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Functional Inequalities for Dunkl Operators with Applications

Abstract

In this thesis we thoroughly study several families of classical functional inequalities in

the setting of Dunkl operators. The following families are considered: Sobolev, Hardy,

Gagliardo-Nirenberg, logarithmic Sobolev, Poincaré inequalities. In each case, several

versions of the inequality are discussed, as well as related results. In the case of the Sobolev

inequality for p “ 2 we provide bounds on the optimal constant, and in the process we also

determine the precise optimal constants for the equivalent weighted Sobolev inequality for

the usual gradient. In terms of spectral inequalities, we obtain Lieb-Thirring and Cwikel-

Lieb-Rozenblum inequalities for Schrödinger operators with Dunkl laplacian.

As an application of the Gagliardo-Nirenberg inequality, we prove an existence and

uniqueness result for the Cauchy problem with small data of the nonlinear damped wave

equation. Furthermore, we prove ergodicity for an infinite dimensional Markov semigroup

defined in terms of Dunkl operators.
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Introduction

Rational Dunkl operators were introduced by Dunkl in [31] to study special functions

associated to root systems but have since been studied extensively and have found many

applications outside harmonic analysis. They are differential-difference operators defined

in terms of a root system. The geometric structure of the root system provides Dunkl

operators with a rich theory; an example of a surprising remarkable property is the fact

that Dunkl operators commute.

Another important property is the existence of an intertwining operator which intertwines

between the usual partial derivatives and Dunkl operators. With the help of this operator,

the theory of Dunkl transform can be established. This generalises the usual theory of

Fourier transform and shares many of its powerful characteristics.

As mentioned above, Dunkl operators were first introduced by Dunkl in [31] and then

subsequently developed in the papers [32], [33], [34]. Important early contributions ap-

peared also in [28], [80] and [35]. The next important achievement was due to Rösler who

showed in [86] that the intertwining operator is positive, and thus the Dunkl heat kernel

(which she introduced and studied in [85]) is also positive. A more complete account of

the early history of Dunkl history can be found in [87].

More recently, there has been extensive work to generalise classical harmonic analysis

results to Dunkl theory. To give a few examples, maximal functions and Riesz potentials

are discussed in [99], [100], [53], [1], [47] and [48], singular integrals in [2], while the Hardy

space H1 was studied in [4], [36], [5] and [37]. For a survey of the more recent directions

in Dunkl theory see [3].

Rational Dunkl operators are just one class of differential-difference operators associated

to reflection groups. Another important class are the trigonometric Dunkl operators of

Cherednik, see [3] for an introduction to this class and for an overview of general Dunkl

theories. In this thesis we only consider the rational case.

Apart from the theory of special functions and harmonic analysis associated to root

systems, Dunkl operators have found applications most notably in mathematical physics,

where they are used in the study of quantum many body problems associated to the

Calogero-Moser-Sutherland model, see [104] for more details. In probability theory, Dunkl

operators have been used to define Markov processes with remarkable properties; for an
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overview of probabilistic aspects of Dunkl theory see [49].

Functional inequalities lie at the heart of Analysis, being a fundamental tool for estimating

quantities that are a priori unknown. Classical inequalities such as Sobolev or Hardy

inequalities are ubiquitous in Analysis and their importance cannot be overstated. These

classical inequalities were later refined to deal with more precise problems, for example

in the theory of partial differential equations (inequalities of Nash, Gagliardo-Nirenberg,

Caffarelli-Kohn-Nirenberg, etc.).

In this thesis we begin a study of functional inequalities for rational Dunkl operators.

The special nature of Dunkl operators means that they do not fit into any prescribed

category, so no “recipe” can be applied in their study. We have thus surveyed a large

number of methods and ideas corresponding to various pathological cases. Harmonic

analysis methods have proven very useful at times, and the theory of Dunkl transform is

particularly powerful. On the other hand, to consider just one example, the fact that the

Leibniz rule does not hold is problematic and has prevented us from using several very

nice approaches.

In the context of Dunkl theory, functional inequalities have not been explicitly studied

before. There exist a few results in the literature, usually as byproducts of a more general

harmonic analysis theory. The Sobolev inequality for a restricted range of indices was

obtained in [1] as a consequence of the theory of Riesz potentials for Dunkl operators.

Pitt’s inequality was first proved in [95] in a special case, and then in [46] in full generality.

A Hardy-Rellich inequality on a Lizorkin space was obtained in [48] using the Dunkl-Riesz

potential.

We now give an outline of the thesis. More background on each family of inequalities

and a literature review is given at the beginning of the relevant chapter.

Chapter 1 briefly introduces the theory of Dunkl operators and their main properties,

and it also sets the notation that will be used throughout the whole thesis. This chapter

was designed so that it provides a clear introduction to Dunkl theory and it covers all the

material that will be necessary in the subsequent chapters. However, it is not intended

to give a complete account of Dunkl theory and its modern developments; more detailed

surveys can be found in [87] and [3].

In Chapter 2 we study the Sobolev inequality for Dunkl operators. Combining the re-

sults of this chapter with previous results in the literature, we can provide the Sobolev

inequality in full generality

‖f‖q ď C ‖∇kf‖p , (1)

where 1 ď p ă N `2γ and q “ ppN`2γq
N`2γ´p

. An elementary proof of the important case p “ 2

9



is provided as a consequence of the Nash inequality

‖f‖
1` 2

N`2γ

2 ď C ‖∇kf‖2 ‖f‖
2

N`2γ

1 .

Using a general method based on the pseudo-Poincaré inequality

‖f ´Htf‖p ď C
?
t ‖∇kf‖p ,

where Ht is the Dunkl heat semigroup, we prove a more general Besov space embedding

result that implies the Sobolev inequality for 1 ď p ď 2. A special case of the Gagliardo-

Nirenberg inequality is also obtained from this result.

In the second part of the chapter we study the optimal constant in inequality (1) for

p “ 2. An essential ingredient here is the simple but powerful inequality

ż

RN
|∇f |2 dµk ď

ż

RN
|∇kf |

2 dµk, (2)

which we obtain through carré-du-champ methods. This inequality allows us to obtain

bounds for the optimal constant in (1), in terms of the optimal constant in its classical

counterpart (when k “ 0). More precisely, we determine the sharp constant in the

classical weighted Sobolev inequality

ż

RN
|f |q dµk ď C

ż

RN
|∇f |2 dµk,

where q “ 2pN`2γq
N`2γ´2

. This is obtained by first proving the isoperimetric inequality for the

weighted measure µk, which then implies a rearrangement inequality.

Chapter 3 contains a thorough discussion of many forms of Hardy’s inequality for Dunkl

operators and some applications. Firstly, the Lp Hardy inequality is proved:

ż

RN

|f |p

|x|p
dµk ď C

ż

RN
|∇kf |

p dµk, (3)

for 1 ă p ă N`2γ
1`2γ

. In case p “ 2 we are able to remove this restriction on γ by using the

stronger inequality (2); in this case we obtain (3) for N ` 2γ ą 2. In case p “ 2 we also

determine the optimal constant pN`2γ´2q2

4
, which, as in the classical case, is not achieved.

Furthermore, we also prove the improved Hardy inequality

ż

Ω

|∇kf |
2 dµk ě

pN ` 2γ ´ 2q2

4

ż

Ω

f 2

|x|2
dµk ` C

ˆ
ż

Ω

|f |qX1` q
2

ˆ

|x|

δ

˙

dµk

˙
2
q

,

where q “ 2pN`2γq
N`2γ´2

, δ “ supxPΩ |x|, and Xptq “ p1´ log tq´1.

10



We conclude the chapter with two Hardy-type inequalities: the Rellich inequality

ż

RN
|∆kf |

2 dµk ě
pN ` 2γq2pN ` 2γ ´ 2q2

16

ż

RN

|f |2

|x|4
dµk,

with sharp constant, and the Caffarelli-Kohn-Nirenberg inequality

ż

RN

|∇kf |
2

|x|2a
dµk ď C

ˆ

|f |p

|x|pb

˙
2
p

,

where a ď b ď a` 1, a ă N`2γ
2
´ 1, and p “ 2pN`2γq

N`2γ´2`2pb´aq
.

Chapter 4 is devoted to spectral estimates for the Dunkl Schrödinger operator

H :“ ´∆k ` V,

for an admissible potential V . This operator has discrete negative spectrum consisting of

eigenvalues λ1 ď λ2 ď . . . ă 0 repeated according to multiplicity. Our first result is the

Lieb-Thirring inequality
ÿ

i

|λi|
ζ
ď C

ż

RN
V

N`2γ
2
`ζ

` dµk,

for any ζ ą 0, where V`pxq “ maxtV pxq, 0u. The case ζ “ 0, known as the Cwikel-Lieb-

Rozenblum inequality, estimates the number NpV q of negative eigenvalues of H, and is

the subject of our next result:

NpV q ď C

ż

RN
V

N`2γ
2

` dµk.

In Chapter 5 we prove two forms of the Gagliardo-Nirenberg inequality. The first one is

a simple consequence of the Sobolev inequality and it states that

‖f‖q ď C ‖∇kf‖θr ‖f‖
1´θ
p ,

where the coefficients 1 ď p, q ă 8, 1 ď r ă N ` 2γ and 0 ď θ ď 1 satisfy the relation

θ

ˆ

1

N ` 2γ
`

1

p
´

1

r

˙

“
1

p
´

1

q
.

The second Gagliardo-Nirenberg inequality is more involved and it required harmonic

analysis methods based on the Littlewood-Paley theory. It states that for 1 ă p ă 8,

0 ď s ď N`2γ
p

and 0 ă θ ă 1 we have

∥∥p´∆kq
sp1´θq{2

∥∥
p
ď C

∥∥p´∆kq
s{2

∥∥1´θ

p
‖f‖θp .
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In the second part of the chapter, we discuss the nonlinear damped wave equation for

Dunkl laplacian

B
2
ttu´∆ku` bBtu`mu “ fpuq, (4)

where b,m ą 0 and the nonlinearity f satisfies the assumptions fp0q “ 0 and

|fpaq ´ fpbq| ď Cp|a|p´1
` |b|p´1

q|a´ b|.

The main result is a global existence and uniqueness theorem for the Cauchy problem

with small data associated to equation (4).

Chapter 6 discusses logarithmic Sobolev inequalities. In the case of the measure µk, with

the help of the Sobolev inequality we prove that

ż

RN
f 2 log

f 2

ş

f 2 dµk
dµk ď ε

ż

RN
|∇kf |

2 dµk ` Cpεq

ż

RN
f 2 dµk,

which holds for all ε ą 0, where Cpεq is a decreasing function. The decay of Cpεq allows

us to deduce the ultracontractivity property of the heat semigroup.

In the case of weighted probability Dunkl measures of the form dµU :“ 1
Z
e´U dµk, we

prove several generalised log-Sobolev inequalities. This is achieved with the help of U -

bounds, which are inequalities of the form

ż

RN
|f |pV dµu ď C

ż

RN
|∇kf |

p dµU ` C2

ż

RN
|f |p dµU ,

where V is a suitable function which depends on U .

Also discussed in this chapter are Poincaré inequalities for the Dunkl gradient. We obtain

these results from their counterparts for the usual gradient ∇f with Dunkl weight wk,

which we prove by showing that wk is a Muckenhoupt weight for sufficiently small γ. The

resulting Poincaré inequalities are finally used to improve the log-Sobolev inequalities

proved above into tight versions, with no dependence of ‖f‖p on the right hand side.

In Chapter 7 we construct and study a Markov semigroup on an infinite dimensional space,

defined as an infinite product of finite dimensional diffusions generated by operators of

the form

L :“ ∆k ` b ¨∇k,

with additional interactions. The main tool for defining and studying this semigroup are

gradient bounds of the form

Γ̃pPtfq ď e´ctPtpΓ̃pfqq.

A suitable gradient form Γ̃ is considered, which takes into account the reflections asso-

12



ciated to Dunkl operators. Apart from the construction of the semigroup, we prove the

existence of invariant measure and smoothing properties of the semigroup. This extends

results of [111] for differential-difference operators with a single reflection term, to general

Dunkl operators for any root system. Markov processes associated to Dunkl operators

have also been studied (in the finite dimensional case) for example in [88], [43] and [44];

see also [49] (and references therein).

Some of the results in this thesis are contained in [105], [106] and [107].
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1
Preliminaries on Dunkl theory

This chapter serves as a self-contained introduction to the main concepts and results

in Dunkl theory. While it aims to provide sufficient background and context for the

subsequent chapters, it is not our intention to give a full introduction to the topic, and

for more details we recommend the excellent survey papers [87] and [3].

1.1 Root systems

Root systems lie at the foundation of Dunkl theory, their geometric structure being the

“secret” behind some the most striking properties of Dunkl operators. However, we should

note that their history goes back a long way, especially in relation to the classification

problem for Lie algebras. We give here a small summary of facts about root systems that

will be relevant to us later; the reader should consult [57] for a more complete exposition.

In order to introduce the main notions, we first make some definitions.

Definition 1.1.1. A root system is a finite set R Ă RNzt0u such that

(i) R X αR “ t´α, αu for all α P R, and

(ii) σαpRq “ R for all α P R, where σα is the reflection in the hyperplane orthogonal to

α, i.e.,

σαx “ x´ 2
xα, xy

xα, αy
α.

Definition 1.1.2. The reflection group associated to the root system R is the

14



subgroup G of the orthogonal group OpNq generated by all the reflections σα for α P R:

G :“
@

σα| α P R
D

.

Definition 1.1.3. The Weyl chambers associated to the root system R are the con-

nected components of

RN
z
 

x P RN : xα, xy “ 0 for some α P R
(

.

Let E be the set of all functions ε : R` Ñ t´1, 1u, and for each ε P E let

RN
ε “

 

x P RN : sgnpxα, xyq “ εpαq for all α P R`
(

.

Weyl chambers are all of the form RN
ε for some ε P E; equivalently, if RN

ε ‰ t0u, then RN
ε

is a Weyl chamber.

The following result summarises some properties of the reflection group G.

Proposition 1.1.4. (i) G is a finite group.

(ii) G acts simply transitively on the set of Weyl chambers, i.e., for any Weyl chambers

H,H 1 there exists exactly one g P G such that gH “ H 1.

(iii) The number of Weyl chambers equals the order of G.

We can write the root system R as a disjoint union R “ R` Y p´R`q, and we call R` a

positive subsystem; this decomposition is not unique, but, as we will see, the particular

choice of positive subsystem does not make a difference in our definitions below.

A root system is irreducible if it cannot be written as the disjoint union of two orthogonal

root systems. Irreducible root systems are the building blocks of root systems, as any

root system can be uniquely decomposed into irreducible components. Moreover, all

irreducible root systems are fully classified using Coxeter graphs; there are four infinite

families of root systems:

AN , BN , DN and I2pmq,

as well as the exceptional cases:

E6, E7, E8, F4, H3 and H4.

We give details below about the infinite families and we refer the reader to [57] for the

exceptional cases.
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1. AN : this is a root system in RN`1, defined for N ě 1, with

R “ t˘pei ´ ejq : 1 ď i ă j ď N ` 1u ,

and reflection group the symmetric group SN`1 which acts on RN by permuting

the standard basis e1, . . . , eN`1.

2. BN : this root system is defined in RN for N ě 2 by

R “ t˘ei : 1 ď i ď Nu Y t˘ei ˘ ej : 1 ď i ă j ď Nu .

The reflection group G is isomorphic to the semidirect product ZN2 ¸ SN , and it is

generated by permutations of the standard basis as above, as well as sign changes

ei ÞÑ ´ei.

3. DN : in this case we have a root system defined in RN for N ě 3 by

R “ t˘ei ˘ ej : 1 ď i ă j ď Nu ,

with reflection group ZN´1
2 ¸ SN , acting on RN by permutations of the standard

basis, and by an even number of sign changes, i.e., by reflections ei`ej ÞÑ ´pei`ejq.

4. I2pmq: this is a root system corresponding to reflection group D2m “ Zm ¸ Z2, the

dihedral group of order 2m. The best way to describe the root system is in C, by

R “
!

ei
jπ
m : 0 ď j ă 2m

)

.

1.2 Dunkl operators

From now on we fix a root system R in RN with positive subsystem R` and associated

reflection group G. We also assume without loss of generality that |α|2 “ 2 for all α P R.

Definition 1.2.1. A multiplicity function on the root system R is a map k : R Ñ

r0,8q which is G-invariant, i.e.,

kpαq “ kpgαq @g P G, @α P R.

We will normally write kα “ kpαq as these will be the coefficients in our Dunkl operators.

It is possible to define Dunkl operators for general multiplicity functions k : R Ñ R but

some of the results below only hold in the case k ě 0. For our purpose it is enough to

consider only this case.

16



Definition 1.2.2. Fix a multiplicity function k for the root system R. For i “ 1, . . . , N ,

we define the Dunkl operator Ti on C1pRNq by

Tifpxq “ Bifpxq `
ÿ

αPR`

kααi
fpxq ´ fpσαxq

xα, xy
.

Note that this definition does not depend on the choice of positive subsystem R` since,

by the G-invariance of k, we can also write

Tifpxq “ Bifpxq `
1

2

ÿ

αPR

kααi
fpxq ´ fpσαxq

xα, xy
.

Note also that in the case of k “ 0 we recover the usual partial derivatives.

The denominator xα, xy appearing in the definition of Ti does not actually produce a

singularity as can be seen through the following representation formula

fpxq ´ fpσαxq

xα, xy
“

ż 1

0

α ¨∇fpx´ txα, xyαq dt. (1.1)

Moreover, with the help of (1.1) we can describe the action of Dunkl operators on classical

spaces of functions.

Lemma 1.2.3. 1. If f P CmpRNq with m ě 1, then Tif P C
m´1pRNq;

2. Dunkl operators leave invariant the space of smooth compactly supported functions,

C8c pRNq, and the space of Schwarz functions, SpRNq.

One of the fundamental results, due to Dunkl [31] at the beginnings of the theory, is that

Dunkl operators commute.

Theorem 1.2.4. For any i, j “ 1, . . . , N , we have

TiTj “ TjTi.

So we see that in some ways Dunkl operators behave just like partial derivatives. However,

and this is what makes the theory interesting, some well-known properties of partial

derivatives (and other useful families of operators) fail for Dunkl operators. Most notably,

the Leibniz formula does not hold in general for Dunkl operators. Instead, we have the

following product rule.

Lemma 1.2.5. For any f, g P C1pRNq and for any i “ 1, . . . , N , we have

Tipfgqpxq “ Tifpxqgpxq ` fpxqTigpxq ´
ÿ

αPR`

kααi
pfpxq ´ fpσαxqpgpxq ´ gpσαxqq

xα, xy
.
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In particular, taking f “ g, we have

Tipf
2
qpxq “ 2fpxqTifpxq ´

ÿ

αPR`

kααi
pfpxq ´ fpσαxqq

2

xα, xy
.

Proof. By definition, we have

Tipfgqpxq “ Bipfgqpxq `
ÿ

αPR`

kααi
fgpxq ´ fgpσαxq

xα, xy

“ Bifpxqgpxq ` fpxqBigpxq ` gpxq
ÿ

αPR`

kααi
fpxq ´ fpσαxq

xα, xy

` fpσαxq
ÿ

αPR`

kααi
gpxq ´ gpσαxq

xα, xy

“ Tifpxqgpxq ` fpxqTigpxq ´
ÿ

αPR`

kααi
pfpxq ´ fpσαxqpgpxq ´ gpσαxqq

xα, xy
.

An important particular case of this is when one of the functions f and g is G-invariant,

in which case the Leibniz formula does hold. This will be exploited extensively and so

we record it below.

Corollary 1.2.6. Let f, g P C1pRnq such that one of f and g is G-invariant. Then, for

any i “ 1, . . . , N , we have

Tipfgq “ Tipfqg ` fTipgq.

Starting from Dunkl operators, we will consider problems similar to those of classical

analysis. Two important concepts that are generalisation to Dunkl operators of their

classical counterparts, and which will play a central role in the analysis below, are the

Dunkl gradient and Dunkl laplacian.

Definition 1.2.7. The Dunkl gradient is defined by

∇k :“ pT1, . . . , TNq,

and the Dunkl laplacian is defined by

∆k :“
N
ÿ

i“1

T 2
i .

Note that for k “ 0 Dunkl operators reduce to partial derivatives, and ∇0 “ ∇ and

∆0 “ ∆ are the usual gradient and laplacian.
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The Dunkl laplacian can be expressed in terms of the usual gradient and laplacian using

the following formula.

Proposition 1.2.8. For any f P C2pRNq we have

∆kfpxq “ ∆fpxq ` 2
ÿ

αPR`

kα

„

x∇fpxq, αy
xα, xy

´
fpxq ´ fpσαxq

xα, xy2



. (1.2)

The natural spaces to study Dunkl operators are the weighted spaces Lppµkq, with

dµk “ wkpxq dx,

where the Dunkl weight is

wkpxq “
ź

αPR`

|xα, xy|2kα .

This is a homogeneous function of degree 2γ, where

γ :“
ÿ

αPR`

kα.

We will mostly work in the spaces Lppµkq, and we will write the norm of these spaces

simply ‖¨‖p. With respect to this weighted measure we have the following integration by

parts formula:

Proposition 1.2.9. For any f P C1
b pRNq and g P SpRNq, we have

ż

RN
Tipfqg dµk “ ´

ż

RN
fTipgq dµk.

An important integral in Dunkl theory is the following Macdonald-Mehta constant which

is a generalisation to root systems of a previous integral by Mehta.

Definition 1.2.10. The Macdonald-Mehta constant associated to the system R with

multiplicity function k is

Mk :“

ż

RN
e´|x|

2{2 dµk.

Macdonald conjectured in [75] that

Mk “ p2πq
N{2

ź

αPR`

Γp2kα ` 1q

Γpkα ` 1q
. (1.3)

He also proved the result for infinite classes of root systems. Later, Opdam proved in
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[79] the result in general for all crystallographic root systems. Finally, a proof in full

generality was given by Etingof in [38].

One application of the Macdonald-Mehta integral that we will often use is in computing

integrals of radial functions.

Proposition 1.2.11. Let f : RN Ñ C be a radial function. Then

ż

RN
fpxq dµkpxq “

Mk

2
N`2γ

2
´1Γ

`

N`2γ
2

˘

ż 8

0

fprqrN`2γ´1 dr.

Proof. Using polar coordinates x “ rθ for r ą 0 and θ P SN´1, we have, since wk is

homogeneous of degree 2γ,

ż

RN
fpxq dµkpxq “ ppB1q

ż 8

0

fprqrN`2γ´1 dr, (1.4)

where

ppB1q “

ż

SN´1

wkpθq dσpθq.

Applying this to the Macdonald-Mehta integral, we obtain

Mk “ ppB1q

ż 8

0

e´r
2{2rN`2γ´1 dr “ ppB1q2

N`2γ
2
´1Γ

ˆ

N ` 2γ

2

˙

,

so

ppB1q “
Mk

2
N`2γ

2
´1Γ

`

N`2γ
2

˘

. (1.5)

The conclusion then follows from (1.4).

1.3 The Dunkl kernel

An important function associated with Dunkl operators is the Dunkl kernel Ekpx, yq which

acts as a root systems generalisation of the exponential exx,yy. Apart from being a crucial

tool in the development of the Dunkl transform, the Dunkl kernel is also significant in

the study of special functions.

There are two ways to define the Dunkl kernel. In order to proceed with the first route, we

need to introduce the Dunkl intertwining operator, which is also of independent interest.

The intertwining operator, which originates in the works of Dunkl, is a linear isomorphism

on the space P of polynomials on RN , which intertwines between partial derivatives and

Dunkl operators.
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Proposition 1.3.1. Let Pn, for n P N0, be the space of homogeneous polynomials on RN

of degree n. Then, there exists a unique linear isomorphism

Vk : P Ñ P

such that Vkpcq “ c for all c P P0, VkpPnq “ Pn for all n P N0, and

TiVk “ VkBi for all i “ 1, . . . , N. (1.6)

The operator Vk thus defined will be called the Dunkl intertwining operator.

The proof of this Proposition, due to Dunkl [33], is an exercise in linear algebra and it

is not constructive. In fact, it is in general very difficult to compute the intertwining

operator explicitly. Trimèche [102] later showed that the operator Vk can be extended to

the space C8pRNq of smooth functions, while preserving the intertwining property (1.6).

This allows us to define the Dunkl kernel.

Definition 1.3.2. The Dunkl kernel or Dunkl exponential is the map Ek : RN ˆ

CN Ñ C defined by

Ekpx, yq :“ Vkpe
x¨,yy
qpxq.

As in the classical case, the Dunkl kernel provides a class of eigenfunctions for Dunkl

operators.

Proposition 1.3.3. Let y P CN . Then, the function f “ Ekp¨, yq is the unique real

analytic solution of the system of equations

$

&

%

Tif “ yif @i “ 1, . . . , N

fp0q “ 1.
(1.7)

Remark. This property could be used as an alternative definition of the Dunkl kernel,

which avoids the intertwining operator. More precisely, we could define Ekp¨, yq as the

unique real analytic solution of the system of equations (1.7).

Below are some basic properties of the Dunkl kernel.

Proposition 1.3.4. (i) The Dunkl kernel Ek extends to a holomorphic map on CNˆCN .

(ii) Ekpx, yq “ Ekpy, xq for all x, y P CN .

(iii) Ekpgx, gyq “ Ekpx, yq for all g P G, x, y P CN .

(iv) Ekptx, yq “ Ekpx, tyq for all t P C, x, y P CN .
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(v) Ekpx, yq “ Ekpx, yq for all x, y P CN .

As with the intertwining operator, it is in general very difficult to compute the Dunkl

kernel explicitly. Some further understanding of the Dunkl exponential is provided by the

results of [86]. In this paper Rösler showed that the intertwining operator is positive on

the space of polynomials P , and using this she found a representation formula in terms

of a family of probability measures. The main results are summarised in the following

Theorem.

Theorem 1.3.5. (i) Vk is positive on P, i.e., Vkp ě 0 for all p P P with p ě 0.

(ii) For each x P RN there exists a unique Borel probability measure µxk such that

Vkfpxq “

ż

RN
fpyq dµxkpyq.

The support of µxk is contained in the convex hull of the G-orbit of x.

(iii) From the previous point it follows that for x P RN and y P CN we have the repre-

sentation formula

Ekpx, yq “

ż

RN
exx,yy dµxkpyq.

There are two important consequences of this result, which we spell out in the next two

Propositions. The first simply shows that the Dunkl exponential is positive on RN ˆRN ,

while the second provides some very useful bounds on the Dunkl kernel.

Proposition 1.3.6. The Dunkl kernel is positive on RN ˆ RN , i.e.,

Ekpx, yq ą 0 @x, y P RN .

Proposition 1.3.7. Let ζ P ZN` be a multi-index. For any x, y P CN we have the bound

|B
ζ
yEkpx, yq| ď |x|

|ζ| max
gPG

eRexgx,yy.

We will mostly use the particular case

|Ekpix, yq| ď 1 @x, y P RN .

1.4 Dunkl transform

Having defined the Dunkl exponential, we are now ready to introduce the Dunkl trans-

form, which is a generalisation to root system of the usual Fourier transform. Indeed, in
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the case k ” 0, so when Dunkl operators equal the usual partial derivatives, we recover

the theory of Fourier transform. The Dunkl transform shares many important properties

with the classical Fourier transform and, as we will see in the next chapters, it is a very

useful tool in proving analytic results for Dunkl operators.

Definition 1.4.1. The Dunkl transform is the operator Dk : L1pµkq Ñ CbpRNq defined

by

Dkpfqpξq :“
1

Mk

ż

RN
fpxqEkp´iξ, xq dµkpxq @ξ P RN .

Remark. The fact that the operator Dk is well-defined follows from the bounds on the

Dunkl kernel from Proposition 1.3.7.

The main properties of the Dunkl transform are collected in the following Proposition.

Proposition 1.4.2. (i) The Dunkl transform is an automorphism of the Schwarz space

SpRNq, with inverse given by

D´1
k fpξq “ Dkfp´ξq.

(ii) DkpTjfqpξq “ iξjDkpfqpξq for all j “ 1, . . . , N .

(iii) TjpDkpfqq “ ´iDkpxjfq for all j “ 1, . . . , N .

(iv) The Dunkl transform has a unique extension to an isometric isomorphism of L2pµkq.

In particular, the Plancherel formula holds

‖Dkpfq‖2 “ ‖f‖2 .

1.5 The one-dimensional case

To illustrate the concepts introduced above, in this short section we give an account of the

one-dimensional case. In this case there is only one root system, namely R “ t´
?

2,
?

2u

(taking into account our normalisation assumption that |α|2 “ 2 for all α P R), which

generates a reflection group isomorphic to Z2 that acts by changing the sign. The unique

Dunkl operator is then

Tfpxq :“ f 1pxq ` k
fpxq ´ fp´xq

x
,

for a constant k ě 0. Using formula (1.2), one can compute the Dunkl laplacian

∆kfpxq “ f2pxq ` 2k
f 1pxq

x
´ k

fpxq ´ fp´xq

x2
.
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As mentioned above, it is difficult in general to obtain explicit expression for the inter-

twining operator or the Dunkl kernel; however, the simple form of the Dunkl operator in

the one-dimensional case allows one to compute the following:

Vkppxq “
Γpk ` 1{2q

ΓpkqΓp1{2q

ż 1

´1

ppxtqp1´ tqk´1
p1` tqk dt,

and also

Ekpx, yq “ exy ¨ 1F1pk, 2k ` 1,´2xyq,

where 1F1 is the confluent hypergeometric function of the first kind.

1.6 The heat semigroup

In analogy to the classical equation, the Dunkl heat equation is the initial-value problem

$

&

%

p∆k ´ Btqupx, tq “ 0

upx, 0q “ fpxq.
(1.8)

As in the classical case, this can be solved using Dunkl transform. First, we need to

introduce the concept of Dunkl translation.

Definition 1.6.1. For any x P RN , the generalised or Dunkl translation is the

operator τx : SpRNq Ñ SpRNq defined by

τxfpyq “
1

Mk

ż

RN
DkfpξqEkpix, ξqEkpiy, ξq dµkpξq. (1.9)

An extension of the Dunkl translation to the space C8pRNq is due to Trimèche [103],

where he uses the definition

τxfpyq “ V y
k V

x
k

“

pV ´1
k fqpx` yq

‰

,

where V x
k and V y

k are the intertwining operators acting on the x and y variables, respec-

tively. The two definitions agree on the Schwarz space SpRNq.

Similarly to the definition over SpRNq, we can define the generalised translation over

L2pµkq via the formula (1.9). Moreover, the operator τx : L2pµkq Ñ L2pµkq is bounded,

with norm ‖τx‖ ď 1. Apart from this case p “ 2, which relies on the Plancherel formula,

it remains the most important question in Dunkl theory to show that Dunkl translations

are uniformly bounded on Lppµkq for general p ě 1. This problem is equivalent to

proving Young’s inequality in the Dunkl setting; before we state this, we need to define
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a generalised convolution.

Definition 1.6.2. The Dunkl convolution product for two functions f, g P C8c pRNq

is defined as

f ˚k gpxq :“

ż

RN
τxfpyqgpyq dµkpyq @x P RN .

The open problem mentioned above can now be stated as the Young’s inequality for

Dunkl convolution.

Open Problem (Young’s inequality). Let 1 ď p, q, r ď 8 such that 1
p
` 1

q
´ 1

r
“ 1. Then

there exists a constant C ě 0 such that for all f, g P C8c pRNq the following inequality

holds

‖f ˚k g‖r ď C ‖f‖p ‖g‖q .

Remark. Apart from the one-dimensional case, this problem has also been solved for

the case of radial functions. Let by some abuse of notation fpxq “ fp|x|q. Then there

exists an explicit expression for its translation

τxfpyq “

ż

RN
f
´

a

|x|2 ` |y|2 ` 2xy, zy|x|
¯

dµ
x
|x|

k pzq,

where µwk are the measures introduced in Theorem 1.3.5. Using this, one can see that the

Young’s inequality holds if one of f, g is a radial function.

Here are some properties of the generalised translation and convolution.

Proposition 1.6.3. (i) If k ” 0, then τxfpyq “ fpx` yq.

(ii) τxfpyq “ τyfpxq for all x, y P RN .

(iii) Dkpτxfqpξq “ Ekpix, ξqDkfpξq for all x, ξ P RN .

(iv) Tjτxf “ τxTjf for all j “ 1, . . . , N , x P RN .

(v) τxpEkp¨, ξqqpyq “ Ekpx, ξqEkpy, ξq for all x, y, ξ P RN .

(vi) Dkpf ˚k gqpξq “ DkfpξqDkgpξq for all ξ P RN .

Going back to the Dunkl heat equation, we want to obtain the solution as a convolution

with a convenient “fundamental solution”. This role will be fulfilled by the function

gkpx, tq :“
1

p2tq
N`2γ

2 Mk

e´
|x|2

4t .
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Indeed, it can be checked by a direct computation that the function gk satisfies the heat

equation p∆k ´ Btqu “ 0, and, moreover

ż

RN
gkpx, tq dµkpxq “ 1 @t ą 0,

and

Dkpgkqpξ, tq “
1

Mk

e´t|ξ|
2

.

Definition 1.6.4. The Dunkl heat kernel is the function

htpx, yq “ τ´xgkpy, tq “
1

Mkp2tq
N`2γ

2

e´
|x|2`|y|2

4t Ek

ˆ

x
?

2t
,
y
?

2t

˙

.

Remark. The second equality follows from the properties of gk listed above, as well as

the formula [34]

ż

RN
Ekpx, zqEkpy, zqe

´
|z|2

2 dµkpzq “Mke
|x|2`|y|2

2 Ekpx, yq.

The following Proposition collects some properties of the Dunkl heat kernel.

Proposition 1.6.5. (i) htpx, yq ą 0 for all x, y P RN , t ą 0.

(ii) For fixed y P RN and t ą 0, the function x ÞÑ htpx, yq belongs to the Schwarz space

SpRNq.

(iii) htpx, yq “
1
M2
k

ż

RN
e´t|ξ|

2

Ekpix, ξqEkp´iy, ξq dµkpξq.

(iv) htpx, yq “ htpy, xq.

(v)

ż

RN
htpx, yq dµkpxq “ 1 for all x P RN and t ą 0.

(vi) ht`spx, yq “

ż

RN
htpx, zqhspy, zq dµkpzq.

(vii) htpx, yq ď
1

Mkp2tq
N`2γ

2

max
gPG

e´
|gx´y|2

4t .

(viii) For any y P RN , the function px, tq ÞÑ htpx, yq is a solution to the Dunkl heat

equation.

Remark. The explicit expression for the Dunkl kernel which is available in one dimension

(see section 1.5) allows one to determine the global behaviour of the Dunkl heat kernel

in this case; this was done in [4]. More recently, the global behaviour of the heat kernel

was determined in full generality in [5] and [37].
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Finally, we can define the Dunkl heat semigroup. Consider, for all f P CbpRNq, the

operators

Htfpxq :“ pgkp¨, tq ˚k fqp´xq “

ż

RN
htpx, yqfpyq dµkpyq,

for t ą 0, and H0f “ f . As in the classical case, these operators form a positivity-

preserving contraction semigroup which solves the initial-value problem (1.8). This is

summarised in the following result.

Theorem 1.6.6. The operators pHtqtě0 define a positivity-preserving contraction semi-

group on C0pRNq with infinitesimal generator ∆k. Moreover, for any f P C0pRNq, the

function px, tq ÞÑ Htfpxq solves the initial-value problem (1.8).

Definition 1.6.7. The semigroup obtained in Theorem 1.6.6 will be called the Dunkl

heat semigroup.

1.7 Sobolev spaces

Definition 1.7.1. The Sobolev space H1
DpRNq consists of all f P L2pµkq such that

also ∇kf P L
2pµkq, where the gradient is understood in a weak sense. More precisely,

f P H1
DpRNq if and only if f P L2pµkq and there exist f1, . . . , fN P L

2pµkq such that

ż

RN
fTiϕ dµk “ ´

ż

RN
fiϕ dµk @ϕ P C8c pRN

q, @i “ 1, . . . , N.

This defines a Hilbert space with inner product

xf, gyH1
DpRN q :“

ż

RN
fg dµk `

ż

RN
∇kf ¨∇kg dµk.

It is clear that C8c pRNq Ă H1
DpRNq. Moreover, using the same techniques as in the

classical case, it can be seen that C8c pRNq is in fact dense in H1
DpRNq. A bit of care

is needed here because the classical proof of this fact relies on mollifiers and Young’s

inequality, which does not hold in general in the Dunkl setting. However, a partial result

is available, when one of the functions is radial, so density of C8c pRNq in H1
DpRNq can be

proved by using radial mollifiers.

As in the classical case, we can provide an alternative characterisation of the Sobolev

space H1
DpRNq in terms of the Dunkl transform as follows. Given f P L2pµkq, we have

f P H1
DpRNq if and only if the map ξ ÞÑ |ξ|Dkpfqpξq is in L2pµkq; in this case, by

Plancherel’s formula we have

‖f‖2
H1

DpRN q
“

ż

RN
|Dkpfqpξq|

2
p1` |ξ|2q dµkpξq.
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This justifies the following more general definition.

Definition 1.7.2. For any s ą 0 we define the Sobolev space Hs
D to be the space of

all f P L2pµkq such that the map ξ ÞÑ |ξ|sDkpfqpξq is in L2pµkq. Then Hs
D is a Banach

space under the norm

‖f‖2
Hs

D
“

ż

RN
|Dkpfqpξq|

2
p1` |ξ|2qs dµkpξq.

1.8 Spherical h-harmonics

In this section we briefly introduce h-harmonics; our presentation here is based on [23]

and we invite the interested reader to this reference for more details.

Definition 1.8.1. An h-harmonic polynomial of degree n is a homogeneous polyno-

mial p of degree n that satisfies

∆kp “ 0.

Spherical h-harmonics (or just h-harmonics) of degree n are then defined to be

restrictions of h-harmonic polynomials of degree n to the sphere SN´1.

Let HN
n be the space of h-harmonics of degree n; this is a finite-dimensional space and

we denote its dimension by dpnq. Moreover, the space L2pSN´1, wkpξq dσpξqq, where σ

is the surface measure on SN´1, is the orthogonal direct sum of the spaces HN
n , for

n “ 0, 1, 2, . . .. Let

Y n
i for i “ 1, . . . , dpnq

be an orthonormal basis of HN
n . In spherical polar coordinates x “ rξ, for r P r0,8q and

ξ P SN´1, we can write the Dunkl laplacian as

∆k “
B2

Br2
`
N ` 2γ ´ 1

r

B

Br
`

1

r2
∆k,0, (1.10)

where ∆k,0 is a generalisation of the Laplace-Beltrami operator on the sphere, and it only

acts on the ξ variable. Then the spherical h-harmonics are eigenvalues of ∆k,0, i.e.,

∆k,0Y “ ´npn`N ` 2γ ´ 2qY “: λnY, for all Y P HN
n .

The h-harmonic expansion of a function f P L2pµkq is given by

fprξq “
8
ÿ

n“0

dpnq
ÿ

i“1

fn,iprqY
n
i pξq,
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where

fn,iprq “

ż

SN´1

fprξqY n
i pξqwkpξq dσpξq, (1.11)

and σ is the surface measure on the sphere SN´1.
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2
Sobolev Inequalities

The classical Sobolev inequality states that

‖f‖q ď C ‖∇f‖p @f P C8c pRN
q (2.1)

where 1 ď p ă N and q “ Np
N´p

. This is a fundamental result in analysis and it has been

widely studied in a variety of contexts, see e.g. the classical references [76], [92].

We will be concerned with this inequality (and related inequalities) in the context of

Dunkl theory. The general approach to inequality (2.1) is to represent f as an integral

expression involving ∇f . In the Dunkl setting, this type of representation is given by the

Riesz transform and Riesz potential, and indeed the Sobolev inequality for 1 ă p ă N`2γ

was obtained as a corollary of this theory in [1] (see also [53]).

Combining our results with the existing results of [1], we have obtained the Sobolev

inequality for Dunkl operators in full generality. That is, we have the following Theorem.

Theorem 2.0.1. [Sobolev inequality] Let 1 ď p ă N ` 2γ and q “ ppN`2γq
N`2γ´p

. Then there

exists a constant C ą 0 such that we have the inequality

‖f‖q ď C ‖∇kf‖p @f P C8c pRN
q.

In this chapter we explore different approaches that provide simpler proofs, or which

improve on the existing results. We will first prove the Nash inequality in the Dunkl

setting and use this to obtain an elementary proof of the Sobolev inequality in the classical

case p “ 2. Nash’s inequality is another important result in analysis and it was first
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proved in [77] where it was used in the study of parabolic and elliptic equations. Nash’s

inequality can be seen as a weaker version of the Sobolev inequality as it can be deduced

from the latter using only Hölder’s inequality, but the two are in fact equivalent. We will

prove this in our context using a nice elementary result of [8].

Using a different approach, based on a pseudo-Poincaré inequality and a method of

Ledoux [64], we will prove a more general Besov space result. This implies in partic-

ular the Sobolev inequality in the case 1 ď p ď 2 (the limitation 1 ď p ď 2 comes from

the pseudo-Poincaré inequality). Note that this includes the case p “ 1 which was not

known before. A Gagliardo-Nirenberg inequality is also obtained.

Finally, we consider the problem of estimating the best constant in the Sobolev inequality.

In the classical case (inequality (2.1)), this amounts to finding the supremum

C “ sup
fPC1

c pRN q

‖f‖q
‖∇f‖p

,

and the question was answered in [97] and [7]. In the paper of Talenti, it was shown that

replacing f by its symmetric decreasing rearrangement f˚ increases the fraction in the

definition of C, so it is enough to consider the supremum over radial functions. This was

done using using the Pólya-Szegő inequality

‖∇f˚‖p ď ‖∇f‖p . (2.2)

which holds for all p ą 1. This simplifies the problem to that of maximising a functional

over a space of functions defined on the real positive half-line.

Throughout this chapter we use a simple but very useful result based on the carré-du-

champ operator which provides a link between the L2 norms of the usual gradient ∇f ,

and the Dunkl gradient ∇kf . Namely, we have

‖∇f‖2 ď ‖∇kf‖2 .

This is particularly useful in this chapter in estimating the best constant in the Dunkl

Sobolev inequality by linking it to its weighted counterpart involving only the usual

gradient.

We deal with this question in Section 2.4. First we prove an isoperimetric inequality for

the weighted Dunkl measure µk, using a method inspired from [15]. The isoperimetric

inequality then allows us to use a general result of Talenti [98], who proves a weighted

version of the Pólya-Szegő inequality. This provides us with a weighted rearrangement

inequality that holds for the usual gradient ∇f , on Weyl chambers. In particular, we find
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the precise best constant for the weighted Sobolev inequality in this classical case. We

will then connect this inequality to Dunkl operators by exploiting properties of Dirichlet

forms, as discussed above.

The structure of the chapter is as follows. Section 2.1 introduces the carré-du-champ

operator and we also prove some related results that will be very important in all sub-

sequent proofs. In section 2.2 we prove Nash’s inequality and then deduce the Sobolev

inequality in case p “ 2. In Section 2.3 we prove the pseudo-Poincaré inequality and

the Besov space inequality. Finally, in Section 2.4 we prove the isoperimetric inequality

and the rearrangement inequality, and find exact best constants for the weighted Sobolev

inequality for usual partial derivatives. This is then used to deduce important results

about best constants for the Sobolev inequality in the Dunkl setting.

2.1 The carré-du-champ operator

A key ingredient in our proofs below will be the carré-du-champ operator. This is defined

as

Γpfq “
1

2
p∆kpf

2
q ´ 2f∆kfq.

The following Lemma gives an expression of this operator.

Lemma 2.1.1. We have

∆kpf
2
q “ 2f∆kf ` 2|∇f |2 ` 2

ÿ

αPR`

kα

ˆ

fpxq ´ fpσαxq

xα, xy

˙2

.

In particular, we obtain the following expression for the carré-du-champ operator

Γpfq “ |∇f |2 `
ÿ

αPR`

kα

ˆ

fpxq ´ fpσαxq

xα, xy

˙2

.
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Proof. Using (1.2), we have

∆kpf
2
q “ ∆pf 2

q ` 2
ÿ

αPR`

kα

ˆ

x∇pf 2q, αy

xα, xy
´
f 2pxq ´ f 2pσαxq

xα, xy2

˙

“ 2f∆f ` 2|∇f |2 ` 4fpxq
ÿ

αPR`

kα

ˆ

x∇f, αy
xα, xy

´
fpxq ´ fpσαxq

xα, xy2

˙

` 2
ÿ

αPR`

kα

ˆ

fpxq ´ fpσαxq

xα, xy

˙2

“ 2f∆kf ` 2|∇f |2 ` 2
ÿ

αPR`

kα

ˆ

fpxq ´ fpσαxq

xα, xy

˙2

.

The expression for Γpfq then follows immediately from this and the definition.

In the Euclidean case, as well as on Riemannian manifolds with Laplace-Beltrami oper-

ator, we have Γpfq “ |∇f |2. The same is not true in the Dunkl case; however, using

integration by parts, we can compute the Dirichlet form to obtain

ż

RN
Γpfq dµk “

ż

RN
|∇kf |

2 dµk.

This, together with Lemma 2.1.1, give the following useful relation.

Lemma 2.1.2. For all f P C1
0pRNq we have

ż

RN
|∇kf |

2 dµk ě

ż

RN
|∇f |2 dµk.

A similar very useful result that will be used in the proof of Sobolev inequality is the

following.

Lemma 2.1.3. For all f P C1
0pRNq we have

ż

RN
|∇k|f ||

2 dµk ď

ż

RN
|∇kf |

2 dµk.

Proof. We note that p|fpxq| ´ |fpσαxq|q
2 ď pfpxq ´ fpσαxqq

2 holds for all x P RN and all

α P R. Since also |∇|f || “ |∇f |, then from Lemma 2.1.1 we have

Γp|f |q ď Γpfq.

Using Dirichlet forms as above, the conclusion follows.
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We also have the following pointwise estimate of the carré-du-champ operator in terms

of the Dunkl gradient.

Proposition 2.1.4. There exists a constant C ą 0 such that the following inequality

holds for all functions f for which all terms below are well-defined

Γpfq ě C|∇kf |
2.

Proof. For i “ 1, . . . , N , let

Difpxq “
ÿ

αPR`

αikα
fpxq ´ fpσαxq

xα, xy
,

so

Tifpxq “ Bifpxq `Difpxq.

From Lemma 2.1.1, we have (recall that |α|2 “ 2)

Γpfqpxq “
N
ÿ

i“1

˜

|Bifpxq|
2
`

1

2

ÿ

αPR`

α2
i kα

ˆ

fpxq ´ fpσαxq

xα, xy

˙2
¸

.

We will estimate the α-sum first. Take C̃ :“ minαPR`
1

2kα
. Here we use the convention

that if kα “ 0, then 1
kα
“ 8. Since k does not vanish identically and R` is a finite set,

then C̃ is well-defined and finite. We then have

1

2

ÿ

αPR`

α2
i kα

ˆ

fpxq ´ fpσαxq

xα, xy

˙2

ě C̃
ÿ

αPR`

α2
i k

2
α

ˆ

fpxq ´ fpσαxq

xα, xy

˙2

ě
C̃

a

|R`|
pDifpxqq

2.

Going back to the carré-du-champ operator, we now have

Γpfqpxq ě
N
ÿ

i“1

˜

|Bifpxq|
2
`

C̃
a

|R`|
pDifpxqq

2

¸

. (2.3)

The following inequality holds for all x, y P R and all c ą 0

x2
` cy2

ě
c

c` 1
px` yq2. (2.4)

Indeed, by rearranging the terms, this is equivalent to

px´ cyq2 ě 0.
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Using this inequality separately for each i “ 1, . . . , N , from inequality (2.3) above we

obtain that

Γpfqpxq ě C
N
ÿ

i“1

pBifpxq `Difpxqq
2
“ C|∇kfpxq|

2,

where C “
C̃{
?
|R`|

1`C̃{
?
|R`|

is the constant obtained from inequality (2.4).

2.2 Nash’s inequality

In this section we will prove the Nash inequality using an elementary method that exploits

the Dunkl transform and its rich theory. Using a nice method of [8] we can prove that

this in turn implies the Sobolev inequality.

Proposition 2.2.1 (Nash inequality). There exists a constant C ą 0 that depends on N

and k such that the following inequality holds for all f P L1pµkq such that ∇kf P L
2pµkq:

‖f‖1`2{p2γ`Nq

L2pµkq
ď C ‖∇kpfq‖L2pµkq

‖f‖2{p2γ`Nq

L1pµkq
.

Proof. Fix an R ą 0 and let BR be the ball in RN of radius R and centred at the origin.

We have

ż

RN zBR
|Dkpfqpξq|

2 dµk ď

ż

RN zBR

|ξ|2

R2
|Dkpfqpξq|

2 dµk

ď
1

R2

ż

RN
|ξ|2|Dkpfqpξq|

2 dµk.

Using the property that

DkpTjfqpξq “ iξjDkpfqpξq

for any j “ 1, . . . , N , then the right hand side of the above double inequality becomes

1

R2

ż

RN
|Dkp∇kfq|

2 dµk “
1

R2

ż

RN
|∇kpfq|

2 dµk,

where we used Plancherel’s formula.
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On the other hand, looking at the integral over BR, we have

ż

BR

|Dkpfqpξq|
2 dµk “

1

M2
k

ż

BR

ˇ

ˇ

ˇ

ˇ

ż

RN
fpxqEkp´iξ, xq dµkpxq

ˇ

ˇ

ˇ

ˇ

2

dµkpξq

ď
1

M2
k

ż

BR

ˆ
ż

RN
|fpxqEkp´iξ, xq| dµkpxq

˙2

dµkpξq

ď
1

M2
k

ż

BR

ˆ
ż

RN
|fpxq| dµkpxq

˙2

dµkpξq

“
1

M2
k

µkpBRq ‖f‖2
L1pµkq

.

Here we used the bounds |Ekp´iξ, xq| ď 1 of the Dunkl exponential.

Using the homogeneity of the Dunkl weight, we can compute using spherical coordinates

µkpBRq “

ż

BR

dµkpxq “

ż

SN´1

ż R

0

rN`2γ´1wkpθq dr dσpθq “
ppB1q

N ` 2γ
RN`2γ,

where ppB1q “

ż

SN´1

wkpθq dθ.

Putting the above together and using Plancherel’s formula, we have obtained

ż

RN
|fpxq|2 dµkpxq “

ż

RN
|Dkpfqpξq|

2 dµkpξq

ď
1

R2

ż

RN
|∇kpfq|

2 dµk `
ppB1q

M2
k pN ` 2γq

RN`2γ ‖f‖2
L1pµkq

The right hand side is optimised for

R “

˜

2M2
k ‖∇kpfq‖2

L2pµkq

ppB1q ‖f‖2
L1pµkq

¸1{pN`2γ`2q

and upon substituting this above and raising everything to the power 2γ`N`2
2p2γ`Nq

, we obtain

finally

‖f‖1`2{p2γ`Nq

L2pµkq
ď C ‖∇kpfq‖L2pµkq

‖f‖2{p2γ`Nq

L1pµkq
,

for a constant C which can be computed explicitly from the above.

We can now deduce the Sobolev inequality using the elementary argument from [8].

Theorem 2.2.2 (Sobolev inequality). Suppose N `2γ ą 2. Then there exists a constant

C ą 0 such that for all f P C8c pRNq we have the inequality

‖f‖Lqpµkq ď C ‖∇kf‖L2pµkq
,
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where q “ 2pN`2γq
N`2γ´2

.

As announced above, we will prove that the Sobolev inequality follows from the Nash

inequality. Before giving the proof, we note that the opposite implication also holds.

Indeed, this follows from Hölder’s inequality ‖FG‖L1pµkq
ď ‖F‖LP pµkq ‖G‖LQpµkq by ap-

plying it to F “ f 2θ, G “ f 2p1´θq, with a suitable choice of θ P p0, 1q and P,Q conjugate.

We obtain
ż

RN
f 2 dµk ď

ˆ
ż

RN
f 2Pθ dµk

˙1{P ˆż

RN
f 2p1´θqQ dµk

˙1{Q

.

Since we need L1 and L2pN`2γq{pN`2γ´2q norms on the right hand side, we let

2θP “ 1 and 2p1´ θqQ “
2pN ` 2γq

N ` 2γ ´ 2
.

These equations, together with 1
P
` 1

Q
“ 1, have a unique solution. Making the substitu-

tion and using the Sobolev inequality, the Nash inequality follows.

Proof. Fix first a smooth function f ě 0 of compact support. Let

fjpxq “

$

’

’

’

&

’

’

’

%

0, for fpxq ă 2j

fpxq ´ 2j, for 2j ď fpxq ď 2j`1

2j, for fpxq ą 2j`1

for any j P Z. Then fj P L
1pRNq and ∇kf P L

2pµkq, so we can apply the Nash inequality

obtained above to get

ˆ
ż

RN
f 2
j dµk

˙1`2{p2γ`Nq

ď C2

ż

SjzSj`1

|∇kf |
2 dµk ¨

ˆ
ż

RN
fj dµk

˙4{p2γ`Nq

, (2.5)

where Sj “ f´1pr2j,8qq. Using the definition of fj, we also see that

ż

RN
f 2
j dµk ě 22jµkpSj`1q, (2.6)

and

ż

RN
fj dµk ď 2jµkpSjq. (2.7)
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Let q “ 2pN`2γq
N`2γ´2

, so we want to estimate ‖f‖Lqpµkq. We have

ż

RN
f q dµk “

ÿ

jPZ

ż

SjzSj`1

f q dµk

ď
ÿ

jPZ

2qpj`1q
pµkpSjq ´ µkpSj`1qq “ p2

q
´ 1q

ÿ

jPZ

2qjµkpSjq.

This suggests introducing the notation aj “ 2qjµkpSjq and bj “

ż

SjzSj`1

|∇kf |
2 dµk. In

light of the above, now we need to estimate
ÿ

jPZ

aj.

Using the bounds (2.6) and (2.7) into the inequality (2.5), we obtain after some manip-

ulation

aj`1 ď 2qC2pbpja
4{pN`2γ`2q
j ,

where p “ N`2γ
N`2γ`2

. Summing up over all j P Z and noting that 2
N`2γ`2

“ 1 ´ p, we can

apply Hölder’s inequality to obtain

ÿ

jPZ

aj “
ÿ

jPZ

aj`1 ď 2qC2p
ÿ

jPZ

bpja
4{pN`2γ`2q
j

ď 2qC2p

˜

ÿ

jPZ

bj

¸p˜
ÿ

jPZ

a2
j

¸1´p

ď 2qC2p

˜

ÿ

jPZ

bj

¸p˜
ÿ

jPZ

aj

¸2p1´pq

.

Thus, we have

‖f‖qq ď p2
q
´ 1q

ÿ

jPZ

aj ď 2q{p2p´1q
p2q ´ 1qC2p{p2p´1q

˜

ÿ

jPZ

bj

¸p{p2p´1q

.

But clearly
ÿ

jPZ

bj ď

ż

RN
|∇kf |

2 dµk, and since p
2p´1

“
q
2
, we obtain

‖f‖Lqpµkq ď 21{p2p´1q
p2q ´ 1q1{qC ‖∇kf‖L2pµkq

,

as required.

If f is not non-negative, then applying the above result to the non-negative function |f |

and using Lemma 2.1.3, we have

‖f‖q ď C̃ ‖∇k|f |‖2 ď C̃ ‖∇kf‖2 .
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This completes the proof.

2.3 Pseudo-Poincaré inequality

In this section we will prove a sharper Sobolev-type inequality, involving Besov spaces.

Besov spaces Bs
pq are generalisations of the classical Sobolev spaces; for example, we have

Bs
2,2 “ Hs for any s ą 0. They can be characterised by many equivalent definitions which

are all rather technical; see [101] for more information. Here, we will be concerned only

with the spaces Bs
8,8, for s ă 0, which admit a simpler definition in terms of the heat

semigroup.

From now on we will work only in the Dunkl setting and in order to simplify notation, we

will also use Bs
8,8 to denote the corresponding Dunkl-Besov space. Recall that Ht “ et∆k

is the heat semigroup. For any s ă 0, we define the Dunkl-Besov space Bs
8,8 as the space

of all tempered distributions f P S 1pRNq for which the norm

‖f‖Bs8,8 :“ sup
tą0

t´s{2 ‖Htf‖8

is finite. The aim of this section is to prove the following improved Sobolev inequality.

Theorem 2.3.1. Let 1 ď p ă q ă 8 such that p ď 2. For any f such that ‖∇kf‖p ă 8
we have the inequality

‖f‖q ď C ‖∇kf‖p{qp ‖f‖1´p{q

B
p{pp´qq
8,8

,

where C ą 0 is a constant.

This inequality, in the classical case of simple derivatives, was first proved in [19] using

wavelets. A simplified proof was given by Ledoux in [64]. Similar inequalities were also

studied in [18] and [10]. Here we will follow Ledoux’s method that makes use of the

known bounds on the Dunkl heat kernel.

The essential ingredient in this proof is the following pseudo-Poincaré inequality.

Proposition 2.3.2. For any 1 ď p ď 2, there exists a constant C ą 0 such that for all

f we have

‖f ´Htf‖p ď C
?
t ‖∇kf‖p .

This type of inequality is interesting in its own right as it has proven to be a useful tool for

proving Sobolev inequalities in particularly difficult geometric settings. It can be stated

more generally as

‖f ´ Arf‖p ď Cr ‖∇f‖p ,
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where Ar is some sort of averaging operator. See [92] and [93] (and references therein)

for more details, as well as some historical remarks.

Before we start proving the pseudo-Poincaré inequality, we need the following two lemmas.

The first of these concerns gradient bounds, while the second one provides a Poincaré-type

inequality for the semigroup Ht.

Lemma 2.3.3. The following inequality holds

|∇kHtf | ď CHtp|∇kf |q

for a constant C ą 0.

Proof. We first note that since the Dunkl operators commute, then ∇k and Ht also

commute. Then, using the inequality
ř

i a
2
i ď p

ř

i aiq
2 which holds for nonnegative real

numbers ai, and then Cauchy-Schwarz, we obtain

|∇kHtf |pxq “ |Ht∇kf |pxq “

˜

N
ÿ

i“1

ˆ
ż

RN
Tifpyqhtpx, yq dµkpyq

˙2
¸1{2

ď

N
ÿ

i“1

ż

RN
|Tifpyq|htpx, yq dµkpyq

ď
?
N

ż

RN
|∇kfpyq|htpx, yq dµkpyq

“
?
NHtp|∇kf |qpxq,

as required.

Lemma 2.3.4. The following inequality holds

Htpf
2
q ´ pHtfq

2
ě Ct|∇kHtf |

2,

for a constant C ą 0.

Proof. We note that

Htpf
2
q ´ pHtfq

2
“

ż t

0

d

ds
pHsppHt´sfq

2
qq ds

“

ż t

0

Hs

`

∆kppHt´sfq
2
q ´ 2Ht´sf∆kpHt´sfq

˘

ds

“ 2

ż t

0

Hs pΓpHt´sfqq ds.
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Using first Proposition 2.1.4, and then Cauchy-Schwarz, this becomes

Htpf
2
q ´ pHtfq

2
ě 2C

ż t

0

Hsp|∇kHt´sf |
2
q ds

ě 2C

ż t

0

pHsp|∇kHt´sf |qq
2 ds.

Finally, using Lemma 2.3.3, we obtain

Htpf
2
q ´ pHtfq

2
ě

2C
?
N

ż t

0

|∇kHtf |
2 ds

“
2C
?
N
t|∇kHtf |

2,

and this completes the proof.

We can now prove the pseudo-Poincaré inequality.

Proof of Proposition 2.3.2. We note that

Htf ´ f “

ż t

0

d

ds
pHsfq ds “

ż t

0

∆kHsf ds.

Fix a smooth function g such that ‖g‖p˚ ď 1, where 1
p
` 1

p˚
“ 1. Then

ż

RN
gpf ´Htfq dµk “

ż

RN
pg ´Htgqf dµk

“ ´

ż t

0

ż

RN
f∆kHsg dµk ds

“

ż t

0

ż

RN
∇kf ¨∇kHsg dµk ds

ď ‖∇kf‖p
ż t

0

‖∇kHsg‖p˚ ds.

From Lemma 2.3.4 we have

Hspg
2
q ě Hspg

2
q ´ pHsgq

2
ě Cs|∇kHsg|

2.

Since p˚ ě 2, then the function | ¨ |p
˚{2 is convex and so, using Jensen’s inequality,

ż

RN
|∇kHsg|

p˚ dµk ď pCsq
´p˚{2

ż

RN
Hspg

2
q
p˚{2 dµk ď pCsq

´p˚{2

ż

RN
Hsp|g|

p˚
q dµk,
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and thus

‖∇kHsg‖p˚ ď
1

?
Cs

∥∥∥Hsp|g|
p˚
q

∥∥∥1{p˚

1
ď

1
?
Cs

‖g‖p˚ ď
1

?
Cs

.

Here we used the fact that Ht is a contraction on L1pµkq. Therefore

ż

RN
gpf ´Htfq dµk ď C

?
t ‖∇kf‖p .

Since g was arbitrary, this shows that

‖f ´Htf‖p ď C
?
t ‖∇kf‖p ,

as required.

We are now in a position to give a proof of the improved Sobolev inequality.

Proof of Theorem 2.3.1. The proof goes in three steps: the first step is proving a weak

form of the inequality, the second step is proving the inequality for f that satisfies the

additional assumption f P Lq, and finally, in the last step, we remove the assumption

f P Lq from the previous step.

Step 1. In this step we establish the weak inequality

‖f‖q,w ď C ‖∇kf‖θp ‖f‖
1´θ

B
θ{pθ´1q
8,8

, (2.8)

where θ “ p
q
P p0, 1q, and the weak Lq norm is defined by

‖f‖qq,w :“ sup
tą0

tqµk pt|fpxq| ą tuq .

By homogeneity, we can assume that ‖f‖
B
θ{pθ´1q
8,8

ď 1, i.e.,

|Htf | ď tθ{2pθ´1q for all t ą 0. (2.9)

For every t ą 0, let st “ t2pθ´1q{θ, so, by (2.9), we have |Hstf | ď t.

If |f | ě 2t, then |f ´Hstf | ě |f | ´ |Hstf | ě t, so

µk pt|fpxq| ě 2tuq ď µk p|f ´Hstf | ě tq ď t´p
ż

RN
|f ´Hstf |

p dµk. (2.10)

Using the pseudo-Poincaré inequality from Proposition 2.3.2, this implies that

tqµk pt|fpxq| ě 2tuq ď Ctq´ps
p{2
t ‖∇kf‖pp . (2.11)
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But from the choice of st, and because θ “ p
q
, we have tq´ps

p{2
t “ 1, so taking infimum

over t ą 0, by the definition of the weak Lq norm, we finally obtain (2.8).

Step 2. Here we will impose the additional assumption f P Lq. As before, we can assume

by homogeneity that ‖f‖
B
θ{pθ´1q
8,8

“ 1, so we need to prove that

ż

RN
|f |q dµk ď C

ż

RN
|∇kf |

p dµk. (2.12)

Keeping with the notation above, for any t ą 0 we let st “ t2pθ´1q{θ and so |Hstf | ď t.

Using the cake layer representation theorem (see [68, Theorem 1.13]) we have

ż

RN
|f |q dµk “ 5q

ż 8

0

µk

´

|f | ě 5t
¯

dptqq. (2.13)

Fix a constant c ě 4. Define the function

f̃t “ pf ´ tq` ^ pctq ` pf ` tq´ _ p´ctq.

If |fpxq| ě 5t, then either |f̃pxq| “ |fpxq| ´ t, or |f̃ | “ ct. It then follows that (recall that

we required c ě 4)

t|f | ě 5tu Ă t|f̃ | ě 4tu,

and thus

ż 8

0

µk

´

|f | ě 5t
¯

dptqq ď

ż 8

0

µk

´

|f̃ | ě 4t
¯

dptqq. (2.14)

The triangle inequality implies that

|f̃ | ď |f̃ ´Hst f̃ | ` |Hstpf̃ ´ fq| ` |Hstf |

ď |f̃ ´Hst f̃ | `Hstp|f̃ ´ f |q ` t,

where we used the convexity of the modulus function and the fact that |Hstf | ď t. It

follows that

t|f̃ | ě 4tu Ă t|f̃ ´Hst f̃ | ě tu Y tHstp|f̃ ´ f |q ě 2tu.

Hence
ż 8

0

µk

´

|f̃ | ě 4t
¯

dptqq ď

ż 8

0

µk

´

|f̃ ´Hst f̃ | ě t
¯

dptqq

`

ż 8

0

µk

´

Hstp|f̃ ´ f |q ě 2t
¯

dptqq.

(2.15)

We will estimate the two terms appearing on the right hand side of this inequality sepa-
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rately. Firstly,

µk

´

|f̃ ´Hst f̃ | ě t
¯

ď

ż

RN

|f̃ ´Hst f̃ |
p

tp
dµk

ď Ct´ps
p{2
t

ż

RN
|∇kf̃ |

p dµk,

where in the second line we used the pseudo-Poincaré inequality from Proposition 2.3.2.

We note that by the construction of f̃ we have that ∇kf̃ “ ∇kf on t ď |f | ď pc ` 1qt,

and ∇kf̃ “ 0 otherwise. Consequently,

ż 8

0

µk

´

|f̃ ´Hst f̃ | ě t
¯

dptqq ď C

ż 8

0

t´q
ż

RN
1ttď|f |ďpc`1qtu|∇kf |

p dµk dptqq

“ Cq

ż

RN
|∇kf |

p

ż |f |

|f |{pc`1q

1

t
dt dµk

“ Cq logpc` 1q

ż

RN
|∇kf |

p dµk.

Secondly, in order to estimate the second term appearing in (2.15), we first note that

|f ´ f̃ | “ |f ´ f̃ |1t|f |ďpc`1qtu ` |f ´ f̃ |1t|f |ěpc`1qtu

ď t` |f |1t|f |ěpc`1qtu,

and using this we have

ż 8

0

µk

´

Hstp|f̃ ´ f |q ě 2t
¯

dptqq ď

ż 8

0

µk

´

Hstp|f |1t|f |ěpc`1qtuq ě t
¯

dptqq

ď

ż 8

0

ż

RN

|f |1t|f |ěpc`1qtu

t
dµk dptqq

“

ż

RN
|f |

ż |f |{pc`1q

0

qtq´2 dt dµk

“
q

q ´ 1

1

pc` 1qq´1

ż

RN
|f |q dµk.

Putting these back in (2.15), and also using (2.14) and (2.13), we finally have

ż

RN
|f |q dµk ď Cq5q logpc` 1q

ż

RN
|∇kf |

p dµk `
q

q ´ 1

5q

pc` 1qq´1

ż

RN
|f |q dµk.

Choosing c ě 4 large enough so that q5q

q´1
ă pc ` 1qq´1, we obtain (2.12) for a constant

C ą 0.

Step 3. This is a technical step in which we remove the unnecessary assumption f P Lq
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from the previous step. The proof also follows that of Step 2.

Let f P W 1,ppRNq and, as before, we can assume by homogeneity that ‖f‖
B
θ{pθ´1q
8,8

“ 1.

Fix also 0 ă ε ă 1 and define

Nεpfq “

ż 1{ε

ε

µk

´

|f | ě 5t
¯

dptqq.

By the weak inequality (2.8) this is a finite quantity. Moreover, following the proof of

Step 2, we can bound this as

Nεpfq ď Cq logpc` 1q

ż

RN
|∇kf |

p dµk `

ż 1{ε

ε

1

t

ż

RN
|f |1t|f |ěpc`1qtu dµk dptqq. (2.16)

We now estimate the second term on the right hand side of this inequality. Changing the

order of integration using Fubini’s theorem, we have

ż 1{ε

ε

1

t

ż

RN
|f |1t|f |ěpc`1qtu dµk dptqq

“ q

ż

RN
|f |

«

1
tεď |f |

c`1
ď1{εu

ż |f |{pc`1q

ε

tq´2 dt` 1
t
|f |
c`1

ą1{εu

ż 1{ε

ε

tq´2 dt

ff

dµk

“
q

q ´ 1

ż

RN

„

1
tεď |f |

c`1
ď1{εu

ˆ

|f |q

pc` 1qq´1
´ εq´1

|f |

˙

` 1
t
|f |
c`1

ą1{εu

ˆ

|f |

εq´1
´ εq´1

|f |

˙

dµk.

Using a similar method to the above, we also note that

ż 1{ε

ε

µk

´

|f | ě pc` 1qt
¯

dptqq

“

ż 1{ε

ε

ż

RN
1t|f |ěpc`1qtu dµk dptqq

“

ż

RN

«

1
tεď |f |

c`1
ď1{εu

ż |f |{pc`1q

ε

dptqq ` 1
t
|f |
c`1

ą1{εu

ż 1{ε

ε

dptqq

ff

dµk

“

ż

RN

„

1
tεď |f |

c`1
ď1{εu

ˆ

|f |q

pc` 1qq
´ εq

˙

` 1
t
|f |
c`1

ą1{εu

ˆ

1

εq
´ εq

˙

dµk.

From these last two computations we can now deduce that

ż 1{ε

ε

1

t

ż

RN
|f |1t|f |ěpc`1qtu dµk dptqq ď

qpc` 1q

q ´ 1

ż 1{ε

ε

µk

´

|f | ě pc` 1qt
¯

dptqq

`
q

q ´ 1

ż

RN
1
t
|f |
c`1

ą1{εu

ˆ

|f |

εq´1
´
c` 1

εq
` pc` 1qεq ´ |f |εq´1

˙

dµk.

45



We note also that

ż 8

1{ε

µk

´

|f | ě pc` 1qt
¯

dt “

ż 8

1{ε

ż

RN
1t|f |ěpc`1qtu dµk dt

“

ż

RN
1
t
|f |
c`1

ą1{εu

ˆ

|f |

c` 1
´

1

ε

˙

dµk.

Finally, these give

ż 1{ε

ε

1

t

ż

RN
|f |1t|f |ěpc`1qtu dµk dptqq ď

qpc` 1q

q ´ 1

ż 1{ε

ε

µk

´

|f | ě pc` 1qt
¯

dptqq

`
q

q ´ 1

c` 1

εq´1

ż 8

1{ε

µk

´

|f | ě pc` 1qt
¯

dt.

(2.17)

At this point we use the definition of the weak norm ‖¨‖q,w and a change of variables to

obtain

ż 1{ε

ε

µk

´

|f | ě pc` 1qt
¯

dptqq ď

ˆ

5

c` 1

˙q

Nεpfq `
q

pc` 1qq
log

c` 1

5
‖f‖qq,w ,

and also

ż 8

1{ε

µk

´

|f | ě pc` 1qt
¯

dt ď
εq´1

pc` 1qqpq ´ 1q
‖f‖qq,w .

Using these in (2.17) and then (2.16), we have that

Nεpfq ď Cq logpc` 1q ‖∇kf‖pp `
q

q ´ 1

5q

pc` 1qq´1
Nεpfq

`
q

q ´ 1

1

pc` 1qq´1

ˆ

q log
c` 1

5
`

1

q ´ 1

˙

‖f‖qq,w .

From Step 1 we know that ‖f‖q,w ă 8, and from our assumption we have ‖∇kf‖p ă 8.

Thus, by choosing c large enough (independent of ε), we have Nεpfq ă 8. Therefore,

taking the limit ε Ñ 0, this implies that ‖f‖q ă 8. We have now reduced the problem

to Step 2, so the proof is complete.

We can show that the inequality of Theorem 2.3.1 implies the classical Sobolev and

Gagliardo-Nirenberg inequalities, but first we need the following ultracontractivity result.

Proposition 2.3.5. Let 1 ď p ď 8. Then, there exists a constant C ą 0 such that for

any f P Lppµkq and for any t ą 0, we have

‖Htf‖8 ď Ct´p2γ`Nq{2p ‖f‖p .
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Proof. Firstly, if f P L1pµkq, then, using the bounds on the Dunkl heat kernel from

Proposition 1.6.5, we deduce that

|Htfpxq| ď

ż

RN

1

p2tqγ`N{2Mk

|fpyq|wkpyq dy “ Ct´γ´N{2 ‖f‖1 ,

for a constant C ą 0 that does not depend on t. Thus the Proposition holds true for

p “ 1.

On the other hand, if f P L8pµkq, then, using the fact that
ş

RN htpx, yqwkpyq dy “ 1 for

any x P RN , we have

|Htfpxq| ď ‖f‖
8
,

so the Proposition holds true in the case p “ 8.

The general case then follows by interpolation, using the Riesz-Thorin Theorem (see for

example Theorem 1.1.5 in [25]).

Using this result we are now ready to present the classic Sobolev and Gagliardo-Nirenberg

inequalities.

Corollary 2.3.6 (Sobolev inequality). Let 1 ď p ă maxt2, N ` 2γu and define q “
ppN`2γq
N`2γ´p

. Then, for any f P C8c pRNq, we have the inequality

‖f‖q ď C ‖∇kf‖p ,

where C ą 0 is a constant.

Proof. Let θ “ p
q
“

N`2γ´p
N`2γ

. By Proposition 2.3.5 we have

‖Htf‖8 ď Ct´p2γ`Nq{2q ‖f‖q ,

so, by the definition of the Besov norm, we deduce that

‖f‖
B
´p2γ`Nq{q
8,8

ď ‖f‖q .

We note that 2γ`N
q
“ ´

N`2γ´p
p

“ ´ θ
θ´1

so Theorem 2.3.1 gives

‖f‖q ď C ‖∇kf‖θp ‖f‖
1´θ
q ,

from which the Sobolev inequality follows immediately.

Corollary 2.3.7 (Gagliardo-Nirenberg inequality). Let 1 ď p ă q ă 8 such that also
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p ď 2, and define r
qpN`2γq

“ 1
p
´ 1

q
. Then, for any f P C8c pRNq, we have the inequality

‖f‖q ď C ‖∇kf‖p{qp ‖f‖1´p{q
r .

Proof. This follows from Theorem 2.3.1 as above since θ “ p
q

and θ
θ´1

“ ´
N`2γ
r

.

2.4 Estimates of the best constant

In this section we provide estimates for the best constant in the Dunkl Sobolev inequality,

i.e., we study

CDS :“ sup
‖f‖q

‖∇kf‖2

,

where the supremum is considered over all non-zero functions in C1
c pRNq. From Lemma

2.1.2 we see that
‖f‖q

‖∇kf‖2

ď
‖f‖q
‖∇f‖2

,

so we can obtain estimates by comparison to the optimal constant in the Sobolev inequal-

ity in the weighted space L2pµkq but with usual gradient ∇. More precisely, consider the

inequality

‖f‖q ď CCS ‖∇f‖2 ,

with optimal constant, i.e.,

CCS :“ sup
‖f‖q
‖∇f‖2

.

From the observation above we see straight away that

CDS ď CCS.

In what follows we will find the precise value of CCS by first proving an isoperimetric

inequality for the weighted measure on Weyl chambers, and then obtaining a rearrange-

ment inequality using a general result of Talenti [98] for weighted measures. This will

provide the upper estimate of CDS. For the lower estimate, we compute the supremum in

the definition of CDS but over all radial functions. We end the section with a conjecture,

that the supremum is actually achieved for a radial function.

The main result is the following:

Theorem 2.4.1. With the same notation as above, we have

|G|´
1

N`2γCCS ď CDS ď CCS.
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More precisely, we have

ˆ

2

pN ` 2γqpN ` 2γ ´ 2q

˙1{2

¨

„

1

Mk

ΓpN ` 2γq

ΓppN ` 2γq{2q


1

N`2γ

ď CDS ď

ˆ

2

pN ` 2γqpN ` 2γ ´ 2q

˙1{2

¨

„

|G|

Mk

ΓpN ` 2γq

ΓppN ` 2γq{2q


1

N`2γ

.

2.4.1 Isoperimetric inequality

For a bounded Lipschitz domain A Ă RN we define

ppAq :“

ż

BA

wkpxq dσpxq,

where σ is the surface measure on BA. The aim of this subsection is to prove the following

isoperimetric inequality.

Theorem 2.4.2 (Isoperimetric inequality). Let Ω Ă RN be a bounded Lipschitz domain.

Then we have the inequality

µkpΩq
1´ 1

N`2γ ď CppΩq,

for a constant C “
µkpB

ε
1q

1´ 1
N`2γ

ppBε1q
, where ε P E is such that RN

ε is a Weyl chamber,

B1 “ t|x| ă 1u and Bε
1 “ B1 X RN

ε .

Proof. First assume that Ω is contained in a Weyl chamber RN
ε for some ε P E. Moreover,

since Ω is a Lipschitz domain, it can be approximated by smooth domains that also

approximate the perimeter and area (see, for example, [29]), so we can assume further

that Ω Ă RN
ε . We start by considering the Neumann problem

$

&

%

w´1
k ∇ ¨ pwk∇uq “ c in Ω

Bu
Bν
“ 1 on BΩ,

(2.18)

where ν is outward normal to the boundary of Ω, and c is a constant. If the equation has

a solution u P H1pΩq, then, by the divergence theorem, we must have

ż

Ω

∇ ¨ pwk∇uq dx “

ż

BΩ

wk
Bu

Bν
dσpxq,

so c “ ppΩq
µkpΩq

. Conversely, if c “ ppΩq
µkpΩq

, then the general theory of elliptic equations tells

us that the problem has a unique solution u P H1pΩq (up to a constant). Moreover, by

49



the assumption on Ω at the beginning of the proof, the operator

w´1
k ∇ ¨ pwk∇uq “ ∆u`

ÿ

αPR`

2kα
xα, xy

xα,∇uy (2.19)

is uniformly elliptic on Ω. Thus, by the regularity theory, the solution u is smooth.

Consider the set

Γu :“ tx P Ω : upyq ´ upxq ě ∇upxq ¨ py ´ xq for all y P Ωu.

Geometrically, this is the set of all points x for which the graph of u lies entirely above

the tangent hyperplane at x. Consider also the set

Γεu :“ tx P Γu : sgn pxα,∇upxqyq “ εpαq for all α P R`u .

We will show that Bε
1 Ă ∇upΓεuq. Indeed, take ζ P Bε

1, and consider the point x P Ω for

which

min
yPΩ

pupyq ´ ζ ¨ yq “ upxq ´ ζ ¨ x.

If x P BΩ, then
Bupxq

Bν
“ lim

hÓ0

upx´ hνq ´ upxq

´h
ď ζ ¨ ν ď |ζ| ă 1,

which contradicts the boundary condition. So x P Ω and so, by definition, x P Γu. Also,

being a minimum of the function upyq ´ ζ ¨ y, by taking gradient we have

∇upxq “ ζ.

Since ζ P Bε
1, this shows that x P Γεu, and consequently Bε

1 Ă ∇upΓεuq.

This implies that

µkpB
ε
1q ď

ż

∇upΓεuq
wkpxq dx.

Using the change of variables y “ p∇uq´1pxq (notice that by definition ∇u is injective on

Γu), we have
ż

∇upΓεuq
wkpxq dx “

ż

Γεu

wkp∇upyqq|detpHpuqpyqq| dy.

Here Hpuq is the Hessian matrix of u, i.e.,

Hpuq “

ˆ

B2u

BxiBxj

˙

1ďi,jďN

.

Denote by λ1pyq, . . . , λNpxq the eigenvalues of Hpuqpyq. Then the Jacobian factor can
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also be written as

|detpHpuqpyqq| “ λ1pyq ¨ ¨ ¨λNpyq.

Before moving to the next step, we note that the Hessian matrix is positive-semidefinite

on Γu. Indeed, assume that for some x P Γu there exists a vector v P RN such that

vT ¨Hpuqpxq ¨ v ă 0.

By continuity of Hpuq, there exists r ą 0 such that the same holds over a small ball

B2rpxq Ă Ω, i.e.,

vT ¨Hpuqpyq ¨ v ă 0 for all y P B2rpxq. (2.20)

By the mean value theorem, there exists θ P p0, 1q such that

upx` rvq ´ upxq “ r∇upxq ¨ v ` r2vT ¨Hpuqpx` θrvq ¨ v.

By (2.20) we have

upx` rvq ´ upxq ă r∇upxq ¨ v,

contradicting the fact that x P Γu. Therefore Hpuqpxq is positive-semidefinite and so

λ1pxq, . . . , λNpxq ě 0.

Applying the weighted mean value inequality in the above, we have

µkpB
ε
1q ď

ż

Γεu

wkp∇upyqq|detpHpuqpyq| dy

“

ż

Γεu

ź

αPR`

ˆ

xα,∇upyqy
xα, xy

˙2kα

¨ λ1pyq ¨ ¨ ¨λNpyqwkpyq dy

ď

ż

Γεu

1

pN ` 2γqN`2γ

«

ÿ

αPR`

2kα
xα,∇upyqy
xα, xy

` λ1pyq ` ¨ ¨ ¨ ` λNpyq

ffN`2γ

dµkpyq.

We note that

λ1pyq ` ¨ ¨ ¨ ` λNpyq “ TrpHpuqpyqq “ ∆upyq,

so using (2.19) we have obtained

µkpB
ε
1q ď

ż

Γεu

1

pN ` 2γqN`2γ

“

wkpyq
´1∇ ¨ pwk∇uqpyq

‰N`2γ
dµkpyq

ď

˜

1

N ` 2γ
¨

ppΩq

µkpΩq
1´ 1

N`2γ

¸N`2γ

.

(2.21)

To conclude the proof, we note that the function upxq “ 1
2
|x|2 solves the Neumann
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problem (2.18) in Bε
1 with constant c “ N ` 2γ. Due to our observation that the

Neumann problem has a solution if and only if c “ ppΩq
wkpΩq

, we have that

ppBε
1q

µkpBε
1q
“ N ` 2γ. (2.22)

Thus, (2.21) implies that

ppBε
1q

µkpBε
1q

1´ 1
N`2γ

ď
ppΩq

µkpΩq
1´ 1

N`2γ

,

which is what we wanted to prove.

Before we consider the case of general domain Ω, we make some observations about

the constant that appears in this inequality. The reflection group associated to the root

system R acts transitively on the set of Weyl chambers, i.e., for any H,H 1 Weyl chambers,

there exists g P G such that gH “ H 1. With a change of variables gx “ y, this shows

that

ppH XB1q “ ppH 1
XB1q.

This, together with equation (2.22), shows that the constant

ppH XB1q

µkpH XB1q
1´ 1

N`2γ

does not depend on the choice of the Weyl chamber H.

For general Ω, let ΩH “ ΩXH for each Weyl chamber H. The subscript H in the sums

below will mean that the sum is taken over all Weyl chambers H. Since the sets ΩH

intersect only along the boundary, and Ω “
ď

H

ΩH , it is clear that

µkpΩq “
ÿ

H

µkpΩHq.

Moreover, because wkpxq “ 0 for any x P BΩHzBΩ, then we also have

ppΩq “
ÿ

H

ppΩHq.

Consequently, we have

ppΩq

µkpΩq
1´ 1

N`2γ

ě min
H

ppΩHq

µkpΩHq
1´ 1

N`2γ

. (2.23)

Indeed, if this were not true, then for any Weyl chamber H 1 for which ppΩH 1q ‰ 0 and

52



µkpΩH 1q ‰ 0, we have

ÿ

H

ppΩHq

ppΩH 1q
ă

¨

˚

˚

˝

ÿ

H

µkpΩHq

µkpΩH 1q

˛

‹

‹

‚

1´ 1
N`2γ

ď

ÿ

H

µkpΩHq

µkpΩH 1q
.

By taking the power ´1 and summing over all the Weyl chambers H 1, we obtain a

contradiction. Therefore, it is enough to prove the inequality for ΩH where H realises the

minimum of the expression in (2.23), which was done in the first part of the proof.

In the next step we will obtain a rearrangement inequality as a consequence of the isoperi-

metric inequality discussed above. Before this, we need to introduce some defintions.

Fix a Weyl chamber RN
ε . For any measurable subset Ω Ă RN

ε , we define its rearrangement

to be the set

Ω˚ “ Brp0q X RN
ε ,

where Brp0q is the ball of radius r centred at the origin, and r ě 0 is such that

µkpΩ
˚
q “ µkpΩq.

For any measurable function f : RN
ε Ñ C, we define its symmetric decreasing rearrange-

ment f˚ : RN
ε Ñ r0,8q by

f˚pxq “

ż 8

0

1t|f |ątu˚pxq dt.

The function f˚ is radial and decreasing, and it satisfies the property

µkptx P RN
ε : |fpxq| ą tuq “ µkptx P RN

ε : f˚pxq ą tuq,

for every t ą 0. As a consequence, we have

ż

RNε
|f |p dµk “

ż

RNε
|f˚|p dµk,

for any p ě 1.

The main result of Talenti [98] then implies the following rearrangement inequality.

Proposition 2.4.3. Let 1 ď p ă 8, and let H “ RN
ε be a Weyl chamber. For any

f P W 1,ppHq, we have the inequality

ż

RNε
|∇f˚|p dµk ď

ż

RNε
|∇f |p dµk.
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Indeed, the result in [98] proves a general rearrangement inequality on a subset of the

Euclidean space with a weighted measure, as long as an isoperimetric inequality holds.

Moreover, when equality in the isoperimetric inequality is given by balls, then the rear-

rangement function is radial.

Another consequence of Theorem 2.4.2 is the Sobolev inequality for the usual gradient

∇ on the space weighted space L2pµkq. It is a classical fact that the sharp isoperimetric

inequality is equivalent to the sharp Sobolev inequality for ∇f P L1. The proof of this

equivalence is done through the co-area formula, see [76] for details. The general case,

with ∇f P Lp, follows by taking |f |a, for a suitable a, in the L1 result.

Proposition 2.4.4. Let RN
ε be a Weyl chamber. Let 1 ď p ă N ` 2γ and q “ ppN`2γq

N`2γ´p
.

Then there exists a constant C ą 0 such that for any f P C1
c pRN

ε q we have

ˆ
ż

RNε
|f |q dµk

˙1{q

ď C

ˆ
ż

RNε
|∇f |p dµk

˙1{p

. (2.24)

2.4.2 Sharp constants

Before we prove the main result, we need some information about the best constants that

appear in the Sobolev inequality from Proposition 2.4.4, so we first compute

CW :“ sup

´

ş

RNε
|f |q dµk

¯1{q

´

ş

RNε
|∇f |p dµk

¯1{p
.

The choice of Weyl chamber RN
ε in this definition does not matter because we can obtain

any Weyl chamber from another one through an element g of the reflection group G.

Firstly, it is clear that it is enough to consider only non-negative functions f because

replacing f by |f | leaves the quotient in the definition of CW invariant. By Proposition

2.4.3, and since
ş

RNε
f q dµk “

ş

RNε
pf˚qq dµk, we have

´

ş

RNε
|f |q dµk

¯1{q

´

ş

RNε
|∇f |p dµk

¯1{p
ď

´

ş

RNε
|f˚|q dµk

¯1{q

´

ş

RNε
|∇f˚|p dµk

¯1{p
.

But for f radial, say fpxq “ gp|x|q, where g : R` Ñ R`, we have

∇fpxq “ x

|x|
g1p|x|q,
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so, using polar coordinates, we can compute

´

ş

RNε
|f |q dµk

¯1{q

´

ş

RNε
|∇f |p dµk

¯1{p
“ ppBε

1q
1
q
´ 1
p

`ş8

0
gprqqrN`2γ´1 dr

˘1{q

`ş8

0
|g1prq|prN`2γ´1 dr

˘1{p
. (2.25)

We have thus reduced the problem to maximising the functional

Jpgq “

ˆ
ż 8

0

gprqqrN`2γ´1 dr

˙1{q

ˆ
ż 8

0

|g1prq|prN`2γ´1 dr

˙1{p
. (2.26)

But this problem was studied by Talenti in [97], where he obtained that

Jpgq ď pN ` 2γq´1{p

ˆ

p´ 1

N ` 2γ ´ p

˙1{p1 „
1

p1
B

ˆ

N ` 2γ

p
,
N ` 2γ

p1

˙´ 1
N`2γ

, (2.27)

where B is the beta function and p1 is the conjugate of p, i.e., 1
p
` 1

p1
“ 1. Equality is

achieved for functions of the form

ϕprq “ pa` brp
1

q
1´N`2γ

p , (2.28)

where a, b ą 0.

Recall that we have

ppB1q “
Mk

2
N`2γ

2
´1Γ

`

N`2γ
2

˘

,

where Mk is the Macdonald-Mehta constant. Moreover, by a change of variables we can

see that ppBε
1q does not depend on the Weyl chamber, and since the number of Weyl

chambers is equal to the order of the reflection group G, it follows that

ppBε
1q “

1

|G|
ppB1q.

Therefore, combining (2.25) and (2.27), we obtain the value of the best constant in the

Sobolev inequality (2.24); this is summarised in the following result.

Proposition 2.4.5. Let RN
ε be a Weyl chamber. Let 1 ă p ă N ` 2γ, and q “ ppN`2γq

N`2γ´p
.
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Then the best constant in the Sobolev inequality (2.24) is given by

CW “ pN ` 2γq´1{p

ˆ

p´ 1

N ` 2γ ´ p

˙1{p1

¨

«

2
N`2γ

2
´1p1|G|

Mk

ΓpN ` 2γqΓppN ` 2γq{2q

ΓppN ` 2γq{pqΓppN ` 2γq{p1q

ff
1

N`2γ

.

Remark. This generalises the results of [15] where the authors consider the weighted

Sobolev inequality with monomial weight |x1|
A1 ¨ . . . ¨ |xl|

Al ; this corresponds to the Dunkl

weight with root system R “ te1, . . . , elu, where 1 ď l ď N and e1, . . . , eN is the standard

basis of RN .

We now turn to the Sobolev inequality on the whole space RN , which follows from the

above.

Proposition 2.4.6. Let 1 ă p ă N ` 2γ and g “ ppN`2γq
N`2γ´p

. Then there exists a constant

CCS ą 0 such that for any f P C8c pRNq, we have the inequality

‖f‖q ď CCS ‖∇f‖p . (2.29)

Moreover, the sharp constant CCS satisfies

CCS “ CW ,

with equality if and only if f is supported on the closure of a Weyl chamber, where it

takes the form (2.28).

Proof. Fix f P C8c pRNq and for any Weyl chamber H let f
ˇ

ˇ

H
denote the restriction of f

to H. From the Sobolev inequality applied on each Weyl chamber, we have

‖f‖q “

˜

ÿ

H

∥∥f ˇˇ
H

∥∥q
q

¸1{q

ď CW

˜

ÿ

H

∥∥∇f ˇˇ
H

∥∥q
p

¸1{q

.

Now we apply the inequality ‖y‖lq ď ‖y‖lp which holds on finite dimensional spaces since

p ď q, with equality if and only if y “ p0, . . . , 0, 1, 0, . . . , 0q. It follows that

‖f‖q ď CW

˜

ÿ

H

∥∥∇f ˇˇ
H

∥∥p
p

¸1{p

“ CW ‖∇f‖p .

This proves that the Sobolev inequality (2.29) holds, and also that CCS ď CW . Moreover,

following the proof backwards we see that equality does hold if and only if f is supported
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on H for some Weyl chamber H, and we have equality in the corresponding Weyl chamber

inequality, i.e.,

fpxq “ pa` b|x|p
1

q
1´N`2γ

p @x P H,

for some a, b ą 0.

Remark. In view of Lemma 2.1.2, this result for p “ 2 provides yet another proof of

Theorem 2.2.2.

We now specialise to the case p “ 2. This limitation comes from the fact that we rely on

the Dirichlet form method and Lemma 2.1.2. It remains an open question to prove the

inequality

‖∇f‖p ď ‖∇kf‖p

for p ‰ 2. If this holds, then the estimates below generalise immediately.

We are now ready to prove the main result.

Proof of Theorem 2.4.1. The upper bound follows immediately from the above, using

Lemma 2.1.2. Indeed, we have

‖f‖q
‖∇kf‖2

ď
‖f‖q
‖∇f‖2

,

and taking supremum on both sides we obtain CDS ď CCS. In the case p “ 2 the value

of CW simplifies and we have indeed

CCS “ CW “

ˆ

2

pN ` 2γqpN ` 2γ ´ 2q

˙1{2

¨

„

|G|

Mk

ΓpN ` 2γq

ΓppN ` 2γq{2q


1

N`2γ

.

For the lower bound, we note that

sup
f radial

‖f‖q
‖∇kf‖2

ď CDS.

The left hand side can be computed as above, making use of the functional (2.26) and

Talenti’s result. We obtain

sup
f radial

‖f‖q
‖∇kf‖2

“

ˆ

2

pN ` 2γqpN ` 2γ ´ 2q

˙1{2

¨

„

1

Mk

ΓpN ` 2γq

ΓppN ` 2γq{2q


1

N`2γ

.

This completes the proof.

Remark. If we could show that a maximiser exists for the optimal constant problem,
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then from the proof above we deduce that

CDS ă CCS.

Considering the above remark, as well as computations in the one dimensional case, we

propose the following conjecture.

Conjecture 2.4.7. The optimal constant in the Sobolev inequality for Dunkl operators

is achieved by radial functions, so

CDS “ |G|
´ 1
N`2γCCS.
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3
Hardy Inequalities

The classical Hardy inequality

ż

RN
|∇f |2 dx ě

pN ´ 2q2

4

ż

RN

f 2

|x|2
dx

is one of the most important results in analysis. It has seen an incredible development

from its beginnings in Hardy’s papers, having been refined and extended to various set-

tings; see [11], [81], [27] and references therein for an overview of the topic.

Here we begin a systematic study of Hardy’s inequality and its variants for Dunkl op-

erators. As far as we can see, Hardy type inequalities for Dunkl operators have not

been explicitly studied. In [46], the authors proved a Pitt’s inequality which implies the

Hardy’s inequality for fractional powers of the Dunkl laplacian. In [17], the ground state

representation method was used to obtain Hardy’s inequality for fractional powers of the

Dunkl-Hermite operators. Finally, in [48] the authors prove a Hardy-Rellich inequality

for Dunkl operators on a Lizorkin space with sharp constant, a particular case of this is

the sharp L2 Hardy inequality on the Lizorkin space.

Apart from the classical Hardy’s inequality with sharp constant, we also study in this

chapter Lp inequalities which hold for small coefficients γ. As in the classical case, the

sharp constant in the Hardy inequality is not achieved and we prove here an improved

Hardy inequality using a method based on spherical h-harmonics. Two Hardy-type in-

equalities are also discussed, the Rellich inequality (with sharp constant), and a special

case of the Caffarelli-Kohn-Nirenberg inequality. More background on these variants is

given in each corresponding section.
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The chapter is organised as follows. In section 3.1 we discuss the Lp Hardy inequality;

for general p we obtain this inequality for small γ, while in the case p “ 2 we obtain the

L2 Hardy inequality for the full range of γ. In section 3.2 we prove the Hardy inequality

for fractional Dunkl laplacian. In section 3.3 we prove an improved Hardy inequality and

as a corollary we deduce the Poincaré inequality for Dunkl operators. Finally, section 3.4

contains two Hardy-type results: the Rellich inequality and the Caffarelli-Kohn-Nirenberg

inequality.

3.1 Lp Hardy inequality

In this section we study general Lp Hardy inequalities for Dunkl operators. Firstly we

prove two Hardy-type inequalities in the weighted spaces Lppµkq, for the usual gradient

and the Dunkl gradient. Using this inequality, we obtain the Lp inequality for a restricted

range of p. In the particular case p “ 2 we are able to improve on this method by using

a stronger estimate, and so we finally prove the L2 Hardy inequality for Dunkl operators

in full generality.

We begin with the following Hardy-type inequalities.

Theorem 3.1.1. Let 1 ă p ă 8. Then, for any f P C8c pRNq we have the inequality

ż

RN
|x ¨∇f |p dµk ě

ˆ

N ` 2γ

p

˙p ż

RN
|f |p dµk. (3.1)

If, in addition, we have p ă N`2γ
2γ

, then we also have

ż

RN
|x ¨∇kf |

p dµk ě

ˆ

N ` 2γ ´ 2pγ

p

˙p ż

RN
|f |p dµk (3.2)

for all f P C8c pRNq.

Proof. We first note that

N
ÿ

i“1

Tipxiq “
N
ÿ

i“1

˜

1`
ÿ

αPR`

kαα
2
i

¸

“ N ` 2γ.
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Thus, we have

pN ` 2γq

ż

RN
|f |p dµk “

N
ÿ

i“1

ż

RN
Tipxiq|f |

p dµk

“ ´

N
ÿ

i“1

ż

RN
xiTip|f |

p
q dµk

“ ´

ż

RN
x ¨

˜

∇p|f |pq `
ÿ

αPR`

kαα
|fpxq|p ´ |fpσαxq|

p

xα, xy

¸

dµk

“ ´p

ż

RN
f |f |p´2x ¨∇f dµk ´

ÿ

αPR`

kα

ż

RN
p|fpxq|p ´ |fpσαxq|

p
q dµk

Note that by a change of variables y “ σαx, we have

ż

RN
|fpσαxq|

p dµkpxq “

ż

RN
|fpyq|p dµkpyq,

so

pN ` 2γq

ż

RN
|f |p dµk “ ´p

ż

RN
f |f |p´2x ¨∇f dµk. (3.3)

By Hölder’s inequality with exponents p
p´1

and p, we have

´

ż

RN
f |f |p´2x ¨∇f dµk ď

ˆ
ż

RN
|f |p dµk

˙

p´1
p
ˆ
ż

RN
|x ¨∇f |p dµk

˙
1
p

.

Combining this inequality with (3.3), we obtain (3.1).

On the other hand, going back to (3.3), we have

pN ` 2γq

ż

RN
|f |p dµk “ ´p

ż

RN
f |f |p´2x ¨∇kf dµk

` p
ÿ

αPR`

kα

ż

RN
f |f |p´2

pfpxq ´ fpσαxqq dµk (3.4)

“ ´p

ż

RN
f |f |p´2x ¨∇kf dµk ` pγ

ż

RN
|f |p dµk

´ p
ÿ

αPR`

kα

ż

RN
fpxqfpσαxq|fpxq|

p´2 dµk.
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By Hölder’s inequality with exponents p
p´1

and p, we have

´

ż

RN
fpxqfpσαxq|fpxq|

p´2 dµk ď

ˆ
ż

RN
|fpxq|p dµk

˙
p´1
p
ˆ
ż

RN
|fpσαxq|

p dµk

˙
1
p

“

ż

RN
|f |p dµk,

where in the last step we used a change of variables. Thus, going back to the computations

above, we now have

pN ` 2γ ´ 2pγq

ż

RN
|f |p dµk ď ´p

ż

RN
f |f |p´2x ¨∇kf dµk

and as before, using Hölder’s inequality, we obtain (3.2).

From this inequality we easily obtain an Lp Hardy inequality for a restricted range of p.

Theorem 3.1.2. Let 1 ă p ă N`2γ
1`2γ

. Then, for any f P C8c pRNq, we have the inequality

ż

RN
|∇kf |

p dµk ě

ˆ

N ` 2γ ´ 2pγ ´ p

p

˙p ż

RN

|f |p

|x|p
dµk.

Proof. This follows by taking f
|x|

in (3.2). Indeed, we have

N ` 2γ ´ 2pγ

p

∥∥∥∥ f|x|
∥∥∥∥
p

ď

∥∥∥∥x ¨∇k

ˆ

f

|x|

˙
∥∥∥∥
p

. (3.5)

By the Leibniz rule we have

∇k

ˆ

f

|x|

˙

“
1

|x|
∇kf ´ f

x

|x|3
,

so ∥∥∥∥x ¨∇k

ˆ

f

|x|

˙
∥∥∥∥
p

ď ‖∇kf‖p `
∥∥∥∥ f|x|

∥∥∥∥
p

. (3.6)

Thus, combining (3.5) and (3.6), we obtain the desired Lp Hardy inequality.

We obtained this Lp Hardy inequality through the Hardy-type inequality (3.2), which in

turn relies on an estimate based on the Hölder’s inequality of the term containing the

difference fpxq ´ fpσαxq in (3.4). A better result can be obtained in the case p “ 2

by relying instead on the Hardy-type inequality (3.1) for the usual gradient, and the

Dirichlet form estimate

‖∇f‖2 ď ‖∇kf‖2
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from Lemma 2.1.2. Using this approach, we can obtain the L2 Hardy inequality without

any restrictions on γ.

Theorem 3.1.3. Assume N`2γ ą 2. Then, for any f P C8c pRNq, we have the inequality

ż

RN
|∇kf |

2 dµk ě

ˆ

N ` 2γ ´ 2

2

˙2 ż

RN

|f |2

|x|2
dµk,

where the constant is sharp.

Proof. We proceed similarly to the proof of the previous Theorem, but now we take f
|x|

in inequality (3.1) instead. We have

N ` 2γ

2

∥∥∥∥ f|x|
∥∥∥∥

2

ď

∥∥∥∥x ¨∇ˆ

f

|x|

˙
∥∥∥∥

2

ď ‖∇f‖2 `

∥∥∥∥ f|x|
∥∥∥∥

2

.

Thus
N ` 2γ ´ 2

2

∥∥∥∥ f|x|
∥∥∥∥

2

ď ‖∇f‖2 ď ‖∇kf‖2 ,

where we used Lemma 2.1.2.

To check that the constant pN`2γ´2q2

4
is sharp we consider, for each n “ 1, 2, . . ., the radial

function fnpxq “ hnp|x|q, where

hnprq “

$

&

%

1
cn

if r ď 1

1
cn
rcn if r ą 1,

where cn “ ´
1
n
´

N`2γ´2
2

. Then we have

ż

RN
|∇kfn|

2 dµk
ż

RN

fpxq2

|x|2
dµk

“

ż 8

0

ph1nprqq
2rN`2γ´1 dr

ż 8

0

hnprq
2rN`2γ´3 dr

“

n
2

1
c2n

´

1
N`2γ

` n
2

¯ Ñ
pN ` 2γ ´ 2q2

4

as nÑ 8.

Remark. As mentioned above, we were able to prove the Hardy inequality in case p “ 2

for the full range N ` 2γ ą 2 because we replaced a Hölder inequality estimate for

difference terms by the stronger estimate of Lemma 2.1.2. If we have in general

‖∇f‖p ď ‖∇kf‖p ,

then the same method applies to obtain Lp Hardy inequality in full generality for 1 ă

p ă N ` 2γ.
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3.2 Hardy inequality for fractional laplacian

In this short section we prove the Hardy inequality for fractional laplacian using the Pitt’s

inequality. In particular, we obtain a new proof of the L2 Hardy inequality from Theorem

3.1.3.

We can define the fractional Dunkl laplacian p´∆kq
s for s ą 0 using Dunkl transform by

the formula

Dkpp´∆kq
sfqpξq “ |ξ|2sDkpfqpξq.

The main result of this section is the following Hardy inequality for the fractional laplacian

p´∆kq
s.

Theorem 3.2.1. For all 0 ď s ă N`2γ
2

and all f P SpRNq we have

Cpsq2
ż

RN

|fpxq|2

|x|2s
dµk ď

ż

RN
|p´∆kq

s{2f |2 dµk,

with sharp constant given by

Cpsq “ 2s
Γp1

2
pN{2` γ ` sqq

Γp1
2
pN{2` γ ´ sqq

. (3.7)

This will follow easily from the following Pitt’s inequality.

Proposition 3.2.2 ([46]). Let 0 ď s ă N`2γ
2

. Then, for all g P SpRNq, the following

inequality holds

Cpsq
∥∥|ξ|´sDkpgqpξq

∥∥
2
ď ‖|x|sgpxq‖2 ,

with sharp constant Cpsq given by (3.7).

Proof of Theorem 3.2.1. The Hardy inequality for fractional laplacian is essentially a

rewriting of Pitt’s inequality. Indeed, let f “ Dkpgq, then by Proposition 3.2.2 it follows

that

Cpsq
∥∥|x|´sf∥∥

2
ď

∥∥|ξ|sD´1
k pfqpξq

∥∥
2
“ ‖|ξ|sDkpfq‖2 .

Here in the last step we used the property that D´1
k pfqpξq “ Dkpfqp´ξq and a change of

variables ξ ÞÑ ´ξ. But, by Plancherel’s formula

‖|ξ|sDkpfqpξq‖2 “
∥∥Dkpp´∆kq

s{2fq
∥∥

2
“

∥∥p´∆kq
s{2f

∥∥
2
.

Thus, we have obtained that

Cpsq2
ż

RN

|fpxq|2

|x|2s
dµk ď

ż

RN
|p´∆kq

s{2f |2 dµk,
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as required.

In the particular case s “ 1, we obtain the classical L2 Hardy inequality for Dunkl oper-

ators from Theorem 3.1.3. To see that this inequality does indeed follow from Theorem

3.2.1 it is enough to check that

ż

RN
|∇kf |

2 dµk “

ż

RN
|p´∆kq

1{2f |2 dµk.

By Plancherel’s formula and the definition of fractional laplacian, we obtain

ż

RN
|p´∆kq

1{2f |2 dµk “

ż

RN
|Dkpp´∆kq

1{2fq|2 dµkpξq “

ż

RN
|ξ|2|Dkpfqpξq|

2 dµkpξq

“

ż

RN
Dkpp´∆kqfqpξq ¨Dkpfq dµkpξq “ ´

ż

RN
∆kf ¨ f dµk “

ż

RN
|∇kf |

2 dµk,

where in the end we used integration by parts.

3.3 Improved Hardy’s inequalities

It is a well known fact that the best constant in the classical Hardy inequality is not

achieved, i.e., there is no f ‰ 0 such that

ż

RN
|∇f |2 “ pN ´ 2q2

4

ż

RN

f 2

|x|2
.

Based on this observation, improved Hardy inequalities were proved, where the error

in the classical Hardy inequality is bounded from below, usually by a term involving a

suitable potential V . More precisely, inequalities of the following form are studied

ż

Ω

|∇f |2 dx´
pN ´ 2q2

4

ż

Ω

f 2

|x|2
dx ě

ż

Ω

|V |f 2 dx. (3.8)

The first such result was proved by Brezis and Vázquez in [14] where it was used in the

study of singular extremal solutions of a semilinear elliptic equation. In that paper the

above inequality is proved for constant potential V that depends on the domain Ω. The

proof is based on a symmetrisation argument. However, the authors noticed that even

in this case the best constant is not achieved, so they posed the question of whether

the improvement appearing on the right hand side of inequality (3.8) is just the first

term of a series. This was answered positively by Filippas and Tertikas in [40], where

such a construction can be found. Similar improved inequalities have also been found for

other Hardy type inequalities, for example Hardy inequality on domains, with weights
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depending on the distance to the boundary.

In this section we will prove an improved Hardy’s inequality for Dunkl operators using a

method similar to [40] based on spherical h-harmonics.

Theorem 3.3.1. Let Xptq “ p1 ´ log tq´1. Let Ω Ă RN be a bounded domain with

δ “ sup
xPΩ

|x|. Then there exists a constant C ą 0 such that, for any f P C80 pΩq we have

the inequality

ż

Ω

„

|∇kf |
2
´
pN ` 2γ ´ 2q2

4

f 2

|x|2



dµk ě C

ˆ
ż

Ω

|f |qX1`q{2

ˆ

|x|

δ

˙

dµk

˙2{q

,

where q “ 2pN`2γq
N`2γ´2

is the Sobolev coefficient.

We will need the following Lemma, which is itself a weighted Hardy inequality in one

dimension. For a comprehensive treatment of such inequalities, see [81] and [76]. The

following Lemma is a direct consequence of Theorem 1.3.2/3 in [76].

Lemma 3.3.2. Let q ě 2 and δ ą 0. Then there exists a constant C ą 0 such that the

following inequality holds for all g P C80 p0, δq

ż δ

0

t|g1ptq|2 dt ě C

˜

ż δ

0

|gptq|q

t
X

ˆ

t

δ

˙1` q
2

dt

¸2{q

.

Proof of Theorem 3.3.1. We note first that it is enough to prove the result in the case

when Ω is the ball Bδ of radius δ centred at the origin. Indeed, for a general Ω we have

Ω Ă Bδ, so the result for Bδ implies in particular the inequality for Ω.

Consider the h-harmonic expansion of a function f P L2pµkq

fprξq “
8
ÿ

n“0

dpnq
ÿ

i“1

fn,iprqY
n
i pξq.

The functions fn,i, given by (1.11), are defined on R`, but with a slight abuse of notation

we will also see them as radial functions on RN by identifying fn,ipxq “ fn,ip|x|q. Using

the formula (1.10) for the Dunkl laplacian, we have

ż

Ω

|∇kf |
2 dµk “ ´

ż

Ω

f∆kf dµk “ ´

ż

Ω

f

„

B2f

Br2
`
N ` 2γ ´ 1

r

Bf

Br
`

1

r2
∆k,0f



dµk.

Using the orthogonality of the h-harmonics tY n
i u, as well as the fact that Y n

i are eigen-
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functions of the operator ∆k,0 with eigenvalues λn, it follows that

ż

Ω

|∇kf |
2 dµk

“ ´

8
ÿ

n“0

dpnq
ÿ

i“1

ż δ

0

„

fn,iprqf
2
n,iprq `

N ` 2γ ´ 1

r
fn,iprqf

1
n,iprq ` λn

1

r2
f 2
n,iprq



rN`2γ´1 dr

“ ´

8
ÿ

n“0

dpnq
ÿ

i“1

ż δ

0

„

fn,ipxq∆kfn,ipxq ` λn
f 2
n,ipxq

|x|2



dx

“

8
ÿ

n“0

dpnq
ÿ

i“1

ż δ

0

„

|∇kfn,ipxq|
2
´ λn

f 2
n,ipxq

|x|2



dx.

Let Λ :“
`

N`2γ´2
2

˘2
denote the Hardy inequality constant. From the above, we have

ż

Ω

„

|∇kf |
2
´ Λ

f 2

|x|2



dµk “
8
ÿ

n“0

dpnq
ÿ

i“1

In,i,

where

In,i :“

ż

Ω

„

|∇kfn,i|
2
´ pΛ` λnq

f 2
n,ipxq

|x|2



dµk.

When n ą 0, it can be checked by rearranging the terms that Hardy’s inequality implies

the following

In,i ě
λn

λn ´ Λ

ż

Ω

„

|∇kfn,i|
2
´ λn

f 2
n,i

|x|2



dµk.

Thus, we have that

8
ÿ

n“1

dpnq
ÿ

i“1

In,i ě C1

8
ÿ

n“1

dpnq
ÿ

i“1

ż

Ω

„

|∇kfn,i|
2
´ λn

f 2
n,i

|x|2



dµk “ C1

ż

Ω

|∇kpf ´ f0,1q|
2 dµk, (3.9)

where C1 “ min
ně1

λn
λn ´ Λ

ą 0. Using the Sobolev inequality, we have that

ż

Ω

|∇kpf ´ f0,1q|
2 dµk ě C2

ˆ
ż

Ω

|f ´ f0,1|
q dµk

˙2{q

ě C2

ˆ
ż

Ω

|f ´ f0,1|
qX1`q{2

ˆ

|x|

δ

˙

dµk

˙2{q

, (3.10)

for a constant C2 ą 0. Here, in the second inequality, we used the fact that X is bounded

above by 1.
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When n “ 0, we have that dp0q “ 1 and λ0 “ 0, so

I0,1 “

ż

Ω

„

|∇kf0,1|
2
´ Λ

f 2
0,1

|x|2



dµk.

Let uprq “ rpN`2γ´2q{2f0,1 so after an easy computation we find that

I0,1 “

ż

Ω

|x|´pN`2γ´1q
“

´pN ` 2γ ´ 2qup|x|qu1p|x|q ` |x|u1p|x|q2
‰

dµkpxq.

Using polar coordinates we then have

I0,1 “ ppB1q

ż δ

0

r´pN ` 2γ ´ 2quprqu1prq ` ru1prq2s dr “ ppB1q

ż δ

0

ru1prq2 dr,

where ppB1q “
ş

SN´1 wkpθq dσpθq, and in the last equality we used the fact that up0q “

upδq “ 0. Applying Lemma 3.3.2, this implies

I0,1 ě ppB1qC3

ˆ
ż δ

0

|u|q

r
X1`q{2

´r

δ

¯

dr

˙2{q

“ ppB1q
1´2{qC3

ˆ
ż

Ω

|f0,1|
qX1`q{2

ˆ

|x|

δ

˙

dµk

˙2{q

. (3.11)

Finally, from (3.9) we obtain

ż
„

|∇kf |
2
´ Λ

f 2

|x|2



dµk ě I0,1 ` C1

ż

|∇kpf ´ f0,1q|
2 dµk

ě C

ˆ
ż

|f |qX1`q{2
p|x|q dµk

˙2{q

,

for a constant C ą 0, where in the last line we used (3.10), (3.11), and the triangle

inequality in the space Lqpµkq.

The following Corollary, which is a Dunkl equivalent of the original result of Brezis

and Vazquez, is very important because it establishes a Poincaré inequality for Dunkl

operators.

Corollary 3.3.3. Let Ω Ă RN be a bounded domain. Then there exists a constant

CpΩq ą 0 such that for any f P C80 pΩq we have the inequality

ż

Ω

|∇kf |
2 dµk ě

pN ` 2γ ´ 2q2

4

ż

Ω

f 2

|x|2
dµk ` CpΩq

ż

Ω

f 2 dµk.

Proof. This follows from the previous Theorem and Hölder’s inequality applied to the
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function f 2X1` 2
q P Lq{2 and X´1´ 2

q P Lq{pq´2q.

Corollary 3.3.4 (Poincaré inequality). Let Ω Ă RN be a bounded domain. Then there

exists a constant CpΩq ą 0 such that for any f P C80 pΩq we have the inequality

ż

Ω

|∇kf |
2 dµk ě CpΩq

ż

Ω

f 2 dµk.

3.4 Other Hardy-type inequalities

In this section we present two results closely related to the Hardy inequality: the Rellich

inequality and a Caffarelli-Kohn-Nirenberg inequality.

3.4.1 The Rellich Inequality

This classical inequality, first proved by Rellich in [82] (see also [83]), states that for all

f P C8c pRNzt0uq we have

ż

RN
|∆f |2 dx ě

N2pN ´ 4q2

16

ż

RN

f 2

|x|4
dµk,

where the constant is sharp.

Here we prove the Dunkl analogue of this inequality. Our proof below uses the method of

spherical h-harmonics already employed above to obtain an improved Hardy inequality,

and it is similar in style to the original proof of Rellich.

Theorem 3.4.1 (Rellich inequality). Suppose that N ` 2γ ‰ 2. Then, for any f P

C80 pRNzt0uq, we have the inequality

ż

RN
|∆kf |

2 dµk ě
pN ` 2γq2pN ` 2γ ´ 4q2

16

ż

RN

f 2

|x|4
dµk.

The constant in this inequality is sharp.

Proof. Consider the expansion of f in terms of spherical h-harmonics

fpxq “
8
ÿ

n“0

dpnq
ÿ

i“1

fn,iprqY
n
i pξq.
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We then have

∆kfpxq “
8
ÿ

n“0

dpnq
ÿ

i“1

„

f2n,iprq `
N ` 2γ ´ 1

r
f 1n,iprq `

λn
r2
fn,iprq



Y n
i pξq.

In order to simplify the computations below, we introduce the notation N :“ N ` 2γ.

Thus, from the orthogonality properties of tYn,iu we have

ż

RN
p∆kfq

2 dµk “
8
ÿ

n“0

dpnq
ÿ

i“1

ż 8

0

„

f2n,iprq `
N ´ 1

r
f 1n,iprq `

λn
r2
fn,iprq

2

rN´1 dr.

Expanding the brackets and computing the terms containing products of mixed deriva-

tives using integration by parts (recall that fn,i has compact support away from 0), we

have

ż

RN
p∆kfq

2 dµk “
8
ÿ

n“0

dpnq
ÿ

i“1

ż 8

0

”

pf2n,iq
2rN´1

` pN ´ 2λn ´ 1qpf 1n,iq
2rN´3

`λnpλn ´ 2pN ´ 4qqf 2
n,ir

N´5
ı

dr.

Fix now some n “ 0, 1, . . ., and some i “ 1, . . . , dpnq, and define

gn,i “ rpN´4q{2fn,i.

To simplify notation, let u “ fn,i and v “ gn,i; let also c “ N ´ 2λn ´ 1. We then have

u1prq “
4´N

2
rp2´Nq{2v ` rp4´Nq{2v1

u2prq “
p4´Nqp2´Nq

4
r´N{2v ` p4´Nqrp2´Nq{2v1 ` rp4´Nq{2v2.

(3.12)

Thus, using these relations and integrating by parts the terms involving mixed products
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of derivatives of v, we have

ż 8

0

”

pf2n,iq
2rN´1

` pN ´ 2λn ´ 1qpf 1n,iq
2rN´3

ı

dr “

ż 8

0

”

pu2q2rN´1
` cpu1q2rN´3

ı2

dr

“

ż 8

0

„

pv2q2r3
` pp4´Nq2 ` cqpv1q2r `

p4´Nq2

4

ˆ

p2´Nq2

4
` c

˙

v2r´1

` 2
4´N

2

ˆ

p4´Nqp2´Nq

2
` c

˙

vv1

` 2
p4´Nqp2´Nq

4
vv2r ` 2p4´Nqv1v2r2



dr

“

ż
„

pv2q2r3
`

ˆ

c`
p4´Nqp2´Nq

2

˙

pv1q2r `
p4´Nq2

4

ˆ

p2´Nq2

4
` c

˙

v2r´1



dr

“
N

2
p4´Nq2

16

ż 8

0

v2r´1 dr

`

ż 8

0

„

pv2q2r3
`

ˆ

1

2
pN ´ 2q2 ` 1´ 2λn

˙

pv1q2r ´ λn
p4´Nq2

2
v2r´1



dr.

It then follows that

ż 8

0

ppf2n,iq
2rN´1

` pN ´ 2λn ´ 1qpf 1n,iq
2rN´3

` λnpλn ´ 2pN ´ 4qqf 2
n,ir

N´5
q dr

ě
N

2
p4´Nq2

16

ż 8

0

v2r´1 dr `

ż 8

0

“

pv2q2r3
` Apv1q2r `Bv2r´1

‰

dr,

where

A “
1

2
pN ´ 2q2 ` 1´ 2λn “ 2npn`N ´ 2q `

1

2
pN ´ 2q2 ` 1

B “ λnpλn ´ 2pN ´ 4qq ´ λn
p4´Nq2

2
“ npn`N ´ 2q

„

npn`N ´ 2q `
N

2
pN ´ 4q



.

It is then clear that A ě 0 for all n “ 0, 1, . . . without any restrictions on N , whilst B ě 0

for all n as long as N ‰ 2 (which is why we made this assumption). Finally, we have

obtained

ż 8

0

ppf2n,iq
2rN´1

`pN ´ 2λn ´ 1qpf 1n,iq
2rN´3

` λnpλn ´ 2pN ´ 4qqf 2
n,ir

N´5
q dr

ě
N

2
p4´Nq2

16

ż 8

0

v2r´1 dr “
N

2
p4´Nq2

16

ż 8

0

f 2
n,ir

N´5 dr.

Adding these up for all n “ 0, 1, . . . and i “ 1, . . . , dpnq, from the above, and reconstruct-
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ing f back from its spherical h-harmonics components, we have obtained that

ż

RN
p∆kfq

2 dµk ě
pN ` 2γq2pN ` 2γ ´ 4q2

16

ż

RN

f 2

|x|4
dµk,

as required.

To check that the constant is sharp we can use a similar example as in the classical case.

More precisely, for n “ 3, 4 . . . let fnpxq “ |x|
2´N`2γ

2 hnp|x|q, where

hn : r0,8q Ñ r0, 1s is such that hnprq “

$

’

’

’

&

’

’

’

%

0 if r ď 1

1 if 2 ď r ď n

0 if r ě 2n,

with derivatives satisfying

|h1n| ď
c1

n
and |h2n| ď

c2

n2

for some constants c1, c2 ą 0 (an explicit such hn can be found in [83]). Then we can

compute

ż

RN
|∇kfn|

2 dµk “ C1 ` ppB1q
pN ` 2γq2pN ` 2γ ´ 4q2

16

ż 2n

2

1

r
dr

and
ż

RN

f 2
n

|x|4
dµk “ C2 ` ppB1q

ż 2n

2

1

r
dr,

where C1 and C2 can be bounded by constants that do not depend on n. Thus

lim
nÑ8

ż

RN
|∇kfn|

2 dµk
ż

RN

f 2
n

|x|4
dµk

“
pN ` 2γq2pN ` 2γ ´ 4q2

16
.

3.4.2 The Caffarelli-Kohn-Nirenberg Inequality

The Caffarelli-Kohn-Nirenberg inequality [16] is

ˆ
ż

RN

|f |p

|x|pb
dx

˙1{p

ď C

ˆ
ż

RN

|∇f |r

|x|ra
dx

˙θ{r ˆż

RN

|f |q

|x|qc
dx

˙p1´θq{q

.
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In [16] necessary and sufficient conditions on the parameters p, q, r, a, b, c, θ are given for

which the above inequality holds for all f P C8c pRNq. We prove here the Dunkl analogue

of a particular case of this inequality, corresponding to the values r “ 2 and θ “ 1. In this

special case the inequality was known before the work of Caffarelli, Kohn and Nirenberg,

see for example [59], and it it sometimes known as the Hardy-Sobolev inequality as it

generalises both these results (which correspond to the values a “ 0, b “ 0, and a “ 0,

b “ 1, respectively). Best constants are also known, see [76, Corollary 4.8]. Our proof

below is inspired by the method of [45].

Theorem 3.4.2. Let a ď b ď a`1 and p “ 2pN`2γq
N`2γ´2`2pb´aq

, and suppose that a ă N`2γ´2
2

.

Then, for any f P C8c pRNq we have the inequality

ż

RN

|∇kf |
2

|x|2a
dµk ě Ca,b

ˆ
ż

RN

|f |p

|x|pb
dµk

˙2{p

,

where Ca,b ą 0 is a constant.

Proof. The strategy of the proof is to establish the inequality in the end cases b “ a` 1

and b “ a separately, and then to interpolate between these two cases to obtain the result

in full generality.

Step 1. Suppose b “ a` 1, so p “ 2. We begin by considering the function u “ f
|x|a

, so

Tiu “
Tif

|x|a
´ a

xi
|x|a`2

f. (3.13)

Then we have

ż

RN

|∇kf |
2

|x|2a
dµk “

ż

RN

ˇ

ˇ

ˇ

ˇ

∇ku` a
x

|x|a`2
f

ˇ

ˇ

ˇ

ˇ

2

dµk

“

ż

RN
|∇ku|

2 dµk ` a
2

ż

RN

f 2

|x|2a`2
dµk ` 2a

ż

RN

f

|x|a`2
x ¨∇ku dµk.

(3.14)

Let ε ą 1. Applying the inequality 2xy ě ´εx2 ´ 1
ε
y2, we can estimate the last term on

the right hand side of the previous equality

2a

ż

RN

f

|x|a`2
x ¨∇ku dµk ě ´εa

2

ż

RN

f 2

|x|2a`2
dµk ´

1

ε

ż

RN
|∇ku|

2 dµk.

Plugging this in (3.14), we have obtained

ż

RN

|∇kf |
2

|x|2a
dµk ě a2

p1´ εq

ż

RN

f 2

|x|2a`2
dµk ` p1´

1

ε
q

ż

RN
|∇ku|

2 dµk.

73



Applying Hardy’s inequality to the last term on the right hand side of the above inequality,

we have

ż

RN

|∇kf |
2

|x|2a
dµk ě

ˆ

a2
p1´ εq ` p1´

1

ε
q
pN ` 2γ ´ 2q2

4

˙
ż

RN

f 2

|x|2a`2
dµk.

This holds for all ε ą 1 and since a ă N`2γ´2
2

, we can choose for example ε “ N`2γ´2
2a

to

obtain a positive constant.

Step 2. Suppose now that a “ b. In this case p “ q :“ 2pN`2γq
N`2γ´2

, the Sobolev coefficient.

Using the Sobolev inequality we have

ˆ
ż

RN

|f |p

|x|pa
dµk

˙2{p

ď C

ż

RN

ˇ

ˇ

ˇ

ˇ

∇k

ˆ

f

|x|a

˙
ˇ

ˇ

ˇ

ˇ

2

dµk.

Using (3.13), we obtain

ˇ

ˇ

ˇ

ˇ

∇k

ˆ

f

|x|a

˙
ˇ

ˇ

ˇ

ˇ

2

“

ˇ

ˇ

ˇ

ˇ

∇kf

|x|a
´ a

x

|x|a`2
f

ˇ

ˇ

ˇ

ˇ

2

ď 2
|∇kf |

2

|x|2a
` 2a2 f 2

|x|2a`2
.

Thus, from the last two relations it follows that

ˆ
ż

RN

|f |p

|x|pa
dµk

˙2{p

ď 2Ca2

ż

RN

|f |2

|x|2a`2
dµk ` 2C

ż

RN

|∇kf |
2

|x|2a
dµk

ď 2Cpa2C´1
a,a`1 ` 1q

ż

RN

|∇kf |
2

|x|2a
dµk,

where we used the previous step.

Step 3. We now look at the case a ă b ă a`1. As above, let q “ 2pN`2γq
N`2γ´2

be the Sobolev

coefficient. We have 2 ă p ă q, so there exists θ P p0, 1q such that

p “ 2θ ` qp1´ θq,

so

b “ a`
θpN ` 2γ ´ 2q

N ` 2γ ´ 2θ
,

and also

pb “ 2pa` 1qθ ` qap1´ θq.
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Then, using Hölder’s inequality, we obtain

ż

RN

|f |p

|x|pb
dµk “

ż

RN

|f |2θ`qp1´θq

|x|2pa`1qθ`qap1´θq
dµk

ď

ˆ
ż

RN

|f |2

|x|2pa`1q
dµk

˙θ ˆż

RN

|f |q

|x|qa
dµk

˙1´θ

.

Using the two steps above, this implies

ż

RN

|f |p

|x|pb
dµk ď C´θa,a`1C

´qp1´θq{2
a,a

ˆ
ż

RN

|∇kf |
2

|x|2a
dµk

˙p{2

,

as required. This completes the proof.

Remark. One could prove a more general Caffarelli-Kohn-Nirenberg inequality of the

form
ˆ
ż

RN

|f |p

|x|pb
dµk

˙1{p

ď C

ˆ
ż

RN

|∇kf |
2

|x|2a
dµk

˙θ{2 ˆż

RN

|f |q

|x|qc
dµk

˙p1´θq{q

,

which holds for all f P C8c pRNzt0uq, subject to the assumption that

1

p
´

b

N ` 2γ
“ θ

ˆ

1

2
´

a` 1

N ` 2γ

˙

` p1´ θq

ˆ

1

q
´

c

N ` 2γ

˙

,

where b “ p1´θqc`θd, for parameters p, q, a, c, d, θ P R such that p ą 0, q ě 1, θ P r0, 1s,

and such that all integrals above are finite. This could be achieved by interpolating

using Hölder’s inequality between the case θ “ 0 (which is trivial as p “ q, b “ c, and

both sides reduce to
∥∥|x|´bf∥∥

p
), and the case θ “ 1, which was done in the previous

Theorem. However, this only works for a more restricted and rather complicated range

of θ depending on p and q.
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4
Spectral Estimates

Consider the Schrödinger operator on L2pRNq

H :“ ´∆´ V,

where ∆ “

N
ÿ

i“1

B2

Bx2
i

is the usual Laplacian on RN and V is a potential. Under certain

conditions on the potential V , it can be shown that the negative spectrum of H is discrete;

in this case the negative eigenvalues of H can be defined using the variational principle

(see for example [68, Chapter 11] or [26] for a comprehensive discussion of this). When

this holds, we denote the negative eigenvalues of H repeated according to multiplicity

by λ1 ď λ2 ď . . . ă 0. The Lieb-Thirring inequality [70] gives estimates on the sum of

powers of the negative eigenvalues, namely

SζpV q :“
ÿ

i

|λi|
ζ
ď LN,ζ

ż

RN
V`pxq

N{2`ζ dx, (4.1)

where LN,ζ is a constant, and we use the notation f`pxq “ max tfpxq, 0u. This inequality

holds for ζ ą 0 if N ě 2 and for ζ ą 1
2

if N “ 1. After it was first proved, this inequality

has been studied extensively and generalised to different settings, for example to Rie-

mannian manifolds. For an account of the Lieb-Thirring inequality and its applications

to stability of matter, see [69]. The value of the optimal constant Ln,ζ is in general not

known. By comparison to the semi-classical approximation, we have

LN,ζ ě Lcl
N,ζ :“

1

p4πqN{2
Γpζ ` 1q

Γ
`

N
2
` ζ ` 1

˘ .
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Lieb and Thirring proved in [70] that for N “ 1 and ζ ě 3
2

we have in fact equality

L1,ζ “ Lcl
1,ζ .

In [63], Laptev and Weidl showed that this equality holds more generally for all N ě 1

and ζ ě 3
2
. Finally, in the case N “ 1, ζ “ 1

2
the optimal value L1,1{2 “ 2Lcl

1,1{2 “
1
2

was

computed in [58]. See [62] for a survey of the best known values of the constants in the

inequality (4.1).

The case ζ “ 0 was proved individually by Rozenblum [90], Lieb [67] and Cwikel [20],

and it is usually referred to as the Cwikel-Lieb-Rozenblum inequality, or, in short, the

CLR inequality. A later proof was given by Li and Yau in [66].

Here we will prove these inequalities for Schrödinger operators involving the Dunkl lapla-

cian. Namely, we consider

H :“ ´∆k ´ V,

for a potential V . As above, when the negative spectrum of this operator is discrete, we

denote by λ1 ď λ2 ď . . . ă 0 its negative eigenvalues repeated according to multiplicity,

and for ζ ą 0 we denote

SζpV q :“
ÿ

i

|λi|
ζ .

We first prove the Lieb-Thirring inequality for Dunkl operators using the method of the

original proof [70]. For the CLR inequality, we obtain this as a consequence of the Sobolev

inequality of Theorem 2.2.2 from a general result of Levin and Solomyak [65] for Markov

semigroups.

4.1 The Lieb-Thirring inequality

The main result is the following.

Theorem 4.1.1. Assume that N ` 2γ ą 2. Fix ζ ą 0 and let V be a potential such that

V` P L
N{2`γ`ζpµkq. Then we have

SζpV q ď Lζ

ż

RN
V
N{2`γ`ζ
` dµk,

with a constant

Lζ “
2´

N`2γ
2
`1M´1

k ζζ`1

ΓpN{2` γ ` ζ ` 1q
inf

N`2γ
2
ămăN`2γ

2
`ζ
rmF pm´N{2´ γqF pN{2` γ ` ζ ´mqs ,

for F pxq :“ Γpxqx´x.
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Remark. As will be clear from the discussion below, the condition on V implies that

the Schrödinger operator H is semi-bounded self-adjoint, so we can define the negative

eigenvalues using the usual variational approach.

The proof will be based on the Birman-Schwinger principle which was first proved in [13]

and [94]. We will give here a proof of this principle adapted to our case.

Proposition 4.1.2 (Birman-Schwinger principle). Let c ą 0 and assume that the poten-

tial V P LN{2`γ`ζpµkq is non-negative. Consider the operator

Tc :“ V 1{2
p´∆k ` cq

´1V 1{2.

Denote by npcq the number of eigenvalues greater or equal to 1 of Tc. Then the number

of eigenvalues at most ´c of H is npcq.

Proof. To simplify notation, let Ñ “ N
2
` γ ` ζ.

Firstly we note that p´∆k`cq
´1{2 is a bounded operator from L2pµkq to H1

DpRNq. Indeed,

for any f P L2pµkq we have

Dkpp´∆k ` cq
´1{2fqpξq “ p|ξ|2 ` cq´1{2Dkpfqpξq.

Since |ξ|

p|ξ|2`cq1{2
ď 1 and f P L2pµkq, then the map ξ ÞÑ |ξ|Dkpp´∆k ` cq´1{2fqpξq is in

L2pµkq, so by the Fourier characterisation of the Sobolev space we have p´∆k` cq
´1{2f P

H1
DpRNq. Moreover,

∥∥p´∆k ` cq
´1{2f

∥∥2

H1
DpRN q

“

ż

RN

1` |ξ|2

c` |ξ|2
|Dkpfqpξq|

2 dµkpξq ď sup
ξPRN

1` |ξ|2

c` |ξ|2
‖f‖2 .

On the other hand, V 1{2 is a bounded operator from H1
DpRNq to L2pµkq. To see this, we

first use the Hölder inequality with exponents Ñ and Ñ
Ñ´1

to obtain

ˆ
ż

RN
V pxq|fpxq|2 dµkpxq

˙1{2

ď ‖V ‖1{2
N{2`γ`ζ

ˆ
ż

RN
|fpxq|

2Ñ
Ñ´1 dµkpxq

˙
Ñ´1
2Ñ

. (4.2)

Let q “ 2pN`2γq
N`2γ´2

. Since 2 ă 2Ñ
Ñ´1

ă q, there exists θ P p0, 1q such that 2Ñ
Ñ´1

“ 2θ` qp1´ θq.

Thus, by Hölder’s inequality again, we have

ˆ
ż

RN
|fpxq|

2Ñ
Ñ´1 dµkpxq

˙
Ñ´1
2Ñ

ď ‖f‖
2θ Ñ´1

2Ñ
2 ‖f‖

p1´θqq Ñ´1
2Ñ

q

ď 2θ
Ñ ´ 1

2Ñ
‖f‖2 ` p1´ θqq

Ñ ´ 1

2Ñ
‖f‖q ,

(4.3)
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where in the last step we used Young’s inequality. Finally, combining (4.2) and (4.3),

and using Sobolev’s inequality, we have

ˆ
ż

RN
V pxq|fpxq|2 dµkpxq

˙1{2

ď C1 ‖f‖2 ` C2 ‖∇kf‖2 ,

for some constants C1, C2 ą 0.

Therefore, the operator U :“ V 1{2p´∆k` cq
´1{2 is bounded from L2pµkq to L2pµkq. Since

Tc “ UU˚, this shows that Tc is also bounded and self-adjoint. Moreover, we will see

below that for large enough m ą 0 we have TrpTmc q ă 8, so Tc is a compact operator.

The connection between the operator Tc and our Schrödinger operator H is given by the

fact that there is a one-to-one correspondence between eigenfunctions with eigenvalue 1

of Tc, and eigenfunctions with eigenvalue ´c of H.

Indeed, let first f P L2pµkq be such that Tcf “ f , and define g “ p´∆k ` cq´1V 1{2f . If

we can prove that g P H1
DpRNq, then we have

p´∆k ` cqg “ V 1{2f “ V g,

so g is an eigenfunction of H with eigenvalue ´c. To prove that g P H1
DpRNq, we use first

use Hölder’s inequality to obtain

ż

RN
p
?
V fq

2Ñ
Ñ`1 dµk ď ‖V ‖

Ñ
Ñ`1

Ñ
‖f‖

Ñ
Ñ`1

2 ,

so
?
V f P L

2Ñ
Ñ`1 pµkq. But 1 ă 2Ñ

Ñ`1
ă 2 and the Dunkl tranform Dk is a bounded

operator from L1pµkq to L8pµkq and also from L2pµkq to L2pµkq, so by the Riesz-Thorin

interpolation theorem we have Dkp
?
V fq P L

2Ñ
Ñ´1 pµkq. Since Dkpp´∆k ` cq´1

?
V fqpξq “

1
|ξ|2`c

Dkp
?
V fqpξq, by Hölder’s inequality we have

ż

RN

|ξ|2

p|ξ|2 ` cq2
Dkp

?
V fqpξq2 dµkpξq ď

ż

RN

Dkp
?
V fqpξq2

|ξ|2 ` c
dµkpξq

ď

∥∥∥Dkp
?
V fq

∥∥∥ Ñ
Ñ´1

2Ñ
Ñ´1

ˆ
ż

RN

1

p|ξ|2 ` cqÑ
dµkpξq

˙1{Ñ

.

As we will see below in the proof of the Lieb-Thirring inequality, the integral on the

right hand side is finite since Ñ ą N{2 ` γ. Thus, we proved that the map ξ ÞÑ

|ξ|Dkpp´∆k ` cq
´1
?
V fqpξq is in L2pµkq, which means that g P H1

DpRNq.

On the other hand, if g P H1
DpRNq is such that Hg “ ´cg, then take f “ V 1{2g. By the

above, then f P L2pµkq and clearly Tcf “ f .
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To finish the proof, we note that by the min-max principle, if c ă c1, we have Tc ě Tc1 .

Thus, if we denote the eigenvalues of Tc and Tc1 by λ1pcq ě λ2pcq ě . . . ě 0 and λ1pc
1q ě

λ2pc
1q ě . . . ě 0, respectively, then for any i “ 1, 2, . . ., we have λipcq ě λipc

1q. Moreover,

λipcq depends continuously on c. Given all this, it is then not difficult to conclude the

proof.

Before we begin the proof of the Lieb-Thirring inequality, we will also need the following

result also due to Lieb and Thirring, which we state here without proof (see [70, Appendix

B], or [6] for a different proof).

Proposition 4.1.3. Let A,B be positive, self-adjoint operators on a separable Hilbert

space H. Then, for each real m ě 1, we have

TrpB1{2AB1{2
q
m
ď TrpBm{2AmBm{2

q.

Proof of Theorem 4.1.1. Let Nc be the number of eigenvalues of H that are at most c

(counted with multiplicity). From this definition of Nc we obtain straight away that

SζpV q “
ÿ

j

|λj|
ζ
“ ζ

ż 8

0

cζ´1N´c dc. (4.4)

Take c ą 0 and 0 ď t ď 1. It can then be checked directly that N´c is equal to the

number of eigenvalues that are at most ´tc of the operator

´∆k ´ pV ´ p1´ tqcq.

By the min-max principle, since

´∆k ´ pV ´ p1´ tqcq ě ´∆k ´ pV ´ p1´ tqcq` ,

we obtain that N´c is bounded above by the number of eigenvalues at most ´tc of the

operator

´∆k ´ pV ´ p1´ tqcq` .

However, by the Birman-Schwinger principle, the number of eigenvalues that are smaller

or equal to ´tc of this latter operator equals the number of eigenvalues that are at least

1 of the operator

T ptqc :“ pV ´ p1´ tqcq
1{2
` p´∆k ` tcq

´1
pV ´ p1´ tqcq

1{2
` .
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Therefore, we have that, for any m ě 1,

N´c ď TrppT ptqc q
m
q.

In order to estimate the right hand side of this last relation, we note that in light of

Proposition 4.1.3, it is enough to estimate the trace of the operator

Tm,tc :“ pV ´ p1´ tqcq
m{2
` p´∆k ` tcq

´m
pV ´ p1´ tqcq

m{2
` .

Using the following property of the Dunkl transform

Dkp´∆kfqpξq “ |ξ|
2Dkpfqpξq,

as well as the inversion formula, it follows that

´∆kfpxq “ Dkp|ξ|
2Dkpfqpξqqp´xq “M´1

k

ż

RN
|y|2DkpfqpyqEkpix, yq dµkpyq

“M´2
k

ż

RN

ż

RN
fpzq|y|2Ekp´iz, yqEkpix, yq dµkpyq dµkpzq.

Thus, for a Borel measurable function ϕ, we can define

ϕp´∆kqfpxq “M´2
k

ż

RN

ż

RN
fpzqϕp|y|2qEkp´iz, yqEkpix, yq dµkpyq dµkpzq,

so ϕp´∆kq is an integral operator with kernel

Kϕpx, zq “M´2
k wkpzq

ż

RN
ϕp|y|2qEkp´iz, yqEkpix, yq dµkpyq.

Going back to our proof, we have that Tm,tc is an integral operator with kernel given by

pV pxq ´ p1´ tqcq
m{2
` pV pzq ´ p1´ tqcq

m{2
` Kϕpx, zq,

where now ϕ : u ÞÑ pu` tcq´m. Then we can compute

TrpTm,tc q “

ż

RN
pV pxq ´ p1´ tqcqm`Kϕpx, xq dx.

We have

Kϕpx, xq “M´2
k wkpxq

ż

RN
p|y|2 ` tcq´m|Ekpix, yq|

2 dµkpyq,
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which we can estimate using the inequality |Ekpix, yq| ď 1. We obtain

Kϕpx, xq ďM´2
k wkpxq

ż

RN

1

p|y|2 ` tcqm
dµkpyq.

In order to compute this integral we use polar coordinates and obtain

ż

RN

1

p|y|2 ` tcqm
dµkpyq “

Mk

2
N`2γ

2
´1Γ

`

N`2γ
2

˘

ż 8

0

rN`2γ´1

pr2 ` tcqm
dr

“
Mk

2
N`2γ

2
´1Γ

`

N`2γ
2

˘

ptcqγ`N{2´mB

ˆ

N

2
` γ,m´

N

2
´ γ

˙

,

where we require m ą N{2 ` γ. Here B is the usual beta function. To summarise, we

have obtained that

N´c ď TrpTm,tc q ď CptcqN{2`γ´m
ż

RN
pV pxq ´ p1´ tqcqm` dµkpxq,

where

C “
1

Mk2
N`2γ

2
´1Γ

`

N`2γ
2

˘

B

ˆ

N

2
` γ,m´

N

2
´ γ

˙

.

As in the previous proof, let Ñ “ N
2
` γ ` ζ. Replacing the result above in (4.4), we

obtain that

SζpV q ď ζCtN{2`γ´m
ż

RN

ż 8

0

cÑ´m´1
pV pxq ´ p1´ tqcqm` dµkpxq dc.

By swapping the order of integration in the integral on the right hand side using the

Fubini-Tonelli theorem, and using the change of variables V`pxqb “ p1´ tqc, we have

SζpV q ď ζCtN{2`γ´mp1´ tqm´Ñ
ż

RN

ż 1

0

V`pxq
ÑbÑ´m´1

p1´ bqm db dµkpxq

“ ζCtN{2`γ´mp1´ tqm´ÑBpÑ ´m,m` 1q

ż

RN
V`pxq

Ñ dµkpxq

We note here that in the last equality we require ζ ` γ ` N{2 ´m “ Ñ ´m ą 0. The

constant in this inequality is optimised for

t “
m´ γ ´N{2

ζ
,
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so we obtain finally

SζpV q ď 2´
N`2γ

2
`1M´1

k mζζ`1F pm´γ ´N{2qF pÑ ´mq
1

ΓpÑ ` 1q

ż

RN
V`pxq

Ñ dµkpxq,

where F pxq :“ Γpxqx´x. The Theorem follows immediately by taking infimum over all

possible m.

4.2 The CLR inequality

As mentioned above, the CLR inequality was proved independently by Rozenblum, Lieb

and Cwikel. Later, a different proof was given by Li and Yau in [66] which also produced

the best known constant. This simple proof pertained to further generalisation and in

[65] it was proved in the general setting of a Markov generator which satisfies the Sobolev

inequality.

Theorem 4.2.1 ([65]). Let pΩ, µq be a σ-finite measure space and let A be a Markov

generator on L2pΩq with quadratic form Q. Suppose that for some q ą 0, A satisfies a

Sobolev inequality of the form

‖f‖2
Lqpµq ď CQpfq (4.5)

for any f P DompQq. Take V P Lppµq, V ě 0, where p “ q
q´2

and let NpV q be the number

of negative eigenvalues of the operator

´A´ V.

Then we have

NpV q ď epCp

ż

Ω

V p dµ,

where C is the constant in (4.5).

By Rösler’s positivity results for the Dunkl intertwining operator (which, in particular,

show that the Dunkl heat semigroup is Markov), together with the Sobolev inequality we

obtained above (Theorem 2.2.2), the conditions of Theorem 4.2.1 are satisfied for A “ ∆k

and therefore we finally obtain the desired inequality.

Corollary 4.2.2 (CLR inequality). Suppose N ` 2γ ą 2. Let V ě 0 be in LN{2`γpRNq.

Then the number NpV q of negative eigenvalues of the operator H satisfies the bound

NpV q ď eN{2`γCN`2γ
DS

ż

RN
V N{2`γ

pxq dµk,

where CDS is the optimal constant in the Sobolev inequality.
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We will not give a proof of Theorem 4.2.1 here, but very briefly sketch the proof in our

particular case. Firstly, we can assume that V P L1 X L8 with V ą 0 by a density

argument in a suitable space of compact operators. We will consider the quadratic form

Qpfq :“

ż

RN
|∇kf |

2 dµk

with domain H1
DpRNq. Notice that Q in fact defines a norm on the Hilbert space H1

DpRNq

and let X be the completion of H1
DpRNq under this norm. Consider now

Q1pfq “

ż

RN
V |f |2 dµk.

By the Sobolev inequality, the quadratic form Q1 defines a bounded self-adjoint operator

on X, say TV . If we see Q1 as a quadratic form in the weighted space L2pV dµkq, it can

be checked that this also defines a self-adjoint operator, say K, which is related to TV

via the relation

K´1
“ TV .

The operator K generates a semigroup which is ultracontractive, so it has an integral

kernel ktpx, yq. Moreover, K can be seen to have a discrete spectrum. By proving bounds

on kt we can then obtain bounds on the eigenvalues of K, and so, also on the eigenvalues

of TV . Finally, a general version of the Birman-Schwinger principle allows us to compare

the negative eigenvalues of H with the eigenvalues of TV .
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5
The Gagliardo-Nirenberg

inequality and an application

The Gagliardo-Nirenberg inequality was proved independently by Gagliardo [42] and

Nirenberg [78] and it states that∥∥∇jf
∥∥
q
ď C

∥∥∇lf
∥∥θ
r
‖f‖1´θ

p , (5.1)

for all f P W l,rpRNq X LppRNq, where 1 ď p ď 8, j, l P N and j
l
ď θ ď 1 are such that

1

q
“

j

N
` θ

ˆ

1

r
´

l

N

˙

`
1´ θ

p
.

There is an exceptional case when r ą 1 and l´ j´ N
r

is a non-negative integer, in which

case we must also require θ ă 1. See [41] for historical remarks on this result and a

complete proof, and also the references therein for an account of the many applications

of the Gagliardo-Nirenberg inequality to PDEs.

This chapter will consist of two parts. In the first part we will prove the Gagliardo-

Nirenberg inequality for Dunkl operators in two different particular cases. Firstly, in

section 5.1, we prove the case j “ 0, l “ 1, which follows from the Sobolev inequality,

and which is the main tool in the analysis of the nonlinear damped wave equation in later

sections. Secondly, in section 5.2 we prove the more involved case p “ q “ r, which relies

on Littlewood-Paley theory.

In the second part of the chapter we use the obtained Gagliardo-Nirenberg inequality to
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study the nonlinear damped wave equation

$

’

’

’

&

’

’

’

%

B2
ttupt, xq ´∆kupt, xq ` bBtupt, xq `mupt, xq “ fpuqpt, xq

up0, xq “ εu1pxq

Btup0, xq “ εu2pxq,

with nonlinearity satisfying the assumptions fp0q “ 0 and

|fpaq ´ fpbq| ď Cp|a|p´1
` |b|p´1

q|a´ b|,

for some p ą 1. To begin with, in section 5.3.1 we study the linear version of this equation

(corresponding to f “ 0), and in section 5.3.2 we prove a global existence and uniqueness

result for the general Cauchy problem with small data. This follows the treatment of

[91], where similar problems are considered for Rockland operators on Lie groups.

5.1 The Gagliardo-Nirenberg inequality I

In this section we prove the Dunkl analogue of the case j “ 0, l “ 1 of the classical

Gagliardo-Nirenberg inequality (5.1).

Theorem 5.1.1. Let 1 ď p, q ă 8, 1 ď r ă N ` 2γ, and 0 ď θ ď 1 satisfying the

assumption

θ

ˆ

1

N ` 2γ
`

1

p
´

1

r

˙

“
1

p
´

1

q
. (5.2)

Then the following inequality holds for all f P H1
DpRNq X Lppµkq

‖f‖q ď C ‖∇kf‖θr ‖f‖
1´θ
p ,

for some constant C ą 0.

Proof. We note first that it is enough to prove the result for f P C8c pRNq and then use

a density argument. If θ “ 0, then p “ q and the inequality reduces to the trivial case

‖f‖p ď C ‖f‖p. For the rest of the proof we will assume that θ ą 0.

Since r ă N ` 2γ, from (5.2) we obtain p1 ´ θqq ă p. We can then define s ą 0 by the

equation
qp1´ θq

p
`

1

s
“ 1. (5.3)
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Then, by Hölder’s inequality we have

ż

RN
|f |q dµk ď

ˆ
ż

RN
|f |qsθ dµk

˙1{sˆż

RN
|f |p dµk

˙

qp1´θq
p

“ ‖f‖qθqsθ ‖f‖
qp1´θq
p .

(5.4)

At this point, we would like to bound ‖f‖qsθ from above by ‖∇kf‖r, which, together

with the above inequality, concludes the Theorem. This can be achieved by the Sobolev

inequality of Theorem 2.0.1 as long as 1 ď r ă N ` 2γ and

1

qsθ
“

1

r
´

1

N ` 2γ
.

This follows from the assumption (5.2) and the definition of s in equation (5.3). Thus we

can indeed apply the Sobolev inequality to obtain

‖f‖qsθ ď C ‖∇kf‖r . (5.5)

Therefore, from (5.4) and (5.5) we can conclude that

‖f‖q ď C ‖∇kf‖θr ‖f‖
1´θ
p ,

which is what we needed to prove.

We record in the next Corollary the very useful particular case when p “ r “ 2, while

in the second Corollary we prove a consequence of Gagliardo-Nirenberg involving the

Sobolev norm that will be essential later in the study of the wave equation.

Corollary 5.1.2. Suppose N ` 2γ ą 2. Let 2 ď q ď 2pN`2γq
N`2γ´2

and

θ “ pN ` 2γq
q ´ 2

2q
. (5.6)

Then there exists a constant C ą 0 such that the inequality

‖f‖q ď C ‖∇kf‖θ2 ‖f‖
1´θ
2

holds for any f P H1
DpRNq.

Corollary 5.1.3. Suppose N ` 2γ ą 2. Then for any 2 ď q ď 2pN`2γq
N`2γ´2

there exists a

constant C ą 0 such that the inequality

‖f‖q ď C ‖f‖H1
DpRN q
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holds for any f P H1
DpRNq.

Proof. We use the Young inequality

aθb1´θ
ď θa` p1´ θqb,

which holds for all a, b ě 0 and 0 ď θ ď 1. From the previous Corollary, with θ as in

(5.6), we have

‖f‖2
q ď C maxtθ, 1´ θu ¨ p‖∇kf‖2

2 ` ‖f‖2
2q ď C ‖f‖2

H1
DpRN q

,

and the result follows immediately.

5.2 The Gagliardo-Nirenberg inequality II

In this section we prove the case p “ q “ r of the Gagliardo-Nirenberg inequality. Note

that in this case the assumptions in (5.1) imply that θ “ j
l
. However, we adopt a slightly

different notation in this section that will be more convenient for the present case. The

main result is the following.

Theorem 5.2.1 (Gagliardo-Nirenberg inequality). Let 1 ă p ă 8, 0 ď s ď N`2γ
p

and

0 ă θ ă 1. Then, for any f P SpRNq, we have the inequality∥∥p´∆kq
sp1´θq{2f

∥∥
p
ď C

∥∥p´∆kq
s{2f

∥∥1´θ

p
‖f‖θp ,

where C ą 0 is a constant.

In order to prove this result, we need to introduce some Littlewood-Paley theory. Let

ψ P C8c pRq with support contained in the annulus 1
2
ď |x| ď 2 and such that

ÿ

jPZ

ψp2´jxq “ 1 for all x P Rzt0u. (5.7)

For convenience denote ψjpxq “ ψp2´jxq and note that ψj has support contained in the

annulus 2j´1 ď |x| ď 2j`1. Define the following operators on L2pµkq

Pjpfq “ D´1
k pψjDkpfqq.

Then (5.7) implies that
ÿ

jPZ

Pj “ I, (5.8)
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where I is the identity operator on L2pµkq. The following result will be essential in the

proof of Theorem 5.2.1.

Proposition 5.2.2. For any s ě 0 and 1 ă p ă 8 there exist two constants C1, C2 ą 0

such that

C1

∥∥p´∆kq
s{2f

∥∥
p
ď

∥∥∥∥∥∥
˜

ÿ

jPZ

|2jsPjf |
2

¸1{2
∥∥∥∥∥∥
p

ď C2

∥∥p´∆kq
s{2f

∥∥
p

holds for all f P SpRNq.

Before we prove the Proposition, we need the following two results. The first is the

Hörmander-Mikhlin multiplier theorem which was proved in the case of Dunkl operators

in [22] (see also [23, Chapter 7]). The second result is a Lemma which corresponds to

the particular case s “ 0 in Proposition 5.2.2, but where the conditions on the function

ψ are relaxed.

Theorem 5.2.3 (Hörmander-Mikhlin multiplier theorem - Theorem 4.1, [22]). Let m :

p0,8q Ñ R be a function satisfying ‖m‖
8
ď A and the Hörmander’s condition

1

R

ż 2R

R

|mprq
pxq| dx ď AR´r @R ą 0,

where r is the smallest integer greater than or equal to N`1
2
` γ. Let Tm be the operator

on L2pµkq defined by

DkpTmfqpξq “ mp|ξ|qDkpfqpξq @ξ P RN .

Then for all 1 ă p ă 8 there exists a constant Cp ą 0 such that

‖Tmf‖p ď CpA ‖f‖p

for all f P SpRNq.

Lemma 5.2.4. Let ϕ P C8c pRq with support contained in the annulus 1
2
ď |x| ď 2. As in

the above, let ϕjpxq “ ϕp2´jxq and consider the operator on L2pµkq given by

Pϕ
j f “ D´1

k pϕjDkpfqq.

Then, for any 1 ă p ă 8 there exists a constant C ą 0 such that∥∥∥∥∥∥
˜

ÿ

jPZ

|Pϕ
j f |

2

¸1{2
∥∥∥∥∥∥
p

ď C ‖f‖p . (5.9)
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Proof. Let tεjujPZ be a sequence of independent identically distributed random variables

with Ppεj “ ˘1q “ 1
2
. Recall Khinchin’s inequality: if 1 ă p ă 8, then there exist two

constants C1, C2 ą 0 such that for any y1, . . . , yn P C we have

C1

˜

n
ÿ

j“1

|yj|
2

¸1{2

ď

˜

E

ˇ

ˇ

ˇ

ˇ

ˇ

n
ÿ

j“1

εjyj

ˇ

ˇ

ˇ

ˇ

ˇ

p¸1{p

ď C2

˜

n
ÿ

j“1

|yj|
2

¸1{2

.

Consider then the operator

T f “
ÿ

jPZ

εjP
ϕ
j f.

Then

DkpT fq “
ÿ

jPZ

εjϕjDkpfq,

so the operator T is given by the multiplier

mpxq “
ÿ

jPZ

εjϕjpxq.

We wish to apply the Hörmander-Mikhlin multiplier theorem. Let r be the smallest

integer greater than or equal to N`1
2
` γ. We have

mprq
pxq “

ÿ

jPZ

2´jrεjϕ
prq
p2´jxq.

By considering the support of ϕ, at most two terms in this sum are non-zero, correspond-

ing to the j P Z such that

log2 x´ 1 ď j ď log2 x` 1.

Thus

|mprq
pxq| ď C|2´jr| ď Cx´r,

so
ż 2R

R

|mprq
pxq| dx ď CR´r`1,

so m does indeed satisfy the requirements of the Hörmander-Mikhlin theorem. Therefore

‖T f‖p ď C ‖f‖p . (5.10)

On the other hand, by Khinchin’s inequality we have

Ep|T fpxq|pq “ E

˜
ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

jPZ

εjP
ϕ
j fpxq

ˇ

ˇ

ˇ

ˇ

ˇ

p¸

ě C

˜

ÿ

jPZ

|Pϕ
j fpxq|

2

¸p{2

.
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But (5.10) implies that

Ep‖T f‖ppq ď C ‖f‖pp .

The last two inequalities finally imply (5.9).

Proof of Proposition 5.2.2. We first prove the inequality on the right hand side. Since

Dkpp´∆kq
s{2fqpξq “ |ξ|sDkpfqpξq, we have

2jsPjfpxq “ D´1
k p2

js
|ξ|´sψjDkpp´∆kq

s{2fqq. (5.11)

Let ϕpξq “ ψpξq
|ξ|s

and let Pϕ
j be defined as in the previous Lemma. Also let g “ p´∆kq

s{2f .

Then from (5.11) it follows that

ÿ

jPZ

|2jsPjf |
2
“

ÿ

jPZ

|Pϕ
j g|

2,

so by Lemma 5.2.4 we have∥∥∥∥∥∥
˜

ÿ

jPZ

|2jsPjf |
2

¸1{2
∥∥∥∥∥∥
p

“

∥∥∥∥∥∥
˜

ÿ

jPZ

|Pϕ
j g|

2

¸1{2
∥∥∥∥∥∥
p

ď C ‖g‖p “ C
∥∥p´∆kq

s{2f
∥∥
p
. (5.12)

We now turn to the left hand side inequality. Let g P SpRNq be arbitrary. By considering

the support of ψ we can see that

ż

RN
Pjf ¨ Pig dµk “ 0

for all |j ´ i| ą 2. Thus, by (5.8), we have

ż

RN
p´∆kq

s{2fg dµk “
2
ÿ

i“´2

ÿ

jPZ

ż

RN
Pjpp´∆kq

s{2fqPj`ig dµk

“

2
ÿ

i“´2

ÿ

jPZ

ż

RN
ψjpξqψj`ipξq|ξ|

sDkpfqpξqDkpgqpξq dµkpξq

“

2
ÿ

i“´2

2is
ÿ

jPZ

ż

RN
2jsPjpfqP

ϕ
j`ipgq dµk,

where ϕpξq “ |ξ|sψpξq. Here we used the Plancherel identity twice. Thus, by the Cauchy-
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Schwarz inequality we have

ˇ

ˇ

ˇ

ˇ

ż

RN
p´∆kq

s{2fg dµk

ˇ

ˇ

ˇ

ˇ

ď

2
ÿ

i“´2

2is
ż

RN

˜

ÿ

jPZ

|2jsPjf |
2

¸1{2 ˜
ÿ

jPZ

|Pϕ
j`ig|

2

¸1{2

dµk

ď 5 ¨ 4s
ż

RN

˜

ÿ

jPZ

|2jsPjf |
2

¸1{2 ˜
ÿ

jPZ

|Pϕ
j g|

2

¸1{2

dµk.

By Hölder’s inequality and then Lemma 5.2.4, this implies that

ˇ

ˇ

ˇ

ˇ

ż

RN
p´∆kq

s{2fg dµk

ˇ

ˇ

ˇ

ˇ

ď 5 ¨ 4s

∥∥∥∥∥∥
˜

ÿ

jPZ

|2jsPjf |
2

¸1{2
∥∥∥∥∥∥
p

¨

∥∥∥∥∥∥
˜

ÿ

jPZ

|Pϕ
j g|

2

¸1{2
∥∥∥∥∥∥
p1

ď C ‖g‖p1 ¨

∥∥∥∥∥∥
˜

ÿ

jPZ

|2jsPjf |
2

¸1{2
∥∥∥∥∥∥
p

.

Finally, since g P SpRNq was arbitrary, it follows that

∥∥p´∆kq
s{2f

∥∥
p
ď C

∥∥∥∥∥∥
˜

ÿ

jPZ

|2jsPjf |
2

¸1{2
∥∥∥∥∥∥
p

.

This completes the proof of Proposition 5.2.2.

We are now ready to prove the main result of this section.

Proof of Theorem 5.2.1. By Proposition 5.2.2, we have

∥∥p´∆kq
sp1´θq{2f

∥∥
p
ď C

∥∥∥∥∥∥
˜

ÿ

jPZ

|2jsp1´θqPjf |
2

¸1{2
∥∥∥∥∥∥
p

.

But by Hölder’s inequality we have

ÿ

jPZ

|2jsp1´θqPjf |
2
ď

˜

ÿ

jPZ

|2jsPjf |
2

¸1´θ

¨

˜

ÿ

jPZ

|Pjf |
2

¸θ

.
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Applying Hölder’s inequality again, the last two results imply

∥∥p´∆kq
sp1´θq{sf

∥∥
p
ď C

∥∥∥∥∥∥
˜

ÿ

jPZ

|2jsPjf |
2

¸1{2
∥∥∥∥∥∥

1´θ

p

¨

∥∥∥∥∥∥
˜

ÿ

jPZ

|Pjf |
2

¸1{2
∥∥∥∥∥∥
θ

p

ď C
∥∥p´∆kq

s{2f
∥∥1´θ

p
‖f‖θp ,

where in the last step we used Proposition 5.2.2.

5.3 The nonlinear damped wave equation

5.3.1 The linear case

Let us first consider the following linear Cauchy problem on pt, xq P R` ˆ RN

$

’

’

’

&

’

’

’

%

B2
ttupt, xq ´∆kupt, xq ` bBtupt, xq `mupt, xq “ 0

up0, xq “ u0pxq

Btup0, xq “ u1pxq,

(5.13)

where b,m ą 0. We take Dunkl transform with respect to the variable x in this equation

to obtain

$

’

’

’

&

’

’

’

%

B2
ttDkpuqpt, ξq ` |ξ|

2Dkpuqpt, ξq ` bBtDkpuqpt, ξq `mDkpuqpt, ξq “ 0

Dkpuqp0, ξq “ Dkpu0qpξq

BtDkpuqp0, ξq “ Dkpu1qpξq.

(5.14)

To simplify notation, let U :“ Dkpuq, U0 :“ Dkpu0q and U1 :“ Dkpu1q. In this notation,

we have to solve the second order linear homogeneous ordinary differential equation in t

B
2
ttU ` bBtU ` pm` |ξ|

2
qU “ 0, (5.15)

with initial conditions Up0, ξq “ U0pξq and BtUp0, ξq “ U1pξq. As is well known, the

solution of this equation depends on the sign of

D :“ b2
´ 4pm` |ξ|2q

and we treat the three different cases separately below.
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Case 1: D ą 0. The solution of (5.15) is then

Upt, ξq “ e´
b
2
t

„

U0pξq

ˆ

cosh
t
?
D

2
`

b
?
D

sinh
t
?
D

2

˙

` U1pξq
2
?
D

sinh
t
?
D

2



. (5.16)

This implies that

|Upt, ξq| ď e´
b
2
t`
?
D
2
t

„

|U0pξq|p1`
bt

2
q ` |U1pξq|

1
?
D



, (5.17)

where we used the fact that 1´e´z

z
ď 1 for all z ě 0.

For any c ą 0 we have bct
2
ď ebct{2, so

bt

2
e´

b
2
t`
?
D
2
t
ď

1

c
e´

b
2
p1´cqt`

?
D
2
t.

We know that for any ξ P RN we have D ď b2 ´ 4m, so

´
b

2
p1´ cq `

?
D

2
ď ´

b

2
p1´ cq `

?
b2 ´ 4m

2
ă 0

if we choose 0 ă c ă 1´
?
b2´4m
b

. In this case, we obtain δ ą 0 independent of ξ or t such

that
bt

2
e´

b
2
t`
?
D
2
t
ď

1

c
e´δt

and

e´
b
2
t`
?
D
2
t
ď e´δt

for all t and ξ. Consequently, (5.17) becomes

|Upt, ξq| ď Ce´δt
„

|U0pξq| `
1
?
D
|U1pξq|



. (5.18)

Case 2: D ă 0. The solution of equation (5.15) in this case is

Upt, ξq “ e´
bt
2

«

U0pξq

˜

cos
t
a

|D|

2
`

b
a

|D|
sin

t
a

|D|

2

¸

` U1pξq
2

a

|D|
sin

t
a

|D|

2

ff

.

(5.19)

We then have that

|Upt, ξq| ď e´
bt
2

«

|U0pξq|p1`
bt

2
q `

2
a

|D|
|U1pξq|

ff

,

and using, for example, the inequality bt
2
e´

bt
2 ď e´

bt
4 , we obtain the same estimate (5.18)
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as above for a constant δ ą 0 independent of t or ξ.

Case 3: D “ 0. The solution of (5.15) in this case is

Upt, ξq “ e´
bt
2

„

U0pξq

ˆ

1`
bt

2

˙

` tU1pξq



. (5.20)

A similar reasoning to above shows that in this case there exists a positive constant δ

such that we have the estimate

|Upt, ξq| ď Ce´δt r|U0pξq| ` |U1pξq|s . (5.21)

Proposition 5.3.1. Fix s P R. Let u be a solution of the Cauchy problem (5.13) with

initial data u0 P H
s
D and u1 P H

s´1
D . Then there exists a constant δ ą 0 (which does not

depend on the initial data) such that, for all t ą 0 we have the estimates

‖upt, ¨q‖2
Hs

D
ď Ce´2δt

´

‖u0‖2
Hs

D
` ‖u1‖2

Hs´1
D

¯

, (5.22)

Moreover, if l P N0 and u0 P H
s`l
D and u1 P H

s`l´1
D , then we have the estimate∥∥Bltupt, ¨q∥∥2

Hs
D
ď Ce´2δt

´

‖u0‖2
Hs`l

D
` ‖u1‖2

Hs`l´1
D

¯

. (5.23)

Proof. We first consider the case when 4m ą b2. Then D ă 0 for all ξ P RN , so we are

always in the Case 2 above. We have, keeping the same notation as above and using

estimate (5.18), that

‖upt, ¨q‖2
Hs

D
“

ż

RN
p1` |ξ|2qs|Upt, ξq|2 dξ

ď Ce´2δt

ż

RN
p1` |ξ|2qs|U0pt, ξq|

2 dξ ` Ce´2δt

ż

RN

p1` |ξ|2qs

4m´ b2 ` 4|ξ|2
|U1pt, ξq|

2 dξ.

Due to the condition 4m ą b2, the function ξ ÞÑ 1`|ξ|2

4m´b2`4|ξ|2
is bounded on RN , so the

above estimates implies

‖upt, ¨q‖2
Hs

D
ď Ce´2δt

ż

RN
p1` |ξ|2qs|U0pt, ξq|

2 dξ ` Ce´2δt

ż

RN
p1` |ξ|2qs´1

|U1pt, ξq|
2 dξ

“ Ce´2δt
´

‖u0‖2
Hs

D
` ‖u1‖2

Hs´1
D

¯

,

as required.

The remaining case 4m ď b2 is a little more involved. The issue in the above computations

is that now we have a singularity at |ξ| “
?
b2´4m

2
. We will now split our integral over

B :“ tξ P RN : |D| ă 1u and its complement, BC “ RNzB; more precisely, we use the
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following

‖upt, ¨q‖2
Hs

D
“

ż

B

p1` |ξ|2qs|Upt, ξq|2 dξ `

ż

BC
p1` |ξ|2qs|Upt, ξq|2 dξ. (5.24)

On BC we are always in Cases 1 and 2, and in both cases we have the same estimate

(5.18). Using the same reasoning as above, because on BC the function ξ ÞÑ 1`|ξ|2

|b2´4m´4|ξ|2|

is bounded, we deduce that

ż

BC
p1` |ξ|2qs|Upt, ξq|2 dξ

ď Ce´2δt

„
ż

BC
p1` |ξ|2qs|U0pξq|

2 dξ `

ż

BC
p1` |ξ|2qs´1

|U1pξq|
2 dξ



.

(5.25)

We now turn to the integral over B. Starting from the explicit expressions we obtained

in (5.16) and (5.19), using the fact that
ˇ

ˇ

sinh z
z

ˇ

ˇ ď 1 and
ˇ

ˇ

sin z
z

ˇ

ˇ ď 1 for all z ‰ 0, we find

the following estimate which holds in all cases

|Upt, ξq| ď e´δ̃t
„

|U0pξq|p1`
bt

2
q ` t|U1pξq|



,

for some δ̃ ą 0. As in Case 3, this implies that the estimate (5.21) holds in general. Thus,

we have the inequality

ż

B

p1` |ξ|2qs|Upt, ξq|2 dξ ď Ce´2δt

„
ż

B

p1` |ξ|2qs|U0pξq|
2 dξ `

ż

B

p1` |ξ|2qs|U1pξq|
2 dξ



.

But on B we have |D| ă 1, so

4|ξ|2 ď |4|ξ|2 ` 4m´ b2
| ` |b2

´ 4m| ă |b2
´ 4m| ` 1.

In other words, on B the quantity 1 ` |ξ|2 is bounded above by a constant independent

of t, so the estimate above becomes

ż

B

p1` |ξ|2qs|Upt, ξq|2 dξ

ď Ce´2δt

„
ż

B

p1` |ξ|2qs|U0pξq|
2 dξ `

ż

B

p1` |ξ|2qs´1
|U1pξq|

2 dξ



.

(5.26)

Putting together (5.24), (5.25) and (5.26), this completes the proof of estimate (5.22).

For the second estimate (5.23), we differentiate the explicit formulas (5.16), (5.19) and

(5.20) with respect to time, and then perform similar estimates as above. The proof of

the Proposition is thus complete.
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5.3.2 The main result

In this section we consider the nonlinear wave equation

$

’

’

’

&

’

’

’

%

B2
ttupt, xq ´∆kupt, xq ` bBtupt, xq `mupt, xq “ fpuqpt, xq

up0, xq “ εu1pxq

Btup0, xq “ εu2pxq,

(5.27)

where b,m, ε ą 0, and the nonlinearity is a function f : R Ñ R that will satisfy the

assumptions

fp0q “ 0 (5.28)

and

|fpaq ´ fpbq| ď Cp|a|p´1
` |b|p´1

q|a´ b|, (5.29)

for some p ą 1.

Our main result is the following global existence result.

Theorem 5.3.2. Suppose that N ` 2γ ą 2 and let 1 ď p ď N`2γ
N`2γ´2

. Let u0 P H
1
DpRNq

and u1 P L
2pµkq. Assume that f is a function that satisfies the assumption (5.28-5.29).

Then there exists a constant ε0 ą 0 such that for any 0 ă ε ă ε0 the Cauchy problem

(5.27) has a unique global solution

u P CpR`;H1
DpRN

qq X C1
pR`;L2

pµkqq.

Moreover, there exists a constant δ0 ą 0 such that the solution satisfies the estimate

‖upt, ¨q‖H1
D
` ‖Bupt, ¨q‖2 ď Ce´δ0t

for all t ą 0.

Proof. Part 1: Existence. We will prove existence of the solution using the contraction

theorem. Consider the Banach space

X :“ CpR`;H1
DpRN

qq X C1
pR`;L2

pµkqq,

with the norm

‖u‖X :“ sup
tě0

”

p1` tq´1{2eδt
´

‖upt, ¨q‖H1
D
` ‖Btupt, ¨q‖2

¯ı

,

where δ ą 0 is that obtained in Proposition 5.3.1. For M ą 0 which will be conveniently
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chosen later, consider

Y :“ tu P X : ‖u‖X ďMu,

which is a closed subset of X and thus a complete metric space in the metric induced

from X.

Define the map

Spuqpt, xq :“ ϕpt, xq `

ż t

0

T pfpups, ¨qqqpt´ s, xq ds,

where ϕ is the solution of the linear problem (the Cauchy problem (5.27) with f ” 0),

and T pwq is defined generally, for w : RN Ñ R, as the solution of the linear Cauchy

problem
$

’

’

’

&

’

’

’

%

B2
ttu´∆ku` bBtu`mu “ 0

up0, xq “ 0

Btup0, xq “ wpxq.

The strategy of our existence proof is to show that S is a contraction on Y , i.e., to show

that for all u, v P Y we have

(i) ‖Spuq‖X ďM (in other words, S maps Y into itself), and

(ii) ‖Spuq ´ Spvq‖X ď c ‖u´ v‖X for some constant 0 ă c ă 1.

Assuming these hold, then the Banach fixed point theorem guarantees the existence of a

fixed point of S in Y , which in turn is a solution to our Cauchy problem.

We will now focus on proving point (ii), and (i) will follow as a special case. To simplify

the computations below, we introduce the notation

T̃upt, xq :“

ż t

0

T pfpups, ¨qqqpt´ s, xq ds.

We have, for any t ą 0,

‖pSpuq ´ Spvqqpt, ¨q‖H1
D
` ‖BtpSpuq ´ Spvqqpt, ¨q‖2

“

∥∥∥pT̃u ´ T̃vqpt, ¨q∥∥∥
H1

D

`

∥∥∥BtpT̃u ´ T̃vqpt, ¨q∥∥∥
2
.

(5.30)
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Noting that T pfpups, ¨qqq ´ T pfpvps, ¨qqq “ T pfpups, ¨qq ´ fpvps, ¨qqq, we first estimate∥∥∥pT̃u ´ T̃vqpt, ¨q∥∥∥2

H1
D

“

∥∥∥∇kpT̃u ´ T̃vqpt, ¨q
∥∥∥2

2
`

∥∥∥pT̃u ´ T̃vqpt, ¨q∥∥∥2

2

“

ż

RN

ˇ

ˇ

ˇ

ˇ

ż t

0

∇k

´

T pfpups, ¨qq ´ fpvps, ¨qqq
¯

pt´ s, xq ds

ˇ

ˇ

ˇ

ˇ

2

dµkpxq

`

ż

RN

ˇ

ˇ

ˇ

ˇ

ż t

0

T pfpups, ¨qq ´ fpvps, ¨qqqpt´ s, xq ds

ˇ

ˇ

ˇ

ˇ

2

dµkpxq

ď t

ż

RN

ż t

0

ˇ

ˇ

ˇ
∇k

´

T pfpups, ¨qq ´ fpvps, ¨qqq
¯

pt´ s, xq
ˇ

ˇ

ˇ

2

ds dµkpxq

` t

ż

RN

ż t

0

|T pfpups, ¨qq ´ fpvps, ¨qqqpt´ s, xq|2 ds dµkpxq

“ t

ż t

0

‖T pfpups, ¨qq ´ fpvps, ¨qqqpt´ s, ¨q‖2
H1

D
ds.

Here in the last line we simply interchanged the order of integration. Using the estimates

from Proposition 5.3.1, we obtain∥∥∥pT̃u ´ T̃vqpt, ¨q∥∥∥2

H1
D

ď Cte´2δt

ż t

0

e2δs ‖fpups, ¨qq ´ fpvps, ¨qq‖2
2 ds. (5.31)

Using Leibniz’s formula for differentiation of an integral we have, since T pwqp0, xq “ 0

for any function w, that

B

Bt

ˆ
ż t

0

T pfpwqqpt´ s, xq ds

˙

“

ż t

0

BtpT pfpwqqqpt´ s, xq ds.

Using this, we estimate

∥∥∥BtpT̃u ´ T̃vqpt, ¨q∥∥∥2

2
“

ż

RN

ˇ

ˇ

ˇ

ˇ

ż t

0

BtpT pfpups, ¨qq ´ fpvps, ¨qqqqpt´ s, xq ds

ˇ

ˇ

ˇ

ˇ

2

dµkpxq

ď t

ż t

0

‖BtpT pfpups, ¨qq ´ fpvps, ¨qqqqpt´ s, ¨q‖2
2 ds

ď Cte´2δt

ż t

0

e2δs ‖fpups, ¨qq ´ fpvps, ¨qq‖2
2 ds.

(5.32)

We are left to estimate

‖fpups, ¨qq ´ fpvps, ¨qq‖2 .

To this end, we use the assumption (5.29) and Hölder’s inequality with exponents p
p´1
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and p to obtain

ż

RN
|fpups, xqq ´ fpvps, xqq|2 dµkpxq

ď C

ż

RN

“

|ups, xq|2pp´1q
` |vps, xq|2pp´1q

‰

|ups, xq ´ vps, xq|2 dµkpxq

ď C
”

‖ups, ¨q‖2pp´1q
2p ` ‖vps, ¨q‖2pp´1q

2p

ı

‖ups, ¨q ´ vps, ¨q‖2
2p .

It is at this point that we use the Gagliardo-Nirenberg inequality in the form of Corollary

5.1.3. It is this result that imposes the restriction 1 ď p ď N`2γ
N`2γ´2

. Thus, using this

result, we have

ż

RN
|fpups, xqq ´ fpvps, xqq|2 dµkpxq

ď C ‖ups, ¨q ´ vps, ¨q‖2
H1

D

”

‖ups, ¨q‖2pp´1q

H1
D

` ‖vps, ¨q‖2pp´1q

H1
D

ı

.

(5.33)

For the next step, we note that for any w P X we have

‖wps, ¨q‖H1
D
ď p1` sq1{2e´δs ‖w‖X .

In light of this, and recalling that ‖u‖X ďM and ‖v‖X ďM , (5.33) yields

‖fpups, ¨qq ´ fpvps, ¨qq‖2
2 ď Cp1` sqpe´2pδsM2p´2 ‖u´ v‖2

X .

Replacing this in (5.31) and (5.32), we have obtained that∥∥∥pT̃u ´ T̃vqpt, ¨q∥∥∥
H1

D

`

∥∥∥BtpT̃u ´ T̃vqpt, ¨q∥∥∥
2

ď C
?
te´δtMp´1 ‖u´ v‖X

ˆ
ż t

0

p1` sqpe´2pp´1qδs ds

˙1{2

.

The integral on the right hand side of this inequality can be bounded by a constant

independently of t:

ż t

0

p1` sqpe´2pp´1qδs ds ď

ż 8

0

p1` sqpe´2pp´1qδs ds

“
e2pp´1qδ

p2pp´ 1qδqp`1

ż 8

2pp´1qδ

e´ssp ds ă 8.
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Consequently, going back to (5.30), we now have

p1` tq´1{2eδt
´

‖Spuq ´ Spvqpt, ¨q‖H1
D
` ‖BtpSpuq ´ Spvqqpt, ¨q‖2

¯

ď C1

ˆ

t

1` t

˙1{2

Mp´1 ‖u´ v‖X ,

for a constant C1 ą 0. Taking supremum over all t ą 0, we finally obtain

‖Spuq ´ Spvq‖X ď C1M
p´1 ‖u´ v‖X . (5.34)

We now want to bound ‖Spuq‖X . On the one hand, putting v “ 0 in (5.34), since fp0q “ 0

and so Sp0q “ ϕ, we obtain

‖Spuq ´ ϕ‖X ď C1M
p.

On the other hand, from the our linear case estimates in Proposition 5.3.1, we obtain

‖ϕ‖X ď C2εp‖u0‖H1
D
` ‖u1‖2q,

for a constant C2 ą 0, and thus

‖Spuq‖X ď ‖ϕ‖X ` ‖Spuq ´ ϕ‖X ď C1M
p
` C2εp‖u0‖H1

D
` ‖u1‖2q. (5.35)

Fixing c P p0, 1q, let M “

´

c
C1

¯
1
p´1

, so C1M
p´1 “ c, and ε0 “

Mp1´cq
C2p‖u0‖H1

D
`‖u1‖2q

. Then, for

0 ă ε ă ε0, from (5.34) and (5.35) we have

‖Spuq ´ Spvq‖X ď c ‖u´ v‖X

and

‖Spuq‖X ďM,

i.e., points (i) and (ii) above. The proof of existence is thus complete.

Part 2: Uniqueness. Suppose that there exist u, v P X that both solve the Cauchy

problem (5.27). Let ψ :“ u ´ v and fix t˚ ą 0. We will show that ψ “ 0 in r0, t˚s ˆ RN

and since t˚ was arbitrary, this implies that ψ ” 0 and so u “ v.

Both u and v are fixed points of the map S, and using the computations from the previous
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part we obtain that

‖ψpt, ¨q‖2
H1

D
` ‖Btψpt, ¨q‖2

2 “

∥∥∥T̃upt, ¨q ´ T̃vpt, ¨q∥∥∥2

H1
D

`

∥∥∥BtpT̃u ´ T̃vqpt, ¨q∥∥∥2

2

ď Cte´2δt

ż t

0

e2δs ‖fpups, ¨qq ´ fpvps, ¨qq‖2
2 ds

ď Cte´2δt

ż t

0

”

‖ups, ¨q‖2pp´1q

H1
D

` ‖vps, ¨q‖2pp´1q

H1
D

ı

‖ψps, ¨q‖2
H1

D
ds.

From the definition of the Banach space X, the map t ÞÑ ‖upt, ¨q‖2pp´1q

H1
D

` ‖vpt, ¨q‖2pp´1q

H1
D

is continuous, and so it is bounded on the compact set r0, t˚s. Therefore, the inequality

above becomes

‖ψpt, ¨q‖2
H1

D
` ‖Btψpt, ¨q‖2

2 ď C

ż t

0

r‖ψps, ¨q‖2
H1

D
` ‖Btψps, ¨q‖2

2s ds,

and so, by Gronwall’s lemma, we finally obtain

‖ψpt, ¨q‖2
H1

D
` ‖Btψpt, ¨q‖2

2 “ 0

for all 0 ď t ď t˚. This proves uniqueness.

Part 3: Estimates. In the first two parts we have proved that our Cauchy problem has

a unique solution, say u P Y . By the definition of the X-norm, we have

‖upt, ¨q‖H1
D
` ‖Bupt, ¨q‖2 ď p1` tq

1{2e´δtM ď Ce´
δ
2
t,

for any t ą 0.
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6
Log-Sobolev Inequalities

The logarithmic-Sobolev inequality (or log-Sobolev inequality, in short), on a general

measure space pΩ,F , µq with a quadratic form Q defined on a suitable space of functions

on Ω, states that
ż

Ω

f 2 log
f 2

ş

Ω
f 2 dµ

dµ ď CQpfq `D

ż

Ω

f 2 dµ, (6.1)

for some constants C and D. If D “ 0, we say that (6.1) is a tight log-Sobolev inequality.

Although this inequality was used before, it was first explicitly recognised in Gross’s

seminal paper [51]. His main result was the equivalence of log-Sobolev inequalities to

hypercontractivity. More precisely, if e´tH is a Markov semigroup on L2pµq, then the

log-Sobolev inequality (6.1) is equivalent to the property that the semigroup e´tH is

hypercontractive, i.e., ∥∥e´tHf∥∥
Lqptqpµq

ď eMptq ‖f‖Lppµq ,

where qptq “ 1` pp´ 1qe
2t
C and Mptq “ D

´

1
p
´ 1

qptq

¯

.

The log-Sobolev inequality in a rather general setting was the crucial tool used by Davies

in [25] to obtain bounds on the heat kernel associated to a positive semigroup. More

precisely, he showed that the log-Sobolev inequality (6.1) with sufficiently decaying con-

stants is equivalent to the ultracontractivity property. This equivalence then allows one

to deduce lower and upper bounds for the heat kernel. Recall that a semigroup pPtqtą0 on

L2pµq is called ultracontractive if for each t ą 0 the operator Pt is bounded from L2pµq

to L8pµq.

Among the many applications of the log-Sobolev inequality we mention its use in statisti-

cal mechanics by providing bounds on the entropy. Indeed, the relative entropy functional
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is defined as

Entpfq :“

ż

Ω

f log f dµ´

ż

Ω

f dµ log

ż

Ω

f dµ,

for f ě 0, so the log-Sobolev inequality can be rephrased as

Entpf 2
q ď CQpfq `D ‖f‖2

L2pµq .

An important feature of the log-Sobolev inequality is the product property: if (6.1) holds

on two measure spaces pΩ1,F1, µ1q and pΩ2,F2, µ2q, then a form of log-Sobolev also holds

on the product space pΩ1 ˆ Ω2,F1 b F2, µ1 ˆ µ2q. For more information about this and

the use in statistical mechanics see the lecture notes [52].

Another important property of the log-Sobolev inequality which we exploit below is its

connection with the Poincaré inequality. In general, the tight log-Sobolev inequality

implies the Poincaré inequality. On the other hand, a non-tight log-Sobolev inequality,

in the presence of a Poincaré inequality, can be improved to obtain a tight log-Sobolev

inequality. See [9] for more information on this, and also for an excellent account of the

log-Sobolev inequality.

In this chapter we start out by proving the log-Sobolev inequality for the Dunkl measure

µk with Dirichlet form

ż

RN
|∇kf |

2 dµk in section 6.1. We then study the same problem

for weighted Dunkl measure e´U dµk for suitable G-invariant functions U (usually of the

form |x|p). These inequalities are of interest, for example, because of their association

with semigroups generated by operators of the form ∆k` b ¨∇k (see Example 7.1.9). The

main method for studying these weighted inequalities is provided by [54] where powerful

machinery based on U -bounds was introduced. Thus we discuss U -bounds in section 6.2,

which we then apply in section 6.3 to obtain the desired weighted log-Sobolev inequality.

Finally, in section 6.4 we prove Poincaré inequalities for the Dunkl measure µk which

holds for small γ and then use this result, in section 6.5, to obtain tight log-Sobolev

inequalities.

6.1 The classical Log-Sobolev inequality

To begin with, we have the following simple log-Sobolev inequality.

Theorem 6.1.1. There exists a constant c P R such that for any ε ą 0 and for any

f P C8c pRNq we have

ż

RN
f 2 log

f 2

ş

f 2 dµk
dµk ď ε

ż

RN
|∇kf |

2 dµk ` Cpεq

ż

RN
f 2 dµk,

104



where Cpεq “ N`2γ
2
plog 1

ε
´ cq.

Proof. Fix f P C8c pRNq, f ‰ 0. Then f2
ş

RN f2 dµk
dµk is a probability measure, and so by

Jensen’s inequality we have, for any δ ą 0,

ż

RN
f 2 log

f 2

ş

f 2 dµk
dµk “

1

δ

ż

RN
f 2 dµk ¨

ż

RN

f 2

ş

f 2 dµk
log

ˆ

f 2

ş

f 2 dµk

˙δ

dµk

ď
1

δ

ż

RN
f 2 dµk ¨ log

ż

RN

ˆ

f 2

ş

f 2 dµk

˙1`δ

dµk

“
δ ` 1

δ
‖f‖2

2 log
‖f‖2

2`2δ

‖f‖2
2

.

We then use the elementary inequality

log x ď εx` log
1

ε
´ 1,

which holds for all x, ε ą 0. Thus

ż

RN
f 2 log

f 2

ş

f 2 dµk
dµk ď

δ ` 1

δ

„

ε ‖f‖2
2`2δ ` plog

1

ε
´ 1q ‖f‖2

2



.

Finally, by choosing δ ą 0 such that 2` 2δ “ 2pN`2γq
N`2γ´2

, we can apply Sobolev’s inequality

to deduce

ż

RN
f 2 log

f 2

ş

f 2 dµk
dµk ď

δ ` 1

δ
C2
DSε

ż

RN
|∇kf |

2 dµk `
δ ` 1

δ
plog

1

ε
´ 1q

ż

RN
f 2 dµk,

where CDS is the Sobolev constant. A simple relabelling of the constants finishes the

proof.

Using the general results of [25], from this inequality we can deduce a more general Lp

result, as well as the ultracontractivity property.

Corollary 6.1.2. Let 2 ă p ă 8. Then, for any ε ą 0 and for any f P C8c pRNq such

that f ě 0, we have

ż

RN
fp log

fp
ş

fp dµk
dµk ď ε

ż

RN
∇kf ¨∇kpf

p´1
q dµk ` C

ˆ

2ε

p

˙
ż

RN
fp dµk,

where Cpεq is as in the previous Theorem.

Proof. This follows from the previous Theorem and [25, Lemma 2.2.6].
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Finally, we recover the ultracontractivity property for the Dunkl heat semigroup. This

was already established above in Proposition 2.3.5 using properties of the heat kernel;

using the new log-Sobolev approach, no a priori bounds on the heat kernel are necessary.

Corollary 6.1.3. The Dunkl heat semigroup pHtqtě0 on L2pµkq with generator ∆k is

ultracontractive. More precisely, for all t ą 0 we have

‖Htf‖8 ď Ct´
N`2γ

4 ‖f‖2 ,

for a constant C ą 0.

Proof. This follows from the previous Corollary and [25, Theorem 2.2.7].

More generally, we want to prove similar results for probability measures

dµU :“
1

Z
e´U dµk,

where U ě 0 is a G-invariant function and Z “

ż

RN
e´U dµk. To illustrate the method

and to motivate the study of U -bounds in the next section, we first consider Gaussian

weight in the following Theorem. This result will be further refined and generalised in

the next sections, but the main lines of the proof will remain the same.

Theorem 6.1.4. Let U “ |x|2 and consider the probability measure µU :“ 1
Z
e´Uµk,

where Z “

ż

RN
e´U dµk. Then, there exist constants C1, C2 ą 0 such that the following

inequality holds for all f P C8c pRNq:

ż

RN
f 2 log

f 2

ş

f 2 dµU
dµU ď C1

ż

RN
|∇kf |

2 dµU ` C2

ż

RN
f 2 dµU .

Proof. Plugging 1?
Z
fe´U{2 in Theorem 6.1.1, we have

ż

RN
f 2 log

f 2

ş

f 2 dµU
dµU ď

1

Z
ε

ż

RN
|∇kpfe

´U{2
q|

2 dµk

` pCpεq ` logZq

ż

RN
f 2 dµU `

ż

RN
f 2U dµU .
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Since U is G-invariant, we can use the Leibniz rule to compute

1

Z

ż

RN
|∇kpfe

´U{2
q|

2 dµk “

ż

RN
|∇kf ´

1

2
f∇U |2 dµU

ď 2

ż

RN
|∇kf |

2 dµU `
1

2

ż

RN
f 2
|∇U |2 dµU

“ 2

ż

RN
|∇kf |

2 dµU ` 2

ż

RN
f 2U dµU ,

where, in the last line, we used the fact that ∇U “ 2x, so |∇U |2 “ 4U . Replacing this

inequality in the above, we have

ż

RN
f 2 log

f 2

ş

f 2 dµU
dµU ď 2ε

ż

RN
|∇kf |

2 dµU

` pCpεq ` logZq

ż

RN
f 2
` p1` 2εq

ż

RN
f 2U dµU .

(6.2)

We now use the identity

∇kpfe
´U{2

q “ e´U{2∇kf ´
1

2
fe´U{2∇U (6.3)

to deduce

ż

RN
|∇kf |

2 dµU “
1

Z

ż

RN
|∇kpfe

´U{2
q|

2 dµk `
1

4

ż

RN
f 2
|∇U |2 dµU

`
1

Z

ż

RN
f∇U ¨∇kpfe

´U{2
qe´U{2 dµk.

(6.4)

Keeping in mind that ∇U “ 2x, this equality implies that

ż

RN
|∇kf |

2 dµU ě

ż

RN
f 2U dµU ` A, (6.5)

where

A :“
1

Z

ż

RN
f∇U ¨∇kpfe

´U{2
qe´U{2 dµk

We now compute the quantity A. Firstly, by integration by parts we have

A “ ´
N
ÿ

i“1

1

Z

ż

RN
fe´U{2Tip2xife

´U{2
q dµkpxq.
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Using Lemma 1.2.5, we have

Tipxife
´U{2

q

“ xiTipfe
´U{2

q ` fe´U{2Tipxiq ´
ÿ

αPR`

kααie
´Upxq{2 pfpxq ´ fpσαxqqpxi ´ pσαxqiq

xα, xy

“ xiTipfe
´U{2

q ` fe´U{2p1`
ÿ

αPR`

kαα
2
i q ´

ÿ

αPR`

kαα
2
i e
´Upxq{2

pfpxq ´ fpσαxqq

(6.6)

Thus

A “ ´A´ 2pN ` 2γq

ż

RN
f 2 dµU ` 4

ÿ

αPR`

kα

ż

RN
fpxqpfpxq ´ fpσαxqq dµUpxq,

and so

A “ ´N

ż

RN
f 2 dµU ´ 2

ÿ

αPR`

kα

ż

RN
fpxqfpσαxq dµUpxq.

Using the elementary inequality 2XY ď X2 ` Y 2, we obtain

A ě ´pN ` 2γq

ż

RN
f 2 dµU .

Replacing this in equation (6.5), we obtain

ż

RN
f 2U dµU ď

ż

RN
|∇kf |

2 dµU ` pN ` 2γq

ż

RN
f 2 dµU . (6.7)

Finally, using this in (6.2), we have

ż

RN
f 2 log

f 2

ş

f 2 dµU
dµU ď C1

ż

RN
|∇kf |

2 dµU ` C2

ż

RN
f 2 dµU ,

for some constants C1, C2 ą 0, as required.

6.2 U-bounds

Looking back at the proof of the weighted log-Sobolev inequality in Theorem 6.1.4, we

can see that inequality (6.7) was the key element. Inequalities of this form are called

U-bounds (cf. [54]). In this section we will prove more general U-bounds by adapting

our proof slightly, and these will later be used to deduce log-Sobolev inequalities.

Proposition 6.2.1. Let p ą 1 and consider the function Upxq “ |x|p and the probability
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measure µU :“ 1
Z
e´Uµk, where Z “

ż

RN
e´U dµk. We then have

ż

RN
|f | ¨ |x|p´1 dµU ď C

ż

RN
|∇kf | dµU `D

ż

RN
|f | dµU ,

for some constants C,D ą 0.

Proof. In order to avoid a singularity that will arise at the origin, we first consider a

function f that vanishes on the unit ball. As before, we start with identity (6.3). Noting

that in this case we have

∇Upxq “ p|x|p´1∇p|x|q,

the identity above now reads

∇kpfe
´U
q “ e´U∇kf ´ pf |x|

p´1e´U∇p|x|q.

Taking inner product with ∇p|x|q and integrating on both sides, we have

1

Z

ż

RN
∇p|x|q ¨∇kpfe

´U
q dµk

“

ż

RN
∇kp|x|q ¨∇kf dµU ´ p

ż

RN
|∇p|x|q|2f |x|p´1 dµU .

(6.8)

We can use integration by parts on the left hand side to obtain

1

Z

ż

RN
∇p|x|q ¨∇kpfe

´U
q dµk “ ´

ż

RN
∆kp|x|qf dµU .

Replacing this in (6.8), and using also the fact that |∇p|x|q| “ 1 for x ‰ 0, we have

ż

RN
f |x|p´1 dµU “

1

p

ż

RN
∇p|x|q ¨∇kf dµU `

1

p

ż

RN
∆kp|x|qf dµU

ď
1

p

ż

RN
|∇kf | dµU `

1

p

ż

RN
∆kp|x|qf dµU .

Finally, we have

T 2
i p|x|q “ Ti

ˆ

xi
|x|

˙

“
1

|x|
´

x2
i

|x|3
`

ÿ

αPR`

kα
α2
i

|x|
,

so

∆kp|x|q “ pN ` 2γ ´ 1q
1

|x|
.
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Therefore, from the above we deduce that (recall that f vanishes on the unit ball)

ż

RN
f |x|p´1 dµU ď

1

p

ż

RN
|∇kf | dµU `

N ` 2γ ´ 1

p

ż

RN
|f | dµU .

Writing f “ f` ´ f´, where f`pxq “ maxpfpxq, 0q and f´pxq “ ´minpfpxq, 0q, we can

apply this inequality to f` and f´ separately. Adding the two resulting inequalities, we

have
ż

RN
|f | ¨ |x|p´1 dµU ď C1

ż

RN
|∇kf | dµU `D1

ż

RN
|f | dµU ,

where C1 “
1
p

and D1 “
N`2γ´1

p
.

Consider now a function f P L1pdµUq. Let ϕ : R` Ñ r0, 1s be a smooth function such that

ϕ “ 0 on r0, 1s and ϕ “ 1 on r2,8q. Assume also that |ϕ1| ď 1 on R`. Let φpxq “ ϕp|x|q.

The strategy now will be to split f “ φf ` p1´ φqf ; the first term vanishes on the unit

ball so the above can be applied to it, while the second term has compact support and it

will be easy to bound. We have

ż

RN
|f | ¨ |x|p´1 dµU ď

ż

RN
|φf | ¨ |x|p´1 dµU `

ż

RN
|p1´ φqf | ¨ |x|p´1 dµU

ď C1

ż

RN
|∇kpφfq| dµU `D1

ż

RN
|φf | dµU ` 2p´1

ż

RN
|f | dµU

ď C1

ż

RN
|∇kf | dµU ` pC1 `D1 ` 2p´1

q

ż

RN
|f | dµU .

Here, in the last step, we used the fact that

∇kpφfq “ f∇φ` φ∇kf

and

|∇φpxq| “
ˇ

ˇ

ˇ

ˇ

x

|x|
ϕ1pxq

ˇ

ˇ

ˇ

ˇ

ď 1.

This completes the proof of the Proposition.

Proposition 6.2.2. Let p ą 1 and consider the function Upxq “ |x|p and the probability

measure µU :“ 1
Z
e´Uµk, where Z “

ż

RN
e´U dµk. We then have

ż

RN
|f |2 ¨ |x|2pp´1q dµU ď C

ż

RN
|∇kf |

2 dµU `D

ż

RN
|f |2 dµU , (6.9)

for some constants C,D ą 0.
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Proof. We will follow more closely the proof of (6.7). We have

∇Upxq “ p|x|p´2x.

From (6.4), we have

p2

4

ż

RN
f 2
|x|2pp´1q dµU ď

ż

RN
|∇kf |

2 dµU ´ A,

where

A “
1

Z

ż

RN
f∇U ¨∇kpfe

´U{2
qe´U{2 dµk.

As before

2A “ ´ rppp´ 2q ` ppN ` 2γq ´ 2γps

ż

RN
f 2
|x|p´2 dµU

´ 2p
ÿ

αPR`

kα

ż

RN
|x|p´2fpxqfpσαxq dµUpxq

ě ´
“

p2
` ppN ` 2γ ´ 2q

‰

ż

RN
f 2
|x|p´2 dµU .

Thus

ż

RN
f 2
|x|2pp´1q dµU ď

4

p2

ż

RN
|∇kf |

2 dµU `
2 rp2 ` ppN ` 2γ ´ 2qs

p2

ż

RN
f 2
|x|p´2 dµU .

(6.10)

Assume first that p ą 2 and let ε ą 0. Then, using Hölder’s inequality with coefficients
p

2pp´1q
and p´2

2pp´1q
, and then Young’s inequality with the same coefficients, we have

ż

RN
f 2
|x|p´2 dµU ď

ˆ
ż

RN
f 2 dµU

˙

p
2pp´1q

ˆ
ż

RN
f 2
|x|2pp´1q dµU

˙

p´2
2pp´1q

ď
p

2pp´ 1q
ε´

p´2
p

ż

RN
f 2 dµU `

p´ 2

2pp´ 1q
ε

ż

RN
f 2
|x|2pp´1q dµU .

Thus, by choosing ε ą 0 small enough such that

1 ą
pp´ 2qrp2 ` ppN ` 2γ ´ 2qs

p2pp´ 1q
ε,

we obtain inequality (6.9) for some constants C,D ą 0.

The case 1 ă p ă 2 requires more care. The inequality (6.10) holds for all p ą 1, and so
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taking 1BC1 f in this result, where B1 “ tx P RN : |x| ă 1u and BC
1 “ RNzB1, we obtain

ż

BC1

f 2
|x|2pp´1q dµU ď

4

p2

ż

BC1

|∇kf |
2 dµU `

2 rp2 ` ppN ` 2γ ´ 2qs

p2

ż

BC1

f 2
|x|p´2 dµU .

Note that, since p ă 2,
ż

BC1

f 2
|x|p´2 dµU ď

ż

BC1

f 2 dµU ,

and so

ż

BC1

f 2
|x|2pp´1q dµU ď

4

p2

ż

BC1

|∇kf |
2 dµU `

2 rp2 ` ppN ` 2γ ´ 2qs

p2

ż

BC1

f 2 dµU .

On the other hand, since p ą 1, we have

ż

B1

f 2
|x|2pp´1q dµU ď

ż

B1

f 2 dµU .

Adding the last two inequalities, we obtain

ż

RN
f 2
|x|2pp´1q dµU ď

4

p2

ż

RN
|∇kf |

2 dµU `
2 rp2 ` ppN ` 2γ ´ 2qs

p2

ż

RN
f 2 dµU ,

which concludes the proof of the Proposition.

6.3 Log-Sobolev inequalities for weighted measures

In this section we use the U -bounds obtained above to deduce log-Sobolev inequalities. To

begin with, from Proposition 6.2.2 we obtain a generalised L2pµUq log-Sobolev inequality

for the weighted probability measure dµU “
1
Z
e´Upxq dµk, for Upxq “ |x|p for 1 ď p ď 2.

Similarly, from Proposition 6.2.1 we obtain a log-Sobolev inequality in L1pµUq for general

1 ă p ă 8. The approach in both these results is similar to that of Theorem 6.1.1: first

employing Jensen’s inequality to take the logarithm outside the integral, and then using

the classical Sobolev inequality. U -bounds will be used to control residual terms arising

from the introduction of a weight.

Proposition 6.3.1. Let Upxq “ |x|p for 1 ă p ď 2 and consider the probability measure

dµU “
1
Z
e´U dµk, where Z “

ż

RN
e´U dµk. Let s “ 2p´1

p
. Then we have the inequality

ż

RN
f 2

ˇ

ˇ

ˇ

ˇ

log
f 2

ş

f 2 dµU

ˇ

ˇ

ˇ

ˇ

s

dµU ď C1

ż

RN
|∇kf |

2 dµU ` C2

ż

RN
f 2 dµU ,
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for some constants C1, C2 ą 0.

Proof. Consider the function h “ 1?
Z
fe´U{2. Then

ż

RN
f 2 dµU “

ż

RN
h2 dµk, and

ż

RN
f 2

ˇ

ˇ

ˇ

ˇ

log
f 2

ş

f 2 dµU

ˇ

ˇ

ˇ

ˇ

s

dµU “

ż

RN
h2

ˇ

ˇ

ˇ

ˇ

log
h2

ş

h2 dµk
` U ` logZ

ˇ

ˇ

ˇ

ˇ

s

dµk

ď

ż

RN
h2

ˇ

ˇ

ˇ

ˇ

log
h2

ş

h2 dµk

ˇ

ˇ

ˇ

ˇ

s

dµk `

ż

RN
h2U s dµk ` | logZ|s

ż

RN
h2 dµk,

(6.11)

where in the last inequality we used the fact that since s P p0, 1s we have pX ` Y qs ď

Xs ` Y s for X, Y ą 0.

Before we start the usual procedure of applying Jensen’s inequality, we note that the

function x |log x|s is bounded on p0, 1q, and let

D “ sup
xPp0,1q

x |log x|s ă 8.

Consider now the function log` x :“ maxt0, log xu. Then the above observation implies

that

x |log x|s ď xplog` xq
s
`D for all x ą 0.

With this in mind, we have

ż

RN
h2

ˇ

ˇ

ˇ

ˇ

log
h2

ş

h2 dµk

ˇ

ˇ

ˇ

ˇ

s

dµk “

ż

RN
h2 dµk ¨

ż

RN

h2

ş

h2 dµk

ˇ

ˇ

ˇ

ˇ

log
h2

ş

h2 dµk

ˇ

ˇ

ˇ

ˇ

s

dµk

ď

ż

RN
h2 dµk ¨

„
ż

RN

h2

ş

h2 dµk

ˆ

log`
h2

ş

h2 dµk

˙s

dµk `D



.

(6.12)

For the fixed function h the measure h2
ş

h2 dµk
dµk is a probability measure and so we can

apply Jensen’s inequality to the concave function plog` tq
s in the below as follows

ż

RN

h2

ş

h2 dµk

ˆ

log`
h2

ş

h2 dµk

˙s

dµk “
1

δs

ż

RN

h2

ş

h2 dµk

˜

log`

ˆ

h2

ş

h2 dµk

˙δ
¸s

dµk

ď
1

δs

˜

log`

ż

RN

ˆ

h2

ş

h2 dµk

˙1`δ

dµk

¸s

“
p1` δqs

δs

˜

log`
‖h‖2

2`2δ

‖h‖2
2

¸s

.

By standard elementary means we can show that there exists a decreasing function Cpεq
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defined for all ε ą 0 such that the inequality

| log` x|
s
ď εx` Cpεq

holds for all x ą 0. Applying this in the previous inequality, we obtain

ż

RN

h2

ş

h2 dµk

ˆ

log`
h2

ş

h2 dµk

˙s

dµk ď
p1` δqs

δs

˜

ε
‖h‖2

2`2δ

‖h‖2
2

` Cpεq

¸

ď
p1` δqs

δs
1

ş

h2 dµk

“

εC2
DS ‖∇kh‖2

2 ` Cpεq ‖h‖
2
2

‰

.

(6.13)

Here in the last step we used the Sobolev inequality which holds if we choose δ ą 0 such

that 2` 2δ “ 2pN`2γq
N`2γ´2

.

Next, we have

‖∇kh‖2
2 “

1

Z

ż

RN
|∇kpfe

´U{2
q|

2 dµk ď 2

ż

RN
|∇kf |

2 dµU `
1

2

ż

RN
f 2
|∇U |2 dµU . (6.14)

Combining (6.11), (6.12), (6.13) and (6.14), we have

ż

RN
f 2

ˇ

ˇ

ˇ

ˇ

log
f 2

ş

f 2 dµU

ˇ

ˇ

ˇ

ˇ

s

dµU ď

ˆ

N ` 2γ

2

˙s

2C2
DSε

ż

RN
|∇kf |

2 dµU

`

„ˆ

N ` 2γ

2

˙s

Cpεq ` | logZ|s

ż

RN
f 2 dµU

`

ˆ

N ` 2γ

2

˙s
C2
DS

2
ε

ż

RN
f 2
|∇U |2 dµU `

ż

RN
f 2U s dµU .

But |∇U | “ p|x|p´1 and U s “ |x|2pp´1q, so the last two terms can be computed as follows

ż

RN
f 2U s dµU “

ż

RN
f 2
|x|2pp´1q dµU “

1

p2

ż

RN
f 2
|∇U |2 dµU .

Finally, from Proposition 6.2.2 and a relabelling of the constants, we obtain

ż

RN
f 2

ˇ

ˇ

ˇ

ˇ

log
f 2

ş

f 2 dµU

ˇ

ˇ

ˇ

ˇ

s

dµU ď ε

ż

RN
|∇kf |

2 dµU ` Cpεq

ż

RN
f 2 dµU ,

where Cpεq “ A1Cpaεq `A2ε`A3, for some constants A1, A2, A3, a ą 0. Choosing small

ε ą 0 we have Cpεq ą 0. This concludes the proof.

Proposition 6.3.2. Let Upxq “ |x|p with 1 ď p ă 8 and consider the finite measure
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dµU “ e´U dµk. Let s “ p´1
p

. Then we have the inequality

ż

RN
f

ˇ

ˇ

ˇ

ˇ

log
|f |

ş

|f | dµU

ˇ

ˇ

ˇ

ˇ

s

dµU ď C1

ż

RN
|∇kf | dµU ` C2

ż

RN
|f | dµU ,

for some constants C1, C2 ą 0.

Proof. The proof is similar to that of the previous result except for in this case we rely

on the Sobolev inequality

‖h‖q ď C ‖∇kh‖1

where q “ N`2γ
N`2γ´1

, and the U -bound of Proposition 6.2.1.

6.4 Poincaré inequalities

In this section we discuss Poincaré inequalities for Dunkl operators. These will be used

in the next section to improve some of our previous log-Sobolev inequalities, but are also

of independent interest.

In order to prove Poincaré inequalities, we first introduce Muckenhoupt weights and show

that the Dunkl weight is a Moukenhoupt weight for small coefficients kα. This implies a

weighted Poincaré inequality for the usual gradient ∇f , via a classic result of [39]. Then,

using the usual technique based on Dirichlet forms, we show that this implies a Poincaré

inequality for the Dunkl gradient.

Definition 6.4.1 (Muckenhoupt weights). Let w be a locally integrable function on RN ,

and assume also that wpxq ą 0 for almost every x P RN . We say that w P Ap for some

p ą 1 if there exists a constant A ă 8 such that

1

|B|

ż

B

wpxq dx

ˆ

1

|B|

ż

B

wpxq´
1
p´1 dx

˙p´1

ď A (6.15)

holds for all balls B Ă RN . Similarly, we say that w P A1 if there exists a constant A ą 0

such that
1

|B|

ż

B

wpyq dy ď Awpxq for a.e. x P B

holds for all balls B Ă RN .

The weights satisfying property Ap have been studied extensively in harmonic analysis,

particularly because of their connection with maximal operators. The maximal operator

on RN is defined as

Mfpxq “ sup
rą0

1

|Brpxq|

ż

Brpxq

|fpyq| dy,
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where Brpxq “ ty P RN : |y ´ x| ă ru. We then have the following fundamental result

due to Muckenhoupt.

Theorem 6.4.2 (Muckenhoupt’s theorem). Let 1 ă p ă 8 and let w be a locally inte-

grable function on RN . Then w P Ap if and only if there exists a constant A ą 0 such

that
ż

RN
|Mfpxq|pwpxq dx ď A

ż

RN
|fpxq|pwpxq dx

holds for all f P Lppwpxq dxq.

We will only present here some basic properties of these weights, for proofs and a more

detailed introduction see [96] or [50].

Proposition 6.4.3. We have the following properties of the classes Ap:

(i) The constant functions belong to all Ap classes for p ě 1.

(ii) The classes Ap increase with p, i.e., if w P Ap and 1 ď p ă q ă 8, then w P Aq.

(iii) Let w1 P Ap1 and w2 P Ap2 for some 1 ď p1, p2 ă 8. Let also θ P r0, 1s and

1 ď p ă 8 such that 1
p
“ θ

p1
` 1´θ

p2
. Then, if w

1
p “ w

θ
p1
1 w

1´θ
p2

2 , we have w P Ap.

(iv) Let 1 ď p1, . . . , pn ă 8 and wj P Apj for j “ 1, . . . , n. Let also 0 ă θ1, . . . , θn ă 1

such that θ1 ` . . .` θn “ 1. Then

wθ11 ¨ . . . ¨ w
θn
n P Amaxtp1,...,pnu.

A typical example of an Ap weight is the function wpxq “ |x|a for which we have w P Ap

if and only if ´N ă a ă Npp ´ 1q. Our aim is to establish for which values of p the

Dunkl weight wk is of class Ap. The proof we provide below is based on the following

crucial result from [84].

Lemma 6.4.4. Let P pxq be a polynomial of degree d in RN . Let B1 be the unit open ball

of radius 1, and let ε ă 1
d
. Then we have

ż

B1

|P pxq|´ε dx ď Cε

ˆ
ż

B1

|P pxq| dx

˙´ε

,

where the constant Cε does not depend on the polynomial P .

We then have the following result.

Proposition 6.4.5. Let 1 ă p ă 8. If γ ă p´1
2

, then the Dunkl weight wk is of class Ap.
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Proof. Fix α P R`. We will consider the polynomial of degree 1 given by P pxq “ xα, xy.

By Lemma 6.4.4, we have

ż

B1

|xα, xy|´ε dx ď Cε

ˆ
ż

B1

|xα, xy| dx

˙´ε

, (6.16)

which holds for ε ă 1.

We note that we can replace the unit ball B1 in Lemma 6.4.4 with any ball BRpzq “

tx : |x ´ z| ă Ru since composing the polynomial P pxq with any dilation or translation

results also in a polynomial of degree d in x. More precisely, we consider the polynomial

Qpxq “ P px´z
R
q and apply Lemma 6.4.4 to Q to obtain the general result.

Thus we also have (6.16) for any ball B Ă RN . Taking ε “ 1
q´1

for some q ą 2, this gives

(6.15) with p replaced by q, i.e.,

|xα, xy| P Aq for any q ą 2.

We now want to show that |xα, xy|a P Ap if 0 ă a ă p´ 1. We distinguish two cases:

Case 1: 0 ă a ă minp1, p´ 1q. Take p1 “
p´1
a
` 1 and p2 “ 1. Also, let

w1pxq “ |xα, xy| and w2pxq “ 1.

From our assumption, we have p1 ą 2, and so, by the observation above, w1 P Ap1 .

By Proposition 6.4.3(i), we also have w2 P Ap2 . Take

θ “
p1pp´ 1q

ppp1 ´ 1q
“
p´ 1` a

p
P p0, 1q,

so we have 1
p
“ θ

p1
`1´θ

p2
. By Proposition 6.4.3(iii) we have w :“ w

pθ
p1
1 “ |xα, xy|a P Ap.

Case 2: 1 ď a ă p´ 1. Consider the space Π1 of polynomials on RN of degree at most

1. As this is a finite vector space, all norms on Π1 are equivalent, so there exists a

constant C̃ such that

ż

B1

|P pxq| dx ě C̃

ˆ
ż

B1

|P pxq|a dx

˙1{a

holds for all P P Π1. From this, together with (6.16) applied to ε “ a
p´1

, we have

ż

B1

|xα, xy|´
a
p´1 dx ď CεC̃

´ a
p´1

ˆ
ż

B1

|xα, xy|a dx

˙´ 1
p´1

.
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Using the observation after inequality (6.16), we can replace B1 by any ball B Ă RN ,

and so this implies that |xα, xy|a P Ap.

Finally, assume that γ ă p´1
2

. Let δ “ 1
|R`|

´

1´ 2γ
p´1

¯

and define θα “
2kα
p´1
` δ. Assuming

that |R`| ą 1 (|R`| “ 1 corresponds to the case proved above), we have 0 ă θα ă 1 for

all α P R`, and
ÿ

αPR`

θα “ 1. Since 2kα
θα
ă p´ 1, by the above we have |xα, xy|

2kα
θα P Ap for

all α P R`. By Proposition 6.4.3(iv), we conclude that

wkpxq “
ź

αPR`

´

|xα, xy|
2kα
θα

¯θα
P Ap,

as required.

The following important result from [39] shows that the weighted Poincaré inequality

holds for Muckenhoupt weights.

Theorem 6.4.6 ([39]). Let 1 ă p ă 8 and w P Ap. Then there exists a constant C ą 0

such that for all balls Brpxq of centre x and radius r ą 0, and for all functions f defined

on Brpxq that are Lipschitz continuous, we have the inequality

ż

Brpxq

ˇ

ˇfpyq ´ fwBrpxq
ˇ

ˇ

p
wpyq dy ď Crp

ż

Brpxq

|∇fpyq|pwpyq dy,

where fwBrpxq “
1

wpBrpxqq

ş

Brpxq
fpzqwpzq dz is the weighted average of f over the ball Brpxq.

A proof of this Theorem is given in Appendix A.

With the help of this result we obtain the following Poincaré inequality for Dunkl oper-

ators.

Theorem 6.4.7. Assume that γ ă 1
2
. Then there exists a constant C ą 0 such that for

any function f Lipschitz continuous on BRp0q we have the inequality

ż

BRp0q

ˇ

ˇ

ˇ

ˇ

f ´
1

µkpBRp0qq

ż

BRp0q

f dµk

ˇ

ˇ

ˇ

ˇ

2

dµk ď CR2

ż

BRp0q

|∇kf |
2 dµk.

Proof. Since γ ă 1
2
, by Proposition 6.4.5 we have wk P A2. Thus, by Theorem 6.4.6 we

have the Poincaré inequality

ż

BRp0q

|f ´ fwkBRp0q|
2 dµk ď CR2

ż

BRp0q

|∇f |2 dµk.
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But, since BRp0q is G-invariant, by Lemma 2.1.2 we have

ż

BRp0q

|∇f |2 dµk ď

ż

BRp0q

|∇kf |
2 dµk.

This, together with the previous inequality, prove the Theorem.

We can now use this result together with the U -bounds proved above to obtain a Poincaré

inequality for the weighted measure µU .

Proposition 6.4.8. Let p ą 1 and consider the weighted probability measure dµU “

1
Z
e´U dµk, where Upxq “ |x|p and Z “

ż

RN
e´U dµk. Assume, in addition, that γ ă 1

2
.

We then have the Poincaré inequality

ż

RN

ˇ

ˇ

ˇ

ˇ

f ´

ż

RN
f dµU

ˇ

ˇ

ˇ

ˇ

2

dµU ď C

ż

RN
|∇kf |

2 dµU

which holds for all functions f locally Lipschitz continuous on RN and such that f P

L1pµUq, with a constant C ą 0 independent of f .

Proof. We first note that for any constant ζ P R we have

ˇ

ˇ

ˇ

ˇ

ż

RN
f dµU ´ ζ

ˇ

ˇ

ˇ

ˇ

ď

ż

RN
|f ´ ζ| dµU ď

ˆ
ż

RN
|f ´ ζ|2 dµU

˙
1
2

,

so by the triangle inequality for the L2pµUq norm

ż

RN

ˇ

ˇ

ˇ

ˇ

f ´

ż

RN
f dµU

ˇ

ˇ

ˇ

ˇ

2

dµU ď 4

ż

RN
|f ´ ζ|2 dµU .

Thus, it is enough to prove the inequality

ż

RN
|f ´ ζ|2 dµU ď C

ż

RN
|∇kf |

2 dµU (6.17)

for some ζ P R.

Let R ą 0 and let BRp0q “ t|x| ď Ru. We will prove (6.17) with ζ “ 1
µkpBRp0qq

ş

BRp0q
f dµk
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for large enough R. Firstly, we have

ż

BRp0q

|f ´ ζ|2 dµU ď
1

Z

ż

BRp0q

ˇ

ˇ

ˇ

ˇ

f ´
1

µkpBRp0qq

ż

BRp0q

f dµk

ˇ

ˇ

ˇ

ˇ

2

dµk

ď
C

Z
R2

ż

BRp0q

|∇kf |
2 dµk

ď CR2eR
p

ż

BRp0q

|∇kf |
2 dµU .

(6.18)

Here we used the Poincaré inequality of Theorem 6.4.7 and the bounds e´R
p
ď e´U ď 1

on BRp0q.

On the other hand, we can use the U -bounds of Proposition 6.2.2 to the remaining integral

as follows

ż

RN zBRp0q
|f ´ ζ|2 dµU ď R´2pp´1q

ż

|x|ěR

|fpxq ´ ζ|2|x|2pp´1q dµU

ď CR´2pp´1q

ż

|x|ěR

|∇kf |
2 dµU `DR

´2pp´1q

ż

|x|ěR

|f ´ ζ|2 dµU .

But R was an arbitrary positive number so we are free to choose it such that DR´2pp´1q ă

1. Then we have

ż

RN zBRp0q
|f ´ ζ|2 dµU ď

CR´2pp´1q

1´DR´2pp´1q

ż

|x|ěR

|∇kf |
2 dµU . (6.19)

Adding the inequalities (6.18) and (6.19), we obtain (6.17), and therefore, by the obser-

vation above, the Proposition is proved.

6.5 Tight log-Sobolev inequalities

We now have all the ingredients to obtain tight log-Sobolev inequalities. The first is a

tight version of the log-Sobolev inequality for Gaussian measure from Theorem 6.1.4.

Theorem 6.5.1. Assume that γ ă 1
2
. Let Upxq “ |x|2 and consider the probability

measure dµU “
1
Z
e´U dµk, where Z “

ż

RN
e´U dµk. Then there exists a constant C ą 0

such that we have the inequality

ż

RN
f 2 log

f 2

ş

f 2 dµU
dµU ď C

ż

RN
|∇kf |

2 dµU .

In order to prove this result we will need the following inequality, known as Rothaus’s
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lemma.

Lemma 6.5.2 ([89]). Recall that

Entpgq :“

ż

RN
g log g dµU ´

ż

RN
g dµU log

ż

RN
g dµU ,

for g ě 0. Then, for all f measurable with

ż

RN
f dµU “ 0, we have the inequality

Entppf ` cq2q ď Entpf 2
q ` 2

ż

RN
f 2 dµU ,

for all c P R.

Proof of Theorem 6.5.1. By Rothaus’s lemma we have

Entpf 2
q ď Ent

˜

ˆ

f ´

ż

f dµU

˙2
¸

` 2

ż

RN

ˆ

f ´

ż

f dµU

˙2

dµU .

Furthermore, from Theorem 6.1.4, we have

Entpf 2
q ď C1

ż

RN
|∇kf |

2 dµU ` p2` C2q

ż

RN

ˆ

f ´

ż

f dµU

˙2

dµU .

Finally, using the Poincaré inequality of Proposition 6.4.8, we obtain

Entpf 2
q ď pC1 ` Cp2` C2qq

ż

RN
|∇kf |

2 dµU ,

which is exactly what we wanted to prove.

The following inequality is also a tight version of the generalised log-Sobolev inequality

of Proposition 6.3.1, and it is obtained from this result in a manner very similar to the

proof that we have just seen.

Theorem 6.5.3. Assume that γ ă 1
2
. Let 1 ď p ď 2 and s “ 2p´1

p
. Let Upxq “ |x|p and

consider the probability measure dµU “
1
Z
e´U dµk, where Z “

ż

RN
e´U dµk. Let also

Φpxq “ xplogpx` 1qqs.

Then we have the inequality

ż

RN
Φpf 2

q dµU ´ Φ

ˆ
ż

RN
f 2 dµU

˙

ď C

ż

RN
|∇kf |

2 dµU ,
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for a constant C ą 0.

As before, we need the following generalisation of Rothaus’s lemma.

Lemma 6.5.4 ([72]). Let Φ be as in the statement of the Theorem and define, for g ě 0,

EntΦpgq :“

ż

RN
Φpgq dµU ´ Φ

ˆ
ż

RN
g dµU

˙

.

Then there exist constants A1, B1 ą 0 such that for any f with

ż

RN
f dµU “ 0 we have

EntΦppf ` cq
2
q ď A1EntΦpf

2
q `B1

ż

RN
f 2 dµU

for all c P R.

Proof of Theorem 6.5.3. The proof of this goes along the same lines as the proof of The-

orem 6.5.1 although in this case we cannot apply Proposition 6.3.1 directly. Instead, we

note that

EntΦpgq “

ż

RN
g

„

plogp1` gqqs ´

ˆ

log

ˆ

1`

ż

RN
g

˙˙s

dµU

ď

ż

RN
g

ˇ

ˇ

ˇ

ˇ

log
g ` 1

ş

g dµU ` 1

ˇ

ˇ

ˇ

ˇ

s

dµU ,

where we used the inequality pX ` Y qs ď Xs ` Y s which holds for all X, Y ě 0

since s P r0, 1s. We compute the integral on the right hand side separately over X “
"

x : gpxq ě

ż

RN
g dµU

*

and X “ RNzX. On X we have

1 ď
g ` 1

ş

g dµU ` 1
ď

g
ş

g dµU
,

so
ż

X

g

ˇ

ˇ

ˇ

ˇ

log
g ` 1

ş

g dµU ` 1

ˇ

ˇ

ˇ

ˇ

s

dµU ď

ż

RN
g

ˇ

ˇ

ˇ

ˇ

log
g

ş

g dµU

ˇ

ˇ

ˇ

ˇ

s

dµU .

On the other hand, on X we have

1 ď

ş

g dµU ` 1

g ` 1
ď 1`

ş

g dµU
g

,
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so

ż

X

g

ˇ

ˇ

ˇ

ˇ

log
g ` 1

ş

g dµU ` 1

ˇ

ˇ

ˇ

ˇ

s

dµU “

ż

X

g

ˆ

log

ş

g dµU ` 1

g ` 1

˙s

dµU

ď

ż

X

g

ˆ

ş

g dµU
g

˙s

dµU ď

ż

RN
g dµU ,

where we first used the inequality logp1 ` xq ď x for all x ě 0, and then the fact that

s ď 1, so
´
ş

g dµU
g

¯s

ď

ş

g dµU
g

. Thus

EntΦpgq ď

ż

RN
g

ˇ

ˇ

ˇ

ˇ

log
g

ş

g dµU

ˇ

ˇ

ˇ

ˇ

s

dµU `

ż

RN
g dµU .

We can now apply the same strategy as before. First, by Proposition 6.3.1, we have

EntΦpg
2
q ď C1

ż

RN
|∇kg|

2 dµU ` pC2 ` 1q

ż

RN
g2 dµU .

Taking g “ f ´

ż

RN
f dµU in this inequality and applying the previous Lemma, we have

EntΦpf
2
q ď A1C1

ż

RN
|∇kf |

2 dµU ` pA1pC2 ` 1q `B1q

ż

RN

ˆ

f ´

ż

RN
f dµU

˙2

dµU .

Finally, using the Poincaré inequality of Proposition 6.4.8, the proof is complete.
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7
Infinite dimensional analysis

In this chapter we study infinite dimensional models of interacting dissipative systems

generated by Dunkl operators. More precisely, we study the Markov semigroup on the

infinite dimensional space pRNqZ
d

generated by

L :“
ÿ

lPZd
pLplq ` L

plq
1 q.

The operators Lplq and L
plq
1 are defined by

Lplq “ ∆
plq
k ` b

plq
¨∇plq

k ,

and

L
plq
1 “ eplq ¨∇plq

k ,

where ∆
plq
k and ∇plq

k are the usual Dunkl laplacian and gradient on RN which act only

on the l component of ω “ pωlqlPZd P pRNqZ
d
. The functions bplq : pRNqZ

d
Ñ RN depend

only on the ωl component, while eplq : pRNqZ
d
Ñ RN depend on the components ωj with

|j´l| ă R for a finite R called the range of interactions. In other words, the operators Lplq

are operators that only depend on the ωl component and so they define finite dimensional

models. In the absence of the interaction terms eplq, these evolve independently of each

other.

We first study the finite dimensional case of a single operator Lplq acting on RN , for

which a priori the existence of an invariant measure is unknown. To begin with, we

prove gradient bounds for the resulting semigroup. An essential trick here is to consider
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a symmetrised gradient which takes into account the reflections associated to the root

system defining Dunkl operators. This allows us to deal with the resulting reflection terms

and to obtain appropriate bounds. Using these bounds we then prove the existence of an

invariant measure for the semigroup in the case of small coefficients kα.

This analysis is then extended to an infinite dimensional setting, by introducing inter-

action terms. In this case, corresponding to the description above, the construction of

the semigroup is not obvious and it requires an approximation procedure. This requires

gradient bounds similar to the finite dimensional case, but which are technically more

involved. The bounds obtained allow us to prove that the semigroup has an invariant

measure and study its ergodicity properties.

Dissipative dynamics for infinite systems of interacting particles has been studied a long

time; see the classic references [71] and [52] for more details. For a study of Markov

semigroups in infinite dimensional settings see [110] in the case of elliptic operators, [30]

for subelliptic operators, [108, 109] for Levy-type operators and [61] for operators of

hypocoercive type. Similar analysis for Dunkl-type operators in the infinite dimensional

setting but in a simplified context corresponding to the very particular case of a root

system A1, was studied in [111]; we extend these results to the case of general root

systems in this chapter.

7.1 The finite dimensional case

We consider the operator

L :“
N
ÿ

i“1

pT 2
i ` biTiq “ ∆k ` b ¨∇k, (7.1)

where each bi P C
1pRNq for i “ 1, . . . , N . We will assume throughout this section that

L generates a Markov semigroup on CbpRNq, the space of bounded continuous functions

on RN . Let Pt :“ etL be the semigroup generated by L and denote for brevity ft “ Ptf .

The carré-du-champ operator associated with the operator L is given by

ΓLpfq :“
1

2

`

Lpf 2
q ´ 2fLf

˘

.

This should not be confused with the carré-du-champ operator associated with the Dunkl

laplacian

Γpfq :“
1

2
p∆kpf

2
q ´ 2f∆kfq,

which will also be used below.

125



In order to avoid long expressions, in this chapter we use the notation

Aαfpxq :“
fpxq ´ fpσαxq

xα, xy

for the α-dependent difference part in the definition of the Dunkl operators.

Example 7.1.1. The main example throughout this section is the linear case corre-

sponding to bpxq “ ´cx for some c ą 0. This case is related to the generalised Ornstein-

Uhlenbeck semigroup studied in [88], where it was shown that the operator

LOU :“ ∆k ´ cx ¨∇f

generates a Markov semigroup on CbpRNq.

We note that our operator is related to LOU via

Lf “ LOUf ´ c
ÿ

αPR`

kαpf ´ f ˝ σαq.

Since the linear operator f ÞÑ ´c
ÿ

αPR`

kαpf ´ f ˝ σαq is clearly bounded on CbpRNq,

standard results from general semigroup theory imply that L generates a contraction

semigroup pPtqtě0 (the perturbation of a contraction semigroup generator by a bounded

operator generates a contraction semigroup, see for example [24, Theorem 3.1]).

It is easy to see that the assumption (7.2) that we impose below on the drifts b will assure

the positive maximum principle holds and thus pPtqtě0 is indeed positivity-preserving, so

a Markov semigroup (see [60, Theorem 19.11]).

Moreover, adding suitably small perturbations to the linear drifts bpxq “ ´cx should

produce further Markov semigroups with generators of the desired form (7.1).

Remark. We expect that the class of functions b for which the operator L generates a

Markov semigroup is much larger but this is the subject of a different investigation.

7.1.1 Gradient bounds

The main result of this section is a bound on the symmetrised gradient form

Γ̃pfqpxq :“
ÿ

gPG

|∇kfpgxq|
2.

This form of the gradient has the advantage that it is G-invariant, so we do not have to

deal with the reflected terms that will appear in the computations below.
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Theorem 7.1.2. Let bi P C
1pRNq such that ∇pbiq is bounded for all i “ 1, . . . , N and

which satisfy
2

xα, xy2
´ xbpxq, αy

1

xα, xy
ě 0 @x P RN , @α P R`. (7.2)

Consider the operator

L “ ∆k ` bpxq ¨∇k

which is assumed to generate a Markov semigroup pPtqtě0 on CbpRNq.

We then have the bound

Γ̃pPtfq ď e2ηtPtpΓ̃pfqq @t ą 0, (7.3)

where

η :“ max
i

sup
xPRN

Bipbiqpxq ` pN ´ 1qmax
i‰j

‖Bjpbiq‖8 `
?

2γ max
αPR`

‖Aαpbq‖8 .

Proof. Firstly, we compute

d

ds
Pt´sp|∇kfs|

2
q “ Pt´sp´Lp|∇kfs|

2
q ` 2∇kfs ¨∇kLfsq

“ Pt´sp´Lp|∇kfs|
2
q ` 2∇kfs ¨ L∇kfs ` 2∇kfs ¨ r∇k, Lsfsq

“ Pt´s

˜

´2
N
ÿ

j“1

ΓLpTjfsq ` Ipfsq

¸

,

where

Iphq :“ 2∇kh ¨ r∇k, Lsh “ 2
N
ÿ

i“1

∇kh ¨ r∇k, biTish.

Here and everywhere in the below the notation rA,Bs stands for the commutator of the

operators A and B, i.e., rA,Bs :“ AB ´BA.

Step 1: compute ΓLphq. We have

ΓLphq “
1

2

˜

∆kph
2
q ´ 2h∆kh`

N
ÿ

i“1

bi
“

Tiph
2
q ´ 2hTih

‰

¸

“ Γphq `
1

2

N
ÿ

i“1

bi
“

Tiph
2
q ´ 2hTih

‰

.
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Using Lemmas 2.1.1 and 1.2.5, we have

ΓLphqpxq

“ |∇hpxq|2 `
ÿ

αPR`

kα

ˆ

hpxq ´ hpσαxq

xα, xy

˙2

´
1

2

N
ÿ

i“1

ÿ

αPR`

kααibipxq
phpxq ´ hpσαxqq

2

xα, xy

“ |∇hpxq|2 ` 1

2

ÿ

αPR`

kαphpxq ´ hpσαxqq
2

ˆ

2

xα, xy2
´ xα, bpxqy

1

xα, xy

˙

.

Thus, assumption (7.2) assures that ΓLphq ě 0.

Step 2: compute Iphq. We first note that, using the commutativity of Dunkl operators,

rTj, biTis “ rTj, bisTi ` birTj, Tis “ rTj, bisTi,

and

rTj, bisTihpxq “ TjpbiTihqpxq ´ bipxqTjTihpxq

“ TjpbiqpxqTihpxq ´
ÿ

αPR`

kααj
pbipxq ´ bipσαxqqpTihpxq ´ Tihpσαxqq

xα, xy
.

Thus we have

Iphqpxq “ 2
N
ÿ

i,j“1

TjhpxqrTj, bisTihpxq

“ 2
N
ÿ

i“1

ˆ

x∇kh,∇kbiypxqTihpxq

´
ÿ

αPR`

kαxα,∇khpxqy
pbipxq ´ bipσαxqqpTihpxq ´ Tihpσαxqq

xα, xy

˙

.
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Step 3: gradient bounds. From the previous two steps we have

d

ds
Pt´sp|∇kfs|

2
q ď Pt´spIpfsqq

“ 2Pt´s

˜

N
ÿ

i“1

Tipbiq|Tifs|
2
`
ÿ

j‰i

TjpbiqTifsTjfs

´

N
ÿ

i,j“1

ÿ

αPR`

kααjAαpbiqTjfspTifs ´ pTifsq ˝ σαq

¸

“ 2Pt´s

˜

N
ÿ

i“1

Bipbiq|Tifs|
2
`
ÿ

j‰i

BjpbiqTifsTjfs

`

N
ÿ

i,j“1

ÿ

αPR`

kααjAαpbiqTjfspTifsq ˝ σα

¸

.

Let us estimate each sum separately, using the elementary inequality 2ab ď a2 ` b2 to

separate products and obtain the second powers we need in the expression of the gradient.

The first sum is easy to estimate. For the second sum we have

2
ÿ

j‰i

BjpbiqpxqTifspxqTjfspxq ď
ÿ

j‰i

‖Bjpbiq‖8
“

pTifspxqq
2
` pTjfspxqq

2
‰

ď 2pN ´ 1qmax
j‰i

‖Bjpbiq‖8 |∇kfspxq|
2.

Finally, for the last sum we have

2
N
ÿ

i,j“1

ÿ

αPR`

kααjAαpbiqpxqTjfspxqTifspσαxq

“ 2
ÿ

αPR`

kαxα,∇kfspxqyxAαpbqpxq,∇kfspσαxqy

ď
?

2 max
αPR`

‖Aαpbq‖8
ÿ

αPR`

kα
“

|∇kfspxq|
2
` |∇kfspσαxq|

2
‰

.

Summing the above computations over all g P G we obtain

d

ds
Pt´spΓ̃pfsqq ď

ÿ

gPG

Pt´spIpfsq ˝ gq

ď 2

ˆ

max
i

sup
xPRN

Bipbiqpxq ` pN ´ 1qmax
i‰j

‖Bjpbiq‖8 `
?

2γ max
αPR`

‖Aαpbq‖8

˙

Pt´spΓ̃pfsqq.
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So we have proved that
d

ds
Pt´spΓ̃pfsqq ď 2ηPt´spΓ̃pfsqq,

where

η :“ max
i

sup
xPRN

Bipbiqpxq ` pN ´ 1qmax
i‰j

‖Bjpbiq‖8 `
?

2γ max
αPR`

‖Aαpbq‖8 .

Integrating this inequality, we obtain

Γ̃pPtfq ď e2ηtPtpΓ̃pfqq,

as required.

Example 7.1.3. If bpxq “ ´cx, for a constant c ą 0, then it is clear that it satisfies the

assumption (7.2) of the Theorem. Moreover, Bipbjq “ ´cδij and

Aαpbiqpxq “ c
´xi ` px´ xα, xyαqi

xα, xy
“ ´cαi,

so

η “ ´c` 0`
?

2γmax
α
|cα| “ ´c` 2cγ.

Thus, if γ ă 1
2
, the inequality (7.3) proved above is in fact a coercive bound.

Remark. It is possible to extend the previous example of linear drifts by adding small

perturbations and such that the conditions of the previous Theorem still hold.

7.1.2 Invariant measures

The strategy for proving existence of invariant measure is to use general results from

probability theory such as the Prokhorov and Krylov-Bogoliubov theorems. For the con-

venience of the reader, in Appendix B we include a short introduction to the probability

theory necessary in this chapter. A useful tool in proving the tightness conditions in

these theorems is that of a Lyapunov function.

Definition 7.1.4. We say that a smooth function ρ : RN Ñ r0,8s is a Lyapunov

function for L if it satisfies the conditions:

(i) ρ´1pr0,8qq ‰ H;

(ii) for any M ą 0, the level set tx P RN : ρpxq ďMu is compact;

(iii) there exist positive constants C1, C2, with C2 ‰ 0, such that

Lρpxq ď C1 ´ C2ρpxq (7.4)
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holds for all x P RN for which ρpxq ‰ 8.

We then have the following easy consequence.

Lemma 7.1.5. Let ρ be a Lyapunov function. Then, for any x P RN for which ρpxq ‰ 8,

Ptρpxq is bounded in t, i.e., there exists a constant C ą 0 such that

Ptρpxq ď C for all t ą 0.

Here, Ptρpxq should be understood as the limit

Ptρpxq “ lim
aÑ8

Ptpρaqpxq,

where ρapxq “ mintρpxq, au.

Proof. Note that by (7.4) we have

Lρapyq ď C1 ´ C2ρapyq

holds for all y P RN if a ą C1

C2
. Since ρa P CbpRNq, then Ptpρaq is well defined and,

moreover, we have
d

dt
Ptpρaq “ PtpLρaq ď C1 ´ C2Ptpρaq.

Integrating this inequality, we obtain

Ptpρaqpxq ď e´C2tρapxq `
C1

C2

p1´ e´C2tq ď ρapxq `
C1

C2

.

Taking aÑ 8 we have

Ptpρq ď ρpxq `
C1

C2

.

Thus, the conclusion follows by taking C “ ρpxq ` C1

C2
(recall that x is fixed).

Let us now construct a Lyapunov function as a cutoff of the euclidean distance. To this

end, let χ : R` Ñ R` be a smooth function such that

χptq “

$

&

%

0 if t ď 1

1 if t ě 2.

Consider then the function

ρpxq “ |x|χp|x|q. (7.5)
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Then clearly ρ satisfies the conditions (i) and (ii) of Definition 7.1.4. In order to satisfy

assumption (7.4) as well, we need to find suitable bounds on ρ. We first compute, using

(1.2),

∆kρpxq “ ∆ρpxq ` 2
ÿ

αPR`

kα
x∇ρpxq, αy
xα, xy

“

N
ÿ

i“1

Bi

ˆ

xi
|x|
χp|x|q ` xiχ

1
p|x|q

˙

` 2γ

ˆ

1

|x|
χp|x|q ` χ1p|x|q

˙

“

N
ÿ

i“1

ˆ

1

|x|
χp|x|q ´

x2
i

|x|3
χp|x|q `

x2
i

|x|2
χ1p|x|q ` χ1p|x|q `

x2
i

|x|
χ2p|x|q

˙

` 2γ

ˆ

1

|x|
χp|x|q ` χ1p|x|q

˙

“ pN ` 2γ ´ 1q
1

|x|
χp|x|q ` pN ` 2γ ` 1qχ1p|x|q ` |x|χ2p|x|q,

and we notice that, from the choice of χ, there exists a constant C1 ě 0 such that

∆kρ ď C1.

Thus, we have

Lρpxq ď C1 `

N
ÿ

i“1

bipxqBiρpxq

“ C1 ` xx, bpxqy

ˆ

1

|x|
χp|x|q ` χ1p|x|q

˙

ď C2 `
xx, bpxqy

|x|2
ρpxq,

for a constant C2 ě 0. To summarise, we have proved the following Lemma.

Lemma 7.1.6. Assume that there exists a constant C ą 0 such that

xx, bpxqy

|x|2
ď ´C for all x P RN .

Then, the function ρ defined by (7.5) is a Lyapunov function.

Example 7.1.7. In the case of linear drifts bpxq “ ´cx with c ą 0, we have

xx, bpxqy

|x|2
“ ´c,

so the function ρ does satisfy the assumption of the Lemma, so it is a Lyapunov function.
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We are now ready to prove the main result of this section.

Theorem 7.1.8. Let γ ă 1
2
. Assume that there exists η ă 0 such that the following

inequality holds

Γ̃pPtfq ď e2ηtPtpΓ̃pfqq.

Moreover, assume that there exists a Lyapunov function ρ.

Then, there exists a sequence pPtlqlě0 and a probability measure ν such that for all f

bounded and continuous, and for all x P RN such that ρpxq ‰ 8, we have

Ptlfpxq Ñ

ż

f dν as l Ñ 8.

Additionally, the measure ν is invariant for the Markov semigroup Pt.

Proof. Fix x P ρ´1pr0,8qq and define the probability measures

pxt pAq :“ Ptp1Aqpxq.

Step 1: ppxt qtą0 is a tight family. By Markov’s inequality we have, for any M ą 0,

pxt ptρ ěMuq ď
1

M

ż

ρ dpxt “
1

M
Ptρpxq ď

C

M
,

where in the last step we used Lemma 7.1.5. This implies that

pxt ptρ ďMuq ě 1´
C

M
. (7.6)

Since the set tρ ď Mu is compact, and M ą 0 is arbitrary, this shows that the family

ppxt qtą0 is tight. By Prokhorov’s theorem, there exists a sequence ptlqlě0 such that ppxtlqlě0

converges weakly to a probability measure, say ν.

Step 2: pyt ñ ν for all y P ρ´1pr0,8qq.
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Let γx,ypsq “ x` spy ´ xq. We first compute

|Ptlfpyq ´ Ptlfpxq| “

ˇ

ˇ

ˇ

ˇ

ż 1

0

∇pPtlfqpγx,ypsqq ¨ py ´ xq ds

ˇ

ˇ

ˇ

ˇ

ď |x´ y|

ż 1

0

|∇pPtlfqpγx,ypsqq| ds

“ |x´ y|

ż 1

0

ˇ

ˇ

ˇ

ˇ

ˇ

∇kpPtlfqpγx,ypsqq ´
ÿ

αPR`

kαα
Ptlfpγx,ypsqq ´ Ptlfpσαpγx,ypsqqq

xα, γx,ypsqy

ˇ

ˇ

ˇ

ˇ

ˇ

ds

ď |x´ y|

ż 1

0

|∇kpPtlfqpγx,ypsqq| ds

`
?

2|x´ y|
ÿ

αPR`

kα

ż 1

0

ˇ

ˇ

ˇ

ˇ

Ptlfpγx,ypsqq ´ Ptlfpσαpγx,ypsqqq

xα, γx,ypsqy

ˇ

ˇ

ˇ

ˇ

ds.

From our assumption, we have

|∇kpPtfq| ď

b

Γ̃pPtfq ď eηt
∥∥∥Γ̃pfq

∥∥∥1{2

8
, (7.7)

so the above becomes

|Ptlfpyq ´ Ptlfpxq| ď |x´ y|e
ηtl

∥∥∥Γ̃pfq
∥∥∥1{2

8

`
?

2|x´ y|
ÿ

αPR`

kα

ż 1

0

ˇ

ˇ

ˇ

ˇ

Ptlfpγx,ypsqq ´ Ptlfpσαpγx,ypsqqq

xα, γx,ypsqy

ˇ

ˇ

ˇ

ˇ

ds.

(7.8)

Without loss of generality we can assume that x “ 0 and we will use an iteration argument

applying (7.8) repeatedly. We first have

|Ptlfpyq ´ Ptlfp0q| ď |y|e
ηtl

∥∥∥Γ̃pfq
∥∥∥1{2

8

`
?

2|y|
ÿ

αPR`

kα
|xα, yy|

ż 1

0

1

s
|Ptlfpsyq ´ Ptlfpσαpsyqq| ds.

(7.9)

Applying (7.8) again, noting that |sy ´ σαpsyq| “ s
?

2|xα, yy|, we have

|Ptlfpyq ´ Ptlfp0q| ď |y|e
ηtl

∥∥∥Γ̃pfq
∥∥∥1{2

8

˜

1` 2
ÿ

αPR`

kα

¸

` 23{2
|y|

ÿ

αPR`

ÿ

βPR`

kαkβ

ż 1

0

ż 1

0

ˇ

ˇ

ˇ

ˇ

Ptlfpγσαpsyq,sypuqq ´ Ptlfpσβpγσαpsyq,sypuqqq

xβ, γσαpsyq,sypuqy

ˇ

ˇ

ˇ

ˇ

du ds.
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The next step is already too difficult to write down, but we can see that we obtain

|Ptlfpyq ´ Ptlfp0q| ď |y|e
ηtl

∥∥∥Γ̃pfq
∥∥∥1{2

8

8
ÿ

i“0

«

2i
ÿ

α1PR`

ÿ

α2PR`

. . .
ÿ

αiPR`

kα1kα2 ¨ ¨ ¨ kαi

ff

“ |y|eηtl
∥∥∥Γ̃pfq

∥∥∥1{2

8

8
ÿ

i“0

p2γqi.

Therefore, if γ ă 1
2
, the infinite sum converges and we have

|Ptlfpyq ´ Ptlfp0q| ď C|y|eηtl
∥∥∥Γ̃pfq

∥∥∥1{2

8
. (7.10)

Since η ă 0, this shows that pytl ñ ν, as required.

Step 3: ν is an invariant measure for Pt. We will now apply the Krylov-Bogoliubov

theorem. We have, using (7.6),

µxT ptρ ďMuq “
1

T

ż T

0

pxt ptρ ďMuq dt ě 1´
C

M
,

so the family pµxT qTą0 is tight. By the Krylov-Bogoliubov theorem, there exists an invari-

ant measure for Pt, say µ.

Fix a bounded and continuous function f and let ε ą 0. Then, since pxtl ñ ν, there exists

l1 ą 0 such that

|pxtlpfq ´ νpfq| ă
ε

2
for all l ě l1.

On the other hand, since µ is an invariant measure, we have

|pxtlpfq ´ µpfq| ď

ż

|Ptlfpxq ´ Ptlfpyq| dµpyq ď C
∥∥∥Γ̃pfq

∥∥∥1{2

8
eηtl

ż

|x´ y| dµpyq,

where, in the second step, we used (7.10). Since η ă 0, there exists k2 ą 0 such that

|pxtlpfq ´ µpfq| ă
ε

2
for all l ą l2.

Thus, for all l ą maxtl1, l2u, we have

|µpfq ´ νpfq| ď |pxtlpfq ´ µpfq| ` |p
x
tl
pfq ´ νpfq| ă ε,

which shows that µ “ ν. This finishes the proof.

Remark. We note that we needed to impose conditions for the coefficients kα to be small

both in order to obtain η ă 0, as well as in the proof of existence of invariant measure.

It would be interesting to find out whether this is just a shortfall of our chosen method,
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or whether this is a deeper characteristic of Dunkl operators.

Example 7.1.9. If bpxq “ ´cx, for some c ą 0, then an invariant measure for the

resulting semigroup is given by dνpxq “ e´c|x|
2{2 dµkpxq. Indeed, we have

ż

RN
Lf dν “

ż

RN
p∆kf ´ cx ¨∇kfq e

´c|x|2{2 dµk

“ ´

ż

RN
p∇

ˆ

´
c|x|2

2

˙

´ cxq ¨∇kf dν “ 0.

7.2 The infinite dimensional case

In this section we work over the infinite dimensional space Ω “ pRNqZ
d
. An element of

this set will be denoted by ω “ pωlqlPZd , where each ωl P RN . On the lattice Zd we define

the distance |l´ j| “ dpl, jq :“
d
ÿ

i“1

|li´ ji|. A cylinder function on Ω is a smooth function

f : Ω Ñ R that only depends the components ωl for l P Λ and Λ Ă Zd is a finite set. The

smallest such subset Λ Ă Zd will be denoted Λpfq. It is known that the set of cylinder

functions on Ω is dense in CpΩq, see for example [52].

7.2.1 Construction of the semigroup

We want to define an infinite dimensional semigroup on pRNqZ
d

with generator

L “
ÿ

lPZd
Lplq `

ÿ

lPZd
eplq ¨∇plq

k ,

where

Lplq “ ∆
plq
k ` b

plq
¨∇plq

k

is a copy of the operator studied in the previous section, acting only on the l component

of ω P pRNqZ
d
. Here bplq : Ω Ñ RN is a function that only depends on the ωl component.

In addition, eplq : Ω Ñ RN is a C1 function which depends only on ωj for |j ´ l| ă R

for some fixed R ą 0 (we say that eplq has finite range of interaction), and such that eplq

and all its first degree derivatives are uniformly bounded. As in the previous section, we

assume that for any l P Zd we have

2

xα, ωly2
´ xα, bplqpωqy

1

xα, ωly
ě 0 @ω P Ω, @α P R` (7.11)

and
2

xα, ωly2
´ xα, bplqpωq ` eplqpωqy

1

xα, ωly
ě 0 @ω P Ω, @α P R`. (7.12)
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The operators Lplq are commutative and, as in the previous section, each generates a

finite dimensional semigroup. Thus, their sum
ř

lPZd L
plq also generates a semigroup.

In this case, the dynamics is given by infinitely many copies of the same model acting

independently of each other. Introducing the terms corresponding to the functions eplq

makes the dynamics more interesting as it allows for interactions between the individual

diffusions.

In order to define this semigroup formally, we first consider the truncated operator for

some finite Λ Ă Zd,
LΛ :“

ÿ

lPZd
Lplq `

ÿ

lPΛ

eplq ¨∇plq
k .

This operator is well defined on the space of cylinder functions on Ω and we assume that

it generates a Markov semigroup pPΛ
t qtě0. Since Λ is finite and by the finite range of

interactions assumption, then in fact only the diffusions corresponding to the points of

ΛR :“ tl P Zd : dpl,Λq ă Ru interact with each other. Thus, we can split LΛ into two

components

LΛ “
ÿ

lPZdzΛR
Lplq `

˜

ÿ

lPΛR

Lplq `
ÿ

lPΛ

eplq ¨∇plq
k

¸

.

As discussed above, the operators Lplq are commutative, so the first part generates a

semigroup of diffusions that do not interact with each other, while the second part is

essentially finite dimensional and it can be dealt with as in the previous section.

Define the carré-du-champ operator

ΓΛpfq :“
1

2

`

LΛpf
2
q ´ 2fLΛf

˘

.

Using computations similar to the finite dimensional case, we have

ΓΛpfqpωq “
ÿ

lPZd
|∇plqfpωq|2 `

1

2

ÿ

lPZdzΛ

kαA
plq
α pfq

2
pωq

“

2´ xα, bplqpωqyxα, ωy
‰

`
1

2

ÿ

lPΛ

kαA
plq
α pfq

2
pωq

“

2´ xα, bplqpωq ` eplqpωqyxα, ωy
‰

.

Here, in keeping with the notation above, ∇plq is the usual gradient acting only on the

ωl component of ω P Ω, and A
plq
α is the operator Aα acting on the same component ωl.

From the assumptions (7.11) and (7.12) we have

ΓΛpfq ě 0.

We want to define the infinite semigroup for any cylindrical function f as the limit in the
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uniform norm

Ptf “ lim
ΛÑZd

PΛ
t f.

In order to prove that this limit exists, it is enough to show that for each increasing

sequence pΛnqnPN of finite subsets of Zd, the sequence pPΛn
t fqnPN is Cauchy. In other

words, fixing a cylindrical function f , for finite Λ Ă Λ1 Ă Zd, we want to estimate the

norm ∥∥∥PΛ1

t f ´ P
Λ
t f

∥∥∥
8
.

We assume also that Λ is large enough so that Λpfq Ă Λ. We construct a sequence

Λ0, . . . ,Λn, where n “ |Λ1| ´ |Λ|, such that Λ0 “ Λ, Λn “ Λ1 and for each j “ 0, . . . n´ 1,

Λj`1zΛj “ thju. Then, we have

∥∥∥PΛ1

t f ´ P
Λ
t f

∥∥∥
8
ď

n´1
ÿ

j“0

∥∥∥PΛj`1

t f ´ P
Λj
t f

∥∥∥
8
. (7.13)

But we can compute

P
Λj`1

t f ´ P
Λj
t f “

ż t

0

d

ds

”

P
Λj
t´spP

Λj`1
s fq

ı

ds “

ż t

0

P
Λj
t´spLΛj`1

´ LΛjqP
Λj`1
s f ds,

and since P
Λj
t is a Markov semigroup we can estimate

|P
Λj`1

t f ´ P
Λj
t f | ď

∥∥ephjq∥∥
8

ż t

0

P
Λj
t´s

´
ˇ

ˇ

ˇ
∇phjq
k pPΛj`1

s fq
ˇ

ˇ

ˇ

¯

ds

Similarly to the previous section, we now introduce the symmetrised gradient form

Γ̃plqphqpωq “
ÿ

gPG

|∇plq
k hpg

plqωq|2, (7.14)

defined for all l P Zd, and where gplq is the element g of the reflection group G acting on

the ωl P RN coordinate of ω P Ω. Using this definition, we have

ˇ

ˇ

ˇ
∇phjq
k pPΛj`1

s fq
ˇ

ˇ

ˇ

2

ď Γ̃phjqpPΛj`1
s fq,

and hence, from the above we deduce∥∥∥PΛj`1

t f ´ P
Λj
t f

∥∥∥
8
ď

∥∥ephjq∥∥
8

ż t

0

∥∥∥Γ̃phjqpPΛj`1
s fq

∥∥∥1{2

8
ds. (7.15)

Thus, we need to obtain bounds on the quantity
∥∥∥Γ̃phjqpP

Λj`1
s fq

∥∥∥
8

. This is done in the

following Theorem.
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Theorem 7.2.1. Let Λ be a finite subset of Zd and consider the Markov semigroup

pPΛ
t qtě0 generated by the operator

LΛ :“
ÿ

lPZd
Lplq `

ÿ

lPΛ

eplq ¨∇plq
k

and denote ft :“ PΛ
t f . Assume that

ηl :“ max
i

sup
ωPΩ

B
plq
i pb

plq
i qpωq ` pN ´ 1qmax

m‰i

∥∥Bplqm pbiq∥∥8 `?2γ max
αPR`

∥∥Aplqα pbplqq∥∥8 ă 0

and

ζ :“
ÿ

lPZd

∥∥eplq∥∥
8
ă 8.

Let f be a cylinder function such that Λpfq Ă Λ and let l R Λpfq. Let also

Nl “

„

dpl,Λpfqq

R



` 1,

where the square brackets indicate integer part. Then, for any σ ą 0 there exists τ ě 1

large enough such that if Nl ě τs, and we have the bound∥∥∥Γ̃plqpfsq
∥∥∥
8
ď e´2Nlσ´2sσ

ÿ

jPZd

∥∥∥Γ̃pjqpfq
∥∥∥
8
. (7.16)

Proof. Fix some i “ 1, . . . , N . We first look at

BuP
Λ
s´up|T

plq
i fu|

2
q “ PΛ

s´up´LΛp|T
plq
i fu|

2
q ` 2T

plq
i fu ¨ T

plq
i LΛfuq

“ PΛ
s´up´2ΓΛpT

plq
i fuq ` 2T

plq
i fu ¨ rT

plq
i ,LΛsfuq

ď PΛ
s´up2T

plq
i fu ¨ rT

plq
i ,LΛsfuq,

(7.17)

where we used the positivity of ΓΛ.

We can check directly that for distinct l, l1 P Zd, the operators T
plq
i and T

pl1q
j commute

for any i, j “ 1, . . . , N . The same holds for l “ l1, but here we need to refer to Dunkl’s

commutativity result (Theorem 1.2.4). As a consequence (recall also that bpjq depends

only on the ωj component), we have rT
plq
i , Lpjqs “ 0 for all j ‰ l. Thus, we can simplify

the commutator

rT
plq
i ,LΛs “ rT

plq
i , Lplqs `

ÿ

jPΛ

rT
plq
i , epjq ¨∇pjq

k s

“ rT
plq
i , Lplqs `

ÿ

jPΛ

rT
plq
i , epjqs ¨∇pjq

k ,
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where in the last step we used again the commutativity of T
plq
i with T

pjq
u . So we next

need to compute rT
plq
i , epjqs. We have

rT
plq
i , epjqsh “ B

plq
i phe

pjq
q `

ÿ

αPR`

kααiA
plq
α phe

pjq
q ´ epjqB

plq
i h´

ÿ

αPR`

kααiA
plq
α phqe

pjq

“ hB
plq
i pe

pjq
q ´

ÿ

αPR`

kααirA
plq
α phqe

pjq
´ Aplqα phe

pjq
qs.

But

Aplqα phqe
pjq
´ Aplqα phe

pjq
q

“
1

xα, ωly

“

epjqpωqphpωq ´ hpσplqα ωqq ´ phpωqe
pjq
pωq ´ hpσplqα ωqe

pjq
pσplqα ωqq

‰

“ ´hpσplqα ωqA
plq
α pe

pjq
q.

Thus, we have

rT
plq
i , epjqsh “ hB

plq
i pe

pjq
q `

ÿ

αPR`

kααihpσ
plq
α ωqA

plq
α pe

pjq
q.

Therefore, we have obtained

rT
plq
i ,LΛsh “ rT

plq
i , Lplqs `

ÿ

jPΛ

«

B
plq
i pe

pjq
q ¨∇pjq

k h`
ÿ

αPR`

kααiA
plq
α pe

pjq
q ¨∇pjq

k hpσplqα ωq

ff

.

(7.18)

Recall the definition of the symmetrised gradient form given in (7.14). From (7.17) and

(7.18) we obtain

d

du
PΛ
s´upΓ̃

plq
pfuqq

ď
ÿ

gPG

N
ÿ

i“1

PΛ
s´u

´

2T
plq
i fupg

plqωqrT
plq
i , Lplqsfupg

plqωq
¯

(7.19)

`
ÿ

gPG

N
ÿ

i“1

N
ÿ

m“1

ÿ

jPΛ

2PΛ
s´u

”´

B
plq
i pe

pjq
m qT

pjq
m fuT

plq
i fu

¯

˝ gplq
ı

(7.20)

`
ÿ

gPG

N
ÿ

i“1

N
ÿ

m“1

ÿ

jPΛ

ÿ

αPR`

2kααiP
Λ
s´u

”´

Aplqα pe
pjq
m qpT

pjq
m fuq ˝ σ

plq
α T

plq
i fu

¯

˝ gplq
ı

. (7.21)

The term in (7.19) is essentially the finite dimensional case discussed in Theorem 7.1.2
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since all operators involved only act on the l component. We thus have

ÿ

gPG

N
ÿ

i“1

PΛ
s´u

´

2T
plq
i fupg

plqωqrT
plq
i , Lplqsfupg

plqωq
¯

ď 2ηlP
Λ
s´upΓ̃

plq
pfuqq,

where

ηl :“ max
i

sup
ωPΩ

B
plq
i pb

plq
i qpωq ` pN ´ 1qmax

m‰i

∥∥Bplqm pbiq∥∥8 `?2γ max
αPR`

∥∥Aplqα pbplqq∥∥8 .
In order to estimate the next two terms, let

El,j :“ max

"

max
i,m

∥∥∥Bplqi pepjqm q∥∥∥
8
,max
i,m,α

∥∥Aplqα pepjqm q∥∥8* ď ?2 max
i,m

∥∥∥Bplqi pepjqm q∥∥∥
8
,

where the second inequality follows from (1.1). Clearly El,j ě 0 for all l, j P Zd, but

note also that El,j “ 0 if dpl, jq ě R since eplq only depends on the components ωj with

dpi, jq ă R. The strategy in estimating the remaining terms (7.20) and (7.21) is to use

the inequality 2ab ď εx2 ` 1
ε
y2 to separate the products into sums of squares. We first

estimate

ÿ

gPG

N
ÿ

i“1

N
ÿ

m“1

ÿ

jPΛ

2PΛ
s´u

”´

B
plq
i pe

pjq
m qT

pjq
m fuT

plq
i fu

¯

˝ gplq
ı

ď N
ÿ

gPG

ÿ

jPΛ

El,jP
Λ
s´u

„

ε|∇plq
k fu|

2
˝ gplq `

1

ε
|∇pjq

k fu|
2
˝ gplq



“ εN

˜

ÿ

jPΛ

El,j

¸

PΛ
s´upΓ̃

plq
pfuqq `

1

ε
N

ÿ

gPG

ÿ

jPΛ

El,jP
Λ
s´u

”

|∇pjq
k fu|

2
˝ gplq

ı

ď εN

˜

ÿ

jPΛ

El,j

¸

PΛ
s´upΓ̃

plq
pfuqq `

1

ε
N

ÿ

gPG

ÿ

jPΛ

El,jP
Λ
s´u

”

pΓ̃pjqfuq ˝ g
plq
ı

and similarly

ÿ

gPG

N
ÿ

i“1

N
ÿ

m“1

ÿ

jPΛ

ÿ

αPR`

2kααiP
Λ
s´u

”´

Aplqα pe
pjq
m qpT

pjq
m fuq ˝ σ

plq
α T

plq
i fu

¯

˝ gplq
ı

ď
ÿ

gPG

ÿ

jPΛ

ÿ

αPR`

?
2NkαEl,jP

Λ
s´u

„

ε|∇plq
k fu|

2
˝ gplq `

1

ε
|∇pjq

k fu|
2
˝ pσplqα ˝ gplqq



“
?

2Nγε

˜

ÿ

jPΛ

El,j

¸

PΛ
s´upΓ̃

plq
pfuqq `

?
2Nγ

1

ε

ÿ

gPG

ÿ

jPΛ

El,jP
Λ
s´u

”

|∇pjq
k fu|

2
˝ gplq

ı

ď
?

2Nγε

˜

ÿ

jPΛ

El,j

¸

PΛ
s´upΓ̃

plq
pfuqq `

?
2Nγ

1

ε

ÿ

gPG

ÿ

jPΛ

El,jP
Λ
s´u

”

Γ̃pjqpfuq ˝ g
plq
ı

.
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Combining all these results, we have obtained that

d

du
PΛ
s´upΓ̃

plq
pfuqq ď 2η̃lP

Λ
s´upΓ̃

plq
pfuqq `

ÿ

gPG

ÿ

jPΛ

Ẽl,jP
Λ
s´u

”

Γ̃pjqpfuq ˝ g
plq
ı

, (7.22)

where

η̃l :“ ηl ` ε
N

2
p1`

?
2γq

˜

ÿ

jPΛ

El,j

¸

, (7.23)

and

Ẽl,j :“
1

ε
Np1`

?
2γqEl,j.

We choose ε ą 0 such that η̃l ă 0; this is possible because by our assumption ηl ă 0.

Multiplying inequality (7.22) by e´2η̃lu, and integrating with respect to u from 0 to s, we

obtain

Γ̃plqpfsq ď e2η̃lsPΛ
s pΓ̃

plqfq `
ÿ

gPG

ÿ

jPΛ

Ẽl,j

ż s

0

e2η̃lps´uqPΛ
s´u

”

Γ̃pjqpfuq ˝ g
plq
ı

du.

Taking supremum norm over this inequality, and since η̃l ă 0, we have∥∥∥Γ̃plqpfsq
∥∥∥
8
ď

∥∥∥Γ̃plqf
∥∥∥
8
` |G|

ÿ

jPΛ

Ẽl,j

ż s

0

∥∥∥Γ̃pjqpfuq
∥∥∥
8

du. (7.24)

Up until this point we have not used the assumption that l R Λpfq so this inequality holds

for general l P Zd. Since l R Λpfq, then f does not depend on the ωl coordinate and so

the first term on the right hand side of inequality (7.24) vanishes.

We can improve inequality (7.24) by applying itself iteratively to the term under the

integral. At the first step we obtain

∥∥∥Γ̃plqpfsq
∥∥∥
8
ď |G|

ÿ

jPΛ

Ẽl,j

ż s

0

«∥∥∥Γ̃pjqf
∥∥∥
8
` |G|

ÿ

j1PΛ

Ẽj,j1

ż u

0

∥∥∥Γ̃pj
1q
pfvq

∥∥∥
8

dv

ff

du

ď s|G|
ÿ

jPΛ

Ẽl,j

∥∥∥Γ̃pjqf
∥∥∥
8
` |G|2

ÿ

jPΛ

ÿ

j1PΛ

Ẽl,jẼj,j1

ż s

0

ż u

0

∥∥∥Γ̃pj
1q
pfuq

∥∥∥
8

dv du.

Note that if dpl,Λpfqq ě R and dpj, lq ă R, then j R Λpfq, so the first sum vanishes

again. In fact, we need to apply this method iteratively Nl “

”

dpl,Λpfq
R

ı

` 1 times in order

142



to get a non-trivial contribution. After infinitely many iterations, we obtain∥∥∥Γ̃plqpfsq
∥∥∥
8
ď

ˆ

psClq
Nl

Nl!
`
psClq

Nl`1

pNl ` 1q!
` . . .

˙

ÿ

jPZd

∥∥∥Γ̃pjqpfq
∥∥∥
8

ď
psClq

Nl

pNlq!
esCl

ÿ

jPZd

∥∥∥Γ̃pjqpfq
∥∥∥
8
,

where

Cl “ |G|
ÿ

jPΛ

Ẽl,j. (7.25)

Note that the factorials appearing in the denominators above are a result of computing

nested integrals.

Let us estimate the constant appearing in this inequality. Using the fact that for any

natural number n we have n! ą
`

n
e

˘n
(which follows from the expansion of en), we obtain∥∥∥Γ̃plqpfsq

∥∥∥
8
ď esCl`Nlplog sCl´logNl`1q

ÿ

jPZd

∥∥∥Γ̃pjqpfq
∥∥∥
8
.

Now fix σ ą 0. There exists τ ě 0 large enough such that

log
Cl
τ
`
Cl
τ
` 1 ď ´4σ. (7.26)

If, in addition, Nl ě τs, then

sCl `Nlplog sCl ´ logNl ` 1q ď Nl

ˆ

Cl
τ
` log

Cl
τ
` 1

˙

ď ´4σNl ď ´2Nlσ ´ 2sσ.

Finally, this gives ∥∥∥Γ̃plqpfsq
∥∥∥
8
ď e´2Nlσ´2sσ

ÿ

jPZd

∥∥∥Γ̃pjqpfq
∥∥∥
8
, (7.27)

as required.

Now that we have proved the required bounds on the symmetrised gradient, we can

go back to the definition of the infinite dimensional semigroup. Fix σ ą 0 and let

Ñ “

”

dpZdzΛ,Λpfqq
R

ı

` 1. By definition, we have Nhj ě Ñ for all j “ 0, . . . , n ´ 1. From
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(7.13) and (7.15), with the help of Theorem 7.2.1, we obtain

∥∥∥PΛ1

t f ´ P
Λ
t f

∥∥∥
8
ď

˜

ÿ

lPZd

∥∥∥Γ̃plqpfq
∥∥∥
8

¸1{2 n´1
ÿ

j“0

∥∥ephjq∥∥
8

ż t

0

e´σNhj´σs ds

ď ζe´σÑ
1´ eσt

σ

˜

ÿ

lPZd

∥∥∥Γ̃plqpfq
∥∥∥
8

¸1{2

,

(7.28)

which holds for all Ñ ě τt, where τ ě 1 is fixed. Recall that ζ “
ř

lPZd
∥∥eplq∥∥

8
was

assumed to be finite.

This concludes the proof that for each increasing sequence pΛnqně1 of finite subsets of Zd,
and for each cylindrical function f , the sequence pPΛn

t fqn is Cauchy. Therefore, we have

proved the following Theorem.

Theorem 7.2.2. Consider the operator

L :“
ÿ

lPZd
p∆

plq
k ` b

plq
¨∇plq

k q `
ÿ

lPZd
eplq ¨∇plq

k .

Assume that the coefficients bplq and eplq are uniformly bounded such that

ηl :“ max
i

sup
ωPΩ

B
plq
i pb

plq
i qpωq ` pN ´ 1qmax

m‰i

∥∥Bplqm pbiq∥∥8 `?2γ max
αPR`

∥∥Aplqα pbplqq∥∥8 ă 0

and

ζ :“
ÿ

lPZd

∥∥eplq∥∥
8
ă 8.

Then, for any cylinder function f , the following limit exists in the uniform norm

Ptf :“ lim
ΛÑZd

PΛ
t f,

and it defines a Markov semigroup pPtqtě0 on CbpΩq, with infinitesimal generator given

by L.

7.2.2 Invariant measure

In this section we discuss the existence of an invariant measure for the infinite dimensional

semigroup that we have just defined. The strategy is the same as in section 7.1.2, and

we start by defining a Lyapunov function ρ that is suitable to our new setting.
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Let palqlPZd Ă p0,8q be an absolutely convergent series, i.e.,

ÿ

lPZd
al ă 8.

We assume that for each l P Zd there exists a function ρl : Ω Ñ p0,8q, which depends

only on the ωl coordinate, and such that ωl ÞÑ ρlpωq is a Lyapunov function for the

operator Lplq on RN . Moreover, assume that there exist constants C1 ě 0 and C2 ą 0

such that

Lplqρl ` e
plq
¨∇plq

k ρl ď C1 ´ C2ρl @l P Zd. (7.29)

For each 0 ă r ď 8, define the set

Ωr :“

#

ω P Ω :
ÿ

lPZd
alρlpωq ă r

+

,

and consider the function ρ : Ω8 Ñ p0,8q given by

ρpωq :“
ÿ

lPZd
alρlpωq.

Using condition (7.29) and the fact that ρl only depends on the ωl coordinate, we have

Lρ “
ÿ

lPZd
alpL

plqρl ` e
plq
¨∇plq

k ρlq ď
ÿ

lPZd
alpC1 ´ C2ρlq “ C1

ÿ

lPZd
al ´ C2ρ. (7.30)

Then ρ is a Lyapunov function for L.

Remark. We could take, as in section 7.1.2, ρlpωq “ |ωl|χp|ωl|q for a cut-off function χ.

If bplq satisfies
xωl, b

plqpωqy

|ωl|2
ď ´C @ωl P RN ,

and if the interaction coefficients eplq are sufficiently small, then more generally ρl satisfies

the assumption (7.29).

Remark. We can relax assumption (7.29) to

Lplqρl ď C1 ´ C2ρl,

and

eplq ¨∇plq
l ρl ď C3 ´

ÿ

jPZd
εl,jρj,

for suitably small positive numbers εl,j. With a little more effort, the proof below can be

changed to accommodate this case.
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We are ready to prove the main result of this section.

Theorem 7.2.3. Let ρ be defined as above, and let pPtqtě0 be the Markov semigroup

with generator L defined in Theorem 7.2.2. Then, for any ω P Ω8 there exists a subse-

quence pPtjqjě0, and a probability measure νω such that for all f P CpΩq bounded cylinder

functions, we have

Ptjfpωq Ñ

ż

f dνω as j Ñ 8.

Furthermore, νωpΩ8q “ 1.

Proof. Fix ω P Ω8 and define

pωt pAq :“ Ptp1Aqpωq.

Using the same approach as in Lemma 7.1.5, from (7.30) we can show that there exists

a C ą 0 such that

Ptρpωq ď C for all t ą 0. (7.31)

As in the proof of Theorem 7.1.8, using (7.31) and Prokhorov’s theorem, we deduce that

there exists a subsequence ppωtjqjě0 which converges weakly to some probability measure

νω.

Moreover, using Markov’s inequality we have for any r ą 0 that

0 ď 1´ νωpΩrq ď
1

r

ż

ρ dνω “
1

r
sup
lPN

Ptlρpωq ď
C

r
,

where in the last step we used (7.31). Taking r Ñ 8, we obtain νωpΩ8q “ 1.

For any ε ą 0 for which we have
ř

lPZdp1` |l|q
´ε ă 8, define also the set

Ω̃ε :“

#

ω P Ω :
ÿ

lPZd

|ωl|

p1` |l|qε
ă 8

+

.

Note that for ρl defined as in the previous remark, and with al “ p1`|l|q
´ε, then Ω̃ε “ Ω8.

Remark. From the proof below it will be clear that instead of the weights p1` |l|q´ε we

could take more general weights in the definition of Ω̃ε, even of exponential decay.

Theorem 7.2.4. Assume that γ ă 1
2
. Let pPtqtě0 be the Markov semigroup defined in

Theorem 7.2.2 and assume in addition that

η̃ :“ sup
lPZd

η̃l ă 0,

146



and

C̃ :“ sup
lPZd

Cl ď ´2η̃,

where the constants η̃l and Cl were defined in (7.23) and (7.25), respectively.

For any bounded cylinder function f and any ω, ω1 P Ω̃ε, there exists t0 ą 0 and a constant

Cpf, ω, ω1q ă 8, such that

|Ptfpωq ´ Ptfpω
1
q| ď Cpf, ω, ω1qe´ct,

where c ą 0 is independent of f, t, ω, ω1.

Proof. Fix a cylinder function f and ω, ω1 P Ω̃ε. Fix Λ Ă Zd finite and such that Λpfq Ă Λ.

We then have

|Ptfpωq ´ Ptjfpω
1
q|

ď |Ptfpωq ´ P
Λ
t fpωq| ` |P

Λ
t fpωq ´ P

Λ
t fpω

1
q| ` |PΛ

t fpω
1
q ´ Ptfpω

1
q|.

(7.32)

Using the computations in (7.28), there exists r ą 0 such that if Λ “ Brtp0q “ tl P Zd :

|l| ă rtu, and letting Λ1 Ñ 8, then we have∥∥Ptf ´ PΛ
t f

∥∥
8
ď C1pfqe

´c1t, (7.33)

which holds for all t ě t0, where t0 is chosen such that Λpfq Ă Λ. This deals with the

first and the third terms on the right hand side of the inequality (7.32) above. We are

thus only left to study the middle term.

If ω and ω1 differ by just one coordinate, say ωj “ ω1j for all j ‰ l, then let γωl,ω1lpsq “

ωl ` spω
1
l ´ ωlq. We can then compute

|PΛ
t fpωq ´ P

Λ
t fpω

1
q| “

ˇ

ˇ

ˇ

ˇ

ż 1

0

∇plq
pPΛ

t fqpγωl,ω1lpsqq ¨ pω
1
l ´ ωlq ds

ˇ

ˇ

ˇ

ˇ

ď |ω1l ´ ωl|

ż 1

0

|∇plq
pPΛ

t fqpγωl,ω1lpsqq| ds

ď |ω1l ´ ωl|
∥∥∥Γ̃plqpPΛ

t fq
∥∥∥1{2

8

`
?

2|ω1l ´ ωl|
ÿ

αPR`

kα

ż 1

0

ˇ

ˇ

ˇ

ˇ

ˇ

PΛ
t fpγωl,ω1lpsqq ´ P

Λ
t fpσαpγωl,ω1lpsqqq

xα, γωl,ω1lpsqqy

ˇ

ˇ

ˇ

ˇ

ˇ

.

Using the same method as in Step 2 in the proof of Theorem 7.1.8, since γ ă 1
2
, then we
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obtain

|PΛ
t fpωq ´ P

Λ
t fpω

1
q| ď C2|ωl ´ ω

1
l|

∥∥∥Γ̃plqpPΛ
t fq

∥∥∥1{2

8
. (7.34)

Going back to the proof of (7.24), note that we have in fact

∥∥∥Γ̃plqpftq
∥∥∥
8
ď e2η̃t

∥∥∥Γ̃plqf
∥∥∥
8
` |G|

ÿ

jPΛ

Ẽl,j

ż t

0

∥∥∥Γ̃pjqpfuq
∥∥∥
8

du.

Using the same iteration procedure as above, this implies that∥∥∥Γ̃plqpftq
∥∥∥
8
ď e2η̃t`tCl

ÿ

jPZd

∥∥∥Γ̃pjqpfq
∥∥∥
8
. (7.35)

By our assumption 2η̃`Cl ď 2η̃` C̃ ă 0, so this inequality provides the sufficient decay

required in (7.34).

We now turn to the case of general ω, ω1 P Ω̃ε. First, we note that if Λpfq Ă Λ, then

by (7.24) we have ΛpPΛ
t fq Ă ΛR :“ tl P Zd : dpl,Λq ă Ru, where R is the range of

interaction. But ΛR is a finite set, say |ΛR| “ n, and let l1, . . . , ln be its distinct elements.

We construct the sequence ω0 “ ω, ωi`1
j “ ωij for all j ‰ li, and ωi`1

li
“ ω1li . In other

words, each two consecutive terms of the sequence differ in just one coordinate, li, and

ωnj “ ω1j for all j P ΛR. Thus, by the observation above, PΛ
t pω

nq “ PΛ
t pω

1q, and so we

have

|PΛ
t fpωq ´ P

Λ
t fpω

1
q| ď

n´1
ÿ

i“0

|PΛ
t fpω

i`1
q ´ PΛ

t fpω
i
q|.

We estimate each term in this sum using the same method as above. More precisely,

using (7.34) and (7.35), we have

n´1
ÿ

i“0

|PΛ
t fpω

i`1
q ´ PΛ

t fpω
i
q| ď C2

n´1
ÿ

i“0

|ωli ´ ω
1
li
|epη̃`C̃{2qt

¨

˝

ÿ

jPZd

∥∥∥Γ̃pjqpfq
∥∥∥
8

˛

‚

1{2

ď C3pfqe
pη̃`C̃{2qt

ÿ

lPBrt`Rp0q

|ωl| ` |ω
1
l|

p1` |l|qε
p1` |l|qε

ď C3pfqpCω ` Cω1qe
pη̃`C̃{2qt

p1` |R ` rt|qε (7.36)

where Cω “
ř

lPZd
|ωl|

p1`|l|qε
and Cω1 “

ř

lPZd
|ω1l|

p1`|l|qε
which are both finite since ω, ω1 P Ω̃ε.

From (7.33) and (7.36) we obtain the decay we require.
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Conclusions and future work

When we started the work contained in this thesis, not much was available in the literature

in terms of functional inequalities for Dunkl operators. The few available results were

usually obtained as consequences of work of a different nature. Our intention was to

begin a systematic study of functional inequalities that would emphasise each inequality

separately as an abstract result of independent interest rather than as a tool for solving

the problem at hand. We believe we have fulfilled this aim by studying several families

of important inequalities.

However, the work is far from being complete and several questions remain. Of course,

there exist practically unlimited inequalities that could still be studied, but let us highlight

a few questions and improvements that stem directly from the work we presented in this

thesis.

The Sobolev inequality was established in full generality, but the study of optimal con-

stants is still very difficult. Even in the case p “ 2 considered in this thesis, the exact

value of the optimal constant is still not known, although we have obtained some bounds.

In more general cases p ‰ 2 there is not information at all.

In fact, several results in this thesis relied on the very useful inequality of Lemma 2.1.2

which we obtained using carré-du-champ methods suitable only in the case p “ 2. A

more general result of the form

‖∇f‖p ď ‖∇kf‖p ,

apart from its intrinsic interest, would allow us to generalise some results presented here

to cases other than p “ 2.

In studying the Poincaré inequality for Dunkl operators in section 6.4, we relied on

Muckenhoupt weights and an additional assumption that γ ă 1
2

was necessary. It would

be interesting to determine if this assumption is necessary, or it is simply a limitation

due to our chosen method. A similar issue appears in the study of existence of invariant

measure in section 7.1.2, when we also required the assumption γ ă 1
2
, and it is not clear

if this is in fact necessary.

The important example throughout the whole Chapter 7 was that of linear drifts and small

perturbations thereof, but we believe other interesting examples could be considered. It
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is important first to check for which drifts b the operator L :“ ∆k`b¨∇k generates indeed

a Markov semigroup. Once this is established, our assumptions for obtaining gradient

bounds are quite general and they could accommodate some more of these examples.

Finally, now that we have significant progress in the topic of functional inequalities, the

next important step would be applying these results to various problems in Dunkl theory.

For example, methods based on the inequalities we have proved in this thesis could be

employed to study the Dunkl heat kernel.

Another direction in which the results presented here could be useful is that of partial

differential equations containing Dunkl operators. We have already included such an

example in Chapter 5 where we studied a nonlinear damped wave equation, but much

more than that should be possible to achieve.

As highlighted in the introduction, there is an important connection between Dunkl

operators and mathematical physics, via the Calogero-Moser-Sutherland model, and it

would be interesting to see how the results presented above could be applied in this

setting. For example, multi-particle Hardy inequalities have received a lot of interest

lately (see, for example, [56], [74] and [73]) and it might be possible to obtain these from

the general Hardy inequalities discussed in this thesis.
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A
Proof of Theorem 6.4.6

This appendix complements the presentation of Muckenhoupt weights in chapter 6.4 by

providing a proof of Theorem 6.4.6. We will follow the exposition in [55, Chapter 15].

Theorem A.1 ([39]). Let 1 ă p ă 8 and w P Ap. Then there exists a constant C ą 0

such that for all balls Brpxq of centre x and radius r ą 0, and for all functions f defined

on Brpxq that are Lipschitz continuous, we have the inequality

ż

Brpxq

ˇ

ˇfpyq ´ fwBrpxq
ˇ

ˇ

p
wpyq dy ď Crp

ż

Brpxq

|∇fpyq|pwpyq dy,

where fwBrpxq “
1

wpBrpxqq

ş

Brpxq
fpzqwpzq dz is the weighted average of f over the ball Brpxq.

Before we prove this result, we recall Muckenhoupt’s Theorem (Theorem 6.4.2) in a

slightly different form.

Theorem A.2. Let 1 ă p ă 8 and let w be a locally integrable function on RN . Then

w P Ap if and only if there exists a constant A ą 0 such that for any ball B Ă RN we

have
ż

B

|Mfpxq|pwpxq dx ď A

ż

B

|fpxq|pwpxq dx

holds for all f P Lppwpxq dxq.

Proof of Theorem A.1. First we show that

ż

Brpxq

|fpyq ´ fBrpxq|
pwpyq dy ď Crp

ż

Brpxq

|∇fpyq|pwpyq dy, (A.1)
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where fBrpxq “
1

|Brpxq|

ş

Brpxq
fpyq dy is the average of f with respect to the Lebesgue

measure.

It is convenient to see f as function defined over the whole space RN so we extend it by

0 outside Brpxq. It is known (see, for example, [92, Lemma 1.4.3]) that

|fpyq ´ fBrpxq| ď C

ż

Brpxq

|∇fpzq|
|y ´ z|N´1

dz “ CIp|∇f |qpyq, (A.2)

where

Iupyq “

ż

RN

|upzq|

|z ´ y|N´1
dz

is the Riesz potential.

Choose any q ą 1 such that infts ą 1 : w P Asu ă q ă p ă Nq and let κ “ N
N´ p

q
ą 1. We

will show that

ˆ

1

wpBrpxqq

ż

Brpxq

|Iupyq|κpwpyq dy

˙
1
κp

ď Cr

ˆ

1

wpBrpxqq

ż

Brpxq

|upyq|pwpyq dy

˙
1
p

(A.3)

holds for any u P CpBrpxqq.

For any ε ą 0 and y P RN we have, expanding u by 0 outside Brpxq, that

ż

|y´z|ďε

|upzq|

|z ´ y|N´1
dz “

8
ÿ

j“1

ż

t2´jεď|y´z|ď2´j`1εu

|upzq|

|z ´ y|N´1
dz

ď

8
ÿ

j“1

p2´jεq´N`1

ż

t2´jεď|y´z|ď2´j`1εu

|upzq| dz

ď

8
ÿ

j“1

p2´jεq´N`1

ż

B
2´j`1ε

pyq

|upzq| dz

“ Cε
8
ÿ

j“1

2´j
1

|B2´j`1εpyq|

ż

B
2´j`1ε

pyq

|upzq| dz

ď CεMupyq

On the other hand, by applying Hölder’s inequality first with coefficients p and p
p´1

, and
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then p´1
p´q

and p´1
q´1

, we have

ż

|y´z|ąε

|upzq|

|z ´ y|N´1
dz

ď

ˆ
ż

Brpxq

|upzq|pwpzq dz

˙1{pˆż

t|y´z|ąεuXBrpxq

|z ´ y|´
ppN´1q
p´1 wpzq´

1
p´1 dz

˙
p´1
p

ď

ˆ
ż

Brpxq

|upzq|pwpzq dz

˙1{pˆż

|y´z|ąε

|z ´ y|´
ppN´1q
p´q dz

˙
p´q
p
ˆ
ż

Brpxq

wpzq´
1
q´1 dz

˙
q´1
p

“ C2ε
p´Nq
p

ˆ
ż

Brpxq

|upzq|pwpzq dz

˙1{pˆż

Brpxq

wpzq´
1
q´1 dz

˙
q´1
p

.

At this point, ε is an arbitrary positive number and we are free to choose it conveniently.

Thus, putting these two computations together, and choosing

ε “

¨

˚

˝

´

ş

Brpxq
|upzq|pwpzq dz

¯1{p ´
ş

Brpxq
wpzq´

1
q´1 dz

¯

q´1
p

Mupyq

˛

‹

‚

p
Nq

,

we obtain

Iupyq ď CpMupyqq1´
p
Nq

ˆ
ż

Brpxq

|upzq|pwpzq dz

˙
1
Nq

ˆ
ż

Brpxq

wpzq´
1
q´1 dz

˙
q´1
Nq

.

Thus, it follows that

ˆ

1

wpBrpxqq

ż

Brpxq

|Iupyq|κpwpyq dy

˙
1
κp

ď CwpBrpxqq
´ 1
κp

ˆ
ż

Brpxq

|Mupyq|pwpyq dy

˙
1
κp
ˆ
ż

Brpxq

|upyq|pwpyq dy

˙
1
Nq

¨

ˆ
ż

Brpxq

wpzq´
1
q´1 dz

˙
q´1
Nq

ď Cr

ˆ

1

wpBrpxqq

ż

Brpxq

|upyq|pwpyq dy

˙
1
p

,

where we used Theorem A.2 and the definition of w P Aq. This completes the proof of

(A.3).
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Going back to the proof of the Theorem, from (A.3) and (A.2) we have

ˆ

1

wpBrpxqq

ż

Brpxq

|fpyq ´ fBrpxq|
κpwpyq dy

˙
1
κp

ď Cr

ˆ

1

wpBrpxqq

ż

Brpxq

|∇fpyq|pwpyq dy

˙
1
p

.

This proves (A.1) by noting that Hölder’s inequality implies

ˆ

1

wpBrpxqq

ż

Brpxq

|fpyq ´ fBrpxq|
pwpyq dy

˙
1
p

ď

ˆ

1

wpBrpxqq

ż

Brpxq

|fpyq ´ fBrpxq|
κpwpyq dy

˙
1
κp

since κ ą 1.

Finally, for any constant ζ P R we have

ˇ

ˇfwBrpxq ´ ζ
ˇ

ˇ “

ˇ

ˇ

ˇ

ˇ

1

wpBrpxqq

ż

Brpxq

pfpzq ´ ζqwpzq dz

ˇ

ˇ

ˇ

ˇ

ď
1

wpBrpxqq

ż

Brpxq

|fpzq ´ ζ|wpzq dz

ď

ˆ

1

wpBrpxqq

ż

Brpxq

|fpzq ´ ζ|pwpzq dz

˙
1
p

,

so, taking ζ “ fBrpxq, this implies

ż

Brpxq

|fpyq ´ fwBrpxq|
pwpyq dy ď 2p

ż

Brpxq

|fpyq ´ fBrpxq|
pwpyq dy.

This last inequality together with (A.1) conclude the proof of the Theorem.
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B
Some probability theory

We record here, for completeness, a few classical probability theory definitions and results

that are necessary in Chapter 7 for proving existence of invariant measures.

Definition B.1. Let pX, dq be a metric space, and let X be the associated Borel σ-

algebra, i.e., the σ-algebra generated by the open sets of pX, dq.

Let ppnqně0 and p be probability measures on pX,X q. We say that pn converges weakly

to p, and write pn ñ p, if pnpfq Ñ ppfq for any bounded continuous function f : X Ñ R.

Let Π be a family of probability measures on pX, dq. We say that Π is relatively

compact if every sequence of elements of Π has a convergent subsequence. We say that

Π is tight if for every ε ą 0 there exists a compact set Kε Ă X such that ppKεq ą 1´ ε

for any p P Π.

Theorem B.2 (Prokhorov’s Theorem). Let Π be a tight family of measures on pX,X q.
Then Π is relatively compact.

This simple form of Prokhorov’s theorem is all that we need here. The theorem admits

a converse in the case that X is separable and complete, see [12] for more details.

The following Theorem establishes sufficient conditions for the existence of an invariant

measure for a Markov semigroup. Its proof is not difficult and it goes via the Prokhorov

theorem; see [21] for details. We recall that ν is an invariant measure for the Markov

semigroup Pt if for all f bounded and continuous, and for all t ě 0, we have

ż

Ptpfq dν “

ż

f dν.
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Theorem B.3 (The Krylov-Bogoliubov Theorem). Let Pt be a Markov Feller semigroup

on a Hilbert space H. For fixed x P H and t ą 0, define the probability measures

pxt pAq :“ Ptp1Aqpxq.

Define also the family of measures pµxT qTą0 by

µxT pEq :“
1

T

ż T

0

pxt pEq dt.

If, for some x P H, the family of probability measures pµxT qTą0 is tight, then there exists

an invariant measure for Pt.
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by Sergey Tikhonov.

[24] E. B. Davies. One-parameter semigroups, volume 15 of London Mathematical Society

Monographs. Academic Press, Inc. [Harcourt Brace Jovanovich, Publishers], London-

New York, 1980.

[25] E. B. Davies. Heat kernels and spectral theory, volume 92 of Cambridge Tracts in

Mathematics. Cambridge University Press, Cambridge, 1989.

158



[26] E. B. Davies. Spectral theory and differential operators, volume 42 of Cambridge

Studies in Advanced Mathematics. Cambridge University Press, Cambridge, 1995.

[27] E. B. Davies. A review of Hardy inequalities. In The Maz’ya anniversary collec-

tion, Vol. 2 (Rostock, 1998), volume 110 of Oper. Theory Adv. Appl., pages 55–67.
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Mat., 101(3):237–255, 1976.

[30] F. Dragoni, V. Kontis, and B. Zegarliński. Ergodicity of Markov semigroups with
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