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Abstract—Various supervised machine learning approaches
have been used in the past to assess the power system security
(also known as reliability). This is typically done by training a
classifier on a large number of operating points whose post-fault
status (stable or unstable) has been determined via time-domain
simulations. The output of this training process can be expressed
as a security rule that is used online to classify an operating point.
A critical, and little-studied aspect of these approaches is the
interpretability of the rules produced. The lack of interpretability
is a well-known issue of some machine learning approaches,
especially when dealing with difficult classification problems.
In the case of the security assessment of the power system,
which is a complex mission-critical task, interpretability is a key
requirement for the adoption and deployment by operators of
these approaches.

In this paper, for the first time, we explore the trade-off
between predictive accuracy and interpretability in the context
of power system security assessment. We begin by demonstrating
how Decision Trees (DTs) can be used to learn data-driven secu-
rity rules and use the tree depth as a measure for interpretability.
We leverage disjunctive programming to formulate novel train-
ing methods, capable of learning high-quality DTs while still
maintaining interpretability. In particular, we propose two new
approaches: (i) Optimal Classification Trees (OCT∗) is proposed
for training DTs of low-depth and (ii) Greedy Optimization-
based Tree (GOT) is proposed for training DTs of intermediate
depth, where the increased computational burden is managed by
exploiting the nested tree structure. We also demonstrate that the
ability to generate high-quality interpretable rules can actually
translate to impressive benefits in terms of training requirements.
Through case studies on the IEEE 68-bus system, we demonstrate
that the proposed methods can produce DTs of higher quality
compared to the state-of-the-art approach CART, also if the
DT was trained on a significant smaller database, resulting in
computational savings of 80 %. Given that generating a large
training database is a practical bottleneck in these data-driven
approaches, this is a significant breakthrough for real-world
application.

Index Terms—Machine Learning, Optimal Classification Trees,
Power Systems Operation, Security Rules, Dynamic Stability

NOMENCLATURE

Indices
i observation
j feature
m, k branch node
t terminal node
Sets
ΩB

k branch nodes of the look-ahead DT of node k
ΩE

k terminal nodes of the look-ahead DT of node k
ΩJ features
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ΩTk training observations following branch node k
ΩBL

k branch nodes of the DT following left branch of k
ΩBR

k branch nodes of the DT following right branch of k
ΩEL

k terminal nodes terminating the left branch of node k
ΩER

k terminal nodes terminating the right branch of k
ΩT training observations
ΩBC candidate branch nodes
ΩB branch nodes of the global DT
ΩE terminal nodes of the global DT
Parameters
L̂ base-line
CLm left child node of node m
CRm right child node of node m
Mr rth big-M value
N con

m maximum #features to combine linearly in m
Nmin minimal #observations in a terminal node
Pm parent node of branch node m
Ut class label of terminal node t
Xij normalized value of feature j and observation i
Yi class label of observation i
ε small value
ζTLk training error corresponding to the left branch of k
ζTRk training error corresponding to the right branch of k
Continuous Variables
ãjm contribution of feature j in the linear split of m
bm threshold of condition for branch node m
lt loss of the terminal node t
n1
t #observations with class label 1 in terminal node t
nAt #observations of all classes in terminal node t
Binary Variables
ajm 1, if branch node m splits feature j, 0 otherwise
dm 1, if branch node m is built, 0 otherwise
ft 1, if observations are in terminal node t, 0 otherwise
yt 1, if class 1 corresponds to node t, 0 otherwise
zti 1, if observation i is in terminal node t, 0 otherwise

I. INTRODUCTION

The increase in the complexity of the power system and
the massive integration of renewable power generation renders
critical the development of new operating tools to manage
the security of the system under uncertainty [1]. Given this
new reality, a new set of data-driven approaches have emerged
to assess the security of the system by deploying statistical
(machine) learning into a Monte Carlo framework.

The first step of these data-driven approaches is to fit a
statistical model to past historical operating data; the entire
procedure is illustrated in Fig. 1. Subsequently, a population
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Fig. 1: Data-driven work flow to learn security/reliability rules.

of potential operating points that may occur in the next
hours/days is sampled from this model. For each point, a
list of contingency scenarios are simulated and the post-
fault security is determined. Finally, the pre-fault variables
are used as features and the post-fault security as a label to
learn a classifier, such as a DT (the security rules), through
standard machine learning approaches [2]. The underlying idea
is that a Transmission System Operator (TSO) can execute
the described training procedure periodically and offline and
use the classifiers online to predict the post-fault security of
unseen operating points. Thus, the TSO can sample a very
large number of operating points that are likely to occur
and instantaneously predict the post-fault security of them
and can avoid time-consuming simulations for these operating
points. Such a security assessment can increase the situational
awareness [3] of the TSO and may allow operating closer
to the system’s physical limitations, thereby resulting in cost
savings in operation [4].

However, such a trend towards full automation of Dynamic
Security Assessment (DSA) is a new development in control
rooms. Operators that have relied on manual/visual situational
awareness for decades, which involved heuristic selections of
simulations and the derivation of heuristic rules from them,
have now to start ”trusting” this process to an automatic
algorithm. Due to the critical nature of the task at hand,
it is important that humans are still involved in the control
loop and can understand the rules with little inspection. Thus,
the ability to interpret and understand security rules is a
key requirement of these rules [2]. For this reason, most
researchers have studied the use of DTs (e.g., [5]–[9]), and
recently fine operating rules [10] as these classifiers offer a
high level of interpretability [11]. Some researches have also
focused on various other classifiers, such as neural networks
[2], deep learning [12], ensemble approaches [13]–[15], such
as random forests, or also on clustering approaches, such
as k-nearest neighbours [16]. These second set of various
classifiers result in better predictive performances, however,

they are typically less interpretable than DTs [11]. For instance
ensemble approaches (such as used in [14], [15]) are less
interpretable than DTs although they may consist out of DTs
themselves. An ensemble of DTs is less interpretable than
single DTs as the corresponding DTs may overlap and their
classification output may even be in contradiction to each
other, as then, the average votes of these DTs are taken as
a final classification output; this voting process is not very
interpretable.

As mentioned, interpretability is a key requirement of
data-driven security assessments as it ensures the ability to
understand how a classifier predicts a particular operating point
[2], as such, the idea is to learn classifiers that are both,
interpretable and accurate in their predictions. This balance
was recently investigated by using fine operation rules in [10]
and critical flowgates, which were learned from experts knowl-
edge. To learn DTs with high predictive performance and high
interpretability requires to balance/trade-off the depth of the
DT. Whereas the interpretability decreases with the DT depth,
the predictive performance increases (when underfitting) up to
a maximal first, and then, decreases again (when overfitting).
In this paper, we will show how this trade-off can be improved
by using optimization-based learning.

In the majority of the literature, DTs are learned using the
Classification and Regression Tree approach (CART) [17]; a
forward-selection approach that sequentially grows the DT by
making step-wise local decisions based on impurity measures
from information theory. In each step, the feature space is
split into two half-spaces without considering the impact of
future splits in the DT. Consequently, strong split combinations
might be hidden behind weak splits. Although CART is one
of the most popular algorithms in machine learning due to
its speed and scalability, this forward-selection and step-wise
nature is the shortcoming of CART and similar approaches
and might lead to DTs that do not capture the underlying
characteristics of the data well. Researchers have tried to
address this shortcoming by either pruning the DT [18] or
using lookahead heuristics during DT-learning, such as ID3-k
(Iterative Dichotomiser 3) [19]. Lookahead heuristics consider
the optimization of deeper DTs instead of a single split
and thus, might produce better splits [20]. However, the so-
called lookahead pathology of DTs suggests that an increase
in lookahead-levels would rather reduce than improve the
predictive performance [21]. Several other approaches exist
to infer the complete DT in a single step, including the use of
mathematical optimization (e.g. by using stochastic gradient
descent [22]). Recently, researchers have deployed mixed-
integer optimization to learn an OCT in order to account for
the underlying nature of the DT problem: a series of discrete
decisions [23]. The shortcoming of OCT is the computational
limitation with respect to large DTs. However, as outlined,
when using the DT for the security assessment of a power
system, shallow, and therefore interpretable DTs are preferred.

A. Contributions

For the first time, we explore the trade-off between predic-
tive accuracy and interpretability. We propose the application
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of two optimization-based approaches to learning a DT for the
security assessment of power systems, which fulfil different
requirements in the interpretability of these machine learning
based approaches. These two approaches, OCT∗ and GOT,
aim for different DT depths, thus they are not used at the
same time. One of the two approaches is selected beforehand
depending on the user-specified interpretability in terms of
maximal DT depth. Both approaches aim to better trade-
off interpretability and predictive performance and provide a
highly flexible splitting scheme to learn various DT structures.
These include single-variate or multivariate conditions. The
first approach OCT∗ improves OCT and the second approach
GOT deploys sequentially a variation of the OCT∗ approach
on subsets of the DT structure. We improve the OCT approach
[23] in changing the model of branching conditions. We com-
pute smaller Big-M values and apply disjunctive programming
[24]. Smaller Big-M values reduce the feasible region, the
search space of the optimization algorithm and in combination
with disjunctive programming, these changes enable solvers
to make use of branch-and-bound search more effectively in
order to achieve superior computational performance. These
changes are part of recent algorithmic developments, such as in
[25]. Our resulting OCT∗ approach is suitable for shallow DTs
with very small DT depths. For intermediate DT depths, we
propose the second, lookahead-based approach GOT, where
a variation of OCT∗ is sequentially applied on subsets of
the DT structure. This approach selects heuristically a subset
of the DT structure (’looking ahead in the DT structure’),
learns locally optimal parameters that describe this subset by
applying OCT∗ while fixing the parts of the structure that have
been already learned. In this heuristic search, all possible DT
structures are taken as candidates and individually optimized,
afterwards the best is selected, which is considered as the local
optimal structure.

To study the proposed approaches, an IEEE 68-bus case
study is used. First, we show that the existing OCT approach
results in a weak computational performance and, subse-
quently, how our approaches OCT∗ and GOT address this
issue. We then show the inflexibility in the splitting scheme
of CART and how the splitting scheme of optimization-based
DTs is more flexible and can be used to better capture the
underlying characteristic of the data. We continue by studying
the predictive performance of the optimization-based DTs and
compare it to CART. Moreover, we discuss how much the
training database size can be reduced when moving from
CART to optimization-based DTs. Lastly, the interpretability
in terms of DT depth is discussed as well as the scalability
to large grids and the limitations of the optimization-based
approaches.

The rest of the paper is structured as follows. In Section II,
we present the OCT∗ approach, focusing on the improvements
that we have made. Thereafter, in Section III, the approach to
learn a GOT is introduced. Subsequently, the case study is
presented in Section IV. Finally, Section V is the conclusion.

II. OPTIMAL CLASSIFICATION TREES

We have improved the OCT approach [23] by adjusting
the way branch node conditions are modelled. We refer to

the original approach as OCT and our adjusted approach will
be referenced as OCT∗. Furthermore, we distinguish between
single and multivariate conditions by using (S) and (M),
respectively. We start by showing the OCT(S) approach.

A. Current state-of-the-art OCT(S) approach

min
1

L̂

∑
t∈ΩE

lt + α
∑
m∈ΩB

dm (1a)

s.t.
∑
j∈ΩJ

ajm = dm ∀m ∈ ΩB (1b)

dm ≤ dPm ∀m ∈ ΩB\{1} (1c)

0 ≤ bm ≤ dm ∀m ∈ ΩB (1d)

aᵀmXi ≤ bm +M1(1− zti) ∀i ∈ ΩT ,

∀m ∈ ΩB , ∀t ∈ ΩEL
m (1e)

aᵀmXi ≥ bm + ε−M2(1− zti) ∀i ∈ ΩT ,

∀m ∈ ΩB , ∀t ∈ ΩER
m (1f)∑

t∈ΩE

zti = 1 ∀i ∈ ΩT (1g)∑
i∈ΩT

zti ≤ ft ∀t ∈ ΩE (1h)∑
i∈ΩT

zti ≥ Nminft ∀t ∈ ΩE (1i)

n1
t =

∑
i∈ΩT

Yizti ∀t ∈ ΩE (1j)

nAt =
∑
i∈ΩT

zti ∀t ∈ ΩE (1k)

lt ≥ nAt − n1
t −M3(1− yt) ∀t ∈ ΩE (1l)

lt ≥ n1
t −M3yt ∀t ∈ ΩE (1m)

lt ≤ nAt − n1
t +M3yt ∀t ∈ ΩE (1n)

lt ≤ n1
t +M3(1− yt) ∀t ∈ ΩE (1o)

The optimization with the objective function Eq. (1a) aims to
maximize the predictive performance of the classifier (in terms
of test accuracy). As such, the objective function balances
training error and model complexity. The training error is
expressed as the losses lt across all terminal nodes t, which is
normalized to the base-line misclassification training accuracy
L̂. L̂ is computed by predicting the most popular class of
the training observations ΩT and computing the number of
misclassified observations. The model complexity is expressed
as the number of branch nodes built. This second term is
also called regularization term in order to regulate the model
complexity and to avoid over-fitting. In due course of the
MILP optimization procedure, these terms are minimized and
the procedure stops either if a user-specified stopping criterion
applies (such as restricting the solver time) or if a globally
optimal solution is found. The constraints Eqs. (1b) - (1f)
are for the branch conditions, Eq. (1g) to ensure the unique
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mapping of observations to terminal nodes and Eqs. (1h) - (1o)
are for the terminal nodes. The losses lt of the corresponding
terminal nodes are calculated in the optimization as they
are optimization variables. These losses are computed in
the inequality constraints Eqs. (1l) - (1o), which are big-M
constraints and, as such, each constraint models two different
equality constraints dependent on the binary variable yt.

Eqs. (1e) and (1f) are the constraints we will modify in
Section II-B. Eq. (1e) corresponds to the case if the node
t ∈ ΩEL

m terminates in the left branch of m and Eq. (1f) to
the case if node t ∈ ΩER

m terminates in the right branch of
m. Xi is the normalized feature vector of observation i, M1

and M2 are big-M values. Binary decision variables are the
vector aᵀm to denote which feature j is selected for the split
in branch node m and zti to denote if the observation i lies in
terminal node t. The threshold of the split that corresponds to
m is bm. The final learned security/reliability rules are defined
by aᵀm and bm.

The downside of Eqs. (1e) and (1f) is their implication on
the computational complexity of the resulting MILP. They
encode a high number of constraints and a large feasible
region. The number of constraints might be high as the
problem grows linearly with the number of branch nodes
m, the number of terminal nodes t and with the number of
observations i. The size of the feasible region might be large
as it is sensitive to the selection of the big-M values M1 and
M2. The higher the big-M values, the greater the feasible
region. Consequently, small big-M values are preferred as
has been recognized in [23]. As such, they were selected
at M1 = 1 and M2 = 1 as all variables are bounded in
[0, 1]. However, as illustrated in Fig. 2, the bounds of the
threshold bm can be smaller than [0, 1] and, consequently, the
feasible region of the constraints Eqs. (1e) and (1f) may be
overestimated. The scale of this overestimation depends on
the selection of the minimal number of observations in each
terminal node Nmin and on the distribution of observations.

B. Proposed OCT∗(S) approach
To address the downside described above we have replaced

Eqs. (1e) and (1f) with our constraints

aᵀmXi ≤ bm
+M1

i (1−
∑

t∈Ω
EL
m

zti) ∀i ∈ ΩT , ∀m ∈ ΩB (2a)

aᵀmXi ≥ bm + ε

−M2
i (1−

∑
t∈Ω

ER
m

zti) ∀i ∈ ΩT , ∀m ∈ ΩB (2b)

where we have made the following two changes:
a) Disjunctive formulation: In Eqs. (1e) and (1f), the

branch condition is individually accounted as one constraint
for each terminal node t, whereas in our Eqs. (2a) and (2b)
a single disjunction is used across all nodes that terminate
the branches. This disjunctive formulation reduces the number
of constraints; in contrast, the individual constraint involves
more variables and a reduction of computational complexity
cannot immediately be concluded and is tested in the case
study section.
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Fig. 2: Feasible region of the threshold variable bm considering when
Nmin = 4 minimal observations in each terminal node. Nmin includes
both, stable ( ) and unstable ( ) observations. (a) corresponds to a split in
feature j = 1 and (b) to a split in feature j = 2.

b) Optimal big-M values: The big-M values are gen-
eralized to the value of 1 in Eqs. (1e) and (1f), resulting in
over-estimations of the feasible region of the constraints. In
Eqs. (2a) and (2b) optimal big-M values are used for each
observation i. To compute these optimal big-M values, we
start by sorting the values of the feature matrix for each feature
j, where X (u)

j is the uth largest value in the jth feature.
Subsequently, as illustrated in Fig. 2, we can compute bounds
for the variable bm as min{X (|ΩT |−Nmin)

j | ∀j ∈ ΩJ} ≤ bm ≤
max{X (Nmin)

j | ∀j ∈ ΩJ}, in which the symbol | · | denotes
to the cardinality of the set. Note that the upper bound can
also be used to tighten the bounding of the variable itself

0 ≤ bm ≤ max{X (Nmin)
j | ∀j ∈ ΩJ} dm ∀m ∈ ΩB . (3)

The lower bound cannot be used as the underlying logic
requires that bm can be zero. Subsequently, we realize that the
minimum and maximum values of the left-hand side of Eqs.
(2a) and (2b) for each observation i are min{Xij | ∀j ∈ ΩJ}
and max{Xij | ∀j ∈ ΩJ}, respectively. Based on the tight
bounds of bm and the left-hand sides of Eqs. (2a) and (2b),
we can compute the optimal big-M values, which are used in
our Eqs. (2a) and (2b) as

M1
i = max{Xij | ∀j ∈ ΩJ}

−min{X (|ΩT |−Nmin)
j | ∀j ∈ ΩJ} ∀i ∈ ΩT (4a)

M2
i = min{Xij | ∀j ∈ ΩJ}

−max{X (Nmin)
j | ∀j ∈ ΩJ} − ε ∀i ∈ ΩT . (4b)

C. Flexibility through multivariate conditions (M)

A few adjustments must be made when extending to multi-
variate conditions OCT∗(M). To allow for a maximum number
of features N con

m > 1 in the split of node m, the inequality
constraint ∑

j∈ΩJ

ajm ≤ N con
m dm, ∀m ∈ ΩB

(5)

is used to replace Eq. (1b). Further, as we are moving from
a single-variate splitting scheme to a linear (multivariate)
splitting scheme, the continuous variable −1 ≤ ãjm ≤ 1 is
introduced to indicate the level of contribution of each feature
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j in the linear combination of the split corresponding to m.
As the level of contribution ãjm must be zero if ajm is zero,
we use

− ajm ≤ ãjm ≤ ajm ∀j ∈ ΩJ , ∀m ∈ ΩB . (6)

Finally, we replace Eq. (2a) and Eq. (2b) with

ãᵀmXi ≤ bm +M1
i (1−

∑
t∈Ω

EL
m

zti) ∀i, ∀m ∈ ΩB (7a)

ãᵀmXi ≥ bm + ε−M2
i (1−

∑
t∈Ω

ER
m

zti) ∀i, ∀m ∈ ΩB (7b)

where the linear combination of the contributions ãjm is used.

III. GREEDY OPTIMIZATION-BASED TREE (GOT)
We present the multivariate GOT(M) as it generalizes to the

single-variate case GOT(S). The principle idea of GOT(M)
is to sequentially grow the DT in a top-down fashion, as
most of the DT-learning approaches do. However, there are
two main differences between GOT(M) and most of the DT-
learning approaches. (i) GOT(M) can account for a subset of
the tree structure in each sequence, whereas other approaches
account only for the single splits in each sequence. (ii) The
GOT(M) approach uses optimization, a variation of OCT∗(M),
to infer the split conditions, other approaches use metrics from
information theory to make local split decisions, such as in
CART. The sequence that the GOT(M) approach performs is
illustrated in Fig. 3. Step 0 is to initialize, Step 1 to solve a
set of optimizations, each for one candidate split of a single
branch node, Step 2 to select the best candidate and Step 3 is
the stopping condition of the approach. Each step is described
in more detail as follows.

Step 0: Initialize
We start by initializing global sets that overspan the whole

DT growing procedure. The symbol is used to indicate that
a set is global. We initialize the set of candidate branch nodes
ΩBC = {1}. The rest of the sets describing the global DT
structure, ΩB = {} and ΩT = {}, are initially empty. Further,
the training set ΩT1 = ΩT of the first branch node k = 1
contains all available training observations.

Step 1: Solve optimizations
In Step 1, a set of optimizations is solved to decide on

the branching condition of one candidate branch node k ∈
ΩBC . As GOT(M) decides on k by accounting for the DT
structure that surrounds k, the optimizations consider each a
different DT structure. The considered DT structure is user-
defined in terms of number of levels to ’look ahead’ into the
DT depth. Dependent on the number of levels to ’look ahead’,
the optimizations account for a set of branching nodes ΩB

k and
terminal nodes ΩE

k . Across the optimizations, we are varying
the combination of class labels Ut of the terminal nodes t ∈
ΩE

k . E.g., if the user decides that GOT(M) may look one level
ahead, the static DT structure is described by the sets ΩB

k =
{k,m1,m2}, ΩE

k = {t1, t2, t3, t4}, ΩEL

k = {t1, t2}, ΩER

k =
{t3, t4}, ΩEL

m1 = {t1}, ΩER
m1 = {t2}, ΩEL

m2 = {t3} and ΩER
m2 =

{t4}. Each possible combination of the parameter Ut must
be considered in separate optimizations, except Ut1 6= Ut2

and Ut3 6= Ut4, resulting, in this case, in 4 optimizations.
These combinations are exempt as two neighboring terminal
nodes would not entail the same class at the same time. Each
optimization is formulated as follows

min
∑
i∈ΩT

k

∑
t∈ΩE

k

(Yi + Ut − 2YiUt)zti (8a)

s.t.
∑
j

ajm = N con
m ∀m ∈ ΩB

k (8b)

− ajm ≤ ãjm ≤ ajm ∀j ∈ ΩJ ,∀m ∈ ΩB
k (8c)∑

t∈ΩE
k

zti = 1 ∀i ∈ ΩTk (8d)

ãᵀmXi ≤ bm
+M1

i (1−
∑

t∈Ω
EL
m

zti) ∀i ∈ ΩTk ,∀m ∈ ΩB
k (8e)

ãᵀmXi ≥ bm + ε

−M2
i (1−

∑
t∈Ω

ER
m

zti) ∀i ∈ ΩTk ,∀m ∈ ΩB
k (8f)

where ΩE
m = ΩEL

m ∪ΩER
m . The objective function Eq. (8a) is

the training error across all training observations in ΩTk . Most
of the constraints have been explained in Section II; however, it
is worth mentioning that Eq. (8b) is here an equality constraint
and the set ΩTk is specific for the branch node k, which is
discussed further in Step 3.

Step 2: Select the best structure
After solving all optimizations, the best DT structure that

surrounds the branch node condition k and the best combi-
nation of Ut is selected by comparing the objective values,
the training error, across the optimizations. The structure with
the lowest objective value is selected. We use the result of the
winning optimization and store the corresponding vectors ajk,
ãjk, Ut and the scalar value bk for the global DT. As we have
assessed k as a candidate branch node we can add k to the
global branch nodes ΩB ← ΩB ∪{k} and remove it from the
candidates ΩBC ← ΩBC \ {k}.
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Step 3: Continue growing DT?
In Step 3, the performance of the direct child nodes of

the winning DT structure is analyzed and it is determined,
as illustrated in Fig. 3, if the approach terminates in their
corresponding branches. To analyze the performance of the
child nodes, we start by computing their shares of the training
error

ζTkL
=
∑
i∈ΩT

k

∑
t∈Ω

EL
k

(Yi + Ut − 2YiUt)zti (9a)

ζTkR
=
∑
i∈ΩT

k

∑
t∈Ω

ER
k

(Yi + Ut − 2YiUt)zti. (9b)

Subsequently, if k > 1 we compare this training error to the
training error of the parent node Pk. If the training error in
the left branch has reduced ζTLk < ζTLPk

, then we continue
growing the DT. This decision involves to adding the child
node to the candidates ΩBC ← ΩBC ∪ {CLk } and computing
the training set ΩTCLk

= {i ∈ ΩTk | zti = 1 ∧ t ∈ ΩEL

k }.
However, if ζTLk ≥ ζTLPk

, the DT-growing terminates in this
branch. This condition is one of the rules to stop growing the
DT. The second condition to stop growing the DT is if the user-
specified maximal DT depth is reached. In case of stopping
DT growth, the sets of the DT structure in this branch, ΩBL

k

and ΩEL

k , are added to the global sets ΩB ← ΩB ∪ ΩBL

k and
ΩT ← ΩT ∪ ΩEL

k , respectively. Accordingly, we perform the
equivalent logic for the right child CRk : if ζTRk < ζTRPk

than
update ΩBC and ΩTCRk

else if ζTRk ≥ ζTRPk
than update ΩB and

ΩT . Finally, if ΩBC 6= ∅, than we continue with Step 1 to
assess the next candidate branch node. If no candidates are
left ΩBC = ∅, the approach terminates and the global DT
structure is defined by the sets ΩB , ΩT and the parameters
ajm, ãjm and bm ∀m ∈ ΩB and Ut ∀t ∈ ΩT .

In terms of convergence of the GOT(M) approach, the DT
is grown further iff a child reduces the training error by
predicting at least one more training observation i ∈ ΩT

correct (note the strict conditions ζTLk < ζTLPk
and ζTRk < ζTRPk

).
Given this and the definiteness of the size of the training
dataset |ΩT | ∈ N, the training error decreases with further
progression of growing the DT, converging to zero if no other
stopping criterion holds before (such as maximal DT depth).
Therefore, the GOT(M) approach is guaranteed to converge.

IV. CASE STUDY

With the use of the IEEE 68-bus system, we compare
both optimization-based approaches OCT∗ and GOT against
CART in terms of computational performance, flexibility in
the splitting scheme, predictive performance, training database
sizes, the interpretability, the computational capability for large
systems, and finally a discussion of the limitations.

A. Test system and assumptions

The IEEE 68-bus system was used and all data was taken
from [26]. A set of 9000 observations was sampled, where
each observation described a steady-state operation of the sys-
tem under AC assumptions. The 235 features, which described

the steady-state of each observation i, were the active and
reactive power injections (generation and load), the voltages,
and the phase angles of each bus which were compressed to
Xij . The transient stabilities of three-phase faults on a set of 22
lines were simulated in the time-domain for all of the steady-
state observations. If the phase angles and internal voltages
of all generators remained within the corresponding operating
limits for the considered simulation time interval, the steady-
state observation i was assumed stable (Yic = 1), otherwise,
unstable (Yic = 0) for the line contingency c. Note, we have
added the index c to Yic in order to denote that we have used
22 different labels for each observation i.

In order to create steady-state observations with high vari-
ability, the active load observations were drawn from a multi-
variate Gaussian distribution and a Pearson’s correlation coef-
ficient of 0.75 was used between all load pairs. Subsequently,
the loads were converted to a marginal Kumaraswamy(1.6,
2.8) distribution by making use of the inverse transformation
method, then scaled to be within ±50 % of the nominal active
loads. The reactive loads were scaled from the nominal value
by assuming constant impedances at the buses. The shares of
the active power of all generators were uniformly distributed,
then normalized with respect to their capacity-sharing ratio.
The reactive powers were distributed in the same way. Finally,
to achieve feasibility of each observation and to constrain
the power factors within [0.75, 1], an optimization was solved
accounting for the AC network model. The objective function
was the minimization of all absolute deviations from the active
and reactive power shares, and loads were parameters. To solve
these nonlinear optimizations, IPOPT 3.12.4 [27] was used.
In the resulting 22 datasets, the ratio of stable to unstable
observations was between 36 % and 69 % with 52 % as mean.

The data was pre-processed by applying a feature selection
step to reduce the computational complexity for the discussed
DT approaches. The top 2 (or 4) features for each dataset were
selected based on their gini importance, the normalized total
reduction of the gini impurity (computed by using CART).

To study the DT learning approaches, the training/testing
split was 70 %/30 % in all studies. The training and testing
populations were drawn from the same probability distribution.
Changes in the probability distributions between training and
testing were not considered. Also, one DT model of the
corresponding learning approaches must be learned for each
of the 22 datasets.

To study CART [17] we used the package scikit-klearn
0.18.1 [28] in Python 3.5.2. The most of the hyperparameters
and settings were used from the default settings of scikit-
klearn, such as the minimization of gini impurity, choosing
the best split, minimal observations to split an internal node
was 2, all features were used when looking for the best split,
the minimal decrease in gini impurity that a node splits was
0, no class weights were used and the data was not presorted.
The hyperparameters that were varied as part of our study
were the DT depth and the minimal number of observations
per terminal node Nmin. In the OCT [23] and our proposed
OCT∗ approach, we set the hyperparameter α = 0, as we
were directly controlling the model complexity by limiting
the maximum DT depth. Furthermore, the hyperparameter
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TABLE I: Computational impact of our improvements to OCT. The compu-
tational times is an average across learning 10 DTs of the same dataset.

Approach #constraints
#continuous #binary

solver time
variables variables

OCT(S) 10957 20 3377 94(50) s

OCT(S) + disjuncts 9277 20 3377 77(38) s

OCT(S)+ big-M 10957 20 3377 69(14) s

OCT∗(S) 9277 20 3377 63(19) s

TABLE II: Comparison of the average computational times across all 22
datasets of all DT learning approaches for learning the DT (pure solver time
of optimization-based approaches) and predicting an observation.

Approach OCT(S) OCT∗(S)
GOT(S) GOT(S)

CART
look-ahead 0 look-ahead 1

DT learning 517(403) s 306(237) s 7(1) s 172(92) s < 1 s

Prediction < 0.1 s < 0.1 s < 0.1 s < 0.1 s < 0.1 s

ε = 0.001 in GOT, OCT, and OCT∗ and all MILPs were
implemented using the package Pyomo 5.2 [29] in Python
3.5.2. CPLEX 12.7 was used to solve the MILPs, all to global
optimality, on a standard desktop machine. Thus, in the OCT
and OCT∗ approaches, it was guaranteed that the best DT
subject to the specification of the optimization problems was
found.

B. Computational performance of learning a DT

The computational performance of using a DT for testing
(predicting an observation) was negligible and similar for
different DT approaches. Thus, the following two studies
focused on the computational performance of the DT learning
procedure when using different approaches.

The first study focused on the computational performances
of OCT∗(S) and OCT(S). The problem investigated involved
|ΩT | = 840 training observations of one contingency c and
was reduced to account for the 2 features with the highest
gini importance. The minimal number of observations cor-
responding to each terminal node was Nmin = 10 and the
maximum DT depth was D = 2. Subsequently, 10 different
training/testing set combinations were analyzed, as such, 10
different DTs were computed for each approach. To show
the effectiveness of both our changes, (i) the disjunctive
reformulation and (ii) the optimal calculation of big-M values,
the pure solver times were computed individually based on
these changes. The results are summarized in Table I. Whereas
the computational complexity in terms of the number of
constraints reduced from OCT(S) to OCT∗(S), the number
of variables did not decrease. In terms of solver time, each
of the changes that we made to OCT(S) resulted individually
in reductions. When applying both changes at the same time,
an average-absolute reduction of 31 s (from 94 s to 63 s), a
relative reduction of 33 %, was obtained.

In a second study, the computational performance of all
discussed approaches was analyzed. The complexity of the
problem was slightly changed: the top 4 features, |ΩT | = 560
training observations and Nmin = 10 were used. The max-
imum DT depth was D = 2 in OCT(S) and OCT∗(S) and
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Fig. 4: Flexibility of splitting schemes in the domain of active generator
powers P6 and P7 for contingency on the line connecting buses 23 and 24.
The schemes were learned by CART ( ), OCT∗(S) ( ) and OCT∗(M) ( ).
Stable ( ) and unstable ( ) observations (training and testing) are shown.

D = 5 in GOT(S), as GOT(S) is to be used in intermediate
DT depths. The computational time was computed across
all 22 datasets, 10 times each, each time with different sets
of training and testing observations (220 DTs in total). The
computational times were exclusively the pure solver times
(in GOT(S), the total across all optimizations). The mean and
standard deviations of the computational times are reported
in Table II. As before, the OCT∗(S) outperformed OCT(S),
in this study by a relative reduction in computational time
of 41 %. The results of GOT(S) with looking ahead 0 and 1
level into the DT were 7(1) s and 172(92) s, respectively. In
terms of the time to predict an observation, as mentioned, this
time is low for all DTs. There are no significant differences
in the approaches, as it is in all DT approaches a matter of
implementation and, in the end, a simple check of a set of
linear logical conditions. Recall, Table II presents the mean
of 220 DTs, computed across very different datasets, which
explains the high standard deviation.

C. Flexibility in the splitting scheme

Optimization-based DTs allow, in a straightforward manner,
for multivariate splits OCT∗(M), which increases the flexibility
in the splitting scheme. To illustrate the importance of this
flexibility, the dataset of 800 observations is visualized in Fig.
4, where the binary label of transient stability was the one from
the line connecting buses 23 and 24, the same as analyzed
before in the first study of Section IV-B. The two features
identified with highest gini importance P6 and P7 were active
powers of generators, and the DT learning approaches CART,
OCT∗(S) and OCT∗(M) were constrained to use only these
features, along with Nmin = 10 and |ΩT | = 560, as before.
Whereas CART and OCT∗(S) allow for single-variate splits,
OCT∗(M) allows for multivariate splits (here in two features).
To compensate for this difference in the number of variants
to-split-in, the approaches were constrained to different tree
depths D: CART and OCT∗(S) to D = 2 and OCT∗(M) to
D = 1. In CART and other tree learning algorithms, strong
split combinations might be hidden behind weak splits, as
mentioned in Section I. In this example, CART and OCT∗(S)
found different split combinations. Whereas the initial branch
node in CART always branched in P6, OCT∗(S) always
branched in P7. In other words, CART was not able to identify
that a better split combination might exist, which OCT∗(S)



ACCEPTED TO TRANSACTIONS ON POWER SYSTEMS, APRIL 2019 8

identified. However, it can be seen in Fig. 4 that OCT∗(M) can
best capture the underlying characteristics of the data, which
is also verified by the corresponding predictive performances
of these DTs. Based on 240 testing observations, the testing
accuracies were at 89 %, 91 % and 95 % for CART, OCT∗(S)
and OCT∗(M), respectively.

D. Predictive performance

To test the predictive performance, two studies with differ-
ent maximum DT depths were performed. The test accuracy,
F1 score, precision, and recall were computed.

In an initial study, GOT(S) and OCT∗(S) were compared
against CART by using a maximum DT depth of D = 2. The
GOT(S) approach was applied in two different variations, with
looking zero levels and one level into the DT, respectively.
Note that the look-ahead 1 variation is a decomposition of the
OCT∗(S) problem if D = 2. For each dataset 10 DTs were
computed using |ΩT | = 560, Nmin = 1 and the top 4 features.
All metrics were computed for all datasets and all DTs. Each
of the resulting 220 DTs was assessed with a different testset
containing 240 observations. Their means and standard devia-
tions are reported in Table III. The test accuracies showed an
absolute difference of 1 % when using OCT∗(S) over CART,
which was also the result of the study in [23]. This absolute
difference varied between −0.42 % and 6.2 % meaning that in
some cases, the improvement was significant. In addition, the
absolute number of wins were computed. The optimization-
based DTs had 21 times (out of the 22 datasets) the highest
test accuracy, therefore, won 21 times. The precision of the
optimization-based DTs was lower than CART and in terms
of recall, the OCT∗(S) approach significantly outperformed
CART by an average of 3 %. The F1 score showed an
improvement of 1 % of OCT∗(S) over CART. In this study,
which was on a low DT depth of D = 2, OCT∗(S) did in-
average outperform CART and GOT(S) did not outperform in-
average CART. This was expected, as we proposed OCT∗(S)
for low DT depths and GOT(S) for intermediate DT depths,
therefore, we continued with a study on these DT depths as
follows. There were also cases where GOT(S) outperformed
OCT∗(S), which was caused by the fact that the training
error was minimized in the two of the approaches rather than
optimizing for one of the testing metrics, which were used
for comparing the approaches. As OCT∗(S) considers more
possible DT structures, the training errors are always lower
or equal than in the GOT(S) approaches. However, a lower
training error of OCT∗(S) did not necessarily imply that the
test metrics were also higher. This cannot be implied as the
testing metrics and the training accuracy refer to different
populations of observations, the training dataset and the testing
dataset, respectively.

In a second study, a maximum DT depth of D = 5 was
used. GOT(S) and CART DTs were compared; OCT∗(S) was
not included in this study as it did not lead to promising results
within reasonable solver-times (in the order of hours) as the
duality gap was not sufficiently small. This was expected as
OCT∗(S) is to be used for very low DT depths, such as 1, 2
or 3 and GOT(S) is for intermediate DT depths, such as 4,

TABLE III: Average predictive performance of DTs with depth D = 2 learned
by CART, GOT(S) and OCT∗(S) approaches across all 22 datasets.

Approach CART
GOT(S) GOT(S)

OCT∗(S)
look-ahead 0 look-ahead 1

#wins out of 22 1 6 10 5
Test accuracy 90.1(5) % 90.7(4) % 91.2(4) % 91.1(4) %

Precision 90.5(5) % 90.7(5) % 88.2(6) % 89.3(6) %

Recall 89.2(7) % 89.1(7) % 90.9(6) % 92.1(5) %

F1 score 89.6(6) % 89.7(6) % 89.4(6) % 90.6(5) %

TABLE IV: Average predictive performance of DTs with maximum depth
D = 5 learned by CART and GOT(S) approaches across all 22 datasets.

Approach CART
GOT(S) GOT(S)

look-ahead 0 look-ahead 1

#wins out of 22 0 6 16
Test accuracy 90.8(4) % 91.3(4) % 91.8(4) %

Precision 90.2(5) % 93.6(3) % 91.1(4) %

Recall 91.0(5) % 88.0(8) % 92.1(5) %

F1 score 90.6(5) % 90.5(5) % 91.5(5) %

5, . . . . The results, presented in Table IV, showed that both
GOT(S) cases, with 0 and 1 look-ahead levels outperformed
CART by 1 % in terms of test accuracy. In terms of precision
and recall, GOT(S) look-ahead 1 showed a slight improvement
(over CART) of 1 % and GOT(S) look-ahead 0 showed an
improvement in precision and decline in the recall. In terms
of F1 score, only GOT(S) look-ahead 1 outperformed CART
by 1 %. In conclusion of both studies, OCT∗(S) and GOT(S)
had better predictive performances than CART, for small and
intermediate DT depths, respectively.

E. Size of the training database

In this study, we evaluated the impact on the size of
the training database. We computed how many observations
would be needed to learn a DT with CART that had the
same predictive performance as an optimization-based DT. The
rationale was that this difference in training database sizes
informed how much simulation data could be saved when
moving from CART to OCT∗(S) or GOT(S). This comparison
was done for all contingencies and one of them was selected to
illustrate the procedure in Fig. 5. For the data corresponding
to the contingency on the line connecting buses 24 and 25,
the test accuracy was computed when using different sizes of
the training database |ΩT | = 500, 600, . . . 6000. This range
was reasonable to study as, for example, the study in [9] used
7160 observations. Note, as before, that each point was an
average of 10 different training/test data combinations. Then
a standard linear regression curve was fitted to this average test
accuracy by minimizing the mean squared error. Subsequently,
the test accuracy of OCT∗(S) was used to interpolate on this
fitted curve. This interpolated value was an estimate of the
required training database size when learning a CART DT
with similar test accuracy. In the contingency that was used
in Fig. 5 the reduction was estimated to be from 3650 to 560
observations, such the training database size was reduced by
85 %. When all 22 contingencies were analyzed in the same
way, the outcome was: (i) In 10 contingencies, the increase
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Fig. 5: Less data is required when learning an OCT∗(S) ( ) instead of
CART DTs ( ). CART DTs have been learned for different training database
sizes |ΩT |. By using a linear regression curve( ), the CART DT ( ) with
equivalent test accuracy T has been identified. Each data point corresponds
to the average of 10 DTs learned with different observations.

in the training database size (of up to |ΩT | = 6000) did
not lead to improvements in the test accuracy: the slope of
the fitted curve was nearly zero or even negative. (ii) In 9
contingencies, an estimation would have required extrapolation
from the CART data of |ΩT | � 6000. These cases were
not included as they resulted in very high and unrealistic
estimates. (iii) In the remaining 3 contingencies, the mean
of the interpolation was 2898 observations. This last outcome
in (iii) corresponded to an average reduction of 80 % training
observations.

F. Interpretability

To evaluate the impact on the interpretability when using
optimization-based DTs we compared the interpretability of
our OCT∗(S) DTs to the corresponding DTs from CART with
different DT depths for all the 22 contingencies. The result
and the procedure-used are presented in Fig. 6 for a single
contingency on the line connecting buses 28 and 29. For both
GOT(S) and CART approaches the maximum DT depth was
varied within D = 1, 2, . . . 9 and the average test accuracy
was computed using 10 combinations of training and testing
set. Note, the actual DT depth could have been smaller, as
stopping criteria were applied during DT growth. As before
|ΩT | = 560 training and 240 testing observations were used.
The DT with the desired trade-off between predictive accuracy
and interpretability was selected to be at a depth of D = 2.
Subsequently, the optimal OCT∗(S) DT corresponding to this
trade-off was learned. Then, the CART DT with minimal
average actual depth and higher testing accuracy than the
OCT∗(S) DT was found. E.g., in Fig. 6 this was at D = 6.
This was also the point with highest predictive accuracy for
CART. In this study, no interpolation techniques were applied
as the curve shape varied from contingency to contingency.
The curve shape varied as it involved different impacts of
the under- and overfitting problem (e.g., in Fig. 6 D < 6
and D > 6 correspond to underfitting and overfitting, re-
spectively). As mentioned, this procedure was repeated for
all 22 contingencies: (i) In 6 contingencies, CART did not
reach the same test accuracy as OCT∗(S) across all studied
depths. (ii) In the remaining 16 DTs, an average DT depth
of the equivalent CART was estimated at 3.56, consequently,
the average reduction in DT depth from CART to OCT∗(S)
was 1.56. To further provide information on the gain in
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Fig. 6: Higher interpretability (smaller maximal DT depth D) of DTs at the
same test accuracy T when using optimization-based DTs (OCT∗(S) ) over
CART DTs ( ). GOT(S) ( ) with zero lookahead-level is also shown as a
reference. Each data point corresponds to the average of 10 different DTs.

TABLE V: Estimation of the computational capability (offline) for the DSA
of a large system.

Case study IEEE 68-bus system French power system
Approach CART OCT∗(S) CART OCT∗(S)

Simulation time per observation 0.2 s 57 s [9]
Required observations 2900 560 2900 560

Computational time of simulations 580 s 112 s 165 300 s 31 920 s

Time to learn DT with D = 2 1 s 306 s 1 s 306 s

Total 581 s 418 s 165 300 s 32 226 s

interpretability, the average reduction in terminal nodes was
computed across all 16 contingencies to be 12.5. In other
words, whereas OCT∗(S) partitioned the feature space into
4 regions, CART required 16.5 to achieve the same testing
accuracy.

G. Computational capability for large systems

To roughly estimate the computational capability of the
full offline workflow for large power systems, the results
from Sections IV-B, IV-E were projected to the French power
system by using results from [9]. It is important to note that
simulation time scales non-linearly with system size. Thus,
to sample one observation is computationally much more
expensive in larger systems. For example, the average time
to simulate a single contingency was 0.2 s in the IEEE 68-bus
system and 57 s [9] in the French power system. Note that no
other data than this average take was taken from the French
power system.

Here, we explore the balance in the computational time of
(i) creating a training database and (ii) learning a DT. One can
either use a large training database and a simple DT learning
approach, such as CART, or a smaller training database and
an advanced DT learning approach, such as OCT∗(S). In
terms of (i), Section IV-E showed that OCT∗(S) result in sav-
ings in the required training observations (2900 versus 560),
consequently, reducing the number of dynamic simulations
required, which is the most severe computational bottleneck
of DSA platforms. However, in terms of (ii), Section IV-B
showed that OCT∗(S) require higher computational times than
CART (306 s versus 1 s). To study this balance in terms of
computational time of (i) and (ii), it was assumed that the
computational times to learn the DT with CART and OCT∗(S)
will be similar when scaling to the French power system. This
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assumption is based that in both systems, the same subset of
features would be pre-selected with a user-specified size. All
assumptions and results of this estimation are stated in Table
V. In the IEEE 68-bus system, OCT∗(S) resulted in overall
computational savings of 30 % over CART. When projecting
the assumptions from the IEEE 68-bus system to the French
power system, the total computational savings were as large
as 80 % due to the higher simulation time per observation.
This rough estimation illustrates that the larger the system,
the greater the computational benefits of using OCT∗(S) over
CART.

H. Discussion
The optimization-based DTs have shown promising results.

In short, although CART could also be used to process DSA,
optimization-based DTs improve over CART DTs the trade-off
between interpretability and predictive performance. This im-
provement may translate to reducing significantly the amount
of data that is required to learn a DT. In more detail, we have
shown that (i) our proposed OCT∗(S) approach is 40 % faster
than OCT(S) while keeping the same predictive accuracy, (ii)
the use of optimization allows for increased flexibility in the
DT splitting scheme, (iii) the predictive performance of both
GOT(S) and OCT∗(S) results in improving the test accuracy
by an average of 1 % compared to CART, (iv) the number of
required observations can be reduced by up to 80 %, (v) the
interpretability is increasing as the DT depth can be reduced
by more than 1.5, and, finally, (vi) the overall computational
load of DSA platforms for large power systems can be signif-
icantly reduced by 80 %. This last result enables operators to
(re)evaluate their distribution of computational resources along
the offline workflow. This is a fundamental step forward to
deploy security rules in large systems. However, optimization-
based DTs have also limitations.

The key limitation lays in the scalability for large systems
when using the proposed approaches without considering
any other machine learning concepts in combination. Note
that the proposed approaches require to be combined with
other approaches into a full machine learning workflow. This
limitation corresponds to the computational complexity which
grows nonlinearly with DT depth, number of observations
and number of features. In terms of DT depth, this is not an
issue as small DTs are more interpretable, therefore, they are
preferred. Moreover, both approaches OCT∗(S) and GOT(S)
are supposed to be used for different DT depths. Whereas
OCT∗(S) can be used for very small DT depths, GOT(S) can
be used for deeper DTs. Increasing system size/complexity
leads to a non-linear increase of observations/dynamic sim-
ulations required. However, the proposed approaches require
fewer observations than other approaches. For this matter, we
suggest combining the proposed OCT∗(S) approach with a
high-quality training database. Such a database can be obtained
by using importance sampling techniques to maximize the
information of each observation. Finally, to handle a large
number of features of the original, large system problem,
we suggest combining the optimization-based DTs with pre-
selecting important variables; for example, we have used a
ranking based on gini importance.

V. CONCLUSION

The need for interpretable and optimal security rules have
been presented, showing that current approaches lead to com-
plex security rules. In response, we proposed two optimization-
based tree learning approaches: learning an optimal tree for
small tree depths and a greedy optimization-based tree for
intermediate tree depths. Through case studies on the IEEE 68-
bus system, the proposed approaches were shown to improve
the computational performance of a current optimization-based
tree learning approach. Further, the proposed optimization-
based approaches achieve superior capabilities in capturing
the underlying characteristics of the data: resulting in higher
predictive performances, higher interpretability of the security
rules and less required training data, which can significantly
reduce the overall offline computational load of dynamic
security assessment platforms. This work enables, for the first
time, to learn optimal security rules in order to increase the
trust of operators to use security rules in the dynamic secu-
rity assessment. In the future, this work would benefit from
combining it with more advanced feature selection methods,
with importance sampling and with a robust framework for
changes in the probability distributions between training and
testing, thus, that a full machine-learning workflow can be
built in order to learn high-performance security rules.
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