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SUMMARY 

A preliminary study of the combined gas-turbine vapour-turbine 

engine and a blade-to-blade design method for high Mach number axial flow 

turbines are presented. 

Cycle calculations were carried out and vapour turbines were examined 

to determine the probable plant performance and to provide an indication of 

the vapour turbine design problems using a number of different vapour cycle 

working fluids. 	It was shown that the combined engine could have an 

efficiency slightly higher than a regenerative gas-turbine and specific out-

put 30% higher than a simple gas turbine. Vapour turbines using Refrige-

rant fluids are shown to be comparatively small and to present the design 

problems of high flare and high Mach number. 	Refrigerant 21 appears to be 

the best working fluid. 

A blade-to-blade design tool for analysing the subsonic, transonic 

and supersonic flows in axial turbines was formulated using the streamline 

curvature method. The convergence of the numerical procedure was analysed 

and a satisfactory method developed which produced convergence for a digital 

computer and computed results were compared with results from experiment and 

other theory. 	Comparisons for turbine type cascades up to Mach 1.0 show a 

satisfactory agreement and techniques introduced give improved leading edge 

results and allow a good approximation to the trailing edge Kutta-Joukowski 

condition to be applied. 	Predictions for convergent divergent supersonic 

wind tunnel type nozzles agree closely with experiment and with other methods. 

Numerical difficulties are found to be more acute for subsonic-supersonic 

turbine cascades and experimental agreement is acceptable only up to low 

supersonic Mach numbers. 
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NOMENCLATURE 

A 	total flow area normal to the streamlines (Sketch 5.1) 

a 	Stream tube flow area, flow area of one streamline (Sketch 5.1) 

C 	matrix in c (equation (5.21), chord length 

c 	convergence constant as in equations 5.14 and 5.22 

D channel width (equation 4.10) 

df 	damping factor for convergence (equation 5.28) 

constant in Newtons second law (Section 2.4c) 
go 

h enthalpy (equation 4.4), streamwise grid spacing (Sketch 5.1) 

ho 	
total enthalpy (equation 4.4) 

hm'm h t 	grid spacing constants for subsonic and supersonic flow 
(equations 5.10 and 5.11) 

him' 
h grid spacings associated with normal m (Sketch A1.2) 
2M 

i 	subscript counter used in convergence formulation (Appendix 1) 

J energy conversion factor 

K Barkefs constant (Section 2.4a) 

Km 	
grid constant for convergence (equations 5.8 and 5.9) 

k 	proportionality constant assumed between velocity and density 
(Appendix 1) 

height of fluid element normal to the plane of flow (Sketch 4.3) 

Mach number, number of normals considered in dummy convergence grid 

index counter for flow normals (Sketch 5.1) 

mass flow (equation 5.2) 

N 	r.p.m. (Section 2.4c), number of streamlines (Sketch 5.3) 

Ns 	specific speed (Section 2.4c) 

n distance normal to streamline (Sketch 4.3), index counter for 
streamlines (Sketch 5.1) 

pressure (Sketch 5.1) 

Q 	volumetric turbine exhaust flow rate (Section 2.4c) 
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R 	streamline radius of curvature (Sketch 4.3) 

✓ radius 

s 	entropy (equation 4.4), distance along a streamline (Sketch 4.3) 

S
fct 	factor between 0 and 1.0 multiplying radius of curvature in 

numerical procedure 

T 	absolute temperature (equation 4.4) 

t profile thickness (Figure 7.1) 

✓ velocity 

X 	matrix in x (equation 5.21) 

x 	coordinate (Figure 6.2), dimensionless velocity change (equation 5.13) 

Y 	matrix in y (equation 5.21) 

y 	coordinate (Figure 6.2), dimensionless area change at a normal 
(equation 5.7) 

13
1
913
2 	

inlet and outlet cascade flow angles (Figure 7.1) 

y 	stagger angle (Figure 7.1), perfect gas specific heat ratio 

stream function 

density 

0 	angle subtended by streamline segment (Sketch 4.3 angle in direction 
of rotation 

0c 	blade turning angle (Figure 7.1) 
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CHAPTER 	-INTRODUCTION 

Economic studies of methods of power generation show that the simple 

cycle gas turbine, because of its relatively low capital cost, is competitive 

with other types of power plants in situations when the fuel cost is low, such 

as at natural-gas fields, or when the operational times are low, as in peak- 

load power production. 	If the level of thermal efficiency of gas turbines 

could be raised, they would become competitive with other types of power 

plants in other applications, provided the cost of the additional components 

necessary for the improvement in efficiency does not result in a large in- 

crease in the capital cost of the plant. 	Regeneration is one method of 

improving the thermal efficiency of gas turbine engines by transferring heat 

from the engine exhaust to the air entering the combustion chamber. Unfor-

tunately the cost and complexity of the regenerator increases the capital cost 

of the engine without increasing the power. An alternative* method of 

improving the thermal efficiency of the gas turbine cycle is to provide a 

vapour turbine cycle to utilize some of the available waste heat in the gas 

turbine exhaust gases. 	This arrangement, termed the combined gas-turbine and 

vapour-turbine engine, provides the possibility of obtaining a high efficiency 

power plant at approximately the same low capital cost of the gas turbine. 

This is because the increase in thermal efficiency is coupled with an increase 

in power output. Whether this potential can ever be realized by a combined 

cycle power plant is difficult to assess until detailed design, cost and 

market studies have been made. 

Preliminary studies were carried out at Imperial College to investi-

gate the combined gas-turbine vapour-turbine engine. The results of these 

studies showed that there were potential gains in efficiency with the combined 

engine. 	In the present thesis a more thorough investigation of the engine 

cycles for a range of working fluids is presented followed by an analysis of 

the geometries of vapour turbines using the most promising working fluids. 

The design of turbines having high Mach number level high annulus flare is 

isolated as probably the most important feature of the design of the vapour 

turbines. 	The provision of a computer programme to facilitate the design 

of the high Mach number, highly flared turbines is described in the remainder 

of the thesis. 

* 	Total energy and process heating have not been 
considered here because power generation is the 
main topic of this thesis. 

12 
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CHAPTER 2 	THE GAS-TURBINE VAPOUR-TURBINE ENGINE 

2.1 	Introduction. 

It is the purpose of this Chapter to establish the level of expected 

performance of the combined gas-turbine and vapour-turbine engine for a range 

of design conditions and for several working fluids in the vapour turbine. 	In 

addition, details of preliminary designs of the vapour turbines for a wide range 

of power outputs are presented to assess the turbine design problems and to 

indicate the optimum fluids for the vapour cycle. The work described in this 

Chapter has been published as Reference 2.7. 

2.2 	Survey of previous work. 

There have been several papers on combined gas-turbine and vapour-

turbine engines. McAnneny (2.1) described the design of a vapour turbine 

that was coupled to a small gas turbine. Athans and Dixon (2.2) and Aronson 

(2.3) have discussed some possible working fluids and plant. configurations. 

It is known that the Central Electricity Generating Board have an interest in 

this topic and have carried out economic studies of the combined engines for 

peak load operations (see Horn (2.4)). 	At Imperial College preliminary 

studies were made of combined engines by Barkef (2.5) and Nedjat (2.6). 

Barkef carried out preliminary designs of Refrigerant turbines and Nedjat 

completed preliminary designs of boilers and water cooled condensers. 	The 

main conclusions of these studies were that the vapour cycle components were 

relatively small. 	The work described in this Chapter is a continuation of the 

investigations of Barkef and Nedjat. 

2.3 	Thermodynamic analysis of the combined gas turbine and  
vapour turbine cycle. 

2.3a 	Description of the cycle. 

The combined gas turbine and the vapour turbine engine may be consi-

dered as two separate thermodynamic cycles linked at the exhaust system of the 

gas turbine where the boiler of the vapour cycle is placed. 	One possible 

arrangement of the components, of the combined engine is shown diagrammatically 

on Figure 2.1. 	The gas turbine has the usual compressor, combustion chamber 

and turbine arrangement of the simple gas turbine. The vapour turbine has 

the boiler, turbine, condenser, and feed pump arrangement of the simple Rankine 
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cycle. 	Other more complicated gas turbine cycles are discussed later ix 	is 

Chapter. 	More complicated vapour cycles utilizing "feedback" heat exchaprs 

have not been considered because of their complexity although these could en-

hance the thermodynamic performance of vapour cycles using very high molecular-

weight working fluids. 

2.3b 	Preliminary selection of potential working fluids for the  
vapour cycle. 

From theoretical considerations, the most suitable fluid would be one 

which best utilises the available heat in the gas turbine exhaust stream. 

Figure 2.2 shows the available exhaust heat on a temperature entropy plot. 

Also shown is an arbitrary vapour saturation line with two vapour cycles indica- 

ted, one supercritical and one subcritical. 	It can clearly be seen that of 

the two cycles shown, the supercritical one entails the lowest heat transfer 

irreversibilitiesasit follows the available heat curve more closely. 	Super-

critical cycles would therefore appear to be thermodynamically the better 

choice and fluids which have the required critical temperatures the most 

suitable. 	Other considerations however eliminate the choice of fluid on 

this basis alone and the preliminary and final selection is made by consi-

dering overall characteristics and performances here and in the subsequent 

sections. 

A wide range of working fluids could be used in the vapour cycle but 

the number of potentially useful fluids can be reduced if it is assumed that 

inflammable liquids would not be used because they could incur fire and 

explosion risks. A further reduction in the number of working fluids can be 

made if it is assumed that for practical reasons of leakage and stress fluids 

having condenser pressures greater than 300 psia would not be used. 	The con-

denser pressures at 80°F, 100°F and 120°F (27, 38 and 49°C) of some fluids 

are presented in Table 1. Thermodynamic data are available for all the 

fluids given in this table. 

Organic fluids such as the Refrigerants tend to decompose at tem-

peratures greater than approximately 300°F (149°C), however, it will be shown 

later that there is little gain in cycle performance when the Refrigerants 

are operated above this temperature. 



2.3c 	Temperature limitations. 

There are two gas side temperature limitations which have an 

influence on the performance of the combined gas turbine and vapour turbine 

engine. The first limitation arises due to the formation of sulphuric acid 

in the exhaust gases when fuel containing sulphur is burnt in the gas turbine 

combustion chamber. 	Serious corrosion problems occur when the temperature 

of the gas falls below the sulphuric acid dewpoint causing the acid to con- 

dense in the exhaust system and heat exchanger. 	In steam boilers the acid 

dewpoint is approximately 250°F. The minimum stack temperature was there- 

fore taken as 300°F (149°C) in the cycle calculations. 	Sulphuric acid 

corrosion also occurs on surfaces having temperatures in the region of 180°F 

regardless of the bulk temperature of the gas. 	If this problem were found 

to be serious in practice it would be necessary to eliminate the "economiser" 

section of the evaporator or boiler in the vapour cycle. 	This could mean 

that the stack temperature would be raised to approximately 350°F (167°C) to 

ensure heat transfer to the boiling fluid. 

The second limitation is associated with heat transfer in the boiler 

where it was assumed that a minimum temperature difference of 100°F (55°C) 

between the gas and the liquid would be maintained. 

2.3d 	Performance calculations. 

The performance of the combined gas turbine and vapour turbine was 

calculated for a range of gas turbine pressure ratios up to 20:1 and top 

temperatures of 1500, 1600 and 1700°F (815, 870 and 925°C). 	The performance 

of simple cycle gas turbine engines and regenerative engines were also esti-

mated using similar levels of component efficiencies. The assumptions and 

data used in the cycle calculations are summarised in Tables 2 and 3. The 

assumed values of efficiency and pressure drops used in the cycle calculations 

are based on good current practice which could be attained using the latest 

design methods. 

The cycle calculations for the combined engine were carried out in 

two parts. 	The simple cycle gas turbine performance was first calculated and 

the enthalpy change in the turbine exhaust from the gas turbine exit temperature 

to the boiler leaving temperature of 300°F (149°C) was determined. 	The 

thermal efficiencies of the vapour cycles were then calculated separately for 

each working fluid. 	The thermal efficiencies and the power output of the 

combined engine were then determined from the separate cycle calculations. 

15' 



A Monier diagram illustrating a vapour cycle for Refrigerant 21 

is presented on Figure 2.3. 

2.3e 	Results of the cycle calculations. 

The predicted values of thermal efficiency and power output for 

the combined gas turbine and vapour turbine are presented on Figure 2.4. 

Refrigerant 21 was assumed as the working fluid for the vapour turbine in 

this figure. These curves show that the maximum efficiency of the com-

bined gas turbine and vapour turbine occurs at high gas turbine pressure 

ratios and peak power output is provided at a gas turbine pressure ratio 

of approximately 6 : 1. 

The predicted values of thermal efficiency and power output for 

simple cycle and regenerative gas turbines are also shown. on Figure 2.4. 

This figure indicates that the maximum thermal efficiency of the combined 

engine is approximately 10 per cent higher than the peak thermal efficiency 

of the regenerative gas turbine and approximately 30 per cent higher than 

the thermal efficiency of the simple cycle gas turbine. 	In addition the 

power output of the combined engine is about 30 per cent higher than the 

power output of both the simple cycle and regenerative gas turbines. 

The predicted values of thermal efficiency for the combined engine 

with several different working fluids in the vapour turbine are presented 

on Figure 2.5 as functions of the boiler pressure. 	These results show 

that the best working fluids from thermodynamic considerations are Hexa- 

fluorobenzine, H 0, Refrigerants 11, 21 and 113. 	In addition it can be 

seen that there is little to gain by operating the Refrigerant vapour tur-

bines at boiler temperatures above about 300°F (149°C). 

2.3f 	Cycle calculations for more complex combined engines. 

The results of thermodynamic calculations of more complicated gas 

turbines combined with vapour turbines are shown on Figure 2.6. The separate 

and combined effects of reheat and intercooling were considered in this 

analysis. 	The results shown on Figure 2.6 indicate that the thermal effi-

ciency can be slightly improved but large gains in specific output can be 

obtained by the additional features when compared with the performance of the 

simple cycle combined with a vapour turbine. 
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2.3g 	Conclusions from - the cycle calculations. 

The main conclusions of the cycle study are that the level of 

thermal efficiency of the combined gas turbine and vapour turbine- engine 

can be higher than the simple cycle and regenerative gas turbine engines. 

Furthermore, the specific output of the combined engine is approximately 

30 per cent higher than the simple cycle and regenerative gas turbines. 

Thermodynamic considerations have shown that the most favourable 

working fluids for the vapour cycle are Hexafluorobenzine, H 0, Refrige- 
2 

rants 11, 21, and 113. 

2.4 	Preliminary designs of vapour turbines. 

The vapour turbine is an important component of the vapour cycle 

of the combined engine and preliminary aerodynamic designs have been ana-

lysed in order to determine the size and complexity of the turbine unit 

and to determine the extent and nature of the turbine design problem. 

2.4a 	Turbine R.P.M. 

It was decided to limit the investigation to vapour turbines which 

were directly coupled to the power turbines of the gas turbine engine. 

The turbine r.p.m. was therefore selected as 3,000 r.p.m. (for a 50 cycle 

system). 	It was realized that smaller gas turbines (< 10 MW) would rotate 

at higher speeds than 3,000 r.p.m. in order to provide operation at optimum 

turbine efficiency, but a gear box would be placed between the power turbine 

and the generator. 	The principle of geometrical similarity can be used to 

estimate the geometrical arrangement of vapour turbines coupled to these 

smaller gas turbines. 	The reasoning is as follows: 

If a designer has freedom to select r.p.m. then he would 
provide optimum geometry for the power turbine regardless 
of power output and all power turbines would be geometri- 
cally similar. 	The designs of vapour turbines directly 
connected to the power turbines would therefore also be 
geometrically similar to each other although the vapour 
turbine designs would not generally be optimum because the 
r.p.m. would be selected to suit the power turbine as it 
develops more power than the vapour turbine. 	The r.p.m. 
of geometrically similar power turbines is given by the 
expression N = K/ T and Barkef (2.5) has shown that the 
average value of K for industrial gas turbines is 19,200. 
This expression suggests that a power turbine developing 
41 MW would have an optimum rotational speed of 3,000 r.p.m., 
and furthermore if allowance is made for the power developed 

17 



by the vapour turbine it can be seen that a 50 MW com-
bined engine would ideally rotate at approximately 3,000 
r.p.m. 	In other words the vapour turbines of smaller 
combined engines (< 10 MW) would be geometrically similar 
to the turbine for the 50 MW combined engine. The 
following similarity rules would be used to scale from a 
50 MW design: 

turbine diameter 
	mw 

r.p.m. 	a 11 TR17 

mass flow 
	

MW 

2.4b 	Design conditions for the vapour turbines. 

From figure 2.4 it can be observed that the maximum power output and 

thermal efficiency occur at gas turbine pressure ratios of 6 : 1 and 15 : 1 

respectively. 	It was concluded that the optimum gas turbine pressure ratio 

from economic considerations would lie between these two values. A gas tur-

bine pressure ratio of 10 : 1 was selected as the basis for the vapour turbine 

study; the top temperature of the gas turbine was taken as 1600°F (870°C). 

It is not proposed to discuss the influence of the gas turbine design point 

on the vapour turbine design except to note that it has a relatively small 

effect on the geometry and size of the vapour turbine at the preliminary de-

sign stage. Design conditions for the vapour turbines using the selected 

working fluids are given in Table 4. 

2.4c 	Type of vapour turbine. 

Radial inflow and axial-flow turbines ware considered for this 

application. The radial inflow turbine would generally have the lower capital 

cost as a single stage and could operate efficiently at high pressure ratios. 

The axial-flow turbine would be preferred when more than one stage is required. 

The specific speed can be used as a method of selecting the type and 

number of stages from purely geometric considerations. 

Specific speed is defined as 
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= Enthalpy drop per stage 

Energy conversion factor 

go 	
Constant in Newton's second law 

In this form, specific speed is non-dimensional and any consistent system of 

units can be used. 	It is easy to demonstrate that the value of specific 

speed defines, in general terms, the geometry of the turbine. A low specific- 

speed machine has short blades and a large disc while a high specific-speed 

machine has long blades and a small disc. 	It is generally stated that the 

radial inflow turbine should be designed for specific speeds between 0.06 and 

0.12 while the axial-flow turbine should be designed for specific speeds in 

the range of 0.05 to 0.20.* 	It should be remembered that specific speed is 

related only to turbine geometry and is not used to predict the Mach number 

levels in the turbine. 

The upper and lower limits of specific speed given in the previous 

paragraph for axial-flow and radial inflow turbines were used to estimate the 

ranges of power outputs for combined engines using the various working fluids 

in the vapour turbines. An additional factor was the number of stages and this 

was decided from,consideration of the enthalpy drop across the vapour turbine. 

The ranges of power - outputs are given in Table 5. It appears from this 

table that single stage Refrigerant turbines could be designed using Refrige-

rant working fluids for power outputs between 10 and 100 NW. However, it is 

uncertain whether these turbines would be acceptable from Mach number consider- 

ations. 	The table also indicates that the power output of Hexaflourobenzine 

turbines will be very low. 

2.4d 	Axial flow turbine designs. 

Preliminary designs of axial-flow turbines were carried out using a 

simple but representative design procedure. The following assumptions were 

used to provide the basis for the designs; 

1. Free vortex distribution of tangential velocity 
downstream of the nozzle (or stator) blade row. 

2. Zero tangential velocity at exit from each stage. 

It is possible for individual stages to haVe a much 
higher specific speed and values between .25 and .4 
are used on final stage steam turbines. 



3. The flare distributed evenly between nozzle and 
rotor blades. 

4. Equal enthalpy drop across each stage. 

5. The reaction specified at the hub of the stage 
having the smallest radius. 

6. 70°  nozzle angle at the point where the reaction 
is specified. 

In addition it can be seen from an examination of the properties of 

Regrigerants, Downing and Long (2.8), that in the regions of interest, the 

velocities of sound for each Refrigerant are nearly constant. 	In the design 

study it was assumed that the velocities of sound for the working fluids were 

constant at the following values: 

1.  Refrigerant 21 560 ft/sec 

2.  Refrigerant 11 463 ft/sec 

3.  Refrigerant 113 395 ft/sec 

4.  Hexafluorobenzine 395 ft/sec 

5.  Steam 1100 ft/sec 

Using the assumptions given above together with the design point data 

provided in Table 4, the vapour-turbine geometries and flow conditions were 

determined for a range of power outputs (of the combined engine) and the work- 

ing fluids. 	Single stage, two stage and three stage vapour turbines using 

Refrigerants as the working fluid were designed having zero reaction (impulse) 

conditions at the hub of the last stage. 	In addition vapour turbines were de- 

signed having 30 per cent reaction at the hub of the last stage. 	Steam and 

Hexafluorobenzine turbines were also designed using the same assumptions but 

it was found that at least six stages were required to provide acceptable 

levels of Mach number. 

The geometrical and flow features of the axial-flow turbines are 

presented in Figures 2.8.- 2.13. On each figure there are numbers which indi- 

cate the power output, Mach number, hub-tip ratio and hub reaction. 	The key.. 

for these numbers and their positions on the turbine diagrams are provided on 

Figure 2.7. 

The figures show that the single stage Refrigerant turbines have 

rather high Mach numbers (about 2.0) at the nozzle hub and rotor tip and these 

Mach number levels, in conjunction with the high leaving losses would result 

in rather low turbine efficiencies. Two stage turbines would have Mach 

numbers slightly above 1.0 while three stage turbines would have entirely 

conventional levels of Mach number. 
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Of the Refrigerant working fluids it appears that turbines for 

Refrigerant 21 are of superior design for the power range 25 - 100 MW at 3,000 

r.p.m. 	For lower power outputs Refrigerants 11, and 113 may be used. 

Comparison between the steam and Refrigerant 21 turbine shown on 

Figure 11 indicates that the steam turbine would have a very much larger 

diameter and would have more stages than the Refrigerant 21 turbine. The 

Hexafluorobenzine turbine shown on Figure2.13 can only be designed for very 

low power-outputs at 3,000 r.p.m. and it would require several stages. 	The 

first few stages of the Steam and Hexafluorobenzine turbines would have par-

tial admission because of the small blade height. 

2.4e 	Radial inflow turbine design. 

It was shown in the specific speed analysis that radial inflow turbines 

could be designed having acceptable geometries for the required range of power 

outputs using Refrigerant working fluids. 	It was expected however, that the 

levels of Mach number would be high. Representative radial inflow turbines 

of 50 MW were therefore designed to determine the Mach number levels and 

geometrical features. 	These preliminary designs for the radial inflow tur-

bines used the following basic design rules: 

1. The meridional velocity at rotor inlet was 0.3 
of the inlet blade speed. 

2. Radial inlet blades were assumed for the rotors. 

3. Exit meridional velocity was the same as rotor 
inlet meridional velocity. 

4. Hub diameter of the rotor was one quarter of the 
tip diameter. 

The geometrical and flow features of the Refrigerant turbines are shown on 

Figure 2.14. 	This figure shows that the geometries of the Refrigerant 11 

and 21 turbines are acceptable while the Refrigerant 113 turbine is a rather 

higher specific-speed design than is normally used. The nozzle Mach numbers 

are rather high but there is reason to expect that turbines could be designed 

with efficiency levels in the region 70 - 80 per cent with these Mach numbers. 

2.4f 	Conclusions from the vapour turbine design study. 

The main conclusions of the turbine design study are as follows: 

1. 	Single stage axial-flow and radial inflow turbines 
could be designed using Refrigerant working fluids 



for combined gas turbine and vapour turbine out- 
puts of 10 to 100 MW at 3,000 r.p.m. but the Mach 
number levels would be. high. 

2. Two stage axial turbines would have lower Mach 
numbers and three stage turbines would have con-
ventional Mach numbers. 

3. Refrigerant 21 appears to provide the most satis-
factory designs of turbines for combined engine 
outputs from 25 to 100 MW at 3,000 r.p.m. 

4. Refrigerants 11 and 113 would be used at lower 
power outputs. 

5. Using steam as the working fluid would result in 
very large turbines having many more stages than 
the Refrigerant turbines. 

6. Hexafluorobenzine could only be used at very small 
power outputs and the number of stages would be 
higher than Refrigerant turbines. 

2.5 	Conclusions. 

The combined gas turbine and vapour turbine engine appears to offer 

every prospect of being economically competitive with other power plants in 

some applications. 	The addition of a vapour cycle to a simple cycle gas 

turbine would raise the output and thermal efficiency approximately 30 per 

cent. 	Refrigerant 21 is the most promising working fluid for the vapour 

turbine in the power range 25 - 100 MW. 

In order to minimize the number of stages in the turbine it would be 

necessary to develop high efficiency axial-flow turbines operating with high 

Mach numbers and with highly flared turbine walls. This problem is consi-

dered in subsequent chapters. 
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CHAPTER 3 	THEORETICAL DESIGN METHODS  

FOR HIGH MACH NUMBER TURBINES. 

3.1 	Introduction. 

In Chapter 2 it was observed that the vapour turbine in the combined 

gas-turbine vapour-turbine engine would probably have high wall-flare and it 

would operate at high Mach numbers. High flare and high Mach numbers also 

occur in the last few stages of very large steam turbines and, to a lesser 

extent, in some gas turbines and jet engines. 	The problems of designing 

machines having high flare and high Mach number are therefore not completely 

novel although it is possible with the high molecular weight fluids to design 

turbines having extremely high flare and high Mach number without approaching 

the mechanical limitations imposed by disc and blade materials. 	The restric- 

tion to the output per stage of a turbine using high molecular weight fluids is 

thus likely to be associated with aerodynamic rather than mechanical design 

problems. 	In order to understand the aerodynamic features of these turbines 

it is considered necessary to provide design and analysis methods which en-

able the designer to calculate or specify the distributions of velocity (out-

side the boundary layer) on the blade surfaces of the turbine stator and rotor 

blade rows. 

While the flared high Mach number turbine occurs in several applications 

the majority of turbines operate subsonically. As a consequence of this 

theoretical methods for this type of flow problem are not as well developed 

as methods for subsonic flows. 	In general, theoretical methods are either 

subsonic or supersonic and no transonic (flow in the region of Mach 1.0) 

method exists which can be applied to cascade flows. 	Subsonic methods are 

widely used which are either incompressible or, if compressible, they are 

proprietry or contain flow approximations. 	There is therefore clearly a need 

for a theoretical design method which is accurate and can be used for subsonic, 

transonic and supersonic flow. The development of such a method is the main 

objective of the research described in this thesis. 

In the remainder of this chapter theoretical design tools are discussed 

in greater detail, existing theoretical methods are surveyed and the method 

considered to be the most suitable for the design of highly flared high Mach 

number turbines is selected and discussed. 
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3.2 	Theoretical design tools. 

3.2a 	Introduction. 

Turbine designers have in the past considered themselves fortunate 

in that, due to the accelerating nature of the flow which inhibits boundary 

layer growth, their designs have apparently been successful without the aero-

cynamic sophistication that was necessary for the success of the axial com- 

pressor. 	The development of theoretical methods did not therefore receive any 

real impetus until the quest for high efficiencies and overall size reduction 

became important. 

Theoretical methods, as in most fields of fluid flow, are used to 

assist in an empirically based overall design procedure. The part the theory 

plays is to provide a basic understanding of the flow process and to reduce 

the amount of experimental work necessary by indicating to the designer the 

probable defects of a proposed design. 

After using for many years relatively simple hand methods the intro-

duction of the digital computer has enabled the turbine designer to investigate 

increasingly complicated and sophisticated models of the fluid flow in turbines. 

As mentioned in Section 3.1 a need clearly exists for an accurate design method 

that is applicable to flared turbines having subsonic, transonic and supersonic 

flows. 

3.2b 	The design of axial flow turbines. 

The complete three-dimensional viscous model of the flow of com-

pressible fluids in turbines is too complicated to solve with current techni- 

ques. 	Instead the flow problem is simplified by representing the real flow 

by two approximate models of the flow. First the meridional flow is consi-

dered and then the blade element or blade-to-blade flow is analysed. 

In order to solve the meridional flow problem it is assumed that the 

flow is axisymmetric and therefore two-dimensional. 	Several different forms 

of the equations of motion for axisymmetric flow appear in the literature and 

computer programmes have been developed to solve these equations. 

The blade-to-blade flow is solved using boundary conditions given by 

the meridional flow method. As in the case of meridional flow there are 

many forms of the equations of motion for blade-to-blade flow and also many 

solutions. 
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It is not the purpose of this thesis to discuss further the merid- 

ional flow problem since it is adequately treated in the literature. 	In- 

stead the problem of blade-to-blade flow is investigated with particular 

reference to problems of highly-flared high Mach number turbines. 

The use of a blade-to-blade method as a design tool has ideally 

two parts. 	First the frictionless flow within the cascade is analysed to 

determine the pressure or velocity distribution on the blade surfaces. 

Secondly the pressure distributions obtained are used to determine the be- 

haviour of the boundary layers on the profile surfaces. 	In some instances 

it is advisable to modify the blade shape to take account of the boundary 

layer growth on the blade surfaces. Many methods exist for predicting the 

boundary layer growth on blade surfaces and this topic will not be considered 

here. The frictionless blade-to-blade flow is therefore the problem con-

sidered in the remainder of the thesis. 

The problem of frictionless cascade flow can have two basically 

different approaches. 	The first is the direct or analysis method in which 

the flow equations are solved for a cascade of given geometry. The second 

is the inverse or design method which provides the geometry of a cascade when 

the velocity distributions on the blade surfaces are specified. 

3.3 	Survey of blade-to-blade methods. 

A number of blade-to-blade methods have been used for turbine design 

purposes. 	These methods are summarised briefly below. 

3.3a 	The method of vortex singularities. 

Due to Martensen (3.1), the flow is represented by superimposing a 

continuous vortex distribution on the surfaces of profiles in a uniform 

stream. A set of linear equations for the unknown vortex strength distri-

bution results when the profile surface specification of zero internal tan-

gential velocity is made. The equations are readily solved and the vortex 

distribution gives the surface velocity distribution. 

The basic method is incompressible but has been adapted to compressible 

flows (Reference 3.2). 	The compressible version of the method is unpublished 

and proprietary. The incompressible method has also been developed to solve 

both direct and indirect problems (Wilkinson (3.3)). 
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3.3b • The method of conformal transformation. 

A number of transformations have been developed for low camber 

blades and incompressible flows (Horlock (3.4)). 	One transfornation, into 

the hodograph plane by Kraft (3.5), can be used for high camber profiles at 

Mach numbers up to approximately 0.5. 	The indirect approach is used. 

3.3c 	Stanitz's full solution. 

(Stanitz (3.6)). 	This is a compressible flow (y = constant) or a 

linearized compressible flow (y = -1) solution of the indirect channel flow 

problem. 	From specified channel velocity distributions and uniform velocity 

upstream and downstream, a relaxation solution is found in a transformed 

stream function, velocity potential plane. 	From this solution the complete 

flow pattern including the channel boundary can be found in cartesian 

coordinates. 

3.3d 	The. Green's function solution of Stanitz (3.6, 3.8). 

This method is similar to the full solution of Section 3.3c, the 

difference being that the equation in the transformed plane is solved using 

a Greens function. 

3.3e 	The rapid approximate method of Stanitz (3.7). 

This is a rapid, compressible, indirect method which has been used 

in turbine design. A variation in flow height can be accommodated. The 

equations of motion are solved on an average basis for a fluid element 

spanning the complete channel and the camber line and thickness distribution 

are successively approximated. The upstream and downstream flows and the 

profile velocity distributions are specified. 	Similar methods have been 

developed to solve the direct or analysis problem. 

3.3f 	The Taylor series solution of Wu and Brown. (3.9). 

The two-dimensional compressible flow is approximated by a Taylor 

series along the mean streamline. 	The indirect problem is solved when the 

mean streamline flow is specified. The direct problem is solved by successive 

approximation after specifying the geometry and the trailing edge Kutta-

Joukowski condition. 
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3.3g 	Streamline curvature methods. 

These methods can be used for compressible flow to solve the direct 

or semi indirect problem with a flow height variation. 	In cascade analysis - 

the Mach numbers have been subsonic. 	In treating aerofoils.  in free stream 

the flow has been both subsonic and supersonic and also purely supersonic. 

(A fuller description with references is give in Section 3.6). 

3.4 	Transonic flows.  

Analytical approaches to transonic flows are hampered by the differ-

ence in nature of the flow equations and their respective method of solution 

in the subsonic and supersonic regimes. 	Subsonic flow is governed by an 

elliptical differential equation and supersonic flow by a hyperbolic equation. 

Various methods have been applied to the treatment of the equations 

to eliminate this difficulty but all are approximations only which reduce the 

two equations to one using a single method of solution. A number of hodo-

graph solutions have been produced by superposition to yield results for a 

few simple flows (see Shapiro (3.10) Chapter 20). 	In examining the flow 

through the throat of a convergent divergent nozzle, many workers have developed 

various series methods. 	Examples of these are Sauer (3.11) and Hall (3.12). 

A finite difference relaxation method has been used by Emmons (3.13 & 3.14) 

but this also does not differentiate between the flow regimes. 

At present the design or analysis of such devices as supersonic 

wind tunnel nozzles which have subsonic and supersonic flows are treated in 

three distinct stages, the subsonic flow, the transonic flow and the supersonic 

flow. 	An example of this approach is given in Harrop (3.16) in the design 

of convergent divergent nozzles for supersonic wind tunnel applications. The 

transonic regime was chosen so as to enable the series method of Sauer (3.11) 

to be applied. 	Thereafter, with the flow fully supersonic, the method of 

characteristics was applied. An even simpler approach than this can be used 

which makes an assumption regarding the shape and location of the sonic line 

to enable the method of characteristics to be applied. 	Examples of this 

approach are Shapiro (3.10) page 507 and Forster (3.15) who assumed the sonic 

line to coincide with the geometric throat of a supersonic wind tunnel nozzle 

and a supersonic turbine cascade respectively. 

Transonic methods are thus restricted in application by the limitations 

of the methods themselves, that is, to flows with small perturbations and, 

in most cases, to a given symmetrical geometry. As turbine cascades are two 

27 



28 

dimensional and have arbitrary unsymmetrical geometries, the present methods 

cannot be applied. As will be explained more fully in Chapter 4, the 

streamline curvature method enables a transonic flow in a highly curved geometry 

to be treated as one flow yet retaining the essential elliptic and hyper-

bolic differences between the subsonic and supersonic regions of flow. 

3.5 	Selection of theoretical method. 

The direct or analysis approach is selected in preference to the in-

direct or design approach as it is thought to be the more frequently occurring 

and better adapted to meeting the all important criteria of strength, vibra-

tion resistance and manufacturability. 

From the survey of two-dimensional methods in Section 3.3 only the 

method of singularities (3.3a), Wu and Browns series solution (3.3f) and the 

streamline curvature method (3.3g) are direct methods. 	At the time the 

selection was made, the method of singularities had not yet been shown to 

solve the compressible flow problem and this is apparently restricted to 

subsonic flows. 	The streamline curvature method was therefore selected for 

development as it is the more accurate of the remaining two methods and 

because the basic simplicity of the method was thought to lead to a simple 

simultaneous treatment of subsonic and supersonic flows. 	It is also the 

only method apart from the rapid approximate method (3.3e) to contain pro-

vision for a variation in flow height (flare). 

3.6 	Survey of the previous use of the streamline curvature method. 

3.6a 	Introduction. 

Streamline curvature methods have been used for both the axisymmetric 

(meridional plane) and the two-dimensional (blade-to-blade) design of turbines. 

Two dimensional streamline curvature methods are methods which use the equations 

of motion in a form containing the velocity gradient normal to the streamline, 

the streamwise velocity and the radius of curvature of the streamline at 

the point under considertion. 	The streamline curvature equation of motion 

and the continuity equation, discussed fully in Chapter 4, are as follows:- 

3V _ V 	DIP _ 	 1 n - -- an - R 	3n 	pvx, 
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streamline 



Two basic approaches have been used in the solution of these 

equations. 	They are:- 

a) Approximate methods. The streamline curvature 
equations involve the length n along a normal and 
the streamline radius of curvature which are closely 
related to the bounding geometry of the flow field. 
Accurate assumptions can therefore be made regarding 
the variation of these quantities which render the 
equations readily integrable to yield approximate 
solutions. 

b) Numerical methods. 	At the cost of additional 
calculation the equations can be solved numerically 
using the true values of length n and radius of 
curvature. 

3.6b 	Approximate Methods. 

Greene (3.17) analysed the pressure distribution on an aerofoil 

a free stream. Using the attenuation plane to represent both compressible 

and incompressible flows with a single flow pattern, a circular arc assump- 

tion for the radius of curvature variation was introduced. 	The streamline 

curvature equations were then formally integrated and the results showed a 

good agreement with experiment. 

Perl (3.18), also analysing the pressure distribution on an aerofoil 

in a free stream, chose a radius of curvature function in terms of velocities 

and a constant which was determined from an incompressible solution. The 

results were compared with exact solutions and a good agreement was obtained, 

particularly at low Mach numbers. 

Alpert (3.19) used the method for the semi indirect design of turbine 

blades. Two assumptions were made for the variation of radius of curvature 

along a normal, a vortex assumption and the assumption that the radius of 

curvature was constant. 	The curvature variation in the results obtained 

were examined and compared with the assumptions used. 	It was found that the 

vortex assumption was the better one. 	The method was semi-indirect in that,'" 

commencing with a suction surface geometry and velocity distribution, the 

pressure surface geometry and velocity distribution was calculated. 

3.6c 	Numerical methods. 

Stodola (3.20) described the work of FlUgel (3.21) who, in applying 

the method to the design of closely spaced turbine buckets, commenced with 

an initial pattern of potential lines (normals) and an arbitrary assumption 



of the variation in streamline curvature. The streamline curvature 

equations were then graphically integrated and a new pattern of potential 

lines and streamlines were produced. 	If these were found to differ too 

radically from the initial pattern, the calculation was repeated using the 

data from the new flow pattern. 

Carmichael (3.22) adapted the basic method of FlUgel (3.21) to a 

digital computer. 	It was found that when the new flow pattern data was 

used directly in the subsequent calculation, the resulting flow pattern did 

not converge to a constant pattern but that it diverged to form successively 

different patterns. 	A factor, dependant upon the grid spacing, was derived 

and used to determine an intermediate flow pattern between the new and the 

old to be used for the next calculation. The flow pattern was then found 

to converge. 

Katsanis (3.23), also using a digital computer, abandoned the use 

of the orthogonal network of streamlines and potential lines and formulated 

the streamline curvature equations in terms of an arbitrary network. 	The 

method was applied to the analysis of radial inflow turbine blades and the 

result compared to the result obtained using the approximate method of 

Stanitz (3.7). 	A reasonable agreement between the two methods was obtained 

except in the trailing edge regions. 	In using this basic method, Wilkinson 

(3.24) has derived a factor similar to that of Carmichael (3.22) to prevent 

the divergence of the flow pattern. 
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CHAPTER 4 :- THE  STREAMLINE CURVATURE METHOD 

4.1 	Introduction. 

4.1a 	The channel flow representation of cascade flow. 

When two streamlines in the meridional plane (see Sketch 4.1) are 

rotated to form two closely spaced surfaces of revolution within a turbine 

cascade, the fluid bounded by these two stream surfaces and the suction and 

pressure surfaces of two neighbouring blades becomes the basic fluid filament 

(or element) for consideration in the streamline curvature method. 	Such a 

treatment of the flow has been termed the stream filament or blade element 

treatment. 	If it is assumed that there is a large number of blades the 

development of this element on a flat surface can be used instead of the 

curved one. 	If it is further assumed that the element does not vary in 

height, the problem reduces to that of a two dimensional cascade.* When a 
change in height of the element is present and the velocity gradients caused 

by the height change normal to the element are small in comparison with the 

gradients in the plane of the element, the flow is said to be semi three-

dimensional. 

As will be seen later, the streamline curvature method provides an 

analysis of the flow between two fixed surfaces or streamlines. 	In order 

therefore to apply the streamline curvature method to the basic fluid element, 

the position and shape of the upstream and downstream stagnation streamlines 

must be assumed so that the basic element may be extended into the regions 

well upstream and downstream of the cascade where, in an isolated cascade, the 

flow may assumed to be uniform. With these streamlines thus assumed the 

basic fluid element is in the form of a channel bounded by the two blade sur- 

faces and the two stagnation streamlines as shown in Sketch 4.2. 	Such a 

representation of the flow is termed a channel flow representation. 

Channel flow analyses of cascades have hitherto suffered in accuracy due 

to the inadequacy of the assumption made regarding the position and form of 

the stagnation streamlines. 	Stated differently, channel flow representations 

have failed to provide a means of satisfying the Kutte-Joukowski condition. 

There is a simple transformation that can be used when 
the number of blades is small (x,y becomes x, rB;for 
axial flow). 



32 

It is possible here, using the streamline curvature technique outlined in 

this chapter, to derive a simple and logical approximation to the Kutta 

condition. 	This approximation in combination with a study of the behaviour 

of it at varying cascade outlet flow angles in Chapter 7, has led to an almost 

exact channel flow Kutta condition at the trailing edge. A fundamental 

limitation of the channel flow representation is thus successfully eliminated 

in the work described in this thesis. 

A further inaccuracy is fundamental to a channel flow numerical 

method. 	This arises from the high curvature and rapid change of sign of 

curvature of the channel boundary in the leading and trailing edge regions which 

introduce practical difficulties into the execution of the numerical procedure. 

It is therefore necessary to approximate to the true channel boundaries in 

the regions of difficulty as shown in Sketch 4.2 and to use a coarse finite 

difference grid. 	Techniques subsequently developed have considerably im-

proved the accuracy of the streamline curvature method at the leading edge. 

4.1b 	Objectives and layout of the chapter. 

The basic streamline curvature equation is derived in Section 4.2. 

Before proceeding to formulate the numerical procedure, it is necessary to 

discuss the boundary conditions for the mathematical problem involved, as 

these influence the formulation of the numerical procedure; 	this is described 

in Section 4.3. 	The fundamental differences between subsonic and supersonic 

flow using streamline curvature are then considered. As,  these differences also 

affect the numerical procedure, they are discussed in Section 4.4 before pro-

ceeding to formulate the numerical procedure in Section 4.5. 

4.2 	Derivation of the basic equations. 

The two-dimensional analysis of Shapiro (3.10 page 281) is adapted 

here to include a fluid filament height variation. 	Referring to Sketches 

4.2 and 4.3, a fluid particle bounded by two streamlines and two normals to 

the streamlines is considered. 	The flow is further assumed to be steady and 

inviscid. 

The fluid particle is subject to the pressure forces shown in Sketch 

4.3. 	The nett force towards the center of the streamline radius of curvature 

R, taking into consideration the components of the pressure forces on the 6 

sides, is:- 
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which, after simplifying and neglecting incremental terms of second and 

higher order becomes:- 
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where:- p = pressure 

n = distance measured normal to the streamlines in 
the plane of the flow 

R = streamline radius of curvature 

= stream tube height normal to the plane of flow 

s = distance measured along a streamline 

The centrifugal force on the fluid particle is:- 

Pf(k + In)(Sn(R + 1;11)601 	v2 t(S 6  
(R 

pV2Un(50 	 4.2 

where:- 

p = fluid density 

V = streamline velocity 

Equating the pressure force and the centrigugal force:- 

1 	_ V2  
.15 an 	R 

1 ap_ 
Seeking a substitution for the term p an, the thermodynamic equations:- 
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4.4' 

where:- • absolute temperature 

s = entropy 

• enthalpy 

110 = total enthalpy 

Substituting equations 4.4'into 4.3 and simplifying gives:- 

R Dho R DV TR _ 	- =2 
an Van V2  an 

The continuity equation in the curvilinear coordinates used is:- 

an 
= pVkon 

 

or DIP pVk 	 4.5 

    

where 	= stream function or mass flow. 

Equations 4.4 and 4.5 are the basic streamline curvature equations. 

For irrotational flow it can be shown (see Shapiro 3.10 page 283) 

that:- 

R Dho 	TR as  0  -  
V2  an 	VT  Dn. 

Substituting this into equation 4.4 gives the basic streamline curva-

ture equation for steady, semi three-dimensional, irrotational flow:- 

1 =  ,V an 

4.4 

4.6 



Equations 4.5 and 4.6 can be written in their finite difference 

form:- 

Alf; 
= pVk 

- V An 

where Aqi, An, Ak and AV are finite increments taken normal to the stream- 

lines. 	Combining equations 4.8 and 4.7 and rearranging: 

AV - tp  £pR 

This equation, which gives the finite difference velocity increment 

normal to a streamline in terms of the streamline radius of curvature and 

other data, is applied using a finite difference grid consisting of stream- 

lines and normals. 	The raduis of curvature at each point in the grid is 

calculated by passing an approximating curve through the point under consi-

deration and adjacent points on the same streamline. 

In applying the two finite difference equations 4.7 and 4.8, two 
methods of approach were adopted. 	The first, which is the least accurate 

of the two, uses property data (V,p,R and 50 at one streamline to estimate 

the data at the next streamline. 	This corresponds to a simple Euler method 

in initial value problems. 	The second method is more accurate as it uses 

average values of V, p and Q. 	(The radius of curvature R used remains as 

above). 	This corresponds to a Runge-Kutta type treatment of an initial 

value problem. 

4.3 	Boundary condition considerations. 

4.3a 	Introduction. 

In Section 3.4 it has already been stated that subsonic and super-

sonic flows are governed by elliptic and hyperbolic differential equations 

respectively. 	The two types of equation are very different in the method 

of solution which must be applied, in the type of solution which results 

and in the nature of the boundary conditions necessary for a solution. 

These mathematical differences are physically seen in the differences between 

subsonic and supersonic flow. 	In subsonic flow, disturbances at a point are 

propagated to all parts of the flow field or, alternatively, each point on 
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the flow field boundary influences the flow at all points within the 

flow. 	Supersonic flow is very different. 	Discontinuities can exist and 

disturbances at a point are propagated along Mach lines through that point 

only. Alternatively stated for supersonic flow, a point on the flow field 

boundary influences only the regime downstream of that point. 

4.3b 	Boundary conditions for elliptic and hyperbolic equations. 

The boundary conditions for the two types of differential equation 

have been variously termed as "closed" and "open", "jury" and "marching". 

(See Crandall (4.1) page 351). 	"Closed" and "jury" for elliptic equations 

indicates a set of boundary conditions completely enclosing the domain and 

which are similar to an "encircling jury demanding simultaneous satisfaction". 

"Open" and "marching" for hyperbolic equations indicates a set of boundary con-

ditions which do not completely enclose the domain but has one open-boundary 

in the direction of which a solution is "marched" out, that is, each step in 

the solution is taken once and for all and is not influenced by subsequent 

steps in the solution. 	These boundary conditon types are shown in Sketch 

for 

completely 

Also shown in this sketch are the boundary conditions used here  

completely subsonic and completely supersonic flow. 

It is not the intention in this thesis to establish a boundary con-

dition criteria for the uniqueness of the resulting solution, both for these 

boundary conditions and particularly for the more complex ones of the next 

section. 	It is merely stated that in all cases the boundary conditions 

used produced convergence to a physically realistic solution. 

4.3c 	Boundary conditions for coexistant elliptic and hyperbolic regimes. 

A transonic flow contains both subsonic and supersonic regions of 

flow which implies mathematically the simultaneous existence of elliptic and 

hyperbolic regions. 	The boundary between these regimes is the sonic or 

Mach one line, the position and shape of which is not known at the commence-

ment of the solution. This boundary must therefore be arrived at via other 

factors which are known. 	These factors, subsequently explained at length, 

are:- 

1) the condition at the "throat", 

2) definition of the flow type at each section in the 
channel. 
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1) The  condition at the throat. 

The sonic line boundary between the subsonic and the supersonic 

flow regions in a convergent-divergent one-dimensional channel is known to 

be a straight line at the section of minimum flow area. 	In addition it is 

known that the channel is "choked", that is, the channel is passing the max- 

imum mass flow and that the choking condition occurs at the throat. 	If the 

Mach number at all cross sections in the channel were increased by a small 

amount, the mass flow would increase in the subsonic region, decrease in the 

supersonic region and remain constant at the throat. The choking flow con-

dition is therefore that the mass flow remains constant when a small velocity 

(or Mach number) increment is imposed upon the existing velocity distribution 

at the throat. The sonic line in a two-dimensional channel does not have a 

simple form and location as in the one-dimensional case. Therefore only the 

statement regarding choking flow remains to define the throat. 

2) Flow type definition at each section in the channel. 

Three types of transonic flows can exist in a convergent-

divergent channel and each have a simple and obvious statement defining the 

flow type. 

	

The first is a continuously accelerating flow. 	The flow de- 

fining statement is that the body of the flow (or the average velocity along 

a normal) is subsonic upstream of the throat and supersonic downstream of it. 

The second is an accelerating-decelerating flow with the channel 

passing the maximum mass flow. The body of the flow is then subsonic every-

where except at the throat which is choked. 

The third is an accelerating, decelerating flow with the channel 

passing less than the maximum mass flow and which contains a small supersonic 

region. 	The body of the flow is then subsonic everywhere. 

The full boundary conditions andsapplementary statements used 

for transonic flows are shown in Sketch 4.5. 

.4.4 	The elliptic (subsonic) and hyperbolic (supersonic) basic streamline  
curvature procedures. 

4.4a 	Introduction and formal statement of the two procedures. 

It has already been seen that elliptic and hyperbolic equations 

involve very different methematical characteristics and procedures. 	These 

differences have been expressed in terms of the boundary conditions and must 
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now be expressed in terms of the actual numerical procedure followed in the 

two regimes. 

Equations 4.9 expresses the velocity increment normal to a streamline .  

in terms of the streamline radius of curvature: 

AtI) 
AV = - 

Stated here and explained at length below, a subsonic  

(elliptic) or a supersonic (hyperbolic) streamline cur-

vature procedure is determined solely by the manner in  

which the streamline curvature is calculated. 	In a 

subsonic (elliptic) procedure the curvature at a point 

should be a function of flow data from upstream and 

downstream while in a supersonic (hyperbolic) procedure 

it should be a function of upstream flow data only. 

This is shown in Sketch 4.6. 

This statement can be explained or verified as follows:- 

a) by boundary condition considerations, 

b) by comparison with standard finite difference 
methods, 

c) by simple flow considerations, 

d) by convergence considerations. 

4.4b 	Boundary condition considerations. 

In order to meet the "open" or "marching" type of boundary condition 

for supersonic flow, a solution must be marched out as in Sketch 4.4b & d. 

Each step taken in the marching process is taken once and for all and must 

be independant of downstream conditions or subsequent steps. 	It follows 

therefore that in order to take a step involving the curvature, that curva- 

ture must be a function of upstream conditions only. 	This is indicated in 

Sketch 4.7a. 

Conversely for subsonic flow, the upstream and downstream boundary 

conditions can only be met if the curvature at a point involves upstream 

and downstream data. 
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4.4c 	Comparison with standard finite difference methods. 

Standard techniques which represent the differential equations as 

finite differences taken at discreet points in a field, take into account 

the elliptic and hyperbolic nature of the equations. Elliptic equation 

finite difference molecules are formulated using differences and gradients 

taken in all four directions (N, S, E & W) at the grid point under consi- 

deration. 	This is discussed at length in Crandall (4.1) page 243 and 

illustrated here in Sketch 4.7b. 	It is obvious that the equivalent stream-

line curvature finite difference representation can only involve gradients 

in all four directions by estimating the curvature at a point using upstream 

and downstream data. 

Similarly, finite difference molecules for hyperbolic equations in-

volve differences and gradients in three directions (N, S & W) and march 

out the next step in the fourth direction (E). 	This is discussed in 

Crandall (4.1) page 396 and illustrated here in Sketch 4.7b. 	The stream-

line curvature equivalent of this technique must therefore involve the 

estimation of the curvature at a point using upstream data only as shown 

in Sketch 4.7b. 

4.4d 	Simple flow considerations. 

In this section a simple supersonic flow at a corner is considered. 

The resulting flow pattern is the well known compression along a straight 

Mach line. 	By applying the correct and incorrect streamline curvature 

procedures to the flow, it is possible to demonstrate that the one result 

is realistic while the other is absurd. 	This is indicated below. 

Sketch 4.7c shows a simple supersonic flow at a small bend farmed 

by two straight walls. The influence of the bend is propagated along the 

Mach wave 4, As, B6 and thus the two streamlines shown remain undisturbed 

until the Mach wave is reached and then bend to flow parallel to the second 

wall. 

The streamline curvature equation is now applied at the points 

shown to calculate the velocity gradients and streamline spacing between the 

wall and streamline A. One point upstream and one point downstream is 

used to evaluate the radius of curvature at each point to show the gross 

errors involved in such a procedure. 	The radii at points 1 to .3 are infinite 

and hence no gradients or stream spacing changes are present and streamline 

A is as shown up to point A3. 	Point 4 is found to have a finite radius 
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and hence a gradient and stream spacing change is present and streamline 

A is found to pass through A. 	This cannot be correct from consideration 	of 

the hyperbolic equation since the geometry change at 4 has been propagated 

upstream. Furthermore, when the same procedure is applied to find stream-

line B, a finite radius is found at point A3  and the influence of the change 

is propagated further upstream to point BI3. 	The propagation of a distur- 

bance upstream using this incorrect procedure to estimate the radius at a 

point is thus a function of the number of stream tubes used in the finite 

difference approach to a flow of a given width. 

Changing the procedure now to use upstream data only to find the 

radii, points 1 to 4 have infinite radii and hence are correct as shown. 

Point 5 has a finite curvature and a gradient and a stream spacing change 

exists which, if correct, estimates point A5 correctly as shown. 	Point 6 

has once more an infinite radius and the flow downstream of the Mach wave 

is thus uniform and parallel as shown. 

To further illustrate this point, the incorrect procedure is applied 

to the analysis of the flow in the supersonic region of a convergent diver- 

gent nozzle. 	Sketch 4.8 shows the velocity distributions obtained using 

5 and 10 streamlines. 	The increasing absurdity of the velocity distribu- 

tion is clearly seen as the degree of upstream propagation of disturbances 

is increased as the number of streamlines used is increased. 	The velocity 

distribution using the correct procedure is also shown for comparison. 

4.4e 	Convergence considerations. 

The convergence of the iteration process is described in detail in 

the next chapter. 	In this section the correct and the incorrect streamline 

curvature procedures are discussed in terms of the effect the two approaches 

have upon convergence. 

The problem of convergence is essentially one of ensuring that each 

successive iteration performed brings the result nearer to the solution that 

simultaneously satisfies the continuity and momentum equations. When the 

incorrect elliptic and hyperbolic streamline curvature procedures are used, 

the convergence process becomes indeterminate for certain combinations of 

Mach number and orthogonal grid parameters. 	This is unrealistic as a solu- 

tion is known to exist. 

The details of this indeterminate convergence are not considered to 

be relevant to this thesis beyond the following brief statement. 	The matrix 
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of equation 5.21 becomes singular for the Mach number and grid parameter 

combination which produces the indeterminate convergence result. 	This 

means that changes made between iterations will not influence the next 

result and convergence is impossible. 	The origin of the singularities can 

be traced to the constants of equations 5.8 and 5.9 which, when positive, 

introduce the possibility of singularities at certain grid parameter combi- 

nations. 	It can be shown that these constants are positive when the 

"incorrect" elliptic or hyperbolic streamline curvature procedure is used. 

A similar indeterminate convergence result has been derived for the "incorrect" 

procedure in supersonic flow by Wilkinson (3.24). 

4.5 	The streamline curvature numerical procedure. 

4.5a 	Introduction. 

Thus far in this chapter the streamline curvature equations have been 

derived and written in a finite difference form. 	The boundary conditions 

for the equations when the flow is subsonic, transonic and supersonic have 

been formulated and the elliptic (subsonic) and hyperbolic (supersonic) form 

of the streamline curvature method indicated. 

In this section, the numerical procedure used to obtain solutions for 

the equations is presented. 	At the outset it appeared that there were two 

general approaches which could be adopted. 	The first is the method which 

has been used in previous work and has been termed here the method of stream- 

line relaxation between channel boundaries. 	The second is the method used 

here and termed the method of streamline and boundary collocation between one 

bounding streamline and one channel boundary. 	These two methods will be 

discussed, compared and the reasons given for the choice here of the second 

method. 

Also described in this section are some basic considerations concern-

ing supersonic grid arrangements and the application of an approximate Kutta-

Joukowski condition for channel flow treated by the streamline curvature 

technique. 

It should be mentioned that only the general procedure used will be 

discussed here and the details of the actual numerical methods will be dis-

cussed in Chapters 5 and 6. 



4.5b 	Streamline relaxation between channel boundaries. 

This is the approach adopted by Stodola'(3.20), Carmichael (3.22) 

and Katsanis (3.23). 	An approximate mesh of streamlines and normals are 

installed between the channel boundaries and the curvature of the stream- 

lines calculated at each point in the grid. 	Using this curvature dis- 

tribution and length of each normal, the streamline curvature equation 

and the continuity equation are integrated numerically and solved simul-

taneously by a process of successive approximation to find the velocity 

distribution. 	A new mesh of streamlines and normals is then estimated 

and used to repeat the above process until the changes between successive 

results are insignificantly small. 	This method is termed here the method 

of streamline relaxation because the process of using the new streamlines 

to produce convergence is similar to the finite difference relaxation 

process. 

4.5c 	Boundary collocation between one channel wall and bounding  
streamline. 

Alpert (3.19) has described a semi indirect streamline curvature 

method whereby, commencing with the suction surface shape and velocity dis- 

tribution, streamlines are sequentially estimated. 	The last streamline 

represents the shape and location of the pressure surface. 	This basic 

approach can be adapted to solve the direct problem by iterating the velo-

city distribution to conform the last streamline to a given channel boundary. 

Referring to Sketch 4.9a and proceeding in a manner similar to the 

above, a velocity distribution is assumed along one channel boundary, termed 

here the commencing boundary or surface. The channel curvature is calcula-

ted at a series of points along the boundary and the streamline curvature 

equations used to find the stream tube spacing and the velocity at the first 

streamline. An approximating curve is passed through the points represen- 

ting the first streamline and the curvature calculated at each point. 	The 

equations are then applied in a similar fashion to find the second streamline. 

By repeating this process sequentially, all the streamlines are produced until 

the final or flow bounding streamline is reached. 

This final streamline will not coincide with the second channel boundary, 

termed here the terminating surface or boundary, unless the velocity assumption 
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at the commencing boundary was correct. 	The deviation between the 

bounding streamline and the terminating boundary is calculated at each 

point and used to estimate a new velocity distribution at the commencing 

boundary. 	The new velocity distribution is used to restack or regenerate 

the streamlines and the process repeated until the bounding streamline coincides 

with the terminating boundary. This method is thus seen to be a process of 

boundary collocation between one channel wall and the bounding streamline. 

4.5d 	Comparison of the two methods. 

The advantages of the boundary collocation method over the relaxation 

method are:- 

1) Kutta-Joukowski condition. 

The channel flow representation of cascade flow involves an 

assumption of the position and shape of the stagnation streamlines. 	The 

boundary collocation method deals directly with changes in the bounding 

streamlines which leads to the simple introduction of an approximate Kutta- 

Joukowski condition. 	This will be discussed fully in Section 4.5f. 	The 

relaxation method involves fixed channel boundaries and the Kutta-Joukowski 

condition cannot be applied simply. No attempt appears to have been made 

to apply the condition in any previous work. 

2) Equations of motion satisfied during each iteration.  

The boundary collocation method, using true curvature and stream 

spacing, satisfies the equations of motion at each iteration even though 

the iteration itself does not satisfy the particular problem boundary condi-

tions (the bounding streamline does not coincide with the channel boundary). 

The relaxation method, using curvatures and spacings from a previous itera-

tion, satisfies the problem boundary conditions at each iteration but not the 

equations of motion until the final iteration. 	This has not been a problem 

in completely subsonic flow for convergence has been obtained using the method. 

Some doubt exists that this will also be the case for transonic flows using a 

finely spaced grid. 	Stated simply, in a real flow, which satisfies the 

equations of motion, the flow upstream and downstream of the throat is sub-

sonic or supersonic as outlined under the discussion of the boundary conditions 

in Section 4.3c(2). 	When a simulated flow, that is a flow which does not 

obey the equations of motion, is used, this additional stipulation may render 

convergence impossible. 



The advantages of the relaxation method over the boundary collocation 

method are:- 

1) 	Importance of initial assumptions. 

Experience has shown that ti irandary collocation method re-

quires an initial boundary velocity asstm.tion which is sufficiently accurate 

to enable a streamline stack to be laid at the first iteration. 	This prob-

lem will be fully discussed in Chapter 6 where computational techniques are 

considered. 	It will suffice at this point to state that the initial assump-

tion for the boundary collocation method is critical and has led to time 

consuming methods to achieve solutions using fine grid sizes. 	No such problem 

has been reported in this respect using the relaxation process. 	This factor 

probably renders the boundary collocation process computationally more time 

consuming than the relaxation process. 

Accuracy of the integration used. 

The method of integration used in the boundary collocation pro-

cess is closely linked with the mechanical procedure of streamline stacking 

and also with the convergence technique developed in the next chapter. 	Con-

siderable effort is therefore required to introduce more accurate methods of 

integration and only simple Euler and trapezoidal rule methods are used here. 

The relaxation method does not have these limitations. 

Conclusions. 

The boundary collocation procedure was considered more versatile and 

to provide a better treatment of the critical transonic region. 	The dis- 

advantages of the critical accuracy required of the initial velocity assump-

tion and the present limitation in accuracy of the integration method used 

can be offset at the expense of computational time. 	The boundary colloca- 

tion method is therefore used here. 

4.5e 	Supersonic grid considerations. 

Solutions to hyperbolic equations should be marched out using a grid 

pattern made up of the characteristics (Crandall (4.1) page 396). 	This is 

clearly impossible using the orthogonal streamline curvature network. A 

rectangular grid may however be used when the characteristic is the diagonal 

of the rectangular grid. 	This is seen following the approach of Crandall 

(4.1) page 397 or, in terms of the hyperbolic streamline curvature approach, 
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by a similar argument to that which was used to develop the hyperbolic 

procedure in Section 4.4d. 	Referring to Sketch 4.10, a flow at a small 

bend at point 1 is analysed by the streamline curvature grid shown. 	If 

the stream tube spacing is such as to place the first streamline at A" 

and the same argument is followed as in Section 4.4d, the influence of the 

bend at 1 has effect upstream of the Mach line or characteristic 1, A2,2. 

This is incorrect. 	Similarly, if the streamline is chosen at A', the 

velocity at Al will be different from that at 2. 	This is also incorrect 

if the wall is straight downstream of the bend. 

The streamline must therefore be chosen so that the Mach line 

becomes the diagonal of the orthogonal grid. When this is so it can be 

shown that:- 

h 	= 	1,12 _ 

where:- 	h = streamwise grid spacing, 

total channel width / number of streamlines 

spacing normal to streamlines, 

M 	= Mach number. 

The effect of deviating from this spacing criteria is not of import- 

ance. 	Crandall (4.1) page 398 states that the accuracy will be impaired but 

the instability mentioned when the spacing is incorrect was not encountered 

in this work. 	This means that an average Mach number can be used -to,  deter- 

mine the grid spacing for a curved channel having a Mach number variation 

normal to the streamlines. 	This spacing criteria will be further discussed 

in Chapter 7. 

4.5f 	Kutta-Joukowski approximation for channel flow. 

The channel representation of a cascade flow includes an assumption 

regarding the shape and location of the stagnation streamlines. Unless the 

assumption made is fortuitously correct or if some other guide is used to 

determine them, the velocity distribution will be inaccurate in the regions 

where the stagnation streamline shape is of importance. 	Depending upon the 

stagger and turning angles of the cascade, these regions are the leading and 

trailing edge zones of the suction surface. 	This is shown in Sketch 4.11. 

The leading edge stagnation streamline segment BC, if incorrect, will influence 

the pressure distribution along the suction surface segment bc. 	This is 
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mainly due to the error in total flow width available for the flow in that 

region. 	Similarly, the trailing edge suction surface segment de is in- 

fluenced by the stagnation streamline segment DE. 	The influence of seg-

ments JI and HG are not of any great importance to the profile velocity 

distribution as these are comparitively remote from the regions of flow 

disturbance and because the major influence of any error would be along 

segments AB and EF. 

In channel flow terms, the Kutta-Joukowski condition implies that the 

velocities at the stagnation streamlines along tangential lines such as KL 

and MN must be equal. 	This condition can be partially met by collocating 

the upstream and downstream stagnation region terminating surface boundaries 

to meet the velocity condition instead of the geometric condition. 	The 

final streamline shape is therefore such as to satisfy the Kutta condition 

but not the condition that the two stagnation region channel surfaces must 

be the same shape and separated tangentially from each other by one pitch 

length. 	The Kutta condition is only partially met because the velocity 

condition is satisfied upstream and downstream of the cascade but not at 

the leading and trailing edge stagnation points themselves. 

It has been shown that the stagnation streamline shape and location 

are of greatest importance along segments BC and DE of Sketch 4.11. 	These 

segments become the regions which are collocated to satisfy the velocity condi- 

tion when the suction surface is chosen as the courniencing surface. 	The 

Kutta-Joukowski approximation consists therefore of using the suction sur-

face as the commencing surface and determining the pressure surface stagna-

tion streamline to meet the velocity condition. The inaccuracy arising from 

the retention of the original suction surface stagnation streamline is shown 

to be small in Chapter 7 where, in addition, a method is introduced to satisfy 

the velocity condition at the trailing edge stagnation point as well. 
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CHAPTER 5 	CONVERGENCE 

5.1 	Introduction  

The method of boundary collocation to provide a solution of the 

fluid flow in cascades has been described in the previous chapter. 	The process 

of convergence in this context is to arrange that the velotity changes at the 

commencing surface will result in the required changes at the final streamline. 

The approach adopted is to examine the convergence of simple flows using 

simplifications of the numerical method. 	This is described in Section 5.2. 

A basic convergence relationship between velocity changes and streamline changes 

is derived in Section 5.3. 	In Section 5.4 a method is devised to apply the 

simplified analysis to the more complex flows in channels. 	The procedures used 

to evaluate the convergence relationships for subsonic and supersonic flow are 

given in Sections 5.5 and 5.6 respectively. 	The performance of the convergence 

theory is discussed in Section 5.7 and the chapter summarised and concluded in 

Section 5.8. 	The derivations associated with this chapter are given in 

Appendix 1. 

5.2 	Assumptions made  

The following flow and numerical assumptions are made:— 

(a) the streamlines are initially straight.* 

(b) the channel shape is such as to produce initially 
straight streamlines. 

(c) small pertubations of the uniform flow are considered 
so that incremental terms of higher order than one 
can be neglected. 

(d) the flow is considered to be either purely subsonic 
or purely supersonic. 

(e) the flow width, 2, is assumed constant along a normal. 

This is the converse of the approach adopted in the 
method of relaxation (Section 4.5b). 	In that case one 
streamline is initially perturbed and the iterative 
process to achieve a flow with all streamlines finally 
straight is analysed (Carmichael (3.22)). 	It is more 
convenient here to commence with straight streamlines 
everywhere and to study the perturbations in the final 
streamline. 

47 



	

5.3 	Derivation of basic convergence formulae 

	

5.3a 	Introduction 

The basic finite difference equations (4.7 and 4.9) are:- 

dM 
AV =— 

.1151t 

and 

a 
. chh 
pv 

 

5.2 

 

where:- 

AV 	= streamline velocity increment, ft/sec 

din . = streamline mass flow (dtP in Chapter 4), Ibm/sec 

Q 	= flow hight normal to the plane of flow, ft 

density, lbm/ft3  

radius of curvature, ft 

a 	= stream tube flow area, ft2  

The overall approach of this section is to apply equation 5.1 

sequentially to each streamline as outlined in Section 4.5c, before and after 

an arbitrary velocity change is made at the commencing surface. 	Subtraction 

of the overall flow areas in the two cases gives the final streamline area 

changes at each point. 	By manipulation of the relevant algebra, a basic 

convergence relationship between streamline area changes and commencing sur- 

face velocity changes is obtained. 	This is provided for 4 cases, subsonic 

and supersonic flow and using the two methods of Section 4.2 where the 

Euler and Runge-Kutta type methods are used in the numerical procedure. There 

will therefore be four results at each step in the derivation. 

5.3b 	Derivation  

Reference to Sketch 5.1 shows the initial and final network of stream-

lines and normals where, at normals m-1, m, m 1, etc, velocity changes of 

dVm-1' dV
m
,  dVm+1 

etc, are made at the commencing surface and which produce 

flow area changes of dam-1,1' 
dam 2' 

dam+,n' 
etc at streamlines 1, 2, n etc. 

Using a 3 point parabolic relationship for the streamline curvature at a grid 

point and following the outline of Section 5.3a, the convergence relation 

between velocity and streamline area changes is deriVed in Appendix la. The 

results are, for the four cases:- 
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Simple Euler type method, subsonic flow:- 

ym,n  = 2ym,n -1  - ( - K )y 	fti m,n-2 	m - 	m 	Kym-1,n-2 + (1  - 11;)Ym+1,n...21  m  

5.3 " 

Simple Euler type method, supersonic flow:-  

- 	(1 -Km)y:ra n-2 	K
m  {(1 + h;(1)v 	- h"- ym,n = 2ym n-1 'm -1,n -2 	m'm -2,n -2}  

5.4 

Runge-Kutta type method, subsonic flow:- 

Ym,n - (1 - 1K)ym,n-2 	1K Cht m = (2 4. m)ym,n-1 

	

	m 	-1,n-2 	'm-1,n-1)  

(1 -hria)(v 
• -m+1,n -2 + Ym+1,n -1)/  

Runge-Kutta type method, supersonic flow:- 

ym,11 = (2 + lardym,n_i - (1 - Ki)ym,n -2 
	IK

m
{(1 + Wirirl)(v 	

Ym -1,n -2)  

h(y m m-2,n-2m-2,n-1)1 
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5.5 

5.6 

where:- 

m,n 	= dimensionless flow area change at normal m, streamline n 

da
m,n  
Nam 

total number of streamlines 

am 	stream tube flow area at normal m 

Kt 	
dimen;ionless grid constant 

2 Sfet(1 	M1020i) 
Dm for subsonic flow 

  

5.7 

N2 	h h   5.8 
lm 2m 

Sfct(1 - Mm
) D2 m for supersonic. flow 

 

N2 	h (h +h ) 
1m 1m 2M 	 5.9 



S
fct 
	iteration staffing factor, 0 < S

fct 
< 1.0, required in 

numerical procedure, described fully in Chapter 6 

Mm 
D
m 

him, h2m 
h' m 

= Mach number at normal m 

flow width at normal m, ft 

= grid spacings associated with normal m 

= subsonic grid spacing factor at normal m 
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h 
2m  

h +h 
im 2m 

= supersonic grid spacing factor at normal m 

. = h 	h 
VII/ 2M 

Although appearing to be absent in the convergence relations, the 

velocity change is actually represented because:- 

h" 
m 

5.10 

5.11 

5.12 

5.13 

where x 	= dimensionless velocity change at normal m 

(1  m2)dVm 
N 	V m,o 

A convergence relationship has been derived between the commencing 

surface velocity changes (xm, xm.1.1  etc) and the flow area changes y
m,n 

y
m+1,n 

etc) at the n th streamline in terms of known grid quantities and 

Mach numbers. When therefore any given iteration is known to deviate by 

ymn ym+1,n etc, at the final streamline (1T4i), the evaluation of the con-

vergence formulae will determine the velocity changes x
m, xm+1 etc, to be made 

at the commencing surface which will theoretically eliminate the deviations at 

the next iteration. 

Before this can be done two problems must be dealt with. 	The first 

is to apply the formulae to a transonic 

flow is either subsonic or supersonic). 

procedure for evaluating the formulae. 

the next sections. 

flow (the assumption was made that the 

The second problem is to derive a 

These two problems are considered in 



5.4 	General considerations for the application of the simplified analysis  

to real. channel. flows.- 

5.4a Convergence assumption for transonic flow. 

The analysis of the previous section assumed that the flow was either 

subsonic or supersonic. A further assumption is needed for transonic flows. 

The assumption is that the convergence characteristics of a transonic region 

is determined by the average Mach number along a normal. 	Transonic flows 

for convergence purposes then reduce to subsonic or supersonic flows. 

5.4b Subsonic convergence arrangement. 

When the average Mach number along a normal is less than one, the sub-

sonic convergence relationship is applied as in Sketches 5.4a, b and c. 

These sketches represent the purely subsonic flow and the three types of tran-

sonic flow discussed in Section 4.3 and Sketch 4.5. 

5.4c Supersonic convergence arrangement. 

When the average Mach number along a normal is greater than one the 

supersonic convergence relationship is applied. 	Section 4.3 has described 

the boundary conditions for a supersonic region and the "marching" procedure 

whereby the solution is determined at one normal finally before proceeding to 

the next downstream normal. This means that in the consideration of the 

convergence relation for supersonic flow, changes at one normal only need be 

considered while those upstream remain unchanged. This convergence of one 

normal at a time in supersonic flow is termed here "marching convergence" to 

correspond with the numerical procedure used. 

The marching convergence procedure cannot however be applied to a 

transonic region, that is a region where the average Mach number is greater 

than one and where a subsonic region is present. This is because the sub- 

sonic region requires a simultaneous treatment of all the grid points. 	The 

region containing the subsonic flow is therefore considered as a whole or as a 

"block". 	The simultaneous application of the supersonic convergence relation-

ship to a number of supersonic normals is termed here "block convergence". 

This is shown in Sketch 5.2d. Also shown in this sketch is the "marching 

convergence" used once fully supersonic flow is established. 
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5.5 	Calculation procedure for convergence of subsonic flow. 

5.5a Introduction. 

Equations 5.3 and 5.4 relate area and velocity changes in the stream-

line curvature grid for subsonic flow. These equations are in the form of 

a recurrence formulae relating quantities in the two dimensional grid. No 

method has yet been given to evaluate a given velocity change when a given 

area change distribution is specified. 	While the limits of the relationship 

is obviously between the commencing surface and the final streamline in the 

normal direction, the formulae in equations 5.3 and 5.4 extends infinitely far 

upstream and downstream. 	In this section therefore, the streamwise bounds 

to the grid are described and then used to devise a simple expression relating 

a velocity change required at a point to the surrounding flow area change 

distribution required. 

5.5b Description of the dummy grid used.  

An examination of equations 5.3 acid 5.5 shows that the convergence 

relation extends one normal to the left (m-l) and one normal to the right 

(m+l) of any given normal m. When therefore the conditions along two normals 

are known (usually that it is fixed and that no changes take place) the conver- 

gence formula for the region in between can be evaluated. 	This is illus-

trated in Sketch 5.3 which shows a grid of M normals for which it is assumed 

that normals one and M are fixed. 	The fixed normal condition is exactly true 

when the normals are the upstream and downstream grid boundaries. 	It is 

approximately true when the normal M is the normal at the throat in a choked 

flow. 

Ideally, the grid of M normals in Sketch 5.3 should represent the whole 

of the subsonic region. 	Such an approach would however lead to a large matrix 

in the final formulation and solution and the following alternative has been 

'adopted. 	A dummy grid of M normals is used at each point, the size of M 

being sufficiently large so that the assumption of unchanging normals at the 

ends does not influence the result at the normal under consideration. 	The 

dummy grid is equally spaced on either side of the normal under consideration 

when possible and this means that M must be an uneven number. When the 

normal under consideration is near one end of the actual grid, the end of the 

dummy grid coincides with the end of the actual grid and the location of the 

normal in the dummy grid can be displaced to one side. 	These factors are also 

illustrated in Sketch 5.3. 
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5.5c Derivation of procedure 

It is shown in Appendix lb that the area changes ym,n may be written 
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for each of the 14 normals in the dummy grid as:- 

1 

	

= c 	x 	+ cx2 + 	 + c. x. 2,n i,n 11,n 1 

+ c
M-1,nxM-1 	+ c1,4nxm  

14+2
_ 

,nx2 - Y2,n = cM+1,nx1 	
c   + cM+1  . ,n1  x. + 

cM+M-1,nxM-1 	+ cM+M,nxM 

1 

x +....+ c ym,n 	c 	 . x. + 	 
-1)M+1 + (m-1)M+2 2 	(m-1)M+1,n 

m 
+ c

(m -1)1aM-1,nx-M -1 -I- c(m-1)M+M,nxM 

37M,n = c(M-1)M+1,nx1 + c(M-1)M+2,nx2 +—"+ c(M-1)M+1.  ,nx. +....  

+ c 
-(M-1)M+M-1,nxM-1 	c(M-1)M+M,nXM 	5,14 

where . are constants, n indicating the streamline number and j a counter j,n  

running from 1 to M2  as shown. The equation is now in the form of an unknown 

set of constants c. 	and velocity changes xm 
and the known final streamline 

3,n 
area changes ym,n. 	

The object is now to evaluate the constants. 	This is 

done in Appendix lb where it is shown that a general expression for any con-

stant in equation 5.14 is:- 

For the simple Euler type method:- 

c(m-1)M+i,n= 2 (m-1)M+i,n-1 - (1  - Km)c(m-1)M+i,n-2 

- 	 {h' 	- 0 K 	 . 	1 m mc 	+ (1 1 (m-2)M+i,n-2 	m)c  mM+1 n 2 
	5.15 

For the Runge-Kutta type method:- 

C(m-1)M+i,n = (2 + /KM)c(m-1)M+i,n-1 	(1 	
m fh  

- 	-. 1Km)c(m-1)M+in-2 - K. ' 

(c(m-2)M+i,n-2 + c(m-2)M+i)11 -1
) + (1 - h)(cmM+1,n-2 + cmM+i,n-1)/ 

	
5.16 



Runge Kutta type method 

All coefficients zero except:- 

c(m-1)Mi-m,1 = -1  

for n=2 the coefficients are:- 

c(m-1)114-m,2 = -(2 + 1Km) 

(111-1)114-m-1,2  
for 3<m 

= 0 	for m=2 

= /K (1 - h') for m<M-2 c
(m-1)M4m4-1,2 	2  m 

= 0 	for m=M-I 

5.20 

5.19 

Simple Euler type method  

All coefficients zero except:- 

C(

n......1)144111,1 

= -2 	5.18 c
(m-1)11-1-m,2 

5.17 
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Equations 5.15 and 5.16 can be evaluated for each value of m and i 

when the coefficients for n-2 and n-1 are known. 	The coefficients for 

subsequent values of n follow sequentially until n=N, the total number of 

streamlines. 	The calculation sequence is started by finding the co- 

efficients for n=1 and n=2. 	From Appendix lb the starting coefficients are:- 

With the starting values known the constants for the final streamline 

(a=N) can be found sequentially. Equation 5.14 is then a linear equation in 

x and y which in matrix form is:- 

C X = Y 

and the solution is 

X = C 1Y 	 5.21 

Equation 5.21 gives the velocity change at each point in the dummy grid.  

when the area change distribution is known. 

5.6 	Calculation procedure for the convergence of supersonic flow. 

5.6a Introduction. 

As in the case for subsonic flow, the streamwise bounds to the recurrence 

relationships of equations 5.5 and 5.6 are defined and then used to find a 

simple relation between velocity and area changes. 
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5.6b 	Description of grid used. 

Equations 5.5 and 5.6 indicate that the expression for any one normal 

m contains quantities from two normals to the left (m-1 and m--2). 	When there-

fore the conditions along two adjacent normals are known the convergence 

formulae become finite and can be evaluated. 

In Section 5.4c the "block" and "marching" convergence concepts were 

described where changes along one or more normals are considered. 	In both  

cases the two upstream normals are assumed to be fixed which supplies the con-

dition to evaluate the equation. The fixed normal condition is exactly true 

for marching convergence, the flow upstream then consististing of supersonic 

or transonic flow for which convergence has already been established. The 

condition is approximately true for block convergence for then one normal is 

the throat normal for which the choking condition renders the changes 

minimal and the other normal is the last normal in the subsonic region. 

Changes do take place at this normal but are assumed not to be of consequence. 

Sketch 5.4 illustrates the grid of M normals used in the calculation 

procedure , the first two of which are assumed fixed. The marching convergence 
block 

case is a special case of theAconvergence where M=3. 

5.6c Derivation of procedure. 

The area changes at each normal are written in terms of an array of 

constantsc.in Appendix lc. 	Referring to Appendix lc, the area changes are:-3,n 

m 

y1,n = 0 

y
2,n 

= 0 0 

M 
y
3,n = 0 0 c2M+3,nx3 

Y4,n = 0 0 c3M+3,nx  3 c 3M+4,nx4 

ym,n = 	0 	
(m-1)14+3,nx3 
	nx. • 	c

(m-1)144-m,nxm 

YM,n = 	c(M-1)144-3,nx3 	c(M-1)144.1,nxi • 	c(M-1)Mq-M,nxM' 

5.22 

3 

m 



The constants are evaluated in Appendix lc and the general 

expressions are:- 

for the simple Euler type method  

- c(m-1)M+i,n = 2c(m-1)M+i,n-1 	(1-Km)c(m-1)M+i,n-2  

- 	(m-2)M+i,n-2 	m (m-3)14+i,n-2/ 	 Km 	h m  ") "c {(1 + 	c 	- h 

for the Runge-Kutta type method  

- 	- 1  c(m_i)m+i,n 	(2 + IK
m
)c
(m-1)M+i,n-1 	

(1 	2  K m)c (m-1)M+i,n-2 

- IK
m
{(1 + h"m)(c (m-2)M+i,n-2 + c(m-2)11+i,n-1) 

- hm(c (m-3)M+i,n-2  + c(m-3)M+i,n-1)1 	 " 	 5.24 

As for subsonic flow the coefficients are sequentially evaluated 

up to n=N commencing with the known starting values for n=1 and n=2 which 

are:- 

simple Euler type method  

all coefficients zero except:- 

c(m-1)114-mo. = -1  — 5.25 
	

c(m-1)M+m,2 = 

Runge-Kutta type method  

for n=1, coefficient as in equation 5.25 

	5.26 

• 

c(m-1)m+m,2 = 	(2 + iKm ) 

c
(m -1)M+m -1,2 = Wm  (1 + h") 

(m-1)M+m-2,2 = 

The resulting linear equation in x and y is of the same form as in 

the subsonic case and the solution is given by equation 5.21. 

g t)t  .., 	• 

5.23 

for 	for 	o for 
m>5 	m=4 
	

m=3 

= 0 	 = 0 	
5.27 
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5.7 	Application of the convergence analysis  

The convergence analysis of this Chapter is adequate for all the 

examples treated. Difficulties which were experienced and the steps taken 

to overcome them are described below. The analysis was derived subject to the 

assumptions made and channel and flow configurations which do not conform to 

the assumptions will deviate in behaviour from the ideal predicted. 	The 

method does not eliminate all trial and error required for convergence and 

also for a high rate of convergence. 	Controlling variables have to be deter-

mined by experience in using the method in general and for specific problems 

in particular. 	These controlling variables are:- 

1) a damping factor (df) which reduces the theoretical velocity changes 

and suppresses over corrections, that is, 

AV used = df  x AV theoretical 5.28 

M, the size of the region assumed to influence the change 
made at a point (see Section 5.5) 

3) N, the number of points used normal to the flow. 

No attempt is made to optimise these variables. The main task has 

been to obtain solutions and although some indication is given of the effect 

on the rate of convergence, this was not fully investigated. 

The deviations from an ideal convergence behaviour are:- 

1) Over correction oscillations in final streamline 
position, 

2) Gross over corrections in transonic flows near Mach one,  

3) Divergence and slow convergence through M being too small, 

4) Divergence in transonic flows through N being too small. 

5.7a Over correction oscillations in final streamline position. 

When the theoretical velocity changes are too large an oscillation 

sets in so that the final streamline position alternates above and below the 

terminating boundary. 	Convergence fails if the oscillations increase in 

magnitude or remain constant and convergence is slow if the oscillations 

become smaller. 

Oscillations can be detected by examining the variation of solution 

error with each iteration. Figure 5.5 gives an example of an oscillation 

which was suppressed by a reduction in damping factor. 



5.7b Gross over corrections in transonic flows near Mach one. 

At Mach numbers close to unity, the theoretical velocity changes are 

large. 	This is because of the linear assumptions made in the derivations. 

The best example of the resulting error near Mach one is to consider the 

theoretical velocity change for a small flow area change at Mach one itself. 

This is infinite even for the smallest area change (l-M2=0) whereas in 

reality the smallest velocity increment made would change the Mach number 

away from one to give a finite velocity increment (l-M2  becomes finite). 

The same logic applies for Mach numbers near'unity and the velocity changes 

estimated are large because the analysis has made no provision for the change 

in Mach number introduced by the increment itself. 

The resulting gross over correction of velocity using the standard 

convergence procedure is shown in Figure 5.6a. A special treatment is 

therefore needed for channels having a particularly slow rate of area conver-

gence and divergence in the throat region. 

The treatment devised and found successful was to use a very low 

damping factor (equation 5.28) in the region of difficulty. 	The procedure 

adopted is to use the Mach number far upstream or far downstream of the 

throat when calculating the actual velocity increment from equation 5.13. 

The resulting effective damping factor in the throat region is from 15 to 25 

times lower than the overall damping factor. 	The stability of the iteration 

procedure using this method of damping is shown in Figure 5.6b. 

5.7c Divergence and slow convergence through M being too small. 

In Section 5.5 the dummy grid of M normals used to find the change 

required at one normal was described. 	The quantity M is considerably smaller 

than the subsonic region itself. 	The assumption made in the dummy grid 

analysis is that the normals at the extremities do not change. All other 

normals in the dummy grid are assumed to undergo the same changes as the 

actual normals they represent in the real grid. When M is sufficiently 

large the inaccuracy of the assumptions made at the end of the dummy grid 

does not influence the center of the grid. 	If M is too small, the analysis 

will fail to predict the actual behaviour of the numerical procedure. 

Two types of failure occurred. 	The first is an excessively slow 

convergence rate as shown in Figure 5.7a. Also shown here is the improve-

ment resulting from an increase in the region of influence. The second 
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deviation, shown in Figure 5.7b, is a slow divergence which was eliminated 

by a further increase in the region of influence. 

5.7d Divergence in transonic flows through N being too small. 

A velocity change in a transonic flow causes opposite effects in the 

subsonic and the supersonic regions. A velocity increase causes an expan-

sion of the flow in the superbonic region and a contraction in the subsonic 

region. The result of these effects is the change in final streamline 

position. 	It is therefore essential that the finite difference steps 

normal to the flow be made sufficiently small so that the resulting normal 

integration adequately represents the effects of the change made. Figure 

5.8 shows an example of divergence in a transonic flow with an average Mach 

number less than one. 	The divergence indicates that the supersonic region 

effect predominates. 	Increasing the number of points on the normal (N) 

eliminated the divergence. 

5.8 	Summary and conclusions. 

A convergence relationship between velocity changes at the commencing 

surface and changes in final streamline position for simple flows using 

approximations of the numerical procedure was developed. 	These formulae 

were applied to real channel flows as outlined in Section 5.4 and evaluated 

by using the calculation procedures of Sections 5.5 and 5.6. 

Convergence difficulties encountered in practise were eliminated by 

a rearrangement of the controlling variables as indicated in Section 5.7. 

The analysis is thus adequate in providing a rapid and stable convergence. 

Additional data regarding the choice of the convergence variables is given 

in Chapter 6 when the computer program input is discussed. 
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CHAPTER 6 	THE COMPUTER PROGRAMME 

6.1 	Introduction. 

The basic streamline curvature method has been described in Chapter 4 . 

and the convergence techniques in Chapter 5. The remaining numerical procedures 

and the computer programme itself is described in this chapter. The computer 

language used is FORTRAN IV and the programme has been used on IBM 7094, 360/65 

and CDC 6600 machines. 

There are many ways of describing a computer programme and the descrip-

tion must suffice to serve a variety of purposes, The main intention here is 

to describe the numerical methods used. A secondary aim is to give sufficient 

detail to enable the computer programme to be used by others. 	It is felt that 

the best compromise in presentation is to give an outline of the numerical 

methods used in each subroutine, a description of the operating techniques, a 

descriptive programme symbol list, a full programme listing with comment cards 

and examples of working data decks. 	Flow charts are used in the description 

where they are needed to describe the overall flow of calculation. 

The chapter and associated appendices are therefore as follows. 	The 

main programme and the boundary condition checking subroutine are given in 

Sections 6.2 and 6.3. 	Other subroutines excluding those used for convergence 

are discussed in Section 6.4. 	All convergence subroutines are described in 

Section 6.5 and in Section 6.6 the operation and difficulties and limitations 

of operation are discussed. 	Section 6.7 outlines a few avenues along which the 

programme could be developed in future work. 	Section 6.8 concludes the chapter. 

Appendix 2a contains an interpreted alphabetical list of the main FORTRAN 

symbols used in the programme. A full programme listing with comment cards 

appears in Appendix 2b and Appendix 2c contains three sample working data decks 

for typical cascades for the three basic channel flow types considered. 

6.2 	Main programme. 

The main programme generates all input data (thermodynamic, geometric 

and control), and directs the main flow of the calculation. 	An overall flow 

diagram is given in Figure 6.1 and the elements of the prograilme are described 

in detail below. 	Three detailed sample data decks are given in Appendix 2c. 

6.2a 	Thermodynamic data. 

The thermodynamic data can be supplied either as property values from 

an expansion line on a chart or as a set of perfect gas constants. 	The 
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property chart input enables fluids near or below the saturation line to be 

represented and the input is specific volume values at equal enthalpy decre- 

ments along the assumed (isentropic or otherwise) line of expansion. 	The 

specific volume is converted to density and the enthalpy decrease from a speci- 

fied stagnation value is converted to a velocity. 	This table of velocity and 

density is converted to one having equal velocity increments. A similar table 

is prepared if the fluid is a perfect gas and the fluid density is found at any 

point in the programme by specifying the velocity only. 

The sonic velocity for the expansion process is found by a simple 

iterative process which converges to the velocity for which the product (velocity 

x density) is a maximum. This value is used to indicate a subsonic or supersonic 

flow and to define a choking flow. 

6.2b Geometric data. 

Referring to Figure 6.2 and Appendix 2c, the geometry of the channel 

is supplied as two coordinate arrays representing the commencing surface and 

the terminating surface and a pitch length through which the terminating sur-

face is moved in the positive y direction. The two arrays are usually the 

pressure and suction profile surfaces respectively. 	The arrays must have a 

continuously increasing x coordinate and a flow in the negative x direction 

cannot be accommodated. For interpolation purposes both arrays must extend 

beyond the extremities of the grid used for the actual computation. The x 

coordinates only of the first grid are read in and the corresponding y values 

found by interpolation. 

6.2c 	Calculation control data. 

Data controlling and defining the computational procedure are read in. 

This data is described in detail below andfbr purposes of reference are best 

located via the sample data decks of Appendix 2c and the symbol listing and 

subroutine reference of Appendix 2a. 

6.2d 	The main calculation and iterative loop. 

Prior to the iterative loop an initial velocity distribution is found 

on a one dimensional basis or read in as input. 	The iterative loop is then 

performed a number of times in order to enable a finely spaced grid to be 

accommodated. 	It is not possible to iterate directly from a one dimensional 

velocity estimate towards a solution with a finely spaced grid. 	This is 
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explained in Section 6.6b. 	The fine grid solution is produced gradually 

in a series of steps, each result providing the initial conditions for the 

next step. 

The boundary conditions are set up upstream and downstream (for a sub-

sonic downstream flow) upon the assumption that the flow is uniform. The 

two channel surfaces must therefore be straight and parallel in the boundary 

regions. The boundary conditions are inserted as two straight normals with 

evenly spaced grid points which do not change during subsequent iterations. 

The iterative loop consists of the generation of all the streamlines 

using the stacking procedure of Chapter 4. The boundary conditions are 

checked and the changes made to the velocity distribution using the convergence 

method of Chapter 5. 	This process is repeated until the boundary conditions 

are satisfied to within the specified tolerance limits and the iterative loop 

is terminated. 	If a supersonic marching procedure is required the relevant 

subroutine is called. 	Intermediate output is produced and a subroutine called 

to generate the data for the next step in producing a fine grid. When all 

the required steps are executed the solution is complete. 

6.3 	The boundary condition checking subroutine BCHEK  

The boundary conditions are:- 

1) that the final streamline coincides with the terminating 
surface, 

2) that the flow is choked at the throat in choked subsonic 
flow and in subsonic - supersonic flow, 

that the average Mach number along a normal is subsonic 
everywhere except at the throat in choked subsonic flow 
and subsonic upstream of the throat and supersonic down-
stream of the throat in subsonic - supersonic flow. 

The first condition is a relatively simple one and consists of calcu-

lating the distance between the end of a normal and the terminating surface. 

If this distance is within the specified tolerance the boundary condition is 

considered satisfied. 	In choked flows this boundary condition is satisfied 

by iteratively adjusting the channel mass flow. 

The second boundary condition is a more complex one as it involves 

the position of the throat, the choking condition at the throat and is influenced 

by the other two boundary conditions. 	It was found by experience that a more 

stable convergence resulted when all three boundary conditions were simultaneously 

striven for. When achieved independantly of one another, large gradients 

arise in the throat region which leads to instabilities when, after one boundary 



condition is satisfied, attention is switched to another. 

The second boundary condition is achieved as follows. The present 

location of the throat is checked by determining the deviation at each flow 

normal from the choking condition.* The throat is assumed to be at the 

normal having the minimum deviation. When the minimum does not occur at the 

throat, the location of the throat is changed. 	The choking condition is 

achieved by adjusting the throat commencing surface velocity iteratively until 

the deviation is within the specified tolerance. 

The third boundary condition is checked and when not satisfied a 

velocity increment added at the commencing surface to rectify the situation. 

	

The overall flow chart for the subroutine is shown in Figure 6.3. 	It 

should be noted that in choking flows the distances of the final streamline from 

the terminating surface at each normal are adjusted to allow for the mass flow 

change made. 	The final and a very essential step in the subroutine is to 

print out the boundary condition status. 	This is necessary to trace the 

reason for a convergence failure and to provide an indication of the steps to 

be taken to counter the failure. 

6.4. 	Subroutines excluding those for convergence. 

6.4a 	Subroutine SLCALC. 

This subroutine generates (or "stacks") all streamlines sequentially 

from the first to the last between two specified normals. 	The overall flow 

chart is shown in Figure 6.4. 	The subroutine is excecuted according to a 

number of controlling variables most of which are designed to eliminate opera- 

tional difficulties with the programme. A fuller description of these variables 

will therefore be found in Section 6.6. 	The controlling variables are:- 

1) 	K2. 	Controls use of data in streamline curvature 
calculation. When K2=1 the stream tube area and 
velocity gradient are calculated using the simple 
Euler type method. 	When K>l (say 30) an iterative 
loop is set lip whereby the area and gradient are 
found using the Runge-Kutta type method. The loop 
is terminated when converged provided the number of 
iterations does not exceed K2. 	These two options 

The choking condition used is that the average velocity along 
a normal is the sonic velocity. No significant difference 
was seen in the results when the correct condition (Section 
4.3c) was applied. 

63 



correspond to the two methods already mentioned 
in Chapters 4 and 5. 

SFCT. 	Controls the fraction of actual radius 
of curvature used. 	(See also Section 6.6). 
This factor, O<SFCT<1.0, multiplies the stream-
line radius of curvature directly and is design-
ed to ensure a stable and gradual progression 
between the one dimensional velocity estimate 
and the final solution (SFCT=1.0). 

IRC. 	Controls the calculation of streamline 
curvature and slope. 	(See also Section 6.6). 
When IRC=1 the normal procedure of calculating 
the curvature and slope afresh at each point 
during the iteration is used. When IRC=0 the 
calculations are suppressed and slope and curva-
ture values from a previous solution are used. 

4) KRC. 	Controls the calculation of streamline 
curvature and slope. When KRC=1 the curvature 
and slope are calculated everywhere at the 
commencement of the iterative process only. A 
grid must therefore exist from a previous solution. 
When KRC=O the normal procedure is used. The 
first option on this number was not used but is 
retained for the sake of flexibility as, when 
used, the programme is similar to the "relaxation" 
method described in Chapter 4. 

5) VST. 	Sonic velocity tolerance. 	(See also 
Section 6.6). 	Experience with transonic flows 
showed that a grid point near the sonic line 
could become alternately subsonic and supersonic 
during the iteration process. 	The period of 
these changes is a number of iterations and the 
solution error introduced by the change between 
a supersonic and a subsonic flow type at the point 
prevents convergence. 	This effect was damped 
out by introducing the quantity VST and a process 
whereby a point at which the velocity was init-
ially supersonic is subsequently declared sub-
sonic only after the velocity drops below the 
sonic velocity by the amount VST. 	Similarly, a 
a grid point initially subsonic is declared 
supersonic only when the velocity exceeds the 
sonic value by VST. 

6) JRC. 	Controls flow type declaration at a point. 
The first of two options, JRC=O, specifies the method of 
(5) above. 	The second option, JRC=1, declares the 
flow type "once for all" at every point at the 
beginning of the iteration process. 	This second 
option, valid only when progressing from a coarse 
grid to a fine grid, finds the fLow type at each 
point by interpolation from the previous coarse 
grid. 	The use of the second option was not fully 
investigated but is retained for flexibility. 
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7) VMIN, VMAX. Limits the velocity during 
iteration. 	(See also Section 6.6). 
Absurdly high streamline curvature can arise 
during the streamline stacking procedure and 
result in correspondingly absurdly high or 
even negative velocities. When the above 
limits are set this tendency can be detected and 
in most situations stably eliminated in sub-
sequent iterations. 

Referring to the flow chart in Figure 6.4, the 
streamline stacking procedure is as follows:- 

1) All slopes and curvatures are found at the 
commencing surface, 

2) all velocity gradients and stream tube 
spacings are found for the first streamline 
and the grid points on the first streamline 
located. 

3) all slopes and curvatures of the first 
streamline are found and the process repeated 
for all streamlines. 

6.4b. 	Subroutine SUPMCH. 

This subroutine marches out the supersonic solution. 	It applies the 

streamline generating subroutine SLCALC iteratively to satisfy the terminating 

surface boundary condition at each normal in turn. 

6.4e Subroutine DYDXRC. 

This subroutine calculates the slope and curvature at a given grid 

point. A three point parabolic formula is used. 	A set of dummy axes are 

drawn through the outer two points which are selected according to the flow 

type as outlined in Sections 4.4a and 6.4a. 	If the velocity is subsonic one 

point upstream and one point downstream are used. Two points upstream are 

used if the velocity is supersonic. 	The assumption is made that the grid 

points are evenly spaced. 

6.4d 	Subroutine NEXTPT. 

Given the slope and coordinates at one point on a streamline and the 

stream tube spacing of the next streamline at that point, the next streamline 

is located along a normal through the point. The method used is to erect a 

straight line of length equal to the stream tube spacing at the grid point at 

90°  to the streamline. 
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6.4e 	Subroutine ENDPT. 

This subroutine calculates the distance between the end of a normal 

and the terminating surface. The three terminating surface array points 

closest to the end of the normal are found and a parabola on transformed axes 

is passed through the points. 	The distance, normal to the transformed x axis, 

between the end of the normal and the parabola is the distance required. The 

distance is non-dimensionalised by the total flow width. 

6.4f 	Subroutine FINDRO. 

Supplied with the velocity this subroutine returns the corresponding 

density from the velocity-density table generated in the main programme. The 

tabular values nearest to the required value are determined and used to find the 

actual density by interpolation. 

6.4g 	Subroutine FINDY. 

The commencing surface x coordinates of a grid are supplied and the 

corresponding y values found by interpolation from the commencing surface array 

Xl, Yl. 	The interpolation procedure used is the spline fit. 	(Subroutine 

EXTRA). 

6.4h 	Subroutine FINDV. 

This subroutine performs an iterative "homing" process to find the velo- 

city which gives the value of (mass flow/area) supplied as input. 	The velocity 

is specified as being subsonic or supersonic. 

6.4i 	Subroutine VELDTS. 

This subroutine generates the mass flow, commencing surface velocity 

distribution and values of 1-M2  (for convergence purposes) either by calculation 

or as input as specified.* The calculated quantities are based upon a one 

dimensional estimate of the channel width. 	The relation 1-M2  = 1+of 
p dV 

The initial velocity distribution may be read in to enable the 
iterative process to be continuous between computer runs. The 
option is determined by JREAD and examples are given in 
Appendix 2c. 
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6.4j 	Subroutine NUGRID. 

This subroutine reads as input the data for the new step to be taken 

in the procedure used in the main programme to eventually produce a fine grid 

solution. 	When an increase in the number of streamwise grids points (NPS) 

are specified the distribution of grid points along the commencing surface is 

arranged in the same form as the original grid. 	The new velocity, flow area 

and 1-M2  distributions are found by interpolation from the old grid values. 

6.4k 	Subroutine KUTTA. 

This subroutine applies the Kutta-Joukowski approximation at the trail- 

ing edge of a cascade. 	(See Section 4.5f). 	The commencing surface must be 

the suction surface where the velocities are adjusted until the approximation 

is satisfied. 	This approximation is that all terminating surface velocities 

downstream of the trailing edge must be equal to the corresponding commencing 

surface velocities at the same distance downstream of the cascade. 	The re- 

quired terminating surface velocity change is assumed equivalent to an area 

change and used as such in the convergence subroutines. 	This assumption is 

far from true but convergence was obtained using very low damping factors 

(0.1 to 0.2). 	The convergence theory should be extended to relate velocity 

charges at both walls (see Section 6.7) in future work. 

6.41 	Subroutine RESULT. 

A printout of grid coordinates, velocities and Mach numbers is pro-

duced according to various control numbers. 

6.4m 	Subroutine EXTRA. 

An interpolation subroutine using the spline method programmed by 

Fish (ref. 6.1). 

6.4n • Subroutine PAR. 

An interpolation routine using a three point parabolic formula. 

6.4o 	Subroutine EL. 

The flow height k normal to the plane of flow is found. The input 

to the subroutine is the x coordinate at the point at which the height is to 

be calculated and the fractional overall height increase between two specified 
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x coordinates. 	The height is taken to vary linearly between these two points 

and is taken as constant upstream and cbwnstream of them. 

6.5 	Convergence subroutines. 

This section describes the subroutines associated with convergence. 

The overall approach is to generate arrays of constants prior to the iterative 

process which are used to find the new velocities at the end of each iteration. 

These constants are 1-M2  (VCC(N,1)) for each normal, the coefficients of the 

inverted matrix of equation 5.21 (AI and A) and the numbers of the first normal 

to be used to calculate the changes at each normal (N1). 	The constants are 

generated in subroutine VCCONS and are applied via subroutines VNEW and SUPMCH. 

6.5a 	Subroutine VCCONS. 

This subroutine generates the constants as outlined above. 

The first step in generating the velocity correction constants (AI and 

A) is the calculation of the constants K
m 
(VCC(N,2)) of equations 5.8 and 5.9. 

This constant involves 1-M2(VCC(N,1)) the flow width Dm  (AREA(N)) and the 

number of streamlines N(NPN). 

The next step is to find the first normal (N1(N)) to be used in the 

calculation of the change at each normal. 	This involves the size of the region 

of influence NP (M in Chapter 5) and the location of the normal under considera-

tion within the region. 

The final step is to calculate the actual coefficients of the inverted 

matrix of equation 5.21. 	This is performed in subroutine ADPT for subsonic 

flow and SUPCON for supersonic region block convergence. When the region of 

influence is 3 (that is only changes at one normal are considered as in super-

sonic marching convergence) a simplified routine CKN is used to generate the 

constants. 

6.5b 	Subroutine ADPT. 

This subroutine performs the calculation procedure outlined in Section 

5.5, inverts the resulting matrix and selects and stores the required row in 

AI(N,J). 	The description given is for the simple Euler type method. 	The 

subroutine for the Runge-Kutta type method is similar and is listed in Appen-

dix 2b. 

The array C, using the same subscript rotation as in Chapter 5, is 

first initialised to zero and the starting coefficients for n=1 and 2 found 

according to equations 5.17 and 5.18. 	Equation 5.15 is then evaluated 
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sequentially for n=3 to n=NPN. 	The final values of the array C are re- 

constituted in matrix form and the matrix is inverted. 	The pertinent row 

of the matrix is selected and stored in AI. 

6.5c 	Subroutine SUPCON. 

This subroutine is similar to ADPT in the overall procedure followed. 

It generates the constants for the block convergence region and follows the 

calculation procedure of Section 5.6. 	Equations 5.23, 5.25 and 5.26 are used 

and the inverted matrix A retained for use. 

6.5d 	Subroutine CKN. 

A simplified version of ADPT and SUPCON valid for subsonic and super- 

sonic regions for NP=3. 	The procedures followed are the same as the above 

subroutines except that no matrix need be inverted. 

6.5e 	Subroutine VNEW. 

This subroutine corrects the velocity distribution everywhere on the 

commencing surface except at the throat in choking flows. 	If the average 

velocity at a normal is incorrect according to the flow type required, a 

correction is made at the commencing surface to rectify the situation. 	The 

solution to the matrix equation 5.21 is then applied at each point. 	The co-

efficients of the solution for each normal are in AI and A and the dimensionless 

velocity changes (x in equation 5.21 and 5.13) are found from the coefficients 

and from the dimensionless area changes required (E(N) in the programme and y 

in Chapter 5). 	The velocity increment is calculated from equation 5.13 and 

the required correction made using the damping factors DFSUB and DFSUP. 	It 

should be noted that if the control index KD is set accordingly, the high 

throat region damping mentioned in Section 5.7b is invoked. 	The value of 1-M2  

far upstream or far downstream is then used in equation 5.13 to find the velocity 

increment. 

6.5f 	Subroutine SPNIST. 

A matrix inversion subroutine of Imperial College. Listed but not 

described. 
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6.6 	Programme Operation. 

6.6a 	Introduction. 

Experience with numerical methods for engineering problems has indi-

cated that the resulting computer programmes do not always work on a wide 

variety of cases of similar nature. This is because the computer programme 

only contains techniques which have enabled previously presented cases to be 

solved. 	Different cases may require new techniques and in extreme situations 

may require a radical change in numerical approach. 

Experience has also shown that even when the case under consideration 

is apparently the same as those already successfully handled a result is not 

always simply obtained. Many controlling variables have to be determined and 

when judiciously arranged can produce success where none seemed possible. 	It 

is therefore necessary to understand the numerical techniques employed and to 

manipulate the variables according to the difficulties encountered until a result 

is obtained. 

This section outlines the major difficulties of operating the programme 

and also the limitations of the programme as far as they are understood. 

These two items are treated in Sections 6.6b and 6.6c. 

6.6b 	Major operating difficulties. 

The following two major operating difficulties exist in the programme 

in its present form:- 

1) Failure of the grid stacking procedure when the 
commencing surface velocity distribution is in-
accurate. 

2) The periodic variation of velocity at a grid 
point above and below Mach one and the effect this 
has upon convergence. 

These two items are discussed at length below. 

1) 	Grid failure  

The grid stacking procedure can be thought of as being equivalent 

to laying bricks upon an uneven curved surface. 	If the lower layers are not 

suitably shaped the upper layers become unstable and the final layers tumble 

when installed. 	In a similar fashion an error in the velocity assumption at 

the commencing surface produces a successively more distorted streamline to-

wards the terminating surface until the curvatures and hence the velocity 

gradients become so large as to produce absurd velocities. 
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As would be expected this problem is more acute for highly curved 

channels, for channels with zones of rapidly changing curvature such as at a 

cascade leading edge and when a finely spaced grid is used. 	Cascade leading 

edges presented the most difficulty. 	The machanisms to counter grid failure 

(referred to briefly in the preceding programme description) are:- 

Gradual reduction in grid size using the coarser grid result as an 

initial velocity distribution for the finer grid. 	(See main programme and 

subroutine NUGRID). 

Suppression of curvature. 	A grid failure occurs largely due to 

velocity gradients arising from excessive curvature which, as already explained, 

is caused by an inaccurate velocity distribution initially. 	The factor SFCT 

reduces the value of the actual streamline radius of curvature which is used 

in the calculation (see SLCALC). 	By performing a series of "solutions" with 

gradually increasing values of SFCT, a successful progression from the one 

dimensional starting estimate (see VELDIS) to the correct solution with SFCT = 

1.0 can be achieved without grid failure. 	This method was found to have a 

limited application in choked flows with grid aspect ratios (flow width/stream- 

wise spacing) above about 3. 	Boundary condition problems arose in the throat 

region which is thought to justify the statement of Section 4.5d(2). 

Suppression of curvature calculation. 	As already stated, grid 

failure arises from curvature effects and inaccurate velocity distributions. 

Once a "solution" has been obtained with SFCT < 1 the curvature and slope at 

all grid points are known and by suppressing curvature and slope calculations 

during the grid stacking process, SFCT can be increased without grid failure. 

This method was found particularly useful in applying very fine grids near 

highly curved leading edges where on one occasion it was found that grid failure 

persisted beyond SFCT = 0.7. 	In this case the curvature calculations were 

terminated and SFCT increased to 1.0. 	The solution, although not correct, gave 

a good result in the very difficult leading edge zone. 	(See Section 7.2d). 

Limiting velocities. 	(See also Section 6.4a(7)). 	A maximum 

and minimum is set to the yelocity during iteration. In this way the effects 

of large velocity gradients upon subsequent streamlines is reduced. 	These 

limits are usually exceeded during,  initial iterations but enable grids to be 

successfully produced and a stable convergence achieved. 

Two basic approaches to the problem of producing a fine grid 

solution were used. 	The first is to commence with a coarse grid solution 

(grid aspect ratio between 2 and 3 using if need be the SFCT method) and to 
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progress gradually towards a fine grid (aspect ration between 5 and 7). 

Examples of this approach are given in data decks 2 and 3 in Appendix 2c. The 

second is to start with a fine grid and to progress towards a final result by 

gradually increasing SFCT (intermediate curvature calculation suppression may 

or may not be used). An example of this approach is given in data deck 1 in 

Appendix 2c. 	This second method cannot be used for choking flows. 

No absolute criterion regarding allowable step sizes in SFCT and 

NPS is presented beyond the examples in Appendix 2c. 	It is felt that such 

criteria are best determined by experience with any given problem as they are 

highly dependant upon the cascade geometry and the choice of approximate 

leading edge representations. 

2) 	Periodic variation above and below sonic velocity. This problem 

and its counter has been described in Section 6.4a(5). 	The change in flow 

type at a grid point during the iterative process and the resulting disturbance 

in the surrounding grid presented the greatest single problem in transonic 

flows and was the barrier to grid size reduction. 	Increasing the size of the 

tolerance band (VST) did in some instances result in convergence. A subse-

quent reduction in VST was found in one instance to be acceptable but did not 

change the resulting solution (see Section 7.4b). 

6.6c 	Programme operating limitations. 

The operational difficulties discussed in the previous Section 

imposed limits beyond which the programme would not operate. The limit is 

difficult to define as it involves largely the expenditure of trial and error 

in finding the correct combination of variables and techniques. A general 

guide only is therefore given as to the kind of problem which is likely to 

present extreme operational difficulties. 

No operational limits were encountered in subsonic flows except grid 

failures in the highly curved leading edge regions which prevented grid aspect 

ratios beyond about 7 being used. 	Apart from the leading edge region itself 

there is little to be gained from using high aspect ratios and the problem of 

the leading edge is best overcome as outlined in the next chapter, that is by 

introducing a more accurate leading edge representation and using an inter-

mediate streamline from the previous solution as a channel boundary. 

The operational limits in transonic flows were observed to occur due to 

a combination of grid failure and flow type variations at a point. Narrow 



channels with a slow flow acceleration such as a supersonic wind tunnel 

nozzle or a root section steam turbine profile presented relatively little 

difficulty. 	Results for widely spaced channels with rapid flow accelerations 

such as in the tip region of a steam turbine were extremely difficult to 

obtain and very coarse grids had to be used. Another source of difficulty 

were channels having a rapid change in curvature in the transonic or super- 

sonic region. 	Rapid changes of curvature result when a profile is formed 

by two arcs of different radii or by the blending of a curved section into 

a straight one. 

6.7 	Future development. 

It is felt that the following developments of the programme should 

be undertaken in any future work:- 

1) The leading edge improvements via the use of an 
intermediate streamline and a better geometric 
representation should be incorporated as a stand- 
ard procedure. 	Attention should be focussed on-
the leading edge regions alone and the previous 
solution immediately upstream and downstream used as 
boundary conditions to the localised solution. 

2) The convergence theory should be extended to re-
late velocity changes at both walls to improve the 
convergence of the KUTTA subroutine. 

3) A more flexible channel geometry should be chosen 
with a particular view to facilitating the applica-
tion of the Kutta condition at the trailing edge. 

4) The problem of grid failure should receive atten-
tion perhaps in the direction of imposing limits 
upon the grid curvature during iteration. 

5) The detection of iterative oscillations and the 
consequent reduction in damping factor should be 
made automatic. 	Oscillations arise locally and 
a damping factor which varies across the grid 
should be introduced. 

6) The problem of flow type oscillations at a point 
should receive attention. 	A suggested approach is 
to avoid grid points near the sonic line by a mecha-
nism which automatically arranges the grid accord-
ing to the iteratively emerging sonic line. 

6.8 	Concluding remarks. 

The computer programme and operational problems have been described. 

While these problems have been encountered particularly in transonic flows and 

require skill and effort to overcome it should be pointed out that few computer 

programmes exist for which this is not true in some measure. The lengthy 
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discussion of the operational difficulties should not therefore be inter- 

preted as a warning that the programme is impossible to use. 	The intention 

has been to provide a basis of experience and a background to , methods 

used to guide future users and also to prevent the impression being gained that 

the programme is foolproof in its operation. 
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CHAPTER 7 

  

COMPARISON WITH EXPERIMENTS  
AND WITH OTHER THEORETICAL  
METHODS. 
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7.1 	Introduction, objectives and layout. 

The objectives of this Chapter are:- 

a) to establish the validity and limitations of the 
streamline curvature method by comparison with 
experiment and with other numerical methods, 

b) to determine the changes and additions to the 
existing techniques necessary to provide accurate 
theoretical solutions, 

c) to determine the influence of the important numeri-
cal parameters, 

d) to consider some unverified cascade results, some 
with flare. 

The need to investigate the validity of the streamline curvature method 

arises not only because of the extension here of the method to include super-

sonic flows and to reduce the effects of some of the basic channel flow limita-

tions, but also because only limited investigations have been carried out by 

previous workers (see Section 3.6). 	Experimental comparisons and comparisons 

with other numerical methods are made with published results and with results 

available from industry. 	It was felt that there was sufficient data available 

from these sources to verify the method in its more important aspects and to 

obviate the need for an experimental programme. The major shortcoming of this 

approach is that no experimental or theoretical results could be found for 

channels with a height variation normal to the plane of flow. 	The ability of 

the streamline curvature method to predict the flow in flared cascades is 

therefore not verified. 

The first two objectives, the validity of the method and the, additions 

to the present techniques, are approached in three sections. 	In Section 7.2, . 

subsonic cascades are considered. 	In Section 7.3 the flow in convergent diver-

gent nozzles is analysed to evaluate the streamline curvature method in sub-

sonic-supersonic flows with small curvatures before proceeding in Section 7.4 

to evaluate its use in the curved subsonic-supersonic channels of turbine 

cascades. 

The third objective, to determine the influence of the numerical para-

meters, is achieved within the discussions of the other three in order to 

eliminate repetition and because the numerical parameters themselves have an 



important bearing on the performance of the streamline curvature method. 

The last objective, the discussion of unverified and flared cascade 

results, is discussed in Section 7.5. 	The overall conclusions from this 

Chapter are presented in Chapter 8. 

7.2 	Subsonic cascades. 

7.2a 	Introduction. 

The term subsonic cascade is taken here to mean a cascade having a 

subsonic outlet velocity. 	The cascade flow is of the accelerating, decele-

rating type and transonic flows up to the choking condition are included. 

This type of blading is important for steam and gas turbines and the method 

of solution given here provides one of the contributions of this work. The 

satisfactory prediction of flow in subsonic cascades will provide some conf i-

dence in the procedures. 

Experimental comparisons are made using the work of Dunavant and 

Erwin (7.1). 	A comprehensive set of data is available from this source and a 

selection is made to provide the broadest and most stringent comparison 

possible. 	A comparison is also made with the method of Martensen (ref. 3.1, 

see Section 3.3a) using the results of Reference (7.2). 

7.2b 	Selection of data from Dunavant and Erwin (7.1) for  
experimental'Comparison. 

The following aspects were considered when selecting data:- 

1) Profile geometry. 	A single profile was chosen and 
is the most highly cambered profile for which high 
Mach number test results are given. 	The profile is 
from the primary series (reaction type blade) with a 
950  camber angle and is shown in Figure 7.1. 

2) Stagger angle. 	Test results were selected to cover a 
wide range of stagger angle. 	This was undertaken to 
test the method under varying degrees of overall 
cascade acceleration and also because the stagger 
angle determines the influence upon the velocity dis-
tributions of the Kutta-Joukowski condition at the 
trailing edge. 

3) Mach number. A range of results was selected to cover 
Mach numbers from incompressible flow up to choking 
flow. 

4) Inlet angle. 	The ability of the theory to predict the 
influence of changing inlet gas angle was tested by 
selecting a cascade for which results for two different 
inlet angles are given. 
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7.2c 	Low Mach number, low stagger angle cascade. 

This set of results were chosen to test the method at low Mach numbers 

(incompressible) and for a small degree of overall flow acceleration. 	The low 

stagger angle renders the results relatively insensitive to the position of the 

trailing edge stagnation streamline and a comparison which is virtually indepen-

dent of one of the basic channel flow limitations (see Sections 4.1a and 4.5f) 

can be made. 

The stagger angle is 16.1°  and the Mach number level approximately 0.25. 

The cascade is shown in Figure 7.1 and the experimental and theoretical results 

in Figure 7.2a which gives the surface Mach number distributions against chord 

distance. Additional data, both experimental and numerical, is included in 

Figure 7.2a. 

The comparison between experiment and prediction is satisfactory except 

close to the leading edge stagnation point and in the leading edge region at 

the pressure surface. 

The difference between the predicted and the experimental results on the 

pressure surface is due to the inadequacy of the orthogonal grid to represent 

the flow there. 	A characteristic of an orthogonal grid is that it fans out 

towards the pressure surface due to the channel curvature. 	This is illus- 

trated in Figures 7.2e, 7.17b, 7.18b and 7.19. 	The grid size at the suction 

surface is sufficiently small to give a good representation of the flow but has 

increased by a factor of two at the pressure surface. 	The minimum grid size 

is limited as mentioned in Chapter 6. A fine grid can however be achieved at 

the pressure surface by using the mid streamline of the original grid as the 

channel boundary for a subsequent solution with a finer grid as shown in Figure 

7.2e. 	In this way the channel width (which largely determines the grid size 

limit) and the orthogonal spread of the grid is halved. 	The pressure surface 

grid size was reduced by a factor of four and the resulting improvement in Mach 

number distribution is shown in Figure 7.2b. 

The remaining difference between theory and experiment near the leading 

edge stagnation point is due partly to the approximate leading edge representa-

tion (see Section 4.1a) and partly to the failure of the grid to represent the 

small scale flow variations which occur in this highly curved region. 	The lead- 

ing and trailing edge representations used are shown in Figure 7.2c and are 

chosen as shown to produce a smooth transition between the straight stagnation 

streamline and the curved profile. 

The velocity distributions near the leading edge stagnation point can 

be improved in a similar way to the improvement at the pressure surface dis-

cussed above. A major limitation upon the grid size which can be tolerated 



is the sharpness of the leading edge representation used (see Section 6.6). 

A leading edge representation which is closer to the actual stagnation stream- 

line is therefore introduced (see Figure 7.2e) while the channel boundary is 

taken as an intermediate streamline from original grid solution. 	Figure 7.2d 

shows the resulting improvement when this method is applied to the pressure 

surface leading edge and is the final velocity distribution for this cascade. 

Figure 7.2e shows the two complete grids used for this cascade. 

Although it was not attempted here, further improvements could be made 

at the leading edge by using streamlines still closer to the profile as 

channel boundaries thus enabling finer grids to be used and closer representa-

tions of the actual leading edge geometries. 

The Kutta-Joukowski approximation (see Section 4.5f) was introduced 

at the trailing edge but did not change the velocity distribution significantly. 

This is as expected for at small leaving angles the location of the trailing 

stagnation streamlines has little influence on the velocity distribution within 

the cascade itself. 

7.2d 	Intermediate Mach number and stagger angle. 

This comparison was made to test the method at intermediate Mach 

numbers and for an intermediate degree of overall flow acceleration. 	In 

addition, the influence of the grid parameters (spacing, number of streamlines 

and numerical method used) remote from the leading edge is discussed. 

The Mach number level is approximately 0.4 and the stagger angle is 

34.1°. 	The experimental and predicted results and all relevant data is given 

in Figure 7.3. 	The results with and without the Kutta approximation are 

shown. 

The agreement between prediction and experiment for the pressure sur- 

f ace is seen to be good except towards the trailing edge. 	The suction surface 

Mach number using the approximate Kutta condition varies above and below the 

experimental curve by about 4%. The result without the Kutta approximation 

shows a better agreement. ' 

The disparity between experiment and the Kutta result is largely due 

to the gas leaving angle being specified incorrectly. 	The constant deviation 

of 3.5°  used for these cascades is in this case 1.1°  higher than the experi- 

mental value. 	This error reveals the limitations of the Kutta approximation 

which does not take account of the flow leaving angle and simply adjusts one 

stagnation streamline to satisfy the condition of equal downstream velocities. 
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The effect of the leaving angle is of greater importance at higher 

Mach numbers where relatively small inaccuracies in the flow angle cause 

large errors in the trailing edge region velocity distribution. 	The question 

of the flow leaving angle will therefore be considered at greater length in 

Sections 7.2f and g which is concerned with higher Mach number cascades. 

Influence of grid parameters. 

The importance of grid size has been discussed in the previous section 

in connection with the leading edge region velocity distribution. 	The in- 

fluence of grid size over the rest of the profile is shown in Figure 7.4a. 

A fine and a coarse grid result are shown, the coarse grid having a spacing 1.8 

times larger than the fine grid. 	Differences between the two solutions are 

small and occur mainly in the highly curved leading edge region. 

The effect of using the two numerical methods described in Section 4.2, 

the Euler type method and the Runge-Kutta type method, is shown in Figures 7.4b 

and c. 	Figure 7.4b shows the two results using the same overall grid para•- 

meters.. The two results are seen to be similar, the Runge-Kutta method being 

approximately 3 and 6% higher on the suction and pressure surfaces respectively. 

Figure 7.4c compares the two results for a varying normal grid spacing. 	The 

two results differ by up to 7% at 5 streamlines but at 24 streamlines the re-

sults are closer, differing by only 1 - 2%. 

The effect of decreasing the normal spacing is also seen in Figure 7.4c. 

The result at any point changes rapidly up to 10 streamlines and thereafter 

changes little indicating that little is to be gained in using more than 15 

streamlines. 

7.2e 	Low Mach number, high stagger angle. 

These cascade results were selected for comparison to test the method 

at low Mach numbers and a large overall flow acceleration. 	At the stagger 

angle chosen (49.10), the channel boundary over 50% of the suction surface is 

the trailing stagnation streamline. 	The location of this streamline using 

the Kutta-Joukowski approximation is of prime importance. 	This comparison is 

therefore primarily to test the validity of the trailing edge Kutta approxima-

tion under extreme conditions. 

The predicted results before and after applying the Kutta approximation 

are shown with the experimental results in Figure 7.5a. 	The results using the 

original stagnation streamline show a good agreement except over the latter 

half of the suction surface where the velocity is up to 12% higher than the 
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experiment. 	The agreement using the Kutta approximation shows a consider- 

able improvement and is good except at the centre of, the suction surface where 

it is up to 8% higher than the experimental curve. The need for the Kutta 

approximation at high gas leaving angles is thus demonstrated. 	The change 

in stagnation streamline position dile to the Kutta approximation is shown 

in Figure 7.5b. 

In Section 4.5f the assumptions made in arriving at the Kutta approxi-

mation are described. The channel boundary formed by the stagnation stream-

line at the pressure surface (terminating surface) is changed in applying the 

approximation while the channel boundary at the suction surface (comwencing 

surface) remains unchanged. 	The effect of this approximation was tested by 

manually moving the commencing surface stagnation streamline 75% of the dis-

tance towards the position estimated by the approximation (see Figure 7.5b) 

and repeating the calculation. The two Kutta results are shown in Figure 

7.5c and the negligible differences seen indicates the validity of the 

assumptions made. 

The error in the centre of the suction surface cannot be explained 

with any certainty. 	This error is evident to a lesser degree in the previous 

cascade (34.1°  stagger). 	As the error increases with the flow leaving angle 

it is thought to be due to an error in the profile geometry. An error of 

only 1°  in the profile leaving angle would account for the differences of 4 

and 8% respectively in the two cascades. 

7.2f 	Cascade at high subsonic Mach number. 

This set of cascade results were selected to test the method at high 

subsonic Mach numbers. The Mach number level is approximately 0.8 and the 

stagger angle 31.1°. 	The experimental and theoretical results are shown in 

Figure 7.6a. 	A good agreement is seen on the pressure surface and on the 

leading half of the suction surface. 	The trailing portion of the suction 

surface, that is the portion directly influenced by the trailing stagnation 

streamline, shows a poor agreement with the Kutta result worse than the 

original result. 

As mentioned in Section 7.2d, the inaccuracy of the result in the 

trailing edge region and the deterioration of the result when the Kutta 

approximation is applied is due to the incorrect specification of the gas 

leaving angle. 	The inaccuracies are seen to be greater at the higher Mach 

number. No provision is contained in the method to determine the gas leaving 

angle. An ideal Kutta condition would not only ensure that the velocities 
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along two stagnation streamlines are the same, as in the approximation used here, 

but would also ensure that the velocities at the trailing edge stagnation 

points are equal and that the flow leaves at the correct angle. Reference 

to Figure 7.6a (Kutta result) shows that the trailing edge velocities on the 

two surfaces are far from equal. 

The disparity of the results in the trailing edge region is shown to 

be due to the incorrect leaving angle by repeating the result with a better 

estimate of the angle. 	The original result was obtained with a specified 

angle 1.34°  lower than the experimental value. The recalculated result 

therefore uses the experimental flow angle and is shown in Figure 7.6b. 

This recalculated result indicates that although the velocity is still lower 

than the experimental curve, it is considerably closer than the original re- 

sult. 	In particular, the velocities at the two trailing edge stagnation 

points are closer to each other. 	The downstream Mach number is also closer 

to the experimental value. 

The effect of increasing the leaving angle has been to achieve a 

result closer to the Kutta condition in that the point of equal profile 

velocity has moved closer to the stagnation point. 	The possibility is now 

presented of applying a better approximation to the Kutta condition by adjusting 

the flow leaving angle until the point of equal velocity occurs at the trailing 

edge. 

To this end a third result is calculated using a leaving angle 1°  

higher than the experimental value. The new result is included in Figure 

7.6b. 	The point of equal velocity has moved downstream of the trailing 

edge. 	For interpolation purposes, the location of the equi-velocity point is 

plotted against leaving angle in Figure 7.6c. 	The angle which produces the 

equi-velocity point at the trailing edge is seen to be only 0.5°  higher than 

the experimental value. 

This analysis has shown that, for one particular example, a good 

approximation to the Kutta-Joukowski condition can be applied at the trailing 

edge using the Kutta approximation and the effect of the leaving angle upon 

the equi-velocity point. 	The linearity of Figure 7.6c indicates that an 

iterative process to determine the leaving angle would be rapidly convergent. 

The difference of 0.5° between the experimental and theoretical leaving angle 

is considered good and could be explained by boundary layer on the blade sur- 

faces. 	An intermediate velocity distribution for the correct leaving angle 

is sketched into Figure 7.6b and the maximum difference is only 5% between 

prediction and experiment. 
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The solutions without the Kutta approximation for the three leaving 

angles are shown in Figure 7.6d. 	The result for the experimental leaving angle 

appears to agree well with the experimental curve and to locate the equi- 

velocity point at the trailing edge. 	In this case the downstream stagnation 

streamline velocities indicate that the Kutta condition is not satisfied. 

7.2g 	Cascade with small region of transonic flow. 

This set of cascade results was selected for comparison with the pre-

diction because small supersonic regions of flow appear towards the suction sur- 

face trailing edge and because of the high leaving Mach number of 0.94. 	The 

stagger angle is 28.1°. 	The results using the initial specification of 32°  

deviation appear in Figure 7.7a, which presents the solutions with and without 

the Kutta approximation. 

As in the previous section, the prediction agrees well with the experi-

ment except over the rear portion of the suction surface where velocity differ- 

ences of up to 25% appear. 	The downstream velocity is also lower by this 

amount. 	These differences are greater than at the slightly lower Mach number 

of the cascade in the previous section. 

The imp/oved Kutta condition developed in the previous section is 

applied to this cascade and the results repeated using the experimental leaving 

angle. 	The new and the original points of equi-velocity are used to determine 

by extrapolation (Figure 7.7c) the leaving angle required to locate the equi-

velocity point at the trailing edge. A third result with this leaving angle 

is shown in Figure 7.7b with the first two results included for comparison. 

The three solutions without the Kutta approximation are given in Figure 7.7d. 

Figure 7.7b indicates that the equi-velocity point has been successfully 

located at the trailing edge. 	This fact, in combination with the Kutta approxi-

mation, means that the Kutta-Joukowski condition is satisfied in its most im-

portant aspects.* The leaving angle thus determined is 1°  higher than the 

experimental value. The suction surface velocity distribution and the leaving 

Mach number are 10% lower than the experimental values. This remaining dis-

crepancy in the results are thought to be due to boundary layer blockage effects 

which causes the real flow to be faster. At this Mach number only a very small 

A repetition of these results using a commencing surface 
stagnation streamline as determined by the Kutta approxi-
mated terminating surfacd, would indicate, as in Section 
7.2e, that the resulting change in velocity distribution 
is negligible. 



displacement thickness is required to cause the differences shown in 

Figure 7.7b. 

Figure 7.7d shows the result without the Kutta approximation. 	The 

third result is seen to be close to the experimental curve but the extent to 

which this solution does not satisfy the Kutta-Joukowski condition is seen 

in the location of the equi-velocity point and the velocity distributions 

downstream of the cascade. 

7.2h 	The effect of inlet angle. 

The ability of the method to predict the velocity distribution in a 

given cascade at different gas inlet angles was investigated by selecting re- 

sults for which two inlet angles are given for the same cascade. 	The stagger 

angle chosen is 39.6°  and the test results are for low (incompressible) Mach 

numbers. 	The two flow inlet angles of 15°  and 30°  represent respectively 

angles of incidence of - 12°  and 5°  measured from the profile camber line at 

inlet. 

The experimental and theoretical results for the two inlet angles are 

given in Figure 7.8. 	No attempt was made here to improve the results by 

using very fine grid spacing at the leading edge or by applying the Kutta-

Joukowski condition at the trailing edge. 

Both predicted velocity distributions show the major differences in 

the two experimental patterns. 	The differences in the results on the pressure 

surface are probably due to the absence of the Kutta condition. 	The pressure 

surface differences are thought to be caused by a combination of the coarse 

leading edge region grid and the inaccuracies involved in reading the small 

scale presentation of the experimental results in Reference 7.1. 

The theoretical method is considered to be adequate to predict the 

effects of changing inlet angle. 

7.2i 	Comparison with the method of Martensen (3.1). 

In this. Section a comparison of the streamline curvature method with 

the method of Martensen (3.1) is made. A comparison of an improved version 

of the Martensen method with a series of experimental results taken from 

Dunavant (7.1) has been made by Wilkinson (3.3). 	This comparison showed a 

satisfactory overall agreement between the theory and the experiment. The 

satisfactory overall agreement obtained in the preceding sections between the 

experimental results of Dunavant and the streamline curvature method leads to 
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the conclusion that the two theoretical methods give comparable results for 

the same type of profile. 

In addition to the above conclusion a brief comparison is made here 

using results from industry (Price 7.2). 	The results, for two profiles, are 

given in the form of a pressure coefficient with the profiles in Figures 7.9 

and 7.10. 	The agreement between the two methods is satisfactory on the 

pressure surface and in the centre of the suction surface. The leading 

regions differ by as much as 50%. The reason for this discrepancy was not 

investigated and no attempt was made in the streamline curvature method to 

apply fine grids to improved representations of the leading edges. 	The 

Kutta-Joukowski approximation was not attempted at the trailing edges of the 

two profiles which fact could account for the differences of up to 25% there 

and in the downstream flow. 

7.3 	Convergent-divergent nozzles. 

7.3a 	Introduction. 

The convergent-divergent, subsonic-supersonic nozzle is used in super-

sonic wind tunnels and published experimental and theoretical data on the flow 

in this type of channel are available. 	As mentioned in Section 3.4, theoreti- 

cal methods exist for the analysis of the flow in the throat region of these 

nozzles and the method of characteristics is applied in the supersonic region. 

The streamline curvature method is compared here in both of these regions to 

establish the validity of it in flows of this type, that is flows with small 

curvatures. 

The comparisons made here are as follows:- 

1) 	with the nozzle of Harrop (3.16). 	Comparisons 
are made in the throat region and in the super-
sonic region with experimental and theoretical 
results, 

2). with a hyperbolic throat analysed by the methods 
of Hall (3.12) and Sauer (3.11). 	These results are 
taken from Bird (7.3). 

7.3b 	The nozzle of Harrop (3.16). 

This nozzle was designed for wind tunnel purposes to give a uniform 

Mach number of 2 at the exit of the divergent section. The throat region is 

parabolic in shape and was analysed using the method of Sauer (3.11). 	The 

shape of the divergent section was determined by the method of characteristics 

commencing from the Mach 1.2 contour. 
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The nozzle coordinates were adjusted to allow for the boundary layer 

and the streamline curvature method applied using a grid determined according 

to the spacing criteria of Section 4.5e for 5 streamlines. 	The comparisons 

are presented and discussed below and the effects of the various numerical 

parameters analysed. 

Throat region. 

Figure 7.11a shows the throat region contours of constant Mach number 

superimposed upon the grid of normals and streamlines from the streamline cur- 

vature result. 	The contours shown are for the experimental, the streamline 

curvature and for the method of Sauer. 

Satisfactory agreement is seen between the three methods. 	The stream-

line curvature method shows a slightly better agreement with experiment than does 

Sauers method particularly near the curved wall below Mach 1.0. 

Supersonic region. 

Figure 7.11b shows the velocity distribution along the axis and curved 

wall for the three methods. Agreement between the streamline curvature method 

and the experimental result in the accelerating region up to the design Mach 

number is seen to be good. The streamline curvature method is closer to the 

experimental curve than the design method (characteristics).Both the experimen-

tal and the streamline curvature results rise to a Mach number of 2.04 at the 

end of the nozzle. 	This value is correct for the area ratio of the nozzle. 

Although the final streamline curvature velocity is the same as the experimen-

tal, it is reached considerably beyond the end of the nozzle. The experimen-

tal axis velocity remains constant for some distance before the end of the 

nozzle and in this respect the method of characteristics is closer to the 

experimental bahaviour. 

The reason for the differences between the streamline curvature method 

and the experiment is thought to result from the failure of the method to re-

present the wave flow accurately. The acceleration of the streamline curvature 

flow right up to the end of the divergent section could be evidence of this. 

Influence of grid parameters. 

The influence of using the two methods of flow area calculation (see 

Chapters 4 and 5, the Euler and Runge-Kutta type methods) is shown in Figures 

7.11c and 7.11d for the two flow regions. 	Figure 7.11c shows the Mach 2.0 

contours for the two methods of calculation and are compared with the result 

using the method of characteristics. 	The two streamline curvature methods 



are seen to provide reasonably similar results. 	Figure 7.11d shows the 

throat region contours and reference to Figure 7.11a indicates that the more 

accurate streamline curvature method lies closer to the experimental result. 

The effect of calculations carried out for grid spacings which deviate 

from the ideal spacing, (Section 4.5e) are shown in Figures 7.11e and 7.11f. 

Figure 7.11e shows the throat region contours for the 5 streamline grid and 

for the arbitrarily spaced grid. The two solutions are the same at the throat 

but differ slightly as the distance from the throat increases. 	Figure 7.11f 

shows the differences at the Mach 2.0 contour resulting from an increase in the 

number of streamlines from 6 (for which the grid is approximately correct) to 

15. 	The differences seen in these last two figures are not large and indicate 

that the supersonic grid spacing criterion is not critical. 

7.3c 	Hyperbolic throat analysis. 

The flow in a subsonic-supersonic throat of hypobolic shape is analysed 

with the streamline curvature method and compared with the methods of. Hall 

(3.12) and Sauer (3.11) using the results of Bird (7.3). 

Figure 7.12 shows the Mach 1.0 contours for the three theoretical 

methods. 	There is satisfactory agreement between the streamline curvature 

method and the other two methods. 

7.4 	Subsonic-supersonic cascades. 

7.4a 	Introduction. 

The streamline curvature method has been shown to be adequate in high 

Mach number subsonic cascades and in subsonic-supersonic flows with small cur- 

vatures up to low supersonic Mach numbers. 	In this section the method is 

applied to curved subsonic-supersonic cascades. 

No theoretical methods exist for this type of cascade and only three 

sources of experimental data could be found. 	These are Forster (3.15), 

Rzheznikov (7.4) and Bird -(7.3). 	These three sets of experimental results 

are compared below with the computed results. 

7.4b 	The cascades of Forster (3.15). 

Forster (3.15) gives the experimental results for three cascades re-

presenting the root, mid radius and tip sections of a final stage steam turbine. 

These three sections are treated separately below. 
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Root section. 

The results for the root section are shown in Figure 7.13a as lines o 

constant Mach number within the cascade. 

The comparison in the subsonic region shows that although the predicted 

form of the contours are the same as the experimental results, the predicted 

values are higher particularly near the leading edges. This could be due to 

the flow restriction of the leading edge representations used in the theoreti-

cal case. 

In the transonic region the results are similar in that the general 

form of the contours are the same but with velocity differences of up to 10% 

near the blade surfaces. The reason for the discrepancy was not ascertained. 

This form of cascade is difficult to handle numerically because of the 

almost constant flow width. The throat location presents the problem as the 

average Mach numbers along adjacent normals are nearly equal. The greatest 

similarity in the transonic contours were found at very coarse grid spacings. 

At high grid aspect ratios the sonic line was wavy as shown in Figure 7.13b. 

This pattern was not influenced by the number of streamlines or by the velocity 

tolerance band used to determine a subsonic or supersonic radius of curvature 

calculation (see Chapter 6). This problem was not encountered in other 

cascades or in the nozzles of Section 7.3. 	The wavy sonic line is therefore 

thought to result from the relatively long boundary between the two flow regions 

and the large difference between this boundary and the line along which the 

choking condition is applied (see Chapter 4). 

The comparison of results in the supersonic region (Figure 7.13a) shows 

a reasonable accuracy near the suction surface and an increasing disparity to-

wards the pressure surface. No other experimental contours are available and 

the theoretical Mach number increases to a value of 1.6 at the suction surface 

trailing edge. 	The reason for the increasing discrepancy in the supersonic 

region was not investigated. 

Mid radius section. 

The results for the mid radius section are presented in the form of 

pressure curves for the two profile surfaces in Figure 7.14a and are compared 

with the predicted results. A contour plot is shown for the cascade in Figure 

7.14b to illustrate the theoretical shape of the sonic line and the pattern of 

flow elsewhere. 

Some uncertainty exists regarding the shape of the profile. 	The two 

examples of the profile presented in Reference (3.15) are not exactly the same. 
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A comparison of the two shapes given is included in Figure 7.14b. 

A good agreement in the subsonic region is seen apart from near the 

leading edge. As the Mach numbers approach unity the predicted velocities 

are higher than the experimental. The agreement between prediction and 

experiment is considered satisfactory within the limitations imposed by the 

uncertainty of the profile geometry. 

Tip section. 

Great computational difficulties were experienced in obtaining results 

for this tip section profile. 	The grid used is widely spaced and the comparison 

shown in Figure 7.15 is not satisfactory. 

The unsatisfactory results are thought to be due to the widely spaced 

grid. 	The numerical difficulties associated with transonic flows have been 

discussed in the previous chapter and were extreme for this type of profile 

which has a rapidly accelerating flow with large pitch to chord and flow width 

to profile radius ratio. 

These difficulties and the unsatisfactory results indicate the limita-

tions of the programme for cascades of this kind. 

7.4c 	Root section of Rzheznikov (7.4). 

Rzheznikov (7.4) gives experimental results in the form of velocity 

contours for a root section of a steam turbine. 	As with the profiles of 

Forster (3.15) some uncertainty exists regarding the geometry of the profile. 

The geometric specification given was found to be inadequate as was the pro- 

file taken from the velocity contour plot. 	The profile used for the predic-

tions was obtained by adjusting the specified radii to give the same overall 

dimensions as the profile given in the contour plot. 

The predicted velocity contours are compared with the experimental in 

Figure 7.16. 	The major difference in the results seems to arise from a 

region of rapid acceleration terminated by a small shock at approximately 

M=1.1 as shown. 	This does not appear in the predicted result. 	The Mach 

numbers remote from the shock (0.7, 0.8, 1.2) show a greater similarity between 

prediction and experiment. 

In view of the geometric uncertainty it is not possible to draw any 

conclusions from these results beyond that the velocity contours are similar 

except near the region containing the shock. 
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7.4d 	Profile from industry (7.3). 

A comparison of the prediction method with the experimental results 

in the throat region of an industrial gas turbine nozzle (Bird (7.3)) is 

shown in Figure 7.16b. 	The nozzle geometry and the streamline curvature 

representation used is given in Figure 7.16a. 

The results, in the form of lines of constant Mach number, show a 

general similarity between experiment and theory. The differences between 

the two results are thought to be due to the inadequacy of the finite difference 

grid to represent the flow in regions of rapidly changing curvature. Refer-

ence to Figure 7.16a shows that both the suction and the pressure surfaces 

undergo step function changes in curvature as the circular arcs upstream of 

the throat are blended (not tangentially) into the straight walls downstream 

of the throat. 

With such a geometry there are numerical difficulties; the main 

difficulty arising out of the difference between curvatures in the subsonic 

and supersonic regions. 

The grid points used are shown in Figure 7.16b. A "supersonic" 

point would have a curvature largely associated with the upstream region 

(upstream data used) while a"subsonic"point would have a curvature representa-

tive of both regions. A change in velocity between iterations from subsonic 

to supersonic or vice versa will therefore introduce large changes in the 

surrounding grid and which leads to iterative instability. Because of this 

difficulty the grid shown was the finest which could be tolerated. 

The large change in curvature between grid points in the subsonic and 

supersonic regions in seen in the change in slope of the contour lines between 

the two regions along the throat. This rapid change in curvature at the 

throat is therefore a major cause of the differences between the two results. 

A reduction in grid size would reduce this effect. 

The largest difference between experiment and prediction occurs at the 

pressure surface where the sharpest change in the geometry occurs. 	Here the ' 

real flow accelerates rapidly round the corner at the throat while the predicted 

flow accelerates more gradually due to the smoothing effect of the finite 

difference grid. 	Once again, a reduction in the grid size would tend to 

localise the region of curvature change and would cause the predicted flow 

to accelerate more sharply. 



7.5 	Cascade results without experimental verification. 

7.5a 	Introduction. 

The theoretical method is applied here to the two industrial profiles 

of Price (7.2) (Figures 7.9 and 7.10, Section 7.2i) for high Mach number 

subsonic flows, for subsonic-supersonic flows and for flow with a height 

variation between inlet and outlet for subsonic flow. 	In addition the root 

section of Forster (3.15) (Section 7.4b) is analysed with a height variation. 

No experimental verification of these results is available and they 

are presented to demonstrate the application of the method and to give examples 

of the results for cascades with height variations. No attempt is made in 

this section to apply the techniques developed in Section 7.2 for the leading 

and trailing edge regions. 

7.5b 	Profiles of Reference (7.2) at various Mach numbers. 

The velocity distributions and contour plots for the two profiles of 

Reference (7.2) and Section 7.2i at various subsonic outlet Mach numbers are 

given in Figures 7.17 and 7.18, a sc b. 

The suction surface of the first profile (Figure 7.17) is formed by 

two circular arcs which meet slightly before the cascade throat. 	This step 

function change in curvature of about 6 causes the velocity decelerations 

shown. 	The deceleration at the higher Mach number of 1.4 to 0.8 within 

one grid spacing is particularly rapid. 	There were computational difficul- 

ties with this geometry and the decelerations obtained indicate that rapid 

changes of curvature should be avoided to prevent an excessive boundary layer 

thickening. 

The second profile has more evenly curved surfaces and the velocity 

distributions of Figure 7.18 show lower decelerations nearer to the trailing 

edge. 	It should be noted that at the higher Mach number the suction surface 

velocity distribution is more peaked with greater deceleration at the trailing 

edge. 

Figure 7.19 shows the velocity contour plot and grid for the first 

profile operating with a supersonic downstream Mach number. The grid shown 

is the finest which could be used. 	The contour plot illustrates the capacity 

of the method to predict a flow pattern for this type of cascade flow. 
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7.5c 	Subsonic cascade with flare. 

The velocity distributions for the fist profile of the previous 

Section are shown for various degrees of flare (flow height variation) in 

Figure 7.20. 	The results shown are for a 10% and a 40% linear variation in 

flow height between the leading and trailing edges. 	For comparitive purposes 

the curves for zero height variation are included. 	The effect of the flare 

is seen to reduce the overall cascade acceleration and to increase the blade 

loading towards the leading edge. 

7.5d 	Root section of Forster (3.15) with height variation.  

The root section of Forster (3.15) (Section 7.4b) is shown in Figure 

7.21 for zero flare and for 10% flare. 	The profile used was one adjusted to 

allow for the wake blockage shown in Reference (3.15). 	The effect of the 

flare is seen to raise the overall velocity level in the channel and to move 

the throat towards the leading edge. 



CHAPTER 	CONCLUSIONS 'AND RECOMMENDATIONS 

The streamline curvature method presented in Chapters 4, 5 and 6 for 

high Mach number axial turbine profile analysis has been compared with experi-- 

ments and with other theoretical methods in Chapter 7. 	The conclusions and 

recommendations resulting from the comparisons are discussed in this Chapter 

under the same headings used previously, that is subsonic cascades, convergent-

divergent nozzles, subsonic-supersonic cascades and unverified cascade results. 

8.1 	Subsonic cascades. 

Conclusions. 

The streamline curvature method as presented predicts the profile 

velocity distributions with reasonable accuracy in the regions unaffected by 

the channel flow limitations near the leading and trailing edges. 	The origi-

nal inaccuracies seen in the latter two regions can be successfully eliminated 

using developments of the numerical technique. The method is thus considered 

to be capable of predicting cascade flows to within (approximately) a 5% accuracy 

at all subsonic Mach numbers, flow inlet angles and stagger angles. 	This 

includes a prediction of the cascade deviation to within a half degree at a 

Mach number of 0.8. Above this Mach number level, the influence of boundary 

layer displacement thickness becomes increasingly important and is thought to 

impair the accuracy of the method. However, boundary layer predictions could 

be used to improve the high Mach number predictions. 

Apart from the necessity of using very fine grid spacings near the 

leading edge, the numerical parameters are not important provided the grid 

aspect ratio is in the region of 4 and the number of streamlines used is above 

15. 

Recommendations. 

It is recommended that the streamline curvature method be used as the 

theoretical design tool for cascades at Mach numbers up to 1.0. 	The techni-

ques to improve the leading and trailing edge region predictions should be 

included as standard procedures in the method. 	It is thought that the inclu-

sion of a boundary layer displacement thickness based upon an initial solution 

would improve the accuracy at Mach numbers above 0.8 and it is recommended 

that future work should investigate this possibility. 
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8.2 	Convergent-divergent nozzles. 

Conclusions. 

The streamline curvature method predicts with reasonable accuracy 

the low curvature flow in the type of convergent-divergent nozzle used for 

supersonic wind tunnels. The accuracy is greater in the transonic throat 

region than in the high Mach number supersonic region. 

The important numerical parameter appears to be the accuracy of the 

computational method (the Runge-Kutta type is more accurate than the Euler 

type) rather than the grid spacing factors. 

The success of the method for this type of flow leads to the further 

conclusion that the method should'provide reliable results for the curved 

channels of turbine cascades. 

Recommendations. 

The accuracy of the method for this application leads to the recommen-

dation that it be used to provide an analysis of the subsonic and transonic 

regions. Existing methods are for transonic regions only with special shapes 

and the streamline curvature method will thus provide a universal method 

covering more of the flow. The supersonic region should be treated by the 

method of characteristics. 

In view of the importance of the accuracy of the numerical method 

employed, it is further recommended that future work should endeavour to 

introduce more accurate Runge-Kutta methods based upon average streamline 

curvature values; 

8.3 	Subsonic-supersonic cascades. 

Conclusions. 

The flow predictions for subsonic-supersonic cascades were numerically' 

more difficult to obtain than for the cases previously considered and the re- 

sults generally less accurate. 	The experimental comparisons in the subsonic 

and transonic regions showed a reasonable similarity of result but in the 

supersonic regions the method was not found reliable. 	The comparisons were 

however hampered by uncertainty and unsuitability of data and the need exists 

for more accurate experimental data. 

Numerical difficulties were more acute for widely spaced blades with 

rapidly accelerating flows and for blades with sharp changes in profile shape. 
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Recommendations. 

For design purposes it is recommended that the streamline curvature 

method be applied in the subsonic and transonic regions and the method of 

characteristics in the supersonic region. 

Future work should endeavour to counter the numerical difficulties 

of the method as outlined in Chapter 6 and to provide a more reliable experi— 

mental comparison for the Rethod. 

The use of the method in its present form is not recommended for widely 

spaced blades as found in the tip section of large low pressure steam turbines. 

8.4 	Unverified cascade results. 

The major flow characteristics of two subsonic cascades were obtained 

which are thought to be as reliable as were the experimental comparisons for 

this type of cascade. A rapidly changing blade profile shape was found to 

affect both the numerical ease of solution and the high Mach number velocity 

distribution. 

The results for flared cascades show the expected tendencies but 

experimental data are required to establish the validity of the method for 

height variations. 
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TABLE 1 	Condenser pressures of vapour cycle working 
fluids at various condenser temperatures 

Working fluid 
Pressure, p.s.i.a. 
80'F (27T) 	100'17(38'C) 120'lz (49'C) 

1-120 0.5 0.93 1.65 
Ilexafluorobenzine 1.4 2.55 - 	4.55 
Refrigerant 113 6.9 10.6 15.4 
Refrigerant 11 16.3 23.8 33.4 
Refrigerant 21 28.0 34.5 48.0 
Refrigerant 114 33.0 46.5 63.0 
SO, 59.0 84.0 109.0 
Refrigerant 12 99.0 131.0 171.0 
Refrigerant 22 160.0 212-0 280.0 

TABLE 2 	Gas turbine cycle data 1 

Turbine efficiency (polytropicl• 0.90 
Compressor efficiency (poletropic) 0.90 
Total pressure loss: 

simple cycle 	 ' 
regenerative cycle 
combined cycle 

0.10 
- 	0.15 

0.11 
Combustion efficiency 0.935 
Mechanical efficiency 0.99 
Generator efficiency 0.99 
Regenerator effectiveness 0.75 
Additional data for complex engines , 

Total pressure loss: 
reheat cycle 
intercooled cycle 
intercooled reheat cycle 
intercooled using intercooler heat 

0.12 
0.12 
0.13 
0.12 

Tntercooler effectiveness 0.85 
. Reheat temperature = Maximum cycle temperature' 

First-stage pressure ratio = Seecnd-stage pressure ratio 
First-stage expansion ratio = Sei.70:15St age expansion ratio 

TABLE 3 	Vapour turbine cycle data 

Turbine efficiency 0.85 
Feed pump efficiency 0.70 
Condenser temperature 801=-(27'0) 
Refrigerant maximum temperature 300'F (149'C) 
Steam turbine exhaust dryness 0.85 

TABLE 4 	Vapour cycle conditions 

Quantity 
Working fluid 
R21 R11 8113 1-120 R114 R12 R22 SO, C€ F, 

Turbine inlet pressure, p.s.i.a. 338 300 175 150 400 50-0 500 500 760 

Turbine inlet temperature, 'F.  300 300 300 515 277 228 201 346 527 

• Turbine inlet density, lb/ft' 5.36 7.3 6.2 0.26 16.7 14.3 9.1 -- 20.3 

Turbine inlet superheat, CF.  36 0 0 157 0 13 31 111 -1- 

Turbine outlet pressure, p.s.i.a. 29.0 16.3 6.9 0.5 33 98.9 158 • 3 59.7 1-4 
Turbine outlet temperature, '17  80 - SO 80 80 SO 80 SO SO 80 
Turbine outlet density, ibilt 3  0.65 0.50 0.293 0.002 1-0 ?.5 2.86 - 0-042 
Turbine outlet dryness, .% 100 100 -* 85 __e 100 • 100 100 -* 
Turbine enthalpy drop, 13tu/lb 23.3 19.2 18•5 341 12.3 10.2 10.3 33.6 41•6 
Thermal efficiency of Rankine cycle 0.1812 0.1841 0.1927 0.2640 0.1509 0-1310 0.1040 0.1560 0.2420 
Mass flow of working fluid, lb/sec/MW 9.16 	. 11.145 11-8 0.97 18•3 .21-0 16.8 7.4 6.55 
Vapour cycle power/total power 0.252 0.247 0.240 0.269 0.115 0-176 0.144 0.203 0-272 

-supercritical cycle. 
*superheated vapour; low-temperature is not considered. 

• 
TABLE 5 	Total plant size range for acceptable vapour 
turbine geometry at 3 000 rev/min 

Fluid • No. of 
stages 

Plant size range for acceptable specific 
speed at 3 000 rev/min (N•11N) 
Axial Radial 
Lower 
limit 

Upper 
limit 

Lower 
limit 

Upper 
limit 

R21 1 
2 

26 
JO 

380 
146 

38 
- 

150 
- 

R11 - 	1 
2 

13 
. 	6 

190 
90 

19 
- 

77 
- 

R113 1 
2 

9 
3.4 

130 
50 

13 
- 

51 
- 

C,F, • 4 
6 	' 

1.0 
0.8 

18 
16 

- 
- 

- 

I-1,0 4 
6 

5.4 
3.0 

77 
43 - 

- 
- 
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Process 3 to 4 Pressure rise through feed pump. 
Process 4.to 5 Temperature rise through 'economizer' section of 

heat exchanger. 
Process 5 to 6 Evaporation at 264'F, 340 p.s.i.a. 
Process 6 to I Superheating to 300'F. 



3 

1"100°F 
Ie00-F 

1500°F 

Itt 
IJ 

99 

4o 

BO 

at 
2- 
2 
p 
6

. 
 
ID 

FIG.2.6  

5
P  

Ec
sr

i  c
  

O
UT

P
U

T
 M

U
/
 

a
' ir

 • 

_... 

- 

//- 

EFFICIENCY 

SPECIFIC OUTPUT. 

O 

• 
it 

VATH 
VAPOJ 
runoi 

I 

-----------------.•• 	
- 

• INTER COOLED CYCLE UTILISING THE HEAT 
PETECTE0 inJ THE INTERGOOLER. 	 .--- 

e 9 ulo tx 	CYCLE 
a INTERC00-E a CYCLE. 
• tEttEAT CYCLE. 
T INTEACOOLE0 REHEAT CYCLE, 
0 PURE GAS TURBINE - SIMPLE CYCLE. 
A 	• 	.1 	. 	' REGENERATIVE CYCLE ,i 

5 	10 	15 	20 	25 
GAS TURBINE 	PRESSURE 	PATIO 

Estimated performance of complex gas turbine cycle. 

40 1704 

1600°A ("5‘e/  
(810°c) 

t500°F 
(815`C.) 

1100°F 

1600: 

1500̀ • 

EFFICIENCY 

'a 

to 

SPECIFIC OUTPUT 
17009F 

1500°F 

—I20` 

10 .S 
00 

-1130 

30 
80 
70 f)  
60 4.1  

SO :6:1  

30 
20 
10 

1100'A 

•Iscor'F 

SIMPLE E AS TURBINE PLUS 
A VAPOUR CYCLE. 

--•— SIMPLE GAS TURBINE ALONE, 
- - - - GAS TURBINE WON REGENERATION. 

I I I  -L--I 	  

10 

40 a 

5 	10 	 IS 
GAS TURBINE PP ESSURE RA-no 

FIG.2.4 Estimated _pe.rformance of simple gas turbine. regenera-
tive US turbine and combined gas turbine and vapour turbine 
power plants (R. 21 vapour turbine).  

,i6v,pLUORCE.t!"17-114E  

(ISZeC) 
36.,°F 

P-113 

4 

39 

SS 
300°F 

(149°C) 37 

E
F

Fi
c

IE
N
cy

  0
/

0  

33 

SS 

94 

2,40°F 	 50 

(iiG°c) 

33 

32 

31 

30 

IS 

too 	900 	400 	Soo 
VAPOUR CYCLE PRESSURE. p.s.i.p... 

FIG.2.5 Estimated efficiency of combined gas turbine and vati-eur 
turbine, 	engines with various working hinds m the vapour 111:,::-:.-.  
(Gas turbine pressure ratio — 10: 1, turbine top tempo. azure =-
1 6001-7  (870.C).  

FIG.2.7 Key to turbine diagrams.  



257 	50) es? 	cloo7 c.0-1 	cizs) 

R EF 1116 ERA NI al. 
REFR:G ER Fthfr U. 

REFRIGERANT 113. 

0 
FIG. 2.8 Single-stage turbines at 3000 r.p.m. (zero reaction hub). 

20 

%.1 

0 
FIG.2.9 Two-stage turbines at 3 000 r.p.m. (zero reaction hub).  

TU
R
sf

'4
E
 R

A
D

IU
S
  

rr
,  

REFRicE27.14T 
REFRIGERANT 21. 

REFRIGERAnT tt3 

REFRIGERANT 21. 
1 1 

REFRIGERP.NT II. 
QEFR IGERANT 113 .  
r 1.5,_ 

F1G.2.to Three-stage turbines at 3 000 r.p.m. (zero reaction hub).  

100 



HEYAFLUOROBENZINE C6 Fb  

I 	3stg. 	4.st5 	5stg. 	 G St9.1 

... 
01 co En 	 n 2. 	1.-. lil 	 4 

h 3  • sr 	 tri ..c 0 ,, 	 4 * 
EX 	 PI r. ei 	 17, 	CO 

P 	 c0 

0 

FIG.2..13.3 to 6 stage hexatluorobenzinc turbines at 3 000 r.p.m. (zero reaction hub). 

( 3 0.% REfler.oni ic/o. 2.// XE.,72/ 65,4,9,v r 	ruArpwEs .4r 3,oco r,p.nq 

o 	t•S 

- C.P 
ta 

N 0 

00 

E. 0 

I'S 

Q 

▪ 1'0 

03 
oc 

.6 

tr) 

CO`"•-•.: 
z 

0") 

c 50 so I 

5 

0 

Fier.2= 12 Six-stage steam turbines at '3 000 r.p.m. (zero reaction hub).  

0.1 
1:1  n. 

rn 

1 

STE A M 

PARTIAL ADMISStOkt 

‘45 

111.• 	•••••• 

REFRISeRANT 21. 

cra 

r 5.7-0 1 

4 

101 



R.2. 

50 MW. 

s14Rotn) MACS 
NOMIIER 

1.38. 

Go MW. 

2.5 

2.0 

U. 

5 1.5 cc 

2 
cl cc 

1 .0 

0 
FIG.2.14. Radial turbines, at 3 000 r.p.m. 

119 

R.t1S 
so MW 

0221.E MACS. NUNASEPt 

co 

102 



SKETCH 4.2  

CHAmAtEl. FLOW R4PRE-sElirnrione F 

.9$ c4,05- Ft °V/ A/p  FL. 0/42 PAre r/C4 E 

FOP 	rPriR/eilatVe-  CUR t/.9TL/PE  

DeRivtgricw 

she 

so  

Modified L. E./shape k 
i-o avoid A 1,91, curvature \ 
Qnod spin( c l""5' of 	• \ 
curvat'ure sin. 

[ha, 
particle 

pF 

a. 

mach Fied 7:E. 
•Shaloe.. 

O 

61.  

103 



SrL 
Jo 

.1 e 

SKETCH  4.3 
1 OA 

/ 2 Ca.0 P9R rictE  p•o,? pep,-

v,7770/v of a/Nric 2-4ut,rio," 

5 c 1-76 n 	f et, 	e rYe 
ce,i Acr- ,70,-,,,a?',Lo I- 4, 

,4.7o 	d 
0,11,c chbn 

.L.QZ (frt  

(re x 	c2.1 
c74x. 

sae 

• E PI 
T; 

( 

(ptifp-,v),  (4,1,c)x 
it  so 	,  

,S11.x Se 

00,40,-Vs-/4724:,:9x 

.E 	4s Z071 s  
eve 	• 2 	x 

Sec/ion /4,4,00c,9A /4 it ,41,„..t,  
in Mc ,p/czme .̀.)  of /Joy 
pre.s.Turc 

pred:surc x
" 

) , 
c7rt. 

Sn)/(1R • S)so 
c2.n. 

Area. 

11? 

	

z 2e 	z 'an ss 2E-s 

	

k/° --zds 	c 

0 ,.2e /di 
1—Z,75 45÷I cTig  

(c ) 

 

(a) 
supersonic Flow  SubSonic Flow 

  

cOndiF 1.0 11$ 

c • 

domain For 

elliptic cp./ea-ion. 

c  c." 
o 

°P)cp, 	rrilo 0 enhire 
6A 

cjec. „„ne.l 60undary eq./ t y  

cfinedby channef 
ovndary 

c/ 
ovIc,  Gt"), 

,s 1- re° 
U n 

SKErCH 4.4  

BOUNDARY CONDITIONS FOR ELL/PT/1C AND HYPERBOLIC 
EQUATIONS AND FOR SUBSONIC AND SUPERSONIC FLOWS  

(a) 
	

(b) 
Eilliofic epaiveri 	 Hyberbo/ic ,e7c)01-ion 

Q.. 



or so?, sohic (a) Elb?atic (b) Axporholic or supersonic  

Xyparkolic efoaticn 	v,oun 

(c) 

Acce/erctl-inj  - c/ec e/eratin9 uncAoked How  

51-r e a e  

exisp/ied 

b d y 

/ 

SKETC: /-1 4-.6 
Boum:wiz y cOND/ rtoA/...5 e,vo s uPel PAIE.1-7.49,9%,  OS-FYN/NG S To9 r E  

/-1.FN TS FOR TR77,V,507/10 FLOW,5 	Co,vvERGewr- DiveRarmr crt,grfivre-s 

(a) 
conkinuousiy gcceierai-hu  NOW 

r 	ct Pr. / I  
/ 	c41(, 4,/  

ifjp 	 P 
eYUG Hon applied L 

*.. body oFflow. subsonic 

/ 7 7-7-7 / 	/ 	 —7-7—  
stream line defined by 	0.kana/ 

(h) 

boundary 

t. 

Accelerating-ofecelera r_la 	o ked Flow 

egvation 
• appis ect 

k s  on; 
6  u G e- 

y 

	

7 7 i 7 T.7 7 / 7 r r 	7 
Chapin e 	hot; ncicAry 

5.  /4  e .51 

lo o of 

stream,/ine 0/ e Pi r? e c/ 

E/iip ti 
esuotio rk 

apph e at 

r c $ o 
F I  '4' 	

v 

I 7 / r / r 	7 / 

streamline de fined by 0,4anne/ boundary . 	. 

E ili;Ed-ic e.gpaHon 
a/op/Sae? 

ef  on n 
opp 

O 

s. 
O 

un
iF

or
m

  
fle

w
  

SK ETCH 4.- G 
Zr//00/-ic (subsonic) and hyperbolic (supersonic)s reurn /in e  

curvature  procedure clebermined by the manner,  in which /he 

curva ture is cal cola t-eri of•  p o in t 

105 



(subsonic).77olectile E//i/ol-ic 

these poinis 
used to Find\ 
radius / 
here 

"hese ,coh-ibs 
used to Find 
radius here 

I 	 p. 

; 	 11 

__1 -_;::, 1 	I \ 
_ \ 1 	1,1 	. 

il 	\ 
\ . ,' 

Flit's skep being 1 	 — Fake" 

106 

SICEICH 

ExpLANATioN OF -riic a.,5,57c. S TRERAILUNE CLIRWITUgE 

PROCEDURES FOR SUBSONIC 	SUPERSONIC FL. ovv 

(a) - 
The ni,rchiv hyper-60/Jc so/cif-ion ood .s 

curvature 

i'retarn ilhe 

 

    

SehtFier; already 

ecNttiiSked in 

Fhi.s re3 ion 

of curvature kere 	fund-ion 
~, da rn ordy -to enable 

; 	 k upsi-re
al 

eace, step 1-a be 
Yaken • GAirehion o 	 1. 

pi 
Flow 	 l[ 

i1 

I 

sol u Fion 1:Je;11.9 
TrarGkect our 

This sl-ep being taken . 

(b) 
• The 1-w o Proceduresono/ skandord (ii7 ifre diFference 

corn/outaPiona I molecules 

Fin/1-e thcfer ence 	= 	if, le slitter", t 
molecule 

Hyperbolic(supersonic) molecule 

Fini o difference ^ hyperbolic strm. in. 
molecule 	 cvt: procedure 

— 	In. CO% pro cetittr 

(c) 
The hyper bolic s/7-ecrrraine curvy lure  procedure 

and a simple wave Flow  



107 

Axis  

JO 

CuRvEi,  

correct-  procedure 
incorrect procedure 

(5 stream/Ines) 

incorrect-  procedure 
(/0 streamlines) 

u-C 

6 

/ .......--- ".5  / _„7" ....-1--- 
/ 	-7-  ' •-•"---- 

/ ...0°  
/ 	s •:;- / _/,/ 	....--,./". 

..;„..- 
-,.% 

..fr.  

SKETCH 4.8  
Com,narlson of v.e/o c/hy,  diskrih ritiot7.5 /.1 

a supersonic nozz/e. us 	/-Ae col-rec./- 

and incorrect Ayperbolic  shrean-,/ine 

curvature  proceclure s . /Vozzle of 

Sec/ion 7.3h used. 

2/.5777A/CE FROPI THROAT //V /NCHES. 
7,  8 	9 	is 	ii 	/iz 

<  

1.6 	/ 
	

I/  J. 
9 

I - 
1 / 

• / / 

SKETCH 4.9 
SouNLrn:?Y COLLOCATION 8E74/et-iv 

ONE CHANNEL WALL AND 13 0 UA/ 0/N G  

TA E4.44/. /NF_  

/4-erM/17ct/Lin9 cAanoe/ 

boundary 

deviation Le/vveep, 

repaired channel boundary 

and Louvain.3 °streamline\ 

Charnel 

C 

8 
k 

3E 

E 

77 
VCIOnfir 

CISrffnled C11' 
toini  Cry cwnrr,enein.50 

Sur f ce 

5h-cam tube 
sp a c,r)..7 
vetiociFy trac,r","! 

curl>'ol'ore 
r?1,:,-,1-" 017$ 

Curvature and 
store or s.i. 
Found ley Passing 
curve 1- Araug 
po;r,hs ,  

„ 	- 1 	" VrT77.." 

Ye/ocify  ossun-voi•ion and 

First Streamline, 

(a) (b) 
Sfrr eon-dine ee  5frOCk "  c trl 01 

co/%cation with re7virea  
Channel boundary. 



leadins eye 

strinal-ion 

streamlines 

aut. rt fa/ 

direction 

N 

SKETCH 4-//  

ZONES OF /NPLUEA/CE OP STAG/VA-

T/0N STREA,IL/NES ^WO THE  

4PPROXIIVIATE InITTA- OUKOW ,SKI 
COAIDIT/Oiv FOR CHAiVdVEL. FLOW 

freli 	ed.ye  
s ila j oofion 
5 it conr/ines5 

108. 



109 

SKETCH 4./ 

Inil-fa/ and fins/ ori4yono/ nelwork of narmal5  

arid .91-reardire5v✓ i/A rioimenC/0 Fore For convertience 

anotySTS  

----4--- Final p0.5;1-;Dr, of sfreamline 

initial position of sfreTmline 

, 

1 	- 1 
h z re 
or 

of ~mU •f! 

//It/ 



Number 6utasonic Flow  

SuLsenia Supersonic 

.......wayry,,,p}"1•••••11.....••••••••* 

SKETCH 5.2 ci  

Convcryence arratuemetlt for kw Macil  

I 	• /-.." 7 

Sc.6sonic Cor,VC.:7q1^C 

/_,•_/ .// / 	/ /./ 

/ /".•77-7- 

sjd

.SukSolli COnVeejent,e 	  

SKETCH 5.2 h 

Convergence carrosnsernent For 	Math 

Nt/miep:,  Subsonic /-/Ow 

/ / 1' I 

110 



SKETCH 5.2 C  

Convey- JenCC Clerar•  jement For c4oked  

subsonic Flow 

Sc/b sonic COne'VenCe 

t 
11=1 

5 vhSon/c 
F low 

Sup uerSOnie 

S CV, F ,.,_.0 nle. 	  

C0,11/(Zgetlee 

'. ‘74.9:4  rl 41 	 4 OA Fr.  . 4 k 114 

4%7 4  0 Orf ijV or 

,4•40 *4 .40#. 4 4,4t 

• Att. 
-"•14 \ • 

'‘. 

V X> ,,,,,,,,,(,.., 	 0 I t, ____u  —1 §...f,.._ 	, ) i ..> 	l'*7— 
I v  SvLsohm convergence  ____,I,:" 4 	f>14"call,:vt'A.J'i,set"rceers°1'fic ii 

Iiir ,,, 
Aft/ 

SKETCH 5. 2 cl  

Convergence arra ofe men I- For SuLsoni-o- 

SupersOnic Row. 

111 



.5 A -ErCI-f 5.3  
01.M. MYC.'7.P1D R R /11,/ 	T FOP SUB SON 

C VE RGENGE 
(limy syr 	AGw,,  /..5 

for Al= 9  
Area ch nj r! 

Br-. /J, final 
” 	 une 

— — 	— 	7 

I 
I 	I 

— 4---+-6 
I 
1 

— --t— — 

-- — 	4 
11 

3 

t 

Zero 

WAen ekve 	f-y change 
near /he 6t/Lson/c.y.rid 
boundary, point P becomes 
one of khese 

velaci 

p 	t P tender 

c,,,,5;derotibn 

co": 

• 

SKETCH 5.4 

EXAMPLE OF GRID USED FOR .SUPERS ON/C 
C ON VERGENC E 

boundnry of 

Subsoni c,  

-7 - 
_ 

--4---  

r vion - - -1 

1-714-7-171  
cr•mmer,<:•,,, svricate. 

77 

Fh..4 rey ion 1-te4fed 
"mart/lin'" canyerj enc 

e,  f_ 

4, v 
° 	 - e 	co -   

,veg, 
"Ltinsy  

ion 

14.9',  7. N , f ir1(41  
stroar.lin 

iC  ersOn  
6  cip 

b i°n"- 

ri'SZLinneel a1 tl)e.ee 

/WO Aor•-•? ,./.5 

C1rctn• Te- .5 0.1 liese 	co..sialetece 
Sirno-11-.1fieausiy 	"block' becoi,se 

sub4ordc reyior, . for "marching
., 
 

conversCnCe this re,y-ion ConSiStS 
a, one hOrmol Only 

112 



1i 

0 

• 01 

IC -I C;  Virt IT . 6 • 

O. 	 A/0,"?.r.„  4,1.7 ,"/Crc  .11 re erro  r 

. cd b y a  tecimc  Pion in 

doer, nip) (..1. 	focior.  

Ekarn,p/e la,/.`eh from Edul-ion of cos code in A./y.72 
Criof poin/.1 sAowr. ore at/later,/ OneS in L. E. refer' 
Hach 1/0 	12.cpeci reale t4i /Alps =3 0 5 04;r:0 = /0 g ft/ /3 

dampil factor 

= .75 

V V 

I 	 

If 	 tor, No 7...„ 

1.\\ 	clamping Factor 

= .45 

et.411%Vt.)-.1III 

27-eration No 

01 

• 0 .02 

.01 

--.0 {  

FIGURE4-5.6  

Iterative insfohi/ i /4y in cActnnei wiMotd- 
' 	sharp/y. deFined  1-Aroett 

(ct 

using -  ono/tore[/ 

clampins foci-or 

oF 40 

o , 
> v 

3000 

c.?„ `"' 

• 

3 

4000 

"'toe ra Hon No 

4000 
ow's upstream and 

olownsi-reorn MacA 

numbers ko achieve 
o- 	lowt/etm p ing  

Factors 

• N..  
t.

'2" 
E 
o u 

3000 

2. 
/000 

2000 

It eruhion No 

(5)ccorlpie of co ply e,::, 	e fake s  from 

so hi r;c, n  ol coscade in  As  7./3 ) 



114 

(6) 
diverience 

ect ratio = 7.0 5  /tioc17 No.* 0.4 
(a) 

Slow converscnce 

-•002 

001 

-.01 

.0 

Ic/614R.e 5.7  
S/ow  converf  once erg 	ence 	H 

loo small  

A----/1= 2 

• 01 

M=/7--"—N, The re.tion S -** 
i 

-•003 1 	",-/v1=5 
77 

78 • 79 

N., 3 
Iterations I   

t. 0 

O 
L 
L 

E X42 mple. to/ern from ,50,4/fr/0") 

of cascade :a Fljure 7./7 

I- 

F/GORE 5-8 

biveicrence in trans-onac Paws lArocjA N 	too  
Sm,a// 

Exam/de f4ken kom cascade of .99are 7.r7 
&loco, ratio L.- 5 /Vac:4 Na lo v.) = 0.7 



115 

L

errtofr, yOreitIC% ra i/04 anal!'  yehera b;47,  h 

44erffsodynamic dafa 
of al/ 

.retput,praparaHon andjenerahion of cal 

les.Insfrie and calculaion coni ,o/ywanh'i;e5 

F76(//zi'C (./  
/%',,v PROGAwmAre oveh,Rtz 	c 

	 174 .4.71.64/ ve/0c.:ly .6"..s.AribpAiS es al Me 
cornet an c,:zy  :surface is -sw ,  CALL VELDTS 

5T0 P 

NGS= f , NGRDS> 
A 40e  /.3 se/ 	.4•O dpeocioce a serial of 
6 0/0 /O.* v..,  / 	C &es Jrirn Rea melers 

 	ITRAI = / .757 -P> 	Me 	/.6p is se/ u/ o 

JCHIVG. EQ./ 

STOP 

	 .91/ 5/ream/Ines are jeneraiect 

The 	4.7,at.i..5.facI e-0,, of oil 
Zoundary C 0 1) di Alo .m3 arec h eck est 
and 	Me nece.S.Sary c.c.:tru ed /1/ a ate 

If ,A,4 boundary cone'/ions are 
sat is, :col 	e 	e tcra 	a /asp 
is Aerroinal-ed. 

InifiabSation of vari66/e.s ,sellinj ulo L."-

alre4m and downshreans.bovn.lary conclifion 5 

CALL. SLCALC 

CALL BCHEK 

The remain. 	$w,Prr.soni. 
6 0/0/4/0/7 	Ana-irehad out 	refoleed 

Dufpvf :s prodvcei 

New jrid dela ;a reel in and a a • re 
jr r; of prepared Oa 	f/sa previous 

04 hian as /%e 4-2/4/ 

CALL .511P,IC/1 

CALL kESULT 

C,7LL /VI/GRID 



dOt.P.Sirea AI X "" 
CAJCA.  de 

nr,  
Cgs  yz Face 	 at 

/'%GURJc 6,2  
ARcIA-iz coot-wiry" 	irsrEy.7 	rp SETC,P  

111 

0 

9 
••• 

OCui 

G*Irean, Xcaorof 
of Cad cede 

et. r 	
,e; 

y 
A 	X • ne ,o-/c.< • le7...'-̀ .1" ' r  

o 	
on 
. 	e  

5.0b$Onfe flow (JSO/VIC. EQ. 3 
— 5 08 Oi..^/C -sc.,Aseso.v,c,cnOn•ez, ..50,9500WC F.eow  

N= N.57 N2> 

CALL E/VDPT 

A135(E(N)). LE.  ERROR ) 
Error checked for convergence 

	 urlthrey /he tolerance /in,./X 

	 Geolnetric error found of each normal 

JCHN6 =2 conreraenca —inatYca7:or set 

Geoniel-ric error Found et Ihroat and 'no:$.5 flow 
actio,sted idu cancel error. (jpstregn, and downstream 
yelocit:es egyazfred fo now mass f/ow 

P 0 sr r ioiv of THRO AT cliz'cleea 

F2Parre.ye meets rnade to accornodol-e chanje 
throat loos/Won 

Rvertie velocity 	at each normal and the 
n or. ma/ found a t 	 /.4e davA,von of /6 e average 
From /he sonic vela 	e mini MVP"  

/764/RE G.3  

ovaaazz. .PL ow cfovA,  r FOR aouNDAAy con•Dirionr cwaccerrva 0c/dent/TYNE' 

JC1/N6=1 —Canvaraenee indlealor set 

C  H 	NG 	 ,o/Moms sal /5  le/Coe J 
boundary cond/A/ons not s .Wir fled 

N =NST, N2> 
	L___ 	all uclocilies 
CfiLL V /V 	o( us ted asins 

converjence cohroubneS 

frinioui of Launder),  condition 
elattis 



AiN =-- /1  NPN > 	Jelfinj  up loop lo janerai4e 
a// fhe sAi-eand/nes 

sloicaes and eurvalures, 

3eAlinj flow /5,,oe ii7c/Calor VR 

a.ceordily fo conleoi vae/aVe* 

N =NS r, N2 
set51-ei," up polo fo find 

	 each 'Qin, along a. sfreaodine 

	  New oh-cane/711e ve/ocily 
_eel- fro previous sfrre.craine 

ve/o c:Ay 	Shreanairae 
vo/ocity used as converjenee. 
"nwf,•e4 fbr 

up loop to iteratively 
"Ind new streeload/ee.ItereA,nq 
performed once 0 ely For Ecfries-
17,0e mefhod. 

Ciao0 forminaFed I f Kt ---q or if 
/00,0 1.5 C onqi ev ed 

conve,jence indicator easel' 

4oplyini  str ea in/in e 11 r y 4 h,  ft. 
e,oah'ons 

New  yelocli-y checked ito 
fa ll tvifhin 	VM/N and 

VA4e9X 

K= /,/-C2 

flow  ....;c1 fly found and new jrid 
Poinf located 

STOP 

New ve/oelly se/ to hirills 

Therith've. loop ini  

New 	eft eetniline veloclicy 
found 

Find/. slope.5 and curvatures, 

sefljny Now I,Ypc IndiaaFor 

acc ord;ni 	conroi variables 

117 

/4/6  (ORE 6  

OVERRZL FLOW Clb9RT fOR STRE/WZ/A/E 
6EilYr? R77/1/6 SVBROC/77/14e.  SZO9LC 



SVC 7.1 0 ry  
SuRp4.7c,c,  

C 
T. 

FIGURE 7.  

PAOFIZE FROM Dem4v,emer ,9N,C) 5/2 %ANN ( 	uzEz, FOR 

Ex PERIMZW7WL COM P/9121$0A/ 

PIZIMPRy SERIES (REPcTradv TYPE) PPO r/LE 

CAMOER ANGLE = et = 'S°  
117,9x 	rpickNEss 6../c = IS 
S TAGGER ,4"/GLE SHOWN (,0 = /l./ 6  

G/2.5 /m.(Er A NGLE 5A-tot/an,  • 	= .4o° 

LERWNG STRF r9ML 	.4.55 t/,̀?6"0 TR!) I C. 4/7 WITH 3'/,t, ° ZEVUIT./44/ t/NIESS OTHERWISE 5TRTED. 



rt 

I 
II 

 

— EXrEOZIPTENTF 

	oRIG/Nin G/2$0 

NEIN op.to 

STRGGEP 11N6LE 	= C. ° s  Er AA/cu.-a" = 40 ° 

i• 

11 

—•-- TH,E 0 A E TIC I. 

GRID PO/ IVT 

0 0.5 	 1.0 

xctI 

119 

F/6-&-R  7.  2 a 

..t(P/://v.6.,vr:12.!.. com P/il't 0// FOR LOW MF)CH IVCIMEtZ., k 

R/v0 5 7/41 6G/2 /INGLE COSCADE 

SeLi -wry cHORD/ PITCH = l.8 5 PPOF1LE qs FaR FIGUPE 7.1 

GRID ASPECT Aprio . (SVCTION StittrACE .5A4cING/CilaNtic-11AiipTII) 

4.7 n'r I.E , 2.2 R7 T.E. 
1,/timaER aF 57kEAMLINES 

Alt./MERIOOL 1.1 -7-Hc4 --/F.VLER TYRE 

1 
ExprgrmE.,,rrni, 

0 o •2 .3 .4 

XCHorit) 

F/GORE 7. 2 I:,  

PRESS(ME St/RF/9C5 L kRD/MG EDLSE 
IMPROVEMENT USING AWNIE GRID 

ANO /VD ST RE.?P71../ Ale PS C-141WAIC:  

BOuN,0/9.12y 

GR/0 /;SPELT kario ( 8,9SED O iv 

P0r1•4 ELs BY M/D ST E 4/4  z/ E) = 6,2 

NC/PlaER OF "Sig E/91-14/1V4-7 ,c, = 7 



120.  

•95 1.05 

-0.25 'SVC rfoiv 
(co4),,tenecilvG) 

suRA-ficas 

oR/GINAL REPAESEAITAr/c/st 
(Z2(226) / 

FIA/.4 
AL:PRESENT/177,7A/ . 

1
(7.2d) 

TRUE DROP/LE 

-0.35 

S TRA/Grir LEAtezva • 
57-46/vArfoti 

L /NE 

r/GORE 7.2c  

rt 	LEAO/A/6 AND TAR/L/A/G EDGE_

REPRESENTRTIONS FOR  /6./ `' 

STAG  6C-A AlvotE CASCAO& oF  

Fi6cit2E 7./8c 7.2  

ARRAY Ao/A/rs xr,Y1, X2, Y2 
LAZED TO REPRESEN T  
PROF/LE ( SEEY& 6.2 ) 

f/GORE 7.2d  

E/NAL RESULT FOR /6./ ° STAGGR C9SCADE  
U.S. /A/G Z7-1PROVel,  L. E. REPRESENTATION 	/t)  

METHOD OF FIG. 7.2 6  

•2 	.3 	.4 	-5 	•6 	.7 	•9 	1.12 

XcHORD 

-3 



fr"/ GU RE 7. C.  

Com,  Pt..E TF GRIb FoR F/R.5 ,soz vTi 	(7.2 c'-) 
1 A,.0 17,44 X a/2,z 	TN CG c'S e  4 	0 /A,  ED  LSE 

is EPR 8SEA17,17/0A/ FOR  NcR E4sEo accufr?re-Y  
Alr,712 PRESSURE Sc./RA:Ica zE,5toma.  

NCI  

0 

L.F A F.PpEzEivror,om 

0121611v/74 L. E. 
REPAEsivrigrioAt 



Sc.+1.101rY r:/.9  

.47 (5 LIRE 7..3. 	 122 
Expez,c,,,re,v7-47z. 	 A--on ZI/T,SR/-;'/_:"0/1/TE ,4"1/9C//  /V1,1'117E R  

S7 -,4r;0ER n ,k/GLe  

STAGGER /7"y•G/. 	34:-• 	.r,v1cr /)MG CE 1S. =4-0°  t 
Ajp,..,,..-/ c) 	Af/A4CR/Cfil... .1-1C rH o - eiz.. 	TvP4." 

o.5 -Ch'OR /.0 

- - - ,5xPERIMEiVrn4  

Tfi6ORETIC , 
ITH I<CITT/2 APPACM. 

	WX THOU r 	.1 

9 77e,  
G.Rio ) 

co/gRse 

ri,/E0RE-riciu .•••• 

	

O 	 co4R sz Gimp 

	

--x 	 Pm/E.  c.de ire) f ASPECT 

0.5 	 1.0 
CHO R 

I 

. /L-/GURE Z4a. 
INEZ_ UENCE OF GRID S/ZE  

C/95c/7.7E 45 Po/2 A-/Gc.ME 7.3 
Co'?' -se CAW) ASPECT A'Ar/c,— ..?.S A r Z. Z. 	AT. T:C 



FIGURE 7 4 6 

co/v1PAiv•so,v OF THEORETICAL  

RESULTS :!.../..-3/A/G TWO COL C (ILATIO11  

frIE.THOI)  5 

um a EA,  or ,s -rtiCA/Wt./A/ES = /0 
Cr;scrj4E 	//s/ /76.. 7-3 

-Xcliono 
'71 	•s 	*6 •3 •7 	.& 	•1 

- - 	a.xpERtioE/47.41- 

-0-- TNEORETIeR1.5u6 /4,6 
,CUI..45/7 7).-/"E .••,-7 Er/VOL) 

THEO PE Ti Ci?!.. 5//../0 

RC/A/G E - AwrrA TYPE 
nrE rr/OU 

; 

.3 

.5 

.4 

9' 

8 

7 

5 - 

3 

2 - 

1 

0 

- 

A7 GURE 7:4 C 

RESULTS COMPPRISO/V or 7-1-IFORETICRL 

Fog 	1.N.E TWO CAZ C. Vt. A 770A/ .A-.1.fi.  7710 n s AND 

Pole AN inrcRP.9se /iv r//4 ot/L1M43E/t2 	o1::  
5 TWEA AIL ids/6 ..5 

... 
,  

4.: 

Zt) 

O 

•••, I) 

- 

0....-er- 
0

. 

..... 

2.  

COS cadc• and y rid 

X 	 • 	/a-- 

Z 
• Z.  

.....„ 
""---3— E 

d, 
q.. 	 .--Er-  "P.-

....-•• 

v 

c,  

,.  

spacinj os FO 1" /'cyure 746 
......0-- _______gi  

..----- 

--_ 	_--_-.. ___.,..,-  _ _ 	—.._._ .....--:-_. _:_.-. _43 

O 

_........3 

. 

Ailefhod Tjt•P 	If iocCh  
pressure
$  s; r F a c e  Chor X' 	d Y b-,1 

E'cder- 
.15G -°- .353 - -0-  

Rwzy-i;utf-a .4-4c; -0-  .822 -0-- 

I 	- 	I • I 
.. 	 , o 	1.5 	20 

i'VeNyZer of ..s.  krea m/ine 5 , A/P't 
-1 	 



0 -2 .4 • 6 1.0 

124 

F/GURE ZSQ  

EA' PER/ME-A/TA L. COMPAR/SON 
FOR 	Z. 0 1/1/ 44 C/-? 71/ ei 15? E  

9NZ) h'/G11 STAGGER ANGLE  

STAGGER RA/GI-E. at = 	c  
SOLIO)TY, cHoRD/Pircisi 
Atomi3ER OF STRSVIA4LiIVES• .= 

Al2A-reR/0/9L blETH0.0 —ElikER TYPE 

44/.0 STRENAILIA/Fr--/A14 SPAC/A/G 
TEcf/A1/QUE u5E0 AT L.E. 

Ch'OR 

tu.•177,(> T 

— wiTH 

KvrrA nePRox 

cc 

co 

•  

-.15 



01216/Ahn. REstii-T 

REst.H...T WITH 

CHANGED sTs96A/Priow 

.,47 6 (JR  E 7.5C 	125 
r of c 	 c u F C 

r-&;A:',97-,-o/v me Tow/),D P0S/77 0 Al ES  

rep 	ieur T I9PP4Ox /48  

S'= 	9.1 °  c.8.5crloE• 

.10 
-4 	• 7 	-C 	49 	1.0 

CHORD 

FIGURE 7.G c  

EAPEPIMENTAL Com PA Rbsoev AT HIGH 

StleS0A/tc M A CH A/c/Adipcic'  

STAGGER ANGLE ?iA = 3/./ 	//1,1-ET A A/GLE 	= 300  

50/_//://TY = /. R 	t/MBER OF 5 TR E AA4 /.-/N ES =12 

NUMERICAL ME TH 0 0 ECILEr4 TYPE 

GRID ASPECT RAT/0 Yd9R/E.5 FROM /0 /I IT L. E. TO 

fir 	(mu) ..srRE,Imhbve 7-Eck/a/o VE NOT USED 

'S O  
XGI.IORD 

• 3 	• 4 	.5 	.16 	.7 

-.9 

- • B 

/ 

.4 

— - — EXPERIMENTAL 

THEORETICAL — 

Wirt/OUT MUTTA APPROX. 

w/TH 

-.3 

-•2. 

- • / 

7.7 cc 0 Re 1.,:- 	L-7 ID 

- .03 

—01 

05 

- 

J 

. 

	

\
-r, 	tr,  

	

0 	-\ 

	

0 	zz 

_ 	to 

	

4. 	a 
1 	z. 

I-- 	‘ 	7. \C 
N -A r, ::, 
Z 	 %23. 
0 	\ •Z 	tr, 

	

z 	..t.$ -0 

	

- 	.... - 	0 
7- 	 -:c  

\ 
"' 

c HPN 6 Er IN 

srn6Abir few 
4../NE v•ii TM 

gliTTA fiPPP.. 

tZ 

2C. 4 '7. 1 	c.4scrlyt 



126 

F/GG'RE Z G  

Con.-/A9/R/sora  or: rHEoRET1cAL 

PE.,;u1.7-5 W17-7-e WIR1OU5 

LE/1WNG /;',VGL ES (1192) 

,IESUZT.S WITH KLITT.9 RPPROx1Mrirlon1 

es.,31.1 ° CRSCRoZ 

F'/G//'E 7.G c  

A/A 7-10A1 0r 7-114' ioo.wr 
Or .EQU/94. VELOCIT Y 0"/  

TWO CHA 	z  

S C./AZ..4—.42C ES v,,,/ r/1 .6"%/1 VIN6  
ANGEL" /eS2 

RESULr...5 w/r11 kfcer-7--.4 

fiPPR 0 X .t4 

A. 	° cAsc ,,we 

59 

58 

57 

56 
• 9 0 1. 00 -95 1. 05 

O 

tff 
its 

Qe< 

0 

0 

CHANNEL. StiltPt9C5 PO/A/7 OP ,cC54.1A1.. 
vEc.o 0/ r 	(/- r. O DCc ,vos , 

.7 

•6 

REStIL w/TWOur 

11%17- TA AirAPROX I -  

MAT1041 

• 6 •8  1.0 1.2 

F/GI/RE 7 6 cd 1.0 



127 - 

P/G [IR E 7.7  

EXPER/44 EN r/u ObIPARIS OA/  

FOR C/ C RDE vi./1 r/v 51:481. L  

REG/ONS OF SC/PER SO/V/C FLOW  

STAGGER ANGLE r= 2 e../ 

INLET „9,5"G 	A = 30 4' 
Sor../z)/TY = 	8 
/1" c/A-TER/c Az A74-7w° - EVLER T' PE 

'2 	
1 I 

wnwocir KUrrn,  09RPPDX 

vt/t rrt 

• 

— — — .exPERIM4 Ervi-44 
THeORSTIC,94 

.2 	.4 	.G 	 •8 

C  c Ii04R 



128 

DC CHO P 
1.0 .6 

.9 1.0 

/76(//3E 7 7 c  

EXTRAPOLATION CC/RvE7 FOR  

LOCRT/HG THE CHANNEL SuRFRcE  

Po/NT OF EQUAL, 1/47. 0 C/ TY A T 

THE TPA/Li/VG CO  GE 

RESULTS w/77, KUT TI7 'IPA X0.1'1,44 r Ar 

03.e0 

29.1°  cAsc4.04- 

'76 /?E 77 b 
ComfPRR/so/v OF THEORET/CRZ 

RESULTS FoR Mt/VOUS zeRwit/G 

A/vGzES 99.2 ) 

REsu4rs 	w/r/1 Aeu7 7.47 

RP PR OX /.H.07"/ OiY ..1"‘? 
'see 0  

1.0 -••• ,":4 PE RI p. 	•••• 

It! ! 

`0"4: 7° 

• E. 	.7 	• 

- • a 

.7 

cho r 0f 

F/GURE 771 

RESULTS W/771.0c/7-

/a/ T 7./7 RPPROXImRTIoN 

/. 0 

/ 

• g 

0 
• 7 

w

V 

 

= .1'4. c. 

••• 

"g"1.-PZ-R/M  &VT  — 
5:  " 14 1.  



FIGURE •% 8 

CASCADE AT TWO 	111/GET /1/V GLES 

129 

ST/1664-.Q 4/./GLE r= 59.6° 

Soc./ iry = 1.5 
NUMERICAL  METHOD - EULER TYPE 

0 I. 0 • 6 •2. • 5 

ea.... moms 
en@ 

AO.  Op 	 •••• • 
•••• 

•••••••• •••• oss 

••• •• • 
• 

.."*" .-•••0 	• 

,e 
t„." 

gm. 	 ▪ 	ssss —0 

sss. ••••• 

s-- 

// 
/ 

///  

.9 

A= /5 0  

- - - EXPERIMENTAL. 
—0-- THEO RETICRL 

300  
	e PERIME NrAL. 

—0—  THE° E no fit- *02 

XCHOFI 



0 1.0 

A/GUR E  

ComPARISOA,  o  
CORVATC/i1E METHOD w/ /-1 

METHOD OF Al 9 E 	Af  

SoLADTV a o.97G 
h. 1 	NtI146E R LEVEL 

INC0141PRESS 	0„ 

INLET /9NGLE /3, = 
LEIN/NG idNGLE.. /32 = 47_5° 

NeWERICRi. blErN00 -EtLER TYR4:-..-  

(FirSt.  profile} - 	- NIRRTENSEN 
•-- STRE/N7r.thvE cuRV19reIRE 

3C riX 1St. 

• 

4.0 

— o 
I `a 

\ 1 
07 	1 

r  ems`  

1.0 



• • 
• 

-- A —. 

DC x 
110.4•••=011.•••••.••••• 

4. 	• 5 	.5 	 • 8 1.0 

• 
• 

ji•-• 	""""s• • 

•••.. 
• 

I\ \ 0.•••  

• 

4. 

— 
.••••  7. • 

Mortensen 

Stream-dhie Curva4ure 

F/GURE 7. /0  

Comparison of sf rearntir)e. 

curvature mekhoct wain 

rneAoci of Mortensen 

Solidify = 0.943 

Mach No. /eve/- 
incompressilo it ( 0.1 ) 

Irdet anile = 22.O °  (Pe) 

Leovinj. aru/e = 	° 

Nurnerked me+Mod- Euler  Type 

(second profile) 



fr 

le EY 

rHo0 ST naAmt.iNe 

GR/t) Prrn AS .51-16vvN 

EXPER 'ME% NT' 
OuRV6Ttli2E 	or SOuCR 

O 
'to 0 

FIGURE Tel/ a  

COPIA/M/50AI  OF STREe9b14/AIE Gtmv6ruRa mErtioo 

or 66tiEli  'two E'xPr.Rit-icovr62.. PESuLT,5 	ofq  

THROAT REG/0N OF C OA, 	G EA/ - IVCR Ervr 

NOZZ LE  

5TREAML/Ne OutRyilT fiFte METFEQO usED - icIvAIGE-leciTTA TYPE 



133 
1 

compAp/zoN  oF 5 -1 / 47,4:1-ILIA/ F. CIIRW)7.1.1 RE 
/-1E7-1-/00 	r 	 Or CHARM C TER- 
157- /c3 	XPER/A1ENT //./ ,supE,950/v/C  

oFo NVERGEA/T- a/yr:IRO-EA/I /VC.Z.Z LE 

NUMERICAL /-7E7Wot, USE!) — RUA/ G 	rr/7 r YPE 

GP/t. AS SHOWAl /N F/GU!ES 7.// a&C 

2.0 

/.9 

1.5 

/.4 

STREAMLINE Cc/RwrrvRE 
-- — CHARAcreRis TICS 

N 
0 

N 

D/STRAICE FROM BEG/N/V/IVC3 OF NOZZLE (W.) 

ExPERtmENr 

7 	8 	to 	II 	12. 	/.3 	/4 	/5 	/6 	/7 	13 

54/7..ER TYPE 

F/61/1? E 7.1/c  

compfixiv,so,v OF STRE/9A/14/11/4" CURVATURE.  
METHODS 

TYPE 

/9Y1.5 

CHI7Pnc7ERISTicS 



17G (//-?f: Z //a, 

CO/v1FAR/50N op  STA'CAA,,i./...S/' 

CUR 	r fi E 	k 	©O  

RUNGE-KUTTA TYPE 

EULER TYPE 

F/GURE" 7. // e_ 	134 

COA-1P1?./Oty. OF RF.SULTS /'OR 

:D/FP-e-REA/7- GR D 

GRID cF .4•G.• -. 7.1/ a 	 

EVENLY SPRCED 6-1210 SHOWA/------ 

i~ 

f/6e/RE 7. //  

EF,c'Ecr OF NOr 05E.Y/A/6 G 7 0 3PAC,IVG  

CRIrERI/7  

6 5 TRE4r1z/NES 
/ 5 
CHARACTERISTICS 



Ilverbolic. 

Platt 1.0 Coni-our 

5E-reamlinc curvature 	 

Method of Sauer 	— — — 

friethod of U0!! 	 

• 
N 

0 
t. 

135 

1470 H. 

t.VRE- 7.12 

COMPf2R/ 	Of 771EORET/C/IL. METHODS 
11t/ THR6*-;1  REG/ON OF CONVERGENT 
DiVERGeN7 ii)'PERBOL/C NOZZLE 

/70m er iced .ena Moot- Ru.29e-/4//tte 'tyre 

1 
t. 

19X1.4; oc 	r,Inq fry 



F/GUPE 7./3a 

Conlporisson of Meoref-ica/ and experirnenfral 
results Foe- roofSec/ion skean.) turbine  

.proFi/e  

/ 

	

/ 4. _ 	 / i  • 

	

\ 	 ..- 
\ 	 e" / .... -.../ 

	

i I 	 . / . 

	

i I 	 1 

	

1 I 	 I 
i I 

	

I 	
, 1  

1 -,- 

	

I 	 i 	• 
I 

14) 
o 

► 

   

10 

► 
► 
I 

 

I- 

► 

   

    

► 

1 

• 

\ 	 • \ 	 \ • 
• \ 	 • 

	 • 
• 	

(a) 
	

(3) 
Subtonic'Resiorl 	Transonic re,9ion 	Supersonic. Res/on 

	them-el-iced 

E/61/RE Z /3 L 

I/V/9vY THEORETICAL SOIVIC LINE 

FOR HIGH ASPECT R fir/c.  
GRID 

experimen1- 0/ 

Theoretical 	 

136 



0 X axrn/ 
0 

F/G E 7/4a 

Cb. 	PRR P:5 	of L'XPERiMENT4L. /70vel.  

7HE oigt,  TiCA,L. R67,5 U//_ r.5 FOR m/e) -  OD 

56C-770N STE- Ar--; TUREVAiff PROP/LE 

EA,  c,--R/1.-7w./v7/92. - - - 

5 TRE/9/-1L ///v6-  c vd9 r p 6 	• 

CH/9/?/9c -rr:P/5 77c s 7/9K/N6 
Somc 	Rs /7T 
060,44 	c THR gi 

/. 0 

O. 

V 0 O. 

J 
N 

0.2 

0,1 

0.9 

o.8 

0.7  

.42  0,6 - 

F/G1/12f Z/46 

CONTOUR PLOT i9ivo GRID  FOR 

14/4) .R,,,o/u.5 	TuRehvg PgognE 

0 7 ;11E/2 ,gio0P"./L,E 

ti 

1.5 

PROFILE. 11,TE& 

0 6 0i.16 TRic vAicEArfi/ter),  
t).$7 	S O fig CE 

F 

137 



F/Gq/VE7. /5 

4-XPEAVA/767\ITHL ,9A/0 71-1.EORET/C,91_ 

REstn. 7,5 Po A.' TIP SECT/on‘  

P/ 	A-W., if 

77/CoRET/C,9L 	 .6')," PER/MENTAL - — — 

seo  cy.  

,-- 

-- 7r- 
• 

\ 
N. 
• \ \  

EiGuRE 7/6 

eXPER/MEWTF1L 4,v1;)THEaRET/GRL  

RESULTS F-OR PROFILE OF 

RZHEZNIKov ( Z 4)  

138 



139 

f ./ GC/RE ZJecv 

CASCADE AND STREWIL/NE 
CURVATURE GRID USED 
FOR /NDUSTR/AL PROFILE  



./Ge/RE 7./6  b 

EXPE k /ME' A/ TAL. C OMPAR/S 0/V  

FOR 77-/ROAT REGION OF' //V VS-

7-17? / L PROFILE  

1 

„ 
e e 

TheOf-elICCl/ 	  

Suc do 	ace 

1 

/ 
/ 

/ 

/6"-  cfsc, (1,-e  e  

140 



1 41 

FIGU.RE 7../7 a  

PROF/ 45 O/ ''LEA" Z /97-  /471/61-/ AND  
Z. OW SC/ BSON/C LEAV/ NG A4 A Ch'  

N Arf -CR S  

CASCADE 0.9 777 RS /A/ i`"/G VA Z E 7.9 

tecimetel cat ME TI40D El."1-E72 TYPE 

1.0 

•2 

•1 

-2 	•3 	-4 	-5 	• 6 	.7 	• e 	•9 

NIG N MI/9C Ala — • ---
Low A4Rca 

•4- 

•3. 

„ 

CcArt.hal 



A 
GRIO FOR f-1/H 	 1.0v• .^t4A.e.w NO. 	 fi/.e.;H 4/Mc'/ No. 
A4Ac....,  NO. Resvi.r 	 RE.31.11.T 

FIGURE Z/7 / 

GRID AND CONTOUR PLOTS FOR FIRST 
PROF/LE OF REFERENCE  

7.2 



'2 •3 	.11- 	.5 	•7 	.9 a 	./ •5 	1.0 

143 

F/GURE 7. /8 a  

PROF/ LE OF REFERENCE 
7. 2 AT 1-// 6H AND 014/  

(1850/\//C LEA W/VG 
MACH A/L/A,98 ERS  

C.95cRoc 0/97/9 45 /A,  P.,  GUPE 7.10 

m/n4Epic94 /tierifor: - 	TYPE 

• 

1.2. 

____.--- • 

k,7  
tu 
co e 	 I//G// ',Incr./ No. 	 

.‘ 	.3 	 Low /14.1)C H No, -- - • - - -. 

U 	 / 
/ 

,'. 

•Z  

•2'f•1 

1.1 

1.0 -}. 

•41 

•Xax;c11 



Low MACH GRIP PO R HIGH 

NO. 	RES en_r MACH NO. AE.501..T 
NO. RESULT 

F/GURE 7. /a  6 

GR/D AND CONTOUR ,LOTS FOR SECOND 
PR OP7.4.Z..--  OF REFERENCE 7.2 

,./f ON /VIA CI-I 



,F7GUIE 7./9 

PROF/LE OF REF - 7.2 
W/7-1/ s.5 l/ PE RS 0A/I C LEA V / G 

MAC/1 N  O. 

CASCADE vAr4 AS "A,  F/6 7.9 

ArctivreAtcAt. METHoo - EliLfP TYPE 

1145 



O • 5 	 1.0 

.4 	• G 1.0 

-7 

.4 

r• 

P/6U..-S'E 7. 20  
Firs / 	fRe.  

7.„ 2 	//ore. 

Ca.6code. do ha as 

1, A".:2  7.9 
Nvrn e 	Pr el-hod- 
Eede 

/1 / 0 90  

,4to 

14 6 

'S. 

e4 A  

.... 

I. 	--,- 	II . 	--". Y. I 00 = fAre  
i z 	4 17 

proi-i,  

Zero Fiore 

jcoN't a 1 

1.8 

1. - ,c7 

• ."."-'., A 	-,.. 
." 	N. 

/ 	 \ 
\ • IP 

	

/ 	 N 

	

f. 	 \ 

1.4 

/.2 

1.0 

FY OUR E 7.21 

/-70c)7" ECT/Onl OF Fop sr4e (ad6) 

W17'N /0 'A 

:Co xi a 



APPENDIX I 	CONVERGENCE ANALYSIS 

This appendix contains the full derivation of the convergence analysis 

of Chapter 5. The derivation is presented in 4 parts. The basic convergence 

formulae are derived in part (a) and the subsonic and supersonic calculation 

procedures for all the convergence formulae in parts (b) and (c) respectively. 

Part (d) contains a short proof in connection with part (a). 

Appendix la 	Derivation of basic convergence formulae. 

Section 5.3a has described the overall procedure followed. Equation 

5.1 is applied sequentially to each streamline along normal m (Sketch 5.1) to 

obtain the new velocity distribution. The continuity equation is applied to 

find the new flow area which, after the original flow area is subtracted, gives 

the change in flow area at each streamline. 

In this analysis only the n th streamline radius, density and flow width 

will be used to calculate the velocity increment between the n th and n+l th 

streamline. 

Applying equation 5.1 along normal m in Sketch 5.1, the velocity 

distribution can be written as:- 

V
m,1 

= V
m,o + dVm 	( R 	= 00 

m o 

din dM  
m,2 = Vm,1 

- S
fctp

m,omRm,1 = Vm,o 
+ dV. - S 

m fctp
m,o

k
m
R
m,1 

dun  V 	= V 
m n 	m,n-1 - sfctp 	R 

m,o m m,n-i 

=V +dV -S
dm 	 S 

	
dm  

m,o 	
m 	fntpin

,o,1 	
fctp

m,o
k
m,n -1 

 

A1.1 

 

(It should be noted that the effect of using p 	instead of p 	is m,o 	
m 
n  

neglible because, for small increments,  dV 	dV 
pfdp p 

 

Before introducing the continuity equation, a substitution for the 

radius of curvature is sought. For a 3 point parabolic formula the required 

radius is shown in Sketch A 1.1a to be, for subsonic flow:- 

h h 2, 
im 2m m  R

m,n. 	2 Aam,n  

 

A 1.2 
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Q.SSUm;r!...7: R .1:7; 	da3/0122 =-2ct 

A, A. 
R= 2Y 

_ 
2Y 

  

SKETCH R/./ 

Porn Laic radius r curvature  

For supersonic and s on c  
flaw .  

S u 6.5o/7;c Pow Supersonic Flow 



and in Sketch A 1.1b for supersonic flow:- 

h (h + h ) 
im im 2m m R

m,n 
= - 

2 Aa
m,n 

 

A 1.3 

 

where Aa 	= streamline area deviation from a straight line as defined 
m,n 

 

in Sketch A 1.2. 

The streamline deviation from a straight line, Aamn,  by reference 

to Sketch A 1.2 can be shown to be, for subsonic flow:- 

Aam,n = dam ,n -m dam-1,n  - (1 - h') dam+1,n 

A 1.4 
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or 
AYm,n = ym,n 11; ym-1,n - (1  - 1112 Ym+1,n 

and similarly for supersonic flow:- 

" 4m,n = ym,n - (1 h")  m-1,n  + hi  y m-2,n 
A 1.5 

where A 
Aa
m,n 

m,n Na
m 

Substituting equations A 1.2 and A 1.3 into equation A 1.1 gives:- 

V 	= V 	+ dV 
m 
- Z E 

n-I 
 Aa m,n m,o 	m m,j 

  

A 1.6 

  

where:- 	
dm  Zi  = 2 Sfct p 	k' h h • m,o m 	2m. and 

for subsonic flow (equation A 1.2) 

Z = - 2 Sfct h
in 
(h + h ) 

fo
r 

supersonic flow (equation 
p 
m,o m im 1m 	011 	 A 1.3) 

Proceeding now.to apply the continuity equation, a relation 

between velocity and density changes is required. 

For small changes in velocity a linear relationship between 

velocity and density is asummed so that:- 

dp _ k  
dV 

and 	p = p
o 

+ k dV 

 

A 1.7 
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Combining equations A 1.6 and A 1.7, the density at each streamline is:- 

t1-1 

pm 72 = p
M, o  +kdVm -kZM  EAaM  , ,t 	,J 

 

	A 1.8 

 

The new streamline flow area a' n  is found in two ways as outlined in m  
Section 4.2. The first, the Euler type method, uses velocity and density data 

from the previous n th streamline to calculate the next (n+1 th) streamline 

flow area. The second, the more accurate Runge-Kutta type method, uses average 

data from the two streamlines. These two results, for subsonic and supersonic 

flow are presented together for compactness. 

For the Euler type method the new streamline flow area is, from 

equation 5.2:- 

a' 
m,n 

di  

Pm,n-1 
V 
 m,n-1 

Substituting equations A 1.6 and A 1.8 and simplyfying:- 

t1-2 	 r)-2 

= 
dm/ (p 	+ kdV - kZ EAa .)(V 	+ dV - Z E Aa ) m,o 	m m m,3 m,o m m mj 

V 	V 
pm, 	Vm,o + (1 + k-

P
at(3)p mo  dVm  - (1 + kP 

 111“))Z m nE-Z  La
my .}. 

 o $ 	.3 m,o 	m,o 

It is shown in Appendix ld that:- 

1 + k —V  = 1 - M2 

where M is the Mach number. 

am,n ' 	= di 
p V m,o m,o 

dV Z V ,a 
M2m)(V  211 	E Aam, j)} 

m,o m,o 

 

A 1.9 

 

Similary using the Runge7 Kutta type method:- 

a' n = di/
( 

Pm
'
n-1 + pm, 	n)(  , Vm n-1+ 

 V'i'n) m,  
2 	2 

= di/ 	dV 	Z n2 	Z 

Pm,0Vm,0 1 	(1  - M2)( m 	 La 	Aa 	— 1 m Aa 	)} 	A1.10 
m 	V 	V 	, 	raj 	2v— 	m

' 11
-1  

m,o m,o 	m,o  

dm  
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The new streamline flow areas have been derived . The area changes 

at each streamline are now found and are, with reference to Sketch 5.1 as 

follows:- 

dam,n 
= damn-1 + a' - am m n 

 

A 1.11 

 

Substitution of equation A 1.9 into A 1.11 and simplyfying gives the 

result for the Euler type method:- 

da
m,n 

= damn-1 + 
di 	di  

m 0 	Da ) Pm ,o 	
11 4. (1  _ 11m21(dVm  Zm 	pm,0 v m,o 

V," 
m,0 m,0 0$J 

  

dV Z 
(1 - M2)(V  -22 v 	E  Aam,  .) m  m,o m,o  

 

damn-1 + 	di  

Pm,o m,o 

  

 

dV Z 
1 + (1 - M2m) (V  m 	m 	Aa .) 

m,o V
m,o. m,j 

    

    

dV Z 
di  • 

= dam,n-1 
+ 
p V 	

{ (1 - 	Cv-2 	Aa )1 
m,o m,o 	m 	

Vo m,o 	m$J  

din  
Dividing by Nam

, substituting pm  V m o 
- m and equations 5.7 and 5.13 gives 

, ,o  

Ym,n 

Z a 	, 
- x

m + (1 - M2) 	
 Ay . 

m,n-1 	m V m,o 	m$.1 

 

A 1.12 

 

the term in equation A 1.12 is simplified for 

subsonic flow as:- 

K
(1 - M2)Z a 	(1 - Mit) 

2 m m m 	 di 	dm  
m = V 	V 	Sfct p 	ka  h h 	p v 

m,0 	mop 	m,0 m vn 2m m,o m,0 

= 2S
fct 

2
) 
 dia2 	1  

m pm 2 	£2  h h 
m,oV  m,o m im 2m 

2 S
fct- M

2) N2a2 	2 S
fct

(1 -'1215) D 

N2 	Q2  h h 
m um 2m 

N2  h h 
1m 2m 

A 1.13 



Km = - 	 
hi (h 	+ h ) N2 M VM 2M 

Sfct(1 - M2) 	
D2  

A 1.14 

N a 
where 	Dm = 	

m 
- total flow width, 

m 

and : 	. for supersonic flow:- 
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Equation A 1.12 becomes:- 

n4. 
Ym,n = Ym,n-1 xm 4- Km E'6Ym,j 

 

A 1.15 

 

Writing equations A 1.15 for the n-1 th streamline and subtracting from 

equation A 1.15:- 

 

n-a 

YM n-1 = ym,n -2 X
m 

K E Ay 
9 	 M I 	M,j 

  

Ym,n = 2ym,n-1 - ym,n-2  + KM,I.Aym,n-2 

Substituting equation A 1.4 the result for subsonic flow is:- 

' Ym,n = 2Ym,n-1 - ym,n-2  + Km{ym,n-2  - h my 	- (1 - h m-1,n-2 	m
)y  m+1,n-2}  

 

or 

Km) , yMn -2 - 
y
m,n = 2ym,n -1 - (1- 	1,n72 1- (1  - hM)Ym+1,n -2/  

 

A 1.16 

  

Similarly,substituting equation A 1.5 gives the result for supersonic flow:- 

- 	(1 - Km)ym,n -2  m{(1 + h")y 	- hfly 	A 1.17 ym,n = 2ym n-1 m 	m-1,n -2 	m m-2,n -2} 	 

Proceeding from equation A 1.11 in a similar way to the above, the 

use of equation A 1.10 gives the result for the Runge-Kutta type method:- 

y 	= y 	- x + Km{i Ay 	+ lAy 	} m,n m,n-1 m 	m,j 2  m,n-1 

 

A 1.18 

 

A 1.19 + 	 Km{Aym,n-2 + Aym,n -11 	 2 ym,n = 2ym,n -1 - Ym,n -2 



Substitution of equation A 1.4 gives the result for subsonic flow:- 

KIh - 	' y
m,n 

= (2 + IK
m
)y

m,n-1 - (1 - IKm)ym,n-2  1 2  M m(y m-1,n-2 
+ y

m-1,n-1 

(1 - 1.0)(y 
m m+1,n-2 

+ y
m+1,n-1)1 

 

A 1.20 

  

Substition of equation A 1.5 into A 1.19 gives the result for supersonic 

flow:- 

y
m.n = (2 +)ym,n -1 

- (1 - 1Km)ym,n -2 - Km{(1 h"m)(Y m -1,n -2 
+ y

m -1,n -1) - 

1.1"
m
(y 	+ y 

m-2,n-2 	m-2,n-1)/  

 

A 1.21 

 

Equations A 1.16, A 1.17, A 1.20 and A 1.21 are the required 

convergence formulae relating velocity and area changes in terms of grid 

parameters. A method of evaluating these formulae is presented in the next 

two sections. 

Appendix lb 	Calculation procedure for the evaluation of the  

subsonic convergence formulae.  

The calculation procedure of Section 5.5 is presented fully 

in this section. 

Inspection of equation A 1.15 for n=1, 2 etc. shows that it 

may be written, for the M normals of Sketch 5.3, as:- 

m,n = C x + c2 nx2 + 	+ cM  xM  I,n 	,n  

where c.• are constants. j,n 

 

A 1.22 

 

Introducing a subscript notation for c ranging from 1 to M2, 

equation A 1.22 is written for each of the M normals as in equation 5.14. 

It is now assumed,as explained in Section 5.4b, that no changes take place 

along normals 1 and M. With this assumption equation 5.14 becomes:- 
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(m-1)M+i,n-1x.  

(m-1)M+i,n-2x  1 

c(m-2)M+i,n-2x  1 

	+ cmo
+1,n-2

x
1 
+ 	+ cMM+14-1,n -2xM -1)1  

= 2(c(m71)M+2,n-1x2 

-(1-Km)(c(m  -1)M+2,n-2x2 

-1Cm{11111(c (m-2)M+2,n-2x2 

+(1+11M)(cmM+2,n-2x2 

c(m-1)M+M-1,n-1xM-1)  

c(m -1)M+M -1,n -2xm-1)  

c(m-2)M+M-1,n-2xM-1)  

M 

y 	= 0 
I,n 
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y
m,ft = 0 + c(m-1)M+2,nx2 + 

	+.c -1)+1,nx1 + 	 c(m71)M+MH1,nxM-1-1-0 

m 
y = 0 1411 

 

A 1.23 

  

Equation A 1.23 (that is equftions A 1.23 for y m,n-1' ym,n-2' Ym-1,n-2 

and ym+1,n-2)  can now be substituted into the R.H.S. of eqation A1.16 to give:- -  

1 

A 1.24 

Equations A 1.23 and A 1.24 are both expressions for ymn. 

The i th coefficient of equation A 1.23 must therefore be equal to the i th 

coefficient of equation A 1.24. Equating these coefficients gives:- 

= c(m-1)M+i,n 2  {hi  m-1)M+i,n-1 - (1 - Km)c(m-1)M+i,n-2  K 	e m m (m-2)M+i,n-2 

(1 - 1-0)c 	. 	1 m mM+1,n-2 

 

	 A 1.25 

 

Similarly for the Runge-Kutta type method (substituting equation 

A 1.23 into equation A 1.20) :- 

= (2 + IK )c - c(m-1)M+i,n 	2  m (m-1)M+i,n-1 (1 - IK )c 2  m (m-1)M+i,n-2 

- 1K {1C(c m m (m-2)M+i,n-2 + c(m72)M+i,n-1) 	(1  - 	(c(mM+i,n-2 + cmM+i n-1)1  

A 1.26 



As explained in Section 5.5c, the starting coefficients for the 

general expressions of A 1.25 and A 1.26 are needed. These are found as 

follows. From equations A 1.4 and A 1.15, for n = 1 :- 

y 	= 0 - xm + 0 

Comparison of this equation with equation A1.23 indicates that all 

the coefficients are zero except that of x
m 

which is -1. 

Therefore:- 

= —i  

 

A 1.27 

  

Similarly for n = 2 :- 

ym,z -x-x+0= - 2 m  
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and 
= c(m-1)M+m,2 - 2  

 

A 1.28 

  

The starting coefficients for the Runge-Kutta type method are 

found using equations A 1.5 and A 1.18. For n = 1 :- 

y 	= 0 - x
m + 0 111,1 

therefore 
(m-1)M+m,1 = -1  

 

A 1.29 

  

For n = 2 :- 

   

r ym,2 = -x In In -x + 2K 1-xIn  + hm  'x m-1  + (1 - 11m')xm+1 } in  

= -(2 + IK )x 	'x 	+ 1Km(1 - 11')x m m  1Kh  mmm-1  2 	m m+1 

Comparison of this equation with equation A 1.23 indicates that all 

the coefficients are zero except those of xm-1' xm and xm+1 
which are:- 

c(m-1)M+m,2 = - (2 +  

c(m-1)M+m-1,2 = 11(Mhni 
for 3 < m 

=0 	for m = 2 
A 1.30 

c (m-1)M+m+1,2 = iKm(1 hm)  
- for m < M-2 

= 0 	for m = M-1 



Ym,n = 	
2(c (m-1)M+3,n-1x3 ....+ c 

(m-1)11+i,n-lxi 

—(17Kia)(c(m-1)M+3,n-2x3 + 0000+ C . +....+ c (m-1)M+i,n-2
x  1 

- K {(1+h")(c 
m (m-2)M+3,n-2x3 ....+ C (m-2)M+i,n-2xi 

-h" m(c (n-3)M+3,n-2x3 (n-3)M+i,n-2X  1 
+ 040P+  C 

 

   

Appendix lc 	Calculation 'procedure 	'the 'evaluation Of 'the  

supersonic - COnVergeted'fOrMUla.  

The recurrence formlae for the convergence of supersonic flow - 

are given in equations A 1.17 and A 1.21. The method and the grid notation 

used to apply the formulae to an actual channel has been described in Section 

5.6 and Sketch 5.4. Equations A 1.17 and A 1.21 can be evaluated as follows. 

An examination of the equations show that ym,n 
is a function 

only of x. where j < m. When therefore ym,n 
is written in the form of equation 

A 1.22, the coefficients of x. for j > m must be zero. Referring to Sketch 5.4, 

no changes occur at normals 1 and 2 and the coefficients for m = 1 and m = 2 

are also zreo. Adopting the same subscript notation as in equation 5.14, a 

similar equation is written for the supersonic case in equation 5.22. 

Equation 5.22 for v - -m,n-1' ym,n-2' ym-1,n-2 and vm-2,n-2 is  

substituted into the R.H.S. of equation A 1.17 to give:- 

(m-1)M-Fm,n-1xm)  

(m-1)N+m,n-2xm)  

(n-2)M+m,n-2xm)  

(11-3)M-M,n-2xm)/  

	 A 1.31 

Equations 5.22 and A 1.31 are both expressions for ymn. The i th coefficient 

of equation 5.22 must therefore be equal to the i th coefficient of equation 

A 1.31. Equating these coefficients:- 

. = e (m-1)M+1,n 	(m-1)M+i,n-1 
(1 - Km)C(m-1)M+i,n-2 

-K{(1 + h")c 	- h"c } 	A 1.32 m  

Similarly, using equations A 1.21, the result for the Runge-Kutta 

type method is:- 
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c(m-1)M+i,n = (2+ Km (11-1)M+i,n-1 	(1 1K
m)c(m-1)M+i,n-2 

—1Km{(1 + 11:1)(c(m_2)mi-i,n-2 c 
(m-2)M+i,11-1)  

   

-h(c m 	(m-3)M+i,n -2 + c(m-3)14+1,n -1)) 

 

A1.33 

 

As for subsonic flow, equations A 1.32 and A 1.33 can be evaluated 

sequentially for increasing values of n once the initial constants for n = 1 

and n = 2 are known. These two starting coefficients for the simple Euler type 

method are found from equations A 1.15 and A 1.5. For n = 1 :- 

y = -x 
m23. 	in 

Comparing this result with 5.22 indicates that all the coefficients are 

zero except that of xm. Therefore:- 

 

= -1 

 

A 1.34 -1)M+m,1 

 

Similarly for n = 	all coefficients are zero except that of x
m 
which is:- 
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A 1.35 

 

The starting coefficients for the Runge-Kutta type method are found 

from equations A 1.18 and A 1.5. For n = 1 

 

y= mand 	= -1 
m21 	c(m-1)11+mo 

 

A 1.36 

For n = 

 

= -(2 + 1K
M
)xm + 	(1 + h")x 	IR hfix 

ym,2 	 m m-1 	m m m-2 

Comparing this equation with equation 5.22 indicates that all the coefficiets 

are zero except those of xm
, x

m-1 
and 

xm-2' 
Therefore:- 

for m > 5 	
-1)M+m,2 =_-2(2  + LKm 

 , c 
 (m-1)M+m-1,2 = 1Km(1  h") 

c 	=_ 1K h" 
( -1)M+m-2,2 	m m 

for m = 4 c 
	
= 0 with the other two coefficients as for m > 5. 

for m = 3 
(111-1)M+m-1,2 = 

- m-1)M+m-2 0 with the other coefficient as for 
m > 5 
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Appendix ld 
	

Derivation of 1 k
V 
 = 1 - M2  

It is required to show that :- 	Km  = 1 k—
V  

= 1 - M2 

From equation A 1.7 :- dp V 
K
M 

= 1 
dV p 

 

2  V  
T = To - 2__Jc 	and yo= 

60 p  

y-1 
For a perfect gas :- 

 

  

Combining :- 
y-1 

V = (2 go J C Toil - (110) 
	}) P 

dV
,  

dp i 

y-1 	2g0JCpTo(y-1)p
-2  

r 
Differentiating :- 	= 12g0JC To(1-12o1 )2}x{_

i  
lx{- 	r P 

- 	go J To Y PY -2  

V prl  

( Ry = C (y - 1) ) 

V2 	V2  1 	
dV  
dp V = 	

go J R 
'TT - 1 - V2 	- 1 - M2 

sonic 
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APPENDIX 2 	THE COMPUTER  PROGRAMME  

FORTRAN Symbol List  

160. 

FORTRAN Symbol Description of s bol  

Inverted matrix array for super-
sonic block convergence. 

Salient row of matrix inverse at 
normal N. 

Flow area along normal N. 

Flow area required at a normal. 

Array used for generating velocity 
correction constants. 

Cp for perfect gas. 

Flow area change required at nor-
mal N. 

Flow area downstream. 

Flow area upstream. 

Damping factor used for a subsonic 
flow. 

Damping factor used for a super-
sonic flow. 

Throat velocity correction damping 
factor. 

Tabular difference in enthalpy 
table. 

Fractional flow height variation 
between XU and XD. 

DL 	1.0, for use in channel height 
calculation. 

DL/(XD - XU), for use in channel 
height calculation. 

Streamline mass flow lb/sec. 

Stream tube flow width. 

Tabular velocity increment. 

Slope of streamline M at normal N. 

Non-dimensionalised flow area change 
required at normal N. 

Molecular weight of perfect gas. 

Algebraic Equivalent/ 
Source/ 

Main Areas of Use: 

Chapter 5, VCCONS, 
SUPCON, VNEW. 

Chapter 5, VCCONS, 
ADPT, VNEW. 

D. 

ENDPT, BCHEK. 

ADPT, SUPCON. 

Main. 

da, ENDPT. 

BCHEK. 

BCHEK. 

df, VNEW, NUGRID. 

df, VNEW, SUPMCH, 
NUGRID. 

BCHEK. 

Main. 

EL. 

EL. 

EL. 

di, Chapter 4 & 5, 
SLCALC. 

dn, Chapter 4, SLCALC, 
NEXTPT. 

F INDRO.. 

SLCALC, DYDXRC, 
NEXTPT. 

Y, Chapter 5, ENDPT, 
BCHEK, SUPMCH, VNEW. 

Main. 

A(N,J) 

AI(N J) 

AREA (N) 

A2 

CC(289,3) 

CP 

DA(N) 

DANPS 

DAI 

DFSUB 

DFSUP 

DFT 

DHDATA 

DL 

DLPL1 

DLXDXU 

DM 

DN 

DV 

DYDX (N, M) 

E(N) 

EM 
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ERROR 	 Terminating surface boundary con- 	BCHEK, SUPMCH. 
dition tolerance. 	For conver- 
gence/E(N)/ must be less than ERROR. 

GAMMA 	y for perfect gas. 	Main. 

HODATA 	Highest tabular enthalpy value. 	Main. 

HOT 	Total enthalpy of fluid. 	Main. 

IRC 	 Calculation control number 0 = 	SLCALC. 
curvature and slope calculation 
suppressed during stacking proce- 
dure 1 = normal ie. curvature and 
slope calculated during stacking 
procedure. 

ISTP 	Maximum number of iterations allowed SUPMUH, KUTTA. 
for any one grid. 

ITRN 	 Counter for number of iterations. 	SLCALC, SUPMCH, KUTTA. 

JCHNG 	Indicates state of convergence. 	BCHEK. 
1 = convergence obtained, 2 = a 
change has been made and further 
iteration required. 

JRC 	Calculation control number. 0 = 	SLCALC, NUGRID. 
normal procedure used to declare 
a point "subsonic" or "supersonic". 
1 = each point declared once for 
all at commencement of iteration 
process by interpolation from a 
previous solution. 

JREAD 	Number controlling generation of 	VELDIS. 
initial flow parameters TM, VCC(N,1) 
V(N,1). 	All data is calculated 
one dimensionally and then over- 
overwritten by input as follows:- 
1 = nothing overwritten 
2 = VCC(N,1) overwritten 
3 = VCC(N,1), TM, V(N,1) overwritten 
4 = TM, V(N,1) overwritten 

JSONIC 	Channel flow type control number. 
0 = wholly supersonic flow, 
1 = subsonic-supersonic flow, 
2 = choked subsonic flow, 
3 = unchoked subsonic flow. 

KD 	Calculation control number. 1 = 	VNEW. 
normal damping factor used, 0 = 
low damping factor used in throat 
region. 

KDK 	Output control. 0 = deck of grid co- RESULT. 
ordinates and Mach numbers produced, 
1 = no deck produced. 

KRC 	 Calculation control number. 1 = 
curvature and slope calculated at 
commencement of iterative process 
only 0 = normal i.e. curvature and 
slope calculated during each itera- 
tion. 



K2 	Calculation control number. 1 = 
previous streamline data used, 1< 
average streamline data used. 

NDATA 
	

Number of expansion line data 
points supplied or generated. 

NGAS 
	

Data type control number. 1 = 
perfect gas, - 1 = enthalpy and 
specific volume expansion line 
data used. 

NGRDS 
	

Number of grids used to achieve 
final solution. 

NP 
	

Region of influence affecting con-
vergence at a point. 

NPB2 
	

Size of terminating surface array 
X2, Y2. 

NPN 
	

Number of points on a normal. 

NPS 
	

Number of points on a streamline. 

NSP 
	

Normal at which velocity is speci-
fied. 

NSPI 
	

Number of supersonic points used 
in "block" convergence. 

NSPIC 
	

Calculation control number. 1 = 
whole supersonic region treated 
as a "block", 0 = size of block 
as specified. 

NST 
	

Number of first normal to be used 
in streamline stacking procedure. 

NTAB 
	

Number of tabular values in velo-
city density table. 

NTD 
	

Increment to NTHRT for new grid. 

NTHRT 
	

Number of throat normal. 

NXI 
	

Size of commencing surface array. 

NI(N) 
	

Number of first normal to be used 
in velocity correction calculation. 

N2 
	

Last normal in streamline stacking 
procedure. 

PITCH 
	

Distance through which terminating 
surface input Y coordinates are 
moved to form the required cascade 
channel. 

P1 
	

Total pressure of perfect gas flow. 

RC(N,M) 
	

Radius of curvature of streamline 
Mat normal N. 

RHO(J) 
	

Specific volume array of expansion 
line input. 

ROM 
	

Tabular values of density in  

SLCALC. 

Main. 

Main. 

Main. 

Chapter 5, VCCONS, 
ADPT, VNEW. 

ENDPT. 

N. 

VELDTS. 

Chapter 5, VCCONS, 
SUPCON, VNEW. 

Main. 

SLCALC, BCHEK, 
SUPMCH, KUTTA. 

FINDRO. 

NUGRID. 

FINDY. 

VCCONS ADPT, VNEW. 

SLCALC, BCHEK, 
SUPMCH, KUTTA. 

Main. 

Main. 

R, Chapter 4 & 5, 
SLCALC, DYDXRC. 

Main. 

p, FINDRO. 

162 



SFCT 	Radius of curvature "starting 	S
fct' 

SLCALC, 
factor". A quantity between 

NUGRID. 0 and 1 to facilitate the erection 
of a grid. When less than 1 only 
a fraction of the actual streamline 
curvature is used to calculate the 
velocity gradients. 

TITLE(J) 	An alphameric array used for titling Main, RESULT. 
the printout. 

TM 	Total channel mass flow lb/sec. 	M. 

T1 	Total temperature of perfect gas 	Main. 
flow. 

V(N,M) 	Velocity of streamline Matnormal 	V. 
N. 

VAV(N,M) 	Average velocity of streamline 
M at normal M. 

VCC(N,3) 	Velocity correction constants at 	1 — M2, Km and normal N. 
h' or H" . 

Chapter 5, VCCONS. 

VEL(J) 	 Tabular value of velocity in 	V, FINDRO. 
ft/sec. 

VMAX 	Maximum allowable velocity at any 	SLCALC. 
grid point during iterative process. 

VMIN 	Minimum allowable velocity at any 	SLCALC. 
grid point during iterative process. 

VR(N,M) 	Velocity used to declare a grid 	SLCALC. 
point "subsonic" or "supersonic". 

VSONIC 	Sonic velocity in ft/sec. 

VSPEC 	Velocity specification at normal 	VELDTS. 
NSP in unchoked subsonic flow. 

VST 	Sonic velocity tolerance used as 	SLCALC. 
damping during iteration in the 
declaration of a "subsonic" or 
"supersonic" grid point. 

VTT 	Throat velocity tolerance on the 	BCHEK. 
choking boundary condition at the 
throat. 

X(N,M) 	x coordinate of streamline M at 
normal N: 

XD 	Downstream x coordinate of cascade. 	EL, KUTTA. 
Intended to describe channel 
height changes. 

XU 	Upstream x coordinate of cascade. 	EL. 
Intended to describe channel 
height changes. 

X1(J) 	x coordinate array of commencing 	FINDY. 
surface. 
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X2(J) 	x coordinate array of terminating 	ENDPT. 
surface. 

Y(N,M) 	y coordinate of streamline M at 	Y. 
normal N. 

Y1(J) 	y coordinate array of commencing 	FINDY. 
surface. 

Y2(J) 	y coordinate array of terminating 	ENDPT. 
surface. 
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APPEND!X 	2 8 	PROGRAMME LISTING 

C ** MAIN PROGRAMME. GENERATES ALL DATA AND DIRECTS THE MAIN FLOW OF 
- C ** CALCULATION 
C 

COMMON/BLKA/K(50025)4Y(50e25)/BLK8/AREA(50)/BLKC/V(50,25) 
1/BLKD/RC(50925),BLKE/DYDX(50,25)/BLKF/R0(100)+VEL(100)0NTAB 
2/BLKG/DA(50)/BLKH/VAV(50,P5)/BLKI/X2(70)*Y2(70),NPB2/BLKJ/E(50) 
3/BLKK/A2/BLKL/NPS/BLKM/NPN/BLKN/DM/BLKO/NTHRT/BLKP/JSONIC 
4/BLM/VSPEC9VSONIC/BLKR/TM/BLKS/DV/BLKT/DN/BLKU/KUIXD0DLPI 10DLXDXU 
5/BLKW/SFCT /BLKX/ERROR/BLKY/JCHNG/BLKZ/ITRN9IMF0ICYC9ITV 
6 	/BLKBB/NSP/BLKCC/N20NST/BLKDD/VCC(8003)94I(50015),N1(50) 
70AM(15030)0NSRI,NR/BLKEE/DA10DANPS/BLKFF/DFSUB,DFSUP/BLKGG/CC(2891 
8 3)/BLKHH/X1(70),Y1(70),NX1/BLKI//VR(50,25),VST/BLKJJ/IRC,KRCtJRC 
9/BLKKK/TITLE(90) /BLKLL/VTTVDFT/BLKMM/KD 
DIMENSION RHO(100)0H(100)0RKM(100)9RM(100) 

C ** INPUT OF THERMODYNAMIC DATA 
READ (5,130) NGASoNDATA,H019HODATA0DHDATA0DV,T10P10GAMMA,CP0EM 
WRITE(60130) NGAS,NDATA0H01,HODATA,DHDATA•DV0T10P10GAMMA0CP0EM 
IF(NGAS*EGI0-1) READ (50140) (RHO(N)0N=1INDATA) 
IF(NGAS0E04-1) WRITE(60140) (RHO(N),N=1,NDATA) 

C ** PREPARING THE THERMODYNAMIC DATA 
IF(NGASeE0.-1) GO TO 23 

C ** GENERATING ENTHALPY AND SPECIFIC VOLUME TABLE FROM PERFECT GAS DATA 
EXP=1.0/(GAMMA-1,0) 
CONST=T1*(1545043*T1/(EM*P1*14440))**(GAMMA-160) 
DT=DHDATA/CP 
DO 22 N=10NDATA 

22 RHO(N)=(CONST/(T1—DT*FLOAT(N-q)))**EXP 
23 CONTINUE 

C ** CONVERTING THE SPEC VOL TO DENSITY AND GENERATING THE ENTHALPY 
C ** TABLE 

DO 30 N=19NDATA 
RHO(N)=1.0/RHO(N) 

30 H(N)=HODATA—FLOAT(N-1)*DHDATA 
C ** GENERATING THE VELOCITY TABLE AND INTERPOLATING FROM THE DENSITY 
C ** TABLE TO FIND THE CORRESPONDING DENSITY 

GJ2=200*32e16*778016 
DO 42 N=1098 
VEL(N)=FLOAT(N-1)*DV 
HH=HOI—VEL(N)**2/G,J2 
IF(HHoLE0H(NDATA-1)) GO TO 43 
K=1 
DO 40 NN=I,NDATA 
IF(HHeLEeH(K),,ANDeHHoGT0H(K-1-1)) GO TO 41 

40 K=K+1 
41 RO(N)=PAR (H(K)9H(K-MI),H(K+2)9HH,RHO(K),RHO(K+1)0RHO(K+2)) 
42 NTAB=N 
43 CONTINUE 

RKM(1)=100 
C ** PREPARING A TABLE OF MACH NUMBER AND 1—M**2 

DO 44 N=20NTAB 
RKM(N)=1004-(RO(N)—FINDRO(VEL(N)-5a0))*VEL(N)/RO(N)/54, 

44 RM(N)=SORT(1‘07RKM(N)) 
C ** CALCULATING THE SONIC VELOCITY 

VSUB=100 
VSUP=VEL(NTAB) 
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DO 52 N=1.100 
VSONIC=05*(VSU5I-VSUP) 
IF(A5S(VSON1C—VSON)eLEe1e0) GO TO 53 
VSON=VSONIC 

)- 
1 
IF(DZ) 50953o51 

50 VSU5=VSONIC 
GO TO 52 

5/ VSUP=VSONIC 
52 CONTINUE 

WRITE(69400) 
53 CONTINUE 

C ** THERMODYNAMIC DATA PRINTOUT 
C 	WRITE(6+300) NGASeNDATA9NTAS,H014HODATA,DHDATA,DV,T19P1oGAMMAt 
C. 	ICP.EM,VSONIC 
C 	WRITE(6,210) (NoWN)4PRHO(N),N=1,NDATA) 
C 	WR/TE(6.320) 
C 	WRITE(6,211) (N,VEL(N)IRO(N),RKM(N),RM(N),N=10NTAB) 
C ** GEOMETRIC AND CONTROL DATA INPUT 

READ (59101) TITLE,  
INPB20NX1,NSPI,ISTpoNGRDS,K2,JSONIC,JREADioNSPIC,KD9KDK,  
2NPS,NTHRT,NPN,NP0IRC,KRC•JRC,ERROR,DFSUB.DFSUP9SFCTe 
3PITCHeXU,IXDIDL9VSPEC9VMIN.VMAX9VSToVTT•DFT 

WRITE(69101) TITLE,  
INPB2,NXIoNSPI9ISTPoNGRDSW2+JSONIC,JPEADoNSPIC9KD9KDK, 
2NPS9NTHRT,NPN,NP.IRC,KRC,JRC,ERROR,OFSU5,DFSUP.SFCT, 
3PITCHOWO<D9DL•VSpEC,VMIN9VMAX.INSToVTT•DFT 
READ (5,120) (X(Ne1),N=19NPS) 
WRITE(6,121) (X(No1)41N=19NPS) 
READ (5+122) (X2(N),Y2(N)9N=19NPB2) 
WRITE(6,123) (X2(N),Y2(N)eN=1,NP52). 
READ (5.122) (X1(N),Y1(N),N=1,NX1) 
WRITE(6,123) (X1(N),Y1(N),N=I9NX1) 

C ** GEOMETRIC DATA PRINTOUT AND PREPARATION 
CALL FINDY 
DO 10 N=1.NPB2 

10 Y2(N)=Y2(N)+PITCH 
DLPLI=DL+100 
DLXDXU=DL/(XD—XU) 
DO 13 NN=2925 
DO 13 N=1,50 

13 X(N,NN)=X(N91) 
N2=NPS 
DO 15 N=19NPS 

15 CALL DYDXRC(No/o1,0) 
WR/TE(6.200) NPB2,NXI,NSPI,ISTP9NGRDS,K2,JSONIC,JREAD,NSPIC,KDe 

IKDK ,NPS9NTHRT9NPN9NPWIRC ,KRC , JRC ,ERROR9DFSUB+DFSUP,SFCT, 
2PITCH,XUeXD9DLoVSPEC9VMIN9VMAXtVST,VTIoDFT 
WRITE(60202) (N9X1(N),Y1(N),N=19NX1) 
WRITE(69204) (N9X2(N)gY2(N),N=10NPB2) 
WRITE(60206) (NeX(N,1),Y(Ne1),N=19NpS) 
WRITE(6,208) (N,DYDX(No1)oRC(N01),N=1*NPS) 

C ** MAIN CALCULATIONS 
CALL VELDIS(JSONIC•JREADQ1) 

C ** INITIAL VELOCITY ASSUMPTION AND MASS FLOW FOUND 
C * 	SETTING UP A LOOP TO PRODUCE SUCCESIVELY MORE ACCURATE GRID 
C ** SOLUTIONS 

DO 74 NGS=1,NGRDS 
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DM=TM/FLOAT(NPN) 
C ** SETTING UP UPSTREAM AND DOWNSTREAM BOUNDARY CONDITIONS 

DO 71 NN=1•NPN 
V(1'NN+1)=V(1o1) 
VAV(1oNN)=V(1,1) 
DYDX(IoNN)=DYDX(141) 
DN=DAI/(FLOAT(NPN)*EL(X(1411))) 
CALL NEXTPT(1oNN) 
IF(JSONICoDaol) GO TO 71 
V(NPS,NN+1)=V(NPSo1) 
VAV(NPSoNN)=V(NPSo1) 
OYDX(NPSoNN+1)=DYDX(NPS01) 
DN=DANPS/(FLOAT(NPN)*EL(X(NPS111))) 
CALL NEXTPT(NPS,NN) 
CONTINUE 

C 	SETTING VALUES FOR FIRST AND LAST NORMALS IN STREAMLINE STACKING 
C 	PROCEDURE 

NST=2 
N2=NPS-1 
IF(NSPIC0E0o1) NSPI=NPS—NTHRT 
IF(JSONICoE0o1) N2=NTHRT+NSPI 

C 	GENERATING THE VELOCITY CORRECTION CONSTANTS 
CALL VCCONS(NGS) 

C ** SETTING UP THE MAIN ITERATIVE LOOP 
DO 72 ITRN=IoISTP 

C ** GENERATING ALL THE STREAMLINES 
CALL SLCALC(K2oVMINoVMAX) 

C ** CHECKING ALL BOUNDARY CONDITIONS AND MAKING THE CHANGES NECESSARY 
CALL BCHEK 

C ** CHECKING FOR CONVERGENCE 
IF(JCHNG0E0e1) GO TO 73 

72 CONTINUE 
STOP 

C ** MARCHING OUT A SUPERSONIC SOLUTION IF REQIRED 
73 IF(JSONICoEQe1,ANDeN2oLToNPSoANDoJCHNGcEQ•1) CALL SUPMCH(K2oISTPI 

1VM/NoVMAX) 
C ** OUTPUT PRODUCED 

CALL RESULT(NGS,NGRDS+KDKoloNPS) 
C ** GENERATING DATA FOR NEXT GRID 

CALL NUGRID(NGRDS-.NGSoNGRDS—NGS1 
74 CONTINUE 

STOP 
C ** FORMAT STATEMENTS 

101 FORMAT( 5( 18A4/),6149512/414,312,E8o1.93F5o2/4F7o4s6F7e1) 
120 FORMAT(I4F5o3) 
121 FORMAT(14F7o3) 
122 FORMAT(10F7o5) 
123 FORMAT(10F9o5) 
130 FORMAT(214./ 2F7010F4s1fF6o19F7o1oF6o1oF5o20F7o4,F7o2) 
140 FORMAT(10F7o4) 
150 FORMAT( 514/E1000oF7o1o2F5o2) 
200 FORMAT(15H1GEOMETRIC DATA//8H NPB2 

18H ISTP =I4/8H NGRDS =I4/8H K2 
28H NSPIC =I4/8H KD 	=I4/8H KDK 
38H NPN 	=I4/8H NP 	=I4/8H IRC 
48H ERROR =E13o5/8H OFSUB =E1305/8H 
56H PITCH =E13c5/8H XU 	=E13o5/8H 
68H VSPEC =E1305/8H VMIN =E13o5/8H 
78H VII 	=E13e5/8H DFT 	=E13o5) 

71 
** 
** 

* * 

=14/8H NXI 	=/4/8H NSPI =14/ 
=14/8H JSONIC=I4/8H DREAD =14/ 
=14/8H NPS 	=14/8H NTHRT =14/ 
=I4/8H KRC 	=I4/8H JRC 	=14/ 
DESUP =E13o5/8H SFCT =E13.5/ 
XD 	=E1305/8H DL 	=E13o5/ 
VMAX =E13o5/8H VST 	=E1305/ 
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202 FORMAT(31HOCOMMENCING SURFACE DATA ARRAY // 
14(6XolHN1IXo2HX111Xo2HY1) 	(4(17o2E13.5))1 

204 FORMAT(3IHOTERMINATING SURFACE DATA ARRAY // 
14(6X0IHN11Xo2HX211X02HY2) ' 	(4(1742E13.5M 

206 FORMAT(25HOINITIAL GRID COORDINATES // 
14(6o1HNI2Xt1HX12X,IHY) 	 (4(17'2E13.5))) 

208 FORMAT(36HOINITIAL GRID SLOPES AND CURVATURES // 
14(6XoIHN9Xo4HDYDX11)(42HRC) 	(4(17'2E13°5))) 

300 FORMAT(19H1THEPMODYNAMIC DATA //8H NGAS =I4/8H NDATA =I4/ 
28H NTAB =I4/8H H01 	=E1205/8H HODATA=E1205/8H DHDATA=E12o5/ 
38H DV 	=E12o5/8H T1 	=E12e5/8H P1 	=E12.5/8H GAMMA =E12.5/ 
48H CP 	=E12o5/8H EM 	=E12o5/8H VSONIC=E12e5// 
44(30H N H 	RHO 	)) 

320 FORMAT(1H02(9Xo1HN4Xo3HVELI1X02HRO7X+3HRKM8Xe2HRM)) 
400 FORMAT(34HOVSONIC CALCULATION NOT CONVERGING ) 

END 

SUBROUTINE BCHEK 
C ** SUBROUTINE TO CHECK ALL BOUNDARY CONDITIONS AND MAKE THE 
C ** ITERATIVE CHANGES 
C 

COMMON /BLKB/AREA(50)/BLKC/V(50,25)/BLKH/VAV(50'25)/BLKJ/E(50) 
1/BLKK/A2/BLKL/NPS/BLKM/NPN/BLKN/DM/BLKO/NTHRT/BLKP/JSONIC 
2/BLKO/VSRECoVSONIC/BLKR/TM/BLKX/ERROR/BLKY/JCHNG/BLKZ/ITRN,I1oI2o 
3I3/BLKCC/N2"NST/SLKEE/DA10DANPS/BLKLL/VTT,DFT 
4/BLKDD/VCC(5003)9A1(50.15),N1(50).A(15.30),NSP/oNP 
DIMENSION KCHNG(50),C(50) 

C ** SETTING THE CONVERGENCE INDICATOR 
JCHNG=1 

C ** FINDING THE DEVIATION OF THE AVERAGE NORMAL VELOCITY FROM THE 
C ** SONIC VELOCITY 

DO 10 N=NSToN2 
E(N)=000 
DO 9 M=IoNPN 

9 E(N)=E(N)+VAV(N,M) 
E(N)=E(N)/FLOAT(NPN) 

10 C(N)=VSONIC—E(N) 
C ** SEPARATING SUBSONIC FLOWS FROM CHOKING FLOWS 

IF(JSONICeE0o3) GO TO 30 
C ** FINDING THE MINIMUM DEVIATION OF THE AVERAGE VELOCITY ALONG A 
C ** NORMAL FROM THE SONIC VELOCITY AND CHECKING THAT IT COINCIDES WITH 
C ** PRESENT THROAT POSITION 

DV=160E10 
DO 11 N=NSTeN2 
VCC(Ne1)=1.04-(FINDRO(E(N)+2o5)—FINDRO(E(N)-2.5)) 

1 	*O,2*E(N)/FINDRO(E(N)) 
IF(ABS(C(N))eGTGABS(DV)) GO TO 11 
DV=C(N) 
K=N 

II CONTINUE 
IF(K.E0oNTHRT) GO TO 12 

C ** IF THROAT POSITION HAS CHANGED• VELOCITY CORRECTION CONSTANTS 
C ** ARE REGENERATED 

NTHRT=K 
NSPI=N2—NTHRT 
CALL VCCONS(2) 
WRITE(6o200) NTHRTo(NoC(N),N=NSToN2) 
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C ** CHECKING THROAT BOUNDARY CONDITIONS/ (CHOKING FLOW AND GEOMETRIC) 
C *4 AND MAKING CORRECTIONS TO MASS FLOW AND THROAT COMMENCING SURFACE 
C ** VELOCITY 

12 /F(ABS(CINTHRTOoGToVTT) JCHNG=2 
V(NTHRT/I)=V(NTHRT/1)4-DFT*C(NTHRT) 
CALL ENDPT(NTHRT) 
IF(ABS(E(NTHRT))0GT0ERROR) JCHNG=2 
F=1oO+DFT*(A2/AREA(NTHRT)•-1e0) 
TM=TM*F 
DM=TM/FLOAT(NPN) 

C ** 'RECALCULATING UPSTREAM AND DOWNSTREAM VELOCITIES 
V(1/ 1 )=F/NDV(TM/DA1*1) 
IF(JSONICoGEo2) V(NPS01)=FINDV(TM/DANPSINPS) 
DO 20 N=1/NPN 
IF(JSONICoGE42) V(NPS/N+1)=V(NPSf1) 

PO V(IoN-1-4)=V(191) 
C. 	CHECKING BOUNDARY CONDITION AT TERMINATING SURFACE 

30 DO 50 N=NST/N2 
IF(NoE0oNTHRToANDoJSONICeLEO2) GO TO 40 
CALL ENDPT(N) 
IF(JSON/CoLEo2) E(N)=(A2—AREA(N)*F)./A2 

40 KCHNG(N)=O 
1F(ABS(E(N))oLT0ERROR) GO TO 50 
KCHNG(N)=1 
JCHNG=2 

50 CONTINUE 
C ** CHECKING FOR SATISFACTION OF ALL BOUNDARY CONDITIONS VIA INDICATOR 

IF(JCHNG.EQ,1) GO TO 70 
C ** CHANGING VELOCITY DISTRIBUTION AT COMMENCING SURFACE 

DO 60 N=NSToN2 
60 CALL VNEW(C/N) 

C ** PRINTING OUT STATE OF CONVERGENCE 
70 WRITE(6e100) ITRN,DVW/TM4V(1/1),V(N2/1)/(N+KCHNG(N)ArECN)tV(N41)e 

1N=NST.N2) 
RETURN 

100 FORMAT(9HOITRN NO 13/ 10Xs3HDV=F5o1/3H F=E15o8o4H TM=E15o808H V(1/1 
I)=F7o119H V(N201)=F7,1,/(6(13/12/E10.2/F761))) 

200 FORMAT(27HOTHROAT POSITION CHANGED TO 14/(12(14/F7o1))) 
END 

SUBROUTINE SLCALC(K24VMIN•VMAX) 
C ** SUBROUTINE TO GENERATE (OR STACK) STREAMLINES 
C 

COMMON/BLKA/X(50o25)sY(50.25)/BLKB/AREA(50)/BLKC/V(50025) 
1/BLKD/RC(50,25)/BLKL/NRS/BLKM/NPN/BLKH/VAV150/25//BLKN/DM/BLKT/DN 
2/BLKCC/N2/NST/BLKF/RO(100)0VEL(100)9NTAB/BLKW/SFCT 
3/BLKZ/ITRN/IMFeICYC/ITV/BLKO/VSPEC/VSONIC/BLKII/VR(50/25)/VST 
4/BLKJJ/IRC/KRC/JRC 
ID=1 

C ** CALCULATING SLOPES AND CURVATURES ONCE FOR ALL IF KRC = 1 
IF(ITRNoE0o1oAND0KRCoEQ*1) GO TO 97 
GO TO 99 

97 DO 98 N=NSToN2 
DO 98 NN=2/NPN 

98 CALL DYDXRC(N/NN/VR(NvNN)) 
C *4 SUPPRESSING SLOPE AND CURVATURE CALCULATIONS IF JRC = 1 

99 IF(JRCoE001) GO TO 105 
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AREA(N)=00 

C ** SETTING THE GRID FLOW TYPE INDICATOR VR AT COMMENCING SURFACE 
IF(ITRNoGT01) GO TO 100 
IF(V4NeI).LEGVSONIC)VRtN91)=VSONIC—VST 
IF(V(N91)eGT0VSONIC)VR(N,1)=VSONIC+VST 
GO TO 104 

100 IF(VR(N4, 1)*LT0VSON/CoAND6V(N91)0GT.VSONIC+VST) GO TO 101 
IF(VR(N9 1)oGT0VS0NICoANDoViN91)6LT0VSONIC—VST) GO TO 102 
GO TO 104 

101 VR(N91)=VSONIC+VST 
GO TO 103 

102 VR(N91)=VSONIC—VST 
103 WRITE(6913) N 

C ** CALCULATING SLOPE AND CURVATURE AT COMMENCING SURFACE 
104 CALL DYDXRC(N919VR(N91)1 
105 CONTINUE 

C ** _GENERATING 'ALL STREAMLINES 
DO 6 NN=19NPN 
M=NN-1-1 
DO 4 N=NST,N2 
V2=V(N9NN) 
EL1=EL(X(N•NN)) 
DO 2 K=19K2 
ELAV=05*(EL/4-ELCX(NoM))) 
C=05*(V(N9NN)+V2) 
Z=DM/(FINDRO(C)*ELAV) 
V(NoM)=V(NeNN)—Z*SFCT/RC(N9NN) 

C ** CHECKING THAT NEW VELOCITY DOES NOT EXCEED LIMITS SET 
IF(V(NoM)eGToVMINeAND0V(N9M)41LT.VMAX) GO TO I 
ID=2 
IF(V(N0 M)eLE.VMIN) 	V(N011)=VMIN 
IF(V(NeM)4,GE0VMAX) 	V(NeM)=VMAX 

1 DN=Z/C 
CALL NEXTPT(NcNN) 

C ** PROCEEDING TO NEXT POINT IF NON AVERAGE CALCULATION TYPE IS 
C ** SPECIFIED OR IF THE ITERATIVE AVERAGE CALCULATION HAS CONVERGED 

IF(ABSt(V2—V(NoM))/V2/oLEo1e0E-5c0R0K2oEGo1) GO TO 3 
2 V2=V(N9M) 

WRITE(699) NNeN 
STOP 

3 AREA(N)=AREA(N)+ON*ELAV 
4 VAV(NoWN)=05*(V(NoNN)-0/2) 

C ** SETTING GRID FLOW TYPE INDICATOR AND CALCULATING SLOPE AND 
C ** CURVATURE ACCORDING TO CONTROL VARIABLES IRC AND JRC 

IF(NNoE0oNPNGORoIRCeE060) GO TO 6 
DO 204 N=NST9N2 
IF(JRCeE061) GO TO 204 
IFCITRNoGTol) GO TO 200 
IF(V(NeM)oLEcVSONIC)VR(NeM)=VSONIC•-VST 
/F(V1N0M)eGTeVSONIC)VR(N,M)=VSONICNLVST 
GO TO 204 

200 IF(VR(NerA)eLT.VSONIC0AND.ViN4M/oGT0VSONIC+VST1 GO TO 201 
IF(VR(NtMeGT ,VSONICoANDQVCN9M)eLT*VSONIC—VST) GO TO 202 
GO TO 204 

201 VR(NgM)=VSON1C+VST 
GO TO 203 

202 VR(NaM)=VSONIC—VST 
203 WRITE(6913) NsM 

170 
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204 CALL DYDXRC(N*M*VR(N*M)) 
6 CONTINUE 

IF(1DoE0o2) WRITE(6.12) 
RETURN 

9 FORMAT(30H SLCALC SUBROUTINE LOOPING NN=I3e3H N=I3) 
12 FORMAT(35HOVELOCITY LIMITS EXCEEDED IN SLCALC ) 
13 FORMAT(38H CURVATURE CALCUTATION TYPE CHANGED N=I4*4H M=I4) 

END 

SUBROUTINE SUPMCH(K2,ISTPCVMIN3VMAX) 
C ** SUBROUTINE TO MARCH OUT THE SUPERSONIC REGION SOLUTION 
C 

COMMON /BLKC/V(50.25)/BLKJ/E(50)/BLKL/NPS/BLKX/ERROP/BLKY/JCHNG 
I/BLKDO/VCC(5003)*A1(50e15)1N1(50)*A(15.30)0NSPI*NP/BLKCC/N2sNST 
2/BLKFF/DFSUB*DFSUP/BLKZ/ITRN*IMF*ICYCeITV 
DIMENSION ER(50) 
WRITE(6o10) 

C ** SETTING THE VALUE OF THE FIRST NORMAL AND SETTING UP A LOOP TO DO 
C ** EACH NORMAL SUCCESSIVELY* OBTAINING CONVERGENCE AT EACH ONE 

N=N24-1 
DO 3 NST=NeNPS 
N2=NST 
DO 2 ITRN=leISTP 

C ** GENERATING ALL THE GRID POINTS ON ONE NORMAL 
CALL SLCALC(K20/MIN*VMAX) 

C ** CHECKING THE BOUNDARY CONDITION AND MAKING THE CHANGE NECESSARY 
CALL ENDPT(NST) 
ER(ITRN)=E(NST) 
JCHNG=1 
IF(ABS(E(NST))oGTGERROR) GO TO 1 
WRITE(6e11) NSTeITRN*(ER(I)*I=1,1TRN) 
GO TO 3 

1 V(NSTo1)=V(NST0I)*(1o+DFSUP*E(NST)*AI(NST41)) 
2 JCHNG=2 

WRITE(6011) NST*ISTP*(ER(I)*I=10ISTP) 
STOP 

3 CONTINUE 
RETURN 

10 FORMAT(32HOSUPERSONIC REGION ERROR HISTORY ) 
11 FORMAT(4HON =1348H ITRN =/349E110,3/5(18X*9E11e3/)) 

END 

SUBROUTINE DYDXRC(N*MeV) 
C ** SUBROUTINE TO FIND THE SLOPE AND CURVATURE AT A POINT USING A 3 
C ** POINT PARABOLIC FORMULA 
C 

COMMON/BLKA/X(50,25)*Y(50,25)/BLKD/R(50,25)/BLKE/S(50,25)/BLKL/NPS 
1/BLKO/VSPECoVSONICIBLKCC/N24NST 

C ** SETTING THE CENTER POINT J OF THE 3 TO BE USED ACCORDING TO THE 
C ** LOCATION OF 	N IN THE GRID AND THE VELOCITY V 

IF(NoGTol) GO TO 1 
J=2 
GO TO 3 

1 IF(VoGT0VSONIC6ORoNoE0oN2) GO TO 2 
J=N 
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GO TO 3 
2 J=N..1 

C ** SETTING UP DUMMY AXES THROUGH THE OUTER TWO POINTS AND FINDING THE 
C ** PARABOLIC CONSTANTS A AND B 

3 THETA=ATANC(Y(J+14M),..-Y(J-*-1oM))/(X(J4-1oM)—X(J-10M))) 
ST=S/N(THETA) 
CT=COS(THETA) 
XI=CY(joM)—Y(J-1,M))*ST-i-(X(JeM)—X(J—.19M))*CT 
Y1=(Y(JvM)...Y(J-19M))*CT—(X(jeM)—X(J-14M))*ST 
X3=(X(j+10M)--X(J-14;M))/CT 
A=Y1/(X1*(XIX3)) 
B=—A*X3 

C ** FINDING THE RADIUS OF CURVATURE R=.-1/2A 
IF(ABS(A)eLT01450E-10) A=1 00E-10 
R(NeM)=-.-1e0/(A+A) 

C ** FINDING THE SLOPE AND TRANSFORMING IT BACK INTO THE ORIGINAL 
C ** COORDINATE SYSTEM 

IF(NeE001) S(N,M)=TAN(THETA+ATAN(B)) 
IF(JeE(DeN) 	S(NeM)=TAN(THETA+ATAN(2e*A*X1+B)) 
IF(J0E0eN-1) S(NeM)=TAN(THETA+ATAN(2e*A*X3+B)) 
RETURN 
END 

SUBROUTINE NEXTPT(NsNN) 
C ** SUBROUTINE TO PLOT THE NEXT POINT ALONG NORMAL N FROM STREAMLINE 
C 	NN 

COMMON/BLKE/DYDX(50925)/BLKT/DN/BLKA/X(504,25).Y(50.25) 
C ** DIFFERENTIATING BETWEEN POSIT/VEe NEGATIVE AND ZERO SLOPE 

IF(DYDX(N,NN)eGTe 1e0E-5) GO TO 2 
IF(DYDX(NINN)eLT0-1e0E.*-5) GO TO I 
X(NoNN4.1)=X(NoNN) 
Ne(NeNN4-1)=Y(NeNN)+DN 
RETURN 

1 THETA=ATAN(.,.10/DYDX(N,NN)) 
GO TO 3 

2 THETA=ATAN(-10/DYDX(NeNN))+3.14I6 
C ** FINDING THE NEW POINT NeNN4-1 

3 X(NeNN-1-1)=X(NeNN)+DN*COS(THETA) 
Y(NoNN+1)=Y(NeNN)+DN*SIN(THETA) 
RETURN 
END 

SUBROUTINE ENDPT(N) 
C ** SUBROUTINE TO FIND THE DISTANCE BETWEEN THE FINAL STREAMLINE 
C ** (NPN+1) AND THE TERMINATING SURFACE AT NORMAL N 
C 

COMMON/BLKA/X(50.25),Y(50,25)/BLKB/AREA(50)/BLKG/DA(50) 
1/BLKI/X2(70),Y2(70)0NPB2/BLKJ/E(50)/BLKK/A2/BLKM/NPN 

C ** FINDING THE NEAREST 3 TERMINATING,SURFACE POINTS 
DMIN=Ie0E20 • 
DO 1 M=I*NPB2 
D=SORT((X(NoNPN+1)—X2(M))**•2+(Y(NeNPN+1)—Y2(M))4*2) 
IF(DoLTeDMIN) GO TO 1 
L=M-1 
GO TO 2 
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1 DMIN=D 
2 IF(LoGToleAND0LeLToNPB2) GO TO 3 

WRITE(6o20) N 
IF(LsEQQ1) L=2 
IF(L46GTe2) L=NPB2—I 

C 
C ** A PARABOLA ON DUMMY AXES IS DRAWN THROUGH TERMINATING SURFACE 
C ** POINTS L-1 AND L-Flo,  POINT L IS TRANSFORMED TO XloYlt POINT L-1-1 TO 
C ** X3o0 AND THE STREAMLINE POINT TO XP.YP0 THE PARABOLIC CONSTANTS 
C ** A AND B ARE FOUND* THE DISTANCE REQUIRED IS THE DISTANCE NORMAL TO 
C ** THE X AXIS BETWEEN THE NORMAL POINT AND THE VALUE OF THE PARABOLA 
C ** AT XP• THE DISTANCE IS CORRECTED FOR FLOW HEIGHT EL AND NON 
C ** DIMENSIONALISED USING THE FLOW AREA 
C 

3 THETA=ATANC(Y2(L-1-1)—Y2(L.-1))/(X2(L+1)—.X2(L--1))) 
ST=S/N(THETA) 
CT=COS(THETA) 
)(1=(Y2(L)—Y2(L-1))*ST-4-(X2(L)—X2(L-1))*CT 
YI=(Y2(L)-..Y2(L—I))*CT—(X2(L)—X2(L-1))*ST 
X3=(X2(L4-1)...X2(L-1))/CT 
XP=CY(NeNPN+I)—Y2(L-1))*ST4.(X(NeNPN+1)--X2(L.-1))*CT 
YP=(Y(NoNPN-1-1).—Y2(L-1))*CT...(X(NoNPN+1)—X2(L-1))*ST 
A=Y1/(X1*(X1—X3)) 
13=—A*X3 
DA(N)=(XP*(A*XP+B)—YP)*EL(X(NoNPN+I)) 
A2=AREA(N)+DA(N) 
E(N)=DA(N)/AREA(N) 
RETURN 

20 FORMAT(24H DISORDER IN ENDPT AT N=14) 
END 

FUNCTION FINDRO(V) 
C ** SUBROUTINE TO FIND THE FLUID DENSITY AT INPUT VELOCITY V 
C 

COMMON/BLKF/R0(100),VEL(I00),NTAB/ BLKS/DV 
C ** VELOCITY IS CHECKED TO FALL WITHIN TABULAR LIMITS 

IF(V•LT•0•0.0RoV•GEoVEL(NTAB)) GO TO 1 
C ** NEAREST TABULAR VELOCITY TO V IS FOUND 

N=IFIX(V/DV)+I 
IF(V•LTeDV) N=N+1 

C ** DENSITY FOUND BY PARABOLIC INTERPOLATION BETWEEN 3 TABULAR VALUES 
FINDRO=PAR (VEL(N-1)0VEL(N)*VEL(N+1)+V9PO(N-1)*RO(N),RO(N-1-1)) 
RETURN 

I WRITE(602) V 
2 FORMAT(3HOV=EI2e5,53HOUTSIDE LIMITS OF TABULATED DATA IN FINDRO SU 
IBROUTINE ) 
STOP 
END 

SUBROUTINE FINDY 
C ** SUBROUTINE TO FIND THE  COMMENCING SURFACE Y COORDINATES 
C 

COMMON /BLKA/X(50425)*Y(50o25),BLKL/NPS/BLKHH/X1(70)6Y1(70)oNXI 
DIMENSION XP(11)0(P(11) 

C ** FINDING THE ARRAY POINTS NEAREST THE GRID POINT* GENERATING A 
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C ** SYMMETRICAL DUMMY ARRAY XPoYP OF SIZE NPEX FOR INTERPOLATION TO 
C ** FIND Y(N,1) 

DO 5 N=1,NPS 
DMIN=Io0E20 
NPEX=Il 
DO 2 M=1,NXI 
D=ABSCX(N91)—X1(M)) 
IF(DoLToDMIN) GO TO 2 
DO 1 J=1.4 
L=M—NPEX/2*I 
IF(LoGEo1oANDoLoLE#NX1,—NPEX4.1) GO TO 3 

1 NPEX=NPEX-2 
WRITE(6810) NIL 
IF(N.LT8NPS/2) L=1 
IF(NeGEoNPS/2) L=NX1-2 
GO TO 3 

2 DMIN=D 
3 DO 4 M=1,,NPEX 

XP(M)=X1(L) 
VP(M)=Y1(L) 

4 L=L+1•  
5 Y(N.1)=EXTRA(YP8Xp*X(N.1).NPEX) 

RETURN 
10 FORMAT(30HOARRAY XI EXCEEDED IN FINDY N=14.3H L=I4) 

END 

FUNCTION FINDV(TMA,N) 
C ** SUBROUTINE TO FIND THE VELOCITY WHEN THE SPECIFIC MASS FLOW TMA 
C ** (MASS FLOW/AREA) IS SPECIFIED 
C 

COMMON/BLKF/R0(100),VEL(100).NTAB/OLKP/JSONIC/BLKO/NTHRT 
1/BLKQ/VSPEC,VSONIC 

C ** SETTING THE INITIAL VELOCITIES FOR THE HOMING PROCEDURE ACCORDING T 
C ** WHETHER THE GRID POINT N SHOULD BE SUBSONIC OR SUPERSONIC 

V1=VEL(NTAB) 
IF(JSONICoGE•280R8(JSONIC.E0o1oANDoN8LTeNTHRT)) VI=080 
V3=VSONIC 

C ** EXECUTING THE HOMING PROCEDURE 
DO 3 K=1850 
FINDV=o51-(V3+V1) 
IF(ABS(V3—V1)8LE8180) RETURN 
Y2=FINDV*FINDRO(FINDV) 
IF(TMA—Y2) 1.392 

1 V3=FINDV 
GO TO 3 

2 V1=FINDV 
3 CONTINUE 

WRITE(6.4) N 
STOP 

4 FORMAT(39HOFINDV SUBROUTINE NOT CONVERGING AT N = 14) 
END 
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SUBROUTINE VELDIS(JSONICtJREAD,NSP) 
C ** SUBROUTINE TO FIND THE INITIAL VELOCITY DISTRIBUTION, MASS FLOW 
C ** AND 1—M**2 BY ONE DIMENSIONAL ESTIMATE OR BY INPUT ACCORDING TO 
C ** JREAD SPECIFICATION 
C 

COMMON/BLKA/X(50,25),Y(50,p5)/BLKc/V(50,25)/BLKG/DA(50),BLKL/NPS 
1/BLKM/NPN/BLKN/DM/BLKO/NTHRT/BLKEE/DAI+DANPS/BLKR/TM/BLKB/AREA(50) 
2/BLKE/OYOX(50,25)/BLKT/ON/BLKO/VSREC,VSONIC 
3/BLKOD/VCC(50,3)1Al(50,15),N1(50),A(15,30)9NSPI/NP/BLKH/VAV(50,25) 

C ** FINDING THE ONE DIMENSIONAL FLOW AREAS USING ENDPT 
DO 1 N =10NPS 
DYDX(N,NPN4-1)=DYDX(N,1) 
X(N,NPN+1)=X(Nt1) 
Y(NeNPN+1)=Y(N,I) 
CALL ENDPT(N) 

I AREA(N)=DA(N) 
DA1=DA(I) 
DANPS=DA(NPS) 

C ** FINDING THE MASS FLOW ACCORDING TO THE FLOW TYPE SPECIFICATION 
C ** JSONICe SUBSONIC MASS FLOW IS FOUND ACCORDING TO WIDTH AT NORMAL NSP 

IF(JSONICOLE•2) TM=VSONIC*FINDRO(VSONIC)*DA(NTHRT) 
IF(JSONIC•E0o0) TM=VSPEC*FINDRO(VSPEC)*DA(NTHRT) 
IF(JSONICeEQ,3) TM=VSPEC*FINDRO(VSPEC)*DA(NSP) 

C ** FINDING THE ONE DIMENSIONAL VELOCITIES 
DO 3 N=11,NPS 
IF(NOEOeNTHRTeAND•JSONICeLE.2) GO TO 2 
V(N,I)=FINDV(TM/DA(N),N) 
GO TO 3 

2 V(N91)=VSONIC 
IF(JSONICeE(40.ANDeNeLEeNTHRT) ViNe1)=VSPEC 

3 VCC(N,1)=10+(FINDRO(V(N,1)+2e5)—FINDRO(V(Nt1)-2,5))*62*V(Nt1)/ 
1FINDRO(V(N,1) ) 

C ** OVERWRITING THE CALCULATED VALUES BY INPUT ACCORDING TO JREAD SPEC 
IF(JREADoE0o1) GO TO 5 
IF(JREADeLEs3) READ(8,18) (VCC(N,1),N=10NPS) 
IF(JREADoGE03) READ(5+19) TM,(V(Ne1),N=1,NPS) 

5 DO 6 N=IoNPS 
C ** INITIALISING ARRAYS AND PRINTING RESULTS 

DO 6 NN=I,25 
VAV(N,NN)=V(N4 1) 

6 V(N,NN)=V(N41) 
WRITE(6,21) TM0,(N,V(Ne1),N=1,NPS) 
RETURN 

18 FORMAT(18F4.2), 
19 FORMAT(E1508/(10F701)1 
20 FORMAT(29HOVELDIS SUBROUTINE LOOPING N=I3) 
21 FORMAT(34HIINITIAL VELOCITY DISTRIBUTION TM=E15o8//(20(I4oF861))) 

END 

SUBROUTINE NUGRID(NRD,NRR) 
C ** SUBROUTINE TO READ IN NEW GRID DATA AND GENERATE THE NEW GRID 
C ** INITIAL VELOCITY ASSUMPTION BY INTERPOLATION FROM THE OLD 
"C 

COMMON /BLKA/X(50,25),Y(50,25)/BLKB/AREA(50),BLKC/V(50025) 
1/BLKD/RC(50125)/BLKE/DYDX(50,25)/BLKH/VAV(50,25),BLKL/NPS 
2/BLKM/NPN/BLKO/NTHRT/BLKP/JSONIC/BLKBB/NSP/BLKFF/DFSUB,DFSUP 
3/BLKDD/VCC(50,3)tAI(50,15),ND(50),AM(15930)vNSPI,NPOBLKX/ERR0R 
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4/BLKW/SFCT/BLKJJ//RC9KRC9JRC/6LKI//VR(50,25)9VST 
DIMENSION C1(11)9C2(1i).C3(11)9C4(11)oCB(11) 

C ** READING NEW GRID DATA 
IF(NRD•NEo0) READ (5920) NPS29NTD9NPN9NPeIRC9KRC9JRC,  
1ERROR9DFSU6oDFSUPoSFCT 
IF(NRRoNE,0) WRITE(692I) NPS29NTD9NPN9NP9IRCIKRC9JRCe 
lERROR9DFSUBoDFSUP,SFCT 
IF(NPS2•EQ®NPSoOR,NRR0EQ.0) RETURN 

C ** INCREMENTING THROAT NORMAL BY NTD 
NT2=NTHRT+NTD 
N1=1 
MI=1 

C ** FOR CHOKED FLOWS. PQSITION OF THROAT IS RETAINED CONSTANT 
IF(JSONICoE000•OReJSONICOE0o3) GO TO 1 
NZ=2 
N2=NT2 
M2=NTHRT 
GO TO 2 

1 NZ=1 
N2=NPS2 
M2=NPS 

C ** FINDING THE NEW GRID COMMENCING SURFACE X COORDe VELOCITY, 1.-M**2 
C ** AND FLOW AREA BY INTERPOLATION FROM THE OLD DISTRIBUTION 

2 DO 10 K=1,NZ 
.NA=N1+1 
NB=N2-1 
DO 8 N=NAeNB 
M=FLOATUN—N1)*(M2—M1))/FLOAT(N2N1)+FLOAT(M!)+.5 
NPEX=11 
DO 3 J=195 
MS=M—NPEX/2 
IF(MS•GEo1oAND*MS•LE•NPS-..NPEX+1) GO TO 4 

3 NPEX=NPEX-2 
NPEX=3. 
IF(MoE0oMI) MS=M1 
IF(M,E0oM2) MS=M2-2 

4 DO 5 J=1,NPEX 
CI(J)=X(MS91) 
C2(J)=FLOAT(MS—M1)/FLOAT(M2—M1) 
C3(J)=V(MSo1) 
C4(J)=VCC(MS91) 
C5(J)=AREA(MS) 

5 MS=MS+1 
X(No2)=EXTRA(C19C29FLOAT(N.N1)/FLOAT(N2—NI)9NPEX) 
Y(N92)=EXTRA(C39C19X(N92)0NPEX) 
VCC(N92)=EXTRA(C49CI,X(N92),NPEX) 
VCC(N93)=EXTRA(C59C19X(N92),NPEX) 
DO 7 L=2oNPN 
MS=MS—NPEX 

C ** FINDING THE ONCE FOR ALL GRID FLOW TYPE INDICATORS VR BY 
C ** INTERPOLATION FROM THE OLD VELOCITY DISTRIBUTION 

DO 6 J=1,NPEX 
c3(j)=V(MS9L) 

6 MS=MS+1 
7 VR(N9L)=EXTRA(C39C19X(N92)*NPEX) 
8 CONTINUE 
DO 9 M=2cNPN 

9 VR(N2sM)=V(M20M) 
X(N2.2)=X(M201) 
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Y(N2y2)=V(M2o1) 
VCC(N242)=VCC(M201) 
VCC(N2o3)=AREA(M2) 
N2=NPS2 
N1=NT2 
M2=NPS 

10 M1=NTHRT 
NPS=NPS2 
NTHRT=NT2 
DO 11 N=20NPS 
X(No1)=X(No2) 
V(Ne1)=Y(Ns2) 
VR(N,1)=V(No1) 
VCC(NoI)=VCC(No2) 

11 AREA(N)=VCC(No3) 
C ** FINDING THE NEW GRID COMMENCING SURFACE 1° COORDINATE AND 
C ** CURVATURES 

CALL FINDY 
DO 12 N=1.NPS 
CALL DYDXRC(No1oV(N,1)) 
DO 12 NN=3'25 
X(NoNN)=X(Nol) 
Y(NoNN)=Y(Nol) 
V(NoNN)=V(Nol) 
VAV(NoNN)=V(Nol) 

12 RC(NoNN)=RC(Nol) 
WRITE(64122) (NoX(N,1),Y(No1),V(No1)oRC(No1),DYDX(Nit1)0AREACN)Ip 

1VCC(No1),N=1oNPS) 
IF(JRCeE0.0) RETURN 
DO 13 M=IoNPN 

13 WRITE(6,23) Mo(N•VR(NoM),N=2,NPS) 
RETURN 

20 FORMAT(41403120E8e1o3F5e2) 
21 FORMAT(19HINEW GRID DATA NPS=I4o5H NTD=I4o5H NPN=I4o4H NP=I4o 

15H IRC=I2f5H KRC=I2o5H JRC=I2o7H ERROR=E8o1o7H DFSUB=F5o2o 
27H DFSUP=F5e2o6H SFCT=F5o2) 

22 FORMAT(4H0 N14XolHX14X,IHY14X,IHV13Xo2HRCI1X14HDYDX11Xo4HAREA9X, 
16H1—M**2/ (14,7E15.5 )) 

23 FORMAT(3H M=I4,3X912(I3oF7.1)/(6X•12(I34F761))) 
END 

SUBROUTINE KUTTAi/STPoK2sVMINOVMAX) 
C ** SUBROUTINE TO APPLY THE KUTTA — JOUKOWSKI APPROXITION AT THE T E 

COMMON/BLKY/JCHNG/BLKCC/N2oNST/BLKC/V(50,25)/BLKL/NPS/BLKM/NPN 
1/BLKJ/E(50)/BLKX/ERROR/BLKZ/ITRNoIloI2403/BLKA/X(50925),Y(50t25) 
2/BLKU/XUoXpoDLPLI•DLXDXU 
DIMENSION KCHNG(50)oC(50) 
DATA C/50*190/ 

C ** SETTING UP THE ITERATIVE LOOP 
DO 50 ITRN=lo/STP 
JCHNG=1 
K=NPN4-1 

C 
C ** FINDING THE DEVIATION FROM THE SPLIT BOUNDARY CONDITION IoE 
C ** TERMINATING SURFACE POINTS WITHIN THE CASCADE OBEY THE GEOMETRIC 
C ** CONDITION AND THOSE DOWNSTREAM THE CONDITION THAT VELOCITIES AT 
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C ** THE SAME X COORD MUST BE THE SAME 
C 

DO 20 N=NSTeN2 
/F(X(N9K)oGTeXD) GO TO 15 
CALL ENDPT(N) 
GO TO 20 

15 DO 16 M=NSTtN2 
J=M 
/F(X(je1)eGE.X(N9K)) GO TO 17 

16 CONTINUE 
E(N)=1.0—V(NPS91)/V(N9K) 
GO TO 20 

17 E(N)=100...PAR(X(J-291)0X(J-19I),X(J91)*X(NcK)e 
1 	\i(j-2411),V(„1-191)9V(j91)) /V(N4K) 

20 CONTINUE 
C ** CHECKING THE BOUNDARY CONDITION 

DO 30 N=NST9N2 
KCHNG(N)=0 
IF(A8S(E(N))oLTsERROR) GO TO 30 
KCHNG(N)=I 
JCHNG=2 

30 CONTINUE 
IF(JCHNG.E06I) RETURN 

C ** CHANGING THE VELOCITY DISTRIBUTION 
DO 40 N=NST9N2 

40 CALL VNEW(C9N) 
C ** PRINTING OUT THE STATE OF THE BOUNDARY CONDITION AND REGENERATING 
C ** THE STREAMLINES 

WRITE(69100) ITRN9(NWCHNG(N)9E(N)oV(N91)9V(NitNPN+1)9N=NST9N2) 
CALL SLCALC(K2.VMIN.VMAX) 

50 CONTINUE 
WRITE(69110) 
STOP 

100 FORMAT(15HOKUTTA ITRN NO 14/(4(171129E10,292F7911))) 
110 FORMAT(35HONO CONVERGENCE IN KUTTA SUBROUTINE) 

END 

SUBROUTINE RESULT(NOUTPoKDK$N3tN2) 
C ** SUBROUTINE FOR OUTPUT OF VELOCITY, MACH NOo AND COORDINATES AT EACH 
C ** GRID POINT AND FOR SURFACE PRESSURE DISTRIBUTION 
C 

COMMON /BLKA/X(50125)+Y(50925)/BLKB/AREA(50)/BLKC/V(50925) 
1/BLKH/EM(50925)/BLKL/NPS/BLKM/NPN/BLKR/TM/BLKY/JCHNG/BLKJ/CP(50) 
2/BLKZ/ITRN'IMF•ICYC,ITV/BLKDD/VCC(5003).AI(50915)9N1(50)9AM(15.30) 
39NSPI,NP/BLKKK/TITLE(90),BLKO/NTHRT 
IF(JCHNGGEOol) WRITE4698) NPS,NPN,TM9ITRNaNTHRT 
IF(JCHNG0EQ02) WRITE(649) NPSoNRN0TmoITRNoNTHRT 
NPN1=NPN4-1 
DO 2 N=loNPS 
Z=0,0 
DO I M=loNPNI 
EM(NeM)=SORT(ABSC(FINDRO(V(NtM)+5e)—FINDRO(V(NoM)-5(0) 

I 

	

	*,I*V(NoM)/FINDRO(V(NoM)))/ 
IF(M.NE,1) Z=.24.05*(EM(NoM)+EN(NoM—I)) 

1 CONTINUE 
VCC(No2)=Z/FLOAT(NPN) 

2 VCC(N91)=I0O—VCC(No2)**2 
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NM=O 
ND=1 
IF(SECTeGT000999) CALL RESULT(NGRDS—NGS9KDK919NPS) 
IF(NOUTP0GT00) ND=NPN 
DO 3 M=19NPN19ND 
WRITE(6o10) NM:(NoV(N9M)11EM(NeM)0X(N9M),Y(N9M)9N=10NPS) 

3 NM=NM+ND 
WRITE(6e11) (NoVCC(N9I),N=10NPS) 
WRITE(6014) (NIVCC(N92)9N=1,NPS) 
Z=10429*(100+002*EM(141)**2)**3425/EM(191)**2 
CPME1=Z*(1.0-100/102**3o5) 
WRITE(6915) CPME1 
DO 5 M=19NPN19NPN 
DO 4 N=1,NPS 

4 CP(N)=Z4(1.0-1.0/(100+002*EM(N.M)**2)-x3.5) 
5 WRITE(6916) (N9X(N9M)9CP(N)*N=19NPS) 

IF(KDK.GT.0) RETURN 
NPTS=N2N3+1 
WRITE(6e12) TITLE9NPTS9NPN1 
WRITE(6913) t(XiNem)eY(N9M)9N=N3eN2)9,M=1,NPN1) 
WRITE(6913) ((EM(N9M)9N=N39N2)0)M=19NPNI) 
RETURN 

8 FORMAT(18HOSOLUTION FOR NPS=I495H NPN=1404H TM=E15e8,6H ITRN=I4e 
17H NTHRT=14) 

9 FORMAT(24 HONO CONVERGENCE FOR NPS=I495H NPN=/4.4H TM=E1508* 
16H ITRN=14e7H NTHRT=I4) 

10 FORMAT(15HOSTREAMLINENO I2/4(3H N6X91HV6X9IHM7)(91HX7X91HY) / 
1(4(139F7019F70492F8o4))) 

11 FORMAT(7H01—M**2//(10(I49F9e4))) 
12 FORMAT(26H CARD OUTPUT FORMAT NEEDED / 5(18A4/)0214) 
13 FORMAT(26H CARD OUTPUT FORMAT NEEDED / (10F7e4)) 
14 FORMAT(I6HOAVERAGE MACH NO // .(10(149F9e4))) 
15 FORMAT(44HOSURFACE PRESSURE DISTRIBUTION* CP FOR M=1 = F6e3 / 
17(4Xo1HN6X91HX4X92HCP)) 

16 FORMAT(7(154F7e39F64,3)) 
END 

- FUNCTION EXTRA(YPeXP.X9M) 
C ** INTERPOLATION SUBROUTINE USING THE SPLINE FIT METHOD 
C 

DIMENSION XP(11),YP(11)9D2Y(11),A(11911).8(11)9C(11),D(11)9E(11) 
DIMENSION DY(11),F(11) 
MM=M-1 
N=MM/2+1 
DO 101 1=10MM 
F(I+1)=XP(I+1)—XP(I) 
IF(ABS(F(1+1)).LT0100E-10) F(I+1)=1.0E—.10 
DY(I)=CYP(I+1)—YP(I))/F(I+1) 

101 CONTINUE 
DY(M)=DY(MM) 
DO 102 J=loM 
B(J)=0.0 
DO 102 K=19M 
A(K9J)=0.0 

102 CONTINUE 
DO 103 J=2*MM 
A(J-1oJ) =F(j)/6e0 
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A(JoJ)=(F(J)+F(J+I))/300 
A(JeJ-1)=F(J)/64.0 
B(J)=DY(J)—DY(J—I) 

103 CONTINUE 
A(1,1)=F(2)/3.0 
A(M,M)=F(M)/3©O 
A(MoMM)=F(M)/600 
A(MM,M)=F(M)/600 
C(1)=A(1,1) 
0(1)=A(192)/C(/) 
E(1)=B(1)/C(1) 
DO 104 J=2sMM 
C(J)=A(JoJ)—A(J4J-1)*D(J—I),  
D(J)=A(J,J+1),C(J) 
E(J)=(B(J)—A(J,J-1)*E(J-1))/C(J) 

104 CONTINUE 
C(M)=A(M,M)—A(MoMM)*B(MM) 
-D2Y(M)=(5(M)—A(M9MM)*E(MM))/C(M) 
DO 105 J=1•MM 
K=M—J 
D2Y(K)=E(K)".D(K)*D2Y(K+1) 

105 CONTINUE 
NP =MM/2+1 
H=X—XP(N-1) 
G=XP(N)*X 
R=G*(D2Y(N-1)*(G*G/F(N)—F(N))/60+YP(N-1)/F(N)) 
S=11.11-( D2Y(N) #(H*H/F(N)—F(N))/660+ YP(N) ,F(N)) 
EXTRA=R+S 
RETURN 
END 

FUNCTIONPAR(X10(2oX3eXoY1eY2*Y3) 
C ** INTERPOLATION SUBROUTINE USING A SIMPLE 3 POINT PARABOLIC FORMULA 
C 

.XX1=X1*X1 
XX2=X2*X2 
XX3=X3*X3 
XX=X*X 
A=C ( Y2.-Y3)*(X2—X1)—(Y2—Y1)*(X2—X3))/((XX1—XX2)*(X2—X3)—(XX3—XX2)* 
1(X2—X1)) 
B=(Y2—Y3+A*(XX3—XX2))/(X2—X3) 
C=Y1—A*XX1—B*X1 
PAR=A*XX+5*X+C 
RETURN 
END 

FUNCTION EL(X) 
C A SUPROGRAM FOR FINDING THE FLOW PASSAGE HEIGHT EL USING A LINEAR 
C HEIGHT VARIATION BETWEEN XU AND XD 
C 

COMMON/BLKU/XU4XD9DLPL19DLXDXU 
IF(X.GEO(UctANOoXoLEeXO) GO TO 1 
IF(XeLT0X0) GO TO 2 
EL=DLPL1 
RETURN 
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I EL=loO+DLXOXU*()(7-XU) 
RETURN 

2 EL=I,O 
RETURN 
END 

SUBROUTINE VCCONS(NGS) 
C ** SUBROUTINE TO GENERATE VELOCITY CORRECTION CONSTANTS USING 
C ** CONVERGENCE THEORY 
C 

COMMON /BLKA/X(50c25)cY(50,25)/BLKB/AREA(50)/BLKL/NPS/BLKM/NPN 
1/BLKO/NTHRT/BLKP/jSONIC/BLKDD/VCC(5043)*AI(50415),N1(50)*A(154530) 
20 NSPI*NP/BLKW/SFCT/BLKJJ/IRCWRC*JRC 

C *** VCC(N*1) = I—M**2 o VCC(N*2) = K * VCC(N*3) = H2/(H1+H2) FOR 
C ** SUBSONIC FLOW VCC(NO3) = HI/H2 FOR SUPERSONIC FLOW 
C ** .IF CURVATURE CALCULATION IS SUPRESSED IT IS EQUIVALENT TO SFCT = 0 

SF=SFCT 
IF(IRCeEQ•0) SF=000 

C ** CALCULATING THE CONSTANT K AND GRID SPACING CONSTANT H 
FN=NPN**2 
DO 4 N=2,NPS 
H1=SORT((Y(N*1)—Y(N-101))**2-1-(X(N*1)—X(N-101))**2) 
IF(JSONICeLEol*ANDoNeGToNTHRT) GO TO 3 
IF(NeEQ.NPS) GO TO 2 
H2=SORT(CY(N+1,I).-Y(N*1))**24-(X(N-0-10I)X(N01))**2) 

2 VCC(N,2)=230*VCC(N.1)*AREA(N)**2/(H1*H2*FN)*SF 
VCC(N*3)=H2/(H14.H2) 
GO TO 4 

3 H2=SQRT((Y(N-1 121)—Y(N-2*1))**24-(X(N-1*1)—X(N-241))**2) 
VCC(N*2)=-2•0*AREA(N)**2*VCC(N*1)/(H1*(H14-H2)*FN)*SF 
VCC(N*3)=H1/H2 

4 CONTINUE 
VCC(1,1)=VCC(2,1) 
IF(NGSGE04,1) WRITE(6,20) (Nt(VCC(NtM)0M=1,3)9N=20NPS) 
IF(JSONIC.EQ,O) GO TO 8 

C ** FINDING THE VALUE N1(N) OF THE FIRST NORMAL TO BE USED FOR 
C ** VELOCITY CORRECTION AT NORMAL N 

NC=(NP-2)/2 
NPS1=NPS—I 
DO 7 N=2*NPSI 
N1(N)=N—NC 
IF(N—leLE*NC) N1(N)=2 
IF(NPS—NeLEoNC) N1(N)=NPS.-.2*NC-1 
IF(JSONIC.GE.2) GO TO 6 
IF(NTHRT*NoLEcNC0 AND0NeLTeNTHRT) NI(N)=NTHRT-2*NC-1 
IF(NoGEeNTHRT) GO TO- 7 

C ** GENERATING THE SUBSONIC REGION CONSTANTS 
6 CALL ADPT(Ne.NGS) 
7 CONTINUE 

IF(NGSeElael) WRITE(6023) (N,N1(N)*N=2*NPSI) 
IF(JSONICeGEo2) RETURN 

C ** GENERATING THE SUPERSONIC REGION CONSTANTS 
IF(NSPIeGE02) CALL SUPCON(NGS) 

8 M=NTHRT+NSPI 
IF(MitEOeNPS) RETURN 

C ** GENERATING THE SUPERSONIC REGION MARCHING CONVERGENCE CONSTANTS 
DO 9 N=MoNPS 
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9 AI(Ne/)=CKN(VCC(N01)oVCC(Ne2)tNPN) 
IF(NGS0E0o1) WRITE(6t24) (NeAI(Ne1)eN=2,NPS) 
RETURN 

20 FORMAT(30HOVELOCITY CORRECTION CONSTANTS //3(4H 
11HK4Xy8HVCC(Ne3))/(3(I4t3E1204))) 

23 FORMAT(13HOVALUES OF NI/(17(21301Ho))) 
24 FORMAT(19HOCONSTANTS FROM CKN /C8(130E1204))) 

END 

N6X06H1—M**211X, 

SUBROUTINE AOPT(NM9NGS) 
C ** SUBROUTINE TO GENERATE THE SUBSONIC REGION CONVERGENCE CONSTANTS 
C ** FOR THE CALCULATION METHOD USING THE EULER TYPE METHOD 
C 

COMMON /BLKM/NPN/BLKDO/V(50e3)*AI(50,15)eNI(50),A(15.30)eNSPIoNP 
1/BLKGG/C(289'3) 

C ** VCC(Ntl) = 1—M**2 t VCC(Ne2) = K e VCC(No3) = H2/(H1+112) 
NP1=NP-1 
NP2=NP-2 
NPNP=NP*NP 

C ** INITIALISING ARRAY C TO ZERO 
DO I N=1,3 
DO 1 M=leNPNP 

1 C(MoN)=0.0 
.0 ** SETTING INITIAL VALUES OF ARRAY C FOR N=I AND N=2 

DO 2 M=2•NP1 
J=NP*(M-1)+M 
C(J+1)=-1e0 

2 C(.../e2)=-200 
C ** EVALUATING THE SUBSONIC RECURRENCE RELATIONSHIP SEQUENTIALLY 

.0 ** FROM N=3 TO N=NPN 
DO 4 N=3,NPN 
DO 3 M=2,NPI 
LL=NI(NM)+M-1 
DO 3 I=2eNP1 
J=NP*(M-1)+I 
K=NP*(M-2)+I 
L=NP*M+1 

3 C(Je3)=200*C(jo2)—(100—V(LL02))*C(J01)— 
I V(LLt2)*(V(LLe3)*C(Kt1)+(1.0—V(LLe3))*C(Lt1)) 
DO 4 M=leNPNP 
C(M,I)=C(Mo2) 

4 C(M02)=C(Me3) 
C ** CONVERTING ARRAY C INTO A SQUARE MATRIX A 

DO 5 K=I,NP2 
DO 5 J=1.NP2 
L=NP*K+...1+1 

5 A(KeJ)=C(Le3) 
C ** INVERTING MATRIX A 

CALL SPNIST(AtNP2e15eISIG) 
C ** EXTRACTING RELA VANT ROW FOR NORMAL N AND STORING COEFFTS IN AI 

L=NM—N1(NM)+1 
DO 6 N=1oNP2 

6 AI(NM0N)=A(L9N) 
IF(NGSeE0e1/ WRITE(697) NM9(AI(NMoN)tN=loNP2) 

7 FORMAT(4H AI(12t6HeN) 	1P13E9e2/12Xe13E902) 
RETURN 
END 
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SUBROUTINE ADPT(NMcNGS) 
C ** SUBROUTINE TO GENERATE THE SUBSONIC REGION CONVERGENCE CONSTANTS 
C ** FOR THE CALCULATION METHOD USING THE RUNGE KUTTA TYPE METHOD 
C 

COMMON /BLKM/NPN/BLKOO/V(5043)9A1(50415)cN1(50)cA(15,30)oNSPIvNP 
1/BLKGG/C(289c3) 
NP1=NP-1 
NP2=NP-2 
NPNP=NP3NP 
DO 1 N=1,3 
DO 1 M=IoNPNP 

I C(MoN)=0,0 
DO 2 M=20NP1 
I=NP*(M-1)+M-1 
J=NP*(M—I)441 
K=NP*(M-1)+M+1 
L=N1(NM)+M-1 
C(J.1)=-100 
IF(M0GTo21 C(IO2)=V(L,2)/24,0*V(L4, 3) 
IF(MeLTeNP1) C(K92) =V(Lo2)/2e0*(100—V(Lo3)) 

2 C(J+2)=-20—V(L,2)/200 
DO 4 N=304PN 
DO 3 M=2.NP1 
LL=NI(NM)+M—I 
DO 3 I=2oNP1 
J=NP*(M-1)+I 
K=NP*(M-2)+I 
L=NP*M-1-1 

3 C(J03)=(20-14(LL,2)/20)*C(J02)—(10—V(LL.2)/26)*C(J41)-.V(LL42)/20* 
I(V(LL13)*(C(K11)+C(K*2))+(le—V(LL,3))*(C(L91)+C(Lo2))/ 
DO 4 M=1•NPNP 
C(Mel)=C(M02) 

4 C(Mc2)=C(M03) 
DO 5 K=11.NP2 
DO 5 U=1.NP2 
L=NP*K+J+1 

5 A(KcJ)=C(L.3) 
CALL SPNIST(AeNP2c1.5cISIG) 
L=NM—N1(NM)+1 
DO 6 N=1eNP2 

6 AI(NMIN)=A(L,N) 
IF(NGS.E00.1) 	WRITE(607) 	NM*(A1(NM,,N)cN=1,NP2) 

7 FORMAT(4H AI(I2c6H9N) 	1P13E9c2/12X013E9o2) 
RETURN 
END 

SUBROUTINE SUPCON(NGS) 
C ** SUBROUTINE TO GENERATE SUPERSONIC REGION BLOCK CONVERGENCE 
3 ** CONSTANTS USING 	THE EULER TYPE METHOD 
C 

COMMON /BLKM/NPN/BLKO/NTHRT/EILKDD/V(50c3)fAI ( 50.15),N1(50).A(15930 
1)9NSPI,NDUM/BLKGG/C(289t3) 

C ** VCC(N.l) 	= I—M**2 	9 	VCC(No2) 	= K c VCC(N,3) 	= HI/H2 
NP=NSPI4-2 



NPNP=NP**2 
C 	INITIALISING ARRAY C TO ZERO 

DO 1 N=I•3 
DO 1 M=I9NPNP 

I C(MoN)=000 
C ** SETTING. INITIAL VALUES OF ARRAY C FOR N=I AND N=2 

DO 2 M=3,NP 
J=NP*(M-1)+M 
C(J•1)=-1®0 

2 C(J,2)=-24,0 
C ** EVALUATING THE SUPERSONIC RECURRENCE RELATIONSHIP SEQUENTIALLY 
C ** FROM N=3 TO N=NPN 

DO 4 N=39NPN 
DO 3 M=39NP 
NM=NTHRT+M —2 
DO 3 I=304 
J=NP*(M—I)+I 
K=NP*(M-2)+I 
L=NP*(M-3)+I 

3 C(...193)=20*C(J92)—(10—V(NM92))*C(J91)— 
I VENM92)*((100+V(NM+3))*O(K91)—V(NM93)*C(L91)) 
DO 4 M=I4NPNP 
C(M+1)=C(M,2) 

4 C(M92)=C(Me3) 
IF(NGS0E0o1) WRITE(6.10) 

C ** CONVERTING ARRAY C INTO A SQUARE MATRIX A 
DO 6 K=19NSPI 
DO 5 J=19NSPI 
L=NP*(K+1)-1....)+2 

5 A(K,J)=O(Lc3) 
IF(NGS0EQ9I) WRITE(6911) (A(K93)9...1=I9NSPI) 

6 CONTINUE 
C ** INVERTING MATRIX A 

CALL SPNIST(A9 NSPI915.ISIG) 
IF(NGS0E0o1) WRITE(6912) 
DO 7 K=loNSPI 
IF(NGS0E0o1) WRITE(6911) (A(K6J)9J=I9NSPI) 

7 CONTINUE 
RETURN 

10  FORMAT(19HOMATRIX FROM SUPCON ) 
11 FORMAT(10EII*3) 
12 FORMAT(I5HOMATRIX INVERSE ) 

END 

FUNCTION CKN(RKMoRKeNPN) 
C ** SUBROUTINE SIMILAR TO SUPCON AND ADPT FOR GENERATING CONVERGENCE 
C ** CONSTANTS FOR NP = 3 
C 

COMMON/BLKGG/C(867) 
C(1) -100 
C(2)=-20 
OMK=100—RK 
DO I N=3,NPN 

I C(N)=200*C(N-1)-0MK*C(N-2) 
CKN=PLOAT(NPN)/(C(NPN)*RKM) 
RETURN 
END 

184 
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SUBROUTINE VNEW(C9N) 
C ** SUBROUTINE FOR CHANGING COMMENCING SURFACE VELOCITY DISTRIBUTION 
C ** ACCORDING TO CONVERGENCE THEORY 
C 

COMMON /BLKC/V(50o25)/BLKH/VAV(50,25)/6LKJ/E(50)/BLKM/NPN 
1/BLKP/JSONIC/BLKG/VSRECtVSON/C/BLKDD/VCC(5093),AI(50($15)4NI(50)it 
1A(15*30),NSPIoNP/SLKFF/DFSUBoDFSUP/SLKCC/N2•NST/BLKO/NTHRT 
3/BLKMM/KD 
DIMENSION C(50) 
IF(NoElDoNTHRToANDeJSONIC oLEo2) RETURN 

C ** SEPARATING SUBSONIC AND SUPERSONIC FLOWS 
IF(NoGIONTHRTGAND•JSONICoE0o1) GO TO I 

C ** CHECKING THE CONDITION THAT NORMALS UPSTREAM OF THE THROAT ARE 
C ** SUBSONIC AND DOWNSTREAM OF THE THROAT SUPERSONIC OR SUBSONIC 
C ** -DEPENDING UPON THE FLOW TYPE 

IF(C(N)) 2.1113 
I IF(C(N)) 3.1102 
2 wRITE(6,20) N 

C ** IF THE FLOW TYPE /S WRONG A CORRECTION IS MADE 
V(N41)=V(N*1)4.1oI*C(N) 
RETURN 

C ** USING THE INVERTED MATRIX COEFFICIENTS 	A/ AND AREA CHANGES 
C ** REQUIRED AT THE TERMINATING SURFACE TO FIND THE NEW VELOCITY 

3 VV=000 
IF(JSONICsE0.14,ANDeN.GTeNTHRT) GO TO 5 
DF=DFSUB 
M=NP‘s2 
DO 4 J=1AIM 
L=N1(N)-4-.P-1 

4 VV=VV+AI(N.J)*E(L) 
GO TO 7 

5 DF=DFSUP 
L=N—NTHRT 
DO 6 J=IeNSPI 
M=NTHRT+J • 

6 VV=VV+A(LsJ)*E(M) 
C ** INTRODUCING A HIGH DAMPING IN THROAT REGION VIA USE OF I M**2 FAR 
C ** UPSTREAM OR DOWNSTREAM IF KD = 0 

7 IF(KDoE0o1) J=N 
IF(KDeE0o0oANDoNoLTeNTHRT) J=1 
IF(KDeE0004,ANDoN0GT6NTHRT) J=N2 

C ** FINDING NEW VELOCITY 
ViNq1)=V(N,1)*(10+DF*VV*FLOAT(NPN)/VCC(Je1)/ 
RETURN 
RETURN 

11 WRITE(6e22) N 
RETURN 

20 FORMAT(21H0FLOW TYPE CHANGED N=/4) 
22 FORMAT(18HODVC FOUND ZERO N=I4) 

END 
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SUBROUTINE SPNIST(AtMKKv/SIG 
C **. IMPERIAL COLLEGE LIBRARY SUBROUTINE FOR MATRIX INVERSION 
C 	- • 

DIMENSION A(!) 
ISIG = 0 
N = M 
NN = KK 
N2 = N N 
DO 10 sittioN 
NJCOL = (N + J 	1) * NN 
DO 10 I=leN 
KINJ = NJCOL + I 
IF(I~J)4q644 

4 A(KINJ) = Oe 
GO TO 10 

6 ACKINJ) = I. 
10 CONTINUE 

C DETERMINE MAXIMUM ABS OF VARIABLE BEING ELIMINATED, THIS BECOMES PIN, 
C 	OTAL ROW 

L = 0 
12 L = L + 1 

LCOL = NN*L—NN 
KLL = LCOL + L 
IF(L M13.30.1000 

C FIND THE LARGEST ELEMENT IN THE LTH COLUMN, 
13 JI = L 

C=ABS(A(KLL)) 
LI = L + I 
DO 20 I = LlsN 
KIL = LCOL 	I 
X=ABS(A(KIL)) 
ircc x)14.2o92o 

C RECORD THE NUMBER OF THE ROW HAVING THE GREATER ELEMENT. 
14 JI = I 

C C BECOMES THE GREATER. 
C = X 

20 CONTINUE 
C INTERCHANGE ROW JI WITH ROW Le J1 IS THE ROW WITH THE LARGEST ELEMENT 
C TEST TO SEE IF INTERCHANGING IS NECESSARY. 

IF(J1 L)22.30922 
22 00 24 J = LeN2 

JCOL = NN*J—NN 
KJIJ = JCOL + JI 
HOLD = A(KJIJ) 
KLJ = JCOL + L 
A(KJIJ} = A(KLJ) 
A(KLJ) = HOLD 

24 CONTINUE 
C IF THE LARGEST ABSOLUTE ELEMENT IN A COLUMN IS ZERO WE HAVE A SINGUL 
C AR MATRIX 

30 IF (ABS(A(KLL)) 	•00000001)33033432 
33 WRITE(6.100) 

ISIG = 4 
GO TO 1000 

C ZERO ALL THE ELEMENTS IN THE LTH COLUMN BUT THE PIVOTAL ELEMENT. 
32 LI = I 

L2 = L 	I 
IF(L2)321f321v323 

321 IF(L---N)322t460322 
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322 LI = L + 1 
L2 = N 

323 DO 324 I = L1eL2 
KIL = LCOL + I 
Z = —A(KIL)/A(KLL) 
DO 324 J = LtN2 
JCOL = NN*J NN 
KIJ = JCOL 4- 
KLJ = JCOL L 

324 A(KIJ) = A(KIJ) + Z*A(KLJ) 
IF(N 	L2)12*12.321 

C DIVIDE BY DIAGONAL ELEMENTS* 
46 DO 48 I = IoN 

KKK = NN*I 	?4N 	I 
ZZ = A(KKK) 
DO 48 J = loN2 
KKI = NN*J NN 

48 .A(KKI) = A(KKI)/ZZ 
C RETURN AFTER PUTTING A INVERSE INTO B 

49 DO 50 J = laN 
JCOL = NN*J — NN 
NJCOL = NN * N + JCOL 
DO 50 I = 1oN 
K1J = JCOL 	I 
KIND = NJCOL 4- 

50 A(KIJ) = A(KINJ) 
100 FORMAT(//20X*42H MATRIX IS SINGULAR* NO INVERSE OBTAINABLE///) 

1000 RETURN 
END 
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APPENDIX 2 C 	SAMPLE DATA DECKS AND 3eBoMe 7094 RUNNING TIMES. 

THERMODYNAMIC DATA 

AIR AS A PERFECT GAS 

NGAS NDATA 
1 80 

H01 HODATA DHDATA DV T1 	P1 GAMMA CP 	EM 
50000 50000 2.0 5000 1000,0 14.7 1.40 0.2400 28.97 

EXPANSION LINE DATA FOR FREON 21 AT AN ISENTROPIC EFFICIENCY 
OF 0.85 

1 34 
152.0 154.0 1.0 2500 
RHO(N) 	(10E SPECIFIC VOLUME ) 

'02430 .2610 .2820 .3060 .3320 .3620 .3930 .4270 .4630 .5030 
05460 45940 06450 .6980 .7580 .8210 .8900 .9630 100450 1.1390 
102430 1.3500 1.4680 105900 107210 1.8540 1.9950 2,1270 2.2630 2.4000 
205333 206700 208050 209430 

GEOMETRIC AND CONTROL DATA  

LISTED BELOW ARE THREE EXAMPLES OF DATA DECKS FOR TYPICAL 

CASCADES, THE CONTROL. VARIABLES GIVEN PRODUCE SUCCESSFUL OPERATION 

OF THE PROGRAMME, THE THREE EXAMPLES ARE FOR SUBSONIC PLOW. 

CHOKED SUBSONIC FLOW AND SUBSONIC.-SUPERSONIC FLOW, THE RELEVANT 

SOURCE AND DESCRIPTION OF EACH DATA DECK IS GIVEN ON THE DATA 

DECK TITLE CARDS, 

EXAMPLE 1 	DATA DECK FOR SUBSONIC CASCADE, 	RUNNING TIME =- 2.5 MIN. 

CASCADE OF DUNAVANT AND ERWIN (REF 7.1). BLADE TURNING ANGLE = 95 DEGo 1 
STAGGER ANGLE = 16.1 DEG* FLOW INLET ANGLE =40 DEG* DEVIATION CHOSEN 3.-2 
5 DEG. CASCADE IS SUBSONIC AND IS TAKEN FROM FIGURE 46A PAGE 90 OF REF. 3 
GRID REDUCTION PROCESS,STEP 1 COARSE GRID LOW SFCT o STEP 2 SFCT CONST 4 
GRID REDUCED o STEP 3 SFCT AND NPN GRADUALLY INCREASED 	5 

NPB2 NX1 NSPI ISTP NGRDS K2 JSONIC DREAD NSPIC KD KDK 
55 55 	0 50 	7 	1 3 1 0 1 I 	 6 

NPS NTHPT NPN NP IRC KRC JRC ERROR DFSUE3 DFSUP SFCT 
14 	0 	5 	9 1 0 0 3.0E 	0.50 0.50 0.10 	 7 

PITCH 	XU 	XD 	DL VSPEC VMIN VMAX VST VTT DFT 
.5782 000 	1.0 0,0 347.0 175.0 700.0 30.0 0.0 0.0 8 
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EXAMPLE 1 	(CONT) 

1280 1420 1560 9 

10 
11 
12 

X(N.i) 	IeE X VALUES OF FIRST GRID 
440 -300 .160 .040 	100 	300 	500 	680 	840 1000 1140 

)(2(1)0Y2(N) 	I.E TERMINATING SURFACE ARRAY 	(NP82 VALUES) 
164000-161747.163000-100908-102000-1.0069-1.1000-0,9230-100000-0.8391 
69000.--007552.008000-066713-047000-005874-006000-005035.-005000-004196 
04000.003356-003000-0,2517-002000-001678-061000-0440839-060500-060420 
60000-000160 000502-0,0038 000737 000008 0.1092 000104 061638 0.0267 13 
•2110 060384 002561 000447 0,3008 0,0462 003457 0o0441 063900 0.0376 14 
04370 000273 0.4836 000141 '005307.000020 0,5782-0.0210 066258-000425 15 
06736-000665 007213-0,0926 007687-001208 068157-0.1509 008621-001829 16 
69077--002169 009521-0,2529 049887~062876 100432-0,3268 1.0863-063649 17 

/•1295-004030 161726-0,4412 102158-004793 	1 02589-4065175 103021-065556 18 
1.3453-0,5937 103884-066319 104316-0,6700 1,4747-0,7081 1.5179-047463 19 
1.5611-4007844 /66042...068225 106474-0,8607 1,6905-008988 107337-069370 20 

XI(N)0Y1(N) I0E COMMENCING 	SURFACE ARRAY 	(NX1 	VALUES) 
164000.101747--1.3000-1 40908-1.2000-100069-1,10004-0.9230-100000-048391 21 
69000-067552-008000-0.6713-0.7000-045874-0,6000-005035-005000.0.4196 22 
04000-003356.0,3000-0025/7-0,2000-061678-001200-000975-000900-0,0655 23 
00600-0.0255-060300 000200 0,0046 040831 0.0377 0.1231 041095 0.1696 24  
61804 0,1915 0,2476 061991 0.3109 0.1966 0,3706 061857 004280 001691 26 
•4802 0,1479 005307 001222 005789 0,0932 006252 000615 046698 000276 26 
.7132-0.0080 0,7556-000450 047974-0.0830 0,8389-0.1218 068803-0,1609 27 
.9218-002004 009638-0 02403 100004-062772 1,0432-0.3268 1.0863-003649 28 
1.1295-0,4030 101726-064412 1442158-044793 1,2589-065175 I63021--0455556 29 
103453.-005937 103884-006319 1,4316-046700 104747-067081 105179-067463 30 
165611...067844 106042-0 08225 166474-0.8607 166905-0,8988 1.7337-009370 37, 

CARDS SIMILAR TO NO 7 EACH GIVING NEW GRID DATA 
30 	0 	5 9 1 0 0 3.0E -3 0,50 0.50 0.10 32 
30 	0 	6 / 0 0 360E 	0.50 0650 0.30 33 
30 	0 	7 11 	1 0 0 300E -3 0050 0.50 0.50 34 
30 	0 	8 11 1 0 0 300E -3 0,50 0.50 0,70 35 
30. 	0 	9 11 	1 0 0 3,0E 	0050 0050 0.65 36 
30 	0 	10 13 1 0 0 005E .3. 0450 0450 	1,00 37 

EXAMPLE OF READ IN VELOCITY DISTRIBUTION AND MASS FLOW 
EXAMPLE AND AN INCREASE OF THE NUMBER OF STREAMLINES 

55 	55 	0 	50 	2 	1 3 4 0  1 0 
30 	7 	10 	17 1 3 0 005E -3 0045 0045 1000 
440 -377 -315 -252 -187 -131 -077 -023 	035 	106 	195 
552 	633 	708 	780 	851 	924 	995 1059 1121 	1183 1246 
1497 1560 

FOR ABOVE 

286 	377 
1309 1372 

467 
1435 

6 
7 
9 
94 
98 

,59467009E 	1 ( MASS FLOW TM ) 344 

V(N01) 144E VELOCITY AT COMMENCING SURFACE 
3472 3459 3438 	3409 	3295 	3118 3198 3913 5605 5609 318 
5232 4957 4717 	4588 	4409 	4238 4075 3924 3803 3741 31C 
3729 3321 3511 	3527 	3539 	3547 3548 3552 3549 3555 31D 

30 	7 15 	17 1 3 0 005E 	0045 0,45 1,00 32 



13 
13 
13 
13 
13 
13 
13 
13 
13 

I 

1 
1 

I 
1 

I 

O 0 
O 0 
O 0 
O 0 
O 0 
O 0 
O 0 
O 0 
O 0 
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EXAMPLE 2 
	CHOKED SUBSONIC CASCAX:o 	RUNNING TIME = 205 MIND 

CASCADE OF DUNAVANT AND ERWIN (REF 7.1). BLADE TURNING ANGLE = 95 DEG' 1 
STAGGER ANGLE = 34,1 DEG. FLOW INLET ANGLE = 30 DEG. DEVIATION CHOSEN 2 
5 DEGo CASCADE IS CHOKED WITH A SUBSONIC OUTLET MACH NO0  EXAMPLE FOR 	3 
COMPARISON WITH FIG 44B OF REF. GRID REDUCTION PROCESS-INCREASE OF NPN 4 
AND SFCT FOR COARSE GRID AND THEN A GRADUAL DECREASE OF GRID SIZE 	5 

55 55 	0 50 10 	1 2, 1 0 1 1 
	

6 

17 10 	5 	9 1 0 0 300E 	0,75 0075 0.20 
	

7 

.671 
	000 	1.0 	000 	000 300.0 1700.0 	30.0 	2e0 	0.5 	8 

620 -460 -300 -140 000 140 320 400 620 740 840 920 1000 1080 9 
1160 1240 1320 	 10 

144000..008083-103000-007506-102000°-006928-101000-006351-100000-0,5774 
e9000..0,5196-008000-0.46190.7000-0.404/-006000-Oe3464-0,5000-0.2887 
04000-002309-0.3000-001732-0,2000-0.1155-0.1000-000577-0.0500-000325 
00000..000190 0.0540-000222 0.0817-000256 0.1242-000276 0019030.0292 
02466.-0.0332 002987-000425 003485-0.0568 003973-0.0753 004438-0.0984 
.4920.-001266 005387-00 1578 005849-00/925 006305-0.2304 
07195-.003149 0.7628-003608 008050-0.4089 008460-0.4590 
.9238-.005648 009599-006205 009879-..006719 100340-0.7346 
101019.-008497 1.1358-009073 1,1698--009648 102037-100224 
lo2716-101375 1.3056-1,1951 1.3395-1.2526 1.3735-103102 
104414104253 1.4753-1 04829 105093-105404 1.5432-105980 

1.4000-.008083-1.3000-0.7506-102000.-006928-101000-006351-1.0000-0,5774 22 
090000.5196008000-004619.-0070000040410o6000-003464'-005000-0.2507 
04000--002309-003000-0,1732-002000-0.1155-001000-0.0530-0.0500-0.0060 23 24 
.0200 0,0280 0,0099 000629 0.0349 0.0901 0.0858 0.1223 0.1817 001479 25 
.2677 001467 003446 00 1309 004136 001055 004755 0.0720 0.5329 000332 26 
.5829-.000090 006295-000554 006723-70.1047 007119-0.1563 0.7491-0.2097 27 
07841-.0.2646 008177-003206 008502-003775 008820-0.4352 0.9137-0.4932 28 
094540.5517 009774-0.6108 1.0045-006645 100340-0.7346 1.0679-0.7922 29 
101019008497 101358-009073 1.1698-0.9648 1.2037-1.0224 1.2377-1.0800 30 

1.3395-1.2525 103735-1.3102 104074--103677 31 .1.2716101375 1.3056-1 0 1951 
1.5093-105404 1.5432-105980 1.5772-1.6555 32 1.4414*-1.4253.104753-104829 

0.6754-0.2713 
008858-0.5109 
1.0679--0.7922 
102377-1.0800 
1.4074-1.3677 20 
1,5772-106555 21 

11 
12 
1:3 
14 
15 
16 
17 
18 
19 

17 10 10 
17 10 10 
17 10 10 
17 4  10 10 
19 1 10 
21 1 10 
23 1 10 
25 1 10 
27 1 10  

300E 
3.1DE 
300E 
005E 
005E 
005E 
005E 
0.5E 
005E  

-3 0.75 
0075 
0.75 

-3 0,75 
-3 0.75 
-3 0.75 
-3 0.75 
-3 0.75 
-3 0075  

0075 
0.75 
0.75 
0075 
0075 
0.75 
0.75 
0.75 
0075  

0.20 
0.50 
0.70 
1000 
1.00 
1000 
1.00 
1.00 
1.00 

33 
34 
35 
36 
37 
38 
39 
40 
41 
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EXAMPLE 3 	SUBSONIc-SUPERSONIC CASCADE, 	RUNNING TIME = 1,5 MIN. 

CASCADE OF FORSTER (REF 3.15/ PROFILE IS BLADE NO 1. FIGURE 20 OF REF, 1 
GRID REDUCTION PROCESS /S TO COMMENCE WITH AN ASPECT RATIO OF APPROX2,5 2 
AND A LOW VALUE OF SFCTO THE NUMBER OF STREAMLINES IS INCREASED AND 	3 
THEN SFCT GRADUALLY INCREASED TO 1.0. THE GRID SIZE IS THEN DECREASED 	A 

IN SMALL STEPS UNTIL NO FURTHER REDUCTION IS POSSIBLE DUE TO FAILURE 	5 

	

35 35 	2 50 	9 	1 I I I 1 1 

8 	6 	5 	5 1 0 0 300E 	0030 0030 0.30 

099 	....005 	0.52 	000 	000 30000 2700.0 

1200 -850 -600 -350 -100 150 350 500 

1.5000.002730o-104000 0.2900103000 
08000 003915,-007500 004000-0,7000 
05000 004040-0.4000 004070-0,3000 
.0000 003480 0.1000 0.3110 0.2000 
.3500 001705 0.4000 0,1315 0.4500 
.5200 000400 0,5500 000300 0.6000 
1.1000-0,2540 1.3000-003580 1.5000-.004620 

50.0 	160 	0.3 

6 

7 

8 

9 

10 
11 
12 
13 
14 
15 
16 

003075-.101000 0.3415-009000 0.3750 
0.4020-0,6200 0.4030-005500 0.4030 
004015-0.2000 0.3920-0,1000 0,3725 
0.2630 0.2500 0.2350 0,3000 0.2050 
000910 004800 000620 005000 0.0500 
0.0020 007000-0,0460 009000-0.1500 

1.7000-0.5660 1,9000-006700 

1.5000 
08000 
.5000 
• 00000 
.3500 
05200 
1.1000 

002730..104000 0,2900-1.3000 0.3075-1.1000 0,3415-009000 0.•3750 17 
0.3915-0.7500 0,4000-0,7000 004150-006200 0,4400-0,5500 0.4670 18 
0.4820-0.4000 005090,...0,3000 0.5200...002000 0,5210-0.1000 0.5110 19 
0.4870 0,1000 004470 0.2000 0.3920 002500 0.3560 0,3000 0.3130 20 
0.2665 0.4000 0,2090 0.4500 0.1460 004800 001080 0,5000 000800 21 
0.0600 0.5500 0,0300 0.6000 000020 007000-0.0460 0,9000-0,1500 22 
002540 1.3000-003580 1.5000-0.4620 107000-0.5660 1.9000-00.6700 23 

8 6 9 
8 6 9 
8 6 9 
8 6 9 
8 6 9 
Il 2 9 
14 2 9 
17 2 9  

5 I 
5 1 
5 I 
5 1 
5 I 
7 I 
9 I 
II 1  

O 0 300E -3 
O 0 300E 
O 0 3o0E 
O 0 300E 
O 0 005E 
O.0 005E -3 
O 0 005E 
O 0 0.5E -.3  

0030 
0030 
0030 
0.30 
0030 
0030 
0,30 
0,30  

0,30 
0030 
0030 
0.30 
0.30 
0.30 
0030 
0030  

0030 
0.50 
0.70 
0.85 
1.00 
1.00 
1.00 
1.00 

24 
25 
26 
27 
28 
29 
30 
31 

EXAMPLE OF READ IN VELOCITY DISTRIBUTION AND MASS FLOW FOR ABOVE 
EXAMPLE AND AN INCREASE OF THE NUMBER OF STREAMLINES 

35' 35 	2 50 	2 	/ I 4 I I I 	 -6 
17 12 	9 11 1 0 0 005E -3 0030 0,30 1000 	 7 
1200.-1032 -883 -758 -645 -533 -419 -305 -192 -076 041 150 237 311 	9 
380 443 500 	 9A 
.25072823E 02 
	

23A 
723079 723.35 714.72 664.89 728,23 89006810730381164.1812600141392.71 23B 
14890591746.521926.322/23.992239,552330,852405027 	 23C 
17 12 15 11 1 0 0 005E 	0,30 0,30 1.00 

	
25 
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