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ABSTRACT

There are several reliability analysis methods which can be used to calculate
the probability of a structural member failing in a single failure mode.

Some of these methods use the complete set of basic variable values which will
cause a local failure to obtain the failure probability (Level 3 methods),

and are therefore extremely unwieldy for practical use, while others simplify
that set by certain idealisations (Level 2 methods)s The failure probabilities
obtained by two of the Level 2 methods have been compared with those obtained
by a Level 3 method in order to establish whether the inaccuracy caused by

these idealisations can reasonably be neglected.

A review has been carried out of some papers which déscribe methods for
evaluating the probability of system failure by using properties associated
with each potential local failure in the structural system, These methods

tend to use the structural elements resistance against the load effect associated
with a failure mode as basic variabless Therefore a method has been put

forward which estimates the parameters of the distribution of such a resistance
from a function of the basic variables and which is consistent with the best

available estimate of the probability of that local failure being realised,

Ditlevsen's (1979) method has been extended so that it can also deal with
failure paths consisting of multiple non~ductile local failures., This proposed
method has been developed so that hounds on the system reliability of any
idealised structure can be produced, with the single provision that no load
applied to the structure causes non=linear load effects on any of the elements.
It has been demonstrated that, for some simple examples attempted, this method
produces relatively narrow bounds which are consistent with values cbtained by

some of those methods which were reviewed together with a Monte Carleo simulatione
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NOTATION

ai,j The ezﬁnt of the excess resistan:; of that element which would be
the j element to fail if the i failure path were realised being
less than or equal to zero after the excess load from the first
(j~1) local failures in that path have been redistributeds

The event of the ith failure path being realised.

cz,j,k The resistance coefficient by which the resistance ri,k'is multiplied
in the form of the excess resistance for the j element which would
fail if the ith failure path occurs,

C The transformation matrix which transforms a set of correlated basic
variables into a2 set of mutually uncorrelated standardised variables.

€ Complement (ie event of the original event not being realised).

i3k The loading coefficient by which the lo:g Sk is multiplied in the

form of the excess resistance for the j element which would fail if
the ith failure path occurs,

E(X) The expected value (ie mean) of X.

fk(x) The probability density function of X, evaluated at X = x.

F The event of system failure,

Fx(x) The cumulative distribution function of X, equal to the probability
of X £ =x.

g(f) The form of a failure criterion as a function of the basic variables, %:

h(E) The form of a failure criterion as a function of the standardised
normal basic variables, U.

m The number of failure paths in the failure set,

n The number of basic variables,

n The number of local failures which constitute the 1™ failure pathe

n, The number of time intervals during which the k time=varying load
maintains a uniform intensity in the reference period, T.

o, The number of loads applied to the structure,

p(a) The probability of event 'a' being realised.

p(a b) The probability of event 'a' being realised conditional on event 'b?!
having been realised.

ri,j The resi:;ance of the elemgnt which would be the iJsh element to fail
if the j = failure path were realised.

xQ The reliability of a system or element = 1.0 = p(F).

Si The ith load applied to the structure,

tn The difference between the maximum and the minimum valwes from a set
of n trials.

T The reference period of the structure, usually the design life.
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A parameter for the extreme distributions.

A value of the ith standardised normal basic variable

The value of the ith standardised normal basic variable at the
Advanced Level 2 design pointe.

The set of random standardised normal basic variables, Ui’ which
have values Use

The co=variance matrix for the basic variables,

A value of the ith basic variable,

The value of the ith basic variable at the Advanced Level 2 design
poin‘t.

The maximum value from a set of n trials of X.
The minimum value from a set of n trials of X.

The set of random basic variables, X, which have values Xse

The excess resistance of the i.l"11 element which would fail if the jth
failure path occurs, and is equal to g(x) and hgg)-

A parameter for the extreme distributions.

The sensitivity factor of the i-hh basic variable in Level 2
reliability analysis.

The reliability index for the i'® element which would fail if the j°
failure path obcurs, equal to the distance from the origin ‘o the
nearest point on the (idealised) failure boundary in standardised
normal space. Usually assumed % -{?-1 (in,j (0.0))

The gamme function.

A small increment in the value of the i‘l.'h basic variable, Xi.

A small increment in the value of the ith standardised normal basic
variable, Ui‘ in

The interval during which the k' time=varying load maintains a
constant intensity = thk

O i1 = [ ‘fo By, 505, 1) |+./=(Zi’ 2%, 0 zq;(-/J(zi, %, 1))

I 2P By 3%, )
Angle between the axes of two standardised normal variables,
Signifies product of terms.
The correlation coefficient of X and Y.
The minimum value for the extreme type III minima distribution.
Signifies summation of terms.
The standard deviation of X.
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The probability density function for the standardised normal
distribution, evaluated at U = u.

The cumulative distribution function for the standardised normal
distribution, equal to the probability of U u.

= (|v})/25

Signifies intersection of events (ie the event of all the component
events being realised).

Signifies union of events (ie the event of at least one of the
component events being realised).

Operate with Ik as each sub=set of size k from Im in turn.
Operate with j as each element of Ik in turn.

The submset of Im containing all elements not in Ik‘

Signifies a matrix.

Signifies a vector.

In general when a capital letter is used for 2 random wvariable the

same letter in lower case represents the values which it may take on.



CHAPTER 1 = INTRODUCTION

11 BACKGROUND
1ele1 Limit State Design

The methods available to an engineer for the design or analysis of structures
are contimially being refined and new methods are regularly being developed.
One result of this trend is that the overall safety margin for structures

is heing erroded as some of the previously intangible reserves of strength are

incorporated explicitly in the calculations to help carry the applied loads,

Partly 25 a result of this trend and partly as a result of a more rigorous
approach generally, recent structural codes of practice have been based on

the limit state approach, both in this country and internationally. In the

UK the first Limit state code was CP 110:1972, "The Structural Use of Concrete"gi7
In a limit state code each structural element is designed explicitly against
failure by several modes rather than being designed to a general set of rules
intended o cover all such modes, Those modes of failure which are chosen to be
designed against are known as the limit states, and are intended to be the most

probable of the kmown modes of failure.

1e1e2 Partial Safety Factor Format

At the same time as codes began to be written using the 1limit state approach
they also changed {0 incorporate their safety element by means of partial
safety factors instead of permissible stresses, With permissible stresses, the
safety factor is a global one which, in practice, has been used to divide

the yield stress to obtain the permissible stress, These safety factors are

not given explicitly in the codes.

When the safety element is incorporated by means of partial safety factors,
different partial safety factors are applied to several of the design variables
which serve to increase or decrease their nominal values, The values of

the partial safety factors are given explicitly in the codes rather than being
already incorporated into the given values of the design wveriables. The

values of the partial safety factors are generally regarded as reflecting the
uncertainty in the variables' values and therefore should lead +to the overall
factor of safety reflecting the uncertainty in the designe Furthermore the

use of explicitly given partial safety factors allows their revision to be
carried out relatively easily if and when further knowledge makes that desirable,



1e1e3 Calibration

The overall intention of each limit state criterion is to ensure that any
element designed 1o that criterion has an acceptable reserve of strength against
that mode of failure, OSince the wvalues of the design variables are not known
precisely (eg the maximum load applied to an element or an actual material
strength), a designer can never be entirely certain whether there is any reserve
of strength, However, code writers have to decide on values for partial safety
factors so that the probability of there not being any reserve of strength

is acceptably low without making any design uneconomice This implies choosing
partial safety factors values so that each design produces an element with a
probability of failure equal, as near as is practicable, to a target probability

whose value is based on the level considered socially acceptahle,

The simplest method to do this is to assume that the existing codes produce
designs having the correct degree of safety and calibrate the new code to
produce similar designs, The assumption can he made if the old code was used
extensively without a history of failures, However, a code which just imitates
its predecessor is not likely to advance the state of the art of engineering. .

Alternatively, if the probabilities of failure can be calculated explicitly
for each element in each mode of failure, the past experience with the whole
code can be used to produce a target probability against which each design %o

the new code can be calibrated.

le 14 Reliability Analysis

Theoretically the probability of the failure of a structural element ty a
varticular mode of failure can be calculated from a knowledge of the failure
mechanism (and hence the sets of values for the design variables which, if any
of them occurred, would result in failure) and the probability distributions for
the values of the design variables, However, in most cases this can only be

achieved by numerical methods and as such is exiremely time=consuming.

In order to reduce the extent of the calculations required, wvarious methods
have been devised which give approximations to the failure probability by making
simplifications, The accuracy achieved with these methods varies depending on
the extent of the simplifications In order to differentiate these methods

from those which do not meske such simplifications, the latter are called Level 3
methods of reliability analysis and the former Level 2 methods, The use of
partial safety factors in design equations are termed Level 1 methodse

10



It should be noted that any failure probability will be conditional on the
existing knowledge used in the calculation, and that neither the variability

of the design variables nor the mechanisms causing failure are perfectly
understoocd, Therefore any such failure probabilities can only be considered

as subjective and not frequentist measures of failure occurring. This should
not he too significant in calibrating codes since any errors will apply to both

the ©ld and new codes,

leT145 System Reliability

The Level 2 methods mentioned above were developed to analyse single failure
events (eg a beam failure in shear or a slab having excessive deflection).

There are, however, some modes of failure which involve system failures, where a
system failure is one whose occurrence results from several individual, or local,
failures occuring concurrently. An example of system failure is progressive coll=
apse, the importance of which was demonstrated in 1968 when a cormer of the

Ronan Point block of flats in Camning Town collapsed killing four people,
following a gas explosion on the eighteenth floor. This failure resulted in an
additional recuirement, clause D17,in the Building Regulations

A major difference between calculating system and local failure probabilities
is that while a local failure is governed by a single criterion (eg a load
effect being greater than a resistance or a deflection being greater than a
specified 1limit), a system failure can be dependent on any one of a number of
combinations of events (eg any two of four supports to a simply supported slab
failing)e Furthermore, the failure criteria for those events will be governed
by variables some of which will be common to two or more failure criteria and
some of which to only one, Therefore the events of constituent local.

failures will be neither totally mutually independent nor mutually dependent, so
that the probability of system failure camnot be cbtained from just a2 knowledge
of the probabilities of the local failures.

Also, in design or analysis of structures, elements cannot be isolated from
each other except by idealisations, TFor example, the load effect on a specific
element cannot be known precisely because of:

ie inaccurate structural analysis for anything other than a

truly statically determinate structure;

ii. +the load=carrying capacity of mominally non=structural elements,

and,

11



iiie load re=distribution as the structure deforms under load,

By analysing the whole structural system ftogether such inaccuracies can be reduced,
whether for conventional or reliability analysis.

Therefore, methods of system reliability are being developed to complement
those used to calculate the probability of single local failures, Because
of the additional complexity of systems, these methods are not as developed

and contain greater simplifications than the methods for single failure events.

1e2 OBJECT AND SCOPE OF STUTY
1e241 Accuracy of Level 2 methods

The principal division of the methods for obtaining the probabiliiy of an
element failing is into Level 3 methods using numerical integration, Level 3
methods using Monte Carlo simulation, Mean Value Level 2 methods and Advanced
Level 2 methods {see sections 2.3 and 2.4 for descriptions of these methods).
Experience with different computer programs shows that reliability analysis
based on an Advanced Level 2 method is usually very much faster than programs
using mumerical integration or even those using a simulation method, while
Mean Value Level 2 methods are faster still,

The disadvantage with the Level 2 procedures is that they give only an
approximation to the failure probability, and so these methods need %o be

checked to see if the results which they produce can be treated with the

desired degree of confidence, Therefore, in Part 1, some results obtained using
these methods were compared to those obtained using a Lewvel 3 numerical integration
procedure, This is the contimuation of a study by Bake 2 y which had shown

that the errors occuring as a result of the simplifications that are implicit

in an Advanced Level 2 method are fairly small for the simple structural problem

examined,

For this study the same failure criterion was used, but with a wider range of
coefficients of variation for the basic variables. The comparisons used both

a Mean Value Level 2 and an Advanced Level 2 method {0 investigate whether the
extra calculations involved in the latter is justified in terms of improved
accuracy. A series of randomly generated failure criteria were alsc studied to
establish whether the form of the failure criterion had any effect on the accuracy
of the results. These random criteria were arbitary and were not intended to

have any structural significance,

12



1e2+2 Structural System Reliability Analysis

Part 2 deals with structural system reliability analysis. Some earlier papers

dealing with the subject are reviewed.

A method is proposed in which the resistance of the elements in a structure and
the loads applied to it are treated as variables which have normal, or
Gaussian, distributions., These variables are used to define idealised failure
criteria for the local failures in a system which make allowance for load
redistribution after each local failure. These criteria are then incorporated
in a technique of system reliability analysis to obtain bounds on the probability
of system failure. This method is similar to Ditlevsen! ! ¢ but is more
general since it allows for parallel combinations of failure events as well as
series combinations. The principal disadvantage of this generality is the
increased complexity of the method. The only limitation on the structures for
which this method can be used is that no load applied to the structure should

cause non=linear effects on any constituent element.

The proposed method was demonstrated in the analysis of some simple exampless
The results were compared to those obtained when using some of the methods
that had been reviewed, together with the system failure probability obtained

from a Monte Carlo simulation.

In both the proposed method and some of those described by the reviewed papers,
the resistancesof the elements are used as variables., Therefore a method has
been proposed which obtains the parameters for the distributions of such resise
tances from the basic variables and which is consistent with the best estimate

of the probability of the member failing when considered in isolation,

13



PART 1 - LEVEL 2 RELIABILITY METHODS
CHAPTER 2 — CONSIDERATIONS WHICH AFFECT RELIABILITY

2.1 BASIC VARTABLES

2.1.1 Uncertainty in Design Variables

In a design office, the values of all design variables are generally treated
as being deterministic. In practice, however, the precise value of each
variable will not be that assumed by the designer, although it should bear
some relationship fto it, In reliabilify analysis this uncertainty is
allowed for by assuming that all design variables (with the exception of any
mathematical or physical constants) are modelled by probabilistic distribu—

tions or stochastic processes,

The uncertainty in the design variablesiis due to a number of causes., The
values of the mechanical properties of construction materials (eg the yield
strength of steel, the compression strength of concrete or its Young's
modulus } will depend on a large number of factors, some of which have been
investigated by BakerZT'47 and others. Similarly the variability of the
structural dimensions and geomeiry has been studiedzzg7.

The permanent loads (eg the self-weight or floor finishes) will be dependent
on the structural dimensions together with the density of the materials that
are used, and hence they can be correlated to properiies of the materials
and/br the structural dimensions. The variable loads (eg the occupancy load
or wind load) will depend on the actual use to which the structure is puty,
and since this may change with time the maximum intensity of any variable
load cannot be gnown until the end of the design life of the structure, and

usually not even then.

Another uncertainty is the uncertainty of the theoretical model used to
predict structure behaviour. Bven in the best relationship derived to model
the behaviour of a type of member, various effects may be neglected, either
because they are not lmown or because they are too complex to be included.
These give rise to errors in the theoretical relationship and the ratio of

the actual to the predicted behaviocur can be considered as a further wvariable.

2.1.2 DBasic Variables

The above variables are known as the basic variables, and the parameters for

their distributions may be estimated by taking a large enough sample from

14



their populations. For simplicity in the past they were often treated as
having normal distributions, but if there is enough data it is preferable
to fit the most appropriate distritution to them. In some cases this can
also be done from theoretical considerations (eg the log normal distribu—
tion if the quantity is the product of a set of random events, the normal
distribution if the quantity is the sum of a set of random events, or the
extreme type I maxima distribution if the quantity is the maxinum value

from a large set of normally distribtuted variables).

An alternative approach is to use a knowledge of the higher moments,
usually the coefficients of skewness and kurtosis, to fit a distribution
from a family of similar distributionsé§47. This has the advantage of
modelling the distribution only using direct observations of the quantity,
btut has the disadvantages that:

i. any theoretical knowledge about the causes of the variability is

not considered; and

ii. the higher moments are sensitive to the sample taken unless a

very large rumber are included.

2.7«3 Correlated Variables

The basic variables are often idealised as a set of mutually independent
(and therefore uncorrelated) variables. If they are not, then they can be
transformed into a set of mutually uncorrelated variables. This can be
demonsirated by considering the transformation of a set of correlated
variables, zb into a set of mutually uncorrelated variables,‘g, such that
E(U;) = 0.0 and e (U;) = 1,0 for all i, If the transformation is

g = C(X+¥) (2.1.1)
where C is a constant matrix and W is a constant vector,
Then

B(U) = C.(B(X) + ¥) = g (2.1.2)
Therefore X must be —EQC') and the transformation is

U= g.(X - B(X)) (2.1.3)

If Vy is the covariance matrix of Xy then
v, = B(% - B(X)).(x - 5x))T7
B u (7.7
VL BAH T, (T
(cT.g) (2.1.4)

il

n
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since

E&qgrj = EU = ; , (2.1-5)
Tt can be shownlll/ that C is in fact equal to
c =4 E§1 (2.1.6)

where A is an orthogonal matrix with column vectors equal {o the orthonormal
eigenvectors of Vy, and V. is a diagonal matrix composed of the eigenvalues

of Vye

If the original variables do not have normal distributions, the transformed
variables are not defined by common distributions. If all the original
variables do have normal distributions, however, then the transformed

variables are also normal.

2.1.4 Example of Correlation

One simple method of avoiding correlated variables is to use a combination
of several mutually uncorrelated variables. When the uncorrelated wvariables
are treated as a product, the means for all but one of the variables are
taken as unityjwhile when they are treated as a sum, the means for all but one
of t hem are taken as zero. For example, the yield strength of each
reinforcing bar in a concrete beamZT1ﬂ7 has been meodelled using four basic
variables. The model is

FY = FH x F2 x F3 x F4 (2.1.7)

where

Fy 1is the yield strength of a particular reinforcing bar in the beam;

F, models the variability of all bars of the same nominal diameter,
type and grade with appropriate mean;

F, models the variability between different works with unit mean, and
will be common to all the bars in a beam unless part of a large
project which warrants more than one supplier;

F3 models the variability between billets with unit mean, and in many
cases can be combined with Fp; and

Fs models the variability between bars rolled from a single billet
with unit mean, and will be a different basic variable for each

bar,.

In general, however, this precision in modelling does not occur because it

would require considerable statistical knowledge for it to make a significant

16



contribution to the accuracy of any analysis, and to model all parameters
perfectly would require more statistical data than is at present, or ever

likely to be, availablel! 14142/
When analysis is being carried out for a whole structure rather than just

a single member, then the set of basic variables for each local failure

will be a sub-set of the complete set of basic wvariables for the structure.

2,2 FAILURE CRITERIA

A limit state is defined as a particular limiting condition for an element
(or number of elements) beyond which it (or they) becomes unfit for one or
more of its purposes. The limit states are usually divided into ultimate
and serviceability classifications, where an ultimate limit state implies
some form of collapse while a serviceability limit state implies that the

member can nc longer fulfil its design function in some respect.

For the purposes of analysis, it is assumed that the basic variables can be
used to define a function, g(x), such that if g(x) > 0.0 that limit state
has not been reached, btut if g(f) < 0.0 then it has been reached. This
function will be referred to as a failure criterion, which is therefore a
general term implying failure to comply with a specified design requirement
and not necessarily collapse. The function g(ﬁ) need not necessarily be a
simple equation, so that the boundary between the safe region {defined as
the subset of X in which g(x) > 0.0) and the failure region (the subset of
J'g‘in which g(’:\c’) S0.0) is not necessarily a smooth hyper-surface. This

boundary is known as the failure boundary.

The probability of failure of an element or structure with respect to a
particular limit state can be defined as the preobability of the limit state

function being less than or equal to zero, that is

0
(e(x)) alelx))
I fg(z) BT TER

g(X)=—00
o el
J-XﬁQ, fg(-%) (g(~)) ax dx

J‘ £, (x) ax (2.2.1)
XeQ A

where Q is the subset of X in the failure region andfggﬁ) is the joint

p(F)

"

probability density function for the variablesﬁ:
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If the element or structure has to satisfy several limit states, the subset
Q is different for each limit state. The total probability of failure will
be defined by that subset of z'that contains all poinis of failure in the
basic variable space. In general, it will not be either the sum or the
maximum of the values for the separate limit states, though these will form

bounds to it.

The reliability,R., of an elemeni or structure is defined as the probability
that it will not attain the relevant limit state(s), and as such is given
by

R = 1.0 - p(F) (2.2.2)
where p(F) is the probability of failure. In general the probability of
failure is very small (typical values are arcund 10 "6) so that the reli-
ability is most conveniently expressed in terms of one mirms the probabil-

ity of failure,

2.3 LEVEL 3 RELIABILITY AWALYSIS METHODS

2.3.1 Definitions

The definition proposed for Level 3 methodsZT£7 is "safety checking based
on an exact probabilistic analysis for whole structural systems, using a
full distribution approach, with reliability levels based on agreed failure
probabilities, interpreted in the sense of relative frequency'". Most of
the structures that have previously been analysed by these methods are
single members considered to fail in only one mode. This is both because
it is difficult to define the joint probability density function of the
various basic variables and because accurate rnumerical solutions are

extremely time-consuming.

The object of any analysis by this method is 1o measure the cumulative
probability of the function g(x) being less than or equal to zero. If

there are n basic variables, this requires rewriting equation (2.2.1) in

the form
+00 00 + oo
JORN BN B A (2493000 e9%) x P ((2)
X1 =D x2=_w }51=—00 X‘] ] x2, see 'Xn y’ i
dxq dx, ee. dx, {2.3.1)
where

')o(y)=5-|y f2y (2.3.2)

18



2,3.2 HNumerical Integration Approach

Analytical solutions to equation (2.3.1) are available for a few special

cases, but in general this equation can only be solved numerically.

Numerical integration of a convolution integral is an extremely time-
consuming procedure, particularly for a large number of variables, and
therefore would not be recommended for general use. However, it is a
suitable method for obtaining an accurate estimate of the probability of
failure with which to compare the estimates obtained from other methods.
If this method is used to assess the errors arising from an approximate
method of reliability esnalysis, then the accuracy of the numerical
integration procedure has to be at least an order of magnitude more
accurate than the expected error of the approximate method. The size of
the finite increments of the variable space added at each step and the
mumber of such steps can be adjusted so %hat the appropriate degree of
accuracy in the value of the failure probability is attained for the

minimum amount of calculation.

The division of the variable space into finite increments for numerical
integration can be carried out in a number of ways. The simplest approx—
imate form of the failure probability, for mutually independant basic
variables, is obtained by dividing the variable space into steps of size
Sx in each of the n dimensions., This gives

1, 1, 1y,

ORI UMD A N [ SRS M-S S SO
s TR e SRR
oo o G 252 P (e@)]  (2.3.3)
where g(’{c’) is the numerical value of the failure criteria when x; = j; , ®x
for 1 €1 € n. Each value of 1i and k; is chosen so as to include all of the

failure region which has a relatively high probability of realisation,

2,3.3 Refinements to Numerical Integration Approach

To evaluate the failure probability by equation (2.3.3) is not sensible
since it is equivalent o dividing the basic variable space into equal
sized hypercubes and then‘summing the probability content of those in the
failure region. A more efficient approach is to carry out the convolution
integration as a series of stacked "loops". The inside '"loop', which finds

p(F‘xz,...,xn) is obtained from
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Fx1(x.;) if (%] +BXyTprerer®y) 3 0.0

F s e =
p( ‘xz’ ’xn) {1.0 - Fx1(x;) if g(x‘; +Sx’x2,o.o,xn) < 0.0

(2.3.4)

where x‘; is the value of the first variable such that g(x;,xz,...,xn) = 0.0

for the conditional values of x;, 2€ign.

The second "loop" can then be carried out using the values of this con-
ditional probability for each increment in the second basic variable, and
similarly for subsequent "loops" (figure 2.3.1), using
1
p(F‘xiH""!xn) = Z [%x. fxi(j ox). P(F\xi=j.8m

J==kj
Xi+1' Xi+2,...,xn)] (2'305)

This is repeated until the nth, and outer, "loop" has produced an
unconditional failure probability. It should be noted, however that this
approach is only applicable to structures in which the position of the
failure surface can be uniquely defined by specifying any (n-1) of the

n basic variables and the condition g(x) = 0.

For both equation (2.3.3) and (2.3.5) the accuracy will be improved if
Simpson's Rule is used to sum the probabilities rather than the more
straightforward Trapezoidal Rule. 4 further refinement is to vary the
values of Bx such that they are smaller in regions of high probability,
ﬁsua.lly near the mean values, and larger in regions of low probability.
A refined Level 3 method, using these and other modifications, is

described in sub-section 3.71.3.

2.3.4 Monte Carlo Analysis

An alternative method to numerical integration, which also uses the full

distribution approach, is Monte-Carlo simulation[-‘lj « In each of a number
of trials a value is randomly generated from the distribution modelling

each basic varia‘ble, and the failure criterion, g(;\:{), is evaluated for that
set of values. The probability of failure is calculated as the proportion
of the trials undertaken for which g(f:\c‘) £ 0.0. The precision is dependent
on the rumber of frials carried out and the expected mumber of those trials

that will result in failure.
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This precision can sometimes be improved by fitting a curve, such as the
Pearson Distribution curveszj§7, using the central moments of the sample
values, g(;\c'), and calculating the probability of g(i)go directly., The
main problem with curve fitting is that the tail of the parent distribu-
tion may not be the same shape as that of the fitted distribution.

Monte Carlo simulation is useful for the verification of other methods
where numerical integration would prove excessively expensive in computer
time. This method will become inefficient with relatively reliable struc-—
tures since the number of trials required to give a meaningful result is

inversely related to the element's probabiliiy of failure.

2.4 LEVEL 2 RELIABILITY ANALYSIS METHOD
2.441 Definition

The proposed definition of a Level 2 methodzﬁ17 is "a design method incor-
porating safety checks only at a selected point (or points) on the failure
boundary (as defined by the appropriate limit state equation), rather than
as a contimous process, as at Level 3". The different Level 2 methods,
therefore, are different algorithms for identifying a suitable safety
checking point and the idealisation of the failure boundary in the region
of that point to determine reliabilities described either by safety indices
or equivalent "operational" probabilities in the same sense as for Level 3
methods,

2ede2 Mean Value Methods

The Mean Value Level 2 methodsZT4’3§7 expand the failure criterion in terms
of a Taylor series of mutually independent basic variables about the set of
mean values, Using the first two terms is equivalent to linearising the

failure surface at the mean point. This is given by

g(x)
S0 + 3 (s, - B =) (2.41)

i=1 "
%=E(%)

-

N

where n is the number of basic variables, Hence, using the rules for
expectation and varianceZ?£7,

B(8) = &(E(X)) (2.4.2)
n x 2
a?(3) =Z[ o (%) %5% ] (2.4.3)
i=1 ﬁ?E(E)
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The reliability index, 3, is defined as E(Z)/or (%), and the "operational™
failure probability by (b(-ﬂ). This will be exact if the failure cri-

terion iz a linear function of normal variables.

This method suffers from not being invariantZ757 to any equivalent trans—
formations of the failure criterion which produce the same failure and safe
regions in basic variable space, including statistically acceptable trans-—
formations of the basic variables. However, the amount of calculation '
required to obtain an estimate of the failure probability by this method
is relatively small since the linearisation point is coincident with the

mean point.

2,443 Transformations of the Variables

In order to eliminate the lack of invariance to transformations of the
failure criterion, the linearisation can be carried out in the region of
the point of maximum probability density on the failure surfacezzorzﬁ7.
This point is known ag the design point and has to be obiained by itera-

tion, The first step is to transform the basic variables,

For the particular case of normally distributed variables, the following

transformation can be used

X = EB(X%)
s = -W (2.4.4)

This makes the design point the closest point to the origin in the
transformed variable space. Other transformations can be made for the

cases of non-normal variables,

One approachZT§7 to using these transformations is to model specific basic
variables with set distribution types, and then make prescribed transforma-—
tions on them. This has the advantage of consistency of approach between
different failure criteria, but does not allow the best available models

for each basic variable to be used.

A more general method is to transform each variable from whatever distribu-
tion type has been used to model it into 2 standardised normal variableég'alz
This can be done by taking the cumulative distribution function in(x) of
Xiy as given by

Fy, (%) = p(%; € %) (2.4.5)

2



and then finding a value, u;, of a standardised normal distribution which

has the same cumulative probability by

- (Fy, (x;)) (2.4.6)

where $(u) is the cumulative distribution function of the standardised
normal variable u. A good polynomial approximation to @(u) for computa~—
tional purposes has been given by Hastingsza] .

This transformation may also be carried out£?27 by finding the mean, m, and
standard deviation, s, for a hypothetical normal distribution which has the

same cumilative probability and probability density at the specific value

x; as the distribution of ¥, followed by the further fransformation
Xa o~ M
i
u; = S (2-407)

Values of m and s have to be found for each wvalue of x; used.

The transformation of x; into u; for all the basic variables is referred
to as the transformation from X-space (ie that of the original basic
variables) into U-space (ie that of the standardised normal variables)

(figure 2.4.1). Similarly u; can be transformed into x; by

X3 = F: ($ (»;)) (2.4.8)

and the failure criterion can be transformed into U-space by

e(x) = a(Fy ! (b @) = n() (2.4.9)

In practice this last iransformation is carried out by transforming each

value of u; into the equivalent x; before substituting into g(f).

The latest modification is to allow for the inclusion of correlated basic
variables since it has been shown that the transformations of the variables

into another, mutually independent set can be carried out within the design
proceduraZiéZ.

2.4.4 Advanced Methed

The algorithm which is referred to as the Advanced Level 2 method in follow—
ing chapters is based on Horne's algorithm£217, but it is modified to include
correlated basic variables. The failure criterion, equation (2.4.9), is

transformed into U-space and then linearised at the design point u*, so that

it becomes:
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n
*
i=1
where

as= _é_l’l.@.l ‘ (2_4.11)

o2y .
n=

The mean and standard deviation of & can be found in a similar manner to
those for the Mean Value method. Since E(Uj) = 0.0 and & (Uj) = 1.0, these

B(%) = Z [-ajuj*] (2.4.12)
j=1
and
SO Y [ajaklo(Uj,Uk)] (2.4.13)
j=1 k=1

vwhere /O (Uj,Uk) is the correlation coefficient for u; and uj. If a pair
of the basic variables are either muiually independent or both have normal
distritutions, then p(uj,uk) = [J(Xj,xk), but in other cases the relatione

ship has to be established explicitly, or else one has to be assumed,

The reliability index is defined by

n

2 =]

ﬁ, _ (2.4.14)
Therefore
r/{
] ) > I 23 *'] - a
3 - Bu':*.' J L
Zl s > 12 - T
i=1 JZ Z [agakF(U 'Uk)]
LV 7 g=1 k=1
n Ba-k Ba.i
Zld s BETesd o sgapon] ||
. n n . /2 *
2 x ( E g[ jal‘c[J(Uj'Uk)] ) (244415)



Since A (U;,U.) = o (U,U;), this simplifies to
/0 ’ * /0 J -~ =n da.
Z [“ S—u*% u ¥ ] — 8

Z (¥ o - Z <f = -

i=1

Zn‘ % EE& (u.,0) ]

ﬁ x J:1 k:I [B 2 ak(a k] > %uﬁ{ (2.4.16)
2 2 [a’jak[) (u ’Uk)]
j=1 k=1 ) .

If/s is to be a stationary (maximm or minimm) value, then

22'_.[ —v&%u*] = 0.0 (244417)

out
i=1

subject to the point remaining on the failure boundary, so that

Z[ Su* = 0.0 (2.4.18)

i=1

Therefore, if equation (2.4.16) is to be satisfied for all possible com—

binations of Quj*

n ["z_i% uj*] _ [5 3:1 = - - = 0.0 (2.4419)
5=1 J >zl *xf ©pn)]
Jj=1 k=1

must be true for 1 { i < n. This gives n simultaneous equations in the
n values of ui*, these equations being satisfied when

n

1_1[ p(UlvU)]
p./n % ia'lcf’(Ui’Uk)]|

i=1 k_1
25
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or

u* = ofy _ (244.21)
where
(w0, |
of; = 2 [ /) ) (2.4.22)
> 5[ 2.2 0(0,0)
JJZ; kZ_;[ 225058\

2.4.5 Iterative Procedure

In general, any trial set of estimated values of uj* will not exactly
satisfy the failure criterion as defined by the equation

h(a) = 0.0 (2.4.23)
so therefore a correction factor Sui* is required to be applied to uj*.
If

n(u*) =Ah (2.4.24)
then

?n'd [ a,%3u* + An=o0.0 (2.4.25)

i=1
If the value of obtained from rearranging equation (2.4.21) for each
value of i is/GjJ so that
u*
ﬁi = Yy (2.4.26)

then

pi +But/or ;s = F, (2.4.27)

So that

Z [ (/3 ﬁ + /A\\h = 0.0 (2.4.28)

i=1
which can be rewritten as
&a"fi’i(i i.k
=1
n
2. [ ai"’-'il
i=1
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and the correction factors can be found from
* = - . 2-.0
Bu = or; (B-/3)) (2.4.30)
Similarly to the Mean Value Level 2 method, the "operational” failure

probability is found from

o(F) = § (-{3) (2.4.31)

2.4.5 Matually Uncorrelated Basic Variables

The Advanced Level 2 method was originally developed for use with mutually
uncorrelated basic variables. This simplifies some of the equations since
0.0 if i £ j

P(Ui’Uj) = {1:0 ifis (2.4.32)

which implies that.

i Zn“ a.ak/o(U 0] = af] (2.4.33)

j=1 k=1 J-1

and

Zn? [Br ] (2.4434)

J=1

Ji il [ s |

An example of a failure criterion in three mutually independent variables
is given in figure 2,4.2. The failure boundary is shown in one octant of
the standardised normal space. The true probability of failure is the
probability of any realisation u occurring in the failure region, while
the "operational failure probability is the probability of g being beyond
the linearised failure boundary. Therefore any error will be due to the
probability of u lying between the true and linearised failure boundaries,

which are tangential at the design point.

The additional error generated by using the mean point as the linearising
point is illustrated in figure 2.4.3. The mean value linearisation of the
failure criterion means that the approximate failure boundary may not even
interesect the true failure boundary, so that the error can be several

orders of magnitude larger than the Advanced Level 2 methed.

The Level 2 methods can only be used to estimate the failure probability
(and hence the reliability) for modes of failure whose failure surfaces do
not have gross discontinuities close to the transformed origin. This
limits the method to the determination of the reliability against individ-

ual local failures as a general case.
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CHAPTER 3 - THE ACCURACY OF LEVEL 2 METHODS

3.1 EVALUATION OF LEVEL 2 ERRORS

3.1.1 Sources of Level 2 Errors

The Level 2 methods of structural reliability analysis (as described in
section 2.4) involve making some approximations in order to evaluate the prob-
ability of failure. At present these techniques are widely usedzg'11’14’257
without the quantitative effect of the simplifying assumptions having been
fully established. Some work has been done by Bakerzﬁa7,to examine the effect
of these assumptions by comparing some failure probabilities obtained using
the Advanced Level 2 method with those obiained using the Level 3 analysis by

numerical integration. This chapier is an extension of that work,

The error in the failure probability calculated by the Advanced Level 2 method
can be divided into that which:
i. 1is due to converging at the 'wrong' design point {ie not the closest
point on the failure boundary %o the origin in standardised normal space);
ii. 1is due to using inaccurate probabilistic models because of insuf-—
ficient data; and
iii, 1is due to the probability content of the basic variable space
between the true and linearised failure boundaries.
The error due to i. should be capable of elimination by refinement to the
algorithm to ensure that the point found is not a2 local minimum, while any
errors due to inaccurate probabilistic models are ighored since any error due
to ii, will also affect the Level 3 control values, Therefore this study is

primarily to examine the errors due to iii.

3.1.2 Examples Used

This study first examines the error in the relatively unimportant structural
example of a rod in axial tension, both for the Advanced and Mean Value Level 2
methods, using 117 sets of probability distributions for the hasic variables,
Each rod was designed to one of four reliability levels (Section 3.2). Since
this first study examined only one combination of untransformed basic
variables, 108 arbitrary failure criteria,against each of which designs were
carried out to three reliability levels, were then examined to check that the
first set of resulis were not dependent on the form of that criterion. These
arbitrary failure criteria had no structural meaning unless by pure coincidence
(section 3.3), Finally a non-structural failure criterion which contained two

potential design points was studied to examine the errors in a failure boundary

which was grossly non-linear (sub-section 3.3.8).
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Hbrnezzi7 has proposed a method of determining the error by assuming that the
curvature components of the failure boundary are constant to infinity, and
equal to the values at the design point. Since the important part of the
failure region is that in the vicinity of the point of maximum probability
density on the failure boundary, this assumption should not be too inaccurate
provided that the curvature does not change significantly close to that region
(for example when there is a discontimuity in the slope). However, direct
comparison with the, failure probability obtained by the Level 3 method is

needed to find the precise error, and therefore that is used for this study.

3a1e3 EBEvaluation of Level 3 Probability

The method used for calculating the Level 3 failure probability was based on
that used by Bakerﬁj « The failure criterion was transformed inte standardised
normal space, equation (2.4.9), and the basic variables were ranked in order
of decreasing absolute values of ©fj (as given by equation (2.4.22) in the
Advanced Level 2 analysis). The failure probability conditional on a2ll but two
of the standardised normal variables having specified values can be calculated
using the chi dis-bributionzzj +« The two non-specified variables were taken as
the highest ranked pair. The chi distribution models the square root of the
sum of the squares of y) independent standardised normal random variables, and
therefore its cumulative distribution gives the failure probability of a hyper-
spherical failure boundary at the relevant radius in Y dimensions, where

are the rmumber of degrees of freedom,

The chi probability density function is given by

PG )
T e )

2

£.6) = (3.1.1)

! T
where.r'(.) is the gamma function. For V =2 this simplifies to

0
Y-[%z] .exp(_%z] 2

gy(.v) = ON =y « exp(~%5) (3.1.2)

with the associated cumulative distribution function given by
¥ 2
Ry(y) = f v em(=L) ay = 1.0 - ew(= %) (3.1.3)

o
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Hence the probability, Pox 1 of being outside a circle of radius y centred at

the origin in two=dimensional siandardised nermal space is given by

2
por = ex(~-%) (3.1.4)
and the probability of being outside that circle in a segment of /N radians
is given by
A i
Pp =5 - em(=%) (3.1.5)

Therefore the plane in standardised normal space which included the two mosit

important variables was divided into segmemts of &\ radians, with the dis—

th

tance from the origin to the failure boundary in the i*" segment being ¥i

(figure 3.1.1). Therefore the failure probability is given by

1
. A
pFluygngsenerny) & g2 2 | emlb rhsq)) + 4.4 exl-rd)
i==k

+ om(=Fr(p141)) | (3.1.6)

The limits k and 1 correspond o those obtained by applying negative and
positive incremental angles respectively to the line at an angle tan"1(u2*/h1*)
to the u4 axis until the contribution to the probability from a segment in the
incremental angle became insignificant, whilst ensuring that (k+1)A\ € =

so that the confribution from a segment is not summed more than once.

The third and subsequent variables were incremented in steps and the probabil-
ity, conditional on the values of the less sensitive variable, obfained using
Simpson's Bule by
14
Buy > 23-1)" 2
P(F[u41 985400000 stn) = exp (= 'L‘%—l . Buy) =

3f2x . J=-ki

- 3 a
p(Flui=(23—1 )‘.Sui,uiﬂ ,--.,u-n) + 4 - exp("'.jzu % ui) X
. 2
. (23+1) 2
p(Flui=23 .%ui,ui+1,... ,un) + exp(“ 2 . 6 ui) x

p(F1ui=(2j+1) .Sui,ui+1,.-.,un)} ] (3.1.7)

with the values of Sui increasing with decreasing absolute value of ©C;.
The limits ki and 1l; correspond to these obtained by applying negative and
positive increments respectively to uy until the contribution to the probabil-

ity from an increment was considered insignificant.
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The unconditional probability of failure, p{F), was obtained from equation

(3.1.7) when i=n, the mumber of basic variables in the failure criterion., The
values used for the limits and increments were chosen following a set of +trial
calculations so as to give an accuracy of three decimal places in logqg (p(F)).

This level of accuracy was considered sufficient for the control values.

3.1.,4 Design and Analysis Procedure

The procedure used for each example was to obitain a design for which the prob-—
ability of failure calculated by the Level 2 method was equal to the target,
or design, probability. This was achieved by altering the mean of one oi the
basic variables in the failure criterion in an iterative process, The "true"
failure probability was then calculated by the Level 3 analysis method

described above,

For those cases in which the iterative procedure stopped before the value from
the Level 2 analysis for logqg (failure probability) was within three decimal
places of the target value, the Level 2 and 3 values were treated as being
proportional to each other and adjusted accordingly., This adjustment did not
change any failure probability by more than 2%,

3.2 EXAVMPLE OF ROD IN AXTAL TENSION
3+42.17 Form of Failure Criterion

The first failure criterion to be studied in order to assess the difference
between the failure probability determined using the Level 2 methods and the
"exact™ value was the structurally simple problem of a cylindrical rod in
axial tension, This has been used previously for other c0mparisonsZ§'117z
For the purposes of the present study the following assumptions were made:

i, The bar was a perfect cylinder

ii, Failure was defined by the onset of yielding

iii, The rod was perfectly homogeneous

ive The load was applied axially

ve The diameter, yield stress,permanent load and live load were

independent random variables.
Given these conditions the form of the failure criterion is given by

% = g(D,¥,PyL) = -”E xD? x ¥ =P =L =00 (342.1)
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where

D = the diameter of the rod

Y = the yield stress of the rod

P = the permanent load applied to the rod
L = the live locad applied to the rod

This was a convenient example with which to examine the errors due to the limeari~
sation implicit in all Level 2 procedures since & is a non-linear function of

four basic variables.

The design of each rod was carried out by altering the mean diameter to give
the target failure probability as found with the Advanced Level 2 method. This
design was then analysed by the Level 3 method and the Mean Value Level 2
method. For the latter, the analysis was repeated with the form of the failure
criterion rearranged from the load format of equation (3.2.1) to the stress

format of

z'l = g(D,Y,P,L) 2z Y= 37‘(%% (3.2.2)

3.,2.2 Advanced Level 2 Results

411 four variables were treated as random variables only for the first seven
cases considered (Table 3.2.1), with coefficients of variation from 0.05 to
0.25 for yield stress, 0.05 t0 0.40 for both permanent and live loads and
0.242 to 0.414 for diameter; these ranges being used 10 cover extreme cases
rather than reflect values that would normally be encountered. A target
failure probability of 10~3 was used. The Mean Value Level 2 analysis was

not applied to these particular cases.

The Advanced Level 2 method underestimated the probability of failure in each
casey, the furthest from the target value being 1024821, The failure boun-
dary for this case was plotted in transformed space in six mutually orthogonal
planes through the design point (figure 3.2.1), with all but two of the
variables held constant for each plane (figure 3.2.2 in two dimensions). This
shows that the failure boundary in four of these planes are concave when viewed
from the safe region, one is approximately linear and one is convex. Of the
four concave surfaces, the one which has the diameter and yield stress varying

is the least linear and hence results in the greatest error.

For the remaining cases (Table 3.2.2), the coefficient of variation for the

permanent load was kept at zero in order 4o economise on the computation
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required. The other coefficients of variation ranged from 0.05 to 0,25 for
yield stress, 0,05 to 1.00 for the live load and 0.034 to 0,606 for diameter.
The target failure probabilities were set at 10=3, 1072, 10~ or 109, The
yield stress was modelled as having a normal distribution, so therefore its
coefficient of variation had to always be less than -1.0/4;"1 (target probabil-
ity)} in order to stop the probability of the yield stress theoretically having
a negative wvalue being greater than the target probability.

The Advanced Level 2 method generally underestimated the probability of failure
for this failure criterion., The range of failure probabilities were 10~2.784
$0 1024996 10~44696 o 10~4+996, 10~6+838 o 10~T+009 ang 10~8.819 4o
10~9+039 for the target probabilities 10‘3, 10‘5, 10~T and 10~ respectively.
The values of the failure probabilify evaluated by the Level 3 method were
plotted on a logarithmic scale in figure 3.2.3, demonstrating their lack of
scatter from the target values. Cases from each end of the range for the tar-
get probabilities 103 and 10~ were plotted in figures 3.2.4 - 3.2.7 in a
similar manner to figure J.2.1.

34243 Shape of the Failure Boundaries

As might be expected, those cases which gave approximately the correct failure
probability have much more linear failure boundaries than those which under—
estimated it, whose boundaries were significantly concave. In case 83, where
the Advanced Level 2 method overestimated the failure probability, the
trensformed failure boundary in the plane with varying diameter and live load
is convex, despite being concave in that plane for the other three cases
plotteds These diagrams, therefore, demonsirate that:

i, A concave transformed failure boundary will cause the Advanced

Level 2 analysis to underestimate the failure probability, and vice

versa for a convex one;

ii. The shape of the failure boundary can change from convex to concave,

or vice versa, with changes in the parameters of the distributions model-

ling the basic variables because of the transformation into standardised

normal space.
The latter conclusion means that it will be difficult to generalise as 1o
whether, or by how much, the Advanced Level 2 overestimates or underestimates
the true failure probability, even for a given failure criterion with given

probabilistic models for the basic variables.
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The errors in logo (p(F)) did not alter significantly with increased reliabil-
ity, so that the proportional error in Advanced Level 2 reliability analysis
decreased with increasing reliability for this example., However, this is only
the error conditional on the probabilistic models being correct, and the errors
due to inaccuracies of these models could be expected to inerease with increased
reliability since the design peint will be then further into the tails of the
distributions modelling the basic variables. (The effect of the reliability

level on the expected error is further discussed in section 3.3).

34244 HMean Value Level 2 Results

The Mean Value Level 2 analysis gave two widely different failure probabil-
ities with the two forms for the failure criterion., With the load form it
tended to overestimate the true probability, while with the stress form it
always underestimated it. This demonstrates the range of results that the Mean
Value Level 2 method can give for the same problem due to its lack of inwvariance
to the form of the failure criterion, Therefore great care must be taken if

using this method to define a consistent form in which all failure criteria are

written.

A set of rods were designed to a target probability of 107> by the Mean Value
Level 2 method, but the exact failure probability was obtained by the Advanced
Level 2 rather than the Level 3 method because the previous study had
demonstrated that the Advanced Level 2 method is considerably more accurate
than the Mean Value Level 2 method. The results are given in table 3.2.,3 and
figure 3+2+.7. The extra calculation required to carry out the iterative
procedures in the Advanced Level 2 method were shown to be fully justified for
non-linear failure criteria since the error in the failure probability of these
designs were several orders of magnitude, end they were not 40 a consistent
pattern which would have been virtually cancelled cut when using them for a
calibration exercise. However, the Mean Value Level 2 method is used still

quite widelyzzﬁ7 because of its simplicity.

It is suggested here that the Advanced Level 2 method should always be used in
preference to the Mean Value Level 2 method. This is because, when the latter
approach is adequate to give a good approximation to the failure probability,
the former will only require a2 limited number of iterations to find the design
point, and hence will not fake significantly longer to evaluate the result.
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3.3 EXAMPLES USING ARBITRARY FAILURE CRITERIA

3.3.1 Form of Failure Criteria

To extend the range of the comparison s¢ as to eliminate any dependence on the
form of the failure criterion, a set of failure criteria from a family of
16,731 possible arbitrary failure criteria with mutually uncorrelated variables

were analysed. The general form of the failure criteria was given by
_ 1l n2 n3
B=X" 8 % H, L +k (3.3.1)

where

= one of the operators +, -y x or *

2

n; = fixed index randomly chosen within

¥; = basic variable with fixed distribution | fixed bounds (Table 3.3.1)
type, mean and standard deviation

kX = constant, used to design the criterion to give failure probabilities

of 1073, 1072 and 10~ by the Advanced Level 2 method.
These failure criteria were not intended to have any structural significance
they were purely to give a2 wide range of possible combinations of basic

variables and hence shapes of {transformed failure boundaries.

The non~integer values of the indices were limited to those variables which
have distributions that canmnot have negative values. Any variable ithat is a
denominator in a failure criterion was limited to the non-negative distribution
types to eliminate the possibility of having an infinite as well as a zero
failure boundary (as demonstrated in figure 3.3.71). The errors resulting from
this type of failure criterion would hawve 4o he examined if any practical

failure criterion were shown to exhibit such behaviour,

3e3e2 Design Point Error

Of the 108 different failure criteria that were analysed (Table 3.3.2), case

No 26 resulted in the largest error. When the failure boundary was plotted in
standardised normal space (figure 3.342), the curve was shown to have two local
minima and hence two possible design points. The Advanced Level 2 failure
probability had been obtained after iterating to the one further from the
origin, When the iteration procedure was re—-started near the correct, rather
than the pseudo, designh point each time, the iterative design procedure only
succeeded for the target probability of 1073, However, even with two approx—
imately equal possible values of for this reliability level, the error in
logyg (p(F)) is less than 0.15 (see also Sub-sections 3.3.7 and 3.3.8).
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3e3e3 Scatter of Hesults

The remaining trials were ploited in a histogram of failure probabilities as
computed by Level 3 analysis (figure 3.3.3), for which the mean and standard
deviations were calculated for the three reliability levels (table 3.3.3). These
statistics demonstrate that the errors are not large for most cases, and that

the tendency is for the Advanced Level 2 method to overestimate rather than
underestimate the probability of failure for this family of failure criteria.
(This is the opposite of what was observed with the single failure criterion

of a rod in axial tension.) Further, the scatter does not appear to be depen—
dent on the target probability of failure, although a larger sample would be

required in order to confirm this.

3.3.4 Approximate Error Function

In order to examine the theoretical effect of the value of the target probabil-~
ity on the error, assume that the change of the constant only alters the dis-
tance between the origin and the design point in U-space (ie )o In two
dimensions (which is considered for simplicity), this transformed boundary can
be plotted with the line Jjoining the origin to the design point as the x-axis
and an orthogonal line to it through the origin as the y—axis (figure 3.3.4).

The true failure boundary passes through the point ( &, 0) and can be defined

f, (x-4) 0y £+
y={ 1 /8 (3.3.2)
f2 (X— ) —oogy‘\(O

by

where (x —/3) £ 0.0 for a concave failure boundary and (x —/5’ ) > 0.0 for a
convex one, The proportion of the probability content of any thin slice
parallel to the y-axis which lies between the true and linearised failure

boundaries is given by

rg(x) = & (-nE-BN+ O (g(x-4) (3.3.3)

since ‘the distribution of y is a marginal standard normal one. Therefore, for

a convex failure boundary, the total error probability, pey is given by

o0
f ro(x) & #(x) dx
g

f;o[&)(- £1(x -FJ )) + @(fg(x -F))'l #x) dx (3.3.2)

and for a concave failure boundary

L’i[dg (- f.l(F- x)) + Q) (fg(ﬁ- x)) ] P(x) ax (3.3.5)
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Assuming that the true failure boundary is approximately linear, f;(x) and
fz(x) will be large unless x £ 0,0, so that @ (- £9(x)) + @ (£5(x)) will
quickly tend to zero as x increases from zerc. Therefore, since the majority
of the integration will take place at x %F , replace @#(x) by ﬂf(fs) so that
equation (3.3.4) becomes

pe.aj:[cp =g+ § oE-p) | K e
=¢(/3)f° L Ccac-gn+§ae-p) Az ) (3.3.6)

Moving the failure boundary relative to the origin means that ﬁ changes but
(x = ﬁ) remains the same. Therefore equation (3.3.6) implies that equation
(3.3.4) (and similarly for equation (3.3.5)) can be written as

Pe (( rs d%) (3-3.7)

where r{ is a constant, dependent only on the shape of the failure boundary

*ile

near the design point since the integral is in terms of (x -/3).' This result

can similarly be obtained for more than {two dimensions.

Hence the value obtained by Advanced Level 2 analysis for the probability of
failure for failure boundaries of a given shape can be corrected by
¢ (—/5 ) =»(®) - g xH(8) (3.3.8)

Therefore

loge ( @ (“ﬂ))

1o, [(¥) - » 8(8) ]

1o, (p(F)) + 1ogg | 1.0 <9 gﬁ%l]
e 0 - ) B G0

But, since the error, N« Bx), <€ p(F)) @ (—/5),

108, (P(-8)) 2 208,6(F)) - q g{f?}) (3.310)
logyo(p(F)) - 7’ ﬁf—’%) (3.3.11)

3e3.5 Change in Expected Error with Probability Level

or

logygl qﬁ (-F ).

Equation (3.3.11) implies that, for an approximately linear failure boundary of
a given shape, the error in logyy(p(F)) as found by Advanced Level 2 analysis
will be proportional to the ratio of the probability density to the cumulative
probability of — A (Table 3.3¢4). This means that, if the shape of a boundary
is maintained, the error increases but the proportional error decreases with
increased reliability.
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With the trial values obtained, dividing the mean errors in logyo(p(F)) by
;ﬁ(p‘ Y/ é(—ﬁ ) for the three reliability levels produced very close results
(0.0228, 0,0232 and 0.0229 for p(F) = 1073, 10~5 and 10~T respectively). This
confirms that the errors are proportional to this ratio, although the standard

dewations calculated from the same results do not follow any such pattern.

3e3.6 Shape of Failure Boundaries

Two of the trials that are of parficular interest are cases No 33 and 34. In
case No 33 the error reduced markedly with reduced target failure probability.
The failure boundary in standardised normal space (figure 3.3.5) is nearly
parallel to the U;, Uy plane, and, since X3 has a normal distribution, this
implies that the failure criterion, & = X%/kg + XS + k, can be approximated by
the linear equation & & X3 + k and that Xy <K X3 near the design point. As
the target failure probability is reduced, the value of u3* increases and the

concave "warp'" in the failure boundary must have a decreasing influence.

In case No 34 (figure 3.3.6) the error changes from an underestimation of the
failure probability to an overestimation with reduced target probability. This
results from the convex boundary in the Uy, Ué plane remaining approximately
the same distance from the origin in that plane, and hence contributing a
similar error, while the concave boundary in the U2, U3 plane moves away from
the origin in that plane with reduced target probability, and hence contributes
a reduced error. (Both these error components would be proportional to

ﬁ(./Uia + sz) in terms of equation (3.3.8).) Hence the one error is replaced
by the other as the dominant error with changing reliability levels.

2e3e7 Design Point Errors

The linearisation of the failure boundary in standardised normal space at the
closest, or design, point has been shown not to lead to gross errors for this
family of arbitary failure criteria when estimating the probability of failure.
However, when there are multiple local minima, as in case No 26, the choice of
the true, rather than a pseudo, design point can be very critical. In order
to reduce the probability of the wrong design point being found either:

i, +the Advanced Level 2 iteration procedure can be started from several

different points, and the resultant values of:/scompared to find the

minima when they differ; or

ii., points on the hyper—sphere formed by points equidistant with the

assumed design point from the origin in standardised normal space can be

checked to see if they are in the failure region, and the Advanced Level 2

iteration procedure restarted from that point if it is in the failure region,
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An excessive mumber of such checks would be required to be entirely certain
that the point found is the design point. It may be possible to reduce this
with experience of the particular failure criterion, so that the checks are
carried out in regions of the variable space where the curvature is such that
any local minima are most likely to exist. Two possible examples are:
i. When there is a discontimiity of slope due to a change in the basis
of the failure criterion (eg in an RC beam when the reinforcing bars move
from the plastic to the elastic portion of the stress-strain curve, and
vice versa); and
ii, ‘'hen the distribuiion modelling a basic variable, before being
transformed into a standardised normal one, has a step in its probability
density function (eg when the yield stress is modelled by a lognormal
distritution, but below a particular value the probability density is
reduced to a fraction of the normal value (with the complete distribution

re-normalised) to represent quality control procedures).

3e3+.8 Multiple Local Minima

An arbitrary failure criterion in two variables was therefore analysed, in
which both variables had normal distributions with unit siandard deviations,
to examine the effect of multiple local minima when the correct design point
is found. The failure criterion used was the cubic equation

8 = g(X),%) = %43 + 4.5%% + 5.3%) = 1.2%p + 5.7 (3.3.12)
Since both variables had normal distributions, any change in their mean values
only moved the origin of the transformed surface without affecting its shape.
The failure boundary (figure 3.3.7) had a definite point of inflection and two

localised minimum distances to most of the points used as transformed origins,

This is again a non—-structural failure criteria. Furthermore this type of
curve is unlikely to occur to such a2 marked extent in any germuine failure
criterion model since it is not monotonic, In general the significant hasic
variables will be either loading variables (and therefore any increase in
value will cause a decrease in the failure criterion's value) or resisting
variables (and therefore any increase in value will cause an increase in the

failure criterion's value).

The particular computer program used for the Advanced Level 2 method failed to
find the design point for a set of the transformed origins, and for three of
these the program used for the Level 3 method also failed to calculate the

failure probability. For the remaining transformed origins the apparent error

43



in logﬂo (failure probability) calculated by the Advanced Level 2 method is
never more than about double or less than half that calculated by the Level 3 method.

The results showed that once the origin was a reasonable distance (about 2
standard deviations) from those parts of the failure boundary with sharp cur—
vature, the accuracy of the Level 2 analysis was within acceptable agreement

of the Level 3 results for such values as were obtained.

3.3.9 Extension of Present Work

If miltiple design points are found or sharp curvature is suspected, then a
possible method to find how "sharp' that curvature is near to a design point
in any plane Uj, Uj is o increase u;¥* by Sui and find the value of Usy Uity
which satisfies the failure criterion given that all other values are at their
design point values. Repeating this procedure using u;* - %Lq_to find Usn

allows the curvature in that plane at the design point to be approximated by

2y ey = 2u.® +u.,_
_?.’__.% : (5t " ) (3.3.13)
aui Sul
2%
The limiting absolute value of ___1%, above which gross errors in the Level 2
duy

reliability analysis are likely, will be a funciion of,3 s but fto establish
this function is outside the scope of this study. The relevant size of §5ui
may not necessarily be small since the sharp curvature causing an error may
not occur at the design point (eg with transformed origin (-2.0,4.0) in the

example above, or if there is a complete discontinuity of slope).

In modelling real structural members, where there are likely to be a large
rmumber of basic variables, the feasibility of checking for any such marked
non-linear behaviour of the transformed failure surface will be small.
However, error is most likely to occur when there are multiple local minima
with similar values of fS but with widely differing o vectors, where the

variables with the most altered of ; values should be examined first.



Fig.3.1.1- Failure Boundary in Standardised

Normal Space for the First Two Variables
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Variable Mean Distribution Type
Diameter Varies Lognormal
Yield Stress 290.,0 Normal
Permanent Load 30000.0 Normal
Live Load 50000.0 Extreme Type I Maxima

Logqg (Design Failure Probability) =-3.,0

Coefficients of Variation
Case Diameter (;gflgre
Yo 1 Yie1d | Permanent | Live Diameter tean Probability)
Stress Load Load

1 0.05 0.05 0.10 0.271 44.36 - 2,981
2 0.05 0.05 0.40 04260 46.10 - 2,985
3 0.05 0.40 0.40 0.250 46,49 - 2.975
4 0.25 0.40 0.10 | 0.242 49.58 - 2,821
5 0.05 0.05 0.40 0.414 72436 - 2,990
6 0.25 0.05 0.05 0. 407 13.73 ~ 2,836
7 0.25 0,40 0.40 0.398 T5.41 - 2.832

TABLE 3.2.1 = Advanced Level 2 Comparison with Four Variables
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Coefficients of

Log o (Feilure Probability)

Variation

Case Diameter Mean Value Level 2

Yo . ] Mean
gize'i:s II-::)-:; Diameter ot (Loa,d. ) (Stress )
0.05 0.05 0.064 23.34 | - 2.922 | ~ 2,269 | = 3.820
0. 05 0.10 0.063 23.73 - 2,905 | - 2.465 | - 4.188
10 C.05 0.40 0.052 29,02 = 2,994 { = 4.565 | - T.104
11 0.25 0.05 0.038 39.42 | = 2,996 | -2.,818 | = 3.000
12 0.25 0.40 0,037 40,40 § - 2,926 | - 2.856 | - 3.028
13 0.05 025 0.105 28,66 - 2,960 | = 2,318 | = 6.334
14 0.10 1,00 0.074 40433 - 24994 | = 3.990 { - 6.587
15 0.25 0.25 0.075 40419 - 2,939 | =2.444 | - 3.013
16 0.05 0.05 0.207 36.22 - 2,980 | -1.389 | = 8.476
17 0.05 0.40 0.195 38.55 - 2,979 | = 1.583 | = 10.452
18 0.10 0.10 0.205 36.62 - 2,945 | = 1.387 | = 6.307
19 0.10 0. 40 0.193 38.88 - 2,962 | = 1.564 | = 7.333
20 0.25 C.10 0.173 43445 = 24893 | = 1.550 | = 3.065
21 0.05 0.05 0.271 44438 - 2,987 | = 1.180 | - 12,336
22 0.05 0.40 0.260 46410 - 2977 | - 1.264 | = 14.246
23 0.10 0.10 0,269 44.63 -2.960 | =1.178 | = 8.387
24 0.25 | 0.05 | 0.246 48.86 | -2.821 | = 1,214 | - 3.215
25 0.25 0.40 0,239 50421 - 2,784 1 = 1.263 | - 3.302
26 0.05 0.05 0,422 T1e14 | = 2,995 | = 0,885 | = 28.309
27 0.10 0.40 0.413 72,59 | = 2.970 | = 0.901 { = 14.737
28 0.05 0.10 0. 521 9604 | = 2,991 | = 0,775 | = 43.422
29 0.10 0,40 0.514 97.36 - 2,975 | = 0.782 | = 17.857
30 0.05 0.05 0.606 123.68 - 2,992 | - 0.704 | ~ 56,406
31 0.10 0.40 0.600 124,91 -2.979 | - 0.712 { - 19,782

TABLE 3.2.2(1i) - Rod in Axial Tension with Design p(F) = 10>




TABLE 3.2.2(ii) — Rod in Axial Tension with Design p(F)

Coefficients of Logq (Failure Probability)
Variation
C;se Diameter Mean Value Level 2
o] ] ) Mean

3Sfilxe'ifsls ]E'::; Diameter Hact (Load ) (Stress)
32 0,05 | 0.05] 0.060 25.00 | - 4.876 | - 3.385 | - 6.869
33 0.05 0.40 0.044 34.48 - 4.996 | = 8.866 | = 16,103
34 0.10 | 0.05 | 0.056 26,79 | - 4.881 | = 3.451 | = 5.368
35 0.10 0.40 C. 042 35.53 - 4,968 - 6,652 | = 9.269
36 0.05 0.25 0. 091 33.10 - 4,980 | = 3.702 | = 144350
37 0.10 0.05 0.098 30.58 - 4.894 | = 2,620 | = 6.512
38 0.10 0.40 0.080 37.72 = 4.974 | = 4.293 | - 9.866
39 0.20 0.10 0. 061 49.06 - 4,976 | - 3.897 | = 5,008
40 0.05 0.40 C.163 46.08 ~ 4,995 { = 2,249 | = 24,035
41 0.10 0.10 0.178 42,43 - 4,908 | = 1.816 | = 10.294
42 0.10 | 0,40 | 0.161 46.71 | = 4971 | = 2.200 | - 12,298
43 0.05 0.05 0.233 51.57 = 4.975 | = 1.497 | - 26,000
44 0.05 0.40 0.218 55.41 = 4,985 | = 1.686 | = 31.643
45 0.10 0.05 0.230 52,08 = 4,955 | = 1.488 | = 13.003
46 0.10 0.40 0.214 55.95 = 4,965 | = 1.669 | = 14.479
47 0,20 | 0,40} o0.198 60.51 | — 4,696 | - 1,690 | = 5.299
48 0.10 0.05 0. 349 85.85 = 4,974 | = 1,068 | = 18.564
49 0,10 | 0.40 | 0.338 88.82 | = 4.959 | - 1.111 | - 19.096
50 0,20 | 0.10] 0.339 88.56 | - 4.769 | - 1,070 | - 5.860
51 0.05 C.10 0.427 117.14 = 44979 | = 0.919 | = 67.500
52 0.10 0.40 0.416 120,32 - 4,361 = 0,932 | = 20.910
53 0.05 | 0.05 | 0.492 152,48 | = 4.993 | - 0.827 | - 76.295
54 0.05 0.40 0.482 155.69 = 4,965 | = 0.839 | - 21.824
55 | 0.20 | o.a0{ o0.472 158,14 | = 4.872 | = 0.837 | = 6.320

= 10~




Coefficients of Log;q (Feilure Probability)
Variation
Case Diameter Mean Value Level 2
No Mean
g‘?:-ze'igs i::g Diameter act (Load) (Stress)
56 0.05 0.05} 0.057 26.35 - 6.838 | - 4,400 }- 10.060
57 0.05 0.40 0.038 29.23 - 6.996t ~ 13.3221 - 25.852
58 0.10 0.05 0.052 29.08 - 68621 - L.603]| - 7.353
59 | 0.10 0.40 0.037 40.90 - 6.9601 - 9.041] - 12.370
60 0.05 0.25 0.081 36.99 - 6.993] - 5.0901{ - 23.595
61 0.10 0.05 0.090 33,17 - 6.8551 - 3.286] - 8.640
62 0.10 0.40 0.069 42,31 - 6,968} - 5.792} - 13.019
63 0.05 0.40 0.143 52.46 - 7.0091 - 2.880} - 37,522
6l 0.10 0.10 0.162 L6, 4k - 6.869f - 2.1721 - 12.984
65 0.10 0.40 0.140 53.46 - 6.9781 - 2.793{ - 15.405
66 0.05 0.05 0.270 57.06 - 6.963| - 1.754} - 38.025
67 0.05 0.40 0.190 63.14 - 7.002} - 2.074| - 6,722
68 0.10 0.05 0.208 57.80 - 6,934 ) - 1.743] - 15.646
69 0.10 0.40 0.187 64,02 - 6.975] - 2.045¢ - 17.276
70 0.05 0.40 0.296 101.24 - 6.983] - 1.301} - 63.935
71 0.10 0.40 0.294 101.96 - 6.961| - 1.296) - 20.653
72 0.05 0.10 0.375 133.20 - 6.966} - 1.037} - 76.716
73 0.10 0.40 0.361 138.64 - 6,958t - 1.073} - 21.804
74 0.05 0.05 0.431 174.72 - 6.988] - 0.922) - 82.121
75 0.10 0.40 0.417 180.05 - 6.9581 - 0.949} - 22.353

TABLE 3.2.2(iii) = Rod in Axial Tension with Design p(F)
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Coefficient of Log,, (Failure Probability)
Variation
Case Diameter Mean Value Level 2
No _ Mean
giiﬁis tz:s Diameter Hxact (Load) (Stress)
16 0.05 0.05 0.054 2755 = 84827 |= 5.377 | = 134363
17 0.05 0040 C.034 43451 = 8997 |= 174633 | = 34.869
78 0.10 0.C5 0.048 31249 |= 8,860 |= 5.814 | = 9.273
79 Ce 10 0s40 0033 45.97 [— 84949 |= 11,020 | = 14,616
80 0.05 0.25 0.074 40453 | = 9,000 |= 64466 | = 32,514
81 0.10 0.05 0.084 35459 | = 84819 |= 3.926 | = 10.451
82 0. 10 0e40 04062 48453 | = 84958 |= Te160 | = 15,213
83 0405 040 0.129 58416 = 94039 |= 34491 | = 48.468
84 0. 10 0.10 0e150 50016 }= 84830 [= 24491 | = 14.814
85 0410 0.40 0.126 59460 = 84977 {= 34359 | = 1743170
86 0.05 0.05 0195 61656 1= 84951 {= 1977 | = 47396
87 0e05 0.40 0. 171 TOO5 (= Ge015 [= 24447 | = 57554
88 0. 10 0.05 0. 192 62461 {= 84911 [= 1.965 | = 17.235
89 0.10 0.40 0. 168 T1e26 j= 84981 |= 24404 | = 18.839
90 0405 005 0.285 105017 §= 8971 [= 14354 | = 72.319
91 0.10 0,40 0.264 113¢51 §= 84971 |= 1,467 | = 21.378
92 0.05 0.10 0. 341 146453 = 8e954 |= 1.140 | = 80.809
g3 0.10 0.40 De324 15456 j= 80964 [= 1,198 | = 22,192

TABLE 3.2.2(iv) = Bod in Axial TPension with Design p(F) = 102
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ients

C°effgg Load Format Stress Format
Case | Veriation - ]

Yo : - Diameter L°$10 Diameter Log 0
Yield { Live (Failure (Failure
Stress | Load | Mean |[C of V| Probability) | Mean | C of V| Probability)

94 0,05 }0.051 27.0710.055 - 8.20 24.05 | 0.062 - 3.79

95 0.05 | 0.40 | 29.64}0.051 - 3.22 27.26 | 0.055 - 2.43

96 0.10 | 0.05 29.84|0.050 - T.66 26.36 | 0.057 - 4,64

97 0.10 0,40 32.01{0.047 - 3.79 29.26 | 0.051 - 2,90

98 0.05 }0.25} 36,73{0.082 ~ 687 27.63 | 0,109 - 2.59

99 0,10 | 0.05| 39.5310.076 - 12,07 28.76 ] 0.104 - 3.77

100 | 0.10 }0.40} 40.33/0.074 - 5.92 30.59 | 0.098 - 2,76

101 | 0.20 }o.10f 69.81}0.043 - 5.76 49.38 | 0.061 - 5.00

102 0.05 | 0.40} 70.58}0.106 - 14,06 33.78 ] 0.222 -~ 1.98

103 0.10 0,10 76.2710.098 - 20,15 34.74 § 0.216 - 2.47

104 | 0.10 ] 0.40| 76.25/0.098 ~ 15,04 35.33 ] 0.212 - 2,24

105 0.05 §0.05] 107.94{0.111 - 2,50 37.96 | 0.316 - 1.78

106 0.05 | 0,40} 107.87}0.111 - 23.55 38,12 0.315 - 1.71

107 0.10 | 0.05] 116.64]0.103 - 21,92 39.44 | 0.304 - 2,00

108 0.10 { 0.40 | 116455{0.103 - 21.84 39,62 { 0.303 - 1.89

109 0.20 | 0.40| 202.22{0.059 - 6445 55.49 § 0.216 - 4.25

10 | 0.10 [ 0,05} 283.80}0.106 - 22,92 53433 | 0.563 - 1,38

11 0,10 | 0.40] 283.74|0.106 - 22,92 53.03 | 0.566 - 1.35

112 0,20 | 0.10| 492.55]0.061 - 6.53 68423 | 0.440 - 2.56

113 0.05 | 0,101 436.20[0.115 - 31.25 63,34 } 0.789 - 1,10

114 | 0.10 ] 0.40| 471.34}0.106 - 23.04 64467 | 0.773 - 1.15

115 0.05 | 0.05] 653.60{0.115 - 71.31 75.62 1 0.992 - 0.99

116 0.10 | 040 | 706.27§0.106 - 23,08 76490 } 0.975 -1.04

17 0.20 | 0.40 | 1225.81]0.061 - 6.54 93.37 | 0.803 - 1.55

TABLE 3,2.3 - Rod in Axial Tension with Design p(F) = 10™° by
Level 2 Mean Value Method
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Fig.3.2.2 - Planes Used for the Plotting a

Three Dimensional Failure Boundary
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Y 2 3
FAILURE CRITERION: & = X' @, X° @, K3° +K

SIGNS: p(@;=+)=p(®;=-)=p(® ;=x)=p(®,;=¥)= 0.25

P(DiStribu'Fj)'m? Type p(nj = m|Distribution Type for X;)
Digtribution for Xj) if where
or i=2|@ 747t or t=y Vogkyk or 3 wel  |m=2,3,4,5 or 6
or i=3|@27{f’ i=3i®2={- /6’ ém"s 2 131445
Normal 0.20 0.0 0.0 0.1667 0.1667
Lognormal 0.20 0.40 0.0833 0.1667 0.0833
Extreme Type 1
Maxima, 0.10 0.0 0.0 0.1667 0. 1667
Extreme Type I
Minima .10 0.0 0.0 0.1667 0.1667
Extreme Type II '
Maxima, 0.10 .20 0.0333 0.1667 0.0333
Extreme Type I
Minima 0,10 0.20 0.0833 0.1667 0.0833
Rectangular 0.10 0.0 0.0 0.1667 0.1667
Exponential 0.10 0.20 0.0833 0.1667 0.0333

DISTRIBUTION TYPES AND INDICES
MEANS: -EE(Xi)(E(xi)) =9—j-5 y 1.0 & B(X;) < 10.0

STAYDARD DEVIATIONS:  § o (z,) (6 (%3)) = ﬁ-}‘{—:’ , 0.05E(X;) € (%)<0.30E(X;)
NB: If distribution type for X; is exponential, reset B(X) = o (X_J_)

CONSTANT: K is set to give the target failure probability

TABLE 3.3.1 — ARBITRARY FAILURE CRITERIA
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Design Failure Design Failure Design Failure
Case Probability Case Probability Case Probability
Yo To No
1073 | 1075 | 1077 103 | 1075 | 1077 103 [ 1075 | 1077
1 = 2.979f= 4.971}= 7.026] 37 |~ 2.906}= 5.294]- 7.089} 73 |- 3.103f{= G.116{= T.124
2 |~ 3.010}= 5.010{ = 7.071{ 38 |- 3.010}= 5.0108 = 7.010{ 74 }- 3.009}f- 5.009|-~ 7.010
3 |- 3.058]= 5.034|= T«035§ 39 j= 3.015}= 5.019]= T.025} 75 {= 3.051}= 5.303{= T7.332
4 |- 2.930}- 4.8791~ 6.830} 40 |- 3.044|~ 5.051{~ 7.055} 76 |- 3.054f- 5.063]|- 7.069
5 1= 3.004{= 5,035{— 7.051} 41 |- 2.998}]- 4.892}- 6.897f 77 |- 3.085}- 5.132}{- 7.186
6 |- 3.355{= 5.3630= 7.099} 42 |- 3.129}= 5.141}- 7.149} 78 {- 3.010{=~ 5.010f{~ 7.010
7 1= 3.010{= 5.010f= 7.011} 43 = 3.000{ = 5.001f = 7.001T} 79 1= 3.337f{— 5.346]= T.134
8 1= 3.2781= 5.111} = 7.107]| 44 |- 3.870|- 5.907}- 7.839} 80 }- 3,002}= 5.008{- 7.010
9 |- 3.079}- 5.295}= 7.387| 45 |- 3.040|= 5.049}- 7.057| 81 {- 3.118}- 5.183}- 8.79%4
10 |- 3.139{= 5.211]= 7.300] 46 |- 3.020f~ 5.028]| - T.036] 82 - 3.049|- 5.105{— 7.154
11 |- 3.206t= 5.010}= 7.011} 47 |- 3.010|- 5.010}- 7.010} 83 |- 3.014}- 5.015{- 7.015
12 |~ 3,010~ 5.010}~ 7,011} 48 |~ 3.010| = 5.010}= 7.010} 84 l- 3.009}j- 5.010}= 7.010
13 |- 3.010{= 5.010{= 7.010] 49 |= 2.853]= 4.870}= T«427] 85 {— 3.930§- 6.199}= T.932
14 |- 3.285{~ 5.029{~ T.034| 50 |~ 24782} = 4.727}~ 6,703} 86 {- 2.996{- 4.994}-~ 6.993
15 |~ 2.989{= 4.977}- 6.967] 51 |- 3.014]- 5.015|{= 7.016} 87 {- 3.010{- 5.010|- 7.011
16 |- 3.016{= 5,016}~ 7.017] 52 |- 3.045{~ 5.051}= T.055{ 88 |- 3.010i= 5.012}{~ 7.014
17 f= 3.015)= 5.025{= 7.044| 53 |= 3.0071{= 5.010}= 7.025{ 89 {~ 3.099}- 5.090|- 7.082
18 |= 3.010§= 5.010| = 7.010] 54 [= 3.049{ = 5.072}—~ T.0921 90 {— 3.066}- 5.065}- T.063
19 |= 3.546)= 5.198} = 7.210| 55 |= 3.235}= 5.007}= 7.000{ 91 {- 3.062}- 5.070|- 7.075
20 |- 3.2051= 5.649} =~ 7.8471 56 |- 3.093{= 5.047}{— 7.049{ 92 |- 3.010}- 5.010}{- 7.020
21 |= 3.010f= 5.010] = 7010} 57 |= 3.342] = 5.27T}— T7.002} 93 - 3.506}- 5.824|- 7.280
22 {= 3.,017]= 5.018{= 7.019] 58 }= 3.011{ = 5.011}= 7.011] 94 t- 3.042}- 5.260}=~ 7.074
23 {= 3.059f— 5.071|= 7.080f 59 |- 2.913} = 4.931]= 64953] 95 {= 3.312|=~ 5.367|- 7.300
24 |- 2.878f—~ 4.905]~ 6.885) 60 |- 3.077}= 5.083|= 7.084] 96 {- 3.198}{-~ 4.998]- 7.007
25 {= 3.009]|= 5.024}= 7.053] 61 |- 2.857f= 4.903]= 6.986} 97 |- 3.056f— 5.914}- 8.992
26 |~ 2.856f= 3.441|= 3.486] 62 = 3.018} = 5.002] ~ 7.002] 98 |- 3.052}= 5.065{= 7.075
27 |- 3.010l- 5.010]= 7.011{ 63 |- 3.010} = 5.010|~ 7.010 99 |= 3.011}= 5.012| = 7.013
28 |~ 3.013}= 5.014] = 7,016} 64 |~ 3,066} = 5.093]~= T.114}100 |- 3.044)= 5.049}= 7.054
29 |- 3.041]= 5.049] = 7.052} 65 |- 3.045{ = 5.317]= 7.318}101 |- 3.107{ = 5.118]= 7.123
30 |- 3.020}= 5.023] = 7.026] 66 |- 3.010] = 5.010|= 7.010}102 |- 3.049} = 5.056}= T7.060
31 |- 3.076]= 5.107] = T.131] 67 |~ 2.910} = 4.842]= T.052}103 [~ 3.062]= 5.426}= 7.600
32 {= 3,012|= 5.013{= 7.014] 68 [= 3.019}~ 5.025( = 72031}104 |- 3.010{= 5.010}= 7,010
33 = 32757 |= 5.1891= T.015} 69 |= 3.055}= 5.072|= 7.085}105 |- 3.022{~ 5.043}~ 7.071
34 §= 2,976~ 5.765}= T.348] 70 |- 3.080}- 5.101{— 7.115}106 |- 3.011| - 5.264)= 7.36%
35 |- 3.007|- 4.996{= 6.999] 71 |~ 3.026{= 5.061{= T.075]{107 |- 2.908{= 4.927}- 6.972
36 |= 34193|= 44993{~ 64991} T2 [~ 2.962]= 4.935|= 6.906{108 |= 3,105}~ 5.118|~ T.126

TABLE 3.3.2 = LOG4q (FAILURE PROBABILITY) FOR ARBITRARY FATLURE CRITERTA
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Target Probability 10-3 1073 10~7
Sample Size 107 107 107
Mean = 3077 | = 5.104 | = 7T.123
Standard Deviation 0.175 0.050 0.303
Coefficient of Skeuwness 2.81 2,67 A.21
Coefficient of Kurtosis 12.5 11.1 235

TABLE 3.3.3 = STATISTICS OF L0G1Q_(p(F)) FOR ARBITRARY

FAILURE CRITERIA DESICNED USING ADVANCED

LEVEL 2 METHOD

Probability | Cumulative ¢([3 )/39(_ 5)
ﬂ Density, Probability, —%ly
#43) dlp) | T esmoiapd

0.0 | 0.399 0.50 0.80 2.65
0.67 | 0.318 0.25 1.27 2,11
1.28 | 0,176 0.10 1.76 1,76
2.32 | 0.0267 0.01 2.67 1.33
3.09 | 0.00337 0.001 3437 1.12
3.72 | 0.000396 0..0001 3.96 0.94
4.27 | 4.48 x 10™5 105 4448 0.90
4.75 | 5.03 x 1076 106 5.03 0.84
5.20 | 5.38 x 107 10T 538 0.77
5.61 | 5.85 x 1079 10-8 5.85 0.73
6.00 | 6,08 x 10=9 109 6.08 0.68
6.36 | 6.57 x 10~10 10-10 6457 0. 66
6.71 | 6.67 x 10~11 10=11 6467 0,61

TABLE 3.3.4 = RATIO OF PROBABILITY DENSITY AND CUMULATIVE
PROBABILITY FUNGTIONS FOR STANDARD NORMAL
DISTRIBUTION
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PART 2 - SYSTEM RELIABILITY ANALYSIS
CHAPTER 4 - PREVIOUS WORK ON SYSTEM RELIABILITY

4.1 TIDEALISATIONS OF STRUCTURAL SYSTEMS
4.1.1 Binary Analogy

The reliability analysis methods considered in Part 1 are for calculating the
probability of a single event being realised - usually the failure of an element
to resist the load effect applied to it = where that event has been idealised
mathematically as gﬁg)ﬁlJ.O. As discussed in section 1.1, system reliability
analysis examines th; probability of an event which is the combination, by
union and/or by intersection, of several such events. The component events

leading to system failure are referred to here as local failures.

The concept of system failure can be demonstrated easily for simple systems
that consist of idealised components which may be in one of two possible
(binary) states, S, (ie 0= safe and 1= failed) as in some electrical circuits.
Let an open switch represent the local failure state, a closed switch the local
safe state, and a broken circuit represent the system failure state. The

simplest combinatiouns of components are:

i, Parallel systems (fig. 4.1.1{i)), for which system failure occurs
only when all the switches are copen; and

ii. Series systems (fig. 4.1.1(ii)), for which system failure occurs

when any of the switches are open.

These two types of systems can he combined into more complex arrangements,
which can be shown schematically as a failure network (fig 4.1.2). Each
"gwitch" is shown as a box, and system failure may be defined as the condition

when "current" can no longer flow between A and B.

The probebility of the event of local failure, aj, in such a binary system is
equal to the expected value of that component's state, Sj. Similarly, the
probability of system failure is equal to the expected value ot the system's
state. The state of any such system can be obtained from the states of its
components by the rules

n
i. Sgygtem = -T]' (s1) for parallel systems
a1
and 1 n
ii. Sgygtem = 1.0~ T (1.0 - s;) for series systems
i=] (4.1.1)
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vhere SSﬁkéa is the state of a system with n components. These rules do not,
however, apply to the expected values of the states unless the component states

are mutually independent.

4,1.2 Real Behaviour of Materials

The local failure states are usually far from binary in nature when considering
real structural systems. FPor example, all real atructural materials can be

in states other than failure and non-failure if linear elastic behaviour is
regarded as non-failure and an increasing deflection without any change of

load effect as failure. The proportion of yield stress at which failure is
deemed to occur when calculating the reliability of a2 single element can be
chosen purely by considering when that element will enter a particular limit
state. However, the effect of the loczl failure on the response of the structure
to the applied load must also he considered when analysing the system reliability.
The load effect must be redistributed to allow for the elementwhich has failed
having a reduced capacity to carry load if the local failure does not result

in system failure.

The two most common idealisations for the failed states are for:

i. perfectly ductile elements, which will continue to carry the load-

effect which causes local failure, but no more; and

ii. perfectly brittle elements, which carry no load-effect after local

failure.

These are shown as idealisations of some typical material properties in fig.

4.1.3%.

.4.1.3 Local Failure Criteria

In structural engineering, each local event, a;, is associated with several
basic variables, zb which are combined to define the binery state, Sj, by the

failure criterion, g;(X) so that
1if g;(®) £ 0.0
0 it g;(x) > 0.0 {4.1.2)

However, since many of the basic variables are used to define more than one

state, in general, the failure criteria are not mutually uncorrelated, ie

/—’(gi(,{), gj (X)) # 0.0 (4.1.3)
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This implies that neither are the states mutually uncorrelated, ie

',;(si, S5) # 0.0 ceees (4.1.4)

and therefore, as stated in section 1.l, the probability oi the intersection
of the events is not the product of the probabilities of those events, ie

Plaina;) # p(ai) « p (a3) Cevees (4.1.5)

Hence more complex methods have to be used to determine the structural system
reliability (which is defined as unity minus the probability of system failure).
However, a failure criterion has to be determined, which defines when the
structure no longer fulfils the design purpose for which the probability of
system failure is required, before any analysis can be carried out. This
criterion does not have to be related to the structural system problem ot when

a mechanism is formed. It can be:

i. when the first local failure occurs (even if the structure is highly
redundant and therefore would remain standing);

ii. when overall failure (ie collapse) occurs; or

iii., at any stage between i. and ii. when the structure is deemed as
unfit for its purpose by some other criterion.

The precise nature of the system failure criterion is also a consideration in
deciding upon the appropriate idealisation for the local failure criteria as
a binary choice of states (ie failed and non-failed).

4.1.4 System Failure Criteria

An idealised two storey frame is shown in fig. 4.l.4, together with some
possible mechanisms caused by the formation of plastic hinges., The system
failure criterion could be defined so that system failure occurs when any
deflection is greater than a specified value, or when neither bay of the lower
storey is standing (vi). As well as these extreme examples, there are many
more possible failure criteria, including those for which system failure is the
formation of any hinge, the formation of any mechanism (ii. or iii.) or the
collapse of part of the structure (iv. or v.).

Once the failure criterion has been established for the required degree of
system failure, the peossible failure groups can be found. A failure group here
refers to a group of local failures which, if they were all realised, would
cause gystem failure. A failure group can be sub-divided into failure paths
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(where each failure path is a sequence of local failures which result in
gsystem failure) when the order in which the local failures are realised is
gsigniticant. The exhaustive set of failure groups (or failure paths) for the
structure failing according to that system failure criterion is referred to
here as the failure set.

The failure paths can be shown schematically in a failure tree. Fig. 4.1.6
shows the failure tree for a simple system for which the failure network is
shown in fig. 4.1.5. The main disadvantage with using a failure tree to
describe a failure set is its size for complex structures. There are a maximum
of G’_‘—n:)T failure paths for a structure with n potential local failures,any m
of which will cause system failure. BEowever, an advantage that a failure tree
has over a failure network as a diagramatic aid to understanding a2 failure set
is that the failure network cannot show the relationship between elements
which are in parallel for some failure paths and in series for others without
introducing additional symbols (fig. 4.1.7).

4.2 EXACT APPROACHES TQ SYSTEM RELIABILITY ANALYSIS
4.2,1 Level 3 Methods

The definition of a Level 3 method (section 2.3) is as applicable to system
reliability analysis as it is to elemental reliability analysis. However, the
number of basic variables that have to be considered is increased, so that the
complexity, and hence the computing requirements, will be significantly greater.
Also the failure criterion will no longer necessarily reduce to a single convolu=-
tion integral, so that the function(s) that has to be integrated, usually by
numerical methods, and the limits of the integrations will be arrived at only
after considerable manipulation. This latter point should not affect a Monte
Carlo simulation method to the same extent since, for any set of basic variable
values, the set of local events which would result can be determined from which
the safe/failed condition of the structure can be found.

Therefore the Level 3 methods are usually considered to require toc much computing
effort to be practical for analysing most structures. However, several methods

of system reliability analysis have been proposed which, while not being truly
exact or Level 3 methods, do mske their assumptions and simplifications in the
manner of solving equations, particularly for the cumumlative probability of
miltivariate distributions, rather than in the approach to obtaining the
mathematical model describing the event of system failure.
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4.2.2 Stevenson and Moses! Method

Stevenson and Moseagg have proposed a method of setting up a series of
convolution integrals to obtain the probability of system failure. The excess
registance of each of the modes of failure has to be of the form

T : s
i =;L:i (cy, 5°Ry) -jZﬂ (di’j.gj) . (4.2.1)

where Rj and Sy are independent continuous random variables modelling the
resigtances of the members and the applied loads respectively, and i, and di,;j

are constants., This can be expressed in a more compact form as

t
Z (Li'j.xi) (4!2-2)
=1

A function 951<(x) is then defined as

B (x) = (Z(‘bi 34%;) € %)
j=1

_ j T By (0. 2, X, = 8 at (4.2.3)
=00

Hence Ac(x) can be found by numerical integration of the convolution integral,and the
probability of that mode of failure occurring is

p(2; £ 0.0) =@; (0.0) (4.2.4)

The probability of system failure for a structure with m possible modes of
failure is
(i-1

p(F) = 2, [P( n ){Zj>0 0} {Zi £0. 0} )] (4.2.5)

i=1

where (i-1)

AL y20.0{ nfz,<0.0} )—T[p(z >0.0

J-tizo.o t(3-g)=00  ty=oe
by="09 J"‘5(:1--1)'-""""[ t1=0. On [P(Z"’t

{Zk & 0. 6})1

1
i1y 1)(z ‘tkl)]&t
(4.2.6)

However, the evaluation of equation (4.2.6) is extremely difficult to carry out,
particularly if the multivariate form of the distribution of Z; through Z; is
unknown. Therefore Stevenson and Moses suggest some approximations to allow the

analysis to be carried out.
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4.2.3 Approximations to Permit Analysis

The meodes of failure are ranked in descending order of their probability of
occurring, sc that

p(z; € 0.0) > plE(143) € 0-0) (4.2.7)

for all i. This will minimise the errors when the first three terms only are
congidered, so that

o)+ 3240 o> 00nf: <oop)]

Z[f n[p(zjmoﬁ %Zk 2, E)Jdt]

(4.2.8)

* _ tk « PRk = ty) dty (4‘2‘9)
0 p@Ex > 0.0)

In order to carry out the numerical integrations involved, the final approximation
is that the multivariate distribution of the excess resistances,iii, igs taken as
being normal.

This method was proposed before the Advanced Level 2 method of structural
reliability analysis had been developed to obtain close estimates of the
probability of single elements failing. The uge of Advanced Level 2 analysis

would dispense with the need to restrict the form of the failure criteria for

local events to equation (4.2.2), the probability of which is then evaluated

by equation (4.2.3) and (4.2.4) requiring the numerical evaluation of a convolution
integral, although it would alsoc invalidate the rigour of the approach. However,
equation (4.2.6) requires approximation for its solution, and even then will
require a considerable numerical effort, so the method will not necessarily give
the exact probability of system failure despite the computation involved.

4.2.4 Rackwitz and Krzykacz's Method

Rackwitz and Krzykacz£357, in a paper on Nuclear Reactor plants produced a method
which diverges only slightly from a theoretically exact method. They started
by defining the failure probability of each component local failure, aj, as

r(aj) = 1.0 - g af (K) (4.2.10)
{x: gizy>0f
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where the intended failure criterion is

Z: = g:(X) = n:(0) (4.2.11)
J J I
and fy(x) is the joint densi\y function of X. Zj is transformed into a
Lad

stand;.rdised normal variable Y4 by

- y) - =1-E(Z))
vi= & (sz(%J)) =TT (4.2.12)

where E(zj) andc'(i‘j) are as defined in equations (2.4.12) and (2.4.13) respec-
tively, an%/sj is E(Z%)/%{i%). This approximation makes the analysis a Level 2
one, but if Fz (2j) could be defined analytically without integrals for any
gpecific case 1t would be a true Level 3 method, and as such ig included in

this section.

These univariate standardised normal variables can be regarded as the marginal
distributions of a multi variale standardised normal distribution, for which

the correlation coefficients are obtained from
. V) = T
P(Yl’YJ) - %1 L) —uofj (4.2.12)

vhere oC ; and ofj are the vectors of alpha values found by equation (2.4.22) tor
the ith and jth local tailure respectively, and ¥, is the correlation coefficient

matrix of the transformed basic variables,’_y_'.

This allows the probability of system failures to be given as a function of the
probability density functions of multivariate normal distributions. Three
simple examples given are

i. Series:

p(F)

1.0 - P(;:a (Yj be -/Gj))

o9
Ho -f_£¢(i P o) & (4.2.13)
ii. Parallel: o

ARV

I

'é
f_oo P Ty ax

- & (-4 %) (4.2.14)
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iii. kout of m (where system failure is any k local tailures out of m

possible local failures, each nmumbered from set I )%
2ol 0 {ur o n (L“aﬁ‘ﬁﬂ]
IL,CI,  J€Ix JEI N,
oo 7ﬁ(1m\1k)
~ s V)4
i R T (4.2.15)

where Iy is the correlation coefficient with elements,o(Yi, Yj).

p(F)

i

The principal difficulties of this method are to provide a simple algorithm
with which to set up the integral for the gengral case, and the mathematics of
evaluating that integral over a large number o1 possible local failures., The
latter problem is discussed in an appendix to their paper. A method is
demonstrated to solve geveral examples by using Markov chains.-

4.2.5 Casciati's Method

Casciatizrs;7lhas proposed a2 method for studying elagtic-plastic frames by
using a parametric Monte Carlo simulation technique, This method obtains the
deflections at incipient collapse as well as the probability of system failure
due to a load carrying capacity criterion. COne advantage of this approach is
that each simulated structure is statically analysed, so allowing for the
effect of the variability of stiffnesses, etc, on the global distribution of
load effects throughout the structure. The use of Monte Carlo simulation and
repeated statical analyses, however, makes it inefficient in most cases for

obtaining system reliability when there are other methods available.

4.3 APPROXIMATICNS TO THE SYSTEM FAILURE PROBABILITY
4.3.1 General

The methods outlined in section 4.2 are not practical for many of the possible
applications of system reliability analysis since they would involve a very
considerable amount of calculation. Therefore other methods of structural
system reliability analysis are required which can obtain a reasonably close
estimate of the probability of system failure without involving an excessive
amount of calculating effort. This requires the giructures to become more
idealised, which in turn limits the structures that can be analysed by such
methods to those gtructures for which the idealisations are appropriate.

77



4.3.2 Vanmarkeis Method

Vanmarkezz!7 limits the problem to one of series combinations of local failures
only by assuming that any local failure will cause system failure. He produces
a method for this system failure criterion which obtains an upper bound on the
probability of system failure that he assumes is c¢lose enough to be a good
approximation. The value of the probability of each local failure made is
found by ireating the resistance and load as uncorrelated normal variables, so
that

» _ B(Ry) - B(S1)  _ BE(®i)
52(;) +o°(sy) - o(zg) (4.%.1)
and
P(Ai) ='{)(-ﬁ i) (4.3.2)

where Ry is the element's resistance and S; the load effect applied to it.
System failure occurs simultaneously with any loecal failure, so that simple
bounds on the probability of gystem failure are

m

max (p(a;)) sp(msi%" (2(2)) (4.3.5)

i=]
To get a better approximation to the probability of system failure, the local
failure modes are ranked so that

P15/ 28f3 <+ </3n (4.3.4)

and constants, cy, are defined so that

cl = 1.0
and
(i-1)
cy = Mln (P(Ajc l Ai))
J=1
(i-1) /33
+ 1.0 - $ (ax {I;-Iff(lp(zi,ij \ ’ﬁi)})

ﬁ)(-ﬂi) fori>1 (4.3.5)

Then the probability ot system failure is approximated to by

) = 2 (o § (~3;)) (4.3.6)

Although Vanmarke's method is relatively simple, it is essentially only an
upper bound to the value, and therefore is superceded by methods such as Ditlevsen's
(sub-sections 4.4.4 to 4.4.7).
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4.%3.3 Moses's Unzipping Technique

MosesZ§7-3g7 does not limit the system failure to the first loeal failure when
he proposes his "unzipping" technique to approximate the probability of system
failure, His method consists of assuming that there is an incremental locad
that increases until a local failure takes place. The load effects on the
elements are then amended to allow for the modified structural behaviour and
the load increases again wtil the next local failure occurs. This method is
limited to structures with only one loading variable acting on them because of
the use of an incremental load.

The load increment necessary to c¢ause the jth local failure mode in failure
path i at'ter the (j=1)}th local failure has occurred is defined as SRi,j' It
is assumed that the load effect of the imposed load is known deterministically
at every stage of the failure path, so that the lcad etfect on the element due
to the jth local failure, rj j, can be found by
J
i, =2 (o

22 (oy g5 % SRy ) (4.3.7)

where 4,3,k 2Te constants. At this value of load effect the failure only
Just oceurs, so that Ti, 3 also represents that element's resistance. (Note
that in this method the lower and upper case r will represent elemental and
structural resistances respectively, rather than an individual value and the
population of a variable).

4.%.4 Example

An example of this technique for a pin-jointed truss is given in Appendix B.
In the first failure path (elements EF, CD and DF failing in that order) the
first element fails under the load effect from the initial load increment
(fig. B.2), so that

r1,1 = Tgp = 7/27 8RBy (4.3.8)

The second element fails under the combined load etfect from the first two
load increments (Figs. B.2 and B.3), so that, if element EF is pexrfectly ductile.

1,2 = Tgp = 10/27 8Ry 3 + 1/2 BRy o (4.3.9)
However, if element EF is perfectly brittle,

r1,2 = Tep = 1/2 (8Ry ; + 8RBy ) (4.5.10)
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The elements can also be modelled by other material behaviours, such as only
being able to resist halt the load effect causing failure which would give.

r1,2 = Top = 10/27 1/28R1’1 + 1/2(1/2«3.111,1 + snl,z)

47/108 €Ry 7 + 1/26R) » (4.3.11)

The third element fails under the combined load effect from the first three
load increments (Figs B.2, B.3 and B.7), so that, if elements EF and CD are
perfectly ductile,

r1,3 = Tpp = 20/27 BR) y + BRy p + BB 3 (4.3.12)

The value of the load increments can be found in terms of the elements!

resistances by inverting equation (4.3.7) into

R x = zi: (bs ,Jok*Ti, J) (4.3.13)

Inverting equations (4.3.8), (4.3.9) and (4.3.12) gives

8R1,1 = 27/7 zgp
BBy , = -20/7 Tgp + 2 Tgp (4.3.14)
SR1,3 = -2 I'CD + rDF

The resistance of the siructure against failure by that failure path is the sum
of the n,; load increments since system 1ailure will be realised simultaneously
with the njth local failure. Therefore

ni ni n.

= P =Z > : »Trs o
E (R 5) > (kgl (b5, 5,1) #T31,5)
nj

= zl' (45,5 75, 5) (4.3.15)
J::

Substituting in the values tor the example given above from equation (4.3.14) gives

= Iyp + oy (4.3.16)

4.%.5 Resistance of the Siructure

By using the first two terms of the Taylor Series expansion of the structure's
resistance to failure by that failure path as a function of the individual

element's resistances, the first two moments of Ri are
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B(R;) + jZ; (4,5 = B(xs, ) (4.3.17)

and n

nj i
o )T 25 (Zag 5 = gk x plms, g 75 ) w (s, 5) x 87y i)
J= L=
(4.3.18)

Moges treated the element resistances as basic variables. It they are not, then
the values of E(ry j) and 8(rj j) can be obtained in 2 similar manner to
equations (4.3.17) and (4.3.18) from the first two terms of the Taylor Series
expansgion of the individual element's resistance written as a function of the

basic variables (see also section 5.5).

The structure's resistence is used in the simple R=-S format in order to obtain

the probability of failure by that failure path as

pa) s (-8 - (- ZELZE ) (4.3.19)

Vo (Ry) + 62(5)

where S is the loading variable, This is repeated for the m pesaible failure
paths, and the probability of system failure is approximated to by

p(F)Max  (p(4,)) (4.3.20)

i=]1

4.3.6 Limitations of Moses! Unzipping Method

The mean and standard deviation of the structure's registance against the fourteen
failure paths ot the examples, together with the values of/Si, are given in

table B.2 using arbitary statistics for the elements' resistances and applied
load (table B.1l). These give a failure probability of 0.22 x 10~ for failure
path No 1, which is the maximum value for any path, but it is equalled by two
other failure paths out of those 14 considered.

This methed, therefore, requires three assumptions to be made. The first is
that the distributions of the elements' resistances and the load can be
described by the normal digtribution. When each resistance can be modelled by
a linear combination of basic variables with normal distributions, equations
(4.3.17) and (4.3.18) will give results which are exact rather than approximate,
and then this assumption will be correct provided that the load is also normally
digtributed.

Care must be taken when carrying out this analysis that negative locad increments

are only included if subsequent increments decreage the probability of failure.
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Negative values are likely to occur in the less probable failure paths or with
brittle elements, when the jth local failure may be almost certain to occur if

the load is large enough to cause the (j=1)th local failure. The reason that
negative load increments occur is that the wvalue given for the structure's
registance against failure by a particular failure path, Ri’ is in fact only

the resistance againgt the applied load for the final mode of local failure in

the failure path, but with the structure distributing the load effect as if

the other local failures had occurred. Therefore the true value of the probability
of that failure path occurring is the intersection of the probabilities of all

the local failure modes, which is given by
n; n
i

P(Ai) = P(jr:]. a’i,j) \<. I;I:"-__I; (P(ai,j)) (4.3.21)

vhere, for variables with normal distributions

: J
= (4 = E(zy k) - E(5)
P(ai,j) =4)( - k=1 ’ L]

)

1

jv_: (JZ' (83,145 ,1 p(ri,k,ri,l)o‘(ri,k) o‘(ri,l)))+u-2(S)
k=1 1=1

(4.3.22)

4 k), for any failure
L ]

path have strong positive correlation, so that the inequality in equation (4.3.21)

. J
Hence the second assumption is that the resistances, 7, (8R
k=1

is a close approximation to the correct value.

The decrease in failure probability with more load increments is demonstrated
in several of the failure paths in the example described in Appendix B. In
gsome of the patha the final wvalue oi‘/a is the largest (eg failure path No. 6,
when f3 for the first local mode o1 failure is 2.99, for the first two is 2.20
and for the system failure is 3.52) but not for all of them {eg failure paths
No. 4, where the /3 values are 1.74, 4.22 and 3.65, and No 13. where thejfs
values are 4.74, 3.96 and 3.65).

The final assumption in this method is to use equation (4.3.20) to obtain the
probability of system failure. This produces a lower bound on the true value of
that probability, provided that equation (4.3.19) gives the true value for the
probability of the realisation of the failure paths. This will not result in a
gignificant error if a few of the values of P(Ai) are much larger than the
others (unlike the example in Appendix B), and that those few have strong mutual
correlation., When this is not the caze, this method could be used to estimate
the parameters defining the siructure's resistance against the various failure
paths for use with another method, such as Vanmarke's method.
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The correlation coefficients tfor the structure's registances, which would be

required, can be obtained similarly to equation (4.3.18) as

§1 (bi,k-bj,l-/b(l‘i,k’rj,l).O'(ri,k).,O'(rj,l)))]

n; (

/?(Rj_’Rj) =[k§
G(Ri).O'(Rj)
(4.3.23)

However, this would mean considerable calculations which would still be liable

t0 gross errors if:
i. the resistances had highly skewed or other non-normal distributions; er

ii. the load increments for each path did not have strong positive mutual

correlation.

4.3.7 Marshall and Bea's Method

Marshall and BeaZE§7 propose a2 method of structural system reliability analysis
for structures with specific correlations of the elements' resistances

(depending on their physical position in the structure) and which resist hind-
cast loads. They assume that the load effect, S;, on each element can be

found deterministically for a given load, S, on the structure. The element

has a nominal resistance to resist this load effect, and the ratio of this
nominal resistance to the load effect is the safety factor,!ﬂi. Marshall and

Bea give graphs for the elements, but if the resistanees have normal distributions
the nominal resistance will be (E(R;) + k « J(R;)), where k is a constant.

Therefore

et

B(R,) - 5, /o (By)

.= 1. Si
['Kl 101()@) € (4.3.24)

They propose two methods in order to model brittle-redundant and ductile
redundant structures. These methods can be used as limiting cases for those

structures which contain:
i. both brittle and ductile elements; and/or

ii. elements which cannot be idealised as either perfectly brittle or
perfectly brittle,

The limiting cases cannot be regarded as bounds on the true probability of
system failure since the two methods contain conflieting idealisations.



4.%3.8 Brittle Redundant Model

The probability of any initial local failure in their brittle-redundant model

is assumed to be

pag)e) = 2.0 =TT (o= & -8,)) (4.3.25)

where m is the number of local failure modes which can cause an initial local
failure leading to collapse. The values of s; are then recalculated after
removal of one of the elements, the choice of which element to remove being
dependent on maximising the probability of future local failures. The values
of /3; are then recalculated and P(AzlAl,s) ig obtained as for equation (4.3.25).

This is repeated until the removal of an element causes system failure. Then

n
p(rls) =1 1l (plaglays eue s A(img)r ) (4.5.26)
1=
where n is the number of elementa that have to be removed to caunase system failure.

This method assumes that all the resistances are mutually uncorrelated even when

a local failure mode can occur at several stages in the failure sequence. This
will tend to make the final probability of system failure conservative, but it

is balanced, hopefully, by the multiplication of each component of the probability
of failure at stage i by the probability ot failure at stage (i + 1) after the
most disadvantageous (in terms of high reliability) element has been removed.

Applying this model to the example described in Appendix B gives
plazs = 2.0) = 0.151 x 1075 (4.3.27)

Element DF iz removed in order to obtain the maximum probability of subsequent
failures, which results in

p(a5) 47, 8=2.0) = 1.0 | (4.3.28)

This gives

’ (4.3.29)

P(F 8=2.0) = P(A1|s=2.0) x P(A2lA1’ 8=2.0) = 0.151 x 10
However, the probability of elements EF and FG failing provide the vast majority
of the numerical value of P(A1\3=2'0) and P(A2‘A1' g=2.0). This is despite the
fact that only one of the two elements is physically able to fail in a mode
gystem failure consisting of two modes of local failure. This shows that the
balancing referred to above does not always succeed in producing a reasonable
probability of system failure.



Element EF can be removed after the first stage, instead of element DF, which
produces a gsecond stage of the local failure of element DF (since it is thq

only element where local failure produces system failure), or

o8| 4y 5y = 2.0) = (- 54%?§=9 ) = 1.0 x 10~2 (4.3.30)

Alternatively, a stage 1.5 can be inecluded where any of the other five elements
can fail, so allowing stage 2 to include another failure from these elements, or

P(AzlAl, §=2.0) = 1.0 - [}.0 - 1.0 x 1077 ] X [1.0-P(A1.5|A1, 8=2.0) x

playr |4y 18y o0 8=2.0)] (4.3.31)
where
p(41,5]41,8=2.0)

1.0 - [1.0 - @('%3‘2)]2‘ [1.0- b 2.0-1.0y]2

0.57 x 10~6

(4.3.32)
Event A1.5 is the removal of element CD rather than element AB for similar
reagsons to the removal of element EF being event Al' so that
p(as)ay 14y 5, 8=2.0) = 1.0 - [ 1.0 - 1.0x 10'9'] x [ 1.0 - 0.57 x 10~°
” x 0.13 x 107 |

0.11 x 10~8 (4.3.34)

[}

and

8 _ 0.166 x 1014 (4.3.35)

p(F|s=2.0) = 0.151 x 1072 x 0.11 x 10~
In contrast to the result given by equation (4.3.29), the result given by
equation (4.3.35) is likely to be too small. This is because only a proportion
of the possible failure paths have now been included in this modified method.
This demonstrates that this model is only really suitable for purely series
or purely parallel systems, since with mixed systems it must include some
impossible events (eg system failure resulting from only the local failures
of elements EF and FG in the example) in order to include all the failure paths.

4.%3.9 Ductile Redundant Model

The failure network is used for Marshall and Bee's ductile redundant model, so
the component elements have to be arranged together in a set of series and
parallel combinations. This method then combines the safety indices of each
element in stages to produce a single safety index for the whole structure.
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Elements with the same resistance characteristics which act in parallel are
agsumed to he perfectly correlated. Therefore the safety factor on the
assemblage will be the mean of the elements' safety factors weighted with
regpect to their lcad effects, 53, if the resistance of the assemblage is
taken as the sum of the elements' resistances. This will alsc mean that the
coefficient of variation of the assemblage will equal that of the elements
if equation (4.3.24) holds. Therefore

n |

B(Ryge) = 12 E(R;) (4.3.36)

5 (Rags) = ;Z & (Ry) (4.3.37)
=J

Sass = éé% Sy (4.3.38)

where n is the number of members to be combined. Hence

/Bass (E(Rags) = Sags)/ (Rags)

n n n
(22 (B(Ry)) - 22 (s0)/ 25 (s (®y))
i=1 i=1 i=1

n

iZ=1| 961 «O(Ry))

(4.3.39)

n

2 (o (ry))

i=1
Therefore this weighted mean of/@i can be used when the elements do not have
the same safety index/safety factor relationship.

Elements or assemblages that are combined in series are treated as if their
resistances are uncorrelated, so that

n

-ﬂass = 'Q-l [1l.0- E (2.0 - @ (/51))] (4.3.40)

vhere n is the number of elements or assemblages being combined. In the example
described in Appendix B with s = 4.5, the safety index for assemblage a
(elements AB, BC and BD in series) is found as

,0-1,66
ﬁah(f,'l[l.o_ (1.0 - & ( -Lo.‘s—z)ﬁ] = 4.20 (4.3.41)
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The combination of a set of series assemblages in parallel is not clearly
defined in their paper, but equations (4.3.36) to (4.3.39) could be used if
the means and standard deviations of the series assemblages can be obtained.
The mean resistance of a series assemblage will be approximately the mean
registance of its weakest component since the series assemblage will fail
once the weakest of its components has failed. The load effect on the assemblage
will be equal to the load effect on each of its components so that the standard
deviation can be approximated to by
n
6-(Rass) éE?i? (E(Ri)) Sass] (4.3.42)

‘ ‘ﬂass

4.3.10 Example

For assemblage a in Appendix B, this approach gives
E(Ry) = Min (3.0, 3.0, 3.0) = 3.0 (4.3.43)
and, since Sa = 1,667,
(Ry) = (3.0 - 1.667)/4.20 = 0.317 (4.3.44)

Using these values, together with similar values for assemblage b, the values
for assemblage d, the parallel combination of assemblages a and b, become

Sq = Sa + Sp = 3.333 (4.3.45)
E(Ry) = B(By) + E(By) = 5.0 (4.3.46)
5(Rg) =5(Ry) + E(Ry) = 0.5T1 (4.3.47)

and hence
fBa E(Ra) -S4 - 291 (4.3.48)

(Rg)

Equation (4.3.39) need only be used to find?égss directly when the other parameter
are not required, for example when obtaininq/ﬁgygtem. In this example

- 2.8 0.58 2.8 0.58
/&SYStem = ( 0.;89 & 0.;87 X ) =0.0 (403-49)

Once the safety indices have been combined into a single index, the probability
of failure being realised when load S ig applied is found by

P(Fls) =@('f-‘)system) (4-5-50)
vhich, for this example, gives
p(Fis = 4.5) =0(-0.0) = 0.5 (4.3.51)
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4.3.,11 Comparison of Ductile- and Brittle- Redundant Models

The brittle-redundant model does not always produce a higher probability of
system failure when compared to the ductile-redundant model. This is because
resistances in parallel are treated as mutually uncorrelated in the former and
ag mutually perfectly positively correlated in the latter, The simplest

example oi the result oif these contlicting assumptions is two identical elements
in parallel, both with resistances R and with load effect s7 applied to them.
The brittle-reundant model gives.

P(F"s) — [ 2 (b(_E(R)-sl) _ @2 (_ E(R)-sl) ]"®(- E(R)—Zsl)

S (R) G (R) s (R) (4.3.52)
while the ductile-redundant model gives
p(Fls) = cp(— m) (4.3.53)
S (R)

Hence the brittle-redundant model will give a smaller probability of system
failure when equation (4.3.52) gives a lower value than equation (4.3.53), which

occurs when

_ E(R)~28y 1.0 "
@{ &(R) ) ¢(E(R)-gl $ (4.3.54)

This includes all cases where E(R) >2s;. Therefore the use of the two models
to produce bounds will be highly suspect, particularly for simple structures.

These calculations are relatively easy to perform by hand, but if the probability
of failure is required for a variable load, the probability of system failure is

given by
+00
o®) =] pefe) « p(e) s (4.3.55)

This equation requires the use of numerical integration, which will have to be
carried out over each loading variable if there is more than one. Therefore

this method can become laborious as a hand method for the unconditional probability
of system failure, and it is better suited to check the failure probability for
structures that have experienced a known maximum load in order to update the

[ 26,317

estimate of its resistance. Such Bayesian calibration is used with

offshore structures, for which Marshall and Bea's paper is intended.
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4.4 BOUNDS ON THE SYSTEM FAILURE PROBABILITY

4.4.]1 Need for Bounds

The methods described in section 4.3 demonstrate that gross assumpiions about
and/or severe restraints on the idealised system have to be made in order to
obtain a value for the probability of system failure without excessive calculations.
These assumptions and restraints limit the confidence that can be placed in the
value of any results obtained by these methods and reduce the opportunities for
the use of these methods respectively. An alternative approach is to make
complementary assumptions, when assumptions have to be made, so as to obtain an
upper and a lower bound on the probability of system failure. These should then
lead to a measure of the reliability of the structural system (the mean of

the two bounds) together with a measure of the confidence that can be placed

in that reliability (the difference between the two bounds) for a more general
set of structures.

The methods which employ boundes tend to make idealisations of the correct expression
for the probability of system failure (as Vanmarke's method) rather than to make
idealisations of the system, which then leads directly to¢ simpler expressions

for the probability of system féilure (as in Moses' or Marshall and Bea's

methods). The full expression for the probability of system failure, in terms

of the component events of local failures, can be ohtained by considering a

failure tree. Failure trees describe the event of system failure as the union

of a set of failure paths, each failure path being the intersections of a

series of modes of local failure. Therefore the probability of the event of

system failure can be written as

P = o | 9:1 Loy 37 1) (4.4.1)

where a 3 is the event of the jth local failure in the ith failure pa.th‘ni is
L ]

the number of local failure modes in the ith

failure paths in the failure set.

failure path and m is the number of

The previous works about bounds on the probability of system failures that are
studied here limit the structures that can be analysed by them to those which
only fail by series combinations of local failures. This implies that the event
of system failure consists only of the union of the events of local failures

(ie n, =1 for all i), so that equation (4.4.1) reduces to

p(F) = P(i:i g.Ai } ) (4.4.2)
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Therefore these methods can be used only with structures where system failure
is defined as the occurrance of the first local failure. '

It should be noted here that local failure modes can include the formation of
mechanisms if the elements are pérfectly ductile. This is because the failure
event in that case can be described explicitly by a single criterion (eg the

sum of the moments induced by the applied load being greater than or equal to
the sum of the ultimate moments of the elements) rather than as the event of a
series of failure events, each described by a different criteria (eg each moment
induced by the applied load being greater than or equal to the ultimate moment
of the appropriate element).

4.4.2 Cornell's Bounds

Cornellzxj7 defines his system as structures with no modes of local failure
acted upon by a set of loads which are applied n, times. If Ai j is the event
of failure by the ith mode of failure during the jth load appliéation, then
bounds can be built up for the union of such events. These bounds are based on

the relationships:

i. for mutually perfeetly negatively correlated excess resistances
(fig 4.4.1) (ie/a(A.B) = = 1.0) of

P(anb)
plaud)

(4.4.3)

Max (0.0, p(a) + p(b) - 1.0) }

Min (p(a) + p(p), 1.0)

ii. for mutually uncorrelated excess resistances (iejcg(A,B) = 0.0) of
pland) = p(a) x p(b) }
plaub) = p(a) + p(b) - p{a) x p(b)

and iii. for mutuwally perfectly positively correlated excess resistances (fig
4.4.2) (ie /:,(A,B) = + 1.0) of

p(aNd) = Min (p(a), p(b)) }
p(aud) = Max (p(a), p(b))

where ,o(A,IB) is the correlation coefficient of the excess resistances, A and B,

(4.4.4)

(4.4.5)

for the evente of local fajilure a and b respectively. The excess resistance for
a failure event is a numerical value which is positive if the failure does not

occur and negative if it does.
The various bounds (Table 4.4.1) are given for the cases of:
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i. independent (ie /a(A,B) = 0.0);
ii. perfectly (functionally) dependent (ie /Q(A,B) =+ 1.0); and
iii. "imperfect" or unkmown degree of dependence (ie -~ 1.0 $/o (4,B) € + 1.0).

for both the applied loads and the structure's resistance to each mode of failure.

The lower bound is equal to the maximum probability of any of the local failures
in every case, while the upper bound can be many times this value. The most
typical case is likely to be independent load applications (ie assuming that the
peaks of the load intensity are independent) with an imperfect degree of
dependence between the resistance to the modes of failure (eg in a portal frame
vhere some plagtic hinges will be coincident for different mechanisms, or modes
of failure). The upper bound in that case is the sum of the probability of each
of the local modes of failure, so that the bounds could differ by several orders
of magnitude if there are a large number of approximately equal component failure
probabilities. Hence these bounds are too general for most applications.

4.4.3 Moses and Kinger's Bounds

Moses and KinserZ§i7 assume that there is no negative correlation of the excess
regsistances for their bounds. TUsing the same system that Cornell defined, this
gives the bounds for the most general case as

n n n
m 8

m 8
ax /[ Max {p(a; )} 7<p(F) & 1.0 - TT LTI {1-0-play )7

i=1 j=1 i=l 3=l

> 5 Yela 017 (4.4.6)
i=1 j=1

However, this inequality can include negative correlation of the excess resistances,
since, although the upper bound gives the correct value for mutually uncorrelated
excess resistances, the approximation to the upper bound (for cases when P(Ai’j)<g.
1.0) gives the correct value for perfectly negatively correlated excess resistances
(provided the sum does not exceed unity). The lower bound gives the correct

value for fully perfectly positively correlated excess resistances, as in

Cornell's bounds.

In order to obtain a closer upper bound, the event of a local failure is defined
for a structure in which the load effects are linearly and determinigtically
related to the applied loads, as when



where T is the structure's resistance to the ith mode of failure, sj is the

jth load application and c; P is a constant. Then
r

PRI > [ZB {Mi,jzj (4.4.8)
i=] j=1

where Mi 3 is the probability of failure by mode i under load j, conditional on
b J
the survival of the structure:

i. under modes 1 through to (i-1) against load j; and
ii, under mode i against load 1 through to (j-1).

Moses and Kinser consider the case where all the resistances and all the loads

are mutually uncorrelated, so that Mi 3 can be described mathematically as
. ’

My =];°°{fz Y (ﬁ){Fsk (;_nﬂ'_gg x) x Ty (ck,nsx) 'f 7 ds

Ny K
x [ (ilj') { 1.0 - Frk_(ck,ns y)] A Fo (_C"_mﬁ y)} dy (4.4.9)

Cop, k

Equation (4.4.8) gives the exact probability of system failure when there is

only one load application, but the resistances will still need to be mutually
independent for the values of Mi,l from equation (4.4.9) for use in equation

(4.4.8) to be correct.

Bquation (4.4.9) is a double convolution integral which will usually have to be
solved by numerical integration for each of the n xn, values of Mi,j required
for a complete, but approximate, upper bound. Therefore this method is too
complex to justify the assumptions which are required to be made about the system.
Since this methed was put forward, improved reliability analysis techniques for
evaluating local failures have been developed (section 2,4) which make this
method relatively inefficient.

4.4.4 Ditlevgen's Bounds on the Probability of System Failure

DitlevsenZij7 also coneiders structural systems which are deemed to fail with

the occurrance of any local failure, but he does not consider different load
applications separately. This is common practice since the load variables can
usually be defined by the probability distribution of the maximum load intensity
in the reference period (usually the design life of the structure) rather than
the instantaneous intensity of the load.

Ai is used to represent the event of the ith local failure mode, which has a
probability of occurring of p(Ai), and F is used to represent the event of system
failure, which has a probability of occurring of P(F)' Ditlevsen gives as bounds
on the probability of system failure

o2



i-1

p(4)) + é [imex § (a,) - E[P(AiﬂAj)S,O.O}Jé p(®) €

n i=1
pla) + S L) =~ max {p(a0 4017 (4.4.10)

i=z j=1

To demonstrate these bounds, consider the most general failure set with four
possible local failure modes (A.l, AZ’ A3 and A4). This is shown in fig 4.4.3,

where 'a' represents P(AlﬁAg N AS HAZ), ab represents P(Alﬂ A, N A; n Az),

é

abc represents P(A:L [a Azﬁ A3 8 A*), etc. Hence P(Al) is represented by the

total area covered by regions with a in their titles, P(A2) by the total area with
b titles, P(As) by the total area with ¢ titles and P(A4) by the total area with
d titles. The bounds on the probability of system failure for this method when

considering the local failure modes in ascending order is therefore

p(F) > /[ (a+ab+ac+ ad + abe + abd + acd + abed)_/
+/ (b + ab+be + bd + abe + abd + bed + abed) - (ab + abc + abd + abed)_/
+ Max /O, (c + ac + be + cd + abc + acd + bed + abed)
- (ac + abe + acd + abed) - (be + abe + bed + abed)_/
+Max@, (d-F ad + bd + cd + abd + acd + bed + abed)
- (ad + abd + acd + abed) ~ (bd + abd + bed + abed) - (cd + aed + bed + abed;
= p(F) - Min (c + cd, abc + aded) - Min (d, abd + acd + bed + 2 x abed)

(4.4.11)
and '
p(F){ [ (a + ab + ac + ad + abe + abd + acd + abed)_/
+/ (b +ab+bec+bd+ abe + abd + bed + abed) - (ab + abe + abd + abed) /
+/(c+ac+be+cd+abe + acd + bed + abed) - Max (ac + abe + acd +
abed, be + abc + bed + abed)_/
+/(d+ad+bd+cd+ abd + acd + bed + abed) - Max (ad + abd + acd +
abed, bd + abd + bed + abed, cd + acd + bed + abed) /
= p(F) + Min (bc + bed, ac + acd) + Min (bd + cd + bed, ad + cd + acd,
ad + bd + abd)
(4.4.12)

The order in which the local failure modes are considered may affect the magnitude
of the computed bounds, sc the procedure can be repeated with a different order so
as to improve either bound if the computed values seem too wide. However, there
are n! sets of bounds if all the permutations in the general case are considered.
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4.4.5 The width of the Bounds on the Probability of System Failure

It can be seen from equation (4.4.11) that the lower bound will be exact if no
more than two events can occur simultaneocusly, ie if most events are mutually
exclusive (eg A, and A, plus A3 and A4). Similarly in equation (4.4.12) the
upper bound will be exact if every fresh mode local failure considered is
mutually exclusive of all but one of the modes of local failure'already ineluded.
This means that certain failure systems, such as those shown as Venn diagrams

in fig 4.4.4, will produce equal bounds giving the exact value of P(F). Such
systems will be rare in practice, since most local failure modes will not be
mutually exclusive, although the bounds can appear to be identical when the
probability of two or more local failures occurring simultaneously is several
orders of magnitude less than the probability of a single loecal failure cccurring.

The probability of failure has to be several orders of magnitude smaller than
the probability of safety in nearly all practical situations. Provided that
the excess resistances are not strongly positively mutually correlated, this

means that in most cases a (which represents P(AlfIA;r1A§f\Az),b, c and 4 will

be very much larger than ab (which represents P(AlrﬁAzr\A;r\Az)), ac, ad, be,

bd and ed; which in turn will be very much larger than abe (which represents
P(AlflAzf\ABF\A:), abd, acd and bed; which in turn will be very much larger than
abed (which represents p(Alf\Azf\Asr\A4)). Therefore the error terms in equations
(4.4.11) and (4.4.12) will often be negligible, particularly the lower bound
which has third order terms rather than the second order terms of the upper bound.
Only if the excess resistances of the local failure modes are strongly positively
correlated (ie when P(Ai F\Aj) = Min (P(Ai)’ P(Aj)’ etc)} can these error terms
become significant, and then not if Max (P(Ai), P’(Aj))}> Min (.P(Ai), P(Aj)). The
strong correlation of the excess resistances is not an uncommon case, however,
since the resistances o1 the elements in a structure can be strongly correlated
when they come from a common source, and the load effect on each element is

liable to be a proportion of an overall load.

Four cases of the system described by fig 4.4.3 are given in table 4.4.2. The
values of the probabilities of failure were chosen arbitarily so that the four

caseg jllustrate respectively:

i. Strong pesitive mutual correlation with approximately equal probability
of each local failure;

ii. Weak positive or negative mutual correlation with approximately equal
probability of each local failure;
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iii., Strong positive mutual correlation with unequal probability of each
local fajilure: and

iv., Weak positive or negative mutual correlation with unequal probability
of each local failure,

where correlation refers to their excess resistances. All the errors in the
bounds are small, but the largest is for case i, as anticipated, in which the
lower bound error is smaller than the upper, again as anticipated.

4.4.6 Ditlevsen's Bounds on the Probability of Two Local Failures

Ditlevsen considered the specific case where each meode of failure in the failure
set is defined by an inhomogeneous linear combination of mutually uncorrelated
gtandard normal variables. For this case the excess resistance for each mode of
local failure can be written as

n

E,=c, + 2. (a ) (4.4.13)
i i 3 i,k k
where Uk are the variables and 4 and di x are constants. Hence the mean,
’
gstandard deviation and correlation coefficients of Zi can ‘be found by

E(Z;) = ¢, (4.4.14)
2 n. 2

(4] (zi) = Z (di k) (404015)
k=1 4

and

P& B = { Baaz) - 22 )aEE) T/ (o (2)x0 ()]

Z(d xd, )
_J_iuk_ (4.4.16)

,/ Z‘(d ) Z(dj »

Since the basic variables have normal distributions, the excess resistance also
has a normal distribution and

pla) =§ (- 2@) /o @) =3 (-5 (4.4.17)

A knowledge of the physical significance in the variable space of the value of
(21,22), as evaluated from equation (4.4.16) is required in order to establish
narrow bounds on the value of p(A ﬂA ). This relationship is that P(zl,za) is

equal to the cosine of the angle, e between the normzls to the hyper plane
failure boundaries which pass through the origin. This can be demonstrated by
conaidering the example of two loczl failure meodes, with excess resistances Zi

and Zj, such that
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Z, = .4.18
DR PICRNL® (4.4.18)

and

=o, Z (a (4.4.19)

Zy ik T

The direction cosines of the normals to these boundaries are given by

i,k . i,k
k=‘/-;-_—__2——_\ ; o(j'k i/# (4.4.20)
PAHCEY L (85,0)

and, from n-dimensional geometry,

cos B Z (o€ g o€ 5,5 (4.4.21)

Hence substituting equation (4.4.20) in equation (4.4.21) and comparing with
equation (4.4.21) gives

n
d d
28 9y
cose =  ee——

‘/ Z(di I)XZ(dj 1)

=/o (Zi,'Zj) (4.4.22)

This relationship is used by Ditlevsen when he considers the plane in the n-
dimensional U=gpace which containa both these normals, and hence also the origin
(figs 4.4.5 and 4.4.6). He establishes, by simple geometry, his bounds on

F(Ai ﬂAj) as

Max [é(-/ji) « 8y Ay R8T £ play 0 4y €
g « §(-fsj*) + Q(-fj),Q(-/al*)J

for/o(Zi,Z.j) > 0.0 (4.4.23)
and
Max /0.0, Q(fi) + @(7@3) - 1.075 pla; 0 4) €
Min ﬂ(-/?i) « §(55%)s §(733),@(731*) 7
for/o 9’31’/53) < 0,0 (4.4.24)
where
By = oy o0 1By p A EY (4.4.25)

J1.0 - cos 0 N 1.0 -/02 (zi.z.j)

*
and similarly for fsj
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4.4.7 The Width of the Bounds on the Probability of Two Local Failures

The physical significance of /33* can be found by considering the distribution of
Zj conditional onz; = 0.0. Since

(Z;)
E(ZJI Zi = 0'0) = E(z:j) + ﬁ(zi' Zj)“ %Eil)' - (0'0 - E(Ei))
)
= E(EJ) - B(Z,)« %G;b- x ,o(zi,'zj) (4.4.26)

and

52(Z)z; = 0.0) = &7 (2))x(1.0 -/o%zi,zj)) (4.4.27)
Then (

E(Z)-E(z). Z1:2j)
plaslz; = 0.0) = ‘?[— /3( S

& (Z) | 1.0 -/o &+ Z3)
@(793*)  (4.4.28)

Therefore, P(A |zi = 0.0) P(A |4;) if/g(zi,'z, ;) 3 0.0 and P(Ajlzi = 0.0}
P(Ale ) if{o(zi, zj) < 0.0. When considering fig 4.4.6, the probability
density contours will be circles centred at the origin, which is the peint of
maximum density. Therefore, the value of P(Ai)"P (Ajlzi = 0.0) and P(Aj)xp(.&i‘zj =
0.0) which differs least from P(Ai N A j) will be the one whose quadrant is
clogest to the origin, since that 1s the one whose aror segment is farthest from
the origin. This will be p(4,) x P(Aj'zi = 0,0) when 34 <33 and similarly
vice versa. This error segment will become a smaller proportion of the
probability as the difference between ﬁi ang, /3 j increases since the contours

of probability density will tend towards being parallel with the failure boundary
of local failure mode J (fig 4.4.7).

The bounds on P(Ai N Aj) found in equations(4.4.23) and (4.4.24) are used to.
find the bounds on P(F) by equation (4.4.10). The lower bound on P(Ai N Aj) has
to be used for the upper bound on P(F)' and similarly the upper bound for the
lower bound, in order that the bounds on F(F) are accurate since only negative
values of p‘(Ai n Aj) are used in equation (4.4.10).

The ratio of the lower bound on p(Ai NA ;j) to its upper bound can be as low as
a half when the excess resistances are positively correlated (this value occurs
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when/O(Zi, ZJ.) tends towards zero, so that 3, = B,* and 3,

6, but
equation (4.4.23) still a.pplies), and zero when negatively correla:feg. (since the
lower bound is usually zero in that case). Therefore any difference in the
gystem bounds in the bounds on the probability of system failure can usually
be attributed principally to the bounds on the intersection of pairs of local
failure modes since the inherent errors in equations (4.4.11) and (4.4.12) are
small, except in the case of equally probable local failure modes whose excess
resigtances are strongly mutually positively correlated.
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Fig.4.1.5 - Failure Network for a Simple System
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DEPENDENT i=1 j=1 1, j=1 i=1 i=1l j=1 1:3

"IMPERFECT" OR
UNKNOWN DEGREE
CF DEPENDENCE

INDEPENDENT

2 (B(p(a )

j=1 i=1 i, ]

\%

p(F) >

M (iix(p(a )

i=1 j=1  1i,j

z (ﬁ (r(a ))) 3 p(F)

i=} j=1 i, ]

2 M&'=L}C(1\ﬂr'a‘b1C(p(A )))
i=1 j=1 i, ]

'nm ﬂs -W
= (s (p(a )
il j=1  i,j

to V> p(F)

M o(r )))
j=1 i=1 i, 3 -

z. (z'. (p(a )}
i=1l j=1 i,

to p(F)

z_'_;l(llﬁailt(p(ﬁl’ j)))

> Mic(lgic(p(iﬁl’ j)))

3G G )y eE)

i=1 j=1 i,

> Mhe(iix(o(n )

H

A, . is the event of failure by the 3B

noo= number of system modes of failure

n, = number of load application
TABLE 4.4.1 — BOUNDS (N THE FATLURE PROBABILITY OF A STRUCTURE SUBJECTED TO SUCCESIVE LOADS (FROM CORNELL[——ja

mode of failure during the jth

load application




CASE (i) CASE (ii) CASE (iii) CASE (iv)
a 0.005 x 10~4 | 0.250 x 1074 | 0.005 x 1074 | 0.085 x 1074
b 0,005 x 1074 | 0.300 x 1074 | 0.900 x 1074 | 0.900 x 1074
c 0.005 x 10~% | 0,200 x 1074 | 0.001 x 1074 | 0.009 x 107¢
a 0,005 x 10°% | 0.230 x 1074 { 0.000 x 1674 | 0.001 x 1074
ab 0.016 x 10~4 | 0,003 x 1074 | 0.080 x 1074 | 0.004 x 1074
ac 0.014 x 1074 | 0.002 x 1074 | 0,001 x 1074 | 0.000 x 1074
ad 0,012 x 1074 | 0.003 x 1674 | 0,000 x 1074 | 0.000 x 1074
be 0.010 x 1074 | 0.004 x 107* | 0,001 x 1074 | 0.000 x 1074
bd 0,010 x 10™% | 0,003 x 1074 | 0.001 x 1074 | 0.000 x 1074
cd 0.008 x 1074 | 0,002 x 1074 | 0.000 x 1074 | 0,000 x 1074
abe 0.040 x 1074 | 0,001 x 1074 | 0.008 x 1074 | 0.001 x 1074
abd 0,020 x 107+ | 0,000 x 1074 | 0.000 x 1074 | 0.000 x 1074
acd 0,030 x 1074 | 0,000 x 1074 | 0.000 x 1074 | 0.000 x 1674
bed 0,020 x 1074 | 0.001 x 1074 | 0.001 = 1674 | 0.000 x 1074
abed 0.800 x 10~4 | 0,001 x 1074 | 0,002 x 1074 | 0,000 x 1074
p(Al) 0.937 x 1074 | 0.261 x 1074 0,096 x 1074 0.090 x 1074
p(4,) 0.921 x 10674 | 0,313 x 1074 | 0.993 x 1074 | 0.905 x 1674
o(4,) 0.927 x 1074 | 0,210 = 1074 | 0.014 x 1074 | 0.010 x 1074
p(a,) 0.905 x 1074 | 0.240 x 1074 | 0.004 x 1074 | 0.001 x 1074
p(4,04,) 0.876 x 1074 | 0,005 x 1074 | 0.089 x 1074 | 0.005 x 1074
p(4,04,) | 0.884 x 1074 | 0.004 x 1074 { 0.010 x 1074 | 0.001 x 1074
o(4; 4,) 0.862 x 10°% | 0,004 x 1074 | 0.001 x 1074 | 0.000 x 1074
p(a0a,) | 0.870 x 1074 | 0.007 x 1074 | 0.011 x 1674 | 0.001 x 1074
p(aa,) 0.850 x 10~% | 0,005 x 1074 | 0.003 x 1074 | 0.000 x 1074
p(a,M,) | 0.858 x 1074 | 0.004 x 1074 | 0,002 x 1074 | 0.000 x 1074
o(F) 1.0x10% ] 1.0x10%4]| 1.0x10%| 1.0x10%
Lower Bound Error | 0,018 x 10~% | 0.005 x 10~% | 0.001 x 1074 | 0.001 x 1074
Upper Bound Error | 0,068 x 1074 { 0,007 x 1074 | 0.001 x 1074 | 0.000 x 1074

TABLE 4.4,2 = ARBITARY FAILURE PROBABILITIES FOR THE SYSTEM IN FIG., 4.4.3
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Total population of each case = N
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Fig.t.4.1 - Probabilities Associated with two Mutually

Perfectly Negatively .Correlé’red Variables
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Total populafion of each case =N
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Fig.4.4.2 - Probabilities Associated with two Mutually

Perfectly Positively Correlated Variables
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Fig.4.4.4 -Venn Diagrams for Possible Failure

Systems with Exact Bounds
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CEAPTER 5 - PROPOSED APPROACH TO SYSTEM RELIABILITY ANALIYSIS
5.1 THE BASIS OF THE PROPOSED METHOD
5«1.1 The Need for an Improved Method

The intention in this chapter is to propose an approach for obtaining bounds

on the probability of structural system failure that can include those structures
for which system failure occurs as the resuli of a sequence of local failure
events. This approach is a development of the method put forward by Ditlevsen1317
(sub-sections 4.4.4 to 4.4.7), with the inclusion of an idealised redistribution
of load=effect following the failure of each element based on Moses' unzipping
techniqueZ§8—397%sub-sections 4.3.3 to 4.3.6).

The main disadvantage of Ditlevsen's approach is that it considers explicitly
only the union of failure events. This limits the method for use with structural

gsystems where:
i. system failure occurs with the first local failure; or

ii. all theelements can be idealised as behaving in a ductile manmer

so that plastic analysis can be used to define each mode of failure.

In practice there are structural systems with modes of failure which do not fall
into these categories, tut for which the ability to calculate the probability of
failure ‘is important. One obvious example is tower blocks and the probability of

their progressive collapse, as at Ronan Point, Canning Town, in 1968.

5¢1.2 Failure Boundaries for Structural Systems

Consider the failure boundary, separating the safe region from the failure region
in the n-dimenéional basic variable space, for a siructural system which conforms
to the above limits and which can fail by m different modes of system failure.

This boundary will consist{ of m intersecting hyper-surfaces. Starting from any
point in the safe region, the failure region will be reached once any of those
hyper-surfaces has been crossed. Therefore the events of being in the failure
region for that system is the union of the events of being in the failure regions
for each mode of system failure. If the failure boundaries for the modes of system
failure are, or can be idealised as, hyper=-planes in standardised normal space (as
in Ditlevsen's examples), then the failure boundary for the system can be shown as

in fig 5.1.1 for any plane through that space.

In the more general case, however, each mode of system failure is itself made up
from n; modes of local failure, each of which has 1o occur before the sysiem will

fail. The failure boundary corresponding to such a mode of system failure will
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consist of nj intersecting hyper-surfaces. In contrast to the above, starting

from any point in the failure region, the safe region for that mode of system
failure will be reached once any of those hyper-surfaces has been crossed. Therefore
the event of being in the failure region for that mode of system failure is the
intersection of the events of being in the failure region for each constituent mode
of local failure. If the failure boundaries for the modes of local failure are,

or can be idealised as, hyper—planes in standardised normal space, then the failure
boundary for the system can be shown as in fig 5.1.2 for any plane through that
space,. This idealisation for the modes of local failure simplifies the calculation
of thé probability of their occurance, both singly and jointly, since these

values are then the cumlative probabilities from marginal distributions of a
milti=-variate normal distribution. This simplification is employed in the proposed

method.

5«1+3 Constituent Events
The event of being in the failure region for a mode of local failure implies that

the set of basic variable values are such that the imposed load=effect is greater
than the resistance of that element. In many structural systems a number of local
fajlures have to occur successively for system failure to be realised. After each
local failure there will be a redistribtution of load=effect which can modify the
form of the failure criteria for subsequent modes of local failure in the fajilure
path. This leads to an important, but not obvious, consideration. The sets of
basic variable values, from those in the total variable space, which correspond to
a negative excess resistance for a mode of local failure will not necessarily
correspond to a negative excess resistance for each of the previous modes of local
failure in that failure path. For this reason, the event of being in the failure
region for a mode of local failure does not necessarily imply that local failure
has physically occurred. (fig 5.7.3 and table 5.1.1).

5.1.4 Definitions
The event of being in the failure region for the jth mode of local failure of the
ith-failure path will be referred to as the event 24 31 and similarly the event of

the ;th failure path occurring will be the event Aj. The reason for working in
terms of the events a; j is because of the difficulty in modifying the distributions
1

of the basic variables to take account of any previous local failures when calculating

the probability of local failures.

]
The physical local failure associated with aj j can be represented as (\0,31,1)s
since all the events a; 4 through aj 4 have to occur before the jth local failure
!

in the ith failure path can take place, /Note that if j is the last mode of local
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failure in the failure path, the occurrence of that physical local failure is
identical with the occurrence of the failure path, A;, since failure of the
structural system will occur with that local failure=7 Also the occurrence of
the jth local failure given the (j-1)tq local failure has taken place in the ith

x
failure path is represented as (ai’jl Jr\ ai,k) (fig 5+1.3 and table 5.1.1).
k=4

It is helpful to summarise the preceding concepts as follows:

i. the form of the failure criterion defining the event aj,j is
based on events aj 1 through a3, (j=1) having occurred ; but

ii. the magnitude of the variables used to evaluate whether that
failure criterion is satisfied are not modifed +to allow for events

aj 1 through aj, (j=1) having occurred.
?

For further clarification these concepts can be demonstrated in a simple example.

5¢1.5 Example
Consider three beams with a point load applied to the top beam (fig 5.1.4). With

the assumptions that:
i. self-weight can be ignored;

ii. +the beams will only fail in flexare;

iii. +the beams are perfectly briittle at failure;

ive impact effectis can he ignored; and

v. each beam has uniform geometrical and mechanical properties,

the failure criteria for the three events aj,1r 2i,2 and aj 3 are

F/aY

aj 1% Bi,1= Ry - 4HL 0.0

aj,2: %,2= Rg = 3L £ 0.0 (5.1.1)

aj 3¢ %i,3= B3 « WL € 0.0
where Ry , Ry and 33 are the resistances of the three beams to any applied bending
moment.

The load-effect on the second beam, 4WL, will only be applied to it after failure
of the first beam, but the form of the failure criterion for aq 2 does not include
any limit on the value of the load=effect to ensure that it is greater than the
resistance of the first beam, Ry - despite 4WL having to be greater than R1 for
aq, 1 to occur, and hence physically for the load-effect to be applied to the
second beam. If R1 = SWL and Ré = WL, 31,2 will occur but the second beam will
not physically fail since no load will ever be applied to it as aﬂ’1 will not

occur. Similar considerations apply to the event a4 3 in terms of both aq 1 and
? ?

3.1,2 .
114



5.1.6 The Approach Used to Obtain the Bounds

The events a., . and Ai can be combined into the event of system failure, F, by
¥

m m ni - (5.1.2)
Foa V@) -u (0 Les,51)

where m is the total number of failure paths by which the structural system can
fail and nj is the mumber of local failures which have to occur to cause the ith

failure path to be realised. Therefore the probability of system failure can be

given by
(5.1.3)

p(F) _ pl, (8)) =9 (y_, { jQ*r [a'i,j H )

The proposed method of structural system reliability analysis obtains bounds on
the probability of system failure in terms of the probabilities of the various
failure paths occurring, which are similar to those obtained by Ditlevsen in
terms of the probabilities of modes of system failure occurring. However, it is
first necessary to obtain bounds on the probability of each failure path occurring

in terms of the probability of local evenis aj, j*

S5e1.7 The Failure of an Element

Most structural systems could conceivably fail by many failure paths, each of
which require several local failures to occur in succession. In most cases, the
potential failure of each element will be included in a sizeable sub-set of the
failure paths. TFor some of those failure paths a particular element will be the
first to fail, in some the second, etc. Therefore there are usually several events

a associated with the failure of any particular element. The form of the

i,J
failure criteria defining this sub~set of the evenis aj,j will often be based on

different events a, through ai having occured, and so the expression for

1,1 !(3-1)
the excess resistance in each case can also differ.

5.1.8 Assumptions
In order to make the manipulation of the variables more tractable, the expression

for each excess resistance should be written as a linear equation of normal

variables. Therefore:

i. +the structures to be analysed are limited to those which can be
modelled as behaving in a linear elastic manner beiween the events of

local failure;
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ii. the variables considered are limited to the resistances of the
elements, Ry 1 and the applied loads, Sk, all of which are ireated as
H

normally distributed (see also section 5.5);

iii. each load is independant of each resistance; and

iv. the load—effects are assumed to be equal to a deterministic

linear function of the applied loads.

These assumpiions allow the failure boundary for each mode of local failure to be

idealised as a hyper-plane in standardised normal space.

5.1.9 Mathematical Form of the Local Failure Criteria

Following from these assumptions the form of the failure criterion for the event

a; 1 is

n
S (5:1.4)
B,m R0 ” 50 ] 4,1, %] < 00
k=1
where ng is the number of applied loads and dj 1, 3T® appropriate constants.

After an element has failed there will be redistribution of load=effect away from

that element. If the element is perfectly ductile, the residual resistance is
equal to the initial resistance, Ry 11 and the excess load—effect, which is to be
t
resiributed, is equal to -B; 4- If, on the other hand, theelement is perfecily
b}

brittle, the resideal resistance is zero and the excess load-~effect is equal to

n
s
kZ'1 [di,1,k Sk ], the initial load-effect.

The actual load—carrying capacity of an element after the load-effect applied has
exceeded its initial resistance will depend on the mechanical properties of its
constituent materials. In practice these matrial properties may be time- or
strain-dependents such as strain hardening or load-shedding. These forms of
behaviour can be approximately modelled by assuming that the residmal resistance
can be calculated deterministically when each subsequent local failure occurs.
More sophisticated modelling is not possible if the form of the failure criteria

are to remain linear.

The form of the failure criterion for the second mode of local failure in the ith
failure path will include a proportion of the excess load-effect redistributed from

the first element. Therefore
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- s

ng .
e [ s B ) s

%,2°
= }X1‘X2 x Ri,‘l * Rigz _Z [{ ditzik +)K1"di111k}"sk]
k=1

Dg

- ot B2 = [ Sz %) & 00 (5:1.5)
k=1

where d; 2.k are the influence coefficients for the load—effect on the element
b Bt §

is the proportion of the excess load-effect

before the first failure occurs; "X‘l
is the ratio of the

redistributed from the first element to the second; and /X 5
residual to the initial resistance for the first element (12 = 1.0 if perfectly

ductile, AO/ o = 0.0 if perfectly brittle, 'X? } 1.0 if strain hardening occurs,
and 1.0}/X2 2, 0.0 if load shedding occurs, fig Se1e5)e Similarly, the form of
the failure criterion for any mode of local failure in a failure path can be

written as

J
n
=]
- - o 0.0 (5.1.6)
%53 kZ=:1 [ ,ik * Ri,k] 2 [ %, 3,k *sk]$
k=1
where ¢. . . = 1.0
1yJd9d

5¢1.10 Similarity with Moses' Approach

If the elements' resistances are writien as Ti j instead of Ri i for a
t 1
single load variable, S1, eqn.(5.1.6) becomes
J
B T2 [ s T Tax] g B €00 (5:1.7)
k=1

and hence, by rearranging this inequality,

J
C . .
¢ 2, { FRaa ‘Ti,kl (5.1.8)

k=1 i3y

The RHS of this inequality can be considered as the resistance of the structural
system to the single applied load, 5, and is of the form used by Moses, eqn,

(4+3.15).
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5«1.11 The Failure Set
Before any structure can be analysed, the exhaustive set of possible failure paths
has to be identified. These constitute the failure set for that structural

system.

In practice, a local failure could occur at any point along a structural member,

ut it is assumed that local failures are confined to specific crosse—sectiocnal
points on each member for the idealised system. The position of such points,

which are referred to as elements, will usually be where either there is step

change in the value of the resistance (eg. due to the depth of a beam being reduced),
or the load~effect is expected to be maximum (eg. at a support for a shear mode

of local failure).

The influence coefficients, d, ., and ¢, . . in eque. (5.1.6) bave to be calculated
i,dyk i, d,k

for each of the modes of local failure in each failure path. For statically
inderminant structures, the elastic properties of the members must be assumed

deterministic, even though their ultimate resistances are treated as statistical

variables.

5¢1+12 Further Example

The simple example of a pinned portal frame, to which a single horizontal load

is applied, (fig 5.1.5) can be used to demonstrate the intentions of the proposed
method of structural system reliability analysis. The idealisations of this
system are thai:

i. the structural properties of each member (AB,BC and CD) are constant
along its length;

ii. the formation of plastic hinges are the only local failure modes
considered; and

iii. the material from which the frame is constructed behaves in a ductile

manner.

In this structural system there are 4 possible modes of local failure, being the
hinges at B in members AB and BC and at C in members BC and CD. The complete failure

tree is ag shown in fig 5.1.7.

The event a4 4 is defined as the excess resistance of member AB at B being
M

negative, that is

g 4 =R =-#S 0.0 ' (5.1.9)
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The event 2, 5 is defined as the excess resistance of member BC at C being
?

negative when the structure is treated as if there is a plastic hinge at B, that

is
= - 315 = 11S =
o R, =% ( 415 - R, )
1 2

It should be noted that the event 2,5 does not imply a plastic hinge occurs at
?
€C on BC unless a plastic hinge occurs first a2 B on AB. This can be shown by

taking R, = 81§ and R, = #iS, so that Z, , = 3IS é% 0.0 while
)

Z1 o = ~3L5 @ 0.0, Hence the occurance of a failure path is dependent on all
]
the modes of local failure within it being realiged.

5.2 THE PROBABILITY OF LOCAL EVENTS

5+2.1 The Probability of a; j Occurring
7

The event a. 3 occurs when the associated excess resistance Zi i is less than
i, 1

or equal to zero. The assumptions set out in sub-section 5.1.8 include the

variables, Ri,k

treated as having normal distributions. This assumption results in the excess

and §,, in the linear expression for Zi,j' eqn. (5.1.6), being

resistances, Zi i also having normal distributions. Hence the probability of
1

the event a; j occurring is given by
H

P(al,j) = @ (-f i,j) = @ (-' E(Zi,,]) /G-(Zi,J)) (5'2*1)
where, provided e 3.k and d, 3,k 2re known constants,
Tyt j Y n
E(z;) = _E(Ea [ %dmmhk]"éz L 4,6k » %))
J n
s
) EI [ ci!jfk ¥ E(Ri'k) ] ) k=Z1 [ di'ihk ) E(Sk)l

(5.2.2)

119



and

1 N
2 2 .
o(g ;) = ¢ (kZ=1 | 9,k * Bk T 5:1 [ 8,5k x %))

™ <
MU.

Y‘ ci,j’k*ci,j'l KP (Ri,k ’Ri,l) » & (R k) G'(Rl l)]

k=1 1=1

ns nS
+ [ di,j,k hdi,j,l Iﬁ(sk!sl)"«cr (Sk)‘b-(sl)]
k=1 L=1

(5+2.3)

since }ﬁ;( X’ S ) is assumed %o be zero for all i, k and 1.

5.2.2 Bounds Using The Probability of Single Local Events

Bounds on the probability of system failure can be obtained using direct knowledge
of only the probabilities of single local events. These bounds are calculated

using the relationships

?(?"’ “i,s)) - F H) € a‘Min‘l { ?(ai,.‘})] (5.2.4)
and 121 [ P(A )1 n1 (4)) = p(®) ¢ §1 [ P (Ai)] (5.2.5)

Eq (5.2.4) can be improved when there is no mutually negative correlation of the

excess resistances to

11 L o (a’i,j)] ¢ p(a) mwn ‘_ P(ai,j)\ (5+2.6)
j=1 j=1
Hence

{@ TI L P G, } i {M;n Loy, y ]1 (5.2.7)

1=1 J 1
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vhere CJi. = 1.0 unless there is negative correlation of two excess resistance
in the i.l:h failure path, when ®i = 0.0, These bounds on the probability of

system failure are wide in most cases.

5s42.3 Level of Sophistication

Closer bounds on the probability of system failure can be obtained if direct
knowledge of the probability of some compound events are known. The type of
compound. events whose probabilities are required can be either the union or the

intersection of local events, since these are connected by the relationship

'F(a'i’juak,l) = P(ai,j) + P(ak,l) - P(ai,.]'na.k,l) (5‘2'8)

For this work, as in most others, the intersection of local events is the compound

event whose probability will be found directly.

The level of sophistication of a method {0 find {the probability of a compound
eveni can be regarded as the maxinum number of local events in any compound event
whose probability is obtained directly rather than by combinations of the
probabilities of lower ordered compound events. If the level of sophistication

were able to be increased to the number of local events in the failure set,
o

ZE: (n ), the actual probability of system failure would be obtained rather
than Just bounds on it. In this method, however, the second level of sophistication
is employed, so that the equations have to be written in terms of the probabilities
of single local events, ]P(a ), and the probabilities of the intersection of

two local events, P (a. 1,5 nak 1)

The probability of two local events, a; j and ak 1t both occurring is the
1
probability of two normal variables, Zi j and gk 1! each being less than or
? ¥
equal to zero. Since these variables are not necessarily independent, the evaluation

of this probability can be approached either by:

i. constructing bounds on this probability (sub-section 5.2.4 below) ar

ii. treating the two variables as having marginal distributions of a
bivariate normal distribution and obitaining the cumulative probability
of that bivariate distribution (sub-section 5.2.5 %o 5.2.8 below).
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5.2.4 Bounds on the Probability of Joint Events

The first approach is used by Ditlevsen (section 4.4). Combining equs. (4.4.23)
and (4.4.24), his bounds on the probability of a; ; and a_both ocourring are
4 H ’

mﬂiiho"ghhhﬂlé(76L9+¢thﬁqﬂ’{thhﬂ‘mx[Q(‘
ﬂi,j)"q)(“f-”*k,l)' ¢ ('Fk,l)‘ (13(/51,3*)]73 < plag ey ) €

@i,j,k,l"{ (b (= F‘ i,j) = JP (- F *1:,1) + &P(-/gk’l) x (b (-/_:,*i,j)}
+{1:0-0, 4,1} mn[cbc-/si,j)x b (-/5 e © (= 8 1,1)x
dﬁ"f *i,j)l (5.2.9)

ot K e
? ? ?

55, .) e (5 )

,1

(5.2.10)

Pud = fui " P Buhadsfia L gl ey %50,

ﬂ/ 1.0= G'E(Bi'jyzk'l)l J1-0 - O'd(zi,jtgk'l) '
(5.2.11)
and O, i1 = | B P A )
T 22/ P (5.2.42)
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The correlation coefficient, /o (Bi,:j' 51:,1)' can be found from

P Cpi) s BB xR, - B D B )

S ) x & (5 )

j 1 '
f(z:i.,,j'zk,l)= iz‘ Z [ :|. Jem * y1,n" P(Rl,m'Rk,n) » S (Ri,m)

5(%,n)]+§ 52 [y - g n o (ST (5

cr(sn)_]} /{0' (8 )% & (3 ;) (5.2.14)

5.2.5 Bivariate Normal Distritution

The alternative to usixzz% Iitlevsen's bounds is to solve the bivariate normal
integral, as given by

oy, Mo 1) - ”exp P 5B )<t EG dons, s (B (2 )mryy ]
_.oo-°° {10'f (31,3,31:1)} 5 (%,3). O (8,1)
. E (%4, §)mzs ; 2 , E(Zi 1)~ 2,y 2
i 5/ 1.0 —ﬁz('zi,j,zk,l)-ﬁ'(zi,j—)' } \/1 o_/az(zl,:,,zk 1)xc(zk,1)§
el /R0 R Bg)etp st

{5.2.15)
vhere /J (zi,j’zk,l) can again be found from eqn. (5.2.14)



The cumulative probability of any bivariate distribution is a double convolution
integral. This is time consuming to solve accurately by mumerical integration,
but that is the method that must be employed unless the equation can be:

i. solved analytically;

ii. approximated $o closely; or

iii. reduced 1o a single integral.

There is no analytical solution for the normal distribution, tut for the univariant
case Hastings has produced a good approximation to Cb (u) 21/ + No similar
approximation has been devised for the bivariate case. Three approaches 1o achieve
a suitable simplification of egn. (5.2.15) are Owen's methods, Hermite-Gauss

TS

quedrative and Simpson's rule approximation These methods employ Hastings!

approximation.

5.2.6 Owen's Method

Owen's method reduces eqn. (5.2.15) to

(fitj'—/skrl’/g(ﬁiij'zkgl)) - %i@(-ﬁi:j) * @ (—/j.krl) -3 1:'3 fkl

ﬁ1,3| Bry|

(2 40 i- i3 P2 5,%,1)x B,
[zl‘ﬁklf’ A 'T(fk,l';’a %y 515, Pkl)

i, ; 02 B 5, Be) k1010 4B )

where (5.2.16)
o0 1)" (2m1
(h,a) = ta;‘(a),Z [’é?)‘ {10 ex?(“—) Z[ ll iy )]
2
for h>0.0 and 0.0 ¢ 2 & 1.0 (5.2.17)
men, Vo) = 5§ § (e dlan) - B ()« § (an)-2(a,n)
for h>0.0 and a > 0.0 (5.2.18)
and
?(h,a) = ~T(h,-a) = T(~h,2) (5.2.19)
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5.2.7 Hermite-Gauss Quadrature

The double convolution integral of equn. (5.2.15) is replaced, in the Hermite-Gauss

quadrature, by the series
m

q)(‘/ji,j' B P8 o5 )= 2. HleD{E c1ex1=f3,3 @{k/z_lc?xl'/-”k,l
/3 [ T ; ) “Vio- & )

10-¢2

+ B (5.2.20)

where m is the number of points used for the quadrature;

T J,f)(zi,j’zk,l)' PG o= /’(Ei'j’zk'l) (5.2.21)
%
2(m+1),‘m!
o7 2 y 121, cocveaym (5.2.22)
lH(m+1)( xl) }

Hn(x) is the Hermite polynominal of order n;

)ﬁ9,37]_

Xyyeeesey X~ are the zeros of H (X and

E is the error function given by

m | 2m
B = - qi (c17 -ﬁi,j5 ) @Zm(ca? '/31:,1)

(2m) !
Ji.o - ¢

; Jio-c

(5.2.19)

for some value ? o
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5.2.,8 Simpson's Rule

The double convolution integral in eqn. (5.2.15) is reduced to a single convolution

for the approximation by Simpson's Rule. The integra.ls used are

e
r@(-‘ﬂk'l)-j ?LZ )ﬂﬁl:a *P B A1) %
.J1'0— ﬁ (zisjvzksl)

dx

Zy 1)) = =1 , T P2, 5%,1) 3 0.0,and
g J exp(—z?_(_ ) i/gl .]+/‘)(Z1s.]'zk 1)% x ax for

1.0= ('.zlJzkl

\ ~o0 ,’27‘&‘

/‘)(Si,j’zk,l) > 0.0

(5.2.24)

5.2.9 Comparison of the Methods

Sowden and Ashfordz 38] suggest that Owen's method is the quickest one of the three
for computer use in calculating the cumlative probability to a particular degree
of accuracy for the majority of cases. However Owen's method includes expressions

of the form %@(-/31)4 (_/“ F /3(51,32)3 f ) in which difference
/@1! 1.o-f>2(z1,z.2)

between the two terms can be less than the accuracy of Hastings' approximation for
@ (u), which is about 1077 , for relatively large values of ﬁ encountered

in structural reliability analysis. Therefore the table given by Sowden and Ashford

has been amended (table 5.2.1) by replacing Owen's method with the Simpson's Rule

approximation when:

ﬁi,fﬁk'l > 3.0x [1.0+/3 (zi'j,zk’l)] ; or (542.25)

(ii) |Max (ﬁi,j'/-"k,l) 2 6.0 (5.2.26)
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Hence the best way of obtaining a value for the probability of joint evenis,
. i h opriat thod from tabl «2.1. The use of
T’(al,anak,l)"ls +0 use the appropriate method fr able § e

these methods rather than the bounds of eqn. (5.2.9) increases the computer time
necessary to find the bounds on the system reliability, but it also marrows the
gap between these bounds. The use of a function to find the cumlative frequency
for the standardised trivariate (or other multivariate) normal distribution would
reduce that gap still further, but the additional computing required would be

daunting - especially considering the number of times such a2 function would be used.

5«3 THE PROEABILITY OF THE REALISATION OF FAILURE PATHS

5«3.1 Lower Bound

The probability of the 198 failure path occurring is the probability of the

occurrance of all the events a; which constitute that failure path. Therefore
1

P = p(A [a 1)

n.

= P(a'i,1)" ]_1[ {P(ai,j‘ (5};1) [ai’l])z (543.1)

j=2
2=1

where Ai is the event of the i-l-'h failure path occurring and a; j ig the event of
7

z, 3 4 0.0. Unlike the occurrence of an event 35 (sub-section 5.1.4), the
] T
occurrence of an event Ai implies the physical failure of the structural system.

When the excess resistance, Ei 5 for the local failure mode a; i is not negatively
) 1

correlated with any of the excess resistances, 2 for the local failure modes

a. , which occur before a., . in that failure path, then
i1 i,J
(3-1) o . )
o . o ) - P a.. .Na.
F(alyJ N [a'i,ll ) 2 P(al,J a':l.,k) L3 1,k > P(ai,:j) (5+3.2)
1=1 pla; )

is true for all values of k less than j. Choosing k to maximise the value of
¢ (ai jfﬁ a, k) and substituting eqn. (5.3.2) into eqn. (5.3.1) gives a lower bound
1 7

on the probability of that failure path occurring. This bound is

n, (3=1)
(4.) 2pla; L)z Max P(a'i, ‘na'i,k)
O P, E §k=1 [ : 1 (5.3.3)

Plas,i/
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When there is negative correlation of the excess resistance of local failure mode
a.i’. with the excess resistance of at least one of preceeding local failure modes
in the failure path, then eqn. (5.3.2) is not necessarily true for all values of
k and should be replaced by

(3=1) n
P(a’i,j N ["“i,ln 2 p (ai,j N [aj:kll) (5.3.4)
2=1 1=1
where a. is one of the n local failure modes whose excess resistance is

i,k
negatively correlated with that of local failure mede a; e A lower bound on

¥
this probability can be found by

2,500 PGyy)

P,

? 1 L a’i,k.l]) - pld, [ai,kll
?( ‘111 [a'j_,k.l] )

} {1.0—9(8 [ag,kll I ai'j)l » Pv(ai"j)

1=1

pl 11:21 L a’i,kl])

n
<
Pos, s - Le (85 ) 1,10

[

P
P2k,

Pl = Z Ly, - Pl ) ]

(5+3.5)

p(a, )

i kg

c
which is true for any value of m Qn, where B represents the complimentary

event to E . The inclusion of eqn. (5.3.5) produces a more complete lower bound
on the probability of the failure path oceurring since it allows for negative

correlation. This lower bound is
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4o (5-1) (i-1)

P(Ai))p(ai'1)u {n ‘_@1,3,1 k x Max X F( :k) l .

j=2 p(a )
(§=1) (3-1)
f‘i 0- ]_[ [ i,d,40k ]‘kx Mu[o'o"’(ai::i) H1 0_® k,1 'k-g .
) o
11:::11 [ {l 1. 0_@ ik,1 k} P(aiyk)+ ®i,j,i,k]
?(ai,:i)' Plag, M) - Py() (5.3.6)
vhere & is as defined in eqn. (5.2.12).
i, j,i,k

5.3.2 Upper Bound
To find an upper bound on P (Ai), the probability of the occurrence of two of the

local events a, j are congidered as being unity, their maximum possible value.
¥
This simplification has the effect of reducing eqn. (5.3.1) to the inequality

P4 € play fay o) (5.3-7)
Minimising the right hand side of eqn. (5.3.7) to produce the closest upper bound
gives (ni-1) n,

.P(Ai) £{ Min ‘_ Min P (a'i,jna'i,k) ]
j=1 k=(j+1)
= P, &) (5.3.8)

Hence the compleie bounds on the probability of the ith failure path occurring,

?(Ai)v are
?1 (Ai) < P (Ai) 'S -Pu (Ai) (5.3.9)

The bounds become identical when n, £ 2 ( ?(A ) = -P(al Na; 2) if n =2 and

Pa;) = play o) ifn; = 1),
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5«33 Probability of Two Failure Paths

Consider a system in which the local events a5 j are such that two potential
1

failure paths, A; and A = exjst. The mathematical event AiMf can occur if all
the events ai, j and 2,1 are realised, although the physical failure of that
system can only occur along one failure path, the choice being governed by the
loading history. The probability of this event can be written as

(it = p (LD, Foy 30000, FaeatD)

n, | (1) n,
= pag,q)s }:fz SP\ai,j 21 [ai,m] ﬂ*P(akn | ai,m-ﬂ x
nk n, 1
11:[2{ p (e nL:in ai'm] ! 1(111 [ ak'm] )} (5+310)

Eqn. (5.3.10) is similar to eqn. (5.3.1), so that a set of bounds on the probability
of both failure paths being able to occur can be found using the same arguments

as those used to obtain eqn. (5.3.9). These bounds are

it (3=1) o G- L) (3=1)
P(aiﬂ)x.:‘]::z[ i E l i’j!iglx 12?1:[? z;a ;'l —l + 51.0— E[@irjﬁwl‘l}
il

% Ma.xK0.0, P(a'i,j) - (g) H_Lo- @i,j,i,ﬁ ;-{?(Bi,j) -P(ai,jmi,l)?s]]
1=

(=1
Min 1%1.0-@1’3':1'1} x P(a'i,l)*@i,j,i,l]

1=1

2]
-

n.
n.
1 1

{E“)k,l,;,l =1 [P(a’”na )].»{1.0 - T—[[@k‘l,ll]i

P(a" 1=1

“a"[' 'F(a’k1)_ [5110‘ O 1,50 § {P(a'k 1)=p (3 4 all)}

1=1

n.
1

min [§1.0-6, 1-§* P, 1) + k1,001 ]

1=1
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n

o ns (3‘1) i

T [Brssal * T Ouseal iy [ 12 )

e plez,1)
ny (3‘1)
(3~1)
- g &, .., TI e
I{=1 (a.k -ﬁa‘k })X] . {1.0 - E [ k,;,:l.,l] X 1 [ @ k,J,k,l] %
P (3=1)

Ma.x[0.0, P(ak,j)'jz: i 1.0- © i 1] {p(ak e P(ai,jna'i,l) - Z {1.0 -

1=1
© k,j,k,lk’i‘)(ak:j)- P (aksiﬂak,l)‘k ] /

(j~1) :
m[m (01+0-©y, 5,22 1p 1, 00% O, 0, DMin } 1-0- O, 56,1 §:p (1)
S )]
kfkfk!l “<P(Ai n Ak) g

(n, -1) n; (n -1) o, ‘ n;
Mm Mm X (W)ﬂ p (ay, o 1)}1 Mln [ Ifi’(‘jﬂ){P(ak,'i“ak.lﬂ ’;ﬁ{
Ty
?LT: S P (ai'jna-k’l)} 11& (503.11)

5.4 THE FAILURE PROBABILITY OF THE SYSTEM

The probability that the system will fail is the probability of at leasi one of the

failure paths occurring. Therefore
m
p = pl_ {4)) |
m {i=1
pa+ = [ pla, -1 { AB’} )

i=2 J=1

8;) ] (5.441)

plag Zi;é [ PG« ]3(

Howaver, since

e 1453

< Aﬁ s = 1.0 = (Almk)
P IAl) won plas) (5.4.2)

131



is true for all values of k less than i, choosing k to maximise the value of
(AinAk) and substituting eqn. (5.4.2) into eqn. (5.4.1) gives an upper bound
for the probability of system failure. This bound is

n (i-2) .
P® 2 ply) + 5 [ play) - e {p ()] ] (5.443)
Em. (5.4.2) can be rearranged into
(i-1) e (i-2)

P(?=1 3Aj§ 4) = 1.0 - P(Uj=1 gA;} I 8.)

(i-1)

> 1.0 - 3 [ p (a;08,) ]
=1
p(4;) (5.4.4)

Hence a lower bound can be put on the pr?bability of system failure as
m i-1

Py ph Z [mefpe)- 2 [ pup], o0l )

The true probability of the intersection of the complement of the failure paths is
less than the probability of the events when they are treated as being mutually
independant, provided that there is no mutual negative correlation among the failure
paths. Mutual negative correlation of the failure paths is assumed not to occcur
when there is no mutual negative correlation of any pair of excess resistances for
local failure modes from different failure paths. Therefore, given that condition,

(i<1) ¢ . (i-1)
pC e 1457 4) ]

8> 71 [ p&
1
- (ﬁ) [1.0 - p ity ]

te=1 (5.4.6)

p(4;)

a set of bounds on the failure probability of the system can be given using the
maximum from eqns. (5.4.4) and (5.4.6) when there is no mutual negative correlation

of the failure paths. These bounds are
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(1_1) (i-1 n,

pe2, >+Z [ w={pa )- [ p 2], TT [TI{ TI | ®1k3,1}}

i=2 J= 1

3 1Y < e <

x P(Ai) _1—1_{1.0-141:1{1.0, P(
b ) 2 [?(A) tor s o) Y] (5.4.7)

k=1
p(4;)
i=2

These bounds are identical if m £2 ( ?(F)= ?(Ai)+ P(AE)' E:(A1nA2) if m=2 and
F(F) = P(A1) if m = 1), but their values will be identical only if those failure
paths have equal values for the upper and lower bounds on their probabilities of

occurring from eqns. (5.3.9) and (5.3.11).

The values of p(4.) for use in egn. (5.4.7) are the lower bound of eqn. (5.3.9)
PY4y

with the lower bound, and the upper bound with the upper bound. The values of
P (AinAk), however, are the upper bound of eqm. (5¢3.11)with the lower bound,

and vice versa, since that term is used with a negative sign. The ratio of
F(Aiﬂgk) andP(Ai) is used with an upper limit of unity since the upper bound

on AL is divided by the lower bound on A_) when evaluating the lower

plAy P4
bound of eqn. (5.4.7).

5.5 PARAMETERS USED TO MODEL THE VARIABIES

5.5.1 Element Resistances as Functions of the Basic Veriables

In order to be able to use the methods described in sections 5.1 to 5.4 (as well

as some of those in sections 4.3 and 4.4) it is necessary to be able to estimate
the means,standard deviations and correlation coefficients for the distributions
of the element resistances and of the loads. However, it is impossible to
establish these parameters for the element resistances directly by sampling, and
hence they must be estimated from a knowledge of the distributions of the basic
variables (section 2.1). The basic variables have distribution parameters which
are generally more easily established since the same materials, etc, are used for
many designs., It should be noted that the equations in sections 5.1 and 5.2 cannot

easily be redefined in terms of these basic variables,

The failure criterion for the initial local failure in any failure path is
eqn (5.1.4), ie

g
8 (X) =Z; 1 =R _kE_@i,l,k S £0.0 (5.5.1)
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Therefore the element resistance, Ry j, can be defined as a function of the

basic variables, ’J\{‘, by
Og
= =7 eHe2
By 4 =R (X) =%,  + Elﬁi,l,k S/ (5.5.2)

since the loads, S, are assumed to be a sub-set of the basic variables, E:

5.5.2 Means and Standard Deviations

Provided the basic variables in Ri(X) can be assumed to be mutually independent
ﬁl
one approach to the estimation of the parameters for the dZ%;?lbu‘blon of R;L 1 1
to use the first two terms of Taylor's expansion for Rj (2{") . This leads to the

approximations for the mean and variance of Ri 1 of
i

=) 2 B x = E(X) (5.5.3)
and ~ ~
2@, ) : S [(ﬂ&-@- )2 o’ (%) (5.5.4)
1, j=1 axj x = EQ{V)

These values can then be used, with the parameters of the applied loads, to give

the probability of an initial failure as

B(R; , Z’[dl 1,k E(S,) |
w—q
P(ai 1 ( JG’ (Rl 1) + Z Z[ 1 l,j di,l,k/O(sj’Sk) G-(Sj)ﬁ'(sk)

k=1
J=1 (5.5.5)
This value of p(a. ) ig the probability found by the Mean Value Level 2 method,

which is demonstra.ted to be inaccurate in Part 1, A more accurate estimate of
p(ai,l) = p(zi’1 = gi(}h{’) €0.0) can usually be obtained by using other methods,
such as:

i. the Advanced Level 2 method;

ii, Monte Carlo similation; or

iii., rmomerical integration.
The standard deviation for the equivalent normal distribution can therefore be
found by re-arranging eqn (5.5.5) treating c-(Ri’l) rather than p(ai,l) as the
unknown. This approach will produce distribution parameters for the element
resistances which give the best estimates for the probability of the initial local
failures in each failure path, although not necessarily for the subsequent
failures, It should be noted that there is no need to make the assumption that

the basic variable governing Ri , are mitually independent in eaqn (5.5.5).
J
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Re-arranging eqn (5.5.5) gives
fig ng n

2 s T '
’ . E(B; 1) -gi[di,l,k B )| - 3:51 kg{di,l,.j&i,l,k/’(sl?sk)"
o (Ri,l) - 1( (a. ))
P2

o(s1)c (sk)} (5.5.6)

The mean value of the element resistance, E(Ri l)’ can still be estimated
from eqn (5.5.3) provided the basie variables are mutually independent. If the

variables are partially correlated, the approximation for the mean becomes
X, %) oz, olx)
[ECESLENTCY

2
n n PRi(X)
£=E(£)]+%E‘“§1(Mf‘x“ (5.5.7)

The second term, which is not included in eqn (5.5.3), is negligible provided the

nr; o) $ [

x = =)

standard deviations of the basic variables and the non-linearity of the function
are not large. If eqn (5.5.7) is used with mutually independent basic variables
this term reduces to half the sum of the variances of the variables times the

second derivatives of the resistance.

As shown in Appendix C, there can be a considerable difference between the
standard deviation obtained by eqn (5.5.6) and that obtained by eqn (5.5.4). It
should be noted that paxrt of this difference will be due to treating the loading
variables, §, as having normel distributions in eqn (5.5.6), while using the
appropriate distribution to model them when calculating p(ai,l) (extreme type I
maxima for the example in Appendix C).

5¢5.3 Correlation Coefficients

The correlation coefficients have to be obtained indirectly by first finding
the correlation coefficients of the excess resistances. The value of these can be
established by using the equality between the correlation coefficient of two excess
resistances and the cosine of the angle between the normals to the failure
boundaries in standardised normal space (sub-section 4.4.6). For mutually
independent basic variables, eqn (4.4.21) gives the correlation coefficient of the
excess resistances, or

Il
P(zi,l’za,l) = co8 9= E(Dﬁi,k Mj’k) (5.5.8)

whereoCi x andtxﬁ x are the values from eqn (2.4.22) used in the Advanced Level 2
H H

analysis (sub-sections 2.4.4 &2.4.5) of Z; 1 and.zj , Tespectively for the KB

b

bagic variable, It should be noted that the value ofoci is zerc for any basic

»k
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variable which goverms 33,1 but not Zi,l’ and vice versa, so thatf)(zi,l’zj,l)
is zero if no basic variables are common to both excess resistances, as would be

expected.

For the more general case where basic variables can be correlated, the
standardised normal variables, U, used in the Advanced Level 2 analysis first
have to be tremsformed indo a set of mutuwally independent standardised normal
variables, Y (sub-section 2,1.3). From eqn.(2.1.3), this transformation is

X = ¢(U - B(D)) = C.U (5.5.9)
since E(H) = 0,0, Transforming the %vectors into a vectors gives
By =g 5 25 =8 (5.5.10)
Therefore
; ~ T
/)(z.i,l, Zj,l) =cos B =2a;. g,
T
= (go Q’Ei)o (c.d )
T AT
=y oL Gty (5.5.11)
Substituting in eqn (2.1.4) gives
' T -1
P(zi,l' Zj,l) - %i L] !u .gj (5'5'12)

where Eu is the syﬁmetric matrix of the correlation coefficients of the standardised
normal basic variables. It should be noted that the inversion of the matrix can
be carried out in parts if only sub-~sets of the variables are mutually correlated.

The correlation coefficient of the resistances can be found in terms of correla-
tion coefficient of the excess resistances by re-arranging eqn (5.2.1h). Since

ci,1,1 =, ck,1,‘} = 1.0, putting j = 1 = 1 and writing j for k in eqn (5.2.1L) gives

Ng Ng
RN VR L SR S D 2 LRI RV C o8

s(80 (5] S To(Zi4) 0 (Z5.4)) (5.5.13)

Therefore, by re-arranging eqn (5.5.13)

ng ng
o (356, 1/fo®; ) or; 4)] (5.5.14)

The correlation coefficients for the example in Appendix C are shown in table C.5.

5.6 TIME-VARYING LOADS
Se6.1l Introduction

So far in this chapter each variable which governs the behaviour of a structure
is assumed to have a single value. However, the values of some vazriables do not

remain constant with time, such as wind pressure or the strength of high alumina
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cement concrete. When there is only one such variable this variability can be
included in the model by describing that variable as the extreme value, either
maximm or minimm as appropriate, that occurs within the reference period.
However, when there are more than one time dependent variable they cannoi be
modelled simply by using extreme value distributions since those extremes are
unlikely to occur at the same time., Therefore more complex modelling is
required to describe such a case, and several models have been developed by
others to achieve thisggz
This section is net intended as a detailed study or development of these methods,
but contains an extension of the proposed method of system reliability to
incorporate one particular load combination model., This model for treating load
combinations_is due to Ferry Borges and Castanheta, and is described in CIRTA
report 6513T 17 from which part of the description is reproduced, with minor modifica-
tions,in sub-section 5.6.2 below. It should be noted, however, that:

i. the model requires several assumptions which restricts the applicability

of it 4o certain design situations; and

ii. the model only allows for time-varying loads, not time~varying

resistances.

5.6.2 ILoad Combination Model

It is assumed that for each time-varying load, the reference period, T, is sub-
divided into a mumber of elementary time intervals of equal length,AiT, guch that
the peak values of load in consecutive time intervals can be considered to be
independent. It is then further assumed that each (possibly continmously varying)
load, S 1! remains constant at its peak value throughout its own elementary time
interval. This latter assumption is clearly conservative, but it is not unduly so
if the time intervals are relatively short. This model is represented in figure
5.6.1 for three time-varyingloads,

The load combination model then requires the ordering of loads according to the
individual mumber of possible repetitions such that

n(l_l) g ni g n(i+_|) (5.6.1)
for 1 {i <k, where there are k time-varying loads and where
n, = DA (5.6.2)

An approximation to the maximim combined load is then obtained by considering the
load combinations in table 5.6.1. This shows, for each combination j, the number

of repetitions Ni 3 for each time-varying load, Si’ to be used in determining its
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modified probability distribution for combination with the other (k=1) loads.
When a reference is made to a load combination it will imply one of those given
in the table, for which the principal load is defined in this study as the load
which is modelled as having its maximum intepsity in the reference period, even
when it is not the largest mumerically. The reliability index,/gi, is determined
(using the Advanced Level 2 method given in sub-sections 2.4.4 to 2,4.6) for each
of the k combinations and the results may then be combined to estimate the total
failure probability using the relationship

k
p(F) = 1.0 - i}=:1' /1.0 -q)(.ﬁiy

e|ls

5.6.3)
1_1@( /31 (

5.6.3 Accuracy of the Model

It should be noted that eqn (5.6.3) assumes that the excess resistances for the
element under each load combination are mutually independent, which is only likely
to occur if both the load intensities from each load combination and the resistances
to them are also mutually independent. Clearly the resistances will be mutually
fully dependent unless the resistance of the element is also time-dependent, and
even then it is not likely to have independent intensities during each load's
elementary time interval. However, the variability of the load is usually greater
than that of the resistance (but see Appendix C, table C.4) so that the excess
resistances are not often strongly correlated.

A second possible source of error is that the load combination method does not
necegsarily include all the load combinations that could produce the maximum load
intensity (eg if the second largest intensity of each load occurred gimiltaneously).
This error could lead to under-estimation of the failure probability, while the
previous one could lead to over-estimation, However, despite these possible
inaccuracies, Turkstra and Madse 497'ha've shown that this method produces reason-~
able results for those cases it can model.

5.6.4 Extension to System Reliability Analysis

In element reliability analysis each element is analysed for failure to resist
each of the load combinations, and similarly in system Teliability analysis each
failure path and local event, a; ,3? has to be analysed for failure under each load
combination., Therefore it is slmpler to consider any failure path which has a
local event al analysed with more than one load combination applied to the
structural system a3 the appropriate number of different failure paths within the
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failure set. However, from practical congiderations, those load combinations for
which an increase in the principal load would not inerease the probability of
failure need not be considered for that local event, ai,j'
The condition where repairs are assumed to be carried out at the end of each time
interval if any local failure(s) has occurred can be modelled by applying the

same load combination to the system for every local event ai,j with a failure
path. The condition of no repairs being carried out, however, cannct be modelled
accurately by applying different load combinations to the structural system for
each local fzilure modes in any failure path. This inefficiency of the latter
model results from the load combination for the second local event ai,j in a
failure path modelling the maximum intensity of load effect on that element during
the reference period and not the maximum intensity of load effect during that part
of the reference period remaining after the initial local failure occurs.

It should be noted that if the loads are applied at the same point on a structure,
then maximum intensity of load-effect will occur on each element at the same time
and the suggested model of the structure being regularly maintained will be
appropriate for structures which are not maintained. However, the more general
cagse of different loads being applied at different points implies that the

masei mum intensity of load-effect is likely to occur with different load combina-
tions for different elements, when the maintenance procedure becomes a relevant

consideration in the applicability of the model,

5.6.5 Single Elements with Multiple Time-Varying Ioads

If the load combination model can be applied to the system reliability analysis
technique, it can also be applied to the system of a single element acted upon by
gseveral time-varying loads. This system has a probability of failure which is the
probability of failure for that element and which has made due allowance for the
correlation between the resistances to which the load-effects from each load
combination are applied. This approach reduces one of the possible errors in this

load combination method discussed in sub-gection 5.6.3.

5.6.,6 Parameters of the ILoads

In order to use this load combination model the means, standard deviations & cerrclation
coefticienls of the loads are required. It is assumed that these parameters are

known for the underlying distribution, that is the distribution of the mitually
independent values during each elementary time interval. The different loads have

%o be able to be modelled as being independent since the correlation coefficient of
the underlying variables will not be the same as the correlation coefficients of

the extreme values.
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The probability of an extreme value from n time intervals can be found since
the load intensities are assumed to have independent values in different time

intervals, The cumulative probabilities are given b
(5.6.4)
F -
s (s) = 1.0 - (3.0 - Fg(s)/”

where Fs(s) is the cumulative probability function of the load intensity, S, in
any time interval and FsﬁAx(s) and Fsﬁm (s) are the cumulative distribution

functions of the maximwm and minimim load intensities in n time intervals
regpectively. Therefore the probability density functions and the central moments
of the extreme values can be found from

fSﬁAX(S) =n ng(s)7(n-l)fs(s)

(5.6.5)
fgn (a) =n /L0 - ry ()7 e (o)
E((SﬁAx)r) --[iOO g n Zfé(s)?‘nrl)fs(s) ds
0 (5.6.6)

E((SﬁIN)r) = +:: $* n /1.0 - Fs(s)7{n’1)fs(s) ds

Eqns, (5.6.5) and (5.6.6) are examined for some common distributions of § in
Appendix D.

The load intensity for any load will have 1o be modelled by different variables
for each load combination, using the central moments from eqn.(5.6.5) with the
appropriate value of n from table 5,6.1. The correlation coefficient for two
variables modelling the same load in different load combinations will be dexrived
from the .

probability that both load combinations will include in their summation the
intengity of load effect from that load which occurs during the same time interval.

5.6,7 Correlation of Extreme Values

The probability that iwo variables modelling the load intensity in a single time
interval from the same load will use the same time interval is l/nk. Therefore -
since the two variables will have the same distribution parameters,

481,85) = [E(5;x85) - B(s,) E(Sj)]/@(si)o-(sj)] =[{ﬁli B(s2)+ @ = 1.0)

Pk
26, - P65 = Vny (5.6.1)
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An example of this is the correlation coefficient for the variables modelling the
intensities of load S4 in load combinations 2 and 3 (fig 5.6.1). The probability
that the maximum internsities of loads 52 and 53 occur in the same time interval
£§1T is 1/:11 = 0.5, which is therefore also the correlation coefficient for the

two variables modelling S1 for those load combinations.

Similarly, if two variables model the maximum (or minimum)} extreme of nk/h(k-1)
values, then the probability of those two sets of time intervals being identical

is 1/n(k_1), so that

{J(Si,sj) = 1/n(k_1) (5.6.8)

The probability that a variable which models the extreme form n, values has that
extreme value in a time interval which is the set of nk/n(k_1) time intervals,
where a second variable models the extreme from the intensities during those time

intervals, is equal to 1/h(k-1)’ so that eqn. (5.6.8) applies here also.

When two variables model the maximum and minimum extreme load intensities for

different sets of time intervals, then

Al 8y - (s S50 (") ) a5 g s B )3T

(s =0y (s ey

- {l D, S o () o) + 8 i) 2GR -
Hk=1)

( (k=1) = -0 . 0) n(s"{e=1)) E(Sn(léﬁ"))}/{ 0—(3"]&1;)-{1))0-(sn(k‘1)).k

Hx~1)

Il Nnien
fo (S §§§1) ' smgg 1) )
(5.6.9)

()

where/c)(s (k-1) y S ﬁ?NT)) is the correlation coefficient of the maximum and mininum

values from a single set of n()-1) time intervals. The correlation coefficients
for the variables modelling a time=variant load are tabulated in table 5.6.2, and
the values mf/O(SHEX 1) Sn§¥N1)) are discussed in Appendix E, with particular
reference to 5 having a normal distribution.
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5.6.8 Estimation of Element Resistence Parameters

Eqn. (5.5.6) was obtained with the assumption that there was only one load combination
40 congider. There will be a different failure probability for each load combination
if the loading variables model more than one time-varying load. The mean, as well

as the siandard deviation, can be used as a variable when there are two load

combinations. Given the event of an element failing by two load combinations are

a; and bi 1 then the failure criteria are given, respectively, by
? ?
g n, )
B =R 4= 2 l di, 1,k (Smx)x]
k=1
$ (5.6.10)
and ng. n
i e |
B =B - Z=1 ‘_ 4,10 Cuax Xk
)
g ) th
where (SMax/k is the maximum (or minimum if appropriate)} intensity of the k™® load

in n  time intervals, and n_ is the number of time intervals for the k th load in
load combination a according to table 5.6.1. (Similarly for (ﬁkx)k and ny). It
can be shown (Apﬁendix F) that the required failure probabilities for both load

combinations will be obtained if

RN TYCHISY) o O (CH RS oo, O % [as, 1,0

BE((s™ \k)n/ {[Eb(‘:(a O Y_¢-'(P(b1 '\ﬂ.k

| Ng Ng 2
e & (o ) T, 0 § | E, Lo RECoR -E((smk)}]]
. L a1 Cp o, T |
-2 lax o (i) -5 (@01
(5.6.11)
-1 2 -1 2
R (pley, M -3 Gy N
and i ng n, 7 2
2 B(R; 4) -k2=_“,1 [ 1, E((smxy)]
T (R o) = = Z (4,10 O ((S waxh
B (e )
B - (5.6.12)

(Note that the loads have been assumed mtually independant).
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Some form of numerical '"best fit" analysis is required when there are more than
two load combinations. One approach is to minimise the value of ol summed over
each load combination by varying the values of E(R ) and cr(Ri 1), where

H

[ Zfy (0] 2

7

oL 5= §-1(ai,1) + (5.6.13)

2 Ng n, I
jG (R, 1+ 2, [35,1,1{ s (s x|
J

Having to use a "best fit" approach makes the system analyses of single elements
under multiple time-variant loads less rigorous, but it will still be more

theoretically correct than treating failures under different lecad combinations as

independent events.

The correlation coefficient for pairs of resistances will hawve to be obtained from
a "best fit" analysis whenever there is more than one time=varying load. If
/A%(Rl 1, 1) is the correlation coefficient with load combination a by using
?

the method descr:.bed in section 5.5, Z (c( ) can be minimised by varying
/ﬁj(Ri’1, j,1) where

2

ol, = %'(Riﬂ’Rjn) _/‘,a(Rm,Rjny (5.6.14)
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SYSTEM
POINT IN NEGATIVE EXCESS RESISTANCE PHYSICAL FAILURE FATLURE
VARIABLE
SPACE 34,1 2,2 | 21,3 11 2} 3 Aj
I N N N s ] s S&N
II 0 N N P ] ] S&N
TiT N 0 N s ] S SEN
Iv N N 0 S 5] S S&N
v Y] 0 N F F ] S&N
VI 0 N 0 F ] ] S&N
VI N 0 0 S ] ] S&N
VIII 0 0 0 F F F a0
0 = Occurrence of Mathematical Event
N = Non-Occurrence of Mathematical Event
S = Physical Safety of Element
F = Physical Failure of Element
TABLE 5.1.1 ~ IMPLICATION OF THE VALUES OF THE BASIC VARTAELES FOR

THE MOIES OF SYSTEM FAILURE IN FIG 5.1.3
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Fig.5.11 - Overall Failure Boundary for a System
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Represenfing a Mode of System Failure
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Fig.5.1.2 - Overall Failure Boundary for a System

Consisting of Linear Boundaries, each

Representing a Mode of Local Failure
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v

N

Fig.5.1.3 - Failure Boundaries for Single Modes

of System Failure in a Plane Through

a Multi-Variable Space [see table 5.11]
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(ifl Ductile behaviour

Load effect \ /Failure%

carried by
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failures
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carried by
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Fig.5.1.5 - Idealised Element Behaviour Models
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A Bon BC 3.2

3183, "~ Con (D |= Ay
83, . 2/ B on AB | E Ag
\ C on BC < >,

. %62~ 8 on BC | Ag

371% 3g1

— B on AB |z Ay
47,2
C on CD ’

a
82

B on BC |=Ag

Fig.5.1.7 - Failure Tree for Pinned Portal Frame
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Simple Hermi te=Gauss Simpson's Rule Owen's
Solution Quadrature Approximation Method
1.0 550,99 G (Hex(p1,32))
0-993ﬁ>0-95 |31- ﬁ2| > 1 All other
drﬁ1 or ﬂ2>/6 values of
or'/_u +f32;3(17;) A2
0.95;/_,)0.20 Vil or/j2 >6 All other
or /3 1-732)1 3(1%) | values of
fiA?

0.20 >’f’> 0.001 All ﬁ1 ,/3 2

0.001 5 3~0.001 q;(-{m),@(-,ea)

0-001>/a>,-0-40 A11[g1,/92

-0.40>/J>,-0.70 (31 and 324-1 Jlore2 26 A1l other values

and |/3 1-/32')1 9r/31-|792.} 3x of/m,/gz
- (14p)

-0'707)’-0'99 P AmER2C=T ) sther
or/s‘f1-£zl>> 2 values of
or or >

1 2
‘orﬂ1+ﬂ2} 3(170) /3 ’ﬁ
-o.99>/a>,-1 .0 Max(0, 1= @((31)

-§(p2))

TABLE 5.2.1 - METHODS TO EE USED TO OBTAIN (-/51, -Fz,/J )
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NUMBER OF TIME

LOAD COMEINATION

LOAD [ TNTERVALS IN THE
REFERENCE PERIOD 1 2 3 ves K
1 nl Nll = nl N21 =1 N31 =1 cea Nkl =1
) ; n
2 I‘.I.2 le = 2/1‘11 N22 = 112 N32 =1 aes ng =1
3 a3 N = n3 N = n3 N =1n =1
3 13~ /m, 23 ° /n, 35T or Ny
k N, =%, N, =%k, N, ="k cee N, =
nk 1k /n(k_l) Kk /n(k_l) 3k /n\-k_l) kk nk
TABLE 5.6.1 - NUMBER OF LOAD REPETICNS FOR EACH COIJBINATiON OF TIME -
vARYING Loapsé 1Y
NUMBER OF TIME nk
INTERVALS IN THE 1 n, /n (k1)
OBSERVATION PERIOD -
max™ MIN™ Max™
1 1l 1, 1
1 1.0 or ~/my /T /e /o
m 1 1
.. m 1, 1 "
nk% Min /nk p/ ( _1) 1.0 or /n(k_l) Porf/n(k_l)
k-1) m 1, 1 1
k Max /nk /n(k_l) /O Orp/n(k_l) 1.0 or /n(k—l)

where/o7.7(_smx, SMIN) from (nkfl(k_l)) values of S.

TABLE 5.6.2 — CORRELATICN COEFFICIENTS, K

T

i TIME-VARYING LOAD
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CHAPTER 6 - APPLICATION OF SYSTEM RELIABILITY METHODS

6.1 SIMPLE EXAMPIE

6.L.1 Structure Under Consideration

Consider the portal frame encastre at D while remaining pinned at A. The

members AB, BC and CD are numbered 1 to 3 respectively for use as subscripts.

The frame was designed using plastic analysis for a load factor of 1.6
(Appendix G, Section G.1). The load and plastic moments of resistance were
assumed to have coefficients of variation of 0.20 and 0.Q05 respectively. For
system reliability analysis three different systems were considered, in which
the resistances of the three members were considered te be mutuwally correlated
with coefficients of 0.0, 0.5 and 1.0. In each case the plastic moment of
resistance along each member was assumed to be constant. These assumptions
result in 24 possible failure paths, each with three modes of local failure
(fig. 6.1.1).

The results of the analyses (table 6.1.1) show that the failure set is dominated
by a small sub-set of the failure paths - viz. those paths consisting of local
failures D-»C-+ B. This domination occurs because all three members have the
same mean resistance, which results in a high probability of the first of any

local failure occurring at the point of maximum load effect (ie D).

In order to reduce this domination, a second frame was designed in which the
flexural strength of the members were made proportional to the elastic bending
moment in the members prior to any hinges forming (Appendix G, Section G.3).
This structure was analysed as hefore with three sets of resistance ecorrelation
coefficients (table 6.1.2). These systems were also dominated by a sub-set of
the failure paths, although not to the same extent as for the plastically designed
systems. This domination was by the failure paths consisting of local failures
at Bl’ 02 and D31 since a plastic hinge forming at the junction of two members
is more likely to occur on the member with the smaller mean resistance (ie B1
rather than B, and 02 rather than 03).

6.1.2 Study of Particular Failure Paths

The method used to analyse the structures can be demonstrated by examining the

probability of one failure path in one system in detail. The failure path to be
examined will be Pll’ consisting of Ca-h D3-> Bl in the elastically designed

structure with partial correlation of the resistances. Since this was the third
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i B = - O =
most probable failure path, after P17 (D3 B 2) and P, (D3 5 Bl)’
in terms of the mean of the bounds, it is referred to as the third failure path,

or AB’ subsequently.

6.1.3 Failure Criteria

The failure criteria for this failure path are obtained by summing the load-

effects found in Appendix G, Section G.2, and summarised in figs., G.2.3 to G.Z2.7.

This gives
53’1 = R, - 0.3182.3 0.0 (6.1.1)
53‘2 = R3 - 0.4545.8 - 0.6667(0.3182.8 - R2)
= 0.667xR, + R, - 0.6667.5 0.0 (6.1.2)
and 53’3 = Rl - 0.2273.8 ~ 0.3333(0.3182.5 - R2)
- 1.0x(0.6667:58 - 0.66'7\,;32 - RB)
=R + R+ RB - 8 40.0 {6.1.3)

The coefficients for the failure criteria of the first three failure paths are

given in table 6.1.3 for information.

6.1.4 Parameters of the Excess Resistances

Inserting these coefficients and the means, standard deviations and correlation
coefficients of the load and member resistances (table 6.1.4) into eqns. (5.2.2),
(5.2.3) and (5.2.14) gives the means, standard deviations and correlation co-

efficients, respectively, for the excess resistances (table 6.1.5). For example

E(8, ;) = 2.0E(Ry) + 1.OK(R,) + 1.0E(R,) - 1.0E
= 0.5266 + 0.7372 + 1.0532 - 1.0000
= 1.3169 (6.1.4)

o (B ;) =41.0a(R)) 1.0 o(R) o (R,R) + 1.0 3R} o (R),Ry)
+ 1.00(R) o (R B ] + 1.0 o(R) [1.0 TR/ (Ry,R)
+1.00(R) 2 (Ry, Ry) + 1.0 5(R) (R, RB)] + 1.0 & (R«

[1.00(R) p (R, R) + 1.0 T (Ry) p(Ry ,R,) + 1.0@(1?3)f. (R5,R)]
+1.0% x C)a(f:"a)}:."‘-L

= §0.02633 [0.2633 + 0.03686 x 0.5 + 0.05266 0.5]
+ 0.03686 [0.02633 x 0.5 + 0.03686 + 0.05266 x 0.5] 1
+ 0,05266 [0.02633 x 0.5 + 0.03686 x 0.5 + 0.05266 ] + 0.22}’5

= 0.2216 (6.1.5)
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and p(2 )-{1 OO‘(R)lOG’(Rl){o(R Rl)+106'(R)/o(R R,)

+ 1.0 0(Ry) p (Ryy Ry) +0.3182 x 1.0 o%s) }/
{0’(5 ) 0-(33,3)}
= 0.036365_.02633 x 0.5 + 0.03686 + 0.05266 x 0.5] + 0.3182 x 0.22}

/{0.0735 x 0.22161
= 0.954 (6.1.6)

3,1’

It will be noted that the correlation coefficients are near unity because the
principal component of the uncertainty in each excess resistance is the lcad, which

is common to each failure criterion.

6.1.5 Probability of Local Events

The probability of the events a; j being realised, singly or in pairs, can be
1

obtained by substituting these values into the cumulative uni-variate and bi-

variate normal probability distributions respectively (table 6.1.6)., For example

p (ay ;) = §(EE@, )/00, 1)) =§>(-ﬂ3 1
= $(-0.4190/0.07354) /e(_s .698)
= 0.609 x 10~ (6.1.7)

and

pla

a; ;)

3,10 %32 $(-5.698, -5.860; 0.940)

0.1055 x 10"8 {6.1.8)

It will be noted that all the values off3 3 are the same order of magnitude,
varying from 5.698 to 5.942. This lack of d1vergence occurs because all members
are assumed to be perfectly ductile after failure and each excess resistance can
be regarded as a factored sum of three excess resistances. These ''component”

17 C and DB,

which results in identical values of,@ because their resistances have been

excess resistances are the initial excess resistances at the points B

chosen to be proportional to the 1n1t1al elastic load-effect applied to them.
Hence any range in the values Of/Gi j can only occur from the lack of perfect

’ k)
mutual correlation between these initial excess resistances. The/si . values for

k]
C_ and D_ will,

failure paths including modes of local failure other than at Bl' > 3

therefore, be more divergent.

6.1.6 Probability of Failure Paths
The bounds on the probability of the third failure path occuring,p(AB), can be
obtained by substituting the values from table 6.1.6 into eqn. (5.3.9). All values

of E% k.3 are 1.0 since there are no negative correlation coefficients, so that
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any terms including (1.0 - Bi K, j l)ca.n be ignored. Therefore, the lower
1 J

bound is

phy) 3 By ) x P850 00 - [e(as 0 5) 9(33,2”"‘3,3))

Plagy) Uelas )y 7 plag )

-9 -9
- 1.055 x 20 x Hax | 2B X 10T 1,253 %10
6.079 x 10 2.322 x 10
= 0-560 x 10-9 (6-1-9)
and the upper bound is
p(AB) £ Min {P(aj,l 2 a3’2), p(aB’ln a3’3). p(a3,2na3,3)]

= #in |1.055 x 107, 0.903 x 1077, 1.233 x 107}

-9 (6.1.10)

i

0.903 x 10
The analysis was carried out considering the modes of local failure in the order
in which they would occur in the failure path. If this order is disregarded when
manipulating the mathematical probabilities then a closer lower bound may be
found. In this case, considering all possible orderings within egn. (5.3.6)

produces.

~9 -9
p(a,) > Max (0.560 x 1072, 0.903.1077 x Max [1 -055 x 10 1,233 x 10-9 ]

6.079 x 1077  1.413 x 10
_Jo. 903 % 1072 1.055 x 10 9])

1. 233 X 10 9 9 ] -9
1.!+13 x 10 2,322 x 10
-9

= 0.788 x 10 (6.1.11)

This re-ordering of the events a; j was not carried out in the actual program
k]

because of the escalation in the computation involved, particularly for the lower

bound on the joint probability of two failure paths. For information, the com-

puted bounds on the probabilities of the first two failure paths are

0.812 x 1077¢ p(4,) <1075 x 107 (6.1.12)

and -9 9
0.572 x 10 “ < p(A,) {1.104 x 107 (6.1.13)

6.1.7 Probability of Two Failure Paths
The bounds on the probability both the first and third failure paths being able

to occur, p(Alf\AB), are found using egqn. (5.3.11). The lower bound, using

only the ordering of events that was used for the complete analysis, is

p(AlnA P *fa_h.L) ,,,P('!'=1:L N a ) x Max p(a:L T 3 play 2ﬁa_‘j)
Plera) P(al 1 ! play )

156



x Hax [p(al,lnaB,l) , Play onag ;) Play sna; )
p(al’l) p(al,éTA’ p(al,B)

x Max ‘p(al,lf\aB,z) s, P (aLaﬁa3 , p(al 3f\a3 2), p(a 1(\ oy 2)]

L P(al,l) p(al,a) p(aL3 p(a3$i)
x x| pla) JN8y 500 Blay o008y 500 Blay 50es 5y, lapanes 5) )
p(al’l) p(al,z) p(al,B) p(aB’l)
plas 2035 o) ]
p(a3,2)

1.519 x 10

-9 - -9 -9
-9 < Maxii.ll? X 10_9 . 1.075 x 10_9] % Max 0.797 x 10_9 .
‘5.079 x 10 2.009 x 10 6.079 x 10

0598;':109

2.009 x 10 =N 1,413 x 10 ?

1.233.x.10°2, 1.055 x 10™° & M| L2117 X 4 , L.075 x 1079 ,
1.413 x 10~2 6.079 x 1077 6.079 x 1072 2.009 x 102

0903::109J % Max 2045::10'9 1133::109,
6.079 x 10™7 2009;:109

1.4513 x 1077 0903x109 1.233 x 1072
.1413::109 6.079 % 100 | 2.322 % 10°

= 0.45% x 1072 (6.1.14)

and the upper bound is

PN ) (Min [play 1Ny )y play nay ) play N ay ), play JNay )

play gas 5)v 2lay oNey ) p<";'1,.2“"“3,1)’ play Ny 20
plag Nag o) »lay SNag ), play SNag o) play s0ay o),

p(a3’1f1a3,2), p(aB,lflas‘B). p(aB,Er‘EE,B)]

= Min [ 1.519 x 10'9, 1.117 x 10'9, 0.797 x 10'9, 2.045 x 10‘9,
1.177 x 10'9, 1.075 x 10'9, 0.598 x 10‘9, 1.133 x 10'9, 1.075 x 10'9,
0.903 x 1072, 1.233 x 1072, 1.413 x 10™2, 1.055 x 10™°° 0.90% x 102,
1.233 x 1072 |
= 0.797 x 1077 (6.1.15)
Similarly -9 -9
0.635 x 10~ & p(A; NA,) £ 0.776 x 10 (6.1.16)
and 0.421 x 1077 < p(asn AB) £ 0.797 x 1077 (6.1.17)



6.1.8 Probability of System Failure

The amount by which the bounds on the probability of system failure must be
increased so as to include the probability of this third failure path,
plA ﬂAl nA Y, is obtained using the appropriate terms from eaqn. (5.4.7).

Again all the values of €, are unity, so that

ik,J,1
ax [z (4,)-p, (&) AAD- 2, (A0 40, 5 (a0 {2 - Min[l, p (4, NA )ﬂ‘

M

[+ c
{1 - M:Ln[ » B (AN A )]}sp(ABr\Al n % ¢

G Max[pl(Alﬂ Ay p a0 a)) (6.1.18)

where p (A) and P_(A) indicate the upper and lower bounds, respectively,on the
u 1 *

probability of A coccurring. Therefore, the lower bound is

p(A3ﬁ Alc a} Aac) > Max[0.560 X 10-9 - 0.79’? x 10-9 - 0.797 x 10-9.,

-9
0.560 x 1077 x{l - Minil 0.797 x 10 3 I {1 - Min [1,0'797 2 10_9 H
0.560 x 10 0.560 x 10

= 0.0 (6.1.19)

and the upper bound is.

P(A30A1an2c) £ 0.903 x 1077 - Max lo.453 x 1077, 0.421 x 10‘9]
= 0.450 x 1077 (6.1.20)

Note that, if the closer lower hound onp(A } from egqn. (6.1.11) is used, the lower
bound on p(A nA‘ nAz)ls still zero for th:l.s case. A closer lower bound on
p(A nA ) or p(A na ), obtained by considering the modes of local failure in

a dlfferent order, may be able to produce a closer upper bound on p(A f\A n A

).

2
Similarly
c -9
0.0 ¢ p(A,NA;7) < 0.469 x 10 (6.1.21)
Therefore, summ:l.ng the first three terms in eqn. (5.4.7), p(A )’?(‘“2‘“1 )
and p(A nA nA ) gives the contribution for the first three failure paths
to the bounds on the probability of system failure as
0.812x10'9+00+00<p(A 1NANA) g < 1.075 x 1072 4 0.469 x 10™°
+ 0.450 x 1077
- - - g 2
So 0.812 x 1077 L p(a N AN A5) § 1.99% x 10 ? (6.1.22)
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It should be noted that the lower bound tends to increase only for failure
paths containing the failure of elements which have not been included in previous

failure paths.

6.1.9 Width of Bounds for Different Structures
The bounds obtained by this method (tables 6.1.1 and 6.1.2) display some inter-

esting features. The structures have identical upper and lower bounds on their

probability of system failure for the case of fully correlated resistances. This
exact result is obtained because, under these conditions, each failure criterion

reduces to a linear equation in two variables R and S. Therefore, each of then

can be written as

5. . = k. .uR-S \S OIO (6-1-23)
1,] 1,

Hence each failure path will occur when the ratio S/R is greater than or equal

to the maximum value of ki i from the three modes of local failure, and system
?

failure will occur when

g 24 3
M i . . = . - -2’+
/r 3 Max [T;I:__.; (kl,J)] kyx % (6.1.24)

Hence the probability of system failure will be exactly @(fi*jﬁ),
4
As an example, P11 will occur when

., 1.0 _ 0.6667 + 1.0 _ 1,0 + 1.0 + 1.0 _
S/R > Min ( o= - 3,143, IS = 2.5, o = 3.0)
= 3,143 (6.1.25)
for the plastically designed structure, and when
S Min ]0.7372 _ 0.6667 x 0.7372 + 1.0533  _
/o 3 [BBE - 2, 5.6667 = &3
0:5266 + 07372 + 1.055 - 3.317] = 2.317 (6.1.26)

Rl R R
\ . a _ 2 3
for the elastically designed structure, where R = 0.5266 - 0.7372 ~ 1.0533 °

A second interesting feature is that the probability of system failure for both

the plastically and elastically designed structures with perfectly correlated
resistances are identical. This occurs because the load does the same amount of

virtual work for system failure.

For correlation coefficients less than unity, the increase in the width of the

bounds on the probability of system failure for the elastically, as compared with
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the plastically,designed structures results from the failure set having a larger
number of failure paths with probabilities of occurance that are of the same order
of magnitude. Therefore the actual failure probability, if it were to be
calculated, is likely to be greater for the elastically designed structure.
However, if system failure were to be redefined as the formation of any plastic
hinge, the probability of system failure would then be greater for the plastically

designed structure.

6.1.10 Width of Bounds on a Failure Paths
For this example, the bounds on the probability of any particular failure path

occurring can be simplified from eqn. (5.3.9) by putting @i 5 T 1.0 (sub-section
1

INEES

6.1.6) and n, = 3. Therefore
pa; 1)« pla; 4 )i,a) xHaxr(ai,lnaig) . P(ai,Zn?i,B)]
1

1.1 p(ai’ P(ai,l) pla. 5
= pla, ;Na; ), Max p(ai.lnaié) , Play ,3 ] < pla; )
1,1 i,2
p(ai’l) p(a
.SMin[p(ai’ (‘\ai,z), p(a.i’lf\aij), p(ai,a(]aid)] (6.1.27)
When /o(E. N Ei k) = 1.0, the bounds are identical since p(a 5,3 n al k)
Mln[p(a )y p(a k):\ {(for j=1or 2and k = 2 or 3, but j# k), so that
] . (a, ) pla, )4
Min | p(a, , pla. )],,Max lM:Ln[l.O, plag ]} 1,3
[ ll 1,2 szi—:-ll Max Mln[lom]}
= Min{?(ai’l), p(ai’a), p(ai,j)} ép(Ai)gMin ip(ai,l), p(a ) ola. ,3)}
(6.1.28)

When p(B 1,50 l k) = 0.0, the ratio of the bounds in eqn. (6.1.3) is

Max 1p(ai,j), p(ai,z), pla. 13)3 since p(ai,j n ai,k) = p(ai‘j) P(ai,k)' so that
P(ai,l) p(ai’a) p(ai,3)£p(Ai) gMin{p(ai;l) p(ai,z), p(a ) pla, ,3)

pla, ) pla, ,3>} (6.1.29)

In general, therefore, the bounds on the probability of the occurance of a failure
path, with three modes of local failure having excess resistances which are not
mutually negatively correlated, will be narrow. The only exceptions will be if
both:

i. the excess resistances are not strongly positively correlated; and

ii. the probability of each of the local failure events a5 j in the
]

failure path is considerably less than unity.
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As discussed earlier (Sub-Section 6.1.5), the excess resistances are strongly

positively correlated in this example because:

i. there are only four basic variablesconsidered (Rl’ R2' R3 and S);and

ii. the members are assumed to behave in a ductile manner, so that
the excess resistance of the second local event will include a pro-
portion of the first, and the third will include a proportion of the

first and the second.

6.1.11 Reduced Failure Set
There are some failure paths in the failure set which cannot physically occur

because at least one of the local failure events not included in that failure
path is certain to occur before one of those that is included (eg any failure
path which has a hinge forming at 32 as the first local failure since the
load-effect at 02 is greater and the resistances are identical). These failure
paths are shown with a dotted line in the failure tree (fig. 6.1.1) and marked
with an asterisk in tables 6.1.1 and 6.1.2. When the analysis was re-worked,
without these failure paths being included,the bounds on the probability of
system failure were close to the previous ones for the failure set which did
include those failure paths. Therefore, the ommission of such failure paths
from the failure set for the analysis does not invalidate the analysis, at

least for this example.

6.2 COMPARISON OF PROPOSED METHOD WITH REVIEWED METHODS
€.2.1 Ditlevsen's Method

The bounds on the system failure probability for the example in section 6.1 can

be found using Ditlevsen's method (section 4.4) since the failure set has failure
paths consisting of the failures of ductile elements. The four variables (the

three resistances, Rl, R2 and R, and the load, S) can be used to form the

equations describing the four mzdes of system failure. These equatiocns are
By» Gy D3 ? % =R +R,+ Ry - S (6.2.1)
B, 03, Dy : Z,=R + 233 -8 (6.2.2)
B,y €, D3 : z3 = 2R, + R3 -8 (6.2.3)
By Cys D3 PZ = Ry 4 2R3 -5 (6.2.3)

An exhaustive examination of the bounds on the probability of system failure was
carried out since there are only yl= 24 possible orders for the four system
failure modes, and the maximum lower and minimum upper bounds were found

(Table 6.2.1). The time taken to do the calculations was considerably less
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than the equivalent time for the proposed method.

The bounds on the probability of system failure are closer than those obtained
with the proposed method for the elastically designed structure (Ditlevsen's
bounds being identical to the quoted accuracy in each case), while for the
plastically designed structure the bounds are wider. In all cases the bounds
obtained by the different methods overlapped so that they do not contradict each
other. Therefore, the closest bounds on the probability of system failure can
be obtained by using both sets of results (Table 6.2.2).

Therefore this example shows that, for the systems that can be analysed by
both methods:
i, Ditlevsen's method, including re-analysing the system for each
order of the modes of system failure, can require less computation

than the proposed method, with a single order of the failure pathsj;and

ii. which of the methods will produce the closest bounds on the

probability of system failure will depend on the idealised structure.

This latter point occurs because:
i. Ditlevsen's method uses bounds on the joint probability of two
modes of failure while the proposed method uses an appropriate method
to calculate the cumulative probability of the bi-variate normal

distribution; but

ii. the failure criterion of each of the final modes of local failure
in a failure path for the proposed method are identical to the failure
criterion of one of the modes of system failure for Ditlevsen's method,
but, being conditional on two other modes of local failure occurring
for system failure to occur in any failure path, the same mode of local
failure has to be repeated until the union of those failure paths
includes the entire variable space where that mode of failure will

occur; and

iii. Ditlevsen's method used the closest bound obtained from each order
of the modes of system failure while the proposed method used a single
order both of the modes of local failure in a failure path and of the

failure paths.

If the cumulative probability of the bi-variate normal distribution was used with
Ditlevsen's method it would produce the closest bounds on any ductile system as

can be found from analysis by these two methods.
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6.2.2 Moses' Unzipping Technigue

Consider a '"safe" slab supported by four reinforced concrete beams (fig. 6.2.1)

as an example of Moses' unzipping technique (section 4.3). The beams are the same
as the one described as beam 1 in Appendix €, but with different correlation co-
efficients of the basic variables (Table 6.2.3) and using a more complex live

load distribution model (Appendix H) in order to ensure that simple statics apply.

The modes of local failure were assumed to bhe bending moment at mid-span for
which the members were treated as perfectly ductile, and shear force failures

at each support, for which the members were treated as perfectly brittle. The
parameters for the distributions of the beams' resistances to these failure modes

were calculated using the methods put forward in section 5.5 (Table 6.2.4).

The values obtained for the probability of failure by each failure path are given

in table 6.2.5, together with the bounds on that probability found by the pro-

posed method. The values for the probability of system failure compare well with
these hounds since the values lie between them, although it is closer to the

lower bound (as would be expected since this method includes no series combinations).

Again the calculation required is considerably less than for the proposed method.

6.2.%3 Marshall and Bea's Methods

The structure in the above example was also analysed by Marshall and Bea's methods

(section 4.3). The results from these analyses demonstrate that their brittle
redundant model can give a lower probability of failure than their ductile
redundant model. The failure network (fig. 6.2.2) shows two assemblages in
parallel, each assemblage consisting of six local failure modes in series. The
results are given in table 6.2.6, which show that the ductile redundant model
did not give a lower value for the probability of failure with a fixed load than
the brittle redundant model until the load was nine standard deviations from the

mear.

The values of p(F|S = s) were integrated from E(8) - 6 x 0°(8) to E(S) + 9,&(8)
in 0.0506(S) increments, with the load, S, assumed to have an extreme type I
maxima distribution. Both the values of the probability of system failure, p(F),
are larger than the bounds on p(F) that were calculated previously (0.521 x 10~
and 1.730 x 10°0 compared with 0.037 x 107 $p(F) £0.229 x 10°). Therefore,
this method is not recommended for calculating the probability of system failure,
except, perhaps, as a hand method to update the resistance of a structure against

a hindcast load.
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6.3 EXPECTED COST OF FAILURE
The structural example of a slab supported on beams (section 6.2) was also

analysed by the proposed method for the system of any local failure resulting
in system failure. The results imply that the upper bound on the probability
of overall failure is greater than the upper bound on the probability of any
local failure. This relationship obviously is not true. Therefore, the upper
bound on the probability of overall failure can be reduced pragmatically to the
upper bound on the probability of any local failure. In general, the upper bound
on the probability of system failure can be reduced to any, smaller upper bound
on the probability of system failure for a system which must fail before the
initial system can fail. Similarly, the lower bound on the probability of
system failure can be increased to a larger lower bound on the probability of
system failure for a system which cannot fail until after the initial system

has failed.

The rationalised set of bounds, on the probability of the failure of varicus
systems for a structure, can be used to give bounds on the expected cost of failure.
A simple model for the cost of failure for the slab example is:

9

i. & cost of 10” units for any local failure, and
ii. a cost of 10lo units for overall failure.

The bounds on the expected cost for this model are:

1

109 x (1887.01-364.65) x 10‘lo + 10lo x 364.65 x 16~ 0_ 517 units {lower bound);

and

10 1

107 x (2265.33-2265.33) x 10— + 10-%% 2265.33 x 10° ° 2265 Units (upper bound).

Hence the expected cost can be given as 1391 : 874 units.

This type of calculation can be carried out even when a complex set of costings
{the cost being altered for each different degree or type of failure) are réquired.
The use of a set of different criteria to describe system failure will allow %he
bounds on the expected cost of failure to be found. The bounds on the expected
cost of failure can be used to check the overall cost effectiveness of adjusting

any of the safety factors in a Code of Practice.

6.4 COMPARISON WITH MONTE CARLO SIMULATION
6.4.1 Monte Carlo Simulation

The results obtained by any new method of analysis can be verified by comparison

with those caleculated by a different technique that is already established.
Therefore, a Level 3 Monte Carlo Simulation (sub-section 2.3) was carried out

with sufficient trials to obtain confident results to compare with the results
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obtained by the proposed method. For this Monte Carlo simulation, the value
of each mutually uncorrelated basic variahble for each trial was produced by

generating two independant random numbers, r. and r_, taken from a rectangularly

1 2"
distributed population between 0.0 and 1.0. These numbers were combined to

obtain a standardised normal random number,1zi, using the relationship

W, =Sin (2 ® r)) J -21log  (r)) (6.4.1)

The value Oftli was transformed infto the equivalent wvalue, ﬂi, for the dis-
tribution describing the basic variable so that xi had the same cumulative
probability as u; (eqn. (2.4.8)). The same value of X%, was used for each

variable within each set of mutually perfectly positively correlated basic

variables in a trial.

The confidence in the results of a Monte Carlo simulation can be improved by
fitting curves, such as the Pearson distributions ZEB s to the histogram obtained
by plotting the wvalue of each trial. For system reliability analysis this value
would have to be the excess resistance of the structure. The most logical
idealisation for the whole structure's excess resistance is the minimum value

of the excess resistances of the failure paths, each of which is, similarly,

the maximum value of the excess resistance of the local failure modes in the
failure path. Hence the required value would be from a "minima of maxima' type
of distribution and the probability density function of the theoretical popu-
lation could easily have an unusual tail, which would render the curve fitting
highly inaccurate. Therefore the slab example was re-worked with the live load
increased by a factor of two and a half in order to increase the probvability

of failure, and so reduce the number of trials necessary for reasonable accuracy.

6.4.2 Slab Example
Each variable had a different value at the design point of the Advanced Level 2

analysis for the same element when the increased load was used compared to the
original load. Hence the standard deviations and correlation coefficients for
the elements' resistances in this example (Table 6.4.1) are different from those
used in section 6.2, This is principally because of the inaccuracies from:

i. the assumption that each element's resistance has a normal distribution;

and
ii. the treatment of the live load as having an extreme type I maxima

distribution while finding the design points and subsequently a normal
distribution.
Both of the moments for both modes of failure are larger for this example than

the example in section 6.2.
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A total of 30,000 trials were carried out in six runs (Table 6.4.2), of which

219 resulted in overall failure and a further 11 resulted in at least one local
failure, although not overall failure. Most of the trials which resulted in

system failure could have failed by more than one failure path (the mean number

of failure paths by which a trial which failed could have failed was 16.5). This {Qct,
together with the relatively few partial failures, demonstrategthat the failure

paths in this example are strongly positively correlated.

The bounds on the probabilities of failure give reasonable agreement with the
values obtained by the Monte Carlo simulation (Table 6.4.3). Some of the failure
paths (types 2, 5 and 6 which are particularly strongly mutually correlated),
however, do not give this agreement. The lack of competability could be due to
the non-normal distributions of the elements' resistances and of the load being
combined to produce the estimates of the central moments of the excess resistances
which are incompatible with the assumption of a normal distribution for at least

one local failure mode in each of these failure paths.

6.5 EXAMPLE WITH MULTIPLE LOADS
6.5.1 Portal Frame
A second single bay portal frame, with several loads applied to it, was analysed

in order to investigate the effect on the results, obtained by the proposed method
of system reliability analysis, of some of the excess resistances being mutually
negatively correlated (Negative correlation being more liable to occur in practice
due to load effects acting in opposite senses on the members than from mutually
negatively correlated resistances). The frame was assumed to have pinned feet

and rigid connections elsewhere, The dimensions of the frame and the applied

loads are shown in fig. 6.5.1, and the bending moment distribution in Appendix J.

The structure was idealised as having the bending moment mode of failure as the

only mode of local failure. The parameters of the distribution for the elements!
resistances to this mode, together with those for the loads, were chosen arbitrarily
to give initial failure probabilities of approximately 10"6 for each mode of local
failure. This was done because the procedure for obtaining such parameters from

the basic variables is demonstrated in the previous examples.

The mode of system failure was the frame becoming a mechanism which occurs when
any pair of non-coincident plastic hinges have formed. The local failure modes

were limited to occuring at three cross-sections on the horizontal member and two
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cross-sections on both of the vertical members. At each of these cross-sections,
failure can occur due to either a positive or negative applied bending moment
being greater than the resistance so that the mode of local fajilure at each cross-
section was described by two coincident excess resistances. The two excess

resistances for the same cross-section are

n,

Eii,l - Ri,l" kz_l [di,l,k Sk-'] (6.5.1)
and n

35,1 " Rj,l"ééz [dj,l,k S, 1 (6.5.2)
where

4,1,k % 7 41,k (6.5.3)
and

BRa1 = R (6.5.4)

and any redistribution of load effect to these excess loads will be of opposite

sign.

Care was taken that no failure paths included modes of local failure which had
negative values of di,j,k for all Kk since the use of two excess resistances at
each cross-section involved considering both positive and negative signs with
each constant. 4 local failure mode with all negative values of di,j,k will
still have a discrete theoretical probability of occurring because the loads and
resistances are treated by the proposed method as having normal distributions,
but such a failure would have to result from some variables having values in the

negative tails of their distributions.

Modes of local failure were also ignored if the bending moment applied at the
cross-section was certain to be less than that applied at another cross-section
of the same member. This situation occurred when d, | <: d, ., for all k,
th th 1131k 113!1{

where the 1 and 1 failure paths have the same first (j-1) local failure
modes and their j th local failure modes are at different cross-sections of the
same member. Only nine of the fourteen local failure modes were used because of
the omission of such failure paths, and of the nine there were three which were

never the first failure modes in any failure path.

6.5.2 Width of Bounds

The width, between the lower and upper bounds on the probability of system failure
for this example (Tables 6.5.1 and 6.5.2), compare well with those of the previous

examples. The probability of failure appears to increase with increased correlation
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coefficients of both the resistances and the loads, although the individual

bounds do not always follow this pattern due to the varying width between the
bounds. The most pronounced example of this occurs when the resistance correlation
coefficients were increased from 0.95 to unity and the upper bound increased from
6144 x 107 to 3.182 x 107 (Table 6.5.1).

This change in the upper bound could he due to the decreased uncertainty, which
would imply that all the structures in table 6.5.1 should have an additional
upper bound of 3,182 x 10-6, and similarly an additional lower bound of

3.059 = 10" °. These overall bounds cannot be used, however, since increased
correlation coefficients will result in a lower probability of system failure,
for any system consisting of failure paths which have the same probabilities

of occurring, as well as giving a higher probability of a failure path cccurring,
for any failure path which has the same probabilities of its local failures.
Therefore, it cannot be assumed that increasing correlation coefficients will
necessarily produce a less conservative system, and hence another upper bound,
nor decreasing correlation coefficients will produce another lower bound. This
is demonstrated in table 6.5.1 by two lower bounds being below these 'overall!
bounds of (3.056 - 3.182) x 10-6. If such bounds were true, they would imply
that the value of the correlation coefficients have a negigible effect on the

probability of system failure for this example.

6.5.3 Time-Variant Loads

The example was repeated with the three loads being treated as time-~varying loads,
assuming 2, 6 and 24 time intervals in the reference peried. This was to
demonstrate the effect of multiple load combinations on the proposed method and
to examine the change in the system reliability with time-varying loads having
relatively long time intervals (if the design life is 50 years, the shortest time
interval in this example would be just over 2 years). The parameters for the
extreme distributions of the loading variables were calculated assuming that the
instantaneous loads have normal distributions with those parameters that had

been used earlier in this example.

The number of failure paths that were considered increased from 25 to 45 rather
than 3 x 25 = 75 because the criterion for ignoring local failure modes was that
the bending moment at the cross-section applied by the principal load only, rather
than all the loads, was either negative or certain to be less than the bending

moment at another cross-section on the same member.
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The probability of system failure increased:
i. with the use of the time-varying loads when compared to the
instantaneous failure system using the parent distributions of the
loads (the mean probability increased by 37% from table 6.5.2 to
table 6.5.3);

and again
ii. with the use of the maximum design life loads as non-time-varying
when compared to the failure system with time-varying loads (the mean
probability increased by 16% from table 6.5.3 to table 6.5.4).

The second increase was not as large as might have been expected since an increase
in one of the loads will improve the reliability of that element in some of the
local failure modes, and so the extreme minima intensity in the appropriate time
interval would be used for those systems which include time varying loads. The
increase in a load will reduce the probability of a local failure when d.

1,j.k
is negative.

The width 'of the bounds on the probability of system failure increased with the
use of time-varying loads {the means of the difference divided by the average

of the two bounds are 37%, 56% and 33% for tables 6.5.2, 5.6.3 and 5.6.4 respect-
ively). This increase, although significant, still leaves the two bounds close
enough for practical purposes. The principal reason for the increase ig due to

the additional number of failure paths that have to be considered.
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RESISTANCE
CORRELATICN 0.0 0.5 1.0
COEFFICIENTS
FATLURE LOWER UPPER LOWER UPPER o
PATHS BOUND BOUND BOUND BOUND paaR A
P, 153 x 10717 | 153 x 10727 | L320 x 10719 | 1320 x 10719 L322 x 10729
p" 153 x 10007 | 153 x 20717 | 320 x 10719 | 320 x 1079 | L322 x 10719
P, 321 x 1077 | 321 x 1077 | L322 x 10719 | L322 x 10719 L322 x 10709
P, 2320 x 1077 | 320 x 10717 | L322 x 10729 | L322 x 107Y9| L322 x 107190
PS* 322 x 10717 | 322 x 1077 | L322 x 10789 | L322 & 10719 L322 x 10729
P 153 x 1077 | 153 x 10717 | 320 x 1079 | 4320 x 10719 L322 x 10719
PT* 322 x 10007 | 322 x 10729 | 322 x 1079 | L322 x 1079 L322 x 10710
Py 2320 x 102} 320 x 10717 | L322 x 20719 | 322 x 10729 L322 % 10719
Py .856 x 10720 | 856 x 1072° | .e21 x 10720 | 621 x 10720 494 x 1072
P1o 494 x 10721 | 494 x 10721 | 494 x 107%% | 494 x 1072 | 494 x 2072
Py 522 x 10720 523 x 10710 | Lo71 x 1072 | w211 x 1070 | .529 x 1070
P, 269 x 1077 | 270 x 107 | 483 x 1079 | .483 x 1077 | .529 x 1070
P13* 809 x 10720} 1914 % 10720 | .621 x 10720 | 621 x 10720 .325 x 10712
P14* 809 x 10720 | 914 x 107%° | 621 x 10729 | 621 x 1672°| .325 x 10712
Pls* 270 x 1077 | 270 x 1072 | .483 x 1077 | 483 x 1070 | .325 x 10712
Pl 270 x 107 | 270 x 1077 | 483 x 1077 | .83 x 1070 | .325 x 10712
P 202 x 10733 | L1022 x 10713 | L641 % 1073 | 641 x 10703} 325 x 10712
Pig d02 x 1073 L1022 10783 | Lea1 x 10713 | Lea x 10713 L3255 x 10712
P19* 202 x 10703} L1022 10783 | 641 x 20783 | L641 x 10713 325 x 10722
Poo 102 x 10783 | L102 x 10783 | 641 x 20783 | 641 x 10713 325 x 10712
Pyy .213 x 1077 213 x 1077 133 x 1070 133 x 1578 609 x 1078
P, 729 x 2077 | L149 x 1079 | 227 x 2070 | 227 x 1078 | .609 x 1078
Ppy 749 x 1007 | 749 x 1077 | w227 2 1070 | L227 x 1678 | .609 x 1678
Po 749 x 1077 | 749 2 1077 | 227 x 1070 | 227 x 1078 | 609 x 1678
SYSTEM 1612 x 10°° | .1863 x 10° |.4085 x 10 |.4939 x 1070 | L6086 x 1070
S % 1612 x 1070 |,1863 x 100 |.4085 x 100 | .4637 x 1070 | .6086 x 107

TABLE 6.1,1 — FATLURE PROBABILITIES FOR PLASTICALLY DESIGNED STRUCTURES
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RESISTANCE
CORRELATICHN 0.0 0.5 1.0
COEFFICIENTS
FATLURE LOWER UPPER LOWER UPPER o
PATHS BOUND BOUND BOUND BOUND UPPER BOUNDS
P, 234 x 10020 | L1066 x 1070 | W31 x 207 | 1722200 | L609 x 1078
P, 560 x 10728 | 560 x 10718 | .289 x 10717 | .289 x 1017|121 x 10716
P, 450 x 10710} La50 x 10720 | 53 x 100 | L1712 x 1079 | L609 x 1070
P, 835 x 10723 | 250 x 10722 | 554 x 1672 | 133 x 107 La59 x 10712
P5* 249 x 10787 | 1149 x 20787 | L149 x 10717 | L149 x 1071 149 x 10717
P 489 x 10722 | L4890 x 10722 | .263 x 1072° | 263 x 10729 .369 x 10717
PT* 964 x 1078 | 966 x 10718 | L149 x 10717 | 149 x 10717} 149 x 1077
Py 398 x 1079 | L614 x 10729 | .881 x 20718 | L883 x 107%8| 149 x 1077
Py 357 x 107 | L105 x 1077 | .106 x 1070 | L7212 1077 | .609 x 1072
Pio 271 x 10707 | 27l x 10707 | L2rr k1070 | L271 x 10010 L271 x 10700
P, 112 x 1070 { 139 x 10 | 560 x 1070 | .903 x 1079 | .609 x 1070
P, 910 x 10712 | 175 = 1071 | L676 x 107 | 210 x 2070 L537 x 10710
P13* ,188 x 1078 | 188 x 10718 | .288 x 10718 | .288 x 10718} .288 x 10718
Py 277 x 1000 | 279 x 10720 | 442 x 10729 | 442 x 10720 288 x 10718
P15* 288 x 10718 | ,288 x 10728 | 288 x 10718 | .288 x 10718 .88 x 10718
P 285 x 1018 | 285 x 10728 | ,288 x 10718 | .288 x 10728] 288 x 10718
Pl 606 x 1070 | 144 x 1077 | 8122100 | .108x 1078 | 609 x 1078
Pig 151 x 10742 | L360 x 10712 | 751 x 10722 | ,138 x 107 L459 x 1071t
P19* 625 x 10720 | L625 x 10720 | o972 x 20717 | Lo72 x 107%5| .101 x 10733
Poo 157 x 10728 | 157 x 10720 | 518 x 10715 | .518 x 10715| 101 x 10713
Py 132 x 107 | 20021070 | 57222077 | 110 x 1078 ] L609 x 1078
Pyy 11 x 1078 | L1267 x 10071 | 760 x 1671 | L109 x 20710 L537 x 10710
Poy 492 x 10753 | 492 x 10783 | 542 x 10723 | 542 x 10713 542 x 10713
Py 17 x 1070 | 417 x 1070 | L1398 x 1074 | 398 x 107H4|  L292 x 10713
SYSTEM 0132 x 1078 .0587 x 1670 1051 x 1070 .3232 x 1078 | L6086 x 1078
ExgzsggﬁG* g .0132 x 1070 L0587 x 1678 .1051 x 1073 3232 x 1070 | L6086 x 1070

TABLE 6.1.2 — FAILURE FROBABILITIES FCOR ELASTICALLY DESIGNED STRUCTURES
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VARIABLE Bl R2 B3 5

2, 0 0 1.0 0.4545
?
?

Z, 1.0 1,0 1.0 1.0
y3

254 0 0 1.0 0.4545
?

25 5 0 1.0 0,40 0.50
’ 1.0 1.0 1.0 1.0

12,3 [ - L L

Z 0 1.0 0 0.3182
’

Z; 5 0 0.6667 1.0 0.6667
?

5_23,3 1,0 1,0 1.0 1,0

TABLE 6,1.3 ~ COEFFICIENTS IN THE FATLURE CRITERTA

X 1 R, Ry S
B(X) 0.5266 0.7372 1.0532 1.00
5 (X) 0.02633 0.03%686 0.05266 0.20

P (8 %) 1.0 0.5 0.5 0.0
(By,X) 1.0 0.5 0.0
/CE:?;){) Symmetrical 10 ::g

TABLE 6.1.4 - PARAMFTERS OF THE DISTRIBUTIONS OF THE KESISTANCES AND LOADS
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I,J 1,1 1,2 1,3 2,1 2,2 2,3 3,1 3,2 3,3
E(Zi J.) 0.5986 10,6585 [1.3169 |0.5986 {0.6585 |1.3169 [0.4190 }0.8780 {0.5986
o‘(z-;_’ J.) 0.105060.11191{0.221640.1050610,11215{0.22164{0.07354}0.14983 {0.22164

/3;3. 5.698 |5.884 |5.942 [5.698 ]5.872 |]5.942 [5.698 |5.860 |5.942

?

,;(zi-j,?.l l) 1.0 974 971 1.0 .948 971 .874 .987 971

’ ]

P 37,2 1.0 .989 | .974 | .957 | .989 | .903 | .978 | .989

b
f(zi 57 3) 1,0 971 .989 |1.0 .954 .993 1.0

¥ b
ACT N 1.0 948 | 971 | .874 | .987 | .9T1
-(zi,j, '2) 1.0 .989 .983 .987 .989
A& 525 3) 1.0 |.954 |.993 1.0
F(Zi’j, ,1) . 1.0 940 | .954
Fczl,j’?S,Z Symmetrical 1.0 .993

21’3,23’3) 1.0
TABLE 6.1,5 - PARAMETERS OF THE PROBABILITY DISTRTBUTIONS FOR THE
EXCESS RESISTANCES OF THE FIRST THREE FATLURE PATES

I,J 1,1 1,2 1,3 2,1 2,2 2,3 3,1 3,2 2,3
]:,(ai J.) 6.079 | 2.009 | 1.413 | 6.079 | 2.160 | 1.413 | 6.079 | 2.322 | 1.413

H
P(ai M 1) 6.079 | 1.519 | 1.117 | 6.079 | 1.120 | 1.117 | 0.797 | 2.045 | 1.117
P(ai’jnal’2) 2,009 { 1.075 | 1.519 | 0.776 | 1.075 | 0.598 | 1.133 | 1.075

pla, i, na._L 3) 1,413 {1,117 | 1.104 | 1.413 | 0.903 | 1.233 | 1.413
p(a s2; 1) 6.079 | 1.120 | 1.117 | 0.797 | 2.045 | 1.117
P(a ’J 2, ") 2,160 | 1.104 | 1.822 | 1.403 | 1.104

a; e, 3) 1.413 | 0,903 | 1.233 | 1.413
P % ,Jna'B l) Symmetrical 6.079 | 1.055 | 0,903
P( 5 Jna3 2) 2,322 | 1,233

TABIE 6.1.6 — PROBABILITIES x 109 OF THE EXCFESS RESISTANCES BEING

NEGATIVE FOR THE FIHST THREE FAILURE PATHS
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2
- Py,
: Prg
: P1TS
: Pyy
* Prg
: Pfé
. Pyy
+ Pyt
Py
*Py3
Py,

Pf':failure path which can be ignored for sftrucfural reasons

Fig.6.1.1 - Failure Tree for Portal Frame Example
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RESTSTANCE

COREELATION 0.0 0.5 1.0
COEFFICTENTS
. - -8 -8
PLASTICALLY 0.1811 x i0 0.3931 x 10 0.6086 x 10
DESIGNED STRUCTURE { 0.2079 x 1078 0.6111 x 10~° 0.6086 x 10°°
ELASTTCALLY 0.0249 x 1078 0.1414 x 1078 0.6085 x 1078
DESIGNED STRUCTURE | 0.0249 x 1078 0.1414 x 1078 0.6085 x 1073

TABLE 6.2.1 - PROBABILITY OF SYSTEM FAILURE USING DITLEVSEN'S METHOD
FOR PORTAL FRAME EXAMPLE

RESTSTANCE
CORRELATTON 0.0 0.5 1.0
COEFPICTENTS
PLASTICALLY 0.1839 x 10~° | 0.4361 x 10~ 0. 6086 -8
DESIGNED STRUCTUEE | 0.0028 x 10~ { * 0.0276 x 1078 |
ELASTTCALLY
DESIGNED STEUCTUEE | 0.0249 x 102 | 0.1414 x 1072 { 0.6085 x 1078

TABLE 6.2,2 ~ NARROWEST BOUNDS ON THE PROBABILITY OF SYSTEM FAILUEE
FOR PORTAL FRAME EXAMPLE
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Failure Criteria Alterations to Appendix C

fcu replaced by fcu x Cy

w, ~ defined by a;, i =1 %0 9 (see Appendix H)

VARIABLE SYMBOL DISTRIBUTION | wymaw STANDARD
TYPE TEVIATION
Concrete Corr. Cu Lognormal 1.00 0.07
Load Intensity Ai Lognormal 1.00 0.10

Variables having unit correlation coefficients with complementary variable in

other beams or at opposite support of same heams if shear failure made:

ds s i=11%5 Ca
. .
15,1 4, i =140 5 W

Variables having zero correlation coefficients with complementary variable in

other heams or at opposite support of same beam if shear failure mode:

TABLE 6.2.3 —~ VARIABLE CORRELATION FOR SLAB EXAMPLE
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MODE OF FAILURE MEAN STANDARD PROBABILITY OF
FOR MEMBER DEVIATION INITTAL FATLURE
-8
SHEAR FORCE 16,793 2.663 04847 x 10‘8
BEAM 1
CORRELATION
COEFFICIENTS
SHEAR AT B M SHEAR AT B
SHEAR AT A 1.0 0.672 0,998
BEAM 1 B M 0.672 1.0 0,672
SHEAR AT B 0,998 0.672 1.0
SHEAR AT B 0.506 0.624 0.507
BEAM 2 B M 0.623 0.919 0.624
SHEAR AT C 04505 0.623 0,506
SHEAR AT C 0.505 0.624 0.512
BEAM 3 B M 0.624 0.922 0.624
SHEAR AT D 0.513 0.624 0.505

TABLE 6.2.4 — DISTRIBUTION PARAMETERS FOR BEAM RESISTANCE IN SLAB EXAMPLE
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e | zowER mosES's | UPPER ||TAL| rowEm MOSES 'S UEPER
oamg |  BOTND AIGORITHM | BOUND ||pums | BOUND AIGORITEM | BOUND
1 [.227 x 107 T}.416 x 1077].227 x 1677|| 19 |.204 x 20 9}.847 x 1078].205 x 10 ?
2 |.232 x 107 ?|.822 x 1077 .232 x 1077|| 20 |.132 x 20719 .847 x 1078 .195 x 10™ ?
3 .847 x 1072 21 .822 x 1077
4 |.644 x 107 8] .226 x 1077} .194 x 1077|| 22 |.204 x 10~ /| .847 x 1078} .205 x 10~ ?
5 [.716 x 10729 .156 % 1077[ .204 x 1072|| 23 .822 x 1077
6 |.726 x 10729 822 x 107 .204 x 1077 24 |.132 x 20729 .847 x 1078} .298 x 1071
7 |.204 x 10™ 9| .847 x 2078} .205 x 107%|] 25 |.250 x 20719847 x 1078} .275 x 10710
8 .847 x 10°° 26 |.634 x 1072|847 x 207,275 x 10710
9 ].132 x 10719 .847 x 2078|298 x 107|] 27 |.655 x 10723 .847 x 2078} .275 x 10710
10 |.204 x 20” ?|.847 x 1078 .205 x 1077|{ 28 |.250 x 20729|.847 x 1078}.275 x 10710
11 |.132 2 206729 847 x 1078195 x 107%|{ 29 |[.634 x 107%%].847 x 2078}.275 x 10720
12 .847 x 100 30 |.643 x 10712 ,847 x 107°%].275 x 10710
15 {.451 x 20™ 8].847 x 2078} .451 x 1078 31 |.260 x 1071°.847 x 1078} .287 x 1071°
14 {.195 x 10~ ?|.847 x 20| .195 x 1072}| 32 |.662 x 1071%|.847 x 1078} .287 x 1071°
15 .847 x 1073 33 |.662 x 1072%{.847 x 1078} .287 x 1071°
16 |.452 x 107 .47 x 208] 452 x 1078|| 34 |[.260 x 10°2°].847 x 107®}.287 x 10°2°
17 .847 x 1072 35 |.671 x 101%|.847 x 1078} .2687 x 1070
18 {.198 x 10~ ?|.847 x 207,198 x 107} 36 |.671 x 2071%].847 x 1078|.287 x 10710
SYSTEM FATLURE .365 x 10”7 1].416 x 1077|.229 x 10" 6
FIRST LOCAL i " e
FATLURE .189 x 10~ °}.629 x 1077{.227 x 10

TABLE 6.2.5 — FATLURE PROBABILITIES FOR SLAB EXAMPLE USING MOSES'S "UNZIPPING"

METHOD AND THE BOUNDS ON IT BY THE PROPOSED METHOD
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LOAD
BRITILE DUCTILE
REDUNDANT REDUNDANT
_STANDARD VALUE MODEL NODEL

B(S) - 6 x&(S) =3.458 .509 x 10722 J11 x 107+
B(S) - 5 x &(8) -2.392 .865 x 107=% .288 x 10710
E(S) - 4 xo(8) -1.325 .150 x 1077 133 x 1077
E(S) - 3 x&(S) ~0.258 316 x 10718 428 x 1077
B(S) - 2 xg(S) 0.808 .940 x 10727 161 x 1070
B(S) - O(s) 1.875 .388 x 10749 646 x 1078
B(S) 2.942 212 x 10783 .307 x 1077

B(s) + o(s) 4,008 142 x 107 .180 x 1070
B(S) + 2 x 0(S) 5.075 .962 x 10710 117 x 1077
B(S) + 3 xG(S) 6.142 525 x 107° 744 x 1077
E(S) + 4 xo(S) 7.208 .206 x 1070 428 x 1074
E(s) + 5 x0(8) 8.275 552 x 1070 217 x 1073
B(S) + 6 x0(S) 9.342 986 x 1074 .952 x 107
E(S) + 7 x 07S) 10,408 116 x 10°2 362 x 1072
B(S) + 8 x o°(S) 11.475 .878 x 1072 119 x 1070
E(S) + 9 x o(S) 12.542 429 x 107% .340 x 1077
INTEGRATED .521 x 107° 173 x 1077

TAELE 6.2.6 — PROBABILITY OF SYSTEM FATILURE USING MARSHAL AND BEA'S METHODS
FCOR SLAB EXAMPLE
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Fig.6.2.1 - Layout of Structure for Slab Example
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Fig.6.2.2 - Failure Network for Slab Example
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! STANDARD FROBABILITY OF
MODE OF LOCAL FATLURE MEAN EVIATION TNTTTAL FATLURE
BENDING MOMENT 3,041 0.535 0.004543
SHEAR FORCE 16.793 3,444 0.000191
BEAM 1
CORRELATT ON
COEFFICIENTS
SHEAR AT BEM SHEAR AT B
SHEAR AT A 1.0 0,702 0.998
BEAM 1 BN 0,702 1.0 0,702
SHEAR AT B 0.998 0.702 1.0
SHEAR AT B 0.579 0.704 0,580
BEAM 2 BN 0.703 0.921 0.704
SHEAR AT C 0.578 0,703 0,579
SHEAR AT © 0.578 0.705 0.585
BEAM 3 B M 0,705 0.923 04705
SHEAR AT D 04585 04705 0.578

TABLE 6.4.]1 — DISTRIBUTICN PARAMETERS FOR BEAM RESISTANCES IN SLAB EXAMPLE

WITH INCREASED LOAD

181




RUN 1

RUN 2

NUMBER OF FAILURES

RON 3
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RUN 6
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RUN 1 RUN 2 RUN 3 RON 4 RUN 5 RUN 6

Element 1 . 17 26 21 22 22 25
Element 2 20 23 27 15 20 25
Element 3 23 32 21 18 27 20
Flement U 18 18 25 14 23 28
Element 5 2 0 2 1 0 0
Element 6 2 0 1 1 0
Element 7 0 0 2 1 2
Element 8 0 0 2 1 2 1
Element 9 o 1 0 o} 2 1
Element 10 0 1 1 0 2 1
Element 11 0 0 0 2 0 N
Element 12 1 0 0 2 Q 3

Number of trials per run = 5000

Number of failure paths per type = 8

TABIE 6.).2 — RESULTS FROM THE MONTE CARLO SIMULATION
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FAILURE PROBABILITIES

ORIGINAL

EXAMPLE

INCREASED LOAD

LOWER
BOUND

UPPER
BOUND

LOWER
BOUND

MCNTE
CARLO

UPPER
BOUND

TOTAL CCLLAPSE

ANY FATLURE

FAILURE
FATLURE
FATLURE
FATLURE
FAILURE
FATLURE
FATLURE
FAILURE
FAILURE
FAILURE
FATILURE
FATLURE
FATLURE
FAILURE
FATIURE
FAILURE
FATLURE
FAILURE
FATLURE
FAILURE

FAILURE

PATH TYPE 1
PATH TYPE 2
PATH TYPE 3
PATH TYPE 4
PATH TYPE 5
PATH TYPE 6
PATH TYPE T
PATH TYPE 8
PATH TYPE 9
PATH TYPE 10
PATH TYPE 11
PATH TYPE 12
PATH TYPE 13
PATH TYPE 14
PATH TYPE 15
PATH TYPE 16
PATH TYPE 17
PATH TYPE 18
PATH TYPE 19
PATH TYPE 20

PATH TYPE 21

365 x 1077

-6

.189 X 10

227 x 10‘7

232 x 10‘9

*

10‘8

1010

10—10

644 x

16 x

«716 x

.204 x 1077
*

.132

.204 x

132

0451 X
195 x 109

0452 b 10_

.198 x 10~
204 x 10‘9

132 x 10

227 x 10~

227 x =6

227 x 107

232 x 10‘9

194 x 1077

.204 x 1077

.204 x 1072

«205 x 1077

.198 x 10_9

205 x 1077

195 x 1072

451 x 10

195 x 1077

-8

«452 x 10

198 x 1077
205 x 107

«195 x 1077

.338 x 1072

.688 x 1072

.325 x 107
158 x 107

-2

«212 x 10

104 x 1073
.104 x 1073
116 x 107

1074
-3

«751

0116 x 10

749 x 1074

.190 x 1073

124 x 1073

-3

«190 x 10

J24 x 1075
751 x 1074

749 x 1074

0730 X
o767 x

287 x
317 x
«542 x
238 x
238 x
238 x
.104 x 1073
o1l x
.79 x 1074
104 x 1075
63 x 1074
54 x 1074
121 x 107
J124 x 107
1072

1073

o x
J121 x
4 x 1072
125 x 1073
121 x 107
.63 x 1074

.54 x 1074

.153 x 107}

.955 x 1072

10

—2

325 x 10

0158 X

0298 X
0154 X
0154 X

0116 X

107>

16 x

116 x 107

116 x 1073

1073

1073

0190 X

124 x

=3

J24 x 1070

116 x 1073

.16 x 1072
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EXAMPLE 1 EXAMPLE 2
LOWER UPPER LOWER MONTE UPPER
BOUND BOUND BOUND CARLO BOUND

FATLURE PATH TYPE 22.204 x 10~ [.205 x 1072 [.116 x 10> |.104 x 107% |.116 x 1073
FATLURE PATH TYPE 23 * * * Tl x 10‘4 *

FATLURE PATH TYPE 24|.132 x 10'10 .198 x 10'lO 751 x 10‘4 83 x 10'4 116 x 1073
PAILURE PATH TYPE 25.250 x 10 +°}.275 x 10°[.140 x 1074 0 141 x 1074
FAILURE PATH TYPE 26|.634 x 10~ 2|.275 x 1072°|.909 x 1077 0 141 x 1074
FATLURE PATH TYPE 27].643 x 10732 275 x 10—10 912 x 10‘5 0 141 x 10“4
FATLURE PATH TYPE 28].250 x 107:°].275 x 107%°].140 x 107¢ 0 141 x 1074
FAILURE PATH TYPE 29|.634 x 10712|.275 = 1079 .909 x 1077 0 .141 x 1074
FATLURE PATH TYPE 30|.643 x 107 2[.275 x 10,912 x 1077 0 .141 x 1074
FATLURE PATH TYPE 31}.260 x 10-1°).287 x 1071°|.146 x 1074 0 2146 x 1074
FATILURE PATH TYPE 32|.662 x 10-12|.287 x 1071°%].943 x 1077 0 146 x 1074
FATLURE PATH TYPE 33 |.662 x 107+°].287 x 107%°|.943 x 107 0 146 x 1074
FATLURE PATH TYPE 34].260 x 10~2°].287 x 10~1°|.146 x 1074 0 146 x 1074
FATLURE PATH TYPE 35|.671 x 10°1%|.287 x 1071} .946 x 1072 0 146 x 1074
FATLURE PATH TYPE 36|.671 x 107%%|,287 x 10~2°}.946 x 10~ 0 246 x 1074
INITTAL BENDING 629 x 1077 {.629 x 1077 |.454 x 107° |.443 x 1072 |.454 x 102
INITIAL SHEAR 847 x 10"‘8 847 x 10‘8 191 x 1073 175 x 107> 191 x 1073

TAELE 6.4,3 — BOUNDS ON THE FATLURE FROBABILITIES FOR THE SLAB EXAMPLE, INCLUDING

MONTE CARLO SIMULATICN VALUES

* = Failure Path omitted as one of the elements is due to fail in the shear force
failure mode when the element at the other end of the member will automatically
carry a greater load, and hence fail first]
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981

CORRELATION COEFFICIENT|CORRELATION COEFFICIENT CORRELATION COEFFICIENT OF THE HORIZONTAL AND EACH OF
OF CROSS-SECTIONS ON OF THE TWO VERTICAL THE VERTICAL MEMBERS
SAME MEMBER MEMBERS
0.0 0.50 0.95 1.00°
-6 -6
J 0.0 5.056-3.513 x 10 3.880-4.842 x 10
0.95 0.50 2.983-3.660 x 10'6 3.850-4,913% x :Lo"6
1 0.95 2.129-6.14% x 1070
-6
0.50 %.370-4.270 x 10
100 -
1.00 2,197-3.182 x 10
Table 6.5.1 - BOUNDS ON THE FAILURE PROBABILITIES FOR THE PORTAL FRAME EXAMPLE

WITH 0.50 CORRELATION COEFFICIENT BETWEEN LOADS




Correlation|Correlation Correlation Coefficient of the Horizontal and Each
Coefficient|Coefficient of the Vertical Members
of Cross- Jof the two
Sections Vertical
on same Members
Member 0.0 0.50 0.95
0.0 2.989-%.448 x 1076 3.808-4.768 x 10'6
0.95 0.50 2.918-3,5991 x 10'6 3.780=-4.8%32 x 10-6
0.95 2,078-6,069 x 10‘6
TABLE 6.5.2 BOUNDS ON THE FAILURE PROBABILITIES FOR THE PORTAL FRAME EXAMPLE
WITH UNCOREELATED LOADS
Correlation|Correlation| Correlation Coefficient of the Horizontal and Each
Coefficient |Coefficient of the Vertical Members
of Cross— i{of the two
Sections Vertical
on Same Members
Member 0.0 0.50 0.95
-6 -6
0.0 2.725=5.129 x 10 4.522=-T.037T x 10
. —6 —6
0.9% 0.50 3.541=-5.397x10  {4.441-7.180 x 10
0.95 2.682-8.893 x 1::)"6
TABLE 6.5.3 BOUNDS ON THE FAILURE PROBABILITIES FOR THE PORTEL FRAME EXAMPLE
WITH TIME-VARYING LOADS
Correlation|Correlation| Correlation Coefficient of the Horizontal and Each
Coefficient {Coefficient of the Vertical Members
of Cross- |of the two
Sections Vertical
on Same Members
Member 0.0 0.50 0.95
-6 -5
0.0 4.854-5.433 x 10 6.211-T7.468 x 10
- -6
0.95 0.50 4.757-5.693x 10~ [6.134-7.592 x 10
-5
0.95 3.467=9.292 x 10

TABLE 6.5.4 BOUNDS ON THE FAILURE PROBABILITIES FOR THE PORTAL FRAME EXAMPLE

WITH UNCORRELATED LOADS FOR THEIR MAXIMUM DISTRIBUTIONS

187




88T

Ss kN/m

I

F
B 7,8 9,10 C

—— 5'6
— 3,4 1,12 ]
1053kN\E':j"' [ (V4 10 S3kN——-——- 13,106 —— o

= : ~1| ©
x T ol o
U')N——"" m -—
o~ T =~

- A D

WDL\“ \Qb\@v
L 543
20 000

Fig.6.5.1 - Layout of Structure and Loads for Example

with Multiple Loads




CHAPTER 7 - CONCLUSIONS

7.1 LEVEL 2 RELIABILITY METHODS

7.1.1 Magnitude of Errors

An error in calculating a failure probability of less than half an order of
magnitude is liable to be negligible when compared to the effect of statistical
uncertainties in the frequency distributions of the basic variables for most
practical situations. Almost all of the Advanced Level 2 method's errors that
have been calculated were negligible when assessed on that basis, while 95%

of the Mean Value Level 2 method's errors were significant. Therefore the
results of the comparison between the failure probabilities, as obtained from
the Level 2 and Level 3 methods, that were calculated for this study have

demonstrated:

i. that the errors occurring from the idealisations and approximations
inherent in the Advanced Level 2 method of reliability analysis are

relatively small and can be ignored; but

ii. that the same cannot be said for thé Mean Value 2 method of
reliability analysis.
The errors produced by the Mean Value Level 2 method were not consistent enough

to be used even for calibration purposes, either:
i. with the same format of the failure criterion; or

ii. with the same elements but different formaks of the failure

criterion.
Therefore <the additional calculation required for the iterative procedures of the
Advanced method are necessary in order to obtain a result in which confidence can

be placed.

7.1.2 Extension of Work

The failure criteria that were examined in the comparisons had no discontinuities
in the slope of their failure boundaries. This study could be extended to

examine the position and degree of any discontinuities of slope that would be
necessary in order to invalidate the accuracy of the Advanced Level 2 method. Such
an investigation would be useful since the failure criteria for relatively complex
modes of failure are liable to include discontinuities of slope if some mode of

the element's behaviour alters at discrete values of one of the parameters (eg the

elastic-plastic behaviour of many materials).
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A further study could also include failure boundaries with ''sharp" curvature
"close™ to the design peoint in standardised normal variable space. Such a study

could try to quantify "sharp' and "close', perhaps in terms of.

n,n ézu.
(3) =f (m
5 /3 (1‘33 1‘-:5_‘?;5 u=Q

1#3

** ** (711)

whereg%) is a measure of the confidence in the value of @(—P‘)as the probability
of failure. For failure boundaries with two local minima/43laxuif31from the origin

* where h(\t**) =0.01 ’ﬁ ’

in standardised normal variable space, the function could be in terms of

B (a2 Z elimul o g,

1‘13 1
AR )ﬂ (74.2)
where u™. is the value of the i th basic variable at the local minima f31 from the

1,1
origin, etc.

7.1.3 Limitations
The use of the Advanced Level 2 method on its own for system reliability analysis

implies the linearisation of the union and/or intersection of several failure
boundaries, (ie there are several discontinuities of slope in the overall systems
failure boundary). This linearisation will lead to the invalidation of the
accuracy of the method, as can be demonstrated by comparing the bounds on the
probability of a series system failure, which have been calculated in Part 2, with
the maximum probability of a local failure, which is the value that the Advanced

Level 2 method should give.

In these conclusions the assumption is made that the correct design point (ie the
closest point on the failure boundary to the origin in standardised normal variable
space) has been found by the iterative procedure in the Advanced Level 2 method.
There must be some check to confirm that the peint found is the correct one, given
that there is a possibility of multiple local minima on the failure boundary.

This check is required because the use of the wrong linearisation point will
invalidate the advantages of the Advanced over the Mean Value Level 2 method of

reliability analysis.
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7.2 SYSTEM RELIABILITY ANALYSIS
7.2.1 TUse of System Reliability Analysis

It is now widely accepted that improved structural analysis and design techniques
should he accompanied by improved methods of predicting structural safety, where
the rational criterion for the safety of a structure is its reliability. This
reliability is usuwally provided by partial safety factors since carrying out
design or analysis by using reliability analysis techniques is computationally
extravagant. The partial safety factors will have a rational basis if they have
been obtained by calibration using the reliability of typical structural elements.
This calibration is being carried out for some of the more recent Codes of Practice.
The partial safety factors, however, relate to the reliability of a single

element against its failure by a single mode of failure. Therefore, a set of
partial safety factors cannot be used to ensure that the designed structures will

have a constant level of reliability.

System reliability analysis is needed when it is required to adjust any target
reliabilities used to calculate the partial safety factors so that the system
reliability is maintained at a constant level, Public opinion would not tolerate
the idea of a reduction of target reliabilities by such means in most cases, but

to increase them when progressive collapse may occur would be generally welcomed.

Structures may have to be divided into compartments (in a similar manner to the
fire restrictions in the Building Regulationséﬁ%ggin,order to maintain the target
system reliability level. ZEach compartment would have to be designed to give a
system reliability level not less than a target system reliability in a similar
manner to elements being designed to target element reliabilities. A failure

in any compartment would have to lead to no collapse outside that compartment,

so that some compartments might have to overlap.

A second use of system reliability analysis is to produce bounds on the expected
cost of failure for a structure. Such bounds would be a measure of the financial
implications of making any alterations to the partial safety factors. The use

of different modes of system failure will allow relatively complex costing models

to be used for such a comparison.

7.2.2 Methods of Analysis

Each of the methods of system reliability analysis that are revised (sections 4.3

and L4.4) can be used to analyse a limited sub-set of the possible structural

systems (table 7.2.1 and fig. 7.2.1). Some of the methods also have disadvantages
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where analysing the structural systems for which they were devised. The

principal disadvantages of these methods are:

Rackwitz and Kzykaczi's Method:

i. The complexity of setting up the multivariant integral; and

ii. The calculating effort required to evaluate a multi-variant

normal integral.

Vanmarke's Method:

The evaluated probability of system failure is only an upper bound.

Moses Unzipping Technique:

i, The assumption that the probability of one of the failure paths
occurring is considerably larger than the probabilities of any other
failure path occurring given that the first failure path has not

cccurred; and

ii. The assumption that for each failure path all but one of the
probabilities of a local failure mode occurring given that the remaining

local failure mode has occurred is approximately unity.

Marshall and Bea's Brittle-and Ductile~Redundant Models:

i. The requirement for either a hindcast load or numerical integration

with respect to the load;
ii. The inconsistancy of the two models for some systems;

iii, The disagreement between the failure probabilities produced by
the models and the method put forward in Chapter 5 (all other methods

examined produced compatible results).

Cornell's bounds:

The bounds are tco wide for most practical uses.

Moses and Kinser's bounds:

i. The bounds are too wide for most practical uses; and

ii. The upper bound requires solving a double convelution integral.

The examples carried out demonstrate that reasonably narrow bounds on the probability

of system failvure can be obtained for a potentially wide range of structures by
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the structural system reliability analysis method that is proposed in Chapter 5.
The principal disadvantages of this method are:
i. the load effects due to each load applied to the structure have
to be able to be combined linearly for the total load effect on any
element; and
ii. the amount of computation required is considerable more than is
required by the other methods for which examples have been carried out

in Chapter 6.

The excessive calculation required results from:
i. the set of possible failure paths having to be comprehensive for
the bounds to be rigorous; and
ii. the comparison of each failure path with every other path, so
that the computational effect required is approximately proportionate
to the square of the product of the number of failure paths and the

mean number of local failure modes in each path.

7.2.3 Recommended Methods

Therefore, it is recommended that if the system reliability of a structure is

required that:
i. Ditlevsen's bounds should be used when each failure path can be
described by a single failure criterion;
ii. the method proposed in Chapter 5 of this paper should be used if
Ditlevsen's bounds are inapplicable; and
iii, Moses' unzipping technique may be used if an approximate value
of the probability of system failure only is required, provided there

is only a single loading variable.

Nearly all of the methods for system reliability analysis use the simplified
resistance minus lcad format in order to deseribe the failure criteria of the
individual modes of local failure. It is recommended that the parameters for the
frequency distribution of the resistances are evaluated so as to give the best
available estimate of the initial probability of local failure. This preference is
due to the Mean Value Level 2 method of reliability analysis for elements having
been demonstrated to be inaccurate in Part 1, and the evaluation of the parameters
for the frequency distribution of the resistances by more traditional methods leads

to evalvuating the probabilities of local failures by the Mean Value Level 2 method.
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7.3 POSSIBLE EXTENSIONS OF THE PRESENT STUDY
7.3.1 Possible Aims of Modification

Any improvement in the proposed method of structural system reliability analysis

will need to revise it in one of two ways, the two ways tending to be mutually
incompatible. An improved method can either;

i. introduce further refinements into the analysis so that the

bounds on the probability of system failure are narrower and/or

more rigorous; or

ii, simplify the analysis so that it takes less computational time

and/or storage facilities.

The first way that the method might be improved can be sub-divided into four
different objectives. These objectives are:
i. to find improved bounds in terms cof being closer to the correct value;
ii. to extend the method to include the uncertainty in the distribution

of the load effect for statically indeterminant structures;

iii, to remove the simplification of treating the resistances and loads

as having normal frequency distributions; and

iv. to make this method into an algorithm for approximating to the multi-

variat distribution of Rackwitz and Kzykaczi's method.

7.3.2 Refining the Analysis

The bounds, as proposed, are not necessarily the closest that can be obtained.
It is more probable that improved bounds can be found for the parallel com-
bination of local failure modes into failure paths since this combination has
received less attention previously - the methods involving bounds that were
reviewed are concerned only with series combinations. Close examination of the
examples in Chapter 6 demonstrates that the gap between the bounds on the
probability of system failure is influenced more by extending the length of the
failure paths than the number of the failure paths. Therefore, the parallel

combination of events also needs more attention than the series combination.

The constants c. . and d. . will become variables if the methed is to make
1|Jvk 1,0k

allowance for the uncertainty in the load effect on each element. The use of
additional variables will expand the size of the equations in sections 5.1, 5.2,
5.5 and 5.6. The values of ¢. ., . and d, ., will be dependent on each other

1,3k 1,3k
in order to satisfy simple statics.
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The equations will have to be modified also if the loads and resistances are
treated as having frequency distributions other than normal. More knowledge
than the equivalent normazl distribution's mean and standard deviation at one
point (the Advanced Level 2 design point) will be required in order to fit a
distribution to the resistance. This knowledge could be obtained by carrying
out Advanced Level 2 analysis with different fixed values of the applied lcads.
The cumulative probability function could be built up from a set of values
cbtained from

Ng

(r: . ¢ . ‘"Nz (-8|S=9" (7.3.1)
Foy, Tia ¢ T (iapsios 3|5 54)

If the proposed method was modified to obtain the multi-variate distribution

of Rackwitz and Krzykacz'! method, the probability of system failure that would

be obtained would be accurate provided the loads and resistances can be described
by the normal distribution. Such an approach could be built up from the following

relationships. Given that

plA)=0 ('/31) (7.3.2)
PN A= ¢ p P (Z1,24)) (7.3.3)
PLAVUAj) = '*-O'q)(ﬂbﬁjaﬁ(zia?-j)) (7.3.4)

An approximation to the multi-variate normal integral, similar to Hasting's for

then

and

the univariate case, would have to be devised in order to make such a methed
useful. Such an approximation would have wide applications beyond system

reliability analysis.

7.3.3 Simplifying the Analysis
The second way that the proposed method might be improved can be sub-divided inte

two different objectives. These objectives are:

i. to ramk the failure paths in two orders so that the maximum lower
bound and the minimum upper bounds can be found without repeating the

calculations for each order; and

ii. to reduce the number of possible failure paths.

To rank the failure paths would be useful since both Ditlevsen's and the proposed
method are dependent on the order in which the failure paths are considered,
although the ranking would be more beneficial for the proposed method since it

requires considerably more calculation.
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The reduction in the number of possible failure paths is required when the
storage capacity of the computing facilities is exceeded by the exhaustive set
of failure paths. The lower bound on the probability of system failure obtained
from a reduced set of failure paths will still be rigourous, though further from
the actual value, while the upper bound need not be rigourous. Therefore, the
choice of which failure paths to ignore will have to be based on the upper bound.
The order for the omission of failure paths will not necessarily be simply the
order of increasing probability of failure, as can be shown by using a trivial

example of three failure paths, where
p(Al) = p(AZ) = p(Alu Az) (7.3.5)

and

plAg) <pAp) <p(a) U A) ~play U A)) (7.3.6)

Ignoring Al or A, will produce an accurate upper bound on the probability of

2

system failure, while ignoring A, will produce an inaccurate upper bound.

3
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TYPE CF MEMBERS DUCTILE MIXED BRITTLE

NO. OF LOCAL FAILURE

MODES/FAILURE PATH 1 >1 1 >1 >1

NO. OF INDEFENDENT

LOADS B T AR R ST U B I B P AREEERN DY RN DY

STROCTURE TYFE I IT IIT Iv Vv VI VII VIIT IX X |1 XT XIT
Cornell B B B B B B B B

Moses and Kinser B A B A B A B A
Vanmarke A A A A A A A A

Marshall and Bea (A) | (&) A A ()] W () (B) (A) 1 (W)} A A
Moses (4) A (4 A (a) A
Ditlevsen B B B B B B B B

Present Study B B B B B B B B B B B B

-
N

ve)
i

()

[}

Table 7.2.1 - STRUCTURAL SYSTEMS FOR WHICH THE METHODS ARE APPLICABLE

Bounds on the probability of system failure.

Method not designed for case, but will give a result.
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APPENDIX A -~ GLOSSARY
(See also Appendix 8, CIRIA report 63ZT£7)

Basic Variable: One of a set of design variables which govern the loading on
and the resistance of an element and which can influence the reliability
of the element, Fach basic variable is modelled by a statistical dis-
tribution since the design wvariables cannot be defined exactly by a

deterministic value,.

Brittle Element: An element which is unable to carry any load effect after

the local failure of that element,

Design Variable: A quantity whose value is required in order to be able to

decide whether an element or structure is in a failed or non-failed

state, other than mathematical or physical constants,.

Ductile Flement: An element which continues to carry the load effect which

just causes failure after the local failure of that element.

Element: The sub=division of a structural system for which a single failure
criterion is defined such that there are only failed and non-failed
states (ie knowledge of its failure cannot be supplemented by further
knowledge such as the degree or position of that failure). The value of
each design variable for that failure criterion are regarded as bheing
dependent on the value of a single basic variable (eg if a beam subject
bending is defined as an element, then the design variables defining the
load effect and the resistance at 7/16 span are treated as dependent on

those at mid-span).

Excesg Load FEffect: The load effect which has to be redistributed from an
element affer local failure of that element. This is equal to the applied
load effect if the element is perfectly brittle; and is equal 4o minus one

times the excess resistance if the element is perfectly ductile.

Excess Resistance: The difference between the load carrying capacity of an

element and the load effect applied to it. Loeal failure occurs when

this is less than or equal to zero. (This has also been called the safety

marginZTi7 and the failure indicaton£?£7.)
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Failure: The occurrence of a set of values of the basic variables so that the

requirements defined by (or for) the user are not fulfilled.

Failure Criterion: Mathematical idealisation of a mode of failure in terms of

basic variables such that a negative value represents the failed state and

a positive value the non-failed, or safe, state.

Failure Group: A set of elements whose combined local failures would result

in system failure.

Failure Network: The schematic representation of the possible local failures

comnected together in parallel and/or in series.

Failure Path: A sequence of local failure modes whose occurrence in that order

will result in system failure.

Failure Set: The exhaustive set of the possible permutations of local failure

modeswhose combined occurrence will result in system failure,

Failure Tree: The schematic representation of the possible failure paths in

the failure set.

Instantancous Failure: The failure associated with the parent distributions of

any time = varying loads., This represents the instant when the loads are
initially applied since initial survival theoretically then allows

Bayesian updating of the non-time-varying variables.

Limit State: A mode of failure which the structure or element is designed to

resist explicitly.

Load Combination: One of a set of combinations of the maxima and minima dis—

tritutions of the loads acting on the structure which model the maiimum

load intensity during the reference pericd.

Local Failure: A failure which can be modelled by a single failure criterion.

Mode of Local Failure: A mode of failure whose occurrence results in a local

failure.
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Mode of System Failure: A mode of failure whose occurrence results in system

failure.

Overall Failure: The realisation of sufficient local failures for the struc—

ture to become a mechanism.

Parallel: The intersection of iwo or more events so that the combined event

is realised if, and only if, all of the component events are realised,
Parent Distribution: The distribution of the instantaneous values of a time-
varying variable (as opposed to the distribution of the maximum or minimum

value in a specified time period).

Principal Load: The time—varying load which is modelled as having its maximmum

intensity in the structure's reference period in a load combination, even

if other loads in that load combination have larger values.

Resistance: The combination of all basic variables not designated as loading

variables into a single variable in the failure criterion of an element,

Series: The union of two or more events so that the combined event is not

realised if, and only if, 21l of the component events are not realised.
Structure: An arrangement of beams, columns, slabs and other units which are
connected together in a particular manner in order to satisfy the user's

requirements, and which are acted upon by a2 set of loads.

System Failure: The realisation of sufficient local failures to czuse the

structure not to fulfil its required function(s). This can be, but need

not be, identical fto either overall failure or the first local failure.
System Reliagbility: The probability that system failure will not be realised.

Time Interval: The period during which a time-varying load is maintained at

a constant intensity.

Time—=Varying Loads: Loads which do not maintain a constant intensity through-

out the reference period (normally the design life of the structure),
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APPENDIX B - PIN~-JOINTED TRUSS EXAMPLE

B.1 DESCRIPTION OF SYSTEM

Structure:
Elastic pinwjointed truss with perfectly ductile elements of nominal cross—
sectional area A, 24 and 3A (figure B.1.1).

Modes of Failure:

i. Local: Axial compression or temsion {which are not differentiated

between mimerically in the value of stress at which failure is deemed to

occur). Therefore failure occurs when the axial force iz equal to or
greater than the element's resistance {table Be1s1)e The elements are
assumed to be stocky, so that buckling is ignored.

E}. System: DNode F becoming part of a mechanism, so that the applied

load, S, cannot be resisted by the structure,

Failure Paths Considered:

The elements can be grouped in four sets where the local failure of one element

in a set will result in no further load effect increments being applied to any
element in that set. All elements in a set have the same nominzl cross—
sectional area and the same absolute value of axial load applied them, so that
the failure paths consisting only of elements AB, CD, DF and EF (one from each
set) will include all the possible types.

Axial Forces in Elements:
i, Initially: Let the force in BD be P and the force in DF be Q. If the

horizontal displacements are given by U, then by considering the axial

strain as relatively small geometrically,

_ 2pl . _ L . - L
Uy = &35 : Uy = (QAP)KE 2 Up = 2(R—Q)E§
However, the strain in elements BD and DF respectively give
E.L -y -u = 2p) L
8, _y vy = L,
and w=Up-Up= (2R-3Q+P) T

5
. 10 Ca L 20
0P = 3R Q=5

See figure B.1.2 for axial force in other elements,

205



ii, Element EF Removed: Let the force in BD be P

- —mm e mE  mew am eme e

= 2Py . - L_

Uy = 3Pa= .UD—(R-P)xAE
. P L L
-.0P=%‘R

See figure B.1.3 for axial force in other elements.
iii, Element CD Removed: Let the force in BF be P

— e - — el s mwew =S mme

u. _Ep.E.. : U = 2(R )_.L

B~ % AE R 2(R-P AR
. _I.‘...+....I.‘... =0 =U. = _&PL_

o P (3AE 5AE) - F B~ (2R 3 )AE
. P—iR

* & _8

See figure B.1.4 for axial force in other elements,
iv. Element AB Removed: Let the force in DF be @

— et mmm —am e s e —— w—

L . U = L
UD=QXE .UF_Z(R..Q)AE
. L. - L
St - (@R-3F
P
..Q"'8R

See figure B.1.6 for axial force in other elements.
v. Other Elements Removed: Either produce statically determinant

structures (figures B.1.5, Be1.7, B.1.8 and B.1.9) or else are identical

t0 one of the cases above,

B,2 MOSES' UNZIFPING TECHNIQUE

Load Increments:

Path 1 = EFyCD,DF: [ ry 4 = rgp = 7/27 R .1
1,2 = Top = 10/27 B8Ry 4 *+ & B8Ry ,
Ty 3 = Tpp 20/27 SR1’1 + SR,I’Z + 831,3
BRy,1 = 27/7 TEp
;o{ BRy —204 rop + 270y
SR1’3 + - erD + Thp
Path 2 - EF,CDy4B: BR, | = B8Ry 4 : B8R, , = &Ry ,
Ty 3 = Typ = 10/27 SR2,1 + % BR, o + BR, 4
‘e SR2’3 = - Top * Typ



Path 3 — EF,DF: SR3,1 = SR1,1

20
3,2 = Tpp = oy Ry q * 883 5

. _ 20

I:a._i_:h_tl_._—_EF_,A.E, CD: SH4,1 SR1 /1

10 1
8 + a
ly SRy q +EERy 5

:?’1
no
In
H
&

10 1
/27 SR4’1 + §8R4’2 + SH4'3

20
.{sn4’2=_ T + 27,5

H
=
-g
w
1
H
Q
]
1

- T +r

BRy3 = AB ~ Tcp
EB._'tE?_—_EE’,ﬁBLDES SR5,1 = SR1,1 H SR5,2 = SR4'2
r. . =1 = 20, SR, + SR. , + R
5¢3 ° DF 27 7 591 512 593
. » SR5’3 = - 2rAB + Ipp

. f 10
Path 6 - CD,EF,DF: 6,1 = Tcp = é,{ SR6,1

= _ T 3
£ Yoo = Tgp = /27 8R; 4 + /8 8B »
- 20 5
\ Tg 3 = Tpp = /27 SRG,_I + & BRg o+ SR6'3
¢ _ 27
8Rg 4 = Ao Tep

. 28 8
"o BBg o = = A5 Tep * A Tap

5 5
‘%rcn"/_?,rm'*rw

[)8
-~
(WY
]

Path 7 - CD,EF,AB: 8R, , = 8R; ; * 8R, , = &R ,

10
703 = Tap = foy SBp g+ & BRy , v 8By

1 5
/% Tep - 3 Tep ¥ T4n

'm
F
(U9

¥

= BRg 4

I
(o]

-
-
|

- = 20 5
r8’2 = T'pp = /2,7 SR8,1 + ,é SR8,2

- 7 3
Tg,3 = Tmp /27 8Rg 4 + 3 8Ry o + 8Ry 4

. { BRg 2 = ‘16/5 Tep * Bé TR

SRB,B

oj

=% Tap -3/5 *he * Tgp
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Path 9 - CD,AB,EF: SR

_ 10 S, o
T9,2 = Tap = /27 BRo 1 ¥ % B8Ry, 2
- _ T 3
rg,3 = Tmp = hy BRg,q * 7 BRg 5 * SRy

8
‘SR9,2=_5rCD+ /jrAB

» 1 3
B8Ry 3 = ~4o Tep = 75 Tap * Taw

_ T
T10,2 = Tap = /7 SRyo 1

20
Path 10 - DF,EF: { *10,1 = TpP 7 /27 SR‘IO,‘I

10,2
R [ “%o o
- SR1g,2 = ~Tho Top * Tap
Paith 11_— AByEF,CD: ( 1,4 4 = Typ = 10/27 8Ryq 1
Y T11,2 = T = Té7 8Riq,q * 3 BRyy 5

= + & BR + 8
' T11,3 = Top 11,1 * 8 BRyq p * BRyq 5
r _ 27
SRyy 1 = "o Tam
. 28 8
. t< SR11,2 = e 15 rAB + /3 I‘EF,

. 5
LSR11,3_ /6rA.B- /3TE:F+I'CD

Path 12 - AB, TNy DF: 8Ry, 4 = BRyq g ¢ BRyp o =BRyp

20
Typ,3 = Tpp = /og BBip 5

- D 5
»*e BRyp 3 = =75 Tag = 73 Tgp * Top

]
[12]
=

Path 13 — AB,CD,EF: 8R;y 4 = BRyy 4

T13,2

T43,3 ~ g

&R

I

! o
s

H
=

+
Lﬂ\m

H
2

13,2 ©

BRy3,3 =



20 5
{ Ty4,2 = TR = g 8Ry, 1+ % BR14,2

= = 1 3
14,3 = TR = /27 BRiy 4 + /4 B8Ry, o + 8Ry, 3

Probability of Failure Paths: (See Table B.2,1)
p(Failure Path 1) & & (- 3.52) = 0.22 x 10~3

& (= 3.65) = 0.13 x 10~

$ (= 3.52) = 0.22 x 107

p(Failure Path 2)

LL L

p(Failure Path 3)

p(Failure Path 4) (= 4.22) = 0,13 x 1074

oje

b (- 4.22) = 0.13 x 1074
=3

p(Failure Path 5)

olle

p(Failure Path 6)

o

& (- 3.52) = 0,22 x 10
& (- 3.65) = 0.13 x 107>
& (- 3.95) = 0.39 x 107
b (- 4.32) = 0.80 x 107
O (- 3.94) = 0.42 x 107
® (- 4.74) = 0,11 x 1070
b (- 4.74) = 0,11 x 107
$ (= 4.74) = 0,11 x 107
} (~ 4.74) = 0,11 x 107
Probability of System Failure: 2 ® (- 3.52) = 0.22 x 10~

p(Failure Path 7)

o]0

p(Failure Path 8)

p(Failure Path 9)

p(Failure Path 10)

L1 LNIL]

p(Failure Path 11)

p(Failure Path 12)

*[]e

p(Failure Path 13)

slle .|

p(Failure Path 14)

B.,3 MARSHALL AND BEA's BRITTLE REDUNDANT MODEL

i- S = 2.0

p(a, s) = 1.0~ X1 [1.0 - p(element fai1s)]
each element
=1.o-[1.o- @(-3 i iogxﬁ) x{1.0- (1)(--2—0—-3-—1)
5.0 = 2.0 1.0 = 2.0 X 9= .2
x[‘l.O—q)(— 55 x‘z?)] [1 0-¢(- Jc421)]
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1,0 - [1.0 -@(-7.53)]3 % [1.0 - (-6.30)]2 [1 0 ~§(-7.04)] x

[1 0 - {)(-4.81 )]2

13 + 2 x 0,15 x 10 9 . 0.8 x 10 + 2 x 0755 x ‘IO"'6

3 x 0.15 x 10

0.151 x 1072
To maximise further failure probabilities, remove element DF
p(AzlA,l,s) = 1.0 =[1.0 = p(& £ai1s)] x [1.0 - p(FG tails)]

1.0 = [1.0 - §(- -1-'-07:1—2-'9-)]2 = 1.0 = [1.0 -$(10.0)]
1.0
p(4,]s) = p(A2‘A1,s) = 0.151 x 10~

I rlle

p(F|s=2.0)
iie 8 = 445

p(A1| s)

1.0 = [1.0 =(~4an)}3 x [1.0 ~g(=1.61]2 x [ 1.0 - (3. )| =
[1.0 ~b e 1.enf

1.0 - [1.0 - 0.45 x 10‘5]3 x [1.0 - o.ozui;]2 % [1.0 - 0.43 x 10‘3] x
[0.0479]2

0.9979

To maximise further failure probabilities, remove element DF
p(Ay [4145) = 1.0 = [1.0 = (- 10.0)]" = 1.0
p(F|s = 4.5) = p(4|s) p(a,]4,,5) = 0.998

B.4  MARSHALL AND BEA's DUCTILE REDUNDANT MODEL

Failure network = figure B.4.1
Assemblages a=e as in figure B.4.1

i, S = 2,0
fs _2.Ox—7=0.741
fa=-07 (uo- [1-0 - §- 2052 = 7.3
Y B(r,) - B(x,y) =

| o (R) = (3.0 - 0.741) /7.3 = 0.31
fsb=20x;T 0.741
o= (ho=[10- G- AL < 62

E(Rb) = E(RCD) = 2,0
\ & (Ry) = (2.0 = 0.741)/6.2 = 0.20

]
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( Sc = 2,0 x% = 0,519
160 = - @‘1 (1.0 -[1.0 - q)(- 1-'—0—5%512) 2) = 4,67
0

E(Rc) = E(HEF) =1,
\ a(R) = (1.0 - 0.519)/4.67 = 0.103

P N

E(Rd) = E(Ra) + E(B.b) = 3.0 + 2,0 = 5.0

o (R) = 5(R) + &(R)) = 0.31 + 0,20 = 0.51

E(R.) - S
_ d d . (5.0 ~ 1.482) _ 6.9

Pa= T&E&R) T 0.5

(S, =53 = Spp = 1.482

fBe = -@"1 (1.0 = 1.0 = (-6.9) x 1.0 - (_M
E(R,) = Min (B(R;), E(Ryp)) = Min (5.0, 5,0) = 5.0

\ G(R) = (5.0 - 1.482)/6.85 = 0,514

Be 3R+ B, TR) 467 0,103 + 6,85 x 0.514

Beys =1 GWR)+6 (R - 0103 + 0.514
= 6049
_ ~10
p(F!s = 2.0) = ?E(-ﬁ eys) = 0045 x 10
iie 8 = 4-5

r 10
Sa = 445 x-27 = 1,67

B =~ @‘1 (1.0 - [1.0 -(I) (- W)F) = 4.20
E(R,) = B(R,3) = 3.0
L G (R)) = (3.0 = 1,67)/4.20 = 0,317

(s, =4.5x;—‘,{?=1.57
By, = —6[‘1 (1.0 = [1.0 - B (- -2-‘-96-_22-14-@1)]2) = 1,31

E(R ) = B(Ryp) = 2.0
L & (R) = (2.0 - 1.67)/1.31 = 0,254
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s - L .
80_4'5x27 = 1.17

/%=-¢"Um-[uo-@@ii%ﬁ¥uﬂ%=-2ﬁ3
E(Rc) = E(REF) = 1.0

\ U(Rc) = (1.0 = 1.17)/(- 2.83) = 0.589
rsc.l=s.a_+sb=.2::1.67:3.33

E(Rd) = E(Ra) + E(R.b) = 3.0 + 2,0 = 5,0

§ 6 (R) = &(R) + &(R,) = 0.317 + 0.254 = 0.571

E(R.) - s
fgd = TSEy o =Y
S, = 3.33

'p’e =-Q‘-,"1 (1.0 -[1.0 - (- 2.91) | = [1.0 ~b (- 5-’-9—5-‘-'.5&11)]) = 2.84
E(R)) = Min (B(R,), E(Rp)) = 5.0
& (R) = (5.0 ~ 3.33)/2.84 = 0.587

- '/30 & (Rc) "B 0_(Re) _=2.83 x 0.589 + 2.84 x 0,587
ﬂsys G-(Rc) + G(Re) - 0.589 + 0,587

= 0.0

p(F,B = 4.5) = (rg (-Fsys) = 0.50
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CORRELATION COEFFICIENTS

E( «) 6 .) TaB Tcp T TEp
TAB 3,0 0.30 1.0 0.3 0e3 0.3
Tep 240 0420 03 140 0.3 0«3
ToF 5.0 0450 0e3 Oe3 140 0.3
TEr 1.0 0.10 0e3 0e3 0a3 140
s 2.0 1,00 0.0 0.0 0.0 0.0

TABLE Be1e1 = ELEMENT PROPERTIES
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AN

A C E G
Fig.B11 - Layout and Cross-Sectional Area of the

Elements

Fig.B.1.2 - Axial Forces in Elements due fo the

Initial Load

Fig.B.1.3 - Axial Forces in Elements due to the

Load Increment after EF Fails
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TEE

A C E G
Fig.B.1.4 - Axial Forces in Elements due fo the

Load Increments after CD Fails

TR
Fig.BL5 - Axial Forces in Elements due to the Load

Increment after DF(& AB or (D) Fails

A
Fig.B.1.6 - Axial Forces in Elements due to fthe

Load Increment after AB Fajls
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S

Fig.B.1.7 - Axjal Forces in Elemenfs due to fhe

Load Increment after 'CD & EF Fail

Fig.B.1.8 - Axial Forces in Elements due to the

Load Increment after AB & EF Fail

o

Fig.B19 - Axial Forces in Elements due to the

Load Increment after AB & (D Fall
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TABLE Be2.1 = RESISTANCE PARAMETERS AND SAFETY INDICES FOR FAILURE PATHS

FAILURE FAILURE R{ = L8Ry § MEAN STANDARD | SAFETY
PATH RESISTANCE | DEVIATION | INDEX
"Fo. | No, | EreMEnT | TaB | cp | oF | TEF E(Ry) a(Ry) A4
1 1 R U I I K 3486 0386 1.74
3 DF - 0 1 1 6400 04538 352
2 1 EF - - - 1?1n 3486 04386 174
2 cD - 2 - 1 5400 0e440 2475
3 AB 1 1 - 1 600 0e454 3465
3 1 EF -1 -1 - 1Fn 3486 04386 1474
2 DF - - - 1 6400 04538 3452
4 1 EF - - - 27/7 3486 04386 174
2 AB 2 - - 1 7400 0.638 4422
3 CcD 1 1 - 1 6400 0.454 3465
5 1 EF - - - A 3.86 04386 1,74
2 AB 2 - - 1 7400 04638 4422
3 DF 0 - 1 1 6400 04538 3452
6 1 ¢D - ;7 0] - | g 5040 04540 2,99
2 EF - 6 - /3 4433 Oe354 2420
7 1 ¢D - 2*5[/10 - | e 5440 04540 2499
2 EF - 76| - /3 4433 0e 354 2420
3 AB 1 1 - 1 6400 0e454 3465
8 1 cD - 2;’/10 e | - 5440 04540 2499
2 DF - |='/2 /51 - 700 0.776 3495
3 EF - 0 1 1 6400 04538 3452
9 1 oo |g= |37/ - | - 5440 04540 2499
2 AB /5 /1ol - - 7400 0e584 4432
3 EF 1 1 - 1 6400 04454 3465
10 1 DF - | = ¥/ - 675 04676 3494
2 EF - - 1 1 6.00 0.538 3e52

27
Tl m (D | sn | oke | 8
3 CD 1 1 - 1 6400 0e454 3465

27
12 1 AB J101 - - - 8e 10 0.810 4474
2 EF %61 - | - | 8 5417 00842 2443
3 DF 0 - 1 1 6400 04538 3452

27
13 1 AB /10} o= - - 8410 0,810 4e74
2] o |[YnolSs] - | - 6450 0524 3.96
3 EF 1 1 - 1 6400 Oed54 3465

27
14 1 AB FACT I - - 8410 04810 4474
2 r -2 | - |85 - 6450 0768 357
3 EF 0 - 1 1 6400 04538 3452
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FG

DE

BC

Assemblage e
Assemblage d

System
ch

Assemblage ¢
EF

== = = = = & m_——

Fig.B.41 - Failure Network for Pin-Jointed Truss

Showing Assemblages for Marshall and

Bea's Ductile-Redundant Model
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APPENDIX C - ESTIMATION OF RESISTANCE DISTRIBUTION PARAMETERS EXAMPLES

Design: Two 6.0m beams designed for office loading of 2.5 lr.Nm—Q with width to
depth ratio of % and with O% and 2% compression reinforcemen 11 .

Basic Variableg: Tables C,1 and C.2, The basic variables which model the strength
of each beam are assumed mutually uncorrelated. Some variables from each beam,

however, are cross-correlated with variables from other beams to create correlation

between the member resistances (Table C.1).

Local Failures Considered:

1. Beam 1 (0% compression reinforcement) failing in bending at mid-span.
2. Beam 1 (0% compression reinforcement) failing in shear at a support.
3. Beam 2 (2% compression reinforcement) failing in bending at mid-span.

4. Beam 2 (2% compression reinforcement) failing in shear at # span from
a support.

Bending Pailure Criterionz- 7—7 :

pt+(db-E(ab))‘g1o5 +Cq ~ C; mm fori=1, 2
D, =
1 Mc-03+ci mm . fori =3, 4
Ay 1e found from fig C.1 in Nom 2 where:
€3 = 0.0035 (b, =Dy, )by,
and where DHA in mm is found iteratively such that
600 W x Dy x £ (1 = .[fCU/45.05) N

4 x 2
=iz1=1;NiXdi xgi‘g N

D, =Dy, [(2'0 = o fcu/14.35)2 + 2.0} o

12.0 =/ f.y/3-5875

4
LY 2 ~6
MULT=i§j{(Di'DC)'ZNi" AL TEEL }kNm

Mypp = 3L2/T (Wuu +d_.p x 1072 4 £..) + W, dy p_/ Kim

Z=b Mypp = Mypp KED
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Shear Failure Criterioné- 7—7 :

2
A 2 2
AST= 22 - Ni: di } mm

i=1 4
fi’f“i*dizs [/'g.t + (ay - B(qy)) x 100 +¢ - ¢, 7
D - i=j mm

Ast
Agm = 0'1{%] *

-2
Vc in Nmm © is interpolated from table C,3 in terms of A‘ST and fcu
= 2
SUI.T = DST (500 2 d5 x fYS,S/SV + 1.5 VC‘ Wy ) kN

Sapp

21 /T Wu +r (T (d5Px10-3+fin)+w‘bd\>p)—7 kN

8¢ Sorr = Sapp kN

Analysis:
1. Mean resistance by equation (5.5.3)
2. Standard Deviations by equation (5.5.4) Table C.4
3. Standard Deviations by equation (5.5.6)

4, Correlation Coefficients Table C.5
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BEAM 1 BEAM 2
o DISTRIBUTION STANDARD | GCRRELATION STANDARD
VARIABLE  ISYMBOL|™""“qypp ~ |UNITS|MBAY | ppvrsoron| corrrrermr | ™4 |pEviatIon
Beam Depth d‘b Normal m |0.496] 0.0075 0.0 0.3791 0.0075
Beam Span L Normal m |6.000f 0,010 0.5 6,000F 0,010
Tributary Width | 1o Normal m {1.500| o©.020 0.5 1.500{ 0,010
Tension
Centroid Depth
Compression Mt | Lognormal mm  1450.0 4.1 0.0 333.0 4.1
Centroid Depth Lognormal mm 58.3 8.0 0.0 58.3 8.0
4
Link Spacing Sy, | Losgnormal mm {285.0| 14.25 0.0 194,0 9,7
Slab Depth ds Normal mn {106,0 4.0 1.0 106,0 4.0
Floor Finishes Yin Normel  [ki/m°| 1.0 0.15 1.0 1.0 | 0,15
Tensgion Bars,
Diameter 1 3 | Lognormal | mm | 32.0{ 0.25 0.0 25,0] 0.25
Tension Bars,
Diameter 2 42 | Lognormal |mm | 20.0] 0.25 0.0 5.0 o0.25
Compression Bars,
Diameter 1 33 Lognormal |mm | 10.0| 0.25 0.0 25,0 0.25
Compression Bars,
Diameter 2 84_ Lognormal mm 8.0 0.25 0.0 20,01 0.25
[Link Bar,
Diameter d 5 | Lognormal mm 6.0 0.25 0.0 5.0 0.21
Tension Bars,
Yield stress 1 { ey | Logormal Tv/mmz 477.4| 410 0.0 477.4] 410
Tension Bars,
Tield Stress 2 | fyg, Lognormal WN/mm® [a77.4] 41.0 0.0 477.4} 41.0
Compression Bara,| - .
Tield Stregs 1 Y‘\'S,’s Lognormal ‘N/mm2 ATT 4 41.0 0.0 477.4| 4.0
Compression Bars,
Tield Stress 2 FYGA Lognormal [V/mm> [477.4| 41.0 0.0 477.4] 41.0
Link Bars, 2
Yield Stress Q\G 5 Lognormal HN/mm T T4 41,0 0.0 A17.4 ] 41,0
Concrete Density P Normal kN/m3 23.6 0.4 1.0 23,6 Oed
Concrete
Strength ¥Cu Lognormal ng 3570 2.475 1.0 35.70 | 2.475
Bending Moment
Model Uncertainty by | Lognormal 1.001 0.05 0.0 1.00] 0,05
Shear Force
Model Uncertainty S¢ | Lognormal 1.279[ 0.270 0.0 1.343} 0.284
Live Load
Distribution 9, Normal 1.10 0.15 .0 1,101 0.15
Uncertainty
. xtreme Type
Live Load W P e T8 har/mPh.a71] 0.533 1.0 1.471| 0.533

TABLE C.1 — BASIC VARIABLES FOR EXAMPLE 221




SYMBOL BEAM 1 BEAM 2
Number of Tension Bars 1 Nl 1 2
Number of Tensicn Bars 2 N2 1 1
Number of Compression Bars 1 I\I3 1 1
Number of Compression Bars 2 N 4 1 1
Cover to Tension Bars 1 ¢ 48 ,0mm 48.,0mm
Cover to Tension Bars 2 C2 48 +Omm 93, O
Cover to Compression Bars 1 C3 48 .Omm 48 .0mm
Cover to Compression Bars 2 04 48 4 Omm 48 .Omm
Shear Force Node Position T 1.0 0.75

TAELE C.2 — CONSTANT FOR EXAMPLE

A CHARACTERISTIC CCNCRETE STRENGTH Fc. N/mm2
ST v
in %
20 25 30 40
0.25 0.35 0.35 0435 0435
0.50 Q.45 0.50 0455 0.55
1,00 0.60 0465 0.70 0.75
2,00 0.80 0.85 0.90 0.95
3,00 0.85 0.90 0.95 1,00
7 2

TABLE C.3 = ULTIMATE SHEAR STRENGTH OF CONCRETE, VC I N
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STANDARD DEVIATIONS

MEMBER
RESTSTANGE MEAN
NUMBER TRADITTONAL PROPOSED
(Ban (5.5.3)) (Ban (5.5.4)) (Bm (5.5.6))
1 22,11 Xl/m® 3.74 X /m” 2,86 KN/m°
2 30453 KN/m® 8.78 X /m° 4.27 KN /m°
3 18,66 xN/m° 3,28 Ii/n° 2.56 KN /m°
4 27,83 KN /m° 8.19 kiY/m° 4.05 XN /n°
TABLE C.4 — STANDARD DEVIATIONS OF THE RESISTANCE
RESISTANCE 1 2 3
2 0.6557
3 0.7238 05483
4 0.5504 0.4158 0.6956

TABLE C.5 — CORRELATION COEFFICIENTS OF THE RESISTANCES
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APFENDIX D - DISTRIBUTION

PARAMETERS FOR THE EXTREME VALUES OF LOADS

D.1 Normal Distribution

a2 & B (D.1.1)
fsnmax (s) = {fﬁgﬁ exp( 3 ( -E(S) 8P(n-1) ( -E(S)} (D.1.2)
anmax (&) = 1.0 - [1.0 - @(—%_‘%—é—?-) ]n (D.1.3)
g (o) ={Fo'(‘5)}e"f’( —E(S)) )[1 .0- @( "fg’) (D.1.4)

None of these functions can be solved algebraically, but it is known that as n

tends to infinity these distributions will tend to the extreme type I maxima and

minima respectively =

Therefore, if a normal and an extreme type I distribution

are obtained which have the correct cumulative distributions at two points their

values of mean and standard deviation should act as bounds on the true values.

Fitting a normal distribution at s = E(S) and s

) or E (s* ),

=K (Sn
max max

' n
@(E(S) - B( max)) _ (P (E(s)o_- g(s)) 0.58 (D.1.5)
a(s* _ )
. ax
ol n n
QQE(S max) - E(s ma.x) ) = 0.5 = én (E(S maxz‘*?(s) (D.1.6)
. n : = (S
G(S ma.x)
Therefore
Bs® ) = B) + 68)dT (0.5") (D.1.7)
-1 P
G(Snmax = - 5(8) « -%1—(0'5]“—) (D.1.8)
T (0.57)
B(S) - B(s" . o
@( m) 1.0 - | 1.0 - ?(E(S)-E(S)) = 1.0-0.5" (D.1.9)
& (8"min) 5(S)
and{ . .
E(S" . )-E(s" . ) E(S i ) - E(8)
@( min min ) = 0.5 = 1.0 - [l 0 - (p{ )] (D.1.10)
o (s"min ) \ o 5)

\
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E(snmin) = B(S) - o-(s)d;'l(o.5l/") (D.1.11)

There-

&t (0.5M

-1 1/
fore 15(5“ ) = -o-(shi’ (0.571) (D.1.12)
min

Fitting an extreme type I maxima or minima distribution at s = E(S) and 8 = u

= 5(s® ) - (B0 6(s% ) or BT L)+ (Txfw) o (8" . ) gives

exp/- exp/- oC(E(S) - u/ / = @ (%—gi)} 0.5" (D.1.13)
n fu-E(8)
exp[ exp[ o (u-n)/ /= e =§) (-—m) (D.1.1%)
@ = B5(6) +6 (). §” (g (D.1.15)
There-
fore of = 1n (-In_(0.57)) (D.1.16)
5 §HE™
s" ) =E(s) + &(8) @ ]’“)ZI‘O f N j | (D.1.17)
max Ta (-1n(0.5") e
and
hence o) ~@ (e “n) (D.1.18)
J_wln (-1n (0.57)
1. O-exp[ exp /uc(E(S) - 0_7_7—1,()—[0 @(E(S) (gg'g) = 1.0-0.5" (D.1.19)
and
1.0-exp/~ exp /o (u-w7 7 = 1.0 g~ = 1.0 -/ 1.0~ @(“'%‘;’) (D.1.20)

There- | %= B(S) - (s)¢-1 e’
fore o = 1n (-1n (0.57)

s )% e

£ (s® ) =E(S) - 8)b™ (V) (1.0 ' X
min @ in (-1n (0.5%))

and - -
hence Ly C'D I (e ljn)

n
O (8 o’ = G-(S). J& 1n(-1n (0.5")

(D.1.21)

(D.1.22)

(D.1.23)

(D.1.2%)

From consideration of eqns. (D.1.7), (D.1.8), (P.1.11), (d.1.12), D.1.17) (D.1..18),

(D.1.23) and (D.l.24), the mean and standard deviation of the extreme values can

be put into the form
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n

E(S o) = E(S) + k g (s)
n .

E(S mim) = E(8) - k, 5(s) (D.1.25)
n i n

&(s max) = o(s min) = k, & (S)

where kl and ka are independent of E(S) and &(S). Therefore, kl and

kawill be the mean and standard deviation respectively of n standardised

normal distributions {where E(S) = 0.0 and & (8} = 1.0). Hence these values

can be obtained by numerical integration from

+00
n 1 2 (n-l)
k_l= ——f uw exp(-3 w) @ (w) du
4 2x '_

+00 2
k, =/—-£- W exp (~3 &) (n—l)(u) du - klf/
IE'K
-00

These values, together with the bounds, are plotted in figs. D.1l.l. and D.1l.2.

> (D.1.26)

/

D.2 Extreme Type 1 Distributiocn

Fon  (s) = (exp (-exp ( - ¢ (s-w))))"
max

exp (-n exp (- «(s-u)))

exp (-exp (- e (s ~ { u o+ —l-%c_(—r_‘_)}))) (D.2.1)

Therefore this distribution of extreme values is also extreme type I maxima

with ¢

n
oC max - X (D.2.2.)
»,
n _ in (n)
% omax T a+ ol . (D.2.3)
(5(s” ) = o(8) (D.2.4)
There- an A6 1n{n)
fore: E (5%, ) = EB(S) + ¢(8) —-*—n—n- (D.2.5)
Fon . (8) = 1.0 = (1.0 - /1.0 - exp (-exp (o (s-w))7 )"

= 1.0 - exp (- n exp («(s-u)))

= 1.0 - exp (- exp (¢ (5 - {u- E:.CL)}))) (D.2.6)
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Therefore this distribution of extreme values is also extreme Type I minima

with
o %min =cC
'u n — ., _ in(n)
min = % " ToC
n -
There. o ;) = o6
f
°® Y gs® ) = EG8) - G(s).&“-(ﬂ)
min ~

(D.2.7)

(D.2.8)

(D.2.9)

(D.2.10)

NB: Only the maximum of n samples from the maxima distribution and the minimum

of n samples from the minima are considered here.

D.3 Extreme Type II and III Distributions

Il
P (8) = foxp (- (D5 )7

exp (-n Gg)k )

nm{"u )k )

S

exp (- (

(D.3.1)

Therefore this distribution of extreme values is also extreme type II maxima

with
Doy 1/k

E(S =n = E(S)
max

cs” )= n1kg(s)

X

where k is found from solving the equation

2
(%%) = T'(1.0- -2—1;-9) - 1.0
I'&1.0 - 1-}':3)

Fgn . (8) = 1.0 - /T.0 - {1.0 -

1.0 - exp {-n (%Eg) k

228

(p.3.2)

(D.3.3)

for k > 2 (D.3.4)
ky n
exp (- ﬁrf{%) }J?

)

) 0.5.5)



Therefore, this distribution of extreme values is also extreme type III

minima with

n _E(8) - €
E(S lnin) = 1/ + € (D.3.6)
min 1k 3.7
n

where € is the minimum value that S can take and k is found from solving

the equation .

o(s) zz'T‘( 1.0 + gﬁg) - 1.0 (D.3.8)
[Fr=2) Ao

NB: Only the maximum of n samples from the maxima distribution and the minimum

of n samples from the minima distribution are considered here.
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APPENDIX E - CORRELATION COEFFICIENT FOR THE MAXIMUM AND MINIMUM
LOAD INTENSITIES FROM 'N!' TIME INTERVALS

@ P - E(Spux-Symy) — E(Siay) Eymy)
(2% i o(E2,,) a(sh)
= 38((Sha)” + (Shnd)” - (Shax = Si)”) = BShye) Ery)

o (52 s (i)

5P (Shyy) +oF (o) - &7 (T)
2s(sﬁﬁx) cr(sn )

where T = SMAX SMIN' For values of(S(S ) and G(S ) see Appendix D. To
obtaazlc{T ), consider the distribution of t condltlonal on SMAX’ where

‘ (n~1)
- _ _ Fs(s-t )
ISﬁAx(t ) = 1.0 [1 0 T =3 J ] veees (Ea2)
S = Smax
Thexefore
aF t -
o Isn (t,) = TH,SEAX( o = (n-1) [1.0 - Fgls=t) ] (o 2)1‘ (s=t_)
d Eg € o
85 = SMAX
veves (Eu3)
but
fsﬁAx(s) -n [Fs(s‘)](n‘l)fs(s‘) veses (Eud)
Therefore
fSﬁax’Tn(s’tn) = fsﬁAx(s) FTnISﬁAx(tn) ( 3
F. (e~t_) 1 P~
=n [Fs(s)] (n-l)fs(S) (n-l)[l.o - 273379—] fo(s=t,)
= n(n-1)Fg(s) [Fs(s)— B (s-t, )] (_nfz)gs(s,) ',‘S(s_ ) veaee (B.5)

Integrating f.n 2y (s,tn) by § to obtain the marginal distribution of
0,0 5y (o)

+ 0o _
() = | fp g W 0
= aa1) [ ¥ (6) TlolBglemt,) PPr(e) g(et) ds e (.6)
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Therefore
B(z,) = n(e1) | +: AAOYEXOE RN R AOLNCERECL
coeee (B7)
2e2) = n(@1) [ 42rg(s) [ Bgle)Bgle-ty) | TReg(1gg (st o at,
o ceees (E.8)

and

o) = E(Ti) - Ez(Tn; ceees (E.9)

Therefore the values for G(Tn) will usually have to be obtained by mumerical
integration, and the general case for most distribution will not be able to be
expressed as a simple function of E(3), ¢(S) and n, Therefore consider the
gimplified case of eqn (E.l) where S is symmetrically distributed about the mean,
so that

& (Syuy). = S(Spmy) veres (B.10)
and therefore :
(Syaxs Symy) = 240 - o (z,) cieee (Ba11)
[ 26° (Spux)

Further, if S has a normal distribution, the distribution of T will also be normal,
where t* is the difference between two samples of s, with

E(T*) = B(S) ~E(§) = 0.0 veens (Bol2)
5(m) 5[s76) +52(8) = () veeee (B.13)
but
Tz=|T*| ceess (E.14)
so that
L-0 ty 2
f,l,a(ta) =[x 6(S) exp (-(mg)') )
for 0 £, o cesee (EJ15)
Hence

. 0D t tt 2
E(T,) = Jo _J_-;_'gc_'—(é) exp (—(ig('s‘)\ ) dt,

ceves (BJ16)
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E(T2) = B(1+°) = 24°(s)
Therefore
2 1
& (r,) =/2c2<s) - (T o) =a(s)2 - 4

Subsituting eqn (€.1.25) with n = 2 and eqn (E.18) into ean (E.1ll) gives
@ & (s) (2 -%)
/> Fwaxe Sy 2 [0.8256 & (8)]

n n . .
A second value of (SMAX’ SMIN) can be found by simple logic as

0.4669 [EX XY

-_— L 3

1
p(sgiax, sm) = 1.0 Tsses

since the maximum from a sample of unit population will also be its minimum.

(B.17)

(E.18)

(B.19)

(E.20)

The correlation coefficient represents the effect that the upper tail of the minimm

distribution has upon the lower tail of the maxima distribution, and vice versa.

This effect results from the maxima distribution not being able to have a lower

value than the minima distribution, so that if the minima is known, the maxima's
lower tail will be truncated at that point. As n tends to infinity, the overlap

of the two distributions will disappear and (Sy,y, Syry) Will tend to zero.

Therefore

Sy Symy) = 0+0

(E.21)

Using these three values to give a simple expression with which to approximate

n n , . e .
/:(SMAX’ SMIN) for variables having normal distributions gives

. 0. 0,132
2 (Spaxs Symy) 5 08678 + 0.1322 veees (B.22)

This should be adequate since it will quickly tail off to zero as n increases,



APPENTIX F - DISTRIBUTION PARAMETERS WITH TWO TIME=-VARYING LOADS

For an element which has a failure criterion
B
B =R 4 = 2> [di,1,k x Sk] (F.1)
k=1

let the event of failure under the two load combinations, resulting from two of the
loads being time-variant, be a; 4 and bi 10 Since the loads are assumed 4o be
? ?

mitually independent

i E(Ri,1)- zj[& 11CE((S )Y

n 2 2 a
F(Ri,-l)"' é-][di’-"k la) ((S;Ax)k)]
L i

L n ; (F.2)

s nh
By, 1= 2 L3y 4 E((SMax)x) 7

ple = &
’G'(R:L 1+ @ g k"?((smx)k)]

Rearranging eqn (F.2) in terms of G‘(R1 1) gives

P(a'i,‘l): &P

12
B(Ry, )= Zﬁu 1 kE((S 7| a
) _ 5 2 2 ng,
U(Ri,‘l) = -1 Z Zai"]’k °} ((SMAX)R)]
_ (55 -3 [35 1, (S, ; 2
= B(Ry,1)=2, /43 1,1 B((5 ) s
== T -2 Ak sy
-1 k=1 MAXK
NG ICY)
(F.3)
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Rearranging the last equality of egn (F. 2) into a quad.ra.'b:.c in E(Rl 1) gives

([écwﬁ1n]{Y<Pa&1n] hm11] 2(@<?ah1n1z:bhu@u >ﬂ
lﬁ (plby, 1”] § | 1,1kE<(s 3D B, 1)+( {@ (?(a1,1))1€‘__'.’1 (a1,1,kmccs X0
I ooy, ME [, 18, DT} +(8 Cleg, ) & (oee, Y 2 43,1100
(& (- o (smnd}]) = o (F.4)

Simplifying eqn. (F 4) gives

- - g o -1 n
{7 (e, 0] = 187" ooy, D] | DR 1]2-251\{[@ (plos, N TEE? ))
- 4,-1(?(-0_ 1))]23((5 a } 1,1,10 BB 1)42 [{[@-1(1:(% 1)) E((S:{:x)k)]z
-[32-1(1:(1: ))E((Sy3 )k)l [Q- (p(ay )?-1(,?(1:1 1))] [U (s )k) -5 ((SM.A.X) )]}
d2i,1,k] =0
Therefore
E<Ri,1>=[>§1[{[‘i"1<s=(a,-.,1>>12 B ) 18 (plon, T B2, T, %
Bs -1 2 n
= et e, 1))] B2 -4 (P(bi 0] =™ BRARN: 1] {[@ (s, ol
5 Gtos, )] }z[{[q» (plas, 1) 2(E™) )] ['*(F(bl 1))E((s ) )]+ |
18 e, M (F(bi,1)>] [0y -cr((sm) Vag, 10 ]/{ @'%Fca Mk
‘\p—‘l (F(bi, 1) )]2 (F.6)

Simplifying eqn (F.6) gives

Oy

E(R; 1) = EH[@“ (P(ai,1))]EE((S&)R)-[@”(F@L1))]2E((s;§x)k)} % 1,k]
e oty DF - (87 pCos, DET
£ s, Vo ) [ 2oy, 1 fmfprncsim ]|
| E{[r%ﬁannf{rkgﬁnnf
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s

Tl e f o (6 ) ) o (s :
k_1[di,1,k{ & (52 ) )= & sy )0}
- (F.7)

= 2 -1 2
[@ _(?(31,1))} - 19 (P(bi,1))]

G'(Ri 1) can be found by substituting the value of E(Ri 1) from em. (F.7) into
4 b

eqn (F.3).



APPENDIX G ~ DESIGN OF SIMPLE PORTAL FRAME

G.1 PLASTIC DESIGN

Use a load factor,)\ , = 1.6, with 95% and %% characteriatic walues of the

resistance and load respectively. Therefore

M
b

H

E(R) - 1.645 & (R) (G.1.1)

]

]

E(S) + 1.645 o (8) (G.1.2)

vhere Mb is the characteristic plastic moment of the members, treated as uniform
throughout, and H is the characteristic horizontal load applied.

L
B C
NM—> ———] =
ﬁJp- 7
/ // -
— AQB /
/

Using plastic analysis and apsuming plastic hinges at B, G and D

\BB = NEL & = mpe (G.1.3)
Therefore

M = NHL/3 (G.1.4)
Hence

E(R) - 1.645 G (BR) = 1.6 [ E(S) + 1.645 o (s)_] L/3 (6.1.5)
Therefore

B(g) = 1:6 [1.0 + 1,645 5 (5)/E(S) _/ L.EB(S) (G.1.6)

3 /1.0 - 1.645 G (M/E®)
Let L = 1.0, E(S) = 1.0, o(S) = 0.20 and %%;— = 0.05

Therefore

E(R) = 0.7723 and & (R) = 0,03%86 (G.1.7)

G.2 ELASTIC ANALYSIS

Assume AE = go , EI/L is equal for all members, and no initial lack of fit.
See fig G.2.1 for internal moments sign convention and notation, and fig G.2.2
for small deflections sign convention and notation.
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Mg = ZL (20, + ¢ ) -%i (c.2.1)
MBA=-@££(¢A+ 20 5) +f:ETxI1 | (G.2.2)
Mpe = - Zl2gg, + 94 (6.2.3)
Moy = LL (g, + 20g) (G.2.4)
M®=--2%l(2¢02+ go) +16§_u (¢.2.5)
Mo = EE (B, + 20) - %gi- (6.2.6)

Initial Distribution of Bending Moment

oy =952 =% 3 ¢cl=¢c2=¢c 3 fp=0

Mg=0 5 My +Mpo=0 5 My-Mep=0 5 Mpg=Moy+lps
S T N W
9y + M+ G- /L =0
o
g + 4~ /L =0
\ 3 + 2+ m/L-EI‘I—=o (G.2.7)

L

g - Cgoiob g b 13
. A~ 22EI ° B T 44EI ° C ~ 22EI

i %= T32EI

* MBC = 0.227273 ; MCD = - 0.318182 ; MDC = 0.454545
(fig 6.2.3)

Redistribution of Bending Moment from B

Por=Pa=% 3 %H=0

MAB=O ;MBA=1 ;MBC=—1 ;MCB—MCD=O ;MEC—MCB-O-MDC=O
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(28, + 05 - 3u/L =0
g, + %y - 3u/L + 5= = 0
L
J Wao + ¥ - %81 - ©
¢32+4¢c-3n/l' =0
. L
Gpp + g + 3o/l + x =0 (¢.2.8)
\
gl g LL g g L5
vo Yramm G Tt b PmecEE P Yot W®I OV M AE

Mg == 1.00 3 Mg ==0.25 ; My, =+ 0.75

(fig G.2.4)

Redistribution of Bending Moment from C
o1 =P =Fp 3 #=0

Mip=0 5 Mpy +Mpa =0 5 Mepg=-l 5 My=-1 5 My =My + Mpn = 0

f'2¢A + ¢B - 3“‘/]:'
¢A + 4¢B + ¢01 - 3‘1/1'
L
< fp + oy * 781 = °
L
2¢C2 - Zu/L - 355 = ©
- oy - Gy + By - F0/0 + ?aia&f =0 (6.2.9)
2

. 4a __5L 1L . _ 5L . . _I%
. . ¢A=9EI ? ¢'B'18EI ’ ¢cl“ 18EI '’ ¢02“§s v %= 18RI

¢ MBC = - 0.333 H MCD ==1,00 H M = - 0.667

(fig G.2.5)

Redistribution of Bending Moment from D

Pp1 = P50 = 01 = 902 = %
0 5 My +Mpg=0 ;3 M-l =0 5 Mg =1 My - Moyt =0
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(24, + & - 3u/L =0
¢A+4¢B+¢C _3“/1' =0
A ¢B+4¢C+¢D-3u/1- =0
‘ L _
¢C+2¢D-3u/L+2EI_O
L
‘ 2
. __ ik _ . 2L . __ L . L I
. . ¢A-‘3OEI'¢B- Tser ¢ %o = 30EI'¢D" 15er ¢} %= T3EI
. . MBC =+ 0,60 H MCB = —0.40 H MDC = = 1,00
(fig G.2.6)
Redistribution from second element to fail
If first failure at B, MA'.B = MBA = M.BC = O;VEE-MGD =0 3 MBC - MCB + MZDC =0

.. Mop = Mg =My
IffirstfailureatC,MAB 0 MBA"'MBC=0 H MCB=MC.D=O :
Mpo ~Mep + Mpe =0

. Mgy = - Mo =My

Ii‘fimtfailureatD,MAB o 3 MBA+MBC=0 H MCB-MC.D=0
Mpe = Mep + Mpg

L. Mgy = Mgy =M = Mo

(fig G.2.7)

e

n
o

G.3 ELASTIC DESIGN

Assume that the frame is designed to have a constant El throughout but with an
ultimate moment of resistance of a cross-section proportional to the maximum
elastic bending moment in each member before amy hinge forms . Using the
bending moments calculated in section G,2, this gives

E(R,) - 1.645 o (B;) = 0.2273 x 1.6 L B(S) + 1.645 o(8) J  (G.3.1)
E(R,) - 1.645 & (R,) = 0.3182 x 1.6 ['E(S) + 1.645 o (8) 7 (6.3.2)

E(n3) - 1,645 o—(n3) = 0.4545 x 1.6 /[ E(S) + 1.645 &(s) _/  (G.3.3)
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Using the same parameters for the load and the same coefficient of variation
for the resistances as in G.1, this gives

E(Rl) = 0.5266 and c,-(al) = 0.0263 (G.3.4)
E(R2 ) = 0.7372 and 6-(32) = 0.0369 (G.3.5)
E(R3 ) =1.0531 and 5-(113) = 0.0527 (G.3.6)

242



ny. 3
AEM oM
- Map Dt Moc

Fig.G.21 - Conventfion for Positive Infernal Moments

Fig.G.2.3 - Initial Bending Moment Diagram
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-1.00\—0.25
B C
A +g75(0
10 & . 1.0
L fo1s 075 L
. ot -
Fig.G.2.4 - Redistributed Moment from B
—0.33//-1.00
)33 <cbl | 0-967__
Em— ol
L L

Fig.G.2.5 - Redistributed Moment from C

Fig.G.2.6 - Redistributed Moment from D




/—1.0
'B C
A 0]-1.0

3 1.0
i—if te

(i) First hinge formed at B

A +10; D
IS\ Sy . .0
T b0 40T
T L L
(ii) First hinge formed at C
—-10 -1.0
B C
A D
L0 _E TRREE_LO
L L

(iii} First hinge farmed at O

Fig.G.2.7 - Second Stage Redistribution of Moment
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APPENDIX H - LIVE LOAD DISTRIBUTION FOR SLAB EXAMPLE

Ho1 INITIAL DISTRIBUTION

Assume that the live load on the slab can be defined by the local intensity at
nine points - the corners, mid-point of each side and the cenire. If the model
uses nine lognormal variables, as1 with unit means, and a further variable, W,
representing the mean live load intensity, then the live load intensity at each

of the nine points, Wiy can be given by

. = 16a.W ia.+2a .I+ H.1

h! VADARLS (a+3) 8 * 429 (H.1)
3=1

The load intensity can then be modelled as planar between the centre and each

half side (figure F.1), The load at each point is assumed to be supported as

spanning between the beam nearest {0 thait point and the beam parellel to if,

producing a pair of triangular tributary areas for each pair of beams (figure H.2).

w(x,0) = wy + g = w,) (H.2)
wlxyx) = wy + Eug = w,) (H.3)
w(xy1) = w, + Bwy = w) (H.4)
w(x1x) = v, + g = w)) (1.5)
w(xyx) = wixy0) = Flug - w5) (.6)
(gd=x) = wlxy1) = Eg - ) (H7)
r_ = w(xy0) x -(i# + [wl(xsx) = wlz0) | & E—"l—zz’l

X 2x
+ w(x,l) X Tg' + [w(x,l—x) - w(x,l)] -]éc- —1-3-

Lt 6rx/k ==[w1 + 2%(w5 - w1)] (6 = 3%) + 2% (w9 - ws)(3 - 2%)

X X X X
+ [w4 + 25 (w7 - w4)] 31 + ZT (w9 - WT) ET
. - slo2, +4 = 1y )£3. (2.8)
1
At x = 5
1 1 1 1 "1 YWy Y5 Mg
r, = 1[5- -3 W + 3 w4 +'Z w5 + Z w9 + T "5 - 2 + 24_]
1 1

=1[%£w5+'ézw7+zw9]
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Hence r 1 is independent of Wy and w 2 and no discontimuity of load intensity
==
2

will occur at node 5 whether approached from points 1 or 2,

T, is the live load intensity on the beam bhetween points 1 and S.

X
> Z~—J
X
AN
Ry2 Rt
2 3
Let r:‘c = cﬁx-f- c12x + c13x
2 3 .
1 1 1
+°21§x'§'§+°22 {x'ER T %3 {x"ﬂ (H.10)
where {x - 1/2'E= 0.0 if x = 1/2 $ 0.0
then 011 = w_l (H.11)
1
c12=[-§w1 +§w4+w5+w9]/1 (H.12)
‘ 1 P
cq3 =[w1 =Wy 3 (- We + w_{)] /1 (H.13)

Put z=1~xy x =1 - 2, then

r_ = Cqy (1—z)+c12 (l-z)a+c13 (l-z)3

x
1 1 2 1
+ Cyy (E -z} + G (-2- -2z) + Chy (5 - 2)3 (Ho14)
2 3
. 2 3 1 1 1
2 21 3,2
+[-c11-2lc12—31 013—-021—5—022-41 023]z

+ {012 + 311::13 t Gy t % lc23] 22 + [- 013 - 023] z3

n
=
3]

2 3
1
+[-gw2 +-§- w3 + w5 + w9 ] z/1._ +[w2 - w3 +% (- w5 + w,{,)]z/lz (H.15)

1 2
- 013 - (w2 - w3 +§ (— w5 + w.?))/l

]

00023

...[W1 - w4 +%- (- w5 + w..‘,)]/l2 -Iw2 - w3 +-%- (- W5 + W7)]/12

|-y =y oy oy + 2 (g = ) ]A22 (H.16)
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1 3
022=[-%w2+-2-w3+w5+w9]/1—[c12+3lc3-l--é-l023A\
=[--25w2+%w3+w +w9]/1-[- W, +—w4+w5+w9]/1—3[w1—w4
1 2
+-§-(-w5+w7)‘3/1—2‘_—w1-w2+w3+w4+3(w5—w7)]/1
=[W1‘W2"W3+W4]/1 (H.17)
2 3.2
Cpq = = Wy = Cpq= 21c‘12 - 31 c13 - 1022 -1 1 023
1
=—w2-w1-2[—%w1+%w4+w5+w9]—3[w1-w4+§-(—w5+w7)]
3oy - 2 -
—[W1—W2—W3+W4‘&—4[ w,[ W2+W3+W4+3(W5 w?)_]
1
=%(w1+w2)+-}f-(w3+w4)—%w5-§w7—2w9 (4.,18)
Check that the constant term is zero
2 3
2 3 1 1 L
c11l+c121 +c131 +c:21 2+0224 +0238
1 1 1 3 2
=l[w1-gw,l+2w4+w5+w9+w.1—w4—3w5+3w7+8w1+8w2
.3 1. 1. 1. _1 1
+8w3+8w4 4w5-4w7 W9+4W1 4w2 4w3+4w4
1 y| 1 1 1
"8“1"5“2*"8'“3*'?3'“4"*"72"“5‘?2'”71
=0
Total load on the beam (1,5,2) = Lo
1 1
2

2 3
J;rd:x: f x+c2x +c13x +c21
+c23{x-— ‘S dx

T S - S RPN T .l .1

_20111 +3c121 +4c131 0214 +3 0228 +4c
. - = 2.1 3,1 4,1 2,1
selizTIO Tt oyl g o Lt eg o

Taking moments about point 1 to find X1 the centre of gravity, gives

1

2 4 \
j 0113{ + 01213 + 0132'. + 021xll

0
113
+023x{ --é-} ax

1
+022xix-2}
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o
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1 3.1 4 1 5,1 1 1,3
=3 Lty ! *5 13 *32 212() *3 (°21+°222)()
1 1 1 149
+ 7 (epp + 0p3 2) (5 ) + 5 cyp (5)
= & 3.1 4 .1 5. 2. 3, 1 4 . .3 4
=730 1 +4c121 +5c131 + 45 % 1 +1920221 + 205 C23 1 (H.20)
1 3.1 4,1 54 2. 3. L 4 . 9. 4
C oo 3 Cqq It 7 e 1T 45 04y 17 gz oy, 17+ qos o5y 1T+ s oy 1 ]
* e T R 3.1 4 1 C 3.1 4
50111 +3c121 +4c131 +8c211 +240221 +640231
[64Oc1+4800121+384c13 12+2OOc21+700221+2702 12]1 (1.21)
= 2 2 .
960011 +64Oc121+4800131 +240021 +8Oc:2 l+3Oc3
Ryp = Lyp| 1 = xC] /1 (H.22)
1
2
1
M5 =R125-J° r_ (E-—x)dx
L
2
- L 337r L _
—R122- {011x+c12x +c13x H2 x] dx
Y
2

1-c )x +(1

=3 R121 -[8 0111

1 ,_1_ 32 4 1 5

T2 R121 48 0111 192 '312’.L &40 c13 1
'beam

Check by putting all values of Wy
distribution with a maximum intensity of £Wl at mid-span,

cyq = H
Cip = €43 = Cpp = Cg3 =0
021 = = 2W
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Ak 3 1
+ ) (2 0121 - cﬂ)l + 64(2 c

4
3l = 012)x ~ cqyX dx

4 5
012)1 - 160 cypl 1

(H.23)

= W, the load on the\will then have a triangular



1.2 .1 2y w_ 1.2
L12=(-2-1 +-8-(-2)1)W—41 W

x, = [(640 - 2 x 200)/(960 = 2 x 240) 11 =

1.2 1 _ 1 2
Ry, =71 W[l— /2]/1—8W1 -ok
N AU N PRS- R U P i R AR R
LS =zxgWl 1ol =Wl o.k.
Load Distribution Factor for Bending Mount at point 5
M
5
C Tl
(....._
12R 1 3 l'2
e - b R Ve K (H.24)
Wl2 W 8w 80W
Load Distribution Factor for Shear Force at point 1 on beam 12
2
W1
= Ryo/ (557
8R
12
= m——= (H.25)
Wl

H.2  REDISTRIBUTION AFTER FAILURE

If one heam fails, let the additional load on the adjacent bheam be R. Treat
this as a distributed load which, for reasons of statics, must have the same
total value and moment as a point load at the end adjacent to the failed beam.
For simplicity, assume a Triangular distribution

ot (W1 +w2)1/2

W

|
I
(wy = wy ) '
ail.fezmlia v

..o W1=-2W2=—i"—W2
. 2 M Rk l ‘TRZ
s e W2 = - 1 v W1 = 1 (H.26)
R, =W R, =0
_d2e1 1 iy 1wl 1l _ 55
M=3T5G-5 -37¢5-132 "1 (H.27)



Moment on "failed'" beam = W l -W -1- -;L
o « Unit bending moment redistribution produces extra
bending moment of 432/; = 0.3819444 on adjacent beams

il

shear force of :I-g-%——-—- of = 1,0 of on adjacent elements
3

=1 x =
where of is the ratio of shear force/bending moment

Qo

Unit shear force redistributed produces extra

m;— e

. 1 .
bending moment of 432 1 “113 = - 0.3819444/o€C on adjacent beams
24

shear force of 1,0 on adjacent element,
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Fig.H1 - Live Load Distribution Model

L
X X
- _--_T h ~ - -
Mlx,0) e il x) | - rix
.2‘-._.'1‘-:-«* b‘:.,.'.ﬂ.—..-;'-""_"'-"v "5 |
—
v
TI‘ load freated as spanning r
-
X between other pair of beams (1-x)

Fig.H.2 - Live Load Intensity on the Slab at X-X
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APPENDIX J - LOADING ON PCRTAL FRAME WITH PINNED FEET

INITIAL LOADING: Analysis is based on Frame II in Chapter 15 of '"Steel
Designers' ItI:sl.I:m,al“zT 2 with the loading and dimensions as given in fige 6e5e1e

k = T2/1, « M1 = 1902000 = 0.5

N = 2k+3.0=4.0

HORIZONTAL U.DeLe (S,):

My = (2.0 S, 10,0°/4) (=0.5/(2x440) +1) = 46.8755, Kiin
My = (2.0 §, 10,0°/4) (=0.5/(2x4.0 =1) =-53.125 S, kiim
B = (240 5, 10.0 - MC/10.0) = =14,7875 5, kN

M, = =H, a-2.0 8, a2/2 = (14,7975 =a)a 84 kim

Let a = Hy / (2.0 S,) = 7439375 m for max"® moment

Mp = + 54466754 S, ki
My = (+ 464875 = 5.0 x) S, ki¥m
My = (%/10.0) M, = =39.2793 S, kiim

VERTICAL U.DeLe. (52)=
2
My = My = -(s2 20.0°)/(424.0) = '25‘0.52 kNm
M, = (a/10.0) M = ~18.48438 S, kim

Mg

Up

HORIZONTAL POINT LOAD (33):

My = <My =M == M, = 10.0 S, (2/10.0) = 7.39375 S, kiim

Yy

POSITION OF F

(+ 7439375 = 04739375 %) S, khim

Let F be x m from B
My = [A6.875 = 5.0 x7 S, + /10,0 = 25.0 = 0.5 %27 S,
+ [T039375 = 04739375 x/ S, kin

= [E6.875 S, = 25.0 S, + 7439375 8,7

+ [2 5.0 S, + 10,0 5, = 0.T39375 5, 7

2
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Let F be at the point of max ® moment,

.
** L= [F5.0 5, + 10,0 5, - 0.739375 5,7 = 2(0e5 5,x)= 0.0
ax

S, E(S1) S E(S.)
Replace 5 by ixg;y and 32 by TSy since otherwise
2 :

Mo would be non=linear in S, 82 and 3

1 3?

(0]

+0

. 1.0

e o X = 1060 = 5.0 2.0 + 0a739375 240 = 445425 m

Mp = 2441625 5, + 10410785 S, + 44035131 S,

SUBSEQUENT LOADING:

All members are assumed perfectly ductile at failure,

Let the initial bending moment applied to the first cross-section at which
failure occurs by forming a hinge be (d11 8, +d, 8, + d13 53) and the local

resistance be RT,Lb.nding moment to be redistributed = (d11 8, +4d +d

- R1) kNmo

1 12 S2 13%
s
3

If the initial bending moment applied to a cross-=section on another member is

(d21 5, +d,, S,t d23 S4 ) and its resistance is R,y then the excess resistance

after the first hinge has formed will be

%

Ry = (dyy By *+dypy Sy +dy3 Sy ) —ay, (4,8, +d,, S, +d,3 8, =Ry

391 Ry * Ry = ((dyy + 39 dyy) Sy + (4, + 2y dyp) S+ @y5 + a5y 445) 8)
when 254 is the extra bending moment applied by the redistribution of a unit

bending moment from the first hinge at the second cross—section.

VALUES OF a21:

Bending Moment applied at E (or G)
) =My =M, = (10.0/a) 1.0 = 143617 kiim

ME= MG = 1.0 k‘Nm

Bending Moment applied at & (or B or F)

MA=MB=MF= 10 k¥m

My = M, = (a/10s0) 140=0,7344 kNm

=
n

Sign to be the opposite sign to the initial bending moment at the first local

failure modes
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