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ABSTRACT 

The problem of selection of the best flow reactor 

for the production of a substance by means of a re-

versible exothermic reaction is treated by solving 

for a large number of different reactors the classical 

problem of minimizing the volume for given feed flow-

rates and compositions and (parametricly) varying 

outlet conversions, and comparing the resulting minima 

and their corresponding controls. 

The reaction rate expression used in numerical 

examples is linear in conversion, the forward and re-

verse reaction rate "constants" having Arrhenius 

temperature dependence although the theory is developed 

for an arbitrary reaction rate function. 

The reactors considered include those with internal 

heat exchange of the U-tube and regenerative types for 

which an iterative gradient minimization method is used 

in conjunction with a perturbation method for deter-

mining the gradient, and an N stage adiabatic cascade 

with "cold shot" or indirect intercooling for which 

a powerful new algorithm involving a 2N-1 to 1 dimensional 

reduction is used. The variational problem arising 



when N ---> co is reduced to that of evaluating a few 
elementary line integrals in the conversion enthalpy 

plane. A connection is established with the MT rea-

ctor of Cholette t al4,1  and the degeneracy occurring 

when the "cold shot" is unreasonably hot is elucidated. 

The sensitivity of the minima to variables which 

are adjustable only in the design stage is also investi-

gated, and numerical procedures discussed. 

In the development of algorithms for computing 

the optimal adiabatic cascades and the corresponding 

variational problems no special thermochemical properties 

are assumed for the reaction mixture*  although in 

numerical examples the adiabatic temperature rise co-

efficient is assumed to be a constant. 
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Notation. 

This work comprises may self-contained arguments: 

in order to avoid the proliferation of symbols the 

same symbols are used from time to time with differ-

ent meanings. The symbols are defined in the text, 

usually adjacent to the expressions in which they 

appear. Symbols used to identify odd points in fig-

ures may or may not have any connection with the sym-

bols appearing below in a list showing the location 

of the definitions of the main symbols used. Equat-

ions are shown bracketed. 

a See (4.20), (4.25b), (5.31), (5.32), also text 

after (6.20). al  see (5.31). ai  see (2.20) 

b constant see (4.19). b0, see (6.6, 7, 8, 9). bl  see 

(5.33, 6.6, 7, 8, 9). %, bbl  values of bo  and b, 

corresponding to minimum F (Chapter VI). bi  see 

(2.20). 

c1  see (5.33). 

d. Differential operator. 

e. e, e', e" error criteria: text following (5.33). 

f.. 	 . flowrate of ith. species (2.2). function (3.10).. 

function (6.17). 
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See (6.19). 

h. used only as enthalpy/mole basic reference sub— 

stance.hi  .for stage i; hm  for subsidiary feed, 

etc. 

2. steplength for forward integration Chapter VI. 

m. volume or mass of catalyst. mf  total volume or 

mass of catalyst. m minimum m. m' see (4.20). 

n. maximum number of steps allowed for forward inte— 

gration Chapter VI. 

P. see (4.26). p' see (A5.20). pi  see (6.25, 6.27) 

q. (f.see(115.20).. go  see (6.38). 

r. A'/A, see (3.12). Reaction rate, see (4.28). See 

(A5.20) 

t. see (2.12). see (6.4). tf see (3.2). tf see (3.1). 

ti  see (5.13). ti see (5.14). 

u. uij  see (6.24), (6.26). 

v. Reaction rate:see text above (2.7). 

w. Basic molal flowrate. wo  at entry. wf  at exit. 

w' see (4.20). ws along singular control, Chapter 

IV..instage i Chapter V. 

x. See (2.9). x' see (4.21). xl, x2 see text above 

4.28.x.see (6.18). 
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y. Conversion. yo  inlet conversion. yf  exit con—

version. yIr = max yf. ym  subsidiary feed con—

version. ya  , ye  ith stage inlet and outlet 
i 	i 

conversions. y' equilibrium conversion (Chapter V). 

yc  see Chapter II Pt.lg. 'y see (5.58). yhly2  see 

(5.34). yo  see (6.5). yi,y2  see Fig., 6.1, equation 

(6.9). yi  see (6.17, 18, 19, 20). 

z. see (6.20). 

A. A, A' see text after (1.1). A see (6.10). 

B. See (4.14). B' see (4.20). 7 see (5.52). 

C. Specific heat at constant pressure per mole basic 

reference substance. 

E. see (5.56). 

F.F.see(5.23).. F1  conversion see (5.65). Final 

value of t see (6.10). 

G. Gki  Adjoint variables, see (6.31). 

H. H,H'seetextafter(1.1).11.see text above 

(2.18). H Hamiltonian see (4.37). 

J. Adiabatic temperature rise coefficient. 

K. Suffix Chapter V. Function Chapter V. Part IV. 

Constant (5.40). Ratio of sectional area of right 
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hand to.left hand tube in Fig. 6.1. 

L. li.see(5.64).L'1  see(A5.2b).Lii see (6.39-41). 

M. MI  . chemical formula of ith. species Chapter II. 

M objective function (3.13). See (5.1). 

N. Number of stages, Chapter II and V. 

P. Bound on p:see text around (4.27). PiK  matrix 

see (5.50). 

Q. See Chapter II Part II. 

R. Reaction cost: Text following (3.13). 

S. Separation cost: text following (3.13). Singular 

locus, (4.42). Sets of variables Chapter V.' Si 

Lagrange parameter (A5.20). 

T. Temperature. TK  optimum temperature. T,, Te  

ith stage inlet and exit temperatures (Chapter V). 

Ti trajectory type i in Chapter 'IV. 

U. See (2.29) 

V. See (2.28) 

W.WI  adjoint variables (6.36, 37). 

X. X' see (4.23). 

Z. Lagrange function (A5.20). 

a. mi  see text above (2.2) 

S. small increment operator. sii  = 1 for i = j 

otherwise 0. 
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G. see (2.23). 

X. Xi  adjoint variables (4.33). 

v. vi  stoichiometric coefficient of ith. species. 

Chapter II. 

IS. see (5.52a). 

/6 see (5.52a). 

2C. see (5.59). 

see (5.50). 
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CHAPTER I 

Introduction. Synopsis and Review of Previous Work 

INTRODUCTION 

The Chemical Engineer is often required to specify 

what type of reactor should be used in a given pro-

cessing step, and what its operating conditions should 

be; a full-scale evaluation of alternatives would in 

general be undesirable, of course, so indirect criteria 

must be used. 

We are concerned with flow reactors for single 

reversible exothermic reactions (such as the water-gas 

shift reaction): we can predict the performance of 

such a reactor if we know the reaction rate per unit 

volume as a function of composition, temperature and 

pressure, the thermochemistry of the system and the 

heat and mass transfer processes taking place in the 

reactor. For design purposes we need not know the de-

tails of the transfer processes or the nicrokinetics; 

good approximations can often be achieved with simple 

models (See for exaaple References 2, 10, 47, 56,  57). 

Let us suppose that the reactor we need to specify 

is to be part of a proposed plant which is to be designed 
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and operated in such a way as to maximize profit. 

The reactor type may be considered an adjustable de-

sign variable which may take on the value 1 for the 

first reactor to be considered, 2 for the next, and so 

on, in a mathematical model of the plant. 

Suppose this model is a good one, and that we could 

find for what values of the design and operating variables 

the profit is maximum;• we might then choose as best 

the (in general unique) reactor corresponding to the 

maximum profit, but it would be prudent to take into 

account other factors. The sensitivity of the maximum 

to variables which are adjustable only at the design 

stage, to variables which are difficult to control, etc. 

should be investigated and unreasonably sensitive re-

actors rejected: besides, it is usually difficult to 

formulate such an optimization problem which is both 

realistic and tractable so that some factors may have 

been omitted from (or crudely represented by) the objec-

tive function and/or the restraint relations, and these 

factorsI will have to be considered at the end. 

The (formal) problem of finding the maximum profit 

may be tackled by first finding the attainable region2  

1,. For examples of social factors see Refs. 2 and- 6-7-. 69 
2. See Chapter III and Ref. 63. Other decomposition 
procedures may be used. See e.g. Ref. 6E11 "70 
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for the reactor (in the space of the variables common 

to the reactor and its environment), next finding a 

point X of the attainable region which corresponds to 

the minimum of the objective functions  and then finding 

a reactor control which will realise X. In problems 

of special interest in reactor theory, X will lie on 

the border of the attainable region for the reactor, and 

we will be considering, for the most part, methods for 

finding this border. 

The reactor nay be connected to its environment in 

a complex manner, giving rise to an attainable region 

of high dimensionality whose border is to be found only 

at considerably expense. Much useful information about 

the relative merits of the various alternative reactors 

can be obtained however by formulating and solving (for 

each proposed reactor) certain simpler optimization 

problems1: with the solutions to these problems (to-

gether with a knowledge of their limitations) to hand 

one may carry out a preliminary screening. Besides, as 

a result of this screening, for the reaction system 

as a whole general priorities will be established -

e.g. under what conditions backnixing is desirable, 

1. See e.g. Refs. 22, 25, 30, 31. 
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whether heat economy is important, etc. With this 

sort of information available the designer may be able 

to see some fundamental reason underlying the super-

iority of certain reactors and develop a novel alter-

native with unique advantages. 

A large class of the above simplified optimization 

problems reduce to the basic problem:  for given inlet 

and outlet flowrates and conversions, minimize the 

reactor volume or mass of catalyst. Solving this problem 

is in fact equivalent to findinga point on the border of 

the attainable region for the reactor when its space 

is spanned by the variables: flowrate, inlet and outlet 

conversions, and volume (or mass of catalyst). 

PRINCIPAL OBJECTIVES OF THIS WORK: 

Our first objective was to develop methods for 

treating the basic problem efficiently for several 

different types of reactors, especially where the 

outlet conversion is to be varied parametricly. 

Our second objective was to comparemany different 

types of reactors, using the solution to the basic 

problem as the main criterion; in this study the 

reaction was assumed to proceed (in each reactor) at a 
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rate v(y,T).  moles reference substance/unit time, volume 

(or mass of catalyst) given by: 

v(y,T) = H(1-y)exp(-A/T)-H'y exp(-A'T) 	(1.1) 

(y conversionl, T temperature °K). 

A constant adiabatic temperature rise coefficient 

J of 158.5 °K was used: cold shot temperatures of 300°K 

and 600°K were used: the inlet conversion was almost 

always zero and the outlet conversion varied parametricly 

from about 0.1 to about 0.99. The three sets of reac-

tion rate function (1.1) parameters shown in Table 

1.1. were used.: the parameters have the following 

properties: 

1) The differences A'-A, and the ratios H/H' are constant 

- i.e. the equilibrium line in the yT plane is the same 

for each set, and 

2) The activation energy ratios A'/A are respectively 

1.5, 2, and 3. 

SYNOISIS OF CONTENTS: PREVIOUS WORK: 

In Chapter II heat and material balance equations 

are derived for use in later chapters and some impor- 

1. More precisely in Chapter II. 
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tant properties of the function v(y,T) - equation 

(1.1) are discussed. Only the presentation of this 

material is new. Some useful changes of variable 

are discussed, for example the use of enthalpy 

instead of temperature which allows many problems for 

reaction systems of complex thermochemistry to be 

treated almost as easily as those for which the adia- 

batic temperature rise coefficient is constant. 

Also in Chapter II it is shown that many important 

reactors belong to the class: distributed feed reactors, 

and sub-classifications are made to facilitate sub- 

sequent development. 

In Chapter III the basic optimization problems 

which are treated later for various reactors are stated 

precisely; a proof of equivalence is given and the 

well known1 problem of the optimum indirect control 

of a tubular reactor is discussed from a new2 stand- 

point3  (based on an idea of F. Horn's). The connec- 

tion between the basic problem and the recycle problem 

is also discussed; (See also Ref. (24)). An asymp- 

totic expression is given which forms the basis of 

1.. References 13 to 34. 

2. An outline of the proof is given in Reference (2). 

3. For tubular reactor, tank reactor etc. read ideal 

tubular reactor, etc. Precise definitions are given 

in Chapter II. 
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a transformation Ilgeful in .2.,opresantia optimal 

conversion-volume relations graphically. 

C'hapter IV contains new problems and new results. 

B;' an extension of the method used in Chapter III 

the problem of perfect mixed control of an ideal feed 

bypass reactor is shown to degenerate (for non-auto-

catalytic systems) to the indirect control problem 

for a tubular reactor. 

The problem of perfect direct control is solved 

for the ideal distributed feed reacto2 and a corres-

ponding problem for a tank reactor is discussed. 

Some important degenerate solutions of the former 

problem are discussed. These are the adiabatic tank-

tube (MT reactor - Refs. 32 and 33) and the adiabatic 

tube. The condition that the latter should be optimal 

(subsidiary feed too hot) is shown to be in general 

identical with the condivion that no cold shot be used 

in an optimal N stage adiabatic cascade. Some num-

erical results are presented. 

In Chapter V the basic problem is discussed for 

a cascade of adiabatic reactors with feed heat ex-

changer and interstage cooling by cold shots of sup-

plementary feed. In so far as the theory is developed 

for a system with an arbitrary reaction rate function 
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and arbitrary thermochemistry the results are all 

new, Much work has been published for reaction mix-

tures for which the adiabatic temperature rise co-

efficient is constant. We will review first the case 

of indirect1 control: 

1. G. Boreskov (Ref.44) gives the conditions 

for the total mass of catalyst to be stationary. 

(No numerical methods given). Results of cal-

culations by Russian workers may be found in 

Refs. (42) and (43). 

2. K. Konoki (Refs. 65, 66) gives stationarity 

conditions. H. Kubota (Ref. 79) treats the case 

where the temperature must satisfy an upper 

restraint and applies equations to SO
3 

manu-

facture. 

3. F. Horn (Ref. 1) treats the subject in a thesis 

which forms the basis for subsequent papers. 

4. F. Horn and L. Kiichler (Ref. 22) give the 

stationary condition equations for each2 basic 

problem, showing that they are the same, and give 

results of calculations on 1, 2, ) and 4 stage 

1. If the subsidiary feed is given the fictitious 
enthalpy minus infinity then the direct control case 
becomes indirect. 
2. See Chapter III. 
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reactors. 

5. R. Aris treats the problem from the stand-

point of dynamic programming in a thesis and 

also in. Refs. (4) and (37).2  showing that the 

cost of heat exchange may be accommodated in 

simple cases without essential modification. 

6. F. Horn, (Ref. 36) extends the theory to 

cover the case where all reactor temperatures 

must lie in a given interval, and gives an 

excellent numerical method. He discusses also 

the case where the objective function depends 

on the cost of heat exchange and shows that in 

some special cases the algorithm given for the 

basic problem needs no essential modification. 

7. E. Bartholomd and R. Krabetz (Ref. 38) give 

the resylvs of some calculations for the water 

gas shift reaction (including sensitivity1 cal-

culations) carried out in a two stage cascade. 

8. L. Inchler (Ref. 39)' presents the results 

for 1, 2, 3, and 4 stage cascades. 

Next we will review the case of direct control: 

1. The cold shot problem for air addition and 

also cold feed addition in SG2 oxidation is 

treated by G. Boreskov and others (Refs. 19, 42, 

1. See the later part of Chapter V. 
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43, and /!1;). Results of calculations are given 

but the published analysis goes little furth.er 

than a statement of the problem. 

2. K. Konoki (Ref.64) derives the conditions 

for the total volume to be stationary. His 

equations are special cases of our equations 
(5.21), (5.22)0  and (5.17). 
3. R. Aris, in his thesis, and also in Ref. (4), 

and with Kung You Lee (in Ref. 45) treat the 

problem from the standpoint of dynamic program-

ming. Calculations made for a three stage 

cold shot SO2 converter in which the cost of 

preheating is allowed for in a simple way are 
presented. 

4. F. Horn (Ref: 40) gives equations for a two 

stage reactor: these equations are particular 

cases of K. Konoki's. 
5. H. Bakemeier and R. Krabetz (Ref. 11) give 

equations for the total volume to be stationary 

for a reactor in which each stage may be pre-
ceded by a heat exchanger, or a mixing tee by 

means of which cold gas (which nay be of an 

alien composition1) may be added, the particular 

1. In the sense of R. Aris (Ref. 4). See also 

Chapter II. 
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disposition zeouirod beina- kpenifiod by making 

the elements of a vector 0 or 1. It follows 

that their equations should reduce to those of 

Km Konoki for the feed bypass reactor. It 

appears that they do not, however, 

6. H. Bakemeier, Hs Detzer, and R. Krabetz 

(Ref. 41) consider a three stage reactor for 

ammonia synthesis where the objective function 

to be minimized is the total high pressure 

volume. If one sets the volume not occupied 

by catalyst (i.e. the heat exchange volume) to 

zero in their equations, one should get Konoki's 

equations, but this does not happen! there is 

only one equation which does not agree with 

Konoki's but it would if a subscript were changed, 

so the disparity may be due to a misprint. 

7. J.M. Douglas (Ref. 35) considers the adiabatic 

feed bypass reactor without feed preheater as 

an arrroximation to a continuous stirred tank 

reactor, and derives conditions for the optimum 

distribution of volume and feed. These con-

ditions should be special cases of equations 

(5.17) and (5.23). The interested reader will 
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verify that they are. (Douglas considered an 

irreversible exothermic reaction but for this 

problem there is no essential distinction be-

tween reversible and irreversible reactions). 

In Chapter V we start out by deriving the necessary 

conditions for the total volume to be stationary 

(a generalization of the work of Konoki and othersl) 

and discuss methods of solving these equations along 

with the conditions under which solutions exist and 

correspond to an overall minimum. Some of the equations 

have interesting "trivial roots" which are shown to be 

related to the degeneracy (mentioned above) which 

arises when the supplementary feed is unreasonably 

hot. The structure of the equations is such as to 

favour forward calculation. The case where all fluid 

temperatures must lie below a given temperature is 

treated. The sensitivity problem is treated by one 

method which can be used either for direct or indirect 

control and by another method suitable for indirect 

control only.. Some results of numerical calculations 

using an integration procedure which is a modification 

of Horn's (Ref. 36) are presented. (The numerical 

procedure used is about 100 times faster than the 

method given in 3 above: Ref. (45).) 

1. F. Horn in some unpublished work had also derived 

equations equivalent to Konoki' s. It is a pleasure to 
acknowledge having used them as a chock. 
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Also presented are the corresponding results for the 

perfectly controlled reactors discussed in Chapter IV. 

In Chapter VI the basic problem for U-tube and 

related reaQ4i0a41 treated, the adjustable variables 

being the inlet temperature and an internal heat 

transfer parameter. A perturbation method is used to 

find the derivatives of the objective function with 

respect to its arguments, together with a recent iter-

ative gradient hill climbing procedure. Reactors of 

the empty-full U-tube type, such as the T.V.A, ammonia 

synthesis reactor are included. The basic problem for 

the T.V.A. reactor has been treated before but not 

by the method developed in Chapter VI, which anyway is 

a general method for U-Tube reactors. The idea of 

using a pebble heat exchange reactorl  for a single 

exothermic reversible reaction is new. (Regenerative 

reactors of this type have been used in cracking 

reactions - see e.g. Ref. 9). Various numerical re-

slits are presented. A brief review of the relevant 

work follows: 

van Heerden has made a study of autothermal pro-

cesses, considering primarily the steady state 

stability analysis, considering the empty-full 

1. The U-Tube model can be used to describe the 

pebble heat exchange (Push-Pull) reactor. 
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U-tube reactor (Ref„ 47)3 the adiabatic tube with 

axial diffusion, the continuous adiabatic tank, 

and the adiabatic (plug flow) tube with feed 

effluen17 heat exchange (Ref. 48)-. 

H. Kubota (Ref. 79) has treated the optimization 

of the empty-full U-tube reactor by simply mak- 

ing merry function evaluations, Kubota used 

a graphical integration procedure. Later (Ref, 54) 
Kubota used an analogue computer with a conducting 

paper bivariate function generator - the pre- 

cision of such calculations is of course 

questionable. N.S. Zayarnyi (Ref. 56) also 

used an analogue computer with an elaborate 

model of an ammonia synthesis reactor. Kuo 

and Rubin (Ref. 55) considered a complicated concentric 

tube model. Baddour et al. (Ref. 57) made an 
extensive study of a T.V.A. reactor considering 

especially the steady state (Ref. 57) and unsteady 

state (Ref. 58) stabiU.ty analysis. 

In Chapter VII various reactors are compared 

for several outlet conversions and the three sets of 

rate function (1.1) parameters slaown lin Table 1.1. 
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Table 1010  

I . 	1st. set 2nd. set I 	3rd. set 	I 
II i 80,7678419)14 	I 1.75356838,7 I 	2.5,3 	I 

1 1 . 24424G „ 20 2.488492212 I 	3.5477542518 I 
A 2.27478612 4 1.13739305,4 5.68696525,3 i ......T. 
A' 3.41217915,4- I 2.27478615,4 1.706089575,41 
3 158.5 158.5 

....,_,,,.r......,......]  
158.5 

where a = 	b 
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CHAPTER II 

Classification of Tubular Reactors and Idealised Models. 

In this chapter we will classify tubular reactors 

under different headings and consider the steady state 

heat and material balance equations for idealised models 

which will be required in later chapters for optimum 

problems. 

PART I : Definitions, Basic Equations, etc. 

Ideal Tubular  Reactor 1: 

An idealised model of a single inlet, single out-

let tubular reactor for which: 

1) The fluid velocity and composition, temperature-end 

pressure are constant across any plan3 of section. 

2) There is no longitudinal mixing. 

Distibuted Feed Reactor2; Ideal Distributed Feed 
Reactor: 

Consider a tubular reactor which has a main feed 

Fo and a supplementary feed Fm which is distributed 

along its length: see Fig 2.1. Such a reactor will 

be termed - Distributed Feed Reactor. 

An idealised model of a distributed feed reactor 

1. In the sense of Ref. (3) for example; also known as 

a plug flow reactor Ref. (71) 

2. Has been described as a Cross Flow Reactor (Refs. 3, 27) 
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which is a generalisation of an ideal tubular reactor, 

will be called an Ideal Distributed Feed Reactor, and 

has the following properties: 

1) The fluid velocity and fluid composition, temperature 

and pressure are constant across any plane of section. 

(If the plane of section coincides with a point of ad-

dition of Fm, then mixing must be perfect in this plane, 

in general). 

2) There is no longitudinal mixing. 

For convenience in laying out the theory of the 

ideal distributed feed reactor we will define some fur-

ther terms and discuss some elementary properties under 

the following subheadings; 

a) Basic composition: reference substance: conversion: 
mixing mass balance:• m: class of functions w("m). 

We are concerned only with single reactions. Sup-

pose that the reaction taking place in an ideal distri-

buted feed reactor is represented: 

E v.m• = 0 3. 3. 2.1 

where . is the chemical formula of the ith substance, 

and vi  is the stoichiometric coefficient of the ith 

substance - if it is a product; minus the stoichoimetric 
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coefficient - if it is a reactant, and zero if it is an 

inert substance. It will be convenient to take the 

substgnce represented by t = 1 to be a reactant not in 

GXCGSS, to call it the Reference  Substance, and to write 

the equation in such a way that vl  = -1. 

The Basic Composition of a mixture is the compo-

sition it would have if it were converted completely in 

the reverse direction - i.e. until at least one product 

were to disappear. 

TheBasicBgolalFlowrate. flo of the ith component 

in a stream is the value its actual flowrate would have 

if it wore instantly reacted to completion in the reverse 

direction. For a batch reactor the expression "contain-

ing x moles of basic  reference substance" will be taken 

to mean that if converted completely in the reverse  

direction there would be present x moles of re- 

ference substance. 

Our scope is limited to reactors where Fo  and Fm  

have the same basic composicioni. 

If mi  is the number of moles of the ith substance 

in a mixture which contains 1 mole of reference substance 

and whose composition is the basic composition of the 

1. That is to say we will exclude alien cold shots: 

c.f. Ref. (4). 
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reacterfeed„andf.is the flowrate of the ith 

substance in any stream in the reactor (or reactor feed), 

than it follows that: 

-= a. 1'1,0 	i f  1,o 
and 

f 	v y if 1„o 

where y is the conversion of reference substance corres-

ponding to the stream. The composition at any point in 

the reactor is therefore determined by the variable y, 

and parameters ai. If f, 	is also known then the il o 

flowrates can all be determined; f1,0 will be called 

the Basic Reference Flowrate and denoted: w 

f1,o 
= w 	 2.4 

If two streams (whose basic compositions are the 

same) with basic reference flowrates w1 and w2 and con-

versions yl  and y2  respectively are nixed continuously 

in a chamber of negligible volume (so that no reaction 

can take place during the mixing), then the resulting 

stream will have basic reference flowrate w3, and 

comyel.sion y3, 

2.2 

293 
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given by:,  

w3 - 1 w
2 

(w1 + w2
) y

3 
- wiyl w,y, 

e 

as can easily be verified. 

Instead of z, the distance from the entrance of 

the reactor to the plane of section in Fig.2.1, it is 

convenient to use m, which is the corresponding void 

volume if the tube is either unpacked, or packed with 

inert materials  or the mass of catalyst if the tube 

is packed with solid catalyst. The function w(m) will 

be used to describe the subsidiary feed addition. We 

will consider w(m) to be a (non negative) non decreasing 

functionl. It will be supposed that in addition w(m) 

is continuous everywhere except at a finite number of 

points where it may have finite jumps. In this way we 

can include, for example, a cascade of N adiabatic bads 

packed with catalyst with "cold shot" intercooling by 

supplementary feed, for which w(m) would have the form 

shown in Fig. 2.2.. 

b) f.eaction rate expression: dependence on y and T 

For a homogeneous reaction, the reaction rate v, 

1. Otherwise a separation at the walls would be implied, 
and it is outside our scope to treat such reactors. 

2.5 

2.6 
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i,e. the number of moles of reference substance con-

sumed per unit time, unit volumel  will depend on the 

composition, temperature and pressure, so that with a 

givensetofparametersa v and a given pressure in 

mind we may writer 

v = v(y,T) 	2.7 

For a solid catalysed reaction takihg place in a 
2 

packed tubular reactor we may also use (2.7) with 

Tas,  the fluid temperature, and a given particle size 

and configuration in mind provided that fluid phase 

diffusion3  is unimportant. (If fluid phase diffusion 

is important then another variable, such as w would be 

required). When solid catalyst is present the rate is 

ordinarily based on the mass of catalyst rather than 

the volume. 

c) Mass balance. 

Le,'; the basic reference flowrate and conversion of 

Fo be wo and yo respectivelys  y
m 
be the conversion of 

10 let w and y be the basic reference flowrate and 

1. Void volume if the tube is packed with inert material. 
2. We are concerned with overall rates or macro-kinetis. 

The details of mass and heat transfer within a catalyst 

pellet, are of no concern to us here. 
3. Of mass and heat. 
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conversion corresponding to m End WI-  .Tqad y+  corres- 

ponding to 	Sm. (See Fig. 2.3). In view of 2.5, 

6 and 7, we may carry out a study state mss balance 

on the element for the reference sub5tz;nce as follows; 

IN: 	w(1-y) (w+-w)(1--sYm) 

OUT: 	w+(1-y+) 

DZSTROYED: 	v(y,T) 6 m 

• • 
	w+(Y4"-Ym)-w(Y-Ym) = v(Y,T)Sm 

	
2.8 

If we introduce a new variable x: 

x = (Y-Ym)w 
	 2.9 

and. write x+ Sx = (57- Lym)w 

Then in the limit Sm-.4.0, we get: 

dx Tnic  = v(y,T) = 	+ ym,T) 2.10 

x(o) = (y0  - ym)w(o) 	2.11 

If w is constant, i.e. if no subsidiary feed is 

added, we have an ideal tubular reactor, and if we 

introduce t, the volume (mass of catalyst) per unit 

basic reference flowrate: 

we get 

t m 
w 2.12 

kit = v(ys T) 
	

2.13 

Y(o)=Yo 	 2.14 
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d) ILIIEation  of Mass balance equations. 

if T(m) amd w(r) are given then (2.10) may be 

integrated. Alternatively T may be specified as a 

function of x and wl  and w as a function of x and m 

etc. Often T will be specified implicitly by a heat 

balance, so that the relation between enthalpy con-

version and temperature will be required. 

If T(m) or T(y) is given (2.13) can be integrated. 

If y(T) is specified however, and is not easily in-

vertible to give T(y), then (2.13) may be transformed 

into: 

dT _ 17144422' 
u-  - (2.15) 

where 	y'('T) = 	dT 	 (2.16) 

(2.15) can be integrated giving T(t) from which y, 

y(T(t)') can be determined, it being necessary to invert 

y(T) only once: (to determine T(o) the initial condition). 

This case arises, as wtll be seen in the next sec-

tion, for an adiabatic bed where the reaction mixture 

is ideal but non linear. 

e) Temperature:' dependence on conversion and enthalpy: 
heat balance for mixing of streams 

We will consider first the case where the reaction 

mixture is non ideal and where it is necessary to resort 
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to experiment to obtain thermochemical data. (In 

principle) the following experiment might be conducted: 

An adiabatic constant pressure batch reactor is 

quickly charged with feedstock containing one mole of 

basic reference1 substance at a suitable temperature T1  

and conversion 	the temperature and conversion T and 

y are then determined simultaneously enough times for 

the yT relation to be satisfactorily deduced. The pro- 

cess is then repeated for several suitably chosen initial 

temperatuies, T2' T3

Suppose the results obtained are represented 

graphically in Fig. 2.4 (curves b1 , h2, h3 	h5) 

Since the reaction took place adiabatically at 

constant pressure these curves must be curves of con- 
2 

scant enthalpy. If we fix a basis, by making hi  zero 

for example, then h2, h3, h4  and h5  could be obtained 

from the results of a separate run (curve A) where heat 

was added at a known rate. 

In this manner T could be obtained as a function 

of y and h: 

 

T = T(y,h) (2.17) 

     

1. See text under subheading (a) above, 

2. Kinetic energy terms are assumed to be negligible. 
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Next, suppose that we are dealing witL1 an ideal 

mixture, so that a'4.; 91,3r given temperature T the partial 

molal enthalpyz 7 of the ith substance is equal to its 

enthalpy when pure‘;,  TI-i(T) we may then write, using 

(2,2) and (2.3); 

h 	. 	y)H. (T) 
	

(2.18) 

which gives us y as a function of h and 

Ea- 	iHi(T) 
Y 	 (2.19) 

v.H.(T) 
1 1 

It may be either inconvenient or impossible to 

invert (2.18) so as to obtain T in closed form as an 

explicit function of y and h. 

Calculations are simplified if Hi(T) can be linearly 

interpolated reasonably well over the range of temperatures 

which size found in the reactor:• 

Hi(T) = ai 	biT 

so that using (2.18), we may obtain 

h- 	a. 1  - Lai V  i 1  T= 

v 

(2.20) 

(2.21)' 

cz" 
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If C 1 	>> y V. b1_'  which might occur
1 if 

either (i).  y were small everywhere, (ii) the basic 

composition were high in inerts, or (iii) the heat of 

reaction were noi7 strongly temperature dependent, then 

one could replace y in the denominator of 2.21 with some 

average value, 78,1r,  thus obtaining a linear relation 

between y, h, and T: 

h- 	y aivi 

7 bia i yavZ bivi 

It is convenient to define a new variable 8: 

a.m. 

T (2.22) 

- 1 1 
(2.23) 

b 
1  a, . 1  + y .av 	b v 

and to denote the adiabatic temperature rise coefficient 

by J, 

i.e. 	J 	 (2.24) 
1 . + yav 	1 Eb.y. 1 

We may then write: T = 8 + Jy 	(2.25)
, 

 

If two streams of basic reference fluwrates w1  and 

w2  and enthalpies hl  and h.2  are mixed adiabatically then 

h3  for the resulting stream is given by: 

h3 (w21  ) = h1  w-+h2  w2 	(2.26)
. 

 

L. Such is the case for example in the commercial air oxi- 

dation of FAO - 2° 
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the equation holding whethei'..keaction takes place during the 

mixing or not. If 2.25 holds, it follows that for 

adiabatic mixing 

( T3-3Y3)( w2-wi) = (T1-15rl)wa.-—J3r2)w2 
	(2.27) 

Whilst 2.27 may hold well for temperatures T1 and 

T2 which are to be found in the reactor it may not 

extrapolate well down to the supplementary feed temp-

erature. It may be possible to use a linear relation 

without incurring serious errors by assigning to the 

supplementary feed a fictitious temperature. 

Consider for example the case of additio.n of cold 

shot of conversion yin, and temperature Tm  to a stream 

of temperature T1, and conversion yl;• (adiabatically 

and quickly). Suppose the resulting conversion were 

y3  and temperature Ty  If 2.27 were to hold well, then 

73  would equal T3, the point in Fig. 2.5 corresponding 

to y3  on the line L joining Tlyi  to Tmym. But it does 

not, so that corresponding points for the mixing lie on 

the curve C, say. Given this curve C it should not be 

difficult to choose a fictitious temp Tt such that 

the temperature of the mixture predicted by use of the 

line L' should not be far from 
-I'3' 

if one knows approxi-

mately what y3  will be. 
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In a multistage adiabatic reactor with cold shot 

cooling the fictitious temperature should be chosen so 

as to correct for the nonlinearity in the final stages. 

One may take 2,24 and 2.25 to define 09  (instead 

of 2623)9  in which case the equationr 

83(w2+w1) = G1w1+82w2  could be used instead 

of 2.279  and a fictitious 01 used. 

f) use of h, or 0 instead of T in expression for rate. 

In an adiabatic reactor h can only change as a 

result of mixingl; for this reason it is convenient 

to consider the rate to be a function of y and 	we 

will define:. 

V(yph) = v(y,T(y,h)) 	(2.28) 

Also, if 2e23 and 2.25 hold, we may use U, defined 

by; 

U(y,49) = v(y,T+Jy) 	 (2.29) 

g) Rate  expressions v(y,T) general _properties for 
non-autocatalztic reactions. 

We will consider non-au:Gocatalytic reactions, 

i.e. reactions for which; 

a y 
a v 	0 for all o<y<1;.T>0. 

1. Pressure is assumed to be either constant or without 

influence and velocity heads are assumed negligible. 



	

One such .e action 	described by the function: 
A 

v = (1-y)H e- 	- yire- 

	

7 	117  ; 1-11 >H>O;Af'>A>04(1wl) 

For the sets of parameters given in table 1.1 this 

function has contours for v > 0 of the shape shown in 

Fig. 2.6. Such hump-shaped contours are well known 

and are typical of functions used to represent rever-

sible exothemic reactions of industrial importance. 

These functions are discussed in books on chemical 

reactor theory1. 

The locus of the maxima is of importance. This 

may be obtained considering: 
A 

av _ AH(17y)e- 7IT 	A' A' 
--2 
'H 
 ye T = 0 aT 	T' 

from which it follows that the temperature at which 

the rate is maximum is given by solving for T the 

equation: 

- Tln(AH(1-y)) = 

for 	ye  <y<1 and yc  =-AH/(AH+A'H') 

while for y<yel  the temperature is infinite. It can 

be 	seen that for v>v(y c,co) the contours of constant 

rate in Fig. 2.6 do not have a hump but aro monotonic 

increasing. It is usually the case that ye  is very 

1. See References 2, 3, 4, and 5; in particular the last. 



-45- 

emalll. If the lower part of Fig. 2.6 were drawn to 

a much larger scale in y and smaller scale in T, we 

would get a diagram like Fig. 2.7. 

Such curves are described by R. ATiS in his new 

book (Ref. 5) 

'c is of importance in the theory developed in 

Chapter IV. 

It can be seen from these contours that a straight 

line of positive slope will intersect a particular 

contour at most twice. This property is important for 

the numerical examples based on the theory developed 

in Chapter V. 

PART II : Classification of Ideal Distributed Feed 
Reactors. 

Figure 2.8 represents an ideal distributed feed 

reactor with a facility for adding (or removing) heat 

indirectly as the reaction proceeds. Q(m) is the heat 

added from the beginning (i.e. left hand end in Fig. 

2.8) of the reactor up to the place corresponding to 

a volume (amount of catalyst) m. F
o and Fm are the 

main and supplementary feeds2. 

1. For the sets of parameters in table 1.1, 
y
c is of the order of 0.00001. 

2. It is outside our scope to consider cases where either 
the basic compositions of Fo and Fm  differ, or w(m) is not 
strictly non-negative, non-decreasing. 



If yo  = ym  we will refer to the ideal distributed 

feed reactor as an ideal feed bypass reactor. Apart 

from this we may classify ideal distributed feed reactors 

according to their controllability. Using (2.10) and 

(2.28) we may write the mass balance; 

dx 
ZE = V(Ym 174Tm) 	h)  

whilst from (2.26) it is clear that; 

(2.32) 

h= ) (II  _4m) 4. 
w(m 	0 hyri w(m (2.33) 

we may therefore regard Q(m) and w(m) as control functions;  

and define the following terms: 

1) mixed concrol ; where both Q(m) and w(m)s• are adjustable. 

2) _perfect mixed control : where Q(m) can be made any
1 

arbitrary function and so can w(m). 

3) direct control where w(1 is adjustable but 
Q(m) - Q(o+) is fixed. 

4) perfect direct control where w(m) can be made any 

arbitrary functionl  but Q(m) Q(o+) is fixed.2  

5) indirect  control : where Q(m) is adjustable but w(m) 
is fix= 

6) perfect indirect control : where Q(m) can be made 
any aibi-Erd17-517=671.  but w(m) is fixed. 

1. Within the class of admissible functions - i.e. both 

must be piccewise continuous. w(m) must be non negative;  

non decreasing. 
2. i.e. Q(m) is allowed a variable (positive or negative) 

step at m=0. (Effectively an adjustable main feed temperaturd, 
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7> inlpfrfect control : where none of the conditions 2, 

4, 6 above is satisfied. We may classify imper-

fectly controllable reactors according to their 

number of adjustable control parameters and their 

basic structure. Evidently, if the number of 

adjustable control parameters is finite then con-

trol is necessarily imperfect; the converse is not 

true, as is seen by considering a reactor which 

comprises a perfectly contro1.1ed reactor feeding an 

adiabatic ideal tubular reactor (of nonzero volume)' 

- the number of control parameters is infinite but 

control is imperfect. 

Examples: 

a> Indirect Control 

In Figs. 2.9 and 2.12, one parameter reactors 

(only feed temperature controllable) are represented. 

The reactors represented in Figs. 2.10 and 2.11 are also1 

one parameter types as far as their operation is con- 

cerned, but in design an internal heat exchange 

1. The pebble heat exchange reactor (Fig. 2.10) is not 
a steedy state reactor at all, but may be included if 
certain assumptions - considered in Chapter VI - are 

reasonable. The reactors represented by Figures 2.11, 
2.13, and 2.14 really require consideration of transverse 



parameter may be adjusted as well. 

In Fig. 2.13 a more flexible reactor is represented. 

b) Direct Control 

In Fig. 2.15 the N-1 cold shot flows and the inlet 

temperature to the first stage are adjustable during 

operation whereas in design the N-1 catalyst ratios are 

also adjustable, making 2N-1 parameters. 

c) Mixed Control 

During operation of the reactor represented in 

Fig. 2.16 four parameters may be adjusted independently; 

in design seven. Fig. 2.14 represents an adiabatic 

autothermal reactor with adjustable main feed temper-

ature and cold shot fraction. If the internal heat 

transfer is adjustable in a 1 parameter fashion (inde-

pendently of the bypass fraction and main feed temper-

atureY then we have mixed control with 3 parameters. 

	.••••••••••••••••••••••••••••••••.41!.11..1.1......1........ 

heat and -crasstransfer for precise calcvlations; it is 

reasonable to suppose however that the ideal Eodels 

used here will provide at any rate an "upper bound" 

to their performance. 
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CHAPTER III 

qptimization  Problems For Distributed Feed Reactors. 

Two fundamental optimization problems; basic 
problems (i)' and (ii) will be described first. 

Given: reactor typo, rate expression, basic 

feed composition, main and subsidiary feed conversions 

yo, ym1  and outlet basic reference flowrate 9  wf, the 

problems are: 

(i) minimizel  the total volume (mass of catalyst), mf 

for given yf  s (yf > ym 3  yf  > yo). 

(u) maximize2  yf  for given mf. 

Unless any statement is made to the contrary it may be 

taken for granted that we are considering only the 

ideal distributed feed reactor in what follows. 

The "free variables" for the optimization are 

the functions w(m)', Q(m) which will be restricted accor- 

ding to the reactor type being considered. If these 

1. strictly : "find the infimum or greatest lower bound 

of ..." 

2. strictly ; "find the supremum or least upper bound 

of ..." 
(These bounds may not be attained although it will 
generally be assumed, in what follows, that they are) 
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functions are further restricted by problem specifi-

cations (such as (5.m  e. 100 everywhere for example), 

the term restraint will be used to cover the additional 

restrictions. Also the terms restrained and unrestrained. 

Reducible Problems: 

It is easy to show, by considering equaticns (2.32), 

(2.33) that if basic problem (i) is solved in an un-

restrained case for different values of wf w
fl 

and wf2' 

say, the corresponding minimum values satisfy the re-

lations: 

say, 	(13.1)
. 

 

and that in fact if instead of minimizing mf  one chose 

to minimize 

mf tf 	W (3.2) 

the minimum tf would also be tf° Similarly the maximum 

value of y.f; yf  in basic problem (ii) will not change 

if mf and wf 
are altered in such a way that the ratio 

tf remains constant, i.e. the problem could also be 

treated equally well in terms of the one quantity tf  as 

m 	m 
f1 
	f2 

Wf1 
	wf 
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the two mi and wf. Alternatively it may be con—

venient to consider the problems for one value of 

wf' e.g. wf = 1. This reducibility, or scale in—

variance stems from the rate v being considered a 

function of intensive variables and would certainly 

break down if it wore not realistic to do so — e.g. 

for a heterogeneously catalysed reaction in a reactor 

of fixed cross section with diffusion in the fluid 

phase controlling. 

Provided v can be written v(y,T) then the two 

problems are still reducible if restraints are placed 

on intensive variables such as y and T. 

Equivalence of basic problems (i) and (ii) . 

The following remarks about equivalence apply 

to all distributed feed reactors. 

Suppose. that basic problem (i) has been solved 

for all outlet conversions yf  in an interval [y1,y2] 

and that the minimum mf function is denoted f S 
If it turns out that mHf(yf) is strictly monotonic 

increasing, then the solution to basic problem (ii) 

for all mf  in the interval mHf(yi)mf<m f(y2) is the 

function Amf) which is the inversel  of m3Ef(y-f). 

1. If y = f(x), a strictly monotonic function, then 

g(y) is the inverse of f(x) if x = g(y). 
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For suppose the curve in Fig. 3.1 represents the 

yftm f  relation. Then if m',y' is a point on it and 

we are asked for the 2!:f  corresponding to m' in prob-

lem
H  (ii), evidently yf  > y', since a control giving 

rise to (y1 ,m') is known to exist.1  

Suppose that y f  = y" 
	

y 

Then to y" there corresponds a minimum volume m" 

which according to the strict monotonicity must be 

larger than m'. This contradicts the optimality of m" 

so the supposition is false and yHf  = y'. 

In a similar manner it may be shown that if the 

solution to problem (ii) is known for all inf in a given 

interval and is strictly monotonic then the solution 

to problem (i) in the corresponding interval is given 

by the inverse function. 

Basic problem; 

When problems (i) and (ii) above are known to be 

equivalent we shall call them "the basic pldclem:i. Also 

1. Strictly controls giving rise to values ni t + E 

for given yf  = y' (E arbitrarily small positive), be-

cause mit [m f] may not exist in the sense that no 
admissible control giving rise to inf [mi.] may exist: 
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the term "reduced basic problem" will be used. 

Example: 

We will consider a very important control prob—

lem: basic problem (i) for the perfect indirectly 

controlled tubular reactor. 

Let us use the variable t = 
	

(2.12) 

To every heat addition policy g(t) there corresponds 

a temperature distribution T(t) and vice versa1 the 

problem of finding an optimal Q(t) is therefore equiv—

alent to that of finding a T(t) such that for given 

yo, yf; tf  defined by2: 

= v(y,T(t)) 	(3.3) dt 

t=o, y=y0  ; y=yf, t=tf  . 	(3.4) 

is minimum. The solution to this .problem is well known: 

the temperature must be chosen so as to maximize the .  

local rate at every point in the reactor. We give 

here a simple proof: first note'that we may exclude 

1. More precisely: If C is the set of all piecewise 

continuous functions, then to every Q(t) E C there 

corresponds a T(t) 8 C 

and to every T(t) E C there corresponds a Q(t) E C. 

2. See equation 2.13. 



=Ito " 	T(y) E Cdir(Y) 
	

ft 

where (.1 denotes intersection) 

' " 	E ct1.1,(t) 
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all temperature policies T(t) which lead to the rate 

being zero or negative anywhere in the reactor1. It 

is clear then from (3.3) that to every T(t) there 

corresponds a T(y), so we may write: 

tf = (3.5) 

from which it follows that to every T(y) there corres-

ponds2 a T(t) so that we may transform the problem in-.  

to one of finding a T(y) which assigns to tf  its min-

imum value. 

Suppose TlE(y) is such that for all y: yo  < y < y1: 

v(Y,TN(Y)) v(y,T(y)) 	(3.6) 

where T(y) is any admissible function, then in order 

to show that the corresponding ei is minimum we may 

1. See appendix for proof. 

2. More precisely: If C is the class of all piece-

wise continuous functions and T(t) is the set of all 

temperature profiles which assign to v everywhere a 
ti 

positive value and T(y) is the set of all Ty relations 

which assign everywhere to v a positive value, then: 

to every T(t) E C (1T(t) there corresponds a T(y) E C (1 T(y) 



1 ]dy 
v(y0T) 

(3.7) 
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consider the difference: 

In view of 3.6, we have 

(3.8) 

The above proof may be easily extended to cover the 

case where T(t) must satisfy the restraints:,  

tm < t f 	f 

T1  (t) < T(t) < T2(t) 	(3.9) 

where T1 and T2 are given admissible
1 functions satis—

fying (3.9). 

Further, if another control variable R(t) enters 

into the rate expression so that, v = v(y,T(t),R(t)) 

jand we are asked for the pair of functionsfe(t), RR(t
)

which leads to the minimum tf' it can be seen by in—

specting the above argument that v must be maximised 

locally with2  respect to both T and R. R need not be 

continuous. Suppose for example that we have available 

1. But not absurd functions 
sarily f0 somewhere in the 

2. van de Vusse and Voetter 

sure optimization:. (Ref.27) 

(such that v(yT)' is neces—
reactor, for example). 
make use of this for pres— 
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two types of catalyst at different prices, and we 

wish to minimize the cost of catalyst in a reactor 

which can have as many sections as necessary, each 

section containing catalyst of one type or another 

(see Pig. 3.2). 

We may easily transform equation (3.3), intro—

ducing instead of t the variable C: the value of 

catalyst to the left of plane C in Fig. 3.2, obtain--

ing an equation of the form: 

-S-12  = f(y,T(c),i) 	(3.10) 
dc 

where i = 1 or 2. TK(c) and im(c) may be found by 

maximizing f with respect to i and c everywhere. 

Since v > 0 everywhere along optimal trajectories 

in the above example it follows that these traject—

ories are also optimal for problem (ii) above. 

Piecewise optimalitz_of Trajectories  in the case of 

a perfectly controlled ideal tubular reactor. 

Points on an optimal trajectory for a reactor 

with feed conversion y1  and outlet conversion y2  

corresponding to conversions y satisfying; 

yi< y'<y<y"<y2  are also points on an optimal trajectory 

.• 	• 
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for a reactor with feed conversion y' and outlet 

conversion y" for otherwise the former reactor could 

be improved by altering the control policy in the 

interval y'<y<y" which would contradict its optim 

ality. It follows that if t(y) is known for the 

former reactor, then for the latter reactor the 

correSponding minimum volume (mass. of catalyst) is 

t(y") - t(y(). 

(The optimnl trajectories discussed in Chapter V 

for finite cascades do not have this property although 

they do exhibit a piecewise optimality which is use-

ful if the y f (mf) relation is required for several 

values of N, the number of stages). 

Approximate Formula for t7 (yf) relation for 1st. order 
reaction.  

There is no difficulty in evaluating thetil 1  tfi 

relation for any reasonable reaction rate expression 

v(y,T) although it is necessary to resort to numerical 

integration in general. It has been shown (Ref. 23) 

that for the rate expression (1.1) this relation can 

be expressed in terms of the incomplete betafunction; 
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for the important case where yo  = 0 and yf `-t..1-''N 1 an 

approximate expression was given; a slightly better 

approximation)  is 

{r±1 	r7f1.7} 	f4171 

	

tf - (Hi) r 	•  yf r 	- 	 ) 	(3.11) r 11y
Yf  
f  

(H)  C-37:7D 

A'/. where r = 	IA 	; r > 1 	(3.12) 

tf tends to tH  as yf 	the approximation 

improving as r decreases. 

It follows that for y
o = 0 and yf close to 1 

f 
plots of log(tf) against log 

Y
) or log (1/(1-yf)) 1yf 

should be straight lines of slope 1/(r-1). The former 

plot has been found the more useful for representing 

exact numerical data because a fairly straight line 
is obtained even for smallish values of yf. It also 
gives rise to fairly straight lines for optimal re-

actors of various types with rate expression (1.1). 

Generalizations Which. Stem From Basic Problem:,  

Attainable Regions. 

, 
<i) reduced output _problem;  minimize2  a given function 

1. See appendix for details. 

2. For given basic composition, rate expression, 
restraints, reactor type, yo, ym. 
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M(yf,tf). 

Especially important is the case where M satisfies: 

am 
ayf  

atf 0 
C3.13) 

When it is well known that if the solution to the 

reduced basic problem is known (e.g. if yNi(tf) is 

available) this problem can easily be solvedl. This 

type of problem arises in reactor-separator situations; 

Suppose we wish to design an optimal unit to pro-

duce given amounts of two products C and D per day 

from materials A and B which react (exothermicly) 

according to;. 

A + B 

 

C + D 

 

The flowsheet for the unit is shown in Fig. 3.3. 

The problem is to minimize the cost of production; 

this cost may be separated into a reaction cost R 

and a separation_ cost S. For. a given type of reactor 

1. See also Refs. 24, 63, 2. 
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R will depend on the reactor volume (mass of cata-

lyst) and the control cost. If we can treat the 

latter as approximately constant then we may write. 

R:=R(mr); am > O. Similarly S=S(wf,yf); 

as as -37  > 0, sr— 	< 0. A material balance gives us 
vwf 	oyf  

wfyf  = C, a constant, so using 3.2, and letting M 

be the total cost we obtain: 

M(tfly.f). = R(Ctf/Yf) 	S( fP 3rf) 

from which it is cieal. that M satisfies 
In treating this problem we will use the attainable 

regions concept (Ref. 63). 

The yf , tf  curve for the reduced basic problpm 

divides the plane into two regions: only the region 

on1 and below the curve containing points which are 

attainable for the class of reactors in question. 

In Fig. 3.4. M contours are also plotted. 

It follows from the relations (3.13) that the 

minimum value of M must lie on the y17  (tf) curve: 

(point P in the figure). If the basic reduced problem 

1. Assuming that the functionals I' attain their 

bounds". 

(3.13). 
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has been solved, the output problem can be considered 

solved, since the drawing of M contours is generally 

trivial. If mf is fixed (such as it would be in most 

operation problems) then one degree of'freedom is 

lost - in the above example, only the points on OP' 

(of slope M7  ) could be considered. The optimum would 
f 

be 	which would be invariant against changes of 

M (provided 3.13 remains satisfied). 

(iiY irreducible output iyoblem 

In this case the corresponding generalization of 

the basic problem is: Minimize M=M(yflwf,mf ) subject 

to some restraint such as f(yftwf) = 0. 

A' surface 4 . y-31(wf,mf)' divides the yi.lwf,m 

space into two regions, only one of which is attain-

able by the class of reactors considered. If M has 

no relative interior minimum on the intersection IT 
of f(yf,wi.) = 0 with the attainable region, then it 

must have its minimum on the border If this is so, 

then once the basic problem has been solved it is suf-

ficient to evaluate M for points of the border of P 

and find the minimum by a One dimensional search. 
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The General Reactor OptimizrItion 'Problem. 

The basic problems discussed above are of impor-

tance in situations where the objective function is 

not influenced by adjusting reactor control variables 

except insofar as these variations cause changes in 

the outlet conversion, volume, etc. 

Such situations arise for example when the cost 

of reaction volume (or catalyst) is high and the 

reaction slow, but heating and cooling relatively 

inexpensive. 

It is sometimes fair to represent the cost of 

heat exchange in such a way that the resulting prob-

lem may be dealt with by the methods for the basic 

problem without essential modification (Refs. 4, 35, 

36, 37: see also Chapter,  7). 

In more general situations however, the reactor 

control is tied up in a very complicated way with 

the environmental equipment1, (or with itself2) and 

1. For example a three stage reactor with heat ex-

change in each stage with other process streams some 

of whose temperatures influence the performance of 

the environmental equipment. 

2. Such as in a U-tube reactor; See Chapter VI. 
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• 

in these cases one may be faced with a constrained 

minimum problem in many variables between which 

there are complicated restraints. Such problems 

may be attacked by formal decomposition procedures 

such as those developed in Raf. (63), (already men-

tioned), and (70), together with hill-climbing, 

linear and non linear programming etc. (Refs. 7, 72, 

73, 74, 76.) The hill-climbing method described in 

Ref. 7 was used in a study described in Chapter VI. 
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Appendix to Chapter III " 

Part I 

"Ve may exclude all temperature policies T(t) 

which lead to the rate being zero or negative any-

where in the reactor". 

The essential step in a proof is given: 

We may ignore of course policies which lead to 

a non positive rate only at isolated points. Sup-

pose then that some policy T(t) gives rise to a 

negative (or identically zero) v over an interval 

[t1,t2]. Consider the resulting yt diagram (curve 

OA1A2AA4 in Fig. A3.1). Then if we change the 

control over [t1,t2] so that the rate is a positive 

constant (which is always possible) we can end up 

at the point A2 and remove the section [t2,t3] thus 

improving the reactor. 

Part II  

Approximation to taE-f  (yf  ). 

It is shown in Ref. 23 that the relation between 

t7 and yf  for the rate expression (1.1) for y = 0 
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is given by: 

   

    

(H'i 	(1).1-i 	l Yr— I  

(1—)1-I  (s— 

J=0 

If we put p = 	in the above integral it 

becomes K: 

Yc 

K y() 	
dy 

1-y 	(1_y)2  1, so, noting that 

y=o 

t*  
- 

A3.1 

dy l-y ' 
) 

T1-737)2  

we may integrate by parts, obtaining: 

K =  
P y f P - 	dy 

lYf  

Y 

By putting the numerator = yf, or zero in the remain- 

ing integrand, it is easy to see that K must satisfy: 

Ka(1-4 K Ka 

1 

if 	)1=1. 
(1.-1)Yf ( yf 

where 

Ka  
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we may use Ka  as the estimate, obtaining: 

7-  1$ 

	 (71.1(1 	 

1-• 

f = 
	

0 
 

The estimate given in Ref. 23 was tx/ys  and is 

consequently worse. 

A3.2 
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CHAPTER IV 

Optimization of Perfectly Controllable Ideal  

Distributed Feed Reactors. 

In this chapter the solution to the basic prob-

lems (i) and (ii) for the three types of perfectly 

controllable reactors is given. 

It may seem to the inexperienced an idle academic 

exercise to consider perfectly controllable reactors 

at all since they are so obviously unrealisable
1
. 

Perhaps it will be sufficient to note the following . 

properties they have: 

Their performance provides a bound to what can 

be achieved with any corresponding imperfectly con-

trollable reactor: thus questions like "what pos-

sible improvement could be achieved by using a more 

sophisticated control scheme`?" can be answered if the 

performance of the perfectly controllable reactor has 

been evaluated. As such they provide a standard of 

efficienCy against which actual reactors may be com- 

1. The batch counterpart of perfect direct control 

is programmed addition of feed to. an adiabatic C.S.T.R. 

which could be closely approximated in practice. 'This 

problem has many variants of which one is treated in 

a brief sketch at the end of this chapter. 
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pared., as well as asymptotic results for finite 

cascades which are sometimes easier to obtain than 

the finite results themselves. 

This chapter will be divided into four parts. 

PART 	PERFECT INDIRECT CONTROL 

The only case of importance is the case: w(m) 

constant, i.e. where the ideal distributed feed 

reactor reduces to an ideal tubular reactor, for 

which the basic problems were treated in Chapter III. 

PART 	PERFECT MIXED CONTROL 

It will be shown1 that both basic problems de-

generate to the problem of perfect indirect control 

of an ideal tubular reactor. If yo  > ym  then no 

subsidiary feed should be added. If yo  < ym, no 

main feed should be used; all subsidiary feed being 

added at m=0. 

Let us consider first basic problem (i); given 

Yo, Ym, yf, find min(mf), where Q(m), w(m) may be 

1. Except possibly for autocatalyti:c reactions, or if 

certain restraints are improved. 
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chosen from the respective sets of admissible func-

tions. 

It is clear from (2.17), (2.32), and (2.33) that 

(for w(m) given) to every Q(m) there corresponds a 

T(m) and vice versa, so we may write: 

ax v(ym w(m)  , T(n)) 
	(4.1) 

x(o) = w(o)(y - ) 	X. = wf(yf Ym). 
	 (4.2) 

and try to find an optimall  T(m) instead of Q(m). 

Also, we may disregard all those pairs of functions 

c
w(m), T(m)1 which lead to a negative or zero rate 

anywhere2. Further, to every admissible pair 

v(m), T(m)3 there corresponds a pair fw(x), T(x)} 

so we may write: 

mf 
dx 

 

(4.3) 
trx); T(x)) 

1. This argument can be tightened up in the same way 

as the corresponding argument for the ideal tubular 
reactor in Chapter III. 

2. See Appendix. 

• 
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and note that to every rair {w(x), T(x)3 there 

corresponds a pair w(m), T(m) . We may thus 

transform1. the problem into one of finding the 

pair {w(x), T(x)) which assigns to mf.its minimum 

value. 

Consider first a given w(x); then to minimize 

mf' T(x) must be chosen so as to maximise v for 

all x, for in this way the integrand is minimised2 

for each x. The optimum T(x) will of course depend 

on w(x). Let it be TN(x,w(x)): 

‘• 	zr‘ 
113E(X,W(X)):V Qrm  + 	; T-)  = max v (ym  tTR);,T) (4.4) 

Putting TN  into 4.3, we obtain: 

mm 	dx 	.(4.5) 

TircH) 3. T3E-(x, w( x)) x 	v(y, + 

and must find an optimal w(x). 

Let us take the end condition on w to be: 

wf  = 1 	
(4.6Y 

1. This argument may be tightened up in the same way 

as the corresponding argument for the ideal tubular 

reactor in Chapter III. 

2. c.f. ideal tubular reactor in Chapter III. 
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consider first: 

case (i): Ym  = Yo. 

From (4.2) we ,;.et: x = 0, so we only need con-

sider the integrand in computing tho variation in 

m f 
H. 

caused by variation of w(x). 

v = v(y 	, T (x Now W)) 9 M W 

av av  x 	av a T' 
• • ( ) = 	() 

a w x 	ay aT aw x 

The problem is easily solved if:: 

(aV  )x  > 0 for all x 0 < x < f N7W-- 

(4.9) will be satisfied if: 

a) av < 0 everywhere1: 
ay 

and 

b) if the underlined term in 4.8 vanishes. The 

(4.7) 

(4.8) 

(LI-9) 

(4.10) 

underlined term must vanish if T is either unrestrained 

1. We will take (4.10) to be the definition of a 

non autocatalytic reaction as in Chapter II. 
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or restrained by a simple inequality such as: 

T1 <' T rT2 

we consider only cases where (4.9) is satisfied: 

evidently w must be chosen as large as possible 

everywhere, i.e. 

(4.11) 

1-/(x)' = wf = 1 	 (4.12) 

In this way the local rate is. everywhere as 

large as possible so that if we compare the control 

(TH, wH) giving v3f3j:  with some arbitrary control 

(T ,w), we get: 

MH m—  = 1 	1 idX 
V 

so that m
H-
f
H- 

MH  . f 

case (ii) y
o > ym

l
. 

xo' 
the lower limit of (4.5), now becomes an 

1.(a) and (b) above assumed satisfied: these con— 
fav 

' 

con— 

ditiohs imply that for x<0' 	) < O. 3w  x 
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increasing function of w(o), (see 4.2), so w(x) must 

again be made as large as possible - i.e. no subsi-

diary feed should be added. 

case (iii) yo  <- ym. 

xo' the lower limit of (/1.5), now becomes a 

decreasing function of w(o), so, evidently w(o) 

should be made zero but w(m) should be identically 

1 for all m>0: i.e. no main feed should be used., 

The above argument ,has established what one 

would find difficult to disbelieve on intuitive 

grounds: if you have to choose between two feeds 

of .different conversions yoil should reject the one 

with the lowest conversionl, and put the other in' 

all at the beginning. It is instructive to verify 

the above results by considering the Pontryagln
2 

formulation. (Case (iii) above is too general to 

be treated by the rontryagtn method on account of 

the jumps in w at the beginning, but one can allow 

1. Except as noted. 

2. Refs. 6, 67, 68. 
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w to have almost a jump by allowing aril  to be very 
large). 

PART III:. PERFECT DIRECT CONTROL 

The mass and heat balance equations are: 

dx (2.32) v(37. 	
h) M M 

h
wo 	q(m) 	(2.33) 777 (ho  - hm) + hm 	Jim)  

We will treat only the adiabatic reactor and 

consider only non autocatalytic reactions. 

Adiabatic reactor with adjustable main feed tem-

perature: 

Here 	Q(m) - Q(o+) E. 0 y m>0 	443),  

Instead of taking the jump Q(o+) - Q(o) as 

a variable we can consider Q(m) to be identically 
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zero and allow wo  (h o  -hm  ) to vary. Let us define B: 

B = wo(ho-hm) 	 (4.14) 

and put 

Q(m)F.E 0 
	

(4.1) 

so that (2.33) becomes: 

h 7
B
7.) hm 	 (4.16) 

If we put this expression for h into (2.32) we get: 

dx irr,„ 	x 	B 
(4.17) aE = 	UTEP hm 	.-id7im))  

with 	x(o)' = w(o)(yo-ym) 
	

(4.18) 

As in Part II above we distinguish three cases: 

case (i): Feed bypass reactor: yo=ym. 

Equation (4.18) then becomes: x(o) = 0 

The basic problems may be restated: for given 

yo, hm, and wf: 

(i) Find a value for B and an admissible function 

w(m) such that for given yf  > yo, mf  is minimum • 

(ii) Find a value for B and an'admissible function 

w(m) such that for given mf  > 0, .yf  is maximum. 
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We will treat the case where yo>yc, and where 

there are no restraints
1 except possibly: 

B < wf  b 	b > 0 
	

(4.19) 

We will show that problems (i) and (ii) are 

equivalent, and that the function yf  (mf) and its 

inverse 111f  (yf 
 ) may be obtained by some very elem 

tary numerical procedures. 

It will be necessary to make use of a simple 

scale invariance property, which will be established 

in detail, setting up the equations for future use: 

Consider two reactors fed with the same feed—

stock, the first described by 4.17, the other by 

primed variables related as follows: 

m' = am; wi(m ) = aw(m); B' = aB; a>0. 	(4.20) 

The second of these relations being taken to mean 

that the basic reference flowrate at.a section of 

the second reactor corresponding to a volume m' is 

1. See discussion of function. v(y,T) for definition 

of ye. (Chapter II). 
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a times the basic reference flowrate in the first 

reactor at a section corresponding to a volume 

a is a positive constant. We will show that, cor-

respondingly: 

x'(11') = ax(m) 	 (4.21) 

from which it follows immediately that; 

y'(m') = y(m); h'(m') = h(m)'; T'(m') = T(m) 	(4.22) 

i.e. their trajectories in the by plane are iden-

tical. 

Let X'(m') = ax(m) 	 (4.23) 

Putting 4.20 and 4.23 into 4.17 we get;  

dX' = Iff „ 	X'(m'Y , h 	'B'  
dm' 	v`Jm 	(m') ' m 	w' (m' )J (4.24) 

(with i.c. X'(o) = o), whereas if we write heat and 

mass balances for the second reactor we get simply; 

dX' 	x' 	B'  y 4- M 	= 	w' ( th' ) ; hm ' w' cm' (4.25) 
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with (i.c. xT(o)=o). It follows that 4.21 is true 

and hence 4.22 is true, and of course that problems 

(i) and (ii) are each reducible; 

We will consider only the case wf = 1 	(4.6) 

Equivalence of problems (i)  and (ii) 

Consider the single stage ideal adiabatic tubular 

reactor with adjustable feed enthalpy 110  (which is in 

the class of reactors considered). For given yo  > 0 

and 2: yo<yf<1 it is possible to findl  an ho  such 

that a corresponding finite mf exists. It follows 

that for the ideal distributed feed. reactor considered, 

to every yf  < 1 there corresponds at least one me. 

We will assume that there is also a minimum2  which 

will be denoted m e. 

Evidently 4> 0. To show that mI (ye) is a 

strictly monotonic increasing function it is suf-

ficient to show that given a point R(m1,y1) on the 

1. It is assumed that some reaction will.  take place 

however low the temperature. 

2. See discussion about infimum and minimum in Chap-

ter III. 
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Ms , yf  curve, all points for which y0 
 < y < y 

1 

on the straight line joining P, to the point (0,yo) 

are attainable. (See Fig. 4.1). Suppose the control 

giving rise to R is (B,w(m)). Consider the control 

(Ww1(m1 )) where the primed quantities are defined 

by (4.'20) and a is given by: 

Y2 - Yo a - 
Y1 - Yo 

(4.25b) 

Suppose the control pv ,w t (ni t)1 is implemented 
,1 	11 

for all points - I, 	• . 	0 < m < m'$  but at m" = m', 

w jumps to 2,- By (4.22); the conversion just before 

the jump at the end must be yl. If the final con-

version is y, a mass balance over the jump gives us: 

ay1 	(1-a)yo  = y 

Substituting for a the right hand side of (4.25b) 

we get after simplification: 

Y = Y2 

as required. 

The equivalence of the two problems is thus 

established. 
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• 
Application of Ponqzagln's Maximum Principle.1 

It is convenient to change the conditions of the 

problem in order to be able_ to apply PontryagO's 

maximum principle. w(m) must be replaced because 

of the non decreasing restriction; the class of 

admissible functions will be restricted to those 

which have a bounded derivative everywhere. 

Let p(m) be the new control function: 

P(m) = 
dw
oE 
	 (4.26) 

0 < p < P 
	

(4.27) 

It will be shown that (in general) P can always 

be chosen sufficiently large that p never attains 

its bound along an optimal trajectory. 

It is assumed that with the class of functions 

w(m) restricted by (4.26) and (4.27) it is always 

possible to find P large enough for problems (i) and 

(ii) to be equivalent. In what follows we assume 

1. See Refs. 6, 
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P large enough. Consider problem (ii); 

Let us chdnge the notation, putting 

and write V(ym  cr hm Ti) m r(xl,x2rB) 

so that (4.17)' and (4.26)' become; 

x  dxi 
V( ym + 

	
v  lam 4. B )2  -- r(xl,x2,B) ZET m 2 

aa
dx2 

 = P(m) 

with b.c; 

xi  = o 	for m = o 

x2  > o 	for m = o 

x
2 = 1 	for m = mf 

T,7 

(4.28) 

(4.29) 

(4.30) 

(4.31) 

(4.32) 

We wish to find B and p(m) which maximise xif . 

Consider B to be fixed for the moment and let us 

look for an optimal p(m). According to Pontryagitn, 

along the optimal trajectory there exist adjoint 

variables X1 and X2 which are continuous function's 

of m, do not vanish simultaneously, and satisfy: 

dX1 ar 
aa- 	-1 axi  (4.33) 
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dh2 = "6r — x dm 	1 Dx2 

with boundary conditions  

X1  > 0 at m = mf 

%2 = 0 at m= 0 

(4.34) 

(4.35) 

(4.36) 

(The latter arising from the transversality con—

dition and holding provided x2(o)>0 which is in 

general true. The special case x2(o)=o is of some 

theoretical interest and is discussed later). 

Also, along the optimal trajectory the Hamiltonian 

functionr 

H = 	+ X2p 
	 (4-37) 

must attain its maximum value everywhere, so that p 

must be chosen to be either 0 or P -Unless X2 = 0 

1. If problem (i) had been set up in Pontryagkin fas—

hion the equations would have been the same except 

for 4.35 which is replaced by hir>0.at m=0. The rea—
der will easily show that (for P finite), r>0 along 

an optimal trajectory, so 4.35 is implied: the 

Pontryagen equations are thus the same for both prob—

lems. 
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when p may have an intermediate value. 

If X, = 0 for some 

be so chosen that over  

m, say ml, then p(m) may 

the interval [mm2j' x2 
Such a trajectory is remains identically zero. 

known as a singularl  trajectory; the corresponding 

policywillbodenotodp_0  and the corresponding.w(m); 

ws. /In optimal trajectory may be singular in part, 

and in general the decision "how long to stay oh 

the singular trajectory" may have to be taken several 

times. In this case, however the.situation is simpli-

fied by the "instabUit.7" of 1:le singular l;rajoctory: 

once left it cannot be returned to along an optimal 

path G  so that only one decision need be taken. (4.36) 

shows that the trajectory :rust start on the singular 

curve. 

We may express (4.33) as an integral; 

f=m 

f f 	. 	}. (4. 
1 	

.38) 7,1  = 1(o)exp 
	-  

J=o 

1. See for example Rosonoer, Ref. 67, 68. 

2. for P large enough; See equation 4.59. 
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From (4.35) and the fact that the exponential func—

tion takes on only positive values, %1  laist be pos—

itive everywhere. Because the adjoint equations 

(4.33 and 34) are linear and homop;eneous and because 

H is linear in the Xs  we may take %1(o) to be 1' 

X1(o) = 1 	 (4.39) 

Hence, integrating (4.34) and using the above 

results: 

a., 	ax J 	.a. each,
23c, 

Gt.  f )} 
	

('4.40) 

.70 

2 is zero at m=o. If the singular trajectory is 

to be followed it is sufficient to satisfy:: S=0 (4.41) 

where 	S E — 	 (4.42) 

from m=o onwards. To show that the singular locus 
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is unstable we consider its mapping in the 

(h3r) plane. 

The sinpiular locus in the (hy)_plane and the opti- 

mum policy: reduction to finite choice: 

By (11.42) and the definition of x2  and r: 

S = 	3  [V(y + — 	h • 2)] - 3 W 	 ' m w 

S  • av 	3V 3 
- • , • ay 	• w- 	an w 2  

Hence, using (2.9) and (4.16), we get:. 

av 	a S 	[(y—y )
ay 

(h—h
m
)v
-5E 

(4.43) 

(4./14) 

( 4 45 ) 

Now the rate contours in the h y plane would be 

expected to have the shao sho= for the curves 

vo, vl y etc. in Fig. 4.2. Also drawn in Fig. 4.2 

is the locus of points of tangency from (hm,ym) to 

the rate contours. It is clear from (4.L15) that 

this locus divides the plane into two regions: 

+ and - where S is respectively positive and nega-

tive, and that on the locus S vanishes. To follow 

the locus is of course to maximise the rate with 
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respect to w at all pointsl. 

We are now in a position to consider the inte-

gration of the Pontryagen equations starting from 

m=o. Let us ignore for the moment the boundary 

condition (4.32): that is to say the equations 

will be integrated up to some final value of m which 

need not be the specified mf. 

case (a):. B>0. 

Our initial point is on the y = constant line 

to the 'right of 0(in Fig. 4.2). 

Suppose it is Pl. Then whatever our initial 

choice of p, S will be negative, so that A2  will 

start taking on negative values: in order to max-

imize H, (4.37), p must be made zero for m=o+. 

For subsequent values of m, h2  will continue nega-

tive by 4.40, so that the control is: p=o for all 

m>o, and the trajectory will run vertically upwards 

tending to intersect the equilibrium line as m--.)00. 

1. We have chosen the point 0 in fig. 4.2 in such a 
way that the rate increases with conversion, at const- .  

ant h, there. This is the most difficult case to treat. 
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(If the initial point is P2  the situation is 

hopeless since y decreases monotonically, whilst P3  

cannot be left at all). 

Suppose the initial point is P4),  then the opti—

mem policy requires p=P for m=o+-. Since P is large 

this means that the trajectory would be directed 

(almost) towards 0. 

P
5 

is the,important point.. Here S=0 so that the 

singular curve may be followed. (We note that the 

singular curve must always be followed in the direc—

tion of increasing w, i.e. from P5  to Pu. Pu  is not 

attainable1 because there h = hm 	It follows from 

equation 4..40 and Fig. 4.2 that the singular curve is 

unstable because, supposing the — region is entered 

at some point, then X2  will take on negative values 

requiring a p=o policy thereafter, (and the corres—

ponding situation occurs if the +region is entered 

from the singular curvet). 

1. In an exceptional case, discussed later, it is shown 

that the trajectory can start at Pu. 

2. See equation 4.59 for the control ps  required to 

follow the singular trajectory. 
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Case 	B<O:. 

The following assertions can easily be veri— 

fied:: 

(i) There exists a point P6  such that for all starting 

points on y.ym  (Fig. 4.2) to the left of it, the op—

timal trajectory is a line h = constant. 

(ii) For starting points between 0 and P6  (Fig. 4.2) 
1 

the optimal trajectories start out as.h = constant 

lines and than switch (almost) towards 0. (It will 

normally turn out that these trajectories may be 

ignored). 

(iii) From P6 the optimal trajectories
1  comprise the 

line h = constant up to 1'
7 
(Fig. 4.2) on the curve 

3=0, a portion of this curve (towards Pu) branching 

off (perhaps) either (almost) towards 0 or else along 

an h = constant line. 

1.. In the sense that they satisfy the Maximum 

Principle. 
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Case (c):. B=0: _The MT(Tank Tubel) Reactor: 

If II= 0, it is clear from 4.14 that either:' 

wo > 0 ; h0  = hm  

or 	w-= 0 ; ho has any value, 

in particular 	wo  = 0 ; ho.= hm  . 

The first alternative makes the start the point 

0 in Fig. 4.2, which cannot be left at all2 (since 

the control p = F must be applied for m = 0+). 

The second alternative would permit the point Pu  

to be attained at m=0 by a variety of routes3. In 

particular the singular trajectory from P
5 
to Pu may 

be followed (limiting case of trajectory described 

earlier) or the path P6, P7, Pu  (another limiting 

case) may be taken. Finally a jump from 0 to Pu is 

possible. 

1. See Refs. 32 and 33. 

2.. (0)v  at 0 in Fig. 4.2 is negative: in other 

instances it may be positive, simplifying the problem. 

3. If wo  = 0, the b.c. (4.36) must be replaced by 
X2 	0. For X2 < 0 only trivial trajectories result. 
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Once arrived at Pu  of course it is possible to 

continue either vertically downwards (Fig. 4.2) -

evidently a trajectory which may be ignored or 

vertically upwards; this latter alternative one 

cannot fail to identify as a continuous stirred 

tank reactor feeding a tubular reactor'. 

Exercise of finite choice; 

It follows from the above discussion that the 

optimal trajectory which fits the problem specifica-

tions must be selected from the following six types: 

T11 T2 	T6 defined
1  by:' 

T1  : p =- 0 

T2 : p =- 0 then p = P 

T
3 	P = Ps  

T4 : p = ps  then p = 0 

T
5 	

p = ps then p = P 

  

  

 

(4.46) 

  

T6 : p = 0 from P6 to P7 
 (Fig. 4.2) then 

P = Ps, then p = 0 / 

 

la ps  being the policy required to follow the sin-

gular trajectory. 
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Let us consider these in turn. 

T1  : this corresponds to a one stage adiabatic ideal  

tubular reactor:- evidently we need consider only re-

actors with an optimum inlet temperature. 

T2  Suppose we have the attainable region in the 

yf  mf  plane for trajectories of typ6 T1  and that its 

border is the curve OCIC2C3 in Fig. 4.3. Then the 

border of the attainable region for the trajectories 

of type T2 may be obtained by drawing a tangent
1 from 

0 to the curve:. obtaining the curve 0C2  03. (Usu-

ally it will turn out that OC1  C2  C3  is not as shown 

in the Fig. but convex upwards so that it will itself 

be the border of the attainable region for trajectories 

of type T1  and T2). 

In order to deal with the cases T3, T4 and T5 
we 

will consider how the singular trajectory in the (h,y) 

plane maps into the (x,w) plane for different values 

of B. To this end let us consider two reactors one 

with the control policy {B,w(m)} - so chosen that the 

singular curve is followed, starting from P5  at m=0, 

1. See argument used to prove equivalence of problems 

(i) and (ii). (P is supposed to be very large). 
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and the other with policy 113',w'(m')3. , where the 

primed quantities are defined by (4.20) and a>1. 

It follows from (4..22) that the trajectory for 

the latter reactor is also singular. In Fig. 4.4 

we have the by plane with the singular locus sketched; 

in Fig. 4.5 the (x,w) plane with lines of constant y, 

the curves B and B' corresponding to the controls 

JB,i,v(4 r (p.',W(m')1 . The relation between these 

two curves can be seen by considering the mapping 

of the point P7  from Fig. 4.4 onto P7  and P7' respec-

tively in Fig. 4.5. In view of (4.20), (4.21) and 

(4.22) we haire for the, distances 1217A and Pf).A:' 

7 	
aP A 

It is important to notice that points 	and 

on B and B' which have the same value of x, i.e. 

x1' map back into the by plane as shown:, i.e. c1  is 

closer (along the singular curve) to P5  than is Qi. 

The same is true for any other two points: e.g. Q2  

and Q'2. 

Since the rate V decreases monotonically along 

the singular curve as it is traversed from P5  to Pu 
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it is clear that the rate corresponding to some 

point on B' is higher than the rate for a point on 

B with the same x. 

Next we will make use of these properties in an 

integral formulation of the original problem i.e. 

where w(m) is allowed to jump. 

Integral  Formulation. 

It is easy to see that the problem may be trans- 

formed in to finding the [B, w(x)] which minimises: 

ea= X .L 

mf 

  

dx  
r(x,w(x),B) 

(4.47) 
JX=0 

subject to w(x) being nondecreasing and w(xf)=1 (4.48) 

Suppose that yf >Ymax  (See Fig. 4.4 ). Then . 

trajectories of type T3  and T5  must be ruled out. 

However for yf < Ymax we cannot rule these trajec-

tories out a priori. 

We will show that T
5 
is never optimal if B is free. 

Suppose some control [B,71(x)] is imposed so that 

the singular trajectory is followed up to some point 
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R1 at which point x = xf but.w < 1 (see Fig. 4.4). 

Let there then be a step in w to bring it up to 1. 

It is clear that for this  value of B the chosen w1(x) 

cannot be improved since it minimizes the integrand 

(21.47) for every value of x. In particular, no 

trajectory of the type T, which terminates under 

the control p=P can improve on w1(x). 

We now increase B from B1  to B2, again following 

the singular trajectory until xf  is reached with 

w<1, (at R2  in figuresr4.4 and 4;5), and then fini—

shing off with a step to bring w up to 1. 

It follows from what was established about the 

rates at corresponding points Q1, q2: at the end of 
the last section that mf associated with the con- 

1 
trol [B11  w1(x)] is larger than mf  associated with 

2 

the control [B2,w2(x)], and also that the control 

[Bw(x)] where the singular trajectory is followed 

all the way is therefore better than any possible 

trajectory with B.<13+. Thus all trajectories of 

type T5  may be rejected in favour of trajectories of 

type T3., 
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Evaluation of the yf(mf) relation for trajectories 

of type T4. 

Suppose we wish to find these yf(mf) curves 

corresponding to the three type T4  trajectories 

P50151;:P50102d2;1"501C2C3b3, in Fig. 4.6. The cal—

culations may be shortened by making use of the scale 

invariance property: all the information required 

concerning the singular trajectory may be obtained 

by one integration along it up to C. 

We choose some suitable value of B', say 

B' = 1 
	 (4.49) 

and. 	w' = w's 
	 (4.50) 

so that equation (4.25) becomes:: 

dx'. 
dm' 

X i  V(ym  177M 1 + ) (4.51) 

or dx'  
dm' 

x' = V(ym  + Tr, 

max over w' 

;• hm w  + 1  ) (4.52) 

(with i.c. x' (o) = 	(4.52) is integrated through 

positive values of m' until the point Cl  is reached; 



where 

x' 
el 

, 	m' ea. , 

ables are stored, 

respectively. These 

and then a is chosen 

the variables x', w' and m' have the values 

three vari-

auch that 

xt 
el so thatxe i 

B = 11171  e1  
(4.54) ;* me 

l 

m' 
e1 

el  el  

dm = V(y;hel) 

y=y at 
el 

(4.55) 

m=m el 
	 (4.56),  wi th i . c . 
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the corresponding we = 1, 
l 

 

From 4.20 it follows thatr 

and xe and 
1 

m calculated. 
el 

a =- w' 	 (4.53), 
1 

We then simply evaluate the ym relation over the 

curve 01C1 (in Fig. 4.6) by integratingr 

through increasing values of m until 	is reached. 

To evaluate the ym relation over the curve 

P5C102"d2 we need go back only to the point C1 
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(in Fig. 4.6) and integrate (4.52) through increas-

ing values of mt from the initial condition x'=x1
el 

m'=m.1e1 until C2 is reached, store x' 	, m'e,Th 	w'e  , 
2  

rescale to get the new initial conditions for (Lt.55), 

and so on. In this way the yf(mf) relation for 

trajectories of type T4  may be obtained. If this 

relation is plotted for different values of the 

switching point C, a family of curves in the yf,mf  

diagram would be obtained: the best ym relation 

for the entire family may be obtained by construc-

ting the envelope. 

Evaluation of the yf,mf  relation for trajectories 

of type T6: 

The part of the trajectory from P7  (Fig. 4.2) 

onwards can be dealt with by the method used for 

T4  trajectories above. We must also find P6, and 

evaluate the P6P7 part. 

There are three obvious methods based on gues— 
dX2 sing 110  such that X2  and dm vanish simultaneously 
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at the intersection of h = ho and S = 0 (Fig. 4.2): 

one may integrate 4.28, 4.29, 4.33, and 4.34 for-

wards; or 4.28 and 4.29 forwards, (storing relevant 

intermeais±e information) and 4.33 and 4.34 back-

wards, or evaluate 4.40 together with 4.47. 

Alternatively, by changing the integration 

variables in both integrals from volume (mass of:  

catalyst) to conversion (noting that x2  and h are 

constant) and integrating by parts it can be seen 

that the following alternative equations may be used: 

Ye 	• Ye  

AZ F(Ye 	
Ym7Ye 

) = 	Cho-hm) Ve 	V 

dF 
dye  (4.58)' 

These two conditions are the "subsidiary feed 

too hot" conditions, which apply also to the finite 

cascade treated in Chapter V. 

Again one would obtain a family of curves in 

av 	= 0 (4.57). ah  v2 
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the yr, mr  diagram, the optimal'relation being 

given by the envelope. 

Selection of best envelope
1  ; 

It would appear that (for the subsidiary feed 

condition represented in Fig. 4.2), the T4  envelope 

'would be optimal for low yr, then the T6  envelope 

(the transition corresponding to the MT reactor) and 

finally the envelope for the single stage adiabatic 

tube with adjustable feed temperature. (For high 

subsidiary feed temperatures the T6  envelope degen—

erates to a point, of course). 

Rate of addition of  subsidiary  feed:. Details of 

method used for the special case ym  = 0;: 

The singular trajectory maps into the relation:: 

S(y,h) = 0 

in the by piano. Bearing in mind equation 4.6, we 

may obtain for the rate of addition of subsidiary 

See above discussion and also section on numerical 

results. 
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feedr 

-6 s 
tis  _ ctws  _ 	V -ay 

01,171. 'a5 	/P 	N "a5 
• —4%1) — ± YL  —h") TK, (4-59) 

ps  will be finite provided:. 

(y-ym) 
as

+ (11-hm a h ) 3s  / 0 
	

(4.60) 

If Ym  > Yc,then 4.60 will be satisfied in 

general, so that w(m) will not jump even if per-

mitted to do so. 

If ym  < yc, and in particular if ym  = 0, it would 

appear that ps  would exceed P at 1120 however large 

P might be, so that we would have to consider the 

case where P is assigned some reasonable valuer 

One is often interested in the yf ' mf relation 

for yf  > 0.1 'and y m = yo  = O. One could (with some 

labour) compute this relation for given values of P 

and estimate in some way the limiting relation as P 
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tends to infinity. It seems plausible that this 

limiting relation would be the solution to the prob-

lem where w(m).  is allowed jumps:(this is no proof). 

Alternatively one could get: 

(i) an upper bound on y z  (for given 'TT) by proceeding 

as above for yo  = ym  = ye+ some small number. 

(ii) A lower bound by considering some non optimal 

trajectory such as:adiabatic from y = 0, h large to 

the curve S=0 (Fig. 4.2), and thereafter following T4. 

It has turned out that for the rate functions def-

ined by equation 1.1 and table 1.1, these bounds are 

almost identical and that in fact one may (for 

yo  = ym  = 0) start out on the intersection of the 

curve S=0 with the line y = 0.0005, and let m' be 

considered zero there without introducing appreciable 

error. Alternatively the small correction can be 

estimated from the data for perfect indirect control 

by (for example) putting y=0 in the denominator of the 

integrand A.3.1. This latter procedure was used in the 

numerical calculations on which the results shown in this 

thesis are based. 



Optimal policy with B restrained. 

Suppose 'Ghat for B free, and some specified yf, 

mf corresponds to a T4 trajectory with B = B1. If 

a restraint B2  is placed on B so that B1>B2>01  then 

it is clear that the optimal trajectory will have 

B=B, and may be of type T7, T4, or T5. 

B might be so restrained in a practical situation 

if the feed preheater were undersized and of such 

a type that the heat load is independent of w(oY: 

e.g. an electrically heated device. 

ProEramming details  for evaluation of  type T4  

trajectories. 

Programming is simplified if the switch points C 

are specified in terms of m'. In this way no equa-

tion need be solved to determine m'. Alternatively 

switching may be specified to take place as soon as 

h falls below a certain value. 

Instead of integrating (4.52) the corresponding 

integral may be evaluated: there being numerical 

advantages especially if yo  is close to zero. Ex-

pressing (4.55) as an integral however is not re-

commended unless special precautions are taken about 
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the polo which the integrand has on the equilibrium 

linel. 

Some thought should be given to specifying the 

mf  values corresponding to 51,a2, etc. If a variable 

step length method such as Runge Kutta Merson is used 

for the integration of (4.55) then these mf values can 

be specified to be much larger than the values one 

would expect to be sufficient, because, as the tra—

jectories (4.55) run into the equilibrium line, v 

becomes so small that the step length is automatically 

enlarged very quickly so that not much unnecessary 

computation is in fact done. Alternatively, after 

a little experience, it is not difficult to specify 

a suitable small number and program the integration to 

stop when it exceeds the reaction rate. 

Case (ii) yo  < ym. 

For P very large this problem presumably degen—

erates to case (i), since, by using very little main 

feed (if it is sufficiently hot) it is possible by 

1. See Chapter V. 
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mixing it with subsidiary feed to achieve any valu.e 

of h required and a conversion cloqe to ym. 

Case (iii) yo  > ym, 

Besides being of little practical interest this 

problem appears to be difficult (it appears that 

the classical calculus of variations is. inadequate 

and also Pontryagen's Maximum Principle does not 

apply), so it will not be treated. 

Problems for the  tank reactor. 

Suppose a liquid phase catalytic reaction is to 

take place in an adiabatic (atmospheric pressure) 

stirred tank of volume M . (Fig. 4.7), which may be 

operated as follows 

1) A charge of raw material containing wo  moles of1 

basic reference substance (which need not fill the 

tank completely) is dumped in quickly. 

2) Catalyst is added and agitation commenced.' 

3) Cold raw material of enthalpy hm/mole basic re-

ference substance is added according to some sequence 

1. See definition in Chapter II. 

t. At any rate to basic problem (ii). 
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w(t) where t is time, until the tank is full, when 

it is dumped quickly. 

The cycle is then repeated. 

One reason for having an adiabatic tank might 

be that the reaction mixture (including catalyst) 

could be extremely corrosive, but the raw material 

innocuous. 

There are many optimization problems which may 

be formulated1;  we will consider the following prob— 

For fixed time from filling to emptying tf, find 

w(t), a nonnegative, non decreasing function, and wo  

and ho  such that (for given yo=ymY, the quantity 

xf wf(yf — yo 

is maximised. 

The system could be described by the differential 

equations:- 

x.  = x2  VCy m 

x.2  = p(t) 

1. Siebenthal and Aris considered others (Ref. 29) 

but they used an incorrect heat balance. 

x1 h B 
x
2 
	

x2 
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where xl, x2  and B.have the same meaning as before, 

but p depends on t, and V is the rate not i)er unit 

volume but per mole of basic reference substance. 

The boundary conditions would be xl  = 0 and x2  > 0 

at t=0, and at t=t14. 

M(x1, x2, 
h)  = 

(M volume of liquid in the reactor). It would pro-

bably not be serious
1 to replace this boundary con-

, dition by: x2  = 1, giving us a problem of the same 

'form as before except with the function x2V instead 

of V. We would obtain a singular trajectory in the 

h y plane given by:. 

(x 	) 	= 0 axe  (x2x1  

i.e. aV V = (y—y„,) 	+ (h-h na) a  

It seems that one might not have to go far to 

find functions V(y,h) having the property that there 

are no solutions, one solution, or more than one. 

solution to the above equation for positive (and 

1. A simplification Siebenthal and iris used: strictly 

x
2 
= constant. 
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reasonable) values of y, h, ym, 4m. 	rlyway, for 

given V this situation woukihavu to be explored as 

a prelude to findini; optial trajectories. 

Numerical Results: 

In the case where J, the adiabatic temperature 

rise coefficient is constant, if h is replaced by 8 

and V(y,h) by U(y,G) in all the above equations in this 

chapter, the resulting equations are validl. 

Trajectories of type T4  for the second set of 

rate function parameters (equation and Table 1.1) 

for the case yo  = ym  = 0.01, welt  J = 158.5, and 

Tm = 300°K are shown2  in Fig. 4.8. Also shown in 

Fig. 4.8 is the corresponding curve for perfect in- 

direct control. The envelope of the trajectories T4  

in Fig. 4.8 is optimal for the range of conversions 

yf  shown. 

1. See discussion about 8 and U in Chapters II and V. 

2. The coordinates are transformed to log mf  and 

log (yf/(1-yf)). 



- 117 - 

Fig. 4.8 was obtained by making two separate 

computer runs, one at tighter error specifications 

than the other. It was found in this way, that in 

order to obtain a relative precision in conversion 

temperature, and volume of 1 part in 100,000, 45 

integration steps along the singular trajectory were 

required from the start tom' the point: 

y = 0.9038099 

T = 605.5867, 

whereas from Li to 11 steps were sufficient for the 

p=0 portions of the trajectory to obtain the curves 

in Fig. 4.8 as accurately as they could be drawn to 

a scale twice that shown. To compute the above sing-

ular trajectory, and ten p=0 branches (requiring 77 

integration steps) less than 2.5 seconds were required 

on an I.C.T. Atlas computer. 

The singular controls m', w' and the corres-

ponding x' are presented2  in Table 4.1. 

The remaining numerical results are discussed 

in Chapter V. 

1. For low conversions the errors were slightly larger. 

2. Defined in terms of G: e.g. w's  = 1/(0-8m) 
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Part IV: The Principle of Maximizing the Local Rate. 

It has been shown above that the optimal policy 

for the basic problem for indirect or mixed control 

of an ideal distributed feed reactor is one of local 

rate maximization with respect to temperature. This 

simple result is a special property of single reactions 

and cannot be generalized to cover all cases where 

more than one independent reaction is taking place; 

for suppose we consider an ideal tubular reactor in 

which the reactions: 

B  C 
are carried out. The feed is pure A; C is the desired 

product which must be produced at a given rate in a 

stream in which the conversion of A to C is given; 

Xc , in a reactor of minimum volume. If XB  and Xc  f 
are the fractions of A converted to B and C, and 

vB' vC are the rates, then we may write equations of 

the form; 

dXB 
dt 

dXC  
dt V (XB

Y  XC ' 
T(t)) 

C  

, X0,T(t)) 
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Proceeding as for a single reaction we may assume 

that v > 0 along the optimal trajectory and write: 

f 
dXC  

vc(XB,X(3  T) 
Xb=0 

from which it is tempting to surmise that by choosing 

T everywhere such that vc  is maximised, tf  is mini—

mised. -  This however is incorrect, the reason being 

that by choosing a T(t) we imply an XB(t) so that 

choosing T(t) to maximise vc everywhere will imply a 

function XB(t) = 7B() say. The T(t) which maximised 

v0  everywhere is then only the best amongst the set of 

temperature profiles which made XB(t) = IB(t). And 

this of course is in general an "extremely small sub—

set" of the set of all temperature profiles. It is 

also clear' that there is no such objection in the case 

of single reactions. 
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Appendix to Chapter IV Part II 

... um may disregard those pairs of functions 

{w(m),T(m.)3 which lead to a negative or zero rate 

anywhere." 

We may ignore pairs of functions which lead 

to v being negative or zero only at isolated points. 

Suppose that w(m) is strictly increasing. Then 

if the rate is negative over an interval, there are 

several possible types of wx "diagrams of which we 

will consider only the one shown in Fig. A4.1: 

curve OABCDE. This can evidently be improved by re—

moving a section of the reactor corresponding to 

ABCD and changing the control w(x) so that w jumps 

from point A to point D. The other cases can be 

treated in a similar way. 

If w(m) is constant then the above method may 

be used perhaps in conjunction with the method in 

Part I of the appendix to Chapter III. 
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TABLE 4.1. 

Singular Controls. 

Second set of rate function parameters 
yo=ym=0.01; Tm=300°K; .1=158.5°K. 

Note: at  -b =  ax10-b  

 

m
I 

x
t 

w 
t 

0 0 8.835,-4 
1,-7 6.9244,-5 1.2062,-3 
3,-7 1.2731,-4 1.3047,-3 
1,-6 2.3748,-4 1.4312,-3 
3,-6 4.0262,-4 1.5718,-3 
11-5 6.8162,-4 1.7672,-3 
3,-5 1.0404,-3 1.9970,-3 
1,-4 1.5395,-3 2.3198,-3 
3,-4 2.0614,-3 2.6900,-3 
1,-3 2.6721,-3 3.1910,-3 
2,-3 3.0388,-3 3.5299,-3 
3,-3 3.2605,-3 3.7466,-3 
4.5,-3 3.4894,-3 3.9777,-3 
6,-3 3.6572,-3 4.1510,-3 
8,-3 3.8303,-3 4.3325,-3 
1.2,-2 4.0847,-3 	• 4.6033,-3 
1.8,-2 4.3535,-3 4.8932,-3 
2.5,-2 4.5835,-3 5.1436,-3 
5,-2 5.1119,-3 5.7237,-3 
7•5,-2 5.4528,-3 6.1006,-3 
2.2,-1 6.5033,-3 7.2688,-3 
6.6,-1 7.8677,-3 8.7942,-3 

2 9.6821,-3 1.0829,-2 
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CI-iPTER V 

Optimization of a Cascade of Idiabatic Ideal Tubular 

Reactors with Interstate Cooling. 

In this chapter the basic problem for the N 

stage reactor represented in Fig. 5.1. will be 

treated. 

The main and supplementary feeds will be taken 

to have the same basic composition. 

The'above reactor is diredtly controlled. By 

giving hm the (fictitious) value — oo,, however, 

the indirectly controlled case may be Included in 

the same mathematical model. 

If restraints are imposed they will be on tem—

peratures only so the basic problem is reducible. 

V.I.Derivation of Optimum Condition Equations for 

problem (i). 

If the wK is the basic reference
1 flowrate in 

the Kth stage, y_ and ye..E are its inlet and outlet 

1. See Chapter II for definition. 
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conversions and hK its enthalpy /Mole basic reference 

substancel then the total N stage volume (mass of 

catalyst) is giveni  by: 

Ye  
rit 

TG = ).  
K=1 

VT
K  

dy  

V(y1 hK) . 
1 

yaK 

(5.1) 

An enthalpy balance for the mixing between the 

jth and j+lth stages gives:' 

w
a
. , 
++ . 111_ 

	

h. 	j=1, 2 ... v • 	0 +1 'm 
(5.2) 

1. It may easily be shown that in an optimal reactor 

for y > y , the rate V must everywhere be positive, al  — m 

so an integral formulation is justifiable. There may 

be an advantage to be gained from making V<0 if 

Yal  < ym,  however, but this case is rather absurd 

because, the performance of the class of reactors 

itself could be improved by merely'allowing mixing of 
subsidiary feed to take place before the first stage. 

(See corresponding case in Chapter IV). 



v/J+1 	 j  
Ye  - Ym  

w. 
a  yr, 	- In  

Considacthe minimization of M for given yex_ 

j=1, 2 ... N-1 
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'This difference equation being easily solved, 

giving: 

hN 	} w. = w N hi  - hm j=1, 2 ... N-1 	(5.3) 

(alternatively 5.3 may be determined by means of. 

a single enthalpy1 balance round the stages 

j, 	 N). 

A mass balance for the mixing2  between the jth 

and j+lth stages gives:.  

and WN. We must solve a constrained minimum 

problem because, by (5.1) M is formally a function 

h2 	hNI ya2 	
y 3 and 
aN) 

fw 	 3. but these are 
1 w2 	wN-1' Ye' Ye •'• Y  2 ye but  

1. See discussion in Chapter II. 

3. The volume of interstage piping is assumed to be 
negligible if a homogeneous reaction is considered. 



From (5.2) and (5.4) we get:. 

(JA:Ar" 	( - 41..) 
4„. 

.1+*1 
=-• ,79n,J  
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constrained by (5.3) and (5.4). We may use these 

relations to express the latter set of variables 

in terms of the former, regarding M to be a function 

of the formerI set only:. 

M = 11(h1' h2 	Ya ' 	YaN)  
2 

 

and solve the resulting unconstrained minimum problem. 

In finding the derivatives of M with respect to 

these variables it will be convenient to have ex-

pressions for: 

	

-a ye; 	 .20  jej (A). 

	

A•c: 	 2 	ja,i, 

(5.5) 

1. This set of variables is particularly simple to 

work wit4 if only the unconstrained problem is consi-

dered; tAs derivation does not cover the case hi  = hm  
for all i 	the final relations 5.17, 5:23, and 5.24 

persist however even when hi  = hm as may be seen by 

developing the theory in terms of the set of indepen- 

dent variables: (hl ,  w2 WN_1' See  
2 also Chapter I and Ref. 35. 
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• 44, ) 	J,) 	4..m)  
• . 	- 

A,,.,-)2'  

Si 	 1 for i-j 

	

where 	= {-0 for i/j 

Using (5.4): 

  

(5.6) 

  

14.41 
— 	7,1, 	

•  

 

(5.7) 

  

j+ 

     

Differentiating (5.5), with respect to ya  

Using (5.2): 

yep  
(5.0) 

je 

 

W3-1-i 
J 

} 

  

   

( 5. 9) 

  

J I 

Differentiating (5.3) with respect to h. 

aw • 
	 _ 
hi  a . 

Using (5.3); 

w 	) N m 
TET7m- (5.'10) 

8W. 
=Fra i 	

a  
h 	a 	hj-hm 

(5.11) 



Ye  
i 

dy 

Y 	
V(ylhi) 

al  

(5.13) 
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Differentiating (5.3) with respect [;o y, 

a
_` a = 0 
alai 

It is convenient -bo1  defineti  and t by: 

(5.12) 

t'. 

Ye.  

Yai 

1 aV 
V' ah 

dy 	(5.14) 

Differentiating M with respect toya 	, using 

(5.1), (5.9), (5.12) and (5.13),and reducing we get: 

aim 	 1 	1 7,7a . wi 7___ 	7____ 
a. e 1 

3 ... N 	(5.15) 

1. To by strictly consistent with equation 2.12, 

we should subscript ti  again,' getting of  , or t. 
but there should be no confusion if we drop these 

suffixes. 
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Differentiating Id with respect to hi, using (5.1), 

(5.7), (5.11), (5.13) and (5.14) and reducing, we 

-611 	coL(Ja-Li-i 10)0,_ g ) 	LozA 	J171) get: 

-6X• 	(g,: +7  k,n) Ni. 
e. 

N-1 	 L -1 

 

(5.1.6) 

 

K=I 

For M to be an unrestrained minimum, all these 

first derivatives must vanish, 

i.e. 

ari 
aYai 

= 0 

a m 
= o  i 

It follamsfrom (5.15) 

(5.15a) 

(5.16a) 

and (5.15a) that:: 

Va. = le  i-1 i —1 
i=2, 3 	N (5.17) 

Thus the well known rate matching condition1  (which 

seems so reasonable intuitively) also holds in this 

case of complex thermochemistry. 

1. See Chapter I for review of previous work. 
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For i # N, from (5.16) and (5.16a): 

 

I 

veJgt.,7 c) Vei,i  (fi,L km) 

 

If we sum the above equation from i = 1 to N-1 

cancel terms, we get:. 

N-1 

 

N-1  
	 t I 	

Y aN  Y  m 

	

i 	V 
eN-1

(hN-bm) 

 

  

t 
h. h a. m ( 5.19) 

i=1 

whereas for i=N, from (5.16) and (5.16a):. 

N-1 \ tK  
K=1 h

-h m K 

- Ym  
- t + VeN-hm) 

N-1 
(5.2o) 

Subtracting (5.19) from (5.20): 

N  
> ti = 	 (5.21). 
i=1 

Using (5.2) and (5.4) we may simplify (5.18): 

' 	Ve_ 	14N (5.22) 
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It is convenient to define a function Fi(yi), where 

yi  is the 

follows; r1L 	r:az, 

V(1,g,) 
c'••; 	Jet 

conversion somewhere in the ith stage as 

 

_ '4"  
V6A;lfri) 

 

 

(5.23) 

± 	3 Vec-) 
NV 

ti 1- 	7A7 	v2- 
t 

 
,,ct N 

(where the integrands are evaluated for h = h.). 

The optimum condition equations may be written 

concisely; 

Va. =i- . 1 

Fi(yei) = 0 

i = 2,3 ... N 

i = li2 	N 

V.II; Solution of Optimum Condition1  Equations; 

Outline;. 

Guess hly evaluate F1  for yl  increasing from 

1.• It will be assumed in what follows that ha 	hm  
l 

 

unless otherwise stated. It will also bp assumed that 

the rate contours have the shape shown in fig. 5.2. 
(This may not be the case for a reaction which is 

autocatalytic, or for a reaction mixture which is 

strongly non ideal, so that equations 5.17 and 5.24 
may have more or loss solutions than those considered 
in what follows). 

FNN >
i. 
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ya  , (and along with it the contributions to t1) 
1 

stopping when (5.24) is satisfied. Then use 

5.2, 5.4, and 5.17 to get
2 
 , ha, , and calculate 

stage 2 in the'same way as stage 1. Continue until 

(5.24) has been (suitably) satisfied for the last 

stage. 

In general the resulting ye will not satisfy its 
N 

 

boundary condition. Reguess hi  and repeat.. 

Details: 
dF. 

Consider first the derivative; 	- 	(5.25) dyi  

By differentiating (5.23) and cancelling terms we. 

obtain; 

	

1 . 	 ay.
1 	 a Vi.  

	

2 	
r F! = 	hi-hra-1 	( 	

— a yi.  ; iON (5.26).  

F N  VN ahN 
(5.27) 

Next consider the rate contours v1,  v2, etc. in 

Fig. 5.2 and the locus Li  of points of tangency to 

them from 0 the supplementary feed point. L1  divides 
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the plane into two regions + , and — 	it is clear 

from 5.26 that for i 	IT, F1 is positive in the 

region, negative in the — region and zero on L1. 

Consider Fi for h = hl (see Fig. 5.2) evaluated at 

points A and above. As y increases from yra  to y" 

(at the intersection with L1), Fi goes through pos—

itive values to zero. As y increases further, F.: 

decreases, and as 	on the equilibrium line, 

F! 	oo as a pole1 of order 2. 

The by plane is also divided into two regions by 

the locus L
2 of the maxima of the rate contours. It 

is evident from (5.27) that below this broken line 

FTT is positive, on it FN is zero, and above it F' 

is negative. F;T, also tends to — a) as a pole of order 

2 as the equilibrium line is approached along the 

line h = hN. 

NowconsiderF..We note that for i neither 1 

nor N, Fi  is zero at the beginning of the ith stage: 

Fi(Ya ) = 0 i. 
	i 	N, 	i 	1 	(5.28) 

1. V(y,h) for h constant is assumed to have a simple 
zero on the equilibrium line. 
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The corresponding y, are therefore solutions 

of (5.24) which may be disregarded in generall. For 

the first stage; 

F1(yal
)  

Ym Yal  
(5.29) Val 

 

We distinguish two cases: 

case (i):,  y
m 	

yal: 

Here F.(yal  ) = 0 for i < N ;. to calculate an N 

stage reactor we may proceed as follows: 

First we choose hl. This gives a starting point 

" ), A in Fig. 5. 2 . If we were to evaluate "1' ti al ' 

Fl  for values of yl  from yal to y', the equilibrium 

conversion, we would get a unimodal curve such as the 

one in Fig. 5.3 with a pole of order 1 at y = y'. 

1. These solutions correspond to leaving out a stage 

or more. X in a practical case, 1,2,3,4 	N stage 

reactors are all calculated (using the optimal con-

dition 

 

equations) ignoring the roots (5.28) when one or 

more of these should have been selected, then an "opti-

mal" r stage reactor(r<n)v.Till be found which is better 

than an optimal r+1 stage reactor, so the error will be 

brought to light. The significance of (5.28) when 

h 	< la is discussed later (c.f. Chapter IV). al  m 
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F1(y) has then a non trivial. zoro between y" and yy . 

In order to find this zero, yei, Fl(y1) is &valuated 

along with the two integrals on the right hand side 

of (5.2) for increasing values of yl  until F1  be- 

comes negetive, when ye is found by a suitable non l  

linear equation solving routine. (t1 and t' are then 

evaluated as well). Suppose hiye  is the point B 
1 

in Fig. 5.2. which is on the v6 contour. Now by (5.17) 

the optimum starting point for the next stage would 

also be on the v6 contour, and by (5.2) and (5.4) 

it would be on the straight line joining B and 0, some-

where between them: therefore it would be the point C. 

It is a simple matter to program a digital computer 

to find the point 0, the only pitfallbeing to allow 

the computer to find the point B instead (which satis-

fies (5.2), (5.4), and (5.17) trivially). A simple 

search routine evaluating v-vei for points on OB 

starting from some suitable point between 0 and B.may-

be used to box in C. If a negative value of v—v
el 

has been found but not a positive one,,then the next 

point to be tried should be suitably closer to B; 
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if a positive value of v-v has been found but not 
el 

a negative one, then the next point should be closer 

to O. Once C has been boxed in there should be no 

further difficulty. 

An optimum starting point for stage 2 need not 

exist however; suppose that (h1, ye  ) were on the vi  

contour, instead of the v6  contour. Then it is clear 

from Fig. 5.2 that no optimum starting point for the 

second stage can be found:• i.e. for the particular h 

chosen there would be no optimal reactor with more 

than one stage
1
. 

Assuming that the point C has been determined, 

and along with it the ratio w2/w1' we proceed to 

evaluate the integrals on the right hand side of 

(5.23), and will in general find some point D where 

F2  = 0 which would be the optimal end point for the 

second stage, E for the beginning of the third stage, 

etc. In this way we develop a trajectory satisfying 

the optimum condition equations, storing ti, ti , and 

the ratios wi+1 /Iv. and finally arrive at the beginning 

1. This possibility has not occurred in the numer-

ical examples treated. 
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of the last (Nth) stage. 

For the last stage there are four possibilities, 

depending on FN(y, ). The only one encountered in 
N 

numerical calculations so far is represented by 

curve 1 in Fig. 5.4. FN(y) has only one zero for 

y>y . The remaining possibilities are covered by 
aN  

curves 2, 3, 	For curve 4 there is no solution to 

the optimum condition equations with N (non empty) 

stages (for the value of hl  chosen). For curve 3 

there is a solution (just) while for curve 2 there 

are two. 

To cater for the above possibilities, Fm(y, ) 
N 

should be computed:: if positive or zero, then cal- 

culation should proceed as for the earlier stages. 

If negative then4,(see Fig. 5.2.) should be deter-

mined, and the two integrals: 

dy  

-v V(hN,yy 

jaN 

i

dy 	aV 

ffy  V2(hNly) ah 
aN 

evaluated, along with FN, for values of y from 
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yaN 
to y" N.  

If FN 
changes sign during this procedure, then 

the corresponding root yr  in Fig. 5.4 should be 

determined, and also tN, these quantities being 

stored;- then calculation should proceed to deter-

mine ya as before. The values of TAI' for the two rea-

ctors satisfying the optimum Condition equations for 

exit conversion y and y can then easily be deter-

mined from the values already stored. If FN(yii! ) = 0, 

calculation of FN should stop, and M for the reactor 

satisfying the optimum condition equations for exit 

conversion y'k determined. (If FN(y) < 0 cal-

culation should also stop, no optimal reactor being 

possible!) 

Tha reactor(s) calculated above will not in gen-

eral satisfy the boundary condition on ye  , as a 
''N 

result of h1 having been guessed incorrectly, but 

the calculations may be repeated for several hl.  and 

points on the ml , yf  curve obtained. Intermediate 

values may be obtained by interpolation. (It may 

happen that in an attempt to get the required 

Ye 	h1 has to be lowered so much that the equations 

• 

N 
(5.2), (5.4), (5.17) cannot be satisfied. In such 
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a case the optimal reactor would have less than 

N(perhaps only one) nonempty stage(s). In other words 

the supplementary feed is unreasonably hotr see also 

corresponding case when ha  < hm, discussed later, and 
1  

Chapter IV. 

If optimal reactors for 1,2,3 ... N stages are 

to be calculated1, then we can take advantage of the 

fact that for given hi, the first K-1 stages of an 

optimal K stage reactor (K<N) are identical to the first 

K-1 stages of an optimal N stage reactor. 

case (ii)  yal > yra. 

From (5.29) we see that F (y ) < 0. If a starting 
1 a

1  
point can be found in the 	region of.Fig. 5.2., the 

equationFl(W=Omayhavesolutions(foryi >y_). 
Q41 

If there are two solutions, then the one for the smallest 

y should be ignored, of course. 

Indirect Control: 

The equations (5.17) hold for indirect control. 

If we let hm  --> —oo in (5.3) we get wj  = wN, for all j, 

1. It is prudent.to do this anyway in order to de—

termine whether an optimal N stage reactor has empty 
stages. 
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so that (5.4)• becomes yai 
= y 	, whilst from (5.16) 

we obtain: 

am 
a • hi  

- 	wN  t'. 

so that for M to have an unrestrained minimum, the 

following equations must be satisfied: 

V(ye. ' hi)LL 
 = V(yei_1, hi-1) ' 	(5.17a) 

1-1 
i=2 ...N 

(5.4a) = Yai  

0 	i=1 ...N 	(5.30) 

It is easy to see that for each value of i (and 

for ya 1  hi  below L2  in Fig. 5.2) equations (5.30) 

have two solutions, a trivial one for y, =y, and 

another which lies between L2 and the equilibrium 

line, so that for each non trivial solution of (5.30) 

it is always possible to find an hi  < hi-1  to satisfy 

(5.17a). 

The algorithm outlined above for the directly 

controlled case may be used here. It is sufficient 

to give hill  a large negative value. If optimal 	N 

stage reactors are to be calculated then use may be 

Yei-1 

t! 
i 
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made of the fact that (for given h1) all parts of 

the optimal trajectory are optimal. Also, if the 

f (Yf  ) relation is required for several values of N 

and for several yal, use may again be made of the 

piecewise optimality of the trajectories. 

Behaviour as N  tends to infinity: 

• The optimal trajectories .discussed in Chapter III 

and Chapter IV part III are plausible limiting cases 

of the trajectories discussed above, the key role 

being played by the locus of points of tangency from 

the subsidiary feed condition to the contours of con— 

stant rate: Ll  in Fig. 5.2. 

Forward vs. Backward Method of Calculation 

The algorithm outlined above is an example of 

the forward calculation procedure, i.e. a "first stage" 

unknown is guessed, the equations for the first stage 

are then dealt with, then the second stage equations and 

,so on up tb the end of the Nth stage. We will compare 

this procedure with the backward methodl. 

(i) Indirect Control: Because of the bidiagonal 

structure of the equations one can in principle 

equally well guess hN  and proceed backwards as guess 

1. Because of the topology of the problem either of 

these methods should be used. 



-147- 

h1 and proceed forwards. If f  12E  is required for • 

several yf  and one ya  then the forward procedure 
1 

would be best, since to every hi  there would,cor- 
m 

respond a point on the m1 yf  curvey if mf  is 

required for one yf and several yal then it is best 

to proceed backwards. • 

(ii) Direct control 	There is probably nothing to 

be gained by using the backward method even if one is 

interested in mf  for several y
al 

and one y.r. because 
N-1 

the equations are complicated by the term  

j=1. 

for stage N. This term arises from the essential 

asymmetry of the problem:• wN  being fixed. If the 

forward procedure is used the 2N-1 dimensional 

problem becomes a 1 dimensional problem (as in the 

indirect case). Starting at the last stage and 

proceeding backwards would require a two dimensional 

N-1 

guess:. 	and 
	

tt. (or some equivalent quantities) 

j=1 

would have to be guessed, and only for the correct 

guess of this latter quantity would the backward 
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calculation terminate in such a way for the trajectory 

to be optimal for the value of hN  in question. The 

backward method is of course related to dynamic 

programming which has been shown to be inefficient 

in this case. (Ref. 45.) 

Numerical Details (Forward Calculation). 

There is only one point which deserves special 

attention; the evaluation of the integrals tj  and 

It turns out that for moderate values of N and for Yf 

close to 1, the optimum adiabatic trajectories end up 

very ,close to the equilibrium line. Consider an 

adiabatic trajectory such as the vertical through A 

in Fig. 5.2. At y=y1)V(hi,y) has a simple zero (we 

1 	1  

	

have supposed). The factors -7  and 2  in 	the respec— 

tive integrands would therefore cause trouble if 

ordinary numerical integration were used. Excellent 

results have been obtained by interpolating 'close 

to the equilibrium line by simple functions which could 

be integrated in closed form and which also have 

simple poles there1. 

1. A method mentioned by F. Horn in Ref. 36. 
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The function: Y  
b(y-y')4-c 

was used to interpolate V(hi,y) close to the 

equilibrium linel, and further away 1  

interpolated byv 
V(hity) 

(5.31) 

was 

a(y-y'') + b + c 	 (5.32). y-yt 

Provided IF(h.ly) is a decreasing function of y 

the above interpolation can be used very successfully 

for values of y far from y'. The function 

al  + bl(y-y') + ci(Y-Y')2 	 (5.33) 

was used to interpolate E so that by using (5.33) 
dh 

together with (5.32) or (5.31), the contributions to 

t'i  over a sub-interval could be determined by 

evaluating the resulting simple functions. 

Provided if(h.ly) decreases as y goes from 

.37-a to ye the above interpolation method can be used 

satisfactorily throughout the whole interval but some 

1. The function 1.1 with the three sets of parameters 

in table 1.1 and J=158.5°k was used. 
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slight errors arise if V goes through a maximum, so 

the fdllowing strategy was used1 to find the non-

trivial ye. 

(i) y' was determined precisely. 

(ii) y"'= 0.995y' + 0.005 ya  was calculated. 

(iii) Evaluation of the integrals t and t' was 

initiated, (starting from ya). The integrals were 

evaluated over sub intervals [ya, ya  ki]; 

[ya ÷-k 	ya + k, +-k1] etc.,
2 three point Simpson's 

rule quadrature being used provided that v was in-

creasing over the sub-interval. As soon as v started, 

decreasing, then the interpolation methods(prmulae 

(5.32) and (5.33))were switched to3. At the right 

hand end of each sub-interval F(y) was evaluated. If 

F(y) was negative at the right hand end of the first. 

sub interval a faul-64-  loop was entered, otherwise 

1.. For most of the calculations done for the second 

set of parameters in table 1.1. 

2. The method of assigning ki  will be discussed later. 

3. The Nth stage requires additional logic to cover .  

the possibility of two roots and no roots; so does the 

first stage unless yal = ym, so the procedure will be 

described for an intermediate stage in order to avoid 

tedious detail, 

4. never occurred in an actual calculation. 
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integration continued unless F(y) became negative 

at the right hand end of some sub-interval (in which 

case a routine was entered in order to determine ye  

and all other relevant end values).' If F(y) was 

positive at the left hand end of a sub-interval.which 

contained y", then the right hand end of that sub-

interval was made y"'. If F(y"') was also positive, 

then (5.31) and (5.33) were used to interpolate V and 

The base points y and 2(y'" +y') were used for 

(5.31) and (5.33), the additional base point for (5.3.3) 

being y'. (In this way F(y), could be evaluated by a 

routine based on the primitive functions for the 

interpolated integrands for any reasonable y between 

y" and yl). F(y)' was evaluated .for y 	y1,y2... 

where these were generated by: 

yi  = (Yul +YI )i' Y2 = (Y1.4*Y1 );: Y3 = YY2471 ), etc. 

(until a value y 'was found such that Pcy) < 0, when 

ye  was determined by a root finding routine, and all 

other relevant variables were calculated). 
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The widths of the successive sub—intervals 

k1, k2, k3, etc. were determined by a rather crude 

procedure based on the second differences of the 

function V(h.ly) as follows: 

i) A small positive number e' and a positive 

integer R were specified. 

2) A trial number k = 0.02 (y'-ya) was calculated. 

3) k was used as a trial interval width, V being 

calculated at the left hand end: V1, at the mid-point: V2, 

and at the right hand end: V3., 

V1-2V2+V3 	e' 

then k was considered acceptable, a success was • 

counted, and calculation proceeded on this basis. 

Otherwise the success count was set to zero, k halved, 

V2 replaced V3, a new V2 was calculated and the test 

• repeated. After each step was calculated (i.e.. the 

contributions to t and t' evaluated etc.) the success 

,count was compared with R. If it was less than R, 

k was used unchanged as the trial width for the next 

If V1+4V2+V3 
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interval. Otherwise 2 k was used. (Thus if auc—, 

cessive steps were successful after the first few, 

the interval width would be doUbled at every step). 

For values of e' from 0.002 to 0.01, ten to 

twenty five steps were required per stage for yal = 0 

and 	up .to 0.999. The results for a one stage 

reactor were checked by the perturbation method des— • 

cribed in Chapter VI and found to be in excellent 

agreement for e' = 0.01 and 0.002. 

The above method has the advantage that it is 

a one parameter method in the sense that the accuracy 

is determined (principally) by e': the step adjust—

ment criterion however is best suited to the inter—

polation methods used in the latter part of the,inter—

grationinverval. ) is linear in y then 

the interpolation is exact).. For the 1st set of 

parameters in table 1.1 however, a considerable con—

tribution to the integrals.t and t' is made during 

the former part of the integration interval for low 

values of h , so a two parameter modification of' a1 
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the above method was used in which the steplength 

changing criterion during the Simpson's rule inte-

gration)  was based on e, the largest of two numbers 

calculated at each trial step. One of these numbers 

was the modulus of ratio of the estimated2 truncation 

error to the estimated contribution to t, and the 
other' the corresponding number for t'. A small number 

e" was assigned, and if:: 

-5 < e'V32 

then the step was considered successful and the pro-

posed step length for the next step was made twice 

that for the current step. If e" <--6 the step was 

considered unsuccessful and repeated with halved step 

length, while for 3=-2  < e < e it was considered suc— 

cessful 	

- 

and the proposed step length for the next 

step remained the same as for the current step. 

1. In the latter part of the integration interval 

the interpolation method was used. 

2. The Merson estimate, (Ref.8) was used: for an 

integral the Merson method degenerates to Simpson's 

rule (with an added point for error estimation). 
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A study was made to determine reasonable values 

for e', e" and other parameters such as the precision 

required in the determination of 	etc.1  In the 

worst case considered (1st set of reaction rate para-- 

meters, Ta  =550°K, Tm=300
oK, y, = 0, two stages) 

'1 

with e' = 0.001, and e" = 0.0001, and the tolerance2  

on y' = 0.000,000,001, all relevant numbers were cal-

culated with a precision of 1 part in 100,000 or 

better;: 58 and 33 steps being required in the first 

and second stages3.. (Even with the tolerances re-

laxed so that 15 and 9 steps were required for the 

first and second stages respectively, the largeStcor-

responding relative error was 1/200. 

On an I.O.T. Atlas with the above method 1,2, and 

3 stage reactors may be calculated for one value of h 
1 

in at most 1 second. Allowing for the difference in 

1. By reducing them successively until all relevant 
numbers (such as exit conversion, inlet temperature, 

stage flowrates, etc.) became constant. 

2. A tolerance on y' of 1 part in 1 million would pro-

bably have been adequate, but this tolerance was ob-
tainable easily on the I.C.T. Atlas anyway. 

3. These tolerances were used in "production runs:" 
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speeds of the computers used, this makes our method 

over 100 times as fast as the method described 

in (Ref.45) which is not surprisingl. 

1. See section on Forward vs. Backward method of 

calculation. 
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V. III 	of Calculations:: 

The M . 	.7 	relation for wirl, ya  = 0, and min e
N 	1 

all sets of reaction rate function (1.1) parameter's 

to be found in Table 1.1, was determined for in-

direct control, and for direct control 'with cold shot 

temperatures of both 300 and 600°K,.for various values 

of y 	from about 0.1 to about 0.99, and for 1,2,3,4 
eN  

and infinitely many 5tages.1 

M min' 

reactors 

y ,graph3 for the indirectly controlled 
eN 
aro presented in Chapter VII, together with 

the corresponding curves for U-tube and other indir-

ectly controlled reactors.2  

In the following three sections the results for 

the directly controlled reactors are dicussed. 

(i) The Mmin, Ye N  relations for Tm=600°K; "Cold shot 

too E3-71—degeneracy: 

In Fig. 5.11 the Mmin, ye  relations for the first 
N 

,set of reaction rate parameters are shOwn. The 

1. Except as noted later. 

2.. The corresponding optimal controls are discussed in 

sub-section (iii) below. 
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reduction in 	gained by using two stages in-

stead of one is seen to be modest at low outlet 

conversions but approximately a five fold volume 

reduction is possible for ye  = 0.9 whilst for con-

versions approaching the critical value represented 

by the point A, the improvemedt dwindles to zero; 

A of course corresponds to the "cold shot too. 

hot" degeneracy ,and occurs for an inlet temperature 

between 584 and 585°K, i.e. lower than the cold shot 

temperature. In this critical case the function F.  (y) 

has not the form shown in Fig.5.31-but that of 

Fig.5.10. Evidently in this case each of the two 

zeros of Fl(y)•;: yal or y" are equally good. 

It would appear that for all N=314,... degen-

eration also occurs at the point A in Fig.5.11, 

however, this'has not been confirmed numerically 

because (for various unimportant reasons) the pro- 

grammes used were workable for Ta < Tm only if N<2, l 
 

but were otherwise satisfactory, so the curves for 

N>2 in Fig. 5.11 terminate at points corresponding 

to Ta =- 600°K (the MT reactor in the variational 
1 
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case). 

The MT reactor (point B) requires only 7 % of 

the volume required by the corresponding optimal 

single stage reactor and approximately 40% of the 

volume required by the corresponding optimal four—

stage reactor.1 For yel ,  0.9, however, only about 

15% less volume is required for N = cn than for N=4 

and for lower conversions the reduction in volume de—

creases steadily. 

The Mmin' 7e relations for the second set of 
N 

rate parameters have the same form as those in Fig.5.11. 

Complete results for some selected values y are to 
eN 

be found in Tables 5.1, 5.2, and 5.3; the degeneracy 

occurs at an inlet temperature between 580 and 581°K 

and the critical outlet conversion is approximately 

97%. At yeN  = 0.9, the 4,3,2 and 1 stage reactors 

require. approximately 5, 12, 23 and 100 percent more 

volume respectively than the oo staged reactor,2 

and there is no yeN  for which the 4,3,2,1 staged 

1. Not shown in.Fig. 5.11 so as to prevent crowding:: 

see also Table 5.3. 	• 
2. These figures were obtained graphically and have an 

estimated relative precision of + 20%. 
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reactors compare much less favourably with the per-

fectly controlled reactor. 

Results for the third set of reaction rate fun-

ction parameters may also be found in Tables 5.1 to 

5.3. Because the effect of N was not very marked 

the N=co case was not investigated. At ykL3:: 0.85 
N 

the ratio of 1 stage Mmin  to 4 stage Mmin  is maximum 

and is approximately 1.21. The corresponding 4 stage 

to 2 stage *maximum ratio is only about' about 1.06. 

ii) 	The Nmin, Ye N  relation for Tm  = 300°K. 

The 600°K cold shot Was selected especially to 

investigate the degeneracy. Cold shots used in-

dustrially are ordinarily so cold that this degeneracy 

cannot occur for practicable outlet conversions:. 300°K 

is a reasonable temperature for a water-scrubbed gas. 

The results are represented in Tables 5.1 to 5.3 

and the Mmin, yeN  curves in Figs. 5.12 to 5.14. 

Some curves have been cut short or omitted 

entirely to prevent crowding. For example, the perfor- 

1.. See footnote 2 on previous page. 
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mance of a three stage optimal reactor is so close to 

that of a four stage reactor, that even for y.,,,, 	0.98, -N  

for the first set of rate function parameters, it 

requires approximately 11°6 more volume, and for 

the second and.third sets approximately 6% and 2% 

respectively. For y = 0.98 and the second set of eN  

rate function parameters, 5°6 more volume is required 

when N = 4 than when N = a). The case N = a) was not 

investigated for the third sot of rate function para-

meters because its performance was not expected to 

differ significantly from that of the four stage re- 

actor: for y — 0.98 it turned out that the two . 
eN 

stage reactor required approximately 109/o more volume .  

than the four stage reactor. 

It can be seen from the results presented that 

the volume '(or mass of catalyst) economy due to in-

creasing N is larger the smaller is N, (N>0) and is 

most significant for A'/A small (Al ik>1). It is 

hoped that those faced with designing a reactor in a 

hurry will find the relative orders of magnitude to 



— 162 — 

be of use. 

(iii) The optimal  controls. 

The case N = a), (yo=ym=0) is not of much in— 

terest because of the infinite initial temperature. 

The optimal inlet temperatures as functions of 

ye for a one stage reactor are represented in Fig. 5.15. 
1  

For given ye, the optimal inlet temperatures are uni— 

formly higher the higher the activation energies: 

the optimal inlet temperature is a compromise between 

a high rate in the first part of the reactor cute  ag4.—a con— 

sequenof a low rate in the last part, and vice—versa, 

so the effect. is intuitively reasonable. 

As may be observed by considering Tables 5.1 to 

5.6, for each set of rate parameters, and for every 

given ye the optimal inlet temperatures are in— N 

creasing functions of the number of stages, as one 

would expect: for all'values of N studied the 

variation' of optimal inlet temperature with reaction' 

rate parameters was of the same qUalitative form as ' 

for N=1. 

The distribution of volume between' the stages 
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is also to be found in Tables 5.1-6. In table 5.1, 

w1t1/i 	the fraction of the total volume in stage 1. 

This figure is of importance because it is in gen-

eral fixed at the design stage and cannot be altered 

easily afterwards:: it is interesting to note that 

(with the exception of the cases where Ta is close 
1 

to the degeneration temperature when it evidently. 

cannot be of much importance anyway), the figure1  is 

fairly constant;' 0.125-0.245. In Tables 5.2-3 and 

5.5-6 the same type of distributional invariance may 

be noted for the three and four stage reactors. This 

relative invariance has been noticed before for indir:-

ect control: it does not follow that the effects of 

maldistribution of volume can be well compensated by 

adjustment of the remaining free variables (although 

this would seem likely) and in fact this subject is 

treated theoretically later on. 

The optimal trajectories in the yT plane may 

easily be constructed from the information presented 

in Tables 5.1 to 5.6. 

1. Slightly more variable for indirect control. 
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V.IV Consideration of Preheating cost. 

Suppose that the cost of preheating is allowed 

for by minimizing not II (equation 5.1) but 

K = M + F (wi,h1) 

where F is an arbitrary (well behaved) function. 

Then the same type of argument given at the beginning' 

of the chapter may be used to obtain the modifications 

to equations (5.16) and (5.16a) required: (it is 

obvious that equations 5.17 still hold). 

Also, evidently for i niether 1 nor 

aK _ am 

5Fai 

whereas for i=1, using equation (5.11): 

aK = am 	3F 	aF 	
wN 1N 	vi  

h1 - hm ahl 	ahl --a7l awl 	El 17-71; 

If.we note that the underlined term depends on 

variables for the Nth stage only if N=1, it is clear 

that the calculation may prodeed in the forward dir-

ection without essential modification. The alteration 
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to equations (5.23) and (5.24) required being easy 

to find. It i,s worth pointing out however, that 

unless F(wh1) is linear in w1, the problem loses its 

reducibility, i.e. in order to start the calculation 

wl  and 11.1  have to be specified and the reactor will 

be optimal only for the ensuing ye  and wN . (The N 

reader will not fail to notice that the reactor with 

heat feedback considered in Ref. 41 can not be dis- 
+ 

missed so simply because F in addition to depending on 

wi  and hl  would depend on hN  and ye N). 

V.V.. Transformation of Optimum Condition Equations:: 
Taq Interation Variable. 

If the function y(T,h) is given explicitly but 

is not easily invertible to get T(y,h) it would be 

worthwhile to. set up the equations with T as independent 

variable so that y(T,h) does not have to be inverted 

every time the rate v(y,T) is calculated. 

It is sufficient to transform (5.1), (5.13) and 

(5.14), writing; . 	• 

Y = Y(119 T) YT- (ff)h Yh = (H)T 	(5.34) 

V(y,h) = v(y(h,T),T) . 	(5.35) 
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so that; 

aV _ av(aT) 	= 
- 737 	y  

_ 37.11 av 
yT 

('5•36) 

and 	t. 
Te  

yTdT 

1757). 
T  

t 

Te. 

_ 

Tai 

av 
Y • 7371 

v2(y, T) 
dT (5.37) 

where the last integrals are evaluated over the.path. 

y=y(hi,T). And M is as before; 

M => 	t_ w. (5•38Y 
.i=1 

(Alternatively the 'quivalent equations obtained from 

equations A5.14, A5.15, and A5.16 by setting their 

left hand side equal to zero may be used)..1  

In the indirectly controlled case (5.17a) could 

be replaced by; v(y 
ai+1 

T 	) = e. 	(5.17b) ai+1  

this equation could be solved fox; Tand hi+1 a 	, i+1  

found by solving y 
ai+1 = 5r(hi+1' Ta. ). +1 

1. See Appendix. 
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In the directly controlled case several inver-

sions of the function y(h,T) to find T would be required 

in order to solve (5.2), (5.4), and (5.17) simultan-

eously by guessing only one quantity, (such as 
ya.  ). If Ta. 	andhi+1 are both guessed, then 
1+1 	1+1 

no inversion would be required. 

i!VI.Otimumcondi ureRestrints. 

(i) General case; T must satisfy; 

T < T T 1 - 	- 2 

The optimum condition equations 5.17 and 5.24 may still 
be used provided that the rate expression is suitably 

modified so that the rate is made < 0 if 5.39 is 

violated but otherwise unchanged. Suppose for 

example. that v(y,T) is replaced by i.(y,T) defined 

by: 

v(y,T). exp(- K.2(T-Ti)2). for T<-  1 T' 

17(y,T).=- 	v(y,T), 	for Ti < T < T2 	 (5.40) 

v(y,T). exp(- K2(T-21 )2). for T > T' 	• 2, 

where Ti and T2 are suitably close to T1 and T2 res-

pectively and K is suitably large, then the basic 

(5.39) 
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algorithm given above should work satisfactorily 

provided the initial choice of hl 
doesn't imply.  the 

violation of (5.39). 

('ii) Only  maximum temperature limited;: 

T must satisfy : T < T2 	C5.41) 

One may proceed as above, with Ti = 0. Alter-

natively the problem may be foulated in terms of a 

set of free variables fT
el2  e 

T 	T 	, since the 
2 	eN  

highest (fluid) temperature in each stage must occur 

at the end1. If we choose the set: 

S4 • 	• el' 	 Te  1  hl 	and write: 

W(T 	T 	hl 	h1,1-1 )el 	er/ 
	111(hi 	y 

a2 	aN- 
(5.42) 

then (it is shown in the appendix that):,  

1 	1 
aT 	
. 	- 	 , j=1, 2 ... Y-1 ; C5.43) 

ej wjYT 	v  ej 	aj+1  

%,\,/ 	7-(e.,1) 	 -am 4.  r , c vd  (N,-  Jet,..) 	1 	1 
-61;,,, 	a(e,,) 	fvo 	x • - NI/ --ri (r L.,_ ru  _ 	,) (ve 	v..  (5./1/1 ) 

	

14- 	N-I 	j} 
M4 = 

wi /61/e7 Mil X 4(,e)  L: 
 
71-t1) -agi 	J 	J+1 	 -a 11 

/J.- 1. 	 .Yetn .  Vi....g ) } + -s-g-,-. 5 3 
IN/ (5.45) -Flyt  	o_ A4, - ri,„,, iv 	ii 	J ..1 Vj 	1 -4 

1. We exclude systems where the mixing is so strongly 
non ideal that although AH is negative ,ah is positive. 

kaY)T 



- 169 - 

We will also use the relationl:. 

a m 
aha . 

w.;  
F (y ) 	j / N 

	

h -h. 	j e. 

	

m a 	0 
( 5.46 ) 

Modifications which may be made to basic algorithm to 

take (5..41) into account: 

We will consider only case (i), i.e. yal = ym. 

As before, hl  is guessed and the first stage is cal-

culated, F1(y1) being evaluated for ,increasing y1, 

until either it becomes zero, or T reaches T2. In 

the former case, the following relation must be . 

satisfied: 

aW = 0 77
el  

so that the starting conditions for.the next.stage may 

be obtained as before, so that (for N > 2), F2(y) 

will have one trivial zero for y = ya2 
and one other. 

In the latter case we must have
2 

aW 0, i.e. : v 	< v 
el 	a2 	el  

and a w ;77 	0, so that the starting rate for hl  

1. See (5.16) and (5.23). 

2.. equality occurring if the nontrivial zero of Fi(yi) 
occurs at T=T

2' 
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the next stage may be found by solving 5.47 (for j=1 

F(ve) )0e(t) 	 
khz: 	+ 	V°644 

J 	Filly 
	) 

 

,T2) = 0 

For j=1, the Va2 obtained from (5.47)' will automatically 

be less than Vel as required by the temperature restraint.. 

For other values of j, V, 	may not be less than (or ,J+1  

equal to) V,
' 
 and so'should be tested. (If Va  

j+1 
satisfying (5.47) exceeds Ve then there is no N stage 

optimal reactor for the h1 chosen). It follows that for 

an optimal reactor, if the jth stage (j+l<N) terminates 

at a temperature restrainti,then Va 	< Ve , so that j+1 
) < 0. Thus Fj4.1(y) will have two roots, 

u't —j+1 
andthe one for the smallest y (being in the + region 

of fig. 5.2) should be ignored. 

The last stage should terminate either at T=T2  

W a or when a-- is zero. It is easy to show that 1-V/  T 	 aT er 	 e 
Er may have twb zeros along the line h = 

If T is to be used as an integration variable 

1. Where F.(y.) is not simultaneously zero. 

(5.47) 
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then the above equations can easily be transformed 

(as above); alternatively an algorithm based on the 

equations A 5.14, A 5.15, and A 5.16, could be devised. 

V.VII.Equations for linear enthalpy relation. 

If equation (2.22) holds accurately, then the 

above equations will remain true if all variables hj  

are replaced by Gj  (equation 2.23) and all V(y,h) by 

tgy,49) (see 2.28, 2.29). 

If we put yal = ym' then for N=2 we obtain Horn's 

equations, whilst for ym = 0 we obtain Konoki's. (Refs. 

LIO and 64). 

V.VIII. Sufficient Conditions For a Llinimum:. Sensitivity 

of Minimum: 

(i) Sufficient Conditions 

To confirm that a calculated stationary point in 

fact corresponds to a minimum one may consider the 

matrix H1 of second derivatives of M with respect to 

the set S.1 = 	y
a2 

• • • y 	h
1 	hN3 ••• 	and verify 

aN 
that it is positive definite. 

For indirect control it is eleMentary to show 
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that the elements of H1 are given by
1v 

...a  2. m 	.... I 	-21V Q ;, t  s, _ ) Vet.- 1 
( %ve,,,:b&J  Vatt.  jal  ayc.:1 

—az M =  i i We, -Wei__ ,
i  
) 

Csi ar3c0i, 	Va. 	7?'4'' k •  J 

a2  M . — g Iv  Ls je,i  
gr ,- 	. 0  

	

t 	
1. 

ct, bl  . 1 tzli) GlAg. urgen,2, 	j = j  0 zY4 	 - - 
J 	J 

Jo.. ...; 
If the variables are ordered 1111, ya2, h2, Ya3 

• • • Yale hri 

(5.49) 

(and the matrix correspondingly), then it may be seen 

from (5.49) that H1  is tridiagonal, but it is not easy 

to see under what conditions it is positive definite 

(for realistic rate functions). 

The elements of H1  may be evaluated numericallynumerically;:a 

method similar to the one mentioned above for deter- 

mining 

 

tj  and t'j  may be used for t'J.. 

If H1  is written: 

d e 
eldle 1 2 e,2  d3  e 3 

• • 
• ' n-1 en-1 

en-1 do 

1. These relations hold only for stationary points.. 

H1  = 



-173— 

('where n = 2N-l) then it is well known that the 

determinants Li, 62  ... 	 from H1  by 

taking the first row and column, first and second rows 

and,  columns, etc. satisfy the relations: 

= dl 

bk'2 = d2L1-e.f 

L3  = d3/32-e2ti 
.••••• 	 4.11.101. IMM•M• 

LIK 	L K."..  1 eI2C-14 -2 
..1•••••••• 

Lft = dA_1-eg_lbh-2 

The elements of H1 
would be calculated either from 

1 to n or from n to 1. In order to test for positive 

definiteness, it is therefore sufficient to carry over 

(at most) four quantities from the end of one stage to 

the beginning of the next. 

For the directly controlled case the matrix 111  is 

more complicated, being a five band matrix with the 

last row and column filled (i.e. not identically zero),. 

The second derivatives with respect to hi  and h (when 

they are not zero) are extremely complicated. 

(ii) Sensitivity problems:. Statements: 

Knowing H1  enables sensitivity calculations to be 

made easily;' i.e. the question "how sensitive is the 
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optimum M to variations of members of the set Si?" is 

easily answered. These questions are however relatively 

unimportant. An important sensitivity problem arises . 

as follows:. 

Based on a given reaction rate expression an op-

timal N stage reactor is designed, the optimum cata-

lyst distribution being calculated, as well as the 

optimum enthalpies for each stage. When the reactor 

is fabricated provision is made for the adjustment of 

the hi  but not for the redistribution of catalyst, so 

that errors in the calculated optiMal values of: hi 

(arising from the inaccurate reaction rate expression)' 

can be compensated' for, but errors in the catalyst 

ratios 
mllm2 *.* mN cannot. One wants to know how 

serious this is. 

To fix ideas suppose that we know the true data, 

but the person who computes the optimal reactor works 

with (slightly) inaccurate data. Let us consider the 

maximization of yf  problem. For the given amount of 

catalyst we know that the corresponding yf  max is A 

in Fig. 5.5. Because of errors the actual point will 
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be B, rising to C when the hi  have been readjusted. 

C will be below A in general because the catalyst 

distribution will be wrong. How is the distance AC 

related to these errors? 

We begin by stating the optimization problem in 

different terms, choosing the set of variables:. 

S2  = fhi, 	hN,  n1, m2°  mN3 

and trying to find the values corresponding to the 

max y for given M ml  + m2 	+ mN  and w y 
eN 	 N' '1' 

yM and hm. To specify the distribution we introduce 

new variables 	such that: 

K=N  

mi  = 	 riK ' 
K=1 

* 4E7 N 

("5.50) 

where the P. 11  form a constant orthonormal matrix 3. 

P = II FiK 	• so that the problem+  is transformed 

Such a matrix may be constructed by starting with the 

last column:N 4  {l, 1, 	, 11 and working back 

according to the Schmidt procedure. 
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into an unconstrained maximization with variables 

S
3 

= 	hl  • • • hN, 1111 "' lirN-1} . [Changing *lc  (K 'N) 

by I will make the corresponding image in m space move 

unit distance in the hyperplanetnai  = M. Changing 

another 11,K  (K'N) will make the image move in an 

orthogonal direction (again in the hyperplaneEmi=M), 

while changing 11/N  will make the image move normal to 

the hyperplane]. 

We may specify distance and direction in the 

above hyperplane from the point corresponding to A 

in Fig. 5.5, and ask for the change in yf  if the 

variables hl, h2 	hN  are simultaneously adjusted 

so as to maximize yf  for the new values ml, m2  ... mN, 

i.e. ask for the distance AC in Fig. 5.5. We may 

specify a small distance and ask for the direction in 

the hyperplane which gives rise to the largest change 

in yf  max (when the hi  are again adjusted so as to 

make yf  maximum for the new values of m) ,etc. 

Methods for treating these problems will be dis-

cussed in the following section: 
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Solution of sensitivity problems in terms of matrix H2  

It will be assumed that H2, the matrix of second 

derivatives of ye with respect to the members of the N  

set S2 (evaluated at the overall optimum) is known: 

methods of finding 142  will be discuaged later. Let 

the variables be so ordered that H2 may be partitioned 

into four submatrices A11, Al2, A21, A22, as shown: 

  

'2Ye.  

am 	a m3  

   

a2yex 

ami  ahia  

 

A11 

 

Al2  = 

  

     

        

        

        

        

H2 

- 
a2yeN  11 

A21 = 	ah. am. I 	A22  
a aye N  .11  

(5.51) 

Suppose also that at the optimum point the 

elements. of a (column) vector M are evaluated: MI  

= 

aye  

ami  (5.52) 

  

   

Then we may expand yeN in a Taylor series about the 

optimum point (where its value is y), ignoring third eN  
and higher order terms and letting 0, 	be (column) 
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vectors with elements ghi, 5mi respectively: 

e = fghi ) ;I = [Smo 
	

(5.52a) 

2  
j_ 	

A 7_ PO 
0T 

A

]  [1411 11:4i 
(5.53) ] 

where the superscript T denotes transposition. If 

we make use of the relation A12  = A21, we may write 

(5.53): 

_ ,M 	ETI 	eAlli 4.  1.T 
JeN 	4eN 	-00 [2A211.  + A229fl;(5.54) 

we wish to find d as a function of I such that ye  

is conditionally maximum. 

By differentiating and setting to zero we obtain; 

= - A221 A21 / 	(5.55) 

which can be seen to be the required relation by 

putting: 

= - A22A1  2 l/ E 	 (5.56) 

into (5.54), when we obtain; 

	

yeN  - y eN = ET  A22  E + K 
	

(5.57) 

where K is independent of E (and ET). Now A is 

N 
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necessarily negative definite so it follows that y
eN  

is maximised by E=0. Putting the optimal expression 

for 0' into (5.54) we get the conditional maximum,7
eN  

• 

YeN  = 31N  1/T/ 1 IT [All —Al2 A22 A2131; 
	

(5.58) 

If j is a column vector whose elements are girK  

X= [E*K] • • • 	('5.59) 

then, using (5.50): 

f PX  = 	 (5.60) 

Putting this into (5.58), we get: 
N 

where the uhderlined term is all that remains of 

BTPX(because y3E.. is a maximum with respect to free 
'N 

variations of the first N—i of the *O.. 

IfxN  = 0, then 5.61 gives us points on the 

line ABC, in Fig. 5.5, for various 1. The direction 

of greatest sensitivity (in the hyperplane mi+m2...+meM) 

is that of the eigenvector with largest eigenvalue of 

Ye = N glfN 	 
L  

P. T3  . 4.  2.;TpTr 
l'i=1  1N 	21" All—A  12AV2A2131114  

(5.61) 
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the matrix obtained bey deleting the last row and 

column of the matrix:. 

PT[A11 - A12A221  A21]P 
	

(5.62) 

By allowing ;(3  to vary as well one gets points 

in a little semicircle around A in Fig. 5.5, so the 
analysis can therefore be extended to cover for example 

the case where M and yf  are fixed and wN  is to be 

maximised conditionally. 

Optimum Condition Equations based on Slas variables: 

Solution of sensitivity problem when H2  is unknown. 

If yet, is expressed as a function of the variables 

of the set S2  =- fhl  ... hill  ml  ... miil then the 

conditions that the first derivatives with respect to 

theha  . should vanish1  arel 

%it.: - (K..4:r1n)ft•Ve. 
J 	 J 	J 	

J 	.1   -I- ti.... — tinij = 0 ',..) 

(Va;  —,714 — El ) Ve '  

\drov 

fe7r  i N 
14-1  

VeN t iN 	ciT Victi7TVeCtigi  = 0 	(5.63b) 

1. See appendix for derivation. 

(5.63a) 
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Equations (5.63a) for j / 1 in general have a trivial 

root at y,. = ya.  and one other root: (this is also 
'1 

true for i=1 if yal = ym). Equation (5.63b) may have, 

no roots, one or two roots. [If y is to be a maximum 
eN 

withrespecttovariationsofthem.(constrained by 

1F1231  = 0) then equations (5.17) must be satisfied as 

well. Equations (5.63a) together with (5.17) imply 

(5.18), and (5.63b) together with (5.17) imply (5.21)]. 

To investigate the sensitivity near the point A 

(Figs. 5.5 and 5.6) we may proceed as follows. 

We first find a segment of the line O'in h space 

(Fig. 5.7)which corresponds to points on the (? M) (ye 

curve:0 Fig. 5.6, in the neighbourhood of A. Here we 

construct a set of n-1 mutually orthogonal lines'  

0'1'  02, etc. which are orthogonal to the direction 

of 0' at A', and choose first a few suitable points 

on 	 ' 0'1  say. We then find the corresponding points in 

the space of mi  by solving equations (5.63) (if this 

is possible) and also the corresponding points in the 

yoliplane. In this way the mapping. of the lines 0i, 02, 

etc. onto the corresponding lines Oil  02  in Fig. 5.6 
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and 01  " 02' in Fig. 5.8 is determined. We require of 

course the mapping of points in Fig. 5.8 into Fig. 5.6' 

in order to solve this sensitivity problem; by this 

method points in each of these figures are generated 

simultaneously; the required mapping may be found by 

interpolation. 

It goes without saying that for large deviations 

from the line 0' in h space this method is superior to 

the one based on H2  giv;en above. For small deviations 

the H2 method has the strong advantage that one can find 

the mapping from the m space to the b space without any 

of the difficulty that one would evidently have with this 

method (especially if N is large) - that is if the labour 

involved in determining H2  is discounted. 

Solution of sensitivity problem: special method for 
indirect control 

We make use of the piecewise optimality of the1 

trajectories. Suppose the basic problem has been solved 

for a one stage reactor for a large number of values 

1. See page l44 of this chapter. Alternatively, put 

hm = - o) in 5.63a. 



of the parameter y , resulting in a family of curves 
al 

such as those in Fig. 5.9., curves Cl, C2, ... C6. 

Suppose we wish to know ye  with ml, m2P m3  given,  
3 

as shown in fig., for ya  = 0. It is sufficient to 
1 

find the point corresponding to ml  on C1, hence ye  r 
1 

interpolate the curve between"C2  and C3  (C7:. broken 

line)) find on it the pointcorrespondihg to m2r 
'2 

and hence, finally ye  . (That this method is explained 
3 

in geometrical terms should not be taken to imply 
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that a paper and pencil construction is recommended: 

corresponding numerical techniques may be devised to 

suit the nature of the relations represented by. Cl, 

C2  ... C6  in particular cases). 

Determination of the matrix H2 

(i) Indirect Control 

Expressions for the elements of the matrix H2  

may be determined by first finding the derivatives of 

the "eliminated variables" with respect to the members 

of the set S2, and using these to find the second. 

derivatives by total differentiation. Although 

straightforward, this procedure would be extremely 
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tedious. Even in the indirectly cooled case, much 

labotir is involved, and the following procedure is 

less troublesome;: 

Foi. the ith stage we have; 

Ye  

ti  = VdrY,Tii) 
Ya  

so that ti  may be considered formally as a function of 

ye  , ya,  and hi: 

= L.(Y 	Yai, h.Y 	(5.64) tiei  ai  

Let us drop the suffix for the moment. The sets 

of first and second derivatives of L with respect to 

its arguments may easily be obtained and used to get 

the corresponding sets of 1st. and second derivatives 

of: 

Ye = F(113PYa) 
	

(5.65) 
With respect to,its arguments using implicit 

differentiation, using also the relations 

a2 	aL . 0  
ahi  ahi  

( which hold for a maximum minit 	xia). to simplify the 

expressions. 



(5.60' 

a2.F
et" Thr 
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We obtain: 

aF _ 	aF 	VeaF 
- Ve  3  aa 	a = 7- ;. aE  = vet' 

Z7f" _ v 	. 	Ve 
5--t?" 

F 	Ve 	_ Ve 

	

) 	V2,2-  

a.F1 aVe  Ve  oil 

rye_  Ta 	- Va TE- 

(See also (5.49) 

Next, the stages are connected together, writing: 

Jen/ FN 	tN 7 c'''N) 
FN (c3tN3 FN-1(k-1tN-OFN-z(  

	ga ,t2.7 &-(g,,,t„34). • 
,d) (5.67) 

That is to say ye N, is implicitly a function of 

	

h1,h 	hN, t1,t2 	t (y will be considered 2' 	4q,   	17, 	aI 
a constant). If we then write:: 

y 	= y ,(h_ 	hN, t1 	tN)' 	(5.68) ye  ye  

we may express the first and second derivatives of 

(5.68) in terms of the quantities in (5.66). We 

note that: 

i=N 	 i=N 
N _ 	"i 1' 

a ye N . aF_ 
TT 	OE.  2" (5.69 

	

aye 	aF 

	

p 	P i=p+1 aY . 

	

al 	iFip+1 	ai  

	

TT--  at 	ahp a 	ay 

and in particular that by interchanging t and h in one 

of these equations, the other is obtained. 



ST-1 

I 

(5.71) 

Similarly for 

L=N  

z'ye,„ Jai 
-at —at 

3 I' P  
1,=pr-t 

q > p: 

-a 
ay,7, 

aFL  

-1-=1 (5.72) 

Ser=i 

r= 
-aL F 

al,Yetp+i- 
F;+-r  

-?°,Jalrhfr 
-r= I 

=N 

L=p+1 

Ttz va—ff.).  
ro 

a=f3 

1.112econvention ? .4  =a, a= 
 1= [(11=1 for fiku is used 

i=a- 
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By differentiating the first of (5.69) with 

we obtain: 
1-=N-q. 

%.tti- 
-..°Lq--t-r•  

	-33Q-1.44- 
f 

respect to tq  EOR_g_>_p, 

a2-F 

I 
 P 	

tp 	 'ZItt 
clep.44 	-a301, 

T(5.70) willl  give the WRONG result if q p). If 

q < p the corresponding derivatives may be found by 

interchanging,p and q on the right hand side of 5.70)]. 

If p=q; 

here as elsewhere. 
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The corresponding formulae for p<q may be obtained 

by simultaneous interchange of h and t on both 

sides of (5.72). 

FOr p=q, we get:' 

L=N -r=ti-p 
v-Fs=l+I''' ......4.__

ti
44- 

"tiF,: 	--a2-F  + a  _E.)f. 	--aca4- 	-a-Fs.  

	

'Jci-i. -ag a 	,-tp -ak 	?F;+-r 	..7,,.s  
1) 	P 	13 	2) Li _ 	 ..,0..b pr  srpf 1 r= f 	I 

WO,  

 

   

     

    

('5.73) 

       

  

• = 

    

       

a2ye.n.  

Finally alipahq  may be obtained from (5.70) or (5.71) 

by interchanging h and t on both sides. 

In this way, (if one notes that m.=wti  where w 

is constant) it is easy to see how to get the elements 

of H2. For a two stage reactor the expressions are 

quite simple, and are given in the following table , 

(the corresponding variables from the set S2  have been 

written across the top and down the left hand side for 

convenience): 



then for 
yet 

to be a 

tions of hl, h2,  ml,  

maximum with respect to varia- • 

m2' 
(the latter constrained' by; 
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Elements of H2 
for a two stage reactor with indirect 

intercooling. 

m1  
m2 h1 

h
2 

ml Vex c?`Ve•4_14%___WeLa Vet -)Vei. 
1 	Ve.2... 	4i  1 (!ysx_y. 5:6 11 

3 zag 	v A 2. 	4  2 	2. 0 ay 	=by 	j  ) L.51 	--a j 	- u3  lc V; 

m2 
Vey -2A/e2. 0 

I 	.. Ve 2_ 

w 1,L 0 a6  

h 1 ' 
If 

V a
2 	V 

0 

h2 

• 
, V 

 
elt 2  

(The elements below the principal diagonal may be 

found by symmetry, of course). 

If Am  is  the matrix: 

1 0 0 
-1 0 0 
'0 1 0 
0 0 1 

the matrix H2 
 = AKT H2A

m must 
• 

It is easy to verify from the 

1111 + m2 = constant), 
be negative definite. 
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relations given that H2 is negative definite if and 

only if the corresponding matrix H1  is positive de_ 

finite. 

11.1 Direct  Control. 

The reader will appreciate that some of the 

elements of the matrix H2 in this case will be ex-

ceptionally complicated - so much so in fact that even 

having derived them, the problem of checking that a 

computer had been programmed correctly to evaluate 

them would be far from trivial. • 

Some progress is being made towards computer 

differentiation, (not numerical differentiation), 

i.e. the computer uses the rules for differentiating 

'elementary functions together with routines for 

calculating these functions to compute complex deri-

vatives. There are many difficulties still to be 

overcome (such as programming the machine to cancel 

terms, etc.). (Ref. 75). 

Such a method might be applied in this case. 
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Appendix to Chapter V 
Part I. 

a w 	a w Derivation of -Fr; ya.  a.. 

5.44, 5.45) 	i 

Proof of equations (5.43, 

5 
By definition: 	 i=N  

W=W( Tel, Tel  ...T
eN

, hi, h2  GOO h
N-1

)    3..3.  ) t.w. ; 
i=1 

( A5.1) 

Y(119T); YT = (ii)h 	Yh = ( 
Tei_ 

t, " 

cl:r 	
t = 	

-Li- 2- 
dr",  --aTar.  ccr  

7-) 
Tai 	

f 	
; (5.37) 

1_ 
aG (where the integrals are taken over the path y=y(hi,T)). 

It will be convenient to define in addition:: 

YT  r(b.,,T) 	v(y(b.,T) (A5.2a) 

( 5 34) 

and Te. 

Li 	
s 

= 	[02 h= 
hi  

1.dT a h. j 
Ta. 

(A5.2b) 

We will require: 
d_fi A,Lk); •  Lo. . Ya.;  . lei 
61.7eN  3  517 2  aTl, 

• 2171. 
9 -ret. 

• 
7  aTez  

• 
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Note that hN  is determined by Te  alone, there being 
N 

only one b.N. which will allow yob  to satisfy its 
"N 

boundary condition for each T. It follows thatr 

dhN 	YT(eN) 
dTeN 	37177D 

We recall that; 

.0;  w.+1 
wj 	hj#1 h 

h.-h 

	

 	) f m 

hN-h m 

j=1, 2 ...N-1 ;: 

(A5.3) 

5.2 

2 	... N-1 ;. 5.3 

2 	... N-1 r 5.4 

W . = W N j=1, 

and. —az-t- wi  
Ye4-Ym 

= 	j=1, 
Ya  -Yi 
j+1 

Differentiating (5.3) with respect to hi, (i"N) and 

using 5.3 again: 

wi gij 
J 

(A5.4) 
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Differentiating (5.3) with respect to hN, and using 

A5.3; 
aw. 	wN 	vT  (eN  ) 	 . 

r 
-  

h.-h • y (e ) • S'iN 	j°;' ei 	a m 	h N 

aYa 
In calculating -35711  , we note that changing hi  (the 

' 
remaining hi  and T

ej being kept constant) affects 

(of the ya.) only y, (except for i=1 when it is fixed 

by the boundary condition), and ya  . We will derive 

aYa4  
first 37.= , i'l; noting that 3c.. 	is fixed because 

'"1 	%-1 
Te. 	and 	are fixed, and 	is also fixed, we hi-1 	wi-1 1-1 
put j=i-1 in (5.4), and differentiate with respect 

to w. 1°' 
dy 	= - (ye. 	 y ) w1. . 

	

ai 	1 m -1 

	

-1 	w2. 1 

so that with (A5.4) for i= j, and using (5.2) for 

j=i-1, aya 
Ye -Ym i-1  r ill 	(A5.6) 

	

ah. 	i h -h 

	

1 	-1 m 

aYe„‘. 

	

From (5.34) : TE1-11  = 	Yh(ej) 	(A5.7 

(A5.5) 

dw. 
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aYai+1 We can use this to derive 	Rearranging ah 
(5.4) and varying,y, and y 1 	ai+1  

. dye  4- (ye  -ym>dwi  wi+1 	w1 e. 1 

Hence, using (A5.4) and (A5.7) for i= j, we getr 

aYai+
hi 
 1 

wi+1 	1 in 

wi 	 yep.-Ym wi .L.   
a 	 Yh(ei)  - 7.7-Ii • 7i+1   r 

which can be put together with (A5.6) resulting inr 

Ck5 

 

kti K ,iA5e0 — L-14 
%n.)  (A5.9) 

 

 

 

aTa. 

	

To derive 
a 
	 , we note as above that we need only . hi 

consider j=i and j=i+1. From (A5.8) we obtain: 

) (e1  

aTa
1.+1 _ 	Ye.-Ym w 

. a 	
1 

7.7-(77--) 	Y  h 	h. _h 	V7 

	

hi 	T 1+1 	 i M 	iti 

For j=i, we may proceed in the same way, using 

(A5.6) (except for the underlined term which must be 

added): 



Putting these last two equations together: 

{s: 	• ( yet)._ 	 t21  
.4.12„ 

} 
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aTai 	(1—) (Yei-1 Ym) 	y
h 
 (a.) 

731r YT(ai)  • hi-l-hm 	YT57  
CA5.10X 

    

(A5.11) 

If Te. is varied, itN, then ye. changes as well, 1 	1 
and consequently 5r. . , so that from (5.4), we get: 

'1+1 

ayai+1 	yT  (e. 1)w. 
aTe 	wi+1 

i'N 

hence 

1+'1} YT(ai+1 
 wi 	

"), 

aTa. 	YT(ai) 1+1 	iN aT 

so that: 

aT 
!A 	wi YT(ei)  

aT
e1 . 

= 	 1+1 j* YT( aj 
r  i/N is 	(A5.12) 

If i=N, varying Te  varies hN, which in turn varies 

ya  , so, using (A5.10) and (A5.3); 

Si 



i/N 	(A5.15) 
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a T aN 	yT(eN) (14 ) (Y
aN-1 	Yh 

-Ym) 	( 
aN 

 ) 
- 	yh(eN) 7T(aN)-‘

3r 
 (hN-1-11m) 	yT(aN) eN  

(A5.13) 

Using relations (5.37), (A5.1), (A5.2), (A5.4), (A5.11), 

we may therefore write: 
wrAc "k17;4,4 

"' 17=7-7. 797.-F-TT  

"Yro-0 	47711 
(r-51E,X 	.-Y7n) 	

yet- 

And, using relations (5.37), (A5.1), (A5.2a), .(A5.12), 

(A5.5); for i'N 

e. - wiYT(ai)  
{-1 	1 

ve. va. 1+1 
aw 

Equation (5.43) is thus proven. 

SimilarlY: 4r,0-0 
oNVT(e)  

eN 	
J= I 

Zlreirsi 	t4 	't(e.A) 	 (1—  SIM) (3Trr JeN-1)  

kiv-r) 

In order to establish equatiohs 5.44 and 5.45 we 

first prove a simple lemma: 

(A5.16) 

(A5.14) 

Li Yh(ei)  711(ai) t! 
va. 

(A5.17) 

 

we will drop the suffix i in the proof: 



Te  

L' = 
Ta 

dv av 
v3Th T 	h dT ' a T 3rhi 

V2  
dT- 
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Note that: 
a r _ 

av 
v 7112 7T 37-la aY 

   

. 	a h 	 V2 

But 	
av

T u ET 
3v _ dv aT  where the total derivative is -- 

understood to be the limit of bu/AT'along the constant 

h reaction path. We may then use (A5.2b) and write: 

Integrating the 
Te 61.1,- 
VR,ca our 

middle term by parts: 
TeTe 

ire 
Ta.  Ta.  

hence 

C 

Te 

lift(e) 
— 
 NPL) 

//-2  aT - 

so that, using 5.37, the lemma follows. 

If we substitute the right hand side of (A5.17) 

for L'i  in (A5.14) and compare with (5.16), then using 

(5.2) and (5.4), (5.45) can be seen to be true. Simi—

larly; from (5.2), (5.4), (A5.16), (A5.17)' and (5.16)3 

(5.44) follows'. 

1. The convention 2E= ai = 0 for K <'j is used. 
i= j 
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Part II 

We will prove equations 5.63a and b and the 

assertion about their connection with equations 

(5.18), (5.21). 

The derivatives of ye  = PN(tx,hN,y ) with 
okb 	N 	aN 

respect to the vari4ales hl, h2 •.. ml, m2 • • • 
Dim  will be found, taking into account the following 

restraints: 

ye  - F;(t ,h' 	) 	0 ; j=1,2'... N-1 a
0  

m. 
tj _ 	= 0; j=1,2 	N • Iva  

wj 	-N h .
h-13  - 0; j=1,2 	N-1 1N
-h 

m 

(A5.19) 

w. (y -ym) w.(y y e 	m - ) = 0 ; j=1,2 	N-1 j 	. +1 aj+1  

To do this we will use Lagrange's method with multi - 

pliers j , 	r, 3,41' , and function T: 
N 

Z= FN. 	kN)Val%) 	 F1) 	 724-1-0 
4-1 	J:11 

C. 	Li) 	kis/ —  z_ dtd 
7's 

6471  N—I 

S i  ((J. 	jel 	 (A).11V e J41  

The multipliers may be determined by differentiating 

(A5.20) 



0 = 	+-Skwic  

E.:KAVe N  
= -v— 

aN  

c)=-1'N'eg 
ua)t-, 

Ve  
+-(1- SEN)Pic va  

K 
lj( —Sk ca-Tc4-61(1) -1-  (YeiTY70 Ski  *) 

k=i 22 • • ' , NH* 

;- K=1,2 ... N-1 r 	(A5.21) 

; K=2 	N (A5.22) 

(A5.23) 

wK 
mN 

VeK 
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Z partially with respect to the variables to be 

eliminated, i.e. yeK0  yaK, wK, and tK, and equating 

to zero. (In differentiating (A.50) we may make use 

of some of the relations 5.66), we obtain: 

0 = +- p' V_ (1- 	) - 	; K=1,2 	N gA5.24) 
" 'N 	K 'K 	KN 

These four sets of equations are easily solved, giving: 

j=N e  
SK  = 	v-1  ; A5.25; wN ' a. j=K+1 

j=N  

) 	1 { a4  
j=K+l 

wN 

1 j=N V 

j=K+1 aj K 	wK  
T-I 	 mK  Ye -Y 
	eK 

j=N  
wK I I Vf;11] 
"Fc 

j
i
=K

I
+1' aj 	

;(A5.26) 

V
eN 
	 ;(A5.27) 

Ve 
1- ST ) (Ya  -Ym)(1-&).7- ); 

aK 
(A5.28) 
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If Z is differentiated partially with respect to 

hK or mK and the above expressions for the multipliers 
are used, we obtain the desired a y 

-
p 
N m 

	

ahK 	Tii—  • 
+I "az-  E V f' 	) v Now: 	 KN 	ek Lk 

N-1  

+ CON K (N) 	(A.5.29)- 

j=t  

Using (A5.26) and (A5.28), it is easy to see that for 

KO, the above expression will vanish if and only if:: 

1  
Veictx  

(&,73,n)(1—Sik)Ve,  • 
V2.1( 	• 

+ jek  —J1,2,3=0  (A.5.30) 

Putting K=i we get 5.63a. 

Similarly, N_ i  

V tit 
eN N 	 

I=N  

(C .— 44 IVaj  
{ 	 v4. —1A3i7J4(1—sik-4, 

Equating to zero and using (A5.30) we get: 
	 CVe 

V t' + 	 I 1.17Av t' = 0 	(5.630 1. 0... 1+aaj oai  eN N 	3.   

For completeness we will also obtain the derivatives 



Ve N 
wN 
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with respect to mK  and consider the case EMi  

constant: 

a z 
amic  

• 
• • 

j=N Ve  
aZ . 1 	Ve  (1- SKN) TT Ira} 	V j (A.5.31) amK  wN 	 KN eN j=K+1 aj 

If m. 
i=1 

- M = 0 where M is constant, we may obtain 

the optimum condition equations by introducing another 

Lagrange multiplier, µ, and writing; 
N 

Z' = Z- - µ( >: mi  -M) 
i=1 

Using (A5.31); 

V .  
22,f - 	eN v 	anizr - wN   - 	= w

N 

so that for K/N, 

j=N ve  

0 - az'. 	 e K 11 V am_ A . N 	j=K+1 -j 
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VeN  

	

Vax  = V a
N 	

= VaN-1
, etc. 

so 	V 	= V 	;: 	K=2,3 ... N. eK-1 aK 

(The remaining assertions follow immediately). 



- 202 - 

TABLE  5.i.  

TY10 STAGE DIRECTLY CONTROLLED ADIABATIC CASCADE  

Note: a -b= a 10 

lozl  —m-Tal  
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- T el e-- lo( _y2 -) 

'F_==- -- 	' 07
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TE

 F
UN

CT
IO

N
 P

A
RA
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ET

E
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-
  . __-= 

-585 
----:590 
- 600 
_8no 

1000 
1150 

- ---'- 	- - 	-- - 	- 

	

1-.490, 	+0 
- -1.438,+0 

	

1 -.411, 	40 
--_-_ 	5.917,-7-1 
'..2.166, - -1 

--=--7.404,-;-1 

- 	-- -• 
8,415,1---•,1 

-:-.-4.939,---...1 ----  
2634,-  .01 

-2.644, -:+0-7 
---%;4.942,---.+0 
--6.469, --+0 ---  

r0.956 	- 
0.800 -  
0.582 --  

_.0.212-  
0.211 -  
0.194 

- 0 -.655. 
0.333 
0.259 
0.653 
0.823 
0.864 

-- 732 
-- 742 
- 	752 

--_-- 	904 
-1040 

1165 
. 

' --- - 
------=--- - - 

--- 
' 

7581 
'589 
_-_7tio 
—900 
1100.  
1250 

7-----:--1 -.510,-------+0 
----1 -.439,----+0 

:=r-•,  --_-1:1-.,063,_-_-,--4-o 
- 	-1.845, ----1 
'5.606p. -1 
-.1.046, - +0 

- 7..458, -.1-0.622 
- 	5.948i.1 -  
---1 -.139-p--..i. 
- -1,551$ --A.0 	- 

-2.913. •+0 
-3.853. 	+0 

- 
0.442 
0.180 --  
0.217 
0.208 
0.193 

'0,714 - 
0.423 

'0.446 
0.714 
0.816 
0.835 

- 703 
- 727 
- 830 

965 
• 1118 

1256 

::---'--- ---- - 

,-- 
=- 0 

4 
R  
8  
11 Cl) 

6n0 
___800 

-1000 
1200 

- 

1.359, -+0 
:._ 	6.246,-I 
-2.299,-1 

-, ..9.410,-_-..+1 

• 

	

7.523, 	01 
- 	2.226, •...2 
-9.952,*1 

	

+1.988, 	, 4.0 --  

0.163 
0.165 
0.214 - 

- 0.198 

0.349 
0.539 

- 	-- 0.746 
- 0.799 

- 	706 
889 

 1029 
1206 

' -._1-1  
:---- - 

.--- 
A 

H 

.-, 

--- 7-  ---- - 7--1,  - -- 
--625 

-'r-  
1200 

r:7 r- 	- 	---=-- -- 

-- z- -2.061-,---+0 

'---r - 	• 	1--1' 

.--,...--4..--8.960-,ti_l_ 

- 

- 7.034,- 	...1 
--738,--er+0 - 1 -

. 

------_--6.935i---:+07.  

- 0.141: -  
-- 0.178 
0224 -  

- 

0.697 
1..790 
0.879 - 

.--, 0.910 	' 

. 

775 
871 

- 1005 
1211 

- 

	 1 

d -
 

T,  
SE

CO
ND

 :_ 625 
—750 
_7950 	 

1260 

.=-_ -,'71-2.-  089:iL7T+ 0 
'-' 	1--.038,----4.0 -  
-_--_, ,-1:651-4 	2: 

------..8-.- 838----,-----+1 

i- 1 ...009#74.0 :- 
--2.977,--:-.11.--  
--=-1-.868,-::;-+0 ----r 
-3-.541--i -•+0 --  . 	___ 	__ .__ 

-0.124- - 
- 0:190-  
--:-0:245 -.-  
-0.213 -  

04681 _ 
-0.- 766 -  
-0.852 -  
- 0.883 - 

:=- - 773 
- 868 

T1000 
-1209 

	- 
- 	 n  

cn — 
81_1 

6  

--a= 	 --:-E- - -- 	: 650 
-1----:=7-7-5 ,._ 

- 	------.=976-;=-40- --1 
=--7----9:':=1-22,7-_---+=-1--  

--t-.066--o---r+0 -- 
ft.-_2-.-51247-=,17.-  
-7---6‘--  74- 1554-01—  

---1-4-9-7-5 -- -1Y-.---7- 
• =7,---,E=.- r- ----r: - •-•=-'7=-: r: =4-7-  

----0--.125 .' 
Tif 04-1037' 
----tri'252 -----  
------ ----:-.CF-4-2-11-7-z 

- - -- 	-- -=-- 

- 0-.648-  
--_70:.---745 -  : 
------ 0-.-830--  
--7-0-i- 861--  

---- 	- 	- 	- 	- - 

—789 
-_-7878 
-----;r 93-  
-7--12-0-7 

- - 	- az 
-3--.---281z, 	-+-3 -  

L4----1-2 ----9 298 -.4.--,- 

	

1 	4  I- 	 .. 	---------------------------------r----n -7-- -----fi -- - 	--- -: ... 
. 

- 	., . 

• t 
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TABLE • g 2 , 
_ 	- 	 - 	_ 	•-_ 

TIME STAGE DIRECTLY CONTROLTRD 

- 	-= 	 a 10 
 

) 1.og(4
Ye3 

- logil 	=1--_-_:: = _ - 	----- --- ----- _ w.,t., 	vr.;t2  wi 	_ --...1__i  wr,-_ r,_ -_ 	---:--- T,-„-,,=•1_ 	T -7 -_--_-_  7-rf---_-: _--_
- 
" 
-- Tai-=-__2 - 

II - 	-  M 

=-600 
'-700 -  

- 900 
1000 

-f800  

7E:1.411, •+0 
--1:;1-92,--- 4;0 

-3•-.1,65, 	•=1-  
-7.519, :•,2 

 4.242, 	-2 
-4.,- 068* -- •+0 ---  
-2.315, :+0= - 

	

-3.498i •+0 	- 
-4.581,-+0- 

0.372 
0.095 -  
D.074 
0.079 
0.081 

0.242 
0.245 
0,222 
0.233 
0.240 

0,100 
0.286 
0.490 
0.631 	• 
0.722 

0.385 
0.600 
0.750 

752 	' 
835 	' 
904 

751 
791 

-_-__r 	854- 

- 
'- 

----------= 0.830 
0.877 

- 970-  
1040 

919' 	 
986 	

 -- 
i-----_,=--____ - --'=  -  ,-,,„I - ---- Tr -  

6n0 
750 
9n0 

1000 

	

1.402, 	+0 

	

-1.022, 	+0 
3.831-, - -1 

	

-1.247, 	-2 -  

4.683, -.1_ 
-2.322, - 'l-- 0.066 
..1 .247, 	+0_ 
-1.923. 	+0-  

0.164 

- 0.084 
0.088 

0.198 
0.186 
0.214 
0.230 

0.155 
0.333 
0.555 
0.652 

0.465 -742 - 	738  
--- 

- 6.i 
0.625 
0,778 
0.836 

866 
_ 	965_ 
1036 

808 
 902_ == 

968 
-E8 O 

- 

- 	--- 
---,- --7-711-:-_-1--,E-4 100_0 -, 

- 
- 

rti 

EAd 

600 
800 

-900 

	

1.366, 	+0 -  
8.830, '•- 

	

4.-297, 	-1 

	

_7,472, 	-•-•3. 

	

7,5610 	.1 
2.704, -.1 _ 

	

-2.033a 	.1 
-7.0Q8..--1 = 

0.077 
0.055 
0.077 
0.087 

0.119 
0.141 
0.181 
0.211 

0.167 
0.317 
0.481 
0.596 

0.478 
0.588 

706 
889  

-700- 

0.718 
0,798 

- 955 
1029 

881 
__,-,9_48 -_:.--f-L- 

___ 
675 

- 900 
1000 

_ _ 	________ 
1.945; 	+0 

-1_ -  
3.827, 	=;A.-= 

.-4.- 7631.7.2 

_ 	_ 	. 	___ __ 

	

2.277, 	=1--  
-2.034,+O 

	

-3.395. 	+0--  
-4.537f---+0 c_ 

_ 	______ 	_ 

0 -.032 
-0.059 
0.080 

- 0.086 

0.142 
0.207 
0.246 
0.260 

0.632 
0.727 
0.786 
0.828 

0.857 -  
0,889 
0.911 

816 
905 
971 

730 
: 839- 

913-  
z=": 	

- •-- 

=-==== 
0.929 - -_1041 -'_---983  _,-__,-_;-:_=_„_.=-E-- 

675 
775 

975 

2.097, :+0, 

	

1.245, 	+0 
- 	6.052, 	-1-  

	

1.297, 	-1--  

	

9.487, 	.1 _ 

	

-8,879 -a 	.2 
.9•609, •.1 - 

	

-=1,706. 	+0 

0.038 
0.064 
0.091 
0.101. 

0.134 
0.183 
0.232 
0.257 

0.585 
0.660 
0.724 
0.773 

0,816 
0.847 
0.877 
0.901. 

814 
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1018 
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- 719 

j:879 
948 

,=--.-77:---- - 875  

6 
-700 

E11000 

' 2148, 	+0-  
+0 

= 5.059, --2 

'1.157, 	+0 
- 3,23541 	0  1 

-6.649, -.1 

0.044 
0.081 
0.105 	,, 
0.107 
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0.185 
0.234 
0.251 

0.525 
0.639 
0.710 -  
0.747 

0,762 
0,824 
0.865 
0.885 

827 
910 
975 

1030 

- 718 
7 824- 

895-  
- 945 ----= 	,- .,-_-_- 

Pi 

-,-- ---- 
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TABLE  

FOUR STAGE DIRECTLY CONTROLrc'D ADIABATIC CASCADE  

Note: a 	= a)(10-b  

____,_ 	a, 
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650 • 4,986,•-1 0.090 661.8 796 
775 9.662, 	-1 -1.993.. 	+0 0.172 772.1 888 
950 •2.651, 	-2 -4,324.-+0 0.240 915.4 1005 

1225 -9.615, 	-1 -7.147, .+0 0.224 1145 1234 

650 2.123. 	+0 8.255.•-1 0.165 658.9 795 
- 775 1.007, --+0 -4.454, -...3. 0.234 756.0 886 

950 5.753, 	-2 -1.830, 	+0 0.284 890.8 1002 
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Chapter VI 

0 timum Problems for U-Tube And Related Reactors. 

In this chapter heat and material balance equa-

tions will be derived for the ideal distributed feed 

reactor represented in Fig. 6.1; specialisations of 

these equations will be shown to be applicable to the 

reactors represented in Figs. 6.2 and 2.:110; methods for 

optimizing the reactors will be discussed. 

VI. I.Heat and material balance equations:1 

Consider Fig. 6.1. The main feed enters at basic 

molal flowrate wl, conversion val'  and temperature Tal, -  

at the bottom end of the left hand tube, flows up the 

tube (in which reaction may or may not take place), 

emerging at the top where it is mixed with a stream 

of basic molal flowrate w2-m conversion ym and tem-

7,erature Tm; the resulting stream flows down the right 

land tube, in which reaction takes place, emerging at 

1. We will make use of some elementary results derived 

in Chapter 2. 
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the bottom with basic molal flowrate w2, conversion 

ye2  and temperature Tel. 

Indirect heat transfer may take place only ortho—

gonal to the flow axis, across the dividingl  wall. 

The specific heat C based on one mole of reference sub—

stance and J the adiabatic temperature rise coefficient 

are both assumed to be constant. 

To fix ideas consider first a homogeneous reaction 

taking place at a rate v(y,T)' in each tube, and let m 

be the volume of the right hand tube from the bottom 

end to the reference plane in Fig. 6.1., and K the 

(constant) ratio of the sectional area of the right 

hand tube to the left hand tube: a differential mass 

balance on each tube, a differential heat balance on 

the right hand tube, and an overall heat balance across 

the broken line in Fig. 6.1. give: 

1. Since the ideal distributed feed reactor model is 

being used it is understood that within the fluid phase 

there is perfect heat transfer orthogonal to the flow 

axis. Whether the resistance to heat- transfer is.at 

the wall alone, or includes infinitesimally thin 

films on either side of the wall, is irrelevant. 
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y; = —b1  ( (b2-1)yo—b3  

Kyi = b2v(yl,b2yo—b34-Jy1) 

Y2 = —v(Y2tYol-JY2)  

j(Y1-Y2))  

where the dot denotes differentiation with respect to 

t and the variables t and yo  (i.e. 49 in Chapter II), 

and the parameters bi  are defined as follows: 

t = m/w2 	 (6.4) 

yo  = T2  — Jy2 	 (6.5) 

b = 	overall heat transfer coeff. x area of contact 
1 

C x volume of right hand tube 
(6.6) 

b2 = w2/w 
	 (6.7) 

b
3 
= (b2-1)(Tm—Jym) 
	 (6.8) 

(The temperatures T1  and T2  are given by the 

right hand arguments of the rate function v in 6.2 and 

6.3 respectively). 

The initial conditions for 6.1, 6.2, and 6.3, are: 

At t=0, yo=bo ' Y1=Yal' Y2=Ye2 	(6.9) 

And F the final value of t is given by the equation: 

X(F) = 0 	 (6.10) 

where 	m(t) = y1  + (b2-1)ym7b2y2 	(6.11) 
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Specializations of hoat and mass balance equations: 

1. Equal Branched U-Tube Reactor: The Push-Pull Reactor 

If In the above equations we put: 

b2  = 1, b3  = 0, K = 1 	.(6.12) 

we get the equations for the U-Tube reactor with no 

"cold shot"  at the top, and equal branches. These 

equations also correspond to each of the two reactors 

represented in Fig. 6.3, and hence to the two straight 

tube counterflow reactors in thermal contact (Fig. 6.2). 

To prove the latter it is sufficient to observe that 

equations 6.1, 6.2, 6.3 together with 6.12 are invariant 

against the transformation: 

replace t by -t and interchange yl  and y2. 

These equations may also be used to describe a 

homogeneous reaction taking place in a pebble heat • 

exchanger (Fig. 2.10) where flow is alternately from 

left to right and from right to left during each half 

cycle.if a 'quasi-steady state is stable and the cycling 

can be so arranged to be neither so rapid that back-

mixing is serious, nor so slow that the pebble surface 

temperatures are not fairly constant. This type of 



- 221 - 

reactor will be called a PUSH-PULL reactor. 

The reaction may be solid catalysed: If so the 

catalyst is assumed to be in thermal contact only 

with the fluid.' 

2. The Empty-Full U-tube reactor. 

If the right hand branch of the U tube in Fig. 6.1 

is packed with catalyst and the left hand branch is 

not (such as the ammonia synthesis reactor2) then we 

1. Another simple model may be used where it is as- 

sumed that the solid catalyst is all at the wall (or 

pebble) temperature and that the heat of reaction lib-

erated in the catalyst is transferred to the fluids (the 

catalyst temperature minus fluid temperature providing 

the driving force). In this case it is no longer reason-

able to base.the reaction rate on the fluid temperature, 

but one must use the catalyst temperature. This model 

leads to three differential equations as before, but the 

wall temperature must be eliminated by solving a simul-
taneous nonlinear equation. 

2. See references 47 and 57 for a similar treatment 
which however requires one more differential equation 
because two differential heat balances were carried out 

and the resulting integral of the equations was not used 

to eliminate a differential equation. 
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need use only two differential equations; 6.2 dis-

appears on putting: 

b2  = 1, b3  = 0, b2/K = 0 	(6.13) 

3. Adiabatic stages with intercoolin  

Equations 6.1 to 6.11 represent a two stage adia- 

batic reactor with "cold shot" intercooling if we put: 

bl  = 0 
	

(6.14) 

If the cooling is indirect then in addition, one may 

put: 

b2  = 1 
	

(6.15) 

- b
3 

= temperature drop across interstage 
exchanger. (6.16) 

Hence a one stage adiabatic reactor may be included 

by making b
3 
zero. 

One may make use of these results in checking 

numerical integrations of the equations in Chapter V 

for adiabatic cascades: also the sensitivity of a two 
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stage adiabatic cascade to raaldistribution of volume 

(catalyst) could be investigated, since K, the ratio 

of the two volumes (masses of catalyst) is a parameter 

in the equations. 

The above specializations are summarised in 

table 6.1; 

Table 6.1. 

-...,. 	Parameter b1 b 2 3  b 1/K Reactor Type 	,„,,,, 

1 Equal branched U 1 0 1 

2 Push-Pull Reactor 1 0 1 

3 Empty-Full U 1 0 0 

One stage adiabatic 0 1 0 

Two stage adiabatic 
with cold shot intercooling 0 

6 Two stage adiabatic 
with indirect intercooling 0 1 . 

VI. II. The Basic problems for the U-Tub-Jand Push-Pull 
reactors. 

For a given reaction rate expression and inlet 

1. i.e. those listed 1, 2, and 3 in table 6.1. It 
would not be unreasonable (although outside our scope) 

to consider the more general problem where b2  and or 

b3  are also adjustable. 
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conversion yal  the basic problems are: 

(i) For given yet  find bo  and b1  such that F is 

minimum. 

(ii) For given F find bo  and bl  such that yet is 

maximum. 

For the reaction rate expressions used in this 

work, problems (i) and (ii) have invariably turned 

out to be equfvalentl. Anyway we will suppose that 

they will always be equivalent in situations of 

practical importance, so that we may solve whichever 

is most convenient. 

VI. III.Integration of mass and heat balance equations. 

Evidently we must integrate the equations 6.1, 

6.2, and 6.3 in order to calculate the objective func-

tions. These equations will have to be integrated 

numerically in general, of course. There are two 

possibilities: 

(a) Forward integration;'i.e. from t=0 to t=F. 

(b) Backward integration 

1. See discussion about equivalence in Chapter III. 

2. If backward integration were to be used, then one 

would define b
o 

(instead of by 6.9) by b
o 
 = y

o 
 at t=F. 
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It will be shown in what follows that in order 

to avoid wasting information it is best to solve 

problem (i), integrating forwards (except if only 

the empty-full case were of interest). 

Let us first consider in Fig. 6.4 some trajec-: 
tories in the y,T plane obtained by forward integration 

in the push-pull case for v -al = 0, yet = 0.9, bo  = 630,  
J = 158.5 and the second sat of reaction rate para-

meters1. For all values of b1 the two branches of the 

trajectories start out at points Al  and A2  on the line 

yo  = 630, labelled (1) in Fig. 6.4. For bl  = 0 both 

branches lie entirely in this line, and terminate at Po. 

For bl  = 2.97 we get trajectory (2) terminating at Pl. 

(At P1  both trajectories are parallel to the yo  = con-

stant line). 

For bl  = 29.7 however the two branches (3) do not 

connect. (The top branch crosses the equilibrium line. 

For an arbitrary2 reaction rate expression this implies 

1. See Chapter I. equation 1.1 and table 1.1. 

2. The system is assumed to have the property that ' 
aT along v = 0 contour ai <- 0 and also, (5 )l > 0 every- 

where. c.f. footnote in section II,Chapter V. 



- 226 - 

that the branches cannot connect for any t however 

large1; (note that corresponding points on each branch 

lie on the same constant enthalpy line, that the rate 

is negative above the equilibrium line, that T1 and T2 

are monotonic increasing functions of t and that 	and 

y2  both lie between 0 and 1). Such a trajectory will 

be termed endless and the corresponding point in the 

(bo, b1) plane an inadequate point. 

It is clear that for any rate expression which des-

cribes a reversible exothermic reaction and for any 

b0, by making bl  large enough one can get an inadequate 

1::oint, since for b1 infinite both branches are hori-

zontal lines in the y,T diagram. Also, it seems highly 

plausible2  that the following is true for reasonable 

reacting systems: 

(for given v .al' Ye2) thereexists a curve which divides 

the first quadrant of the bo, b1  plane into two regions, 

the region below the curve containing no inadequate 

points, the region above it only inadequate points, 

1. i.e. the boundary condition 6.10 cannot be satis-

fied. 

2. No evidence to the contrary has been found yet. 
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whilst for points on this curve F is infinite. 

In Fig. 6.5 points (bo, bi) are plotted: circles 

if inadequate, otherwise dots with the corresponding F 

values written adjacent to them (for the case discussed 

above). The inferred border of the inadequate region 

is also sketched (full curve), and the broken curve 

represents approximately the locus of the minima of F 

along constant 130  linesl. The inferred border has 

the shape one would expect:• the higher bo  the lower the 

corresponding value of b1  until at bo -7- 666°K (which 

corresponds to the point A2  in Fig. 6.4 lying on'the 

equilibrium line), b1  is zero, while for low values of 

bo, b1 is approximately constant, because, at all these 

low values of bo the initial reaction rates are prac—

tically zero for all conversions. 

We have seen that the forward integration procedure 

used to calculate the objective function for the basic 

problem (i) has the disadvantage that one has no .a priori 

knowledge of whether a point (bo,b1) will be inadequate 

1. Not much information additional to that supplied by 

the dots and crosses was used in drawing these curves, 
so they may be slightly out-of place here and there. 
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or not, and, to judge by Fig. 6.5, this disadvantage 

appears to be serious1. (examples which are much worse 

than the one represented in Fig. 6.5 will be given 

later). Basic problem (ii) together with forward 

integration is obviously unreasonable. Basic problem (ii) 

with backward integration should be satisfactory2 for 

the empty-full reactor since yl  and y2  are both zero 

at t = F (and for the backward integration we make 

bo  = yo(F) rather than yo(0)). For the push-pull and 

equivalent reactor however we still must specify yi(n 

in order to start the integration, and only for certain 

values of y1(F) will the boundary condition yi(0) = Yal 

be satisfied, so information will be wasted. Further, 

for certain values of bi,y0(F) and yi(F) the boundary 

condition yi(0) = yal  cannot be satisfied for any F as 

can easily be seen by considering the case bl  infinite. 

Basic problem (i) together with backward integration 

should also be suitable for the empty-full reactor. 

Since we set out intending to solve the basic 

problem for the two types of reactor attention was 

1. The same trouble occurs with the empty-full reactor, 

of course. 

2. The difficulty with crossing the equilibrium line 

which occurs for the forward integration procedure can-

not occur here provided that the initial reaction rate is 

positive. 
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concentrated on problem (i) and forward integration. 

VI. IV.Numerical Procedures Used for the Basic Problem;• 

a) Preliminary Investigation: 

A programme was written to evaluate F by forward 

integration of equations 6.1, 6.2, 6.3, using the 

Runge Kutta Merson variable step length procedurel. 

The sign of y.2  was tested at the beginning of each 

step, and if negative, integration continued. At the 

end of each step A was determined, and if negative, 

integration continued, otherwise F satisfying 6.10 to 

a specified accuracy was determined by the rule of 

false position. 

If y2 became non negative somewhere indicating 

an endless trajectory, this information was dealt with 

suitably, and integration was terminated. 

The method turned out to be very satisfactory. 

It was found that if the error tolerances on yo, yl, y2 
for each step were set at 0.1, 0.00001, and 0.00001 

respectively F would be determined to a precision of 

about 1 part in 1 million, 5 to '0 steps being required 

even if the initial interval were made unreasonably 

1. This prdgramme used a library machine code Merson 

routine. Only the programme outline will be given, such •' 

details as loop counters etc. being omitted. See Ref. 8. 
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small, except with the first set of reaction rate 

parameters1 when the precision was about 1 in 10000 

and slightly more steps were required. It turned out 

that (except for the first few steps in some cases) 

the steplonsth .remained fairly constant throughout 

an integration. 

In each of the 36 cases2  investigated the above 

programme was used in a preliminary search in the 

(bo,b1) plane. 

A master programme, using the above programme for 

function evaluation, was written to carry out a simple 

search along lines of constant bo. 

A value for bo  was specified (in the data for the 

programme) as well as an initial non-zero value for 

b, which would guarantee a value for F. b-1  was then 

increased in a geometric sequence until either the 

corresponding value of F was larger than the smallest 

previous value (in which case the search along the line 

was terminated), or the point b ,b1  became inadequate. 

1. Equation and table 1.1. 

2. See Tables 6.2 and 6.3. 
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After each inadequate point the value of b1  was made 

the harmonic mean of the largest value of bl  known to 

correspond to a value of F, and the smallest value of 

b1 known to be inadequate. 

The programme was quite satisfactory, not more 

than ten attempted function evaluations being required, 

as a rule. Most of the points in Fig. 6.5 were obtained 

in this way. From this and other information it was 

concluded that 'the minimum value of F corresponded to 

a point in a trough lying close to the inadequate region.1 

It appeared also that the minimum along a line of con- 

stant b
o was not very sensitive to bo

. 

It soon became clear that a powerful hill climbing 

procedure would be required in order to determine the 

1. Of the 36 cases studied, in 4 cases the boll)l  plane 

was explored in some detail, and in all cases the sit-

uation was found to be similar to that represented in 
Fig. 6.5. The coordinates (bo,1;1) of the minimum app-

roached the inadequate region more closely (on a.relative 
basis) as yet  became larger and as the ratio of the 

activation energies decreased. Inane case both bo  and 

b1 were within one part in 20,000,000 of the respective 

coordinates of an inadequate point. 
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coordinates of the minimum in Fig. 6.5., so the 

problem of how best to find the derivatives of F 

with respect to Jo()  and bl  was consideredl. 

b) Determination of derivatives of F with res2ect 

to bo and b1: • 

The equations for the push-pull and empty-filll 

1. Hill-climbing methods which do not require deriva-

tive evaluation are being developed by many workers; 

at the present time methods with quadratic conver-

gence are available (Ref. 73)'; at the time this work 
was in progress however no such methods were known 

to the author. The utility of the derivatives should 

not be overlooked: to get a reasonable indication of 

what point to try next the derivatives at a point 
(plus accumulated information about curvatures) even 

if they are known with a relative precision of±1056 

may well be far more useful than two or three function 

evaluations made in a small region (plus the same 

information about curvature. (Over a small interval 

ra,0] on some given line rounding errors may easily 

dF be such that while -TE  < 0 for all z in PL,P], 

F(c) -F((3) appears to be negative). 
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reactors are of the form: 

yi = 	 (6.17) 

yi(0) = x. 	 (6.18) 

g(zi) = 0 	 (6.19), 

zi  = yi(F) 	 (6.20) 

Where a is the parameter bl  (equation 6.6), the yi  

are as before (equation 6.1 to 6.3) the xi  are the 

initial values of the yi, and F, the final value 

of t is determined by 6.19 and 6.20. 

We wish to find -- aF  and all' It would also be 
az-0 	aa 

useful to know aF , since for the optimum choice of 
• '33'2 

a and yl  this will give us the slope of the Fmin, ye  

relation. 

There are different ways of obtaining these 

derivatives. 

First, let us consider F given, and zi  defined 

by 6.17, 6.18, 6.20, and suppose we have determined 

the derivatives; 
az. 	az. 

ax4 	aa and --- (6.21) 



are: 
az. Az 

az. ax. 

AZ f (z a) AZ 
r 	k '  

(6.22) 

az. ag 	1 
az.1  37.-  aF 

as 	Az f (z.,a) azk k 

(6.23) 

aZ- 1 
aX, 	Ulj • •( F) 

az. 
as 

(6.24) 

(6.25) 
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Then, it follows that the derivatives we want 

(Where summation over the repeated suffices is under-

stood, and the functions and derivatives are evaluated 

at the point which satisfies 6.19). 

It is well known that the quantities 6.21 may 

be obtained by integrating the variational equations, 

i.e. that they are given by:. 



afi 
uij 	ayr  urj 	ula  0) = dij  

Of. 	of. 
PI 	3yr Pr 	3a. 0 

(6.26) 

(6.27) 
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`Si j 
	0 for i r j 	

(6.28) 

for i = j 

We could obtain all derivatives by integrating 

the above equations together with 6.1, 6.2 and 6.3, 

forward, i.e. 15 equations' all together; or 12 if 

o_L we note that 	is not required, or 9 if we relin-a "I.  
quish our interest in ax--  o as well. In this way we 

would hdve no intermediate storage problem and could 

use a variable steplength method, so that not know-

ing F before the integration starts would not be a 

drawback: on the other hand, there are many2 equa-

tions to integrate. 

Consider the equations (6.26): if we were 

interested in a linear combination of the ujj(F) of 

the form; 
q
j  uij(F) 
	

(6.29) 

1. For the push-pull case; less for the empty-full 

reactor. 

2. There may also be problems with numerical instability. 
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where the qj  are parameters known at t=0, then we 

could reduce 6.26 to a set of three equations by 

multiplying by qj  and summing over the index j. 

What we require howeverl  is a linear combination of 

the form 

q. uij. .(F) 	(6.30) 

where the other suffix is summed and the qi  are 

fined at t=F, so there is no reduction of the equations 

6.26; with the adjoint equations however we have the 

dual situation. 

Consider a set of adjoint variables Gki defined 

for all t by: 

Gkila 11. • 	ukJ  .(F) 
	

(6.31) 

Differentiating 6.31 with respect to t (noting 

that its right hand side is independent of t, and re—

lettering dummy suffices), using 6.26, and cancelling 

the (assumed nonsingular) matrix uij, we obtain: 

• af, 
Gki 	Gkj a . (6.32) 

Y1  

	•••••••••:•• 

1. See equation 6.22. 
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If we put t=F and t=0 respectively in 6.31, we 

get; using 6.24: 

Gki(F)  =Eki 	(6.33) 

G 1 (o) - 2:1s 	(6,34) 
ax 

4.1 

These adjoint equations are of the right form to 

be reduced. The inhomogeneous equations 6.27 may 

also be dealt with in the same way. The relation 

af, 
la  aa dt (6.35) 

may easily be verified. 

Let us introduce reduced adjoint variables Wi: 

Wi = clkGki 	i = 0, 1, 2 	(6.36) 	. 

W3 = qkPk 	
;: k = 0, 1 , 2 	(6.37) 

where the parameters qk, i are given by;: 

 

azk 

  

i, j, k = 0, 1, 2 	(6.38) qk
- ag 

, az f:(zj  a) . 	a.  

 

s • 
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It follows from 6.32, 6.35 to 6.38 that if we write:: 

af.;  

0 
Lji 	a • - 	• 	i, j 	= 0, 1, 2 --IL 

Y1  

i = 0, 1, 2, 3 

af .  
L. = 	j 	0, 1, 2 

j3 	Oct 

(6.39) 

(6.40) 

(6.41) 

then the quantities 7 defined by 6.36 and 6.37 

satisfy the cuations: 

w: 	W.L.. . 	j 
il j = 0, 1, 2, 3 	(6.42) 

and so we see that if these equations are integrated 

backwards with - the starting condition:. 

Wi(F) = qi 	( F) = 0 	;• 	(6.43) 

Then: w.( ) 	aF = 	for i=0,1,2 ; W (o) = '22 - (6.44) ax. 	3 
	as * 

Thus, in order to get F and the derivatives 

required we may integrate 6.1, 6.2, and 6.3 forward, 

(storing at each step information suitable for the 
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calculationoftheL..la)and equations 6.42 backwards. 

This forward-backward method was the only method 

we used for the evaluation of the derivatives of F. 

It is convenient to use the ordinary Runge Kuttal  

method with coefficients (1, 2, 2, 1) for the integ-

rations:. for each step of the backward integration it 

is necessary to have stored information which will en-

able the elements of Lid  to be computed at the beginning, 

mid-point, and end. A complication arises because it 

is not known before the forward integration has been 

completed whether the number of steps will be even or 

odd. The methbd illustrated in Fig. 6.6 was used to 

overcome this difficulty. (The first two steps were 

were made half the "normal" step length, and an addi-

tional step was inserted at the end, as shown). 

In (on the average) half the cases the information 

stored at the beginning of the second step would not have 

been required, but as several hundred steps were often 

used, this wastage was trivial. 

Some care is required in programming to ensure 

1. Also known as Kutta-Simpson. See for example 

reference 77. 



- 2/40 - 

that values of the elements ofij corresponding to 

the correct values of t are used at each step in the 

backward integration. If those corresponding to neigh-

bouring values of t are used the mistake may easily • 

go undetected but the accuracy achieved with a given 

number of steps will in general suffer.' 

A routine based on the above forward backward 

method was written. The routine was supplied on call 

with E the "normal" forward integration steplength, 

the parameters b o  , b1
, etc. and n the maximum allowable 

number of steps for the forward integration: apart 

from fault exits of various kinds which we need not 

bother with there were three possible exits:: 

1) function and derivatives evaluated satisfactorily. 

2) integration stopped because .v(yo-i-Jy2,y2)' became 

non positive. 

3) step count exceeded n. 

Reasonable values for 1E were determined by pre-

cision trials in which 20 to 2000 forward integration 

steps were used. From 100 to 500 forward integration 
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steps were sufficient to determine the function F 

and derivatives with adequate precision for the hill 

climbing methods to be described below (the number 

depending on
'

and the rate function parameters) 
2 

in the cases where the hill-climbing was successful; 

where it was abandoned 500 steps ensured a relative 

precision of 0.001 in each derivative. On an I.C.T. 

Atlas approximately 5 seconds was required to evaluate 

the function and derivatives using 500 steps forwards.  

(and 1000 backwards) for the push-pull reactor, and 

approximately 3 seconds for the empty-full reactor.. 

c) Hill Climbing using derivatives evaluated by the 

forward backward integration procedure. 

The minimization of F was attempted in all cases 

listed in Tables 6.2 and 6.3, and was successful ex-

cept in the three cases marked with queries. 

The problem of minimising F(bol  bl) is unconven-

tional in that the set of points (b0, b1) for which F 

is defined is. not known in advance. The methods used 

for treating this problem were based on the following 

assumption: suppose P1  and P2  are two interior points 
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of the first quadrant of the (bol  bl) plane, and P2  

is inadequate while F at P1  is F1. Then it is assumed 

that there exists a point P
3 

between, and on the line 

joining P1  and P2  such that only points between P
3 

and P2 are inadequate. 

The first strategy used was to bracket together 

the exits (2) and (3) above from the function evaluation 

routine and assign to F some fictitious value (such as 

21Zn)' and also to the derivatives with respect to bo  and 

bl, and start hill-climbing with values (Do, bl) known 

to be reasonable: this procedure was used with a pro-

gramme based on a simplification of Davidon,s1 method, 

kindly furnished by Dr- M.J.D. Powell, and was quite 

satisfactory2 except for the first set of reaction rate 

1. A powerful iterative gradient method with quadratic 

convergence which starts with a given symmetric posi-

tive definite matrix Yo which is modified step by step 

generating Y1, Y2  ... Yi  ..., in such a way that Yal  

the inverse Hessian matrix at the minimum is (in general) 

rapidly approximated. For points (b0, b1) not unreason-

ably far from the coordinates of the minimum, the hill-

climbing step is - Yi  grad F. See References 7 and 80. 

2. About 10 to 40 function evaluations being required 

to go from a crude estimate to an extremely precise one. 
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parameters (for conversions yet > 0.25), and for the 

second set of reaction rate parameters for yet  > 0.9). - 

The method might have succeeded in finding the minimum 

in all the cases where it was subsequently found if 

allowed enough function evaluations but, because it 

was obviously inefficient, some modifications were made. 

(This was the sort of trouble which occurred with the 

"fictitious values" method: suppose F was evaluated at 

a point Pl, (relatively far from the point corresponding 

to the minimum F) at some stage of the process, and the 

next point produced by the hill climbing routine was P2, 

which turned'out to be relatively far from P1  and also 

inadequate - thetait commonly occurred that many subsequent 

points were either very close to P1  or very close to P2)'. 

A modified procedure used was in essence as follows: 

If the first point turns out to be inadequate
I 

then 

a fault exit is taken. Otherwise the procedure is essen-

tially the same as Powell's except if an inadequate point 

P2 should turn up subsequently, in which case the next 

point to be tried is P3, the mid-point of the line 

1. Or to give rise to an excessive step count. 
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joining P2  to Pl. (Pi  corresponds to the lowest value 

of F so far computed). If this point (13) is inadequate 

the bisection process is repeated. Counts are kept of 

the number of function evaluations since the last in-

adequate point in each of the two stages of the hill 

climbing procedure1, and these may be used to limit 

movement in an effort to reduce unproductive excursions 

into the inadequate region. 

The computer accessibility was not good enough to 

enable the two methods to be compared in a reasonable 

period'of time; the latter method was used to carry on 

from points at which the forMer method had been abandoned. 

Both hill—climbing methods produced a sequence of 

points corresponding to decreasing' values of F. The 

trajectories generally consisted of a few points to 

get to the trough (see Fig. 6.5) followed by a number 

of points lying close to the bottom of the trough. A 

method which naturally follows trough is'desirable be--

cause if there are local minima of interest they will 

lie in the trough so the hypothesis of unimodality can 

1. In Powell's method the function F is in general eval-

uated either at a point obtained by cubic interpolation 

along a line (on which F and its derivatives is known 

at two points) or at a point which together with the pre- 

vious best point defines a new line. 
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be tested by using two widely separated starting points, 

each close to the trough. Such a verification was only 

attempted in one case and proved exceedingly time—

consuming; based on the preliminary investigations 

carried out it seemed reasonable to assume however 

that the function F had only one local minimum for 

all values of problem parameters used, and this was 

done. 

In the three cases marked with a query in Tables 

6.2 and 6.3 the function F(bo, bl) was very badly be—

haved: in fact, even for the case shown in the fifth 

row of Figure 6.3, where we are fairly confident to 

have found b 
A 
o and b 

A 
1' if b 

A 
o is multiplied by 1.000,000,05 

(and bi  left unchanged) an inadequate point1  is obtained! 

Except in these four cases, the behaviour Powell's 

method close to the point (b o, b1) was excellent, the 

magnitude of each derivative being reduced by a factor 

of 1,000 to 100,000 in a few steps, each so close to—

gether that the first six significant figures or so 

of both bo and b1  remained constant, F itself only 

1. The figures %, b1  in Table 6.3 are of course 

rounded. Closer figures are 610.26148864 and 

110.18130553. 
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changing by a factor of 0.999 or so. 

The reason for bothering to locate the minimum 

so precisely is that one wants to be sure that one has 

a minimum and is not stopping perhaps far from the 

minimum at a place where the derivatives appear to be 

,small. Besides, it is only at the minimum that one 

can make use of -- aF which is obtained'as a bonus, 
ax2 

and (even in moderately well—behaved cases) this quantity 

fluctuates wildly (even taking on negative values) 

for all but the last few hill—climbing steps. 

VIZ% The Optimal Controls and the impossible region. 

The results of the minimizations are shown in 

Tables 6.2 and 6.3 and Figures 7.1 to 7.3 (in which 

the 737  information is utilised so that not only the 
2 

points but the tangents (long lines) are plotted as 

well). • 
(N 

It is clear from Tables 6.2 and 3 that bo and bl  
are both decreasing functions of 77e2 	as one would - 

expect. The variation of bl  with yet  is very marked 

and of course reflects the variation of 

max v(Y/T)  
T 

with y (if a.trajectory in the y,T plane is to depart 
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much from an adiabatic then b1 must be much larger 

for small yet  than for large). 

What is the practical significance of the im-

possible region? Suppose for example that we were 

interested in a reactor with7e2 = 0.9 corresponding 

to row 11 in Table 6.2 and that this exit conversion 

were essential. To overdesign on heat exchange making 

b1  = 8 say at the design flowrate would appear from 

Fig. 6.5 to prevent a conversion of .0.9 being attained 

at any flowrate and with any inlet temperature if bl  

were independent of flowrate. In general however b1  

will be an increasing function of the flowrate so that 

the the design conversion could be achieved but only 

at a reduced flowrate. Thus the penalty for overde-

sign 

 

on internal heat exchange is far more serious 

than the penalty for underdesign, an unusual situation 

in engineering. 
A 

What' can we say about the proximity of b 
A 

 o, b1 

to the impossible region? It appears that this is 

connected with the mathematical formulation of the 

problem where yet  is specified. It is clear from 
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Fig. 6.5 and Table 6.2, that a reactor with values 

bo' b1 
both slightly larger than the figures in row 

11, but with the same values of y and F would al  

have a yet  slightly lower than 0.9. 

The performance of these reactors is compared 

with other indirectly controlled reactors in Chapter VII. 

V.VI,The Stability of U-Tube reactors. 

We have considered above only a steady state (or 

quasi steady state) of the U-tube reactors. The ques-

tion of the stability of this steady state (with or 

without control devices) is of course important. 

Much work has been done on reactor stability and 

control; see for example References 47, 48, 50, 51, 52, 

53, 58. 

V.VII.cytimum heat transfer distribution. 

Suppose a in 6.17 is not a parameter, but a 

function a(t), and the function a(t) which minimizes 

F is sought. For the empty-full reactor (if a is 

unrestrained) the solution is simply to assign a in 

such a way that.the rate is everywhere maximum. For 
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the push-pull reactor the situation is more compli-

cated. As a first step, consider the variation in 

F produced by changing a by da over an interval dt. 

It can easily be shown that: 

dF = - W3 da Idt 

Now W' is shown in Fig. 6.7. (for a given set of prob-

lem parameters). From the shape of this curve it can 

be deduced that by decreasing 1 (from 'S‘1) for 

0<t<0.1072 and increasing it for t>0.1072, one can 

decrease F. 

V.VIII. Accounting for heat exchange cost. 

In a practical case a cost function which includes' 

the cost of heat exchange can always be constructed in 

such a way that we remain with a hill climbing problem 

in the two .variables 1:10  and b1. 
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TABLE 6.2 .  

PUSH - PULL REACTOR REsunrs  

( Note: 1.5,3 means 1.5)(103  ; 6,-2 = 0.06 etc. ) 

N,  10 
A 
1  ye,

'  
log 

-...,... 
( yell -ye2) 

/ 
log( 2F) 
min 

is\ 1134.7 • 1.531,8 0.090909 -1 -7.164.6 

H 
z4 

983.4 2.341,6 0.240254. -0.5 
• 

-5.6787 

.: 
.1 833.2 5.412,4 0.5 0 -4.2336 

j 701.5 1979 0.76149 0.5 -2.8933 

614.1 ? 146.1 ?.. 0.9 0.9542 -1.7966 ? 

°,2  533.5 ? 8.166 ? 0.96963 1.5 • -0.5479 ? 

sr
x  

OF
 RE

A
CT

IO
N

  R
A

TE
 FU

N
C

T
IO

N
 P

A]
 

cv 
z=4 

1117.3 

970.8 • 

4.972,4 

2699 

0.090909 

0.240254 

-1 

-0.5 

-3.7191 

-2.7453 

•,4 822.7 226.3 0.5 0 -1.8148 

j 690.5 26.58 0.76149 0.5 -0.9774 

. 603.7 5.332 0.90000 0.9542 -0.3384 

X 528.8 1.002 0,96963 1.5 0.3426 

,-.. 
tr\ 

1089.8 817.7 0.090909 -1 -2,0492 
II 

< 951 88.37 0.240254 70.5 '-1.3322 

810.2 14.87 0,5 0 -0.6639 

.T.T 681.8 3.403 .0.76149 0.5 -0.0815 

4 
588.6 1.052 0.90909 1 .0.3845 

_ 521.3  0.3993 0.96963 	.. 1.5 0.7742 
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TABLE 6.3.  

EMPTY - FULL U - TUBE REACTOR RESULTS  

( Note: 1.567,3 means 1.567X103  ; 2,-1=0.2 etc.) 

A 
b0 

A 
7)1 7e2 -___, 

log(ye2/1-ye2) loig 
min 

i 

6 H 
8 
M 

Mr4  

0 

0 

O  

• 

..-, irN 

7 ..,4 ":".. .4  

j 

1100.5 

960.2 

820.2 

693.6 

610.26 

530.342 

4;  

2.1777,8 

2.7639,6 

5.8889,4 

2098.77 

110.18 

8.292? 

0.090909 

0.240254 

0.5 

0.76149' 

0.90909 

0.96963 

-1 

-0.5 

0 

0.5 
1 

1.5 

-7.2675 
-5.8153 

 -4.4257 

-3.1142 

-1.9186 

-0.7774.2 • 

,, 
T 
1: 

.444;  

1059.7 

927.2 
793.3 

671.99 

 590.4.2 
518.99 

1.0335,5 
4065.3 

264..43 

28.952 

5.7438 

1.06839 

0.090909 

0.240254 

0.5 

0.7614.9 

0.9 

0.96963 

-1 

-0.5 

0 

0.5 

0.9542 

1.5 

-3.7831 

-2.8312 

-1.9465 

-1.1585 

 -0.5447 

0.1225 

3r
d.

  i
.e

.  
(A

'/A
  =

3)
1  

1011.2 

887.7 

760.6 

64/4..7 

560.5 

499.8 

2625.7 

182.158 

20.634. 

. 	3.9162 

1.1388 

0.42223 

0.090909 

0.240254 

0.5 

0076149 

0.90909 

0.96963 

-1 

-0.5 

0 

0.5 

. 	1 

1.5 

-2.0837 

-1.3815 

-0.74.23 

-0.1997 

0.2335 

 0.5991 
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CHAPTER VII 

COMPARISON OF REACTORS 

The yf,(mf)min  results (for w=1) for the 

1,2,3,4 and a) staged indirectly controlled adiabatic 

cascades, the single stage continuous stirred tank 

reactor, the empty-full, and push-pull reactors2  are 

shown in Figs. 7.1 to 7.3. In general the empty-full 

and push-pull results are shown as point and slope 

(the long line in the empty-full case). Let us start 

with the case N = a) . The curves in Figs. 7.1 and 2 were 

obtained both by using the programme for direct control 

described in Chapter IV, giving 1Qica  the (fictitious) value 

-1020 degrees K, some points being verified by evalu-

ating the elementary integrals obtained by putting 

= 1.5, 2, and 3 in A3.1; the points for N = co in 

Fig. 7.3 were obtained only by the latter method. 
It is easy to show that for N = a) the asymptotic 

slopes; 
dlog(raf) 

dlog(yfAl-yf)) 

as yf  —> 0 should be At/(A'-A) , and as yf 	1 should 

1. The points marked with a query in Fig. 7.1 have the 
correct abscissa but the ordinate may conceivably be 
lower. See discussion in Chapter VI.  
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be A/(111 —A). The slopes at either end of the N = co 

curves in the figures are close to these numbers. For 

the tank reactor the entire curves are straight lines 

of slope AV(AI —A),,while as yf 	0 the asymptotic 

separation from the corresponding N = oo curves, i.e. 

log(mf )m, n, 0:ank) 	1°g(mf )min(N=c0 

may easily be shown to be log (A'/(A'—A)), i.e. 0.4771, 

0.3010, 0.1761 for AVA 1.5, 2, and 3 respectively; 

the corresponding figures taken from the left hand ends 

of Figs. 7.1 to 7.3 are 0.5, 0.3, and 0.2 respectively 

which seem reasonably close. 

In the following discussion it will be assumed 

that for a given reactor type the cost of reactor control 

(for wf=1) depends on the number of control devices 

only. 

The single tank, single tube results are interesting. 

For the second and third set of rate function para— 

meters, where the activation energies are moderate, 

the tank is inferior to the tube for all yf  in the 

ranges investigated, and it would seem that the larger 

yf  the worse it is. For the first set of rate function 

parameters, however, the tank is worse for yf  below 
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about 0.85 and better for higher conversions. In this 

comparison the inlet temperatures to the adiabatic 

tube and tank were of course separately adjustable, (the 

optimum inlet temperature for the tank being always 

lower than that for the tube); R. Aris (Ref. 33) carried 

out a comparison of a tank with a tube for a given 

inlet temperature which was the same for both. 

The empty-full U-tube reactor (for which mf  is the 

volume of the tacked tube only) has two heat exchangers 

(feed preheater and internal exchanger) and can be seen 

to require from about 0.9 - 1.1 times as much catalyst 

as the two stage tube (which also has two heat exchan-

gers). 

The push-pull (or full-full U-tube reactor) appears 

to be practically no improvement (it cannot be worse) 

over the single tube for small yf  but the improvement 

increases with yf;• for yf  = 0.9, for example, the 

push-pull reactor requires for the 1st, 2nd, 3rd set 

of rate function parameters; 3.0, 2.1, and 1.7 times 

as much catalyst respectively as the perfect indirectly 

controlled reactor, whereas the one stage reactor re-

quires 22, 3.7, and 2.0 times as much as the perfectly 

controlled reactor. The push-pull reactor has internal. 
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heat exchange it is true, but this might well be 

provided more cheaply than the conventional interstage 

heat exchanger for a two stage reactor. The full-full 

U-tube reactor is not very attractive, but at any rate 

the catalyst required is never as much as twice that 

required by the empty-full reactor so if we consider 

the case where the reaction takes place at high pres-

sure, (such as a T.V.A. ammonia reactor) where it is 

the high pressure volume that one wishes to reduce 

(the catalyst is cheap), then it would appear that 

one could improve the converter by using less tubes of 

a larger diameter packed with catalyst. 

The directly controlled adiabatic cascades for 

Tm. =300oK (Figs. 5.12 - 5.14) may also be compared with 

the push-pull and empty-full reactors. The push-pull 

reactor requires at most about 1.4 times as much cata-

lyst as the two stage reactor; for yf  = 0.97 however, 

for the first set of parameters the catalyst require-

ment is about the same for both whereas for the second 

and third sets the push—pull reactor requires about 

10 and 13 per cent more catalyst. The empty-full 

reactor almost always requires less catalyst than the 
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two stage directly controlled reactor. 

A complete parametric investigation for a first 

order/Arrhenius reaction rate expression and constant 

adiabatic temperature rise coefficient has not been 

carried out (although for perfect indirect control 

and for the tank all cases for which A'/A=1.5, 2, 

and 3 - in the yf  range examined - can easily be 

deduced from the resultsl) but those who might wish 

to carry out such an investigation should of course 

transform our equations, introducing dimensionless 

variables so as to avoid wasteful computation: for 

example, for the push-pull reactor the six parameters 

H, H', A, A', J and b1 
can be combined into four by 

replacing the enthalpy function 0 by a new variable 

G/J, and t by a new variable Ht. 

We have examined the performance of a large 

number of reactors from a broad point of view. In 

a practical design case the field would be narrower 

and the objective function more complicated. Much has 

been written on the balance which must be made between 

describing the economics accurately and reducing the 

computational effort. See for example Refs. 30, 31. 

1. This information is not new of course. 
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INDIRECTLY CONTROLLED REACTORS FOR THE SECOND SET OF RATE PARAMETERS. yo: 0 )  N STAGE ADIABATIC 

CASCADES WITH N = i, 2, 3, 41  00, THE PUSH - PULL REACTOR (— —) 1  THE EMPTY FULL REACTOR C --I— -) 

AND 	THE ONE STAGE CON-7\ NU OUS STIRRED TANK REACTOR C M) , 

F.--7. 2. 



- 264 - 

INDIRECTLY CONTROLLED REACTORS FOR THE THIRD SET 

OF REACTION RATE PARAMETERS . 7 = 158. 6°  K )  (:).: a 

N STAGE ADIABATIC CASCADES WITH N 71  \ ,2 ,S,4 8 00. 

THE PUSH - PULL REACTOR ( -) THE EMPTY- FULL 

REACTOR (-I-) ) AND THE ONE STAGE CONTINUOUS STIRRED 

TANK REACTOR ( M .) 

i 0 -O.5 0. 5 L i. 5 E 



— 265 -- 

REFERENCES 

1. F. Horn: Doctoral Thesis, Technical University, 
Vienna, (1958). 

2. K.G. Denbigh:. "Chemical Reactor Theory", Cambridge, 
(1965). 

3. H. Framers and K.R. Westerterpr "Elements of 
Chemical Reactor Design and Operation", Chapman 
and Hall, London, (1963). 

4.. R. Arise "The Optimal Design of Chemical Reactors", 
Academic Press, 1961. 

5. R. Arisr "An Introduction to the Analysis of Chemical 
Reactors", Prentice-Hall, (1965)., 

6. L.S. Pontryagin et al. "The Mathematical Theory of 
Optimal Processes", Translation from, the Russian 
Trigoroff„ Neustadt„ Interscienee Publishers, (1962). 

7. M.D. Powell and R. Fletcher r The Computer Journal, 
6, (1963), 183. 

8,, G.N. Lancer "Numerical Methods For High Speed 
Computers", p.56. 

R.L. Hasche:. U.S. Patent No 2,845,335 (to Koppers Coj 

10. E.E Petersen: "Chemical Reaction Analysis," Engle-
wood Cliffs N. Jo Prentice-Hall, 1965. 

ll. H. Bakemeier and R. Krabetz: Chem. Ing, Tech., 
(1962), 1-6. 

12. K.G. Denbigh:. Chem. Eng. Sci., 8, (1958), 125. 

13. W. Leitenberger: Chem:. Fabr., 12, (1939), 281. 

14. K.G. Denbighr Trans. Faraday Soc., 40, (1944), 352. 

15. D. Annable: Chem. Eng. Sci., 1, (1952), 145. 



— 266 - 

1E M, Temkin and V. Pyz'levr Acta Physchim. 
12, (1940), 327-356. 

0. Bilous and N.R. Amundson:. Chem, Eng. Sci..0  2, 
(1956), 81-92, 

18* P.T. Calderbank: Chem. Eng. Prog., 49, (1953), 
585-590. 

19. G.H. Boreskov and M, G. Slinko;• Chem. Eng. Sol..., 
14, (1961), 259. 

20, S. Katz: Ann, N.Y. Acad. Sci., 84, (1960), 443. 

21. R. Aris:' Chem. Eng. Sci., 13, 1961, 197, 

22* Fn Horn and L. achler: Chem, Ing. Tech., 31, 
(1959), 1. 

23. F. Horn: Chem. Enga Scia , 14, (1961), 77• 

24. F. Horn:. Z. Elektrochemi„ f, (1961), 209. 

25. F. Horn and"U. Troltenier: Chem. Ing. Tech., 32, 
(1960)', 382. 

26* F. Horn and U. Troltenier: Chem. Ing. Tech., 21, 
(1961), 413-416.•  

27. J. G. van de Vusse and H. Voetter; Chem. Eng. Sci., 
14, (1961), 90-100. 

28. C.D, Siebenthal and R. Aris: Chem. Eng, Sci., 19, 
(1964), 729-746. 

29. C.D. Siebenthal and R. Aris;• Chem. Eng. Sci., 19, 
(1964), 747-762. 

30. C. Storey: Chem. Eng. Sci., 	(1962)9  45. 

31. C. Storey; Trans. Inst. Chem. Eng., 42, (1964), 
345-351. 

32. A. Cholette and J•o Blanc:het:. Can. J. Chem. Eng., 
39, (1961), 192. 



- 267 - 

53« R. 	.kris;. Con. 	J. 	Cht,is., Eng,, 40, 1.962), 

344 R.P, King:. Chem, Eng. Set), 22, (1965), 537-544. 

35. J.M. Dbuglas7,- Chem. Eng. Prog, Symp.. Series, 60, 

39. L, KrIchlerr Chem. Eng. Sci., 14, (1961), 11-19, 

4C. 	Horn;. Chem. Eng, Sci., 14, (1961)', 20-21. 

41, if. Bakemeier H. -aitzer, and R. Krabetz:. Chime Ing. 
Tech. 37 ,(1965)9 429-433,, 

42. G.H, Boreskov and M.G. Slin'kot. KLim. Pron. (3)D 
(1960)•, 193-201. 

43. M.G. Siin'ko and U.S. Beskov; Khim. Prone (12), 
('1961), 4. 

44. G.K. Boroskov: "Catalysis in the Production of 
Suiphic 	Goskhiuizdat (1954).. 

Kung.Yo73. Lee and R. Aris;. Ind. Eng. Chem. Proc, Des. 
Devel., 2, (4), (1963) 300-6. 

46. Mid 306-309. 

417. O. van Hoerden;. Ind. Eng. Chem., =ES, (1953), 1242. 

48. C. van Heerd.en: Chem, Eng., Sci., 8, (1958), 133, 

Slin'ko and A.0'. Muler;. Kinetica Z Kataliz, 
(1961)`, 467-478. 

50. j,C. Orcutt and D.E.' Lamb:-.  Proc. oft 1st. Internl. 
gon:gr, of Int. Fed. Auto. Control, (Published 
e.g. by Butterworths). 

No 48, (1964). 

36, F. Horn:. Z. Elektrocheme, Or  (1961), 295. 

37. R. :iris: Chem. Eng. Sci., 12, (1960), 243. 

38. E. Bartholomj and. R. Krabetz; Z, Elektrochem" 
0_961), 223« 



- 268- 

51. Shean-Lin Mu and N R. Amundson:,  Ind. Eng, Chem.. 
Fund., 1 , (1962), 200-208. 

52. J.M. Douglas, J.C. Orcutt, and P.W. Berthaiumer 
Ind. Eng. Chem, Fund., 1, (1962), 253-257. 

53. Amundson et a.:4.? a series of papers in Chem. Eng. 
Sci., the latest*in:' 20, (1965), 501-528 another 
series in Can. J. Chem, Eng., the latest in 43, 
(1965), 49-55. 

54. H. Kubota: Can. J. Chem. Eng., 40, (1962), 194-196. 

55. M.T. Kuo and D.I. Rubin:' Can. J. Chem. Eng., 40, 
(1962), 152-156. 

56. N.S."Zayarnyir Int. Chem. Eng., 2,' No 3, (1962), 
378-383.(transl. from Khim. Pr75m. No 12, (1961), 
28.) 

57. R. F". Baddbur et al. ;• Chem. Eng. Sci., 20, (1965)0  

58.  
59.  

60.  
61.  

281-292. 
ibid pp. 297-310. 
R. Aris: Z. Elektrochem.„ 
See also 60, 61. 

F. Horn (discussion 
C. Storey (discussion 

65, (1961), 229-244. 

pp., 242-244. 
ibid p. 244. 

on 59) ibid 
on 59) 

62.  F. Horn:. Chem. Eng. Sci., 	15, (1961), 176-187. 

63.  F. Horn: Chem. Eng. 
293-303. 

Sci., 	20, (1965), Supplement, 

64.  K. Konoki:,  Kagaku Kogaku, 24, (1960), 569-71. 

65.  K. Konoki: Ibid, 21, (1957), 408. 

66.  K. Konoki:,  Ibid, 	21, (1957), 780. 

67. L.I. Rozon-:er: Automation and Remote Control, 20, 
(1959), 1320-1334. 



- 269 - 

68. LaIe Rozonoer:. ibid, 1441-1458, and 1561-1578 
(Transl. from Russian). 

69. LG. Denbigh: "Science, Industry, and Social 
Policy", Oliver and Boyd, (1963). 

70. R. Jackson: "Chem. Eng. Sol.", 19, (1964), 1. 

71. 0. Levenspielr "Chemical Reaction Engineering", 
Wiley (1962). 

72. R. Fletcher and COM. Reeves: Computer Journal, 7, 
(1964), 149-154. 

73. Moja. Powell: Computer Journal, 7, (1964), 155-162. 

74. G.B. Dantzis: 'Linear Programming and Extension" ; 
London:Oxford Univ.' Press) Princeton, Princeton 
Univ. Press, (1963). 

75. R. Fletcher and C.M. Reeves:. Computer Journal, 6, 
(1963-1964), 287-292. 

76. J.C. Ornea and G.G. Eldredge: Proc. AICIIE-ICIE 
Meeting (1965), Sympos. No 4. London. 

77. F.B. Hildebrand:. Introduction.  to americal Analysis: 
Page 237z. McGrawHill (1956). 

78. M.J.D. Powell: Computer Journal, 7, (1965), 303-307. 

79, H. Kubota: Kagaku KogRku 23, No 8, (1959), 6-l2: 

80. W.C. Davidon: Argonne Natal. Lab. Report ANL 5990 (Rev. 


	Page 1
	Page 2
	Page 3
	Page 4
	Page 5
	Page 6
	Page 7
	Page 8
	Page 9
	Page 10
	Page 11
	Page 12
	Page 13
	Page 14
	Page 15
	Page 16
	Page 17
	Page 18
	Page 19
	Page 20
	Page 21
	Page 22
	Page 23
	Page 24
	Page 25
	Page 26
	Page 27
	Page 28
	Page 29
	Page 30
	Page 31
	Page 32
	Page 33
	Page 34
	Page 35
	Page 36
	Page 37
	Page 38
	Page 39
	Page 40
	Page 41
	Page 42
	Page 43
	Page 44
	Page 45
	Page 46
	Page 47
	Page 48
	Page 49
	Page 50
	Page 51
	Page 52
	Page 53
	Page 54
	Page 55
	Page 56
	Page 57
	Page 58
	Page 59
	Page 60
	Page 61
	Page 62
	Page 63
	Page 64
	Page 65
	Page 66
	Page 67
	Page 68
	Page 69
	Page 70
	Page 71
	Page 72
	Page 73
	Page 74
	Page 75
	Page 76
	Page 77
	Page 78
	Page 79
	Page 80
	Page 81
	Page 82
	Page 83
	Page 84
	Page 85
	Page 86
	Page 87
	Page 88
	Page 89
	Page 90
	Page 91
	Page 92
	Page 93
	Page 94
	Page 95
	Page 96
	Page 97
	Page 98
	Page 99
	Page 100
	Page 101
	Page 102
	Page 103
	Page 104
	Page 105
	Page 106
	Page 107
	Page 108
	Page 109
	Page 110
	Page 111
	Page 112
	Page 113
	Page 114
	Page 115
	Page 116
	Page 117
	Page 118
	Page 119
	Page 120
	Page 121
	Page 122
	Page 123
	Page 124
	Page 125
	Page 126
	Page 127
	Page 128
	Page 129
	Page 130
	Page 131
	Page 132
	Page 133
	Page 134
	Page 135
	Page 136
	Page 137
	Page 138
	Page 139
	Page 140
	Page 141
	Page 142
	Page 143
	Page 144
	Page 145
	Page 146
	Page 147
	Page 148
	Page 149
	Page 150
	Page 151
	Page 152
	Page 153
	Page 154
	Page 155
	Page 156
	Page 157
	Page 158
	Page 159
	Page 160
	Page 161
	Page 162
	Page 163
	Page 164
	Page 165
	Page 166
	Page 167
	Page 168
	Page 169
	Page 170
	Page 171
	Page 172
	Page 173
	Page 174
	Page 175
	Page 176
	Page 177
	Page 178
	Page 179
	Page 180
	Page 181
	Page 182
	Page 183
	Page 184
	Page 185
	Page 186
	Page 187
	Page 188
	Page 189
	Page 190
	Page 191
	Page 192
	Page 193
	Page 194
	Page 195
	Page 196
	Page 197
	Page 198
	Page 199
	Page 200
	Page 201
	Page 202
	Page 203
	Page 204
	Page 205
	Page 206
	Page 207
	Page 208
	Page 209
	Page 210
	Page 211
	Page 212
	Page 213
	Page 214
	Page 215
	Page 216
	Page 217
	Page 218
	Page 219
	Page 220
	Page 221
	Page 222
	Page 223
	Page 224
	Page 225
	Page 226
	Page 227
	Page 228
	Page 229
	Page 230
	Page 231
	Page 232
	Page 233
	Page 234
	Page 235
	Page 236
	Page 237
	Page 238
	Page 239
	Page 240
	Page 241
	Page 242
	Page 243
	Page 244
	Page 245
	Page 246
	Page 247
	Page 248
	Page 249
	Page 250
	Page 251
	Page 252
	Page 253
	Page 254
	Page 255
	Page 256
	Page 257
	Page 258
	Page 259
	Page 260
	Page 261
	Page 262
	Page 263
	Page 264
	Page 265
	Page 266
	Page 267
	Page 268
	Page 269

