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Abstract
The investigation in this thesis addresses the challenges posed by the stochastic characteristics of

design parameters under complex loading conditions. The focus is on the reliability and fatigue life

analysis of engineering structures. The thesis introduces innovative formulations utilizing the Dual

Boundary Element Method (DBEM) to accurately evaluate key parameters, aiming to enhance

the modelling accuracy of the reliability index and fatigue life for intricate structures.

Specifically, the study is concerned with fatigue life reliability analysis within shallow shell struc-

tures, presenting a novel methodology for assessing design sensitivities. The development of the

Boundary Element Method-based Implicit Differentiation Method (BEM-IDM) enables the appli-

cation of the First Order Reliability Method (FORM) to evaluate structural reliability. Expanding

on this, a methodology for fatigue life reliability analysis using DBEM-IDM is introduced. This

approach demonstrates superior efficiency in evaluating fatigue life sensitivities compared to the

Finite Difference Method and Monte Carlo Simulations, resulting in significant reductions in CPU

time.

Another related topic investigated involves the statistical inference of the Equivalent Initial Flaw

Size Distribution (EIFSD) for both 2D anisotropic and isotropic shell structures. The assessment

of EIFSD for the initial size of cracks and its impact on the remaining useful life of structures un-

der fatigue loading is demonstrated. The Dual Boundary Element Method (DBEM) formulation is

shown as a highly efficient computational tool, with Bayesian updating refining EIFSD estimates

using simulated inspection data. The efficiency of the method is further improved through surro-

gate modelling, demonstrating its effectiveness in estimating fatigue life with significant agreement

compared to actual fatigue life.
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Chapter 1

Introduction

In the domain of engineering, nearly every parameter carries a certain level of inherent uncer-

tainty. These uncertainties may arise from various sources, including human error, environmental

conditions, or imperfections in manufacturing processes. Failure to account for these uncertainties

can potentially lead to catastrophic structural failures. Consequently, design parameters are often

treated as random variables, owing to their stochastic nature. Therefore, engineering structures

are not designed with absolute certainty, but rather in consideration of probability. Managing

the influence of these uncertainties while ensuring structural safety is a pivotal concern within

the field of structural engineering. The criterion for evaluating a structure’s capacity to maintain

satisfactory performance is the probability of failure. The process of assessing this probability is

known as reliability analysis, which provides engineers with a structured approach to evaluate the

influence of individual parameters on the overall structural reliability. This, in turn, empowers

engineers to prioritize critical factors in the design process.

Traditionally, uncertainties have been treated through a deterministic approach, wherein a stan-

dardized safety factor is assigned to all components as a safeguard against potential catastrophic

failures. This approach aligns with established safety standards, which underscore the importance

of risk assessment. However, it’s important to note that the failure of one component does not

necessarily equate to the failure of a system. In many instances, the redistribution of loads to other

components allows the system to maintain its desired performance. For example, components with

a lesser impact on structural safety may be assigned lower safety factors, thereby avoiding exces-
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sive over-engineering. It is essential to assess the safety requirements of individual components

separately, taking into account the consequences of their potential failure. Nevertheless, the de-

terministic approach has its limitations, particularly in its inability to provide information on the

influence of individual parameters on overall system performance. In contrast, reliability analysis

presents an alternative to this deterministic approach. Based on mathematical and probabilistic

theory, it offers a more comprehensive understanding of structural safety. In this context, struc-

tural safety is evaluated through the computation of the reliability index, defined as the probability

that the structure maintains adequate performance. Importantly, it serves as the complementary

parameter to the probability of failure.

Among the diverse array of methods available for assessing structural reliability, two fundamen-

tal categories emerge: direct methods, notably, the Monte Carlo Simulation (MCS), and indirect

methods, represented by the First-Order Reliability Method (FORM) and Second-Order Relia-

bility Method (SORM). In the MCS approach, the evaluation of structural reliability involves an

exhaustive exploration of all combinations of uncertainties via extensive statistical sampling. Con-

versely, FORM and SORM rely on mathematical approximations to estimate the reliability index.

For the majority of static structural problems, FORM has proven to yield sufficiently accurate

results. In comparison, SORM is able to provide higher precision but demands more extensive

computational efforts. More comprehensive insights into these methodologies can be found in the

following chapters.

Although it is possible to perform reliability analysis through experimental approaches, this re-

quires substantial investments in equipment, laboratory infrastructure, and associated expenses.

As such, computational modelling methods represent a more preferable and cost-effective approach.

Among the commonly employed structural modelling techniques are the Finite Element Method

(FEM) and the Boundary Element Method (BEM). While FEM finds broad application across var-

ious structural problems, BEM offers distinct advantages by significantly reducing computational

demands, rendering it a particularly suitable choice for reliability analysis.
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1.1. Boundary Element Method (BEM)

1.1 Boundary Element Method (BEM)

Modern engineering structures exhibit increasing complexity in terms of both their materials and

geometric configurations. Computational tools such as the Finite Element Method (FEM) and the

Boundary Element Method (BEM) provide engineers with the means to perform structural analyses

with reasonable modelling efforts. FEM has higher popularity due to the availability of numerous

commercial software packages. Nevertheless, BEM offers its unique advantages, particularly in

reducing the dimensionality of structural problems. In BEM, only the structure’s boundaries are

required to be modelled, leading to a significant reduction in computational demand compared

to methods involving domain meshing. BEM results in a smaller system of equations, facilitating

efficient evaluation when assessing a structure’s sensitivity to its design parameters, making it

more suitable for reliability analysis.

Following the initial development of the Boundary Element Method (BEM), a specialized variant

known as Dual Boundary Element Method (DBEM) emerged, primarily designed for addressing

crack-related problems [10]. DBEM not only inherits the advantages of BEM but also offers the dis-

tinct capability of facilitating simple and automatic crack increment for crack growth simulations,

without the need for geometry remeshing. The DBEM has found broad applications in resolving

crack-related issues within anisotropic materials [11], plate structures [12], and shell configura-

tions [13], etc. DBEM enables continuous modelling of crack surfaces, allowing for the evaluation

of stress intensity factors using methods such as the J-integral or the Crack Surface Displacement

Extrapolation (CSDE) technique. With its superior computational efficiency, DBEM emerges as

a particularly valuable tool for scenarios requiring a high amount of crack simulations, making it

a valuable tool for statistical fracture analysis and fatigue life assessment.

For an in-depth exploration of the historical evolution of the Boundary Element Method (BEM)

can be found in the work of Aliabadi [6]. However, this thesis distinctively narrows its focus to

the formulation of anisotropic BEM and the formulation of shear deformable shell structures. As

such, a comprehensive understanding of these specific aspects is elaborated in Chapter 2.
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1.2. Equivalent Initial Flaw Size (EIFS)

1.2 Equivalent Initial Flaw Size (EIFS)

A common approach for studying fatigue accumulation in structures involves the estimation of

their fatigue life, under the assumption that there exist initially small flaws which developed into

critical fatigue sizes due to cyclic loading. This fundamental concept aligns with the USAF Air-

plane Damage Tolerance Requirement. Several factors contribute to the presence of these initial

small flaws, including material characteristics, the manufacturing environment (in terms of corro-

sion or wear), and the loading conditions. Consequently, a crucial aspect is the determination of

the initial flaw distribution. Therefore, it is important to determine the initial flaw distribution.

Determining the actual initial flaw size (IFS) is often challenging, and measuring the IFS for each

component is impractical. According to the principles of damage tolerance design, it is assumed

that the actual IFS is slightly smaller than the detectable limit of Non-Destructive Inspection

(NDI) techniques [14]. Although this assumption serves as a basis for estimating fatigue life, the

actual IFS is frequently much smaller than the minimum size detectable by NDI. Consequently,

this results in a conservative estimate of the fatigue life, which may lead to the need for more

frequent inspections than might actually be necessary. Consequently, this approach increases both

maintenance costs and human effort. Therefore, it is important to accurately determine the fa-

tigue life to establish an inspection interval that aligns with safety and economic considerations.

However, determining fatigue life presents numerous challenges. Among them is the difficulty in

precisely measuring the initial flaw size, particularly when dealing with very small flaws, such

as the 3 µm cracks commonly measured in thin 2024-T3 sheet materials [15]. These tiny flaws

often fail to be detected by conventional NDI methods. Furthermore, obtaining an appropriate

model for the growth of short cracks introduces further complications, given that the propagation

of such small cracks is largely influenced by the material’s microstructure [16], thus increase the

complexity of modelling their expansion.

To mitigate the complexities mentioned above, the concept of Equivalent Initial Flaw Size (EIFS)

was introduced. EIFS, although not representing a physical entity itself, serves as a parameter for

calibrating models in long crack growth, such as the Paris Law. The EIFS is typically inferred from

a structure’s loading history and then conducting a backward analysis to determine the crack’s

size at the beginning of the process. Once EIFS is determined for a given structure, it can be
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extrapolated for use in analogous structures subjected to similar loading conditions, such as an

entire fleet of aircraft. The EIFS emerges as an important concept within the domain of durability

analysis.

As previously mentioned, EIFS is extrapolated from historical data regarding crack propagation.

However, obtaining substantial real-world inspection data for a specific component has consider-

able challenges, and conducting experimental statistical analyses involving uncertainties is often

impractical. Hence, a valid numerical approach has been adopted to simulate inspection data. Ow-

ing to the aforementioned advantages associated with DBEM, it emerges as the preferred choice

for EIFS inference in crack propagation modelling.

1.3 Aims and Objectives

The main objective of the research presented in this thesis is to enhance the utilization of the

boundary element method in the field of structural reliability evaluation and fatigue assessment

for various structures. This encompasses the subsequent areas of focus:

1. To develop an Implicit Differentiation-Based (IDM) Reliability Analysis for Shal-

low Shell Structures using the BEM.

• The research delves into the sensitivity analysis of shallow structures with respect to

design parameters of shallow shell structures. This assessment is conducted through

the derivation of direct derivatives of the BEM formulations using the Implicit Differ-

entiation Method (IDM). Shallow shell problems are of great significance in engineering

design due to their extensive application in aircraft and naval structures, owing to the

advantages of low weight and high strength. The integration of reliability analysis

with the BEM for shell structures has been relatively unexplored in the literature. In

this work, the implicit derivatives of the BEM formulations for shear deformable shell

structures with respect to geometric variables, such as curvature and thickness, are de-

rived for the first time. The IDM is employed with the First-Order Reliability Method

(FORM) to assess the reliability of shallow shell structures and the sensitivity of the

reliability index to design parameters. Once the sensitivity of the structure is obtained,
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1.3. Aims and Objectives

it can be further employed in conjunction with Reliability-Based Design Optimization

(RBDO), showcasing the practical applications of the IDM formulations.

2. Develop the IDM formulation for cracked shell structure and perform fatigue

reliability assessment using FORM.

• The research focuses on the evaluation of the Implicit Differentiation Method (IDM)

formulation by directly differentiating the Dual Boundary Element Method (DBEM)

shell formulation concerning various design parameters. The study of fatigue holds sig-

nificant importance within the field of structural design, with particular emphasis on the

assessment of stress intensity factors (SIFs) and their sensitivity to design parameters.

Within structural engineering, fatigue reliability is a critical characteristic, quantifying

the likelihood of component failure during its operational lifespan. The assessment of

fatigue reliability can assist in determining optimal inspection intervals, thereby en-

hancing safety and cost-effectiveness. While the most relevant previous research has

address reliability analysis for structures with cracks in shear deformable plates, this

thesis addresses an unexplored topic by applying DBEM to reliability analysis in the

context of shallow shell problems.

3. Develop formulation for estimating the EIFS for anisotropic structures

• The research introduces a novel methodology for estimating the fatigue life of an

anisotropic structure with uncertainties in the crack growth parameters. A noteworthy

aspect of this study is its novel utilization of statistical inference to determine the Equiv-

alent Initial Flaw Size Distribution (EIFSD) in anisotropic material using the DBEM.

Estimating the fatigue life of a structural component presents a significant challenge,

primarily due to the small and difficult-to-measure initial flaw size, as well as the com-

plex growth behaviour of such flaws, particularly in anisotropic materials. To address

this, the Dual Boundary Element Method (DBEM) is employed, a highly efficient com-

putational approach for fatigue modelling. Within the existing literature, DBEM has

not yet been applied to model anisotropic structures for inferring EIFSD. Once EIFSD is

inferred for a given structural component, it can be extrapolated to similar components
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exposed to similar loading conditions. This information is important in establishing

optimal intervals for routine inspections, thus promoting safety and cost-effectiveness.

4. Develop formulation for estimating the EIFS for shallow shell structures

• The work introduces an approach for inference of EIFS in shallow shell structures, ac-

commodating uncertainties in geometrical parameters, load conditions, and parameters

governing crack growth. A distinctive aspect of this study is its pioneering use of sta-

tistical inference techniques to determine the EIFSD within shallow shell structures,

employing the DBEM. This application of DBEM in modelling shallow shell structures

for EIFSD inference has not yet been performed in the existing literature. The com-

plexity of the shallow shell DBEM formulation poses significant computational and

dimensional challenges. To mitigate these issues, the research incorporates a Multi-

fidelity surrogate model strategy, enhancing computational efficiency. The study also

delves into the influence of surrogate model quality on the overall inference process,

providing insights into the relationship between model precision and the efficiency of

Bayesian inferences.

1.4 Author’s Published Work

1.4.1 International Journals

1. Zhuang, M; Morse, L.; Sharif-Khodaei, Z.; Aliabadi, M.H.; Statistical inference of the Equiv-

alent Initial Flaw Size Distribution for an anisotropic material with the Dual Boundary

Element Method, International Journal of Fatigue, 158 (2022), p. 106702.

2. Zhuang, M; Morse, L.; Sharif-Khodaei, Z.; Aliabadi, M.H.; Implicit differentiation-based reli-

ability analysis for shallow shell structures with the Boundary Element Method, Engineering

Analysis with Boundary Elements, 156 (2023), p. 223-238.

3. Zhuang, M; Morse, L.; Sharif-Khodaei, Z.; Aliabadi, M.H.; Reliability Analysis of Fatigue

Crack Growth in Shallow Shell Structures using the Dual Boundary Element Method, The-

oretical and Applied Fracture Mechanics, (under review).
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1.4.2 International conferences

1. Zhuang, M; Morse, L.; Sharif-Khodaei, Z.; Aliabadi, M.H.; Statistical Inference of Equivalent

Initial Flaw Size Distribution for Fatigue Analysis of an Anisotropic Material Proceedings of

conference: International Conference of Fracture and Damage Mechanics (FDM). Malaga,

Spain. September 2022.

2. Zhuang, M; Morse, L.; Sharif-Khodaei, Z.; Aliabadi, M.H.; Reliability-based Fracture Anal-

ysis for Shallow Shell Structure with the Dual Boundary Element Method. Proceedings of

conference: International Conference of Fracture and Damage Mechanics (FDM). London,

United Kingdom. September 2023.

1.5 Thesis Overview

An overview of the structure of the rest of the thesis are listed as follows:

• Chapter 2: Fundamental Concepts of the DBEM for Anisotropic 2D Structure,

Shear Deformable Shell Structure. This chapter will introduce the fundamental for-

mulations used in the DBEM for both anisotropic structures and shallow shell structures.

The concept of fracture mechanics will be introduced which includes the fracture modes

considered for different types of structures and the strategy used in the modelling of crack

propagation in DBEM. Hence, the methodology for evaluating the crack tip stress intensity

factor will be introduced. The chapter also includes the fundamental concept of reliability

analysis encompasses the MCS and FORM.

• Chapter 3: Reliability Analysis of the Shallow Shell Structure. This chapter will

introduce the fundamental concept of the reliability analysis followed by the IDM formu-

lation of the BEM for evaluating the sensitivity of the structure response with respect to

design parameters. Numerical examples will be presented and the application of the ob-

tained sensitivity formulations to the Reliability-Based Design Optimisation n (RBDO) will

be discussed. The work presented in this chapter is based on article 2 in section 1.4.1.
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• Chapter 4: Reliability Analysis of Fatigue Crack Growth in Shallow Shell Struc-

ture. This chapter will introduce the IDM formulations of the DBEM for evaluating the

sensitivity of the SIFs with respect to the design parameters. Numerical examples will be

presented with fracture reliability assessment and fatigue life reliability assessment. The

work presented in this chapter is based on article 3 in section 1.4.1 and article 2 in section

1.4.2.

• Chapter 5: Statistical Inference of EIFS for engineering structure. The fundamen-

tal concept of the EIFS which included the theory of the Bayesian updating method and the

application of the surrogate modelling in reducing the computational efforts. The chapter

is divided into two parts, with the first part focusing on the 2D anisotropic structures with

single fidelity Kriging model. The work presented in this part is based on article 1 in section

1.4.1 and article 1 in section 1.4.1. The second part investigates the inference of EIFS on a

shallow shell structure with multi-fidelity Co-Kriging model.

• Conldusion and Future Works. This chapter will include a summary of the key founding

from the work presented in this thesis and the potential further research contained is provided.
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Chapter 2

Fundamental Concept of BEM

The origins of the understanding of ’fatigue’ as a structural phenomenon can be traced back to

the Versailles rail accident in Menudo in 1842. This catastrophic event was triggered by the failure

of a locomotive axle, an incident that highlighted the critical factors of stress concentration and

the effects of repeated cyclic loading. The subsequent investigation into this accident marked the

beginning of a scientific inquiry into the concept of fatigue. As researchers delved deeper into the

field of fracture mechanics, a more comprehensive understanding of how cyclic loading impacts

structural integrity has been developed. These early explorations laid the foundation for modern

structural design, with advanced numerical tools to predict the fatigue life of structures. Today, as

engineering structures become increasingly complex in terms of geometry and materials, ongoing

research in fatigue mechanics aims to mitigate crack propagation and establish efficient and reliable

structural designs.

Structural mechanics plays a pivotal role in the analysis of crack behaviour, with the stress intensity

factor serving as a crucial parameter for such investigations. While analytical solutions for stress

intensity factors are readily available for structures with simple geometries and loading conditions

[17], complex structures often demand the use of numerical methods. These numerical tools

encompass the Finite Element Method (FEM), Virtual Element Method (VEM), and Boundary

Element Method (BEM).

Among these numerical methodologies, FEM and VEM, categorized as domain mesh methods,

require the meshes in the entire structure into mesh elements. In contrast, BEM presents an
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intriguing alternative, characterized by a unique advantage in dimensional reduction. For 2D

problems, BEM solely necessitates meshing of the line boundary, yielding smaller system matrices

and reducing modelling efforts. This attribute proves particularly advantageous when requiring

large amounts of simulations, such as Monte Carlo Simulations (MCS) or the First Order Reliability

Method (FORM), where the computation of first-order derivatives plays a pivotal role.

Furthermore, BEM emerges as the method of preference over domain mesh methods for the analysis

of crack growth. It enables the automatic tracking of crack propagation with minimal re-meshing

requirements. In BEM, the re-meshing process involves only the addition of new elements at the

crack tips, simplifying the modelling effort when frequent adjustments in multiple geometric and

loading variables are required. This adaptability makes BEM an ideal choice for applications such

as fatigue reliability analysis or optimization problems.

A complexity encountered when employing the Boundary Element Method (BEM) to address

problems involving cracked bodies is the occurrence of a singular system matrixA. This singularity

arises from coincident elements along the crack surfaces. When collocating boundary elements

along these surfaces, two identical rows of equations emerge. These repeated rows result in an

ill-conditioned matrix A, making it impossible to obtain a unique solution.

To address this challenge, an alternative formulation of the Boundary Element Method (BEM)

has been introduced, which includes notable techniques such as the sub-region method [18] and

the Dual Boundary Element Method (DBEM) [19]. In the sub-region method, the crack surface is

treated as an outer boundary for each subdivided region. However, a drawback of this approach

is the increase in the resulting matrix A size as it introduces additional boundaries, leading to

increased computational demands. On the other hand, DBEM tackles the problem within a single

region. The singularity issues that arise in the system are resolved by applying the displacement

integral equation on one side of the crack surface and the traction integral equation on the other.

This approach has demonstrated its efficiency in numerous numerical examples such as analysis of

multi-site damage in nonhomogeneous structure [20], probabilistic fracture analysis with a large

number of simulations [21, 22], plate bending problem [23] and dynamic crack propagation [24].

This chapter provides an overview of the BEM and the structure of the chapter is as follows:

section 2.1 presents the DBEM formulations for the anisotropic structure and methods [2, 25]
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for evaluating the stress intensity factor. Section 2.2 outlines the DBEM formulations for the

shell structure [13, 26] and hence the methodology for evaluating the stress intensity factors. The

formulations provided in this chapter are used in the later chapter as the method of numerical

modelling and only a brief overview is given for the sake of completeness.

2.1 Dual Boundary Element Method for anisotropic 2D

structures

The utilization of composite materials has witnessed a rapid and remarkable expansion. Compos-

ite materials have emerged as one of the most extensively utilized materials in structural design.

Their primary allure lies in their ability to provide high strength and stiffness while maintaining

a lightweight nature. Engineers have the flexibility to customize composite structures to precisely

match the requirements of specific applications through the design of artificial composites [27]. In

most cases, these materials exhibit anisotropic behaviour concerning stiffness and strength. This

anisotropy underscores the importance of considering these factors when conducting structural

analysis, especially in the context of fracture analysis.

The analysis of fractures in anisotropic materials has been effectively established within the

FEM [28–30]. The DBEM formulation, tailored for anisotropic and composite materials, was

first introduced by Sollero [2, 25]. This approach incorporated complex numbers to formulate

anisotropic elastostatics for addressing mixed-mode crack problems. Over the past few decades,

the development of DBEM for fracture analysis in anisotropic materials has gained significant in-

terest within the research community. The interest has led to a range of applications, such as the

study of multi-site damage in infinite plates [31], free vibration analysis [32], crack propagation

prediction via shape sensitivity [33], and the study of cracks in piezoelectric materials [34]. For

a more comprehensive collection of examples, one may refer to the journal ”Engineering Analysis

with Boundary Elements.”

This section offers an introductory overview into the DBEM formulation for 2D anisotropic mate-

rials. The discussion encompasses the boundary integral equation and the methodology employed

to compute the stress intensity factor. The formulations presented herein are based on the foun-
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dational work of Sollero [2,25,35]. For a more exhaustive understanding of this methodology, one

can refer to the corresponding work.

2.1.1 Somigliana’s Identities and Fundamental Solutions for Displace-

ment and Stress

This section presents the formulations of the Boundary Element Method (BEM) and the Dual

Boundary Element Method (DBEM) as originally developed in the works of Aliabadi [6] and

Sollero [35]. In the context of these formulations, Latin letter indices (e.g., i, j, k) are constrained

to values of either 1 or 2.

The development of the boundary element integration technique for addressing elastostatic prob-

lems is rooted in the utilization of Betti’s reciprocal work theorem, which applies to two self-

equilibrated states. A thorough derivation of the equations can be found in the references of

Aliabadi [6] and Portela [10]. Nevertheless, this section offers a brief summary of the relevant

concepts.

The expression for Somigliana’s identity, which characterizes displacement and tractions in the

absence of body forces, can be formulated as follows:

ui (z
′) +

∫
Γ

Tij (z
′, z)uj(z)dΓ(z) =

∫
Γ

Uij (z
′, z) tj(z)dΓ(z) (2.1)

where uj and tj denote the displacement and traction at the boundary, respectively. The points

z′ and z are introduced as the source and field points, respectively, within a complex plane, and

their precise definitions are as follows:

zk = x1 + µkx2, zk
′ = x1′+ µkx2′ (2.2)

The values of µk can be determined by solving the characteristic equation, which involves the

utilization of the compliance matrix coefficients aij:

a11µ
4 − 2a16µ

3 + (2a12 + a66)µ
2 − 2a26µ+ a22 = 0 (2.3)
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The fundamental solution, which was derived as the solution for a point source acting on an infinite

anisotropic plate, plays a pivotal role in solving boundary integral equations. A comprehensive

derivation of these fundamental solutions can be found in the work conducted by Sollero [2]. The

fundamental solution for displacement Uij and traction Tij at a source point z′ and a field point z

is defined as:

Uij (z
′, z) = 2Re [pj1Ai1 ln (z1 − z′1) + pj2Ai2 ln (z2 − z′2)]

Tij (z
′, z) = 2Re

[
1

(z1 − z′1)
qj1 (µ1n1 − n2)Ai1 +

1

(z2 − z′2)
qj2 (µ2n1 − n2)Ai2

] (2.4)

where nj is the normal vector and

[pik] =

 a11µ
2
k + a12 − a16µk

a12µk + a22/µk − a26

 (2.5)

[qjk] =

 µ1 µ2

−1 −1

 (2.6)

and complex constant matrix Aij is :
1 −1 1 −1

µ1 −µ̄1 µ2 −µ̄2

p11 −p̄11 p12 −p̄12

p21 −p̄21 p22 −p̄22





Ai1

Āi1

Ai2

Āi2


=



δi2/(2πi)

−δi1/(2πi)

0

0


(2.7)

Where δij denotes the Kronecker delta function, and the overbar represents the complex conjugate.

The displacement gradient tensor can be derived by taking the derivative of Eq. 2.1 with respect

to the source point, which can be expressed as:

ui,k (z
′) +

∫
Γ

Tij,k (z
′, z)uj(z)dΓ(z) =

∫
Γ

Uij,k (z
′, z) tj(z)dΓ(z) (2.8)
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where the derivatives of the displacement and traction fundamental solution are given by:

Uij,k (z
′, z) = 2Re

[
1

z1 − z′1
Rk1pj1Ai1 +

1

z2 − z′2
Rk2pj2Ai2

]
Tij,k (z

′, z) = −2Re

[
1

(z1 − z′1)
2 Rk1qj1 (µ1n1 − n2)Ai1 +

1

(z2 − z′2)
2Rk2qj2 (µ2n1 − n2)Ai2

] (2.9)

where

[Rkl] =

 1 1

µ1 µ2

 (2.10)

The strain is defined as ϵik(z
′) = 1

2
[ui,k(z

′)+uk,i(z
′)]. After obtaining the displacement gradient, the

stress can be determined using Hooke’s law for anisotropic materials, given by σi(z
′) = Q̄ijϵj(z

′),

where Q̄ij represents the stiffness matrix. The stress integral equation can be formulated as follows:

σij (z
′) +

∫
Γ

Skij (z
′, z)uk(z)dΓ(z) =

∫
Γ

Dkij (z
′, z) tk(z)dΓ(z) (2.11)

the corresponding kernel Skij can be obtained by Hooke’s law with the fundamental solution of

displacement gradient in Eq.(2.9)


S11j(z

′, z)

S22j(z
′, z)

S21j(z
′, z)

 = −


Q̄11 Q̄12 Q̄16

Q̄21 Q̄22 Q̄26

Q̄16 Q̄26 Q̄66




T1j,1(z
′, z)

T2j,2(z
′, z)

1
2
(T1j,2(z

′, z) + T2j,1(z
′, z))

 (2.12)

and 
D11j(z

′, z)

D22j(z
′, z)

D21j(z
′, z)

 = −


Q̄11 Q̄12 Q̄16

Q̄21 Q̄22 Q̄26

Q̄16 Q̄26 Q̄66




U1j,1(z
′, z)

U2j,2(z
′, z)

1
2
(U1j,2(z

′, z) + U2j,1(z
′, z))

 (2.13)

2.1.2 Boundary Integral Equations

The equations presented in Equations 2.1, 2.8, and 2.11 are applicable for any source point located

within the domain Ω, i.e., z′ ∈ Ω. However, when dealing with source points situated on the

boundary Γ, the boundary integral equations can be derived by considering the limit z′ ∈ Γ.

Chapter 2. Fundamental Concept of BEM 33



2.1. Dual Boundary Element Method for anisotropic 2D structures

Consequently, the displacement boundary integral equation takes the following form:

cij (z
′)ui (z

′) +−
∫
Γ

Tij (z
′, z)uj(z)dS =

∫
Γ

Uij (z
′, z) tj(z)dS (2.14)

where the coefficient Cij(z
′) = δij/2 is applicable for smooth boundary 2D problems. The utiliza-

tion of the Cauchy principal value integration −
∫
is necessary due to the fact that taking the limit

of the integral of the fundamental solution Tij would lead to an improper integration. In a similar

manner, the stress boundary integral equation can be derived as follows:

1

2
σij (z

′) + =

∫
Γ

Skij (z
′, z)uk(z)dΓ(z) = −

∫
Γ

Dkij (z
′, z) tk(z)dΓ(z) (2.15)

where =
∫

denotes the Hadamard principal value integral. The relationship between traction and

stress is expressed as ti = σijnj. Consequently, the traction boundary integral equation can be

derived by multiplying the normal vector ni with the equation mentioned above

1

2
tj (z

′) + ni (z
′)=

∫
Γ

Skij (z
′, z)uk(z)dΓ(z) = ni (z

′)−
∫
Γ

Dkij (z
′, z) tk(z)dΓ(z) (2.16)

2.1.3 Numerical Implementation

In the BEM, the structural boundaries are divided into a set of Ne discrete elements, enabling

the representation of the boundary Γ as the summation of these individual elements, expressed as

Γ =
∑Ne

n=1 Γn, where n denotes the enumeration of the elements. The discretized expression for

the displacement integral equation can be formulated as follows:

cij(z
′)ui (z

′) +
Ne∑
n=1

−
∫
Γn

Tij (z
′, z)uj(z)dΓn =

Ne∑
n=1

∫
Γn

Uij (z
′, z) tj(z)dΓn (2.17)

and the discretized expression for the traction integral equation as:

1

2
tj (z

′) + ni (z
′)

Ne∑
n=1

=

∫
Γn

Skij (z
′, z)uk(z)dΓn = ni (z

′)
Ne∑
n=1

−
∫
Γn

Dkij (z
′, z) tk(z)dΓn (2.18)
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The accuracy of the numerical approximation of boundary displacement and traction depends

upon the number of nodes employed within each element. Commonly adopted types of elements

encompass constant, linear, and quadratic elements. In the case of linear elements, two nodes are

employed per element, resulting in a linear approximation of the displacement and traction fields.

However, it is important to note that the limitation of linear elements becomes apparent when

dealing with structures featuring curved geometries, as they require more elements to adequately

represent the boundary. Consequently, this work employs quadratic elements throughout. The

displacement and traction can be represented as a summation of nodal components utilizing the

continuous quadratic element shape function, as follows:

ui(ζ) =

Nl∑
l=1

Φn
l (ζ)u

nl
i , ti(ζ) =

Nl∑
l=1

Φn
l (ζ)t

nl
i , zk(ζ) =

Nl∑
l=1

Φn
l (ζ)z

nl
k (2.19)

Nl represents the number of nodes in element n. The variables uni and tni denote the displacement

and traction values at node l of element n. The shape functions are denoted as Φn
l , and for

continuous quadratic elements, these functions are expressed as follows:

Φn
1 =

1

2
ζ(ζ − 1), Φn

2 = 1− ζ2, Φn
3 =

1

2
ζ(ζ + 1) (2.20)

where ζ is a nondimensional local coordinate within the element, defined over the interval −1 ≤

ζ ≤ +1. The integral in Equation 2.14 is now computed within each element with respect to the

local coordinate and can be expressed as:

cij(ζ
′)ui (ζ

′) +
Ne∑
n=1

Nl∑
l=1

unlj −
∫ +1

−1

Tij (ζ
′, z(ζ)) Φn

l J(ζ)d(ζ) =
Ne∑
n=1

Nl∑
l=1

tnlj

∫ +1

−1

Uij (z
′, z(ζ)) Φn

l J(ζ)d(ζ)

(2.21)

where

J(ζ) =|

√
(
dx1
dζ

)2 + (
dx2
dζ

)2 |=| dΓn
dζ

| (2.22)

By sequentially applying the equations outlined above to each node, a system of equationsHu = Gt

can be established to describe boundary displacements u and tractions t. In this system, H en-

compasses the integrals of the fundamental solution Tij, while G includes the integrals of the
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fundamental solution Uij. This equation can be rearranged into the form where the final system

of equations becomes Ax = b, with A representing a matrix of coefficients, x being a vector of

unknown boundary displacements and tractions, and b containing known boundary conditions.

2.1.4 Dual Boundary Element Method Formulations

When simulating crack propagation, the upper and lower crack surfaces are treated as coincident

surfaces, meaning that their nodes share the same coordinates. This situation can lead to the

formation of an ill-conditioned matrix A due to the introduction of two identical rows for both

crack surfaces. There are several approaches to address this challenge, including the sub-region

method [18] and the Dual Boundary Element Method (DBEM) [19]. The sub-region method

introduces additional boundaries within the domain to separate the two crack surfaces, ensuring

they do not overlap within the same domain. However, it’s important to note that this method can

be computationally expensive due to the additional equations that must be solved. In contrast,

the DBEM offers an alternative solution. It employs two independent boundary integral equations,

allowing the displacement integral equation to be applied to one crack surface while simultaneously

using the traction integral equation on the other during the collocation process

Consider a geometry with a crack in Figure 2.1. S+
c and S−

c denote the upper and lower surface

respectively, the rest of the boundary is denoted as Se. The total surface of the body is Γ =

Γe + Γ+
c + Γ−

c .
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Figure 2.1: Figure shows the structure containing upper and lower crack surfaces labelled as Γ+

and Γ−. The structure’s overall boundary is composed of Γ = Γe + Γ+ + Γ−, where Γe represents
the outer boundary. The enclosed domain within this boundary is designated as Ω. The source

points corresponding to the upper and lower crack surfaces are denoted as x+ and x−,
respectively.

The displacement integral equation is used for nodal collocation on the upper surface z+ and

can be written as:

1

2
uj
(
z+
)
+

1

2
uj
(
z−
)
+

Ne∑
ne=1

−
∫
Γne

Tij (z
′, z)uj(z)dΓne =

Ne∑
ne=1

∫
Γne

Uij (z
′, z) tj(z)dΓne (2.23)

The traction integral equation is used for collocation of the lower surface nodal points z− and is

given as follows:

1

2
tj
(
z−
)
− 1

2
tj
(
z+
)
= ni

(
z−
) Ne∑
ne=1

−
∫
Γne

Dkij

(
z−, z

)
tk(z)dΓne−ni

(
z−
) Ne∑
ne=1

=

∫
Γne

Skij
(
z−, z

)
uk(z)dΓne

(2.24)

The numerical discretization process is implemented in a manner similar to Eq.(2.21), utilizing the

local coordinate ζ as presented in Eq.(2.19). Collocation is carried out following specific equations:

for the upper crack surface S+
c , Eq.(2.23) is applied; for the lower crack surface S−

c , Eq.(2.24) is

used; and for the remaining boundary nodal points, Eq.(2.21) guides the collocation. As described

above, collocation is performed at all nodal points. This results in a system of equations that can

be assembled into the form Hu = Gt, which is then rearranged into the matrix equation Ax = b.

Note that improper integrations occur during the integration of the fundamental solution Tij due
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to the introduction of a singularity of order O(1/r) in the integrand. To handle this singularity, the

Cauchy principal value integral technique was employed. Similarly, when integrating Skij and Dkij,

singularities of order O(1/r2) and O(1/r) emerge, respectively. In the case of Skij, the singularity

was addressed using the Hadamard principal value integral, while for Dkij, the Cauchy principal

value integral was applied, following the same order as in the treatment of Tij. The details of the

treatment of the singularity in the equations were reviewed in Sollera [2] and Portela [10].

2.1.5 Evaluation of the Stress Intensity Factors

Fracture modes, as illustrated in Figure 2.2, are defined based on the relative movement of the crack

surfaces. In practice, crack deformation is not confined to these fundamental fracture modes alone.

Instead, cracks often experience a combination of these modes. Irwin’s work [36] has established

that this mixed-mode deformation can be effectively characterized through linear superposition.

In the context of 2D anisotropic structure analysis, only the mixed mode involving Mode I and

II was considered, while Mode III deformation was not taken into account, as the problem under

consideration is strictly two-dimensional.

Figure 2.2: Crack deformation modes: Mode I Opening/Tensile mode. Mode II Sliding/ In-plane
shear mode. Mode III Tearing/ Anti-plane shear mode. [1]

2.1.5.1 J-Integral technique

In the DBEM for the derivation of stress intensity factor, the path-independent integral approach

was widely used. The J-integral is one of the viable integral methods that does not depend on the

choice of intermediate integrate points on the contour. The J-integral is constructed by forming
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a circular contour around the crack tip. This path is established by connecting several internal

points around the crack, and by performing integration over these interior points to compute the J-

integral. Further information on the construction of the J-integral path can be found in Aliabadi’s

comprehensive work [6].

In the case of a 2D anisotropic body, the relationship between nodal displacement near the crack

tip and the stress intensity factor (SIF) can be expressed as:

 u1

u2

 =

√
2r

π

 D11 D12

D21 D22

 KI

KII

 (2.25)

where Dij is a function of anisotropic material property with the parameters given in Eq.(2.3) and

2.5.

D11 = Im
(
µ2p11−µ1p12

µ1−µ2

)
D12 = Im

(
p11−p12
µ1−µ2

)
D21 = Im

(
µ2p21−µ1p22

µ1−µ2

)
D22 = Im

(
p21−p22
µ1−µ2

) (2.26)

The SIF for mode I and model II are given as KI and KII .

The J-integral formulation is defined as:

Jk =

∫
C

(Wnk − tjuj,k) dC (2.27)

where C represents an arbitrarily chosen closed contour around the crack, and nk denotes the

outward unit normal on the contour elements. The computation of traction and displacement

gradient relies on the integral equations introduced in the previous section. Additionally, W

represents the strain energy per unit volume and is defined as:

W =
1

2
σαβϵαβ =

1

2
(σ11ϵ11 + σ22ϵ22 + σ12ϵ12) (2.28)

an example of contour used for the J-integral is given in Fig.2.3, where the contour path was

discretized into sub-elements and Eq.(2.27) was applied to each of the elements over the contour

C. For an anisotropic cracked homogeneous plate, the J-integral expressions in terms of stress
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Figure 2.3: Example of circular contour path used in the J-integral technique.

intensity factors are:

J1 = α11K
2
I + α12KIKII + α22K

2
II

J2 = β11K
2
I + β12KIKII + β22K

2
II

(2.29)

where αij are given in terms of compliance matrix coefficients aij and complex roots of the char-

acteristic equation µk:

α11 = −a22
2

Im

(
µ1 + µ2

µ1µ2

)
α22 =

a11
2

Im (µ1 + µ2)

α12 = −a22
2

Im

(
1

µ1µ2

)
+
a11
2

Im (µ1µ2)

(2.30)

the definition of coefficient βij includes material properties and the detailed expression can be

referred to in Sollero’s work [2].

2.1.5.2 The ratio of Relative Displacements Technique

the technique of employing the ratio of relative displacement is employed to decouple the SIF for

Mode I and Mode II. The expressions for relative opening and sliding displacements in terms of
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the stress intensity factors are as follows:

δ1 = 2

√
2r

π
(D11KI +D12KII)

δ2 = 2

√
2r

π
(D21KI +D22KII)

(2.31)

The ratio S of these relative displacements is:

S =
δ2
δ1

=
D21KI +D22KII

D11KI +D12KII

(2.32)

divide the right-hand-side of the equation by KII and denote the ratio of stress intensity factors

as F , the expression for F is given as:

F =
KI

KII

=
SD12 −D22

D21 − SD11

(2.33)

therefore KI can be written as KI = FKII . Substitute this relation into equation (2.31) gives

expression for KII :

KII =

(
J1

α11F ′2 + α12F + α22

) 1
2

(2.34)

2.1.5.3 Crack tip stresses and displacements

To determine the path of crack propagation and apply the fatigue criterion, information from the

stress field is essential. Taking into account an infinitesimal element located within a small region

around the crack tip, its centre is defined by polar coordinates (r, θ) relative to the origin located at

the crack tip. An illustration of these polar coordinates is provided in Figure 2.4. The formulation

of the stress field in the vicinity of the crack tip is derived based on the previous work of Sih, Paris,

and Irwin [37]. Specifically, for Mode I, the stress components are expressed as follows:

σI11 =
KI√
2πr

Re

[
µ1µ2

µ1 − µ2

(
µ2√

cos θ + µ2 sin θ
− µ1√

cos θ + µ1 sin θ

)]
σI22 =

KI√
2πr

Re

[
1

µ1 − µ2

(
µ1√

cos θ + µ2 sin θ
− µ2√

cos θ + µ1 sin θ

)]
σI12 =

KI√
2πr

Re

[
µ1µ2

µ1 − µ2

(
1√

cos θ + µ1 sin θ
− 1√

cos θ + µ2 sin θ

)] (2.35)
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Figure 2.4: Crack definition in the polar coordinate system. [2]

For Mode II deformation, the stresses are given as:

σII11 =
KII√
2πr

Re

[
1

µ1 − µ2

(
µ2
2√

cos θ + µ2 sin θ
− µ2

1√
cos θ + µ1 sin θ

)]
σII22 =

KII√
2πr

Re

[
1

µ1 − µ2

(
1√

cos θ + µ2 sin θ
− 1√

cos θ + µ1 sin θ

)]
σII12 =

KII√
2πr

Re

[
1

µ1 − µ2

(
µ1√

cos θ + µ1 sin θ
− µ2√

cos θ + µ2 sin θ

)] (2.36)

The evaluation of mixed-mode deformation involves the superposition of the individual modes.

This is achieved by summing the stress components corresponding to Mode I and Mode II. Con-

sequently, the stress fields around the crack tip can be expressed as follows:

σij = σIij + σIIij (2.37)

2.1.5.4 Model of Crack propagation

In this study, the determination of the crack propagation path relies on the application of the

maximum circumferential stress criterion. It is assumed that the crack propagates in the direc-

tion where the maximum circumferential stress occurs. In polar coordinates, the expression for
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circumferential stress σθθ, as defined in [2], is provided as follows:

σθθ = σ11 sin
2 θ + σ22 cos

2 θ − 2σ12 sin θ cos θ (2.38)

where σij represents the stresses at the crack tip. The circumferential stress can be determined

by combining Equations 2.35, 2.36, and 2.37, resulting in an expression in terms of θ, KI , KII ,

and the known material properties µk. Since the SIF can be determined using the methodology

introduced earlier, the circumferential stress becomes a function solely of θ. The propagation angle

θ can be identified as the value corresponding to the maximum magnitude of σθθ.

The direction of crack propagation, as determined from Equation 2.38, remains independent of the

crack increment size ∆a. This implies that the uniqueness of the crack propagation path cannot

be guaranteed when employing different increment sizes. Consequently, a correction procedure

must be applied to predict the actual crack path. This correction procedure can be summarized

as follows, in accordance with [3]:

Figure 2.5: correction of crack extension direction [3]

1. For the 1st iteration only: Evaluate the angle θn (θ
i
n = θn) at crack tip Pn using the maximum

circumferential stress criterion (Eq. 2.38) and extend the crack by the length ∆a to P i
n+1.

2. Evaluate the stress intensity factor and hence the angle θin+1 at crack tip P i
n+1 using the

maximum circumferential stress criterion (Eq. 2.38).
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3. Calculate the corrected direction by applying the following equation:

tan(θi+1
n ) =

1

2

[
tan(θn) + tan(θin + θin+1)

]
(2.39)

4. Repeat steps 2 and 3 while |∆θin| > β, where β = 0.1◦.

2.2 Dual Boundary Element Method for Shallow Shell Struc-

tures

Between the 1940s and 1950s, the aircraft and ship industry witnessed a series of unexpected

failures. Prior to this period, cracks were often regarded as insignificant parameters with minimal

impact on large structures. However, these incidents drove a significant shift towards the study

of fracture mechanics. One of the most infamous aviation accidents during this time was the

1954 crash of the COMET G-ALYU, documented in [4]. The aircraft crashed into the island of

Ela merely 20 minutes after takeoff. In subsequent fatigue investigations, the primary cause of

this catastrophic failure was traced back to fatigue within the pressurized cabin. The failure was

observed to propagate longitudinally along the fuselage during water pressure fatigue tests, as

illustrated in Fig. 2.6.

Chapter 2. Fundamental Concept of BEM 44



2.2. Dual Boundary Element Method for Shallow Shell Structures

Figure 2.6: View from inside of failure at the forward escape hatch on the port side COMET
G-ALYU. [4]

Another noteworthy incident is the Aloha Airline Flight 243 in 1988, where an unexpected

explosive decompression occurred. The primary damage involved the loss of a significant portion

of the fuselage structure, as shown in Fig. 2.7. This damage resulted from the failure of the

lap splice at the stringer, leading to multi-site damage at the rivet locations, as detailed in [38].

Following these incidents, extensive research has been conducted to gain a deeper understanding

of the structural behaviour of damaged fuselage panels.

Figure 2.7: Photo of the fuselage damage on Aloha Airline Flight 243, 1988. [5]
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A common approach when investigating complex structures like the fuselage is to simplify them

into more manageable structures. In the case of the fuselage, the corresponding simplified struc-

ture is often considered to be the shallow shell structure. Shallow shell problems are an important

subject in engineering design processes, owing to the widespread use of shallow shells in aircraft

and naval structures due to their favourable attributes of low weight and high strength.

The shallow shell formulations of the BEM were first developed by Dirgantara and Aliabadi [13,26]

for bending problems in shallow shell structures, drawing from the classic theory [39] and Reissner’s

theory for thin elastic shells [40], which considered transverse normal stress and transverse shear

deformation. Reissner’s plate theory was pivotal in deriving the fundamental solutions, with the

Dual Reciprocity Method (DRM) [41] employed to transfer the domain integrals to boundary inte-

grals. This approach has found applications across various works, such as the analysis of assembled

plate structures [42], addressing buckling concerns in shallow shells [43], and the study of compos-

ite shallow shell structures [44]. Additionally, fatigue assessments have been conducted using the

DBEM formulations, encompassing problems such as crack propagation in cortical bone [45], the

analysis of pressurized shells [46], and dynamic fracture assessments in plates [24,47].

This section introduces the formulation of the Dual Boundary Element Method (DBEM) for shal-

low shell structures, encompassing the method of evaluating the Stress Intensity Factors (SIFs).

2.2.1 Basic Theory of Shallow Shells

he classical theory of shallow elastic shells is comprehensively discussed in [39]. Building upon this

classical framework, Naghdi [48] and Reissner [40] extended the theory of shallow shells to encom-

pass transverse normal stress and shear deformation. The subsequent development of boundary

integral equations was conducted by Lu and Huang [49], along with the introduction of the Dual

Reciprocal method by Wen [41], played pivotal roles in the transformation of domain integral

equations into boundary integral equations. This section provides an overview of the Boundary

Element Method (BEM) formulations that have been developed specifically for shallow shell struc-

tures, drawing from the work presented in [13]. In this section, Latin letter indices (e.g., i, j, k)

span the range from 1 to 3, while Greek letter indices (e.g., α, β) encompass the range from 1 to

2.
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Figure 2.8: Definition of the generalised displacements and tractions and the curvatures for the
shell structure in the BEM. [6]

Consider the shell structure with a thickness denoted as h, as illustrated in Fig. 2.8. The

principal curvatures of the shell are represented as κ11 = 1/R1 and κ22 = 1/R2, where R1 and

R2 represent the radii of curvature of the shell in the x1 and x2 directions, respectively, while

κ12 = κ21 = 0. The shell is considered as thin if

max(
h

R
) ≤ 1

20
(2.40)

In the shear deformable shell theory, the Cartesian coordinate system in the x1 − x2 plane is

positioned on the middle plane, representing the projection of points originating from the middle

plane (x3 = 0). The top surface is positioned at x3 = +h/2, while the bottom surface is located

at x3 = −h/2. In this context, the conventional stress components are replaced with parameters

referred to as stress resultants.

The generalized displacement and tractions in this study are defined as follows: wα represents

the rotations in the x1 and x2 directions (denoted as ϕx1 and ϕx2, respectively), w3 corresponds

to the out-of-plane displacement normal to the middle surface. Furthermore, uα is employed to

denote the in-plane displacements in the x1 and x2 directions, labelled as u and v in the figure,

respectively. The parameters pα are introduced to characterize the bending tractions resulting from

stress couples (m1 and m2), while p3 denotes the shear traction due to the shear stress resultant.

Lastly, t1 and t2 are employed to represent the traction caused by the membrane stress resultant

in the x1 and x2 directions, respectively.
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The membrane stress resultants Nαβ and shear stress resultants Qα are defined as force per unit

length and are given as

Nαβ =

∫ +h/2

−h/2
(1 +

x3
Rγ

)σαβdx3 (2.41)

Qα =

∫ +h/2

−h/2
(1 +

x3
Rγ

)σα3dx3 (2.42)

where γ ̸= α. The bending stress resultants Mαβ are defined as bending and twisting moments

per unit length and are given as

Mαβ =

∫ +h/2

−h/2
(1 +

x3
Rγ

)x3σαβdx3 (2.43)

The membrane stress resultants are assumed to be uniform over the thickness, while the bending

and shear stress resultants are varied through the thickness [50]. To obtain the stress components,

the following relationship can be employed

(1 +
x3
Rγ

)σαβ =
1

h
Nαβ +

12x3
h3

Mαβ;


γ = β α ̸= β

γ ̸= β α = β

(1 +
x3
Rγ

)σα3 =
3

2h

[
1−

(
2x3
h

)2
]
Qα; γ ̸= α

(2.44)

The generalised traction components at a boundary point can be evaluated from the stress resul-

tants using the outward normal vector nβ on the boundary by

pα =Mαβnβ

p3 = Qαnα

tα = Nαβnβ

(2.45)

The equilibrium equation for the shallow shell problem considers the domain load qi acting on the

middle plane can be written in terms of the stress resultants as

Mαβ,β −Qα = 0 (2.46)
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Qα,α − καβNαβ + q3 = 0 (2.47)

Nαβ,β + qα = 0 (2.48)

where qi is the domain load acting over the middle plane. The stress resultants can be written in

terms of the displacement by the following relation

Mαβ = D
1− ν

2

(
wα,β + wβ,α +

2ν

1− ν
wγ,γδαβ

)
(2.49)

Qα = C(wα + w3,α) (2.50)

Nαβ = B
1− ν

2

(
uα,β + uβ,α +

2ν

1− ν
uγ,γδαβ

)
+B [(1− ν)καβ + νδαβκϕϕ]w3 (2.51)

where E denotes Young’s modulus and ν for the Poisson’s ratio. The tension stiffness B =

Eh/(1 − ν2), bending stiffness D = Eh3/[12(1 − ν2)] and the shear stiffness C = [D(1 − ν)λ2]/2

with λ =
√
10/h.

2.2.2 Boundary Integral Equations

The derivation of the boundary integral equation for shallow shell structures follows a methodology

similar to that presented in Section 2.1. The foundational framework encompassing boundary

integral equations and fundamental solutions was first introduced by Weeen [51]. For conciseness,

only the relevant equations are provided in this section, while the comprehensive derivation can

be referenced in the works of Dirgantara [13,26].

2.2.2.1 Displacement Boundary Integral Equations

The displacement integral equations for rotations, w1 and w2, and out-of-plane displacement, w3,

is:

cij (x
′)wj (x

′) +−
∫
Γ

P ∗
ij (x

′, x)wj(x)dΓ(x) =

∫
Γ

W ∗
ij (x

′, x) pj(x)dΓ(x)

−
∫
Ω

W ∗
i3 (x

′, X)καβB
1− ν

2

[
uα,β(X) + uβ,α(X) +

2ν

1− ν
uϕ,ϕ(X)δαβ

]
dΩ(X)

−
∫
Ω

W ∗
i3 (x

′, X)καβB ((1− ν)καβ + νδαβκϕϕ)w3(X)dΩ(X)

+

∫
Ω

W ∗
i3 (x

′, X) q3(X)dΩ(X)

(2.52)
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and the displacement integral equations for in-plane displacements, u1 and u2, are:

cθα (x
′)uα (x

′) +−
∫
Γ

T
∗(i)
θα (x′, x)uα(x)dΓ(x)

+

∫
Γ

U∗
θα (x

′, x)B [καβ(1− ν) + νδαβκϕϕ]w3(x)nβ(x)dΓ(x)

−
∫
Ω

U∗
θα (x

′, X)B [καβ(1− ν) + νδαβκϕϕ]w3,β(X)dΩ(X)

=

∫
Γ

U∗
θα (x

′, x) tα(x)dΓ(x) +

∫
Ω

U∗
θα (x

′, X) qα(X)dΩ(X)

(2.53)

with

cij(x
′) =


1
2
δij x′ ∈ Γ

1 X ′ ∈ Ω

(2.54)

In the provided equations, the symbol −
∫

denotes the Cauchy principal value integral. In this

context, x′ and x refer to the source and field points, respectively, with x ∈ Γ representing field

points on the boundary and X ∈ Ω representing points within the domain. Notably, W ∗
ij and U

∗
θα

represent fundamental solutions for displacements, while P ∗
ij and T

∗(i)
θα denotes the fundamental

solutions for tractions. The detailed and explicit expressions of these fundamental solutions are

outlined in Appendix A.

It is noteworthy that the terms qα and q3 denote membrane body forces and domain pressure

forces, respectively. The study presented in this work exclusively focuses on the loading condition

characterized by a uniform domain load q3 = constant and qα = 0. Consequently, the last integral

in Eq. (2.53) vanishes. The last integral in Eq. (2.52) can be reformulated and transformed into

a boundary integral through the application of the divergence theorem:

∫
Ω

W ∗
i3 (x

′, X) q3(X)dΩ(X) = q3

∫
Ω

W ∗
i3 (x

′, X) dΩ(X) = q3

∫
Γ

V ∗
i,α (x

′, x) dΓ(x) (2.55)

where V ∗
i,ϕϕ = W ∗

i3. The expression for V ∗
i,α is given in Appendix A. The remaining domain integral

in Eq.(2.52), (2.53) can be transformed into boundary integral by the Dual Reciprocity Technique

[52].
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2.2.2.2 Dual Reciprocity Method

This section presented the Dual Reciprocity Method for transforming the domain integrals into

boundary integral equations. The formulations and solutions presented are based on the derivation

provided in the work of Wen [41]. Consider the case when the domain force qα = 0, the displacement

boundary integral equations that are given in Eq. (2.52) and (2.53) contains six domain integrals.

ID1 =
∫
Ω
W ∗
i3w3dΩ, ID2 =

∫
Ω
W ∗
i3
∂u1
∂x1
dΩ

ID3 =
∫
Ω
W ∗
i3
∂u2
∂x2
dΩ, ID4 =

∫
Ω
W ∗
i3q3dΩ

ID5 =
∫
Ω
U∗
α1

∂w3

∂x1
dΩ, ID6 =

∫
Ω
U∗
α2

∂w3

∂x2
dΩ

(2.56)

rewriting Eq.(2.52), (2.53) with expanding the coefficient terms related to the curvature καβ and

substitute in with the domain integral in Eq.(2.56)

cij (x
′)wj (x

′) +−
∫
Γ

P ∗
ij (x

′, x)wj(x)dΓ(x) =

∫
Γ

W ∗
ij (x

′, x) pj(x)dΓ(x)

−B(κ11 + νκ22)I
D
2 −B(νκ11 + κ22)I

D
3

−B(κ211 + κ222 + 2νκ11κ22)I
D
1 + ID4

(2.57)

and

cθα (x
′)uα (x

′) +−
∫
Γ

T
∗(i)
θα (x′, x)uα(x)dΓ(x)

+

∫
Γ

U∗
θα (x

′, x)B [καβ(1− ν) + νδαβκϕϕ]w3(x)nβ(x)dΓ(x)

−B(κ11 + νκ22)I
D
5 −B(νκ11 + κ22)I

D
6

=

∫
Γ

U∗
θα (x

′, x) tα(x)dΓ(x)

(2.58)

The domain integrals can be solved by pairs of particular solutions using the radial basis functions

F (rm), where the displacement for a 2D problem can be approximated using the following form

uα(x1, x2) =
M∑
m=1

F (rm)αm (2.59)

where rm =| xα− x̂mα |=
√
(x1 − x̂m1 )

2 + (x2 − x̂m2 )
2 with x̂ = (x̂m1 , x̂

m
2 ) are the interpolation points

located on boundary or domain. M denotes the total number of interpolation points and αm is
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the interpolating coefficients. Written in matrix form, the coefficients αm can be found by:

α = F−1uα (2.60)

where uα = [uα1, uα2, ..., uαM ]T . F is obtained by computing the radial basis functions at each pair

of interpolation points and takes the form of

F =



F (| xα1 − xα1 |) F (| xα1 − xα2 |) ... F (| xα1 − xαM |)

F (| xα2 − xα1 |) F (| xα2 − xα2 |) ... F (| xα2 − xαM |)

. . ... .

. . ... .

F (| xαM − xα1 |) F (| xαM − xα2 |) ... F (| xαM − xαM |)


(2.61)

differentiating Eq.2.59 with respect to the interpolating points xα, the derivatives of the displace-

ment can be found as

∂uα(x1, x2)

∂xα
=

M∑
m=1

∂F (rm)

∂xα
αm (2.62)

The particular solutions were derived such that they satisfy the equilibrium equation of shear

deformable shallow shell structures.

Taking a pair of particular solutions [F (rm), ŵ
3
mk, p̂

3
mk] where the radial basis function F (rm) =

1 + rm, the domain internal equations ID1 and ID4 can be approximated as:

ID1 =
M∑
m=1

[
cik (x

′) ŵ3
mk (x

′)−
∫
Γ

W ∗
ik (x

′,x) p̂3mk(x)dΓ(x)

+ −
∫
Γ

P ∗
ik (x

′,x) ŵ3
mk(x)dΓ(x)

]
F−1w3

(2.63)

ID4 =
M∑
m=1

[
cik (x

′) ŵ3
mk (x

′)−
∫
Γ

W ∗
ik (x

′,x) p̂3mk(x)dΓ(x)

+−
∫
Γ

P ∗
ik (x

′,x) ŵ3
mk(x)dΓ(x)

]
F−1q3

(2.64)
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Similarly, taking a pair of particular solutions [F (rm), ŵ
α
mk, p̂

α
mk] where the radial basis function

∂F (rm)/∂xα = xα/r, the domain internal equations ID2 and ID3 can be approximated as:

ID2 =
M∑
m=1

[
cik (x

′) ŵ1
mk (x

′)−
∫
Γ

W ∗
ik (x

′,x) p̂1mk(x)dΓ(x)

+−
∫
Γ

P ∗
ik (x

′,x) ŵ1
mk(x)dΓ(x)

]
F−1u1

(2.65)

ID3 =
M∑
m=1

[
cik (x

′) ŵ2
mk (x

′)−
∫
Γ

W ∗
ik (x

′,x) p̂2mk(x)dΓ(x)

+ −
∫
Γ

P ∗
ik (x

′,x) ŵ2
mk(x)dΓ(x)

]
F−1u2

(2.66)

taking a pair of particular solutions [F (rm), û
1
mα, t̂

1
mα] where the radial basis function ∂F (rm)/∂x1 =

x1/r, the domain internal equations ID5 can be approximated as:

ID5 =
M∑
m=1

[
cαβ (x

′) û1mβ (x
′)−

∫
Γ

U∗
αβ (x

′,x) t̂1mβ(x)dΓ(x)

+ −
∫
Γ

T ∗
αβ (x

′,x) û1mβ(x)dΓ(x)

]
F−1w3

(2.67)

and for [F (rm), û
2
mα, t̂

2
mα] where the radial basis function ∂F (rm)/∂x2 = x2/r, the domain internal

equations ID6 can be approximated as:

ID6 =
M∑
m=1

[
cαβ (x

′) û2mβ (x
′)−

∫
Γ

U∗
αβ (x

′,x) t̂2mβ(x)dΓ(x)

+−
∫
Γ

T ∗
αβ (x

′,x) û2mβ(x)dΓ(x)

]
F−1w3

(2.68)

the M number of interpolation points were evenly distributed in the domain and are referred

to as DRM points in the following sections. The particular solutions (ûγmα, t̂
γ
mα) are derived

from solving the Galerkin vector for 2D plane stress, and (ŵimα, p̂
i
mα) for plate bending problem,

obtained through the implementation of radial basis functions. Detailed expressions for these

particular solutions can be found in the Appendix B.
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2.2.2.3 Numerical Implementations

Similar to the anisotropic BEM formulation, the boundary of a given structure can be discredited

into total Ne elements and each element n contains Nl nodal points. The local coordinate system

within element n is defined such that ζ ∈ [−1,+1] and the shape function at l node is denoted

as Φl. The Jacobian is defined in the same way as given in Eq.(2.22). The discretisation form of

Eq.(2.69) and (2.70) can be written as:

cij (x
′)wj (x

′) +
Ne∑
n=1

Nl∑
l=1

wnlj −
∫ +1

−1

P ∗
ij (x

′, x(ζ)) ΦlJn(ζ)dζ

=
Ne∑
n=1

Nl∑
l=1

pnlj

∫ +1

−1

W ∗
ij (x

′, x(ζ)) ΦlJn(ζ)dζ

−B(κ11 + νκ22)I
D
2 −B(νκ11 + κ22)I

D
3

−B(κ211 + κ222 + 2νκ11κ22)I
D
1 + ID4

(2.69)

and

cθα (x
′)uα (x

′) +
Ne∑
n=1

Nl∑
l=1

unlα −
∫ +1

−1

T
∗(i)
θα (x′, x(ζ)) ΦlJn(ζ)dζ

+
Ne∑
n=1

Nl∑
l=1

B [καβ(1− ν) + νδαβκϕϕ]w
nl
3 n

nl
β

∫ +1

−1

U∗
θα (x

′, x(ζ)) ΦlJn(ζ)dζ

−B(κ11 + νκ22)I
D
5 −B(νκ11 + κ22)I

D
6

=
Ne∑
n=1

Nl∑
l=1

tnlα

∫ +1

−1

U∗
θα (x

′, x(ζ)) ΦlJn(ζ)dζ

(2.70)

For continuous quadratic elements, the shape functions are defined as given in Eq.(2.19). Semi-

discontinuous elements are used for the discretisation at the corner to avoid the discontinuity of

the traction since the corners do not have a distinct normal vector. The shape function for semi-

discontinuous elements that are located at the local coordinate of ζ = −2/3, 0,+1 are defined

as

Φs1
1 =

9

10
ζ(ζ − 1), Φs1

2 = −3

2
(ζ − 1)(ζ +

2

3
), Φs1

3 =
6

10
ζ(ζ +

2

3
) (2.71)
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And the shape function for semi-discontinuous elements that are located at the local coordinate

of ζ = −1, 0,+2/3 are defined as

Φs1
1 =

6

10
ζ(ζ − 2

3
), Φs1

2 = −3

2
(ζ + 1)(ζ − 2

3
), Φs1

3 =
9

10
ζ(ζ + 1) (2.72)

In addition, for discrimination around the crack tip, special crack tip elements that have been

proposed in [53] are used.

2.2.2.4 Stress Resultant Boundary Integral Equations

The stress resultant boundary integral equation can be evaluated using the stress resultant -

displacement relationship in Eq.(2.49), (2.50), (2.51). The integral equation for stress resultant

can be found as

1

2
Mαβ (x

′) + =

∫
Γ

P ∗
αβγ (x

′,x)wγ(x)dΓ(x) +−
∫
Γ

P ∗
αβ3 (x

′,x)w3(x)dΓ(x)

= −
∫
Γ

W ∗
αβγ (x

′,x) pγ(x)dΓ(x) +

∫
Γ

W ∗
αβ3 (x

′,x) p3(x)dΓ(x)

+

∫
Ω

W ∗
αβ3 (X

′,x) q∗3dΩ(X)

(2.73)

and
1

2
Qβ (X

′) +−
∫
Γ

P ∗
3βγ (X

′,x)wγ(x)dΓ(x) + =

∫
Γ

P ∗
3β3 (X

′,x)w3(x)dΓ(x)

=

∫
Γ

W ∗
3βγ (X

′,x) pγ(x)dΓ(x) +−
∫
Γ

W ∗
3β3 (X

′,x) p3(x)dΓ(x)

+

∫
Ω

W ∗
3β3 (X

′,X) q∗3dΩ(X)

(2.74)

and
1

2
Nαβ (X

′) +−
∫
Γ

T
(i)∗
αβγ (X

′,x)uγ(x)dΓ(x)

+−
∫
Γ

U∗
αβγ (X

′,x)B [kαγ(1− ν) + νδαγkϕϕ]w3(x)nγ(x)dΓ(x)

= −
∫
Γ

U∗
αβγ (X

′,x) tγ(x)dΓ(x)

+

∫
Ω

U∗
αβγ (X

′,X) q∗γdΩ(X) +B [(1− ν)kαβ + νδαβkϕϕ]w3 (X
′)

(2.75)

where q∗3 = q3 − B(κ11 + νκ22)u1,1 − B(νκ11 + κ22)u2,2 − B(κ211 + κ222 + 2νκ11κ22)w3 and q∗α =

qα + B [(1− ν)kαβ + νδαβkϕϕ]w3,β. The symbol =
∫
denotes the Hadamard principal value integral.
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The kernels W ∗
iβk and P

∗
iβk are determined through the first derivative of the fundamental solution

W ∗
ij and P

∗
ij, while the kernels U

∗
αβγ and T

(i)∗
αβγ are derived from the first derivative of the fundamen-

tal solution U∗
θα and T

(i)∗
θα . Detailed expressions for these kernels are provided in the Appendix A.

The matrix representation of the results of the collocation employed in the Boundary Element

Method (BEM) is denoted as Hu = Gt, with H and G representing as the coefficient matrices. In

this context, u and t represent vectors comprising both known and unknown boundary displace-

ments and tractions. A rearrangement of this equation, wherein all the unknowns are aggregated

into X and all the known boundary displacements and tractions are encompassed in F, which

yields the following expression for the system of equations

AX = F (2.76)

2.2.3 Evaluation of the Boundary Stress Resultants

The determination of local stress resultants relies on transformation of the global displacement to

local system. At a given boundary point x′, the generalized displacement and traction in the local

coordinate system are represented as (ŵi, ûθ) and (p̂i, t̂θ), respectively. The conversion of global

paramters into the local coordinate system were conducted by incorporating the rotational matrix

êij, where

êij =


n1 n2 0

−n2 n1 0

0 0 1

 (2.77)

The local traction and displacement can be evaluated by

ŵi = êijwj ûθ = êθγuγ

p̂i = êijpj t̂θ = êθγtγ

(2.78)

The global displacement and traction were obtained by solving the system of boundary integral

equations in Eq.(2.76). The local bending stress resultants can be found using Eq.(2.49) and are
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defined as:

M̂1α = p̂α

M̂22 = νp̂1 +D(1− ν2)ŵ2,2

(2.79)

Once the local bending stress resultants are obtained, the global bending stress resultants can be

evaluated using the rotation matrix as:

Mαβ = êθαêγβM̂θγ (2.80)

The membrane stress resultants are defined such that:

N̂1α = t̂α

N̂22 = νt̂1 +B(1− ν2)û2,2 +B(1− ν2)κ̂22ŵ3

(2.81)

where the local curvature can be found by κ̂22 = n2
2κ11 + n2

1κ22. The global membrane stress

resultant can be found by using the rotation matrix:

Nαβ = êθαêγβN̂θγ (2.82)

The shear stress resultant can be evaluated as:

Q̂1 = p̂3

Q̂2 = D
1− ν

2
λ2(ŵ2 + ŵ3,2)

(2.83)

The global shear stress resultant at a boundary point is therefore

Qα = êβαQ̂β (2.84)

Note that in the above equations, the derivatives of the displacement are required to be computed.

The displacement can be approximated through the utilization of the shape function Φnl in an

element by

ŵj = Φnlŵnl
j ûθ = Φnlûnl

θ (2.85)
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The definition of the element shape function aligns with the previous section. Consequently, the

evaluation of displacement derivatives entails the transformation of the global generalized displace-

ment into the local coordinate system. Subsequently, the approximations of these derivatives are

facilitated through the utilization of the element shape function, as follows

ŵi,2 =
∂Φnl

∂ζ
êijw

nl
j

∂ζ

∂x2(x′)

ûθ,2 =
∂Φnl

∂ζ
êθγu

nl
γ

∂ζ

∂x2(x′)

(2.86)

where ∂ζ
∂x2(x′)

= 1/J(x′). The stress components can be evaluated from the stress resultants as

given in Eq.(2.44). The maximum stresses occur at the top and bottom surfaces where x3 = ±h/2.

Therefore, the maximum stress is evaluated on the top surface of the shell in this work.

2.2.4 Dual Boundary Element Method for Shallow Shell

The Dual Boundary Element Method was employed for the fracture analysis of the shear deformable

shell. As described in Sec.2.1, the boundary can be separated as Γ = Γe + Γ+ + Γ−. The DBEM

uses the displacement integral equation for collocations on the upper crack surface and the traction

integral equation for the collocation on the lower crack surface. The displacement integral equations

for the collocation on the upper surface x+ ∈ Γ+ are:

1

2
wj
(
x+
)
+

1

2
wj
(
x−
)
+−
∫
Γ

P ∗
ij

(
x+, x

)
wj(x)dΓ(x)

=

∫
Γ

W ∗
ij

(
x+, x

)
pj(x)dΓ(x)

−
∫
Ω

W ∗
i3

(
x+, X

)
καβB

1− ν

2

[
uα,β(X) + uβ,α(X) +

2ν

1− ν
uϕ,ϕ(X)δαβ

]
dΩ(X)

−
∫
Ω

W ∗
i3

(
x+, X

)
καβB ((1− ν)καβ + νδαβκϕϕ)w3(X)dΩ(X)

+

∫
Ω

W ∗
i3

(
x+, X

)
q3(X)dΩ(X)

(2.87)
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and
1

2
uα
(
x+
)
+

1

2
uα
(
x−
)
+−
∫
Γ

T ∗
θα

(
x+, x

)
uα(x)dΓ(x)

+

∫
Γ

U∗
θα

(
x+, x

)
B [καβ(1− ν) + νδαβκϕϕ]w3(x)nβ(x)dΓ(x)

−
∫
Ω

U∗
θα

(
x+, X

)
B [καβ(1− ν) + νδαβκϕϕ]w3,β(X)dΩ(X)

=

∫
Γ

U∗
θα

(
x+, x

)
tα(x)dΓ(x) +

∫
Ω

U∗
θα

(
x+, X

)
qα(X)dΩ(X)

(2.88)

The traction integral equations can be evaluated by multiplying the outward normal vector on the

boundary nβ(x
−) (Eq.(2.45)) to the stress resultant equations given in Eq.(2.73), (2.74), (2.75).

Therefore, the collocation on the lower crack surface x− ∈ Γ− can be written as:

1

2
pα
(
x−
)
− 1

2
pα
(
x+
)
+ nβ

(
x−
)
=

∫
Γ

P ∗
αβγ

(
x−, x

)
wγ(x)dΓ(x)

+ nβ
(
x−
)
−
∫
Γ

P ∗
αβ3

(
x−, x

)
w3(x)dΓ(x)

= nβ
(
x−
)
−
∫
Γ

W ∗
αβγ

(
x−, x

)
pγ(x)dΓ(x) + nβ

(
x−
) ∫

Γ

W ∗
αβ3

(
x−, x

)
p3(x)dΓ(x)

− nβ(x
−)

∫
Ω

κθψB
1− v

2

(
uθ,ψ(X) + uψ,θ(X) +

2v

1− ν
uϕ,ϕ(X)δθψ

)
×W ∗

αβ3(x
−, X)dΩ(X)

− nβ
(
x−
) ∫

Ω

κθψB ((1− v)κθψ + vδθψκϕϕ)w3(X)W ∗
αβ3

(
x−, X

)
dΩ(X)

+ nβ
(
x−
) ∫

Ω

W ∗
αβ3

(
x−, X

)
q3dΩ(X)

(2.89)

and

1

2
p3
(
x−
)
− 1

2
p3
(
x+
)
+ nβ

(
x−
)
−
∫
Γ

P ∗
3βγ

(
x−, x

)
wγ(x)dΓ(x)

+ nβ
(
x−
)
=

∫
Γ

P ∗
3β3

(
x−, x

)
w3(x)dΓ(x)

= nβ
(
x−
) ∫

Γ

W ∗
3βγ

(
x−, x

)
pγ(x)dΓ(x) + nβ

(
x−
)
−
∫
Γ

W ∗
3β3

(
x−, x

)
p3(x)dΓ(x)

− nβ(x
−)

∫
Ω

κθψB
1− ν

2

(
uθ,ψ(X) + uψ,θ(X) +

2ν

1− ν
uϕ,ϕ(X)δθψ

)
W ∗

3β3

(
x−, X

)
dΩ(X)

− nβ
(
x−
) ∫

Ω

κθψB ((1− ν)κθψ + νδθψκϕϕ)w3(X)W ∗
3β3

(
x−, X

)
dΩ(X)

+ nβ
(
x−
) ∫

Ω

W ∗
3β3

(
x−, X

)
q3dΩ(X)

(2.90)
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and
1

2
tα
(
x−
)
− 1

2
tα
(
x+
)
+ nβ

(
x−
)
=

∫
Γ

T ∗
αβγ

(
x−, x

)
uγ(x)dΓ(x)

+ nβ
(
x−
)
−
∫
Γ

U∗
αβγ

(
x−, x

)
B [κθψ(1− ν) + νδθψκϕϕ]w3(x)nψ(x)dΓ(x)

− nβ
(
x−
) ∫

Ω

U∗
αβγ

(
x−, X

)
B[κθψ(1− ν) + νδθψκϕϕ]w3,β(X)dΩ(X)

= nβ
(
x−
)
−
∫
Γ

U∗
αβγ

(
x−, x

)
tγ(x)dΓ(x) + nβ

(
x−
) ∫

Ω

U∗
αβγ(x

−, X)qγdΩ(X)

+
1

2
nβ
(
x−
)
B [(1− ν)κθψ + νδθψκϕϕ]w3

(
x−
)

(2.91)

Eq. (2.87) to (2.88) and Eq. (2.89) to (2.91) serve as the integral equations governing displacement

and traction for collocation on the upper and lower boundaries of the crack, respectively. For the

remaining boundaries denoted as Γe, collocation can be effectively performed by employing the

boundary integral equations presented in Eq. (2.52) and (2.53).

It is important to note that Eq. (2.87) to (2.91) encompass the domain integral
∫
Ω
. This domain

integral can be transformed into a boundary integral via the application of the Dual Reciprocity

Method (DRM). This process involves the utilization of the particular solutions, namely, (ûγmα,

t̂γmα), which are derived from solving the Galerkin vector for 2D plane stress, and (ŵimα, p̂
i
mα) for

plate bending problem, obtained through the implementation of radial basis functions. Detailed

expressions for these particular solutions can be found in the Appendix B.

In order to address the improper integration that appears in the boundary integral equations,

specialized regularization techniques were employed. Specifically, the terms such as W ∗
αβ3, W

∗
3βγ,

and Q∗
3β exhibit a singularity of order O(ln(r)), denoting a weak singularity that can be effectively

managed through the Telles transformation.

Moreover, integration of the terms P ∗
ij, T

∗
θα, P

∗
αβ3, P

∗
3βγ, W

∗
αβγ, W

∗
3β3, P

∗
αβγ arises a strong singular-

ity of order O(1/r). This strong singularity can be appropriately addressed using the singularity

subtraction method, based on the first term of Taylor expansion around the singularity point. Sub-

sequently, the singularity term can be integrated analytically, with the aid of the Cauchy principal

value.

Furthermore, the integration of T
(i)∗
αβγ introduces a hypersingular term of order O(1/r2). The singu-

larity subtraction method remains applicable in this case, incorporating both the first and second

terms of the Taylor expansion around the singularity. Allowing for analytical integration via the
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Hadamard principal value.

Lastly, for the remaining terms, namely, P ∗
αβγ and P ∗

3β3, which exhibit a singularity of order

O(1/r2 + ln(r)), the separation approach is applied, effectively separating the hypersingular and

weakly singular components and the corresponding regularization approach can be applied.

Comprehensive insights into the DRM formulation and the treatment of singularity are provided

in the references [13] and [41].

2.2.5 Evaluation of the Stress Intensity Factors

Five fracture modes were taken into consideration for the shell problem. Among these modes, two

are associated with membrane loads, while the remaining three are attributed to the effects of

bending moment and shear load, as illustrated in Fig. 2.9.

Figure 2.9: Fracture modes for the shell problem.

where the subscript m represents the membrane stress resultant intensity factors, while b de-

notes the bending stress resultant intensity factors. The formulation of stress intensity factors

(SIFs) involves a coupling between the membrane stress resultant intensity factors and the bend-
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ing stress resultant intensity factors through curvature, resulting in the following relationship:

[1 +
x3
2
(
1

R1

+
1

R2

)]KI =
1

h
K1m +

6

h2
K1b

[1 +
x3
2
(
1

R1

+
1

R2

)]KII =
1

h
K2m +

6

h2
K2b

[1 +
x3
2
(
1

R1

+
1

R2

)]KIII =
3

2h

[
1−

(
2x3
h

)2
]
K3b

(2.92)

Analysis has revealed that the maximum stress intensity factors (SIFs) were located at the upper

and lower surfaces of the shell. In this work, the maximum SIF were evaluated at the upper surface

by substituting x3 = h/2 in the above equation. The crack surface displacement extrapolation

technique (CSDE) has been employed in this study to assess the stress intensity factor at the crack

tip.

2.2.5.1 The Crack Surface Displacement Extrapolation Technique (CSDE)

The stress intensity factor K can be expressed in relation to the displacements present on the

crack surfaces adjacent to the crack tip, as follows:

{K} =
1√
r
[C] {∆w} (2.93)

{K} =



K1b

K2b

K3b

K1m

K2m


, {∆w} =



∆ϕ2

∆ϕ1

∆w3

∆u2

∆u1


(2.94)

where 

∆ϕ2

∆ϕ1

∆w3

∆u2

∆u1


=



ϕ2

ϕ1

w3

u2

u1


θ=180◦

−



ϕ2

ϕ1

w3

u2

u1


θ=−180◦

(2.95)
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ϕα is the rotation in x and y direction respectively. w3 is the out-of-plane displacement and uα are

the in-plane displacements in the x and y direction respectively. and

[C] =



Eh3

48

√
π
2

0 0 0 0

0 Eh3

48

√
π
2

0 0 0

0 0 5Eh
24(1+ν)

√
π
2

0 0

0 0 0 Eh
8

√
2π 0

0 0 0 0 Eh
8

√
2π


(2.96)

Figure 2.10: Example of crack tip nodal element.

An illustration of the crack tip element is presented in Figure 2.10. The crack tip stress intensity

factors can be extrapolated from {K}AA′
and {K}BB′

by substituting the boundary displacements

and rotation using equation 2.93, where:

{K}AA′
=

√
6

5l
[C]
(
{w}A − {w}A′

)
{K}BB′

=

√
2

l
[C]
(
{w}B − {w}B′

) (2.97)

where l is the crack tip element length. The value of the stress intensity factor at the crack tip

can be extrapolated as:

{K}tip = rAA′

rAA′ − rBB′

(
{K}BB′ − rBB′

rAA′
{K}AA′

)
(2.98)

where rAA′ = 5l/6 and rBB′ = l/2. It is worth noting that the selection of points AA′ BB′ does
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not necessarily need to take the same values as provided above. The stress intensity factors at

the crack tip can be extrapolated from any point within the crack tip element by substituting the

corresponding distance from the crack tip.

2.2.5.2 Crack Propagation Direction

Based on the stress intensity factors (SIFs) formulation provided in Eq.(2.92), it can be derived

that the bending stress resultants vanish on the middle plane (x3 = 0). Consequently, it is only

the membrane stress resultants that exert an influence on the direction of crack propagation.

For the shell problem, the crack is assumed to propagate in the direction of maximum principal

stress, where the direction θ can be determined by solving:

KImsinθ +KIIm(3cosθ − 1) = 0 (2.99)

The iterative scheme as described in the previous section 2.1 can be used to model the crack

propagation.
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Chapter 3

Reliability Analysis of Shallow Shell

Structures

In structural analysis, modelling serves not only to faithfully replicate the physical behaviour of

a structure but also it strives to construct a streamlined and viable model that can effectively

incorporate uncertainties associated with geometry and loading parameters. The methods for de-

veloping such models have been elaborated in the previous chapter, while the main topic of this

and the subsequent chapters is the application of these models for reliability analysis and fatigue

life prediction.

In general, every engineering parameter carries an inherent level of uncertainty in its value. This

uncertainty can arise from various sources, such as human error, environmental variables, and the

imperfections inherent in manufacturing processes. Failing to account for these uncertainties can

potentially lead to catastrophic structural failures. In the field of probability analysis, parameters

are treated as having a certain degree of uncertainty, represented by probability distributions.

This marks the difference from traditional approaches like the factor of safety, which measures

structural safety in a deterministic way, such that variables related to the structures, loadings, and

strength are assigned with an unknown conservative value about which there is no uncertainty.

The consequence of this traditional approach is often an over-engineering of structures, as it treats

parameters in a rigidly deterministic manner, offering limited insights into how individual param-

eters influence the overall system performance. In contrast, reliability analysis has emerged as a
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tailored approach to address the stochastic nature of variables in the design process. Structural

safety is determined through the calculation of the reliability index, which measures the probability

of failure. This process involves defining a performance criterion for a structure and assessing the

likelihood of successfully meeting this criterion.

The response of a structure to applied loads depends on both the material strength and the mag-

nitude of the applied load. Whether this response aligns with the desired outcome depends on the

specific requirements that the structure must meet. These requirements are termed limit states [54]

and are categorized into three main types: 1) ultimate limit state, 2) serviceability limit state, and

3) fatigue limit state. The ultimate limit state predominantly concerns the loss of load-carrying

capacity and often includes analyses related to phenomena like buckling. The serviceability limit

state, meanwhile, focuses on excessive responses that, while not leading to structural failure, are

often characterized by excessive deflection, permanent deformation, or the occurrence of cracks.

The fatigue limit state, in contrast, is defined by the accumulation of damage within the structure

under the influence of repeated loads [55]. In the context of the reliability analysis conducted in

this work, the primary emphasis is on limit state type 2 in this chapter and type 3 in the subse-

quent chapter.

The application of reliability techniques to structural problems has been conducted by the re-

search community with a diverse array of methods. Notable examples include the application

of reliability analysis to diverse domains such as nano-structures [56], corrosion in pipelines [57],

and bimaterial cracked structures [58]. In the field of reliability analysis, methodologies can be

broadly classified into two categories: direct and indirect methods. Direct methods, such as Monte

Carlo Simulations (MCS) [59], have been widely utilized. MCS entails the exploration of possible

uncertainties through extensive sampling. Furthermore, the fusion of such sampling techniques

with meta-modelling methods [60] has significantly contributed to enhancing computational effi-

ciency. Indirect techniques, FORM and SORM, on the other hand, are approaches that rely on

approximating the Limit State Function (LSF), which defines the boundary between the failure

and safe regions of a structure. In FORM, the LSF is approximated through a first-order Taylor

expansion, while SORM employs a second-order Taylor expansion for this purpose. For a more

comprehensive insight into these methodologies, detailed information can be available in [6]. In
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this study, FORM has been employed as the method for evaluating the reliability index of the

structure, thereby providing a means to predict the probability of failure.

In the field of reliability analysis, the First-Order Reliability Method (FORM) has found extensive

application. Notably, the Finite Element Method (FEM) has enjoyed extensive use with examples

such as [61,62]. Moreover, the Boundary Element Method (BEM), characterized by its advantages

in dimension reduction, has seen a growing adoption over recent decades. The BEM simplifies

the problem by necessitating only the modelling of the outer boundaries of a structure, thereby

reducing the system’s dimension. The incorporation of reliability analysis and the BEM has found

application across various domains, including addressing sensitivity issues in acoustic systems [63],

assessing the impact of heat sensitivity of metals [64], resolving contact problems [65, 66], and

plate bending problems [67]. The scope of reliability analysis extends beyond traditional safety

design, encompassing applications in sensitivity analysis and design optimization processes. For

instance, in [68], the Advanced First-Order Second Moment (AFOSM) method was applied to

address 2D elastic problems, featuring analytically derived sensitivities. Moreover, reliability anal-

ysis has found extensive use in shape optimization problems that incorporate the BEM, including

topology optimization challenges [69] and 2D anisotropic shape optimization problems [70].

When it comes to calculating the probability of failure using the First-Order Reliability Method

(FORM), the sensitivity of the limit state function is required to be evaluated. This process involves

determining how the response of the structure changes with respect to variations in design variables

or loading conditions. In rare instances, these derivatives or sensitivities can be explicitly derived

from the limit state function, as demonstrated in references such as [71, 72]. More commonly,

numerical methods are employed to compute these derivatives. Various approaches have been

utilized to determine the derivatives, including linearizing the limit state function and conducting

redthe Finite Difference Method (FDM) with Monte Carlo Simulations (MCS) to determine the

sensitivity of the failure probability to the design parameters, or alternatively, employing surrogate

models as discussed in [73] to replace the numerical model in the MCS. In [74], the derivatives were

calculated using both the FDM and the Probabilistic Finite Element Method (PFEM). Notably,

the Implicit Differentiation Method (IDM) has been developed to provide analytical derivatives

of boundary integral equations within the Boundary Element Method (BEM), and details can be
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found in [75]. Examples of practical applications can be found in [76–78].

Notable work on the application of the Boundary Element Method (BEM) in reliability analysis

using both MCS and the First-Order Reliability Method (FORM) are elaborated in [76]. In this

work, reliability analysis was conducted on a 2D electrostatic rectangular plate with a central

aperture under uniaxial loading. The first-order sensitivities were determined using the Implicit

Differentiation Method (IDM). The results exhibited a good agreement between the outcomes de-

rived from FORM and those from MCS. The study took into consideration uncertainties associated

with material properties and geometric variables. Similar applications can also be explored in [78],

with specific relevance to the domain of shape optimization for plate structures [79].

Modern engineering structures, such as cylindrical walls, domes, and aircraft fuselages, are often

best described as shell structures. These structural designs are well-suited for withstanding high

loads, primarily experiencing membrane loading, all the while maintaining a lightweight profile.

Thin or shallow shells, in particular, find widespread application due to their advantageous weight

characteristics. Despite their application in engineering, the literature exploring reliability analy-

sis with the Boundary Element Method (BEM) for shell structures is relatively limited. Notable

examples include [80], which investigates shell truss structures using MCS, in [81], which incorpo-

rates surrogate modelling and reliability analysis for pressurized shells, and [82], which focuses on

laminate composite shells. The most relevant work to date has concentrated on plate structures

with the BEM, as demonstrated in [83] for plate bending problems and assembled plate structures

in [84]. Notably, there have been no prior studies involving the reliability analysis of shell struc-

tures utilizing the BEM.

The primary innovation introduced in this chapter lies in the derivation of direct derivatives of the

Boundary Element Method (BEM) formulations specifically applied to shallow-shell structures.

This work represents the first time of these direct derivatives derived using an Implicit Differenti-

ation Method (IDM). The utilization of IDM, coupled with the inherent advantages of the BEM,

positions it as a highly efficient tool for structural reliability analysis. To validate the IDM, the

sensitivities of structural responses for a shell structure, as determined by IDM, will be compared

against sensitivities obtained through an analytical solution and those derived via the Finite Dif-

ference Method (FDM). Furthermore, an additional novel aspect of this study entails conducting
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reliability analyses and Reliability-Based Design Optimization (RBDO) for a more complex shell

structure, accounting for uncertainties related to geometry, material properties, and loading con-

ditions. Both IDM and FDM will be deployed to assess the reliability index.

3.1 Fundamental Concept of Reliability Analysis

In reliability analysis, the probabilistic space defined by the random variables Z can be thought

of as divided into two distinct domains: a safe region characterized by g(Z) > 0 and a failure

region where g(Z) < 0. Where g is the limit state function (LSF). The function g(Z) = 0 is the

performance boundary that separates these regions. The LSF or performance function is typically

constructed in terms of the structural resistance R and the structural demand G(Z). Common

examples of structural resistance include parameters such as yield strength, maximum allowable

stress, or deflection. Mathematically, the performance function or limit state function (LSF) can

be expressed as:

g(Z) = R−G(Z) (3.1)

The probability of failure is defined as the probability that the performance function g(Z) ≤ 0

such that:

PF = P{g(Z) < 0} =

∫
g(Z)<0

fZ(Z)dZ (3.2)

the reliability is defined by

PR = 1− PF = P{g(Z) > 0} =

∫
g(Z)>0

fZ(Z)dZ (3.3)

In the given equation, PF represents the failure probability while its complement PR denotes the

reliability, expressed as 1−PF . The equation involves an integration process over the domain where

the function g(Z) > 0. To facilitate a visual understanding of these integrations, these integrations

can be visualized through the application of a Joint Probability Density Function (PDF) involving

two random variables, as illustrated in Figure 3.1. The probability can be determined by computing

the volume beneath the PDF surface fZ(Z), which corresponds to the region where g(Z) > 0 for
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reliability or g(Z) < 0 for failure probability.

Figure 3.1: Example of joint Probability Density Function form by two random variables. The
figure shows only the pdf corresponds to the safety region with the failure region removed (cut

surface). The contour of the PDF is shown in the Z1-Z2 plane. The limit state function
represents the boundary between the safe and failure domain.

Evaluating this integral can pose considerable challenges, particularly when dealing with a mul-

tidimensional design variable vector. There are three distinct methods available for the evaluation

of the integrals presented in Eq. (3.2) and (3.3):

• Direct Integration: this requires analytical expression of the limit stat function, however, for

complicated structural problems, the analytical solution is usually not available due to the

high dimensionality.

• Approximation of Numerical Solution: Monte Carlo Simulation.

• Transformation of the Integrand and approximate the limit state function: methods that rely
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on transforming the integrand to standard normal space where an iterative scheme can be

applied for searching the approximate solution, hence avoiding the integration. This includes

FORM, and SORM.

3.1.1 Monte Carlo Simulation (MCS)

Monte Carlo Simulation (MCS) entails the sampling of the possible value of each individual random

variable, denoted as Zi, followed by simulating the structural response based on the combination

of these sampled variables. This process is iterated numerous times, and responses that result in

the limit state being exceeded (g(Z) < 0) are considered as ’failure’. Assuming that a total of

NMCS simulations have been carried out, the probability of failure can be calculated by:

pf =
ng(Z)<0

NMCS

(3.4)

where n is the number of failure responses observed during the repeated experiment trials. There

are two main steps involved in the MCS includes:

1. Sampling the random variables Zi

2. Determine the suitable number of NMCS to have a reasonable estimation of pf .

As it is impractical to obtain an infinite amount of sampling data, sampling methods are designed

with the primary objective of achieving effective space-filling capabilities to ensure that the sample

data effectively represents the entire parameter domain. In the case of simple problems character-

ized by a limited number of variables, conventional sampling methods such as random sampling

are viable options. However, as the dimensionality of the problem increases, the computational

demands associated with traditional random sampling methods become prohibitively high in or-

der to generate a sufficient number of samples that adequately cover the entire domain defined

by these variables. Alternatively, more sophisticated sampling strategies with Quasi-random na-

ture, such as Latin Hypercube or Sobol sampling methods, can be deployed to address this issue.

redExamples to demonstrate the space-filling capability of the three methods using 50 sampled

points are given in Figure 3.2, where the samplings were generated by the MATLAB build-in func-
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tions, namely, rand for random sampling, lhsdesign for Latin hypercube sampling and sobolset for

Sobol sampling.

Figure 3.2: Comparison of Random sampling, Latin Hypercube sampling and Sobol sampling
method of generating 50 sample points in a unit cube space.

It can be seen that both the Latin Hypercube sampling and Sobol sampling methods provide

better space-filling ability compared to random sampling such that the points are more spread

out evenly over the design space. Extensive research studies have been conducted to assess the

efficiency of these two methods. Comprehensive information about the specific sampling techniques

and the comparative analyses can be found in the following references: [85], [86], and [87]. Based on

these investigations, it has been established that the Sobol sampling exhibits superior performance,

particularly in terms of computational efficiency. Consequently, the Sobol sampling method has

been chosen for Monte Carlo Simulation in this study. The Latin Hypercube sampling has been

used for sampling in training the surrogate model as will be introduced in a later Chapter. The

Sobol sampling procedure was implemented using the Matlab function sobolset and the Latin

Hypercube sampling was implemented using the SUMO toolbox [88] with build in command for

ranking and finding the optimal space-filling sampling strategy.

The appropriate number of simulations needed is determined by assessing the convergence of the

probability of failure. This is accomplished by progressively increasing the number of simulations

and monitoring the behavior of how the probability of failure, denoted as pf , evolves with this

increasing sample size. An illustrative example of how pf changes with increasing NMCS is given

in Figure 3.3.
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Figure 3.3: Convergence of the failure probability with an increasing amount of MCS samples
used.

As the number of simulations increases, the probability of failure (pf ) tends to stabilize around

a particular value. This phenomenon can be quantified and monitored using the coefficient of

variation (COV). The COV is defined as the ratio of the standard deviation (σpf ) to the mean

value (µpf ).

COV =
σpf
µpf

(3.5)

A lower COV reflects a decrease in the variability of the estimated failure probability. The degree

of convergence required can be determined based on the desired COV. Figure 3.4 offers a visual

representation of how the COV changes with an increase in the number of simulations, signified

as NMCS. The reduction in COV as NMCS increases signifies that the probability of failure, pf , is

approaching convergence, resulting in decreased variation.
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Figure 3.4: Coefficient of Variation for the failure probability with an increasing amount of MCS
samples used.

3.1.2 The First Order Reliability Method (FORM)

The primary objective of the First Order Reliability Method (FORM) is to determine the reliability

index, a crucial parameter that quantifies a structure’s capacity to maintain safety throughout its

operational lifespan. This index is linked to the probability of failure, providing a quantitative

measure of the potential risk of structural collapse. To address the challenge associated with

the evaluation of the integrals presented in Eq. (3.2) and (3.3), the FORM technique employs

a transformation of the random variables into a standardized coordinate system known as the

U-space. This transformation is achieved using the Rosenblatt transformation, which is described

in [89]. As a result of this transformation, the variables within the U-space have a mean of 0 and

a standard deviation of 1. The transformation can be represented as follows:

Ui = Φ−1 [fZi
(Zi)] (3.6)

The transformations of various distribution types have been detailed, with particular emphasis on

the normal distribution and the lognormal distribution. It’s important to note that throughout

this thesis, only these two distributions were taken into consideration, and their corresponding

transformations can be found in the Appendix C. Following the transformation process, the Joint

Probability Density Function (PDF) exhibits contour lines that take on the form of concentric cir-
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cles, as demonstrated in Figure 3.5. These contours display a more regular pattern when compared

to the original contour shown in Figure 3.1.

Figure 3.5: Contour of Joint pdf after the transformation into the U-space

Consequently, Eq. 3.2 is transformed into the U-space as:

PF = P{g(U) ≤ 0} =

∫
g(U)≤0

fU(U)dU (3.7)

The integration boundary i.e. LSF can be approximated by the first-order Taylor expansion. The

FORM used linear approximation of the LSF as shown in Figure3.5 such that

g(U) ≈ g(u∗) +∇g(u∗)(U− u∗) (3.8)
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where u∗ is the expansion point and ∇g(u∗) is the gradient of g(U) which defined as:

∇g(u∗) =

(
∂g(U)

∂U1

,
∂g(U)

∂U2

, ...,
∂g(U)

∂Un

)∣∣∣∣
u∗

(3.9)

To minimize the loss of accuracy resulting from the approximation, it is ideal to expand the

approximation around the point that exerts the most influence on the integration. Further away

from this critical point, the integration’s impact diminishes. This pivotal point, known as the Most-

Probable Point (MPP), is characterized by several key features. Notably, the MPP is situated at

the shortest distance from the origin of the U-space, marked by β =∥ u∗ ∥. Furthermore, it holds

the highest probability density, making it the primary contributor to the integration. The specific

location of the MPP is designated as u∗ and is highlighted in Figure 3.5.

3.1.2.1 MPP searching Algorithm

In the process of locating the Most-Probable Point (MPP), an iterative gradient-based method

known as the Hasofer-Lind-Rackwitz-Fiessler (HLRF) algorithm, as documented in [90] and [91],

was employed. The formulation of this algorithm is derived based on the first-order Taylor ex-

pansion approximation, as outlined in Eq. (3.8). The recursive search process for the MPP is

illustrated in the flowchart presented in Figure 3.6. The MPP at the kth iteration is denoted as

Uk, where

Uk = −βkak (3.10)

where βk =∥ Uk ∥ is the reliability index and is the magnitude of vector Uk and ak is defined as

ak =
∇g(Uk)

∥ ∇g(Uk) ∥
(3.11)

the vector ak can be considered as a unit normal vector of the gradient and can be visualized in

Figure3.5.
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Input guess U0

1) U = U0, β =∥ U0 ∥

2) ak = ∇g(Uk)
∥∇g(Uk)∥

3)Uk+1 = −ak
(
βk + g(Uk)

∥∇g(Uk)∥

)

4)βk+1 =∥ Uk+1 ∥

5) | βk+1 − βk |≤ ϵ? Uk = Uk+1, βk = βk+1

End

No

Yes

Figure 3.6: MPP search algorithm.

The algorithm requires an initial guess of the MPP location denoted as U0 = (U0
1 , U

0
2 , ..., U

0
m),

where m represents the number of variables in the limit state function. Typically, the mean values

of the variables are chosen as the initial guess, resulting in U0 = (0, 0, ..., 0) in the U-space.

In step 5) of the MPP search procedure, the convergence of the reliability index, β, is verified,

with an error tolerance of ϵ = 1× 10−2 being used.

In step 3), it is essential to obtain the response of the Limit State Function (LSF), denoted as

g(Uk). As previously discussed, the Boundary Element Method (BEM) serves as an effective tool

for structural analysis and is thus employed to evaluate g(Uk).

In step 2) involves the evaluation of the first-order derivative of the LSF. Commonly used methods

for this purpose include the Improved Derivative Method (IDM) and the Finite Difference Method

(FDM). Detailed formulations for these methods can be found in the following section.

Once the Most-Probable Point (MPP) is identified, the probability of failure and reliability can be

computed as follows:

PR = 1− PF = 1− Φ(−β) = Φ(β) (3.12)
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where Φ is the standardised cumulative distribution function.

3.1.2.2 Second-Order Reliability Method (SORM)

A brief discussion of the Second Order Reliability Method (SORM) is provided here, as it typi-

cally yields more accurate results in comparison to the First Order Reliability Method (FORM).

However, it’s important to note that SORM is inherently more complex and demands greater

computational resources. FORM has certain inherent limitations, primarily tied to the assump-

tion that the exactness of the probability of failure depends on the linearity or near-linearity of

the limit state function in the variable space, as demonstrated in Figure 3.7.

Figure 3.7: SORM approximation of the limit state function.

To enhance the accuracy of the First Order Reliability Method (FORM) results, methods such

as the Second-Order Reliability Method (SORM) are preferred. SORM approximates the limit

state function using a second-order Taylor expansion. It’s important to note that SORM, in

contrast to FORM, employs a second-order Taylor expansion for approximating the performance
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function. Consequently, the approximation of the performance function differs from that presented

in Eq. (3.8).

g(U) ≈ g(u∗) +∇g(u∗)(U− u∗)T +
1

2
(U− u∗)H(u∗)(U− u∗)T (3.13)

where H(u∗) is the Hessian matrix.

The First Order Reliability Method (FORM), when applied to problems involving multiple vari-

ables, requires the computation of first-order derivatives of the limit state function, resulting in

an increased computational demand. This demand is even more pronounced for the Second-Order

Reliability Method (SORM), where the calculation of second-order derivatives becomes a signifi-

cant contributor to the computational cost.

However, it’s important to note that while employing SORM does lead to an escalation in compu-

tational demand, as second-order derivatives must be computed in each reliability analysis, it is a

trade-off for improved accuracy. In situations characterized by highly nonlinear limit state func-

tions, convergence issues have been observed in Reliability-Based Design Optimization (RBDO).

Nevertheless, the FORM has proven to be sufficiently accurate for the majority of static structures.

3.2 Methods for Calculating the Derivatives

In section 3.1.2, two methods for evaluating the derivatives necessary for approximating the Limit

State Function (LSF) were discussed: the Implicit-Differentiation Method (IDM) and the Finite-

Difference Method (FDM). The FDM is relatively straightforward to implement as it primarily

relies on a finite difference scheme. However, the accuracy of the FDM is greatly influenced by

the choice of the step size, and it often requires a prior convergence test to determine the optimal

step size. In contrast, the IDM provides a more robust solution by directly deriving the derivatives

from the formulations of the Boundary Element Method (BEM).

3.2.1 BEM-FDM formulation

The FDM involves estimation of the first-order derivatives of the LSF g(Z) with respect to change

in variables Zi, i = 1, 2, ...,m where m is the numbers of variables that influence the LSF. The
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derivatives for FDM can be expressed as:

∂g(Z)

∂Zi
=
g(Zi +∆Zi,X)− g(Zi −∆Zi,X)

2∆Zi
(3.14)

In the presented expressions, ∆Zi stands for the step size, while X represents the set of remaining

variables, with Zi excluded. It’s important to note that the choice of step size significantly impacts

the accuracy of the calculated derivatives. To address this, the step size was adaptively chosen

based on the magnitude of the variable Zi, resulting in ∆Zi = Zi∆Z
′
i, where ∆Z ′

i denotes the

normalized step size. The identification of the most suitable normalized step size involved a series

of convergence tests to select the optimal value.

3.2.2 BEM-IDM Formulations for Shallow Shell Structures

The BEM-IDM formulation has been previously utilized for deriving derivatives in several earlier

works, as documented in references such as [92], [93], [94], and [79]. Previous research efforts have

primarily focused on developing the BEM-IDM formulation for various 2D problems and plate

bending problems. Notably, while an IDM formulation was established for these cases, an IDM

formulation for shallow shell structures had not yet been developed.

This section aims to introduce the IDM formulation of a shallow shell structure using the Boundary

Element Method (BEM). The IDM results were initially validated by comparing them to analytical

solutions and outcomes obtained through the Finite-Difference Method (FDM) for simple geome-

tries. Subsequently, the IDM was applied to complex structures for reliability analysis, and the

outcomes were compared against results obtained through the FDM-FORM and Monte Carlo Sim-

ulations (MCS).

As discussed in Chapter 2, the boundary integral equations are formulated based on the collocation

of boundary nodal points. Consequently, only the parameters influencing the coordinates of these

boundary nodal points were considered when deriving sensitivities using IDM. The first step in

IDM involves approximating the derivatives of the boundary nodal point coordinates with respect
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to changes in variables. This approximation can be determined by applying the FDM:

∂xnenl
α

∂Zi
= xnenl

α,m =
xnenl
α (Zi +∆Zi)− xnenl

α (Zi −∆Zi)

2∆Zi
(3.15)

where xnenl
α is the α coordinate of nodal point nl in element ne, hence the first order derivative of

the boundary nodal point of an element ne can be found by applying the shape function Φ defined

in Eq.(2.19)

xne
α,m(ζ) =

M∑
nl=1

Φne
nl
(ζ)xα,m, (3.16)

3.2.2.1 BEM-IDM Formulations for Shallow Shell Structures with Respect to a Ge-

ometrical Variable Zg

This section introduces the BEM-IDM formulations for shallow shell structures with respect to

certain design variables. The focus here is on presenting the derivatives of the displacement

integral equations, represented by Eq. (2.52) to Eq. (2.53), with respect to a geometrical variable

Zg (e.g., shell width, length, radius, etc.). These derivatives can be expressed as follows

cij (x
′)wj,g (x

′) +−
∫
Γ

[
P ∗
ij,g (x

′, x)wj(x) + P ∗
ij (x

′, x)wj,g(x)
]
dΓ(x)

=

∫
Γ

[
W ∗
ij,g (x

′, x) pj(x) +W ∗
ij (x

′, x) pj,g(x)dΓ(x)

−
∫
Ω

W ∗
i3,g (x

′, X)καβB
1− ν

2

[
uα,β(X) + uβ,α(X) +

2ν

1− ν
uϕ,ϕ(X)δαβ

]
dΩ(X)

−
∫
Ω

W ∗
i3 (x

′, X)καβB
1− ν

2

[
uα,βg(X) + uβ,αg(X) +

2ν

1− ν
uϕ,ϕg(X)δαβ

]
dΩ(X)

−
∫
Ω

W ∗
i3,g (x

′, X)καβB ((1− ν)καβ + νδαβκϕϕ)w3(X)dΩ(X)

−
∫
Ω

W ∗
i3 (x

′, X)καβB ((1− ν)καβ + νδαβκϕϕ)w3,g(X)dΩ(X)

+

∫
Ω

[
W ∗
i3,g (x

′, X) q3(X) +W ∗
i3 (x

′, X) q3,g(X)
]
dΩ(X)

(3.17)

Chapter 3. Reliability Analysis of Shallow Shell Structures 81



3.2. Methods for Calculating the Derivatives

and

cθα (x
′)uα,g (x

′) +−
∫
Γ

[
T ∗
θα,g (x

′, x)uα(x) + T ∗
θα (x

′, x)uα,g(x)
]
dΓ(x)

+

∫
Γ

U∗
θα,g (x

′, x)B [καβ(1− ν) + νδαβκϕϕ]w3(x)nβ(x)dΓ(x)

+

∫
Γ

U∗
θα (x

′, x)B [καβ(1− ν) + νδαβκϕϕ] (w3,g(x)nβ(x) + w3(x)nβ,g(x)] dΓ(x)

−
∫
Ω

U∗
θα,g (x

′, X)B [καβ(1− ν) + νδαβκϕϕ]w3,β(X)dΩ(X)

−
∫
Ω

U∗
θα (x

′, X)B [καβ(1− ν) + νδαβκϕϕ]w3,βg(X)dΩ(X)

=

∫
Γ

[
U∗
θα,g (x

′, x) tα(x) + U∗
θα (x

′, x) tα,g(x)
]
dΓ(x)

+

∫
Ω

[
U∗
θα,g (x

′, X) qα(X) + U∗
θα (x

′, X) qα,g(X)
]
dΩ(X)

(3.18)

The definitions of the terms used in the equations are consistent with those presented in Eq. (2.52)

and Eq. (2.53), where the notation (),g denotes the derivatives with respect to Zg. Detailed ex-

pressions for the derivatives of the fundamental solutions can be found in Morse’s work [83] for

plate bending problems. These same expressions are applicable to shell structures. Additionally,

it’s worth noting that in Chapter 2, DRM coopering particular solutions are required to transfer

the domain integral to boundary integral, expressions for the derivatives of the particular solutions

for the DRM are introduced for the first time in this work and can be referenced in Appendix D.

The system of equations for the IDM-based BEM formulations is H,gu+Hu,g = G,gt+Gt,g,

where the definitions of the termsH, G, t, u are the same in the Section 2.2.2. The termsH,g, G,g,

t,g, u,g are the derivatives of these terms. Therefore, the system of equations can be rearranged

as:

AX,g = F,g −A,gX (3.19)

The matrices A and X can be derived from Eq. (2.76). Therefore, the focus is primarily on

evaluating the right-hand side of the equation. The boundary integral equations for displacement

and traction are computed with respect to the nodal coordinates of collocation points and field

points. The derivatives of these integral equations are linked to changes in nodal coordinates.

Hence, when a change in the geometrical variable Zg does not result in corresponding changes in
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the nodal coordinates of both the collocation point and field point on a boundary, as described in

Eq. (3.16) (xne
α,m = 0), the entries in X,g become zero. Consequently, the entries in A,g associated

with this condition do not necessitate computation, resulting in a reduction in the computational

cost of the Implicit-Differentiation Method (IDM).

3.2.2.2 BEM-IDM Formulations for Shallow Shell Structures with Respect to Cur-

vature Zρ

In this work, derivatives of the shallow shell Boundary Element Method (BEM) formulations with

respect to curvature Zρ were derived in a procedure similar to the approach described in the pre-

vious section. The curvatures considered in this research encompass only the curvatures in the

x1 and x2 directions, with κ11 ̸= 0, κ22 ̸= 0, and κ12 = κ21 = 0. Consequently, the variable ρ

can only take on the values of κ11 or κ22. The derivatives of the curvature can be simplified as

καβ,ρ = δαρδβρ.The change in geometrical parameters does not affect the values of the curvature,

therefore for simplification, denote the constant term Cκ1 = B ((1− ν)καβ + νδαβκϕϕ).

The derivatives of the displacement integral equations related to rotations and out-of-plane dis-

placement with respect to the curvature Zρ are expressed as:

cij (x
′)wj,ρ (x

′) +−
∫
Γ

P ∗
ij (x

′, x)wj,ρ(x)dΓ(x) =

∫
Γ

W ∗
ij (x

′, x) pj,ρ(x)dΓ(x)

−
∫
Ω

W ∗
i3 (x

′, X)καβ,ρB
1− ν

2

[
uα,β(X) + uβ,α(X) +

2ν

1− ν
uϕ,ϕ(X)δαβ

]
dΩ(X)

−
∫
Ω

W ∗
i3 (x

′, X)καβB
1− ν

2

[
uα,βρ(X) + uβ,αρ(X) +

2ν

1− ν
uϕ,ϕρ(X)δαβ

]
dΩ(X)

−
∫
Ω

W ∗
i3 (x

′, X) [καβ,ρCκ1w3(X) + καβCκ1,ρw3(X) + καβCκ1w3,ρ(X)] dΩ(X)

+

∫
Ω

W ∗
i3 (x

′, X) q3,ρ(X)dΩ(X)

(3.20)
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where Cκ1,ρ = B [καβ,ρ(1− ν) + νδαβκϕϕ,ρ]. The derivatives of the in-plane displacement integral

equation are:

cθα (x
′)uα,ρ (x

′) +−
∫
Γ

T
∗(i)
θα (x′, x)uα,ρ(x)dΓ(x)

+

∫
Γ

U∗
θα (x

′, x) [Cκ1,ρw3(x) + Cκ1w3,ρ(x)]nβ(x)dΓ(x)

−
∫
Ω

U∗
θα (x

′, X) [Cκ1,ρw3,β(X) + Cκ1w3,βρ(X)] dΩ(X)

=

∫
Γ

U∗
θα (x

′, x) tα,ρ(x)dΓ(x) +

∫
Ω

U∗
θα (x

′, X) qα,ρ(X)dΩ(X)

(3.21)

The formation of the system of equations can be evaluated in a similar way as in section 3.2.2:

AX,ρ = F,ρ −A,ρX (3.22)

It’s important to note that a change in curvature does not induce any changes in the nodal

coordinates of the source and field points. However, it does result in modifications in the integration

term, particularly with regard to curvature-related coefficients. Given that the particular solutions

do not incorporate curvature-related coefficients, the derivatives of the particular solutions with

respect to curvature are effectively zero. As a result, the sole aspect requiring an update in the

system of equations is the term associated with the curvature coefficient.

3.2.2.3 BEM-IDM Formulations for Shallow Shell Structures with Respect to Thick-

ness Zh

In this study, the derivatives of the shallow shell Boundary Element Method (BEM) formulations

concerning the shell thickness Zh were derived. This derivation process is conducted similarly to

the IDM formulation for plate thickness derivatives proposed in [79]. However, it is important to

note that an additional curvature-related term is introduced into the boundary integral equations

for shallow shell structure compared to the plate formulation.

The derivatives of the displacement integral equations for rotations and out-of-plane displacements,
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with respect to the thickness variable Zh, are expressed as:

cij (x
′)wj,h(x

′) +−
∫
Γ

[
P ∗
ij,h (x

′, x)wj(x) + P ∗
ij (x

′, x)wj,h(x)
]
dΓ(x)

=

∫
Γ

[
W ∗
ij,h (x

′, x) pj(x) +W ∗
ij (x

′, x) pj,h(x)
]
dΓ(x)

−
∫
Ω

[
W ∗
i3,h (x

′, X)B +W ∗
i3 (x

′, X)B,h

]
καβ

1− ν

2

[
uα,β(X) + uβ,α(X) +

2ν

1− ν
uϕ,ϕ(X)δαβ

]
dΩ(X)

−
∫
Ω

W ∗
i3 (x

′, X)καβB
1− ν

2

[
uα,βh(X) + uβ,αh(X) +

2ν

1− ν
uϕ,ϕ(X)δαβh

]
dΩ(X)

−
∫
Ω

W ∗
i3 (x

′, X)καβB ((1− ν)καβ + νδαβκϕϕ)w3,h(X)dΩ(X)

−
∫
Ω

[
W ∗
i3,h (x

′, X)B +W ∗
i3 (x

′, X)B,h

]
καβ ((1− ν)καβ + νδαβκϕϕ)w3(X)dΩ(X)

+

∫
Ω

W ∗
i3,h (x

′, X) q3(X)dΩ(X)

(3.23)

The derivative of the in-plane displacement integral equations are:

cθα (x
′)uα,h (x

′) +−
∫
Γ

[
T

∗(i)
θα,h (x

′, x)uα(x) + T
∗(i)
θα (x′, x)uα,h(x)

]
dΓ(x)

+

∫
Γ

[
U∗
θα,h (x

′, x)B + U∗
θα (x

′, x)B,h

]
[καβ(1− ν) + νδαβκϕϕ]w3(x)nβ(x)dΓ(x)

+

∫
Γ

U∗
θα (x

′, x)B [καβ(1− ν) + νδαβκϕϕ]w,h(x)nβ(x)dΓ(x)

−
∫
Ω

[
U∗
θα,h (x

′, X)B + U∗
θα (x

′, X)B,h

]
[καβ(1− ν) + νδαβκϕϕ]w3,β(X)dΩ(X)

−
∫
Ω

U∗
θα (x

′, X)B [καβ(1− ν) + νδαβκϕϕ]w3,βh(X)dΩ(X)

=

∫
Γ

[
U∗
θα,h (x

′, x) tα(x) + U∗
θα (x

′, x) tα,h(x)
]
dΓ(x)

+

∫
Ω

U∗
θα,h (x

′, X) qα(X)dΩ(X)

(3.24)

3.2.2.4 Evaluation of the Von Mises Stress Sensitivity and Boundary Stress Resul-

tants Sensitivity

In this section, the derivatives of the boundary stress resultants are presented, which were discussed

in the previous section, concerning geometrical variables, curvature, and thickness. The derivatives

of the bending stress resultantsMαβ and shear stress resultants Qα for plates have been previously

derived in the existing literature with respect to the geometrical variables [79,95,96] and thickness
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[79]. These equations can be equally applied to shells. However, it’s worth noting that the

derivatives of the membrane stress resultants Nαβ for shells differ from those for plates. The

derivatives of the membrane stress resultants Nαβ for shells are presented for the first time in this

work.

The derivatives of the bending stress resultants Mαβ, as outlined in Eq. (2.79), with respect to a

geometrical variable Zg, can be computed as:

M̂1α,g = p̂α,g

M̂22,g = νM̂11,g +D
(
1− ν2

)
χ̂22,g

(3.25)

where

χ̂22,g =
1

J(ζ)

[
e2α,g

∑(
ŵα

(
dN(ζ)

dζ

))
− J,g(ζ)χ̂22 + e2α

∑(
ŵα,g

(
dN(ζ)

dζ

)]
(3.26)

The above equation is summed over the nodal point of each element, for simplification, the above

and below equations do not include the nodal and element index. For a detailed representation of

the summation refer to the work by Morse [79]. The derivatives of the shearing stress resultants

Qαβ, as outlined in Eq. (2.83), with respect to a geometrical variable Zg, can be computed as:

Q̂1,g = p̂3,g

Q̂2,g =
D(1− ν)λ2

2

[
w2,g +

1

J(ζ)

∑(
w3,g

(
dN(ζ)

dζ

))
− J,g(ζ)

J2(ζ)

∑(
w3

(
dN(ζ)

dζ

))] (3.27)

The derivatives of the membrane stress resultants Nαβ, as outlined in Eq. (2.81), with respect to

a geometrical variable Zg, can be computed as:

N̂1α,g = t̂α,g

N̂22,g =
1

1− ν

[
νt̂1,g +

Eh

1 + v
ε̂22,g

]
+B (νκ11 + κ22) ŵ3,g

(3.28)

where

ε̂22,g =
1

J(ζ)

[
e2α,g

∑(
ûα

(
dN(ζ)

dζ

))
− J,g(ζ)ε̂22 + e2α

∑(
ûα,g

(
dN(ζ)

dζ

)]
(3.29)

Chapter 3. Reliability Analysis of Shallow Shell Structures 86



3.2. Methods for Calculating the Derivatives

The corresponding IDM formulations for stress couples σαβ in Eq.(2.44) with respect to Zg at the

top surface x3 = h/2 can be derived as:

σαβ,g =

(
1

h
Nαβ,g +

b

h2
Mαβ,g

)
/

(
1 +

h

2
κγ

)
σα3,g =

3

2h
Qα,g/

(
1 +

h

2
κγ

) (3.30)

The derivatives of the bending stress resultants Mαβ, as outlined in Eq. (2.79), with respect to a

curvature Zρ, can be computed as:

M̂1α,ρ = p̂α,ρ

M̂22,ρ = νM̂11,ρ +D
(
1− ν2

)
χ̂22,ρ

(3.31)

where

χ̂22,ρ =
e2α
J(ζ)

∑(
ŵα,ρ

(
dN(ζ)

dζ

))
(3.32)

The derivatives of the shearing stress resultants Qα, as outlined in Eq. (2.83), with respect to a

geometrical variable Zρ, can be computed as:

Q̂1,ρ = p̂3,ρ

Q̂2,ρ =
D(1− ν)λ2

2

[
w2,ρ +

1

J(ζ)

∑(
w3,ρ

(
dN(ζ)

dζ

))] (3.33)

The derivatives of the membrane stress resultant in Eq.(2.81) with respect to a curvature Zρ can

be evaluated as:

N̂1α,ρ = t̂α,ρ

N̂22,ρ =
1

1− v

[
vt̂1,ρ

Eh

1 + v
ϵ̂22,ρ

]
+B (νκ11,ρ + κ22,ρ, ) ŵ3 +B (νκ11 + κ22) ŵ3,ρ

(3.34)

where

ε̂22,ρ =
e2α
J(ζ)

M∑
i=1

(
ûα,ρ

(
dN(ζ)

dζ

))
(3.35)

The corresponding IDM formulations for stress couples σαβ in Eq.(2.44) with respect to Zρ at the
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top surface can be derived as:

σαβ,ρ =

(
1

h
Nαβ,ρ +

6

h2
Mαβ,ρ

)
/

(
1 +

h

2
κγ

)
− σαβh/(2 + hκγ)

σα3,ρ =
3

2h
Qα,ρ/

(
1 +

h

2
κγ

)
− σα3h/(2 + hκγ)

(3.36)

The derivatives of the bending stress resultants in Eq.(2.79) with respect to thickness Zh can be

evaluated as:
ˆM1α,h = p̂α,h

ˆM22,h = ν ˆM11,h +D,h

(
1− ν2

)
χ̂22 +D

(
1− ν2

)
χ̂22,h

(3.37)

where

χ̂22,h =
e2α
J(ζ)

∑(
ŵα,h

(
dN(ζ)

dζ

))
(3.38)

The derivatives of the shearing stress resultants in Eq.(2.83) with respect to thickness Zh can be

evaluated as:

Q̂1,h = ˆp3,h

Q̂2,h =
D,h(1− ν)λ2

2

[
w2 +

1

J(ζ)

∑(
w3

(
dN(ζ)

dζ

))]
+

2D(1− ν)λλ,h
2

[
w2 +

1

J(ζ)

∑(
w3

(
dN(ζ)

dζ

))]
+
D(1− ν)2

2

[
w2,h +

1

J(ζ)

∑(
w3,h

(
dN(ζ)

dζ

))] (3.39)

The derivatives of the membrane stress resultants in Eq.(2.81) with respect to thickness Zh can

be evaluated as:

N̂1α,h = t̂α,h

N̂22,h =
1

1− v

[
νt̂1,h +

Eh

1 + v
ε̂22,h +

E

1 + v
ε̂22

]
+B (νκ11 + κ22) ŵ3,h +B,h (vκ11 + κ22) ŵ3

where

ε̂22,h =
e2α
J(ζ)

M∑
i=1

(
ûα,h

(
dN(ζ)

dζ

))
(3.40)

The corresponding IDM formulations for stress couples σαβ in Eq.(2.44) with respect to Zh at
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the top surface can be derived as:

σαβ,h =

(
6

h2
Mαβ,h +

1

h
N11,h −

12

h3
Mαβ −

1

h2
Nαβ

)
/

(
1 +

h

2
κγ

)
− σαβκγ/(2 + hκγ)

σα3,h =
3

2
Qα,h/(1 +

h

2
κγ)− σα3/h− σα3κγ/(2 + hκγ)

(3.41)

where κγ = 1/Rγ. The detailed IDM formulations for Mαβ,g, Mαβ,ρ, Mαβ,h and Qα,g, Qα,ρ, and

Qα,h can be found in Appendix E.

The IDM formulations for the Von Mises stress can therefore be derived as:

σv,m =
1

2σv
[(σ11 − σ22)(σ11,m − σ22,m) + σ22σ22,m + σ11σ11,m + 12(σ23σ23,m + σ31σ31,m + σ12σ12,m)]

(3.42)

where the subscript ”,m” indicates a derivative with respect to a geometrical variable, curvature,

or thickness.

3.3 Numerical Examples

The proposed BEM-IDM formulations are applied in numerical examples in this section, each

demonstrating their application in reliability analysis. To commence, Section 3.3.1 provides a

validation of the proposed derivatives against the analytical solution. Here, the IDM is compared

against an analytical example featuring a hemispherical dome, serving as a verification of the

formulation’s accuracy. Section 3.3.2 delves into a more complex shell structure employed for

reliability analysis, presenting also the results of the sensitivity analysis. Building on the insights

gained from this sensitivity analysis, Section 3.3.4 details an optimization procedure performed

based on the results. In the last numerical example, involving additional geometrical parameters

was used with Reliability-based Design Optimization (RBDO). This example further illustrates

the practical applications of the BEM-IDM formulations.

3.3.1 Analytical Validation of the BEM-IDM Formulation

Validation of the accuracy of the derived BEM-IDM formulations for sensitivity calculations is a

fundamental requirement. To commence this validation process, the IDM results are first compared
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with an analytical solution, as outlined in [97]. The focus of this validation is a hemispherical shell

subjected to normal pressure. The hemispherical shell is simply supported along the edge of its

circular base and is characterized by a radius of curvature R and a thickness h, and it experiences

a uniform pressure of p = 10 kN/m2 in the out-of-plane direction. The material properties of the

shell are defined by a Young’s modulus of E = 2.0 × 107 kN/m2 and a Poisson’s ratio of ν = 0.1.

The curvature of the shell is calculated as κ11 = κ22 = 1/R. The geometric configuration is visually

represented in Figure 3.8.

Figure 3.8: Hemispherical shell under normal pressure with radius of curvature R.

The out-of-plane displacement at the center of the shell is given by

w3 = (1− ν)pR2/2Eh (3.43)

The derivatives of the out-of-plane displacement at the center of the shell concerning the radius of

curvature R and the thickness h are detailed as follows::

w3,R = (1− ν)pR/Eh; w3,h = −(1− ν)pR2/2Eh2 (3.44)

The BEM model is constructed with 48 quadratic elements positioned along the boundaries,

coupled with 49 DRM points distributed uniformly throughout the domain. To validate the model,

the out-of-plane displacement obtained from BEM was compared to that derived from the ana-

lytical solution. Additionally, derivatives were computed using both the Finite Difference Method

(FDM) and the Implicit Differentiation Method (IDM) across different values of h/R. For the
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FDM implementation, a normalized step size of ∆Z ′
g = 0.01 was used. To assess the accuracy

of the model, the percentage difference between the analytical solution and the IDM/FDM solu-

tions was calculated. The results for w3,R and w3,h are presented in Tables 3.1 and 3.2, respectively.

Table 3.1: Results of the derivatives of the centre deflection with respect to the radius of
curvature w3,R obtained from the analytical solution, IDM and FDM. The derivatives are given
in magnitude of 10−4. Percentage differences are in [%] between the IDM and the analytical

solution.

h/R R h Analytical IDM FDM % diff

1/100 5000 50 0.450 0.454 0.454 0.980
1/200 5000 25 0.900 0.901 0.901 0.147
1/500 12500 25 2.25 2.25 2.25 0.169
1/1000 25000 25 4.50 4.51 4.51 0.241
1/5000 125000 25 22.5 22.6 22.6 0.407

Table 3.2: Results of the derivatives of the centre deflection w with respect to the thickness w3,h

obtained from the analytical solution, IDM and FDM. Percentage differences in [%] between the
IDM and the analytical solution.

h/R R h Analytical IDM FDM % diff

1/100 5000 50 -2.25E-03 -2.19E-03 -2.19E-03 2.61
1/200 5000 25 -9.00E-03 -8.90E-03 -8.90E-03 1.09
1/500 12500 25 -5.63E-02 -5.62E-02 -5.62E-02 0.01
1/1000 25000 25 -2.25E-01 -2.26E-01 -2.26E-01 0.24
1/5000 125000 25 -5.63E+00 -5.65E+00 -5.65E+00 0.46

Tables 3.1 and 3.2 show that the differences between IDM and the analytical solution is minimal,

with a magnitude less than 1% for w3,R and less than 3% for w3,h. Furthermore, the results obtained

from the Finite Difference Method (FDM) and IDM exhibit only minor differences, suggesting that

IDM holds the same level of accuracy as the FDM. Nevertheless, it’s important to highlight that the

FDM requires a convergence test for choosing the optimal step size, whereas IDM, avoids the use

of step size, emerges as a more robust alternative. In summation, the IDM formulations have been

effectively validated against the analytical solution, showcasing good accuracy and robustness.
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3.3.2 Reliability Analysis

To exemplify the application of the IDM formulation with the First-Order Reliability Method

(FORM), a numerical example involving a clamped circular shallow spherical shell was used. In

this example, a range of geometrical parameters and material properties were treated as random

variables. The geometric configuration of the shell is shown in Figure 3.9.

Figure 3.9: The example features a circular shallow spherical shell with a central hole. The shell
experiences a uniform pressure load applied against its curvature, in a downward direction. This
shell is characterized by an inner radius of r1 and an outer radius of r2, along with a specified
thickness h. The curvatures in both the x and y directions are represented by κ11 = κ22 = κ.

The outer boundary of the shell is clamped, and the shell is subjected to a uniform pressure

load. The shell is comprised of Aluminum 6061-T6 with a Young’s modulus of E = 68.9GPa, a

Poisson’s ratio of ν = 0.33, and a yield strength of σy = 276MPa, as documented in [9]. The shell

is characterized by a thickness h, and its curvatures in the x and y directions are denoted as κ11

and κ22, respectively. In this example, spherical shell are considered, meaning that κ11 = κ22 = κ.

In the context of the First-Order Reliability Method (FORM), various variables are classified as

random. These include the inner radius r1 and the outer radius r2 of the shell boundaries, the

shell thickness h, the Poisson’s ratio ν, the curvature κ, and the loading conditions p. Detailed

descriptions of these random variables are available in Table 3.3. Additionally, the Coefficient

of Variation (COV) of the curvature is included as a variable, representing different levels of

manufacturing uncertainty.

The BEM model used to represent the shell structure is constructed with a total of 64 quadratic
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elements. Within this configuration, 32 elements were used to discretise the inner boundary, while

the remaining 32 elements were used to discretise the outer boundary. Additionally, the model

incorporates 64 DRM points, which have been evenly distributed throughout the domain.

Table 3.3: The design variables used in the reliability analyses

Zi Xi Parameter Description Distribution Mean COV

Z1 X1 r1 Inner radius Normal 0.5m 0.1
Z2 X2 r2 Outer radius Normal 5m 0.1
Z3 X3 κ Curvature in x direction Normal 0.005m−1 COVκ
Z4 X4 h Shell thickness Normal 0.05m 0.05
Z5 X5 ν Poisson’s ratio Normal 0.3 0.05
Z6 X6 p Domain pressure Normal 0.025MPa 0.2

The failure criterion for the shell is established in a manner that ensures the maximum Von

Mises stress within the shell remains below the yield strength of the material. In this context, the

Limit State Function (LSF) takes the following form:

g(Z) = σy − σmaxv (X) (3.45)

where σy is the yield strength and σmaxv is the maximum Von Mises stress. The vector Z contains

the design variables that can influence the value of g where Z = (r1, r2, κ, h, ν, p, σy) and X consist

of the design variables in Z without the yield strength X = (r1, r2, κ, h, ν, p).

In the context of the First-Order Reliability Method (FORM), it becomes necessary to evaluate the

sensitivity of g(Z) with respect to the design parameter Zi. To achieve this, the IDM formulation

is implemented, involving the computation of direct derivatives for boundary integral equations

established in terms of both source and field points. Conducting the IDM requires estimating the

derivatives of the nodal coordinates at the collocation points as given in Section 3.2.2.

Sensitivities for the geometrical variables Z1 − Z4 were evaluated using the BEM-IDM, while for

the non-geometrical variables Z5 − Z6, sensitivities were derived through BEM-FDM with a step

size of ∆Z ′
g = 5×10−4. The investigation encompassed a range of possible values for the coefficient

of variation (COVκ) for curvature, which takes the value from 0.02 to 0.2.
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Figure 3.10: Effect of the uncertainties (COV) in the curvature on the Reliability index for IDM
and FDM compare to the results obtained from MCS.

The influence of the coefficient of variation (COVκ) on the overall structural reliability is illus-

trated in Figure 3.10. Notably, as COVκ increases, the reliability of the structure decreases. This

inverse relationship underscores the fact that higher uncertainties are associated with an increased

probability of structural failure. Comparing the results obtained from the IDM-FORM and the

FDM-FORM shows only minor differences, with the maximum difference observed at 0.11% for

COVκ = 0.2.

However, the IDM-FORM demonstrates superior computational efficiency when compared to the

FDM-FORM. This efficiency is particularly evident in the CPU times presented in Table 3.4, where

the IDM proves to be 35% faster than the FDM for evaluating one derivative with respect to one

design parameter. While the absolute reduction in CPU time is relatively modest (0.86 seconds),

this gain becomes significant when the differentiation step needs to be performed numerous times,

particularly in gradient-based optimization procedures. The IDM’s efficiency advantage is further

underscored by the fact that it does not necessitate the use of a step size, in contrast to the FDM.

Consequently, the findings establish the IDM developed in this work as a more efficient alternative

to the FDM for sensitivity calculations.
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Table 3.4: CPU time required for the FORM, with either the IDM or the FDM.

Method CPU time (s) per derivative

FDM 2.41
IDM 1.55

3.3.3 Sensitivity Analysis

Reliability analysis plays an important role in the assessment of structural integrity and safety.

The results can be used for conducting sensitivity analyses, with the aid in the identification of the

most influential design parameters for enhancing safety. As the complexity of systems increases,

along with the number of random variables affecting structural response, managing all variables

becomes progressively challenging. Therefore, the emphasis shifts towards recognizing and effec-

tively managing only the most critical variables. To assess the impact of parameter uncertainty on

overall reliability, reliability sensitivity analyses are employed. These analyses enable a detailed

exploration of how individual parameters exert their influence on the probability of system failure

The directional vector a, as calculated in Eq. (3.11), represents the sensitivity of the standardized

limit state function at the design point u∗ to changes in the parameter vector u. The practical

implication of this sensitivity results is that, when the sensitivity with respect to a parameter ui is

low, it suggests that precise estimation of this parameter may not be necessary. In simpler terms,

parameters with minimal sensitivity to the limit state can be effectively treated as deterministic

values without considering the uncertainties. This approach can significantly simplify the problem,

enabling engineers to concentrate their efforts on the most crucial parameters.

A sensitivity factor is defined as the rate of change in the probability of structural failure concern-

ing a specific distribution parameter, such as µ or σ, associated with a given random variable. In

the context of this research, the sensitivity factors were evaluated at the design point (MPP). This

analysis encompassed a diverse range of values for the COV in the curvature, denoted as COVκ.

For the random variables conforming to a normal distribution, it is possible to compute the sensi-

tivity factor relating to either the mean or standard deviation through the methodology outlined

in Xiaoping’s work [98].

Sµi =
∂Pf
∂µi

= ϕ(−β) u
∗
i

βσi
; Sσi =

∂Pf
∂σi

= ϕ(−β)(u
∗
i )

2

βσi
(3.46)
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Where β represents the reliability index that is evaluated at the MPP, while ϕ(−β) denotes the

probability density function for a standard normal distribution, specifically evaluated at the value

of −β. In addition, u∗i corresponds to the U-space value of the ith design variable.

It is noteworthy that the sensitivity factors obtained through the equation presented in (3.46),

denoted as Sµi and Sσi , differ in units, therefore the direct comparison is impractical. In order to

mitigate this issue, a dimensionless transformation process has been implemented, as elaborated

in the authoritative work of Saltelli [99] such that the dimensionless sensitivity results for different

parameters can be comparable to each other.

S̃µi =
µi
Pf

∂Pf
∂µi

; S̃σi =
σi
Pf

∂Pf
∂σi

(3.47)

where S̃µi and S̃σi denotes the sensitivity of the failure probability with respect to the mean and

standard deviation of the distribution, respectively. The results of the sensitivity factors evaluated

at the MPP at COVκ = 0.1 are given in Table 3.5. Table 3.5 offers insights into the sensitivity

Table 3.5: The sensitivity factors obtained from the reliability analysis for COVκ = 0.1. The table
gives both the sensitivity factor and the normalised sensitivity factors.

Sensitivity Sµi S̃µi Sensitivity Sσi S̃σi

∂Pf/∂µr1 -0.018 -0.93 ∂Pf/∂σr1 0.0015 0.0076
∂Pf/∂µr2 0.011 5.49 ∂Pf/∂σr2 0.0051 0.26
∂Pf/∂µκ -25.65 -13.24 ∂Pf/∂σκ 29.67 1.53
∂Pf/∂µh -3.38 -17.45 ∂Pf/∂σh 2.58 0.67
∂Pf/∂µν 0.077 2.38 ∂Pf/∂σν 0.0080 0.012
∂Pf/∂µp 4.03 10.40 ∂Pf/∂σp 7.32 3.78

factors associated with various structural parameters. Notably, the sign of the sensitivity factor for

the mean values of the outer radius, Poisson’s ratio, and pressure load is positive. This observation

implies that an increase in these mean values correlates with an increased probability of structural

failure Conversely, negative sensitivity factors indicate the inverse relationship. This aligns with

the expectations; for example, a decrease in curvature values tends to transform the structure into

one a near-flat plate, which inherently offers less resistance to downward pressure. Similarly, a

thicker shell exhibits greater capacity to withstand higher pressure forces.

Furthermore, it’s noteworthy that all sensitivity factors related to the standard deviation exhibit
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positive signs. This is consistent with the expectation that greater uncertainties in the variables

are likely to correspond to an increased likelihood of structural failure.

Sensitivity analysis serves as a valuable tool in the design process. Nevertheless, in situations

involving a multitude of variables, identifying those with the most pronounced influence on relia-

bility can be a challenging task. To address this, the percentage importance of each of the random

variables can be computed, as elaborated in the reference by Niu [100].

λµi =
|S̃µi|∑
|S̃µi |

× 100%; λσi =
|S̃σi |∑
|S̃σi |

× 100%; (3.48)

where λµi and λσi represent the percentage contribution of each distribution parameter to the over-

all sensitivity. The graphical representation of these percentage sensitivity factors for a variety

of variables, encompassing different values of COVκ, is presented in Figures 3.11 and 3.12 for the

means and standard deviations, respectively.

Figure 3.11: Percentage influence of the sensitivity factors of mean of the variables with varying
COV in curvature.
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Figure 3.12: Percentage influence of the sensitivity factors of standard deviation of the variables
with varying COV in curvature.

Based on the results shown in the figures. Notably, the mean and standard deviation of both the

inner radius r1 and Poisson’s ratio ν exhibit considerably smaller effects on sensitivity compared

to other parameters. In contrast, the geometric variables, specifically curvature κ and thickness

h carry a notably higher influence on the failure probability. Among all the parameters under

consideration, the standard deviation of the applied uniform pressure, denoted as σp emerges

as the most impactful parameter. However, as COVκ increases, the standard deviation of the

curvature, σκ, approaches a similar level of impact.

In summary, these findings suggest that enhancing the reliability of the shallow shell structure, as

illustrated in Figure 3.9, more focus should be paid on the curvature and thickness. This emphasis

is given as these parameters exert a substantial influence on the probability of structural failure

and are also relatively easier to control compared to non-geometric factors like the applied pressure.

Furthermore, more accurate quantification of uncertainties associated with the applied pressure

load is crucial, given that the standard deviation in the pressure load significantly impacts the

failure probability.
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3.3.4 Optimisation

Structural design consists not only the critical considerations of ensuring the strength, service-

ability, and safety of a construction but also the economic aspects tied to constructing such a

structure. Increasing the safety standards of a structure frequently entails an elevating in man-

ufacturing costs, while efforts to economize often require compromises on structural safety. The

balance between safety and cost underscores the complexity in structural design. Over the past

two decades, significant attention has been dedicated to the development of design optimization

methodologies under various uncertainties in the parameter.

In the domain of structural analysis, multiple optimization methods has found application. These

encompass deterministic design optimization [101], Possibility-Based Design Optimization (PBDO)

[102], Reliability-based Design Optimization (RBDO) [103], and life cycle and risk optimiza-

tion [104]. Among these, RBDO has gained greater attention for shape optimization. Within

RBDO, two formats of the problem are widely used: the Performance Measure Approach (PMA)

and the Reliability Index Approach (RIA). The key distinction between these two approaches lies

in their optimization strategies. In PMA, the objective is to minimize a complex function sub-

ject to straightforward constraints, whereas RIA involves the minimization of a simple function

constrained by complex conditions. PMA has emerged as the more robust choice, demonstrating

superior convergence performance compared to RIA. Moreover, to enhance the stability and con-

vergence rate in RBDO, the Hybrid Mean Value Method, as detailed in the work by Youn [103],

has been effectively incorporated in the optimisation of the following example.

In the previous two examples, the IDM formulation played a pivotal role in assessing the response

sensitivities of structural systems. The IDM formulations were first validated with an analytical

example and subsequently expanded to a more complex structure. The latter example served the

purpose of identifying the most influential design parameters.

To underscore the practical applicability of IDM formulations, two optimization examples were

performed, both involving shape optimization facilitated by the innovative IDM formulation de-

veloped within this research. The first optimization concentrated on the shape optimization of

a circular shell structure considering only the crucial parameters, as identified in the sensitivity

analysed in Section 3.3.3. The second optimization example was considerably more complicated,
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focusing on optimizing the shape of an aircraft fuselage structure, characterized by a significantly

greater number of design parameters compared to the former example.

This process of optimisation allows engineers to maximize or minimize a performance function

while satisfying the constraints and requirements of the structure. Given that the sensitivities

have been calculated via the FORM in using the BEM-IDM formulation, gradient-based design

optimization methods become the method of choice. In practice, these optimization tasks were

executed using MATLAB’s nonlinear multi-variable function solver ’fmincon’ with the constraint

gradient evaluated by the IDM-BEM formulation and the optimisation algorithm ’trust-region-

reflective’ was chosen.

3.3.4.1 Numerical example 1: Circular Shallow Spherical Shell

The first optimization example centers on the enhancement of a circular shell structure with

a central hole, as previously discussed in Section 3.3.3 Figure 3.9. The primary objective in

this optimization is to minimize the mass of the shell, provided that the maximum Von Mises

stress remains below a specified threshold. Based on the sensitivity analysis expounded in Section

3.3.3, the outer radius r2, curvature κ, and thickness h emerge as the parameters with the most

substantial influence on the maximum Von Mises stress within the structure. Consequently, the

design parameters under consideration for this optimization problem are limited to the vector

d = [r2, κ, h], while all other parameters are held constant at their mean values. Thus, the

optimization problem can be defined as follows:

Minimise: Mass(d) (3.49)

Subject to: dL ≤ d ≤ dU , d ∈ R3

σmaxv ≤ σY /S

Where σmaxv denotes the maximum Von Mises stress present in the structure, σY represents the yield

strength, and S is the safety factor, maintaining a constant value of 1.5. The optimization process

begins with an initial design denoted as d0 = [5, 0.05, 0.5]. Design constraints are imposed through
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lower and upper bounds, defined as dL = [4.5, 0.001, 0.01] and dU = [5.5, 0.01, 0.1], respectively.

The optimisation procedure is considered to achieve convergence when the change in Mass(d) is

less than 0.01%, and σmaxv falls at or below σY /S within a 0.01% of error. To comprehensively

investigate the influence of yield strength on optimization results, various materials are considered,

including Aluminum 6061-T6, 2024-T4, 7075-T6, and 7075-T7. Material properties for these alloys

are detailed in Table3.6, and the mass calculations are conducted using the design variables d

combined with the corresponding density. The initial design is characterized by a volume of

3.889m3. The expectation is that when materials with higher yield strength are employed, a

lighter mass in the optimized design can be achieved.

Table 3.6: Material properties of different Aluminium alloys. The Young’s modulus E, Poisson’s
ratio ν, yield strength σY and density ρ are given [9].

Material E [GPa] ν σY [MPa] ρ [kgm−3]

Aluminium 6061-T6 68.9 0.33 276 2700
Aluminium 2024-T4 73.1 0.33 324 2780
Aluminium 7050-T7 71.7 0.33 469 2830
Aluminium 7075-T6 71.7 0.33 503 2810

The optimization outcomes for each of the specified materials are presented in Table 3.7. Addi-

tionally, the convergence history is graphically depicted in Figure 3.13. Evidently, the optimization

process has successfully led to a reduction in the volume of the structure when compared to the

initial design. The results notably underscore that the utilization of materials with higher yield

strength, for example for Aluminum 7075-T6, indeed leads to the final design of lighter mass. This

outcome aligns with the earlier expectations discussed.

Table 3.7: Optimisation results from the IDM-based BEM with multiple Aluminium alloys.

Material σY [MPa] Optimal Volume Optimal Mass r2 [m] κ [m−1] h [m]

Aluminium 6061-T6 276 1.31 m3 3536.3 kg 4.621 0.00802 0.0197
Aluminium 2024-T4 324 1.13 m3 3133.6 kg 4.500 0.00882 0.0179
Aluminium 7050-T7 469 0.961 m3 2719.8 kg 4.501 0.00781 0.0153
Aluminium 7075-T6 503 0.956 m3 2687.7 kg 4.539 0.00677 0.0150
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Figure 3.13: Optimisation history from the IDM-based BEM with multiple Aluminium alloys.
Three examples of shape-changing in the optimisation are presented for Aluminium 2024-T4.

3.3.4.2 Numerical example 2: Shell Structure with a Window

The second example serves as a demonstration of the application of the BEM-IDM for Reliability-

Based Design Optimization (RBDO). The RBDO is a well-established field in structural engi-

neering which centred around the optimization of structures while accounting for uncertainties in

design parameters to achieve a predetermined level of reliability. This area has been the subject

of extensive research in the literature [78, 79,105,106].

The structure featuring a simply supported shell structure with a window section was used for

the RBDO, as showcased in Figure3.14. The structure is constructed using Aluminum 6061-T6

and is exposed to boundary tension, bending, and domain pressure. The geometry of the shell is

defined by the parameters X = [W1, L1, R1,W2, L2, R2, h, κ], and the design variables considered

in the optimization process are d = [W2, L2, R2, h, κ]. Furthermore, it’s essential to underscore the

presence of random variables affecting loading and material properties. These random variables

encompass bending moment M , tension N , domain pressure P , and yield strength σY . Detailed

information pertaining to these variables is tabulated in Table3.8.
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Figure 3.14: Shell structure subjected at tension, bending and domain pressure loading.

Table 3.8: Details of the shell structure parameters and random variables used in the optimisation
procedure .

Variable Description Mean CoV Units

W1 Outer width 1 0 m
L1 Outer length 1 0 m
R1 Outer radius 0.1 0 m
W2 Inner width 0.5 0.01 m
L2 Inner length 0.25 0.01 m
R2 Inner radius 0.05 0.01 m
h Thickness 0.05 0.01 m
κ Curvature 0.1 0.01 m−1

N Boundary traction 0.9 0.1 MNm−1

M Boundary moment 0.01 0.1 MN
P Domain pressure 0.056 0.1 MPa
σY Yield stress 276 0.1 MPa

The BEM mesh of this structure is composed of 112 quadratic elements on the boundaries and

78 DRM points in the domain. The optimisation problem is defined such that the mass is to be

Chapter 3. Reliability Analysis of Shallow Shell Structures 103



3.3. Numerical Examples

minimised while a specific target reliability index βtarget is reached.

Minimise: Mass(d) (3.50)

Subject to: dL ≤ d ≤ dU , d ∈ R5

g(Z) ≤ 0 (∥ u ∥= βtarget)

where the limit state function is defined as:

g(Z) = σmaxv (Q)− σY (3.51)

where Z = [W2, L2, R2, h, κ,M,N, P, σY ] and Q = [W2, L2, R2, h, κ,M,N, P ]. The mass of the

structure is computed using the parameters in X and a density value of ρ = 2700 kg/m3. In

the optimization equation mentioned above, two constraints were taken into account: 1) The

equality constraint, denoted by |u| = βtarget, was assessed using an ’inverse’ FORM approach.

This approach allows for the calculation of the corresponding design point given a specific βtarget

value. 2) The inequality constraint, expressed as g(Z) ≤ 0, required the computation of constraint

gradients. These gradients were calculated using the IDM-BEM formulations.

The initial design is expressed as d0 = [0.5, 0.25, 0.05, 0.05, 0.1], with lower and upper bounds

defined as dL = 0.8d0 and dU = 1.2d0. Notably, a broader range of design variation is prescribed

for R2, denoted as dLR2
= 0.03 and dUR2

= 0.07.

The optimization process for the shell structure was conducted with a range of target reliability

indices βtarget. A higher βtarget represents a lower probability of failure. The variation in βtarget

corresponds to different safety requirements for potential applications. The expected outcome is

that, as the safety requirements become more stringent (signified by higher βtarget values), the

mass of the optimized design is likely to increase.
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Table 3.9: Optimisation results for different target reliability indexes βtarget.

βtarget W2 L2 R2 h κ mass [kg] βFORM Pf (%)

Initial design 0.5 0.25 0.05 0.05 0.1 165.1 3.651 0.01311

2 0.4970 0.2892 0.06956 0.04006 0.1179 125.4 2.008 2.232
3 0.4050 0.2771 0.06967 0.04008 0.1192 130.4 3.014 0.1289
4 0.4012 0.2064 0.06976 0.04279 0.1196 143.9 4.006 0.003088
5 0.4002 0.2009 0.06996 0.04856 0.1199 163.6 5.001 2.852e-05
6 0.4007 0.2027 0.06983 0.05739 0.1196 193.3 6.003 9.805e-08

Figure 3.15: Optimisation history from the IDM-based BEM with different target reliability
βtarget.

The results of the optimisation for different target reliability indexes βtarget are given in the

Table3.9 and the iteration history of the optimisation is shown in Figure3.15. To verify that

the optimal design is meeting the target reliability index, the true reliability index βFORM was

evaluated using the FORM. It can be seen that the error between the βtarget and βFORM is less

than 0.47%, meaning that βtarget and βFORM are in very good agreement. As the target reliability

index increases, the optimal mass is higher which matches the expectation discussed earlier. The

optimal geometry for βtarget = 2 and βtarget = 6 is shown in Figure3.16. As βtarget increases,

optimal design becomes thicker and has higher curvature, the radius of the fillet is also larger and

the ’window’ section is smaller.
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Figure 3.16: Optimisation results for shell design with βtarget = 2 and βtarget = 6. (not to scale)

The location of the maximum VonMises stress is often found to concentrated at the corner of the

window. Consequently, exploring the sensitivity of the maximum Von Mises stress with respect to

the fillet radius R2 becomes of particular significance. Sensitivity analysis is thoughtfully conducted

at a specific reliability level (i.e., a fixed βtarget) to evaluate the sensitivity of the maximum Von

Mises stress with variations in the fillet radius.

The derivatives of the maximum Von Mises stress concerning changes in the fillet radius are

distinctly portrayed in Figure3.17, where other variables are taken the value obtained by the

obtained optimal design parameters for βtarget = 4. It’s essential to highlight that, while the

design variables remain fixed at the optimal results given in Table3.9, the focus is on varying the

value of R2. Evidently, the maximum Von Mises stress showcases varying levels of sensitivity to

changes in the fillet radius. Notably, when a larger R2 is employed in the design, the maximum

Von Mises stress tends to exhibit lower sensitivity. Importantly, the reliability index maintains

close alignment with the target reliability index.
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Figure 3.17: Sensitivity of the maximum Von Mises stress to the change in fillet radius R2 at the
optimal design of βtarget = 4.

3.4 Conclusion

This chapter has introduced a novel methodology for conducting reliability analyses using the

newly developed Boundary Element Method-based Implicit Differentiation Method (BEM-IDM)

tailored for shallow shell structures. Notably, the chapter presents the BEM-IDM formulations for

deriving the response sensitivities concerning variations in geometric parameters, curvature, and

thickness.

The exact derivatives extracted from the BEM formulations were derived and coupled with the

First-Order Reliability Method (FORM) to evaluate the reliability of shell structures. The IDM

formulation allows the evaluation of the sensitivity of the failure criterion concerning changes in

random variables. The IDM formulations were verified first against an analytical example featuring

a hemispherical shell. The results showed good agreement with the analytical solution, with a

maximum difference of 2.61%. Subsequently, the IDM formulations were used with the FORM for

the analysis of a structure characterized by a circular shallow shell with an inner hole subjected to

uniform pressure. In this analysis, geometric variables, material properties, and applied pressure

were all treated as random variables. A specific focus was placed on investigating the influence
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of variation in curvature uncertainties on the reliability of the structure, which, in turn, revealed

that increased uncertainty in curvature corresponded to a higher probability of structural failure.

Furthermore, it’s worth highlighting that the IDM results exhibited a high degree of align-

ment with the outcomes produced by the FDM-FORM. The differences between the two methods

remained notably small, with a maximum deviation of 0.11%.

The sensitivity analysis was performed, effectively applying the newly developed BEM-IDM to

analyse the impact of various variables on the reliability of the structure. The insights derived from

this analysis underscored the importance of managing uncertainties associated with geometrical

variables and more accurately determining uncertainties associated with pressure loads.

In a demonstration of practical applications, this chapter effectively employed the BEM-IDM as

a gradient-based optimization procedure. The objective of this optimization was to minimize mass

while preserving a high level of safety. The study encompassed a diverse range of materials with

varying yield strengths, aimed at investigating the impact of yield strength on the optimization

solutions. A notable revelation was that the utilization of stronger materials resulted in the

optimization of structures with lower mass.

Furthermore, a shape optimization using Reliability-Based Design Optimization (RBDO) was

performed. The results show that increasing the targeted reliability index led to a corresponding

increase in the mass of the structure in order to fulfil the stringent safety requirements.
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Chapter 4

Reliability Analysis of Fatigue Crack

Growth in Shallow Shell Structures

Fatigue, as a mode of structural failure, remains one of the most commonly observed issues in

engineering structural problems. This phenomenon is frequently encountered in engineering prac-

tice [107]. The significance of accurately assessing structural reliability has been on the rise,

particularly within the field of structural integrity assessment. This interest is further emphasised

in the field of aircraft structural engineering, where the demand for exceptionally high reliability

is essential, given that a significant proportion of structural failures can be attributed to fatigue

crack growth [108]. Consequently, the need to perform fatigue reliability has taken great interest

in the research community. It’s worth noting that this chapter primarily focuses on the fatigue

limit state within the shallow shell structures. The following section provides a concise review of

fatigue reliability analysis, with a particular emphasis on fracture mechanics.

Shallow shell problems hold a significant interest within engineering design processes, primarily

due to the extensive utilization of shallow shells in aircraft and naval structures. Their appeal lies

in the advantageous combination of low weight and high strength. In this context, fatigue is of

high interest in the structural design. The assessment of stress intensity factors (SIFs) and the

variations in design parameters represent crucial subjects in the domain of failure analysis. The

field of reliability analysis, especially concerning cracked structures, has witnessed an increased

research interest. Notably, a substantial portion of the existing literature leans towards indirect
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approaches to reliability analysis, with Finite Element Method (FEM) being a favoured method-

ology [109–111]. For instance, the reliability of aircraft panels has been a subject of substantial

attention, as exemplified by studies such as [112], where a wing surface panel featuring multi-

site damage was considered with the initial crack lengths treated as uncertainties followed by

the RBDO to determine an optimal inspection interval. Another example is presented in [113],

where the reliability of a stiffened panel was estimated through a combination of Monte Carlo

Simulation (MCS) and the First-Order Reliability Method (FORM), accounting for the influence

of inspections. Furthermore, the extensive review by White [114] comprehensively covers various

formulations for assessing the probability of failure employing the FEM. This review encompasses

diverse risk assessments conducted for different aircraft, including examples like the F16 and F/A-

18.

While previous research has effectively utilized the Finite Element Method (FEM) for reliability

analysis, the application of shallow shell Dual Boundary Element Method (DBEM) in the context

of fatigue reliability analysis has received relatively limited attention. However, several notewor-

thy works have emerged that demonstrate the coupling of the Boundary Element Method (BEM)

in fatigue reliability analysis. For instance, in the field of railway engineering, a study proposed

in [115] assessed the fatigue reliability of a railway steel component to determine its design service

life. Additionally, probabilistic damage analysis for a fuselage panel, incorporating microelements

in the mesh of the domain, was explored in [116]. Furthermore, a different approach involved the

application of the spline fictitious boundary element method (SFBEM) coupled with the response

surface method (RSM) for 2D plate structures, as illustrated in [117]. In the domain of defect

identification, stochastic inverse BEM (SIBEM) was employed in [118] to determine defect param-

eters and locations. This information was then applied to the First Order Second Moment method

to evaluate the reliability index. Notably, the work by Leonel [119] advanced the understanding

of 2D plane structures by evaluating derivatives of the DBEM using the finite difference method

(FDM). Subsequently, the First-Order Reliability Method (FORM) was applied to evaluate failure

probabilities. In the research presented by Morse [83], a comprehensive analysis was conducted

on a plate subjected to the combined effects of bending, tension, and domain load, featuring a

centre slant crack. The study employed both the Implicit Differentiation Method (IDM) and the
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FDM to derive the sensitivity of crack tip Stress Intensity Factors (SIFs). Additionally, Huang [77]

introduced a novel approach for sensitivity evaluation, focusing on derivatives with respect to the

local coordinate system, providing an accurate means to account for directional changes during

crack propagation. Similar methodologies were applied in the work by the same author [120].

Despite the existing research in this domain, a comprehensive study addressing the application

of the DBEM to reliability analysis for shallow shell problems remains a notable gap in the existing

literature. This study aims to build upon the foundations laid by Morse [83] and Huang [77], with

the objective of formulating a DBEM-based Implicit Differentiation Method (IDM) tailored to the

shallow shell problems, hence enabling a precise evaluation of Sensitivity of Stress Intensity Factors

(SIFs). Within this framework, the study focuses on a fatigue reliability assessment utilizing the

First-Order Reliability Method (FORM). This assessment explicitly considers the uncertainties

inherent in fatigue crack growth. The insights derived from this fatigue reliability assessment have

the potential to inform real-world engineering scenarios, aiding in the determination of a structure’s

service life or the establishment of appropriate inspection intervals.

The chapter structure unfolds as follows: Section 4.1 introduces the fatigue reliability analysis

and model of fatigue crack growth using the Paris Law. Section 4.2 outlines the derivatives of

the DBEM formulations. In Section 4.3, a numerical example featuring a cracked fuselage window

structure is presented to demonstrate the application in fracture reliablity analysis. In 4.4, a nu-

merical case study is presented, featuring a shell structure with two cracks and a central hole in the

reliability analysis. The results of the reliability analysis are presented. A third numerical example

in section 4.5 involving more complex geometry was used for fatigue life reliability assessment to

further illustrate possible practical applications of the DBEM-IDM formulations. A comparison

of results obtained from FORM and MCS is provided. Further elaboration on the formulation of

stress intensity factor derivatives can be found in the Appendix E.

4.1 Fundamental Concept of Fatigue Reliability Analysis

The methodology and algorithm employed for locating the Most Probable Point (MPP) and sub-

sequently assessing the structure’s reliability align with the principles introduced in the previous

chapter. In this section, the focus is on the core concepts related to structures subject to fatigue
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limit states and provides an overview of the process for conducting reliability analysis in the con-

text of fatigue reliability assessment.

Within the domain of fracture mechanics, stress intensity factors play a pivotal role in characteriz-

ing the stress field around a crack tip. The critical stress intensity factor associated with fracture

behaviour is known as the fracture toughness, denoted as KIC . However, determining KIC is

susceptible to various sources of error, including measurement errors, microstructural variability,

and variability between specimens, as discussed in [121]. Consequently, KIC must be considered

as a random variable. This acknowledgement leads to the expression of the limit state in terms of

fracture tolerance.

g(Z1) = KIC −Keff (Z1) (4.1)

where Z1 encompasses the design factors capable of influencing the Stress Intensity Factor (SIF) at

the crack tip. As previously introduced in Chapter 2, the effective stress intensity factor around the

crack tip, denoted as Keff , can be computed using the Crack Surface Displacement Extrapolation

technique (CSDE).

The expression for the fatigue life N of a structure is typically a function of design parameters,

loads, and crack growth parameters. However, it’s important to note that even if these factors are

treated as deterministic values, fatigue crack growth remains inherently stochastic, as discussed in

[121]. Hence, reliability analysis is well-suited for addressing such problems marked by substantial

uncertainties. The fatigue life, quantified in terms of the number of cyclic loads, can be expressed

as follows:

N = N(Z2) (4.2)

where Z2 contains the design factors that can influence the fatigue life of a structure. The prob-

ability of failure can therefore be defined as the probability of the service life Ns exceeding the

fatigue life of the structure such that

pf = p(N < Ns) (4.3)
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consequently, the fatigue limit state function can be written as

g(Z2) = N(Z2)−Ns (4.4)

The Paris Law which developed from empirical results has found its wide application in evaluating

the fatigue life N , where the crack growth rate da/dN is found to be

da

dN
= C(∆K)mp (4.5)

where a is the crack length, C and mp are called Paris coefficient and exponent respectively. ∆K

is the stress intensity factor range defined as

∆K = Kmax −Kmin = (1−R)Kmax (4.6)

where R = σmin/σmax (where σmin and σmax are the minimum and maximum applied stresses

respectively). Both C and m in Eq. (4.5) are dependent on the material used, where C has

depends on the stress ratio that follows Walker’s equation

C =
C0

(1−R)mp(1−γ)
(4.7)

where γ is the coefficient of the Walker’s equation, represents how strongly the stress ratio affects

the crack growth rate and C0 is the interception point when R=0. Once the crack growth rate is

determined, the fatigue life can be evaluated by

N =

∫ a

a0

1

da/dN
da (4.8)

where a0 is an initial crack length, and a is a final crack length.
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4.2 The Implicit Differentiation Method (IDM) for Shal-

low Shell Structure

As mentioned in the previous chapter, the methods for evaluating the derivatives involve IDM

and FDM, where FDM follows the same formulation. The IDM formulations for boundary integral

equations were outlined in the previous chapter. This chapter only focused on the IDM formulation

of the DBEM in section 2.2.4 and hence is outlined in the following.

4.2.1 BEM-IDM Formulations for Shallow Shell Structures with Re-

spect to a Geometrical Variable Zg

The changing in geometrical parameters does not affect the values of the curvature, therefore for

simplification, denote the constant term Cκ1 = B ((1− ν)καβ + νδαβκϕϕ). The derivatives of the

DBEM displacement integral equations applied for collocations on the upper crack surfaces (as

given in equations 2.87 to 2.88):

1

2
wj,g

(
x+
)
+

1

2
wj,g

(
x−
)
+−
∫
Γ

[
P ∗
ij,gwj + P ∗

ijwj,g
]
dΓ

=

∫
Γ

[
W ∗
ij,gpj +W ∗

ijpj,g)
]
dΓ

−
∫
Ω

W ∗
i3,gκαβB

1− ν

2

[
uα,β + uβ,α +

2ν

1− ν
uϕ,ϕδαβ

]
dΩ

−
∫
Ω

W ∗
i3καβB

1− ν

2

[
uα,βg + uβ,αg +

2ν

1− ν
uϕ,ϕgδαβ

]
dΩ

−
∫
Ω

[
W ∗
i3,gκαβCκ1w3 +W ∗

i3καβCκ1w3,g

]
dΩ

+

∫
Ω

[
W ∗
i3,gq3 +W ∗

i3q3,g
]
dΩ

(4.9)

and
1

2
uα,g

(
x+
)
+

1

2
uα,g

(
x−
)
+−
∫
Γ

[
T ∗
θα,guα + T ∗

θαuα,g
]
dΓ

+

∫
Γ

[
U∗
θα,gCκ1w3nβ + U∗

θαCκ1w3,gnβ + U∗
θαCκ1w3nβ,g

]
dΓ

−
∫
Ω

[
U∗
θα,gCκ1w3,β + U∗

θαCκ1w3,βg

]
dΩ

=

∫
Γ

[
U∗
θα,gtα + U∗

θαtα,g
]
dΓ +

∫
Ω

[
U∗
θα,gqα + U∗

θαqα,g
]
dΩ

(4.10)
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similarly, denote that Cκ2 = B ((1− ν)κθψ + νδθψκϕϕ), the derivatives of the DBEM traction

integral equations for collocations on the lower crack surfaces (equation 2.89 - 2.91) are:

1

2
pα,g

(
x−
)
− 1

2
pα,g

(
x+
)
+ nβ,g

(
x−
)
=

∫
Γ

P ∗
αβγwγdΓ

+ nβ
(
x−
)
=

∫
Γ

[
P ∗
αβγ,gwr + P ∗

αβγwγ,g
]
dΓ

+ nβ,g
(
x−
)
−
∫
Γ

P ∗
αβ3w3dΓ + nβ

(
x−
) ∫

Γ

[
P ∗
αβ3,gw3 + P ∗

αβ3w3,g

]
dΓ

= nβ,g
(
x−
)
−
∫
Γ

W ∗
αβγpγdΓ + nβ(x

−)−
∫
Γ

[
W ∗
αβγ,gpγ +W ∗

αβγpγ,g
]
dΓ

+ nβ,g
(
x−
) ∫

Γ

W ∗
αβ3p3dΓ + nβ

(
x−
) ∫

Γ

[
W ∗
αβ3,gp3 +W ∗

αβ3p3,g
]
dΓ

− nβ,g
(
x−
) ∫

Ω

κθψB
1− ν

2

(
uθ,ψ + uψ,θ +

2ν

1− ν
uϕ,ϕδθψ

)
W ∗
αβ3dΩ

− nβ
(
x−
) ∫

Ω

κθψB
1− ν

2

(
uθ,ψg + uψ,θg +

2ν

1− ν
uϕ,ϕgδθψ

)
W ∗
αβ3dΩ

− nβ(x
−)

∫
Ω

κθψB
1− ν

2

(
uθ,ψ + uψ,θ +

2ν

1− ν
uϕ,ϕδθψ

)
W ∗
αβ3,gdΩ

− nβ,g
(
x−
) ∫

Ω

κθψCκ2w3W
∗
αβ3dΩ

− nβ
(
x−
) ∫

Ω

κθψCκ2
[
w3,gW

∗
αβ3 + w3W

∗
αβ3,g

]
dΩ

+ nβ,g
(
x−
) ∫

Ω

W ∗
αβ3q3dΩ + nβ

(
x−
) ∫

Ω

[
W ∗
αβ3,gq3 +W ∗

αβ3q3,g
]
dΩ

(4.11)

Chapter 4. Reliability Analysis of Fatigue Crack Growth in Shallow Shell Structures 115



4.2. The Implicit Differentiation Method (IDM) for Shallow Shell Structure

and
1

2
p3,g

(
x−
)
− 1

2
p3,g

(
x+
)
+ nβ,g

(
x−
)
−
∫
Γ

P ∗
3βγwγdΓ

+ nβ
(
x−
)
−
∫
Γ

[
P ∗
3βγ,gwγ + P ∗

3βγwγ,g
]
dΓ

+ nβ,g
(
x−
)
=

∫
Γ

P ∗
3β3w3dΓ(x) + nβ

(
x−
)
=

∫
Γ

[
P ∗
3β3,gw3 + P ∗

3β3w3,g

]
dΓ

= nβ,g
(
x−
) ∫

Γ

W ∗
3βγpγdΓ + nβ

(
x−
) ∫

Γ

[
W ∗

3βγ,gpγ +W ∗
3β3pγ,g

]
dΓ

+ nβ,g
(
x−
)
−
∫
Γ

W ∗
3β3p3dΓ + nβ

(
x−
)
−
∫
Γ

[
W ∗

3β3,gp3 +W ∗
3β3p3,g

]
dΓ

− nβ,g
(
x−
) ∫

Ω

κθψB
1− ν

2

(
uθ,ψ(X) + uψ,θ +

2ν

1− ν
uϕ,ϕδθψ

)
W ∗

3β3dΩ

− nβ
(
x−
) ∫

Ω

κθψB
1− ν

2

[(
uθ,ψg + uψ,θg +

2ν

1− ν
uϕ,ϕgδθψ

)
W ∗

3β3

+

(
uθ,ψ + uψ,θ(X) +

2ν

1− ν
uϕ,ϕδθψ

)
W ∗

3β3,g

]
dΩ

− nβ,g
(
x−
) ∫

Ω

κθψCκ2w3W
∗
3β3dΩ

− nβ
(
x−
) ∫

Ω

κθψCκ2
[
w3,gW

∗
3β3 + w3W

∗
3β3,g

]
dΩ

+ nβ,g
(
x−
) ∫

Ω

W ∗
3β3q3dΩ + nβ

(
x−
) ∫

Ω

[
W ∗

3β3,gq3 +W ∗
3β3q3,g

]
dΩ

(4.12)

and
1

2
tα,g
(
x−
)
− 1

2
tα,g
(
x+
)
+ nβ,g

(
x−
)
=

∫
Γ

T ∗
αβγuγdΓ

+ nβ
(
x−
)
=

∫
Γ

[
T ∗
αβγ,guγ + T ∗

αβγuγ,g
]
dΓ

+ nβ,g(x
−)−
∫
Γ

U∗
αβγCκ2w3nψ(x)dΓ + nβ(x

−)−
∫
Γ

U∗
αβγ,gCκ2w3nψdΓ

+ nβ
(
x−
)
−
∫
Γ

U∗
αβγCκ2 [w3,gnψ(x) + w3nψ,g] dΓ

− nβ,g
(
x−
) ∫

Ω

U∗
αβγCκ2w3,βdΩ

− nβ
(
x−
) ∫

Ω

[
U∗
αβγ,gCκ2w3,β + U∗

αβγCκ2w3,βg

]
dΩ

= nβ,g
(
x−
)
−
∫
Γ

U∗
αβγtγdΓ + nβ

(
x−
)
−
∫
Γ

[
U∗
αβγ,gtγ + U∗

αβγtγ,g
]
dΓ

+ nβ,g
(
x−
) ∫

Ω

U∗
αβγqγdΩ + nβ

(
x−
) ∫

Ω

[
U∗
αβγ,gqγ + U∗

αβγqγ,g
]
dΩ

+
1

2
nβ,g

(
x−
)
Cκ2w3

(
x−
)
+

1

2
nβ
(
x−
)
Cκ2w3,g

(
x−
)

(4.13)
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The system of equations for the IDM-based BEM formulations is H,gu+Hu,g = G,gt+Gt,g,

where the definitions of the terms H, G, t, u are the same in the section 2.2.2. The terms

H,g, G,g, t,g, u,g are the derivatives of these terms. Therefore, the system of equations can be

rearranged as:

AX,g = F,g −A,gX (4.14)

The matrices A and X can be obtained from Eq.(2.76). Therefore, only the right-hand side of the

equation needs to be evaluated. The boundary integral equations for displacement and traction

are computed in terms of the nodal coordinates of the collocation points and the field points. The

derivatives of the integral equations are functions of the changes in the nodal coordinates as can

be seen in Appendix ??. Therefore if the change in the geometrical variable Zg does not produce

a change in the nodal coordinates of both the collocation point and field point on a boundary, the

corresponding entries in X,g will be zero. Consequently, the entries in A,g corresponding to this

case do not need to be calculated, thereby reducing the computational cost of the IDM.

4.2.2 BEM-IDM Formulations for Shallow Shell Structures with Re-

spect to Curvature Zρ

The derivatives of the DBEM displacement integral equation for collocations on the upper crack

surface with respect to curvature are as follows:

1

2
wj,ρ

(
x+
)
+

1

2
wj,ρ

(
x−
)
+−
∫
Γ

P ∗
ijwj,ρdΓ

=

∫
Γ

W ∗
ijpj,ρdΓ

−
∫
Ω

W ∗
i3καβ,ρB

1− ν

2

[
uα,β + uβ,α +

2ν

1− ν
uϕ,ϕδαβ

]
dΩ

−
∫
Ω

W ∗
i3καβB

1− ν

2

[
uα,βρ + uβ,αρ +

2ν

1− ν
uϕ,ϕρδαβ

]
dΩ

−
∫
Ω

W ∗
i3 [καβ,ρCκ1w3 + καβCκ1,ρw3 + καβCκ1w3,ρ] dΩ

+

∫
Ω

W ∗
i3q3,ρdΩ

(4.15)

Chapter 4. Reliability Analysis of Fatigue Crack Growth in Shallow Shell Structures 117



4.2. The Implicit Differentiation Method (IDM) for Shallow Shell Structure

and
1

2
uα,ρ

(
x+
)
+

1

2
uα,ρ

(
x−
)
+−
∫
Γ

T ∗
θαuα,ρdΓ

+

∫
Γ

U∗
θα [Cκ1,ρw3 + Cκ1w3,ρ]nβdΓ

−
∫
Ω

U∗
θα [Cκ1,ρw3,β + Cκ1w3,βρ] dΩ

=

∫
Γ

U∗
θαtα,ρdΓ +

∫
Ω

U∗
θαqα,ρdΩ

(4.16)

where Cκ1,ρ = B [καβ,ρ(1− ν) + νδαβκϕϕ,ρ].

The derivatives of the DBEM traction integral equation for collocations on the lower crack surface

with respect to the curvature is:

1

2
pα,ρ

(
x−
)
− 1

2
pα,ρ

(
x+
)
+ nβ

(
x−
)
=

∫
Γ

P ∗
αβγwγ,ρdΓ

+ nβ
(
x−
)
−
∫
Γ

P ∗
αβ3w3,ρdΓ

= nβ
(
x−
)
−
∫
Γ

W ∗
αβγpγ,ρdΓ + nβ

(
x−
) ∫

Γ

W ∗
αβ3p3,ρdΓ

− nβ(x
−)

∫
Ω

κθψ,ρB
1− v

2

(
uθ,ψ + uψ,θ +

2v

1− ν
uϕ,ϕδθψ

)
W ∗
αβ3dΩ

− nβ(x
−)

∫
Ω

κθψB
1− v

2

(
uθ,ψρ + uψ,θρ +

2v

1− ν
uϕ,ϕρδθψ

)
W ∗
αβ3dΩ

− nβ
(
x−
) ∫

Ω

[κθψ,ρCκ2w3 + κθψCκ2,ρw3 + κθψCκ2w3,ρ]W
∗
αβ3dΩ

+ nβ
(
x−
) ∫

Ω

W ∗
αβ3q3,ρdΩ

(4.17)
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and
1

2
p3,ρ

(
x−
)
− 1

2
p3,ρ

(
x+
)
+ nβ

(
x−
)
−
∫
Γ

P ∗
3βγwγ,ρdΓ

+ nβ
(
x−
)
=

∫
Γ

P ∗
3β3w3,ρdΓ

= nβ
(
x−
) ∫

Γ

W ∗
3βγpγ,ρdΓ + nβ

(
x−
)
−
∫
Γ

W ∗
3β3p3,ρdΓ

− nβ(x
−)

∫
Ω

κθψ,ρB
1− ν

2

(
uθ,ψ + uψ,θ +

2ν

1− ν
uϕ,ϕδθψ

)
W ∗

3β3dΩ

− nβ(x
−)

∫
Ω

κθψB
1− ν

2

(
uθ,ψρ + uψ,θρ +

2ν

1− ν
uϕ,ϕρ(X)δθψ

)
W ∗

3β3dΩ

− nβ
(
x−
) ∫

Ω

[κθψ,ρCκ2w3 + κθψCκ2,ρw3 + κθψCκ2w3,ρ]W
∗
3β3dΩ

+ nβ
(
x−
) ∫

Ω

W ∗
3β3q3,ρdΩ

(4.18)

and
1

2
tα,ρ
(
x−
)
− 1

2
tα,ρ
(
x+
)
+ nβ

(
x−
)
=

∫
Γ

T ∗
αβγuγ,ρdΓ

+ nβ
(
x−
)
−
∫
Γ

U∗
αβγ [Cκ2,ρw3 + Cκ2w3,ρ]nψdΓ

− nβ
(
x−
) ∫

Ω

U∗
αβγ [Cκ2,ρw3,β + Cκ2w3,βρ] dΩ

= nβ
(
x−
)
−
∫
Γ

U∗
αβγtγ,ρdΓ + nβ

(
x−
) ∫

Ω

U∗
αβγqγ,ρdΩ

+
1

2
nβ
(
x−
) [
Cκ2,ρw3

(
x−
)
+ Cκ2w3,ρ

(
x−
)]

(4.19)

where Cκ2 = B ((1− ν)κθψ,ρ + νδθψ,ρκϕϕ,ρ). In terms of the formation of the system matrix, the

sensitivity of the SIFs is the same as for the derivative with respect to a geometrical variable.
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4.2.3 Evaluation of the Stress Intensity Factor Sensitivity

The sensitivity of the stress intensity factors with respect to certain geometrical variables or cur-

vature can be derived from the above equation. The derivatives of {K} can be expressed as:

K1b,g =
Eh3

48
√
r

√
π

2

{
∆ϕ2,g −

r,g
2r

∆ϕ2

}
K2b,g =

Eh3

48
√
r

√
π

2

{
∆ϕ1,g −

r,g
2r

∆ϕ1

}
K3b,g =

5Eh

24(1 + ν)
√
r

√
π

2

{
∆w3,g −

r,g
2r

∆w3

}
K1m,g =

Eh
√
2π

8
√
r

{
∆u2,g −

r,g
2r

∆u2

}
K2m,g =

Eh
√
2π

8
√
r

{
∆u1,g −

r,g
2r

∆u1

}
(4.20)

by applying the extrapolation in Eq. (2.98), the sensitivities of the stress intensity factors are:

{K}tip,g = RRB,g{K}BB′
+RRB{K}BB′

,g −RRA,g{K}AA′ −RRA{K}AA′

,g (4.21)

where

RRA =
rBB′

rAA′ − rBB′
RRB =

rAA′

rAA′ − rBB′

RRA,g =
rBB′,g

rAA′ − rBB′
− rBB′(rAA′,g − rBB′,g)

(rAA′ − rBB′)2

RRB,g =
rAA′,g

rAA′ − rBB′
− rAA′(rAA′,g − rBB′,g)

(rAA′ − rBB′)2

(4.22)

The sensitivities of the maximum stress intensity factors were taken into consideration. The

maximum SIFs were found at both the upper and lower surfaces of the shell. For this study, the

SIF at the upper surface was considered, and the maximum SIF across the thickness of the shell

is given by:

[1 +
h

4
(
1

R1

+
1

R2

)]Kmax
I =

1

h
K1m +

6

h2
K1b

[1 +
h

4
(
1

R1

+
1

R2

)]Kmax
II =

1

h
K2m +

6

h2
K2b

[1 +
h

4
(
1

R1

+
1

R2

)]Kmax
III =

3

2h
K3b

(4.23)
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Note that the curvature-related term is introduced there TR = [1 + h
4
( 1
R1

+ 1
R2
)]. The maximum

SIF of K for different fracture modes can be found by dividing the term TR. The derivatives of

the maximum SIF can be found by:

[1 +
h

4
(
1

R1

+
1

R2

)]Kmax
I,g =

1

h
K1m,g +

6

h2
K1b,g

[1 +
h

4
(
1

R1

+
1

R2

)]Kmax
II,g =

1

h
K2m,g +

6

h2
K2b,g

[1 +
h

4
(
1

R1

+
1

R2

)]Kmax
III,g =

3

2h
K3b,g

(4.24)

Similarly, Kmax
,g for different fracture modes can be found by dividing the term TR. The correspond-

ing individual maximum SIF for different fracture modes are denoted as KIm,KIIm,KIb,KIIb,KIIIb.

The derivatives of the maximum SIF with respect to curvature and thickness are given in Appendix

E. The effective SIF can be calculated by considering the contribution from both the bending and

tension stresses.

Keff =
√
EGeff (4.25)

where Geff is the effective energy release rate

Geff = G1 + α(G2 +G3 +G4 +G5) (4.26)

α =

√
|∆KIb|

|∆KIb|+ |∆KIm|
(4.27)

the energy release rate components were defined as:

G1 =
K2
Im

E
, G2 =

K2
IIm

E
, G3 =

πK2
Ib

3E
,

G4 =
πK2

IIb

E
, G5 =

8π(1 + ν)K2
IIIb

5E

(4.28)

the derivatives of the effective SIF with respect to the change in some geometrical variable can be

calculated as:

Keff,g =
E

2Keff

Geff,g (4.29)
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and the derivatives of the energy release rate components are:

G1,g =
2

E
KImKIm,g

G2,g =
2

E
KIImKIIm,g

G3,g =
2π

3E
KIbKIb,g

G4,g =
2π

E
KIIbKIIb,g

G5,g =
16(1 + ν)π

5E
KIIIbKIIIb,g

(4.30)

where

α,g =
1

2α

|∆KIb,g|(|∆KIb|+ |∆KIm|)− |∆KIb|(|∆KIb,g|+ |∆KIm,g|)
(|∆KIb|+ |∆KIm|)2

(4.31)

The derivatives of the stress intensity factors with respect to the curvature and thickness were

derived using the same method. The detailed formulation is shown in Appendix E.

4.3 Fracture Reliability analysis of cracked fuselage win-

dow structure

A numerical investigation was conducted on a fuselage window structure featuring a crack subjected

to membrane, bending, and uniform pressure loads. The structure is composed of Aluminium 6061-

T6 and is modelled using 40 quadratic elements for the outer boundaries and 48 quadratic elements

for the inner boundaries. The initial crack is represented by 4 elements, and a total of 78 DRM

points, uniformly distributed within the domain, were employed. To model crack propagation, 2

quadratic elements are incrementally added to the tip of the propagating crack on both the upper

and lower surfaces.

Figure 4.1 illustrates the geometry of the structure, highlighting region A as the location of the

crack, initiated at the corner of the window frame, which typically experiences the highest stress

concentration. The length of the initial crack was set as with a length of 0.02m. The outer

geometries were considered as fixed where W1 = 1m, L1 = 1m and R1 = 0.1m. The mesh

configuration of the structure is presented in Figure 4.2(a), while a detailed view of the mesh
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around the crack is presented in Figure 4.2(b). The mesh density near the crack area is increased

to ensure that the mesh size around the corner is comparable to that on the crack surface.

Figure 4.1: The geometry of the shallow shell fuselage window structure. The window structure
consists of inner boundaries and outer boundaries with a crack initiated at point A. The loading
consists of bending moment, tension and domain pressure.

Table 4.1: Details of the shell structure parameters and random variables used in the reliability
analysis.

Zi Ui Parameter Description Distribution Mean COV

Z1 U1 W2 Inner width Lognormal 0.5m 0.01
Z2 U2 L2 Inner length Lognormal 0.25m 0.01
Z3 U3 R2 Inner radius Lognormal 0.05m 0.01
Z4 U4 h Thickness Lognormal 0.05m 0.01
Z5 U5 κ Curvature Lognormal 0.1m−1 0.01
Z6 U6 N Boundary traction Lognormal 0.8 MNm−1 0.1
Z7 U7 M Boundary moment Lognormal 0.01 MN 0.1
Z8 U8 P Domain pressure Lognormal 0.01 MNPa 0.1
Z9 U9 KIC Fracture toughness Deterministic 29 MNPa
Z10 U10 a0 Initial crack length at A Deterministic 0.02 m

In the context of reliability analysis, it is necessary to define the limit state function, which

relates the structural resistance to a specific loading condition, as discussed in Section 3.1.2. The

LSF is subsequently assessed by applying the FORM to the limit state function. In this study, the

limit state function is formulated in terms of the crack tip SIF and fracture toughness. Specifically,

the limit state function is defined to ensure that the crack tip SIF remains below the fracture
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Figure 4.2: a): The meshed of the shell using quadratic elements. b): The meshes around the
crack area. Denser meshes were usED around the corner of the window so that the element size
on the corner is similar size to the element size on the crack.

toughness value. It is expected that as the crack size increases, the reliability diminishes.

A suitable LSF in terms of the failure criteria used in this work is:

g(Z) = KIC −Keff (X) (4.32)

where KIC is the fracture toughness and Keff is the effective stress intensity factor. The vector Z

contains the design variables that can influence the value of g where Z = (W2, L2, R2, h, κ,N,M,P,KIC)

andX consist of the design variables in Z without the fracture toughnessX = (W2, L2, R2, h, κ,N,M,P ).

The distribution of the above design variables is given in Table. 4.1.

In FORM, the sensitivity of g(Z) with respect to design parameter Zi is needed. The derivatives of

the nodal coordinate with respect to the Zi can be evaluated analytically in the DBEM-IDM. Vari-

ables Z1 − Z3, Z5 are geometrical variables and the sensitivities were evaluated analytically using

the DBEM-IDM. While the sensitivities with respect to the non-geometrical variables Z4, Z6 −Z8

were evaluated using the DBEM-FDM with a step size of ∆Z ′
g = 1× 10−2. The reliability analysis

was conducted over a range of crack lengths. It is expected that the longer the crack propagates,

the structure will have lower reliability.
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The results of the reliability index against the length of the crack are given in Fig.4.3. The reliabil-

ity index decreases as the crack length extended which is within the expectation as the structure

tends to be more unstable when a larger crack exists. The MPP search algorithm converged suc-

cessfully in three iterations, and the computational time for evaluating one reliability index was

2475.2 s. As a validation, the results obtained from the IDM-FORM were compared with the re-

sults obtained from 40,000 MCS. The computational time required for the MCS was 3.0788× 107

s. The results are in good agreement with a maximum difference of 2.99% found in a crack length

of 0.0725m.

These outcomes highlight the reliability and accuracy of the proposed IDM-FORM approach, pro-

viding an efficient alternative to MCS for evaluating reliability indices in shallow shell structures

with cracks.

Figure 4.3: Reliability indices and the corresponding probabilities of failure evaluated at each crack
length via the IDM-based FORM.
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4.4 Reliability analysis of shallow shell with centre hole

and two cracks

In this section, an example involves a shallow shell featuring a central hole and two cracks examined.

The results obtained from the reliability analysis were compared with those obtained from Monte

Carlo Simulations (MCS) to verify the accuracy of the proposed approach.

A numerical example featuring a shallow shell with a central hole and two cracks subjected to a

combination of membrane, bending, and uniform pressure loads was investigated. The material of

the shell is Aluminium 2024-T4. The geometry of the shallow shell is shown in Figure 4.4a). The

shallow shell configuration includes a central hole characterized by a radius of r1 and two cracks,

each with a length of a. A deterministic initial crack length a0 = 5.08mm was considered. The

curvature in the x-direction is denoted as κ11 and κ22 for y-direction. The shell thickness is defined

as h, and the centre hole’s position along the x-axis is denoted as b1. The outer dimensions of the

shell remain constant, with a width and length of 101.6mm. The structural model was discretized

using 32 quadratic elements on the outer boundaries, and 32 quadratic elements on the cracks and

the central hole (with 8 elements allocated for each crack). Overall 64 DRM points were used and

evenly distributed in the domain. The mesh of the boundary nodal points and DRM points is

shown in Figure 4.4b). The shell, with a thickness of 2.54mm, was subjected to tension, bending,

and uniform domain pressure loads applied to the top and bottom boundaries. The sensitivity of

stress intensity factors was evaluated via both the DBEM-based IDM and the DBEM-based FDM.

The example is split into two parts. In the first part, a fracture reliability analysis was performed,

with the fracture toughness taken as the failure criterion. The aim is to obtain a critical crack

length. The second part involved a fatigue reliability assessment, utilizing the determined critical

crack length to deduce the structure’s service life.
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Figure 4.4: a): The geometry of the shallow shell structure used in the numerical example. The
shallow shell configuration includes a central hole characterized by a radius of r1 and two cracks,

each with a length of a. The curvature in the x-direction is denoted as κ11 and κ22 for
y-direction. The shell thickness is defined as h, and the centre hole’s position along the x-axis is
denoted as b1. The outer dimensions of the shell remain constant, with a width and length of

101.6mm. b): The boundary element mesh of the shallow shell structure.

4.4.1 Sensitivity of Stress intensity factors

The parameters employed to assess the Sensitivity of the SIFs are detailed in Table 4.2. The

evaluation of the sensitivity of the SIF with respect to each parameter were conducted using both

the DBEM-FDM and DBEM-IDM and the crack surface displacements extrapolation technique

(CSDE) at different crack lengths.

For the DBEM-FDM, the derivative can be evaluated using Eq. (3.14) with an optimal step size

denoted as ∆Z ′
g was determined through a convergence test. A range spanning from 0.5 to 10−6 was

investigated. Larger step sizes influence the precision of the derivatives, while very small step sizes

may introduce substantial rounding errors. The optimal step size was selected within the range

of ∆Z ′
g that yielded stable and accurate derivative solutions. The results of the convergence test

for selecting an optimal step size are illustrated in Figure 4.5. The data indicates that excessively

large or small step sizes lead to significant errors in the results. An optimal balance between

precision and stability was found within the range of ∆Z ′
g = 10−2 − 10−4. Consequently, a step

size of ∆Z ′
g = 5× 10−2 was chosen for subsequent examples.
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Figure 4.5: A convergence test of derivatives using the Finite Difference Method (FDM) was
conducted with respect to: a) thickness, b) membrane load, c) bending load, and d) domain

pressure. The test investigated various ranges in the step size ∆Z ′
g, spanning from 0.5 to 10−6.

The objective of this test was to identify the step size that provides the best balance of numerical
precision and stability for parameters.

Table 4.2: The design variables used in the reliability analyses

Zi Ui Parameter Description Distribution Mean COV

Z1 U1 r1 Radius of the centre hole Lognormal 5mm 0.02
Z2 U2 b1 x-coordinate of the centre hole Lognormal 50.8mm 0.02
Z3 U3 κ11 curvature in x direction Lognormal 0.03m−1 0.1
Z4 U4 κ22 curvature in y direction Lognormal 0.3m−1 0.1
Z5 U5 h thickness Lognormal 2.54mm 0.02
Z6 U6 t2 membrane traction Lognormal 400Nmm−1 0.05
Z7 U7 p2 bending load Lognormal 800N 0.05
Z8 U8 q3 uniform domain load Lognormal 0.15MPa 0.05
Z9 U9 KIC Fracture toughness Lognormal 36.12MPa [122] 0.075

Z10 U10 C0 Paris law Constant Lognormal 1.42× 10−11 m/cycle
(MPa

√
m)mp 0.02

Z11 U11 mp Paris law exponent Lognormal 3.59 0.02

The growth of cracks was considered along the horizontal direction only. Geometric variables

included the radius and the x-coordinate of the centre hole, with the aim to account for the

potential impact of manufacturing uncertainties on SIFs. The variation in the x-coordinate of the

centre hole introduces an antisymmetric in terms of the SIF in each crack tip. Therefore, the crack

with a higher SIF is chosen and the corresponding derivatives were evaluated in each reliability

analysis. The curvature varied more significantly in the y-direction, with a coefficient of variation

(COV ) set at 0.1. This choice is supported by previous literature [123], underlining its validity

for the present study. Additionally, the uncertainty in the fracture toughness was introduced

with a lognormal distribution characterized by a COV of 0.075, following established work [124].

The uncertainties in the geometrical parameters, loading and Pairs Law parameters were assigned
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according to the previous literature [125–129].

4.4.2 Reliability Analysis

In the reliability analysis, it is essential to formulate the limit state function based on the structural

resistance to a given loading condition, as introduced in Section 3.1.2. Subsequently, the reliability

can be assessed using the FORM based on the limit state function. In this section, two reliability

analyses were performed. The first analysis entails a limit state function formulated in terms of

crack tip stress intensity factors and fracture toughness. This formulation ensures that the crack

tip SIF remains below the fracture toughness threshold. It is anticipated that the reliability de-

creases with an increase in the crack size. This reliability analysis is coupled with the probability

of detection to establish a permissible crack size, denoted as at, while satisfying the given safety

criteria. The second reliability analysis was performed with a limit state function defined by the

service life of the structure and the cumulative loading cycles required to reach the determined

permissible crack size at from the first reliability analysis. This analysis accommodates uncertain-

ties inherent in crack growth parameters, which play a vital role in determining an appropriate

inspection service interval.

4.4.3 Fracture Reliability Analysis

The first analysis entails a limit state function formulated in terms of crack tip stress intensity

factors and fracture toughness. A suitable LSF in terms of the failure criteria used in this work

is [130]:

g(Z) = KIC −Keff (X) (4.33)

where KIC denotes the fracture toughness and Keff denotes the effective stress intensity factor.

The vector Z comprises the design variables that exert influence on the value of g(Z), represented

as Z = (r1, b1, κ11, κ22, h, t2, p2, q3, KIC), while X includes the design variables within Z excluding

the fracture toughness, expressed as X = (r1, b1, κ11, κ22, h, t2, p2, q3). The distributions of these

design variables are detailed in Table 4.2. The derivatives of Keff with respect to the design

variables were evaluated using the formulation introduced in Section 4.2.3 and Appendix E.
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The derivatives of the nodal coordinates with respect to Zi can be computed analytically using

the DBEM-IDM. Among these variables, Z1 to Z4 are geometrical variables, and their sensitivi-

ties were analytically evaluated using the DBEM-IDM. Conversely, the sensitivities with respect

to non-geometrical variables Z5 to Z11 were evaluated using the DBEM-FDM with a step size

of ∆Z ′
g = 5 × 10−2. The reliability analysis was carried out over a range of crack lengths. It’s

anticipated that as the crack propagates, the structure’s reliability will decrease.

In the context of tolerance design and considering routine inspection, the tolerable crack size should

be chosen to be both below the critical crack size according to a safety criterion while remaining

sufficiently to be detectable by inspection techniques [131]. In the reliability analysis, the tolerable

crack size can be determined by a required reliability index β, which varies based on the specific

application of the structure. Prescribed reliability indices can often be found in standard data

sheets, such as the Eurocode - Basis of Structural Design. In this example, targeting reliability

of β = 3 was selected, which is within the range of minimum reliability indices recommended for

structures under fatigue limit state conditions.
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Figure 4.6: The graph shows the reliability index with variations in crack length (shown on the
right y-axis). Additionally, an illustration of the probability of detection obtained from handheld
eddy-current inspection is presented against the crack size (displayed on the left y-axis) [7]. The
tolerable crack size was determined at a reliability index of β = 3, which corresponds to a crack
length of 17.6mm, as indicated by the cross on the graph. Notably, the corresponding probability

of detection is measured at 86.3%.

The results of the reliability index with varying crack lengths are displayed in Fig.4.6, alongside

by the probability of detection data of a handheld Eddy-Current inspection [7]. As anticipated, the

reliability index displayed a decreasing trend as the crack size increased. The tolerable crack size

at = 17.6mm was determined to correspond to a reliability index of β = 3. At this chosen crack size,

the Probability of Detection (POD) is of 86.3%, which is considered within an acceptable range.

It’s worth noting that in practical applications, the selection of targeting reliability and desired

POD should encompass additional considerations, including factors such as inspection conditions

and risk acceptance levels. For instance, components associated with potential catastrophic failure

consequences should have a stricter tolerance design.
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4.4.4 Fatigue Reliability Assessment

The second reliability analysis was performed with a limit state function defined by the service life

of the structure and the cumulative loading cycles required to reach the determined permissible

crack size at from the first reliability analysis. For the fatigue crack growth reliability analysis, the

limit state function is defined as:

g(Z) = N(Z)−Ns (4.34)

whereN(Z) represents the number of cycles required to reach the tolerable crack length at, whileNs

denotes the service life in terms of the loading cycles experienced by the structure during its service

duration. The set of uncertainties influencing fatigue crack growth is denoted by Z, including

variables Z = (r1, b1, κ11, κ22, h, t2, p2, q3, C,m). The precise distribution of these uncertainties can

be found in Table 4.2. It’s important to note that the Paris law constants C and m are typically

established through experimental assessment under specific loading conditions. Consequently, a

dependency between the parameters linked to the loading situation and the Paris law constants

was considered.

This analysis incorporates two limit state functions to isolate and examine the impact of loading

conditions and Paris law constants. The first limit state function introduces uncertainties solely

in loading conditions while treating the Paris law constants as deterministic. Conversely, the

second limit state function introduces uncertainties in the Paris law constants while maintaining

the loadings at their mean values in a deterministic fashion. For both scenarios, it is reasonable

to anticipate that shorter service life durations would correspond to higher structural reliability.

Two limit state functions were formulated as follows:

• Limit state function I

g(Z1) = N(Z1)−Ns, where Z1 = (r1, b1, κ11, κ22, h, t2, p2, q3) (4.35)

• Limit state function II

g(Z2) = N(Z2)−Ns, where Z2 = (r1, b1, κ11, κ22, h, C,m) (4.36)
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The fatigue life N of the structure was approximated by the Paris Law such that:

N =

∫ a

a0

1

C(∆Keff )m
da (4.37)

where C = C0

(1−R)m(1−γ) and ∆Keff = (1− R)Keff . The stress ratio is set at R = 0.1 and γ = 0.68

in this example. The derivatives of the fatigue life N can be derived in terms of the Keff . This

results in the following expressions for the derivatives of N with respect to the design variables:

N,g =

∫ af

a0

−m
C

(∆Keff )
−m−1∆Keff,gda (4.38)

The derivatives of the effective SIF can be computed using ∆Keff,g = (1−R)Keff,g with a constant

stress ratio R. The integration involved in Eq. (4.37), (4.38) was approximated using trapezoidal

numerical integration. This same approach was employed to evaluate the sensitivity of N with

respect to the curvature.

The results of the two limit state functions are presented in Fig.4.7 Both sets of results were

compared against MCS consisting of Nmcs = 40,000 simulations to validate the accuracy of the

proposed IDM formulations and their integration with FORM. It is worth noting that the number

of MCS simulations was determined such that the mean of the distribution of Ns obtained from

MCS converged with a difference of 0.1% and COV of 0.05.

The accuracy achieved an acceptable level, with a maximum difference of 3.67% for LSF I at

23000 cycles and 2.40% for LSF II at 16000 cycles. Notably, FORM demonstrated a high level of

accuracy, particularly for high-reliability indexes that engineers commonly employ.
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Figure 4.7: The reliability index against the number of loading cycles to which the structure has
been exposed (service life) is shown for LSF I (a) and LSF II (b). The results of the Monte Carlo
Simulation are illustrated for both LSFs. The highest difference observed in LSF I is at the value

of 3.76% at 23000 cycles, while in LSF II it is found at 2.40% at 16000 cycles.

It is evident that when identical uncertainties in geometrical parameters are considered, the

uncertainties in Paris law constants exert a more significant impact on the service life and reli-

ability analysis. This observation underscores the need for more frequent inspections due to the

variations in Paris law constants. The outcomes presented above illustrate the combined influ-

ence of parameters. To separate the effects of individual parameters, a parametric analysis was

conducted, where a single parameter was treated as uncertain in the reliability analysis while the

remaining parameters as deterministic.
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Figure 4.8: The parametric analysis investigated the influence of uncertainties in the geometrical
parameters on the structure’s reliability. Notably, uncertainties in the thickness exhibited a more
pronounced impact on reliability. This is evident from the fact that the same reliability index

corresponds to a shorter service life along the thickness line.
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Figure 4.9: The Parametric analysis of the uncertainties in the loading parameters to the
reliability of the structure. Notably, uncertainties in the tension exhibited a more pronounced

impact on reliability.
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Figure 4.10: The Parametric analysis of the uncertainties in the Paris law constants to the
reliability of the structure. Notably, uncertainties in the Paris law exponential term exhibited a

more pronounced impact on reliability.

Figure 4.8 demonstrate the impact of uncertainties in geometrical parameters, it is evident

that for a given reliability index, the curvature in the x-direction κ1 leads to the longest service

life and has a minor effect on reliability. This aligns with expectations as x-direction curvature is

smaller and thus less influential compared to y-direction curvature. Conversely, uncertainties in

the thickness exhibited a more pronounced impact on reliability. This is evident from the fact that

the same reliability index corresponds to a shorter service life along the thickness line compared

to other geometrical parameters.

The results for the influence of the loading conditions are shown in Figure 4.9. The result shows

that the membrane traction force t2 has a higher influence in determining a suitable service life

while the domain pressure load has a minor effect on the service life.

In terms of Paris Law constants, Figure 4.10 shows that the Paris Law exponential term m as

the only random variable results in the shortest service life among all parameters. This is within

the expectation that the Paris Law exponent poses the largest impact on the reliability and hence

service life as the number of cycles is highly dependent on the magnitude of the exponent.
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The remaining parameters yield a relatively consistent range of service life when modelled as the

only uncertainty. This highlights that service life is significantly impacted by thickness, membrane

traction, and the Paris Law exponential term. Hence, design efforts should focus on accurately

determining the variation of these parameters to achieve a longer service life.

Figure 4.11: The parametric analysis of the combined effect of geometrical variables, loading
parameters and Paris Law constants respectively with the same level of COV in the parameter.

A sensitivity test of the reliability index concerning the coefficient of variation (COV) was con-

ducted. The uncertainties associated with geometrical parameters are conventionally standardized

by the manufacturer with the same level of uncertainty (COV) for all parameters. The same

principle applies to the loading parameters and Paris law constants, resulting in equal levels of

uncertainty for all. This approach aims to investigate uncertainties across three distinct parameter

categories: geometrical, loading, and Paris law constants. By increasing the COV within these

three parameter groups, ranging from 0.01 to 0.05, the probability of failure increases. The results

of the sensitivity test are shown in Figure 4.11. The findings underscore that a higher level of

uncertainty in parameters corresponds to a higher failure probability, as expected. The impact of

COV variations in geometrical and loading parameters has relatively minor effects on reliability,

resulting in a 0.25% increase in the probability of failure for the loading parameter and a 1% in-
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crease for the geometrical parameters. In contrast, variation in the uncertainty levels of the Paris

law constants significantly increases the probability of failure. It is necessary to determine the vari-

ation in the Paris law constants in a more accurate way to maintain low COV in the uncertainty,

hence decreasing the probability of failure.

4.5 Fatigue Reliability assessment of multi-site damage prob-

lem of the shell with three holes

A third numerical example was investigated, involving the assessment of fatigue reliability concern-

ing a cylindrical shallow shell structure with multiple site damage. The geometry of the structure

is presented in Figure 4.12. The geometry comprises three holes featuring two cracks each ex-

tending from opposing sides of each hole. The cracked section of the shell is denoted as region

A, and specific structural dimensions are outlined in Table 4.3. The initial crack lengths ai0 in C1

- C6 were treated as an uncertainty, where i ∈ [1, 6]. The shell is made of Aluminium 2024-T3,

with Young’s modulus of E = 73780MPa and a Poisson’s ratio of ν = 0.33. The structure was

discretized using 30 quadratic elements on the shell outer boundaries. Additionally, 8 quadratic

elements were allocated to each hole, with 4 quadratic elements each on the upper and lower sur-

faces of the cracks. Overall, 102 quadratic elements were used. 70 DRM points were used and

were uniformly distributed throughout the domain.
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Figure 4.12: The geometry of the shallow shell used in the second reliability analysis. The
geometry comprises three holes featuring two cracks extending from opposing sides of each hole.

The cracked section is denoted as region A.

Figure 4.13: (a): The boundary element mesh of the shallow shell used in the second reliability
analysis. (b): The mesh on the centre hole and crack. Only the mesh of the middle hole is shown

here, the rest of the holes were meshed in the same way.
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Table 4.3: Geometrical factors and uncertainties present in example 2.

Parameter Description Distribution Mean COV
W Width of the shell Deterministic 160mm
L Length of the shell Deterministic 300mm
κ Curvature in y direction Deterministic Variable
h Thickness Deterministic 2mm
D Diameter of the holes Deterministic 3mm
∆L Distance between the holes Deterministic 30mm
a0 Initial crack length in C1− C6 Lognormal 3.5mm 0.05
p Pressure loading Lognormal 0.05MPa 0.05

C Paris Law constant Lognormal 2.839× 10−12 m/cycle
(MPa

√
m)mp 0.05

mp Paris Law exponent Lognormal 4.6 0.02

In this example, the geometrical parameters remained constant except for the initial crack

lengths at cracks C1 to C6, which were treated as uncertainties. The reliability analysis was

conducted with varying curvature in the y direction (κ11 = 0, κ22 = κ). All cracks were grown to a

final length of 8mm, and the fatigue life of the structure is defined as the number of cycles required

for the crack to reach this length. The reliability was evaluated on the crack with minimum fatigue

life among all crack tips.

Four reliability analyses were conducted with curvature in y-direction taking the value of κ =

(1.0E−14, 0.01, 0.05, 0.1)m−1 to investigate the effect of curvature on the overall reliability, where

the case of κ = 1.0E − 14m−1, the shell can be considered as a plate. The limit state function can

be written as:

g(ai0, p, C,m,Ns) = N(ai0, p, C,m)−Ns (4.39)

where i ∈ [1, 6] for uncertainty in the initial crack length of crack C1 − C6. The derivatives of

the fatigue life N can be found by differentiating the integral equation using trapezoidal numerical

integration. The integration in Eq. (4.37) can be approximated by a trapezoidal rule with evenly

spaced points such that:

N =

∫ af

a0

f(a)da ≈ af − a0
2N

[f(a0) + 2f(a1) + · · ·+ 2f(aN) + f(af )] (4.40)
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three holes

where f(a) = 1
C(∆Keff (a))m

. The derivatives with respect to the initial crack length can be found:

N,a0 ≈
af − a0
2N

[
f ′(a0) + 2f ′(a1) + · · ·+ 2f ′(aN ) + f ′(af )

]
− 1

2N
[f(a0) + 2f(a1) + · · ·+ 2f(aN ) + f(af )]

(4.41)

The derivatives of the fatigue life N at crack tip j with respect to change in initial crack size

ai0 were calculated at each MPP iteration, using Eq. (4.41) for j = i and Eq. (4.38) for j ̸= i.

It is expected that with increasing curvature, the structure exhibits higher resistance to crack

propagation, consequently leading to longer fatigue life. The IDM-based FORM was used and the

results of which were then compared with those of MCS.

Overall, 1× 105 MCS iterations were conducted for each curvature value, and the results derived

from both FORM and MCS are shown in Figure 4.14. The number of required MCS was determined

in the same way as mentioned in the previous section. The outcomes generated through the FORM

approach exhibit high consistency with the MCS results, with the maximum deviation of 3.49%

recorded at β = 2.23 when κ = 0.05. The results show a larger error at a smaller reliability index.

The reliability index illustrates substantial sensitivity to changes in shell curvature. Specifically, as

curvature increases, longer service life can be achieved while maintaining the same reliability index,

thereby reducing the probability of failure. The results agreed with the expectation. On average,

four iterations in average for obtaining the converged reliability index. The computational time

required to evaluate the FORM results for one curvature is 7.58× 104 s. The computational time

required for one DBEM simulation is 626.4 s. The total amount of computational time required by

the MCS is, therefore, 6.26×107 s. The FORM requires significantly less computational effort while

maintaining high accuracy. This shows the robustness and efficiency of the proposed formulation.
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Figure 4.14: The reliability index concerning the structure’s service life, influenced by different
curvatures of the shell structure is shown in the figure. To validate the accuracy of the findings,

the results of the Monte Carlo Simulation are included for comparison.

It is worth noting that in both numerical examples in this section, the difference between the

FORM and MCS can be reduced by using the SORM, which approximates the LSF with a second-

order Taylor expansion. This can significantly improve the accuracy of the estimated reliability

index, especially for problems with highly nonlinear LSFs. When dealing with higher-dimensional

problems that incorporate multiple uncertainties, there is a marked increase in the number of

derivatives that need to be computed. This increase can lead to substantial computational chal-

lenges. In such situations, the application of MCS with surrogate modelling is preferential to

mitigate these computational demands. This combination effectively reduces the overall computa-

tional burden while maintaining accuracy in the analysis of more complex, multi-variable systems.

4.6 Conclusion

This chapter introduces a novel methodology for performing reliability analyses of fatigue life

through the newly developed Dual Boundary Element Method-based Implicit Differentiation Method
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(DBEM-IDM) for shallow shell structures. The study has introduced DBEM-based formulations

that enable the evaluation of stress intensity factor and fatigue lifetime sensitivities within shal-

low shell structures, concerning variations in geometrical variables and curvature. The proposed

methodology holds the potential to significantly advance current capabilities in predicting the re-

liability of such structures under fatigue conditions, thereby enhancing their overall design and

assessment processes.

The IDM formulations were derived by directly differentiating the BEM equations and were

integrated with First Order Reliability Analysis (FORM) to assess the reliability index of shallow

shell structures featuring multiple cracks, thus estimating the probability of failure. FORM offers

a distinct advantage by significantly reducing computational demands while maintaining accuracy

compared to the Monte Carlo Simulation (MCS). In order to demonstrate the effectiveness of the

proposed approach, three numerical examples were presented.

In the first example, the investigation was conducted on a fuselage window structure featuring

a crack subjected to membrane, bending, and uniform pressure loads. The fracture reliability of

the structure was assessed, accounting for uncertainties in geometrical and loading parameters. By

considering these uncertainties, the sensitivities of the crack tip stress intensity factors were derived.

The reliability index was obtained by applying the Implicit Differentiation Method (IDM)-based

First-Order Reliability Method (FORM). The results were compared with those obtained from

Monte Carlo Simulation (MCS). As expected, the reliability of the structure decreases as the crack

propagates, indicating an increased probability of failure, aligning with our expectations. The

maximum difference between the results obtained from FORM and MCS was found to be 2.99%

at a crack length of 0.0725 m, which demonstrates the reliability and accuracy of the proposed

methodology. One of the significant advantages of using FORM is the substantial reduction in

computational effort. The computational time required to evaluate one reliability index using

FORM is merely 2475.2 seconds, whereas performing 40,000 MCS demands a significantly higher

computational time of 3.0788 × 107 seconds. The practical applicability of reliability analysis is

evident, as it enables engineers to determine a suitable inspection crack size while meeting safety

requirements. Once the optimal inspection crack size is identified, the corresponding inspection

technique can be deployed, ensuring the structural integrity of the shallow shell system.
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In the second example, a shallow shell featuring a central hole and crack, subjected to mem-

brane, bending, and uniform pressure loads, was investigated. The fracture reliability analysis was

conducted and considered a limit state function formulated in terms of effective stress intensity

factor Keff and fracture toughness. The obtained reliability index results were coupled with the

probability of detection from eddy current inspections, aiding in determining a critical crack length

that would satisfy reliability requirements while allowing for inspectability.

Additionally, fatigue reliability assessments were carried out through limit state functions ex-

pressed in terms of fatigue life cycles. Two limit state functions were analysed to separate the

impacts of loading conditions and Paris law constants. The results obtained from FORM were

benchmarked against the results obtained from 40,000 MCS iterations, showing a maximum differ-

ence of only 3.67%. Furthermore, a parametric analysis was conducted on each design variable to

identify the most influential factors on overall structural reliability. It was determined that thick-

ness, membrane traction, and the Paris Law exponential term have a significant influence on service

life, underscoring the need for precise determination of these parameters to achieve extended ser-

vice life. The investigation further encompassed the influence of the coefficient of variation (COV).

It was discovered that uncertainties associated with Paris law constants exerted a more substantial

influence, prompting the need for enhanced precision in determining these constants to improve

structural reliability and reduce the probability of failure.

A third numerical example investigated the fatigue reliability assessment of a cylindrical shallow

shell structure with multiple-site damage, featuring six cracks with the initial crack lengths as

variables. Varied curvature of the shell structure was used to investigate the effect of curvature

on the reliability of the structure. Comparison of FORM results with those obtained from 1× 105

MCS iterations revealed a maximum difference of only 3.49%. The computational time required for

evaluating the reliability index for one curvature via FORM was around 7.58×104 s while achieving

a converged distribution for the limit state function through MCS required a substantial 6.26×107 s.

This comparison demonstrates the substantial efficiency of the IDM-based FORM in estimating the

structural reliability index, particularly for higher-dimensional problems involving multiple random

design variables, a scenario that typically requires a large amount of MCS. It is worth noting that

the numerical examples presented in this study were assigned with a postulated initial crack size
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in either a deterministic way or with uncertainties. In many real-world scenarios, determining the

actual initial flaw size with high precision can be both challenging and economically expensive.

This underscores the application of the concept of the Equivalent Initial Flaw Size (EIFS) such

that it provides a starting point for the crack propagation model.

The accuracy of results achieved through FORM depends on the linearity or near-linearity of

the limit state function within the variable space. To improve the precision of derived reliability

indices, the application of the Second-Order Reliability Method (SORM) is usually employed. This

method involves approximating the limit state function using a second-order Taylor expansion, with

an associated increase in computational complexity due to the inclusion of second-order derivatives.

However, it’s worth noting that FORM has demonstrated both efficiency and accuracy across a

broad spectrum of structural problems. Furthermore, FORM has exhibited significant accuracy in

the context of static structures, underlining its robustness for these scenarios.
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Chapter 5

Statistical Inference of Equivalent Initial

Flaw Size for Engineering Structure

In the field of modern aviation, aircraft structures are primarily constructed using anisotropic

materials, chosen for their advantageous properties of reduced weight and enhanced strength. As

a consequence, this necessitates a fundamental requirement in the domain of structural integrity

management — to accurately assess the fatigue life of anisotropic components, thereby mitigating

the risk of structural failure. This quantitative evaluation of a structure’s service life until the point

of fatigue cracking under operational conditions is commonly referred to as durability analysis.

Durability analysis often commences with the evaluation of relatively small cracks, typically

arising from material imperfections in the manufacturing process. While these initial flaws may not

immediately pose safety concerns, they hold the potential to lead to catastrophic failure if they grow

beyond a certain critical size. Consequently, durability analysis plays a crucial role in determining

an optimal service life that maximizes operational time while minimizing maintenance costs [132].

The primary objective of durability analysis is to model the growth of cracks as a function of

service time. This process comprises two essential steps:

1. The determination of the initial fatigue quantity (IFQ) of a structure.

2. The prediction of the probability that a crack will exceed the allowable length, based on the

derived IFQ.

The second step can be effectively accomplished by employing methods such as the First-Order
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Reliability Method (FORM) or Monte Carlo Simulation (MCS), as discussed in previous chapters

with some known initial crack length. In the first step, IFQ is defined as the initial state of the

structure immediately after manufacturing, taking into account potential material imperfections.

The key parameter that represents IFQ is the initial flaw size, which forms the central focus of

this chapter.

A noteworthy challenge in the estimation of the fatigue life of a structural component lies in the

inherent difficulty of accurately measuring the initial flaw, which is often characterized by its very

small size. Furthermore, the reliable modelling of the growth behaviour of these initial flaws poses

a significant challenge, particularly in the context of anisotropic materials [16]. Traditionally,

the initial flaw size has been treated as a deterministic parameter which equals the minimum

detectable size of Non-Destructive Inspection (NDI) as prescribed in the US Air Force Military

Specification [132]. This conventional practice tends to result in a conservative approach for

estimating the fatigue life [133]. The consequence of this conservatism is often an over-engineered

structure, which reduces the weight-saving advantages inherent in anisotropic materials.

An effective approach to estimating fatigue life, and overcoming the challenges outlined above,

is the concept of the Equivalent Initial Flaw Size (EIFS). EIFS does not represent an actual physical

quantity but rather functions as a model calibration parameter for long-crack growth models, such

as the Paris law. Compared to the ideal method of estimating fatigue life, which involves tracking

crack growth from the actual initial flaw size to the final crack size using a small crack growth

model, the Equivalent Initial Flaw Size (EIFS) serves as a model calibration parameter. It is used

in conjunction with the long crack growth model to ensure that the estimated fatigue life is the

same as given in the ideal case. EIFS is assumed to exist before the commencement of service. Once

EIFS is determined, it provides precise estimates for the fatigue life of the structural component,

as well as similar components subjected to similar loading conditions. This approach mitigates

the tendency to over-engineer the component, allowing engineers to maximize the weight-saving

advantages inherent in anisotropic materials.

The durability analysis has suggested the treatment of Equivalent Initial Flaw Size (EIFS) as

random variables, where EIFS values at different locations are governed by probabilistic distribu-

tions [132]. This perspective is particularly important when modelling anisotropic materials, which
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are characterized by considerably higher levels of uncertainty compared to the modelling of tra-

ditional isotropic materials. These uncertainties arise from the inherently intricate manufacturing

processes required for anisotropic materials. Additionally, the modelling of fracture in anisotropic

materials necessitates a more extensive array of variables to accurately model fracture, in contrast

to isotropic materials. The presence of these uncertainties considerably complicates the statistical

inference of EIFS for anisotropic materials.

Taking a stochastic approach to the inference of Equivalent Initial Flaw Size (EIFS) introduces

several challenges. Given the numerous uncertainties inherent in this context, relying on a single

EIFS value becomes inadequate, necessitating the derivation of a distribution of EIFS (EIFSD)

that encapsulates the inherent uncertainties. Generating such a distribution demands a substantial

volume of data. However, obtaining statistical information on the initial flaw from Non-Destructive

Inspection (NDI) proves to be economically impractical. As a result, EIFS values are often inferred

from the distribution of final crack sizes, typically based on inspection data collected from a fleet of

aircraft. Notably, within the same fleet, aircraft do not undergo inspection simultaneously, which

results in field data encompassing varying crack sizes, each associated with a different number of

flight cycles.

Within the research community, the estimation of Equivalent Initial Flaw Size (EIFS) for

anisotropic materials has predominantly followed non-statistical approaches. Significantly, works

primarily concentrated on isotropic materials have attracted more attention, with relevant research

contributions found within the literature [134–138]. A comprehensive overview of various EIFS

determination methods is presented in Steven Johnson’s work [139]. One of the simplest methods

for deriving EIFS involves fitting experimental data to determine the crack growth rate, allowing

for a back extrapolation to the initial time point (t=0). For example, in Zheng et al.’s study

[140], a range of EIFS values was systematically selected, and their corresponding fatigue life was

numerically evaluated. Subsequently, these numerical results were compared with experimental

data, with the most suitable EIFS value determined based on the highest correlation between the

numerical and experimental outcomes. Nor Mohammed et al. [141] conducted fatigue crack growth

testing on an anisotropic specimen, and the crack growth parameters were determined by plotting

the stress-life (S-N) curve, thereby allowing for EIFS estimation through the back-extrapolation
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method. Additionally, Li [142] proposed a modified Kitagawa-Takahashi diagram method that

incorporates anisotropy in the material, providing an alternative method for EIFS determination.

Statistical approaches, specifically Maximum Likelihood Estimation (MLE) [143] and the Bayesian

Updating Method, have found extensive applications in the field of fatigue analysis. Notably, the

Bayesian Updating method has emerged as a successful tool in addressing fatigue-related issues

that encompass uncertainties [144–149]. The Bayesian Updating approach allows for the continu-

ous refinement of the estimation of the Equivalent Initial Flaw Size Distribution (EIFSD) as new

data becomes available. This, coupled with the fact that EIFSD can be used for similar components

under similar loading conditions, renders Bayesian Updating suitable for utilizing inspection data

collected from a fleet of aircraft, enhancing its practicality. This approach also enables newer air-

craft to benefit from the EIFSD inferences derived from older aircraft. Numerous examples within

the literature illustrate the use of Bayesian Updating for EIFS inference. For instance, Salemi et

al. [150] proposed a combined Bayesian and Finite Element Analysis (FEA) simulation approach to

estimate EIFS and predict fatigue life, accounting for uncertainties in the fatigue process through

a single noise term with a standard deviation of 10%. A noteworthy study by Sankararaman [8] in-

cluded a numerical example featuring a cylindrical structure subjected to multi-axial loading. This

work considered uncertainties related to crack growth, data accuracy, and modelling error, which

were combined into a unified equation. The computationally expensive Finite Element Method

(FEM) algorithm was replaced by surrogate modelling to obtain stress intensity factors. The study

explored various methods, including Maximum Likelihood, Least Squares, and Bayesian Update,

for EIFS inference, while also providing two approaches for the treatment of EIFSD parameters

(mean and standard deviation) as deterministic with uncertainties. Furthermore, the paper pro-

posed the importance of considering individual parameter uncertainties, leading to an extension

of the study by the same author [149, 151] in which each source of uncertainty was assigned a

probabilistic distribution rather than consolidating them into a single noise term.

Obtaining a substantial volume of real-world inspection data for a specific component poses

significant challenges, and conducting experimental statistical analyses that account for uncertain-

ties is often infeasible. Consequently, a valid numerical approach is needed. In this context, the

Dual Boundary Element Method (DBEM) emerges as a highly efficient computational tool for fa-
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tigue modelling challenges, used to model crack extension and perform fatigue life assessments for

anisotropic structures. The DBEM requires only the modelling of the outer boundary of the struc-

ture, eliminates the need for re-meshing, and is able to automatically compute the path of crack

growth [6]. When this robust numerical model is combined with a statistical approach, it enables

the estimation of the EIFSD and the fatigue lifetime of the structure, even with limited real-world

inspection data available. Previous applications of the DBEM in conjunction with EIFSD estima-

tion can be found in works such as Morse (2017) [152], where the DBEM was employed as part

of the EIFSD inference process for multiple-site damage in an isotropic aircraft lap-joint splice.

Another example can be seen in the research by the same author [144], where the DBEM was

utilized to model an isotropic assembled plate structure under complex loading conditions. The

advantages of the DBEM in fatigue modelling can potentially be even more pronounced when

applied to anisotropic structures. However, despite its merits, the DBEM has not yet been utilized

for modelling anisotropic structures when inferring EIFSD. This represents one of the primary

objectives of the present chapter.

In summary, the main novel contributions described in this chapter are:

• Expanding on previous work by Morse et al. [144] and develop a stochastic approach to the

statistical inference of EIFSD for anisotropic materials.

• Extending previous DBEM formulations to predict the fatigue life of anisotropic materials.

• Expanding on previous work and developing a stochastic approach to the statistical inference

of EIFSD for shallow shell structures.

Upon the successful inference of the Equivalent Initial Flaw Size Distribution (EIFSD) for a

structural component, it serves as a valuable tool for determining the fatigue life of that component

and for other components subjected to similar loading conditions. This information, in turn,

assists in establishing optimal intervals for routine inspections. These inspection intervals are

typically defined with the aim of ensuring that an undetected crack does not reach a critical length

that endangers flight safety before the next scheduled inspection [153]. However, owing to the

intricate challenge of accounting for uncertainties associated with crack growth, inspection intervals

are often characterized by a conservative approach. This conservatism results in more frequent
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inspections, thereby escalating costs, without necessarily corresponding safety enhancements. The

EIFSD method offers a potentially more accurate and less conservative approach to determining

inspection intervals for aircraft. An illustrative example of this approach can be found in the

concluding section of this chapter.

This chapter is structured as follows: Section 5.1 provides an overview of the basic theory of

the EIFS. Section 5.2 details the crack growth model utilized for modelling fatigue crack growth.

Section 5.3 outlines the Bayesian updating approach employed for the inference of Equivalent Ini-

tial Flaw Size (EIFS). Section 5.4 introduces the surrogate model utilized to enhance the efficiency

of the EIFS procedure. Finally, in Section 5.5.1 and 5.5.2, two numerical examples involving an

anisotropic structure, encompassing multiple sources of uncertainty pertinent to anisotropic ma-

terials, are presented. Numerical example focusing on the shallow shell structure is demonstrated

in Section 5.6.

5.1 Basic Theory of EIFS

A viable method for estimating and establishing an effective initial crack size is through the

inference of EIFS. This inference approach offers a practical means to estimate the initial crack

size without the need for experimental detection. The approximation of a short crack growth

model using a long crack growth model with calibration has become a widely accepted method to

ensure structural integrity [154].

Ideally, estimating the fatigue life of a structure requires growing the crack from its actual initial

length to a critical crack size using an accurate model for short crack growth, denoted as gshort(a),

where a represents the crack size. However, determining the actual initial crack size is a challenging

task, given that it is often smaller than the minimum detectable size achievable through Non-

Destructive Inspection (NDI). Furthermore, the behaviour of short crack growth can be influenced

by the material’s microstructure [16] [155], making the application of such a crack growth model

complex. To address these challenges, the EIFS approach is adopted, with the condition that the

number of cycles taken from EIFS to reach a final crack size af is identical to what would be

required for the actual initial flaw size to grow to the same final crack size af . This equivalence is

visually demonstrated in Figure 5.1.
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Figure 5.1: A graphic demonstration of the EIFS as a model calibration parameter for a long
crack growth model glong(a) vs. the growth of an actual initial flaw size to a crack size af using a
short crack growth model. The area under the curve represents the number of cycles required to

grow a crack [8].

The area under the two curves in Fig. 5.1 gives the number of cycles required to grow from

IFS or EIFS to ac and is given by:

N =

∫ ac

IFS

1

gs(a)
da =

∫ ac

EIFS

1

gl(a)
da (5.1)

This clarifies why the term EIFS is used, as it stands as the equivalent representation of the Initial

Flaw Size (IFS) when a long-crack growth model is applied. Once the EIFS is inferred, it can be

incorporated within the same long crack growth model to predict the number of cycles needed for

the crack to extend to a maximum permissible size. Effectively, the EIFS can be regarded as a

model calibration parameter for a long crack growth model.

5.2 Concept of Fatigue Crack Growth

Following the determination of all boundary displacements and tractions through the Dual Bound-

ary Element Method (DBEM), the J-integral plays a pivotal role in computing the stress intensity

factors at the crack tip. These stress intensity factors are subsequently employed within the DBEM

for the modelling of the fatigue crack growth. Given that the inference of the EIFSD requires the

utilization of a long-crack growth model, this study leverages the well-established Paris law [154].

In the context of fatigue modelling, the number of cycles N required to propagate the crack from

Chapter 5. Statistical Inference of Equivalent Initial Flaw Size for Engineering Structure 153



5.3. Bayesian Updating Method

an initial size a0 to a final crack size a can be computed as follows:

N =

∫ a

a0

1

da/dN
da (5.2)

where da/dN is the crack growth rate that can be described using Paris law:

da

dN
= C(∆Keff )

m (5.3)

where C and m are the Paris law constants and exponent. ∆Keff is the effective stress intensity

factor range determined by the difference between the stress intensity factor evaluated at maximum

stress level and minimum stress level (Kmax
eff − Kmin

eff ). The effective stress intensity factor range

can be expressed using a function of mode I and mode II SIF by [156]:

∆Keff =
√
∆K2

I + 2∆KII (5.4)

where the mode I and mode II intensity range can be calculated by the J-integral.

To consider the influence of the stress ratio R on the crack growth rate, it is essential to

incorporate the appropriate constant C that corresponds to the given stress ratio. This adjustment

can be achieved by employing Walker’s equation:

C =
C0

(1−R)m(1−γ) (5.5)

where γ is the coefficient of the Walker’s equation, represents how strongly the stress ratio affects

the crack growth rate and C0 is the interception point when R=0.

5.3 Bayesian Updating Method

The statistical inference of the EIFSD through Bayesian updating entails initiating the process

with a prior estimate for the EIFSD and subsequently updating this estimate with inspection data

to derive a posterior estimate for the EIFSD. This section will offer a concise introduction to the

formulations of Bayesian updating.
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Denote Θ as the EIFSD where it follows the lognormal distribution, the likelihood that the

testing pair of mean and standard deviation from Θij ∼ lnN(µ̂i, σ̂j) is the ’true’ distribution

Θtrue ∼ lnN(µ, σ) for a given kth inspection data N ins
k is

L
(
µ̂i, σ̂j | N ins

k ,Y
)
= fN |µ̂i,σ̂j ,Y

(
N ins
k | µ̂i, σ̂j,Y

)
=

1

N ins
k

√
2πβ2

ij

exp

(
− [log (N ins

k )− αij]
2

2β2
ij

)
(5.6)

where αij and βij represent the location and shape parameters of a lognormal distribution. These

parameters are estimated through Monte Carlo simulations using the EIFSD with specified mean

and standard deviation. The variable fN |µ̂i,σ̂j ,Y refers to the distribution of the number of cycles

required for an EIFS to grow to 20 mm, given the EIFSD parameters µ̂i and σ̂j. The vector Y

comprises uncertainties in parameters that influence crack growth. These parameters encompass

the Paris law constants C0 and m, the maximum applied stress σmax, the stress ratioR, the ratio

of Young’s modulus ψ, and the angle of the anisotropic principal axis α.

As more values of N ins are included to calculate the likelihood, the probability should be the

product of the individual inspections. Assuming that there are l inspection data sets used, the

likelihood of the test EIFSD Θij given l inspections can be expressed as follows:

L
(
µ̂i, σ̂j | Nins

l ,Y
)
=

l∏
k=1

L
(
µ̂i, σ̂j | N ins

k ,Y
)

(5.7)

where N ins
l contains all the available inspection data N ins

k .

Eq.(5.7) represents the joint probability distribution of the tested µ̂i and σ̂j. The individual

likelihood of µ̂i and σ̂j is the ’true’ mean and the standard deviation can be evaluated as:

L (µ̂i | Nins
l ,Y) =

∫
L (µ̂i, σ̂ | Nins

l ,Y) fΣ̂|Nins
l−1,Y

(
σ̂ | Nins

l−1,Y
)
dσ̂

L (σ̂j | Nins
l ,Y) =

∫
L (µ̂, σ̂j | Nins

l ,Y) fM̂|Nns
l−1,Y

(
µ̂ | Nins

l−1,Y
)
dµ̂

(5.8)

where fΣ̂|Nins
l−1,Y

and fM̂|Nns
l−1,Y

represent the prior estimations. For the initial iteration of Bayesian

Updating, an initial guess of the prior distribution is required. The trapezoidal rule is employed

to approximate the integration, using evenly distributed ranges of µ and σ. The posterior term
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can be iteratively updated from the prior terms.

It’s worth noting that in Sankararaman’s study [8], the mean and standard deviation of the EIFSD

were treated as either deterministic values or as having uncertainties in their values, meaning

they were represented with probability distributions. The research found that when treating the

distribution parameters as deterministic values, the inferred mean of the EIFSD could achieve a

good level of accuracy. However, the inferred standard deviation was observed to continuously

decrease with more inspection data becoming available. On the other hand, when a distribution

was assigned to both the mean and standard deviation, the estimation of both the mean and

standard deviation was accurate. Therefore, this work adopts the latter approach, where the prior

information of fΣ̂|Nins
l−1,Y

and fM̂|Nns
l−1,Y

in Eq.(5.8) is represented with probability distributions.

Note that in the case of treating the distribution parameters as deterministic values, the prior

distribution is expressed as fΘ̂|Nins
l−1,Y

.

This posterior information is given as:

fM̂|Nins
i ,Y

(
µ̂i | Nins

l ,Y
)
=

L (µ̂i | Nins
l ,Y) fM̂|Nins

l−1,Y

(
µ̂i | Nins

l−1,Y
)∫

L (µ̂ | Nins
l ,Y) fM̂|Nins

l−1,Y

(
µ̂ | Nins

l−1,Y
)
dµ̂

(5.9)

fΣ̂|Nins
l ,Y

(
σ̂j | Nins

l ,Y
)
=

L (σ̂j | Nins
l ,Y) fΣ̂|Nins

l−1,Y

(
σ̂j | Nins

i−1,Y
)∫

L (σ̂ | Nins
l ,Y) fΣ̂|Nins

l−1,Y

(
σ̂ | Nins

l−1,Y
)
dσ̂

(5.10)

Where fM̂|Nns
i ,Y and fΣ̂|Nins

l ,Y represent the posterior estimations of the distributions for M̂ and Σ̂.

The posterior distribution is computed for each pair of µ̂i and σ̂j. Once the posterior distribution

for all possible pairs of µ̂i and σ̂j is obtained, it becomes the prior distribution for the subsequent

iteration when new inspection dataN ins
k is available. This process, spanning from Eq.(5.6) to(5.10),

is repeated iteratively until no further inspection data is accessible.

As previously discussed, the distribution parameters themselves were treated as uncertain. It is

assumed that the inferred means of both distributions represent the actual mean and standard

deviation of the EIFSD. This implies:

µl = E(M̂) =

∫
µ̂fM̂|Nins

l ,Y

(
µ̂ | Nins

l ,Y
)
dµ̂ (5.11)
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σl = E(Σ̂) =

∫
σ̂fΣ̂|Nins

l ,Y

(
σ̂ | Nins

l ,Y
)
dσ̂ (5.12)

It is expected that when more data of inspection l are used, the estimated µl and σl will approach

to the ’true’ values of µ and σ. The steps for conducting the EIFS inference can be summarized

below [144]:

1. Define the uncertainties Y in the crack growth model. The uncertainties are assumed

to have a lognormal distribution.

2. Generate the simulated inspection data. For the purpose of illustration, simulated in-

spection data was generated based on the Paris Law and the specified uncertainties. Initially,

a dataset comprising the number of cycles to failure was generated as the source of inspection

data, mimicking what would be obtained from a fleet of aircraft after routine inspections.

The generation of this simulated inspection data was carried out using the DBEM while

taking into account the associated uncertainties denoted as Y. In this simulated dataset,

each entry represents inspection data obtained after a routine inspection. For this illustrative

exercise, the ’true’ EIFSD was presumed to have to a lognormal distribution with parameters

θtrue ∼ lnN (µ, σ). EIFS values were randomly sampled from this EIFSD and subsequently

grown to a detectable size of adet = 20 mm, incorporating the uncertainties captured in Y.

The number of loading cycles required for the crack to reach this detectable size was recorded

as inspection data.

3. Monte Carlo Simulation (MCS). A set of potential values for the mean and stan-

dard deviation of the Equivalent Initial Flaw Size Distribution (EIFSD) is defined as M̄ =

[µ̂1, µ̂2, ..., µ̂test] and Σ̄ = [σ̂1, σ̂2, ..., σ̂test], where the subscript test signifies the number of

possible mean and standard deviation pairs to be tested. In this study, there are a total of

60 test points, with each pair of mean and standard deviation being examined during the

Bayesian updating process. To perform the Bayesian updating, Sobol sampling involving

Nsamp = 1× 107 samples for each uncertainty in Y and EIFS from the EIFSD was applied.

These samples were grown to reach the detectable size of adet. Subsequently, sets of the

number of cycles to failure were recorded, and the distribution was denoted as fN |µ̂i,σ̂j ,Y.

The parameters, mean αij and standard deviation βij, of the distribution in Eq.(5.6) were
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obtained by fitting the distribution to a lognormal distribution. A visual representation of

the Monte Carlo simulation (MCS) procedure is provided in Figure 5.2.

Figure 5.2: Monte Carlo Simulation procedure for obtaining the distribution fN |µ̂i,σ̂j ,Y and hence
the likelihood equation given in Eq.(5.6).

4. Inference of EIFS using Bayesian Updating method. Step 2 gives the values of N ins
k

and step 3 calculates the values of αij and βij. The likelihood of the tested EIFSD be the

true EIFSD can be calculated by applying Eq.(5.6)-(5.10).

5.4 Surrogate Modelling

The Monte Carlo Simulation (MCS) outlined in step 3 of the previous section involves implement-

ing the DBEM to determine the number of cycles required to reach the detectable crack size,

denoted as adet. However, this approach can be computationally expensive when dealing with

numerous pairs of µ̂i and σ̂j and a large number of sampling points. To address this challenge,

surrogate modelling techniques can be employed. Several methods have been proposed for surro-

gate modelling, including polynomial functions, Kriging models, and neural networks. The choice

of the most suitable method depends on the specific problem at analysis [157].

- Polynomial functions are straightforward to implement, but they require specifying the degree

of the polynomial in advance and may be prone to overfitting.
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- Neural networks are capable of handling complex problems with high-dimensional data and

capturing non-linear relationships in the response surface. However, they can be computationally

expensive and data-hungry, making them less ideal when only limited data is available.

- Kriging models, on the other hand, are a popular choice in structural analysis, especially for

problems with dimensions less than 10. They require relatively less data to train the surrogate

model. Kriging is employed in this work to replace the DBEM, with the aim of reducing compu-

tational costs. One limitation of the Kriging models is that the correlation matrix can become

ill-conditioned if two training points are placed too close to each other. Therefore, Kriging models

require a space-filling sampling method, such as Latin Hypercube sampling, to ensure that training

data is evenly distributed in the input space [88].

Kriging models have demonstrated their effectiveness in predicting highly non-linear responses and

tackling multi-dimensional problems, as highlighted in the work of Dhaene [158]. In this study,

the SUMO toolbox [88] is utilized to create the Kriging model. A comprehensive understanding of

the detailed formulations and construction of Kriging models is outlined in the book ”Engineer-

ing Design via Surrogate Modelling” [157], as well as the technical report of surrogate modelling

toolbox DACE [159]. To maintain conciseness, this section provides only a brief outline of the key

equations.

The surrogate model was initially trained using the design dataset generated from the DBEM.

In the training process, cross-validation was employed, and it was considered complete when the

cross-validation error fell below 5%. Cross-validation involves partitioning the dataset into p equal

subsets, with one of these subsets used to test the fitting results obtained from the remaining

p − 1 subsets. Once the Kriging model was trained, it was further tested using a separate test-

ing dataset. This testing dataset was created by excluding the points that had been used in the

training process. The trained Kriging model was then applied for use in the MCS obtaining the

distribution parameter, as required for Bayesian updating.

Let’s consider a set of existing data comprising n sets of design parameters denoted as X =

{x1,x2, ...,xn}T . Each vector xn consists of d design parameters. Corresponding to these design

parameters, the outputs denoted as Y = {y1, y2, . . . , yn}T , where each yi is a q-dimensional vector
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for multiple outputs. In matrix form, X is represented as an n× d matrix as follows:

X =


x11 · · · x1d
...

. . .
...

xn1 · · · xnd

 (5.13)

The general form of the Kriging model response, denoted as ŷ(x̂), at a new trial point x̂ can be

expressed as a linear regression model with an error term representing the difference between the

predicted value and the true value, y(x̂). This can be written as follows:

ŷ(x̂) = Fβ + ϵ(x̂) (5.14)

where β is regression function. Types of the Kriging are defined by taking different forms of the

regression function. The matrix F takes the form of:

F =


f1 (x

1
1) . . . fq (x

1
d)

f1 (x
2
1) fq (x

2
d)

...
. . .

...

f1 (x
n
1 ) · · · fq (x

n
d)


(5.15)

The term ϵ represents a stationary random process that follows a Gaussian distribution, ϵ(x) ∼

N (0, σ), where N denotes a normal distribution. This process captures the deviation from the

regression function representing the error of the prediction. The stationary random process ϵ(x)

satisfies a correlation equation, which characterizes the relationships between different points in

the design space. This correlation equation can be expressed as:

Cor[ϵ(xi), ϵ(xl)] = σ2R(θ,xi,xl) (5.16)

where R is the spatial correlation function between any point xi and xl. This spatial correlation

function is defined as:

R(θ,xi,xl) = exp(−
k∑
j=1

θj | x(i)j − x
(l)
j |pj) (5.17)
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The parameter θ is often referred to as a hyperparameter, and it plays a crucial role in determin-

ing the range over which neighbouring samples have an influence on the current sample. A higher

value of θj results in a narrower width for the influential range, meaning that only samples close

to the current one will have a significant impact. This hyperparameter is especially valuable in

high-dimensional problems where visualizing the interactions between parameters is challenging.

By assessing θj, it can help identify the most important parameters and potentially lead to dimen-

sionality reduction. The value of θj can be determined using global optimization methods such as

genetic algorithms or simulated annealing. Another tunable parameter, denoted as pj, affects the

smoothness of the correlation function. When pj is small, the correlation exhibits a sharp change,

while a higher value of pj results in a more smooth transition. In this work, a simplification is

made by setting pj = 2 with Matérn correlation function with ν = 5/2 used in the training process

where:

R(θ,xi,xl) =

(
1 +

√
5l +

5l2

3

)
exp(−

√
5l) (5.18)

where l =
√

(
∑k

j=1 θj | x
(i)
j − x

(l)
j |pj). The correlation matrix can be constructed by evaluating

the correlation coefficients between each design site x1, which can be expressed as:

Ψ =



R(θ,x1,x1) R(θ,x1,x2) ... R(θ,x1,xn)

R(θ,x2,x1) R(θ,x2,x2) ... R(θ,x2,xn)

. . . .

. . . .

R(θ,xn,x1) R(θ,xn,x2) ... R(θ,xn,xn)


(5.19)

The regression parameter β can be found by the generalized least squares solution such that

β∗ = (FTΨ−1F)−1FTΨ−1Y (5.20)

The optimal variance σ can be found by the Maximum Likelihood estimates (MLE) such that

σ2 =
1

n
(Y − Fβ∗)TΨ−1(Y − Fβ∗) (5.21)
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once the parameters θ, β∗, σ2 are determined, the response of the Kriging model at a new trial

point x̂ can be found by

ŷ(x̂) = r(x̂)TΨ−1Y − (FTΨ−1r(x̂)− f(x̂))Tβ∗ (5.22)

where the vector r(x̂) contains the correlation coefficient between the new trial point x̂ and the

data site points

r(x̂) =



R(θ,x1, x̂)

R(θ,x2, x̂)

.

.

R(θ,xn, x̂)


(5.23)

5.5 Inference of EIFS for 2D Anisotropic Structures

5.5.1 Inference of EIFS for an Anisotropic Plate Structure with Win-

dow Section

A numerical example featuring a crack emanating from a hole was employed to illustrate the

proposed methodology for inferring the EIFSD in anisotropic structures. The problem under

analysis involves a finite plate composed of anisotropic material, with an initial crack originating

from a central hole. The mesh geometry is presented in Figure 5.3, and a close-up view of the

central hole and the initial crack is shown in Figure 5.4. The plate is subjected to a constant-

amplitude cyclic tensile stress σ on the top and bottom boundaries, with minimum stress σmin,

maximum stress σmax, and a stress ratio R = σmin/σmax. The direction of the anisotropic principal

axis is assumed to have an angle α relative to the horizontal direction. For this illustrative example,

fictional material properties were employed. The Young’s modulus ratio is denoted as ψ = E1/E2,

Poisson’s ratio as ν12 = 0.29, shear modulus as G12 = 789 MPa, and the material constant in

Walker’s equation (Eq.(5.5)) is represented by γ = 0.68 [144]. The Young’s modulus is expressed

as E1 = G12(ψ + 2ν12 + 1) [25]. The location of the initial crack, with a size of a0, is labelled as

region B in Figure 5.3a), and it is assumed to have initiated along the E1 direction. The angle
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between the anisotropic principal axis and the global coordinate system is defined as α, as shown

in Figure 5.3b).

The plate is subdivided into distinct regions, including an outer boundary, an inner boundary,

and a crack region. The mesh used for this analysis comprises a total of 62 quadratic elements.

Specifically, the outer straight edges consist of 4 elements each, while the curved corners, as

depicted in Figure 5.3, are composed of 4 elements each. The horizontal straight inner edges given

in Figure 5.4 are represented by 2 elements each. Notably, the right vertical straight inner edge

is meshed with 22 elements, while the left vertical straight inner edge employs 4 elements in the

mesh. The number of elements used in the mesh of the initial crack region varies depending on

the initial crack length. For each growth increment, one element is added to the crack on each

surface. As an example, if the initial crack length is 5 mm, the mesh for this initial crack consists

of 5 elements for each surface of the crack. A visual representation of the mesh in the crack region

is provided in Figure 5.4.

Figure 5.3: The BEM mesh (left) and boundary conditions (right) of the anisotropic plate used
in the numerical example. The larger dots denote the end-nodes of the elements, while the
smaller dots represent the centre-nodes. The initial crack is located at the middle of the

right-most edge of the centre hole. The anisotropic principal axis exhibits an inclination angle
denoted as α concerning the global horizontal direction. To emphasize, the region where the

initial crack is situated has been demarcated as ’Region B’.
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Figure 5.4: Sub-figure (a) shows the BEM mesh for the centre hole. Sub-figure (b) shows a
zoomed-in view of the BEM mesh around the initial crack of length a0 located at the middle of
the right-most edge of the centre hole. To provide accurate results, elements were concentrated

near the base of the crack.

5.5.1.1 Simulation of Inspection Data

The inspection data utilized in this study was assumed to originate from regular inspections of a

specific component within an aircraft fleet. This inspection data was generated simulated data by

progressively increasing the crack size from its initial length a0 to its final length adet using the

DBEM. The number of cycles necessary for the crack to propagate from a0 to adet was recorded for

each simulated inspection. It’s important to note that the crack growth parameters were consid-

ered as stochastic variables following lognormal distributions. These parameters encompassed the

material property ψ, the orientation angle of the principal direction denoted as α, the Paris Law

constants C0 and m, the maximum applied load σmax, and the applied load ratio R, defined as

the ratio of σmin to σmax. To assess the reliability and robustness of the methodology outlined in

Section 5.3, two levels of uncertainty for each of the crack growth parameters were examined: low

uncertainty and high uncertainty. Detailed information regarding these crack growth parameters

is provided in Table 5.1:
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Table 5.1: Uncertainties presented in the crack propagation.

CoV

Variable Description Distribution Mean Low High

C0 Paris law Constant Lognormal 1.027× 10−9 m/cycle
(MPa

√
m)m

0.01 0.05

m Paris law exponent Lognormal 2.389 0.01 0.02
σmax Maximum applied stress Lognormal 30MPa 0.01 0.05
R Stress ratio Lognormal 0.1 0.01 0.05
ψ Ratio of Young’s modulus Lognormal 0.2 0.01 0.05
α Angle of the anisotropic principal axis Lognormal 30◦ 0.01 0.05

The accuracy of fatigue crack growth modelling depends upon the information available con-

cerning the parameters influencing crack growth. The crack growth rate C in the Paris law may

exhibit variations attributable to the loading environment and cycle frequency. Nevertheless, the

value of m is typically less influenced by these factors and is often treated as a deterministic

quantity, as indicated by the literature [160]. To assess the robustness of the proposed method,

a slight Coefficient of Variation (CoV) of 0.02 is assigned to the parameter m, while a higher

variation is assigned to the value of C0. The Young’s modulus E can also manifest variations

depending on the measurement methodology employed. Generally, the value measured through a

well-established standard method can vary within the range of 3-5% [161,162], thereby contribut-

ing to the uncertainty in the value of ψ. Advanced measurement techniques, however, have the

potential to reduce the uncertainty in E to as low as 0.36% [163]. Incorporating the uncertainty in

the angle α is an essential consideration within this work, accounting for potential misalignments

of the principal axis in anisotropic materials. The sources of misalignment contributing to this

uncertainty are primarily associated with the manufacturing process, temperature variations, and

packing procedures, among others. These misalignments could exert an influence on the overall

geometry of the anisotropic structure [164]. For instance, Toft [165] has suggested that the fibre

misalignment angle can vary within the range of 0.9 degrees to 2 degrees. Although this range

is specifically relevant to composites, it serves as an illustrative example of a critical uncertainty

inherent in anisotropic materials.

In order to evaluate the robustness of the proposed EIFS inference methodology, two levels of

uncertainty were examined for each parameter detailed in Table 5.1: a state of low uncertainty

and another characterized by high uncertainty.
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For EIFSD inference, a dataset comprising a total of 500 simulated inspections has been gen-

erated. This dataset assumes its origin from a fleet of aircraft, thus obtaining 500 inspections a

reasonable choice. Nonetheless, it remains possible that Bayesian updating might reach a state

of convergence before incorporating data from all 500 inspections, rendering the utilization of the

entire dataset potentially unnecessary. The parameters subjected to randomization across the

simulated 500 inspections encompass:

1. The initial crack size. The true EIFSD is assumed to have the distribution parameter

Θtrue ∼ lnN(5, 0.5). The initial crack size for each inspection is randomly sampled from

Θtrue with a mean of 5 mm and a standard deviation of 0.5 mm.

2. The values of the crack growth parameters. For each inspection, a single value for

each of the crack growth parameters C0, m, σmax, R, ψ and α is randomly sampled from the

distributions seen in Table 5.1.

5.5.1.2 Evaluation of the Surrogate Model

To estimate the distribution fN |µ̂i,σ̂j ,Y as defined in Eq.(5.6), MCS was performed, involving the

utilization of 1× 107 samples. This extensive sample size was necessary to ensure a high degree of

accuracy in the estimation. Given the computational demands of handling such a vast number of

samples, direct employment of the DBEM proved unfeasible. Consequently, a Kriging model was

established to serve as an approximation for the DBEM, facilitating the MCS process.

The surrogate model, in this case, provides the output, which is the effective stress intensity

factor Keff . This value plays a crucial role in the estimation of the number of cycles required for

crack propagation, following the Paris Law outlined in Eq.(5.3). During the training of the Kriging

model, essential information regarding the material properties ψ and α, as well as the crack sizes

in the propagation (a0 and a), were provided as the inputs to the model.

Keff = fkriging(ψ, α, a0, a) (5.24)

Where fkriging represents the Kriging model employed to estimate the effective stress intensity

factor at the crack tips. This estimation is conducted after the crack has grown from its initial
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size, denoted as a0, to reach a final size of adet. As given in Figures 5.3 and 5.4, it is important to

note that the initial crack is assumed to align with the anisotropic principal axis, characterized by

an angle α relative to the global horizontal direction. Consequently, the crack propagation does

not occur along a linear trajectory; instead, it follows a curved path. Furthermore, any alteration

in the size of the initial crack, a0, leads to a corresponding adjustment in the curvature of this

path. Consequently, the effective stress intensity factor Keff associated with the fully grown crack

of size a also experiences a slight modification due to this change in a0. Therefore, it is important

to consider the initial crack length as an input parameter in the Kriging model and it can be

observed that Keff is a function of a0 within the framework of this study. It is worth emphasizing

that even a slight change in a0 can result in a substantial alteration in the number of cycles N due

to the Paris Law exponent, as will be presented in the subsequent figures presented in this section.

When developing the surrogate model, the range considered for the initial crack size, a0, encom-

passed all possible combinations of trial points (µ̂i,σ̂j) as outlined in Section 5.3. In contrast, the

training range for the final crack size, a, spanned from a0 to adet = 20 mm, where adet symbolizes

the typical minimum detectable crack size achievable through Non-Destructive Inspection (NDI)

techniques. Additionally, a conditional sampling was applied such that the sampled final crack

length a must be larger than the sampled initial crack size. The ranges chosen for the material

properties, ψ, and the angle α, were established to encompass a slightly larger range specified by

the lognormal distributions featured in Table 5.1 since it is often found that at the edges of the

Kriging response surface, the error tends to be larger. Furthermore, during the training phase

of the surrogate model, the maximum applied load was set to an average value of 30MPa. This

decision was grounded in the assumption that the stress intensity factor demonstrates linear pro-

portionality to the applied stress, adhering to the principles of Linear Elastic Fracture Mechanics.

For clarity, the training ranges are summarized in Table 5.2.

Table 5.2: The training ranges covered by the surrogate model.

Variable Name Surrogate model training range

Initial crack size a0 2− 8mm
Final crack size a 2− 30mm

Ratio of Young’s modulus ψ 0.18− 0.21
Fibre inclination angle α 23◦ − 38◦
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To construct an initial training dataset, an initial set of 50 sample points was chosen via

the Latin Hypercube sampling method. Subsequently, a sequential design technique known as

Delaunay triangulation sampling was employed to decide the optimal locations for all subsequent

sample points. This strategy aimed to enhance the precision and reliability of the final surrogate

model. Iteratively, the Kriging model was refined through sequential design until the Root-Relative

Squared Error (RRSE) achieved a level of less than 5%, as determined via cross-validation. In

total, 127 sample points were incorporated into the training of the Kriging model. The cumulative

CPU time expended to train the surrogate model amounted to 44.8 minutes.

Upon obtaining the Kriging model for Keff , the surrogate model for the number of cycles, de-

noted as N , is developed by substituting the mean values of the Paris law constants and the applied

load into Eq.(5.3). The integration required in Eq.(5.2) is approximated using the Trapezoidal rule.

To assess the accuracy of the surrogate model, a set of 4725 testing points, distinct from

those used during the surrogate model training, were generated via the DBEM. These points were

then compared to the results provided by the surrogate model. The statistical errors between the

Kriging model and the testing dataset results were evaluated, and the values are presented in Table

5.3 for both Keff and N .

Tabulated in Table 5.3, the error between the surrogate model and DBEM is notably small. The

Root-Relative Squared Error (RRSE), Mean-Absolute-Percentage-Error (MAPE), Mean-Absolute-

Error (MAE), and Root-Mean-Square-Error (RMSE) all exhibit low values, indicating a high level

of accuracy. Furthermore, the coefficient of determination (R2) is in close proximity to 100%,

underscoring the capacity of the surrogate model to effectively approximate the DBEM model.

For a visual representation of the accuracy, surface plots for Keff and N are presented in

Figures 5.5a) and 5.5b) respectively. Given that the surrogate model operates in a 5-dimensional

space (four inputs and one output), only an illustrative 3D surface is displayed, at the value of

ψ = 0.19 and α = 29.5◦. To emphasize accuracy, the surface plots can be effectively compared

with the testing points, represented as black dots, as demonstrated in the figures.
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Figure 5.5: Surface plots showing the results evaluated from the Kriging models for the testing
dataset when ϕ = 0.19 and α = 29.5◦. The surfaces represent the results of the Kriging models
over a range of initial and intermediate crack sizes. Sub-figure (a) shows the results of Keff and

sub-figure (b) shows the results of N .

Table 5.3: Model error of the Keff and N surrogate models compared to the test dataset.

Model RRSE(%) MAPE(%) MAE RMSE R2 (%)

Keff 4.73 0.95 0.13 MPa
√
m 0.16 MPa

√
m 99.8

N 7.68 3.17 1.01× 103 cycles 1.25× 103 cycles 98.2

The relatively higher RRSE observed in the surrogate model for N compared to Keff can

be attributed to the presence of the exponent m in the Paris law. This exponent magnifies the
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error introduced in Keff . However, it’s essential to note that the primary region of interest lies

near a = 20 mm. Within this region, specifically ranging from 17 mm to 23 mm, the RRSE is

only approximately 4.82%. This implies that the surrogate model achieves an acceptable level of

accuracy within the critical region of interest.

To gauge the efficiency of the proposed Kriging model, a comparative study was conducted to

assess the CPU time required by the surrogate model in contrast to the DBEM when performing

MCS. The results are summarized in Table 5.4. Notably, the surrogate model exhibits over 10,000

times higher efficiency than the DBEM in this specific application. For each combination of µ̂i

and σ̂j, the MCS involved a total of 1×107 sampling points to estimate the distribution fN |µ̂i,σ̂j ,Y.

The time required for generating 1× 107 results using the DBEM is estimated to be 473 days. In

contrast, the Kriging model completes the simulation in 340 seconds. This contrast underscores the

substantial computational cost reductions made possible by implementing the proposed statistical

inference methodology, demonstrating the effectiveness of the Kriging model as a highly efficient

alternative to the DBEM model for this problem.

Table 5.4: Comparison of CPU time required by the kriging model and DBEM respectively.

Model CPU time per simulation (s)

DBEM 4.09
Kriging model 3.4× 10−5

5.5.1.3 Inference of EIFSD

The proposed Bayesian updating methodology described in section 5.3 is applied for the inference

of the EIFSD for the structure shown in Fig. 5.3. To test the robustness of this methodology for

an anisotropic structure, two sources of variation are considered:

1. The prior distribution: In Eq.(5.8), an initial estimate is required in the form of an initial

prior distribution for Bayesian updating. The accuracy of this initial guess, and how closely

it approximates the ’true’ distribution, largely depends on the engineer’s judgment. To repre-

sent the quality of these initial guesses, three categories are utilized: ’good,’ ’moderate,’ and

’poor.’ These quality levels reflect the proximity of the initial guess to the actual distribu-

tion. For instance, a ’poor’ initial guess is significantly distant from the actual distribution,
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whereas a ’good’ guess closely aligns with it. When assessing the ’closeness’ of an initial

guess, greater emphasis has been placed on the standard deviation, as achieving convergence

with the standard deviation is often more challenging than for the mean, as will be evident

in the results presented later in this section. The specific means and standard deviations

employed for these guesses are detailed in Table 5.5. Ideally, in a highly robust methodology,

the quality of the initial guess should exert a diminishing influence on convergence as more

inspection data is integrated into the analysis.

Table 5.5: Three levels of quality of the prior distribution that are used to represent ‘good’,
‘moderate’, and ‘poor’ engineering judgement.

Prior distribution Distribution Mean Standard deviation

Poor Lognormal 0.5 mm 1.5 mm
Moderate Lognormal 10 mm 1 mm
Good Lognormal 6 mm 0.6 mm

2. The level of uncertainty associated with the material properties and the crack

growth parameters: The degree of uncertainty linked to the material properties and the

parameters governing crack growth in the Paris law relies on the specific measurement tech-

niques and manufacturing processes employed, as elaborated upon in the preceding section.

Table 5.1 categorizes two distinct levels of uncertainty: a low level and a high level. Ideally,

a highly robust methodology should exhibit decreased sensitivity to the level of uncertainty

as more inspection data is incorporated into the analysis. This robustness would signify

that the methodology’s performance remains stable even in the presence of varying levels of

uncertainty.

Figure 5.6 illustrates the convergence of EIFSD through Bayesian updating, incorporating data

from 50, 100, 300, and 500 inspections. To maintain conciseness, only two cases are shown: a) In

Figure 5.6a, convergence is observed for a scenario with low uncertainty and a ’good’ initial guess.

b) In Figure 5.6b, convergence is depicted for a scenario with high uncertainty and a ’poor’ initial

guess. In both cases, the posterior distribution gradually converges towards the actual EIFSD

as data from additional inspections is incorporated. Notably, in Figure 5.6a, even when data

from only 100 inspections is employed, the posterior distribution closely approximates the actual
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EIFSD, and its shape remains relatively stable even with the inclusion of 300 or 500 inspections.

In contrast, in Figure 5.6b, the posterior distribution after 100 inspections deviates more from the

actual EIFSD compared to Figure 5.6a, indicating a slower convergence in this particular case.

Figure 5.6: Convergence of the posterior distributions computed by Bayesian updating after
using the data from 50, 100, 300, and 500 inspections. Sub-figure (a) shows the convergence for a

’good’ initial guess and low uncertainties. Sub-figure (b) shows the convergence for a ’poor’
initial guess and high uncertainties.

The convergence history of the mean and standard deviation is presented in Figure 5.7 and

5.8 for cases of low and high uncertainty, respectively. Detailed values of the mean and standard

deviation are presented in Table 5.6 and 5.7. In the case of low uncertainty, as observed in

Figure 5.7 and Table 5.6, the mean remains relatively stable after approximately 158 inspections.

Convergence within±0.1 mm of the ’actual’ mean (5 mm) is achieved with data from approximately

80 inspections. After 500 inspections, the error in the mean is merely 0.34%. The standard

deviation exhibits a slight divergence from the actual standard deviation of 0.5 mm between 300

and 500 inspections, yet it remains very close to the actual value. After 500 inspections, the
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error in the standard deviation is just 3.72%. It’s notable that the quality of the initial guess

significantly impacts convergence when data from fewer than 60 inspections are used, but its

influence diminishes as more data is incorporated.

Figure 5.7: Convergence of the EIFSD mean and standard deviation from Bayesian Updating for
the ’low’ level of uncertainty.

Table 5.6: Convergence of the mean and standard deviation from Bayesian updating for the ’low’
level of uncertainty.

Mean µ (mm) Standard deviation σ (mm)

Inspection 50 100 300 500 50 100 300 500

Good 5.2213 5.0847 5.0169 5.0169 0.4158 0.4760 0.4966 0.4814
Moderate 5.2212 5.0847 5.0169 5.0169 0.4176 0.4764 0.4966 0.4814
Poor 5.2211 5.0847 5.0169 5.0169 0.4153 0.4761 0.4966 0.4814

Similar convergence behaviour is observed in the case of high uncertainty, as presented in Figure

5.8 and Table 5.7. Convergence within ±0.1 mm of the ’actual’ mean (5 mm) is achieved with data

from approximately 170 inspections, and the error after 500 inspections is 2.37%. It’s important

to note that the higher error in the high uncertainty case, compared to the low uncertainty case, is

primarily due to the significantly greater uncertainties associated with the crack growth parameters.

The standard deviation does not appear to fully converge within 500 inspections in the high

uncertainty case but achieves an error of 0.22% when data from 500 inspections is used. The

convergence of the mean is less affected by the quality of the initial guess, while the convergence of

the standard deviation is more strongly impacted when data from a small number of inspections
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(less than 100) is used. However, its impact diminishes with a higher number of inspections.

It’s evident from Figures 5.7 and 5.8 and Tables 5.6 and 5.7 that even after a substantial number

of inspections, Bayesian updating does not precisely converge to the actual mean of 5 mm and

the actual standard deviation of 0.5 mm. This divergence is influenced by the parameter P trial,

representing the number of trial points used to model the posterior distributions as seen in Figure

5.6 and detailed in Section 5.3. When P trial is set to a high value, the posterior distributions in

Figure 5.6 are modelled with high resolution, enabling the mean and standard deviation shown

in Figures 5.7 and 5.8 to achieve closer convergence to their actual values. In contrast, when

P trial is low, the posterior distributions in Figure 5.6 are modelled with lower resolution, leading

to less accurate convergence of the mean and standard deviation. In this study, a value of P trial =

60 was chosen, as it provided satisfactory convergence for the mean and standard deviation, as

demonstrated in Figures 5.7 and 5.8, and Tables 5.6 and 5.7. For enhanced convergence, P trial

can be increased, though this would correspondingly increase the computational time required for

Bayesian updating.

Figure 5.8: Convergence of the EIFSD mean and standard deviation from Bayesian Updating for
the ’high’ level of uncertainty.
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Table 5.7: Convergence of the EIFSD mean and standard deviation from Bayesian Updating for
the ’high’ level of uncertainty.

Mean µ(mm) Standard deviation σ(mm)
Inspection 50 100 300 500 50 100 300 500

Good 5.1782 4.9494 4.8814 4.8814 0.3299 0.4568 0.5219 0.4989
Moderate 5.1791 4.9494 4.8814 4.8814 0.3470 0.4619 0.5224 0.4989
Poor 5.1754 4.9494 4.8814 4.8814 0.2857 0.4559 0.5220 0.4989

Figure 5.8 demonstrates that the standard deviation in the case of ’high’ uncertainty did not

fully converge within 500 inspections. To ensure its convergence, the number of inspections was

extended to 1000, and the results are displayed in Figure 5.9. It’s evident that convergence is

reached at around 600 inspections, and after 1000 inspections, the error is around 2.53%. This

extended analysis affirms that with a larger number of inspections, the standard deviation in the

high uncertainty case converges as expected.

Figure 5.9: Convergence of the EIFS standard deviation estimation with respect to the number
of inspection data that has been used in Bayesian Updating at high level of uncertainties. The

Bayesian updating the ‘poor’ prior distribution is plotted only.

In summary, the presented convergence results highlight the substantial influence of the initial

guess quality on the convergence process when a relatively small number of inspections is used

(below 100). However, this influence diminishes as the number of inspections increases. Moreover,

the results demonstrate that even in the case of ’high’ uncertainty, convergence to within 3% can
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be attained within 500-600 inspections. This underscores the high level of robustness inherent in

the proposed EIFSD inference methodology.

5.5.1.4 Parametric Study for Convergence

A detailed investigation was conducted to assess the individual impact of each crack growth pa-

rameter’s uncertainty on overall convergence. This study was structured such that the uncertainty

in only one parameter was considered at a time, while the remaining parameters were treated

as deterministic with fixed values at their mean. High uncertainty levels were employed for the

parameter under investigation, and associated inspection data was simulated. The convergence

results are visualized in Figure 5.10.

In the examination of convergence, it was determined that both the mean and standard devia-

tion converged for each parameter within 500 inspections. However, there were notable differences

in the convergence characteristics for different parameters: 1) ψ exhibited the largest error in stan-

dard deviation. 2) m required the most inspections to achieve convergence for standard deviation.

3) C0 needed the most inspections to achieve convergence for the mean but converged quickly for

the standard deviation. 4) α converged well for both the mean and standard deviation.

In summary, the overall convergence presented in Figure 5.6 could be most effectively improved

by reducing the uncertainty associated with m and ψ. These parameters had a more substantial

impact on convergence, particularly in terms of standard deviation, and addressing their uncer-

tainties would enhance the rate of convergence of the EIFSD inference methodology.

Figure 5.10: Convergence of mean and standard deviation when consider individual uncertainty.
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5.5.1.5 Application of EIFSD to Maintenance

The routine inspections of aircraft components are crucial to prevent catastrophic failures. These

inspections should be conducted at regular intervals, ideally before a crack reaches a critical size.

To determine the appropriate inspection intervals, it’s essential to estimate the fatigue life of

the component. This estimation can be achieved by simulating the growth of a crack from its

EIFSD to a critical size denoted as acritical. The application of EIFSD inference plays a vital

role in this process, as it provides insights into the distribution of fatigue life, aiding in making

informed decisions regarding maintenance intervals and, consequently, enhancing the overall safety

and reliability of the aircraft component.

Figure 5.11: Graphical illustration of the estimation of the fatigue life distribution using the
inferred EIFSD θ ∼ lnN(µ, σ).

The application of the EIFSD to determine fatigue life is exemplified using the same example as

seen in Figure 5.3. This process is visually illustrated in Figure 5.11. The EIFSD results obtained

in Section 5.5.1.3 can be utilized to estimate fatigue life. The surrogate model was retrained,

extending the range of crack size a from 2 mm to 45 mm. Through MCS, single values of EIFS

were sampled from the EIFSD, following a distribution θ ∼ lnN(µ, σ). These values were grown

to an arbitrary critical crack size of acritical = 40mm under the influence of uncertainties in Y”,

and the number of cycles required was recorded. A total of 1× 107 sampling points were used in

MCS.

In the case of high uncertainty, the EIFSD is represented as θhigh ∼ lnN(4.8814, 0.4989), while
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Table 5.8: The fatigue life distributions obtained using MCS with the EIFSD results from section
5.5.1.3, and with the actual EIFSD.

Lognormal Normal distribution

EIFSD (mm) αij βij µ (×104cycles) σ (×104cycles)

θlow ∼ lnN(5.0169, 0.4814) 11.065 0.093 6.4164 0.595
θhigh ∼ lnN(4.8814, 0.4989) 11.094 0.196 6.703 1.329
θtrue low ∼ lnN(5.0, 0.5) 11.067 0.094 6.432 0.606
θtrue high ∼ lnN(5.0, 0.5) 11.069 0.193 6.538 1.274

for the low uncertainty case, it is θlow ∼ lnN(5.0169, 0.4814). Consequently, two fatigue life

distributions were obtained: one for the high uncertainty case and another for the low uncertainty

case. These fatigue life distributions were approximated as normal distributions. For comparison,

the fatigue life distribution using the actual EIFSD, denoted as θtrue ∼ lnN(5.0, 0.5), was also

determined. Detailed information on the fatigue life distributions is provided in Table 5.8.

As mentioned earlier, multiple criteria can be employed to determine the appropriate inspection

interval. In this work, the chosen criterion such that the inspection interval should be scheduled

after the component has undergone Nins cycles, ensuring that there is less than a 2% chance of

failure. This criterion is depicted in Figure 5.11. The fatigue life distributions obtained through

the EIFSD inference can be employed to estimate the value of Nins, and the results are presented

in Table 5.9.

Table 5.9: Number of cycles to failure chance of 2%. EIFS distribution inferred from the
Bayesian updating and actual EIFSD were used with different levels of uncertainties.

EIFSD (mm) Nins (×104cycles) required for Pfailure ≤ 2%
θlow ∼ lnN(5.0169, 0.4814) 5.284
θhigh ∼ lnN(4.8814, 0.4989) 4.398
θtrue low ∼ lnN(5.0, 0.5) 5.278
θtrue high ∼ lnN(5.0, 0.5) 4.316

Tab. 5.9 provides an intuitive insight into the impact of uncertainties in the crack growth model

on inspection intervals. Higher uncertainties in the model result in shorter inspection intervals,

necessitating more frequent routine inspections. Additionally, it’s evident that in the case of low

uncertainty, the difference in the number of cycles to failure when using the actual EIFSD versus

the inferred EIFSD was merely 0.11%, while in the case of high uncertainty, this difference was
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1.9%. This indicates that by reducing uncertainties in the model, the inspection interval can be

estimated with greater accuracy, which is an expected outcome.

It’s important to note that the procedure described assumes only one inspection will be per-

formed before reaching the critical crack length. In practice, multiple inspections can be conducted

regularly, such as at intervals of a fraction of the fatigue life. The EIFSD method can be adapted to

help estimate the intervals for multiple routine inspections, providing a more fine-grained approach

to maintenance scheduling.

However, it’s essential to emphasize that the EIFSD, while a valuable tool, should not be

solely relied upon to determine inspection intervals. Engineers must consider various factors,

including manufacturing costs, required human effort, necessary equipment, and other practical

considerations when establishing an effective inspection schedule.

5.5.2 Inference of EIFS for an Anisotropic Plate Structure with Crack

emanating from a Circular Hole

This section provides a second numerical example, an anisotropic plate with a centred hole and

a crack was analysed to illustrate the proposed method for inferring the EIFSD. The geometry

is visualized in Figure 5.12. Uniform stresses were applied to the top and bottom boundaries.

It was assumed that the principal axis of anisotropy is oriented at an angle α relative to the

horizontal direction. The material property ψ was introduced, which is a function of the ratio

between Young’s moduli: ψ = E1/E2. The material properties used in the simulation included a

Poisson’s ratio ν12 = 0.29, shear modulus G12 = 789 MPa, and a material constant γ = 0.68 [144].

Young’s modulus was calculated as E1 = G12(ψ + 2ν12 + 1) [25].

The initial crack size, denoted as a0, is located in region B and is assumed to be oriented along

the E1 direction. The ’true’ EIFSD is postulated to have a lognormal distribution with parameters

θtrue ∼ lnN(6.0, 0.6) mm.

The structure under investigation is comprised of an outer boundary, an inner circular bound-

ary, and the crack. The outer boundary is discretized into four elements per edge, while the inner

circular boundary consists of 160 elements. The mesh configuration for the starting crack is de-

picted in Figure 5.12. The initial crack, denoted as a0, has a length of 3 mm and is represented
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Figure 5.12: Sub-figure (a): The boundary element mesh of the structure and the boundary
conditions. Sub-figure (b): The zoom-in demonstration of the starting crack.

by three elements on each crack surface. During the simulation of crack growth, one element is

added to each crack surface at the crack tip with each incremental growth step.

In this study, inspection data is generated numerically using the DBEM. Several parameters

influence the crack growth process, including the Young’s modulus ratio ψ, the orientation of the

axis of anisotropy α, Paris law constants C0 and m, maximum loading stress σmax, and the stress

ratio R = σmin/σmax. These parameters are assumed to follow lognormal distributions. To assess

the robustness of the proposed method, two levels of uncertainty are considered for each crack

growth parameter: low and high. The distributions and coefficients of variation (COV) assigned

to each crack growth parameter are provided in Table 5.10.

For each simulated inspection, the ’true’ EIFSD is randomly sampled to determine the starting

crack size and the values of the crack propagation parameters are randomly selected from their

respective distributions. Subsequently, the number of cycles required to grow the starting crack

size to adet is recorded for each inspection. This process allows for the generation of inspection
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data to be used in the EIFSD inference methodology.

Table 5.10: Uncertainties in the parameter presented in the fatigue crack growth.

CoV

Variable Description Distribution Mean Low High

C0 Paris law Constant Lognormal 1.027× 10−9 m/cycle
(MPa

√
m)m

0.02 0.05

m Paris law exponent Lognormal 2.389 0.01 0.02
σmax Maximum applied stress Lognormal 25 MPa 0.02 0.05
R Stress ratio Lognormal 0.3 0.02 0.05
ψ Ratio of Young’s modulus Lognormal 0.15 0.02 0.05
α Anisotropic axis orientation Lognormal 25o 0.02 0.05

5.5.2.1 Surrogate model

Similar to the previous example, a total of 60 trial pairs of mean and standard deviation were

considered for use in MCS to estimate the distribution fN |µ̂i,σ̂j ,Y as outlined in Eq. 5.6. To ensure

accurate estimation, 1 × 106 samples were utilized for each trial pair. It’s worth noting that

simulating the structure using the DBEM for a large number of samples can be computationally

expensive, hence surrogate model was used to replace the DBEM prior to the MCS. The output

from this surrogate model is the effective Stress Intensity Factor (SIF), denoted as Keff .

Once Keff is determined, the number of cycles required for crack growth can be obtained by

applying the Paris Law, as detailed in Eq. 5.3. When training the Kriging model, the values of

the material property ψ, crack propagation lengths a0 and a were provided as inputs. This ensures

that the surrogate model can predict the effective SIF based on these input parameters.

Keff = fkriging(ψ, α, a0, a) (5.25)

where fkriging is the surrogate model (Kriging model) that estimates the crack tip effective SIF

when growing the crack from the starting length a0 to a final length a. Once the surrogate model

for the Keff is obtained, the Paris Law can be applied to create the surrogate model for the fatigue

cycles N to grow the crack from a0 to a.

For the training of the surrogate model, a total of 342 data points were used for approximately

6.7 hours. To assess the accuracy of the surrogate model, a test was conducted by comparing the
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results from the DBEM to those provided by the surrogate model. A total of 2700 testing points

for both Keff and N were generated directly from the DBEM, and their values were compared to

the predictions of the surrogate model.

Given the complexity of the stochastic model with four inputs and one output, a 3-D example of

the model is presented in Figure 5.13 for Keff and N when ψ = 0.18 and α = 24◦. In this figure,

the corresponding testing points are depicted as black dots. The statistical errors between the

surrogate model and the testing points were assessed and are detailed in Table 5.11. The results

demonstrate that the errors between the surrogate model and the DBEM are low, indicating the

accuracy and reliability of the surrogate model.

Figure 5.13: Surface plot showing the results of Kriging model evaluation comparing to the test
dataset when ψ = 0.18 and α = 24◦. Sub-figure (a) surrogate model for Keff and sub-figure (b)
surrogate model for N .

To determine the efficiency of the surrogate model, a study was carried out. It was found that
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Table 5.11: The statistical error in stress intensity factors and fatigue life between the actual
DBEM and the surrogate model.

Model RRSE(%) MAPE(%) MAE RMSE R2 (%)

Keff 4.59 0.35 0.058 MPa
√
m 0.089 MPa

√
m 99.7

N 6.33 2.74 494 cycles 599 cycles 99.6

the average CPU time required to estimate one value of Keff was 3.73 s for the DBEM, while it

was 0.0156 s for the surrogate model, a decrease by a factor of around 239.

5.5.2.2 Bayesian Inference of EIFS

Similar to the previous example, two sources of the uncertainties were considered during the EIFS

inference:

1. The quality of the prior distribution: Two quality levels of the prior distributions were

tested to show the robustness of the inference methodology. The quality levels are referred

to here as ’good’ and ’poor’ prior distributions. The quality of a prior distribution is defined

by its ’closeness’ to the ’true’ EIFSD. The ’good’ prior distribution is (5mm, 0.5mm), while

‘poor’ prior distribution is (0.5mm, 1.5mm).

2. The uncertainty level of the crack growth parameters: Two levels of uncertainties,

‘low’ and ‘high’, are given in Tab. 5.10 in terms of the coefficient of variation (COV);

In the case of low uncertainty, as shown in Figure 5.14, the convergence behaviour of the mean and

standard deviation can be observed. After utilizing data from 123 inspections, the mean converges

to a value of approximately 5.97 mm. To bring the mean closer to the ’true’ mean (around 6 ±

0.1 mm), data from around 77 inspections are required. The difference between the inferred mean

and the ’true’ mean is 0.56%. The standard deviation achieves convergence at approximately 265

inspections, resulting in an inferred standard deviation of 0.619 mm with an error of 3.11%. The

quality of the prior estimation has a minor impact on the inferred value, and noticeable differences

are observed only when a limited amount of inspections are available (less than 80 inspections).

In the case of high uncertainty, as shown in Figure 5.15, a similar convergence pattern is

observed. The mean converges at about 183 inspections, with an error of ±0.1 mm compared to
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the ’true’ mean of 6 mm. The values of the mean after 700 inspections reach the same value as

in the ’low’ uncertainty case. The standard deviation achieves an error of 4.83% (0.629 mm) after

790 inspections. The quality of the initial guess has a small effect on the convergence of the mean.

However, the convergence behaviour for the standard deviation is significantly affected when a low

number of inspections is used (under 170 inspections) but is less affected when more inspection

data is available. It is expected that for a higher uncertainty level, more inspection data is needed

to achieve convergence.

Figure 5.14: Convergence behaviour for the ’low’ level of uncertainty.
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Figure 5.15: Convergence behaviour for the ’high’ level of uncertainty.

5.5.2.3 Application of the inferred EIFSD

The application of the EIFSD to determine fatigue life is demonstrated using the same example

as in Figure 5.12 and the same uncertainties in the fatigue crack growth parameters. The inferred

EIFSD from Bayesian updating, as presented in the previous section, is applied to estimate fatigue

life through MCS. In this demonstration, a critical crack size of acritical = 35 mm is assumed,

and the number of cycles required to grow the crack from its EIFSD to acritical is recorded. A

total of 1 × 106 samples are used in MCS. The initial crack size, uncertainties in geometry, and

parameters affecting crack growth are randomly sampled for each simulation. The location and

shape parameters α and β can be determined by fitting the results obtained from the MCS to a

lognormal distribution.

The results obtained from Bayesian updating under both ’high’ and ’low’ levels of uncertainty

are used for MCS. The criteria for determining the inspection interval largely depend on engineering

judgment. In this work, it is assumed that the component should be inspected at Nins cycles so

that the structural failure probability is less than 2%. The fatigue life distributions and the

corresponding values of Nins are provided in Table 5.12.

The results presented in Table 5.12 show that a reduced inspection interval is needed when
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Table 5.12: The results of the distribution of the fatigue life in the form of lnN(α, β) obtained
using the Monte Carlo simulation. Assuming that the structure needs to ensure that the failure
chance of less than 2%.

Lognormal

EIFSD (mm) α β Nins (×104cycles) required for Pfailure ≤ 2%

θlow ∼ lnN(5.9661, 0.6186) 11.211 0.0751 6.339
θhigh ∼ lnN(5.9661, 0.6289) 11.215 0.1868 5.059
θtrue low ∼ lnN(6.0, 0.6) 11.209 0.0737 6.346
θtrue high ∼ lnN(6.0, 0.6) 11.213 0.1853 5.077

there is a higher level of uncertainty in crack propagation. This implies that inspections should

be conducted more frequently, leading to an increase in the overall cost of inspection. However,

it’s also evident that the number of cycles for failure is very similar between the case where the

actual EIFSD is used and the case where the inferred EIFSD is used, with only a small difference

of 0.12% at low uncertainty and 0.35% at high uncertainty. This demonstrates the accuracy of

the proposed EIFSD inference methodology in estimating the true EIFSD and its capability to

accurately determine inspection intervals.

5.5.3 Summary

This section presents a novel methodology for the statistical inference of the Equivalent Initial

Flaw Size Distribution (EIFSD) using Bayesian Updating, specifically tailored for anisotropic ma-

terials. The EIFSD approach offers an alternative solution to overcome the challenges associated

with modelling small crack growth, providing engineers with a means to accurately estimate the

fatigue life of anisotropic aircraft components. This method can lead to less conservative de-

signs, enabling engineers to harness the weight-saving benefits of anisotropic materials, potentially

reducing aircraft weight, fuel consumption, and carbon emissions.

To demonstrate the methodology, the first numerical example involving an aircraft component

made of an anisotropic material with an initial crack was explored. The Dual Boundary Element

Method (DBEM) was employed to model crack growth, considering an inclined anisotropic princi-

pal axis. The DBEM’s efficiency in modelling crack propagation without the need for re-meshing,

using only boundary meshes, was highlighted. To enhance the efficiency of the EIFSD inference
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methodology, a surrogate model in the form of a Kriging model was developed based on the DBEM.

This surrogate model was over 10,000 times faster than the DBEM, improving the computational

cost for EIFSD inference through Monte Carlo simulations (MCS).

The methodology was tested under different levels of uncertainty in crack growth parameters

and anisotropic material properties, encompassing low and high-uncertainty scenarios. The results

indicated that even in cases of high uncertainty, the estimated fatigue life based on the inferred

EIFSD showed minimal errors, with only 0.11% error for low uncertainty and 1.9% error for high

uncertainty, compared to the actual fatigue life. Similar results were observed in the second nu-

merical example involving an anisotropic square plate with a crack demonstrated the effectiveness

of this approach. Robustness testing with two levels of uncertainty showed that the EIFSD could

be accurately inferred with an error of less than 5% for both levels of uncertainty.

The robustness of the methodology was also explored by examining the quality levels of the

prior distribution in Bayesian updating for both examples. It was found that the quality of the

prior distribution had a more noticeable impact when a small number of inspections were used

(less than 100 inspections). However, with a larger amount of inspection data, the impact was

significantly reduced, indicating the methodology’s high level of robustness.

The proposed methodology demonstrates its adaptability to high levels of uncertainty while

maintaining high accuracy. It has the potential to be applied for determining inspection intervals in

anisotropic aircraft components, a critical consideration for aircraft maintenance, given the labour-

intensive and equipment-dependent nature of inspections, as well as the complex disassembly of

aircraft components.

5.6 Inference of EIFS for Shallow Shell Structure

To demonstrate the effectiveness of the proposed method for shallow shell structures, an analysis

of a fuselage window structure with an initiating crack at the window’s corner is presented. The

structure is subjected to combined membrane, bending, and uniform pressure loads. The structure

comprises Aluminium 2024-T3, having a Young’s modulus of E = 68.9GPa and a Poisson’s ratio of

ν = 0.33. The structural geometry adheres to the specifications outlined in the previous chapter’s

example. Uncertainties in the geometrical parameters, loading conditions, and the parameters
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governing Paris Law are presented in Table 5.13. The true EIFSD is designated as Θtrue, following a

log-normal distribution with mean and standard deviation values of 5mm and 0.5mm, respectively,

represented as Θtrue = lnN(5, 0.5)mm.

Table 5.13: Details of the shell structure parameters and random variables used in the EIFS
inference.

COV

Zi Parameter Description Distribution Mean Low High

Z1 W2 Inner width Lognormal 0.5m 0.01 0.02
Z2 L2 Inner length Lognormal 0.25m 0.01 0.02
Z3 R2 Inner radius Lognormal 0.05m 0.01 0.02
Z4 h Thickness Lognormal 0.05m 0.01 0.02
Z5 κ Curvature Lognormal 0.1m−1 0.01 0.02
Z6 N Boundary traction Lognormal 0.8 MNm−1 0.01 0.02
Z7 M Boundary moment Lognormal 0.01 MN 0.01 0.02
Z8 P Domain pressure Lognormal 0.05 MNPa 0.01 0.02

Z9 C0 Paris Law constant Lognormal 1.42× 10−11 m/cycle
(MPa

√
m)m

0.01 0.02

Z10 m Paris Law exponent Lognormal 3.59 m 0.01 0.02

The determination of the Paris Law constants C0 and m is inherently experimental, typi-

cally derived under specified loading conditions. This necessitates accounting for the interdepen-

dence between loading parameters and the Paris Law constants. To address this, the current

analysis employs two distinct EIFS models, each tailored to evaluate the effects of the loading

conditions and the Paris Law constants independently. The uncertainties in these models are

categorized as follows: CASE II incorporates [W2, L2, R2, h, κ, C0,m], and CASE II encompasses

[W2, L2, R2, h, κ,M,N, P ]. Accordingly, two surrogate models are developed and trained to sim-

ulate the responses of the shallow shell structures using the Dual Boundary Element Method

(DBEM) for CASE I and II, respectively.

5.6.1 Evaluation of the Surrogate Models

Model setup: In contrast to the anisotropic Boundary Element Method (BEM) employed in

previous examples, the shallow shell BEM necessitates the uniform distribution of Dual Reci-

procity Method (DRM) points within the domain. Additionally, the shell structure’s deformation

is characterized by five degrees of freedom, encompassing two rotational and displacements in three
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directions. This complexity results in an expanded system matrix, leading to increased compu-

tational demands. To mitigate this, the study incorporates a Multi-fidelity modelling technique,

specifically a co-Kriging model, for surrogate model construction. The co-Kriging model is predi-

cated on analysing the correlation between models with coarse and fine meshes, thereby facilitating

response prediction. Essentially, the co-Kriging model involves training two distinct Kriging mod-

els: the first model Yc uses data from the coarse mesh, while the second model Yd captures the

residual difference between the coarse and fine meshes. The final prediction is a combination of

responses from both Yc and Yd. This approach utilised training data from both low-fidelity (coarse

mesh) and a smaller subset from high-fidelity (fine mesh) models, reducing computational efforts

relative to a high-fidelity Kriging model without compromising accuracy. The High-fidelity and

Low-fidelity models were developed using MATLAB’s Regression Learner, while the Co-Kriging

models were constructed with the ooDACE toolbox [166], all employing the Matérn correlation

function with ν = 5/2.

The finer mesh model consists of 88 boundary elements and 76 DRM points evenly distributed in

the domain. The coarser mesh model consists of 58 boundary elements and 36 DRM points. The

detail of the mesh is shown in Figure. 5.16.

Figure 5.16: a) The mesh of the high-fidelity model. b) The mesh of the low-fidelity model

Sampling plan: It is important to mention that the training approach for the surrogate models

does not consist of a sequential sampling strategy; rather, the sampling points were established in
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advance. The sampling points were predetermined using the iterative sampling method outlined

in [157], aimed at optimizing the sampling plan layout. Given the high dimensionality of the

modelling challenge, it is imperative to necessitate a well-crafted sampling plan to ensure that the

model can be trained effectively using a manageable number of samples that possess space-filling

characteristics. Consider a sampling plan X characterized by a set of unique distances between

sampling points, denoted as d1, d2, . . . , dm, and variables J1, J2, . . . , Jm represent the count of these

distances. Specifically, Jj indicates the number of pairs of sampling points separated by a distance

dj. The parameter Φq(X), introduced by Morris [167], serves as a criterion to evaluate the space-

filling quality of a sampling plan X,a s follows:

Φq(X) =

(
m∑
j=1

Jjd
−q
j

)1/q

(5.26)

In the design of the sampling plan, a range of values for q, specifically {1, 2, 5, 10, 20, 50, 100} as

suggested in the literature, were considered to optimize the sampling distribution. The objective

was to achieve a plan that maximizes the distances dj between sampling points while concurrently

minimizing the corresponding Jj of these distances. Sampling plans for different q values were

systematically evaluated and ranked based on their Φq(X) values. The plan yielding the lowest

value of Φq(X) was selected as the most suitable for the training of the surrogate models. This

approach ensures an optimized distribution of sampling points, crucial for the effectiveness and

efficiency of the surrogate modelling process.

For each cases, a set of three distinct surrogate models were developed and assessed for accuracy

against testing data. These models comprise the High-Fidelity (HF) model, the Low-Fidelity (LF)

model, and the Multi-Fidelity (MF) model. The selection of training points for these models

adhered to the sample and rank method previously described. Notably, the number of sampling

points designated for training each surrogate model was consistent across all models. The following

is a summary detailing the uncertainties involved in constructing the surrogate model, as well as

the number of training and testing points used:
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• Case I: 208 training points, 3740 testing points

Keff = fkrigingI (W2, L2, R2, h, κ, a0, a), Ncyc = fkrigingI (Keff , C0,m) (5.27)

• Case II: 229 training points, 3857 testing points

Keff = fkrigingII (W2, L2, R2, h, κ,M,N, P, a0, a), Ncyc = fkrigingII (Keff ) (5.28)

To evaluate the accuracy of the surrogate models, a distinct set of testing points, separate from

those utilized in the training process, was generated using the DBEM employing the finer mesh

configuration. The results obtained from the surrogate models were then compared against these

testing points to assess model accuracy. For each case, the statistical errors between the three

types of surrogate models (HF, LF, and MF) and the respective testing data were evaluated.

Furthermore, a comparison of the average CPU time required for generating training data from

DBEM for each model was performed. Details of the statistical error and the CPU time comparison

are tabulated in Table 5.14.

Table 5.14: Model error of the Keff for surrogate models compared to the test dataset. MAE
[MPa

√
m], RMSE [MPa

√
m].

Training Points RRSE(%) MAPE (%) MAE RMSE R2 CPU Time (s)

I
HF 208 2.78 0.35 0.043 0.074 1.0 4.32e+04
LF 208 5.77 0.84 0.11 0.15 0.997 8.11e+03
MF 172 LF+36HF 1.83 0.24 0.031 0.051 1.0 1.42e+04

II
HF 229 4.04 0.81 0.1 0.15 0.997 4.76e+04
LF 229 8.17 1.24 0.16 0.24 0.993 8.92e+03
MF 189 LF+40HF 3.17 0.45 0.057 0.091 0.999 1.57e+04

The discrepancy between the surrogate models and the DBEM results is notably minimal

for both the High-Fidelity (HF) and Multi-Fidelity (MF) models. In contrast, the Low-Fidelity

(LF) model exhibits the largest error, attributable to its reliance on training data generated from

a coarser mesh configuration. The statistical errors, including the Root-Relative Squared Er-

ror (RRSE), Mean-Absolute-Percentage Error (MAPE), Mean-Absolute Error (MAE), and Root-

Mean-Square Error (RMSE) for the co-Kriging (MF) model, demonstrate low values. This indicates

a commendable accuracy level of the MF model. Additionally, the coefficient of determination (R2)
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closely approaches unity, suggesting that the MF model’s predicted responses are highly correlated

with the actual values. The employment of an increased proportion of Low-Fidelity (LF) data rel-

ative to High-Fidelity (HF) data in the Multi-Fidelity (MF) model has led to a notable reduction

in the CPU time needed for creating training samples, in comparison to using the HF model exclu-

sively. This strategy has proven to be highly efficient, achieving around a 67% reduction in CPU

time for both cases examined. This significant decrease in computational time demonstrates the

efficiency of the MF model in training sample generation, enabling a faster training process while

maintaining accuracy in the model.

Figures 5.17 provide a visual demonstration of the Multi-Fidelity (MF) model’s accuracy, showcas-

ing surface plots for the effective stress intensity factor(Keff ) in CASE I and CASE II. Considering

the high-dimensional nature of the surrogate models, the 3D surfaces displayed correspond to the

mean values of the geometrical and loading parameters. For a clear indication of accuracy, these

surface plots are overlaid with testing points, represented as black dots. This comparative visual-

ization aids in demonstrating the model’s precision, as evident in the figures.

Figure 5.17: The surfaces represent the results of the Keff constructed from the MF model over
a range of initial and intermediate crack sizes versus the testing points (black dots) for CASE I
(left) and CASE II (right).

Following the establishment of surrogate models for the effective stress intensity factor Keff ,

the subsequent step involves developing a surrogate model for the number of cycles N . This model

is formulated by incorporating the mean values of the Paris Law constants and the applied load

into Eq.(5.2). For the integral computation in Eq.(5.2), the Trapezoidal rule is employed as an

approximation method. The training points utilized for this model are consistent with those used
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in the development of the Keff surrogate models, and the average CPU time remains comparable.

As such, only the statistical errors associated with this model are detailed in Table 5.15.

Table 5.15: Model error of the N for surrogate models compared to the test dataset.

RRSE(%) MAPE (%) MAE [cycles] RMSE [cycles] R2

I
HF 7.77 4.10 4688.78 8052.07 0.994
LF 8.96 3.94 4586.90 9291.50 0.992
MF 5.64 2.64 3276.99 6322.46 0.997

II
HF 10.70 5.78 7972.78 14153.55 0.989
LF 11.53 7.16 8965.02 15241.31 0.987
MF 6.21 3.93 4805.55 8201.27 0.996

The Root-Relative Squared Errors (RRSEs) associated with the surrogate models for N are

observed to be generally higher than those for the Keff models. This increased error is attributed

to the exponent in the Paris Law, which tends to amplify the errors inherent in modelling Keff .

Despite this, the Multi-Fidelity (MF) model shows a high level of accuracy in relation to the testing

data, which is reflected in its low RRSE values and a strong R2 correlation. Visual representations

of the surrogate model’s performance using the MF approach are depicted in Figure 5.18 for both

Case I and Case II.

Figure 5.18: The surfaces represent the results of the number of cycles N constructed from the
MF model over a range of initial and intermediate crack sizes versus the testing points (black dots)
for case I (left) and case II (right).

It is noteworthy that at the boundaries of the surrogate model, a larger differences between the

testing data and the model predictions is observed. This phenomenon, commonly encountered in

surrogate modelling, suggests that edge regions typically exhibit higher errors, which significantly
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contribute to the evaluated statistical error. Nonetheless, the accuracy within the crucial region

of interest, particularly around a = 20mm where the crack is assumed to be detectable during

inspection, remains commendably high.

Comparing the errors across models for Case I and Case II, it is evident that all models in Case

II exhibit greater errors. This is attributable to the increased complexity inherent in the higher-

dimensional problem defined for training the Case II models. Enhancing model accuracy could be

achieved by incorporating a more extensive set of training data, particularly through the use of

the Latin Hypercube sampling method. Furthermore, in the training of the Multi-Fidelity (MF)

models, the combination of Multi-Fidelity and Low-Fidelity points was determined manually. The

optimal balance of these points was established by incrementally adding MF points until no further

reduction in error was observed in the Co-Kriging model. Employing sequential sampling could

potentially offer a more efficient strategy for selecting training points, and maintaining similar

accuracy levels while utilizing fewer data points.

5.6.2 Inference of EIFSD

Simulation of Inspection data Variables listed in Table 5.13 were randomized for simulations to

determine the required number of cycles for crack propagation to a detectable size. The variables

randomized for these simulations include: (1) the size of the actual Equivalent Initial Flaw Size

(EIFS); (2) geometrical parameters; and (3) Paris Law parameters in CASE I / loading variables

in CASE II. The detectable crack length is assumed to be adet = 20mm. A comprehensive dataset,

comprising over 2000 inspection data points, was generated under both low and high uncertainty

conditions for each of these variables across both cases. The scattering of the generated inspection

data is shown in Figure 5.19.
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Figure 5.19: Simulated inspection data generated from actual EIFS vs the number of cycles
required to grow the crack to adet = 20mm.

Bayesian Inference The shape parameters αij and βij in Eq.(5.6) were derived using the

Monte Carlo Simulation (MCS) with the Co-Kriging and Kriging models developed in Section 5.6.1.

To evaluate the method’s robustness in the context of shallow shell structures, two primary sources

of variation were considered: (1) The accuracy of the initially guessed prior distributions. Three

distinct guessed prior distributions, as detailed in Table 5.16, were examined. The distribution

most closely aligning with the true EIFSD is classified as the ’good’ prior. (2) The degree of

uncertainty associated with the parameters. Ideally, a robust methodology would demonstrate

diminishing sensitivity to uncertainty levels and prior distribution as more inspection data is

integrated into the analysis. Such robustness is indicative of the method’s stability under various

levels of uncertainty.
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Table 5.16: Three levels of quality of the prior distribution that are used to represent ‘good’,
‘moderate’, and ‘poor’ engineering judgement.

Prior distribution Distribution Mean Standard deviation

Poor Lognormal 1 mm 1.5 mm
Moderate Lognormal 8 mm 0.8 mm
Good Lognormal 6 mm 0.6 mm

CASE I

Figure 5.20 provides a graphical representation of the Bayesian updating process for the EIFSD,

incorporating inspection data from 50, 600, 900, and 1500 instances. For brevity, only two cases

analysed using the Co-Kriging model are depicted: (a) a scenario with low uncertainty and a ’good’

initial guess (Figure 5.20 a), and (b) a scenario with high uncertainty and a ’poor’ initial guess

(Figure 5.20 b). In both instances, the posterior EIFSD progressively approximates the actual

distribution as more inspection data is accumulated. Notably, Figure 5.20 a) exhibits a posterior

distribution that closely matches the actual EIFSD with data from merely 50 inspections, and this

accuracy is maintained with the addition of further data. Conversely, Figure 5.20 b) displays a

considerable initial difference from the actual EIFSD, which, despite improvements, still shows a

noticeable variance after 1500 inspections.
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Figure 5.20: CASE I: Convergence of the posterior distributions computed by Bayesian updating
using the Co-Kriging model after using the data from 50, 600, 900, and 1500 inspections. a): the
figure shows the convergence for a ’good’ initial guess and low uncertainties (COV = 0.01). b):
the figure shows the convergence for a ’poor’ initial guess and high uncertainties (COV = 0.02).

Figures 5.21 and 5.22 illustrate the convergence history of mean and standard deviation values

under low and high uncertainty conditions, respectively. In each figure, the convergence paths for

both Kriging and Co-Kriging models are presented. The impact of the prior distribution’s quality

is primarily evident with a limited amount of inspection data, as detailed in the ’zoom-in’ portions

of the figures. Notably, the convergence of the standard deviation is more significantly impacted by

the initial guess, requiring around 200 inspection data points for the posterior distribution curves

to align, indicating the diminishing effect of the initial guess.

In the low uncertainty scenario shown in Figure 5.21, the mean value rapidly approaches conver-
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gence with a limited number of inspections: approximately 100 inspections for the Kriging model

and 500 for the Co-Kriging model. For both models, the posterior mean estimation reaches within

±0.2mm of the actual mean (5 mm) at around 100 inspections. The standard deviation, as esti-

mated by the Kriging model, attains an error of ±0.02mm from the ’actual’ standard deviation

(0.5 mm) at about 550 inspections, while the Co-Kriging model achieves this accuracy level around

490 inspections. By the end of 1500 inspections, both models reached a same accuracy level, with

the Co-Kriging model exhibiting slightly faster convergence.

Figure 5.21: CASE I: Convergence of the EIFSD mean and standard deviation from Bayesian
Updating for the ’low’ level of uncertainty using Kriging and Co-Kriging model.

In the high uncertainty scenario, achieving convergence in standard deviation proved challeng-

ing even after 1500 inspections, prompting the use of 3000 inspection data points to better assess

convergence. As depicted in Figure 5.22, the Co-Kriging model achieves convergence more rapidly,
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at around 300 inspections, in contrast to the Kriging model which reaches convergence around

1500 inspections. A similar pattern is observed for the standard deviation, where an error margin

of ±0.02mm is achieved after about 1900 inspections using the Kriging model and 1800 inspec-

tions with the Co-Kriging model. By the end of 3000 inspections, both models exhibit comparable

accuracy levels, with the Co-Kriging model showing a marginally faster convergence rate.

Figure 5.22: CASE I: Convergence of the EIFSD mean and standard deviation from Bayesian
Updating for the ’high’ level of uncertainty using Kriging and Co-Kriging model.

Table 5.17 summarizes the converged values of the estimated mean and standard deviation for

both the low uncertainty case (using 1500 inspection data) and the high uncertainty case (utilizing

3000 inspection data). Additionally, the table presents the error between these inferred values and

the true values. As highlighted in the preceding discussion, while different models attained similar

accuracy levels, the Co-Kriging model demonstrated a more efficient convergence rate.
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Table 5.17: Convergence of the mean and standard deviation from Bayesian updating for CASE
I.

cov=0.01 (1500 inspections) cov=0.02 (3000 inspections)

mean standard deviation mean standard deviation

Kriging Model
Value [mm] 4.95 0.497 4.88 0.497
Error [%] 1.02 0.678 2.37 0.678

Co-Kriging Model
Value [mm] 4.95 0.497 4.88 0.497
Error [%] 1.02 0.678 2.37 0.678

CASE II

Figure 5.23 provides the Bayesian updating process for the EIFSD, based on inspection data col-

lected at intervals of 50, 600, 900, and 1500 inspections. To maintain conciseness, the figure

highlights two specific cases evaluated using the Co-Kriging model: (a) a low uncertainty case

with an accurate initial guess (Figure 5.23 a), and (b) a high uncertainty case with an inaccurate

initial guess (Figure 5.23 b). In both scenarios, the posterior distributions progressively approxi-

mate the actual EIFSD as more inspection data is integrated. Notably, the impact of the initial

guess becomes negligible after the first 50 inspections in both cases, as evidenced by the posterior

distributions closely distributions closely align with the actual EIFSD and remain relatively stable

with the inclusion of additional data. This stability continues despite the introduction of more

data, although Figure 5.23 b) exhibits slightly higher deviation from the actual EIFSD compared

to the scenario in Figure 5.23 a).
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Figure 5.23: CASE II: Convergence of the posterior distributions computed by Bayesian updating
using the Co-Kriging model after using the data from 50, 600, 900, and 1500 inspections. a): The
figure shows the convergence for a ’good’ initial guess and low uncertainties (COV = 0.01). b):
The figure shows the convergence for a ’poor’ initial guess and high uncertainties (COV = 0.02).

Figures 5.24 and 5.25 display the convergence history of mean and standard deviation for

CASE II with low and high uncertainties, respectively. In each case, the convergence trends using

both Kriging and Co-Kriging models are illustrated. The initial quality of the prior distribution

is seen to affect convergence predominantly in the initial phase with limited inspection data, as

indicated in the ’zoom-in’ portions of the figures. After 40 inspections, the impact of the initial

guess becomes less significant.

In the low uncertainty scenario, as shown in Figure 5.24, the mean value converges with fewer

inspections, needing 750 inspections for the Kriging model and 400 inspections for the Co-Kriging
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model. In both models, convergence within ±0.2mm of the ’actual’ mean (5 mm) is achieved

around 100 inspections. The standard deviation, as estimated by the Kriging model, reaches a

±0.02mm error from the ’actual’ standard deviation (0.5 mm) at about 750 inspections, while

the Co-Kriging model achieves this level of accuracy around 400 inspections. Comparatively, the

Co-Kriging model demonstrates a faster convergence rate and more precise results in terms of both

mean and standard deviation than the Kriging model.

Figure 5.24: CASE II: Convergence of the EIFSD mean and standard deviation from Bayesian
Updating for the ’low’ level of uncertainty using Kriging and Co-Kriging model.

Similarly to CASE I, In CASE II with high uncertainty, a more substantial amount of inspection

data was necessary to attain an acceptable level of accuracy in the standard deviation. Therefore,

3000 inspection data points were employed to thoroughly analyse the convergence. As depicted

in Figure 5.25, the posterior estimations of the mean for both the Kriging and Co-Kriging models
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converged at approximately 200 inspections, with the Co-Kriging model demonstrating a smaller

error in the estimated mean. For standard deviation, convergence within error of ±0.02 mm

was observed at around 2900 inspections for Kriging model while Co-Krignig model offers faster

convergence at around 2000 inspections.By the end of 3000 inspections, the Co-Kriging model

provided a more accurate estimation of mean value in contrast to the larger error observed with the

Kriging model, both models show the same level of accuracy in the estimated standard deviation.

Figure 5.25: CASE II: Convergence of the EIFSD mean and standard deviation from Bayesian
Updating for the ’high’ level of uncertainty using Kriging and Co-Kriging model.

Table 5.18 provides a summary of the converged estimates for mean and standard deviation

in both low and high uncertainty scenarios in CASE II, utilizing 1500 and 3000 inspection data

points, respectively. Additionally, the table includes the errors between these estimated values and

their respective true values. As previously discussed, the application of the Co-Kriging model has

Chapter 5. Statistical Inference of Equivalent Initial Flaw Size for Engineering Structure 203



5.6. Inference of EIFS for Shallow Shell Structure

been instrumental in achieving enhanced accuracy in the estimations. This model demonstrates its

effectiveness by producing results with smaller errors in comparison to the true values, especially

under conditions of high uncertainty.

Table 5.18: Convergence of the mean and standard deviation from Bayesian updating for CASE
II.

cov=0.01 (1500 inspections) cov=0.02 (3000 inspections)
mean standard deviation mean standard deviation

Value [mm] 4.81 0.512 4.81 0.512
Kriging Model

Error [%] 3.73 2.37 3.73 2.37
Value [mm] 4.88 0.497 4.88 0.512

Co-Kriging Model
Error [%] 2.37 0.678 2.37 2.37

The presented convergence findings highlight the critical impact of surrogate model accuracy on

the overall convergence process. Similar to earlier observations, the influence of the initial guess

on convergence outcomes reduces as more inspection data is incorporated. By implementing a

more accurate surrogate model can facilitate both improved accuracy and swifter convergence. In

scenarios of low uncertainty, both mean and standard deviation achieve convergence with minimal

error. Conversely, in high uncertainty scenarios, convergence proves to be more arduous, with

noticeable error reduction observed only after applying 3000 inspection data points. Particularly in

CASE I, the standard deviation demonstrates significant deviation during the convergence process.

This discrepancy is likely due to the introduction of uncertainty in the Paris Law exponent, which

profoundly affects the convergence, especially in terms of standard deviation. Addressing the

uncertainties more rigorously could substantially enhance the effectiveness and convergence rate

of the EIFSD inference methodology.

5.6.3 Summary

This section introduces a novel approach for statistical inference of the Equivalent Initial Flaw

Size Distribution (EIFSD) in shallow shell structures, employing Bayesian Updating.

The methodology was demonstrated through a numerical example involving a fuselage window

structure with an initial crack at the window corner, under multi-axial loading. The Dual Boundary

Element Method (DBEM) was employed for modelling crack growth. To improve the efficiency

of the EIFSD inference process, surrogate models were developed, including a Kriging model with
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High-fidelity data and a Co-Kriging model incorporating both High-fidelity and Low-fidelity data,

based on the DBEM. The Co-Kriging model has been found to have around 67% reduction in the

CPU time required for generating the training data sets. The Co-Kriging model outperformed the

Kriging model in terms of error reduction and required less computational effort in generating the

training data.

The effectiveness of the methodology was tested under different uncertainty levels, involving

crack growth parameters, geometrical factors, and loading. Two distinct cases were examined:

CASE I, which dealt with uncertainties in geometrical variables and Paris Law parameters, and

CASE II, which focused on uncertainties in geometrical variables and loading conditions. Results

indicated that the Co-Kriging model could achieve commendable accuracy in high-uncertainty

situations, with a 2.37% error in the inferred mean for CASE I and 2.37% for CASE II. The

study also demonstrated that a more accurate surrogate model could significantly enhance the

convergence speed and accuracy.

Additionally, the robustness of the methodology was assessed by examining the impact of prior

distribution quality in the Bayesian updating process. It was observed that the quality of the prior

distribution had a notable influence when only a few inspection data points were used. However,

this influence diminished with the inclusion of a larger dataset, underscoring the robustness of the

proposed methodology.

Once the EIFS is inferred, the durability of the structure can be evaluated by taking the

structure to a fatigue crack length.

5.7 Conclusion

This chapter introduces innovative methodologies for the statistical inference of the Equivalent

Initial Flaw Size Distribution (EIFSD) in both anisotropic materials and shallow shell structures

using Bayesian Updating. The methods emphasize the modelling of small crack growth and the

estimation of fatigue life, crucial for aircraft component durability.

For anisotropic materials, the methodology utilizes the Dual Boundary Element Method (DBEM)

to model crack growth, incorporating an inclined anisotropic principal axis. A notable innovation

is the use of a Kriging model as a surrogate to the DBEM, significantly reducing computational
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costs. This approach was validated under varying levels of uncertainty, proving highly accurate in

estimating fatigue life with minimal errors, and demonstrating robustness, especially when larger

datasets are available for Bayesian updating.

In the context of shallow shell structures, such as fuselage window structures under multi-

axial loading, the methodology similarly employs the DBEM. However, it introduces a Co-Kriging

model integrating both High-fidelity and Low-fidelity data, showing a considerable reduction in

computational time and improved error reduction over the Kriging model alone. Tested under

different uncertainty scenarios, the Co-Kriging model exhibited good accuracy.

Both methodologies share a common foundation in the statistical inference of EIFSD using

Bayesian Updating and DBEM, with unique adaptations to their specific structural contexts.
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Chapter 6

Conclusion and Future Works

This chapter outlines the general conclusions and potential future works.

6.1 Conclusion

As outlined in Chapter 1, the fundamental objective of this study was the development of a Bound-

ary Element Method (BEM)-based approach for conducting reliability analyses and assessing the

fatigue life of complex engineering structures. These structures encompass shallow shell structures

and composite materials featuring anisotropic material properties. Detailed discussions on the

methodology associated with the BEM were presented in Chapter 2 and corresponding results

were outlined in Chapters 3 and 4, where the details of the reliability analysis were introduced

and numerical examples were presented. Chapter 5 focuses on the comprehensive assessment of

fatigue durability through the inference of the Equivalent Initial Flaw Size (EIFS).

In Chapter 3, the presented work is pursued towards achieving the following objectives: To

develop an Implicit Differentiation-Based (IDM) Reliability Analysis for Shallow Shell

Structures using the Boundary Element Method (BEM). Within the confines of this

chapter, the Implicit Differentiation Method (IDM) of the BEM formulation was proposed, which

serves as a pivotal tool for evaluating the sensitivity of the shallow shell structure’s response to

diverse design parameters. Specifically, the focus was on the determination of sensitivity with

respect to geometrical design parameters, curvature, and thickness, which influence boundary
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stress resultants and, consequently, the Von Mises Stress. The chapter itself can be subdivided

into four primary sections:

1. Analytical Validation. The validation of the accuracy of the BEM-IDM formulations for

sensitivity calculations represents a pivotal requirement in the study. To initiate the vali-

dation process, the results were first compared the results obtained from IDM with those

derived analytically, utilizing a hemispherical shell subjected to normal pressure as the test

case. The evaluation focused on sensitivities of the out-of-plane displacement at the centre

of the shell concerning the shell’s radius (curvature) and thickness. In parallel, the Finite

Difference Method (FDM) was employed to derive sensitivity values for the shell structure.

The comparative analysis reveals that IDM and FDM results exhibit only minor differences,

signifying that IDM offers a level of accuracy comparable to that of the FDM. Furthermore,

when compared with the analytical solution, the deviations between IDM and the analytical

results are negligible, with differences of less than 1% for sensitivity concerning curvature

and less than 3% for sensitivity concerning thickness. These findings underscore the effec-

tive validation of IDM formulations against analytical solutions, affirming the accuracy and

robustness of the proposed formulations.

2. Reliability Analysis. The IDM-BEM formulations find application in First-Order Relia-

bility Analysis, enabling the evaluation of structural reliability while accounting for inherent

uncertainties in diverse design parameters. A primary emphasis is placed on the serviceabil-

ity limit state, which is defined in terms of the Von Mises stress. To illustrate the proposed

methodology, a numerical example featuring a clamped circular shallow spherical shell was

employed. This case study specifically explored the impact of uncertainty in the curvature

parameter, given the shell structure’s proficiency in transmitting load through membrane

stresses, which is directly influenced by curvature. It is noteworthy that an increase in

uncertainty corresponds to a decrease in the reliability of the structure. This observation

underscores the correlation between heightened uncertainties and an elevated probability

of structural failure. In terms of computational efficiency, a comparative analysis between

IDM-FORM and FDM-FORM revealed only minor disparities, with the most substantial

difference observed at 0.11%. IDM outperforms the FDM by being 35% faster in terms of
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CPU time when assessing sensitivity with respect to a specific parameter.

3. Sensitivity Analysis. An important advantage of reliability analysis lies in its capacity to

facilitate sensitivity analyses, thereby aiding in the identification of the most influential de-

sign parameters for enhancing structural reliability and, subsequently, achieving dimensional

reduction. To pinpoint the significance of each random variable, the percentage importance

of these variables was computed, leading to the identification of those with the most pro-

nounced impact on reliability. The results of this analysis underscore the need to prioritize

considerations related to curvature and thickness. These parameters emerge as key factors

significantly affecting the probability of structural failure, and they also offer a relatively

higher degree of controllability in comparison to non-geometric factors, such as the applied

pressure. Furthermore, it becomes evident that obtaining a more precise quantification of

uncertainties associated with the applied pressure load is imperative, given that variations

in the pressure load’s standard deviation have a notable impact on the failure probability.

Originally, the structure encompassed four geometrical design parameters. However, the

sensitivity analysis has revealed that one of these parameters does not wield a substantial

influence on the overall reliability. As a result, it is advisable to allocate less focus and

attention to this particular parameter in future considerations.

4. Optimisation To underscore the practical applicability of IDM formulations, two optimiza-

tion examples were conducted:

1) The initial optimization effort focused on the structure used in the sensitivity analysis.

This optimization concentrated exclusively on the critical parameters identified in the sensi-

tivity analysis. The primary objective of this optimization was to minimize the mass of the

shell structure while considering various materials, including Aluminum 6061-T6, 2024-T4,

7075-T6, and 7075-T7. Notably, the optimization process succeeded in reducing the volume

of the structure compared to its initial design. The outcomes prominently highlight that

employing materials with higher yield strength, such as Aluminum 7075-T6, leads to the

optimised final design with a lighter mass.

2) The second example serves as a practical demonstration of the application of BEM-IDM
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in Reliability-Based Design Optimization (RBDO). Here, the optimization goal remained the

minimization of mass. However, this optimization methodology differed from the first nu-

merical example in that it introduced a constraint, mandating the achievement of a specified

reliability level for the structure. The limit state of Von Mises stress was utilized, and a range

of targeting reliability indices, spanning from 2 to 6, was considered. The results achieved a

successful agreement to the reliability targets, with a maximum error of only 0.47%. Notably,

as the targeting reliability index increases, the optimal design necessitates increased thick-

ness and curvature, along with a larger radius for the fillet and a reduction in the ’window’

section. Consequently, in this scenario, the optimal design results in higher mass compared

to the initial design to meet the specified requirements for structural integrity.

In Chapter 4, the work presented aims to meet the objectives: Develop the IDM formu-

lation for cracked shell structure and perform fatigue reliability assessment using

FORM. This chapter is dedicated to the comprehensive exploration of fatigue crack propagation

within the shell structure, and as a result, it introduces the utilization of the Dual Boundary Ele-

ment Method (DBEM) in conjunction with the IDM, giving rise to the IDM-DBEM formulation.

The main point of this analysis is the stress intensity factor (SIF), recognized as the most pivotal

parameter characterizing the stress field at the crack tip. In the context of fatigue reliability as-

sessment, the sensitivity of the crack tip SIF concerning geometrical parameters and curvatures

was derived. The chapter can be divided into two sections of main topics:

1. Fracture Reliability Analysis. Two numerical examples, with the first one involving the

examination of a cracked fuselage window structure and the second example on a shallow

shell featuring a central hole and two cracks used to demonstrate the practical application of

the proposed IDM-DBEM formulation in reliability analysis. In these analyses, a limit state

function was formulated taking into account crack tip stress intensity factors and fracture

toughness. It also considered the presence of potential anti-symmetric in the structure,

involving uncertainties in the x-location of the central hole. The reliability analysis was

conducted over a range of crack lengths. The results underscore a critical observation: as

the cracks propagate, the structural reliability decreases. This emphasizes the significance

of fracture reliability analysis in the context of determining tolerance crack size, with a
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focus on achieving a specified reliability level. Additionally, the second example taking into

account the probability of detection, underscores the importance of certain Non-Destructive

Inspection techniques such as Eddy-Current inspection, ensuring that the tolerance crack size

is sufficiently large to be detected while remaining small enough to preserve the structure’s

reliability.

2. Fatigue Reliability Assessment. In the context of fracture reliability analysis, the pri-

mary objective is to establish a suitable tolerance crack size. Conversely, fatigue reliability

assessment focuses on determining the structural reliability concerning the required service

life to reach the specified tolerance crack size. Two numerical examples were considered:

1) For the modelling of fatigue crack growth, the Paris Law was employed, with the Paris

Law constants and exponent considered as sources of uncertainties. The sensitivity of ser-

vice life concerning geometry and curvature was derived and subsequently applied during

the reliability analysis. A crucial concept in this reliability analysis is the independence of

parameters among each other. Consequently, the applied loading and Paris Law parameters

were treated separately in two distinct limit state functions. The FORM was conducted over

a range of service life. The results from the FORM were compared to the results obtained

from Monte Carlo Simulation (MCS) involving 40,000 simulations. The results demonstrate

the high accuracy of FORM, with a maximum difference of 3.67%, particularly evident at

higher reliability indexes typically employed by engineers. Additionally, a parametric study

was conducted to explore the impact of uncertainties within three distinct parameter cate-

gories: geometrical parameters, loading conditions, and Paris Law constants. The findings

underscore the relationship of higher parameter uncertainty and a decreased failure proba-

bility.

2) A third numerical example focused on the assessment of fatigue reliability within a cylin-

drical shallow shell structure, accounting for multiple site damage and initial crack length as

uncertainties. This investigation encompassed various curvatures across different service life

durations. The results showcased good agreement with MCS, featuring a maximum difference

of 3.49%. Importantly, the computational time required in FORM was 7.58×104 s, while one

DBEM simulation took 626.4 s. In contrast, the total computational time required by MCS
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amounted to 6.26× 107 s. These results clearly illustrate that FORM demands significantly

less computational effort while maintaining a high level of accuracy. This underscores the

robustness and efficiency of the proposed formulation.

In Chapter 5, the work presented aims to meet the objectives: Develop formulation for the in-

ference of EIFS for anisotropic structures and shallow shell structure through Bayesian

Updating. In this chapter, a novel methodology for inferencing the initial fatigue quantity, specif-

ically the EIFS, is presented. The EIFS serves as a critical foundation within the fatigue crack

growth model, facilitating the estimation of the durability of an engineering structure. Notably, the

previous chapters encompassed reliability assessments, where numerical examples were assigned

with postulated initial crack sizes, either in a deterministic manner or with uncertainties. However,

in many real-world scenarios, ascertaining the actual initial flaw size with a high degree of precision

can be a challenging and economically demanding task. This underscores the practical application

of the concept of the EIFS, which provides a starting point for the crack propagation model. To

illustrate the proposed methodology, two numerical examples were investigated with anisotropic

materials. The anisotropic properties were expressed in terms of Young’s Modulus ratio in two

principal directions. To further illustrate the practical application of the proposed methodology, a

numerical example involving a shallow shell structure was employed. This example incorporated

uncertainties in the geometrical parameters. Additionally, the effects of varying loading conditions

and Paris Law constants were examined in separate scenarios. This approach allowed for a compre-

hensive evaluation of the methodology’s effectiveness in addressing different aspects of uncertainty,

thereby demonstrating its applicability and robustness in modelling complex structural behaviours

under varied conditions. The chapter can be divided into three main topics:

1. Surrogate Modelling. While the BEM offers substantial advantages in reducing computa-

tional costs, when a large number of simulations, such as in Monte Carlo Simulation (MCS),

are required, it can still pose computational expenses. To mitigate these costs, surrogate

models were developed to replace the DBEM for the evaluation of crack tip stress intensity

factors and the number of cycles to detectable crack size in the MCS. This involves:

1) For anisotropic structures, surrogate models in the form of Kriging were developed. The

training of the Kriging model involved incorporating a total of 127 sample points. The cu-
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mulative CPU time used for training the surrogate model was 44.8 minutes. To assess the

accuracy of the surrogate model, a separate set of 4725 testing points, distinct from those

used for surrogate model training, was generated using the DBEM. Subsequently, the re-

sults from the surrogate model were compared to those from the DBEM. This comparative

analysis revealed that within the region of interest, the maximum Root-Relative Squared

Error was approximately 4.82%. In terms of computational efficiency, the surrogate model

exhibited remarkable advantages, with over 10,000 times higher efficiency than the DBEM

for this specific application. To provide further context, the time required for generating

1× 107 results using the DBEM was estimated at 473 days. In contrast, the Kriging model

completed the same simulation in a mere 340 seconds. This significant disparity underscores

the substantial cost reductions in terms of computational resources made possible by the

integration of a surrogate model.

2) For the analysis of shallow shell structures, surrogate models employing Kriging and Co-

Kriging methodologies were developed. The Co-Kriging model, in particular, implements

data from both high-fidelity (finer mesh model) and low-fidelity (coarser mesh model) sources

to predict the structural response. This approach is advantageous given the complex formu-

lation and high computational demands of the shallow shell DBEM. The Co-Kriging model

proved to be markedly more efficient, achieving a reduction of approximately 67% in CPU

time required for training data generation, and exhibited enhanced performance over the

Kriging model in terms of error reduction and computational resource utilization.

2. Infernce of EIFSD via Bayesian Updating method. The statistical inference of the

EIFSD through Bayesian updating entails initiating the process with a prior estimate for the

EIFSD and subsequently updating this estimate with inspection data to derive a posterior

estimate for the EIFSD. The robustness of this methodology was meticulously investigated,

with a focus on two key aspects: 1) Two levels of uncertainty in crack growth parameters

and anisotropic material properties were examined. In cases with low uncertainty, conver-

gence within a range of approximately ±0.1 mm from the ’actual’ mean (5 mm) was achieved

with data from approximately 80 inspections. After 500 inspections, the error in the mean

convergence with an error of 0.34%. In scenarios characterized by high uncertainty, conver-
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gence within the same ±0.1 mm range from the ’actual’ mean was achieved with data from

around 170 inspections, and the error following 500 inspections was 2.37%. Likewise, the

standard deviation achieved convergence after 500 inspections with an error of 3.72% for low

uncertainties and approximately 2.53% for high uncertainties after 600 inspections.

2) The quality of the prior distribution in Bayesian updating, notably its closeness to the

true EIFSD, was also examined. The results underscore the substantial impact of the initial

guess distribution on the convergence process when a relatively limited number of inspec-

tions (below 100) is employed. However, this influence tends to diminish as the number of

inspections increases.

The parametric study further revealed that the most effective improvement in overall conver-

gence could be achieved by reducing the uncertainty associated with the Paris Law exponent

and anisotropic ratio. These parameters held a more substantial influence on convergence,

particularly in terms of standard deviation. Addressing uncertainties in these parameters

would enhance the EIFSD inference methodology’s convergence rate.

For the analysis of shallow shell structures, the methodology’s effectiveness was evaluated

under various uncertainty levels, focusing on crack growth parameters, geometrical factors,

and loading. Two cases were studied: CASE I, examining uncertainties in geometrical vari-

ables and Paris Law parameters, and CASE II, focusing on uncertainties in geometrical

variables and loading conditions. The Co-Kriging model showed high accuracy in these high-

uncertainty scenarios, with a 2.37% error in inferred mean for CASE I and 2.37% for CASE

II. The study concluded that a more accurate surrogate model can greatly improve both the

speed and accuracy of convergence.

3. Application of EIFSD. Inspection intervals are commonly defined as a fraction of the

fatigue life, and the EIFSD plays a pivotal role in providing a more accurate estimation

of a structure’s failure life. Consequently, it can be employed to determine an appropriate

inspection interval. In practice, a postulated critical crack size is assigned, and the fatigue

life distribution is simulated through Monte Carlo Simulation (MCS). The inspection interval

is selected with the criterion that there should be less than a 2% chance of failure at the time
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of inspection.

In scenarios characterized by low uncertainty, the difference in the number of cycles to failure

when utilizing the actual EIFSD in contrast to the inferred EIFSD was a mere 0.11%. In

contrast, in cases with high uncertainty, this difference increased to 1.9%. Nevertheless, it’s

worth noting that, as mentioned previously, in the context of reliability analysis, the EIFSD

can be employed as a substitute for a postulated initial crack size, emphasizing its significance

in enhancing the accuracy of structural assessments.

6.2 Future Works

Potential works in terms of improved methodology and more complicated geometry are shown

below.

• The use of shell structures in aircraft fuselages is a common application. To enhance the

modelling accuracy of fuselage panels, it’s important to incorporate stiffeners. Additionally,

the phenomenon of crack arresting should be considered when stiffeners are introduced. This

necessitates the inclusion of crack propagation direction as one of the parameters in reliability

analysis. Future work can focus on developing an IDM formulation with respect to the local

coordinate system to account for directional changes in the crack path.

• Another approach to model the fuselage panels could involve developing a plate-shell as-

sembly BEM formulation. This approach would embrace the concept of system reliability,

particularly for structures with multiple members. In such cases, reliability may be defined

by more than one limit state function, meaning that different components within the struc-

ture can have different failure modes. This approach often considers that the failure of two

or more components results in an overall structural failure. Consequently, instead of defining

the failure probability for one component as P (Fi) where i represents a failure mode, the

structural failure probability could be considered as the multiplication of multiple limit states

that satisfy gni < 0. This can be expressed in terms of the probability as P (F1i∩F2i, ..., Fni),

where n is the number of components that have failed.
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• In terms of inspection, a more realistic assumption is that not all inspections may success-

fully detect a crack. Moreover, when a crack is detected, it can be repaired, and a new

reliability analysis is performed. Future work could involve incorporating the updating of

inspection information into the reliability analysis to account for these dynamic changes in

the structure’s condition.

• The concept of multi-site damage can be considered in the context of inferring the EIFSD.

The EIFS was originally proposed for lap joint panels where multiple cracks may be present.

In each inspection, different numbers of cracks can be detected, and these cracks may be

located in different positions. To address this scenario, future work could involve training

multiple surrogate models that correspond to all possible combinations of crack numbers and

locations, allowing for a more comprehensive assessment of multi-site damage scenarios.
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Appendix A

Fundamental Solutions and Kernels of

the Boundary Element Method for Shell

Structure

This chapter presents the fundamental solutions W ∗
ij, P

∗
ij, U

∗
θα and T

∗(i)
θα in the boundary integral

equations in Eq. 2.52-2.53, and the kernels W ∗
iβk, P

∗
iβk, U

∗
αβγ and T

(i)∗
αβγ in the stress resultant

equations Eq. 2.73- 2.75. The fundamental solutions and kernels were first derived in the work by

Weeen [51].

A.1 Fundamental Solutions

The fundamental solution for rotational and out-of-plane displacements W ∗
ij is

W ∗
αβ =

1

8πD(1− ν)
{[8B(z)− (1− ν)(2 ln z − 1)]δαβ

−[8A(z) + 2(1− ν)]r,αr,β}

W ∗
α3 = −W ∗

3α =
1

8πD
(2 ln z − 1)rr,α

W ∗
33 =

1

8πD(1− ν)λ2
[
(1− ν)z2(ln z − 1)− 8 ln z

]
(A.1)
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A.1. Fundamental Solutions

The fundamental solution for bending and shear tractions P ∗
ij

P ∗
γα =

−1

4πr
[(4A(z) + 2zK1(z) + 1− ν) (δαγr,n + r,αnγ)

+(4A(z) + 1 + ν)r,γnα − 2 (8A(z) + 2zK1(z) + 1− ν) r,αr,γr,n]

P ∗
γ3 =

λ2

2π
[B(z)nγ − A(z)r,γr,n]

P ∗
3α =

−(1− ν)

8π

[(
2
(1 + ν)

(1− ν)
ln z − 1

)
nα + 2r,αr,n

]
P ∗
33 =

−1

2πr
r,n

(A.2)

where

A(z) = K0(z) +
2

z

[
K1(z)−

1

z

]
B(z) = K0(z) +

1

z

[
K1(z)−

1

z

] (A.3)

where r is the absolute distance between the source and field points such that rα = xα(x)−xα(x′).

The derivatives r,α = rα/r and r,n = r,αnα. K0(z) and K1(z) are the modified Bessel functions of

the second kind with z = λr, where λ is the shear factor λ =
√
10/h.

In the case of constant domain load in Eq. 2.55, the fundamental solution can be written as

V ∗
α,β =

r2

128πD
[(4 ln z − 5)δαβ + 2(4 ln z − 3)r,αr,β]

V ∗
3,β =

−rr,β
128πD(1− ν)λ2

[
32(2 ln z − 1)− z2(1− v)(4 ln z − 5)

] (A.4)

The fundamental solutions for in-plane displacements U∗
θα

U∗
θα =

1

4πB(1− ν)

[
(3− 4ν)ln(

1

r
)δθα + (1 + ν)r,θr,α

]
(A.5)

The fundamental solutions for membrane tractions T
∗(i)
θα

T
∗(i)
θα = − 1

4πr

[
r,n((1− ν)δθα + 2(1 + ν)r,θr,α) + (1− ν)(nθr,α − nαr,θ)

]
(A.6)
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A.2. Kernels

A.2 Kernels

The kernels W ∗
iβk and P

∗
iβk are determined through the first derivative of the fundamental solution

W ∗
ij and P

∗
ij.

W ∗
αβγ =

1

4πr
[(4A(z) + 2zK1(z) + 1− ν) (δβγr,α + δαγr,β)

−2 (8A(z) + 2zK1(z) + 1− ν) r,αr,βr,γ + (4A(z) + 1 + ν)δαβr,γ]

W ∗
αβ3 =

−(1− ν)

8π

[(
2
(1 + ν)

(1− ν)
ln z − 1

)
δαβ + 2r,αr,β

]
W ∗

3βγ =
λ2

2π
[B(z)δγβ − A(z)r,γr,β]

W ∗
3β3 =

1

2πr
r,β

P ∗
αβγ =

D(1− ν)

4πr2
{(4A(z) + 2zK1(z) + 1− ν) (δγαnβ + δγβnα)

+(4A(z) + 1 + 3ν)δαβnγ −
(
16A(z) + 6zK1(z) + z2K0(z) + 2− 2ν

)
×[(nαr,β + nβr,α) r,γ + (δγαr,β + δγβr,α) r,n]

(A.7)

− 2 (8A(z) + 2zK1(z) + 1 + ν) (δαβr,γr,n + nγr,αr,β)

+4
(
24A(z) + 8zK1(z) + z2K0(z) + 2− 2ν

)
r,αr,βr,γr,n

}
P ∗
αβ3 =

D(1− ν)λ2

4πr
[(2A(z) + zK1(z)) (r,βnα + r,αnβ)

−2 (4A(z) + zK1(z)) r,αr,βr,n + 2A(z)δαβr,n]

P ∗
3βγ =

−D(1− ν)λ2

4πr
[(2A(z) + zK1(z)) (δγβr,n + r,γnβ)

+ 2A(z)nγr,β − 2 (4A(z) + zK1(z)) r,γr,βr,n]

P ∗
3β3 =

D(1− ν)λ2

4πr2
[(
z2B(z) + 1

)
nβ −

(
z2A(z) + 2

)
r,βr,n

]

(A.8)

and for the case of uniform domain load

Q∗
αβ =

−r
64π

{(4 ln z − 3) [(1− ν) (r,βnα + r,αnβ) + (1 + 3ν)δαβr,n]

+4 [(1− ν)r,αr,β + νδαβ] r,n}

Q∗
3β =

1

8π
[(2 ln z − 1)nβ + 2r,βr,n]

(A.9)
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A.2. Kernels

The kernels U∗
αβγ and T

(i)∗
αβγ are derived from the first derivative of the fundamental solution U∗

θα

and T
(i)∗
θα .

U∗
αβγ =

1

4πr
[(1− ν) (δγαr,β + δγβr,α − δαβr,γ) + 2(1 + ν)r,αr,βr,γ]

T
(i)∗
αβγ =

B(1− ν)

4πr2
{2r,n [(1− ν)δαβr,γ + ν (δγαr,β + δγβr,α)− 4(1 + ν)r,αr,βr,γ]

+ 2ν (nαr,βr,γ + nβr,αr,γ) + (1− ν) (2nγr,αr,β + nβδαγ + nαδβγ)

−(1− 3ν)nγδαβ}

(A.10)
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Appendix B

Particular Solutions for the Dual

Reciprocity Method

This chapter presents the particular solutions derived and the detailed derivations are presented

in [41]. The particular solutions were used for transforming the domain integral equations into the

boundary integral equations in Eq. 2.52-2.53, and Eq. 2.73- 2.75 through the Dual Reciprocity

Method (DRM). Only the necessary formulations are provided here as in the Implicit Differen-

tiation Method (IDM), the corresponding derivatives with respect to the design parameters are

required to be computed. The coefficients are:

B = Eh/(1− ν2)

D = Eh3/12(1− ν2)

CW = 45(1− ν)λ2D

λ =
√

(10)/h

(B.1)

and the distance between the source and field point

r =
√

(x1 − x′1)
2 + (x2 − x′2)

2 (B.2)
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B.1. Particular Solutions for Plane Stress

B.1 Particular Solutions for Plane Stress

The particular solutions ûγmα, t̂
γ
mα were derived from solving the Galerkin vector for 2D plane stress.

û1m1 = − 2

(1− ν)B

[
rx1
3

− 1 + ν

30

(
x31
r

+ 3x1r

)]
û1m2 =

(1 + ν)

15(1− ν)B

(
x21x2
r

+ x2r

) (B.3)

the in-plane strain can be related to the displacement as ϵαβ = 1
2
(uα,β+uβ,α), hence, the particular

solution for the strain can be found as

ε̂1m11 = − 2

(1− ν)

[(
x21
r

+
r

3

)
− 1 + ν

30

(
−x

4
1

r3
+

6x21
r

+ 3r

)]
ε̂1m12 = − 2

(1− ν)

[
x1x2
6r

− 1 + ν

30

(
−x

3
1x2
r3

+
3x1x2
r

)]
ε̂1m22 =

2

(1− ν)

1 + ν

30

(
−x

2
1x

2
2

r3
+ 2r

) (B.4)

the membrane stress resultant can be found by substitute stress resultant-displacement relationship

in Eq. 2.51

N̂1
m11 = B

[
(1− ν)ε̂1m11 + νε̂1mαα

]
N̂1
m12 = B(1− ν)ε̂1m12

N̂1
m22 = B

[
(1− ν)ε̂1m22 + νε̂1mαα

] (B.5)

the particular solution for traction t̂1mα is therefore

t̂1mα = N̂1
mαβnβ (B.6)

The same procedure can be applied to deriving the particular solutions using t̂2mα where

û2m1 =
(1 + ν)

15(1− ν)B

(
x22x1
r

+ x1r

)
û2m2 = − 2

(1− ν)B

[
rx2
3

− 1 + ν

30

(
x32
r

+ 3x2r

)] (B.7)
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B.2. Particular Solutions for Plate Bending

and by applying the strain-displacement and stress resultant-displacement relationship

ε̂2m11 =
2

(1− ν)

1 + ν

30

(
−x

2
1x

2
2

r3
+ 2r

)
ε̂2m12 = − 2

(1− ν)

[
x1x2
6r

− 1 + ν

30

(
−x

3
2x1
r3

+
3x1x2
r

)]
ε̂2m22 = − 2

(1− ν)

[(
x22
r

+
r

3

)
− 1 + ν

30

(
−x

4
2

r3
+

6x22
r

+ 3r

)] (B.8)

and for membrane stress resultants:

N̂2
m11 = B

[
(1− ν)ε̂2m11 + νε̂2mαα

]
N̂2
m12 = B(1− ν)ε̂2m12

N̂2
m22 = B

[
(1− ν)ε̂2m22 + νε̂2mαα

] (B.9)

the particular solution for traction t̂2mα is therefore

t̂2mα = N̂2
mαβnβ (B.10)

B.2 Particular Solutions for Plate Bending

The particular solutions ŵimα, p̂
i
mα were derived from the governing equation of shear deformable

plate bending problems, implemented by using the radial basis functions.

The particular solution for rotation and deflection is

ŵ3
m1 = −

(
1

16
+

r

45

)
x1r

2

D

ŵ3
m2 = −

(
1

16
+

r

45

)
x2r

2

D

ŵ3
m3 = −

(
1

2
+

2r

9

)
r2

(1− ν)λ2D
+

(
1

64
+

r

225

)
1

D

(B.11)

the bending stress resultant Mαβ can be found in terms of the displacement by substituting the

above formulations into Eq.2.49. Similarly, the shear stress resultant Qα can be found with Eq.2.50,
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B.2. Particular Solutions for Plate Bending

hence the particular solutions for M̂mαβ and Q̂mβ are

M̂3
m11 = −

[(
1

8
+

r

15

)(
x21 + νx22

)
+ (1 + ν)

(
r2

16
+
r3

45

)]
M̂3

m12 = −(1 + ν)

(
1

8
+

r

15

)
(x1x2)

M̂3
m22 = −

[(
1

8
+

r

15

)(
νx21 + x22

)
+ (1 + ν)

(
r2

16
+
r3

45

)]
Q̂3
m1 = −x1

2

(
1 +

2r

3

)
Q̂3
m2 = −x2

2

(
1 +

2r

3

)
(B.12)

the particular solutions ŵ1
mk are

ŵ1
m1 = −

(
3x21 + r2

) r

45D

ŵ1
m2 = −x1x2r

15D

ŵ1
m3 = −

[
30− (1− ν)λ2r2

] rx1
45(1− ν)λ2D

(B.13)

similarly, by applying the stress resultant-displacement relationship, the particular solutions for

M̂mαβ and Q̂mβ are

M̂1
m11 = −x1

15

[
ν

(
x21
r

+ 3r

)
+

(
x22
r

+ r

)]
M̂1

m12 = −(1− ν)
x2
15

(
x21
r

+ r

)
M̂1

m22 = −x1
15

[
ν

(
x21
r

+ 3r

)
+

(
x22
r

+ r

)]
Q̂1
m1 = −1

3

(
x21
r

+ r

)
Q̂1
m2 = −1

3

x1x2
r

(B.14)

for α = 2, the particular solutions ŵ2
mk are

ŵ2
m1 = −x1x2r

15D

ŵ2
m1 = −

(
3x22 + r2

) r

45D

ŵ2
m3 = −

[
30− (1− ν)λ2r2

] rx2
45(1− ν)λ2D

(B.15)
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B.2. Particular Solutions for Plate Bending

hence,

M̂2
m11 = −x2

15

[
ν

(
x21
r

+ r

)
+

(
x22
r

+ 3r

)]
M̂2

m12 = −(1− ν)
x1
15

(
x22
r

+ r

)
M̂2

m22 = −x2
15

[
ν

(
x21
r

+ r

)
+

(
x22
r

+ 3r

)]
Q̂2
m1 = −1

3

x1x2
r

Q̂2
m2 = −1

3

(
x22
r

+ r

)
(B.16)
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Appendix C

Probablistic Distributions and

Derivatives of Limit State Function

This chapter presented the distributions that have been used in the numerical examples for ac-

counting for the uncertainties in the parameters. The derivatives of the limit state function are

hence associated with the distribution type of the design parameters.

C.1 Probablistic Distributions

A general introduction of the probabilistic distribution can be found in any statistical book. This

section provides only the relevant expressions of each distribution. There are two main types

of distributions that were considered in this work, namely, normal distributions and lognormal

distributions.

C.1.1 Normal Distribution

Consider a random variable x follows a normal distribution with mean µx and standard distribution

σx such that x ∼ N(µx, σx), the probability density function (PDF) is defined as

fX(x) =
1

σx
√
2π
exp

[
−1

2

(
x− µx
σx

)2
]

(C.1)
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C.1. Probablistic Distributions

the cumulative distribution function (CDF) is defined by the total summation of the PDF corre-

sponding to a value less or equal to x, hence, the CDF can be expressed by:

FX(x) = P (X ≤ x) =

∫ x

−∞
fX(ζ)dζ (C.2)

The standard normal distribution is defined when x ∼ N(0, 1). The PDF for a variable z that

follows the standard normal distribution can be written as:

fU(u) =
1√
2π
exp

[
−1

2
(u)2

]
(C.3)

the CDF can be computed by the equation given in Eq. C.2 and the notation for the standard

normal CDF is Φ(u).

For any normal distribution, the CDF can be computed in terms of the CDF in the standard normal

space Φ(u). Consider the variable X = µx + Uσx, the following relationship can be derived:

FX(x) = P (X ≤ x) = P (µx + Uσx ≤ x) = P (U ≤ x− µx
σx

) = Φ(
x− µx
σx

) (C.4)

C.1.2 Lognormal Distribution

The variable x is considered to follow the lognormal distribution if Y = ln(x) is a normal dis-

tribution. This also means that all x is a positive number. Following the relationship given in

Eq.C.4

FX(x) = P (X ≤ x) = P (ln(X) ≤ ln(x)) = P (Y ≤ y) (C.5)

such that

FX(x) = Φ(
y − µy
σy

) = Φ

(
ln(x)− µlnx

σlnx

)
(C.6)

where Y ∼ N(µlnx, σlnx) follows normal distribution. Given that the variable x ∼ lnN(µx, σx), the

mean and standard deviation for Y can be found by

σ2
lnx = ln

(
σ2
x

µ2
x

+ 1

)
µlnx = ln(µx)−

1

2
σ2
lnx

(C.7)
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C.2. Derivatives of the Limit State Function

the PDF for a lognormal distribution can be found as

fX(x) =
1

xσlnx
√
2π
exp

[
−1

2

(
ln(x)− µlnx

σlnx

)2
]

(C.8)

C.2 Derivatives of the Limit State Function

The limit state function g(Z) takes the form of structure resistance R and structure demand

G(X), where X contains the parameters that can affect the value of the limit state function (LSF)

excluding the variable R. The failure region is defined such that the demand is larger than the

resistance as g(Z) < 0.

g(Z) = R−G(X) (C.9)

In performing the First-Order Reliability analysis (FORM), the first-order derivatives of the LSF

with respect to the design parameters X are required to be computed as

∂g(Z)

∂Xi

=
∂R

∂Xi

− ∂G(X)

∂Xi

= −∂G(X)

∂Xi

(C.10)

where Xi is design parameters and i ∈ [1, n] when n parameters are considered to affect the LSF.

In the case when Xi follows a normal distribution with Xi = µi +Uiσi, the derivatives in terms of

U can be found ∂Xi/∂Ui = σi. Hence, Eq. C.10 can be rewrite as:

∂G(X)

∂Ui
= σi

∂G(X)

∂Xi

(C.11)

In the case when x follows a lognormal distribution such that Xi = exp(µilnx+Uiσ
i
lnx), the deriva-

tives with respect to U is ∂Xi/∂Ui = Xiσ
i
lnx. Hence, Eq. C.10 can be rewrite as:

∂G(X)

∂Ui
= Xiσ

i
lnx

∂G(X)

∂Xi

(C.12)

Similarly, the derivative of the LSF with respect to UR when R = µR + URσR follows a normal

distribution can be found as

∂g(Z)

∂UR
=
∂g(Z)

∂R

∂R

∂UR
= σR (C.13)
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C.2. Derivatives of the Limit State Function

and for lognormal distribution R = exp(µRlnx + URσ
R
lnx)

∂g(Z)

∂UR
= RσRlnx (C.14)
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Appendix D

Derivatives of the Particular Solutions

D.1 Derivatives of the particular solutions with respect to

geometry variables

The derivation and detailed expressions for the particular solutions used in the DRM method can

be found in [26] for the transformation of the domain integral to the boundary integral. The

derivatives of the particular solutions with respect to some geometry variables Zg are derived for

the first time in this work and are shown below.

The distance between the field point and collocation point can be found by:

r =
√
(x1 − x′1)

2 + (x2 − x′2)
2 (D.1)

where x1 and x2 represent the x and y coordinates of the nodal points respectively. Therefore, the

derivatives of r can be found by:

r,g =
(
(x1 − x′1)(x1,g − x′1,g) + (x2 − x′2)(x2,g − x′2,g)

)
/r (D.2)
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D.1. Derivatives of the particular solutions with respect to geometry variables

D.1.1 Derivatives of the particular solutions for 2D plane stress with

respect to a geometrical variable

The derivatives of the particular solution for displacement are:

û1m1,g = − 2

(1− ν)B

[
1

3
(r,gx1 + rx1,g)−

1 + ν

30

(
1

r2
(
3x1x1,gr − x31r,g

)
+3x1,gr + 3x1r,g)]

û1m2,g =
(1 + v)

15(1− v)B

[
1

r2
(
2x1x1,gx2r + x21x2,gr − r,gx

2
1x2
)
+ x2,gr + xr,g

]
û2m1,g =

1 + ν

15(1− ν)B

[
1

r2
(
2x2x2,gx1r + x22x1,gr − r,gx

2
2x1
)
+ x1,gr + xr,g

]
û2m2,g = − 2

(1− ν)B

[
1

3
(r,gx2 + rx2,g)−

1 + ν

30

(
1

r2
(
3x22x2,gr

−x23r,g
)
+ 3x2,gr + 3xr,g

)]

(D.3)

The derivatives of the particular solutions for the strains are:

ε̂1m11,g = − 2

(1− ν)

[
1

r2
(
2x1x1,gr − r,gx

2
1

)
+

1

3
r,g −

1 + ν

30

(
− 1

r6
(
4x31x1,gr

3

−3r2r,gx
4
1

)
+

1

r2
(
12x1x1,gr − 6x21r,g

)
+ 3r,g

)]
ε̂1m12,g = − 2

(1− ν)

[
1

6r2
(x1,gx2r + x1x2,gr)−

(1 + ν)

30

(
− 1

r3
(
3x21x1,gx2r

3

+x31x2, gr
3
)
+

3

r6
x31x2r

2r1g +
1

r2
(3x1, gx2r + 3x1x2, gr − 3x1x2r,g)

]
ε̂1m22,g =

(1 + ν)

15(1− ν)

[
− 1

r6
(
2x1x1,gx

2
2r

3 + 2x21x2x2,gr
3 − 3x21x

2
2r

2r,g
)
+ 2r,g

]
ε̂2m11,g =

(1 + ν)

15(1− ν)

[
− 1

r6
(
2x1x1,gx

2
2r

3 + 2x21x2x2,gr
3

−3r2r,gx1
2x2

2
)
+ 2r,g

]
ε̂2m12,g = − 2

(1− ν)

[
1

6r2
(x1,gx2r + x1x2,gr)−

1 + ν

30

(
− 1

r6
(
3x22x2,gx1r

3

+x2
3x1,gr

3 − 3x32x1r
2r,g
)
+

1

r2
(3x1,gx2r + 3x1x2,gr − 3x1x2r,g)

]
ε̂2m22,g = − 2

1− ν

[
1

r2
(
2x2x2,gr − r,gx

2
2

)
+

1

3
r,g −

1− ν

30

(
− 1

r6
(
4x32x2,gr

3

+3x42r
2r,g
)
+

1

r2
(
12x2x2,gr − 6x22r,g

)
+ 3r,g

)]

(D.4)
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D.1. Derivatives of the particular solutions with respect to geometry variables

The derivatives of the particular solution for the membrane stress are: resultant N̂mαβ

N̂ ii
m11,g = B

[
(1− v)ε̂iim11,g + vε̂iim11,g + vε̂iim22,g

]
N̂ ii
m12,g −B(1− ν)ε̂iim12,g

N̂ ii
m22,g = B

[
(1− ν)ε̂iim22,g + νε̂iim11,g + νε̂iim22,g

] (D.5)

The particular solutions for traction can be found by multiplying the membrane stress resultant

with the unit outward normal such that t̂mα = N̂mαβnβ. The derivatives of the traction can be

found by:

t̂iimα,g = N̂ ii
mαβ,gnβ + N̂ ii

mαβnβ,g (D.6)

In the above equation, superscript ii can take values of 1 or 2.

D.1.2 Derivatives of the particular solutions for plate bending with

respect to a geometrical variable

From the bending stress resultant-displacement relationship, the tractions on the boundary can be

found by the bending moment stress resultants M̂mαβ and shear force stress resultants Q̂mα such

that:

p̂mα = M̂mαβnβ, p̂m3 = Q̂mαnα (D.7)

The derivatives of the tractions can be found by:

p̂mα,g = M̂mαβ,gnβ + M̂mαβnβ,g, p̂m3,g = Q̂mα,gnα + Q̂mαnα,g (D.8)

For the function F,α = xα/r, the derivatives of the particular solution when α = 1 can be calculated

as:

ŵ1
m1,g = −

(
r,g
(
3x21 + r2

)
+ r (6x1x1,g + 2rr,g)

) 1

45D

ŵ1
m2,g = − (x1x2r,g + x1x2,gr + x1,gx2r)

1

15D

ŵ1
m3,g = −

[
30− (1− ν)λ2

] r,gx1 + rx1,g
45(1− ν)λ2D

+
[
(1− ν)λ22rr,g

] rx1
45(1− ν)λ2D

(D.9)
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D.1. Derivatives of the particular solutions with respect to geometry variables

where bending stiffness D = Eh3/[12(1 − ν2)] and λ =
√
10/h. the derivatives for the particular

solutions of moments M̂αβ and shear forces Q̂β are:

M̂1
m11,g = S1

11g + νS1
22,g

M̂1
m12,g = (1− ν)S1

12,g

M̂1
m22,g = νS1

11,g + S1
22,g

(D.10)

where:

S1
11,g = − 1

15

[
1

r2
(
3x21x1,gr − x31r,g

)
+ 3r,gx1 + 3rx1,g

]
S1
12,g = − 1

15

[
1

r2
(
2x1x1,gx2r + x21x2,gr − x21x2r,g

)
+ r,gx2 + rx2,g

]
S1
22,g = − 1

15

[
1

r2
(
2rx2x2,gx1 + rx2

2x1,g − x22x1r,g
)
+ r,gx1 + rx1,g

] (D.11)

Q̂1
m1,g = −1

3

(
r,g + 2x1x1,g

1

r
− x21r,g

1

r2

)
Q̂1
m2,g = −1

3

(
1

r
x1x2,g +

1

r
x2x1,g −

1

r2
x1x2r,g

)
.

(D.12)

For α = 2, the derivatives of the particular solutions are:

ŵ2
m1,g

= − 1

15D
(x1,gx2r + x1x2,gr + x1x2r1,g)

ŵ2
m2,g = − 1

45D

[
(6x2x2,g + 2rr,g) r −

(
3x22 + r2

)
r,g
]

ŵ2
m3,g = −

[
30− (1− ν)λ2r2

] rgx2 + rx2,g
45(1− ν)λ2D

+ (1− ν)λ22rr,g
rx2

45(1− ν)λ2D

(D.13)

The derivatives for the particular solutions of moments M̂αβ and shear forces Q̂beta are:

M̂2
m11,g = S2

11,g + νS2
22,g

M̂2
m12,g = (1− ν)S2

12,g

M̂2
m22,g = νS2

11,g + S2
22,g

(D.14)
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where:

S2
11,g = − 1

15D

[
1

r2
(
2x1x1,gx2r + x21x2,gr − x21x2r,g

)
+ r,gx2 + rx2,g

]
S2
12,g = − 1

15D

[
1

r2
(
x1,gx

2
2r + 2x1x2x2,gr − x1x

2
2r,g
)
+ r,gx1 + rx1,g

]
S2
22,g = − 1

15D

[
1

r2
(
3x22x2,gr − x32r,g

)
+ 3rx2,g + 3r,gx2

] (D.15)

Q̂2
m1,g = −1

3

[
1

r
(x1x2,g) +

1

r
x2x1,g −

1

r2
x1x2r,g

]
Q̂2
m2,g = −1

3

(
r,g + 2x2x2,g

1

r
− x22r,g

1

r2

)
.

(D.16)

For the radial basis function F (r) = 1 + r, the derivatives of the rotations and deflection can be

calculated by:

ŵ3
m1,g = − 1

D

(
1

16
+

r

45

)(
x1,gr

2 + 2rr,gx1
)
− 1

45D

(
r,gx1r

2
)

ŵ3
m2,g = − 1

D

(
1

16
+

r

45

)(
x2,gr

2 + 2rr,gx2
)
− 1

45D
x2r

2r,g

ŵ3
m3,g = −

(
1

2
+

2r

9

)
2rr,g

(1− ν)λ2D
− 2r,g

9

r2

(1− ν)λ2D
+

r,g
225D

(D.17)

The derivatives of the particular solutions of moment M̂mαβ can be derived:

M̂3
m11,g = −

[
r,g
15

(
x21 + νx22

)
+

(
1

8
+

r

15

)
(2x1x1,g + 2νx2x2,g)
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(
1

8
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1

15
r2r,g

)]
M̂3
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1

15
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1
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15
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(x1,gx2 + x1x2,g)

M̂3
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[
1

15
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(
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)
+

(
1
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)
(20νx1x1,g + 2x2x2,g)
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1

8
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1

15
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(D.18)

The derivatives of the shear forces Q̂mβ are:

Q̂3
m1,g = −x1,g

2

(
1 +

2r

3

)
− 1

3
x1r,g

Q̂3
m2,g = −x2,g

2

(
1 +

2r

3

)
− 1

3
x2r,g

(D.19)
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D.2 Derivatives of the particular solutions with respect to

thickness

The derivatives of the particular solutions with respect to the thickness are needed in the DRM for

transforming the domain integral into a boundary integral. The derivatives of the BEM membrane

and bending fundamental solutions with respect to the thickness were proposed in the previous

literature [79]. Here, only the derivatives of the particular solutions for shell BEM is presented.

The coefficient related to the BEM integrals are defined as:

B = Eh/(1− ν2)

D = Eh3/12(1− ν2)

CW = 45(1− ν)λ2D

λ =
√

(10)/h

(D.20)

The derivatives with respect to the thickness are:

B,h = B/h

D,h = 3D/h

CW,h = 45(1− ν)(D,hλ
2 + 2Dλλ,h)

λ,h = −λ/h

(D.21)
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D.2.1 Derivatives of the particular solutions for 2D plane stress with

respect to thickness

The derivatives of the particular solution for displacement:

û1m1,h =
2B,h

(1− ν)B2

[
rx1
3

− 1 + ν

30

(
x31
r

+ 3x1r

)]
û1m2,h = − (1 + ν)B,h

15(1− ν)B2

(
x21x2
r

+ x2r

)
û2m1,h = − (1 + ν)B,h

15(1− ν)B2

(
x22x1
r

+ x1r

)
û2m2,h =

2B,h

(1− ν)B2

[
rx2
3

− 1 + ν

30

(
x32
r

+ 3x2r

)]
(D.22)

The derivatives of the particular solution for the membrane stress resultant

N̂ ii
m11,g = B,h

[
(1− ν)ε̂iim11 + νε̂iim11 + νε̂iim22

]
N̂ ii
m12,g = B,h(1− ν)ε̂iim12

N̂ ii
m22,g = B,h

[
(1− ν)ε̂iim22 + νε̂iim11 + νε̂iim22

] (D.23)

where the superscript ii can take a value of 1 or 2.

D.2.2 Derivatives of the particular solution for plate bending with

respect to thickness

The derivatives of the particular solution when α = 1 are:

ŵ1
m1,h =

(
3x21 + r2

) rD,h

45D2

ŵ1
m2,h =

x1x2rD,h

15D2

ŵ1
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[
30− (1− ν)λ2r2

] rx1 · CW,h

CW 2
+ (2x1r

3λλ,h(1− ν))
1

CW

(D.24)
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For α = 2:

ŵ2
m1,h =

x1x2rD,h

15D2

ŵ2
m2,h =

(
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1
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(D.25)

For α = 3:

ŵ3
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(D.26)
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Appendix E

Derivatives of the Boundary Stress

Resultants and Stress Intensity Factors

E.1 Derivatives of the Boundary Stress Resultants

The detailed formulations for the derivatives of the boundary stress resultants are given in this

section with respect to geometrical parameters, curvature and thickness, respectively.

E.1.1 Bending stress resultant derivatives

(1) With respect to g:

M̂11,g = p̂1,g, M̂12,g = p̂2,g

M̂22,g = νM̂11,g +D
(
1− ν2

)
χ̂22,g

χ̂22,g =
1

J(ζ)

[
e2α,g

∑(
ŵα

(
dN(ζ)

dζ

))
− J,g(ζ)χ̂22 + e2α

∑(
ŵα,g

(
dN(ζ)

dζ

)) (E.1)

(2) With respect to K:

M̂11,ρ = p̂1,ρ M̂12,ρρ = p̂2,ρ

M̂22,ρ = νM̂11,ρ +D
(
1− ν2

)
χ̂22,ρ

χ̂22,ρ =
e2α
J(ζ)

∑(
ŵα,ρ

(
dN(ζ)

dζ

)) (E.2)
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E.2. Derivatives of the Stress Intensity Factor

(3) With respect to h:

ˆM11,h = p̂1,h M̂12,h = p̂2,h

ˆM22,h = ν ˆM11,h +D,h

(
1− ν2

)
χ̂22 +D

(
1− ν2

)
χ̂22,h −

2λ,hq3v

λ3

(E.3)

E.1.2 shear stress resultant derivatives

(1) With respect to g:

Q̂1,g = p̂3,g

Q̂2,g =
D(1− ν)λ2

2

[
w2,g +

1

J(ζ)

∑(
w3,g

(
dN(ζ)

dζ

))
− J,g(ζ)

J2(ζ)
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w3

(
dN(ζ)
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))] (E.4)

(2) With respect to k:

Q̂1,ρ = p̂3,ρ

Q̂2,ρ =
D(1− ν)λ2

2

[
w2,ρ +

1

J(ζ)

∑(
w3,ρ

(
dN(ζ)
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))] (E.5)

(3) With respect to h:

Q̂1,h = ˆp3,h

Q̂2,h =
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[
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1
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w3,h

(
dN(ζ)

dζ

))] (E.6)

E.2 Derivatives of the Stress Intensity Factor

The derivatives of the stress intensity factor with respect to geometry variables Zg are given in

Sec.4.2.3. A similar approach was used for deriving the derivatives of SIF with respect to curvature

Zρ and thickness Zh. The formulations are given in this section.

For simplification, denote that Tκ = [1+ h
4
( 1
R1

+ 1
R2
)]−1 = [1+ h

4
(κ11+κ22)]

−1 and the corresponding
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derivatives Tκ,ρ = −
[
1 + h

4
(κ11 + κ22)

]−2 h
4
(κ11,ρ + κ22,ρ). The derivatives of the maximum SIF

can be found by:
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K3b
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(E.7)

similarly, the derivatives of Tκ is Tκ,h = ∂Tκ
∂h

= −
[
1 + h

4
(κ11 + κ22)

]−2 1
4
(κ11 + κ22), hence the

sensitivity of the maximum SIF with respect to the thickness is:
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(E.8)

where (),h represents the derivatives with respect to the thickness h. Once the sensitivity of the

individual SIF is obtained, the evaluation of the Keff can be performed using the same equations

given in Eq.4.30, 4.31.
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