introduction

Some parts of this chapter are based on work presented in:

Understanding Complexity via Network Theory: a Gentle Introduction,

V. V., F. E. Rosas,

arxiv.org/abs/2004.14845 (2020).

V. V. contributed to sections 1, 3− 6.

1.1 Complexity

Many real-world systems are interconnected. A collection of closeby particles, a

group of friends or financial stocks are seemingly very different things. Interactions

between particles are governed by physical laws, which may not necessarily apply

to interactions between people. We can know every physiological detail about the

human body and it will not suffice to understand social interactions between two

people. Learning about every single particle within the neuron will not be enough

to explain how billions of neurons form a conscious brain. All of these complex

systems are intractable using reductionist’s approaches. Complexity science aims

10
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to explain such patterns of complex interactions.

A complex system embodies a certain amount of hierarchy and interactions

happen between and among its subsystems [1]. Furthermore, these interactions

exhibit law-like and causal regularities, various kinds of symmetry, order, and pe-

riodic behaviour [2]. What distinguishes a complex system from a complicated

system is non-linearity of interactions between its constituents. The aggregate

of them exhibits properties, called emergent, that are not attainable by summa-

tion [3].

An example of a non-complex system is a watch, which, with many screws,

gears, springs, is a complicated device. We may even say that its emergent be-

haviour is its time-keeping ability. However, we can understand the mechanisms

underlying clock’s architecture completely, if we take it apart. Thus although

complicated, clocks are not complex [3]. In a complex system, “top-down” as well

as “bottom-up” effects can be observed. For instance, the structure of the World

Wide Web (WWW) is dependent on the individuals, contributing to creation and

linkage of websites. On the other hand, the navigation within the WWW by a

single individual is inevitably dependent on the structural features of the WWW

itself.

1.2 Networks

Networks are a useful tool to model a wide variety of complex systems. A network

is an abstraction of a system that depicts interdependencies within it. Just as a

map neglects aspects of the territory in order to focus on particular features of

interest, a network takes away most of the richness of individual sub-units of

the system and only retains the structure of their interdependencies. Networks

allow us to study the collective properties of these dependencies. Additionally,
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as seemingly unrelated systems might have similar networks of interdependencies,

networks sometimes allow us to establish non-trivial relationships between systems

that share similar dependency structures.

In the following sections of this chapter we review the main technical defini-

tions, used throughout the thesis. The notation, introduced here or elsewhere is

also summarised in the glossary at the end of the thesis.

1.2.1 Basic Definitions

The interacting entities in a network are referred to as nodes (or vertices), and

an interaction between two nodes is indicated by an edge. So in the simplest

form, a network consists of a set of nodes with a set of edges between them [4, p.

1, 109]. We define a network (also called a graph) as a pair G, consisting of a set of

nodes V and edges E : G = (V , E). The set V consists of all nodes: V = {u, v, w...}

and the size of this set is equal to the number of nodes in the network, N . The

set E consists of all edges among nodes in V and its size is equal to the number

of edges in the network, E.

The type of network just described is the most simple. Nodes in this net-

work have no internal structure, and in this sense are identical. For instance, a

network can be used to model relationships between people. An edge in a friend-

ship network of people indicates that some two people, represented as nodes, are

friends [4, p. 37]. In this network, all people are assumed to be identical: they

have no individual personality, status, ethnicity.

If we want to incorporate more information, we can equip a network with

richer structure. For instance, a node can be assigned a type. When there are

two types of nodes in the network, and an edge only connects nodes of different

type, a network is called bipartite, see [4, p. 123]. Such networks are useful

to model affiliations: a person belonging to a group, a company, a team. An

12



example of a bipartite network is a share-holder network where an edge connects

a company and a person, if the person invested in the company [5]. Bipartite

networks can be generalised to multipartite networks. A multilayer network on

the other hand allows for multiple layers, as well as inter-layer connections [6].

Extra information can be added not only to nodes, but also to edges. Significance,

strength of interaction can be represented with weighted edges, such a network

is called a weighted network. In signed networks, a link can have a positive or a

negative value. This type of network is useful to model polarised relationships,

e.g. “like” and “hate” in social setting [7]. Lastly, edges can be equipped with

orientation to obtain directed networks.

Examples of networks are numerous. To name a few significant ones, net-

works are useful to model social interactions (for example, see [8; 9; 10] and

references therein), migration patterns, technological networks (such as the in-

ternet [11] and the World Wide Web [12]), biological systems (e.g. brain net-

works [13; 14; 15], protein-protein interactions [16]). In section 1.3.3 we will

discuss examples of real world systems, that can be modelled as directed acyclic

graphs—networks that are studied in this thesis.

Network theory is built upon a rich mathematical foundation of graph theory

and statistical mechanics. To access the mathematical machinery, we define a

network as a quantitative entity. Although many representations are possible, in

this thesis we will always use an adjacency matrix, A. In the simplest case

this is a square N ×N matrix that represents edge connectivity of a network with

N nodes. For an undirected network each entry in the adjacency matrix is

Aiujv = Ajviu = e if (u, v) ∈ E , (1.1)

Aiujv = 0 otherwise.

Here e is the weight of the edge (u, v) and iu, jv are indexes of nodes u, v, respec-
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u v w j k m n

u 0 1 1 0 1 0 0

v 0 0 0 0 0 0 0

w 0 0 0 0 0 1 0

j 0 0 0 0 1 0 0

k 0 0 0 0 0 0 1

m 0 0 0 0 0 0 1

n 0 0 0 0 0 0 0

u

w

v

k
j

m

n

1

Figure 1.1: An example of a directed network on the right and its adjacency
matrix on the left. There are N = 7 nodes in the network, E = 8 edges. Node u
has an out-degree k(out)(u) = 3.

tively. If the network is directed, this matrix is not symmetric, and if an ordered

pair (u, v) ∈ E , Aiujv = e, but Ajviu = 0 if (v, u) /∈ E . An example of a directed

network and its adjacency matrix is given in Fig. 1.1. Most often we will consider

unweighted networks, unless otherwise stated. Having a mathematical representa-

tion of a network, we can define various characteristics of individual nodes, edges,

as well as the network as a whole. For instance, degree of a node is the number

of edges that are attached to that node: k(u) =
∑

v∈G Aiujv . When the network is

directed, two types of degrees can be distinguished: degree, based on edges point-

ing to the node (in-degree, k(in)), and degree based on edges pointing outwards,

k(out). For instance, in Fig. 1.1, k(in)(u) = 0, k(out)(u) = 3. We can calculate the

degrees of nodes directly from the adjacency matrix:

k(in)(u) =
∑
v∈G

Ajviu , k(out)(u) =
∑
v∈G

Aiujv . (1.2)

When two nodes are connected with an edge, we call them each other’s neigh-

bours. A set of all neighbours of u is called the neighbourhood N of u.

In directed networks, N can be divided into a set of nodes that have an edge

pointing to u, predecessors N pre: N pre(u) = {v ∈ V|(v, u) ∈ E}, and those

that are pointed to from u, successors N suc: N suc(u) = {v ∈ V|(u, v) ∈ E}:

14



N = N suc ∪N pre. Those nodes which have no successors k(out) = 0 will be called

sinks, and those that have no predecessors will be sources.

1.2.2 Paths

Networks become truly useful when there is a need to understand collective be-

haviour of the system via its large- or meso-scale organisations. To understand

such behaviours we study indirect, long-range interactions between nodes that

operate via paths, walks, cycles. A walk is defined as a sequence of vertices,

such that there is an edge from each vertex to the next vertex in the sequence.

A number of walks can be calculated from the adjacency matrix. For instance,

in an undirected network, for u, v ∈ V , [Ak]iujv is the number of walks of length

k between the nodes [4, p. 136]. In a walk, the sequence of traversed nodes need

not be unique.

A walk, in which each node of the sequence of occurs at most once, is called

a path. Formally, a path from u0 to uL, L(u0, uL) = {u0, ..., uL} is a sequence

of nodes, such that (ui, ui+1) ∈ E ∀i ∈ {0, L − 1}. We will often look at the

length of a path between two nodes, which is one less than the number of nodes

in the path set, L in the above definition. We will most often assume the shortest

path distance between two nodes and denote the length of a path between u, v as

duv. In section 4.6 we will also consider the longest path distance between nodes.

There we will call the length of the shortest path dSPuv , the length of the longest

path—dLPuv . We will also discuss the number of shortest paths between nodes,

denoted as σuv. The number of those paths that pass by a node w is σwuv.

In all but one type of network there are at least two distinguishable paths

between at least one pair of nodes. If for all pairs of nodes there is at most one

path connecting them, such network is a tree. The notion of a tree can be

generalised to directed networks. An arborescence is a network that has one
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source node, called a root, and all paths from the root to any other node are

unique. When multiple source nodes exist, the network is a directed tree [17].

(a) An arborescence. (b) A directed tree.

u

v

w

q

(c) A DAG. An edge (v, w) created a
cycle, which allowed in DAGs, u, v, w, q.

u

v

w

q

(d) A directed cyclic network. Edges
(v, w), (w, u) created a cycle, which is
forbidden in DAGs, u, v, w, q.

Figure 1.2: Difference between an arborescence, a directed tree, a directed acyclic
graph and a directed network. Flipping the direction of a red edge produces a
second source node in the arborescence of (a), resulting in a directed tree in (b).
In both, arborescence and a directed tree, there is at most one path between
any pair of nodes. Addition of an edge (v, w) in (c) or edges (w, v), (v, u) in (d)
produce cycles, composed of nodes u, v, w, q, so these networks are not directed
trees, nor arborescences. A cycle u, v, w, q in (d) is a “feedback” cycle which is
forbidden in DAGs.

Formally, when there is more than one path between a pair of nodes, a

network has a cycle. A cycle is a special type of subgraph G ′. Generally G ′ is a

pair of nodes V ′ ⊂ V and edges E ′ = {(u, v) ∈ E|u, v ∈ V ′}. A subgraph is a cycle

if k(u) = 2 ∀u ∈ V ′. If the cycle is directed, we must have k(out)(u) + k(in)(u) = 2

∀u ∈ V ′. Differences between an arborescence, a directed tree, a DAG, and a

simple directed network are illustrated in Fig. 1.2.
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Various insights about networks can be acquired from the statistics of differ-

ent types of paths. The shortest path between the two nodes (interchangeably

called a geodesic e.g. in [18],[4, p. 139]) is a path with smallest possible number of

edges. A classic example of the use of the shortest path statistics is for assessing

positional importance of nodes. Here we refer to measures of centrality which will

be discussed in great detail in Chapter 4. Furthermore, shortest paths are also

used to find optimal routes [19].

To study dynamical processes on networks one can employ various stochastic

methods, for example random walk techniques. Random walks are often used

to model various types of diffusion, and there has been intense research on the

impact of network architecture on the dynamics of random walks. The finiteness

of a network, along with its irregular structure can make diffusion on networks

very different from diffusion on regular or infinite lattices. Thus the statistics and

dynamical properties of a random walk can reveal information about the structure

of a network [20].

1.3 Directed Acyclic Graphs

The main focus of this thesis is on a special type of directed network, in which all

walks are paths, and none of the paths start and finish at the same node. We will

call such network a directed acyclic graph (DAG). Although this is standard

nomenclature, the name is misleading: if edge direction is ignored, cycles in DAGs

do exist. So most formally, DAGs are networks in which there are no “feedback”

cycles: walks that, following the edge direction, would start and finish at the same

node. See Fig. 1.2(c) for an example of a cycle, allowed in DAGs, and Fig. 1.2(d)

for an illustration of a feedback cycle, forbidden in DAGs.

Directed acyclic structure occurs in systems with underlying characteristic
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constraint, which orders nodes and governs the direction of edges [21]. So if in

the standard network analysis an edge indicates the presence of a relationship,

interaction, or similarity between the two connected nodes, in DAGs an edge also

indicates the hierarchical relation, causality, or order of the pair of vertices.

Perhaps the most significant example of DAGs is that of networks ordered in

time1. For instance, a citation graph [23] is a network in which both edges and

nodes respect temporal order. In citation networks nodes are publications and an

edge indicates a citation of one publication by another. In this thesis we will use

the convention of edges pointing forward in time: an edge starts from a referenced

paper and points to a referencing paper. In a citation network, an edge not only

marks a reference but also indicates the temporal order of papers: a paper can

only reference older papers that have been published already. We can say that in

part, the temporal structure can be recovered from the topological structure of

the network (where we do not necessarily know the real “ages” of nodes).

Another example of a DAG is a food web. This network depicts prey-predator

relationships between species in an ecosystem. Usually food webs are constructed

by considering the flow of energy or mass between compartments (species) within

the system [24]: there is an edge from u to v if v consumes energy from u, often

meaning that species v eats species u.

In practice there are often “bad” links which are in the “wrong” direction,

from a newer document to an older document in a citation network or cyclic

energy flows in a food web (e.g. cannibalism). In citation networks, this is because

documents are published in different versions and the text available may not

have been created at the time associated with the document in the data set.

1Note that these are not temporal networks. In a temporal network, time at which edges
appear is relevant for dynamical processes of the system [22]. An example of a system that can
be modelled as a temporal network is email communication between people where a sent message
from one person (node) to another is represented as a directed edge. In these networks time
does not govern the directionality of edges, so time is not a characteristic constraint ordering
the edges.
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For instance, a revised version of an arXiv paper carries the same index as the

first version. A journal article has several associated dates: first submitted, date

accepted, published online, formal publication date and so forth. Such bad links

can introduce cycles and these must be mitigated. One can simply drop the links

that do not respect the agreed order of time, or go against the order imposed by

trophic layers. More sophisticated approaches also exist to remove the acyclicity-

breaking edges, for example see [25; 26].

Networks can also represent a hierarchical structure. For example, within

software, many packages, programmes, algorithms can depend on other pieces of

software. For the whole package to run smoothly, one must ensure that there are

no cyclic dependencies. E.g. in python programming language, pandas library is

built upon numpy library. We may say numpy precedes pandas in the hierarchy

of software dependencies. For python to run smoothly, pandas cannot be a pre-

requisite of numpy, so software package dependencies are another example of a

DAG.

Another DAG closely related to computer package dependency network is a

task scheduling network [27]. Here tasks are ordered: one task must necessarily

be executed before beginning another (to make coffee, beans are ground before

being put in a coffee brewer). All of these examples are DAGs as there exists

inherent causality within the system. Indeed, causal networks (Bayesian networks

which are always directed acyclic graphs) are structures that represent conditional

dependencies between entities within the system [28, Chapter 2].

1.3.1 Basic DAG Properties

The lack of cycles in a DAG leads to many special properties that distinguish this

network type. Every DAG is linked to a partial order on its set of nodes. That

is, DAG is related to a partially ordered set—poset—of nodes V in which nodes
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are ordered via reachability criterion. We say that an element a in a partially

ordered set precedes another element b if these elements are related in the order

and a comes before b. We write a ≺ b, with relation “≺” satisfying the following

requirements for all pairs of elements, ordered in the set [29, p. 1-2]:

• Reflexivity: a ≺ a,

• Antisymmetry: if a ≺ b and b ≺ a, then a = b,

• Transitivity: if a ≺ b and b ≺ c, then a ≺ c.

In a DAG, we can say that whenever there is a path L(u, v), u ≺ v. This

relation between the mathematical entity of a poset and any DAG means that we

can exploit the mathematical machinery of ordered set theory to study our DAGs.

In the following chapters we will often do so.

On the other hand, DAGs are different from posets. In network representa-

tion, a partially ordered set is a transitively complete DAG, meaning that

if ∃L(u, v), then ∃(u, v) ∈ E . Transitive closure [30] is a process of injecting

edges in a network, such that whenever there is a path between two nodes, there

is also an edge between them. So a partially ordered set related to a DAG can be

obtained by performing transitive closure.

Each directed acyclic graph can relate to at most one poset, however one

poset is related to a collection of DAGs. DAGs, which have the same forms of

transitively reduced network and transitively complete network, share the same

partially ordered set. transitive reduction (TR) is a process of removing

those edges from a DAG, which are not essential to maintain the connectivity

within a network [31]. That is, if for an edge (u, v) there is another, longer

path which connects these two nodes, the edge (u, v) is not essential and can be

“reduced”.
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We can also order nodes linearly, that is, find a topological order of

nodes, i.e. put them in a sequence such that u comes before v if u ≺ v [32]. Such

topological order always exists, however it is not unique. If there are two nodes,

which do not have a path connecting them, either node can be put forward in the

topological order. Such a set of nodes for which there are no paths between any of

the nodes is known as an antichain. We will say that if u ⊀ v and v ⊀ u, u||v.

An antichain will be denoted A, A = {u, v ∈ V if u||v}. Conversely, a chain is a

generalisation of a path, that is, if u ≺ v, then u, v form a chain. In this thesis, to

order nodes we will most often use the information about the inherent constraint

of the system. An example of a constraint is time in citation networks, so the

index of a node in topological order will correspond to its publication date: first

is the oldest paper, followed by the second oldest and so on. When there is no

sensible metadata, we will use a topological_sort function of networkx library

in python to sort the nodes. The algorithm is based on the description in [33,

Chapter 7]. We will say that i is an index of a node u if it is in the ith place in

the linear topological order.

Another important feature of DAGs is that there is always a well-defined

longest path between any two connected nodes. We will denote the longest path

as LLP and its length L. Furthermore, we can use the longest path to define

height and depth of each node. The height of a node u, h(u) is defined as

the longest path distance from any source node to u; the depth of u, d(u) is the

longest path distance from the node to any sink node.

It is also important to note that adjacency matrices of DAGs are always

upper-triangular, which are nilpotent matrices that have all eigenvalues equal to

zero. As will be discussed in Chapter 4, this feature has important effects on

measuring centrality in DAGs.

21



1.3.2 Relation to Special Relativity

DAGs in which nodes are ordered with respect to time are similar to causal sets.

Causal sets theory states that at quantum level, space-time is a partially ordered

set in which the order relation ≺ represents causality of space-time events [34].

v

u

Figure 1.3: DAG as space-time. If nodes are space-time points, then each node has
a “future” and a “past”. The future of a node v, F(v) is the set of its descendants
(red cone), u ∈ F(v). Past of v, P(v) (blue cone) is the set of its ancestors. We
can say that nodes that v are not connected to (in yellow) are space-like separated
with the node.

In time-ordered DAGs, when u ≺ v, u must necessarily be older than v.

We will say that u is in the past of v. The set of all nodes in the past of v is

then the past of v, P(v) (note that this set does not include v itself. When it

does, we will write P [v]). In networks, this set is also called a set of ancestors.

On the other hand, if u ∈ P(v), then v is in the future of u, F(u) (v is a

descendant of u). Future and past sets of a node are shown in Fig. 1.3. Lastly,

we can take an intersection P [v] ∩ F [u] and define an interval as a subgraph

I[u, v] = {w ∈ P [v] ∩ F [u], (w, q) ∈ E|w, q ∈ P [v] ∩ F [u]}. An interval is a

subgraph with nodes which are causally related to both u and v. More links to

the notion of space-time and special relativity will be explored in Chapter 2.
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1.3.3 Random DAG Models

In the following chapters we will study properties of DAGs via analysis of real data

and network models. The latter are random graphs, in which some parameters are

fixed but other features vary. For example, we can take an observed network and

shuffle the edges in a way which preserves the degrees of nodes (a configuration

model [35, Chapter 7]). Other parameters that can be fixed include the number

of edges, diameter, clustering coefficient and so on.

Here we review two well-known network models, which will be used in the the-

sis, namely a random (Erdös-Rényi) network, and the Price model of cumulative

advantage (or preferential attachment). The Erdös-Rényi model is well-known as

a model of an undirected network, and here we discuss how it can be used as a

random model of DAGs. The undirected version of the Price model is also known

as a Barabási-Albert model [36]. In some chapters, we will also use more uncon-

ventional random models, which will be discussed there and in the appendices.

Erdös-Rényi Model

The Erdös-Rényi network model [37] is one of the simplest network models, the

essential element of which is its randomness. In this model one assumes no prior

knowledge about the network, nodes and edges. To build a representative network

of this model, one follows a simple rule: consider each pair of nodes, and with

some probability p add an edge between them. To build a directed acyclic graph,

we will first assign each node u an index iu and add directional edges which point

from nodes with smaller-valued indices to larger-valued indices.

Price Model

In the Price model [38] (for instance see sec.14.1 of Newman[4]) we start from a

network G(t) defined at an integer ‘time’ t. We create a new graph G(t + 1) by
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first adding one new vertex, which we label with the time (t+ 1). This new node,

(t+ 1), is connected to m existing vertices s in the graph G(t). These m existing

vertices {s} are each chosen with probability Π(t, s). We will use a convention

that these edges point from older to newer vertices, from s to (t+ 1). Once these

edges have been added we have our new graph G(t + 1). The process is then

repeated. For an example of how a network grows according to the Price model,

see Fig. 1.4.

Network grows
t=1-3

Initial graph

t=4

New node arrives
and connects to 
2 older nodes

t=5 t=6

Figure 1.4: An illustration of the Price Model. Here the height of the node on the
page indicates the time with the first node at the bottom being the node t = 1.
At each stage we show the graph G(t) so after the new nodes and its incoming
edges have been added. (Figure taken from [39]).

The mathematical and numerical simplicity of this model comes from the

simple definition of Π(t, s). To define the probability Π(t, s) we first define N(t) =

N0 + t be the number of nodes in the graph G(t) for some constant N0. The

number of edges in the graph G(t), after all m edges have been added to node t,

is E(t) = E0 + mt where E0 is some constant. Finally in the graph G(t) let the

node created at time s have out-degree k(out)(t, s), the number of edges leaving s

and connecting it to later nodes.

In this model, the connection of edges to new node (t + 1) is made in one

of two ways. With probability p node (t + 1) is connected to an existing vertex
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s chosen in proportion to the number of edges leaving s for later nodes in G(t),

k(out)(t, s). Price called this cumulative advantage and, after normalisation,

we have that the probability of choosing s is k(out)(t, s)/E(t). The second process

happens with probability p̄ = (1−p) and in this case we choose the source vertex s

uniformly at random from the set of vertices in G(t), i.e. with probability 1/N(t).

If we start the process at time equal to 1, then the probability of connecting the

vertex (t+ 1) to existing vertex s is Π(t, s) where

Π(t, s) = p
k(out)(t, s)

E(t)
+ p̄

1

N(t)
if t ≥ s ≥ 1 , (1.3)

unless s = t = 1 when Π(t, s) = 1, otherwise Π(t, s) = 0. Note that in his original

paper, Price considered p = m/(m+ 1) where Π ∝ k(out) + 1.

1.3.4 Datasets

We will also use data of citation networks and a food web, described in this section.

Summary statistics are given in Table 1.1

Name Type N E EDAG Source

hep-th Citation 27,770 352,806 351,500 [40]
hep-ph Citation 34,529 419,528 419,528 [40]
astro Citation 103,526 918,853 912,880 [41]
cora Citation 2,708 5,429 5,255 [42; 43]

Florida bay Food web 128 2,106 1,930 [44]

Table 1.1: Network statistics of data used in the thesis.

First, a citation network of papers in arXiv High Energy Physics-Theory

repository, for papers published between 1992 and 2003, taken from [40]. We

will refer to this dataset as hep-th. In contains 27,770 nodes and 351,500 edges

(edges which did not respect the time order, i.e. pointed from newer papers to older

papers, and were thus cycle-inducing, were dropped). We also used the citation

network of arXiv High Energy Physics-Phenomenology repository, referred to as
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hep-ph, also taken from [40]. For this network we also used the temporal stamps

of nodes to identify time order-disobeying edges.

Web of Science Astronomy and Astrophysics papers, published between 2003

and 2010 (referred to as astro) is another citation network we used [41]. This

dataset has 103,526 papers and 921,880 acyclic edges. For this data we used ISI

identifiers and assumed that the larger the value, the older the paper, and only

added links when there is a citation from one paper of higher ISI identifier than the

paper being cited. This eliminates all cycles but 5973 citations are not encoded

as edges in our network as a result, which is 0.64% of the total in this data.

The last citation network we will use is a cora dataset consisting of a selection

of 2,708 scientific publications on Machine Learning, classified into one of seven

classes, based on their topics. The papers were selected in a way such that in the

final network every paper cites or is cited by at least one other paper. This citation

network consists of 5,429 edges. Since this dataset does not include publication

dates, we used the approach, discussed in [25] to recover a DAG from a directed

network, leaving us with a network, composed of 5,255 edges.

Lastly, we will also study a food web of the Florida Bay [44]. In this network,

the nodes are compartments and edges represent directed carbon exchange in the

Florida Bay. There is an edge from u to v if compartment v consumes carbon from

compartment u. The compartments are mostly organisms but also encompass

special nodes such as “input” and “output”. We also had group classification

labels. Example groups include “Zooplankton Microfauna” and “Pelagic Fishes”

[45]. The original network consists of 128 nodes and 2106 edges but this contains

cycles. We used the breadth-first search approach, described in [25] to recover a

DAG, removing 176 edges (less than 9%).
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1.4 Objectives

My broad goal is to understand what implications the intrinsic order of nodes in

directed acyclic graphs has. As much of network analysis is based on statistics

of network paths, my focus will be on understanding how paths in DAGs are

affected by the order of nodes. For instance, since in directed acyclic graphs the

longest path between nodes exists, one of my goals is to understand where in DAG

analysis the notion of the longest path can be used.

This thesis will begin with Chapter 2 in which the aim is to motivate the

use of the longest paths in the analysis of DAGs. We will see that although

the shortest path is often considered the fundamental proxy of distance between

nodes, and so is called the geodesic, the longest path may be a better-suited path

for such role in DAGs. We will then study the properties of the longest paths in

the Price model in Chapter 3.

In Chapter 4 we will study the path-based measures of importance—centrality—

and how centrality is affected by the intrinsic order of nodes. We will also look

into variations of centrality measures, based on the longest paths, and see whether

they are better-suited to evaluate importance of nodes.

Lastly, in Chapter 5 we will discuss community detection, a standard network

measure of partitioning networks into sets of similar nodes. We will examine

an adapted version of community detection algorithm which allows us to detect

“hierarchically equivalent” and notionally similar nodes.

The aim of this work is to emphasise that the order found in DAGs and

data represented by them is an important feature which should not be ignored.

However, this ordering constraint is not accounted for in most traditional net-

work measures suggesting that network analysis methods need to be reexamined

carefully for the use in DAGs.
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Chapter 2

Geodesics and Paths in DAGs

2.1 Introduction

Paths are an important concept used to explain features of observed networks.

The presence of a path between two nodes indicates that some communication

between them is possible. Based on various statistics of paths in our networks

we can better understand how well-connected, optimised and navigable networks

are. For instance, one of the key characteristics of the so-called “small-world”

networks is that even though most nodes are not immediate neighbours, they can

be reached from any other node in a few hops.

One of the most interesting examples of a small-world network is the well-

known Milgram’s experiment [46]. In it, Stanley Milgram, psychologist at Yale

University, sent out packages to some people across the United States. These

people were not the recipients of these packages but rather were asked to pass

them along to other people they knew well and who may know the recipients

(if they did not know them themselves). It turned out that the average path

length that a letter travelled was around six—the six degrees of separation. The

conclusion was that although the social network (people in the country) is large,

28



everyone is separated by a comparably much smaller number of people—six.

The shortest path has received particularly big attention. The distribution of

the shortest paths between nodes is thought to indicate efficient communication

in the network. For instance, in brain networks short characteristic path lengths

may relate to more efficient internodal information transmission [47, Chapter 7].

A short characteristic path length means that information can, on average, be

routed between pairs of nodes using only a few edges. In this way, short path

lengths minimise the metabolic cost associated with routing action potentials

across axons and synaptic contacts, and hence could provide faster, more direct,

and less noisy information transfer [48]. Moreover, large degree of heterogeneity

and small amounts of synchronisation in the network can be expected if the longest

of all shortest paths, the diameter is relatively small [49].

The shortest paths are often referred to as the geodesics—a word which is

meaningful only when there exists a space in which the path is defined. If nodes

are points in the space, referring to the shortest path as a geodesic path implies

a particular space. In this chapter, we explore the link between networks, spaces,

and geodesics. The goal of this chapter is to define DAGs based on appropriate

metric spaces and compare geometric geodesic paths with specific network paths.

2.2 Geometry and Paths

2.2.1 Metric Spaces and Riemannian Manifolds

A metric space is necessary to define paths, geodesics, and distances. Simply

put, space X is a collection of geometric points. If such space is also equipped

with some function d : X ×X → R, the space is called metric space and d is

called a metric. The metric must satisfy the following requirements for all pairs
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of points in X [50, p. 4]:

• d(x, y) ≥ 0 non-negativity,

• d(x, y) = 0→ x = y identity of indiscernibles,

• d(x, y) = d(y, x) symmetry,

• d(x, y) + d(y, z) ≥ d(x, z) triangle inequality.

In metric spaces, the metric gives the length of a path between two points. For

example, in Euclidean space the distance between two points is the length of

the straight line segment connecting them. Hence Euclidean space is the simplest

form of a metric space.

We are interested in such metric spaces, upon which geodesics exist (a gener-

alisation of the shortest path between points, soon to be defined). Geodesics are

always well-defined between all points of differentiable Riemannian mani-

folds. These are metric spaces which are, at all points, real, smooth, and locally

flat. The metric of a differential manifold is defined on its tangent space: at

point p, TpM . The tangent space is a real vector space of the same dimension

as the manifold. It contains all possible directions in which one can tangentially

pass through p. The elements of the tangent space at p are called the tan-

gent vectors at p [51, p. 63]. If the tangent space is equipped with a function

g : TpM × TpM → R, a metric tensor, which is positive definite for all pairs

of vectors of the tangent space at any point on the manifold, such a manifold is

called Riemannian.

The metric tensor is used to measure distances and angles on the manifold.

It appears as a real, symmetric D × D matrix gµν , where D is the dimension of

the space [51, p. 72-5]. A signature of a metric is the trace of this matrix. For

example, on a three-dimensional Euclidean manifold, g is a 3× 3 identity matrix
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and the signature of the three-dimensional Euclidean space is three. Given the

metric, we can define an inner product on TpM as [50, p. 130]

〈x, y〉p =
D∑

µ,ν=1

gµνxµyν , (2.1)

where (x1, ...xD) and (y1, ...yD) are vectors in TpM .

Given dxµ a µth component of an infinitesimal coordinate displacement vec-

tor, the metric determines the invariant square of an infinitesimal line element,

often referred to as an interval, defined as

ds2 =
D∑

µ,ν=1

gµνdx
µdxν . (2.2)

Recall that if the manifold is Riemannian, ds2 ≥ 0 for all vectors of the tangent

space. For instance, in three-dimensional Euclidean space where gµν is the identity

matrix, ds2 = gxxdx
xdxx + gyydx

ydxy + gzzdx
zdxz = (dx)2 + (dy)2 + (dz)2.

In Riemannian manifolds, the role of straight lines of Euclidean space is

replaced by geodesics—the shortest paths between points. The distance between

two points is then measured along the geodesic. Given a curve that connects two

points and a tangent vector, the direction of the tangent vector, transported along

the line from the original point to the end point, remains unchanged. To find a

geodesic on a differential manifold one can use geodesic equations, defined in terms

of the metric (and its derivatives) as well as the components of an infinitesimal

coordinate displacement vector (e.g. see [51, p. 102-8]). For example, a sphere is

another simple example of Riemannian manifold. Here we find that there are two

geodesics between any two points, both following a great circle.
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2.2.2 Pseudo-Riemannian Manifolds

If one relaxes the requirement of metric positivity, that is ds2 < 0 is allowed, such

manifolds are referred to as pseudo-Riemannian manifolds. Of particular interest

are Lorentzian manifolds, with a metric of a signature d where d + 1 = D is the

dimension of the manifold. The space-time is modelled as a D = 4 Lorentzian

manifold, with three spatial dimensions and the fourth, representing time.

What Euclidean space is to Riemannian manifold, Minkowski space-time

is to pseudo-Riemannian manifold. Minkowski space-time is a flat, four-dimensional

space-time with the metric tensor represented as a diagonal matrix with entries

g = (1,−1,−1,−1). The square of a distance ds2 is

ds2 = (cdt)2 − dx2 − dy2 − dz2, (2.3)

where c is the constant speed of light, c = 1 in natural units. Strictly, this is a

pseudo-distance, as ds2 is not positive everywhere on Lorentzian manifold. Three

different types of separations are distinguished:

• time-like: ds2 > 0,

• space-like: ds2 < 0,

• light-like: ds2 = 0.

Time-like separated events are said to be causal, space-like separated events

are acausal. Although we will not study curved Lorentzian manifolds, it is

worth pointing the reader to perhaps the simplest examples of such curved spaces,

namely de Sitter and anti-de Sitter space-times, e.g. see [52] for an introductory

text on de Sitter space.
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2.3 Networks and Space

2.3.1 Networks Based on Geometry

A fundamental element of a network, a node, is reminiscent of a fundamental

element of space, a geometric point. However, the relationship between networks

and space is vague. It is not clear what space a network represents, as nodes in

networks, unlike points in space, do not have coordinates, and there is no implicit

metric.

Spatial networks are those in which vertices (or edges) are spatial ele-

ments associated with geometric points, i.e. nodes are located in space equipped

with a metric [53]. The simplest form of a spatial network is a network that

represents a geographic system. In such systems geometry is an intrinsic and im-

portant feature that influences network processes. Examples of such systems are

numerous. Spatial networks include transport networks (e.g. networks of connec-

tions between public transport stops [54]), power grids (refer to a review on power

grids [55] and references therein), so-called “urban” networks. An urban network

can be constructed by considering street intersections as network nodes. One

obvious network of such nodes can be obtained by calling portions of streets be-

tween intersections to be edges, e.g. see [56]. Clearly, most geography-representing

networks are based on two- or three-dimensional Euclidean space. Infrastructure-

representing networks are often planar graphs—networks that can be plotted

on a 2-dimensional plane without any crossing edges.

The Euclidean geometry of a spatial network implies that the further apart

the nodes are, the less likely there is an edge between them [53]. This is exactly

the idea behind a Random Geometric Graph (RGG). To create an RGG, a

first step is to generate N nodes and assign each of them coordinates in a metric

space. The parameter N and the volume of the space then define the density
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of points. In the simplest case the space is Euclidean and the coordinates are

obtained using Poisson (PPP) or other random point process, thereby defining an

ensemble of RGGs [57].

To connect nodes in RGG, one defines a condition, based on the metric.

For instance, two nodes u, v, geometric distance d(u, v) apart, are connected with

an edge if d(u, v) ≤ R, where R is some constant. RGGs can be generalised in

multiple ways. Of course, any space equipped with a distance function d(u, v)

can be used instead of Euclidean space. RGGs, generated in hyperbolic (neg-

atively curved Riemannian) manifolds seem to be of particular importance. It

is claimed that hyperbolic RGGs provide a geometric explanation of common

structural and dynamical properties of many real networks, including scale-free

degree distributions, strong clustering, community structure, and network growth

dynamics [58; 59; 60]. They also give a model underpinning optimal navigation

without the global knowledge of the network topology [61]. Furthermore, the

node connection condition (e.g. d(u, v) ≤ R) can also take numerous forms and

can be thought of as a probability function. The previously stated condition for

the RGG is then a Heaviside step function, yielding “hard” RGGs. Monotonically

decreasing probability functions of the connectivity of RGG yield so-called “soft”

random geometric graphs [62].

Pseudo-Riemannian manifolds were also studied as spaces of RGGs [57].

Here, the so-called Lorentzian RGGs are undirected random geometric networks,

generated by first sprinkling nodes onto a Lorentzian manifold using PPP and con-

necting two nodes with an undirected edge if the nodes are time-like separated.

Directed Lorentzian RGGs are known as causal sets (causets). In network

representation, causets are transitively complete directed acyclic graphs.
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2.3.2 Non-geometric Networks

Generally, networks are not “directly” embedded in space but the proximity of

nodes can still be important and lead to a natural geometry for a graph. Social

networks for instance connect individuals through friendship relations, which in

principle happens without any constraints derived from a finite dimensional space.

But in this case, geographical space intervenes in the fact that the connection

probability between two individuals usually decreases with the distance between

them [53].

Without the prior knowledge of the space, appropriate for a network, one

may want to find the most suitable, low dimensional space for it. The network

embedding task addresses this question. Given a network and some similarity

(or distance) function between its nodes the goal of network embedding is to find

a low dimensional representation of the network nodes in some metric space so

that the given similarity (or distance) function is preserved as much as possi-

ble [63]. Network embedding is an important tool for network visualisation and

understanding of functional properties of networks.

2.3.3 Geometric Networks and Paths

When a network is implicitly linked with a metric space, the relation between

geometric paths and paths in networks is apparent. If a network is based on or

embedded in Euclidean space, the straight line between points is the geometric

geodesic, and the shortest path between them is also the network geodesic [64; 65].

In simple models the longest path has been shown to be the best approxima-

tion to the geodesic for models of DAGs embedded in Minkowski space [66] where

there is a single time direction. Here the considered graphs are directed Lorentzian

RGGs, or causal sets (i.e. transitively complete DAGs). The statement that the
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geodesic in directed Lorentzian RGGs is closest to the network longest path was

further confirmed numerically [67]. In box spaces [68] which include those built

from Poisson Point Processes in Minkowski spaces where all causal nodes are

connected to form a network, the longest path also approximates a straight line,

although a straight line is only known to be the geodesic in Minkowski space. It

is not clear whether this statement holds true in non-transitively complete DAGs.

Perhaps in this case, the shortest path is a good representative of a geometric

geodesic?

2.4 Geodesics in DAGs

To understand what is a good “DAG geodesic”, we will study paths in those RGGs

that yield directed acyclic graphs. In particular, we are interested in the relation

between real geodesics of the geometric space and network paths in RGGs. To

build a DAG as an RGG, we can use a Lorentzian manifold. Then node similarity

relates to spatial proximity of nodes, and the order of edges is imposed by the

temporal coordinate. One can define a Lorentzian manifold in which some nodes

are space-like separated—form an antichain and are not connected in the DAG.

The relation between Lorentzian manifolds and DAGs has been previously used

in network embedding [69; 70].

Brightwell and Gregory [66] (basing their work on Bollobás and Brightwell [68])

showed that in transitively complete DAGs, modelled as space-time particles in

Minkowski space, the longest network path approximates the geodesic in the con-

tinuous Minkowski space. They considered a Minkowski manifold MD where D

is the dimension of the space-time (D − 1 spatial dimensions with one temporal

dimension). This manifold is further equipped with a causal structure “≺”: v ≺ u

if u ∈ F(v). Nodes are sprinkled on this manifold using PPP of constant density ρ
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in a finite space-time volume V . Once nodes are sprinkled onto the manifold, the

causal structure induces a causal set—a transitively complete DAG—with space-

like separated nodes forming antichains and time-like separated nodes connected.

In other words, we connect with edges all causal nodes (for which ds2 of (2.3) is

positive).

We find that the longest network path is a curve in MD which becomes a

geodesic when spacing between nodes approaches 0. The longest path length L

scales with the number of nodes, that is L ∝ (ρV )1/DmD, where mD is some

constant (e.g. m2 = 2) [66]. This was first discussed in [68] by Bollobás and

Brightwell in terms of box spaces (random partially ordered sets), and related to

causal sets by Brightwell and Gregory in [66]. Note that the length of a geodesic

should scale with the increased separation between points, a requirement which

is not satisfied by the shortest path in this model (as the shortest path is equal

to one edge). We will study scaling of the longest path in Chapter 3.

Here we will consider DAGs which are non-transitively complete directed

random geometric graphs. Note, this definition is different from the Lorentzian

random geometric graphs, mentioned in section 2.3.3 where Lorentzian metric

was used to obtain transitively complete DAGs of which the directionality was

ommited for further analysis. We will study DAGs, generated using PPP in

Minkowski space. To ensure that our networks are not transitively complete,

time-like separated nodes will only be connected if the square of a distance for

time-like separated points does not exceed a certain value. Although this study

could be generalised to curved spaces, let us now consider Minkowski space-time,

so each network we will generate will be a Minkowski-RGG. An illustration of the

model is given in Fig. 2.1.

We will restrict ourselves to cases of D = 2, 3. To generate a Minkowski-

RGG, we will first add two nodes usource, usink, separated by one unit in time and
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Figure 2.1: An illustration of a Minkowski random geometric graph model in
D = 2. The ordinate axis corresponds to spatial coordinate of nodes, whereas the
abscissa axis corresponds to the temporal coordinate. First, two nodes are added
at coordinates (0, 0) and (t, 0), the source node usource and the sink node usink.
The interval between the two nodes will be generated by sprinkling nodes in the
space and keeping those, with which both usource and usink are time-like separated
(yellow nodes do not satisfy this condition). The nodes within the interval are
those inside the rhombus bounded by F(usource) and P(usink). Once the interval
is populated with the required number of nodes, edges are created between those
nodes for which (2.5) is satisfied. For instance, the red node will have edges to
those nodes which are not farther than the dotted red line. The longest (fuschia)
and the corresponding shortest (green) paths are found, and the distance from
either to the geodesic (dotted cyan line) are calculated.

by zero in space. Let us choose these two nodes to be placed at points with

coordinates (0, 0) and (1, 0) in D = 2 and (0, 0, 0) and (1, 0, 0) in D = 3. In

general, we will say that the point (0, 0) in D = 2 ((0, 0, 0) in D = 3) is the

origin and a node u will be placed at a point located in the space with coordinate

u = (u0, u1) in D = 2 (u = (u0, u1, u2) in D = 3). The future light-cone of usource

and the past light-cone of usink will intersect at (0.5,±c/2) in D = 2. In D = 3

we can work in polar spatial coordinates to find where future and past light-cones

of the source and the sink intersect. Consider x, y as two spatial coordinates.

We have x = r cos θ, y = r sin θ, for θ ∈ [0, 2π] and r ∈ [0, c/2]. Then points
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lying on the boundary between the two light-cones will be those with coordinates

(0.5, c/2 cos θ, c/2 sin θ) in D = 3. Volume of these intervals are c/2 in D = 2 and

c2π/6 in D = 3 in units of [LD−1T ] (L—length unit, T—time unit).

For each value of c we will generate N points, such that the density of points

ρ is independent of c, so N = ρV . For the rest of N − 2 nodes, we will assign

a temporal coordinate v0 ∈ [0, 1] and a spatial coordinate between −c/2 and c/2

such that

`2(usource, v) = c2(usource0 − v0)2 −
D∑
i=1

(usourcei − vi)2 ≥ 0 and (2.4)

`2(v, usink) = c2(v0 − usink0 )2 −
D∑
i=1

(vi − usinki )2 ≥ 0.

We will use PPP to find the coordinates. These requirements will ensure that

all nodes are placed in an interval between usource and usink. We will then create

edges between those nodes u, v, for which 0 < `2(u, v) ≤ `2max for some value of

`2max. If

`2(u, v) = c2(u0 − v0)2 −
D∑
i=1

(ui − vi)2 ≤ `2max, (2.5)

then we will add an edge (u, v) if u0 < v0 and (v, u) otherwise. When `2max > c2,

we recover a transitively complete DAG in our interval, while smaller `max results

in DAGs which are less dense. The value of c determines the angle of light-cones:

small c results in narrow light-cones (we expect few edges), larger c makes them

more open (more edges are expected).

Our hypothesis is that in this model the longest network path approximates

the geometric geodesic of the space for various values of D, c, `2max. For visual

inspection, let us first consider Fig. 2.2, where examples of Minkowski-RGGs,

created using c = 1, D = 2 and several `2max values are shown. For each case, the

longest path in the network (blue edges), and the shortest path between the first
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Figure 2.2: Comparison between the longest path (blue edges) in the network
and the shortest path (red edges) between the same two nodes in Minkowski-
RGGs generated using different `2max. Each network contains 250 nodes, c = 1.
The horizontal axis represents time coordinate, the vertical axis represents spatial
coordinate. Two nodes u, v are connected if `(u, v)2 ≤ `2max. For clarity, edges
that do not feature in either the longest path or the corresponding shortest path
are transitively reduced [31; 71]. This figure shows that in transitively incomplete
random geometric DAGs, the shortest path deviates from the straight line much
more than the longest path. The maximum distance was taken as the largest
distance between a coordinate of any node in the path and the straight line joining
the end points of a path.

and the last nodes in the longest path (red edges) are highlighted (the rest of the

edges in the network are transitively reduced [31; 71] for clarity). In Minkowski
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space the straight line between the two nodes is a true geometric geodesic. It is

clear from the figures that for all but `2max = 1 case, the shortest path diverges from

the straight line, whereas the longest path does so to a lesser extent. Note that

we take a longest path and a shortest path, without any preference. It could be

that more than one path of the same length exists between the same two nodes in

the network, one of which is closer to the geodesic than another. However, in the

following, we will sample these paths from many Minkowski-RGGs, so an average

value of the distance between the network path and the straight line should be

representative of the true mean value.

To quantify the disparity between the geodesic of the Minkowski space and

the shortest or the longest paths in Minkowski-RGG, we proceed as follows. We

expect that for a path which is close to a geodesic, all points lie close-by the

straight line, connecting the two nodes. Then the largest perpendicular distance

from any point in the path to a line defining spatial geodesic says in how big of a

volume the path is contained in [65]. Ideally it is equal to zero and for non-geodesic

paths we expect the volume to be bounded only by the volume of the interval

I[usource, usink]. So we calculate the perpendicular distance from the most distant

point on a path to the geodesic line and call this the quality of the approximation

of the geodesic path by the path in the network. Given the start and end nodes at

a network path, ustart, uend and the node v, farthest from the straight geometric

line connecting nodes ustart, uend, the perpendicular distance to the line from u is

calculated considering their coordinates in space as follows [72; 73]

` =
|(uend0 − ustart0 )(ustart1 − u1)− (ustart0 − u0)(uend1 − ustart1 )|√

(uend0 − ustart0 )2 + (uend1 − ustart1 )2
in D = 2,(2.6)

` =
|(uend − ustart)× (ustart − u)|

|ustart − uend|
in D = 3.

Here u = (u0, u1) are Euclidean coordinates of a node at point u in D = 2 and
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u = (u0, u1, u2) in D = 3. Let us call the largest distance from the longest path

to the straight line `LP,geo and the largest distance from the shortest path to the

straight line `SP,geo.
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Figure 2.3: Largest distance from the straight line for the network longest path
(blue circles) and a corresponding shortest path (orange triangles) for Minkowski-
RGGs with ρ = 1500 and various dimension D and cutoff distance squared `2max

parameters for speed of light c = 1, 2. Errors are given as the standard deviation
of obtained values.

Fig. 2.3 shows that the longest path is close to the straight line—the geodesic—

for various values of D, c, `2max. It is clear from the figure that this distance is a

constant of approximately 0.1 for the longest path and seems to increase with

dimension. However, `SP,geo depends on `2max: as expected, for small values of

`2max, `SP,geo approaches the values, bounded by the size of the interval, and for

large values of `2max it approaches the minimum of 0, always obtained when the

network is transitively complete.

Fig. 2.4 shows that the deviation from the geodesic path for each of the two

network paths increases with c. For small values of c, the network is transitively
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Figure 2.4: Largest distance from the straight line for the network longest path
(blue circles) and a corresponding shortest path between the first and the last
nodes on the longest path for a model of Minkowski-RGG networks with ρ = 1000
nodes, D = 2, `2max = 0.8, and c varying from 0.5 to 4. The network is transitively
complete when `2max > c2, so for those values of c, the largest distance from the
shortest path to the geodesic is 0, as it is simply an edge. For larger values
of c, when network is not transitively complete, one can see that the farthest
point on the longest path comes closer to the geodesic than the farthest point on
the corresponding shortest path. Errors are given as the standard deviation of
obtained values.

complete, so the shortest path is simply an edge between the source and the sink,

however when the network is not transitively complete, the longest path is closer

to the geodesic than the shortest path. For larger values of c the network would

become disconnected, so such values of c are not considered.

2.5 Discussion

Geometry has recently caught attention of network scientists, who seek geometric

interpretations of non-geometric networks. Space is often interlinked with and

intrinsic to the topology of the network, and when it is not (for instance, in

hyperbolic space network models [58]), it explains features of observable networks.

Network can in principle be thought of as a space itself, with nodes as spatial
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points. However, the spaces of networks are complex, just as networks themselves.

If a network is a land, it is filled with valleys (which are easy to pass) and hills

(which are difficult to climb). Projecting a multi-dimensional terrain to a 2-

dimensional map we can lose the information about the hills and valleys, so it is

sensible to question the quality and reason behind our projection.

This chapter has served as an invitation to question the meaning of a network

geodesic. Often, without discussion, the shortest path between nodes is called a

geodesic. When the network is undirected and there is no knowledge of the space,

underlying the network, calling the shortest path a geodesic seems natural. If

we do not have any further information about the network terrain, by definition,

there is no faster way to reach u from v, so the network shortest path must be

a geodesic in a formal sense. When we generate an RGG based on Euclidean or

other metric space, we find that the space-defined geodesic is only approximated

by a network path, as was shown in e.g. [65] and discussed in this chapter. In a

way, we do not want the network path to be an exact replica of a spatial geodesic,

unless our goal is to recover a continuous space with our discrete network (as is

the goal in [66]).

The main result of this chapter is that in a Minkowski-RGG, which is a

non-transitively complete DAG, the longest path is a better approximation of a

geodesic, defined by Minkowski space. Although the relation between the longest

path of the spatial DAGs and the geodesics in the Lorentzian spaces is known,

it has only been proven for transitively complete DAGs. Here we saw that the

longest path lies close to the geodesic in non-transitively complete DAGs as well.

On the contrary, the shortest path deviates from a straight line. We observed

this result in many random networks, obtained using a range of parameter values.

The results also suggest that the deviation of a network path from a geometric

geodesic is independent of the parameter `2max value for the longest path. However,

44



the shortest path seems to approach the straight line for large values of `2max, c.

It is important to note that here we considered the largest deviation of a network

path from a geodesic. It is possible that if we measured the cumulative sum of

perpendicular distances from all points on a network path to the line defining a

spatial geodesic, we would observe the shortest path as that closer to the geodesic,

not the longest path. Testing this hypothesis is left for future work.

Our work, presented in this chapter poses more questions that provides an-

swers. What is the natural space-time for any given dataset with an order? Is

such a space-time locally (globally) curved and if so, how? What are the implica-

tions for the analysis of DAGs given the importance of the longest path shown in

this chapter? We will look for answers to some of these questions in the following

chapters.
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Chapter 3

The Longest Path in the Price

Model

This chapter is based on work presented in:

The Longest Path in Price Model,

T. S. Evans, L. Calmon, V. V.

To be published in Scientific Reports,

V. V. contributed to data collection and processing,

as well as interpreting the results and writing the manuscript.

The Price model [74; 38], previously discussed in section 1, is one of the

oldest network models, motivated by the pattern of citations in academic papers.

Recall that in a citation network, each node represents a document while every

entry in the bibliography of a document t is represented by a directed edge from

an older document, node s, to node t. The arrow of time thus ensures our network

of documents is a DAG: bibliographies can only refer to older documents.

The previous chapter explored the relation between the longest path and

geodesics. Here we will analyse the properties of the longest path in a model in
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citation networks, and exploit the mathematical simplicity of the Price model to

understand the mechanics of the longest path in this particular network model.

Although some properties of the longest path, such as its scaling with the

network size, have been investigated in transitively complete networks [68], it is

not clear whether the longest path behaves similarly in citation networks that are

not transitively complete, nor transitively reduced DAGs. The limited size of a

bibliography means no document ever cites every older paper to which it has some

connection. We will begin by outlining the analytic results. We will then compare

the analytical result to numerical simulations and summarise our findings.

3.1 Analytic Result for Scaling of the Reverse

Greedy Path

The Price model was first introduced in section 1.3.3. Given the probability of

connecting to a node s at time t+ 1, (1.3), we can further simplify this expression

by assuming that E(t) = mt and N(t) = t (this is a reasonable approximation

for large values of t). We will use Π(t, s) to derive the expression of scaling of

the so-called reverse greedy path, which can be thought of as a lower-bound

approximation of the longest path. This path is defined in opposite direction to

the direction of edges. The reverse greedy path arriving at a vertex t is defined by

following the edge arriving at that vertex t which links back to the most recent

predecessor of t, vertex s. Iteratively, for vertex s the reverse greedy path follows

the edge (against its direction) to the most recent predecessor of node s. The

process is continued until the global source node is found, see Fig. 3.1 for an

illustration. Let us denote the length of the greedy path of a network with t

nodes `(t), whereas the length of the longest path will be L(t).

Let us sketch the algebraic solution for the reverse greedy path scaling in
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Figure 3.1: Example of the reverse greedy path in green and the longest path in
blue. The two paths are distinct in general. Although the reverse greedy path can
in principle be of the same length, as the longest path, it is usually shorter. The
length of the greedy path is the lower bound for the length of the longest path.
Figure reproduced from [39].

the Price model. Full details are provided in [39]. First, one needs to define the

cumulative probability function which is the probability that all m edges from the

node created at time (t+ 1) are attached to a node created at time s or earlier

Π≤(t, s) =


∑s

r=1 Π(t, r) if t ≥ s ≥ 1 ,

0 otherwise.

(3.1)

One can see the Π≤(t, s) as the probability to connect to an “effective node”,

which represents all nodes created between the initial time to time s. Its degree

is furthermore the degree of all such nodes, and edges, pointing from nodes in the

effective node to other nodes in the effective node represent the self-loops of it.

To find the scaling of the reverse greedy path, we need to know Πmax(t, s), the

probability that of the m predecessor nodes connected to a new node at (t + 1),

the oldest of them is s = max(P(t + 1)). The probability that we connect a new

node (t + 1) to nodes of age s or less is simply (Π≤(t, s))m where Π≤(t, s) is the
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cumulative probability of attachment of (3.1). This gives us that

Πmax(t, s) = (Π≤(t, s))m − (Π≤(t, s− 1))m

for t ≥ s ≥ 1. (3.2)

Then the master equation for the length of the reverse greedy path is

P (`, t+ 1) =
t∑

s=1

P (`− 1, s)Πmax(t, s) . (3.3)

The master equation has a solution of the form [39]

lim
t→∞
〈`(t)〉 = mp̄ ln(t)−mp̄ψ(mp̄+ 1)

+
m∑
n=2

(
m

n

)
(−1)n−1(p̄)nζ(n) +O(t−1). (3.4)

Here ψ(z) is the digamma function and ζ(n) is the Riemann zeta-function. The

solution suggests that the length of the greedy path (and so the longest path) will

scale as the logarithm of the size of the network.

3.2 Numerical Methods

To confirm the analytical result, (3.4), we studied the Price model numerically.

The Price model is straightforward to implement, however there are some sub-

tleties related to its implementation.

The details of the algorithm are provided in Appendix C. For completeness,

here we sketch the algorithmic procedure qualitatively. The algorithm begins with

an initial graph. This step is essential, as otherwise equation (1.3) is undefined. In

theory, any directed acyclic network could be used as an initial graph. However,

one may want to consider the effect of the initial graph choice for the results, and
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minimise the initial bias as much as possible. Our choice for the initial graph

was a transitively complete DAG with (2m+ 1) nodes. Of course, (3.4) does not

relate to our network at this point, as a transitively complete DAG is not a graph,

generated using the Price model. However, this equation is not supposed to be

accurate in small networks, and this initial graph is assumed to have a weak effect

on the asymptotic behaviour of the scaling of the longest path in the long time

limit. The initial graph effect will be discussed in more detail in section 3.2.4.

(a) m = 2, α = mp̄/p = 1, N = 108, single run. (b) m = 5, α = mp̄/p = 1, N = 108, averaged over 100 runs.

Figure 1. On the left is a plot of path length against ln(t) for a single network realisation showing noisy the data is. Averaging
over 100 runs greatly reduces the fluctuations as shown in the righthand plot. Fitted lines are of the form a ln(t)+b. In both
figures, a random sample of 105 points is plotted.

1/1

Figure 3.2: On the left is a plot of path length against t for a single network
realisation showing how noisy the data is. Averaging over 100 runs greatly reduces
the fluctuations as shown in the righthand plot. Fitted lines are of the form
a ln(t)+b. In both figures, a random sample of 105 points is plotted. The abscissa
axes are logarithmic to show the linear behaviour between the path lengths and
t. Figure reproduced from [39].

After the initialisation, the network is grown sequentially. At each time step

t, a node t is added to the network, and new edges are placed from older nodes

to the node t, according to (1.3). The lengths of the greedy path and the longest

path at time t are recorded and the new iteration step begins. It is easy to track

the lengths of the two paths at each time step. For the greedy path, one notes the

lengths of the greedy paths of the nodes the node t drawn edges to, the largest

value is `(t) − 1. For the longest path, one must check if one of the nodes t

connected to, also has the largest value of the longest path length. If so, this

length is L(t)− 1.
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The results, obtained from a single network are noisy, as the exemplary Fig.

3.2(a) shows. However, despite the large fluctuations, there is a clear positive

relation between t and the length of the longest and greedy paths. To obtain

statistically significant results, we looked at the path length distributions, aver-

aged over 100 runs. Fig. 3.2(b) shows greatly reduced fluctuations and a clear

linear relation between path lengths and the logarithm of the size of the network,

confirming the correctness of the analytic result. We further confirmed this for a

wide range of parameter values, as will be discussed in the following sections.

3.2.1 Fitting

In order to compare our numerical data with the analytical results we fitted the

path lengths found to the function f(t) where

f(t) = a ln(t) + b . (3.5)

The fit was made by using a fitting routine based on the optimisation of the

chi-squared measure of goodness of fit (for instance see [75]).

For each set of parameter values p,m,N , R = 100 networks were generated.

Furthermore, for computational convenience, we used such values of p,m that

mp̄/p = α is an integer. From each network, the data of the reverse greedy path

and the longest path at each t was collected. Note that strictly this makes our

data points not entirely independent. We also assumed that the data points at

each t are normally distributed—this feature is an essential prerequisite of the

chi-squared statistics. However, it is strictly not possible for an integer-valued

data such as ours to be normally distributed. Yet, as the Fig. 3.3 shows, Gaussian

distribution with the same mean and standard deviation as the data approximates

our data well. Let us call a path length (either greedy or the longest), recorded at
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(b) The longest path lengths.

Figure 1. On the left is a plot of path length against ln(t) for a single network realisation showing noisy the data is. Averaging
over 100 runs greatly reduces the fluctuations as shown in the righthand plot. Fitted lines are of the form a ln(t)+b. In both
figures, a random sample of 105 points is plotted.

1/1

Figure 3.3: Distributions of the reverse greedy path length (left) and longest path
lengths (right) for a node with index t = 105 in the Price model with m = 5, c = 1 and
106 total number of nodes, averaged over 1000 networks. For comparison, a Gaussian
is plotted with the same mean and standard deviation as each data set. We can see
that a normal distribution, while not perfect, is a sufficiently good description of the
distribution to justify our use of Gaussian-based fitting statistics. Figure reproduced
from [39].

run r for node t, ytr. To evaluate the quality of our fit, parameters that minimise

the value of the chi-squared function [75]

χ2 =
∑
t,r

(ytr − ft)2

(σt)2
(3.6)

have to be found. The errors on the parameter values were taken from the co-

variance matrix produced by the method. The fitting function ft used here is

ft = a ln(t) + b but we also tried ft = a ln(t) + b+ (c/t) where a, b, c are constants

to be found by fitting, see section 3.2.3 for discussion.

For numerical convenience (minimising memory requirements), for each of

the path length we kept track of two values for each node occurring at t, the total

sum of values Tt and the sum of squares St, as given by

Tt =
∑
r

ytr, St =
∑
r

y2tr . (3.7)

We do not expect the fit to be valid for small system sizes. For instance,

in most of our work the initial graph is a complete DAG (see section 3.2.4 for a
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(a) Greedy path. (b) The longest path.

Figure 3.4: The ratio of the average over 100 runs of the path length measured
numerically, Lobs and `obs, divided by the expected values, as described by the
numerical best fit. The data for p = 0.625 m = 5 from t = 1000 (represented by
a vertical dashed line) to t = 108 was fitted to (3.5). The reverse greedy path
results are shown on the left, and the longest path are shown on the right. The
error bar on each point is calculated from the standard error in the mean from
the results for each node over 100 runs. A random sample of 106 points is plotted
in both figures.

discussion of initial graph effects) in which the path lengths scale as yt = L(t) =

`(t) = t. To deal with this we fit our data from time t0, an additional parameter

in our fit, to the largest time which is equal to the number of nodes N . So, in

terms of the totals and the squares of totals, our chi-squared function becomes

χ2 =
N∑
t=t0

St − 2Ttft +R(ft)
2

(St/R)− (Tt/R)2
. (3.8)

Under our assumptions of normal fluctuations and independence as noted above,

the probability of obtaining a particular χ2 value is given by the integral of the

complementary cumulative distribution function of the χ2 distribution for the

given degrees of freedom. The number of degrees of freedom in the model is

equal to (N − t0 + 1)R. t0 parameter was varied between 100 and 104 but this

cutoff parameter t0 had no significant influence on the resulting fits. This is to be

expected, as even the largest t0 value considered, 104, constitutes a mere 0.01%

of the data we were using. So, in our work we used a fixed value of t0 = 103. As
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Fig. 3.4 shows, there is a deviation between the numerical and analytic values for

small t, however the number of data points in this regime is small, so in practice

the effect on the overall quality of the fit is weak.

3.2.2 Leading and Next-to-leading Order Coefficients

The dependence of the coefficient of the ln(t) term found from the fit, a, on the

model parameters is shown in Fig. 3.5 and Fig. 3.6. The abscissa in these figures,

m+ p was chosen for visualisation purposes. In the range [m,m+ 1) lie all points

corresponding to networks where the parameter m is the same and p varies. Fig.

3.5 shows that for a wide range of parameter valuesm, p the observed coefficient agr

agrees with the theoretically expected value of mp̄, whereas for the longest path,

the observed leading order coefficient is around double the expected coefficient.

Fig. 3.6 further shows the relation of the leading order coefficient, found for the

scaling of the greedy path length, and for the longest path length. The coefficient

for the greedy path length is always smaller than the coefficient for the longest

path length scaling. For the parameter values considered, the longest path seems

to be around twice as long as the reversed greedy path.

The next-to-leading order coefficient, b of (3.4) did not reveal as clear trends

as the coefficient a of the same equation. There does not seem to be an obvious

relation between bmax and bgr, as Fig. 3.7 shows.

3.2.3 Fit to a Non-linear Function

We also considered a fit with a term of c/t added to the expression in the (3.5),

that is f(t) = a ln(t) + b + (c/t). We found that in practice, this term had little

influence on the remaining parameters of interest, namely, a and b. Furthermore,

the errors in c were found to be relatively large in comparison to the errors of the
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Figure 3.5: The ratio of aobs/(mp̄) where aobs is the coefficient of ln(t) derived
from the best fit of the numerical path length data to a ln(t) + b (3.5) while mp̄
is the analytical prediction for the value of a when looking at the length of the
reverse greedy path. The red triangles show the results for the longest path value
of a while yellow circles are the reverse greedy path values. These values were
obtained by fitting the form to nodes created between t = 1, 000 and t = 108 from
100 realisations. Errors on the fitted values of a were smaller than the marker size
and are not shown.

Figure 3.6: The ratio of amax/agr where a is the coefficient of ln(t) in the best fit
of the numerical path length data to (3.5), amax for the longest path data and agr
for the reverse greedy path data. These values were obtained by fitting the form
to nodes created between t = 1, 000 and t = 108 from 100 realisations. As a result
the errors on the fitted values of a, as estimated from the covariance matrix of
the linear fitting algorithm, were smaller than the marker size and so these are
not shown.
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Figure 3.7: The ratio of bmax and bgr where b is the next-to-leading order coefficient
in the best fit of the numerical path length data to a ln(t) + b: bmax for the longest
path data and bgr for the reverse greedy path data. These values were obtained
by fitting the form to nodes created between t = 1, 000 and t = 108 from 100
realisations. The errors on the fitted values of b, as estimated from the covariance
matrix of the linear fitting algorithm, were smaller than the marker size so the
uncertainties are not shown.

parameters a, see Table 3.1.

3.2.4 Initial Graph Effect

Although in this work, all simulations were performed with a single type of initial

graph (a transitively complete DAG with 2m + 1 nodes), Gcompl, here we look

at the importance of this choice on the obtained results. Due to the choice of

the initial graph, we always have exactly m more edges than nodes which is an

assumption in the analytical work. A possible drawback is that this initial graph

has long path lengths, `(t) = L(t) = (t − 1) for nodes in this graph. As both

the longest and reverse greedy paths will start with paths in the initial graph,

these long initial graph path lengths will produce a significant addition to those

we measure. For instance, for m = 5 this initial graph contributes up to 10 to any

path we measure while the typical length scales we measure at late times are less

than 100 in general.
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m α χ2
gr,lin − χ2

gr,nonlin

χ2
gr,lin−χ

2
gr,nonlin

χ2
gr,lin

× 107 χ2
max,lin − χ2

max,nonlin

χ2
max,lin−χ

2
max,nonlin

χ2
max,lin

× 107

2 1 1914.679 1.8958 52115.2 51.6
2 2 5500.539 5.4468 47292.36 46.9
2 3 10679.31 10.574 32425.11 32.1
2 4 15793.18 15.638 11345.38 11.2
3 1 4128.344 4.0881 53148.67 52.7
3 2 10891.1 10.784 30573.03 30.3
3 3 18021.77 17.849 14582.06 14.5
3 4 29150.27 28.865 535.4066 0.531
4 1 6381.005 6.3185 35694.73 35.4
4 2 15188.28 15.041 13707.66 13.6
4 3 30406.43 30.109 10.1752 0.0101
4 4 41108.91 40.72 3412.088 3.39
5 1 7572.032 7.4983 31364.85 31.1
5 2 23749.52 23.52 3088.395 3.06
5 3 36774.17 36.424 1128.841 1.12
5 4 66946.58 66.314 47772.77 47.3
6 1 11489.57 11.378 22020.32 21.8
6 2 26992.08 26.731 149.04 0.148
6 3 61386.35 60.782 45868.17 45.4
6 4 89429.041 88.563 93100.79 92.2

Table 3.1: Absolute and relative difference between chi-squared values obtained
by fitting path data to a linear function, f(t) = a ln(t)+b, χ2

lin and to a non-linear
function f(t) = a ln(t) + b+ (c/t), χ2

nonlin. The non-linear fit results in smaller χ2

values, but the improvement is marginal. Table reproduced from [39].

Figure 3.8: Path length (greedy on the left and the longest on the right) vs. ln(t)
for 100 runs with m = 6, fitness of 2, N = 105 using different initial graphs,
all composed of 2m + 1 nodes. Fitted lines are of the form a ln(t) + b. The fit
parameter a seems to be unaffected by the initial graph, whereas the fit parameter
b varies significantly, see Table 3.2. This causes the slope to remain stable but
shifts the graphs vertically. The fit was obtained for nodes created from t = 1, 000
onwards. Figure reproduced from [39].
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A transitively reduced version of the Gcompl is another potential choice for the

initial graph. It is a single path, or a chain, thus let us call it Gchain(t). This type of

initial graph is as sparse as possible, all nodes have k(in) and k(out) equal to zero or

one, but this initial graph has the same long path lengths as the complete graph.

The reason the chain and the complete graph lead to different behaviour in the

shift in the average path length at long times is because of their different initial

degree distributions which alters the pattern of attachment at early times. That

in turn alters the likelihood that the paths we measure join the initial graph at a

particular node. We expect that the paths we measure in models starting with the

complete graph are more likely to contain a smaller fraction of the initial graph

as the earliest nodes will have higher out-degrees but add shorter path lengths

to our measurements. By way of contrast, in the chain, most nodes have the

same initial degree, they are likely to have similar degree over time so the paths

we measure are more likely to leave the initial graph at a later node so giving a

longer contribution to the path length coming from this initial chain graph.

Path type Initial graph a b

Greedy Star 1.4973± 0.0052 −0.688± 0.04417
Greedy Complete 1.5001± 0.0038 5.9741± 0.0309
Greedy Chain 1.5213± 0.0035 8.5548± 0.0290
Longest Star 3.0701± 0.0056 −7.9019± 0.0476
Longest Complete 2.9970± 0.0034 0.5458± 0.0279
Longest Chain 3.0303± 0.0034 2.9345± 0.02789

Table 3.2: Variation in obtained fitting parameters for the greedy path scaling
and the longest path scaling when using various initial graphs in the Price model
with m = 6, α = 2. The data from t = 1, 000 to t = 105 was fitted to the form
a ln(t) + b. The initial graph seems to have a small effect on the slop, parameter
a, but causes significant changes in the intercept, parameter b. Table reproduced
from [39].

The last initial graph we studied was a “directed star graph” Gstar(t), where

a single global source node points to the remaining nodes, which in turn are

not pairwise connected. Now the degree distribution is highly skewed, with the
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central node going to dominate attachment through the cumulative advantage

mechanism. However, connecting to one of the other nodes only adds one to the

paths we measure so we expect our models using this initial star graph will have

the smallest paths lengths of the three cases considered.

As Fig. 3.8 shows, the results obtained using either of the three studied

variants of the initial graph are distinguishable. The asymptotic scaling of the

path lengths as a ln t remains the same with the same value of the parameter a.

However the constant contribution, b of (3.1), seems to depend on the choice of

the initial graph. As Fig. 3.8 and Table 3.2 show, the b coefficient behaves exactly

as suggested above: the star graph gives the shortest path lengths while the chain

gives the longest.

3.3 Conclusions

In this chapter, we considered a directed preferential attachment model, the Price

model of citation networks. As it is a directed acyclic graph, the longest path is

well defined. Here we showed that the length of the longest path scales as the

logarithm of the size of the network, more precisely, asymptotically as mp̄ ln(t) for

a wide range of parameter values. The analytic result agrees with the numerical

result within the margin of error.

The reverse greedy path length is a lower bound on the length of the longest

path so it is no surprise that the longest path length also scales as ln(t) with

a coefficient, amax, which is larger than the corresponding scaling factor for the

reverse greedy path length, agr. We found that the ratio amax/agr is approximately

equal to two, indicating that the longest path in the Price model scales twice as

fast with the network size, as the reverse greedy path.

In network models, the directionality of edges is often ignored, however,
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whenever the nodes and edges are added sequentially to the growing network,

and edges respect the arrow of time, we obtain a DAG, with special properties

such as well-defined longest paths. Future studies may look into other statistics,

not only the length of the longest path in the Price model, e.g. the distribution

of all longest paths. Other random networks may also be studied. In effect, any

generative network model could be a model of random DAGs, as was already

discussed in section 1.3.3. Studies of the longest path scaling in alternative DAG

random models is another future direction.
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Chapter 4

Centrality and Directed Acyclic

Graphs

4.1 Introduction

Nodes in a network are equivalent in terms of their internal structure: each node

represents the same type of entity (in the simplest type of networks). However, po-

sitional importance of nodes is far from equivalent: some nodes are in structurally

important (central) parts of a network, and some are positioned in peripheral ar-

eas. Centrality is a function that evaluates node’s positional importance with

respect to the topology of the rest of the network.

Centrality is one of the oldest, primary tools of network analysis. Bavelas

was first to coin the term “centrality”, remarking in his experiments that central-

ity of a social network is related to group efficiency in problem solving [76]. The

relation between centrality and other group processes was thoroughly studied in

the following decades by sociologists [77; 74; 78], later adapted to other sciences.

Centrality has found endless applications and is used to study numerous social,

technological, transport, biological systems. To name just a few examples, central-
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ity is a useful tool to find most relevant items in recommendation systems [79],

or to understand key participants in protein-protein interaction networks [80].

Centrality is also used in transportation networks, e.g. to understand traffic and

congestion [81; 82]. Furthermore, it seems to be linked to socioeconomic indica-

tors in air transport networks [83]. Centrality is also used to find vulnerabilities

in different types of criminal organisations [84].

There is no strict definition of centrality. When a node is called central, it

is assumed to be in a structurally important part of a network. However this

importance manifests differently in different contexts. So it is not surprising that

centrality is also evaluated in various ways. Which centrality measure to use for

a given network then depends on what defines an important region in a certain

network. One measure can be useful to evaluate importance in one network, but

it can have no meaning in another.

For instance, consider a citation network. Recall that an edge indicates a

citation and can only point from an older paper to a more recent one. In this

picture, out-degree gives a citation count of a node and in-degree is equal to the

length of paper’s bibliography. In bibliometric studies, a count of paper’s citations

is considered an indicator of its success or impact [85]. Conversely, to use the

length of a bibliography would be a far more controversial quantifier of paper’s

significance. As the length of bibliography reflects on the amount of resources

used by the authors, it can vary vastly based on the research field and the type

of paper (e.g. whether it is a letter or a review). So centrality reflecting upon

importance in one context may be less insightful in another.

An important feature of centrality that will be studied in this chapter is that

centrality creates an order of nodes. Centrality values of nodes are real numbers

which can be used to order nodes from the most central to the least central.

Generally, this order depends only on the topology of the network. DAGs are
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unique in that one order of nodes is quintessentially a part of the network topology

itself (the topological order of nodes, see section 1.3.1).

As we will see, in many cases, centrality scores are correlated with the intrin-

sic topological order of nodes: old nodes are deemed to be indicated as central,

regardless of whether they are structurally peripheral or positioned in a core area.

So tension between the two types of node orders exists: in some cases, a node is

“central” because it is important, but other nodes are “central” because they are

old but not necessarily important.

We will begin this chapter with a review of relevant centrality literature and

will define centrality as a function with specified features. We will then create

axioms for a function to be a centrality measure for DAGs.

To understand the relation between the two orders of nodes in DAGs, we will

concentrate on a quintessential feature of centrality function, namely, the neigh-

bourhood inclusion preorder and its behaviour in directed networks. We

will also show that in DAGs there are some cases when neighbourhood inclusion

preorder need not exist, yet we can create a centrality order. It means that cen-

trality order reflects on topological order of nodes. Thus we demand a second

requirement for a useful DAG centrality measure, namely, that it also cannot be

trivially related to topological order.

To make use of centrality in DAGs, we will propose several methods. First,

we will discuss an information-theoretic measure based on similarity of partial

orders. Such tool may be used to understand whether a node, indicated as central,

is expected to be central given its index in the topological order. We will also look

into several variations of centrality, such as centrality based on the longest paths,

future and past light-cones.
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4.2 Requirements for Centrality

Over the years, network centrality acquired many meanings and definitions. To

make sense of this multitude of measures requires their classification and descrip-

tion of its key properties. In this section we will review work done in this area.

It is sensible to have many centrality measures, so that we would always have

at least one centrality measure which has a meaning in our network. However, an

ever-growing number of measures makes one sceptical about the need to contin-

uously “improve” centrality. Very early in the formation of the topic of network

centrality, Freeman pointed out that “several measures are often only vaguely re-

lated to the intuitive ideas they purport to index, and many are so complex that

it is difficult or impossible to discover what, if anything, they are measuring” [86].

Perhaps a formal definition of centrality is needed. Sabidussi was first to

formalise centrality by stating requirements for a function which takes an undi-

rected network as an argument [87]. He first pointed out that the function should

be invariant under graph isomorphisms. Secondly, it should be monotonic under

graph modification: a vertex receiving a new incident edge (via operations called

edge addition and edge switching) can only become more central. Sabidussi’s

work was followed by Nieminen, who discussed similar axiomatisation for directed

graphs [88]. More recently, Boldi and Vigna [89] proposed axioms to characterise

the effect of size, density and addition of an edge in a directed network. They fo-

cused on axiomatic validity of centralities applied to graphs composed of k-cliques

making their work specific to such type of graph. Bandyopadhyay et al. worked

on universally applicable sets of axioms [90].

Most axiomatic approaches are limited to centrality applied for a specific

network type and to date there seems to be only one key property that is an

uncontested assertion of what centrality is, the star property, put forward by
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Freeman [86; 91]: “a person located in the centre of a star is universally assumed

to be structurally more central than any other person in any other position in any

other network of similar size”. A generalisation of the star property was proposed

by Schoch and Brandes [91] as an essential criterion of any centrality measure—

neighbourhood inclusion preorder. It states that if the neighbourhood of

a node u includes that of v, u is dominated by v. The relation

u �N v indicates that N (u) ⊆ N (v) ∪ {v} (4.1)

and we say that u is dominated by v.

Neighbourhood inclusion preorder can be used to define centrality as a func-

tion acting on nodes in G in such a way that if the neighbourhood of a vertex v

dominates that of a vertex u, then v is at least as central as u. For our purposes,

we define centrality as a function C: C(G, u) → R. The function must pre-

serve the neighbourhood inclusion preorder: if u �N v, then C(u) ≤ C(v). We

will discuss the neighbourhood inclusion preorder in detail in section 4.5.1.

We expect centrality to behave in the following way. The centrality score of

a node increases if the distances between the node and the rest of the network

decrease. Furthermore, if a graph is not strongly connected (i.e. there is at least

one node which does not have a path to at least one other node), then the centrality

of a node increases with the number of reachable nodes. This is often considered

in centrality functions that do not increase monotonically with the number of

terms in a relevant sum (which, as will be discussed in the following section, is

a standard form a centrality function takes). For instance, closeness centrality is

equal to an inverse of a sum of paths from a node to the rest of a network. If a

node does not have a path to at least one other node, then the closeness centrality

of such node is equal to zero—a result one may want to avoid. To go around this

issue, usually only distances to reachable nodes are accounted for. We call this
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type of centrality shortest-path-based centrality.

4.3 Some Standard Measures of Centrality

Since a large variety of centrality measures exists, a thorough review is left out of

this thesis. Here an emphasis is put on centralities that consider paths originating

or terminating at a node to evaluate its importance. Indeed, many centrality mea-

sures are based on either the shortest paths in the network or spreading processes,

such as diffusion or broadcasting. An extensive review of a variety of centrality

measures can be found in [92]. Some traditional centrality measures are outlined

in Table 4.1. Note that these measures assume undirected, unweighted network

with one strongly connected component.

Often measures that are formulated for undirected networks can be used in

directed networks without changes. Furthermore, some centrality measures, such

as PageRank [94], demand directionality. What directionality of edges means is

that A 6= AT. Measures, given in Table 4.1 are then measures related to paths

which originate at a node, and, since the networks we are interested in are DAGs,

they point forward in time—to node’s future. Let us call such measures future

centrality and denote them by C(future)1.

When centrality of a node is revealed through paths which end at that node,

we can reverse the direction in the definitions, use dvu instead of duv to quan-

tify how central u is. In the space-time picture of DAGs, when duv is a path

directed to u’s future, then dvu starts in the past of u. Let us call such central-

ity past centrality and denote such functions C(past). Instead of changing

duv to dvu in the formulation of centrality one can simply reverse the direction

1Note that the definition of PageRank in Table 4.1 is related to node’s successors, or nodes
it points to. This is opposite to the original definition, used for search engine in Google. It is
due to our opposite convention. Originally, in a website network an edge (u, v) indicates that a
website u is referenced in a website v.
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Measure Mathematical Formulation
for C(u)

Interpretation

Degree
∑

v∈G Aiujv The number of adjacent edges. Re-
lated to node’s activity in the net-
work.

Closeness N−1∑
v∈G duv

The inverse of the mean distance to
other nodes. Which individuals can
influence the entire network most
quickly.

Harmonic
closeness

1
N−1

∑
v∈G

1
duv

The harmonic mean of the inverse
distances to other nodes.

Eigenvalue λ1C(u) =
∑N

v∈G AiujvC(v) “Node’s centrality is its summed
connections to others, weighted by
their centralities” [93]. λ1 here is
the largest eigenvalue of A.

Katz
∑∞

l=1

∑
v∈G α

l[Al]iujv Node’s centrality depends on all
paths, but the shorter the paths to
other nodes, the larger C(u) (0 <
α < 1

λ1
).

PageRank 1−α
N

+ α
∑

v∈N suc(u)
C(v)

k(in)(v)
Important websites are pointed to
more often by other important web-
sites.

Betweenness
∑

v,w∈G
σu
vw

σvw
The number of times a node
appears on paths between other
nodes. Recall that σuvw is the num-
ber of shortest paths from v to w
that pass through u. High between-
ness nodes act as bridges.

Table 4.1: A few examples of centrality measures for an undirected, unweighted
network with one connected component.

of edges and calculate centrality of a reversed graph Grev = (V , Erev), where

Erev = {(v, u)|(u, v) ∈ E}. Similarly, if centrality of a node depends on both, its

future and its past sets, the scores of past centrality and future centrality may be

joined into a global total centrality score. For example, one can define it as

C(total)(u) = C(past)(u) + C(future)(u).

It is worth highlighting that both closeness centrality and harmonic closeness

centrality should be slightly modified to be useful in DAGs, which are always
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weakly connected networks2. Both functions are supposed to give a mean value

of the length of paths originating or ending at a node, which holds true only

when a network is strongly connected [95]. When it is weakly connected, we

can normalise future closeness centrality with |F(u)| instead of N − 1 and future

harmonic closeness centrality with 1/(|F(u)|) instead of 1/(N − 1) (refer to Table

4.1 for the definitions of these measures). This is a convention we will use in this

chapter.

Without the loss of generality, in this chapter we will also concentrate on

future centrality unless otherwise stated. Any of our arguments can be

translated to past centrality as we simply need to change from G to Grev.

Future centrality will be denoted C(future); C(future) : C(future)(G, u)→ R. Similarly,

past centrality is defined as C(past) : C(past)(Grev, u)→ R.
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Figure 4.1: An illustration of how centrality measure can be used to obtain an
order of nodes—a centrality order. On the left, there is no notion of an order
(rank) in the network. Centrality of nodes (in this example, eigenvalue centrality)
provides scores for each node, as shown in the middle figure. These scores are
used to order nodes from the most central, e in this case, to the least central, d
in this case, see the figure on the right.

It would be cumbersome to analyse all existing centrality measures, so in

the further analysis, we will limit ourselves to the seven measures outlined in

2In a (strongly) connected graph, every node has a path to every other node. A directed
network is called weakly connected if replacing all its directed edges by undirected edges the
result is a strongly connected undirected graph.
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Table 4.1. As mentioned earlier, most centrality measures are derivatives of these

“fundamental” centrality measures. The extent to which our results apply to

other centrality measures is a task left for future studies.

It will be useful to consider centrality as a function that creates a preorder:

nodes of a network are (partially) ordered given a centrality function. We will call

this order a centrality order. See Fig. 4.1 for an illustration of how eigenvalue

centrality measure can impose an order of nodes in a directed network.

4.4 DAGs and Standard Measures of Centrality

Centrality provides many interesting insights about nodes in our DAGs. A “cen-

tral” paper in terms of an out-degree in a citation network may be considered an

important paper in a research field [85]. A “central” species in terms of degree

in a food web is an actively participating species and changes to the abundances

of such species directly affect many other species [96]. A “central” package in

a network which represents software package dependencies is a software package

which is a prerequisite to many other software packages.

Centrality in directed acyclic graphs is not a new topic. A large contribution

to the study of centrality in DAGs comes from bibliometric studies of citation

networks. In a citation network, node’s out-degree (the number of times a node is

cited) is a well-known indicator of its impact [85]. What type of impact citation

count indicates exactly is not entirely clear. For instance, Leydesdorff et al. argued

that citation is a composite indicator: short-term citations can be considered as

currency at the research front, whereas long-term citations can contribute to the

codification of knowledge claims into concept symbols [97]. Recently, degree in

citation networks was also used as a predictor of scientific awards winners [98].

Degree is not the only centrality measure used in DAGs. With several excep-
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tions, one can use almost any centrality measure. One particular counter-example

is eigenvalue centrality. Here centrality of a node is given by the corresponding

eigenvalue of the adjacency matrix. As the adjacency matrix of any DAG is upper-

triangular, it is also a nilpotent matrix with no non-zero eigenvalues, so all nodes

are given centrality of zero.

Some centrality measures, such as PageRank, are used off-the-shelf to study

citation networks [99; 100]. However, quite often some adaptions of centrality

measures also take place. These changes account for the bias created by the

arrow of time. It is well-known that old nodes are more likely to be indicated

as central. Some measures that account for this effect include “time-rescaled”

PageRank [101; 102], VoteRank [103].

TR (see section 1.3.1) and its effect on citation count was also studied [71].

reduced degree is the degree of a node after transitive edges [31] are removed

from the network. The so-called reduced citation count may be related to the

topic diversity of a publication [71].

When centrality measures account for the “age bias” they are “treating symp-

toms” rather than “healing the disease”. Here the disease is that the topological

order, an inevitable element of DAGs, creates the “older is more central” effect. In

the following sections we will try to uncover the relation between the topological

order on the centrality order. We will also address potential treatments which can

help reveal “truly central” nodes.

4.4.1 Centrality Axioms for DAGs

To understand the mechanisms of centrality we will begin by formulating axioms

for a function to be called a centrality measure. Based on work on general cen-

trality axioms, here we list an adapted, DAG-specific axiom list.
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1. Isomorphic property. If graphs G,H are isomorphic graphs, centrality

scores are equal. Isomorphic graphs are such that contain the same number

of nodes and edges. Furthermore, there is a function f which maps each

node v of the first graph to a node f(v) in a second graph in such a way,

that if ∃(u, v) ∈ EG, ∃(f(u), f(v)) ∈ EH. We say that this function is a

structure-preserving bijection. Then centrality of a node v ∈ G should be

equal to f(v) in H: C(G, v) = C(H, f(v)) ∀v ∈ G.

2. Locality. Future centrality of a node v depends only on the connections to

its future:

C(future)(G, v) = C((V , E), v) (4.2)

= C((F(v) ∪ {v}, {(u,w)|u,w ∈ E if u,w ∈ F(v) ∪ {v}}, v)).

An equivalent axiom for C(past) is constructed by replacing G with Grev.

Similarly, total centrality of v must only depend on the union of node’s

future and past. This axiom necessitates that centrality of a node must

depend on paths related to it but should not be perturbed by any change

in the part of a network, that is not connected to the node.

3. Isolated minima. Centrality of a node v is zero if v is isolated, that is,

(u,w) /∈ E where u = v or w = v ∀u,w ∈ V . If future (past) of a

node v is an empty set, its future (past) centrality, respectively, is mini-

mal: C(future)(G, v) = min(C(G)) if F(v) = ∅ (similarly if P(v) = ∅). Of

course, we can be less strict and ask only for a minimal centrality, rather

than its value to be zero.

4. Edge monotonicity. For a network G = (V , E), v, u ∈ V , (u, v) /∈ E , adding

an edge (u, v) increases C(past)(v) and C(future)(u). This axiom requires that

the larger the number of connections a node has, the more central it is.
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5. Impact range. A centrality measure is long-range if a local perturbation

has a non-diminishing effect at large distances. Consider two graphs, G :

(u, v ∈ V ; v � u; (u, v) /∈ E) and G ′ : (V ; E ∪ {(u, v)}). Suppose further that

z, y ∈ F(u); z ≺ y. Then centrality measure is considered long-range if

|C(G ′, z)− C(G, z)| < |C(G ′, y)− C(G, y)|. (4.3)

If the reverse is true, centrality is short-range. Note that centrality measure

can be either short-range or long-range, so this axiom should be looked at

as a classifying axiom.

We can use DAG centrality axioms for a systematic analysis of centrality

measures: if a centrality function does not admit at least one of the axioms, we

would say that it cannot be a centrality function. For instance, these axioms

would show that closeness centrality, as defined in Table 4.1, is not a measure of

centrality in DAGs, whereas the modified version, which was described in section

4.4, would be a valid centrality measure.

4.5 Centrality and Topological Order

Let us now turn our attention to the relation between order, created using cen-

trality, and the topological order. We will do so via the study of the ephemeral

element of centrality—the neighbourhood inclusion preorder. We will discuss in

detail what it is, and how it acts in directed networks. Lastly, we will show how

the centrality order is dictated by the topological order of nodes. We will often

discuss a node’s index (defined in section 1.3.1) as an indicator of its position in

the topological order. Recall that the index is defined as a node’s position in the

topological order. We will use the convention that the index begins at the oldest

node.
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4.5.1 Directed Neighbourhood Inclusion Preorder

Neighbourhood inclusion, introduced in section 4.3, states that if we have a pair

of nodes for which the neighbourhood inclusion preorder exists, the centrality

function should order nodes such that the one with the larger neighbourhood has

a larger centrality score, regardless of the choice of a centrality measure.

Schoch and Brandes discussed the neighbourhood inclusion in terms of an

undirected, strongly connected network [91]. In DAGs we have three neighbour-

hoods to consider, namely, N suc(u),N pre(u),N (u) for each u ∈ G. Intuitively, if a

centrality score is based on node’s future, we should consider N suc(u), rather than

its N pre(u) set, as the latter has little to do with node’s centrality score. In a DAG

no paths that start at a node ever return to it, so centrality of u only depends on

its successors, successors of those successors and so on (as is also required by the

axiom 2 from section 4.4.1). If in an undirected network u is a neighbour of v as

much as v is a neighbour of u, in directed networks, node’s predecessors are not

equivalent to node’s successors and this asymmetry needs to be accounted for.

Let us consider all possible two-neighbour configurations and how the replace-

ment of N by either N suc or N pre in (4.1) relates to an expected centrality order.

The node configurations are the following: u||v, u ∈ N suc(v) (which also includes

the case u ∈ F(v)), u ∈ N pre(v) (which also includes the case u ∈ P(v)). Let us

also assume shortest-path-based future centrality. These node configurations are

given in Table 4.2.

In the case when u||v (first and second rows in Table 4.2), neither u is a

successor of v nor u is a predecessor of v, we can only have N suc(u) ⊆ N suc(v)

or N suc(v) ⊆ N suc(u). A node with a dominant open neighbourhood is that of a

larger centrality. Thus the neighbourhood inclusion preorder works as expected.

Similarly, in the cases shown in rows three and four, centrality orders are also

validated correctly by the inclusion preorder of successors.
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Note there is a special case, given in the last row of the table, when the

original neighbourhood inclusion preorder is inconclusive. The issue created by the

directionality of edges is related to the size of neighbourhoods. In the last row of

the table we have two valid neighbourhood inclusions: {w} ⊂ {u,w, v} (N suc(u) ⊆

N suc[v] → C(future)(u) ≤ C(future)(v), which allows C(future)(v) > C(future)(u)), but

also {u,w} = {u,w} (N suc(v) = N suc[u] → C(future)(v) = C(future)(u), which

forbids C(future)(v) > C(future)(u)). Of course, we could simply choose C(future)(v) =

C(future)(u), or choose not to compare the neighbourhoods of two nodes. However

in simple cases of out-degree centrality and Katz centrality C(future)(u) is always

smaller than C(future)(v) in such two-node configuration.

To avoid the confusion, we may add a second requirement for the directed

neighbourhood inclusion preorder, namely that a node on the right-hand-

side of the (4.1) must be that of the larger open neighbourhood. Such choice

removes the ambiguity in the case shown in the fifth row of Table 4.2, as we then

consider the following neighbourhood inclusion condition: N suc(u) ⊆ N suc[v] but

not reverse. Here node u can be less central, as is the case for out-degree centrality,

or as central as v, which is the case in harmonic closeness centrality.

Each centrality measure is different and the orders created by various central-

ities will differ. However what directed neighbourhood inclusion preorder requires

is that nodes, for which a given neighbourhood preorder exists, are ordered with

respect to the neighbourhood inclusion preorder in the centrality order.

4.5.2 Centrality without Neighbourhood Inclusion Preorder

We know that if neighbourhood inclusion preorder exists for two nodes, then

centrality must respect the preorder for these nodes. However, in DAGs the notion

of neighbourhoods of u, v are not always needed to compare their centrality. This

information is already encoded in the topological order.
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Node
configuration

Centrality
order

(v, u) ∈ E Neighbourhood
inclusion

Neighbourhood size

u v

C(u) = C(v) 7 N suc(u) = N suc(v) |N suc(u)| = |N suc(v)|

u v

C(u) ≤ C(v) 7 N suc(u) ⊂ N suc[v] |N suc(u)| < |N suc(v)|

u

v

C(u) ≥ C(v) X N suc[u] ⊃ N suc(v) |N suc(u)| > |N suc(v)|

u

v

C(u) ≤ C(v) X N suc(u) ⊂ N suc[v] |N suc(u)| < |N suc(v)|

u

v

w

C(u) ≤ C(v) X

N suc(u) ⊆ N suc[v],
but also

N suc(v) = N suc[u], so
both, C(u) ≤ C(v)

and C(u) = C(v) are
allowed.

|N suc(u)| < |N suc(v)|

Table 4.2: Examples of two-neighbour configurations, expected centrality order,
and neighbourhood inclusion preorder. The case in the last row shows that the
original neighbourhood inclusion preorder gives an unclear result about the cen-
trality order of the two nodes u, v. If we consider the sizes of neighbourhoods in
addition to the neighbourhood inclusion preorder, we are able to determine the
centrality relation correctly.
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First let us consider degree. It can be calculated using adjacency matrix,

which is an upper-triangular matrix for a DAG. In terms of the adjacency matrix,

we write the out-degree of a node as

k(out)(u) =
∑
v∈G

Aiujv =
∑

v∈N (suc)

Aiujv =
∑
v>u

A4iujv .

The last equality uses A4 which is equivalent to A, ordered in such a way that

A4iujv = 0 ∀iu < jv. So the closer iu is to 0, the larger the range of possible indices

jv. So k(out)(u) is likely to be larger if u is a node with a small index.

As another example, Katz centrality, defined as

C
(future)
K (u) =

∞∑
l=1

∑
v∈V

αl[Al]iujv , (4.4)

takes into account all paths originating at a node. In terms of its neighbour

w ∈ N suc(u) we have that

C
(future)
K (u) =

∞∑
l=1

( ∑
v∈F [w]

+
∑

v∈V\{w}

)
αl[Al]iujv (4.5)

≥
( ∞∑
l=1

∑
v∈F [w]

αAiukwα
l−1[Al−1]kwjv

)
+
∞∑
l=1

∑
v∈V\{w}

αl[Al]iujv

≥ α + αC
(future)
K (w) +

∞∑
l=1

∑
v∈V\{w}

αl[Al]iujv ,

resulting in C
(future)
K (u) > C

(future)
K (w) if α > 0 and C

(future)
K (w) is greater than

(α +
∑∞

l=1

∑
v∈V\{w} α

l[Al]iujv)/(1 − α). More so, if α > 1, C
(future)
K (u) is always

greater than C
(future)
K (w).

In harmonic closeness centrality of u in terms of its neighbour’s centrality
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gives the following inequality:

C
(future)
HC (u) =

1

|F(u)|
∑

v∈F(u)

1

duv
(4.6)

≥ 1

|F(u)|

( ∑
v∈G/F(w)

1

duv
+
∑

v∈F(w)

1

dwv + 1

)
≥ 1

|F(u)|

( ∑
v∈G/F(w)

1

duv
−
∑

v∈F(w)

1

d2wv + dwv

)
+
|F(w)|
|F(u)|

C
(future)
HC (w) ,

because the shortest paths from u to v ∈ F(w) may or may not pass w itself.

C
(future)
HC (u) can be larger or smaller than C

(future)
HC (w) and the values of centrality

are not entirely predetermined by the relative positions of the two nodes. In

future harmonic closeness centrality, we need to evaluate the successors’ inclusion

preorder in order to find out which of the two nodes is more central.

In this section we showed that in some cases, such as for Katz centrality

measure, the directed neighbourhood inclusion preorder need not exist to order

two neighbouring nodes based on their centrality scores. It suggests the relation

between the order of centrality and the topological order of a DAG. However, it is

worth pointing out that similar arguments derived for other centrality measures

from Table 4.1 do not show obvious relation between the topological order of

nodes and the centrality order. In light of this, the following section will consider

correlations of centrality and topological order and will reveal the relationship

between the two orders numerically.

4.5.3 Centrality Correlations in DAGs

It is well-known that centrality measures are inherently correlated [104; 105; 106].

Amongst other analyses of centrality correlations, such work was also done in

DAGs, in the context of food webs [107]. Typically, Pearson or Spearman correla-

tion coefficients are used to evaluate similarity of centrality values, obtained using
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various centrality measures on the same network. Here we will study correlations

between centrality measures from Table 4.1 as observed in some networks from

Table 1.1 and in random networks from section 1.3.3.

Fig. 4.2 shows that centrality measures divide into several similarity classes:

past centrality measures, future centrality measures, and centralities, related to

both futures and pasts of nodes. Past centralities, such as past harmonic closeness,

in-degree, in-PageRank are correlated. Likewise, future centralities form a block of

similar measures. Two measures based on both in- and out-going paths are degree

and betweenness centrality. These measures also seem to be positively correlated.

We see that node index is positively correlated with past centrality measures

and negatively correlated with future centrality measures. These correlations are

expected: as the arrow of time is in the same direction as the increasing index,

older nodes have larger out-degrees. As the index of a node increases, its out-

degree and future set decrease, while in-degree and past set increase.

This correlation analysis is a proof that topological order and centrality order

are correlated in a wide range of DAGs. Future centrality of an old node is larger

than that of a recent one, as the former has a larger future light-cone than the

latter. However we also discovered that in some networks the correlations between

indices are stronger than in others, indicating that the effect of the topological

order on centrality order is not equally strong in all networks.

4.5.4 Mutual Information Between Centrality and Topo-

logical Order

If we expect the observed centrality score of a node to be strongly influenced by its

position in the topological order, we may want to quantify this influence, as it may

differ from node to node. In order to separate topological order and the centrality

order, we can think in terms of comparing ranks. How much topological order
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(e) Price, N = 1000,m = 3, p = 0.75.
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(f) Random DAG, N = 1000, p = 0.1.

Figure 4.2: Correlations of classical centrality measures in various networks. The
prefix “in” indicates that centrality is based on paths that terminate at each
node; “out” indicates that paths, that originate at each node were used. These
are C(past) and C(future) in our convention. In Fig. 4.2e and Fig. 4.2f mean values
of correlation coefficient, obtained from 10 random networks are shown.
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reordering is required to recover the centrality order? Statistical tests of rank

comparison, such as Kendall’s τ [108], would be appropriate, however these tests

are limited to comparison of total orders, whereas we have partial orders.

Instead, we will consider mutual information between posets: if they are

equal, the mutual information between them will be maximal and we can say

that centrality order does not provide any new information about our nodes. We

will take the approach proposed in [109] to compare our two partial orders: one,

obtained from centrality and second, the intrinsic order of the DAG. To illustrate

this idea we will employ a running example of out-degree centrality in the network,

generated using the Price model with N = 5000,m = 5, p = 0.625.

First, we build a DAG with nodes of the original network and edges which

represent the partial order of centrality. We will say that if C(G, u) > C(G, v),

then ∃(u, v) ∈ EC , where EC is a set of edges in the new DAG. Whenever we

have a tie in centrality values, we do not connect the two nodes—they form an

antichain (see 1.3.1 for definition). Note that in this centrality graph the directed

neighbourhood inclusion preorder exists for all pairs (u, {v ∈ F(u)}). Let us

denote the network as G and the centrality graph as GC . Having obtained GC we

can compare it to G for future centrality and Grev for past centrality3. Thus we

compare the closed future set of a node in GC , FC [u], to the closed future set of

a node in the original G or Grev, FT [u]4.

As in the original paper, we formulate the joint distribution between two

random variables based on the sizes of the set intersections. More specifically, we

use two indicator variables iC(u) and iT (u), associated with each candidate in GC

3In the original paper these sets are called down sets and a down set of a node contains all
of its descendants.

4Although previously, we used the notation of F [u] to note the future set of u, but for the
clarity of this section we will use the subscript “T” in order to accentuate the topological order
from centrality order. Furthermore, note that we need to look at the future set FT [u] defined
on G when considering future centrality and FT [u] defined on Grev when the past centrality is
considered.
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and G as follows. By choosing a candidate v from V at random we require

iC(u) =


1 if v ∈ FC [u],

0 otherwise,

(4.7)

for a node in centrality DAG GC and

iT (u) =


1 if v ∈ FT [u],

0 otherwise,

(4.8)

in the original DAG G. The joint probability distributions for the status of a

randomly chosen node v given a fixed node u is

P (iC(u) = 1, iT (u) = 1) =
|FC [u] ∩ FT [u]|

|G|
, (4.9)

P (iC(u) = 1, iT (u) = 0) =
|FC [u]|
|G|

− |FC [u] ∩ FT [u]|
|G|

,

P (iC(u) = 0, iT (u) = 1) =
|FT [u]|
|G|

− |FC [u] ∩ FT [u]|
|G|

,

P (iC(u) = 0, iT (u) = 0) = 1− |FC [u]|
|G|

− |FT [u]|
|G|

+
|FC [u] ∩ FT [u]|

|G|
,

and the marginals are

P (iC(u) = 1) =
|FC [u]|
|G|

, P (iT (u) = 1) =
|FT [u]|
|G|

(4.10)

P (iC(u) = 0) = 1− |FC [u]|
|G|

, P (iT (u) = 0) = 1− |FT [u]|
|G|

.

Given these probabilities we can construct various information-theoretic measures

that will quantify the similarity of our two DAGs. Let us first define entropy of

each of the two orderings. For instance, for a node u in a centrality graph, its
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entropy is defined as

HC(u) = −
1∑

iC(u)=0

P (iC(u)) log(P (iC(u))) (4.11)

and similarly in terms of iT (u) for a node u in the topological ordering. We will

be measuring entropy in bits, so the logarithm has a base of 2. By definition,

entropy is maximal when the amount of “disorder” is maximal. In our context,

the largest disorder happens when a node dominates one half of all nodes, as then

P (iC(u)) = 1/2, 1− P (iC(u)) = 1/2. It follows that the probability to randomly

draw a node which u does not dominate is equal to the probability to draw a node

which u dominates.

For our exemplary network, we see the largest entropy in both HT and HC

when |FT |/N = 1/2 and |FC |/N = 1/2, see Fig. 4.3. The lack of data points at

high values of |FT |/N and low values of |FC |/N reflects on the network model:

there are few nodes that have a descendant set that constitutes large numbers of

total nodes. For centrality order, we have many nodes with low degree (power

law degree distribution), so most nodes do not have large future sets FC .

0.0 0.2 0.4 0.6 0.8 1.0
|FC|/N

0.0
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H
C

(a) Entropy of future sets in G

0.0 0.2 0.4 0.6 0.8 1.0
|FT|/N
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0.4

0.6

0.8

1.0

H
T

(b) Entropy of future sets in GC

Figure 4.3: Entropy of future sets for nodes in the running example of the Price
model. Fig. 4.3a shows entropy based on a future sets of nodes in G, Fig. 4.3b
shows entropy based on future sets of nodes in GC .
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We can now define the conditional entropy HC|T (u) of a node u, which tells

how much information about node’s centrality can be explained by its index.

Conditional entropy of a node u is defined as

HC|T (u) = −
1∑

iC(u)=0

1∑
iT (u)=0

P (iC(u), iT (u)) log
P (iC(u), iT (u))

P (iT (u))
(4.12)

and quantifies the amount of information needed to describe the outcome of the

random variable iC(u) given that the value of iT (u) is known.

So the fraction (HC(u) − HC|T (u))/HC(u) gives the amount of information

on centrality that can be extracted from the topological order. When this fraction

is large, we can expect the centrality order to be very similar to the topological

order. When this fraction is small, topological order is not very useful for gauging

information about centrality.
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(a) Out degree.
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(b) Random integer centrality.

Figure 4.4: Mutual information between centrality order and the topological order
for out-degree centrality in Fig. 4.4a and for centrality given at random in range
from 0 to 100 for nodes in the running example of the Price model network.
Mutual information between centrality order and topological order, obtained from
out-degree centrality is large for nodes which have large degrees. These are also
nodes that are old, because of the cumulative advantage nature of the network.
Mutual information is close to negligible between random centrality order and
topological order. Colour indicates the logarithm of out-degree of a node.

Fig. 4.4 shows the ratio (HC(u) −HC|T (u))/HC(u) as a function of the size

of node’s future set in GC , in which colour indicates paper’s citation count. Here
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all high degree nodes, as expected, are on the right sides of both figures, as they

are dominating the majority of other nodes in the centrality order. However, the

wide range of (HC(u)−HC|T (u))/HC(u) for those nodes is large, indicating, that

in the Price model, old nodes (large future sets FT ) are also important nodes and

age can explain centrality. In comparison, if we allocate a random number as the

centrality value of each node, the mutual information between this randomised

centrality and topological orders is negligibly small.

Information-theoretic analysis could be useful to evaluate how much informa-

tion about a node’s apparent importance can be explained by its position in the

topological order. The possible avenues with this approach are many and we did

not exhaust all possibilities. For instance, we could use the ratio of
HC(u)−HC|T (u)

HC(u)

to evaluate the confidence level for the centrality value we have. Alternatively,

we could weigh the obtained centralities with the ratio of the entropies HC/HT .

Lastly, we could analyse the temporal patterns of the conditional entropy for a

single node to understand its peak importance periods.

4.6 Other DAG Centralities

In the previous section of this chapter, we have studied the shortest-path-based

centrality behaviour in DAGs. Let us now turn our attention to potential new

candidates of well-behaved DAG-specific centrality measures. We have learnt that

good centrality measures should order nodes in a way, respecting the neighbour-

hood inclusion preorder, and provide information about the importance of nodes,

not necessarily present in the topological order.
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4.6.1 Centrality Based on the Longest Paths

The longest paths may be a more natural choice for “geodesics”, as discussed in

Chapter 2. This fact gives us motivation to test whether the longest-path-based

centrality measures provide useful insights about centrality of nodes in DAGs.

However, to make this unconventional choice, we need to convince ourselves the

change of paths produces a measure which calculates centrality. More specifically,

we want a measure which satisfies DAG centrality axioms (thus is centrality), ad-

heres to the directed neighbourhood inclusion preorder, and provides information,

not attainable from the topological order.

Let us first consider adaptions of the measures we studied previously. For

instance, closeness centrality based on the longest paths is defined as

C
(future)
C

LP(u) =
|F(u)|∑
v∈G d

LP
uv

, (4.13)

where dLPuv is the length of the longest path from u to v. We can similarly replace

the shortest path with the longest path between nodes in a harmonic closeness

centrality and betweenness centrality. In Katz centrality, α > 1 indicates that

longer paths are preferred over shorter paths. To adapt degree, we may want to

consider transitive reduction (TR). Edges which remain in the network after TR

are edges which participate in at least one longest path between some two nodes.

Let us have a look at the behaviour of these new centrality measures to see

whether the longest-path-based centrality is related to topological order in the

network. Let us also denote these centrality measures with a superscript “LP”.

For Katz centrality, as was shown in (4.5), when α > 1, centrality of an

older node is always larger than that of its successor. Thus CLPK will be strongly

affected by the topological order of nodes and will likely be very similar to the

shortest-path-based Katz centrality.
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Harmonic longest-path-based closeness centrality of a node u is related to

centrality of its future neighbour v in a similar way as was shown in (4.6), however

now the inequality is reversed, as the longest path dLPuv where v ∈ F(w) is at least

equal to dLPwv + 1 but can be longer (making CLP
HC(u) smaller). So centrality of u,

again, can be lesser or greater than centrality of its successors w.

It is also not clear whether we prefer longer longest paths over shorter in

centrality measures, such as closeness. If longer paths are preferred over shorter,

the longest path centrality is likely to be strongly related to topological order of

nodes. To see this, consider a simple future centrality, defined as

C(future)LP(u) =
1

|F(u)|
∑

v∈F(u)

dLPuv . (4.14)

Intuitively, it calculates the average length of the longest paths, originating at

u. We can show that in terms of w ∈ N suc(u), C(future)LP(u) ≥ C(future)LP(w),

because the longest path from u to v ∈ F(w) will be via w or will be even longer:

C(future)LP(u) ≥ 1

|F(u)|
∑

v∈F(u)/F(w)

dLPuv +
1

|F(u)|
∑

v∈F(w)

(dLPwv + 1).

(4.15)

≥ 1

|F(u)|
∑

v∈F(u)/F(w)

dLPuv +
|F(v)|
|F(u)|

(C(future)LP(w) + 1).

So there are some analytic indications that the longest-path-based centrality

is influenced by the topological order, similarly as the shortest-path-based central-

ity is. Furthermore, correlation analysis in Fig. 4.5 shows a clear relation between

the shortest-path-based centrality measures and their longest-path-based counter-

parts. The longest-path-based centrality measures are also correlated with node

indices, but this relation is likely to vary, depending on the network topology. In

order to make use of centrality without topological order, simply replacing one
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(a) Random DAG, N=500, p=0.1.
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(b) Florida bay.

Figure 4.5: SpearmanR correlations between the shortest path (“SP”) and the
longest path (“LP”)-based centrality measures in random networks, generated
using random DAG model, N = 500, p = 0.1 in Fig. 4.5a and in Florida bay

food web network in Fig. 4.5b. Figures show several separate groups of centrality
measures. One consists of “in-” centrality measures, another consists of “out-”
centrality measures. The corresponding shortest path centrality and the longest
path centrality measures seem to be very similar.

type of path with another is not sufficient.

4.6.2 Centrality Using Future and Past Sets

Other features of nodes in DAGs are also worth considering for use in centrality.

For instance, we can use the future (past) set and height (depth) of a node to

define centrality in the following form:

C(future)(u) = |F(u)| · h(u), C(past)(u) = |P(u)| · d(u). (4.16)

Here h(u) and d(u) are, respectively, the height and the depth of a node u. Such

centrality measures satisfy our directed neighbourhood inclusion preorder require-

ment: for two nodes at the same height, depth, centrality depends only on their

light-cone volumes F(u) or P(u). For nodes u, v|(u, v) ∈ E , C(future)(v) is at least
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(h(u) + 1)(|F(u)| − 1) but can be larger. Node u would be less central than v if

all its neighbours are neighbours of v, but if some of them are not successors of

v, u’s centrality can be larger.

Alternative DAG centralities could be based on a network after transitive

reduction. Transitively reduced degree would satisfy directed neighbourhood in-

clusion preorder, as whenever (u, v) ∈ E in the graph after transitive reduction, we

have N suc(u) = {v}. TR degree would also not be correlated with node’s index.

4.7 Discussions

Centrality as any other important concept is polysemous. Although much effort

has been put in finding the answer to a question of “which centrality is appropriate

in this situation?”, not much work has been done for answering “is centrality

appropriate in this situation?”.

The aim of this chapter was to challenge the concept of centrality in ordered

networks. We hope to have convinced the reader that centrality and the order

of directed acyclic graphs are intertwined. We have shown this by analysing

centrality axioms, the neighbourhood inclusion preorder and correlations between

centrality measures and the topological order.

Once the inter-connectedness between the two node orderings was revealed,

we embarked on a search for a measure of centrality, not influenced by the topo-

logical ordering of nodes. We did it in a twofold way. First, in section 4.5.4

we suggested evaluating the mutual information between two partial orders, one

based on the topological ordering of nodes, and other, based on centrality. If a

node is more central than would be expected from its position in the topological

order, the lack of mutual information between the orders would signify its impor-

tance. Secondly, in section 4.6 we looked at unconventional centrality measures

88



that could potentially replace the traditional centrality measures. We concluded

that centrality based on longest paths would also be related to the topological

ordering of nodes.
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Chapter 5

Order-respecting Communities

This chapter is based on work presented in:

Making Communities Show Respect for Order,

V. V., T. S. Evans,

Applied Network Science 5, 15 (2020).

V. V. contributed to all parts of this work.

In Chapter 4 we considered one of many possible node orders—centrality—

and how it works in directed acyclic graphs. In traditional network analysis, an

edge or a path indicates relation between two elements, so when a node has many

relations, we assume it is central. We discussed how centrality should be changed,

if edges and paths show not only relation between two nodes but also their order.

A natural follow-up question is whether this presence of an intrinsic order has

implications on any other network analysis tools.

In this chapter, we turn our attention to community detection algorithms.

There we assume that two nodes are similar, if many of their connections are

alike. However, in DAGs certain connections between similar nodes cannot exist

due to the inherent order in the system. For example, two papers can be produced
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independently at the same time with similar new results yet by definition they

can not cite each other. So the absence of connection between such nodes can be

indicative of their hierarchical equivalence.

The development of the relativistic model for the Higgs mechanism is a good

illustration of an event where very similar publications are not citing each other.

The discovery was made by three independent groups: Brout and Englert (Au-

gust 1964), Higgs (October 1964), and Guralnik, Hagen and Kibble (November

1964). This is an example of the so-called “multiple independent discovery”, in

which “similar discoveries are made by scientists working independently of each

other” [110]. Rather than a coincidence, multiple discovery is frequent in sci-

ences [111]. A large list of multiple discoveries is available on Wikipedia [112].

Our goal is to capture similar, yet not connected nodes. To accomplish it,

we employ a variation of community detection. The approach we take is to look

for communities of similar nodes in a DAG which are antichains, denoted as A.

Recall that an antichain is a set of nodes in a graph, such that no nodes in an

antichain are pairwise connected with paths of any length. See Fig. 5.1 for an

illustration of an antichain. As there is no direct connection between nodes in

an antichain, as a community, it is very different from that produced in general

network community detection. To see how nodes in a DAG may be disconnected

if they are in the same community, consider the following examples.

In the case of a computer package dependence DAG, two computer packages

which fill a very similar role will not depend on each other but they will draw on

similar “lower level” packages reflecting a hierarchy and an order in packages. For

instance, the python network package networkx is a prerequisite for two python

community detection algorithms, python-louvain and demon. In a food web,

such as the Florida-bay food web we study in Section 5.3.4, pinfish, parrotfish

and manatee are grouped together because they feed on similar species, such as
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Siblinarity
community

Antichain

M F N I

S1 S2 S3 T1 T2 T3

Figure 5.1: An antichain is a subset of nodes in the graph, such that none of
the nodes are pairwise connected with edges or paths. In this illustration, an
antichain is composed of nodes {S1, S2, S3, T1, T2, T3} (the green dotted line is
drawn as a guide of eye). Although in the same antichain, not all nodes share many
neighbours. Nodes {S1, S2, S3} share many successors (they are all connected to
nodes M , F ), so we join them in a Siblinarity community. Figure reproduced
from [113].

detritivorous polychaetes, sponges, bivalves. In a DAG a natural property of any

nodes at the same level in the hierarchy is that they are not connected, directly

by an edge or even indirectly via a longer path. In the context of a network

with an order, with a hierarchy, it is very natural to cluster nodes which are not

connected by any path, as then we can instantly assume they may be hierarchically

equivalent.

For simplicity, we restrict ourselves to the case where each community is

an antichain, and the set of all communities is a partition A, which we call an

antichain partition. That is every node is in exactly one element (one com-

munity) of our antichain partition A. This is hard or non-fuzzy clustering in the

language of data science.

The next problem is that there are many possible antichains and each node

can be in many different antichains. Also nodes in useful communities will need to

be similar in some sense. In a set of computer packages, we do not want to cluster a

package on games with one on networks; we want to collect all the different network

packages together in one community. Likewise, we do not want to cluster species
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at the same level in food webs if they are from completely different environments.

So we will aim to find the antichains which contain nodes that are similar by some

appropriate measure. We take our inspiration from classic measures used to assess

the similarity of two documents from their citation network alone (for example

see [114] for a more recent application).

5.1 Related Network Partitioning Methods

Our method is related to two different types of network algorithms: community

detection and DAG layering. Community detection does not include a notion of

“layers”, where a layer would consist of nodes, which are hierarchically equivalent.

As a consequence, a conventional community can be composed of nodes from

many different layers. DAG layering, discussed in the subsequent sections, on the

other hand, does not employ the notion of similarity, so a layer is composed of

hierarchically equivalent nodes but a layer does not represent a community. Our

algorithm bridges this gap and finds a layer decomposition of a DAG with a notion

of similarity.

5.1.1 Community Detection via Modularity Optimisation

Community detection is an active research topic. This field is wide and many dif-

ferent approaches to finding groups of similar nodes were proposed. An extensive

discussion of the main approaches to community detection in networks is given

in [115]. Traditional community detection algorithms include graph partitioning

methods (for a review of various graph partitioning methods see [116]) hierarchi-

cal clustering methods [116], optimisation methods [117; 118; 119] and stochastic

block modelling (e.g. see a review in [115; 120]). Here we concentrate on a specific

approach to community detection via modularity optimisation.
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Recall that a network in which clustering coefficient varies significantly in dif-

ferent parts of the network is said to be “modular”. A quantity, which measures

the extent to which the network is modular, is called modularity. The idea

behind modularity is that true community structure in a network corresponds to

a, statistically speaking, significantly denser arrangement of edges. So in mod-

ularity the number of edges falling within groups is compared to the expected

number in an equivalent network with edges placed at random [121]. The more

the arrangement of edges deviates from the null model, the larger the modularity

score.

To evaluate the modularity, one compares the observed edges between pairs

of nodes to the expected value of this number. The observed number of edges

between two nodes is given by the adjacency matrix entry Aiujv , and the expected

number is approximately kukv/E, obtained from configuration model. The mod-

ularity of a network as a whole is counted by considering all pairs of nodes.

The Louvain algorithm is a type of community detection algorithm which

aims to find a partition that maximises modularity in an efficient way. The quan-

titative expression of modularity

Q(C) =
1

2E

∑
C∈C

∑
u,v∈C

(
Aiujv −

kukv
E

)
(5.1)

yields a high value if the partition C consists of high-quality modules. In order

to maximise this value efficiently, the Louvain algorithm has two phases that are

repeated iteratively.

First, each node in the network is assigned to its own community. Then for

each node u, the change in modularity is calculated, for the change of it being

moved from the community of itself to the community of its neighbour. If a

significantly large change in modularity is observed, node u is moved to the new
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community. This process is performed repeatedly and sequentially to all nodes

until no significant change in modularity is observed.

During the second stage of the algorithm an induced graph is created. In

it, the communities from the first stage are turned into nodes of the induced graph.

Moreover, edges between nodes from different communities become edges between

nodes in the induced graph, and edges between nodes in the same community are

self-loops. After the creation of the induced graph the algorithm returns to the

first stage. An example of a modular network and the communities, found by the

Louvain algorithm, is shown in Fig. 5.2.

Figure 5.2: An example of a random modular network, composed of 100 nodes
which have an average degree of 10.3. Degree distribution is Poissonian. Nodes
in the same community are pictured of the same colour. The network was gen-
erated using the methodoly in [122], and communities were found using Louvain
algorithm [119]). Modularity of this partition is 0.63. Figure taken from [123].

5.1.2 Layering of Hierarchical Graphs

Partitioning a DAG into maximal antichains is equivalent to the problem of graph

layering. It is used for drawing hierarchical graphs, such as trees and DAGs.

Sugyiama graph drawing algorithms use various layering techniques to remove

edge overlap as much as possible [124]. The longest-path algorithm is used to find

a layering with the smallest number of layers [125]. More sophisticated methods

aim to limit the number of layers in the graph, variation in the size of each
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layer, number of layers with crossing edges or maximum width of any of the

layers [126; 127; 128; 129; 130; 131].

Probably the simplest partitions of a DAG into layers are obtained via the

longest path algorithm. It uses the property of a DAG that we can always assign a

height to every node. Recall that the height h(u) of a node u is the length of the

longest path to u from any node with zero in-degree. It is straightforward to see

that each node on a path must have different heights with the height increasing as

you move along the path. Conversely, nodes of the same height cannot have any

path between them so they form an antichain. Thus we can define the height

partition A(h) to be the set of antichains {A(h)
a }, each of which contains all the

nodes of a given height

A(h) = {A(h)
a } , A(h)

a = {u|u ∈ V , h(n) = a} . (5.2)

Similarly, we defined the depth d(u) of a node u to be the length of the longest

path from u to a node with zero out-degree. Nodes with the same depth are

guaranteed to form an antichain so we can define the depth partition A(d) to

be a partition of the set of nodes by their depth,

A(d) = {A(d)
a } , A(d)

a = {u|u ∈ V , d(n) = a} . (5.3)

The height and depth antichains are examples of maximal antichains, each

antichain is not a proper subset of any other antichain. Many of the layering

algorithms are designed to produce the same or similar numbers of antichains, so

again those are often maximal antichains or close to that. For this reason, the

height and depth antichains are good representatives of the type of antichains

produced by traditional layering algorithms, so they will be used to illustrate how

our siblinarity antichain partitions are very different.
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5.2 Siblinarity Antichain Partitions

Often the elements of either the height or depth antichain partitions (an element

here is one community, one antichain in a partition) provide one definition of a

level in the hierarchy. However, while these antichains respect the order of the

DAG, we want to highlight much smaller groups which contain nodes which are

much more similar than just the similarity imposed by the order as encoded by

an antichain. All the nodes at one height, or those at one depth need not be very

similar in general.

To add similarity to the hierarchy constraint encoded through our restric-

tion to antichains, we can take inspiration from classic similarity measures used

in bibliometrics. In that context, one way to assess the similarity of two pub-

lications is to look at overlap of their neighbours in the citation network. The

more two publications share the same neighbours, the more similar they are said

to be. The size of an intersection between two paper’s bibliographies is called

bibliographic coupling [132], whereas the size of an overlap between articles

that they were referenced by is called co-citation [133]. So by looking into sim-

ilarities of neighbourhoods of two nodes, we can say something about how similar

they are themselves.

A family tree provides a good example where people are the nodes and edges

are from a parent to a child and so point forward in time in terms of birth date.

There will be many people in a single generation but, by definition, none will be

a parent or a child of any other person in the same generation so each generation

forms an antichain. Generations are layers in a natural hierarchy for this DAG.

However, almost all people in one generation will have little genetic biological

relationship to each other so this large antichain, a single generation, may not be

very interesting in many problems. However, if we also look for clusters of people

within this generation, people who have common predecessors and so share one or
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two parents, then these smaller communities may be of more interest. Using such

a predecessor similarity measure on top of an antichain constraint would mean a

community detection method would be producing communities of siblings.

These ideas of antichain and neighbour similarity are encoded in a function

which measures the quality of a given partition A of our DAG into antichains,

A. Motivated by the family tree example, we call our function siblinarity S(A)

and we define it to be

S(A) =
∑
A∈A

∑
u∈A

∑
v∈A\u

(sim(u, v)− simnull(u, v)) . (5.4)

Here the first term sim(u, v) is some measure of the similarity of two nodes u and

v. The second term, simnull(u, v), is the expected value of similarity of these two

nodes in some suitable null model. There is a lot of freedom in choosing a null

model but in general it is some randomised version of the DAG. As u and v are in

the same antichain A there is no path between nodes contributing to siblinarity.

We have excluded the case u = v so any node in a community by itself contributes

zero and S(A) = 0 for the case where every community is a single node. Including

the u = v terms only adds an irrelevant overall constant, however, computationally

it is more efficient to exclude this term, hence our choice.

Any similarity measure could be used but a logical choice for the similarity

function in our context is the number of neighbours that u and v have in common,

so sim(u, v) = |N (u)∩N (v)| where N (u) is the neighbourhood of node u. There

are two obvious choices for this neighbourhood: one in terms of its predecessors

N (pre)(u), as used in the family tree example above, and another in terms of the

successors, N (suc)(u). It is useful to express this in a matrix form as follows

S(A) =
∑
A∈A

∑
u∈A

∑
v∈A\u

(
Ãiujv −

κuκv
W

)
, κu =

∑
v

Ãiujv ,W =
∑
u,v

Ãiujv .(5.5)
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The neighbourhood overlap is captured by the matrix Ã which is the prod-

uct of the adjacency matrix A of the DAG and its transpose. The Ã matrix can

be regarded as the adjacency matrix for a derived graph G̃ which is a directed

weighted graph with the same node set as our DAG. In the case where we have

an unweighted DAG we define this to be either Ã(suc), our successors-based sim-

ilarity matrix, or Ã(pre) is a similarity matrix based on predecessors or Ã(both) is

a similarity based on both, successors and predecessors. Here

Ã(suc) = A.AT , Ã(pre) = AT.A , , Ã(both) = Ã(suc) + Ã(pre) . (5.6)

The κu is the strength of edges attached to a node u in a graph with similarity

matrix Ã and W is the total strength of edges in that graph. The second term in

(5.5) also defines the null model, here a configuration model applied to G̃.

The form we use (5.5) emulates the definition of modularity [134], a similar-

ity measure minus expected value of that similarity measure in some null model.

The biggest difference between modularity and siblinarity is that we impose the

antichain constraint in the communities we study. This comparison with mod-

ularity suggests that we can modify siblinarity to adjust the typical number of

antichains found, the resolution of our method. One simple method is to scale the

null model term [135] so that

S(A, λ) =
∑
A∈A

∑
u∈A

∑
v∈A\u

(
Ãiujv − λ

κuκv
W

)
. (5.7)

It is clear that for large λ we expect many small antichain communities. In

particular, for λ & W adding any node in a community by itself to any other

antichain will reduce siblinarity so we expect all the antichains to be the trivial

case where each antichain has just one node. Conversely, we expect λ = 0 to

produce large antichain communities.
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5.2.1 Louvain Siblinarity Optimisation

Having defined a quality function, we can look for a partition of our nodes into

antichains, A, which maximises the siblinarity S(A). This task faces the same

challenges as most network community detection methods; there are many local

minima and only approximate solutions can be found in a reasonable amount of

computational time. We chose to adopt the Louvain approach [119] to community

detection in networks. We chose this because it is fast and successful at finding

communities in networks and because it proved easy to adapt to our context. Here,

we will discuss how to adapt the Louvain algorithm [119] which is a widely used

and successful methods to find communities in networks which maximise modu-

larity. Emulating the Louvain algorithm, our siblinarity maximisation method is

an iterative greedy algorithm in which each iteration has two phases.

In the first phase of our algorithm, we start with an initial partition into

antichains in which each node is assigned to its own antichain. At each subsequent

step, we try to move a single node n from its current antichain, Aa, to another

antichain Ab, always choosing the configuration which maximises the siblinarity,

even if that means leaving the antichains unchanged. In our implementation, we

visit each node in a fixed sequence. Once the sequence is exhausted, we sweep

through the same sequence once again. This process is continued until there are

no more changes in the optimal antichain partition possible whatever node n we

choose to examine. That is when changing the antichain partition by moving just

one node can not increase the siblinarity. This marks the end of the first phase.

In principle, we can also stop this first phase at any point as every new antichain

partition is, by definition better than the last. So in our algorithm we also stop

this phase if we have completed a given number of sweeps since the second phase

is almost certain to simplify the problem and so speed up subsequent iterations.

For each node u we choose for a possible move, the change in siblinarity is
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calculated for removing u from its current antichain, Aa, and placing in a new

antichain Ab. It is important to enforce the constraint that the node u must not

be connected to any existing node v in the potential new antichain Ab, i.e. we

want Ab ∪ {u} to be an antichain.

In our algorithm, we further limit the choice of which new antichains Ab we

examine. If we are using siblinarity defined using a similarity measure using a

neighbourhood set N (u) for our nodes u, then we look for antichains Ab which

contain at least one node v ∈ Ab which has a non-trivial similarity measure with

our chosen node u, i.e. for us we require |N (u) ∩ N (v)| > 0. These potential

new antichains for node u are easy to find as this involves a two-step walk on the

network starting from u. If we use a neighbourhood based on successors, that is

N (suc)(u), then we only look at antichains Ab which contain a predecessor v of

a successor of u. We will call these successor antichains. If we look only

at predecessor neighbourhoods and so use N (pre)(u) for our neighbourhood sets,

we shall refer to the resulting antichain partitions as predecessor antichains.

There is only one other case we examine, and that is we also check the case where

we allow u to join a new antichain consisting of the node u alone, i.e. Ab = ∅.
The change in siblinarity ∆S is given by

∆S(Aa,Ab → Aa\u,Ab ∪ {u}) =
∑
v∈Ab

(|N (u) ∩N (v)| − E(|N (u) ∩N (v)|))

−
∑

q∈Aa\u

(|N (u) ∩N (q)| − E(|N (u) ∩N (q)|)) ,

provided u 6∼ Ab .

(5.8)

The first term is the contribution from the addition of node u to the antichain

Ab, while the second term is the effect of the removal of node u from its current

antichain Aa. Note the condition that u is not connected to any node in the

existing antichain Ab which we denote as u 6∼ Ab. This is needed to ensure Ab
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remains an antichain when u is added.

In the matrix notation of (5.8), the change in siblinarity is given by

∆S(Aa,Ab → Aa\u,Ab ∪ {u}) =
∑
v∈Ab

(
Ãiujv −

κuκv
W

)
−
∑

q∈Aa\u

(
Ãiujq −

κuκq
W

)
provided u 6∼ Ab .

(5.9)

In the second phase we create an induced graph H = {VH, EH} from the

original graph G and the antichain partition A left at the end of phase one. Each

node a ∈ VH in this induced graph H represents a single antichain, Aa ∈ A,

as given at the end of the previous phase. The edges between nodes of induced

graph are given a weight equal to the sum of the weights of all the edges between

the equivalent antichain nodes in the original graph G of the induced graph. For

instance, if there were kba edges all of weight 1 pointing from nodes in the antichain

Aa to the antichain Ab at the end of phase one, there would be a directed edge

(a, b) ∈ EH in the induced graph with weight equal to kab in the induced graph1.

In terms of matrices, if Hab is equal to the weight of the edge from node a to b in

the adjacency matrix for the induced graph, then we have that

Hab =
∑
v∈Aa

∑
u∈Ab

Ajviu . (5.10)

Once the induced graph is created, the algorithm continues by finding an antichain

partition of the induced graph using siblinarity, starting with the phase one. We

continue until there is no substantial increase in the siblinarity function (5.7).

1The induced graph does not have to be a DAG: antichains are possible in graphs with cycles:
by definition, an antichain is a subset of nodes such that there is no path between any of two
of them in this subset. This is perfectly valid in any graph, however, in some they are more
interesting than in others.
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5.3 Siblinarity Communities in Some Networks

5.3.1 Space-Time Lattice

To illustrate the key differences between different communities in DAGs, we em-

ploy the space-time lattice model (refer to Appendix A for definition) on a small

scale. In Fig. 5.3 we show the same instance of the space-time lattice model in

which nodes are placed on an eight-by-eight square lattice. We then use colour to

show the different partitions produced using different algorithms.

The bottom two examples of Fig. 5.3 illustrate standard community detection

algorithms applied to our network. Here these are found by optimising modularity

with two different resolutions (obtained by scaling the null model term). The

communities found tend to be located in one region of space reflecting the spatial

constraint in the model. However, they extend over several values of time so these

communities do not respect the order inherent in the DAG. That is, the nodes in

these Louvain communities are not similar in terms of their time coordinates.

If this was a citation network, we would be grouping papers together with

different publication dates. If we were in interested in comparing the impact of

each paper through citation counts, the older papers would have an advantage

making the comparison unfair. If this toy model represented a food web, these

communities derived from the undirected network might capture aspects such as

distinct parts of the ecosystem. However it fails to find the hierarchy, each group

would contain predators and their prey.

So these communities from the undirected graph may be of use in some

contexts, but they are not particularly sensitive to the inherent structure of the

DAG coming from the time direction.

The middle two examples in Fig. 5.3 use the height- and depth-antichain

partitions. Now the hierarchical structure coming from the time direction is clearly
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Figure 5.3: Examples of various partitions of DAG from a simple space-time
model. In this DAG, edges are more probable between two nodes if they are a
shorter Manhattan distance apart (in the space-time). The time coordinate, which
induces the acyclicity in the network, is vertical. Colour indicates community of
a node. The top row shows siblinarity communities based on common successors
(A), and predecessors (B). The central row shows layers based on height (C) and
depth (D). The communities in the bottom row are from Louvain community de-
tection using resolution parameter value of one (E) and two (F). Nodes coloured
white are in a community of size one. Siblinarity partitioning tends not to form
communities (top row) which stretch across the whole network unlike those com-
munities based on height or depth shown in the centre row. The communities
found using traditional methods respect the spatial (horizontal) constraint but
show no respect for the order in the DAG as they are spread over several times
vertically. Figure reproduced from [113].

exposed, with many communities running across one row, perhaps two. Where

two rows are involved, it is showing how these communities detection methods

are highlighting where the placement of the nodes in the visualisation does not

reflect the topological reality because of the stochastic aspect of edge placement.
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This shows that these antichain partitions can do a useful job, picking out the

true topological based hierarchy as defined by the data.

However the height- and depth-antichain communities show the opposite

problem from the undirected graph communities. That is they respect the or-

der coming from the arrow of time but they fail to pick up in any way the spatial

clustering in the data. If this was a citation network, these would cluster pa-

pers published at a similar time regardless of academic field. For a food web, all

predators at the same level would be grouped together regardless of whether or

not they were competing in the same ecological niche.

The top two networks in Fig. 5.3 show the siblinarity antichain communities,

one based on predecessor neighbours and the other using successors. This shows

that the communities respect both the time and the spatial clustering in the data.

The nodes tend to be in the same row and only contain nodes which are close by

reflecting the spatial clustering in the model. This suggests that when applied to

a citation network, this method will cluster papers which are directly comparable,

similar publication date and similar field. Applied to food webs, siblinarity will

only group predators at the same level competing in the same niche.

5.3.2 Diversity of Antichains: The Price Model with Fields

The space-time lattice model illustrated that the communities formed by our

methods respect the order implicit in a DAG. Our method also aims to create

groups which are similar in other ways as reflected in the network structure. To

test this we use our modified version of the Price model, described in detail in

Appendix B. In a nutshell, this is a modified model of Price, where we inject

the notion of node “similarity” (when nodes are associated with the same group,

cluster) and “dissimilarity” (when a pair of nodes is associated with two separate

groups), and a node prefers to share an edge with other nodes it is similar to.
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We will use the language of a citation model, reflecting Price’s original context.

So here we say we are aiming to group papers (nodes) of a similar age (in an

antichain) published in the same academic field (similarity group) based on the

network structure alone (using co-citation or bibliometric coupling).
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(a) Diversity of successor siblinarity an-
tichains in a five-field Price model.
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(b) Diversity of height antichains in a five-
field Price model.

0.5 0.6 0.7 0.8 0.9
p

0

2

4

6

8

10

D
iv
er
si
ty

(c) Diversity of successor siblinarity an-
tichains in a ten-field Price model.
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(d) Diversity of height antichains in a ten-
field Price model.

Figure 5.4: Comparison of diversity in height-based antichain partitions (red boxes
on right) versus siblinarity communities, based on common successors (blue boxes
on left) in the Price model with five fields (top row) and ten fields (bottom row)
and different intraconnectivity probability p. We studied ten networks of 5, 000
nodes for each set of parameters. Figures show that the diversity of siblinarity
antichains is clearly significantly smaller than that of heights. The box extends
from the lower to upper quartile values of the data, with a line at the median.
The whiskers extend from the box to show the range of the data. Flier points are
those past the end of the whiskers. Figure reproduced from [113].

Here we consider the case when a field is assigned stochastically using a

uniform distribution so that it is equally likely to assign a field f = 1 and f = 5.

Other variations are possible, for instance, one could assign the fields sequentially

deterministically or create non-uniform in size fields.
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Our aim is to show that our antichain partitions are largely composed of

papers from the same field which we measure using Shannon’s diversity metric

D [136]. That is given an antichain A we find pf , the fraction of nodes in the

antichain which are in field f . The diversity of this antichain is then given by

D(A) = exp

(
−
∑
f

pf ln(pf )

)
(5.11)

so that 1 ≤ D(A) ≤ |F|. The results for the average diversity of a partition,∑
A∈AD(A)/|A| are shown in Fig. 5.4, results for the distribution of D(A) values

within A are shown in Fig. 5.5. Not surprisingly the diversity of height and

depth antichains is almost always larger than that of communities found from

a siblinarity antichain partition. This is expected because the height and depth

antichains typically contain more nodes, reflected by the low number of points on

their plots, as their construction is not effected by the field labels. Since they are

constructed without regard to the field labels, we would expect, and find, that the

diversity of the height and depth partitions is close to the maximum value where

pf ≈ 1/|F| and so D ≈ |F|.

We also noted that the diversity of antichains that are height or depth based

does not approach maximum if the sizes of fields are not uniform. This is expected

as Shannon’s entropy not only accounts for number of species in the ecosystem but

also their relative abundances. Uneven sizes of fields result in expected diversity

score lower than maximum, as the maximum would be obtained if we had equally

abundant species, as seen in the other two figures.

5.3.3 Citation Networks

We also performed analogous analysis of a real citation network. We considered

the cora dataset, as here each node is labelled by one of seven different topics. We
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Figure 5.5: Shannon’s diversity of antichains in a Price model with planned par-
tition of nodes into five fields for networks of 5, 000 nodes. Each node is assigned
to a field sequentially and nine times out of ten a new node chooses to connect
to an existing node of the same field, with a preference for large degree nodes,
φ = 0.9. Each new node attaches to m = 3 older nodes. Each point represents
an antichain in a given partition, with the average h or d for nodes in the an-
tichain and Diversity D(A) (5.11) used as coordinates. Four different types of
antichain partition are shown: A - successors-based siblinarity antichains, B -
height-based antichains, C - predecessors-based siblinarity antichains, D - depth-
based antichains. The height and depth antichains are clearly much bigger (few
points on their plots) but much less diverse, with their diversity close to the the-
oretical maximum 10.0. On the other hand, the siblinarity antichains based on
co-citation similarity (A) or bibliometric coupling (B) are drawn largely from the
same field with diversities close to the minimum value of 1.0. Figure reproduced
from [113].

use this label to quantify the diversity of the nodes in the antichain communities

we find, similar to the analysis in Section 5.3.2. Fig. 5.6 shows that the diversity
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of 134 siblinarity antichains is much smaller than the partitions based on heights.

Furthermore, most of the time the diversity values for siblinarity antichains are

equal to one, which indicates that all nodes in the antichain have the same label.

This result confirms that the siblinarity communities are communities of similar

papers, not just ones published around the same time.

A B
Figure 5.6: Shannon’s diversity of nodes in antichains of the cora citation net-
work. Each node has a label assigned to it, based on the topic the paper is on.
There are seven topic in total. Two different antichain partitions are shown: A
— successors and predecessors-based siblinarity antichains, B — height-based an-
tichains (diversity calculated only for antichains, that are composed of at least five
nodes). The horizontal axis is the average of the heights of nodes in the antichain.
The height antichains, with diverity values often close to the maximum value of
seven, are much more diverse than the siblinarity comminties. Figure reproduced
from [113].

Looking more broadly, the siblinarity communities can be an interesting and

useful tool to study citation networks. In particular, in bibliometric studies con-

text our siblinarity community detection is similar to “related records” search in

Science Citation Index (SCI), introduced by Garfield in 1964. A related record

is any record which shares at least one cited reference with the original source

record. The more shared references, the more closely related the records are—an

extension of the notion of citation searching to track a subject area. The related
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records are further ranked based on the number of shared references. As pointed

out by Newman, simply using bibliographic coupling or co-citations is flawed:

strong bibliographic coupling or co-citations only occur between papers that have

either large bibliographies or are highly cited, respectively [4]. Our approach nat-

urally eliminates this flaw: by comparing the observed neighbourhood overlap to

a null model, we can evaluate the significance of the similarity regardless of the

degrees of two nodes.

5.3.4 Florida Bay Food Web

We also studied our antichain partitions in the DAG version of the Florida Bay

food web data set [44]. Results are shown in Table 5.1.

We see that many of our siblinarity antichains consist of similar species as

indicated by their similar names. For instance community 9 consists of, amongst

other crustaceans, several types of amphipods. Another example of how our sib-

linarity antichains work is the example of the green turtle in community 25. The

“Green Turtle” node has been placed in a community along with much smaller

species, seemingly very different from turtles, such as shrimp and isopods. How-

ever, green turtles feed on thalassia (a type of seagrass, commonly known as

turtlegrass), which is also a food source for organisms, represented with “DOC”

(Dissolved Organic Carbon) node and isopods. Furthermore, all of the species in

this green turtle antichain community feed on epiphytes. Nodes in this antichain

all have the same height of two, but their depths range from 22 for “Epiphytic

Gastropods” to 30 for “Isopods”, “Herbivorous Shrimp”, and “Thor Floridanus”.

Another example of an antichain, in which nodes of a variety of heights and

depths were collected into a siblinarity community is the community 27, consist-

ing of “Other Snapper” (height 27, depth 4), “Other Pelagic Fishes” (height 28,

depth 4) and “Spotted Seatrout” (height 29, depth 3).
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No. Species (type)

1 2µm Spherical Phytoplankt, Synedococcus, Oscillatoria, Small Diatoms (< 20µm),
Big Diatoms(> 20µm), Dinoflagellates, Other Phytoplankton, Benthic Phytoplankton,
Thalassia, Halodule, Syringodium, Roots, Drift Algae, Epiphytes.

3 Acartia Tonsa, Oithona nana, Paracalanus, Other Copepoda, Other Zooplankton,
Sponges, Bivalves.

7 Coral, Other Cnidaridae.
9 Benthic Crustaceans, Detritivorous Amphipods, Herbivorous Amphipods, Detritivo-

rous Gastropods, Detritivorous Polychaetes, Suspension Feeding Polych, Macroben-
thos, Detritivorous Crabs.

18 Toadfish, Brotalus.
19 Other Killifish, Goldspotted killifish, Blennies, Clown Goby, Silverside, Lobster, Preda-

tory Crabs, Callinectus sapidus, Bay Anchovy, Rainwater killifish, Mullet, Other
Horsefish, Gulf Pipefish, Dwarf Seahorse, Code Goby, Halfbeaks.

22 Flatfish, Grunt, Pinfish, Rays, Porgy, Scianids, Parrotfish, Bonefish, Needlefish, Snook,
Puffer, Manatee.

23 Omnivorous Crabs, Pink Shrimp.
25 DOC, Isopods, Herbivorous Shrimp, Thor Floridanus, Sailfin Molly, Green Turtle.
26 Sharks, Tarpon, Lizardfish, Grouper, Jacks, Pompano, Gray Snapper, Red Drum,

Mackerel, Small Herons & Egrets, Ibis, Roseate Spoonbill, Herbivorous Ducks, Om-
nivorous Ducks, Gruiformes, Small Shorebirds, Gulls & Terns, Kingfisher, Loggerhead
Turtle, Hawksbill Turtle.

27 Other Snapper, Other Pelagic Fishes, Spotted Seatrout.
28 Stone Crab, Sardines, Anchovy, Other Demersal Fishes, Filefishes.
29 Barracuda, Loon, Greeb, Pelican, Comorant, Big Herons & Egrets, Predatory Ducks.
33 Free Bacteria, Dolphin.
35 Raptors, Crocodiles.
36 Output, Respiration.

Ind. Input (0), Water Flagellates (2), Water Cilitaes (4), Benthic Ciliates (5), Meroplankton
(6), Meiofauna (8), Benthic Flagellates (10), Water POC (12), Predatory Gastropods
(13), Echinoderma (14), Predatory Shrimp (15), Predatory Polychaetes (16), Mojarra
(20), Benthic POC (24), Spadefish (31), Catfish (32), Eels (34).

Table 5.1: Siblinarity communities, based on common prey and common predators
in the Florida Bay food web. Some communities consist of a single species and
these are listed together under community number “Ind.” to reduce the size of
the table. The numbers in brackets indicate the community index in our data.
Note the green turtle in community 25 appears to be out of place with the other
smaller species in the same community but they all tend to feed on similar species.
Table reproduced from [113].

5.4 Conclusions

In this chapter we have highlighted that in an ordered network, the absence of a

pairwise relationship of nodes can be a just as useful a signal as the presence of

it. In DAGs the implicit order prohibits the direct connections of many similar

nodes. As this order is intrinsic to the very nature of a DAG, our response has
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been to embrace it. To find meaningful communities, we searched for antichains,

sets of disconnected nodes which often play a useful role in the study of DAGs

and which reflect the topological properties on the networks we consider. To

ensure our antichains contain similar nodes, we have used neighbourhood overlap

to define the siblinarity of a partition of a DAG into antichain communities.

We have shown using many examples how the antichains that maximise sibli-

narity are interesting and relevant. Our communities are extremely different from

usual communities found in network analysis as the simple examples in Fig. 5.3

show. The communities in traditional network analysis consist of strongly inter-

connected nodes while siblinarity communities consist of nodes that are strictly

not connected, but which share similar neighbours.

This novel type of node partitioning has several potential uses whenever data

is well represented by a DAG. In a citation network, each antichain community

would be composed of publications that are similar thematically and which were

published at a similar time. So this approach could be used as a recommendation

system for publication search: given an input paper, one could find alternative

similar publications by looking into the antichain of the input paper. Another

common practice in bibliometrics is partitioning a citation network into subsets

of nodes published in the same year in order to make comparisons between those

publications. This is to avoid the bias that the arrow-of-time introduces, for in-

stance older papers have more citations on average than younger papers. However,

such clustering by publication date is very similar to clustering by height and this

means papers from completely different fields are in the same community. Our

method produces clusters of similar age and topic.

Our siblinarity algorithm, like any clustering algorithm, can also be used to

coarse-grain a DAG which can help navigate a large amount of data. In our case

we would contend the order of a DAG is important. Having a predator and its
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prey in the same community may not be a useful classification when examining

food webs. Indeed we exploit this coarse graining in our implementation of the

Louvain algorithm to find antichain partitions which have approximate maximal

values of siblinarity.

Looking ahead, a good future direction would be in incorporating “fuzziness”

into our approach. For a community to be a strict antichain is a very strong

requirement, especially when a network is sparse. So allowing some nodes into a

siblinarity community, even if that would break the antichain requirement, would

enable forming larger communities.

It is worth pointing out that although we developed our methodology in terms

of DAGs, this type of partitioning can be applied to other types of networks, such

as multilayer networks, bipartite networks, directed networks and even undirected

networks (although in the case of the last type, antichains would most likely be

composed of individual nodes). Studying siblinarity communities in non-DAG

networks is another natural future perspective.
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Chapter 6

Discussions

In this thesis, we studied the meaning of paths in directed acyclic graphs. Our

aim was to understand what implications an intrinsic order of nodes and edges

has on both, paths, as well as network analysis tools based on them. As discussion

followed each chapter of the thesis, here we briefly review the key findings and

future directions.

In Chapter 2 we studied the relation between a path defined in a network

and a geometrically defined geodesic. We emphasised that in both transitively

complete DAGs (such as those that would represent causal sets), as well as DAGs

that are neither transitively reduced nor transitively complete, the longest path

in the network may play a role of a network geodesic. We showed this by study-

ing how closely the longest path approximates a straight line—the geodesic—in

an RGG built using a Minkowski manifold. In future, analogous models to the

Minkowski-RGG studied here may look into the validity of this result in curved

spaces as well as real acyclic networks, embedded in an appropriate space.

The order of nodes and edges, inherent in every DAG, gives way to a well-

defined longest path in the network. We thus studied the properties of the longest

path in a cumulative advantage model of DAGs—the Price model. We have shown
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by using both, analytic and numerical analysis, that the length of the lower-

bound approximation of the longest path—the reversed greedy path—scales as

the logarithm of the size of a network in the Price model. Numerically, we also

found the true longest path also to be scaling with the logarithm of the network

size. This result holds true for a large number of parameter values.

Many important network tools are based on network statistics. In Chapter 4

and Chapter 5 we studied two of those tools: centrality and community detection.

Here we emphasised that an edge in a DAG represents an order in the data and

is an important feature which should not be ignored. This constraint and its

effects are not always accounted for in traditional network measures, suggesting

that network analysis methods need to be reexamined when applied to DAGs.

First we showed that centrality creates an order of nodes which, in many

ways, closely replicates the natural order of the system. This is an unwanted fea-

ture, as we observe old nodes as inevitably central. We proposed several solutions

how to determine centrality of nodes, irrespective of their positions in topological

ordering. These solutions were novel centrality measures and a measure of mutual

information between topological order and centrality order. Future work in this

area needs to concentrate on testing the usefulness of the proposed methods in

real networks, such as citation graphs.

In Chapter 5 we proposed a novel tool to find communities of nodes at the

same hierarchical layer in the DAG. Such nodes may be research articles with sim-

ilar publication dates, species in a food web at the same trophic level, or related

libraries which do not depend on each other in a software package. Conven-

tional DAG layering algorithms have no notion of similarity, so all nodes within

a layer would be “similar”. Conversely, community detection algorithms would

not consider nodes at the same hierarchical layer as very similar. We combined

the two DAG partitioning tools to obtain the siblinarity communities. Our tool
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may potentially be useful to coarse grain large data sets that represent hierar-

chical relations (e.g. group together similar species in a food web), as well as a

recommendation tool of research articles (similar to “related records” in the Sci-

ence Citation Index [23]). Again, how practical our approach is in large-scale

real-world data sets is an important direction of future research.

During this work, I have come to understand the importance of the order

often found in complex systems. In fact, order is inevitably related to hierar-

chy, which, in turn, is implicit to complexity. In H. Simon’s words, “complexity

frequently takes the form of hierarchy” and it is “one of the central structural

schemes that the architect of complexity uses” [137]. Hierarchy can partake mul-

tiple forms, e.g. “order”, “level”, “control”, “inclusion” types [138] and perhaps

even more. A unifying feature of any type of hierarchy is that quantitatively,

they can all be pictured as a partially ordered set that represent relationships

between elements within hierarchy. However, what partially ordered sets do not

reveal is the lack of some of transitive relations (i.e. when we do not observe an

edge for each element, related in a poset). The absence of some order relations

is a key distinguishing feature between DAGs and partially ordered sets, which

adds an extra layer of complexity to observed hierarchical structures. In turn, the

absence of some edges is an important and valuable signal. So in a way, DAGs are

“doubly-complex” systems with the first level of complexity relating to the order

a DAG represents, and second, coming from the “missing information” encrypted

with missing edges of the underlying partially ordered set. It is my hope that with

my work I highlighted the peculiarity of DAGs and shed some light upon their

structural features.
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tion between graph distance and Euclidean distance in random geometric

graphs,” Advances in Applied Probability, vol. 48, no. 3, pp. 848–864, 2016.

[66] G. Brightwell and R. Gregory, “Structure of random discrete spacetime,”

Physical Review Letters, vol. 66, no. 3, pp. 260–263, 1991.

[67] R. Ilie, G. B. Thompson, and D. D. Reid, “A numerical study of the corre-

spondence between paths in a causal set and geodesics in the continuum,”

Classical and Quantum Gravity, vol. 23, no. 10, p. 3275, 2006.

123



[68] B. Bollobás and G. Brightwell, “Box-spaces and random partial orders,”

Transactions of the American Mathematical Society, vol. 324, no. 1, p. 59,

1991.

[69] J. R. Clough and T. S. Evans, “Embedding graphs in Lorentzian spacetime,”

PLoS ONE, vol. 12, no. 11, p. e0187301, 2017.

[70] J. R. Clough and T. S. Evans, “What is the dimension of citation space?,”

Physica A: Statistical Mechanics and its Applications, vol. 448, pp. 235–247,

Apr. 2016.

[71] J. R. Clough, J. Gollings, T. V. Loach, and T. S. Evans, “Transitive re-

duction of citation networks,” Journal of Complex Networks, vol. 3, no. 2,

pp. 189–203, 2014.

[72] E. W. Weisstein, “Point-line distance–2-dimensional.” math-

world.wolfram.com, 2002. Online; accessed 03/03/20.

[73] E. W. Weisstein, “Point-line distance–3-dimensional.” math-

world.wolfram.com, 2002. Online; accessed 03/03/20.

[74] D. J. de Solla Price, “Networks of scientific papers,” Science, vol. 149,

pp. 510–515, July 1965.

[75] W. H. Press, S. A. Teukolsky, W. T. Vetterling, and B. P. Flannery, “Nu-

merical recipes in C.,” Cambridge: Cambridge University, 1992.

[76] A. Bavelas, “A mathematical model for group structures,” Human Organi-

zation, vol. 7, no. 3, pp. 16–30, 1948.

[77] K. D. Mackenzie, “Structural centrality in communications networks,” Psy-

chometrika, vol. 31, no. 1, pp. 17–25, 1966.

124

https://mathworld.wolfram.com/Point-LineDistance3-Dimensional.html
https://mathworld.wolfram.com/Point-LineDistance3-Dimensional.html
https://mathworld.wolfram.com/Point-LineDistance2-Dimensional.html
https://mathworld.wolfram.com/Point-LineDistance2-Dimensional.html


[78] M. A. Beauchamp, “An improved index of centrality,” Behavioral Science,

vol. 10, no. 2, pp. 161–163, 1965.

[79] L. Page, S. Brin, R. Motwani, and T. Winograd, “The PageRank citation

ranking: Bringing order to the web.,” Technical Report 1999-66, Stanford

InfoLab, November 1999.

[80] M. Ashtiani, A. Salehzadeh-Yazdi, Z. Razaghi-Moghadam, H. Hennig,

O. Wolkenhauer, M. Mirzaie, and M. Jafari, “A systematic survey of cen-

trality measures for protein-protein interaction networks,” BMC Systems

Biology, vol. 12, July 2018.

[81] P. Holme, “Congestion and centrality in traffic flow on complex networks,”

Advances in Complex Systems, vol. 06, pp. 163–176, June 2003.

[82] S. Derrible, “Network centrality of metro systems,” PLoS ONE, vol. 7,

p. e40575, July 2012.

[83] J. Wang, H. Mo, F. Wang, and F. Jin, “Exploring the network structure

and nodal centrality of China’s air transport network: a complex network

approach,” Journal of Transport Geography, vol. 19, pp. 712–721, July 2011.

[84] M. K. Sparrow, “The application of network analysis to criminal intelligence:

An assessment of the prospects,” Social Networks, vol. 13, pp. 251–274, Sept.

1991.

[85] E. Garfield, “Citation frequency as a measure of research activity and per-

formance,” Essays of an Information Scientist, vol. 1, no. 2, pp. 406–408,

1973.

[86] L. C. Freeman, “Centrality in social networks conceptual clarification,” So-

cial Networks, vol. 1, no. 3, pp. 215 – 239, 1978.

125



[87] G. Sabidussi, “The centrality index of a graph,” Psychometrika, vol. 31,

no. 4, pp. 581–603, 1966.

[88] J. Nieminen, “On the centrality in a graph,” Scandinavian Journal of Psy-

chology, vol. 15, no. 1, pp. 332–336, 1974.

[89] P. Boldi and S. Vigna, “Axioms for centrality,” Internet Mathematics,

vol. 10, no. 3-4, pp. 222–262, 2014.

[90] S. Bandyopadhyay, M. N. Murty, and R. Narayanam, “A generic axiomatic

characterization of centrality measures in social network,” arXiv preprint

arXiv:1703.07580, 2017.

[91] D. Schoch and U. Brandes, “Re-conceptualizing centrality in social net-

works,” European Journal of Applied Mathematics, vol. 27, no. 06, pp. 971–

985, 2016.

[92] A. Landherr, B. Friedl, and J. Heidemann, “A critical review of centrality

measures in social networks,” Business & Information Systems Engineering,

vol. 2, pp. 371–385, Oct. 2010.

[93] P. Bonacich, “Power and centrality: A family of measures,” American Jour-

nal of Sociology, vol. 92, no. 5, pp. 1170–1182, 1987.

[94] S. Brin and L. Page, “The anatomy of a large-scale hypertextual web search

engine,” Computer Networks and ISDN Systems, vol. 30, pp. 107–117, Apr.

1998.

[95] S. Wasserman and K. Faust, Social Network Analysis: Methods and Appli-

cations (Structural Analysis in the Social Sciences). Cambridge University

Press, 1994.

126



[96] A. R. Cirtwill, G. V. D. Riva, M. P. Gaiarsa, M. D. Bimler, E. F. Cagua,

C. Coux, and D. M. Dehling, “A review of species role concepts in food

webs,” Food Webs, vol. 16, p. e00093, Sept. 2018.

[97] L. Leydesdorff, L. Bornmann, J. A. Comins, and S. Milojević, “Citations:
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A Space-Time Lattice Model

This model is a simple DAG where the nodes are placed on a square lattice

at (t, x) where tL and xL are integers between 0 and (L − 1). To place edges

between the node at the points of our lattice, we use the Manhattan distance

d(n,m) = |tn − tm| + |xn − xm| for the distance between nodes n and m of

coordinates (tn, xn) and (tm, xm) respectively. We add a directed edge from n to

m with probability p(n,m) where

p(n,m) =


0 if tn ≥ tm

1− d(n,m)
D

if tn < tm.

(1)

The edges from n to m only exist if tn < tm and it is this arrow-of-time which

ensures that we will always have a DAG.

The idea behind this DAG model is there is a natural hierarchy given by the t-

coordinate which guarantees acyclicity. In addition, nodes which are close in their

space and time coordinates will often have large numbers of common neighbours,

both successors and predecessors, whereas nodes that are distant in space or time

will have few neighbours in common. So in the visualisations we expect to see

nodes of the same time coordinate and close in their space coordinates, to be

placed in the same antichain community. However, as the links are placed with

a stochastic mechanism, we will sometimes see nodes from neighbouring layers

grouped together. That is the antichain structure in a given realisation of our

model is not a perfect match to the natural layers defined by the time coordinate.

This simulates what one finds in real data sets. For instance, two papers written

on a similar topic would be represented by nodes with a similar x coordinate in

this model. If they were written independently at the same time then they could

not be connected but if published at slightly different times it might be possible
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for the earlier paper to be cited by the later paper.

B Price Model with Subject Fields

The Price model for citation networks [38] produces a DAG with a fat-tailed

(power-law) distribution for the out-degree of nodes in our conventions which

represents the citation count of papers. We modify the Price model by assigning

each paper to a ‘field’ and the edges, citations between papers, are biased so they

are usually between papers in the same field. While an unrealistic model of citation

networks in many ways, it contains three key features of real citation networks:

the order of papers imposed by time, the fat-tailed citation count distribution,

and the preference of most papers to cite papers within a similar field. We use it

as a DAG with a planted partition to enable us to make controlled comparisons

between the different community detection approaches discussed.

The model defines a sequence of networks G(t) where t is a positive integer

playing the role of time and which gives us an order to the nodes in our networks.

Each graph G(t) has t nodes with vertex set V(t) and edge set E(t). In our

notation, the node u(s) is always the node added at step s in the process, so

u(s) ∈ V(t) provided 0 < s ≤ t.

The nodes in these networks are also partitioned into different fields, that is

each node u(t) is in one of F fields. The fields will be labelled by integers between

0 and (F − 1) with f(t) ∈ {0, 1 . . . , (F − 1)} denoting the field of node u(t).

This creates a sequence of partitions F(t) of our nodes where F(t) = {Ff (t)|f ∈

{0, 1, . . . , (F − 1)}} and Ff (t) ⊆ V(t). A node u(s), for 0 < s ≤ t, belongs to a

element Ff(s)(t) ∈ F(t), the set of papers at time t in the same field f(s) as the

paper published at time s.

To create the next graph in the sequence, G(t+ 1), we first add a new node
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t=16

Figure B1: An illustration of the Price model with two edges added per node (m =
2) and three fields (F = 3) as indicated by the three types of node. Time increases
as you move up the diagram so the vertical ordering of the nodes represents a
total order in the DAG. Solid (dashed) lines represent citations between papers
of identical (different) fields. A new node labelled 16 = (t + 1) in field 0 (green
squares) is added an existing network of fifteen nodes. Here we suggest the two
edges added to node 16 are to the two nodes of highest degree (the cumulative
advantage bias) with one in the same field (continuous edge) and one in a different
field (dashed edge). Figure reproduced from [113].

u(t+ 1) to the vertex set, so V(t+ 1) = V(t)∪ {ut+1}. This new node is assigned

to f chosen uniformly at random from the set of F possible field labels.

We now add m directed edges to this new node v(t+ 1) from existing nodes

u(s) where s < t. To encode the “cumulative advantage” principle of Price, that

is the higher the current citation count of a paper the more likely it is to be cited,

we can chose nodes u(s) from the existing nodes V(t) in the network G(t) with

probability Π(CA)(t, s) defined as1

Π(CA)(t, s) =
k(out)(t, s) + 1

|V(t)|+ |E(t)|
. (2)

Here k(out)(t, s) is the number of outgoing edges from node u(s) in G(t), the

network at time t. In our conventions, these edges represent citations from later

papers to the paper published at time s.

1Other forms linear in k(out)(t, s) are also easy to work with (for example see [4]), but these
variations are not our focus here. We chose to follow the same form as used in Price’s original
paper.
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C Numerical Reverse Greedy Path Algorithm

Numerically, the reverse greedy path may be found as follows

1. Set initial graph G with t nodes.

2. Set the reverse greedy path length for the initial t nodes, greedy_length[s]

for s = 1, 2, . . . , t.

3. Set the nearest neighbour along this reverse greedy path length for the initial

t nodes, greedy_neighbour[s] for s = 1, 2, . . . , t.

4. Increment t.

5. Add a new node index t to G.

6. Update graph G by adding m new edges, from vertices {s} to new node t,

which then define the past neighbour set of vertex t, i.e. N pre = {s}.

7. Find the past neighbour with the largest time sgr = max(N pre(t)).

8. Record this closest past neighbour as the last step on the reverse greedy

path to t,

i.e. set greedy_neighbour[t] = sgr.

9. Set the length of the reverse greedy path of new node t to be one more than

the length of the reverse greedy path to this nearest past neighbour sgr, so

set `(t) = `(sgr) + 1. Numerically we just need to set

greedy_length[t]= greedy_length[greedy_neighbour[t]]+1.

10. If adding more nodes, return to step 4.

The length of the reverse greedy path from the first node t = 1 to a given node

t is now stored for each node. The vertices on the unique reverse greedy path can
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be found by iterating back though the greedy_neighbour property of the nodes.

If the specific path used is not required we need not record this information.

We also note that the length of the longest path, the longest path from the

initial node t = 1 to any node t, may be tracked numerically in a similar way.

Such a longest path always exists but is not unique so we could only ever record

one example longest path using this approach.
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Glossary

Minkowski space-time flat 1+d-dimensional pseudo-Riemannian manifold with

a metric ds2 = (cdx0)
2 −

∑d
i=1(dxi)

2, where dxi (i ∈ [2, d]) are components

of an infinitesimal coordinate displacement vector coordinates, c is the speed

of light and x0 is the temporal coordinate. Page 32

antichain partition a set of antichains such that each node of a graph is in one

antichain. Page 92

antichain a set of nodes from the graph, such that there is no path between any

two nodes. Page 21

bibliographic coupling in scientometrics, the measure of similarity of two doc-

uments, quantified by the size of the overlap of their bibliographies. Page

97

centrality network measure to quantify importance of nodes Page 61, 65

co-citation in scientometrics, the measure of similarity of two documents, quan-

tified by the size of the overlap of the documents citing them. Page 97

depth of a node is the length of the longest path from it to any node with zero

in-degree. Page 21

directed acyclic graph directed network with no directed cycles. Page 17
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directed neighbourhood inclusion preorder neighbourhoodinclusion for DAGs.

Page 74

future centrality Centrality, related to paths in a given node’s future—its de-

scendants. Page 66

height of a node is the length of the longest path to it from any node with zero

in-degree. Page 21

index of a node u is i if it is in the ith place in the topological order. Page 21, 72

induced graph of an original graph is a graph in which each node represents a

single community and an edge between two nodes of induced graph is given

a weight equal to the sum of the weights of all the edges pointing from any

node of one antichain to any of the nodes in the another antichain. Page

102

neighbourhood inclusion preorder a preorder relation between nodes �N ,

such that when a node u is a neighbour of a node v and u’s neighbour-

hood is a subset of neighbours of v, u ≤ v. Page 65

past centrality Centrality, related to paths from a given node’s past—its ancestors—

to the node. Page 66

path a sequence of nodes, where an edge from each vertex to the next vertex in

the sequence exists, with no repeated nodes. Page 15

reduced degree degree (either k(in) or k(out)) of a node in a DAG after transitive

reduction. Page 70

reverse greedy path suppose a DAG where edges point in the direction of in-

creasing time. Then for a node t the greedy path follows to an earlier node s

(against edge direction), which is the most recent predecessor. This process

is continued until the source node is found. Page 47

138



shortest-path-based centrality Centrality, based on shortest paths related to

a node: paths that either originate, terminate or both there Page 66

siblinarity quality function of the antichain partition A. Page 98

topological order linear sort of nodes in a DAG such that u comes before v if

u ≺ v. Page 21

total centrality centrality based on both, future and past sets of a node. Page

67

transitive reduction edge removal procedure acted upon a DAG, during which

all edges that can be removed, are removed, given that the connectivity in

the network is preserved. Page 20
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Acronyms

DAG Directed Acyclic Graph Page 17

PPP Poisson Point Process Page 34

RGG Random Geometric Graph Page 33

TR Transitive Reduction Page 20, 70
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List of symbols

A antichain partition. Page 92

A adjacency matrix. Aiujv = 1 if there is an edge between u, v. Page 13

A antichain. Page 21, 91

Ã similarity matrix used for siblinarity optimisation, depicts neighbourhood over-

lap between nodes. Page 99

C centrality function. Page 65

C(future) function of future centrality. Page 66

C(past) function of past centrality. Page 66

c speed of light. Page 32

d(u) depth of node u. Page 21

D dimension of space. Page 30

E a set of edges in the network. Page 12

E number of edges. Page 12

F(u) future of u. Page 22

G network, a pair of nodes and edges. Page 12
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G̃ network with adjacency matrix Ã. Page 99

H induced graph Page 102

h(u) height of node u. Page 21

k(in) in-degree. Page 14

κu strength of edges attached to a node u in a graph G̃. Page 99

k(out) out-degree. Page 14

λ resolution parameter in siblinarity function. Page 99

L a path. Page 15

L length of the longest path. Page 21

LLP the longest path in a DAG. Page 21

N a set of node’s neighbours. Page 14

N number of nodes. Page 12

P(v) past of v. Page 22

N pre a set of node’s predecessors. Page 14

S(A) siblinarity. Page 98

N suc a set of node’s successors. Page 14

V a set of nodes in the network. Page 12

W total strength of edges in G̃. Page 99
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