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Functional Inequalities for Dunkl Operators with Applications
ABSTRACT

In this thesis we thoroughly study several families of classical functional inequalities in
the setting of Dunkl operators. The following families are considered: Sobolev, Hardy,
Gagliardo-Nirenberg, logarithmic Sobolev, Poincaré inequalities. In each case, several
verstons of the inequality are discussed, as well as related results. In the case of the Sobolev
wnequality for p = 2 we provide bounds on the optimal constant, and in the process we also
determine the precise optimal constants for the equivalent weighted Sobolev inequality for
the usual gradient. In terms of spectral inequalities, we obtain Lieb-Thirring and Cwikel-

Lieb-Rozenblum inequalities for Schrodinger operators with Dunkl laplacian.

As an application of the Gagliardo-Nirenberg inequality, we prove an existence and
uniqueness result for the Cauchy problem with small data of the nonlinear damped wave
equation. Furthermore, we prove ergodicity for an infinite dimensional Markov semigroup

defined in terms of Dunkl operators.
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INTRODUCTION

Rational Dunkl operators were introduced by Dunkl in [31] to study special functions
associated to root systems but have since been studied extensively and have found many
applications outside harmonic analysis. They are differential-difference operators defined
in terms of a root system. The geometric structure of the root system provides Dunkl
operators with a rich theory; an example of a surprising remarkable property is the fact

that Dunkl operators commute.

Another important property is the existence of an intertwining operator which intertwines
between the usual partial derivatives and Dunkl operators. With the help of this operator,
the theory of Dunkl transform can be established. This generalises the usual theory of

Fourier transform and shares many of its powerful characteristics.

As mentioned above, Dunkl operators were first introduced by Dunkl in [31] and then
subsequently developed in the papers [32], [33], [34]. Important early contributions ap-
peared also in [28], [80] and [35]. The next important achievement was due to Résler who
showed in [86] that the intertwining operator is positive, and thus the Dunkl heat kernel
(which she introduced and studied in [85]) is also positive. A more complete account of

the early history of Dunkl history can be found in [87].

More recently, there has been extensive work to generalise classical harmonic analysis
results to Dunkl theory. To give a few examples, maximal functions and Riesz potentials
are discussed in [99], [100], [53], [1], [47] and [48], singular integrals in [2], while the Hardy
space H' was studied in [4], [36], [5] and [37]. For a survey of the more recent directions

in Dunkl theory see [3].

Rational Dunkl operators are just one class of differential-difference operators associated
to reflection groups. Another important class are the trigonometric Dunkl operators of
Cherednik, see [3] for an introduction to this class and for an overview of general Dunkl

theories. In this thesis we only consider the rational case.

Apart from the theory of special functions and harmonic analysis associated to root
systems, Dunkl operators have found applications most notably in mathematical physics,
where they are used in the study of quantum many body problems associated to the
Calogero-Moser-Sutherland model, see [104] for more details. In probability theory, Dunkl

operators have been used to define Markov processes with remarkable properties; for an



overview of probabilistic aspects of Dunkl theory see [49].

Functional inequalities lie at the heart of Analysis, being a fundamental tool for estimating
quantities that are a priori unknown. Classical inequalities such as Sobolev or Hardy
inequalities are ubiquitous in Analysis and their importance cannot be overstated. These
classical inequalities were later refined to deal with more precise problems, for example
in the theory of partial differential equations (inequalities of Nash, Gagliardo-Nirenberg,
Caffarelli-Kohn-Nirenberg, etc.).

In this thesis we begin a study of functional inequalities for rational Dunkl operators.
The special nature of Dunkl operators means that they do not fit into any prescribed
category, so no “recipe” can be applied in their study. We have thus surveyed a large
number of methods and ideas corresponding to various pathological cases. Harmonic
analysis methods have proven very useful at times, and the theory of Dunkl transform is
particularly powerful. On the other hand, to consider just one example, the fact that the
Leibniz rule does not hold is problematic and has prevented us from using several very

nice approaches.

In the context of Dunkl theory, functional inequalities have not been explicitly studied
before. There exist a few results in the literature, usually as byproducts of a more general
harmonic analysis theory. The Sobolev inequality for a restricted range of indices was
obtained in [1] as a consequence of the theory of Riesz potentials for Dunkl operators.
Pitt’s inequality was first proved in [95] in a special case, and then in [46] in full generality.
A Hardy-Rellich inequality on a Lizorkin space was obtained in [48] using the Dunkl-Riesz

potential.

We now give an outline of the thesis. More background on each family of inequalities

and a literature review is given at the beginning of the relevant chapter.

Chapter 1 briefly introduces the theory of Dunkl operators and their main properties,
and it also sets the notation that will be used throughout the whole thesis. This chapter
was designed so that it provides a clear introduction to Dunkl theory and it covers all the
material that will be necessary in the subsequent chapters. However, it is not intended
to give a complete account of Dunkl theory and its modern developments; more detailed

surveys can be found in [87] and [3].

In Chapter 2 we study the Sobolev inequality for Dunkl operators. Combining the re-
sults of this chapter with previous results in the literature, we can provide the Sobolev
inequality in full generality

1flly < CIVes, (1)

P(N+27)

where 1 <p < N+2yand g = Niop

. An elementary proof of the important case p = 2



is provided as a consequence of the Nash inequality

2 2

1+
Iflly ¥ < GVl I

Using a general method based on the pseudo-Poincaré inequality
If = Hefll, < CVEIVLLL,

where H; is the Dunkl heat semigroup, we prove a more general Besov space embedding
result that implies the Sobolev inequality for 1 < p < 2. A special case of the Gagliardo-

Nirenberg inequality is also obtained from this result.

In the second part of the chapter we study the optimal constant in inequality (1) for

p = 2. An essential ingredient here is the simple but powerful inequality

f VP < f VP 2)
RN RN

which we obtain through carré-du-champ methods. This inequality allows us to obtain
bounds for the optimal constant in (1), in terms of the optimal constant in its classical
counterpart (when k = 0). More precisely, we determine the sharp constant in the

classical weighted Sobolev inequality

f P du < © f VP dpn,
RN RN

2(N+27)
Nt2y—2-

weighted measure i, which then implies a rearrangement inequality.

where ¢ = This is obtained by first proving the isoperimetric inequality for the

Chapter 3 contains a thorough discussion of many forms of Hardy’s inequality for Dunkl

operators and some applications. Firstly, the LP Hardy inequality is proved:

flp
[ aw<c| 1vurda, )
ry |z RN
for 1l <p< ]17122;{ In case p = 2 we are able to remove this restriction on v by using the
stronger inequality (2); in this case we obtain (3) for N + 2y > 2. In case p = 2 we also

(N+2y—2)2
4

Furthermore, we also prove the improved Hardy inequality

N + 2y —2)? 2 ar :
f Vi f [* dps. > ( o2 ] dpy, +C (J |flextee (%) de) ,
Q2 Q

4 q |z?

determine the optimal constant , which, as in the classical case, is not achieved.

where ¢ = %fgﬁg, § = SUp,eq |7], and X (t) = (1 —logt)~ .
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We conclude the chapter with two Hardy-type inequalities: the Rellich inequality

(N +27)(N +2y - 2)2J /I A,
R

Apf? dpy =
JRN‘ o7 dpu 16 MPE

with sharp constant, and the Caffarelli-Kohn-Nirenberg inequality

IV fP? P\
dup < C :
JRN afpe M B

2(N+27)
N+2y—2+42(b—a)"

N+2y

wherea<b<a+1l,a<=—F" -1 andp=

Chapter 4 is devoted to spectral estimates for the Dunkl Schrodinger operator
H:=-A,+7V,

for an admissible potential V. This operator has discrete negative spectrum consisting of
eigenvalues \; < Ay < ... < 0 repeated according to multiplicity. Our first result is the

Lieb-Thirring inequality
C N;Q'y +<
DA <CJ v, Ay,
i RN

for any ¢ > 0, where V, () = max{V (z),0}. The case ¢ = 0, known as the Cwikel-Lieb-
Rozenblum inequality, estimates the number N (V') of negative eigenvalues of H, and is

the subject of our next result:

N+2y
N(V)<CJ V, 2 du.

RN

In Chapter 5 we prove two forms of the Gagliardo-Nirenberg inequality. The first one is

a simple consequence of the Sobolev inequality and it states that

11, < CUVAIT AL

where the coefficients 1 < p,g <0, 1 <r < N + 27 and 0 < 0 < 1 satisfy the relation

1 1 1 1 1
0 + - =-—-.
N+2y p r P q

The second Gagliardo-Nirenberg inequality is more involved and it required harmonic

analysis methods based on the Littlewood-Paley theory. It states that for 1 < p < oo,

0<s<%and0<9<lwehave

(=200, < | (-a0 2], 1115

11



In the second part of the chapter, we discuss the nonlinear damped wave equation for
Dunkl laplacian
O2u — Apu + boyu + mu = f(u), (4)

where b,m > 0 and the nonlinearity f satisfies the assumptions f(0) = 0 and
|f(a) = fO)] < C(lal"™" + [b]"~")|a — b].

The main result is a global existence and uniqueness theorem for the Cauchy problem

with small data associated to equation (4).

Chapter 6 discusses logarithmic Sobolev inequalities. In the case of the measure pu;, with

the help of the Sobolev inequality we prove that

2

/
2
o B T

d,uk < EJ ‘kaP dﬂk + C(E) f2 duk,
RN RN

which holds for all € > 0, where C(€) is a decreasing function. The decay of C(e) allows

us to deduce the ultracontractivity property of the heat semigroup.

In the case of weighted probability Dunkl measures of the form duy = %e*U dpg, we
prove several generalised log-Sobolev inequalities. This is achieved with the help of U-

bounds, which are inequalities of the form

| srvam <e | viram s | 1P du,
RN RN RN

where V' is a suitable function which depends on U.

Also discussed in this chapter are Poincaré inequalities for the Dunkl gradient. We obtain
these results from their counterparts for the usual gradient V f with Dunkl weight wy,
which we prove by showing that wy, is a Muckenhoupt weight for sufficiently small . The
resulting Poincaré inequalities are finally used to improve the log-Sobolev inequalities

proved above into tight versions, with no dependence of || f||, on the right hand side.

In Chapter 7 we construct and study a Markov semigroup on an infinite dimensional space,
defined as an infinite product of finite dimensional diffusions generated by operators of

the form
L:=Ap+b-Vy,

with additional interactions. The main tool for defining and studying this semigroup are

gradient bounds of the form
L(Pif) < e ™P((f)).

A suitable gradient form T is considered, which takes into account the reflections asso-

12



ciated to Dunkl operators. Apart from the construction of the semigroup, we prove the
existence of invariant measure and smoothing properties of the semigroup. This extends
results of [111] for differential-difference operators with a single reflection term, to general
Dunkl operators for any root system. Markov processes associated to Dunkl operators
have also been studied (in the finite dimensional case) for example in [88], [43] and [44];

see also [49] (and references therein).

Some of the results in this thesis are contained in [105], [106] and [107].

13



PRELIMINARIES ON DUNKL THEORY

This chapter serves as a self-contained introduction to the main concepts and results
in Dunkl theory. While it aims to provide sufficient background and context for the
subsequent chapters, it is not our intention to give a full introduction to the topic, and

for more details we recommend the excellent survey papers [87] and [3].

1.1 ROOT SYSTEMS

Root systems lie at the foundation of Dunkl theory, their geometric structure being the
“secret” behind some the most striking properties of Dunkl operators. However, we should
note that their history goes back a long way, especially in relation to the classification
problem for Lie algebras. We give here a small summary of facts about root systems that

will be relevant to us later; the reader should consult [57] for a more complete exposition.

In order to introduce the main notions, we first make some definitions.

Definition 1.1.1. A root system is a finite set R = RV\{0} such that

(i) RnaR = {—a,a} for all a € R, and

(ii) 04(R) = R for all a € R, where o, is the reflection in the hyperplane orthogonal to

a, i.e.,

(o, 2)
(o, a)

Definition 1.1.2. The reflection group associated to the root system R is the

O =X — 2 Q.

14



subgroup G of the orthogonal group O(N) generated by all the reflections o, for a € R:
G :={o,| € R).

Definition 1.1.3. The Weyl chambers associated to the root system R are the con-

nected components of

R\ {z e RY : {a,z) = 0 for some a € R}.

Let E be the set of all functions € : R, — {—1,1}, and for each € € E let
RY = {z e R" : sgn({a,z)) = €(a) for all a € R, } .
Weyl chambers are all of the form RY for some € € E; equivalently, if RY # {0}, then RY

is a Weyl chamber.

The following result summarises some properties of the reflection group G.
Proposition 1.1.4. (i) G is a finite group.

(ii) G acts simply transitively on the set of Weyl chambers, i.e., for any Weyl chambers
H, H' there exists exactly one g € G such that gH = H'.

(iii) The number of Weyl chambers equals the order of G.

We can write the root system R as a disjoint union R = R, u (—R, ), and we call R, a
positive subsystem; this decomposition is not unique, but, as we will see, the particular

choice of positive subsystem does not make a difference in our definitions below.

A root system is irreducible if it cannot be written as the disjoint union of two orthogonal
root systems. Irreducible root systems are the building blocks of root systems, as any
root system can be uniquely decomposed into irreducible components. Moreover, all
irreducible root systems are fully classified using Coxeter graphs; there are four infinite
families of root systems:

An, By, Dy and I3(m),

as well as the exceptional cases:
E6a E77 E87 F47 HS and H4-

We give details below about the infinite families and we refer the reader to [57] for the

exceptional cases.

15



1. Ay: this is a root system in R¥*!, defined for N > 1, with
R={t(e;—e€j):1<i<j<N+1},

and reflection group the symmetric group Sy.1 which acts on RY by permuting

the standard basis eq,...,en11.

2. By: this root system is defined in RY for N > 2 by
R={te;: 1 <i<N}ju{te +te;:1<i<j<N}.

The reflection group G is isomorphic to the semidirect product Z5 x Sy, and it is
generated by permutations of the standard basis as above, as well as sign changes

€; —> —¢€;.

3. Dy: in this case we have a root system defined in RY for N > 3 by
R={te;,te;:1<i<j<N},

with reflection group Z5 ' x Sy, acting on RY by permutations of the standard

basis, and by an even number of sign changes, i.e., by reflections e; +e; — —(e; +¢;).

4. I5(m): this is a root system corresponding to reflection group Ds,, = Z,, % Zy, the

dihedral group of order 2m. The best way to describe the root system is in C, by

Jm

Rz{eiﬁ:0<j<2m}.

1.2 DUNKL OPERATORS

From now on we fix a root system R in RY with positive subsystem R, and associated

reflection group G. We also assume without loss of generality that |a|?> = 2 for all a € R.

Definition 1.2.1. A multiplicity function on the root system R is a map k : R —

[0, 0) which is G-invariant, i.e.,
k(o) = k(ga) Vge G, VaeR.
We will normally write k, = k(a) as these will be the coefficients in our Dunkl operators.

It is possible to define Dunkl operators for general multiplicity functions k£ : R — R but
some of the results below only hold in the case k£ = 0. For our purpose it is enough to

consider only this case.

16



Definition 1.2.2. Fix a multiplicity function k for the root system R. Fori=1,..., N,
we define the Dunkl operator T; on C'(R") by

Note that this definition does not depend on the choice of positive subsystem R, since,

by the G-invariance of k, we can also write

T.7(x) = 0 () + 3 3 hooe D S100),

aeR <Oé, l’>
Note also that in the case of k = 0 we recover the usual partial derivatives.

The denominator {«,z) appearing in the definition of 7; does not actually produce a

singularity as can be seen through the following representation formula

f(x) = f(oar)
(v, )

Moreover, with the help of (1.1) we can describe the action of Dunkl operators on classical

= L a-Vf(z—ta,z)a)dt. (1.1)

spaces of functions.
Lemma 1.2.3. 1. If f € C™(RY) with m > 1, then T;f € C" 1 (R"Y);

2. Dunkl operators leave invariant the space of smooth compactly supported functions,
C*(RY), and the space of Schwarz functions, S(RY).

One of the fundamental results, due to Dunkl [31] at the beginnings of the theory, is that

Dunkl operators commute.

Theorem 1.2.4. For anyi,j =1,..., N, we have

LT, =TT,

So we see that in some ways Dunkl operators behave just like partial derivatives. However,
and this is what makes the theory interesting, some well-known properties of partial
derivatives (and other useful families of operators) fail for Dunkl operators. Most notably,
the Leibniz formula does not hold in general for Dunkl operators. Instead, we have the

following product rule.

Lemma 1.2.5. For any f,g € CY(RY) and for anyi=1,..., N, we have

— [(9a2)(9(2) = g(9a))
(o, @) '

Ti(f9)(x) = Tif (x)g(z) + f(2)Tig(z) — > kaa (f(2)

acR

17



In particular, taking f = g, we have

TZ(fZ)(SC) _ 2 Z k Oél f(O'a‘I))2.

OéER+ <OC x>

Proof. By definition, we have

Ti(fg)(x) = Z koc; <a J;{;(Ua ™)
= & f@ala) + F@)g(@) + (@) Y kao Ll <ai;<>w>
9(0a)
a§+k al <a x)

@) + F@ T — 3 e L) = o) 0(2) = gloa)

OéER+ <a7 m>

]

An important particular case of this is when one of the functions f and ¢ is G-invariant,
in which case the Leibniz formula does hold. This will be exploited extensively and so
we record it below.

Corollary 1.2.6. Let f,g € C*(R™) such that one of f and g is G-invariant. Then, for
any i =1,..., N, we have

Ti(fg) = Ti(f)g + [Ti(g)-

Starting from Dunkl operators, we will consider problems similar to those of classical
analysis. Two important concepts that are generalisation to Dunkl operators of their
classical counterparts, and which will play a central role in the analysis below, are the
Dunkl gradient and Dunkl laplacian.

Definition 1.2.7. The Dunkl gradient is defined by
vk’ = (T17 e ,TN),

and the Dunkl laplacian is defined by

N
2
i=1

Note that for £ = 0 Dunkl operators reduce to partial derivatives, and Vo = V and

Ag = A are the usual gradient and laplacian.

18



The Dunkl laplacian can be expressed in terms of the usual gradient and laplacian using

the following formula.

Proposition 1.2.8. For any f € C*(RY) we have

Aflx) = Af(@)+2 Y ke l<v<fa x>o‘> = f(wi; gga‘%)] (1.2)

aceRy

The natural spaces to study Dunkl operators are the weighted spaces LP(uy), with
dpg = wy(x) dz,

where the Dunkl weight is

= ][ Keyapf**=.

acR

This is a homogeneous function of degree 2, where

= ) ka

OéER+

We will mostly work in the spaces LP(uy), and we will write the norm of these spaces
simply [|-[|,- With respect to this weighted measure we have the following integration by

parts formula:

Proposition 1.2.9. For any f € CH(RY) and g € S(RY), we have

j To(f)g dyus = — f fTi(g) dus.
RN RN

An important integral in Dunkl theory is the following Macdonald-Mehta constant which

is a generalisation to root systems of a previous integral by Mehta.

Definition 1.2.10. The Macdonald-Mehta constant associated to the system R with

multiplicity function £ is

Mk = J 67|x‘2/2 d,uk
RN
Macdonald conjectured in [75] that

M,, = (2m)N/? ];[ % (1.3)

He also proved the result for infinite classes of root systems. Later, Opdam proved in

19



[79] the result in general for all crystallographic root systems. Finally, a proof in full

generality was given by Etingof in [38].

One application of the Macdonald-Mehta integral that we will often use is in computing
integrals of radial functions.

Proposition 1.2.11. Let f : RY — C be a radial function. Then

M,
S ()

@) - [ s

Proof. Using polar coordinates * = rf for r > 0 and § € S¥~!, we have, since wy, is

homogeneous of degree 2+,

@) =) [ S0 an (1.9

where

pB) = | wn(®)as o)

Applying this to the Macdonald-Mehta integral, we obtain

0 . N 2
My = pB) [ g o (K22,
0

SO
M;,

2T ()

p(B1) = : (1.5)

The conclusion then follows from (1.4). O

1.3 THE DUNKL KERNEL

An important function associated with Dunkl operators is the Dunkl kernel Ej(z, y) which
acts as a root systems generalisation of the exponential e¢*¥’. Apart from being a crucial
tool in the development of the Dunkl transform, the Dunkl kernel is also significant in

the study of special functions.

There are two ways to define the Dunkl kernel. In order to proceed with the first route, we
need to introduce the Dunkl intertwining operator, which is also of independent interest.
The intertwining operator, which originates in the works of Dunkl, is a linear isomorphism
on the space P of polynomials on RY, which intertwines between partial derivatives and

Dunkl operators.
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Proposition 1.3.1. Let P,,, for n € Ny, be the space of homogeneous polynomials on RY

of degree n. Then, there exists a unique linear isomorphism
Vi: P—->P
such that Vi(c) = ¢ for all c € Py, Vi(P,) = P, for all n € Ny, and
T:Vi. = Vi.0; foralli=1,...,N. (1.6)
The operator Vi thus defined will be called the Dunkl intertwining operator.

The proof of this Proposition, due to Dunkl [33], is an exercise in linear algebra and it
is not constructive. In fact, it is in general very difficult to compute the intertwining
operator explicitly. Trimeche [102] later showed that the operator Vj can be extended to
the space C*(RY) of smooth functions, while preserving the intertwining property (1.6).
This allows us to define the Dunkl kernel.

Definition 1.3.2. The Dunkl kernel or Dunkl exponential is the map Ej, : RV x
CY — C defined by
Ey(,y) := Va(e"¥)(2).

As in the classical case, the Dunkl kernel provides a class of eigenfunctions for Dunkl

operators.

Proposition 1.3.3. Let y € CN. Then, the function f = Ey(-,y) is the unique real

analytic solution of the system of equations

0) =1 (1.7)

Remark. This property could be used as an alternative definition of the Dunkl kernel,
which avoids the intertwining operator. More precisely, we could define Fj(-,y) as the

unique real analytic solution of the system of equations (1.7).

Below are some basic properties of the Dunkl kernel.

Proposition 1.3.4. (i) The Dunkl kernel Ey, extends to a holomorphic map on CN xC.
(ii) Ex(z,y) = Ex(y,x) for all x,y € CV.

(iii) Ex(gz,gy) = Ex(x,y) for allge G, z,y e CV.

(iv) Ei(tz,y) = Ep(x,ty) for allt e C, x,y e CV.
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(V) Ek(‘ray) = Ek<f7y) fOT all T,y € CN'

As with the intertwining operator, it is in general very difficult to compute the Dunkl
kernel explicitly. Some further understanding of the Dunkl exponential is provided by the
results of [86]. In this paper Rosler showed that the intertwining operator is positive on
the space of polynomials P, and using this she found a representation formula in terms
of a family of probability measures. The main results are summarised in the following

Theorem.
Theorem 1.3.5. (i) Vj is positive on P, i.e., Vip = 0 for all p € P with p = 0.

(ii) For each x € RN there exists a unique Borel probability measure p§ such that

Vif(z) = » fy) dpg(y).

The support of uj is contained in the convex hull of the G-orbit of x.

iii) From the previous point it follows that for x € RN and y € CV we have the repre-
Y

sentation formula
Ey(,y) = f eV dpi (y)-

RN

There are two important consequences of this result, which we spell out in the next two
Propositions. The first simply shows that the Dunkl exponential is positive on RY x R,

while the second provides some very useful bounds on the Dunkl kernel.

Proposition 1.3.6. The Dunkl kernel is positive on RY x RV, i.e.,
Ex(z,y) >0 Vo, ye RY.
Proposition 1.3.7. Let ( € ZY be a multi-index. For any z,y € CV we have the bound

|05 Ex(z, )| < || max eReom s,
geG

We will mostly use the particular case

|Ep(iz,y)] <1 Vo, ye RY.

1.4 DUNKL TRANSFORM

Having defined the Dunkl exponential, we are now ready to introduce the Dunkl trans-

form, which is a generalisation to root system of the usual Fourier transform. Indeed, in
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the case k = 0, so when Dunkl operators equal the usual partial derivatives, we recover
the theory of Fourier transform. The Dunkl transform shares many important properties
with the classical Fourier transform and, as we will see in the next chapters, it is a very

useful tool in proving analytic results for Dunkl operators.

Definition 1.4.1. The Dunkl transform is the operator Dy, : L' () — Cp(RY) defined
by
1 .
DelFE) =51 (2) By (i€, x) duy(z)  VEeRY,
k JRY
Remark. The fact that the operator Dy is well-defined follows from the bounds on the

Dunkl kernel from Proposition 1.3.7.

The main properties of the Dunkl transform are collected in the following Proposition.

Proposition 1.4.2. (i) The Dunkl transform is an automorphism of the Schwarz space

S(RY), with inverse given by
D' f(€) = Dif(=6).

(i) Du(Ti)(§) = i&De(f)(E) for all j=1,...,N.
(iii) Tj(Du(f)) = —iDy(x;f) forallj =1,...,N.

(iv) The Dunkl transform has a unique extension to an isometric isomorphism of L* ().

In particular, the Plancherel formula holds

IDr(ly = 1112

1.5 'THE ONE-DIMENSIONAL CASE

To illustrate the concepts introduced above, in this short section we give an account of the
one-dimensional case. In this case there is only one root system, namely R = {—+/2,/2}
(taking into account our normalisation assumption that |a|*> = 2 for all @ € R), which
generates a reflection group isomorphic to Z, that acts by changing the sign. The unique
Dunkl operator is then

Tf(a) = (o) + ;DD

X

for a constant k£ > 0. Using formula (1.2), one can compute the Dunkl laplacian

fw)  f@) = fa)

x 2

Apf(z) = f'(z) + 2k
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As mentioned above, it is difficult in general to obtain explicit expression for the inter-
twining operator or the Dunkl kernel; however, the simple form of the Dunkl operator in

the one-dimensional case allows one to compute the following:

T(k+1/2)

Vinlo) = e | Pt -0t otar

and also
Ek(xa y) = eity : lFl(kv Zk + 17 —QJ]y),

where 1F; is the confluent hypergeometric function of the first kind.

1.6 THE HEAT SEMIGROUP

In analogy to the classical equation, the Dunkl heat equation is the initial-value problem

(A — d)u(x,t) =0

(1.8)
u(z,0) = f(x).

As in the classical case, this can be solved using Dunkl transform. First, we need to

introduce the concept of Dunkl translation.

Definition 1.6.1. For any x € RY, the generalised or Dunkl translation is the
operator 7, : S(RY) — S(RY) defined by

1

T f(y) = My Jox D f(§) Ex(iz, §) Ey(iy, §) dpw (). (1.9)

An extension of the Dunkl translation to the space C°(RY) is due to Trimeche [103],

where he uses the definition

mf () = VIV (Vi e+ )],

where V;* and V)Y are the intertwining operators acting on the = and y variables, respec-

tively. The two definitions agree on the Schwarz space S(RY).

Similarly to the definition over S(RY), we can define the generalised translation over
L*(py,) via the formula (1.9). Moreover, the operator 7, : L*(u,) — L*(p) is bounded,
with norm ||7,|| < 1. Apart from this case p = 2, which relies on the Plancherel formula,
it remains the most important question in Dunkl theory to show that Dunkl translations
are uniformly bounded on LP(u) for general p > 1. This problem is equivalent to

proving Young’s inequality in the Dunkl setting; before we state this, we need to define
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a generalised convolution.

Definition 1.6.2. The Dunkl convolution product for two functions f, g € C®(RY)

is defined as
freglx) = JRN mf(W)g(y) duly)  VzeRY.

The open problem mentioned above can now be stated as the Young’s inequality for
Dunkl convolution.

Open Problem (Young’s inequality). Let 1 < p, ¢, < oo such that %+ % —% = 1. Then
there exists a constant C' > 0 such that for all f,g € C*(R") the following inequality
holds

1F =& gll, < CNAIL gl -

Remark. Apart from the one-dimensional case, this problem has also been solved for
the case of radial functions. Let by some abuse of notation f(z) = f(|z|). Then there

exists an explicit expression for its translation

rf) = | (VP TP+ 2 al) daf (),

where 1) are the measures introduced in Theorem 1.3.5. Using this, one can see that the

Young’s inequality holds if one of f, g is a radial function.

Here are some properties of the generalised translation and convolution.
Proposition 1.6.3. (i) If k=0, then 17.f(y) = f(z +y).

(ii) 7.f(y) = 7, f(z) for all z,y € RV,

(i) Dy(rf)(€) = Eiliz, Duf(€) for all z,€ € RY.

(iv) Tjrof = T f forallj=1,...,N, z € RV,

(V) 7(Bi(,))(y) = Enl(w,§) Ey(y.§) for all v,y,§ € RY.

(Vi) Di(f # 9)(§) = Dif(§)Drg(§) for all § € RY.

Going back to the Dunkl heat equation, we want to obtain the solution as a convolution

with a convenient “fundamental solution”. This role will be fulfilled by the function

1 _l=®
gk([[‘,t) = — Nim 4t

®
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Indeed, it can be checked by a direct computation that the function g, satisfies the heat

equation (A — d;)u = 0, and, moreover

f gr(z,t)dpx(z) =1 Vt > 0,
RN

and

Dulgw) (E.1) = Mike-tf'?

Definition 1.6.4. The Dunkl heat kernel is the function

1 _lz?+y)? T Yy
h ('Tay) = T—ng(yvt) = 7 € i By ( s > .
t M, (2t) 5 V2t Vi

Remark. The second equality follows from the properties of g listed above, as well as
the formula [34]

2|2 +|y|?

_L
| BBy dine) = Mie™ 5 By
R

The following Proposition collects some properties of the Dunkl heat kernel.
Proposition 1.6.5. (i) hy(z,y) > 0 for all z,y e RN, ¢t > 0.

(ii) For fivzed y € RN and t > 0, the function x — hy(x,y) belongs to the Schwarz space
S(RY).

(iii) he(z,9) = 55 JRN e~ By iz, &) By(—iy, &) duux(€).

(iv) h(z,y) = hi(y, x).

(v) J he(z,y) dug(x) =1 for all z € RY and t > 0.
RN

(vi) hyps(z,y) = J hi(z, 2)hs(y, z) dpg(2).

RN

lgz—y|?
o 1 —

vii) h(x < — 5 maxe 4
(vii) hu(e,y) My(2t)" 20 geC

(viii) For any y € RY, the function (z,t) — hy(x,y) is a solution to the Dunkl heat

equation.

Remark. The explicit expression for the Dunkl kernel which is available in one dimension
(see section 1.5) allows one to determine the global behaviour of the Dunkl heat kernel
in this case; this was done in [4]. More recently, the global behaviour of the heat kernel

was determined in full generality in [5] and [37].
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Finally, we can define the Dunkl heat semigroup. Consider, for all f € Cy(RY), the

operators

(@) = (o t) 1 D) = [ b)) (),

for t > 0, and Hyf = f. As in the classical case, these operators form a positivity-
preserving contraction semigroup which solves the initial-value problem (1.8). This is

summarised in the following result.

Theorem 1.6.6. The operators (H,);>o define a positivity-preserving contraction semi-
group on Co(RYN) with infinitesimal generator Ay. Moreover, for any f € Co(RY), the
function (x,t) — Hyf(x) solves the initial-value problem (1.8).

Definition 1.6.7. The semigroup obtained in Theorem 1.6.6 will be called the Dunkl

heat semigroup.

1.7 SOBOLEV SPACES

Definition 1.7.1. The Sobolev space HJ}(RY) consists of all f € L?*(uz) such that
also Vi f € L?(uy), where the gradient is understood in a weak sense. More precisely,
f e H5(RYN) if and only if f € L?*(uz) and there exist fi, ..., fx € L*(uy) such that

fTipdu, = — fio dpg Voe CP(RY), Vi=1,...,N.
RN RN

This defines a Hilbert space with inner product
s Qmy vy = J Jogdpe + | Vif - Vigduy.
RN RN

It is clear that C*(RY) < HL(RY). Moreover, using the same techniques as in the
classical case, it can be seen that C®(RY) is in fact dense in H5(RY). A bit of care
is needed here because the classical proof of this fact relies on mollifiers and Young’s
inequality, which does not hold in general in the Dunkl setting. However, a partial result
is available, when one of the functions is radial, so density of C*(R") in Hj(R") can be

proved by using radial mollifiers.

As in the classical case, we can provide an alternative characterisation of the Sobolev
space HL(RY) in terms of the Dunkl transform as follows. Given f € L*(us), we have
f e HLRYN) if and only if the map & — |&|D(f)(€) is in L?*(us); in this case, by

Plancherel’s formula we have

piary = [ AP+ 6P) )
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This justifies the following more general definition.

Definition 1.7.2. For any s > 0 we define the Sobolev space H}, to be the space of
all f € L?(uy) such that the map & — [€]*Dy(f)(€) is in L?*(ug). Then H3 is a Banach

space under the norm

HfHZ;= LNVDMfX€)%1+W€VfduA€)

1.8 SPHERICAL H-HARMONICS

In this section we briefly introduce h-harmonics; our presentation here is based on [23]

and we invite the interested reader to this reference for more details.

Definition 1.8.1. An h-harmonic polynomial of degree n is a homogeneous polyno-
mial p of degree n that satisfies
Akp = 0.

Spherical h-harmonics (or just h-harmonics) of degree n are then defined to be

restrictions of h-harmonic polynomials of degree n to the sphere SV 1.

Let HY be the space of h-harmonics of degree n; this is a finite-dimensional space and

we denote its dimension by d(n). Moreover, the space L2(SV~1, wy(€)do(€)), where o

SN=1 is the orthogonal direct sum of the spaces H., for

18 the surface measure on
n=0,1,2,.... Let

" fori=1,...,d(n)

)

be an orthonormal basis of HY. In spherical polar coordinates x = r¢, for r € [0, 00) and

€ € S¥1 we can write the Dunkl laplacian as

? N+2y—-10 1
5 Ty ﬁAk,Oy (1.10)

A =
or? r or

where Ay is a generalisation of the Laplace-Beltrami operator on the sphere, and it only

acts on the ¢ variable. Then the spherical h-harmonics are eigenvalues of Ay, i.e.,
ApoY = —n(n+N+2y—-2)Y =AY, forall Y eH).

The h-harmonic expansion of a function f e L?*(uy) is given by



where

Fust) = | 10OYP () dote), (111)

and o is the surface measure on the sphere SV—1.
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SOBOLEV INEQUALITIES

The classical Sobolev inequality states that
Ifl,<CIVl,  VfeCRY) (2.1)

where 1 < p < N and ¢ = NN—Z). This is a fundamental result in analysis and it has been

widely studied in a variety of contexts, see e.g. the classical references [76], [92].

We will be concerned with this inequality (and related inequalities) in the context of
Dunkl theory. The general approach to inequality (2.1) is to represent f as an integral
expression involving V f. In the Dunkl setting, this type of representation is given by the
Riesz transform and Riesz potential, and indeed the Sobolev inequality for 1 < p < N+42v

was obtained as a corollary of this theory in [1] (see also [53]).

Combining our results with the existing results of [1], we have obtained the Sobolev

inequality for Dunkl operators in full generality. That is, we have the following Theorem.

Theorem 2.0.1. [Sobolev inequality] Let 1 < p < N + 2 and q = I]’\;]ITJ;Q_'YZ)). Then there

exists a constant C > 0 such that we have the inequality

IFll, < CIVefll, — VfeCERY).

In this chapter we explore different approaches that provide simpler proofs, or which
improve on the existing results. We will first prove the Nash inequality in the Dunkl
setting and use this to obtain an elementary proof of the Sobolev inequality in the classical

case p = 2. Nash’s inequality is another important result in analysis and it was first
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proved in [77] where it was used in the study of parabolic and elliptic equations. Nash’s
inequality can be seen as a weaker version of the Sobolev inequality as it can be deduced
from the latter using only Holder’s inequality, but the two are in fact equivalent. We will

prove this in our context using a nice elementary result of [8].

Using a different approach, based on a pseudo-Poincaré inequality and a method of
Ledoux [64], we will prove a more general Besov space result. This implies in partic-
ular the Sobolev inequality in the case 1 < p < 2 (the limitation 1 < p < 2 comes from
the pseudo-Poincaré inequality). Note that this includes the case p = 1 which was not

known before. A Gagliardo-Nirenberg inequality is also obtained.

Finally, we consider the problem of estimating the best constant in the Sobolev inequality.

In the classical case (inequality (2.1)), this amounts to finding the supremum

sup 11,
recr®yy IV AL,

C =

and the question was answered in [97] and [7]. In the paper of Talenti, it was shown that
replacing f by its symmetric decreasing rearrangement f* increases the fraction in the
definition of C so it is enough to consider the supremum over radial functions. This was

done using using the Pdélya-Szegé inequality
IV, < IV, (2.2)

which holds for all p > 1. This simplifies the problem to that of maximising a functional

over a space of functions defined on the real positive half-line.

Throughout this chapter we use a simple but very useful result based on the carré-du-
champ operator which provides a link between the L? norms of the usual gradient Vf,

and the Dunkl gradient Vi f. Namely, we have

IVl < IVefl-

This is particularly useful in this chapter in estimating the best constant in the Dunkl
Sobolev inequality by linking it to its weighted counterpart involving only the usual

gradient.

We deal with this question in Section 2.4. First we prove an isoperimetric inequality for
the weighted Dunkl measure py, using a method inspired from [15]. The isoperimetric
inequality then allows us to use a general result of Talenti [98], who proves a weighted
version of the Pdlya-Szegé inequality. This provides us with a weighted rearrangement

inequality that holds for the usual gradient V f, on Weyl chambers. In particular, we find
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the precise best constant for the weighted Sobolev inequality in this classical case. We
will then connect this inequality to Dunkl operators by exploiting properties of Dirichlet

forms, as discussed above.

The structure of the chapter is as follows. Section 2.1 introduces the carré-du-champ
operator and we also prove some related results that will be very important in all sub-
sequent proofs. In section 2.2 we prove Nash’s inequality and then deduce the Sobolev
inequality in case p = 2. In Section 2.3 we prove the pseudo-Poincaré inequality and
the Besov space inequality. Finally, in Section 2.4 we prove the isoperimetric inequality
and the rearrangement inequality, and find exact best constants for the weighted Sobolev
inequality for usual partial derivatives. This is then used to deduce important results

about best constants for the Sobolev inequality in the Dunkl setting.

2.1 THE CARRE-DU-CHAMP OPERATOR

A key ingredient in our proofs below will be the carré-du-champ operator. This is defined

as

1
D7) = Sk — 2 Bef).
The following Lemma gives an expression of this operator.

Lemma 2.1.1. We have

Au(f?) = 2fDuf + 2V +2 D) ke <f($) - f(w))

CMER+ <Oé7 x>

In particular, we obtain the following expression for the carré-du-champ operator

r(f) = V2 + Zk( <a’f;(>“ax))2

OéER+
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Proof. Using (1.2), we have

Ap(f?) = A +2 )] ka

acRy

= 2fAf +2IVf +4f(x) Y ka

2 Yk (f(flf)@’i;j;)f

(o)

(<V(f2)704> ) - fQ(Uax))
{a, x) (o, x)?
(3 )

= 2f AL f +2/VIP+2 ) ka

a€R+

The expression for I'(f) then follows immediately from this and the definition. O]
In the Euclidean case, as well as on Riemannian manifolds with Laplace-Beltrami oper-

ator, we have T'(f) = |V f|>. The same is not true in the Dunkl case; however, using

integration by parts, we can compute the Dirichlet form to obtain

[t = [ 190 d.

This, together with Lemma 2.1.1, give the following useful relation.

Lemma 2.1.2. For all f € C}(RY) we have

f Vi fP duy > f VP du.
RN RN

A similar very useful result that will be used in the proof of Sobolev inequality is the

following.

Lemma 2.1.3. For all f € C}(RY) we have
IR R
RN RN

Proof. We note that (|f(x)| —|f(0ax)|)? < (f(x) — f(0az))? holds for all x € RN and all
a € R. Since also |V|f|| = |V f], then from Lemma 2.1.1 we have

LD < T

Using Dirichlet forms as above, the conclusion follows. m
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We also have the following pointwise estimate of the carré-du-champ operator in terms
of the Dunkl gradient.

Proposition 2.1.4. There exists a constant C' > 0 such that the following inequality

holds for all functions f for which all terms below are well-defined
L(f) = C|Vi.f|.

Proof. Fori=1,..., N, let

Dif(x) = Z ozikaf(x) — f(oaz)

Y
CXGR+ <Oé’ :C>

SO

Tif(z) = if () + Dif (x).
From Lemma 2.1.1, we have (recall that |a|* = 2)
N

S g (22

i=1 OZGR+

We will estimate the a-sum first. Take C := MiNger, % Here we use the convention
that if k£, = 0, then 1% = 0. Since k does not vanish identically and R, is a finite set,

then C is well-defined and finite. We then have

LY, <f<x>—f<aax>)2 Y a2 <f(1‘)—f(aam)>2

acR 4 <a’ x> aceR <a7 x>

(Dif(x))z'

C

=
| R

E

Going back to the carré-du-champ operator, we now have
N

2 é 2
L(f)(z) = ; <|azf($)| + \/‘—RT’(DZf(x)) ) : (2.3)

The following inequality holds for all z,y € R and all ¢ > 0

2+ ey’ = ‘ (z +1y)% (2.4)
c

+1

Indeed, by rearranging the terms, this is equivalent to
(x —cy)? = 0.
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Using this inequality separately for each ¢ = 1,..., N, from inequality (2.3) above we
obtain that

. ) + Dif(x))* = C|Vif(z)?

Mz

z:l
where C' = OB 56 the constant obtained from inequality (2.4). O

1+C/+/|R+|

2.2 NASH’S INEQUALITY

In this section we will prove the Nash inequality using an elementary method that exploits
the Dunkl transform and its rich theory. Using a nice method of [8] we can prove that

this in turn implies the Sobolev inequality.

Proposition 2.2.1 (Nash inequality). There ezists a constant C' > 0 that depends on N
and k such that the following inequality holds for all f € L*(ux) such that Vi f € L*(u):

14+2 2 N 2 2 N
IS < CUVE 2y 1IN

L2(uy) L ()

Proof. Fix an R > 0 and let By be the ball in RY of radius R and centred at the origin.
We have

o, D@ [ Eemineran

< = | PP din
RN

Using the property that
Di(T;1)(8) = i&;Dr(f)(§)

for any j = 1,..., N, then the right hand side of the above double inequality becomes

1

o V() da

| PR = 7 |

where we used Plancherel’s formula.
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On the other hand, looking at the integral over Bp, we have

2

L dpx(§)

2 -
|, mn@ram =5 |
1 r

< [ ([ lrwmienianm) o

< MLgJ;R URN |f(x)|d,uk(x)>2dﬂk(§)

1 2
_ WW(BR) IFIZ8 o -

@Bt x) du(x)

Here we used the bounds |Ex(—i&, z)| < 1 of the Dunkl exponential.

Using the homogeneity of the Dunkl weight, we can compute using spherical coordinates

#x(Br) =J dpur( L . f PN () dr do(0) = p(By) U pN+2y

N + 2~

where p(B;) = J wi(0) d6.

Sn-1

Putting the above together and using Plancherel’s formula, we have obtained

[ @R date) = [ DO P )

1

< — p(B1)
R? Jgn

|Vk(f)’2 dpr + m

2
RY2V | 1l
The right hand side is optimised for

1/(N+2v+2)
(2 V) g '
p(B) 131y

and upon substituting this above and raising everything to the power 2?; ]XJJ\% we obtain
finally
14+2/(2v+N) 2/(2y+N
LA EN < C V() oy NI,
for a constant C' which can be computed explicitly from the above. n

We can now deduce the Sobolev inequality using the elementary argument from [8].

Theorem 2.2.2 (Sobolev inequality). Suppose N + 2+ > 2. Then there exists a constant
C > 0 such that for all f € C*(RY) we have the inequality

1 < CUVeS 2y
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2(N+27)
N+2y—2°

where ¢ =

As announced above, we will prove that the Sobolev inequality follows from the Nash
inequality. Before giving the proof, we note that the opposite implication also holds.
Indeed, this follows from Holder’s inequality [|[F'G| 11(,,) < [1F]l1r(u) IGllraq,,) by ap-
plying it to F' = f%°, G = f2(0=9 with a suitable choice of # € (0,1) and P, Q conjugate.

We obtain
1/P 1/Q
72 duy < (J' fﬂpeduk> (J‘ fﬂﬂ@ﬂ?duk>
RN ]RN ]RN

Since we need L' and L2N+2)/(N+2v=2) norms on the right hand side, we let

2(N + 27)

These equations, together with % + % = 1, have a unique solution. Making the substitu-

tion and using the Sobolev inequality, the Nash inequality follows.

Proof. Fix first a smooth function f > 0 of compact support. Let

0, for f(x) < 27
fi(x) =1 flx) =27, for 27 < f(x) < 27*!
27, for f(z) > 27+

for any j € Z. Then f; € L*(RY) and Vi f € L?(jx), so we can apply the Nash inequality

obtained above to get

1+2/(2vy+N) 4/(2v+N)
(], £2am) <t witPane ([ fam) L @9
J\Wi+1

where S; = f71([27,0)). Using the definition of f;, we also see that

f sz dug = 22j,uk(8j+1)7 (2.6)
]RN
and

|, s < 2ais)) 2.7
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2(N+27)

Let ¢ = §15575, s0 we want to estimate || f|[,,,- We have
RN
jez JSi\Si+1
< Z 290D (11.(S;) — px(Sje1)) - 1) Z 29 1 (S
JEL JEZ
This suggests introducing the notation a; = 2%y, (S;) and b; = J IVif|? dpg. In
Sj\Sj+1

light of the above, now we need to estimate Z a;.
JEZ

Using the bounds (2.6) and (2.7) into the inequality (2.5), we obtain after some manip-

ulation

2q02pb§?aj/(N+27+2)

Ajy1 < )

N+2y
N+2y+2°

apply Holder’s inequality to obtain

Z a; = Z aj41 < 21102102 bg(l?/(N-f-Q,H_g)

JEZ JEZ JEZ

P 1-p
<2107 <Z bj) (Z a§>
JEZ JEZ
p 2(1-p)
g 2(1021) <Z b]) (Z CLj) .
JEZ JEZ

=1

where p = Summing up over all 7 € Z and noting that

2
N+2v+2

Thus, we have

1712 < @2 = 1) Y 0y < 2/

JEZ JEZ

But clearly Z b;

2 : p _ q .
< JN Vi f|” dpuk, and since 32 = 4, we obtain
JEZ R

2

91/(2p—1) (2!1 _

HfHLq(Mk) < 1)1/q0 ||ka||L2(Mk) )

as required.

p/(2p—1)
)C2p/ 2p—1) (Zb ) _

— p, we can

If f is not non-negative, then applying the above result to the non-negative function |f|

and using Lemma 2.1.3, we have

£, < C UVl < CUVefl, -
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This completes the proof. n

2.3 PSEUDO-POINCARE INEQUALITY

In this section we will prove a sharper Sobolev-type inequality, involving Besov spaces.
Besov spaces B, are generalisations of the classical Sobolev spaces; for example, we have
B5, = H* for any s > 0. They can be characterised by many equivalent definitions which
are all rather technical; see [101] for more information. Here, we will be concerned only
with the spaces By, ,, for s < 0, which admit a simpler definition in terms of the heat

semigroup.

From now on we will work only in the Dunkl setting and in order to simplify notation, we
will also use B7, ,, to denote the corresponding Dunkl-Besov space. Recall that H; = etAk
is the heat semigroup. For any s < 0, we define the Dunkl-Besov space Bj, , as the space
of all tempered distributions f € &’'(RY) for which the norm

/]

By, = supt? | Hf],
? t>0

is finite. The aim of this section is to prove the following improved Sobolev inequality.

Theorem 2.3.1. Let 1 < p < g < o such that p < 2. For any f such that ||ka||p < w

we have the inequality
1£1l, < CUVRAI NS0

ng,(£7q) )

where C > 0 s a constant.

This inequality, in the classical case of simple derivatives, was first proved in [19] using
wavelets. A simplified proof was given by Ledoux in [64]. Similar inequalities were also
studied in [18] and [10]. Here we will follow Ledoux’s method that makes use of the

known bounds on the Dunkl heat kernel.

The essential ingredient in this proof is the following pseudo-Poincaré inequality.

Proposition 2.3.2. For any 1 < p < 2, there exists a constant C' > 0 such that for all

f we have

If = Hefll, < CVEIViL,-

This type of inequality is interesting in its own right as it has proven to be a useful tool for
proving Sobolev inequalities in particularly difficult geometric settings. It can be stated

more generally as

Lf = Acfll, < CrlIV I,
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where A, is some sort of averaging operator. See [92] and [93] (and references therein)

for more details, as well as some historical remarks.

Before we start proving the pseudo-Poincaré inequality, we need the following two lemmas.
The first of these concerns gradient bounds, while the second one provides a Poincaré-type
inequality for the semigroup H;.

Lemma 2.3.3. The following inequality holds
\ViH f| < CH(|Vi f])

for a constant C' > 0.

Proof. We first note that since the Dunkl operators commute, then V; and H; also
commute. Then, using the inequality Y, a7 < (3, a;)* which holds for nonnegative real

numbers a;, and then Cauchy-Schwarz, we obtain

N 1/2

\VieHif|(x) = [HiVif|(z) = (Z <JRN Tif (y)h(z,y) duk(y)) )

i=1

< Z JRN T3 f ()| ez, ) dpan(y)

< VN f Vel ), ) dn(y)
— VNH(Vf]) (),

as required. N

Lemma 2.3.4. The following inequality holds
Hy(f*) = (Hef)* = CtVRHLfP?,
for a constant C > 0.

Proof. We note that

) = (1) = | SO as

B f H (Ak((Hy-of)?) = 2H, o f A (Hy_o f) ds

_ j H, (D(H, . f)) ds.

0

40



Using first Proposition 2.1.4, and then Cauchy-Schwarz, this becomes

1)~ () > 20 CHL(VLH ) ds
0
> QC’Jt(HS(WkHt_Sﬂ))st.
0

Finally, using Lemma 2.3.3, we obtain

2C ("
() = (1) > == | [Vufas
2C
= ——t|VH, f*,
\/N | k tf|
and this completes the proof.

We can now prove the pseudo-Poincaré inequality.

Proof of Proposition 2.3.2. We note that

t d t
Hf—f= L S (Hf)ds = fo AGHLf ds.

Fix a smooth function g such that [[g|| « <1, where é + p—l* = 1. Then

f g(f — Hyf)d, = f (9 — Hyg)f duy
]RN ]RN
t
_ —f F A H.g dp ds
0 JrN
t
= f J Vif  ViHsgdu,ds
0 JrN
t
<9l | 19uHagl,e s
0
From Lemma 2.3.4 we have

Hy(g°) = H(g*) — (Hy9)* = Cs|VHyg|>.

Since p* > 2, then the function | - [P*/? is convex and so, using Jensen’s inequality,

f|kasg|p*duk<<cs)-p*/2 Hy(g*)" P dp, < (Cs) 72 [ Hy(lg]"") dp,
RN RN RN
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and thus

= e < el < —
VCs IIT° g 1 \/Cs Ilpe = VC's

Here we used the fact that H, is a contraction on L'(py). Therefore

| ots = i) < OVE LS,
R
Since g was arbitrary, this shows that

If = Hifll, < CVEIVLI,

as required.

We are now in a position to give a proof of the improved Sobolev inequality.

Proof of Theorem 2.3.1. The proof goes in three steps: the first step is proving a weak

form of the inequality, the second step is proving the inequality for f that satisfies the

additional assumption f € L9, and finally, in the last step, we remove the assumption

f € L? from the previous step.

Step 1. In this step we establish the weak inequality
6 10
£l < CITAIL NN g
where 6 = 2 € (0,1), and the weak L? norm is defined by
111G == sup e ({| f ()| > }) .
t>0
By homogeneity, we can assume that Hf”Bi{(fg” <1, ie,
|H, f| < ¢207Y for all ¢t > 0.

For every t > 0, let s, = t2=1/% 50, by (2.9), we have |H,, f| < t.

If|f] = 2t, then [f — Hy, f| = [f] = [Hs, f| = 1, s0

(1@ > 200) < g 1f ~ Hofl 20 <67 [ 1F = Hof Py
R
Using the pseudo-Poincaré inequality from Proposition 2.3.2, this implies that

thu ({|f ()] = 2t}) < CtrPs0 |V fII7.
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But from the choice of s;, and because # = %, we have tq_psf/ 2 = 1, so taking infimum

over t > 0, by the definition of the weak L? norm, we finally obtain (2.8).

Step 2. Here we will impose the additional assumption f € LY. As before, we can assume

by homogeneity that || f|| ;0/0-1) = 1, so we need to prove that

RN RN

Keeping with the notation above, for any ¢ > 0 we let s, = t2¢~1/% and so |H,, f| < t.

Using the cake layer representation theorem (see [68, Theorem 1.13]) we have
Q0
|t =50 [ (151 5t) agen. (2.13)
RN 0

Fix a constant ¢ > 4. Define the function

fe=(f =) ~lct) + (f+1)- v (—ct).

If | f(x)| = 5t, then either |f(z)| = |f(z)| —t, or | f| = ct. It then follows that (recall that

we required ¢ > 4)
{If1 = 5t} < {If] = 48},

and thus
0 0 ~
f (11> 5t) d(er) < f o (1F] > 4t) dgen). (2.14)
0 0
The triangle inequality implies that

.];_Hstf| + |H8t(f_f)| + |H5tf|
f=Hofl+ Ho(If = f) + 1,

where we used the convexity of the modulus function and the fact that |Hg, f| < ¢. It
follows that

{(fl =4ty < {If = Ho fl =t} O {H,, (] — f]) = 2t}.

Hence
Q0

f: ju: <!f\ = 425) d(t?) < Jo Uk <\f— Hstf\ > t> d(t9)
+ F e (o (1F = 11) = 2t) d(e).

0

(2.15)

We will estimate the two terms appearing on the right hand side of this inequality sepa-
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rately. Firstly,

. . f— H,, [P
w(1F =iz 0) < [ M=y,
RN tP
<crrs | VP d,
RN
where in the second line we used the pseudo-Poincaré inequality from Proposition 2.3.2.

We note that by the construction of f we have that Vif = Vif on t < |f| < (¢ + 1)t,
and Vi f = 0 otherwise. Consequently,

Q0 Q0
| (1F Iz ) de <€ 00| Speeenn VefP duden)
0 0 RN

If] 1
~Cq| vup | e
RN [f1/(c+1)

= Cqlog(c + 1)f Vi fIP dpu.
RN

Secondly, in order to estimate the second term appearing in (2.15), we first note that

|f - f| = ‘f - f’]l{|f|<(c+1)t} + ’f - f|]l{|f\>(c+1)t}
St+ |f|]1{|f\>(c+1)t}7

and using this we have

0¢]

N

JOO Hik <H5t(‘f:— fl) = Qt) d(t?) f

e (o (1L o) = £) 4)
0 J

oo
1 c
f L1 e+ s, (1)
]RN

[e=]

N
—

t

(&
o

|£1/(e+1)
=1 If] J qt"? dt dju
RN 0

_ 4 1 q
7(]_1(0"‘1)(171 J;RN’f’ d/*Lk‘

Putting these back in (2.15), and also using (2.14) and (2.13), we finally have

q 51
Tdp, < Cgb?1 1 Pd Tdpay.
[ i < Casttogtes ) |19+ B [ i

Choosing ¢ > 4 large enough so that ;’_iql < (¢ + 1)77! we obtain (2.12) for a constant
C>0.

Step 3. This is a technical step in which we remove the unnecessary assumption f e L?
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from the previous step. The proof also follows that of Step 2.

Let f e W'P(RY) and, as before, we can assume by homogeneity that || f]| zo/0-n = 1.
Fix also 0 < e < 1 and define |

(11> 5t) d(e7).

By the weak inequality (2.8) this is a finite quantity. Moreover, following the proof of
Step 2, we can bound this as

1/6 1
N(f) < Cqlog(c + 1)J Vi fIP dpu + f ;J |1 f15 ey dpe d(2?). (2.16)
RN € RN

We now estimate the second term on the right hand side of this inequality. Changing the
order of integration using Fubini’s theorem, we have

1/e 1
J 7 J | FILg 71> (1) A A(29)
€ RN

ey ve
_quN £ ]l{6<ci1<1/e}£ t dt+]1{c|£1>1/6}£ t172 dt | dpy,

_ q 1 ’f’q o Gq_1|f’ +1 |f| . 6q—1|f| d
G—1 Jo | t<frsia \(c3 1) AN ik

Using a similar method to the above, we also note that

meoﬂ>@+w0am

rl/e
= f L5 e+ ey dpu d(27)
J RN

r |£1/(c+1) 1/e
- N ]l{eg L <1/€}f d(tq) + ]l{(y{ll>1/e}J\ d(tQ) d/’Lk

_( 1 I —el)+1 l—eq d
Y tesafr<1/9 (c+ 1)1 h>1/a e Hk-

From these last two computations we can now deduce that

1/eq glc+1) [Ye
75 [ 1t duate) < S [ (1512 e 1r) g
¢ tJrw q—1 €

q Ifl  c+1 3
+ i—1 JRN ]I{C\fl>1/e} (E_ql T T + (c+ 1)eq — !f]eq dyur..
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We note also that

0 e}
J Mk<|f| = (c+ 1)t) dt = J L= eyt dpur i
1/e 1/e JRN

fl1
~| 1 2 ) dp.
JRN (Uh>1/e) (c+1 c )

Finally, these give

1/e 1
qg(c+1)
f —f | 1L 5 1y e A(27) < _J
€ t RN q — 1 .

c+1 (*
d f uk<\f\ > (c + 1)t> dt.
1/e

1/e
(1] = (e + 1)t) d(e9)
(2.17)

qg—1 et

At this point we use the definition of the weak norm ||-|| 4 a0d a change of variables to

obtain
1/e 5 q
q c+1
> (c+1 t) d(t9) < N, 1 ‘-
[ (1= e ne)aen < (25) Nan + o SE AL
and also
0 qul
> (c+1 t) dt < 7.
J, 12 e 1)t < e W
Using these in (2.17) and then (2.16), we have that
N.(f) < Caqlog(e + 1) [Vl + —— — 2 N.(1)
M k7 lp q—1(c+1)a1"°
q 1 c+1 1
1 — ‘.
RES Y= (q 08 —¢ +q_1)Hqu,w

From Step 1 we know that || f|, ,, < o0, and from our assumption we have ||V f]|, < .
Thus, by choosing ¢ large enough (independent of €), we have N.(f) < co. Therefore,
taking the limit € — 0, this implies that [|f||, < 0. We have now reduced the problem
to Step 2, so the proof is complete. n

We can show that the inequality of Theorem 2.3.1 implies the classical Sobolev and

Gagliardo-Nirenberg inequalities, but first we need the following ultracontractivity result.

Proposition 2.3.5. Let 1 < p < ow0. Then, there exists a constant C' > 0 such that for
any f € LP(uy) and for any t > 0, we have

1Heflle < CHETHRRY £
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Proof. Firstly, if f € L'(u), then, using the bounds on the Dunkl heat kernel from
Proposition 1.6.5, we deduce that

1
H@ < | | G ) dy = Ce N |

for a constant C' > 0 that does not depend on ¢. Thus the Proposition holds true for
p=1
On the other hand, if f € L®(yuy), then, using the fact that {3y hi(z,y)wi(y)dy = 1 for

any = € RV, we have

[Hef ()] < [ £l
so the Proposition holds true in the case p = o0.

The general case then follows by interpolation, using the Riesz-Thorin Theorem (see for
example Theorem 1.1.5 in [25]). O

Using this result we are now ready to present the classic Sobolev and Gagliardo-Nirenberg

inequalities.

Corollary 2.3.6 (Sobolev inequality). Let 1 < p < max{2, N + 2v} and define q¢ =

%JITZZ_Q. Then, for any f € C*(RY), we have the inequality

1Al < CNVRAl,

where C > 0 1s a constant.

Proof. Let 0 = § = NN%Z;I’. By Proposition 2.3.5 we have
—(2v+N)/2
1H, fll,, < Ot @ raig]

so, by the definition of the Besov norm, we deduce that

1l gz < £l -
We note that # = —W = —% so Theorem 2.3.1 gives
0 1-6
1Al < CUVRAL AL

from which the Sobolev inequality follows immediately. O

Corollary 2.3.7 (Gagliardo-Nirenberg inequality). Let 1 < p < ¢ < o0 such that also
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p < 2, and define —~—— =

TN ]lo - é. Then, for any f € CX(RY), we have the inequality

£l < C IR | £

Proof. This follows from Theorem 2.3.1 as above since § = § and % = —%. O]

2.4 ESTIMATES OF THE BEST CONSTANT

In this section we provide estimates for the best constant in the Dunkl Sobolev inequality,

i.e., we study

171l

Cps :=sup ———

IVifll,

where the supremum is considered over all non-zero functions in C}(RY). From Lemma

2.1.2 we see that
1£1l, _ 1£1l,

IViflly ~ IV

so we can obtain estimates by comparison to the optimal constant in the Sobolev inequal-

ity in the weighted space L?(py) but with usual gradient V. More precisely, consider the
inequality
1£1l, < Ces V£,
with optimal constant, i.e.,
/1l
IVl

From the observation above we see straight away that

Ceog := sup

Cps < Ces.

In what follows we will find the precise value of Ccg by first proving an isoperimetric
inequality for the weighted measure on Weyl chambers, and then obtaining a rearrange-
ment inequality using a general result of Talenti [98] for weighted measures. This will
provide the upper estimate of Cpg. For the lower estimate, we compute the supremum in
the definition of C'pg but over all radial functions. We end the section with a conjecture,

that the supremum is actually achieved for a radial function.

The main result is the following:

Theorem 2.4.1. With the same notation as above, we have

1
|G| ™2 Ces < Cps < Ces.
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More precisely, we have

( 2 )1/2'li T(N + 27) ]N+2
(N +29)(N + 2y —2) M T((N +2v)/2)

2 )1/2. l@ T(N +2y) ™%
(N +29)(N + 2y —2) M, T((N +2v)/2)

<CDS<(

2.4.1 ISOPERIMETRIC INEQUALITY

For a bounded Lipschitz domain A < RY we define

p(A) = L wn(e) doa).

where o is the surface measure on dA. The aim of this subsection is to prove the following

isoperimetric inequality.

Theorem 2.4.2 (Isoperimetric inequality). Let Q < RY be a bounded Lipschitz domain.
Then we have the inequality

()T < Cp(9),

JR T
for a constant C' = %, where ¢ € E is such that RN is a Weyl chamber,
1

By = {|z| < 1} and B = B; nRY.

Proof. First assume that ) is contained in a Weyl chamber RY for some ¢ € E. Moreover,
since €2 is a Lipschitz domain, it can be approximated by smooth domains that also
approximate the perimeter and area (see, for example, [29]), so we can assume further

that Q < RY. We start by considering the Neumann problem

w, 'V (wpVu) =c  in Q
du _ 1 on 052,

5 =

(2.18)

where v is outward normal to the boundary of €2, and ¢ is a constant. If the equation has

a solution v € H'(Q), then, by the divergence theorem, we must have

0
f V- (wpVu)de = f wk—uda(:v),
Q oq OV
SO ¢ = 5:(%)). Conversely, if ¢ = Zf?ﬂ))’ then the general theory of elliptic equations tells

us that the problem has a unique solution v € H'(2) (up to a constant). Moreover, by

49



the assumption on €2 at the beginning of the proof, the operator

2k
wi 'V - (wpVu) = Au + Z —{a, Vu) (2.19)

OCER+ <O{7 x>

is uniformly elliptic on €. Thus, by the regularity theory, the solution u is smooth.

Consider the set
[, :={reQ:uly) —ulr) = Vu(x) - (y —z) for all y € Q}.

Geometrically, this is the set of all points x for which the graph of u lies entirely above

the tangent hyperplane at x. Consider also the set
I :={r el :sgn({a, Vu(z))) = €(o) for all v € R, }.

We will show that B  Vu(T¢). Indeed, take ¢ € BS, and consider the point x € Q for
which

min (u(y) —¢-y) = u(z) = (- .

yefd
If z € 02, then
ou(x) .. u(zr—hv)—u(x)
= —1’%1 — <C-v<|( <1,

which contradicts the boundary condition. So x € 2 and so, by definition, x € I',. Also,

being a minimum of the function u(y) — ¢ - y, by taking gradient we have
Vu(z) = C.

Since ¢ € Bf, this shows that x € I'¢, and consequently Bf < Vu(I)).

This implies that

pi(BY) < J wg(z) de.
Vu(Il's,)

Using the change of variables y = (Vu)™!(x) (notice that by definition Vu is injective on

I',), we have

j wy(z) dz = f wi(Vu(y)) det (H (1) (y))] dy.
Vu(Ts) r

€
u

Here H(u) is the Hessian matrix of u, i.e.,

o*u
H(u) = <8xial’j)1<i,jsN.

Denote by Ai(y), ..., An(z) the eigenvalues of H(u)(y). Then the Jacobian factor can
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also be written as

det(H (u)(y))| = M(y) - An(y)-

Before moving to the next step, we note that the Hessian matrix is positive-semidefinite

on I',. Indeed, assume that for some z € I',, there exists a vector v € R such that
o' - H(u)(x) -v < 0.

By continuity of H(u), there exists 7 > 0 such that the same holds over a small ball
By, (x) € Q, ie.,
ol H(u)(y) v <0 for all y € By,.(z). (2.20)

By the mean value theorem, there exists 6 € (0, 1) such that
u(z +rv) —u(z) = rVu(z) v + v’ - H(u)(x + 0rv) - v.
By (2.20) we have
u(x + rv) —u(x) < rVu(z) - v,

contradicting the fact that z € T',. Therefore H(u)(x) is positive-semidefinite and so
/\1(1’), ceey >\N<JZ) = 0.

Applying the weighted mean value inequality in the above, we have

r

1ux(B1) < ] wi(Vu(y))|det(H (u)(y)| dy

4

[ OTT(222) ) At ay

T, a€Ry <Oé,x>

(1 [ 5 op, (0 Vuls) o

N

v (N T 29 oz T M)+ -+ An(y) dpr(y).

a€R+

We note that
M(y) + -+ An(y) = Tr(H (u)(y)) = Au(y),

so using (2.19) we have obtained

m(B) < | e )Y e 0] )

N+2y (2.21)
_ [ 4L
SN2y o)t .

To conclude the proof, we note that the function u(z) = 1[z|? solves the Neumann
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problem (2.18) in Bf with constant ¢ = N + 27. Due to our observation that the

Neumann problem has a solution if and only if ¢ = 2 k(%), we have that

= N +2y. (2.22)

Thus, (2.21) implies that

pB)  _ p(®)
pe(BOYTTE Q)

)

which is what we wanted to prove.

Before we consider the case of general domain (2, we make some observations about
the constant that appears in this inequality. The reflection group associated to the root
system R acts transitively on the set of Weyl chambers, i.e., for any H, H' Weyl chambers,
there exists g € G such that gH = H'. With a change of variables gx = y, this shows
that

p(H n By) = p(H' n By).

This, together with equation (2.22), shows that the constant

p(H M B1>
pe(H o By)' v

does not depend on the choice of the Weyl chamber H.

For general €2, let Qg = Q2 n H for each Weyl chamber H. The subscript H in the sums
below will mean that the sum is taken over all Weyl chambers H. Since the sets Qg

intersect only along the boundary, and Q = Um, it is clear that
H

() = ) ().
H
Moreover, because wy(z) = 0 for any x € 0Qx\0S2, then we also have
p(2) = ZP(QH)
H

Consequently, we have

L () (2.23)

u(Q)TTE T (Qy)

Indeed, if this were not true, then for any Weyl chamber H’ for which p(Qy/) # 0 and
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e (Qpr) # 0, we have

o) (Sm@n\ T Y (@)

R
()

< <
p(Qpr) ()

By taking the power —1 and summing over all the Weyl chambers H’, we obtain a
contradiction. Therefore, it is enough to prove the inequality for {2y where H realises the

minimum of the expression in (2.23), which was done in the first part of the proof. [

In the next step we will obtain a rearrangement inequality as a consequence of the isoperi-

metric inequality discussed above. Before this, we need to introduce some defintions.

Fix a Weyl chamber RY. For any measurable subset Q < @, we define its rearrangement
to be the set
Q* = B,(0) nRY,

where B,(0) is the ball of radius r centred at the origin, and r > 0 is such that
p(27) = g (€2).

For any measurable function f : ]R_év — C, we define its symmetric decreasing rearrange-
ment f* :@ — [0, 0) by

o0
ff(x) = J Lg% (x)dt.
0
The function f* is radial and decreasing, and it satisfies the property

pe{z e RY ¢ [f(2)| > t}) = m({z e RY : f*(2) > t}),

for every t > 0. As a consequence, we have

f |f|pduk=f P dua,
RN RN

for any p > 1.

The main result of Talenti [98] then implies the following rearrangement inequality.

Proposition 2.4.3. Let 1 < p < o, and let H = RY be a Weyl chamber. For any
fe WY (H), we have the inequality

[ wrrans [ 9.
RN RY
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Indeed, the result in [98] proves a general rearrangement inequality on a subset of the
Euclidean space with a weighted measure, as long as an isoperimetric inequality holds.
Moreover, when equality in the isoperimetric inequality is given by balls, then the rear-

rangement function is radial.

Another consequence of Theorem 2.4.2 is the Sobolev inequality for the usual gradient
V on the space weighted space L?(ju). It is a classical fact that the sharp isoperimetric
inequality is equivalent to the sharp Sobolev inequality for Vf € L!. The proof of this
equivalence is done through the co-area formula, see [76] for details. The general case,
with V f € LP, follows by taking | f|*, for a suitable a, in the L' result.

p(N+27)

Proposition 2.4.4. Let RY be a Weyl chamber. Let 1 < p < N + 2y and q = Ntz

Then there exists a constant C > 0 such that for any f € C}(RN) we have

1/q 1/p
(f |f|qduk) <OU er|pduk> . (2.24)
RN RN

2.4.2 SHARP CONSTANTS

Before we prove the main result, we need some information about the best constants that

appear in the Sobolev inequality from Proposition 2.4.4, so we first compute

<SR£’ |f|q dﬂk) v

(Gex 191 )"

Cw = sup

The choice of Weyl chamber RY in this definition does not matter because we can obtain
any Weyl chamber from another one through an element g of the reflection group G.
Firstly, it is clear that it is enough to consider only non-negative functions f because
replacing f by |f| leaves the quotient in the definition of Cy invariant. By Proposition
2.4.3, and since S]RQ’ fadpy, = SRé\,(f*)q dyui,, we have

(e brtrin) ™ (S el ) ™

(SIRgV V[P d,uk)l/p - (SR?, IV fx|p duk> 1/p

But for f radial, say f(z) = g(|z|), where g : R, — R, we have

X

Vi) = =g (),

||

o4



so, using polar coordinates, we can compute

1/q
(SRgV 1 dﬂk) (SSO g(r)arN+2-1 dr) g

— p(BS)i > . (2.25)
(5o 1971 t)” (& wprean™
We have thus reduced the problem to maximising the functional
0 l/q
(J g(r)trN 3t dr)
J(g) = =D (2.26)

0 1/p’
([ 1wmperar)
0

But this problem was studied by Talenti in [97], where he obtained that

— l/p/ _N-&Z'\/
s < e (=) e (PR T e
Y—P p p p

where B is the beta function and p’ is the conjugate of p, i.e., = + }% = 1. Equality is

1
p
achieved for functions of the form

1 N+2y

o(r) = (a+ b?“pl) v (2.28)

where a,b > 0.
Recall that we have
M,

2 ()

p(Bl) =

where M), is the Macdonald-Mehta constant. Moreover, by a change of variables we can
see that p(B{) does not depend on the Weyl chamber, and since the number of Weyl

chambers is equal to the order of the reflection group G, it follows that
(Bf) = op(B)
p 1) — ‘G‘p 1)

Therefore, combining (2.25) and (2.27), we obtain the value of the best constant in the

Sobolev inequality (2.24); this is summarised in the following result.

P(N+2v)

Proposition 2.4.5. Let RY be a Weyl chamber. Let 1 <p < N + 2v, and q = Ntz
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Then the best constant in the Sobolev inequality (2.24) is given by

1 p—1 Y

(275G TV + 29)T((V +29)/2) e
M, F((N + 2’)/)/p)I‘((N + 2’)/)/17’)

Remark. This generalises the results of [15] where the authors consider the weighted
Sobolev inequality with monomial weight |z1]|41 ... |x;|4; this corresponds to the Dunkl
weight with root system R = {ey,...,¢;}, where 1 <1 < N and ey, ..., ey is the standard

basis of RY.

We now turn to the Sobolev inequality on the whole space RY, which follows from the

above.

e — p(N+2y)
Proposition 2.4.6. Let 1 <p < N +2v and g = Ntz

Ccs > 0 such that for any f e CP(RY), we have the inequality

Then there exists a constant

11, < Ces V£, (2.29)

Moreover, the sharp constant Ccg satisfies
Cos = Cw,

with equality if and only if f is supported on the closure of a Weyl chamber, where it
takes the form (2.28).

Proof. Fix f e C*(R") and for any Weyl chamber H let f| 5 denote the restriction of f
to H. From the Sobolev inequality applied on each Weyl chamber, we have

£l = (; nyHng) ; < Cy (; HVf\HHZ>

Now we apply the inequality ||y|| Iy S ||y||lp which holds on finite dimensional spaces since
p < ¢, with equality if and only if y = (0,...,0,1,0,...,0). It follows that

1/q

1/p
I£1l, < Cw (Z IIVf!HHi) = Cw IVfll,-

This proves that the Sobolev inequality (2.29) holds, and also that Ccs < Cy. Moreover,
following the proof backwards we see that equality does hold if and only if f is supported
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on H for some Weyl chamber H, and we have equality in the corresponding Weyl chamber

inequality, i.e.,
2y

F(z) = (a+ baf) > Vo e H,

for some a,b > 0. O

Remark. In view of Lemma 2.1.2, this result for p = 2 provides yet another proof of
Theorem 2.2.2.

We now specialise to the case p = 2. This limitation comes from the fact that we rely on
the Dirichlet form method and Lemma 2.1.2. It remains an open question to prove the
inequality

IV, < IVifI,
for p # 2. If this holds, then the estimates below generalise immediately.

We are now ready to prove the main result.

Proof of Theorem 2.4.1. The upper bound follows immediately from the above, using

Lemma 2.1.2. Indeed, we have

171, _ W1,
1Vl = IV A1

and taking supremum on both sides we obtain Cps < Cpg. In the case p = 2 the value

of Cy, simplifies and we have indeed

ma)

Cos = Cw = ((N+27)(N+2fy—2 My T((N + 27)/2

For the lower bound, we note that

- 11, _
£ radial | Vi flly

DS-

The left hand side can be computed as above, making use of the functional (2.26) and

Talenti’s result. We obtain

ap Wl ( 2 R
S [Vefll, ~ \(N+29)(N + 27— 2) MT(N+29)/2)|

This completes the proof. O

Remark. If we could show that a maximiser exists for the optimal constant problem,
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then from the proof above we deduce that

ODS < Ccs.

Considering the above remark, as well as computations in the one dimensional case, we

propose the following conjecture.

Conjecture 2.4.7. The optimal constant in the Sobolev inequality for Dunkl operators

1s achieved by radial functions, so

Chs = |G|” %% Ces.
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HARDY INEQUALITIES

The classical Hardy inequality

(N=2?2( S
JRN IV f*dz = 1 JR dz

v [af?

is one of the most important results in analysis. It has seen an incredible development
from its beginnings in Hardy’s papers, having been refined and extended to various set-

tings; see [11], [81], [27] and references therein for an overview of the topic.

Here we begin a systematic study of Hardy’s inequality and its variants for Dunkl op-
erators. As far as we can see, Hardy type inequalities for Dunkl operators have not
been explicitly studied. In [46], the authors proved a Pitt’s inequality which implies the
Hardy’s inequality for fractional powers of the Dunkl laplacian. In [17], the ground state
representation method was used to obtain Hardy’s inequality for fractional powers of the
Dunkl-Hermite operators. Finally, in [48] the authors prove a Hardy-Rellich inequality
for Dunkl operators on a Lizorkin space with sharp constant, a particular case of this is

the sharp L? Hardy inequality on the Lizorkin space.

Apart from the classical Hardy’s inequality with sharp constant, we also study in this
chapter LP inequalities which hold for small coefficients 7. As in the classical case, the
sharp constant in the Hardy inequality is not achieved and we prove here an improved
Hardy inequality using a method based on spherical h-harmonics. Two Hardy-type in-
equalities are also discussed, the Rellich inequality (with sharp constant), and a special
case of the Caffarelli-Kohn-Nirenberg inequality. More background on these variants is

given in each corresponding section.
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The chapter is organised as follows. In section 3.1 we discuss the L” Hardy inequality;
for general p we obtain this inequality for small ~, while in the case p = 2 we obtain the
L? Hardy inequality for the full range of . In section 3.2 we prove the Hardy inequality
for fractional Dunkl laplacian. In section 3.3 we prove an improved Hardy inequality and
as a corollary we deduce the Poincaré inequality for Dunkl operators. Finally, section 3.4
contains two Hardy-type results: the Rellich inequality and the Caffarelli-Kohn-Nirenberg

inequality.

3.1 LP HARDY INEQUALITY

In this section we study general P Hardy inequalities for Dunkl operators. Firstly we
prove two Hardy-type inequalities in the weighted spaces LP(uy), for the usual gradient
and the Dunkl gradient. Using this inequality, we obtain the L? inequality for a restricted
range of p. In the particular case p = 2 we are able to improve on this method by using
a stronger estimate, and so we finally prove the L? Hardy inequality for Dunkl operators

in full generality.

We begin with the following Hardy-type inequalities.

Theorem 3.1.1. Let 1 < p < 0. Then, for any f € C*(RY) we have the inequality

N +29\”
f - VAP duy > < 7) f 1P dpa. (3.1)
RN p RN
If, in addition, we have p < @, then we also have
2
N + 2y —2py\”
[l v am = (FEZE2Y [ ppage (52
RN p RN

for all f e C*(RY).

Proof. We first note that

N N
Ti(a;) =Y. (1 + )] kaaf> = N +2y.
i=1

aceR

=1 7
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Thus, we have
(V+29) |1 2 f () £ dys

= —;fRN i Ti([f[7) dpu,

L (W 3kt <a|£>(%)‘>d“’“

O(€R+

- f P2 Vdu - Y ka j F@)P — | (00z) ) dg

acR RN

Note that by a change of variables y = o,x, we have

|, 1P i) = [ 1P ).

SO

(N +27) JRN |fIP dpw = —pJRN fIfIP~22 - V f dp.

By Holder’s inequality with exponents z% and p, we have

[ e vran ([ ran) T ([ e varan)
RN RN RN
Combining this inequality with (3.3), we obtain (3.1).

On the other hand, going back to (3.3), we have

V) [ AP = [ AP Vs di
0 X ko [ SIS ) - flow) din

OCER+

- f JUP 22 Vof dug + f e

b X e [ )00 S0P

acR
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By Holder’s inequality with exponents ﬁ and p, we have

p—1

- [ r@seais@ran < ([ o) " ([ rearas)’

= J ’f’pdﬂlm
RN

where in the last step we used a change of variables. Thus, going back to the computations

above, we now have

(V29 -2) [P s —p [ S0 s d
RN RN
and as before, using Holder’s inequality, we obtain (3.2). m

From this inequality we easily obtain an LP Hardy inequality for a restricted range of p.

Theorem 3.1.2. Let 1 <p < ]fr;;’ Then, for any f € CX(RY), we have the inequality

N +2y —2py —p\* P
f Vi f[P du, = < T p> J ﬁd,uk.
RN p ry 2P
Proof. This follows by taking ﬁ in (3.2). Indeed, we have
N +2vy—2
N+2y=2py| | < ||z -V, (i) ' (3.5)
p j=[l,, = /1],
By the Leibniz rule we have
1 x
Vi <i) = —=Vil =[5
[/ x| |z]
SO ; ;
z - Vy (—) < Vi fll, + H— . (3.6)
= /1l =,
Thus, combining (3.5) and (3.6), we obtain the desired L? Hardy inequality. O]

We obtained this L Hardy inequality through the Hardy-type inequality (3.2), which in
turn relies on an estimate based on the Hoélder’s inequality of the term containing the
difference f(x) — f(onx) in (3.4). A better result can be obtained in the case p = 2
by relying instead on the Hardy-type inequality (3.1) for the usual gradient, and the

Dirichlet form estimate
IVElly < (IVeflly
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from Lemma 2.1.2. Using this approach, we can obtain the L? Hardy inequality without

any restrictions on +y.

Theorem 3.1.3. Assume N+2v > 2. Then, for any f € C*(RY), we have the inequality

N 42y —2\? 2
J Vi ? dpue = (—7 ) f ﬂduk,
RN R

2 N ’l”Q

where the constant is sharp.

Proof. We proceed similarly to the proof of the previous Theorem, but now we take %‘

in inequality (3.1) instead. We have

N+2y\f f f
L < v (5] <womm |4
=] [ /1] =[]
Thus N 49 2 f
+2y —
——— IT7ll S IVl < [IVeflly,
2 ERIP
where we used Lemma 2.1.2.
To check that the constant W is sharp we consider, for each n = 1, 2,.. ., the radial
function f,(x) = h,(|z|), where
L ifr<i1
hp(r) =<3
Lypenifp > 1,
Cn
where ¢,, = —% — % Then we have
a0
\V/ - 2 d h;‘ r 27,,N+2'yfl dr "
(AT KA s ey
2 [ B n 4
f(l’g d,uk J hn(r)QrN-i-Q*y—S dr é <ﬁ27 + 5)
Ry |7 0
as n — o0, [

Remark. As mentioned above, we were able to prove the Hardy inequality in case p = 2
for the full range N + 2y > 2 because we replaced a Holder inequality estimate for

difference terms by the stronger estimate of Lemma 2.1.2. If we have in general

VAL < IVefll,

then the same method applies to obtain LP Hardy inequality in full generality for 1 <
p <N + 2.
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3.2 HARDY INEQUALITY FOR FRACTIONAL LAPLACIAN

In this short section we prove the Hardy inequality for fractional laplacian using the Pitt’s
inequality. In particular, we obtain a new proof of the L? Hardy inequality from Theorem
3.1.3.

We can define the fractional Dunkl laplacian (—Ag)® for s > 0 using Dunkl transform by

the formula

Di((=Ak)*f)(€) = [E*Di(f) ()

The main result of this section is the following Hardy inequality for the fractional laplacian
(—Ag)".
Theorem 3.2.1. For all0 < s < % and all f € S(RY) we have

2
owr [ IO < [ a0

with sharp constant given by

JSGIN2 4y +5))

) = Ny =)

This will follow easily from the following Pitt’s inequality.

Proposition 3.2.2 ([46]). Let 0 < s < % Then, for all g € S(RY), the following
inequality holds
() ||l Drla) ()], < l=l*g(@)]l,

with sharp constant C(s) given by (3.7).
Proof of Theorem 3.2.1. The Hardy inequality for fractional laplacian is essentially a

rewriting of Pitt’s inequality. Indeed, let f = D(g), then by Proposition 3.2.2 it follows
that

s) 121 £ll, < [IEFD N, = NEFPL(AHI, -
Here in the last step we used the property that D, '(f)(€) = Di(f)(—£) and a change of

variables ¢ — —¢£. But, by Plancherel’s formula

NEFDL(F)ENy = | Pel(=20) 21|, = [|(=20)72f],-

Thus, we have obtained that

T 2
cor [ T@F 4, < [ s

N ‘IPS
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as required. O

In the particular case s = 1, we obtain the classical L? Hardy inequality for Dunkl oper-
ators from Theorem 3.1.3. To see that this inequality does indeed follow from Theorem
3.2.1 it is enough to check that

f Vi f P duy = f (—A)Y P du.
RN N

R

By Plancherel’s formula and the definition of fractional laplacian, we obtain

| a0 2R = | DA DR (@) = | PPN sl
- | P20 D dn© =~ | At T = [ VesF

RN

where in the end we used integration by parts.

3.3 IMPROVED HARDY’S INEQUALITIES

It is a well known fact that the best constant in the classical Hardy inequality is not
achieved, i.e., there is no f # 0 such that

s (N —2) f?
fRN VI = 4 JRN ||

Based on this observation, improved Hardy inequalities were proved, where the error

in the classical Hardy inequality is bounded from below, usually by a term involving a

suitable potential V. More precisely, inequalities of the following form are studied

(N-=2?2( f
L |V f|? dz — ) o Tal? dz > L V| f? da. (3.8)

The first such result was proved by Brezis and Vazquez in [14] where it was used in the
study of singular extremal solutions of a semilinear elliptic equation. In that paper the
above inequality is proved for constant potential V' that depends on the domain 2. The
proof is based on a symmetrisation argument. However, the authors noticed that even
in this case the best constant is not achieved, so they posed the question of whether
the improvement appearing on the right hand side of inequality (3.8) is just the first
term of a series. This was answered positively by Filippas and Tertikas in [40], where
such a construction can be found. Similar improved inequalities have also been found for

other Hardy type inequalities, for example Hardy inequality on domains, with weights
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depending on the distance to the boundary.

In this section we will prove an improved Hardy’s inequality for Dunkl operators using a

method similar to [40] based on spherical h-harmonics.

Theorem 3.3.1. Let X(t) = (1 —logt)™!. Let Q = RY be a bounded domain with

d = sup |z|. Then there exists a constant C > 0 such that, for any f € C°(2) we have
e
the inequality

N +2y—2)2 2
JQ [‘ka|2_( +Z ) |£‘2]dukZC(JQ’f‘qX1+q/2(‘ ’)d,uk) :

2(N+27)
NA+2vy-2

where q = 1s the Sobolev coefficient.

We will need the following Lemma, which is itself a weighted Hardy inequality in one
dimension. For a comprehensive treatment of such inequalities, see [81] and [76]. The

following Lemma is a direct consequence of Theorem 1.3.2/3 in [76].

Lemma 3.3.2. Let ¢ = 2 and 6 > 0. Then there exists a constant C > 0 such that the
following inequality holds for all g € C§°(0, )

5 | % 2/11
f tlg (t)|*dt = ( gt (—) dt) :
0

Proof of Theorem 3.3.1. We note first that it is enough to prove the result in the case

when € is the ball Bs of radius ¢ centred at the origin. Indeed, for a general 2 we have

Q) © By, so the result for Bs implies in particular the inequality for €.

Consider the h-harmonic expansion of a function f € L?(uyz)

The functions f, ;, given by (1.11), are defined on R, but with a slight abuse of notation
we will also see them as radial functions on RY by identifying f,;(z) = f,.(|z|). Using

the formula (1.10) for the Dunkl laplacian, we have

2
frkaﬁduk:—f fAkfduk:—f f[afﬂv”” L L nof [ du
Q Q Q T

or? T or

Using the orthogonality of the h-harmonics {Y;"}, as well as the fact that Y* are eigen-
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functions of the operator Ay, with eigenvalues )\, it follows that

L Vi f|? dpuk
o dn) a§
) ZZJ 20+ S 00+ g 0| P
oo d(n)

-y f lfm( JAkfnilw) + A%] o

n=0 i=1 Y0

o d(n) 5 2
2 n,z(z)
S J [|kam-(x)\ T ]dx.

n=0 j=1 Y0

—~ o

Let A := (W) denote the Hardy inequality constant. From the above, we have

oo d(n)
L [ka\Q— ]dﬂk Z Z[nh

n=0 i=1

where

Im' = f |:’kan,2|2 (A + A )#] d,uk
o ]

When n > 0, it can be checked by rearranging the terms that Hardy’s inequality implies

An s\ Ju
> ’VL’L

the following

Thus, we have that

Z Inz Cl 2

n=1i=1 n=1 i=1

d(n) d(n)

f [’kanz|2 "z |2]duk le Vi(f = fo) P due,  (3.9)

An . : )
where €| = min > (. Using the Sobolev inequality, we have that

n=l A\, — A
2/q
J ’Vk(f - fO,l)‘Qdﬂk = O <J |f - f0,1|qd,uk>
Q Q

1+¢/2 || 2
- G, <J9|f—fo,1|qx q <T) duk> o 310)

for a constant C5 > 0. Here, in the second inequality, we used the fact that X is bounded

above by 1.
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When n = 0, we have that d(0) = 1 and Ay = 0, so

f
Io, = f l|kao,1’2 - 0; d .
a ||
Let u(r) = rV+2=2/2f | so after an easy computation we find that

1= L [~ IO (N + 2y = 2u(la ) (|o]) + [l (J2])*] dpan(@).

Using polar coordinates we then have

I, = p(B1)J [ (N 4 2y — 2)u(r)u'(r) + ru/(r)*] dr = P(B1)J ru(r)? dr,

0 0

where p(B;) = §ov_1 wi(0) do(0), and in the last equality we used the fact that u(0) =
u(d) = 0. Applying Lemma 3.3.2, this implies

/a
|ul® 1+q/2 :
log = p(B1)Cs <J0 . —X <5> dr
1-2 11qs2 (7] 2
— p(B1) - /qC’3 <J |f0’1|‘1X +q/ (7> dﬂk> . (311)
Q

Finally, from (3.9) we obtain
f2
f [\ka|2 T |2] dpe = Iox + CIJ|Vk [ = for)? dp
2/q
o ([sxmese )

for a constant C' > 0, where in the last line we used (3.10), (3.11), and the triangle
inequality in the space L9(py). O

The following Corollary, which is a Dunkl equivalent of the original result of Brezis
and Vazquez, is very important because it establishes a Poincaré inequality for Dunkl

operators.

Corollary 3.3.3. Let Q < RY be a bounded domain. Then there exists a constant
C(Q) > 0 such that for any f € CF(Q) we have the inequality

(N+2y—2) [ f?
4 0 ]x|2

J Vi f1? dpe =
Q

Proof. This follows from the previous Theorem and Hoélder’s inequality applied to the
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function fZXH% € L2 and X7 e [a/(a-2) -

Corollary 3.3.4 (Poincaré inequality). Let Q < RY be a bounded domain. Then there
ezists a constant C'(2) > 0 such that for any f € CF(2) we have the inequality

[ vt ane = @) [ 2 dm.
Q Q

3.4 OTHER HARDY-TYPE INEQUALITIES

In this section we present two results closely related to the Hardy inequality: the Rellich

inequality and a Caffarelli-Kohn-Nirenberg inequality.

3.4.1 THE RELLICH INEQUALITY

This classical inequality, first proved by Rellich in [82] (see also [83]), states that for all
f e C*(RM\{0}) we have

duk?

. NAN a2 [ f?
fRNIAfIdD - f

1 N |ZE|4
where the constant is sharp.

Here we prove the Dunkl analogue of this inequality. Our proof below uses the method of
spherical h-harmonics already employed above to obtain an improved Hardy inequality,

and it is similar in style to the original proof of Rellich.

Theorem 3.4.1 (Rellich inequality). Suppose that N + 2y # 2. Then, for any f €
CP(RM\{0}), we have the inequality

[ i QP e gy g
RN )

16 N ]x]‘*

The constant in this inequality is sharp.

Proof. Consider the expansion of f in terms of spherical h-harmonics

o d(n)
OEDIPI NI ]
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We then have

o d(n) _
Buf@) = 3 % [0+ TR0+ 22 40 | Y00

In order to simplify the computations below, we introduce the notation N := N + 2v.

Thus, from the orthogonality properties of {Y,,;} we have

2

w dn) Ao ~ B
[L@ran= 33 [ e+ Xm0 + o] A

n=0 i=1

Expanding the brackets and computing the terms containing products of mixed deriva-

tives using integration by parts (recall that f,; has compact support away from 0), we

have
o d(n) . _
[ @erram = 55 [ [ ™+ (3 - 20, - (7,02
RN n=0 i=1
(A — 2(N — 4)) fi’irﬁ_5] dr.
Fix now some n = 0,1,..., and some i = 1,...,d(n), and define
9ni = T(N_4)/2fni‘

To simplify notation, let u = f,,; and v = g, ;; let also ¢ = N — 2\, — 1. We then have

UI(T) _ 4— N?”(2 N)/2 v _|_,r,(4 N)/QU/

2 (3.12)
U”(T) _ N)T_N/Qv-i- (4_N> (2—N)/2 ,-f-?”( N)/2v//.

Thus, using these relations and integrating by parts the terms involving mixed products
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of derivatives of v, we have

fao [(f” )2V 4 (N =20, — 1)(/f i)zrﬁ_ﬂ dr = [(u”)Qrﬁ_1 + c(u/)QTN_S]QdT

n,t n,
0

< [orre - o s S (BT e

0

2 2
Y NL(Q —N) r+2(4 N)v’v”ﬁ] dr
[ s (cs =TLTY g G2 (RNE LY ]
_Nu-Ny foo v dr
16 0

It then follows that
00 _ o — o —
f ((fr N (N =20 = D)(fn)2 V2 + XA — 2(N — 4)) f2 7V 2) dr

n,i n,
0

_2 R
N (4—N)? (* ®©
> —( ) J Vir tdr + J [(U”)2r3 + A(W')?r + BUQ’I“_I] dr,

where
1 — — 1 — .
A:§(N—2) +1—2)\n=2n(n+N—2)+§(N—2) +1
— 4 — N)? — — N —
B:An(An—2(N—4))—An%:n(n+N—2)[n(n+N—2) §(N 4.

It is then clear that A > 0 for all n = 0, 1, ... without any restrictions on N, whilst B > 0
for all n as long as N # 2 (which is why we made this assumption). Finally, we have

obtained

[ @ -2 - ey W*3+An<xn—2<ﬁ—4>> 2 N 5) ar

0 TL,’L n,t
N4 -N) [~
>¥J 1)27“_1(17"— f fmr S dr.
16 0

Adding these up for alln = 0,1,... and i = 1,...,d(n), from the above, and reconstruct-
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ing f back from its spherical h-harmonics components, we have obtained that

(N+27)2(N+27—4)2f f?

Apf)? dpg =
JRN( of ) ik 16 MPE

d:uku

as required.

To check that the constant is sharp we can use a similar example as in the classical case.
= hn(|z|), where

More precisely, for n = 3,4... let f,(z) = |z|*~

0 ifr<l1

hy :[0,0) — [0,1] issuch that h,(r)=<1 if2<

with derivatives satisfying

Co

C
Hl< 2 and <2

for some constants ¢;,co > 0 (an explicit such h, can be found in [83]). Then we can

compute
N +29)3(N + 2y —4)? (> 1
f IkanIQduk=C1+p(B1)( ) (16 ! )f —dr
RN 2 T
and
2 2n
J —n4duk=CQ+p(Bl)f —d?”,
RN |7 2 T

where C and C5 can be bounded by constants that do not depend on n. Thus

2
Jou I e 2y

lim =

n—om 2 16
J T dpe
R

e

3.4.2 THE CAFFARELLI-KOHN-NIRENBERG INEQUALITY

The Caffarelli-Kohn-Nirenberg inequality [16] is
[ P ) <o [ VI ) [ 117 0\
RN [P = ey Jafe RN |]e '
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In [16] necessary and sufficient conditions on the parameters p, ¢, 7, a, b, ¢, are given for
which the above inequality holds for all f € C*(R"). We prove here the Dunkl analogue
of a particular case of this inequality, corresponding to the values » = 2 and # = 1. In this
special case the inequality was known before the work of Caffarelli, Kohn and Nirenberg,
see for example [59], and it it sometimes known as the Hardy-Sobolev inequality as it
generalises both these results (which correspond to the values a = 0, b = 0, and a = 0,
b = 1, respectively). Best constants are also known, see [76, Corollary 4.8]. Our proof
below is inspired by the method of [45].

Theorem 3.4.2. Leta<b<a+1andp= %;

Then, for any f € C(RY) we have the inequality

Vi | J PN
du, = C, d ,
J]RN |$|2a Mk C,b N |$|pb Mk

where Cyp > 0 is a constant.

and suppose that a < W

Proof. The strategy of the proof is to establish the inequality in the end cases b = a + 1
and b = a separately, and then to interpolate between these two cases to obtain the result

in full generality.

Step 1. Suppose b = a + 1, so p = 2. We begin by considering the function u = mE 5O
1;f Ti

Tiu = — 3.13

u 2] |x|a+2f (3.13)

Then we have

2
J Vif] deZJ
Ry |T[? RN
2

f
= Viul? dpg + QJ ———d +2] —
JRN‘ el dpeta” | e i 20 | T

Vit + a—— f

|z[ar? dpk

2

Let € > 1. Applying the inequality 2zy > —ex® — %yQ, we can estimate the last term on

the right hand side of the previous equality

o (1 P 1 :
a T Viudpu, > —ea oy A — = |V u|” dpg.
Ry |[*F R € JrN

Plugging this in (3.14), we have obtained

Vifl? 2 1
J ‘ kf| dﬂk = (12(1 — E)f ’x|];.—a+2dﬂk + (1 — —)J \Vkulz duk
R N RN

N ‘x’2a



Applying Hardy’s inequality to the last term on the right hand side of the above inequality,

we have

Vi /I L (N +2y—2)° f?
Jo ez (00 DERE [ e

N+2y-—2
2

N+2v—2 t

This holds for all € > 1 and since a < o

, we can choose for example € = 0

obtain a positive constant.

(N+2’y)
T N+2y—

Step 2. Suppose now that a = b. In this case p = ¢ : , the Sobolev coefficient.

Using the Sobolev inequality we have

p 2/p 2
gN [P RN 2|
Using (3.13), we obtain
Y AYY RN A v | N
— — <2 2 .
'“(md e~ Ofered| S P T

Thus, from the last two relations it follows that

If] 2 Qf ik f Vi f?
d <20 d 2C d
(mem/% C Jon T Y | T O

\V/ 2
C( 20{1 ,a+1 + )J | kf‘
RN

’x|2a

Hi,

where we used the previous step.

Step 3. We now look at the case a < b < a+ 1. As above, let ¢ = ]\;f;?y be the Sobolev

coefficient. We have 2 < p < ¢, so there exists 6 € (0, 1) such that
p=20+q(1-9),

SO

(N + 2y —2)

b—
T NY2 20

and also
pb = 2(a+1)0 + ga(1 —0).
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Then, using Holder’s inequality, we obtain
| fIP B | f[20+a(1-0)
J;QN | [P Ay = RN |$‘2(a+1)9+qa(179) dpu,

Tk ’ f | £
< ————d d .
(J 2@ ) o Jafor T

Using the two steps above, this implies

p 2 p/2
f |f] A < O;ﬁﬂC;Z“‘”/Q (J Vi fl d,uk> ’
R R

N [P N

as required. This completes the proof. O

Remark. One could prove a more general Caffarelli-Kohn-Nirenberg inequality of the

N f Vs " f g N
—d <C d —d ,
U s VAN
which holds for all f € C*(RN\{0}), subject to the assumption that
1 b 1 1 1
- S (S VI (.,
p N+ 2y 2 N+2 q N+2y

where b = (1 —60)c+ 0d, for parameters p, q,a, ¢, d, 0 € R such that p > 0, ¢ > 1, 6 € [0, 1],
and such that all integrals above are finite. This could be achieved by interpolating

form

using Holder’s inequality between the case § = 0 (which is trivial as p = ¢, b = ¢, and
both sides reduce to H\x\_bf”p), and the case # = 1, which was done in the previous
Theorem. However, this only works for a more restricted and rather complicated range

of 6 depending on p and gq.
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SPECTRAL ESTIMATES

Consider the Schrédinger operator on L2(RY)
H:=-A-1V,

N
where A = Z j—; is the usual Laplacian on RY and V is a potential. Under certain
conditions orzl_tlhe gotential V', it can be shown that the negative spectrum of H is discrete;
in this case the negative eigenvalues of H can be defined using the variational principle
(see for example [68, Chapter 11] or [26] for a comprehensive discussion of this). When
this holds, we denote the negative eigenvalues of H repeated according to multiplicity
by A1 < Ay < ... < 0. The Lieb-Thirring inequality [70] gives estimates on the sum of

powers of the negative eigenvalues, namely

SiV) 1= TN < L | Vala) ¢, (4.1)

RN

where Ly is a constant, and we use the notation fi(x) = max {f(x),0}. This inequality
holds for ¢ > 0 if N > 2 and for ¢ > % if N = 1. After it was first proved, this inequality
has been studied extensively and generalised to different settings, for example to Rie-
mannian manifolds. For an account of the Lieb-Thirring inequality and its applications
to stability of matter, see [69]. The value of the optimal constant L, ¢ is in general not

known. By comparison to the semi-classical approximation, we have

1 I'(¢+1)
Lye= Ly, = :
MEZ NG UmNRT (X 4 ¢+ 1)
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Lieb and Thirring proved in [70] that for N =1 and ¢ > 2 we have in fact equality
Lic = L.

In [63], Laptev and Weidl showed that this equality holds more generally for all N > 1
and ¢ > % Finally, in the case N =1, ( = % the optimal value L;;/, = 2L§l’1/2 = % was
computed in [58]. See [62] for a survey of the best known values of the constants in the
inequality (4.1).

The case ¢ = 0 was proved individually by Rozenblum [90], Lieb [67] and Cwikel [20],
and it is usually referred to as the Cwikel-Lieb-Rozenblum inequality, or, in short, the

CLR inequality. A later proof was given by Li and Yau in [66].

Here we will prove these inequalities for Schrédinger operators involving the Dunkl lapla-
cian. Namely, we consider

HI:—Ak—‘/,

for a potential V. As above, when the negative spectrum of this operator is discrete, we
denote by A\; < Ay < ... < 0 its negative eigenvalues repeated according to multiplicity,
and for ¢ > 0 we denote

Se(V) ;:ZM@‘.

We first prove the Lieb-Thirring inequality for Dunkl operators using the method of the
original proof [70]. For the CLR inequality, we obtain this as a consequence of the Sobolev
inequality of Theorem 2.2.2 from a general result of Levin and Solomyak [65] for Markov

semigroups.

4.1 THE LIEB-THIRRING INEQUALITY

The main result is the following.

Theorem 4.1.1. Assume that N +2vy > 2. Fix ( > 0 and let V' be a potential such that
V, e LN+ (). Then we have

Se(V) < ng VI Ay,

RN

with a constant

2—%+1M—1C<+1
k inf [mE(m— N/2—~)F(N/2+~v+(—m)],

L —
T ID(N2+~+C(+1) N2y oy NA2v e

for F(z) :=T'(z)z™".
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Remark. As will be clear from the discussion below, the condition on V implies that
the Schrodinger operator H is semi-bounded self-adjoint, so we can define the negative

eigenvalues using the usual variational approach.

The proof will be based on the Birman-Schwinger principle which was first proved in [13]

and [94]. We will give here a proof of this principle adapted to our case.

Proposition 4.1.2 (Birman-Schwinger principle). Let ¢ > 0 and assume that the poten-

tial V e LN/2¥7+¢ () is non-negative. Consider the operator
T.:=VV2(=Ap + ) ' V12

Denote by n(c) the number of eigenvalues greater or equal to 1 of T.. Then the number

of eigenvalues at most —c of H is n(c).

Proof. To simplify notation, let N = % +v+C.

Firstly we note that (—A+c)~%? is a bounded operator from L? (1) to H(RY). Indeed,
for any f e L*(uy) we have

Di((=Ax + )2 1)(€) = ([ + o) Du(f)(€)-

(‘§|2‘ |)1/2 < land fe Lz(,uk) then the map & — [{|Dk((—Ax + 6)71/2]")(5) is in

L?(u.), so by the Fourier characterisation of the Sobolev space we have (—A 4 ¢)"V2f e
HL(RY). Moreover,

Since

1+ (¢ 2 1+ ¢

=ty = | £,

On the other hand, V2 is a bounded operator from H} (]RN) to L?(uz). To see this, we

first use the Holder inequality with exponents N and = to obtain

([ vewer duk<w>) IV f @I duto) T

Let ¢ = Jéf;% Since 2 < 2= < ¢, there exists 0 € (0, 1) such that ]\2]—]1 =20+q(1-0).

Thus, by Holder’s 1nequahty agam, we have

N_

([ 1 ) ™ < 1" s

(4.3)

q?

<2 WHJCHQ—’_( —0)q
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where in the last step we used Young’s inequality. Finally, combining (4.2) and (4.3),

and using Sobolev’s inequality, we have

1/2
(], volr@Pan@) < cilfl, + a9l

for some constants C7, Cy > 0.

Therefore, the operator U := VY2(—=A}, +¢)~%2 is bounded from L?(u) to L?(u). Since
T. = UU*, this shows that T is also bounded and self-adjoint. Moreover, we will see

below that for large enough m > 0 we have Tr(7!") < o, so T, is a compact operator.

The connection between the operator T, and our Schrodinger operator H is given by the
fact that there is a one-to-one correspondence between eigenfunctions with eigenvalue 1

of T,, and eigenfunctions with eigenvalue —c of H.

Indeed, let first f € L?(j,) be such that T.f = f, and define g = (=Ay + ¢)"'VV2f. If

we can prove that g € HL(RY), then we have
(—Ap+e)g=V"2f=Vy,

so g is an eigenfunction of H with eigenvalue —c. To prove that g € H:(RY), we use first

use Holder’s inequality to obtain
[ v du < i,
RN

so VVf e Lﬂ%vl(,uk). But 1 < i—fl < 2 and the Dunkl tranform Dy is a bounded
operator from L'(u,) to L%(py,) and also from L*(u) to L*(p), so by the Riesz-Thorin
interpolation theorem we have Dy(v/V f) € L%(/Lk). Since Dy((—Ay + )" WV () =

Wﬁpk(\/v )(€), by Holder’s inequality we have
[ m e ame < [ POV g
v (€2 + ) R+ |2

[§7 + ¢)? i
: <JRN mdﬂk(f)) :

As we will see below in the proof of the Lieb-Thirring inequality, the integral on the
right hand side is finite since N > N /2 + . Thus, we proved that the map { —
€| Dp((— A + ) VYV [)(€) is in L?(ug), which means that g € Hj,(RY).

2-‘2

< o

2"1\3

On the other hand, if g € H5(RY) is such that Hg = —cg, then take f = V/2g. By the
above, then f € L?(uy,) and clearly T,.f = f.
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To finish the proof, we note that by the min-max principle, if ¢ < ¢/, we have T, > T,.
Thus, if we denote the eigenvalues of T, and T, by Ai(c) = Aa(c) = ... =0 and A\ (¢) =
Ao(cd) = ... = 0, respectively, then for any i = 1,2,..., we have X\;(c) = \;(¢/). Moreover,
Ai(c) depends continuously on ¢. Given all this, it is then not difficult to conclude the
proof. n

Before we begin the proof of the Lieb-Thirring inequality, we will also need the following
result also due to Lieb and Thirring, which we state here without proof (see [70, Appendix
BJ, or [6] for a different proof).

Proposition 4.1.3. Let A, B be positive, self-adjoint operators on a separable Hilbert

space H. Then, for each real m > 1, we have
Tr(BY2ABY?)™ < Tr(B™?A™B™?).

Proof of Theorem 4.1.1. Let N, be the number of eigenvalues of H that are at most ¢
(counted with multiplicity). From this definition of V. we obtain straight away that

s(V) =S ul = ¢ | e (4.4)
j 0

Take ¢ > 0 and 0 < ¢t < 1. It can then be checked directly that N_. is equal to the

number of eigenvalues that are at most —tc of the operator
A — (V=01 =1t)c).
By the min-max principle, since
A= (V—-(1-t)c)= Ay —(V—-(1-t)),,

we obtain that N_. is bounded above by the number of eigenvalues at most —tc of the
operator
N, —=(V-=(1-1)), .

However, by the Birman-Schwinger principle, the number of eigenvalues that are smaller
or equal to —tc of this latter operator equals the number of eigenvalues that are at least
1 of the operator

TO = (V= (1= t)e)*(=Ap + te) " {(V = (1 = t)e) /2.

c
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Therefore, we have that, for any m > 1,

N_, < Tr((TO)™).

In order to estimate the right hand side of this last relation, we note that in light of

Proposition 4.1.3, it is enough to estimate the trace of the operator

T = (V= (1= 1)) T (= Ap + te) ™ (V = (1 = t)e)T".

C

Using the following property of the Dunkl transform
Di(—=Axf)(€) = € Dr(£)(E),
as well as the inversion formula, it follows that
~Auf(@) = DllEPDUAE)a) = M | WD) Bz, ) dpn(y)
S0 [ [ NP B iz Bulie. ) dino) ()

Thus, for a Borel measurable function ¢, we can define

o(=Ap)f(r) = M, fRNf F(@)e(yP)Ex(—iz, y) Ex(iz,y) due(y) dpx(2),

so ¢(—Ay) is an integral operator with kernel
Ky(x,2) = M wi(2) J Uyl Br(=iz, y) Biiw, y) dpun(y)-
R

Going back to our proof, we have that 7"™" is an integral operator with kernel given by
(V@) = (1 =)0 (V(2) = (1= )e) 2K (., 2),

where now ¢ : u— (u+ tc)™™. Then we can compute

Te(T™) = f (V(z) = (1 —t)e)T Ky(x, z) de.

RN

We have
Kol,a) = M) [ (ol + 10| Euliz. )P ().
R
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which we can estimate using the inequality |Ey(iz,y)| < 1. We obtain

K,(z,z) < Mk_ka(x)f L

——d .
o QP+t )

In order to compute this integral we use polar coordinates and obtain

1 Mk 00 7aN-i-27—1
f 2 m dﬂk(y) IR N+2 f 2 m dr
ey ([y? +tc) 272 T (252) Jo (r? +te)
M, N N
= 5 tc”’+N/2mB<—+ ,m—— — ),
2¥_1F (Ngz,y) ( ) 2 ’y 2 ’7

where we require m > N/2 + 7. Here B is the usual beta function. To summarise, we
have obtained that

Noo € (I < Ol [ (Vi) = (1= 007 di(o),

RN
where . N N
C= B|= _ N,
M2 I (M) (2 T 7)

As in the previous proof, let N = % + v + (. Replacing the result above in (4.4), we
obtain that

Se(V) < CON/ZHr—m JRN LOO cN_m_l(V(:p) — (1 =t)e)} dug(z) de.

By swapping the order of integration in the integral on the right hand side using the

Fubini-Tonelli theorem, and using the change of variables V. ()b = (1 — t)c, we have

- 1 L
&wv<aﬁww%mu—oWWf fx@@wW“m4u—mm%m%@>
RN JO

_ O — N BN — o, + 1) J Vi (@) dyua ()

RN

We note here that in the last equality we require ¢ + v + N/2 —m = N —m > 0. The
constant in this inequality is optimised for
m—~y—N/2

T
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so we obtain finally

1

So(V) < 27 X M St B (m—ry — N/2YF(N — m)——
(V) ey = NF(N =)

| v dueto)
RN
where F'(z) := I'(z)x~*. The Theorem follows immediately by taking infimum over all

possible m. O

4.2 THE CLR INEQUALITY

As mentioned above, the CLR inequality was proved independently by Rozenblum, Lieb
and Cwikel. Later, a different proof was given by Li and Yau in [66] which also produced
the best known constant. This simple proof pertained to further generalisation and in
[65] it was proved in the general setting of a Markov generator which satisfies the Sobolev

inequality.

Theorem 4.2.1 ([65]). Let (2, ) be a o-finite measure space and let A be a Markov
generator on L*(Q2) with quadratic form Q. Suppose that for some q¢ > 0, A satisfies a
Sobolev inequality of the form

[ £1l70 < CQU) (4.5)
for any f € Dom(Q). TakeV € LP(u), V = 0, where p = =L and let N(V') be the number

q—2
of negative eigenvalues of the operator

—A-V.

Then we have

N(V) < epcpf VP dp,
Q

where C' is the constant in (4.5).

By Résler’s positivity results for the Dunkl intertwining operator (which, in particular,
show that the Dunkl heat semigroup is Markov), together with the Sobolev inequality we
obtained above (Theorem 2.2.2), the conditions of Theorem 4.2.1 are satisfied for A = Ay,

and therefore we finally obtain the desired inequality.

Corollary 4.2.2 (CLR inequality). Suppose N + 2y > 2. Let V =0 be in L™N/?+7(RN).
Then the number N (V') of negative eigenvalues of the operator H satisfies the bound

N(V) < 6N/2+70g§27j VN/2+7<I) duk,

RN

where Cpg is the optimal constant in the Sobolev inequality.
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We will not give a proof of Theorem 4.2.1 here, but very briefly sketch the proof in our
particular case. Firstly, we can assume that V € L' n L® with V > 0 by a density

argument in a suitable space of compact operators. We will consider the quadratic form
Q)= | IVarP i
RN

with domain H},(R"). Notice that @ in fact defines a norm on the Hilbert space Hp,(R")
and let X be the completion of H},(RY) under this norm. Consider now

Q) = | VIFE

R
By the Sobolev inequality, the quadratic form @’ defines a bounded self-adjoint operator
on X, say Ty. If we see Q' as a quadratic form in the weighted space L?(V duy), it can
be checked that this also defines a self-adjoint operator, say K, which is related to Ty
via the relation

K1 =Ty.

The operator K generates a semigroup which is ultracontractive, so it has an integral
kernel ky(x,y). Moreover, K can be seen to have a discrete spectrum. By proving bounds
on k; we can then obtain bounds on the eigenvalues of K, and so, also on the eigenvalues
of Ty . Finally, a general version of the Birman-Schwinger principle allows us to compare

the negative eigenvalues of H with the eigenvalues of Ty .
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THE GAGLIARDO-NIRENBERG
INEQUALITY AND AN APPLICATION

The Gagliardo-Nirenberg inequality was proved independently by Gagliardo [42] and
Nirenberg [78] and it states that

IV fll, < IV I (5.1)

for all f e W' (RYN) n LP(RY), where 1 < p < 0, j,l € N and < 6 < 1 are such that

1 11 1-6
Y e
q N (T N>+ p

There is an exceptional case when » > 1 and [ —j — % is a non-negative integer, in which
case we must also require § < 1. See [41] for historical remarks on this result and a
complete proof, and also the references therein for an account of the many applications

of the Gagliardo-Nirenberg inequality to PDEs.

This chapter will consist of two parts. In the first part we will prove the Gagliardo-
Nirenberg inequality for Dunkl operators in two different particular cases. Firstly, in
section 5.1, we prove the case j = 0, [ = 1, which follows from the Sobolev inequality,
and which is the main tool in the analysis of the nonlinear damped wave equation in later
sections. Secondly, in section 5.2 we prove the more involved case p = ¢ = r, which relies
on Littlewood-Paley theory.

In the second part of the chapter we use the obtained Gagliardo-Nirenberg inequality to
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study the nonlinear damped wave equation

Zu(t,x) — Apu(t, z) + boyu(t, ) + mu(t, ) = f(u)(t, z)
u(0,z) = eup (z)

ou(0, ) = eusy(x),
with nonlinearity satisfying the assumptions f(0) = 0 and
|f(a) = fO)] < C(lal"™" + [b]"~")|a — b,

for some p > 1. To begin with, in section 5.3.1 we study the linear version of this equation
(corresponding to f = 0), and in section 5.3.2 we prove a global existence and uniqueness
result for the general Cauchy problem with small data. This follows the treatment of

[91], where similar problems are considered for Rockland operators on Lie groups.

5.1 THE GAGLIARDO-NIRENBERG INEQUALITY I

In this section we prove the Dunkl analogue of the case j = 0, [ = 1 of the classical

Gagliardo-Nirenberg inequality (5.1).

Theorem 5.1.1. Let 1 < p,g < 0, 1 <r < N+ 2v, and 0 < 6 < 1 satisfying the

assumption
1 1 1 1 1
0 +-——=-—-. (5.2)
N+2y p r) »p ¢

Then the following inequality holds for all f € HL(RN) A LP(uy,)

11l < CUVFI AL

for some constant C' > 0.

Proof. We note first that it is enough to prove the result for f € C*(R"Y) and then use
a density argument. If 6 = 0, then p = ¢ and the inequality reduces to the trivial case
1£1l, < C[[fll,- For the rest of the proof we will assume that ¢ > 0.

Since 7 < N + 27, from (5.2) we obtain (1 —#)g < p. We can then define s > 0 by the

equation
1—-0 1
al=0_ 1_ (5.3)
P S
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Then, by Holder’s inequality we have

q(1-0)

1/s >
q qsf P
Jo = ([ eane) (] o) 5

0 1-0
= |1l N £

At this point, we would like to bound |[/f|| ., from above by [[Vif|., which, together
with the above inequality, concludes the Theorem. This can be achieved by the Sobolev
inequality of Theorem 2.0.1 as long as 1 <r < N + 2y and

1 1 1

gs r N+2v

This follows from the assumption (5.2) and the definition of s in equation (5.3). Thus we
can indeed apply the Sobolev inequality to obtain

[fllgso < CNVESI, - (5.5)

Therefore, from (5.4) and (5.5) we can conclude that

I, < CUVEAIT AL

which is what we needed to prove. ]

We record in the next Corollary the very useful particular case when p = r = 2, while
in the second Corollary we prove a consequence of Gagliardo-Nirenberg involving the

Sobolev norm that will be essential later in the study of the wave equation.

2(N+27)

Ni2y—2 and

Corollary 5.1.2. Suppose N + 27y > 2. Let 2 < q <

0— (N + 27)%. (5.6)

Then there ezists a constant C' > 0 such that the inequality

1, < CIVRAlS Il

holds for any f € HL(RY).

2NE2) ypere exists a

Corollary 5.1.3. Suppose N + 2~v > 2. Then for any 2 < q < Ni2y-2

constant C' > 0 such that the inequality

1 lly < C ey ey
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holds for any f € HL(RY).
Proof. We use the Young inequality
a’b' " < fa + (1 —0)b,

which holds for all a,b > 0 and 0 < # < 1. From the previous Corollary, with # as in
(5.6), we have

11l < Cmax{8,1 =6} - (IVifll + 11 £115) < C L/ g vy

and the result follows immediately. O]

5.2 THE GAGLIARDO-NIRENBERG INEQUALITY II

In this section we prove the case p = ¢ = r of the Gagliardo-Nirenberg inequality. Note
that in this case the assumptions in (5.1) imply that 6 = % However, we adopt a slightly
different notation in this section that will be more convenient for the present case. The

main result is the following.

Theorem 5.2.1 (Gagliardo-Nirenberg inequality). Let 1 < p < 00, 0 < s < % and
0 <0 <1. Then, for any f € S(RY), we have the inequality

(=2 =22 < Cl|(=an2f [, 115,

where C' > 0 is a constant.

In order to prove this result, we need to introduce some Littlewood-Paley theory. Let

¢ € CP(R) with support contained in the annulus 1 < |z| < 2 and such that

YT =1 for all = e R\{0}. (5.7)

JEZ

For convenience denote 1;(z) = ¢(277z) and note that ; has support contained in the

annulus 277! < |z| < 2/*1. Define the following operators on L?(j)

Pi(f) = Dy (¥5De(f))-

Then (5.7) implies that
Y P=1, (5.8)

JEZ
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where I is the identity operator on L?(u). The following result will be essential in the

proof of Theorem 5.2.1.

Proposition 5.2.2. For any s = 0 and 1 < p < w© there exist two constants Cp,Cy > 0
such that

1/2
G H(_Ak)8/2f||p S <2 |2jSij|2) < Cy H(_Ak)s/2pr
JEZ
P

holds for all f € S(RY).

Before we prove the Proposition, we need the following two results. The first is the
Hormander-Mikhlin multiplier theorem which was proved in the case of Dunkl operators
in [22] (see also [23, Chapter 7]). The second result is a Lemma which corresponds to
the particular case s = 0 in Proposition 5.2.2, but where the conditions on the function
1 are relaxed.

Theorem 5.2.3 (Hérmander-Mikhlin multiplier theorem - Theorem 4.1, [22]). Let m :

(0,00) = R be a function satisfying |m||,, < A and the Hérmander’s condition
1 2R
—f im")(z)|de < AR™™ VR >0,
R Jg

where r is the smallest integer greater than or equal to % + 7. Let T, be the operator
on L?(uy) defined by

Di(Tuf)(€) = m(|ENDu(f)(€)  VEeRY.

Then for all 1 < p < oo there exists a constant C, > 0 such that
[T fll, < CoAA,

for all f e S(RY).

Lemma 5.2.4. Let ¢ € CX(R) with support contained in the annulus 5 < |z| < 2. As in
the above, let j(x) = p(277x) and consider the operator on L*(uy) given by

P f = Dy (i Di(f))-

Then, for any 1 < p < oo there exists a constant C' > 0 such that

1/2
(Z rPffP) <C|fl,. (5.9)

JEL
p
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Proof. Let {€;},ez be a sequence of independent identically distributed random variables
with P(e; = +1) = % Recall Khinchin’s inequality: if 1 < p < oo, then there exist two
constants C7, Cy > 0 such that for any yq,...,y, € C we have

N 1/2 1/p . 1/2
C <Z ij|2> ( ) < G (2 ij|2> :
=1 j=1

Consider then the operator
Tf=) 6Pl

JEZ

n

Z €5Y;

Then
D(Tf) = Y &2 Dilf),

JEZ

so the operator 7T is given by the multiplier

m(z) = ) ejip;(x).

JEZ

We wish to apply the Hormander-Mikhlin multiplier theorem. Let r be the smallest

integer greater than or equal to & “ + v. We have
(7") 22 e 90( )(2 JI)
JEZ

By considering the support of ¢, at most two terms in this sum are non-zero, correspond-
ing to the j € Z such that
logox —1<j<logy,z+ 1.

Thus
im™) (z)| < C]277"| < Ca 7,

SO

2R
| m@)ae < cr,

R

so m does indeed satisfy the requirements of the Hormander-Mikhlin theorem. Therefore

ITfll, < I, - (5.10)

On the other hand, by Khinchin’s inequality we have

f)>elgrmer)”

ZGJP“Df

JEL

wwﬂmm:E<
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But (5.10) implies that
ENTAIR) < CUAIL-

The last two inequalities finally imply (5.9). O

Proof of Proposition 5.2.2. We first prove the inequality on the right hand side. Since
Dk((_Ak)s/Qf)(f) = ‘f’sDk(f)(f), we have

2P f(w) = Dt (2|7 Dil (= 84) 72 1)), (5.11)
Let (&) = T = and let P? be defined as in the previous Lemma. Also let g = (— Ap)*2f.
Then from (5.11) it follows that

D120 = ) P gl

JEZ JEZ

so by Lemma 5.2.4 we have

1/2 1/2
(Z]?ﬂyﬁﬁ - (233%#) < Clgl, = Cll-a)7]), . (5.12)

JEZ JEZ
p

We now turn to the left hand side inequality. Let g € S(RY) be arbitrary. By considering
the support of 1 we can see that

J Pif - Pgdu, =0
RN

for all |[j —i| > 2. Thus, by (5.8), we have

JRN(_Ak)S/ngd,Uk = Z ZJ (—Ak)*2F) Pyyig dpn

- SN[ el PP s
D IEUL TS

where ¢(&) = [£[*¥(§). Here we used the Plancherel identity twice. Thus, by the Cauchy-
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Schwarz inequality we have

2 1/2 1/2
< (ersa«f\?) (Z%y\?) dp

f (—Ax)"2 fgduy,
RN

i=—2 JEZL JEZL
1/2 1/2
<54 f (Z yzﬂ'SijF) (Z Wj’yﬁ) duy,.
RN \jez jez

By Holder’s inequality and then Lemma 5.2.4, this implies that

1/2 1/2
oo (g | ()

JEZ JEZ

J (=A%) fg dp,
RN

p
1/2

< Cllgll, - (Z 2P f[?

JEZ

Finally, since g € S(RY) was arbitrary, it follows that

1/2
l(—a0™2f]| < C (Z |2J’8ijr2)

JEZ
p

This completes the proof of Proposition 5.2.2.

We are now ready to prove the main result of this section.

Proof of Theorem 5.2.1. By Proposition 5.2.2, we have

1/2
-], <c| (Se-on)
JEZ
p

But by Holder’s inequality we have

1-6 0
D200 P fP < <Z|2jstf|2> ' <Z|ij|2> '

JEZ JEZ JEZ
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Applying Holder’s inequality again, the last two results imply

JEZ JEZ

12]|1—? 1/21|?
g, <0 (Z!Wsl%f\?) - (Z!I%fP)
p p
<C a0 e,

where in the last step we used Proposition 5.2.2. ]

5.3 THE NONLINEAR DAMPED WAVE EQUATION

5.3.1 THE LINEAR CASE

Let us first consider the following linear Cauchy problem on (¢, z) € R, x RY

2u(t, ) — Apu(t, z) + bowu(t, ) + mu(t,z) = 0
u(0,7) = up(x) (5.13)
ou(0, ) = uy(x),

where b, m > 0. We take Dunkl transform with respect to the variable x in this equation
to obtain

atQtZ)k‘(u) (tv g) + |§|2Dk(u) (tv 5) + batDk(u) (tu 5) + ka(U’) (t7 5) =0
Di(u)(0, &) = Di(uo)(§) (5.14)
0¢Dy(u)(0,8) = Di(u1)(§)-

To simplify notation, let U := Dy(u), Uy := Di(ug) and U; := Di(uy). In this notation,

we have to solve the second order linear homogeneous ordinary differential equation in ¢
02U +bo,U + (m + |€]))U = 0, (5.15)

with initial conditions U(0,¢&) = Up(&) and 0,U(0,§) = Uy(€). As is well known, the
solution of this equation depends on the sign of

D :=b —4(m+ [¢]?)

and we treat the three different cases separately below.
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Case 1: D > 0. The solution of (5.15) is then

U(t,&) = e 2 [Uo(f) (cosh t@ }smh \2@) + Ul(f)\/% sinh t\éﬁl . (5.16)
This implies that
e 6) < et P [l + 5 + o1 |, (5.17)

where we used the fact that % <1lforall z>0.

bet/2

Foranyc>0wehave%<e , SO

bt s, vD
e ottt

2

~§ (1)t ¥Pt

1
g_
c

(&

We know that for any ¢ € RY we have D < b* — 4m, so

b VD b b2 — 4dm
——(1— o< —2(1- =~
2( c) + 5 2( c) + 5 <0

. A/b2 —
1fwechoose0<c<1—%

that

. In this case, we obtain ¢ > 0 independent of ¢ or ¢ such

and
for all ¢ and &. Consequently, (5.17) becomes

U(1,6)] < Ce [\Uo(ﬁ)\Jr S lUae >r] (5.18)

Case 2: D < 0. The solution of equation (5.15) in this case is

Uo(§) (Cost 2|D‘+\/l|%|sint 2|D|> +U1(§>\/|2ﬁ|sint 2|D’]

U(t,&) = e

We then have that
U(t,€)| < e ? [|Uo(§)|(1 oy iwl(sn] ,
2 /D]

and using, for example, the inequality % —e ¥ < e’%, we obtain the same estimate (5.18)

94



as above for a constant § > 0 independent of ¢ or &.

Case 3: D = 0. The solution of (5.15) in this case is

bt

Ut =e 2 on(g) (1 + 5) + tUl(f)] . (5.20)

A similar reasoning to above shows that in this case there exists a positive constant

such that we have the estimate
U(t, &) < Ce ™ [|Us(&)] + [UL(E)]] - (5.21)

Proposition 5.3.1. Fiz s € R. Let u be a solution of the Cauchy problem (5.13) with
initial data ug € H3, and uy € Hy'. Then there exists a constant § > 0 (which does not

depend on the initial data) such that, for all t > 0 we have the estimates

[[u(t, )]

2 —
e < Ce (Jlugl

2 2
e+l ) (5.22)

Moreover, if l € Ny and ug € Hi and uy € H5'™Y, then we have the estimate

2
Hp,

|97t )]

< 06_2615 <||UJ0‘ fq%#»lfl) . (523)

szt

Proof. We first consider the case when 4m > b*. Then D < 0 for all £ € RY, so we are
always in the Case 2 above. We have, keeping the same notation as above and using
estimate (5.18), that

[ult, )|

b= | IEP U P

(1 +[5P)°
N dm — b2 + A€

<Ce | (A PyIoF s+ Ce | I3

Due to the condition 4m > b?, the function & % is bounded on R", so the

above estimates implies

[u(t, )]

by < Ce [ (g P A+ O [ (1L41E2) U )P g
RN RN

= 0" (Jluoll3y + sl )

as required.

The remaining case 4m < b? is a little more involved. The issue in the above computations

Vb2—4m
2

is that now we have a singularity at [{| = . We will now split our integral over

B :={¢ e RY : |D| < 1} and its complement, B¢ = RN\ B; more precisely, we use the
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following

[ult, )|

b= | AHEP IO A+ | v PrvE P (G2

On B¢ we are always in Cases 1 and 2, and in both cases we have the same estimate

1+]¢)2

(5.18). Using the same reasoning as above, because on BY the function ¢ — Il

is bounded, we deduce that

f (1+ €270 (1 62 de
B¢ (5.25)
< e [ [ oo | o+ |a|2>“rU1<f>|2df] |

We now turn to the integral over B. Starting from the explicit expressions we obtained
in (5.16) and (5.19), using the fact that [#222| < 1 and |#22] < 1 for all z # 0, we find

the following estimate which holds in all cases
—5t bt
U] < e [ Ul + ) + U],

for some 6 > 0. As in Case 3, this implies that the estimate (5.21) holds in general. Thus,

we have the inequality

f (1+ €270, )P de < Ce [ f (1+ €2 Us(€) dé + f (1+ \sr2>swl<a>\2ds} |
B B B
But on B we have |D| < 1, so

A€ < 4P + 4m — b*| + |b* — 4m]| < |b* — 4m]| + 1.

In other words, on B the quantity 1 + |£|* is bounded above by a constant independent

of t, so the estimate above becomes

| wrieprioeorag
B (5.26)
< O [ [ aleprivnorae+ [ a+ g o ae.

Putting together (5.24), (5.25) and (5.26), this completes the proof of estimate (5.22).

For the second estimate (5.23), we differentiate the explicit formulas (5.16), (5.19) and
(5.20) with respect to time, and then perform similar estimates as above. The proof of

the Proposition is thus complete. O
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5.3.2 THE MAIN RESULT

In this section we consider the nonlinear wave equation

Pu(t,r) — Apu(t, z) + bou(t, z) + mu(t, ) = f(u)(t,z)
u(0,x) = euy(x) (5.27)
ou(0, ) = eus(x),

where b,m,e > 0, and the nonlinearity is a function f : R — R that will satisfy the
assumptions

f(0)=0 (5.28)
and
f(a) = fB)] < C(lal”™" + b~ )]a — b, (5.29)
for some p > 1.

Our main result is the following global existence result.

Theorem 5.3.2. Suppose that N +2v > 2 and let 1 < p < N]Eib Let ug € HLH(RY)

and uy € L*(uy,). Assume that f is a function that satisfies the assumption (5.28-5.29).
Then there exists a constant eg > 0 such that for any 0 < € < ¢y the Cauchy problem

(5.27) has a unique global solution
ue C(Ry; Hp(RY)) n CH(Ry; L ()
Moreover, there exists a constant o9 > 0 such that the solution satisfies the estimate
luCt, Mgy, + lou(t, )]l < Ce™
for all t > 0.

Proof. Part 1: Existence. We will prove existence of the solution using the contraction
theorem. Consider the Banach space

X = CO(Ry; Hp(RY)) n CH (R L (),
with the norm

Jully o= sup [ (1472 (Jlu(t. )Ly, + 13t )) |

=

where § > 0 is that obtained in Proposition 5.3.1. For M > 0 which will be conveniently
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chosen later, consider
Y= fue X flull, < M),

which is a closed subset of X and thus a complete metric space in the metric induced
from X.
Define the map

t

SWW@%=ﬂww+JTUW@)MPﬂwM&

0

where ¢ is the solution of the linear problem (the Cauchy problem (5.27) with f = 0),
and T'(w) is defined generally, for w : RY — R, as the solution of the linear Cauchy
problem

Zu — Agu + boyu + mu = 0

u(0,2) =0

oru(0,z) = w(z).
The strategy of our existence proof is to show that S is a contraction on Y, i.e., to show

that for all u,v € Y we have
(i) |1S(uw)|x < M (in other words, S maps Y into itself), and
(ii) ||S(u) — S(v)|x < cl||lu —v||x for some constant 0 < ¢ < 1.

Assuming these hold, then the Banach fixed point theorem guarantees the existence of a

fixed point of S in Y, which in turn is a solution to our Cauchy problem.

We will now focus on proving point (ii), and (i) will follow as a special case. To simplify

the computations below, we introduce the notation

Tu(t,z) = J T(f(u(s,))(t—s,x)ds.

0

We have, for any t > 0,

1(S () = S))(E: )y, + 10:(5(w) = S(@))(E, )l
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Noting that T'(f(u(s,-))) — T(f(v(s,-))) = T(f(u(s,-)) — f(v(s,-))), we first estimate

|7 -~ e —Hw Tt +]<Tu—:ﬁ,><t>z
— F(0(s,)) (¢ = s.2) ds| dyan(a)
anl Tl ) = S0, )¢~ 5.2)ds]| dp(e)

— F(uls, ) = 5,2)] dsdp(a)

N

t
L
RN Jo

¥ tff T(f(uls, ) — Flo(s, )t — s, 2) ds dp ()

= tfo IT(f Culs, ) = fo(s, ) = s, )l ds.

Here in the last line we simply interchanged the order of integration. Using the estimates

from Proposition 5.3.1, we obtain

Using Leibniz’s formula for differentiation of an integral we have, since T'(w)(0,2) = 0

(T -, < Ctemf e || f(uls, ) = f(u(s,))ll5 ds. (5.31)

0

1
H’D

for any function w, that

([ 1 -soas) = [ soas

Using this, we estimate

2 JRN

<tL||atT (u(s, ) — (s, D))t — 5,2 ds (5.32)

2

j oT Pl ) — 5,2) ds| dpg(a)

o(T, —T,)

<Cte [ e (s, )~ fols. s

0

We are left to estimate
[f(u(s,-)) = flo(s, )l -

To this end, we use the assumption (5.29) and Hélder’s inequality with exponents —£-
p—1
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and p to obtain

JRNU(U(S,:E)) — f(v(s,2))|* dug(z)
< CJRN [|u(s,x)|2(p71) + ’U(S,x”?(l?*l)] lu(s, ) — v(s, 2)[? dg ()

< C [Iluls BT + Hols, BT | s, ) = v(s, I,

It is at this point that we use the Gagliardo-Nirenberg inequality in the form of Corollary

N+2v

5.1.3. It is this result that imposes the restriction 1 < p < Nto,3

Thus, using this

result, we have

|| 1uts,2) = (s, 2 dia)

2(p—1 2(p—1
< Clluls, ) = v(s, iy [luls M5 + ot i)

D

(5.33)

For the next step, we note that for any w € X we have
(s, My, < (1+9)"2e™ [Jw] -
In light of this, and recalling that [ju|l, < M and |[v||y < M, (5.33) yields
£ (uls, ) = fo(s,)lls < C(L+ 8)Pe P M2 flu — o[ .
Replacing this in (5.31) and (5.32), we have obtained that

+

Hp,

|- Tt

olT =Tt )|,

t 1/2
< OVite P "MP! lu — vl <J (1 + s)Pe—2p—1)s ds) :
0
The integral on the right hand side of this inequality can be bounded by a constant
independently of ¢:

0

t
J (1 + S)pefQ(pfl)és ds < J (1 + S)p€72(p71)§s ds
0 0

62(;1071)5 0
= e_SSp dS < 00.
(2(p — 1)5)pHt L(p—1)5
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Consequently, going back to (5.30), we now have
(10726 (118() = S0}t gy + 10(S(w) = S ]l)

1/2
t / p—1 _
< Oy T3 MP™ lu— vy,

for a constant C; > 0. Taking supremum over all t > 0, we finally obtain

1S(u) = S()]lx < CLMP™ Ju = v]|x - (5.34)

We now want to bound ||S(u)|| . On the one hand, putting v = 01in (5.34), since f(0) =0
and so S(0) = ¢, we obtain
15(u) = llx < CLMP.

On the other hand, from the our linear case estimates in Proposition 5.3.1, we obtain

lellx < Caellluoll gy, + llually),

for a constant Cy > 0, and thus

1S()llx < llelly + 15(w) = elly < C1M? + Coe([luoll gy, + [lually)- (5.35)
_1
Fixing c € (0, 1), let M = <Ci> " so OYMPt = ¢, and € = &l é\ﬁ(l—i)” o Then, for
1 2([Juoll g1 +llu1
0 < € < €, from (5.34) and (5.35) we have 7

15(u) = S()llx < ellu—vlx

and
[S(u)lx < M,

i.e., points (i) and (ii) above. The proof of existence is thus complete.

Part 2: Uniqueness. Suppose that there exist u,v € X that both solve the Cauchy
problem (5.27). Let ¢ := u — v and fix t* > 0. We will show that ¢ = 0 in [0,¢*] x RY

and since t* was arbitrary, this implies that ¢» = 0 and so u = v.

Both u and v are fixed points of the map S, and using the computations from the previous
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part we obtain that

2 2

ot )3y + Noao(t )13 = |

T(t) = T(t. )

iy * 0= T

< Cte | fuls ) - Flots, )3 ds

0

t
_ 2(p—1 2(p—1
< Cte 2&‘[ [, M+ os, 500 | s, iy ds.
0

From the definition of the Banach space X, the map ¢t — ||u(t, ~)Hi§f71) + ||v(t, -)Hiﬁ*l)
D D

is continuous, and so it is bounded on the compact set [0,¢*]. Therefore, the inequality

above becomes
t
oty + 10000, )3 < € [ [0 )y + (s, )] s,
0
and so, by Gronwall’s lemma, we finally obtain

o, M + l0(t, )5 = 0

for all 0 < ¢ < t*. This proves uniqueness.

Part 3: Estimates. In the first two parts we have proved that our Cauchy problem has

a unique solution, say v € Y. By the definition of the X-norm, we have
[Ju(t, )||H%) + |[ou(t, )|, < (1 + t)l/Qe—(StM < C’e_%t,

for any ¢ > 0. O
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LOG-SOBOLEV INEQUALITIES

The logarithmic-Sobolev inequality (or log-Sobolev inequality, in short), on a general
measure space (€2, F, u) with a quadratic form ) defined on a suitable space of functions
on (2, states that

Jf log —— SQf2d <CQ +Df fAdu, (6.1)

for some constants C' and D. If D = 0, we say that (6.1) is a tight log-Sobolev inequality.
Although this inequality was used before, it was first explicitly recognised in Gross’s

seminal paper [51]. His main result was the equivalence of log-Sobolev inequalities to

tH

hypercontractivity. More precisely, if e™*# is a Markov semigroup on L?*(u), then the

log-Sobolev inequality (6.1) is equivalent to the property that the semigroup e *# is

hypercontractive, i.e.,

H ' f”LlI(t)(M © ||f||LP(M) )
where (t) = 1+ (p— 1)e¢ and M(t) = D (% _ ﬁ)

The log-Sobolev inequality in a rather general setting was the crucial tool used by Davies
in [25] to obtain bounds on the heat kernel associated to a positive semigroup. More
precisely, he showed that the log-Sobolev inequality (6.1) with sufficiently decaying con-
stants is equivalent to the ultracontractivity property. This equivalence then allows one
to deduce lower and upper bounds for the heat kernel. Recall that a semigroup (P;);~o on
L?(p) is called ultracontractive if for each ¢ > 0 the operator P, is bounded from L?(u)
to LP(u).

Among the many applications of the log-Sobolev inequality we mention its use in statisti-

cal mechanics by providing bounds on the entropy. Indeed, the relative entropy functional
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is defined as

Bue(f) = | flog o= | fautog | fan

for f > 0, so the log-Sobolev inequality can be rephrased as

Ent(f%) < CQ(f) + D[ £]72

An important feature of the log-Sobolev inequality is the product property: if (6.1) holds
on two measure spaces (€21, F1, 1) and (s, Fa, p2), then a form of log-Sobolev also holds
on the product space (21 x Qo, F1 ® Fa, 1 X p2). For more information about this and

the use in statistical mechanics see the lecture notes [52].

Another important property of the log-Sobolev inequality which we exploit below is its
connection with the Poincaré inequality. In general, the tight log-Sobolev inequality
implies the Poincaré inequality. On the other hand, a non-tight log-Sobolev inequality,
in the presence of a Poincaré inequality, can be improved to obtain a tight log-Sobolev
inequality. See [9] for more information on this, and also for an excellent account of the

log-Sobolev inequality.

In this chapter we start out by proving the log-Sobolev inequality for the Dunkl measure

. with Dirichlet form J |Vif|? djy in section 6.1. We then study the same problem
RN

for weighted Dunkl measure e~V dyy, for suitable G-invariant functions U (usually of the
form |z|?). These inequalities are of interest, for example, because of their association
with semigroups generated by operators of the form Ay +b-Vy, (see Example 7.1.9). The
main method for studying these weighted inequalities is provided by [54] where powerful
machinery based on U-bounds was introduced. Thus we discuss U-bounds in section 6.2,
which we then apply in section 6.3 to obtain the desired weighted log-Sobolev inequality.
Finally, in section 6.4 we prove Poincaré inequalities for the Dunkl measure p; which
holds for small v and then use this result, in section 6.5, to obtain tight log-Sobolev

inequalities.

6.1 THE CLASSICAL LOG-SOBOLEV INEQUALITY

To begin with, we have the following simple log-Sobolev inequality.

Theorem 6.1.1. There exists a constant ¢ € R such that for any € > 0 and for any
f e C®(RY) we have

2

f*log

f J 2 J 2
dus <e | |Vef2dus + Cle duy,,
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where C(e) = 2 (log 2 —¢).

P?”OOf. Fix f € CSO(RN) f # 0. Then ST

Jensen’s inequality we have, for any ¢ > 0,

dpuy is a probability measure, and so by

2

f 1 2 2\
YR 5 [ 72 ame RNSdeuklog(xﬁduk) e

1 ) f2 1+6
gSJNf de'lOgJRN (XFCW) i

! S

f2 log —5——

We then use the elementary inequality
1
logz < ex +log — — 1,
€

which holds for all x,e¢ > 0. Thus

1? d+1
e d <
TP S5

1
e N1 o+ o2 = 1) 1715].

Finally, by choosing 6 > 0 such that 2 + 20 = Nf;; 27;, we can apply Sobolev’s inequality
to deduce
2 d+1 d+1 1
?] L < —C7 f Vief?d 1 ——1f 2d
RNf 8 Ty pe < —5—Cpge RN\ wf"dpy + ——(log = — 1) RNf ik

where Cpg is the Sobolev constant. A simple relabelling of the constants finishes the

proof. O

Using the general results of [25], from this inequality we can deduce a more general L?

result, as well as the ultracontractivity property.

Corollary 6.1.2. Let 2 < p < . Then, for any € > 0 and for any f € C*(RY) such
that f = 0, we have

P

p f . p—1 (%) P
JRN JPlog T 77 dime duy < GJRN Vif - Vie(f')dp + C ’ JRN JP dp,

where C'(€) is as in the previous Theorem.

Proof. This follows from the previous Theorem and [25, Lemma 2.2.6]. O
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Finally, we recover the ultracontractivity property for the Dunkl heat semigroup. This
was already established above in Proposition 2.3.5 using properties of the heat kernel;

using the new log-Sobolev approach, no a priori bounds on the heat kernel are necessary.

Corollary 6.1.3. The Dunkl heat semigroup (Hy;)i=o on L*(ux) with generator Ay is

ultracontractive. More precisely, for allt > 0 we have

_ N+2y

[Hefll, < G [ £l

for a constant C > 0.
Proof. This follows from the previous Corollary and [25, Theorem 2.2.7]. O
More generally, we want to prove similar results for probability measures

1
dpy = EG_U dpuk,

where U > 0 is a G-invariant function and Z = J e Y duy,. To illustrate the method
RN

and to motivate the study of U-bounds in the next section, we first consider Gaussian

weight in the following Theorem. This result will be further refined and generalised in

the next sections, but the main lines of the proof will remain the same.

Theorem 6.1.4. Let U = |z|* and consider the probability measure puy = %e_Uuk,
where Z = J e Y'duy,. Then, there exist constants Cy,Cy > 0 such that the following
RN
inequality holds for all f € C*(RN):
2 f? 2 2
frlog s ——dpw < Gy Vi f|" duy + Co o duy.
RN Sf dMU RN RN
Proof. Plugging \szfe_U/z in Theorem 6.1.1, we have

2
1
P log iy <

\V4 -U/2 2d

+ (C(e) +log 2) fAduy + AU dpy.
RN

RN
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Since U is G-invariant, we can use the Leibniz rule to compute

1 1
7 | e = [ 19 = S IO d
RN RN

Z
1
<2 IVsPau+y [ PIVUPdw
RN RN
2| VesPaw 2| UG,
RN RN

where, in the last line, we used the fact that VU = 2z, so |[VU|?> = 4U. Replacing this

inequality in the above, we have

2
f?log Sfod dpo < 2ef Vi f1? dpw
RN Hu RN (62)
+(Cle)+logZ) | fA+(1+2¢)| [fUdup.
RN RN
We now use the identity
1
Vi(fe V?) = e V2, f - 3 fe VAvU (6.3)
to deduce
2 1 —U/2Y|2 1 2 2
ViflPdpr = — | IVi(fe ) du + < | VU dur
RN Z RN 4 RN
1 (6.4)
+7 | YU -Vi(fe Ve V2 4y,
R
Keeping in mind that VU = 2z, this equality implies that
[ vt = [ PUaw -+ a, (6.5)
RN RN
where
1
A= Z ) VU - Vi(fe Ve V2 4y,

We now compute the quantity A. Firstly, by integration by parts we have
N

A=— Z % feURT (2, fe™U2) dpu ().

i=1 RN
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Using Lemma 1.2.5, we have

Ti(w;fe V%)
=z Ti(fe ") + fe VPT(x)) Z kooue™ (f(x) — f(0a2))(i — (0a7):)

aceRy <@, $>
= 2 T(fe P + feUR(L+ )] kaad) = ) kaafe VO (f(2) — f(0a2)
C!ER+ CMER+
(6.6)
Thus
Am—A—2Ve2) | Paw+t Bk | @) = foa) du o)
acR 4 R
and so
A=-N| [ du -2 2 K| f@)f(o0) dpy ().
acR 4 R
Using the elementary inequality 2XY < X2 + Y2, we obtain
A= —(N+2v) fAduy.
RN

Replacing this in equation (6.5), we obtain

P20 dpu <J VeflZdu + (N +29) [ 2 due. (6.7)

RN RN RN
Finally, using this in (6.2), we have
2 f? 2 2
Pl < clf VA gy + csf 72 dup,
Sf d RN RN

for some constants C7, Cy > 0, as required. n

6.2 U-BOUNDS

Looking back at the proof of the weighted log-Sobolev inequality in Theorem 6.1.4, we
can see that inequality (6.7) was the key element. Inequalities of this form are called
U-bounds (cf. [54]). In this section we will prove more general U-bounds by adapting

our proof slightly, and these will later be used to deduce log-Sobolev inequalities.

Proposition 6.2.1. Let p > 1 and consider the function U(x) = |z|P and the probability
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measure [y 1= %e‘U,uk, where Z = J e Y du,. We then have
RN

| star w0 [ 19ufdes + D |1l due
for some constants C; D > 0.

Proof. In order to avoid a singularity that will arise at the origin, we first consider a
function f that vanishes on the unit ball. As before, we start with identity (6.3). Noting

that in this case we have

VU(x) = pla”™ 'V (|]),

the identity above now reads
Vilfe ) = e UVif —pflaf~e UV (|z]).

Taking inner product with V(|z|) and integrating on both sides, we have

1
— | Vz])- Vi(fe ) du
Z Jux k k (6.8)

_ f vk<|m\>~kaduU—pf V()P flep " dpu.
RN RN

We can use integration by parts on the left hand side to obtain

L v - wutre V) dp = - j Aelz]) f dper

A RN RN

Replacing this in (6.8), and using also the fact that |V (|z|)| = 1 for = # 0, we have

1 1
flalP~ dpy = ]—)J V(|z]) - Vif duo +5J Ag(|z]) f dpy
RN RN

1 1
<—f |ka|duy+—f Aelle]) £ dpas
P JrN D JrN

RN

Finally, we have
2

€T 1 72 o
T2 =T (=)= - % Kot
¢ (I (|x) o Rt 2 ey

OCER+

SO
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Therefore, from the above we deduce that (recall that f vanishes on the unit ball)

N+2’y—1f
p R

1
Fla dpy < - f Vf | duy + 1l duw.
p RN N

RN

Writing f = f, — f_, where f,(x) = max(f(z),0) and f_(z) = —min(f(z),0), we can
apply this inequality to f, and f_ separately. Adding the two resulting inequalities, we
have

f ] e duy < €y f V,f | duw + Dy f 1l due,
RN RN RN

where C] = % and D; = %.

Consider now a function f € L'(dug). Let ¢ : R, — [0, 1] be a smooth function such that
¢ =0o0n]0,1] and ¢ = 1 on [2,0). Assume also that |¢'| <1 on R,. Let ¢p(x) = p(|z|).
The strategy now will be to split f = ¢f + (1 — ¢) f; the first term vanishes on the unit
ball so the above can be applied to it, while the second term has compact support and it

will be easy to bound. We have

[ eta i < [ st lal g+ [ 10— 071 e d
RN RN RN
<01f IVk(qﬁf)ldulef |¢f|duU+2p‘1f |fl dp
RN RN RN

<G [ ufldu+ @ Dir 2 [ fld
RN RN
Here, in the last step, we used the fact that

Vi(@f) = [V + oVif

and

Vo(e)| = \%so'(a:) <

This completes the proof of the Proposition. n

Proposition 6.2.2. Let p > 1 and consider the function U(z) = |z|P and the probability

measure [y 1= %e‘U,uk, where Z = e Y du,. We then have
RN

[ e aw <o [ NP0 [ 1P, 69
RN RN RN

for some constants C; D > 0.
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Proof. We will follow more closely the proof of (6.7). We have
VU(x) = plz[P2x.

From (6.4), we have

2
B[ Pl du < [ 190l - 4
RN RN

where .
A== | fYU-Vi(fe Ve V2 du.
Z ]RN
As before
24:*@@*2)+MN+2ﬂQWﬂJNﬂWWJWW
R
—op Sk j 272 £ (2) £ (0at) dpips ()
aceR RN
2-—@2+pUV+27—4Dl[ FP P~ dpo.
RN
Thus

_ 4 2[p* + p(N + 2y —2 _
Pl < 2 [ Vgl + HEEREEBZIN ey,
RN R R

(6.10)

Assume first that p > 2 and let € > 0. Then, using Holder’s inequality with coefficients

ﬁ and 253;_21), and then Young’s inequality with the same coefficients, we have

p p—2
2(p—1) 2(p—1)
[ a2 am < ( [.r duU) (fN F2af2D duU)
R R R

p —p2 2 p—2 2/,.12(p—1)
< € foduy + GJ x| P dpy.
2(p—1) RN 2(p—1) Jmw 1

Thus, by choosing € > 0 small enough such that

(p—2)[p* + p(N + 2y — 2)1,
p(p—1) ’

1>

we obtain inequality (6.9) for some constants C, D > 0.

The case 1 < p < 2 requires more care. The inequality (6.10) holds for all p > 1, and so
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taking 1 e f in this result, where By = {z € RV : 2| < 1} and Bf = R¥\B), we obtain

2[p? + p(N + 2y —2 _
[p p( - Y )] J f2|l’|p 2d,U/U‘
p BY

_ 4
f2|ZL'|2(p 1) dMU < p_gj i ’ka|2 d,uU +
Bj

BY

Note that, since p < 2,
f fPlalP~? duy < f f? dpw,
BY BY

and so

2 _
2[p* +p(N + 2y 2)]fcf2d/w-

4
f2|$‘2(]9—1) d,uU < _QJ ‘ka‘Q d,uU + -
b= Jpe p

C
Bl

On the other hand, since p > 1, we have

PPV dpy < | 2 duw.
Bl Bl

Adding the last two inequalities, we obtain

2[p? + p(N + 2v —2
[p* + p( : v —2)] £,
p RN

_ 4
PP < VP g+
R R

which concludes the proof of the Proposition.

6.3 LOG-SOBOLEV INEQUALITIES FOR WEIGHTED MEASURES

In this section we use the U-bounds obtained above to deduce log-Sobolev inequalities. To
begin with, from Proposition 6.2.2 we obtain a generalised L?(uy) log-Sobolev inequality
for the weighted probability measure duy = Le~V® dyy, for U(x) = |zfP for 1 < p < 2.
Similarly, from Proposition 6.2.1 we obtain a log-Sobolev inequality in L'(uy) for general
1 < p < o0. The approach in both these results is similar to that of Theorem 6.1.1: first
employing Jensen’s inequality to take the logarithm outside the integral, and then using
the classical Sobolev inequality. U-bounds will be used to control residual terms arising

from the introduction of a weight.

Proposition 6.3.1. Let U(x) = |z|P for 1 < p < 2 and consider the probability measure
duy = %e’U dpx, where Z = J e VUdpy. Let s = 2’%. Then we have the inequality

.
Jo.r

2 S

f
§ 12 duy

log ——| dyuy < f VS g + C f £ dup,
RN RN
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for some constants Cy,Cy > 0.

Proof. Consider the function h = \%fe‘U/Q. Then fAduy = f h*duy,, and
RN RN

|7 du = | we
RN RN

2

S h? dpy,

S S

dg

2 2

h
S h? dyu

f
§ f2duu
gj h? d,uk—i—f hQUsduk+|logZ|sf h* duy,,
RN ]RN RN
(6.11)

where in the last inequality we used the fact that since s € (0,1] we have (X +Y)* <
X4+ Y for X,Y > 0.

log

+U +logZ

log

s

log

Before we start the usual procedure of applying Jensen’s inequality, we note that the

function x [log z|* is bounded on (0, 1), and let

D = sup z|logz|® < 0.
z€(0,1)

Consider now the function log, = := max{0,log x}. Then the above observation implies
that
z|logz|” < x(log, x)° + D for all z > 0.

With this in mind, we have
h2

d h?d
e f “’“J Sh?duk fh2du,

2 \*
< h?d — ) d DI.
f e U §hzduy, ( +Sh2d#kz> o ]

(6.12)

S

d

2

S h? dyu

log

For the fixed function h the measure TR dir h2 A d,uk is a probability measure and so we can

apply Jensen’s inequality to the concave functlon (log, t)® in the below as follows

e h? Sd—lf e 2\
e Sh2d O TRz d ) T8 L Th2dp % \ TR dp Hi

(1 + 6)° ( ||h||§+25)5
- log, —== .
6° Tl

By standard elementary means we can show that there exists a decreasing function C/(e)
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defined for all € > 0 such that the inequality
|log, z|* < ex + C(e)
holds for all x > 0. Applying this in the previous inequality, we obtain

h? < n? ) (L+3)° (Al =
" (log, —r— | du < 22 (e
v T2 dp OB Th2dp ) TS T w2 T

(1+0)° 1
08 Shz d,uk

[cChs [Vihll; + Cle) [1Al5].

(6.13)
Here in the last step we used the Sobolev inequality which holds if we choose ¢ > 0 such
that 2 + 20 = 200021,

~

N+2vy-2
Next, we have
1 1
IVl = 5 | Vetre P <2 [ ufPdu g [ PIVUPdu 619
RN RN RN

Combining (6.11), (6.12), (6.13) and (6.14), we have
S N + 2 S
f f? duy < ( 5 7) ZC%SEJ Vif* dpu
RN RN

" [(Nf”)sae)ﬂlogzru e
RN

N +2v\* 2
Y Dsef f2|VU]2duU+J F2U duy .
2 2 RN RN

2

log —
§f2duy

But |[VU| = plz[P~" and U® = |z[>P1) | so the last two terms can be computed as follows

_ 1
" fQUs d/l,U _ J;RN f2|l'|2(p 1) d,uU — ]?JRN f2|VU|2 dMU

Finally, from Proposition 6.2.2 and a relabelling of the constants, we obtain

JRN f2

where C'(€) = A;C(ae) + Age + Az, for some constants Ay, Ay, A3, a > 0. Choosing small
e > 0 we have C'(¢) > 0. This concludes the proof. O

2 S

log —
§f2duy

duy < ef Vi f I duy + C’(e)f 2 duy,
RN RN

Proposition 6.3.2. Let U(x) = |z|P with 1 < p < © and consider the finite measure
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Y4

dpy = e Yduy. Let s = %. Then we have the inequality

|

for some constants Cy,Cy > 0.

s

logsrf\d

dpy < Clj Vi fl dpo + C2f | fl dp,
RN RN

Proof. The proof is similar to that of the previous result except for in this case we rely
on the Sobolev inequality
2]l < C VAl

where q = Nﬁ;jzl, and the U-bound of Proposition 6.2.1. O]

6.4 POINCARE INEQUALITIES

In this section we discuss Poincaré inequalities for Dunkl operators. These will be used
in the next section to improve some of our previous log-Sobolev inequalities, but are also

of independent interest.

In order to prove Poincaré inequalities, we first introduce Muckenhoupt weights and show
that the Dunkl weight is a Moukenhoupt weight for small coefficients k.. This implies a
weighted Poincaré inequality for the usual gradient V f, via a classic result of [39]. Then,
using the usual technique based on Dirichlet forms, we show that this implies a Poincaré

inequality for the Dunkl gradient.

Definition 6.4.1 (Muckenhoupt weights). Let w be a locally integrable function on RY,
and assume also that w(z) > 0 for almost every z € RY. We say that w € A, for some

p > 1 if there exists a constant A < oo such that

\B\J (B]J w(a) dx)pl <A (6.15)

holds for all balls B < RY. Similarly, we say that w € A; if there exists a constant A > 0
such that

%J w(y) dy < Aw(x) for a.e. z€ B
B

holds for all balls B < RY.

The weights satisfying property A, have been studied extensively in harmonic analysis,
particularly because of their connection with maximal operators. The maximal operator
on RV is defined as .
M f(z) = sup r——
r>0 | Br(2)| Jp, ()
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where B,(z) = {y € RV : |y — x| < r}. We then have the following fundamental result
due to Muckenhoupt.

Theorem 6.4.2 (Muckenhoupt’s theorem). Let 1 < p < oo and let w be a locally inte-
grable function on RY. Then w € A, if and only if there exists a constant A > 0 such
that

N

| ms@pute) s

holds for all f € LP(w(x)dx).

Al Pt da

We will only present here some basic properties of these weights, for proofs and a more
detailed introduction see [96] or [50].

Proposition 6.4.3. We have the following properties of the classes Ay:

(i) The constant functions belong to all A, classes for p > 1.
(ii) The classes A, increase with p, i.e., if we A, and 1 <p < q < ©, then w € A,.

(iii) Let wy € A,, and wy € A,, for some 1 < py,ps < 0. Let also § € [0,1] and
7] 1-6

1
1 <p < oo such that % = p% + 11);20. Then, if wr = wi* wy? , we have w € A,.

(iv) Let 1 < p1,...,pn <0 andw;j € A, forj=1,...,n. Letalso0 <0y,...,0, <1
such that 6, + ... +0, =1. Then

A typical example of an A, weight is the function w(x) = |z|* for which we have w € A,
if and only if —N < a < N(p —1). Our aim is to establish for which values of p the
Dunkl weight wy, is of class A,. The proof we provide below is based on the following

crucial result from [84].

Lemma 6.4.4. Let P(z) be a polynomial of degree d in RN . Let By be the unit open ball

of radius 1, and let € < Then we have

1
d

[, P <c. ( [LE )

where the constant C. does not depend on the polynomial P.

We then have the following result.

Proposition 6.4.5. Let 1 <p < w. Ifvy < pT_l, then the Dunkl weight wy, is of class A,.
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Proof. Fix aw € R,. We will consider the polynomial of degree 1 given by P(x) = {«, ).
By Lemma 6.4.4, we have

JBl [, x)|“dx < C. (JBI [, z)| dx) _6, (6.16)

which holds for € < 1.

We note that we can replace the unit ball By in Lemma 6.4.4 with any ball Bg(z) =
{x : |x — z| < R} since composing the polynomial P(x) with any dilation or translation
results also in a polynomial of degree d in x. More precisely, we consider the polynomial

Q(z) = P(*%%) and apply Lemma 6.4.4 to @ to obtain the general result.

Thus we also have (6.16) for any ball B =« RY. Taking € = %1 for some ¢ > 2, this gives
q

(6.15) with p replaced by ¢, i.e.,

Ko, )| € Ay for any g > 2.
We now want to show that [(a, z)|* € 4, if 0 < a < p — 1. We distinguish two cases:

Case 1: 0 < a < min(1,p —1). Take p; = 21 + 1 and p, = 1. Also, let

a

wy(z) = [(a, )| and wy(x) = 1.

From our assumption, we have p; > 2, and so, by the observation above, w; € A4,,.
By Proposition 6.4.3(i), we also have wy € A,,. Take

g Pilp—1) :p—1+a€(0’1)7
p(p1 — 1) p

pb
1 2] 1—6 oy L Py -
so we have o = -~ +—=. By Proposition 6.4.3(iii) we have w := w{* = [{a, x)|* € A,,.

Case 2: 1 <a < p— 1. Consider the space II; of polynomials on RY of degree at most

1. As this is a finite vector space, all norms on II; are equivalent, so there exists a

constant C' such that
~ 1/a
J P(z)|dz > C (J \P(x)|“da;>
B1 Bl

holds for all P € IT;. From this, together with (6.16) applied to € = -2 we have

pTlu
[ kamrrrar oo ([ famrar)
B1 Bl
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Using the observation after inequality (6.16), we can replace By by any ball B < RY|
and so this implies that |[(a, z)|* € A,.

Finally, assume that v < pTl. Let 6 = ﬁ <1 — Z%) and define 6, = % + . Assuming
that |[Ry| > 1 (|R4| = 1 corresponds to the case proved above), we have 0 < 0, < 1 for

2ka
all v € R, and Z 0, = 1. Since % < p—1, by the above we have [{a, z)| % € A, for
OLER+

all « € R,. By Proposition 6.4.3(iv), we conclude that

wile) = [T (G o®)" e 4y,

OéER+

as required. O

The following important result from [39] shows that the weighted Poincaré inequality

holds for Muckenhoupt weights.

Theorem 6.4.6 ([39]). Let 1 <p < w0 and w € A,. Then there exists a constant C' > 0
such that for all balls B,.(x) of centre x and radius r > 0, and for all functions f defined

on B.(x) that are Lipschitz continuous, we have the inequality

JBT(:C) ‘f(y) B fBr(x)‘ w(y)dy < Cr J

Br(z

| Vi) Pwly) dy,
where fp ) = m SBT(m) f(2)w(z) dz is the weighted average of f over the ball B,(x).

A proof of this Theorem is given in Appendix A.

With the help of this result we obtain the following Poincaré inequality for Dunkl oper-
ators.

Theorem 6.4.7. Assume that v < % Then there exists a constant C' > 0 such that for

any function f Lipschitz continuous on Br(0) we have the inequality

JBR(O)
1

Proof. Since v < 3, by Proposition 6.4.5 we have wy € A;. Thus, by Theorem 6.4.6 we

have the Poincaré inequality

1 2

= e B0 LR@) S dp

dllk < CR2J

Br(0

|ka|2d,uk-
)

f ’f_fg;(O)P du < CRQJ IV fI? dp.
Br(0) Br(0)

r(0
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But, since Bg(0) is G-invariant, by Lemma 2.1.2 we have
[RZRZES R
Bg(0) Bg(0)

This, together with the previous inequality, prove the Theorem. O

We can now use this result together with the U-bounds proved above to obtain a Poincaré
inequality for the weighted measure pg .

Proposition 6.4.8. Let p > 1 and consider the weighted probability measure duy =
e Vduy, where U(z) = |zP and Z = J e Vduy. Assume, in addition, that v < 3.

2
RN
We then have the Poincaré inequality

fRN f—fRNfduU

which holds for all functions f locally Lipschitz continuous on RN and such that f €

2

duy < C | Vs P do
]RN

L' (uy), with a constant C > 0 independent of f.

Proof. We first note that for any constant ( € R we have

[ ram=d < [ e dau < ([ 17 cram)

so by the triangle inequality for the L?(uy) norm

J.

Thus, it is enough to prove the inequality

2

= J duy

RN

dur <417 = ¢ da
]RN

f = CPduy < C j V[ g (6.17)
RN RN

for some ( € R.

Let R > 0 and let Bz(0) = {|z| < R}. We will prove (6.17) with ( = —=— SBR(O) fdug

1k (Br(0))
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for large enough R. Firstly, we have

2

1 1
|f = ¢Pdur < < ——f fdus| dp
JBR(O) Z JBgo) 1k (Br(0)) Jp g0
C
< ERQJ |V]€f|2 dﬂk (618)
Br(0)

< C«R2€RP J ’ka’2 duU

Br(0)

Here we used the Poincaré inequality of Theorem 6.4.7 and the bounds e < eV <1
on Bgr(0).

On the other hand, we can use the U-bounds of Proposition 6.2.2 to the remaining integral

as follows

JRN\B o |f = ¢Pdpr < R‘Q(p‘”f £ (z) — ¢PzPP™Y duy
R

|z|>R

< CR‘Q(”‘”J

|z|=R

Vo f P dpu + DR f - P duw.

|z|=R

But R was an arbitrary positive number so we are free to choose it such that DR™2?P~1) <

1. Then we have

[ r-craw s S [ (619)
RN\BR(0) "= T DR |z|>R ’ H

Adding the inequalities (6.18) and (6.19), we obtain (6.17), and therefore, by the obser-
vation above, the Proposition is proved. O

6.5 TIGHT LOG-SOBOLEV INEQUALITIES

We now have all the ingredients to obtain tight log-Sobolev inequalities. The first is a

tight version of the log-Sobolev inequality for Gaussian measure from Theorem 6.1.4.

Theorem 6.5.1. Assume that v < 3. Let U(z) = |z|* and consider the probability
%e‘U dpy, where Z = f e Y duy. Then there exists a constant C' > 0

RN

measure duy =

such that we have the inequality

f2

Sf2—d'uU d,UU < CJRN ‘ka‘Qd,UU

f*1og
RN
In order to prove this result we will need the following inequality, known as Rothaus’s
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lemma.

Lemma 6.5.2 ([89]). Recall that

Ent(g) i~ |

RN

gloggduU—J

gduy log J gduy,
RN RN

for g = 0. Then, for all f measurable with fduy =0, we have the inequality
RN

Ent((f + ¢)?) < Ent(f?) +2 fAduy,
RN

for all c e R.

Proof of Theorem 6.5.1. By Rothaus’s lemma we have

Ent(f?) < Ent ((f - fduU>2) 2 fRN (f - fduu>2 dpip.

Furthermore, from Theorem 6.1.4, we have

2
Bur() < G [ IVufPa+ @ (7 [ fam) du

Finally, using the Poincaré inequality of Proposition 6.4.8, we obtain

Eut(f?) < (€1 + O2 + ) | |Vuff?dur
R
which is exactly what we wanted to prove. O]

The following inequality is also a tight version of the generalised log-Sobolev inequality
of Proposition 6.3.1, and it is obtained from this result in a manner very similar to the

proof that we have just seen.

Theorem 6.5.3. Assume that v < 5. Let 1 <p <2 and s = 2’%1. Let U(x) = |x|P and

consider the probability measure duy = %G*U dpg, where Z = J e Yduy. Let also
RN

O(z) = z(log(z + 1))°.

Then we have the inequality

f ¢(f2)duU—<I>U f?duU)w f Vot djao.
]RN RN RN
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for a constant C > 0.

As before, we need the following generalisation of Rothaus’s lemma.

Lemma 6.5.4 ([72]). Let ® be as in the statement of the Theorem and define, for g = 0,

Em@@%ZJ;medmf—¢<£wgde.

Then there exist constants Ay, By > 0 such that for any f with J fduy =0 we have
RN

Ent<1>((f + 6)2) < AlEl’ltq,(fQ) + Bl f f2 d,uU
RN
for all c e R.

Proof of Theorem 6.5.3. The proof of this goes along the same lines as the proof of The-

orem 6.5.1 although in this case we cannot apply Proposition 6.3.1 directly. Instead, we

note that
Em@w=f g“%ﬂ+@f—@%@+[ @)]MU
RN RN
g+1 7
< log ———+—
J]RNQ‘ gSQdMUJrl

where we used the inequality (X + Y)* < X*® + Y*® which holds for all X,V > 0
since s € [0,1]. We compute the integral on the right hand side separately over X =

{x tg(x) 2[ gduU} and X = RM\X. On X we have
RN

dpw,

g+1 g
1< < ,
Sgdur +1 ~ Sgduy

SO
g+1 [ J‘ g I
glog m—————| duv < | g|log dp.
J; ‘ Sgduy +1 RN §9duw
On the other hand, on X we have
d 1 d
L < dgduy + <1+Sguq
g+1 g
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SO

o Sgduy +1 d
g g~ g+ 1 Hu

d
g(gg MU) dpy < f gduy,
]RN

where we first used the inequality log(1 + z) < z for all z > 0, and then the fact that
s<1,so (Sgd“U>s<Sgd“U Thus
’ g =g

< SgduU+1

<

log dpy + J gdug.
RN

Ents(g) < f g
RN

g
SngU

We can now apply the same strategy as before. First, by Proposition 6.3.1, we have

Ento(g?) < Cy f Vg duw + (G + 1) j g
RN

RN

Taking g = f — f fdpy in this inequality and applying the previous Lemma, we have
RN

2
Ente(f2) < 4,0 JRN Vef P dpy + (Ay(Co + 1) +Bl)JRN (f—fRNfduU) Ay,

Finally, using the Poincaré inequality of Proposition 6.4.8, the proof is complete. O]

123



INFINITE DIMENSIONAL ANALYSIS

In this chapter we study infinite dimensional models of interacting dissipative systems
generated by Dunkl operators. More precisely, we study the Markov semigroup on the

infinite dimensional space (RV)%’ generated by

L= (LY + L.

lezd

The operators L(l) and Lgl) are deﬁned by
) !
LO =AY 4 0. vO

and
Lgl) — e V,(f),

where Ag) and Vg) are the usual Dunkl laplacian and gradient on RY which act only
on the [ component of w = (w;);eze € (RV)Z*. The functions b® : (RV)Z" — RY depend
only on the w; component, while e® : (RN )Zd — R" depend on the components w; with
|j—1| < R for a finite R called the range of interactions. In other words, the operators L")
are operators that only depend on the w; component and so they define finite dimensional
models. In the absence of the interaction terms e, these evolve independently of each

other.

We first study the finite dimensional case of a single operator L% acting on RY, for
which a priori the existence of an invariant measure is unknown. To begin with, we

prove gradient bounds for the resulting semigroup. An essential trick here is to consider
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a symmetrised gradient which takes into account the reflections associated to the root
system defining Dunkl operators. This allows us to deal with the resulting reflection terms
and to obtain appropriate bounds. Using these bounds we then prove the existence of an

invariant measure for the semigroup in the case of small coefficients k,,.

This analysis is then extended to an infinite dimensional setting, by introducing inter-
action terms. In this case, corresponding to the description above, the construction of
the semigroup is not obvious and it requires an approximation procedure. This requires
gradient bounds similar to the finite dimensional case, but which are technically more
involved. The bounds obtained allow us to prove that the semigroup has an invariant

measure and study its ergodicity properties.

Dissipative dynamics for infinite systems of interacting particles has been studied a long
time; see the classic references [71] and [52] for more details. For a study of Markov
semigroups in infinite dimensional settings see [110] in the case of elliptic operators, [30]
for subelliptic operators, [108, 109] for Levy-type operators and [61] for operators of
hypocoercive type. Similar analysis for Dunkl-type operators in the infinite dimensional
setting but in a simplified context corresponding to the very particular case of a root
system A;, was studied in [111]; we extend these results to the case of general root

systems in this chapter.

7.1 THE FINITE DIMENSIONAL CASE

We consider the operator
N
2T2+bT = Ap+b- Vg, (7.1)

where each b; € C1(RY) for i = 1,..., N. We will assume throughout this section that
L generates a Markov semigroup on Cy(RY), the space of bounded continuous functions
on RY. Let P, := e'* be the semigroup generated by L and denote for brevity f, = P.f.

The carré-du-champ operator associated with the operator L is given by

(L(f*) —2fLf).

l\DI»—

Lr(f) =

This should not be confused with the carré-du-champ operator associated with the Dunkl

laplacian .
D) = 5(Ae(f?) = 2/ Af),

which will also be used below.
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In order to avoid long expressions, in this chapter we use the notation

f(x) = f(oaT)
(a, )

for the a-dependent difference part in the definition of the Dunkl operators.

Aaf(m) =

Example 7.1.1. The main example throughout this section is the linear case corre-
sponding to b(x) = —cx for some ¢ > 0. This case is related to the generalised Ornstein-

Uhlenbeck semigroup studied in [88], where it was shown that the operator
LOU = Ak — CT - Vf

generates a Markov semigroup on Cj(RY).

We note that our operator is related to Loy via

Lf=Lovf—c ), kalf = foo0a)

OéGR+

Since the linear operator f — —c Z ko(f — f o 04) is clearly bounded on Cy(RY),
a€R+
standard results from general semigroup theory imply that L generates a contraction

semigroup (P;);>o (the perturbation of a contraction semigroup generator by a bounded

operator generates a contraction semigroup, see for example [24, Theorem 3.1]).

It is easy to see that the assumption (7.2) that we impose below on the drifts b will assure
the positive maximum principle holds and thus (F;)=0 is indeed positivity-preserving, so

a Markov semigroup (see [60, Theorem 19.11]).

Moreover, adding suitably small perturbations to the linear drifts b(z) = —cx should

produce further Markov semigroups with generators of the desired form (7.1).

Remark. We expect that the class of functions b for which the operator L generates a

Markov semigroup is much larger but this is the subject of a different investigation.

7.1.1 GRADIENT BOUNDS

The main result of this section is a bound on the symmetrised gradient form

D)) = Y [Vif (g) 2

geG

This form of the gradient has the advantage that it is G-invariant, so we do not have to

deal with the reflected terms that will appear in the computations below.
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Theorem 7.1.2. Let b; € C*(RY) such that V(b;) is bounded for alli = 1,...,

which satisfy
2

1
a2 <b(9f:>,a>W >0 VYzeRM, VaeR,.

Consider the operator
LzAker(x)Vk

which is assumed to generate a Markov semigroup (P;);=o on Cy(RY).

We then have the bound
D(Pf) < e®P,(T(f))  Vt>0,

where

= max sup 0;(b;) (@) + (N = 1) max [|2;(b) |, + v2y max || 4a(B) ..

Y zeRN

Proof. Firstly, we compute

d

Ept—sﬂkasp) = Pt—s(_L(|kas|2) + Zkas ' Vkas)

= P o(—L(|Vifs]?) + 2Vifs - LVifs + 2Vifs - [V, L1 f5)

_n, (_2 DI TL(Tif) + I(fs)) ,

j=1
where

N
I(h) := 2Vh - [Vi, L1h = 2> Vih - [V, biTi]h.

i=1

(7.3)

Here and everywhere in the below the notation [A, B] stands for the commutator of the

operators A and B, i.e., [A, B] :== AB — BA.

Step 1: compute I';(h). We have

Lr(h) = (Ak(hQ) — 2hAh + 2 bi [T3(h?) — 2hTh]>

i=1

[\.’)I»—l

N
Z T;(h?) — 2hT;h] .
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Using Lemmas 2.1.1 and 1.2.5, we have

L(h)(x)
— hioyx S h(z) — h(o,x))?
— |Vh(z ZR] ko ( % x<> )) _52 ZR] kaaibi(:c)( ( )<a7;> )
= IV + 5 3 hall(o) ~ hlon))? (7 — bl )

Thus, assumption (7.2) assures that I'; (k) = 0.

Step 2: compute [(h). We first note that, using the commutativity of Dunkl operators,
[T}, b 1] = [T5, i) T; + bi[T;, T;] = [T}, b:]T5,
and

T3, b Tih(e) = Ty(6Tih) ) = BT Tih(a)
_ Z kact; (bi(x) — bi(oax))(Tih(x) — Tih(%x)).

= T;(b:) (x)Tih = G

Thus we have

_22Th )Ty, bs)Tih ()

2,7=1

— > kol th(:v)><bi($) — bi(oaz))(Tih(x) — Tih(aax)))

o (o, )
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Step 3: gradient bounds. From the previous two steps we have

d
Eptfs(|kas|2> < Pt s I(fs)
N
_op, . Z]; WTfol? + D T (b)) T £ T
i=1 J#i
B Z k ajAa(bi>7}fs(ﬂfs - (TZfS) © Ja))
Jj=1laeR
_op, < DTS2 + 0500 T T3
J#i
+ Z Z k O-/] TfS(TfS)OUQ) :
1,j=1 aeR4

Let us estimate each sum separately, using the elementary inequality 2ab < a® + b? to
separate products and obtain the second powers we need in the expression of the gradient.

The first sum is easy to estimate. For the second sum we have

2370, (b) (@) T fo (@) Ty o) < D050, [(Tiful))? + (T3 fu())?)

J#i J#i

< 2(N — 1) max[|0; (b:)ll, Vifs(@)].

Finally, for the last sum we have

2 Z S ke Aa(bs) (@)T; fo(2) T fo(00)

i,j=1acR,

=2 Z ka<(1/, kas<l’)><Aa(b)(£L'), kas<0-ax)>

a€R+

ﬁmax”A o Y Fa [IVifo(@)? + [ Vifi(oa) ] .

acR

Summing the above computations over all g € G we obtain

d _

dS P fs gez;Pt s fs Og)
<2 (max sup 0;(bi)(w) + (N = 1) max |9 (bi)]| , + V2 max IIAa(b)Ilgo) Pr—s(T(£))-
v xeRN 1#] acR
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So we have proved that
d . 5
&Pt—s(l_‘(fs)) < 277Pt—s(r(fs))7

where

oo -

1= max sup O (b;)(x) + (N — 1) max [[0;(b;)|l., + v2y max | Aa (0)]

v zeRN 1#]

Integrating this inequality, we obtain
L(P.f) < " B(T(f)),

as required. N
Example 7.1.3. If b(z) = —cz, for a constant ¢ > 0, then it is clear that it satisfies the

assumption (7.2) of the Theorem. Moreover, 0;(b;) = —cd;; and

—x; + (v — {a, v)a);

(o, )

Ay(bi)(z) =c¢

= —CQy,
SO
n=—c+0+4+v2ymax|ca| = —c + 2¢y.

Thus, if v < %, the inequality (7.3) proved above is in fact a coercive bound.

Remark. It is possible to extend the previous example of linear drifts by adding small

perturbations and such that the conditions of the previous Theorem still hold.

7.1.2 INVARIANT MEASURES

The strategy for proving existence of invariant measure is to use general results from
probability theory such as the Prokhorov and Krylov-Bogoliubov theorems. For the con-
venience of the reader, in Appendix B we include a short introduction to the probability
theory necessary in this chapter. A useful tool in proving the tightness conditions in

these theorems is that of a Lyapunov function.

Definition 7.1.4. We say that a smooth function p : RN — [0,0] is a Lyapunov

function for L if it satisfies the conditions:

(i) p ([0, ) # B
(ii) for any M > 0, the level set {x € RY : p(z) < M} is compact;
(iii) there exist positive constants C, Cy, with Cy # 0, such that
Lp(x) < Cy — Cop(2) (7.4)

130



holds for all x € RN for which p(z) # o

We then have the following easy consequence.

Lemma 7.1.5. Let p be a Lyapunov function. Then, for any x € RN for which p(x) # o,
P,p(x) is bounded in t, i.e., there ezists a constant C > 0 such that

Pip(z) < C for allt > 0.

Here, P,p(x) should be understood as the limit

Pple) = lim Pi(p.)(x),
where p,(z) = min{p(x), a}

Proof. Note that by (7.4) we have

Lpa(y) < C1 — Copa(y)
holds for all y € RN if ¢ > &

Cy*
moreover, we have

d
aPt(pa) = P,(Lp,) < C1 — CoPy(pa).

Since p, € Cy(RY), then P(p,) is well defined and,
Integrating this inequality, we obtain

Pi(pa) (@) < e py () + 21

Taking a — oo we have

Thus, the conclusion follows by taking C' = p(z) + &

. (recall that z is fixed).

m
Let us now construct a Lyapunov function as a cutoff of the euclidean distance. To this
end, let y : R, — R, be a smooth function such that

0 ift<1
x(t) =

1 ift>2.

Consider then the function
p(x) = [z|x(|z]).

(7.5)
131



Then clearly p satisfies the conditions (i) and (ii) of Definition 7.1.4. In order to satisfy
assumption (7.4) as well, we need to find suitable bounds on p. We first compute, using
(1.2),

Arp(a) = Ap(a) +2 3 ke <V<f; % @)
N z; . |
_ ;(% <|x| (|lz]) + zix (|x|)> + 2y (mx(m) Ty (m))
N 1 72 xzz , / x_? )
-3 (rxtiah = Zioxtiah + e + ol + "o
27 (oxtle) + (o))
=(N+2y— 1)ix(|x|) + (N + 29 + DY(|z]) + 2" (=),

|

and we notice that, from the choice of y, there exists a constant C; > 0 such that
Ak[) < Cl.

Thus, we have

= Oy + (b)) (%xux\) + x'<|wr>)

<G+ @ﬁ#ﬂ(fﬁ),

for a constant C5 > 0. To summarise, we have proved the following Lemma.

Lemma 7.1.6. Assume that there exists a constant C > 0 such that

Mé—C for all z € RY .

||
Then, the function p defined by (7.5) is a Lyapunov function.

Example 7.1.7. In the case of linear drifts b(x) = —cx with ¢ > 0, we have

(. b(x)) _

.

so the function p does satisfy the assumption of the Lemma, so it is a Lyapunov function.
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We are now ready to prove the main result of this section.

Theorem 7.1.8. Let v <
inequality holds

Assume that there exists 7 < 0 such that the following

N —=

L(P.f) < e R(L(f)).
Moreover, assume that there exists a Lyapunov function p.

Then, there exists a sequence (Py,)1=0 and a probability measure v such that for all f

bounded and continuous, and for all x € RY such that p(x) # 0, we have

Ptlf(x)affdy as | — oo.
Additionally, the measure v is invariant for the Markov semigroup P;.

Proof. Fix x € p~([0,00)) and define the probability measures
pi(A) := Py(1a)(x).

Step 1: (pf)i~o is a tight family. By Markov’s inequality we have, for any M > 0,

C

pi{p=M}) < prdpt = —Pip(r) < I

M
where in the last step we used Lemma 7.1.5. This implies that

villp<M)=1-C (76)

Since the set {p < M} is compact, and M > 0 is arbitrary, this shows that the family
(Pf)i>0 is tight. By Prokhorov’s theorem, there exists a sequence (t;);>0 such that (pf )i>o

converges weakly to a probability measure, say v.

Step 2: p! = v for all y € p~ ([0, 0)).
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Let v,4(s) = 4+ s(y — z). We first compute

P0) - Pt @) = | [ VAH (o) (- 21

<lo =3l | I9(Pu)0m(s))ds

[ Puf0y(9)) = Puf (0a(04(5))

= |z —y| ), V(P ) (Ve (5) a;; koo 2R ds
<le =l | IVPun Oy (5))] ds

) ! Pufnaf5) = Paf(00(34(5))
+V2[z -y ae% ka fo ERD), ds.
From our assumption, we have
VR <R <) (r.7)

so the above becomes

Pufy) — P f()) < o — gl [En) |
+ \/§|l‘ — y| Z kaL Ptzf(’Ya:,y(Sz)a’YLUPZ(LZS;G(’YL?J(S))) ds.

(7.8)
Without loss of generality we can assume that © = 0 and we will use an iteration argument
applying (7.8) repeatedly. We first have

1/2
|Ptlf(y) - Ptlf(o)| < |y|€77tl

o))
+V2ly )

£ Koyl

(7.9)

L %!Ptlf(sy) — P, f(oa(sy))| ds.

Applying (7.8) again, noting that |sy — o (sy)| = sv2[{a, )|, we have

f(f)HZQ <1+2 3 ka)
23/2\?/\ Z Z k kﬁj f P f (Vou(sy),sy(@) = P f(08(Vou(sy),sy ()

oeRy feRs B Yoas)ou ()

1P f(y) — P fO)] < [yle™

duds.
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The next step is already too difficult to write down, but we can see that we obtain

T S 3

P f(y) = PufO)] < [yle™

OtlER+ a26R+ OtZER+
- 12 & .
=yl [T Y@
i=0

Therefore, if v < %, the infinite sum converges and we have

~ /
Pt (o)~ PO < Clyler [F)|| (710

Since n < 0, this shows that p}, = v, as required.

Step 3: v is an invariant measure for P,. We will now apply the Krylov-Bogoliubov

theorem. We have, using (7.6),

N

il < M) = 7 [ o< apar=1- 1

0

so the family (u%)7s¢ is tight. By the Krylov-Bogoliubov theorem, there exists an invari-

ant measure for P, say u.

Fix a bounded and continuous function f and let € > 0. Then, since p;, = v, there exists
[y > 0 such that
€
|Pifl(f)—y(f)|<§ for all [ > 1.

On the other hand, since p is an invariant measure, we have

/2
P, (f f|Ptl =P, f(y)ldu(y) < C HF e J |z —yldu(y),
where, in the second step, we used (7.10). Since n < 0, there exists ko > 0 such that
€
|pfl(f)—u(f)|<§ for all [ > [s.

Thus, for all [ > max{ly, >}, we have

u(f) = v(D < P, (f) = u(D] + 1p5 () = v(F)] <&

which shows that ;o = v. This finishes the proof. [

Remark. We note that we needed to impose conditions for the coefficients k, to be small
both in order to obtain n < 0, as well as in the proof of existence of invariant measure.

It would be interesting to find out whether this is just a shortfall of our chosen method,
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or whether this is a deeper characteristic of Dunkl operators.

Example 7.1.9. If b(x) = —cx, for some ¢ > 0, then an invariant measure for the

resulting semigroup is given by dv(z) = e~9*"/2 dyy (). Indeed, we have
f Lfdv = f (Apf —cx - Vif) e P2 qu,
RN RN

——J (V (—@) —cx) - Vifdv =0.
RN

7.2 THE INFINITE DIMENSIONAL CASE

In this section we work over the infinite dimensional space Q = (RN)2". An element of

this set will be denoted by w = (w;);ez¢, where each w; € RY. On the lattice Z? we define
d

the distance |l — j| = d(l,j) := Z |l; — 7i|. A cylinder function on €2 is a smooth function
i=1
f : Q — R that only depends the components w; for [ € A and A = Z< is a finite set. The

smallest such subset A < Z? will be denoted A(f). It is known that the set of cylinder

functions on € is dense in C(€2), see for example [52].

7.2.1 CONSTRUCTION OF THE SEMIGROUP

We want to define an infinite dimensional semigroup on (RV)2 with generator

L=Y10+3 0. v,

lezd leZd

where
LO =AY + 0. v

is a copy of the operator studied in the previous section, acting only on the [ component
of we (RM)Z". Here b® : Q — RV is a function that only depends on the w; component.
In addition, e® : @ — RY is a C! function which depends only on w; for [7 -1 <R
for some fixed R > 0 (we say that ¢ has finite range of interaction), and such that e®)
and all its first degree derivatives are uniformly bounded. As in the previous section, we

assume that for any [ € Z¢ we have

2

(o, wp)?

1
— o, bV (w))m >0 VYweQ, VaeR, (7.11)

and
2

1
oo >0 YweQ, Vae Ry. (7.12)

{o,w)) ~
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The operators LY are commutative and, as in the previous section, each generates a
finite dimensional semigroup. Thus, their sum ) ;. L® also generates a semigroup.
In this case, the dynamics is given by infinitely many copies of the same model acting
independently of each other. Introducing the terms corresponding to the functions e®)
makes the dynamics more interesting as it allows for interactions between the individual
diffusions.

In order to define this semigroup formally, we first consider the truncated operator for

L= 2 LO +Ze(l) . vl(ﬁl).

lezd leA

some finite A < Z¢,

This operator is well defined on the space of cylinder functions on €2 and we assume that
it generates a Markov semigroup (P*);=o. Since A is finite and by the finite range of
interactions assumption, then in fact only the diffusions corresponding to the points of
AR = {l e Z*:d(l,A) < R} interact with each other. Thus, we can split £, into two
components

Ly= > LW+ (2 LO 4+ el V,&”) .

l€ZINAR leAR leA

As discussed above, the operators L") are commutative, so the first part generates a
semigroup of diffusions that do not interact with each other, while the second part is

essentially finite dimensional and it can be dealt with as in the previous section.

Define the carré-du-champ operator

Ca(f) == = (La(f?) = 2fLAS) -

1
2

Using computations similar to the finite dimensional case, we have

La(f)(w) = D IVOFW)P + % Y, kAP (W) [2 = (e b0 (w))a,w)]

lez leZIN\A

45 D kaAD(FP ) 2~ (0,60 w) + )Xo w)].

leA

Here, in keeping with the notation above, V() is the usual gradient acting only on the
w; component of w € €2, and A&” is the operator A, acting on the same component wy.
From the assumptions (7.11) and (7.12) we have

La(f) = 0.

We want to define the infinite semigroup for any cylindrical function f as the limit in the
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uniform norm
. A
P.f = lim P*f.
A—7Z4

In order to prove that this limit exists, it is enough to show that for each increasing
sequence (A, )nen of finite subsets of Z¢, the sequence (PtA” f)nen is Cauchy. In other
words, fixing a cylindrical function f, for finite A = A’ ¢ Z?, we want to estimate the

norm
i
0
We assume also that A is large enough so that A(f) < A. We construct a sequence
Ao, ..., A, where n = |A’| — |A[, such that Ag = A, A,, = A" and for each j =0,...n—1,
Aj1\A; = {h;}. Then, we have

n—1
PEf =P <)
0 20

pYp-phy| (7.13)
0

But we can compute

t

. . td , .
ptAH—lf - ptAJf = J & [PtIX—Js(P;Xj+1f)] ds = J PtA—]s(EAjH - EAj)PsAijdS?
0 0

and since PtAj is a Markov semigroup we can estimate
A, A, LA h;
= BB e, | R ([ e ds
0
Similarly to the previous section, we now introduce the symmetrised gradient form

FOM)(w) = 3] IV h(gPw)P, (7.14)

geG

defined for all [ € Z%, and where ¢\ is the element ¢ of the reflection group G acting on

the w; € RY coordinate of w e . Using this definition, we have
2 .
VR [ < BN ),
and hence, from the above we deduce
Ajir A w5t prse ||
-] <o, [ oo Con
0

Thus, we need to obtain bounds on the quantity Hf‘(hﬂ')(PsA L )H . This is done in the
0

following Theorem.
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Theorem 7.2.1. Let A be a finite subset of Z¢ and consider the Markov semigroup
(PM) =0 generated by the operator

Lo= Y LO £ Y e 0

lezd leA
and denote f, :== PMf. Assume that
m = maxsup& (bz(l))( )+ (N — 1)max}|(37(7?(bi)H + \f’ymaXHAl H <0
v wen m# acR 4
and
(= 3 [0, <o
leza

Let f be a cylinder function such that A(f) < A and let I ¢ A(f). Let also

o [AA0)

where the square brackets indicate integer part. Then, for any o > 0 there exists T > 1

large enough such that if Ny = s, and we have the bound

[EOw)||

—2N;0—2
<e 10—250 Z

jezd

) ( f)” . (7.16)

0

Proof. Fix some ¢ =1,..., N. We first look at

0P (T fu?) = PA(—LA(T fu?) + 210 £ - TV LA S)
= PN (=20 (T f,) + 200 £, - [T, L4]F) (7.17)
< PA 1O f, - [T, Lol f),

where we used the positivity of I'y.

We can check directly that for distinct ,1’ € Z¢, the operators T and T( commute
for any 7,5 = 1,..., N. The same holds for [ = I, but here we need to refer to Dunkl’s
commutativity result (Theorem 1.2.4). As a consequence (recall also that b9 depends
only on the w; component), we have [Ti(l), LU)] =0 for all j # [. Thus, we can simplify

the commutator

(70, £ = [T, L9] + Z[TJ”, e v}

JeEA
(@)
]+ [T 1- v,
JEA
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where in the last step we used again the commutativity of Ti(l) with Téj ). So we next

need to compute [Ti(l), e)]. We have

(17, eD]h = 80 (heD) + > koot AD (he) — eDoh — > ke A (h)el?

OLER+ OCGR+
= 10 (e9) = 3 ko[ AD (R)e) — AD (hel)].
a€R+

Thus, we have

[T, eD]h = ha(eD) + > kaaih(cDw) AD (e9).

OLER+

Therefore, we have obtained

(10, £a]h = [TV, LO] + ) | &f Ih+ Y ki AD (D) - VP h(oPw)

JEA acR 4

Recall the definition of the symmetrised gradient form given in (7.14). From (7.17) and
(7.18) we obtain

Lpr o)
< DY P, (210 (g, 0 (40 (7.19)
geG i=1
+ZZ 2 > 2P, [ (AT 0 1) 0 | (7.20)
ger 1m=1 jeA

+ ZZ Z > 3 2kaaiPl, [ (ADDNTD f) 0 00TV ) 0 g0 (7.21)
geG

i=1m=1jeA aeRy

The term in (7.19) is essentially the finite dimensional case discussed in Theorem 7.1.2
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since all operators involved only act on the [ component. We thus have

> 3P, (200 fulg )T, LOV (g 0w) ) < 2m P (FO(f),

geCG i=1

where

M zmaxsupﬁ (bgl))( )—i—(N—l)maX”& b)), +\f7max”Al

o weQ m#i aeRy HOO

In order to estimate the next two terms, let

E ;= max{maxH&fl)(e%) H max”Al )|| } \fmaxH&l H :
i,m 0 i,m,a
where the second inequality follows from (1.1). Clearly E;; > 0 for all I,j € Z%, but
note also that £ ; = 0 if d(l,j) > R since e only depends on the components w; with
d(i,7) < R. The strategy in estimating the remaining terms (7.20) and (7.21) is to use
the inequality 2ab < ex? + 1y® to separate the products into sums of squares. We first

estimate

M=
M=

Z2P£_u[(a§< NP LT 1) 090

geG i=1m=1 jeA
N Y Y EgPY, lGlV ful? 0 g" IVJ)fuPog }
geG jeA
=N (Z Eu) P (CO(f) + NZ > B P |1V £l 0 g0
JEA geG jeA
<eN (Z El]) PA ( fu + NZ 2 Ezg [ j)f'u,) Og(l)}
JEA geG jel

and similarly

SRR N K sl (VT 1) 0 TOL) o)

geG i=1m=1 jeA aeR

N VaNk E P, leyv“ ful2og® \V 2o (o log”)]

geG jeN aeR 4
- 1 )
— V2N (Z E) PLAEO(F) VN 2 D B P IVl 0 o)
JeA geG jeA

< V2N~ (Z E) L)) +VaNAE DS P, [P0 0 ).

gGG jeA
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Combining all these results, we have obtained that

d A = (0) S DA (T A [F
—PL,(O0(f)) < 20PL (O(F)) + X Y BugPL, [ (f.) 0 g1 ] (7.22)
geG jeA
where
N
m —77[+6—1+\/>’7 <ZE17>’ (7.23)
JEA

and

. 1
Eiji=—N(1+ V29)Ey ;.

We choose ¢ > 0 such that 7, < 0; this is possible because by our assumption 7, < 0.
Multiplying inequality (7.22) by e™?"*  and integrating with respect to u from 0 to s, we
obtain

PO(f) < @ PO + 33 By [ 0P, [F0(1) 00 du

geG jeA

Taking supremum norm over this inequality, and since 7; < 0, we have

e

<l o]

FO(f, )deu. (7.24)

Up until this point we have not used the assumption that [ ¢ A(f) so this inequality holds
for general [ € Z2. Since | ¢ A(f), then f does not depend on the w; coordinate and so
the first term on the right hand side of inequality (7.24) vanishes.

We can improve inequality (7.24) by applying itself iteratively to the term under the
integral. At the first step we obtain

<y [ o], el
5|G|ZEU ])fH el ZZE” ”ff Hr (f)

JeEA j'eA
Note that if d({,A(f)) = R and d(j,l) < R, then j ¢ A(f), so the first sum vanishes
again. In fact, we need to apply this method iteratively N; = [M] + 1 times in order

Hf(”(fs) NI

d’u] du
o0

dv du.
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to get a non-trivial contribution. After infinitely many iterations, we obtain

P (sC)™ | (sC)™* F()
[ wg( N TN ]Zz: F](f)Hoo
Cy)N »
< gl
jezd
where
Cr =G| By (7.25)
JeEA

Note that the factorials appearing in the denominators above are a result of computing

nested integrals.

Let us estimate the constant appearing in this inequality. Using the fact that for any

natural number n we have n! > (%)n (which follows from the expansion of "), we obtain

|t

C;+N; (1 C;—log N;+1
< 501t 1(log sCy—log z+)Z

jezd

. o),

Now fix o > 0. There exists 7 > 0 large enough such that

c, C
log = + =L +1 < —4o. (7.26)
T T

If, in addition, IV; > 7s, then

C C
sCy; + N,(log sC; —log Ny + 1) < N, (—l + log Ly 1) < —40N; < —2N;0 — 2s0.
T T

Finally, this gives
|t

—2N;0—2
<e e SO’Z
o0

jezd

) ( f)” , (7.27)

o0
as required. O

Now that we have proved the required bounds on the symmetrised gradient, we can

go back to the definition of the infinite dimensional semigroup. Fix ¢ > 0 and let

N = [W] + 1. By definition, we have Ny, > N for all 7 =0,...,n—1. From
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(7.13) and (7.15), with the help of Theorem 7.2.1, we obtain

1/2n—1 +
Y- < (Z 50| ) 3 He(’”)lloof S
* lezd ® j=0 0

oyl —e = 2
Ce N (2 r<><f>(]w> ,

lezd
which holds for all N' > rt, where 7 > 1 is fixed. Recall that ¢ = Y [|e®]| was

assumed to be finite.

(7.28)

N

This concludes the proof that for each increasing sequence (A,,),>; of finite subsets of Z%,
and for each cylindrical function f, the sequence (P f), is Cauchy. Therefore, we have

proved the following Theorem.

Theorem 7.2.2. Consider the operator

L= (AP +60-v)+ 3 0. v

lezZd lezd

Assume that the coefficients b® and eV are uniformly bounded such that

7, = mMax sup 62-(1)([)(1))((,0) + (N — 1)mix H@(??(bi)Hoo + \/57 max ||Agf)(b(l))Hoc <0

i
o we acR

and

C= )], < o

lezd

Then, for any cylinder function f, the following limit exists in the uniform norm
P f := lim PMf,
A—74

and it defines a Markov semigroup (P,)i=0 on Cyp(Q2), with infinitesimal generator given
by L.

7.2.2 INVARIANT MEASURE

In this section we discuss the existence of an invariant measure for the infinite dimensional
semigroup that we have just defined. The strategy is the same as in section 7.1.2, and

we start by defining a Lyapunov function p that is suitable to our new setting.
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Let (a;)eza < (0,00) be an absolutely convergent series, i.e.,

Zal<oo.

lezd

We assume that for each [ € Z? there exists a function p; : Q — (0, 00), which depends
only on the w; coordinate, and such that w; — p;(w) is a Lyapunov function for the
operator L on RY. Moreover, assume that there exist constants C; = 0 and Cy > 0
such that

LOp 4+ e .V <O —Copy VieZ (7.29)

For each 0 < r < o0, define the set
Q, = {w eQ): 2 ap(w) < r},
lezd

and consider the function p : Q, — (0,00) given by

Using condition (7.29) and the fact that p; only depends on the w; coordinate, we have

Lp = Z al(L(l)pl + M. V,(cl)pl) < Z a;(Cy — Copy) = C4 Z a; — Cap. (7.30)

lezd lezd lezd

Then p is a Lyapunov function for L.

Remark. We could take, as in section 7.1.2, p(w) = |w|x(|wi|) for a cut-off function x.

If b satisfies "
M < -C Vw, € RN ’

i ?
and if the interaction coefficients e®) are sufficiently small, then more generally p; satisfies

the assumption (7.29).

Remark. We can relax assumption (7.29) to
(l)Pl < Oy — Cypy,

and

WVl < Cs = > e,

jezd
for suitably small positive numbers ¢, ;. With a little more effort, the proof below can be

changed to accommodate this case.
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We are ready to prove the main result of this section.

Theorem 7.2.3. Let p be defined as above, and let (P;);=0 be the Markov semigroup
with generator L defined in Theorem 7.2.2. Then, for any w € Q. there exists a subse-
quence (P);>0, and a probability measure v,, such that for all f € C(Q) bounded cylinder

functions, we have
Ptjf(w)ﬁffdyw as j — oo.

Furthermore, v,(Qy) = 1.
Proof. Fix w € Q4 and define

Py (A) == B(14)(w).

Using the same approach as in Lemma 7.1.5, from (7.30) we can show that there exists
a C' > 0 such that
Pp(w) < C for all ¢ > 0. (7.31)

As in the proof of Theorem 7.1.8, using (7.31) and Prokhorov’s theorem, we deduce that
there exists a subsequence (pf] )j=0 which converges weakly to some probability measure

U,
Moreover, using Markov’s inequality we have for any r» > 0 that

1 1 C
0<1—ru,09Q)< —del/w = —sup Pp(w) < —,

where in the last step we used (7.31). Taking r — o0, we obtain v, (€) = 1. O

For any € > 0 for which we have }},_,4(1 + |[|)7¢ < o0, define also the set

Note that for p; defined as in the previous remark, and with a; = (14]1|)~¢, then Q. = Q.

Remark. From the proof below it will be clear that instead of the weights (1 + |I])~¢ we

could take more general weights in the definition of ., even of exponential decay.

1

Theorem 7.2.4. Assume that v < 5. Let (P,)i>0 be the Markov semigroup defined in

Theorem 7.2.2 and assume in addition that

n:=supn <0,
lezd
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and

C:=supC < —2n,
lezd

where the constants 7, and C; were defined in (7.23) and (7.25), respectively.
For any bounded cylinder function f and any w,w' € Q., there exists ty > 0 and a constant
C(f,w,w') < o, such that

|Ptf(w) - Ptf(w/)| < C(f7w7w/)e_6t7

where ¢ > 0 is independent of f,t,w,w’.

Proof. Fix a cylinder function f and w,w’ € Q.. Fix A ¢ Z¢ finite and such that A(f) < A.
We then have

|Pf(w) — Ptjf(wl)’

\ . A A (7.32)
< |Bf(w) = B (W) + [P f(w) = B ()] + [F (W) = Bof(w)].

Using the computations in (7.28), there exists r > 0 such that if A = B,4(0) = {l € Z% :
|l| < rt}, and letting A’ — oo, then we have

1P = P, < Calf)e™, (7.33)

which holds for all ¢ > ty, where ty is chosen such that A(f) < A. This deals with the
first and the third terms on the right hand side of the inequality (7.32) above. We are
thus only left to study the middle term.

If w and w’ differ by just one coordinate, say w; = w} for all j # [, then let y,, ./(s) =
w; + $(w] — wy). We can then compute

U?ﬂm—BH@M=t[VWEWNmM®D%%—mNS

0

1
<M—quWWWﬁmwwmm

< luf =l [FORA S|

+ V2w, — w 2 kaJ

a€R+ 0

1/2
ee}

1

PtAf(’sz,w{(S)) - pztAf<Ua(7wz,w{<5)))
(v, sz,wf(s)» '

Using the same method as in Step 2 in the proof of Theorem 7.1.8, since v < %, then we
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obtain
A A r A g7
PAf(w) = PAF(@)] < Colur— il |[FOPA) (7.34)
0¢]
Going back to the proof of (7.24), note that we have in fact

2nt

[Eow)|

<e

fH +’G’2El

PO(L)|, au

Using the same iteration procedure as above, this implies that

27t+tC E
<€77+ l
o]

jezd

(LD

o) f)H . (7.35)

o0

By our assumption 21+ C; < 21+ C < 0, so this inequality provides the sufficient decay
required in (7.34).

We now turn to the case of general w,w’ € Q.. First, we note that if A(f) < A, then
by (7.24) we have A(P)f) < AF := {l € Z% : d(I,A) < R}, where R is the range of

interaction. But A% is a finite set, say |[A®| = n, and let [y, ..., [, be its distinct elements.

We construct the sequence w® =

= w, Wi = Wi for all j # ll, and wj™ = w . In other
words, each two consecutive terms of the sequence differ in just one coordinate, [;, and
wi = ) for all j € A®. Thus, by the observation above, P*(w") = P*(w'), and so we

have
n—1

[P f(w) = PMfW)] < Y IPM (@) = PR (W)

i=0
We estimate each term in this sum using the same method as above. More precisely,
using (7.34) and (7.35), we have

Z |PA z+1 < O, Z |Wl 77+C/2)

1"(] H

JEd

< oyppetomn Ll

epiin IS
< C3(F)(Cly + Cu)e™CPH 1 4 R + 1)) (7.36)
where C, = Y}, /a (1+|l\)6 and Cyy = D jza (1+\l| which are both finite since w,w’ € Q..
From (7.33) and (7.36) we obtain the decay we require. O
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CONCLUSIONS AND FUTURE WORK

When we started the work contained in this thesis, not much was available in the literature
in terms of functional inequalities for Dunkl operators. The few available results were
usually obtained as consequences of work of a different nature. Our intention was to
begin a systematic study of functional inequalities that would emphasise each inequality
separately as an abstract result of independent interest rather than as a tool for solving
the problem at hand. We believe we have fulfilled this aim by studying several families

of important inequalities.

However, the work is far from being complete and several questions remain. Of course,
there exist practically unlimited inequalities that could still be studied, but let us highlight
a few questions and improvements that stem directly from the work we presented in this

thesis.

The Sobolev inequality was established in full generality, but the study of optimal con-
stants is still very difficult. Even in the case p = 2 considered in this thesis, the exact
value of the optimal constant is still not known, although we have obtained some bounds.

In more general cases p # 2 there is not information at all.

In fact, several results in this thesis relied on the very useful inequality of Lemma 2.1.2
which we obtained using carré-du-champ methods suitable only in the case p = 2. A

more general result of the form

VAL < IVefll,

apart from its intrinsic interest, would allow us to generalise some results presented here

to cases other than p = 2.

In studying the Poincaré inequality for Dunkl operators in section 6.4, we relied on
Muckenhoupt weights and an additional assumption that v < % was necessary. It would
be interesting to determine if this assumption is necessary, or it is simply a limitation
due to our chosen method. A similar issue appears in the study of existence of invariant
measure in section 7.1.2, when we also required the assumption v < %, and it is not clear
if this is in fact necessary.

The important example throughout the whole Chapter 7 was that of linear drifts and small

perturbations thereof, but we believe other interesting examples could be considered. It
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is important first to check for which drifts b the operator L := Ay +b-V}, generates indeed
a Markov semigroup. Once this is established, our assumptions for obtaining gradient

bounds are quite general and they could accommodate some more of these examples.

Finally, now that we have significant progress in the topic of functional inequalities, the
next important step would be applying these results to various problems in Dunkl theory.
For example, methods based on the inequalities we have proved in this thesis could be

employed to study the Dunkl heat kernel.

Another direction in which the results presented here could be useful is that of partial
differential equations containing Dunkl operators. We have already included such an
example in Chapter 5 where we studied a nonlinear damped wave equation, but much

more than that should be possible to achieve.

As highlighted in the introduction, there is an important connection between Dunkl
operators and mathematical physics, via the Calogero-Moser-Sutherland model, and it
would be interesting to see how the results presented above could be applied in this
setting. For example, multi-particle Hardy inequalities have received a lot of interest
lately (see, for example, [56], [74] and [73]) and it might be possible to obtain these from

the general Hardy inequalities discussed in this thesis.

150



PROOF OF THEOREM 6.4.6

This appendix complements the presentation of Muckenhoupt weights in chapter 6.4 by
providing a proof of Theorem 6.4.6. We will follow the exposition in [55, Chapter 15].

Theorem A.1 ([39]). Let 1 < p < o0 and w € A,. Then there exists a constant C > 0
such that for all balls B,(x) of centre x and radius r > 0, and for all functions f defined

on B,(x) that are Lipschitz continuous, we have the inequality

f W= gl eway < o j L VI@Pe)

where [ f(2)w(z) dz is the weighted average of f over the ball B.(z).

1
w(Br(z)) SBT(QU)

Before we prove this result, we recall Muckenhoupt’s Theorem (Theorem 6.4.2) in a

slightly different form.

Theorem A.2. Let 1 < p < o0 and let w be a locally integrable function on RN. Then
w € A, if and only if there exists a constant A > 0 such that for any ball B <« RY we

| prr@pre@ar <4 jr@pPu
holds for all f € LP(w(x)dx).

have

Proof of Theorem A.1. First we show that

oo f0 = pPu@ay < | wiwPe@a  (a

B,(x)
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where fp () = mSBT(x) f(y)dy is the average of f with respect to the Lebesgue

measure.

It is convenient to see f as function defined over the whole space R so we extend it by
0 outside B, (z). It is known (see, for example, [92, Lemma 1.4.3]) that

Ve

T(I) |y - Z|N_1

|ﬂw—hmﬂ<CL dz = CI(Vf))(y). (A2)

where

Tu(y) = J}R Mdz

N[z =y

is the Riesz potential.

Choose any ¢ > 1 such that inf{s > 1:we A} <q¢<p< Ngandlet k = NJXE > 1. We
will show that '

(W Lr(x) Tul)l* () dy) "o (m J o uw)Pety) dy) (A3

holds for any u € C(B,(x)).

For any € > 0 and y € RY we have, expanding u by 0 outside B,(z), that

[ s )
ly—z|<e |Z - y|N_1 ; {27Je<|y—2z|<2-7t1¢} |Z - y|N_1

7j=1
0

< Z (2—j€)—N+1

f ()] dz
(2-esly—z|<2-i+1e}

< Z(r%)*ﬂlf lu(z)|dz
j=1 By—j+1.(y)

<
—_

e ' 1
=Ce) 27—+ J lu(z)| dz
j; ‘BQ*j+lﬁ(y>’ BQ—j+1€(y)

< CeMu(y)

On the other hand, by applying Hélder’s inequality first with coefficients p and ﬁ, and
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then 22X and 2=, we have
p—q q—17

[ e,
ly—z|>€ ’Z - y’
/p _ p(N-1) 1 p
< f fu(2)Pw(z) dz f 2=y (=) d
Br(x) {ly—z|>€e}nBr(x)
pP—gq q—1

1/p N—-1 T 1 %
< (j lu(2)[Pw(z) dz) (J |z — y\fp(P*q ) dz) (J w(z) ot dz)
By (2) ly—2|>¢ By (2)
b Na 1/p . ==
= Che v (J |u(z)[Pw(z) dz) (J w(z) a1 dz>
By () Br(z)

At this point, € is an arbitrary positive number and we are free to choose it conveniently.

Thus, putting these two computations together, and choosing

<SBT(=T> |u(2)[Pw(z) dz) " (SBr(m) w(z)"T d2> =1\ g
Mu(y) :

we obtain

Iww<ﬂmekﬁ(L@¢WWM@®>@<me@W1®)M-

Thus, it follows that

(53353;55J;Nw91u<yﬂﬂpw<y>dy)”p

< Cu(B,(2)) ™ <JBT(x) | Mu(y)Pw(y) dy) v (LT(@ [u(y)Pw(y) dy) i

: (f w(z)fﬁ dz) '
By (x)

<QO%mLMu@m@@Y,

where we used Theorem A.2 and the definition of w € A,. This completes the proof of

(A.3).
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Going back to the proof of the Theorem, from (A.3) and (A.2) we have

1

Kp

(oo Lm ) = Faol ) 0y
<or(pon fw v rPut)ar)

This proves (A.1) by noting that Holder’s inequality implies

(m JBT(I) 1£(y) = [Bo(o[P0(y) dy);

since Kk > 1.

Finally, for any constant ¢ € R we have

w — = —1 zZ) — Wiz z
|fBr(a:) d ‘w(BT(m)) fBr(x)(f( ) — Quw(z)d
1
< ST o ) = o)

so, taking ¢ = fp,(x), this implies
f )~ f o Potn)dy <2 f W) = Fonw Pwly) dy.
By (x

Br(x)

This last inequality together with (A.1) conclude the proof of the Theorem.
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SOME PROBABILITY THEORY

We record here, for completeness, a few classical probability theory definitions and results

that are necessary in Chapter 7 for proving existence of invariant measures.

Definition B.1. Let (X,d) be a metric space, and let X be the associated Borel o-
algebra, i.e., the o-algebra generated by the open sets of (X, d).

Let (pn)n=0 and p be probability measures on (X, X'). We say that p,, converges weakly
to p, and write p,, = p, if p,(f) — p(f) for any bounded continuous function f : X — R.

Let IT be a family of probability measures on (X,d). We say that II is relatively
compact if every sequence of elements of Il has a convergent subsequence. We say that
IT is tight if for every € > 0 there exists a compact set K. < X such that p(K.) > 1—¢
for any p € II.

Theorem B.2 (Prokhorov’s Theorem). Let I1 be a tight family of measures on (X, X).

Then 11 s relatively compact.

This simple form of Prokhorov’s theorem is all that we need here. The theorem admits

a converse in the case that X is separable and complete, see [12] for more details.

The following Theorem establishes sufficient conditions for the existence of an invariant
measure for a Markov semigroup. Its proof is not difficult and it goes via the Prokhorov
theorem; see [21] for details. We recall that v is an invariant measure for the Markov

semigroup P, if for all f bounded and continuous, and for all ¢ > 0, we have

JPt(f)dy - dey.
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Theorem B.3 (The Krylov-Bogoliubov Theorem). Let P, be a Markov Feller semigroup
on a Hilbert space H. For fixed x € H and t > 0, define the probability measures

pi(A) == Bi(1a)(x).

Define also the family of measures (u%)r=o by

If, for some x € H, the family of probability measures (f)r=o is tight, then there ezists
an invariant measure for P;.
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