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Abstract

In this thesis, we use the new methods of Koshikawa to prove that the generic [-adic cohomology
of non-compact type A Shimura varieties vanishes below middle degree, when localized at a
maximal ideal of the Hecke algebra. This generalizes previously established vanishing results of

Caraiani-Scholze.
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Chapter 1

Introduction

In this thesis, we extend some vanishing results of the torsion étale cohomology of unitary
Shimura varieties, due to Caraiani and Scholze (JCS17], [CS19]), using some new methods by
Koshikawa ([Kos21]).

Let us start by briefly recalling the general vanishing conjecture of locally symmetric spaces,
as formulated for example in [Emel4] and [CGIS]. Let G be a connected reductive group over Q,
and X be the associated symmetric space for the Lie group G(R). If we fix a neat open compact

subgroup K C G(Ay), we can also define a locally symmetric space
Xk (G) :=GQ\X x G(Af)/K,

which is a smooth Riemannian manifold. There are two important invariants associated to this
data. Let K, C G(R) be a maximal compact subgroup, and A., be the identity component
T(R), where T' denotes the maximal Q-split torus in the center of G. Define

lo :=1k(Ko) — tk(Aso)

and
1

qo := §(d —1lo)

where d = dimg(X). The conjecture then briefly states that the l-adic cohomology of X is
degenerate outside the range [go, go + lo] (Which is symmetric about the middle degree 1d). To
precisely state the conjecture, one needs to define non-Eisenstein maximal ideals inside the Hecke
algebra, and to consider the localization of the cohomology at such an ideal (c.f. [Car22|). In the
case where (G, X) give rise to a Shimura variety, we have to use the invariants ly = lo(G??) and
g0 = qo(G*) due to a slight difference in the definition of the symmetric spaces. In this case, we
have that [ = 0, and that therefore the conjecture predicts that the non-Eisenstein part of the
l-adic cohomology of Xk (G) actually vanishes outside the middle degree.

Some instances of these vanishing results were originally proved for certain Shimura varieties
by Lan-Suh in [LS12] and [LS13], under some very strong assumptions, and for Shimura varieties

of Harris-Taylor type by Boyer in [Boyl9]. But only more recently have there been significant



advances, brought up by the revolutionary work of Caraiani and Scholze. In their original paper,
[CS17], they were able to prove the conjecture for unitary compact Shimura varieties of type A,
and they later extended it in [CS19] for Shimura varieties associated to a quasi-split similitude
unitary group. The added difficulty in [CS19] is that one needs to juggle with the (minimal and
toroidal) compactifications of the Shimura variety .#x. The Hilbert case has also since been
proven by Caraiani and Tamiozzo in [CT21]. These results are useful, for example, to apply the
Calegari—Geraghty method to prove automorphy lifting theorems. Some applications include,
for example, the use of the vanishing results in [CS17] to prove certain instances of the Beilinson-
Bloch-Kato conjecture in [LTXZZ21]. The vanishing results in [CST9] were also used in JACCT18]
to lift torsion classes in the cohomology of the Borel-Serre boundary of a Shimura variety to
characteristic zero, resulting in local-global compatibility and modularity lifting results.

The general strategy of [CS17| consists of relating the cohomology of Shimura varieties to

that of Igusa varieties, via the Hodge—Tate period morphism
THT SKp — yg’u,

where % ,, denotes the usual flag variety attached to G and the cocharacter p. They then
prove that the geometric fibers of gt are (perfect) Igusa varieties. They also use the fact that
mur is "affine” and (partially) proper, to see that the complex Rryr,F; behaves like a perverse
sheaf on %, (when localized at certain maximal ideals of the Hecke algebra). This result,
together with certain trace formula methods of Shin, [Shil0], imply the l-adic cohomology of the
Igusa varieties is concentrated in the middle degree, and that therefore so is R'wyr,F;. Finally,
the Leray spectral sequence applied to gy implies that the torsion cohomology of the Shimura
varieties, under a certain genericity assumption, vanishes outside the middle degree. [CS19]
extends this picture to the respective compactifications, using a similar strategy. We remark
that since the polarizations in their particular case are always principal, the moduli problems
appearing e.g. in the definition of the toroidal compactifications simplifies quite a lot, when
compared to more general, non-compact PEL-type Shimura varieties (c.f. [Lanl3]).

More recently, [Kos21| was able to use the cutting edge work of Fargues—Scholze [FS21], to
reprove, and to even strengthen, the cohomology vanishing results in [CS17] and [CS19]. In
order to use his new methods to extend these vanishing results to new non-compact cases, the
only missing piece is the geometry part of [CS19]. This has been done in my thesis in greater
generality, as I will now describe.

In the first part of the thesis, we work in the general case of PEL-type Shimura varieties,
and our strategy and result are very similar to the geometric results in [CS19]. We consider an
integral PEL-datum (&g, *, L, (-, ), h) as introduced in section and we let p be an unramified
prime, which we also assume to be good in the sense of [Lanl3|. To such a tuple, one obtains an

associated algebraic group of unitary similitudes over Z, defined as
G(R) == {(9,7) € GLozor(L ® R) x R*| (gz,gy) = r(z,y) Yo,y € L @ R},

for any Z-algebra R. We assume that the derived group of G has type A or C'. This gives rise to a



Shimura datum, and allows us therefore to define PEL-type Shimura varieties. Let K (n) denote
the principal level-n congruence subgroup of G for n > 3 coprime to p, and denote by Sk (,) the
corresponding Shimura variety. This is an algebraic variety defined over Spec(0g,(;)), where E
denotes the reflex field of the Shimura datum. Recall furthermore that these parametrize tuples
(A, A, ta, a,) consisting of an abelian variety A, with a prime-to-p polarization A4, an &g-action
and level structures, which are compatible (c.f. definition . They are often non-compact,
but admit toroidal and minimal compactifications following [Lan13|, denoted respectively by
y}}o{n)’z and 5’;;(”). The toroidal compactifications depend on a choice of certain combinatorial
data, namely on a family of cone decompositions ¥, but have nice local moduli descriptions,
which often allows one to explicitly work with them. The minimal compactifications do not
depend on any choices, but are constructed abstractly, and are therefore generally harder to work
with. In the second chapter of the thesis, we recall the construction and the main properties of
these compactifications due to Lan. We also explain that, as proven by Lan in [Lanl6], these
compactifications also exist when p divides n, albeit not satisfying all the good properties as in
the case p {n.

In the third chapter, we introduce Igusa varieties, and their compactifications. Namely, let
p 1 n be an unramified prime as above, and let K := K (n). Fix a p-divisible group X over Fp, with
extra PEL-structures consisting of a principal polarization and an &p-action satisfying certain
compatibilities. We can consider the Qort central leaf €, a locally closed smooth subscheme of
Sk, = Sk ®F, F,, defined as

6" = {v € Spp |Ap™Ih@) = X x5, k(Z)} C ks,

where the isomorphisms are as p-divisible groups with the extra structures, so in particular they
must be compatible with the polarizations, and commute with the &g-actions. Following the
work of Boxer in [Box15|, Lan and Stroh introduce in |[LSI8| the notion of a “well-positioned
subset”. These are certain subsets of nyFp that behave particularly well with respect to com-
pactifications: in particular, they admit "nice" toroidal and minimal compactifications with
many of the same properties as Y}(sz and .. One can prove that central leaves are an example
of well-positioned subsets, and one can therefore construct compactifications %;g T and 5.
Over such a leaf, we can consider the perfect Igusa variety Jg* — % as introduced in [CS17].

These are defined as follows:

Definition 1.0.1. The Igusa variety Jg*, is the moduli space over Spec(I_Fp) parametrizing pairs
(4, p), where A is an abelian variety with extra structures, and p : A[p™] = X is an isomorphism

compatible with the extra structures.

These are pro-étale covers of Cfgirf. Furthermore, by [CS17], Jg* does not depend on the

choice of the p-divisible group X within its isogeny class. The first important construction we

generalize from [CSI19] is that of the toroidal compactification of Jg=. In particular, there exists

a scheme TJg;g’tor over ‘5§ Tor satisfying the following properties.



Theorem 1.0.2. The pro-étale cover Jg* — €=, with Galois group Aut(X)(F,) extends uniquely

per

to a pro-étale cover on toroidal compactifications 3g§’t°r — %fe’:fr with the same Galois group.
Furthermore, one can describe the local structure of 3g§’tor using an Igusa toroidal boundary

chart, just as in the case of Shimura varieties.

The idea to prove this theorem, is to define jg;g’tor with a moduli description over %;g ’;Zif,

just as we did with Jg*. However, in this case it is a bit more subtle, since we work with a
universal semiabelian (instead of abelian) scheme & over .75°%,, meaning that ¢[p>] might not
be a p-divisible group. Here, we exploit the fact that the connected part ¥°[p°] is a p-divisible
group. This definition allows us to explicitly see that Jg}é’tor recovers Jg* on the open cell.

This theorem is quite decisive, because it replicates the classical picture for compactifications
of Shimura varieties. The main complication compared to [CS19] comes from the fact that the
polarizations in our case are not necessarily principal, so we have to handle carefully a lot of
extra structure coming from duals. Furthermore, the description of Cigi%’tor in terms of Igusa
boundary charts also allows us to prove that if there is an isogeny between p-divisible groups
A : X — X’ inducing an isomorphism on étale and connected parts, then Jgé’tor = ﬁg;g/’tor. The
assumption that the isogeny must be an isomorphism on étale and connected parts comes from
the necessity to control the cone decompositions.

If X is completely slope divisible, then we show that the above picture also deperfects. Namely,
we can work with Mantovan’s Igusa varieties (c.f. [Mant05]), and still define toroidal compact-
ifications of these, which will also admit a nice local description in terms of toroidal boundary
charts. These will, however, depend on the choice of X.

One can also define the minimal compactification Jg** via normalization, and prove that
these are affine, using results of Nie ([Niel5|) and Boxer ([Box15]), using the exact same strategy
as in [CS19|. This uses, in particular, the invariance of jgg’tor under certain isogenies.

In the third chapter, we focus on studying the Hodge-Tate period morphism. Namely, we
need a description of the fibers of the Hodge—Tate period morphism in terms of Igusa varieties,
just as in the compact and the quasi-split cases. The bottom-line is that this will allow us to
connect the cohomology of the fibers of the Hodge—Tate period morphism to that of the Igusa
varieties, which will in turn result in a semi—perversity statement.

We let Z¢,,, be the flag variety introduced above. Recall that the Hodge-Tate period mor-
phism as constructed by Scholze and Caraiani and Scholze for Shimura varieties of Hodge type,
is a morphism from the Shimura variety at infinite level (seen as an adic space, or more precisely
a perfectoid space) to the flag variety. We can define compactified versions of this tower, namely

by considering following diamonds over Spd(Q,),
tor 1 tor
SK(p=n) = LK (pm ) 0,

and

;((p"N) = yﬂly;;(pnzv)@p-
n



One can then extend the Hodge-Tate period morphism to compactifications.

Theorem 1.0.3. The Hodge-Tate period morphism
THT : SK(peN) = FGC.us
extends to compactifications. In particular, there exists a morphism
T S*K(pooN) — ZFa,u
which induces by projection a map
TR S?EPWN) - Fau-

We then need to analyze the fibers of these morphisms. Let C be a fixed algebraically closed,
non-archimedean field over Q,. Denote by O¢ its ring of integers, and let k be its residue field.
Fix ¢ € %¢,,(C). By the main theorem of [SW13], one can associate to x a p-divisible group
Xp, with extra structures over 0c, together with a trivialization a : T,(Xg.) = L ®z Z,, of its
Tate module. We denote by X/k its special fiber. In particular, we consider the Igusa variety
Jg¥ associated to this p-divisible group, and its compactifications Jg;g’tor and Jg**. Since these

schemes are perfect, they admit lifts to &c. We have the following result.
Theorem 1.0.4. There is a morphism of p-adic formal schemes
~ Xt
96s 95" — ylt(o(;mN),é’c
extending the map over the special fiber, inducing an open immersion of perfectoid spaces
~ Xt -
F1or 3 s (rlgh) @),
with the same rank 1 points. Furthermore, the morphism
~ Xk * —1
Jgg" = (mar)” (2)
induced by f*° is also an open immersion of affinoid perfectoid spaces.

This theorem is proved using precisely the local description of the toroidal compactifications
of Igusa varieties. Namely, one can explicitly describe the map 7if on the boundary (so at
each cusp), and then directly compare its fibers (using the local description of the toroidal
compactifications of the Shimura varieties at infinite level) to the description indicated in [1.0.2}

Finally, in chapter 5, we focus on the cohomological results. We start by using the geometrical
result on the fibers of the Hodge-Tate period morphism, using the same methods as in section

4.6. in [CS19], to obtain a semiperversity result on the nearby cycles of Rayr .[Fy:

Theorem 1.0.5. Let YI‘}(pr)’Qp = @n y}%(pnN),Qp where y}%(zv),@p C yK(N)’Qp denotes

the locus of good reduction. Let m denote the restriction of mur to Y;((poom Q- Let [ be a
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prime different from p, and denote by d the dimension of the Shimura variety we are considering.
Consider the complex
Ry, Fi € D(Fg 0, F),

and denote by R\I!(RWEII*E) its nearby cycles. Then any geometric point T of Fq . c admits
a cofinal system of affinoid étale neighborhoods U = Spa(A) — Fag u,c, with associated formal
scheme % = Spf(A°), such that the nearby cycles RV (Rngy JF1)|v satisfy

R\I’(R’ITI?IT,*FZ)‘U S pDZd(%k,IFl).

This critically uses that the structure of the toroidal compactifications is nice, in particular
they are smooth and can be chosen such that the boundary is a normal crossings divisor.

The last piece we need in order to obtain our vanishing result, is Koshikawa’s argument,
which we will now explain. We need to restrict ourselves to the setting in [Kos21]|. We take a
CM field F, and a type A PEL-datum (B, *,V, (-,-)), where B is a central simple F-algebra. We
denote by G the unitary similitudes group attached to this data. We assume that p is a prime
that is unramified for the Shimura datum, and that splits completely in F. We can write Gq,
as a product

Go, =G/, x H G,
forp=vy----- vy € F, where each G,, is a product of general linear groups over F,, = Q.
Let K = K,K? C G(Q,) % G(Afc) be a sufficiently small open compact subgroup with K, =
Zy x [ Ky, C G(Qp) an hyperspecial open compact subgroup. We once more denote by #k the
PEL-type Shimura variety attached to this data, and let d be its dimension. The Hecke algebra
at p is defined as

Hg, =7 [Kp\G(Qp)/ K]

for some prime [ # p, and it admits an action on the cohomology groups
HY (S, )

and
Hg(yKJFl)7

via correspondences. Let mp,  C Hg, be a maximal ideal of the local Hecke algebra in the
support of ch) (S, 1), and let Amy, be the corresponding character. We have associated
D

L-parameters, which consists of products of representations
pm,, : Gal(F,, /F,,) = [ GLn, (F1)
jeJ
for each place v; of F' above p, as above. pm, is generic if for every j € J, the eigenvalues
1, g, € By of P, (Frob) for the Frobenius homomorphism Frob € Gal(F,,/F,,), re-
garded as elements in GLy,, (F;) satisfy o /v m # p for k # m. Our main result can be stated

as follows.

11



Theorem 1.0.6. Let p be a prime which splits completely in F'. Let mp, C Hg, be a mazximal
ideal of the Hecke algebra, with associated L-parameters Pm,, » which we assume to be generic for
every i. Then Hi(YK,Fl)mHK =0 fori<d and Hci(YK,IF‘l)mHK =0 fori>d.

P P

Let us summarize the ideas behind Koshikawa’s method. The first ingredient one needs, is
a local vanishing result. We consider the local PEL-data (Gq,,b, i), associated to our global
type A PEL-datum (B,*,V,(-,-)). Let .#(q )k, the corresponding local Shimura variety.
Then, keeping the same notation as above for the Hecke algebra, and under the same genericity

assumption, we have that the cohomology groups

H( M) K, L)y,

vanish for any ¢, if we assume that Jj is not quasi-split. The main ingredients to prove this result
are the results in [FS21] on the constructions of L-parameters associated to certain representa-
tions, as well as excursion operators.

The second important ingredient in the proof, is a certain type of cohomological Mantovan’s
product formula. This relates the cohomology of the Shimura variety to the cohomology of Igusa
varieties and of the corresponding Rapoport-Zink space. Namely, using the geometric Mantovan’s
product formula from [CST9], Koshikawa is able to prove that RT'(-Zk» g, ;) admits a filtration,
with graded pieces

RT(3g™, F1)°P @8, (7,@,)) BLe(A (G b, 00, Fil(dp))[2d3) =

RT(3g"™, Fy(dy)*)°P ®éc(Jb(Qp)) RU (A (G b, 11),00 Fi(dp)),

for b € B(Gg,, "), where d;, denotes the dimension of Jg¥e.
Since, under our assumptions on p, J; is quasi-split if and only if b is ordinary, we can use

the local vanishing result to conclude that
ch(jgx"jl(db)*)ﬁlpgkp ®&.(11(@y)) RFC(%(G,b,u),oovFl(db))mHKp =0

for all non-ordinary b. In particular, it suffices to work with the ordinary element. Finally, the
semiperversity result then allows us to finish the proof of theorem [T.0.6] The proof uses, once
more, results from [FS21].

Overview of the thesis. This thesis is structured as follows. In the second chapter, we
recall the construction of toroidal and minimal PEL-type Shimura varieties due to Lan. In
the third chapter, we recall the definition of Igusa varieties, and generalize the constructions of
their toroidal and minimal compactifications introduced in [CS19| to general PEL-type Shimura
varieties. In the forth chapter, we recall the Hodge-Tate period morphism, extend it to compact-
ifications, and study their fibers. Finally, in chapter five, we prove the semiperversity result, and

recall Koshikawa’s methods introduced in [Kos21] to obtain our main result.
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Chapter 2

Compactifications of Shimura
varieties

The geometry of PEL-type Shimura varieties and their compactifications is in the heart of this
thesis. We must therefore start by recalling the definition of these varieties, as well as the
construction of their toroidal and minimal compactifications. We also setup some of the notation

we will be using throughout the thesis.

2.1 PEL-type Shimura varieties

Shimura Varieties are certain smooth, quasi-projective algebraic varieties Shg, defined over the
so called reflex field F, which is a number field. They were firstly introduced (in certain cases) by
Shimura in [Shi|, and later generalized by Deligne in [Del71]. They admit both Galois and Hecke
actions, which has proven to be quite useful when realizing the Langlands correspondence over
number fields, as conjectured by Langlands. They are associated to certain pairs (G, X) called
Shimura datum, consisting of a connected reductive group G over Q, and a conjugacy class of
homomorphisms A : Resc/rG,, — Gr, X, satisfying a series of axioms (c.f. [Del71], [Mil05]).
One can use a Shimura data to construct a Shimura variety Shy as above, whose complex points

are actually given by the double coset

X =[G\ (X x G(Af) /K],

where K C G(Ay) is an open compact subgroup. This can be proven to be a locally symmetric
space

For a much more complete introduction to the topic, see for example [Mil05] or [Lani§].

Let us now focus on the PEL-case, which will be a natural generalization of the modular
curve.

Let B be a finite-dimensional semisimple algebra over QQ, together with a positive involution
x. We fix a Z-order Op such that the restriction of * to &g is still defined, and is therefore

13



also an involution. We assume that g is maximal at some unramified prime p (i.e. a prime
where the semisimple algebra is split, so Bg, = M, (K ) for K some unramified extension of Q).
We furthermore fix a finite-dimensional B-module V', and an O'g-lattice L satisfying condition
1.4.3.10. in [Lanl3|, together with an alternating bilinear form (-,-) : L x L — Z(1), which
we assume to be non-degenerate, and to satisfy the equality (bx,y) = (z,b*y) for all x,y € L
and b € Op. We assume furthermore that this pairing is self-dual when localized at p. Here,
Z(1) = ker(exp : C — C*), so in particular it is a free Z-module of rank 1, and each choice
of v/=1 in C determines an isomorphism between Z(1) and Z (but there is no canonical one).
Finally, we fix an R-algebra homomorphism s : C — End(s,gr)(L ® R), satisfying that for all
z,y € L®R and ¢ € C, (h(c)z,y) = (z,h(¢)y), and that (-,4/—1-) is symmetric and positive
definite for any choice of isomorphism Z(1) & Z as above. The tuple (Op, *, L, (-,-), h) is called
an integral PEL-datum. To such data, we can associate the unitary similitude group over Z,
defined as

G(R) :={(9,7) € GLozer(L ® R) x R*| (g, gy) = r(x,y) Vz,y € L® R},

for any Z-algebra R. We assume that the derived group of G has type A or C.

As explained in [Lanl3]|, sections 1.2.1. and 1.2.5., if we tensor h by C, we obtain an action of
C on L®C, which induces a decomposition L® C = V@ Vp, where h(z) acts as 1 ® z on V and
as 1 ® z on Vj, and both these spaces are totally isotropic with respect to the pairing (-,-). We
let Fy be the field of definition of V as an &g ® C-module (c.f. [Lanl3 1.2.5.4]). Taking X to
be the conjugacy class of h, we obtain a Shimura datum (G, X). We denote Sy = Spec(Op, (p))-

Remark 2.1.1. e Our assumptions on the PEL-datum, and namely the conditions at p, are
equivalent to p being a good prime in the sense of [Lanl3, Defn. 1.4.1.1.], c.f. [Box15]
Defn. 2.1.6.].

e The condition we impose on the lattice L (namely condition 1.4.3.10. of [Lan13|) essentially
states that the &g action must extend to an action of a maximal order of in B containing

O'p. Tt will be important later on, to insure that a certain filtration is split.

In order to define the moduli spaces of abelian schemes associated to the data above, we need

to explain Kottwitz’s determinantal condition.

Definition 2.1.2. 1. Let oy, -, @, be any basis of Op as a Z-algebra, and o, - , ) the

~

dual basis in 0); := Hom(Op,Z). There is an isomorphism of free Z-modules 0}, =
ZX, & - & ZX, by sending o) to X; for all 7.

For any finitely generated & ®z C-module M, we can define

Det g, = Dety! " (X1, -+, Xy,) := Dete(a1 Xy + -+ - + 0, X, | M) € C[Op].

ﬁBIM
2. Let S — Sy be a scheme. Let aq, -+, and o, -+, be basis of Op resp. 0), and
consider Os|O}] = Os[ X1, -+, X,], once more given by sending ) to X; for all 4.
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For any locally free s module .# of finite rank, with an Og-linear action of &g, define

Detgy,|.x = Dety) """ (X1, -+, Xp) = Detgg (a1 X1 + -+ + 0 Xn| M) € O5[0p].

Let (L®R,(,),h) be a triple as given in an integral PEL-datum. Recall that L ® C =
Vo @ V. Consider an abelian scheme A — S over Sy, together with a prime-to-p polar-
ization and an Op-action, inducing an Op-action on Lie, g Lie, g is said to satisfy the
Kottwitz determinantal condition defined by (L ® R, {,), h) if there is an equality

DetﬁB Vo = DetﬁB |Lie

over Og|O}].

We are only interested in the case of principal level-n structures, for n prime-to-p. In partic-

ular, fix such a n, we assume that n > 3, and let

K =K(n)={geG(Z)| g=1mod n}.

Definition 2.1.3. Let ., be the functor over Sy parametrizing over a test scheme S tuples

(A, A\ ¢, (an, vp,)) consisting of:

1.

2.

3.

an abelian scheme A over S|
a prime-to-p polarization A : A — AY;

an Opg-action ¢ : Op — Endg(A) satisfying the equality t(b)Y o A = X o 1(b*) for every
be ﬁB;

Lies /s must satisfy the determinantal condition defined by (L ® R, (,),h) as in|2.1.2}

(Qn, Vp) 1s a level-n structure: namely, «, : (L/n) Aln] is an Op-equivariant isomor-

s =
phism of group schemes over S, and v, : (Z/nZ(1))s — (un)s is an isomorphism of group

schemes over S such that the diagram

(L/n)s x (L/n)s —— (Z/nZ(1))s

| |

Aln] x Aln] ———— (pa)s

commutes, where the top horizontal arrow is the alternating pairing on L, the bottom
horizontal arrow is the Weil pairing on A[n| induced from the polarization, and the two
vertical arrows are the obvious ones. We furthermore require that the level-n structure is
symplectic liftable in the sense of [Lanl3l Defn. 1.3.6.2.]). This roughly means that a, lifts
compatibly to isomorphisms a,, : (L/m)s — A[m] for all m prime-to-p which are divided
by n.
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Two such tuples (A, A, ¢, (apn, vy)) and (A, N, (al,,v))) are equivalent if there is an isomor-

phism f : A — A’, compatible with the &'z-action, such that A\ = f¥ o M o f, and such that

/

— _— /
oy = fool, v, =1,

One can show that this functor is representable by a finite type, smooth scheme over Sy, see

for example [LanI3l Section 7.2.4.].

2.2 Degeneration data

Toroidal compactifications of integral models of Shimura Varieties were constructed on the Siegel
case by Faltings and Chai on their book [FC90], and later generalized to the PEL-case by Lan
in his thesis, [Lanl3]. It has since been further generalized to Hodge-type Shimura varieties
by Keerthi Madapusi Pera in [Perall]. The main idea for this construction (both in [FC90]
and [Lan13|), consists in proving that there exists an equivalence between two categories: one of
them is very much similar to our abelian tuples (A, A, ¢, (o, vy, )) above, but instead of an abelian
scheme we will be considering semi-abelian schemes with extra structures. The other category is
what is called degeneration data, and consists of a collection of objects characterizing exactly the
degeneration of abelian varieties into semi-abelian varieties. We will try to be very precise when
describing this categories, and we will also explain how to construct the functor in one direction,
which is relatively easy to understand. It will become clear when analyzing the construction and
local behavior of the toroidal compactifications why the degeneration data is so important: one
needs to construct a space parametrizing the degeneration data over a PEL-type Shimura variety,
and then, using a gluing process, one is able to construct a proper scheme containing our original
Shimura variety as an open dense subset having a semi-abelian universal object (depending on
a choice of a cone decomposition), and being "locally" defined by these moduli spaces. Since we
are only interested in the PEL-case, we will mainly follow [Lan13] in this section. There are also
good summaries on the topic in [Wul9| and [IM1I].

Throughout this section, we will be considering objects over an affine scheme S = Spec(R),
where R is a Noetherian, normal domain which is I-complete for some ideal I € R, and with
fraction field K. We let Ry = R/I, and R; = R/I**! for i € N, and S, S; accordingly. We also
let n = Spec(K) and St = Spf(R, I). We will always work with an integer n, which we assume

is prime-to-p.

2.2.1 Main theorem on Degeneration

We start by recalling the definition of a semi-abelian scheme

Definition 2.2.1. A semi-abelian scheme G over S is a separated, smooth commutative group
scheme with geometrically connected fibers, which is fiberwise given by an extension of an abelian

variety by a torus.

We can immediately define one of the categories we are interested in:
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Definition 2.2.2. Let DEGpgy, .#, (R, I) denote the category whose objects are given by tuples
(G, Ay, 1, o), where:

1. G is a semi-abelian scheme over S , with abelian generic fiber G, and such that Go =
G xg Sy is globally an extension of a torus by an abelian variety, so in particular one has
a short exact sequence

0—>Ty—Gy—Ag—0
where Tj is an isotrivial torus, and Ay an abelian variety over Sp;
2. 0 : Gy — G}; is a polarization of the generic fiber G, of G;

3. t: Op — Endg(G) is a ring homomorphism, satisfying the equality ¢, (b)Y oA, = Xy 01, (b*)
on the generic fiber for every b € Op;

4. Lieg, /g satisfies the determinantal condition defined by (LR, (-, ), h);

5. an = (an,vp) is a level-n structure on G, as in definition In particular, a,, :
L/nL =5 G[nl,, and v, : Z/nZ(1) = u, are isomorphisms of group schemes over S, such
that (G, Ay, Ly, 0) € K (9).

Morphisms are isomorphisms respecting all the extra structure.

Remark 2.2.3. Note that in the definition of semi-abelian scheme, one asks that G is fiberwise
an extension of an abelian variety by a torus, but this does not imply that this is true globally.

In particular, the condition that Gy is an extension of an abelian variety by a torus is significant.

Remark 2.2.4. Under our assumptions on S, for any polarization A, as in (2), one can actually
prove that there exists a unique lifting to a homomorphism A : G — GV. More explicitly, by
[Ray70l IX, 1.13], since .S is Noetherian and normal, G carries some ample cubical invertible sheaf
. In particular, we know that one can also define G’ as the quotient G,/ K (.£,), where K (%)
is the kernel of the polarization A\(%,) : G;, — G induced by %, (c.f. [Mum70]). K(.Z,) extends
to a flat quasi-finite subscheme K (%) of G over S by [MB8H, IV, 2.4.|. Define G¥Y = G/K(¥)
(which is still a semi-abelian scheme by [MBS85| IV, 7.1.2.]), extending G,,/ K (.£,). The existence
of the lifting A as above is then proven in [Lanl3, Theorem 3.4.3.2.], following [MBS&5, IV,
7.1.]. We would like to point out that by construction (GV), = (G,)Y. In particular, we can
unambiguously consider objects (G, A, ¢, a,) with A : G — GV as above.

Remark 2.2.5. We could have also defined ¢ as an action on G, since Endg(G) = End,(G,,)
(c.f. [FC90, Chapter 2]).

The above remarks immediately show that all the extra structure on G are completely deter-
mined by its restriction to the generic fiber.
This finishes the definition of one of the categories we mentioned in the beginning of the

section. Before defining the second one, let us introduce the concept of a cusp label.
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Definition 2.2.6. Consider the set of tuples (Z,, (X,Y,d,©_2.n,¥o0n),0n), Where:

1. Z, is a filtration
Z,={0C Z,,_2C Zy,_1 C Zno=L/nL}

on L/nL that can be written as the reduction mod-n of a filtration
0CZ2CZ1Cly=L®g 7P

on L ®z 7P. This filtration must lift to a filtration Zyr on L ®z AP, that is symplectic
(Zar —1 and Zppr _o are each others’ annihilators under the alternating pairing (-, -)ar on
L ®z AP), integrable (meaning that each graded piece Grar,—; = Zar —i/Zar,—i—1 is equal
to M; ®z AP for some torsion-free, finitely generated &p-module M;) and split (so, there
is an isomorphism L ®z A? = @, Grar,_;);

2. X and Y are étale sheaves of free, commutative groups that have the same rank, and
¢ : Y — X is an injective homomorphism with finite cokernel. Furthermore, we assume
that both sheaves are equipped with &p-module structures tx : O — Endg(X), ty :
Op — Endg(Y), and ¢ must be Op-equivariant. For simplicity, we will actually assume
from now on that X and Y are constant with values X and Y

3. w_2,n and g, are liftable isomorphisms
¢0_on: Groa, — Hom(X/nX, (Z/nZ)(1))
and
wo,n : Gron =Y/nY

, satisfying the equation
<90*2,n(')7 ¢ © QPO,n('»can = <'a '>20,n (2.1)

where (-, )ean : Hom((X/n, (Z/nZ)(1)) x X/nX — (Z/nZ)(1) is the canonical pairing, and
(,)20,n : Gr_o, X Gro,, — (Z/nZ)(1) is the pairing induced from the pairing in L/nL,

that exists by the symplectic condition on Z,,;
4. 6, : @, Gr_;, — L/nL is a liftable choice of splitting.

We then define an equivalence class on this set: two such tuples (Z,, (X,Y, ¢, v_2.n,®0.n),0n)
and (Z),, (X", Y",¢',¢" 5 ,00.,):0,,) are equivalent if Z,, = Z], and there exists a pair of iso-
morphisms vx : X’ = X and 7y : Y = Y’ such that ¢ = yx o ¢/ o vy, ¢/ 5, = ¥X 0 P2
and cpéﬁn = 7y © @o,n- A cusp label at level n is an equivalence class of such tuples, denoted
[(Zn, (XY, 0, 0-2.n, @O,n)a 6n)]-

Definition 2.2.7. Let DDpgy, », (R, I) denote the category whose objects are given by tuples
(A7 >\A7 [’A717 X» ¢7 C, C\/’ T, [OCELD, where:

18



2.

3.

(A, A4,t4) is an abelian scheme over S together with a polarization A4 : A — AV, and an
Op-action 14 : Op — Endg(A) satisfying t4(b)Y o Aa = Mg 0 14(b*) for every b € Op;

X and Y are as above, and we again assume these are both constant with values X and Y;

Two Og-equivariant homomorphisms
c: X =AY

and
¢ Y 5 A

satisfying the equality A4 o c¢¥ = co ¢;

T is a trivialization

. ~Y ®—1
Tilysgxy — (¢ x )" Py

where &4, is the Poincaré sheaf on A, x A>7/ , satisfying the symmetry and the positivity
conditions, which we will explain bellow. Furthermore, 7 must be compatible with the

O'p-action, i.e. it must satisfy the equality
(ty (b) xidx)*r = (idy X tx(b%))*T
forall b e Op.

The level-n data of, = (Zn, 9—2.n, (P—1.1ns V—1.1)s P0.ns Ons Cny Crf» Tn) 1S @ tuple such that
(Zn, (X, Y, ¢, 0-2.n,%0n),0n) is a tuple as in the definition of a cusp label, so Z, is a
filtration on L/nL that lifts to a symplectic, integrable, split filtration on L ®y Zp, Y_an
and g, are liftable isomorphisms ¢_s, : Gr_s, — Hom(X/nX, (Z/nZ)(1)) and ¢q, :
Gro,, — Y/nY, satisfying the equations above. Furthermore, ¢_1, : Gr_1 , — A[n], and
V_in t Z/nZ(1) = wy,, are isomorphisms making the tuple (A,, A, tans (91,0, V—1.1))
an element of .k (n) with respect to the PEL datum given by the lattice Gr_; ,,, which
has an induced alternating pairing also by the conditions we assumed on the filtration.

0n @, Gr_;pn = L/nL is a liftable choice of splitting. ¢,, and ¢ are two homomorphisms

1 \%
Cp - EXU —>A77

and )
e EYU — A,

that lift ¢ and ¢" respectively over the generic fiber, i.e. such that ¢, = ¢, o (X,, < %Xn)
and c,\; =cyo(Y, = %Yn)~ These must be compatible with the splitting d,,, that is, it
must satisfy the equality,

<()0—1,7l(')’ ()‘A o CZ —Cp © ¢) o %00,'n(')>A77 =V_1n© <'a '>10,n
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where (-,-)4, is the Weil pairing on A[n],, and (-,-)10,n : Gr—1,, X Gro, — (Z/nZ)(1) is

defined as (-, -)10,n = (0n(:),0n(-)). They also need to satisfy a liftability condition as in

n

[Lani3l 5.2.7.8]. Finally, 7, is a trivialization
iy, oxy = (e x c)*@g;l

lifting 7, that is also required to satisfy certain compatibility relations with §,,. Namely,
let
{*s)00 : Gro,n X Gron — (Z/nZ)(1)

be defined as (-, Yoo = (dn(-), 0n()), and
doom : LYY x Lv/Y
00,n - n n Hn,m
is given by doo,n(£y, 2v') == T (Ly, 0(y/))Tn (Y, ¢(y))~'. Then, the equality

doo,n (0,1 (-)s Po,n(*)) = v_1,n 0 (-, ")o0,n

must hold.

One then defines an equivalence relation on these tuples, to eliminate the choice of splitting
(as explained in [LanI3l Section 5.2.7]). All tuples in an equivalence class will have the
same (Zp, Y—2.n,(P—1,n,V—1,n),P0,n), SO only the remaining data changes. See [Lanl3l
5.2.7.11.] for the full definition.

6. (Ay, Aay, ta,y) satisfies the determinantal condition determined by (GrfLR, (y 1R, 1),
where (-, )11 R : Gr{l)R X Gr%LR —Rand h; : C— EndﬁB@R(Gr{l’R) are given by [Lan13l
Prop. 5.1.1.2] (c.f. [Lanl3, Rmk. 1.4.3.14.] and Lemma 5.2.2.2.]).

Morphisms are isomorphisms respecting all the extra structure.

Theorem 2.2.8. [Lani3, Thm. 5.2.7.14.] There is an equivalence of categories between DEGpgy, 7, (R, I)
and DDPEL,&’K (R, I)

2.2.2 Explanation of the functor

We now wish to explain how to construct the functor from DEGpgy,,.#, (R, I) to DDpgr, . (R, I).
We will do this step-by-step.

Let us start with pairs (G, ), where G is a semi-abelian scheme over S satisfying the proper-
ties described in and A is a polarization. The category of these pairs, with morphisms being
isomorphisms compatible with A, is usually denoted by DEGoi(R, I). Then, by assumption, we
have a short exact sequence

0Ty —>Go—> A —0
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over Sp. By [Lanl3, Thm. 3.1.1.2.], one can lift Ty to a multiplicative subgroup of G; (recall that
G; = G x5 Spec(R/I'*1)) over S;, and its quotient is an abelian scheme (c.f. [Lanl3, Section

3.3.3.3]). In particular, we obtain short exact sequences
0—-T;,—G; —A; —0
for all integers ¢, and thus a sequence of formal schemes
0— Tior = Gior = Ator — 0

where Ti,, is a formal torus and Ay, is a formal abelian scheme Sg,,. We would now like to know
that the above sequence is algebraizable, meaning that there exists a torus 7', a group scheme G

and an abelian scheme over S such that T, = T ® Stor, etc., so that
05T 5G—>A—=0

is still a short exact sequence. This is not true in general, but if one can prove that there exists
an ample cubical invertible sheaf on G, then one can use Grothendieck’s existence theorem to see
that this is indeed the case, c.f. [Lanl3] 3.3.3.6.], [EGA]. The existence of this cubical invertible
sheaf follows by a hard theorem of Grothendieck, stating that under the normality hypothesis
on S, G is actually quasi-projective (c.f. [Ray70| XI, 1.13.]).
The resulting extension
0T —G—A=0

is called the Raynaud extension associated to GG, and its construction is functorial. We denote by
X the character group of T, X = X (T') = Hom(7T, G,,). We assume for simplicity, up to passing
to an étale extension, that T is split, so that X is a constant group with value X. One can see
that giving such an extension

0T —>G—>A—=0

is equivalent to giving a group homomorphism ¢ : X — AV as follows: let x : T — G,, be a

character of T. Then we can consider the push-out diagram

0 T G—"5 A 0
N
0 Gm ox A 0

where 60X = G xTX G,, is the push-out of the left square. @X is actually an element of
Pic’(A/S) = AV (c.f. [Lan13, Prop. 3.1.5.1.]), holding the desired homomorphism. One can also
think about this sheaf in another way: we think of G as a T-torsor over A. Then, it is relatively

affine, and one can prove that it is given by

G = Spec,, (m.0g) = Spec, (€D ),
XEX
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where 0, is the eigensheaf of 7,0z with weight x for the T-action, and 7 : G — A. If one thinks
about a T-torsor "locally", as the data of local trivializations and gluing data, and one analyzes
both O, and 0%, then it is possible to conclude that &, = &~X. This is done explicitly in
[Lan13l, 3.1.2.]. In order to avoid sign problems, we will from now on change the sign of ¢ so that
c(x) = Oy. The fact that ¢ is a group homomorphism, endows EBXG x Oy with an 0 4-algebra
structure, coming from isomorphisms Oy 4, = Oy @¢, Oy .

One can construct ¢V and Y in a similar way, after defining the dual Raynaud extension.
Recall that we have already seen that there exists a "dual" semiabelian scheme GV of G, that
is identified with the actual dual on the generic fiber, so that in particular applying the same

strategy to GV as we did with G above, we obtain the so called dual Raynaud extension
0TV -G - AY >0,

where AV is, as one would expect, the dual of A as seen in [Lan13| Prop. 3.4.4.1.]. In particular,
the notation makes sense. We denote by Y the character group of TV, and note that TV must
be split if T is, and thus by our assumptions, Y is constant with value Y. Using the exact same
computations as above yields the construction of the group homomorphism ¢¥ : Y — A.

The next step will be to explain the construction of ¢ and A4. Note that amap ¢ : Y — X is
equivalent to a map between the tori T — T'V. Both ¢ and A4 are induced from the polarization A
on G as follows: by functoriality of Raynaud extensions, A induces a homomorphism NG GY
between the Raynaud extensions, inducing a polarization on A. By restriction to the torus,
this induces the desired map 5\|T : T — TV, and a polarization on A, giving therefore rise to a

commutative diagram

0 T G—T" A 0
Lﬁ li l)\A
0 v GV AV 0.

The equality Mg o ¢V = co ¢ is equivalent to the commutativity of the above diagram. Also,
¢ and A4 uniquely determine ), since there are no nontrivial homomorphisms from an abelian
scheme to a torus.

This shows how one obtains a tuple (A, A4, ta, X,Y, ¢, ¢, ¢) from (G, \) € DEGo1(R, I). The
only missing piece on our tuple (A, \a,ta,X,Y,é,c,c’,7,[a]) € DDpgL.# (R, I) (forgetting
the Op-actions and the Lie algebra condition) that we can still construct from our pair (G, A) €
DEGyoi(R, I) is T, which is also the most complicated part.

Let us start by making a few observations. 7 : Iy sxn — (¢¥ x ¢)* 2§ ! is a trivialization

of the biextension (¢ x c)*@%};l.

The precise definition of a biextension is given in [Lanl3l
Defn. 3.2.1.1.], but 7 being a trivialization of a biextension essentially means that it is bilinear,
and the symmetry condition says that this bilinear form is symmetric. To be more precise,

since X and Y are constant we can think of 7 as a set of sections {7(y, x)} of the line bundles
PR (), c()) = (¥(y) x () P55 = (VW) 08,1 = On(c¥ (y)y " over S, fory €Y
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and xy € X. We think of these as maps

(Y, x) ﬁx(cv(y))n — Osy

using that &) (c¥ (y))?‘l is invertible. The first partial multiplicative map of biextensions struc-

ture gives an isomorphism

PR (e (), c(0)) ®as, P55 (€ (42),¢00)) = P55 (1 +y2), (X))

for y1,92 € Y and x € X. Using the second partial multiplicative map of biextensions, we get a

similar isomorphism on the second variable

P31 (), c(x1)) @os,, 25,1 (1), c(x2))) = 25,1 (e (1), clxa + x2)))

fory € Y and x1, x2 € X. Then the bilinearity condition says that the image of 7(y1, x) ®7(y2, X)
via the first map must be 7(y1 + y2, x), and similarly the image of 7(y,x1) ® 7(y, x2) via the
second map must be 7(y, x1 + x2). The symmetry condition is the only reasonable one after
composing 7 with idy o ¢.

We can also now state the positivity condition for 7: it says that for every y € Y,

(Y, 0(y)) : Ogyy(c” (y))y = Osy

lifts to a section on S,

(1, 0(Y)) : Opy) (¢’ (y)) = O

and that if y is not zero, then the image of 7(y, #(y)) factors through I (the ideal sheaf generated
by the ideal I).

Remark 2.2.9. One can also prove that having a trivialization 7 is equivalent to having a period
morphism ¢ : Y — G’n lifting ¢, . Indeed, to construct ¢ from 7, recall that we can think of 7(y, x)

as sections

T(%X) : ﬁx(cv(y))n — ﬁs,m
and thus define maps
Vo 7(¥,x)
c'(y) Og, =c @6’ —>6’5n,
x€X

for each y € Y. One can show that this is an Og ,-algebra homomorphism, using 7’s second
multiplicative law. Putting all of these morphisms together gives the desired map ¢ : Y — évr
It is actually a map of group schemes, because of the first partial multiplicative law. This is all
explained in detail in [FFC90].

We can now start the construction of 7. Recall that we have the Raynaud extension

0TSHG 5 A0
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and we have already mentioned that we can pick an ample cubical invertible sheaf . on the
semi-abelian scheme G. We assume that the polarization on G, is the one induced from .2, so
An = Ag,. By considering the formal completion of £, just as we have done when constructing
the Raynaud extension, one can prove that .Z actually extends to an ample cubical invertible
sheaf .Z on G (c.f. [Lan13, Prop. 3.3.3.11.]). We pick a cubical trivialization i*.Z & @, so that
Z descends to an ample invertible sheaf .# on A, namely we have 7*.# =~ £. Recall that we
can think of G as a relative affine scheme over A and write

G = Spec,, (7r,k = Spec,, @ 0y)
XGX
where O, is the eigensheaf of 7,0z with weight x, so in particular we have that
L= P My =P A 20, 0,
XEX xeX

yielding the equality
N(G,2)=T(A,m.05) = PT(A ).
XEX

Also recall that we have short exact sequences
0T, =G =5 Ay =0
over Spec(R/I%), holding in the limit an algebraizable short exact sequence of formal schemes
0 — Tior — Gior = Ator — 0
defining the Raynaud extension. In particular, we have equalities
(G, 0g,) =T(Ai,mi.06,) = P T(Ai, 0)
xXE€X

and thus, taking the limit, yields equalities

— —

F(Gfora ﬁGfor) = @xeX (Afon x,for) = @XGXF(A, ﬁx)

where @ means [-adic completion and the last equality follows from [Lani3, Prop. 2.3.1.1.]. By
the same reasoning, we have
L(Gi, 4) = P T (A, i)
xeX

and

—

F(Gfomﬂor) = @XEXF<A’ .//X)

These are essentially saying that we can write an element s € I'(Gtor, Oy, ) 0r 8 € T'(Gtory Lor)

s = Z ox(s)

xeX

as a summ
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with oy (s) € I'(A, Oy) respectively o, (s) € T'(A, #,), that is I-adic convergent, so for any i,
there are only finitely many coefficients in this expression that are not zero modulo I?. This is

called the Fourier expansion of theta function. Precomposing the last equality with the inclusion
F(Ga g) — F(Gf0r7°2ﬂf0r)

and taking the projection to the x-component

—

@XEXF(A///X) — T(A, A,)

gives a map

oy (G, L) =T (A, A,).
Tensoring both sides with K, we obtain a map
ox : D(Gy, 2y) = T(Ay, My.y)

between K-vector spaces. The idea now is that 7 comes from the functional equation of o,. In
particular, one needs to study the relation between o, and o, 4(,) for y € Y.

Let y € Y, and ¢Y(y) € A(S) its image under the morphism ¢¥ : Y — A. Let Tov,) : A — A
be the translation by ¢V (y). By assumption, A4 = A 4, so in particular the equality Aa(x) =
T M @M@, holds. Using this, and the relation A 4oc" = co¢, we obtain an isomorphism

Ty ()M = Moy py) @R My (¥ (Y))-

Indeed, recall that c(é(y)) = Oy, and that be definition .#, = .# ®4, Oy. Using this

isomorphism, we get a natural map

T*V(y) ooy : I(Gy, £5) — F(AmT:V(y)///xm) =T (Ay, M1 o)) Ok My (' (y))y-

c

The idea is to compare this to
Oxtoy) 1 LGy, Ly) = D(Ay, Myt py).n)-

One sees using representations of theta groups that these are actually proportional, so that there

is a functional equation of the form

*

Oxtoy) = VY, )T () © 0
for some unique section 9(y, x) € 4 (c"(y))$~". By definition of .#, we have that
M () T = A W)] T @6, Oxlc ()

so in particular, can write 1 (y, x) = ¥ (y)7(y, x), where ¥(y) : A (cV(y)), = Os, is a trivial-
ization of . (c¥(y))$~", and 7(y,x) : Ox(c¥(y))y = Os,y is a section of Oy (c¥(y))g~". This is

exactly what we were searching for, and it is explained in section 4.3.1. in [Lan13|. The fact that
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7 is uniquely characterized by the functional equation above follows from the fact that o, is not
the zero map over the generic fiber (c.f [LanI3l 4.3.1.]). Furthermore, 7 does not depend on the
choice of ¢ by [Lanl3, Lemma 4.3.1.14]. All the properties of 7 now follow formally from the
definition, as in [Lan13l Prop. 4.3.1.8.].

Let us denote the category consisting of tuples (A, Aa,t4,X,Y ¢, c,cV,7) as we have just
constructed (so, tuples in DDpgy, . (R, I) without splitting assumptions on X and Y, level-
structures, ¢p-actions, and the Lie algebra condition) by DDyl .9, (R, I), with the morphisms

being isomorphisms on A, X and Y, that respect all the extra structures. We obtain the following.

Theorem 2.2.10. [F'C90, Ch. II, Thm. 6.2] There is a functor
Fpol : DEGpOLyK (R, I) — DDpolny (R, I)

sending (G, \) € DEGpol.9, (R, I) to a tuple (A, Xa,ta, X, Y, ¢,c,¢Y,7) € DDpor o (R, I), in-
ducing an equivalence of categories. If we assume that the character groups of the torus parts

are split on both sides, then this functor is the one constructed above.

The inverse functor was constructed in the totally degenerate case by Mumford in [Mum?72],
and then extended to the case in hands by Faltings-Chai in [FC90] and Lan in [Lan13].

The analysis of the &p-action data is not too hard: namely, the functoriality of F},,1 induces
an equivalence of categories, once we had the &'p-actions on both the categories DEG 01,5, (R, I)
and DDyo1 o, (R, I).

The analysis of the determinantal condition is done in detail by Lan in [Lanl3|, see section
5.1.2. for the details.

Finally, we want to explain how we obtain the level-structure data on a tuples
(A7 )‘Aa LA, Xa Y7 (ba C, c\/7 T)>

from the level-n structure a,, on G,,. Let us start by recalling that the level-n structure on de-
generation data is given by a tuple 0‘51 = (Zn,P—2.n; (P—1.nsV—1,n), P0.ns Ons Cns ¢y, Tn), consisting
of a filtration on L/nL, liftings of ¢, ¢V and 7 to %X7 %Y and %Y x X respectively, and some
extra isomorphisms and splittings. We want to start by building the filtration Z,, on L/nL from
a tuple (G, \, ¢, ) € DEGpgr, ., (R, I). For that, we need the following proposition:

Proposition 2.2.11. [Lani3, Prop. 5.2.2.1.] Let n be an integer coprime to p. There is a

canonical, Op-equivariant short exact sequence of finite étale S-group schemes
0 — Gyln] = Gy[n] = Y/nY — 0,
which extends to a short exact sequence on Tate modules

0 = TPG, — TPG, — Y @z ZP — 0,

by taking the limit over all integers n coprime to p.
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Recall that we also have short exact sequences,
0 — T[n] — Gn] — A[n] — 0

over S, by taking the n-torsion of the Raynaud extension. Once again, this induces a short exact

sequence on the Tate modules
0 — TPT, — TG, — TP A, — 0,
by taking the limit over integers n which are coprime to p. This immediately induces a filtration
0 C T[n], C G[nl, C G[nl,

on G[nl],. We denote its graded pieces given by {Gr;}_2<;<o, and we notice that these are
isomorphic to T'[n],, A[n],, and (Y/nY"), respectively. Now notice that, if we have a level structure
(an : L/nL = G[nly, v : Z/nZ(1) = py) as in definition oy, induces the desired filtration

0cC Zn772 C Zn,fl C Zn,O = L/nL

on L/nL given by the pullback of the filtration on G[n], that we just defined. Since the filtration
on G[n}, extends to Tate-modules, this filtration will also satisty a similar liftability condition.

Namely, it lifts to a filtration
0CZ oCZ.1CZy=L®yZP

The fact that the graded pieces Gr,; are isomorphic to T'[n],, A[n|, and (Y/nY), and the
liftability of the short exact sequences in proposition[2.2.11]to the Tate modules, together with the

liftability conditions imposed on the level-n structure on G, imply that we obtain isomorphisms
-2 : Grog, = Tln), = Hom(X/nX, u,) = Hom(X/nX, (Z/nZ)(1)),

won: Gron — Y/nY

and

ptn: G 5 Al
which lift to isomorphisms
@_o: Gr_y = Hom(X @z ZP,ZP(1)),

and
o : Grg ;Y@ZZP,

as required. We take v_1,, 1= vy, : Z/nZ(1) = pu,,. By [Lanl3, Prop. 5.2.2.], we know that

under the Weil pairing on T?G,, (which is an abelian scheme by assumption), T?T,, and TPG’,,
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are identified as annihilators of each other, inducing therefore the Weil pairing on TPA,, and

7
thus a pairing between Gr_s , and Grgy,

e? : TPT, x (Y @z ZP) — TPGp -

One can prove that e? is actually just the canonical pairing, i.e. we know that we have an

isomorphism 777; = Hom,, (X ®z /3 TGy, ), and e? is just the composition

Hom, (X @227, TGy ) x (Y @2.27) “2% Homs, (X @227, TP G ) % (X @2.27) 25 TPG,, .

By [Lan13l Lemma 5.2.2.4], under our previous assumption that condition 1.4.3.10 in [Lanl3|
is satisfied, any filtration on L/nL induced by a filtration on G[n], as above is split. Pick a
O'-linear splitting 6, : P, Gri?’n = L/nL. Tt is not hard to see that having the isomorphisms
©i.n, and splittings of both

0— G‘[n}n — G[n], = (Y/nY), =0 (2.2)
and
0 — T[n], — Gnl, — An], = 0 (2.3)

is equivalent to having a level structure «, : G[n], = L/nL inducing the given filtration Z,
(although we should notice that at this point, we still need to verify the compatibility with the

pairings). Indeed, the splittings above induce an isomorphism
Gln), 222 Gn), ® (Y/nY), 2Z3Tn], ® Alnl, ® (Y/nY),

that is required to be compatible with the Weil pairing. Therefore, if we have the data of

homomorphisms ; ,, and splittings, we recover a level structure by taking the composition
6;1 @ i,n ~Y
ap: L/nL — @Gri’,n =2 Tn), @ Alnl, ® (Y/nY), = G[n),.
i

Remark 2.2.12. This explains how to obtain a level structure on G,, from the level structure
on degeneration data. We can explicitly see that having the isomorphisms on the graded pieces
is not sufficient to recover the level structure, which is why we need to consider splittings d,,.
These allow us to recover isomorphisms between the whole spaces. Our equivalence relation on

af, then allows us to identify all the splittings, so that its choice does not matter.

Similarly, if we have a level structure «, : G[n], — L/nL, with induced filtration Z, on
L/nL, §, allows us to recover the splittings of the sequences and via the induced iso-
morphism

Glnly 22 L/nL 2 @,Gr%n | 2200 Tl @ Alnl, © (YV/nY),.
We just need analyze and rewrite what it means to have such splittings, which is how we will

produce the triple (cp, ), Tn)-
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Let us start with analyzing splittings of the sequence Splitting [2.3] corresponds to giving
a map A[n], — G[n],, whose image gives a closed subgroup scheme of G[n],,, which we denote
again by A[n],. By taking the quotient éln = G,/ A[n],), we get an isogeny G, — é/n with kernel

A[n],. Since A[n],, NT;, is empty, T;, still embeds in é;,, and we have a commutative diagram

0 T, G, A, 0
bk
0 T, G, A, 0

where the map between the torus is an isomorphism, the map between the semi-abelian schemes
is the projection and the map on the abelian varieties is the multiplication-by-n map. This can

be completed to a diagram

0 T, G, A, 0
Pk

0 T, G A, 0

0 T, G, A, 0

where the three vertical maps are the multiplication-by-n maps. Then, the abelian scheme é;,

together with the diagram

0 T, G, A, 0
0 T, G, A, 0

where the map between the torus is the multiplication-by-n map, and the map between the
abelian varieties is just the identity, determines the splitting. Identifying the map 7}, R T, with
the dual of the inclusion map X — %X between character groups, and using the same argument
as in the construction of ¢, we see that having the above diagram is equivalent to having a map
i iX = Ay lifting ¢ : X — A} over the generic fiber. Doing a similar analysis as in [Lan13,
Section 5.2.3|, one can prove that giving a splitting of is equivalent to giving a lifting of the
period map ¢ : Y — G’m lp %Y — G’n, which is equivalent to a lift of 7 by the previous remark
(c.f. [Lanl3] Lemma 5.2.3.2.]). Composing this with 7 : C?,, — A, gives the desired lifting of ¢V,
¢y . We finally take §,, to be the splitting on L/nL induced from the one on G[n],, thus finishing
the construction of the tuple af, = (Zn, ®—2.n, (P—1.ns V—1.1)s P0.ns O Cn, oty Tr) from an element
in DEGpgL,.7 (R, I).

Remark 2.2.13. Heuristically, one should think of G as a covering of G, and namely think
of G as a quotient of G by Y. Having this in account, it is intuitive to think that a splitting
Y/nY — G[nl, of 2.2]is given by a map ¢, as above.
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The only thing remaining, is to analyze the Weil pairings, and to find conditions in order to
insure that the level structure «,, is compatible with these pairings. Following the notation in
|[Lan13]|, let us denote by W, the filtration on G[n], obtained by pulling back the filtration Z,, on
L/nL, so that in particular the triple (c,, ¢, 7,) determines a liftable splitting ¢, : @aiGer" =
G[n],,. The goal is to study the pairing on Gr!" induced from the Weil pairing on G[n].ta. As
we have already stated, W, _, is the annihilator of W,, _;, and we obtain induced pairings on
Grzvg X Grgv " and Gr'r x GrKVi", which are independent of the splitting. By carefully analyzing
the splittings and the induced pairings, Lan was able to write down explicit equations for the
remaining pairings between the other graded pieces. Namely, if we write the induced pairing on

@iGrZW ™ as a matrix, we will obtain a matrix of the form

0 0 €20,n
0 ei,n €lon
€02,n €01,n €00,n

where e;;,, : GrKVi” X Gr‘ivjf’ — ln,n.- Notice that the matrix has this form, since W, _5 is
the annihilator of W,, _;. Furthermore, since (-,-) is alternating, egp2, and egp1,, are already
determined by e, and ejp,, respectively, and we already know that esg, corresponds to the
canonical pairing, and that e, corresponds to the Weil pairing on A[n],,.

It remains to analyze eg1,, and egp,. What Lan proves in section 5.2., is that in order for
v, to be compatible with the Weil pairings, e10,n : A[n]y X Y/Y — piy, , must be given by

1 1
e10.n(a, ) = {a, (Aay © Cp = Cn © @) Y)) A,

where (-, ) a[n), denotes the Weil pairing on A[n],, and ego n : Y)Y X LYY = pny by

c00n(y 1) = Ty S o/ 9l ™

which are exactly the conditions we stated in definition [2.2.7}

2.3 Toroidal Compactifications

In this section, we want to state the main theorem on toroidal compactifications for PEL-type
Shimura varieties due to Lan, and briefly explain its construction. We want to obtain a proper
scheme, containing our original Shimura variety as an open dense subscheme, and having as a
universal object a semiabelian variety with extra structures, whose restriction to ., gives back
the universal abelian scheme. The idea is to construct moduli spaces of degenerating data as we
defined above, and to glue them to our original Shimura variety. A problem arises when doing
this, namely that the equivalence of categories we saw only works over a complete basis. This
means that we only get an isomorphism between the moduli space of degeneration data and the
completion of the toroidal compactification along the boundary. One then needs to algebraize

everything in order to obtain the whole toroidal compactification. However, the construction of
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the toroidal compactification in not unique: it depends on some combinatorial data, namely on
a choice of a compatible cone decomposition. We will start by explaining the general setup in

the next section.

2.3.1 Toroidal Embeddings

We will be following [Lan13] and [FC90] in this section. Let T be a split torus, with character
group X and cocharacter group XV. Consider the R-vector space Xy = XV @z R.

Definition 2.3.1. A rational polyhedral cone ¢ in X} is a subset of X} of the form
o=Rsov1+-+Rsovp

where {v;}; € Xg. The closure of o is given by
0 =Ryov; +--- +Rxov,.

A rational polyhedral cone o is non-degenerate if its closure does not contain any nonzero R-

subvector space of Xy, and it is smooth if the v; can be chosen to form a Z basis of XV.

Definition 2.3.2. Let o be a rational polyhedral cone. A supportive hyperplane H of o is a
hyperplane in X, such that o does not overlap with both sides of H.

Definition 2.3.3. Let o be a rational polyhedral cone. A face 7 of ¢ is a rational polyhedral

cone such that there exists a supportive hyperplane H of o satisfying H No = 7.
Recall that we have a natural pairing
() X xXY =7
which defines by extension of scalars a pairing
() X x X = R.

Definition 2.3.4. Let o be a rational polyhedral cone. We define the following semi-groups of
X:

oV :i={zeX| (x,0) >0}

oy ={xe X |{x,0) >0}
and

ot :={z e X |(zx,0) =0}

It is clear from the definition that o defines a subgroup of X, and thus a quotient torus 7},.
Let ' be a group acting on X, and thus also on XV. Let P be a cone in Xy (ie. a R,

invariant subset).
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Definition 2.3.5. A I'-admissible rational polyhedral cone decomposition of P is a collection
Y = {0 }ier of non-degenerate rational polyhedral cones such that P is the (set theoretic) disjoint
union of all cones in ¥, so

P =1licyo;.
This is required to be a stratification, so the closure of any o; in P must be the union of o; with
j € I. We also assume that each of these o; appearing in the closure of o; must be a face of ;.
Furthermore, ¥ must be T'-invariant, so I" permutes the cones in ¥, and the set of I-orbits, X/T",

must be finite.

Such a cone decomposition ¥ is said to be smooth if every cone in ¥ is smooth.

We now want to use these cones to obtain toroidal embeddings. So, let .# be a T-torsor over

some scheme Z, and write by abuse of notation (c.f. [Lanl3| 4.2.3.])
Ou=EP Oux
xeX
where O 4, is the weight-x subsheaf under the T-action, using as usual that .Z is relatively
affine over Z . As we have already seen, we have isomorphisms

Oux®Ouyx — Ou x+x

inducing on @ 4 the structure of an &z-sheaf of algebras. Fix a rational polyhedral cone o, and
define

M (o) = Spec,, (Byeov O y)-

Dyeov Oy gets an induced structure of &z algebras from the one on & 4. The inclusion

Dyeov 0.4 C U 4 induces an open immersion
M — M (0).

The T-action on .Z extends naturally to .# (o). Furthermore, for any face 7 of o, the inclusion

o CT

induces a canonical embedding

M(T) = M(0).
In particular, if we have a I'-admissible rational polyhedral cone decomposition ¥, we can consider
the schemes .#(o;) for every o; € %, and use these embeddings to glue them all, obtaining a
scheme .#s over Z- the toroidal embedding of .# defined by ¥, which is called the toroidal

embedding of .# defined by . Before stating its properties, let us just define a subscheme of
M (0).

Definition 2.3.6. Define
My =M (0) — Uy M (1) C M (0)
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where 7 runs through the proper faces of o. This is a closed subscheme of .Z (o) given by the
ideal sheaf

Ie= > Opx

X€oay

which can therefore be identified with
My = %ﬁz (EBXEO-L ﬁ//g7x).
This is called the o-stratum of .# (o). #, is a T,-torsor over Z.

Proposition 2.3.7. [Lanl3, Thm. 6.1.2.8.], [FC90, Ch. IV, Thm. 2.5.] Let P be a cone in
Xy, and let ¥ = {o0;}ier be a I'-admissible rational polyhedral cone decomposition of P. Let
M be a T-torsor, and My be the toroidal embedding of .# defined by ¥. Then, the following

properties are satisfied:

1. M is separated, locally of finite type scheme over Z, and it has an induced action of T. It
contains both M and A (c;) fori € I as open dense subschemes, and the open immersions
M — Ms, and M (0;) — Ms are T-equivariant. Namely, #s is the union of the M (o;),
with gluings given the the inclusions M (1) — M (o) for faces T of o. In particular, if
01 = 6N oy, with oy the largest common face of o; and oy, then M (07) = M (0;) N\ M (0k);

2. M, admits a natural stratification by locally closed subschemes
My = Uic1 My,

with M5, defined as in definition . Namely, by construction, if we denote by My, the
closure of My, in Ms, My, C //Zgj if and only if 55 C 0y

3. T acts on M, sending M (0;) (resp. My,) to M (vo;) (resp. Myo,) for each v € T. We
will assume that if & NG # {0} for some v € T', then a power of v acts trivially on the

smallest boundary of Xy containing o;

4. If the cone decomposition ¥ is smooth, then M~ is smooth over Z, and the complement

M (0;)\ A has normal crossings divisors for each o; € X.

2.3.2 Main Theorem on Toroidal Compactifications

In this section, we state and sketch the proof of the main theorem on toroidal compactifica-
tions. As was already mentioned, we will want to construct a space that parametrizes tuples
(A, M4, 04, X,Y,0,¢,¢Y,7,[ab]) as in definition m (where we once more assume that n is
prime-to-p), not necessarily over a complete base. In fact, we first want to construct a space
parametrizing tuples (A, A4, 4, X,Y, ¢,c,c¥,7,al) without the equivalence relation on o, and

then quotient it out by a certain group to identify the elements on the same equivalence class.
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Furthermore, notice that there is some redundancy in the definition: namely, ¢,, ¢’ and 7,

n

already determine ¢, ¢ and 7. In particular, what we really want to parametrize are tuples

(Zna (X7 Y, ¢7 Y—2.n, SDO,n)a (A7 AA, LA, (‘Pfl,ru Vfl,n))7 5717 (Cn, CX, Tn))7

with elements as described in the previous sections. We somehow want to construct this moduli
space in several steps: first, we need to fix the discrete data, meaning a cusp label or a represen-
tative of one, (Z,,(X,Y, ¢, 02, 00on),0n) as in definition We can use the filtration Z,, to
define a smaller PEL-type Shimura variety, which will parametrize the abelian part of the tuples

above, namely tuples (A, A4, ta, (Y_1,n,V-1,)), as follows:

Definition 2.3.8. Let 5”5” be the functor over Sy parametrizing over a test scheme S tuples

(A, A\, ¢, (cun, V) consisting of:
1. an abelian scheme A over S;
2. a prime-to-p polarization A : A — AY;

3. an Op-action ¢+ : Op — Endg(A) satisfying the equality +(b)Y o A = X o 1(b*) for every
be Op;

4. Liey,s must satisfy the determinantal condition determined by (Gr%’iR, (-, )11,R, h—1) as
in definition [2.1.2] also c.f. definition [2.2.7}

5. (an, V) is a level-n structure: namely, o, : Grf’i, s — A[n] is an Op-equivariant isomor-
phism of group schemes over S, and v, : (Z/nZ(1))s — (in)s is an isomorphism of group

schemes over S such that the diagram

Gr{’is X Gr{is — (Z/nZ(1))s

! !

Aln] x Aln] ———— (n)s

commutes, where the top horizontal arrow is the alternating pairing induced by the filtra-
tion Z,, on Gr%’i g the bottom horizontal arrow is the Weil pairing on A[n] induced from
the polarization, and the two vertical arrows are the obvious ones. We furthermore require
that the level-n structure is symplectic liftable in the sense of [Lanl3, Defn. 1.3.6.2.]). This
roughly means that «,, lifts compatibly to isomorphisms a, : Gr%ﬁ’i s — A[m] for all m

prime-to-p which are divided by n.

Two such tuples (A, A, ¢, (ap,vy)) and (A, N,/ (al,,v))) are equivalent if there is an isomor-

phism f : A — A’, compatible with the &'z-action, such that A = f¥ o M o f, and such that

— !/ !
o = foal, v, =1,
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Remark 2.3.9. e Lemma 5.2.7.3. in [Lan13] provides us with a PEL-type lattice, associated
with Gr%’i_ g (this uses the fact that our assumptions on Z,, imply that Grfq g admits an
alternating bilinear pairing (-,-)1,). By abuse of notation, we still denote this lattice by
Gr%’i g- It is then clear that YI?" is a PEL-type Shimura variety as in definition

e On the construction of the category of degenerations DDpgr, .o, (R, I) parametrizing tuples
Ofthe form (A7 )‘A7 LA, X7 K ¢7 c, Cv» T, [OKEL]), Where aE’L = (Zna 8072,7’” (@71,717 V*l,n)7 SOUJH 67“ Cn, 07\{7 Tn)7
if we pick a representative of [af], the tuple (A, Aa, 4, (9_1.1,V_1.n)) is exactly a point in

5”]?", just as required.

7 Ign does not depend on the choice of representative of the cusp label, since it only depends

on Z, which is independent of this choice.

The next step of the construction of our moduli space, will be to construct a space Cy, over
yfg", parametrizing the Raynaud extensions ¢, and c¢). The naive definition for this space will
not be exactly what we want, and we will need to cut out a certain geometrically connected
component which will be related to the liftability conditions on ¢,, and ¢,/. The final step, will
be to parametrize the trivializations 7,, which is also the hardest part. We will also have to be
careful to keep track of all the extra relations, such as the compatibilities with Weil pairings.

We will now make a few preparations to state the main theorem on toroidal compactifications.
We will then sketch the proof of the theorem, by explaining the construction of our moduli space.

Denote by ®,, = (X,Y, ¢, ¢_2.n, po,n) the torus part of the representative of the cusp label

we fixed above.

Definition 2.3.10. Define the group Sg, as the quotient group of

. 1 1 1 .
So, = (=Y @z X)/(y @ oY) =y ® ¢(y), (b—y) © X = ~y @ (b"X))y.yevixex beon
by its torsion subgroup.

In the construction of the moduli space we mentioned above, the scheme parametrizing the
trivializations 7, will give rise to a torsor for the split torus with character group Sg, will show
up. We will then want to use the previous section to produce torus embeddings of this torsor, in
order to produce compactifications of this space. We remark that there is a natural isomorphism
between Sy p := Sy ®z R where Sg is the Z-linear dual of Sp, and the space of Hermitian
pairings on Yg with values in B®qg R, (|-,+]) : Yz X Y = B®z R (c.f. [Lanl3l sect. 6.2.5.]]).

Let Py, C S¥n,R be the subset consisting of positive semi-definite Hermitian forms (see
[Lan13, Defn. 6.2.5.3.] for definition of positivity in this setup), with admissible radicals, i.e. such
that the radicals are the R-spam of some direct summand &p-submodule of Y. Let Pgﬂ C Py, be
the subset of positive definite Hermitian forms. We will apply the constructions of the previous
section, namely by considering I'-admissible rational polyhedral cone decompositions of P, with
X =53,
for X, PandT), where I'y, C GLg,(X) X GLg,(Y) is the group of pairs of isomorphisms

P := Py, and I' = 'y, (where we are using the notation introduced in section
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yx : X = X and vy : Y =5 Y satisfying ¢ = yxo0doyy, p_2, = 7% 09 _an and 0o, = Yy 0Pon
(recall that under definition of a cusp label, these relations are exactly the ones defining
equivalent classes when X = X’ and Y =Y”). It is clear that I'g, acts on Pg_ . One can prove
that there exists a I'p, -admissible, smooth rational, polyhedral cone decomposition of Py, c.f.
[AMRT75l Ch. 2|, so let X¢, = {0;}icr be such a cone decomposition.

In order to construct the toroidal compactification, one need to perform a gluing process: we
need to pick a representative for each cusp label, and to construct polyhedral cone decompositions
for each P, as we have just defined. This will allow us to define torus embeddings for each cusp
label, which we then want to be able to glue together to get a space. But in order to be able
to do this, the choice of these cone decompositions need to be "compatible". Let us make this

precise.

Definition 2.3.11. Let (Z,,®,,d,) and (Z/,, ®.,0!) be two representatives of cusp labels such

that we have a surjection
(Zn, @y 0n) — (Z),®!6)

n? n»-n
(see [Lanl3, Defn. 6.3.3.4.] for the definition), inducing an embedding Pj C Ps, of cones.
Choose two polyhedral cone decompositions X3, and Zﬁbn. Then

(P 6n, Ba,,) — ((I)’ 5 EQDH)

n»’n?
is a surjection if Xg, [p; = X% .
n n

So, compatible means that after picking representatives for each cusp label (Z,, ®,,d,),
and cone decompositions g, , for each surjection between these representatives (Z,,, ®,,,0,) —
(Z),,®7,,07,), (Pny 0n, B, ) — (P7,, 07, X ) must also be a surjection.

We will also need the following definitions:

Definition 2.3.12. Let (Z,,®,,d,) and (Z],,®,0!) be two representatives of cusp labels.

n’-n

e Let o and o’ be two nondegenerate rational polyhedral cones in Py, resp. P&,n. Two tuples
(Zpy @, 0p,0) and (Z),,®!,0!,0") are equivalent if there exists a pair of isomorphisms

n»rn?

(vx : X' = X, 9y : Y = Y') making (Z,,, ®,,6,) and (Z.,®’,,6!) equivalent, and the

n»n

induced isomorphism Pj —+ Pg, sends o’ to o.

e Let X3, and ¥j be two choices of I'p, (resp. I'y: ) polyhedral cone decompositions of
Pg,, (resp. Py ). Two triples (®y,d,,Xs,) and (&), 4, X ) are said to be equivalent if
there exists a pair of isomorphisms (yx : X’ = X,vy : Y = Y') making (Z,, ®,,d,) and
(Z!,®!,5!) equivalent, and identifying the two polyhedral cone decompositions under the

n’ n

induced isomorphism Py — Pg, .

Definition 2.3.13. A compatible choice of admissible smooth rational polyhedral cone decom-
position data for .#k is a complete set of compatible choices of polyhedral cone decompositions

Y ={%s, }{®,.5,)) for (Pn,0,) running through all representatives of cusp labels.
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Remark 2.3.14. e There always exist a compatible choice of admissible smooth rational

polyhedral cone decomposition data for .k, c.f. [Lanl3] Prop. 6.3.3.5.].

e The choice of a compatible choice X¢, for the chosen representative (®,,,d,) extends to a
compatible choice for all representatives (®/,6/). This implies that we only have to make

n»vn

one choice for one such representative ([Lanl3, Rmk. 6.3.3.3.]).

Definition 2.3.15. Let [(Z,, ®,, 6n,0)] and [(Z],, @}, 5., 0’)] be two equivalence classes of tuples

nvn’

as in the definition above. We say that [(Z,, ®!,, 0! ,0")] is a face of [(Z,, @y, 6n, 0)] if there exist

nvn

representatives (Z,, ®,,,,0) and (Z!, ®! 4! 0’) such that there is a surjection

n»-’n?

(Zn7q)n76n) - (Z7/7,7¢/ 5/ )7

n’-n

inducing an embedding Pg < Ps, of cones, such that the image of ¢’ under the embedding is

contained in the I'g -orbit of o.

Theorem 2.3.16. [Lani3, Thm. 6.4.1.1.], [LS18, Prop. 2.1.3.] Let n > 3 be an integer, and
K = K(n) a principal level. Let ¥ = {¥(s,5,)}(®,.5,) be a compatible choice of an admissible,
smooth, projective rational polyhedral cone decomposition data. Then there is a projective, smooth

scheme Yf(orz over Spec(Op, (p)), containing .Y as an open, dense subscheme
G S ffé’rz
together with a universal semi-abelian tuple
(Gy A, an)

as in deﬁm'tion such that the restriction of (G, \, 1, o) to Sk is the universal object over

Sk . Furthermore, y}("rz satisfies the following properties:

1. It admits a (set-theoretical) stratification by locally closed subschemes

IKS = Ui(@,,60.00 Z(®0.60,0)]

where the union is over a complete set of equivalence classes of tuples (®y,,0,,0), with
o € Yo, such that o C Pgn. Each stratum Zj, s,.0) lies in the closure of another
stratum Zja: s oy of and only if Zys, 5,0 15 a face of Zye: 51 1)) Sk corresponds to
the class where X =Y = 0. Each stratum is smooth over Spec(Op, (p));

2. The complement of Sk in 5”}(‘”2, with its reduced structure, is a relative Cartier divisor

with normal crossings;

3. Let (5’[?%)/2\[(4%6“_0)] denote the formal completion of 1%, along the [(®,, 0y, 0)] stratum.
For each choice of representative (Z,, ®,,0,) of a cusp label as above, there is a toroidal

boundary chart
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'_'(bn '_'énaényz'in Sn HUEECI)n Sn (I’n;6n (U)

I

where:

) 5”5" is the Shimura variety associated to the filtration Z, as in deﬁnitz’on (in
particular, it parametrizes tuples (A, Aa,ta, ) of abelian schemes with extra struc-
tures);

o Cy, 5, 15 an abelian scheme over Yg" (as we will explain below, this should parametrize
the Raynaud extension: namely, the data ¢, and c));

® S, 5, is atorsor under the split torus with character group Sg,, (this should parametrize

Tn). More precisely, Z¢, s, is defined as

Ep, .5, = Spec (Bress, Yall))

9C(a,,,50)

where ¥, (1) is a line bundle which we will define bellow. Then, since Z¢, s, is a torsor,

we can define the scheme Zg¢, 5, (0) = Spec,, (Breov ¥, (1) for any rational
— YC@n.sn)

polyhedral cone o € Lp,, as in the previous section, so that Eg, 5, — s, .5,(0) is a

toroidal embedding.

We will see bellow that Es, s, will parametrize the period morphism 7, above Cs, s, , as
desired. In particular, the toroidal boundary chart yields the construction of a moduli
space, parametrizing degeneration tuples just as expected. Let Zs, s, denote the formal

completion of 2, s, (o) along the boundary Eg, 5, o — Za, .5, (0), where Eg, 5, » denotes

the ideal sheaf of g, 5, (0) given by

n
2o, .60,0 = Specﬁc@n,sn) (®reer T (l)).

Let furthermore I's, » C I's, be the subgroup consisting of (yx,7vy) mapping o to himself

under the I'g, -action on Pg,. There is a canonical isomorphism

(ylt(OYE)Z[( By, 0m,0)] = ‘%/-Qny(;nvg/]?@nya

which is independent on the choice of representative of the cusp label, respecting stratifica-

tions.

. Let

Dy ,00 (U)Jr = U E‘Pn76n;7—' (2'4)

rex} 7Co
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For each o € E;f", consider the formal scheme %gmémo, given by the formal completion

of Zs, .5, (0) along ¢, s, (0)T. Then, there is a canonical isomorphism
(ytor )/\ o :%/-o /F@
KX cxt rco ZU@n.bn) PryOn,0 /T Py

extending the canonical isomorphism

(ylt((?%)/z\[(q,nﬁn,a)] = '%-q:'nyénuo'/rq)nuo"
Let furthermore Spf(R) — 23, 5,.0 be an affine open formal subscheme of Zg 5 . The

isomorphism induces morphisms Spec(R) — Eg, 5, (0) and Spec(R) — L5 Then,
the stratifications induced by 7325, and Zs,, 5, (0) via these maps on Spec(R) agree. We
denote by WO the preimage of Sk (or Ze, 5, ) under this map.

. Let S be an irreducible, Noetherian, normal scheme over Spec(Op, (), and assume that
we have a degenerating family (G, T, LT,OZIL) over S, as in definition . Then there
erists a unique morphism

S — 55
over Spec(Or, (p)) such that (GT, T, .1, o) is the pullback of the universal object (G, \, 1, )
if and only if the following condition is satisfied:
Let 5 € S be a geometric point of S, and Spec(V') — S be any dominant morphism centered
at s, from the spectrum of a complete discrete valuation ring V. with fraction field K,
algebraically closed residue field k and valuation v. Let (G, \T,.7, al) — Spec(V) be the
pullback of the degenerating family to V.. Then (GT,\,if, al) — Spec(V) is an element in
DEGrpgL,.7 (V,m), and thus, by theorem it corresponds to an element

(Ai, /\i‘, Li, Xyt of ot eVt ot [aEL]i) € DDpgr, .7 (V, m).

In particular, it determines a filtration Zi in L/n as usual, and a torus argument ®%. As

we already know, the trivialization
’7'i : 1Yi><Sxi77] :-) (Cv’i X Ci)*‘@;?t_’rl,

over the generic fiber n = Spec(K), can be though of as a set of sections 7¢(y, x) fory € Y,
X € X which we think of as sections

Ti(an) : ﬁSpec(V),n = ﬁX(CV7I(y))§_1'

There in an integral structure on Oy (c'¥(y))2~" given by O\ (c¥¥(y))®~, which we can
pullback via this section to obtain an invertible V-submodule of K, I, .. This defines a
morphism

Yix Xt Inv(V)

(y» X) = Iy,x
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where Inv(V) denotes the group of invertible V-submodules of K. This descends to a
homomorphism
BY: Sy, — Inv(V)

and by noticing that we have a natural identification Inv(V') =2 Z via 7™V <> m where 7

denotes the uniformizer of V, we obtain a homomorphism
voBY: Sy —7Z

which is an element of S‘gn. The condition is that for some choice of splitting 5}1, there is
a cone ot in the chosen cone decomposition Yg: of Pyr whose closure contains all v o Bt

obtained this way.

We want to sketch the proof of the theorem, as done by Lan in his thesis. Namely, we want
to explain how to construct the toroidal boundary chart. It will be clear by the construction

that it should parametrize the desired tuples. We also want to explain the proof of the universal

property.

Proof. As we already explained, we want to start by constructing a space parametrizing degen-

eration data tuples

(Zn7 (X7 Yv ¢7 9072,71» @O,n)u (A7 )\Av LA, (prl,na V*l,n))v 6717 c, Cv» T,Cn, CX, Tn)~

As we have already remarked, ¢, ¢V and 7 are determined by ¢,, ¢ and 7, respectively, so we

really want to parametrize tuples

(Zn7 (Xa K ¢7 Y—2.n, @O,n)a (A7 )‘Av LA, ((pfl,nv V*l,n))v 6n; Cn, CX7 Tn)-

Note that on the statement of the theorem, we fix a set of representatives of cusp labels
(Zpy ®p,y0y), and we want to construct a toroidal boundary chart for each of these. So let

us fix a cusp label [(Z,,, ®,,0,)], and a representative (Z,,, ®,,,0,). The abelian part,

(A7 )‘A7 LA, (SO—Lm V*l,n))7

is a point in an by definition. By abuse of notation, let A denote the universal abelian scheme
over 5”[?” Next we want to parametrize ¢, and ¢,/. For that, notice that we can just consider
the schemes Hom, (1X,AY) and Hom, (1Y, A) over SZ". Recall that ¢, and ¢ are liftings
of ¢ and ¢ respectively, and that these are required to satisfy the equality A4 oc” = co ¢. This
can easily be obtained, by considering the scheme

Ca, s

n,0n

1 1
= HomﬁB(ﬁX, AV) XHOJgB (Y,AV) HomﬁB(ﬁY’ A)

where the map Hom,  (+X,AY) — Hom, (Y, AY) is ¢, = ¢, 0 (X < 2X) o ¢ and the map
Hom, (1Y, A) — Hom, (Y, AY)is ¢} — Aaocyo (Y < 1Y),
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Also recall that there is a compatibility condition with the splitting ¢,,, namely the equality

<<P—1,n(')a (/\A © Cx —Cp O ¢) © @O,n('))An =V_1n© (', '>10,n

must be satisfied. Let bg, s, : 2Y/Y — AV[n] be the (liftable) homomorphism defined by the

equation
(-1,n(), 62,6, © Pon())a, = V-1,n° (", )10,

Then the equality above translates to the equality
bo, 5, =Aaoc, —cpod.
Now just consider the morphism
. 1 Y
On: Co, s, — HomﬁB(HY/Y,A [n])

sending (¢, cY) to Mg ocY — ¢y 0o, and let Cs, 5, = 9, (ba, 5,) be the fiber of 9, at bg, s, .
This space cuts out the relation we want. The only problem is that this is not necessarily an
abelian scheme, namely it might not have geometrically connected fibers, so it is not yet the
scheme Cg, 5, that we are looking for. In order to obtain Cs, s, one needs to pick the "right"
geometrically connected component of Cﬂpmbn, which will actually be exactly the one that cuts

out the liftability conditions on the pairs (c,, ¢y ). Let us recall its construction.

Construction 2.3.17. Let HomﬁB(%X, A)° be the fiberwise geometric identity component of
Hom, (+X,A), as in [Lani3, Prop. 5.2.3.9.]. Consider the map

1 ] 1 1
HomﬁB(EX, A)° — HomﬁB(EX, AY) X Hom,, (Y.AV) HomﬁB(ﬁY, A)

over yf"’, and denote its image (which is an abelian subscheme of Cq;.mgn ) by C’%n. It is clear

that its kernel is given by the finite étale group scheme
1 1 1 o
Homg,  (=X/®,(=Y),ker(Aa)) NHom, (=X, A)°.
n n n

Denote by 7T0(Oq>n,y§") the group scheme of fiberwise geometric connected components of C’@n,
as defined in [Lanl3, Defn. 5.2.3.8.]. One can prove that this is a finite étale scheme over YI?‘,
and that its rank has no prime factors other that those of the discriminant of Op, [X : ¢(Y)], the
rank of the kernel of Aa and n (c.f. [Lani3, Prop. 6.2.8.2.]). Now, consider the scheme Cs, p,
defined above. Recall that we have a liftability condition on ba, s,, and therefore a compatible
choice of liftings b = {bm Y nfmprm With by, © =YY — AV[m]. If we let m be an integer such
that p{ m and n|m, then we obtain a natural morphism é¢m’bm — C"q%bn, and therefore we can
consider the common schematic image of these morphisms, denoted C’g,omb This is already the
scheme that we are looking for, but we still need to prove that it is geometrically connected.

We have the following result:
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Lemma 2.3.18. [Lanl¥, Lemma 6.2.3.11.] One can produce a uniquely determined compatible
system of elements {Bm}nlm,p’mw where each by, is an element of Hom, . (%X/gb(Y), AY) XHom, (Y,A)
. — B
EcCCs

s, that is sent to by, under the map

ms

Om : é@

m 16m

- Hom,, (--Y/Y, A" [m))

By compatible, we mean that for m|l, l~)l is sent to l~)m via the canonical map é¢z,bz — é@m’bm,
This implies that, under the conditions above, l~7m translates C.’@m’o to é¢m,bm for each m > 1 such

that n|m, and that therefore the underlying geometric spaces of é@mo and Cﬂpmbn are isomorphic.

Proof. Just take by, to be (=b| 1 y,0), where [ is an integer satisfying n|l, p { I and 1Xx c
%@(Y). One needs to be a bit careful to make sure that this makes sense, but once one does so,

the result follows trivially.

The last thing we need to prove, is the following:

Proposition 2.3.19. [Lani3, Lemma 6.2.5.153.] The common schematic image C’gf’f‘o given by

the natural morphisms Cg,, o — Ca, 0, for m such that ptm and n|m, is Cff)n

Proof. We start by noticing that the image of the natural map é@,n,o — C’Qmo given by the
inclusions 1 X/X < LX/X and 1Y/Y < LY/Y is the same as the multiplication-by- map
on C’q)m(), just by definition. Furthermore, the canonical isomorphisms %X & X = %nX and

%Y Yy~ %Y induce canonical isomorphisms
. 7~ o 7 o~ o
C@mo XY}%" me — C<1>1 Xy;fl me — C<1>m70. (2.5)

In particular, the rank of the group scheme 7o(Cay, 0, YI?") of fiberwise connected components
of écpm(] over 5’5" is prime-to-p, using that the rank of Wo(é¢l,y§1) is prime-to-p, and that
the pullback of 7o(Csy,,.2") under is 70(Ca, 0,-7£"). Therefore, there exists an integer
m satisfying n|m, such that multiplication by * kills 70(Ca, 0,-7Z"), and thus the schematic
image of the map Cg,, o — Cag, o for the chosen m is contained in Ogn by our initial remark (c.f.
[Lan13l Prop. 5.2.3.9., (4)]). But since Cff)n is an abelian scheme, the multiplication by integers
are surjective on it, and thus it must both coincide with the schematic image of the map above,

and be contained in the image of C’q,ho — é@mo for any n|l. The result follows.

This ends the construction, since it is now clear by the previous two results that the following

corollary holds.

Corollary 2.3.20. [Lanl3, Cor. 6.2.3.14.] C’gff‘bn 1s the translation of C% by bn, and it is

therefore an abelian scheme.
We take Cs, 5, = C™, .
The only thing left to parametrize is 7,,. We want once again to think 7, or more precisely 7,

1
n

as a set of sections {7(2y, x)} of the line bundles (c¥(1y) x c(x))*f@f’gl over S, for y € Y and
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x € X. Let (¢p,c,) be the two universal homomorphisms over Cg, 5, . We can define a map
1 .
-Y x X — Pic(Cs, 5,)
n

by sending 1y ® x to (¢¥(L1y) x c(X))*ng’,;l. This is well defined due to the formal properties
of the pullback of the Poincaré sheaf, such as linearity in the first and second variables, and
symmetry with respect to ¢ as we have already explained (c.f. [Lanl3], section 6.2.2. for a

detailed exposition). Recall that we have defined the abelian group

Se, = (%Y ®z X)/(y@d(y) — v ® ¢(y), (b%y) ®X— %y ® (0"X))y.yevixeX beos-
These formal properties actually imply that the map above descends to a map
U, : Sp, — Pic(Csp, 5,).
The bilinearity of these pullbacks induces canonical isomorphisms
V() @y, 5. Yn(l') = (1 +1')
for any 1,1’ € Sq;.n, and therefore an O¢,, ; -algebra structure on
Dy, U, ().

We now define

Eg, = Spec,, , (@leéq)n U,.(1)

and denote by E’q% = Hom(§q>n, Gn,) the group of multiplicative type with character group Sq;n.
Then, Zg, is a Fg, -torsor ([Lani3, Sect. 6.3.2.]). This space parametrizes trivializations 7, by

construction, and it thus admits a universal trivialization
Tt Liyyx — (cf x ¢)* P
n

However, note that since S"q>n is not necessarily torsion free, E@n might not be a torus. This
is solved in a similar fashion as with C’q)mgn, namely one needs again to choose the subspace
Es, .5, of E%, having again to do with the liftability condition on 7,,, as well as the Weil pairing
condition, and this will actually be a torsor under the torus with character group Sg, = S(I)n7free,
the subgroup of S’cpn of the torsion-free elements.

The only things left to take care of are the positivity condition of 7, and also the fact that we
are not necessarily working over the spectrum of an I-complete local ring R (which is actually
needed to make sense of the positivity condition), so at the moment we can not yet use the
equivalence of categories as in theorem [2.2.8] Recall that the positivity condition states that if
we are over S = SpecR for some I-completed normal ring R as above, and denoting by 7 = SpecK

is generic fiber, then for every y € Y,

(Y, 0(y)) : Opyy(c” (y))y = Osy
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lifts to a section on S,
(Y, 0(y)) : Opy)(c’ (y)) = Os

and that if y is not zero, then the image of 7(y, #(y)) factors through the ideal of definition of
R. Using the same notation as in the statement of the theorem [2.3.16] recall that the boundary
of the morphism =g, 5, » — Za, s, (0) is defined by the ideal sheaf Yp, 5, o = (Dicoy Vn(l))-
Also note the following: if I = [y ® ¢(y)] for y € Y, and 0 C Py, (vesp. o C Py ) is positive
semi-definite (resp. positive definite), then o(y, ®(y)) > 0 (resp. o(y, ®(y)) > 0). This is [Lanl3
Lemma 6.2.5.6.], but let us explain how to prove this: recall that we have an isomorphism between
the R-linear dual of Ss,, S}ﬁmR, and the space of certain Hermitian forms on Yg with values in
B ®g R. This identification is obtained by sending a Hermitian pairing |(-,-)| to the function
yR®(y') = Trp/g(ly,y’]). Then, foro € Py, (resp. o € Pgﬂ), we have o(y, ¢(y)) = Trp/o(|y, y|)
for some positive semi-definite (resp. positive definite) Hermitian pairing |(-,-)|. In particular
o(y,®(y)) >0 (resp. o(y,®(y)) > 0), so (y,P(y)) € 0¥ (vesp. (y,é(y)) € og). This implies that
if 0 € Pg,, the universal trivialization

T(y,é(y)) : ﬁEén,én ®ﬁc¢n‘5n \Pn(yvq)(y)) = ﬁEq)n,an

extends to a section

T(y, ®(y)) : Oz, 5. (o) Qoc, . Uoly, ®(y)) = Oz, 5, (o)

since the image of Oz,

0 »0n,

(o) ®bcy U, (y, ®(y)) through the composition of

Ea,, 60 (0) ®ﬁc¢n,5n \Il’ﬂ(y7 (b<y)) — ﬁaqm,an ®ﬁc¢n’5n \I]n(ya (I)(y)) (26)

induced from the toroidal embedding =g, 5, — Es, s, (0), With 7(y, ®(y)), lies in 0=, , (o)
(note that ©jeov W, (1) is a subalgebra of s, Yn(l)). If 0 € Pgﬂ, then its image under is
contained in fs, 5, ». This is essentially the positivity condition. Just as in proposition m
we can glue the schemes 24, 5, (o) together to obtain a toroidal compactification, which we will

denote by éq>m§m2q>n. By varying the cusp labels, we can consider the union of these spaces

H Ee,.,6,. %0, -

(Zn,®n,0n)

This disjoint union is almost the moduli space parametrizing degeneration tuples that we were
looking for. There are only two things missing: the first one is that in order to use the theorem
on the equivalence of categories between semi-abelian data and degeneration data, c.f. theorem
[2:2:8 we need to work over a complete base. This is the reason we consider the completion

Z&. 5.0, obtaining therefore a formal scheme

of =, 5, v, along the boundary strata Haez(q, "5,
n . Oy

which we denote by 23, s, 5., - It admits a universal semiabelian scheme as in the statement, by
functoriality of the Mumford construction (one is able to glue the semi-abelian schemes coming
from the equivalence in [2.2.8] at each I-complete affine normal base, and thus obtain a global

one). The second thing missing, is to identify the different equivalence classes of of,. Since our
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polyhedral cone decomposition Xg, is I'p, -admissible, its action extends to =g, s, » , » and thus

n,0n

to 2, 5,54, By taking the quotient

2%, 6,50, /Te,,

we are identifying equivalent cusp labels, and thus obtaining the desired moduli space of degen-
eration data. One then needs to algebraize all these maps to obtain gluing data, finishing the
construction of the toroidal compactification. This is where the compatibility condition of the
cone decomposition is needed.

We now want to explain how to prove the universal property of the toroidal compactifications.

Let us start by stating the universal property for =g, 5, (0):

Lemma 2.3.21. [Lani3, Prop. 6.2.5.11.] Let R be a Noetherian normal integral domain with
quotient field K, and suppose that we have a map SpecR — Cs, s, which is liftable to a map

SpecK — Eg,, 5,. Recall that under these assumptions, we can construct a homomorphism
’UOBZS@" —)Z,

which is an element of Sy , by considering the sections 7(y,x) : (¢¥(y) x ¢(x))* Pa, — K, and
the integral structure (cV (y) X c(x))* Pa, — (¢V(y) X c(x))* Pa, on (¢V(y) xc(x)*Pa, . Then
the map Spec(K) — Zs, 5, lifts to a map Spec(R) — Zs, 5, (0) if and only if for every discrete
valuation v : K* — Z with v(R) > 0, the corresponding map v o B is in the closure of o.

This can be easily proven: all we really want to know is whether the ideals I, , given by the
map B : Sp, — Inv(R) are actually contained in R for elements (y,x) € oV. But this is the
same as v o B(y, x) > 0, which is by definition the same as it lying in the closure of o.

The universal property for =g, s, (0) immediately implies a similar universal property for
E¢,,6,,50, Which is as follows: let S be a Noetherian normal scheme over Cg, 5., and let S C S
be a dense open subscheme. Assume furthermore that we have a map S — =g, 5, defined over
S = Cs, s, Then S — Eg, 5, extends to a morphism S — Eg, 5, 5, if and only if for every
geometric point z € S, and every dominant morphism Spec(V) — S centered at x from a discrete

valuation ring V', the associated morphism
Sq;.n — 7

constructed as above lies in the closure of some cone ¢ in the cone decomposition X, . The last

part of the theorem then follows formally (one needs to be careful with the gluing).

2.4 Minimal compactifications

In this section, we quickly review the main theorem on minimal compactifications, as proven in
[Lan13].
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Theorem 2.4.1. [Lanl3, 7.2.4.1., 7.2.4.5.] Let n > 3 be an integer prime-to-p, and K = K(n)
a principal level. There is a normal, projective, flat scheme 5”}; over Spec(Op, (p)), containing
Sk as an open, dense subscheme

Jt Ik = I

Furthermore, 5’; admits a stratification by locally closed subschemes
Ik = Wz, 0,507 %"

running through a complete set of cusp labels, such that 5”]?; lies in the closure of ,5’}?" iff there
is a surjection of cusp labels from [(Z] ®.,00)] to [(Zn, ®n,0,)]. In addition, it satisfies the

n n»vn

following properties:

e Let X be a choice of a compatible admissible smooth rational polyhedral cone decomposition
data for Sk as in definition . Let 5”;(‘”2 be the toroidal compactification attached to
this data. Then, there is a map

Ty : Yf(‘“z — I

between compactifications, such that the equality jj, = 75 Oj}é’fz holds. For each cusp label
[(Zn, ®n, 6n)], the (set-theoretic) preimage of the [(Z,, ®n, 6n)|-stratum along s, agrees with
Zi(@,.5,)) = Uoesa, Z|(®,.5,,0)] (using the notation as in theorem . Furthermore,

TS * ﬁy;grz = ﬁy;<~

o Let K(n),K(m) C G(ZP) be two principal levels, and g € G(AP) such that g~ K (n)g C

K(m). Then, there exists a finite surjective morphism
[g] : ‘Sﬂ;;'(n) - ‘Sﬂl*((m)’

extending the usual one on Shimura varieties.

2.5 Level-p-structures

In order to define the Hodge-Tate period morphism in precedent chapters, we will need to consider
toroidal and minimal compactifications with additional level-p-structures. This was studied in
[Lanl16], and we just want to quickly review his results.

We work in the same setup as in the last few sections, namely we consider an integral PEL-
data (Op,*,L,{-,,),h), with associated unitary similitude group G over Z, and we fix a good
prime p { [L¥ : L]. Let K? = K(n) C G(A?) be a principal open compact subgroup with
p {1 n, so that in particular we can consider the associated Shimura variety #k» as in definition
defined over Spec(Op, (), where Fyy denotes the reflex field (recall in particular that .7x»
parametrizes tuples (A, A, ¢, (ap, vy, )) consisting of an abelian scheme with extra structures, and

that the fact that p is a good prime implies that the polarization A is prime-to-p).
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Notice that we can consider the exact same PEL-data, but with 0 = @ (as in the notation
of [Lan13|, [Lanl6]). In particular, we can then consider open compact subgroups K = K,K? C
G(Z), with KP = K(n), and obtain an associated Shimura variety .72 over Fy, parametrizing
tuples (A, A, 1, k) similar to the ones above, but where o is now a level-K structure. We still
assume that p is a good prime, so that A is still a prime-to-p polarization. We are actually only
interested in the case K = K(p™n) where n is prime-to-p, so that ak is a p™n-level structure.
It will then consist of a level-n structure o,, and of a level-p level structure o,,. We obtain an
induced finite morphism

P IR = Lkr ®7,Q

sending a tuple (A, A\, ¢, ax) to (A, A\, ¢, ), where «, is the associated level-n structure, such

pre

that the pullback of the universal object on .“x» ®z Q is exactly the universal object in ..

Remark 2.5.1. Thisis [Lanl6l Prop. 4.12.], with j = 1, and (Caux, *1,auxs L1,auxs {5 *)1,aux; P1,aux) =
(ﬁB7 *, La <’7 '>7 h)

In this setup, % does not necessarily admit a good integral model (as in [Box15, Defn.
3.4.1.]). We need therefore to define .k as the normalization of x»r in Z5°, under the
morphism 7. By [Lanl6, Prop. 6.1.], .#k is a normal, flat scheme over Spec(0p, (,)), with a
canonical isomorphism

YK XSPEC(ﬁFO,(p)) Spec(Fo) = y}l;re

over Spec(Fp). It still admits a finite morphism 7 : ., — Sk» by definition.
We can also analyze what happens on the level of toroidal and minimal compactifications.
This is done on sections 5, 6 and 7 of [Lanl6].

2.5.1 Toroidal compactifications at level-p

We want to briefly explain what we obtain on the level of toroidal compactifications, when we
add the level-p-structures. Let us start by, just as above, considering the Shimura variety .75
with K = K(p™n), with O = @. We can then consider toroidal compactifications of /% ¢,
just by using [Lan13]. We want to construct a morphism between such a compactification, to a
toroidal compactification of Sk» ®7z Q, extending the morphism 7wP*® we saw above. In order to
do so, let us start by analyzing the cusp labels.

Let [(Z,®,d)] be a cusp label at level K(p™n). In particular, if we pick a representative
(Z,®,6), we can think of Z = {Z_;} as a symplectic, admissible filtration of L ®y 7. By
considering the base change

Zn,—i = Z_; ® Zp,
we obtain a symplectic, admissible filtration Z,, of L ®y ZP. For the torus argument, if we write
® = (X,Y,d, p_2,¢0) where ¢_y : GrZ, = Hom(X &y Z,Z(l)) and g : GrOZ 2 Y ®; Z, then

we can consider the induced isomorphisms over Z?, just by tensoring ¢_o and g with 7P, We
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obtain a torus argument at level-n, ®,, = (X,Y, ¢, ¢n —2,0n0). We also let d,, be any splitting
of Z,.

This construction yields a well-defined assignment
[(Z,®,6)] = [(Zn, Pn, 6n)]
of cusp labels. In particular, we obtain induced isomorphisms

(S2)g = (Sa,)0

and
PyY = Py,

and therefore the choices of admissible smooth rational cone decompositions for 5”}2““‘ and x»

are the same. By [Lanl6, Prop. 5.24.], this induces morphisms
S > S 2.0

between toroidal compactifications (where y[t{(?;pre denotes the compactification constructed in
[Lan13]), for each compatible choice of an admissible rational polyhedral cone decomposition
data for /°, extending the morphism 7P*®. Each strata Z|(¢ s ) is sent to the corresponding
strata Z(s, s,,0)] (With the same notation as in theorem [2.3.16)).

Using the analysis of principal level structures in [Lanl3|, one can analyze what the extra
structures coming from p-level structures are on the degeneration data, and thus on toroidal
boundary charts. In particular, the extra structures on toroidal boundary charts on Y;Srz’pm, are

given by a splitting of the short exact sequence

0— T[pm]n — G[pm]n — A[pm]n =0 (2-7)

which is given, respectively, by a lift cpm : ﬁX — AV of the Raynaud extension ¢ : X — AV,
and by a lift ¢pm : pimY — G of the period morphism ¢: Y — G

In order to obtain integral models of these compactifications, we need to consider compacti-
fications defined by normalization (the same is already true for the associated Shimura varieties

with p-level structures, as we saw above). Namely, we make the following definition.
Definition 2.5.2. We define Y}(O’rz as the normalization of Y}(O;’E in .k, under the morphism
yK —>pr %y;(c;f,z.

Even thought this is a quite abstract definition, Lan was able to prove that one can describe
525, in a similar way as 758, was described in theorem [2.3.16

Theorem 2.5.3. [Lanl6, Lemma 7.9., Sect. 8, Thm. 9.15., Thm. 10.13.]
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Let n > 3 be an integer, and K = K(np™) a principal level. Let ¥ = {5 }(@,5) be a
compatible choice of an admissible, smooth rational polyhedral cone decomposition data. Then

y}(‘jg is a proper, flat scheme over Spec(ﬁpm(p)), containing Lk as an open, dense subscheme
G S Y}é’%,
together with a universal semi-abelian tuple
(G, A L, «).
Furthermore, Y}("TE satisfies the following properties:

1. It admits a (set-theoretical) stratification by locally closed subschemes

K% = Uj(@.,6,0)) Z((®,5,0)]

where the union is over a complete set of equivalence classes of tuples (®,0,0), with o € Xg
such that o C Pg, Each stratum Zjs s5,0)) lies in the closure of another stratum Zja: 51 o1
if and only if Ziss5.0)) is a face of Zyar s 01y K corresponds to the class where X =
Y =0;

2. Let (Y&f%)g[@y“)]
each choice of representative (Z,®,9) of a cusp label as above, there is a toroidal boundary
chart similar to the one in theorem[2.5.16

denote the formal completion of %, along the [(®, 6, 0)] stratum. For

Eps — 20,65, = Uoexy s20,6(0)

[

Cso;s

|

TE
defined by normalizations (c.f. [Lanl6l], section 7). There is a canonical isomorphism

tor \A ~
(yK,Z)Z[(cp,a,a)] = Zos,0-

8. S5 satisfies a universal property similar to the one in theorem|2.3.16,

Remark 2.5.4. As seen in chapter 10 in [Lanl6], the universal level structure « in the previous

statement is only required to be defined in characteristic 0.

2.5.2 Minimal Compactifications at level-p

Just as in the case of toroidal compactifications, we can define the minimal compactification as

follows.
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Definition 2.5.5. Define ./} as the normalization of .7, in ./ under the morphism
yK — pr — yfgp

Definition 2.5.6. Let Ylgp be the scheme defined in , for any level-n filtration Z,. We
can make a similar definition of Yé’pre with level p"n-structures (c.f. [Lani3l Defn. 5.4.2.6.]),
and we obtain a morphism

FEPC s S @2Q

if Z,, is obtained from Z just by forgetting the p™-structure, which is defined as the morphism

pre

. . . Z .
7P we saw above. Define .#Z as the normalization of .77y in .74 "*" under the morphism

FErre o Sl 2, Q — SEn.
We obtain the following generalization of theorem [2.4.1]

Theorem 2.5.7. [Lanl6, Prop. 6.4., Prop. 7.11., Thm. 12.1., Thm. 12.16.] Let n > 3 be
an integer prime-to-p, and K = K(p™n) a principal level. There is a normal, projective, flat

scheme YI; over Spec(Op, (), containing Sk as an open, dense subscheme
it Ik = S
Furthermore, 5’1; admits a stratification by locally closed subschemes
T =W z.0.5) 7%

running through a complete set of cusp labels, such that 5”1%/ lies in the closure of SZ iff there
is a surjection of cusp labels from [(Z',®',8")] to [(Z,®,0)]. In addition, it satisfies the following
property:

Let ¥ be a choice of a compatible admissible smooth rational polyhedral cone decomposition
data for Sk as in definition . Let Y}SYZ be the toroidal compactification attached to this
data. Then, there is a map

T Ly = L

between compactifications, such that the equality jj, = mx o j}?fz holds. For each cusp label
[(Z,®,6)], the (set-theoretic) preimage of the [(Z, ®,d)]-stratum along 7. agrees with Z 5y :=
Hoexy Zi(@,5,0) (using the notation as in theorem :
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Chapter 3

Compactifications of Igusa varieties

3.1 Igusa varieties

In this section, we want to review the definition and main properties of central leaves and Igusa
varieties. We will keep the notation from the previous chapter. Our main sources are going to
be [Mant05], [CS17] and [CS19].

3.1.1 The Kottwitz set

We need to recall the definition of the Kottwitz set. Let G be an unramified reductive group
over Q,. Fix a maximal torus and a Borel T C B C G, and the associated root system
(X*(T),A, X.(T),A*). Let 0, = W(F,) and L = W(]Fp)[%], and o be the automorphism
induced from the Frobenius automorphism on F,. It induces an action by conjugation on G(L),

given by g — hgo(h)~*.

Definition 3.1.1. The Kottwitz set B(G) is the set of o-conjugacy classes of elements b € G(L).

One also need to define a subset of B(G, ) C B(G) associated to a cocharacter p € X, (T).
In order to do so, we need to recall the existence of a couple of maps, which will allow us to
define a poset structure in B(G).

We let D be a pro-algebraic torus with character group Q. Define the following group:

N (@) := (Inn(G)\Homy (D, G))',

which is the set of (o)-invariants in the set of conjugacy classes of homomorphisms D, — Gy.

There is a o-equivariant, well defined map constructed by Kottwitz in [Kot85]
v:B(G) - A4 (Q),

which is called the Newton map.
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Remark 3.1.2. There is another way of interpreting the set B(G). Recall that an isocrystal over

F, is a pair (V, ¢), where V is a finite dimensional L-vector space together with a o-equivariant

automorphism ¢ : V. — V. More generally, isocrystal with G-structure is a tensor functor
Repg, (G) — {Isoc/F}.

One can prove that if G = GL,,, then there is a bijection between B(G) and the set of isomorphism

classes of isocrystals of height n over F,, sending [b] € B(G) to (L™, bo) (c.f. [Mazur?3]). More
generally, there is a bijection between B(G) and the set of isomorphism classes of isocrystals

with G-structure.

Example 3.1.3. If G = GL,, then T = G?, and X*(T) = Q", and [b] € B(G) corresponds to
the isocrystal (L™, bo) by the remark above. In this case, the Newton map coincides with the

usual Newton polygon of (L™, bo). This explains the origin of the name of v.
There is still another map we need to define.

Definition 3.1.4. Let
m(G,T) :i=m(G) = X.(T)/ Y Za"

avVepy

where ¢? is the set of cocharacters of T.

Remark 3.1.5. Originally in [Kot85], 71 (G) was actually defined as the character group of the

center of the Langlands dual, X*(Z(G)). We use the definition as in [RR96]. One can prove that

the definitions are equivalent c.f. [RR96]. Let m (G, T), := X*(Z(G)?).

Consider the Cartan decomposition

GL= U GOu=)G(0L)

pEX.(T)+

where X, (T)* C X.(T) is the set of dominant coroots (c.f. [SW20, Sect. 19.2.]).
Define a map (the Kottwitz map)

KG : B(G) — 7T1(G)g

sending [b] to the image of p (labeling the Cartan stratum of b) under the composition X, (T") —
m(G) & m(G),-

The Kottwitz map together with the Newton map allows us to define an injective map (c.f.
[Kot85l, Sect. 3])

B(G) = X ()3 x m(G)s
[b] = (v, Ka([b]))-
Definition 3.1.6 (Bruhat order). Let x1, z2 be two elements in X, (T)g. Then 21 < zg if 1 —x9

is a non-negative, rational, linear combination of simple coroots of G.
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The map above endows B(G) with a poset structure, by setting
[b] < [t] <= (Ka([b]) = Ka([b']) and v, < vy
We can finally define the set B(G, p).

Definition 3.1.7. Let u € X.(T)" C X.(T) be a dominant cocharacter. Let

m—1

_ 1 ;
b= m ZZ:: o'(w)
where m is the degree of the splitting field of G/F over F. An element [b] € B(G) is in B(G, i)
if
vy < i and Kg([b]) = [1]
with [u] € m1(G), being the image of  under the composition X, (T) — 71(G) — 71(G),.

Remark 3.1.8. Assume that /' = Q,. There is a bijection between the set of dominant cochar-
acters X.(T)" and the set of conjugacy classes of cocharacters G,,, — Gg, (c.f. [SW20, Sect.
20.2.)).

3.1.2 p-divisible groups

Let us start by recalling the definition of the universal cover of a p-divisible group, following
[SW13]. Let R be a p-adic complete Z,-algebra, and denote by Nilp the category of R algebras
where p is nilpotent. Let Nilp}?” be the opposite category.

We will think of a p-divisible group ¢ as a sheaf on Nilp'®, sending an R-algebra S to

hgig[p"](S) (c.f. [SWI3| Sect. 3.1.]).

Definition 3.1.9. Let ¢ be a p-divisible group over some p-adic complete Z,-algebra R. The

universal cover & of ¢ is the sheaf in Nilp’® sending an R-algebra S to

9(9) = lim 9(5).
p:g—%f

Proposition 3.1.10. [SWI13, Prop. 38.1.8.] If f : % — % is an isogeny between p-divisible
groups over R, then the induced morphism f : G — Gy between the universal covers is an

isomorphism.

Example 3.1.11. If R is perfect, and we consider 4 = Spf(R[[z1,--- , Zm]]), then ¢ is given by
Spf(R[[x)/"” -+ kP ) (c.f. [SWI3, Prop. 3.1.3] and [CSI7, Prop. 4.1.2]).

Also recall that to any p-divisible group ¢ over F,, one can associate an isocrystal by con-
sidering its Dieudonné-module:

Let ¢ be a p-divisible group over I_Fp, and denote by E¥ its universal vector extension

0—-V—oE¥Y—-9%—0
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Example 3.1.12. If ¥ = Q,/Z,, then its universal vector extension is given by the short exact

sequence
Ga ®Qp

Z — Qp/Zy.

Consider its Lie algebra Lie(E¥), seen as a crystal on the crystalline site of F, (c.f. [BBM82],
[Mes72]).

Definition 3.1.13. The rational Dieudonné module My associated to ¢ is the isocrystal over
W (F,)[p~!] obtained as follows: we evaluate the crystal Lie(E¥) on the PD-thickening W (F,) —

Fp, and then localize at p.

By the Dieudonné-Manin classification (c.f. [DO00], [Manin63]), every isocrystal over W (F,)[p~!]

can be written as a direct sum of simple isocrystals, i.e. isocrystals of the form

(V) = (W(E) ™" p=)

n

where
¢m (1, w,) = (0(22), -, 0(20), p"0(21))

with o is the Frobenius on W (F,)[p~!], and n coprime to m. We denote this isocrystal by V.
™ is called the slope of V.

By the Dieudonné-Manin classification, one can talk about the slopes of any isocrystal. In-
deed, write V. =V, & --- V), for \; = % and A; < A;41 for all i. We write the slopes of V
as the tuple (A1,---A.). By our construction of the Dieudonné module, we can also define the

slopes of a p-divisible group.

Definition 3.1.14. A p-divisible group ¢ over F,, is isoclinic is its associated isocrystal My is

isoclinic (i.e. it only has one slope). If the slope of Mg is A, set the slope of 4 to be —A.
Example 3.1.15. 1. ¥4 =Q,/Z,, then My =V} has slope 0.
2. If 9 = ppe, then My = V_; has slope 1.

Theorem 3.1.16. [FC90], [Hao09, Thm. 1.3.5.], [Dem72] The functor from p-divisible groups
over T, up to isogeny to isocrystals over W(F,)[p~'] of slopes between 0 and 1 is fully faithful.
In particular, an isocrystals over W(Fp)[p’l] uniquely determines an isogeny class of p-divisible

groups, and uniquely determines their universal cover.

The second part of the theorem follows immediately from [3.1.10
Let us go back to a more general setting. Namely, let us consider a p-divisible group over some

scheme S over Spec(F,), and let Froby be the relative Frobenius. Consider the quasi-isogeny
p Froby : 4 — 4P

for m,n coprime integers.
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Definition 3.1.17. Let ¢/S as above. ¢ is said to be

e Isoclinic if there exists some A = = € Q¢ such that p~™Frobg is an isomorphism.
e Slope divisible with respect to A = ™ € Q> if p~™Frobg is an isogeny.
e Completely slope divisible if there is a filtration

Ozgzocg21 C"'ngrzg

such that ¢; := %>;/%>;_1 is isoclinic of slope \;, and each ¥>; is slope divisible with

respect to A;, with A; < \;41 for all 4.

Remark 3.1.18. If ¢ is a p-divisible group over F,, then both definitions of isoclinic coincide,

and being completely slope divisible is equivalent to
9 = 69;:1%

for ¢; isoclinic p-divisible groups, as we will see bellow. Also note that by all we have seen in this
section, there always exists a completely slope divisible p-divisible group in any given isogeny

class of p-divisible groups over IF'p.

Proposition 3.1.19. [Zink01, Corollary 11] Let 4 be a completely slope divisible p-divisible

group over a perfect field K, so in particular it admits a slope filtration
Ozgzocgzl C"'ngrzg

where each quotient 9; is isotypical of strictly increasing slopes \;. Then the slope filtration splits

canonically.
Proof. By induction, we can assume that » = 2, so that the slope filtration is

0qu21cg22:g,

where ¢ = %> is isoclinic of slope A\ = % and % = 9>2/%>1 is isoclinic of slope Ay = tf with

t1 > to. We get a short exact sequence
0=+%1 =9 =% =0,

and splitting the slope filtration is equivalent to splitting this sequence. Passing to Dieudonné
modules, we are reduced to proving the following claim: Assume that we have a short exact

sequence of finitely generated free W-modules,
0— M'— M — M? -0,

over W (K), together with an F-linear map V : M — M (corresponding to p~*2V'%), which acts

topologically nilpotently on M?', and is a bijection on M?2. Then the sequence splits canonically.
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This follows from Lemma 6.16 of [Zink84], but let us explain the proof. Since M is a finitely
generated free W-module, M,, := M /p™ is of finite length for all n, so in particular it follows
from our hypothesis that M} := M!/p® = ker(V,") and M2 := M?/p™ = Im(V,") for r large
enough. In particular, we think of M2 as being contained in M,,. Now, let m € M,. There
exists some element m’ such that V"m = V?"m/, and thus V"m' —m € ker(V") = M}, giving a
splitting of

0— M} — M, — M2 —0.

The result follows by taking inverse limits.

Finally, we recall the following lemma, which will be quite useful in the remaining sections of

this chapter.

Lemma 3.1.20. [Zink84, Thm. 7] Let X be a connected, reqular scheme over Spec(F,), and let
4 be a p-divisible group over X. Let n denote the generic point of X, and 77 be a geometric point
above it. If 95 is completely slope divisible, then so is 9.

3.1.3 Local PEL-data

In order to define Oort central leaves, we need to introduce the notion of a PEL-type p-divisible
group, so let us start by recalling the local PEL-data as in [RZ96].
Let B be a finite-dimensional, semisimple algebra over Q,,, together with a positive involution

x. We fix a finite-dimensional B-module V', endowed with an alternating bilinear form
(,): VXV —=Qp,

satisfying the equality (bz,y) = (z,b*y) for all z,y € V and b € B. To such data, we can

associate the unitary similitude group over Q,,, by setting
G(R) :={(9,r) € GLper(V ® R) x R*| (g9z,9y) = r(z,y) Vz,y € V ® R},

for any Qp-algebra R. We assume as in the global case that the derived group of G has type A
or C, and that the data is unramified. Fix a maximal Z,-order &g such that the restriction of
x to Op in B is defined, and is therefore an involution. We assume that there exists a self-dual

O'p-lattice A. In particular, we can define a reductive group Gz, over Z,, given by

Gz,(R) :={(9,¢) € GLoyor(A ® R) x R*| {9z, g9y) = c{z,y) Yo,y € A@ R},

D

for any Z,-algebra R.
Fix a conjugacy class of cocharacters y1 : Gy, — Gg,, such that only weights 0 and 1 appearing

in the induced weight decomposition in V@p. In particular, we can write
Vg, =Vo @ Vi,

and the composition co u : G,, = G,, (by thinking of ¢ as a map from Gg, to Gy), 1s the
identity, so in particular V) and V; are totally isotropic. Denote by FE the field of definition of u.
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Fix an element b € B(G, u~'), where p is the cocharacter in the conjugacy class above such
that =1 is dominant (which exist and is unique by Remark [3.1.8). A local rational PEL-data is
defined as a tuple (Op, *, A, (+, ), u, b) with elements as explained above.

To the element b € B(G,u~!), we can associate an isocrystal
(V®q, L,b(id® 0)).

Our conditions on b and on the weights of 4 insure that (V ®q, L, b(id ® o)) has weights between
—1 and 0. In particular, there is an isogeny class of p-divisible groups X, over Fp, whose p-
divisible groups have rational Dieudonné module given by the isocrystal above. Their universal
cover is uniquely determined (c.f. . By functoriality, X, is equipped with a B-action,
y : B — End(Xb), and a symmetric polarization X, : X; — X}/ compatible with the Rosatti
involution. Let £ = E - L, and let Nilpﬁé denote the category of &'z-algebras on which p is
nilpotent.

Let us also recall the definition of the Rapoport-Zink space attached to a rational PEL-data

Definition 3.1.21. Let (Op,*, A, (-, ), u,b) be a local rational PEL-data. The Rapoport-Zink
space (G v,y is the functor on Nilp(gé sending R € Nilpfg’é to the set of isomorphism classes of

tuples (¥, ¢, A, p) where:
1. ¢4 is a p-divisible group over R;
2. v: 0p —;End(¥) is a Op-action on ¥,

3. A\: 9 — ¥4V is a principal polarization, compatible with the Rosatti involution and satis-

fying the determinantal condition;

p:Xy @5, R/p =94 @r R/p
is a quasi-isogeny compatible with the extra structures.
We have the following representability result.

Theorem 3.1.22. [RZ96, Thm. 3.25., Sect. 3.82] MGp,, is representable by a formally
smooth, formally locally of finite type formal scheme over Spf(0y).

3.1.4 The Newton Stratification and Oort’s Central leaves

Let (Op,*,L,{(-,-),h) be an integral PEL-datum as defined in the first chapter. Let .k be the
associated Shimura variety at principal level K = K(n) for n > 3, and consider the base change
Sk F, t0 F,. Let p be a prime which is unramified in B and prime-to n.

It is possible to define certain subsets of yKJFp’ related to the isogeny classes of the p-
divisible groups associated to the Shimura varieties it parametrizes. Namely, let </ denote the

universal abelian variety with extra structures over Y 5 . Let 4 := &/[p™] be the associated
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p-divisible group with extra structures induced from the ones on &/. For any point = € yK,Fw
we can consider the associated p-divisible group with extra structures over k(z), 4z, for any
geometric point Z over z, whose isogeny class corresponds to some b € B(G,u~!) by [RR96,
Sect. 3.5.], c.f. [Viel5l Sect. 3.3]. Denote it by b(%(z)). Then, for b € B(G), define the subsets
Ik, =11 € Sip, Ib(@w) < b}
and
S5, =17 € S5, D) = b}
of Sk - We have the following result.

Theorem 3.1.23. [RR96, Thm. 3.6.] 5’;% defines a closed subscheme of Sy, . Furthermore,

b : <b
yK,pr s an open subscheme of YK,FP

We call YI’;F the Newton strata associated to b. These define a well-defined stratification

called the Newton stratification on x5 (c.f. [Viel5], [Lovl7]). Furthermore, . . is non-
P P
empty for any [b] € B(G, 1) by [VWI3, Thm. 1.6.].

Let us now recall the definition of the Oort’s central leaves, as introduced in [Mant05]. By
definition, our integral PEL-data (Op,*, L, (-,-),h) gives rise to a local integral PEL-datum
(Oz,,%, Lz,, (-, ")q,, 1, b). Fix a p-divisible group with extra structures X; (not just an isogeny
class) over IF,, of PEL- type as in the previous section. Recall that ¢ := &/ [p>], where & is the

universal abelian variety over gz .

Definition 3.1.24. The central leaf attached to the p-divisible group X, is the subset of S 7 =
Sk ®F, F, given by

chb _ {.T c yK,FJgk(f) >~ Xb XFP k’(j)} C y]b(jpa

where the isomorphisms are as p-divisible groups with the extra structures, so in particular they

must preserve the polarizations up to an element in Z;, and commute with the & Bg, -actions.

Proposition 3.1.25. [Mant05, Prop. 1] €% is a closed subset of YII’{F . Once we endow it
»p

with the induced reduced subscheme structure, it actually becomes a smooth subscheme.

3.1.5 Igusa varieties

We can now define Igusa varieties. We will define two different Igusa varieties: the ones intro-
duced in [Mant05] for completely slope divisible p-divisible groups, and the perfect Igusa varieties
as defined in [CS17]. We fix a p-divisible group with extra structures X, as above.

Definition 3.1.26. The Igusa variety Jg**, is defined as the moduli space over Spec(F,), sending

an Spec(F,)-algebra R to the set of isomorphism classes of pairs
[(4,p)|A € Fxc(R),p: Alp™] > X, x5, R}

where p is an isomorphism of p-divisible groups satisfying the following:
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1. p is compatible with the & Bg,-actions on both sides.

2. the isomorphisms commute with the isomorphisms induced by the polarization on A[p>]
and Xp up to an element Z;. In particular, there exists an element in Z; such that the

diagram

Ap™] —2— X, x5, It

[ N

AV[p] «—— (X,)" x5, R
P p

commute up to that element.

This space is representable by a scheme by [CS17, Prop. 4.3.3.]. Furthermore, since Jg*¢ is
reduced, the natural map
gt - ke
factors through the Oort central leaf €% (c.f. [CS17]).
One can actually think about these Igusa varieties as the moduli space of abelian varieties

up to p-power isogenies by the lemma bellow.

Lemma 3.1.27. [CS17, Lemma 4.53.4.], see also [CT21, Lemma 4.2.2]
Let R be a Fp-algebra. The set Ig** (R) is in bijection with the set of isomorphism classes of
tuples (A, A, 1, (i, V), p) consisting of:

1. an abelian scheme A over S := Spec(R);
2. a prime-to-p polarization A : A — AV;

3. an Op-action v : Op — Endg(A) satisfying the equality 1(b)Y o A = X o 1(b*) for every
be Op;

4. (an,vy) is a level-n structure as in definition[2.1.3;

5 p:APp™] = X, XF, R is a quasi-isogeny, commuting with the Og-actions, and respecting

the polarizations up to a Q) -factor.

Two such tuples (A, A, ¢, (@, vn), p) and (A, NV, (al,, 1)), p') over R are isomorphic if there is a
p-power quasi-isogeny A — A’ commuting with O'g-actions, level-structures and p, and respecting

the polarizations up to a p-power.
Let us give a brief idea of the proof.

Proof. Clearly, if we have a point (4,p) € Jg*¢*(R), we obtain a tuple as the one described
above.
Conversely, assume that we are given a tuple (A, A, ¢, (an, V), p) as above, and assume for

simplicity that p : A[p™] — X xg, R is an isogeny. Let K = ker(p), and consider that abelian
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scheme A’ := A/K. Tt is p-isogenous to A by definition, and its associated p-divisible group
A’[p™] is isomorphic to X, just by construction. In particular, we obtain an isomorphism
p'+ A'[p*] = Xy xp, R, since p factors through A’[p*], so in particular p = p'om where 7 : A — A’
denotes the projection. This will provide us with the desired point in Jg**, once we can define
the extra structures in the statement. For the action, one just takes ¢/(z) = 7w o «(z) o 771,
and the level-n- structure is just the induced one (recall that n is prime-to-p). Finally, we can
define a polarization on A’ as Aa» = (7V)~! o Ao 7L, However, recall that p must respect the
polarizations up to a factor ¢, € Q,', so it must satisfy the equality c,\, = (pY)"toXop~t. This
implies in particular that c,A\, = (p'V) ™1 0 Aas 0 p/~1, just by definition of all the maps involved.
But notice that for an element (A, p) to be in Jg**(R), p must commute with polarizations up to

an element in Z. In order to fix this, one just takes \" = p~v»(e) \4,. This finishes the proof.

This shows several things. For starters, we already knew that the group of automorphisms
of X, respecting the extra structures acted on Jg**, but Lemma actually shows that the
group of quasi-isogenies of X; respecting the extra structures also acts on Jg*¢. This implies
that Jg*¢ is independent of the choice of X} in a given isogeny class. Furthermore, one can prove
that Jg** is perfect (c.f. [CSIT, Cor. 4.3.5.]).

In order to define Mantovan’s Igusa varieties, let us now assume that X, is the completely

slope divisible p-divisible group in the given isogeny class. In particular, we have a decomposition
Xp 2@ X,

of X,, where each X, ; is isoclinic of strictly increasing slopes \; € [0, 1].

The quasi-polarization on X induces isomorphisms A, ; : Xp; = (Xb’j)v, for all 4,5 with
Ap,i + Ap,j = 1, with the property that Ay; = c(\p)A;; for some constant c(\y) € Z(Xp). Denote
by ¥, := %, , the p-divisible group associated to the restriction of the universal abelian variety
A | L to €%, with induced polarization \g,. It is completely slope divisible by Lemma

so in particular it admits a slope filtration
0= gbzo C gbgl c---C glLZr = %

where each quotient %, ; is isotypical of strictly increasing slopes A;, and just as above the
polarization on %, induces & Bg, ~€quivariant isomorphisms )\%b : % = (%)Y for all 4,5 with

Ai +A; = 1, such that (\})V = ¢(\g, )] for some constant c(\g,) € Z(Xp) as in [Mant05].

Definition 3.1.28. Fix an integer m. The finite Igusa variety Igf{’ associated to X is the map
Igfff — G,

parametrizing over each ¢**-scheme S, tuples (p")’_, consisting of isomorphisms
P G ilP™] Xgm, 8 = Ki[p™] x5, S

satisfying the following:
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1. each p* lifts fppf locally for all m’ > m.
2. p;" are compatible with the &p, -actions on both sides.

3. the isomorphisms commute with the isomorphisms induced by the polarization on ¢[p™]
and Xu[p™] up to an element (Z/p™Z)*(S). In particular, there exists an element in
(Z/p™7Z)*(S) such that all diagrams

D[P Xxy, S —— Xy i [p™] X5, S

(%b,)[P™] X S —— (Xp,5)"[P™] x5, S

»
commute up to that element.

Passing to the inverse limit, we obtain:

Definition 3.1.29. The pro-Igusa variety Ig™* associated to X, is the map
Ig% — ¢%,
parametrizing over each ¢**-scheme S, tuples (p;)/_; of isomorphisms
Pi Y X, S ;Xb,i X S

satisfying the following:

1. p; are compatible with the ﬁB@p -actions on ¥; and X ;,

2. the isomorphisms p; commute with the isomorphisms induced by the polarization on ¥;
and X;; up to an element of Z(Xp)(S)7 which is independent of i.

We have the following results on the geometry of Igusa varieties.

Definition 3.1.30. Let X;/ IF‘p be a PEL-type p-divisible group, not necessarily completely slope
divisible,. We define:

1. For m € Zx1, let T'y ,, be the group of automorphisms of X;[p™], compatible with ﬁBQP—
actions and polarization, that lift to automorphisms of X, [p™] for all m/ > m.

2. Define T'y = @m L'y, as the profinite group of automorphisms of X; compatible with

o Bg, -actions and polarization.

3. Let Aut(X,) be the group of automorphisms of X, compatible with the & Bg, -action and

polarization.

Proposition 3.1.31. [Mant05], [CS17], [CS19] Let X,/F, be a PEL-type p-divisible group.
Then:
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1. The perfect Iqusa variety Jg over €= is representable by an Aut(Xy)-torsor over €.

2. Assume that Xy is completely slope divisible. Then Mantovan’s finite Igqusa variety Igfg,f
is representable by a Ty ,-torsor over €*v. In particular, the pro-Igusa variety Ig™t s

representable by a Ty-torsor over €.

Proof. All the statements are proven in [CS19, Sect. 2.2.], namely the first part is Proposition
2.2.7., and the second one in Theorem 2.2.4. and Proposition 2.2.6..

Assume now that Xj, is completely slope divisible, and consider the perfect Igusa variety Jg*¢,
and the pro-Igusa variety ng”. These are not necessarily the same. Indeed, the slope filtration
does not necessarily split over a non-perfect base, and therefore the isomorphisms p; do not
induce isomorphisms on the whole p-divisible groups. However, over a perfect base the slope

filtration does split uniquely by Proposition [3.1.19} This allows one to prove the following result.

Proposition 3.1.32. [CS17, Prop. 4.3.8.] There is a natural map Jg*o — Ig™ over €%, since
an isomorphism %, = X, over EXv induces isomorphisms 4, ; = X, ; between the isoclinic pieces
of both 4, and Xy, by [CS1%, Cor. 4.1.10.]. It induces an isomorphisms between Jg*t and the
perfection of Ig™®.

3.2 Toroidal compactifications of Igusa varieties

In this section, we will construct toroidal compactifications of Igusa varieties. This was already
done for the quasi-split unitary case in [CS19], and we want to extend their construction for any
Shimura variety of PEL-type as considered in the previous chapter. We start by reviewing the
construction of the toroidal compactification of the Oort central leaves €*¢. This is done by

considering the notion of a well positioned subset, as introduced in [Box15] and [LSI1§].

3.2.1 Partial toroidal compactification of Oort central leaves

Let us fix a prime p unramified in B , a principal level K = K (n) for some positive integer n > 3,
which we assume to be prime-to-p, and a compatible choice of a polyhedral cone decomposition X
for choices of representatives of all cusp labels, as in the first chapter. Also fix a p-divisible group
of PEL-type X, over Fp. Let us start by defining well-positioned subsets, following [LS18]. These
will be subsets of the special fiber of the Shimura variety, which allows one to define toroidal
and minimal compactifications on them. In particular, their compactifications will admit a local

structure very similar to the one we have on compactifications of the Shimura varieties.

Definition 3.2.1. Let Spf(R) — Zg ; , be an affine open formal subscheme of 2% ;
for some representative of a cusp label [Z,,®,,d,] as in theorem [2.3.16] and recall that the
tor

stratifications induced on Spec(R) by the induced morphisms 7725, and Zg, 5, (o) coincide, and

that W9 denotes the preimage of .7 under this map. Let Y C YK’FP be a locally closed subset.
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We say that Y is a well-positioned subset if there exists a collection

Yi={Y} 12z,

of locally closed subsets of 5’5% , running through a set of representatives of cusp labels at level
P
n, such that

Y Xopee WO=YE Xz WO

K,Fp

under the morphisms W° — 5 and W° = Eg, 5, — y}?fﬁp respectively.

This condition can be checked on points. Following [CS19], Section 3.1.], let us explain exactly
how to translate this condition on points.

Let C' be a complete, algebraically closed, non-archimedean field with ring of integers Oc.
Consider a point = (A, \, ¢, ap,) € Sk (C). By the degeneration theorem, A admits a model
over O¢ (i.e. there exists a semi-abelian scheme over O with generic fiber A). We can consider
its Raynaud extension (c.f. as defined in section 2.5.1. of [CS19]),

0T —>G—=B—=0

which is defined over 0. The extra structures on A induce a polarization, &'g-action and level
n-structure on B, which therefore defines a point in n(z) € .#z(C), where Z is the cusp into
which 2 degenerates.

Let Y be a locally closed subset of YK,FP. Then the condition of Y being well-positioned,
translates to the existence of a collection Y = {Yzhn} z,, of locally closed subsets of Y[?’ﬁ?p, such
that for any complete, algebraically closed, non-archimedean field C' above F,, and any point
x = (A, A\, ap) € 7% (C) that degenerates to a cusp Z,, y € Y if and only if n(y) € YZhn.

Let us define the partial toroidal and minimal compactifications associated to a well positioned
subset Y, following the work of Lan and Stroh in [LS18].

Definition 3.2.2. Let Y C S, 5, be a well-positioned subset. Let Y denote the closure of Y’
in S5, , and let Yy := Y — Y denote its complement.

1. Consider the closure of Y (resp. Yp) in 5% = , and denote it by Y{" (resp. Y{%). The

partial toroidal compactification of Y is defined as
tor .__ yrt t
Yo=Y - Y5 S.
There is an induced closed immersion
-tor | tor
It Y = Yo

2. Consider the closure of Y (resp. Yp) in S w s

minimal compactification of Y is defined as

and denote it by Y* (resp. Y;). The partial

Y =Y — Yy
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There is an induced closed immersion
Y YY"

We have the following result on the structure of these schemes.

Theorem 3.2.3. [LS18, Thm. 2.3.2.], [LS(NC)18, Prop. 2.2.]

Let Y be a well-positioned subset, with a family Y = {YZh}Z of locally closed subsets of
y;%p as in definition , The proper, surjective morphism 5”}('“2 — L% induces a morphism

foY®r oyt

satisfying the equality j* = f o js9". The stratification of S}, resp. Sy, induces a similar

stratification on Y&, resp. Y*, given by

tor _ tor _. 8
Yo = U@ 60,00 210 bn,0)] Xien, Yo =Yg )
with notation as in resp.

Y* = Hznyzn Xy’;( Y* = HZ,IYZ,I

inducing a bijection between Yzhn and YZ,,L,F,)' Furthermore, consider the toroidal boundary chart

associated to Y}("%

=,,0, P 20,00, 0,0,

ny

Cén )6’",

!

Zn
S

as in[2.3.16, By taking pullbacks, we get a similar toroidal boundary chart for Y

There is a canonical isomorphism,

(YEr)p, =Yy s /T

Zl(@p,6n,0)]

extending the canonical isomorphism

tor \A ~
(yK)E)Z[(d>n,5n,a)] = %q)nyérmo'/rlb'/uo'

seen in theorem [2.53.10.
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The reason we need these results, is that we will have to consider partial compactifications

on Oort-central leaves. We have the following proposition.

Proposition 3.2.4. [LS18, Prop. 3.4.2.] The Oort central leaf €% associated to the p-divisible
group Xy is well positioned. Furthermore, we can describe the locally closed subsets ‘Kg&”h in the
following way: for any cusp label Z, = (Z,, (X, Y, ¢, 0_2.n,00on), 0n), %;g:’h is either empty, or
the central leaf %;{:z” C y}fﬁﬁp associated to a certain p-divisible group X, 7, to be described

bellow.

Proof. We want to use the equivalent definition of well-positioned subsets using the description
on points in order to prove the statement. In particular, we want to deduce what X; 7 should
be by describing what happens to a point in €**# when we analyze its degeneration data. Let

= (A4, A\, a,) € F, (C) be a point, giving rise to a Raynaud extension
05T —-G— B—0,

defining a point 7(z) € ¥ (C) for a certain cusp Z as above. Recall that for any m € Z>q, we

have two short exact sequences

0— Gp™c = Ap™c = (Y/p"Y)ec = 0

and
0— T[p™c — Gp™c — B[p™]c — 0.

Taking the inverse limit over m, we obtain a symplectic, &p-linear filtration on A[p™]¢,
0C Tp™]e C Gp™le C Ap™le,

with graded pieces Gr_o = T[p>]¢c, Gr_1 = B[p™]c and Grg = Y ® Q,/Z,. Since Gr_s is
multiplicative, and Grg is étale [CS19, Prop. 2.2.1.] tells us that the filtration splits, inducing
an isomorphism

Ap™]e = Hom(X, pip=) ® Bp™Tlc ®Y ® Q,/Z,,.

Now the result follows if we just take (X z, ) := B[p™]c.

In particular, we can now consider partial toroidal and minimal compactifications of €=,

which we denote by €%t and €*v* respectively.

3.2.2 Toroidal compactifications of Igusa varieties

In this section, we aim to define toroidal compactifications of the Igusa varieties we introduced
in the previous section,and therefore generalize section 3.2. of [CS19]. The idea will be to impose
a condition on semi-abelian tuples (G, A, ¢, a;,) over the partial toroidal compactification of the
Oort central leaf, €% '°" | very much similar to the ones above defining the Igusa varieties above.

However, the argument is more subtle. Namely, note that if (¢, A, ¢, ;) denotes the restriction
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of the universal object of .75, to €**°", then ¢[p>] is not a p-divisible group (¢[p™] are quasi-
finite, but not finite group schemes), so we can not just ask there to be an isomorphism between
¥ [p>°] and some PEL-type p-divisible group. The solution for this, as seen in [CS19], is as follows:
even thought ¢[p] is not a p-divisible group, its connected part ¢ [p>]° is, as we will see below.
In [CS19], they are working in the case of the split unitary group and the polarizations on their
moduli spaces are principal. In particular, on the open cell, one can recover the isomorphism
between the étale parts of the p-divisible group associated to the universal abelian variety and
the fixed PEL-type p-divisible group, just from the isomorphism on the multiplicative parts. The
fact that the polarizations showing up on our moduli problems are not principal could potentially

complicate our constructions. Fortunately, we have the following (known) result.

Lemma 3.2.5. Let A be an abelian variety over some scheme S, and A : A — A be a prime-to-p
polarization. Then the induced polarization on associated p-divisible groups X\ : A[p>®] — A[p™]

is principal

Proof. Let K C A denote the kernel of A. Since A is an isogeny, K is finite, and A being prime-
to-p means that K has order n, where n is some integer which is coprime to p. By Deligne’s
theorem (c.f. [Gall6, Thm. 2.1.1.]), this implies that all points in K are actually n-torsion
points, so K = K[n]. But the intersection of K[n] and K{p] is trivial, since p and n are coprime,

and therefore so is K[p).

With this in mind, the strategy for the proof of proposition 3.2.1. in [CS19] carries over to

our setup:

Proposition 3.2.6. Let ¥° = G be defined as the formal completion of 4 along its identity

section. Then 9[p™>]° is a p-divisible group over €*v-*°r.

Proof. By the construction of the toroidal compactifications (c.f. |[LS18, Sect. 3.3.1]), we can
prove the claim over some strict complete local ring x = Spec(R) — €***°". Let Z,, be the cusp

at which z lies in, and consider the associated Raynaud extension
0T —-G—-A—=0

over Spec(R). By the construction of the Raynaud extension, we know that there is an isomor-
phism of formal schemes G = & over Spf (R), which is actually defined over Spec(R) by formal
GAGA. In particular, it induces an isomorphism ¢[p>®]° = G[p>]°. It remains to prove that
G[p™]° is a p-divisible group. Since G[p>] is a p-divisible group, the result follows by noticing
that its connected part has constant rank (A[p™] is determined by a map from Spec(R)) to
€507).

Recall as in Prop. that over any geometric point Z of €**-*°", there is an €p-linear
isomorphism of p-divisible groups

Xp = Hom(X, ppee) © X3 7
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where Z,, is the cusp into which Z degenerates into. This immediately implies by the proof of

the proposition we just saw that there is an &g-linear isomorphism
g[poo]o X ek tor k(z) = X,° XF, k(Z),

and thus the multiplicative part ¢[p]* has constant rank, and is also a p-divisible group. We
let
Gp=] OV =G> /G

denote the biconnected part of ¥[p>°]°. From the discussion above, one can prove the following.
Proposition 3.2.7. %[poo](o’l) admits a polarization, extending the existent one over €.

Proof. This can once more be checked over some strict complete local ring R of %", where the
isomorphism ¢[p™]° = G[p™]° over Spec(R) induces an isomorphism ¢[p>]©1) = A[p=]©.1)

and A[p>]©1) carries the desired polarization.

The completely slope divisible case

Let start by constructing compactifications of Mantovan’s Igusa varieties. In particular, we need
to assume that our fixed PEL-type p-divisible group X, is completely slope divisible, and write
Xy = @71 Xp,i, with Xy ; its isotypical components. Recall that we defined in [3.1.29 a pro-Igusa
variety Ig** over €**, which by proposition is a pro-finite étale cover of €*¢ with Galois
group I'y,. Denote once more by (¢, A, ¢, a,) the restriction of the universal object of 5’}(‘“2 to
¢*vtor. By lemma and the existence of isomorphisms

Gp™]° Xgmyior k(Z) 2 Xy x5, k(2),

for any geometric point in €**-*°", the assumption that X is completely slope divisible implies

that so is ¢°, and therefore there exists a filtration
Ozgzo Cg21 C - ngrzgo

with isotypical quotients ¥; of slope \; < 1, as in definition In particular, we can make
the following definition.

Definition 3.2.8. Let X, = ®]_;X,; be our fixed PEL-type p-divisible group, with isotypical

components X ; of slopes A;. Let S be a &XetT_gcheme.

1. For a positive integer m, a finite Igusa level p™-structure on S is the data {p;};, for ¢ such

that A\; < 1 consisting of & By, ~compatible isomorphisms

pPi: %[pm] X Xy tor S —N—> Xbﬁinm] X7 S,

p

lifting fppf locally for all m’ > m, such that for ¢, j with A;, A\; > 0 A;+A; = 1, the induced

diagram
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gb)i[pm] XXy S —— Xb)i[pm] XI_FP S
(gb’j)\/[pm] X epxy, S +—— (Xb’j)v[pm] XFP S
commutes up to an element in (Z/p™Z)*(S) independent of i.

2. A pro-Igusa level structure on S is the data {p;};, for i such that A\; < 1, consisting of

) ,-compatible isomorphisms

o
pPi - %[poo] X Xy tor S l> Xb,i XFP S,
such that for ¢, j with A;, A; > 0 A; + A; = 1, the induced diagram

gb,i[poo} XXy S — Xbﬂ‘ Xpr S

| |

(%5,5)" [P°°] X, S —— (Xp5)" x5, S

commutes up to an element in Z (S), independent of i.

Definition 3.2.9. 1. We define the toroidal compactification of the finite Igusa variety Ig%{’

as the moduli space over €**°" parametrizing finite Igusa p™-structures up to isomorphism,

Xp,tor
m .

and denote it by Ig

2. We define the toroidal compactification of the pro-Igusa variety Ig™* as the moduli space

over €%t parametrizing pro-Igusa structures up to isomorphism, and denote it by Ig*®:t°r,

We obtain the following generalization of [CS19, Thm. 3.2.4.].

Theorem 3.2.10. 1. The finite-étale cover Igfff — €%, with Galois group Ty m, extends

uniquely to a finite-étale cover Igfgnb’tor — EXotor with the same Galois group.

2. The pro-étale cover ngb — €%, with Galois group Ty, extends uniquely to a pro-étale

Xp,tor

cover Ig — GXvtor ith the same Galois group.

Proof. For the first statement, one once more applies [CS19, Thm 2.2.4.] in the following way:

one considers the moduli spaces over €**t°" parametrizing:
e An ﬁ’BQP -compatible isomorphism
pi + Gi[p™°] X pryior S = Xpp g XF, S,
for 7 such that \; < % We do this for all such 1.
e An o Ba, -compatible isomorphism
pi t Gi[p™] X pryior S = X XF, S,

for i such that \; = 3, commuting with polarizations up to an element in ZX(S).
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[CS19, Theorem 2.2.4.] implies that these are all finite étale covers of €*¢-*°" with Galois group
T'y ;. The isomorphisms

pPi: gl[poo] X g%y tor S :—) Xbﬂ' XH}p S,

for ¢ with % < A; < 1 are then formally determined by the ones above up to our element in

Z, (S), by taking polarizations. The result follows by taking fiber products of these spaces. One

X,tor -

knows that Ig);**" is then representable by a finite étale scheme over ¢*-*°*. Taking inverse limits

yields the claim.
On the open cell, we obtain the usual Igusa variety by lemma which implies that the
isomorphism on the multiplicative part induces, by taking polarizations, one on the étale part.

The second statements follow from taking inverse limits.

Even though it is already good to know that toroidal compactifications of Igusa varieties

exist, we would like to have a more explicit description of them, just as in theorems [2.3.16] and

Xy, tor Xp,tor

- In particular, we would like to understand the formal completions of Ig) and Ig

along certain boundary strata.
In order to do that, recall that by theorem ¢*o:tor admits a boundary toroidal chart

Xb _ X% Xb
where 6¢7,° = €% Xg: Sy, 65

_ X X — Xy =
FI CKZH ><-5‘;271 C(pn76n7 = = % ><=5pZ.n =®,,6n

F S Copon

and %X" e = %ég; 5. XS5, E®,6,,54, ., burthermore, one can identify the formal
nEH,, 5y, non n e

completion of &, tor

, denoted ?Xg{,z::’oré e with the quotient

Xp
%%¢n,15n=” /F(I)nao'

along the boundary stratum %X” (with notation as in theorem

(‘1)71 Sn,0)]

between the formal completion of (fﬁ 5 (0) along (fﬁ oo and I'p, ».
We can now define make the followmg definition.
Definition 3.2.11. 1. Define the boundary stratum Igf{”’;‘[}(; snoy © Ig*»™" as the pre-
. ~ Xyt
image of %éiiq) along the finite-étale cover Igir " — €.t Denote by Igmb Z([); o)
the formal completlon of Ig¥»"*°" along the boundary stratum Ig-f°" - ngb’tor.

M, Z (@1, 61 ,0)]

X;,,tor

2. Define the boundary stratum IgZ oy ooy © Ig***°" ag the pre-image of ‘5;&[12@ 5o along
~ Xt R
the pro-étale cover Ig*»t°r — %Xb*tor. Denote by Ig ZI[(:r ., the formal completion of
Ig%*t°" along the boundary stratum Ig%(’;oré o C Ig¥e:tor,

69



. . .. ~Xp,tor ~ Xp,tor
The question now is whether we have a descriptions of Ig,, 7, . and Ig, as

Dy, 00,0
a quotient associated to a toroidal boundary chart as in the case of the Shimura vz[;rieties)]and
well-positioned subsets.

Recall that the main trick to construct toroidal compactification of Shimura varieties and
to prove this type of statement is to construct a moduli space that parametrizes certain tuples,
the degeneration data, that are over certain basis equivalent to a semi-abelian tuple, as the
universal semi-abelian scheme over .#}%,. In the present case, we added the datum of certain
trivializations of the [p™]-torsion resp. [p°°]-torsion of the isoclinic pieces of the p-divisible group
obtained from the connected part of this semi-abelian tuple, so in principle, what we should try

tor “and thus to our

do is to add a similar data to the toroidal boundary chart associated to €=
degeneration data.

As in theorem over Cg, 5, we are parametrizing Raynaud extensions and their duals
(satisfying some extra compatibility conditions). In particular, we have a universal semi-abelian

scheme Gg, s, , lying in a short exact sequence

0—=T— Go,s — Agp, s, — 0,

ns ns

where T is the torus with character group X given by the cusp label (Z,,®,,4d,), and Ag, 5,
is the pullback of the universal abelian scheme on .#Z" to Cg, 5,. Recall that by the proof of
proposition over %Cximén, the connected part of the p-divisible group attached to C?@mgn
is still a p-divisible group. Let us we denote it by ¥, s,. The fact that we are assuming that X,
is completely slope divisible, together with the definition of the central leaf and lemma
imply that %mgn is completely slope divisible. Denote its isoclinic pieces by %mgmi. Also,

write Xp = §,Xp,; with X; isoclinic of slope A;.
Definition 3.2.12. Let (Z,,®,,d,) be a cusp label.

1. A degeneration Igusa p™-level structure attached to (Z,,,®,,d,) on a %ég; , ~Scheme S

consists of the data {p; }; for i such that A\; < 1, consisting of & Bq, -compatible isomorphisms
pi Do, 50alp™ Xgm S = Xilp™] x5, S,
@500

lifting fppf locally for all m’ > m, such that for ¢, j with A;,\; > 0, \; + X; = 1, the

induced diagram

G540 Xgtn 8 —— Xpa[p"] x5, S
Pn,dn l
(Ga,0.6,.5)" [P Xty S (Xp3)"[P"] x5, S
‘bn«57l

commutes up to an element in (Z/p™Z)*(S), independent of i.
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2. A degeneration pro-Igusa level structure attached to (Z,,®,,d,) on a ‘Kéi; -scheme S

"
consists of the data {p; }; for i such that A\; < 1, consisting of & Bg, ~compatible isomorphisms

pPi - g‘bn,én,i X%xb S — XZ- XFP S,

Cop,on

such that for 4, j with A\;, A; > 0, A\; + A; = 1, the induced diagram

g‘bmémi Xchb S —— Xbﬂ' X]Fp S
Con,on J
s Vi \Y% —
(G0,,60,5)" X S (Xp;) x5, S

Cop,6n

commutes up to an element in (Z,)*(.S), independent of ¢ .
If we had this data to our toroidal boundary chart, the result will follow almost immediately.

Definition 3.2.13. 1. We define Igfif’ 7,.Co. 5. as the moduli space over %ég;’ .. barametriz-

ing degeneration Igusa p™-level structures attached to (Z,, ®,, o).

2. We define Igib Cs. 5 s the moduli space over %ég? ,. Pbarametrizing degeneration pro-
ns>~Pn,0n Pn,0n

Igusa level structures attached to (Z,, @y, dy).

By the same argument as in theorem [3.2.10 Igi‘i‘f’ 7.,.Ca. 5 defines a finite-étale cover with Ga-
lois group I'y 1, , and Ig}é’; Ca. 5 apro-étale cover with Galois group I'y. We denote their pullbacks

Xb Xb Xb . . Xb Xb
to ‘KEMY by Igy) 2, =,, 5, YesD. Igy , and similarly for €2
G
Eay.6n

- , 62 and
(RIS e .6n.5g, 5, « S@n.én(0)
X
and by Ig'y

Sn
i

_- Denote by Igfff 2. 5 . theformal completion of Igignb P along Igiib z,

»=Pp 6n 0

" ‘We obtain the fol-

n 7Eq>n15n (a')

_ the formal completion of Igséz Za. 5 (o) AONE Igséi e

Edn,on

n.dn,

lowing generalization of [CS19, Theorem 3.2.6.].

dn

,tor

~X
Theorem 3.2.14. There are canonical isomorphisms between Igmb’ . and the quotient

Z[(@n.bn.0

Xy
Igm,%}mswd/l—‘@mm

~Xp,tor

and between Igz[@ . and the quotient

n,0n,o

IgX%@ /Ffbn,a'-

n,0n,o

Proof. We only have to prove that the pullbacks of ¥[p>°]° and %ma to Gouvter are

" Zi(®n,6n,0)]
@b,tor
[(®n,0n,0)]

subschemes Spf(R), that arise from formal completion of affine opens in ¢***" and ‘Kég ; 5 ()7

and that lift to affine opens in the formal completion of %éif 5 (0) along the g-stratum, then the
pullbacks of Z[p>]° and %

isomorphic. This comes down to proving that if we cover by affine open formal

s, through the induced morphisms

ny

f1: Spec(R) — @ %ootor
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and

f2 : Spec(R) — 6o

Eap,5n(0)
are isomorphic. But this follows easily, since the completions along the identity of the pullbacks
of ¥ and of the Raynaud extension é@mg" along fi resp. fo agree (c.f. proof of proposition
3.2.6).

This result allows us to generalize the main theorem on toroidal compactifications. However,
we can refine this result a bit further. Note that on the main theorem on toroidal compactifica-
tions for Shimura varieties, all the discrete data (the data related to the tori T and TV), is given
by the cusp label. However, this is not the case if we consider the toroidal compactifications

o

of Igusa varieties, since the isomorphisms between T'[p™°] C ¢[p>°]° and a certain multiplicative

part of X, are part of the data given by the degeneration Igusa p”-level structure. In order to
somehow fix this, we want to add the data related to T'[p>°] to the cusp label as follows. For the

following definition, we do not need to assume that X, is completely slope divisible.
Definition 3.2.15. Consider the set of tuples (Z%*, Z,,, (X, Y, ¢, 0—2 n, Po.n), ¥, 5=, 8,), where:
1. (Zn, (X,Y,0_2n,90n),0n) is a tuple as in the definition of a cusp label;
2. Z%» is a filtration on X,
7% ={0c Z% c 7% ¢ 7 =X}

such that Gr™, = Z* is multiplicative, and Gry® is identified with its Cartier dual via

b

the principal polarization on X, (in particular, Grox is étale). It thus induces a principal

polarization on on Gr%bl;

3. 1 is an isomorphism
P Grég" 5Y ®(Qp/Zy);

4. 6% is an ﬁB@p -splitting of Z**, so an isomorphism

5 X, = @ G

We define an equivalence class on this set as follows: two such tuples (Z%¢, Z,,, (X, Y, ¢, 0—2.n, P0.n), ¥, 620, 6,)
and (Z’Xb,Z;L,(X’,Y’,(;5’7@Lzﬁn,wgyn),w’,é’xb,ég) are equivalent if 7, = Z!, ZXv = 7% and

there exists a pair of isomorphisms vx : X’ = X and vy : Y = Y’ such that ¢ = yx 0 ¢’ oy,

<,0'_27n =YY O Q_2n, gp(),n = Yy 0 ¢o,n, and ¢’ = vy o 1. An Igusa cusp label is an equivalence

class of such tuples, denoted [(Z%*, Z,,, (X, Y, ®, 0—2.n, Po.n) ¥, 05, 6,)].

For simplicity, we will simply denote an Igusa cusp label by Z,.
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Let us go back to the assumption that X, is completely slope divisible. We now need to figure
out what the "missing data" is. By this, we mean the following: if we are working over CKCX; .

we have a universal Raynaud extension
0—-T— Gb,‘bn,én — Abg®n55n — 0,

and we fix an Igusa cusp label over some cusp label (Z,,, ®,,d,), what is the data we still need
in order to identify the isoclinic pieces of %mg” (which we recall it denotes the connected part
of the p-divisible group attached to Gb@mgn), which are not given by the the Igusa cusp label,
with certain isoclinic pieces of X{ (or their p™-torsion, in the finite case). The answer is the

following.

Definition 3.2.16. Let (Z,,, ®,,d,) be a cusp label. A pro-Igusa level structure on a ngg -

nvén
scheme S, compatible with an Igusa cusp label Z,, over (Z,,, ®,,d,), consists of the data of:

1. An isomorphism

~ X
Ao s D7V g S (G, S

PA

N
b B, b,
compatible with the ﬁg@p -compatible actions;

2. A splitting

oo]u X%xb S — gg
ch ns
n,dn

§: Apa,s,[p 5. Xegin 9

Cop,on

compatible with the & Bg, -actions;
3. The data {p;}; for all i with \; € (0,1), of Op, -isomorphisms

pit Apa, s, [P X S — Xy xp, S

Cen,on

such that for 4, j with A\; + A; = 1, the induced diagrams

Ap,o,, 5, P> X% S — Xy XF, S
C‘bnw‘sn J{
(Ab,3,,6,) P>} Xgip S (Xp,5)" x5, S

commute up to an element in Z(S), independent of i.

The upshot is that if we fix a cusp label (Z,,®,,d,), an Igusa cusp label above it Zy,
and a pro-Igusa level structure compatible with Z,, we can recover a degeneration pro-Igusa
level structure attached to (Z,, ®,,d,). Indeed, over a %ég;n,an -scheme S, the splitting 6%, is
an isomorphism 6 : X, = €, Gr%@. By duality, the isomorphism % induces an identification

between Grsf"2 and T'[p*°]. The splitting § of the short exact sequence

0= Tp™] =94 5 = Apa, s, [p™" =0
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over S, gives us an isomorphism gfgm&n = Tp®|®Ap0, s, [p>]", and since géi’}gn ~ Aps, s, )00,
the isomorphisms pax and p; give us the rest of the data. Similarly, given a cusp label (Z,,, ®,, d,)
and a degeneration pro-Igusa level structure attached to (Z,,, ®,,d,), we can construct a filtra-
tion Z*» simply by taking Z*% to be T[p™] C fég 5, and the rest of the filtration being defined
by its dual. Picking any splitting §** (they are all identified by the equivalence relation) immedi-
ately gives us a pro-Igusa cusp label. The pro-Igusa level structure compatible with Z,, is already

given in the definition of the degeneration pro-Igusa level structure attached to (Z,, @, d,).

Definition 3.2.17. Let (Z,,®,,0,) be a cusp label, and Z, be an Igusa cusp label over it.
We define Igséb Co. 5 8 the moduli space over %égz ,. parametrizing pro-Igusa level structures

compatible with Z,,.

Putting all of this together, we obtain the following result.

~Xp,tor

Theorem 3.2.18. Let (Z,,®,,d,) be a cusp label, and IgZW . be as defined in|3.2.11|.

~Xp,tor . . .
1. IgZ[(q) 5] admits a decomposition into open and closed formal subschemes

~Xp,tor ~Xp,tor
821w oo — N2, 8200

where Zn runs through the Iqusa cusp labels above (Z,, ®,,,0,).

2. Fix an Igusa cusp label Zn. Recall the toroidal boundary chart

':"i’n 0n =P

C J /
Iﬁn

z
S

n75n72<1>n,5n

in theorem|2.3.16, describing (Y}(‘:rz)gn[(q) o) The moduli space Ig? Co s in definition

3.2.12| admits a morphism to the Iqusa variety Ig**Zn over the central leaf €7, and it
fits in a commutative diagram

X
I -
70 Con s Ca,.s,

| |

Xz Zn
Ighon —— .
Let Ig"t _ — Igh resp. Igt _ — Ighe denote the pullback of
Zn7:<1>n,6n Znycd>n,6n Z"":'q)""snvzin,én Zn7c<1>n,6n
X —_ —_
o Co s Cs, s, along s, 5, — Cs, s, 168p. Ea,5,54, 5, — Ca,s,- These define
n n,on :

an Igusa toroidal boundary chart
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X

ZnB@, 60

L

meC@n,an

|

in

—_— IgZ

PRIST S . Sa,,,6m

Ig

For our given rational polyhedral cone o € ¥, , consider the schemes

X X -
Ig2? =gt X = o
meEq)n,an(G) gznyc@n,én Cenon @0.0.(0)
and
Ianv—‘I-,L S5m0 Ian,CIn Sn XG50 =P sbn,0
Let Ig denote the formal completion ofIg along Ig . Then,
Zn 5524, mo Zn Bty 5n (0) Zn Bdy, om0
there is an zsomorphzsm
~ X, tor o~ Xe r
an,cr = mexz% o ”/ Zp,o?

where T'z s the subgroup of T, such that a pair (yx,vy) € l's, o s in Uy if
Y=y o.

Proof. Our discussion above already implies most of the parts of the theorem. Namely, we have
seen that given a cusp label (Z,,, ®,,,0,) and a degeneration pro-Igusa level structure attached to

(Zy, ®p,6,), one obtains a uniquely determined pro-Igusa cusp label Z, over (Z,,, ®,,d,). Then,

the moduli space Ig - ‘52%; , Pbarametrizes pro-Igusa level structures compatible with

naCI)n Sn
Zn, giving us the rest of the data parametrlzed by Ig Z0Co s . This induces a decomposition on

X Xp,tor
Igmxﬁm , and thus one on IgZ

by Theorem [3.2.14] It also immediately implies that

n:0n,0)]

we obtain an isomorphism on completions

~ X tor

Ian,O' NIgZ /FZ

n 0
2, 5,0

where we consider the groupI'; instead of I's,, -, since we have to also identify all the splittings
5%,

Note that even though in the case of toroidal compactifications of Shimura varieties one can
prove that Cs, s, is an abelian scheme, this is not the case for Ig 70 Cor s, in the theorem above,
since we are working at an infinite level at p. However, one can wonder whether that holds
true at p™-level. For example, in [CS19l Thm. 3.3.11.], it is proved that, in their notation,
the scheme C'; defining a toroidal boundary chart of the toroidal compactification of the Igusa
variety at level p™ is indeed an abelian scheme. We were not able to prove that the same
holds true in our setup, but we can still try to study the corresponding scheme Igs Hon as

73 Cap 6
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level K = K(n) since the beginning. But now we will need to be careful with the level at p.
Notice that J,(Qp) x G(A’;) acts on Igusa cusp labels. Consider the open compact subgroup
K = Typ(p™)KP(n) C Jp(Qp) x G(A}), where I'y(p™) = ker(T'y — T ,,). Consider K,,-orbits

of Igusa cusp labels. We can identify these as follows.
Definition 3.2.19. Consider the set of tuples (ZX*, Z,,, X, Y, ¢, 0_2.1, ©o.n)s ¥m, 6ot , 8,,), where:
1. (Zn,(X,Y,¢_2.n,%0.n),0n) is a tuple as in the definition of a cusp label;

2. Z%b is a filtration on X;[p™]

7% ={0C 2, _, CZy_y C Zhty =X [p™]}

m,0 —

such that Grir , = 7%

e i —o 1s multiplicative, and Grfl’:o is identified with its Cartier dual

via the principal polarization on X, (in particular, Gré&’ is étale), which will automatically

lift to p™ for m’ > m;

3. ¥, is an isomorphism

Pm 1 Gty = Y/p"Y;
4. 67%1 is an Op-splitting of Z?fl”, so an isomorphism

55 X [pm) =2 @ Grfibﬁi.

We then define an equivalence class on this set: two such tuples (ZX, Z,,, X, Y, ¢, 021, 00.n)s Vm, 0oy On)
and (25,2 X' Y, ¢/, 2.0 P0.1)s s 65 8! are equivalent if Z, = Z/,, ZX = ZX and there

exists a pair of isomorphisms vy : X’ = X and 7y : Y = Y’ such that ¢ = vx o ¢’ o vy,

O on = Y% ©P_2.n, o =Ty ©Pon and Yy, = vy 0, An Igusa cusp label at level Ky, is an
equivalence class of such tuples, denoted [(ZX, Z,,, X, Y, ¢, 0 —2.n,00.n), Ym, Ory, On)]-

Notice that once more, this equivalence class identifies all the splittings of both filtrations
Z%» and Z,. For simplicity, we will denote an Igusa cusp label at level K,,, by Zfl" Let us also

define Igusa level structures at finite level.

Definition 3.2.20. Let (Z,, ®,,d,) be a cusp label, and Z,’L” be an Igusa cusp label at level
K,, over it. An Igusa-level p™-structure on a ‘@”égg , -Scheme S, compatible with Z,T over
(Zy, ®n,dy), consists of the data of:

1. An isomorphism

~ X
tAve, s, 0" Xg S = (Gr)[p" " x5, S

PA

N
b, &y, 60"

compatible with the &g-actions;
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2. A splitting

Om Ab)q>m§n[pm]u X%xb S—)%g b [p ] X ) S

Cop,bn %n 5n

compatible with the &g-actions;

3. The data {p;m}: for all ¢ with A; € (0,1), of ﬁg@p -compatible isomorphisms

pzm~Ab<I>n,5 [p } X xb S;Xb’i[pm] XFPS

Cop 8

that lift fppf locally to pm/—torsion for all m’ > m, such that for 4, j with A; + A; = 1, the

induced diagrams

Ap @, s, [P XS = Xpu[p"] xg, S
F . l
(Ab@, 6, [P"])] Xigrn 5 Ko 3[p"])" x5, 5
Pn,0n

commute up to an element in Z/p™Z™ (S), independent of .

Definition 3.2.21. Let (Z,,®,,d,) be a cusp label, and Z,T be an Igusa cusp label at level

K, over it. We define Igi’; + G s

p"-structures compatible with Z,T.

as the moduli space over ngi ,. barametrizing Igusa level

~ Xp,tor

Theorem 3.2.22. Let (Z,,, ®,,d,) be a cusp label, and 1g,, Zioy.5,.0y D€ 08 defined in3.2.11,

~X,tor

1. 1 admits a decomposition into open and closed formal subschemes

&, Z (@, 6,0)]

~ X, tor L I/\X7t0r
gm’Z[(‘I’nv&an)l - Z:ln gZ;’zn’a

where Z}L" runs through the Igusa cusp labels at level K, above (Z,, @y, d,).
2. Fiz an Igusa cusp label at level Ky, Z}L" Recall the toroidal boundary chart
e, — 59,,00.5,.5,
Co, s,

Z,
B

in theorem|2.3.16, describing (S42%)Yy Zio, s
3.2.21] is smooth, and it fits in a commutatwe diagram

. The moduli space Igéﬁn Co s in definition
n ¢n= n
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b
82 Consn C‘I’E‘sn
o g,
Let Igz;n,: on s, IgZm Co resp. Igzm R — Igzm Can denote the pullback

of Igzm P Ca, 5. along Es,.5, = Ca,0, 16D Z0,6,.5¢,5, — Cao,0,.- These
define an Igusa toroidal boundary chart

— g2,

Z"L S n VZ‘P'erén,Eq)n,(;n

=®n,0n

L

b
gZZFC@n,Sn

|

IgXZ"
where IgZ is also smooth. For our given smooth rational polyhedral cone o € ¥g,,
n 7“<1> ,0n
consider the schemes
IgZ” ,_41)" 5n(U) = IngTLn7C<I>n,5n XCcpn,én ‘-"I’naén (U)
and
Igz ' o o - Ime,qu C<I>n,5n ':‘q)n75n70"
Let 1 denote the formal completion of 1 _ along 1
gz'" X 88y, 50,0 4 P / gZI’Lvﬂdn s (o) 9 gZ'" Edn n,0
Then, there is an isomorphism
~Xp,tor X
Igzm o =183 /T zm o

m
Z ‘%Einﬁna

where I‘Z;ﬂ_ﬁ is the subgroup of T, » such that a pair (vx,vy) € Lo, o is in Iy if

wm :7Yowm~

Proof. This follows exactly as in except for the smoothness statements that will follow

from the discussion bellow.

Let us now try to identify the scheme Ig Zm Can 5. in a different way.

Note that the Igusa level structure at level K,, compatible with Z" immediately gives us
the map to Ig-Zn, and Igh?» parametrizes the data of type (1) and (3) in definition
Furthermore, the abelian scheme Cg, 5, parametrizes the Raynaud extension 0 — 7" — G —
A — 0 and its dual ¢V, together with splittings of its [n]-torsion, which are given by a pair

(cn,cy) as in the proof of 2.3.16f We additionally only have to parametrize the splitting in the
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second part of definition so just as in theorem 3.3.12. of [CS19], if we forget the relation
be, s, and the lifting conditions as we did in the beginning of the proof of theorem [2.3.16] we

obtain the scheme

. 1

1
CZ»,T = mﬁ( X, (A/A[Pm]u)v) XM@(Y7AV) Homﬁ(EY, A)

n
Since ¢' € Hom (L X, (A/A[p™]*)V) is a lifting of ¢y, it is clear that the equality Ay oc¥ = co¢
is still satisfied. It admits a map

Com = Ca, s,

induced from the projection pr: A — A/A[p™]* (or rather its dual isogeny pr¥ : (A/A[p™]*)V —

AV). Since the kernel A[p™]* of the projection pr is of multiplicative type, the dual isogeny

\

prY is étale, and therefore the map C’Zm - Cp is finite étale. In particular, since Cg is

n76n 717671

smooth, so is CZ We can now see that we are in the same situation as [Lanl3|: we have a
scheme C' m Which is representable by a proper smooth scheme, but it is not necessarily abelian

because its geometric fibers might not be connected.

We now need to imitate Lan’s construction of Cg, s, , that is, we need to add the relation

bs, s, and the lifting conditions. Indeed, recall that the strategy to define Cg,, 5, was to take a
system of elements by, |, pir, lifting our fixed element b,,, and to consider the common schematic
image of the natural morphisms Cs,, 5, — Cs, p,. This is what we will attempt to generalize
bellow.

We define a morphism

am < ¢ — Hom(2Y/Y, AY[n])
n n

just by precomposing 0,, with CZr — Cs, 5,, and thus we can still consider the fiber 87~1(b,,),
which we will denote by éZm by Choosing once more a system {b;},in lifting b,, we have
natural morphisms

CZ{”,bz — CZ;”,bn .

We let C%‘Zfl“b denote the common schematic image of these morphisms. This is exactly the
scheme we are looking for, since by definition it is the moduli space of pairs (c,,c)) € Cs, s,
over IgZ | admitting the desired splitting as in the second part of definition

We can also generalize [Lanl3, Lemma 6.2.3.11.]:

Lemma 3.2.23. One can produce a uniquely determined compatible system of elements {i’l}n\l,p’ﬂf
where each by is an element of Hom(} X/¢(Y), (A/A[p™]")¥) xE C C.. that is sent to by under
the map

.. 1
O : €z — Hom(;Y/Y, AV[D).

By compatible, we mean that for kll, l;k is sent to l;l via the canonical map éq)k,bk — é<1>z,bz- In

particular, b translates CZ;ﬂ o to CZ;" p, under the conditions above.
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Proof. Since [ is prime-to-p, we have that AV[l]] = (A/A[p™]*)V[]]. In particular, we can
think of b, as an element in Hom(1Y/Y, (4/A[p™]*)"[n]), and of & as a map ;" : Zz —
Hom(1Y/Y, (A/A[p™]*)"[l]). Then the exact same construction as in [Lanl3, Lemma 6.2.3.11.]
carries over: namely, let k be an integer satisfying n|k, p{ k and 1X C £®(Y). Then we take
bi = (=bx|1x,0).

In particular, if we were able to prove that C'Cz(iflo is geometrically connected, we would
X, "

Zm Can s, is an abelian scheme. However, we were not able to generalize Lan’s
proof to our situation, since we are not able to prove that 770(0 Zmo IgiZ") has no p-factors, which
is crucial in Lan’s proof (c.f. in the proof of proposition one really needs that there exists
an [ such that n|l and p 11 that kills 7o(Ca, 0,-7Z")).

conclude that Ig

Remark 3.2.24. It follows just as in the case of toroidal compatifications of Shimura varieties,

from the fact that Iggb , and more specifically ngf is smooth, that the toroidal

zZm,Cyp zZm Bg

compactification of the finite Igusa variety Ig

n,0n n,0n

Xp,tor

. is also smooth, with our choice of smooth

rational polyhedral cone decomposition.

The case of perfect Igusa varieties

In this section, we want to define toroidal compactifications of the perfect Igusa varieties, and
describe their boundary strata as in the completely slope divisible case. So we fix a PEL-type
p-divisible group X, which is not necessarily completely slope divisible. Recall that we defined
our perfect Igusa variety Jg** in and we saw it admits a map Jg** — €**, which by
proposition is a pro-finite étale cover of ‘fsibrf, with Galois group I'x, = Aut(X;). Once
again, let (¢, A, t, ;) denote the restriction of the universal object of Y}(Orz to EXetor . Let us

start with an analogous of Theorem [3.2.10

Definition 3.2.25. A perfect Igusa-level structure on a perfect %% -scheme S consists of the

data of an & Bg,-equivariant isomorphism
PGP Xeryior S = X5 XF, 9,
such that the induced isomorphism on biconnected parts
po.1) : D10 Xy o § S X X5, S
commutes with the polarizations up to an element in Z (S).

Definition 3.2.26. We define the perfect toroidal compactification of the perfect Igusa vari-

%Xb ,tor
perf
Xp,tor

ety Jg** as the moduli space over parametrizing perfect Igusa-level structures up to

isomorphism, and denote it by Jg

Theorem 3.2.27. The pro-étale cover Jg*> — %girf, with Galois group I'x,, extends uniquely

to a pro-étale cover Jgie:tor — ‘Kgii’ftor, with the same Galois group.
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Proof. This follows exactly by the same arguments as in the proof of Theorem [3.2.10] except
one uses [CS19, Prop. 2.2.6.| instead of [CS19, Thm 2.2.4.].

Our aim is now once again to better understand the geometry of Jg¥v-tor

Xp,tor

. Namely, we want

to describe the formal completion of Jg along boundary strata.

Definition 3.2.28. Define the boundary stratum jgsél[’(’;oré y © Jg¥e-tor as the pre-image of
X along the pro-étale cover Jg¥otor — €% Denote by Jg Totor , the formal
Zl(@n,6p,0)]Perf & p g perf Y Y824, 5

completion of Jg**-*° along the boundary stratum 7935”(’;“6 W C Jg¥otor,

Recall that by theorem |3.2.3] €**t°" admits a boundary toroidal chart that allows one to

identify %?X*z:;or " with the quotient
X
cgg{z; on U/Fémf’
between the formal completion of ‘KH 5 (0) along ‘KH o and ', ». In particular, taking

oXp,t
perfections induces an identification between %Z[’z Poré ) perf
Pn,0n,0 ?

formal completion of ‘ﬁﬁ s (0)pert along %ég; s opert a0d T'a o
Recall once more that if we fix a cusp label (Z,,, ®,,0,), by theorem [2.3.16] over Cs,, 5, we

have a universal Raynaud extension

and a similar quotient, between the

0—=T—Gos,s, = 4,5, =0,

where T is the torus with character group X given by the cusp label, and Ag, 5, the pullback

of the universal abelian scheme on YK” to Cs,s,. Over ‘5§£ . » the connected part of the

p-divisible group attached to G@mgn is still a p-divisible group, which we once more denote by

g(bn On

Definition 3.2.29. Let (Z,,, ®,,d,) be a cusp label. A degeneration perfect Igusa-level structure

attached to (Z,, ®,,d,), on a perfect ‘Ké’“) , -Scheme S, consists of an ﬁBQp -isomorphism

p: g@mgn X%xb S = Xg Xﬂ:p S,

Cq’nvfsn
such that the restriction to the biconnected parts
POV GO a8 XY xg 8,

,
C®p,8m

is compatible with the polarizations up to a scalar in Z (S).

Definition 3.2.30. We define Jg’ Z0.Co 5, 35 the moduli space over cq) parametrizing

noperf?
degeneration perfect Igusa-level structures attached to (Z,, @y, o).

Once again by [CS19] Prop. 2.2.6.], JgZ Co s defines a pro-finite étale cover over % b
with Galois group Aut(X;). We denote its pullback to ‘fégg
for %Xb g ¢ and ‘5 b

nyns chn snoPerf? UEa, s, (0),per

. ,6n sDerf
Xp
5, pert PY 987, =, and sumlarly

s, aperf” Denote by Jgségq)méma the formal com-

pletion of f)’gzn Za. 5. (0) along JmeEq} , .- We obtain the following generalization of [CS19,
Thm. 3.2.13.].
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—~Xp,tor

Theorem 3.2.31. There is a canonical isomorphism between ng[(<1> .

. and the quotient

jg%lm,sn,o/rq’"""
Proof. This follows exactly as in theorem

Let us give a better description of a few objects appearing in the Igusa toroidal boundary

chart. In particular, we can prove the following generalization of [CS19, Prop. 3.3.11.].

Lemma 3.2.32. Fiz a cusp label (Z,,®,,0,), and a point (A, Aa, LA, (P—1n,V—=1,n),CnsCrs ) €
jgséi’c%m (S). In particular, recall that (A, Aa,ta, (P—1n,V—1n)) @5 a point in the smaller
Shimura variety yf”, consisting of an abelian scheme over S with extra structures, c, and c,
denote the Raynaud extension and its dual. The Raynaud extension is given by a short-evact
sequence

0T —G—A—0.

Finally, p : %mén = Xy is a degeneration perfect Igusa-level structure attached to (Zy, ®,,,8y).

Then, there is an ﬁBQp -equivariant embedding
0:Gp™] = X,
extending p, which is compatible with the polarizations. The induced filtration Zx,
T[p™] € Gp™] C Xp
is symplectic, and the induced isomorphism
Grly = G[p™]/Tp™] = Alp™]
s compatible with the polarizations.

Proof. Over a perfect base the étale-connected sequence splits (c.f. [CSI9L Sect. 2.2.]), so
Xp @ XU o Xgo’l) @® X§t. Furthermore, we have that G[p>] = T[p>] ® A[p™], and therefore
Gp™* = T[p>] @ A[p>]*, and G[p®]** = A[p=]*. Since %, s, = G[p™]°, p induces an
isomorphism between G[p>°]° and X?. By Lemma the induced polarization on A[p™]
is an isomorphism, so A[p>°]¢ is the dual of A[p™®]#, giving us the desired embedding. The
isomorphism between the first graded piece of the filtration Zx, and A[p*°], and the compatibility

with polarizations follows immediately by construction and by the general theory of degeneration.
We can also describe J g}zgf“ap ,. more explicitly, as follows.

Proposition 3.2.33. Let us denote the torus with character group Se, by Es
X
Zl:“Ecpn,(sn

and let So,, pert

n’

resp. Eg, pert denote their perfections. The Sg, pert-torsor Jg — Jggi Con s s the
perfection of the natural Eg, -torsor over Cigéi Co. 5.+ that parametrizes lifts of the dual Raynaud
extension ¢V 1Y = Ator:Y = G. In particular, it parametrizes symmetric lifts T Y[%] =G

of the period morphism Y — G (c.f. remark .
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Proof. That ﬁgsé’;’a@ s = Jgg’;’aﬁ ,1s the perfection of the described Sg,-torsor over
5935,; Ca, 5, is clear by definition. Furthermore, a symplectic splitting of the filtration Zx, of

Xj over Cs, s, , induces a splitting of the short exact sequence
0= T[p™] = Gp™] = A[p™] = 0
and dually of the sequence
0= TV[p>] = GV[p™] = AV[p™] =0

via the embedding
0: Gp™] — X,.

Splitting the second sequence is equivalent to giving a lift ¢,/ : Y[%] — A of the dual Raynaud
extension ¢V : Y — A (c.f. [LanI3l Lemma 5.2.3.1.]). The description in the statement follows
by uniqueness (of such a perfect torus lift of the described Eg _-torsor), since this indeed defines
5, = Co

a lift of the Eg, -torsor Zg 5, 10 a Ep pere-torsor.

ns ny

Once again, we want to try to refine this using Igusa cusp labels. We need to define perfect

Igusa level structures.

Definition 3.2.34. Let (Z,,, ®,,d,) be a cusp label. A perfect Igusa-level structure on a perfect
%ég; 5. -Scheme S, compatible with an Igusa cusp label Z,, over (Zp, ®p, 0p), consists of the data
of:

1. An isomorphism

AR S ~ Xp \1t o
pAqu’naén : Aby(bn,én [p ] xcggl; , S — (GI‘_l) X]Fp S
n-9n

compatible with the & By, -actions.

2. A splitting

6 : Apae,.s, [p>]" X % S — ggn’(;n X % S

Co 6y Porf Cop,6n

compatible with the & Bg, -actions.

3. An isomorphism

o ~ 0,1
P 4(0,1) iAb,Qn,Sn[P ](0’1) X Xy S — Xé ) XF. S
A . C, P
b:®n.dn Con,on

commuting with the polarizations up to an element in Z) (.5).
We can do the same analysis as above. Namely, if we fix a cusp label together with the Igusa
data associated to an Igusa cusp label Z,, and a perfect Igusa level structure compatible with

Z,,, we can recover the perfect Igusa level structure: the splitting 6%, gives us an isomorphism
X 2@, Grsfi. By duality, ¢ gives us an identification of Grsfz with T[p>]. The splitting
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(0 1) (0,1)

= Abo,.0,0%]
the isomorphisms p ALY and p Ay s give us the rest of the data Slmllarly7 given a cusp

d gives us an isomorphism G[p™|* = T[p>] & A[p>]*, and since g

label (Z,,, ®,,6,) and a perfect degeneratlon Igusa level structure attached to (Z,, ®,,0,), we
can construct a filtration Z=t as in the previous lemma 2l Picking any splitting 6% (they
are all identified by the equivalence relation) immediately gives us an Igusa cusp label. The
perfect Igusa level structure compatible with Z,, is already given in the definition of the perfect

degeneration Igusa level structure attached to (Z,,, ®,,d,). We obtain the following result.

Definition 3.2.35. Let (Z,,®,,d,) be a cusp label, and Z, be an Igusa cusp label over it.

We define Jg’r P parametrizing perfect Igusa-level

as the moduli space over (fc

1:Con,6n @, 5 perf

structures compatible with Z,,.

~Xp,t0 .
Theorem 3.2.36. Let (Z,,®,,d,) be a cusp label, and Jga ' ., e as defined in 3.2.28
—~Xp,t . .. .
1. jgzlg(:ré o) admits a decomposition into open and closed formal subschemes
/\Xb,tor —~Xp,tor

39200 50,00 = H2,792,0
where Z, runs through the Iqusa cusp labels above (Zny @y 0p).

2. Fiz an Igqusa cusp label Z,. Recall the toroidal boundary chart

=0,,0, GRS S

C l /
Iﬁn

Zn
LK

in theorem |2.8.16, describing (Ytor )Z (@] The moduli space 3g~ Can s in defi-
n,on,o Dy,

nition |3.2. 5’@] admits a morphism to the Igusa variety Jg=v-Zn over the perfectzon of the

central leaf € and it fits in a commutative diagram

perf )
JanaCtbn,én Cg 8y, sperf
Xb z Xb
Jgrosn ? 07, pert

X
Let Jg* —7J resp. J —7J denote the pullback

92, 20 50 gZn,c«p P gzn,ucpn o a5y gzn,ccpn o p

b

of jgzn,cp" o %C%,an,perf along CZ! | et = Ceb, . pert TESP- CL So, .5, Perf

‘KC These define an Igusa toroidal boundary chart

65 PErE”
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b ng~b

nEen 6n Zn:Ben 6n.Sa,, 5,

J g§§b

Zn,Cas,, 5,

|

jgxb,zn

Jg

N

(11

For our given rational polyhedral cone o € ¥, , consider the schemes

~ Xy X, X,
Jas = Jg X X =
8B 0 (0) T 820 Cay sy CCE e (Enn (o) pert
and
X X X
Jg=b = o X X =0 .
i Banne 2 Casn EEh et | Enisnopert
Let Jg& denote the formal completion of Ig& _ along Ig}§b _
Z"’%E@nﬁn,v Zn,,chn,(;n(o') Zﬂrv‘:‘f’nyénﬂ

Then, there is an isomorphism

f%b,tor o Xp /1_‘~
gzvuo' - gzn,xz‘i _ Zp,0

Sn,o

where I'; s the subgroup of s, » such that a pair (vx:7v) € To, o is in Ly o f

Y=y o.

Proof. This just follows once more by our discussion above.

3.3 Minimal compactifications of Igusa varieties

In this section, we want to recall the definition of the minimal compactifications of Igusa varieties,
and prove its affineness. To do so, we need the following result, which is a generalization of [CS19]
Cor. 3.2.14.].

Proposition 3.3.1. Let A : X1 — Xo be an isogeny of p-divisible groups with extra structures,
such that the isogeny is an isomorphism on the multiplicative and étale parts. Then this induces

an isomorphism
fjgxl,tor o~ ngQ,tor

extending the isomorphism
X1

1

Jg Jg*e.

We want to use the explicit moduli description of the formal completions at the boundary,

and the universal property of toroidal compactifications to prove this.
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Proof. The idea to prove this result is the usual: we start by fixing a cusp label (Z,, ®,,d,),
for which we have a perfect Igusa toroidal boundary chart. Then, using the moduli description

~ Xp,tor . . .
of Igz(%,énwzn, we will produce an isomorphism

~Xj,tor ~ ~ Xa,tor
gz(cpn,sn),zn = gE(q»,L,an),Zn
between the formal completions at the boundaries. Gluing everything together will then yield
the desired isomorphism between toroidal compactifications.
Let us thus fix a cusp label (Z,,, ®,,d,). Consider the Igusa toroidal boundary chart

~ X1 ~
‘JmeE(bn,an Jg

L

~ Xy
JmeC@n,an

|

’ngZn

X1
Zns B 60,25, 5,

as defined in the previews section. Recall that by lemma(3.2.32] jggé;,c%,(;n parametrizes points
(A, x4, ta, (1)) € ,5’}?, together with triples (cy, ¢/, 0), consisting of the Raynaud extension

cn: X = AY and its dual ¢ : Y — A, given as usual respectively by the short exact sequences

05T —>G—A—=0

and
0TV -G =AY >0,

and where p : G’[pm] — Xj is an Opg-linear embedding. Let A : X; — X5 be an isogeny as in
the statement, so that in particular it is an isomorphism on the multiplicative and étale parts.
Denote by K C X; the kernel of A\. By our assumptions, K is actually contained in Xgo’l), since
it does not meet either the multiplicative, or the étale part of X;. By abuse of notation, let us
also denote by K its preimage under the embedding o : G [p*°] < X;. Since A is an isogeny, K is
actually contained in G [p™] for some integer m called the degree of A, and we can consider the

quotient G/ := G /K. This defines a new semi-abelian scheme, fitting in the short-exact sequence
05T =G — A —0,

where A’ := A/K 4, where K4 is the image of K through the surjection G — A. It admits an
injection
Q/ s Lpoo] — Xy
by noticing that the composition
Glp™ & X, D X,

factors through G’[p>°], inducing an isomorphism on connected pieces, just by definition of G”.
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Let furthermore (¢/)Y : Y — (A’)Y be defined by the equality (¢/)V = ma0cY, where g : A —

A’ denotes the projection. (¢’) defined the dual Raynaud extension (C;” )V, and is equivalent to
a short exact sequence

0—T" = (G")Y = (A)Y = 0.
In particular, Y’ = Y, since K does not intersect the étale part of G. This already induces an
isomorphism

~ X ~ X
At 387, Co 50 = 9870, Can s,

By analyzing the construction of the equivalence between ¢’ and the short exact sequence

0T =G — A =0,

1

we also see that (%) ' oc =p™oc, where 7y : (A")Y — AV is the isogeny dual to 74, and

()"t AV — (A)V is the isogeny whose composition with 7Y is p™. This implies that, before
perfection, the pullback along A, of the natural S, -torsor over Jgséfnc%,én is the pushout of
the natural S, -torsor over jg;éi,ctp , under p™ x idx : S¢, — Ss,. In particular, we obtain
an isomorphism after perfection. It is also clear that this induces the same action as in lemma

on the open cell, implying the result. The glueing follows from the lemma bellow.

Lemma 3.3.2. [CS1d, Lemma 4.3.3.] Let X and Y be gcqs schemes, with Y separated, and
U C X be a quasicompact open schematically dense subscheme. Let furthermore f : U — Y be
a map of schemes. If there is an extension of f to a map f : X — Y, then this extension is
unique, and to check whether this extension exists, it suffices to find an fpgc cover X' — X such
that f' = flx/xyv : X' xx U =Y extends to f' : X' =Y.

This allows us to generalize theorem 3.3.2. in [CS19] to our setup, to obtain the following

result.
Theorem 3.3.3. €%* is affine.

This result follows verbatim as in the proof of theorem 3.3.2. in [CS19]. For completion, let

us briefly recall the idea.

Proof. The first step of the prove, is to see that in any given isogeny class, there exists a p-
divisible group X such that €** is affine. This follows by picking a certain p-divisible group
X, whose p-torsion is an Ekedahl-Oort stratum which is contained in the given Newton stratum
(the existence of such an X is proven in [Niel5l , Cor. 1.6.]] for general PEL-type Shimura
varieties). The minimal compactification of this strata is then affine by [BoxI5, Thm. C], and
the claim follows by [CS19, Prop. 3.1.3], using that ¢ is a closed subset of the corresponding
Ekedahl-Oort stratum. It then suffices to see that if X’ is such a p-divisible group, and there is
an isogeny A : X’ — X, then ¥ is also affine. Assuming that ) is an isomorphism on the étale

and multiplicative parts, and using proposition yields a correspondence

!
%X Ko ng,tor — %x,*
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extending the diagram
¢ 3% - %

It now follows formally that €** is affine, by lemma 3.3.3 in [CS19]. Namelly, by considering
the diagram

%X’7*,bdry fJgX,tor,bdry (gX,*,bdry

| | |

%X’,* fJgX,tor X,
where @%bdry X' xbdry - apq gg¥itorbdry denote the boundaries of %%, €X' *, and Jgtor
respectively.
Definition 3.3.4. We define Jg** as the normalization of €** in Jg*.

We obtain the following generalization of [CS19, Prop. 3.3.4.].

X, *

Proposition 3.3.5. Jg* — €% is integral, and thus Jg* is affine by the above theorem.

Furthermore, it agrees with the Stein factorization of
ng,tor N %X,*’

and therefore any isogeny X\ : X — X' inducing an isomorphism on multiplicative and étale parts

induces an isomorphism

by Proposition [3.3.1}

One can do something similar in the completely slope divisible case. Namely, we fix a com-
pletely slope divisible p-divisible group X for some b in the Kottwitz set, and we consider the

non-perfect, pro-Igusa variety Ig® — €. We define the minimal compactification as above:
Definition 3.3.6. Define Ig®* as the normalization of €* in Ig’.
The following statements follow from the definitions, just as in [CS19, Lemma 3.3.8.].

Lemma 3.3.7. The morphism
Igb’* N cgb-,*

is finite surjective, and hence Ig®* is affine. Furthermore, Ig® < Ig»* is a dense open immersion,

*

and Igb’ 18 normal.
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Chapter 4

The Hodge-Tate Period morphism

In this chapter, we recall the construction of the Hodge-Tate period morphism on Shimura
varieties. We then generalize section 4 of [CS19], extending the Hodge-Tate period morphism to

the toroidal and the minimal compactifications, and analyze its fibers.

4.1 Hodge-Tate Period Morphism on Shimura Varieties

Let us start by recalling one of the major results in [CS17], namely the existence of a Hodge-Tate
period morphism for Shimura varieties of Hodge type.

Let (G, X) be a Shimura datum, namely G is a reductive group and X a G(R)-conjugacy
class of homomorphisms h : Resc/rG,, — Gr satisfying certain axioms. We have a Shimura

variety associated to this data. Furthermore, h determines a Hodge cocharacter

z—(z,1)

hc
I Gm,(c Gm,(c X Gm,(c — G(C;

which in turn allows one to define a parabolic subgroup P,. The associated flag variety Flg,,
parametrizes parabolic subgroups in the conjugacy class of P,,.

Recall that a Shimura datum is of Hodge type if it admits an embedding (G, X) < (G, X)
for some Siegel Shimura datum (é, X). In particular, the Shimura variety associated to (G, X)
has a universal abelian variety, which is the restriction of the universal abelian variety associated
to the Siegel Shimura variety one obtains from (G, X).

Let Fl(g,) (resp. Fl g ;) denote the flag variety associated to (G, X) resp. (G, X). Fixing an
embedding (G, X) — (G, X) as above, induces an embedding of flag varieties Fl(¢ ) — Fla n)
Fix open compact subgroups K C G(Af) and K C G(Ay) such that there is an embedding of
Shimura varieties

Sk — jf{ QR E.

Fix a prime p, write K = KPK,, C G(A?) x G(Q,) and fix a place p of E above p. Consider
the adic spaces Zq ., ﬁé,ﬁ over Spa(FE)) associated to Flg x), resp. Flig z)- We have the

following result by Scholze and Caraiani and Scholze.
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Theorem 4.1.1. [Schid, Thm. 4.1.1.], [CS17, Thm. 2.1.3.]
1. If K? is sufficiently small. there exists a perfectoid space Sk» over Ey, such that

SKp ~ 11 (prKp ®E Ep)ad;

<_
KP

2. There is a G(Qp)-equivariant Hodge-Tate period morphism
THT : SKkr — y@,[ﬁ
that factors through ¢ . In particular, we obtain a morphism

THT : Skr — ﬁgﬂ. (4.1)

The construction of myT is quite complicated in the Hodge case, so we do not want to get
into it. We do recall however that in the Siegel case, myr is given on C-points, for C' a complete

algebraically closed field over Q,, by the Hodge-Tate decomposition
0 — (Lie)(A)(1) - T,A® C — (LieAY)Y — 0

for z € Sk»(C, CT) corresponding to the abelian variety A of dimension g over C, since T, AQC' =
C%9, and (Lie)(A)(1) < T, A® C is a totally isotropic subspace.

4.2 Mantovan’s product formula

Before starting to study the Hodge-Tate period morphism on compactifications, we want to recall
Mantovan’s product formula for PEL-type Shimura varieties.

A product formula was originally constructed by Mantovan in [Mant05]. She worked with
proper Shimura varieties of PEL-type, and considered a completely slope divisible p-divisible
group Xp, and the associated finite Igusa varieties Igf{’. She was then able to use vanishing
cycles to write a formula describing the [-adic cohomology of the Shimura varieties in terms
of the l-adic cohomology of the corresponding Rapoport-Zink spaces and Igusa varieties (c.f.
[Mant05l Sect. 8]).

More recently, Caraiani and Scholze proved in [CS17| that if we consider the perfect Igusa
varieties, we can still relate Shimura varieties to the corresponding Rapoport-Zink spaces and
Igusa varieties. Let us describe their results. We keep the notation from the section[f:I]above, but
we restrict ourselves to the PEL-type case. In particular, we fix some PEL-datum (B, *,V, (-, "))
over Q of type A or C. We obtain an associated local PEL-datum (Bg,, *, Vg,, (-, -)), and fix a
conjugacy class of characters u as in and ab € B(Go,, p~1). We can consider the associated
isogeny class of p-divisible groups, and fix one which we denote by Xj, and the associated perfect
Igusa variety Jg** over [, as in definition Recall that Jg** is independent of the choice

of p-divisible group X, within an isogeny class, so, in particular, we may assume that X, is
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completely slope divisible. Notice that just as explained in [CS17, Sect. 4.3.], since Jg** is perfect,
it admits a unique lift to a p-adic formal scheme over W(Fp). If we fix a complete algebraically

closed, non-archimedean extension C' of Q,, and consider its ring of integers ¢, then Jg*
Xy

W (Ep)
Recall furthermore that we have defined the Rapoport-Zink space associated to a local PEL-

datum in [3.1.21} which we denoted by ///(G@pvb,u% parametrizing p-divisible groups with extra
structures, and that .#(¢ ., is representable by a formally smooth formal scheme over Spf(&').

will also admit a lift to &¢, just by base-changing Jg to O¢, which we denote by Jg%éc.

In particular, by formally smoothness of %(G@pyb’ﬂ), X, also admits a lift Xg,, € ‘///(G@p’b,u)(ﬁb)
to Oc. By [CS1T, Lemma 4.3.10.], Jg?éc will then parametrize abelian varieties with extra
structures in ., () together with an isomorphism A[p>] = X4 x R, as a moduli problem over
Nilp(g)c.

Just as in the case of Shimura varieties, we can consider the adic generic fiber of t///(GQp’bw 1)
and add level-p™ structures to its moduli problem (c.f. [CS17, Defn. 4.2.3.]), denoted M (G boi1) 00

This functor is representable by a preperfectoid adic space over Spd(E/({pes ), ﬁE(cpoo)) (c.f. [CS1T,
Thm. 4.2.4.]). Tt admits a local Hodge-Tate period morphism on diamonds

b
THT * '///(G@p,b,u)yoo = FGu,c-
Furthermore, %, ¢ admits a Newton stratification
bl
Fapc = 11 Flp.c
b'eB(Ggy.nt)

just as in the case of the Shimura variety .k, where each strata ﬁ(b;/QW . 18 locally closed in
FGq, u,c- This is constructed in [CS17, Sect. 3|, using a map from the flag variety to the stack
of vector bundles over the Fargues-Fontaine curve. By [CS17, Prop. 4.2.6.], 7} actually factors
through ﬁg@p%c. Finally, denote by S%, C Sk» the good reduction locus, and let S%’pyo be
the inverse image of the Newton strata in fK’FP along the specialization maps.

We can now state Mantovan’s product formula.
Proposition 4.2.1. [CS17, Lemma 4.3.20.] There is an isomorphism of diamonds
~ X o~ Qo
(356, 0" Xspa(c.00) H(Go )00 = S0 X7y, MG b0

This result is quite important, as it allows us to obtain a similar product formula result on the
cohomology of these spaces, thus allowing us to relate the cohomology of the Shimura variety to
that of the Igusa variety and the corresponding Rapoport-Zing space, as we will see in proceeding

sections.

4.3 Hodge-Tate Period Morphism on compactifications of
Shimura Varieties of PEL-type

The question is now whether we can extend the Hodge-Tate period morphism to the minimal

and toroidal compactifications in our setup. Namely, we fix an integral PEL-datum (&g, *, L, (-, ), h),
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of type A or C as in the previous chapters, with its associated Shimura datum (G, X) of PEL-
type, and consider its associated (normalized) Shimura variety at principal level K = K(p™N)
for some good prime p, as in section[2.5] denoted .7k, as usual. We consider the perfectoid space
Sk (pen) obtained from Sk as in theorem We also need to define compactifications at

p>-level.

Definition 4.3.1. Fix a cone decomposition X. Let ft(oé;mzv) 5; and yl*((p"”N) denote the toroidal
and minimal compactifications of .#x ,m Ny, as defined in sections and respectively.

Consider furthermore the associated adic spaces over E,, which we denote by 17}{0(1;,” N).S,E, and
y*

K™ N),E, respectively. We define the following diamonds over Spd(FE,)
tor . H tor,o
SK(pen) = I&HyK(pmN),E,Ep
and
* e 12 *,0
K(p®N) *— @yk(pmm,}ap-
Just as in [CS19, Thm. 2.6.2.], one can use [BS19, Thm. 1.17.(1)] and [PS16, Thm. 0.4.] to

conclude the following. A more detailed argument in the case of toroidal compactifications can
also be found in [Lan22 Prop. 6.1.].

Theorem 4.3.2. There exists a cofinal system of choices of cone decompositions such that for any
cone decomposition ¥ in this system the diamonds St}?fpoozv) and S*K(pooN) are both representable

by perfectoid spaces.

We get the following generalization of the second part of theorem [4.1.1} and of [CS19, Thm.
2.7.1].

Theorem 4.3.3. The Hodge-Tate period morphism
THT : Sk (peN) —* FG.u
extends to compactifications. Namely, there exists a morphism
Tt Skpen) = FGou
fitting in the diagram

S — S3

K(p>=N)

~

Fa -

K(p=N)

. 0,0
where S;{(pooN) = lglm YK(pmN)’Ep (recall that YIO((pmN)’EP C SKpnN),E, denotes the good
reduction locus). This induces, by projection, a map

ik Stl?ip‘”N) — Fau-

Proof. By [Sch15l Theorem 4.1.1.], the morphism 7yt : Sxr — F5 5 in factors through
the minimal compactification. The argument in [CGH+20, Thm. 3.3.1.] carries on to our setup,

implying the result.
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4.3.1 Hodge-Tate period morphism on boundary strata

Now that we have established that the Hodge-Tate period morphism extends to toroidal and
minimal compactifications, let us try to describe how it should look like on boundary strata for
the toroidal compactification. This will be particularly important to understand how to describe
the map on points, by using the local description of toroidal compactifications. This way, we will
be able to relate its fibers to toroidal compactifications of (perfect) Igusa varieties. This section
is a generalizations of [CS19, Sect. 4.4.].

For simplicity of notation, let us assume in this section that F, = Q,. This is enough for
the proof of our main theorem, but the whole section should easily work in more generality. Let
furthermore (Zy,®n,dn) denote a level-N cusp label, for N coprime to p. Our main goal is to
construct a map

THT, Za g 5ny © (LRGN 2)2,0,)° = TG

from a certain open subdiamond ((5”;(0(2)00]\,)72)2@17)o of S}?Epr)E to be defined bellow, whose

points should be exactly those that specialize into the cusp (Zn,®n,0n). In order to use

THT, Z(g 55 1O study the fibers of 7j%, it should agree with the composition

7_‘,_t()[‘
(L) 2)2:0,)° = (il ny s.0,)° = P

and we want be able to describe THT, Z(a 5 5) in terms of degeneration data.
Let us then start by defining the adic space ((5”[20(1;7001\,),2)’2\’@;)) over Spa(Q,). Consider the
formal integral model
ylt(o(rpmN),z,Zp
of the adic space Y}g’(’; Ny, Over Spa(Q,), as constructed in theorem and consider the

inverse limit

tor 1 tor
yK(pOON),EZp = @yK(pmN),aZ,,
m

which we think of as a p-adic formal scheme. Recall that by definition, (Zy,®nN,dn) is an
equivalence class of tuples (Zn, (X,Y, ¢, p_2 N, 90, n),0n), Where Zy is a symplectic filtration
of L/NL, X and Y are Op-lattices of the same rank r, ¢ : Y — X is an injective homomorphism
with finite cokernel, (¢_2 n,@o,n) are certain isomorphisms relating the graded pieces of our

filtration with X and Y, and dy is a splitting of the filtration Zx. Consider the formal scheme

tor A
(yK(N),E,Z(q,Ny(;N)) ’

from theorem [2.3.16 and define

tor A R tor _ tor A
((yK(PQON),Z)Z@N,éN)va) T yK(POON);Evzp Xy;f(xz\f),z,zp (yK(N),sz(ch,aN)) ’

with the product being taken in the category of formal schemes.
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To each such cusp label [(Zn, ®x, dn)] we have an associated parabolic subgroup Pz o x,6x)]
of Gg,, depending uniquely on the &p-rank, r, of the lattices X and Y. In particular, the quotient
(Go,/Pi(zx,ox.5x)))(Qp) parametrizes &'p-linear filtrations

Zpoo7,2 C Zpoo7,1 C L ®Z Zp
where the first piece of the filtration Z,~ _5 has 0 ®z Zy-rank r. This yields a natural map

71 ()9 Sem 0y 20) = (G Pzt 60 (o),

by remembering only the filtration given by the level p-structures. This allows us to conclude
that, just as in [CS19, Sect. 4.2.], there is a natural system of Op ®z Zy-lattices Liz, oy 6x)]
Zyoo

over ((5”}(0{ N, E)Z@N sy ) given by the first graded piece GrZ%~ of these filtrations, with a

perfect alternating form. There is also a map

Z
((ylt(o(rp"oN )/Z\(‘I)NvéN)’Zp) — <y}(é\,]\f

where we recall that Ygﬁv) denotes the smaller Shimura variety associated to Zy from defi-
nition m This map is just the projection map one obtains by remembering only the base (i.e.
the abelian part) of the Raynaud extension A with its extra structures, which include, due to
the p°°-levels, isomorphisms

Gr e Alp™,
over the generic fiber, or, more explicitly, compatible maps

G5 fp™ = A[p™]

for all m. These two maps immediately allow us to define the desired map: recall that our goal

was to have a map

tor A < g
THT, Z(® y ) - ((yK(pooN Z)Z@N«?N%QP) — FG,u-

Consider the generic fiber

((Y%}‘;mm E)Z(qN SN Qp) ((ylt(o(rpooN) 2)Z(I,N sxn) Ly ) XSpa(Zy) Spa(Qp)

of ((ylt(O(rpr),E)/Z\(q,N anZp)’ and its associated diamond

«yft{oénooN) E)/Z\(q’Nw‘SN)’QP)O.

It is an open subspace of St with C-valued points being exactly those that specialize

K(p>N),5"
to the cusp [(Zn, PN, 0n)], by definition. Consider the Hodge-Tate filtration on the base of the

Raynaud extension A: we obtain a totally isotropic subspace

Lie(A(1)) ® O sier

A
K(P‘X’N),E)Z(éN)aN),Qp

)o‘—>GI‘ ®ﬁytr

o Ny, =) 2 )er
K(p®N).Z/Z(g v 65) 2
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and pulling this back to Z,~ 1 ® O/ Lo ye, yields a totally isotropic subspace

)A
PON)= 2 (@ 5 ) 0P
of

L ® ﬁ tor AN
((yK(pOON),E)Z((?N‘(;N),@p)o7

defining the desired morphism 7y, Zwon o) ° This map agrees with the composition

tor

s
(LK) 2)2.0,)° = (ylt<o(;)°°1v),z,(@p)° —5 FGus

by the same argument as in [CS19, Thm. 4.2.1.] (one just argues by continuity).

4.3.2 Construction of a map over 0y from Igusa variety to Shimura
variety with p>~-level structures

In order to prove our main theorem on the description of the fibers of the Hodge-Tate period
morphism on compactifications, we need to understand exactly how to compare certain compact-
ifications of Igusa varieties over some algebraically closed, non-archimedean field over Q,, which
we will from now fix and denote by C, with fibers of the compactified Hodge Tate period mor-
phism. Recall that our Igusa varieties are defined depending on a certain choice of a p-divisible

group X, with extra structures. We have the following result by Scholze and Weinstein.

Theorem 4.3.4. [SWI3, Thm. B] Let C be an algebraically closed, non-archimedean field over
Qp, and denote by O¢ its ring of integers. There is an equivalence of categories between p-
divisible groups over Oc and the category of pairs (T, W) consisting of a free Z,-module T of
finite rank, and a C-subvector space W of T ® C(—1) (here C(—1) denotes a Tate twist), via the
functor sending a p-divisible group G to the pair (T,(G),Lie(G) ® C), where we recall that T),(G)
denotes the Tate-module of G, and the fact that this pair is in the desired category comes from

the Hodge-Tate sequence
0 — Lie(G) @ C(1) = T,(G) ® C — Lie(GY)" @ C — 0.

In particular, by the description of the flag variety in our case and this result, we see that for
any point x € Z¢ ,(C) we have an associated p-divisible group X4, with extra structures over

Oc, together with a trivialization
o Tp(Xﬁc) =L ®y Zp

of its Tate module. Considering the base change of X4, to the residue field k of &¢, which we
denote by X, we can consider the perfect Igusa variety Jg* attached to X, and its toroidal and
minimal compactifications as usual. The problem is that, apriori, these are only defined over k.

Recall once more that since Jg* is perfect, it admits a unique lift to a p-adic formal scheme over
W (k), and thus to O¢, which we already denoted by jgséc, and that by [CS17, Lemma 4.3.10.],

this parametrizes as a moduli problem over Nilpi}}f’c7 abelian varieties with extra structures in
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Sk (n), together with an isomorphism A[p>] = X4, x R. We need to similarly define jgi’?r.

We also need to be able to somehow extend the map

~ X, tor tor
Jg — yK(N),Z,k

to O¢. Furthermore, notice that our map is defined on level-N structures, but we really need to
have a map to Y&O&WN)’EﬁC, since 7ok is only defined from y;;o(rpmN),E,

The fact that we are considering p-divisible groups X admitting a trivialization of their Tate
module a : T,(Xg, ) & L®zZ, gives us some hope of succeeding to do this, since this trivialization
together with the Igusa structures should allow us to obtain p level structures (which is exactly
what happens in the open cell, as we will analyze bellow). Also, as is usual when working
with toroidal compactifications, the idea to construct this map will be to construct maps on the
boundary strata, where we use the explicit descriptions given by toroidal boundary charts, and
then glue to obtain a global map. This is the same strategy as in [CST9] Section 4.3.].

We will need the following technical result.

Proposition 4.3.5. [CS19, Prop. 4.53.1.] Consider the usual natural filtration
X%, C X5, CXgg,

inducing a similar filtration on L ®gz Z, via the trivialization o : T,(Xg,) = L ®z Z,. This

ltration is symplectic and O-linear, and thus admits a splitting §, which in turn yields a splittin
Y g Y g
: ~ ¢ (0,1)
0o, Xoe 2XG, 0K, @ Xp .

Let k — Oc/p be a fized section.
Then, there exists a rational number € €]0, 1], such that there is an isomorphism of p-divisible

groups with extra structures
p: X xy Oc/p* = Xep. Xoc Oc/p°
lifting the identity, so that the equality
0%, X 00 Oc/p° = dx X Oc[p°
holds.

We now want to start explaining the construction of our map. Let us then start by recalling

the construction of the map

I96¢ = LK @p=N).0c
on the open cell. We have already defined Cig?éc. Its moduli description immediately gives
us the desired map, since we can obtain a p>°-level structure by considering the composition of
a:T,(Xg,) & LRz Z, with T), of the isomorphism A[p>] = X4, . Alternatively, fix an € as in the

proposition above. Notice that we can base change the natural map Jg* — Fr(Ny,n,k to Oc [p©
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via the section k — O¢/p. jgséc /p admits an universal abelian scheme with extra structures

g, /p» Which also comes with an isomorphism of p-divisible groups with extra structures

DoepP™] = Koo X oo jgséc/p

due to the definition of the Igusa varieties. Since the deformation of an abelian scheme is
determined by the deformation of the associated p-divisible group, @/, lifts uniquely to O¢
(since we already fixed a lifting X4, ), and it comes with an isomorphism of p-divisible groups

with extra structures

%ﬁc [poo] = Xﬁc X 6o jgsé’c'

Furthermore, once again, this isomorphism, together with the trivialization « : T,(Xg,) =

L ®z Z,, given by theorem [£.3.4] induces a p>-level structure, and thus a map

J05. = TR (p=N),00

as desired.
Just as in the open cell, if we fix an € and a section k — O¢/p as in the proposition, we can
base change our original map

X,tor tor
Jg = KNSk

to O¢/p, and we obtain a map
X,tor tor
jgﬁc/p - yKO(N),Eﬁc/p

which we need to lift to O¢ and to Y]t(o(;m N).5,60/p Let us finally define jgyé’;or

Definition 4.3.6. We define Jg?é’;or as the base change
Jggtot = W(IgSr) <y Oc,

where W (Jg®:tr) is the p-adic formal scheme over Spf(W (k)) one obtains by taking an affine

X,tor

cover of Jg , applying Witt vectors and gluing.

We want to somehow use a similar strategy as in the open cell in order to lift our map on
boundary strata, and in particular we will need to lift some structures such as the Raynaud
extensions from O¢/p¢ to Oc. In order to do this, we need to use Serre-Tate theory for these

semi-abelian schemes, which we shall now recall.

Theorem 4.3.7. [CS519, Thms. 2.4.1., 2.4.2.] Let R and R’ be two rings in which p is nilpotent,
and let ' — R be a surjection with nilpotent kernel.

1. Denote by GSApR the category of semi-abelian schemes G over R which are globally given
by an extension

0—-Tr = Gr— Arp =0
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of an abelian scheme Ar by a split torus Tr, and whose morphisms are given by Hom(@R, CNY"R)[

Then there is an equivalence of categories between GSAg and GSAg:, with functor
GSAr — GSApR
sending Gr to Gp @r' R.

2. Consider the category of triples (@R,%R/,p), consisting of a semi-abelian scheme G over
R, which is an extension
0-Tr—Gr— Ap—0

of an abelian scheme Agr by a split torus Tgr, a p-divisible group 9r over R’ and an
isomorphism p : Gr [p>°] = Y/ x g R, with morphisms given by compatible morphisms of
triples. There is an equivalence of categories between the category of semi-abelian schemes
Gr as above (up to isomorphism), and the category of such triples, induced by the functor
sending G to (Gr X g R,Gr/[p™],id).

We are now in good conditions to explain the proof of the following:

Theorem 4.3.8. The morphism
9: 3960 = LK @p=N).0c

extends to a morphism of p-adic formal schemes

956 305" = L1y 00
As we already explained above, we will start by constructing the map on toroidal boundary
charts, and then glue. In particular, we want to use the moduli description of the completions
along the boundary, and lift all the structures to Oc as in the open cell. This will define a
map without p>°-level structures over O¢ on boundary strata. Then, we need to see that the
trivialization coming from the Igusa variety, together with the trivialization o define a p*>-level

structure. Finally, we glue everything together, to obtain the desired map.

Proof. We start by fixing a cusp label (Zy,®xn,dn), and we consider the formal scheme

—X,tor

82y 5.0
which is described by a perfect Igusa toroidal boundary chart

~ X X
JOZ8 By on » Cay sy pert

l l

X X
ngN,C'cpN,a’N %Cq)N,sN,PeFf

| |

Jghon ————— €5
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and that §g§N Canin parametrizes degeneration data as for toroidal compactifications of Shimura
varieties, together with degeneration perfect Igusa level structures attached to (Zn,®n,0n), so
isomorphisms

p: %MN Xcggq’N:‘sN S = Xe Xg, S,

compatible with polarizations on the biconnected part for any perfect %élN N—scheme S, where

.8
we recall that %, 5, denoted the connected part of the p-divisible group attached to the universal
. X . . .
Raynaud extension over %vaN,aN' By Lemma 3.2.32] we know that this is actually equivalent to
having an & Ba, -linear embedding
0:Gp®] = X,
inducing an isomorphism on biconnected parts, with étale quotient (this just follows from the

proof of the lemma). In particular, over 39%1\, Ca. 5. » We have a universal Raynaud extension
’ N»°N
0=T = Goysx — Asysy — 0,

and an ﬁB@p -linear embedding
0: éq>N76N [poo] = X,

with étale quotient. We base change everything to &¢ /p¢, using the section k — O /p® as usual.
We want to lift all our datum to O¢. Since the embedding

0 Gayon 0™ o0 /e = Xog /pe

has étale quotient, it lifts to as injection p : é<I>N,6N p>le. — X, over Oc. We can now use

theorem [£.3.7] in particular the second part, to lift the Raynaud extension
0— Tﬁc/pe — G@N)(SN,ﬁc/pe — A@N’(;N’ﬁc/pe — 0,

to O¢. Since all the polarizations are prime-to-p, and thus induce isomorphisms of p-divisible
groups on the Raynaud extension, we also get a lift of CN%N S, 00 p¢ [p™°] to O¢, and we can once
more use Serre-Tate theory to lift the dual Raynaud extension to O¢. In particular, we obtain

two short-exact sequences
0—=Tp. — G‘i’N75N7(jC - A‘?N,éfoc — 0,

and
Vv AV Vv
0=Tg. = Gayon.00 = Adysy.o0 =0

over ’Jg}éN’ 6+ and an Op, -linear embedding o : éq)N,&N’ﬁc [p*] — Xy, satisfying the

Coy.on
required properties. We still have to lift the torsor

X X
ngN,Eq>N, oc/p 7 ngN7C<I>N,6N76C/p€'

SN

1
p

Recall that by proposition [3.2.33] it parametrizes symmetric lifts 7 : Y[=] — édm,éw,ﬁc of the
period morphism ¢ : Y — (I>N75N7ﬁc. Consider the filtration on X4, over jgyéN

Coy,s5,0c/p°
given by

Tﬁc [poo] - éq)N,lsN,ﬁc [poo} C Xﬁc’
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and fix a splitting of it, 5X,jc)ZN, compatible with the splitting §Xﬁc of Xg, we fixed in the

beginning of the section, so that we have an equality

6XﬁC7ZN Xoc Oc[p° = (5X60,ZN X6c k) Xk Oc/p°.

The splitting we just fixed, together with our embedding o, , induce a splitting of the short-exact
sequence
0= Toc[p™] = Goyon.001P] = Aay.sn.00[p™] =0,

which just as in Proposition [3.2.33] induces a splitting of the dual Raynaud extension sequence
0 — T\/[pm} — G\Q/)N75N,ﬁc’ [poo] — AgN,éN,ﬁc [pm} — 07

and thus a map 6\50 Y[R — Avy s5y,00- We just define Jg%v’

s.. as the functor
p Uc

Eoy.sy
parametrizing liftings

1 ~
Y[;] - G‘i’NﬁNﬁ’c

of the map above, satisfying the symmetric condition. Just as in the proof of [CS19, Thm. 4.3.2.],
this defines the desired lift.

So far, we have essentially proven that we indeed have a lift
X,t
Jog." — 15”}2%\,)756,

to the Shimura variety at principal level N, up to proving that our maps on boundary charts
glue. We are left to see whether we actually have a map to y}t;)(rpm N, 0o meaning that we have
to analyze the level-p structures.

In order to do so, let us recall that a Igusa cusp label Zﬁ at level p"™* N consists of an

equivalence class of tuples

(Zfrgu (ZN7X5 }/7 ¢a Y—_2,N, QOO,N)awm)éffm 6N)7

where ((Zn, X, Y, $, p—2.n,¢0,N),0n) is a usual cusp label at level N, and ZZ is a filtration on
X[p™], with a & By, -Splitting 6% of ZX and an isomorphism

Y Grfﬁb’O =Y /pm.

—Xt . - . .
By theorem [3.2.36, we know that ng[(:rN 5x )] admits a decomposition with elements being

,tor

~X
the open and closed formal subschemes Jg ;-

™o where Z}\’} runs through all the Igusa cusp labels

above our fixed one, and that we obtain the decomposition as follows: if we have a point in

—X,tor

0210 snon? W just consider the induced filtration
N:ON>»7

0cCT[p™ c Gp™ c X[p™].

Also, notice that if we have an Igusa cusp label, we can obtain not only a cusp labels at

level N (just by forgetting the extra structures), but also a cusp label at level p>° N: indeed, the
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isomorphism « : T,(Xg,) = L®yzZ, induces an isomorphism X, [p™](C) = L/p™ for all m, and
thus the above filtration on Xg,, [p™] induces a similar one on L/p™, giving a p™-level structure
on the cusp label, just by the assumptions on Z- . By abuse of notation, let Z}{} denote both the
Igusa cusp label and the cusp label at level p”* N, and we fix one. We need to construct a map
—~X,tor —~
39230 = KN 23,07
and we want to use the moduli description on both sides to do so. Away from p, we already know
that everything works out, so we need to analyze the extra structures at p. Choose a splitting
L/p™ =~ &Gr™
ZX

m?

m

of the filtration we obtain on L/p™ using the trivialization « and the filtration
and we assume it is compatible with the splitting § chosen in proposition Via the
isomorphism Xg,, [p™](C) = L/p™, this induces a splitting of the filtration on Xg, [p™]. Since
the Igusa cusp label equivalence relation identifies all splittings, we may assume that 0%, is this
splitting we just fixed. In particular, by definition of the filtration, this gives a splitting of the
short-exact sequence

0= Tp" = Goclp™] = Ascp™] — 0.

By duality, this once more induces a splitting of the dual sequence
0—=T"[p"] = Gy 0™ = Ag.[p™] — 0.

We obtain lifts of the maps defining the Raynaud extension and its dual, ¢ and ¢ to maps
Cm : #X — Ag,c and ¢, : p%Y — Ag,. This immediately gives a map to C m (which denotes
I

. . . o
the abelian scheme on the toroidal boundary chart defining ¢ (o N), 23

of the level structures on toroidal boundary charts. It follows from the explicit description of the

), just by the analysis

torsor,

X ~ X

~ — 4) ~
ngNw:«I)N,cSNvﬁC JgZN7C<I>N,5N7(jC’
as the moduli space parametrizing symmetric lifts %Y — G g, that we saw above, we obtain

a map from Jgé to the torsor of lifts of ¢Y, to G, over C’Z}\,;, that we denote by

NEa N 55,00
= 7,00 yielding the desired map on completions along boundary charts. Taking the inverse
limit over m, gives us the map

—X,tor

~ tor B
39230 = TR (peon). 2307

as predicted. The argument for gluing follows exactly as in [CS19, Thm. 4.3.2.], using lemma
9.9.2)

4.3.3 The Fibers of the Toroidal Compactification

We are now ready to identify the fibers of the compactified Hodge-Tate period morphism with
toroidal compactifications of Igusa varieties. We will see that this is just a consequence of the
results we have seen in the previous two sections, and of the (local) moduli description of the

toroidal compactifications. Let us start by recalling the following lemma.
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Lemma 4.3.9. [CS19, Lemma 4.4.2.] Let C be a complete, algebraically closed extension of Q,.
Let X be a quasicompact, quasiseparated perfectoid space over C, and denote by X its canonical
compactification as defined in [Schi7, Prop. 18.6.]. Let furthermore Y be a proper diamond
over Spd(C), and f : X =Y be a map inducing isomorphisms X (C', Oc') = Y (C', O¢/) for all
complete, algebraically closed C' over C. Then, there is an induced isomorphism X — Y, and if

X over Spd(C) is compactifiable, f is an open immersion.
We can now prove the following theorem.

Theorem 4.3.10. Let z € F¢ ,(C) be a point in the flag variety, and let X denote the associated
p-divisible group. The morphism

tor X,tor tor
90¢ * 6. = TK@p=N).0c
constructed in theorem[{.5.8, induces an open immersion on diamonds
tor . ~ . X,tor tor \—1
390 = (mar) (@)

with the same rank 1 points. In particular, (wi5)~1(x) is the canonical compactification of
jgsé’tor, and thus affinoid perfectoid.

Proof. By lemma one only need to check that the map induces a bijection on (C, O¢)-
points. The second part will then follow from the fact that the target is partially proper.

Now we need to check that we indeed have a bijection on (C, O¢)-points. Using sectionm
we see that the C-valued points on the right-hand side decompose into Igusa cusp labels ZN,
and we have already seen that the same holds true for the left-hand side. The map above is
compatible with this decomposition, just by construction. In particular, we can fix such an Igusa
cusp label (at infinite level). This is given by an equivalence class of tuples, consisting of a cusp
label at level IV, a filtration

7Z¢={0cz*, cz* czf=X}
on X, together with an isomorphism
¥ :Gry Y ® (Qp/Zyp),
which is by duality equivalent to an isomorphism
Gr*, = 7%, = Hom(X, p1pe ),
and an Op-splitting of Z¥, so an isomorphism

X @Gr%i.

Using once again the trivialization « : T,(Xg.) = L Qg Z,, this induces a filtration

0 C Zpoo’72 C Zpoo},1 C L ®Z Zp,
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with the corresponding splitting. We will ignore the structures away from p, because as usual
we already know they match on both sides.

We have already analyzed what data we are parametrizing on the left-hand side. Namely,
the Igusa toroidal boundary chart tells us that we have an abelian variety A over ¢, together
with a prime-to-p polarization, an Og-action, and a level-N structure, belonging to a smaller

Shimura variety, and fitting into the Raynaud extension
0T —=G—A=0

where T is a torus with character group X given in the Igusa cusp label. Furthermore, we have
a dual Raynaud extension

0TV 5 GY = AV >0,
where AV is the dual abelian variety of A, and TV is the torus with character group Y, also given

by the Igusa cusp label. These extensions are defined by maps ¢: X — AV andc¢¥ : YV — A
respectively. Additionally, the Igusa structures provide us with an isomorphism

é[poo] = Z§17

compatible with the isomorphism Z*, = Hom(X, yy=) coming from the Igusa cusp label, which
induces, together with 6%, a splitting of the short-exact sequence

0 — T[p™] — G[p™] — A[p™] = 0.
Using that the polarizations on A are prime-to-p, this induces a splitting of the dual sequence

0= TV[p>] = GV[p™] = A[p™] =0,

and thus liftings ¢ : X[z%] — AV and &Y : Y[%] — A of the maps ¢ and ¢" respectively. Finally,
the data given by the torus torsors was already analyzed in previous proofs, such as in the proof
of theorem and we already know it matches the data parametrized by torus torsors in the
Shimura variety.

Let us now analyze the data we are parametrizing on the right-hand side. We already saw in
the proof of theorem [£:3.8] that we have a map from Igusa cusp labels to cusp labels at level p™ N,
and thus we can use this to analyze toroidal boundary charts of the Shimura varieties using Igusa
cusp labels. In particular, on the right-hand side we are also parametrizing abelian varieties A
over O¢, together with a prime-to-p polarization, an &p-action, and a level-N structure. By
section the fact that we are trying to describe a point in (7 z )~ '(z), implies that A
comes equipped with a symplectic isomorphism

o v Zpoo
T;D(A) = Gr—ﬁ )

which in turn induces an isomorphism

Alp™] = Grsfl.
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Furthermore, A fits into a Raynaud extension
0T =G A0

where T is a torus with character group X coming from the Igusa cusp label, and once more we

have a dual Raynaud extension
0TV -GV —AY -0

where AV is the dual abelian variety of A, and TV is the torus with character group Y, also given
by the Igusa cusp label. Once more, these extensions give maps ¢ : X — AV and ¢V : Y — A
respectively. We also have a splitting of the sequences

0— Tp>] — G‘[poo] — A[p>] — 0,

and
0— TV[p>®] = GV[p>=] = AV[p>] — 0,

coming from the level-p®® structure, and hence once more extensions ¢ : X [%] — AY and &v :

Y[%] — A of ¢ and ¢V. Finally the torus torsors parametrize the usual data, and we have no

extra conditions coming from the fact that we are considering the pre-image of the Hodge-Tate
period morphism.
The result now follows almost trivially. Just note that the isomorphism A[p>°] = Gr*; on

the first part of the description of the right-hand side together with the splitting of

0 — T[p™=] — G[p™] — A[p™] = 0,
corresponds exactly to the isomorphism

é[poo] > Zp 1
on the left-hand side.
We also obtain the following corollary.
Corollary 4.3.11. There is a Hecke-equivariant isomorphism
RT (3™, Fy) 2= (R(mii1) < Fi)a,

and the stalks at higher rank points agree with the corresponding rank 1 stacks.
Proof. By [CS17, Lemma 4.4.1.], we see that there is an equality

(R'(mipr)F1)e = H'((mifp) ™ (2), F0),
for any point € % ,(C). Then, theorem implies the result, c.f. [CS17, Sect. 4.4.] for

more details.
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4.3.4 The Fibers of the Minimal Compactification

Here, we just want to record the following result.

Theorem 4.3.12. Let x € F¢ ,,(C) be a point in the flag variety. The morphisms

~ - X,tor ~ Xk
Joc — Jgc

and
-1 -1
(mipr) " (2) = (mfir) ~ (2)
induce isomorphisms on global sections. In particular, the morphism of diamonds
~ X, -
Jgg" = (mir) (@)
induced by f*°F, is an open immersion of affinoid perfectoid spaces with the same rank 1 points.

Proof. Both of the statements are purely formal. The first statement follows exactly as in [CS19|
Lemma 4.5.2.], using results from [Schl7] and [Schl3]. For the second part of the theorem,
we notice that Tlgg’* is affinoid perfectoid by lemma and that the same holds true for
(m3p) " (z) by [BS19, Thm. 1.17.]. The statement then follows from the first part after taking
global sections.

Corollary 4.3.13. There is a Hecke-equivariant isomorphism
RT(3g™*, 1) & (RT (mfyr)<F1)a,
and the stalks at higher rank points agree with the corresponding rank 1 stalks.

Proof. This follows as in corollary 4.3.11
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Chapter 5

Vanishing of the cohomology of
non-compact PEL-type A Shimura
varieties

5.1 Semiperversity

We finally want to take advantage of all the geometric results on compactifications and the
description of the fibers of the Hodge-Tate period morphism, to prove the following semiperversity
result, which is a generalization of [CS19, Thm. 4.6.1.].

Theorem 5.1.1. Let C' be a complete, non-archimedean, algebraically closed extension of Qp,
and denote by Oc, resp. k, its ring of integers, resp. its residue field. Let [ be a prime different
from p. Recall that we denoted by d the dimension of the Shimura variety we are considering.
Consider the complex

Ry, Fi € D(Fg 0, F),

and denote by R\II(R’JT%T7*F1) its nearby cycles. Let T be a geometric point of ¥ ,c. Then, T
admits a cofinal system of affinoid étale neighborhoods U = Spa(A) — Fq,.,c, with associated
formal scheme % = Spd(A®), such that the nearby cycles RV (Rryr [JFi)|u are semiperverse, ie

RY(Rrfyr JF) |y € "D (U, Fy).

The idea to prove this is the same as in [CS19|, namely, we use a result by Pink to conclude
that at [*°-level, the cohomology of the Shimura varieties we are considering and that of its
toroidal compactifications agree. This is quite helpful, since 7y is not proper in our non-
compact case. One then uses a series of reduction steps to conclude that the resulting complex

is something we already know is semiperverse, yielding the result.
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Pink’s Lemma

We want to start by recalling Pink’s Lemma, which was proven by Pink in section 2 of [Pink92].

We also explain its proof.

1. To start, let X be an abelian variety or a torus over some separably closed field K, and let

[ be a rational prime, invertible in K.

Proposition 5.1.2. [Pink92, 2.1.] The adjunction morphism Z/I™Z — H°(X,Z/I™Z)
is an isomorphism, and the multiplication-by-n map, denoted by [n], induces the iden-
tity on H°(X,Z/I™Z). Furthermore, for all i # 0, [I"™] induces the zero morphism on
HY(X,Z/I™Z).

Proof. The first part follows from connectivity of X. For the second one, just recall that
[n] induces the multiplication-by-n map on H*(X,Z/I"™Z), and thus the result follows from
the equality

HY (X,Z)I"Z) = N'"HY(X,Z/I"™Z).

2. We now consider the case of a torus embedding. Let T" be a torus, and ¥ a smooth rational
polyhedral cone decomposition of Y ® R, where Y denotes the cocharacter group of T, and
j : T < Tx the associated torus embedding. Let [n] : Ts; — Tx be the extension of the

multiplication-by-n map on 7. Then we can extend the result above as follows.
Proposition 5.1.3. [Pink92, 2.2.]

(a) The adjunction morphism Z/I™Z — R°j.Z/I™Z is an isomorphism. Furthermore,
the base change homomorphism [I™|*Rj.Z/I™Z — R'j,Z/I™Z is an isomorphism
for i =0 and zero otherwise.

(b) The adjunction morphism Z/I™Z — H°(Tx,Z/I™Z) is an isomorphism, and the
multiplication-by-n map, [n], induces the identity on H°(Ts,Z/I™Z). Furthermore,
for all i # 0, [I™] induces the zero morphism on H'(Ts, Z/I™Z).

Proof. (a) The statement is local, so we may assume that 7% is affine and that our torus

embedding is of the form
j: Gl = A x GEe

for some integers 0 < e < d. By the Kiineth formula, we only need to consider the
case d = 1, and thus the case d = 1, e = 1 since the other case is trivial and thus we
have j : G,, — A!. Then, the first statement follows from smoothness of A'. The
second statement is a consequence of the fact that the stalk of R'j,Z/I™Z at 0 is
isomorphic to the continuous cohomology of the tame inertia group with coefficients
in Z/I"™Z, and the base change homomorphism corresponds to the restriction to the

subgroup of index [™, which immediately implies the second part of the statement.
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(b) Since Ty, is connected, the first claim follows. The Leray spectral sequence is as follows
EY? = HP (T, R, Z)I"Z) = H?T(T,Z/I"Z).

In particular, we only need to prove that [I™¢]* is zero on Eé’o for all 4 > 0. By the
first part of the proposition, we already know that [I"*]* is zero on E5* for all p, and
q > 0, and proposition applied to a torus also tells us that [I"™]* is zero on EP9
except for p = ¢ = 0. There are exact sequences

prmmn=l o gro o EPY 50

for n > 2, since BP9 = 0 if ¢ < 0. The fact that [I"™]* is zero on EZ~™" " implies that
the same holds for its subquotient EP~™"~1 and hence by the exact sequence above
the endomorphism induced on EP° factors through En /1- By induction, it follows
that [I""?]* on E5 factors through E??|. But since EgjH = BP0 (seen as the spectral
sequence lives only on the first quadrant), and as we know that [I"™]* is 0 on this term,

and the result follows.

3. We now want to apply the previous results to the relative case. Let us assume we have an
inverse system of smooth families of tori or abelian varieties X, — S over some scheme S,

so that we have commutative diagrams

Xp 228 x, o X

Nl A

Fix a prime [ invertible in S. We will assume that all ¢, g are isogenies, and that for all

«, there exists some 3 > « such that ¢, g factors through [I]. We get the following result.

Proposition 5.1.4. [Pink92, 2.6.] Under the above setup, the homomorphism
7)™ — lingoé*Z/lmZ — Rf. li_n;lgoa*Z/lmZ

is an isomorphism.

Proof. The second map to Rf, @a YaxZ/I"™Z is an isomorphism since f is of finite type.

In particular, we only need to prove that
7)1 — li_r)ana*Z/lmZ
«@
is an isomorphism. By proper base change in the case X is an abelian scheme resp.
[Pink92, 2.6.6.] in the case X is a torus, every stalk of Rf,.Z/I™Z is isomorphic to the

cohomology of the corresponding geometric fiber of f,. The result now follows easily: the
map Z/I™7Z — R°f,.Z/I™Z is an isomorphism by proposition Furthermore, fixing
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« and choosing a 8 such that ¢, s factors through [I], we know again by proposition
that the map
RPfosZ)I™Z — RP f3. ]I Z

is an isomorphism for p = 0 and zero otherwise, yielding the result.

4. Finally, let us assume that an inverse system as above is embedded in a compatible inverse

system:

such that all horizontal maps are finite flat. We furthermore assume the following:

e f, are smooth;

e j, are open embeddings, and that the complements are divisors with normal crossings

over S (this tells us that locally for the étale topology, these look like maps GZ, — A¢);

e for all o, and every irreducible component of the complement X,\X,, there exists
some 3 > «a such that the ramification degree of ¢, g in the component is divisible
by .

Proposition 5.1.5. [Pink92, 2.7.] Under the above setup, the homomorphism
liLn@a,*Z/lmZ — liggéaﬁ*Rja*Z/lmZ >~ Rj. liggoa*Z/lmZ
is an isomorphism.

Proof. The proof goes exactly as in the previous case. We need to prove that

li_r}n@a’*Z/lmZ - h_r)n PaxRjar L)1 L

87 [e3%

is an isomorphism. By the same base change result we used above for tori, every stalk of
RjaxZ/U"™Z is isomorphic to the cohomology of the corresponding geometric fiber of j,.
The result then follows by proposition by the same argument as above.

Now we just apply the above result to our situation.

Lemma 5.1.6. Let | # p a prime, and consider the Shimura variety S (ni~),o T€sp. one of its

toroidal compactifications y}t&rmw) 0 with [*°-level structures over the rationals, ie the ones we
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obtain taking the inverse limit of Sk (nim)q T€SP- f;(o(rmm)@ for varying m, in the category of
schemes. Let

Nt Sr(N1).Q = LR (N0
be the inclusion of the open cell. The natural map
F; — Rjnis [y
s an isomorphism. In particular,
RU(S K iy F1) = RU (L (i) F1).
Proof. The second part follows immediately from the first one, since
RF(fo(O(erm),]Fl) = RF(Y}?{MOO),R]'MOO’*]FZ) = RU(S g (niee), Fr).

For the first part, we just notice that Pink’s Lemma (namely, proposition [5.1.5)) can be applied

to our case. In particular, we consider the inverse system

Pn,m

SN0 — TN Q —— TKW).Q

! |5 !

Pn,m

yto(r Ptor Pn Ptor
K

Nim™),Q K(NI"),Q K(N),Q
fm =
\ lfﬂ /
Spec(Q)

for m > n. Then proposition exactly tells us that F; — Rjy~ .F; is an isomorphism.
Similarly, we can prove the following.

Lemma 5.1.7. Consider the perfect Igusa variety jg}é(moo) at NI1*°-level. Then the restriction

map
Hl(jgigéz?\;loc)ﬁl) — H'(3gj (i F1)

s an isomorphism.

Proof. By proposition[3.3.1] we may assume that X is completely slope divisible . The statement
is clear for the non-perfect Igusa varieties at finite level by theorem [3.2.22] (see also remark|3.2.24)),

and thus the result follows.

Proof of semiperversity

Before starting the proof, we will need a the following result.

Theorem 5.1.8. [CS17, Thm. 4.4.4.], [CS19, Thm. 2.7.2.] Assume that p is unramified. Let
x € Fg u(C) be a point in the flag variety, corresponding to a p-divisible group Xe. by theorem
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and let X denote its special fiber. Let Jg= be the associated perfect Iqusa variety, Jgéc 1ts

lift to Oc, and Igf its adic generic fiber. Then, there is an open immersion
J3g¢ = (i)~ (@)
with image containing all rank 1-points, inducing an isomorphism
(R(mfir)«F1). = RO(Jg*, Fy)
for all prime | # p.

Proof of Theorem We finally give the proof of the semiperversity result. We want
to prove that
R\I](RWI?IT,*FZ)‘U € pDZd(%k,Fl).

By the Hochshield-Serre spectral sequence, it actually suffices to prove that
RY(Rfir 1o 1) |0 € D2 Yy, Fy),

where

o . Qo
THT, o * SK(pooNloc),C = FGp,C-

The natural map

tor o
Rﬂ-HT,lm,*]Fl — R’]THT,ZOO,*]FI

is an isomorphism. Indeed, by theorem [5.1.8] there is an isomorphism
Rigi oo o F1 2= R (3gi (oo, F1),

and by lemma , one can identify Rf(jgig((mx),]Fl) with RF(Jgi’E%IW), F;). Then corollary

4.3.11} tell us that

Rr(jgiifglw),lﬁl) ~ Rrigh - T,

yielding the isomorphism above. We will from now on work with Rﬁffilm’*IFl. Let U be a
cofinal system as in the statement of theorem [5.1.1] and consider the minimal compactification
y;((pooN),cv and the universal fiber map Yl*((pooN)C — ‘Sﬂli((pr),C as in [Sch15l, Section 4.1.].
By [Sch15l Thm. 4.1.1.] (see also proof of proposition 6.1.3. in [CS19]), the fiber product

= .=

ol .
yK(p“N),U : K(p=N),C *“Facuc U

is affinoid perfectoid, and furthermore for m large enough, there actually exists some affinoid

U= %

K(pm N, U étale over Y;((pmN) ¢ such that

* * !
= = = X px
K= N)0 = LR N0 XS

Let yli((pr),U = Spa(Rg (p=n),v), and consider the induced map on formal schemes
Tar,u © SPE(RY (peo nvy,0) — SPE(A°).
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Since A°/p is of finite presentation, if we take reduction mod p of this map, the resulting map
of schemes
TFI?IT,@/k : SpeC(R;((pooNLU/p) — SpeC(Ao/p) = %k

must factor over Spec(R}’((pm N)U /p) for m large enough, and thus we actually obtain a map

Spec(Rie(ym ny,u/P) — -
Just as in [CS17, Prop. 6.1.3.], this satisfies the valuative criterium for properness, and thus
preserves PDZ%. Let
g7 yzt(O(Zleoo),U - yli((pooNl‘”),U = U
denote the projection. The fact that THT 2, Preserves PDZ4 (and that taking nearby cycles

commutes with pushforward), implies that it is enough to prove that
RY(Rgp:°F1) € PD=4(Spec(Ri (ym ny,u/P) F1)-

We can now replace the étale map U — F¢ , ¢ by any étale map U’ = Spa(B) — yzi((pmzv) o
for simplicity. We have
g S;(OZ;DOONPQ),U’ = U

and we want to show that

RYU(Rg>°F;) € PD=%(Spec(B° /p), ).

m7
It suffices to prove a similar statement at finite levels. Indeed, if we consider the projections,

mi,ms . tor /
Im : K(p™1Ni™2),U’ —U 5

for my > m and my > 0, and the open immersions
j::lll7m2 : yK(pﬂn Nim2),U’ — y}t{o(rpml Nim2),U’>
then there is an isomorphism
RgOOfOIE‘l = 1l Rgml*jmzlﬁ‘l.
" m%;m "

Furthermore, if we fix m1, we obtain a natural map

limy Ry Fy — limy Rgy11;™ RjT ™),

mo m2
which is an isomorphism by Pink’s lemma. The upshot of this, is that is suffices to prove that
for all my,mgo >0,

RU(Rgm, ™25 F,) € ?D=%(Spec(B° /p), F)).

But Rgmk™ "™ F; lies in PD>? (since it is just the composition of the open immersion
Sk (1 Nima ), U7 < Yi(pmlmmz)ﬂ,, and the finite map Yf{(pmlmmz)ﬂ, — U’, which lies in
PDZ4 in the scheme setting), so the result follows by t-exactness of the nearby cycles for the

perverse t-structure, c.f. [III94]. This finishes the proof of the semiperversity.

Just as in [Kos21|, we obtain the following corollary.
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Corollary 5.1.9. Let iy, : Zq,u(Qp) — Fa o denote the closed immersion of the ordinary
locus of Fa u,c. Then both local cohomology groups

RPC(yG,M(Qp)» RiLORW?{T*Fl)

and
RPC([QG»#(QP)/KPL Ri;}o RW;{T*]FZ)

are in PDZ4(F)).
Proof. The second part follows immediately from the first, so we only need to prove that
RT(Z6,.(Qp), Riy, Rryp Fy) € PD=4(F)).
By taking the open immersion
3%t Fauc\Fau(Qp) = Fauc

given by the inclusion of the complement of the ordinary locus in Z¢ , ¢, we know by [Kosh,

Lemma 8.3.] that there is a canonical fiber sequence
i% Ri" Rrrp Fi — Rryr Fi — Rj %" Ry Fi.
In particular, this gives rise to a canonical fiber sequence
RT(Z6.u(Qp), Rit, Rrgrr Fi) = RU(F6,u(Qp), Ry, F1)) = RO(F .0\ F6.u(Qp), Rrgyr 1))

Just as in the previous theorem, we consider a cofinal system of affinoid étale neighborhoods
U = Fa,u,c, and denote by % the associated formal scheme, so that we have a map %, —

FG k- One can consider the image of the ordinary locus under the specialization map
iz 2 = Fa ks
which is a closed set consisting of finitely many closed points. By the previous theorem,
RY(Rrr, Fi)lu € PDZNF gk, F) v,
and since Ri!Z is left t-exact, this implies that
Ri, RY(Rr%p,F)) € PD24(Z, ).

We can also use the above strategy to obtain a canonical fiber sequence in cohomology: we
consider the open immersion

3zt FG.uk\Z = TGk

and the canonical fiber sequence

iz« Riy RURTS By — RURTYp Fy = Rjz.jy RYRT T

113



and thus a sequence
RU7(Z6 pujos RY(Rryp 1)) = RO(FG 00 Ry F1)) = RU(Fuc\sp™ " (Z), Ry, F1),

where RT z(Zc .k, RU(Rr%p F))) = RU.(Z, Ri, RY(Rryp,F))) € PDZ4(F,) as we just saw.
We can now take the limit by varying our étale system of neighborhoods. In particular, we obtain

a canonical fiber sequence
Rlim RUz(Fa .k, RY (R, Fi) = BT (Fa 0, Rrgr, K1) = RU(Flo\F6,u(Qp), Brgr Fi))
z

and since fiber sequences commute with limits, and we have the sequence above, we conclude
that

RT (Z6.u(Qy), Rij, Ry Fi) 2 Rlim RT 7 (TG k. RY (R, F1)) € PDZ4(Fy),
Z

concluding the proof of the corollary.

5.2 Vanishing of Cohomology

In this section, we want to use the techniques and results of [Kos21] to prove the vanishing
cohomology results. In particular, we need to restrict ourselves to the following setting: we take
a CM field F, and a type A PEL-datum (B,*,V, (-,-)), where B is a central simple F-algebra.
We use the same notation as in the previous chapters, so in particular we denote by G the unitary
similitudes group attached to this data. We assume that p is a prime that is unramified for the
Shimura datum. If we assume furthermore that p splits completely over I, we can write Gq, as
a product
Gg, =Gy, x [[ G,

forp=wv;----- vy € F, where each G,, is a product of general linear groups over F,, = Q,,.
Let K = K,K? C G(Qp) % G(AZJZ) be a sufficiently small open compact subgroup with K, =
7y x[[ K, € G(Qp) an hyperspecial open compact subgroup. Let . be the PEL-type Shimura
variety attached to this data, and let d be its dimension. Consider the Hecke algebra at p

Hg, =17 [Kp\G(Qp)/ K]

for some prime [ # p.

The local Hecke algebra H, admits a right action on the cohomology groups
H'(Sk, F1), H(Sx , Fr)

via correspondences. Let mp,  C Hg, be a maximal ideal of the local Hecke algebra in the
support of H éc) (S¥, 1), or equivalently a system of Hecke eigenvalues appearing in H (ic) (Fk, ).

By considering the quotient Hp, /m Hy,» W€ obtain a corresponding character

)\mHKp : HKp — Fl.
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Furthermore, we also have associated L-parameters, which consists of products of representation

pm,, : Gal(F,, /F,,) = [ GLn, (F1)
J
for each place v; of F' above p, as above.
Our vanishing results concern the generic part of the cohomology of these Shimura varieties.

In particular, we need to recall the following genericity concept.

Definition 5.2.1. Let F be a finite field of characteristic [, p # [ a prime and K a finite extension
of @,. Consider a continuous representation p : Gal(K/K) — GL,(F). p is said to be generic if
it is unramified, and if the eigenvalues a1, - -, a, € F; of p(Frobg) for an arithmetic Frobenius
Froby € Gal(K/K), satisfy a;/a; # |0k /mk| for i # j.

Note that we can apply this concept to an L-parameter py, as defined above: namely, pm,
J

is generic if pm, ,; : Gal(F,,/F,,) — GL,_(F;) is generic for each i and j. The main goal of this

section is to prove the following:

Theorem 5.2.2. Let p be a prime which splits completely in F'. Let Mg, C Hg, be a mazximal
ideal of the Hecke algebra, with associated L-parameters pw,, , which we assume to be generic for
every i. Then H' (S, ;) =0 fori<d and Hg(YK,I_Fl)mHK =0 fori>d.

P

mHKp

We will essentially apply the results in [Kos21I] to obtain the desired result. Let us start by
recalling the local vanishing theorem in his paper.

We fix a finite extension K of Q,, with residue field F,. Let (B,*,V,(,-),b, 1) be a local
PEL-type A datum over K, obtained from a type A PEL-datum (B,x,V, (-,-)) with the same
assumptions on p as above (in particular, the data must be unramified at p, and p must be
completely split in the CM field F) and G/K be the corresponding local unitary similitudes
group. Denote by J, the usual inner form of G. Just as above, this implies that G is a product
of general linear groups GL,,, for some finite set of integers n;. Let K, = [[GL,,(0k) C G(K)
again an hyperspecial open compact subgroup, and .#( »,,),x, the corresponding local Shimura
variety (c.f. [SW13| 24.1.3.]). Let Hg, be the Hecke algebra defined exactly as above, m C H,
a maximal ideal, and Ay, pm the corresponding character resp. L-parameter (in this case, we

have a single L-parameter showing up).

Theorem 5.2.3. [Kos21l, Thm. 1.1] Assume that the L-parameter py is generic, and that

furthermore Jy is not quasi-split. Then
HU MG by 5y L) =0
for every i.

Remark 5.2.4. We want to explain the importance of the genericity assumption in the proof of
the theorem. The point is that if p : Gal(K /K) — GL,,(F) is generic, and we consider any lift p

to characteristic 0, it will correspond to a generic principal series representation of GL,, (K) via
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the local Langlands correspondence. But if J, is not quasi-split, one can see that such a p can
not correspond to an inner form of GL,, /K under the Jacquet-Langlands correspondence, and
in particular p can not be the L-parameter associated to an irreducible smooth L-representation
of Jy(K) under the constructions in [FS21] IX 4.1, 7.1] (c.f. [Kos21l Lemma 3.1.], [Car22, Rem.
4.2.]).

The proof of the theorem consists in considering an irreducible subquotient 7 of the coho-
mology group HZ’(///(G:bwLvaFl)m (seen as a Jy(K) representation), and to use excursion data
and the Bernstein center introduced in [FS21] to obtain an equality of L-parameters ¢, = pm,
where @, is the L-parameter associated to 7 as constructed in [FS21] 1X.4.1, IX.7.1]. This is a

contradiction by what we just discussed.

We now consider once more the global situation, and we go back to the more general setup
as introduced in the first chapter. In particular, we fix a type A or C' PEL-datum, which we
assume to be unramified at p, and a sufficiently small compact open subgroup K C G(Ay), with
K = K,K?, K, = G(Z,), and we let .#k be the associated PEL-type Shimura variety of type A
or C' defined over the reflex field E. Let p be a place of E above p, and recall that ., admits a
canonical integral model over O p,, which we also denote . by abuse of notation. Consider its
associated adic space, and let .z denote the locus of good reduction of .#k, and the induced
open immersion

I — Ik
of adic spaces over E,. Then, by [Kos2l, Lemma 5.1, it follows from |[LS(NC)18, Cor. 5.20.|
and [Hub96, Thm. 3.5.13.] that the cohomology of the Shimura variety is completely captured

by the cohomology of the good reduction locus, so in particular the natural map
RF(YK@,E) — RF(&”;}C,E) (5.1)

is an isomorphism for [ # p, for C' a complete, algebraically closed non-archimedean field over
Qp-
Recall that we have a Hodge-Tate period morphism

Tyt : LK — ﬁ(;’%c,

and we denote by 7w its restriction to #%,. Also recall that we have a Newton stratification,

both on the flag and the Shimura varieties, inducing a map
7TIb{T : yzba),c - ﬂ}b;,u,Ca
and allowing us therefore to define a map
o,b o,b

. . o b b
Tyt * yKlﬁC = yKP,C XFG 0 ‘gG,u,C - yG,u,C’

which is quasicompact and quasiseparated. Koshikawa provides us with the following lemma:
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Lemma 5.2.5. [Kos2l, Lemma 6.1] The natural map
o = N
(RWHT,*FI)|L¢5MYC - RW;IT,*]Fl
is an isomorphism in Dét(gg%c,ﬁ‘l).

On the other hand, Mantovan’s product formula (c.f. section allows us to prove a product
formula in cohomology. Following section 7 in [Kos21], we define RT.(Jg**,F;(d,)) as the colimit

of compactly supported cohomology of [F;(dy) on the finite level Igusa varieties.

Theorem 5.2.6. [Kos21, Thm. 7.1.] There is a filtration on RU(kp g, F1) by complezes of
smooth representations of G(Q,) x Wg,, where Wg, denotes the Weil group, with graded pieces

RF(JgXb, Fl)Op ®éc(']b(Qp)) RFC(.//(GJ,’#)’OO, Fl(db))[de} =

RT(3g™, Fi(dy) )P @6, (s,(0,)) B (A (G b ),00s Fil(dp)),

where dy, denotes the dimension of Jg=t, and everything is equipped with a Jp(Qp)-structure.

Sketch of Proof. The isomorphism from the statement follows from Poincaré duality at finite

level, which implies that there is an isomorphism
RT.(3g", Fi(dy))* = RT (g™, F)[2dy).
By the isomorphism we saw above, there are isomorphisms
RF(YKP’Q,E) = RF(Y}’Q’C,E) ~ RI(Z o, RruraF)),
and using excision sequences, we obtain a filtration on RT'(F¢ ¢, RWHT*E), with graded pieces
RU(Fg .00 RouraFy)
which, for each b, are isomorphic to
R]-—‘c('g.g“u,c7 Rrilr,Fi)
by lemma If we identify this complex with
RT(3g™, Fi(dy) )P @6, (s, (0,)) B (A (G b u),00s Fil(dp)),

the result will follow. In order to do so, one starts by relating the cohomology of the flag variety
with that of the Rapoport-Zink space using the local Hodge-Tate period morphism 7y that we
introduced in section [£:2] The result will then follow by Mantovan’s product formula, as we will
explain bellow.

More precisely, as in [Kos2Il Sect. 7], we can factorize 7 as a composition
b Tani 70 T b
unip ss
THT * '///(G,b,u),oo 7 '///(Gyb,u),OO/Jb,C ” yG,,u,,C?

117



where, jz?,c is an unipotent group of dimension d, (c.f. [ES21} III]), and as v-sheaves, @& ; is

a jl?,c‘ torsor and 7 is a J,(Q,)- torsor. Then, by [Kos2I, Lemma 7.3.], there is a G(Q,)-

equivariant isomorphism
RU(FE 100 Rt 1) & RU (MG 00/ Ty R R, F1) ©6,(1,a,)) Fr- (5.2)

In particular, we only need to identify the complex RI'.(Jg*¢, [F; (d>*)Op®éc(J,,(Qp))RFC(///(G,b,u),oov Fi(d))
introduced above with the complex in [5.2]
On the other hand, Mantovan’s product formula, as introduced in section[4.2] implies (c.f.[Kos21,

Lemma 7.5.]) that there is an isomorphism

Fl)v
(5.3)

RFC(%(G,b,u)poa 7T-IliI*TRTrHT*]Fl ®IF Rﬂ-unlp ) = Rr(ngbvﬁl) ®ﬂ%l RFC(%(G,b,p,),oov Rﬂ-b!

unip

and using the isomorphism
Rl Ty = Fy(dy)[2ds]

un1p

as proved in [Kos21l Lemma 7.4.], we know that
RT(3g™, 1)) @ RUc(AM (G by 000 Riip 1) = RT(3g™ 1) @ RUc(AM (b 00, Fi(dn))[23),
so by tensoring both sides in by ®éc ( Jb(Qp))Fh and using the isomorphism
RT (3¢, 1) @F, (5, (@,)) BLe(A(G0 1) 00, F1) =

(RT(3g™, F1) @f RUo(M (G )00 F1)) @6 (1,0, Fi

in [Mant04, Prop. 5.12.], one concludes that
RT (MG .11y 00> T Riin, B @F Rl ) ®F, (@) F1 =

(Rr(ngbv Fl)op ®éC(Jb(Qp)) RFC(%(G,b,u),ooa Fl (db))) [2db]

Note that the complex (RT(Jg**, F;)°P ®éc(Jb(Qp)) RU (M (. 11),00, F1(dp)))[2ds] above is exactly
the one showing up in the statement of the theorem. In particular, the only think left to do is
to identify

RT (M b ) 000 T R, FL ©F) Rl 1) ©6,(1,(0,)) Fi

with
RT (%(G b,u) oo/Jb C» Rﬂ-b*Rﬂ-HT* )

This follows from the equivalence
Rt

b! .
unip! Rﬂ_unip —id

in [Kos21l Lemma 7.4.], as explained in [Kos21l, Section 7] (in particular, very similar arguments

were given in the proof of Lemma 7.3.).
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We can finally use the semiperversity and the previous results to prove theorem [5.2.2
Proof of Main Theorem 5.2.2. By Poincaré duality, we only have to prove that H!(.x, Fz)mp
vanishes for all 7 < d.

By [CS17, 5.5.4., 5.5.5.], Jp is quasi-split iff b is ordinary, so that in particular by theorem

B.2.3,

RU (A (G b,1),00 Fi(dp) ), =0
for all non-ordinary b € B(G, ™). With this in mind, theorem immediately implies that

RPC(yK, Fl)mp &~ RP(ngbo , IF[)OP ®éc(Jb(Qp)) RFC(%(G,Z)O,M),OO7 Fl(d))mp [Qd]

for by the unique ordinary element in B(G,u~'). Let i% : Z¢ ,(Q,) — Fa o be the closed

immersion corresponding to the ordinary stratum. The proof of [5.2.6] also implies that
RT (3™t F1)PRE, (1, (0,) BT e (G0 ),00 F1(d) ), [2d) = RTe([F 6 (Qp)/ K], i Rfyp Fi ),
Indeed, one just has to notice that since by is ordinary,

RU([FE, 0/ Kl Bt Fi)m, = RT([F6,0.0(Qp)/ Kyl Ry Fi ), -

s

By corollary [5.1.9]
RFC([yGylLyC(QP)/KP]?RibD!Rﬂ-I?IT*IF‘l)mp € pDZd(Fl)~

The result follows if we identify this complex with

RFC([yG,M,C(Qp)/KPL ibO*RW(})ITfFl)mp-

This is done in [Kos21l Prop. 1.7.], finishing therefore the proof of the main theorem.
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