
MIXING OF HOT STARTINGwJETS 

WITH COLD SURROUNDINGS 

by 

Dhawatchai Henorussamee 

Thesis submitted for the degree of 

Doctor of Philosophy 

in the Faculty of Engineering 

University of London 

Department of Mechanical Engineering; Imperial College 

July 1975 



- 2 - 

ABSTRACT 

The physical problem considered is that of the hot turbulent start-

ing jet which is formed when hot gases are suddenly ejected through a 

small nozzle and mix with cold surroundings. The 'pressure-correction' 

numerical method is employed for solving the two-dimensional, time-

dependent Navier-Stokes type of equations which govern the transport of 

momentum, enthalpy and matter in the mixing process. In this method, 

velocities and pressure form the aerodynamic dependent variables and the 

solution is obtained by using a forward-marching technique in time-

dimension. 

A two-equation turbulence model characterised by the turbulent-

kinetic energy and its dissipation rate is employed in the prediction. The 

model has been tested for its applicability against the experimental data 

of isothermal, two-dimensional, starting-jet of uniform-property fluid. 

The rate of chemical reaction is calculated using either a modified 

version of the 'eddy-break-up' model or an Arrhenius 'global' expression. 

Predictions are obtained for two main classes of flows, one in 

which the hot starting-jet mixes and subsequently ignites the surrounding 

mixture and the other in which mixing does not result in ignition. In 

the former case ignition is indicated by a rapid increase in local 

temperature and pressure and decrease in local fuel concentration to 

be followed by the hot-gas expansion in the wake of the propagating flame 

front, while in the latter case no sudden change of the corresponding 

variables is observed. 

The accuracy and validity of these predictions are examined in 

the light of the available experimental evidence . The good agreements 

observed between the predicted results and experimental data indicate 

• 
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not only the correctness of the mathematical representation of the flows 

but also the capability of the 'pressure-correction' method to predict 

the present time-dependent problem. 

An experimental programme has been included to determine the 

developments of velOcity and temperature at the nozzle exit. A piezo-

el6ctric pressure transducer and a set of three thermocouples have been 

employed in the investigation. The results obtained provide the boundary 

conditions required in the prediction procedure. 

111 



• - 4 - 

ACKNOWLEDGEMENTS 

The author would like to express his sincere gratitude to his 

supervisor, Dr. A.S.C. Ma, for his guidance and his deep personal interest 

in the author's welfare throughout the study period. His encouragement 

and his optimistic outlook have•contributed much towards the completion 

of the present research. 

The work in the thesis has been carried out during the author's 

tenure of the Thai Government Scholarship. The financial support and 

the loan of equipment to this project by the Safety in Mines Research 

Establishment (S.M.R.E.), Department of Industry are gratefully acknowledged. 

Thanks are also due to Mr. H. Phillips of S.M.R.E. for the use of his 

experimental data. 

The author is indebted to Dr. S.V. Patankar for his assistance during 

the early stage of the development of the pressure correction method, 

to Dr. S.Y.Goh for his invaluable advice and to Dr. W.M. Pun and 

Dr. A.D. Gosman for their suggestions and active interest in the project. 

The author also wishes to thank Mr. R. Church for his help in the 

construction of the experimental rig, Mr. A. Robinson for making avail-

able the relevant equipment, Mr. J. Laker for assisting in the fabrication 

of electronic circuits, Mr. J. Pilmer for processing the photographic 

plates, Miss C. Maxwell for typing the thesis and finally many of his 

colleagues in the Heat Transfer Section for the enlightening discussions 

on various aspects of the investigation. 

• 

• • 



• 

CONTENTS 

Page 

ABSTRACP 	 .2 

ACKNOWLEDGEMENTS 	 4 

CONTENTS 	 5 

LIST OF FIGURES , 	 11 

LIST OF PHOTOGRAPHS 	 17 

LIST OF TABLES 	 18 

CHAPTER 1 	INTRODUCTION 	 19 

1.1 Description of the phenomenon and its 

practical relevance 	 19 

1.2 Previous work 	 21 

1.2.1 Theoretical investigations 	21 

1.2.2 Experimental investigations 	28 

1.3 The present contribution 	 29 

1.4 Outline of thesis 	 30 

CHAPTER 2 	MATHEMATICAL STATEMENT 	 33 

2.1 Introduction 	 33 

2.2 Governing equations 	 34 

2.3 Turbulence model, the transport and 

thermodynamic properties 	 41 

2.3.1 Introductory remarks 	41 

2.3.2 A two-equation model of turbulence 	42 

2.3.3 The laminar viscosity and other 

transport properties 	44 

2.3.4 The thermodynamic properties 	45 

2.3.5 Wall functions 	 46 



• 	 6 

Page 

2.4 The chemical reaction models 	48 

2.4.1 Introductory remarks 	48 

2.4.2 The Arrhenius bi-molecular model 	49 

2.4.3 The 'eddy break-up' (EDBU) model 	50 

2.5 The initial and boundary conditions 	51 

2.5.1 Boundary conditions 	 52 

2.5.2 Initial conditions 	 54 

2.6 Closure 	 55 

CHAPTER 3 	THEORETICAL INVESTIGATION AND DISCUSSIONS 	58 

-3.1 Introduction 	 58 

3.1.1 Objects of the chapter 	58 

3.1.2 The approach 	 58 

3.1.3 The contents of the chapter 	60 

3.2 The finite-difference method 	60 

3.9,1, The basic strategy 	 60 

3.2.2 Finite-difference equations 	61 

3.2.3 Solution procedure 	 63 

3.2.4 Treatment for non-uniform density flow 	65 

3.3 Treatments to procure convergence and stability 

of the solution 	 67 

3.3.1 Linearization of source terms 	68 

3.3.2 Other treatments 	 70 

3.4 Details of the computation 	 71 

3.4.1 Grid distributions 	 71 

3.4.2 Position of the assumed free boundaries 	72 

3.4.3 The application of wall functions 	73 



• 
- 7 - 

Page 

3.5 Tests of the numerical technique 	73 

3.5.1 Introduction 	 73 

3.5.2 Flow near an oscillating flat plate 	74 

3.5.3 Impulsively starting-jet (air-air 

injection) 	 75 

3.5.4. Steady flow of axisymmetrical turbulent 

jet 	 81 

3.6 Presentations and discussions of theoretical 

solutions 	 83 

3.6.1 The present problems 	83 

3.6.2 Inflammable surroundings 	85 

3.6.21 Non-ignition case 	86 

3.6.22 Ignition case 	90 

3.6.23 Important features 	92 

3.6.24 The two chemical reaction models 	96 

3.6.3 Atmospheric surroundings 	98 

3.6.4 Further investigation on inflammable 

surroundings 	 99 

3.6.5 The influence of grid spacing and time- 

step 	 100 

3.7 Closure 	 102 

CHAPTER 4 	EXPERIMENTAL INVESTIGATION AND DISCUSSIONS 
	103 

4.1 Introduction 
	 103 

4.1.1 Introductory remarks 
	103 

4.1.2 The approach to obtain the measurements 

of temperature and velocity 
	103 

4.1.3 The contents of the chapter 
	106 



• 
- 8 - 

P age 

CHAPTER 5 

4.2 The apparatus 	 107 

4.2.1 The general arrangement 	107 

4.2.2 The explosion cylinder 	108 

4.2.3 Instrumentation 	 109 

4.3 Experimental procedure 	 112 

4.3.1 The static calibration of the 

pressure transducer 	112 

4.3.2 A cold flow test to find the 

discharge coefficient of the nozzle 	113 

4.3.3 Starting-jet measurements 	115 

4.4 Presentations and discussions of experimental 

results 	 117 

4.4.1 Presentations of results 	117 

4.4.2 Discussions of results 	118 

4.4.3 Accuracy of measurements 	119 

4.5 S.M.R.E. data [Phillips (1971)] 	120 

4.6 Evaluation of experimental results 	123 

4.6.1 Introductory remarks 	123 

4.6.2 Velocity calculations 	123 

4.6.3 Temperature calculations for case (1) 	125 

4.6.4 Temperature calculations for cases(2-4) 127 

4.6.5 Experimental results as boundary 

conditions in the prediction procedure 128 

COMPARISON OF RESULTS, FURTHER DISCUSSIONS AND 

CONCLUSIONS 
	 130 

5.1 Introduction 
	 130 



• - 9 - 

Page 

5.2 Comparison of results 	130 

5.2.1 Non-ignition cases 	130 

5.2.2. Ignition cases 	132 

5.3 The principal results 	133 

5.4 The capabilities of the prediction 

procedure 	 135 

5.5 Comments on the k -E turbulence model 	136 

5.6 Comments on the chemical reaction models 	136 

5.7 Suggestions for future research 	137 

5.8 Conclusions 	 138 

NOMENCLATURE 	 140 

REFERENCES 	 148 

FIGURES 	 153 

PHOTOGRAPHS 	 208 

APPENDIX 	 220 

A. Derivation of wall functions 	220 

B. Derivation of the finite-difference 

equations 	 225 

B.1 Equation for conservation of 0's 	226 

B.2 The continuity equation 	230 

B.3 An improved version of velocity-

pressure correction (B.16) relation- 

ship 	 234 

C. Analyses used to obtain the velocity and 

temperature at the nozzle exit 	236 



- 10 - 

Page 

C.1 The calculation of the velocity 

of discharge 
	 236 

C.2 Heat transfer for flow through the 

nozzle passage 
	 237 

D. Tables of experimental results 
	239 



LIST OF FIGURES 

Figure Title 

Page 

Fig. 1.1-1 The geometrical arrangement of the phenomenon 

considered 153 

Fig. 1.1-2 Estimated distribution and development of axial 

temperature 153 

Fig. 2.1-1 The physical arrangement of the problem 154 

Fig. 2.6-1 The flow domain and boundary conditions 154 

Fig. 3.2-1 The staggered grid 155 

Fig. 3.2-2 The finite-difference control volume 155 

Fig. 3.5-1 Velocity profiles near an oscillating flat plate 156 

Fig. 3.5-2 The starting-jet flow considered by Ma and Ong (1971) 157 

Fig. 3.5-3 The impulsively-starting condition 157 

Fig. 3.5-4 Comparison of predictions (constant peff  ) with 

experimental results 158 

Fig. 3.5-5 Axial velocity development for 1" diameter nozzle 

at z/d = 20 158 

Fig. 3.5-6 Axial velocity development using' k -cmodel 

(with different values of a and x) 159 

Fig. 3.5-7 Axial velocity development for .5" diameter nozzle 159 

Fig. 3.5-8 Axial velocity and temperature distributions for 

steady jet 160 

Fig. 3.5-9 Radial temperature distribution for steady jet 160 

Fig. 3.6-1 Distributions of temperature and fuel concentration 

at four different time-intervals for non-ignition case 161 



• 
- 12 - 

Figure 	Title. 
	

Page 

Fig. 3.6-2 Distribution of oxygen and carbon-dioxide concen-

trations at four different time-intervals for non- 

ignition case 
	

162 

• Fig. 3.6-3 Velocity-vector distribution at four different time- 

intervals for non-ignition case 
	 163 

Fig. 3.6-4 Static pressure distribution at four different time- 

•intervals for non-ignition case 	 164 

Fig. 3.6-5 Distributions of turbulent kinetic energy and its 

dissipation rate at four different time-intervals 

for non-ignition case 
	

165 

Fig. 3.6-6 'Distribution of shear stress at four different 

time-intervals for non-ignition case 
	

166 

Fig. 3.6-7 Distributions of temperature and fuel concentration 

at two different time-intervals for ignition case 	167 

Fig. 3.6-8 Velocity-vector distribution at two different 

time-intervals for ignition case 
	

168 

Fig. 3.6-9 Static pressure distribution at two different 

time-intervals for ignition case 
	

169 

Fig. 3.6-10 Distributions of turbulent kinetic energy and its 

dissipation rate at two different time-intervals 

for ignition case 	 170 

Fig. 3.6-11 Distribution of shear stress at two different 

time-intervals for ignition case 	 171 

Fig. 3.6-12 Axial temperature distribution at different 

time-intervals for igntion and non-ignition 

cases 	 172 

Fig. 3.6-13 Axial concentration distributions at different 

time-intervals for ignition and non-ignition cases 
	173 



13- 

Figure 	Title 	 Page 

Fig. 3.6-14 

Fig. 3.6-15 

Fig. 3.6-16 

Fig. 3.6-17 

Fig. 3.6-18 

• 

Fig. 3.6-19 

Fig. 3.6-20 

Fig. 3.6-21 

Fig. 3.6-22 

Fig. 3.6-23 

Axial distribution of longitudinal velocity at 

different time-intervals for ignition and non-ignition 

cases 	 174 

Axial static pressure distribution at different 

time-intervals for ignition and non-ignition cases 	175 

Axial distribution of static pressure gradient at 

different time-intervals for ignition and non-ignition 

cases 	 176 

Radial distributions of static pressure and pressure 

gradient at two different locations and time-intervals 177 

Radial distribution of temperature at z/d = 14.25 

and at different time-intervals for ignition and 

non-ignition cases 	 178 

Radial concentration distributions at z/d = 14.25 

and at different time-intervals for ignition and 

non-ignition cases 	 179 

Radial distribution of longitudinal velocity and 

static pressure at z/d = 14.25 and at different 

time-intervals for ignition and non-ignition cases 	180 

Developments of temperature and longitudinal velocity 

at a point on the jet-axis 14.25 d from the nozzle 

outlet for ignition and non-ignition cases 	181 

Developments of species concentrations at a point 

on the jet-axis 14.25 d from the nozzle outlet for 

ignition and non-ignition cases 	182 

Development of static pressure at a point on the 

jet-axis 14.25 d from the nozzle outlet for ignition 



• 
- 14 - 

Figure 	Title Page 

and non-ignition cases 

Distribution of temperature at three different time-

intervals for ignition case with reaction rate 

prescribed by Arrhenius expression only 

Distribution of temperature at four different time-

intervals  

Distribution of oxygen concentration at four different 

time-intervals 

Velocity-vector distribution at two different time-

intervals 

Velocity-vector distribution at two different time-

intervals 

Static pressure distribution at two different time-

intervals 

Static pressure distribution at two different time-

intervals 

Distribution of temperature at three different 

time-intervals with ignition 

Distribution of fuel concentration at three different 

time-intervals with ignition 

Velocity-vector distribution at t = 6.6 ms with 

ignition 

Velocity-vector distribution at two different time-

intervals 

Stat:i.c pressure distribution at two different time-

intervals with ignition 

. 	Fig. 3.6-24 

Fig. 3.6-25 

Fig. 3.6-26 

Fig. 3.6-27 

Fig. 3.6-28 

Fig. 3.6-29 

Fig. 3.6-30 

Fig. 3.6-31 

Fig. 3.6-32 

Fig. 3.6-33 

Fig. 3.6-34 

Fig. 3.6-35, 

183 

184 

185 

186 

187 

188 

189 

190 

191 

192 

193 

194 

195 



• 
- 15 - 

Figure 	Title 	 Page 

Fig. 3.6-36 Static pressure distribution at t = 7.8 ms with 

ignition 196 

Fig. 3.6-37 Effect of time step-size on predicted jet-front 

at t = 10 ms 197 

Fig. 3.6-38 Effect of number.Of grid points on predicted jet- 

front at t = 10 ms 197 

Fig. 4.2-1 Schematic layout of the apparatus 198 

Fig. 4.4-2 Essential features of the switch circuit  199 

Fig. 4.2-3 Differential amplifier circuit 199 

Fig. 4.3-1 Calibration curve of the pressure transducer 200 

Fig. 4.3-2 Variation of coefficient of discharge with Reynolds 

number 200 

Fig. 4.4-1 Development of temperature at the nozzle exit 201 

Fig. 4.6-1 Development of longitudinal velocity at the nozzle 

exit 201 

Fig. 4.6-2 Development of longitudinal velocity at the nozzle 

exit 202 

Fig. 4.6-3 Variation of Nusselt number with Reynolds number 

for a flow of hot gases through the nozzle passage 202 

Fig. 4.6-4 Development of temperature at the nozzle exit 203 

Fig. 5.2-1 Comparison of the predicted and experimental 

developments of jet-front 204 

Fig. 5.2-2 Comparison of the predicted and experimental 

developments of jet-width at z/d = 14.25 204 

Fig. 5.2-3 Comparison of the predicted and experimental 

developments of jet-front 205 



• 

- 16 - 

Figure 	Title 	 Page 

Comparison of the predicted and experimental 

developments of jet-width at z/d = 14.25 
	

205 

Comparison of the predicted and experimental 

developments of jet-front 
	

206 

Comparison of the predicted and experimental 

developments of jet-front 
	

206 

Fig. B.1 	Control volume arrangements for each of the dependent 

variables 
	 207 

Fig. 5.2-4 

Fig. 5.2-5 

Fig. 5.2-6 



• 
- 17 - 

LIST OF PHOTOGRAPHS  

Plate 	Title 	 Page 

Plate 	I 	Arrangement of experimental apparatus 	208 

Plate II 	Top view of the explosion cylinder and thermo- 

couple probe in measuring position 	209 

Plate III 	Front view of the explosion cylinder 	209 

Plate IV 	The charge amplifier, the differential amplifier 

and the oscilloscope 	 210 

Plate 	V 	Oscilloscope trace displaying the decrease with 

time of pressure inside the explosion cylinder 

in the 'cold' flow test 
	 211 

Plate VI 	Developments of temperature at the nozzle- exit 

(with 75 pm thermocouple) and pressure inside 

the explosion cylinder 
	 213 

Developments of temperature at the nozzle exit 

(with 100 pm thermocouple) and pressure inside 

the explosion cylinder 	 213 

Developments of temperature at the nozzle exit 

(with 125 pm thermocuple) and pressure inside the 

the explosion cylinder 	 215 

The same as that in Plate VIII but with the 

horizontal time-scale doubled to 1 cm: 10 ms 	215 

Phillips' Schlieren photographs showing the 

development of starting-jets for non-ignition cases217 

Phillips' Schlieren photographs showing the 

development of starting-jets for ignition cases 	219 

Plate VII 

Plate VIII 

Plate IX 

Plate 

Plate XI 



• 
- 18 - 

LIST OF TABLES 

Table 

 

Title 	 Page 

(In the main Text) 

 

Table 2.6.1 0, Po  and So  of the general equation 	56 

Table 3.3.1 Linearization of S0 	 69 

Table 4.5.1 Experimental conditions of non-ignition tests 	121 

Table 4.6.1 Cases under which predictions are made 	124 

(In the Appendix) 

Table D.1 

Table D.2 

The discharge coefficient of the nozzle from 

the 'cold' flow tests 

Temperature and velocity results (with the 

explosion cylinder consisting of 9% CH4, 

22% 02 and 69% N2 by volume) 

239 

240 

Table D.3 	Nu.vs.Re obtained from one-dimensional analysis 

of the flow through the nozzle passage using the 

results tabulated in Table D.2 
	

241 

Table D.4 	Temperature and velocity results for other cases 

D.4.1 with the explosion cylinder consisting of 

9.8% CH4  andair by volume 
	

242 

D.4.2 with the explosion cylinder consisting of 

9% CH4 and air by volume 
	 243 

D.4.3 with the explosion cylinder consisting of 

8% CH4 and air by volume 
	

244 



• 

- 19 - 

CHAPTER 1 

INTRODUCTION 

1.1 Description of the_pnehenoi al relevance 

A starting jet flow under the present investigation occurs When a 

hot gaseous stream is suddenly released through an orifice of a high-

pressure reservoir into cold low-pressure surroundings which may be 

flowing or stagnant. Immediately after the release the reservoir gases 

inject into and mix with the ambient gases, setting the latter in motion. 

If the reservoir pressure is not too high, a sub-sonic starting-jet will 

be formed as shown in fig. 1.1-1. As the jet penetrates further, it 

entrains mare ambient gases resulting in the increase in temperature 

of the latter and, at the same time loses heat to the surroundings. If 

the reservoir capacity is large enough, the mixing process will continue 

until equilibrium between reservoir and ambient pressures has been reached, 

then the jet temperature will drop to that of the surroundings. 

Fig. 1.1-2 illustrates the expected distribution of axial temperature 

at different time intervals before the attainment of the equilibrium. Two 

cases are considered, one in.which both the surrounding and the injecting 

gases are chemically inert and the other in Which only one of them consists 

of the combustible mixtures. For both cases,the continuous injection of 

hot gasesthrough the opening will-result in the increase with time of 

the temperature at any given point in the flow field. But a decrease in 

temperature may be observed along the jet-axis away from the opening 

for the first case as shown in the diagram [case (a)]. If the combustible 

mixtures are present, the chemical reaction taking place may result in 

the occurrence of ignition provided that the conditions are favourable, 
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i.e. the temperature of the emerging jet is not too low and the mixture 

,concentrations of the reactive species are within flammability limits. 

Ignition is usually followed by a rapid spreading of the flame into the 

aMbient atmosphere causing a sharp rise in temperature as indicated in 

the diagram for case (b). If ignition does not occur, the estimated temp-

erature distribution will resemble that of case (a). The factors which 

determine the nixing and the possibility of ignition/non-ignition are the 

velocities, properties, state and composition of the injecting and surround-

ing gases and the geometry and size of the orifice. 

The starting-jet problem occurs in many engineering processes of 

practical importance, e.g. the ejection of hot gases from the flange 

gap of flame traps or flame-proof enclosures, the ignition of fire damp 

atmosphere by the hot gases coming out of flame-proof enclosures or by 

hot jets of exhaust products of dynamite explosives used for blasting, 

the bursting of the diaphragm of a safety valve caused by an excess pressure 

of the reservoir fluid, the sudden opening of the discharge valve of a 

pressure vessel and the injection of fuel into a combustion chamber of 

engines. Thus in the design of many engineering equipments, the under-

standing of starting-jet flow is of immense value particularly in safety 

considerations. The designers would want to know not only qualitatively 

but also quantitatively the influence of various parameters and the way 

in which they affect the flow characteristics. A full-scale experimental 

investigation, though yielding the required information, is usually ex-

pensive and time-consuming. An alternative is to develop a calculation 

procedure which is capable of predicting the phenomenon correctly and 

economically. To achieve such an objective, the mathematical model must 

be constructed to represent as closely as possible to the flow and the 

mathematical technique employed to obtain solution must be efficient. This 
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procedure, once it has been verified, can be used with confidence and 

considerable savings both in time and expense to improve the design of 

various related engineering equipment. 

The prime objective of the present thesis is to develop such a 

calculation procedure for the study of the mixing-process between the 

hot, turbulent, round-sectioned gaseous starting-jet and cold surroundings. 

In'the investigation, the factors affecting the mixing are taken to be 

the velocity, temperature and composition of the jet and those of the 

surroundings. The validity of the procedure will be shown to be confirmed 

by the favourable comparison of predictions with existing experimental data. 

As the physical situation considered here resembles that of the ignition 

of fire-damp atmosphere by hot jets mentioned earlier, the present results 

can directly be used in the study of prevention of explosion hazards in 

mines. It is in fact this particular practical relevance that prompts 

the Safety in Mines Research and Establishment (U.K.) to provide financial 

support for the, project. . 

1.2 	Previous work  

1.2.1 Theoretical investigations 

Despite its practical importance, the starting-jet phenomenon has 

not been much investigated in comparison with that of the steady-jet. 

This is mainly due to the lack of (i) a computing tool powerful and 

efficient enough to deal with the Navier-Stokes governing equations which 

are three-dimensional in nature and (ii) a knowledge of the physics of 
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of the unsteady turbulent mixing process involved. To overcome the first 

hindrance, the assumptions of boundary-layer and incompressible flow are 

usually introduced in most of the early studies to allow the governing 

equations to be simplified into the form which can be solved by analytical 

or simple numerical methods. The second difficulty is often by-passed 

by either channelling the investigation to that of the laminar case or 

using a simple mathematical model of the steady-flow to characterise the 

mixing. 

Bhuta and Page (1961) obtained an analytical solution for incompress-

ible, laminar (or turbulent), two-dimensional unsteady jet by linearising 

the Prandtl b6undary-layer equation using the method of perturbations. 

The method, though comparatively simple, is only applicable to the case 

where the velocity along the main flow direction is very much larger 

than that normal to the main flow. Kent (1973) presented a numerical 

solution based on the integral method for the same problem. This method 

assumes the similarity in the nature of the flow and ignores the effect 

of pressure gradient in the flow field. The similarity assumption was 

also employed by Ma and Ong (1971) and by Wirz (1973). Wirz investigated 

the compressible, two-dimensional, unsteady jet mixing but his study 

was again restricted to that of boundary layer flows. In his method, 

the similarity variables are introduced in the transformation to eliminate 

the density from basic equations and as a consequence the number of 

governing equations to be solved has been reduced. 

The solution of the fully two-dimensional unsteady equations was 

firstly obtained by Payne (1958) for the starting-jet at a low Reynolds 

number. He solved the Hemholtz's vorticity and continuity equations 

simultaneously using a step-by-step time-interval method with the forward 

and central finite-difference formulation being applied respectively in the 
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calculations of the time and spatial derivatives. By replacing the central 

finite-difference with the upwind difference, Ma and Ong (1971) were 

able to extend the calculation to cover high Reynolds number cases. 

Their approach is however different from the one employed by Payne. The 

method involves the use of similarity variables to transform the three-

dimensional governing equations into two-dimensional ones and the latter 

are solved by a Gauss-Seidal iterative procedure. Although the predictions 

agree well with experimental findings reported in the same paper, the 

'similarity' method possesses an important limitation. It is limited 

to problems possessing similar-solutions which, for starting-jet flow, 

are achieved only at large axial distance downstream of the nozzle. For 

the flow close to the nozzle the method cannot provide satisfactory 

solutions. To overcome this shortcoming, Hengrussamee et al (1973) 

developed Payne's time-interval method in Which flow patterns may be 

obtained at each successive interval of time. This method removes the 

limitations embodied in the previous two techniques except the incapability 

to deal with flowsof variable-density fluids. 

All investigations reviewed so far are mainly concerned with 

aerodynamic behaviour of the isothermal starting-jet. The attempts to 

study starting flows with temperature gradients and chemical reactions 

have been minimal. The only theoretical treatment of this particular 

problem was carried out by Phillips (1971) in his investigation of the 

suppression of explosion by narrow gaps. He assumed that the ignition 

of combustible surrounding mixtures occurs in a spherical vortex at the 

head of the turbulent starting-jet emerging from the gap at some distance 

downstream. Consequently a one-dimensional energy balance was performed 

for a small gas pocket inside the vortex and the resulting ordinary 

differential equation was solved to give the maximum safety gap. This 
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one-dimensional approach is however inadequate for the detailed study 

of the phenomenon which is two-dimensional and time-dpendent. Thus 

a new prediction procedure with two-dimensional capability is required. 

Numerical solutions of the Navier-Stokes equations have proliferated 

in recent years due to the improvement in the capacity and speed of the 

electronic computer. The range of these solutions has expanded rapidly 

and several techniques. have been developed to high degrees of sophisti-

cation. Some of these techniques relevant to the present study are re-

viewed. Thommen (1966) proposed a numerical integration method based on 

the 'two-step Lax-Wendroff' stable forward-difference scheme for the 

solution of two-dimensional unsteady compressible flows of inviscid 

fluid. The procedure employs two-step time-intervals the first of which 

may be referred to as the intermediate step and the second is the step 

Where solution is sought. The second-step velocity is obtained through 

the use of finite-difference forms of continuity and momentum equations 

after the intermediate velocity fields have been computed based on Taylor 

expansion. However this method proves to be unsuitable because of its 

uneconomical nature which results from the use of Taylor expansion and 

two-step intervals and also its restricted application to inviscid flows 

only. The solutions for viscous fluid of the Navier-Stokes equations 

were later obtained by Chorin.(1968) and Amsden and Harlow (1970). Both 

used the single step time-interval finite-difference methods with velocity 

and pressure as dependent variables. The two methods are very similar 

in their basic ideas; the velocity fields are first estimated with the 

use of momentum equations and the continuity equation is subsequently 

employed to correct them. While Chorin ignored the pressure gradient 

effect in his estimation of velocities, Amsden and Harlow solved the 

full momentum equations using the guessed pressure fields. To correct 
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these velocities, Chorin solved a form.of Poisson's equation for pressure 

which may be derived from the continuity equation, while Amsden and 

Harlow introduced a potential function into the computations. Patankar 

and Spalding (1972) adopted the technique based on such ideas to predict 

three-dimensional boundary-layer confined flows of uniform-property fluid. 

The use of pressure as a main dependent variable has made it convenient 

for the application of these velocity-pressure methods for the unsteady, 

two-dimensional, non-isothermal, non-uniform density jet flows. Moreover 

the readily available knowledge of pressure distributions obtained will 

be very valuable in providing understanding of the investigated phenomenon. 

The survey of the theoretical study of the starting-jet will not 

be completed without the discussions of further mathematical models 

which portray the physics of the flow. Two models are presented here, one 

Which describes the turbulent motion and the other which specifies the 

chemical reaction. 

Turbulence model. In the attempts to constructa mathematical model 

of turbulence, the following two main approaches are usually considered. 

The first was proposed by Boussinesq (1877) who replaced the stress terms 

appearing in the momentum equations with new terms containing the products 

of effective viscosity and local velocity gradients. To complete the 

construction of the model, the effective viscosity must subsequently be 

prescribed or related to other calculated dependent variables. The second 

approach is based upon the way in which the system of governing equations 

prescribing turbulent motions is closed. For example, a further set of 

equations representing the conservation of these stresses may be derived, 

and these equations together with the time-averaged momentum and continuity 

equations will form the closure. 

Categorised under the first approach are the two-well known models 
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which have been applied successfully to evaluate the effective viscosity; 

they are Schlichting's uniform viscosity model (1968) and the Prandtl's 

mixing length hypothesis (1925). As these models can only be employed 

for boundary-layer types of flows, their success is rather limited. 

Attempts to obtain more general and accurate representation of turbulent 

flows lead to the development of more sophisticated models in which 

the effective viscosity is assumed to be a function of two turbulent 

quantities. Kolmogorov (1942) and Prandtl (1945) both proposed a different-

ial equation for turbulent kinetic energy and an algebraic expression for 

a length scale in their model.Rotta (1951) employed the same variables 

but replaced the prescription of length scale with another differential 

equation expressing its conservation. Launder et al (1972) adopted a 

similar two-equation turbulence model approach with the dissipation rate of 
turbulent kinetic energy as the second turbulent variable in place of 

the length scale. Not only can these models predict more accurately the 

boundary layer flows, they can also be applied to obtain solutions for 

flowswith recirculation [Le Feuvre (1973)]. 

The second approach, because of its mathematical complexity and 

also excessive computing-time requirements, has been employed only in 

dealing with the simplest of the practical situations. Hanjalic and 

Launder [Launder et al (1972)] have applied this approach to predict a 

limited number of boundary layer flows with satisfactory results. For 

more complex problems, the model has not been well tested due to the 

difficulty in performing accurate measurement of the triple-correlation 

quantities required in the determination of constants used in the model. 

No one has so far postulated any model for unsteady turbulent flows. 

Because of the lack of such information, Ma and Ong (1971) made use of 

Schlichting's uniform effective viscosity model. Although the predictions 



• 

- 27- 

were found to be satisfactory the model is not realistic and is incapable 

of predicting flows of variable-property fluid. The two-equation model, 

on the other hand, can be tailored to take into account the variation of 

effective viscosity with time. The most developed model of this kirid 

is based upon the use of turbulent kinetic energy and its dissipation 

rate as turbulent variables [Launder et al (1972)]. While this model 

has been applied extensively to various steady-•state problems, its 

application to unsteady phenomenon is still very novel. The present work 

makes a contribution in this line by applying the model to the prediction 

of two-dimensional, unsteady, non-isothermal starting-jet flows. 

Chemical reaction. In combustion proCesses, fuel and oxygen combines 

through many complex steps forming many intermediate radicals before the 

final stage is reached. The conclusions drawn from the investigations 

of multi-step methane-oxidation mechanism by Asaba et al (1963) and 

Seery and Bowman (1970) indicate that the types of radicals formed and 

the number.  of chain reactions involved depend not only on the experimental 

set-up but also on the prevailing ambient conditions. Such uncertainty 

coupled with the large computer-time Which would be required in the 

numerical study of the present problem have made this approach unattractive. 

Thus a global reaction rate model Which assumes that fuel and oxygen 

combine at a finite rate in a single-step to form combustion products 

is usually employed in preference. The use of this approach raises 

the question of how the rates of fuel and oxygen consumptions are to 

be determined. The most common and straightforward way is to assume 

chemical kinetic control prescribed by the global Arrhenius expression. 

Because of its simplicity and also the lack of other suitable alter- 

natives, 	this reaction model has been employed most frequently in the 
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prediction of combustion phenomena [Goh and Ma (1970 and 1972), Phillips 

(197l)]. Spalding (1970) proposed the 'eddy break-up' model in which 

the local state of turbulence as well as chemical kinetics are allowed 

to exert their influence on reaction. In this model, the effective 

reaction rate is taken to be the lower of the following two rates, 

the rate of dissipation of mass-fraction fluctuations and the rate given 

by the Arrhenius expression. 	Stephenson (1972), Mason (1973) and 

Runchal (1973) have successfully applied the model to obtain predictions 

for turbulent reacting flows. Although the model appears to be more 

realistic than that of Arrhenius, it is still in its exploratory stage 

and needs further investigations before its superiority can be acclaimed, 

particularly for the pre-mixed scheme under the present investigation. 

1.2.2 Experimental investigations 

Earlier experimental work on starting-jets were mostly confined to 

the qualitative study of the flow patterns resulting from the mixing of 

isothermal homogeneous fluids. Rizk (1955) carried out a flow visualization 

test for the development of axi-symmetric starting water jet with 

particular reference to the scavenging process in two-stroke engines. 

Meyer (1961) used smoke-tracers to follow the mixing of low-velocity 

air jet with stagnant surroundings. The first quantitative detailed 

study was carried out by Ma and Ong (1971) in their attempt to verify 

their predictions of the two-dimensional, air into air, turbulent, starting 

jet. Traversing hot-wire probes were used to measure the development 

of streamwise velocity at various stations downstream of the nozzle outlet. 

t 
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The more practically orientated investigations on starting-jet 

flows involving non-uniform fields of temperature and concentrations 

were carried out by Phillips (1971) and Woifhard and Bruszak (1959). 

Both experiments were directed towards obtaining the maximum safe-gap 

size which prevents the transmission of flames from the inside of an 

enclosure into inflammable surroundings. Phillips took Schlieren 

photographs of -the development of hot, sub-sonic jet emerging from a 

small nozzle mounted on an explosion cylinder which was also fitted 

with large pressure release vents. Ignition or non-ignition phenomenon 

resulting from the mixing of this jet with surroundings was obtained 

by suitable adjustment of the composition of the mixing media. Wolfhard 

and Bruszak carried out a similar investigation but they employed a 

sealed explosion-cylinder placed in an inflammable atmosphere which is 

enclosed inside a large duct. 

1.3 The present contribution 

The main contributions of the present thesis may be summarized as 

follows; 

1. A calculation procedure capable of -.predicting accurately the mixing 

of hot, turbulent, round-sectioned, starting-jets with either inflammable 

or chemically inert surroundings has been developed. The investigation 

Involves the formulation of mathematical models to represent the physical 

situation and the use of a velocity-pressure numerical approach to solve 

the resulting unsteady two-dimensional governing equations. The trans-

ient distribution of pressure which is instrumental to the understanding 
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of the phenomenon and was hitherto impossible to obtain, is presented. 

Preliminary tests on the applicability and accuracy of the procedure 

have been systematically carried out against known analytical or numeri-

cal solutions of the related but less complicated problems. Encouraging 

results enable the procedure to be adopted to predict the present phenomenon. 

2. The procedure has been employed to determine the appropriate physical 

input regarding turbulent flows for unsteady-jet problem. Existing 

experimental data obtained by Ma and Ong (1971) for isothermal air-air 

injection are used in the investigation. 

3. An experimental programme has been carried out to follow the develop-

ments of temperature and velocity of the hot jet injecting into air at the 

nozzle exit. The data are fed into the calculation procedure as the 

boundary conditions. 

4. The theoretical predictions have been compared with Phillips/ experi-

mental data (1971) for both non-ignition and ignition cases. The good 

agreements between the two results demonstrate the validity of the 

calculation procedure. 

1.4 Outline of thesis  

The main body of the thesis consists of six chapters the first of 

• Which has just been described. 

The second chapter starts with the detailed description of the 

physical problem under investigation. This is followed by the mathematical 

statement for such a problem which includes the governing equations, the 

turbulence model, the transport and thermodynamic properties of mixing 

fluids, the chemical reaction models and the associated boundary conditions. 
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The chapter ends with the presentation of the final set of the governing 

equations. 

In the third chapter, the numerical method used to solve the equations 

is described. The chapter commences with the general discussion on 

the logic and basic themes of the velocity-pressure approach. The 

finite-difference equations representing the governing equations and their 

solution procedure are then reported. Special treatments to incorporate 

the non-uniform density effect and to procure convergence and stability 

of the procedure are presented. The numerical procedure is then tested 

before it is applied to obtain predictions of the present problem. In 

the final section, the predicted results are presented and discussed. 

Chapter 4 is concerned with the experimental investigation to obtain 

the developments of temperature and velocity of the jet at the nozzle 

outlet. The chapter describes the general arrangement of the apparatus, 

the instrumentation and the measuring procedure. The experimental results 

are then discussed, analysed and later put into the form ready to be 

used as boundary conditions for the predictions. Finally Phillips' 

experimental data are prepared for the comparisons to be made in the 

next chapter. 

In chapter 5, the predicted and experimental results for the non- 

ignition cases are compared allA cl■sciA55eA, The comparisons are then extended 

to cover the ignition-cases. The following section includes a summary 

of principal results and the discussions on the capabilities of the 

prediction procedure, the turbulence and chemical reaction models. The 

thesis ends with recommendations for future work and the main conclusions 

of the present study. 

After the main body, the nomenclature, list of references, the figures 

and the photographic plates are presented consecutively. This is 
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followed by the four appendices)the first of which describes the derivation 

of wall functions employed to characterise the flow in the near-wall 

region. The second appendix illustrates the transformation of governing 

partial differential equations into finite-difference forms. In the third 

appendix, the derivation of the relationships employed in the determination 

of the velocity and temperature developments are presented. The last 

appendix consists of tables of experimental results. 
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CHAPTER 2 

MATHEMATICAL STATEMENT 

2.1 Introduction.  

The problem under the present investigation is depicted in 

fig. 2.1.1. A combustible mixture of methane, oxygen.and nitrogen inside 

the vertical explosion cylinder which is fitted with two pressure release 

vents at its base, is spark-ignited. The resulting hot gases escape 

through a small nozzle at the top of the vessel and mix with the cold 

stagnant surroundings. A sub-sonic, round-sectioned, turbulent starting-

jet is thus formed. Whether this jet can ignite the surroundings or 

not will depend upon the velocity, temperature, composition of the jet 

and those of the surroundings and also the diameter of the nozzle. 

The mixing process of a hot starting jet with cold surroundings 

is governed by the time-dependent partial differential equations which 

express the conservation of mass, momentum, enthalpy and species. The 

assumption of the flow as being axisymmetrical enables these equations 

to be reduced to a time-dependent two7dimensional set which can be solved 

by a numerical technique to be reported in details in Chapter 3. However 

before this can be done, the turbulent motion in the flow and the chemical 

reaction taking place between reactive species there must firstly be pre-

scribed. In the present study, the turbulent effect is assumed to be ade-

quately represented by two differential equations of the Navier-Stokes 

type governing the conservation of two turbulent quantities and the 

chemical reaction to obey an algebraic relationship linking the reaction 

rate to other calculated variables and fluid properties in the analysis. 

The chapter will commence with the descriptions of fundamental 

equations and other important auxiliary information. These will be followed 

by the discussions of turbtlence models, the evaluation of transport 
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and thermodynamic properties, the characteristics of boundaries and 

the modelling of chemical reaction. The boundary and initial conditions 

required in the solution of these governing equations will then be given. 

In the closure, the final set of equations which have been obtained 

uniquely for the present investigation is presented. 

2.2. Governing  equations  

The time-dependent set of equations, for an unsteady axisymmetrical, 

non-uniform density, turbulent jet mixing coupled with chemical reactions 

may be written with reference to the cylindrical co-ordinates (z,r,t) as: 

Continuity equation:  
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Momentum equations: 
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Equation for conservation of total stagnation enthalpy: 
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Equation for conservation of species j: 
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(2.2.5) 

The symbols in the above equations have the following meanings: 

(i) W and V are the mean velocity components in longitudinal 

.(z) and radial (r) direction (z being measured from 

the nozzle exit and r from the axis of symmetry). 

(ii) p, P and t stand for density, pressure and time respectively. 

(iii) T is the stress term. The first sdbscript of T indicates 

its direction and the second the direction normal to the 

plane on which it acts. For example, T3,3 is the normal 

stress acting in direction 3 (circumferential) on the 

plane 12(zr) and has its normal parallel to direction 3. 

(iv) H stands for the total stagnation enthalpy which is 

defined as: 

1 H CPT + 	+ 7(412  + V2  ) + k (2.2.6) 

35 - 
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where C is the specific heat at constant pressure 

of the mixture, T the local temperature, mf  the mass 

fraction of fuel (indicated by the subscript f), Hf  

the heat of reaction of fuel, k the -turbulent kinetic 

2 
1 41,4, 2 	2 

energy defined by k s....1 - 	+ v' 2  + v' ) (1) 
 

(v) r stands for the diffusivity. The subscript under"-  
represents the entity of which diffusion has taken place. 

(vi) Rt  and p. are the turbulent and laminar viscosity; 

and
'j denote the Prandtl and Schmidt numbers 

forkandspeciesjrespeetively;11.is the specific 

enthalpy of species j. 

. M 
(vii) m. represents the volumetric consumption rate of 

species j. 

It may be noted that the total stagnation enthalpy is used as a depend-

ent variable in place of enthalpy in order to eliminate the necessity of 

evaluating the heat generation term associated with the latter. It will 

be shown later that some of the kinetic heating terms in equation (2.2.4) 

will disappear as well when certain assumptions concerning the transport 

properties are introduced. The species conservation equation (2.2.5) does 

not in itself completely specify the problem. The completion will depend 

upon the true representation of the mixture constituents which, in the 

present study consist of fuel, oxygen, nitrogen, carbon-dioxide and steam. 

Thus the following five equations of the same form as (2.2.5) may be 

written, one for each species, as follows: 

a 	 1 3 	a I- 3nif 	1 3 r- eraf, 	. m 
fuel : —( cm ) + —( 	) + —( prVm ) = —( 	 ) + - 	+ mf at f 	az 	f 	r ar 	f 	az f az 	

r ar 
far 

(2.2.7) 

(1) See section 2.5.1 
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It is however not necessary to solve all these five equations. 

The species continuity equation (i.e. E m.
3 
 1) may be invoked to replace 

J 
one of them. The obvious choice for the replacement seems to be that 

of nitrogen, as its mass fraction is the largest of all of the constit-

uents and any truncation error resulting from the numerical solution 

of its conservation equation would have a much pronounced effect on the 

accurate determination of the other species concentrations. 

The species conservation set of equations may be further reduced 

if stoichiometric chemical reaction is assumed. In the present investi-

gation fuel and oxidant react according to the following single-step 

model: 



- -38 - 

fuel + oxygen (+ nitrogen) ---> products 

For the methane-air reaction, the single-step model is represented 

b : 

79 	79 CH
4 
+ 2(02  + 	N ) 	CO

2 
+ 2H

2
0 + 2 (—)N 

	

2 21 N
2) 	

2 	2 • 
(2.2.12) 

and the stoichiometric relations between various species may be expressed 

as: 

N 
N 

m02 
= ili

f 2 

A 	8 W m CO2  = i raf 

III . n N . 
mH
2
0 = 1 m CO 

2 

where i, i and 
tt 

d i are stoichiometric fractions. 

(2.2.13) 

The species conservation equations for fuel (2.2.7), oxygen (2.2.8) 

and carbon-dioxide(2.2.10) may be combined in pairs to form two new 

differential equations with two new dependent variables p and Yi defined 

as: 

imf p 	m
o2 

- mC0
2 

-I- 	mf 

If the Schmidt numbers of all species are assumed to be equal, which is 

quite reasonable for turbulent flows,the individual volumetric consumption 

rate terms may be eliminated by the substitution of the above stoichiometric 

relations. 

It follows that the new equations will be very similar to their 

original counterparts except the disappearance of the reaction rate terms, 
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i.e • 

rac(-pf3) + 	plATP ) + 	—2( prVp ) = (r.  -22-) + -2-(rr2L)az 	r ar 	az R  az 	r ar 	az (2.2.18) 

pY ) 	pw y 	prV ) = 	r ff-) 14  --2(„ f-  A) 	(2.2.19) at 	az 	r ar 	az I az 	r or 	y ar 

Not only are the two differential equations having the same form, 

but in the present problem they also possess the same type of boundary 

conditions. In such a case, only one of them, say the equation(2.2.18), 

needs to be solved and the other can be replaced by the following 

linear algebraic expressions: 

- +  2 1  (R -R ) 1 	p2  - pl  (2.2.20) 

where subscripts 1 and 2 represent the two positions along the boundaries 

in which the values of y and p are known. 
Consider the species conservation equations for steam(2.2.11) and 

for carbon-dioxide(2.2.10) both of which satisfy a similar set of boundary 

conditions. They can be made identical provided that equation (2.2.15) 

and the following relationship are substituted into one of them, viz: 

rr 
m
H2 0 	

i mco2 	 (2.2.21) 

Thus this expression is used to replace the steam conservation equation. 

In summarising, four of the five equations given by (2.2.7) to 

(2.2.11) have now been replaced by one differential equation with new 

dependent variables and three algebraic expressions leaving only the 

fuel conservation equations to be solved in its original form. The final 

set of the species conservation equations now appears as follows: 
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The set can be further simplified, for the present investigation, 

as follows: 

(i) A  hot starting jet injecting into cold air  

The fuel conservation equation is replaced by the algebraic re-

lationship mf  = O. 

(ii) A hot starting jet injecting into inflammable surroundings  

If the mixture contents of the surroundings are the same as those 

originally stored inside the cylinder, p may be treated as being constant 

and its conservation equation need not be solved. On the other hand, 

should the two mixture contents be different, the solution of the full 

set will be required. 
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2:3 Turbulence model the transport and thermodynamic. properties  

2.3:1"Introductory remarks 

Before the differential equations can be solved, additional inform- 

ation is required to evaluate the stress terms 
T1 V Tl 29 T2,2 and  

T
3,3 appearing in the momentum equations and their related quantities, 

viz. gt, g, r's and 8's appearing in the other conservation equations. 

These stresses can be either related to other calculable quantities or 

obtained from the solution of additional differential equations which 

express their conservation. The choice here depends mainly on the state 

of art rather than merit. Thus the former approach is adopted in the present 

problem 

Following an early proposal by Boussinesq (1877), who introduced 

the concept of effecEive viscosity (geff), the stress terms may be repre-• 

sented by the following relationships: 

aw  aV  • 
T1,2 - T2,1 = - g eff Dr 	az 

aw 2 
T1,1 = geff[27 — 3 div 711  

av 2 
T2,2 = 	tieffL
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r
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T33  = - 	L eff 	- 3 thy V] 

(2.3.1) 

(2.3.2) 

(2.3.3) 

(2.3.4) 

div 
aw 1 a(rv) where, 
az r br 

and 
	

geff = gt 	g 
	 (2.3.5) 

The substitution of the above equations into momentum equations 
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yields: 

2 aw 	bPeff ( Pw) ± .2(21  ) 	Prvvo = 	—)+ 7PIlieff 3r 	3z 3z eff 3z 
B14 1 3,  

at 	az 	r ar 

(2.3.6) 

ace.L a(olv) 1 b, -2. 	a, 	ay, 1 a, 	aV, 
prV 	= 	p. 	 1 	—try. 	 V - 

at 	az 	r Dr 	az eff az)  r Dr eff 

µeffV 
 3Pe

ff _ 
Dr 

r   (2.3.7) 

where PeffEE 	ileff  div Tic%P (as P. E- 	div 3' eff 

Thus the five unknown stresses have now been replaced by a single 

new unknown lieff  which may be evaluated with the use of an appropriate 

turbulence model. 

2.3.2 A two equation model of turbulence  

A two equation model proposed by Launder et al (1972) has been 

tried for its physical feasibilities. In their model lieff  is expressed 

as a function of two turbulent quantities, k the turbulent kinetic energy 

1 '2 '2 '2,1 [k::-.= -(w + v + v0 )j, and E. its dissipation rate. In the express- 2 	0 / express-

ion for k, the subscript denotes the circumferential direction, the 

'prime' symboliseb the fluctuating component and the 'bar' the. time-

averaged value. Two Navier-Stokes type of equations, written to re- 

present the conservations of k ande, together with the continuity and 

momentum equations, form a close set describing turbulent motion. This 

model has been successfully applied to obtain good predictions for a 

number of steady flows, e.g. free axi-symmetrical jet [Launder et al (1972)], 
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flow over external flat-plate ['Jones (1970)] and flow through in-line 

tube banks [Le Feuvre (1973)]. In order to use the model for unsteady 

flow, the terms expressing the dependence on time of k and E are intro-

duced into the governing equations. Consequently the variation of 

eff with time is automatically taken into account. In the present in-

vestigation, the conservation equations for k and 6 are written as: 

a(&) 	21( Wk) 1 	a_1( rvk) = 	 (lieff ak  ) 	1 a --(r  Peff ak)  
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The last two terms in equations (2.3.8) and (2.3.9) represent the rate 

of generation and dissipation of the variable concerned. For example, 

G is the rate of generation of k by turbulent shear stress which may 

be defined by the following expression: 

2 	2 	2 	2 aW 	av 	aw G = 2tit[(-57) 	+ () ] + tOr  + ar 	az (2.3.10) 

where k2 
= P  t 	6 

(2.3.11) 

A11 the C's are constants and S's are the effective Schmidt numbers. 

Following values have been assigned for them by Launder and Spalding (1973): 

C C 3 c c 
2 SE  D k 1  E 

.09 1.0 1.0 1.44 1.92 1.3 
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2.3.3 The laminar viscosity_and  other transport properties  

is•cal- 
J 

culated from the Sutherland Law [Goh and Ma.(1972)] as follows: 

1 

.( T ) - 1.505  
3 ref,j T 

ref [1+0.505( 	ref)] 

where uref,j denotes the laminar viscosity of species j at a reference ,  

temperature Tref(770°K ). The laminar viscosity of a mixture is given by: 

(2.3.13) 
µ=E m41. 

j 	3 3 

The transport properties indicated by is in the total stagnation 

enthalpy and the species conservation equations are expressed as the 

ratios of the effective viscosity to the appropriate effective Prandtl 

or Schmidt numbers (5's) i.e.: 

.11eff rs  
St s 

(2.3.14) 

In turbulent flows, all the values of 5'5 	may be taken as being 

equal and for a round jet, a value of 0.5 has been recommended by Launder 

et al (1972). This leads to the elimination of certain kinetic heating 

terms from the total stagnation enthalpy leaving in equation (2.2.4): 

3(  0-) ) 	1 	prv) 	-41.1.211 1.1 + 1  2L(rIlf.a... 
oz 	r dr 	

ii 	
dz 5jH 	az 	r Or 

aH  
Dr 

ap 	a  

4-  at + 	P-eff  (1 - 
61-1 

--1:V2 

2..( 2 ) 
az 

,aki  
'az." 
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2 2 
W +V 

1 a r 	 ,1 	- 2, 	)2s1  
--ril 	(1 - 	2 	+ 

r Dr 	eff 	Dr 	6:1c 	6i, 	Dr-I  

(2.3.15) 

The equation (2.3.14) may .also be used to eliminater's 

from the species equation and replace them with 'Jeff  and 6's. 

2.3.4 The thermodynamic_properties  

The density of the mixture may be calculated from the Perfect 

Gas Law as follows: 

M. 

P  = RT j E  m. 
	

(2.3.16) 

where M. is the molecular weight of chemical species j and R stands for 

the universal gas constant. 

The mean specific heat at a constant pressure of each chemical 

species, C . may be evaluated from the following formula. 
P/J 

C 	.K. 	Y. 'T +Z. IT2  
P/i 	3 

(2.3.17) 

where X. Y. and Z. are constants derived from a second order poly 
.) 

nomial curve fitting of the specific heat-temperature data taken from 

Spiers (1961). The mean specific heat (C p) is calculated from the 

expression: 

C = 	E. C . m. 	 (2.3.18) 
P 	j P/3 3 
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2.3.5 Wall functions 

Special treatment for the shear stresses, turbulent kinetic 

energy and its dissipation rate is necessary in the regions near the wall 

due to the steep variation of these variables in such neighbourhoods. 

Launder and Spalding (1973), using Couette flow analysis, prescribed 

the V-velocity profile near the wall in the plane of the nozzle exit 

(z = 0) as: 

✓ 1  P (IQ ✓ - .437-n ---
P 
 z+

)   for z+ > 11.63 
T 

(2.3.19) 

✓ - z
+ 

for z+ < 11.63 
T 

Ts where V is the friction velocity (V =4 — 
T 	 T P 

with Ts  being the wall shear 

stress) and z+  is related to z, the distance normal to and measured 

from the wall in the following manner: 

(2.3.20) 

Assuming that the generation of the turbulent kinetic energy 

in the vicinity of the wall is equal to its dissipation rate, the 

equation (2.3.19) may be manipulated to give the following expressions 

for T
s 
to be used in the momentum equation(1). 

1 	1 

Ts = .437 pk2  (CCD)4  V/2n (8.8z+) 
	

for z4> 11.63 

1 	1 

z 
	p k

2
(
CC

D)
4
z  

11  

(2.3.21) 
1 	1 

Ts  . pk2  (CµCD)4  Viz
+ 	for z 11.63 

• 

(1)See Appendix A 
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The differential equation for turbulent kinetic energy 

(eqn. 2.3.8) is solved with the generation and dissipation terms being 

replaced as follows 
(1) 
. 

	

Generation term 
	

(G) = 
	av 2 	

(2.3.22) 

Dissipation term 

(C
D
pG) = p(CµCD)4  k2  in (8.8z+)/(.437z ) for z+ 	11.63 

3 3 
	

(2.3.23) 

(CDpe) = 	 k2  z/z 	for z
+
.4 11.63 

• 	 The value of 6 near the wall is fixed by the following relation- 

ship: 

	

. 3 	3 	1 

= k2  Cµ4/(.437 z CD4) 
	 (2.3.24) 

In the present investigation, the dissipation Schmidt number 

of 1.3 is chosen to satisfy the simple relationship of an assumed uni- 

• 

form stress-layer near the wall, i.e.: 

1 

(.437)2CD
7  

6 	= 	1 • e 
(C
2 
- C
l 
C
D
)Cp2 

(2.3.26) 

The detailed derivation.of wall functions is given in Appendix A. 

-(1) See Appendix A 
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2.4 	The chemical reaction models 

2.4.1 Introductory remarks  

The next important task is to provide a model for the volumetric 

rate of fuel consumption in the fuel conservation equation (2.2.20). In 

the present study, two distinct models have been used, one in which 

Chemical kinetics is assumed to be the single controlling factor and 

the other where both the kinetic influence and turbulent effect are 

considered. The former model corresponds to the 'global' Arrhenius 

bi-molecular expression where the consumption rate is taken to be a 

function of instantaneous fuel and oxygen concentration, temperature and 

pressure all of which are assumed to be in perfect correlation. In 

turbulent reacting flows further assumption of linear relationship 

between the instantaneous and time-averaged values of these variables 

is.necessary before the expression can be used. Although such assumption 

is not strictly correct the expression remains popular and is thus in-

cluded in the present investigation. The latter model refers to the 

'eddy-break-up' model proposed by Spalding (1971). In it the turbulent 

contribution to the reaction rate is explained in terms of two turbulent 

quantities, namely the time-averaged reactedness which is defined as the 

fraction of the time at which gases of high reaction-sensitivity is 

present and the dissipation of concentration fluctuations. Reaction will 

proceed if there are gases of high enough reactedness at the interface 

between the small lumps or eddies of unburned gases and hot gases. As 

the rate at which the eddies are formed by the successive breaking-up 

of large lumps of fluid into small ones is directly proportional to the 

dissipation rate of concentration fluctuations, the reaction rate should 
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also proportional to this same variable. This is the central idea 

of the 'eddy-break-up' model. 

The dissipation rate of fluctuations is usually evaluated via 

other turbulent quantities, such as fuel concentration fluctuation, 

turbulent kinetic energy and dissipation length scale. The local 

fluctuation of fuel•concentration may be obtained either from the solu-

tion of its conservation equation or as a result of the assumption in-

volving its relationship with the time-averaged concentration of the 

local, fully-burnt or unburnt gases in the mixture. Mason (1973) in 

his prediction of turbulent premixed reacting boundary layer flow chose 

the former approach, whereas Stephenson, (1972) in his theoretical in-

vestigation of- turbulent Bunsen flame and Runchal (1973) in his study 

of combustion in duct preferred the latter. In the present computation 

the latter approach has been employed mainly because of its simplicity. 

2.4.2 The Arrhenius bi-molecular model  

The volumetric rate of fuel consumption may be obtained from the 

following expression: 
-3 -E 

T. 
Mf,A = - a 

2mimo  T eR fI 
2 

(2.4.1) 

where x stands for the pre-exponential constant, E the activation 

energy and Q the correction for the variation of equivalence ratio which 

7_132.37)  
is defined by = (21)2.4. . Goh and Ma (1972) introduced the 0 function 

to the original Arrhenius expression in order to obtain good agreement 

between their predictions and experimental data for the steady-pr 

ignition problem. 
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A knowledge of both the pre-exponential constant and the activation 

energy is required before the expression can be used. The experimental 

determination of E by various workers such as Fenn and Colcote (1953), 

Avery and Hart (1953), Falconer and von Tiggelen (1963) reveals that 

the value of E depends not only an the type of fuel but also on the ex-

perimental conditions. In his analytical solution of the safe-gap mech-

anism, Phillips (1971) used the value of 108.86 MJ/Kg mole obtained by 

Fenn and Colcote. The same value of E is employed in the present pre-

diction. It has also been found that satisfactory agreement between 

predicted and experimental ignition results for the present problem can 

be obtained withxbeing set equal to 5x104  kg m° K3/2s-1N-2  

2.4.3 Theesidybreak-up  (EDI3U) model  

In this model, the rate of fuel consumption influenced by the 

action of local turbulence is directly proportional to the dissipation 

rate of the concentration fluctuations (E.f), viz: 

Ill 
	

C 
	

(2.4.2) 

Where CR 	the constant of proportionality takes the value of 1.5. 

The dissipation rate is related to the r.m.s. value of the fuel 

concentration fluctuations (g), the turbulent kinetic energy (k) and its 

rate of dissipation (6) in the following manner: 

6
f 
	

k 
	 (2.4.3) 

and 'g is evaluated from the following relationship: 



	

Cg 	L k— 	] 
r 

	

g 	Dz 	Dr 

3/2 	2 	2 Dm 
(2.4.4) 
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where Cg  is a constant equal to 6.0. 

As the mixture may be assumed to contain pockets of unburned and 

fully-burned gases, the following upper limits are placed on the value 

of g: 

g 

g 

mf,u - mf 

mf 	mf,b 

Where mf ,u 
and mf b stand for the unburnt and fully-burnt values of the 

local fuel mass-fraction both of which may be related to the conditions 

in the surroundings, denoted by subscript G, as follows: 

=  f,u 	(mf)G 

(
m0
2)G] 

mf,b 
= max [0, (mf)G  - 

In the situation where chemical kinetics and local turbulence are 

both significant, the rate of reaction is decided by the lower value of 

the two rates, M f,t
(eqn. 2.4.2) and M f,A(eqn.  2.4.1). 	Thus, 

1 	.N 
,A) = - min (- M f,t1- m  f 	(2.4.9) 

2.5. The initial and  boundary conditions 

In order to obtain the solution of the partial differential equations, 

both boundary and initial conditions must first be prescribed. As the set 

of equations are elliptic in space and parabolic in time, the knowledge 

of the conditions along the four spatial boundaries surrounding 
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the domain of solution (See Fig. 2.6 1) and at the beginning of the 

mixing process. are essential. In the present analysis, they are 

expressed in*(z,r,t) co ordinates as follows; 

2.5.1 Boundary conditions 

At the nozzle-exit  section ( 

     

for r d/2 

   

for r 	d/2 

w(o,r,t) 

V(0,r,t) 

a 
--P(0 "r t) 

= W4 t 4 

=-O 

= 0 

W(0,r,t) 

V(0,r,t) 

--7-P(02r,t) 
CZ 

= 0 

= 0 

= 0  

m..(0,r,t) = (in.
3 
 )1 

 

T(0,r,t) 	= T4 t 4 

m.
3 
 (0,r,t) = 	

)G j  

bz T(0,r,t) = 0 

In the above expressions d stands for the diamerer of the nozzle 

and the two subscripts I and G indicate the conditions at the nozzle-

exit and in the surroundings respectively. The profiles of W and T 

are deduced from the experimental measurement and expressed as functionS 

of time. TheAuxbulent kinetic energy (k) and its dissipation rate (e) 

may be prescribed via the concept of turbulent intensity (cc) which is 

defined as the ratio of the directional fluctuating velocity component 

to the local longitudinal mean velocity (W), i.e.: 

= cc 
1 

_ v cc 
2 - W 
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111.9 
c3 	W 

The substitution of these relationships into the definition 

of k yields: 

k = 1 	2 + m2 
 + m 2 

2 1 	3 

Assuming  the local turbulent 6otropicity, 	= m2  = 013  = m) 

the equation may be reduced to: 

3 2, k = 	w
2  (2.5.1) 

Hence, for r4:d./2, k and are assigned the following  values: 

k(0,r,t) = -1m2[W(0,r,t)]2 
	

(2.5.2) 

3/2 
e(0,r,t) = [k(0,r,t)] // 	(2.5.3) 

where / is the dissipation length scale related to the diameter of the 

nozzle by: 

2 = xd 	 (2.5.4) 

and x  is the length scale constant. 

For r > d/2, the value of k is assumed to be .01% of k at the 

nozzle and a is calculated in the same manner as that given by equation 

(2.5.3). 

= A.1 	the axisof_ammeta  (r = 0) 

am. V(z,0,t) 	.  J(z,0,t) 	alccz,o,t) 	ae z,o,t) 	(z,0,t) = 0  
- Or 	

ar 	
br 	ar 
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Along the boundary  to the nozzle-exit section (z = 00 ) 

W(ao,r,t) = 0 
i.e. 	'no-flow' condition far ahead of 

V(oo,r,t) 

an.(oo,r,t) 

= 0 
•••■■• the jet 

ak.:(01,r,t) 	b6.(4,o,r,t) 
az 3 	

= 
bz = --- az 	

= az 	= 0 

Al221  the free boundarzjoarallel  to the jet-axis (r =00)  

P(z,00,t) = atmospheric pressure, atm  

__) am. (z,00,t) 3T(z,o0,t) bk(z,o0,t) 	t) ' 	0 ar 	= ar 	= ar 	= ar 

2.5.2 Initial conditions (t = t.) 

W(z,r,ti) = V(z,r,ti) = 0 

m.(z,r,t.) = ) j G 

T(z,r,ti) = TG  

k(z,r,ti) = .0001 k(0,r,ti ) 

E(z,r,ti) = [k(z,r,ti)]312/(xd) 
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2.6 Closure 

The mathematical formulation for the problem of hot starting jet 

mixing with cold surroundings has now been completed. The governing 

'equations and their boundary conditions have been stated; the auxiliary 

information which includes the prescriptions of turbulence and chemical 

reaction modes has been given. Listed below is the resulting set of 

partial differential and algebraic equations presented in the form ready 

to be solved by a numerical technique to be described in the next chapter. 

All differential equations except the continuity are translated into a 
general form having 0 as the dependent variable, Po  the pressure gradient 

influence and S
0 
 the corresponding source term. Table 2.7.1 on the next page 

illustrates both 0 and P0, S
0 
 functions. 

at aLEL 	v) 0 at 4. —"az 	Or Pr 	- 
(2.6.1) 

General equation: 

3( 0) 	a 	3, „, 	3,geff 30, 1 a, geff DO, + 	 pww, + 	Wry)) = 	 v+  --tr--- 	+ r 
at 	az 	r or 	az r Dr 5

o 
ar az 50  

(2.6.2) 
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TABLE 2 . 6.1: 0
7  P0 

 and S of thq2212a paLlEEion 

0 P
0 

 S
0 

 

W 
- DP 

eff _ —az 

V 
- aP

eff ---6 
'J
eff

V 
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r 2 

k - G - CD p 6 

e _  
C16:.G C2p6.

2 

k - 	k 

H 

= CPT +m fH f  

+ 
1
4W
2
+V2 ) +k - 

2 

- aP 	2 	
(1  

T2 4..v2 
a cv 	) 

+ r 

1 	) 	
2 - , 	--f ii. -,---- + 	

az at 	" eff 

1 
, 	÷ c— 

61c 

+ 	 rii 	0. 

az  634 

ak 
7 -it 	)TZ1  

H 

W2.1-112  

r a r 	ef f 

	

1 	1 

	

(7 	7 
k 	H 

 

- -1. 	) ar 
H 

aki )--- ar j 

P '02 - im? - 
- 

mf  - 
. M 
m 

' 	f 
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where )( = m CO + i mf = 2 

(2.6.3 ) 
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Algebraic equations:  

111H2
0 = i"m CO

2 
	 (2.6.4 ) 

(2.6.5 ) 



• - 58- 

CHAPTER 3 

THEORETICAL INVESTIGATION AND DISCUSSIONS 

3.1 	Introduction 

3.1.1 Objects of the chTEttr. 

The objects of this chapter are (i) to describe a suitable solution 

procedure for the set of non-linear, second order, partial-differential 

equations derived in chapter 2 and (ii) to apply the procedure to pre-

dict the unsteady jet mixing problem which may include ignition. 

3.1.2 The wo.proach 

In order to achieve the first objective, the nature of the governing 

equations needs to be scrutinized mord closely. The inclusion of convect-. 

ive and source terms into the equations has made the latter non-linear 

and difficult to be solved by existing analytical techniques. The depend-

ence of temperature, concentration, turbulent kinetic energy and its 

dissipation rate on velocities, the modelling of chemical reaction as a 

function of pressure and temperature, and the linking of density and 

viscosity to other variables,invoke the need for these equations to be 

solved simultaneously. Only numerical methods can offer the solution to 

such a complex problem. 

One of the main difficulties associating with the solution for Navier-

Stokes type of equations is the treatment of the pressure gradient terms. 

Although the pressure is one of the principal unknowns, it does not appear 

as such. In fact, in order to solve for velocities in the momentum 

equations of the form given by (2.6.2), the pressure must be known 

hitherto from experimentation. The usual procedure adopted to avoid this 

expensive process is to eliminate the pressure gradient terms from the 
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systems of equations by transforming the continuity and the two momentum 

equations into two new partial differential equations adopting stream 

function and vorticity as new dependent variables. While this proposition 

seems attractive in its economy of computing time, it possesses many 

vital limitations, one of which is that the pressure cannot be recovered 

without certain loss of accuracy. This is very important especially in 

such problems as unsteady-jet flow in which the precise knowledge of 

pressure is essential to the understanding of the phenomenon. More 

serious however is the incapability of this procedure to tackle the non- 

uniform density cases in time-dependent flows Which are the main features 

of the present problem. 

An alternative to the stream-function-vorticity approach is to 

solve the equations in their original forms (2.6.1 and 2.6.2) with the 

two velocities and pressure as aerodynamic dependent variables. Amsden 

and Harlow (l970),Chorin(1968),Patankar and Spalding (1972)all employed this 

approach to solve three-dimensional parabolic Navier-Stokes equations. 

The basic idea is to obtain the first approximation to all of these 

variables from which subsequent suitable corrections may be made to 

bring them to satisfy the conservation equations. The latest version of 

the numerical method based on this approach was presented by Patankar 

and Spalding (1972). They proposed a general, non-iterative, finite- 

difference, marching procedure for the solution of a steady three-dimen- 

sional parabolic problem of developing laminar flow in an indefinitely 

long duct of square cross-section. 

The inspection of the set of equations dictating the present problem 

of starting jets shows that they are also of three-dimensional type but 

with parabolic characteristics in time dimension. The earlier events will 

determine later happenings, but not vice-versa. This particular feature 
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enables the solution of the time-dependent governing equations to be 

obtained using the same velocity-pressure approach. Here the forward-

marching in time-direction will provide the solution in the z-r plane 

at successive time intervals. Thus the starting-jet problem is treated 

as quasi-steady with an instant frozen picture depicting the flow obtain-

ed at each time-step. The finite-difference method incorporating this 

technique will be described in details in the next section. 

3.1.3 The contents of the chapter 

The chapter will start with the description of the numerical finite-

difference method which has been employed in the investigation of starting-

jet mixing problem. This part includes the listings of finite-difference 

equations and their solution procedure and the incorporation into the 

prOcedure of the effect of non-uniform density. In section 3.3, various 

treatments introduced to procure convergence and enhance stability of 

the solution are reported. Other details of computation including the 

discussion on grid distributions are given in section 3.4. Section 3.5 

describes the tests carried out to check the numerical technique and to 

study the feasibility of each of the two turbulence models employed. The 

chapter ends with presentations and discussions of the theoretical solu-

tions for the present problem. 

3.2 	The finite-difference method 

3.2.1 The basic strategy 

In order to lay the foundation for the understanding of the method, 
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an outline of its general principles are summarised and listed as follows: 

(i) Finite-difference equations are derived, one for each of the 

dependent variables from the governing partial differential 

equations (2.6.1 and 2.6.2). These equations are put into 

algebraic form to relate the values of variable at each point 

in the flow domain to those at earlier time and at surrounding 

points. Simultaneous solution of the equations is obtained 

through the use of algorithm. 

(ii) With the problem being treated as quasi-steady, the solution 

can be obtained at a given time by scanning through every 

point in the z-r plane. The forwarding-marching in a small 

but finite time-step will permit the predictions of future 

events. 

(iii) In the solution procedure for each time-step, the velocity 

and pressure are solved before other dependent variables, 0's. 

The approximation of the pressure field allows velocity fields 

to be estimated through the use of momentum equations. Further 

exploitation of both momentum and continuity equations will 

provide the true velocity and pressure fields from which the 

solution for other dependent variables may be obtained. 

3.2.2 Finite-difference equations 

The first step to be taken in any finite-difference technique is 

to derive algebraic expressions to replace the partial differential equations 

describing the flow. In the derivation
(1), the domain of interest is covered 

(1) The details of the derivation appear in Appendix B. 
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with a system of grid net work as shown in the z-r plane in fig.2.6-1. 

Here a staggered rectangular grid illustrated in fig. 3.2-1 is chosen 

because this arrangement possesses many convenient features. The velocities 

V and W are stored at the point mid-way between grid nodes so as to 

make it easy for the evaluation of their convective influence to the con-

served quantity in question, while pressure, P and other variables, e.g. 

p, lieff  and T are stored at the nodes to enable the direct calculation 

of pressure gradients which affect V and W. The differential equations 

are integrated term by term over the control volume(1) Which has its 

boundary lying midway between the adjacent grid lines as depicted in 

fig. 3.2-2. The resulting algebraic equations relate 	the values of 

variables at each point P to those at neighbouring nodes denoted in the 

figure by N,S,E,W,U and D for north, south, east, west, earlier time-step 

(upstream) and present time-step (downstream) respectively. Upwind 

difference technique together with 'suitable assumptions (See Appendix B) 

concerning the variation of variables between the nodes are introduced 

in the derivation. The finite-difference equations may be written in 

the following form: 

ContinuLtz: 
	

Ct ( PP,D 	PP,U ) + 	 (pW)P]  + Cv[(pV)N-(pV)P = 0 

(3.2.1) 

Momentum equations: 

WWWWWW 
Wp 	ANWN+AsWs+AEWE+AviWw+B +D (pp-Pw) 

VVVVV VP  = AVH+AsVs+AEVE+AwVw+B +D
V  (a0p- 

(3.2.2) 

(3.2.3) 

(1)Three types of control volumes are used, one for V, one for W and the 
other for P aad 0's as will be shown in Appendix B. 
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Equations for other dependent variables  oc, 6, H, mf, (3): 

0  

° 

 

F=.'  AN0k4 

0

0S+AEOE +B
0  (3.2.4) 

Here A's, B's, C's and D's are coefficients. The A's contain 

mass fluxes and transport properties; the B's include the convective 

effects resulting from the previous time-step and other source terms. The 

C's are areas across which the fluid flows; and the D's contain areas, mass 

flow rates and other geometrical quantities. In Appendix B)the detailed 

expressions of all these coefficients are given. The superscripts t, V, 

W, 0 denote time and corresponding dependent variables associated with 

the coefficients. 

3.2.3 Solution Procedure  

Equations (3.2.1) through (3.2.4) when solved simultaneously 

would yield V,.W, P and 0's at a given time step as all the coefficients 

may be evaluated using its values prevailing at the previous time-step. 

The procedure is given as follows: 

(i) The unknown pressure field is guessed and assigned a value 

of P* at each grid point. The solution of the estimated velocity fields 

(V* and 	is obtained from equations (3.2.2 and 3.2.3). These approximated 

velocities will not, in general, satisfy the continuity equation (3.2.1), 

but produce a mass source mp  at each grid point P, defined by: 

m  = k  
,T, 	 ,v 

P 	P P,U * 	) + CW[(p1*- (pW)*] + 	[(pV)1*/  - (pV);] 

(3.2.5) 

where p*  is th-?estimated density field. 
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(ii) In order to eliminate this fictitious mass source, 

corrections to the pressure and velocity fields are reqtlired as follows: 

P = P* + P,  

V= V
* 
+ V' 
	

(3.2.6) 

W W* + W' 

The above expressions when combined with momentum equations 

will produce (see Appendix B) the following equations: 

W' = WP 
	P 
- W* 	

P 	W 
D
w
(P' - P') 

V' = VP 	P 
V* . Dv(P' - P') S 

The substitution of the above relationships in the continuity 

equation (3.2.1) gives the following Poisson equation in finite-difference 

form: 

PP 
PL 	ANP,N+AsET- EPP+AwP1'41+BP 	(3.2.9) 

where the.A's include the C's and D's;and the B incorporates the mass 

source, m . 

. The solution of equation (3.2.9) will produce corrections for 

the pressure field (eqm.3.2.6)which will in turn enable the true velocity.  

fields to be obtained (eqns. 3.2.7 and 3.2.8). 

(iii) The distributions of P, V and W are employed to provide 

the solution for other dependent variables 0's through the use of 

equation (3.2.4). Corrections are found to be unnecessary in this case 



-65- • 

if a small time-step is taken during the forward-marching. 

(iv) The finite-difference equations are solved by performing on 

a z-r plane two sweeps of the standard tri-diagonal matrix algorithm 

(TDMA), one in the r-direction and the other in the z-direction. Thus for 

equation (3.2.4), OE  and Ow  are taken as constants When the sweep is in 

the r-direction, and ON  and Os  are held constant during the z-direction 

sweep. The sweep is done line by line until all grid points have been 

visited. Once the calculations have been obtained for the present time-

step, the procedure is repeated for the solution at the next time-step. 

(v) The introduction of P' as a new dependent variable requires 

the prescribed velocity boundary conditions to be converted into those 

representing pressure corrections. Along the boundary where velocity 

is constant, there will be no velocity correction, and consequently 

the gradient of P' normal to the boundary is zero. Along the boundary 

of constant pressureiP' is zero if P* there has been previously set 

equal to this pressure. Thus for the present study,P' at the top free 

az 
ap, boundary — along the plane of the nozzle and along the downstream free 

/ 
a ,  

boundary and ar — on the symmetry axis, have all been given a value of 
p  

zero 

3.2.4 Treatment for non-uniform density flaw 

Special treatment must be incorporated in the derivation of 

equation (3.2.9) to include the effect of variable-density. By assuming 

that the mixture obeys the perfect gas law, the following equation of 

state emerges: 

p* = KP* 	 (3.2.10) 
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p' = KP' 	 (3.2.11) 

Where p' represents the correction for density due to the correction for 

pressure (P') and K is the constant defined by: 

1  K 
RTF, 
J M. 

3 

 

(3.2.12) 

 

The use of equations. (3.2.10)and (3.2.11) enables the following 

expressions to be written for p, pld and pV (ignoring the second order 

'prime' terms): 

p = KP* + KP' 

pla = KP *w* + KP*W' + KP'W* 
	

(3.2.13) 

pV = KP*V* + KP*VI + KPIV* 

The above three terms when substituted into the continuity equation 

(2.6.1) will yield: 

a 	a 	 ar  
---(Ke* + KP,) +-mp.w* + KP*W 	-- I + KP'W*) + 	-77-tr(KP=V* + KP*V' + KP'V*)] = bt 	oz 	 r or 

(3.2.14) 

This equation may be rearranged into the following form: 

a 	a 	a 	1 
--- ) + 	*W ) + 	---(rKP *V I ) + 	(KP*W* ) + 	( rKP *V* ) cot 	.bz 	r car 	az 	r car 

a 1 
+ —at(KP*) + --1(K.P'W*) + -r

"dr
( rKp tv*) 0 

az (3.2.15) 

The Poisson equation for P'(eqn.3.2.9) is derived by the integration 

of equation (3.2.14) over the specified control volume 
(1). Before it can 

(1) The derivation appears in Appendix B.2. 
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be solved, further boundary conditions for two of the extra three terms 

(KP', KP'W*, KP'V* in eqn. 3.2.15 which indicate the influence of the 

variable density) must be presented. The exception for KP' arises because 

of the manner in Which it has been implicitly incorporated into the equation 

(3.2.9). By setting KP' equal to'KP'p,,  the term is no longer a function 

of the conditions prevailing at the boundary. 

As for other terms, the following boundary conditions have been 

assigned. 

i) along the top free boundary where the pressure isconStanE and 

requires no correction, KP'V* there are given a value of zero. 

ii) along the plane of the nozzle exit Where fluid is injected into 

the control volume, the use of the upwind difference technique requires 

the entering mass flux to be specified. Therefore not only the velocity 

but also the density (or pressure) have to be prescribed. Consequently 

the term pW in eqn. (3.2-13) can now be set equal to KP*W* by putting 

KP'W* and KP*W1 equal to zero. 

iii) along the axis of symmetry and the free boundary downstream of the 

nozzle where the no-flow conditions apply, KP'V* and KP'W* are respect-

ively put to zero. 

3.3.3 Treatments to procure convergence and stability of the solution  

Various treatments are required to procure the solution convergence 

and stability. These include the linearization of source terms (Table 

2.6.1), the introduction of iteration within a given time-step, the increase 

in the number of TDMA sweeps and the use of an improved pressure-velocity 

corrections relationship. 
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3•.3.1 Linearization of source terms 

Linearization in the present context involves the division of 

source terms(S
0 
 ) into two parts, one depending upon conditions prevail-

ing at previous time-step (Su) and the other a function of the present 

time-step values of variables (Sp  O). For example in the k -6equations 

(Table 2.6.1), the generation terms G and CiE,G/k have been made to 

depend upon upstream conditions, whereas the dissipation terms 

2 -CDp6 and-C2
pe,/k have been evaluated using the present-step values. 

Table (3.3.1) on page 69 illustrate a linearization procedure for the 

governing differential equations(2.6.2). 

Inspection of the table reveals one interesting point; opposite 

signs are given to each of the two components Su  and Sp, positive to 

the former and negative to the latter. This is true in most cases ex-

cept for the equation of mf  where the reverse occurs as a consequence 

of the negative rate of fuel consumption. The negative SP, when trans-

ferred to the opposite side of Su  in the finite-difference equation to 

be given in Appendix B, will become positive and help to balance the 

errors resulting from numerical computation. In the k-equation, the 

S part of the source terms is put into the form containing k by the 

8P substitution of 6 by (Cook2  /110. The extra term 7  in the H-equation 

which has been included to indicate the unsteady motion effect is 

assumed to depend upon the values of P upstream. As the P'-equation 

(3.2.15) is different from the rest of the governing equations (2.6.2), 

the linearization of its source terms will be treated separately in 

Appendix B.2. 
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TABLE (3.3.1)  Linearization of S0 
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3.3.2 Other treatments 

Even with the introduction of upwind difference technique and the 

proper linearization of source terms, a numerical procedure of the march-

ing integration type when used to solve a system of non-linear differential 

equation often produces oscillation or divergence in the solution unless 

a very small step-size is employed. Bigger step-size maybe used if any 

of the following actions is taken: 

a) an iteration loop is set up within a given time-step. In the 

present investigation five iterations 	for 
	

first few steps have 

been found sufficient to produce accurate and stable solution. 

b) the number of sweeps of the standard TDMA in both z and r directions 

is increased. For the momentum and other 0's equations, a single sweep 

is still adequate but for the pressure correction equation, three sweeps 

are needed as accumulated truncation errors produced by just one sweep 

may,• after a number of time-steps, be sufficiently large to initiate di-

vergence. 

c) a more accurate relationship
(i)proposed by Tatchell (1972) is used 

to link the velocity and pressure corrections. In his procedure, equations 

(3.2.7) and (3.2.8) are replaced by the following expressions: 

W'P  = WP  - •  . ND
w
(P;)  - PT,"1) 

(3.3.1) 

V'
P 	VP 	P 

- V* = ND
v(P' 	P') S 

Where N represents the influence of the terms previously ignored in the 

derivaticnof the former two equations. Thus apart from enjoying the 

possibility of using bigger step-size, this technique also offers better 

(1) 'See AppendixB.3. 
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prospect in terms of accuracy.' 

In the present investigation all of the three methods described 

above are employed. The saving in computing time,though not considerable, 

is very much appreciated especially in the numerical technique of this 

kind where a system comprising eight partial differential equations pre=-

scribing unsteady two-dimensional flow is required to be solved. With 

the same number of grid nodes, the introduction of these techniques per-

mits the increase of time-step by one-fifth without the loss of accuracy. 

3.4 	Details of the computation  

3.4.1 Grid distributions  

One of the most important factors which influence the solution of the. 

finite-difference equations is the distribution of grid lines in the flow 

domain. A systematic investigation has been carried out to determine the 

best arrangement both in terms of distributive patterns and number of 

grid lines which will give predictions that are in good agreement with 

experimental data and required the least computing time. Thus for a 

given accuracy, the distributions which enable solutions to be obtained 

with the smallest number of grid points and the biggest step-size will be 

chosen. 

To investigate the grid influence, various distribution (uni- 

form or expanding towards the bOundaries)have been tried. For a partic- 

ular distribution, the number of grid lines in one of the two spatial 

directions, say z, is increased while both those in r-direction and the 

time-step are kept constant until the solution is found to be insensitive 

to further refinement. The sane procedure is performed for the grid lines 
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in the other direction. Having found the optimum number of grid lines 

for this specific arrangement, the same technique is repeated for 

other variations. The optimum pattern is that which, for a given accuracy, 

has been found to be most economical in computing time. 

To determine the size of the forward time-step, the following con-

sideration has been taken; with the previously chosen grid distributions, 

predictions are first obtained by using the largest step-size which give 

a converged solution; the step-size is reduced gradually until further 

reduction produces insignificant changes in solution. 

In the present prediction, a non-uniform 22 x 22 grid system and 

a maximum time.step-size of .021 milliseconds have been found sufficient 

to give accurate results. The grid lines in z-direction expand geometri-

cally away from the plane of nozzle-exit with the expansion ratio of 1.1. 

In the r-direction they are uniform up to the wall of the nozzle but ex-

panding thereafter in the similar manner as those in the other direction 

with the expansion ratio of 1.25. To enhance the possibility of stable 

solution, the time step has initially been given a small value of .0105 

milliseconds, but this is increased by a factor of 1.1 for every forward 

• step until. the assigned maximum value of .021 milliseconds has been reached. 

With these specifications, predictions of the mixing process prescribed 

by equations (2.6.1) through (2.6.5)] at six milliseconds after the start 

of the motion take approximately ten minutes of computing time on CDC 6600 

machine. 

3.4.2 Position of the assumed free boundaries enclosing the flow field 

In the solution procedure, the domain of interest illustrated in 

fig. 2.6.1 is enclosed by the four boundaries, the plane containing the 
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nozzle exit, the axis of symmetry and two other free surfaces, one of 

uniform pressure and the other of zero flow. While the positions of the 

first two boundaries are known, the same cannot be said for those of the 

last two. In the present computation, uniform pressure is assumed to 

prevail all the time along the sOrCace zt a r3c4ia\ distalAce (r) eleven dia-

meters away from the axis of symmetry while the boundary across which there is 

always no flow is fifty diameter away in z-direction from the nozzle outlet. 

3.4.3 The application of wall functions  

The values of various wall functions described in sub-section (2.3.5) 

are in the present study evaluated at grid points located next to the 

wall. If the variables required in the evaluation are not stored. at 

these nodes, the arithmetic means calculated from their values at the two 

nearest locations will be used. 

It may be noted that the use of Couette-flow model for regions close 

to the wall eliminates the need for a fine grid there and hence the solu-

tion procedure is made more economical. In the present computation, 

accurate solution may be found withthe first grid line being .5 diameter 

away from the wall. 

3.5 	Tests of the numerical technique  

3.5.1 Introduction  

Before the prediction procedure can be employed to obtain solutions 

for the flow under consideration, preliminary investigations must be per- 
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formed to confirm its validity. In order to ensure that the time-dependent 

aspect of the flow has been correctly incorporated, the method is applied 

to solNie a simple one-dimensional laminar incompressible flow around an 

oscillating flat plate and the results are compared with exact analytical 

solution. . The application of a two-equation turbulence-model having 

k and 6 as dependent variables to unsteady flow problem is checked by 
comparing predictions Of the development of impulsively-starting two-

dimensional, incompressible, turbulent round-jet with both theoretical 

and experimental evidences obtained by Ma and Ong (1971). Finally ex-

perimental data of Corrsin and Uberoi (1950) for two-dimensional, hot, 

round, turbulent steady jet emerging from a small orifice are employed to 

demonstrate the versatility of the procedure in dealing with steady as well 

as unsteady phenomenon. Once the procedure has been validated and a re-

presentative turbulence model has been found, the mixing process of hot 

starting jets with either cold air or cold explosive surroundings can be 

predicted. 

3.5.2 Flow near an oscillating flat plate  

The analytical solution for flow near an infinite flat plate which 

executes linear harmonic oscillations parallel to itself was reported by 

Schlichting (1968). After time t the velocity (V) at distance z perpendic-

ular to the wall (see fig. 3.5.1) is given by: 

V(z,t) = 	(nt - 11) 	(3.5.1) 

where V. denotes the velocity at the plate at the start of the motion 
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11 is related to z and a constant k
1 

by the following expression: 

= k z = z\I 
p. 	 (3.5.2) 

and n is a constant. 

In the analysis the boundary condition required is prescribed in terms 

of the fluid velocity at the wall and if no slip condition is assumed, it 

will be equal to that of the wall itself, i.e.: 

V(0,t) = Vicos nt 	 (3.5.3) 

Two main adaptations are required in the employment of the procedure 

to predict this flow. To simulate one-dimensional plane flow condition, 

the length of the boundary in the direction along the plane Cr) is made 

to be very much longer than that in the other direction (z) and the 

curvature effect associated with axisymmetrical flow is removed. As the 

flow is laminar and involves uniform-property fluid, it is dictated only 

by the momentum and continuity equations.Fig.3.5.1 depicts the comparison 

of computed and analytical velocity profiles at two different times and 

excellent agreement may be observed. The fluid layer at a distance z 

undergoes a damped harmonic oscillation of amplitude equal to Vie 
-k1z 

and a phase lag equal to klz.  

3.5.3 Impulsively starting-jet (air - air injection)  

Introductory remarks 

Before the non-isothermal, turbulent, time-dependent, starting-jet 

mixing of the present problem can be considered, it is essential that a 

separate but closely related investigation should be carried out to find 

a representative turbulence model which dictates the mixing process. To 
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this end, two distinct turbulence models, the k -E on the one hand 

and Schlichting's constant eff 
(1968 )on the other have been incorporated 

into the prediction procedure to obtain solutions for incompressible, 

uniform-property, two-dimensional isothermal impulsively starting-jets. 

Fig. 3.5.2 depicts the situation considered. A sudden withdrawal of a 

solenoid valve allows air to escape through a small nozzle of a pressure 

vessel of infinite capacity into an open atmosphere. The impulsively 

starting condition implies that the jet velocity attains its steady-state 

value (Wjet
) instantaneously as shown in fig. 3.5.3. All of the following 

results have been obtained for Wjet 
= 122 m/s and d, the diameter of the 

nozzle, equals to .0254 m. 

Predictions with the constant effective viscosity model  

Predictions of the afore-mentioned problem have been obtained by 

Ma and Ong (1971), using the similar-solution technique and Hengrussamee 

et al (1973), using the time-interval method. To describe the turbulent 

motion, they both followed Schlichting's proposal (1968) by assuming that 

eff 
is constant and directly proportional to Wjet  and d, i.e.: 

= K j pW d 
Peff 2 et 

(3.5.4) 

Where K2, the constant of proportionality is the reciprocal of the effective 

Reynolds nuMber(Reeff  69.3 in the present problem). 

Fig. 3.5.4 compares the results from these two predictions with 

experimental data obtained by Ma and Ong (1971)and also with the results 

using the present 'pressure-correction' method. To indicate the self-simil-

arity behaviour of the flow, the variables chosen for comparison are 
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J4 

 

1  • • 
z P
2 

(3.5.6) 1 

(Vefft)2 
 

Where; W0  is the longitudinal velocity along the axis of symmetry . 

J is the kinematic momentum flux at nozzle outlet calculated from 

the following expression: 

jd2  4 et (3.5.7) 

Shown in this figure is the experimental envelope which not only 

reveals the near similar nature of the flow but also supports all three 

predictions. These predicted profiles exhibit good agreement particularly , 

for values of W**E between 0 and 40, beyond which, experimental evidence 0 - 

is uncertain as turbulence sets in rendering measurements difficult 

[Ma and Ong (1971)]. 

The constant effective viscosity model .vs. the k - E model  

Fig. 3.5.5 compares in detaiis the differences in the development of 

axial velocity at a station 20 diameters from the nozzle as predicted 

by pressure-correction method on account of the two different turbulence 
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models used. While the incorporation of the k -6 model produces nearly 
the same rate of change of axial velocity with time as experimental results, 

the rise in velocity predicted by the constant effective viscosity model 

is much more gradual, the consequence of which is indicated by the correspon-

ing larger steady-state attainment time. The predicted delay time is for 

both cases much shorter than the experimental one, being 4 milli-seconds 

against 9.5 milli-seconds. Although the steady state values achieved by 

both models compared well, only the k--6. model predicts the overshoot 

revealed in the experimental investigation 	[Ma and Ong (1971)]. 

The smaller rise is expected from the constant effective viscosity 

model because it considers the mixing rate as invariant with time. In 

reality, mixing would be slow initially and then increase, therefore, 

the model overestimates the phenomenon at first, and underestimates it 

later. Because of this serious shortcoming, the model will from now on be 

abandoned in favour of the k -6 one which takes full account of the time-
dependence of turbulent motion and shows in the figure a much better re-

semblance to the real mixing process, except for the delay time which is 

about half of the actual. Before any attempt is made to explain the dis-

crepancy, the accuracy of the measurements should first be scrunitinized. 

The experiment as it has been set up produced the flow which did not 

• correspond with the ideal impulsively-starting condition) a sudden 

withdrawal of the value caused initial reverse flow in the neighbourhood 

of the nozzle, and 2 milliseconds was reported by Ma and Ong (1971) to 

elapse before the nozzle velocity attained its W
jet value. The extent to 

which this reverse-flow phenomenon might interfere with the subsequent 

flow development is difficult to estimate. Furthermore, any small errors 

resulting from inaccurate assessment of instruments' sensitivity and 

calibration might become significant in the measurements of this kind where 
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the time-scale involved was in the'order of milli-seconds. 

The applicability of  the k -6 model to starting-jet flow predictions 

Practical limitations alone are not responsible for discrepancies 

displayed in the comparison. The application of the turbulence model in 

the prediction procedure involveS in itself some uncertainties. The 

model does not take into account the transition which occurs when the 

flow changes from laminar daring the early stage of its development to 

fully-turbulent one at a latersta.Also the values of a and x representing 

respectively the mean turbulent intensity and dissipation length scale 

Which should have been supplied from experimental measurements as a part 

of boundary conditions are not known. Attempts must therefore be made 

to prescribe them. 

Fig. 3.5.6 shows the effect on the velocity-time distribution of 

the variation of a and x. A similar rate of change of velocity is 

achieved between 4 - 8 milliseconds for most cases except for a = .08 

and x = .312 where the rise is less steep. This insensitivity does not 

extend to the overshoot occurrill thereafter. 'The smaller the values 

of either a or x, the bigger is the size of the overshoot and consequently 

the larger the steady-state attainment time. Such phenomenon can be 

explained in terms of the loss of mean kinetic energy due to viscous 

action which is directly proportional to the local turbulent viscosity 

(pt) and mean velocity gradients. Smaller [It  in the flow field resulting 

from the prescription of smaller a or x at the nozzle outlet means that 

more energy is available to drive the velocity to a larger peak value, 

and.vice versa. Because of the lack of the measurement for the overshoot, 

it has been decided that the parameters which give best agreement with 
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experimental data of the overall velocity rise are a = .05 and x = .312. 

Further attempts have been made to increase the predicted delay 

time by varying the values of constants Cµ, C1  and C2  in the turbulence 

model. However the only effect seems to be the change in the rate of 

velocity rise. Adjustments to grid distributions also prove to be in-

effective. The employment of uniform grids instead of the expanding 

ones would result in the turbulent wall shear stress T
s 
(which are cal-

culated from Couette's flow analysis) being underestimated. The lowering 

of Ts  would enable the starting jet to develop more freely in radial 

direction, thus decreasing the steady-state axial-velocity to an un-

realistic level. 

The insensitivity of delay time to changes in the values of constants 

,of the k -6 turbulence model suggests that the development of the jet 
during the early stage of the mixing process is controlled, not by 

diffusion, but by convection. One of the important parameters which 

affects convection is the flow velocity at the nozzle exit. Ma and Ong 

(1971) reported that the jet took 2 milliseconds to reach its maximum 

W
jet value, so a linear profile has been introduced to replace the 

impulsively-starting condition. Unfortunately this only increases the 

delay time only slightly and it is considered futile to employ more 

sophisticated profiles, as, for the most precise one, the maximum in-

crease could only be 2 milliseconds. 

To demonstrate the validity of the procedure and the k -E. model further 

predictions have been obtained for d = .0127 m with the same W
jet 

and Re eff. Shown in fig. 3.5.7 are the comparison of experimental 

and predicted development of axial velocity at 20 and 30 diameters from 

the nozzle. For the constant effective viscosity model, inaccurate 

predictions for the rate of mixing is still apparent. On the other hand, 

for the k -e model, the results at both stations compare well with 
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measurements in so far as the velocity rise and the values of steady-

state axial velocity are concerned. As in the previous case, the pre-

dicted delay time lags behind its experimental counterpart, and more so 

at 30 diamel[t6 than at 20 	This seems to suggest that the nearer the 

station is to the nozzle, the less time the flow has to adjust itself 

to the departure from the ideal impulsively starting conditions created 

by a sudden withdrawal of the solenoid valve. 

Concluding Remarks 

The study of the isothermal, uniform-density starting-jet pheno-

menon has led to establishment of the turbulence model to be employed in 

subsequent computations. The k -e model when compared with the constant 
effective viscosity model provides a more accurate representation of 

the unsteady turbulent mixing process in so far as the rate of velocity 

rise is concerned. To: be able to predict accurately this mixing rate 

is extremely important particularly in the investigation of the reactive 

starting-jet flow to be followed. In such a case, the possibility of 

ignition ocurring depends entirely upon the way in which the hot jet 

mixes with surrounding combustible mixture. The correct computation 

of the mixing rate will lead to the prediction of the correct phenomenon. 

In the light of the foregoing analysis,.the k -6 turbulence model is 

thus chosen. 

3.5.4 Steady flow ofnllamletrical turbulent jet  

The pressure correction method has been applied to predict the 
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steady flow of axisymmetric turbulent jet and the results are OrnpAvA 

with experimental evidence of Corrsin and Uberoi (1950). The purpose 

of this investigation is two-fold; firstly to further illustrate the 

versatility of the procedure and secondly to provide better understanding 

to the k -E turbulence model. The physical situation considered is the 

same as the one displayed in fig. 3.5.2 except the jet in this case is 

steady and non-isothermal. In the computations, the system of partial 

differential equations prescribing the conservation of mass, momentum, 

turbulent quantities (k,6 ) and total stagnation enthalpy is solved 

with the use of the largest possible time step which permits stable 

solutions. Because of the availability of experimental data, precise 

prescription of boundary conditions at the nozzle outlet is possible and 

they we, for the present predictions, Wjet = 34.9 m/s, Tjet = 57391, 

kjet = 2.4 x 10
6  Whet  and d = .0254 m. To complete the problem spec6 

j 

Cation, eqn. (2.5.3) has been used to evaluate €jet with a constant 

x being set equal to the previously-employed value of .312. 

Fig. 3.5.8 depicts the comparison between predictions and 

measurements of the normalised velocity and temperature distributions 

in axial' direction. Good agreement between the predicted and experimental 

velocity profiles indicates both the applicability of k -6 turbulence 

model and the correctness of the value of x being employed. Highly 

favourable comparison of the predicted and experimental temperature 

are on the other hand to be anticinated as it is the 

procurement of such agreement that determines the values of the effective 

Prandtl and Schmidt numbers to be 0.5. The closeness of predictions to 

measured results is further illustrated in fig. 3.5.9 by the plots showing 

axial variation of jet-width represented here by --2- with rj  being 
2 

the radial distance away from the axis of symmetry where the following 
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condition is satisfied: 

T - TG
T - TG 1 -0 = 

T. - T 	2 T. 	T 
jet G 	jet G 

(3.5.8) 

where TG stand for the ambient temperature. 

An important conclusion may be drawn from the above analysis 

and the one described in section 3.5.3 regarding the prescription 

of boundary conditions at the nozzle outlet involving the use of 

the k - 6 turbulence model. While the mean turbulent intensity there 

is strongly flowdependent, the value of > may be treated, as the com-

parison of the experimental evidence and predictions has revealed, to 

be a true constant of .312. 

3.6 	Presentations and discussions of  theoretical solutions 

3.6.1 The present probl ems 

The general objective of this section is to present theoretical 

solutions which will provide an understanding to the mixing patterns 

of hot starting jets with either cold inflammable surroundings or atmos-

pheric air. Ignition or non-ignition resulting from the mixing process 

will be distinctly demonstrated by the plots displaying in each case 

variat6-115 of temperature, velocity, pressure, mass fractions, and tur-

bulent quantities with both distance and time. 

In all of the cases to be investigated, the hot starting jet is 

formed following the ignition of a combustible mixture inside the 

enclosure. After the ignition ,hot gases which are driven 
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out through a small nozzle inject into the surroundings and the mixing 

takes place. In the predictions the varying parameters are the Concen-

trations of the mixture inside the cylinder before the ignition and 

those in the surroudings both of which are specified in term of the 

volume percentage. The temperature and velocity of the jet at the nozzle 

outlet Which are required.as a boundary condition in the prediction 

procedure are determined as functions of time from measurements to be 

reported in Chapter 4. The corresponding turbulent kinetic energy and 

dissipation rate are calculated based on the prescribed turbulent inten-

sity (cc) of 10% and a dissipation length scale constant (x) of .312. The 

mass-fraction of the .emerginTbot . gases are calculated with the assumption 

of the stoichiometric combustion inside the enclosure (eqn. 2.2-12). 

Two chemical reaction models, theleddy-break-up'and the 'global' 

Arrhenius described earlier in section 2.4 will be separately. investi- 

. gated. In both models, the pre-exponential constant Y. and the activation 

energy E are set equal to 5 x 104 
	moK3/2s- N  1...2  Kg 	 and 108.86x 106  J/kg mole 

respectively. 

Other conditions which are common to all the cases are listed 

below: 

Diameter of the orifice, d = 3 x 10-3 m. 

Ambient pressure, Petra 

Ambient temperature, TG  

= 

= 

1.013 x 105 

293 oK  

N/m2 

Turbulent kinetic energy across the 

nozzle outlet, k(O,r,t) , 
a2 x 1.5 x [111(0,r,t)J

2 
 J/kg 

Turbulent kinetic energy at the 
-4. 

surroundings, kG  = 10 	x k(0,r,t) J/kg 



(m 

(m02)G 

(mN )G 
2 

(m ) 
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• .052 

• .253 

• .695 

= 0.0 

= 0.0 

.142 

.117 

0.0 

.046 
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Dissipation rate across the nozzle 

outlet, €(0,r,t) 

Dissipation rate at the surroundings, 

G  

,3/2 
= [k(0,r,t)j /Xd 	J/kgs 

= k 3/2/xd 
G 

J/kgs. 

The following examples are chosen for illustrative purposes. 

3.6.2. Inflammable surroundinas 

In the first problem, both the mixtures inside the explosion cylinder 

and in the surroundings consist of 9% CH4, 22% 02, and 69% N2  by volume. 

The developments of velocity and temperature of the jet emerging from the 

nozzle are tabulated in Table D2 of Appendix D. The stoichiometric 

analysis of the mixtures results in the following specification of the 

species concentrations and the equivalence ratio, w: 

Mass fractions at nozzle exit 	Ambient mass fractions  

w  , the equivalence ratio = .818 
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According to the experimental evidence [Phillips (1971)] which 

will be presented in the next chapter, the mixing process involving the 

same mixtures does not always result in the ignition of external mixture . 

The probability of ignition occurring was reported to be 50%. From a 

theoretical point of view, such a result can be considered as the ignition 

limit. In the present study, the value of )0  the pre-exponential con 

stant in the Arrhenius expression (eqn. 2.4.1), has been adjusted to 

a smallest possible value Which would just permit ignition within a given 

time indicated by Phillips' experimental data. Also, for illustrative 

purposes, the value of n has been further reduced to give the results 

for non-ignition case. 

3.6.21 Non-ignition case  

The results for non-ignition case are illustrated in fig. 3.6-1 

to 3.6-6 by means of contour plots showing the developments at four 

different time-intervals of the time-mean values of temperature, con-

centrations, velocity-vector, static pressure, turbulent kinetic energy 

and its dissipation rate and shear stress with the time being measured 

from the instant the spark-ignition is initiated. 

i) Temperature  

The inspection of isotherms drawn on the left hand side of fig. 3.6-1 
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reveals the way in which hot gases emerging from the nozzle share their 

energy with surroundings. AS the jet moves gradually into the ambient 

atmosphere, it entrains into Its main body a stream of colder fluids 

resulting in the rise in temperature of the latter. Because of the 

domination of convection over diffusion in the mixing process, the rise 

is more prominent in forward than in outward direction as shown in 

the figure where at 8 ms an isotherm of 320°K is seen to reach a location 

12 diameters along the jet axis while achieving the widest width of 1.6 

diameters. As time proceeds, more hot gases will come out and the jet 

will push further away into surroundings. 

ii) Concentrations 

The mixing process is better illustrated by the plot on the 

right hand side of the same figure depicting the distribution of normal-

ised fuel mass-fraction from which the three distinct phases of the mix-

ing phenomenon become apparent. Initially (8 ms) the rate of entrainment 

is very small and fuel, a constituent in the ambient mixture, is swept 

away by the emerging combustion products and nitrogen. As a result little 

fuel is presented near the nozzle. However, as the jet continues to 

draw more fuel, mixing becomes stronger and fuel concentration there begins 

to increase, rapidly at first (9 ms) and very slowly later on to approach 

steady-state (30..5 ms and 11.5 ms). Further from the nozzle, fuel remains 

relatively undisturbed the evidence of which is displayed by the slow-

moving .95 and .80 fuel concentration contours. The left hand side of 

the next figure, fig. 3.6-2)shows the distribution of normalised oxygen 

concentration to be an exact replica of that of fuel. This is not 

surprising, for in the present investigation the value of 3, defined as 

(m0 - imf)' 
is uniform everywhere in the flow field and also the diffusion 

2 
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rate is the same for both species in a turbulent flow. Consequently 

whatever amount of fuel is being entrained into the hot jet, an equiva-

lent amount of oxygen will accompany them. Furthermore with the uses of 

a simple mathematical analysis and the linear relationship existing be-

tween p and T1 the latter of which represents (map  + i'mf), the normal- 
m 	2 CO1   

iged carbon-dioxide mass fraction [Trr.--] displayed on the opposite 
CO2 I 	mf  • 

side of the figure may be shown to be equal to [1 - 	In other 
f G 

words, at a location where there exists large concentrations of fuel and 

oxygen, minimal amounts of carbon-dioxide are expected, and vice versa. 

Thus in subsequent presentations of results for the ignition case, only 

the distribution of fuel concentration needs to be included. 

iii) Velocity vector and static pressure  

The aerodynamic behaviour of the flow is distinctly illustrated 

by the distributions of velocity-vector and static pressure displayed in 

Figs. 3.6-3 and 3.6-4 respectively. In the first figure, fluid is en-

trained into the jet in the region near the wall, but further downstream 

'it is being deflected away from the jet-axis. This suggests the formation 

of a recirculating region which is large in size, though very weak in 

its strength, above the main body of the jet. As the jet moves forward 

with time, more fluid is entrained and consequently the size of the re-

circulating region is increased. However the recirculation has now 

lost some of its strength as indicated by the decrease in the length of 

velocity vector within the region. At the same time, the centre of re-

circulation is moving slowly away from the wall at a rate much slower 

than that of the jet itself. An interesting point which emerges from 

the comparison of this figure with that of species concentration 
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distributions(figs. 3.6-1 and 3.6-2) is that the recirculating region 

consists entirely of the ambient fluid. The static pressure variation, 

though very small, can be illustrated by the next plot of the distribution 

of lines of constant pressure difference between that of the local and 

atmosphere. Gradually coming out of the nozzle are alternating waves of 

the above-atmosphere and below-atmosphere each of which corresponds to 

the forward-surging into stagnant surroundings of unsteady jet. These 

waves appear to loose their strength while moving away from the nozzle 

as indicated by the decrease with time in the peak pressure. 

iv) Turbulent kinetic ever 	its dissialItLarate and shear stress 

The distributions of turbulent kinetic energy and its dissipation 

rate which characterises the turbulent phenomenon in the present investi-

gation are shown in fig. 3.6-5. They are very similar in nature; both 

exhibit a very steep gradient in the neighbourhood of the nozzle and 

have their maxima which increase in magnitude with time a little further 

downstream. More informative however is the next diagram in fig. 3.6-6 

which shows the distribution of shear stress. The maximum shear stress 

may be observed near the nozzle close to the location where turbulent kinetic 

energy is largest. This is to be expected since the generation of tur-

bulent kinetic energy is directly influenced by the magnitude of the 

shear stress. Large shear stress indicates strong mixing, the feature 

well supported by the earlier diagrams which display the maximum gradi-

ent of species concentration and temperature near this particular region. 
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3.6.22 Ignition case 

With the rate of chemical reaction prescribed by the 'eddy-

break-up' reaction model described earlier in Chapter 2, ignition will 

result as shown in the next series of figures (3.6-7 to 3.6-11). The 

events before 10.5 ms are excluded from the presentation because they 

are identical to those in the non-ignition case (figs. 3.6-1 to 3.6-6). 

i) Temperature and fuel concentration 

The first figure (3.6-7) displays on the left hand side the dis-. 

tribution of temperature and on the right hand side that of fuel con-

centration. At t = 10.5 ms, a sudden rise of temperature may be observed 

everywhere in the flow field with the hottest region near the jet-axis 

represented by a closed loop contour of 1350°K. Large amount of fuel 

has been consumed within this particular region the evidence of which 

is indicated by a rapid reduction of its concentration from .50 at 9 ms. 

to about .20. The sharp increase in temperature and decrease in fuel 

concentration which is followed by an expansion of hot gases suggest 

that ignition has taken place. As the flame propagates further into the 

unburned mixture, causing the latter to burn, further expansion and tempera-

ture rise may be observed at 11.5 ms. The expansion resulting from the pro-

pagation is near-symmetrical as indicated by the contours bulging out 

more in radial directions in contrast to their oblong shape of the 

convective-dominated non-ignition case. The very high gas temperature 

and very low fuel concentration imply that the reaction at that instant 

is very incensed. 
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ii) Velocity-vector and static pressure 

In order to confirm the ignition phenomenon, the distribution of 

velocity-vector is drawn in fig. 3.6-8. At t = 10.5 ms, the surrounding 

fluid may be observed to be pushed away from the hot region by the ex-

panding hot gases instead of being entrained into the main jet body as 

in the previous case. The acceleration of the expansion is very fast as 

indicated by a large increase in the length of velocity vector near the 

free boundaries between t = 10.5 ms and t = 11.5 ms. Following the ex-

pansion, the recirculating region above the jet will disappear and the 

static pressure will rise. The increase in pressure which is illustrated 

in fig. 3.6-9 is most prominent at the moment near ignition, i.e. t = 10.5 ms 

When the magnitude of the difference between static and atmospheric 

pressure increases by about 30 times from its corresponding value at 9 ms. 

As the flame propagates into the open atmosphere, the pressure will be 

transmitted into the surroundings and a subsequent fall in the level of 

pressure will follow as indicated by the diagram at t = 11.5 ms. 

iii) Turbulent kinetic energy, its dissipation rate and shear stress 

Fig. 3.6-10 displays the distributions of turbulent kinetic energy 

and its dissipation rate to be similar to that of the previous case except 

that the contours have now bulged out because of the expansion. The next 

figure (fig. 3.6-11) is-more interesting, for it shows the occurrence of 

the second maximum shear stress downstream of the ignition region in 

addition to the one near the nozzle outlet. The same figure when compared 

with that in fig. 3.6-6 also indicateS the fall in the value of the up-

stream maxima from 15 N/m2 at t = 9 ms to 8 N/m2 at 10.5 ms. Thus the 

consequences of ignition are the promotion of mixing downstream of the 
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propagating flame and the reduction in the mixing level near the nozzle 

exit. 

3.6-23 Important features 

The results of the predictions have so far been presented to convey 

the overall picture of the phenomenon of unsteady jet mixing which may 

or may not include ignition. More accurate presentations are displayed 

in the next series of diagrams in which the variations of temperature, 

concentrations, longitudinal velocity and static pressure with both 

distance and time will be given. In the following figures, for t:,),10.5 ms., 

the solid line will be drawn in these diagrams to represent the non-igntion 

case and the dotted line the ignition case. For the events preceeding 

10.5 ms, solid line will be used throughout as the results for both cases 

are identical. 

i) Axial distributions  

Figs. 3.6-12 to 3.6-15 show the plots of the values of these vari-

ables at the jet axis (denoted by subscript '0') against the distance 

from the nozzle exit. For non-igntion case, the temperature always de-

creases with distance as indicated in the first figure. With chemical 

reaction taking place, the temperature variation is similar to that of 

the previous case but only up to t = 9 ms. At t = 10.5 ms., the temp-

erature begins to increase with distance to reach a maximum value of 

1350°K at 8 diameters downstream before it starts to fall. The sudden 

generation of heat suggests that ignition has already occurred in that 

neighbourhood. 

To provide a better understanding of the mixing process, the dis-

tribution of temperature should be inspected simultaneously with the 

species concentration profiles plotted in fig. 3.6-13. In the latter 
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figure, fuel may be observed to diffuse continuously from the surroundings 

to the centre of the developing jet. When ignition occurs, the fast 

burning rate of the fuel will overwhelm the comparatively much slower 

• diffusion rate, the consequence of which is shown by a spontaneous rise 

in temperature and'a fall in fuel concentration at the locality of ig-

nition. As time proceeds and the flow moves further downstream, the 

chemical reaction becomes more intensified. After 11.5 ms fuel along 

the jet axis is reduced to a negligible level up to z/d = 12 and the 

corresponding temperature reaches a maximum value of 1650°K at z/d = 14. 

As for the other two species the distribution patterns displayed are 

confirmations of the earlier deduction (see section 3.6-21) that oxygen 

and fuel move together and in opposite directions to carbon-dioxide. 

The general aerodynamic behaviour of the starting-jet is shown 

in fig. 3.6-14 in which the longitudinal velocity distribution is pre-

sented. At any given time, the velocity decreases with distance from 

the nozzle outlet for both ignition and non-ignition cases. However 

in the former case, the compressibility effect resulting from the ex-

pansion of hot gases has brought about a slight increase of velocity 

in the region between z/d = 18 to z/d = 22 at t = 11.5 ms. The same 

effect is responsible for the deceleration of the flow which may be 

observed immediately upstream of this particular region. The figure 

also shows that the velocity of the flow in the ignition-case is higher' 

than its counterpart in the non-ignition case. 

The next three plots (figs. 3.6-15 to 3.6-17) are more informa-

tive, for they show the axial and radial distributions of static pressure, 

the knowledge of which is instrumental to the understanding of the 

formation of the jet. In the first two figures, the development of the 

jet, before ignition, may be seen as the forward-surging of successive 
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pressure waves and for each wave, the position of maximum pressure grad-

ient represents the jet front. The effect of impulse which results from 

the sudden emission of the jet through the nozzle is most prominent in 

the early stage of the development. During this period the peak value 

of the pressure wave occurring at the location just ahead of the jet 

front is quite high in comparison with that at a later stage when the 

jet has lost some of its initial high momentum to the surroundings. The 

appearance of the wake region behind each jet front is an indication, 

as shall be seen later, of the entrainment into the jet of the ambient 

fluid. The pattern of the distributions is changed for the ignition 

case after 10.5 ms when, because of ignition, the pressure everywhere 

has suddenly increased to the above-atmospheric level with the maximum 

reaching a value approximately seven times larger than the corresponding 

peak value of the non-ignition case. As time proceeds, the high local 

pressure will be released to the open surroundings resulting in a more 

uniform distribution of pressure in the flow field at t = 11.5 ms. 

ii) Radial distributions 

In the attempt to explain the behaviour of the flow, the cross-

stream profiles of pressure ahead and behind the jet front are shown 

in fig. 3.6-17 (a), for non-ignition case, across the two respective z-

stations (z/d = 12.2 and z/d = 6.7). In the figure the distributions 

at the upstream station are shown on the dotted line and that downstream 

in full-line. Behind the jet front (z/d = 6.7),the increase in pressure 

with distance from the jet-axis suggests that fluid is being entrained 

from the high-Pressure stagnant surroundings into the jet which is at a 

comparatively lower pressure. Ahead of the jet front (z/d = 12.2), the 

opposite distribution pattern may be observed and as a consequence fluid 
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is:now moving away from the jet-axis to the surroundings where the 

pressure is lower, the behaviour which indicates the presence of stag- 

nation point nearby. The cross-stream distribution of pressure gradient 

shown in the same figure is a further confirmation of the phenomena just 

explained. For ignition case (t = 10.5 ms), the profiles drawn across 

the same two z-stations in fig. 3.6-17 (b) show that the pressure always 

decreases in the radial direction and therefore the outward flow into 

the surroundings is observed at both stations. 

The difference in the ignition and non-ignition phenomena may 

be further illustrated by the next series of figures (3.6-18 to 3.6-20) 

which depict the cross-strean profiles of other dependent variables at 

a station 14.25 diameter away from the nozzle outlet. The first two 

figures illustrate respectively the decrease of temperature and the 

increase in fuel concentration with the cross-stream distance at all 

time-intervals. At 10.5 ms, when ignition has already occurred, the.iesults 

of the two cases are not much different because the flame which has 

just been initiated has not propagated this far downstream. The progress 

of the reaction will become apparent one milli-second later as indicated 

in the figure by a rapid rise in temperature and fall in the level of 

fuel mass-fraction. The distribution of velocity drawn in the top pic- 

ture of fig. 3.6-22 is similar to that of temperature except in the 

appearance of snail negative velocity field which indicates the formation 

of recirculating zone above the main jet body. However, after ignition, 

this recirculating zone will be quickly dispersed by the expanding hot 

gases as shown in the diagram. The deceleration of the flow which may 

be observed in the region between the jet-axis and r/d< 1.8 provides 

further evidence of the compressibility effect which has been reported 

in the earlier discussion of the axial distribution of velocity. No 

comments are required to explain the behaviour of the pressure profiles 
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illustrated in the bottom picture of the same figure, as they are 

identical to the.tesults presented earlier in fig. 3.6-17. 

iii) Variations with time  

The interpretation of the results based on the axial and radial 

distributions of the governing dependent variables may be confirmed by 

an examination of the following plots which show the developments with 

time of the axial values of these variables at z/d = 14.25. The 

sudden increases in temperature and velocity resulting from ignition 

are clearly illustrated in fig. 3.6-21 and so are the decreases in fuel 

and oxygen concentrations and the increase in pressure in the next two 

figures. For non-ignition case, no such rapid changes may be observed 

at any stage of the jet-development. The effect of mixing in this case 

is shown to produce gradual rises in temperature and velocity, a de-

crease in fuel concentration to its steady-state value and a non-

monotonic variation of pressure with time. 

3.6.24 The two chemical reaction models. 

The ignition phenomenon described in the previous section has 

been obtained with the use of the'eddy-break-up' reaction rate model, 

or model (1) as it will from now on be called, in which the rate of 

fuel consumption is taken as the lower of the two calculated rates, the 

one given by the Arrhenius expression and the other derived from the 

consideration of turbulent effect. A parallel investigation has also 

been carried out to predict the same problem but with the reaction 

rate computed from the Arrhenius expression alone [Model (2)]. 

Fig. 3.6-24 illustrates the temperature distribution at three 

different time intervals which have been obtained using this latter 
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model. The comparison of the results with the corresponding contour 

plots presented earlier for model (1) in fig. 3.6-1 (for t< 10 ms) 

and in fig. 3.6-7 (for t> 10.5) reveals the following important features. 

i) the identical patterns of the distribution observed before 

10 ms suggest that, in the early stage of mixing process, the two re-

action rates calculated from these two-models are the same. This also 

implies the complete domination, in model (1), of the reaction rate 

given by Arrhenius expression over that influenced by the eddy-break-

up action during this period. 

ii) ignition predicted by using model (1) occurs approximately 

.5 ms later than that obtained through the incorporation of model (2). 

If the. late-ignition result of model (1) is correct, it means that 

the Arrhenius expression overestimates the. reaction rate at high temper-

ature. On the other hand, the delay in the start of ignition predicted 

by model (1) is probably caused by the failure of this model to provide 

a realistic interpretation of turbulent effect which sets in as the 

result of the increase in flow velocity. 

iii) critical judgement of the two models cannot be made without 

embarking on the study of the events predicted after ignition has 

occurred. The work would involve the investigation of the flame pro-

pagation which is the subject beyond the scope of the present project. 

It is sufficient here to point out that the expansion of the hot gases 

computed using model (1) proceeds at a slower rate than that based 

on model (2). 

iv) as the difference in ignition times of .5 ms is small and 

may be considered to be negligible in comparison with the whole dun-.  

ation of the jet-development, it may be concluded that both models 

predict the sane mixing pattern leading to the point of ignition. Thus 

in so far as the present project is concerned, the uses of Arrhenius 
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'global' expression. and Teddy-break-up' model gives the same predict-

ed results. 

3.6.3 	Atmospheric  surroundings, 

The mixing process under investigation involves the injection into 

atmospheric air ofhot. gases resulting from the spark-ignition of 

9.8%CH
4 + air inside the enclosure. The use of the mixtures which are 

different from those in the previous case results in the corresponding 

Changes in temperature and velocity boundary conditions and in the con-

centrationsof mixtures in the flow domain. While the former are given 

in Table D.4 of Appendix D, the latter arelisted below. 

Mass fractions at nozzle 	Ambient mass fractions 

Figs. 3.6-25 to 3.6-30 display the results of the predictions by 

means of contour plots at different time intervals of temperature, oxygen 
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concentration, velocity-vector and static pressure. The mixing pattern 

observed is similar to that of the non-ignition case presented in the 

previous section. A gradual increase in temperature and velocity which 

is a characteristic feature of the mixing of this type is evidently 

illustrated. The similarity of the two cases is further supported, as 

shown in the figures, by the appearance of the recirculating zone above 

the jet and the emission of alternating waves of the above-atmospheric 

and below-atmospheric pressure from the nozzle. 

3.6.4 Further investigation on inflammable surroundings 

The conditions under which the present prediction is made are 

• similar to those in section 3.6-2 except that the mixture consisting 

of 9.8%Cli4 + air now replacesatmospheric air as the external surroundings. 

Consequently the values of the mass fractions of the ambient mixture 

Change to(mf)G  = .057,(mo  )0  = .220,(mN  )0  = 	 ( .723 '-mCO2)G = 0 and 
2 	2 

(mH
20
)
G 
= 0:0. This problem has been chosen for the study because it 

represents, as will be seen later in chapter 4, the case of 100% pro-

bability of ignition which is in contrast to the earlier ignition problem 

where the probability is 50%. 

• 

	

	
Shown in figs. 3.6-31 to 3.6-36 are the predicted results of- 

the distributions of temperature, fuel concentration, velocity vector 

and static pressure at three different time intervals starting from the 

moment ignition occurs. The events before 6.6 ms have been excluded 

from the presentation because they are similar to those of the hot jet 

injecting into air case. In comparison with the 50% probability, ignition 

may be observed to start at a region slightly closer to both the centre 

of the jet and the nozzle exit. After ignition, the velocity-vector 
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diagrams of the present problem show the flow accelerating at a compara-

tively faster rate than that of the previous ignition case. Apart from 

these two basic differences, similar qualitative nature of two ignition 

phenomena may be observed from the comparison. 

3.6.5 The influence of grid spacing and time-step  

To permit the assessment of the accuracy and reliability of the 

predictions, two separate investigations have been carried out to deter-

mine the effect on the solutions of the following two parameters (i) 

the size of the forward-marching time-step and (ii) the number of grid 

points in the flow field. In each investigation, the concerning para-

meter is varied until the value of the jet front obtained from the pre-

dictions is found to be insensitive to further refinement. The final 

optimum grid system is derived from the inspection of the results of 

the two investigations. 

Effect of  the time-step  

The present prediction procedure employs the forward-marching 

time-step, (At)
t which increases with time by a multiple of its previous- 

step value, 	, viz. 

(At)t  = 1.1 (At)t-1 
	

(3.6.1) 

(At)t  is allowed to increase until it reaches a maximum value, 

(At)max , equal to twice its starting value, (At)o  i , i.e.: 

(At) max = 2(At)° 
	

(3.6.2) 
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Fig. 3.6-46 displays the results of the investigation all of 

which have been obtained based on 484 grid-points and with (At)max  

between .0105 and .042 ms. The solution may be considered to be insen-

sitive to the time-step size when the decrease in the value of the 

jet front, zfid obtained between two successive reductions of (At)
max 

is less than 4%. Thus from the figure, the grid-dependent solution 

may be taken as zf/d = 18.8 and with (At )max = .021 ms.-  

Effect of grid spacing 

The predicted results depend on not only the size of the time-

step but also on the fineness of the grid spacing in the two-spatial 

directions, z and r. The employment of the same number of grid lines 

in both of these directions allows the investigation to be directed' 

towards finding the effect of the total number of grid points on the 

solution. The results depicted in fig. 3.6-47 show the variation of 

z
f
/d with this parameter for a given (At)MaX (.021 ms) and grid dis-

tribution, the latter of which has already been described in section 3.4. ,  

Using the .same criterion as that of the time-step study, the solution 

insensitive to the grid spacing is observed to be zf/d = 18.8 obtained 

with 484 grid points. 

The optimum specification  

The inspection of the two results reveals that, from the consid-

eration of both accuracy and economy of the computations,, the optimum 

predictions may be obtained with the number of grid points equal to 

484 (or 22 x 22 grid lines) and with ( At)max  of .021 ms. About ten 

minutes of computing time on CDC 6600 machine is required for predictions 
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of the mixing process of six-milliseconds. 

3.7 Closure  

A finite-difference numerical method based on the pressure-corr-

ection scheme has been described and used to investigate the mixing 

process between Pot•starting jets and cold surroundings. The ignition 

or non-ignition phenomena resulting from the mixing has also been 

theoretically demonstrated. In the investigation, the factors affecting 

the flow have been taken to be the concentrations of the two mixtures, 

one inside the explosion cylinder and the other in the surroundings. 

In chapter 5, the predicted results will be compared with the experimental 

evidence which are reported in chapter 4. 
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CHAPTER 4 

EXPERIMENTAL INVESTIGATION AND DISCUSSIONS 

4.1 	Introduction  

4.1.1 Introductory remarks 

The present experimental programme has been included to provide 

the boundary conditions required in the solution of the governing partial 

difference equations presented in Chapter 2. The scope of the study is 

however confined to obtaining the measurements of temperature and velocity 

at the nozzle exit since these conditions at other boundaries (free 

surfaces far remote from the nozzle exit or.the symmetry-axis) are 

known. The results are presented as the temperature-time and velocity-

time relationships which can be used directly in the prediction proce-

dure. 

Phillips (1971) carried out the experiment to determine the 

characteristics of the starting-jet mixing phenomenon. He obtained 

Schlieren photographs showing the development of the jet and the general 

flow patterns for both ignition and non-ignition cases. The present 

chapter reports his experimental findings which are relevant to the 

present study and the way in which they may be used to validate the 

prediction procedure. 

4.1.2 The approach to obtain the measurements of temperature and velocity 

The temperature and velocity of the hot gases injecting through 

a small nozzle into cold surroundings following the ignition of a gas 

mixture inside the enclosure depend on the following factors: (1) the 
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composition of the mixture inside the explosion cylinder before the 

ignition, (ii) the geometry and the nature of the nozzle passage and 

(iii) the ambient temperature and the thermal properties of the container. 

The first factor determines the after-ignition flame temperature and 

pressure -inside the explosion cylinder, the second dictates the rates 

of heat transfer and pressure drop along the nozzle passage and the 

third decides the amount of heat loss to the container walls. The present 

experiment is restricted to the investigation of the effect of the first 

factor on the values of the temperature and velocity at the nozzle exit. 

Measurements are firstly obtained with the composition of the mixture 

inside the explosion cylinder being 9%CH4  + 22%02  + 69%N2  and the 

surroundings being air. If the flow through, the nozzle is assumed to be 

one-dimensional, it will be possible to employ these results to calculate 

the developments of temperature and velocity for other cases with 

different mixture compositions. 

In the Present investigation, the measuring instruments chosen 

should satisfy the following basic requirements. They should not only 

be of sufficiently high-melting material but also robust enough to 

• withstand the rapidly moving stream of hot gases. They should also 

have minimum interference on the flow emerging from the small nozzle and 

possess a fast enough response to follow the flow development. 

The most suitable instruments used to measure rapidly varying 

temperature in flows of this kind are the immersion heat sensors, viz 

resistance thermometers and thermocouples. The working-section (f the 

instrument is exposed to the gas stream and the signals it generates 

are monitored by electronic amplifiers or cathode-ray oscilloscope. 

Kaimakov and Tsaregorodtsev(1964) and O'dell (1970) employed the low-

inertia.resistance thermometers made of very fine tungsten wires 
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to measure the temperature of the flame and incandescent gases issuing 

from explosion-proof enclosures of electrical equipment. The resistance 

thermometer was used in preference to the thermocouple because the 

latter has a slower response due to the large size of its junction. 

This serious drawback may be removed if the junction is formed by the 

micro-torch flame-welding technique employed by Odidi (1974). Using 

a bare 4011m dia. Rh-Pt thermocouple made in this way in conjunction 

with an active filter, he was able to obtain a frequency response in 

order of 10 kHz in his measurements of the fluctuating temperature for 

a turbulent methane diffusion flame. 

In comparison to the resistance thermometer, the thermocouple 

is simpler and more economical to use: it is less prone to oxidation 

• at high temperature and its replacement is less costly. The tungsten-

wire resistance thermometer,while enjoying better sensitivity,can be 

used to measure only the bulk temperature since its most sensitive 

working-section is not a point but a length of wire. In the present 

experiment, the instantaneous temperature at the nozzle exit is measured 

successively by three Rh-Pt thermocouples of different sizes. The re-

sults obtained are used to derive the true gas temperature. 

As for the velocity measurement, none of the existing measuring 

instruments satisfy the afore-mentioned basic requirements. The hot-

wire traversing probe which has been successfully employed by Ma and 

Ong (1971) to measure the development of velocity for an isothermal starting 

jet flow cannot withstand a temperature higher than 800°C. The use of 

impact tubes has not been contemplated because of their extremely poor 

response. The sophisticated but rather complicated laser anemometry 

has been excluded from the consideration because its development is 

still in its early stage and its application to unsteady-flow has, to 
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the author's knowledge, not been attempted. 

An alternative approach is to derive the velocity from other 

measurable quantities. In the present investigation, a piezo-electric 

pressure transducer is employed to record the variation with time of 

pressure inside the explosion cylinder during the emission of hot gases 

through the nozzle. If the nozzle characteristics are known, the one-

dimensional analysis of the flow there will provide the relationship 

between the pressure and the required velocity. 

4.1.3 The contents of the chapter 

The next section of this chapter is devoted to the general des-

cription of the apparatus which includes the flow arrangement feeding 

the explosion cylinder and the instrumentation required in the measurements 

of velocity and temperature. The experimental procedure is reported 

in section 4.3 and the result's obtained are displayed and discussed in 

section 4.4. In the following section, Phillips' experimental findings 

Which are relevant to the present investigation are presented. The final 

section of the chapter describes the analytical method used to obtain 

the developments of velocity and temperature at the nozzle exit from 

these experimental results. 
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4.2 The apparatus  

4.2.1 The general arrangement 

Fig. 4.2-1 illustrates schematically the general lay-out (see also 

plate I) of the apparatus employed in the present investigation. The 

apparatus may be divided into two different categories in accordance 

with their individual functions; the first is associated with the supply 

of the combustible mixture which consists of methane, oxygen and nitrogen 

to the explosion cylinder and the second involves the measurements of 

velocity and temperature of the hot gases ejecting from the cylinder after 

the spark-ignition. 

The supplies of methane, oxygen and nitrogen are taken from each 

of the following three British Oxygen Company (B.O.C.) gas bottles, 

commercial grade methane bottle of 220 cu.ft. capacity, an '02  free' 

N
2
-bottle of 240 cu.ft. capacity and a 'free 0

2
' bottle of 165 cu.ft. 

capacity. The pressure inside the gas-supply lines is regulated by 

pressure regulators. All the flow rates are metered by the commercial-

type rotaneters WhiCh have previously been recalibrated using a wet 

bubble flow meter (65 mm. dia.). The gases enter a.mixer through separate 

conical-shape] slots and mix together at a pressure which is controlled 

by the conical angle of the slots. The homogeneous combustible mixture 

is then branched into two lines, one going to a Bunsen-flame burner 

and the other to the explosion cylinder. It may be seen later in section 

4.3.3 that this arrangement will make it convenient for the experiment 

to be repeated (once the correct mixture has been obtained), by simply 

turning the butterfly valve on or off at the inlet to the cylinder. 

The pressure difference across the mixer and the mixer gage pressure 

are measured by two mercury-in-glass manometers. 
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A Mohr clip is used to control the flow rate of the mixture into 

the cylinder. After the explosion cylinder has been filled, the mixture 

is ignited by the switch box. The. temperature of the hot gases escaping 

through the nozzle and the cylinder pressure are measured by thermo-

couple probes placed at the nozzle and the p.iezo-electric pressure trans-

ducer.fitted to the base of the cylinder. The signals from the probes 

and the transducer after being amplified respectively by the differential 

amplifier and the charge amplifier are fed into an oscilloscope and re-

corded by a camera. In order to protect these signals from external stray 

fields, co-axial leads of 50 0 impedance are used to provide electrical 

connections between measuring instruments. The switch box is also 

employed as the external triggering mechanism for the oscilloscope. 

4.2.2. The explosion cylinder  

The vertically-mounted brass explosion cylinder (50 mm. inside 

dia., 250 mm. length) which is on loan from the Safety in Mines Research 

Establishment (S.M.R.E.), U.K. is shown in Plate II and III. A round-

sectioned nozzle (3 mm. dia., 25 mm. length) is fitted to the centre of 

the cylinder top plate. The opening (9.5 mm. bore) near the top left 

corner of the cylinder is the inlet for the combustible mixture while 

the opposite opening of the sane size is used only in the preliminary 

test to be reported in section 4.3.3. Near the bottom of the cylinder 

there are two other similar openings each of which is fitted with an 

elbow-shaped pressure release vent (15.9 mm.bore) via a 9.5 mm. connector. 

To ignite the mixture inside the cylinder thespark-gap is triggered 
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off by a switch-box (shown in Plate 1). Fig. 4.2.2 illustrates the 

electrical circuit of the latter; it consists essentially of a 'Weir' 

± 25 V. power supply type 441, two capacitors and a standard 12 V. auto-

motive ignition coil. The power supply charges the capacitor (15000 NF) - 

via the 1 kQ resistor. When the switch is depressed the charge is de-

livered through the primary winding of the ignition coil resulting in 

a large e.m.f. being induced in the secondary winding and consequently 

a spark across .the gap. The second capacitor ,(.047pF) is used to suppress 

the spark across the switch when the latter is released to its original 

position. 

4.2.3 Instrumentation 

Thermocouples 

The development of the temperature at the centre of the nozzle exit 

has been obtained with the use of three sets of specially-designed thermo-

couple probes. Plate II illustrates a general configuration of the probe. 

In the present investigation, the following thermocouples, 5% Rh-Pt - 

2o% Rh-Pt wires (125 pin. dia.), 20% Rh-Pt - 40% Rh-Pt wires (100 pm. dia.) 

and 20% Rh-Pt - 40%Rh-Pt wires (75 pm. 'dia.), are used because of their 

high mechanical strength, working temperature and sensitivity. The steps 

taken in the construction of the thermocouples are as follows: 

(i) the wires are annealed by electrical heating to relieve their 

residual stress. 

(ii) the two junctions d the appropriate wires are joined together 

using a micro torch hydrogen flame [Friston and Westernborg (1965)] to 
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form a thermocouple of a very fine bead size. 

(iii) both ends of the thermocouple are wound to the 500 pm dia-

meter support wires of the sane materials. The support wires are in-

sulated from each other and from the atmosphere by threading through 

twin-bore- alumina insulators. 

Because of the high sensitivity of the thermocouple, the signals 

Obtained from the probe contain not only the thermoelectric output but 

also the spikes generated by electrostatic discharge during the spark-7- 

ignition of the mixture inside the explosion cylinder. The latter may 

however be eliminated (see section on 'signal processing equipment' on 

page111) by placing on top of the thermocouple probe a dummy probe made 

of a closed loop copper wire (1000 pm dia.). Both probes are then 

mounted on to a clamp with the junction of the thermocouple wires at the 

centre of the nozzle exit as shown in Plate II. 

Pressure transducer  

The present experiment employs a piezo-electric pressure transducer 

made of a barium titanate crystal type Mk.1 (on loan from S.M.R.E.) to 

measure the pressure changes inside the explosion cylinder. The crystal 

is housed inside a brass piece threaded to fit the hole (25.4 mm. bore) 

at the bottom of the cylinder. The function of the transducer is to 

convert mechanical measurement of pressure into a proportional electro-

static charge. The outstanding features which make this transducer 

suitable for the dynamic pressure measurement are its high natural fre-

quency, a small rise time (in order of lis) and a linear output. 



Signal processing ecoinment 

The equipment which process the signals obtained from the probes 

employed in the temperature measurement and the pressure transducer are 

displayed in Plate IV. They consist of the differential amplifier (max-

imum amplification = 200), the 'Kistler' charge amplifier, and the 

'Tektronics' dual-beam oscilloscope type 502A. 

The differential amplifier is employed for two specific purposes: 

(i) to eliminate the spikes from the output of the thermocouple and 

(ii) to amplify the resulting signals. Consequently the amplifier, circuit 

illustrated in fig. 4.2-3 may be divided into twa parts. The first 

which consists of four 10 k0 resistors and a type 741 'Signetics N5' 

operational amplifier transistor performs the subtraction of the two sig-

nals received from the thermocouple and the dummy probe via the two input 

terminals. The output which is the actual induced thermoelectric e:m.f. 

is then amplified by the second part which comprises a 100Q resistor, 

a 10 k0 transistor, a variable resistor and a t-type 741' transistor. A 

preliminary test on the differential amplifier using a signal generator 

type 'Advance' H.I reveals the following characteristic features: 

maximum error of the subtraction circuit = 1.2%, band width of the system 

us from d. c. to 6 kHz and a response time :..5; 10 
mv 

The 'Kistler' charge amplifier, type 566 which has an upper fre-

quency limit of 150 kHz is used to convert the electrostatic charge emitted 

by the piezo-electric pressure transducer into a proportional voltage. 

It also acts as impedance matching between extremely high 00CPut from 

the transducer and the relatively low tri_put of the oscilloscope. The 

high output impedance requires the connection cables to be of high insulation 

resistance so as to prevent significant changes occurring when the cables 

• 
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are shifted or moved during the operation. The use of co-axial leads 

with polythene insulation satisfies this requirement. 

The output from the terminals of the charge and differential 

amplifiers are connected (as shown in Plate IV) to the 'Tektronics' dual-

bean oscilloscope type SO2A. Two voltage-time curves representing the 

variations with time of the pressure inside the explosion cylinder and 

the temperature at the centre of the nozzle outlet are displayed simul-

taneously on the screen and recorded by a 'Nikkormat' camera with a F.3.5 

micro-lens on 'Ilford' films, type HP4 (A.S.A. 400). 

• 4.3 Experimentaljammlma 

4.3.1 The static calibration of the ressure transducer  

In the calibration the two pressure release vents near the bottom 

of the explosion cylinder were sealed while the opening opposite the- 

inlet was connected to a Hg-in-glass manometer. The cyliner was filled 

with nitrogen at various pressure levels. The corresponding signals 

emitted by the transducer and displayed as the voltage changes on the 

oscilloscope were compared with the readings on the manometer. The re-

sulting calibration curve illustrated in fig. 4.3-1 shows the good line-

arity of the output which is to be expected from the piezo-electric pres-

sure transducer. 
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4.3.2 A cold flow  test to find the discharge coefficient of the nozzle 

Introductory remarks  

The following approach has been employed to calculate the develop-

ment of velocity 'at the nozzle exit from the measurement of the varia-

tion with time of pressure inside the explosion cylinder during the 

unsteady discharge from the reservoir to the surroundings: 

(i) By assuming the flow through the nozzle to be one-dimensional, 

compressible, polytropic and frictionless, the ideal nozzle velocity 

[(W0 I) I] is related to the reservoir pressure (P
c) at any instant of 

time by the following relationship 

Pc i
1/T 	- 1 	T - 1 

2T  
(P 	- Patm (y - 1) c,i , 

) 	(4.3.1) 

whereP
co
._ and. pc,a. stand for the pressure and density inside the cylinder 

at the start of the discharge; T is the polytropic exponent. 

(ii) With the friction, the actual velocity may be related to 

the ideal velocity through the coefficient of discharge (C0  ) which is 

defined as the ratio of the actual flow rate to the ideal flow rate. 

If a top-hat profile of velocity is assumed across the nozzle, the 

following expression results: 

w0 ,I 	c (wall 
)i 

)0  (4.3.2) 

The test  

From eqns. (4.3.1) and (4.3.2), it may be concluded that 

(1) The derivation has been presented by Ong (1970) 
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the determination of the actual nozzle velocity requires the pre:-deter-

mined value of the coefficient of discharge of the nozzle. 'A preliminary 

test was thus carried out towards this objective. In the test the 

explosion cylinder was filled with room-temperature nitrogen and sealed 

from the surroundipgs by the adhesive tape at the nozzle exit. The 

sudden removal of this tape started the discharge and caused the 

pressure inside the cylinder to drop continuously until equilibrium 

was attained as shown in the diagram on Plate V. The test was then 

repeated with the cylinder being filled at different pressures. The 

decreases in pressure with time for all tests are tabulated in Table 

D.1 of Appendix D. 

To obtain the discharge coefficient, both the ideal and actual 

velocities must first be evaluated. While the former is calculated 

using eqn. (4.3.1) together with the assumption of isentropic flow 

through the nozzle (* = 1.4), the actual velocity is obtained by 

differentiating the equation of states(1) to give: 

V 
dP
c  N2 

c
)( 	4  

dt (R Tatm P % d
2) (4.3.3) 

Where MN  represents the molecular weight of nitrogen, R the universal 
2 

gas constant, Vc the volume of the explosion cylinder and Tatm  the 

atmospheric temperature. 

It may be observed that the above relationship is only applicable 

to a flow in which its temperature is invariant with time and not to 

the present flow where the emission of hot gases undergoes a continuous 

change in temperature. Fig. 4.3-2 illustrates the variation of the 

(1)See Appendix C 
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discharge coefficient Which has been derived from the test with Reynolds 
010 Id 

number, 	. For the range of Re between 60 and 260, the value 

of C./  increases approximately from .5 to .7 with increasing Re. 

To make use of these cold-flow results in the calculation of 

nozzle velocity of the emerging hot gases in the present problem, 

the following assumptions have been made: (i) Cee is a characteristic 

of the nozzle and depends only upon the nature and geometry of the 

nozzle (ii) The weak dependent of Ced upon Re suggests that the 

former may be treated as a constant of .60, a value which is the mean 

of the two limits of C6 obtained from the test. 

4.3.3 Starting-jet measurements  

The measurements were obtained with the prepared mixture 

inside the explosion cylinder consisting of 9%CH4, 22%02  and 69%N2  by 

volume and the surrounding mixture being air. The line pressure (PB) 

was maintained at 2.5 cm of Hg above atmosphere and the difference in 

pressure across the mixer [(LP)M] was 7.5 cm of Hg. The nozzle through 

which the hot gases escaped following the spark-ignition was 3 m.m in 

diameter and 25 mm long. The temperature of the hot gases at the nozzle 

exit were measured successively by three Rh-Pt thermocouples of 75 pm, 

100 pm and 125 pm in diameter and the pressure inside the explosion 

cylinder was monitored by the piezo-electric pressure transducer. The 

following paragraphs report the details of the starting-jet procedure. 
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Thesuaalaot -the mixture to the explosion cylinder 

The supply line of each gas stream was adjusted by the control 

valve of the respective rotameter to give the required mixture ratio. 

A high pressure of 7.5 cm of Hg was applied across the mixer to promote 

good mixing and to ensure that the subsequent downstream feeding of the 

explosion cylinder, when required, did not affect the previously ad-

justed mixture ratio. Once the correct mixture has been obtained, it 

was essential to maintain the supply flowing so as to be able to repeat 

the experiment without having to readjust the control valves. The mixture 

When not fed into the cylinder was disposed of by burning with a Bunsen-

flame burner. When the cylinder was being filled, a Mohr clip at the 

inlet entrance was adjusted to provide the suitable flow rate. The maxi-

mum permissible filling rate was that which would just keep the Bunsen 

flame alight. 

To determine whether the cylinder was completely filled, the 

two openings, one near the top and the other near the bottom of the 

cylinder were each fitted with small pilot-flame tubes which have the 

outlets close to the Bunsen flame. When the mixture inside the cylinder 

reached the level of the particular opening, the gases emerging from 

there would be lit. The filling period was taken to be the time which 

elapsed between the opening of the inlet and the moment at which the two 

pilot flames became identical in length, colour and steadiness. During 

this test, the explosion cylinder was sealed to provide sufficient 

pressure to drive the mixture through the small pilot tubes. 

The measurements  

To measure the required temperature, the thermocouple probe was 

placed as closely as possible to the nozzle exit with the working-junction 
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at the centre of the nozzle. The pressure transducer used to indicate 

the changes in pressure inside the explosion cylinder was fitted to the 

base of the vessel. The charge amplifier was set on a long time constant 

mode of operation and just before it was used, the control switch was 

depressed to eliminate any residual charges left over from the previous 

measurement. The oscilloscope was set on single-sweep position and on 

automatic triggering facility, the latter being connected to the spark 

switch circuit. 	In this way, the temperature and pressure traces were 

obtained starting from the instant ignition took place. The voltage 

.vs. time signals which were displayed simultaneously on the dual-beam 

oscilloscope were photographically recorded. The measurement of temp-

erature was repeated using the other two thermocouple probes. 

4.4. Presentations and discussions of experimental results  

4.4.1 Presentations of results 

Plates VI, VII and VIII display the measurements of temperature 

at the nozzle outlet obtained with the uses of 75 pm (20% - 40% Rh-Pt), 

100 pm (20% - 40% Rh-Pt) and 125 pm (5% - 20% Rh-Pt) thermocouples res- 

pectively. All photographs also illustrate the variation with time 

of the pressure inside the explosion cylinder immediately after ignition. 

The agreement in the pressure development exhibited in these photographs 

which have been taken on different occasions indicates the reproducibility 

of the experimental results. For temperature measurements, the degree of 

reproducibility is shown by the comparison of the temperature development 

in plate VIII and plate IX which have been obtained from successive tests with 



a 125 pm thermocouple.Apart from the difference resulting from the doubling 

of time-scale in the latter photograph, the two results are identical both 

in terms of the rate of temperature variation and the attained peak 

temperature values. 

4.4.2 Discussions  of results  

The results displayed in Plate VI, VII and VIII exhibit the 

following common features: 

(i) - a delay of approximately 5 ms. immediately after the 

spark-ignition. 

(ii) a steady rise of between 5 and 19 ms for the pressure 

and between 5 and 25 ms for the temperature. 

(iii) a continuous decrease in both pressure and temperature 

thereafter. 

During the .5 ms. ignition delay, there is no pressure or temp-

erature rises and the signals monitored by the transducer and the thermo-

couple remain equal to their pre-ignition values. After ignition, the 

temperature signal may be observed to lag slightly behind the pressure 

signal. This lag indicates the period during which the cold mixture 

inside the nozzle passage is being driven out by the expanding hot gases. 

Thereafter, both the pressure and temperature begin to rise rapidly as 

the flame starts to propagate into the unburned mixture inside the 

explosion cylinder. This will proceed until the pressure attains its 

peak value of 1.5 atm. at 19 ms. Immediately afterwards, a rapid 

decrease in pressure may be observed following the sudden discharge of the 

contents of.the cylinder through the two large vents near the bottom. 

M 
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The temperature on the other hand continues to increase for approximately 

a further 6 ms. before a similar decrease takes place. 

Fig. 4.4-1 displays the rise with time between 6 and 24 ms 

of the temperature of the ejecting hot gases at the centre of the nozzle 

exit which has been obtained with the use of the three thermocouples. At 

a given time, the sensitivity of the thermocouple is shown to be inversely 

proportional to the diameter of the wire - the smaller it is, the larger 

the value of temperature recorded and vice versa. For example, a maximum 

temperature of 1865°  K, 1617°  K and 1417°  K was obtained by 75 pm, 100 pm 

and 125 pm thermocouples at 24 ms. respectively. From these measurements, 

the true temperature of the gases may be calculated using the analysis 

to be given in section 4.6-3. 

The details of the pressure and temperature experimental results 

are given in Table D.2 of Appendix D. 

4.4.3 Accurac of measurements 

The mixture ratio 

The rotameters employed in the measurement of the flow rates 

of the mixture constituents can be read to an accuracy of -+ .10 of a 

division. This represents a maximum error of I 2% on the CH4 reading, 

f 5% on the 02 reading and f 5% on the N2 
reading. The reading on 

the mercury-in-glass manometer used to control the mixing pressure 

can be obtained with an accuracy of f .001 m. to give the maximum error 

of 4%. 



-120- 

Temperature measurements 

The accuracy specifications provided by the manufacturer for 

thetwo types of thermocouples employed in the measurements are as follows: 

(i) for the 5% - 20% Rh-Pt wires, ±4°Cover a temperature range 

0 - 1700°C. 

(ii) for the 20% - 40% Rh-Pt wires, ± 8°C over a temperature 

range 0-1800°C. 

Reproducibility2EL:tmarimentalrtalts 

The reproducibility of the measurements has already been des-

cribed and illustrated in section 4.4.1. 

4.5 S.M.R.E. data  Phillips (1971) 

Phillips (1971), using the same equipment as the one employed 

in the preSent investigation, took Schlieren photographs of the devel - 

opmentsof the starting jetswhich resulted from the mixing between hot 

gases emerging from the small nozzle and the surroundings. The parameters 

influencing the mixing were taken to be the mixture ratio of the gases 

inside the cylinder before the spark-ignition and the mixture ratio of 

the surrounding gases at the start of the mixing. In order to establish 

the characteristics of the starting-jet, Phillips carried out non-ignition 

tests in which the following mixtures were specified in terms of volume 

percentage: 
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Table 4.5.1: Experimental conditions of non-ignition tests  

Case No. Prepared mixture inside the 

explosion cylinder 

Initial mixture in the 

surroundings 

1 9% CH4 + 22% 02  + 69% N2 9% CH4 + 22% 02 
+ 69% N2 

 

2 9.8%CH
4+ air air 

3 9% CH4 + air air 

4 8% CH4 + air air 

The Schlieren photographs on plate X show the corresponding 

developments of tie starting-j ets at successive time-intervals with 

the uppermost picture set representing the results of case No. 1, the 

bottom set the results of case No. 4 and etc. The time indicated below 

each picture was measured from the instant the prepared mixture inside 

the enclosure is ignited. The absence of shock waves observed in 

all photgraphs confirms that the hot-jets emerge from the nozzle at 

sub-sonic velocity. At most stages of the development, the starting-

jets exhibit a fully turbulent structure except in the first pictures 

of the second, third and fourth cases where there is some evidence 

of the flow undergoing the transition from laminar to turbulent ones. 

This was probably a direct consequence of the decrease in the nozzle 

velocity (or pressure inside the cylinder) resulting from the use of 

larger pressure release vents. The measurements of the pressure 

development inside the explosion cylinder for the last three cases which 

are tabulated in Table D.4 of Appendix D, confirm that the. pressure 

obtained was smaller than that of the first case. 

• 
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The non-ignition tests are relevant to the present study in the 

following respects: (i) the pressure measurements for the second, third 

and fourth cases can be used to calculate the corresponding velocity • 

.vs. time relationships which are supplied as the boundary conditions for 

the predictions (ii) the development of the jet front and width obtained 

graphically from the photographs may be employed to validate the pre- 

diction procedure. The calculation of the velocity deVelopment will 

be presented in section 4.6-2 and the validity of the predictions will 

be discussed in chapter 5. 

For the ignition case, the external surroundings into which 

the emerging hot gases ejected, were adjusted to be of the same mixture 

ratio as the prepared mixture inside the cylinder. The critical case 

of 50% ignition probability was obtained with the experimental condition 

of case No. 1 in Table 4.5.1 in which both mixtures consist of 9% CH4' 

22% 02 
and 69% N2 

by volume. The top three picture sets in plate XI 

illustrate the representative results. Ignition of the external mixture 

may be observed to take place always within ten or eleven milli-seconds 

after initition of the spark inside the explosion cylinder. These 

Schliereaphotographs also reveal the two possible positions at which 

ignition may occur. In most instances (shown in the first and third sets), 

ignition is seen as a ball of flame developing near the head of the moving 

jet'about 5 to 80 mm. from the nozzle outlet'. The less typical results 

in the second set show ignition occurring in a vortex at the side 

of the jet, the position favoured by Wolfhard and Bruszak (1959). To 

obtain 100% probability of ignition, Phillips adjusted the two mixture 

ratios to be 9.8% CH4 
+ air. The bottom set of pictures shows that 

ignition now occurs much closer to the nozzle exit and within a few 

milli-seconds after the hot-jet emerges. The comparison of the ignition 
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phenomena observed in these Schlieren photographs with those obtained 

from predictions will be made in chapter 5. 

4.6 Evaluation of experimental results  

4.6.1 Introductory remarks  

The present section reports the ways in which the measurementsof 

pressure and temperature can be used to calculate the developments of 

velocity and temperature at the nozzle exit. In the calculations, the 

following assumptions have been made: 

i) the only factor which determines the characteristics of a flow 

through a given nozzle of a fixed geometry is the composition of the 

mixture inside the explosiOn cylinder. In other words, the values of 

velocity and temperature at the nozzle outlet will be the same irrespective, 

of the external surroundings, if the mixtures inside the cylinder are 

the same. 

ii) the flow of hot gases through the nozzle passage is one-dimensional 

and polytropic (with the polytropic exponent of 1.3). 

iii) the velocity and temperature are uniform across the nozzle exit. 

iv) tie 	,r7r.o!7s +Mr-,  rn-,71r,  n-r4+- 

with the longitudinal one and can be neglected. 

Table 4.6.1 on page 124 lists all the cases to be investigated. 

4.6.2 Velocity calculations 

From the measured pressure development, the longitudinal velocity 

of the hot-jet at the nozzle exit may be calculated with the uses of 
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Table 4.6.1: Cases under which  predictions are made  

Case No. Prepared mixture inside 

the explosion cylinder 

Initial mixture in 

the surroundings 

. 

Measurements available? 

Temperature 
at the nozzle 
exit 

Pressure inside 
the explosion 
cylinder 

1 9%CH4 
+ 22% 0

2  
+ 69% N2  9% CH

4 
+ 22°4 0

2 
+ 69% N

2 
YES YES 

2 9.8% CH4 + air air NO YES* 

3 9% CH
4 	+ air air NO YES* 

4 8% CH4 	+ air air NO YES* 

*pressure measurements obtained by Phillips (1971) 
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eqns. (4.3.1) and 4.3.2) and with the discharge coefficient of the nozzle 

equal to .60. The results of the analysis are tabulated in Tables D.2 

and D.4 of Appendix D and plotted against time in figs. 4.6-1 and 4.6-2. 

It may be observed that the shape of velocity curve depicted in fig. 4.6-1 

resembles the pressure trace of plate VI, VII and VIII which were obtained 

from the present experiment. Fig. 4.6-2 shows the rise period of the velo-

city development which has been calculated from Phillips' measurements 

of pressure for cases (2-4) of Table 4.6.1. 

4.6.3 Temperature calculation for case (1)  

Th 
• 

The measurements obtained from the three thermocouple probes for 

case (1) do not represent the actual temperature of the hot-jet. The. 

latter may however be determined if suitable corrections are made to 

account for the errors caused by the presence of the probe in the flow. 

The errors resulting from conduction and radiation ofheat along the 

lead wires and from the junction are usually of very small magnitude 

[Kaimakov and Tsaregorodtsev (1964), Odidi (1974)] and can be neglected. 

• 

	

	Thus only the effect of convection is considered in the present analysis. 

Bailey (1931) and Carbon et al (1949) proposed the following 

convect-iye-influenced heat balance equation to represent the response of 

thermocouple: 

T1  TT  - 1 - e T. T0,i 

(4.6.1) 

• 
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where T. is the initial temperature as indicated by the probe before the 

temperature change occurs. 

TT is the temperature given by the probe at time t. 

is the actual temperature-of the gas (at the nozzle exit). 

e , the time constant indicating the transient characteristic of 
the probe, is defined by the following expression which involves the 

heat transfer coefficient (aT), the diameter (dT), the specific 

heat (CT) and the density (pT) of the thermocouple material. 

prdTcT  
O - a

T 
(4.6.2) 

From these two equations, it may be concluded that the factor 

affecting the measurements are the properties and size of the thermocouples 

and the conditions of the flow. As the present measurements were obtained 

from the thermocouples which possesss the same properties, the thermocouple 

response at any given time would therefore be a function of the wire 

diameter only, i.e. 

e a dT 
	 (4.6.3) 

The substitution of (4.6.3) in (4.6.1) yield; 

Ti  - TT 	- atdT  
- T. - T 	1 -e  3. 	0,1 

(4.6.4) 

where a is the constant of proportionality and b, an exponent. 
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Applications 

Through the use of eqn. (4.6.4), the actual temperature of the 

gases (T0  ) can now be calculated from the results obtained with the 

three thermocouples. At each time step, the values of TT  and OT  from each 

thermocouple are substituted into the equation. The resulting three 

algebraic expressions are then solved numerically by the N.A.G. library 

subroutine CO5NAF (1972) to give ToiI. The results, plotted together 

with the three sets of thermocouple measurements (shown in fig. 4.4-1) 

reveal the discrepancy due to convective heat loss from thermocouple to 

the surrounding fluid at each time step for each thermocouple size. As 

the heat loss depends on the velocity of the flow which rises with time 

(see fig. 4.6-1), the discrepancy will also increase with time as 

indicated in the figure. For example, the correction on 75 pm thermocouple 

reading increases from 134°C at 10 ms when the flow velocity is 58.8 m/s 

to 305°C at 20 ms when the flow velocity is 162.1 m/s. 

4.6.4 Temperature calculations for cases (2-4)  

To obtain the temperature development for cases (2-4) of Table 4.6.1, 

the following calculation procedure has been adopted: 

i) the velocity and temperature results of case (1) are used to 

establish the relationship between the average Nusselt (Nu) and Reynolds 

(Re)numbers for flow through the nozzle passage with Nu being calculated 

from the following expression(1):  

(1) Details of the derivation appear in Appendix C.2. 
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— d T
f 

T
O 1) Nu = Re Pr (-7) 1 

T.  f 
(4.6.5) 

Where Tf represents the maximum flame temperature inside the explosion 

cylinder and Pr, the average Prandtl number. Re, Nu and Pr are evaluated 

based on the bulk temperature of the fluid inside the nozzle passage. The 

relationships are plotted in fig. 4.6-3 and tabulated in Table D.3 of 

Appendix D. 

ii) Re corresponding to the velocity results which have already . 

been obtained for cases (2-4) are first evaluated based on the assumed 

bulk temperature: The relationship obtained in (i) is then used to 

provide Nu for- each of the calculated Re. The substitutions of Nu 

and Re in eqn. (4.6-5) will yield the first estimation of T0
,1.  

• 

	

	
iii) step (ii) is repeated until the two successive iterations 

produce insignificant changes in To,". The final solutions of TO 
 

for all cases are tabulated in Table D.4 of Appendix D. 

The calculated temperature developments are displayed in fig. 4.6-4 

covering only the period during which the temperature is rising. In the 

figure, the temperature at the early stages of the developments for cases 

(3) and (4) are also shown in dotted lines to represent results obtained 

by extrapolition. Such action has been found necessary because Re cal- 

• culated at those particular time steps lie outside the range covered by 

the Nu vs.Re relationship. 

4.6.5 Experimental results  as boundary conditions  in the prediction 

procedure 

Before the experimental data of the developments of longitudinal 

velocity and temperature at the nozzle outlet can be used in the prediction 
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procedure, they must firstly be expressed as continuous functions of time. 

Here polynomial functions are chosen to fit the data points, viz: 

W
0 I 

= p
0 

+ p
1
t + p2t2 + p3t3+ 

T0,I =q0 + q1t + q2t
2 + q 

  

Pt
s 

s 
 

q is 

(4.6.5) 

(4.6.6) 

  

  

where p,q are the polynomial constants and s represents the order of 

the polynomial functions. The values of p,q and s are given at the bottom 

of Tables D.2 and D.4 of Appendix D. 

If both the velocity and temperature are assumed to be uniform 

across the nozzle exit, the following expressions may be written for 

r < d/2: 

W(0,r,t) = Wo,t  

T(O,r,t). = 1101.  

In the prediction procedure eqns. (4.6.5) to (4.6.8) are used as 

boundary conditions at the plane of the nozzle exit. 

0 
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CHAPTER 5 

COMPARISON OF RESULTS, FURTHER DISCUSSIONS AND CONCLUSIONS  

5.1 Introduction 

In.this chapter, comparison will be made of the theoretical results 

given in chapter 3 with corresponding experimental data which have been 

deduced from Phillips' Schlieren photographs presented in chapter 4. For 

non-ignition cases, the predicted values of jet-front and jet-width at 

successive time intervals will be compared with thoSe obtained experimentally. 

The results of the comparison will allow the conclusions to be made re-

garding the validity and accuarcy of the prediction procedure. For 

ignition cases, only a general qualitative assessment of the predicted 

results is possible because of the lack of experimental evidence. 

The principal results of the present investigation will be reported. 

Also discussed are the capability of the numerical procedure and the 

feasibility of the two important physical input, i.e. the turbulence 

and chemical reaction models. The chapter ends with the recommendation 

for future exploration and conclusions of the present research. 

5.2 	Comparison of results 

5.2.1 Non-ignition cases 

Fig. 5.2-1 compares the development of the jet front (zf) for the 

case in which both the prepared mixture inside the explosion cylinder and 

the external mixture consist of 9% CH4, 22% 02 
and 69% N

2. 
Because 

of the sensitivity of the results of the mixing process to slight changes 

in experimental flow conditions Which might occur during successive 

experiments, the value of zf/d in the figure are represented, not by a 
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curve, but by an envelope of maximum deviation equal to - 1.5 in z /d 

Considering this experimental scatter and theoretical inaccuracy which 

may arise from the interpolation of the pressure axial distribution to ob-

'tain the jet front (i.e. the position of maximum pressure gradient), the 

agreement between the predicted and experiment results observed is ex-

cellent, particularly between 7 and 10 ms. Here the time is measured 

from the instant the spark inside the enclosure is initiated. For 

t 7  10 ms., the comparison is still favourable although the rate of the 

development of the jet-front computed is seen to be slightly smaller than 

that suggested by experimental evidence. 

Fig. 5.2-2 shows, for the same case, the comparison of the develop-

ment of the jet width (rw) at a station 14.25 diameter downstream of the 

nozzle outlet. The comparatively large discrepancy is probably a direct 

consequence of the manner in which the computed jet-width has been de-

fined. The radial distance from the jet-axis to a position where temp-

erature is 320°K obtained from predictions may not correspond to the 

distance to the edge of the jet measured from Schlieren photographs as 

the experimental jet-width. Also because the jet is a turbulent one, its 

edges are brush-like and cannot be measured with precision from these 

photographs. Nevertheless the comparison may be regarded as satisfactory. 

Similar comparisons are made for the next case which involves the 

uses of atmospheric air as the external mixture and 9.8% CH4  + air 

as the prepared mixture inside the explosion cylinder. As in the 

previous case, the agreement between the predicted and experimental results 

may be observed to be better for the development of the jet front 

(fig. 5.2-3) than that for the development of the jet-width (fig. 5.2-4). 

The next case is similar to the previous one except that the prepared 

mixture inside the explosion cylinder now consists of 9% CH4 and air 
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instead of 9.8% CH
4 

and air. Fig. 5.2-5 illustrates the comparison of 

the developments of the jet front for this case. While good agreement can 

be observed for t>8.5 ms, the results before then show the predicted front 

developing at a slower rate than that obtained from the experiment. The 

discrepancy is probably caused by the inadequacy of the turbulence model 

to predict accurately the flow which undergoes a transitional change from 

laminar at the early stage of the development when the velocity is low 

to fully turbulent one at a later stage. This may be further illustrated 

in fig. 5.2-6 which shows the comparison of the predicted and experi-

mental jet-fronts obtained when the prepared mixture inside the explosion 

cylinder has been diluted to 8% CH4  + air. The larger discrepancy than 

that of the previous case. may be observed following the dilution which 

effectively decreases the velocity of the emerging jet. With respect to 

this minor theoretical inaccuracy, the comparisons shown in these last two 

figures further support the validity of the present prediction procedure 

for non-reacting flows. 

5.2 Ignition case  

The comparison of ignition phenomena obtained from predictions on the one 

hand and experiments on the other will be made based on the qualitative infor-

mation deduced from the contour plots of the former (figs. 3.6-7 and 3.6-31) 

and Phillips' Schlieren photographs (Plate XI) for the latter. The prediction 

for the'ignition-limit' case 	50% ignition probability) in which both 

the prepared mixture inside the explosion cylinder and the surrounding mixture 

consist of 9% CH4'22%02 and 69%N2,agree with Phillips' experimental 

nC fhn 	ano not at 

the side vortex as suggested by Wolfhard and Bruzak (1959). The predicted 

position at which ignition takes place (18 mm. from the nozzle exit) cannot 

however be verified with experimental data because of the reported large 

scatter of the latter. It may also be observed that this position of ignition 

is relatively close to the nozzle exit. This may be explained by the favour-

able conditions of the temperature of the jet and the concentrations of the 
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reactive species at that particular location. 

By altering the contents of the two mixtures to 9.8% CH4  and air, 

the probability of ignition could, according to Phillips, be increased 

to 100%. Fig. 3.6-31 illustrates that the predicted ignition has now 

occurred on the jet-axis at a distance approximately 3 m.m closer to 

the nozzle exit than that in the previous case. A similar trend is also 

displayed in the Schlieren photograph on plate XI. Instead of ignition 

taking place about 5 milliseconds after the first appearance of the hot-

jet from the nozzle exit as predicted, only one or two milliseconds • 

delay has been reported. The cause of this discrepancy is probably 

due to the omission of the effect of unburned combustible mixture which 

emerges from the nozzle ahead of the combustion products. As the duration 

of such emission is not known, the starting jet is assumed to consist 

always of combustion products only. Apart from this discrepancy, the 

• 

	

	
general qualitative agreement of the two ignition phenomena may be consider- 

ed to be satisfactory. 

5.3 The principal results  

The principal results of the present investigation may be summarized 

as follows: 

1. A numerical procedure has now been developed for the prediction of 

turbulent, two-dimensional compressible, time-dependent flows. 

• 

	

	 2. The procedure has been applied to predict the development of isothermal, 

homogeneous turbulent, impulsively-starting jets. The turbulent motion 

has been prescribed using either the k-C model or the constant effective 

viscosity model. The comparison of the predicted results with existing 

experimental evidence suggests the superiority of the k-E model. 

3. The numerical procedure with the k-6 turbulence model incorporated 

• 
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has been successfully employed to obtain predictions of the ignition or 

non-ignition phenomenon which results from the mixing between a hot 

starting-jet issuing from a small nozzle and cold surroundings. 

4. The predicted results, are used to illustrate the difference between 

the two phenomena. The occurrence of ignition near the centre of the 

jet-axis is accompanied by a sudden increase in local temperature and 

pressure and reduction in local fuel concentration. The evidence of the 

propagating flame is clearly illustrated by rapid expansion of the hot 

gases throughout the flow'field following the ignition. For non-ignition 

cases, the changes of these variables are much more gradual. 

5. In the prediction of ignition, the rate of chemical reaction is 

prescribed by either the 'eddy-break-up' or the Arrhenius 'global' model. 

While both models predict the same flow leading to the moment of ignition, 

the predicted speed of the flame propagation obtained thereafter is faster 

When the latter model is used. 

6. To demonstrate that predictions obtained are qualitatively sound for 

ignition cases and also quantitatively accurate for•non-ignition cases, 

they have been compared with experimental evidence. A satisfactory 

agreement observed from the comparison indicates the accuracy and 

validity of the present prediction procedure. The exclusion of the 

claim for quantitative success in the prediction of ignition cases is 

. due entirely to the limited experimental data available for a conclusive 

comparison. 

7. An experimental investigation has been carried out to obtain the 

developments of the temperature and velocity at the nozzle exit (required 

as the boundary conditions in the prediction procedure). The results show 

the increases of both velocity and temperature with time, gradual at first 

and more rapid later on. After reaching the maxima, the values of these 
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variables start to fall very rapidly to the values existing before 

the discharge. 

5.4 The capabilities of the prediction procedure  

Although the present method has been originally intended for ob-

taining predictions, leading to ignition, of the unsteady, sub-sonic 

non-isothermal mixing process between two streams of fluids, it is also 

capable of handling the flame propagation as a consequence of ignition. 

But in doing so, the'domain of solution must be enlarged to accommodate 

the propagating flame. With suitable modifications, the prediction pro- 

cedure can also be extended to handle super-sonic flows provided that 

(i) the effect of shock at the nozzle exit can be prescribed and• 

(ii) the grid lines there are close enough to account for the steep 

gradient of properties across the shock waves. 

From an economy point of view, the prediction procedure will prove 

to be an important tool in the design of many engineering equipment. 	The 

cost of computing time (in order of 10 minutes for flows lasting approx-

imately 10 ms) is likely to be much less than that of experimentation or 

model-testing. Although the present work is aimed towards establishing 

the foundation for the computer-aided design of the flame-proof enclosure, 

it can also lead to study many other practical problems such as the 

pilot flame ignition in supersonic ramjets and the fuel injection system 

in rocket and diesel engines. 
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5.5 Comments on the k-e turbulence model  

While the predictions obtained through the use of the k- E model 

appear to be highly favourable, to say that the model is perfect suggests 

naivety. The discrepancy in the values of the predicted and experimental 

jet-front observed during the early stage of the non-reacting mixing 

results indicates that the model is incapable of predicting accurately 

the flow with transitional change from laminar to turbUlence. For a 

fully-turbulent flow the results are far more encouraging. 

Although the model has been well tested for various classes of 

steady flow, its application to the unsteady process is novel. Because 

of the lack of information, the constants and the form of the mathematical 

equations representing the model have not been altered except for the 

inclusion of the terms expressing the time-dependent of k and e , With 

respect to all these uncertainties themodel may be considered as pro-

viding a good description of the mixing process under investigation. 

5.6 Comments on the chemical reaction models  

Through the use of the 'eddy-break-up' model, it is now possible 

to include the effect of turbulence as well as chemical-kinetics on 

the rate of chemical reaction. To study its feasibility, the most 

recent form of the model [Runchal (1973)] has been incorporated into 

the prediction procedure and the resulting flow patterns have been 

compared with those obtained from using the well-established Arrhenius 

'global' model. 

For the events proceeding ignition, both models give the predictions 

which are similar and in qualitative agreement with experimental evidence. 
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As the objective of the present work is to investigate the mixing leading 

to ignition, both models may be regarded as providing satisfactory pre-

dictions. The predicted results also indicate that the influence of 

chemical kinetics overides that of turbulence during the early stage when 

the temperature is still low. However, after ignition the effect of tur-

bulence becomes apparent and the speed of flame propagation predicted by 

the 'eddy-break-up' model is observed to be slower than that obtained by 

the other model.To be able to assess these results would necessitate the 

acquirement of more experimental data on this particular topic which is 

at present unavailable. 

• 5.7 Suggestions for future research 

Undoubtedly the most profitable area of the extended research is to 

obtain experimental data on ignition and the subsequent flame propagation 

so that the ability of the prediction procedure to handle these cases 

quantitatively may be confirmed. Provided that suitable experimental tech-

niques are available, extensive measurements of temperature and velocity 

should be made at various positions in the flow field in addition to the 

Schlieren's photographs. These measurements will also prove to be instru-

mental in the attempt to improve the turbulence model employed in the 

present prediction procedure. 

On the theoretical side, in order to eliminate the necessity of 

having to prescribe boundary conditions at the nozzle exit, the prediction 

procedure should be extended to cover the whole of the flow region including 

the inside of the enclosure. In this case, modifications would have to be 

introduced to account for the changes in boundaries enclosing the flow. 

Also to retain the same accuracy, the number of grid lines and consequently 
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the'computer time must be greatly increased. The extended procedure will 

have a direct application in the design of flame-proof enclosure. 

A simplified single-step chemical reaction assumed in the present 

theoretical study does not in reality represent the real combustion process. 

Reactions between methane and air are known to proceed to many intermediate 

steps forming many intermediate radicals. Before the multi-step reactions 

can be included to reflect the reality, though at the expense of economy, 

further study is firstly required into the details of the chemical kinetic 

mechanism of these reactions. 

The author believes that the present work has provided a major step 

forward in the investigation of the time-dependent motion of non-uniform 

property fluids. Further work should aim at the exploitation of the present 

prediction procedure to help the design of engineering equipment in which 

such mixing plays a dominant role. 

5.8 Conclusions 

For the present investigation, the following conclusions may be 

drawn: 

1. A calculation procedure based on the 'pressure-correction' technique 

has been successfully developed to predict the mixing of hot, turbulent, 

round-sectioned, starting jets with cold surroundings. 

2. A turbulence model characterised by two differential equations represent-

ing the conservation of turbulent kinetic energy and its dissipation rate, 

has been found to be suitable for the predictions of the present unsteady-

flows. 

3. Transient flow patterns at successive time intervals predicted by the 
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procedure has been employed (i) to study ignition and non-ignition pheno-

mena resulting from the mixing process and (ii) to demonstrate the difference 

between them. 

4.. The predicted results for non-ignition cases have been shown to be. in 

good quantitative agreement with experimental evidence. For ignition 

cases, the comparison is not conclusive because of insufficient experimental 

data. 

5. An experimental investigation has been carried out to determine the 

developments of velocity and temperature at the nozzle exit. The results 

are used as boundary conditions in the prediction procedure. 

• 

a 
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NOMENCLATURE 

Symbols 	Meaning 	 Equation of  

first mention 

a 	proportional constant in the calcu- 

lation of time constant of thermocouple 

b 	exponential constant in the calcula- 

tion of time constant of thermocouple 

A,B,C,D 	coefficients in the general finite- 

difference equation for 0's 

Cl,C2,CD,C µ 	constants of the k - E turbulence model eqns.(2.3.8-11) 

Cg,CR 	constants of the'eddy-break-uri model 	eqns.(2.4.2-4) 

CP 	specific heat at a constant pressure 	eqn. (2.2.6) 

of the mixture 

CT 	specific heat at a constant pressure of eqn. (4.6.2) 

thermocouple 

Cd5 	
coefficient of discharge of the nozzle 	eqn. (4.3.2) 

d 
	nozzle diameter 	 sec. (2.5.1) 

div 
	divergence - a vector operator 	eqn. (2.3.2) 

E 	activation energy in Arrhenius express- eqn. (2.4.1) 

ion 

F 	coefficient in the general finite-differ- eqn. (B.3) 

ence equation for Ws 

g 
	r.m.s of fuel concentration fluctuations eqn. (2.4.3) 

G 	generation of turbulent kinetic energy 	eqn. (2.3.8) 

Gr,Gz  terms associated with diffusion in the 	eqns.(13.22,8.23 

finite-difference equation for the 

pressure-correction 

eqn. (4.6.4) 

eqn. (4.6.3) 

sec. 3.2.2 
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Symbols 
	

Meaning 	Equation of  

first mention 

h 	 specific enthalpy 

total stagnation enthalpy 

heat of reaction 

stoichiometric fractions 	eqns.(2.2.13-15 

kinematic momentum flux at nozzle outlet 

turbulent kinetic energy 

k1 	constant associated with flow near 

oscillating flat plate 

kg 	thermal conductivity of the mixture 

K 	constant of the perfect gas law 

K
2 	constant associated with Schlichting's 

constant effective viscosity model 

2 	dissipation length scale 

length of the nozzle passage 

L 	mixing length 

LF,Lz  terms associated with convection in the 

general finite-difference equation for 0's 

species concentration 

me 	
mass of the contents of the explosion 

cylinder 

m 	mass source at the point P 

110 	volumetric rate of consumption 

M 	molecular weight 

n 	constant associated with flow near 

oscillating flat plate 

eqn. (2.2.4) 

eqn. (2.2.4) 

eqn. (2.2.6) 

eqn. (3.6.5) 

eqn. (2.2.4) 

eqn. (3.5.2) 

eqn. (C.2.2) 

eqn. (3.2.10) 

eqn. (3.5.4) 

eqn. (2.5.3) 

eqn. (C.2.1) 

eqn. (A.17) 

eqn. (B.3) 

eqn. (2.2.4) 

eqn. (C.1.1) 

eqn. (3.2.5) 

eqn. (2.2.5) 

eqn. (2.3.16) 

eqn. (3.5.1) 
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Symbols  

N 

Meaning 	Equation of  

first mention 

factor in the improved finite-difference eqn. (3.3,1) 

momentum equation 

average Nusselt number of flow through sec. (4.6-4) 

the nozzle 	 eqns.(4.6.5-6) 

p,q coefficients in the expressions for velo -eqns.(4.6.5 -6) 

city:and temperature at the nozzle outlet 

static pressure 	 eqn. (2.2.2) 

PB 	line pressure 	 sec. (4.3.3) 

P 

0 
Pr 

( A P)m  

static pressure inside the explosion 	eqn. (4.3.1) 

cylinder 

average Prandtl number of flow through eqn. (4.6.5) 

the nozzle 

term associated with pressure gradient eqn. (B.8) 

effect in the general finite-difference 

equation for 0 's 

pressure difference across the mixer 	sec. (4.3.3) 

Qr,Qz  

rate of heat transfer through the wall eqn. (C.2.1.) 

of the nozzle passage 

terms expressing the effect of non- 	eqns.(8.22,B.23) 

uniform density in the finite-difference 

equation for pressure-correction 

radial co-ordinate 	eqn. (2.2.1) 

value of r where the normalised temp- 	sec. (3.5.4) 

erature is half that at the jet axis 

.11 
qw 

r 

r1/2 
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Symbols 
	

Meaning 	Equation of  

Re 

Re 

S source term in the governing differential 

equation for 0's 

t 	time co-ordinate 

t 	size of forward-marching time-step 

( .6,t) 	maximum value of At 
MaX 

T 	temperature 

T
b 	

bulk temperature 

TO 	
actual temperature of the gas at the 

nozzle exit 

Tf 	
flame temperature 

first mention  

sec. (5,2.1) 

eqn. (2.3.16) 

sec. (3.5.3) 

sec. (4.4.6) 

sec. (2.6) 

eqn. (2.2.1) 

eqn. (3.6.1) 

eqn. (3.6.2) 

eqn. (2.2.6) 

eqn. (C.2.2) 

eqn. (4.6.1) 

eqn. (4.6.5) 

rW 	jet-width 

universal gas constant 

Reynolds number 

average Reynolds number of flow through 

the nozzle 

order of the polynomials 	eqns.(4.6.5 -6) 

Tr ,Tz 	terms associated with diffusion in the 	eqns.(B.6,13.7)  

gerneral finite-difference equation for 0's 

U coefficient in the general finite differ- 

ence equation for O's 

✓ velocity in radial direction 

✓ frictional velocity 
T 

V 	velocity vector 

VG 	volume of the explosion cylinder 

v' v' 7 0 	 fluctuatin5 components of radial and 

circumferential velocities 

eqn. (B.10) 

eqn. (2.2.1) 

yqn. (2.3.19) 

eqn. (2.3.2) 

eqn. (4.3.3) 

sec. (2.2) 
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Symbols 
	

Meaning 	Equation of  

first mention  

W 	velocity in longitudinal direction 	eqn. (2.2.1) 

w' 	fluctuating .component of longitudinal 	sec. (2.2) 

velocity 

X,Y,Z 	constants derived from polynomial curve 	eqn. (2.3.17) 

fitting of the specific heat of the mixture 

z 	longitudinal co-ordinate 	eqn. (2.2.1) 

zf 	
position of jet-front 

z normalised longitudinal distance from the eqn. (2.3.19) 

wall 

0 	general dependent variable 	eqn. (2.6.2) 

a 	turbulent intensity 	sec. (2.5.1) 

heat transfer coefficient for'flow around eqn. (4.6.2) 

thermocouple 

compound concentration variable (mo  -imf) eqn. (2.2.16) 
2 

values of 0 at the nozzle outlet and in 	eqn. (2.2.20) 

the surroundings 

dissipation rate of turbulent kinetic 	sec. (2.3.2) 

energy 

compound concentration variable 	eqn. (2.2.17) 

(m +i'mf) CO
2 

values of y at the nozzle outlet and in 	eqn. (2.2.20) 

the surroundings 

diffusivity for property 0 	eqn. (2.2.4) 
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S 'cols Meaning 	Equation of  

first mention 

   

x. 	 pre-exponential constant in Arrhenius 	eqn. (2.4.1) 

expression 

e 	time-constant of thermocouple 	eqn. (4.6.1) 

length scale constant 	eqn. (2.5.4) 

viscosity 	 eqn. (2.2.4) 

a normalised variable associated with flow eqn. (3.5.1) 

near oscillating flat plate 

mass-density 	 eqn. (2.2.1) 

60 
	 Schmidts number for variable 0 	eqn. (2.2.4) 

w 
	equivalence ratio 	 sec. (2.4.2) 

equivalence ratio Correction function 	eqn.'(2.4.1) 

for Arrhenius expression 

T 
	shear stress 

Ts 
	 wall shear stress 

a normalised variable in the study of 

impulsively-starting jet 

polytropic constant 

Subscripts 

0 	 along the jet axis 

1 	 in longitudinal direction 

2 	 in radial direction 

3 	 in circumferential direction 

atm 	atmospheric condition 

eqn. (2.2.2) 

sec. (2.3.5) 

sec. (3.5.3) 

eqn. (4.3.1) 
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denotes Arrhenius 'global' model 

b 	fully-burnt condition 

c 	condition inside the explosion cylinder 

CO
2 	

denotes carbon-dioxide 

D at the present time-step 

e,w,n,s 	at points mid-way between P and E,W,N,S 

E,W,N,S 	at points east, west, north and south of point P 

eff 	effective value of the quantity concerned 

denotes fuel 

G in the surroundings 

H pertaining to total stagnation enthalpy 

H2O 	denotes steam 

initial condition 

I 	at the nozzle exit 

ISEN 	values of variables obtained by assuming isentropic flow 

j 	 denotes species j 

jet 	values of variables obtained by assuming impulsively- 

starting condition 

pertaining to turbulent kinetic energy 

N
2 	

denotes nitrogen 

0
2 	

denotes oxygen 

P at the point under investigation 

ref 	values of variables evaluated at reference condition 

t turbulent value of the quantity concerned 

T 	denotes thermocouple 

u denotes unburnt-condition 

U at the previous time-step 
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pertaining to the compound concentration 'variable p 

pertaining to the compound concentration variable y 

0 	pertaining to property 0 

Superscripts  

denotes the estimated value of the quantity concerned 

* * 	 denotes.a normalised value of the quantity in the 

impulsively-starting flow investigation 

denotes the correction of the quantity concerned 

with the upwind-difference technique being introduced 

denotes ideal condition 

P . pertaining to static pressure 

✓ in the radial direction 

t value of the variable at the present time-step 

t-1 	value of the variable at the previous time-step 

✓ pertaining to radial velocity 

W pertaining to longitudinal velocity 

z 	in the longitudinal direction 
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Plate I: Arrangement of experimental apparatus 
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Plate III: Front view of the explosion cylinder 	Plate II: Top view of the explosion cylinder and 

thermocouple probe in measuring position 
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Plate IV: The charge amplifier, the differential amplifier and the oscilloscope 
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Plate V: Oscilloscope trace displaying the decrease with 

time of pressure inside the explosion cylinder 

in the 'cold' flow test 

Scale 	Horizontal - 1 cm : 5 ms 

Vertical 	- 1 can : .1 V. 
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Plate VI: Developments of temperature at the nozzle exit (with75 pm 

thermocouple) and pressure inside the explosion cylinder 

Scale  

Horizontal - 

Vertical - 

5 ms 

1 my (temperature curve) 

1 can • .2 V (pressure curve) 

Plate VII: Developments of temperature at the nozzle exit (with 

100 pm thermocouple) and pressure inside the explosion 

cylinder 

Scale  

Horizontal - 1 an : 5 ms 

Vertical 	1 an : .5 my (temperature curve) 

1 cm : .2 V (pressure curve) 
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Plate VIII: Development of temperature at the nozzle exit 

(with 125 pm thermocouple) and pressure inside 

the explosion cylinder 

Scale 

Horizontal - 1 cm : 5 ms 

Vertical - 1 cm 
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1 cm • .2 V. (pressure curve) 

Plate IX: The same as that in Plate VIII but with the horizontal time 

scale doubled to 1 cm : 10 ms 
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Plate X Phillips' Schlieren photographs showing the development of 

starting-jets for non-ignition cases 
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%40
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4 + air air 

3 9% CH
4 + air air 

4 8%'CH4 + air air 
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Plate XI Phillips' Schlieren photographs showing the development 

of starting-jets for ignition cases 
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explosion cylinder 

Initial mixture in the 

surroundings 

1,2,3 9% CH
4 
+ 22% 0

2 
+ 69% N

2 
9% CH

4 
+ 22% 0

2 
+ 69 %N

2 

4 9.8% CH
4 + air 

9.8% CH4 + air 

41, 	 4. 	 • 



Case 2 

Case 4 

10.0 8.9 7.8 4.2 	3.1 	1.J 6.6 	5., 

8 	7 

Case 3 
i• • • 	• • • • M MMMM M MMMM 

11 C.) 	 9 

4' 	 • 

ase i 
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Amendix A: Derivation of wall functions 

Wall shear stress 

In the vicinity of the wall, the ° 

velocity profile is given by the following 

universal log-law relationship:.  

V 	1 
v  - .437  .en(8.8z+) for z+;> 11.63 

( A .1 ) 

V 
= z 	for z 	11.63 

where, (A.2) 

z 
pzV 	Pz Ts/ p 
---1 

-- 	
= 
	11 

(A. 3 ) 

8V 
T  s tBz 

The Couette flow assumption [Launder and Spalding (1973)] enables 

the conservation equation of turbulent kinetic energy (eqn. 2.3.8) to 

be reduced to the following form: 

G =c € Drn (A.5 ) 

n12,1 1-h.r- clenr,ration term. G may be assumed to be equal to the product 

of turbulent viscosity (gt) and the velocity gradient normal to the 

wall, thus: 

av 2  CD p 
t bz (A.6) 

By replacing 6. with (G tok2)/gt  (eqn. 2.3.11) and Introducing. 
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T
s 
in place of 

av 
eqn. (A.6) becomes: az$ 

2 C
D 

 pC pk2 
s  

gt 

- 1
Ts 

k = 	C ) 2  
p µD 

1 	1 

k2 
• pv 
. —T L(C c „..s- 

T 

1 	1 

T = 	( C 	) V 
S 	P 	 T 

(A.7)  

(A.8)  

(A.9)  

The substitution of V ,using the universal log-law relationship (eqn.A.1 

yields the expressions for shear stress to be used in V-momentum equation: 

1 	1 

Ts = D)
4 

V/f.,n(8.8z) for z :> 11.63 

 

.1 	1  

T
s 
 = pic2(C p CD V/z 

. • 
for z < 11.63 

(A.10)  

By combining eqn. (A.7) with eqn. (A.3), the value of z+  may be re-

written in terms of k as follows: 

.• 

1 

z 
	rk7(c c )z4  

(4A.1.1) 

Near-wall treatment  of the dissipation term in k-conservation_equation 

(2.3.8)  

With the use of eqn.(2.3.11), the value of6 in the dissipation 
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term of eqn. (2.3.8) may be replaced by (C ii2/gt) to give the following 

expression: 
2 C 0-01 

Dissipation term = CD  p 	= CD  p ••••"••^.1  

pC.0.CDk
2V 

Ts 

By substituting Ts  in the above equation with the values given 

by eqn. (A.9), the expression emerged will be used in turbulent kinetic 

energy conservation equation: 

4:z Dissipation term = 

3 3 
71.  C 	k2  An (8.8z+)/(.437z) for z>▪ 11.63 

3 3 

Dissipation term = p(CIICD)4  k2  z▪ /z 	for Zril.0 11.63 

(A.12 

Near-wall dissipation rate of  turbule2IIslatlicsatna 

TocalculateE near the wall, the first step is to write down an 

expression for gt  in terms of k and the dissipation length scale (f) Where 

is defined as 	3 

	

k2 
	

(A.13) 

and 

lit = Cg
Pic2 £ 

The substitution of eqn. (A.13) into eqn. (A.14) yields: 

Pt
3 

C

- 

	3 3 ,e4 
11. 

(A.14)  

(A.15)  
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This expresSion is employed to eliminate e from eqn. (A.6), 

thus: 

3 
2 DV () = C 

t az 	Dr
r, 	 
 3 3 4 
C p 2 

 

 

- 1 
2 2 air 
P2  Tg (A.16) 

From the mixing length 0E4) hypothesis, the turbulent viscosity 

is given by the following expression: 

2 aV 
tit PI' az (A.17) 

In Couette flow analysis,L may be assumed to be directly proportional 

to the distance from the wall, i.e. 

L = .437z 	 (A.18) 

The substitution of eqn. (A.18) into eqn. (A.17) yields: 

= p(.437)2z2 bz 	 (A.19) 

By equating the expression given by (A.19) with that by (A.16) 

the following result emerges: 

-3 1 

2= .437z C µ 4 CD
4 	 (A.20) 

The combination of eqn. (A.13) with eqn. (A.20) will give an 

expression for the dissipation rate (. ) in the near-wall region, .e. 

3 3 
4 k2 C 

1 
.437zCL11.  

(A.21) 



(.437)2CD2 

(C
2 
- C

1
C
D
)C1.17  
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The relationship between the dissipation Schmidt  number and other  

turbulent constants  

In order to find this relationship, the Couette-flow assumption 

is first used to reduce the conservation equation ofE(eqn. 2.3.9) 

to the following form: 

C , 
2Pe 

 2 
Ileff 	1 EG 	L.  

a.- e. 	az4 	k 	 ic (A.22) _ 

The substitution of G from eqn. A.5 yields: 

eff (C
2 
- C

1CD)
2 

az e 	az (A.23)  

The assumption of a uniform stress-,layer near the wall will 

allow the term on the left-hand side to be written as 	Ileff 
bE 	z2 

If tit  is taken to be very much larger than 	eqn.(A.23) will 

become: 

2 
- C1CD)  Pic 

k 

  

(A.24)  
(C2  - C1  CD  )z

2  pE 

By using eqn. (A.21) and replacing tit  by (C1101(2)/6 

following equation results: 

the 

(A.25) 
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Appendix B: Derivation of the finite-difference equations  

The finite-difference equations are derived by performing an 

integration on the governing differential equations over the control 

volume displayed in fig. 3.2.2. The staggered grid arrangement employed 

in the present procedure has resulted in the control volume being 

different for each of the dependent variables V,W and 0 as shown in 

fig.5420). In each control volume, the subscripts N, Si E and W (shown 

here only for the 0-cell) refer respectively to the points north, south, 

east and west of the point P where the solution is sought. The smaller 

letters n, s, e and w denote the four control volume. boundaries which 

lie exactly midway between P and N, S, E and W respectively. 

In the derivation, the variation of 0 is assumed to be stepwise 

in time-direction and the backward difference is used to evaluate, the 

time-derivatives. The calculations of the cross-stream convections 

employ the combination of the central-difference and upwind-difference 

formulae for the first order derivatives with the convected 0 being 

taken as the arithmetic mean of the two 0's along its side. For diffusion 

calculation, the linear variation of 0 between grid points is assumed, 

except when the high-lateral-flux modification dictates otherwise. 

The governing differential equations have been given in section 

2.6, and they are: 

Equation for conservation of 0's (eqn. 2.6.2)  

3(0) 	.P67( pwco ) + 	prv0) 
at 

.2■.( 1-leff 00, 	1 3 Jeff ao 
- az 0 TV 	r ar 6 	ar) 	PO S0 
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The continuity equation (2.6.1)  

at
2 + Oz 

3 	3 	1 a —(,-,w) + r ar ---( prv) = o 

The equations are integrated term by term and the results when 

a5sembled will yield the finite-difference equations. 

B.1 Equation for conservation of 0's  

Integration of the first term 

1  At  S (p0) dz r dr dt = Az Ar 
 at 	 At 

C 

p0r)2  - (Tr por)u  (B.1) 

1 where -457-t- 

by the 

J indicates the integration over the control volume divided 

increment of time. 

The present-step term in eqn. B.1 Az At  r  Or)plis evaluated with 

the use of continuity equation. By integrating the continuity equation 

term by term, the following result may be obtained: 

1 	lap _3  = 

= 

= 

Az 	r ( f Az A r rdr dt E 	" z 
C 

1 f 	a(PW) dz rdr dt 

et 	Pr/P 

A r ( (wr )e 	- 

Az(pVr)n  

Pr )u 

A r (pwr )w  

- A z(prV)s  

At J 	az 
C 

1 	f 1 	3 (prV)dz rdr dt 
At 	r 	ar 

C 

Thus 
( AzAAtr pr )p  =_ ( Az Ar 

At Pr  - Ar(PWr)e  + A r(pWr)w  

- Az(prV)n  + A z(prV)S 	(B.2) 
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Substitute (B.2) in (B.1) to yield: 

a 	dz rdr dt = [( A z  	) _ 2  .4E( 
wr  ) 
	Ar 2 	

,PV/r) At 	U 	2 P  e Tt 	 w 

C 

- 2 r Az (prV) + 2 --6 2z  (prV)s] Op 	I-Az A r ) 0  
U U 

= (Fu - 2 Lz + 2 Lz - 2 Lr + 2 Ls) 	FU 0U F-,0*  s  (B.3) 

Integration  of other terms 

At 	bz( pw0) dz r dr dt = ( pWr A r0)e - ( pWr r96)w 
C 

	

= 611  r(64 ) e  (0E  + 0P 	2 ) - 6E-(cWr) w  (0 + 0W  ) 2   

Lz
e  ( 0E  + 

0Pw  ) - Lz (0P  + 0W ) 	(B.4) 

At 
ij 

r  --( prV0) dz rdr dt = ( pVr A z0 )n - (pVr A z0) s 
C 

A 
2  
z 	 4 z --( prV) n  (0N  + 0P 	2 ) 	---( prV) s  (0P  + 0 ) 

= Lrn  (0N  + 0 ) - LS (0P  + S ) 
	(B.5) 
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At 	az( 6 f a 
Peff a0 	 11„...„ " 

a  ) dz rdr dt = 	(r L r.--...--_-_ ,..;..,)...u) _ (r, A neff DO )  
60  az e 0 z  C 

	az w 

( 
r 

z b
eff )  
0 e 

r 
Az  
Arlieff 

w - 0 ) -( 	(0 - 0W  ) P   

= Tz(0E  - 0Pw  ) - Tz(0P  - 0W  ) e  (B.6) 

F WS, 	 geff ao 	, 1 	1 a_(r 	 Jeff a0)  ef- 	rdr dt = ( Az 	- A zr 	ar  s 
C 

ar 0 - 	0 At r 6 0 

	

r Az g_f.R 	 r Azg 

r60 
	 (Om  Op) 	( Aro

eff )s(95p  - Os ) 

	

Trn(0N  - 0P 	s ) - Tr(0P  - 0s  ) 
	

(B.7) 

P0dz rdr dt 	= 	P a 	 (13.8 ) 

At 
1 10 dz rdr dt 	= (Sox' P r d z) 

CJ  

S S 0 U P P (13 .9 ) 

ASsemble equations (3.3) to (B.9) to give: 

(Fu  - 2 L: + 2 L: - 2 Lirl  + 2 L:)01, - FuOu  + Lez(OE  + Op) 	1,174(Op Ow) 
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+ Lrn  (0N  + 0P  ) L
r
(0 + 0 ) = Te(0E - OP) - T

z
w  (0 - 0W  ) + Tn  (0N  - 0P  ) s P 	S   

T
r(0 - 0 ) +P +S +SO SPS 	1.113 P 

Rearrange the above equation into the following form: 

(F. - Le + L
z - Lr 4 Lr + Tz + Tzw 

 + Tr
n  + Ts - SP )0P P P 

z- 
= (Tr  - Lr)0 + (Tr  + Lr)0 + (T - Lz)0 + 

Tz Lz)0 + 
0 +S +Pm 

n 	n N 	s LS  )OS 	e 	e E 	w 	wW 	UUU5 

[(Tr Lr) 4. (Tr + Ls) 	(Tz 	Lz) 	(Tz Lz) 	F 	s  ]0  

	

n n 	S S 	e e 	W W 	U P P 

. (Tr  - Lr)0 + (Tr  + Lr)0 + (Tz  - Lz)0 + (Tz  + Lz)0 + (FuOu  + s'u) + n 	n N 	
s LS )0S 	e 	e E 	w 	w 

	

+ AS 
	E  + Aw  + Fu  - Sp)Op = ANON As  Os  + A OE  + Aw  Ow  + B + U (B.10 

Op ANON
0 	0 =  	+ As0  Os  + AEOE  + AwOw  + 	+ U0  (B.11 

In the above equation the coefficient T's is replaced T where 

the latter is calculated from the upwind difference assumption as 

follows: 

T's =-12-[T +ILI + 	- I T-1 1 1] 
	

(B.12) 

The coefficient U0  in equation (B.11) is zero for most 0 equations 

except the two momentum equations in which it represents the term 

expressing the effect of pressure gradients; i.e.: 

= D0  AP 
	

(B.13) 

• 
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Thus equation (B.11) may be rewritten for all governing equations 

in the following form: 

Momentum -equations: 

W 
w -  W W 

+ AsWs  + AEWE- + A4-1-B + D (Pp  - Pw) 

(B.14) 

BV + DV(P - P ) Vp  AN
V 

 VN  + AS VS  + AEV  VE  + AwV  Vw  + 
P 	S 

Eauation for other  dependent variables (0's): 

• 

0 	 0 Op  = ANON  + AE Os  + AE0  OE  + AwOw  + B0  (3.15) 

B.2 The continuity equation  

In the derivation of the finite difference equation to replace 

the continuity equation, the following relationships(1)  are used to 

relate the dependent variable (P') to the estimated (V*,W*) the 

actual (V,W) velocity fields and the velocity corrections (V',W'): 

Vn = Vn  - V* = D
v
(P' - P') n 	n N P 

	

V' = Vs  - V* 	P 	S D
v
(P/ - P') 

	

s 	s  

W ,  = W - 	D(2E - 1:))e 	e 	e 	
e 

 

(B.16) 

Ww = W - W*w  = D w (P' - 13W') P  

• • 	............ 	• 	• 

(1) The derivation appears in Appendix B.3 
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In subsonic compressible flow, the density may be calculated from the 

assumed perfect gas law. 

p* = KP* 	 (B.17) 

where 
	1 	 (B.18 ) 

RT 
3 M. J 

Here p* and P* denote the estimated density and pressure which. 

are related to their actual values ( Pend P) via the corrections p' 

and P' as follows: 

	

P = p* 	 (B.1.9) 

P 	= P* 	Pt 
	

(B.20) 

With the use of the information given by equations (B.16) to 

(B.20), the continuity equation may be integrated term by term to 

give the finite-difference equation with P' as the dependent variable. 

f e 	t- dz rdr dt - (Az A r  
P r) 	(Az dr 

C 
P At At u 

r ( p* 	p')] P P 
Az Az' 

At --p r) 

= [2EAL r  mp* Kpl)] 	(4Z 	r)  
At 	 At 	- P 

rAz Ar  rKp,] 	(ALLE rKP*)  - ( Az Ar -,) 
L At 	At 	P 	

At 
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S Po + F 	F PP D U (B.21) 

1 f a (pw) 	
A t 	

_Fa 4t- 	 dz rdr dt = — `13* 	P')(14*  + W')] dz rdr dt
IIC 

1 
— 

- 

At az 
rlat WW*) dz rdr dt 

(Kp*w* + KP*W' + KP'W*) dz rdr dt 

= Er d r(KP*W*+KP*W 1 +KP 'W*) 	r Ar(KP*W*+KP*W'+KP'W*)] 

w 	
P+ P'. E = [(p*W*r A r)e+( p*r dr) eD 	1- e E (PPP  )+(Kr drW*)(e 2 -)j 

Pp 2 ' + P t  

- [ P * W * r Ar)w+(p*rdr) wwPW  Dw(P 1-P')±(Kr drW*):(w 	")] 

= 2Lze  + Gze  (P ,E  - PP) + Qz(LoP 	E + P') 

- 2Lz  - Gzw  (PP - Pt) - Qz(P'P  + P'W ) 	(B.22) w W w  

Pl+P ,  1f D(PrV)  rdr dt = [(p*V*rAz) + (p*rAz) Dv(Pl-P1)+(KrAzV*) 	P 
N)] 

 

At 	b 	 n r 	 nnNP 	n 2 
C 

Pi+Pt P 
2 
 S - [(p*V*rAz)s+(p*rAz) sDv(P'- S  P')+(KrazV*) s  (--)j sP  

= 2Lr  + Grn(P ,N  - PP) + Qr(P ,P  + PN  ) n 	 n  
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- 2Lr  - Gr(P'P 	S 	P 	S - P') - Q(P' + P') ss  (B.23) 

' Equations (B.21), (B.22) and (B.23) are recombined to yield: 

(S P'+F -F )412Lz+Gz(1"- 1")+Qz(P1 +1")-2Lz-G z(P1-1")-Qz(Pl+P')] PPDU eeEP ePE wwPWwPW 

r 	r r 
+[2Lr+Gr(P'-P1 )+0 (P'+P')-2L +G (E),-g,)-Q (13,-1-1")] nnNNnPN 	s s P b 	s P S 

= 0 

r(_Gz..e) (_Gz_clz) (_Gr4Qr) (_Gr_Qr 
L  e e 	w w 	n n 	s s - IP,  SP P 

(_Gz_clz)p, (_Gz+e)p, ( _Gr_Qr)p, (_Gr+clr)p, 
e e E 	w w W 	n n N 	s s S ' 

- 2Lz + 2LZ 2L
r 	r + 2L - F 	F e w n s D U (B.24) 

ApPL = AEPL + Aw% + AN1171. + ASPS + B 

Pt A P,  + 
AN
_PN 

 
, + ASPS ' + 

-W-W 	S  (B.25) 

It may be observed that as the terms Q's represent the convective 

contribution, the upwind difference technique is used in their Calculation, 

i.e.: 
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Q's = 	(1 Qi 	Q) 	 (B.26) 

B.3 An taaasa version of velocity.-j ressure correction (B.16) 

relationships 

A more accurate form of equations (B.16)is used in the present com74- 

potation. In the derivation equation (B.10) is written for W-velocity 

component as follows: 

W  
(AN+As+AE+ Aw+ Fu-Sp)Wp  = ANWN  + AsWs  + AEW + AwWw  + B + D

/ 
 (Pp  - Pw) 

or 

;4  
PE

3  
A.) + FU  - SP  ]WP  = (E Aj  Wj  ) + B + D (PP  - PW  ) 3 	.3  

(B.27) 

As both the actual and estimated (V*,W*) velocity fields satisfy 

the momentum equation, equation similar to that given by (B.27) may 

be written for W. *: 

[( A.) + F - S 	= (E A W*) + B + Di  (P* - P*) 3 U PP jjj 	P W (B.28) 

The substraction of (B.28)from (B.27) will leave the following 

equation: 

[(3 3 
A.) + FU 	SP  ][WP  - W*] 

	3 
A.(W. - W!) + DI  [(PP 	P - P*) - (PW  - P*)] P 	3 	3   

Introducing Pt as the difference between the actual and estimated 

pressure, the equation may be rearranged to give: 



or 
w DI W* + 	 P 	(FU  -SP  ) P W 

(B.31 ) 
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/14  
[(3 	A.)+FU 

 -S
P 
 w = 	

3 	
A
j 
 )+F -S

PP  
JW* + D (PP'-PI)+ E rA

j 
 (d.-wt)](B.29) 3 	 U  

If the last term on the right hand side of the above equation is 

'neglected, the resulting equation will give a relationship betleen  the 

pressure and velocity corrections(eqn. B.16) i.e.: 

WI
P 
 = WP  - W

P
* = 	

P 	W 
P,  - P') 
	

(B.30) 

When a very small time-step is employed, the equation prescribes 

the relationship quite accurately. To get the same accuracy with the 

use of a bigger step, the previously neglected term which contains 

theunknownW.
3 
 must be implicitly included by assuming that (11.-W.*) is 

• .  

equal to (Wp  - 	Hence, 

(FU  -sP  ) WP 	(FU  -sP  )14*P  + D'
w(P"P-P,) 

Similarly the following equation may be written for VP: 

DIV  
VP - V* + 	(PP -  P 	(FU  -SP  ) P 

PS)  
(B.32) 

Equations ,(B.31) and (B.32),not (B.30)are used in the present 

investigation in place of eqn. (B.16). 



MN
2 

P V = mc
RT
a
tm 

- C C (C.1.1) 
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APPENDIX C 	Analyses used to obtain the velocity and temperature  

at the nozzle exit  

C.1 The calculation of the velocity of discharge  

The problem considered involves the isothermal, unsteady 

discharge of nitrogen from an enclosure into stagnant atmosphere 

through a small nozzle. The analysis employs the perfect gas law to 

relate the mass of the content in the enclosure to the fluid properties 

and states, viz: 

Where P c 
 ,V 

 c 
 ,m
c 
 represent the enclosure pressure, enclosure volume and 

the mass.  of N2 inside the enclosure respectively; N1
N  is nitrogen 
2 

molecular weight, Tatm  the atmospheric temperature and R, the universal 

gas constant. 

. Eqn. (C.l.l) is differentiated with respect to time and the 

resulting expression is rearranged to yield: 

14.11.Vc  
do  dmc  

dt - (TT ) 	dt atm  
(C.1.2) 

If the velocity is assumed to be uniform across the nozzle 
dm 

exit the rate of discharge, dtmay  be related to the nozzle velocity 

of discharge (W01), nozzle dameter (d) and fluid density through the 

continuity equation, i.e.: 

2 
dmc 	

p7C d W 
0 I 

dt = 4 
(C.1.3) 
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The substitution of eqn. (C.1.3) in eqn. (C.1.2) will give 

the following expression which can be used to obtain W0,1 from the 

measurement of Pc.vs.t: 

MN  V 
c (

on4d

2)  
(RT

2 
 ) 

4  
0,I 	 dt 

atm  
(C.1.4) 

C.2 Heat transfer for flow through the nozzle passage  

The present problem studies the - 

flow of hot gases through a small nozzle 

passage. In the calculation of the temp- 

erature drop along the passage, the follow- 

ing assumptions have been made: 

(i) the flow is one-dlmensional 

(ii) the hot gases at the nozzle inlet are at the flame temperature, 

T (1) 
f 

 

(iii) both the velocity and temperature across the nozzle outlet are 

uniform and equal to W0 , and To,/  respectively. 

Thus the following heat-balance equation may be written: 

ortd2Wn T  
Vw1cd/N. = 4 	Cp(Tf - T 	) 0,1 (C.2.1) 

(1) Tf i5 obtained from the experimental data of Kaimatov and Bauer (1966) 
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Where C and p are the specific heat and density of the fluid 

d and ,C.14  are the diameter and length of the nozzle passage 

4"
w
, the heat transfer rate through the wall, may be evaluated 

using the following expression:-  

4"wd 
Nu 

-
g
T
b 

(C.2.2) 

where kg  is the thermal conductivity of hot gases,Nu the average Nusselt 

number and Tb 
the bulk temperature. 

By substituting eqn. (C.2.2) in eqn. (C.2.1), the following 

equation results: 

- T f T 	d — 
Nu - 	Re Pr T 0,  

b 
(C.2.3) 

Here Re and Pr which are the average Reynolds and Prandtl numberS'are 

defined as: 

Re = 

Pr 

PWO Id 

CP  Ii  

k 
g 

(C.2.4) 

(C.2.5) 

where 11, is the laminar viscosity of fluid. 

Eqn. (C.2.3) is used in the present investigation to obtain 

the Nu .vs. Re relationship. 

• 
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APPENDIX D: Tables of experimental results  

Table D.1 The discharge coefficient of the nozzle from  

the 'cold' flow tests  

Time 

(ms) 

P 
c 

(kN/m
2 
 ) 

dP
c 

(w 	)
1 

0,I 

(m/s) 

W 
0,1 

(m/s) 

Re 
56 dt 

(kN/m
2
s) 

0 131.50 

50 121.85 182.84 180.0 124.1 250 .69 

100 114.91 132.05 147.8 89.6 180 .61 

150 108.81 89.73 110.5 60.9 123 .55 

200 105.43 56.72 81.8 38.5 77 .47 

0 123.53 

50 116.42 155.76 155.6 105.7 213 .68 

100 109.65 101.58 116.5 69.0 139 .59 

150 105.76 71.11 85.2 48.3 97 .57 

200 103.05 41.48 52.6 28.2 57 .53 

0 126.07 

50 116.76 155.77 157.2 105.7 213 .67 

100 110.00 120.20 118.8 81.6 164 .65 

150 105.93 81.26 86.8 55.2 111 .63 

200 103.39 52.48 57.7 35.6 72 .62 
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Table D.2: Temperature and velocity results (with the explosion  

cylinder consisting of 9% CH4  22% 02  and 69% N2  by volume  

Time 

(ms) 

P
c 

 

kN/m2  

W011  0,I 

(m/s) 

T T 
	
(°K) ------6-) T 	( K 01:4: 

(with 75pm) (with lOOpm) (with 125pm) 

5.5 101.36 0.0 295 295 295 295 

6 102.71 28.9 393 318 318 433 

7 103.56 36.7 558 411 389 628 

8 104.40 43.1 698 496 466 782 

9 105.42 49.6 819 575 530 928 

10 107.11 58.8 938 654 587 1072. 

11 109.31 68.8 1023 735 655 1213 

12 114.05 86.1 1123 812 731 1355 

13 118.63 99.6 1215 895 798 1474 

14 127.42 120.6 1302 981 863 1576 

15 136.06 132.0 1394 1065 927 1687 

16 144.87 151.8 1485 1151 1000 1810 

17 151.98 162.1, , 1561 1232  1065 1890 

18 153.67 164.4 1633 1310 1125 1969 

19 153.67 164.4 1693 1380 1186 2013 

20 151.98 162.1 1765 1451 1255 2070 

21 146.22 153.8 1821 1514 1306 2130 

22 136.01 132.0 1839 1562 1354 2136 

23 118.63 99.6 1865 1598 1396 2095 

24 110.16 72.0 1865 1617 1417 2084 

WoI 
= -.29811E+2+.25547E+5t-.45795E+7t2+.39459E+9t

3-.10291E+Ilt4  
, 

 

TOI = -.14255E+3+.74512E+5t+.75820E+7t
2  -.28940E+9t3  

, 
 

Where t is the time measured in milliseconds from the instant the prepared 

mixture inside the explosion cylinder is spark-ignited. 
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• 

Table D 3: Nu.vsRe obtained from one-dimensional analysis of the  

flow through the nozzle passage using the results  

tabulated in Table D.2  

Time 

(ms) 

No. 

(m/s) 

T
ox 

(°K) Re Nu 

6 28.9 433 446 16.9 

7 36.7 628 501 15.4 

8 43.1 782 532 13.8 

9 49.6 928 566 12.4 

10 58.8 1072 623 11.4 

11 68.8 1213 677 10.3 

12 86.1 1355 795 9.77 

13 99.6 1474 874 8.82 

14 120.69 1576 	' 1005 8.37 

0 
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Table D.4: Temperature and velocity results for other cases  

D.4.1 	with  the explosion cylinder consisting of 9.8% CH4  

and air by volume  

r 

Time 

(ms) 

P
c 

(kN/m
2
) 

W
0  ,I 

(m/s) 

Nu T
or1 

(°K) Re 

1.5 101,36 0 - - 295 

1.9 103.84 39 481 15.8 593 

3.1 105.15 48 533 13.9 786 

4.2 106.01 53 554 13.1 898 

5.5 106.87 58 580 12.3 989 

6.6 109.63 70 640 11.1 1188 

7.8 111.35 77 677 10.5 1271 

8.9 113.77 85 716 10.0 1360 

 W 	= -.16374E+3+.18039E+6T-.53820E+8t
2
+.67979E+10t

3
-.30080E+12t 

4 
0,I 

T
0 
 = -.27865E+4+.37960E+7t-.15496E1-10t2+.30270E+12t3-.2782E+14t4 

+.97116E+15t
5 
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D.4.2 	with the explosion cylinder consisting of 9% CH4  

and air by volume  

Time 

(ms) 

Pc  

(kN/m
2
) 

W
0I  

(m/s) 

Nu T
0 
 1(°K) Re 

3.2 101.36 0 - - 295 

5.5 102.25 24 - - 389 

6.5 102.53 27 - - 374 

7.5 102.87 31 439 17.1 421 

8.5 103.24 34 459 16.7 489.  

9.5 103.77 38 479 15.9 606 

10.5 104.67 45 515 14.5 772 

•  
W
O,' 

= -.52543E+3+.27609E+6t-.15373E+8t
2
+.42025E+10t

3 
 -.12586E+12t

4 

T
0,I 

= -.11415E+3+.17788E+6t-.24033E+8t
2
+.97337E+9t

3
+.44575E+11t

4 

• 
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D.4.3 with the explosion cylinder consisting of 8% CH4  

and air by volume  

Time 

(ms) 

P
c 

(kN/m
2
) 

W
0  ,1 

(m/s) 

Re T
0 1(°K) , 

Nu 

5.0 101.36 0 - - 295 

5.2 101.84 18.0 - - 316 

6.2 102.05 21.0 - - 333 

7.2 102.18 23.0 - - 348 

8.2 102.34 25.0 - - 375 

9.2 102.53 27.0 426 17.4 398 

10.2 102.80 30.0 457 16.8 481 

11.2 103.29 34.4 481 15.8 571 

12.2 103.84 39.0 509 14.7 675 

13.2 104.67 45.1 542 13.5 821 

W
oI 

= -.48560E+3+.22434E+6t-.35356E+8t
2+.25593E+10t3-.65315E+11t

4 

T0 I = -.98206E+3+.61844E+6t-.10689E+9t
2
+.78628E+10t

3
-.19181E+12t

4 

• 


