Recurrence relations for a family of orthogonal polynomials on a
triangle

Sheehan Olver, Alex Townsend and Geoffrey M. Vasil

Abstract This paper derives sparse recurrence relations between orthogonal polynomials on a triangle and their partial
derivatives, which are analogous to recurrence relations for Jacobi polynomials. We derive these recurrences in a
systematic fashion by introducing ladder operators that map an orthogonal polynomial to another by incrementing
or decrementing its associated parameters by one. We apply the results to efficiently calculating the Laplacian of
polynomial approximations of functions on the triangle, using polynomial degrees in the thousands, i.e., millions of
degrees of freedom.

1 Introduction

In 1975, Koornwinder described a general procedure for constructing multivariate orthogonal polynomials from uni-
variate ones [5, §3.7.2]. The procedure allows for the construction of seven classes of bivariate orthogonal polynomials
from Jacobi polynomials, some of which were previously known [11]. In this paper, we consider a four-parameter vari-
ant of Koornwinder’s class IV polynomials (the four-parameter variant was not constructed by Koornwinder) defined
as [2]

P}E:l],{b,c,d) ()C ) — P(2k+b+c+d+l a)(zx _ 1)(1 _ X)kP](:’b) (_1 + 12__)1)() — P‘}(/LZ_kk+h+c+d+l,a)(x)(l x)kP(c ,b) ( lyx) ]

ey

where a, b,c > —1, n and k are integers such thatn > k > 0, P(” *b)(x) is the Jacobi polynomial of degree k [9, Table
18.3.1], and P(a b is the Jacobi polynomial of degree k shlfted to have support on (0, 1). Koornwinder’s construction
derives the polynormals with d = 0, which we denote by P(” b.€) The polynomials in (1) are orthogonal on the
right-angled triangle {(x,y) : 0 < x < 1,0 <y < 1 — x} Wlth respect to the weight function wy p ¢ 4(x,y) =

W1 -x -y -x).
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The basis P(“ 5:©) has been used extensively by the spectral element community, see the overview in [4]. The
recurrence relat10ns we derive can be employed to reduce partial differential operators to sparse matrices, enabling
efficient solution of linear partial differential equations defined on triangles, which will be the topic of a future
paper. This is analogous to the ultraspherical spectral method for solving ordinary differential equations on bounded
intervals [10]. A similar idea using a hierarchy of Zernike polynomials, which are bivariate orthogonal polynomials on
the unit disk, is used in [15] to develop a sparse spectral method for solving partial differential equations defined on
the disk [15]. On the disk, polar coordinates allow for radially symmetric partial differential operators to be reduced to
ordinary differential operators acting on Jacobi polynomials [15]. This simplification does not translate to non-radially
symmetric partial differential operators on the disk, nor partial differential operators on the triangle.

Several of the formulae in this paper have already be derived by directly employing recurrence relations satisfied
by Jacobi polynomials [16]. Our approach via ladder operators is a more systematic study that derives previously
unreported recurrence relations for P oy b:©) We also hope to use ladder operators to derive sparse recurrence relations
for multivariate orthogonal polyn0m1als built from Jacobi polynomials on higher-dimensional simplices.

Throughout this paper, the recurrence relations hold for choices of the parameters n, k, a, b, ¢, and d that make
the Jacobi polynomials well-defined. Moreover, we take Pi‘{’b) (x) = 0. Also, note that orthogonal polynomials remain
orthogonal after an affine transformation so the recurrence relations in this paper for (1) on a right-angled triangle can
be extended to any triangle, including triangles with the corners permuted.

The paper is structured as follows. In the next section, we give 12 ladder operators for Jacobi polynomials and
use them to derive sparse recurrence relations for P(a ) In Section 3 we give 24 ladder operators for (1) and write
down the corresponding sparse recurrence relations for P(“ b.e.d) 1 Section 4, we use the ladder operators to derive a
collection of sparse recurrence relations for dlfferentlatlon conversion, and multiplication that are satisfied by P(“ b.e),
Section 5 applies these sparse recurrence relations to efficiently calculating Laplacians of functions on the trlangle

2 Ladder operators for Jacobi polynomials

We give 12 ordinary differential operators that increment or decrement the parameters and degree of Jacobi polynomials
by zero or one. Each ladder operator maps P,(f’b)(x) to Pr({l’b)(x), where |7i—n| < 1,|d—a| < 1,and |b—-b| < 1.

Definition 1 The following operators are ladder operators for Jacobi polynomials:

Liu=4dt Liu=(1+x)a-1-x)bu—(1-x*)d
Lou=(a+b+n+Du+(1+x)4t Liu=Qa+1-x)mu—(1-x>)d
Lyu=(a+b+n+Du—(1-x)d Liu= b+ (1 +x)mu+ (1 - x>

Li=((1+x)a-1-x)(b+n+1)u-(1 —xz)fjl—;‘ Ll” =—nu+ (1 +x)§_)’t
Lsu=((1+x)a+n+1)—(1-x)bu—(1-x>)d Lgu =nu+ (1 —x)4t
Lou =bu+ (1 +x)% Liu=au~(1-x)dn

The notation for the ladder operators is chosen so that .EI.E SP,(l“’b) and L Lz Pf,”’h) are scalar multiples of Pf,”’h)
for 1 < s < 6. These ladder operators are carefully constructed to give rise to sparse recurrence relations for Jacobi
polynomials.
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Lemma 1 The ladder operators give sparse recurrence relations for Jacobi polynomials:

LiPYP =S+ a+ b+ )P LIp@) = o+ PP

n+l

LoPEP) = (n+a+b+ DHPEED LIP@D) = 2(n 4 ) pLaP)

L3P = (n+a+ b+ PSP LIPED) =20+ b P
£4P,(la’b) =2(n+ l)Pff_’;l]’b) LIP;a’b) —(n+ b)Pr(la_J;l’b)
LsPP) =2(n + 1) PP LIP@P) = (n+ a)PeP+D
LeP*P) = (n + b)pLarl-b=D LIPED = (n+ )P bb+D,

Proof The relationship for £; is a formula for the derivative of P,(l“’b) (x) [9, 18.9.15] and relationship LI is equivalent
to [9, 18.9.16]. Six more follow from expressing the left- and right-hand sides in terms of , F; functions using [9, 18.5.7]
and the reflection formula P,(f’b)(x) = (—1)”P,(1b’“) (—x): LZ and LI are equivalent to [9, 15.5.3], Lg is equivalent to
[9, 15.5.4], L4 and L5 are are equivalent to [9, 15.5.5], and L is equivalent to [9, 15.5.6].
The relationship for £, follows from combining [9, 18.9.5] and [9, 18.9.6]. The relationships for L; follows by
writing
Li=Li+m+a+b)(1-x)

and then using [9, 18.9.5] and [9, 18.9.6]. Finally, £3 and .E; follow just as L, and £;, using the reflection formula.o

Remark 1 We note that the first-order differential operators occurring in Lemma 1 form together an action of the Lie
algebra sl(4) [1, 7, 8].

Figure 1 illustrates the ladder operators and how they increment or decrement the parameters associated to a Jacobi
polynomial.
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Fig. 1 Illustration of the 12 ladder operators for Jacobi polynomials in Definition 1.

The ladder operators can be easily adapted to the shifted Jacobi polynomials, denoted by ﬁ]({”’b) , which are supported
on (0, 1), with x in place of 1 + x, and no factors of 2. The corresponding recurrence relations for Islia,b) are the same
as in Lemma 1, except the multiplicative factors of % and 2 are replaced by 1.
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3 Ladder operators for P;“I;b,c,d)

The 12 ladder operators for the Jacobi polynomials in Section 2 allow us to derive 24 ladder operators for P(“ be.d)

The ladder operators are carefully defined so that they map P(” b.e.d) 4 a scalar multiple of P(” b.é.d) Where the new
parameters in P(“ @D are n, k, a, b, c or d, respectively, 1ncremented or decremented by 0 orl.

To highlight the symmetries of the right-angled triangle and make the recurrences more convenient to write down,
we define

— o0 ._ 0 9
z.—]—x—y and Bz' B_y_ﬁ’

as in [16]. Now, the variables x, y, and z have the convenient property that any affine transformation that maps the
triangle onto itself has the effect of exchanging the roles of x, y, and z.

Definition 2 The following operators are ladder operators for P,(l“,’(b’c’d). The first set of 12 are:

Mo, 1u = g—; M(L" = (yc — zb)u - yz%
Mo,2u=(k+b+c+1)u+y‘9—“ Mg’zu=<c+k % u—%za—’;
Mo,guz(k+b+c+1)u—xg$ Mg’3u:(b+%)u+%zg—;
Mo,4u:(yc—z(b+k+l))u—yzg—;‘ MSA ——1'_‘—xu+%‘3—;
Mosu = (y(c+k+1)u—zb—yz g% Mju=tu+ (1- 1)
Mot = u—zg; Mg’6u—bu+yg—;
The second set of 12 are:
M1,0u=%u+g—z—ﬁg—z, MTu—(x(k+a+b+c+d+1)—a)u—x(1—x) +xy6y
Mz,ouz(n+k+a+b+c+d+2)u+—u+x‘9—”—x—yxg—;
M;Ou:(n+k+b+c+d+1—xn)u—x(l—x) +xyay
Miou= (n+a+b+c+d+2u—(1-x)5%+yge
M;Ou =(a+xn)u+x(1 —x)a—“ —xy‘;—z
/\/(4,0u=(x(n+a+b+c+d+2)—a—n+k—l)u—x(l—x)ax+)cyay
Mlou:%u—nu+x%—x—yx2—; Msgu:nu+(l—x)—x—y$
M;Ou=x(n+a+b+c+d+2)u—au—x(l—x)ax+xyay
Mé,ouzau+ﬂu+xg)“c—%g—;, Mgou—(k+b+c+d+l)u—(l—x) +yay

The notation for the ladder operators is chosen so that the recurrence relations in Theorem 1 are derived for M; o
(resp. My,s) by applying LY or LT to the first (resp second) Jacobi polynomial in P(a b.e. d)(x y)forl < s < 6.
Moreover, we know that M oM. P(a bie,d) M Mo, P(a boed) M Ml OPr(lakh e.df"y , and Mo, SM(‘) SPflakb ed g
scalar multiples of P(“ XN forl <'s < 6.
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The ladder operators in Definition 2 correspond to 24 sparse recurrence relations for Pr(l“,’(b’c’d). To derive these
recurrences, we first express the partial derivatives of Pr(la]’{b’c’d) as derivatives of shifted Jacobi polynomials.

Proposition 1 The following relationships hold:

PRI O 01 - 0f [BOP] (125) = A= 0 PG (), 2
[ﬁ’(12_1<k+b+c+d+1,a)] (xX)(1 - x)k+1]3£c,b) (%) - (k +(1 - x)a_(i _ ya_()y) P’(f],(b,c,d)(x’ ¥). (3)

Proof The first relationship is immediate. The second relationship follows from the chain-rule:

(-0 (FO -0 (1)) = MU -0 g (1) - kfF ()1 - 0)*g(x) + yf ()1 -0 g’ ()
and an application of (2) to simplify the last term. O

The 24 sparse recurrence relations for Pr(fl’(b’c’d)
Theorem 1 Lett = a + b + ¢ + d. The first set of 12 are:

are given in the following theorem.

MO’IP;a],Ch,c,d) — (k +b+c+ 1)P(a,b+l,c+l,d) Mj) 1I_-,r(lal,cb,c,d) — (k + 1)P(a,b—l,c—l,d)

n-1,k—1 n+lk+1
b,c,d Jb,ct+l,d-1 Jb,c,d Jbe—1,d+1
MO,QP;‘jk o) = (k+b+c+ 1)P§:‘k ctl.d=1) Mg’zp;;k ed — (k +c)P§:‘k c-Ld+D)
b,c,d ,b+1,c,d-1 + b,c,d b—1,c,d+1
M0,3Pffk oD —(k+b+c+ 1)P§fk +le.d=1) M(‘Mpffk ed) _ (k+b)Pflfk c.d+l)
(a,b,c,d) _ (a,b,c—1,d-1) T (a,b,c,d) _ (a,b,c+1,d+1)
Mol } =(k+ 1P MoaP i =(k+b)P, 2
(a,b,c,d) _ (a,b-1,c,d-1) ¥ plab,c,d) _ (a,b+1,c,d+1)
MosP, = (k+ P My 5P,k =(k+o)P 207
(a,b,c,d) _ (a,b+1,c-1,d) T (a,b,c,d) _ (a,b—1,c+1,d)
M0’6Pn,k = (k+ c)Pn’k M0,6Pn,k = (k + b)Pn’k .

The second set of 12 are:

Ml,OP a,b,c,d) — (n k4t + 2)Pr(la_+1,b,c,d+1) M+ P(a,b,c,d) — (n —k+ I)P(a—l,b,c,d—l)

n,k 1,k 1,0" n,k n+l,k
Mo oP@PD = (n+ k + 1+ 2) PG4T MG PELD = (nt ket —a+ PGP
Ma P GPCD = (n+ ke + 14+ 2) PO D MG PEPED = (n— ke + @) POP D
MaoPGPED = (n— ke + PGP MG G PAEPED = (n— ke + @) PP D
MsoP G0 = (n+k+1—a+ HPOLPCD Ml PAPED = (n— k4 1P LD
MeoP, 40D = (n— ke + a) P 0o D MEGPEDED = (n+ k+1—a+ 1)PEPdD,

Proof We present the proof of Mo,lP,(la]’(b’c’d) =(k+b+c+ l)Pr(l‘i’f’Z}f+l’d). By the definition of P,(la]’cb’c’d) in (1),
the chain rule, and the relationship in (2), we have

iP(a,b,c,d)(x’ y) — 1322_I<k+b+c+d+1,a)(x)(1 _ x)k—l[ﬁ](cc,b)]/ (%)

dy " n,k
— (k +c+b+ l)lsr(lz_kk+b+c+d+1,a)(x)(1 _ x)k—lﬁlgcjl,bﬂ) (%)’

“4)
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where the last equality comes from applying £; in Definition 1. The final expression in (4) is equivalent to
(k+b+c+ 1)P(a bzl lc *Ld) The manipulations for the remaining recurrence relations are similar, except with different
choices of the operators L or L‘ and combinations of (2) and (3). ]

4 Sparse recurrence relations for p@be)

n,

We can combine the ladder operators in Section 3 to derive sparse recurrence relations between P(a b.e) polynomials
with different parameters and their partial derivatives. These recurrence relations are analogous to many of the sparse
recurrence relations for Jacobi polynomials [9, §18.9].

4.1 Differentiation

The partial derivatives of P(“ b€ can be written in terms of Jacobi polynomials on the triangle with incremented

parameters, which is analogous to a recurrence relation for the derivative of a Jacobi polynomial [9, 18.9.15]. A similar
recurrence for P,(l”kh *“) can be found in [16, Prop. 4.6, 4.7, & 4.8].

Corollary 1 The following recurrence relations hold:

(2k+b+c+1)axP(“bc) (n+k+a+b+c+2)(k+b+c+l)P(‘”l’b’”l)

+ (k+b)(n+k+b+c+ PO, ®)
ZPAP) = (k4 b+ c+ DRI, (6)

Qk+b+c+ 1)azpffkbc> —(n+k+a+b+c +2)(k+b+c+1)P<“*‘b” ©)
+(k+c)(n+k+b+c+1)ij+l‘k*’+l“). (7)

Proof The recurrence (5) follows from the fact that (M oMoz + Mo 4/\/(6 = Qk+b+c+ 1) = when d = 0. The
relationship (6) is equivalent to the relation given by Mo, in Theorem 1 when d = 0. Finally, (7) follows from the fact

that (M1,0M0’3 - /\/(05/\/(%L O)M =—QRk+b+c+ l)gl; -

The derivatives of weighted versions of P(“kb ) also satisfy sparse recurrence relations, which are analogous to an

expression for the derivative of a weighted J acobi polynomial [9, 18.9.16].

Corollary 2 The following recurrence relations hold:

—(2k+b+c+l)a (x1y22 PP ) = x4y 27 ((k+ o) (n =k + DPELPD 4 (k+ 1) (n -k + @) PN,

n+l,k n+l,k+1

()C yb CP(abc)) (k+l)x“yb 1_c- IP(ab l,c— 1)’

n+l,k+1
(2k+b+c+1)a—z(x YWz PAP) = x Ty (k4 by (n = ke + DPLPTEO — (k+ (- k + a) PR,

Proof The first recurrence follows from

MM+ MoaMeo)u = 2k + b+ c+ 1)(ex — az = xz2)u = —(2k + b+ c + Dx' 2!~ L (x*z€u).
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The second recurrence holds since

M&lu = (cy—bz—yzay)u = —ylbglme 6 (y “u).
The third recurrence is derived from the fact that

(MM} o = MosMeolu = 2k +b+c+ 1)(bx —ay + xy( — £)u = Qk +b+c+ Dx' 4y ™07 L (xyP Cu).

4.2 Conversion

Recurrence relations for conversion allow us to express P(“ 5¢) in terms of Jacobi polynomials on the triangle with
different parameters. Here, we give the recurrence relatlons that increment the parameters, which are analogues of [9,
18.9.3]. Similar relations can be found in [16, Prop. 4.4].

Corollary 3 The following recurrence relations hold:

(2n+a+b+c+2)Pr(f,’<b’c) = (n+k+a+b+c+2)Pr(f;1’b’c) +(n+k+b+c+ l)P(“jlkb‘), (8)
Qn+a+b+c+2Q@k+b+c+DPEY) = (n+k+a+b+c+2)(k+b+c+1HPEPHO
—(n—k+a)k+b+c+ PO+ (k+c)(n+k+b+c+ DPEIED — (k+e)(n—k+ PG, (9)
(2n+a+b+c+2)(2k+b+c+l)Plif‘,;b’c) :(n+k+a+b+c+2)(k+b+c+1)P,(lf’]’€b’c+l)

—(n—k+a)k+b+c+ DPOPTY — (k+ b)(n+k+b+c+ DPEED 4 (k+ b)(n -k + PGP,
(10)

Proof The recurrence relation in (8) follows from the fact that (Msog+ Msp)u = 2n+a+ b+ c+2)uwhend =0.

Since (M0 — 40)“ =Q2n+a+b+c+d+2)uand (M -Myopu=Q2n+a+b+c+d+2)(1—x)u, we obtain

(MoaMag = Moo My = MI MG o+ Mi Maodu= 2k +b+c+ 1)2n+a+b+c+d+2)u,
The recurrence relation (10) immediately follows. Similarly, (9) holds since

(MosMao = MosMy o+ M M g = M{Maodu = Rk +b+c+ DQRn+a+b+c+d+2u.

4.3 Multiplication

Recurrence relations for multiplication allow one to express xP(a b.e), P(a b€ and zP(akb *“) in terms of a sum of
Jacobi polynomials on the trlangle w1th potentially different parameters The recurrences in Corollary 4 are analogous
to the recurrence relations for P(“ found in [9, 18.9.6].

Corollary 4 The following recurrence relations hold:
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Qn+a+b+c+2xP 4P = (n—k+ )PP + (n -k + 1HPALO), (11)
Qk+b+c+1)Q2n+a+b+c+2yP 4P = (k+b)(n+k+b+c+ )P

—(k+ D=k +a)P SO — (k4 b)(n—k+ DPAP )+ (k+ D+ k+a+b+c+2)PO7 00, (12)
Qk+b+c+DQ2n+a+b+c+2)z2P %" = (k+c)(n+k+b+c+ HPEPD

+(k+ D=k +a)Po ) — (k4 ) n—k+ DPGPETY —(k+ D+ k+a+b+c+ 2Pl (13)

Proof The recurrence relation in (11) follows from the fact that (M; ot /\/(5T U= Q2n+a+b+c+d+2)xu. Since

MEML = ME Mg + MosMag = MosMiu = 2k +b+c+ 1)2n+a+b+c+d+2)yu
holds, we find that (12) is satisfied. Finally, (13) follows from

MM = MIMag + MMy = MoaMaglu = 2k +b+c+ 1)2n+a+b+c+d+2)zu.

Combining the recurrence relations in Corollary 3 and Corollary 4, we can derive expressions for xP(akb +€) yP(a b.e),

and ZP(“ 5-¢)in terms of a sum of Jacobi polynomials on the triangle with parameters (a, b, ¢). These are analogous
to the three term recurrence relation for Jacobi polynomials [9, 18.9.2]. Since these recurrence relations are long, we
refer the reader to [2, pp. 80-81].

4.4 Differential eigenvalue problems

The polynomials P(” b:€) are eigenfunctions for second-order differential operators (see [2, (5.3.4)] and [16, Prop. 4.11]),

and the ladder operators in Section 3 make it easy to derive this fact.

. (a,b,c)
Theorem 2 The polynomial Pn’ i

satisfies two second-order differential eigenproblems:
Zyﬁy Pr(lakb D@+ -x0)-Q+b+ oy E 3y P(“ D) = _k(k+b+c+ 1)Pr(l”‘]’€”"')

and

x(1 = 1) L PP — 2y s B Pbo) oy (1 - y) 2 o)

x3y ' nk
+(a+1=(a+b+c+HN)LPE) 4 (b+ 1= (a+b+c+3)y)EP00)
=-n(n+a+b+c+d+2)P 40 d)(x,y).
Proof The first equation follows from

MoiMG PP D (xy) = k(k +b+ ¢+ HPEPCD (x, y)

and the second from
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Relative error of laplacian evaluated at (0.1,0.2) Time to calculate Laplacian coefficients
1010 -
05 [
1010 b 10
5 g
g =S 10°0 |
[9) (=1
01015 | 9
= 5,408
b 10°%° |-
< Q
10120 - 1010
transform
c15 | setup
10125 | 10 apply
104.0 104.5 105.0 105.5 106.0 104 0 104.5 105.0 105 5 106.0

Fig. 2 Left: Error when evaluating the Laplacian of f(x,y) = cos(nxy/40) at (x,y) = (0.1,0.2) by expanding in degree N =
(n + 1)(n +2)/2 Jacobi polynomials on the triangle with (a, b, ¢) = (0, 0, 0) and using the recurrences. Right: Execution times of (1) the
fast transform, (2) constructing the recurrences as 8 banded-block-banded matrices, and (3) applying the matrices.

Mo,lMg’l —k(k+b+c+1)

1-x

+ Ms oML+ MyoM )| PO y) = (L+a =k +n)(3 +1+2m) PP (1, y).

S Application: Calculating Laplacians

We can use the recurrence relationships in this paper to calculate partial derivatives too. Slevinsky’s fast triangle
transform [13] (which builds on his fast spherical harmonic transform [12]) as implemented in the FastTransform
multithreaded C code [14] gives an efficient and stable routine for calculating the expansion coefficients on the triangle
in O(d? log? d) operations, where d is the polynomial degree. The partial derivative recurrences (see Corollary 1) show
us how to calculate the expansion coefficients of g—i and g_p with coeflicients associated to the parameters (a+1, b, c+1)
and (a,b + 1, c + 1), respectively. Moreover, corollary 3 informs us how to convert from expansions with parameters
(a,b,c)to (a+ 1,b,¢), (a,b+ 1,¢) and (a, b, c + 1). We can combine these various recurrences relations to compute
the coefficients of the Laplacian in the basis Pr(ff’z) in an optimal complexity of O(N) = O(d?) operations, where d
is the polynomial degree and N = d(d + 1)/2 is the total number of degrees of freedom.

For example, the Laplacian of f(x, y) = cos(nxy/40) can be computed by first approximating f on the unit right-
angled triangle to within machine precision by a polynomial, and then employing various recurrence relationships to
calculate its Laplacian. To do this efficiently, we store the recurrence relations as banded-block-banded matrices to take
advantage of fast banded matrix-vector multiplication.
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Conclusion

We introduce ladder operators for systematically deriving sparse recurrence relations for differentiation, conversion,
and multiplication of Jacobi and orthogonal polynomials on the triangle. We use these recurrences to efficiently apply
partial differential operators, in particular for calculating Laplacians. The importance of these relationships is that they
allow general linear partial differential operators with polynomial coefficients to be represented as sparse operators
acting on orthogonal polynomial expansions. This application will be the topic of a subsequent paper.
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