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ABSTRACT 

There are several reliability analysis methods which can he used to calculate 
the probability of a structural member failing in a single failure mode. 
Some of these methods use the complete set of basic variable values which will 
cause a local failure to obtain the failure probability (Level 3 methods), 
and are therefore extremely unwieldy for practical use, while others simplify 
that set by certain idealisations (Level 2 methods). The failure probabilities 
obtained by two of the Level 2 methods have been compared with those obtained 
by a Level 3 method in order to establish whether the inaccuracy caused by 
these idealisations can reasonably he neglected. 

A review has been carried out of some papers which describe methods for 
evaluating the probability of system failure by using properties associated 
with each potential local failure in the structural system. These methods 
tend to use the structural elements resistance against the load effect associated 
with a failure mode as basic variables. Therefore a method has been put 
forward which estimates the parameters of the distribution of such a resistance 
from a function of the basic variables and which is consistent with the best 
available estimate of the probability of that local failure being realised. 

Ditlevsen's (1979) method has been extended so that it can also deal with 
failure paths consisting of multiple non—ductile local failures. This proposed 
method has been developed so that bounds on the system reliability of any 
idealised structure can he produced, with the single provision that no load 
applied to the structure causes non—linear load effects on any of the elements. 
It has been demonstrated that, for some simple examples attempted, this method 
produces relatively narrow bounds which are consistent with values obtained by 
some of those methods which were reviewed together with a Monte Carlo simulation. 
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NOTATION 

a. . The event of the excess resistance of that element which would he 
if3 -jjk -kb the j element to fail if the i failure path were realised being 

less than or equal to zero after the excess load from the first 
(j-1) local failures in that path have been redistributed, 

th 
A^ The event of the i failure path being realised. 
c. . . The resistance coefficient by which the resistance r: v is multiplied 
iflt* t h 

in the form of the excess resistance for the j element which would 
th 

fail if the i failure path occurs. 
£ The transformation matrix which transforms a set of correlated basic 

variables into a set of mutually uncorrelated standardised variables. 
• Complement (ie event of the original event not being realised). 
d. . . The loading coefficient by which the load Sl is multiplied in the 

form of the excess resistance for the j element which would fail if 
th 

the i failure path occurs. 
E ( x ) The expected value (ie mean) of X. 
f^(x) The probability density function of X, evaluated at X = x. 
F The event of system failure. 
F^(x) The cumulative distribution function of X, equal to the probability 

of X x. 
g(x) The form of a failure criterion as a function of the basic variables. X. 
h(u) The form of a failure criterion as a function of the standardised 

normal basic variables. U« 
' A. 

m The number of failure paths in the failure set. 
n The number of basic variables. 

th n. The number of local failures which constitute the i failure path. 
i th 

n^ The number of time intervals during which the k time-varying load 
maintains a uniform intensity in the reference period, T. 

ng The number of loads applied to the structure. 
p(a) The probability of event 'a* being realised. 
p(a b) The probability of event *a* being realised conditional on event •b* 

having been realised. 
th r. . The resistance of the element which would be the i element to fail 

ifJ th if the j failure path were realised. 
dt The reliability of a system or element = 1.0 — p(F). 

th 
S^ The i load applied to the structure. 
t The difference between the maximum and the minimum values from a set n 

of n trials. 
T The reference period of the structure, usually the design life. 
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u A parameter for the extreme distributions. 
th u. A value of the i standardised normal basic variable 

i th 
u * The value of the i standardised normal basic variable at the 

Advanced Level 2 design point. 
U The set of random standardised normal basic variables, U-*, which 
/"V 7 1 7 

have values u.« 
l V The co—variance matrix for the basic variables, -x t h 

x. A value of the i basic variable. 
* th x^ The value of the i basic variable at the Advanced Level 2 design 

point. 
xf.,„ The maximum value from a set of n trials of X. MAX 
n 
:MIN x? r w The minimum value from a set of n trials of X. 

X The set of random basic variables. X., which have values x.. 
it th 1 th ®i,j The excess resistance of the i element which would fail if the j 

failure path occurs, and is equal to g(x) and 
o£ A parameter for the extreme distributions. 

th 
c^ The sensitivity factor of the i basic variable in Level 2 

reliability analysis. 
th th The reliability index for the i element which would fail if the j 

f ifO 

l 

© i 

failure path occurs, equal to the distance from the origin to the 
nearest point on the (idealised) failure boundary in standardised 

_> -j 

normal space. Usually assumed = — <}) (F„. ,(0.0)) 
• l 

r(.) The gamme function. 
th 

Sx. A small increment in the value of the i basic variable, X.. 
i th 

8u. A small increment in the value of the i standardised normal basic 
variable, U.. i th A k T The interval during which the k time—varying load maintains a 
constant intensity • T/n^ 

tjfkfl = 

Y (zi. i> 

0 Angle between the axes of two standardised normal variables. 
\ \ Signifies product of terms. 
^o(X,Y) The correlation coefficient of X and Y. 

The minimum value for the extreme type III minima distribution. 
F. Signifies summation of terms. 
0"(x) "Ehe standard deviation of X. 
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The probability density function for the standardised normal 
distribution, evaluated at U = u. 

$(u) The cumulative distribution function for the standardised normal 
distribution, equal to the probability of U ^ u. 

y>(r) = (y-|r|)/2y 
[1 Signifies intersection of events (ie the event of all the component 

events being realised). 
U Signifies union of events (ie the event of at least one of the 

component events being realised). 
Operate with as each sub-set of size k from in turn, 

j £1^. Operate with j as each element of in turn. 
X The sub-set of Im containing all elements not in 

Signifies a matrix. 
^ Signifies a vector. 

NB: In general when a capital letter is used for a random variable the 
same letter in lower case represents the values which it may take on. 
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CHAPTER 1 - INTRODUCTION 

1.1 BACKGROUND 
1.1.1 Limit State Design 

The methods available to an engineer for the design or analysis of structures 
are continually being refined and new methods are regularly being developed. 
One result of this trend is that the overall safety margin for structures 
is "being erroded as some of the previously intangible reserves of strength are 
incorporated explicitly in the calculations to help carry the applied loads. 

Partly as a result of this trend and partly as a result of a more rigorous 
approach generally, recent structural codes of practice have been based on 
the limit state approach, both in this countiy and internationally. In the 
UK the first Limit state code was CP 110:1972, "The Structural Use of Concrete"** 
In a limit state code each structural element is designed explicitly against 
failure by several modes rather than being designed to a general set of rules 
intended to cover all such modes. Those modes of failure which are chosen to he 
designed against are known as the limit states, and are intended to he the most 
probable of the known modes of failure. 

1.1.2 Partial Safety Factor Format 

At the same time as codes began to be written using the limit state approach 
they also changed to incorporate their safety element by means of partial 
safety factors instead of permissible stresses. With permissible stresses, the 
safety factor is a global one which, in practice, has been used to divide 
the yield stress to obtain the permissible stress. These safety factors are 
not given explicitly in the codes. 

When the safety element is incorporated by means of partial safety factors, 
different partial safety factors are applied to several of the design variables 
which serve to increase or decrease their nominal values. The values of 
the partial safety factors are given explicitly in the codes rather than being 
already incorporated into the given values of the design variables. The 
values of the partial safety factors are generally regarded as reflecting the 
uncertainty in the variables* values and therefore should lead to the overall 
factor of safety reflecting the uncertainty in the design. Furthermore the 
use of explicitly given partial safety factors allows their revision to be 
carried out relatively easily if and when further knowledge makes that desirable. 
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1.1.3 Calibration 

The overall intention of each limit state criterion is to ensure that any 
element designed to that criterion has an acceptable reserve of strength against 
that mode of failure. Since the values of the design variables are not known 
precisely (eg the maximum load applied to sin element or an actual material 
strength), a designer can never be entirely certain whether there is any reserve 
of strength. However, code writers have to decide on vstlues for partial safety 
factors so that the probability of there not being any reserve of strength 
is acceptably low without msLking any design uneconomic. This implies choosing 
psirtial safety factors values so that each design produces an element with a 
probability of failure equal, as near as is practicable, to a target probability 
whose value is based on the level considered socially acceptable. 

The simplest method to do this is to assume that the existing codes produce 
designs having the correct degree of safety and calibrate the new code to 
produce similar designs. The assumption can be made if the old code was used 
extensively without a history of failures. However, a code which just imitates 
its predecessor is not likely to advance the state of the art of engineering. , 

Alternatively, if the probabilities of failure can be calculated explicitly 
for each element in each mode of failure, the past experience with the whole 
code can be used to produce a target probability against which each design to 
the new code can be calibrated. 

1.1.4 Reliability Analysis 

Theoretically the probability of the failure of a structural element by a 
particular mode of failure can be calculated from a knowledge of the failure 
mechanism (and hence the sets of values for the design variables which, if any 
of them occurred, would result in failure) and the probability distributions for 
the values of the design variables. However, in most cases this can only be 
achieved by numerical methods and as such is extremely time—consuming. 

In order to reduce the extent of the calculations required, various methods 
have been devised which give approximations to the failure probability by making 
simplifications. The accuracy achieved with these methods varies depending on 
the extent of the simplification. In order to differentiate these methods 
from those which do not make such simplifications, the latter are called Level 3 
methods of reliability analysis and the former Level 2 methods. The use of 
partial safety factors in design equations are termed Level 1 methods. 

1 0 



It should he noted that any failure probability will he conditional on the 
existing knowledge used in the calculation, and that neither the variability 
of the design variables nor the mechanisms causing failure are perfectly 
understood. Therefore any such failure probabilities can only he considered 
as subjective and not frequentist measures of failure occurring. This should 
not be too significant in calibrating codes since any errors will apply to both 
the old and new codes. 

System Reliability 

The Level 2 methods mentioned above were developed to analyse single failure 
events (eg a beam failure in shear or a slab having excessive deflection). 
There aire, however, some modes of failure which involve system failures, where a 
system failure is one whose occurrence results from several individual, or local, 
failures occuring concurrently. An example of system failure is progressive coll-
apse, the importance of which was demonstrated in 1968 when a corner of the 
Ronan Point block of flats in Canning Town collapsed killing four people, 
following a gas explosion on the eighteenth floor. This failure resulted in an 
additional requirement, clause D17»ia "the Building Regulations ^ = 7 . 

A major difference between calculating system and local failure probabilities 
is that while a local failure is governed by a single criterion (eg a load 
effect being greater than a resistance or a deflection being greater than a 
specified limit), a system failure can he dependent on any one of a number of 
combinations of events (eg any two of four supports to a simply supported slab 
failing). Furthermore, the failure criteria for those events will he governed 
by variables some of which will be common to two or more failure criteria and 
some of which to only one. Therefore the events of constituent local, 
failures will be neither totally mutually independent nor mutually dependent, so 
that the probability of system failure cannot be obtained from just a knowledge 
of the probabilities of the local failures. 

Also, in design or analysis of structures, elements cannot be isolated from 
each other except by idealisations. For example, the load effect on a specific 
element cannot he known precisely because of: 

i. inaccurate structural analysis for anything other than a 
truly statically determinate structure; 
ii. the load-carrying capacity of nominally non—structural elements, 
and, 
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iii. load re-distribution as the structure deforms under load. 

analysing the whole structural system together such inaccuracies can be reduced, 
whether for conventional or reliability analysis. 

Therefore, methods of system reliability are being developed to complement 
those used to calculate the probability of single local failures. Because 
of the additional complexity of systems, these methods are not as developed 
and contain greater simplifications than the methods for single failure events. 

1.2 OBJECT AND SCOPE OF STUDY 
1.2.1 Accuracy of Level 2 methods 

The principal division of the methods for obtaining the probability of an 
element failing is into Level 3 methods using numerical integration, Level 3 
methods using Monte Carlo simulation, Mean Value Level 2 methods and Advanced 
Level 2 methods (see sections 2.3 and 2.4 for descriptions of these methods). 
Experience with different computer programs shows that reliability analysis 
based on an Advanced Level 2 method is usually very much faster than programs 
using numerical integration or even those using a simulation method, while 
Mean Value Level 2 methods are faster still. 

The disadvantage with the Level 2 procedures is that they give only an 
approximation to the failure probability, and so these methods need to he 
checked to see if the results which they produce can be treated with the 
desired degree of confidence. Therefore, in Part 1, some results obtained using 
these methods were comnared to those obtained using a Level 3 numerical integration 

that the errors occuring as a result of the simplifications that are implicit 
in an Advanced Level 2 method are fairly small for the simple structural problem 
examined. 

For this study the same failure criterion was used, but with a wider range of 
coefficients of variation for the basic variables. The comparisons used both 
a Mean Value Level 2 and an Advanced Level 2 method to investigate whether the 
extra calculations involved in the latter is justified in terms of improved 
accuracy. A series of randomly generated failure criteria were also studied to 
establish whether the form of the failure criterion had any effect on the accuracy 
of the results. These random criteria were arbitaiy said were not intended to 
have any structural significance. 

procedure. which had shown 
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1.2.2 Structural System Reliability Analysis 

Part 2 deals w i t h structural system reliability analysis. Some earlier papers 
dealing with the subject are reviewed. 

A method is proposed in which the resistance of the elements in a structure and 
the loads applied to it are treated as variables which have normal, or 
Gaussian, distributions. These variables are used to define idealised failure 
criteria for the local failures in a system which make allowance for load 
redistribution after each local failure. These criteria are then incorporated 
in a technique of system reliability analysis to obtain bounds on the probability 

general since it allows for parallel combinations of failure events as well as 
series combinations. The principal disadvantage of this generality is the 
increased complexity of the method. The only limitation on the structures for 
which this method can be used is that no load applied to the structure should 
cause non—linear effects on any constituent element. 

The proposed method was demonstrated in the analysis of some simple examples. 
The results were compared to those obtained when using some of the methods 
that had been reviewed, together with the system failure probability obtained 
from a Monte Carlo simulation. 

In both the proposed method and some of those described by the reviewed papers, 
the resistancesof the elements are used as variables. Therefore a method has 
been proposed which obtains the parameters for the distributions of such resis-
tances from the basic variables and which is consistent with the best estimate 
of the probability of the member failing when considered in isolation. 

of system failure. This method more 
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PART 1 - LEVEL 2 RELIABILITY METHODS 
CHAPTER 2 - CONSIDERATIONS WHICH AFFECT RELIABILITY 

2.1 BASIC VARIABLES 
2.1.1 Uncertainty in Design Variables 

In a design office, the values of all design variables are generally treated 
as being deterministic. In practice, however, the precise value of each 
variable will not be that assumed by the designer, although it should bear 
some relationship to it. In reliability analysis this uncertainty is 
allowed for by assuming that all design variables (with the exception of any 
mathematical or physical constants) are modelled by probabilistic distribu-
tions or stochastic processes. 

The uncertainty in the design variables is due to a number of causes. The 
values of the mechanical properties of construction materials (eg the yield 
strength of steel, the compression strength of concrete or its Young1 s 
modulus) will depend on a large number of factors, some of which have been 
investigated by and others. Similarly the variability of the 
structural dimensions and geometry has been studied74^7. 

The permanent loads (eg the self-weight or floor finishes) will be dependent 
on the structural dimensions together with the density of the materials that 
are used, and hence they can he correlated to properties of the materials 
and/or the structural dimensions. The variable loads (eg the occupancy load 
or wind load) will depend on the actual use to which the structure is put, 
and since this may change with time the maximum intensity of any variable 
load cannot be known until the end of the design life of the structure, and 
usually not even then. 

Another uncertainty is the uncertainty of the theoretical model used to 
predict structure behaviour. Even in the best relationship derived to model 
the behaviour of a type of member, various effects may be neglected, either 
because they are not known or because they are too complex to be included. 
These give rise to errors in the theoretical relationship and the ratio of 
the actual to the predicted behaviour can be considered as a further variable. 

2.1.2 Basic Variables 

The above variables are known as the basic variables, and the parameters for 
their distributions may be estimated by taking a large enough sample from 
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their populations. For simplicity in the past they were often treated as 
having normal distributions, but if there is enough data it is preferable 
to fit the most appropriate distribution to them. In some cases this can 
also be done from theoretical considerations (eg the log normal distribu-
tion if the quantity is the product of a set of random events, the normal 
distribution if the quantity is the sum of a set of random events, or the 
extreme type I maxima distribution if the quantity is the maximum value 
from a large set of normally distributed variables). 

An alternative approach is to use a knowledge of the higher moments, 
usually the coefficients of skewness and kurtosis, to fit a distribution 
from a family of similar distributions^^. This has the advantage of 
modelling the distribution only using direct observations of the quantity, 
but has the disadvantages that: 

i. any theoretical knowledge about the causes of the variability is 
not considered; and 
ii. the higher moments are sensitive to the sample taken unless a 
very large number are included. 

2.1.3 Correlated Variables 

The basic variables are often idealised as a set of mutually independent 
(and therefore uncorrelated) variables. If they are not, then they can be 
transformed into a set of mutually uncorrelated variables. This can be 
demonstrated by considering the transformation of a set of correlated 
variables, Xj into a set of mutually uncorrelated variables, ̂ U, such that 
E(U^) =0.0 and c r ^ ) = 1.0 for all i. If the transformation is 

U = C.(x + W) (2.1.1) 
where C is a constant matrix and W is a constant vector. 

( V 
Then 

E(U) = C.(E(X) + W) = 0 (2.1.2) 
Therefore jj must be -E(x) and the transformation is 

U = C . ( X - E ( X ) ) " (2.1.3) 
If V^ is the covariance matrix of X, then 

v x = E/TX- E(X)).(X - E(X))5 

= r 1 . E i & j . (c-1)T 

= (CT.C)-1 (2.1.4) 
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since 

= = £ (2-1-5) 

It can "be shownZTlZ that £ is in fact equal to 

C = AT. $ (2.1.6) 

where A is an orthogonal matrix with column vectors equal to the orthonormal 
eigenvectors of Vy, and Vy is a diagonal matrix composed of the eigenvalues 
of V r 

If the original variables do not have normal distributions, the transformed 
variables are not defined by common distributions. If all the original 
variables do have normal distributions, however, then the transformed 
variables are also normal. 

2.1.4 Example of Correlation 

One simple method of avoiding correlated variables is to use a combination 
of several mutually uncorrelated variables. When the uncorrelated variables 
are treated as a product, the means for all but one of the variables are 
taken as unity^while when they are treated as a sum, the means for all but one 
of t hem are taken as zero. For example, the yield strength of each 
reinforcing bar in a concrete beamZU47 has been modelled using four basic 
variables. The model is 

Fy = F1 x F 2 x F3 x F 4 (2.1.7) 

where 
Fy is the yield strength of a particular reinforcing bar in the beam; 
F^ models the variability of all bars of the same nominal diameter, 

type and grade with appropriate mean; 
F 2 models the variability between different works with unit mean, and 

will be common to all the bars in a beam unless part of a large 
project which warrants more than one supplier; 

F^ models the variability between billets with unit mean, and in many 
cases can be combined with F£; and 

F^ models the variability between bars rolled from a single billet 
with unit mean, and will be a different basic variable for each 
bar. 

In general, however, this precision in modelling does not occur because it 
would require considerable statistical knowledge for it to make a significant 
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contribution to the accuracy of any analysis, and to model all parameters 
perfectly would require more statistical data than is at present, or ever 
likely to be, available^*4,427. 

When analysis is being carried out for a whole structure rather than just 
a single member, then the set of basic variables for each local failure 
will be a sub-set of the complete set of basic variables for the structure, 

2.2 FAILURE CRITERIA 

A limit state is defined as a particular limiting condition for an element 
(or number of elements) beyond which it (or they) becomes unfit for one or 
more of its purposes. The limit states are usually divided into ultimate 
and serviceability classifications, where an ultimate limit state implies 
some form of collapse while a serviceability limit state implies that the 
member can no longer fulfil its design function in some respect. 

For the purposes of analysis, it is assumed that the basic variables can be 
used to define a function, g(x), such that if g(x) 0.0 that limit state 
has not been reached, but if g(x) ̂ 0 . 0 then it has been reached. This 
function will be referred to as a failure criterion, which is therefore a 
general term implying failure to comply with a specified design requirement 
and not necessarily collapse. The function g(x) need not necessarily be a 

'V, 
simple equation, so that the boundary between the safe region (defined as 
the subset of X in which g(x) > 0.0) and the failure region (the subset of 
X in which g(x) ̂ 0.0) is not necessarily a smooth hyper-surface. This 

/V boundary is known as the failure boundary. 

The probability of failure of an element or structure with respect to a 
particular limit state can be defined as the probability of the limit state 
function being less than or equal to zero, that is 

where Q is the subset of X^in the failure region and I (x) is the joint 
X. ̂  

probability density function for the variablesX. ~ 

(2.2.1 ) 
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If the element or structure has to satisfy several limit states, the subset 
Q is different for each limit state. The total probability of failure will 
be defined by that subset of 3C that contains all points of failure in the 
basic variable space. In general, it will not be either the sum or the 
maximum of the values for the separate limit states, though these will form 
bounds to it. 

The reliability,^,, of an element or structure is defined as the probability 
that it will not attain the relevant limit state(s), and as such is given 
by 

<R = 1.0 - p(F) (2.2.2) 
where p(F) is the probability of failure. In general the probability of 
failure is very small (typical values are around 10 " 6 ) so that the reli-
ability is most conveniently expressed in terms of one minus the probabil-
ity of failure. 

2.3 LEVEL 3 RELIABILITY ANALYSIS METHODS 
2.3 >1 Definitions 

The definition proposed for Level 3 methodsTTlZ is "safety checking based 
on an exact probabilistic analysis for whole structural systems, using a 
full distribution approach, with reliability levels based on agreed failure 
probabilities, interpreted in the sense of relative frequency". Most of 
the structures that have previously been analysed by these methods are 
single members considered to fail in only one mode. This is both because 
it is difficult to define the joint probability density function of the 
various basic variables and because accurate numerical solutions are 
extremely time-consuming. 

The object of any analysis by this method is to measure the cumulative 
probability of the function g(x̂ ) being less than or equal to zero. If 
there are n basic variables, this requires rewriting equation (2.2.1) in 
the form 

p ( p ) = I ...I I x v Y ( x1» x2'*-*' xn) x 7 / ( G ( X ) ) 
x-j =—Co Jx 2 =-00 Jxn=—oo 1> n 

dx^ dx2 ••• dxn (2.3.1) 
where 

Jj(y) =ZY-|yj7/2y . (2.3.2) 
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2.3.2 Numerical Integration Approach 

Analytical solutions to equation (2.3*1) are available for a few special 
cases, but in general this equation can only be solved numerically. 

Numerical integration of a convolution integral is an extremely time-
consuming procedure, particularly for a large number of variables, and 
therefore would not be recommended for general use. However, it is a 
suitable method for obtaining an accurate estimate of the probability of 
failure with which to compare the estimates obtained from other methods. 
If this method is used to assess the errors arising from an approximate 
method of reliability analysis, then the accuracy of the numerical 
integration procedure has to be at least an order of magnitude more 
accurate than the expected error of the approximate method. The size of 
the finite increments of the variable space added at each step and the 
number of such steps can be adjusted so that the appropriate degree of 
accuracy in the value of the failure probability is attained for the 
minimum amount of calculation. 

The division of the variable space into finite increments for numerical 
integration can be carried out in a number of ways. The simplest approx-
imate form of the failure probability, for mutually independant basic 
variables, is obtained by dividing the variable space into steps of size 
S x in each of the n dimensions. This gives 

"<p> * z i . . . £ [ 8 x 1 1 • • - • 
Jl=~k1 h = ' k 2 V - k n -

••• - Sx) .^(g(x))J (2.3.3) 
where g(x) is the numerical value of the failure criteria when x^ = j^ # S x 
for 1 ̂ i ^ n. Each value of and k^ is chosen so as to include all of the 
failure region which has a relatively high probability of realisation. 
2.3*3 Refinements to Numerical Integration Approach 

To evaluate the failure probability by equation (2.3*3) is not sensible 
since it is equivalent to dividing the basic variable space into equal 
sized hypercubes and then summing the probability content of those in the 
failure region. A more efficient approach is to carry out the convolution 
integration as a series of stacked "loops". The inside "loop", which finds 
p(p|x2,...,xn) is obtained from 
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FXl(Xl
f) if +<axJx2,...,xn) ^ 0 . 0 

p(FlXp,•••,x_) = j t 
' 1.0-FXl(x]j) if g(x\ +Sx,x2,...,xn) < 0.0 

(2.3.4) 
where x̂J is the value of the first variable such that g(xj,x2,...»xn) = 0.0 
for the conditional values of 

The second "loop" can then be carried out using the values of this con-
ditional probability for each increment in the second basic variable, and 
similarly for subsequent "loops" (figure 2.3.1), using 

ii, 

j-ki 

xi+1» xi+2 ,...,xn)j (2.3.5) 

This is repeated until the n^*1, and outer, "loop" has produced an 
unconditional failure probability. It should be noted, however that this 
approach is only applicable to structures in which the position of the 
failure surface can be uniquely defined by specifying any (n-1) of the 
n basic variables and the condition g(x.) = 0. 

For both equation (2.3.3) and (2.3*5) the accuracy will be improved if 
Simpson's Rule is used to sum the probabilities rather than the more 
straightforward Trapezoidal Rule. A further refinement is to vary the 
values of 8x such that they are smaller in regions of high probability, 
usually near the mean values, and larger in regions of low probability. 
A refined Level 3 method, using these and other modifications, is 
described in sub-section 3.1.3. 

2.3.4 Monte Carlo Analysis 

An alternative method to numerical integration, which also uses the full 
distribution approach, is Monte-Carlo simulation^""!/. In each of a number 
of trials a value is randomly generated from the distribution modelling 
each basic variable, and the failure criterion, g(x),is evaluated for that 

A/ 
set of values. The probability of failure is calculated as the proportion 
of the trials undertaken for which g(x) <0.0. The precision is dependent 
on the number of trials carried out and the expected number of those trials 
that will result in failure. 
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This precision gan sometimes he improved by fitting a curve, such as the 
Pearson Distribution curves/^^, using the central moments of the sample 
values, g(x), and calculating the probability of g(x)<0 directly. The 
main problem with curve fitting is that the tail of the parent distribu-
tion may not be the same shape as that of the fitted distribution. 

Monte Carlo simulation is useful for the verification of other methods 
where numerical integration would prove excessively expensive in computer 
time. This method will become inefficient with relatively reliable struc-
tures since the number of trials required to give a meaningful result is 
inversely related to the element*s probability of failure. 

2.4 LEVEL 2 RELIABILITY ANALYSIS METHOD 
2.4.1 Definition 

The proposed definition of a Level 2 method^"^7 is "a design method incor-
porating safety checks only at a selected point (or points) on the failure 
boundary (as defined by the appropriate limit state equation), rather than 
as a continuous process, as at Level 3". The different Level 2 methods, 
therefore, are different algorithms for identifying a suitable safety 
checking point and the idealisation of the failure boundary in the region 
of that point to determine reliabilities described either by safety indices 
or equivalent "operational" probabilities in the same sense as for Level 3 
methods. 

2.4.2 Mean Value Methods 

The Mean Value Level 2 methods^4»367 expand the failure criterion in terms 
of a Taylor series of mutually independent basic variables about the set of 
mean values. Using the first two terms is equivalent to linearising the 
failure surface at the mean point. This is given by 

2 = g(x) 

i=1 
(2.4.1) 

x=E(X) 

where n is the number of basic variables. Hence, using the rules for 
expectation and varianc 

E(a) = g(E(X)) (2.4.2) 

] (2.4.3) 

n 

i=1 L X=E(X) 
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The reliability i n d e x , i s defined as E(s)/cr(s), and the "operational" 
failure probability by C^(-y3). This will be exact if the failure cri-
terion is a linear function of normal variables. 

This method suffers from not being invariant^"57 to any equivalent trans-
formations of the failure criterion which produce the same failure and safe 
regions in basic variable space, including statistically acceptable trans-
formations of the basic variables. However, the amount of calculation 
required to obtain an estimate of the failure probability by this method 
is relatively small since the linearisation point is coincident with the 
mean point. 

2.4.3 Transformations of the Variables 

In order to eliminate the lack of invariance to transformations of the 
failure criterion, the linearisation can be carried out in the region of 
the point of maximum probability density on the failure surface/^ 
This point is known as the design point and has to be obtained by itera-
tion. The first step is to transform the basic variables. 

For the particular case of normally distributed variables, the following 
transformation can be used 

This makes the design point the closest point to the origin in the 
transformed variable space. Other transformations can be made for the 
cases of non-normal variables. 

One approach^"-^ to using these transformations is to model specific basic 
variables with set distribution types, and then make prescribed transforma-
tions on them. This has the advantage of consistency of approach between 
different failure criteria, but does not allow the best available models 
for each basic variable to be used. 

A more general method is to transform each variable from whatever distribu-
tion type has been used to model it into a standardised normal variable^"'^^ 
This can be done by taking the cumulative distribution function F Y (x) of Ai X^, as given by 

p
X i W = *) (2.4.5) 
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and then finding a value, u^, of a standardised normal distribution which 
has the same cumulative probability by 

, -1 
ui = 9 C ^ ^ i ) ) (2.4.6) 

where ^>(u) is the cumulative distribution function of the standardised 
normal variable u. A good polynomial approximation to ^(u) for computa-
tional purposes has been given by Hastings/?l/. 

This transformation may also be carried ou t / 2 7 by finding the mean, m, and 
standard deviation, s, for a hypothetical normal distribution which has the 
same cumulative probability and probability density at the specific value 

as the distribution of X^, followed by the further transformation 

u • = 
Xj_ - m 

1 S 

Values of m and s have to be found for each value of x^ used. 

(2.4.7) 

The transformation of x^ into for all the basic variables is referred 
to as the transformation from X-space (ie that of the original basic 
variables) into U-space (ie that of the standardised normal variables) 
(figure 2.4.1). Similarly can be transformed into Xj_ by 

x. l 

and the failure criterion can be transformed into U-space by 

-L ru r\j 

In practice this last transformation is carried out by transforming each 
value of Uj_ into the equivalent x^ before substituting into g(^). 

e W = ( <$ (u)) = h(u) (2.4.9) 

The latest modification is to allow for the inclusion of correlated basic 
variables since it has been shown that the transformations of the variables 
into another, mutually independent set can be carried out within the design 
procedurally/. 

2.4.4 Advanced Method 

The algorithm which is referred to as the Advanced Level 2 method in follow-
ing chapters is based on Home's algorithn/^/, but it is modified to include 
correlated basic variables. The failure criterion, equation (2.4.9)* is 
transformed into U-space and then linearised at the design point u*, so that 
it becomes 
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n 

i=1 
where 

(2.4.10) 

(2.4.11) 
u=u* 

The mean and standard deviation of 2 can "be found in a similar manner to 
those for the Mean Value method. Since E(Ui) = 0.0 and (r(Ui) = 1.0, these 
are 

n 

0=1 
(2.4.12) 

and 
n n 

(2.4.13) 
0=1 k=1 

where ^O (Uj,^) is the correlation coefficient for u^ and u-. If a pair 
of the "basic variables are either mutually independent or both have normal 
distributions, then ̂ O = ^ ( X ^ , ^ ) , but in other cases the relation-
ship has to be established explicitly, or else one has to be assumed. 

The reliability index is defined by 

i : [ - w ] 
Efa) _ t l 

f 3 cr(s) IJZ 51 

0=1 k=1 / 

Therefore 

- i 

' ( n 

^ I" T r t - ai J 3=1 ° i J 

« J z : z i l w w ] L P .1=1 k=i I 

(2.4.14) 

n n 
2 x 

( g £ h Y ( I v v ] ) 
3/a 

(2.4.15) 
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Since simplifies to /0(UjfDk) =/3 (^k»Uj)t ^is si 

z & V ] • £ 
1=1 . „ 

1=1 

-1=1 

lib t b v ( W ] 
' ,i=i k=i / 

z 3 

n r> ^ 

5 S L ^ f 
z: f [ w ^ v ] 
,i=1 k=1 I 

Su* (2.4.16) 

If A is to tie a stationary (maximum or minimum) value, then 

i=1 1 

subject to the point remaining on the failure boundary, so that 
n 

Z [ a i Suf ] =0.0 
i=1 

(2.4.17) 

(2.4.18) 

Therefore, if equation (2.4.16) is to be satisfied for all possible com-
binations of Sui* 

n n 

n r ^ , 

/ . n r 

.1=1 k=i 1 

= 0 . 0 ( 2 . 4 . 1 9 ) 

must be true for 1 i n. This gives n simultaneous equations in the 
n values of Uj_*, these equations being satisfied when 

n 

u * = -J ft p = 
( / n n 

(2.4.20) 

i=1 k=1 I 
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or 
V = 0C±/3 (2.4.21) 

r 
where 

n 
z : [ Y ^ ^ f l 

of, = J = 1 (2.4.22) 

2 f I 
.1=1 k=1 • 

2.4*5 Iterative Procedure 

In general, any trial set of estimated values of u^* will not exactly 
satisfy the failure criterion as defined "by the equation 

h(u) = 0.0 (2.4.23) 
<"V 

so therefore a correction factor Su-^* is required to "be applied to Uj_*. 
If 

h(u*) = A>* (2.4.24) 
then 

ZZ [ ai^ V t ) + A h = 0'° (2.4.25) 
i=1 

If the value of ̂  obtained from rearranging equation (2.4.21) for each 
value of i isySj_> so that 

~ u* 
/ 3 i = V o C i (2.4.26) 

then 

/fli + S u j / o C i - /3 ( 2- 4- 2 7 ) 

So that 
n 

Z ( f> y ^ i ) ] + A h = 0.0 (2.4.28) 

which can be rewritten as 
n 

i=1 

^ Z t - i ^ i l 
(2.4.29) 

i=1 
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and the correction factors can "be found from 
8u.* = (^3 - p ±) (2.4.30) 

Similarly to the Mean Value Level 2 method, the "operational" failure 
probability is found from 

p(F) = <£ (2.4.31) 

2.4.5 Mutually Uncorrelated Basic Variables 

The Advanced Level 2 method was originally developed for use with mutually 
uncorrelated basic variables. This simplifies some of the equations since 

, , f 0.0 if i / j 
/ 9 W - l i . o i f i . j ( 2' 4' 3 2 ) 

which implies that. 

z i [ = z ; [ a / ] ( 2 - 4 - 3 3 ) 

j=1 k=1 / j=1 

and 

n n n 

5 w • k / 9 ( D d ' V l = g I ^ r ( 2 - 4 - 3 4 ) 

An example of a failure criterion in three mutually independent variables 
is given in figure 2.4.2. The failure boundary is shown in one octant of 
the standardised normal space. The true probability of failure is the 
probability of any realisation ti occurring in the failure region, while 
the "operational" failure probability is the probability of ji being beyond 
the linearised failure boundary. Therefore any error will be due to the 
probability of u lying between the true and linearised failure boundaries, 
which are tangential at the design point. 

The additional error generated by using the mean point as the linearising 
point is illustrated in figure 2.4.3. The mean value linearisation of the 
failure criterion means that the approximate failure boundary may not even 
interesect the true failure boundary, so that the error can be several 
orders of magnitude larger than the Advanced Level 2 method. 

The Level 2 methods can only be used to estimate the failure probability 
(and hence the reliability) for modes of failure whose failure surfaces do 
not have gross discontinuities close to the transformed origin. This 
limits the method to the determination of the reliability against individ-
ual local failures as a general case. 
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Fig.2.4.2- Three Var iab le Failure Boundary 

in Standardised Normal Space 
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Fig.2.4.3 - Two Var iab le Failure Criterion in 

Standard i sed Normal Space 
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CHAPTER 3 - THE ACCURACY OF LEVEL 2 METHODS 

3.1 EVALUATION OF LEVEL 2 ERRORS 
3.1.1 Sources of Level 2 Errors 

The Level 2 methods of structural reliability analysis (as described in 
section 2.4) involve making some approximations in order to evaluate the prob-
ability of failure. At present these techniques are widely used75»1 ̂  257 
without the quantitative effect of the simplifying assumptions having been 
fully established. Some work has been done by Baker^llZ to examine the effect 
of these assumptions by comparing some failure probabilities obtained using 
the Advanced Level 2 method with those obtained using the Level 3 analysis by 
numerical integration. This chapter is an extension of that work. 

The error in the failure probability calculated by the Advanced Level 2 method 
can be divided into that which: 

i. is due to converging at the •wrong' design point (ie not the closest 
point on the failure boundary to the origin in standardised normal space); 
ii. is due to using inaccurate probabilistic models because of insuf-
ficient data; and 
iii. is due to the probability content of the basic variable space 
between the true and linearised failure boundaries. 

The error due to i. should be capable of elimination by refinement to the 
algorithm to ensure that the point found is not a local minimum, while any 
errors due to inaccurate probabilistic models are ignored since any error due 
to ii. will also affect the Level 3 control values. Therefore this study is 
primarily to examine the errors due to iii. 

3.1.2 Examples Used 

This study first examines the error in the relatively unimportant structural 
example of a rod in axial tension, both for the Advanced and Mean Value Level 2 
methods, using 117 sets of probability distributions for the basic variables. 
Each rod was designed to one of four reliability levels (Section 3.2). Since 
this first study examined only one combination of untransformed basic 
variables, 108 arbitrary failure criteria,against each of which designs were 
carried out to three reliability levels, were then examined to check that the 
first set of results were not dependent on the form of that criterion. These 
arbitrary failure criteria had no structural meaning unless by pure coincidence 
(section 3.3). Finally a non-structural failure criterion which contained two 
potential design points was studied to examine the errors in a failure boundary 
which was grossly non-linear (sub-section 3.3.8). 
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Horne^/ has proposed a method of determining the error "by assuming that the 
curvature components of the failure boundary are constant to infinity, and 
equal to the values at the design point. Since the important part of the 
failure region is that in the vicinity of the point of maximum probability 
density on the failure boundary, this assumption should not be too inaccurate 
provided that the curvature does not change significantly close to that region 
(for example when there is a discontinuity in the slope). However, direct 
comparison with the, failure probability obtained by the Level 3 method is 
needed to find the precise error, and therefore that is used for this study. 

3.1*3 Evaluation of Level 3 Probability 

The method used for calculating the Level 3 failure probability was based on 
that used by B a k e r T h e failure criterion was transformed into standardised 
normal space, equation (2.4.9)» â d. the basic variables were ranked in order 
of decreasing absolute values of OC^ (as given by equation (2.4.22) in the 
Advanced Level 2 analysis). The failure probability conditional on all but two 
of the standardised normal variables having specified values can be calculated 
using the chi distribution/"?^. The two non-specified variables were taken as 
the highest ranked pair. The chi distribution models the square root of the 
sum of the squares of independent standardised normal random variables, and 
therefore its cumulative distribution gives the failure probability of a hyper-
spherical failure boundary at the relevant radius in V dimensions, where V 
are the number of degrees of freedom. 

The chi probability density function is given by 

y A f f ' ^ ^ L f ) 
L ( y ) < _ „ S - 2 J (3.1.1) Y T(f) 

where T^C.) is the gamma function. For V =2 this simplifies to 

y . fa2]0 .«xpf p 

ST(y) - ^ >V(1) { 2 ' - 7 . exp(- f ) (3.1.2) 

with the associated cumulative distribution function given by 

F y W = f 7 y . exp(- f ) dy = 1.0 - exp(- f 2) (3.1.3) 
*J r\ 
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Hence the probability, p ^ , of being outside a circle of radius y centred at 
the origin in two-dimensional standardised normal space is given by 

2 
P 2 a = eap(- | ) (3.1.4) 

and the probability of being outside that circle in a segment of A radians 
is given by 

P ^ . expC-f2) (3.1.5) 

Therefore the plane in standardised normal space which included the two most 
important variables was divided into segments of radians, with the dis— 

+Vi 
tance from the origin to the failure boundary in the i segment being y^ 
(figure 3.1.1). Therefore the failure probability is given by 

1 
p(Fju3,u4,...,un) = — [ e*p(-i- y(2i-1)) + 4 • e xP(Hb|i) 

+ exp(- 1gy(2i+1 ))] (3.1.6) 

The limits k and 1 correspond to those obtained by applying negative and 
positive incremental angles respectively to the line at an angle tan"1(u2*/u^*) 
to the u-j axis -until the contribution to the probability from a segment in the 
incremental angle became insignificant, whilst ensuring that (k+l)A < 7V 
so that the contribution from a segment is not summed more than once. 

The third and subsequent variables were incremented in steps and the probabil-
ity, conditional on the values of the less sensitive variable, obtained using 
Simpson's Rule by 

- li 

X I (exp (- . S u f ) x 

p(F|uj,=(2j-1 J . & u ^ u ^ , . . . , ^ ) + 4 .. exp(-j2. % x 

p(F|ui=2j .%uifui+1,...,un) + exp(- (2jj+1) .feu*) x 

p(F|ui=(2j+1) •Suilui+1,...fun) | ] (3.1.7) 

with the values of increasing with decreasing absolute value of OCj_. 
The limits kj_ and lj_ correspond to these obtained by applying negative and 
positive increments respectively to Uj_ until the contribution to the probabil-
ity from an increment was considered insignificant. 

34 



The unconditional probability of failure, p(F), was obtained from equation 
(3.1.7) when i=n, the number of basic variables in the failure criterion. The 
values used for the limits and increments were chosen following a set of trial 
calculations so as to give an accuracy of three decimal places in log-|Q (p(F)). 
This level of accuracy was considered sufficient for the control values. 

3.1.4 Design and Analysis Procedure 

The procedure used for each example was to obtain a design for which the prob-
ability of failure calculated by the Level 2 method was equal to the target, 
or design, probability. This was achieved by altering the mean of one of the 
basic variables in the failure criterion in an iterative process. The "true" 
failure probability was then calculated by the Level 3 analysis method 
described above. 

For those cases in which the iterative procedure stopped before the value from 
the Level 2 analysis for log^Q (failure probability) was within three decimal 
places of the target value, the Level 2 and 3 values were treated as being 
proportional to each other and adjusted accordingly. This adjustment did not 
change any failure probability by more than 

3.2 EXAMPLE OF ROD IN AXIAL TENSION 
3.2.1 Form of Failure Criterion 

The first failure criterion to be studied in order to assess the difference 
between the failure probability determined using the Level 2 methods and the 
"exact" value -was the structurally simple problem of a cylindrical rod in 
axial tension. This has been used previously for other comparisons^* 1.i7# 
For the purposes of the present study the following assumptions were made: 

i. The bar was a perfect cylinder 
ii. Failure was defined by the onset of yielding 
iii. The rod was perfectly homogeneous 
iv. The load was applied axially 
v. The diameter, yield stress,permanent load and live load were 
independent random variables. 

Given these conditions the form of the failure criterion is given by 

S = g ( D , Y , P , L ) = - j * D 2 K Y - P - L = 0 . 0 ( 3 . 2 . 1 ) 
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where 
D sa the diameter of the rod 
Y = the yield stress of the rod 
P = the permanent load applied to the rod 
L = the live load applied to the rod 

This was a convenient example with which to examine the errors due to the lineari-
sation implicit in all Level 2 procedures since 2 is a non-linear function of 
four "basic variables. 

The design of each rod was carried out by altering the mean diameter to give 
the target failure probability as found with the Advanced Level 2 method. This 
design was then analysed by the Level 3 method and the Mean Value Level 2 
method. For the latter, the analysis was repeated with the form of the failure 
criterion rearranged from the load format of equation (3.2.1) to the stress 
format of 

3.2.2 Advanced Level 2 Results 

All four variables were treated as random variables only for the first seven 
cases considered (Table 3.2.1), with coefficients of variation from 0.05 "to 
0.25 for yield stress, 0.05 to 0.40 for both permanent and live loads and 
0.242 to 0.414 for diameter; these ranges being used to cover extreme cases 
rather than reflect values that would normally be encountered. A target 
failure probability of 1 0™3 was used. The Mean Value Level 2 analysis was 
not applied to these particular cases. 

The Advanced Level 2 method underestimated the probability of failure in each 
case, the furthest from the target value being 10~2.821# r̂ he faii^e boun-
dary for this case was plotted in transformed space in six mutually orthogonal 
planes through the design point (figure 3.2.1), with all but two of the 
variables held constant for each plane (figure 3.2.2 in two dimensions). This 
shows that the failure boundary in four of these planes are concave when viewed 
from the safe region, one is approximately linear and one is convex. Of the 
four concave surfaces, the one which has the diameter and yield stress varying 
is the least linear and hence results in the greatest error. 

For the remaining cases (Table 3.2.2), the coefficient of variation for the 
permanent load was kept at zero in order to economise on the computation 

(3.2.2) 
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required. The other coefficients of variation ranged from 0 . 0 5 to 0 . 2 5 for 
yield stress, 0 . 0 5 to 1 . 0 0 for the live load and 0 . 0 3 4 to 0 . 6 0 6 for diameter. 
The target failure probabilities were set at 10"3, lor5f 1cr7 0r 1Cf"9. The 
yield stress was modelled as having a normal distribution, so therefore its 
coefficient of variation had to always be less than (target probabil-
ity) in order to stop the probability of the yield stress theoretically having 
a negative value being greater than the target probability. 

The Advanced Level 2 method generally underestimated the probability of failure 
for this failure criterion. The range of failure probabilities were 10-2*784 
to 10-2*996, 10-4.696 to 10-4*996, 10-6.838 t o 10-7.009 ^ 10-8.819 to 
10-9*°39 for the target probabilities 10"^, 10"5, 10"7 and 10"9 respectively. 
The values of the failure probability evaluated by the Level 3 method were 
plotted on a logarithmic scale in figure 3.2.3, demonstrating their lack of 
scatter from the target values. Cases from each end of the range for the tar-
get probabilities 1 0 ~ 3 and 1 0-9 were plotted in figures 3.2.4 - 3.2.7 in a 
similar manner to figure 3.2.1. 

3.2.3 Shape of the Failure Boundaries 

As might be expected, those cases which gave approximately the correct failure 
probability have much more linear failure boundaries than those which under-
estimated it, whose boundaries were significantly concave. In case 83, where 
the Advanced Level 2 method overestimated the failure probability, the 
transformed failure boundary in the plane with varying diameter and live load 
is convex, despite being concave in that plane for the other three cases 
plotted. These diagrams, therefore, demonstrate that: 

i. A concave transformed failure boundary will cause the Advanced 
Level 2 analysis to underestimate the failure probability, and vice 
versa for a convex one; 
ii. The shape of the failure boundary can change from convex to concave, 
or vice versa, with changes in the parameters of the distributions model-
ling the basic variables because of the transformation into standardised 
normal space. 

The latter conclusion means that it will be difficult to generalise as to 
whether, or by how much, the Advanced Level 2 overestimates or underestimates 
the true failure probability, even for a given failure criterion with given 
probabilistic models for the basic variables. 
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The errors in log^o (p(F)) did not alter significantly with increased reliabil-
ity, so that the proportional error in Advanced Level 2 reliability analysis 
decreased with increasing reliability for this example. However, this is only 
the error conditional on the probabilistic models being correct, and the errors 
due to inaccuracies of these models could be expected to increase with increased 
reliability since the design point will be then further into the tails of the 
distributions modelling the basic variables. (The effect of the reliability 
level on the expected error is further discussed in section 3.3). 

3.2.4 Mean Value Level 2 Results 

The Mean Value Level 2 analysis gave two widely different failure probabil-
ities with the two forms for the failure criterion. With the load form it 
tended to overestimate the true probability, while with the stress form it 
always underestimated it. This demonstrates the range of results that the Mean 
Value Level 2 method can give for the same problem due to its lack of invariance 
to the form of the failure criterion. Therefore great care must be taken if 
using this method to define a consistent form in which all failure criteria are 
written. 

A set of rods were designed to a target probability of 10~5 t,y -the Mean Value 
Level 2 method, but the exact failure probability was obtained by the Advanced 
Level 2 rather than the Level 3 method because the previous study had 
demonstrated that the Advanced Level 2 method is considerably more accurate 
than the Mean Value Level 2 method. The results are given in table 3.2.3 and 
figure 3.2.7. The extra calculation required to carry out the iterative 
procedures in the Advanced Level 2 method were shown to be fully justified for 
non-linear failure criteria since the error in the failure probability of these 
designs were several orders of magnitude, and they were not to a consistent 
pattern which would have been virtually cancelled out when using them for a 
calibration exercise. However, the Mean Value Level 2 method is used still 
quite widelyZ^S/ because of its simplicity. 

It is suggested here that the Advanced Level 2 method should always be used in 
preference to the Mean Value Level 2 method. This is because, when the latter 
approach is adequate to give a good approximation to the failure probability, 
the former will only require a limited number of iterations to find the design 
point, and hence will not take significantly longer to evaluate the result. 
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3.3 EXAMPLES USING ARBITRARY FAILURE CRITERIA 
3.3.1 Form of Failure Criteria 

To extend the range of the comparison so as to eliminate any dependence on the 
form of the failure criterion, a set of failure criteria from a family of 
18,731 possible arbitrary failure criteria with mutually uncorrelated variables 
were analysed. The general form of the failure criteria was given by 

= one of the operators t, 1 or f 

nj_ = fixed index I randomly chosen within 
X ± = basic variable with fixed distribution fixed bounds (Table 3.3.1) 

k = constant, used to design the criterion to give failure probabilities 
of 10r"3, 1Ct5 and 10""7 by the Advanced Level 2 method. 

These failure criteria were not intended to have any structural significance 
they were purely to give a wide range of possible combinations of basic 
variables and hence shapes of transformed failure boundaries. 

The non-integer values of the indices were limited to those variables which 
have distributions that cannot have negative values. Any variable that is a 
denominator in a failure criterion was limited to the non-negative distribution 
types to eliminate the possibility of having an infinite as well as a zero 
failure boundary (as demonstrated in figure 3.3.1). The errors resulting from 
this type of failure criterion would have to be examined if any practical 
failure criterion were shown to exhibit such behaviour. 

3.3.2 Design Point Error 

Of the 108 different failure criteria that were analysed (Table 3.3.2), case 
No 26 resulted in the largest error. When the failure boundary was plotted in 
standardised normal space (figure 3.3.2), the curve was shown to have two local 
minima and hence two possible design points. The Advanced Level 2 failure 
probability had been obtained after iterating to the one further from the 
origin. When the iteration procedure was re-started near the correct, rather 
than the pseudo, design point each time, the iterative design procedure only 
succeeded for the target probability of 10-3. However, even with two approx-
imately equal possible values of for this reliability level, the error in 
log-jQ (p(F)) is less than 0.15 (see also Sub-sections 3.3.7 and 3.3.8). 

(3.3.1) 

where 

type, mean and standard deviation 
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3.3.3 Scatter of Results 

The remaining trials were plotted in a histogram of failure probabilities as 
computed by Level 3 analysis (figure 3.3.3), for which the mean and standard 
deviations were calculated for the three reliability levels (table 3-3-3)• These 
statistics demonstrate that the errors are not large for most cases, and that 
the tendency is for the Advanced Level 2 method to overestimate rather than 
underestimate the probability of failure for this family of failure criteria. 
(This is the opposite of what was observed with the single failure criterion 
of a rod in axial tension.) Further, the scatter does not appear to be depen-
dent on the target probability of failure, although a larger sample would be 
required in order to confirm this. 

3.3.4 Approximate Error Function 

In order to examine the theoretical effect of the value of the target probabil-
ity on the error, assume that the change of the constant only alters the dis-
tance between the origin and the design point in U-space (ie ̂  ). In two 
dimensions (which is considered for simplicity), this transformed boundary can 
be plotted with the line joining the origin to the design point as the x-axis 
and an orthogonal line to it through the origin as the y-axis (figure 3.3.4). 

The true failure boundary passes through the point ( 0 , 0) and can be defined 
by ' 

0 4 V 4- + 
7 = i ' ' (3.3.2) 

I f2 
where (x - ) ^.0.0 for a concave failure boundary and (x ) 0.0 for a 
convex one. The proportion of the probability content of any thin slice 
parallel to the y-axis which lies between the true and linearised failure 
boundaries is given by 

*,(*)- $ ( - * , ( * - £ ) ) + $ ( t ^ x - p ) ) (3.3.3) 

since the distribution of y is a marginal standard normal one. Therefore, for 
a convex failure boundary, the total error probability, pe, is given by 

/po 
f3 

= f1<x -/3 )) + ^ (f2(x -yS ))"] ^(x) dx (3.3.4) 

and for a concave failure boundary 

eft 
P e = J o o ^ f l ( / 3 " x ) ) + ( / 3 - * ) ) ] - 0 ( x ) dx (3.3.5) 
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Assuming that the true failure boundary is approximately linear, fj (x) and 
f2(x) will be large unless x = O.O, so that ^ (- f-j(x)) + ^ (f2(x)) will 
quickly tend to zero as x increases from zero. Therefore, since the majority 
of the integration will take place at x » replace j^(x) by ) so that 
equation (3.3.4) becomes 

Pe f [ $ (- fl(x "/S )) + § (f2(x -/3)) ] 0(^3) d* 

[ ^ (- f ^ x - ^ S )) + ^ (f2(x -^3)) d(x-y3) (3.3.6) 

Moving the failure boundary relative to the origin means t h a t c h a n g e s but 
(x - ) remains the same. Therefore equation (3.3.6) implies that equation 
(3.3.4) (and similarly for equation (3.3.5)) can be written as 

Pe = f * 0^3) (3.3.7) 
where q is a constant, dependent only on the shape of the failure boundary 
near the design point since the integral is in terms of (x -yS). This result 
can similarly be obtained for more than two dimensions. 

Hence the value obtained by Advanced Level 2 analysis for the probability of 
failure for failure boundaries of a given shape can be corrected by 

4> ) = p(F) - q * ) (3.3.8) 
Therefore 

lege ( $ (y3)) = lege [p(*0 - q * 0(/3 )] 

= loge (p(F)) + loge^1.0 - rJ ^ i ] 

(3.3.9) 

But, since the error, rj *^(x), « p(F)) §= ^ (-yS)» 

loge ($(-^)) = loge(p(F)) - (3.3.10) 

W $ O f » = lo g l 0(pW) - l' (3.3.11) 

3.3.5 Change in Expected Error with Probability Level 

Equation (3.3.11) implies that, for an approximately linear failure boundary of 
a given shape, the error in log<j0(p(F)) as found by Advanced Level 2 analysis 
will be proportional to the ratio of the probability density to the cumulative 
probability of - p (Table 3.3.4). This means that, if the shape of a boundary 
is maintained, the error increases but the proportional error decreases with 
increased reliability. 
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With the trial values obtained, dividing the mean errors in log-|0(p(F)) by 
<|> ( - ) for the three reliability levels produced very close results 

(0.0228, 0.0232 and 0.0229 for p(F) = K T 3 , 1(r5 and 1(T*7 respectively). This 
confirms that the errors are proportional to this ratio, although the standard 
deviations calculated from the same results do not follow any such pattern. 

3.3.6 Shape of Failure Boundaries 

Two of the trials that are of particular interest are cases No 33 and 34. In 
case No 33 the error reduced markedly with reduced target failure probability. 
The failure boundary in standardised normal space (figure 3.3.5) is nearly 
parallel to the U-j, U2 plane, and, since X^ has a normal distribution, this 
implies that the failure criterion, 3 = X^/X^ + X^ + k, can be approximated by 
the linear equation 3 ± X^ + k and that Xj « x| near the design point. As 
the target failure probability is reduced, the value of U^* increases and the 
concave "warp" in the failure boundary must have a decreasing influence. 

In case No 34 (figure 3.3.6) the error changes from an underestimation of the 
failure probability to an overestimation with reduced target probability. This 
results from the convex boundary in the , U^ plane remaining approximately 
the same distance from the origin in that plane, and hence contributing a 
similar error, while the concave boundary in the U2, U^ plane moves away from 
the origin in that plane with reduced target probability, and hence contributes 
a reduced error. (Both these error components would be proportional to 

7Ui 2 + u / ) in terms of equation (3.3.8).) Hence the one error is replaced 
by the other as the dominant error with changing reliability levels. 

3.3.7 Design Point Errors 

The linearisation of the failure boundary in standardised normal space at the 
closest, or design, point has been shown not to lead to gross errors for this 
family of arbitary failure criteria when estimating the probability of failure. 
However, when there are multiple local minima, as in case No 26, the choice of 
the true, rather than a pseudo, design point can be very critical. In order 
to reduce the probability of the wrong design point being found either: 

i. the Advanced Level 2 iteration procedure can be started from several 
different points, and the resultant values of p compared to find the 
minima when they differ; or 
ii. points on the hyper-sphere formed by points equidistant with the 
assumed design point from the origin in standardised normal space can be 
checked to see if they are in the failure region, and the Advanced Level 2 
iteration procedure restarted from that point if it is in the failure region. 
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An excessive number of such checks would be required to be entirely certain 
that the point found is the design point. It may be possible to reduce this 
with experience of the particular failure criterion, so that the checks are 
carried out in regions of the variable space where the curvature is such that 
any local minima are most likely to exist. Two possible examples are: 

i. When there is a discontinuity of slope due to a change in the basis 
of the failure criterion (eg in an RC beam when the reinforcing bars move 
from the plastic to the elastic portion of the stress-strain curve, and 
vice versa); and 
ii. When the distribution modelling a basic variable, before being 
transformed into a standardised normal one, has a step in its probability 
density function (eg when the yield stress is modelled by a lognormal 
distribution, but below a particular value the probability density is 
reduced to a fraction of the normal value (with the complete distribution 
re—normalised) to represent quality control procedures). 

3.3.8 Multiple Local Minima 

An arbitrary failure criterion in two variables was therefore analysed, in 
which both variables had normal distributions with unit standard deviations, 
to examine the effect of multiple local minima when the correct design point 
is found. The failure criterion used was the cubic equation 

g = g ( X 1 t X 2 ) = X-j3 + 4 . 5 X 1 2 + 5 . 3 X 1 - 1 . 2 X 2 + 5 . 7 ( 3 . 3 . 1 2 ) 

Since both variables had normal distributions, any change in their mean values 
only moved the origin of the transformed surface without affecting its shape. 
The failure boundary (figure 3.3.7) Had a definite point of inflection and two 
localised minimum distances to most of the points used as transformed origins. 

This is again a non-structural failure criteria. Furthermore this type of 
curve is unlikely to occur to such a marked extent in any genuine failure 
criterion model since it is not monotonic. In general the significant basic 
variables will be either loading variables (and therefore any increase in 
value will cause a decrease in the failure criterion's value) or resisting 
variables (and therefore any increase in value will cause an increase in the 
failure criterion's value). 

The particular computer program used for the Advanced Level 2 method failed to 
find the design point for a set of the transformed origins, and for three of 
these the program used for the Level 3 method also failed to calculate the 
failure probability. For the remaining transformed origins the apparent error 
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in log.jQ (failure probability) calculated by the Advanced Level 2 method is 
never more than about double or less than half that calculated by the Level 3 method. 

The results showed that once the origin was a reasonable distance (about 2 
standard deviations) from those parts of the failure boundary with sharp cur-
vature, the accuracy of the Level 2 analysis was within acceptable agreement 
of the Level 3 results for such values as were obtained. 

3.3.9 Extension of Present Work 

If multiple design points are found or sharp curvature is suspected, then a 
possible method to find how "sharp" that curvature is near to a design point 
in any plane Uj_, Uj is to increase u^* by S ^ and find the value of uj, Uj+, 
which satisfies the failure criterion given that all other values are at their 
design point values. Repeating this procedure using Uj_* - Su^ to find 
allows the curvature in that plane at the design point to be approximated by 

# (ui+ - 2u •* + u.J J. = J + „ .1 L I (3.3.13) 
^ ' fin? 

O UJ The limiting absolute value of J , above which gross errors in the Level 2 

reliability analysis are likely, will be a function of , but to establish 
this function is outside the scope of this study. The relevant size of 
may not necessarily be small since the sharp curvature causing an error may 
not occur at the design point (eg with transformed origin (-2.0,4.0) in the 
example above, or if there is a complete discontinuity of slope). 

In modelling real structural members, where there are likely to be a large 
number of basic variables, the feasibility of checking for any such marked 
non-linear behaviour of the transformed failure surface will be small. 
However, error is most likely to occur when there are multiple local minima 
with similar values of but with widely differing cC vectors, where the 
variables with the most altered oC i values should be examined first. 
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Fig.3.1.1 - Failure Boundary in S t anda rd i s ed 
u 2 

Normal Space for the First Two Variables 
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Variable Mean Distribution Type 

Diameter Varies Lognormal 
Yield Stress 290.0 Normal 
Permanent Load 30000.0 Normal 
Live Load 50000.0 Extreme Type I Maxima 

Log^Q (Design Failure Probability) =-3.0 

Case 
No 

Coefficients of Variation 
Log10 
(Failure 

Probability) 
Case 
No Yield 

Stress 
Permanent 

Load 
Live 
Load Diameter 

• iJicinieTi er 
Mean 

Log10 
(Failure 

Probability) 

1 0.05 0.05 0.10 0.271 44.36 - 2.981 
2 0.05 0.05 0.40 0.260 46.10 - 2.985 
3 0.05 0.40 0.40 0.250 46.49 - 2.975 
4 0.25 0.40 0.10 0.242 49.58 - 2.821 
5 0.05 0.05 0.40 0.414 72.36 - 2.990 
6 0.25 0.05 0.05 0.407 73.73 - 2.836 
7 0.25 0.40 0.40 0.398 75.41 - 2.832 

TABLE 3.2.1 - Advanced Level 2 Comparison with Four Variables 

46 



Coefficients of 
Variation 

Log10 (Failure Probability) 

Case Diameter Mean Value Level 2 No Mean Mean Value Level 2 
Yield 
Stress 

Live 
Load Diameter Exact 

(Load) (Stress) 

8 0 . 0 5 0.05 0.064 23.34 - 2.922 - 2.269 - 3.820 
9 0.05 0.10 0.063 23.73 - 2.905 - 2.465 - 4.188 
10 0 . 0 5 0.40 0.052 29.02 - 2.994 - 4.565 - 7.104 
11 0.25 0.05 0.038 39.42 - 2.996 - 2.818 - 3.000 
12 0.25 0.40 0.037 40.40 - 2.926 - 2.856 - 3.028 
13 0.05 0 . 2 5 0.105 28.66 - 2.960 - 2.318 - 6.334 
14 0.10 1.00 0.074 40.33 - 2.994 - 3.990 - 6 . 5 8 7 

15 0 . 2 5 0.25 0.075 40.19 - 2.939 - 2.444 - 3.013 
16 0.05 0 . 0 5 0.207 3 6 . 2 2 - 2.980 - 1.389 - 8.476 
17 0.05 0.40 0.195 38.55 - 2.979 - 1.583 - 10.452 
18 0.10 0.10 0.205 36.62 - 2.945 - 1.387 - 6.307 
19 0.10 0 . 4 0 0.193 38.88 - 2.962 - 1.564 - 7.333 
20 0 . 2 5 0.10 0.173 43.45 - 2.893 - 1.550 - 3.065 
21 0.05 0.05 0.271 44.38 - 2.987 - 1.180 - 12.336 
22 0.05 0.40 0.260 46.10 - 2.977 - 1.264 - 14.246 
23 0.10 0.10 0.269 44.63 - 2.960 - 1.178 - 8.387 
24 0.25 0.05 0.246 4 8 . 8 6 - 2.821 - 1.214 - 3.215 
25 0.25 0.40 0.239 50.21 - 2.784 - 1.263 - 3.302 
26 0 . 0 5 0.05 0.422 71.14 - 2.995 - O . 8 8 5 - 28.309 
27 0.10 0.40 0.413 72.59 - 2.970 - 0.901 - 14.737 
28 0.05 0.10 0.521 96.04 - 2.991 - 0.775 - 43.422 
29 0.10 0.40 0.514 97.36 - 2.975 - 0.782 - 17.857 
30 0.05 0 . 0 5 0.606 123.68 - 2.992 - 0.704 - 56.406 
31 0.10 0.40 0.600 124.91 - 2.979 - 0.712 - 19.782 

TABLE 3.2.2(i) - Rod in Axial Tension with Design p(F) = 
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Case 
No 

Coefficients of 
Variation 

Diameter 

Log-jQ (Failure Probability) 

Case 
No 

Coefficients of 
Variation 

Diameter 

Exact 
Mean Value Level 2 Case 

No 
Yield 
Stress 

Live 
Load Diameter 

Mean 
Exact 

Mean Value Level 2 Case 
No 

Yield 
Stress 

Live 
Load Diameter 

Mean 
Exact 

(Load) (Stress) 

32 0.05 0.05 0.060 2 5 . 0 0 - 4.876 - 3.385 - 6 . 8 6 9 

33 0 . 0 5 0.40 0.044 34.48 - 4.996 - 8 . 8 6 6 - 16.103 
34 0.10 0 . 0 5 O . O 5 6 26.79 - 4.881 - 3.451 - 5.368 
35 0.10 0.40 0.042 35.53 - 4.968 - 6 . 6 5 2 - 9.269 
36 0.05 0.25 0.091 33.10 - 4.980 - 3.702 - 14.350 
37 0.10 0 . 0 5 0.098 30.58 - 4.894 - 2.620 - 6.512 
38 0.10 0.40 0.080 37.72 - 4.974 - 4.293 - 9 . 8 6 6 

39 0.20 0.10 0.061 49.06 - 4.976 - 3.897 - 5.008 
40 0 . 0 5 0.40 0.163 46.08 - 4.995 - 2.249 - 24.035 
41 0.10 0.10 0.178 42.43 - 4.908 - 1.816 - 10.294 
42 0.10 0.40 0.161 46.71 - 4.971 - 2.200 - 12.298 
43 0 . 0 5 0 . 0 5 0.233 51.57 - 4.975 - 1.497 - 26.000 
44 0.05 0.40 0.218 55.41 - 4.985 - 1.686 - 31.643 
45 0.10 0.05 0.230 52.08 - 4.955 - 1.488 - 13.003 
46 0.10 0.40 0.214 55.95 - 4.965 - 1.669 - 14.479 
47 0.20 0.40 0.198 6 0 . 5 1 - 4 . 6 9 6 - 1.690 - 5.299 
48 0.10 0 . 0 5 0.349 8 5 . 8 5 - 4.974 - 1.068 - 18.564 
49 0.10 0.40 0.338 88.82 - 4.959 - 1.111 - 19.096 
50 0.20 0.10 0.339 8 8 . 5 6 - 4.769 - 1.070 - 5-860 
51 0.05 0.10 0.427 117.14 - 4.979 - 0.919 - 67.500 
52 0.10 0.40 0.416 120.32 - 4.961 - 0.932 - 20.910 
53 0.05 0.05 0.492 152.48 - 4.993 - 0.827 - 76.295 
54 0.05 0.40 0.482 155.69 - 4.965 - 0.839 - 21.824 
55 0.20 0.40 0.474 158.14 - 4.872 - 0.837 - 6.320 

TABLE 3.2.2(ii) - Rod in Axial Tension with Design p(P) = 
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Coefficients of 
Variation 

Log-j() (E^ilure Probability) 

Case Diameter Mean Value Level 2 No Mean Mean Value Level 2 
Yield 
Stress 

Live 
Load Diameter Exact 

(Load) (Stress) 

56 0.05 0.05 0.057 26.35 - 6 . 8 3 8 - 4.400 - 10.060 
57 0.05 0.40 0.038 39.23 - 6.996 - 13.322 - 25.852 
58 0.10 0.05 0.052 29.08 - 6.862 - 4.603 - 7.353 
59 0.10 0.40 0.037 40.90 - 6.960 - 9.041 - 12.370 
60 0.05 0.25 0.081 36.99 - 6.993 - 5.090 - 23.595 
61 0.10 0.05 0.090 33.17 - 6.855 - 3.286 - 8.640 
62 0.10 0.40 0.069 43.31 - 6 . 9 6 8 - 5.792 - 13.019 
65 0.05 0.40 0.143 52.46 - 7.009 - 2.880 - 37.522 
64 0.10 0.10 0.162 46.44 - 6.869 - 2.172 - 12.984 
65 0.10 0.40 0.140 53.46 - 6.978 - 2.793 - 15.405 
66 0.05 0.05 0.270 57.06 - 6 . 9 6 3 - 1.754 - 38.025 
67 0.05 0.40 0.190 63.14 - 7.002 - 2.074 - 46.722 
68 0.10 0.05 0.208 57.80 - 6.93^ - 1.743 - 15.646 
69 0.10 0.40 0.187 64.02 - 6.975 - 2.045 - 17.276 
70 0.05 0.40 0.296 101.24 - 6.983 - 1.301 - 68.935 
71 0.10 0.40 0.294 101.96 - 6.961 - 1.296 - 20.653 
72 0.05 0.10 0.375 133.20 - 6.966 - 1.037 - 76.716 
75 0.10 0.40 O . 3 6 1 138.64 - 6.958 - 1.073 - 21.804 
74 0.05 0.05 0.431 174.72 - 6 . 9 8 8 - 0.922 - 82.121 
75 0.10 0.40 0.417 180.05 - 6.958 - 0.949 - 22.353 

TABLE 3.2«2(iii) - .Rod in Axial Tension with Design p(P) = lo""7 
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Case 
No 

Coefficient of 
Variation 

Diameter 
Mean 

Lo^10 (Failure Probability) 

Case 
No 

Coefficient of 
Variation 

Diameter 
Mean 

Exact 
Mean Value Level 2 Case 

No 
Yield 
Stress 

Live 
Load Diameter 

Diameter 
Mean 

Exact 
Mean Value Level 2 Case 

No 
Yield 
Stress 

Live 
Load Diameter 

Diameter 
Mean 

Exact 
(Load) (Stress) 

76 0.05 0.05 0.054 27.55 - 8.827 _ 5.377 _ 13.363 
77 0.05 0.40 0.034 43.51 - 8.997 - 17.633 - 34.869 
78 0.10 0.05 0.048 31.49 - 8.860 - 5.814 — 9.273 
79 0.10 0.40 0.033 45.97 - 8.949 - 11.020 - 14.616 
80 0 . 0 5 0.25 0.074 40.53 - 9.000 - 6 . 4 6 6 - 32.514 
81 0.10 0.05 O.O84 35.59 - 8 . 8 1 9 - 3.926 - 10.451 
82 0.10 0.40 0.062 48.53 - 8.958 - 7.160 - 15.213 
83 0 . 0 5 0.40 0.129 58.16 - 9.039 - 3.491 - 48.468 
84 0.10 0.10 0.150 50.16 - 8 . 8 3 0 - 2.491 - 14.814 
85 0.10 0.40 0.126 59.60 - 8.977 - 3.359 - 17.310 
86 0.05 0 . 0 5 0.195 61.56 - 8.951 - 1.977 - 47.396 
87 0.05 0.40 0.171 70.05 - 9.015 - 2.447 - 57.554 
88 0.10 0.05 0.192 62.61 - 8.911 - 1.965 - 17.235 
89 0.10 0.40 0.168 71.26 - 8 . 9 8 1 - 2 . 4 0 4 - 18.839 
90 0.05 0.05 0.285 105.17 - 8 . 9 7 1 - 1.354 - 72.319 
91 0.10 0.40 0.264 113.51 - 8.971 - 1.467 - 21.378 
92 0.05 0.10 0.341 146.53 - 8.954 — 1.140 - 80.809 
93 0.10 0.40 0.324 154.56 - 8 . 9 6 4 - 1.198 - 22.192 

TABLE 3.2.2(iv) - Rod in Axial Tension with Design p(F) = 
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Case 
No 

Coefficients 
of 

Variation 
Load Format Stress Format 

Case 
No 

Coefficients 
of 

Variation 
eter Log10 Diameter Case 

No Yield 
Stress 

Live 
Load 

Diam eter Log10 Diameter Case 
No Yield 

Stress 
Live 
Load Mean C of V 

(Failure 
Probability) Mean C of V 

failure 
Probability) 

94 0 . 0 5 0 . 0 5 27.07 0.055 - 8.20 24.05 0.062 - 3.79 
95 0 . 0 5 0.40 29.64 0.051 - 3.22 27.26 O.O55 - 2.43 
96 0.10 0.05 29.84 0.050 - 7.66 26.36 0.057 - 4 . 6 4 

97 0.10 0.40 32.01 0.047 - 3.79 29.26 0.051 - 2 . 9 0 

98 0 . 0 5 0.25 36.73 0.082 - 6.87 27.63 0.109 - 2.59 
99 0.10 0.05 39.53 0.076 - 12.07 28.76 0.104 - 3.77 

100 0.10 0.40 40.33 0.074 - 5.92 30.59 0.098 - 2 . 7 6 

101 0.20 0.10 69.81 0.043 - 5.76 49.38 0.061 - 5-00 
102 0.05 0.40 70.58 0.106 - 14.06 33.78 0.222 - 1.98 
103 0.10 0.10 7 6 . 2 7 0.098 - 20.15 34.74 0.216 - 2.47 
1 0 4 0.10 0.40 76.25 0.098 - 15.04 35.33 0.212 - 2 . 2 4 

1 0 5 0 . 0 5 0 . 0 5 107.94 0.111 - 2 . 5 0 37.96 0.316 - 1 . 7 8 

106 0 . 0 5 0.40 107.87 0.111 - 23.55 38.12 0.315 - 1.71 
107 0.10 0.05 116.64 0.103 - 21.92 39.44 0.304 - 2.00 
108 0.10 0.40 1 1 6 . 5 5 0.103 - 21.84 39.62 0.303 - 1.89 
1 0 9 0.20 0.40 202.22 0.059 - 6.45 55.49 0.216 - 4.25 
110 0.10 0.05 283.80 0.106 - 22.92 53.33 0.563 - 1.38 
111 0.10 0.40 283.74 0.106 - 22.92 53.03 O . 5 6 6 - 1.35 
112 0.20 0.10 492.55 0.061 - 6.53 68.23 0.440 - 2 . 5 6 

113 0 . 0 5 0.10 436.20 0.115 - 31.25 63.34 0.789 - 1.10 
114 0.10 0.40 471.34 0.106 - 23.04 6 4 . 6 7 0.773 - 1.15 
115 0 . 0 5 0.05 6 5 3 . 6 O 0.115 - 71.31 75.62 0.992 - 0.99 
116 0.10 0.40 706.27 0.106 - 23.08 76.90 0.975 - 1 . 0 4 

117 0.20 0.40 1225.81 0.061 - 6.54 93.37 0.803 - 1.55 

TABLE 3.2.3 - Rod in Axial Tension with Design p(F) = 10~^ "by 
Level 2 Mean Value Method 
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FAILURE CRITERION: 3 

SIGNS: p(®±=+)=p(®i
; 

= ® 2 

= - ) = p ( ^ . = x ) = p ( ^ i e 4 ) = 0 . 2 5 

Distribution 
p (Distribution Ttype 

for X ± ) if p(n^ = m(Distribution Type for X^) 
' where 

Type 
for Xj_ i=2|® 1 = f 

or 
i=3|® 2 = f 

Type 
for Xj_ i=1 

or i=2|©>|£. 
or i=3|&2 r t r 

i=2|® 1 = f 
or 

i=3|® 2 = f 
1 / 1 / i i 1 m= 4» o r "2 m=1 m=2,3,4*5 or 6 

Normal 0.20 0.0 0 . 0 0.1667 0.1667 

Lognormal 0.20 0.40 0.0833 0.1667 0.0833 
Extreme Type I 
Maxima 0.10 0.0 0.0 0.1667 0.1667 

Extreme Type I 
Minima 0.10 0.0 0.0 0.1667 0.1667 

Extreme Type II 
Maxima 0.10 0.20 0.0833 0.1667 0.0833 

Extreme Type HE 
Minima 0.10 0.20 0.0833 0.1667 0.0833 

Rectangular 0.10 0.0 0.0 0.1667 0.1667 

Exponential 0.10 0.20 0.0833 0.1667 0.0833 

DISTRIBUTION TYPES AND INDICES 

^ ( X i j f ^ ) ) = 9T0 1 1 , 0 ^ E ( Xi) < 1 0 w 0 

STANDARD DEVIATIONS: ? Q " ( CT (Xi)) = , 0.05E(Xi) ^ (Xj_) < O ^ O E ^ ) 

NB: If distribution type for X^ is exponential, reset E(X^) = (y (X^) 

CONSTANT: K is set to give the target failure probability 

TABLE 3.3.1 - ARBITRARY FAILURE CRITERIA 
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Case 
No 

Design Failure 
Probability Case 

No 

Design Failure 
Probability Case 

No 

Design Failure 
Probability Case 

No 
10-3 10-5 10-7 

Case 
No 

10-3 10-5 10-7 

Case 
No 

10-3 10-5 10-7 

1 - 2.979 - 4.971 - 7.026 37 - 2.906 - 5.294 - 7.089 73 - 3.103 - 5.116 - 7.124 
2 - 3.010 - 5.010 - 7.071 38 - 3.010 - 5.010 - 7.010 74 - 3.009 - 5.009 - 7.010 
3 - 3.058 - 5.034 - 7.035 39 - 3.015 - 5.019 - 7.025 75 - 3.051 - 5.303 - 7.332 
4 - 2.930 - 4.879 - 6.830 40 - 3.044 - 5.051 - 7.055 76 - 3.054 - 5.063 - 7.069 
5 - 3.004 - 5.035 - 7.051 41 - 2.998 - 4.892 - 6.897 77 - 3.085 - 5.132 - 7.186 
6 - 3.355 - 5.363 - 7.099 42 - 3.129 - 5.141 - 7.149 78 - 3.010 - 5.010 - 7.010 
7 - 3.010 - 5.010 - 7.011 43 - 3 . 0 0 0 - 5.001 - 7.001 79 - 3.337 - 5.346 - 7.134 
8 - 3.278 - 5.111 - 7.107 44 - 3.870 - 5.907 - 7.839 80 - 3.002 - 5 . 0 0 8 - 7.010 
9 - 3.079 - 5.295 - 7.387 45 - 3.040 - 5.049 - 7.057 81 - 3.118 - 5.183 - 8.794 
10 - 3.139 - 5.211 - 7.300 46 - 3.020 - 5.028 - 7.036 82 - 3.049 - 5.105 - 7.154 
11 - 3.206 - 5-010 - 7.011 47 - 3.010 - 5.010 - 7.010 83 - 3.014 - 5.015 - 7.015 
12 - 3.010 - 5.010 - 7.011 48 - 3.010 - 5.010 - 7.010 84 - 3.009 - 5.010 - 7.010 
13 - 3.010 - 5.010 - 7.010 49 - 2.853 - 4.870 - 7.427 85 - 3.930 - 6.199 - 7.932 
14 - 3.285 - 5 . 0 2 9 - 7.034 50 - 2.782 - 4.727 - 6 . 7 0 3 86 - 2.996 - 4.994 - 6.993 
15 - 2.989 - 4.977 - 6 . 9 6 7 51 - 3.014 - 5.015 - 7 . 0 1 6 87 - 3.010 - 5.010 - 7.011 
16 - 3.016 - 5.016 - 7.017 52 - 3.045 - 5.051 - 7.055 88 - 3.010 - 5.012 - 7.014 
17 - 3.015 - 5.025 - 7.044 53 - 3.007 - 5-010 - 7.025 89 - 3.099 - 5 . 0 9 0 - 7.082 
18 - 3.010 - 5.010 - 7.010 54 - 3.049 - 5.072 - 7.092 90 - 3.066 - 5.065 - 7.063 
19 - 3.546 - 5.198 - 7.210 55 - 3.235 - 5.007 - 7-000 91 - 3.062 - 5.070 - 7.075 
20 - 3.205 - 5.649 - 7.847 56 - 3.093 - 5.047 - 7.049 92 - 3.010 - 5.010 - 7.020 
21 - 3.010 - 5.010 - 7.010 57 - 3.342 - 5.277 - 7.002 93 - 3.506 - 5.824 - 7.280 
22 - 3.017 - 5.018 - 7.019 58 - 3.011 - 5.011 - 7.011 94 - 3.042 - 5.260 - 7.074 
23 - 3.059 - 5.071 - 7 . 0 8 0 59 - 2.913 - 4.931 - 6.953 95 - 3.312 - 5.367 - 7.300 
24 - 2.878 - 4.905 - 6 . 8 8 5 60 - 3.077 - 5.083 - 7.084 96 - 3.198 - 4.998 - 7.007 
25 - 3.009 - 5.024 - 7.053 61 - 2.857 - 4.903 - 6 . 9 8 6 97 - 3.056 - 5.914 - 8.992 
26 - 2.856 - 3.441 - 3.486 62 - 3.018 - 5-002 - 7.002 98 - 3.052 - 5 . 0 6 5 - 7.075 
27 - 3.010 - 5.010 - 7.011 63 - 3.010 - 5.010 - 7.010 99 - 3.011 - 5.012 - 7.013 
28 - 3.013 - 5.014 - 7.016 64 - 3.066 - 5.093 - 7.114 100 - 3.044 - 5.049 - 7.054 
29 - 3.041 - 5.049 - 7.052 65 - 3.045 - 5.317 - 7.318 101 - 3.107 - 5.118 - 7.123 
30 - 3.020 - 5.023 - 7.026 66 - 3.010 - 5.010 - 7.010 102 - 3.049 - 5 . 0 5 6 - 7.060 
31 - 3.076 - 5.107 - 7.131 67 - 2.910 - 4.842 - 7.052 103 - 3.062 - 5-426 - 7.600 
32 - 3.012 - 5.013 - 7.014 68 - 3.019 - 5.025 - 7.031 104 - 3.010 - 5.010 - 7.010 
33 - 3.751 - 5.189 - 7.015 69 - 3.055 - 5.072 - 7.085 105 - 3.022 - 5.043 - 7.071 
34 - 2.976 - 5.765 - 7.348 70 - 3.080 - 5.101 - 7.115 106 - 3.011 - 5.264 - 7.361 
35 - 3.007 - 4.996 - 6.999 71 - 3.026 - 5.061 - 7.075 107 - 2.908 - 4.927 - 6.972 
36 - 3.193 - 4.993 - 6.991 72 - 2.962 - 4.935 - 6 . 9 0 6 108 - 3.105 - 5.118 - 7.126 

TABLE 3.3.2 - LOG10 (FAILURE PROBABILITY) FOR ARBITRARY FAILURE CRITERIA 
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Target Probability- 10~3 10-5 10-7 

Sample Size 107 107 107 

Mean - 3.077 - 5.104 - 7.123 

Standard Deviation 0.175 0.050 0.303 

Coefficient of Skewness 2.81 2 . 6 7 4.21 

Coefficient of Kurtosis 12.5 11.1 23.5 

TABLE 3.3.3 - STATISTICS OF LOG10 (p(F)) FOR ARBITRARY 
FAILURE CRITERIA DESIGNED USING ADVANCED 
LEVEL 2 METHOD 

Z 3 

Probability-
Density, 
t(/3) 

Cumulative 
Probability, W / k l - f i ) 

0.0 0.399 0.50 0.80 2.65 
O . 6 7 0.318 0.25 1.27 2.11 
1.28 0 . 1 7 6 0.10 1.76 1.76 
2.32 0.0267 0.01 2.67 1.33 
3.09 0.00337 0.001 3.37 1.12 
3.72 0.000396 0.0001 3.96 0.94 
4.27 4.48 x 10"5 10-5 4.48 0.90 
4.75 5.03 x 10-6 10-6 5.03 0.84 
5.20 5.38 x 10-7 10-7 5.38 0.77 
5.61 5 . 8 5 x 10-8 10-8 5.85 0.73 
6.00 6.08 x 10-9 10-9 6.08 0.68 
6.36 6 . 5 7 x 10-1° 1 0 - 1 0 6.57 0.66 
6.71 6 . 6 7 x 10-11 10-11 6 . 6 7 0.61 

TABLE 3.3.4 - RATIO OF PROBABILITY DENSITY AND CUMULATIVE 
PROBABILITY PUN6TI0NS FOR STANDARD NORMAL 
DISTRIBUTION 
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(i) True f a i l u r e reg ions ( i i ) Level 2 method f a i l u r e 
region 

A u 2 

( i i i ) Level 3 method fa i lu re 
reg ion 

Fa i lu re Cr i ter ion 

Z = X 1 3 /X 2 + X 3 + k 

Fig.3.3.1 - Example of a Denominator which 

can Take on Negative Values 
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X2 he ld at design point values 

Fig.3.3.2 - Failure Boundary P l o t t ed in 

Standardised Normal Space 
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Fig.3.3.3 - Histogram of Level 3 Fai lure Probabil it ies for A r b i f a r y 

Failure Criteria Designed to Target Probab i l i t ies by 

Advanced Level 2 Analys i s 



y A Linearised failure boundary True f a i l u r e 
boundary 

Design point 

A Propor t ion of the 
p r o b ab i l i t y between 
the two f a i l u r e 
bound a r i es 

(Standardised normal 
vector through or igin 

| | \ a nd design point) 

Fig.3.3.4 - Error in Marginal Normal Distribution 

of a Convex Fai lure Criterion 
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f p f = target f a i l u r e p robab i l i t y 

f a i l u r e c r i t e r i o n 
Z = ( X ^ / X ^ )xX 3 = 0 

Fig.3.3.6 - Failure Boundary for Case 34 Plotted 

in Standardised Normal Space 
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f p = f a i lu re probabi l i t y 
n.v. = no value found by computer program used 

Fig.3.3.7- Failure Boundary for two Standardised 

Normal Variable Failure Criterion 
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PART 2 - SYSTEM RELIABILITY ANALYSIS 
CHAPTER 4 - PREVIOUS WORK ON SYSTEM RELIABILITY 

4.1 IDEALISATIONS OF STRUCTURAL SYSTEMS 
4.1.1 Binary Analogy 

The reliability analysis methods considered in Part 1 are for calculating the 
probability of a single event being realised - usually the failure of an element 
to resist the load effect applied to it - where that event has been idealised 
mathematically as As discussed in section 1.1, system reliability 
analysis examines the probability of an event which is the combination, by 
union and/or by intersection, of several such events. The component events 
leading to system failure are referred to here as local failures. 

The concept of system failure can be demonstrated easily for simple systems 
that consist of idealised components which may be in one of two possible 
(binary) states, S, (ie 0 = safe and 1 sr failed) as in some electrical circuits. 
Let an open switch represent the local failure state, a closed switch the local 
safe state, and a broken circuit represent the system failure state. The 
simplest combinations of components are: 

i. Parallel systems (fig. 4*l«l(i))« for which system failure occurs 
only when all the switches are open; and 

ii. Series systems (fig. 4.1»l(ii)), for which system failure occurs 
when any of the switches are open. 

These two types of systems can be combined into more complex arrangements, 
which can be shown schematically as a failure network (fig 4.1.2). Each 
"switch" is shown as a box, and system failure may be defined as the condition 
when "current" can no longer flow between A and B. 

The probability of the event of local failure, a.±, in such a binary system is 
equal to the expected value of that component's state, S^. Similarly, the 
probability of system failure is equal to the expected value oi the system's 
state. The state of any such system can be obtained from the states of its 
components by the rules 

n 
i for parallel systems 

and 
ii Ssystem = !•<> " T 1 ~ Si) 

i-1 
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where is the state of a system with n components. These rules do not, 
however, apply to the expected values of the states unless the component states 
are mutually independent. 

4.1.2 Real Behaviour of Materials 

The local failure states are usually far from binary in nature when considering 
real structural systems. For example, all real structural materials can be 
in states other than failure and non-failure if linear elastic behaviour is 
regarded as non-failure and an increasing deflection without any change of 
load effect as failure. The proportion of yield stress at which failure is 
deemed to occur when calculating the reliability of a single element can be 
chosen purely by considering when that element will enter a particular limit 
state. However, the effect of the local failure on the response of the structure 
to the applied load must also be considered when analysing the system reliability. 
The load effect must be redistributed to allow for the element which has failed 
having a reduced capacity to carry load if the local failure does not result 
in system failure. 

The two most common idealisations for the failed states are for: 

i. perfectly ductile elements, which will continue to carry the load-
effect which causes local failure, but no more; and 

ii. perfectly brittle elements, which carry no load-effect after local 
failure. 

These are shown as idealisations of some typical material properties in fig. 
4.1.3. 

4.1.3 Local Failure Criteria 

In structural engineering, each local event, a^, is associated with several 
basic variables, X, which are combined to define the binery state, S^, by the 
failure criterion, gi(X) so that 

However, since many of the basic variables are used to define more than one 
state, in general, the failure criteria are not mutually uncorrelated, ie 

1 i f 4 0 . 0 

0 i f > 0 . 0 (4.1.2) 

(4.1.3) 
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This implies that neither are the states mutually uncorrelated, ie 

^(Si, Sj) 0.0 ..... (4.1.4) 
and therefore, as stated in section 1.1, the probability oi the intersection 
of the events is not the product of the probabilities of those events, ie 

Hence more complex methods have to be used to determine the structural system 
reliability (which is defined as unity minus the probability of system failure). 
However, a failure criterion has to be determined, which defines when the 
structure no longer fulfils the design purpose for which the probability of 
system failure is required, before any analysis can be carried out. This 
criterion does not have to be related to the structural system problem of when 
a mechanism is formed. It can be: 

i. when the first local failure occurs (even if the structure is highly 
redundant and therefore would remain standing); 

ii. when overall failure (ie collapse) occurs; or 

iii. at any stage between i. and ii. when the structure is deemed as 
unfit for its purpose by some other criterion. 

The precise nature of the system failure criterion is also a consideration in 
deciding upon the appropriate idealisation for the local failure criteria as 
a binary choice of states (ie failed and non-failed). 

4.1.4 System Failure Criteria 

An idealised two storey frame is shown in fig. 4.1.4* together with some 
possible mechanisms caused by the formation of plastic hinges. The system 
failure criterion could be defined so that system failure occurs when any 
deflection is greater than a specified value, or when neither bay of the lower 
storey is standing (vi). As well as these extreme examples, there are many 
more possible failure criteria, including those for which system failure is the 
formation of any hinge, the formation of any mechanism (ii. or iii.) or the 
collapse of part of the structure (iv. or v.). 

Once the failure criterion has been established for the required degree of 
system failure, the possible failure groups can be found. A failure group here 
refers to a group of local failures which, if they were all realised, would 
cause system failure. A failure group can be sub-divided into failure paths 

..... (4.1.5) 
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(where each failure path is a sequence of local failures which result in 
system failure) when the order in which the local failures are realised is 
significant. The exhaustive set of failure groups (or failure paths) for the 
structure failing according to that system failure criterion is referred to 
here as the failure set. 

The failure paths can be shown schematically in a failure tree. Fig. 4.1.6 
shows the failure tree for a simple system for which the failure network is 
shown in fig. 4.1.5. The main disadvantage with using a failure tree to 
describe a failure set is its size for complex structures. There are a maximum 

n1 

of ( n ̂  failure paths for a structure with n potential local failures,any m 
of which will cause system failure. However, an advantage that a failure tree 
has over a failure network as a diagramatic aid to understanding a failure set 
is that the failure network cannot show the relationship between elements 
which are in parallel for some failure paths and in series for others without 
introducing additional symbols (fig. 4.1.7). 

4.2 EXACT APPROACHES TO SYSTEM RELIABILITY ANALYSIS 
4.2.1 Level 5 Methods 

The definition of a Level 3 method (section 2.3) is as applicable to system 
reliability analysis as it is to elemental reliability analysis. However, the 
number of basic variables that have to be considered is increased, so that the 
complexity, and hence the computing requirements, will be significantly greater. 
Also the failure criterion will no longer necessarily reduce to a single convolu-
tion integral, so that the function(s) that has to be integrated, usually by 
numerical methods, and the limits of the integrations will be arrived at only 
after considerable manipulation. This latter point should not affect a Monte 
Carlo simulation method to the same extent since, for any set of basic variable 
values, the set of local events which would result can be determined from which 
the safe/failed condition of the structure can be found. 

Therefore the Level 3 methods are usually considered to require too much computing 
effort to be practical for analysing most structures. However, several methods 
of system reliability analysis have been proposed which, while not being truly 
exact or Level 3 methods, do make their assumptions and simplifications in the 
manner of solving equations, particularly for the cumulative probability of 
multivariate distributions, rather than in the approach to obtaining the 
mathematical model describing the event of system failure. 
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4.2.2 Stevenson and Moses1 Method 

Stevenson and M o s e s ^ ^ have proposed a method of setting up a series of 
convolution integrals to obtain the probability of system failure. The excess 
resistance of each of the modes of failure has to be of the form 

where Rj and Sj are independent continuous random variables modelling the 
resistances of the members and the applied loads respectively, and and 
are constants. This can be expressed in a 

more compact form as 
Z i = Z Cti.j-Xi) (4*2.2) 

j=l 

A function j4c(x) is then defined as 

j=i 

JX 
^(k-l)^"^ - p^bi,k,Xi = ^ d t (4.2.3) -oo 

Hence ̂ ( x ) can be found by numerical integration of the convolution integralthe 
probability of that mode of failure occurring is 

p(Hi^ 0.0) (0.0) (4.2.4) 

The probability of system failure for a structure with m possible modes of 
failure is 

m (ill 
p(F) = Z [ p( P 1 t 2 0 > ° * ° I ° [ 2 i (4.2.3) 

where 

v " - j 
.ti=0.0 rt(i.j)=0o rt±=<x> i 

° Jti=-oo J t ^ ^ H ^ o I J l p t Z j . - t j £ fa-t 
K ^ l i t x - a t i 

(4.2.6) 

However, the evaluation of equation (4.2.6) is extremely difficult to carry out, 
particularly if the multivariate form of the distribution of E^ through E m is 
unknown. Therefore Stevenson and Moses suggest some approximations to allow the 
analysis to be carried out. 
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4.2.3 Approximations to Permit Analysis 

The modes of failure are ranked in descending order of their probability of 
occurring, so that 

pfei < 0.0) ^ p(2(i+i) ^ 0.0) (4.2.7) 

for all i. This will minimise the errors when the first three terms only are 
considered, so that 

pd-) = E t ? ( M * 3 > 
i=l j=l 

(4.2.8) 
where />oo 

z* = I p (* k " M k (4.2.9) 
* J 0 p(Z k>0.0) v 

In order to carry out the numerical integrations involved, the final approximation 
is that the multivariate distribution of the excess resistances, Z^, is taken as 
being normal. 

This method was proposed before the Advanced Level 2 method of structural 
reliability analysis had been developed to obtain close estimates of the 
probability of single elements failing. The use of Advanced Level 2 analysis 
would dispense with the need to restrict the form of the failure criteria for 
local events to equation (4.2.2), the probability of which is then evaluated 
by equation (4.2.3) and (4.2.4) requiring the numerical evaluation of a convolution 
integral, although it would also invalidate the rigour of the approach. However, 
equation (4.2.6) requires approximation for its solution, and even then will 
require a considerable numerical effort, so the method will not necessarily give 
the exact probability of system failure despite the computation involved. 

4.2.4 Rackwitz and Krzykacz's Method 

Rackwitz and 
in a paper on Nuclear Reactor plants produced a method 

which diverges only slightly from a theoretically exact method. They started 
by defining the failure probability of each component local failure, aj, as 

P ( a j ) = 1 . 0 - f ( 4 ^ i o ) 
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where the intended failure criterion is 

2 d = ffj(X) = h ^ U ) (4.2.11) 
u w /v U 

and fx(x) is the joint density function of X. H j is transformed into a 
standardised normal variable Yj by 

3 * 563- 33 <5.(2^ (4.2.12) 

where Efej) andc(2j) are as defined in equations (2.4.12) and (2.4.13) respec-
tively, andy^j is E(Zj)/cr(Hj). This approximation makes the analysis a Level 2 
one, but if Eg^(zj) could be defined analytically without integrals for any 
specific case it would be a true Level 3 method, and as such is included in 
this section. 

These univariate standardised normal variables can be regarded as the marginal 
distributions of a multi variate standardised normal distribution, for which 
the correlation coefficients are obtained from 

<9(*if*j) = £ i T • lu-^fj (4.2.12) 

where oC * and are the vectors of alpha values found by equation (2.4.22) for 
the ith and jth local failure respectively, and is the correlation coefficient 
matrix of the transformed basic variables, U. 

This allows the probability of system failures to be given as a function of the 
probability density functions of multivariate normal distributions. Three 
simple examples given are 

i. Series: m 
P(E) = 1.0 - p( jQL (Yj>- /3 j)) 

= 1.0 - f°° 6(J ; O d^ 
J -|3 ^ (4.2.13) 

ii. Parallel: m 

J -00 ' 
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iii. k out of m (where system failure is any k local failures out of m 

where Vy is the correlation coefficient with e l e m e n t s Y j ) . 

The principal difficulties of this method are to provide a simple algorithm 
with which to set up the integral for the general case, and the mathematics of 
evaluating that integral over a large number 01 possible local failures. The 
latter problem is discussed in an appendix to their paper. A method is 
demonstrated to solve several examples by using Markov chains. 

4.2.3 Casciati's Method 
f Q 7 

Casciati*- —' has proposed a method for studying elastic-plastic frames by 
using a parametric Monte Carlo simulation technique. This method obtains the 
deflections at incipient collapse as well as the probability of system failure 
due to a load carrying capacity criterion. One advantage of this approach is 
that each simulated structure is statically analysed, so allowing for the 
effect of the variability of stiffnesses, etc, on the global distribution of 
load effects throughout the structure. The use of Monte Carlo simulation and 
repeated statical analyses, however, makes it inefficient in most cases for 
obtaining system reliability when there are other methods available. 

4.3 APPROXIMATIONS TO THE SYSTEM FAILURE PROBABILITY 
4.3.1 General 

The methods outlined in section 4.2 are not practical for many of the possible 
applications of system reliability analysis since they would involve a very 
considerable amount of calculation. Therefore other methods of structural 
system reliability analysis are required which can obtain a reasonably close 
estimate of the probability of system failure without involving an excessive 
amount of calculating effort. This requires the structures to become more 
idealised, which in turn limits the structures that can be analysed by such 
methods to those structures for which the idealisations are appropriate. 

possible local failures, each numbered from set 

(4.2.15) 
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4« 3.2 Vanmarke1 s Method 

Vanmarke^^ limits the problem to one of series combinations of local failures 
only by assuming that any local failure will cause system failure. He produces 
a method for this system failure criterion which obtains an upper bound on the 
probability of system failure that he assumes is close enough to be a good 
approximation. The value of the probability of each local failure made is 
found by treating the resistance and load as uncorrelated normal variables, so 
that 

? = E(Hi) - E(Si) = E(Zi) 
A 

<r2(Hi) +<r2(Si) <r(2i) (4.3.1) 
and 

P(A±) =<f>(-^i) (4.3.2) 

where R^ is the element's resistance and S^ the load effect applied to it. 
System failure occurs simultaneously with any local failure, so that simple 
bounds on the probability of system failure are 

m m 
Max (p(Ai)) ^p(F)£ Z : (p(Ai)) (4-3.3) 
i=j i=j 

To get a better approximation to the probability of system failure, the local 
failure modes are ranked so that 

< V 3 * (4-3.4) 

and constants, c^, are defined so that 

ex = 1.0 
311(1 (i-1) 

o± = Min (p(A-C|Ai)) 
3=1 

= i.o - * ^ C T ^ r f e y r . f t } ) 
$(-y3i) for i > 1 (4.3.5) 

Then the probability of system failure is approximated to by 

(4.3.6) 

Although Vanmarke's method is relatively simple, it is essentially only an 
upper bound to the value, and therefore is superceded by methods such as Ditlevsen's 
(sub-sections 4-4-4 to 4.4.7). 
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4.3*3 Moses's Unzipping Technique 

Moses^7~3,27 does not limit the system failure to the first local failure when 
he proposes his "unzipping" technique to approximate the probability of system 
failure. His method consists of assuming that there is an incremental load 
that increases until a local failure takes place. The load effects on the 
elements are then amended to allow for the modified structural behaviour and 
the load increases again Wtil the next local failure occurs. This method is 
limited to structures with only one loading variable anting on them because of 
the use of an incremental load. 

The load increment necessary to cause the jth local failure mode in failure 
path i after the (j-l)th local failure has occurred is defined as SRj It 

•*• t J 
is assumed that the load effect of the imposed load is known deterministically 
at every stage of the failure path, so that the load effect on the element due 
to the jth local failure, can be found by 

3 

where c^ ^ ̂  are constants. At this value of load effect the failure only 
just occurs, so that r^ ^ also represents that element's resistance. (Note 
that in this method the lower and upper case r will represent elemental and 
structural resistances respectively, rather than an individual value and the 
population of a variable). 

4*3*4 Example 
An example of this technique for a pin-jointed truss is given in Appendix B. 
In the first failure path (elements EF, CD and DF failing in that order) the 
first element fails under the load effect from the initial load increment 
(fig. B.2), so that 

rl,l = rEF = 7/27 6 R i a (4*3*8) 
The second element fails under the combined load eifect from the first two 
load increments (Figs. B.2 and B.3)» so that, if element EF is perfectly ductile, 

t192 = rCD = 1 0/ 2 7 8*1,1 + V 2 6Rlf2 (4*3*9) 

However, if element EF is perfectly brittle, 

= rCD = (6R1,1 + SR1,2^ (4*5*10) 
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The elements can also be modelled by other material behaviours, such as only 
being able to resist half the load effect causing failure which would give 

*lf2 = rCD = 10/27 l/26Rlfl + l/2(l/28Rlfl + 8Rlf2) 

= 47/108 BRlfl + l/28Rlf2 (4.3-11) 

The third element fails under the combined load effect from the first three 
load increments (Figs B.2, B.3 and B.7)» so that, if elements EF and CD are 
perfectly ductile, 

* 1 , 3 = rDF = 2°/27 ^1,1 + 6R1,2 + 8R1,3 (4.3.12) 

The value of the load increments can be found in terms of tne elements' 
resistances by inverting equation (4.3.7) into 

k 
SRi,k = g (4.3.13) J—X 

Inverting equations (4.3.8), (4.3.9) and (4.3*12) gives 

SR1,1 = 2 7/ 7 *EF ' 

SRi,2 = "20/7 rgF + 2 rCD 

SRlf3 = " 2 r C ] ) + rDP i 

} (4.3.14) 

The resistance of the structure against failure by that failure patn is the sum 
of the n^ load increments since system iailure will be realised simultaneously 
with the n^th local failure. Therefore 

ni ni ni 
R i = Z : ( B H i j J . S ( S ( b l f j f k ) *ri, j) 

j=l j=l k=l 

ni 
= g (di,0 ri,j) (4.3.15) J—x 

Substituting in the values for the example given above from equation (4.3*14) gives 

R1 = + ^ F (4.3.16) 
# 

4.3.5 Resistance of the Structure 

By using the first two terms of the Taylor Series expansion of the structure's 
resistance to failure by that failure path as a function of the individual 
element's resistances, the first two moments of R^ are 
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ni 
•(Hi) = Z T (dif3 . B(rlfJ)) (4.3.17) 

J—X 
and 

2 
ni ni 

0- (Ri) = 711 ( S C d i j ^ d i f k x /P(pifj, r i f k) x ff(rifJ) s(rifk))) 
0=1 k=l 

(4.5.18) 

Moses treated the element resistances as basic variables. II* they are not, then 
the values of E(r^ j) and j) can be obtained in a similar manner to 
equations (4.5.17) and (4.5.18) from the first two terms of the Taylor Series 
expansion of the individual element's resistance written as a function of the 
basic variables (see also section 5«5). 

The structure's resistence is used in the simple R-S format in order to obtain 
the probability of failure by that failure path as 

p(Ai)= $ ( - a ) - $ ( - y - e ( s ) ,) (4.3.19) 
' f f (®i) + cr2(s) 

where S is the loading variable. This is repeated for the m possible failure 
paths, and the probability of system failure is approximated to by-

m 
p(F)^Max (p(A.)) (4.5.20) 

i=l 

4.5.6 Limitations of Moses' Unzipping Method 

The mean and standard deviation of the structure's resistance against the fourteen 
failure paths of the examples, together with the values of are given in 
table B.2 using arbitary statistics for the elements' resistances and applied 
load (table B.l). These give a failure probability of 0.22 x 10 for failure 
path No 1, which is the maximum value for any path, but it is equalled by two 
other failure paths out of those 14 considered. 

This method, therefore, requires three assumptions to be made. The first is 
that the distributions of the elements' resistances and the load can be 
described by the normal distribution. When each resistance can be modelled by 
a linear combination of basic variables with normal distributions, equations 
(4.5.17) and (4.5.18) will give results which are exact rather than approximate, 
and then this assumption will be correct provided that the load is also normally 
distributed. 

Care must be taken when carrying out this analysis that negative load increments 
are only included if subsequent increments decrease the probability of failure. 
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Negative values are likely to occur in the less probable failure paths or with 
brittle elements, when the jth local failure may be almost certain to occur if 
the load is large enough to cause the (j-l)th local failure. The reason that 
negative load increments occur is that the value given for the structure's 
resistance against failure by a particular failure path, R^, is in fact only 
the resistance against the applied load for the final mode of local failure in 
the failure path, but with the structure distributing the load effect as if 
the other local failures had occurred. Therefore the true value of the probability 
of that failure path occurring is the intersection of the probabilities of all 
the local failure modes, which is given by 

ni ni 
p(Ai) =j>(p a. f j)^Min (p(ai?j)) (4-3.21) 

0=1 0=1 

where, for variables with normal distributions 
j 

f(a i f j) = $ ( - S (di,k * B ( ri.k» " E ( s ) 

( S ( d i f k d i f i / o ( r i > k , r i f l ) c r ( r i f k ) < r ( r i f l ) ) ) + c r ( s ) 

0 (4.3.22) 
Hence the second assumption is that the resistances, 2 H (SR. v)» for any failure 

k=l 1,ic 

path have strong positive correlation, so that the inequality in equation (4.3.21) 
is a close approximation to the correct value. 

The decrease in failure probability with more load increments is demonstrated 
in several of the failure paths in the example described in Appendix B. In 
some of the paths the final value of is the largest (eg failure path No. 6, 
when for the first local mode of failure is 2.99* for the first two is 2.20 
and for the system failure is 3-52) but not for all of them (eg failure paths 
No. 4* where the jZ values are 1.74* 4.22 and 3-65* and No 13. where t h e ^ 
values are 4.74* 3*96 and 3-65). 

The final assumption in this method is to use equation (4.3-20) to obtain the 
probability of system failure. This produces a lower bound on the true value of 
that probability, provided that equation (4-3-19) gives the true value for the 
probability of the realisation of the failure paths. This will not result in a 
significant error if a few of the values of p(A^) are much larger than the 
others (unlike the example in Appendix B), and that those few have strong mutual 
correlation. When this is not the case, this method could be used to estimate 
the parameters defining the structure's resistance against the various failure 
paths for use with another method, such as Vanmarke's method. 
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The correlation coefficients for the structure's resistances, which would be 
required, can be obtained similarly to equation (4.3.18) as 

ni 

G"(Ri), cr(Rj) 
(4.3.23) 

However, this would mean considerable calculations which would still be liable 
to gross errors if: 

i. the resistances had highly skewed or other non-normal distributions; or 

ii. the load increments for each path did not have strong positive mutual 
correlation. 

4.3.7 Marshall and Bea's Method 

Marshall and B e a ^ ^ propose a method of structural system reliability analysis 
for structures with specific correlations of the elements' resistances 
(depending on their physical position in the structure) and which resist hind-
cast loads. They assume that the load effect, S^, on each element can be 
found deterministically for a given load, S, on the structure. The element 
has a nominal resistance to resist this load effect, and the ratio of this 
nominal resistance to the load effect is the safety factor, Marshall and 
Bea give graphs for the elements, but if the resistances have normal distributions 
the nominal resistance will be (E(Ri) + k * 0"(Rj[)), where k is a constant. 
Therefore 

= B(Ri) - S i /cr(Ri) 

Si - k 
= (4.3.24) 

They propose two methods in order to model brittle-redundant and ductile 
redundant structures. These methods can be used as limiting cases for those 
structures which contain: 

i. both brittle and ductile elements; and/or 

ii. elements which cannot be idealised as either perfectly brittle or 
perfectly brittle. 

The limiting cases cannot be regarded as bounds on the true probability of 
system failure since the two methods contain conflicting idealisations. 
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4.5*8 Brittle Redundant Model 

The probability of any initial local failure in their brittle-redundant model 
is assumed to be 

m 
^(Ajs) = 1.0 - T T (l.O - <f> (-yS±)) (4*5.25) 

where m is the number of local failure modes which can cause an initial local 
failure leading to collapse. The values of are then recalculated after 
removal of one of the elements, the choice of which element to remove being 
dependent on maximising the probability of future local failures. The values 
ofy^ a x e then recalculated and ^(Ag.jA^s) is obtained as for equation (4.3.25). 
This is repeated until the removal of an element causes system failure. Then 

n 
p(F|s) = T T ( p ( A i | A 1 , ... , A(i.j), s)) (4.5.26) 

where n is the number of elements that have to be removed to cause system failure. 

This method assumes that all the resistances are mutually uncorrelated even when 
a local failure mode can occur at several stages in the failure sequence. This 
will tend to make the final probability of system failure conservative, but it 
is balanced, hopefully, by the multiplication of each component of the probability 
of failure at stage i by the probability of failure at stage (i + l) after the 
most disadvantageous (in terms of high reliability) element has been removed. 

Applying this model to the example described in Appendix B gives 

p(A1|s = 2.0) = 0.151 x 10-5 (4.5.27) 

Element DF is removed in order to obtain the maximum probability of subsequent 
failures, which results in 

p(A2|Alf s=2.0) = 1.0 (4.5.28) 

This gives 

p(F S=2.0) = p(Ax| s=2.0) x p(A2|A1, s=2.0) = 0.151 x 10~5 (4-5.29) 

However, the probability of elements EF and FG failing provide the vast majority 
of the numerical value of j»(A^|s=2.0) and p(A2|A^» s=2.0). This is despite the 
fact that only one of the two elements is physically able to fail in a mode 
system failure consisting of two modes of local failure. This shows that the 
balancing referred to above does not always succeed in producing a reasonable 
probability of system failure. 
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Element EF can be removed after the first stage, instead of element DF, which 
produces a second stage of the local failure of element DF (since it is the 
only element where local failure produces system failure), or 

? ( A 2 | A r Bl = 2.0) =§>(- ) = 1.0 x 10-9 (4.3.30) 

Alternatively, a stage 1.5 can be included where any of the other five elements 
can fail, so allowing stage 2 to include another failure from those elements, or 

f(A2|Alf s=2.0) = 1.0 - Jl.O - 1.0 x 10~9 ] x [l.0-p(A1#5( Ax, s=2.0) x 

^(Ag/K'^l.S' s=2-°)] (4.3.31) 
where 

P(A 1. 5)A 1 ( S = 2.0) = 1.0 - [ 1.0 - $ [l.O - £ (- l ^ ) ] 2 

= 0.57 X 10"6 

(4.3.32) 

Event A-̂ cj is the removal of element CD rather than element AB for similar 
reasons to the removal of element EF being event A^f so that 

p(A2/|A1,A1#5, s=2.0) = 1.0 - [l.O - 1.0 x 10-9] x 1.0 - 0.57 x 10"6 

x 0.13 x 10"5 ] 

= 0.11 x 10"8 (4.3.34) 
and 

p(Fjs=2.0) = 0.151 x 10'5 x 0.11 x 10"8 = 0.166 x lO - 1 4 (4.3.35 ) 

In contrast to the result given by equation (4.3«29)» the result given by 
equation (4*3.35) is likely to be too small. This is because only a proportion 
of the possible failure paths have now been included in this modified method. 
This demonstrates that this model is only really suitable for purely series 
or purely parallel systems, since with mixed systems it must include some 
impossible events (eg system failure resulting from only the local failures 
of elements EF and FG in the example) in order to include all the failure paths. 

4*3.9 Ductile Redundant Model 

The failure network is used for Marshall and Bee's ductile redundant model, so 
the component elements have to be arranged together in a set of series and 
parallel combinations. This method then combines the safety indices of each 
element in stages to produce a single safety index for the whole structure. 
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Elements with the same resistance characteristics which act in parallel are 
assumed to be perfectly correlated. Therefore the safety factor on the 
assemblage will be the mean of the elements' safety factors weighted with 
respect to their load effects, S^, if the resistance of the assemblage is 
taken as the sum of the elements' resistances. This will also mean that the 
coefficient of variation of the assemblage will equal that of the elements 
if equation (4.3.24) holds. Therefore 

n 

®(RaSS> = 1 2 E(Ri) (4-3.36) 
i=l 
n 

cr(Rass) = ^ G-(Ri) (4.3.37) 
1=0 
n 

Sass = 2 1 s± (4.3.38) i=l 

where n is the number of members to be combined. Hence 

ass = (E(Rass) " Sass)/ (Rass) 
n n n 

= { 2 2 (E(Ri)) - H { * < ) ) / 2 2 (cr(Ri)) 
i=l i=l 1 i=l 
n 

= 2 2 ( f i ± * c r ( R ± ) ) 
i=l ' (4.3.39) 
n 
2 T ( (T(Ri)) 
i=l 

Therefore this weighted mean can be used when the elements do not have 
the same safety index/safety factor relationship. 

Elements or assemblages that are combined in series are treated as if their 
resistances are uncorrelated, so that 

n 

/Sass = I 1 - 0 (1.0 - ^ ( / i W ] (4.3.40) 

where n is the number of elements or assemblages being combined. In the example 
described in Appendix B with s = 4»5» the safety index for assemblage a 
(elements AB, BC and BD in series) is found as 

. 3.0-1.667 -
/S a = - <p [ 1.0 - (1.0 - ( - 0.3 )) J =4.20 (4.3.41) 
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The combination of a set of series assemblages in parallel is not clearly-
defined in their paper, but equations (4.3-3*0 to (4-3-39) could be used if 
the means and standard deviations of the series assemblages can be obtained. 
The mean resistance of a series assemblage will be approximately- the mean 
resistance of its weakest component since the series assemblage will fall 
once the weakest of its components has failed. The load effect on the assemblage 
will be equal to the load effect on each of its components so that the standard 
deviation can be approximated to by 

n 
[Min (E(Ri)) - S a s sl 

= i=l J 
<**ass) = fc* J (4.3.42) 

y^ass 

4.3.10 Example 

For assemblage a in Appendix B, this approach gives 

E(Ra) = Min (5.0, 3-0, 3-0) = 3-0 (4-3.43) 

and, since S = 1.667, 
oL 

(Ra) = (3.0 - 1.667)/4.20 = 0.317 (4-3.44) 

Using these values, together with similar values for assemblage b, the values 
for assemblage d, the parallel combination of assemblages a and b, become 

Sd = S a + Sb = 3-333 (4.3.45) 

E(Rd) = E(Ra) + E(Rb) = 5.0 (4.3.46) 

R d) =S(R a) + E(R^) = 0.571 (4.3.47) 
and hence 

= E ( Ra) - sa = 2.91 (4.3.48) 
(Hd) 

Equation (4.3-39) need only be used to findy^gg directly when the other parameter 
are not required, for example when obtainingy^gygtem* In this example 

/ 3 + * °- 5 8 9 + 2; 8 4 * °- 5 8 7 ) ( 4 3 4 9 ) 
/^system - (0.589 + 0.587) ~0.G V40.4?/ 

Z 3' 

Once the safety indices have been combined into a single index, the probability 
of failure being realised when load S is applied is found by 

p (F |s ) = $ system) (4.3-50) 

which, for this example, gives 

p(F|s = 4.5) =$(-0.0) = 0.5 (4.3.51) 
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4.5*11 Comparison of Ductile- and Brittle- Redundant Models 

The brittle-redundant model does not always produce a higher probability of 
system failure when compared to the ductile-redundant model. This is because 
resistances in parallel are treated as mutually uncorrelated in the former and 
as mutually perfectly positively correlated in the latter. The simplest 
example of the result of these conflicting assumptions is two identical elements 
in parallel, both with resistances R and with load effect s^ applied to them. 
The brittle-reundant model gives 

p(Ff.) = [ 2 <j)(-EW-Sl) - (- E ( H )- S1\ ],§/- E ( R ) - 2 S n 

* O-(E) V <T(H) ' K <S(R) ' (4.3.52) 

while the ductile-redundant model gives 

- E ( H ) ' 5 P (4.3.53) p(F|s) = M 

<t(R) 

Hence the brittle-redundant model will give a smaller probability of system 
failure when equation (4*3*52) gives a lower value than equation (4*3*53)» which 
occurs when 

(4.3.54) 

This includes all cases where E(R)^2s^. Therefore the use of the two models 
to produce bounds will be highly suspect, particularly for simple structures. 

These calculations are relatively easy to perform by hand, but if the probability 
of failure is required for a variable load, the probability of system failure is 
given by 

+oo 
p(p) = f p(p|s) x p(s) ds (4.3.55) 

-oo 1 

This equation requires the use of numerical integration, which will have to be 
carried out over each loading variable if there is more than one. Therefore 
this method can become laborious as a hand method for the unconditional probability 
of system failure, and it is better suited to check the failure probability for 
structures that have experienced a known maximum load in order to update the 
estimate of its resistance. Such Bayesian calibration 4~26»31_7 ^ e a with 
offshore structures, for which Marshall and Bea's paper is intended. 
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4.4 BOUNDS ON THE SYSTEM FAILURE PROBABILITY 

4.4*1 Need for Bounds 

The methods described in section 4*3 demonstrate that gross assumptions about 
and/or severe restraints on the idealised system have to be made in order to 
obtain a value for the probability of system failure without excessive calculations. 
These assumptions and restraints limit the confidence that can be placed in the 
value of any results obtained by these methods and reduce the opportunities for 
the use of these methods respectively. An alternative approach is to make 
complementary assumptions, when assumptions have to be made, so as to obtain an 
upper and a lower bound on the probability of system failure. These should then 
lead to a measure of the reliability of the structural system (the mean of 
the two bounds) together with, a measure of the confidence that can be placed 
in that reliability (the difference between the two bounds) for a more general 
set of structures. 

The methods which employ bounds tend to make idealisations of the correct expression 
for the probability of system failure (as Vanmarke's method) rather than to make 
idealisations of the system, which then leads directly to simpler expressions 
for the probability of system failure (as in Moses1 or Marshall and Bea's 
methods). The full expression for the probability of system failure, in terms 
of the component events of local failures, can be obtained by considering a 
failure tree. Failure trees describe the event of system failure as the union 
of a set of failure paths, each failure path being the intersections of a 
series of modes of local failure. Therefore the probability of the event of 
system failure can be written as 

P (F) = P ( ^ f n ^ ] ) (4.4.1) 
th th where a. .is the event of the j local failure in the i failure path.n. is 

th 
the number of local failure modes in the i failure path and m is the number of 
failure paths in the failure set. 

The previous works about bounds on the probability of system failures that are 
studied here limit the structures that can be analysed by them to those which 
only fail by series combinations of local failures. This implies that the event 
of system failure consists only of the union of the events of local failures 
(ie n^ = 1 for all i), so that equation (4.4*1) reduces to 

p(F) = U [Ai } ) (4*4*2) 
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Therefore these methods can be used only with structures where system failure 
is defined as the occurrance of the first local failure. 

It should be noted here that local failure modes can include the formation of 
mechanisms if the elements are perfectly ductile. This is because the failure 
event in that case can be described explicitly by a single criterion (eg the 
sum of the moments induced by the applied load being greater than or equal to 
the sum of the ultimate moments of the elements) rather than as the event of a 
series of failure events, each described by a different criteria (eg each moment 
induced by the applied load being greater than or equal to the ultimate moment 
of the appropriate element). 

4.4*2 Cornell's Bounds 

Cornell^^ defines his system as structures with nffl modes of local failure 
acted upon by a set of loads which are applied n times. If A. . is the event 

th th ^' of failure by the i mode of failure during the j load application, then 
bounds can be built up for the union of such events. These bounds are based on 
the relationships: 

i. for mutually perfectly negatively correlated excess resistances 
(fig 4.4.1) (ie ̂ o(A,B) = - 1.0) of 

p(aOb) = Max (0.0, p(a) + p(b) - 1.0) ^ 
f (4.4.3) 

p(aUb) = Min (p(a) + p(b), 1.0) ) 

ii. for mutually uncorrelated excess resistances (ie ̂ o (A,B) = 0.0) of 

p(anb) = p(a) x p(b) > 
> (4.4.4) 

p(aub) = 'p(a) + p(b) - p(a) x p(b) J 
and iii. for mutually perfectly positively correlated excess resistances (fig 

4.4.2) (ie ya(A,B) = + 1.0) of 

p(aOb) = Min (p(a), t>(b)) \ 
Y r > (4.4.5) 
p(aub) = Max (p(a), f(b)) J 

whereyo(A,B) is the correlation coefficient of the excess resistances, A and B, 
for the events of local failure a and b respectively. The excess resistance for 
a failure event is a numerical value which is positive if the failure does not 
occur and negative if it does. 

The various bounds (Table 4.4*1) are given for the cases of: 
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i. independent (ie ̂ o(A,B) = 0.0); 

ii. perfectly (functionally) dependent (ie yo(A,B) = + 1.0); and 

iii. "imperfect" or unknown degree of dependence (ie - 1.0 ^yo (A,B) < + 1.0). 

for both the applied loads and the structure's resistance to each mode of failure. 

The lower bound is equal to the maximum probability of any of the local failures 
in every case, while the upper bound can be many times this value. The most 
typical case is likely to be independent load applications (ie assuming that the 
peaks of the load intensity are independent) with an imperfect degree of 
dependence between the resistance to the modes of failure (eg in a portal frame 
where some plastic hinges will be coincident for different mechanisms, or modes 
of failure). The upper bound in that case is the sum of the probability of each 
of the local modes of failure, so that the bounds could differ by several orders 
of magnitude if there are a large number of approximately equal component failure 
probabilities. Hence these bounds are too general for most applications. 

4.4*5 Moses and Kinser's Bounds 

Moses and Kinser^-^ assume that there is no negative correlation of the excess 
resistances for their bounds. Using the same system that Cornell defined, this 
gives the bounds for the most general case as 

n n n n m s m s 
Max £ Max | p ( A ± f « 1.0 - J J £ J \ [l.O - ?(A±f .) j J 
i=l j=l ' i=l j=l 

n n 

= Z Zfp<Aifj>]-7 (4.4.6) 
i=l j=l 

However, this inequality can include negative correlation of the excess resistances, 
since, although the upper bound gives the correct value for mutually uncorrelated 
excess resistances, the approximation to the upper bound (for cases when p(A. .) 
L.0) gives the correct value for perfectly negatively correlated excess resistances 
(provided the sum does not exceed unity). The lower bound gives the correct 
value for fully perfectly positively correlated excess resistances, as in 
Cornell's bounds. 

In order to obtain a closer upper bound, the event of a local failure is defined 
for a structure in which the load effects are linearly and deterministically 
related to the applied loads, as when 

r. - c. .s. < 0.0 1 ijJ J ^ 
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th where r. is the structure's resistance to the i mode of failure, s. is the 
th 1 J 

j load application and c. . is a constant. Then .th 

n n 

p c x z r z \ » U i ] J 
m s 

(4.4.8) 
i=j 0=1 

where M. . is the probability of failure by mode i under load j, conditional on if 0 
the survival of the structure: 

i. under modes 1 through to (i-l) against load j; and 

ii. under mode i against load 1 through to (j-l). 
Moses and Kinser consider the case where all the resistances and all the loads 
are mutually uncorrelated, so that M. . can be described mathematically as 

Equation (4*4.8) gives the exact probability of system failure when there is 
only one load application, but the resistances will still need to be mutually 
independent for the values of M. , from equation (4.4*9) for use in equation 
(4.4.8) to be correct. 

Equation (4.4.9) is a double convolution integral which will usually have to be 
solved by numerical integration for each of the n x n values of M. . required 
for a complete, but approximate, upper bound. Therefore this method is too 
complex to justify the assumptions which are required to be made about the system. 
Since this method was put forward, improved reliability analysis techniques for 
evaluating local failures have been developed (section 2.4) which make this 
method relatively inefficient. 

4.4.4 Mtlevsen's Bounds on the Probability of System Failure 

DitlevseiA^ also considers structural systems which are deemed to fail with 
the occurrence of any local failure, but he does not consider different load 
applications separately. This is common practice since the load variables can 
usually be defined by the probability distribution of the maximum load intensity 
in the reference period (usually the design life of the structure) rather than 
the instantaneous intensity of the load. 

th 
A^ is used to represent the event of the i local failure mode, which has a 
probability of occurring of p(A^), and F is used to represent the event of system 
failure, which has a probability of occurring of p(F). Ditlevsen gives as bounds 
on the probability of system failure 

J ds 

.(i-D 
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n i-1 
p ( V + Z / Max |^p(Ai) - Z f p ^ n A ^ O . C ) ] J U p(F) < 

n i-1 r 
p C V + Z" p(A ±) - Max { J (4*4.10) 

i=Z j=l 

To demonstrate these hounds, consider the most general failure set with four i 
possible local failure modes (A^, A2, A, and A.). This is shown in fig 4.4*3, 

/ C C C\ * _ q (j. 
where 'a1 represents p(A, A A 0 0 A" H A^), ab represents p (A^ C\ k^ n A^ f\ A^), 
abc represents p(A^ Pi A 2 O A^ O A^), etc. Hence p(A^) is represented by the 
total area covered by regions with a in their titles, p(A2) by the total area with 
b titles, p(A^) by the total area with c titles and p(A^) by the total area with 
d titles. The bounds on the probability of system failure for this method when 
considering the local failure modes in ascending order is therefore 

p(F) ̂  /"(a + ab + ac + ad + abc + abd + acd + abed)J 
+ /~(b + ab + be + bd + abc + abd + bed + abed) - (ab + abc + abd + abcd)_7 
+ Max /09 (c + ac + be + cd + abc + acd + bed + abed) 
- (ac + abc + acd + abed) - (be + abc + bed + abcd)_7 
+ Max £'o, (d + ad + bd + cd + abd + acd + bed + abed) 
- (ad + abd + acd + abed) - (bd + abd + bed + abed) - (cd + acd + bed + abedj 
= p(F) - Min (c + cd, abc + aded) - Min (d, abd + acd + bed + 2 x abed) 

(4.4.11) 
and 

p(F) /"(a + ab + ac + ad + abc + abd + acd + abcd)_7 
+ /"(b + ab + be + bd + abc + abd + bed + abed) - (ab + abc + abd + abcd)_/ 
+ /~(c + ac + be + cd + abc + acd + bed + abed) - Max (ac + abc + acd + 

abed, be + abc + bed + abcd)_/ 
+ /~(d + ad + bd + cd + abd + acd + bed + abed) - Max (ad + abd + acd + 

abed, bd + abd + bed + abed, cd + acd + bed + abcd)_/ 
= p(F) + Min (be + bed, ac + acd) + Min (bd + cd + bed, ad + cd + acd, 

ad + bd + abd) 
(4.4.12) 

The order in which the local failure modes are considered may affect the magnitude 
of the computed bounds, so the procedure can be repeated with a different order so 
as to improve either bound if the computed values seem too wide. However, there 
are n! sets of bounds if all the permutations in the general case are considered. 
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4.4.5 The width of the Bounds on the Probability of System Failure 

It can be seen from equation (4.4.11) that the lower bound will be exact if no 
more than two events can occur simultaneously, ie if most events are mutually 
exclusive (eg A^ and A^ plus A^ and A^). Similarly in equation (4.4.12) the 
upper bound will be exact if every fresh mode local failure considered is 
mutually exclusive of all but one of the modes of local failure already included. 
This means that certain failure systems, such as those shown as Venn diagrams 
in fig 4.4«4» will produce equal bounds giving the exact value of p(F). Such 
systems will be rare in practice, since most local failure modes will not be 
mutually exclusive, although the bounds can appear to be identical when the 
probability of two or more local failures occurring simultaneously is several 
orders of magnitude less than the probability of a single local failure occurring. 

The probability of failure has to be several orders of magnitude smaller than 
the probability of safety in nearly all practical situations. Provided that 
the excess resistances are not strongly positively mutually correlated, this 
means that in most cases a (which represents p(A^O A^O A^ 0 A ^ b , c and d will 
be very much larger than ab (which represents p(A^n AgA A^D A°)), ac, ad, be, 
bd and cd; which in turn will be very much larger than abc (which represents 

c \ 
p(Ain A gn A 5OA 4), abd, acd and bed; which in turn will be very much larger than 
abed (which represents p(A^H A^ G A^ A A / ). Therefore the error terms in equations 
(4.4.11) and (4.4.12) will often be negligible, particularly the lower bound 
which has third order terms rather than the second order terms of the upper bound. 
Only if the excess resistances of the local failure modes are strongly positively 
correlated (ie when p(A- H A^) A Min (p(A^), p(A^), etc) can these error terms 
become significant, and then not if Max (p(A^), p(Aj))^Min (p(A^), p(A^)). The 
strong correlation of the excess resistances is not an uncommon case, however, 
since the resistances of the elements in a structure can be strongly correlated 
when they come from a common source, and the load effect on each element is 
liable to be a proportion of an overall load. 

Four cases of the system described by fig 4.4*3 aire given in table 4.4*2. The 
values of the probabilities of failure were chosen arbitarily so that the four 
cases illustrate respectively: 

i. Strong positive mutual correlation with approximately equal probability 
of each local failure; 

ii. Weak positive or negative mutual correlation with approximately equal 
probability of each local failure; 
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iii. Strong positive mutual correlation with unequal probability of each 
local failure; and 

iv. Weak positive or negative mutual correlation with unequal probability 
of each local failure, 

where correlation refers to their excess resistances. All the errors in the 
bounds are small, but the largest is for case i, as anticipated, in which the 
lower bound error is smaller than the upper, again as anticipated. 

4.4*6 Ditlevsen's Bounds on the Probability of Two Local Failures 

Ditlevsen considered the specific case where each mode of failure in the failure 
set is defined by an inhomogeneous linear combination of mutually uncorrelated 
standard normal variables. For this case the excess resistance for each mode of 
local failure can be written as 

n 
Z± = c. + 22 (di>k U k ) (4.4.13) 

where U^ are the variables and c^ and d^ ^ are constants. Hence the mean, 
standard deviation and correlation coefficients of 2L can be found by 

B ^ ) = o ± (4.4.14) 

cr2(z ) = S (dI J (4.4.15) 
1 k=l lfJC 

and 
y0(2if2j) = { - E(2i)xE(Ej) ] / {or (Z±)«CJ (Zj)} 

* * ' , j> , (4.4.16) n Z n Z ' 
2T(d 2 )« II(a 2 ) 
k=l 1 , K k=l J , K J 

Since the basic variables have normal distributions, the excess resistance also 
has a normal distribution and 

p(Ai) = $ (- E(2i) / <r(Z±)) = $ ( y3±) (4-4.17) 

A knowledge of the physical significance in the variable space of the value of 
joiZ^fi^)* 3 3 evaluated from equation (4.4.I6) is required in order to establish 
narrow bounds on the value of p(AiOA^). This relationship is that ̂ ( E ^ Z g ) is 
equal to the cosine of the angle, 0 , between the normals to the hyper plane 
failure boundaries which pass through the origin. This can be demonstrated by 
considering the example of two local failure modes, with excess resistances H^ 
and Slich that 
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n 
2i = + Z (alfk Uk) (4.4.18) 

m d n 
2 ^ = 0 + 2 7 (djjk TJk) (4.4.19) 

^ k-1 
The direction cosines of the normals to these boundaries are given by 

di,k r
 di,k 

= I - i ; <*1.k = /. (4.4.20) " n,—;—» ^.k f n I 1 

J x i O yg(d; t l) 

and, from n-dimensional geometry, 
n 

cos© = 2 (oC j k cbCi J (4.4.21) 
k=l ' 

Hence substituting equation (4.4.20) in equation (4«4*2l) and comparing with 
equation (4.4.21) gives 

c o s © = k = 1 = / o ( E i , 2 j ) (4.4.22) 
/ n ~ n o ' ) 

This relationship is used by Ditlevsen when he considers the plane in the n-
dimensional U-space which contains both these normals, and hence also the origin 
(figs 4«4*5 and 4*4.6). He establishes, by simple geometry, his bounds on 
p(A^ O-Aj) as 

Max f § ( - / 3 ± ) , f ^ j * ) , H - f J * 4 p ( A i ^ A j ) i 

foy?(Z i,Z j) > 0.0 (4.4.23) 
and 

Max fo.o, \ij3i) + |(yaj) - 1.0.7$ p(A± PI Aj) $ 

Min fl(j3±) v J 

fory^^'/Sj) < 0.0 (4.4.24) 

" A * = f i c " e . fiyhP**^ (4.4.25) 
' Vl.O - cos^' 4 1.0 (^tZj)' 

* 
and similarly for /3. 
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4.4-7 The Width of the Bounds on the Probability of Two Local Failures 

The physical significance of yQ^* can be found by considering the distribution of 
:i Hj conditional on z, = 0.0. Since 

er ( Z i ) 
Etejjzi = 0.0) = E(2j) + /otei'TLj)* * " 

<rfeJ 
= Etej) - ^Tj^y « f ( Z ^ p (4-4.26) 

and 

c r 2 ( Z j | = °.o) = cr2 (Z^x(1-0 - ^ ( Z ^ ) ) (4.4.27) 

r E(Z.) - E(Z ) X - 2 — i - *p{iLi>Zj)l 
p C A ^ = o.o) o $ 1 - 3 1 c r g ^ ' 

<r ( Z)]i.0- j O
k i <&, z J ' J J 7 0 s ** 

') (4.4.28) 

Therefore, p(Aj|zi = 0.0) ̂  p(Aj|Ai) if p(z ±t Zj) >/ 0.0 and p(A;j|zi = O .o ) ^ 

p(A^. |A^) if Z j ) ^ 0.0. When considering fig 4*4.6, the probability 
density contours will be circles centred at the origin, which is the point of 
maximum density. Therefore, the value of p(Ad)x p(A^.jzd = 0.0) and p(A^)*p(Ai|z^ 
0.0) which differs least from p(Ai O A^) will be the one whose quadrant is 
closest to the origin, since that is the one whose ®ror segment is farthest from 
the origin. This will be p(Ai) * pCA^jz^ = 0.0) wheny3 ̂  31111 similarly 
vice versa. This error segment will become a smaller proportion of the 
probability as the difference between and /3 ̂  increases since the contours 
of probability density will tend towards being parallel with the failure boundary 
of local failure mode J (fig 4 . 4 . 7 ) . 

The bounds on p(A^ 0 A^) found in equations(4.4.23) and (4.4.24) are used to 
find the bounds on p(F) by equation (4.4.IO). The lower bound on p (A^ f) A^) has 
to be used for the upper bound on p(F), and similarly the upper bound for the 
lower bound, in order that the bounds on p(F) are accurate since only negative 
values of p(A^ H A^) are used in equation (4.4-10). 

The ratio of the lower bound on p(A^ D A^) to its upper bound can be as low as 
a half when the excess resistances are positively correlated (this value occurs 
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when H ^ ) tends towards zero, so that = / 3 a n d ^ . . 4 ^ut 
equation (4.4*23) still applies), and zero when negatively correlated (since the 
lower "bound is usually zero in that case). Therefore any difference in the 
system bounds in the bounds on the probability of system failure can usually 
be attributed principally to the bounds on the intersection of pairs of local 
failure modes since the inherent errors in equations (4*4*11) and (4.4*12) are 
small, except in the case of equally probable local failure modes whose excess 
resistances are strongly mutually positively correlated. 
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( i ) P a r a l l e l ( i i) S e r i e s 

Fig.4.1.1 - Combination of Binary Systems 

Fig.4.1.2 - Example of a Failure Network 
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p e r f e c t l y d u c t i l e 

s t r a i n ^ 
( i ) E x a m p l e of b e h a v i o u r t y p i c a l l y a s s u m e d duc t i l e 

s t ra in 

(i i) E xamp le of behav i ou r t y p i c a l l y a s s u m e d b r i t t l e 

Fig.4.1.3 - Behaviour of Mater ia ls under Load 
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(i) L oad i ng 
^ W 

(ii) 

^ 

r "" 
\ 
\ 

1 ys A vy / 
/ 

/ 
r 

Civ) 

• r - « - - "7 r ' u - - / - ' 
/ / / / / 

/ / / / / 
/ / / / / f f f i / 

~ / ~ ' 
/ / 

/ / 
/ / 

(v) 
^ W 
(vi) 

Fig.4.1.4 - Loaded Structure with some Possible 

Failures of Sub-Sys tems 
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Fig.4.1.5 - Failure Network for a Simple System 

1 s t l o c a l 2 n d l o c a l 3 r d l o c a ( 

f a i l u re f a i l u r e f a i l u r e 

I I I 

Fig.4.1.6 - Failure Tree for a Simple System 
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B — = P-, 

C — = Po 

B c 

— E 

B 

c 

= p 
( i i ) F a i l u r e n e t w o r k f o r 

pa th s P<| and P 2 

( i ) F a i l u r e t r e e 

(The structure constists 
of three brittle members 
(A, B and C). The local 
failure of B or C results 
in system failure, but 
not of A since the struc-
ture is assumed to be 
able to redistribute all 
the load effect from A 
to B and C.) 

B 

(iii) F a i l u r e n e t w o r k f o r 

p a t h s P^ a n d P^ 

R e l a y 

tow 
B 

( i v ) F a i l u r e n e t w o r k i nc lud ing r e l a y 

Fig.4.1.7 - Fai lure Tree Requiring a Non-Standard 

Failure Network Symbol 
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SYSTEM FAILURE. MODES 

LCIADS 
PERFECT (FUNCTIONALLY) 
DEPENDENT RESISTANCES 

"IMPERFECT" OR UNKNOWN 
DEGREE OF DEPENDENCE 

INDEPENDENT 
RESISTANCES 

PERFECT 
(RJNCTIONALLY) 
DEPENDENT 

n n 
p(F) = Mujc(Max(p(A ))) 

i=l j=l i,j Mlxfe (p(A ) )) p(F) ̂  M&c(Mlx(p(A ) ) ) 
j=l i=l j i=l j=l i, j 

"IMPERFECT" OR 
UNKNOWN DEGREE 
OF DEPENDENCE 

^ (lflr(p(A ))) 
j=l i=l i,j 

£ p(P) ^ 

S? (l? (P(A ) » » P(p) 
i=l j=l i,j 

^ Max(Mlx(p(A ))) 
i=l j=l i,j 

z S (n£(P(A )))] 
i=l j=l i» j 

to Up( f) 

V i (p(A ))) 
3=1 i=l i,j J 

> Max(Mlx(p(A ))) 
' i=l j=l if j 

INDEPENDENT 
n n 
Max(Mlx(p(A ))) 
i=l j=l i,j 

( 2 (P(A )))] 
i=l j=l i,j 

to I p(F) 

J(M§x(p(A ))) 
3=1 i=l i» j J 

n o 
> Max(Mlx(p(A ))) 
' i=l j=l i,j 

£ C± (P(A )))£ p(P) 
1=1 j=l i,j 

> Max(Mlx(p(A ))) 
^ i=l j=l if j 

~b h ~bti A. .is the event of failure by the i mode of failure during the j load application J 
A = number of system modes of failure m 
t\ = number of load application 
TABLE 4*4.1 - BOUNDS CM THE FAILURE PROBABILITY OF A STRUCTURE SUBJECTED TO SUCCESIVE LOADS (FROM CORNELl/^) 



CASE (i) CASE (ii) CASE ( iii) CASE ( iv) 

a 0.005 X 10-4 0.250 X 10-4 0.005 X 10-4 O.o85 X 10-4 

b 0.005 X 10-4 0.300 X 10-4 0.900 X 10-4 0.900 X 10-4 

c 0.005 X 10-4 0.200 X 10-4 0.001 X 10-4 0.009 X 10-4 

d 0.005 X 10-4 0.230 X 10-4 0.000 X 10-4 0.001 x io-4 
ab 0.016 X 10-4 0.003 X 10-4 0.080 X 10-4 0.004 X io-4 

ac 0.014 X io-4 0.002 X 10-4 0.001 X io-4 0.000 X io-4 

ad 0.012 X io-4 0.003 X io-4 0.000 X io-4 0.000 X io-4 

be 0.010 X io-4 0.004 X io-4 0.001 X io-4 0.000 X io-4 

bd 0.010 X io-4 0.003 X io-4 0.001 X io-4 0.000 X 10-4 

cd 0.008 X io-4 0.002 X io-4 0.000 X 10-4 0.000 X 10-4 

abc 0.040 X 10-4 0.001 X io-4 0.008 X 10-4 0.001 X 10-4 

abd 0.020 X 10-4 0.000 X 10-4 0.000 X 10-4 0.000 X 10-4 

acd 0.030 X 10-4 0.000 X 10-4 0.000 X 10-4 0.000 X 10-4 

bed 0,020 X 10-4 0.001 X 10-4 0.001 X 10-4 0.000 X 10-4 

abed 0.800 X 10-4 0.001 X 10-4 0.002 X 10-4 0.000 X 10-4 

p ( v 0.937 X 10-4 0.261 X 10-4 0.096 X 10-4 0.090 X i d " 4 

p(a 2 ) 0.921 X 10-4 0.313 X 10-4 0.993 X i d " 4 0.905 X i d " 4 

p(a 3 ) 0.927 X 10-4 0.210 X 10-4 0.014 X 10-4 0.010 X 10-4 

p(a 4 ) o.9o5 X 10-4 0.240 X i d " 4 0.004 X 10-4 0.001 X 10-4 

p(A1HA2) 0.876 X 10-4 0.005 X 10-4 0.089 X 10-4 0.005 X i d " 4 

p(A1nA3) 0.884 X 10-4 0.004 X 10-4 0.010 X 10-4 0.001 X i d " 4 

p ( a ! a 4 ) 0.862 X i d " 4 0.004 X i d " 4 0.001 X i d " 4 0.000 X i d " 4 

p(A20A3) 0.870 X 10-4 0.007 X 10-4 0.011 X i d " 4 0.001 X 10-4 

p(a 2ha 4 ) o.85o X 10-4 0.005 X 10-4 0.003 X 10-4 0.000 X 10-4 

p ( a 3 o i 4 ) o.858 X 10-4 0.004 X 10-4 0.002 X 10-4 0.000 X 10-4 

p(F) 1 .0 X 10-4 1.0 X 10-4 1 .0 X 10-4 1 .0 X 10-4 

Lower Bound Error 0.018 X 10-4 0.005 X 10-4 0.001 X 10-4 0.001 X ID"4 

Upper Bound Error 0.068 X 10-4 0.007 X 10-4 0.001 X 10-4 0.000 X 10-4 

TABLE 4.4*2 - ARBITABY FAILURE PROBABILITIES FOR THE SYSTM IN FIG. 4.4.3 
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T o t a l p o p u l a t i o n of e ach case = N 

case 2 c a s e 1 

c a s e 2 

p (a ) = n A / H p ( b ) = n B / N 

p (anb ) = n A B / N = M a x [ " A ^ " B - N , 0.0 1 = M a x [ p ( a ) + p ( b ) - l . 0,0.01 

p ( a U b , = [ n A - n
N B - n A B ' = H i n [ V n B . N ] = M i n [ p ( a ) + p l b ) 1 0 ] 

Fig.4.4.1 - Probabilities Assoc iated with two Mutually 

Perfect ly Negatively Correlated Variables 
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To ta l p o p u l a t i o n of e a c h ca se = N 

c a s e 1 

B A 

h a A 

n B A - + 

c a s e 2 

B 

c a s e 1 

c a s e 2 

n. a = e v e n t of A < 0 

b = e v e n t of B 4 0 

p(a) = nA/fo p(b) = n B / N 

p ( a b) = M i n [ n A ' n 6 i - - M i n [ p ( a ) , p ( b ) l 
N 

p ( a b ) = M a x [ " A ' n B ) = M a x [ p ( a ) p ( b ) 1 

N 

Fig.4.4.2 - Probabilities Associated with two Mutually 

Perfectly Positively Correlated Variables 
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Fig.4.4.3 - Venn Diagram of Four Failure Events 

ab 
a 

b d 

be 
c e 

de 

Fig.4.4.4 - Venn Diagrams for Possible Failure 

Systems with Exact Bounds 
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Dimensions Showing Plane V^V^ which 

Contains Both Normals Pass ing 

through the Origin 
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(i) P o s if ive c o r r e l a t i o n 

t a i l u r e r e g i o n 
mode I 

mode J 

(ii) P o s i t i v e c o r r e l a t i o n 

mode J 

failure r e g i o n 

cos 

r e g i o n . 
mode I 

( i i i ) N e g a t i v e c o r r e l a t i o n 

Fig.4.4.6 - Linear Failure Boundaries in the 

Standised Normal Plane V ^ Shown 

in Fig.4.4.5 
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CHAPTER 5 - PROPOSED APPROACH TO SYSTEM RELIABILITY ANALYSIS 
5.1 THE BASIS OF THE PROPOSED METHOD 
5.1.1 The Need for an Improved Method 

The intention in this chapter is to propose an approach for obtaining bounds 
on the probability of structural system failure that can include those structures 
for which system failure occurs as the result of a sequence of local failure 
events. This approach is a development of the method put forward by Ditlevsen/^77 
(sub-sections 4*4*4 to 4«4*7), with the inclusion of an idealised redistribution 
of load-effect following the failure of each element based on Moses* unzipping 
technique/2®"^^7(sub-sections 4*3*3 to 4*3*6). 

The main disadvantage of Ditlevsen*s approach is that it considers explicitly 
only the union of failure events. This limits the method for use with structural 
systems where: 

i. system failure occurs with the first local failure; or 

ii. all the elements can be idealised as behaving in a ductile manner 
so that plastic analysis can be used to define each mode of failure. 

In practice there are structural systems with modes of failure which do not fall 
into these categories, but for which the ability to calculate the probability of 
failure is important. One obvious example is tower blocks and the probability of 
their progressive collapse, as at Ronan Point, Canning Town, in 1 9 6 8 . 

5*1.2 Failure Boundaries for Structural Systems 

Consider the failure boundary, separating the safe region from the failure region 
in the n-dimensional basic variable space, for a structural system which conforms 
to the above limits and which cam fail by m different modes of system failure. 
This boundary will consist of m intersecting hyper-surfaces. Starting from any 
point in the safe region, the failure region will be reached once any of those 
hyper-surfaces has been crossed. Therefore the events of being in the failure 
region for that system is the union of the events of being in the failure regions 
for each mode of system failure. If the failure boundaries for the modes of system 
failure are, or can be idealised as, hyper-planes in standardised normal space (as 
in Ditlevsen*s examples), then the failure boundary for the system can be shown as 
in fig 5*1*1 for any plane through that space. 

In the more general case, however, each mode of system failure is itself made up 
from n^ modes of local failure, each of which has to occur before the system will 
fail. The failure boundary corresponding to such a mode of system failure will 
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consist of nd intersecting hyper-surfaces. In contrast to the above, starting 
from any point in the failure region, the safe region for that mode of system 
failure will be reached once any of those hyper-surfaces has been crossed. Therefore 
the event of being in the failure region for that mode of system failure is the 
intersection of the events of being in the failure region for each constituent mode 
of local failure. If the failure boundaries for the modes of local failure are, 
or can be idealised as, hyper—planes in standardised normal space, then the failure 
boundary for the system can be shown as in fig for any plane through that 
space. This idealisation for the modes of local failure simplifies the calculation 
of the probability of their occurance, both singly and jointly, since these 
values are then the cumulative probabilities from marginal distributions of a 
multi-variate normal distribution. This simplification is employed in the proposed 
method. 

5*1.3 Constituent Events 
The event of being in the failure region for a mode of local failure implies that 
the set of basic variable values are such that the imposed load-effect is greater 
than the resistance of that element. In many structural systems a number of local 
failures have to occur successively for system failure to be realised. After each 
local failure there will be a redistribution of load-effect which can modify the 
form of the failure criteria for subsequent modes of local failure in the failure 
path. This leads to an important, but not obvious, consideration. The sets of 
basic variable values, from those in the total variable space, which correspond to 
a negative excess resistance for a mode of local failure will not necessarily 
correspond to a negative excess resistance for each of the previous modes of local 
failure in that failure path. For this reason, the event of being in the failure 
region for a mode of local failure does not necessarily imply that local failure 
has physically occurred, (fig 5.1.3 and table 5.1.1). 

5.1.4 Definitions 
The event of being in the failure region for the jth mode of local failure of the 
^th failure path will be referred to as the event a^j, and similarly the event of 
the ^th failure path occurring will be the event Ai« The reason for working in 
terms of the events a^ ^ is because of the difficulty in modifying the distributions 

J 
of the basic variables to take account of any previous local failures when calculating 
the probability of local failures. 

The physical local failure associated with a±f j can be represented as ( ^ a ^ k ) * 
since all the events a^ -j through a ^ j have to occur before the jth local failure 
in the ith failure path can take place. ^5ote that if j is the last mode of local 
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failure in the failure path, the occurrence of that physical local failure is 
identical with the occurrence of the failure path, A^, since failure of the 
structural system will occur with that local failure./ Also the occurrence of 
the jth local failure given the (j-1 1 — 1 "" 1 — 4"~1 1 -- -
failure path is represented as (a^ j 

th local failure has taken place in the i 
H ai k) 5.1*3 and table 5.1.1), 

k«1 ' 
It is helpful to summarise the preceding concepts as follows: 

i. the form of the failure criterion defining the event aifj is 
based on events a^-j through ait(j-l) having occurred ; but 

ii. the magnitude of the variables used to evaluate whether that 
failure criterion is satisfied are not modifed to allow for events 
% , 1 t h r o u e h ai, (0-1) ̂ ^ occurred. 

For further clarification these concepts can be demonstrated in a simple example. 

5.1,5 Example 

Consider three beams with a point load applied to the top beam (fig 5*1*4)* With 
the assumptions that: 

i. self-weight can be ignored; 

ii. the "beams will only fail in flexure; 

iii. the beams are perfectly brittle at failure; 

iv. impact effects can be ignored; and 

v. each beam has uniform geometrical and mechanical properties, 

the failure criteria for the three events a^-j, a ^ 2 and a ^ ^ are 
ai,1: zi,1s R 1 - 4WL ^ 0.0 V 
ai,2s $ 0 . 0 > (5*1*1) 
ai , 3 : r 3 - i W i S 0 .0 j 

where R-] , R2 and R^ are the resistances of the three beams to any applied bending 

moment • 

The load-effect on the second beam, 4WL, will only be applied to it after failure 
of the first beam, but the form of the failure criterion for a-j 2 d o e s no-fc include 
any limit on the value of the load-effect to ensure that it is greater than the 
resistance of the first beam, R - j - despite -JWL having to be greater than R 1 for 
a-ĵ -j to occur, and hence physically for the load-effect to be applied to the 
second beam. If Rj = -§WL and f^ = -gWL, â  2 will occur but the second beam will 
not physically fail since no load will ever be applied to it as a^ -j will not 
occur. Similar considerations apply to the event a1 ^ in terms of both a1 -j and 
a1,2 • 
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5.1.6 The Approach Used to Obtain the Bounds 

The events a. . and A. can be combined into the event of system failure, F, by 
i, J i 

ra m n i (5*1.2) 
F - V (Ai ) - U (0 [a± j] ) 

i=1 1=1 0=1 ,J 

where m is the total number of failure paths by which the structural system can 
fail and n^ is the number of local failures which have to occur to cause the 
failure path to be realised. Therefore the probability of system failure can be 
given by 

(5-1.3) 

The proposed method of structural system reliability analysis obtains bounds on 
the probability of system failure in terms of the probabilities of the various 
failure paths occurring, which are similar to those obtained by Ditlevsen in 
terms of the probabilities of modes of system failure occurring. However, it is 
first necessary to obtain bounds on the probability of each failure path occurring 
in terms of the probability of local events a^ j. 

5.1.7 The Failure of an Element 

Most structural systems could conceivably fail by many failure paths, each of 
which require several local failures to occur in succession. In most cases, the 
potential failure of each element will be included in a sizeable sub-set of the 
failure paths. For some of those failure paths a particular element will be the 
first to fail, in some the second, etc. Therefore there are usually several events 
a- • associated with the failure of any particular element. The form of the 1» J 
failure criteria defining this sub-set of the events airj will often be based on 
different events a. through a. . having occured, and so the expression for 

i,1 l,V J—1) 
the excess resistance in each case can also differ. 

5.1.8 Assumptions 
In order to make the manipulation of the variables more tractable, the expression 
for each excess resistance should be written as a linear equation of normal 
variables. Therefore: 

i. the structures to be analysed are limited to those which can be 
modelled as behaving in a linear elastic manner between the events of 
local failure; 
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ii. the variables considered are limited to the resistances of the 
elements. IL • and. the applied loads, SX, all of which are treated as 

/ \ normally distributed (see also section 5*5)i 

iii. each load is independant of each resistance; and 

iv. the load-effects are assumed to be equal to a deterministic 
linear function of the applied loads. 

These assumptions allow the failure boundary for each mode of local failure to be 
idealised as a hyper-plane in standardised normal space. 

5.1.9 Mathematical Form of the Local Failure Criteria 

Following from these assumptions the form of the failure criterion for the event 
i s 

2i,i=Ri,i - J r [ d i , i , k - s K ] < (5fc1'4) 

k=1 

where ng is the number of applied loads and di,1,k a r e aPPr°Pria"te constants. 

After an element has failed there will be redistribution of load-effect away from 
that element. If the element is perfectly ductile, the residual resistance is 
equal to the initial resistance, R^ 321(1 excess load—effect, which is to be 
restributed, is equal to <]• If, on the other hand, the element is perfectly 
brittle, the residual resistance is zero and the excess load-effect is equal to 
n s 

[ di 1 k ^ 11 "the initial load-effect. 
k=1 

The actual load-carrying capacity of an element after the load-effect applied has 
exceeded its initial resistance will depend on the mechanical properties of its 
constituent materials. In practice these matrial properties may be time— or 
strain-dependents such as strain hardening or load-shedding. These forms of 
behaviour can be approximately modelled by assuming that the residual resistance 
can be calculated deterministically when each subsequent local failure occurs. 
More sophisticated modelling is not possible if the form of the failure criteria 
are to remain linear. 

The form of the failure criterion for the second mode of local failure in the i ^ 
failure path will include a proportion of the excess load-effect redistributed from 
the first element. Therefore 
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/ 
= ^ 1 » V 2 . R i f 1 + R i , 2 " E [ j d i , 2 , k + ^ 1 » d i , 1 , k ] . S k ] 

n 
= C1,2,rRi,1 + R i , 2 - z f [ di,2,k> 4 (5.1.5) 

k=1 

where df „ , are the influence coefficients for the load-effect on the element 

"before the first failure occurs; is the proportion of the excess load-effect 
redistributed from the first element to the second; and is the ratio of the 
residual to the initial resistance for the first element ( ^ 2

 = 1*0 if perfectly 
ductile, ̂  2 = 0.0 if perfectly brittle, ^ 1.0 if strain hardening occurs, 
and ^ ^ load shedding occurs, fig 5*1.5). Similarly, the form of 
the failure criterion for any mode of local failure in a failure path can be 
written as 

ai,j = s I W R i , k ] - E [ ^ . H * 0 ' 0 ( 5' 1' 6 ) 

k=1 

where c. . . =1.0 i?JtJ 

5.1.10 Similarity with Moses* Approach 

If the elements* resistances are written as T- . instead of R. . . for a 

single load variable, S^, eqn. (5*1.6) becomes 

ai,a = z : [ w - n , k ] - di, a,i- si ^ (5.1.7) 

and hence, by rearranging this inequality, 

j 

The RHS of this inequality can be considered as the resistance of the structural 
system to the single applied load, S ^ and is of the form used by Moses, eqn. 
(4.3.15). 
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5.1.11 The Failure Set 
Before any structure can he analysed, the exhaustive set of possible failure paths 
has to be identified. These constitute the failure set for that structural 
system. 

In practice, a local failure could occur at any point along a structural member, 
but it is assumed that local failures are confined to specific cross-sectional 
points on each member for the idealised system. The position of such points, 
which are referred to as elements, will usually be where either there is step 
change in the value of the resistance (eg. due to the depth of a beam being reduced), 
or the load-effect is expected to be maximum (eg. at a support for a shear mode 
of local failure). 

The influence coefficients, d. . , and c. . . in eqn. (5« 1.6) have to be calculated 

for each of the modes of local failure in each failure path. For statically 
inderminant structures, the elastic properties of the members must be assumed 
deterministic, even though their ultimate resistances are treated as statistical 
variables. 

5.1.12 Further Example 

The simple example of a pinned portal frame, to which a single horizontal load 
is applied, (fig 5.1.5) can be used to demonstrate the intentions of the proposed 
method of structural system reliability analysis. The idealisations of this 
system are that: 

i. the structural properties of each member (AB,BC and CD) are constant 
along its length; 

ii. the formation of plastic hinges are the only local failure modes 
considered; and 

iii. the material from which the frame is constructed behaves in a ductile 
manner. 

In this structural system there are 4 possible modes of local failure, being the 
hinges at B in members AB and BC and at C in members BC and CD. The complete failure 
tree is as shown in fig 5.1«7« 

The event a. . is defined as the excess resistance of member AB at B being 
negative, that is 

Z.^ = R. -iLS ( 0 . 0 (5.1.9) 
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The event a* 0 is defined as the excess resistance of member BC at C being 1 ,2 
negative when the structure is treated as if there is a plastic hinge at By that 
is 

a 1 2 ° h " ( - a, ) 

R + 
1 

- LS 0.0 (5.1.10) 

It should be noted that the event a1 „ does not imply a plastic hinge occurs at 
C on BC unless a plastic hinge 

occurs first a B on AB. This can be shown by 
taking R^ = -§LS and Rg = ̂ LS, so that Z^ ^ = -|LS ^ 0.0 while 
Z^ ^ = -l-LS ^0.0. Hence the occurance of a failure path is dependent on all 
the modes of local failure within it being realised. 

5.2 THE PROBABILITY OF LOCAL EVENTS 

5.2.1 The Probability of a. . Occurring 
•̂y J 

The event a. . occurs when the associated excess resistance Z. . is less than lyj 1 f 3 
or equal to zero. The assumptions set out in sub-section 5*1*8 include the 
variables, R. , and S, , in the linear expression for Z. ., eqn. (5*1*6). being 

1 ,K K 
treated as having normal distributions. This assumption results in the excess 
resistances, Z. . , also having normal distributions. Hence the probability of 1» J 
the event a. . occurring is given by 1y 3 

p(. l f j) = $ = $ (- E(*lfJ) /<r(zitJ» (5.2.1) 

where, provided c. . , and d. . . are known constants, T lyJyk • lyJyk 9 
j n 

E ( 3 
J. -I •— • 

n 

- S I - M . 1 C > ] - | [ d i ) . k . E C S , ) ] 

(5.2.2) 
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and 
n 

- I w V - z t < W 
k-1 

o j 

k=1 1=1 ' 

k=1 L=1 

(5.2.3) 

since k» S^) is assumed to "be zero for all i, k and 1. 

5.2.2 Bounds Using The Probability of Single Local Events 

Bounds on the probability of system failure can be obtained using direct knowledge 
of only the probabilities of single local events. These bounds are calculated 
using the relationships 

n. n. l I 
0.0 < t ( n .) ) = p ( A i ) Y ^ U y p ] (5.2.4) 

m m m 
and Max p(A.)"] <; p (£., (A.)) = ? ( p ) $ 2 [ p (5-2.5) 

Eqn (5-2.4) can be improved when there is no mutually negative correlation of the 
excess resistances to 

n. n. 1 1 

T T [ ^ p < V Min [ p ( a i t p ] (5.2.5) 
j=i j=i 

Hence 
m n. 

Max * f e ^ T T I [ p Y / H (5.2.7) 
i=1 0=1 1 1 
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where © ^ =1.0 unless there is negative correlation of two excess resistance 
in the i ^ failure path, when = 0.0. These "bounds on the probability of 
system failure are wide in most cases. 

5*2.3 Level of Sophistication 

Closer bounds on the probability of system failure can be obtained if direct 
knowledge of the probability of some compound events are known. The type of 
compound events whose probabilities are required can be either the union or the 
intersection of local events, since these are connected by the relationship/^ 

P< ai,jUVl> " P(ai,j} + P<"k,l> - p K . j K . l ) (5.2.8) 

For this work, as in most others, the intersection of local events is the compound 
event whose probability will be found directly. 

The level of sophistication of a method to find the probability of a compound 
event can be regarded as the maximum number of local events in any compound event 
whose probability is obtained directly rather than by combinations of the 
probabilities of lower ordered compound events. If the level of sophistication 
were able to be increased to the number of local events in the failure set, 

cn 
T ] (n. ), the actual probability of system failure would be obtained rather 
i-1 1 

than just bounds on it. In this method, however, the second level of sophistication 
is employed, so that the equations have to be written in terms of the probabilities 
of single local events, y> (a. .), and the probabilities of the intersection of 
two local events, P (a. .fta. ). 

The probability of two local events, a. . and a. both occurring is the 
i,j k,± 

probability of two normal variables, Z. . and 2, , each being less than or 
equal to zero. Since these variables are not necessarily independent, the evaluation 
of this probability can be approached either by: 

i. constructing bounds on this probability (sub-section 5*2.4 below) - or 

ii. treating the two variables as having marginal distributions of a 
bivariate normal distribution and obtaining the cumulative probability 
of that bivariate distribution (sub-section 5.2.5 to 5.2.8 below). 
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5.2.4 Bounds on the Probability of Joint Events 

The first approach is used by Bitlevsen (section 4«4). Combining eqns. (4 .4 .23 ) 
and ( 4 . 4 . 24 ) , his bounds on the probability of a. . and a, .both occurring are 

JCfi 

Max I I 1' 0 - 0 i , j f k f l U ^ ( 7 3 i , 0 ) + V ' / h c l * - 1 - 0 ' ®i,J,k,l« 

P i (5.2.9) 

where A , - I f h i ) . A = E ( V > 

<* 2i,P 

(5.2.10) 

y 1.0- 5-2(Z.t j.^i)* y i . o . o - x ^ i ) ' 

(5.2.11) 

2 / ° (zi,j (5.2.12) 
© 
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be found from The correlation coefficient, >3 (2. Z. _), can 

/ o <"i,j'Vi) = -

I S i \ 
n=1 

(5.2.13) 

After manipulation, this yields 

, j i 

m=2 n=1 

(5.2.14) 

5.2.5 Bivariate Normal Distribution 

The alternative to using Jh/tlevsen's hounds is to solve the bivariate normal 
integral, as given by w 

_ a . j j)-Zi, j - f J E t z ^ l - i u ^ 

/ i . o - Y ^ . j ' ^ . i ^ ^ ^ . o ) ' yi.o-/P2(zi>j,2kfl)»ff(zktl)'j 

(5.2.15) 

viiere /O (Si x) can again te found from eqn. (5.2.14) 



The cumulative probability of any bivariate distribution is a double convolution 
integral. This is time consuming to solve accurately by numerical integration, 
but that is the method that must be employed unless the equation can be: 

i. solved analytically; 

ii. approximated to closely; or 

iii. reduced to a single integral. 

There is no analytical solution for the normal distribution, but for the univariant 
case Hastings has produced a good approximation to (u)/2^/. No similar 
approximation has been devised for the bivariate case. Three approaches to achieve 
a suitable simplification of eqn. (5.2.15) are Owen's methods, Hermite-Gauss 
quedrative and Simpson*s rule approximation These methods employ Hastings* 
approximation• 

5.2.6 Owen's Method 

Owen*s method reduces eqn. (5*2.15) to 

M K i 

- * ( / 3 /gfc,!-/ 0 0 8!^' V i,J\. J a flu"/0*2*. 

1 , J / 

where (5-2.16) 

T(h,a) = 
t f ^ r f r ^ Y i 

2tc 
for h >0.0 and 0.0 < a $ 1 . 0 (5.2.17) 

T(ah, 1/a) = i ^ (-h)+ $ (-ah) - <j> (-h) * § (-ah)-T(a,h) 

for h>0.0 and a > 0.0 (5.2.18) 

and 

T(h,a) = -T(h,-a) = T(-h,a) (5-2.19) 
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5.2.7 Hermite-Gauss Quadrature 

The double convolution integral of eqn. (5*2.15) is replaced, in the Hermite-Gauss 
quadrature, by the series 

m 

1 21 / l . O - C& 10-C 

+ E (5.2.20) 

where m is the number of points used for the quadrature; 

C 1 = + ' ' °2 " / O ^ j ' % 0 . ) (5-2.21) 

°1 

2( m + 1lm! 
^ " T S ( x ) 7 2 , 1 = 1, (5-2.22) 

(m+1)
 1 J 

H ( X ) is the Hermite polynominal of order nj 
, 7 

X„. . X are the zeros of H (X ) ; and 1 n nN 7 ' 

E is the error function given by 

(2m)! — I T I ) (5.2.19) 
n/1.0 - cf Vl.O - c I' 

for some value ? • 
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5.2.8 Simpson's Rule 

The double convolution integral in eqn. (5.2.15) is reduced to a single convolution 
for the approximation by Simpson's Rule. The integrals used are 

" A . i f x2, 
i)x 

f r I exp(- ) 

- f/Sk.i 

-oo 

exp(-*. ) 

J^lT 

for ^ ( Z i j , ^ ! ) ^ 0.0, ana 

l)x *? dx f o r 

I 1.0-

> o-o 

(5.2.24) 

5.2.9 Compari son of the Methods 

Sowden and Ashford^88^ suggest that Owen's method is the quickest one of the three 
for computer use in calculating the cumulative probability to a particular degree 
of accuracy for the majority of cases. However Owen's method includes expressions 
of the form 

A [ 1.0-^(Z 1 f2 2) 

in which difference 

between the two terms can be less than the accuracy of Hastings* approximation for 
(u), which is about 10~7 ? f0r relatively large values of /3 encountered 

in structural reliability analysis. Therefore the table given by Sowden and Ashford 
has been amended (table 5*2.1) by replacing Owen's method with the Simpson's Rule 
approximation when: 

/ ^ . j + A . ! * 3-°* t 1 - ° 7 ° * o r ( 5 - 2 - 2 5 ) 

(ii) Max y 3 i f j y3 k fi) >s 6-° (5-2.26) 
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Hence the best way of obtaining a value for the probability of joint events, 

p ( ai j^k u s e aPProPrxa"^e from table 5*2.1. The use of 

these methods rather than the bounds of eqn. (5.2.9) increases the computer time 
necessary to find the bounds on the system reliability, but it also narrows the 
gap between these bounds. The use of a function to find the cumulative frequency 
for the standardised trivariate (or other multivariate) normal distribution would 
reduce that gap still further, but the additional, computing required would be 
daunting — especially considering the number of times such a function would be used. 

5.3 THE PROBABILITY OF THE REALISATION OF FAILURE PATHS 

5*3.1 Lower Bound 
.th The probability of the i failure path occurring is the probability of the 

occurrance of all the events a. . which constitute that failure path. Therefore 
n. 

p(A.) = p ( £ [ a i f j ] ) 
J 

" p ( a i ' l ) ' t s { ( £ 1 ) K i V l 
2=1 

th where A^ is the event of the i failure path occurring and a^ ^ is the event of 

Z. . $0.0. Unlike the occurrence of an event a. . (sub—section 5«1-4)» the l»J 0 
occurrence of an event A^ implies the physical failure of the structural system. 

When the excess resistance, 3. ., for the local failure mode a. . is not negatively 
J J 

correlated with any of the excess resistances, Z. ., for the local failure modes 
i,lT 

a. . which occur before a. . in that failure path, then 
1 , 1 / n l f j 

(j-1) 

P ( % j 0 [a, > » P<*i,j | *i,k> - > p ( % . ) (5.3.2) 
1=1 

is true for all values of k less than j. Choosing k to maximise the value of 

P (a . 0 a. , ) and substituting eqn. (5.3.2) into eqn. (5.3.1) gives a lower bound 
v 11J 1 

on the probability of that failure path occurring. This bound is 

* < i t i > « r r ^ j r V ^ ^ ] (5.3.3) 
J P(ai,k) 
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When there is negative correlation of the excess resistance of local failure mode 
a. . with the excess resistance of at least one of preceeding local failure modes 
in the failure path, then eqn. (5.3.2) is not necessarily true for all values of 
k and should he replaced hy 

(j-1) 

P ( ax, n [ a . t l D ^ p(a. t. n [a ] ) 
2=1 1=1 

(5-3.4) 

where a. , is one of the n local failure modes whose excess resistance is i,kx 
negatively correlated with that of local failure mode a. .. A lower bound on 

•̂y a 
this probability can be found by 

n n 
f ( a M n [ % * , ] ) = P<in=i K . k j l I a i , P * P < a i , P 

1=1 4 

p( n r a 1 ) 

? 1=1 L ^.^J 

hi t ^> 
n 

p < 1 f J > - ^ [ p t a ^ a . . ) ] 

(5-3.5) 

c 
which is true for any value of m ^ n, where S represents the complimentary 
event to E . The inclusion of eqn. (5«3«5) produces a more complete lower bound 
on the probability of the failure path occurring since it allows for negative 
correlation. This lower bound is 
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n. i (j-o (j-D 

p ( A i ) > p ( a i | 1 ) « T T \ T T [ © i . d . i J x M a x T P Y A i . l c ) J + 

d=2 W W L p ( a i > k ) I + 

k=i J 
(j-I) 

p(a. ) d)- p(aifjOa.(k) 
= P 1 ( A l ) (5-3.6) 

where © is as defined in eqn. (5*2.12). 
i,j,i,k 

5*3*2 Upper Bound 
To find am upper hound on p (A^)* probability of the occurrence of two of the 
local events a. . aire considered as being unity, their maximum possible value. 

/ \ This simplification has the effect of reducing eqn. (5*3*1) to the inequality 

?(A.) $ -p(aifjna.tk) (5.3.7) 

Minimising the right hand side of eqn. (5*3*7) to produce the closest upper bound 
gives (il-1 ) ni 

f(Ai) $ Min ^ Min P /ai,k^ ] 
j=1 k=(j+l) 

- p u ( V (5.3.8) 

th 
Hence the complete bounds on the probability of the i failure path occurring, 
^>(Ai), are 

\ (Ai} 4 ? ( A d ) « ? u (A,) (5.3.9) 

The bounds become identical when n^ 2 ( p(A^) = "J>(â  2) if n.=2 and 

p(A.)= r < > ) if n. = 1). 
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5•3•3 Probability of Two Failure Paths 

Consider a system in which the local events a. . are such that two potential 

failure paths, Ai and Ajj. ? exist. The mathematical event AiftAfc can occur if all 
the events a ^ j and a^j. are realised, although the physical failure of that 
system can only occur along one failure path, the choice being governed by the 
loading history. The probability of this event can be written as 

U J p ( a k , 1 l S i K - l » L K J ) } 

Eqn. (5*3.10) is similar to eqn. (5*3.1), so that a set of bounds on the probability 
of both failure paths being able to occur can be found using the same arguments 
as those used to obtain eqn. (5*3.9)* These bounds are 

ni f (j-1) r (j-1) , , (j-1) 

(j-1) 

1=1 J 

(d-U 
X 

j T j p w r i f ' ^ ' i . i i , - ri[et,,,Mu 

p(a i ( 1) J " J 

[ o - o , f ( % , y £ [\uo - 0 k f 1 f i f l ] > { p ( ^ K p ^ H,x)}]] 
Max 

n. 

\ \ - ek,i,i,i]« p ( a k , i > + i,i,i ] 
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.1=2 1 1=1 L 1=1 1=1 L (,. ) J 

"i 
(1-1) 

. p(«kl> Jj 
n. ( j _ l ) 

Ma*[o.O, p ( \ t j ) " g J 1 - ° - © k f J f i , l ] * { p < a k , J ) - - £ I 1 ' 
0 -

© >1 1c, , 1 ^ n V < 

( ni" 1 ) ( D k - 1 ) r ^ r- H 

Min j Min [ B n \ p <a l t . [ g j + i j l P ^ V i l I 
K. 

(5.3.11) 

5.4 THE FAILURE PROBABILITY OF THE SYSTEM 

The probability that the system will fail is the probability of at least one of the 
failure paths occurring. Therefore 

m 
p(F) = P ( U = 1 { A.} ) 

(i-1) 1U r • / c ^ •> 
= p (A. )+ .ZL I P(A. . n ) A5? ) 

1 1 i*=2 j=1 3 
m (i j) 

(5-4.1) 

However, since 
(i-D 

i A l ] | Ai> ^ | = 1 . 0 - p_ 
( A A ) 
p(Ai) (5.4.2) 
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is true for all values of k less than i, choosing k to maximise the value of 
p (Aifl&k) and substituting eqn. (5.4*2) into eqn. (5*4*1) gives an upper bound 

for the probability of system failure. This bound is 
a (i-2) 

p<»> £ p ( V + g [ p(A d) - Max 
k=1 

[ p (A.^)'] J (5*4*3) 

Eqn. (5.4*2) can be rearranged into 
(i-1) 

p(r> 
r j=i H i A J 

(i-2) 
1.0 - p<ud=i H j 

s 1.0 -V 

(i-1) 

Z [ P (A^A.)] 
3=1 

p ( A i ) 

V 

(5.4.4) 

Hence a lower Hound can He put on the proHaHility of system failure as 
1 1 1 

p( F) > p(A.)+ 2 T [ MaxJp(A.)- 2 [ p (AjOAj) ] , 0.0 ] (5-4-5) 

The true probability of the intersection of the complement of the failure paths is 
less than the probability of the events when they are treated as being mutually 
independant, provided that there is no mutual negative correlation among the failure 
paths. Mutual negative correlation of the failure paths is assumed not to occur 
when there is no mutual negative correlation of any pair of excess resistances for 
local failure modes from different failure paths. Therefore, given that condition, 

(i-1) r \ (i~1) I 
p ( & H i n [ p(a£ A i)] 

1 k=1 ' 

= n 1 ) r 1.0 - p < W 1 
k = 1 1 — J (5.4.6) 

p(A i ) 

a set of bounds on the failure probability of the system can he given using the 
maximum from eqns. (5.4.4) and (5.4.6) when there is no mutual negative correlation 
of the failure paths. These bounds are 
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(i-1) (i-1 n. n. v i a 

p ( A [ [ p ( A i . A . ) ] , T T [ n | n [ @ i , k f j f : 
i=2 j=1 j=1 k=1 1=1 

(i-1) 
p(A ±) T T \ 1-0 -Min j 1.0, p (A.AA^ 1 1 1 " ! ^ p (F) $ 

* r (i-0 r 
( A i ) + ^ 2 L p ( a ± ) " k

Mf \ p ^ V j ] (5-4.7) 

These "bounds are identical if m $ 2 ( p(F)= p(Ai)+ p(A2)- p ^ O A ^ if m=2 and 
= p (A^) if m = 1), but their values will be identical only if those failure 

paths have equal values for the upper and lower bounds on their probabilities of 
occurring from eqns. (5*3.9) and. (5-3.11). 

The values of p(A^) for use in eqn. (5«4*7) are the lower bound of eqn. (5-3.9) 
with the lower bound, and the upper bound with the upper bound. The values of 
p (AJTA^), however, are the upper bound of eqn. (5.3.1l)with the lower bound, 

and vice versa, since that term is used with a negative sign. The ratio of 
p ( A A A k ) andp(A^) is used with an upper limit of unity since the upper bound 
on p(A;jAAk) is divided by the lower bound on p(A^) when evaluating the lower 
bound of eqn. (5-4.7). 

5.5 PARAMETERS USED TO MODEL THE VARIABLES 

5.5.1 Element Resistances as Functions of the Basic Variables 

In order to be able to use the methods described in sections 5.1 to 5*4 (as well 
as some of those in sections 4*3 and 4*4) it is necessary to be able to estimate 
the means,standard deviations and correlation coefficients for the distributions 
of the element resistances and of the loads. However, it is impossible to 
establish these parameters for the element resistances directly by sampling, and 
hence they must be estimated from a knowledge of the distributions of the basic 
variables (section 2.1). The basic variables have distribution parameters which 
are generally more easily established since the same materials, etc, are used for 
many designs. It should be noted that the equations in sections 5-1 and 5.2 cannot 
easily be redefined in terms of these basic variables. 

The failure criterion for the initial local failure in any failure path is 
eqn (5.1.4), ie 

S i ( x ) = Z . ? 1 = R i > 1 - J l Z d . > 1 ) k S k 7 $ o . o (5 .5 .D 
k=l 
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Therefore the element resistance, , can he defined as a function of the 
basic variables, X, by 

V = V * > = z i , i + g A 1 ' * S t 7 ( 5 , 5 , 2 ) 

since the loads, S, are assumed to be a sub-set of the basic variables, X. 

5.5.2 Means and Standard Deviations 
Provided the basic variables in R. (X) can be assumed to be mutually independent, 

1 r* 
one approach to the estimation of the parameters for the distribution of R^ ^ is 
to use the first two terms of Taylor's expansion for Ri(X)^^'. This leads to the 
approximations for the mean and variance of R. , of 

1,-L 
E(R. n ) = R, (X) X 1,1' • IVs/ x = E(X) (5.5.3) 

and 

c - X i ( 5- 5- 4 ) 
* , = 1 U x = E(X)' J 

r/SRiffl 

These values can then be used, with the parameters of the applied loads, to give 
the probability of an initial failure as 

E(*i,i> - s E w E M 
p(a. -,) = Q>(- I 9 n s n s r ^ 1 

11 - \ j t n " , + 
- — - - - ' - / - - ( 5 > 5 > 5 ) 

This value of p(a^ is the probability found by the Mean Value Level 2 method, 
which is demonstrated to be inaccurate in Part 1. A more accurate estimate of 
p(a. ) = pCZ. 1 = g 4QO<0.0) can usually be obtained by using other methods, i,JL iy-J- 1 
such as: 

i. the Advanced Level 2 method; 
ii. Monte Carlo simulation; or 
iii. numerical integration. 

The standard deviation for the equivalent normal distribution can therefore be 
found by re-arranging eqn (5«5*5) treating o-(R. 1 ) rather than p(a. , ) as the 

1 , 1 1 , 1 

unknown. This approach will produce distribution parameters for the element 
resistances which give the best estimates for the probability of the initial local 
failures in each failure path, although not necessarily for the subsequent 
failures,. It should be noted that there is no need to make the assumption that 
the basic variable governing R. , are mutually independent in eqn (5.5.5). 

1y-L 
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Re-arranging eqn (5*5*5) gives 

e r ' \ t l ) = ' 

2 nS n S f 
- 22 1 . A- . k ) o ( S i > 5 . )* 

j=l ball > >3 1' 1» K/ J * 

The mean value of the element resistance, E(R. ..), can still he estimated 
from eqn (5*5*3) provided the basic variables are mutually independent. If the 

J& variables are partially correlated, the approximation for the mean becomes' 

x = E(X) x = E(x) 
/ V V \ , 

l ^ x . ^ o - c x p ^ ) ) 

(5.5.7) 
The second teim, which is not included in eqn (5.5-3), is negligible provided the 
standard deviations of the basic variables and the non-linearity of the function 
are not large. If eqn (5-5-7) is used with mutually independent basic variables 
this term reduces to half the sum of the variances of the variables times the 
second derivatives of the resistance. 

As shown in Appendix C, there can be a considerable difference between the 
standard deviation obtained by eqn (5-5-6) and that obtained by eqn (5-5.4). Tt 
should be noted that part of this difference will be due to treating the loading 
variables, as having normal distributions in eqn (5-5-6), while using the 
appropriate distribution to model them when calculating p(a. n) (extreme type I 
maxima for the example in Appendix C). 

5-5.5 Correlation Coefficients 

The correlation coefficients have to be obtained indirectly by first finding 
the correlation coefficients of the excess resistances. The value of these can be 
established by using the equality between the correlation coefficient of two excess 
resistances and the cosine of the angle between the noimals to the failure 
boundaries in standardised normal, space (sub-section 4.4.6). For mutually 
independent basic variables, eqn (4.4.21) gives the correlation coefficient of the 
excess resistances, or 

/o(8l,l'Zjfl> = 0 0 3 e = 2 < < * l f k < * j f J c > (5.5.8) 

whereof. , and oC are the values from eqn (2.4.22) used in the Advanced Level 2 
analysis (sub-sections 2.4.4 &2.4.5) £t i andH. , respectively for the k 
basic variable. It should be noted that the value of oC. , is zero for any basic 

135 



variable which governs Z.. ̂  but not Z^ and vice versa, so that^o(H^ j) 
is zero if no basic variables are common to both excess resistances, as would be 
expected. 

For the more general case where basic variables can be correlated, the 
standardised normal variables, JJ, used in the Advanced Level 2 analysis first 
have to be transformed into a set of mutually independent standardised normal 
variables, (sub-section 2.1.5). From eqn.(2.1.3), this transformation is 

Y = C(U - E(U)) = C.U (5-5.9) 
since E(j{) = 0.0. Transfoiming the c£ vectors into ja vectors gives 

a. = C.cc ; a. = C.*. (5.5.10) 

Therefore 

= (c.oc.)T (c.*.) 
= oc.T.CT.C.oc. (5.5.11) f̂ i — — j 

Substituting in eqn (2.1.4) gives 

^ . I ' Z j . l ^ ^ i 1 - ^ " 1 - ^ (5.5.12) 
where V is the symmetric matrix of the correlation coefficients of the standardised 
normal basic variables. It should be noted that the inversion of the matrix can 
be carried out in parts if only sub-sets of the variables are mutually correlated. 

The correlation coefficient of the resistances can be found in terms of correla-
tion coefficient of the excess resistances by re-arranging eqn (5.2.11;). Since 
°i,1,1 = °k,1,1 = 1*0' P u t t i nS j = 1 = 1 and writing j for k in eqn (5.2.1)+) gives 

^ ng ns 

c r C ^ C T f S ^ ^ / f c - l Z i ^ j c y C Z j ^ ) ] (5.5.13) 
Therefore, by re-arranging eqn (5.5.13) 

cr(sk)cr(sl!|/^(Hift)cr(Hj>1)] (5.5.14) 

The correlation coefficients for the example in Appendix C are shown in table C.5. 

5.6 TIME-VARYING LOADS 
5.6.1 Introduction 

So far in this chapter each variable which governs the behaviour of a structure 
is assumed to have a single value. However, the values of some variables do not 
remain constant with time, such as wind pressure or the strength of high alumina 
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cement concrete. When there is only one such variable this variability can be 
included in the model by describing that variable as the extreme value, either 
maTimim or mTTriTrmm as appropriate, that occurs within the reference period. 
However, when there are more than one time dependent variable they cannot be 
modelled simply by using extreme value distributions since those extremes are 
unlikely to occur at the same time. Therefore more complex modelling is 
required to describe such a case, and several models have been developed by 
others to achieve this^^T 

This section is not intended as a detailed study or development of these methods, 
but contains an extension of the proposed method of system reliability to 
incorporate one particular load combination model. This model for treating load 
combinations is due to Ferry Borges and Castanheta, and is described in CIRIA 
report 63^^from which part of the description is reproduced, with minor modifica-
tions, in sub-section 5*6.2 below. It should be noted, however, that: 

i. the model requires several assumptions which restricts the applicability 
of it to certain design situations; and 
ii. the model only allows for time-varying loads, not time-varying 
resistances. 

5.6.2 Load Combination Model 

It is assumed that for each time-varying load, the reference period, T, is sub-
divided into a number of elementary time intervals of equal length, A^T, such that 
the peak values of load in consecutive time intervals can be considered to be 
independent. It is then further assumed that each (possibly continuously varying) 
load, S^, remains constant at its peak value throughout its own elementary time 
interval. This latter assumption is clearly conservative, but it is not unduly so 
if the time intervals are relatively short. This model is represented in figure 
5.6.1 for three time-varying loads. 

The load combination model then requires the ordering of loads according to the 
individual number of possible repetitions such that 

n(i-l) ^ ni < n(i+l) (5.6.1) 
for 1 <i<k, where there are k time-varying loads and where 

n. = (5.6.2) 

An approximation to the maximum combined load is then obtained by considering the 
load combinations in table 5.6.1. This shows, for each combination j, the number 
of repetitions N. . for each time-varying load, S., to be used in determining its 

i 
137 



modified probability distribution for combination with the other (k-l) loads. 
When a reference is made to a load combination it will imply one of those given 
in the table, for which the principal load is defined in this study as the load 
which is modelled as having its maximum intensity in the reference period, even 
when it is not the largest numerically. The reliability i n d e x , i s determined 
(using the Advanced Level 2 method given in sub-sections 2.4*4 to 2.4*6) for each 
of the k combinations and the results may then be combined to estimate the total 
failure probability using the relationship 

p(f) = 1.0 - z : o -

? i f ( - ^ i ) (5.6.3) 

5.6.3 Accuracy of the Model 

It should be noted that eqn (5.6.3) assumes that the excess resistances for the 
element under each load combination are mutually independent, which is only likely 
to occur if both the load intensities from each load combination and the resistances 
to them are also mutually independent. Clearly the resistances will be mutually 
fully dependent unless the resistance of the element is also time-dependent, and 
even then it is not likely to have independent intensities during each load's 
elementary time interval. However, the variability of the load is usually greater 
than that of the resistance (but see Appendix C, table C.4) so that the excess 
resistances are not often strongly correlated. 

A second possible source of error is that the load combination method does not 
necessarily include all the load combinations that could produce the maximum load 
intensity (eg if the second largest intensity of each load occurred simultaneously). 
This error could lead to under-estimation of the failure probability, while the 
previous one could lead to over-estimation. However, despite these possible 
inaccuracies, Turkstra and have shown that this method produces reason-
able results for those cases it can model. 

5.6.4 Extension to System Reliability Analysis 

In element reliability analysis each element is analysed for failure to resist 
each of the load combinations, and similarly in system reliability analysis each 
failure path and local event, a. ., has to be analysed for failure under each load 
combination. Therefore it is simpler to consider any failure path which has a 
local event a, . analysed with more than one load combination applied to the 
structural system as the appropriate number of different failure paths within the 
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failure set. However, from practical considerations, those load combinations for 
which an increase in the principal load would not increase the probability of 
failure need not be considered for that local event, a. .. 

The condition where repairs are assumed to be carried out at the end of each time 
interval if any local failure(s) has occurred can be modelled by applying the 
same load combination to the system for every local event a. . with a failure 
path. The condition of no repairs being carried out, however, cannot be modelled 
accurately by applying different load combinations to the structural system for 
each local failure modes in any failure path. This inefficiency of the latter 
model results from the load combination for the second local event a. . in a 
failure path modelling the maximum intensity of load effect on that element during 
the reference period and not the maximum intensity of load effect during that part 
of the reference period remaining after the initial local failure occurs. 

It should be noted that if the loads are applied at the same point on a structure, 
then maximum intensity of load-effect will occur on each element at the same time 
and the suggested model of the structure being regularly maintained will be 
appropriate for structures which are not maintained. However, the more general 
case of different loads being applied at different points implies that the 
maximum intensity of load-effect is likely to occur with different load combina-
tions for different elements, when the maintenance procedure becomes a relevant 
consideration in the applicability of the model. 

5.6.5 Single Elements with Multiple Time-Varying Loads 

If the load combination model can be applied to the system reliability analysis 
technique, it can also be applied to the system of a single element acted upon by 
several time-varying loads. This system has a probability of failure which is the 
probability of failure for that element and which has made due allowance for the 
correlation between the resistances to which the loadi-effects from each load 
combination are applied. This approach reduces one of the possible errors in this 
load combination method discussed in sub-section 5.6.3. 

5.6.6 Parameters of the Loads 

In order to use this load combination model the means, standard deviations & correlation 
coefficients the loads are required. It is assumed that these parameters are 
known for the underlying distribution, that is the distribution of the mutually 
independent values during each elementary time interval. The different loads have 
to be able to be modelled as being independent since the correlation coefficient of 
the underlying variables will not be the same as the correlation coefficients of 
the extreme values. 
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The probability of an extreme value from n time intervals can be found since 
the load intensities are assumed to have independent values in different time 
intervals. The cumulative probabilities are given 

Fsn M - f i X * ] / * 
S M A X (5.6.4) 

F ^ ( S ) = 1.0 - zr;o -

where Fs(s) is the cumulative probability function of the load intensity, S, in 
any time interval and F c n (s) and F c n (s) are the cumulative distribution 

MAX MIN 
functions of the maximum and nrirHiimni load intensities in n time intervals 
respectively. Therefore the probability density functions and the central moments 
of the extreme values can be found from 

fc„ (a) = n / ¥ J s y » - 1 1 f 5 ( s ) 
W (5.6.5) 

f c n _ » = a /l.O - Fs(Sj7(n"1)fS(^) SMIN 

E ( ( S ^ ) r ) - f""* s E n Zf ( Sy(n-l) f s ( 3 ) d a 

E((S^ N) r) = s r a Zl.O - F<J(sJ7^ 'fg(s) ds 
—OO 

Eqns. (5.6.5) and (5.6.6) are examined for some common distributions of S in 
Appendix D. 

The load intensity for any load will have to be modelled by different variables 
for each load combination, using the central moments from eqn. (5.6.5) with the 
appropriate value of n from table 5.6.1. The correlation coefficient for two 
variables modelling the same load in different load combinations will be derived 
from the 
probability that both load combinations will include in their summation the 
intensity of load effect from that load which occurs during the same time interval. 

506.7 Correlation of Extreme Values 

The probability that two variables modelling the load intensity in a single time 
interval from the same load will use the same time interval is "^n^. Therefore ' 
since the two variables will have the same distribution parameters, 
^ . S . ) = ̂ ( S ^ S . ) - E(S ± ) E(S j^/^(S.)cr(S . J 7 = [ ^ E(S?U (nk - 1-0) ̂  

E2(Si)] - E2(Si)]/ff
2(Si) = ^ (5.6.7) 
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An example of this is the correlation coefficient for the variables modelling the 
intensities of load S^ in load combinations 2 and 3 (fig 5*6.1). The probability 
that the maximum intensities of loads Sg and S^ occur in the same time interval 
A-jT is 1/n^ = 0.5, which is therefore also the correlation coefficient for the 
two variables modelling S^ for those load combinations. 

Similarly, if two variables model the maximum (or minimum) extreme of n ^ / n ^ ^ 
values, then the probability of those two sets of time intervals being identical 
is l/n(ic-<|)» 8 0 "that 

/p(Si,Sj) = V n ( k - 1 ) (5-6.8) 

The probability that a variable which models the extreme form n^ values has that 
extreme value in a time interval which is the set of nk/n(k-l) "time intervals, 
where a second variable models the extreme from the intensities during those time 
intervals, is equal to -j), 8 0 that eqn. (5.6.8) applies here also. 

When two variables model the maximum and minimum extreme load intensities for 
different sets of time intervals, then 

^ MAX 'i' ((SMIN )$) 

\ nfk-1x / J 
l (k-1) 

/0(Sn(k-l) Sn(k-1) ) 
r MAX ' MIN 

(5.6.9) 
n(k-l) 

whereyO (S ̂ ^ , S ĵ IN̂  ̂  c o r r e l a - t l o n coefficient of the maximum and minimum 

values from a single set of ^j time intervals. The correlation coefficients 
for the variables modelling a time-variant load are tabulated in table 5.6.2, and 
the values of (SjJĵ ""1 \ ^MIN^ ̂  a r e d i s c u s s e d i n Appendix E, with particular 
reference to S having a normal distribution. 
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5.6.8 Estimation of Element Resistence Parameters 

Eqn. (5.5.6) was obtained with the assumption that there was only one load combination 
to consider. There will be a different failure probability for each load combination 
if the loading variables model more than one time—varying load. The mean, as well 
as the standard deviation, can be used as a variable when there are two load 
combinations. Given the event of an element failing by two load combinations are 
a^ ^ and b^ then the failure criteria are given, respectively, by 

n » - • 

and 

z i , i = Ri,i - 7 2 \ ( W * 1 
k=1 L 

ns-
Zi,1 = Ri,1 - £ 1 I ^.l.k 

(5.6.10) 

na \ 
where (SfjAX'k I s the maximum (or minimum if appropriate) intensity of the k load 

th in n time intervals, and n is the number of time intervals for the k load in a 7 a 
load combination a according to table 5.6.1. (Similarly for (m^x)k 311(1 nb)- It 
can be shown (Appendix F) that the required failure probabilities for both load 
combinations will be obtained if 

± (p(ax,i» r V v » 

- a [ - v u & v } ] V 

. [f1(?(ai,i))f-[$"1(p(bi,i))f 
2 

and 

c r O ^ ) = 

n« 
" g [ di,1, k B((S«x)lt)] 

I"' (P(a.(1)) 

(5-6.11) 

n. 

- Z [di,1,k ^ ( ^ L c J k ) ! 
k=1 

(5.6.12) 
(Note that the loads have been assumed mutually independant). 
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Some form of numerical "best fit" analysis is required when there are more than 
two load combinations. One approach is to minimise the value of oC summed over 

St 
each load combination by varying the values of E(R. 1) and G-(R. .), where 

n 1'1 1 , 1 

B(Hi fi )-1srdi fi fkE« s&w3 

2 ns r 2 2 no M 
<r(Rif1)+ ̂  [ a l f 1 f k c r ( ( s ^ J ] 

(5.6.13) 

Having to use a "best fit" approach makes the system analyses of single elements 
under multiple time-variant loads less rigorous, but it will still be more 
theoretically correct than treating failures under different load combinations as 
independent events. 

The correlation coefficient for pairs of resistances will have to be obtained from 
a "best fit" analysis whenever there is more than one time-varying load. If 

/
)(R. 1fR. .) is the correlation coefficient with load combination a by using a i, \ j, i _ 

the method described in section 5*5, S ( o c a n minimised by varying ' a 
^o(R.j1,R.)1) where 

o C a - ^ < \ f 1 . H j f 1 ) -yO.O^.Rjf1i7 (5-6.14) 
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POINT IN 
VARIABLE 

SPACE 

I 

n 
i n 

IV 

v 
VI 

VII 

VIII 

NEGATIVE EXCESS RESISTANCE 

H,1 

N 

0 

N 

N 

0 

0 

N 

0 

N 

N 

0 

N 

0 

N 

0 

0 

*i,3 

N 

N 

N 

0 

N 

0 

0 

0 

PHYSICAL FAILURE 

S 

F 

S 

S 

F 

F 

S 

F 

S 

S 

S 

S 

F 

S 

S 

F 

S 

s 
s 
s 
s 
s 
s 
F 

0 =s Occurrence of Mathematical Event 
N = Non-Occurrence of Mathematical Event 
S a Physical Safety of Element 
F = Physical Failure of Element 

TABLE 5.1.1 - IMPLICATION OF THE VALUES OF THE BASIC VARIABLES FOR 
THE MODES OF SYSTEM FAILURE IN FIG 5.1.3 
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Consisting of Linear Boundaries, each 

Represent ing a Mode of System Failure 

Representing a Mode of Local Failure 
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®VIIJ 

Fig.5.1.3 - Failure Boundaries for Single Modes 

of System Failure in a Plane Through 

a Mult i -Variable Space [ s e e table 5.1.1 ] 

146 



('} Plan 
W 

1 Beam 1 

Beam 2 

Beam 3 
m \ 

(ii) Section A - A 

Fig.5.1.4 - Three Beams for the Support 

of a Central Load 
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Load effecf/(\ 
carried by 

element 

Failure 

(i) Brittle behaviour Total load 

Load effect^ ^Failure 
carried by 

e lement 

(ii) Ductile behaviour Total load 

Load effect/̂  ^Failure 
carried by 

element Subsequent local 
fail ures 

ii) Strain hardening Total load 

Load effect/̂  / 
carried by 

element 

Failure S ubsequenf 
local failures 

(i v ) Load shedding Total load 

Fig.5.1.5 - Idealised Element Behaviour Models 
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Fig.5.1.6 - Pinned Portal Frame 

Plastic hinge at: Plastic hinge at: 

B on AB < 3 i,f 
C on BC = Ai 

a 1 ,1 & a 2 ,1 

Bon BC < 
3-3,1 & 2 4,1 

a5,1&\6,1 

3,2 
'4,2. 

C on BC < 
a7,1&,a8,1 

5,2 
6,2 

C on CD < 7,2 
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C on CD 

B on AB 

B on BC 

B on AB 

B on BC 

s a 2 

E A 3 

5 A4 

= - a 5 

5 A

6 

= a 7 

= a 8 

Fig.5.1.7 - Failure Tree for Pinned Portal Frame 
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1.0 fy>>0.99 

0.99 ̂ >>0.95 >' 1 

or/31 or /32^,6 

or/31 +/3 2̂ 3(l*tpo) 

All other 

values of 

/3l,/?2 

0.95^o>0.20 /31 or/32 ̂  6 

0 ^ 1 - ^ 2 ^ 3 ( 1 ^ ) ) 

All other 

values of 

/ * V 2 

0.20 >0.001 All /31 2 

0.001:^-0.001 ),§(-/* 2) 

0.001 > ^ - 0 . 4 0 A l l ^ 1 y $ 2 

-0.40 > ^ - 0 . 7 0 /31 and^j2<-1 

and j/3 1-^2|>1 

/3lor^2>6 

o r / 3 3 > 

0 y > ) 

All other values 

of/31,^2 

-0.70^-0.99 /31 and/3 2<-1 

or 2 

or/31 or/3 2 ^ 6 

All other 

values of 

/S1^3 2 

- 0 . 9 9 ^ - 1 . 0 Max(0, 1- ) 

TABLE 5*2.1 - METHODS TO BE USED TO OBTAIN $ (-/S1, - £ 2 , D ) 
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LOAD 
NUMBER OF TIME 
INTERVALS IN THE 
REFERENCE PERIOD 

LOAD COMBINATION 
LOAD 

NUMBER OF TIME 
INTERVALS IN THE 
REFERENCE PERIOD 1 2 3 ... k 

1 nl N11 " nl N 2 1 = 1 N 3 1 - 1 ... N k l = 1 

2 n2 "12 " X N 2 2 = n 2 N 3 2 = I ... N k 2 - 1 

3 n3 "13 " n % 2 23 / n2 "33 • n3 ... N k 3 = 1 . • 
k 

. • 
• 

• . • • • 
Hoi = 

• • 
= / 

* /n(k-l) 

• . 
Nkk - "k 

TABLE 5.6.1 - NUMBER OF LOAD REPETICNS FOR EACH COMBINATION OF TIME -
VARYING LOADS 

NUMBER OF TIME 
INTERVALS IN THE 
OBSERVATION PERIOD 

1 \ /n(k-l) 

MAXm MINra MAX™ 

1 1.0 or V 1 ^ V"k X 

"k Maxm 
H 1.0 ^ ( k - l ) 1/n(k-l) 

/ ( k - D 

Minm X ( - 1 ) 1.0 or V n ^ x ) o r^ n(k-l) 
/ ( k - D Maxm 

1/n(k-l) /» or/°/n(k-l) 1.0 or ^(k.-L) 

\ j 
whereto ̂ ( s ^ , S ^ ) from ( y t a ^ ^ ) values of S. 

mil 
TABLE 5.6.2 - CORRELATION COEFFICIENTS, K TIME-VARYING LOAD 
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CHAPTER 6 - APPLICATION OF SYSTEM RELIABILITY METHODS 

6.1 SIMPLE EXAMPLE 
6.1.1 Structure Under Consideration 

Consider the portal frame encastre at D while remaining pinned at A. The 
members AB, BC and CD are numbered 1 to 3 respectively for use as subscripts. 

The frame was designed using plastic analysis for a load factor of 1.6 
(Appendix G, Section G.l). The load and plastic moments of resistance were 
assumed to have coefficients of variation of 0.20 and 0.05 respectively. For 
system reliability analysis three different systems were considered, in which 
the resistances of the three members were considered to be mutually correlated 
with coefficients of 0.0, 0.5 and 1.0. In each case the plastic moment of 
resistance along each member was assumed to be constant. These assumptions 
result in 24 possible failure paths, each with three modes of local failure 
(fig. 6.1.1). 

The results of the analyses (table 6.1.1) show that the failure set is dominated 
by a small sub-set of the failure paths - viz. those paths consisting of local 
failures D~*-C-»»B. This domination occurs because all three members have the 
same mean resistance, which results in a high probability of the first of any 
local failure occurring at the point of maximum load effect (ie D). 

In order to reduce this domination, a second frame was designed in which the 
flexural strength of the members were made proportional to the elastic bending 
moment in the members prior to any hinges forming (Appendix G, Section G.3). 
This structure was analysed as before with three sets of resistance correlation 
coefficients (table 6.1.2). These systems were also dominated by a sub-set of 
the failure paths, although not to the same extent as for the plastically designed 
systems. This domination was by the failure paths consisting of local failures 
at B^, C 2 and D^, since a plastic hinge forming at the junction of two members 
is more likely to occur on the member with the smaller mean resistance (ie B^ 
rather than B 2 and C 2 rather than C^). 

6.1.2 Study of Particular Failure Paths 
The method used to analyse the structures can be detaonstrated by examining the 
probability of one failure path in one system in detail. The failure path to be 
examined will be P,, , consisting of C — • B in the elastically designed -L-L 2 3 1 
structure with partial correlation of the resistances. Since this was the third 
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most probable failure path, after P.„ ) and P (D — B ), L( 3 1 c. d± j c. ± 
in terms of the mean of the bounds, it is referred to as the third failure path, 
of A^, subsequently. 

6.1.5 Failure Criteria 
The failure criteria for this failure path are obtained by summing the load-
effects found in Appendix G, Section G.2, and summarised in figs. G.2.3 to G.2.7. 
This gives 

« 3 x = R 2 " 0*3182kS <>0.0 (611.1) 

K o = - 0.4545*S - 0.6667(0.3l82xS - R.) 

= 0.667<R2 + r
3 - 0.6667vS40.0 (6.1.2) 

and = R1 - 0.2273.S - 0.3333(0.3l82*S - r 2 ) 

- 1.0x(0.6667<S - 0.667vR2 - R^) 

= R1 + R2 + R3 - S £0.0 (6.1.3) 

The coefficients for the failure criteria of the first three failure paths are 
given in table 6.1.3 for information. 

6.1.4 Parameters of the Excess Resistances 
Inserting these coefficients and the means, standard deviations and correlation 
coefficients of the load and member resistances (table 6 . 1 . 4 ) into eqns. ( 5 . 2 . 2 ) , 
( 5 . 2 . 3 ) and ( 5 . 2 . 1 4 ) gives the means, standard deviations and correlation co-
efficients, respectively, for the excess resistances (table 6 . 1 . 5 ) . For example 

E(B3 3) = HOECR j) + 1.0E(R2) + l.CE(R^) - 1.0E 
= 0.5266 + 0.7372 + 1.0532 - 1.0000 
= 1 . 3 1 6 9 ( 6 . 1 . 4 ) 

<r(g^ 3) =^1.0<J(R1) [1.0 ̂ (R^yo (r 1 >r l ) + 1.0 0r(R2)p ( r p r 2 ) 
+ 1.0 <r(R5) p (R^ Rj) J' + 1.0 cr(R2) [1.0 cr(Riy^ (R2> V 

+ 1.0 <T(r2) p ( r 2 > r 2 ) + 1.0 ct(r3)^>(r2 , r 3) ] + 1.0 er (R^* 
[1.0 <t(R^) p ( r35 r 1 ) + 1.0 er(r2) yj(r 3 . , r 2 ) + 1 . 0 o r (R^)yo ( r ^ 

+ L . O 2 X 0?(S)j4 

= ̂ 0.02633 [0.2633 + 0.03686 x 0.5 + 0.05266 0.5] 
+ 0.03686 £0.02633 X 0.5 + 0.03686 + 0.05266x0.5] 
+ 0.05266 £0.02633 X 0.5 + 0.03686 x 0.5 + 0 . 0 5 2 6 6 ] + 0 . 2 2 j * 

= 0.2216 (6.1.5) 
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1 $ Z 3 ^ sfl.OTCRg) 1.0frU^)yo(R2, R ^ + 1.0 crCRg) p (Rg, Rg) 

+ i.o <r(R3)/O (h2, Rj) + 0.3182 x 1.0 <r*(s) j ^ 

^ ^ °"(Z3,3)? 
= 0.03636^.02633 X 0.5 + 0.03686 + 0.05266 x 0.5] + 0.3182 x 0.2 

/fo.0735 x 0.2216] 
= 0.954 (6.1.6) 

It will be noted that the correlation coefficients are near unity because the 
principal component of the uncertainty in each excess resistance is the load, which 
is common to each failure criterion. 

6.1.5 Probability of Local Events 
The probability of the events a. . being realised, singly or in pairs, can be 110 
obtained by substituting these values into the cumulative uni-variate and bi-
variate normal probability distributions respectively (table 6.1.6). For example 

= $(-0.4190/0.07354) =B(-5.698) 
= 0.609 x 10"8 (6.1.7) 

and 
p(a_ . fl a_ _) = $(-5,698, -5.860; 0.940) 

= 0.1055 x 10 (6.1.8) 

It will be noted that all the values of/3. . are the same order of magnitude, 
/ 1,3 

varying from 5.698 to 5*942. This lack of divergence occurs because all members 
are assumed to be perfectly ductile after failure and each excess resistance can 
be regarded as a factored sum of three excess resistances. These "component" 
excess resistances are the initial excess resistances at the points B , C and D , 

— j 
which results in identical values of/5. . because their resistances have been 
chosen to be proportional to the initial elastic load-effect applied to them. 
Hence any range in the values o f c a n only occur from the lack of perfect 
mutual correlation between these initial excess resistances. The^. . values for 
failure paths including modes of local failure other than at B , C and D will, 

J. c. p therefore, be more divergent. 

6.1.6 Probability of Failure Paths 
The bounds on the probability of the third failure path occuring3p(A_), can be 
obtained by substituting the values from table 6.1.6 into eqn. (5.3.9). All values 
of B u . n are 1-0 since there are no negative correlation coefficients, so that 13 i-1-
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any terms including (1.0 - 0 . )can be ignored. Therefore, the lower 1 j ,1. 
bound is 

p(a, , 0 a . 
P(A ) * 5 & w > x 3 A x Max p(a 

= 1.055 x 10~9 x Max 

V-9 

0.903 x 10 -9 
3 , 1 ) 

1.233 x 10 -9 
p ( a3,2 ; 

6.079 x 10"9 7 2.322 x 10~9 

(6.1.9) 

(6.1.10) 

= 0.560 x 10 
and the upper bound is 

p ( A 3 ) « M i n [ p ( a 3 a n a ^ 2 ) , P ^ H a ^ ) , p U ^ O a , ^ ) ] 

= Min [l.055 x 10"9, 0.903 x 10"9, 1.233 x 10~9] 
= 0.903 x 10~9 

The analysis was carried out considering the modes of local failure in the order 
in which they would occur in the failure path. If this order is disregarded when 
manipulating the mathematical probabilities then a closer lower bound may be 
found. In this case, considering all possible orderings within eqn. (5-3-6) 
produces 

p(A )>Max (0.560 x 10~9, 0.903.10"9 x Max 
5 

1.055 x 10"9 1.233 x 10"9 1 

6.079 x 10"9 ' 1.413 x 10~9 

1.233 x 10~* Max 

= 0.788 x 10"9 

JO.905 x 
[1.413 x 

1.055 x 10~9 1 

-9 * -9 10 7 2,322 x 10 7 ) 
(6.1.11) 

This re-ordering of the events a. . was not carried out in the actual program 113 
because of the escalation in the computation involved, particularly for the lower 
bound on the joint probability of two failure paths. For information, the com-
puted bounds on the probabilities of the first two failure paths are 

,-9 -9 

and 
0.812 x 10 7<p(A 1) $1,075 x 10 

0.372 x 10"9$p(Ap) $1,104 x 10~9 

(6.1.12) 

(6.1.13) 

6.1.7 Probability of Two Failure Paths 
The bounds on the probability both the first and third failure paths being able 
to occur, A^), are found using eqn. (5-3-H)- The lower bound, using 
only the ordering of events that was used for the complete analysis, is 

p < j ^ n o » i j r ta^) x p ( a i , 1 ^ a 1 , 2 ) x Max p ( al,i n al,3 ) p ( al,2 n al,3 
p(al,lJ 
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X M a x | p ( a ^ a £ 

• p t al,l J 

x M a x Ip(«i t ln«, > 2) 

I P ( al,l J 

p ( a l . i n a 2 . ^ ' 

p ( a1.2n« 3.i ) , P ( al,3 n a3,l ) 

P 1 , 2 } P(al,3
; 

p J ^ O a ^ ) , P(a l i 3na 3 j 2), p U ^ Q a ^ ) 

^ 3 
x Max p C a ^ a ^ ) , P ^ a ^ p U ^ O * ^ ) , 

p U l f 2 J P(al,3} 

p(a3,2; 

= 1.519 x 10~9 x Max 

) 

1.117 x 10"9 1.075 x 10-9^ 
6.079 x 10"9 2.009 x 10"9 

x Max 0.797 x 10 
-9 

6.079 x 10 -9 ' 

0.598 x 10"9 0.903 X 10-9] x Max ""2.045 x 10"
9 . 1.133 X i o - 9 

2.009 x 10"9 ' 1,413 X ID"9 J x Max 6.079 x 10"9 ' 2.009 X 10-9' 

1.233.x. 10"9, 1.055 X io-9l x Max 1.117 x 10-
9 1.075 X 10-9 

1.413 x 10~9 6.079 X 10-9 
x Max 

6.079 x io- 9' 2.009 X -9 ' 
10 7 

1.413 x 10"9 0.903 X ID"9 1.233 -9 i x 10 * 
1.413 x 10"9 6.079 X 10-9 2.322 -9 x l O , 

0.453 x 10"9 (6.1.14) 

and the upper bound is 

p ( A i n A 2 ^ M i n D k , ! 0 ^ ' p ( a l , i n a 3 , l } ' P ( a l , i n a 3 , 2 ) 

^ l 0 ^ ^ ' p ( a l 1 2 A a l,3 )' P ( a l , 2 n a3 1 l ) ^ p ( al,2 n a3,2 )' 

P ( a 3 ^ a 3 , 3 } ' p ( a l f3 n a3 , l ) ' p ( a2 f3 0 a3i2 }' p ( a l , 3 ° a3,3 }' 

p ( a3,l° a3,2 )' p ( a3,i n a3,3 h p ( a3,2 n a3,3 }] 

= Min [ 1.519 x 10"9, 1.117 x 10~9, 0.797 x 10"9, 2.045 x 10~9, 

1.177 x 10~9, 1.075 x 10~9, 0.598 x 10~9, I.133 x 10"9, 1.075 x 10~9 

0.903 x 10~9, 1.233 x 10"9, 1.413 x 10"9, 1.055 x 10~9' 0.903 x 10~9, 

(6.1.15) 
1.233 x 10"9 ] 

v-9 = 0.797 x 10 

Similarly 

and 
0.635 x 10~9 ̂  p(A 1OA 2) ̂  0.776 x 10 

0.421 x 10"9 ^ p(A2flA3) ^ 0.797 x 10"9 

-9 (6.1.16) 

(6.1.17) 
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6.1.8 Probability of System Failure 
The amount by which the bounds on the probability of system failure must be 
increased so as to include the probability of this third failure path, 

c c 
p U y ^ T ) a 2 ), is obtained using the appropriate terms from eqn. (5-4.7)-
Again all the values of 0 are unity, so that 

Max[p1(A5)-pu(AinA3)- p ^ A A / p/A,,) ( 1 - Minfl, P / V ^ O ll 
1
 P l ( A j ^ 

h -Minll, V V U ) ] ] s < p ( A 3 

p. (aJ J5 
o a 1 c n a 2 c ) £ 

P l , 

p u U 3 - M a x J p / A ^ A ^ ) , P 1 ( a 2 ^ a 3 ) ] ( 6 . 1 . 1 8 ) 

where P (A) and P (A) indicate the upper and lower bounds, respectively^on the 
probability of A occurring. Therefore, the lower bound is 

p U ^ O A ^ O A2°) ̂  Max^0.560 x 10~9 - 0.797 x 10~9 - 0.797 x lO-9^ 

0.560 x lO"9 x £ l - Mintl, °' 7 9 7 x l 0 ^ ] ] x [ l - Min [l,°'797 * 1 0"! 1] 
* L O.56O x 10 J L 0.560 x l O " y J ) 

= 0.0 (6.1.19) 

and the upper bound is, 

plAjOA^OA/) £ 0.903 x 10"9 - Max £o.453 x 10"9, 0.421 x 10~9*J 
= 0.450 x 10"9 (6.1.20) 

Note that, if the closer lower bound o n p ^ ) from eqn. (6.1.11) is used, the lower 
bound on p(A3flA!j flA£)is still zero for this case. A closer lower bound on 

or p(A.AA_), obtained by considering the modes of local failure in 
c c a different order, may be able to produce a closer upper bound on p(A_A A f) A- ). 3 1 Z 

Similarly 
0.0 £ p ( A 2 n A 1

C ) £ 0.469 x 10~9 (6.1.21) 

Therefore, summing the first three terms in eqn. (5.4.7), p(A1),-p^A D A 0 ) 
c c 

and p(A^A A^ O A / , gives the contribution for the first three failure paths 
to the bounds on the probability of system failure as 

0.812 x 10"9 + 0.0 + 0.0 £p(A 1H A 2 0 A 3 ) £ 1.075 x 10"9 + 0.469 x 10-9 

+ 0.450 x 10~9 

0.812 x 10"9 £ p ( a 1 n a 2 h a ) £ 1 . 9 9 4 x i o ~ 9 (6.1.22) 

158 



It should be noted that the lower bound tends to increase only for failure 
paths containing the failure of elements which have not been included in previous 
failure paths. 

6.1.9 Width of Bounds for Different Structures 
The bounds obtained by this method (tables 6.1.1 and 6.1.2) display some inter-
esting features. The structures have identical upper and lower bounds on their 
probability of system failure for the case of fully correlated resistances. This 
exact result is obtained because, under these conditions, each failure criterion 
reduces to a linear equation in two variables R and S. Therefore, each of then 
can be written as 

B. . = k. .*R-S < 0.0 (6.1.23) 

Hence each failure path will occur when the ratio S/R is greater than or equal 
to the maximum value of k. . from the three modes of local failure, and system 

i,3 
failure will occur when 

24 3 
S/ R ^ Max [Mi* (k. .)] =k.*.* (6.1.24) 

Hence the probability of system failure will be exactly 
As an example, P ^ will occur when 

q v / 1-0 -z -LL-Z 0-6667 + 1.0 ^ 1.0 + 1.0 + 1.0 --.x 
S / R > M i n ( o3IS2 = 0.6667 = 2-5' Ho 3 ' 0 ) 

= 3-1^3 (6.1.25) 

for the plastically designed structure, and when 

S, \ Min fb-7372 _ - „ „ 0.6667 x 0.7372 + 1.0533 

0.3266 + 0.7372 + 1.05?3 = 2.31?J = 2. 3 1 ? ( 6 > 1. 2 6 ) 

R1 H2 H 
for the elastically designed structure, where R = ~ z-^ll - ^ = •, rJr-rA • 

u.pdbb 0.7372 1.0532 
A second interesting feature is that the probability of system failure for both 
the plastically and elastically designed structures with perfectly correlated 
resistances are identical. This occurs because the load does the same amount of 
virtual work for system failure. 

For correlation coefficients less than unity, the increase in the width of the 
bounds on the probability of system failure for the elastically, as compared with 

159 



the plastically,designed structures results from the failure set having a larger 
number of failure paths with probabilities of occurance that are of the same order 
of magnitude. Therefore the actual failure probability, if it were to be 
calculated, is likely to be greater for the elastically designed structure. 
However, if system failure were to be redefined as the formation of any plastic 
hinge, the probability of system failure would then be greater for the plastically 
designed structure. 

6.1.10 Width of Bounds on a Failure Paths 
For this example, the bounds on the probability of any particular failure path 
occurring can be simplified from eqn. (5-3-9) by putting . . , = 1.0 (sub-section 11 3i 1 

6.1 . 6 ) and ru = 3 - Therefore 
/ p(a. , fla. -) p(a. n)» i,l i,2 x Max 

1 , 1 p(a. i,l' 

p(a. ,0a. _) p(a -fta ) 

Pliit2> 

( 6 . 1 . 2 7 ) 

p U i , i ; P i,2 J 

^Hin[p(a l t lO« i t 2), P(ai(ina.i5), p C a . ^ a . ^ ) ] 

When /o(3. . > 3 ) = 1.0, the bounds are identical since p(a. . n a. ,) / - l, 3 1 ,K I , 3 1 ,K 
= Min Jp(a^ .), p(a^ (for j = 1 or 2 and k = 2 or 3i but j / k), so that 

= MinJp(aia), P(alf2), p(a i^)|£p(A.)£Min^p(a i A), p(a.^) p C a . ^ J 

(6.1.28) 
When >9(3. . 3. ) = 0.0, the ratio of the bounds in eqn. (6.1.3) is ! 1,3 l 
Max \p(a. .), p(a. p(a ) { since p(a r\ a. , ) = p(a ) p(a. ), so that 

C. J-iJ 1ie- 3 xiJ 1,3 i 

p(a. a) p(aif2) p(ai^)£p(A.) ^MinfpCa.^) p U ^ ) , p U . ^ ) P ^ ^ ) , 

p(a n) p(a. ^ (6.1.29) 

In general, therefore, the bounds on the probability of the occurance of a failure 
path, with three modes of local failure having excess resistances which are not 
mutually negatively correlated, will be narrow. The only exceptions will be if 
both: 

i. the excess resistances are not strongly positively correlated; and 
ii. the probability of each of the local failure events a. .in the 

11J 
failure path is considerably less than unity. 
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As discussed earlier (Sub-Section 6.1.5), the excess resistances are strongly 
positively correlated in this example because: 

i. there are only four basic variables considered (R^, Rg, R^ and S);anl 

ii. the members are assumed to behave in a ductile manner, so that 
the excess resistance of the second local event will include a pro-
portion of the first, and the third will include a proportion of the 
first and the second. 

6.1.11 Reduced Failure Set 
There are some failure paths in the failure set which cannot physically occur 
because at least one of the local failure events not included in that failure 
path is certain to occur before one of those that is included (eg any failure 
path which has a hinge forming at BR as the first local failure since the 
load-effect at CR is greater and the resistances are identical). These failure 
paths are shown with a dotted line in the failure tree (fig. 6.1.1) and marked 
with an asterisk in tables 6.1.1 and 6.1.2. When the analysis was re-worked, 
without these failure paths being included,the bounds on the probability of 
system failure were close to the previous ones for the failure set which did 
include those failure paths. Therefore, the ommission of such failure paths 
from the failure set for the analysis does not invalidate the analysis, at 
least for this example. 

6.2 COMPARISON OF PROPOSED METHOD WITH REVIEWED METHODS 
6.2.1 Ditlevsen's Method 
The bounds on the system failure probability for the example in section 6.1 can 
be found using Ditlevsen's method (section 4.4) since the failure set has failure 
paths consisting of the failures of ductile elements. The four variables (the. 
three resistances, R^, RR and R^, and the load, S) can be used to form the 
equations describing the four modes of system failure. These equations are 

V °2' D3 
Z1 = R1 + r2 + R3 - s (6.2.1) 

V V D3 Z2 = H1 + 2tL - S (6.2.2) 

V C2- °3 Z3 = 2R2 + R - S (6.2.3) 

V V D3 
Z4 » R2 + 2R - S 

3 (6.2.3) 

An exhaustive examination of the bounds on the probability of system failure was 
carried out since there are only 4 ! = 24 possible orders for the four system 
failure modes, and the maximum lower and minimum upper bounds were found 
(Table 6.2.1). The time taken to do the calculations was considerably less 
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than the equivalent time for the proposed method. 

The bounds on the probability of system failure are closer than those obtained 
with the proposed method for the elastically designed structure (Ditlevsen's 
bounds being identical to the quoted accuracy in each case), while for the 
plastically designed structure the bounds are wider. In all cases the bounds 
obtained by the different methods overlapped so that they do not contradict each 
other. Therefore, the closest bounds on the probability of system failure can 
be obtained by using both sets of results (Table 6.2.2). 

Therefore this example shows that, for the systems that can be analysed by 
both methods: 

i. Ditlevsen's method, including re-analysing the system for each 
order of the modes of system failure, can require less computation 
than the proposed method, with a single order of the failure paths 

ii. which of the methods will produce the closest bounds on the 
probability of system failure will depend on the idealised structure. 

This latter point occurs because: 
i. Ditlevsen's method uses bounds on the joint probability of two 
modes of failure while the proposed method uses an appropriate method 
to calculate the cumulative probability of the bi-variate normal 
distribution; but 

ii. the failure criterion of each of the final modes of local failure 
in a failure path for the proposed method are identical to the failure 
criterion of one of the modes of system failure for Ditlevsen's method, 
but, being conditional on two other modes of local failure occurring 
for system failure to occur in any failure path, the same mode of local 
failure has to be repeated until the union of those failure paths 
includes the entire variable space where that mode of failure will 
occur; and 

iii. Ditlevsen's method used the closest bound obtained from each order 
of the modes of system failure while the proposed method used a single 
order both of the modes of local failure in a failure path and of the 
failure paths. 

If the cumulative probability of the bi-variate normal distribution was used with 
Ditlevsen's method it would produce the closest bounds on any ductile system as 
can be found from analysis by these two methods. 
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6.2.2 Moses* Unzipping Technique 
Consider a "safe" slab supported by four reinforced concrete beams (fig. 6.2.1) 
as an example of Moses1 unzipping technique (section 4.3). The beams are the same 
as the one described as beam 1 in Appendix C, but with different correlation co-
efficients of the basic variables (Table 6.2.3) and using a more complex live 
load distribution model (Appendix H) in order to ensure that simple statics apply. 

The modes of local failure were assumed to be bending moment at mid-span for 
which the members were treated as perfectly ductile, and shear force failures 
at each support, for which the members were treated as perfectly brittle. The 
parameters for the distributions of the beams' resistances to these failure modes 
were calculated using the methods put forward in section 5-5 (Table 6.2.4). 

The values obtained for the probability of failure by each failure path are given 
in table 6.2.5, together with the bounds on that probability found by the pro-
posed method. The values for the probability of system failure compare well with 
these bounds since the values lie between them, although it is closer to the 
lower bound (as would be expected since this method includes no series combinations). 
Again the calculation required is considerably less than for the proposed method. 

6.2.3 Marshall and Bea's Methods 
The structure in the above example was also analysed by Marshall and Bea's methods 
(section 4.3). The results from these analyses demonstrate that their brittle 
redundant model can give a lower probability of failure than their ductile 
redundant model. The failure network (fig. 6.2.2) shows two assemblages in 
parallel, each assemblage consisting of six local failure modes in series. The 
results are given in table 6.2.6, which show that the ductile redundant model 
did not give a lower value for the probability of failure with a fixed load than 
the brittle redundant model until the load was nine standard deviations from the 
mean. 

The values of p(F|s = s) were integrated from E(S) - 6 x (T(S) to E(S) + 9xflr(S) 
in 0.05 0*(S) increments, with the load, S, assumed to have an extreme type I 
maxima distribution. Both the values of the probability of system failure, p(F), 
are larger than the bounds on p(F) that were calculated previously (0.521 x 10~8 

and 1.730 x 10"6 compared with 0.037 x 10"6 $ p(F) ^ 0.229 x 10"6). Therefore, 
this method is not recommended for calculating the probability of system failure, 
except, perhaps, as a hand method to update the resistance of a structure against 
a hindcast load. 
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6.5 EXPECTED COST OF FAILURE 
The structural example of a slab supported on beams (section 6.2) was also 
analysed by the proposed method for the system of any local failure resulting 
in system failure. The results imply that the upper bound on the probability 
of overall failure is greater than the upper bound on the probability of any 
local failure. This relationship obviously is not true. Therefore, the upper 
bound on the probability of overall failure can be reduced pragmatically to the 
upper bound on the probability of any local failure. In general, the upper bound 
on the probability of system failure can be reduced to any, smaller upper bound 
on the probability of system failure for a system which must fail before the 
initial system can fail. Similarly, the lower bound on the probability of 
system failure can be increased to a larger lower bound on the probability of 
system failure for a system which cannot fail until after the initial system 
has failed. 

The rationalised set of bounds, on the probability of the failure of various 
systems for a structure, can be used to give bounds on the expected cost of failure. 
A simple model for the cost of failure for the slab example is: 

9 
i. a cost of 10 units for any local failure, and 

10 
n . a cost of 10 units for overall failure. 

The bounds on the expected cost for this model are: 
109 x (l887.01-564.65) x 10"10 + 1010 x 364.65 x 10:1° = 517 units (lower bound); 

3,11(1 Q i o i o in 10* x (2265.33-2265.33) x 10 i U + 10 x 2265.33 x 10 = 2265 Units (upper bound). 
Hence the expected cost can be given as 1391 - 874 units. 

This type of calculation can be carried out even when a complex set of costings 
(the cost being altered for each different degree or type of failure) are required. 
The use of a set of different criteria to describe system failure will allow the 
bounds on the expected cost of failure to be found. The bounds on the expected 
cost of failure can be used to check the overall cost effectiveness of adjusting 
any of the safety factors in a Code of Practice. 

6.4 COMPARISON WITH MONTE CARLO SIMULATION 
6.4.1 Monte Carlo Simulation 
The results obtained by any new method of analysis can be verified by comparison 
with those calculated by a different technique that is already established. 
Therefore, a Level 3 Monte Carlo Simulation (sub-section 2.3) was carried out 
with sufficient trials to obtain confident results to compare with the results 
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obtained by the proposed method. For this Monte Carlo simulation, the value 
of each mutually uncorrelated basic variable for each trial was produced by 
generating two independant random numbers, r^ and r^, taken from a rectangularly 
distributed population between 0.0 and 1.0. These numbers were combined to 
obtain a standardised normal random number, using the relationship 

U. = Sin (2 7T r.) J -2 log (777 (6.4.1) 
1 1 T e d. 

The value of w^ was transformed into the equivalent value, for the dis-
tribution describing the basic variable so that X^ had the same cumulative 
probability asu. (eqn. (2.4.8)). The same value of was used for each 
variable within each set of mutually perfectly positively correlated basic 
variables in a trial. 

The confidence in the results of a Monte Carlo simulation can be improved by 
fitting curves, such as the Pearson distributions to the histogram obtained 
by plotting the value of each trial. For system reliability analysis this value 
would have to be the excess resistance of the structure. The most logical 
idealisation for the whole structure's excess resistance is the minimum value 
of the excess resistances of the failure paths, each of which is, similarly, 
the maximum value of the excess resistance of the local failure modes in the 
failure path. Hence the required value would be from a "minima of maxima" type 
of distribution and the probability density function of the theoretical popu-
lation could easily have an unusual tail, which would render the curve fitting 
highly inaccurate. Therefore the slab example was re-worked with the live load 
increased by a factor of two and a half in order to increase the probability 
of failure, and so reduce the number of trials necessary for reasonable accuracy. 

6.4.2 Slab Example 
Each variable had a different value at the design point of the Advanced Level 2 
analysis for the same element when the increased load was used compared to the 
original load. Hence the standard deviations and correlation coefficients for 
the elements' resistances in this example (Table 6.4.1) are different from those 
used in section 6.2. This is principally because of the inaccuracies from: 

i. the assumption that each element's resistance has a normal distribution; 
and 

ii. the treatment of the live load as having an extreme type I maxima 
distribution while finding the design points and subsequently a normal 
distribution. 

Both of the moments for both modes of failure are larger for this example than 
the example in section 6.2. 
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A total of 30,000 trials were carried out in six runs (Table 6.4.2), of which 
219 resulted in overall failure and a further 11 resulted in at least one local 
failure, although not overall failure. Most of the trials which resulted in 
system failure could have failed by more than one failure path (the mean number 
of failure paths by which a trial which failed could have failed was 16.5). This [act, 
together with the relatively few partial failures, demonstratesthat the failure 
paths in this example are strongly positively correlated. 

The bounds on the probabilities of failure give reasonable agreement with the 
values obtained by the Monte Carlo simulation (Table 6.4.3). Some of the failure 
paths (types 2, 5 and 6 which are particularly strongly mutually correlated), 
however, do not give this agreement. The lack of competability could be due to 
the non-normal distributions of the elements' resistances and of the load being 
combined to produce the estimates of the central moments of the excess resistances 
which are incompatible with the assumption of a normal distribution for at least 
one local failure mode in each of these failure paths. 

6.5 EXAMPLE WITH MULTIPLE LOADS 
6.5.1 Portal Frame 
A second single bay portal frame, with several loads applied to it, was analysed 
in order to investigate the effect on the results, obtained by the proposed method 
of system reliability analysis, of some of the excess resistances being mutually 
negatively correlated (Negative correlation being more liable to occur in practice 
due to load effects acting in opposite senses on the members than from mutually 
negatively correlated resistances). The frame was assumed to have pinned feet 
and rigid connections elsewhere. The dimensions of the frame and the applied 
loads are shown in fig. 6.5.1, and the bending moment distribution in Appendix J. 

The structure was idealised as having the bending moment mode of failure as the 
only mode of local failure. The parameters of the distribution for the elements' 
resistances to this mode, together with those for the loads, were chosen arbitrarily 

- 6 

to give initial failure probabilities of approximately 10~ for each mode of local 
failure. This was done because the procedure for obtaining such parameters from 
the basic variables is demonstrated in the previous examples. 
The mode of system failure was the frame becoming a mechanism which occurs when 
any pair of non-coincident plastic hinges have formed. The local failure modes 
were limited to occuring at three cross-sections on the horizontal member and two 
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cross-sections on both of the vertical members. At each of these cross-sections, 
failure can occur due to either a positive or negative applied bending moment 
being greater than the resistance so that the mode of local failure at each cross-
section was described by two coincident excess resistances. The two excess 
resistances for the same cross-section are 

V s i 
and n* 

2. = R. - P [d. _ . S, "I (6.5.2) 3,1 3,1 y J- 3,l,k k J k-l 

where 
di,i,k = - di,i,k

 ( 6- 5- 3 ) 

and 
R. , s R. _ (6.5.4) 

said any redistribution of load effect to these excess loads will be of opposite 
sign. 

Care was taken that no failure paths included modes of local failure which had 
negative values of d. . . for all k since the use of two excess resistances at 
each cross-section involved considering both positive and negative signs with 
each constsuit. A local failure mode with all negative values of d. . . will 

11J 
still have a discrete theoretical probability of occurring because the loads and 
resistances are treated by the proposed method as having normal distributions, 
but such a failure would have to result from some variables having values in the 
negative tails of their distributions. 

Modes of local failure were also ignored if the bending moment applied at the 
cross-section was certain to be less than that applied at another cross-section 
of the same member. This situation occurred when d. ^ d for all k, 

th th 3-iOik l,3,k 
where the i and 1 failure paths have the same first (j-l) local failure 

th 
modes and their j local failure modes are at different cross-sections of the 
same member. Only nine of the fourteen local failure modes were used because of 
the omission of such failure paths, and of the nine there were three which were 
never the first failure modes in any failure path. 

6.5.2 Width of Bounds 
The width, between the lower and upper bounds on the probability of system failure 
for this example (Tables 6.5.1 and 6.5.2), compare well with those of the previous 
examples. The probability of failure appears to increase with increased correlation 
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coefficients of both the resistances and the loads, although the individual 
bounds do not always follow this pattern due to the varying width between the 
bounds. The most pronounced example of this occurs when the resistance correlation 
coefficients were increased from 0.95 to unity and the upper bound increased from 
6.144 x 10~6 to 3.182 x 10"6 (Table 6.5.I). 

This change in the upper bound could be due to the decreased uncertainty, which 
would imply that all the structures in table 6.5.1 should have an additional 
upper bound of 3.182 x 10 , and similarly an additional lower bound of 
3.059 x 10 . These overall bounds cannot be used, however, since increased 
correlation coefficients will result in a lower probability of system failure, 
for any system consisting of failure paths which have the same probabilities 
of occurring, as well as giving a higher probability of a failure path occurring, 
for any failure path which has the same probabilities of its local failures. 
Therefore, it cannot be assumed that increasing correlation coefficients will 
necessarily produce a less conservative system, and hence another upper bound, 
nor decreasing correlation coefficients will produce another lower bound. This 
is demonstrated in table 6.5.1 by two lower bounds being below these 'overall' 
bounds of (3-056 - 3-182) x 10 If such bounds were true, they would imply 
that the value of the correlation coefficients have a negigible effect on the 
probability of system failure for this example. 

6.5.3 Time-Variant Loads 
The example was repeated with the three loads being treated as time-varying loads, 
assuming 2, 6 and 24 time intervals in the reference period. This was to 
demonstrate the effect of multiple load combinations on the proposed method and 
to examine the change in the system reliability with time-varying loads having 
relatively long time intervals (if the design life is 50 years, the shortest time 
interval in this example would be just over 2 years). The parameters for the 
extreme distributions of the loading variables were calculated assuming that the 
instantaneous loads have normal distributions with those parameters that had 
been used earlier in this example. 

The number of failure paths that were considered increased from 25 to 45 rather 
than 3 x 25 = 75 because the criterion for ignoring local failure modes was that 
the bending moment at the cross-section applied by the principal load only, rather 
than all the loads, was either negative or certain to be less than the bending 
moment at another cross-section on the same member. 
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The probability of system failure increased: 
i. with the use of the time-varying loads when compared to the 
instantaneous failure system using the parent distributions of the 
loads (the mean probability increased by 37$ from table 6.5.2 to 
table 6.5.3); 

and again 
ii. with the use of the maximum design life loads as non-time-varying 
when compared to the failure system with time-varying loads (the mean 
probability increased by 16$ from table 6.5.3 to table 6.5.4). 

The second increase was not as large as might have been expected since an increase 
in one of the loads will improve the reliability of that element in some of the 
local failure modes, and so the extreme minima intensity in the appropriate time 
interval would be used for those systems which include time varying loads. The 
increase in a load will reduce the probability of a local failure when d. 

1,3 is negative. 

The width of the bounds on the probability of system failure increased with the 
use of time-varying loads (the means of the difference divided by the average 
of the two bounds are 37$, 56$ and 33$ for tables 6.5.2, 5-6.3 and 5-6.4 respect-
ively). This increase, although significant, still leaves the two bounds close 
enough for practical purposes. The principal reason for the increase is due to 
the additional number of failure paths that have to be considered. 
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RESISTANCE 
CORRELATION 
COEFFICIENTS 

0. 0 0.5 1.0 

FAILURE 
PATHS 

LOWER 
BOUND 

UPPER 
BOUND 

LOWER 
BOUND 

UPPER 
BOUND 

IDENTICAL 
LOWER AND 

UPPER BOUNDS 

pi .153 X o - 1 9 .153 X o - 1 9 .320 x ! o " 1 9 .320 X 10-19 .322 X 10"19 

* 
P2 .153 X o - 1 9 .153 X o - 1 9 .320 x ; o ~ 1 9 .320 X 10-19 .322 X 10"19 

P3 .321 X o - 1 9 .321 X o - 1 9 .322 X o " 1 9 .322 X 10-19 .322 X 10-19 

P 4 .320 X o - 1 9 .320 X o - 1 9 .322 X o - 1 9 .322 X 10-19 .322 X 10-19 

* 

p 5 .322 X o - 1 9 .322 X o - 1 9 .322 X o ~ 1 9 .322 X 10-19 .322 X 10-19 

* 
P 6 .153 X o - 1 9 .153 X o - 1 9 .320 X o " 1 9 .320 X 10-19 .322 X 10-19 

* 

p 7 .322 X O-19 .322 X O-19 .322 X o " 1 9 .322 X 10-19 .322 X 10-19 

* 
P 8 .320 X O-19 .320 X O-19 .322 X o " 1 9 .322 X 10-19 .322 X 10-19 

p 9 .856 X o - 2 0 .856 X o - 2 0 .621 X o " 2 0 .621 X 10-20 .494 X 10-21 

P 10 .494 X o - 2 1 .494 X o - 2 1 .494 x ; o - 2 1 .494 X 10-21 .494 X 10-21 

p l l .522 X o - 1 0 .523 X o - 1 0 .271 X 0-9 .271 X 10-9 .529 X 10-9 

P12 .269 X O-9 .270 X O-9 .483 X o-9 .483 X ID"9 .529 X 10-9 

* 

PX3 .809 X o - 2 0 .914 X o - 2 0 .621 X o - 2 0 .621 X ID"20 .325 X 10-12 

* 

PX4 .809 X o - 2 0 .914 X o - 2 0 .621 X o - 2 0 .621 X 10-20 .325 X 10-12 

* P 15 .270 X O"9 .270 X 0-9 .483 X o-9 .483 X ID"9 .325 X ID"12 

* 

PX6 .270 X O"9 .270 X 1 O-9 .483 x ! o-9 .483 X ID"9 .325 X 10-12 

PX7 .102 X o ~ 1 8 .102 X o - 1 8 .641 X o - 1 3 .641 X i o - 1 8 .325 X ID"12 

PX8 .102 X o - 1 8 .102 x : o - 1 8 .641 X o - 1 3 .641 X i o - 1 8 .325 X ID"12 

* 

PX9 .102 X o - 1 8 .102 x ! o - 1 8 .641 X O"13 .641 X i o - 1 8 .325 X 10-12 

* P 20 .102 X O"18 .102 X o - 1 8 .641 X 0-13 .641 X i o - 1 8 .325 X 10-12 

P2X .213 X 0-9 .213 X 0-9 .133 x ; o - 8 .133 X 10-8 .609 X 10-8 

P22 .749 X 0-9 .749 x ; 0-9 .227 x ! o - 8 .227 X ID"8 .609 X 10-8 

P23 .749 X 0-9 .749 X 0-9 .227 X o - 8 .227 X 10-8 .609 X 10-8 

P 2 4 .749 X 0-9 .749 X 0-9 .227 X o - 8 .227 X 10-8 .609 X 10-8 

SYSTEM .1612 X o - 8 .1863 X o - 8 .4085 X o - 8 .4939 X 10-8 .6086 X 10-8 

SYSTEM ^ ) 
EXCLUDING ) .1612 X o - 8 .1863 X o - 8 .4085 X o - 8 .4637 X 10-8 .6086 X 10-8 

TABLE 6.1,1 - FAILURE PROBABILITIES FOR PLASTICALLY DESIGNED STRUCTURES 
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RESISTANCE 
CORRELATION 
COEFFICIENTS 

0. 0 0.5 1.0 

FAILURE 
PATHS 

LOWER 
BOUND 

UPPER 
BOUND 

LOWER 
BOUND 

UPPER 
BOUND 

IDENTICAL 
LOWER AND 

UPPER BOUNDS 

P1 .134 x 10"10 .106 x 10~9 .231 x 10"9 .772 x 10"9 .609 x 10~8 

* 
P2 .560 x 10~18 .560 x 10~18 .289 x 10~17 .289 x 10-17 .121 x 10"*16 

P3 .450 x 10"10 .450 x 10"10 .453 x 10"9 .772 x 10"9 .609 x 10"8 

P4 .835 x 10~13 .250 x 10"12 -12 
.554 x 10 ^ .133 x 10""11 .459 x 10"11 

* 
P5 .149 x 10~17 .149 x 10""17 .149 x 10"17 .149 x 10~17 .149 x 10"17 

* 
p6 .489 x 10~22 .489 x 10"22 .263 x 10~20 .263 x 10~20 .369 x 10"17 

* 

p7 .964 x 10~18 .966 x 10~18 .149 x 10~17 .149 x 10"17 .149 x 10"17 

* 
P8 .398 x 10"19 .614 x 10"19 .881 x 10"18 .883 x 10~18 .149 x 10"17 

p9 .357 x 10"11 .105 x 10"9 .106 x 10"9 .721 x 10"9 .609 x 10~8 

P10 .271 x 10"19 .271 x 10"19 .271 x 10"19 .271 x 10~19 .271 x 10"19 

P11 .112 x 10"9 .139 x 10"9 .560 x 10~9 .903 x 10~9 .609 x 10"8 

P12 .910 x 10~12 .175 x 10"11 .676 x 10"11 .110 x 10"10 .537 x 10~10 

* 

P13 .188 x 10"18 .188 x 10"18 .288 x 10"18 .288 x 10"18 .288 x 10"18 

* 
P14 

-20 
.277 x 10 

-20 
.279 x 10 

-20 
.442 x 10 .442 x 10"20 .288 x 10"18 

* 

P15 
* 

P16 

.288 x 10"18 .288 x 10"18 .288 x 10~18 .288 x 10~18 .288 x 10~18 * 

P15 
* 

P16 .285 x 10"18 .285 x 10"18 .288 x 10"18 .288 x 10"18 .288 x 10"18 

P17 .606 x 10""10 .144 x 10"9 .812 x 10~9 .108 x 10~8 .609 x 10"8 

P18 
-12 

.151 x 10 ^ .360 x 10"12 -12 
.751 x 10 ^ .138 x 10""11 .459 x 10"11 

* 
P19 .625 x 10~16 .625 x 10~16 .972 x 10"15 .972 x 10"15 .101 x 10"13 

* P 20 .157 x 10~16 .157 x 10~16 .518 x 10"15 .518 x 10"15 .101 x 10"13 

P21 .132 x 10""9 .200 x 10~9 .572 x 10"9 .110 x 10"8 .609 x lO*"8 

P22 .111 x 10"11 .167 x 10"11 .760 x 10"11 .109 x 10"10 .537 x 10~10 

P23 .492 x 10"13 .492 x 10"13 .542 x 10~13 .542 x 10~13 .542 x 10~13 

P24 .417 x 10~15 .417 x 10~15 .398 x 10"14 .398 x 10"*14 .292 x 10"13 

SYSTEM .0132 x 10~8 .0587 x 10"*8 .1051 x 10~8 .3232 x 10""8 .6086 x 10"8 

SYSTEM ^ ) 
EXCLUDING ) .0132 x 10"8 .0587 x 10~8 .1051 x 10~8 .3232 x 10"8 .6086 x 10"8 

TABLE 6.1.2 - FAILURE PROBABILITIES FOR ELASTICALLY DESIGNED STRUCTURES 
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VARIABLE h *2 s 

0 0 1.0 - 0.4545 
Z l , 2 1 .0 0 0.60 - 0.50 

1.0 1.0 1.0 - 1 .0 
2 2 , 1 0 0 1.0 - 0.4545 
z 2 , 2 0 1.0 0.40 - 0.50 
* 2 , 3 1.0 1.0 1.0 - 1 .0 

0 1 .0 0 - 0.3182 
Z 3 , 2 0 0.6667 1.0 - 0.6667 
* 3 , 3 1.0 1 .0 1.0 - 1 .0 

TABLE 6.1.5 - COEFFICIENTS IN THE FAILURE CRITERIA 

i 
X *i *2 S 

E(X) 
c - W 

/oOa^x) 
f C s ^ x ) 
/ o ( s , x ) 

0.5266 
0.02633 
1.0 

Synu 

0.7372 
0.03686 
0.5 
1.0 

netrical 

1.0532 
0.05266 
0.5 
0.5 
1.0 

1.00 
0.20 
0.0 
0.0 
0.0 
loO 

TABLE 6.1.4 - PARAMETERS OF THE DISTRIBUTIONS OF THE RESISTANCES AND LOADS 
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I,J 

E(zi,j! 

A , 

1,1 

0.5986 
0.10506 
5.698 

1,2 

0.6585 
0.11191 
5.884 

1,3 

1.3169 
0.22164 
5.942 

2,1 

0.5986 
0.10506 
5.698 

2,2 

0.6585 
0.11215 
5.872 

2,3 

1.3169 
0.22164 
5.942 

3,1 

0.4190 
0.07354 
5.698 

3,2 

0.8780 
0.14983 
5.860 

3,3 

0.5986 

0.22164 
5.942 

/ f i , ^ , ! 
ff.i,0*l,2 

f f i . J ^ . l 

P * i,j,Z3,l 

1.0 .974 
1.0 

.971 

.989 
1.0 

1.0 
.974 
.971 
1.0 

.948 

.957 

.989 

.948 
1.0 

.971 

.989 
1.0 
.971 
.989 
1.0 

.874 

.903 

.954 

.874 

.983 

.954 
1.0 

Symmetrical 

.987 

.978 

.993 

.987 

.987 

.993 

.940 
1.0 

.971 

.989 
1.0 
.971 
.989 
1.0 
.954 
.993 
1.0 

TABLE 6.1.5 - PARAMETERS OF THE PROBABILITY DISTRIBUTIONS FOR THE 
EXCESS RESISTANCES OF THE FIRST THREE FAILURE PATHS 

I,J 1,1 1,2 1,3 2,1 2,2 2,3 3,1 3,2 3,3 

p(ai,j> 6.079 2.009 1.413 6.079 2.160 1.413 6.079 2.322 ' 1.413 

6.079 1.519 1.117 6.079 1.120 1.117 0.797 2.045 1.117 
P(ai,jnal,2> 2.009 1.075 1.519 0.776 1.075 0.598 1.133 1.075 

1.413 1.117 1.104 1.413 0.903 1.233 1.413 
P(ai,jna2,l> 6.079 1.120 1.117 0.797 2.045 1.117 
P<ai,0^2,2) 2.160 1.104 1.822 1.403 1.104 
P<ai,ona2, 3) 1.413 0.903 1.233 1.413 

Symmetrical 6.079 1.055 0.903 

P(ai,jna3,2> 2.322 1.233 

P(ai,0na3,3) 1.413 

TABLE 6.1.6 - PROBABILITIES x 109 OF THE EXCESS RESISTANCES BEING 
NEGATIVE FOR THE FIRST THREE FAILURE PATHS 
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Fig-6-1-1 " Failure Tree for Portal Frame Example 
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RESISTANCE 
CORRELATION 
COEFFICIENTS 

0.0 0.5 1.0 

PLASTICALLY 
DESIGNED STRUCTURE 

ELASTICALLY 
DESIGNED STRUCTURE 

0.1811 x 10"8 

0.2079 x 10~8 

0.0249 x 10"8 

0.0249 x 10"8 

0.3931 x 10~8 

0.6111 x 10"8 

0.1414 x 10"8 

0.1414 x 10~8 

0.6086 x 10"8 

0.6086 x 10"8 

0.6085 x 10"8 

0.6085 x 10"8 

L 0 W E R ) BOUND 
UPPER\ 

LOWER) 
UPPERj B 0 U 1® 

TABLE 6.2.1 - PROBABILITY OF SYSTEM FAILURE USING DITLEVSEN'S METHOD 
FOR PORTAL FRAME EXAMPLE 

RESISTANCE 
CORRELATION 
COEFFICIENTS 

0.0 0.5 1.0 

PLASTICALLY 
DESIGNED STRUCTURE 

ELASTICALLY 
DESIGNED STRUCTURE 

0.1839 x 10"8 

± 0.0028 x K f 8 

0.0249 x 10"8 

0.4361 x 10"8 

± 0.0276 x 10"8 

0.1414 x 10"8 

0.6086 x 10"8 

0.6085 x 10"8 

TABLE 6.2.2 - NARROWEST BOUNDS ON THE PROBABILITY OF SYSTEM FAILURE 
FOR PORTAL FRAME EXAMPLE 
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Failure Criteria Alterations -to Appendix C 

f replaced by f * C,. cu ^ cu u 

u defined by a., i = 1 to 9 (see Appendix H) 

VARIABLE SYMBOL DISTRIBUTION 
TYPE 

MEAN STANDARD 
DEVIATION 

Concrete Corr. C u Lognormal 1.00 0.07 

Load Intensity A. l 
Lognormal 1.00 0.10 

Variables having unit correlation coefficients with complementary variable in 

other beams or at opposite support of same beams if shear failure made: 

d^ , i = 1 to 5 Gu 

fYSti , i a 1 to 5 W 

Variables having zero correlation coefficients with complementary variable in 

other beams or at opposite support of same beam if shear failure mode: 

WB L ft 

*b r f 0 

S d f. 
v s xn 

fcu sf "b rn 

TABLE 6.2.3 - VARIABLE CORRELATION FOR SLAB EXAMPLE 
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MODE OF FAILURE 
FOR MEMBER MEAN STANDARD 

DEVIATION 
PROBABILITY OF 
INITIAL FAILURE 

BENDING MOMENT 
SHEAR FORCE 

3.041 
16.793 

0.449 
2.663 

6.295 x K f 8 

0.847 x 10~8 

CORRELATION 
COEFFICIENTS 

BEAM 1 
CORRELATION 
COEFFICIENTS 

SHEAR AT A B M SHEAR AT B 

BEAM 1 
SHEAR AT A 

B M 
SHEAR AT B 

1.0 
0.672 
0.998 

0.672 
1.0 

0.672 

0.998 
0.672 
1.0 

BEAM 2 
SHEAR AT B 

B M 
SHEAR AT C 

0.506 
0.623 
0.505 

0.624 
0.919 
0.623 

0.507 
0.624 
O.5O6 

BEAM 3 
SHEAR AT C 

B M 
SHEAR AT D 

0.505 
0.624 
0.513 

0.624 
0.922 
0.624 

0.512 
0.624 
0.505 

TABLE 6.2.4 - DISTRIBUTION PARAMETERS FOR BEAM RESISTANCE IN SLAB EXAMPLE 
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FAIL-
URE 
PATH 

LOWER 
BOUND 

MOSES'S 
ALGORITHM 

UWEH 
i BOOM) 

FAIL-
URE 
PATH 

LOWER 
BOUND 

MOSES'S 
ALGORITHM 

UPPER 
BOUND 

1 .227 x 10" 7 .416 X 10-7 .227 X ID"7 19 .204 X 10-9 .847 X 10-8 .205 X 10-9 

2 .232 X 10" 9 .822 X 10-9 .232 X 10-9 20 .132 X 10-10 .847 X 10-8 .195 X 10" 9 

3 .847 X 10-8 21 .822 X 10-9 

4 .644 x 10" 8 .416 X io-7 .194 x 10-7 22 .204 X io-9 .847 X 10-8 .205 X 10-9 

5 .716 x 10" 10 .156 X io-7 .204 X 10-9 23 .822 X io-9 

6 .716 x 10" 10 .822 X io-9 .204 X 10-9 24 .132 X 10-10 .847 X ID"8 .198 X 10-10 

7 .204 X 10" 9 .847 X 10-8 .205 X 10-9 25 .250 X 10-10 .847 X lO"8 .275 X 10-10 

8 .847 X ID"8 26 .634 X ID"12 .847 X lO"8 .275 X ID"10 

9 .132 X 10" 10 .847 X 10-8 .198 x 10-9 27 .653 X 10-12 .847 X 10-8 .275 X 10-10 

10 .204 X 10" 9 .847 X 10-8 .205 X 10-9 28 .250 X 10-10 .847 X lO"8 .275 X ID"10 

11 .132 X 10" 10 .847 X 10-8 .195 x 10-9 29 .634 X 10-12 .847 X 10-8 .275 X 10-10 

12 .847 X 10-8 30 .643 X ID"12 .847 X 10-8 .275 X 10-10 

13 -451 X 10* 8 .847 X ID"8 • 451 x 10-8 31 .260 X 10-10 .847 X 10-8 .287 X 10-10 

14 .195 X 10" 9 .847 X ID"8 .195 x 10-9 32 .662 X 10-12 .847 X ID"8 .287 X 10-10 

15 .847 X ID"8 33 .662 X 10-12 .847 X lO"8 .287 X 10-10 

16 .452 X 10" 
8 

.847 X 10-8 .452 x 10-8 34 .260 X ID"10 .847 X 10-8 .287 X ID"10 

17 .847 X 10-8 35 .671 X ID"12 .847 X 10-8 .287 X 10-10 

18 .198 x 10" 9 .847 X ID"8 .198 x 10-9 36 .671 X ID"12 .847 X 10-8 .287 X 10-10 

SYSTEM FAHOBE 
FTBST LOCAL 
FAXLOBE 

.365 

.189 

X 

X 

io-7 

10" 6 
.416 

.629 

X 

X 

io-7 

io-7 

.229 

.227 

X 

X 

1 0 - 6 

10" 6 

TABLE 6.2.5 - FAILURE PROBABILITIES FOR SLAB EXAMPLE USING MOSES'S "UNZIPPING11 
METHOD AND THE BOUNDS ON IT BY THE PROPOSED METHOD 
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LOAD 
BRITILE DUCTILE 

STANDARD 
DEVIATIONS VALUE 

REDUNDANT 
MODEL 

REDUNDANT 
MODEL 

E(S) - 6 xor(s) -3.458 -22 
.509 x 10 " .711 x 10"11 

E(S) - 5 x<r(s) -2.392 .865 x 10"21 .288 x 10"10 

E(S) - 4 xcr(s) -1.325 .150 x 10""19 .133 x 10"9 

E(S) - 3 x<r(s) -0.258 .316 x 10"18 .428 x 10"9 

E(S) - 2 x(T(S) 1 0.808 .940 x 10"17 -8 
.161 x 10"° 

E(s) - CT(s) 1.875 .388 x 10"15 .646 x 10"8 

E(S) 2.942 .212 x 10"13 .307 x 10"7 

E(S) + cr(s) 4.008 .142 x 10"11 .180 x 10"6 

E(s) + 2 xcrts) 5-075 .962 x 10"10 .117 x 10"5 

E(s) + 3 xcr(s) 6.142 -8 
.525 x 1 0 ^ .744 x 10~5 

E(s) + 4 xcr(s) 7.208 .206 x 10"6 .428 x 10~4 

E(S) + 5 x<T(S) 8.275 .552 x 10"5 .217 x 10~3 

E(s) + 6 xcr(s) 9.342 .986 x 10~4 .952 x 10"3 

E(S) + 7 x aiS) 10.408 .116 x 10"2 .362 x 10"2 

E(s) + 8 xcr(s) 11.475 .878 x 10"2 .119 x 10"1 

E(S) + 9 XCR(s) 12.542 .429 x 10"1 .340 x 10""1 

INTEGRATED .521 x 10"6 .173 x 10"5 

TABLE 6.2.6 - PROBABILITY OF SYSTEM FAILURE USING MARSHAL AND BEA'S METHODS 
FOR SLAB EXAMPLE 
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Fig.6.2.1 - Layout of Structure for Slab Example 

Beam 1 Beam 3 Beam 2 Beam 4 

Fig.6.2.2 - Failure Network for Slab Example 
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MODE OF LOCAL FAILURE MEAN STANDARD 
DEVIATION 

PROBABILITY OF 
INITIAL FAILURE 

BENDING MOMENT 

SHEAR FORCE 

3.041 
16.793 

0.535 
3.444 

0.004543 
0.000191 

CORRELATION 
BEAM 1 

COEFFICIENTS 
SHEAR AT A B M SHEAR AT B 

SHEAR AT A 1.0 0.702 O.998 
BEAM 1 B M 0.702 1.0 0.702 

SHEAR AT B 0.998 0.702 1.0 

SHEAR AT B 0.579 0.704 0.5 80 
BEAM 2 B M 0.703 0.921 0.704 

SHEAR AT C 0.578 0.703 0.579 

SHEAR AT C 0.578 0.705 O.585 
BEAM 3 B M O.705 0.923 0.705 

SHEAR AT D O.585 0.705 0.578 

TABLE 6.4.1 - DISTRIBUTION PARAMETERS FOR BEAM RESISTANCES IN SLAB EXAMPLE 

WITH INCREASED LOAD 
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RUN 1 RUN 2 
NUMBER OF 
RUN 3 

FAILURES 
RUN 1+ RUN 5 RUN 6 

TOTAL COLLAPSE 35 kk 36 27 39 38 
ANY FAILURE 38 1+5 38 29 1+1 39 

Failure Path Type 1 91+ 121+ 121+ 90 116 11+0 
Failure Path Type 2 100 11+6 139 101+ I 130 11+2 
Failure Path Type 3 16 17 27 13 23 31+ 
Failure Path Type 1+ 82 102 108 80 78 120 
Failure Path Type 75 95 113 86 81+ 115 
Failure Path Type 6 75 95 113 86 81+ 1 1 5 

Failure Path Type 7 2 2 1+ 1+ 1+ 9 
Failure Path Type 8 2 2 1+ 3 1 5 
Failure Path Type 9 2 2 1+ 3 3 5 
Failure Path Type 10 2 2 1+ 1+ 1+ 9 
Failure Path Type 11 2 0 3 3 2 5 
Failure Path Type 12 2 0 3 3 1 1+ 
Failure Path Type 13 2 2 6 1+ 6 5 
Failure Path Type 11+ k 0 7 1+ 2 5 
Failure Path Type 15 0 0 1 0 0 0 
Failure Path Type 16 2 2 6 1+ 6 9 
Failure Path Type 17 0 0 1 0 0 0 
Failure Path Type 18 3 2 8 1+ 5 8 
Failure Path Type 19 2 2 1+ 1+ 1+ 9 
Failure Path Type 20 2 0 3 3 2 5 
Failure Path Type 21 2 0 3 3 1 1+ 
Failure Path Type 22 2 2 1+ 1+ 1+ 9 
Failure Path Type 23 2 2 1+ 3 1 5 
Failure Path Type 21+ 2 2 1+ 3 3 6 
Failure Path Type 25 0 0 0 0 0 0 
Failure Path Type 26 0 0 0 0 0 0 
Failure Path Type 27 0 0 0 0 0 0 
Failure Path Type 28 0 0 0 0 0 0 
Failure Path Type 29 0 0 0 0 0 0 
Failure Path Type 30 0 0 0 0 0 0 
Failure Path Type 31 0 0 0 0 0 0 
Failure Path Type 32 0 0 0 0 0 0 
Failure Path Type 33 0 0 0 0 0 0 
Failure Path Type 3k 0 0 0 0 0 0 
Failure Path Type 35 0 0 0 0 0 0 
Failure Path Type 36 0 0 0 0 0 0 
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RUN 1 RUN 2 RUN 3 RUN 1+ RUN 5 RUN 6 

Element 1 • 17 26 21 22 22 25 
Element 2 20 23 27 15 20 25 
Element 3 23 32 21 18 27 20 
Element h 18 18 25 1 h 23 28 
Element 2 0 2 1 0 0 
Element 6 2 0 1 1 0 0 
Element 7 0 0 2 1 2 1 
Element 8 0 0 2 1 2 1 
Element 9 0 1 0 0 2 1 
Element 10 0 1 1 0 2 1 
Element 11 0 0 0 2 0 k 
Element 12 1 0 0 2 0 3 

Number of trials per run = 5000 
Number of failure paths per type = 8 

TABLE 6.U.2 - RESULTS FROM THE MONTE CARLO SIMULATION 
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FAILURE PROBABILITIES 

ORIGINAL EXAMPLE INCREASED LOAD 

LOWER UPPER LOWER MONTE UPPER 
BOUND BOUND BOUND CARLO BOUND 

TOTAL COLLAPSE .365 X 10-7 .227 X 10-6 .338 X 10-2 .730 X 10~ 2 .153 X 10-1 

ANY FAILURE .189 X 10-6 .227 X 10-6 .688 X 10-2 .767 X 10-2 .955 X 10-2 

FAILURE PATH TYPE 1 .227 X 10-7 .227 X io-7 .325 X 10-2 .287 X 10-2 .325 X 10-2 

FAILURE PATH TYPE 2 .232 X io -9 .232 X io -9 .158 X 10-3 .317 X 10-2 .158 X 10-3 

FAILURE PATH TYPE 3 * * * .542 X 10-3 * 

FAILURE PATH TYPE 4 .644 X i o - 8 .194 X io-7 .212 X 10-2 .238 X 10-2 .298 X 10-2 

FAILURE PATH TYPE 5 .716 X l O " 1 0 .204 X io -9 .104 X i o" 3 .238 X 10-2 .154 X 10" 3 

FAILURE PATH TYPE 6 .716 X l O " 1 0 .204 X io-9 .104 X 10-3 .238 X 10-2 .154 X 10" 3 

FAILURE PATH TYPE 7 .204 X io -9 .205 X io -9 .116 X 1 0 - 3 .104 X 10-3 .116 X 1 0 - 3 

FAILURE PATH TYPE 8 * * * .71 X i o -4 * 

FAILURE PATH TYPE 9 .132 X ID"10 .198 X io -9 .751 X 10-4 .79 X i o - 4 .116 X 10" 3 

FAILURE PATH TYPE 10 .204 X io-9 .205 X io -9 .116 X 10" 3 .104 X 10" 3 .116 X 10-3 

FAILURE PATH TYPE 11 .132 X i o - 1 0 .195 X 10-9 .749 X 10-4 .63 X 10-4 .116 X i o" 3 

FAILURE PATH TYPE 12 * * * .54 X 10-4 * 

FAILURE PATH TYPE 13 .451 X 10" 8 .451 X 1 0 - 8 .190 X 10" 3 .121 X 10- 3 .190 X 10" 3 

FAILURE PATH TYPE 14 .195 X io -9 .195 X 10-9 .124 X 1 0 - 3 .124 X 10~ 3 .124 X i o" 3 

FAILURE PATH TYPE 15 * * * .4 X 10-5 * 

FAILURE PATH TYPE 16 .452 X i o - 8 .452 X i o - 8 .190 X 10-3 .121 X 10" 3 .190 X 10-3 

FAILURE PATH TYPE 17 * * * .4 X 10-5 * 

FAILURE PATH TYPE 18 .198 X io -9 .198 X 10-9 .124 X 10~ 3 .125 X i o " 3 .124 X i o" 3 

FAILURE PATH TYPE 19 .204 X io -9 .205 X io -9 .751 X 10-4 .121 X 10~ 3 .116 X 10-3 

FAILURE PATH TYPE 20 .132 X ID"10 .195 X io -9 .749 X 10-4 .63 X 10-4 .116 X 10" 3 

FAILURE PATH TYPE 21 * * * .54 X 10-4 * 
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EXAMPLE 1 EXAMPLE 2 

LOWER UPPER LOWER MONTE UPPER 
BOUND BOUND BOUND CARLO BOUND 

FAILURE PATH TYPE 22 .204 x 10-9 .205 X 10-9 .116 X 10-5 .104 x 10' -4 .116 X 10-3 

FAILURE PATH TYPE 23 * * * .71 x 10' -4 * 

FAILURE PATH TYPE 24 .132 x 10-10 .198 X 10-10 .751 X 10-4 .83 x 10' -4 .116 X 10~3 

FAILURE PATH TYPE 25 .250 x 10-10 .275 X 10-10 .140 X 10-4 0 .141 X 10-4 

FAILURE PATH TYPE 26 .634 x 10-12 .275 X 10-10 .909 X 10-5 0 .141 X 10-4 

FAILURE PATH TYPE 27 .643 x 10-12 .275 X 10-10 .912 X io-5 0 .141 X 10-4 

FAILURE PATH TYPE 28 .250 X 10-10 .275 X 10-10 .140 X io"4 0 .141 X 10-4 

FAILURE PATH TYPE 29 .634 x 10-12 .275 X 10-10 .909 X io-5 0 .141 X 10-4 

FAILURE PATH TYPE 30 .643 x 10-12 .275 X ID"10 .912 X io-5 0 .141 X 10-4 

FAILURE PATH TYPE 31 .260 x 10-10 .287 X 10-10 .146 X lo"4 0 .146 X 10-4 

FAILURE PATH TYPE 32 .662 x 10-12 .287 X 10-10 .943 X io-5 0 .146 X 10-4 

FAILURE PATH TYPE 33 .662 x 10-12 .287 X ID"10 .943 X io-5 0 .146 X 10-4 

FAILURE PATH TYPE 34 .260 x 10-10 .287 X 10-10 .146 X 10-4 0 .146 X 10-4 

FAILURE PATH TYPE 35 .671 x 10"12 .287 X 10-10 .946 X io-5 0 .146 X 10-4 

FAILURE PATH TYPE 36 .671 x 10-12 .287 X 10-10 .946 X io-5 0 .146 X 10-4 

INITIAL BENDING .629 x 10-7 .629 X lO-7 .454 X 10-2 .443 x 10" •2 .454 X 10-2 

INITIAL SHEAR .847 x 10-8 .847 X 10-8 .191 X 10-3 .175 x 10" •3 .191 X 10-3 

TABLE 6.4.3 - BOUNDS ON THE FAILURE PROBABILITIES FOR THE SLAB EXAMPLE, INCLUDING 
MONTE CARLO SIMULATION VALUES 

= Failure Path omitted as one of the elements is due to fail in the shear force 
failure mode when the element at the other end of the member will automatically 
carry a greater load, and hence fail first_/ 
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CORRELATION COEFFICIENT 
OF CROSS-SECTIONS ON 
SAME MEMBER 

CORRELATION COEFFICIENT 
OF THE TWO VERTICAL 
MEMBERS 

CORRELATION COEFFICIENT OF THE HORIZONTAL AND EACH OF 
THE VERTICAL MEMBERS 

CORRELATION COEFFICIENT 
OF CROSS-SECTIONS ON 
SAME MEMBER 

CORRELATION COEFFICIENT 
OF THE TWO VERTICAL 
MEMBERS 

0.0 0.50 0.95 1.00 

( 
0.95 1 

0.0 

0.50 

0.95 

5.056-3.513 x 10" 
c 

2.983-3.660 x 10" 

3.880-4.842 x 10"6 

3.850-4.913 x lO"*6 

2.129-6.144 x 10"6 

1.00 | 
0.50 

1.00 

3.370-4.270 x 10"6 

2.197-3.182 x 10~6 

Table 6.5-1 - BOUNDS ON THE FAILURE PROBABILITIES FOR THE PORTAL FRAME EXAMPLE 
WITH 0.50 CORRELATION COEFFICIENT BETWEEN LOADS 



Correlation 
Coefficient 
of Cross-
Sections 
on same 
Member 

Correlation 
Coefficient 
of the two 
Vertical 
Members 

Correlation Coefficient of the Horizontal and Each 
of the Vertical Members 

Correlation 
Coefficient 
of Cross-
Sections 
on same 
Member 

Correlation 
Coefficient 
of the two 
Vertical 
Members 0.0 0.50 0.95 

f 0.0 2.989-3.448 x 10~6 3.808-4.763 x 10"6 

0.95 < 0.50 2.918-3.591 x 10"6 3.780-4.832 x 10~6 

0.95 2.078-6.069 x 10"6 

TABLE 6.5.2 BOUNDS ON THE FAILURE PROBABILITIES FOR THE PORTAL FRAME EXAMPLE 
WITH UNCORRELATED LOADS 

Correlation 
Coefficient 
of Cross-
Sections 
on Same 
Member 

Correlation 
Coefficient 
of the two 
Vertical 
Members 

Correlation Coefficient of the Horizontal and Each 
of the Vertical Members 

Correlation 
Coefficient 
of Cross-
Sections 
on Same 
Member 

Correlation 
Coefficient 
of the two 
Vertical 
Members 0.0 0.50 0.95 

/ 

0.95 < 

0.0 

0.50 

0.95 

3.725-5.129 x 10'6 

3.541-5.397 xlO"6 

4.522-7.037 x 10~6 

4.441-7.180 x 10'6 

2.682-8.893 x 10"6 

TABLE 6.5.3 BOUNDS ON THE FAILURE PROBABILITIES FOR THE PORTEL FRAME EXAMPLE 
WITH TIME-VARYING LOADS 

Correlation 
Coefficient 
of Cross-
Sections 
on Same 
Member 

Correlation 
Coefficient 
of the two 
Vertical 
Members 

Correlation Coefficient of the Horizontal and Each 
of the Vertical Members 

Correlation 
Coefficient 
of Cross-
Sections 
on Same 
Member 

Correlation 
Coefficient 
of the two 
Vertical 
Members 0.0 0.50 0.95 

r 0.0 4.854-5.433 x 10"6 6.211-7.468 x 10"*6 

0.95 < 0.50 4.757-5.693 xlO"6 6.134-7.592 x 10~6 

1 0.95 3.467-9.292 x l<f6 

TABLE 6.5.4 BOUNDS ON THE FAILURE PROBABILITIES FOR THE PORTAL FRAME EXAMPLE 
WITH UNCORRELATED LOADS FOR THEIR MAXIMUM DISTRIBUTIONS 
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CHAPTER 7 ~ CONCLUSIONS 

7.1 LEVEL 2 RELIABILITY METHODS 

7.1.1 Magnitude of Errors 
An error in calculating a failure probability of less than half an order of 
magnitude is liable to be negligible when compared to the effect of statistical 
uncertainties in the frequency distributions of the basic variables for most 
practical situations. Almost all of the Advanced Level 2 method's errors that 
have been calculated were negligible when assessed on that basis, while 95$ 
of the Mean Value Level 2 method's errors were significant. Therefore the 
results of the comparison between the failure probabilities, as obtained from 
the Level 2 and Level 3 methods, that were calculated for this study have 
demonstrated: 

i. that the errors occurring from the idealisations and approximations 
inherent in the Advanced Level 2 method of reliability analysis are 
relatively small and can be ignored; but 

ii. that the same cannot be said for the Mean Value 2 method of 
reliability analysis. 

The errors produced by the Mean Value Level 2 method were not consistent enough 
to be used even for calibration purposes, either: 

i. with the same format of the failure criterion; or 

ii. with the same elements but different formats of the failure 
criterion. 

Therefore the additional calculation required for the iterative procedures of the 
Advanced method are necessary in order to obtain a result in which confidence can 
be placed. 

7.1.2 Extension of Work 
The failure criteria that were examined in the comparisons had no discontinuities 
in the slope of their failure boundaries. This study could be extended to 
examine the position and degree of any discontinuities of slope that would be 
necessary in order to invalidate the accuracy of the Advanced Level 2 method. Such 
an investigation would be useful since the failure criteria for relatively complex 
modes of failure are liable to include discontinuities of slope if some mode of 
the element's behaviour alters at discrete values of one of the parameters (eg the 
elastic-plastic behaviour of many materials). 
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A further study could also include failure boundaries with "sharp" curvature 
"close" to the design point in standardised normal variable space. Such a study 
could try to quantify "sharp" and "close", perhaps in terms of 

Y * I 

is a measure 

+.V, J th is the value of the i 
(7.1.1) 

where "U* _ basic variable at the local minima /SA from the 
origin, etc. 

7.1.3 Limitations 

The use of the Advanced Level 2 method on its own for system reliability analysis 
implies the linearisation of the union and/or intersection of several failure 
boundaries, (ie there are several discontinuities of slope in the overall systems 
failure boundary). This linearisation will lead to the invalidation of the 
accuracy of the method, as can be demonstrated by comparing the bounds on the 
probability of a series system failure, which have been calculated in Part 2, with 
the maximum probability of a local failure, which is the value that the Advanced 
Level 2 method should give. 

In these conclusions the assumption is made that the correct design point (ie the 
closest point on the failure boundary to the origin in standardised normal variable 
space) has been found by the iterative procedure in the Advanced Level 2 method. 
There must be some check to confirm that the point found is the correct one, given 
that there is a possibility of multiple local minima on the failure boundary. 
This check is required because the use of the wrong linearisation point will 
invalidate the advantages of the Advanced over the Mean Value Level 2 method of 
reliability analysis. 
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7.2 SYSTEM RELIABILITY ANALYSIS 
7.2.1 Use of System Reliability Analysis 
It is now widely accepted that improved structural analysis and design techniques 
should be accompanied by improved methods of predicting structural safety, where 
the rational criterion for the safety of a structure is its reliability. This 
reliability is usually provided by partial safety factors since carrying out 
design or analysis by using reliability analysis techniques is computationally 
extravagant. The partial safety factors will have a rational basis if they have 
been obtained by calibration using the reliability of typical structural elements. 
This calibration is being carried out for some of the more recent Codes of Practice. 
The partial safety factors, however, relate to the reliability of a single 
element against its failure by a single mode of failure. Therefore, a set of 
partial safety factors cannot be used to ensure that the designed structures will 
have a constant level of reliability. 

System reliability analysis is needed when it is required to adjust any target 
reliabilities used to calculate the partial safety factors so that the system 
reliability is maintained at a constant level. Public opinion would not tolerate 
the idea of a reduction of target reliabilities by such means in most cases, but 
to increase them when progressive collapse may occur would be generally welcomed. 

Structures may have to be divided into compartments (in a similar manner to the 

system reliability level. Each compartment would have to be designed to give a 
system reliability level not less than a target system reliability in a similar 
manner to elements being designed to target element reliabilities. A failure 
in any compartment would have to lead to no collapse outside that compartment, 
so that some compartments might have to overlap. 

A second use of system reliability analysis is to produce bounds on the expected 
cost of failure for a structure. Such bounds would be a measure of the financial 
implications of making any alterations to the partial safety factors. The use 
of different modes of system failure will allow relatively complex costing models 
to be used for such a comparison. 

7.2.2 Methods of Analysis 
Each of the methods of system reliability analysis that are revised (sections 4.3 
and 4.4) can be used to analyse a limited sub-set of the possible structural 
systems (table 7-2.1 said fig. 7-2.1). Some of the methods also have disadvantages 

fire restrictions in the Building 

191 



where analysing the structural systems for which they were devised. The 
principal disadvantages of these methods are: 

Rackwitz and Kzykaczi's Method: 
i. The complexity of setting up the multivariant integral; and 
ii. The calculating effort required to evaluate a multi-variant 
normal integral. 

Vanmarke's Method: 
The evaluated probability of system failure is only an upper bound. 

Moses Unzipping Technique: 

i. The assumption that the probability of one of the failure paths 
occurring is considerably larger than the probabilities of any other 
failure path occurring given that the first failure path has not 
occurred; and 

ii. The assumption that for each failure path all but one of the 
probabilities of a local failure mode occurring given that the remaining 
local failure mode has occurred is approximately unity. 

Marshall and Bea's Brittle-and Ductile-Redundant Models: 
i. The requirement for either a hindcast load or numerical integration 
with respect to the load; 

ii. The inconsistancy of the two models for some systems; 

iii. The disagreement between the failure probabilities produced by 
the models and the method put forward in Chapter 5 (all other methods 
examined produced compatible results). 

Cornell's bounds: 
The bounds are too wide for most practical uses. 

Moses and Kinser's bounds: 
i. The bounds are too wide for most practical uses; and 
ii. The upper bound requires solving a double convolution integral. 

The examples carried out demonstrate that reasonably narrow bounds on the probability 
of system failure can be obtained for a potentially wide range of structures by 
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the structural system reliability analysis method that is proposed in Chapter 5-
The principal disadvantages of this method are: 

i. the load effects due to each load applied to the structure have 
to be able to be combined linearly for the total load effect on any 
element; and 
ii. the amount of computation required is considerable more than is 
required by the other methods for which examples have been carried out 
in Chapter 6. 

The excessive calculation required results from: 
i. the set of possible failure paths having to be comprehensive for 
the bounds to be rigorous; and 
ii. the comparison of each failure path with every other path, so 
that the computational effect required is approximately proportionate 
to the square of the product of the number of failure paths and the 
mean number of local failure modes in each path. 

7.2.3 Recommended Methods 
Therefore, it is recommended that if the system reliability of a structure is 
required that: 

i. Ditlevsen'a bounds should be used when each failure path can be 
described by a single failure criterion; 
ii. the method proposed in Chapter 3 of this paper should be used if 
Ditlevsen's bounds are inapplicable; and 
iii. Moses' unzipping technique may be used if an approximate value 
of the probability of system failure only is required, provided there 
is only a single loading variable. 

Nearly all of the methods for system reliability analysis use the simplified 
resistance minus load format in order to describe the failure criteria of the 
individual modes of local failure. It is recommended that the parameters for the 
frequency distribution of the resistances are evaluated so as to give the best 
available estimate of the initial probability of local failure. This preference is 
due to the Mean Value Level 2 method of reliability analysis for elements having 
been demonstrated to be inaccurate in Part 1, and the evaluation of the parameters 
for the frequency distribution of the resistances by more traditional methods leads 
to evaluating the probabilities of local failures by the Mean Value Level 2 method. 
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7.3 POSSIBLE EXTENSIONS OF THE PRESENT STUDY 
7.3.1 Possible Aims of Modification 
Any improvement in the proposed method of structural system reliability analysis 
will need to revise it in one of two ways, the two ways tending to be mutually 
incompatible. An improved method can either; 

i. introduce further refinements into the analysis so that the 
bounds on the probability of system failure are narrower and/or 
more rigorous; or 
ii. simplify the analysis so that it takes less computational time 
and/or storage facilities. 

The first way that the method might be improved can be sub-divided into four 
different objectives. These objectives are: 

i. to find improved bounds in terms of being closer to the correct value; 
ii. to extend the method to include the uncertainty in the distribution 
of the load effect for statically indeterminant structures; 

iii. to remove the simplification of treating the resistances and loads 
as having normal frequency distributions; and 

iv. to make this method into an algorithm for approximating to the multi-
variat distribution of Rackwitz and Kzykaczi's method. 

7.3.2 Refining the Analysis 
The bounds, as proposed, are not necessarily the closest that can be obtained. 
It is more probable that improved bounds can be found for the parallel com-
bination of local failure modes into failure paths since this combination has 
received less attention previously - the methods involving bounds that were 
reviewed are concerned only with series combinations. Close examination of the 
examples in Chapter 6 demonstrates that the gap between the bounds on the 
probability of system failure is influenced more by extending the length of the 
failure paths than the number of the failure -paths. Therefore, the parallel 
combination of events also needs more attention than the series combination. 

The constants c. . , and d. . , will become variables if the method is to make k 1,0 
allowance for the uncertainty in the load effect on each element. The use of 
additional variables will expand the size of the equations in sections 5«1, 5-2, 
5.5 and 5.6. The values of c. and d. . will be dependent on each other 

1,0 1,0 ,k in order to satisfy simple statics. 
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The equations will have to be modified also if the loads and resistances are 
treated as having frequency distributions other than normal. More knowledge 
than the equivalent normal distribution's mean and standard deviation at one 
point (the Advanced Level 2 design point) will be required in order to fit a 
distribution to the resistance. This knowledge could be obtained by carrying 
out Advanced Level 2 analysis with different fixed values of the applied loads. 
The cumulative probability function could be built up from a set of values 
obtained from 

FRm < z f u i . v * * ^ C y a l s - s ' ) (7-3'1) 

If the proposed method was modified to obtain the multi-variate distribution 
«f Rackwitz and Krzykacz' method, the probability of system failure that would 
be obtained would be accurate provided the loads and resistances can be described 
by the normal distribution. Such an approach could be built up from the following 
relationships. Given that 

P ( A I ) = <M-/3I) (7.3.2) 

f (Ai O A j ) = (7.3.3) 

p(A-jU A j ) = (7.3.4) 

An approximation to the multi-variate normal integral, similar to Hasting's for 
the univariate case, would have to be devised in order to make such a method 
useful. Such an approximation would have wide applications beyond system 
reliability analysis. 

7.3.3 Simplifying the Analysis 
The second way that the proposed method might be improved can be sub-divided into 
two different objectives. These objectives are: 

i. to rank the failure paths in two orders so that the maximum lower 
bound and the minimum upper bounds can be found without repeating the 
calculations for each order; and 

ii. to reduce the number of possible failure paths. 

To rank the failure paths would be useful since both Ditlevsen's and the proposed 
method are dependent on the order in which the failure paths are considered, 
although the ranking would be more beneficial for the proposed method since it 
requires considerably more calculation. 

than 

and 
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The reduction in the number of possible failure paths is required when the 

storage capacity of the computing facilities is exceeded by the exhaustive set 

of failure paths. The lower bound on the probability of system failure obtained 

from a reduced set of failure paths will still be rigourous, though further from 

the actual value, while the upper bound need not be rigourous. Therefore, the 

choice of which failure paths to ignore will have to be based on the upper bound. 

The order for the omission of failure paths will not necessarily be simply the 

order of increasing probability of failure, as can be shown by using a trivial 

example of three failure paths, where 

Ignoring A^ or k^ will produce an accurate upper bound on the probability of 

system failure,- while ignoring A_ will produce an inaccurate upper bound. 

p(A1) = p(A2) = p(A 10 A ) (7.3.5) 

and 
(7-3.6) 
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TYPE OF MEMBERS DUCTILE MIXED BRITTLE 

NO. OF LOCAL FAILURE 
MODES/FAILURE PATH 1 >1 1 >1 1 >1 

NO. OF INDEPENDENT 
LOADS 1 >1 1 >1 1 >1 >1 1 >1 1 >1 

STRUCTURE TYPE I II III IV V VI VII VIII IX X XI XII 

Cornell B B B B B B B B 

Moses and Kinser B A B A B A B A 

Vanmarke A A A A A A A A 

Marshall and Bea (A) (A) A A (A) (A) (B) (B) (A) (A) A A 

Moses (A) A (A) A (A) A 

Ditlevsen B B B B B B B B 

Present Study B B B B B B B B B B B B 

A = Approximation to the probability of system failure given certain assumptions. 

B = Bounds on the probability of system failure. 

( ) = Method not designed for case, but will give a result. 

Table 7.2.1 - STRUCTURAL SYSTEMS FOR WHICH THE METHODS ARE APPLICABLE 

197 



Brittle member,capable of carrying tensile axial force only 

Ductile members,capable of carrying bending momenf, tensile and 

compressive axial forces and shear force 
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APPENDIX A - GLOSSARY 
• /11 / (See also Appendix 8, CIRIA report 

Basic Variable: One of a set of design variables which govern the loading on 

and the resistance of an element and which can influence the reliability 

of the element. Each basic variable is modelled by a statistical dis-

tribution since the design variables cannot be defined exactly by a 

deterministic value. 

Brittle Element: An element which is unable to carry any load effect after 

the local failure of that element. 

Design Variable: A quantity whose value is required in order to be able to 

decide whether an element or structure is in a failed or non—failed 

state, other than mathematical or physical constants. 

Ductile Element: An element which continues to carry the load effect which 

just causes failure after the local failure of that element. 

Element: The sub-division of a structural system for which a single failure 

criterion is defined such that there are only failed and non-failed 

states (ie knowledge of its failure cannot be supplemented by further 

knowledge such as the degree or position of that failure). The value of 

each design variable for that failure criterion are regarded as being 

dependent on the value of a single basic variable (eg if a beam subject 

bending is defined as an element, then the design variables defining the 

load effect and the resistance at 7/16 span are treated as dependent on 

those at mid-span). 

Ebccess Load Effect: The load effect which has to be redistributed from an 

element after local failure of that element. This is equal to the applied 

load effect if the element is perfectly brittle; and is equal to minus one 

times the excess resistance if the element is perfectly ductile. 

Excess Resistance: The difference between the load carrying capacity of an 

element and the load effect applied to it. Local failure occurs when 

this is less than or equal to zero. (This has also been called the safety 

2 0 2 



Failure: The occurrence of a set of values of the basic variables so that the 

requirements defined by (or for) the user are not fulfilled. 

Failure Criterion: Mathematical idealisation of a mode of failure in terms of 

basic variables such that a negative value represents the failed state and 

a positive value the non—failed, or safe, state. 

Failure Group: A set of elements whose combined local failures would result 

in system failure. 

Failure Network: The schematic representation of the possible local failures 

connected together in parallel and/or in series. 

Failure Path: A sequence of local failure modes whose occurrence in that order 

will result in system failure. 

Failure Set: The exhaustive set of the possible permutations of local failure 

modeswhose combined occurrence will result in system failure. 

Failure Tree: The schematic representation of the possible failure paths in 

the failure set. 

Instantaneous Failure: The failure associated with the parent distributions of 

any time - varying loads. This represents the instant when the loads are 

initially applied since initial survival theoretically then allows 

Bayesian updating of the non-time-vaiying variables. 

Limit State: A mode of failure which the structure or element is designed to 

resist explicitly. 

Load Combination: One of a set of combinations of the maxima and minima dis-

tributions of the loads acting on the structure which model the maximum 

load intensity during the reference period. 

Local Failure: A failure which can be modelled by a single failure criterion. 

Mode of Local Failure: A mode of failure whose occurrence results in a local 

failure. 

2 0 3 



Mode of System Failure: A mode of failure whose occurrence results in system 

failure. 

Overall Failure: The realisation of sufficient local failures for the struc-

ture to become a mechanism. 

Parallel: The intersection of two or more events so that the combined event 

is realised if, and only if, all of the component events are realised. 

Parent Distribution: The distribution of the instantaneous values of a time-

varying variable (as opposed to the distribution of the maximum or minimum 

value in a specified time period). 

Principal Load: The time—varying load which is modelled as having its maximum 

intensity in the structure's reference period in a load combination, even 

if other loads in that load combination have larger values. 

Resistance: The combination of all basic variables not designated as loading 

variables into a single variable in the failure criterion of an element. 

Series: The union of two or more events so that the combined event is not 

realised if, and only if, all of the component events are not realised. 

Structure: An arrangement of beams, columns, slabs and other units which are 

connected together in a particular manner in order to satisfy the user's 

requirements, and which are acted upon by a set of loads. 

System Failure: The realisation of sufficient local failures to cause the 

structure not to fulfil its required function(s). This can be, but need 

not be, identical to either overall failure or the first local failure. 

System Reliability: The probability that system failure will not be realised. 

Time Intervals The period during which a time-varying load is maintained at 

a constant intensity. 

Time—Varying Loads: Loads which do not maintain a constant intensity through-

out the reference period (normally the design life of the structure). 
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APPENDIX B - PIN-JOINTED TRUSS EXAMPLE 

B.1 DESCRIPTION OF SYSTEM 

Structure: 

Elastic pin—jointed truss with perfectly ductile elements of nominal cross-

sectional area A, 2A and 3A (figure B.1.1). 

Modes of Failure: 

i. Local: Axial compression or tension (which are not differentiated 

between numerically in the value of stress at which failure is deemed to 
occur). Therefore failure occurs when the axial force is equal to or 

greater than the element's resistance (table B.1.1). The elements are 

assumed to be stocky, so that buckling is ignored. 

ii. System: Node F becoming part of a mechanism, so that the applied 

load, S, cannot be resisted by the structure. 

Failure Paths Considered: 

The elements can be grouped in four sets where the local failure of one element 

in a set will result in no further load effect increments being applied to any 

element in that set. All elements in a set have the same nominal cross-

sectional area and the same absolute value of axial load applied them, so that 

the failure paths consisting only of elements AB, CD, DF and EF (one from each 

set) will include all the possible types. 

Axial Forces in Elements: 

InHially: Let the force in BD be P and the force in DF be Q. If the 

horizontal displacements are given by U, then by considering the axial 

strain as relatively small geometrically, 

k 
'' UD - (C*"P)AE ; up = 2( r-^)IE B AE AE AE 

However, the strain in elements BD and DF respectively give 

3 AE D B ^ 3 7 AE 

f * h m U F - UD - (2R—3Q+-P) ^ 

AE 

See figure B.1.2 for axial force in other elements 
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ii. Element EF Removed: Let the force in ED he P 

: = (R-P> X 3S 

• « 

P = iR 

See figure B.1.3 for axial force in other elements, 

iii. Element CD Removed: Let the force in BF be P 

UB = f p ~ AE : Up = 2(R-Pfe AE 

P + 5S> = UF - UB = <2R4P>IE 
P = -2-R r 8 

See figure B.1.4 for axial force in other elements, 

iv. Element AB Removed: Let the force in DF be Q 

UD S Q X AE J UP - 2( R " H 

| . = U, - U D = (2R - 3Q) fe AE 

Q = §R 
AE 

See figure B.1.6 for axial force in other elements, 

v. Other jpl£ments_ Removed: Either produce statically determinant 

structures (figures B.1.5, B.1.7, B.1.8 and B.1.9) or else are identical 

to one of the cases above. 

B.2 MOSES' UNZIPPING TECHNIQUE 

Load Increments: 

Path 1 - EF,CD,DF: 
' r1,1 rEF ?/ 27 SR1,1 

r1,2 = rCD 
10 / 2 ? SR1t1 + If SR 1 > 2 

20 
^ r113 = rDF ^7 S R1,1 + S R 1 , 2 + 8R1,3 

f = ^ 7 -EF 

SR1,2 = rEF + " C D 2r, 

SR1,3 + " 2rCD + rDF 

Path 2 - EF,CT,AB: S R ^ = SR., ̂  : S R ^ 2 = SI^ 

r2,3 = rAB = 1°/27 SR2,1 + * SR2,2 + SR2,3 

SR, 
2,3 - rCD + rAB 
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Path 3 - EFjDF: S R ^ = SR1 ^ 

r3,2 s rDF = % SR3,1 + SR3,2 
SR3^2 = r ^ + r D F 

Path_4j- EF,AB,CT: S R ^ = S R ^ 

r4,2 rAB = 1 % 7 SR4,1 + * SR4,2 

r4f3 = rCD = 1%7 SR4,1 + * SR4,2 + SR4,3 
SR. „ = -"7, iw, + 2r, 

20/ 
"4,2 7 "EF ' """AB 

BR 4,3 ™ rAB + rCD 

Path_5 ^E^AB^DF: SR ̂ = S R ^ : S R ^ 2 = S R ^ 2 

20 
-5,3 - rDF - /27 SR5,1 + SR5,2 + SR5,3 
SR 5,3 - 2rAB + rDF 

Path 6 - CD,EF,DF: f r6,1 = rCD = 10/2T 6R6,1 

] r6.2 = = rEF = 8R6,1 + 3/8 8R6,2 

% 3 1 = rDF = 2%1 8R6,1 + f sr6>2 

' 6R6,1 
27/ 

" '10 rCD 

] ^6,2 = -
2 8/ r + 8/ '15 CD 3 rEF 

> SR6,3 " rGD " ^ rEF + rDF 

8R6,1 : 8R7,2 SE6,2 

r7,3 = rAB - % 6R7,1 + f SR7,2 + SR7,3 

SR7,3 = % rCD - % PEF + rAB 
Path 8 - CD,DF,EF: 6RQ 1 = SR6 1 

r8,2 = rDF = 2%7 SR8,1 + % SR8,2 

r8,3 = rEF = 8R8,1 + * SR8,2 + 8R8,3 
16 8 

8R8,2 = * 4 ""CD + k rDF 

SR, 
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P a t h - CT^ABjEF: S R ^ = S R ^ 

r9,2 rAB '27 ""9,1 " '8 ""9,2 

r9,3 = rEF = V27 SR9,1 + % SR9,2 + 6R« 

SR9,2 = rCD + % rAB 

3i 

- SRo.i + \ SRc 

9,3 

Path 10 - DF,EF: 

< 

8R9,3 = rCD ~ % rAB +
 rEF 

20/ 

r10,1 = rDF * '27 "10,1 

r10,2 = rEF 2̂7 SR10,1 + SR10,2 

SR10,1 = 7/20 rDF 

SR10,2 = rDF + rEF 

Path 11 - AB,EF,CD: r ^ ^ = r ^ = S R ^ ^ 

r11,2 rEF ^ 7 SR11,1 + ^ SR11,2 

r11,3 = rCD = 1 % 7 SR11,1 + * SR11,2 + SR11,3 

SR11,1 = ?/l0 rAB 

• •^ SR11,2 = " rAB + 4 rEF 

' SR11,3 = 4 rAB " % rEF + rCD 

Path 12j- J^1EF1DF: SR12 1 = 1 SR12,2 = SR11,2 

r12,3 - rDF = % - + * SR'~ " + SR-

8R12,3 = T K B ~ % 

Path J 3_ - AB^CTjEF: S R ^ ^ = S R ^ ^ 

' r13,2 = rCD = 1 % 7 SR13,1 + ^ SR13,2 

i r13,3 = rEP " /27 t + i s r13, 2
 + SR13,3 

8 8 
SR13,2 = TAB + /5 rCD 

3> 

'6 XAJB ~~ 73 rEF + rDF 

12,3 

SR13,3 = ~ 4 o rAB " % rCD + rEF 
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Path 14 - iffi,DF,_EF: S R U ^ = S R ^ ^ 

r14,2 = rDF s 2 % J SR14,1 + % SR14*2 

( r1 4 t3 - rEF - % 6R14,1 + \ SR14,2 + 8 R1 4,3 

16 8 
i SR14,2 = " ^ rAB + ^ rDF • l 

( ®14 f3 = i rAB " ^ rDF + rEF 

Probability of Failure Paths: (See Table B.2.1 ) 

p(Failure Path 1) . * - 3 . 5 2 ) = 0.22 X cr3 

p(Failure Path 2) . * - 3 . 6 5 ) = 0.13 X O-3 

p(Failure Path 3) . . * - 3 . 5 2 ) = 0.22 x O-3 

p(Failure Path 4) . . <*> - 4 . 2 2 ) = 0.13 x O"4 

p(Failure Path 5) $ - 4 . 2 2 ) = 0.13 x 0-4 

p(Failure Path 6) . . 4> 3 . 5 2 ) = 0.22 x 0-3 

p(Failure Path 7) . 
v * - 3 . 6 5 ) = 0.13 x 0-3 

p(Failure Path 8) . . * 3.95) = 0.39 x O-4 

p(Failure Path 9) . . 4 . 3 2 ) = 0.80 x 0-5 

p(Failure Path 10) . . $ 3 . 9 4 ) = 0.42 X O-4 

p(Failure Path 11) • <*> 4 . 7 4 ) = 0.11 x 0-5 

p(Failure Path 12) . . 4 . 7 4 ) = 0.11 x 0-5 

p(Failure Path 13) • § 4 . 7 4 ) = 0.11 x 0-5 

p(Failure Path 14) 4 . 7 4 ) = 0.11 x 0-5 

Probability of System Failure: = $ ( - 3.52) = 0.22 

B.3 MARSHALL AND BEA's BRITTLE REDUNDANT MODEL 

i. S = 2.0 

p(A1 s) = 1.0 - T T [1.0 - p(element fails)] 
each element 

T _ 3.0 - 2 . 0 ^ 3 2.0-2.0x57 1 2 
- 1 . 0 - [ l . 0 - $ ( g ^ ) ] x [ l . 0 - $ ( z z - S L ) ] X 

20 7 
r 5 . 0 - 2 . 0 x 5 5 1 . 0 - 2 . 0 x ^ 7 - 2 

x [ 1 > 0 _ — _ _ a , ] . [1.0 -
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X 

2 

= 1.0 - [l.O -^(-7.53)j3 x J|1.0 - (-6.30)J2 x [l.O -<£(-7.04)] x 

[l.O -$>(^.81)] 2 

= 3 x 0.15 x 10"13 + 2 x 0.15 x 10"9 - 0.8 x 10~12 + 2 x 0.755 x 10""6 

= 0.151 x 10"5 

To maximise further failure probabilities, remove element DF 

p(A2|a^,s) = 1.0 - [l.O - p(EF fails)"] x [l.O - p(FG fails)] 

= 1.0 - [1.0 -<£(- 1*°07i2'Q)12 = - [1-° - § O o - o ) J 2 

A 1.0 t 

p(F|s=2.0) = p(A,j | s) x p(A2jA 1 f s ) = 0.151 x 10~5 

ii. s = 4 .5 
p(a] s) = 1.0 - [l.O -<£(-4.44 )]3 x [1.0 -<£(-l.67)]2 x[l.O -(£(-3.33)] 

[1.0 -(£>(+ 1.67)] 

= 1.0 - [l.O - 0.45 x 10-5]3 x [1.0 - 0.048]2 x [l.O - 0.43 x 10"3| 

[ 0 . 0 4 7 9 j 2 

= 0 . 9 9 7 9 
To maximise further failure probabilities, remove element DF 

p(Ag JÂ  ,s) = 1.0 - [1.0 - (£(- 10.0)]2 a 1.0 

p(F|s = 4.5) = pCA^s) p(A2|A1,s) = 0.998 

B.4 MARSHALL AND BEA's DUCTILE REDUNDANT MODEL 

Failure network - figure B.4.1 

Assemblages a-e as in figure B.4.1 

i. S s= 2.0 

f S a = 2.0 x | = 0.741 

A = - r 1 <i-° - 1 1 - 0 - $ < - ^°o.3°- 7 4 1)3 3)=7.3 
E < V - E(RAB> - 3-° 
0"(R ) = (3.0 - 0 . 7 4 1 )A.3 = 0.31 

( S- = 2.0 x 12 = 0.741 
° 27 

K - - (1.0 - [1.0 - $<- 2-°-g-T41)]2? a 6.2 

ECRjj) = E(Rcd) = 2.0 

, <r(Rb) = (2.0 - 0.741 )/6.2 = 0.20 
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f S c = 2 . 0 x ^ - a 0 . 5 1 9 

< ^ = - ( 1 . 0 - [ 1 . 0 - 2 ) = 4 . 6 7 

E(Rc) = BfRgp) = 1.0 

Cr(R J a (1.0 - 0.519)/4.67 = 0.103 
C 

f S d = S a + S t = 2 X 0.741 = 1.482 

E(Rd) = E(Ra) + E(Rb) = 3.0 + 2.0 = 5.0 

\ O"(Rd) = <T(R
a) + O ^ V = 0-31 + 0.20 = 0.51 

E ( V " Sd (5.0 - 1.482) 
/3 d = < r ( V = 0.51 " 6- 9 

f Se " Sd = ^ F - 1 - 4 8 2 

fi9 (1.0- 1 . 0 - (-6.9) X 1 . 0 - (- o ^ ' 4 8 2 ) ) = 6.85 

E(Re) = Min (E(Rd), E ^ ) ) = Min (5.O, 5 .0) = 5-0 

Cr(R ) = (5.0 - 1.482)/6.85 = O .514 
> 6 

6 0 g(R c) + Z3e CT(Re) 4.67 X 0.103 + 6.85 x 0.514 
P s y s cr(R ) 4 or (R ) " 0.103 + 0.514 
« c © 

= 6.49 

P(FJS = 2 . 0 ) = < £ ( - < 3 S Y S ) = 0.45 X 1 0 ~ 1 0 

ii. S a 4.5 

20 

1 

= E < V = 3-° 

Cr(R ) = (3.0 - l.67)/4.20 = 0.317 ci 
' S^ = 4.5 X 57 = 1.67 

( I . O - [ I . o - ^ ( - 2 ' q o ; 2 1 ' 6 7 ) ] 2 ) s 1 . 3 1 

E(Rb) = E(Rcr)) = 2.0 

O T ^ ) = (2.0 - 1.67)/1.31 » 0.254 
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s c = 4 . 5 = 1 . 1 7 

/3b - - < T ( 1'° " C 1- 0 - $ - - 2- 8 3 

E(Rc) = EfRgp) = 1.0 

CT(R ) = (1.0 - 1.17)/(- 2.83) = 0.589 c 
' S d = S a + S^ = 2 x 1 . 6 7 = 3 . 3 3 

E(Rd) = E(R ) + E(Rfe) = 3.0 + 2.0 = 5.0 

4 cr(Rd) = cr(Ra) + = 0.317 + 0.254 = 0.571 

_ E ( R d ) - s d 5.0 - 3.33 P Q 1 

P i ~ cr(Rd) = 0.571 = 2 # 9 1 

f s ^ = 3 . 3 3 

< p % ( l . 0 - [ l . 0 - $ ( - 2 . 9 1 ) ] x ]l.0-<$(- oj' 3 3)]) = 2.84 

E(Re) = Min (E(Rd), BfH^,)) = 5-0 

CT(Hq) = (5.0 - 3.33)/2.84 = 0.587 

_ (Rc> + fie Q" (Re} - 2.83 x 0.589 + 2.84 x 0.587 

^ s y s c r ( R c ) + c ( R e ) " 0 . 5 8 9 + 0 . 5 8 7 

= 0.0 
p(pjs = 4.5) = C - / S s y B ) = 0.50 
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CORREI ATION C0EPP3 :CIENTS 

E( . ) <*( • ) RAB RCD RLP REP 

RAB 3.0 0.30 1.0 0.3 0.3 0.3 
RCD 2.0 0.20 0.3 1.0 0.3 0.3 

RDP 5.0 0.50 0.3 0.3 1.0 0.3 

REP 1.0 0.10 0.3 0.3 0.3 1.0 

S 2.0 1.00 0.0 0.0 0.0 0.0 

TABLE B . 1 . 1 - ELEMENT PROPERTIES 
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Load 

A C E G 
Fig.B.1.1 - Layout and Cross-Sectional Area of the 

Elements 

A C E 
Fig.B.1.2 - Axial Forces in Elements due to the 

Initial Load 

A C E 

Fig.B.1.3 - Axial Forces in Elements due to the 

Load Increment after EF Fails 
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A C 

Fig.B.1.4 - Axial Forces in Elements due to the 

Load Increments after CD Fails 

Fig.B.1.5 - Axial Forces in Elements due to the Load 

Increment after DFI& AB or CD) Fails 

A C 

Fig.B.1.6 - Axial Forces in Elements due to the 

Load Increment after AB Fails 
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W p 

Fig.B.1.7 - Axial Forces in Elements due to the 

Load Increment after CD & EF Fail 

W w 

Fig.B.1.8 - Axial Forces in Elements due to the 

Load Increment after AB & EF Fail 

a " p 

Fig.B.1.9 - Axial Forces in Elements due to the 

Load Increment after AB & CD Fail 
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TABLE B.2.1 - RESISTANCE PARAMETERS AND SAFETY INDICES FOR FAILURE PATHS 

FAILURE 
PATH 
NO* 

Fi 

NO, 

IILURE 

ELEMENT RAB 

RI = 2 
RCD 

:SR I > 3 

RDF REF 

MEAN 
RESISTANCE 

E(RI) 

STANDARD 
DEVIATION 

crt*i) 

SAFETY 
INDEX 

fii 

1 1 
2 
3 

EF 
CD 
DF 

- 2 
0 1 

2 7/7 
1 
1 

3.86 
5.00 
6.00 

0.386 
0.440 
0.538 

1.74 
2.75 
3.52 

2 1 
2 
3 

EF 
CD 
AB 1 

2 
1 

-
2 7/7 

1 
1 

3.86 
5.00 
6.00 

0.386 
0.440 
0.454 

1.74 
2.75 
3.65 

3 1 
2 

EF 
DF — — 

- 2 7/7 
1 

3.86 
6.00 

0.386 
0.538 

1.74 
3.52 

4 1 
2 
3 

EF 
AB 
CD 

2 
1 1 

— 2 7/7 
1 
1 

3.86 
7.00 
6.00 

0.386 
0.638 
0.454 

1.74 
4.22 
3.65 

5 1 
2 
3 

EF 
AB 
DF 

2 
0 1 

2 7/7 
1 
1 

3.86 
7.00 
6.00 

0.386 
0.638 
0.538 

1.74 
4.22 
3.52 

6 1 
2 
3 

CD 
EF 
DF 

— 
0 1 

8/3 
1 

5.40 
4.33 
6.00 

0.540 
0.354 
0.538 

2.99 
2.20 
3.52 

7 1 
2 
3 

CD 
EF 
AB 1 1 

— 
8/3 
1 

5.40 
4.33 
6*00 

0.540 
0.354 
0.454 

2.99 
2.20 
3.65 

8 1 
2 
3 

CD 
DF 
EF 

- 27/10 - / 2 
0 

8/5 
1 1 

5.40 
7.00 
6.00 

0.540 
0,776 
0.538 

2.99 
3.95 
3.52 

9 1 
2 
3 

CD 
AB 
EF 

8 / 5 
1 

/10 
1 

— 

1 

5.40 
7.00 
6.00 

0.540 
0.584 
0.454 

2.99 
4.32 
3.65 

10 1 
2 

DF 
EF 

-

-
27/20 

1 1 
6.75 
6.00 

0.676 
0.538 

3.94 
3.52 

11 1 
2 
3 

AB 
EF 
CD 

7 / 1 0 

1 1 

— 
8/3 
1 

8.10 
5.17 
6.00 

0.810 
0.842 
0.454 

4.74 
2.43 
3.65 

12 1 
2 
3 

AB 
EF 
DF 

27/10 
3/6 
0 

-

1 
8/3 
1 

8.10 
5.17 
6.00 

0.810 
0.842 
0.538 

4.74 
2.43 
3.52 

13 1 
2 
3 

AB 
CD 
EF 

11/10 
1 

8/5 
1 

-

1 

8.10 
6.50 
6.00 

0.810 
0.524 
0.454 

4.74 
3.96 
3.65 

14 1 
2 
3 

AB 
DF 
EF 

ty 
0 — 

8/5 
1 1 

8.10 
6.50 
6.00 

0.810 
0.768 
0.538 

4.74 
3.57 
3.52 

2 1 7 



Fig.B.4.1 - Failure Network for Pin-Jointed Truss 

Showing Assemblages for Marshall and 

Bea 's Ductile-Redundant Model 
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APPENDIX C - ESTIMATION OP RESISTANCE DISTRIBUTION PARAMETERS EXAMPLES 

Design: Two 6.0m beams designed for office loading of 2.5 kNm with width to 

depth ratio of £ and with 0% and 2% compression 
reinforcement^. 

Basic Variables: Tables C.l and C.2. The basic variables which model the strength 

of each beam are assumed mutually uncorrelated. Some variables from each beam, 

however, are cross-correlated with variables from other beams to create correlation 

between the member resistances (Table C.l). 

Local Failures Considered: 

1. Beam 1 (0% compression reinforcement) failing in bending at mid-span. 

2. Beam 1 (0% compression reinforcement) failing in shear at a support. 

3* Beam 2 (2% compression reinforcement) failing in bending at mid-span. 

4. Beam 2 (2% compression reinforcement) failing in shear at £ span from 

a support. 

Bending Failure Criterio: j r i j . 

d i = f^t
 + (db " E ( d h » x 1 ° 3 + C1 - Gi «m f o r i = 1» 2 

|/UC - C^ + C d mm for i = 3, 4 

-2 
is found from fig C.l in Nmm where: 

€ i = 0.0035 O i - V A j a 

and where D ^ in mm is found iteratively such that 

600 W » Dj,a , f c u (1 - /f^/43.05) N 

D - n „ f < 2 - ° - 2.0] _ 
C NA | i 4 

L 12.0 -/fc^/3.5875 J 

4 

ÛLT =g { <Di " V f V * 1 0" 6 } ** 
MAPP = * ^ ( W" un + ds« p x 10""3 + fia} + wlr dt> ? j 

2 = t m M u L T - M A P P *** 
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Shear Failure Criterion4~7-^: 

= 7 J \ 't N ^ d ~ C nun2 ST = ^ ^ f Ni - di 2 ] 

I I S f N i * H > t + - E(db)) x l 0 5
 + C - C4 J7 

-rj _ i=.1 t H ( mm 
ST " . 

oT 

a s t = 
_2 

V in Nmm is interpolated from table C, 3 in terms of Ag^ and f ^ 

- 2 
STJLT = I)ST ( 5 0 0 4 d5 - ^ A ^ ' 5 V W L > M 

SAPP = * L / " T W u n + r ( r (d5 P x 10"5 + f i n) + w-b d^ p ) J kN 

= s. f STJLT " "AFP kN 

Analysis: 

1. Mean resistance by equation (5«5»3) 

2. Standard Deviations by equation (5.5.4) } Table C.4 

3. Standard Deviations by equation (5«5«6) 

4 . Correlation Coefficients Table C.5 

2 2 0 



BEAM 1 BEAM 2 

VARIABLE SYMBOL DISTRIBUTION UNITS MEAN STANDARD CORRELATION MEAN STANDARD VARIABLE SYMBOL TYPE UNITS MEAN DEVIATION COEFFICIENT MEAN DEVIATION 

Beam Width Normal m 0.165 0.005 0.0 0.126 0.005 
Beam Depth ^ Normal m 0.496 0.0075 0.0 0.379 0.0075 
Beam Span L Normal m 6.000 0.010 0.5 6.000 0.010 
Tributary Width 
Tension 

V Normal m 1.500 0.010 0.5 1.500 0.010 
Centroid Depth 
Compression n Lognormal mm 450.0 4.1 0.0 333.0 4.1 

Centroid Depth A Lognormal mm 58.3 8.0 0.0 58.3 8 .0 
Link Spacing S v Lognormal mm 285.0 14.25 0.0 194.0 9.7 
Slab Depth cis Normal mm 106.0 4.0 1.0 106.0 4 .0 
Floor Finishes u Normal kN/m2 1.0 0.15 1.0 1.0 0.15 
Tension Bars, 

0.15 
Diameter 1 Lognormal mm 32.0 0.25 0.0 25.0 0.25 
Tension Bars, 
Diameter 2 h Lognormal mm 20.0 0.25 0.0 25.0 0.25 
Compression Bars, 

h Diameter 1 h Lognormal mm 10.0 0.25 0.0 25.0 0.25 
Compression Bars, 
Diameter 2 Lognormal mm 8.0 0.25 0.0 20.0 0.25 
Link Bar, 
Diameter a * Lognormal mm 6.0 0.25 0.0 5.0 0.21 
Tension Bars, 
Yield Stress 1 Lognormal N/mm2 477.4 41.0 0.0 477.4 41.0 
Tension Bars, 
Yield Stress 2 Lognormal N/mra2 477.4 41.0 0.0 477.4 41.0 
Compression Bars, 
Yield Stress 1 r Lognormal N/mm2 477.4 41.0 0.0 477.4 41.0 
Compression Bars, 

r 

Yield Stress 2 
A Lognormal N/mm2 477.4 41.0 0.0 477.4 41.0 

Link Bars, 
A 

Yield Stress Lognormal tf/mm 477.4 41.0 0.0 477.4 41.0 
Concrete Density ? Normal kN/m3 23.6 0.4 1.0 23.6 0.4 

Concrete 
Strength lev Lognormal N/mm2 35.70 2.475 1.0 35.70 2.475 

Bending Moment 
Model Uncertainty K Lognormal 1.00 0.05 0.0 1.00 0.05 
Shear Force 
Model Uncertainly Lognormal L.279 0.270 0.0 1.343 O.284 
Live Load 
Distribution Normal 1.10 O.15 0.0 1.10 0.15 
Uncertainty n 

O.15 0.15 

Live Load w 
iktreme Type 
I Maxima kN/m2 

L.471 0.533 1.0 1.471 0.533 

TABLE C.l - BASIC VARIABLES FOR EXAMPLE 221 



SYMBOL BEAM 1 
i 

BEAM 2 

Number of Tension Bars 1 N1 1 2 

Number of Tension Bars 2 N2 1 1 

Number of Compression Bars 1 N3 
1 1 

Number of Compression Bars 2 N4 
1 1 

Cover to Tension Bars 1 C1 48.0mm 48.0mm 

Cover to Tension Bars 2 C2 48.0mm 93.0mm 

Cover to Compression Bars 1 
°3 

48.0mm 48.0mm 

Cover to Compression Bars 2 
°4 

48.0mm 48.0mm 

Shear Force Node Position T 1.0 0.75 

TABLE C.2 - CONSTANT FOR EXAMPLE 

AST 
CHARACTERISTIC CONCRETE STRENGTH J fCvJ N/mm2 

in % 
20 25 30 40 

0.25 0.35 0.35 0.35 0.35 

0.50 0.45 0.50 0.55 0.55 

1.00 0.60 0.65 0.70 0.75 

2.00 0.80 0.85 0.90 0.95 

3.00 0.85 0.90 0.95 1.00 

TABLE C.3 - ULTIMATE SHEAR STRENGTH OF CONCRETE, V , IN 2 
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MEMBER 
RESISTANCE 

NUMBER 
MEAN 

(Eqn (5.5.3)) 

STANDARD DEVIATIONS 
MEMBER 

RESISTANCE 
NUMBER 

MEAN 

(Eqn (5.5.3)) 
TRADITIONAL 
(Eqn (5.5.4)) 

PROPOSED 
(Eqn (5.5.6)) 

1 22.11 kN/m2 3.74 kN/m2 2.86 kN/m2 

2 30.53 kN/m2 8.78 kN/m2 4.27 kN/m2 

3 18.66 kN/m2 3.28 kN/m2 2.56 kN/m2 

4 27.83 kN/m2 8.19 kN/m2 4.05 kN/m2 

TABLE C.4 - STANDARD DEVIATIONS OF THE RESISTANCE 

RESISTANCE 1 2 3 

2 0.6557 

3 0.7238 0.5483 

4 0.5504 0.4158 O.6956 

TABLE C.5 - CORRELATION COEFFICIENTS OF THE RESISTANCES 
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f y s . ' / 1 + 5 x 1 0 ~ S s , i ) -

0-8xf„ 

i = 1 or 2 

Fig.C.1 - Stress-Strain Curve for Steel 
[7] 
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APPENDIX D - DISTRIBUTION PARAMETERS FOR THE EXTREME VALUES OF LOADS 

D.l Normal Distribution 

F gn 
max 

fsn (s) = 
max 

fF„n (B.1.3) 

max 

None of these functions can be solved algebraically, but it is known that as n 

tends to infinity these distributions will tend to the extreme type I maxima and 

minima respectively 9 Therefore, if a normal and an extreme type I distribution 

are obtained which have the correct cumulative distributions at two points their 

values of mean and standard deviation should act as bounds on the true values. 

Fitting a normal distribution at s = E(S) and s = E (S ) or E (S11 ), 
max max 

j , ( E ( s ) - = f ( / y r ) = 
max 

, /B(Sn ) - E(Sn ) \ n _ -r n /E(Sn )-E(S)\ 
JJ - max max \ = 0.5 = <fo I max I 

r t v F T s V - l 
\ max' / 

(D.l.6) 

Therefore 

j = mo J + VJ f ~ 
max 

f E(Sn ) = E(S) + CT(S),&"1 (0.5Vn) (D.l.7) 
max i 

•j 
(5(Sn ) = - O(S) x f . ) (D.l.8) 

max <£-1 ( 0 > 5 n ) 

C , /E(s) - E(Sn . )\ _ - n 
<P = - U'-0 - ffjE(S)-E(S).V = 1.0-0.5 (D.1.9) 
M <3" (S min)' [ i\ 5~(s) j 

x /E(S n. )-E(Sn . )\ r . /E(Sn . ) - E(S)\ln 
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There-
fore 

\ E(Sllmin) = E ( S ) ' C r ( S ) 

fr"1 ( 0 . 5 V n ) 
(0.5n) 

(T(Sn . ) m m = -<T(S): 

(D.l.ll) 

(D.1.12) 

Fitting an extreme type I maxima or minima distribution at s = E(S) and S = u 

= E ( S nmax ) - ( ^ A ) C T ( S n
m a x ) or E t s V ^ + ( J T ^ ) C T ^ ) gives 

.xp/T exp/C ^(2(5) - - ̂  0.5* (D.1.13) 

>xp£ e x p £ oc (U-UJ7J7 = e"1 = $)n 

There-
fore 

u = ECS) +<r(s)„$~1 (e~Vo) 
In (-In (0.5n)) 

(d.1.1*0 

(D.1.15) 

(D.1.16) 

and 
hence 

cs-Cs) 

' E ( s n
m a x

) = E ( s ) + " V ' " ) / ' 0 +
 l n (ln(o.5")7 ( D- 1- 1 7 ) 

<J(S n ) =ff(s) T s f r V M (D.1.18) 

and 

In (-In (0.5n) 

1.0-exp^ exp /5(E(S) - u j 7 J=lO " /T,Q-$f (
S ) " ( s ) S ) ) 7 = 1.0-0.5n (D.1.19) 

i.o-exp/- exp /y(u-ui7_7 = 1 . 0 - e 1 = i.o -/~i.o-^f^fgy)L7 (D.1.20) 

, \ X = ECS) - crCs)^"1 ( e There- I Z. 
fore < ln (-In (0.5 ) 

V n 

cr(s)$_:Lfe"Vn) 

( e (sn . ) = ecs) - (rcs)^" 1 ( e i / n ) (i.o 
1 m m 1 I 

and 
hence 

In (-In (0 . 5 n ) ) ) 

r ^ m v ? = < r ( S ) '4rin(-ln (0.5
n)) 

(D.1.21) 

(D.1.22) 

(D.1.23) 

(D.1.2*0 

From consideration of eqns. (D.1.7), (D.1.8), (D.l.ll), (D.1.12), D.1.17) (D.1.18), 

(D.1.23) and (D.1.2*0, the mean and standard deviation of the extreme values can 

be put into the form 
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E(sn ) = E(S) + K ar(s) 
max 1 

E(Sn . ) = E(S) - k_ CT(S) 
m m 1 

e r ( s * ) = or(sn . ) = k. ores) 
max m m 2 

( D . 1 . 2 5 ) 

where k^ and K^ are independent of E(S) and 0"(S). Therefore, k^ and 

k^will be the mean and standard deviation respectively of n standardised 

normal distributions (where E(S) = 0.0 and GT(S) = 1.0). Hence these values 

can be obtained by numerical integration from 

+00 
n r t 1 9 (n-1) k_ = I u exp(-^ a ) Q ^ jtspj^ * (u.) du 

-00 

+00 > 
- 0 0 

(D.1.26) 

These values, together with the bounds, are plotted in figs. D.l.l. and D.1.2. 

D.2 Extreme Type 1 Distribution 

F gn (s) = (exp (-exp ( - oC (s-u))))n 

max 

= exp (-n exp (-oc(s-u))) 
= exp (-exp (- ec(s - £ u + ))) (D.2.1) 

Therefore this distribution of extreme values is also extreme type I maxima 

with 

< 
n 
max = °c 

u a = u + lnjn) 
max c£ 

There-
fore 

f s ^ ) = <T(S) 

E (Sn ) = E(S) + o-(S) ^ 7n(n) max 

(D.2.2.) 

(D.2.3) 

(D.2.b) 

(D.2.5) 

FS nmin ( s ) = 1 , 0 " ~ " e X R ( _ e x p (<* CS-M))j7 

= 1.0 - exp (- n exp (oc(s-u))) 
= 1.0 - exp (- exp (<* (S - ju - ^ r " ] ) ) ) (D.2.6) 
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Therefore this distribution of extreme values is also extreme Type I minima 

with 

A i n = ° C CD-2-7> 

u n . (D.2.8) m m °C 

fore i 

fcrCs". ) = <r(s) (D.2.9) m m 

E(Sn . ) = ECS) - 0 - ( S ) . ^ l n ( n ) (D.2.10) 
m m t^ 

NB: Only the maximum of n samples from the maxima distribution and the minimum 

of n samples from the minima are considered here. 

D.3 Extreme Type II and III Distributions 

L n (s) = Z?xp (- (§)k ) j n 
S max 

= exp (-n ) 

= exp (- ( — — ) ) (D.3.1) 

Therefore this distribution of extreme values is also extreme type II maxima 

with 

f E(Sn ) = n E(S) max 

or(s n max 

Vk L 

) = n 1 / kC(S) 

(D.3.2) 

(D.3.3) 

where k is found from solving the equation 

for k > 2 

F cn . (s) S m m 

k z 
= 1.0 - / l . O - [l.O - exp (- ~ - f ) \ j 

(D.3.*+) 

= 1.0 - exp ( 

= 1.0 - exp I - (D.3.5) 
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Therefore, this distribution of extreme values is also extreme type III 

minima with 

E(Sn . ) = E ( 8 ) , " £ + € ( D . 3 . 6 ) m m 1/k n 

CT(Sn . ) = CtS) _ 
m m CD.3 . 7 ) 

n 

where € is the minimum value that S can take and k is found from solving 

the equation 

U B t f = r J ' • " • f j . - -
NB: Only the maximum of n samples from the maxima distribution and the minimum 

of n samples from the minima distribution are considered here. 
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Fig.D.1.1 - Difference between Means of Extreme and Parent Distributions 
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APPENDIX E - CORRELATION COEFFICIENT FOR THE MAXIMUM AND MINIMUM 
LOAD INTENSITIES FROM «N« TIME INTERVALS 

T) - E(S M A Y ,qn q n x _ v MAX MIN7 ~x"MAX7 

/°^MAX' MIN7 " -/ qn x ,qn x 
'MAX7 " x MIN' 

)2 
MAX7 ' ^~MIN' = £E((S£ay)2 + (s^^) 2 - (sJJ^ - S^j) 2) - E(S*ay) E C S ^ J MAX- MIN' 

MAX 

'MIN' 
(E.l) 

MIN' 

where Tq = S ^ - sjj^. For values of dCsJJ^) and C C s ^ ) see Appendix D. To 

obtain consider the distribution of t conditional on sJJAY, where n MAX5 

M * * ^ - 1 1 ' 0 " ^ w ] 
(n-1) 

(E.2) 
en SMAX 

Therefore 

f™ L n (t ) = 
n| MAX n at 

= (n-1) [l.O - Fs(s-t) i (n-2) 

s = s n MAX 

(E.3) 

but 

W s ) - n N S ) ] ( n " l ) f s ( s ) (E-4) 

Therefore 

fSMAX>T n
( s , tn ) = V l s f t ^ V 

' t-r. A 
r w ii r F-(s—t )i \ — 

= n [f s( S)J ^ f ^ s ) (n-D [ 1.0 - fs(S-tn) 

= n(n.l)Fs(s) [ F s ( S ) - F s U - C n )] f s ( s - t n ) (E.5) 

Integrating ^gjj^ £ 5 to obtain the marginal distribution of 

V fTn<tn)' Si™'3 

= n(n-l) J _ y s ( = ) F sU)-F s( S-t n) ( n" 2 )f s( S) fs(a-t) ds (E.6) 
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Therefore 

' E(Tn) = n(n-l) j t ^ . ) [y.)HF s(«-t n)] ( n~ 2 )%( S)f s(6-t n) ds atfl 

. . . . . (E.7) 
k E(T2) = n(n-l) f + f Ps(s)-Es(s-tn)l ^ f ^ f e - ^ ) As it a 

-oo L 

(B.8) 

and 
<y(Tn) =a/E(T 2) - E2(Tn)' (E.9) 

Therefore the values for c O ^ ) will usually have to be obtained by numerical 

integration, and the general case for most distribution will not be able to be 

expressed as a simple function of E ( s ) , c r ( s ) and n. Therefore oonsider the 

simplified case of eqn (E.l) where S is symmetrically distributed about the mean, 

so that 

( s Lc ) = ̂ ^ <B-10) 
and therefore 

^ = - k n ) ( E , 1 1 ) 

Further, if S has a normal distribution, the distribution of T will also be norma.], 
where t* is ike difference between two samples of s, with 

E(T*) = E(s) -ECS) = 0.0 (E012) 

^ <S(T») =Jcr 2(s) + U"2(S) = J3or(S) (E.13) 

but 

T 2 = | T* ] (E.14) 

so that 

fT2(t2) exp ( - ( ^ | j ) 2 ) 

for 0 < t 2 < oo (E.15) 

Hence 

(E.16) 

2 3 3 



and 
E(T2) = E(T*2) = 2<r (S) (E.17) 

Therefore 

~y 
<t(t2) =y2cr2(s) - (4I «r ( s ) ) 2 =«T(S)^2 - (E.18) 

Subsituting eqn (C.l.25) with n = 2 and eqn (E.18) into eqn (E.ll) gives 

^ ( S ) (2 - 4 ) 

w = - 2 l o , 8 2 5 ^ ( s ) ]
2 = °- 4 6 6 9 ( B- 1 9 ) 

A second value of (sJJ^,
 8mhP c a n simple logic as 

/ > ( s L x ' 4 i n ) = ( e - 2 ° ) 
since the maximum from a sample of unit population will also be its minimum. 

The correlation coefficient represents the effect that the upper tail of the minima 

distribution has upon the lower tail of the maxima distribution, and vice versa. 

This effect results from the maxima, distribution not being able to have a lower 

value than the minima, distribution, so that if the minima, is known, the maxima's 

lower tail will be truncated at that point. As n tends to infinity, the overlap 

of the two distributions will disappear and (sJJ^, SMIN^ ^ ^ zero. 

Therefore 

& = (E-21> 
Using these three values to give a simple expression with which to approximate 

/O^MAX' sJĴ jj) for variables having normal distributions gives 

W S 1 1 S n ) = 0.8678 + 0.1522 , * 
/ ^ M A X ' MIN' ? n n* 

This should be adequate since it will quickly tail off to zero as n increases. 
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APPENDIX F - DISTRIBUTION PARAMETERS WITH TWO TIME—VARYING LOADS 

For an element which has a failure criterion 
n 

2i,i s R i , i - s - s k ] 
k=1 

(F.1) 

let the event of failure under the two load combinations, resulting from two of the 

loads being time—variant, be a. . and b. Since the loads are assumed to be 
1,1 1,1 

mutually independent 
ns n a 

E(R±,1 ) - 2 C 1 k E((S a ) )J 
' kZl ' ' MAX k ^ P ( a i ,1 ) = $ 

\] 

ff
2(Ri(1)+ §/4,1tk cr-((B- )k)7 

n a 

p<* l f 1>- $ 
B(Rif1 ) - 2 T A 1 I, E ( ( S M A X ^ ) 7 

k=1 1'I»JC 

(F.2) 

2 
Rearranging eqn (F.2) in terms of 0"(Ritl) gives 

OT(Ri,i) -

ns _ .. n a 
e(Ri 0 - z : A . 1 k E ( ( S > ) 7 

kll ^ * ' MAX k ^ 

4 T 1 ( p ( % 1 ) ) 

ns 2 2 
Z f \ ! k CT ((S ).}7 
k = 1 MAX R 

n« 

- 1 

n. 
T " 2 2 nb 

- ^ A , 1 , k CT ((S ) )/ 
k=1 MAX * w 

(F.3) 
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Rearranging the last equality of eqn (F.2) into a quadratic in E(Ri -j) gives 

K-1 MAA 
r—1 2 ns »• n« —1 nb 

T 1 Cp<*ifi»^ ^ V m ^ I I r ^ ' 
2,, na 

Simplifying eqn. (F.4) gives 
2 r . x _ 1 

= 0 (F.4) 

d2. , , 1 = 0 i f1,kj 

Therefore 

{ [ 1 , ^ ( 1 , 1 » f ^ c ' k ' - r ^ f > } d l ' 1 ' k ] 2 - r ( P (a m > 3 

l fTW.i» ^ V M ^ [^((sSLy - c r 2 ( ( s ^ V l l / y r 1 ^ - ! , , ) ) ] 2 

" I f V V ^ f (P. 6) 

Simplifying eqn (F.6) gives 
n_ 

- 1 

. t r 1 < p<-i, 1))f-U" 1 c , 1) > f 
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n s 

- 1 2 - 1 
(F.7) 

[* ( Y(a i t 1))] - (p(b ))1 

Cr(R. 1) can "be found by substituting the value of E(R. 1) from eqn. (F.7) into 

eqn (F.3). 
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APPENDIX G - - DESIGN OP SIMPLE PORTAL FRAME 

G.l PLASTIC DESIGN 

Use a load factor, X , = 1.6, with 95% and 9% characteristic values of the 

resistance and load respectively. Therefore 

(G.l.l) 

H = E(S) + 1.645 O* (S) (G.l.2) 

M P = E(R) - 1.645 CR(H) 

where M p is the characteristic plastic moment of the members, treated as uniform 

throughout, and H is the characteristic horizontal load applied. 

L 

XH- ^ 

Using plastic analysis and assuming plastic hinges at B, C and D 

\ES = X H L © = 5 M p © 

Therefore 

M p = XHL/3 

Hence 

E(R) - 1.645 CJ(R) = 1.6 /*E(S) + 1.645 C (S )_7 L/3 

Therefore 

b ( hN = 1.6 /"i.o + 1.645 CT(S)/E(S) J XI.E(S) 
3 Z 1-0 - 1.645 CT(R)/E(R)X 

Let L = 1.0, E(S) = 1.0, <R(S) = 0.20 and = 0.05 

E(R) 

Therefore 

E(R) = 0.7723 and <T (R) = 0.0386 

( G . l . 3 ) 

( G . l . 4 ) 

( G . l . 5 ) 

(G.l.6) 

( G . 1 . 7 ) 

G.2 ELASTIC ANALYSIS 

Assume AE = 00 , El/L is equal for all members, and no initial lack of fit. 

See fig G.2.1 for internal moments sign convention and notation, and fig G.2.2 

for small deflections sign convention and notation. 
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• a * - - 8 ! 1 " A 

«bc = - ¥ < 2 ^ B 2
+ *01> 

«CB = ¥ ^ B 2 + 2^CL) 

it U 

it U 

Initial Distribution of Bending Moment 

*B1 = <*B2 = * ; 0C1 = *C2 " ; = 0 

«AB 5 »BA + M B C - 0 ; MCD - MCD - 0 * "BC - MCB + "DC = 

r 20A + 0B - 3U/L = 0 

0 A + 40B + 0C - 3VL = 0 

• 
0B + 40C- 3U/L = 0 

I 30B + 20C+ 3U/L - ̂  = 0 (G.2.7) 

' S* • A : 
. . d _ — . d _ _2l_ - 22EI ' H3 " 44EI ' " 22EI ; U 15L2 

" 132EI 

= 0.227273 ? MCD = " 0.318182 ; =0.454545 

(fig Q. 2.3) 

Redistribution of Bending Moment from B 

0C1 = <*C2 = 5 = ° 

MAB = 0 ! "BA = 1 ; "BC = - 1 5 MCB - MCB = 0 ! "BC - MCB + "BC = 0 
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2*A + *B1 
+ 

- 3 V L = 0 

" + 2EI = 0 

< ^ B 2 + 2EI 

0 B 2 + 40c - 3tt/L 

= 0 

= 0 

**B2 + + 3 u / L + 2EI = 0 

v " 24EI 
• rf = - ; gf = 1 rj^ O/ITPT » "UO QPT 

15L 
24EI B2 " 8EI 

L 
4EI 

(G.2.8) 

u = - 24EI 

" b o - - 1 - 0 0 5 M C D = - 0 - 2 5 ; «DC - + °-75 

(fig G.2.4) 

Redistribution of Bending Moment from C 

*B1 = *B2 B 

M AB = ° ' «BA + M B C - ° 5 M< CB = -1 MCD = " - 1 ; "bc - mCD + "DC - 0 

"20A + - 3u/L 

0A + 40-g + 0 C 1 - 3u/L 

' < » % > h + 
+ 2EI = ° 

20C2 " 5u/L - ^ = 0 

" 20b - 0 C 1 + 0 C 2 - 3u/L + ^ = 0 

^A 9EI ' 
5L . d _ _ 7L 

18EI ' ^c1 " 18EI 

(G.2.9) 

W _ 5L 
" "SES" 

U — Ẑ Lmmmm 
U " 18EI 

M B C * - 0 - 3 3 3 ; M o d " 1 - 0 0 ; M D C " 0 - 6 6 7 

(fig G.2.5) 

Redistribution of Bending Moment from 3) 

*B1 - *B2 - *C1 = *C2 -

M AB ; "BA + ^ - o ; M C B - M C D = ° ? M D C ^ - 1 5 «BC - ' V a + *DC • 0 
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< 

r 20a + 0 b - 3u/L = 0 

0 A + 40B + 0 C - 3u/L = 0 

0g + 40c + 0JJ " 3u/L = 0 

0 C + 20b - 3u/L + ^ = 0 

V. 50b + 30c
 + ( G- 2- 1 0> 

• d - . 1 2 - . d t ; d • u - j L 
^A 30EI ' PB " 15EI ' " 30EI H) " 15EI ' U ~ 3EI 

M ^ . + O.fiO ; M c b = -0.40 ; M ^ - - 1.00 

(fig G.2.6) 

Redistribution from second element to fail 

If first failure at B, M ^ = M ^ = M ^ = = 0 ; M ^ - M ^ + K ^ = 0 

. . mCB = mCD = "DC 

If first failure at C, M ^ = 0 ; 14^ + 1 ^ = 0 ; M ^ = M ^ = 0 ; 

"BC " MCB + "DC = ° 

"BA = " " B C = m D C 

If first failure at D, M ^ = 0 ; Mg A + M 0 C = 0 ; M ^ - M ^ = 0 ; 

^ C " mCB + "BC = ° 

" ^ A = ^ C = MCB = MCD 

(fig G.2.7) 

G.3 ELASTIC DESIGN 

Assume that the frame is designed to have a constant El throughout but with an 

ultimate moment of resistance of a cross-section proportional to the maximum 

elastic bending moment in each member before any hinge forms • Using the 

bending moments calculated in section G.2, this gives 

E(R 1) - 1.645 crC^) = 0.2273 * 1.6 /~E(S) + 1 .645 <x(s) J (G.3.1) 

E(R2) - 1.645 <T(R2) = 0.5182 x 1 . 6 /~E(S) + 1.645 cr(s) J (G.3.2) 

E(R ) - 1 .645 cr(R,) = 0.4545 X 1 . 6 Z" E (S) + 1*645 er(s) J (G .3.3) 
? 0 241 



Using the same parameters for the load and the same coefficient of variation 

for the resistances as in G.l, this gives 

E ^ ) = 0.5266 and c K ^ ) = 0.0263 (G.3.4) 

E(H2 ) = 0.7372 and ^ ( R ^ = O.O369 (G.3.5) 

E(R5 ) = 1.0531 and = 0.0527 (G.3.6) 
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M BA' 

Mo r MfR 

— r f 

M AB D' 

M CD 

M DC 
Fig.G.2.1 - Convention for Positive Internal Moments 

r ^ j h ^ 

Fig.G.2.2 - Convention for Positive Deflections 

10 
L 

+ 0.227 

A 

- 0 . 3 1 8 

+0X55JD 
0,227 y y 

L Q.545f 
L 

0.773 

Fig.G.2.3 - Initial Bending Moment Diagram 
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lo 
L jO.75 

- 0 . 2 5 

+175 

0.751 L 'I L L 

Fig.G.2.4 - Redistributed Moment from B 

-0.33: 

D 

-1.00 

-0i 67 

Fig.G.2.5 - Redistributed Moment from C 

- 0 . 4 0 

0.60. r T 
Fig.G.2.6 - Redistributed Moment from D 
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-1.0 
B C 

A 
Orrr— 

D -1.0 

First 
J) 
L 
hi n ge 

re 
formed at B 

1.0 
+ L£l T 

L L ' 
(ii) First hinge formed at C 

L 
(iii) First hi nge for med at D 

Fig.G.2.7 - Second Stage Redistribution of Moment 
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APPENDIX H - LIVE LOAD DISTRIBUTION FOR SLAB EXAMPLE 

H.1 INITIAL DISTRIBUTION 

Assume that the live load on the slab can be defined by the local intensity at 

nine points - the corners, mid-point of each side and the centre. If the model 

uses nine lognormal variables, a^, with unit means, and a further variable, W, 

representing the mean live load intensity, then the live load intensity at each 

of the nine points, w^, can be given by 

4 

* ± = 16a.w/( £ [a . + 2 a ( 4 + j ) ] + (H.1) 

j=1 

The load intensity can then be modelled as planar between the centre and each 

half side (figure F.1). The load at each point is assumed to be supported as 

spanning between the beam nearest to that point and the beam parellel to it, 

producing a pair of triangular tributary areas for each pair of beams (figure H.2). 

w(x,o) = w1 + f^Cw^ - w,|) (H.2) 

2x 
w(x,x) = w1 + - w^) (H.3) 

w (x,l) = w 4 + f£(w7 - w4) (H.4) 

2x 
w(x,l-x) = w 4 + — ( w 9 - w4) (H.5) 

w(x,x) - w(x,o) = - w5) (H.6) 

2x w(x,l-x) - w(x,1) = w9 ~ wy) (H.7) 

r^ = w(x,o) x j + £w(x,x) - w(x,o)J j J — 

x/ 2 x/ 

+ w(x, 1) x ~ + [w(x,l-x) - w(x,l)] | 

6r/x = [ W 1 + 2^(w5 - W 1)] (6 - 3f) + - w5)(3 - 2f) 

+ [w4 + 2f (w? - w 4)] 3f + 2f (w9 - w 7) 2f 

2 3 
rx = w 1 x + 2 W1 + \ w4 + w5 + "9] l" + lw1 " w4 + 5 w5 + V ] 72 (H.8) 

At x = | 

,rw1 s 1 1 1 W1 "4 "5. "ll 
rx = H ~ " 8 W1 + 8 w4 + 4 w5 + 4 w9 + 8" " 8 ~ 24 + 24 J 

= l \ k w
5
 + 24 w7 + 4 "9! 
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Hence' r ^ is independent of w^ and w. and no discontinuity of load intensity 
•V ' ' x =2 

will occur at node 5 whether approached from points 1 or 2t 

r x is the live load intensity on the "beam between points 1 and 5» 

2 3 
Let r — C1 ̂  X + C1 gX + ĉ  ̂ x 

+ C21 \ X - 2] + c22 {* - 2 \ + c23 S x - 2 i 

where j x - V ^ O . O if x - 1 ^ £ 0.0 

then cn = wi 

2 3 
r* 2 3 1 1 1 
[ C 1 1 1 + c 1 2 1 + c 1 3 1 + c21 2 + c22 r + C23 r J 

+ C 1 1 - 21 c 1 2 - 31* c 1 3 - c21 - f- c 2 2 - | l 2 c 2 3 ] z 

+ [c12 + 31 c 1 3 + c 2 2 + | lc 2 3] z 2 + [- c 1 3 - c 2 3 ] z3 

S w 2 z + [ " 2 w 2 + I w 3 + V w 9 ] % + [ w2 ~ w3 + \ w5 + V ] Z / 1 2 

1 2 - (w2 - w 3 + J (- w 5 + w ) )/l 

= - [ w 1 " w4 + 7 w5 + w 7 ) ] A 2 - [ w 2 " w3 + \ ^ w5 + w
7)]/ 1 2 

(H.10) 

(H.11) 

< c 1 2 = [ " 2 W1 + l w 4 + w
5
 + w

9 ] / 1 (H.12) 

^ c13 = t W1 " w4 + J w5 + w 7 ^ / l 2 (H.13) 

z = 1 - x, x = 1 - z, then 

2 3 
rx = C11 C1 "" z) + C12 (1 " z) + C13 (1 " z) 

+ C21 ~ + c22 ^2 ~ + c23 ^2 " (H.14) 

. . c 2 3 = - c 1 3 

= W1 - w 2
 + w3 + w 4 + f (w5 - w?)]/l2 (H.16) 
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' 2 2 = I" 2 w2 + \ w3 + W5 + W9 V 1 - lc12 + 3 1 c13 + 2 1 

= 2 w2 + 2 W3 + w5 + w9 V 1 " [" 2 W1 + 2 w4 + w5 + " 9 V 1 " 3LW1 " w4 

+ 1 (- w 5 + w7)"\/l - f l" W1 " w2 + w3 + w4 + f " wy )]A 

= [ W 1 - w 2 - w 3 + w4]/l (H.17) 

C21 = - w2 " c11~ 2 l c12 * 3l2°13 " 1C22 " 4 ^ 

= - w2 - W 1 - 2 [ - § H 1 + \ w 4 + w 5 + w ^ - 3 [ W 1 - w 4 + 1 (- w 5 + w7)] 

" [W1 " w2 " w3 + H " W1 " W2 + w3 + W4 + f (w5 " V J 

= I (w1 + w 2) + J (w3 + w4) - \ w 5 - \ w7 - 2w9 (H. 18) 

Check that the constant term is zero 

2 3 1 l 2 l3 

c ^ l + c 1 2l + c 1 3l + c21 2 + c22 4" + °23 8" 

= 1 [ W1 - 2 W1 + l w 4 + w5 + w9 + w1 " w4 " 3 w5 + 3 w7 + 8 W1 + 8 

X X I 1 1 1 1 X 
+ 8 w3 + 8 w4 - 4 w5 " 4 w7 " W9 + 4 W1 " 4 w2 " 4 w3 + 4 W4 

1 1 1 1 1 1 1 
- 8 W1 " 8 w2 + 8 w3 + 8 w4 + 12 w 5 " 12 w7 1 

= 0 

Total load on the beam (1,5,2) = L 12 

= io r * * m f o °11X + °12x2 + °13x3 + C 2 1 ^ X " 2 ] + c 2 2 J X " H 
V l l 3 

+ °23 " 2 J 

= 2 C 1 1 1 + J C 1 2 1 + 4 ° 1 3 1 + 2 C21 4" + 3 C 2 2 S " + 4 °23 1^ 

• t 1 12 1 T3 . 1 n4 X , 2 , 1 n3 X i4 /TT 
• • L12 = 2 C11 1 + 3 °12 1 + 4 °13 1 + 8 °21 1 + 24 c22 1 + 64 °23 1 ( H' 1 9 ) 

Taking moments about point 1 to find x , the centre of gravity, gives 
c 

x c L12 • r xr dx = X 
2 3 4 

C11X + C12X c13 + C21 X H I 
+ c 2 2x 2 ] + c23 x j x - | [ dx 
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- i n 1 3 + 4 °12 l 4 + f c 1 3 l 5 + l ' 2 1 2 (° 2 1 + ° 2 2 2 ) { x " M 

+ (c22 + c 2 3 i) + ° 3 2 \ x - | j 4 d x 

1 ,3 J ,4 J ,5 1 1 /1\ ^ 1 / 1\ /In-
= 3 C11 1 + 4 C12 1 + 5 C13 1 + 2 C21 2 (2> + 3 (°21 + °22 2} (2 ) 

•1x5 + 1 (c 4 V 22 + c 2 3 \) (1) + 1 °32 

1 
~ 3 0-.-1

 l 3 
11 + 1 c l 4 + 1 C + 4 12 1 + 5 13 

x5 

• v - 3 C11 ^ • i i a ^ 
' • xc ~ 1 

L-2 °11 1 3 °13 

48 21 192 22 640 °23 

5 + i . , X3 + J . , i 4
 + 

48 21 192 22 1 4 1 
640 23 

2 , 1 
8 "21 1 24 "22 

1 3 1 
1 + 7TT 1 + TT 64 C23 -1-

[6400^ + 480C12 1 + 384C13 l 2 + 200C21 + 70c22 1 + 27c23 12*| 

1.960a, + 640c12 1 + 480c13 l 2 + 240cO4 + 80coo 1 + 30co, l 2 J 

R12 = L 1 2 t l - X c ] / 1 

'21 ' 2 2 '23 

(H.21) 

(H.22) 

M5 = R 1 2 2 - Jo 
rx - x) dx 

C„„X + C^nX + c.,x' 

1 

= R12 2 ~ lc11A ' "12A ' "13' J o 
dx 

c ^ x dx = R12 2 " f Q \ ^ l 1 X + C12X " c11 ) x 2 + c131 " c12 ) x 3 -

" 2 R12X " [ff C11 l 3 + k C12X " C1l)13 + c131 - c 1 2 ^ 4 " 1 6 0 C 1 2 l 5 ] 

= 1 R 1 - 1 - C 1 3 - - L C 1 4 - - Z . C l 5 

2 12 48 11 192 12 640 13 (H.23) 

\>eam 
Check "by putting all values of w. = Wf the load on thAwill then have a triangular 

distribution with a maximum intensity of -JW1 at mid-span. 

C11 " * 
c12 = c13 = °22 = C23 = ° 

c21 = - 2W 
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L12 = 4 l 2 + I 2 ) I2) " = J I 2 « 

x c = 1(640 - 2 x 200)/(960 - 2 x 240)^ 1 = ^ 

R12=i l 2 w [ l - l/2]/ l4W l 2 

M
5 = I x ^ W l 2 l - f e W l 3 = l 4 H l 3 

Load. Distribution Factor for Bending Mount at point 5 

1 2 R12 f n 3 ci3 l 2 

" T n2 " 2W " 8W " 80W 
vn 

(H.24) 

Load Distribution Factor for Shear Force at point 1 on beam 12 

- r 1 2 / ( ^ ) 
8R< 

W1 

12 
2 (H.25) 

H.2 REDISTRIBUTION AFTER FAILURE 

If one beam fails, let the additional load on the adjacent beam be R. Treat 

this as a distributed load which, for reasons of statics, must have the same 

total value and moment as a point load at the end adjacent to the failed beam. 

For simplicity, assume a Triangular distribution 

r(w1 + w 2 ) l ^ = W 

W1 1 2 + 

2W, 
wi = A -

1 . (w2 * W1) , 21 
1 = 0 

w, 

3w1 - 2w1 + 2w2 = 0 

2W 
W1 = * 2 w2 = T " W2 

2W 4W 
w 2 = - T ' W1 = 1 

-W. 

R1 = VI R2 = 0 

M 
' 2 l 3 l2 V 2 1 6 18 432 

W j 

T 

(H.26) 

(H.27) 
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1 1 W1 

Moment on "failed" beam = W - W ^ = — 

Unit bending moment redistribution produces extra 

f bending moment of 432/3 ~ °*3819444 on adjacent beams 

1 a t W l 3 

shear force of ^ wi = 1.0 csC on adjacent elements 

s"1 x r 

where o>C i s "Lke ratio of shear force/bending moment 

Unit shear force redistributed produces extra 
1 Ml2 

55 1 8* 1 
bending moment of 1 , — - = 0.3819444/oC on adjacent beams 

' UlJ OC 
24 W 1 

shear force of 1.0 on adjacent element. 
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Fig.H.1 - Live Load Distribution Model 

w(x,x) 

load treated as spanning 
between other pair of beams 

w (x,I) 

f r ( l - x ) 

Fig.H.2 - Live Load Intensity on the Slab at X - X 
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APPENDIX J - LOADING ON PORTAL FRAME WITH PINNED FEET 

INITIAL LOADING: Analysis is based on Frame II in Chapter 15 of "Steel 

Designers' Manual"^^' with the loading and dimensions as given in fig. 6. 

k = I2/l1 . h/l = 10#°/20.0 = 0.5 

N = 2k + 3.0 = 4.0 

HORIZONTAL U.D.L. (S^: 

Mb - (2.0 S 10.02/4) (-0.5/(2X4.0) +1) = 46.8755., kNm 

M c = (2.0 S1 10.02/4) (-0.5/(2X4.0 -1) =-53.125 ^ kNm 

Ha = -(2.0 S1 10.0 - Mc/10.0) = -14.7875 S1 kN 

Me = - Ha &-2.0 S1 a2/2 = (14.7975 -a)a S^ kNm 

Let a = H^ / (2.0 S^) = 7.39375 m for maxm# moment 

M E = + 54.66754 S1 kNm 

M p = (+ 46.875 - 5.0 x) S1 kNm 

M q = (a/l0.0) M c = -39.2793 S1 kNm 

VERTICAL U.D.L. (Sg): 

MB = Mc = -(S2 20.02 ) / (4X4.0) = -25 .0 S z kNm 
Mp = MG = (a/10.0) Mb = -18.48438 S2 kNm 
Mj, = (+10.0 x - 25.0 - 0 .50 X 2 ) kNm 

HORIZONTAL POINT LOAD (S^): 

M b = -M c = M E = - MQ = 10.0 S 3 (a/10.0) = 7.39375 S3 kNm 

M p = (+ 7.39375 - 0.739375 x) S3 kNm 

POSITION OF F 

Let F be x m from B 

Mp = ^6.875 - 5.0 s1 + /To.ox - 25.0 - 0.5 s2 

+ 5 * 39375 - 0.739375 *7 S 3 kNm 

= ^6.875 s1 - 25.0 s 2 + 7.39375 s 3 J ^ 

+ £ 5.0 s1 + 10.0 s2 - 0.739375 s 3 ^ x 

- 0.5 s 2 x 2 

2 5 3 



Let F "be at the point of max11* moment, 

dM_ 
J . ^ 5 . 0 y 10.0 S2 - 0.739375 S 7 - 2:(0.5 S 2 x ) = 0.0 
dx 

5.0 gl + 0.739375 ^ J 

S E(S ) S E(S ) 
Replace by gj^-y and ̂  "by j^g-y since otherwise 

2 2 

Mp would be non-linear in S^, S2 and S^, 

1.0 8.0 
. . x = 10.0 - 5.0 2.0 + 0.739375 2.0 = 4.54.25 m 

Mp - 24.1625 S1 + 10.10785 S 2 + 4.035131 S 3 

SUBSEQUENT LOADING: 

All members are assumed perfectly ductile at failure. 

Let the initial bending moment applied to the first cross-section at which 

failure occurs by forming a hinge be (d^ S^ + d ^ S2 + d ^ S3) and the local 

resistance be R^f.*.b«nding moment to be redistributed » (d^ S^ + d-j2 82 + d13* 

S 3 - kNm. 

If the initial bending moment applied to a cross-section on another member is 

(d2<j S, + d 2 2 S 2 + d 2 3 S , ) and its resistance is R 2, then the excess resistance 

after the first hinge has formed will be 

S - R2 " <d21 Si + d22 S2 + d23 3 3 ) - a21 (d11 S1 + d12 S2 + d1 3
 S

3 " V 

" a21 R1 + R2 " « d 2 1 + a21 d11> S1 + (d22 + a21 d12> V &23 + "21 d13} S
3
) 

when a ^ is the extra bending moment applied by the redistribution of a unit 

bending moment from the first hinge at the second cross-section. 

VALUES OF a 2 1: 

Bending Moment applied at E (or G) 

M A = M B = Mp = (10.0/a) 1.0 a 1.3617 kNra 

M E = M q a 1.0 kNm 

Bending Moment applied at A (or B or F) 

M A = Mp = Mp = 1.0 kNm 

Mp = MQ = (a/10.0) 1.0 = 0.7344 kNm 

Sign to be the opposite sign to the initial bending moment at the first local 

failure mode. 
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