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LBSTRACT

The problem of selection of the best flow reactor
for the production of a substance by means of a re-
versible exothermic reaction is tregted by solving
for a large number of different reactors the classical
problem of minimizing the volume for given feed flow-
rates and compositions and (parametricly) varying
outlet conversions, and comparing the resulting nminima
and their corresponding controls.

The reaction rate sexpression used in numerical
exanples is linear in conversion, the forward and re-
verse reaction rate "constants" having Arrhenius
temperature dependence although the theory is developed
for an arbitrary reaction rate function.

The reactors considered include those with internal
heat exchange of the U-tube and regenerative types for
which an iterative gradient minimization method is used
in conjunction with a perturbation method for deter-
mining the gradient, and an N stage adiabatic cascade
with "cold shot' or indirect intercooling for which
a powerful new algorithm involving a 2N-1 to 1 dimensional

reduction is used. The variational problem arising
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when N —> o0 is reduced to that of svaluating a few
elemeptary line integrals in the conversion enthalpy
plane. A connection ?s established with the NT rea-
ctor of Cholette et als, and the degeneracy occurring .
when the ''cold shot'" is unreasonably hot is elucidated.

The sensitivity of the minima to variables which
are adjustable only in the design stage ig also investi-
gated, and numerical procedures discusseda

In the development of algorithms for computing
the optimal adiabatic cascades and the corresponding
variational problems no speclal thermochemical propertiss
are assumed for the reaction mixture; although in
numerical examples the adiabatic temperature rise co-

efficient is assumed to be a constans.
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Notation.
This work comprises4;:;n%21f—contained arguménts:
in order to avoid the proliferation of symbols the
same symbols are used from time to time with differ-
ent meanings. The symbols are defined in the text,
usually adjacent to the expressions in which they
appear. Symbols used to identify odd points in fig-
ures may or may not have any connection with the sym-
bols appearing below in a list showing the location
of the definitions of the main symbols used. Equat-
ions are shown bracketed.
a See (4.20), (4.25b), (5.31), (5.%2), also text
after (6.20). a, see (5.31), a see (2.20)
b constant see (4.19). bo,'see (6.6, 7, 8, 9). D, see
(5.33, 6.6, 7, 8, 9). B, D

bl values of bo and bl
corresponding to minimum F (Chapter VI). b, see

had

(2.20),
c.. ¢; see (5.33),
d; Differential operator,
e. @, e', o''error criteria; text following (5.33).
fo. £ flowrate of ith. species\(2.2).' function (3.10)..

function (6.17).

Ty
e
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See (6.19).
used only as enthalpy/mole basic reference sub-
stance. hi for stage 1i; hm for subsidiary feed;
etc.

steplength for forward integration Chapter VI.
volume or mass of catalyst. o total volume or
mass of catalyst. m= minimum m. m' see (4.20).
maximum number of steps allowed for forward inte-
gration Chapter VI.

see (4.é6). p' see (A5.20). p; see (6.25, 6.27)
see (A5.203. Q. '

qé 5 see (6.328).

A'/A, see (3.12). Reaction rate, see (4.28). See
(A5.20) : |

see (2.12). ses (6.4). te see‘(5.2). tﬁrsee (3.1).'

t; see (5.13). ti see (5.14).

u; 5 see ©.24), (6726).

Reaction rate:see text above (2.7).
Basic molal flowrate. v, at entry. We at exit.
w' see (4.20). wg along singular control, Chapter

Iv. w; in stage i Chapter V.
See (2.9). x' see (4.21). X, X5, see text above

4.28. x; see (6.18).

-y
-
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Conversion. Tq inlet conversion. T exit con~-
version. yﬁ}= maxX Yee Yo subsidiary feed con-
version. yai, yei ith stage inlet and outlet
conversions. Yy' egquilibrium conversion (Chapter V).
¥y, see Chapter II Pt.lg. ¥ see (5.58). T2 Yp See
(5.34). y, see (6.5).. Y125 see Fige 6.1, equation
(6.9). y; see (6.17, 18, 19, 20).

see (6.20).

A, A' see text after (l.l). & see (6.10).

See (4.14). B' see (4.20). B see (5.52).

Specific heat at constant pressure per mole basic
reference substance. |

see (5.56),

F; see (5.23). Fy conversion‘see (5.65). PFinal
value of t see (6.10).

Gy B )
H, H' see text after (l.1). ﬁi see text above

adjoint variables, see (6.31).

(2.18). H Hamiltonian see (4.37).

Adiabatic temperature rise coefficient.

Suffix Chapter V. Function Chapter V. Part IV.
Constant (5.40). Ratio of sectional area of.right

e
"
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hand to.left hand tube in Fig. 6.1,

L, see (5.64), L!1 see (A5.2b). Lji see (6.39-41).
Mi chemical formula of ith. species Chapter II.

M objective function (3.13%3). See (5.1).

Number of stages, Chapter II and V.

Bound on p:see text around (4.27). P, matrix

see (5.50).

See Chapter II Part II.

Reaction cost: Text following (3.13).

Separaﬁion cost: text following (3.13). Singular
locus, (4.42). Sets of variables Chapter V.' Si
Lagrange parameter (A5.20).

Temperature. T optimum temperature. Ta.’ Te.
ith stage inlet and exit temperatures (Ch;pteer).
Ti trajectory type i in Chaptei'IV.

See (2.29)

See (2.28)

Wi adjoint variables (6.3%6, 37).

X' see (4.23).

Lagrange function (A5.20).

a; see text above (2.2)

small increment operator. 8.. = 1 fori=J

13
otherwise O,
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see (2.23).
A; adjoint variables (4.33).

v; stoichiometric coefficient of ith.
Chapter II.
see (5.52a).
see (5.52a).
see (5.59).

see (5.50).

specieés.
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CHAPTER I

Introduction, Synopsis and Review of Previous Work

INTRODUCTION;

The Chenical Engineer 1s often required to specify
what type of reactor should be used in a given pro-
cessing stepy; and what its operating conditions should
be; a full-scale evaluation of alternatives would in
general be undesirable, of course, so indirect criteria
must be used.

We ere concerned with flow reactors for single
reversible exothermic reactions (such as the water-gas
shift reaction): we can predict the ﬁerformance of
such a reactor i1f we know the reaction rate per unit
volune as a function of composition, teaperature and
pressure, the thernmochewistry of the system and the
heat and mass transfer processes taking place in the
reactor. TFor design purposes we need not know the de-
t2lls of the transfer processes or the nicrokinetics;
good approximations can often be achieved with simple
nodels (See for exaaple References 2, 10, 47, 56, 57).

Let us suppose that the reactor we need to specify

is to be part of a proposed plant which is to be designed
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and operated in such a way as to maximize profit.

The reactor type may be considered an adjustable de-
sign variable which may take on the value 1 for the
first reactor to be considered, 2 for the next, and so
on, in a mathematical model of the plant.

Suppose this model 1s a good one, and that we could
find for what wvalues of the design and operating wvariables
the profit is maximumy we might then choose as best
the (in general unique) reactor corresponding to the
maximum profit, but it would be prudent to take into
account other factors. The sensitivity of the maximum
to variables which are adjustable only at the design
stage, to variables which are difficult to control, etc.
should be investigated and unreasonably sensitive rs-
actors rejected:; Dbesides, it is usually difficult to
formulate such 2n optimization problem which is both
realistic and tractable so that some factors may have
been omitted from (or crudely represented by) the objec—
tive function and/or the restraint relations, and these

1

factors™ will have to be considered at the end.

The (formal) problem of finding the naximum profit

nay be tvackled by first finding the attainable region2

l. For exanples of social factors see Refs. 2 and 6% 69
2. See Chapter III and Ref. 63. Other decomposition
procedures may be used. See e.g. Ref. 68: /O
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for the reactor (in the space of the variables common

to the reactor and its environment), next finding a
point X of the attainable region which corresponds to
the minimum of the objective function, and then finding
a reactor control which will realise X. In problems

of special interest in reactor theory, X will lie on

the border of the attainable region for the reactor, and
we will be considering, for the most part, methods for
finding this border.

The reactor may be connected to its environment in
a2 comnplex manner, giving rise to an attainable region
of high dinensionality whose border &s to be found only
at considerable expense. Much useful information about
the relative merits of the various alternative rsactors
can be obtained however by formulating and solving (for
each proposed reactor) certain sinpler optimization
problemsl: with the solutions to these problems (to-
gether with a knowledge of their limitations) to hand
one may carry out a preliminary screening. Besides, as
a result of this screening, for the reaction systen
as a whole general priorities will be established -

e.g. under what conditions backmixing is desirable,

l. Ses e.g. Refs, 22, 25, 30, 321.
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whether heat econony is important, etc. With this
sort of information available the designer may be able
to see some fundamental reason underlylng the super-
lority of certain reactors and develop a novel alter-
native with unique advantages.

A large class of the above simplified optimizatlion

problems reduce to the basic problem: for given inlet

and outlet flowrates and conversions, minimize the
reactor volume or wmass of catalyst. ©Solving this problem
1s in fact equivalent to findinga point on the border of
the attainable region for the reactor when 1ts space

is spanned by the variables; flowrate, inlet and outlst

conversions, and volume (or mass of catalyst).

PRINCIPAL OBJECTIVES OF THIS WORK:

Our first objective was to develop methods for
treating the basic problen efficiently for several
different types of reactors, especially whera phe
outlet conversion is to be varied parametricly.

Our second objective was to comparemany different
types of reactors, using the solution to the basic
problem as the malin criterion; in this study the

reaction was assumned to proceed (in vach reactor) at a
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rate v(y,T) moles reference substance/unit time, volume

(or mass of catalyst) given by:
v(y,T) = H(1l-y)exp(~A/T)-H'y exp(-A'/T) (1.1)

(y conversionl, T temperature °K).

A constant adiabatic teumperature rise coefficient
J of 158.5 °K was used: cold shot temperatures of 300°K
and 600°K were used: the inlet conversion was almost
always zero and the outlet conversion varied parametricly
from about 0.1 to about 0.99. The three sets of reac-
tion rate function (l.l) parameters shown in Table
l.1. were used: +the parameters have the following
properties;
1) The differences A'-A, and the ratios H/H' are constant
- i.e. the equilibrium line in the yT plane is the same
for each set, and
2) The activaﬁion energy ratios A'/A are respectively

1.5, 2, and 3.

SYNOTrSIS OF CONTENTS: PREVIQUS WORK;

In Chapter II heat and material balance equations

are derived for use in later chapters and some impor-

l. lore precisely in Chapter II.
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tapt properties of the function v(y,T) - equation
(1.1) are discussed. Only the presentation of this
material is new. Some useful changes of variable
are discussed, for example the use of enthalpy
instead of tempserature which allows many problems for
reaction systems of complex thermochemistry to be
treated almost as easily as those for which thg adia~
batic temperature rise coefficient is constant.

Also in Chapter II it is shown that many important

reactors belong to the class: distributed feed reactors,

and sub-classifications are made to facilitate sub-~
sequent development,.
In Chaptexr III the basic optimization problems

which are treated later for various reactors are stated
precisely; a proof of equivalence is given and the
well knownl problem of the optimum indirect control

of a tubular reactor is discugsed from a new2 stand-
point3 (based on an idea of F. Horn's). The connec-
tion between the basic problem and the rgcycle problem
is also discussed:; (See also Ref. (24)). An asymp-

votic expression is given which forms the basis of

1. References 1% to 34.

2« An outline of the proof is given in Reference (2).
5. For tubular reactor, tank reactor etc. read ideal
tubular reactor, stc. Precise definitions are given
in Chapter II.
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& transtormabion useful in zopressntloyg optimal
converslion-volume relations graphically.

Cae pber IV contains new problems and new resultse
B;- an extension of ths method used in Chapter III
the vroblem of perfect mixed control of an ideal feed
bypass reactor is shown to degenerate (for non-~auto-
catalytic systems) to the indirect control problem
for a tubular reactor.

The problem of perfect direct control is solved
for the ideal distributed feed reactor and a corres-
ponding problem for a tank reactor is discussed.

Some important degeneratz solutions of the former
problem are discussed. These are the adiabatic tank-
tube‘(MT reactor - Hefs. 32 and %3) and the adiabatic
tube., The condition that the latter should be optimal
(subsidiary feed tono hot) is shown to be in general
identical with the condivion that no cold shot be used
in an optimal N stage adiabatic cascads. Some num-
erical results are presented.

In Chapter V the basic problem is discussed for
a2 cascade of adiabatic reactors with feed heat ex-
changer and interstage cooling by cold shots of sup-
plementary feed., In so far as the theory is developed

for a system with an arbitrary reaction rate function
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and’arbitrary thermochemistry the results are all
new. Much work has been published for reaction mix-
turss for which the adiasbatic teumperature rise co-
efficient i1s constant. We will review first the case
of indirectl control;
1. G. Boreskov (Ref.44) gives the conditions
for the total mass of catalyst to be stationary.
(No numerical methods given). Results of cal-
culations by Russian workers may be found in
Refs. (42) and (43).
2. K. Konoki (Refs. 65, 66) gives stationarity
conditions. H. Zubota (Ref. 79) treats the case
where the btemperature must satisfy an upper
restraint and applies equations to SO5 nanu-
facture.
3. F. Horr. (Ref. 1) treats the subject in a thesis
Which forms the basis for subsequent papers.
4, F. Horn and L. Klchler (Ref. 22) give the

C basic

stationary condition equations for each
problem, showing that they are the same, snd give

results of calculations on 1, 2, 3 and 4 stags

l. If the subsidiary feed is given the fictitious
enthalpy minus infinity then the direct control case
becomes indirect.

2. See Chapter III.
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rgactorsg
5 Re Aris treavs the problem from the sbtand-~
point of dynamic programming in a thesis and
also in Refs, (4) and (37), showing that the
cost of heat exchange may be accommodated in
simple cases without essential modification.
6. F. Horn, (Ref. 36) extends the theory to
cover the case where all reactor temperatures
must lie in a given interval, and gives an
excsallent numerical method. He discusses also
the case where the objéotive function depends
on the cost of heat exchange and shows that in
some special cases the algorithm given for thg
bgsic problem needs no essential modifigation.
9. E. Bartholomd and R. Krabetz (Ref. 33) give
the resvlvs of some calculations for the water
gas shift reaction (including sensitivityl cal-
pplations) carried out in a two stamge cascadas.
8. L. Kuchler (Ref. 29) presents the results
for 1, 2, 3, and 4 stage cascades.

Next we Will review the case of direct controlr
1. The cold shot problem for air addition and
also cold feed addition in 802 oxidation is

treated by G. Boreskov and others (Refs. 19, 42,

1. See the later part of Chapter V.
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43, and 44), Results of calculations are given
but the published anelysis goes little further
than a statement of the problem.

2. K. Konoki (Ref.64) derives the con@itions
for the total volume to be statiornary. His
equations are special‘gases of our equations
(5.21), (5.22), and (5.17).

3. Re Aris, in his thesis, and also in Ref. (&),
and with Kung You Lee (in Ref. 45) treat the
problem from the standpoint of dynamic program-
ming, Calculations made for a three stage

cold shot SO2 converter in which the cost of
preheating is allowed for in a simple way are
p;esgnted.

4, F. Horn (Ref: 40) gives equations for a two
stage recctor;y these equations are particular
cases of K, Konoki''s. .

5. H. Bakemeier and R. Krabetz (Ref. 11) give
equations for the total volume to be stationary
for a reactor in which each stage may be pre-
ceded by a heat exchanger, or a mixing tee by
mesus of which cold gas (which may be of an

alien compositionl) may be added, the particular

1. In the sense of R. Aris (Ref. 4). See also
Chapter IT.
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disposition required being w=pacified by making
the elements of a vector O or 1. It follows

tpat their equations should reduce to'those of

K. Konoki for the feed bypass reactor. It
appcars that they do not; however.

6. H. Bakemeier, H. Detzer, and R. Krabetz

(Ref. 41) consider a three stage reactor for
ammonia synthesis where the objective function

to be minimized is the total high pressure
volume. If one sets the volume not occupied

by catalyst (i.e. the heat exchange volume) to
zero in their equations, one should get Konoki's
equations, but this does not happen: there is
only one equation which does not agree with
Konoki's but it would if a subscript were changed;
80 the disperity may be due to a misprint.

7+ J.M. Douglas (Ref. 35) considers the adiabatic

feed bypass resctor without feed preheater as

an arrroximation to a continuous stirred tank
reactor, and derives conditions for the optimum
distribution of wvolume and feed. These con-
ditions should be special cases of equetions

(5.17) and (5.2%3). The interested reader will
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verify that they are. (Douglas considered an

irreversible sxothernmnic reaction but for this

problem there is no essential distinction b§~
tween reversible and irreversible reactionéL
In Chapter V we start out by deriving the necessary
conditions for the total volume to be stationary
(a generalization of the work of Konoki and othersl)
and discuss methods of solving these equations along
with the conditions under which solutions exist and
correspond to an overall minimum. Some of the equations

it

have interesting ''trivial roots' which are shown to be
related to the degeneracy (mentioned above) which
ariges when the supplementary feed is unreasonably
hot. The structure of the equations is such as to
favour forward calculation. The case where a2ll fluid
temperaﬁures must lie below a given temperature is
treated, The sensitivity problem is treated by one
method which can be used either for direct or indirect
control and by another method suitable for indirect
control only.. Some results of numerical calculations
using an integration procedure which is a modification
of Horn's (Ref. 36) are presented. (The numerical

procedure used is about 100 times faster than the

method given in 3 above: Ref. (45).)

1. F, Horn in some unpublished work had also derived

equations equivalent to Konoki's. It is a pleasure to
acknowledge having used them as a check.
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Also presented are the corresponding results for the

perfectly controlled reactors discussed in Chapter IV.

In Chapter VI the basic problem for U-tube and
rclabted xeachoxs ls treated, the adjustable vaeriables
being the inlet temperature and an intermal heat
transfer parameter. A perturbation method is used to
find the derivatives of the objective function with
respect to its arguments, together with a recent iter-
ative gradient hill climbing procedure. Reactors of
the eunpty-tull U-tube type, such as the TeV.A, ammonia
syntbesis‘;eactor are included. The basic problem for
the T.V,A. reactor has been treated before but not
by the method developed in Chapter VI, which anyway is
a general method for U-Tube reactors. The idea of

using a pebble heat exchange reactorl

for a single
exothernic reverssible reaction is new., (Regenerative
reactors of this type have bgen used in creacking
reacticns -~ see @.g. Ref. 9). Various numerical re-
'3lts are presented. A brief review of the relevant
work follows:

van Heerden has made a study of autothermal pro-

cesses, considering primarily the steady state

stability anelysis, considering the empty-full

ls The U-Tube model can be used to describe the
pebble heat exchange (Push~Pull) rcactor.
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U-tube reactor (Ref., 47); the adiabatic tube with
axial diffvsion, the continuous adiabatic tank,

and the adiabatic (plug flow) tube with feed
affluent heat exchange (Ref. 48).

H. Kubota (Ref. %9) has treated the optimization
of the empty.-full U-tube reactor by simply mak-

ing wmeny function evaluations, Kubota used ‘

a graphical integration procedure. TLater (Ref. 54)
Kubota used an znalogue computer with a conducting
paper vivariate function generztor -~ the pre-
cision of such calculations is of course
questionable. N.S. Zayarnyi (Ref. 56) also

used an analogue computer with an alaporate

model of an ammon.a synthesis reactor. Kuo

and Rubin (Ref. 55) considered a complicatved concentric
tube model. Baddour et al. (Ref. 57) made an
extenslive study of a T.V.A. reactor crnsidering
especially the steady state (Ref. 57) and unsteady
state (Ref. 58) stability analysis.,

In Chapter VII various reactors are conpared
for several outlet conversions and the thres sets of

rate function (1l.1) parameters shown in Table 1.1,
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' Table iole

~ lst.set % 2nd, set Srd. set _
| 8.7678419,14 | 1.75356838,7 2.5,3 .
'} 1.244246, 20 2.488492,12 5.54775425,é7”
A | 2.2747861,4 1.13739305, 4 5.68696525, 3
i | 3.41217915, 4 2.2747861,4 1.706022?75¢ﬁ
158.5 158.5 158.5
where a,b = axlOE
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CHAPTER II

Classification of Tubular Reactors and Idealised Models.

In this chapter we will classify tubular reactors
under different headings and consider the steady state
heat and material balance equations for idealised models
which will be required in later chapters for optimum
problens,

PLART I ; Definitions, Basic Equations, etc.

Ideal Tubular Reactor l:

An idealised model of a single inlet, single out~
let tubular reactor for which:
1) The fluid velocity and composition, temperature .and
pressure are constant acrass any plans of section.
2) There is no longitudinal mixing.

Distibuted Feed Reactor2; Ideal Distributed Feed
Reactor:

Consider a tubular reactor which has a main feed
Fo and a supplementary feed Fm which i1s distributed
along its length: see Fig 2.1. Such a reactor will
be termed - Distributed Feed Reactor.

An idealised model of a distributed feed reactor

1. In the sense of Ref., (3) for example; also known as
a plug flow reactor Ref. (71)

2. Has been described as a €ross Flow Reactor (Refs. 3, 27)
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which is a generalisation of an ideal tubular reactor,
will be called an Ideal Distributed Feed Reactor, and
hes the following properties;

1) The fluid velocity and fluid composition, temperature
and pressure are constant zcross any plane of sectione.
(If the plane of section coincides with a point of ad-
dition of Fm’ then mixing must be perfect in this plane,
in general).

2) There is no longitudinal nixing.

For convenience in laying out the theory of the
ideal distributed feed reactor we will define some fur-
ther terms and discuss some cleumentary properties under
the following subheadings;

a) Beogic composition; reference substance: conversion:
mixing nass balance: m: class of functions w(m).

We are concerned only with single reactions. Sup~-
pose that the reaction taking place in an ideal distri-

buted feed reactor is represented;

where Mi is the chemical formla of the ith substance,
and vy is the stoichiometric coefficient of the ith

substionce -~ if it 1s a product; minus the stoichoimetric
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coefficient - if it is a reactant, and zero if it is an
inert substance. It will be convenient to take the
substance represented by i = 1 to bs a reactant not in

excegs, to call it the Referencs Substance, and to write

the equation in such a way that vy = -1.

The Basic Composition of a mixture is the compo-

sition it would have if it were converted completely in
the reverse dirsction - i.e. until at lsast one product

were to disappear.

The Basic Molal Flowrate fio of the ith component
in a strecam is the value its actual flowrate would have
if it wore instantly reacted to completion in the reverse
direction. For a batch reactor the expression 'contain-

ing x moles of basic reference substance' will be taken

to mean that if convertsed completely in the reverss
direction there would be present x moles of re-
ference substance.

Our scope 1is limited to rcactors where Fo and Fm
heve the seme basic composioionl.

If ay is the number of moles of the ith substance
in a mixture which contains 1 mole of reference substance

and whose composition is thoe basic composition of the

l. That is to say we will exclude alien cold shots;

c.f. Ref. (4).
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reactor fsed, and fi is the flowrate of the ith
substance in any stream in the reactor (or reactor.feed),

then it follows that:

f. = uif190 2.2

and

'_b
]

i fi,g+ Viyfl,o 2e3
where y is the conversicon of reference substance corres-—
ponding to the stream. The compesition at any point in
the reactor is therefore determined by the variable y,
and parameters s If fl o is also known then the

14

flowrates can all be determined: fl o will be called
’

the Basic Reference Flowrabte and denotedd w

f = W 2ol

If two streams (whose basic compositions axe the
same) with basic reference flowWrates Wy and Ws and con-
versions ¥q and Yo respectively are mixed continuously
in a chamber of negligible volume (so that no reaction
can take place during the mixing), then the resulting
stream will have basic rsference flowrate Wa, and

cooyersion ya,



given by:

Wg = W) o+ W, 2.5

ya 2.6

(Wl + Wé) Tz = Wyt W,

as can casily be verified,

Instead of z, the distance from the entrance of
the rcactor to the plane of section in Fig.2.1, it is
convenient to use m, which is the corresponding void
volume if the tube is either unpacked, or packed with
inert material; or the mass of cat&lyst if the tube
is packed with solid catalyst. The function w(m) will
be uscd to describe the subsidiary feed addition. We
will consider w(m) to be a (non negative) non decrzasing
function®. Tt will ba supposed that in addition w(m)
is continuous e¢verywhere except at a finite number of
points where it may have finite jumps. In this way we
can include, for example, a cascade of N adiabatic beds
packed with catalyst with "cold shot" intercooling by
supplementary feed, for which w(m) would have the form
shown in Fige 2.2

b) Leaction rate expression: dependence on y and T

For a homogeneous reaction, the reaction rate v,

1. Otherwise a separation at the walls would be implied,
and 1t is outside our scope to trcat such rcactors.
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i.e. the number of moles of reference substance con-

1 will depend on the

sumed per unit time, unit volume
composition, temperature and pressure, so that with =
given set of parameters & i and a given pressgure in

mind we may writs:
v = v(y,T) 2.7

For a solid catalysed reaction tekihg place in a
packed tubular reactor Wez may also use (2.7) with
Tag the fluid temperature, and a given particle size
and configugation in mind provided that fluid phase
'diffusiona is unimportant. (If fluid phase diffusion
ils important then another variable, such as W would be
required). When so0lid catalyst is present the rate is
opdinarily‘based on the mass of catalyst rather than

the volune.

c) Mass balance.

Les the basic reference flowrate and conversion of
FO be W, and Y respectively; Yo be the conversion of

Fﬁ; let w and y be the besic reference flowrate and

1. Void wvolume 1if the tube is packed with inert material.
2+ We are concerned with oversll rates or macro-kinetis.,
The details of mass and heat transfer within a catalyst
pellet, are of no concern to us here.

5. Of mass and heat.
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conversion corrssponding to m :nd w snd y+ corres-
ponding to m+ §m. (See Fig. 2.3). In view of 2.5,
6 ond 7, we may carry out = ste-dy stote mhss balronce

on the element for the reforence substance as follows:

IN: w(l-y) + (W+-W)(l-ym)
oUD; w (1-y")
ISTROYED: v(y,®) & n
o’e W-F(y*"—ym)—w(y—ym) = v(y,T) &n 2.8
If we introduce 2 new variable x:
x = (y-y )W 2.9
anéd write x+ Sx = (y+—ym)w+

Then in the limid 5m-->0, we get:

dx _ _ X .
= - v(y,T) = v(W + ym,T) 2.10
x(0) = (y, = yyIw(ol 2.11

if w is constant, i.e. if no subsidicary feed is
~dded, we have an idecl tubulcr re-ctor, aznd if we
introduce t, the volume (mass of catalyst) per unit

bagic reference flowrate:

t:% 2¢12

we get
47 = v(y,T) 2.1
I Is «13

y(o) =y, 2.14
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d) Integration of Mass balance equations.

ITf T(m) amd w{n) are given then (2.10) may be
integrcoteds Alternatively T may be specified as a
function of x cnd wy cnd w ¢s a function of x and m
etec. Often T will be specified impiicitly by o hect
balzonce, so that the relaetion between enthalpy con-
version cond tenmperature will be requirede.

If T(m) or T(y) is given (2.13) can be integrated.
If y(T) ie specifisd however, and is not ecsily in-

vertible to give T(y), then (2.13) moy be transformed

into:
a7 _ v(y(T),T) ~ :
where y'(T) = %% (2.16)

(2.15) can be integrated giving T(t) from which y,

y(T(t)) con be determined, it being necessory to invert

y(T) only once: (to determine T(o) the initicl condition).
This cose orises, os will be seen in the next sec-

tion, for on adicbatic ped where the reaction nmixbture

is ideal but non linear,

e) Temperature: dependence on_conversicn and enthalpy:
hect bolance for mixing of streams

We will consider first the case where the reaction

mixture is non idecl and wherc it is necessary to resort
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to experiment to obtain thermochemical dota. (In
principle) the following experiment might be conducted:

An edicbatic constant pressure batch reactor is
quickly charged with feedstock containing one mole of
basic referencel subgtance at a suitable temperature Tl
and conversion Ji¥ the temperature and conversion T and
y are then determined simultaneously enough times for
the yT relation to be satisfactorily deduced. The pro-
cess is then repeated for several suitably chosen initial
termperatures, TZ’ T5 secsa T5¢

Surpose the results obtalned are represented
graphically in Fig. 2.4 (curvss hl’ hg, h5 cees h5)

Since the reaction &took place adiabatically at
constant pressure these curves must be curves of con-
stant enthalpf% If we fix a basis, by making nl Zero
for excuple, then hg, hB’ h4 and b5 could be obtained
from the results of a separate run (curve A) where heat
was addéed ot a known rate.

In this manner T could be obtained as a function
¢f y and h;

T = T(y,h) (2.17)

1. See text under subheading (a) above,

2. Kinetic energy terms are assumed to be negligible.



Next, suppose that we are dealing witis an ideal
mixture, sc that ai any glven temperature T the partial
molal enthalpy. T& of the ith subsbance 1s equal to its
enthalpy when purer Hl(‘l‘); we may then write; using

(2.2) and (2.3):
n =~2ﬂ\ . +-viy)Hi(T) (2.18)

which gives us y as a function of h and T;

(2.19)

. b- 2. ¢ E (D

2 viE(D
It may be either inconvenient or impossible to
invert (2.18) so as to obtain T in closed form as an
explicit function of y and h.
Calculations are simplified if Hi(T) can be linearly

interpolated reasonably well over the range of temperatures

which are found in the reactor:

H; (1) = a; + b,T (2.20)

so thet using (2.18), we may obtain Ty
N h- D8 @ -y a v,

<
J bi& st y§£biv

S

(2.21)

T

i
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ir Zbic& 5 >y 'E'_ ¥ibsoy wkhich might occur® if
gither (i) y were small everywhere, (ii) the basic
composition were high in inerts, or (iii) the heat of
reacticn were not strongly temperature dependent, then
one could replace y in the denominavor of 2.21 with some

average value, Y av? thus obtaining a linear relation

between y, h, and T:
kk-E:a.a . - Y/ a.v.
1 L Z 1 1 (2.22)

B <
2055t Ty iy

It is convenient Gto define a new variable &

thaic:l.i
- =

) Zb aQ + (2.23)
i1 Y Yav £ PiVy

e

and to denote the adiabatic temperature rise coefficient

by J, .
. S - 2.8,V
LeCo = = (2'24)
ZBi0 5t Ty X0y
We may then write: T = 6 + Jy (2.25)

If two streams of basic reference flowrates Wi and

and cnthalpies hl and h2 are mixed adiabatically then

Ns

for the resulting stream is given by:

Iny
AN

h3(w2+wl) = hqW +how, (2.26)

ot - —

L. Such ig the case for examplc in the commercial air oxi-

detion of Soz‘
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the equation holding Whetbef.ioaction takes place during the
mixing or not. If 2.25 holds, it follows that for
adiabatic mixing:
(T3~Jy5)(w2+wl) = (B =Ty Ywi+(T5-Ty,) v, (2.27)

Whilst 2,27 may hold well for temperatures Tl and
T2 which are to bs found in the reactor it may not
extrapolate well down to the supplementary feed temp-
erature. It may be possible to use a linear relation
without incurring serious errors by assigning to the
suppleomentary feed a fictitious temperature.

Consider for example the case of addition of cold
shot of conversion y,, and temperaﬁure T, to a stream
of temperature Tl’ and conversion Mok (adiabatically
and quickly). Suppose the resulting conversion were

Y3 and temperature T If 2.27 were to hold well, then

TB would equal TB’ tze point in Fig. 2.5 corresponding
to y5 on the line L Jjoining lel to Tmym. But it does
not, so that corresponding points for the mixing lie on
the curve C, say. Given this curve C it should not Dbe
difficult to choose a fictitious temp I; such that

the temperature of the mixture predicted by use of the
line L' should not be far from -TB’ if one knows gpproxi-

mately wha¥ y5 will be.
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In a multistage adiabatic reactor with cold shot
cooling the fictitious temperature should be chosen so
as to correct for the nonlinearity in the final stages.

One may take 2.24 and 2.25 to define 8, (instead

of 2.2%), in which case the equationy

95(W2+Wl) = lei+ezw2 could be used instead

of 2.27, and a fictitious O used.

£) use of h, or O insteed of T in expression for rate.

In an adiabatic reactor h can only change as a

1

result of mixing™; for this reason it 1s convenient

to consider the rate to be a function of y and hj we
will define::
V(yshy = v(y,T(y,h)) ‘ (2.28)
Alsoy, if 2.2% and 2.25 hold, we may use U, defined
by:
U(y;0) = v(y, ™+Jy) (2.29)

g) Rate expressions v(y,T) -~ general properties for
non--altocatalytic reactions.

We will consider non-autocatalytic reactions,

i.e. reactions for which;

%§ < 0 for all o<y<lj;T>O0.

l. Pressure is assumed to be either constant or without

influence and velocity heads are assumed negligible.



One such veaction jiv described by the function:

A A
v = (l-y)Ee” T - yH'e™ T ; H'>H>03;A'>4>0;(1.1)

For the sets of parameters given in table 1,1 this
function has contours for v > O of the shape shown in
Fig, 2.6. Such hump~shaped contours are well known
and are typical of functions used to represent rever-—
sible exothermic reactions of industrial importance.

These furctions are discussed in books on chemical
reactor theoryl.

The locus of the maxima is of importance. This

may be obtalned considering:

A .
- A
AH(L- A - AL
o - Grie I - &0y T -0

from which it follows that the temperature at which
the rate is maximum is given by solving for T the

equation;

Tin(A'H'y) - TIn(4H(1l-y)) = A'-A
for 7,<¥<1 and y_ = AH/(AH+A'H')

while for AN S the temperature is infinite. It can
be seen that for vzv(yc,a>) the contours of constant
rate in Fig. 2.6 do not have a hump but arc monotonic

increasing. It is usually the case that Vs is very

-

l. See¢ References 2, 3, 4, and 5; in particular the last.
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smalll. If the lower part of Fig. 2.6 were drawn to
a much larger scale in y and smaller scale in T, we
would get a diagram like Fig. 2.7.

Such curves are described by R. Aris in his new
book (Ref. 5)
T is of importance in the theory developed in
Chaptoer IV.

It can be seen from these contours that a straight
line of positive slope will intersect a particular
contour at wmost twice. This property is important for

the numerical examples based on the theory developed

in Chapter V.

PART II : Classification of Ideal Distributed Feed
Reactors.

Figure 2.8 represents an ideal distributed feed
rezctos with a facility for adding (or rewoving) heat
indirectly as the reaction proceeds. Q(m) is the hgat
a@@ed from the beginning (i.e. left hand end in Fig.
2.8) of the reactor up to the place corresponding to
a volume (amount of catalyst).m. F, and F_ are the

main and supplementary feeds2.

1. For the sets of parameters in table 1.1,
Ve is of the order of 0.00001.

2. It is outside our scope to consider cases where e¢ither
the basic compositions of E, and Py differ, or w(m) is not
strictly non-negative, non-decreasing.
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If Vo = Ty W will refer to the ideal d;stributed
feed reactor as an ideazal feed bypass reactor. Apart
from this we may classify idezl distributed fesd reacbors
according to their controllability. Using (2.10) end

(2.28) we mey write ths mass balance;
%% = V(yy, + %Tm) s h) (2.22)
whilst from (2.26) it is clear that:
- 4 Ym
S SECSEEAS (233)

we nay therefore regard Q{m) and w(m) as control functions,
and Gefine the following terms;

1) mixed congrcl :; where Both Q{m) and w(n) are adjustable.

2) perfect mixed control ; where Q(m) can be mede any
arbitrary function and so can w(m).

3) direct_control : whers w(m) is adjusteble but
Q(m) - Q(o+) is fixed.

4) perfect direct control : where w(m) can be made any
arbitrary function but Q(m) - Q(o+) is fixed.®

5) indirect control :; where Q(m) isadjusteble but w(m)
is fixed.

6) perfect indirect control : where Q(m) can be made
any arpitrary function but w(m) is fixed.

1. Within the class of admissible functions - i.e. both

must be piccewise continuous. w(m) must be non negative,

non decrcasing.

2. i.6. G(m) is allowed a variable (positive or negative)

step at m=0. (Effcctively an adjustable main feed teuperature)
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7y imperfect control : where none of the conditions 2,

4, © above is satisfied. We may classify imper-
fectly controllable reactors according to their
number of adjustable control parameters and their
basic structure. Evidently, if the number of
adjustable control parameters is finite then con-
trol is necessarily imperfect; the converse is not
true, as is seen by considering a reactor which
comprises a perfectly controlled reactor feeding an
adiabatlic ideal tubular reactor (of nonzero volume)
- the number of control parameters is infinite bus

control is imperfscy.
Ixamples:

a) Indirect Control

In Figs. 2.9 and 2.12, one parameter reactors
(only fesd temperature controlleble) are reppesented.
The reactors represented in Figs. 2.10 and 2.11 are alsol
one parameter types ss far as btheir operation is con-

cerned, but in design an internal heat exchangse

- e

1. The pebble heat exchenge reactor (Fig. 2.10) is not

a steedy state reactor at all, but may be included if
certain assumpﬁions - considered in Chapter VI - are
reasonable. The reactors represented by Figures 2.11,
2013, and 2.14 really require consideration of transverse
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paraneter nay be adjusted as well,
In Fige 2.1% a nore flexible reagtor is represented.

b) Direct Control

In Fig. 2.15 the N-1 cold shot flows and the inlet
tenperature to the first stage are adjustable during
operation whereas in design the N-1 catglyst ratios are
also adjustable, making 2N-1 paraneters,

¢) Mixed Control

During operation of the reactor represented in
Fig. 2,16 four paraneters nay be adjusted independently;
in design seven. Fig. 2.14 represents an adiabatic
autotherizal reactor with adjpstable pain feed teuper-
ature and cold shot fraction. If the internal heat
transfer is adjustable in a 1 parameter fashion (inde-
pendently of the bypass fraction and umain feed tenpgr—

ature) then we have unixed control with % paraneters.

heat and nass transfer for precise calcvlationsy it is
reasonahble to suppose howsver that the ideal rodels
used here will provide at any rate an "upper bound"

to their perfornance.
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CHAPTER II1

Optimization Problems For Distributed Feed Reactors.

Two furdamentel optimizaetion problems; bﬁsic
problems (i) and (ii) will be described first.
Given:; reactor type, rate expression, basic
feed composition, main and subsidiary feed conversions

Tor Tp» and outlet basic reference flowrate, Wos the

problems are:

(1) minimize® the total volume (mass of catalyst), me
for given y. ; Cyf > ¥p 3 Ie 2 yo).

G nexinize® yg Sor given mp.

Unless any statement is made to the contrary is may be
taken for granted that we are considering only the
ideal distributed feed reactor in what follows.
The ''fres variebles'' for the optimization are
the functions w(m), Q(m) which will be restricted accor-

ding to the reactor type being considered. If these

1. strictly » "find %he infimum or greatest lower bound
of 000"

2. strictly : ''find the supremum or least upper bound
cf ovo"

(These bounds may not be attained although it will
ganerally be assumed, in what follows, that they are)
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functions are further restricbtsd by problem specifi-

) 3
cations (such as g%% < 100 everywhere for example),

the term restraint will be used to cover the additional

e

restrictions. Also the terms restrained and unrestrained.

Reducible Probleuns;

- It is easy to show, by considering equaticns (2.32),
(2+3%) that if basic problem (i) is solved in an un-

rastrained case for different values of Wep Wo and Ve

1 2
say, the corrssponding minimum values satisfy the re-
lations;

= o
£ fo % y .
f f
1 2

and that in fact if instead of minimizing m. one chose

to mininize

e

the minimum t, would also be t?. Similarly the maximum
valae of yo3 f? in basic problem (ii) will not changse

if m, and w, are altercd in such a way that the ratio

T f

t. remains constant, i.e. the problem could also be

£
treated equally well in terms of the one quantity tf as
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the bwo m e and W Alternatively it may be con-
venient to consider the problems for one value of
Wey CeBe Wy = L. This reducibility, or scale in-
variance stems from the rate v belng considered a
function of intensive variaples and would certainly
break down if it were not realistic to do S0 - e.g.
for a heterogeneously catalysed reaction in a reactor
of fixed cross section with diffusion in the fluid
phase controlling.

Provided v can be written v(y,T) then the two
problems are still reducible if restraints are placed
on intensive variables such as y and T.

Equivalence of basic problems (i) and (ii)

The following remarks about equivalence apply
to all distributed feed reactors. |

Suppose. that basic problem (i) has been solved
for all outlet conversions y, in an interval [yl’sz

and that the minimum m, function is denoted mi'(yf)‘.

il
If it turns out that mxf(yf) is strictly monotonic
increasing, then the solution to basic problem (ii)
for all m, in the interval mxf(yl)gmf<mxf(y2} i§ the

function yx(mf) which is the inversel of m*f(yf).

1. If y = £f(x), a strictly monotonic function, then

g(y) is the inverse of f(x) if x = g(y).
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For suppose the curve in Fig. 3.1 represents the

yf,mgé relation. Then if n',y' is a point on it and
we are asked for the y#% corresponding to m' in prob-
lem (ii), evidently f? > y', since a countrol giving

. . . 1
rise to (y',m') is known to exist.

s
Suppose that y , = y" > y'.

Then to y' there corresponds a minimum volume m"
which according to the strict monotonicity must be
larger than m'. This contradicts the optimality of m"
so the supposition is false and.yé} = y'.

In a similar manner it may be shown that if the
solution to problem (ii) is known for all e in'a given
interval and is strictly monotonic then the solution
to problem (i) in the corresponding interval is given

by the inverse function.

Basic problem;

When problems (i) and (ii) above are known to be

equivalent we shall call them 'the basic prodlem'. Also

l. Strictly controls giving rise to values m'+ € ,
for given Je = y' (€ arbitrarily small positive), be-
cause mih [mf] may not exist in the sense that no
admissible control giving rise to inf [m ] may exist.

— =
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the term "reduced basic problem' will be used.
Examples

Wé will consider a very important control prob-
lem; basic problem (i) for the perfect indirectly

controlled tubular reactor.

Let us use the variable © =-% (2.12)

To every heat addition policy Q(t) there corresponds
a temperature distribution T(t) and vice versal: the
problem of {inding an optimal Q(t) is therefore equiv-
alent to that of finding a T(t) such that for given

Tor T3 tf defined byz;

= vy, 2(6)) (3.3)
t=0, y=¥, 3 J=Ygs» t=tp . (3.4)

is minimum. The solution to this problem is well known:
the temperature must be chosen so as to waximize the
local rate at every point in the reactor. We give

here a simple proof; first note that we may exclude

1. More precisely;y If C is the set of all plecewlse
continuous functions, then to every Q(t) € C there
corresponds a T(t) € C

and to every T(t) € C there corresponds a Q(t) € C.
2. See equation 2.13.
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all temperature policies T(+t) which lead to the rate
being z6T0 oT negative anywhere in the reactorl. It
is clear then from (3.3) that to every T(t) there

corresponds a T(y), so we may write:

¥ = -"g-z"'_' (5-5)
t v(y, T(y))
yO

from which it follows that to every T(y) there corres-
ponds2 a T(t) so that we may transform the problem in~
to one of finding a T(y) which assigns to tp its min~
imum value.

suppose T (y) is such that for all y: y, £ ¥ & ¥y

(7, (7)) 2 v(7, Xy (3.6)
where T(y) is any admissible function, then in order

to show that the corresponding tﬁ? is minimum we may

1. See appendix for proof.
2. lore precisely: If C is the class of all piece-
wise continuous functions and'ﬁft) is the set of all
temperature proflleu which assign to v everywhere a
positive wvalue and m(y) is the set of all Ty relations
which assign everywhere to v a positive value, theny

to every T(t) € C(\T(t} there corresponds a T(y)& Cf]T(y)
and to " T(y) € cNT(y) " " " I(t) € CNT(L)
where /) denotes intersection) ' |
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consider the difference:

I .
-t = [ [—E - = lay (3.7)
' V(.YsT ); V(.Y, T)

yO
In view of 3.6, we have
3E -
The gbove'proof may be easily extended to cover the

case where T(%t) must satisfy the restraintsy
7,(6) € T(6) < T,(8) (3.9)
where T, and T, are given admissiblel functions satis-
" fying (3.9).
Further, if another control variable R(t) enters
into the rate expression so that. v = v(y,T(t),R(t))
and we are asked for the pair of functions{&x(t), R?(té}

which leads to the minimum t it can be seen by in-

f’
‘specting the above argument that v must be maximised
locally with® respect to both T and R. R need not be

continuous. Suppose for example that we have availlable

1. But not absurd functions (such that v(yT) is neces-
sarily < O somewhere in the reactor, for example).
2. van de Vusse and Voetbter make use of this for pres—

sure optimization; (Ref.27)
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two types of catalyst at different prices, and we
wish to minimize the cost of catalyst in a reactor
which can have as many sections as necessary, each
section containing catalyst of one type or another
(see Fig. 3.2). |

We may easily transform equation (3.3), intro-
ducing instead of t the variable C: the value of
catalyst to the left of plane C in Fig. 3.2, obtain--

ing an edquation of the form;

¥ = f(y,m(c),i) (3.10)
dc

where i = 1 or 2. Tx(c) and iK(c) may be found by

maximizing £ with respect to i and ¢ everywhere.

Since v > O everywhere along optimal trajectories
in the above example it follows that these traject-
ories are also optimal for problem (ii) above.

Piecewise opbtimality of trajectories in the case of
a perfectly controlled ideal tubular reactor.

Points on an optimal trajectory for a reactor
with feed conversion bl and outlet conversion Io
corresponding to conversions y satisfying;

ylf'y'fyfy“gya are also points on an optimal trajectory
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for a reactor with feed conversion v' and outlet
conversion y'' for otherwise the former reactor could
be improved by altering the control policy in the
interval y'<y<y'" which would contradict its optim~
ality. It follows that if tﬁ(y) is known for the
former reactor, then for the latter resctor the
corresponding minimum volume (mass of catalyst) is
("™ - (0.

(The optimnl trajectories discussed in Chapter V
Tfovr Tinite cascades do not have this property although
they do exhiblt a plecewlse optimality which is use-
ful if Ghe yﬁ.(mf) relation 1is required for several
vélues of N, the number of stages).

Approximate tormula for t? (yf) relation for lst. order
reaction. '

There is no difficulty in evaluating the{y’s , tf}
relation for any reasonable reaction rate expression
v(y,T) although it is necessary to resort to numerical
integration in general. It has been shown (Ref. 23)
that for the rate expression (l.l) this relation can

be expressed in terms of the incomplete betafunction;
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for the important case where Ty = 0 and T A 1 an
approximate expression was giwven; a slightly better

approximationl is

{M} {rfl} &3

(H’ Ie
tf f~j§ ( T:§E_— ) (3.11)
(H)
where r = A'/A ;3 r© > 1 _ ' (3.12)

| 3
tf tends po tf

improving as r decrcases.

as y, —> 1, the approximation

It follows that for Iy = 0 and Je close to 1
) or log (1/(1-y.))

plots of log(tf) against log (1__f

should be straight lines of slope 1/(r-l1). The former
plot has been found the more useful for representing
exact numerical data because a fairly straight line

is obtained even for smallisn values of Tpe It élso
gives rise to fairly straight lines for optimal re-
actors of‘various types with rate expression (1.1).

Generalizabtions Wnich Stem From Basic Problem::

Attainable Regions.

(i) reduced output problem: minimize2 a given function

‘1. See appendix for details.

2. For given basic composition, rate expression,
restraints, reactor type, Tor Ipe
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M(.Yf’tf>°

Especially important is the case where M satisfies;

M < 0
(3.13)

> 0 )

When it is well knowvm that if tThe solubion to the

(7]

i

@ o
B o«
*_b

|

@
cH
H

reduced basic problem is known (e.g. if yﬁ.(tf) is
available) this problem can easily be solvedl. This
type of problem arises in reactof-separator situatioqs:

Suppose we wish to design an optimal unit to pro-
duce given amounts of two products C and D per day
from materials A and B which react (exothermiely)

according toy

A+ B ~— C+ D

The flowsheet for the unit is shown in Fig. 3.3.
The problem is to minimize the‘qost of production;
this cost may be separated into a reaction cost R

and a separation cost S. For a given type of reactor

l. See also Refs. 24, 63, 2,



R will depend on the reactor volume (mass of cata-

" lyst) and the control cost. If we can treat the

latter as approximately constant then we may write.
AR

R;R(mf); Fﬁf > 0. Similarly S=S(Wf,yf);

o ! .
92 5 0, 82 ¢ 0. 4 material balance gives us

= C, a constant, so using %.2, and letting M
be the total cost we obtain:

M(tps5p) = R(cpf/yf) + S(gf.yf)
from which it 1s clear that M satislies (3%.13).
In treating this problem we will use the attainable
regions concept (Ref. 63).

The f?., t,. curve for the reduced basic problem

£
divides the plane into two regions:; only the region
on1 and below the curve contalning points which are
attainable for the class of reactors in gquestion.
In Fige. %.4. M contours are also plotted.

It follows from the relations (3.13) that the

minimum value of M mustlie on the j? (tp) curve:

(point P in the figure). If the basic reduced problem

1. Assuming that the functionals attain their

bounds''.
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has been solved, the output problem can be considered
" solved, since the drawing of 1 contours is generally
trivial. If Mo is fixed (such as it would be in most
operation problems) then one degree of freedom is
lost - in the above example, only the points on OP'
(of slope %—)‘could be considered. The optimum would
be P' whichfwould be invariant against changes of

M (provided 3.1l% remains satisfied).

(ii) irreducible output problcm

In this case the corresponding generalization of
the basic problem is; Minimize M=M(yf,wf,mf) subject

to some restraint such as f(yf,wf) = 0.

T
space into two regions, only one of which is attain-

A surface f? = jﬁr(wf,mf} divides the Yo Vool

able by the class of reactors considered. If I has

no relative interior minimum on the intersection [

of f(yf,wf) = 0 with the attainable region, then it
mist have its minimum on the vorder. If this is so,
then once the basic problem has been solved it is suf-
ficient to evaluate M for points of the border of [

and find the minimum by a one dimensional searche.
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The General Reactor Optimizalbion T'roblem.

The basic problems discussed above are of impor-
tance in situations where the objective function is
not influenced by adjusting reactor control variables
except insofar as these variations cause changes in
the outlet conversion, volume, ctce.

Such situations arise for exémple when the cost
of reaction volume (or catalyst) is high and the
reaction slow, but heating and cooling relatively
inexpensive.

It is sometimes fair to represent the cost of
heat exchange in such a way that the resulting prob-
lem may be dealt with by the methods for the bvasic
problem without essential modification (Refs. 4, 35,
36, 37: see also Chapter V).

In more general situations however, the reactor
control is tied up in a very complicated way with

the environmental equipmentl, (or with itselfa) and

1. For example a three stage rcactor with heat ex-
change in each stage with other process streams some
of whose temperatures influsnce the performance of
the environmental equipment.

2. Such as in a U-tube reactor; See Chapter VI.



- 720 -

in these cases one may be faced with a constrained
minimum problem in many variables be%ween which
there are complicated restraints. Such problems
may be attacked by formal decomposition procedures
such as those developed in Ref. (63), (already men-
tioned), and (70), together with hill=-climbing,
linear and non linear programming etc. (Refs. 7, 72,
73, 74, 76.) The hill-climbing method described in

Ref. 7 was used in a study described in Chapter VI.
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Appendix to Chapter III

Péft I

""We may exclude all temperabure policies T(t)
which lead to the rate being zero or negative any-
where in the reactor'.

The essential step in a proof is given:

We méy ignore of course policies which lead to
a non positive rate only at isolated points. Sup-
pose then that some policy T(t) gives rise to a
negative (or identically zero) v over an interval
[tl,tz]. Consider the resulting yt diagram (curve
OA1A2A5A4 in Fig. A%.1). Then if we change the
control over [tl,t2] so that the rate is a positive
constant (which is always possible) we can end up
at the point Aé and remove the section [t2’t5] thus
improving the reactor.
Part IT
Approximation to t?'(yf).

It is shown in Ref. 2% that the relation between

t? and Ie for the rate expression (l.l) for vy, = 0
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is given by:
! T ' 3’(: !
y N COA G2 il N ¢ )
FWTe) ) =T

J=0

If we put p = E%I in the above integral it

becomes K:
y .
K = { y( —X—)p—l d so, noting that
l-y 1-y)2)? ’
y=o |

a, o
dy Tg? ) = (I-y)?

we may integrate by parts, obtaining:

J N
p - 1=y P -y

0] 0

A3.1 -

By putting the numerator = Ygs OT ZOTO in the remain-

ing integrand, it 1s easy to see that K must satisfy:

Ka(l~A) <K<K,
where 1

I r—-1
Ka = (r—l)yf (—1355— )
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we may use Ka as the estimate, obtaining:

A\
The estimate given in Ref. 23 was tf/yf and is

consequently worse.
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CHAPTER IV

Optimization of Perfectly Controllable Ideal
Distributed Feed Reactors.

In this chapter the solution to the basic prob-
lems (i) and (ii) for the three types of perfectly
controllable reactors is given.

It may seem to the inexperienced an idle academic
exercise to consider perfectly controllable reactors
at all since they are so obviously unrealisablel.
Perhaps it will be sufficient to note the following
properties they have:

Their performance provides a bound to what can
be achieved with any corresponding imperfectly con-
trollable reactor$ thus questions like "what pos-
sible improvement could be achievgd by using a more
sophisticated control scheme?' can be answered if the
performance of the perfectly gontrollable reactor has
been evaluated. As such they provide a standard of

efficlienty against which actual reactors may be com-

1. The batch counterpart of perfect direct control
is programmed addition of feed to an adiabatic C.S.T.R.
which could be closely approximated in practice. 'This
problem has many variants of which one is treated in
a brief sketch at the end of this chapter.
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pared, as well as asympbotic results for finite
cascades which are sometimes easier to obtain than
the finite results themselves.

This chapter will be divided into four parts.

PART I; PERFECT INDIRECT COLTROL

The only case of importance is the case; w(m)
constant, i1.e. where the 1ldeal distributed feed
reactor reduces to an ideal tubular reactor, for

which the basic problems were treated in Chapter III.

PART 11; PERFECT MIXED CONTROL

It will fe shownl that both basic problems de-
generate to the problem of perfect indirect control
of an ideal tubular reactor. If Y, > I then no
subsidiary feed should be added. If Yo € s 1O
‘main feed should be used; all subsidiary feed being
added at m=0.

Let us consider first basic problem (i):; given

y > Yo find min(mf), where Q(m), w(m) may be

o? ym

1. Except possibly for subtocatalytic reactions, or if

certain restraints are improved.

e ety o .
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chosen from the respective sets of admissible func-
tions.

It is clear from (2.175, (2.32), and (2.33) that
(for w(m) given) to every Q(m) there corresponds a

T(m) and vice versa, so we may write;

%% = v(yﬁ + ﬁ%ﬁ? s T(m)) (4.1)
x(o) = w(o)(yo—ym) 3 Xp = Wf(yf—ym) (4.2)

and try to find an optimall T(m) instead of Q(m).
Also, we may disregard all those pairs of functions
g&(m), T(m)} which lead to a negative or zero rate
anywherez. Further, to every admissible pair
{ﬁ(m), T(m)}_there corresponds a pair {ﬁ(x), T(x)}

so we may write:

£ . A
ng = J = (4.3)
V(.Ym"" %X); T(x))

0]

l. This argument can be tightened up in the same way
as the corresponding argument for the ideal tubular
reactor in Chapter III.

2. See Appendix.
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and note that to every rair {w(x), T(x)} there
corresponds & pair <w(m), T(m)} . Ve may thus
transforml'the problem into one of finding the
pair {W(X), T(x)} which assignsto mf.its minimum '
value.
Congider first a given w(x); bthen to minimize

My, T(x) must be chosen so 23 to'maximise v for
o all x, for in this way +the integrand is minimised2
for each x. The optimum T(x) will of course depend
on w(x). DIet it be T (x,w(x)):

Tx(x,w(x)}:vx(ym + %TED ; T = m;x v (y %r§>;T) (4.4)
Putting T° info 4.3, we obtain;

X

m? = dx - (4.5)
Xy V(T * ey T wx))

and must find an optimal ﬁ(x).

Let us take the end condition on w to be:

we = 1 (4.6)

1. This argument may be tightened up in the same way
as the corresponding argument for the ideal tubular
reactor in Chapter III. .

2. c.f. ideal tubular reactor in Chapter III.
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consider first:

case (i): Iy = Ty

From (4.2) we get: x =0, so we only need con-
sider the integrand in computing the variation in

mﬁé caused by variation of w(x).

Now v o= v(ym + % ,  T(x,w)) ‘(4.?)
: S .-y x. 9y al®
* e (aw )y = 5y we * AT (aw )y (4.8)

The problem 1s easily solved ify;

G- ) >0 for all X & 0 < X < X, (4.9)

(%#.9) will be satisfied if:

a) %% < 0 everywherelx

(4.10)
and
b) if the underlined term in 4.8 vanishes. The

underlined term must vanish if T is either unrestrained.

1. We will take (4.10) to be the definition of a
non autocatalytic reaction as in Chapter II.



or restrained by a simple ineqguality such as;

T, T <0 ’ (4.11)

1 2

we consider only cases where (4.9) is sabtisfied;
evidently w must be chosen as large as possible

everywhere, i.e.
wi(x) = We = 1 (4.12)

In this way the local rate is - everywhere as

larce as possible so that if we compare the control

X

A - 3 o .
(7%, W) giving v with some arbitrary control

(T, w), we geb:

- 3% X%
Jo -

case (ii) Ty > Ty e

X the lower limit of (4.5), now becomes an

1.(2) and (b) above assumed satisfied; +these con-

ditiohs imply that for x<0; (%%‘)y < 0.
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inecreasing function of w(o), (see 4.2), so w(x) must
again be made as large as possible - 1l.e. no subsi-

diary feed should be added.

case (1ii) Ty < Tpe

x,, the lower limit of (24.5), now beccmes a
decreasing function of w(o), so, evideantly w(o)
should be made zero but w(m) should be ildentically

1 for all m>0; 1i.e. no main feed should be used.

The above arpgument has established what one
would find difficult to disbelieve on intuitive
groundsy 1f you have to choose between two feeds
of different conversions you should reject the one

l, and put the other in’

with bthe lowcst conversion
all at the beginning. it is instruc%ive to verify
the above results by considering the Pontryage;;n2
formulation. (Case (iii) above is too general to
be treated by the Pontryagén method on account of

the jumps in w at the beginning, but one can allow

1. Bxcept as noted.
2. Refs. 6, 67, 68.
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w to have almost a Jjump by allowing %g to be very

large).

PART TITIT; PERFECT DIRECT CONTROL

The mass and heat balance equations are:

ax _ X .
o = Wy, + wE) h) (2.32)
W
- .0 Q(mg
b= w(m) (ho B hm> Tyt Wm (2.33)
e will treat only the adiebatic reactor and

consider only non autocatalytic reactions.
Adiababtic reactor with adjustable main feed tem-
perature;

Here  Q(m) - Qo+) = 0 3 m>0 (413)

Instead of vaking the jump Q(o+) - Qo) as

a variable we can consider Q(m) to be identically
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zero and allow'wo(ho-hm) to vary. ILet us define B;

B = w (h-h) (4.14)

and put
Q(m)= 0 . (4.15)

so that (2.33) becomes:

h = ﬁ%ﬁ) +hy (4.16)

If we put this expression for h into (2.32) we get:

ax _ _ B .
@ = Vm * W) bm * Srm) (4.17)
with i.c.: x(o) = W(o)(yo~ym) | (4.18)

As in Part II above we distihguish three cases;

case (i); Teed bypass reactor: To=Tye

Equation (4.18) then becomes; x(o) = 0

The basic problems may be restated: for given
yo, hm’ and Wf:
(i) PFind a value for B and an adumissible function
w(m) such that for given g > J,» Dp is minimum
(ii) ©Find a value for B and an'admissible function

w(m) such that for given m, > 0, y, is maximum.
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We will treat the case where 02T s and where

there are no restraintsl except possibly:

B <

Wfb ; b >0 (4.19)

We will show that problems (i) and (ii) are
equivalent, anq that the function y?:(mf) and its
inverse m? (yf) may be obtained by some very elem-
tary mamerical procedures.

It will be necessary to make use of a simple
scale invariance property, which will be established
in detail, setting up the equations for future use;

Consider two reactors fed with the same feed-
stock, the first described by #4.17, the other by

primed variables related as follows;
m' = am; w'(m') = aw(m); B' = aB; a>0. (4.20)

The second of these relations being taken to mean
that the basic reference flowrate at a section of

the second reactor corresponding to a volume m' is

1. See discussion of function v(y,T) for definition
of y,- (Chapter II).
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a times the basic reference flowrate in the first
reactor at a section corresponding to a volume m.
a is a positive constant. We will show that, cor-

respondingly:

x'(n') = ax(m) . (4.21)

from which it follows imnmediately thatb:

y'(r'y = y(m); h'(a') = h(m); T'(m') = (@)  (4.22)

i.e. their btrajectories in the hy plane are iden-

tical.

Let X'(m') = ax(m) (4.23)

Putting 4.20 and 4.2% into 4.17 we gety

1 1] 4 ‘ . 1
%%' = V(ym i %T<§ 3 i hm * WB m ) (4o 28)

(with i.c. X'(0) = 0), whereas if we write heat and
mass balances for the second reactor we get simply:

ax' _ x' B
& = VOn e b b T wraEny) (4.25)
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with (i.c. x'(o)=0). It follows vhat 4.21 is true
and hence #4.22 1s true, and of course that problems
(i) and (il) are each reducible;

e will consider only the case W, = 1 (4.6)

Equivalence of problems (i) and (ii)

Consider the single stage ildeal adiabatic tubular
recactor with a@justable feed enthalpy ho (which is in
the class of reactors considered). Tor given I, > 0
and ¥ yo<yf<l it is possible o findl an ho such
that a corresponding finite W exists. It follows
that for the ideal distributed feed reactor considered,
to every Tp < 1 there corresponds at least one Mpe

2 Which

We will assume thab there is also a minimunm
will be denoted my .

Ewiden%ly mﬁ.> O. To show that mﬁ.(yf) is a
strictly monotonic increasing function 1t is suf-

ficient to show that given a polnt R(ml,yl) on the

1. It is assumed that some reaction will take place
however low the temperature.

2. See discussion about infimum and minimum in Chap-
ter IIT,
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ﬁﬁ., yg curve, all points for which Ty ST STy

on the straight line Jjoining R to the point (O,yo)
are attainable. (See Fig. 4.1). Suppose the control
giving rise to R is (B,w(m)). Consider the control
(B;w’(m')) where the primed quantities are defined

by (4.20) and a 1s given by:

Ip = Iy
= .9 4,250
2 I~ I ( °®)

Suppose the control {B’,w'(mﬁ} is implemented
for all points'm” : 0« m" < m','but at m" = n',
W jumps to l.- By (Z.22), the conversion just before
the jump at the end must be I If the final con-~

version is y, a mass balance over the Jjump glves us:

ay; + (1-a)y, = ¥

Substituting for a the right hand side of (4.25b)

we get after simplification:

J = Y2
as required.

The equivalence of {the two problems is thus

\

astablished.
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Application of FPontryagén's Maximum Principle.l

It is convenient to change the conditions of the
problem in order to be able to applf Pontryag%n's
maximum principle. w(m) must be replaced because’
of the non decreasing restriction; the class of
admissible functions will be restricted to those
which have a bounded derivative everywhere.

Let p(m) be the new control function:

p(m) = & (4.26)

0<p<P (4.27)

It will be shown that (in general) P can always
be chosen sufficiently large that p never attains
its bound along an optimal trajectory.

It is assumed that with the class of functions
w(m) restricted by (4.26) and (4.27) it is always
possible to find P large enough for problems (i) and

(ii) to be equivalent. In what follows we assume

l. See Refs. 6,
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P large enough; Consider problem (ii);

Let us chénge the notation, putting : =7
. X B
and writey V(ym 53 hm + =

so that (4.17) and (4.26) becomne;

)= r(xl,xarB)

axy X B\ — N

T = p(mw) | . | (4.29)
with b.c:

X, = 0 form= o (44%0)

X, 2 0 form= o (4.31)

X, = 1 for m = m, (4.32)

We wish to find B and p(m) which maximise x; ..
Consider B to be fixed for the moment and let us
look for an opbtimal p(m). According to Pontryagdn,
along the optimal trajectory there exist adjoint
variebles X, and A, Which are continuous functions
of m, do not vanish simultaneouély, and sabtisfy:

dhl )

W C - M %§1 (#433)



dhg

—Z = - A ér _

am Looax (L4.34)
with boundary conditionslr

hl >0 at m-= M . : (4.35)

7\.2 =0 atm=0 (4-56)

(The latter arising from the transversality con-
dition and holding provided x2(0)>0 which is in
general true. The special case x2(0)=o is of some
theoretical interest and is discussed later).

Also, along the optimal trajectory the Hamlltonian

functiony
H = A> + AP (4.37)

must attain its maximum value everywhere, so that p

must be chosen to be either O or P unless hg = 0

1. If problem (i) had been set up in Fontryagkn fas-
hion the equations would have been the same except
for 4.35 which is replaced by hlr>0'at m=0. The rea-
der will easily show that (for P finite), r>0 along
an optimal trajectory, so 4.35 1s implied: the
Pontryagen equations are thus the same for both prob-
lems.
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when p may have an iantermediate value.

If A5 = 0 for some m, say my, then p(n) may
be so chosen that over the interval [ml,mgj, Ay
remains identically zero. Such a trajectory is
known as a singularl trajectory; the corresponding
policy will bc denotved Pg and the corresponding-w(m);
Wy An opbtimal trajecbory moy be singular in part,
and in general the decision "how'long to stay on
the singular btrajectory" mey heve to be taken several
times. In this case, nowever the situation is simpli-
fied by the '"instabllity' of the singular brajectory:
once left it cannot be returned to along an opbimal
path.2 s0 that only one dccision need be taken. (4.3%6)
shows that the trajectory must start on the singular
curve.

We may express (4.%3) as an iptegral:

\
i

=1
254

T
N = A (0)exp (& - Q% At (4.3%8)
J=

0

1. See for example Rosonoer, Ref. 67, 68.
2. for F large enough: See equation 4.59.
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From (4.%5) and the fact that the exponential func—
tion takes on only positive values, hl must be pos—
itive everywhere. Because the adjoint equations

(4.%33% and 34) are linear and homosencous and because

H is linear in the )  we may take Aq(0) to be 1.

A(o) = 1 : (4.59)

Hence, integrating (4.34) and using the above

results:

=5 |
J{_ 3%, 7 b (- %ﬁgc.'atf) dj (440
J=0

KZ is zero at m=o. If the singular trajectory is

to be followed it is sufficient to satisfy: S=0 (4.41)

where 5= - Q

»‘iH

(4.02)

from m=o0 onwards. To show that the singular locus
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is unstable we consider its mapping in the
(hy) plane.

The singular locus in the (hy) plane and the opti-

mun policy:s =reduction to finite choice:

By (4.42) and the definition of x, and I3

- - 9 x =
* S = aV :‘-Q QY :Do .
e BEk = gE gy P (4ob4)

Hence, using (2.9) and (4.16), we gety

o _ 1 av oV .
S =+ [(y—ym)-é—sr- + (h—hm)é—.ﬁ] (4.45)

Now the ralte contours in the hfy plane would be
expected to have the shzome shovm for bne curves
Vs Vs etc. in Fig. 4.2. also drawn in Fig. 4.2
is the locus of points of tangency from (hm,ym) to
the rate contours. It is clear from (4.45) that
this locus divides the plane into two regions;
+ and - where B is respectively positive and nega-
tive, and that on the locus S vanishes. To follow

the locus is of course to maximise the rate with



- 95 -

respect to w at all pointsl.

We are now in a position to consider the inte-
gration of the Pontryagen equations starting from
m=0. Let us ignore for the moment the boundary
condition (4.32): that is to say the equabions
will be integrated up to some final value of m which
need not be the specified Mpe |

case (a): B>0.

OQur initial point is on the y = constant line

to the ‘right of 0(in Fig. 4.2).

Suppose it is P Then whatever our initial

1
choice of p, S will be negative, so that 12 will

start taking on negative values; in order to max-
imize H, (4.%7), p must be made zero for m=o+. A
For subsequent values of m, Ay will continue nega-
tive by #4.40, so that the control isy p=o for all

m>o, and the trajectory will run vertically upwards

tending to intersect the equilibrium line as m—>00.

1. We have chosen the point 0 in fig. 4.2 in such a
way that the rate increases with conversion, at const--
ant h, there. This is the most difficult case to treat.
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(If the initial point is P, the situation is
bopelegs since y decreases monotonically, whilst P3
cannot be left at all). |

Suppose the initial point is P4r then the opti-
mem policy requires p=P for m=o+. Since P is large
this means that the trajectory would be directed
(almost) towards O.

P5 is the ,important point.. Here S=0 so that the
singular curve may be followed. (We note that the
singular curve must always be followed in the direc-
tion of increasing w, i.e¢. from P5 to Pu. Py 1s not
attainablel because there h =.hm). It follows from
equation 4.40 and Fig. 4.2 that the singular curve 1is
unstable because, supposing the - region is entered
at some point, tbaakz will take on negative values
requiring a p=o policy thereafter, (and the correé—
ponding situation occurs if the +region is entered

from the singular curve2).

1. In an exceptional case, discussed later, it is shown
that the trajectory can start at Pu.

2. See equatipn 4.5% for bLhe control Py required to
follow the singular trajectory.
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Case (b):» B<Or

The following assertions can easily be veri-
fiedy:
(i) There exists a point Pe such that for all starting
points on y=y_ (Fig. 4.2) to the left of it, the op~-
timal trajectory is a line h = constant.
(ii) For starting points between QO and Pg (Pig. 4.2)
the optimall trajectories start out as. h = constant
lines and then switch (almost) towards 0. (It will
normally turn out that these trdjectories may be
ignored).
(iii) From Fg ‘the optimal trajectoriesl comprise the
line h = constant ub to Ib (Fig. 4.2) on the curve
$5=0, a portvion of this curve (Gowards Pu) branching
off (perhaps) either (almost) towards O or else along

an h = constant line.

l. In the sense that they satisfy the Maximum

Principle.
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Case (c¢)y B=0; The MT(Tank Tubel) Reactor:

If B= 0, it is clear Ifrom 4.14 that either::

W, 03 b, = hy
or W = 0 ; ho has any value,
in particular Wy = 0 ; ho = hm .

The first alternative makes the start the point
0 in Fig. 4.2, which cannot be left at all® (since
the control p = F must be applied for m = O+).

The second alternative would permit the point P,
to be attained at m=0 by a variety of routesa. In
particular the singular trajectory from P5 to P, may
be followed (limiting case of trajectory described
earlier) or the path Py P7, Py (another limiting
case) may be taken. Finally a Jjump from O to ?u is

possible.

1. See Refs. 32 and 33.

2. (§§>v at 0 in Fig. 4.2 1is negative: in other
instances 1t may be positive, simplifying the problem.
2, If w, = 0, the b.c. (4.%6) must be replaced by

Ao < 0. For ka < 0 only trivial trajectories result.
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Once arrived at Eﬁ of course it is possible to
continue either vertically downwards (Fig. 4.2) -
evidently a trajectory which may be ignored - or
vertically upwards; +this latter alternative one
cannot fail to identify as a continuous stirred

tank reactor feeding a tubular reactor.

Exercise of finite choice:

It follows from the above discussion that the
optimal trajectory which fits the problém specifica~
tions must be selected from the following six types:

Tl, T2 oooooo.-T6 definedl by:

Tl ¢ p =20

T2:p=Ochenp=P

T3 R

T, : b= p, then p = _(4.46)
T5 : p= pS then p = P

T, 3+ p = 0 from Py to P7 (Fig. 4.2) then

P=Ps,thenp=0

l.,ps being the poliecy required to follow the sin-
gular trajectory.
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Let us consider these in turn.

l »
tubular reactor: evidently we need consider only re-

T, : this corresponds to a one stage adiabatic ideal

actors with an optimum inlet temperature.

T2 i Suppose we have the attainable region in the

V¢ Op plane for trajectorigs of typé T, and that its
border is the curve 0010205 in Fig. 4.3. Then the
border of the attainable region for the trajectories

of type T. may be obtained by drawing a tangentl from

2
0 to the curve; obtaining the curve 002 05. (Usu-
ally it will turn out that 0010205 1s not as shown

in the Fig. but convex upwards so that it will itself
be the border of the atltainable region for trajectories
of type ?l and Tz).

In order to deal with the casges T3’ T, and T5 we
will consider how the singular trajectory in the (h,y)
plane maps into the (x,w) plane for different values
of B. To this end let us consider two reactors one

with the control policy {B,w(m)} ~ so chosen that the

singular curve is followed, starting from P5 at w=0,

l. See argument used to prove equivalence of problems
(1) and (ii). (P is supposed to be very large).
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and the other with policy {ﬁ',w'(m'}} , where the
primed dquantities are defined by (4.20) and a>l.

It follows from (4.22) that the trajectory for
the latter reactor is also singular. In Fig. 4.4
we have the hy plane with the singular locus sketched;
in Fig. 4.5 the (x,w) plane with lines of constant y,
the curves B and B' corresponding to the controls
',{B,W(m)} 'R {B',W'(m')} . The relation between these
two curves can be seen by considering the mapping
of the point P, from Fig. L.l onto P, and Py’ respec—
tively in Fig. 4.5. 1In view of (4.20), (&4.21) and
(4.22) we have for theAdistances,P7A and Pﬁ 3

P7A.= aP7A

It is important to notice that péints~Ql aq@ Qtl,
on B and B' which have the same value of X, i.es
X,, map back info the hy plane &s shown:; 1i.s. Q& is
closer (along the singular curve)'t6 P5 than is Ql.'
The same is true for any_bther two points: e.g. Qb
‘and Qé.

Since the rate V decréases‘monotonically along

the singular curve as 1t is traversed from P5 to E,

T T RN
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it is clear that the rate corresponding to some
point on B' is higher than the rate for a point on
B witﬂ the same x.

Next we will make use of these properties in an
integral formulation of the originsl problem il.e.
where w(m) is allowed to jump.

Integral Formulation.

It is easy to see that the problem may be trans—

formed in to finding the [B, w(x)] which minimises:

Y=Xf

n. = ax (4.47)

r(x,w(x),B)

X=0

subject to w(x) being nondecreasing and W(Xf)=l (4.48)

Suppose that yg (Seec Fig.4 .4 ). Then

> Ymax
trajectories of type TB and T5 must be ruled out.
However for Te < Tmax 7 cannot rule these urgaec—
tories out a priori.

We will show that T. is never optimal if B is free.

>

Suppose some control [B,Wi(K)] is lmposed so that

the singular trajectory is followed up to some point
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Ry

Let there then be a step in w to bring it up to 1l.

at which point x = x, but.w < 1 (see Fig. 4.4).

It is clear that for this value of B the chosen Wl(x)
cannot be improved since it minimizes the integrand
(4.47) for evury vulue of x. In particular, no
trajectory of the type T5 which terminates under

the control p=P can improve on Wl(x).

1
the singular trajectory until Xp 1s reached with

We now incresse B from B, to Bg, again following

w<l, (at R2 in figures 4.4 zand 4.5), and then fini-
shing off with & step to bring w up to 1.

It follows from what was established about the
rates at corresponding points Qq, Qf at the end of
the last section tnat mfl assoclated with the con-

trol By, wyj(x)]is larger than m, associated with
2

the control [32,W2(X)], and also that the control
[B,,w (x)] where the singular trajectory is followed
all the way 1s therefore betiter than any possible
trajectory with B<B+. Thus all trajectories of

type T5 may be rejected in favour of trajectories of

T o
type 3
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BEvaluation of the yf(mf) relation for trajectories

of type Tq.

Suppose we wish to find these yf(mf) curves
corresponding to the three type Ty, trajectories
P5ciﬁl;P5clcé62;P50102c563,'in Fig. 4.6. The cal-
culations may be shortened by making use of the scale
invariance propertysy all the information required
concerning the singular trajectory may be obbtained
?y one integration along it up to C?.

We choose some suitable valus of B', say

B' =1 " (4.49)

' =Wl ‘ (4.50)

and W

so that equation (4.25) becomesy

] 1

) 1

gﬁ‘ = Wiy *+ é;; i By *+ Wl ) (4.51)
ax' x' 1 ' .

or I - V(ym + é, 3 hm + ' ) (&4.52)

max over w'

(with i.c. x'(0) = 0). (4.52) is integrated through

positive values of m' until the point Cl is reached,
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where the variables x', w' and m' have the values

x* , w_ 4, m' , respectively. These three vari-

°1 S ]
ables are stored, and then a is chosen such that
the corresponding w = 1, and x and m calculated.
Gl el €1

From 4.20 it follows thaty:

a = ‘We' (4' 53)
1
x' el n'
R 1. [} e
so thatxz = y B="/w, oy om, = _71 (4,54
4w e °1 1 v )
1 1

We then simply evaluate the ym relation over the

curve Cial (in Tig. 4.6) by integratingy

a

= = V(yshe ) : (4.55)

with i.c. : y=y at m = m (4.56)
€1 €1

through increasing values of m until El is reached.
To evaluate the ym relation over the curve

P5010202 we need go back only to the point Cl
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(in Pig. 4.6) and integrate (4.52) through increas-

ing values of m' Lfrom the initial condition x'=xﬂe ,
' 1

m'=m:el until C2 is reached, store xéa , mézz, WEE ’
rescale to get the new initial conditions for (4.55),°
and so on. In this way the yf(mf) relation for
trajectories of type T4 nay be obtained. If this
relation is plotted for different values of the
switching poiﬁt C, a family of curves in the TpsBe
diagram would be obtalned; the best ym relation

for the entire family may be obtained by construc-—
tiné the envelope.

Bvaluation of the TpaThe relation for trajectories

of type T6:

The part of the trajectory from P7 (Fig. 4.2)
onwards can be dealt with by the method used for '

T4 trajectories above. We must also find P6’ and

evaluate the P6P7 rart.

There are bthree obvious methods based on gues—

dka

sing ho such that KE and-aa— vanish simultaneously
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at the intersection of h = h  and 5 =0 (Fige 4.2):
one may integ;ate 4,28, 4.29, 4.3%33, and 4.34 for-
wards; or 4.28 and 4.29 forwards, (storing relevant
intermediate information) and 4.33 and 4.34 back-
wards, or evaluabte 4.40 together with 4.47.
Alternatively, by changing the integration
variables in both integrals from volume (mass of
catalyst) to conversion (noting thab Xq and h are
constant) and inbtegrating by parts it can be seen

that the following alternative equations may be used:

ye . ye
My,) = ¥ . | 47 + (h=h) BV a¥ - o (u.57)
R : v oh V?
yO y0
aFr _ 4 o
3y, 0 (4.58)

These two conditions are the '"subsidiary feed
too hot' conditions, which apply also to the finite
cascade treated in Chapter V.

Again one would obtain a family of curves in
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the Tes Wp diapgram, the opbimal relation being

given by the envelorpe.

. \ 1
Selection of best envelope™:

It would aépear that (for the subsidiary feed

condition represented in Iig. 4.2), the T, envelope

I
would be optimal for low Tes then the T6 envelope
(the transition corresponding Lo the MT reactor) and
finally the envelope for the single stage adiabatic
tube with adjustable feed temperature. {(For high
subsidiary feed temperatu;es the T6 envelope degen-—

erates to a point, of course).

Rate of addition of subsidiary feedy Details of

method used for the special case Ty = Ou

The singular trajectory mars into the relationu:

8(y,0) = 0
in the hy planc. Bearing in mind eguation 4.6, we

may obtain for the rate of addition of subsidiary

1. See above discussion and also section on numerical
results.
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feedy:
25
hs = dw _ V 35
S T dm ., 25 £-F )
(=) 5 T (A-Fn) 3% (4-59)
Pg Will be finite provideds
(7)) &+ () B 2 0 (4.60)

It I > Yoo then 4,60 will be satisfied in
general, so that w(m) will not jump even if per-
mitted to do so. |

It Ip £ Too and in particular if Iy = 0, it would
appear that Pg would exceed T av m;O.however large
P night be, so that we would have to coﬁsider the
case where P is assigned some reasonable valuey

One is often interested in the §} s Mg relation

for e > 0.1 'and g = Yo = 0. One could (with some

labour) compute this relatlon for given values of P

and estimate in some way the limiting relation as P
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tends to infinity. It seems plausible that this

limiting relation would be the solution to the prob-

lem where w(m) is allowed juumps:(this is no proof).

Alternativel& one could gety

(i) an upper bound on y?r(for given me ) by proceeding

as above for Vo = Iy = Y+ some small nunber.

(ii) A lower bound by considering some non optimal

trajectory such as:adiabatic from y = 0, h large to

the curve $=O (Fig. 4.2), and thereafter following T4.
It has turned out that for the rate functions def-

ined by equation 1.1 and table 1.1, these bounds are

almost identical and that in fact one may (for

o = Iy = 0) svart out on the intersection_of the

curve S=0 with the line y = 0.0005, and let n' be

considered zero there without introéucing apprecisble

'error. Alternatively the small correction can be

estimated from the data for perfect indirect control

oy (for exawmple) putting y=0 in the denominator of the

integrand A.%.1. Thilis latter procedure was used 1n the

numerical calculations on winich the results shown in this

thesis are based.
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Optimal policy with B restrained.

supprose that for B free, and some specified T
m? corresponds to a T, trajectory with B = By. If
a restraint B2 is placed on B so that Bl>B2>O, then
it 1s clear that the optimal trajectory will have
B=B2 and may be of type TB’ TA, or T5.

B might be so restrained in a practical situation
if the feed prechneabter were undersized and of such
a type that the hect load is independent of w(o)y

e.3. an electrically heated device.

Programming detzils for evaluation of type T,

trajecicories.

Progranming is simpliried if‘the switch points C
are specified in terms of m'. In this way no equa-
tion need be solved to determine m'., Alternatively
switching may be specified to take place as soon as
n falls below a certaln value. '

Instead of integrating (4.52) the corresponding
integral nay be evaluated:; there belng numerical
adventages especlally 1if To is close to zero. Dx-
pressing (4.55) as an integral however 1s not re-

.commended unless special precautions are taken about
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the pole which the integrand has on the equilibrium
linel.

Some thoupht should be kwiven to specifying the
m, values corresponding to C;,C,, etc. If a variable
step length method suca as Runge Kutta Merson is used
for the integration_of (4.55) then these m, values can
be specified to be much larger than the values one
would expect Lo be sufficient, because, as the tra-
jectories (4.55) run into the equilibrium line, v
becomes so small that the step length 1s automatically
enlarged very quickly so that not much unneceéssary
computation is in fact done. Altepnatively, after
a little experience, it is not difficult to specify
a suitable small number and program the integration to

Stop when it exceeds the reaction rate.

Case (ii) Yo < Ipe

For P very large this problem presumably degen-—
erates to case (i), since, by using very little main

feed (if it is sufficiently hot) it is possible by

1. See Chapter V.
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mixing it with subsidiary feced to achieve any value

of h regquired and a conversion close to m*

Case (iii) Yo > Toge

Besides being of little practical interest this
problem appears to be difficultv (it appears that
the classical calculus of variations is. inadequate
T

and also Pontryagen's Maximum Principle does not

apply), so it will not be treated.

Problems for the tank reusctor.

Suppose a liquid phase.cabalytic reaction is to
take place in an adiabatic (atmospheric pressure)
stirred tank of volume I (Fig. 4.7), which may be
operated as follows:

1) A charge of raw material containing w, moles ofl
basic.reference substance (Which need not fill the
tank complebtely) is dumped in guickly.

2) Catalyst is added and agitation commenced.’

3) Cold raw material of enthalpy hm/mole basic re-

ference substance is added according to some sequence

1. See definition in Chapter II.
T. At any rate to basic problem (ii).
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w(t) where t is time, until the tank is full, when
it is dumped quickly.

The cycle is then repecated.

' One reason for having an adiabatic tank might
be that the reaction mixbture (including catalyst)
could be exbtremely corrosive, but the raw material
innocuous.

There are many optimization problems which may
be formulatedlr we will cousider the following prob-
lemy:

For fixed time from filling Lo empiying Ty find
w(t), & nonnegative, non decreasing function, and W,

and h  such that (for given yo=ym), the guantity

Xp = WelTe = 3,)
is maximised.
The system'could bec described by the differential

equations;

+ Xq B
x] = %, V(y, + EE » b +-22 )

x5 = p(t)

1. Siebenthal and Aris considered others (Ref. 29)
but they used an incorrect heat balance.
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where Xq, X, and B .heve the sawme meaning as before,

]
-+

[
but p depends on t, and V iec the rate not per unit

£

volume but per mole of basic reference substance,
The boundary conditions would be x, = O and Xy 2 0

at t=0, and at t=tfr

M(x , %y, B) = g

(M volume of liguid in the reactor). It would pro-
bably not be seriousl to replace this boundary con-
-dition by: Xy = l, giving us a problgm of+the same
" form as before except with the function XEV instead

of V. We would obtain a singular trajectory in the

h y plane given by:

+
9. (x., V). =0
g%, "2 %
+ + -
L.Ge av < AV

V= (yvyy) 57 T (h-hp) 3R -

It seems that one might not have to go far o
+
find functions V(y,h) having the property that there
are no solutions, one solution, or more than one.

solution to the above eguabion for positive (and

1. A simplification Siebenbthal and AXlis used: strictly

XP = constant.
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reasonable) values of y, i, y,, h,. soyway, for
- 1L
given V this situailon would have to be explored as

a prelude to [indims opitimsl trajectories.

Numerical Results:

In the cass where J, the adiabatic temperature
rise coefficient is constant, if h is replaced by ©
and V(y,h) by U(y,9) in all the above equations in this
chapter, the resulting equations are validl.
Trajectories of type T4 for the second set of
rate function parameters (equation and Table 1.1)

for the case Jo = F =1, J = i58.5, and

m:
2

OOOl, Wf

T = 3%00°K are shown® in Fig. 4.8. Also shown in

m
Fig. 4.8 is the corresponding curve for perfect in-
direct control. The envelope of the trajectories Ty
in Fig. 4.8 1s optimal for the range of conversions

I shown.

‘l. See discussion about © and U in Chapters II and V.
2. The coordinates are transformed to log me and
- log (yf/(l—yf))-
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Fig. 4.8 was obtained by making two sepafatg
computer runs, one at tighter error specifications
than the other. It was found in this way, that in
order to obtain a relative brecision in conversion
temperature, and volume of 1 part in'lO0,000, 45
integration steps along the singular trajectory were
required from the start tol the point:

y = 0.9038099

T = 605.5867,
whereas from 4 to 11 steps were sufficient for the
p=0 portions of the trajectory to obtain the curves
in Fig. 4.8 as accurately as they could be drawn to
a scale twice that shown. To compute the above sing-
ular trajectory, and ten p=0 branches (requiring 77
integration sters) less than 2.5 seconds were required
on an I.C.T. Atlas computer.

The singular controls m', w' and the corres-
ponding x' are presented2 in Table 4,1.

Tﬁe remalning numerical results are discussed

in Chapter V.

1. For low conversions the errors were slightly larger,

2. Defined in terms of 8: e.g. wy = 1/(e-em)
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Part IV: The Frinciple of Maximizing the Local Rate.

It has been shown above that the optimal policy
for the basic problem for indirect or mixed control
of an ideal distributed feed reactor is one of local
rate maximization with respect to temperature. This
simple result is a special property of single reactions
and cannot be generalized to cover all cases where
more than one independent reaction is taking place;
for suppose we consider an ideal tubular reactor in

which the reactions:

A=

;E:::::<:

are carried out. The feed is pure A; C is the desired
product which must be produced at a given rate in a
stream in which the conversion of A to C is given;
ch, in a reactor of minimum volume. IijB and XC

are the fractions of A converted to B and C, and

Vgs Vg are the rates, then we may write equations of
the form;

dXB

i

VB(XB’ XC:T(t>>

A5 4

VC<XB’ XC)T(t))
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Proceeding as for a single reaction we may assume

that v

¢ > O along the optimal trajectory and write:

f 5 % ‘ VC(XB’Xc’T)
from which it is tempting to surmise that by choosing
T everywhere such that Ve is maximised, tf is mini-
mised. This however is incorrect, the reason being
that by choosing a T(t) we imply an XB(t) so that
choosing T(t) to maximise Ve everywhe%e will imply a
function Xz(%) = XB(t) say. The T(%t) which maximised
Va everywhere is then only the best amongst the set of -
temperature profiles which made XB(t) ='§£(t). And
this of course is in general an "extremely small sub-
set' of the set of all temperature profiles. It is
also clear that there is no such objection in the case

of single reactions.
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Appendix to Chapter IV Part II

... 'we may disregard those pairs of functions
{w(m),T(ij which lead to a negative or zero rate
anywhere."

We may ignore palrs of funcbions which lead
to v being negétive or zero only at isolated points.

Suppose that w(m) is strictly increasing. Then
if the rate 1s negative over an interval, there are
several possible types of wx ‘diagrams of which we
will consider only the one shown in Fig. A4.1l:
curve OABCDE. This can evidently be improved by re-
moving a section of the reactor cofresponding to
ABCD and changing the control w(x) so that w jumps
from point A to point D. The other cases can be
treated in a similar way.

If w(m) is constant then the above method may
be used perhaps in conjunction with the method in

Part I of the appendix to Chapter III.
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4,1.

Singular Controls.

Second set of rate function parameters

¥,=¥,=0+01; T =300°K; J=158.5°K.

Note: a,~b - ax10~P

m' x' w'
1,=-7 6.9244,~5 1.2062,~3%
3s=7 1.2731,-4 1.3047,~3
l’—6 20 3748,-4 104312,—'5
3,=6 4,0262,-4 1.5718,-3
l,"‘s 6-8162’_4 ’107672’-3
35=5 1.0404,-3 1.9970,-3
1l,-4 1.5395,-3 2.3198,-3
Ze=4 T 2.0614,~% 2.6900,-3%
1,~3 2.6721,=-3 3.1210,-3
2,=3 3.0388,-3 5.5299,~3
3,=3 5.2605,-3 54 7466,~3
4.5,-3 5.4894,-3 ) 3.9777,-3
6,‘3 5'6572,-3 - 4.1510,~3
8,-~3 5.8303,-3 4.3325,-3
l.2,-2 4.0847,-3% 4.60%3%,~3
1.8,-2 4435355=3 © 4.8922,-3
2.5,=2 4.5835,-3 5.1436,-3
5,-2 5.1119,-3 5.7237,=3
7-5,"‘2 5.4528"‘3 6-1006"‘3
2.2,~1 6.503%,~3 - 7.2688,-3
6.6,_1 708677,_3 8.7942’—3

2 9.6821’—3 100829,"2

P
-t v
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Optinmization of a Cascade of idiababtic Idesl Tubular

Reactors with Interstage Cooling.

In this chapter the basic problem for the N
stage reactor represented in Fig. 5.1. will be
treated. |

The main and suprlementary feeds will be taken
to have the same basic composition..

he' above reactor is diregtly controlled. By
giving 1Hn the (fictitious) value - oo, however,
the indirectly controlled case may be included in
the same mathematical model. .

If restraints are imposed they will be on tem-

peratures only so the basic problem is reducible.

V.I.Derivatibn of Optimum Condition Equations for
problem (i).

: . . 1 .
If the w.,. 1s the basic reference™ flowrate in
K

the Kth stage, Ve and Jo are its inlet and outled

K Jie

1. See Chapter II for definition.
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conversions and hy its enthalny/molc basic reference
substance, then the total § stage volume (mass of

catalyst) is givenl by

ye

M = (5.1)
V(y,hv

.Lx—

An entnalpy balance for the mixing between the

Jth and J+lth stages gives;

w. h.-h
1 m : - . A
ﬁ%”—- = = 3 3=1, 2 ... §-1 (5.2)

J J+i

1. It may easily be shown that in an optimal reactor
for Iq > I the rate V nust everywhere be positive,
1

so an integral formulation is Justifiable. There may
be an advantage to be gained from making V<0 if
To. < Iy however, but this case is rather absurd

because, tne performance of the class of reactors
itself could be improved by merely allowing mixing of
subsidiary feed to take place before the first stage.

(5ee corresponding case in Chapter IV).
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‘This difference equation being easily solved,

giving
- {y hm =1, 2 N-1 (5.3)
w. = W TT— b3 = . e l'— .
3 N hj ~ bm Y e 5.3

(alternatively 5.3 may be debermined by means of.

1 balance round the stages

a single enthalpy
Js g+l ... N),
A mass balance for the mixing2 between the jth

and j+lth stages givesy

Tg =
Y e. m
ATs ¥ =1, 2 ... B-1 (5.4)
: ¥ -3
J aj+l m
Consider the minimization of M for given Ta_ 2 Too»
N 1

and WN. We must solve a constrzined minimum

problem because, by (5.1) ¥ is formally a function
6f h h, .. b N4 cer Y.

W Wa see W Y. 3 Y. eee ¥
{ 1’ "2 N-1° Yeq €5 CIN

and

} but these are
15

1. See discussion in Chapter II.
3. The volume of interstage piping is assumed to be
negligible if a homogeneous reaction is considered.
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constrained by (5.3) and (5.4). Ve may use taese
relations to express the latiter set of variables
in terms of the former, regarding I to be a function

of the formerl set onlys

NI = Iﬂ(hl’ ba L hN’ ya y oo ya )
2 N

and solve the resulting unconstrained winimun problem.

In finding the derivatives of M with respect to
these variables 1t will be convenient to have ex~
pressions for:

0 Ye; 0 Ye; Juwy; dw;

From (5-2) and (5.4) we gety

. as T Jm ﬁa'— ﬁ?n.
G = (JJf.be )£ - ) (55
m

1

-

1. This set of variables is particularly sinmple to

work with if only the unconstrained problem is consi-
dered; th:is derivation does not cover the case hi = hp
for all 1 3+ +the final relations 5.17, 5:23, and 5.24
persist however even when hi = nm as may be seen by
developing the theory in terms of the set of indepen~
dent variables; (hl, Wiy Wy oee Vg s ya2, .o yaN). Sge
also Chapter I and Ref. 3%5. :
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. 2 Jo; _ (7?“.-'-;»1 )(J el j,,.) SVJ (7“:;% ym)(ﬁa_g'?n) SJ"H‘,L

. oaﬁ,‘-‘ - —
%:]‘1‘! ﬁ )
g.. _ )1 for i=j
where Oij = 95 son if5 (5.6)

Using (5.4):

dYe,  _ 3Q'J+I Jm, W4
ohy ﬁ—ﬁ}{g"ngﬂa} (5:7)

J+

Differentiating (5.5), with respect to Tq
i

Yy (Rg— o, . 0.
Bjo%— {'ﬁ, ——ﬁ zg:iﬂ;t ()-U>

Jtt

%?ji { 3 }.H-I L ‘(5'2

Differentiating (5.3) with respect to hi

Using (5.2):

owW.. } w S 17

E‘"F' TT‘“T 72“ S:' - © (5.10) -
Using (5.3):




- 133 =

Differentiating (5.3) with respect io Yy
1

oW.

°4 . |
7 0 (5.12)
L

It is convenient tol define t; and tg.by:

ye.
L
. d .
b =f —I_ | (5.13)
5 V(Y3hi> :
la‘
L
‘yG.
L
gl = [+ 20y ay (5.14)
Ve ah
y
2
Differentiating Ii with respect to:y,  , using

i
(5.1), (5.9), (5.12) and (5.1%),and reducing we get:

3

%a‘ = W, {V:'L“ - VL__z,I i=2, 3 ... 0 (5.15)

a. a.
i i-1 i

l. To beg strictly consistent with equation 2.12,

g

we should subscript ti agalin, getting tif s OT Ty,
but there should be no confusion if we drop these

3

suffixes.
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Differentiating M with resject to h;, using (5.1),
(5.7), (5.11), (5.1%2) and (5.14) and reducins, we

set: OM w (Jois ::m) (Yo
A IZ':“‘C oni) - v, (e ﬁ.,,)(‘ 8ic)

—ut] ‘,NZ———-,—; %—’:—E_-_('—ﬁ—%i) (5.16)

For M to be an unrestrained minimum, all these

firet derivatives must vanish,

1e8.
e =0 (5.158)
8.
L
M '
%Ei =0 (5.162)

It follows from (5.15) and (5.15a) thaty

Va. = Ve ' ’ i=2, 5 o0 N (5.17)
i i-1 o

Thus the well known rate matching conditionl (vhich

seems SO reasonanle intuitively) also holds in this

case of complex thermochemistry.

1. See Chapter I for review of previous work.
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For i # N, from (5.16) and (5.16a):

o Yo e (= 5u)(aT Fm) .
R R _t('+ o) o (= Fm) ? “#EN

(2t}

If we sum vhe above equation from i = 1 to N-1

cancel terms, we getb:

-1 -1 )
t. a Im
= = -~ t! o+ i
LT = A A D

whereas for i=N, from (5.16) and (5.16a);

N-1 J - J
KoL, L. @ ,
h-h. ~ Vi A% (ho—h

%=1 K " m 11 N "m

Subtracting (5.19) from (5.20);
N
] —
E ki =0

i=1

Using (5.2) and (5.4) we may simplify (5.18):

o=t +&+4)t. -

Ve, Ve,_, ?

3e.; :71,.\, + '(I*S.L)(j%"jm). b#:N i

(5.18)

(5.19)

(5.20)

(5.21).

(5.22)
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It is convenient to define a function Fi(yi), vhere

T; is the conversion somewhere in the 1th stage as

di

E(“Jé) — (-;)ﬁ)_*_( ’“’> 2k v V(t;u-)ﬁ;) |
y (5.23)

followsy

(Where tbe 1ntegrands are evaluated for h = hi>°

The optimum condition equations may be written

conclsely:
Va = Ve i=2,3...01 (5.17)
i i=1
Fi(ye ) =0 i=1,2 ¢o0o N (5.24)
i .

V.II: BSolution of Optimum ConditionT Equations:

Guess hl; evaluate Fl for ¥ increasing from

l.. It will be assumed in what follows that ha > hm
; 1 ‘
unless otherwise stated. It will also be assumed that

the rate conbtours have the shape shown in fig. 5.2.
(This may not be the case for a reaction which is
autocatalytic, or for a reaction mixture which is
strongly non idesl, so that equations 5.17 and Dec4
may have more or less solutions than those considered
in what follows). '
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Vo, s (and along with it the contributions to tl)
1
storping when (5.24) is satisfied. Then use

5.2, 5.4, and 5.17 to get Ta. 9 h and calculate
“2

a~ *
stage 2 in the came way as stage lf Continue until
(5.24) has Dbeen (suitably) satisfied for the last
stage.

In gencral the resulting Ve will not satisfy its

N
boundary condition. Reguess hl and repeat..

Detalls:

ar. '
Consider first the derivative; L' = ——= (5.25)
i dyi

By differentiating (5.23) and cancelling terms we.

obtain;

' 1 v, v, - : .
S - —— - T e ——— 2 i £ T oz
B [h.-h_] + (Ji ym 57, 3 1#T (5 26)

3 Ve
R (5.27)
Vv ohy :

Next consilder the rate contours Vis Vo etec. 1in
Fig. 5.2 and the locus L of roints of tangency to

them from O the supplementary feed point. Ll divides
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the plane into two regions + , and - ; it is clear
from 5.26 thaet for i # 1, Fi is positive in the

+ region, negative in the -~ region and zero on Ll.
Consider Fi for h = hy (see Fig. 5.2)Vevaluated at
points A and above. As y increases from Iy to y"
(at the intersection with Ll), Fi goes through pos-
itive values to zero. As y increases further, Fi
decreases, and as y—>y' ou the equilibrium line,
Fi —> - 00 as a polel of order 2.

The hy plane 1s also divided into two regions by
the locus L2 of the maxima of the rate contours. It
is evident from (5.2%) that below this broken line
Fﬁ is positive, on it Fﬁ is zero, and above it Fﬁ
i1s negative. Fﬁ also tends to - was a pole of order
2 as the esquilibrium line 1s approached along the
line h = hN‘
Now consider Fi' We note that for i neither 1

nor N, Fi is zero at the beginning of the ith stage:

Piya Y =05 1#N, i1 (5.28)

1. V(y,h) for h constant is assumed to have a simple
zero on the equilibrium line.
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The corresponding y,. are therefore solutions
i
of (5.24) which may be disregarded in generall. Foxr

the first stage:

Fl(y ) = zé;v’ffl (5.29)
21 ap

We distinguish two cases;

case (1):;ym = yal:
Here F;(y, ) = 0 for i <N y to calculate an N
. L :

stage reactor we may proceed as follows:

First we choose hl. This gives a starting point

(hl, yal): A in Fig., 5.2 . If we were to evaluate

Fl for values of y, from y_ to y', the equilibrium
1 .

conversion, we would get a unimodal curve such as the

one in Fig. 5.3 with a pole of order 1 at y = y'.

1. These solutions corresrond to leaving out a stage

or more. If in a practical case, 1,2,%,4 ... N stage
reactors are all calculated (using bthe optimal con-
dition equations) ignoring the roots (5.28 wheﬁ one or
more of these should have been selected, then an "opti-
nal' r stage reactor (r<m) will be found which is better
than an optimal r+l1 sbage reactor, so the error will be
brought to light. The significance of (5.28) when

ha < bm is discussed later (c.f. Chapter IV).
1
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Fl(y) has then a non trivicl zcro hetwesn y" znd y'.

In order to find this zero, yeq{s Fl(yl) is evaluated
along with the two integrals on the right hand side

of (5.2%) for increasing values of y; until F; be-
comes negative, when ye1 is found by a suitable non
linear eguation solving routine. (tl and ti are bthen
evaluated as well). Suprose hlyel is the poinv B

in Fig. 5.2. which is on the Ve contour. Now by (5.17)
the optinmum starting point for ULhe next stage would
also be on The v contour, and by (5.2) and (5.4)

it would be on the straight line Jjoining B 2nd O, some-
where between them:; therefore it would be the point C.
It is a simple matter to program a digital computer

to find the point C, the only pitfall being to allow
the computer to find the point B instead (which satls—
fies (5.2), (5.4), and (5.17) trivially). A simple
search routine evaluating V-vVgq for points on 0B
starting from some suitable point‘between 0 and B may:
be used to box in C. If a negabtive value of v-vel

has been found but not a positive one, .then the next

point to be tried should be suitably closer to B;
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if a positive value of v—vel has been found but not
a negative one, then the next point should be closer
to 0. Once C has been boxed in there should be no
further difficulty. |

An optimum starting point for stage 2 need not
exist however; suppose that (hl’.yel) were on the vy
contour, instead of the Vg contour. Then it is clear
from Fig. 5.2 that no optimum starting point for the
second stage can be found; 1l.e. for the particular hl
chosen there would be no optimal reactor with more
than one stagel.

Assuming that the point C has been determined,
and along witﬁ it the ratio w2/w , We proceed to
evaluate the integrals on the right hsnd side of
(5.23), and will in general find some point D where

F, = O which would be the optimal end point for +the

2
second stage, ¥ for the beginning of the third stage,

etc. In this way we develop a trajectory satisfying

the optimum condition eguations, storing t;, b and

1 3

the ratios w;, /w; and finally arrive at the beginning

1. This possibility has not occurred in the numer-

ical examples treated.
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of the last (Nth) stage.

For the last stage there are four possibilities,
depending on FN(yaN). The only one encountered in
numerical calculations so far is represented by
curve 1 in Fig. 5.4. Fﬁ(y) has only one zero for
y>yaN. The remaining possipilities are covered by
curves 2, 3%, 4: For curve 4 there is no solution to
the optimum condition equations with N (non empty)
stages (for the value of hl chosen). For curve 3
there is a solution (just) while for curve 2 thers
are twoe.

To cater for the above possibilities, Fﬁ(yaN)
should be computed;: if positive or zero, then cal-~-
culation should proceed as for the earlier stages.
If negative,then yi‘\% , (see Fig. 5.2.) should be deter-

mined, and the two integrals:

y y
&, ~dy .
V(hygsyy VE(hy,y)  oh

y N
oy aN

evaluated, along with FN’ for values of y from

P4
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y .t'o yﬂ . '
ay N

1f FN

the corresponding root yp in Fig. 5.4 should be

changes sign duriﬁg this procedure, then

determined, and also %y, bthese gquantities being
stored; then calculation should proceed to deter-~

nine Jq. 88 before. The values of M for the two rea-
cfors satisfying the optiwunm condition equations for
exit conmversion y, and y, can then easily be deter-
nined from the values already stored.' If FN(xﬁ ) = 0,
calculatioﬁ of F

N
satisfying the optimum condition equations for exit

should stop, and M for the reactor

conversion y%l determined. (If FN(y%r) < 0 cal-
culation should also stop, no optimal reactor being
possiblel)

The. reactor(s) calculated above will not in gen-
eral satisfy the boundary condition on yeN, as a
result of hl having been guessed incorrectly, but

the calculations may be repeated for several hl and
points on the d? s Jp cCurve obtained. Intermed%ate.
values may be obtained by interpolation. (It may
happen that in an attempt to get the required

o s hl has to be lowered so much that the equations

(5.2), (5.4), (5.17) cannot be satisfied. In such
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a case the op%imal reactor would have less than
N( perhaps only oﬁe) nonempty stage(s). In other ﬁords
the supplemeﬁtary feed is unreasonably hots:s see also
corresponding case when hal < hm, disousse@ later, and
Chapter IV.

If optimal reacltors for 1,2,3 ... N stages are

to be caloulatedl, then we can take advantage of the

fact that for given hl, the first K-1 stages of an

optimal K stage reactor (K<N) are identical to the first

K-1 stages of an optimal N stage reactor.

case (ii) Voo 2 Ine
ay m
From (5.29) we see¢ that Fl(y ) < 0. If a starting

point can be found in the + reglon of Fig. 5.2., the
equation F.(y.) = 0 may have solutions (for y, > y. J.

1Vl 1 ay
If there are two solutions, then the one for the smallest
y should be ignored, of course.

Indirect Control:s

The equations (5.17) hold for indirect control.

If we let hy =—> -0 in (5.3) we get Wj = Wy, for all j,

L. It is prudent to do this anyway in order to de-
termine whether an optimal N stage reactor has empty
stages.
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so that (5.4) becomes y. =y , whilst from (5.16)
. 8y ®i-1
we obtain:

=)

aM
ahy ~ Wty

so that for M to have an unrestrained minimum, the

following equations must be satisfied:

i=2 ...N .
Yei_l = -Yai - (5.4a)
t'.'i. =, 0 i=l ...N (5.50)

It is easy to see that for each value of i (and
for yai, hi below L2 in Fig. 5.2) equations (5.3%0)
have two solutions, a trivial one for yai=yei and
another which lies between L2 and the equilibrium
line, so that for each non trivial solution of (5.30)
it is always possible to find an Hi < hi—l to satisfy
(5.17a).

The algorithm outlined above for the directly
controlled case may be used here. It is sufficient

to give hp a large negative value. If optimal 1,2,3... N

stagé reactors are to be calculated then use may be
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made of the fact that (for given hl) all parts of.
the optimal trajectory are optimal; Also, if the
m?%(yf) relation is required for several values of N
and for several yal, use may again be made of the
piecewise optimality of the trajectories.

Behaviour as N tends to infinity}

The optimal trajectories discussed in Chapter 111
and Chapter IV part III are plausible limiting cases
of the trajectories discussed above, the key role
being played by the locus of points of tangency from
the subsidiary feed condition to the contours of. con- -

stant rate; L, in Fig. 5.2.

1
Forward vs. BackWard Method of Calculation

The algorithm outlined above is an example of
the forward calculation procedure, i.e. a 'first stage"
unknown is guessed, the equations for the first stage
are then dealt with, then the second stage equations and
.80 on up to the end of the Nth stage. We will compare
this procedure with the backward methodl.

(i) Indirect Control; Because of the bidiagonal

structure of the equations one can in principle

equally well guess hN and proceed backwards as guess

1. Because of the topology of the problem either of
these methods should be used.
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hl and proceed forwards. If ﬁ? is required for
several Y and one yal, then the forward procedurq‘
would be best, since to every h, there would cor-
respond a point on the ﬁ? s Ty cﬁrve:~ if m? is
required for one Y and several yal then it is best .
to proceed backwards. '

(i1) Direct controly There is probably nothing to

be gained by using the backward method even if one is
interested in m. for several y and one y,. because
_ t a b Nl

the equations are complicated by the term 2:: 6
j=l' J
for stage N. This term arises from the essential
asymaetry of the problem:-wN being fixed. If the
forward procedure is used the 2N-1 dimensional
problem becomes a 1 dimensional problem (as in the
indirect case). BStarting at the last stage and
proceeding backwards would require a two dimensional

N-1

guessy: hN and ts (or some equivalent quantities)
J=1

would have to be guessed, and only for the correct

guess of thils latter gquantity would the backward
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calculation terminate in such e way for the trajectory

to be opvimal for the wvalue of h,, in question. The

N
backward method is of course related to dynamic
programming which has been shown to be inefficient
in this case. (Ref. 45.)

Numerical Details (Forward Calculation).

There 1s only one point which deserves special

- attentiony the evaluation of the integrals tj and ta.
It turns out that for moderate values of N and for T
.61059 to 1, the optimum adiabatic trajectories end up
very .close to the equilibrium line. Consider an

adiabatic trajectory such as the vertical through A

in Fig. 5.2. At y=y',V(hl,y) has a simple zero (we
1
v
tive integrands would therefore cause trouble if’

have supposed). The factors = and %3 in the respec-
ordinary numerical integration were used. ExXcellent
results have been obtained by interpolating % close

to the equilibrium line by simple functions which could
be integrated in closed form and which also have

simple poles therel.

r

1. A method mentioned by F. Horn in Ref. 36. .
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The functions L=y (5.31)
b(y-y'I+c

was used to interpolate V(hi,y) close to the

l, and further away L

equilibfium line was
V(hisy>
interpolated by
a(y-y") + b + —= (5.32)

y-y'

Provided V(hi,y) is a decreasing function of y
the above ilnterpolation can be used'very successfully

for values of y far from y'. The function

a; + by(y=y') + ¢ (y-y')® (5.33)
was used to interpélate YV 50 that by using (5.33)
oh

together with (5.32) or (5.%1), the contributions to
tb over a sub-interval could be determined by
evaluating the resulting simple functions.

Provided V(hi,y) decrcases as y goes from
Ta to Vg the above interpolation mgthod can be used

satisfactorily throughout the whole interval but some

l. The function 1.1 with the three sets of parameters
in table 1.1 and J=158.5% was used.



- 150 -

slight errors arise if V goes through a maximum, so
the following strateg& was usedl to find the non-
trivial yge

(i) y' was determined precisely.

(ii) y"™'= 0.995y' + 0.005 y, was calculated.

(iii) Bvaluation of the integrals t and t' was

initiated, (starting from ya). The integrals were
evaluated over sub intervals [ya, g * kl];
[ya +Xqy F, o+ ko +<kl], etc.,2 three point Simpson's
rule quadrature being used provided that v was in-
creasing over the sub-interval. As soon as v started .
decreasing, then the interpolation methods(formulae
(5.32) and (5.33))were switched to>. At the right
hand end of each sub-interval F(y) was evaluated. If
F(y) was negative at the right hand end of the first

sub interval a fault¥ loop was entered, otherwise

1l.. For most of the calculationg done for the second
set of parameters in table 1l.1. . ,

2. TheAmethod of assigning kj will be discussed later.
3. The Nth stage requires additional logic to cover: -
the possibility of two roots and nc mots; so does the
first stage<Unless'yal = ¥p+ SO0 the procedure will be

described for an intermediate stage in order to avold
tedious detall..

4. never occurred in an actual calculation.
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integration continued unless F(y) became negative

at the right ﬁand end of some sub-interval (in which
case a routine was entered in order to determine yé
and all other relevant end values). If F(y) was
positive at the left hand end of a sub-igterval'whicﬁ
‘contained y"', then the right hand end of that sub-
interval wés made y'"'. If F(y”ﬁ.was‘alSO'positive,
then (5.%1) and (5.3%%) were used to interpolate V and

AU P base'points y " and %(y"'+y') were used for

oh®

(5.%1) and (5.%3), the additional base point for (5.3%3)
being y'. (In this way F(y) could be evaluated by a
routine based on the primitive functions for the
interpolated integrands for any reasonable y between

y"and y'). F(y) was evaluated-for y = yi, Jye--

where these were generated by:

" l 1
yi = %(y RS ADE IR SR %(yl*ny")a: v3 = 5(yory"), ete.

. + + \
(until a value y was found such that F(y) < O, when

Yo Was determined by a root finding routiqe, and all

other relevant variables were calculated).
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The widths of the successivé sub-intervals
kl, kg, k5’ etc. were determined by a rather crude
procedure based on the:second differences of the
function V(hi,y) as follows:

i) A small positive number e’ and a posiltive
integer R were specified. '

2) A trial number k = Q.OE.(y'-ya).was calculated.

3) k was used as a trial interval width, V being

calculated at the left hand end; Vl, at the mid-pointe V2,

and at the right hand end: V3.

Vl—EV +V

——-—-—-—»—-—-———E < !
e
U] +LI~V‘2+-V5

If
then k was considered acceptable, a success was
counted, and calculation proceeded on fhis basfs.
Otherwise the success count was set to zero, k halVed,
V2 replaced VB’ a new V2 was calculated and the test
repeated. After each step was calculayed (i.e. the
contriﬁutions to t and t' evaluated etc.) the success
count was compared with R. If it was less than R,

k was used unchanged as the trial width for the next
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inverval. Otherwise 2 k was used. (Thus if suc- .

cessive steps were successful after the first few,

the interval width would be doubled at every stép).
For values of e' from 0.002 %o 0.01, ten to

twenty five steps were required per stage for Yo = 0
' 1

and A up 5o 0.9¢9. The.results for a one stage
reactor were checked by the perturbation method des-
cribed in Chapter VI and found %o be in exXcellent
agreement for e' = 0.01 and 0.002.

The above method has the advantage that 1t is
a one parameter method in the sense that the accuracy
is determined (principally) by e': +the step adjust-
ment criterion however is best suited to the inter-
polation methods used in the laéfer part of +the inter-
gration inverval. (If V(h, ,¥) is linear in y then |
the interpolation is exact). . For the lst set of
parameters in table 1.1 hdwever, a considerable con-
tribution to the integrals.t and t'.is made during
the former part of the integration interval for low

valueg of ha » S0 a two parameter ﬁodification of-
1 - \
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the above method was used in which the steplength
changing criterion during the 3Simpson's rule inte-
grationl was based on e, the largest of two numbéfs
calculated at each trial stepe. One of these numbers
was the modulus of ratio of tThe estimated2 truncation
error to the estimated contribution to t, and the
other the corresponding nuﬁber for ¥'. A small number
e" was assigned, and ifw

€ < e'/32
then the step was considered successful and the pro-
posed step length for the next step was made t wice
that for the current step. If e'' <'e the step was
cbnsidered unsuccessful and repeated with halved step
length, while for %g < e < e" it was considered suc-
cessful and the proposed step length for the ﬁext

step remained the same as for the current step.

1. In the latter part of the integration interval
the interpolétion method was gsed.

2. The Merson estimate, (Ref.8) was used; for an
integrél the Merson method degenerates to Simpson's

rule (with an added point for error estimation).
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A study was made to determine reasonable values
for e', e" and other parameters such as the precision
required in the determination of y', etc.t In the
worst case considered (lst set of reaction rate pare--

meters, T ,=5500K, T =BOOOK, v = 0, two stbages)
al m al

with &' = 0.001l, and &' = 0.0001, and the tolerance
on y' = 0.000,000,001, 8ll relevant numbers were cal-
culated with a p;ecision of 1 part in 100,000 or
better;: 58 and 33 steps being requiréd in the first
and second stages3h (Even with the tolerances re-
laxed so that 15 and 9 steps were required for the
first and second stages respectively, the largestcor—
responding relative error was +/200).

On an JT.G.T. Atlas with the above method 1,2, and

3 stage reactors wmay be calculated for one value of hal

in at most 1 second. Allbwing for the difference in

L. By reducing them successively until all relevant
numbers (such as exit conversion, inlet temperature,
stage flowrates, etc.) became constant.

2. A tolerance on y' of 1 part in 1 million Would'pro-
bably have been adequate, but this tolerance was ob-
tainable easily on the I.C.T. Atlas anyway.

3. These tolerances were used in 'production runs."
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speeds of the computers used, this makes our method
over 100 times as fast as the method described

in (Ref.45) which is not surprisingl.

l. See section on Forward vs. Backward method of

calculation,
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V.IITI Resulbs of Calculations::

The Mmin"ye relatlon for Wi 1, Yy a = 0, and

all sets of reaction rate function (1l.1) parameters

to be found in Table 1.1, was determiped for in-
direct control, and for direct control with cold sho?b
temperatures of both 300 and 600°K,.for varilous wvalues

of Ve from about 0.1 to aboutb 0.99, and for 1,2,3,4

°N
and infiritely many stages.l

I aphs for the 1nd1recbly controlled

‘min? yeN,S
reactors are presented Llu Chapter VIL, together with .
the correspounding curves for U-tube and otﬁer indir-
ectly controlled reactors.2

In the following three sections the results for

the directly controlled reactors are dicussed.

(i) The 1_;,, Yey relations for T =600°K; 'Cold shot

too hot ' degeneracys:

In Fig. 5 11 the M relations for the first

min? Ye
. N )
set of reaction rate parameters are shown. The

l. Except as noted later.
2. The correspondlnw optimal controls are dlscussed in
sub-sectlon (111) below. '
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reduction in Mmin galned by using two stages in-
stead of one is seen to be modest at low outlet
conversions bu% approximately a five fold wvolume
reduction is possible for Vo = 0.9 whilst for con-
versions approaching the critical value represented
by the point A, the improvement dwindles to zero.

A of course corresponds to the ''cold shot too
hot" degeneracy and occurs for an inlet temperature
between 584 and 585°K, ‘i.e. lower than the cold shot
temperature. In this critical caée fhe function Fi(y)
has not the form shown in Fig.5.3%, ‘but that of
Fig.5.10., Evidently in this case each of the two
zeros of Fl(y)y yal or y" are equally good.

It-Woﬁld appear that for all N=3,4,... degen—~ .
eration also occurs at the point A in Fig.5.1ll,
however, this'has nqt been confirmed numerically
because (for various uninmportant reasons) the pro-
grammes used were workable for Tal < Tm only if N<2,
but were oﬁhe;wise satisfactory, so the curves for
N>2 in Fige 5.11 terminate at points corresponding

to T = 600°K (the MT reactor in the variational
l ,
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case).

The MT reactor (point B) requires only 7 % of
the volume required by the correspogding optimal
single stage reactor and approximately‘4096 of the
volume required by the corresponding optimal four-
stage reactor.l For y%qtga 0.9, however, only about
1596 less volume is required for N = w than for N=4
and for lower conversions the reduction in volume de-
creases steadily.

The M ;.. JEN relations for the second set of
rate parameters have the same form as those in I'ig.5.1l1l.
Complete results for some selected‘values Y, are to
be found in Tables 5.1, 5.2, and 5.3; thg degene;aey
occurs at an inlet temperature between 580 and 581°K
and the critical outlet conversion is approximately
97%. At Jeg = 0495 the 4,3,2 and 1 stage Teactors
require approximately 5, 12, 2% and 100 percent more

volumeé respectively than the oo staged reactor,2

and there is no Jey for which the 4,3%,2,1 staged

1, Not shown in.Fig. 5.1l1 so as to prevent crowdings:

see also Table 5.3.
2. These figures were obtained graphically and have an

estimated relative precision of + 20%.
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reactors compare much less favourably with the per-
fectly controlled reactor.

Results for the third set of reaction rate fun-
ction parameters may also be found in Tables 5.1 to
5.3. Because the effect of N was not very marked
the N=w case was not investigated. At yeNe59 0.85
the ratio of 1 stage Mmin to 4 stage Mmin is maximum
and is approximately l.2l. The corresponding 4 stage

to 2 stage maximum ratio is only aboutl about 1l.06. .

(ii) The Mminf

The 600°K cold shot was selected especially to

xap relation for Tm = 300°K.

investigate the degeneracy. Cold shots used in-
dustrially are ordinarily so cold that this degeneracy
cennot occur for practicable outlet conversions;-BOOoK
is a reasonable temperature for a water-scrubbed gas.
The results are represented in'Tables 5.1 to 5.5'

and the M curves in Figs. 5.12 to 5.14.

min? . ey
-Some curves have been cut short or omitted

entirely to prevent crowding. For example, the perfor-

l. See footnote 2 on previous page.
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mance of a three stage optimal reactor is so close to

that of a four stage reactor, that even for yeN = 0.98,

for the first set of rate function parameters, it
requires approximately 11% more volume, and for
the second and-third sets approximately 6% and 2%

~ respectively. For Vo = 0.98 and the second set of
N

rate function parameters, 596 more volume is required
when N = 4 than when N = oo. The case N = mwas not
investigated for the third set of rate function para-
meters because its performasnce was not expected toA
differ significantly from that of the four stage re-
actor; for yeN = 0.98 it turned out that the two
stage reactor required approximately 107 more volume
than the four stage reactor.

It can be seen from the results presented that
the volume (or mass of catalyst)‘ecohomy due to in-
creasing N is larger the smaller is N, (N>0) and is
most significant for A'/A small (A'/A>1). It is
hoped that those faced with designing a reactor in a

hurry will find the relative orders of magnitude to
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be of use.

(iii) The optimal controls.

The case N = m (yo=yﬁ=0) is not of much in-
terest because of the infinite initial temperature.

fhe optimal inlet teunperatures as funcitions of
yel for a one stage reactor are represented in Fig. 5.15.
For given Vs the optimal inlet temperatures are uni-
formly highcr the higher the activatlion energies;
the optimal inlet temperature is a compromise between
a high rate in the first part of the reactor ggﬂa con-
sequené@gof a low rate in the last part, and vice~versa;.
so the effect is intuitively reasonable.

As may be observed by considering Tables 5.1 to
5.6, for each set of rate parameters, and for every
given Voo the optimal inlet temperatures are in—‘ o
creasing functions of the number of stages, as one
would expect; for sll values of N studied’the
variation of optimal inlet temperature with reaction’
rate parameters was of the same qualitative form as
for N=1.

The distribution of volume between the stages
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is also to be found in Tables5.1-6. In table 5.1,
Wltl/m i. the fraction of the total volume in stage L.
This figure is of importance because it is in gen;
eral fixed at the design stage and cannot be altered
gasily afterwards;: 1t i1s interesting to note that
(with the exception of the cases where Tal is close
to the degeneration temperature when it evidently.
cannot be of much importance anyway), the figurel is
fairly constanéy 0.125-0.245. In Tables 5.2-% and
5.5-6 the same type of distributional invariance may
be noted for the three and four stage reactors. Tﬁis
relative invariance has becen noﬁiced before for indir-
ect conérol: it does not follow that the effects of
maldistribution of volume can be well compensated by
adjustment of the remaining free variables (although
this would seem likely) and in fact this subject is
treated theoretically later on.

The optimal trajectories in the yT plane may
easily be coﬁstructed from the information presented

in Tables 5.1 to 5.6.

1. Slightly more variasble for indirect control.
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V.IV Consideration of Prcheabting cost.

Suppose that the cost of preheating 1ls allowed
for by minimizing not M (equation 5.1) but

+
K = M + F (wl,hl)

N _ .
where F is an arbitrary (well behaved) function.

Then the same type of argument given al the beginning
of the chapter may be used to obtain the modifications
to equations (5.16) and (5.16a) required; (it is
obvious that equations 5.17 still hold).

Also, evidently for i niether 1 nor Nj;

3K _ a3l
O A
whereas for i=1, using egquation (5.11):
+ +
aK _ oM , 3F | OF by M

If we note that the underlined term depends on
variables for the Nth stage only if N=1, it is clear
that the calculation may proc¢eed in the forward dir-

ection without essential.mbdification. The alteration
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to equations (5.23) and (5.24) reguired being easy

to find., It is Wdrth pointing out however, that
unless ;(wl!hl) is linear in W1 s the problen loses‘itg
reducibility, i.e. in order o start the calculation

Wy and‘hl have to be specified and the reactor wi;l

be optimal only for the ensuing yeN and W e ( The

reader will not fail to notice that the reactor with

. heat feedback considered in Ref. 41 can not be dis~
o+

missed so simply because F in addition to depending on
Wy and hl would depend on hN and yeN).

V.V. Transformation of Optimum Condltlon Equatlons-
T os Intesration Variable.

If the function y(T,h) is given explicitly but
is not easily invertible to get T(y,h) it would be
worthwhile to set up the equations Wiﬁh T as independent
variable so that y(T,h) does not have to be inverted
every time the rate v(y,T) is calculated.

It is sufficient to transform (S. l), (5.13) and
(5 14), writing; .

y = y(b, )3 yp = (-g'%)h VT T (ah)T (5.34)

V(y,h) = v(y(h,T),T) . (5.35)



- 166 -

so that; '
J
B¢ - -2 H (5.36)
J
Te Te. av
and b, = 1 yam o Loy
i WD ¢ 6y - -n;————- dT (5.37)
v (,Y, )
T . Ta
a3 i

where the last integrals are evaluated over the.path .

y=y(hi,T). And M is as before:

N ,
H =§;;; bow, | (5.38)

(Alternatively the zquivalent equations obtained from
equations AS.14, A5,15, and A5.16 by setting their
left hand side egual to zero may be used)..l

In the indirectly controlled case (5.17a) cppld

be replaced by: v(ya‘ X T, . 1) =V, (5.17b) .
"1+ 1+ 1

this eguation could be solved for T , and h.
: 2341 i+l

~ found by solving T

i+l =<y<hi+1’ “a ).

i+1

1. See Appendix.
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In the directly controlled case several inver-
sions of the function y®,T) to find T would be required
in order to sqlve (5.2), (5.4), and (5.17) simultan-
gously by guessing only one quantity, (such as
yai+1).~ Ir T,
no inversion vwiould be regquired.

and h. 1 are both guessed, then
i+1 rd

V. VI.Optimum conditions with Temperabure Restraints.

(i) General case; T must satisfy:

T, < T <0 (5.39)

1 2 ‘
The optimum condition equabions 5.17 and 5.24 may still
be used provided that the rate exp;ession is suitably
modified so that the rate is made < 0 if 5.39 is
violated but otherwise unchanged. Suppose for
example.that v(y,T) is replaced by v(y,T) definéd
by | |
| v(y,T). exp(- Kz(T—Ti)z»). for T < B

Wy, T == v(y,T).  for T ST Té (5.40)

v(y,T). exp(- Kz(m-mé)a)‘. for T > T)

A
H
l__]—

where Ti and'Té are suitably close to T; and T, res-
pectively and K is suitably large, then the basic
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algorithm given above should work satisfactorily
provided the initial choice of h; doesn't imply the

violation of (5.39).

(ii) Only maxinum temperaturé liﬁited:

T wust satisfy : T < T2 (5.41)

One may proceed as above, with Ti = 0. Alter-
natively the problem may be foruulated in terms of a
set of free variables {T s T eee T } , Since the

1 % °w
highest (fluid) temperature in cach stage must occur

at the endl. If we choooe tho set:

84 : {bel’ cesae TeN, hl o N l} and write:

W( Te > LR 2K T ] hl LR hI‘T-l> E L‘E.(hl o . .‘hN"yaE.“.y );

1 ey oy
| (5.42)
then (it is shown in the appen@ix that) s
-g—g = W. Z)’T {"" - T }s J=1, '2 eee N-1 3 (’5-45>--
J+l
oW %r<€~>. M (Jor JeN-)( |
N == |- — o 44
ST~ @ | 3R, U NS A )T v%)(5 ‘
Jo—Ym

= wfeg - Xuo- £52) . |

H = LRI E)(~55) § THIIFN (5.

1. We exclude systems where the mixing is so strongly
non ideal that although AH is negative (a 24, is positive.
' 9y’ T
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We will also use the relationty

ar w. :
5. =‘{'ﬁ L-'E.} Py ) » J#0 (5.46)
i (my 3

Modifications which may be made to basic algorithm to

take (5.41) into account:

We will consider only case (i), i.e. yal = e

As bvefore, hl is guessed and the first stage is cal-
culated, Fl(yl) being evaluated for increasing Ty
until either it becomes zero, or T reaches T2n In
the former case, the following relation must be

satisfied;

so that the starting conditions for .,the next.stage may
be obtained as before, so that (for N > 2), Fz(y)
will have one trivial zero for y = Ta and one other.

] > 2
In the latter case we must nave »

oW .
= < 0, i.8¢ : V¥ < Vv
aTel - a2 bt el
and -%g = 0, s0 that the starting rate for

1

1. See (5.16) and (5.23).
2. equality occurring if the nontrivial zero of Fl(yl)

occurs at T=T2.
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the next stage may be found by solving 5.47 (for j=1)y
_ He;™ I

::(Ue)_‘_ (_l._._L )(yﬁs%) ?:—T—
W R P ~
+(-\I ‘e’;.)(se 3 )('-g') O (5.47)
Ué(ﬁ5> 3)::

For j=1, the V_ obtained from (5.47) will automatically
2

be less than Ve as required by the temperature restraint..
1

For other values of j, V may not be less than (or

a.
x J+1
equal to) V, and so should be tested. (If v,

J . Jrl
satisfying (5.47) exceeds V, then there is no N stage

dJ
optimal reactor for the h, chosen). It follows that for

L
an optimal reactor, if the Jjth stage (j+l<R) terminates
at a temperature restraintl,then Va < Ve s S0 that
J+l J '
g+l(ya ) < O. Thus F l(y) will have two roots,

J+1
andthe one for the smallest vy (being in the + region

of fig. 5.2) should be ignored.

The last stage should terminate either at T=T

2
or when %% is zero. It is easy to show that %% '

e

N

may have twg zeros along the line h = hN

If T is to be used as an integration variable

1. Where Fj(yj) is not simultaneously zero.
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then the above equations can easiiy be transformed '
(as above); alternatively an algorithm based on the
equations A 54,14, A 5.15, and A 5.16, could be devised.

V.VIIe Bquations for linear enthalpy relation.

If equation (2.22) holds accurately, then She
above equations will remain true if ali variables hj
are replacea by Qj (equation 2.23) and all V(y,h) by
U{y,9) (see 2.28, 2.29).

If we put yal = o then for N=2 we obtain Horn's
equations, whilst for Iy = O we obtain Konoki's. (Refs.

40 and 64).

V.VIII, Sufficient Conditions For a liinimum; Sensitivity

of Minimum;

(i) Bufficient Conditions

To confirm that a calculated stationary point in
fact corresponds to a minimum one may consider the
natrix H of second derivatives of Il with respect to
the set S {;y oo yan l coe hN} and verify
that it is pOSlthe definite.

For indirect contrel it is elementary to show
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that the elements of Hl are civen byl:

2M o L <z!o.na_ z_v_)

1 s eun) (5-49)
—————— qm 2. “'—" g‘.
oF;oy., Vo \2Ri oK
/!
2

?—-——' =-S(:J.tj ue-
Bﬁ,@ﬁrj > v 2y v 2.

LV 5[ }

Lrhene g VA {Yl 5’%‘2'- 2—(31:3) J'Z‘
\yau'

If the variables are ordered {hl’ yag, h2, yaa...yéN,hN}
(and the nabrix correspondingly), then it may be seen -
from (5.49) that oy is tridiagonal, but it is not easy
to see under what conditions it 18 positive definite
(for realistic rate functions).

The elements of Hl may be evaluated numerically; a
method similar to the one mentionéd above for deter— .-
mining &4 and t', may be used for t'l.

J Jd .
If Hl is written:

-
dy 8y
erd-e
lezdze
H, = 29383
"_dn—l en—-l_
L ' ep-1 4n ]

l. These relations hold only for stationary points.
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(where n = 21-1) then 1t is well Lknown that the
determinants Al, A2 coe b oees An formed from Hl by

© taking the first row and column, first and second rows
and columns, ebtc. satisfy the relations:

=dl

g |
by = Ayl -ep
B3 7 dshomealy

by = by =6 ;) ol
&,

dnlp_1=Cn-1fp-2 o

The elements of H, would be calculated either from

1l to n or from n to 1. In order to test for positive

]

definiteness, it is therefore sufficient to carry over
(at most) four quantities from the end of one stage to
the beginning of the next.

For the directliy controlled case the matrix ﬁl is
more complicated, being a five band mabrix with the
last row and column filled (i.e. not identically zero).
The second derivatives with respect to hi and hj (when
they are not zero) are extremely complicated.

(ii) Sensitivity Problems: Statements:

Knowing H; enables sensitivity calculations to be

made easilyy i.e. the question "how sensitive is the
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optimum M {o variations of members of thelset Sl?" is
easily answered. These questions are however relabtively
unimportant. An important sensitivity problem arises

as followsy:

Based on a given reaction rate expression an op-
timal N stdge reactor is designed, the optimum gata—_
lyst distribution being calculated, as well as the
optimum enthalpies for each stage. When the reactor
i1s fabricated proﬁision is.made for the adjustment of
the hi but not for the redistribution of catalyst, so
that errors in the calculated optingl values of ﬁi
(arising from the inaccurate reaction rate expression)
can be compensated' for, but errors in the catalyst
ratios - mlgm2 ceel Iy cannob. One wants to know how
serious this is.

To fix ideas suppose that we know the true data,
but the person who computes the optimal reactor works
with (slightly) inaccurate data. TLet us consider the
maximization of Y problem. TFor the given amount of
catalyst we know that the corresponding Yy max is A

in Figs 5.5+ Because of errors the actual point will
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be B, rising to C when the by have been readjusted.
C will be below A in general because the catalyst
distribution will be wrong. How i1s the distance AC
related to these errors?

We begin by stating the optimization problem in

different terms, choosing the set of variablesy

S2 = {hl, h2 ¢ e 9 hN’ ml’ ng * o0 mN}

~and trying to find the values corresponding to the
max yeN for given M = my + My eee + Mgy and Wy yal’
Y, @nd h . To specify the distribution we introduce

new wvariables wi, such that:

K=)
m; = E Pix Vg -

K=l (,5050)
M =-¢Njﬁ\?‘

where the P form a constant orthonormal matrix

iK
"FiK|l .80 that the problem’ is transformed

*Such a matrlx may be constructed by startlng with the
last columnsN 2 {i Ly, cevaney l} and working back
according to the Schmidt procedure.
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into an unconstrained maximization with variables
Sy = {nl eeo by Yy o wN_l} . [Changing ¥y (K#N)
by 1 will make the corresponding image in m space move
unit distance in the hyperplanei:mi_= M. Changing
another Vg (K#AN) will make the imag; move in an
orthogonal direction (again in the hyperplanéEZmi=M),
while changing wN will meke the image move normal to
the hyperplane].

We may sbecify distance and direction in the
above hyperplane from the point corresponding to A
in Fig. 5.5, and ask for the change in yp if the
variables hl, h2 o hN are simultaneously adjusted
so as to maximize Te for the new values Mys Mo eee My
i.e. ask for the distance AC in Fig. 5.5. We may
specify a small distance and ask for the direction in
the hyperplane which gives rise to tpe largest change

in yp max (when the h, are again adjusted so as to

i
make Ve maximum for the new values of m),etc.
Methods for treating these problems will be dis-

cussed in the following section:
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Solution of sensitivity problems in terms of matrix Hy

It will be assumed that H2’ the matrix of second
derivatives of yeN with regpect to the members of the
set 52 (evaluated at the overall optimum) is known:
methods of finding H2 will be discussed later. Lét
the variables be so ordered that H2 may be partitioned

into four submatrices Ail’ Ala’ Aal’ A22, as shown; .

[ 2 2
i y°N | i yeN
Ay = |l sm—5 Ao = ll3s3®
i 3 | i 3
H, = ‘ — '
2 . .. (5451)
2 3
? oy | . ? Tey
Ay = 38, om; | Ayy = 3h; ah
L ]

Suppose also that at the optimum point the

elements Ei of a (¢column) vector B are evaluated;
20 .
B = [Bi] = -a-ﬁ;— (5.52)

Then we may'éxPand-ye in a Taylor series about the
N
optimum point (where its value is fil?, ighoring third

and higher order terms and letting d, § ve (column)
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vectors with elements Shi, gmi respectively:

= [60,] 3 § = [émy] (5.52a)

Yo S+ BB+ L 3"} ' ¢'] E zl.é;: [—" (5.53)

where the superscript T denotes transpos1tlon. If

we make use of the relation A%Z = Ay, we may write
(5.53):

* =T
y. -y, =8B
Sy ey §

1 ¢T 1,7 .
v Al 3 (2058 280 (550
we wish to find 4 as a function of § such that y,
N
is conditionally maximum,
By differentiating and setting to zero we obtaii:

-1

f=- a7t 50 1 (5.55)

which can be seen to be the required relation by

putting:

d S - A22 Agl § + B (5056)
into (5.54), when we obtain;

Vo~ oy~ ET A,y B+ K (5.57) .

where K is independent of E (and ET). Now A,n is
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necessarily negative definite so it follows that Ve
' N
is maximised by E=0. Putting the optimal exXpression

for g into (5.54) we get the conditional maximum,‘ig :
: N

wn T - . '
Tor = Ve *BE~ 3 8 [ag-ap 835 8510800 (5.58)

If X is a column vector whose elements are SWK

X= [bug] .o (5.59)
then, using (5.50);
§-®X | (5.60)
Futting this into (5.55), we get:
.Y . ' N
Vo = Tey ™ Sty %1 PinB; * %XT,I’T[All‘AieAEéAel]Px’

(5.61)

where the uhderlined term is all that remains of |
BTPQC(bécause &XGN is a meximum with respect to free
variations of the first N-1 of the WK).-

If}(N = 0, then 5.61 gives us points on the
line ABC, in Fig. 5.5, for various ﬁ. The direction.
of greatest sensitivity (in the hyperplane m1+m2...+mﬁ=M)

is that of the eigenvector with largest eigenvalue of



- 180 -

the matrix obtained by deleting the lasgt row and

column of the matrixy

T -1 '
P [All - A12A22 A21]P - (5.62)

By allowing?(N to vary as well one gets points
in a little semicircle around A in Fig. 5.5, so the
analysis can therefore be extended to cover for example
the case where M and yp are fixed and Wy is to be

maximised conditionally.

Optimum Condition Equations based on 85 as variables:

Solution of sensitivity problem when H2 is unknown.

If T is expressed as a function of the variables
N
of the set 82 =-'{b1 oo hN’ My eee mN} then the
conditions that the first derivatives with respect to

the h should vanlshl are:

Wt - (e -t~ & S5y, )=

Ve For j£N (5.634)
o I

L= .:-:,-H

}Ve ’c =0 (5'.&,31)_')_

1. See appendix for derivation.
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Equations (5.63%a) for j # 1 in general have a trivial
root at yei = yai and one other root: (this is also
true for i=1 if yal = ym). Equation (5.63b) may have
no roots, one or two roots. [If yéN is to be a maximum
with respect to variations of +the m, (constrained by
E:ﬁmi = 0) then equations (5.17)lmust be satisfied as
well. Equations (5.63a) together with (5.17) imply
(5.18), and (5.63b) together with (5.17) imply (5.21)].

To inyestigate the sensitivity near the point A
(Figs. 5.5 and 5.6) we may proceed as follows.

We first findla segment of the line Q0'in h space
(Fig. 5.7)which corresponds to points on the (y’e‘N, M)
curve:0 Fig. 5.6, in the neighbourhood of A. Here we
construct a set of n-1 mutually orthogonal lines’

O'l, Oé, etc. which are orthogonal to the direction
of 0' at A', and choose first a few suitable points
on Oi, say. We then find the corresponding points in
the space of m, by solving equations (5.63) (if this
is possible) and also the corresponding points in the

y,mplane. In this way the mapping of the lines 0j, O

etc. onto the corresponding lines 0;, O, in Fige 5.6



- 182 -

and Of', Oé’ in Fig. 5.8 1is determined. We require of
course the mapping of points in Fig. 5.8 into Fig. 5.6
in order to solve this sensitivity problem; by this
method points in each of these figures are generated
simultaneously; the required mapping may be found by
interpolation.

It goes without saying that for large deviations
from the line 0' in h space this method is superior to
the one based on H, given above. For small deviations
the H2 method has the strong advantage‘that one can find
the mapping from the m space to the h space without any
of the difficulty that one would evidently have with this
method (especially if N is large) - that is if the labour

involved in determining H2 is discounted.

Solution of sensitivity problem: special method for
indirect control

We make use of the piecewise optimality of thel
trajectories. Suppose the basic problem has been solved

for a one stage reactor for a large number of values

1, See page 144 of this chapter. Alternatively, put

hm = - @in 5.63%a.
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of the parameter yal, resulting in a family of curves
such as those.in Fig. 5.9., curves Cl’ 02, coe C6’
Suppose we wish to know'?é with My My m5 given,

as shown in fig., for o, = 0. It is sufficient to
1

find the point corresponding to m,

interpolate the curve between’ C, and 05 (073 broken

on Cl’ hence Yo ¥

line); find on it the point yea correspondihg to m,y
and hence, finally'§; . (That this method is explained
in geometrical terms should not be taken to imply

that a paper and pencil construction is recommendeds;:
corresponding numerical techniques may be devised to -
suit the nature of the relations represented by Ci,

c

5 s+ Cg in particular cases).

Determination of the matrix H2

(i) Indirect Control

Expressions for the elements of the matrix H2
may be determined by first finding the derivatives of
the "eliminated variables'" with respect to the members
of the set Sa, and using these to find the second |
derivatives by total differentiation. 'Although

straightforward, this procedure would be extremely
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tedious. EBEven in the indirectly cooled case, much
labour is involved, and the following procedure is
less troublesomexy:

For the ith stage we have:

To,

By = tj (7, 5;)
’ ya.
1

so that ti may be considered formally as a function of

J. » ¥ and h.:
8 ay i

5y = Li<yei, Ya,* hy Y . (5.64)
Lét us drop the suffix for the moment. The sets
of first and second derivatives of L with respect to |
its arguments may easily be obtained and used to get
the corresponding sets of lst. and seﬁond derivatives
of '
yo = Fh,t,5,) (5.65)
With respect to,its arguments using implicit

differentiation, using also the relations

R

-
c— =

hy

7

Wi

=
]
o

i
(which hold for a maximum/ mini mup)to simplify the

expressions.
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We obtain:

v
oF _ F =] oF '
at = Ve ¥ 35, " v, #3h " Ve¥
TF_y . 3F _ Ve 2%
2 AR VR A VT
Yot ™ - El/e; . ‘)IF = _\_/g_ -B—ve —— )——va: (5.66?
¥t "/ 2 dyx  VEN2Y  ?Y |
dndy, = 7V, ‘3R v, 3E ' ¥ 3nE e

(See also (5.49)

Next, the stages are connected together, writing:
jéN::ﬁ;(¢;J7tN7:1xN) |
= BBy, b B Bt Bt gty ). ) (5.67)

That is to say Vo is implicitly a function of
_ N
hl, h2, e QN, tl’ t2 vee b (yal will be con31dered'
a constant). If we then writey: _
= - ) )
yeN yeN‘(hl s a0 hN? tl e s 0 tN) (5-68)
we may express the first and second derivatives of
(5.68) in terms of the quantities in (5.66). We
note that;
i=N
A,

oy ' .
e B N [Tt B 3 [ = o
i P p 1i=p+l yai..

~and in particular that by interchanging t and h in one

of these equations, the other is obtained.
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By differentiating the first of (5.69) with

'ra-N- S=7<|
=N B 2E
dYe, _ 2| [2R Bt ”3’% BF Bﬁw e | (5.70)
at.ot, 2% 2% 3&
1P L=pst ? Ju-;, 3 3"”%"' 9+S

[(5.70) willl give the WRONG result if q # p). If
q < p the corresponding derivatives may be found by

interchanging. p and'q on the right hand side of 5.70)].

If p=q;
t=N = N’P S=pt=| 1
Veu | |2 ’E aﬁ” - o5 (5.71)
p} t;; aj"-.‘, K. F+'f’ a jo.s . 7 g
. a\y"-p-o-'f‘
L=pH S=pti -
Similarly for q > p:
' L=N 4=N- 9 S=1=
L 2.F ) a'a_ F_'+1~
2y 2| |2 3_@3"'% W\ Fr | |2
3% 3T, "ot 2or] 2R T Myl er | RYa
2 :10_7’ Bja.,’_,_-y '
L=p+ T=1 S=i (5.72)
. : J=8 4=
1. The convention a.=0; | |[%=1 for B<w is used
=Q, J ‘ j::q, .

here as elsewhsrs.
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The corresponding formulae for p<y may be obtained
by simultaneous interchange of h and t on both |
sides of (5.72).
For p=q; we get:

L=N TEN-p o .

r N E  S=RH
hetT
5ﬁk~ _ EEE. 22F n élijﬂg;%:jgfﬁ%yr (3

Fpoty | || 2L, dtp AR,/ dr | | (5.73)

Sapey Sept1 ]
C=pH T=1 prr >P
. (.
3%y,
Finally SE‘Sg“ may be obtained from (5.70) or (5.7L)
p°%q

by interchanging h and t on both sides.

In this way, (if one notes that mi=wti where w
is constant) it is easy to see how to get the elements
of Hz. For a two stage reactor the expressiens.are
quite simple, and are given in the following table
(the corresponding variables from the set 82 have been
written across the top and down the left hand side for

convenience):
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for a two stage reactor with indirect

intercoolinge.
my m, hy h2
m | Y%, {ave' We, Vez- e, LY, 2Ve, L (e, Ve, ey
2y -'-aa 33} oA 29 w VO.;,_-BK] {aﬁ, V%a&}
m \@z'BV@z ' J_.Bwkz
2 =5 O |53
i
by Ve t O
2 7
' /"

(The elements below the principal diagonal may be

found by symmetry, of course).

If A%

then for yé
tions of hl, h2, o,
m, + m = i Y =

1 > = constant), the matrix Hy =

be negative definite.

oO0HH

is the matrix:

o 0

OHO
OO

A}

to be a maximum with respect to varia- -
L, (the latter constrained by;
AXT Han nust

It s easy to verify from the
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m s [] * > L] -
relations given that H2 is negative definite if and
only if the corresponding matrix H, is positive de-
finite.

(ii) Direct Control.

The reader will appreciate that some of the
elements of the matrix H, in this case will be ex-
ceptionally complicated - so much so in fact that even
having derived them, the problem of checking that a
computer had been programmed cofrectly to evaluate
them would be far from trivial.

Some progress is being made towards computer
' differentiation, (not numerical differentiation),
i.e. the computer uses the rules for differentiating
‘elementary functions together with roufines for
calculating these functions to compute complex deri-
vatives. There are many difficulties still to be
overcome (such as programming the machine to cancel
terms, etc.). (Ref. 75). .

Suqh a method might Be applied in this case.
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Appendix to Chapter V

Part I.
Dorivati aw _ aW : .
erivation of 3T ¥ 3E, ¥ Proof of equations (5.43,
e, J
5.4, 5.45) *
: ;
By definition; i=N
W=W(Tel’ Tea L TeN, hl, ha e s e hN_l) = tiWi ;
R =5
(A5.1)
¥ = y(n, m). Fp= Gp v T = CDp eeeeenes (5.38)
. To
! 2w
t f% G kT, t_._.... éfmzf,,ar 3 (5.37)
vy Y L v
(73) Tay

(where the integrals are taken over the path y=y (hl,T))

It will be convenient to define in addition::

— o .
20D E e (45-22)
and Tei ,
Ly = [g‘g].dm o (A5.2b)
h=h,
Ta. i
L

We will require:

dﬁl\/ . zwj . ‘awp' .- .ajau- . ‘B\ye_j . BT;._-L P quu' - BTO.J' .

A%y 7 2Ry 7 T 7 Jhy T IR 7 IR, 23T, 7 e
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Note that hN is determined by Te alone, there being
N

only one hN which will allow T to satisfy its
N

boundary conditibn for each TeN. It follows that::

dh Tmley)
N _ _ T N (A5.3)
aTe ACT,

We recall thaf:

w. h.~h
+1 .
_%'.'" = B‘Dj—%ﬁ‘- ; J=l, 2 e o e N=-1 3 ¥ 502
J J+l m-
by—h
Wj = WN {'EH‘__—:HE} ; j:l, 2 vee N"‘l ¥ 505
J m
' Yo =¥ : '
w. e, vm
and =2 = —l— 5 j=1; 2 ... -1 g 5.4
J Ya, Im
g+l

Differentiating (5.3) with respect to hy, (i#N) and

using 5.3 again:

oW, Wj Si;j

- — , ' (AS.4
: F‘E"“J.- - ‘; | )
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Differentiating (5.3) with respect to hy, and using

A5.3; _
oW, W ¥l €30)
= - N "N ) Lo . .
'ngl hj-'hm . 'yh( eN) . SIN ’ J#Ni (A5 5)
aya .

In calculating EETJ s we note that éhanging hy (the
i

remaining n;j and Te. being kept constant) affects
(of the Y, ) only Tq (except for i=1 when it is fixed
J i '
by the boundary condition), and Yo, _ We will derive
i+l

9y
a.
first 35;5 » i¢1; noting that yei—l is fixed because
Tei—l and hif; are fixed, and.wi___l is also fixed, we
put j=i~1 in (5.4), and differentiate with respect

to Wi:

dwi

Ay, = = (Jg. =¥p) Wi_qe —
. 2y ®i-1 TR L gl

so that with (A5.4) for i=j, and using (5.2) for
j=i-1

H
ey,

. ~F
i_ %10

¢ i1 (A5;6)

Co 2Ly , S
From (5.34) 1 zp=d = &y wy(ey) (45.7)
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Y4,
We can use this to derive —Eﬁiil « Rearranging
i

(5.4) and varying W.y Yo o andy

;
i 8541

Wiry g =Wy dyei *‘(yei"ym>dwi

i+l

Hence, using (AS5.4) and (A5.7) for i=j, we get::

3y Yo =Y -
i R O iDL (as.8)
ah, Wigl “BE i~Bp o Wi '

which can be put together with (A5.6) resulting iny:

o=l

V4 Yor.= Im L; | Yer™ Yim
=o..lI—&, )= . —_— e.)— = M AD.
T.a " "‘g'-_j(' g(;)g' — +S"ﬂ7,) wﬁ-ﬂ ?Fu( (,) ﬁ,‘;— ﬁm, | ( 5\" 9)
oT
a,. _
To derive gﬁ—ﬂ s We note as above that we need only
i . :
consider j=i and j=i+l. From (A5.8) we obtain;

i+l i m

oT, Yo, T w
i+l - 1 ( e ) - L i
96, Tp8i.1) Th'®i B b ( W

For j=i, we may proceed in the same way, using
(A5.6) (except for the underlined term which must be
added): |
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ama. <1-5l ) (y ) v (a.)
S~ L — - RS (45.10)
yra) BB ypla;)

_—=m==

Putting these last two equations together;

M- Yo ;
SR, 3(«){ i+ '(j}-’,,(ﬁ)-— T——_Z:,L t}:

+ & [‘l 8)(%:&») yﬂm] (A5.11)

If T, 1is varied, i#N, then y, changes as well,

i ' i
and consequently ¥, X so that from (5.4), we get:
i+
oy :
8341 _ Yplegdm 4
T T W, i s
hence T
e)
841 _3L ypley) e
aTei C(Yie1) (T 81/
so that::
T .
a. w;,  ypley)
e = 1 T i . 7! i
. s 8 T o . 3 1 N 3 (A5v12)
aTei i+1,J Wj yTZaji

If i=N, varying Te varies hN, which in turn variss
i i B
yaN, s0, using (A5.10) and (A5.3);
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S NCRR I T LT SR

aT, Tmey) (l“ng (ye --ym) v (a.y |
N _ m N {- N1 h' °N (45.15)

Using relations (5.37), (A5.1), (A5.2), (A5.4), (A5.11),

we may therefore wrlte'
2W_ W li —_ th AT y &)= y@ Jm }
ﬁ‘-’ (e 37'(0’*-5 g ﬁ

_witi {=8)( Jer. Jm,) 2 <A5 14)
y#%){ ey S )J2

And, using relations (5.3%7), (A5.1), (A5.2a), -(A5.12),
(A5.5); for i#N '

gg = Wy yp(ey) {ﬂé - & g 3 1#N (A5.15)
o, ey 8541

Equation (5.43) is thus proven.

Simi larly X 't — + |_ 9. (v)
aTeNm N " yg'(eN) din )( Ine 39,,-,)

Ty | asa

In order to establish equatiohs 5.44 and 5.45 we

first prove a simple leumma;

- yh<ei) _ yh(ai) _
i ve v
i a3

(45.17)

we will drop the suffix i in the proof;
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v
V ¥ym= Jp Iy Y
T _ hT ~ YT “h
3h 2

v

Note that:

v . av _ av . : .
But Ip 3% a7 3T where the total derivative 1is

understood to be the limit of Av/AT along the constant
h reaction path. We may then use (A5.2b) and write:
dv oV '

f {vyhT—yth 37T yn}
amr
va

a

Integrating the middle term by parts-

T 4
Vﬁ,tgdr — J‘W'\VeTa(_T
v

o

hence L/' _ V,L(e) Zig,() j % v 4T
23T

so that, using 5.37, the lemma follows.
If we substitute the right hand side of (A5.17)

for L', in (A5.14) and compare with (5.16), then using

i
(5.2) and (5.4), (5.45) can be seen to be true. Simi-

larly, from (5.2), (5.4), (A5.16), (45.17) and (5.16);

(5.44) followst.

EA

l. The convention /2 &; = 0 for K < j is used.

=
1
(]
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Part I1

We will prove eqﬁations 5.6%a and b and the
assertion about their connection with equations

(5.18), (5.21).

The derivatives of yeN = FN('bN,hN,yaN) with ’
ak . R .

respect to the varibedes hl, h2 eee hN 3Ty, M, ees

N will be found, taking into account the following

restraints:

]

ye - Fj(tj,h-,ya ) 0 3 j=l,2'... N—l

3 18
m,
t- - -'J' = O 3 j=1,2 ) N
J Wj .
o | (45.19)
Wj - WN H:.J-:En—l = 0 3 J=l,2 eee N-1

w (¥ -y ) -~ w(y. -y.) =0 3 §=1,2 ... N-1
J+1 aj+l m Jtey m ’

To do this we will use Lagrange's method with multi-

pliers . pJ ’ qJ’ r s 8' 5 and functlon Z;

Z_ E (., ya) Z”(Ue Xij(tj'—”;’;j)
—Zlfso(w-- M= o =)

i.s';(.;ﬁ{\\k jm-}"'w{ffe- .‘f—m}) (A5.20)

The multipliers may be determined by differentiating
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Z partially with respect to the variables to be

eliminated, i.e. Jg.s yaK, Wics and tK, and equating
K

to zero. (In differentiating (A.50) we may make use

of some of the relations 5.66), we obtain:

0 = _pK + sK X ; K=1,2 oo N-1 3 (A5.21)

&V
KN e v
N
0 =+ (- bgdng vf_ Sy W 3 K=2 ... N (45.22)
ay
O ——M "*'r S (3akaQ(' SKI)-i— (HPK :j‘)n) SK p) .
k=12 N—1. (45.23)

9 )"',

0= SkNveN +~p£YeK(l— Se) - 9 3 E=1,2 ... N 3(A5.24)

These four sets of egquations afe easily solved, givings:

j:N v j=N v
sy = & v-e-ﬂ A525"=WKl| % A5.26
R = W . » 45:25 = § yd{-e #(45.26)
¥ j=ks1 3 T g %00
w. J=N v
. K ’ l ] ‘
ag oy veK(l«- SKN) {Va }— SKN V"N 1(A5.27)
j=K+1 9 |
} e v - Ky (1o v - K
T —7e Tu W Vo bi)~ (75 ~Tp)(1 b v =l
J=K+1 % ‘ -k

(AS5.28)
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If 2 is differentiated partially with respect to

hy or my and the above expressions for the multipliers

are used, we obtaln the desired ayeN ayeN

ab‘K 3 am’K :

Now; 5‘% Nv t"'(" KN)PKVekt

K
+LONSK£ o - &m( SKN) (.5.29

Using (A5.26) and (A5.28), it is easy to see that for

K#N, the above expression will vanish if and only if::

r (o I )(1 =) Ve - |
Vektx‘zk‘—‘_/z; {'tkvex - Voo - “jmj'o (A.5.30)

Putting K=i we get 5.63a.

Similarly,Nq

:7”: ek 'I‘+Z(ﬁ ' =%, \\; E’t = (e ) (- Sv)y"* +Ye; —ym}

J=in

Equating to zero and using (A5.30) we get:

Nl §=N  V, "
V, by Qﬂ {V:j}veit'i =0 (5.63b)
3 s

°N =1 j=i+1

For completeness we will also obtain the derivatives
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with respect to My gnd consider the cass 2291

constant;
N Q' . - '
3z Z . oK
dmy W,
J=1 dJ X
J=N Ve' ,
o L‘?‘K = 3 {ve (1- SKN) ﬂ " +»5KNV3 (A5.31)
N K Gk aj N
Ifzg:m& - M = O where M is constant, we may obtain

the optimum condition equations by introducing another
Lagrange multiplier, u, and writing;
N .

z' = Z - pu( Zﬁi ~M)

. i=1
Using (A5.31):
' - L v,
!
.'.O=g-§=—-——-WN—l.L.'.].L=—-—WN
oy N N
so that for K#N,
=N v v
e
0-22 . %k [[<i - X
a Wy

= K+l J
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(The remaining assertions follow immediately).
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1 1og(1 “logM - .| —=t Wy ' T

51,490, +0| 8,415, =1 |“0.956 | ‘0.655 | 732| -
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= 5,917,5-11 -2.644, -0 0.212" | 0.653 - 904 |-
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FIRST

|- s81f-1.510,=+0] 7,458, -w1- | 0,622 | 0,714 |- 703
|=5R9| 1,439,740 5.9485 -«1 | 0.442 | 0.423 | 727
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“RATE FUNGTION PARAVRTERS

THIRD
[WASH
[ Jo ]
o0
o0

t
i
1

5f625 2 061. *0 7. 034. w1 |- 0.141°| 0.697
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5 ye3 |~ loglt Wb, L wat w
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LB e ——— —— :
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Chapter VI

Optimum Problems for U-Tube And Related Reactors.

In this chapter heat and material balance egua~
tions will be derived for the ideal distributed feed
reactor represented in Fig. 6.1; specialisations of
these equations will be shown t0 be applicable to the
reactors represented in Figs. 6.2 and 2.10; methods for

optimizing the reactors will be discussed.

VI. I.Heat and material balance equations:l

Consider Fig. 6.l. The main feed enters at basic
molal flowrate w,, conversion Tal? and temperature Tal’
at the bottom end of the left hand tube, flows up the
tube (in which reaction may or may not take place),
emerging at the top where it is mixed with a stream
of basic molal flowrate Wy~ conversion T and tem-
verature Tm; tﬁe resulting stream flows down the right

:rtand tube, in which reaction takes place, emerging at

l. We will make use of some elementary resulits derived

in Chapter 2.
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the bottom with basic molal flowrate Loy conversion
Te2 and tempe;ature Te2'

Indirect heat transfer may take place only ortho-
gonal to the flow axis, across the dividingl wall.
The specific heat C based on one mole of reference sub-
stance and J the adiabatic temperature rise coefficient
are both assumed to be constant.

To fix ideas consider first a homogeneous reaction
| taking place'at a rate v(y,T) in each tube, and let m
be the volume of the right hand tube from the bottom -
end to the reference plane in Fig. 6.1l., and K the
(constant) ratic of the sectional area of the right
hand tube to the left hand tube:; a differential mass
balance on.each tube, a differential heat balance on
the right hand tube, and an overall heat balance across

the broken line in Fig. 6.1l. give:

l. Since the ideal distributed feed reactor model is
being used it is understood that within the fluid phase
there is perfect heat transfer orthogonal to the flow
axis. Whether the resistance to heat transfer is at
the wall alone, or includes infinitesimally thin
films on either side of the wall, is irmlevant.
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Yo = =bp € (bp=Ldy,=bz + J(y3-¥,)) (6.1)
Eyj = bov(yysbo¥,~bztdyy) (6.2)
5 = V(¥ 75*952) (6.3)

where the dot dénotes differentiation with respect %o
t and the variables t and Yo (i.e. © in Chapter II),

and the parameters bi are defined as follows:

t = m/w, _ (6.4)
yO = T2 - Jy2 (6'5> |
b. = overall heat transfer coeff. x area of contact

1

C x volume of right hand tube
(6.6)
b3 = (b2-l)(Tm—Jym) _ (6.8)

(The temperatures T, and T, are given by the
right hand'arguments of the rate function v in 6.2 and
6.3 respectively).

The initial conditions for 6.1, 6.2, and 6.3, are:
At =0, ¥y =bys J1=V,10 To°Tes (6.9)

And F the final value of t is given by the eguation:
AF) =0 (6.10)

n E(t) = - ‘ .
where (t) = 51 + (b, 1)yﬁfb2y2 (6.11)



Specializations of heat and mass balance eguations:

1. Bgual Branched U~Tube Reactor: The Push~Pull Reactor

If in the above equations we put:

b, =1, b, = 0, K =1 »(6.12)

2 5
we get the equations for the U-Tube reactor with no
“c0ld shot" at the top, and egual branches. These
equations also correspond to each of the two reactors
represented in Fig. 6.3, and hence to the two straight
tube counterflow reactors in thermal contact (Fig. 6.2).
To prove the latter it is sufficient to observe that
equations 6.1, 6.2, 6.3 together with 6.12 are invariant
against the transformation: |
replace t by -t and interchange ¥ and Toe

These equations may also be used to describe a
homogeneous'reaction taking place in a pebble heat
exchanger (Fig. 2.10) where flow is alternately from
left to right and from right to lef@ during each half
cycle .if a guasi-steady state is stable and the cycling
can be so arranged to be neither so rapid that back-

mixing is serious, nor so slow that the pebble surface

temperatures are not fairly constant. This type of
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reactor will be called a PUSH-PULL reactor.
The reaction may be solid catalysed:; If so the
catalyst is assumed to be in thermal contact only

with the fluid.?l

"~ 2. The Empty-Full U-tube reactor.

If the right hand branch of the U tube in Fig. 6.1
ig packed with catalyst and the left hand branch is

not (such as the ammonia synthesis reactor2) then we

1. Another simple model may be used where 1t is as-
sumed that the solid catalyst is all at the wall (or
pebble) temperature and that the heat of reaction lib-
erated in the catalyst is transferred o the fluids (the
catalyst temperature minus fluid temperature providing
the driving force). In this case it is no longer reason-
able to base the reaction rate on the fluid temperature,
but one must use the catalyst temperature. This model
leads to three differential equations as before, but the
wall temperature must be eliminated by solving a simul-
taneous nonlinear equation.

2. See references 47 and 57 for a similar treatment
which however requires one more differential equation
because two differential heat balances were carried oub
and the resulting integral of the equations was not used

to eliminate a differential equation.
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need use only two differential equations; 6.2 dis-
appears on putting:

by,=1, b

5 = 0, b2/K = 0 : (6.13%)

3

3. Adiabatic stages with intercooling

Equations 6.1 to 6.11 represent a two stage adia-

batic reactor with 'cold shot" intercooling if we put:

b, = O (6.14)

If the cooling is indirect then in addition, one may

put:

b= 1 (6.15)

3 'temperature drop across interstage
exchanger. (6.16)

|
o’
il

Hence a one stage adiabatic reactor may be included
by making b5 ZeIr0. '

One may make use of these results in checking
numerical integrations of the equations in Chapter V

for adiabatic cascades:; also the sensitivity of a two
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stage adiabatic cascade to maldistribution of volume
(catalyst) could be investigated, since K, the ratio
of the two volumes (masses of catalyét) is a parameter
in the equations.

The above sgpecializations are summarised in

table 6.1;

Table 6.1.

Parameter
Reactor Type

b b b 1/K

Equal branched U

Push-Pull Reachor

Tmpty-Full U

Hl ]| e
ojlolol o
o

One stage adiabatic 0]

V| Flwilin|+

Two stage adiabatic
with cold shot intercooling 0

Two stage adiabatic
with 1lndirect intercooling 0 1

VI. II.The Basic problems for the U-Tube and Push-Pull
reactors.

For a given reaction rate exprcssion and inlet

l. i.e. those listed 1, 2, and 3% in table 6.1. It
would not be unreasonable (although outside our scope)
to consider the more general problem where b2 and or

b5 are also adjustable.
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conversion Va1 the basic problems are:
G

(i) PFor given Jop find b, and b, such that F is
minimum.
(ii) For given F find b, and b; such that y,o is
maximum.

For the reaction rate expressions used in this
work, problems-(i) and (ii) have invariably turned
out to be equivalentl. Anyway we will suppose fhat
they will always be equivalent in situations”of
practical importance, so that we may solve whichever

is most conveniente.

VI. III.Integration of mass and heat balance equations.

Evidently we must integrate the equations 6.1,
6.2, and 6.3 in order to calculate the objective func-
tions. These equations will have to be integrated
numerically in general, of course. There are two
possibilities:

(a) TForward integration;‘i.e..from t=0 to t=F.

(b) Backward integration%

1l. See discussion about egquivalence in Chapter IITI.
2. If backward integration were to be used, then one
would define bO (instead of by 6.9) by bO = ¥, at t=F.
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I will be shown in what follows that in order
to avoid wasting information it 1s best to solve
problem (i), integrating forwards (except if only
fhe empty~-full case were of interest).

Let us first consider in Fig. 6.4 some trajec~—
tories in the y,T plane obtalned by forward integration

in the push-pull case for y = 0, 3 = 0.9, b, = 630,
al e2

o)
J = 158.5 and the second set of reaction rate para-
metersl. For all values of by the two branches of the
trajectories start out at points Al and A2 on the line
y, = 630, labelled (1) in Fig. G.d. For b, = O both
branches lie entirely in this line, and terminate atb PO.
For by = 2.97 we get trajectory (2) terminating at Pye
(At Py both trajectories are parallel to the y, = con-

. stant line).

For b; = 29.7 however the two branches (3) do not

connect. (The top branch crosses the equilibrium line.

2

For an arbitrary” reaction rate expression this implies

l. See Chapter I. equation 1.1 and table l.l.
2. The system is assumed to have the property that -
along v = O contour %% < 0 and also, (92%1> 0 every-

: 0y
where. c.f. footnotein section IIL,Chapter V.
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that the branches cannot connect for any t however

l; (note that corresponding points on each branch

large
lie on the same constant enthalpy line, that the rate

is negative above the equilibrium line, that Tl and T2
are monovonlc increasing functions of t and that I1 and

. ¥ both lie between O and 1). Such a trajectory will

be termed gndless and the corresponding point in the

(bo, bl) plane an inadequate point.
It is clear that for any rate expression which des-
cribes a reversible exothermic reaction and for any

b by making bl large enough one can get an inadequate

o?
voint, since for bl infinite both branches are hori-
zontal lines 1in the y,T diagram. Also, it seems highly
plausible2 that the following is true for reasonable
reacting systems:

(for given a1 yea) there exists a curve which divides

the first quadrant of the bo, b, plane into two regilons,

1
the region below the curve containing no inadequate

points, the region above it only inadequate points,

1. i.e. the boundary condition 6.10 cannot be satlis-
fied.
2. No evidence to the contrary has been found yet.
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whilst for points on this curve F is infinite.

In Fig. 6. 5 points (b bl) are plotted: circles
1f inadeguate, otberw1se dots with the corresponding F
. values written adjacent to them (for the case discussed
above). The inferred border of the inadequate region
is also sketched (full curve), and the broken curve
represenés approximately the locus of the minima of F
along constant bo linesl. The inferred border has
the shape one would expect: the highef bo the lower the
corresponding value of by until at b, A 666°K (which
corresponds to the point A, in Fig. 6.4 lying on the
equilibrium line), b, is zero, while for low values of

b bl is approximately constant, because, at all these

o?
low values of bo the initial reaction rates are prac-
tically zero for all conversiouns.

We have seen that the fofward integration procedure
used to calculate the objective function for the basic |
problem (i) has the disadvantage that one has no a_priori

knowledge of whether a point (bo,bl) will be inadequate

l. Not much information additional to that supplied by
the dots and crosses was used in drawing these curves,
so they may be slightly out of place here and there.



or not, and, to judge by Fig. 6.5, this disadvantage
appears to be soriousl. (examples which are much worse
‘than the one represented ir Fig. 6.5 will be given
later). Basic problem (iil) together with forward
integration is obviously unreasonable. Basic problem (ii)
with backward integration should be satisfactory2 for

the empty-full reactor since ey and y, are both zero

at t = F (and for the backward integration we make

'bo = y,(F) rather than y_(0)). For the push-pull and
equivalent reactoi however we still must speclfy yl(F)

in order to start the integration, and bnly for certain
values of y,(F) will the boundary condition yl(O) = Ya1

be satisfied, so information will be wasted., Further,

for certaln values of bl,yo(F) and yl(F) the boundary
condition yl(O) =y

al
can easlly be seen by considering the case bl infinite.

cannot bes satisfied for any F as

Basic problem (i) together with backward integration
should also be suitable for the empty-full reactor.
Since we set out intending to solve the basic

problem for the two types of reactor attention was

l. The same trouble occurs with the empty-full reactor,

of course., .

2. The difficulty with crossing the equilibrium line
which occurs for the forward integration procedure can-
not occur here provided that the initial reaction rate is
positivq. ' '
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concentrated on problem (i) and forward integration.

VI. IV.Numerical Procedures Used for the Basic Problen:y

a) Preliminary Investigation:
A programme was written to evaluate F by forward
integration of eguations 6.1, 6.2, 6.3, using the
Runge Kutta Merson variable step length procedurel.
The sign of yé was tested at the beginning of each
step, and if negative, integration continued. At the
end of each step K was determined, and if negative,
integration continued, otherwise F satisfying 6.10 to
a specified accuracy was determined by the rule of
- false position.
If yé became non negative somewhere indicating
an endless trajectory, this information was dealt with
suitably, and integration was terminated. |
The method turned out to be very satisfactory.
It was found that if the error tolerances on Tor J12 o
for each step were set at 0.1, 0.00001, and 0.00001
respectively F would be determined to a precision of .
about 1 part in 1 million, 5 to 40 steps being required

even if the initial interval were made unreasonably

1. This programme used a library machine code llerson

routine. Only the programme outline will be given, éuch A
details as loop counbers etc. being omitted. See Ref. 8.
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small, except with the first set of reaction rate
parametersl when the precision was about 1 in 10000
and slightly more steps were required. It turned out .
that (except for the first few steps in some cases)
the steplengbh remained fairly constant throughout

an integration.

2 investigated the above

In each of the 36 cases
programme was used in & preliminary search in the
(bo,bl) plane.

A master prograume, using the above programme for
function evaluation, was written to carry out a simple
search along lines of constant bo.

A value for b, was specified (in the data for the
programme) as well as an initial non-zero value for
o, which would guarantee a value for F. by was then
increased in a geometric sequence until eilther the
corresponding value of F was larger than the smal;est

previous value (in which case the search along the %ine

was terminated), or the point bo’bl became inadequate.

1., Bquation and table 1l.1l.
2. See Tables 6.2 and 6.3.
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After each inadequate point the value of bl was made
the harmonic mean of the largest value of bl known to
correspond to a value of I, and the smallest value of
bl known to be inadequate.

The programme was quite satisfactory, not moxre
than ten attempted function evaluations being reqﬁired,
as a rule. Most of the points in Fig. 6.5 were obtained
in this way. Ffom this and other information it was
concluded that the minimum value of F corresponded o
a point in & vrough lying close to the inadequate regilon.
It appeared also that the minimum along a line of con-
stant bO was not very sensitive to bo.

It soon became clear that a powerful hill climbing

procedure would be required in order to determine the

l. Of the 36 cases studied, in 4 cases the bo’bl plane
was explored in some detail, and in all cases the sit-
uation was found to be similar to that represented in
Fig. 6.5. The coordinates (%o,%l) of the minimum app-
roached the inadequate region more closely (on a relative
basis) as y o2 became larger and as the ratio of the
activation energles decreased. Incmw case both b and
b1 were within one part in 20, OOO 000 of the respectlve
coordinates of an inadequate point.
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coordinates of the minimum in PFig. 6.5., so the
problem of how best to find the derivatives of F
with respect to bO and bl was consideredl.

b) Determination of derivatives of F with respect
to b and b

l!

The equations for the push-pull and empty-full

1. Hill—climbing mebthods which do not require deriva-
tive evaluation are being developed by many workers;
at the present time methods with quadratic conver-
gence aré available (Ref. 73); at the time this work
was 1in progress however no such methods were known

to the author. The utility of the derivatives should
not be overlooked: +to get a reasonable indication of
what point to try next the derivatives at a point
(plus accumulated information about curvatures) even
if they are known with a relative precision 0f*10%
may well be far more useful than two or three function
evaluations made in a small region (plus the same
information about curvature. (Over a small interval
[a,B] on some given line rounding errors may easily

be such that while 3— < 0 for all z in [e,B],
F(a) -F(B) appears to be negative).
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reactors are of the form:

¥y = £5(54.2) A (6.17)
y;(0) = x, (6.18)
g(;) = 0 | (6.19)
2 < yi(F) (6.20)

Where a is the parameter by (equation 6.6), the y;
are as before (equation 6.1 to 6.3) the x, are the
initial values of the Vi and F, the final wvalue

of t+ is determined by €6.19 and 6.20.

We wish to find 2L and 2%, It would also be
0Xp da
useful to kan'ggg, since for the optimum choice of

a and 1 this will give us the slope of the Fmin’ yee
relation.

There are different ways of obtaining these
derivatives.

Rirst, let us consider F given, and Z s defined

by 6.17, 6.18, 6.20, and suppose we have determined

the derivatives:

aZi aZi
3% and 37 . (6.21)

d
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Then, it follows that the derivatives we want

are:
aF

3x

aF

a

( Where
stood,
at the

ag 2%
0% X .
=t (6.22)
3
5% fr(zk,a)
r
28 2%
azi Jda
=-|3 (6.23)
28
a7, £ (24,2

sumnation over the repeated suffices is under~
and the functions and derivatives are evaluated

point which satisfies 6.19).

It is well known that the quantities 6.21 may

be obtained by integrating the variational equations,

i.e. that they are given by:

== - uy 4(F) (6.24)
3 ‘

g L

35 ° PigF) ,{6.25)



of.,
* = .....}. s = 9 .
af. of.
DL = =—= p_ + —= ; 7p:(o) =0 (6.27)
i Ay, T oa d i
5&3 = Q0 for i # J (6.28)
gij =1 for i = j

We could obtain all dervivatives by integrating
the above equations together with 6.1, 6.2 and 6.3,

forward, l.e. 15 equationsl all together; or 12 if

~ T

we note Gthat <= 1is not reguired, or 9 if we relin-

3 :’Cl
guish our interest in gg as well. In this way we
>
Lo
would have no intermediete storage problem and could

use & variable steplength method, so that not know-
ing I' before the integration starts would not be a
drawback; on the other hand, There are many2 equa~
tions to integrzte.

Consider the equations (6.26); 1if we were

interested in a linear ccmbination of the uij(F) of

the form;

ay uij(F> (6.29)

l. TFor the push-pull case; less for the empty-full

reactor.

2. There may also be problems with numerical insﬁability.
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where the qj are parameters known at t=0, then we
could reduce 6.26 to a set of three equations by

multiplying by 4: and sumwning over the index j.

J
- . 1. . . .
What we require however™ is a linear cowmbilnation of

the form

.(F) (6.30)

where the other suffix is summed and the q; are de-
fined at t=F, so there is no reduction of the equations
6.26; with the adjoint equations however we have the
dual situation.

Consider a set of adjoint variables Gki defined

for all t by:

G—kiuij = ukj<F) (6.31)

Differentiating 6.31 with respect to t (noting
that its right hand side is independent of t, and.re-
lettering dummy suffices), using 6.26, and cancelling

the (assumed nonsingular) matrix uy we obtain;

;j’
. of.
. = - N -
Gy Gyes 352 7y (6.32)

1. See equation 6.22.
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If we put t=F and t=0 respectively in 6.3%l, we

get; using 6.24;

Gs (B = by (6.33)
e y(0) = X (6.54)
axj

These adjoint equations are of the right form to

be reduced. The lnhomogeneous equations 6.27 may
also be dealt with in the same way. The relation

F
of .

py(F) = G, 5 sz5 4t (6.35)

may easily be verified.

Let us introduce reduced adjoint variables Wi

W= quki 3 i=0,1,2 (6.%6)
Wz = QP p k=0,1,2 (6.37)

where the parameters Qs i aré'given byi:

- 958
2%k . i, 5, k=0, 1,2
@k= —_— 3 1, J" = U, ’

N

% ..
azi fi(zj’a)

a
.

(6.38)



It follows from 6.3%2, 6.35 to 6.38 that if we writey

of.

Ly = 5-5,—-3 3 i, 3§ =0,1,2 (6.39)
LEi =0 s i=0,1,2,53 (6.40)
of.

1]

O
-
no

L., ===2 ;] (6.41)

J3

Q
(W)

then the quantities ﬂi defined by 6.36 and 5.57

satisfy the guations;

Wi = - Wiji ; 1,3 =0, 1, 2, 3 (6.42)
and so we see that if these equations are integrated

backwards with the starting condition:

WfL( F) = qi ’ WB (F> = 0 3 (6'45)
Then: W.(o) = 28 rfor i=0,1,2 ; W.(o) = &£ ; (6.44)
. i Xi s 2 14 5 aa 14

Thus, in order to get F and the derivatives
required we may integrate 6.1, 6.2, and 6.% forward,

(storing at each step information suitable for the
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calculation of the Lij) and equations 6.42 backwards.

This forward-backward method was the only method
we used for the evaluation of the derivatives of F.

It is convenlient to use the ordinary Runge Kuttal
method with coefficients (1, 2, 2, 1) for the integ-
rations: for eacn step of the backward integrabtion it
is necessary to have stored information which will en-
able the elements of Lij to be computed at the beginning,
mid-point, and end. A complication arises because it
is not known before the forward integration has been
completed whether the number of steps will be even or
odd. The method illustrated in Fig. 6.6 was used to
overcome this difficulty. (The first two steps were
were made half the 'nmormal'' step length, and an addi-
tional step was inserted at the end, as shown).

In (on the average) half the cases the informati&n
stored at the beginning of the second step would not havg
been required, but as several hundred steps were often
used, this wastage was trivial.

Some care is required in programming to ensure

1. Also known as Kutta-Simpson. See for example

reference 77.
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that values of the elements of Lij corresponding to

the correct values of t are used at each step in tae
backward integration. If those corresponding to nelgn-
bouring values of t are used the mistake may easily

go undetected but the accuracy achieved with a given
number of steps will in general suffer.

A routine based on the above forward backward
method Was'written. The routine was supplied on call
with ¥ the 'nmormal' forward integration steplength,
the parameters b by, etc. and n the maximum allowable
number of steps for the forward integration; apart
from fault exits of various kinds which we need not
bother with there were three possible exits::

1) function and derivatives evaluated satisfactorily.
2) integration stopped because-v(yo+Jy2,y2} became
non positive.

3) step count exceeded n.

Reasonable values for k were determined by pre-
cision trials in which 20 to 2000 forward integration

steps were used. From 100 to 500 forward integration

-
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steps were sufficient to determine the function F

and derivatives with adequate precision for the hill—"
climbing methods to be described below (the number
depending on Ve .. and the rate function parameters)

in the cases whgre the hill—climbing was successfulj
where 1t was ébandoned 500 steps ensured a relative
precision of 0.001 in each derivative. On an I.C.T.
Atlas approximately 5 seconds was required to evaluate
the function and derivatives using 500 steps forwards.
(and 1000 backwards) for the push-pull reactor, and

approximately 3 seconds for the empty-full reactor..

¢) Hill Climbing using derivatives evaluated by the

forward backward integration procedure.

The minimization of F was attempted in all cases
listed in Tables 6.2 and 6.3, and was successful ex-
cept in the three cases marked with dqueries.

The problem of minimising F(bo; bl) is unconven-
tional in that the set of points (bo, b,) for which F
is defined is not known in advance. The methods used
for treating this problem were based on the following

assumption; suppose Pl and P2 are two interior points
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of the first gquadrant of the (bo, bl) plane, and P,
is inadequate while F at Pl is Fl. Then it is assumed

that there exists a point P, between, and on the line

Jjoining Pl and P2 such thataonly points between P3
and P2 are inadeguate. '

The first strategy used was to bracket together
the exits (2) and (3) above from the function evaluation
foutine and assign to F some fictitiqus value (such as
2kn) and also to the derivatives With'respect yrfo) bO and
b;, and start hill—cl‘l.imbing with values (bo, bl) known
to be reasonable; +this procedure was used with a pro- .
gramme based on a simplification of Da\_ridon'sl method,
kindly furnished by DTe M.J.D. Powell, and was quite

2

satisfactory~ except for the first set of reaction rate

1. A powerful iterative gradient method with quadratic
convergence which starts with a given symmetric posi-
tive definite matrix YO which is modified step by step
generating Yl, Y2 .o Yi ..+ in such a way that Yai

the inverse Hessgian matrix at the minimum is (in general)
rapidly approximated. For points (bo, bl) not unreason-
ably far from the coordinates of the minimum, the hill—
climbing step is - Y; grad F. See References 7 and 80.
2. About 10 to 40 function evaluations being required

to go from a crude estimate to an extremely precise one.
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parzmaeters (for conversions Yep 7 0.25), and for the
second set of reaction rate parameters for Teo > 0.95.
The method might have succeeded in finding the minimum
in all the cases where it was subsequently found if
allowed enough function evaluations but, because it
was obviously inefficient, some modificétions were made.
(This was the sort of trouble which occurred with the
"fictitious values' method; suppose F was evaluated at
a point Py, (relatively far from the polnt corresponding
to the minimum F) at some stage of the process, and the
next point produced by the hill climbing routine was P2,
which turned out to be relatively far from Pl and also
inadequate ~ then it commonly occurred that many subsequent
points were either very close to Pl or very close to ng.
A modified procedure used was in essence as follows;
If the first point turns out to be inadequatel then
a fault exit is taken. Otherwise the procedure is essen-
tially the same as Towell's except if an inadequate point
P2 should'turn up subsequently, in which case the next

point to be tried is PB’ the mid-point of the line

l. Or to give rise to an excessive step count.
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joining P, to Py. (Pl corrcsponds to the lowest value
of F so far computed). If this point (FB) is inadequate
the bilsection process is repeated. Counts are kept of
the number of function evaluations since the last in-
adequate point in each of the two stages of the hill
climbing procedurel, and these may be used to limit
movement in an effort to reduce unproductive excuréions
into the inadequate region.

The compubter accessibility was not good enough to
enable the two methods to be compared in a reasonable
period of time; the latter method was used to carry on
from points at which the former method had been abandoned.

Both bill—élimbing metnhods produced a sequence of
nolnts corresponding to decreasing values of F.. The
trajectories generally consisted of a few points %o
get to the trough (see Fig. 6.5) followed by a number
of pointé lying close to the bottom of the trough. A
method which naturally follows trough 1s desirable be-
cause if there are local minima of interest they will

lie in the tfough so the hypothesis of unimodality can

1. In Powell's method the function F is in generél eval-
uated either at a point obtained by cubic interpolation
along a line (on which F and its derivatives is known

at two points) or at a point which together with the pre-

vious best point defines a new line.



be tested by using two widely separated starting points,
each close to the trough. Such a verification was only
attempted in one case and proved eXceedingly time~
consuming; based on the prelimindry investigations
carried out 1t seemed reasonable o assume however
that the function F had only one local minimum for
all values of problem parzmeters used, and this was
done. |

In the three cases marked with a guery in Tables
6.2 and 6.3 the function F(bo, bl} was very badly be-
haved: in fact, even for the case shown in the fifth
row of Figure 6.3, where we are fairly confident to
have found B, and'%l, if’%o is multiplied by 1.000,000,05
(and‘%l left unchanged) an inadequate pointl is obtained!
Except in these four cases, the behaviour Powell's
method close to the point (%0,'81) was excellent, the
nagnitude of each derivative being reduced by a factor
of 1,000 to 100,000 in a feﬁ steps, each so close to-
gether that the first six significant figures or so
remained constaﬁt, F itself only

of both bo and bl

1. The figures'%o,'%l in Table 6.% are of course
rounded. Closer figures are 610.26148864 and
110.18130553.
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changing by a factor of 0.999 or so.

The reason for bathering to locaté the minimum
so precisely is that one wants to be sure that one hag
a minimum and 1s not stopping perhaps far from the
minimim at a place where the derivatives appear to be
,small. Besides, it is only at the minimum that one
can make use of %%; which is obtalined as a bonus,
and (even in moderately well-behaved cases) this quantity
fluctuates-wildly (even taking on negative values)
for all but the last few hill-climbing steps.

VLY. The Optimal Controls and the impossible region.

The results of the minimizations are shown in

Tables 6.2 and 6.3 and Figures 7.1 to 7.3 (in which

the g—gf information is utilised so that not only the
2

points but the tangents (long lines) are plotted as
well).
) N N
It is clear from Tables 6.2 and 3 that bO and bl
are both decreasing functions of Jep —. 85 One would
expect. The varlation of bl with Teo is very marked

and of course reflects the wvariation of

max V(y’ T)

T
with y (if a-trajectory in the y,T plane is to depart
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much from an adiabatic then bl mist be much larger
for small y.- than for large).

What is the practical significance of the im-
possible region? Suppose for example that we were
interested in a reactor with Voo = 0.9 corresponding
to row 11 in Table 6.2 and that this exit éonveréion
were essential. To overdesign on heat exchange makiﬁg
bl = 8 say at the design flowrate would appear from
Fig. 6.5 to prevent a conversion of ‘0.9 being attained
at any flowrate and with an& inlet temperature if by
were independent of flowrate. In geperal however'bl
will be an increasing function of the flowrate so that
the the design conversion could be achieved but only
at a reduced flowrate. Thus the penalty for overde-
sign on internal heat exchange is far more serious
than the penalty for underdesign, an unusual situation
in engineering.

A

What can we say about the proximity of’% 1

O’
to the impossible region? It appears that this is
connected with the mathematical formulation of the

problem where Ta2 is specified. It is clear from



- 248 -

Fig. 6.5 and Table 6.2, that a reactor with values

bo’ bl both slightly larger than the figures in row

11, but with the same values of y, and ¥ would
l .
have a T2 slightly lower than 0.9.
The performance of these reactors is compared

with other indirectly controlled reac¢tors in Chapter VII.

V.VI.The Stability of U~Tube reactors.

We have considered above only a steady state (or
gquasi steady state) of the U-tube reactors. The ques-
tion of the stability of this steady stvate (with or
without control devices) is of course important.

Much work has been done on reactor stability and

control:; see for example References 47, 48, 50, 51, 52,
5%, 58.

V.VII.Optimum heat transfer distribution.

Suppose a in 6.17 is not a parameter, but a
function a(t), and the function a(t) which minimizes
F is sought. For the empty-full reactor (if a is
unrestrained) the solubtion is simply bto assign a in

such & way that the rate is everywhere maximum. IFor
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the push-pull reactor the situation is more compli-
cated. As a first step, consider the variation in
F produced by changing a by da over an interval dt.
It can easily be shown that;

aF = - ¥} da [dtl

Now Wg is shown in Fig. 6.7. {for a given set of prob-
lem parameters). From the shape of this curve it can
be deduced that by decreasing by (from'ai) for
0<t<0.1072 and increasing it for t>0.1072, one can

decrease I'.

V.VIII. Accounting for hecat exchange cost.

In a2 practical case a cost function which includes-
the cost of heat exchange can always be constructed in
such a way that we remain with a hill climbing problen

in the two wvariables bO and bl’
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TABIE 6.2.

PUSH - PULL REACTOR _RESUITS
( Note: 1.5,3 means 15X 10° ;3 6,-2 = 0,06 etc. )
A A
b b, Yeo 1og(Yeo/1-Ye2) log(2F)
) mn
o 11367 1.531,8 0,090909 -1 ~7.1646
i 9834 2.341,6 00210254, =045 =5.6787
< . '
=| 8332 5eli12,h 0.5 0 =402336
o | 701.5 1979 $0.76149 045 ~2.8933
e .
6T | w6 T | 0.9 0.9542 | =1.7966 7
Ly .
2| 533.5¢ . 84166 ¢ | 0.96963 145 <0.5479 7
v 1117.3 | 4972,k 0.090909 -1 ~347191
Bl W| 970.8 2699 04240254 065 =2, 7453
= Q .
% | . 822.7 226,3 0e5 0 -1.8148
. 6| 690.5 26458 | 0.76149 0.5 06977
o
@ .| 603.7 50,332 | 0490000 049542 | =0.3384
8 8 528.8 1,002 | 0096963 145 03426
3]
& o| 1089.8 81747 04090909 - ~200492
< ]
Cl ]| 95 88,37 | 0.24025L 0,5 | =1.3322
<
Bl | st0.2 187 | 005 0 ~0.6639
Q
| 681.8 34403 | .0.76149 0.5 ~0.0815
ﬁ 58846 1.052 | 0,90909 1 . 03845
0.3993 | 0.96963 145 007742

52163
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TABIJE 6. 2.
U - TUBE _REACTOR RESULLS

( Note: 1.567,3 means 41.567X10° ; 2,-1=0.2 etc.)

A A ‘
b, v, Teo l\los(yezﬂ-yeg) m%:sF
o] 100.5 2.1777,8 0.090909 -1 =7.2675
g 96042 2.7639,6 | 0.240254 0.5 -5.8153
x| 8202 5,8889,4 | 05 0 404257
3| 693.6 2098.77 | 0.76149 0.5 31142
g ﬂ 610.26 110,18 | 0,90909 3 -1.9186
o B 530037 8.292¢ | 0.96963 1.5 -0, 777
% | 1059.7 | 1.0335,5 | 0,090909 -1 -347831
] .
E < 927.2 405543 00240254 -0.5 -2.8312
5 ‘df 79343 264 o1t 3 045 0 -1,9465
gl 5 67199 28,952 | 0.76149 0.5 -1.1585
g E 590442 5.7438 | 0.9 0.9542 | =0.5M47
% 518.99 1.06839 0.96963 145 041225
g| | 101.2 262547 0,090909 -1 -2,0857
N 182,158 | 0.240254 <045 -1.3815
Z 5: 760.6 20,63 | 0.5 0 0. 7423
ol 6T 3.9162 | 0.76149 0.5 ~0.1997
g 56045 1,1388 | 0.90909 1 042335
499.8 042223 0.96963 1.5 0.5991
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Fig. 6.6.
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CHAFPTER VITI

COMPARISON OF RBACTORS

The yf,(mf)min results (for w=1) for the
1,2,3%,4 and oo staged indirectly controlled adiabatic
cascadés, the single stage continuous stirred vank
reactor, the empty-full, and push-pull reactorsl are
shown in Figs. 7.1 to 7.3. In general the empty-full |
and push-pull results are shown as point and slope
(the long line in the empty-full case). Let us start
with the case W = . The curves in Figs. 7.1 and 2 were
obtained both fy using the programme for direct control
described in Chapter IV, giving O the (fictitious) value

_1020

degrees X, some points being verified by evalu-
ating the elementary integrals obtained by putiing

s = 1.5, 2, and 3 in A3.1; the points for N = ®in
Fig. 7.3 were obtained only by the latter method.

It is easy to show that for N = o the asymptotic

slopes:
dlog(mf)

dlog(ypAl-7,))

as yp — O should be A'/(A'-A) , and as y¢ —> 1 should

1. The points marked with a query in Fig. 7.1 have the
correct abscissa but the ordinate may conceivably be
lower. ©See discussion in Chapter VI.



be A/(A’-A). The slopes at.eitber end of the ¥ = co
curves in the figures are close to thse numbers. For
the tank reactor the entire curves are straight lines
of slope A'/(A'-4), .while as Yy —> O the asymptotic

separation from the corregponding ¥ = oo curves, i.e.
log(mf)min(tank) - lOg(mf)min(N=a$

may easily be shown to be log (&'/(A'=4)), i.e. 0.4771,
0.3010, 0.1761 for 4'/A 1.5, 2, and 3 respectively;
the corresponding figures taken from the left hand ends
of Figs. 7.1 to 7.3 are 0.5, 0.3, aﬁd 0.2 respectively
which seem reasongbly closs.

In the following discussion it will be assumed
that for a given reactor type the cost of reactor control
(for Wf=l> depends on the number of control devices
only.

The single tank, single tube results are interesting.
For the second and third set of rate function para-
meters, where the activation energies are moderate,
the tank is inferior to the tube for all Ve in the
ranges iavestigated, and it would seem that the larger
A the worse it is. TFor the first set of rate function

parameters, however, the tank is worse for T below
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about 0.85 and better for nigher conversions. In this
comparison the inlet temperatures to the adiabatic

tube and tank were of course separately adjustable, (the
optimum inlet btemperature for the tank being always
lower than that for the tube); R. Aris (Ref. 33) carried
out a comparison of a tank with a tube for a given |
inlet temperature which was the same for both.

The enpty-full U-tube reactor (for which m, is the
volume of the packed tube only) has two heat exchangers
(feed preheater and internal exchgnger) and can be seen
to require from about 0.9 - 1.1 times as much catalyst
as the two stage tube (which also has two heat exchan-
gers).

The push-pull (or full—fﬁll U-tube reactor) appears
to be practically no improvement (it cannot be worse)
over the single tube for sﬁall T but the improvement
increases with Tt for e = 0.9, for example, the
push~pull reactor requires for the 1lst, 2nd, 3rd set
of rate function parameters; 3.0, 2.1, and 1.7 times
as much catalyst respectively as the perfect indirectly
controlled reactor, whereas the one stage reacvor re-

quires 22, 3.7, and 2.0 times as much as the perfectly

controlled reactor. The push~pull reactor has internal:



heat exchange it is true, bulb this might well be
provided wmore cheaply than the conventional interstage
heat exchanger for a two stage reactor. The full-full
U-tube reactor is not very attractive, but at any rate
the catalyst required is nevef as much as twice that
required by the eupty-full reactor so if we consider
the case where the reaction takes place at high pres-
sure, (such as a T.V.A. aomonia reactor) where it is
the high pressure volume that one wishes to reduce
(the catalyst is cheap), then it would appear that

one could improve the converter by using less tubes of
& larger diameter packed with catalyst.

The directly controlled adiabatic cascades for
Tm?BOOOK (Figs. 5.12 - 5.14) may also be compared with
the push-pull and empty-full reactors. The push-pull
reactor redquires at most about l.4 times as much cata-
lyst as the two stage reactor; for yg = 0.97 however,
for the first set of parameters the catalyst require-
ment is about the same for both whefeas for the second
and third sets the push~pull reactor requires about
10 and 13 per cent more catalyst. The empty-full

reactor almost always requires less catalyst than the
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two stage direcvly controlled reactor.

A complete parametric investigation for a first
order/Arrhenius reaction rate expression and constant
adiabatic tempgrature rise coefficient has not been
carried out (albthough for perfect indirect control
and for the tank all cases for which A'/A=1.5, 2,
and 3 - in the Jp Tange examined - can easily be
deduced from the resultsl) but those who might wish
to carry out such an investigation should of course
transform our equations, introducing dimensionless
variables so as to avolid wasteful computation; for
example, for the push-pull reactor the six parameters

H, H', 4, 4', J and b, can be combined into four b;
J

1
replacing the enthalpy function € by a new variable

-

5/J, and t by a new variable Ht.

We have examined the performange of a large
number of reactors from a broad point of view. In
a practical design case the field would be narrower
and the objective function more complicated. iMuch has
been written on the balance which must be made between

describing the economics accurately and reducing the

computational effort. See for example Refs. 30, 3l.

l. This information is not new of course.
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