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Abstra
tA re
ent analyti
al model des
ribing the post-bu
kling behaviour of an I-se
tion strutexperien
ing strong axis global�lo
al bu
kling intera
tion is extended to investigate thee�e
ts of modifying the strut geometry. Using a 
ombination of analyti
al and �niteelement (FE) methods, the global and lo
al slendernesses are varied parametri
ally, inturn, to determine the geometries leading to regions of intera
tive behaviour. The e�e
tof stress relieved initial global imperfe
tions are also investigated. It is observed that thestrut 
an exhibit one of �ve distin
t post-bu
kling behaviours, the geometries for whi
hare identi�ed. The strut 
an exhibit global bu
kling only, lo
al bu
kling only, global�lo
al bu
kling intera
tion with either the global or lo
al mode being triggered �rst or themost severe 
ase where both global and lo
al bu
kling modes are triggered simultaneously.The strut is found to be highly sensitive to initial imperfe
tions in the intera
tive region;the impli
ations for imperfe
tion sensitivity on the design and the pra
ti
al use of su
h
omponents are dis
ussed.Keywords: Analyti
al modelling; Mode intera
tion; Nonlinear me
hani
s; Strong axisglobal bu
kling1. Introdu
tionThe use of thin-walled stru
tural steel 
omponents is widespread in the engineeringindustry and is popular due to their advantageous load 
apa
ity to self-weight ratios.However, thin-walled 
omponents are often prone to 
omplex failure me
hanisms that
an have potentially dangerous 
onsequen
es [1, 2, 3, 4℄. Geometri
 e�e
ts and initialimperfe
tions 
an also have a large impa
t on the behaviour of thin-walled 
omponentsdue to their relative vulnerability to stru
tural instability [5, 6, 7, 8, 9, 10, 11, 12℄. Inthe authors' previous work, an analyti
al model des
ribing the intera
tive post-bu
klingbehaviour of an I-se
tion strut under 
ompression is formulated [13, 14℄. The strut bu
kles
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globally about the strong axis of bending, intera
ting with lo
al bu
kling in both the �angeand web. In the 
urrent paper, the previously formulated analyti
al model is summarizedand subsequently exploited to analyse the e�e
ts of modifying the geometry of the I-se
tionstrut. In a similar study on an idealized strut by van der Neut [5℄, it was found that thepost-bu
kling behaviour of the strut may be neutral, stable or unstable depending on thegeometri
 properties, as shown in Fig. 1, and it is anti
ipated that a similar response will
unstable

stable

neutral

neutral

1+Ψ

2Ψ

1

Ψ
1

1

0 PC
o
/PC

l

PC/PC
l

L

c

c

tf

b

webs

P

Figure 1: The van der Neut graph [5℄ for the post-bu
kling response of a strut with twoload bearing �anges of width b and length L. The quantity Ψ is a sti�ness redu
tion fa
torand P is the applied 
ompression load with PC, PC
o and PC

l being the 
riti
al, global andlo
al bu
kling loads respe
tively. The webs of height 2c are idealized as rigid sin
e the�ange separation is invariant along the length with no longitudinal sti�ness.be observed presently while varying the geometri
 properties of the I-se
tion strut.A series of parametri
 studies is 
ondu
ted to investigate the e�e
ts of modifying theglobal slenderness �rst by varying the length of the strut, and subsequently the lo
alslenderness of the web by varying the 
ross-se
tion height. A 
ombination of analyti
al and�nite element (FE) methods are used. Initially, the perfe
t, elasti
 strut is 
onsidered withno material or geometri
 imperfe
tions. The e�e
t of an initial global out-of-straightnessimperfe
tion is subsequently investigated.It is found that there are four distin
t regions of post-bu
kling behaviour that 
an beidenti�ed for both 
ases where the strut length or the 
ross-se
tion height is 
hanged. Forthe 
ase where the global bu
kling load is mu
h greater than the lo
al bu
kling load, i.e. forsto
ky 
olumns or deep 
ross-se
tions, lo
al bu
kling is dominant and the post-bu
klingbehaviour of the strut is stable. Conversely, when the global bu
kling load is mu
h smaller2



than the lo
al bu
kling load, i.e. for long 
olumns or shallow 
ross-se
tions, global bu
klingis dominant and the post-bu
kling behaviour is approximately neutral. An intera
tiveregion 
an be identi�ed between these two bounds, where strong axis global�lo
al modeintera
tion is observed. This region 
an be further sub-divided into one part where the lo
albu
kling mode is 
riti
al and a se
ond part where the global bu
kling mode is 
riti
al. Thedi�erent 
hara
teristi
s of ea
h region are examined in detail and subsequently dis
ussed.Moreover, the potential e�e
ts of plasti
ity are dis
ussed by identifying when �rst yieldwould o

ur. This adds a more pra
ti
al dimension to the 
urrent study by identifying thelimiting slendernesses where plasti
ity e�e
ts take hold.2. Analyti
al modelThe elevation and 
ross-se
tion of the strut under 
onsideration, along with the notationused, are shown in Fig. 2. The strut is 
onstru
ted from a linear elasti
, homogeneous and
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bFigure 2: An I-se
tion strut under axial loading P , elevation (left) and 
ross-se
tion (right)shown. The notation and 
oordinate system used throughout are shown.isotropi
 material and it is assumed that the strut is prevented from bu
kling about theweaker y-axis, a pra
ti
e often used in design to in
rease the load 
arrying 
apa
ity ofstru
tural 
omponents, thereby in
reasing its e
onomy. The strut is therefore for
ed tobu
kle globally about the x-axis and the load is applied 
on
entri
ally as shown. Longstruts are primarily 
onsidered for the analyti
al model; it is assumed, therefore, thatglobal bu
kling is 
riti
al.2.1. Bu
kling modesThe analyti
al model begins by de�ning the fun
tions used to des
ribe the global andlo
al bu
kling shapes, as detailed in [14℄. The global mode is de
omposed into two 
ompo-nents su
h that shear strains 
an be taken into a

ount; W (z) for the `sway' and θ(z) for the3



`tilt', with magnitudes of qs and qt de�ning their respe
tive amplitudes. Additionally, thedispla
ements W0(z) and θ0(z) are also de�ned to represent their respe
tive stress-relievedglobal initial imperfe
tions, with initial displa
ements qs0 and qt0. The global bu
klingmodes, along with the respe
tive imperfe
tions, are shown in Fig. 3 and the 
orresponding
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Figure 3: Global bu
kling modal 
omponents with (a) the sway 
omponent W (z) and (b)the tilt 
omponent θ(z) shown about the global strong axis, along with their respe
tivegeometri
 imperfe
tions W0(z) and θ0(z).expressions are written thus:
W (z) = qsL sin

(πz

L

)

, θ(z) = qtπ cos
(πz

L

)

,

W0(z) = qs0L sin
(πz

L

)

, θ0(z) = qt0π cos
(πz

L

)

. (1)Out-of-plane and in-plane de�e
ted shapes are also de�ned for the lo
al modes. The in-plane de�e
ted shape is assumed to be 
onstant in the x-axis and varies linearly with the y-axis, in keeping with Timoshenko beam theory; this is used in the 
urrent formulation sin
eshear strains have been shown to be essential for 
apturing intera
tive bu
kling behaviour[15℄. The lo
al out-of-plane de�e
tion shapes are sele
ted su
h that they give a goodrepresentation of the de�e
ted shape of the element in the transverse dire
tion, while alsosatisfying the boundary 
onditions given by the joints in the 
ross-se
tion. The lo
albu
kling modes 
an be expressed mathemati
ally thus:
ufl(x, z) = uf(z), uwl(y, z) = −

(y

h

)

uw(z),4



wfl(x, z) = f(x)wf(z) = −

(

2x

b

)

,

wwl(y, z) = g(y)ww(z) =
[π

2
+

πy

h
− sin

(πy

h

)

−
π

2
cos

(πy

h

)]

ww(z), (2)where u is an in-plane de�e
tion in the z-dire
tion and w is an out-of-plane de�e
tion.The subs
ript `fl' indi
ates a lo
al �ange de�e
tion and subs
ript `wl' indi
ates a lo
alweb de�e
tion. Both global and lo
al bu
kling modes are shown in Fig. 4.
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Figure 4: Lo
al bu
kling modes for the I-se
tion strut showing (a) the in-plane bu
klingmode, (b) the out-of-plane bu
kling mode in the �ange and (
) the out-of-plane bu
klingmode in the �ange and the web.2.2. Total potential energyThe total potential energy V is a summation of several energy 
omponents of the strut,ea
h formulated separately and presented 
urrently. The 
omplete derivation 
an be foundin the authors' previous work [14℄ and is not presented 
urrently for brevity. Note also thatas the strut bu
kles in the global mode �rst, one �ange will always be in more 
ompressionthan the other, shown in the `tilt' diagram in Figs. 3 and 4(
). It is therefore assumed thatno lo
al displa
ements o

ur in the less 
ompressed �ange during post-bu
kling.First, the strain energy stored in bending UB due to global bu
kling about the strongaxis is given by the expression:
UB = 2

∫ L

0

EIf

2

(

d2W

dz2
−

d2W0

dz2

)2

dz, (3)5



where If = bt3f/12 being the se
ond moment of area of the �ange about its lo
al neutral
x-axis. Note that the global bending energy has been multiplied by two to a

ount forboth top and bottom �anges. The lo
al bending energy 
ontributions from the �ange Ubfand from the web Ubw are determined by the respe
tive expressions:
Ubf =

Df

2

∫ L

0

∫ b/2

−b/2

{

(

∂2wfl

∂x2
+

∂2wfl

∂z2

)2

− 2(1 − ν)

[

∂2wfl

∂x2

∂2wfl

∂z2
−

(

∂2wfl

∂x∂z

)2
] }

dx dz,

Ubw =
Dw

2

∫ L

0

∫ 0

−h

{

(

∂2wwl

∂y2
+

∂2wwl

∂z2

)2

− 2(1 − ν)

[

∂2wwl

∂y2

∂2wwl

∂z2
−

(

∂2wwl

∂y∂z

)2
] }

dy dz.(4)The parameters Df = Et3f/[12(1 − ν2)] and Dw = Et3w/[12(1 − ν2)] represent the �exuralrigidities of the �ange and web respe
tively. The membrane energy from dire
t strain inthe �anges 
an be found from the expression:
Uǫf =

1

2
Etf

∫ L

0

∫ b/2

−b/2

(

ǫ2
z1 + ǫ2

z2

)

dx dz, (5)where the dire
t strain 
omponents in the more and less 
ompressed �anges (asso
iatedwith subs
ripts 1 and 2 respe
tively) are given by the expressions:
ǫz1 =

h

2

(

θ̇ − θ̇0

)

− ∆ +
∂ufl

∂z
+

1

2

(

∂wfl

∂z

)2

,

ǫz2 = −
h

2

(

θ̇ − θ̇0

)

− ∆, (6)where dots denote di�erentiation with respe
t to z and ∆ is the uniform in-plane 
ompres-sive strain. Note that the more 
ompressed �ange has no lo
al bu
kling terms sin
e it isassumed to experien
e no lo
al de�e
tions throughout the post-bu
kling range. The lo
albu
kling terms present in the strain expression for the more 
ompressed �ange are derivedfrom von Kármán plate theory [16℄. Similarly, the dire
t strain energy 
ontribution to thetotal potential energy from the web is de�ned by the expression:
Uǫw =

1

2
Etw

∫ L

0

∫ 0

−h

ǫ2
zw dy dz, (7)where the total dire
t strain in the web is given by:

ǫzw =
∂ut

∂z
− ∆ +

∂uwl

∂z
+

1

2

(

∂wwl

∂z

)2

. (8)Here, ut = (y + h/2)(θ − θ0), whi
h gives a linear distribution of the tilt 
omponent forthe global bu
kling mode with a magnitude of zero at the neutral axis. The shear strainenergy 
ontribution from the more 
ompressed �ange is de�ned:
Uγf =

1

2
Gtf

∫ L

0

∫ b/2

−b/2

γ2
xz dx dz, (9)6



where the �ange shear strain term γxz is:
γxz =

∂ufl

∂x
+

∂wfl

∂z

∂wfl

∂x
. (10)This expression 
an be simpli�ed by noting that the �ange in-plane displa
ement ufl isuniform in x and hen
e the �rst term is zero. Note that there is no shear strain energyarising from the less 
ompressed �ange sin
e it is assumed to undergo no lo
al de�e
tionsduring post-bu
kling. The potential energy 
ontribution due to shear strain in the web isgiven by the expression:

Uγw =
1

2
Gtw

∫ L

0

∫ 0

−h

γ2
yz dy dz, (11)where the shear strain in the web γyz is de�ned thus:

γyz =
∂ (W − W0)

∂z
− (θ − θ0) +

∂uwl

∂y
+

∂wwl

∂y

∂wwl

∂z
. (12)Note that in Equation (10), the �rst two terms that appear in Equation (12) are omittedfrom the shear strain expression for the �ange sin
e there are no global de�e
tions in the

x-dire
tion. Moreover, there are no signi�
ant shear strains in the yz-plane (γyz) in the�ange be
ause it is thin.The work done by the load term 
ontributing to the total potential energy is expressedas the load P multiplied by the distan
e moved by the load in the same dire
tion. It
omprises terms global and lo
al bu
kling with pure axial 
ompression and is written thus:
PE = P

∫ L

0

[

q2
sπ

2

2
cos2

(πz

L

)

−
1

2
u̇w + ∆

]

dz. (13)The individual 
omponents presented in Equations (3)�(13) 
an be a

umulated to givethe total potential energy in its most general form thus:
V = UB + Ubf + Ubw + Uǫf + Uǫw + Uγf + Uγw − PE . (14)2.3. Modelling simpli�
ationA relationship between the out-of-plane displa
ements in the longitudinal dire
tion ofthe �ange wf and the web ww 
an be established to simplify the model signi�
antly. By
onsidering the two de�e
tions, a s
aling parameter κ is de�ned su
h that ww(z) = κwf(z).The parameter κ is determined by the rigidity of the joint 
onne
ting the �ange and theweb. This gives the result κ = −h/(πb) ≡ κ0 if the joint is assumed to provide fullrotational 
ontinuity and is found by equating the rotation of the �ange and the webat the lo
ation of the joint, using the �rst derivative of the displa
ement shapes de�nedpreviously in Equation (2).In reality, this is an upper bound on the joint sti�ness sin
e the fun
tions f and g areapproximations. Hen
e, κ is a 
orre
tion fa
tor to a

ount for the various simpli�
ationsmade in terms of assumed fun
tional forms and that the less 
ompressed �ange does not7



de�e
t. Moreover, it has the advantage that it does not a�e
t the global bu
kling response.The lo
al bu
kling load given by the analyti
al model was 
alibrated in [14℄ using thebu
kling load given by the FE model, des
ribed later in the 
urrent work. It was establishedthat κ = 0.65κ0 ≡ κc gave the most numeri
ally a

urate des
ription of the rigidity of the�ange�web joint. On
e κ is evaluated, the two out-of-plane displa
ements 
an be repla
edby a single fun
tion w, where w = wf = ww/κ. Additionally, the in-plane displa
ements
an be simpli�ed by the relationship u = uf = uw, found by simply imposing 
ontinuityof the in-plane displa
ement at the �ange�web joints. The number of fun
tions that needto be solved are therefore redu
ed signi�
antly, simplifying the equations and in
reasing
omputational e�
ien
y.2.4. Governing equationsThe governing equations of equilibrium 
an be obtained from minimizing the totalpotential energy V by performing the well known pro
edure of the 
al
ulus of variations[17℄; V is expressed in the Lagrangian form thus:
V =

∫ L

0

L (ẅ, ẇ, w, u̇, u, z) dz, (15)with the �rst variation being written as:
δV =

∫ L

0

{

∂L

∂ẅ
δẅ +

∂L

∂ẇ
δẇ +

∂L

∂w
δw +

∂L

∂u̇
δu̇ +

∂L

∂u
δu

}

dz. (16)Equilibrium is de�ned when V is stationary, hen
e the �rst variation must vanish for allsmall 
hanges of w and u, resulting in the Euler�Lagrange equations. These 
omprisea fourth order nonlinear ordinary di�erential equation (ODE) in w and a se
ond ordernonlinear ODE in u:
d2

dz2

(

∂L

∂ẅ

)

−
d

dz

(

∂L

∂ẇ

)

+
∂L

∂w
= 0,

d

dz

(

∂L

∂u̇

)

−
∂L

∂u
= 0. (17)Corresponding integral equations 
an also be obtained by 
onsidering the �rst partialderivatives of V with respe
t to the generalized 
oordinates qs and qt, and additionally thegeneralized 
oordinate de�ning the purely 
ompressive displa
ement ∆ and setting ea
hderivative to zero. The boundary 
onditions for a simply supported strut are then appliedto the set of governing equations, assuming symmetri
 displa
ements about the midspan.They are written thus:

w(0) = ẅ(0) = ẇ(L/2) =
...
w(L/2) = u(L/2) = 0, (18)with an additional boundary 
ondition imposed at the point of loading, to mat
h the in-plane strain. Note that the global bu
kling load PC

o 
an be determined by 
onsidering the8



Hessian matrix of the total potential energy V at the fundamental (pre-bu
kling) state F(i.e. w and u with all their derivatives being zero) and so:
V

F
ij =





∂2V
∂q2

s

∣

∣

∣

F
∂2V

∂qs∂qt

∣

∣

∣

F

∂2V
∂qt∂qs

∣

∣

∣

F
∂2V
∂q2

t

∣

∣

∣

F



 . (19)The matrix is singular at the global 
riti
al load PC
o . This leads to the expression:

PC
o =

2EIfπ
2

L2
+

G(twh + 6tfb)

1 + 6tfb/(twh) + 12GL2/(Eπ2h2)
. (20)Full details about the formulation may be found in [14℄ where the full nonlinear di�erentialand integral equations of equilibrium are presented expli
itly.3. Finite element modelVarying the strut length and the 
ross-se
tion height is anti
ipated to have an e�e
ton the relative global and lo
al bu
kling loads of the strut, implying that for some lengthsor 
ross-se
tion heights, lo
al bu
kling 
ould be
ome 
riti
al. An analyti
al model hasbeen previously presented whi
h 
an a

ount for the 
ase where lo
al bu
kling is 
riti
al[14℄. However, the equations be
ome more 
omplex and di�
ult to solve numeri
ally forthe post-bu
kling range. Given that FE models 
onstru
ted in the 
ommer
ial softwarepa
kageAbaqus [18℄ have previously provided a su

essful 
omparison to similar analyti
almodels, parti
ularly for the ultimate loads when either global or lo
al bu
kling is 
riti
al[19, 13℄, it is known to be a

eptably a

urate and, in this 
ase, mu
h more 
onvenient touse FE in the parametri
 study, for 
ases where lo
al bu
kling is 
riti
al.A four-noded shell element with redu
ed integration is sele
ted from theAbaqus library(S4R) whi
h allows the elements to bend in double 
urvature and has been shown previouslyto be appli
able to problems with geometri
 nonlinearities [20℄. The strut is meshed witha uniform element size of 10 mm in the longitudinal dire
tion, by 5 mm in the transversedire
tion and has been previously demonstrated to provide a su�
ient degree of a

ura
yfor a

eptable 
omputational 
osts [13℄. The strut is 
reated in three individual parts:the two �anges and the web with the 
entreline of the top and bottom �anges being tiedrigidly to the top and bottom edges of the web. Only one half of the strut is modelledwith symmetry imposed at mid-span to redu
e 
omputational 
osts; this also mat
hesthe symmetry 
ondition imposed by the analyti
al model. A simply supported boundary
ondition is also imposed at the end of the strut and the load is applied as a 
on
entratedfor
e at the 
entroid of the 
ross-se
tion. Initially, linear eigenvalue analysis is used todetermine the bu
kling modes of the strut and their respe
tive load 
apa
ities. The �rstglobal and lo
al modes are then input into a nonlinear Riks analysis [21℄ as nominal initialgeometri
 imperfe
tions that are su�
iently small to mimi
 the perfe
t behaviour. Thisallows for post-bu
kling behaviours to be simulated using stati
 methods in Abaqus.9



4. Solution strategy4.1. Varying the strut lengthThe parametri
 study uses the ODEs and a

ompanying set of integral equations pre-sented in �2.4 for the 
ases where global bu
kling is 
riti
al. First, the perfe
t 
ase strutis investigated, hen
e all terms asso
iated with an initial imperfe
tion (i.e. all terms withsubs
ript `0') are set to zero. The length is then varied parametri
ally in order to de-termine the post-bu
kling behaviour of the strut for ea
h geometry, and any boundarieswhere the behaviour 
hanges 
hara
teristi
s distin
tly. The 
hange in global slendernessis anti
ipated to a�e
t the global bu
kling load but have an insigni�
ant in�uen
e on thelo
al bu
kling load of the strut. When the length is su
h that global and lo
al bu
klingloads are relatively 
lose, it is expe
ted that intera
tive behaviour will be observed and thelength where global and lo
al bu
kling loads be
ome 
oin
ident is de�ned as Lc. When thelengths are su
h that the global and lo
al bu
kling loads are very di�erent, it is expe
tedthat other issues su
h as plasti
 deformations or servi
eability 
on
erns would begin tobe
ome apparent before any intera
tion is observed. In this way, the lengths Lo and Ll
an be determined, denoting the boundaries where global bu
kling or lo
al bu
kling onlyare observed in the elasti
 range respe
tively.The study of struts with a length that indu
es 
riti
al global bu
kling is 
ondu
tedanalyti
ally using the software Auto-07p and lengths are varied using the numeri
al 
on-tinuation fun
tionality. The study for struts that have a length indu
ing 
riti
al lo
albu
kling is 
ondu
ted in the FE software Abaqus, using the model des
ribed in �3. Inorder to simulate bu
kling in the FE model using stati
 methods, an initial geometri
imperfe
tion must be introdu
ed into the nonlinear Riks analysis, thus to make fair 
om-parisons between the FE and analyti
al methods, these geometri
 imperfe
tions must bekept to be as small as possible and 
an be regarded as a small perturbation purely to indu
ethe near-perfe
t post-bu
kling behaviour. It is found that a nominal global imperfe
tionof L/80000 and a nominal lo
al imperfe
tion of tf/600 are su�
ient to ensure bu
klingis observed in the strut for most lengths. However, it was ne
essary to in
rease theseimperfe
tion sizes by a very small amount to simulate bu
kling in mu
h shorter struts.The e�e
t of a signi�
ant initial global geometri
 imperfe
tion on the strut is also
onsidered and in
orporated into the parametri
 study. The initial normalized out-of-straightness amplitude qs0 (and by impli
ation qt0) is in
reased parametri
ally in Auto-07p to the values 1/1500 and 1/500, representing measured and design manufa
turingtoleran
es given by previous studies and design guidelines [22, 23℄. This 
an be simulatedin the FE model by in
reasing the nominal global imperfe
tion to more realisti
 values of
L/1500 and L/500, respe
tively. The parametri
 study is then repeated for struts with themore realisti
 imperfe
tions to observe their e�e
ts.4.2. Varying the 
ross-se
tion heightA similar methodology is used to 
ondu
t the parametri
 study on varying 
ross-se
tionheights, as that des
ribed in �4.1. However, varying the 
ross-se
tion height di�ers in thatit modi�es both the global and lo
al bu
kling loads of the strut. Cru
ially, this modi�
ation10




hanges the previously de�ned relationship between the out-of-plane displa
ement of the�ange and the web, namely the parameter κ. Therefore, it is ne
essary for κ to be re-
alibrated using the FE model, for ea
h 
ross-se
tion height investigated. When 
ondu
tingthe parametri
 study, the appropriate κ value is therefore used for ea
h 
orresponding
ross-se
tion height h, found from the 
alibration pro
ess. The 
ross-se
tion height isthen varied to investigate the post-bu
kling behaviour of the strut for ea
h geometry andtransition points between regions of distin
t post-bu
kling behaviours are identi�ed. The
ross-se
tion height where global and lo
al bu
kling loads are 
oin
ident is termed hc andit is expe
ted that the intera
tive region would o

ur between ho < h < hl, using similarnotation as de�ned in �4.1 for varying the strut length (i.e. lengths Lo and Ll respe
tively).4.3. De�e
tion and strain 
riteriaThe lengths Lo and Ll and 
ross-se
tion heights ho and hl are de�ned as when un-a

eptably high de�e
tions develop in the strut before any mode intera
tion is observedin the elasti
 range. Hitherto, the strut has been assumed to remain elasti
 and a solelyde�e
tion based 
riterion was used to de�ne the point that rendered the strut in violationwith servi
eability requirements [12℄. To de�ne Lo and ho, when global bu
kling is 
riti
al,the 
urrent study is based on a fairly arbitrary value of qs = qD
s as a large global lateral de-�e
tion; i.e. when qs > qD

s , whi
h is de�ned 
urrently as qD
s = 1/100, and the lo
al bu
klingmode is yet to be a
tivated, the strut 
an be 
onsidered to be bu
kling in a purely globalmode. Similarly, when lo
al bu
kling is 
riti
al and the path is weakly stable, the ultimateload is 
onsidered to be rea
hed when the out-of-plane de�e
tion of the 
ross-se
tion atmidspan ex
eeds 3tf , while in the elasti
 range.However, for de�ning the length Ll and 
ross-se
tion height hl, it is highly importantfor pra
ti
al design to know when plasti
ity is �rst observed in the 
omponent. Thisis espe
ially important when lo
al bu
kling is 
riti
al sin
e it is well known that failureme
hanisms are governed by plasti
ity in sto
ky 
olumns and by elasti
 bu
kling in moreslender 
olumns. Plasti
ity is mu
h more likely to a�e
t the load 
arrying 
apa
ity of thestrut for 
ases where lo
al bu
kling is 
riti
al sin
e the strains within the lo
ally bu
kled�ange or web plates are mu
h more likely to ex
eed the material yield stress at some stage.It is therefore useful to de�ne an additional strain based 
riterion to identify the ultimateloads where �rst yield is �rst observed, for the 
ase where lo
al bu
kling is 
riti
al. Ahigh yield stress of σy = 960 N/mm2 is 
onsidered 
urrently, partially to keep elasti
ity
onsiderations as the primary fo
us but also to re�e
t the re
ently in
reasing popularity ofusing high strength steels in 
onstru
tion [24℄. Plasti
 deformation of the strut is 
onsideredto o

ur when any element of the strut mesh in Abaqus ex
eeds the yield stress, and this
riterion 
an also be used to estimate the ultimate load of the strut. A sket
h of theexpe
ted trends to be observed from the parametri
 variations is shown in Fig. 5.5. Numeri
al studiesThe e�e
t of varying the strut length L and the 
ross-se
tion height h are examinedin turn through two independent parametri
 studies using methods dis
ussed in �4. The11
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material and 
ross-se
tional geometri
 properties of the strut sele
ted for the studies aredetailed in Table 1. For varying the strut lengths, the 
ross-se
tion height is kept 
on-Young's Modulus E 210000 N/mm2Poisson's Ratio ν 0.3Flange breadth b 90 mmFlange thi
kness tf 2.4 mmWeb thi
kness tw 2.4 mmTable 1: Geometri
 and material properties of the strut, for the parametri
 studies ofvarying strut lengths and 
ross-se
tion heights.stant at 100 mm and for varying 
ross-se
tion heights, the strut length is kept 
onstant at
4000 mm.The pro
ess of varying the strut length L is relatively straightforward. However, in
hanging the 
ross-se
tion height h, the relative mutual intera
tion between the �ange andthe web also 
hanges be
ause the expression in Eq. (2) for the web is approximation thatis based on the shape of a strut with one end pinned and the other �xed. Therefore, theparameter κ linking, the out-of-plane de�e
tions between the �ange and the web, also needsto be re-
alibrated, as mentioned previously for ea
h h value, in order to give an a

uratelo
al bu
kling load predi
tion for ea
h 
ross-se
tion geometry. The 
alibrated values κcfound are shown in Fig. 6; Fig. 6(a) shows that κc redu
es for a smaller 
ross-se
tion
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(b)Figure 6: The e�e
t of varying web heights on the 
alibrated parameter κc where wf =
κcww. Graphs show (a) the magnitude of κc and (b) κc relative to the fully rigidly rotating�ange�web joint (κ = κ0), versus the 
ross-se
tion height. The dotted line indi
ates the
ross-se
tion height of h = 100 mm used in the parametri
 study of varying the strut length.13



height. Here, the web is relatively sto
ky and as the �ange de�e
ts, the web is unable tode�e
t fully in sympathy. Therefore, as the 
ross-se
tion height is de
reased, the e�e
tof the �ange on the web is also de
reased. When h lies between 100 mm to 110 mm, κcrea
hes a peak as the �ange and the web begin to have similar 
riti
al bu
kling loads andhave the greatest e�e
t on ea
h other. When h > 110 mm, κc de
reases rapidly. The �angeand web begin to a
t individually as plated 
omponents again and have a redu
ed mutualin�uen
e, this time the web having in
reasingly less in�uen
e on the �ange. The geometryof the in
reasing 
ross-se
tion height also di
tates that an in
reasingly smaller out-of-planede�e
tion would be observed at the mid-point of the web for an un
hanged �ange geometry,assuming a rigidly rotating �ange�web 
onne
tion, resulting in a de
reased κc parameter.Figure 6(b) gives an indi
ation of the rigidity of the �ange�web 
onne
tion, relative to thefully rigidly rotating 
ase of κ0 = −h/(πb). For a shallower 
ross-se
tion with a sto
ky web,the �ange�web joint is 
loser to being fully rigid and for a deeper web, the �ange�web jointmoves 
loser to be
oming fully pinned. It is worth emphasizing that the κc parametersfound 
urrently are used in the parametri
 study of varying 
ross-se
tion heights.5.1. ResultsThe parametri
 study reveals that strong axis global�lo
al mode intera
tion o

ursbetween Ll < L < Lo and ho < h < hl for the varying of strut lengths and 
ross-se
tionheights, respe
tively. For the geometries given in Table 1, it is found that Ll = 2646 mm,
Lo = 4950 mm, ho = 84 mm and hl = 145 mm. The lengths and 
ross-se
tion heightsthat fall outside of this region are 
lassi�ed as not undergoing an intera
tive post-bu
klingresponse, using the de�e
tion and strain based 
riterion dis
ussed in �4.3. The 
riti
albu
kling length Lc is found by the analyti
al model to be Lc = 3340 mm, where PC

o = PC
l .The FE model determines Lc to be 3430 mm where the global and lo
al bu
kling loadsare approximately equal in a linear eigenvalue analysis, this represents a di�eren
e of only

2.6% between the analyti
al and FE solutions for the 
riti
al length, giving a very good
omparison. Similarly, the 
riti
al 
ross-se
tion height hc is found to be 116 mm by boththe analyti
al and FE models.The results of the parametri
 studies for these given geometries are presented in Fig. 7(a)for the strut length and Fig. 7(b) for the 
ross-se
tion height. It 
an be observed that whenglobal bu
kling is 
riti
al, i.e. when L > Lc or h < hc, the load 
arrying 
apa
ity is equal tothe global bu
kling load Pu = PC
o as the global bu
kling mode is only weakly stable. Whenlo
al bu
kling is 
riti
al, i.e. when L < Lc or h > hc, the load 
arrying 
apa
ity is ableto rea
h higher loads than the lo
al bu
kling load PC

l sin
e the lo
al bu
kling mode hasa strongly stable post-bu
kling behaviour in the elasti
 range. However, the load 
arrying
apa
ity is not able to rea
h the global bu
kling load PC
o due to the strong axis global�lo
alintera
tion in the region Ll < L < Lc and hc < h < hl. It is also limited by the de�e
tionof the 
ompression �ange wmax = 3tf for even shorter elasti
 struts of L < Ll and deeper
ross-se
tion heights h > hl as indi
ated by the solid line.The graphs also show the results for the 
ase where a material yield stress σy =

960 N/mm2 is taken into 
onsideration, whi
h is shown with the dot-dashed line in Figs. 7(a)14
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ase, the dot-dashedline represents the perfe
t 
ase in
luding yielding and the dashed lines represent strutswith a global out-of-straightness imperfe
tion, with qs0 = 1/1500 and qs0 = 1/500, labelleda

ordingly. The verti
al dotted lines indi
ate the transition lengths for the perfe
t 
asestrut, separating regions of di�erent post-bu
kling responses. Crosses in (b) represent thelo
al bu
kling load for ea
h transition height.and (b). It 
an be observed that when the yielding limit is imposed, the load 
arrying 
a-pa
ity of the strut is de
reased and rea
hes a plateau at Pu = 325 kN for the variation ofstrut length. This is approximately 0.5Py where Py is the failure load due to pure squash,assuming a yield stress of σy = 960 N/mm2. A similar plateau is rea
hed at Pu = 300 kNfor the variation of 
ross-se
tion height, whi
h is also approximately 0.35Py; however asthe 
ross-se
tion height in
reases, the material limit is rea
hed for a lower proportion of

Py sin
e the 
ross-se
tional area A in
reases with the in
reasing 
ross-se
tion height.The e�e
ts of initial global imperfe
tions on the load 
arrying 
apa
ity are also investi-gated. Figure 7(a) shows two dashed lines, indi
ating the post-bu
kling behaviour of a strutwith an initial, stress relieved global out-of-straightness of qs0 = 1/1500 and qs0 = 1/500,labelled a

ordingly. A redu
ed load 
arrying 
apa
ity is found as the magnitude of theinitial imperfe
tion in
reases, and it 
an be seen from Fig. 7(a) that this e�e
t is morepronoun
ed in the region where global�lo
al intera
tion is observed. This is similar to the�ndings in earlier work by van der Neut [5℄, where it was found that the `imperfe
tionsensitive' regions are those where the global and lo
al bu
kling loads are 
lose. Similartrends are exhibited by both parametri
 studies and it is observed that the 
hara
teristi
sof the post-bu
kling response are dominated by the relative global and lo
al bu
kling loads,as well as the material yield limit. Therefore, it 
an be dedu
ed that the sensitivity of thestrut to global imperfe
tions for the variation of 
ross-se
tion heights would exhibit similarbehaviour to that found for the variation of lengths, and therefore has not been analysed15



in detail presently. It is expe
ted that the strut would be most sensitive to initial globalimperfe
tions in the intera
tive region, and parti
ularly at the 
riti
al 
ross-se
tion height
hc. The 
entral graph in Fig. 8 is a transformation of the graph presented in Fig. 7(a) intoa form similar to that presented by van der Neut [5℄, where the load 
arrying 
apa
ity Puis plotted versus the global bu
kling load PC

o for struts varying in length; both axes arenormalized with respe
t to the lo
al bu
kling load PC
l , whi
h remains 
onstant throughoutsin
e it is basi
ally invariant with length (at least for the lengths 
onsidered presently).The surrounding graphs show the equilibrium paths of the strut in di�erent regions ofthe 
entral graph, with the important strut lengths labelled. A similar transformation ofFig. 7(b) is presented in Fig. 9 for the varying of 
ross-se
tion heights. Additionally, notethat, unlike the parametri
 study of strut lengths, the graph in Fig. 9 has been normalizedwith respe
t to a 
hanging PC

l value, as the lo
al bu
kling load 
hanges with the 
ross-se
tion height.It 
an be seen that at L = Lc = 3340 mm and h = hc = 116 mm the global and lo
albu
kling loads are equal with the 
riti
al and se
ondary bifur
ation points being triggeredsimultaneously. This results in an extremely unstable, potentially explosive, post-bu
klingresponse and re�e
ts previous work 
ondu
ted in the �eld of intera
tive bu
kling, whereit has been said that the `most optimum' design, i.e. when the bu
kling loads are all verysimilar, 
an in fa
t have severe 
onsequen
es. The 
on�guration for whi
h this o

urs hasbeen famously termed as the `naive optimum' [2℄.For the ranges Lc < L < Lo, and ho < h < hc, the equilibrium paths show a neutrallystable post-bu
kling path where global bu
kling is triggered, followed by an unstable post-bu
kling path at a se
ondary bifur
ation point, where lo
al bu
kling is also triggered andintera
ts with the global mode. For the parametri
 ranges Ll < L < Lc and hc < h < hl,the equilibrium path shows an initially stable post-bu
kling path where lo
al bu
kling istriggered �rst. At the se
ondary bifur
ation point, global bu
kling is also triggered andthe equilibrium path be
omes intera
tive and unstable. Outside of the intera
tive region,it 
an be seen that when L > Lo and h < ho, the equilibrium path exhibits a neutrallystable path, where only global bu
kling is a
tive. Similarly, when L < Ll and h > hl, theequilibrium path is stable and only lo
al bu
kling is a
tive. The e�e
ts of the global out-of-straightness imperfe
tions on the equilibrium paths 
an be further observed in Fig. 8 forthe variation of strut lengths, and it is fair to assume they would have a similar e�e
t whilevarying the 
ross-se
tion height. It 
an be seen 
learly that the presen
e of the imperfe
tionde
reases the load 
arrying 
apa
ity of the strut. Note that the global imperfe
tion appearsto have a mu
h larger e�e
t on the post-bu
kling path for the 
ases where global bu
klingis 
riti
al.An additional region, de�ned by hs is identi�ed in the variation of 
ross-se
tion heights.Figure 9 shows that for hc < h < hs, the post-bu
kling path is initially stable and whilebu
kling in the lo
al mode, be
oming strongly unstable when the intera
tion with theglobal bu
kling mode is triggered at the se
ondary bifur
ation point. However, for therange hs < h < hl, intera
tion with the global bu
kling load is also observed but the post-bu
kling behaviour following the se
ondary bifur
ation point is approximately neutral.16
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This 
orresponds with van der Neut's �ndings [5℄, where a region of neutral post-bu
klingbehaviour is found for 
ertain geometries in both 
ases where global or lo
al bu
kling is
riti
al. Note that there is no te
hni
al reason why a similar region 
ould not be identi�edin the variation of the strut length. However, the exa
t lo
ation is di�
ult to identify,possibly owing to an intrinsi
ally less distin
t transition point or due to the appli
ationof initial imperfe
tions in the FE model that were perhaps too large for the e�e
t to beobserved.The 
entral graphs in Figures 8 and 9 
an be 
ompared dire
tly to Fig. 1 by approxi-mating a line to repli
ate the dotted line in Fig. 1 joining the origin to the stable-neutralboundary. In this way, the 1/Ψ values of the 
urrent parametri
 studies may be determined,at least approximately. It is found that 1/Ψ ≈ 1.6, when varying both the length and heightof the strut, thus Ψ ≈ 0.63 for both 
ases, giving an expression of (1 + Ψ)/(2Ψ) ≈ 1.25to determine the boundary between the unstable to stable post-bu
kling behaviours. This
orresponds well qualitatively to van der Neut's �ndings [5℄ and quantitatively to re
entwork 
ondu
ted on I-se
tion struts bu
kling globally about the weak axis [12℄. It should benoted that the sti�ness redu
tion fa
tor Ψ is signi�
antly higher than van der Neut's valueof 0.41. However, it should be 
onsidered that, unlike van der Neut's idealized strut, the
urrent model has in
luded the de�e
tion of the web within the 
ross-se
tion. Hen
e, theintera
tion of the web with the �ange would 
ause the strut to have a higher sti�ness redu
-tion fa
tor when 
ompared to a system where the plates are e�e
tively simply-supportedat their boundaries, as assumed in [5℄. Moreover, the 
urrent model has been previouslyvalidated using an FE model developed in the software Abaqus [14℄.Figures 10(a) and (b) show the normalized global mid-span de�e
tion at the ultimateload qU
s versus the strut length and 
ross-se
tion height for ea
h parametri
 study, respe
-tively. Note that the supers
ript U refers expli
itly to the stated quantity at the ultimateload. In both �gures, global bu
kling o

urs �rst in the strut. It is observed that the mid-span displa
ement at the ultimate load redu
es as the strut length approa
hes Lc and the
ross-se
tion height approa
hes hc. When global bu
kling is 
riti
al, a de
rease in the strutlength has a negligible e�e
t on the lo
al bu
kling load, but in
reases the global bu
klingload. When varying the 
ross-se
tion height, an in
rease in h in
reases the global bu
k-ling load while simultaneously de
reasing the lo
al bu
kling load. In both 
ases, the twoseparate bu
kling loads move 
loser together. Therefore, the lateral mid-span de�e
tionis less developed before the the ultimate load is rea
hed and lo
al bu
kling destabilizesthe system earlier in the post-bu
kling range. When PC

o ≈ PC
l , the lateral de�e
tion atmid-span is approximately zero at the ultimate load for both parametri
 studies, as wouldbe expe
ted.Figures 10(
) and (d) show the maximum out-of-plane displa
ement in the �ange at theultimate load (for the intera
tive 
ases) and at the material stress limit (for the 
ases wherelo
al bu
kling only is found) for the variation of strut lengths and 
ross-se
tion heights,respe
tively. All struts shown bu
kle in the lo
al mode �rst. Sin
e the lo
al bu
klingload is basi
ally invariant with strut length for the lengths 
onsidered in this study, thisremains 
onstant, but the global bu
kling load in
reases as the strut length de
reases andthe two loads diverge. When in
reasing the 
ross-se
tion height, the global bu
kling load19
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also in
reases while simultaneously de
reasing the lo
al bu
kling load. Therefore, in both
ases, the lo
al mode, and 
onsequently the out-of-plane displa
ement, undergoes moredevelopment before the global bu
kling mode is a
tivated and the ultimate load 
arrying
apa
ity is rea
hed. When L < Ll and h > hl, the out-of-plane displa
ement 
easesto develop and rea
hes a plateau at approximately wU
max = 4.5 mm and 4.8 mm for thevariation of strut length and 
ross-se
tion heights respe
tively, indi
ating that the stresslimit of the strut material has been rea
hed.The e�e
t of the global geometri
 imperfe
tion 
an also be observed from the parametri
study where strut lengths are varied. Note that, as stated earlier, the similar trends foundin both parametri
 studies indi
ate that the global geometri
 imperfe
tions will have a verysimilar e�e
t on the variation of 
ross-se
tion heights. It 
an be seen from Fig. 10(a) that

qU
s in
reases with the presen
e of an initial global imperfe
tion. The mid-span de�e
tion

qs has a non-zero value pre-bu
kling, hen
e the equilibrium path is translated along the
qs-axis, shifting the peak load simultaneously, as 
an be seen in Fig. 11.
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Figure 11: Equilibrium paths showing the normalized load p = P/PC
o versus the non-dimensional mid-span de�e
tion qs for two example struts with lengths (a) 4000 mm and(b) 3500 mm. Criti
al bifur
ations are marked C, se
ondary bifur
ations are marked S andultimate loads are marked U. Perfe
t and imperfe
t strut examples are shown and labelleda

ordingly.Additionally, it was observed previously [14℄ that with a su�
iently large initial im-perfe
tion, all equilibrium paths 
onverge to a neutrally stable state. Therefore, as thisphenomenon develops, the ultimate load o

urs further along the post-bu
kling path forin
reasing initial imperfe
tions, until the imperfe
tion be
omes of su�
ient magnitude su
hthat a distin
t peak load 
an no longer be observed. This e�e
t is more pronoun
ed for21



shorter strut lengths and 
an be further observed in Fig. 11, whi
h presents the equilibriumpaths for two di�erent strut lengths with in
reasing initial global geometri
 imperfe
tions.The large in
rease in qU
s for imperfe
t shorter lengths seen in Fig. 10(a) 
an also be at-tributed to this phenomenon.For the 
ase where lo
al bu
kling o

urs �rst, struts with longer lengths rea
h the elasti
limit mu
h qui
ker after the lo
al mode develops for larger initial geometri
 imperfe
tions,as eviden
ed in Fig. 10(
). Note that for the lengths 2000 mm to 2600 mm where the elasti
limit is rea
hed and the maximum midspan de�e
tions begin to 
onverge, the solutions fordi�erent imperfe
tions appear to 
ross over. This is attributed to the meshing of the strutas well as the dis
retization of the solution in Abaqus. However, on 
omparing with therelative magnitudes of the wU

max values at strut lengths outside of this range, it 
an be saidfor the range of lengths between 2000 mm to 2600 mm, that wU
max is e�e
tively 
onvergingto the same value and that any dis
repan
ies due to the FE modelling assumptions are notsigni�
ant.The e�e
t of the global geometri
 imperfe
tion 
an be further observed by 
onsideringthe global lateral displa
ement at the se
ondary bifur
ation point, for the 
ase where globalbu
kling is 
riti
al. Figure 12 shows the global midspan displa
ement of the strut at the
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Figure 12: Normalized lateral midspan displa
ement of the strut at the se
ondary bifur-
ation point qS
s for both perfe
t struts (solid line) and struts with initial global geometri
imperfe
tions versus the strut length L. All lengths of strut shown bu
kle globally �rst.se
ondary bifur
ation point qS

s for di�erent strut lengths where global bu
kling is 
riti
al.Note that for the perfe
t 
ase strut, qU
s ≡ qS

s , as 
an be seen when 
omparing Figs. 12and 10(a). Struts with an initial geometri
 global imperfe
tion have a larger midspan22



displa
ement at the se
ondary bifur
ation point, 
ompared to the perfe
t 
ase. This 
anbe attributed to the global imperfe
tion having an e�e
t on the global bu
kling mode,de
reasing its load 
arrying 
apa
ity. However, a global initial imperfe
tion would nothave a large e�e
t on the lo
al bu
kling mode. This phenomenon is eviden
ed in theequilibrium paths plotted in Fig. 8, where the in
rease of qs0 has a signi�
antly smallere�e
t on the equilibrium paths for the 
ase where lo
al bu
kling only is present. As a result,the distin
t global and lo
al bu
kling loads be
ome further apart with an in
reasing globalimperfe
tion, for the 
ase where global bu
kling dominates, thus the midspan displa
ementis more developed when the se
ondary instability is rea
hed, resulting in a higher qS
s value.An additional 
onsequen
e of the global imperfe
tion is that global bu
kling e�e
tivelyremains dominant for shorter lengths of strut than Lc. The in
rease in the global bu
klingload for shorter struts is 
ompensated by the de
rease due to the global imperfe
tion,
ausing global bu
kling to remain dominant for in
reasingly shorter lengths with a largerinitial global imperfe
tion. A similar trend would be expe
ted for the variation of 
ross-se
tion heights; it would also be expe
ted that global bu
kling remains 
riti
al for deeper
ross-se
tions as the size of global imperfe
tions are in
reased.6. Intera
tive bu
kling zonesVarying the length of the strut has a signi�
ant e�e
t on the global bu
kling load, buta negligible e�e
t on its lo
al bu
kling load. In 
ontrast, varying the 
ross-se
tion heightof the strut a�e
ts both the global and lo
al bu
kling loads. Thus, owing to the 
hangingbu
kling loads of the distin
t modes, the strut is found to exhibit one of �ve di�erentpost-bu
kling behaviours that are hen
e summarized.

• For the ranges where L < Ll or h > hl, stable post-bu
kling is observed when thestrut bu
kles in the lo
al mode only. This is ultimately limited by yielding of theplates where the stresses are greatest.
• For the ranges Ll < L < Lc or hc < h < hl, a stable post-bu
kling path is initiallyfound where only the lo
al mode is triggered, this is followed by an unstable pathat a se
ondary instability, where the global bu
kling mode intera
ts with the lo
albu
kling mode. Failure is predi
ted to o

ur in the elasti
 range. However, in theparametri
 study of 
ross-se
tion heights, this region 
an be further sub-divided intotwo further parts by the height hs. In the range hc < h < hs, unstable post-bu
klingbehaviour is observed following the se
ondary bifur
ation point, whereas in the range

hs < h < hl, this region of the post-bu
kling path is approximately neutral. Thereis no te
hni
al reason why a similar point 
ould not be identi�ed in the parametri
study of strut lengths, but the exa
t lo
ation has not been found due to a less distin
t
hange in post-bu
kling behaviour in that parti
ular study.
• For L = Lc or h = hc, a highly unstable post-bu
kling path is found, where Lc and

hc are the 
riti
al length and height where global and lo
al bu
kling are triggered si-multaneously. Failure is likely to o

ur within the elasti
 range and a highly unstablepost-bu
kling response, in
luding a snap-ba
k, would be expe
ted.23



• For the ranges Lc < L < Lo or ho < h < hc, a neutrally stable post-bu
kling path isinitially observed where only the global mode is triggered, followed by an unstablepath after a se
ondary instability, where the lo
al bu
kling mode intera
ts with theglobal bu
kling mode. Ultimately, the failure would be dominated by the elasti
response.
• For L > Lo or h < ho, a neutrally stable post-bu
kling path is observed, when thestrut bu
kles in the global mode only. This would ultimately be limited by eitheryielding of the extreme �bres or by servi
eability 
riteria.The lengths and heights found in the previous se
tions, where the perfe
t strut transi-tions between di�erent post-bu
kling regions, are summarized in Table 2, along with their

Ll Lc Lo hl hc ho

L [mm] 2646 3340 4950 h [mm] 84 116 145
λ̄o 1.3047 1.6469 2.4408 λ̄o 2.4408 1.6469 1.4166
λ̄l 1.6915 1.6915 1.6915 λ̄l 1.6276 1.7826 2.0396Table 2: Summary of the transition lengths and heights that mark the regions of di�erentpost-bu
kling behaviours in the strut. The normalized global slenderness λ̄o and lo
alslenderness λ̄l are also presented.non-dimensional slendernesses. The normalized slendernesses λ̄ are 
al
ulated using thede�nitions taken from Euro
ode 3 [22℄ thus:

λ̄o =

√

σy

σC
o

, λ̄l =

√

σy

σC
l

, (21)where subs
ripts `o' and `l' represent the global and lo
al slendernesses respe
tively. Theglobal bu
kling stress σC
o is 
al
ulated from the expression for PC

o presented in Equation (20)and averaged over the 
ross-se
tion. The lo
al bu
kling stress σC
l is taken from the resultsof the linear eigenvalue analyses 
ondu
ted in Abaqus. Note that for the parametri
 studywhere L is varied, the global slenderness 
hanges but the lo
al slenderness remains 
onstant.However, when the 
ross-se
tion height h is varied, both global and lo
al slendernesses
hange.The normalized slendernesses given in Table 2 are plotted onto the 
ompression strength
urve taken from Euro
ode 3, with subs
ript x = {o, l} representing global or lo
al slen-dernesses respe
tively. The parameter χ is essentially a bu
kling strength redu
tion fa
torwith values below unity indi
ating that the strut has an ultimate stress that is less thanthe material yield stress, due to the e�e
ts of elasti
 instability thus:

χo =
σC

o

σy

, χl =
σC

l

σy

. (22)24



The idealized 
ompression strength 
urves indi
ate that when the strut slenderness issu
h that λ̄x < 1, it will fail primarily due to material yielding, and for slendernessesof λ̄x > 1, the strut will fail primarily due to elasti
 bu
kling. Figure 13(a) shows the
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(b)Figure 13: The idealized 
ompression strength 
urves with 
ir
les representing the globalslenderness λ̄o and the diamonds representing the lo
al slenderness λ̄l for the parametri
study of (a) strut lengths and (b) 
ross-se
tion heights. The strut length and 
ross-se
tionheights for ea
h point is labelled a

ordingly. The arrows indi
ate the slenderness markingthe boundary where elasti
 bu
kling or yielding govern the ultimate response.global and lo
al slenderness from the parametri
 study of strut lengths and in Fig. 13(b)from the 
orresponding study of 
ross-se
tion heights. It 
an be observed that for the
riti
al length Lc and height hc, where intera
tive behaviour is most severe, the global andlo
al slendernesses are extremely 
lose with an almost identi
al bu
kling stress, as foundearlier.It 
an also be seen from the graphs for all struts that elasti
 bu
kling appears todominate the post-bu
kling behaviour. However, sin
e a �rst yield 
riterion is used todetermine the transition length Ll and height hl, it 
an be seen that yielding a
tually o

ursfor a larger slenderness than that determined simply by the idealized 
ompression strength
urves. The idealized 
ompression strength 
urves are plotted based on the assumptionthat the load is evenly distributed throughout the 
ross-se
tion and develops at the samerate throughout the strut. However in reality, as soon as 
omponents of the strut exhibitbu
kling deformations, the load be
omes unevenly distributed 
ausing 
ertain areas of thestrut to experien
e mu
h higher stresses. Therefore, spe
i�
 areas of the strut would rea
hthe yield stress and limit the load 
arrying 
apa
ity. For both parametri
 studies, it isthe global slenderness that determines the lower limit where yielding dominates the post-bu
kling behaviour. Note that throughout the parametri
 studies, a high material yieldstress has been 
onsidered, but if a more standard grade of steel is 
onsidered with a mu
hlower yield stress (for example σy = 460 N/mm2), material yield would o

ur for a higher25



slenderness than has been determined 
urrently and may destabilize the already unstableintera
tive response [25℄. Moreover, if a material with a su�
iently low yield stress is
onsidered, the material yield limit 
ould be rea
hed before any intera
tive post-bu
klingbehaviour is observed. This is of 
ourse 
ommon in the behaviour of 
ompa
t hot-rolledsteel 
omponents where lo
al bu
kling does not usually o

ur within the elasti
 range [26℄.7. Con
luding remarksA set of parametri
 studies has been presented for a range of example strut properties toinvestigate the e�e
ts of 
hanging the length and 
ross-se
tion height of an I-se
tion strut.The analyti
al model, developed in [14℄ and summarized in �2.2, was used to 
ondu
t theparametri
 study for the struts where global bu
kling is 
riti
al. The FE model, developedin the software Abaqus, was used to 
ondu
t the parametri
 study for struts where lo
albu
kling is 
riti
al. A servi
eability 
riterion, based on limiting de�e
tions, is primarilyused to de�ne the intera
tive bu
kling region, but an additional strain based 
riterion isalso introdu
ed, whi
h is parti
ularly important where lo
al bu
kling is 
riti
al, sin
e theload 
arrying 
apa
ities for these geometries are mu
h more likely to be a�e
ted by thee�e
ts of ex
essive strains and hen
e material failure. The parametri
 study reveals thestrut geometries that de�ne the di�erent regions of post-bu
kling behaviour.The global and lo
al slendernesses of the struts at the transition lengths and 
ross-se
tion heights are also analysed. It is found that for both studies, the global and lo
alslenderness of the strut at Lc and hc are very similar, with almost identi
al bu
kling stresses.In both studies, it is the global slenderness that determines the lower limit where yieldingbegins to dominate the ultimate behaviour.It may be 
on
luded that the 
ases where lo
al and global bu
kling are triggered si-multaneously should be treated with 
aution in design due to the highly unstable natureof the post-bu
kling response. The e�e
ts of the presen
e of an initial geometri
 out-of-straightness in the strut were also analysed in the parametri
 study of the strut length, andit was determined that the ranges that experien
e intera
tive bu
kling (i.e.Ll < L < Lo)are highly sensitive to initial imperfe
tions. This further emphasizes the potential prob-lems of designing 
omponents su
h that global and lo
al bu
kling loads lie 
lose together.The e�e
t of the initial global imperfe
tion is anti
ipated to have an identi
al qualitativee�e
t on the parametri
 study of 
ross-se
tion heights where ho < h < hl.The 
urrent study and methodology 
an be extended to investigate the e�e
ts of 
hang-ing other geometries a�e
ting the lo
al slenderness of the strut (for example, the platethi
kness), as well as the e�e
ts of initial geometri
 lo
al imperfe
tions. However, othergeometri
 variations of the strut 
an be analysed by 
onsidering the normalized slender-nesses for both global and lo
al bu
kling. In this way, the 
urrent analysis 
an indi
atewhether the limiting strength of the material will be observed in the strut. This wouldenable the maximization of the true geometri
 and material strengths, leading to inherentlymore e�
ient designs.
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